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Abstract

This thesis is devoted to the study of two topics related to the

application of numerical solution of stochastic differential equations

(SDEs). First, we consider variance reduction for Lévy-driven SDEs.

We develop optimality conditions for the variance reduction and

propose a numerical algorithm for efficient variance reduction. The

algorithm makes use of a neural network in order to approximate a

control variate. Several numerical examples from option pricing are

presented.

Second, we study reflected McKean-Vlasov SDEs in smooth

bounded domains, for which we prove well-posedness and propa-

gation of chaos. We also consider their application to constrained

optimization problems via consensus-based optimization (CBO).

We propose two CBO models, for which numerical approximation

schemes correspond to constrained optimization algorithms. We test

the performance of these algorithms on benchmark optimization

problems as well as on an inverse problem.



Acknowledgements

I am indebted to several people whose help and encouragement

have shaped this thesis. Foremost among them is my supervisor,

Professor Mikhail Tretyakov, whose immense kindness and patience

I am very grateful for. It has been a pleasure to work with you on

a range of topics over the last five years, and I will miss it greatly

when I leave.

I am also grateful to Dr. Akash Sharma for his help and guid-

ance, particularly at the start of my PhD. Beginnings are delicate

times, and having someone to answer my questions has made a

huge difference to my PhD experience. I would also like to thank

Professor Alain-Sol Sznitman and Professor Terry Lyons for useful

discussions and suggestions.

Finally, I owe my thanks to the friends I have made at Notting-

ham - Alice, Emily, Erroxe, Ewan, Josh, Liam, Michael, Niamh, and

Sonia - for their friendship and support throughout. I am espe-

cially appreciative of Liam and Alice, without whom my experience

would have been significantly less joyful.



Contents

1 Introduction 1

1.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Preliminaries 5

2.1 Probability and stochastic processes . . . . . . . . . . . . . 5

2.2 Stochastic numerics . . . . . . . . . . . . . . . . . . . . . . . 10

3 Variance reduction for stochastic differential equations 13

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

3.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3.2.1 Variance reduction . . . . . . . . . . . . . . . . . . . 18
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1 Introduction

Stochastic differential equations (SDEs) are used to describe the time-

evolution of random systems in several fields including mathematical

finance, physics, biology, optimization and sampling, and machine learn-

ing [136, 72, 2, 28, 127]. The numerical solution of such equations has

made them a practical modelling tool, in the sense that we can numeri-

cally simulate these models with a desired level of accuracy [101, 80]. In

this thesis, two distinct topics related to the numerical solution of SDEs

are studied; the first with an application to financial option pricing and

the second with application to constrained optimization.

The first topic, which is contained in Chapter 3, concerns variance

reduction methods for Lévy-driven SDEs. Such methods naturally arise

when using the Monte Carlo (MC) technique to compute the expectation

of functionals of solutions to SDEs [101]. In finance, the computation of

these expectations corresponds to finding the current prices of financial

derivatives and their sensitivities [136]. Methods of variance reduction

play an important role in minimizing the error introduced by the MC

method, thereby improving the computational efficiency of the MC simu-

lation. Additionally, Lévy-driven SDEs correspond to financial models

in which the market observable’s trajectory exhibits discontinuous be-

haviour. Such behaviour is observed in markets, and considerable study

has therefore been devoted to these models (see [133] and references

therein).

The contribution of our work is the introduction of a variance reduc-

tion algorithm, which uses deep learning to learn an ’optimal’ control

variate that, in theory, yields a zero-variance MC estimator. We develop

optimality conditions for the variance reduction, which demonstrates

that it is possible to achieve perfect variance reduction. Our work builds

on [139, 98], but extends these works to the Lévy-driven case. We discuss

the contributions further in Chapter 3. We present several numerical

examples related to financial derivative pricing, which demonstrate the
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practical effectiveness of the algorithms.

The second topic, which is contained in Chapter 4, concerns McKean-

Vlasov SDEs con�ned to a bounded domain via a re�ection mechanism.

McKean-Vlasov SDEs arise as the limit of interacting particle systems

and have found application in statistical physics, mean-�eld games, and

systematic risk modelling [70, 93, 86, 27]. At the same time, re�ected

SDEs are used to model processes constrained to a domain, where the

re�ection mechanism, which forces the process to stay within the domain,

is encoded within the dynamics. We study the combination of these

models, which has direct application to constrained consensus-based op-

timization (CBO). CBO, �rst considered in [111], is a metaheuristic global

optimization algorithm in which interacting particles explore and exploit

the domain of an objective function. CBO has attracted considerable in-

terest in recent years due to having a strong analytical foundation, being

derivative-free and being practically effective on a range of benchmark

problems [28, 30, 43, 134, 71]. More recently, there has been interest in

deploying CBO models in optimization problems with constraints [6,

18, 31]; however, it was not until our work [65] (see also [8], which was

developed independently at the same time) that the re�ection mechanism

for the constraints was encoded in the continuous-time SDE via re�ected

SDEs. This preserves the rigorous analytical foundation of CBO models

and allows us to prove convergence results.

The contribution of our work is as follows. We prove well-posedness

of the re�ected McKean-Vlasov SDE and its corresponding particle system

in smooth bounded domains. Additionally, we prove convergence of

the particle system to the mean-�eld limit as the number of particles

goes to in�nity, known as the propagation of chaos. Furthermore, we

introduce two constrained CBO models as speci�c examples of re�ected

McKean-Vlasov SDEs, and prove that these converge to the minimizer

of a global optimization problem. We demonstrate the effectiveness of

these models on several benchmark constrained optimization problems,

including an inverse problem.
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The work in this thesis has resulted in the following publications:
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Although not presented in this thesis, research for the following two

papers in preparation was also completed during my PhD:

• Garcia, J.A., Gimeno, R., Hinds, P.D., Su, H., and Tretyakov, M.V.

”Understanding in�ation: insights from the term structure of in�a-

tion risks”. (2025).

• Garcia, J.A., Gimeno, R., Hinds, P.D., Su, H., and Tretyakov, M.V.

”The return of in�ation and in�ation risks”. (2025).

These works are on making use of the market prices of in�ation options

to evaluate risk-neutral densities for in�ation expectations.

This thesis is structured as follows. In Chapter 2 we introduce pre-

liminary material on probability, stochastic processes, and stochastic nu-

merics. The variance reduction for SDEs project is presented in Chapter 3

while Chapter 4 is dedicated to re�ected McKean-Vlasov SDEs. Some

concluding remarks are written in Chapter 5.

1.1 Notation

For two vectors x; y 2 R d we use x � y to denote the Euclidean inner

product, although sometimes we use x> y or hx; yi when it is more conve-
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nient. The associated Euclidean norm is denoted by jxj . Given a matrix

A 2 R d�d , tr(A) denotes its trace and jAj denotes the Frobenius norm of

A. We useDiag(v) to denote the diagonal matrix with diagonal given by

v 2 Rd. The identity matrix of size d is written I d. For r > 0 , x 2 R d, we

write B(x; r) for the open ball of radius r , centred at x with respect to the

Euclidean norm, j�j . For a domain G � R d, we denote its boundary by @G

and its closure by �G.

For a function f : R d ! R that is twice continuously differentiable,

we write rf (x) and r 2f (x) to denote the gradient and Hessian of f at x,

respectively. For a continuously differentiable function f : R n ! R m , we

denote the Jacobian of f at x by J f (x).

We use(
; F; P ) to denote a probability space, and expectation with

respect to the probability measure P is denoted by E[�]. For an inte-

grable random variable X , we denote the covariance matrix by Var(X) :=

E
�
(X � E[X])(X � E[X]) >

�
. The notation kXk p denotes the Lp norm of

X. The indicator of a measurable set A 2 F is written 1 A or I A .

Throughout the text, the symbol C > 0 denotes a �nite positive

constant whose value may change from line to line but never depends on

the main parameters under consideration.
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2 Preliminaries

This chapter serves as an introduction to some background material

needed for both Chapter 3 and Chapter 4. Both of these chapters provide

their own additional preliminaries. Here, we introduce background mate-

rial on probability, stochastic processes, and the numerical approximation

of solutions to stochastic differential equations. For further reading, we

refer the reader to [123, 15] for probability, [118] for stochastic processes,

[108] for stochastic differential equations (SDEs), and [101] for stochastic

numerics.

2.1 Probability and stochastic processes

De�nition 2.1. A probability space is a triple (
; F; P ) consisting of:

• a set 
, called the sample space;

• a �-algebra F on 
, called the family of events;

• a measureP on F with P (
) = 1 , called the probability or probability

measure.

A probability space is called complete if for any B 2 F with P (B) =

0, all subsetsA � B are included in F (and consequently assigned mea-

sure zero). Given a probability space, one can always extend it to a

complete probability space. As such, we do not lose any generality work-

ing only with complete spaces, and it is a canonical assumption (usually

part of the so-called usual conditions) in the theory of continuous-time

stochastic processes [118]. Henceforth, we work exclusively with com-

plete probability spaces.

De�nition 2.2. A ( Rd-valued) random variable on a probability space

(
; F; P ) is a measurable function X : 
 ! R d from the sample space to

state space Rd, where Rd is equipped with the Borel �-algebra.

The above de�nition can be extended to de�ne an E-valued random

variable given a measurable space(E; E) as the state space; however, we
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only make use of Rd-valued random variables. When d = 1, we will call

them real-valued random variables.

For a random variable, X, we de�ne the L p-norm of X by

kXk p =
�
EjXj p

� 1=p
; (2.1)

for 0 < p < 1 , and we let Lp(
; F; P ) denote the set of random variables

with

kXk p < 1: (2.2)

De�nition 2.3. A stochastic process is a collection of random variables,

X = (X(t); t 2 T), indexed by an index set T.

The index set of a stochastic process typically represents time. If

T = N , we call the stochastic process discrete-time and ifT = [0; 1) (or

some interval subset of [0; 1) ), we call it continuous-time. We will assume

that we are working with a continuous-time stochastic process unless we

specify that it is discrete-time.

A stochastic process can be thought of as a mapping from the joint

space(
 � [0; 1); F 
 B([0; 1))) to (Rd; B(Rd)) . We say that the process

is measurable if this map is measurable. We will alternate between the

conventional notation X(t; !) and X(t) , depending on what we would

like to emphasize. We may abuse notation and write X(t) to describe

the whole process when we mean (X(t); t 2 T) . For a �xed sample point

! 2 
 , the corresponding sample path of a stochastic process,X , is the

map t 7! X(t; !).

Additional structure can be added to a probability space to describe

information �ow over time.

De�nition 2.4. A �ltration on a probability space (
; F; P ) is a family of

�-algebras, (F t )t�0 , such that:

• for each t � 0, F t is a sub-�-algebra of F;

• for s � t, F s � F t .
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A �ltration is said to satisfy the usual conditions if it is complete and

right-continuous. Any �ltration can be re�ned into a complete �ltration

and, as the name suggests, this is a standard assumption in the study of

continuous-time stochastic processes [118]. We assume any �ltration we

work with satis�es the usual conditions.

A probability space (
; F; P ) equipped with a �ltration F := (F t )t�0

is called a �ltered probability space and is denoted by the quadruple

(
; F; F; P ) . At times, we may abuse notation and write (
; F; F t ; P )

instead.

Let (X(t); t � 0) be a stochastic process on(
; F; F; P ) . We say that

the process is adapted to F, if for every t � 0 , the random variable X(t) is

F t -measurable.

A stochastic process,(X(t); t � 0) , induces a �ltration via the pre-

scription F t = �(X(s) : 0 � s � t) for each t � 0 , where �(Y ) denotes the

� -algebra generated by a random variable Y (the smallest � -algebra such

that Y is measurable). This �ltration is called the natural �ltration of the

process (X(t); t � 0). Any process is adapted to its natural �ltration.

De�nition 2.5. A Wiener process (or Brownian motion) on a probability

space (
; F; P ) is a continuous-time stochastic process, (W(t); t � 0) ,

with the following properties:

1. W(0) = 0;

2. W has independent increments;

3. For any 0 � s < t, the increment W(t) � W(s) � N (0; t � s);

4. The sample paths of W are continuous.

Let us note that we will use the names Wiener process and Brownian

motion interchangeably throughout. We can de�ne a d-dimensional

Wiener process, (W(t); t � 0) as

W(t) =
�
W1(t); : : : ; W d(t)

� >
; (2.3)
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where Wi , i = 1; : : : ; d , are independent one-dimensional Wiener pro-

cesses.

For a Brownian motion (W(t); t � 0) (for now one-dimensional)

and a progressively measurable stochastic process(X(t); t � 0) which is

adapted to the natural �ltration of W and satis�es

E
Z T

0
X 2(t)dt < 1; (2.4)

one can construct the Ito integral:

Z t

0
X(s)dW(s); (2.5)

for t 2 [0; T ] (see e.g. [108]).

The Ito integral in (2.5)can itself be considered as a stochastic process

in t and, analogously to (Riemann) integral equations, one can consider

the case when the integrand depends on the process itself. For example,

given a suitably regular function � : R ! R , we can consider the (Ito)

integral equation:

X(t) = X(0) +
Z t

0
�(X(s))dW(s); (2.6)

where X(0) is speci�ed. Equations of the form (2.6)are called stochastic

differential equations (SDEs) and are often written in differential form:

dX(t) = �(X(t))dW(t); (2.7)

which is purely an abbreviated version of (2.6), provided X(0) is still spec-

i�ed. More generally, we can extend to the multidimensional case with

time-dependent coef�cients. Given a d-dimensional Brownian motion

(W(t); t � 0) and b : [0; 1) � R d ! R d and � : [0; 1) � R d ! R d�d , we can

write the SDE

X(t) = X(t 0) +
Z t

t0

b(s; X(s))ds +
Z t

t0

�(s; X(s))dW(s); (2.8)
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t � t 0, with X(t 0) given. The �rst integral in (2.8) is an ordinary Riemann

integral and the multidimensional Ito integral should be interpreted as

� Z t

t0

�(s; X(s))dW(s)
�

i

=
dX

j=1

Z t

t0

� ij (s; X(s))dW j (s): (2.9)

The (time-dependent) vector �eld b is often referred to as the drift of the

processX and the matrix-valued function � is often called the volatility or

diffusion coef�cient of X.

Existence and uniqueness of a (strong) solution to the SDE (2.8)

depends on the functions b and � . A suf�cient condition for existence

and uniqueness is that band � are globally Lipschitz with at most linear

growth at in�nity (see e.g. [108]). Weaker conditions can be considered,

see for example [73, 76].

Assume that band � satisfy these conditions and let X be the unique

strong solution to (2.8). The processX is a Feller process and has the

generator [53]

L tu(x) :=
1
2

tr[�(t; x)� > (t; x)r 2u(x)] + hb(t; x); ru(x)i: (2.10)

Fix 0 � t 0 < T < 1 , and for any t0 � t � T and any x 2 R d, let X t;x

be the solution of (2.8) satisfying the initial condition X t;x (t) = x 2 R d.

For a regular enough test function, f , consider the following expectation

as a function of the initial condition:

u(t; x) = E
�
f (X t;x (T ))

�
: (2.11)

The Feynman-Kac formula [79, 73] states that the function u satis�es the

following Cauchy problem for the parabolic PDE:

@u
@t

+ L tu = 0; (t; x) 2 [t 0; T ) � R d (2.12)

u(T; x) = f(x); x 2 R d: (2.13)

If, instead of (2.12), we would like to consider the general linear

9



parabolic PDE
@u
@t

+ L tu + c(t; x)u + g(t; x) = 0; (2.14)

for t 2 [t 0; T ), x 2 R d and with the same terminal condition (2.13), we

would consider the function

u(t; x) = E
�
f (X t;x (T ))e

RT
t c(s;X t;x )ds +

Z T

t
g(s0; X t;x )e

Rs0

t c(s;X t;x )ds ds0

�
(2.15)

instead. The Feynman-Kac formula (2.15)allows us to solve problems

which are deterministic in nature, i.e. the Cauchy problem (2.14)and

(2.13), with probabilistic methods via the computation of the expectation

(2.15). Equivalently, if one wishes to compute the expectation (2.15), the

Feynman-Kac formula allows us to solve the related PDE.

2.2 Stochastic numerics

Given a stochastic process (X(t); t � 0) de�ned as the strong solution to

X(t) = X(0) +
Z t

0
b(s; X(s))ds +

Z t

0
�(s; X(s))dW(s); (2.16)

with X(0) given, one would like to sample the process X , either at a

certain time or entire trajectories. For example, to compute the expec-

tation in (2.15)via the Monte Carlo method, one would need to sample

the random variable X(T ) . In general, an analytical solution to (2.16)

cannot be found, but the solution can be approximated via a (stochastic)

numerical integration scheme.

A typical way to construct an approximation to the solution of (2.16)

is to simulate sample paths of a discrete-time stochastic process such that

at each time-point in the discretization, the approximate random variable

is close, in some sense, to the true solution. Consider the interval [0; T ]

and let h = T=N for some N 2 N . Consider the uniform discretization of
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this interval:

t0 = 0; (2.17)

tk = t 0 + kh; k = 1; : : : ; N: (2.18)

We approximate the solution X with the discrete-time process (X h
n ; n =

1; : : : ; N), which is constructed by a speci�ed numerical integration scheme.

We say that a numerical integration scheme converges in mean-square

with order q if there exists a constant C > 0, which does not depend on h

or k, such that
�
EjX(t k) � X h

k j2
� 1

2 � Ch q: (2.19)

In many applications, however, we only care about closeness in

distribution. A numerical integration scheme converges in the weak-

sense at timeT with order q if there exists C > 0, which does not depend

on h, such that
�
�Ef (X (T )) � Ef

�
X h

N

� �
� � Ch q; (2.20)

for f from a suf�ciently large family of functions [101].

The Euler scheme (sometimes Euler-Maruyama) [92] is the simplest

numerical integration scheme. The Euler approximation is constructed as

follows:

X h
0 = X 0; (2.21)

X h
k+1 = X h

k + b(t k ; X h
k )h + �(t k ; X h

k )Z k+1 ; (2.22)

where Zk � N (0; h) , k = 1; : : : ; N are independent and identically dis-

tributed. The Euler scheme has mean-square order1=2[54, 101] and weak

order 1 [97, 101]. If the random variables fZ kg in (2.22)are replaced with

Zk =

8
><

>:

+
p

h p = 1
2 ;

�
p

h p = 1
2 ;

(2.23)

k = 1; : : : ; N; which are independent, we obtain the crude Euler method,
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which also has weak order 1 (e.g. [101, 95]). For a higher rate of mean-

square convergence, Milstein's method can be considered [101]. In one-

dimension, this is de�ned by the update rule:

X h
k+1 = X h

k + b(t k ; X h
k )h + �(t k ; X h

k )Z k+1 (2.24)

+
1
2

�(t k ; X h
k )

@�
@x

(t k ; X h
k )

�
Z 2

k+1 � h
�

; (2.25)

where Zk � N (0; h) , k = 1; : : : ; N are independent and identically dis-

tributed. Milstein's method has mean-square order 1 and weak order 1

under certain regularity conditions [101].
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3 Variance reduction for stochastic differential

equations

In this chapter, we study variance reduction for Monte Carlo (MC) inte-

gration of functionals of the solutions to stochastic differential equations

(SDEs). We propose an algorithm, in which we approximate (theoretically

optimal) control variates with neural networks, to obtain a reduced-

variance estimator for the MC integration. We consider SDEs driven by

Lévy processes, for which we extend some theoretical results and present

several numerical examples. This chapter is based on the paper [66]:

• Hinds, P.D., and Tretyakov, M.V. ”Neural variance reduction for

stochastic differential equations”. J. Comp. Finance 27(3) (2023), pp.

1–41.

but has signi�cantly more exposition and some additional material.

This chapter is structured as follows. Section 3.1 serves as an in-

troduction to the topic and a review of related literature is presented.

Section 3.2 contains preliminary material related to variance reduction

methods and also to Lévy-driven SDEs. This builds on the preliminary

material of Chapter 2 and is speci�c to this chapter. In Section 3.3, we

consider the case where SDEs are driven purely by Brownian motion and

the corresponding PDE problem. We recall the optimality conditions for

variance reduction and present a numerical algorithm to �nd an approxi-

mation of the optimal control variate using deep learning. In Section 3.4,

we consider the more general case where SDEs are driven by Ĺevy noise.

We derive optimality conditions for variance reduction and present a

corresponding numerical algorithm. Finally, Section 3.5 contains several

numerical examples from mathematical �nance.

3.1 Introduction

SDEs driven by Lévy processes arise as a modelling tool in several �elds

including �nance, insurance, physics, and chemistry [34, 84, 72]. In
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�nance, SDEs are employed to model the stochastic dynamics of market

observables (asset prices, interest rates, FX rates, etc.), with the goal

of pricing and hedging �nancial derivatives written on these market

observables (see e.g. [23, 34, 57, 136] and references therein). In particular,

SDEs are used to �nd current prices and hedges of options which are

not traded (or not regularly traded on exchanges) and to evaluate future

option prices for risk management purposes. The task of pricing an option

is, fundamentally, the computation of an expectation. Indeed, in many

cases including option pricing, one wants to compute an expectation of

the form

u(t; x) = E
h
f

�
X t;x (T )

� i
; (3.1)

where X t;x (s), s � t , is the solution to a system of SDEs with the initial

condition X t;x (t) = x , T > 0 is a terminal (maturity) time, and f is a

real-valued function (payoff in the case of option pricing).

The most general way of approximating the expectation (3.1) is via

weak-sense numerical integration of the SDE (in order to produce sam-

ples of the random variable), coupled with Monte Carlo (MC) integra-

tion to approximate the expectation [57, 101, 112]. When applying this

probabilistic method, two sources of error are present in the numerical

approximations: the error arising from numerical integration of the SDE

and the error from approximating the expectation with a MC estimate.

Methods of variance reduction, which we study in the sequel, play an

important role in minimizing the MC error. The focus of this chapter is

on the implementation of practical variance reduction methods in this

setting.

As it is well known (see e.g. [42, 46]), the function u(t; x) solves

the related, via the Feynman-Kac formula, partial differential equation

(PDE) problem in the diffusion case or partial integro-differential equation

(PIDE) problem in the case of general Lévy-driven SDEs. Consequently,

when one wishes to solve a P(I)DE problem, the solution u(t; x) can

be approximated numerically via the probabilistic method described

previously. In cases where the spatial dimension (say d) is large, the
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MC method becomes particularly effective, since traditional grid-based

methods become computationally infeasible, due to the complexity of the

discretization scaling exponentially with d. In contrast, the complexity of

the MC method is independent of d and the complexity of the numerical

integration of the SDEs scales linearly with d. The price to pay for this

better scaling, however, is that when using the probabilistic method,

we solve the P(I)DE problem at only one point, say (s; x0), rather than

recovering the global solution.

When SDEs are driven purely by Brownian motion, i.e. when X is

the solution to

dX = b(t; X)dt + �(t; X)dW; (3.2)

there is an optimality condition (see [105, 98, 101] or Theorem 3.2 here)

relating the optimal variance reduction with the solution of the PDE

problem, u(t; x) , and its spatial derivatives, @u(t; x)=@xi . Of course, if

the PDE solution u(t; x) is known, there would be no need to resort to

probabilistic methods in the �rst place. The importance of this theoretical

result lies in the fact that it demonstrates that perfect variance reduction

is possible and, if an approximation of the solution u(t; x) can be learned,

it can induce ef�cient variance reduction. In addition, this variance

reduction method does not bias the MC approximation (see e.g. [105,

100, 101]), indicating that the approximation of the required u(t; x) and

its derivatives need not have a high accuracy in order to be useful.

To make variance reduction practical, a suitable method of construct-

ing u(t; x) and its spatial derivatives should be inexpensive. Hence, a

trade-off between accuracy and computational costs in �nding u(t; x) and

@u(t; x)=@xi is needed. To address this problem, it was suggested in [100]

(see also [101] and [12]) to exploit conditional probabilistic representa-

tions of u(t; x) in conjunction with linear regression, which allows one to

evaluate u(t; x) and @u(t; x)=@xi using the single auxiliary set of approxi-

mate trajectories starting from an initial position. This leads to obtaining

suf�ciently inexpensive, but useful for variance reduction, estimates of

u(t; x) and @u(t; x)=@xi . The drawback of this approach is the reliance on
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linear regression. To make it computationally feasible, a careful selection

of basis functions for linear regression is needed. This selection is heavily

problem dependent and limits the applicability of this variance reduction

approach.

In this direction, Vidales, �Si�ska and Szpruch [139] propose several al-

gorithms with the aim of constructing a control variate via deep learning.

An analogue of the linear regression algorithm from [100] is proposed, us-

ing a deep neural network (rather than linear regression) to approximate

the PDE solution. The constructed rough solution will not necessarily be

accurate, but no bias is introduced due to the use of the MC technique.

In addition to this, a method is put forward to learn the control variates

directly, without �rst constructing a solution to the PDE [139, Algorithm

4]. In order to do this, the empirical variance is used as an objective

(loss) function and minimized, in the standard way, using a stochastic

gradient algorithm. In all cases, the training of neural networks is carried

out of�ine over a parametric family of SDEs (PDEs). In the context of

�nancial option pricing, this means that training one network is suf�cient

for a single model-payoff combination.

The key objective of this chapter is to show that deep learning (i.e.

nonlinear regression) can successfully replace linear regression in vari-

ance reduction for SDEs in a universal manner, i.e. without need to

do tuning for each new system of SDEs which is important for applica-

tions, in particular for those arising in �nancial engineering. The use of

neural networks instead of linear regression as in [100] eliminates the

need of �nding a speci�c set of basis functions, thus making the variance

reduction truly practical.

Furthermore, in contrast to [139] and many other deep learning

works related to computational �nance and more generally to ef�cient

SDEs and PDEs simulations (see e.g. [124, 63, 52, 129] and references

therein), here we do not rely on an (often costly) of�ine training of neural

networks but rather we do network training online together with actual

simulation of the required expectation u(t; x) with reduced variance. In
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other words, we propose a black-box fashion practical variance reduc-

tion tool which does not require any lengthy pre-training and tuning,

analogously to how the variance reduction method of [100] intended

to work but without the limitations due to linear regression. Note that

this approach differs from [139], where training is done of�ine across a

parametric family of PDEs.

For general Lévy-driven SDEs, variance reduction has been consider-

ably less studied than in the Brownian case. To the best of our knowledge,

a result demonstrating that there exists an optimal choice of control vari-

ates, analogous to the results (in the diffusion case) in [105, 98] (see also

[101]), was �rst obtained in our work [66]. We note that in the context

of �nancial applications, there have been several effective approaches

towards variance reduction under L évy-driven models (e.g. [122, 39, 121]

and references therein).

