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Abstract

Since the development of noncommutative geometry, it has become

common to construct fuzzy versions of well-known geometric

spaces, such as the fuzzy sphere. This work follows efforts to

construct approximations to physical spaces that are as consistent

as possible with the definitions of a spectral triple. The first part

looks at a way of constructing lattice-like spectral triples that are

able to approximate simple geometries such as the line and the

circle. The latter model is successfully interpreted in terms of a

fermionic state-sum model with a U(1) connection. The second

and main part of the work develops a model for a fuzzy complex

projective plane within the formalism of matrix geometries, itself a

formulation of real spectral triples in terms of matrices. An

argument is presented that justifies the expectation that such

fuzzy spaces with symmetry groups may by necessity approximate

coadjoint orbits. A Hilbert space and Dirac operator that

approximate the complex spinor geometry of the complex

projective plane are then constructed, which are much simpler and

more concrete than those obtained by earlier efforts in the

literature.





[. . . ] so in me I quote on when the panting stops scraps of that

ancient voice on itself its errors and exactitudes on us millions on

us three our couples journeys and abandons on me alone I quote on

my imaginary journeys imaginary brothers in me when the panting

stops that was without quaqua on all sides bits and scraps I

murmur them [...]

–Samuel Beckett, How It Is
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Menéndez-Pidal de Cristina, Alexander Nagen, Hans Nguyen, Inigo

Purcell, Tom Radley, Alexander Schenkel, Akash Sharma, Adam

Shaw, Georgios Tsimperis, Charles Valdez, and Harry Wells.





Contents

1 Introduction 11

1.1 Outline of the Thesis . . . . . . . . . . . . . . . . . . 18

2 Noncommutative Geometry 21

2.1 Complex Spectral Triples . . . . . . . . . . . . . . . . 21

2.1.1 Algebras and Topology . . . . . . . . . . . . . 21

2.1.2 Modules and Bundles . . . . . . . . . . . . . . 24

2.1.3 Riemannian Geometry . . . . . . . . . . . . . 26

2.1.4 Spin Geometry . . . . . . . . . . . . . . . . . 27

2.1.5 Spectral Triples . . . . . . . . . . . . . . . . . 30

2.2 Real Spectral Triples . . . . . . . . . . . . . . . . . . 33

2.3 Matrix Geometries . . . . . . . . . . . . . . . . . . . 36

2.3.1 Transformations of Spectral Triples . . . . . . 40

2.4 The Fuzzy Sphere . . . . . . . . . . . . . . . . . . . . 41

3 Finite Commutative Spectral Triples 45

3.1 The General Model . . . . . . . . . . . . . . . . . . . 46

3.1.1 Structure of Finite Dimensional C∗-Algebras . 47

3.1.2 Commutative Finite Spectral Triples . . . . . 48

3.2 Specific Constructions . . . . . . . . . . . . . . . . . 58

3.2.1 Line Model . . . . . . . . . . . . . . . . . . . 58

3.2.2 Circle Model . . . . . . . . . . . . . . . . . . . 64

9



10 CONTENTS

3.2.3 Fermion Model on the Circle . . . . . . . . . . 67

3.2.4 U(1) Gauge Model . . . . . . . . . . . . . . . 70

4 Commutative Constructions 71

4.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . 72

4.2 Geometric Ingredients . . . . . . . . . . . . . . . . . 80

4.2.1 Coadjoint Orbits as Homogeneous Spaces . . . 80

4.2.2 spinC structures . . . . . . . . . . . . . . . . . 83

4.3 The Geometry of CP2 . . . . . . . . . . . . . . . . . 91

4.3.1 CP2 Geometry from Representation Theory . 92

4.3.2 Decomposition of Homogeneous Bundles over

CP2 . . . . . . . . . . . . . . . . . . . . . . . 100

4.3.3 Dirac Operator and Spectrum . . . . . . . . . 108

4.A Review of Lie Algebra Theoretic Definitions . . . . . 116

5 Fuzzy Constructions 121

5.1 Prelude: The Fuzzy Sphere with Spinc structures . . 122

5.2 A Fuzzy Version of CP2 . . . . . . . . . . . . . . . . 126

5.2.1 CP2 bundle representations . . . . . . . . . . 126

5.2.2 The Dirac operator . . . . . . . . . . . . . . . 135

6 Discussion 151

6.1 Commutative Lattice Models . . . . . . . . . . . . . 151

6.2 Fuzzy Coadjoint Orbits . . . . . . . . . . . . . . . . . 152



Chapter 1

Introduction

Among the many research programmes developed along the way to

obtain a theory of quantum gravity, many have converged on the

need of obtaining a new structure of spacetime. Approaches such

as loop quantum gravity, causal dynamical triangulation and causal

set theory, among others, each possess their own framework of rep-

resenting spacetime structure and quantising it1. Indeed, this focus

can be seen to result from the conceptual underpinnings of Gen-

eral Relativity, where the gravitational field, causal structure, and

geometry of space(time) are combined into one. Correspondingly,

attempts to reconcile the theory with quantum dynamics thus pro-

ceed, depending on one’s preferred outlook, by interpreting quantum

gravity as a quantisation of a gauge theory mediated by the gravi-

ton; a theory of how classical notions of causality and even locality

fit within the quantum formalism; a theory of how space and the

usual associated notions of area, volume, etc. can be quantised; or

even some combination of these views. Simultaneously, these ap-

1See for example [Ori09]
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12 CHAPTER 1. INTRODUCTION

proaches need to display how in the classical limit the notions of

general relativity emerge.

The approach taken by this work is that it is worthwhile to

pursue the quantisation of spacetime structure on its own. The

mathematical formalism of choice for the investigation is that Non-

commutative Geometry[Con94; CM07; Van15].

The field of noncommutative geometry arose at first from the

purely mathematical field of operator algebras. Influenced by deep

mathematical theorems expressing dualities between algebraic and

topological data, it was possible to develop the theory as a means

of expressing unique and pathological spaces algebraically. Eventu-

ally, the field was developed to the point where it could represent

algebraically manifolds endowed with metric geometry[Con13].

The language of operator algebras and Hilbert spaces is some-

thing that is also vital in many formulations of quantum mechanics.