We also remark that there are other techniques than variance reduc-

tion aimed at reducing computational complexity of MC simulations:

multi-level MC method [55] and quasi-Monte Carlo method [38]. They

have their own areas of applicability and can potentially be combined

with deep learning and neural SDEs considered in this paper. Here, we

restrict ourselves to considering the use of deep learning for improving

the plain-vanilla MC technique via variance reduction.

The work in this chapter is most closely related to [98, 100, 139].

We show that for L évy-driven SDEs, there exist conditions ensuring

the optimal variance reduction, which is an analogous result to the one

in the Brownian SDEs case [98]. We also provide details of a novel

algorithm which produces low variance simulations of a given system

of SDEs. Given a system of SDEs, we introduce control variates and

parameterize them with neural networks. This can be interpreted in two

ways. First, we can treat the problem of �tting the neural network as a

nonlinear regression problem, for which we need to solve an optimization

problem. As such, the proposed method can be seen as a more general

framework than that proposed in [100]. Second, the use of a neural
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network as a coef�cient in SDEs gives rise to neural SDEs (see e.g. [138,

67]), which is essentially a generative model (see [77]). Regardless of

the perspective, the parameters of the neural SDEs can be learned from

numerical simulations of the system, in such a way that the empirical

variance is minimized. SDEs' trajectories with high accuracy can then

be simulated using the approximate control variates. We leverage the

fact that no prescribed accuracy is required for the approximated control

variates, since they do not introduce bias into the MC approximation.

This algorithm is not limited to the case that SDEs are driven only by

Brownian motion, as in [100, 139], and can be applied in the general

setting of L évy noise, even when we have in�nite activity of jumps.

3.2 Preliminaries

In this section, we provide some background material speci�c to this

chapter. We recall the Monte Carlo method and motivate the need for

variance reduction techniques. We describe two well-known methods

of variance reduction and explain how these methods can be applied

in the context of SDEs. We also include some preliminaries for L évy

processes and, in particular, Lévy-driven SDEs. Finally, we include a brief

description of arti�cial neural networks.

3.2.1 Variance reduction

Let (
; F; P ) be a probability space and let � 2 L 2(
; F; P ) be an arbitrary

real-valued random variable for which we would like to compute

� := E[�]: (3.3)

This expectation can be approximated by the MC estimator

�̂ M := M �1
MX

m=1

� m ; (3.4)
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where f� m : m = 1; : : : ; Mg are independent copies of � [24]. The es-

timator �̂ M is unbiased (for any M , E�̂ M = � ), and the strong law of

large numbers ensures that it converges almost surely to � . In practical

applications, it is important to understand how close the MC estimator

is to � for a �nite M . The MC error, � M , is de�ned to be the difference

between the MC estimator and �

� M := �̂ M � �: (3.5)

The Central Limit Theorem implies that

p
M� Mp
Var[�]

M ! 1� N (0; 1); (3.6)

and so, for large enough M, we have the approximation

� M � N
�

0;
Var[�]

M

�
: (3.7)

As a result, we can report con�dence intervals of the MC error in addition

to the MC estimate. Asymptotic (1 � �) -con�dence intervals are given as

�̂ M � z 1��=2

r
Var[�]

M
; (3.8)

where z� denotes the � quantile of the standard normal distribution. The

root mean-squared error is of order M �1=2 which, although slow, is di-

mension independent. The root mean-squared error also depends on
p

Var[�] , the standard deviation of the random variable whose mean we

are estimating.

The objective of variance reduction techniques is to lessen this coef�-

cient before sampling. Of course, this does nothing to change the order of

convergence - it remains O(M �1=2 ) - however, with a smaller coef�cient

we require fewer samples (less computational effort) in order to achieve a

prescribed tolerance level for the MC error.

Variance reduction techniques, therefore, can be thought of as �nding
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another random variable, say ~�, with

E[~�] = E[�];

Var[ ~�] � Var[�];

and then sampling from ~� instead of � . The construction of the random

variable ~� is determined by the particular variance reduction technique.

In general, this construction can be highly problem dependent [57]. We

brie�y describe the two general and well-known variance reduction

techniques of control variates and importance sampling.

Control variates

The technique of control variates relies on an additional auxiliary random

variable which has zero mean and is correlated with � [57]. Formally,

given � 2 L 2(
; F; P ) with Var[�] > 0 and

E[�] = 0;

E[��] 6= 0;

we construct the random variable ~� as

~� := � �
E[��]
Var[�]

�: (3.9)

The variance of this new random variable is then

Var[ ~�] = Var[�] �
(E[��]) 2

Var[�]
; (3.10)

which is necessarily less than Var[�] . In fact, the coef�cient � E[��]
Var[�] in (3.9)

is optimal in the sense that the variance of the random variable

� � := � + ��; (3.11)
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� 2 R, is minimized with the choice � = � E[��]
Var[�] . To see this, note that

Var[� � ] = � 2Var[�] + 2�E[��] + Var[�]; (3.12)

which is a quadratic in � and hence minimized at � = � E[��]
Var[�] .

Suppose we have a random variable ~� , whose expectation is not

zero, but is correlated with � . Then we can construct a control variate by

centring the random variable

� = ~� � E ~�: (3.13)

Of course, to utilize this control variate, we need to know the expectation

E~� . For example, we may know the expectation analytically, or we may

have a numerical method to acquire it (in which case this numerical

method should be substantially quicker than MC).

Importance sampling

The technique of importance sampling involves constructing a new ran-

dom variable by multiplying � by a Radon-Nikodym derivative and then

sampling from the associated measure in order to keep the expectation

�xed [57]. Formally, let Q be a probability measure on (
; F) , such that

P is absolutely continuous with respect to Q (that is, if Q(A) = 0 then

P(A) = 0). Then we can write

EP [�] =
Z



�(!)dP (!) (3.14)

=
Z



�(!)

dP
dQ

(!)dQ(!); (3.15)

where dP
dQ � 0 denotes the Radon-Nikodym derivative of P with respect

to Q. Writing ~� = � dP
dQ , we have

EP [�] = E Q[~�]; (3.16)
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establishing that we can draw samples of ~� under the measure Q to

construct our MC estimator. The measure Q is arbitrary and, to be useful,

should be chosen such that ~� has smaller variance (under Q) than � (under

P ).

3.2.2 Lévy processes

In this section, we present some background theory on L évy processes.

The purpose of this section is to establish the notion of SDEs driven by

Lévy processes, which are a useful tool for �nancial modelling [133]

among other applications [84, 72]. Lévy SDEs will be the central object in

the Section 3.4. For the material in this section, we follow [3].

We begin with the de�nition of a L évy process.

De�nition 3.1. A Lévy process is a continuous-time stochastic process,

(X(t); t � 0) with the following properties:

L1. X(0) = 0 almost surely;

L2. (Independent increments) For any n 2 N and any 0 � t 1 < : : : < t n ,

the increments X(t 2) � X(t 1); : : : ; X(t n ) � X(t n�1 ) are independent;

L3. (Stationary increments) For any t � 0, h > 0, the increment

X(t + h) � X(t) is equal in distribution to X(h);

L4. (Stochastic continuity) For any t � 0, X(s) P! X(t) as s ! t (that is,

for any " > 0, we have lim h!0 P
�
kX(t + h) � X(t)k > "

�
= 0).

The property (L4) ensures that there exists a (right-continuous with

left limits) modi�cation of the process. Therefore, we will assume that

any Lévy process we work with is indeed c �adl �ag. Stochastic continuity

is a much weaker assumption than assuming almost surely continuous

sample paths, and, as a result, Ĺevy processes can exhibit jumps (disconti-

nuities of the sample paths). Due to (L4), the probability of a jump at any

t � 0 is 0; however, over any interval [0; t] these null events can add up to

something substantial. Working with a c �adl �ag modi�cation is desirable

(some authors consider this as part of the de�nition, see e.g. [84]) for
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several reasons; one of which is that the number of discontinuities of a

c�adl �ag path is at most countable.

Throughout this section, we de�ne

E := R d � f0g: (3.17)

The spaceE should be thought of as the space of possible `jumps' of a

Lévy process; this is the reason that 0 is omitted.

De�nition 3.2. A Lévy measure, �, is a Borel measure on E satisfying

Z

E

�
jzj2 ^ 1

�
�(dz) < 1 (3.18)

Lévy measures describe the intensity and distribution of jumps of

Lévy processes. The condition(3.18)ensures that we only have �nitely

many jumps which are greater than " in size, for any " > 0 . We say that

a Lévy measure has in�nite activity if �(E) = 1 and �nite activity if

�(E) < 1.

It is often convenient to integrate with respect to a L évy measure over

the whole space Rd instead of E. This causes no mathematical change

provided we add that �(f0g) = 0 to the de�nition of a L évy measure.

Lévy processes are related, in an essential way, to in�nitely divisible

distributions: if (X(t); t � 0) is a Lévy process then for any t � 0 , the

random variable X(t) is in�nitely divisible; and conversely, from any

in�nitely divisible distribution a L évy process can be constructed. As a

result, the Lévy-Khintchine representation [74], which gives a characteri-

zation of in�nitely divisible distributions via their characteristic function,

can be used to characterize a Ĺevy process.

If (X(t); t � 0) is a Lévy process then the characteristic function of

X(t), � X(t) , has the following representation:

� X(t) (u) = exp
�

t
h
ihb; ui �

1
2

hu; Aui

+
Z

E
[eihu;zi � 1 � ihu; zi1 kzk�1 ]�(dz)

i �
; (3.19)
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where b 2 Rd, A is a symmetric, positive semide�nite d � d matrix, and

� is a Lévy measure. The triplet (b; A; �) is uniquely determined by the

distribution of the process X . Note that the integral in (3.19)is guaranteed

to converge since

Z

E
[eihu;zi � 1 � ihu; zi1 kzk�1 ]�(dz)

=
Z

B(0;1)�f0g
[eihu;zi � 1 � ihu; zi]�(dz) +

Z

kzk>1
[eihu;zi � 1]�(dz);

(3.20)

and the integrand jeihu;zi � 1 � ihu; zij is O(jzj 2) while �(fz 2 E : jzj >

1g) < 1 from the de�nition of �.

Poisson random measures

We introduce the Poisson random measure, which is useful for describing

the jump behaviour of L évy processes.

De�nition 3.3. Let � be a� -�nite measure on S := [0; 1) � E equipped

with the Borel � -algebra. A Poisson random measure, N , with intensity

� is a collection of random variables fN(B) : B 2 Sg satisfying

1. N(?) = 0;

2. (�-additivity) For any mutually disjoint B 1, B2, : : : 2 S

N
� 1[

i=1

B i

�
=

1X

i=1

N(B i );

3. (Independent scattering) For any mutually disjoint B1; : : : ; Bn 2 S,

the random variables N(B 1); : : : ; N(B n ) are independent;

4. For B 2 S , the random variable N(B) has Poisson distribution with

rate �(B).

We are interested in Poisson random measures with intensity mea-

sures of the form

�(A � B) = Leb(A)�(B); (3.21)
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for A 2 B([0; 1)) , B 2 B(E) and where Leb denotes the Lebesgue mea-

sure on [0; 1) . The Poisson random measure can be thought of as a

stochastic process with the prescription

N(t; B) := N((0; t]; B); (3.22)

for B 2 B(E) and noting that N(0; B) = 0 a.s. for any B 2 B(E).

The utility of Poisson random measures arises from the fact that any

Lévy process has a corresponding Poisson random measure describing

the behaviour of its jumps. For a L évy processX = (X(t); t � 0) , de�ne

its jump process �X =
�
�X(t); t � 0

�
where

�X(t) := X(t) � X(t�):

Here we use the standard notation X(t�) = lim s%t X(s) . Then, for A 2

B([0; 1)) and B 2 B(E) we can de�ne the random measure

N(A � B) := jfs 2 A : �X(s) 2 Bgj;

which counts the number of jumps of a certain size in a certain time

period. The random measure N is indeed a Poisson random measure

with intensity �(dt; dz) = dt � �(dz), where � is the L évy measure of X.

Let � be a Lévy measure and let N be a Poisson random measure

with intensity dt � �(dz) . We de�ne the compensated Poisson random

measure as

N̂
�
(0; t] � B

�
:= N

�
(0; t] � B

�
� t�(B): (3.23)

for B 2 B(E).

For a setA � E , we say that A is bounded below if 0 =2 �A. If A is

bounded below then

N(t; A) =
X

0�s�t

1A (�X(s)) < 1; (3.24)

which follows from the fact that X has c�adl �ag paths (see e.g. [3, Theorem
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2.8.1]).

Let N be the Poisson random measure associated with a Ĺevy process

X . Let A be bounded below and let f : R d ! R d be Borel measurable. We

de�ne Z

A
f (x)N(t; dx) :=

X

x 2A

f (x)N(t; fxg); (3.25)

for every ! 2 
 . Note that the left-hand side of (3.25)is a (random) �nite

sum since A is bounded below. From the de�nition of N , N(t; fxg) 6= 0

exactly when �X s = x for some s � t. Hence

Z

A
f (x)N(t; dx) =

X

0�s�t

f (�X s)1A (�X s): (3.26)

Similarly for the compensated measure N̂, we de�ne

Z

A
f (x) N̂(t; dx) :=

Z

A
f (x)N(t; dx) � t

Z

A
f (x)�(dx); (3.27)

for A bounded below. The compensated measureN̂ is important since

we can give meaning to the integral

Z

A
f (x) N̂(t; dx); (3.28)

for A � E (not necessarily bounded below) by approximating it with the

L2 limit of (3.27)over a sequence of setsAn which are bounded below. It

is essential that we have the compensation term in (3.27)since the �rst

integral in (3.27) may not converge if A is not bounded below.

The Lévy-Ito decomposition

If X is a Lévy process with triplet (b; A; �) then there exists a standard

Brownian motion W and an independent Poisson random measure, N ,

with intensity ds � �(dz) such that

X(t) = bt + �W(t) +
Z

jxj<1
xN̂(t; dx) +

Z

jxj�1
xN(t; dx); (3.29)
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where �� > := A . The decomposition (3.29)is called the Lévy-Ito decom-

position [3]. While the L évy-Khintchine representation characterizes the

distribution of a L évy process, the Lévy-Ito decomposition characterizes

the structure of the paths of a L évy process. Consequently, it gives us

intuition as to how a L évy process can be integrated against. Firstly, if

one notes that

�W(t) +
Z

jxj<1
xN̂(t; dx) (3.30)

is a martingale and

bt +
Z

jxj�1
xN(t; dx) (3.31)

is a �nite variation process, it is clear to see that any L évy process is a

semimartingale, for which there exists the theory of stochastic integration

[114]. Furthermore, we can de�ne the stochastic integral term-wise from

(3.29). For a nice enough stochastic processY (e.g. predictable with

certain integrability conditions [3]), we can de�ne the integral of Y against

the Lévy process X term-by-term from the decomposition (3.29):

Z t

0
Y (s)dX(s) :=

Z t

0
bY (s)ds +

Z t

0
�Y (s)dW(s) (3.32)

+
Z t

0

Z

jxj<1
xY (s)N̂(ds; dx) +

Z t

0

Z

jxj�1
xY (s)N(ds; dx): (3.33)

More generally, however, we can consider a so-called Lévy-type stochas-

tic integral which has the form

Z t

0
G(s)ds +

Z t

0
F(s)dW(s) +

Z t

0

Z

jxj<1
H(s; x) N̂(dt; dx)

+
Z t

0

Z

jxj�1
K(s; x)N(dt; dx); (3.34)

for suitable integrands G; F; H; and K . Analogously to Ito integrals, we

can consider Lévy-type stochastic integrals as stochastic processes (in

t) and we can consider the case when the integrands depend on the

resulting stochastic process.
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Consider the Lévy-driven SDE:

X(t) = X(0) +
Z t

0
b(s; X(s�))ds +

Z t

0
�(s; X(s�))dW(s)

+
Z t

0

Z

jxj<c
F(s; X(s�))x N̂(dt; dx)

+
Z t

0

Z

jxj�c
G(s; X(s�))xN(dt; dx); (3.35)

where c > 0. The constantc is arbitrary; in the case that we have �nite ac-

tivity we can take c = 0. Existence and uniqueness depends on properties

of the coef�cients. We make the following two assumptions:

Assumption 3.1 (Lipschitz coef�cients). There exists a constantL > 0 such

that for all t 2 [0; T ] and all x; y 2 Rd,

jb(t; x) � b(t; y)j 2 + j�(t; x) � �(t; y)j 2

+
Z

jzj<c
jF (t; x) � F (t; y)j 2jzj2�(dz) � Ljx � yj 2: (3.36)

Assumption 3.2 (Linear growth). There exists a constantC > 0 such that for

all t 2 [0; T ] and all x 2 Rd,

jb(t; x)j 2 + j�(t; x)j 2 +
Z

jzj<c
jF (t; x)j 2jzj2�(dz) � C(1 + jxj 2): (3.37)

Theorem 3.1. LetW be a Wiener process on(
; F; P ) and letN be an inde-

pendent Poisson random measure. Further, assume the functionsb; �; F andG

satisfy Assumptions 3.1 and 3.2. Then there exists a unique c�adl�ag processX

which satis�es (3.35).

A proof of Theorem 3.1 can be found in [3]. Generalizations can be

found in [3, 114].
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Partial-integro differential equations

We now recall the connection between Lévy-driven SDEs and partial-

integro differential equations (PIDEs) [3, Sec. 6.7].

Fix 0 � t 0 < T < 1 and for any t 2 [t 0; T ] and any x 2 R d, let

X = X t;x be the unique solution of

dX = b(s; X)dt + �(s; X)dW(s) +
Z

Rq
F(t; X(s�))z N̂(ds; dz); (3.38)

with the initial condition X t;x (t) = x 2 R d. Under Assumptions 3.1 and

3.2 and for a regular enough test function, f , consider the following

expectation as a function of the initial condition:

u(t; x) = E
�
f (X t;x (T ))

�
: (3.39)

The function u satis�es the (parabolic) partial-integro differential equation

(PIDE):

@u
@t

+ L tu = 0; (t; x) 2 [t 0; T ) � R d (3.40)

u(T; x) = f(x); x 2 R d; (3.41)

where L t is the integro-differential operator

L tu(t; x) :=
1
2

tr[� > (t; x)r 2u(t; x)�(t; x)] +


b(t; x); ru(t; x)

�
(3.42)

+
Z

Rq

h
u

�
t; x + F (t; x)z

�
� u

�
t; x

�

�


F (t; x)z; ru(t; x)

�
1jzj�1

i
�(dz);

see, for example [34, 3].

3.2.3 Arti�cial Neural Networks

In this section, we introduce some material on arti�cial neural networks.

We follow the notation from [14].

For L 2 N , N = (N 0; : : : ; NL ) 2 N L+1 and a Lipschitz function � :
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R ! R , a fully connected feed-forward neural network is de�ned by its

architecture a = (N; �) and its realization � a : RN0 � R P (N) ! R NL , where

P(N) is the number of parameters

P (N) :=
LX

l=1

N lN l�1 + N l : (3.43)

The realization of the neural network architecture is of the form

� a;� (x) = W (L)

�
: : : A(2)

�
W (2)

�
A (1) (W (1) x + b (1) )

�
+ b(2)

�
: : :

�
+ b(L) ;

(3.44)

where

W (l) 2 RN l �N l�1 ; b(l) 2 RN l ; l = 1; : : : ; L; (3.45)

and A (l) : RN l ! R N l is de�ned by

A (l) (x) =
�

�(x 1); : : : ; �(x N l )
� >

; l = 1; : : : ; L � 1; (3.46)

and � = ((W (l) ; b(l) ))L
l=1 2 RP (N) . The neural network is said to have

(L � 1) hidden layers. As the activation function � we use ReLU. For

further details, see e.g. [59].

3.3 Variance reduction for stochastic differential equa-

tions

In the case of SDEs driven only by Brownian motion, the two variance

reduction methods of importance sampling and control variates are well-

known and have been studied in [105, 98, 101] and references therein.

Let (
; F; fF tgt0 �t�T ; P ) be a �ltered probability space on which a d-

dimensional Brownian motion W(t) is de�ned. For s 2 [t 0; T ] and x 2 R d,

consider the stochastic processesX s;x (t); Ys;x (t); Z s;x (t) , t � s; de�ned as
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the solution to the system:

dX(t) = b(t; X)dt + �(t; X)dW(t); X(s) = x; (3.47)

dY (t) = c(t; X)Y (t)dt; Y (s) = 1; (3.48)

dZ(t) = g(t; X)Y (t)dt; Z(s) = 0; (3.49)

where b(t; x) is a d-dimensional vector, �(t; x) is a d � d matrix, and c(t; x)

and g(t; x) are scalar functions, all with appropriate regularity properties

[46, 48]. We are interested in calculating the expectation

u(s; x) := E
�
f (X s;x (T ))Ys;x (T ) + Z s;x (T )

�
: (3.50)

Let us brie�y justify our interest. As a concrete example of an application,

consider the option pricing problem. In this example, the process X

would be a model for the random path of a stock price (or any other

market observable), Y would be a discounting factor, and f the payoff of

an option. The processZ would represent the cumulative (discounted)

running costs of holding the replicating portfolio. These running costs

could be �nancing/storage costs or dividend payments. The expectation

in (3.50)would then be the fair price of the option, under the prescribed

�nancial model, determined by the coef�cients in (3.47)-(3.49). More

generally, however, the function u : [t0; T ] � R d ! R is known [42, 46, 48]

to satisfy the related Cauchy problem for the following parabolic PDE:

@u
@t

+ Lu + c(t; x)u + g(t; x) = 0; (t; x) 2 [t 0; T ) � R d (3.51)

u(T; x) = f(x); x 2 R d; (3.52)

where L is a differential operator of the form

Lu(t; x) :=
1
2

tr[� > (t; x)r 2u(t; x)�(t; x)] + hb(t; x); ru(t; x)i: (3.53)

Hence, if we wish to solve a problem of the form (3.51)-(3.52), we can

appeal to its stochastic representation (3.47)-(3.50)and compute the expec-
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tation in (3.50). This is a particularly effective strategy in high dimensions.

Thus, the interest of computing (3.50) is clearly established.

To ease notation, let us denote the random variable whose expecta-

tion we wish to compute as

� := � s;x := f (X s;x (T ))Ys;x (T ) + Z s;x (T ); (3.54)

and, more generally, let us de�ne the process

�(t) := � s;x (t) := u(t; X s;x (t))Y s;x (t) + Z s;x (t); t 2 [s; T ]; (3.55)

noting that � s;x (T ) = � s;x and � s;x (s) = u(s; x) . The process�(t) will be a

central object in the proofs of this section.

3.3.1 Control Variates

Note that for a suitable integrand G (say Lipschitz with linear growth),

the Ito integral Z T

s
G>

�
t; X(t)

�
dW(t) (3.56)

has zero expectation, hence it can serve as a control variate for the random

variable � , whose expectation we would like to compute. Moreover, as

we will show, G can be chosen in such a way so that the integral (3.56)is

perfectly anti-correlated with �, which means that

� +
Z T

s
G>

�
t; X(t)

�
dW(t) (3.57)

has zero variance (cf. equation (3.10)). We can incorporate this control

variate into the SDE for Z:

dZ(t) = g(t; X)Y (t)dt + G > (t; X)dW(t); Z(s) = 0; (3.58)

with � de�ned as before but using (3.58). The method of control variates

for SDEs was �rst considered in [105, 104]. Note the connection with the

Martingale Representation theorem [108, 73] which ensures the existence
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of an adapted process �(t) such that

� = E[�] +
Z T

s
� > (t)dW(t): (3.59)

3.3.2 Importance sampling

For a function � : [0; T ] � R d ! R d, which satis�es the Novikov condition

E
�

exp
� 1

2

Z T

0

�
� �

�
s; X(s)

� �
�2

ds
� �

< 1; (3.60)

the process

~W(t) = W(t) �
Z t

0
�

�
s; X(s)

�
ds; 0 � t � T; (3.61)

is a Wiener process on[0; T ] under the measure ~P de�ned through the

Radon-Nikodym derivative

d ~P
dP

= exp
� Z t

0
� >

�
s; X(s)

�
dW(s) �

1
2

Z t

0

�
� �

�
s; X(s)

� �
�2

ds
�

; (3.62)

see, for example, [73]. Hence, we can change the measure of the Wiener

process driving X , and then compensate for this by multiplying by the

Radon-Nikodym derivative (3.62), keeping E� �xed. This amounts to

considering the system

dX = b(t; X)dt � �(t; X)�(t; X)dt + �(t; X)dW(t); X(s) = x; (3.63)

dY = c(t; X)Y dt + � > (t; X)Y dW(t); Y (s) = 1; (3.64)

with � de�ned as before through (3.63), (3.64)and (3.49). The function

� completely determines the change of measure and, as was discussed

in Section 3.2.1, should be chosen such that� has small variance. The

method of importance sampling for SDEs was �rst considered in [56,

142].
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3.3.3 Combining method

We now consider the combining method, i.e. using both control variates

and importance sampling, and present the theoretical results concerning

optimal choices of control variates and changes of measures that were

alluded to in the previous sections. This method was �rst considered

in [98] (see also [101]) Instead of the system (3.47)-(3.49), consider the

system

dX = b(t; X)dt � �(t; X)�(t; X)dt + �(t; X)dW(t); X(s) = x; (3.65)

dY = c(t; X)Y dt + � > (t; X)Y dW(t); Y (s) = 1; (3.66)

dZ = g(t; X)Y dt + G > (t; X)Y dW(t); Z(s) = 0; (3.67)

where � and G are d-dimensional vector functions with good analytical

properties. The role of � and G should be clear from the discussion in

Sections 3.3.1 and 3.3.2. Note that the original system (3.47)-(3.49) is a

special case of this system with � = G = 0 . Of course, the case when

only � = 0 corresponds to the method of control variates and the case

when only G = 0 corresponds to the method of importance sampling (cf.

Sections 3.3.1 and 3.3.2).

It is straightforward to show that while E� does not depend on � or

G, the variance of � does indeed depend on them. Moreover, the method

can be made optimal, in the sense that there exists an optimal choice of

� and G, such that Var� = 0 . This optimal choice, however, depends on

(and consequently requires knowledge of) the full solution of the related

PDE problem (3.51)-(3.52)and its spatial derivatives. This is summarized

by the following theorem:

Theorem 3.2 (Milstein & Schoenmakers [98]). If � and G are such that

u(t; x)�(t; x) + G(t; x) = �� > (t; x)ru(t; x) (3.68)

for all (t; x) 2 [s; T ] �R d, whereu is the solution to the PDE(3.51)-(3.52), then

Var� s;x (T ) = 0.

34



This theorem demonstrates a general possibility of perfect variance

reduction and serves as a guidance towards choosing (some suboptimal

but practical) � or/and G.

Proof of Theorem 3.2. Applying Ito's lemma to �(t), we get

d�(t) = Y
� @u

@t
+

1
2

tr[�� > r 2u] + hb; rui � h��; rui
�

dt

+ Y (� > ru) > dW + ucY dt + Y h��; ruidt + Y u� > dW

+ gY dt + G > Y dW; (3.69)

where the coef�cients are evaluated at (t; X(t)) . Noticing that the function

u satis�es the PDE (3.51), we are left with

d�(t) = Y (� > ru + u� + G) > dW: (3.70)

Writing (3.70)in integral form over [s; T ] and noting that �(s) = u(s; x) ,

we obtain

�(T ) = u(s; x) +
Z T

s
Y (� > ru + u� + G) > dW: (3.71)

Then, by the Ito isometry,

Var� = E
Z T

s
Y 2(t)k� > ru + u� + Gk 2dt; (3.72)

and if the condition (3.68)is satis�ed, Var� = 0 . Finally, note that taking

expectations of (3.71) yields

E� = u(s; x); (3.73)

demonstrating that � and G do not change the expected value of �.

Remark 3.1. It is clear from Theorem 3.2 that we do not require both� andG

to be non-zero to achieve perfect variance reduction. In other words, the methods

of importance sampling and control variates are both suf�cient on their own to

reduce the variance of� to zero. For example, for importance sampling we can

35



take � to satisfy

u(t; x)�(t; x) = �� > (t; x)ru(t; x);

and for control variates, we can take

G(t; x) = �� > (t; x)ru(t; x):

3.3.4 Numerical algorithm

We now discuss how to leverage the result of Theorem 3.2 to positive

practical effect. We consider the (neural) SDEs

dX = b(t; X)dt + �(t; X)dW(t); X(s) = x; (3.74)

dY = c(t; X)Y dt; Y (s) = 1; (3.75)

dZ = g(t; X)Y dt + G >
� (t; X)Y dW(t); Z(s) = 0; (3.76)

where G� : [t0; T ] � R d ! R d is a neural network parameterization of G

(see Section 3.2.3).

Provided that the system (3.47)-(3.49) has a unique strong solution, it

is suf�cient that G� be Lipschitz in x for the existence and uniqueness of

a solution to (3.74)-(3.76). In the case of feed-forward architectures, which

we will make use of, this amounts to G� having a Lipschitz activation

function (see Section 3.2.3).

Comparably to before, de�ne

� � := f (X s;x (T ))Ys;x (T ) + Z s;x (T ): (3.77)

The subscript � in � � denotes the implicit dependence of � � on the param-

eters of the neural network, �.

For any choice of �, the expectation E� � , remains unchanged. More-

over, since Theorem 3.2 implies that there exists an optimal choice of G

such that we have zero variance of � , our objective is to �nd parameters

� � such that G� � approximately satis�es (3.68) and hence Var� � � � 0. We

will denote the true optimal value of G by G� . In other words, from
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Theorem 3.2, G� satis�es

G� (t; x) = �� > (t; x)ru(t; x): (3.78)

Remark 3.2. Let us brie�y justify the choice of feed-forward neural networks

as approximators. There exists many theoretical results on the expressivity of

neural networks [35, 68, 7]. In particular, the universal approximation theorem

given by Hornik et al. [68] states that for any �nite measure on(R; B(R)) , the

class of feed-forward neural networks, mapping fromRd to R with continuous

and non-constant activation is dense inLp. The function we would like to ap-

proximate,G� , maps intoRd but the above approximation theorem can be applied

componentwise. Furthermore, there is a growing body of work on the numerical

solution to PDEs using neural networks [124, 63, 52], in particular focused on

the effectiveness of neural networks in solving high-dimensional problems, see

for example [13, 58] and the references mentioned therein. It is precisely in these

high-dimensional situations where one may resort to Monte Carlo methods, and

the above cited research in deep learning provides a justi�cation for making use

of neural SDEs within this context.

The problem of �nding optimal parameters � � amounts to solving

the optimization problem

� � 2 arg min � Var� � : (3.79)

Of course, in any non-trivial situation Var� � cannot be evaluated analyt-

ically, nor can the random variable � � be simulated exactly. Instead we

must use the empirical (sample) variance of independent realizations of

an approximate random variable, �� � , which is close to � � in the weak

sense. Fixing a large Mr 2 N, the problem becomes

� � 2 arg min � VarM r
�� � ; (3.80)

where VarM r (�) denotes the empirical variance over M r realizations. The

random variables ( �� �;m )M r
m=1 are obtained by numerical integration of the
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neural SDE system (3.74)-(3.76) together with (3.77). This optimization

problem can be solved using a stochastic gradient-based algorithm (e.g.

stochastic gradient descent), noting that the loss function

L(�) := Var M r
�� � (3.81)

is differentiable.

Once the parameters� � have been found, realizations of �� � � can be

simulated using a (potentially different) numerical integration scheme.

The new MC estimator is then given by

�u(s; x) = M �1
MX

m=1

�� � � ;m ; (3.82)

where ( �� � � ;m )M
m=1 are independent copies of �� � � .

This motivates a two-pass algorithm, where the �rst pass �nds opti-

mal parameters � � and the second pass uses these parameters to simulate

low-variance random variables for the MC estimator (cf. the two-run

algorithm in [100]). This is described in Algorithm 1. In the �rst pass,

we simulate (using a numerical integration scheme) trajectories of the

solution to the system (3.74)-(3.76) with G� = 0 and store them in memory

along with the random variables used in the scheme. These trajectories

can then be used to simulate the� -dependent term,
RT

s G� (t; X)Y (t)dW(t) ,

at each iteration of the the stochastic optimization algorithm. This elim-

inates the need to simulate the entire system for each iteration of the

stochastic optimization algorithm.

In the second pass, we simply simulate solutions to the system (3.74)-

(3.76) usingG� � . Note that the numerical scheme used in the second pass

does not need to have anything in common with the numerical scheme

of the �rst pass. In particular, we �nd it to be effective to use a coarse

grid (larger h) in the �rst pass, followed by a �ne grid (smaller h) in the

second pass (cf. a similar observation in [100] in the case of the linear

regression-based algorithm).
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Letting V (t) =
�
X(t) > ; Y (t); Z(t)

� >
and v = (x > ; 1; 0)> , we consider

numerical methods with a uniform step-size h > 0 of the form:

�Vk+1 = �Vk + A(t k ; �Vk ; h; � k); (3.83)

�V0 = V (s) = v; (3.84)

for some Borel measurable, vector-valued function A and random vari-

ables (� n )n�0 , where � 0 is independent of �V0 and � k is independent of

(� n )0�n<k and ( �Vn )0�n�k . We denote the scheme by (A; h).

Algorithm 1: Neural control variate method for Brownian-driven

SDEs
Result: MC approximation of the solution to the PDE (3.51)-(3.52)

at the point (s; x 0), �u(s; x 0)

Initialize: Number of trials for �rst-pass M r , number for trials for

second-pass M, numerical scheme for �rst-pass

(A r ; hr ), numerical scheme for second-pass (A; h)

for m  1 to M r do
Initialize: �X 0, �Y0, �Z0  x 0, 1, 0

Compute: (t k ; �X k ; �Yk ; �Zk)m
0<k<N and ( ��) m according to

(3.74)-(3.76) with G� = 0 and the scheme (Ar ; hr )

Store: (tk ; �X k ; �Yk ; �Zk)m
0<k<N and ( ��) m and random variables

(� k)0�k<N

end

Compute: � � = arg min
�2�

VarM r
�� � by the stochastic optimization

algorithm using the stored trajectories and random

variables to compute �� � with the scheme (A r ; hr )

for m  1 to M do
Initialize: �X 0, �Y0, �Z0  x 0, 1, 0

Compute: �� � � ;m using (3.74)-(3.76) with G� � and the numerical

scheme (A; h)

Store: Updated sample statistics of �� � �

end

Return: �u(s; x 0) = M �1
P M

m=1
�� � � ;m
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Remark 3.3. For the numerical methods, Algorithm 1 and later Algorithm 2,

we only consider the case of control variates (� = 0 ). The principal reason for

this is computational ef�ciency. What makes Algorithm 1 effective is the fact

that a large batch of trajectories of the SDEs can be simulated once, in parallel,

before training. However, in the importance sampling case, trajectories ofX; Y

andZ depend on the neural network parameters,� . Thus, each time� is updated

new trajectories have to be sampled, which makes the approach computationally

intractable.

In practice the learned G� � is not equal to the optimal G� satisfying

(3.78) due to errors of deep learning (�nite size of the network, limited

training set and accuracy of the stochastic optimization algorithm) and

due to the numerical integration error. Recall from (3.72):

Var� � � = E
Z T

s
Y 2

s;x0
(t)k�ru + G � � k2dt:

Then, using (3.78), we get that the standard deviation of � � � gives the

error of � � � in a weighted norm:

p
Var� � � =

�
E

Z T

s
Y 2

s;x0
(t) jG � � � G � j2 dt

� 1=2

:

Consequently, ignoring the error of numerical integration, we can view

ErrG� � =

p
Var� � �

E� � �
(3.85)

as the appropriated relative error of the trained G � � .

3.4 Lévy-driven stochastic differential equations

We now turn our attention to the case of SDEs driven by a more general

Lévy noise, i.e., SDEs driven by both Wiener and Poisson processes. Such

systems arise as modelling tools frequently in mathematical �nance [34].

For example, the well known models of Merton [94] and Kou [82] fall

into this category, among others (see [34] for a comprehensive overview).
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In this case, we have the corresponding Cauchy problem for the PIDE:

@u
@t

+ Lu + c(t; x)u + g(t; x) = 0; (t; x) 2 [t 0; T ) � R d; (3.86)

u(T; x) = f(x); x 2 R d; (3.87)

where L is a partial integro-differential operator of the form

Lu(t; x) :=
1
2

tr[a(t; x)r 2u(t; x)] +


b(t; x); ru(t; x)

�
(3.88)

+
Z

Rq

h
u

�
t; x + F (t; x)z

�
� u

�
t; x

�

�


F (t; x)z; ru(t; x)

�
1jzj�1

i
�(dz):

Here a(t; x) is a symmetric positive semide�nite d � d -matrix, b(t; x) is a

d-dimensional vector, c(t; x) and g(t; x) are scalar functions, F (t; x) is a

d � q -matrix, and � is a Lévy measure. We allow for the possibility that �

is of in�nite intensity, i.e. we may have �
�
B(0; r)

�
= 1 for some r > 0 .

Conditions for the existence and uniqueness of a solution to the problem

(3.86)-(3.87) can be found in [51].

Let (
; F; fF tgt0 �t�T ; P ) be a �ltered probability space on which

a d-dimensional standard Wiener process w(t) and a Poisson random

measure N on [0; 1) � R q with intensity ds � �(dz) are de�ned. Let N̂

denote the corresponding Poisson random measure with compensated

small jumps, see Section 3.2.2.

We assume that the problem (3.86)-(3.87) admits a classical solution,

u 2 C 1;2([t 0; T ] � R d). It has the probabilistic representation (see e.g. [3,

34]) given by

u(s; x) = E
�
f (X s;x (T ))Ys;x (T ) + Z s;x (T )

�
; (3.89)

where X s;x (t) , Ys;x (t) , Zs;x (t) , s � t � T , is the solution of the system of
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SDEs:

dX = b(t; X)dt + �(t; X)dw(t) +
Z

Rq
F(t; X(t�))z N̂(dt; dz); (3.90)

dY = c(t; X)Y (t�)dt; (3.91)

dZ = g(t; X)Y (t�)dt; (3.92)

with X(s) = x , Y (s) = 1, and Z(s) = 0 . Here the matrix �(t; x) is a

solution of the equation a(t; x) = �(t; x)� > (t; x) . Note that when we write

e.g. b(t; X) we now mean b(t; X(t�)) , i.e. we are now using the left

limits of the stochastic processes as the point at which we evaluate the

coef�cients. Recall from Section 3.2 that X(t�) := lim s%t X(s).

In order to be able to ef�ciently simulate approximate realizations

of the processX , we follow [4] (see also [81, 36]) and consider a modi-

�ed process X " , where the small jumps of X are approximated with an

additional diffusion component. The resulting X " is a jump-diffusion

with only �nitely many jumps on any �nite time interval. Intuitively, we

are replacing the cumulative effect of the small jumps (which is hard to

simulate) with a Brownian motion with covariance structure that matches

the small jumps we are removing. Since these small jumps are happening

in�nitely often and are small enough, this is justi�ed by a functional

central limit theorem, see [4]

Let W(t) be a q-dimensional Brownian motion independent of w

and N . Then the processX "
s;x (t) and the corresponding Y "

s;x (t) , Z "
s;x (t) are

de�ned as the solution to

dX " = b
�
t; X " (t�)

�
� F (t; X " (t�))
 � dt + �

�
t; X " (t�)

�
dw(t)

+ F
�
t; X " (t�)

�
� " dW(t) +

Z

jzj�"
F

�
t; X " (t�)

�
zN(dt; dz); (3.93)

dY " = c(t; X " )Y " (t�)dt; (3.94)

dZ " = g(t; X " )Y " (t�)dt; (3.95)
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with the same initial conditions as in (3.90)-(3.92). The vector 
 " is de�ned

component-wise as


 i
" =

Z

"�jzj�1
zi �(dz); (3.96)

and � " is de�ned by

B ij
" =

Z

jzj<"
zi zj �(dz); � " � >

" = B " : (3.97)

As before we introduce the random variable, whose expectation we

would like to compute, as

� " := � "
s;x := f (X "

s;x (T ))Y "
s;x (T ) + Z "

s;x (T ); (3.98)

and, more generally,

� " (t) := � "
s;x (t) := u(t; X "

s;x (t))Y "
s;x (t) + Z "

s;x (t); (3.99)

noting that � " = � " (T ). We note the abuse of notation here: � " refers to a

random variable and � " (�) refers to a process.

We can approximate the solution, u(t; x) , to the PIDE (3.86)-(3.87) by

u(s; x) � u " (s; x) := E
�
� " (T )

�
: (3.100)

It is shown in [36] (see also [81]) that u" (t; x) is a good approximation for

u(t; x), whose accuracy is controlled by ":

ku(s; x) � u " (s; x)k � K
Z

jzj�"
kzk3�(dz); (s; x) 2 [0; T ] � R d;

where K > 0 does not depend on ". For instance, for a tempered � -stable

process (see details in [36, Example 2.1]) this error is of orderO(� 3�� ),

� 2 (0; 2).
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The PIDE problem for u " is given by

@u
@t

+ L " u" + c(t; x)u " + g(t; x) = 0; (3.101)

u" (T; x) = f(x); (3.102)

where L " is the partial integro-differential operator

L " v(t; x) : =
1
2

tr
h�

a(t; x) + F (t; x)B " F > (t; x)
�
r 2v(t; x)

i

+


b(t; x) � F (t; x)
 " ; rv(t; x)

�

+
Z

jzj�"

h
v
�
t; x + F (t; x)z

�
� v(t; x)

i
�(dz): (3.103)

In the same spirit as in the Brownian case considered in Section 3.3,

we modify the system (3.93)-(3.95) to allow for variance reduction of

� " without changing the expectation of � " . In this case we have three

sources of noise, namelyw, W, and N . For the Brownian motions, we

use importance sampling and control variate analogously to the results

of Section 3.3. In addition, we introduce a control variate to deal with

the Poisson random measure N . To this end, we introduce the �ve

auxiliary functions, � w : [0; 1) � R d ! R d, � W : [0; 1) � R d ! R q,

Gw : [0; 1)�R d ! R d, GW : [0; 1)�R d ! R q, and GN : [0; 1)�R d+q ! R ,

which can be arbitrary except for some regularity conditions.
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Consider now the system

dX " =
�
b
�
t; X "

�
� F (t; X " )
 � � �

�
t; X "

�
� w

�
t; X "

�
(3.104)

� F (t; X " )� " � W
�
t; X "

� i
dt

+ �
�
t; X "

�
dw(t) + F

�
t; X "

�
� " dW(t)

+
Z

jzj�"
F

�
t; X "

�
zN(dt; dz);

dY " = c
�
t; X "

�
Y dt + Y � >

w

�
t; X "

�
dw(t) + Y � >

W

�
t; X "

�
dW(t) (3.105)

dZ " = g
�
t; X "

�
Y " dt + G >

w

�
t; X "

�
Y " dw(t) (3.106)

+ G >
W

�
t; X "

�
Y " dW(t) + Y "

Z

jzj�"
GN

�
t; X " ; z

�
N(dt; dz)

� Y "
Z

jzj�"
GN

�
t; X " ; z

�
�(dz)dt:

Note that the previous system (3.93)-(3.95) is a special case of the above

system when all �ve auxiliary functions are set to zero.

Our aim now is to replicate Theorem 3.2 in this setting, i.e. to show

that these auxiliary functions can be chosen in such a way that the vari-

ance of � "
s;x (T ) becomes zero.

Theorem 3.3. If the functions �w , � W , Gw , GW , and GN satisfy

u" (t; x)� w(t; x) + G w(t; x) = �� > (t; x)ru " (t; x); (3.107)

u" (t; x)� W (t; x) + G W (t; x) = �� >
" F > (t; x)ru " (t; x); (3.108)

GN (t; x; z) = u " (t; x) � u "
�
t; x + F (t; x)z

�
; (3.109)

for all (t; x; z) 2 [s; T ] � R d � R q, then

Var
�
� "

s;x (T )
�

= 0: (3.110)

Moreover,

u" (s; x) = � "
s;x (T ): (3.111)
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Proof. Applying Ito's formula to � "
s;x (t), we obtain

� "
s;x (T ) = u " (s; x)

+
Z T

s
Y "

�
@u"

@t
+

1
2

dX

i;j=1

aij @2u"

@xi @xj
+ hb; ru " i

� hF 
 " ; ru " i + cu " + g
�
dt

+
1
2

Z T

s
Y "

dX

i;j=1

(FB " F > ) ij @2u"

@xi @xj
dt

+
Z T

s
Y "

�
r > u" � + u " � >

w

�
dw(t)

+
Z T

s
Y "

�
ru " > F � " + u " � >

w

�
dW(t) +

Z T

s
Y " G>

wdw(t)

+
Z T

s
Y " G>

W dW(t)

+
Z T

s

Z

jzj�"
Y "

�
u" (t; X " (t�) + Fz) � u "

�
N(dt; dz)

+
Z T

s

Z

jzj�"
Y " GN N(dt; dz) �

Z T

s

Z

jzj�"
Y " GN �(dz)dt:

Since u" satis�es the PIDE (3.101)-(3.102), we arrive at

� "
s;x (T ) = u " (s; x) (3.112)

+
Z T

s

Z

jzj�"
Y "

�
u" (t; X " + Fz) � u "

��
N(dt; dz) � �(dz)dt

�

+
Z T

s

Z

jzj�"
Y " GN

�
N(dt; dz) � �(dz)dt

�

+
Z T

s
Y "

�
r > u" � + G >

w + u " � >
w

�
dw(t)

+
Z T

s
Y "

�
ru " > F � " + G >

W + u " � >
W

�
dW(t):

Then, it is not dif�cult to see that

E� "
s;x (T ) = u " (s; x); (3.113)

regardless of the choice of the auxiliary functions. Moreover, if the condi-

tions (3.107)-(3.109) are satis�ed, the integrands in (3.112) become zero
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and

Var � "
s;x (T ) = 0: (3.114)

3.4.1 Numerical algorithm

Theorem 3.3 can be used in the same way as Theorem 3.2 was used to

motivate Algorithm 1. Theorem 3.3 shows that via an optimal choice of

Gw , GW , and GN (here we take � w = � W = 0; see Remark 3.3) we can

achieve a system of SDEs such that the random variable of interest, � " ,

has zero variance. Moreover, no matter the choice of Gw , GW , or GN we

do not introduce any additional bias into the MC approximation which is

clear from (3.113). We propose an algorithm whose objective is to �nd a

good approximation of an optimal choice of the functions Gw , GW , and

GN and which then uses this approximation to simulate low-variance

realizations of � " .

As before, we parameterize Gw , GW , and GN with feed-forward

neural networks G w;� , GW;� , and GN;� , respectively. We obtain the neural

SDEs

dX " = b(t; X " ) � F (t; X " )
 � dt + �(t; X " )dw(t) (3.115)

+ F (t; X " )� " dW(t) +
Z

jzj�"
F(t; X " )zN(dt; ds);

dY " = c(t; X " )Y dt; (3.116)

dZ " = g(t; X " )Y " dt + G >
w;� (t; X " )Y " dw(t) (3.117)

+ G >
W;� (t; X " )Y " dW(t) + Y "

Z

jzj�"
GN;� (t; X " ; z)N(dt; dz)

� Y "
Z

jzj�"
GN;� (t; X " ; z)�(dz)dt:

De�ne

� "
� = f(X " (T ))Y " (T ) + Z " (T ): (3.118)

Letting V (t) =
�
X(t) > ; Y (t); Z(t)

� >
and v = (x > ; 1; 0)> , we consider
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a numerical scheme of the form

�Vk+1 = �Vk + A(t k ; �Vk ; h; � k); (3.119)

�V0 = V (s) = v; (3.120)

where a deterministic h > 0 is a maximum step size, A is a Borel mea-

surable function, and (� n )n�0 are appropriately chosen random variables

taking into account randomness coming from the Wiener and Poisson

processes. We allow for the case of a restricted jump-adapted numerical

scheme as e.g. in [36] when, in particular, the number of time steps is

random (see further details in Section 3.5.3).

Algorithm 2 for the L évy noise case is analogous to the Brownian

motion case (Algorithm 1), except we have more sources of noise.

Algorithm 2: Neural control variate method for L évy-driven
SDEs

Result: MC approximation of the solution u(s; x 0) to the PIDE
(3.86)-(3.87)

Initialize: Number of trials for �rst-pass M r , number for trials for
second-pass M, numerical scheme for �rst-pass
(A r ; hr ), numerical scheme for second-pass (A; h)

for m  1 to M r do
Initialize: �X "

0, �Y "
0 , �Z "

0  x 0, 1, 0
Compute: (t k ; �X "

k ; �Y "
k ; �Z "

k )m
0<k<N and ( �� " )m according to

(3.115)-(3.117) with Gw = G W = G N = 0 and the
scheme (Ar ; hr )

Store: (tk ; �X "
k ; �Y "

k ; �Z "
k )m

0<k<N and ( �� " )m and random variables
(� k)0�k<N

end
Compute: � � = arg min

�2�
VarM r

�� "
� by the stochastic optimization

algorithm using the stored trajectories and random
variables to compute �� "

� with the scheme (A r ; hr ).
for m  1 to M do

Initialize: �X "
0, �Y "

0 , �Z "
0  x 0, 1, 0

Compute: �� "
� � ;m using (3.115)-(3.117) with Gw;� � , GW;� � , GN;� �

and the numerical scheme (A; h)
Store: Updated sample statistics of �� "

� �

end
Return: �u " (s; x0) = M �1

P M
m=1

�� "
� � ;m

We note that Remark 3.3 is also applicable in the case of Algorithm 2

48



Remark 3.4. When implementing Algorithm 2, it is computationally expensive

to evaluate the double integrals in (3.117). We found that, in practice, replacing

the functionGN;� : Rd+q+1 ! R with a linear approximation ofGN;� in z,

gN;� : Rd+1 ! R q is more ef�cient. In other words,

GN;� (t; x; z) � g N;� (t; x) > z: (3.121)

This means that the inner integrals need not be numerically approximated at

each time step since the values can be computed in advance (and in many cases

will be known analytically). Explicitly, the integral in (3.117) becomes

Z

jzj�"
GN;�

�
t; x; z

�
�(dz) � g N;� (t; x) >

Z

jzj�"
z�(dz); (3.122)

and
R

jzj�" z�(dz) does not have to be computed at each time step.

Analogously to the discussion on the relative error in the diffusion

case at the end of Section 3.3, let us consider the error of the trainedGw;� � ,

GW;� � , GN;� � in comparison with the optimal G�
w , G�

W , G�
N satisfying the

conditions (3.107)-(3.109). It is not dif�cult to obtain using (3.112) and

Ito's formula that

V ar� "
� � = E

Z T

s
(Y "

s;x0
(t)) 2

h�
r > u" � + G >

w;� �

� 2
+

�
ru " > F � " + G >

W;� �

� 2

+
Z

jzj�"

�
u" (t; X " (t�) + Fz) � u " + G N;� �

� 2
�(dz)

i
dt:

Then, using (3.107)-(3.109), we get that the standard deviation of� "
� � gives

the weighted error of � "
� � :

p
Var� "

� � =
�

E
Z T

s
(Y "

s;x0
)2(t)

�
kGw;� � � G �

wk2 + kG W;� � � G �
W k2

+
Z

jzj�"

�
GN;� � � G �

N

� 2
�(dz)]dt

� 1=2

:

Consequently (analogously to (3.123)), ignoring the error of numerical
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integration, we can view

ErrG� � =

p
Var� "

� �

E� "
� �

(3.123)

as the appropriated relative error of the trained G w;� � , GW;� � and GN;� � .

3.5 Numerical experiments

In this section, we provide several numerical examples from compu-

tational �nance to demonstrate ef�ciency of Algorithms 1 and 2. We

consider the cases of the SDEs driven by Ĺevy processes with in�nite

activity, �nite activity, and being driven only by Brownian motion.

In the paper's spirit of the `on-the-�y' variance reduction algorithm,

we propose to �x an ANN architecture prior to any knowledge of the

particular problem. Of course, better results can be achieved if a partic-

ular architecture is chosen and/or tuned for each problem. We propose

to use a fully-connected feed forward ANN with ReLU activation (see

Section 3.2.3). The number of hidden layers and the size of the hidden

layers are chosen via a hyperparameter search detailed in Section 3.5.1

and the values selected are shown in Table 1. In general, there is a trade-

off between the neural network complexity and the time it takes to �t

the model, which usually results in very deep neural networks being

impractical for the algorithms of this paper. We also make use of batch

normalization before the �rst layer of the network. For the optimization,

we use the Adam algorithm [78] with a �xed learning rate of � = 10 �3 .

All experiments are performed on an NVidia Tesla V100 GPU.

For each experiment, we compare the neural control variate algo-

rithm with vanilla MC. By vanilla MC, we mean MC without the use of

control variates or any other variance reduction techniques. This com-

parison serves as a convenient benchmark since, as a rule, the additional

training run of Algorithm 1/2 must be less computationally expensive

than simply increasing the number of simulations of vanilla MC. The

implementation is carried out in PyTorch and the code is available at
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https://github.com/piers-hinds/sde_mc.

Both the MC simulations and the training of the ANNs are done on

a GPU. MC is particularly ef�cient to implement in a GPU-supported

scienti�c computing library like PyTorch since each MC simulation can

be carried out independently, i.e. in parallel. The corresponding imple-

mentation is at https://github.com/piers-hinds/sde_mc (see

the SdeSolver class which can solve multiple independent trajectories

in parallel).