Subsequently, a description of the structure of spacetime is thus

sought here in terms of this language. Whether this description will

turn out to be fundamental is a matter for another work. Nonethe-

less, once one is committed to the development of physics in this

algebraic language, two valuable points need to be addressed. These

include (1) that geometries in the traditional sense are describable

within the framework, and (2) that concepts are developed in the

framework that make connection with the classical notions of geom-

etry, and thus allows one to provide some meaningful interpretation

to new geometries. Noncommutative geometry provides answers

both of these concerns. Indeed, much of the work done during the
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early days of noncommutative geometry focused on the develop-

ment of algebraic equivalents of analytic and geometric notions that

corresponds exactly with the traditional notions whenever one in-

puts a commutative algebra to the formalism. The starting point of

the theory is the well known duality due to Gelfand[Gel87] between

commutative C∗ algebras and (locally compact) topological spaces.

Beyond that, for example, infinitesimal quantities are interpreted

as compact operators, points as characters on an algebra, and the

notion of the dimension of a space is interpreted in a purely spec-

tral way. In what was ultimately a crucial development for physical

applications, the Dirac operator took central stage when it came

to defining the differential[Con85] and metrical[CL92] structures of

noncommutative spaces. Thus the object of study representing a

‘noncommutative space’ was formalised through the notion of a spec-

tral triple, a collection (A,H, D), where A represents the algebra of

functions, H the Hilbert space of square-integrable spinor fields, and

D the Dirac operator commonly used in field theory to define the

fermion propagator.

It is at this point that the development of the field became

intricately tied with its application to physics. In particular, the

formalism was used to express the standard model[CL91; Con96].

Along the way the concept of a real spectral triple arose, essen-

tially combining the chirality and charge conjugation operators on

fermions into the formalism[Con95]. It is precisely this structure

that ended up being capable of fully encapsulating the Standard

Model within the framework of noncommutative geometry[Bar07;
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CCM07]. The model is a prime example of how spectral triples

can encode both ‘classical’ systems of manifolds and their geome-

try, and ‘quantum’ systems of observables as operators on Hilbert

spaces, unifying them into a single object. This uses the construct

of an almost-commutative geometry, essentially a product structure

between the spectral triples of a commutative manifold and a dis-

crete internal space.

To complete the quantum mechanical picture of a noncommu-

tative space, the dynamical evolution of a system is here taken to

be based on the path-integral formalism. This has given rise to the

spectral action principle[CC97], whereby the bosonic part of the ac-

tion strictly depends on the spectrum of the Dirac operator, which

includes gravitational degrees of freedom in addition to the gauge

bosons and Higgs sector. Fluctuations of the Dirac operator about

some background value can be written in terms of the unitary ele-

ment of the algebra. Importantly, if the algebra and Hilbert space

are taken to be finite dimensional, the Dirac operator has a finite

spectrum, and the integration measure associated with one’s pre-

ferred action becomes well defined. The system then has an intrinsic

energy cutoff expressed by the maximal eigenvalue of the Dirac op-

erator, which can be identified with the Planck scale. Equivalently,

this can be interpreted in terms of the Plank length, whose existence

can now be explained heuristically using the noncommutativity of

the algebra expressing the coordinates on the noncommutative man-

ifold, precluding the resolution of points beyond this length scale.

The dynamical framework does suffer from the all-to-common issue
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of being formulated in Euclidean rather than Lorentzian signature,

which is sufficient to describe traditional geometries, but of course

not enough to directly model spacetime itself. The difficulties in

defining a Lorentzian spectral triple are the ones that are typically

encountered in such cases, such as the positivity of the inner prod-

uct on state space, or the integration measure of the path integral

not necessarily being well defined. These questions are important in

the grand scheme of using spectral triples to model spacetime, but

will not be investigated in this work. As such the geometries will be

taken to be Euclidean.

The idea of using operators on finite dimensional Hilbert spaces,

i.e. matrices, as the quantum correspondents of coordinate func-

tions is precisely the starting point taken by many existing mod-

els, commonly known as fuzzy spaces. Such explicit models in-

clude the fuzzy sphere[Mad92; GP95], fuzzy complex projective

spaces[Ale+01; GS99; Dol+08], and fuzzy flag manifolds[MS08],

among others. These projects are influenced by noncommutative

geometry to varying degrees.

One of the main aims of the current investigation is the develop-

ment of such fuzzy spaces. Its starting point is a formal definition

presented in [Bar15] that fits fully within the currently accepted

axiomatic framework of real spectral triples[CM07]. This is unlike

many of the aforementioned examples off fuzzy spaces. This insis-

tence on constructing fuzzy spaces whose definition conforms strictly

to the axioms of noncommutative geometry is a choice that can be

justified conceptually. For example, the properties and objects of



16 CHAPTER 1. INTRODUCTION

spectral triples mentioned above are oftentimes the only known gen-

eralisations of geometric notions to the realm of quantised geometry.

Of course, the current formulation of the axioms of noncommuta-

tive geometry is somewhat contingent, something that is evident

from the consideration of how the axioms have changed since their

inception. As a striking example, what was once known as the ori-

entability axiom[Con95], perfectly well-motivated from the point of

view of the Riemanninan geometry of oriented manifolds, was left

behind once it was realised that the spectral triple of the standard

model does not satisfy it[Ste06]. Indeed, more recent formulations

of spectral triples exist[BF14] that are candidate generalisations of

the commonly accepted one. It is thus quite possible that the def-

inition of a (real) spectral triple may change in the future. For the

time being, the current choice of programme, viz. starting with

the accepted axiomatic framework, is taken to be justified from a

pragmatic point of view. One of the results of the work in [Bar15]

is that, once a finite dimensional algebra and a finite dimensional

Hilbert space are chosen, the axioms of a real spectral triple serve

to constrain the form of the Dirac operator, to the extent that its

solution space is directly computable. It turns out to be completely

characterised in terms of a vector space of completely independent

Hermitian and anti-Hermitian matrices. This means that it can be

converted into a random matrix model. Consequently, the models

become directly amenable to direct computation using numerical

and even analytical methods. For example, using Monte-Carlo sim-

ulations, certain models were shown to undergo a phase transition
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where the coupling constants in the action serve as order parame-

ters[BG16; KP21].

Parallel to calculations using these Dirac ensembles, it is impor-

tant to keep developing individual fuzzy spaces within the matrix

geometry formalism. These will allow one to connect with the clas-

sical realm of geometry, by displaying how such spaces can emerge

from their fuzzy analogues. Moreover, recent examples suggest that

fuzzy spaces, such as the fuzzy sphere, can be observed as vacuum

solutions of certain Dirac matrix models[DAr22]. They may thus al-

ready have a very real use when one is working in the semi-classical

regime of Dirac ensembles.

As it stands the matrix geometry formalism contains two exam-

ples of fuzzy spaces. These are the fuzzy sphere[Bar15] and the fuzzy

torus[BG25]. It is the aim of this investigation to extend this cata-

logue of fuzzy spaces. Much like the original sphere example, heavy

use will be made of group theoretical methods to construct such

fuzzy spaces. This follows the age old process of describing spaces

and their properties using their symmetries. The quintessential ex-

ample pursued here will end up being the two-dimensional complex

projective space CP (2), a symmetric space under the action of the

symmetry group SU(3). This is a four-dimensional space and so

may serve as a valuable model to use when modelling spacetime.
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1.1 Outline of the Thesis

The majority of chapter 2 will focus on the necessary background

from the point of view of noncommutative geometry. Sections 2.1–

2.2 introduce sequentially the concepts that constitute a real spec-

tral triple, providing along the way the minimal information nec-

essary to understand their structure. Section 2.3 then introduces

the formalism of matrix geometries within which fuzzy spaces are

defined. Finally, section 2.4 provides a quick overview of the fuzzy

sphere, the main example motivating the course of the subsequent

investigation.

Before delving into fuzzy spaces proper, chapter 3 focuses on

another effort to construct physical models using the axioms of a

real spectral triple. This can be viewed as a complementary point

of view to constructing fuzzy spaces, as its aim is ultimately to be

able to construct lattice models within noncommutative geometry.

Beyond the basic ingredients of the framework, the majority of the

chapter contains original work investigating relatively geometrically

simple models, and evaluating their usefulness as potential physical

lattice models. Section 3.1 introduces the underlying framework

and its assumptions, while the section 3.2 applies the formalism to

specific models, including a line and a circle model. Connections are

made between the circle model and a particular state-sum model.

Chapter 4 introduces and develops the main arguments of the

fuzzy space investigation, and proceeds to recall the necessary back-

ground for the CP (2) model developed in the following chapter. All

results in this section are already present in the literature, though
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the derivations are at places presented in a unique manner that ap-

pears important to the following discussion. The discussion starts

in section 4.1 by explaining why the class of coadjoint orbits is taken

as the class of homogeneous spaces to be approximated by a fuzzy

construction. Focus is then narrowed down to the main geometry to

be considered in the subsequent chapter, that of CP (2). Its usual

continuous geometry, including its bundle of complex spinors and

spectrum of the associated Dirac operator, will be derived in sec-

tion 4.4, as much as possible, using group theoretical methods.

The original results of the thesis concerning the fuzzy construc-

tion of CP (2) are then presented in Chapter 5. The emphasis is on

using Fock-space methods to construct the (fuzzy) spinor bundle,

together with an explicit form for the Dirac operator. The result-

ing expressions are much simpler than other formulations of a fuzzy

CP (2) found in the literature. The geometry is then shown to con-

verge for large matrix size, though the full packaging of the data

terms of a spectral triple is still found to be missing.

Finally, Chapter 6 is devoted to a discussion of what has been

obtained using the commutative models of Chapter 3 and the fuzzy

CP (2) model of Chapter 5, together with what is still left to be

done in future investigations.
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Chapter 2

Noncommutative Geometry

2.1 Complex Spectral Triples

2.1.1 Algebras and Topology

Definition 2.1.1. A (complex) ∗-algebra is a complex algebra A

together with an anti-linear involution, denoted ∗, that satisfies the

relations

(αa)∗ = ᾱa∗, (2.1)

(ab)∗ = b∗a∗, (2.2)

for all a, b in A and α ∈ C. If A is additionally a Banach algebra,

it will be required that the involution is isometric, that is that

||a∗|| = ||a||, (2.3)

for all a in A.

21



22 CHAPTER 2. NONCOMMUTATIVE GEOMETRY

Definition 2.1.2. A C∗-algebra is a Banach Algebra A together

with a ∗-involution satisfying the conditions above together with

the C∗-Condition:

||aa∗|| = ||a||2, (2.4)

for all a in A.

In this work it will be assumed that, unless stated otherwise, all

algebras discussed are unital.

Example 1 (Continuous functions). Given a compact topological

space X, the set of continuous, complex-valued, functions C(X)

with point-wise addition and products is a C∗-algebra. The norm is

given by the supremum norm

||f || := sup
x∈X

|f(x)|, (2.5)

for any f in C(X). Note additionally that this algebra is commuta-

tive since for any pair of functions f, g in C(X) one has

f(x)g(x) = g(x)f(x), (2.6)

for all points x ∈ X, and so also at the level of the algebra.

Example 2 (Differentiable functions). Given the example above

where now X additionally has a differentiable structure (e.g. when

it is a differentiable manifold) the algebra of complex-valued smooth

functions C∞(X) is a subalgebra of C(X), but as it is not complete

it is only a ∗-algebra.
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Definition 2.1.3. A character of a Banach algebra is a nonzero

algebra homomorphism L : A → C.

Let X(A) denote the set of characters of A, and endow it with

the weak∗ topology. An important starting point for the field is

the fact that whenever the algebra in question corresponds to an

algebra of continuous functions on some topological space, X(A)

turns out to be homeomorphic to this space. In fact, so long as A

is commutative, the algebra of functions on X(A) is isomorphic to

the starting algebra. This equivalence is facilitated by the Gelfand

transform.

Definition 2.1.4. The Gelfand Transform of a commutative Ba-

nach algebra A is a map τ : A → C(X(A)) defined by

τ(a)(χ) = χ(a), (2.7)

for all χ in X(A).

Theorem 2.1.1 (Gelfand). The Gelfand transform of any commu-

tative C∗-algebra is an isometric ∗-isomorphism onto C(X(A)).

Proof. See for example [Mur90].