Jump-adapted schemes pose a unique challenge in order to simulate

trajectories in parallel, since each trajectory may have a different number

of time steps when a jump-adapted numerical scheme is used. Our

solution involves storing the time points corresponding to each trajectory,

as well as the trajectory itself. Full details of the implementation can

be found at https://github.com/piers-hinds/sde_mc (see the

JumpDiffusionSolver class).

In addition, in Section 3.5.5, we compare the neural control variate

algorithm with Multilevel Monte Carlo method [55] as well as a crude

control variate method [57].

In each experiment, the network is trained on M r = 3�104 trajectories

for a maximum of 20 epochs before being used to generate trajectories.

We propose and use a stopping rule for the training which is explained in

Section 3.5.1; the rule allows for the termination of the training early if

it becomes too slow. The training trajectories are chosen to have5 times

larger time-step sizes than the trajectories used in the �nal MC estimation,

i.e. hr = 5h, we refer to this value as the step factor. We use a batch size

of 2000 in all experiments. We summarize the network hyperparameters

in Table 1. In each experiment, the reported time taken includes training

time.

3.5.1 Discussion of deep learning setup

In this section, we provide details concerning hyperparmeter estimation

and a stopping rule to terminate the training procedure used in the
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Table 1: Hyperparameters and their chosen values

Hyperparameter Value

Number of hidden layers 3
Hidden layer size 50

Step factor 5
Training data size 3 � 104

experiments of Section 3.5.

Fix some tolerance level, � > 0 . For the (1 � �) � 100 % con�dence

interval of the MC error, let C = C(�; �) denote the total cost of the control

variate method (i.e., Algorithm 1/2) required to reach this tolerance level.

The total cost C has two parts: the cost of training Ctrain and the cost of

running M independent trajectories to compute the quantity of interest

E�. The MC tolerance is equal to

� = � �1 (1 � �=2)

p
Var �� � �
p

M
;

and the cost to achieve the corresponding MC simulation is M multi-

plied by the cost to run a single trajectory. Then, the total cost Ccan be

conveniently expressed as

C = Ctrain + � �1 (1 � �=2) 2Cbatch
Var �� � �

� 2Sbatch
; (3.124)

where Cbatch is the cost to sample one batch andSbatch is the size of the

batch (note that the cost of simulating a single trajectory is equivalent to

Cbatch=Sbatch).

Hyperparameter estimation

In order to choose hyperparameters, i.e. the size of hidden layers, size

of training sample, etc., we require a method of evaluating the effec-

tiveness of the variance reduction. Naturally, we would like to choose

hyperparameters to minimize the cost C. Our approach is to perform

the hyperparameter optimization on some of the simple examples and
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then use these hyperparameters on the remaining `unseen' examples. We

hope that this demonstrates that the algorithms proposed can be used in

a black-box fashion. Of course, for optimal performance one could select

hyperparameters for each individual example.

We identify the following hyperparameters: the number of hidden

layers in each neural network and the size of these hidden layers (see

Section 3.2.3); the reduction factor of the number of steps in the training

data compared to the number of steps in the �nal simulations, which we

call the step factor; and the size of the training data. Note that for the

hidden layer size, we add d neurons to the number stated, where d is

the dimension of X ; for example, when we choose a hidden layer size

of 50 the neural network has 50 + d neurons in each layer. We list each

hyperparameter and its corresponding search space in Table 2.

Table 2: Hyperparameters and their possible values.

Hyperparameter Search space

Number of hidden layers f2; 3; 4g
Hidden layer size f20; 30; 40; 50; 60; 70g

Step factor f5; 10; 15; 20; 25; 30g
Training data size f104; 2 � 104; 3 � 104; 4 � 104; 5 � 104; 6 � 104g

In order to determine suitable values of the hyperparameters we

minimize the cost C (with � = 0:05 , � = 10 �3 ) averaged over four test

examples from Section 3.5. Speci�cally, we use the experiments from

Tables 3, 5, 6 and 7. We employ a grid search over the search space. The

optimal values are those given in Table 1 and they are used in all of the

experiments of Section 3.5.

Remark 3.5. Both the SELU and ELU activation functions were tested in

addition to ReLU but neither performed better than ReLU. We experienced no

issues during training with the ReLU activation, perhaps because we are working

with quite shallow networks (3 layers) and we do not train for a long time (<

100 iterations). We have intentionally made the software straightforward to

adapt such that if, for example, problems with ReLU become apparent in different
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examples, then the activation function can be easily changed.

Stopping rule for training

Rather than train for a �xed number of epochs for each problem, we

propose a stopping rule which will determine when to stop training. On

a heuristic level, we want to terminate the training procedure if the cost

of training for a further epoch outweighs the variance reduction caused

by this further training.

Denote the cost of training for one epoch (we assume that this is

consistent across epochs) byC(1)
train . Let Var �� � i denote the reduced variance

after the i -th epoch with Var �� � 0 := Var� . Then, before the i -th epoch, we

should decide to stop the training algorithm when

C(1)
train + � �1 (1 � �=2) 2Cbatch

Var �� � i

� 2Sbatch
> � �1 (1 � �=2) 2Cbatch

Var �� � i�1

� 2Sbatch
; (3.125)

which is equivalent to

Var �� � i�1 � Var �� � i <
C(1)

train

K
; (3.126)

where

K =
� �1 (1 � �=2) 2Cbatch

"2Sbatch
: (3.127)

Of course, the variance after the i -th epoch is unknown until after the

epoch, so we estimate the changeVar �� � i�1 � Var �� � i with the change from

the previous epoch, that is Var �� � i�2 � Var �� � i�1 .

In practice, the cost to train for one epoch, C(1)
train , is estimated during

training as the running average of the time taken for one epoch of training.

The cost to sample one batch,Cbatch, is computed before training takes

place.
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3.5.2 Diffusion models

In the �rst two experiments (Sections 3.1 - 3.2), we use the explicit Euler

scheme (see e.g. [101]), which for a system

dX(t) = b(t; X)dt + �(t; X)dW(t); X(s) = x; (3.128)

is de�ned by

X 0 = X(s) = x; (3.129)

X k+1 = X k + bkh + � k � kW; (3.130)

where h > 0 is a �xed step-size and � kW are independent Gaussian

random variables (or, in the case of many Wiener processes, vectors

consisting of independent Gaussian random variables) with zero mean

and variance h. The step-size used for each experiment ish = T �s
1000. In the

experiment of Section 3.3 we use a custom numerical scheme from [99].

Example 3.1 (Geometric Brownian motion). Consider the one-dimensional

Black-Scholes model, in which the price u(t; x) of a contingent claim satis-

�es the Black-Scholes equation

@u
@t

+
� 2x2

2
@2u
@x2

+ rx
@u
@x

� ru = 0 (3.131)

with terminal condition

u(T; x) = f(x); (3.132)

where the short rate r 2 R and the volatility � > 0 . We consider the case

of a call option when f(x) = (x � K) + for various strikes K > 0 . The

problem (3.131)-(3.132) has the following probabilistic representation:

u(s; x) = E
h
f

�
X s;x (T )

�
e�r(T �s) + Z s;x (T )

i
; (3.133)
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where

dX(t) = rX(t)dt + �X(t)dW(t); X(s) = x; (3.134)

dZ(t) = G
�
t; X(t)

�
e�r(t�s) dW(t); Z(s) = 0: (3.135)

Numerical results for various strikes, K , are given in Table 3 for both

vanilla MC (i.e. without any control variates) and for our neural variance

reduction algorithm. We observe substantial (up to 18 time) speed up

of option valuation when the variance reduction is used in comparison

with the vanilla MC. The MC tolerance level is set at 10�4 in this and all

the other experiments, aside from those in Section 3.5.4 where it is set to

10�3 . The relative error given in the table (and in all the other tables of

Section 3.5.2) corresponds to ErrG� � as de�ned in (3.85).

Figure 1 shows the true optimal control variate, as given by Theorem

3.2, as well as the learned approximate control variate in the case that

K = 1 . It can be seen that the learned control variate is similar to the

optimal control variate but not especially accurate, indicating that high

accuracy is not required for the control variate method to be effective.

Remark 3.6. If the optimal control variateG� is known (or approximated well)

then this would give knowledge ofru through Theorem 3.2, which can be used for

computing deltas (e.g., analogously how conditional probabilistic representations

accompanied by linear regression is used for computing sensitivities in [11]).

However, in this paper we refrain from doing so since we have no guarantee of

accuracy of the neural network approximation ofG� , so there is no theoretical

guarantee that the learned approximation ofru is accurate, and importantly no

reliable way to quantify the error. This is in contrast to usingG� as a control

variate, since in this case the bias of the neural network approximation is nulli�ed

by integrating against the Brownian motion. Moreover, the MC error can be

quanti�ed in the normal way by computing the sample variance.

In the pursuit of computing Greeks, Malliavin Greeks can be considered

[44]. Indeed, this was considered in the variance reduction setting in [100]. This

may prove to be a fruitful avenue of research but we consider it beyond the scope
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(a) Optimal control variate (b) Learned control variate

Figure 1: The true optimal control variate and the learned control variate
for a European call option with strike K = 1 under the Black-Scholes
model with parameters in Table 3.

of this work.

Table 3: European Call option, f (x) = (x�K) + , under GBM with r = 0:02,
� = 0:3 and T = 3: MC approximations (and a 95% con�dence interval
given after �) with and without a control variate.

K u(0; 1)
Vanilla MC Control Variate MC Relative

Error
û(0; 1) Time (s) M û(0; 1) Time (s) M

0.7 0.39031 0.39043 � 0.00010 87.2 1.04�108 0.39032 � 0.00010 5.73 7.00�104 0.034
0.8 0.32826 0.32833 � 0.00010 80.3 9.62�107 0.32821 � 0.00010 4.27 7.00�104 0.040
0.9 0.27484 0.27486 � 0.00010 70.9 8.49�107 0.27478 � 0.00010 4.31 7.50�104 0.051
1 0.22943 0.22943 � 0.00010 63.1 7.56�107 0.22940 � 0.00010 6.17 1.15�105 0.075

1.1 0.19117 0.19115 � 0.00011 48.4 5.79�107 0.19115 � 0.00010 6.49 1.40�105 0.098
1.2 0.15914 0.15914 � 0.00010 46.2 5.53�107 0.15915 � 0.00010 4.54 9.00�104 0.096
1.3 0.13245 0.13249 � 0.00010 44.2 5.29�107 0.13247 � 0.00010 6.48 1.40�105 0.140

Example 3.2 (Multi-dimensional geometric Brownian motion). Consider

now the multi-dimensional Black-Scholes model for dynamics of assets'

prices. The price u(t; x) of a contingent claim satis�es the PDE:

@u
@t

+
� 2

2

dX

i;j=1

� i;j x i x j @2u
@xi @xj

+ r
dX

i=1

x i @u
@xi

� ru = 0 (3.136)

with terminal condition

u(T; x) = f(x); (3.137)

where r 2 R , � > 0 and (�) ij = � i;j is the correlation matrix of the

Brownian motion in the following probabilistic representation:

u(s; x) = E
h
f

�
X s;x (T )

�
e�r(T �s) + Z s;x (T )

i
; (3.138)
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and

dX i (t) = rX i (t)dt + �X i (t)dW i (t); X i (s) = x; i = 1; : : : ; d; (3.139)

dZ(t) = G >
�
t; X(t)

�
e�r(t�s) dW(t); Z(s) = 0; (3.140)

W(t) = (W 1(t); : : : ; W d(t)) > , and Wi (t) , i = 1; : : : ; d; are correlated Wiener

processes. We consider the case of a call-on-max option, that is an option

with the payoff

f (x) =
�

max(x1; : : : ; xd) � K
�

+
: (3.141)

Table 4 displays the results for Algorithm 1 in the case d = 3 with the

parameters r = 0:02, � = 0:3 , T = 3, x = 1 and the correlation coef�cients

of the Wiener processes:

� 1;2 = 0:7; � 1;3 = 0:2; � 2;3 = �0:3:

We again see the bene�t of using the control variate method which gives

speed up of up to 10 times.

Table 4: Call-on-max rainbow option under three-dimensional GBM with
r = 0:02, � = 0:3 , T = 3, x = 1 : Monte Carlo approximations (and a 95%
con�dence interval) with and without a control variate.

K u(0; 1)
Vanilla MC Control Variate MC Relative

Error
û(0; 1) Time (s) M û(0; 1) Time (s) M

0.7 - 0.73571 � 0.00010 187 1.51�108 0.73570 � 0.00010 20.2 9.15�105 0.066
0.8 - 0.64800 � 0.00010 188 1.52�108 0.64811 � 0.00010 20.0 9.20�105 0.076
0.9 - 0.56563 � 0.00010 185 1.50�108 0.56559 � 0.00010 20.8 9.65�105 0.088
1 - 0.48988 � 0.00010 177 1.44�108 0.48984 � 0.00010 17.5 7.60�105 0.091

1.1 - 0.42146 � 0.00010 155 1.26�108 0.42150 � 0.00010 20.2 9.20�105 0.120
1.2 - 0.36085 � 0.00010 153 1.24�108 0.36098 � 0.00010 18.8 8.30�105 0.130
1.3 - 0.30781 � 0.00010 134 1.08�108 0.30784 � 0.00010 17.1 7.35�105 0.140

Example 3.3 (Heston model). Consider the Heston stochastic volatility

model [64], under which the price u(t; x; v) of a contingent claim satis�es
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the PDE:

@u
@t

+
1
2

x2v
@2u
@x2

+
1
2

� 2v
@2u
@v2

+ ��vx
@2u

@x@v
+ rx

@u
@x

+ �(� � v)
@u
@v

� ru = 0;

(3.142)

u(T; x; v) = f(x); (3.143)

where � > 0 , � > 0 , � > 0 , � 2 (�1; 1) and r 2 R , such that 2�� > � 2. The

terminal condition, f (x) , corresponds to the payoff function. We consider

the case of a European call option where

f(x) = (x � K) + ; (3.144)

for some strike price K > 0 . The Heston PDE problem (3.142)-(3.143) has

a probabilistic representation of the form:

u(s; x; v) = E
h
f

�
X s;x;v (T )

�
e�r(T �s) + Z s;x;v (T )

i
; (3.145)

dX(t) = rX(t)dt +
p

V (t)X(t)dW 1(t); (3.146)

dV (t) = �
�
� � V (t)

�
+ �

p
V (t)

�
�dW 1(t) +

p
1 � � 2dW2(t)

�
; (3.147)

dZ(t) = G
�
t; X(t); V (t)

�
e�r(t�s) dW(t); (3.148)

X(s) = x , V (s) = v , Z(s) = 0 and where W(t) =
�
W1(t); W 2(t)

� >
is a

two-dimensional standard Wiener process.

To simulate trajectories of (3.146)-(3.147), we use the explicit Euler

scheme for X and the fully implicit Euler scheme for V [99]. For a step-

size h > 0,

X k+1 = X k + rX kh +
p

VkX k � kW; (3.149)

Vk+1 = Vk + �(� � V k+1 )h �
� 2

2
h + �

p
Vk+1 � kW: (3.150)

The importance of using the fully implicit Euler scheme for V lies in the

fact that the explicit Euler scheme does not necessarily preserve positivity

of V , while the semi-implicit scheme (3.149)-(3.150) guarantees positivity
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of V under �� � � 2=2 [99]. Note that the implicitness in (3.150) can

be resolved analytically by solving the quadratic equation. The results

are presented in Table 5, which demonstrates ef�ciency of the proposed

control variate method, it is up to 42 times faster than vanilla MC.

Table 5: European Call option under the Heston model with v = 0:15,
r = 0:02, � = 0:25 , � = 0:5 , � = 0:3 , � = �0:3 , T = 3: MC approximations
(and a 95% con�dence interval) with and without a control variate.

K u(0; 1)
Vanilla MC Control Variate MC Relative

Error
û(0; 1) Time (s) M û(0; 1) Time (s) M

0.7 0.47517 0.47520 � 0.00010 1360 3.09�108 0.47519 � 0.00008 45.3 2.58�106 0.14
0.8 0.42623 0.42625 � 0.00011 1120 2.57�108 0.42636 � 0.00010 30.9 1.65�106 0.16
0.9 0.38271 0.38274 � 0.00010 1180 2.72�108 0.38267 � 0.00011 32.0 1.73�106 0.19
1 0.34406 0.34401 � 0.00010 1070 2.47�108 0.34407 � 0.00009 54.6 3.17�106 0.24

1.1 0.30977 0.30977 � 0.00010 1170 2.7�108 0.30971 � 0.00010 27.4 1.43�106 0.20
1.2 0.27934 0.27927 � 0.00009 1250 2.88�108 0.27927 � 0.00011 39.5 2.20�106 0.28
1.3 0.25232 0.25230 � 0.00010 990 2.28�108 0.25232 � 0.00010 46.3 2.61�106 0.34

3.5.3 Models with a non-singular Lévy measure

In this section and the subsequent section (Section 3.5.4), we use the re-

stricted jump-adapted numerical integration scheme from [36, Algorithm

1]. Here we give its brief description for completeness.

For the SDEs

dX = b
�
t; X

�
� F (t; X)
 � dt + �

�
t; X

�
dw(t) (3.151)

+ F
�
t; X

�
� " dW(t) +

Z

jzj�"
F

�
t; X

�
zN(dt; dz); (3.152)

X(s) = x; (3.153)

we set X 0 = x and obtain the approximation X k+1 from X k as follows.

We �nd the next time-step � = � ^ h , where h > 0 is the pre-de�ned

maximum step-size and � is the time to the next jump sampled with the

intensity � " =
R

jzj�" �(z) . Then, if � = h , we use the standard explicit

Euler scheme with no jumps. If � < h, we use

X k+1 = X k + (bk � F k)
 " � + � k � kw + F k � " �W k + F kJ; (3.154)

where � kw and � kW are the respective Brownian increments over the
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step � and J is the size of the jump, sampled (independently of other

jumps, �, � kw and � kW ) according to the density

� " (z) :=
�(z)1 jzj>"

� "
: (3.155)

The approximations for Y and Z are simulated using the explicit Euler

scheme, with the same random time step � asX . The (maximum) step-

size used in all the experiments is h = T �s
1000.

Example 3.4 (Merton model). Consider the one-dimensional Merton

jump-diffusion model [94], under which the price u(t; x) of a contingent

claim satis�es the PIDE:

@u
@t

(t; x) +
1
2

� 2x2 @2u
@x2

(t; x) + (r � ��)x
@u
@x

(t; x) � ru(t; x)

+
�

p
2�
 2

Z

R

�
u(t; xez) � u(t; x)

�
exp

�
�

(z � � 2)
2� 2

�
dz = 0; (3.156)

where r 2 R; � > 0; � > 0; �; 
 2 R and � = exp(� + 1
2 
 2) � 1 . The

terminal condition is given by

u(T; x) = f(x): (3.157)

The probabilistic representation of (3.156)-(3.157) takes the form:

u(s; x) = E
h
f

�
X s;x (T )

�
e�r(T �s) + Z s;x (T )

i
(3.158)

with

dX(t) = X(t�)
�
(r � ��)dt + �dW(t) + J(t)dN(t)

�
; (3.159)

dZ(t) = G W
�
t; X(t)

�
e�r(t�s) dW(t) + G N

�
t�; X(t�)

�
e�r(t�s) J(t)dN(t)

(3.160)

� �e �r(t�s)
Z

R
GN (t; X)z exp

�
�

(z � � 2)
2� 2

�
dzdt;

with X(s) = x , Z(s) = 0 , where W(t) is a one-dimensional standard

Wiener process and N(t) is a Poisson process with intensity � . The jumps
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have a shifted log-normal distribution:

Ji = exp(� i ) � 1; i = 1; 2; : : :

with � i � N (�; 
 2). The mean jump size is EJ1 = : � = exp(� + 1
2 
 2) � 1 .

The price of a European call option, u(t; x), has the terminal condition

f(x) = (x � K) + ;

for a strike price K > 0.

Table 6 shows the results of Algorithm 2 in the case of r = 0:02,

� = 0:2 , � = 1 , � = �0:05 , 
 = 0:3 . The proposed control variates method

here is up to 30 times faster than vanilla MC. The relative error given in

the table (and in all the other tables in the next subsections) corresponds

to Err G� � as de�ned in (3.123).

Table 6: European Call option under Merton model with r = 0:02, � = 0:2 ,
� = 1 , � = �0:05 , 
 = 0:3 and T = 3: MC approximations (and a 95%
con�dence interval) with and without a control variate.

K u(0; 1)
Vanilla MC Control Variate MC Relative

Error
û(0; 1) Time (s) M û(0; 1) Time (s) M

0.7 0.41361 0:41346 � 0:00010 1860 1:61�108 0:41364 � 0:00010 62.1 1:40�106 0.15
0.8 0.35593 0:35575 � 0:00009 2010 1:74�108 0:35592 � 0:00011 85.5 2:05�106 0.21
0.9 0.30592 0:30575 � 0:00011 1480 1:28�108 0:30604 � 0:00010 104 2:49�106 0.26
1 0.26298 0:26278 � 0:00010 1460 1:27�108 0:26302 � 0:00010 127 3:09�106 0.34

1.1 0.22634 0:22624 � 0:00011 1200 1:05�108 0:22633 � 0:00010 140 3:47�106 0.42
1.2 0.19519 0:19502 � 0:00011 1090 9:52�107 0:19532 � 0:00010 151 3:79�106 0.51
1.3 0.16877 0:16866 � 0:00011 949 8:28�107 0:16881 � 0:00010 167 4:17�106 0.62

3.5.4 Models with a singular Lévy measure

In this section, we test Algorithm 2 on SDEs driven by L évy processes

with in�nite activity of jumps. In this case the algorithm is of particular

importance because variance of quantities of interest is typically very

large and practical use of such models in �nancial engineering requires

ef�cient variance reduction.

Consider the process to model an underlier:

Si (t) = S i (s) exp
�

rt + X i (t)
	

; (3.161)
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where r > 0 and X is a d-dimensional process de�ned as

X(T ) =
Z T

s
b
�
t; X(t�)

�
dt +

Z T

s
�

�
t; X(t�)

�
dw(t)

+
Z T

s

Z

R
F

�
t; X(t�)

�
zN̂(dt; dz); (3.162)

with L évy measure given by

�(dz) =

8
>>>>>>>><

>>>>>>>>:

C� e��(jzj�1) dz if z < �1;

C� jzj �(�+1) dz if �1 � z < 0;

C+ jzj �(�+1) dz if 0 < z � 1;

C+ e��(jzj�1) dz if 1 < z;

(3.163)

where C� ; C+ and � are positive constants and � 2 (0; 2) . Throughout,

we take �(t; x) to be a constant matrix, �(t; x) = � 2 R d�d and F(t; x) =

(f 1; : : : ; f d) 2 R d. Since the discounted price processes,~Si (t) = e �rt Si (t) ,

should be martingales, the drift component b(t; x) is chosen as (see [36]

or [3, Sec 5.2])

bi = �
1
2

dX

j=1

� 2
ij �

Z

R
(ef i z � 1 � f i z1jzj<1 )�(dz): (3.164)

We consider this model in one and four dimensions. In all of the examples,

we choose C� = C + = 1, � = 0:5, � = 2 and " = 10 �3 .

Example 3.5 (One-dimensional European call). We consider the problem

of pricing a European call option under model (3.161)-(3.164)with d = 1.

Table 7 shows the results for Algorithm 2 in the case of r = 0:02, � 11 = 0:2

and f 1 = 0:2. The computational speed up achieved here by the proposed

control variate method is up to 8 times in comparison with vanilla MC.

Example 3.6 (Four-dimensional call-on-max option). As before, consider

the model (3.161)-(3.164) with d = 4 and the terminal condition

f(x) =
�

max(x1; x2; x3; x4) � K
�

+
(3.165)

63



Table 7: European Call option under exponential L évy model (3.161):
MC approximations (and a 95% con�dence interval) with and without a
control variate.

K u(0; 1)
Vanilla MC Control Variate MC Relative

Error
û(0; 1) Time (s) M û(0; 1) Time (s) M

0.7 - 0.46285�0.00100 225 3.00�106 0.46298�0.00095 28.1 1.30000�105 0.38
0.8 - 0.41284�0.00101 208 2.79�106 0.41376�0.00103 27.8 1.25000�105 0.45
0.9 - 0.36926�0.00099 205 2.76�106 0.36934�0.00101 25.2 1.40000�105 0.52
1 - 0.33181�0.00100 193 2.58�106 0.33189�0.00100 29.4 1.35000�105 0.57

1.1 - 0.29821�0.00102 175 2.34�106 0.29721�0.00098 25.7 1.25000�105 0.59
1.2 - 0.26838�0.00102 166 2.22�106 0.26841�0.00101 27.3 1.40000�105 0.72
1.3 - 0.24385�0.00105 148 1.99�106 0.24272�0.00105 25.4 1.45000�105 0.84

for some K > 0 . Table 8 shows the results of Algorithm 2 in the case of

r = 0:02, f = (0:2; 0:15; 0:15; 0:1)> and

� = 0:15L; (3.166)

where L is the lower triangular matrix obtained via the Cholesky decom-

position of the correlation matrix

LL > =

2

6
6
6
6
6
6
4

1 0:87 0:94 0:86

0:87 1 0:87 0:93

0:94 0:87 1 0:96

0:86 0:93 0:96 1

3

7
7
7
7
7
7
5

: (3.167)

Here the achieved speed up is up to 14 times.

Table 8: Rainbow call-on-max option under four-dimensional exponential
Lévy model (3.161): Monte Carlo approximations (and a 95% con�dence
interval) with and without a control variate.

K u(0; 1)
Vanilla MC Control Variate MC Relative

Error
û(0; 1) Time (s) M û(0; 1) Time (s) M

0.7 - 0.61422�0.00100 699 2.28�106 0.61501�0.00101 47.9 1.00�105 0.26
0.8 - 0.53704�0.00099 699 2.28�106 0.53739�0.00080 72.9 1.65�105 0.31
0.9 - 0.46754�0.00100 650 2.12�106 0.46939�0.00103 51.1 1.05�105 0.36
1 - 0.40659�0.00100 623 2.03�106 0.40621�0.00100 50.3 1.10�105 0.42

1.1 - 0.35247�0.00101 574 1.87�106 0.35399�0.00098 60.2 1.25�105 0.50
1.2 - 0.30811�0.00102 530 1.72�106 0.30763�0.00097 56.9 1.25�105 0.57
1.3 - 0.26923�0.00099 510 1.68�106 0.26925�0.00100 61.6 1.40�105 0.71
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3.5.5 Comparison with alternative complexity and variance reduction

methods

So far, we have only compared our neural control variate method to

vanilla MC. In this section, we compare our method to other standard

complexity and variance reduction techniques. We discuss the Multi-

level Monte Carlo (MLMC) method [55] and also a crude control variate

method [57].