One can relax the condition that the algebra in question be uni-

tal, with the result that the topological space X in question is no

longer compact, but only locally compact. The algebra of functions

is now replaced with C0(X), the algebra of continuous functions

vanishing at infinity.1

1Concretely, this algebra is obtained using the one-point compactification of
X, and taking the algebra of continuous functions that vanish on the adjoined
point.
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2.1.2 Modules and Bundles

The equivalence exhibited by the Gelfand transform is strict enough

to retain the whole topological data of a space, or indeed even the

differential structure of the space, using the associated commutative

algebra of functions. But, when a space comes endowed with further

geometric data, it may not be possible to exhibit that data using

simply an algebra of functions. The most important example at this

stage is that of a Riemannian manifold, which most simplistically

requires the additional datum of a Riemannian metric tensor to be

defined. Moreover, when it comes to physical theories, the presence

of matter fields requires additional structure.

Traditionally, both of the examples above can be expressed through

the use of vector bundles. This ubiquity of vector bundles is the mo-

tivation behind introducing the next object in what will eventually

defined as a spectral triple, namely, that of a module over the alge-

bra in question.

Let E → X be a complex vector bundle over the compact space

X. Evidently, the space E := Γ(E) of sections of the bundle is a

module over the algebra A = C(X), using the pointwise action at

x ∈ X given by

(f · s)(x) := f(x) · s(x),

where f is a function in C(X), and s a section in Γ(E). In fact, one

finds that E is always finitely generated and projective.

Proposition 2.1.1. The module E over A is finitely generated and

projective
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To prove this it will be useful to refer to a basic and well-known

result from topological K-theory:

Lemma 2.1.1. Let X be a paracompact space. Then given any

vector bundle E → X, there exists another vector bundle E ′ → X

that stably trivialises E, that is, E
⊕

E ′ ∼= X×CN for some positive

integer N .

Proof. See for example [AA18].

Proof of Proposition 2.1.1. Both properties are easily derived using

a partitions of unity argument. If the partitions of unity are subor-

dinate to neighbourhoods that locally trivialise E, any section can

immediately be expanded in terms of a finite basis, so that E is in-

deed finitely generated. Let E ′ be a bundle that stably trivialises

E, as is guaranteed to exist from Lemma 2.1.1. One can assume

that each bundle is endowed with a Hermitian metric, as is guar-

anteed to exist using partitions of unity. Then one can readily use

the metrics to decompose Γ(E)
⊕

Γ(E ′) ∼= Γ(E
⊕

E ′) ∼= AN , with

the latter equivalence following by stabilisation condition. But, the

statement E ⊕F ∼= AN for some positive integer N is equivalent to

the condition that E is projective.

Much like in the case of the Gelfand duality, it turns out that

the association (E → X)⇝ Γ(E), sending a vector bundle E over

X to a finitely generated projective module over C(X), gives rise to

an equivalence

Theorem 2.1.2 (Serre-Swan). There is an equivalence between the

collection of vector bundles over a compact topological space X and
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the collection of finitely generated projective modules over the com-

mutative C∗-algebra C(X).

Proof. Associating to the vector bundle E → X the C(X)-module

Γ(E) provides one way of the equivalence map. A construction of

the map going the other way, together with a proof that these indeed

form an equivalence, can be found for example in [GVF01].

A few comments are in order. Firstly, just as in the case of the

previous section, the condition on X being compact can be relaxed

to the conditions that X is only locally compact and paracompact.

Then the arguments above follow but with the module being Γ0(E),

the collection of sections vanishing at infinity.

Secondly, by restricting to the submodule L2(E) ⊆ Γ(E) of

square integrable sections, one can turn the module into a Hilbert

space. This fact becomes also important when one is interested in

discussing measure theoretic properties of noncommutative spaces,

that make use of the theory of von Neumann algebras and where

the representation spaces are naturally Hilbert spaces. Hence, the

C∗-algebra modules are as a matter of definition taken to be Hilbert

spaces.

2.1.3 Riemannian Geometry

It has already been mentioned that typically, a differential manifold

M is given a Riemannian structure by endowing it with a metric

tensor. This serves as a bilinear form Γ(TM)× Γ(TM) → C∞(M)

on the tangent bundle TM of M . This means that, using the lan-
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guage of projective modules from the previous section, additional

information is still needed to fully encode such a geometry.

The route taken by noncommutative geometry uses the Dirac

operator. For the purposes of physical applications, it is clear that

the Dirac operator is a necessary ingredient in quantum theory since

it allows one to write down the propagator for fermion fields. Us-

ing the Dirac operator to encode geometric data obviously requires

manifolds that are at least spinC; again, this is anyhow desirable

from a physical point of view.

That the metrical aspects of a Riemannian spin manifold M are

recoverable from the Dirac operator D follows from the distance

formula

d(x, y) = sup
f∈C(X)

{|f(x)− f(y)|, || [D, f ] || ≤ 1} (2.8)

for any two points x, y in M . This turns out to be precisely the

geodesic distance between the two points, using the Riemannian

metric from which the Dirac operator was derived. Note that by

interpreting the values on the right of the distance formula using the

evaluation maps, one obtains a purely functional theoretic definition

of Riemannian geometry, as now x and y are viewed as characters

on the algebra.

2.1.4 Spin Geometry

Since Noncommutative geometry relies heavily on Dirac operators

as a means to represent geometric data of Riemannian manifolds, it
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will be necessary to review several aspects of Clifford algebra and

spinor theory that will be useful in the sequel. Standard references

on Clifford algebras and Spinors include [ABS64; LM89].

Let (V,Q) be a quadratic space, consisting of vector space V

together with quadratic form Q. It will be assumed throughout

that the vector space is finite dimensional. One has a natural inner

product defined using the polarisation identity

⟨v, u⟩ := Q(v + u)−Q(u)−Q(v),

where v, u are in V . The Clifford algebra Cl(V,Q) is defined as the

quotient algebra of T (V ), the tensor algebra over V , by the ideal

generated by elements of the form vu + uv − 2⟨v, u⟩ for all v, u in

V . Obviously one has an injection j : V → Cl(V,Q).

The Clifford algebra satisfies the following universal property.

Proposition 2.1.2. Let (V,Q) be a quadratic space and Cl(V,Q)

its Clifford algebra. Then given any vector space homomorphism

ϕ : V → A between V and a unital associative algebra A, such

that ϕ(u)ϕ(v) + ϕ(v)ϕ(u) = 2⟨u, v⟩1A for all u, v in V , there exists

a unique algebra homomorphism Φ : Cl(V,Q) → A such that the

diagram

V Cl(V,Q)

A

j

ϕ
Φ

commutes.

Practically, the universal property of 2.1.2 implies that any finite

dimensional Clifford algebra can be mapped, using a transformation
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that diagonalisesQ, to a Clifford algebra generated by an orthogonal

basis where the quadratic form corresponds to p basis vectors that

square to +1 and q basis vectors that square to −1. This Clifford

algebra will be labelled as Clp,q, with the understanding that it is

an algebra over R.

Let Cl(V,Q)× be the group of units in Cl(V,Q). The Pin-group

is the group generated by the elements v ∈ Cl(V,Q)× ∩ V .

The Clifford algebra has a natural Z2 grading using the tensor

algebra grading defined using deg(v) = +1 for v ∈ V . One subse-

quently defines the Spin group using this grading by Spin(V,Q) :=

Cl(V,Q)0 ∩ Pin(V,Q).

One may also define a Clifford algebras over C in a manner

similar to the real case. In fact, such Clifford algebras may be

viewed as the complexification of the real ones. The signature of

the original Clifford algebra is immaterial, as a complex phase can

be used transform from one signature to the other. Thus for any

positive integer n there is a unique complex Clifford algebra over

Cn, and one has an isomorphism Cln ∼= C⊗Clp,q for all nonnegative

p, q for which n = p+ q.

Definition 2.1.5. A Clifford module is a representation of the Clif-

ford algebra Clp,q.

Proposition 2.1.3. Let Clp,q be a real Clifford algebra of signature

(p, q). If p + q is odd, the algebra has two inequivalent irreducible

algebra representations, while if p+ q is even, there is only one such

irreducible representation.

Proof. The classification of Clifford algebras[ABS64; LM89] demon-
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strates that any such algebra is isomorphic to a matrix algebra over

a division algebra. This matrix algebra is either simple or a direct

sum of two simple algebras. There then exists only one irreducible

algebra representation associated to each simple algebra factor. A

useful way to view this is to use the following construction. Con-

sider Clp,q as a Clifford algebra generated by the elements γi for

i = 1, 2, . . . , p+ q. The element

γ := γ1γ2 · · · γp+q

commutes with the rest of the γi’s whenever p + q is odd. This

element then serves to decompose any representation of Clp,q into

two irreducible representations depending on whether γ is +1 or −1

when restricted to the relevant subspace. These end up correspond-

ing the the two irreducible representations of the two simple algebra

factors.

2.1.5 Spectral Triples

It turns out that, as in the last couple of sections, going the other

way is possible. This has been proven by Connes, most recently

in [Con13], and is known as the Manifold Reconstruction Theorem.

This theorem ultimately justifies trading the traditional notion of a

space by an algebraic definitions based a commutative C∗-algebra

A, a Hilbert space H on which A acts, and a Dirac operator D.

The springboard into noncommutative geometry proper is achieved,

as the name of the field suggests, by relaxing the requirement that
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an algebra A be commutative, thereby working with a more general

notion of a ‘space’. To discuss geometry on this weaker notion of

space, one turns to the algebraic equivalents mentioned above to

define the notion of a spectral triple.

Definition 2.1.6 (Spectral Triple). A Spectral Triple consists of

the data (A,H, D) where:

• A is a complex ∗-algebra with a faithful ∗-representation L :

A → B(H) in terms of bounded operators on the Hilbert space

H.

• The operator D, acting on H, is self-adjoint and with compact

resolvent. It is called the Dirac operator in parallel with the

commutative case.

• The commutator [D,L(a)] is a bounded operator for all a in

A.

When it is clear from the context, the action of an element a of A

on a vector v in H will be written with L suppressed, so that by

writing a · v it will be implicit that the action is through L.

Example 3. The Canonical Spectral Triple of a Riemannian spin

manifold (M, g) is given by the triple of data (C(M), L2(S), D),

where S → M is the spinor bundle on M, and D is the Atiyah-

Singer Dirac operator.

The Reconstruction theorem of Connes now takes the following

form.
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Theorem 2.1.3 (Manifold Reconstruction Theorem[Con13]). Let

(A,H, D) be a spectral triple with a unital commutative algebra.

Then there exists a unique compact Riemannian manifold for which

A ∼= C0(X). In addition, H ∼= L2(E) for some vector bundle E

over X, and D is a Dirac-type operator acting on that bundle.

For a proof see for example Connes’s paper[Con13]. In most

cases E = S corresponds to a spinor bundle and D is the usual

Dirac operator, so that the spectral triple is interpreted as a canon-

ical spectral triple as per example 3. The theorem in fact requires

that the commutative spectral triple satisfy extra conditions, mostly

analytic, in order to hold. For the purpose of this work, which con-

cerns mostly finite dimensional algebras, their explicit form has been

omitted. Indeed, the delicate analytical conditions that are required

by the theorem make the possibility of an explicit reconstruction

rather impractical. Nevertheless, the theorem points towards condi-

tions that necessarily hold for a given (commutative) spectral triple

in order to guarantee that it corresponds to the usual notion of a

Riemannian manifold.

Oftentimes, a spectral triple may come with a Z2 grading on the

Hilbert space H, represented by the operator Γ satisfying Γ2 = 1

and Γ∗ = Γ, and subject to the further constraints

Γa = aΓ

for all a in A, and

ΓD = −DΓ.
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This allows one to talk of left-handed and right-handed spinors,

where Γ is then the chirality operator. A spectral triple together

with such a chirality operator is known as an even spectral triple,

while one without such operator is known as an odd spectral triple.

2.2 Real Spectral Triples

Up to now all algebras considered were complex algebras. This is

the most natural arena in which to develop the spectral theory of

operators on Hilbert spaces, but from the point of view of geometry

one would prefer to work with the notion of a real manifold. Ad-

ditionally, from the point of view of physics, the notion of charge

conjugation of fermions is paramount. These considerations lead

the way to the introduction of another ingredient in the data that

form spectral triples, namely that of a real structure.