Example 3.7 (Multilevel Monte Carlo method). Let us consider the prob-

lem of pricing a call-on-max option on the model (3.161)-(3.164)with

d = 2. That is,

f (x) =
�

max(x1; x2) � K
�

+
(3.168)

for K > 0.

In contrast to the previous experiments, here we do not compare our

method with the vanilla MC method but instead the MLMC method. We

�x h = T=1024, and then choose the levels of the MLMC method to be

fT=N : N = 16; 64; 256; 1024g, i.e. geometrically decreasing step size by

a factor of 4. We use the jump-adapted Euler scheme, where between

each jump the Brownian component is approximated by the Euler scheme

while the jumps are simulated exactly [112]. In the context of MLMC, the

jumps happen at the same time and with the same size across the coarse

and �ne paths [55]. Table 9 details the results for a range of strike prices.

We observe a speed-up of up to 5.5 times achieved by our neural control

variate method compared to MLMC.

Remark 3.7. We experimentally observed that MLMC outperforms our neural

control variate method in the case of standard diffusions considered in Sec-

tions 3.1, 3.2 and 3.3 (usually providing a 1.5-3 times speed-up). However, in

the case of jump-diffusions the neural control variate method is competitive and

performs better when the jump rate is high. In these cases, MLMC is less effective

since the advantage of having a larger time-step is diminished when jumps are

frequent. We also expect that the neural control variate method can outperform

MLMC when stochastic models are more complex and hence cannot be simulated
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Table 9: Rainbow call-on-max option under two-dimensional exponential
Lévy model (3.161): Monte Carlo approximations (and a 95% con�dence
interval) with a control variate and MLMC approximation.

K u(0; 1)
MLMC Control Variate MC Relative

Error
û(0; 1) Time (s) M û(0; 1) Time (s) M

0.7 - 0.71275�0.00049 94.4 - 0.71304�0.00050 17.0 9.50�104 0.11
0.8 - 0.65320�0.00049 91.8 - 0.65331�0.00050 20.0 1.25�105 0.14
0.9 - 0.59884�0.00049 89.2 - 0.59901�0.00049 21.9 1.30�105 0.15
1 - 0.54941�0.00049 86.3 - 0.54955�0.00050 21.8 1.25�105 0.17

1.1 - 0.50511�0.00049 82.8 - 0.50456�0.00049 24.0 1.65�105 0.20
1.2 - 0.46439�0.00049 80.0 - 0.46466�0.00049 24.3 1.75�105 0.23
1.3 - 0.42781�0.00049 77.4 - 0.42757�0.00050 28.9 2.05�105 0.27

with larger time steps (due to some stability restrictions) as required for MLMC

ef�ciency.

Example 3.8 (Crude control variate). We now compare our method to

using the well-known method of employing the terminal spot value as

a control variate [57]. That is, for an asset price processX(t) , using the

random variable

� = e �rT f (X(T )) + c(e �rT X(T ) � X(0)); (3.169)

for some c 2 R. This has the same expectation ase�rT f (X(T )) given

that the discounted process e�rt X(t) is a martingale under the pricing

measure.

We work in the same setting as Section 3.3, pricing a European call

under the Heston model (3.142)-(3.143). The parameter c 2 R is chosen

in the normal way to minimize the variance of � , see e.g. [57]. Table 10

compares the results of this method to Algorithm 1. We see a speedup

across all strikes, but particularly for out-of-money options. It is well

known that the terminal spot control variate performs worse for these

options, see [57].

3.5.6 Transfer learning

In the previous experiments, we initialize the weights of the ANN each

time the parameters of the �nancial model change. However, if the change

in parameters is small, e.g. when we vary the strike price while keeping
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Table 10: European call option under the Heston model with v = 0:15,
r = 0:02, � = 0:25 , � = 0:5 , � = 0:3 , � = �0:3 , T = 3: Monte Carlo
approximations (and a 95% con�dence interval) with our neural control
variate and a crude control variate.

K u(0; 1)
Crude Control Variate Neural Control Variate Relative

Error
û(0; 1) Time (s) M û(0; 1) Time (s) M

0.7 0.47517 0.47524 � 0.00010 57.6 9.60�106 0.47519 � 0.00008 45.3 2.58�106 0.14
0.8 0.42623 0.42633 � 0.00010 77.2 12.9�107 0.42636 � 0.00010 30.9 1.65�106 0.16
0.9 0.38271 0.38279 � 0.00010 97.3 16.4�107 0.38267 � 0.00011 32.0 1.73�106 0.19
1 0.34406 0.34415 � 0.00010 118 19.9�107 0.34407 � 0.00009 54.6 3.17�106 0.24

1.1 0.30977 0.30983 � 0.00010 138 23.2�107 0.30971 � 0.00010 27.4 1.43�106 0.20
1.2 0.27934 0.27934 � 0.00010 157 26.3�107 0.27927 � 0.00011 39.5 2.20�106 0.28
1.3 0.25232 0.25229 � 0.00010 174 29.2�107 0.25232 � 0.00010 46.3 2.61�106 0.34

the other parameters �xed, we can use the previous weights of the ANN

as the initial weights of the next ANN. This approach is termed as transfer

learning (see e.g. [59]). Such a procedure can reduce computational costs

further by decreasing the training time. We demonstrate this with the

following example. Consider the same experiment as in Section 3.2 (see

Table 4). Table 11 shows the time taken for the control variate method

from Table 4, where the weights of the ANN are initialized each time,

compared to the method of transfer learning where the weights are only

initialized once. Note that there is no difference in time for K = 0:7 ,

since the weights are initialized in the same way. We see that using

transferred weights can give up to 2 times of further speed up, giving

overall speed-up up to 20 times in comparison with the plain vanilla MC.

Hence, transfer learning can further accelerate variance reduction offered

by Algorithms 1 and 2.

3.6 Conclusion and future research

In this chapter, we considered variance reduction methods for Monte

Carlo simulation of a SDE functionals. We extended the theoretical results

regarding control variates and importance sampling to the case that the

SDE is driven by L évy noise. We allowed for the case of in�nite activity

by approximating small jumps with a Brownian motion with appropriate

covariance structure. We use this theoretical result to motivate a two-pass

algorithm in which we train a neural network to minimize the empirical
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Table 11: Experiment from Section 3.2: comparison of times using weights
re-initialized and weights transferred from previous simulations with
different K.

K Time using new weights Time using transferred weights

0.7 20.2 20.2
0.8 20.0 11.5
0.9 20.8 10.2
1 17.5 8.6

1.1 20.2 8.3
1.2 18.8 11.0
1.3 17.1 8.1

variance of the functional before sampling while using the neural network

as a control variate. The fact that the neural network is integrated against

the driving noise means that no bias is introduced via the approximation

error of the neural network. We demonstrated the effectiveness of the

algorithms on a range of problems from option pricing, which is a natural

application of the Monte Carlo evaluation of SDE functionals.

We mention two possible areas of future research. The �rst is the

consideration of Dirichlet problem and the extension of theoretical results

to this case. This is considered, for Brownian motion only, in e.g. [101].

Financially, this corresponds to the pricing of barrier options, so there is a

clear application for this research. The second area of research is towards

the combination of MLMC and the algorithms proposed in this chapter.

For instance, the �rst-pass (the training of the control variates) can be

done in the usual manner, while the second pass can utilize the MLMC

method. Such research could result in further ef�ciency but was beyond

the scope of this chapter.
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4 Well-posedness and approximation of re�ected

McKean-Vlasov SDEs

In this chapter, we study re�ected McKean-Vlasov stochastic differential

equations (SDEs) and their particle approximations in smooth bounded

domains. Well-posedness is established in a general setting under some

mild assumptions on the coef�cients for both the particle system and its

mean-�eld limit. We also consider re�ected consensus-based optimization

algorithms, which can be formulated in continuous-time by re�ected

McKean-Vlasov SDEs. We prove convergence of the particle system to the

mean-�eld limit with optimal rate. For the consensus-based optimization,

we prove convergence of the mean-�eld limit to the global minimum of

the optimization problem. Several numerical examples from constrained

optimization are presented. This chapter is based on the paper [65]:

• Hinds, P. D., Sharma, A., and Tretyakov, M. V. “Well-posedness and

approximation of re�ected McKean-Vlasov SDEs with applications”.

Mathematical Models and Methods in Applied Sciences 35(08) (2025), pp.

1845–1887.

but will have additional exposition.

4.1 Introduction

Re�ected stochastic differential equations (SDEs) are used to model pro-

cesses con�ned to a domain with boundary, where the solution is re�ected

in a prescribed direction when it hits the boundary. At the same time,

McKean-Vlasov SDEs have coef�cients with non-linear dependencies on

the law of the solution. This chapter is devoted to the study of re�ected

McKean-Vlasov SDEs which can model systems with constraints and

mean-�eld interactions. We illustrate the practical relevance of re�ected

mean-�eld SDEs via the problem of constrained global optimization.

Optimization problems are ubiquitous in the applied sciences and

have found resurgence due to advancements in machine learning. While
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convex optimization is well-studied [107], the task of non-convex global

optimization poses additional challenges [69]. Metaheuristic methods are

a popular class of methods which have been used to numerically solve

global optimization problems. Such methods consist of a high-level

algorithmic framework to coordinate low-level heuristics in order to

ef�ciently explore and exploit the solution space. Examples include

particle swarm optimization [75] and differential evolution [128] among

others. While there is typically limited theoretical foundation for such

models, these methods have been found to be effective in practice [141].

Interacting particle system based models have resulted in better

understanding of many natural and social phenomena [62, 10, 9, 29].

Therefore, it is not surprising that interacting particle based methods for

optimization and sampling have also gained traction (see [87, 28, 91, 49,

50, 115, 71]) due to their enhanced capability to explore a non-convex

energy landscape. These systems are driven by SDEs and hence the

tools from stochastic calculus, in particular mean-�eld theory [130] and

stochastic numerics [101] are available to establish their convergence.

Let us discuss the contributions of this chapter along with the com-

parison with existing literature. In the chapter, we �rst establish existence

and uniqueness of re�ected McKean-Vlasov SDEs and their particle ap-

proximations in a bounded and non-convex domain setting (Section 4.4).

The well-posedness was shown in a convex domain setting in [1] and in a

non-convex and bounded setting, but allowing only �rst order interaction,

in [131]. In [144] well-posedness was also considered in a non-convex

domain setting but for McKean-Vlasov SDEs with singular drift and extra

conditions on the diffusion coef�cient.

Our next result is convergence of the interacting particle system

towards its mean-�eld limit with the optimal rate of convergence (Sec-

tion 4.5). We provide two example models for consensus-based optimiza-

tion, a metaheuristic method introduced in [111], for which we establish

convergence to the global minimum (Section 4.6).

Consensus-based optimization (CBO) is a metaheuristic method
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which was introduced in [111]. In these methods, the energy landscape

of the objective function is explored by N interacting particles. Each par-

ticle's position updates iteratively by drifting towards a consensus point,

a weighted average of particle locations according to how well they mini-

mize the objective function. The particles also explore the space through

random perturbations. These dynamics allow for the continuous-time

formulation of the CBO model via SDEs. The mathematical framework

for CBO has been developed in [28, 30, 61, 71].

One recent direction of research relating to CBO has been towards

constrained CBO; that is, using CBO models for constrained optimization

problems. We brie�y mention other strategies which have been proposed

and employed to handle constraints in the literature. In [18], a CBO

model is considered where a penalty function is added to the objective

function f , which penalizes the objective when points are outside the

feasible set �G (f is de�ned on Rd). An Euler scheme is applied to simulate

the corresponding particle system. Convergence of the algorithm to

the optimal solution is shown, both when the exact penalty parameter

� is known, and also when it is iteratively updated. In [31], like [18],

the authors also use a penalized objective function presenting several

numerical experiments. In [6], a projection technique is considered for

discrete time CBO model driven by common noise, but no continuous-

time analogue is considered.

The distinction of our work is that we encode the constraints directly

into the stochastic dynamics with the use of re�ected SDEs. Hence, we

do not need to modify the objective function, noting that modifying f

so that it preserves the global optimum within/near the constraint set

�G is not a trivial task, especially in high dimensions. Moreover, intro-

ducing arti�cial barriers in the objective function typically leads to SDEs

with their coef�cients taking very large values outside the domain �G

(effectively, making the SDEs very stiff) which in turn requires use of

numerical methods approximating these stiff SDEs with small time steps

or of complex nature. This problem does not arise within the re�ected
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SDEs setting considered in this work.

Further, we can split our analysis into two steps. In the �rst step,

we establish convergence of continuous-time dynamics to the global

optimum. The next step is to approximate these continuous-time re�ected

dynamics, with a discrete-time system; for which a plethora of numerical

discretization schemes are available to us, see e.g. [101]. Each of these

schemes can be considered as an optimization technique. For mean-

square (strong) approximation, which is required in this setting, we have

the projection scheme [109, 126] and the penalty scheme [126].

This chapter is structured as follows. In Section 4.2, we provide

preliminary material regarding re�ected SDEs, McKean-Vlasov SDEs and

CBO. In Section 4.3, we introduce the set-up of re�ected McKean-Vlasov

SDEs and describe and introduce two models for CBO. We establish well-

posedness in Section 4.4 and prove propagation of chaos in Section 4.5.

Convergence of the CBO models to the global minimum of the optimiza-

tion problem is shown in Section 4.6. Finally, Section 4.7 contains several

numerical experiments to test the performance of the CBO models on

constrained optimization problems.

4.2 Preliminaries

In this section, we provide background material speci�c to this chapter,

which builds on the preliminary material established in Chapter 2. We

introduce both re�ected SDEs and McKean-Vlasov SDEs, the combination

of which is the object of study in later sections of this chapter. We also

discuss consensus-based optimization methods.

4.2.1 Re�ected stochastic differential equations

In many real-world systems, the state of a process is constrained to lie

within a speci�c domain. For example, in physical systems particles

may be con�ned to a container [116]; or in optimization problems so-

lutions must lie within a feasible region [22]. Standard SDEs do not

account for such constraints, which can lead to solutions that violate the
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domain boundaries. To address this, re�ected SDEs were introduced.

These equations incorporate a re�ection mechanism that ensures the so-

lution remains within the domain by forcing it back whenever it hits the

boundary.

Re�ected processes were �rst studied by Skorokhod [125], focusing

on one-dimensional diffusions restricted to [0; 1) . The term Skorokhod

problem is now used for the associated deterministic problem of �nding,

for a given path, a correction that keeps it in a domain. In higher dimen-

sions, the works of Tanaka [132] and Lions and Sznitman [90] established

well-posedness results for re�ected SDEs in both convex domains and

smoothly bounded domains. Further work has been carried out in, e.g.,

[119, 40, 41].

Throughout, we will use G � R d to denote a bounded domain and

@G to denote its boundary, while �G = G [ @G will denote its closure.

The Skorokhod Problem

Let us begin in the deterministic setting where we are given an un-

constrained (continuous) path  : [0; T ] ! R , with the simple case of

G = (0; 1) . We would like to �nd the pair of continuous functions (�; �)

which satisfy:

1. �(t) =  (t) + �(t) for t 2 [0; T ],

2. �(t) � 0 for t 2 [0; T ],

3. � is non-decreasing with �(0) = 0,

4.
Rt

0 1f�(s)=0g d�(s) = �(t) for t 2 [0; T ].

The above conditions are quite natural. The process � acts as an accumula-

tion of forces which drive the unconstrained process  into a constrained

process� . The �nal condition ensures that this forcing action only occurs

when � is on the boundary @G = f0g.
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This problem has a unique solution given by

�(t) = � min
s2[0;t]

�
 (s) ^ 0

�
; (4.1)

�(t) =  (t) + �(t); (4.2)

see [125, 110].

There are two ways to generalize from here. First, instead of the half-

space, we can consider a general domainG � R d. Second, we can leave

the deterministic setting and consider the case that we have dynamics

driven by an SDE. For the treatment of both cases separately, one can

consult e.g. Pilipenko [110]. Here, we jump straight to the general case of

an SDE constrained to a domain G � R d.

We will consider the case of a bounded domain G � R d, with smooth

boundary @G. The exact smoothness condition will be speci�ed later, but

for now assume it is smooth enough to allow for a unique-valued inward

normal direction, �, on @G.

Let W(t) , t � 0 , be a standard d-dimensional Wiener process de�ned

on a �ltered probability space (
; F; F t ; P ). For measurable functions

b : [0; 1) � R d ! R d and � : [0; 1) � R d ! R d�d , we say that the pair of

continuous and F t -adapted processes(X; L) is the solution to the re�ected

SDE

dX(t) = b(t; X(t))dt + �(t; X(t))dW + �(X(t))dL(t); (4.3)

with initial condition X(0) = X 0 if

1. X(t) 2 �G for all t � 0;

2. L is non-decreasing with L(0) = 0 and for all t � 0,

Z t

0
1fX(s)2@Gg dL(s) = L(t); (4.4)
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3. For all t � 0,

X(t) = X 0 +
Z t

0
b(s; X(s))ds +

Z t

0
�(s; X(s))dW(s)

+
Z t

0
�(X(s))dL(s); (4.5)

provided all the integrals are well-de�ned. Under a Lipschitz assumption

on the coef�cients b and �, existence and uniqueness of a solution (X; L)

is proved in [90] for smooth bounded domains, and in [132] for convex

domains.

4.2.2 McKean-Vlasov stochastic differential equations

A McKean-Vlasov SDE is a generalization of an SDE where the coef�cients

are allowed to depend on the current distribution of the solution, as well

as on the current state of the process. They are of the form

dX(t) = b(t; X(t); L X(t) )dt + �(t; X(t); L X(t) )dW(t); (4.6)

with a given initial condition X(0) = X 0. Here, L X(t) is the distribution of

X(t) . McKean-Vlasov SDEs arose in the �eld of statistical physics [70, 93],

and have since been adopted as a framework in probability, in which they

exemplify non-linear Markov processes. They have found application in

mean-�eld games [86], systematic risk modelling [27], and control theory

[25], as well as in other areas.

Let W i (t) , t � 0 , i = 1; : : : ; N be independent Wiener processes

on (
; F; F t ; P ). McKean-Vlasov SDEs arise as the limit of interacting

particle systems of the form

dX i (t) = b(t; X i (t); �̂ X(t) )dt + �(t; X i (t); �̂ X(t) )dW i (t); (4.7)

i = 1; : : : ; N, where �̂ X denotes the empirical measure of the particles:

�̂ X(t) :=
1
N

NX

i=1

� X i (t) : (4.8)
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Here, � x denotes the Dirac delta at x. Particle systems of this form nat-

urally arise from systems with pairwise interactions between particles.

As the number of individual particles, N , tends to in�nity, it becomes

unnecessary (and hopeless, in any case) to keep track of the location,

dynamics and interactions of each individual particle and one can instead

study a single particle and its interactions with its distribution L X(t) .

The main theoretical topics of interest relating to McKean-Vlasov

SDEs are the well-posedness of them and their interacting particle sys-

tems, the propagation of chaos, and numerical simulation of the particle

system. These topics have been studied in [130, 102, 33, 85, 26, 20, 117]

and references therein.

4.2.3 Consensus-based optimization

Starting in [111], the metaheuristic method of consensus-based optimiza-

tion (CBO) was considered. In this model, the energy landscape of the

objective function is explored by N particles. Each particle broadcasts its

current location to the other particles via an average location which is

weighted according to the energy landscape: particles where the objective

function is small are given higher weights than those where the objective

function is large. The position of each particle updates iteratively such

that each particle drifts towards this weighted average, whilst also ex-

ploring its current neighbourhood through random perturbations. These

dynamics allow for the continuous-time formulation of the CBO model

via stochastic differential equations.

Each particle's location X i , i = 1; : : : ; N , changes throughout time

and adheres to the SDE:

dX i (t) = ��(X i (t) � �X(t))dt + � Diag(X i (t) � �X(t))dW i (t); (4.9)

with X i (0) = X i
0 and where � > 0 and � > 0 are hyperparameters which

control the drift and diffusion strength. The value �X(t) is called the
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particles' consensus at time t and de�ned by

�X := �X f;� :=
P N

i=1 X i e��f (X i )

P N
i=1 e��f (X i )

; (4.10)

for some parameter � > 0 . For large � , the consensus �X acts as a

proxy for the particle which performs best on the objective function,

i.e. arg min i=1;:::;N f (X i ). In machine learning, the weighting function

is called soft-max and is a smooth way of approximating the argmax

function (or in this case argmin). Indeed, the reason we use the particles'

consensus rather than the current best particle is so that we can perform

analysis on the SDE and its mean-�eld limit.

The dynamics of the particles, Equation (4.9), has two parts. The

�rst part, due to the drift term, causes each particle to drift towards the

consensus. This is exploiting behaviour: each individual particle should

want to do better than where it currently is, and the best place to go is

near the current best particle. The second part, due to the diffusion term,

encourages each particle to explore the space. Clearly this is exploring

behaviour, and the diffusion coef�cient means that more exploration is

encouraged when the particle is far from the consensus. Or, equivalently,

when the particles get close to the consensus, their exploring behaviour

vanishes.

It would be reasonable to question why the noise in (4.9)needs to

be component-wise. In other words, could a simpler model use isotropic

noise:

dX i (t) = ��(X i (t) � �X(t))dt + �jX i (t) � �X(t)jdW i (t): (4.11)

In fact, noise of this form was proposed originally in [111] and then later

considered in [28]. The problem, however, is that the hyperparameters, �

and � , must become dependent on the dimension d in order for conver-

gence of the particles. This is illustrated in [30] (see also [71, Section 2.1]).

It is for this reason we consider models like (4.9).

This smooth approximation to the minimum is formally justi�ed by
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the Laplace principle, a classical result in large deviations theory [37].

Let f : R d ! R be continuous and let � be a probability measure with full

support. Then,

lim
�!1

�
1
�

log
Z

Rd
e��f (x) �(dx) = inf

x2R d
f (x): (4.12)

As � ! 1 , the measure e��f (x) �(dx) concentrates around the global

minimizers of f , and the integral is dominated by contributions near

these points.

CBO has been further developed in [28, 30, 61, 71]. A survey on the

topic is available in [134].

Constrained consensus-based optimization

We provide a brief description of existing work on constrained consensus-

based optimization (CCBO) [18, 6, 31].

In [18], a penalty function is added to the objective function f , which

penalizes the objective when outside the feasible set (f is de�ned on Rd).

For a penalization multiplier � > 0 , the following unconstrained problem

is considered:

min
x2R d

P(x; �); (4.13)

where P(x; �) = f (x) + �r(x) . Here, r(x) is a penalty function of the form

r(x) = 0 if x 2 �G and r(x) > 0 otherwise. The particle system

dX i = ��(X i � �X)dt + �jX i � �XjdW i ; (4.14)

i = 1; : : : ; N, is considered, where

�X := �X P;� :=
P N

i=1 X i e��P (X i ;�)

P N
i=1 e��P (X i ;�)

; (4.15)

is the particles' consensus andW i , i = 1; : : : ; N are N independent stan-

dard Wiener processes. The particles are not constrained to the feasible

set �G and may take any value in Rd. An Euler-Maruyama scheme is

applied to simulate the particle system. Convergence of the algorithm to
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the optimal solution is shown, both when the exact penalty parameter �

is known, and also when it is iteratively updated.

In [6], a projection scheme is considered. Particles are updated ac-

cording to an Euler discretization of the system

dX i = ��(X i � �X)dt + �(X i � �X)dW i ; (4.16)

i = 1; : : : ; N , where W i , i = 1; : : : ; N are N d-dimensional independent

standard Wiener processes. However, at each step they are projected

onto the feasible space �G. No continuous-time analogue is considered;

however, convergence of the iterates to a consensus state is shown and,

under some mild assumptions on the objective function, this consensus

state can minimize the objective function arbitrarily well.

In [31] a model of the form (4.16)is also considered; however, like

[18], they also use a penalized objective function. Several numerical

experiments are presented, although there are no convergence results.

Finally, we mention the recent paper [8], which was developed inde-

pendently, but at the same time, as our work [65]. Similar to our work,

they use re�ected McKean-Vlasov SDEs to prove convergence of a CBO

algorithm to the global minimizer of a constrained optimization problem.

They also consider heuristics for cases where there are only a small num-

ber of particles. This is practically useful, since in many computationally

demanding optimization problems (e.g. in high dimensions, or with an

expensive objective function) only a few particles may be computationally

feasible.

4.3 Re�ected McKean-Vlasov stochastic differential equa-

tions

In this section, we introduce re�ected McKean-Vlasov SDEs and their

particle approximations. We then consider their application in solving

constrained optimization problems.

Let G � R d denote a bounded domain, to which our processes will
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be constrained, and let �(x) denote the unit inward normal at a point x

belonging to the boundary @G. We assume for now that the boundary

is smooth enough such that this inward normal is unique. Let P( �G) be

the space of probability measures on �G and b : R+ � �G � P( �G) ! R d and

� : R + � �G � P( �G) ! R d�d . We will impose conditions on both G and the

coef�cients, b and �, later.

Let (
; F; P) be a complete, suf�ciently rich probability space and (F t ,

0 � t � T ) , be a �ltration satisfying the usual hypothesis. Let (W(t); F t )

and (W(t); F t ) be standard d-dimensional and Nd-dimensional Wiener

processes, respectively. Here,N 2 N will represent the number of parti-

cles in the considered system. We write W(t) =
�
W 1(t) > ; : : : ; WN (t) >

� >
.

We will also use the notation: F W
t is the natural �ltration for the Wiener

processW(t) and F W
t is the natural �ltration for the Wiener process W(t) .

We consider the non-linear (in the sense of McKean) Markov process

X which satis�es the SDE:

X(t) = X(0) +
Z t

0
b(s; X(s); L X(s) )ds +

Z t

0
�(s; X(s); L X(s) )dW(s)

+
Z t

0
�(X(s))dL(s); X(0) 2 �G; (4.17)

where L X(t) denotes the law of X(t) and L(t) is a scalar non-decreasing

process which only increases when X(t) 2 @G. The initial condition X(0)

can be random but must be F 0-measurable.

To be completely precise, given a domain G and coef�cients band

� we say that the re�ected McKean-Vlasov SDE (4.17)is well-posed if

there exists a unique pair of F W
t -adapted processes (X; L) such that

1. The integral equation (4.17) holds with all integrals well-de�ned.

2. X(t) 2 �G for all t � 0.

3.

L(t) =
Z t

0
I @G

�
X(s)

�
dL(s): (4.18)
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For approximation of (4.17), we consider the particle approximation:

X i;N (t) = X i;N (0) +
Z t

0
b
�

s; X i;N (s); �̂ XN (s)

�
ds

+
Z t

0
�

�
s; X i;N (s); �̂ XN (s)

�
dW i (s)

+
Z t

0
�(X i;N (s))dL i;N (s); X i;N (0) 2 �G; (4.19)

where XN (t) = (X 1;N (t); : : : ; X N;N (t)) > and L i;N (t) is the local time of the

i -th particle on the boundary @G. As before, �̂ XN (t) denotes the empirical

measure of XN (t):

�̂ XN (t) =
1
N

NX

i=1

� X i;N (t) : (4.20)

The initial conditions X i;N (0) are independent copies of X(0).

Well-posedness of the particle system is de�ned analogously to well-

posedness of the McKean-Vlasov SDE: we require the existence and

uniqueness of (X i;N ; L i;N ), i = 1; : : : ; N such that

1. The integral equations (4.19) holds with all integrals well-de�ned.

2. X i;N (t) 2 �G for all t � 0 for each i = 1; : : : ; N.

3. Each Li;N is a scalar non-decreasing process satisfying

L i;N (t) =
Z t

0
I @G

�
X i;N (s)

�
dL i;N (s): (4.21)

The McKean-Vlasov SDE(4.17)and its corresponding particle system

(4.19)are general and we prove well-posedness for them in Sections 4.4.1

and 4.4.2. Different choices for band � leads to different models. Here,

we consider two models for constrained optimization.

4.3.1 Re�ected consensus-based models for optimization

In this section, we consider consensus-based models in the form of re-

�ected SDEs which can be used for solving the constrained optimization

problem:

min
x2 �G

f (x); (4.22)
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where f : �G ! [0; 1) is an objective function (which can be non-convex).

Since �G is compact, f obtains its in�mum and supremum over �G.

Assumption 4.1 (Objective function, unique minimizer). The objective

function satis�es

f min := inf
x2 �G

f (x) > 0; (4.23)

and the minimizer off , denoted asxmin is unique, i.e., there is onlyxmin 2 �G

such that f (xmin ) = f min .

We consider the following dynamics

dX(t) = ��(X(t) � �X(t))dt + � Diag(X(t) � �X(t))dW(t)

+ �(X(t))dL(t); X(0) = X 0; (4.24)

where the weighted mean �X(t) (depending on the objective f and some

� > 0) is

�X(t) :=

R
�G xe��f (x) L X(t) (dx)

R
�G e��f (x) L X(t) (dx)

; (4.25)

� > 0 and � > 0 are constants (see a discussion in [71] on potential

bene�ts of choosing them to be dependent on time). The distribution

of the initial condition X 0 is assumed to have full support on �G. The

relationship between � and � required for the convergence of X(t) to the

global minimizer xmin will be established within the convergence analysis

in Section 4.6.

The particle approximation of (4.24) is given by

dX i;N (t) = ��(X i;N (t) � �X N (t))dt + � Diag(X i;N (t) � �X N (t))dW i (t)

+ �(X i;N (t))dL i;N (t); X i;N (0) = X i;N
0 ; (4.26)

where the weighted mean �X N (t) is

�X N (t) := �X N;f;� (t) :=
P N

i=1 X i;N (t)e ��f (X i;N (t))

P N
i=1 e��f (X i;N (t))

; (4.27)
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which we will refer to as the particles' consensus. In the corresponding

particle system (4.26), the particles interact with each other via (4.27) and

try to realize a uniform consensus.

In the re�ected CBO model (4.26), the particles are attracted towards

their weighted mean, which is exploitative behaviour based on already

searched space. Meanwhile, the exploration is achieved thanks to noise

induced by independent Brownian motions driving each particle. In

[71], the exploration is enhanced by adding compound Poisson processes.

Another way to facilitate exploration is by incorporating repelling forces

among particles with a decaying parameter. A model incorporating both

attractive and repelling behaviour takes the form

dX(t) = ��(X(t) � �X(t))dt

+ �(t)
Z

�G
(X(t) � y) exp

�
�

1
2

jX(t) � yj 2
�

L X(t) (dy)dt

+ � Diag(X(t) � �X(t))dW(t) + �(X(t))dL(t); (4.28)

and its particle approximation is given by

dX i;N (t) = ��(X i;N (t) � �X N (t))dt

+
�(t)
N

NX

j=1

(X i;N (t) � X j;N (t)) exp
�

�
1
2

jX i;N (t) � X j;N (t)j 2
�

dt

+ � Diag((X i;N (t) � �X N (t)))dW i (t) + �(X i;N (t))dL i;N (t): (4.29)

Here � > 0 and � > 0 are constants, and�(t) � 0 is a decreasing function

of t and preferably should have exponential decay in later steps of the

method. The repelling force between any two particles decays as the

distance between the two particles increases, in order to ensure there is

no explosion in the dynamics. When particles are close to each other, they

experience greater repelling to avoid collapse of the ensemble at a local

minimum. The relation among � , � and � will be discussed in Section 4.6.

For analysis in Section 4.4, we make the following assumption on

the objective problem.
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Assumption 4.2 (Lipschitz objective function). There exists L f > 0 such

that

jf (x) � f (y)j � L f jx � yj; (4.30)

for all x; y 2 �G.

Assumption 4.2 ensures the coef�cients of the McKean-Vlasov SDE

and its particle approximations are indeed Lipschitz. If f is continu-

ously differentiable then (4.30) is automatically satis�ed. We denote the

supremum of f as

f max = sup
x2 �G

f (x): (4.31)

4.4 Well-posedness results

In this section, we consider the general re�ected McKean-Vlasov SDE

(4.17)and its particle approximation (4.19). Our aim is to show that these

SDEs are well-posed; that is, for both the mean-�eld limit and the particle

approximation, there exists a unique process which does indeed satisfy

the corresponding integral equations. We prove well-posedness of the

mean-�eld SDE in Section 4.4.1 and well-posedness of the particle system

in Section 4.4.2. Certain conditions are imposed on the coef�cients in

order to show well-posedness. We verify that the models considered

in Section 4.3 satisfy these conditions in Section 4.4.3. We begin this

section by recalling �xed-point arguments, which we make use of in the

well-posedness results.

Contraction-based �xed point arguments

The standard way to prove existence and uniqueness of the re�ected

McKean-Vlasov SDE (4.17) and its particle approximation (4.19) is to

appeal to a contraction-based �xed point argument, see for instance the

method in [131, 90] or more recently [1]. We brie�y recall the Banach

�xed-point theorem and explain how it is applied to establish existence

and uniqueness.
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Let (V; k�k) be a (non-empty) complete normed vector space (a Ba-

nach space). A map� : V ! V is a contraction if there exists a constant

q 2 [0; 1) such that

k�(x) � �(y)k � qkx � yk;

for any x; y 2 V . The Banach �xed-point theorem states that any contrac-

tion � admits a unique �xed point x � , i.e. there exists anx � 2 V such that

�(x � ) = x � . To see this, start with any x0 2 V , then construct a sequence

by iteratively applying � , so that xk+1 = �(x k). The sequencefx kg is a

Cauchy sequence due to the contraction property of � . Completeness of

the V yields the result [83].

As a starting example, consider the initial-value problem for the

ordinary differential equation

dy
dt

= f(t; y(t)); y(t 0) = y 0: (4.32)

Taking V = C([t 0; t0+T ]; R d), for some T > 0, with kyk = sups2[t 0 ;t 0+T ] jy(s)j ,

consider the integral operator � : V ! V de�ned by

�(y)(t) = y 0 +
Z t

t0

f (s; y(s))ds; (4.33)

t 2 [t 0; t0 + T ] . Note that if there exists some y 2 V with y = �(y)

the integral equation related to (4.32) is satis�ed. Thus, establishing

existence and uniqueness of(4.32)amounts to showing that � has a �xed

point. This is done by making assumptions on f such that � becomes a

contraction. For ordinary differential equations, this is called the Picard-

Lindel öf theorem [143] and a similar argument is used to prove existence

and uniqueness of SDEs [108].

Finally, we note that we do not necessarily need � to be a contraction

in order for it to admit a �xed point. A weaker condition, which we make

use of in the sequel, is that the j -fold composition of � (denoted by � j ) is

a contraction. To see why this condition implies that � has a �xed point,

note that � j has a �xed point by the Banach �xed point theorem, which
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we can denote x� . Then,

� j (�(x � )) = �(� j (x � ))

= �(x � )

and hence �(x � ) must also be a �xed point of � j . By uniqueness of the

�xed point of � j we must have �(x � ) = x � , sox � is a �xed point of � also

[60].

4.4.1 Well-posedness of re�ected McKean-Vlasov SDEs

We now prove well-posedness of the re�ected McKean-Vlasov SDE (4.17).

When applying the �xed-point argument for re�ected SDEs, a key con-

sideration is how to deal with the local time terms. If G were a convex

domain, then it is easier to deal with the local time term in (4.17)using

Tanaka's trick [132] which is exploited in the McKean-Vlasov setting in

[1]. Here we do not assume that G is convex, but instead assume thatG

is bounded and rely on the boundary @Gsatisfying the uniform exterior

sphere condition. Sznitman [131] considered this case of non-convexG

but only for a �rst-order interaction. Note that the optimization models

discussed in Section 4.3.1 do not fall into this category, and hence we

study the general mean-�eld SDEs (4.17). We borrow Sznitman's [131]

idea on how to deal with the local time terms and apply it within our

setting.

For a measurable space(S; B(S)), denote by P(S) the space of prob-

ability measures on S. We use the notation: C = C(R+ ; �G) equipped

with the Borel � -algebra generated by the uniform norm topology and

M = P(C) . For a measure� 2 M , we denote by � t its projection onto

P( �G) at time t, i.e. its marginal:

� t (A) =
Z

C
I A (wt )d�(w); A 2 B( �G): (4.34)
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For two measures � 1; � 2 2 P( �G), the Wasserstein p-metric is de�ned as

Wp(� 1; � 2) := inf

2�(� 1 ;� 2 )

� Z

�G� �G
jx � yj pd
(x; y)

� 1
p

; (4.35)

where �(� 1; � 2) denotes the set of couplings between � 1 and � 2. One

important property of the Wasserstein p-metric is that the distance is

monotone increasing in the order p. For two measures � 1; � 2 and for

1 � p � q < 1 we have

Wp(� 1; � 2) � W q(� 1; � 2); (4.36)

see for instance [140].

Assumption 4.3. The domain G � R d is bounded and its boundary @G is C3.

The smoothness of the boundary assumed here is required so that

the distance function to the boundary of G, d(�; @G), de�ned on a neigh-

bourhood of @Gis C2 (see e.g. [120, Section 3, Lemma 1]). We make use

of this in Theorem 4.1.

Assumption 4.4 (Uniformly Lipschitz in space and measure). There exists

L > 0 such that for all t � 0

jb(t; x; � 1) � b(t; y; � 2)j + j�(t; x; � 1) � �(t; y; � 2)j � L(jx � yj + W 4(� 1; � 2));

8x; y 2 �G; 8� 1; � 2 2 P( �G): (4.37)

Also, the coef�cients b(t; x; �) and �(t; x; �) are continuous in t.

Since we are working on a bounded domain, the use of the W4 (and

hence requiring fourth moments of the measures) is not more restrictive

than using W 2.

Since@Gis suf�ciently smooth, it satis�es the uniform exterior sphere

condition. That is, there exists R0 > 0 such that 8x 2 @G,

�B(x � R 0�(x); R 0) \ @G = fxg;
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where �B(x; R 0) denotes the closed ball of radius R0 centred at x with

respect to the Euclidean norm, and �(x) is the inward normal vector �eld

at x 2 @G. The constantR0 is called the uniform exterior sphere constant

of G. This is equivalent to the following condition:

9c � 0; 8x 2 @G; 8y 2 �G; cjx � yj 2 � (x � y) > �(x); (4.38)

see for example [110]. The constantc is related to the uniform exterior

sphere constant by c = 1
2R0

. In the convex case we have c = 0.

Theorem 4.1. Let Assumptions 4.3 and 4.4 hold. There exists a unique pair of

continuous FW
t -adapted processes (X(t); L(t)) such that

1. X(t) 2 �G for all t � 0

2. L(t) is non-decreasing with L(0) = 0 and for all t � 0,

L(t) =
Z t

0
I @G(X(s))dL(s) (4.39)

3. For all t � 0,

X(t) = X(0) +
Z t

0
b(s; X(s); L X(s) )ds +

Z t

0
�(s; X(s); L X(s) )dW(s)

+
Z t

0
�(X(s))dL(s): (4.40)

Such a theorem is proved in [131] in the case of �rst-order interaction

rather than (4.17). Our proof of Theorem 4.1 borrows certain arguments

and notation from [131] which also draws techniques from [90] to deal

with the local time term.

For brevity, we denote X s := X(s) , Ws := W(s) , and L s := L(s) .

Consider the map � : M ! M de�ned by �(�) = L Y � , where L Y � is the

law of fY �
t gt�0 which is de�ned as

Y �
t = X 0 +

Z t

0
b(s; Y�

s ; � s)ds +
Z t

0
�(s; Y �

s ; � s)dWs +
Z t

0
�(Y �

s )dL s: (4.41)

The processY is decoupled from its own measure and, as such, is just
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an ordinary re�ected SDE. The existence and uniqueness of a solution to

(4.41)is proved in [90] when the coef�cients band � are de�ned on the

whole space Rd. We note that we can extend our coef�cients smoothly to

the whole space, and the choice of extension does not affect the solution

Y � . Moreover, the assumptions required in [90] are all satis�ed in our

setting. Hence, the map � is well-de�ned. From the de�nition of � , if

� has a unique �xed point, then the processes associated with this �xed

point are the unique solution to (4.17). Our objective is to show that there

exists a unique �xed point by demonstrating that, for some j , the j -fold

composition, � j , is a contraction.

Let us �x an arbitrary T > 0 and consider the spaceCT = C([0; T ]; �G)

and M T := P(CT ) equipped with the metric

DT (� 1; � 2) = inf

2�(� 1 ;� 2 )

� Z

CT �C T

�
sup
s�T

jX(s) � Y (s)j
� 4

d
(X; Y )
� 1

4

:

Note that DT is the Wasserstein 4-distance with respect to the norm

sups�T jX(s)j , X 2 CT . Completeness of the space(M T ; DT ) follows from

separability and completeness of (CT ; sups�T jX(s) � Y (s)j) (see [16, 17]).

Note that although DT is a metric on M T , we will abuse notation and

write D T (� 1; � 2) for � 1; � 2 2 M, and by this we mean the D T -distance of

the projections of � 1; � 2 onto M T .

To prove Theorem 4.1, we need the following lemma.

Lemma 4.2. Under Assumptions 4.3 and 4.4, there existsK T > 0 such that for

all � 1; � 2 2 M,

D 4
T

�
�(� 1); �(� 2)

�
� K T

Z T

0
D 4

u(� 1; � 2)du: (4.42)

Proof. Let � 1; � 2 2 M and de�ne the processes Y 1
t := Y � 1

t ; Y 2
t := Y � 2

t via

(4.41). Denote by d(�; @G)the Euclidean distance to the boundary of G,

de�ned on some neighborhood of @Gwithin G and let the function g(�)

be a smooth, bounded extension of it to the whole space. The choice of
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extension does not matter but we will rely on the fact that rg(x) = �(x)

when x 2 @G. Smoothness and boundedness ofg will also be used in

the proof. Smoothness of d(�; @G)is not guaranteed on all of G, only

suf�ciently close enough to the boundary, due to the closest boundary

point potentially switching. Smoothness of g is required for application

of Ito's formula. Then Ito's formula gives

g(Y i
t ) = g(X 0) +

Z t

0
rg > (Y i

s )b(s; Yi
s ; � i

s)ds

+
Z t

0

1
2

tr[�(s; Y i
s ; � i

s)
> r 2g(Y i

s )�(s; Y i
s ; � i

s)]ds

+
Z t

0
rg > (Y i

s )�(s; Y i
s ; � i

s)dWs +
Z t

0
rg > (Y i

s )�(Y i
s )dL s

(4.43)

for i = 1; 2 , where r 2 denotes the Hessian operator. Noting that rg = �

on @G, we have Z t

0
rg > (Y i

s )�(Y i
s )dL s = L t : (4.44)

In the interest of brevity, we write this as

gi
t = g0 +

Z t

0

�
rg i

s
>

bi
s +

1
2

tr[� i
s
>

r 2gi
s�

i
s]

�
ds+

Z t

0
rg i

s
>

� i
sdWs +L i

t ; i = 1; 2:

(4.45)

Let c > 0 be the uniform exterior sphere constant of G from (4.38).

By Ito's formula, we have

expf�2c(g 1
t + g 2

t )g = expf�4cg 0g

+
Z t

0
expf�2c(g 1

s + g 2
s)g

�
� 2c ~bs + 2c2~� s~� >

s

�
ds

�
Z t

0
2c expf�2c(g 1

s + g 2
s)g~�dW s

�
Z t

0
2c expf�2c(g 1

s + g 2
s)g[dL 1

s + dL 2
s]; (4.46)
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where

~bs = (rg 1
s)> b1

s + (rg 2
s)> b2

s +
1
2

tr[(� 1
s)> r 2g1

s � 1
s + (� 2

s)> r 2g2
s � 2

s ];

~� s = (rg 1
s)> � 1

s + (rg 2
s)> � 2

s : (4.47)

Also,

jY 1
t � Y 2

t j2 =
Z t

0
2(Y1

s � Y 2
s )> (b1

s � b 2
s) + tr[(� 1

s � � 2
s)> (� 1

s � � 2
s)]ds

+
Z t

0
2(Y1

s � Y 2
s )> (� 1

s � � 2
s)dWs +

Z t

0
2(Y1

s � Y 2
s )> [�(Y 1

s )dL 1
s � �(Y 2

s )dL 2
s]:

(4.48)

Then, for the product, Ito's formula yields

expf�2c(g 1
t + g 2

t )gjY 1
t � Y 2

t j2

= 2
Z t

0
expf�2c(g 1

s + g 2
s)g(Y 1

s � Y 2
s )> [(b1

s � b 2
s)ds + (� 1

s � � 2
s)dWs

+ �(Y 1
s )dL 1

s � �(Y 2
s )dL 2

s]

+
Z t

0
expf�2c(g 1

s + g 2
s)gtr[(� 1

s � � 2
s)> (� 1

s � � 2
s)]ds

� 2c
Z t

0
jY 1

s � Y 2
s j2 expf�2c(g 1

s + g 2
s)g[~bsds + ~� >

s dWs + dL 1
s + dL 2

s]

+ 2c2
Z t

0
expf�2c(g 1

s + g 2
s)gjY 1

s � Y 2
s j2~� s~� >

s ds

� 4c
Z t

0
expf�2c(g 1

s + g 2
s)g(Y 1

s � Y 2
s )> (� 1

s � � 2
s)~� >

s ds: (4.49)

From the uniform exterior sphere condition (4.38), we have

�cjY 1
s � Y 2

s j2 + (Y 1
s � Y 2

s )> �(Y 1
s ) � 0; (4.50)

�cjY 1
s � Y 2

s j2 + (Y 2
s � Y 1

s )> �(Y 2
s ) � 0; a:s:

To ease the notation, we denote�(s) := expf�2c(g 1
s + g 2

s)g; note that � is
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bounded since g is bounded. Then,

�(t)jY 1
t � Y 2

t j2 � 2
Z t

0
�(s)(Y 1

s � Y 2
s )> [(b1

s � b 2
s)ds + (� 1

s � � 2
s)dWs]

+
Z t

0
�(s)tr[(� 1

s � � 2
s)> (� 1

s � � 2
s)]ds � 2c

Z t

0
jY 1

s � Y 2
s j2�(s)[ ~bsds + ~� >

s dWs]

+ 2c2
Z t

0
�(s)jY 1

s � Y 2
s j2~� s~� >

s ds � 4c
Z t

0
�(s)(Y 1

s � Y 2
s )> (� 1

s � � 2
s)~� >

s ds:

(4.51)

Squaring both sides and applying the Cauchy-Schwarz inequality twice,

we obtain for some constant K > 0

jY 1
t � Y 2

t j4 � K

" Z t

0

�
(Y 1

s � Y 2
s )> (b1

s � b 2
s)

� 2
ds

+
Z t

0

�
tr[(� 1

s � � 2
s)> (� 1

s � � 2
s)]

� 2
ds

+
Z t

0
jY 1

s � Y 2
s j4ds +

Z t

0

�
(Y 1

s � Y 2
s )> (� 1

s � � 2
s)~� >

s

� 2
ds

+
� Z t

0
�(s)(Y 1

s � Y 2
s )> (� 1

s � � 2
s)dWs

� 2

+
� Z t

0
�(s)jY 1

s � Y 2
s j2~� sdWs

� 2
#

;

(4.52)

where we use the fact that �(s) is bounded by de�nition, and ~band ~� are

bounded on �G. This boundedness follows from the fact that rg , r 2g, b,

and � are all continuous and therefore bounded on the compact set �G.

Then, taking the supremum over [0; t] and taking expectation, we get

E sup
u�t

jY 1
u � Y 2

u j4 � K

"

E sup
u�t

� Z u

0

�
(Y 1

s � Y 2
s )> (b1

s � b 2
s)

� 2
ds

+
Z u

0

�
tr[(� 1

s � � 2
s)> (� 1

s � � 2
s)]

� 2
ds

+
Z u

0
jY 1

s � Y 2
s j4ds +

Z u

0

�
(Y 1

s � Y 2
s )> (� 1

s � � 2
s)~� >

s

� 2
ds

�

+ E sup
u�t

� Z u

0
�(s)(Y 1

s � Y 2
s )> (� 1

s � � 2
s)dWs

� 2

+ E sup
u�t

� Z u

0
�(s)jY 1

s � Y 2
s j2~� sdWs

� 2
#

: (4.53)
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The Riemann integrals have non-negative integrands so their supremum

is reached at t. Meanwhile for the Ito integrals, we use Doob's maximal

inequality followed by the Ito isometry, which yields

E sup
u�t

jY 1
u � Y 2

u j4 � KE
� Z t

0

�
(Y 1

s � Y 2
s )> (b1

s � b 2
s)

� 2
ds

+
Z t

0

�
tr[(� 1

s � � 2
s)> (� 1

s � � 2
s)]

� 2
ds

+
Z t

0
jY 1

s � Y 2
s j4ds +

Z t

0

�
(Y 1

s � Y 2
s )> (� 1

s � � 2
s)~� >

s

� 2
ds

+
Z t

0
E

�
�(Y 1

s � Y 2
s )> (� 1

s � � 2
s)

�
�2

ds +
Z t

0
EjY 1

s � Y 2
s j4ds

�
;

(4.54)

where again we have used boundedness of �(s) and ~� . Now using the

Cauchy-Schwarz inequality and the Assumption 4.4, we obtain

E sup
u�t

jY 1
u � Y 2

u j4 � KE
� Z t

0
jY 1

s � Y 2
s j2jb1

s � b 2
sj2 + jY 1

s � Y 2
s j2j� 1

s � � 2
s j2

+ jY 1
s � Y 2

s j4 + j� 1
s � � 2

s j4ds
�

(4.55)

� K
� Z t

0
EjY 1

s � Y 2
s j4 + W 4

4 (� 1
s; � 2

s)ds
�

: (4.56)

Note that j(Y 1
s � Y 2

s )> (� 1
s � � 2

s)~� >
s j � KjY 1

s � Y 2
s jj� 1

s � � 2
s j follows from

application of the Cauchy-Schwarz inequality, the operator norm being

bounded by Frobenius norm, and ~� being bounded. Then,

E sup
u�t

jY 1
u � Y 2

u j4 �
Z t

0
KE sup

u�s
jY 1

u � Y 2
u j4ds + K

Z t

0
W 4

4 (� 1
s; � 2

s)ds; (4.57)

to which Gr önwall's lemma can be applied to yield

E sup
u�t

jY 1
u � Y 2

u j4 � Ke Kt
Z t

0
W 4

4 (� 1
s; � 2

s)ds: (4.58)
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Hence

D 4
T

�
�(� 1); �(� 2)

�
� E sup

u�T
jY 1

u � Y 2
u j4 (4.59)

� Ke KT
Z T

0
W 4

4 (� 1
u; � 2

u)du (4.60)

� Ke KT
Z T

0
D 4

u(� 1; � 2)du: (4.61)

The inequality (4.59)follows from the de�nition of the metric DT , while

(4.61)is a consequence ofW 4
4 (� 1

u; � 2
u) � D 4

u(� 1; � 2). Lemma 4.2 is proved.

Now we are ready to prove Theorem 4.1.

Proof of Theorem 4.1. Applying (4.42) twice yields

D 4
T

�
�(�(� 1)); �(�(� 2))

�
� K T

Z T

0
D 4

t1

�
�(� 1); �(� 2)

�
dt 1 (4.62)

� K 2
T

Z T

0

Z t1

0
D t2 (� 1; � 2)dt 2dt 1: (4.63)

Continuing in this way for the j-fold composition � j , we obtain

D 4
T

�
� j (� 1); � j (� 2)

�
� K j

T

Z T

0

Z t1

0
� � �

Z t j�1

0
D 4

t j
(� 1; � 2)dt j � � � dt 1: (4.64)

Changing the order of integration yields

D 4
T

�
� j (� 1); � j (� 2)

�
� K j

T

Z T

0

Z T

t j

� � �
Z T

t2

D 4
t j

(� 1; � 2)dt 1 � � � dt j (4.65)

= K j
T

Z T

0

(T � t j ) j�1

(j � 1)!
D 4

t j
(� 1; � 2)dt j �

(K T T)j

j!
D 4

T (� 1; � 2): (4.66)

Hence, if we choose j large enough such that

(K T T)j

j!
< 1;

it follows that � j is a contraction and � has a unique �xed point, as

required to complete the proof.
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4.4.2 Well-posedness of the particle system

Now we show well-posedness of the particle system (4.19).

Theorem 4.3. Let Assumptions 4.3 and 4.4 hold. Then there exists a unique

strong solution of the SDEs (4.19).

Proof. For the sake of simplicity in presentation, we denote X i;N
s :=

X i;N (s), W i
s := W i (s) and L i

s := L i (s). Let �GN denote the Cartesian

product of N copies of �G and let S be the space of continuous and F W
t -

adapted �GN -valued processes. We de�ne the map

~� : S ! S; (4.67)

Y 7! �Y ;

where �Y =
� �Y 1;N >

; : : : ; �Y N;N > � >
is the solution to

�Y i;N
t = X i;N

0 +
Z t

0
b(s; �Y i;N

s ; �̂ Ys )ds +
Z t

0
�(s; �Y i;N

s ; �̂ Ys )dW i
s

+
Z t

0
�( �Y i;N

s )dL i;N
s ; (4.68)

i = 1; : : : ; N , and �̂ Yt is the empirical measure of an input process Y 2 S

at time t (see (4.20)). The SDE(4.68) is a re�ected SDE with random

coef�cients. Existence and uniqueness of each component �Y i follow from

[21, Theorem 2.2]. Hence, the map~� is well-de�ned.