Definition 2.2.1. A real structure is an antilinear isometry J :

H → H that satisfies either J2 = 1 or J2 = −1.

The interaction between the real structure, the Dirac operator,

and the chirality operator (when it exists) is modelled after the situ-

ation in Clifford algebras. The main point is that the real structure

either commutes or anti-commutes with the other two operators.

One can characterise all possibilities by expressing these relations

as

J2 = ϵ,

DJ = ϵ′JD,
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and

JΓ = ϵ′′ΓJ,

where each of ϵ, ϵ′ and ϵ′′ is either 1 or −1. Of course, for an odd

spectral triple the relation that holds between the real structure and

the chirality operator does not exist.

Following from Clifford algebra theory, there turn out to be only

eight such possible combinations, including both even and odd spec-

tral triples. They are typically characteristed by the mod-8 parame-

ter s, named the KO-dimension in honour of the Bott periodicity of

Clifford algebras, since the periodicity exhibited by those algebras

extends also to the relations that their respective real structures

satisfy. The actual signs determined by the value of s are listed in

Table (2.1).

s 0 1 2 3 4 5 6 7
ϵ 1 1 -1 -1 -1 -1 1 1
ϵ′ 1 -1 1 1 1 -1 1 1
ϵ′′ 1 -1 1 -1

Table 2.1: Signs for given KO-dimension s.

Definition 2.2.2. A Real Spectral Triple consists of the collection

(A,H, D, J), together with optionally an operator Γ, where

• (A,H, D) is a spectral triple as in Definition 2.1.6.

• The operator J : H → H forms a real structure of KO-

dimension s with respect to Dirac operator D and, when it

exists, the chirality operator Γ : H → H.
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• In addition to the algebra left action L, there is a right action

R of the algebra on H defined as R(a) := JL(a)∗J−1, and it

satisfies the zeroth order condition [L(a), R(b)] = 0 for all a, b

in A.

• The first order condition is satisfied:

[[D,L(a)], R(b)] = 0

for all a, b in A.

The first order condition, serves to enforce the condition that

D is a first-order differential operator, as it very much is in the

commutative case. In local coordinates:

[D, f ] =
∑

i

γi∂if (2.9)

for any function f which acts via multiplication on sections square

integrable spinors. It immediately follows that

[[D, f ] , g] = 0. (2.10)

Conversely, an order 1 differential operator mapping from one bun-

dle to another can by definition be written locally in terms of order

one differentials and suitable coefficient functions. To generalise this

commutative definition, one needs to use the right action on the al-

gebra and to see that that commutes with the left action of [D, a],

for all a ∈ A. This is precisely because A is no longer commutative,

and so the condition 2.10 typically fails purely due to the nature of
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the algebra itself. So the order one condition is a necessary condition

for the abstract operator D to be interpreted as a Dirac operator.

The first order condition can also be understood as arising natu-

rally if one uses a bimodule point of view. If H is a bimodule over

A together with a Dirac operator D, then it simply has the form

D(x · v · y) = x ·D(v · y) +D(x · v) · y − x ·D(v) · y, (2.11)

where x, y ∈ A, v ∈ H and the left and right actions are understood

based on positioning.

2.3 Matrix Geometries

The main appeal of Noncommutative Geometry from the point of

view of quantum gravity is that by by extending the definition of

a geometric space, it provides a framework in which to formulate

a quantised structure of space time. One sees that, by defining

the notion of geometry using the language of operator algebras on

Hilbert space, the data that models spacetime is already in a form

that is amenable to quantum mechanical calculations.

Ultimately, the language of spectral triples provides a way to for-

malise the age-old approach to the quantisation of spacetime that

demands that the coordinate functions should fail to commute in

the quantum regime. This results in the inability of states to be

simultaneous eigenvectors of all coordinate operators, and thus dis-

solving the concept of a ‘point’ in the space. This heuristic point of

view is at the core of what has been termed ‘fuzzy‘ space in litera-
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ture. The amount of fuzziness is expressed by the Plank length, ℓp,

which is the minimal length scale that can be resolved in a space. In

terms of energy, this translates, as is usual in quantum mechanics,

to a high energy cutoff. This is where the Dirac operator comes

into play, since its spectrum precisely determines the energy modes

of the system. So long as one is working with compact spaces, this

means that the spectrum of the Dirac operator is discrete and in

fact finite, so long as the Planck length is not zero. But as ℓp → 0,

the spectrum of the Dirac operator must agree more and more with

the spectrum of a classical space.

The above picture can be rephrased in the language of Noncom-

mutative Geometry as follows. One forms a sequence of spectral

triples (An,Hn, Dn) labelled by the positive integers. As n → ∞,

one wants this sequence of spectral triples to converge in some sense

to a commutative spectral triple (A,H, D). The algebras An should

converge to A in some norm, and so should the Hilbert spaces Hn

to H. The spectrum of each sequential Dirac operator should con-

verge towards the spectrum of the limiting geometry. Additionally,

if the spectral triples are real, than there should be a similar sense

in which the real structures converge to a limiting one.

At least in the case of compact manifolds, where the Dirac

spectrum is discrete, constructing a sequence of fuzzy spaces, each

with an energy cutoff, entails using finite dimensional algebras and

Hilbert spaces.

The majority of the following work will be based on the task of

finding examples of such spectral triples, such that they approximate
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a classical space. As a first step, it shall be necessary to specify a

working definition of what such an approximation of spaces ought

to look like. This has already been done in [Bar15] and goes by the

name of a Matrix Geometry.

Definition 2.3.1. A Matrix Geometry of type (p, q) is a finite real

spectral triple (A,H, D, J,Γ) satisfying the following conditions.

• Its KO-dimension is given by s ≡ q − p(mod 8)

• The algebra A is isomorphic to some finite matrix algebra.

• H ∼= V ⊗H0 where V is a Clifford module of type (p, q) and

H0 is a representation space of A. Thus L(a)v⊗m = v⊗a ·m.

• The Hilbert space inner product is inherited from the inner

products of the factors, so that ⟨v ⊗m, v′ ⊗m′⟩ = (v, v) ⟨m,m′⟩.