Let Y (1) ; Y (2) 2 S and �Y (j) = ~�(Y (j) ), j = 1; 2 . Applying the tech-

nique of Lemma 4.2 to each of the N components of the two processes

�Y (j) , j = 1; 2, we obtain (cf. (4.56))

E sup
u�t

j �Y (1);i;N
u � �Y (2);i;N

u j4 � K
� Z t

0
Ej �Y (1);i;N

s � �Y (2);i;N
s j4 (4.69)

+ EW 4
4

�
�̂ Y (1)

s
; �̂ Y (2)

s

�
ds

�
;

for i = 1; : : : ; N . Note that in comparison to (4.56), we now have an

expectation of the Wasserstein distance due to the fact that the measures
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are empirical. Applying Gr önwall's lemma yields

E sup
u�t

j �Y (1);i;N
u � �Y (2);i;N

u j4 � Ke Kt

� Z t

0
EW 4

4

�
�̂ Y (1)

s
; �̂ Y (2)

s

�
ds

�
: (4.70)

From (4.35) and (4.20), it can be seen that

EW 4
4

�
�̂ Y (1)

s
; �̂ Y (2)

s

�
�

1
N

NX

i=1

EjY (1);i;N
s � Y (2);i;N

s j4: (4.71)

Hence,

E sup
u�t

j �Y (1)
u � �Y (2)

u j4 � K
NX

i=1

E sup
u�t

j �Y (1);i;N
u � �Y (2);i;N

u j4 (4.72)

� Ke Kt
Z t

0

NX

i=1

EjY (1);i;N
s � Y (2);i;N

s j4ds (4.73)

� Ke Kt
Z t

0
E sup

u�s
jY (1)

u � Y (2)
u j4ds; (4.74)

where for the second inequality we use (4.70)and then (4.71). One can

then show that the map ~� j is a contraction as before, see(4.66). The

unique �xed-point of ~� j is the solution to the particle system.

4.4.3 Well-posedness of the CBO models

We now verify that the CBO mean-�eld SDEs and their particle approx-

imations from Section 4.3.1 satisfy Assumption 4.4 so that their well-

posedness is established.

For � 2 P( �G), let us de�ne

�X � :=

R
�G xe��f (x) �(dx)

R
�G e��f (x) �(dx)

: (4.75)

The following lemma is proved in [28].

Lemma 4.4. Let Assumption 4.3 hold andf satisfy Assumption 4.1. There

exists K > 0 such that for all �; �� 2 P( �G),

j �X � � �X �� j � KW 2(�; ��): (4.76)
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In other words, the map � 7! �X � is Lipschitz with respect to the

W2 metric. Note that by monotonicity of Wasserstein distances, it is also

Lipschitz with respect to W4. Now we show that the coef�cients of the

CBO model (4.24) satisfy Assumption 4.1.

Lemma 4.5. The coef�cients of (4.24),

b(t; x; �) = �(x � �X � ) and �(t; x; �) = �Diag(x � �X � ); (4.77)

are Lipschitz, uniformly in time, with respect to the space and measure arguments

(i.e., they satisfy Assumption 4.4).

Proof. For x; �x 2 R d and �; �� 2 P( �G),

jb(t; x; �) � b(t; �x; ��)j + j�(t; x; �) � �(t; �x; ��)j = �j(x � �x) + ( �X �� � �X � )j

+ �j(x � �x) + ( �X �� � �X � )j � K
�
jx � �xj + j �X � � �X �� j

�

� K
�
jx � �xj + W 2(�; ��)

�
� K

�
jx � �xj + W 4(�; ��)

�
;

by application of Lemma 4.4.

Hence, by Theorem 4.1 we have well-posedness of the mean-�eld

limit (4.24)and the particle system (4.26). In the same way, it can be veri-

�ed that the coef�cients of the CBO model (4.28) satisfy Assumption 4.4,

from which well-posedness of the mean-�eld limit (4.28)and the particle

system (4.29) follows.

4.5 Convergence of interacting particle system to the mean-

�eld limit

In this section, we prove a theorem on propagation of chaos with the

optimal convergence rate. Let X i;N , i; : : : ; N , denote the solution to the

particle system (4.19), where X i;N has driving Wiener process W i . Let

X(t) := (X 1(t); : : : ; X N (t)) > , where X i (t) , i = 1; : : : ; N , are i.i.d. particles

solving the McKean-Vlasov SDEs (4.17) which are driven by the inde-

pendent Wiener processesW i that are the same as in the particle system
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(4.19).

Under Assumption 4.3 and 4.4, it is not dif�cult to prove using an

analogue of (4.56)and the well-known result for rates of convergence of

empirical measures (see [45, Theorem 1]) that for some constant C > 0:

max
i=1;:::;N

sup
t�T

EjX i;N (t) � X i (t)j 4 � C

8
>>>>><

>>>>>:

N �1=2 ; d < 8;

N �1=2 log N; d = 8;

N � 4
d ; d > 8:

(4.78)

Under the below Assumption 4.5 replacing Assumption 4.4, we

instead prove the optimal convergence rate of order 1=
p

N for any d. The

CBO models from Section 4.3.1 satisfy Assumption 4.5.

Assumption 4.5. There exists a constantL > 0 such that for anyx; y 2 �G and

any � 1; � 2 2 P( �G)

jb(t; x; � 1) � b(t; y; � 2)j + j�(t; x; � 1) � �(t; y; � 2)j (4.79)

� L
�

jx � yj +
JX

j=1

�
�
�
�

Z

G
� j (t; x; z)d� 1(z) �

Z

G
� j (t; x; z)d� 2(z)

�
�
�
�

�
;

where� j (t; x; y) , j = 1; : : : ; J , are continuous functions on[0; T ] � �G � �G and

for some C > 0

j� j (t; x; y) � � j (t; x; z)j � Cjy � zj:

Also, the coef�cients b(t; x; �) and �(t; x; �) are continuous in t.

We will need the following elementary lemma.

Lemma 4.6. Let fA i gN
i=1 be a collection of independentRd-valued random

variables with uniformly bounded fourth moments andEA i = 0, i = 1; : : : ; N .

Then

E

�
�
�
�

1
N

NX

i=1

A i

�
�
�
�

4

�
C
N 2

; (4.80)

where C > 0 is independent of N.
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Proof. We have

�
�
�
�

NX

i=1

A i

�
�
�
�

4

=
� NX

i=1

A i ;
NX

i=1

A j

� 2

; (4.81)

=
NX

i;j;k;`=1

hAi ; A j ihAk ; A` i: (4.82)

Then

E

�
�
�
�

NX

i=1

A i

�
�
�
�

4

=
NX

i;j;k;`=1

E
�
hAi ; A j ihAk ; A` i

�
: (4.83)

Upon expansion of the sum, note that any term in which an index appears

only once will be zero due to the independence of the A i 's and EA i = 0.

Hence,

E

�
�
�
�

NX

i=1

A i

�
�
�
�

4

=
NX

i=1

EjA i j4 + 6
NX

i<j

EjA i j2EjA j j2: (4.84)

Letting M 4 denote the uniform bound on the fourth moments of the A i 's

and noting that max i=1;:::;N EjA i j2 � M 1=2
4 , we arrive at

E

�
�
�
�

NX

i=1

A i

�
�
�
�

4

� M 4N + 3M 1=2
4 N(N � 1) (4.85)

� (3M 1=2
4 + M 4)N 2: (4.86)

Scaling (4.86) by 1=N4 yields the result.

We will need the following conditional version of Lemma 4.6 in the

next lemma. Let H be a sub � -algebra of F . Let A i , i = 1; : : : ; N be

independent random variables conditioned on H with E[A i j H] = 0 a.s.,

and such that E[jA i j4 j H] is almost surely bounded, uniformly in N . Then

we can obtain the bound

E
� �
�
�

1
N

NX

i=1

A i

�
�
�
4 �

�
� H

�
�

C
N 2

a:s:: (4.87)

The technique to prove this is identical to Lemma 4.6. Let us now prove
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the following auxiliary lemma.

Lemma 4.7. Let Assumptions 4.3 and 4.5 be satis�ed. Then the following

bounds hold.

For all i = 1; : : : ; N,

Ejb(t; X i;N (t); �̂ XN (t) ) � b(t; X i (t); �̂ X(t) )j4

+ Ej�(t; X i;N (t); �̂ XN (t) ) � �(t; X i (t); �̂ X(t) )j4

� C
�

EjX i;N (t) � X i (t)j 4 +
1
N

NX

j=1

EjX j;N (t) � X j (t)j 4

�
; (4.88)

where C > 0 is independent of N.

For all i = 1; : : : ; N,

Ejb(t; X i (t); �̂ X(t) ) � b(t; X i (t); L X
t )j4

+ Ej�(t; X i (t); �̂ X(t) ) � �(t; X i (t); L X
t )j4 �

C
N 2

; (4.89)

where C > 0 is independent of N.

Proof. Thanks to Assumption 4.5, we obtain

Ejb(t; X i;N (t); �̂ XN (t) ) � b(t; X i (t); �̂ X(t) )j4

+ Ej�(t; X i;N (t); �̂ XN (t) ) � �(t; X i (t); �̂ X(t) )j4

� CEjX i;N (t) � X i (t)j 4

+ C
JX

j=1

E

�
�
�
�
�

1
N

NX

l=1

� j (t; X i (t); X l;N (t)) �
1
N

NX

l=1

� j (t; X i (t); X l (t))

�
�
�
�
�

4

� CEjX i;N (t) � X i (t)j 4 + C
1
N

NX

l=1

EjX l;N (t) � X l (t)j 4;

where the �nal inequality follows from the fact that the � j 's are Lipschitz

in their �nal argument. Hence, we have arrived at (4.88).
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For the second bound, using Assumption 4.5 once again, we get

Ejb(t; X i (t); �̂ X(t) ) � b(t; X i (t); L X
t )j4 + Ej�(t; X i (t); �̂ X(t) ) � �(t; X i (t); L X

t )j4

� C
JX

j=1

E

�
�
�
�
�

1
N

NX

l=1

� j (t; X i (t); X l (t)) �
Z

G
� j (t; X i (t); y)dL X

t (y)

�
�
�
�
�

4

� C
JX

j=1

E

�
�
�
�

1
N

NX

l=1

� j (t; X i (t); X l (t)) �
1

N � 1

NX

l=1;l6=i

� j (t; X i (t); X l (t))

�
�
�
�

4

+ C
JX

j=1

E

�
�
�
�

1
N � 1

NX

l=1;l6=i

� j (t; X i (t); X l (t)) �
Z

G
� j (t; X i (t); y)L X

t (dy)

�
�
�
�

4

:

(4.90)

Now, for the �rst term in (4.90), note that

1
N

NX

l=1

� j (t; X i (t); X l (t)) �
1

N � 1

NX

l=1;l6=i

� j (t; X i (t); X l (t))

=
�

1
N

�
1

N � 1

� X

l=1;l6=i

� j (t; X i (t); X l (t)) +
1
N

� j (t; X i (t); X i (t)):

(4.91)

So, under Assumption 4.3, we have

E

�
�
�
�

1
N

NX

l=1

� j (t; X i (t); X l (t)) �
1

N � 1

NX

l=1;l6=i

� j (t; X i (t); X l (t))

�
�
�
�

4

�
C1

N 8
+

C2

N 4
:

Hence, we have

Ejb(t; X i (t); �̂ X(t) ) � b(t; X i (t); L X
t )j4 + Ej�(t; X i (t); �̂ X(t) ) � �(t; X i (t); L X

t )j4

�
C
N 4

+ C
JX

j=1

E

 

E

 �
�
�
�

1
N � 1

NX

l=1;l6=i

� j (t; X i (t); X l (t))

�
Z

G
� j (t; X i (t); y)L X

t (dy)

�
�
�
�

4
�
�
�
�
�
X i (t)

!!

: (4.92)
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Finally, note that for each j

A l
j := � j (t; X i (t); X l (t)) �

Z

G
� j (t; X i (t); y)L X

t (dy); (4.93)

for l = 1; : : : ; N , l 6= i are conditionally independent random vari-

ables, conditioned on X i (t) , with uniformly bounded moments and

E[A l
j j X i (t)] = 0 a.s.. Then, applying the conditional version (4.87)of

Lemma 4.6, we arrive at (4.89).

Now we proceed to the propagation of chaos theorem.

Theorem 4.8. Let Assumptions 4.3 and 4.5 be satis�ed. Then the following

bound holds:

�
max

i=1;:::;N
E sup

u�t
jX i;N (u) � X i (u)j 4

� 1=4
�

C
N 1=2

; (4.94)

whereX i;N represents thei -th particle among the interacting particles driven by

(4.19),X i is independent and identical copy of (4.17), andC > 0 is a constant

independent of N.

Proof. For brevity, we write X i;N
t := X i;N (t) and X i

t := X i (t) . Analo-

gously to how (4.55) was derived, we can get

E sup
u�t

jX i;N
u � X i

u j4 � KE
� Z t

0
jX i;N

s � X i
sj

2jb(s; X i;N
s ; �̂ XN

s
) � b(s; X i

s; L X
s )j2

+ jX i;N
s � X i

sj
2j�(s; X i;N

s ; �̂ XN
s

) � �(s; X i
s; L X

s )j2

+ jX i;N
s � X i

sj
4 + j�(s; X i;N

s ; �̂ XN
s

) � �(s; X i
s; L X

s )j4ds
�

:

(4.95)

Using Young's inequality, we have

E sup
u�t

jX i;N
u � X i

u j4 � KE
� Z t

0
jX i;N

s � X i
sj

4 + jb(s; X i;N
s ; �̂ XN

s
) � b(s; X i

s; L X
s )j4

+ j�(s; X i;N
s ; �̂ XN

s
) � �(s; X i

s; L X
s )j4ds

�
: (4.96)
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We also have

jb(s; X i;N
s ; �̂ XN

s
) � b(s; X i

s; L X
s )j4 � 8(jb(s; X i;N

s ; �̂ XN
s

) � b(s; X i
s; �̂ Xs )j

4

+ jb(s; X i
s; �̂ Xs ) � b(s; X i

s; L X
s )j4); (4.97)

j�(s; X i;N
s ; �̂ XN

s
) � �(s; X i

s; L X
s )j4 � 8(j�(s; X i;N

s ; �̂ XN
s

) � �(s; X i
s; �̂ Xs )j

4

+ j�(s; X i
s; �̂ Xs ) � �(s; X i

s; L X
s )j4): (4.98)

Using (4.97), (4.98) and Lemma 4.7, we obtain from (4.96):

E sup
u�t

jX i;N
u � X i

u j4 � C
Z t

0
EjX i;N (s) � X i (s)j 4

+
1
N

NX

j=1

EjX j;N (s) � X j (s)j 4ds + C
1

N 2
:

Now, using the notation

� i
t := E sup

u�t
jX i;N

u � X i
u j4;

� t := max
i=1;:::;N

E sup
u�t

jX i;N
u � X i

u j4;

we have from (4.99)

� i
t � C

Z t

0

�
� i

s +
1
N

NX

j=1

� j
s

�
ds + C

1
N 2

� C
Z t

0
� sds + C

1
N 2

:

From which we can take the maximum over i to obtain

� t � C
Z t

0
� sds + C

1
N 2

: (4.99)

Application of Gr önwall's lemma gives us the desired result

� t = max
i=1;:::;N

E sup
u�t

jX i;N
u � X i

u j4 �
C
N 2

: (4.100)
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We will verify that the CBO models from Section 4.3.1 satisfy As-

sumption 4.5. Consequently, we get the following corollary.

Corollary 4.9. The particle systems (4.26) and (4.29) converge to their mean-

�eld limits (4.24) and (4.28), respectively: for them the inequality (4.94) holds.

To see why the CBO models from Section 4.3.1 satisfy Assumption 4.5,

consider the following argument, which follows the technique from [28].

We use the following notation: for a probability measure � 2 P( �G), de�ne

A(�) :=
Z

�G
xe��f (x) �(dx); (4.101)

B(�) :=
Z

�G
e��f (x) �(dx); (4.102)

so that �X � = A(�)=B(�). Then, for two measures � 1, � 2 2 P( �G)

j �X � 1 � �X � 2 j =
�
�
�
A(� 1)
B(� 1)

�
A(� 2)
B(� 2)

�
�
�

=
jA(� 1)B(� 2) � A(� 2)B(� 1)j

B(� 1)B(� 2)
: (4.103)

Letting m := inf x2 �G e��f (x) , we have

j �X � 1 � �X � 2 j �
jA(� 1)jjB(� 2) � B(� 2)j + jB(� 1)jjA(� 1) � A(� 2)j

m2
;

� C(jB(� 1) � B(� 2)j + jA(� 1) � A(� 2)j); (4.104)

for some C > 0, where we use the fact that G is bounded. For

b(t; x; �) = ��(x � �X � );

�(t; x; �) = � Diag(x � �X � );

we have

jb(t; x; � 1) � b(t; y; � 2)j + j�(t; x; � 1) � �(t; y; � 2)j

= (� + �)j(x � y) + ( �X � 2 � �X � 1 )j

� (� + �)
�
jx � yj + j �X � 1 � �X � 2 j

�
; (4.105)
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which when combined with the bound (4.104)shows that the coef�cients

satisfy Assumption 4.5 with J = 2 and

� 1(t; x; z) = e ��f (z) ;

� 2(t; x; z) = ze ��f (z) :

For the repelling system, (4.28), we follow the same argument but

need an additional function

� 3(t; x; z) = � 3(x; z) = (x � z)e � 1
2 jx�zj 2

;

in order to deal with the repelling term in the drift coef�cient. In (4.28),

we have

b(t; x; �) = ��(x � �X � ) + �(t)H(x; �);

�(t; x; �) = � Diag(x � �X � );

where

H(x; �) :=
Z

G
(x � z)e � 1

2 jx�zj 2
�(dz): (4.106)

As such, we have

jb(t; x; � 1) � b(t; y; � 2)j + j�(t; x; � 1) � �(t; y; � 2)j

� (� + �)
�
jx � yj + j �X � 1 � �X � 2 j

�
+ �(0)jH(x; � 1) � H(y; � 2)j;

(4.107)

recalling that �(t) is non-negative and decreasing. To deal with the �nal

term in (4.107), notice that

jH(x; � 1) � H(y; � 2)j �

�
�
�
�

Z

G

�
� 3(x; z) � � 3(y; z)

�
� 1(dz)

�
�
�
�

+

�
�
�
�

Z

G
� 3(y; z)� 1(dz) �

Z

G
� 3(y; z)� 2(dz)

�
�
�
� :

(4.108)

The second term in (4.108)is precisely the bound we need in (4.79)of
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Assumption 4.5. Meanwhile,

�
�
�
�

Z

G

�
� 3(x; z) � � 3(y; z)

�
� 1(dz)

�
�
�
� �

�
�
�
�

Z

G
Cjx � yj� 1(dz)

�
�
�
�

= Cjx � yj; (4.109)

due to � 3 being Lipschitz in each argument (we will show this momentar-

ily). Thus,

jH(x; � 1) � H(y; � 2)j � Cjx � yj

+

�
�
�
�

Z

G
� 3(y; z)

�
� 1 � � 2

�
(dz)

�
�
�
� ; (4.110)

which when combined with (4.107)shows that the repelling system's

coef�cients satisfy Assumption 4.5.

To verify that � 3 is Lipschitz, �x z 2 �G and consider the Jacobian of

� 3 with respect to x, which we denote by J � 3 . We have

J� 3 (x) =
�
I d � (x � z)(x � z) >

�
e� 1

2 jx�zj 2
: (4.111)

Letting k�k2 denote the operator norm induced by the Euclidean norm,

we have

kJ� 3 k2 � e � 1
2 jx�zj 2 �

kI dk2 + k(x � z)(x � z) > k2
�

� 1 + jx � zj 2

� 1 + 4M 2; (4.112)

where M := supx2 �G jxj , recalling Assumption 4.3 that G is bounded. Now,

� 3(x; z) � � 3(y; z) =
Z 1

0
J� 3

�
y + s(x � y)

�
(x � y)ds

�
Z 1

0
(1 + 4M 2)jx � yjds

= (1 + 4M 2)jx � yj:

Note that the path s ! y +s(x �y) may not be contained in �G since we do
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not assume that G is convex; however, we can take x; y from the convex

hull of �G and consider the extension of � 3 to this space: the analysis

remains the same and � 3 is Lipschitz in the �rst argument.

4.6 Convergence of mean-�eld limit of CBO-type models

to the global minimum

This section is devoted to showing convergence of the constrained CBO

models from Section 4.3.1 towards global minimizers. Similar to [28, 30]

(see also [71]), the main tool which we will utilize is the Laplace principle

which states that for any compactly supported measure � and positive

function f the following holds:

lim
�!1

�
1
�

log
Z

Rd
e��f (x) �(dx) = f(x min ) (4.113)

with xmin being the minimizer of f (x) de�ned on the support of � . We

will use the notation

f osc = f max � f min :

The analysis in this section is done for convex domains.

Assumption 4.6. G is a convex bounded domain.

Let us explain why we restrict analysis in this section to convex do-

mains. In the case of non-convex domains, CBO models with constraints

of the type presented in Section 4.3.1 face two dif�culties. The �rst dif-

�culty concerns the proof techniques used for showing convergence to

the global minimum which have been used so far in the CBO literature

(see, e.g. [28, 30, 71, 8] and references therein and also the proofs below

in this section). Roughly speaking, noise does not play a positive role

within these proofs which rely on the drift driving solutions of the mean-

�eld SDEs to the consensus. It works well in the convex case and in the

whole Euclidean space. However, in situations like the one illustrated in

Figure 2, the drift forces trajectories to go outside the domain rather than

driving it to a consensus and, hence, we need to rely on the noise term
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(via effectively large deviations) to get trajectories to a proximity of the

global minimum, which happens with a positive probability, and then

the drift can drive trajectories to a consensus. Hence, a probabilistic proof

needs to be developed for proving convergence to the global minimum,

which is an interesting problem for future research. Such a proof would

also be able to provide more insight on how convergence to the global

minimum depends on the noise strength, which would be useful even in

the whole Euclidean space. The second dif�culty is more fundamental,

as it is related to the design of CBO models themselves. In the example

of Figure 2, the drift forces trajectories the wrong way because its form

is based on the Euclidean metric. Therefore, it is of interest to �nd a

different formulation of CBO models which imbibe more information

of the domain (e.g., by using a non-Euclidean metric) but at the same

time remain computationally ef�cient. Constructing such models is out

of scope of this work. Nevertheless, we tested the CBO model given by

Equation (4.26)on a non-convex function with non-convex domain (see

Section 4.7.3) and the CBO model demonstrated excellent performance.

Figure 2: The example of a non-convex domain, where the Euclidean
path of a particle to the consensus does not lie within the domain. In the
convex case, this behaviour cannot occur.

In Theorem 4.10, we prove convergence of the re�ected CBO model,

Equation (4.24), towards the global minimum and consider the case of

CBO with repelling force, Equation (4.28), in Theorem 4.11. We note

that under Assumptions 4.4 and 4.6 well-posedness of (4.17) and the

corresponding propagation of chaos were proved in [1].
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Theorem 4.10. Let Assumptions 4.1 and 4.6 hold. If the following condition is

satis�ed

� 0 := 2� � � 2
�
1 + e2�f osc

�
> 0 (4.114)

then there exists an x� 2 �G such that X(t) ! x � almost surely as t ! 1 and

f(x � ) � f min + �(�);

whereX(t) is the solution of the mean-�eld SDE (4.24) and�(�) ! 0 as

� ! 1.

Remark 4.1. Theorem 4.10 has two parts. First, the solution of the mean-

�eld SDE (4.24)converges to somex � almost surely as time goes to in�nity.

Second, the closeness of this limit pointx � to the minimizer is controlled by� ,

in the sense thatf (x � ) can be made arbitrarily close tof min provided� is large

enough. Here,� has the interpretation of the inverse temperature and governs

how selective the consensus point is: the consensus point becomes dominated by

the best-performing particle(s) as � ! 1.