• Γ = γ ⊗ 1, whenever the Clifford module chirality operator γ

exists.

• J = C ⊗ j0, where C is a charge conjugation operator on the

Clifford module and j0 is a real structure defined on the matrix

algebra.

The core motivation behind the definition of a Matrix Geome-

try, beyond the necessity of the algebra of functions being a finite

dimensional matrix algebra, is that just like in the classical case,

much of the real structure and chirality behaviours exemplified by

the KO-dimension are inherently tied to the behaviour of spinors

on the spacetime. As a result, their action in the definition above
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factors in such a way that it acts on the space of spinors at each

point.

Oftentimes, it is necessary to to work only with the collection

of data (A,H, J,Γ), i.e. of a matrix geometry without a Dirac op-

erator. This shall be termed a fermion space. Fermion spaces are

particularly common when one works in quantum field theory, since

it may be desirable to vary the allowable geometries while keep-

ing the fermionic degrees of freedom fixed, for example when one

wishes to integrate over the geometries. A further simplification of

the formalism is afforded by considering fuzzy spaces.

Definition 2.3.2. A fuzzy space is a Matrix Geometry (A,H, D, J,Γ)

that satisfies the following additional conditions.

• The algebra A is a simple matrix geometry, of the formMn(F)

for some integer n and field F = R,C or H.

• The Hilbert space factor H0 is itself equal to the matrix alge-

bra Mn(C), and is endowed with the Hermitian inner product

induced using the trace.

• The real structure is given by J(v ⊗m) = Cv ⊗m∗

The benefit of using the definition of a fuzzy space, instead of the

broader definition of a matrix geometry, is that the set of allowable

Dirac operators is easy to compute, and is in fact a vector space.

In shorthand, the action of the Dirac operator is

D(v ⊗m) =
∑

α

ωα · v ⊗ (Kαm+ ϵ′mK∗
α) , (2.12)
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where for each α one has some product of gamma matrices ωα and

a matrix Kα ∈Mn(C). Further details are explained in [Bar15].

2.3.1 Transformations of Spectral Triples

The main focus in the second part of this work will be on fuzzy

spaces that are related to classical spaces that are homogeneous

spaces. Thus, it is important to consider how fuzzy spaces can be

endowed with group actions of their own to replicate the symmetry

transformations of the limiting spaces. This provides one benefit of

finite spectral triple over usual lattice-based approximations, since

the latter necessarily break some of the symmetries of a space at

any finite order of the approximation. The fuzzy spaces, meanwhile,

retain the full symmetry group throughout.

Definition 2.3.3. A transformation of a real spectral triple (A,H, D, J,Γ)

consists of a unitary transformation U : H → H that respects the

fermion space structure of the spectral triple. Namely, one has the

following conditions.

• There exists an isometric ∗-automorphism ϕ of the algebra A

such that UL(a)U∗ = L(ϕ(a)) for all a in A.

• UΓ = ΓU .

• UJ = JU .

LettingD′ = UDU∗, one has a transformed spectral triple (A,H, D′,Γ, J).

A transformation is called a symmetry of the spectral triple if it

satisfies D′ = D.
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2.4 The Fuzzy Sphere

The first noteworthy formulation of the fuzzy sphere was that given

by Madore[Mad92]. It is based on the fact that the algebra C(S2)

of continuous functions on the 2-sphere S2 can be sequentially ap-

proximated by the algebra Mn(C) of n× n complex matrices.

Firstly, let S2 be embedded in R3 as the sphere of radius R.

Using the global coordinates x1, x2, x3, one can view the sphere as

the locus of points with coordinates satisfying the relation

(
x1
)2

+
(
x2
)2

+
(
x3
)2

= R2. (2.13)

Indeed, the algebra of polynomial functions over the sphere is simply

the algebra of polynomials R[x1, x2, x3] modulo the ideal generated

by the polynomial (x1)
2
+ (x2)

2
+ (x3)

2 − R2, enforcing the rela-

tion above. This allows one to speak of the algebra of polynomial

functions on the sphere as simply having the form

f(x1, x2, x3) = f0 + fix
i + fijx

ixj · · · ,

where each fi1i2...ik is a symmetric tensor of order k. This algebra is

in fact dense in C(S2) and so one can use its own separable basis as

a basis for the algebra of continuous functions. At any polynomial

order greater than one, all symmetric monomials that can be writ-

ten are not linearly independent since relation (2.13) holds between

the coordinates. In fact, at order k there are only 2k + 1 linearly

independent monomials that do not factor into a product of a lower
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order monomial with the above relation. Thus, if one truncates the

algebra of polynomials up to order N , one has a vector space of

dimension
∑N−1

j=0 (2j + 1) = N2.

Now consider some results from group theory. In terms of Lie

algebras, one may identify the Lie algebras so(3) and su(2) and so

speak of them interchangeably. Let the su(2) generators be labelled

by Jjk for 1 ≤ j < k ≤ 3. From the representation theory of su(2)

one knows that finite dimensional irreducible representations are la-

belled by a nonnegative integer l, with the associated representation

space Vl having dimension N = 2l+1. Fixing N , it is clear that the

endomorphism algebra over Vl is simply MN(C), of dimension N2.

It is thus clear that the truncation at order N of the algebra polyno-

mials on the sphere and that of the n×n matrices are isomorphic, at

least as vector spaces. This on its own may not be very spectacular.

But what is more important, is that one can write down a mapping

from the one space to another that in the limit of large N becomes

closer and closer to a C∗-algebra isometry.

From the point of view of noncommutative geometry, Madore’s

construction only touches upon the first part of a spectral triple,

with no reference to the Hilbert space or Dirac operator. Those were

constructed soon after by Grosse and Pres̆najder[GP95]. Their con-

struction applied to more general spinC structures on the sphere,

but for the purpose of the current discussion it is only necessary

to discuss the case when one is dealing with the spin structure.

Explicitly, they take for any positive integer n the Hilbert space

Hn = C2 ⊗ Mn(C). It is a module over Mn(C) with the alge-
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bra action over itself via left action. The C2 factor has a natural

su(2) action using the Pauli matrices σi, or, viewing it as a Clif-

ford module, using the spin generators Sjk = 1
2
σjσk. Meanwhile,

let Jjk be as above the matrices representing the su(2) generators

on the space Vn ∼= Cn.Then using the vector space isomorphism

Mn(C) ∼= Vn⊗ (Vn)
∗, one can act on the matrix algebra factor using

the adjoint action [Jjk,m] = Jjk ·m−m · Jjk for any m in MN(C).