Before we prove Theorem 4.10, let us remark about the convexity

of G. First, since we are no longer assuming smoothness of@G, it is

possible that we have points on @Gwhere the normal direction is not

unique. For example, the corners of a convex polytope. From now on,

�(x); x 2 @G refers to a choice of inward normal (if there is more than

one). Additionally, we will use the following property of convex domains,

which can be found in e.g. [1]. For any x 2 @G and any y 2 �G, we have

�(x) � (y � x) � 0: (4.115)

We make use of this in the proof of Theorems 4.10 and 4.11.
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Proof. Using Ito's formula, we get

jX(t) � EX(t)j 2 = jX(0) � EX(0)j 2

� 2
Z t

0
�(X(s) � EX(s)) � (X(s) � �X(s))ds

� 2
Z t

0
(X(s) � EX(s)) > dEX(s)

+ 2
Z t

0
�

�
(X(s) � EX(s)) � Diag(X(s) � �X(s))dW(s)

�

+
Z t

0
� 2jX(s) � �X(s)j 2ds + 2

Z t

0
((X(s) � EX(s)) � �(X(s)))dL(s)

= jX(0) � EX(0)j 2 � 2
Z t

0
�jX(s) � EX(s)j 2ds

� 2
Z t

0
(X(s) � EX(s)) > dEX(s)

� 2
Z t

0
�((X(s) � EX(s))) � (EX(s) � �X(s)))ds

+
Z t

0
� 2jX(s) � �X(s)j 2ds

+ 2
Z t

0
�

�
(X(s) � EX(s)) � Diag(X(s) � �X(s))dW(s)

�

+ 2
Z t

0
((X(s) � EX(s)) � �(X(s)))dL(s):

Due to Assumption 4.6, we have

(X(s) � EX(s)) � �(X(s)) � 0:

Also, note that E((X(s) � EX(s)) � (EX(s) � �X(s))) = 0 . Consequently,

we get

V(t) :=EjX(t) � EX(t)j 2 � EjX 0 � E(X 0)j2 � 2
Z t

0
�EjX(s) � EX(s)j 2ds

+
Z t

0
� 2EjX(s) � �X(s)j 2ds:

We have

EjX(s) � �X(s)j 2 = EjX(s) � EX(s)j 2 + jEX(s) � �X(s)j 2 (4.116)
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and

jEX(s) � �X(s)j 2 =

�
�
�
�EX(s) �

EX(s)e ��f (X(s))

Ee��f (X(s))

�
�
�
�

2

=

�
�
�
�E

� �
EX(s) � X(s)

� e��f (X(s))

Ee��f (X(s))

� �
�
�
�

2

� e 2�f oscEjX(s) � EX(s)j 2: (4.117)

Therefore,

d
dt

V(t) �
�

� 2� + � 2
�
1 + e2�f osc

� �
V(t); (4.118)

which, using (4.114), implies

V(t) � V(0)e �� 0 t : (4.119)

This also means, due to (4.116) and (4.117), there exist positive constants

c1 and c2 independent of t such that

EjX(t) � �X(t)j 2 � c 1e�� 0 t ; (4.120)

jEX(t) � �X(t)j 2 � c 2e�� 0 t : (4.121)

Let us �x a constant q 2 G. Then, again using Ito's formula, we have

djX(t) � qj 2 = �2�
�
(X(t) � q) � (X(t) � �X(t))

�
dt + � 2jX(t) � �X(t)j 2dt

+ 2�
�
(X(t) � q) � Diag(X(t) � �X(t))dW(t)

�

+ 2((X(t) � q) � �(X(t)))dL(t):

Using Tanaka's trick (thanks to Assumption 4.6) and taking expectation

on both sides, we have

dEjX(t) � qj 2 � �2�E
�
(X(t) � q) � (X(t) � �X(t))

�
dt + � 2EjX(t) � �X(t)j 2dt

� �2�E
�
(X(t) � q) � (X(t) � �X(t))

�
dt + � 2c1e�� 0 tdt;

where we have used (4.120) in the last inequality. Splitting the term
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�
(X(t) � q) � (X(t) � �X(t))

�
, we get

d
dt

EjX(t) � qj 2 � �2�E
�
(X(t) � q) � (X(t) � �X(t))

�
+ � 2c1e�� 0 t

= �2�EjX(t) � qj 2 + 2�((EX(t) � q) � ( �X(t) � q))

+ � 2c1e�� 0 t :

Rewriting ((EX(t) � q) � ( �X(t) � q)) = jEX(t) � qj 2 +((EX(t) � q) � ( �X(t) �

EX(t))) gives

d
dt

EjX(t) � qj 2 � �2�EjX(t) � qj 2 + 2�jEX(t) � qj 2

+ 2�((EX(t) � q) � ( �X(t) � EX(t))) + � 2c1e�� 0 t :

Due to Jensen's inequality, we get jEX(t) � qj 2 � EjX(t) � qj 2 which

provides the following differential inequality:

d
dt

EjX(t) � qj 2 � 2�((EX(t) � q) � ( �X(t) � EX(t))) + � 2c1e�� 0 t

� 2�
p

c2jEX(t) � qje �� 0 t=2 + � 2c1e�� 0 t :

Note that jEX(t) � qj is bounded uniformly in t due to boundedness of

the domain G. Therefore, we can say that there exists a constantc3 > 0

such that

d
dt

EjX(t) � qj 2 � c 3e�� 0 t=2; (4.122)

which implies that there exists an x � 2 �G such that EX(t) is converging

to x � as t ! 1. Here, x � belongs to �G due to convexity of G.

Using Markov's inequality, we get

P(jX(t) � EX(t)j � e �� 0 t=4) �
V(t)

e�� 0 t=2
� Ce �� 0 t=2;

where C is a positive constant independent of t. Then, using the Borel-

Cantelli lemma, jX(t) � EX(t)j ! 0 ast ! 1 a.s., and henceX(t) ! x �

a.s.. Consequently, applying the bounded convergence theorem, we
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arrive at Ee��f (X(t)) ! e ��f (x � ) as t ! 1 . Therefore, we can say: for all

� > 0 there exists a (deterministic) T � > 0 such that

�
�Ee��f (X(t)) � e ��f (x � )

�
� � � (4.123)

for all t � T � . Since the probability distribution of X(T � ) is compactly

supported, using the Laplace principle we obtain

�
1
�

log(Ee��f (X(T � )) ) � f min + � 1(�); (4.124)

where � 1(�) ! 0 as � ! 1 . Note that the exact form of � 1 is neither

speci�ed nor important. The statement (4.124)simply expresses that

the left-hand side of (4.124)decreases tof min , this is exactly the Laplace

principle. And, from (4.123), we have

Ee��f (X(T � )) � � + e ��f (x � ) ;

which implies

log Ee��f (X(T � )) � log
�
� + e ��f (x � )

�
;

�
1
�

log Ee��f (X(T � )) � �
1
�

log
�
� + e ��f (x � )

�
: (4.125)

Using (4.124) and (4.125), we obtain

�
1
�

log
�
� + e ��f (x � )

�
� f min + � 1(�): (4.126)

From the mean value theorem, we have

log
�
� + e ��f (x � )

�
= ��f (x � ) +

�

� + e ��f (x � )

; (4.127)

for some 
 2 (0; 1). Therefore,

f (x � ) � f min + � 1(�) +
�
�

1

� + e ��f (x � )

:
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We now consider the repelling CBO model (4.28)and prove an anal-

ogous result.

Theorem 4.11. Let Assumptions 4.1 and 4.6 hold. LetX(t) be the solution to

(4.28) and let

� 1 := �2� + 3�(0) + � 2
�
1 + e2�f osc

�
(4.128)

be strictly greater than a positive constantK 1. If 0 � �(t) � K 2 exp(�� 2t) for

someK 2 > 0 and� 2 > � 1, then there exists anx � 2 �G such thatX(t) ! x � as

t ! 1 and

f(x � ) � f min + �(�);

where �(�) ! 0 as � ! 1.

Proof. Using Ito's formula, we have

jX(t) � EX(t)j 2 = jX(0) � EX(0)j 2

� 2
Z t

0
�(X(s) � EX(s)) � (X(s) � �X(s))ds

+ 2
Z t

0
�(s)

Z

Rd

�
(X(s) � EX(s)) � (X(s) � y)

�

� exp
�

�
1
2

jX(s) � yj 2
�

L X(s) (dy)ds

+ 2
Z t

0
�

�
(X(s) � EX(s)) � Diag(X(s) � �X(s))dW(s)

�

+
Z t

0
� 2jX(s) � �X(s)j 2ds + 2

Z t

0
((X(s) � EX(s)) � �(X(s)))dL(s):

The objective here is to deal with the repelling term. In that pursuit, we
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apply Young's inequality to get

E
Z

Rd

�
(X(s) � EX(s)) � (X(s) � y)

�
exp

�
�

1
2

jX(s) � yj 2
�

L X(s) (dy)

�
1
2

EjX(s) � EX(s)j 2

+
1
2

E
Z

Rd
jX(s) � yj 2 exp

�
�

1
2

jX(s) � yj 2
�

L X(s) (dy)

�
1
2

EjX(s) � EX(s)j 2 +
1
2

E
Z

Rd
jX(s) � yj 2L X(s) (dy)

�
3
2

EjX(s) � EX(s)j 2; (4.129)

since E
R

Rd jX(s) � yj 2L X(s) (dy) = 2EjX(s) � EX(s)j 2.

Exploiting similar arguments as the ones used to get (4.118) and

using the inequality obtained in (4.129), we ascertain

d
dt

V(t) �
�

� 2� + 3�(0) + � 2
�
1 + e2�f osc

� �
V(t):

With �, � and �(0) satisfying (4.128), we have

d
dt

V(t) � c 4e�� 1 t ;

where c4 and � 1 are independent of t.

Let us again �x a constant q 2 G. Applying Ito's formula gives

djX(t) � qj 2 = �2�
�
(X(t) � q) � (X(t) � �X(t))

�
dt + � 2jX(t) � �X(t)j 2dt

+ 2�(t)
Z

Rd

�
(X(t) � q) � (X(t) � y)

�

� exp
�

�
1
2

jX(t) � yj 2
�

L X(t) (dy)dt

+ 2�
�
(X(t) � q) � Diag(X(t) � �X(t))dW(t)

�

+ 2(X(t) � q) � �(X(t))dL(t):
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Using Young's inequality, we have

Z

Rd

�
(X(t) � q) � (X(t) � y)

�
exp

�
�

1
2

jX(t) � yj 2
�

L X(t) (dy)

=
1
2

jX(t) � qj 2
Z

Rd
exp

�
�

1
2

jX(t) � yj 2
�

L X(t) (dy)

+
1
2

Z

Rd
jX(t) � yj 2 exp

�
�

1
2

jX(t) � yj 2
�

L X(t) (dy)

�
1
2

jX(t) � qj 2 +
Z

Rd

1
2

jX(t) � yj 2L X(t) (dy):

Using analogous arguments employed to obtain (4.122), we get

d
dt

EjX(t) � qj 2 � c 5e�� 1 t=2�(t)EjX(t) � qj 2

+ �(t)E
Z

Rd
jX(t) � yj 2L X(t) (dy)

� c 5e�� 1 t=2 + �(t)EjX(t) � qj 2 + 2�(t)c 4e�� 1 t ; (4.130)

where c5 > 0 is a constant independent of t. Note that EjX(t) � qj 2 is

bounded uniformly in t. Since the function �(t) tends to zero faster than

e�� 1 t as t ! 1 , the right-hand side of (4.130)is integrable and we get

that EjX(t) � qj 2 converges to a constant ast ! 1 . This implies that

jEX(t) � qj 2 converges to a constant for every g in G. As in the proof of

Theorem 4.10, this implies that there is an x � 2 �G such that EX(t) ! x �

ast ! 1 . The rest of the arguments to complete the proof are the same

as used in the previous theorem.

4.7 Numerical tests

In this section, we �rst (Section 4.7.1) consider discrete approximations

of the interacting particle systems and then perform several numerical

experiments to demonstrate effectiveness of the CBO models described

in Section 4.3.1 for constrained optimization.

Since these CBO algorithms are probabilistic in nature and conver-

gence is guaranteed only asymptotically (in N , � and t), we report the

success rate of each experiment for a �nite N , � and t. Each experiment

is run 103 times (except the experiment in Section 4.7.3, which is only run
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100times), and the success rate is simply the proportion of experiments

which successfully �nd the true global minimizer. We declare an experi-

ment successful if the �nal consensus is within " > 0 of the location of the

true minimizer. For each experiment, we use the threshold " = 0:1 unless

otherwise speci�ed.

We note brie�y that there are several parameters/controls for the

CBO algorithms: (i) the inverse temperature, � ; (ii) the number of par-

ticles, N ; (iii) strength of the drift and diffusion coef�cients, � and � ,

respectively; (iv) the integration time, t; and (v) the step size, h, of a

numerical scheme approximating the particle system. We do not attempt

to propose a systematic way of choosing these parameters, but instead

opt for sensible and practically effective choices in the following exper-

iments. In general, � and N should be chosen as large as possible. For

� , we run the risk of numerical instability if it is chosen too large. For N ,

the computational cost of the algorithm is at least O(N) (and O(N 2) in

the case of the repelling CBO de�ned by Equation (4.24)), so there is a

trade-off that must be balanced. As such, in Sections 4.7.2, 4.7.3, 4.7.4, and

4.7.5 we explore success rates for varying values ofN . Similar comments

can be made about the number of steps of the numerical scheme.

Note that in Theorems 4.10 and 4.11, the idea is that for a �xed �

there exists some deterministic T > 0 such that the solution of the MVSDE

is "-close to its limit. Then the closeness of this limit to the optimum is

controlled by � . So the time T that we should run the system for should

depend on � . Here we do not propose a method to determine how to

chooseT or propose a method to determine a stopping time. Although

the development of a stopping rule would be useful.

The strength of drift, � , and diffusion � , coef�cients can also depend

on time. We experiment with both of them being constant in Sections 4.7.2,

4.7.3, and 4.7.5 but also linearly increasing (� ) and exponentially decreas-

ing (� ) functions in Sections 4.7.4 and 4.7.6. In all the experiments for

the penalty scheme (4.131) given below the optimal choice of the penalty

� = h was used. Where possible, we choose the feasible region such
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that the optimum is near to, or on, the boundary of this region. This

encourages frequent activation of the re�ection mechanism, allowing its

performance to be effectively evaluated.

The presented experiments are implemented in Python, using the

PyTorch library, and the code is available at https://github.com/

piers-hinds/RMVSDE-numerics.

4.7.1 Approximation of the interacting particle system

To implement optimization or sampling methods based on mean-�eld

SDEs, we need to be able to simulate the interacting particle system (4.19).

Consider a uniform discretization of the time-interval [0; T ], for a �xed

T > 0, such that t k+1 � t k = h, k = 0; : : : ; K � 1 and T = Kh.

In the case of CBO models like the ones from Section 4.3.1 we need

numerical methods for (4.19) converging in the almost sure sense. There

are two types of mean-square/almost sure methods for re�ected SDEs in

the literature: penalty and projection (see e.g. [109, 126]). Denote by�(x)

the projection of x on @Gif x =2 �G else�(x) = x . Introduce the function

(penalty) �(x) = (x � �(x)); which is half of the gradient of square of

distance function of x from @G. Let Y i;N
k be an approximation of (4.19).

The penalty and projection schemes for re�ected SDEs adapted to the

interacting particle system (4.19) take the form

(i) Penalty scheme :

Y i;N
k+1 = Y i;N

k + b(t k ; Y i;N
k ; �̂ YN

k
)h + �(t k ; Y i;N

k ; �̂ YN
k

)�W i (t k)

�
h
�

�(Y i;N
k ); i = 1; : : : ; N; (4.131)

where �W i (t k) = W i (t k+1 ) �W i (t k) are the Wiener increments. The

optimal choice of the penalty strength � is h (see [126]).
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(ii) Projection scheme :

�Y i;N
k+1 = Y i;N

k + b(t k ; Y i;N
k ; �̂ YN

k
)h + �(t k ; Y i;N

k ; �̂ YN
k

)�W i (t k);

Y i;N
k+1 = �( �Y i;N

k+1 ); i = 1; : : : ; N: (4.132)

There are rather limited numerical analysis results for mean-square con-

vergence of these two methods. In the case of convex polyhedra, the

mean-square order of convergence of both methods is 1=2up to a log-

arithmic correction, and in the case of smooth convex domains, mean-

square order of 1=4has been proved (see, e.g., [109, 126]). Like in [71] one

can potentially show that mean-square convergence of these methods is

uniform in the number of particles N , considering this aspect is beyond

the scope of this paper.

For sampling methods, it is suf�cient to use weak-sense schemes for

approximating (4.19). Weak methods for re�ected SDEs are available in

[96, 19, 88, 101].

4.7.2 Ackley function

We begin with the Ackley function, which is a widely used benchmark

function for global optimization problems [5]. The function is de�ned as:

f (x; y) = �20 exp

 

�0:2

r
1
2

(x2 + y 2)

!

� exp
�

1
2

(cos(2�x) + cos(2�y))
�

+ 20 + e: (4.133)

We translate the function so that the global minimum is located at (2; 2)

instead of (0; 0). The feasible region is the closed ball of radius 3 centred

at the origin:

�G = f(x; y) : x 2 + y 2 � 9g: (4.134)

The function with constraints is illustrated in Figure 3. We choose drift

� = 1 and diffusion � = 4 , time t = 1 , � = 10 4. The initial position

of the particles is sampled from a uniform distribution on the feasible
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region. Both the penalty scheme (4.131) and the projection scheme (4.132)

are tested and the success rates for various number of particles,N , and

number of time steps, 1=h(in other words, choice of h with the �xed t = 1 ),

are reported in Table 12. We observe that both penalty and projection

schemes converge reliably to the global minimizer as N and the number

of steps increase. Both approaches exhibit broadly similar performance,

achieving near 100% success for modestly largeN and suf�ciently many

steps. The projection method performs slightly better, which could be

due to the fact that when the consensus is computed, all particles are

guaranteed to lie within the feasible region.

Figure 3: Translated Ackley function with minimum at (2; 2) constrained
to a closed ball of radius 3.

Table 12: Translated Ackley function. Comparison of success rates for the
penalty and projection schemes.

(a) Penalty scheme

1=h
N

10 20 50 100
5 0.055 0.137 0.416 0.717
10 0.256 0.605 0.966 1.000
20 0.762 0.986 1.000 1.000
50 0.725 0.973 1.000 1.000
100 0.317 0.728 0.993 1.000

(b) Projection scheme

1=h
N

10 20 50 100
5 0.137 0.370 0.809 0.979
10 0.550 0.926 1.000 1.000
20 0.883 0.997 1.000 1.000
50 0.730 0.978 1.000 1.000
100 0.307 0.717 0.993 1.000

4.7.3 Non-convex function with heart-shaped constraint

We now consider a non-convex function from [135] de�ned as

f(x; y) = �
�

cos((x � 0:1)y)
� 2

� x sin(3x + y) (4.135)
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constrained to a heart-shaped region given by the inequality:

x2 + y 2 �
h
2 cos(t) �

1
2

cos(2t) �
1
4

cos(3t) �
1
8

cos(4t)
i 2

+ 4 sin2(t); (4.136)

where t = atan2(x; y) . The function and the feasible region are shown in

Figure 4. The level-set nature of the constraint means that we can project

particles on the boundary of the domain in the following manner. First, if

a particle lies outside the feasible region, the inward normal direction to

the level set can be computed. Second, using this normal direction, we

can solve - by Newton's method - for the distance along this normal we

need to translate the particle such that it will lie on the boundary. Note

that the domain is non-convex.

Figure 4: Non-convex function with heart-shaped constraint.

Like before, we use drift � = 1 , diffusion � = 4 and � = 10 4. Further,

we use a �xed time step of h = 1=20. For the initial state of the particles,

we sample uniformly in a ball of radius 5/2 before projecting onto the

feasible region. We report success rates using the projection scheme (4.132)

for various values of N and number of time steps K in Table 13. The

results in Table 13 indicate that the CBO method reliably �nds the global

minimizer despite the non-convex nature of the domain. The observed

success rates generally increase withN and time (number of steps K ), as

would be expected.
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Table 13: Success rates of the CBO method on the non-convex function
with heart-shaped constraint.

K
N

10 20 50 100
5 0.29 0.54 0.90 0.95
10 0.46 0.69 0.88 0.99
20 0.54 0.81 0.95 1.00
50 0.59 0.78 0.98 0.99
100 0.57 0.81 0.97 1.00

4.7.4 High-dimensional Rastrigin function

We consider the Rastrigin function in various dimensions. It is de�ned as

f(x) = 10d +
dX

i=1

�
x2

i � 10 cos(2�x i )
�

; (4.137)

constrained to the closed ball of radius 5 centred at the origin: �G = fx 2

Rd : jxj � 5g: Instead of constant drift and diffusion coef�cients, � and

� , we use �(t) = 10t; �(t) = 10e �t log 10 ; so that the drift increases by an

order of magnitude over the interval [0; 1], while � decreases by an order

of magnitude. We take � = 10 4 and a step size ofh = 1=500is used. The

initial position of the particles is sampled from a uniform distribution on

the feasible region.

Success rates using the projection scheme (4.132) are given in Table 14

for various values of dimension, d, and number of particles, N . We also

consider the cases where we have the number of iterations K = 200 ,

500, and 1000. The results in Table 14 highlight the scalability of the

algorithm to higher-dimensional settings. While success rates decline

with increasing dimensionality, they remain high for modestly large

N . We also see an increase in success rates asK increases, particularly

between K = 200 and K = 500.
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Table 14: Comparison of success rates for the Rastrigin function in various
dimensions for number of iterations K = 200; 500, and 1000.

(a) K = 200

d
N

10 20 50 100
5 0.194 0.472 0.834 0.982
20 0.080 0.203 0.549 0.800
100 0.031 0.086 0.237 0.417
500 0.030 0.047 0.075 0.141

(b) K = 500

d
N

10 20 50 100
5 0.251 0.533 0.899 0.993
20 0.159 0.459 0.841 0.948
100 0.095 0.275 0.750 0.950
500 0.059 0.174 0.492 0.819

(c) K = 1000

d
N

10 20 50 100
5 0.263 0.523 0.903 0.991
20 0.167 0.456 0.825 0.951
100 0.077 0.321 0.779 0.958
500 0.060 0.181 0.506 0.845

4.7.5 Testing repelling CBO on Rosenbrock function

Let us now consider the Rosenbrock function in two dimensions, de�ned

as

f(x; y) = (1 � x) 2 + 100(y � x 2)2: (4.138)

In addition we consider the feasible region

�G = f(x; y) 2 R 2 : x2 + y 2 � 2g; (4.139)

such that the minimizer of f , (1; 1), lies on the boundary of G. The feasible

region and the Rosenbrock function are displayed in Figure 5.

Figure 5: Rosenbrock function constrained to a closed ball of radius
p

2.
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In this experiment, we compare the CBO method given by Equation

(4.24)with the repelling CBO method (Equation (4.28)). In Table 15, suc-

cess rates for both methods are shown for different values of N and K .

We use the projection scheme (4.132) with a �xed step size of h = 1=20 for

each experiment, as well as a drift parameter � = 1 and diffusion parame-

ter � = 4 and � = 10 4. The initial position of the particles is sampled from

a uniform distribution on the feasible region. The comparison in Table 15

illustrates the better performance of the repelling CBO method over the

standard CBO method, especially for smaller N and K . The repelling

method's ability to aid with exploration seems particularly relevant in

this example, since it allows particles to continue exploring even when

they are in a good location relative to other particles.

We remark that although the repelling method outperforms the stan-

dard CBO method, this is at the cost of additional computational com-

plexity. Since pairwise interactions are computed, the repelling method is

of O(N 2) complexity. However, it still requires only N objective function

evaluations per iteration. Thus, we can achieve better performance with-

out any additional function evaluations which may be relevant when,

for example, the objective function is expensive to evaluate. There are

ways to overcome the O(N 2) complexity via locality sensitive hashing or

ef�cient nearest neighbour search, see [47] for example.

Table 15: Constrained Rosenbrock function. Comparison of success rates
between standard and repelling constrained CBO.

(a) Success rates for the standard
CBO

K
N

10 20 50 100
5 0.075 0.106 0.192 0.332
10 0.084 0.135 0.281 0.525
20 0.094 0.169 0.422 0.766
50 0.121 0.249 0.702 0.982
100 0.133 0.315 0.892 0.999

(b) Success rates for the repelling
CBO

K
N

10 20 50 100
5 0.182 0.340 0.665 0.863
10 0.214 0.384 0.669 0.834
20 0.234 0.433 0.765 0.915
50 0.263 0.538 0.929 0.999
100 0.287 0.595 0.979 1.000
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4.7.6 Inverse problem

In this section, we test the CBO model (Equation (4.24)) on an inverse

problem. Consider the Cauchy problem for the parabolic partial integral

differential equation (PIDE):

@u
@t

+
1
2

� 2x2 @2u
@x2

� bx
@u
@x

+
1

p
2�
 2

Z

R

�
u(t; xey) � u(t; x)

�
exp

�
�

(y � m) 2

2
 2

�
dy = 0; (4.140)

with the terminal condition

u(T; x) = maxfx � 1; 0g (4.141)

and b := em+ 1
2 
 2

� 1.

The inverse problem is formulated within Tikhonov's regularization

setup as follows. Given noisy observations ûi;j of the solution u(t i ; x j ) to

the PIDE problem (4.140) at somet i , x j , we aim to �nd estimates �̂ :=

(�̂; m̂; 
̂) of the parameters � = (�; m; 
) with the constraints �̂ 2 [0; 1] ,

m̂ 2 [�1; 1] , and 
̂ 2 [0; 1] . To achieve this aim, we construct the loss

function

Loss(�) =
10X

i=1

5X

j=1

�
�u(t i ; x j ; �) � û i;j

�
�2

+ �j�j 2; (4.142)

where � > 0 is a small regularization parameter (we use � = 10 �5 in the

experiments). The data is synthetically generated using the following

representation for the forward map [94]:

u(t; x; �) =
1X

j=0

(� ) j

j!
e��

(

xe�b�+j(m+
 2=2)�
�

ln(x) +
�

� 2

2 � b
�
� + j(m + 
 2)

p
� 2� + j
 2

�

� �
�

ln(x) +
�

� � 2

2 � b
�
� + jm

p
� 2� + j
 2

� )

; � = T � t; (4.143)
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followed by adding a small amount of relative (observational) noise

ûij = u(t i ; x j ; �) + � ij ; � ij � N
�
0; 10�3 u(t i ; x j ; �)

�
: (4.144)

Here �(�) is the cdf for the standard normal distribution. We approximate

the in�nite series in (4.143)by summing the �rst 20 terms or truncat-

ing when the magnitude of the summand falls below 10�14 , whichever

occurs �rst. Note that when the forward map is not available in an ana-

lytical form, linear PIDE problems can be solved using the Monte Carlo

technique together with approximating the corresponding stochastic char-

acteristics by a suitable numerical scheme (see e.g. [36] and references

therein).

For the experiments we take T = 3 and use the uniformly spaced

grid t i = 0:3(i � 1) , i = 1; : : : ; 10, and x j = 0:8 + 0:1(j � 1) , j = 1; : : : ; 5 .

As the ground truth, we chose � = 0:1 , m = �0:2 , 
 = 0:3 , which are the

true values to be recovered. We useN = 400 particles and the projection

scheme (4.132) with step-sizeh = 0:01 together with the drift and dif-

fusion coef�cients described in Section 4.7.4. The initial distribution for

the particles is taken to be uniform on [0; 1] � [�1; 1] � [0; 1] . We run the

projection scheme for K = 100 steps. Additionally, we use the tolerance

" = 0:01 to determine if an experiment is successful. Using a value of

� = 10 14, we obtain a success rate of 0.99 on100experiments. We note

that in this case, a value of � = 10 4 is not suf�cient and results in a success

rate of 0.07.

In Figure 6, we include the histograms for each parameter in the �nal

consensus of each experiment. We see that each estimated parameter

is distributed reasonably tightly around the true parameter value. In

a future work it is of interest to test the constrained CBO models from

Section 4.3.1 on more complex inverse problems.
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(a) Histogram for � (b) Histogram for m (c) Histogram for 


Figure 6: The inverse problem. Histograms of recovered parameters
across the 100 experiments.

4.7.7 Non-Lipschitz function

We now consider an example of a non-Lipschitz function to optimize.

Note that the analysis in Section 4.4 makes use of the fact that the objective

function should be Lipschitz continuous (Assumption 4.2).

The (two–dimensional) Eggholder function (see [145]) is de�ned by

f(x; y) = �(y + 47) sin
� r

j
x
2

+ (y + 47)j
�

� x sin
� p

jx � (y + 47)j
�

;

(4.145)

and attains its global minimum

f min � �959:6407

at

(x?; y?) = (512; 404:2319):

We restrict the feasible space to the closed ball

�G = f(x; y) : x 2 + y 2 � r 2g; r =
p

5122 + 404:23192 � 652:34;

so that (x?; y?) 2 @G. Figure 7 shows the Eggholder function and the

feasible set, as well as the true minimum.

The projection scheme is employed and an experiment is declared

successful when the �nal consensus lies within " = 10 of (x?; y?). This

corresponds to approximately 0.02% of the total feasible region. Drift

and diffusion are chosen constant, � = 10 and � = 40 , while � = 10 3.
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