Now, the Dirac operator on Hn is given the form

DGP =
∑

j<k

Sjk ⊗ Jjk + 1. (2.14)

This Dirac operator turns out to have a spectrum identical to

that of the Classical Dirac operator on the sphere, up to some trun-

cated value.

The triple (Mn(C),Mn(C)⊗ C2, DGP ) serves as a noncommuta-

tive finite spectral triple that still converges in the n → ∞ limit

to that of the sphere. But note that it constitutes only the basic

definition of a spectral triple given by definition (2.1.6), while it is

desirable that each such triple also be a real spectral triple just as

that that the limiting classical geometry affords. Most concretely,

one finds that the Grosse and Pres̆najder construction does not al-

low one to introduce a chirality, such as the one that exists in the

classical case. Thus one is working with a KO-dimension s = 3

instead of the s = 2 one required by the sphere.

Using the definition of fuzzy space introduced in the previous def-

inition, which is inherently a real spectral triple, it is possible[Bar15]

to define the fuzzy sphere as the fuzzy space (Mn,Mn(C)⊗ C4, J,Γ, D)
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for a given positive integer n. The Clifford module structure of the

C4 factor is of type (1, 3), so that the Clifford algebra action is gen-

erated by the Hermitian matrix γ0 satisfying (γ0)2 = 1 together

with the original anti-Hermitian matrices γi for i = 1, 2, 3.

The Dirac operator has the form

D = γ0 +
3∑

j<k=1

γ0γjγk ⊗ [Ljk, ·] ,

where much like before the Ljk’s are the representation matrices of

the Lie algebra generators of su(2) on Vn.

Note that the Clifford module dimension has been doubled.

Proposition 2.4.1. The Dirac operator D on the fuzzy sphere has

spectrum

Spec(D) = {±l|l = 1, 2, . . . , n} ,

with multiplicity 2(2l + 1) except for the values ±n, that have only

multiplicity 2n+ 1.

The above spectrum can be compared with that of the spectrum

of the usual Dirac operator on the sphere[Var06]. Indeed, as n→ ∞,

the spectrum converges towards the spectrum of the classical Dirac

operator.



Chapter 3

Finite Commutative

Spectral Triples

In this chapter, a formalism for finite commutative real spectral

triples will be developed. By virtue of the axioms for a spectral

triple, the Dirac operator for such models turns out to be heav-

ily constrained. This allows one to interpret the models as certain

lattice models with a left and right action of the algebras. The for-

malism will then be applied to the simple models of the line and the

circle. It will be shown that by using a fermionic kinetic term as an

action, the latter model can be interpreted as a discretised topolog-

ical state sum model with a U(1)−gauge symmetry. Everything up

to the constraint of proposition (3.1.1) has essentially been known

since Krajewski’s work[Kra98], though the choice not to impose the

equality between left and right action for a commutative real spec-

tral triple is novel. All subsequent examples and constructions are

thus new results.

45
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3.1 The General Model

Attempts to apply noncommutative geometry to discrete spaces, by

use of finite spectral triples, where all objects are finite dimensional,

immediately followed the development of noncommutative geometry

and its algebra[PS98; Kra98]. Indeed, such spaces serve the role of

the internal space when expressing the Standard Model or its exten-

sions in noncommutative geometry. But another natural question to

ask is whether it is possible to construct physically relevant lattice

models using such finite spectral triples. Much work has been done

in this direction, mainly aiming to harness the full consequences of

using noncommutative spaces[Lan97; Per24]. But another possible

direction to take is to consider finite commutative spectral triples as

a means of representation traditional lattice models from physics.

This possibility was ruled out quite early in the development of the

field, for example in [GS98]. But such approaches relied on on two

assumptions, the first of which was the now-discarded orientabil-

ity axiom. A more common assumption, which persists up to this

day[Van15], is that any spectral triple with a commutative algebra

must by definition contain only a single algebra action, since com-

mutativity suggests the equality of the left and right actions. In fact,

the current investigation will proceed by relaxing this condition, by

constructing Hilbert spaces on which a commutative algebra acts on

the left and on the right in a different manner.

Arguably, constructing a model with a commutative algebra with

different left and right actions is no stranger than, say, taking the

product of a commutative spectral triple and a noncommutative
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spectral triple to obtain an almost-commutative manifold. In fact,

constructing an algebra associated with a lattice theory that pos-

sesses a differing left- and right-actions on the Hilbert space has been

done before, for example by Dimakis and collaborators[DMS93].

But such models rely on a noncommutative extension of the origi-

nal algebra, corresponding to the algebra of differential forms on the

lattice and no longer simply the original algebra of functions. Such

approaches are distinct from the current investigation, where the al-

gebra in question is the commutative algebra of functions through-

out; it does not appear that this setting has been investigated prior.

From here, construction will follow on the assumption that a jus-

tification for the choice of differing actions may be justified by the

results of the formalism.

3.1.1 Structure of Finite Dimensional C∗-Algebras

A finite dimensional complex C∗ algebra A is isomorphic to a matrix

algebra:

A ≃
N⊕

i=1

Mni
(C). (3.1)

It is well known[Van15] that for any complex matrix algebra, the

only irreducible algebra representation is given by the algebra’s

defining representation. Thus the algebra Mn(C) acts irreducibly

on the vector space Cn. It follows that the structure space of A,

denoted Â, is given as the discrete N -point space with each point

denoting ni, the irreducible algebra representation of the i-th al-

gebra factor. Note that for each such irreducible representation,
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all other algebra factors act trivially, and so the irreducible algebra

representations of A, in the cases when 2 ≤ N , are never faith-

ful. In fact, the smallest faithful representation of A is given by

n1 ⊕ n2 ⊕ · · · ⊕ nN .

In terms of the defining representation, the ∗-involution becomes

the usual Hermitian conjugation, and as all other representations are

constructed from the definition representation, this holds for the

general representation spaces to be used here. Thus, for whatever

Hilbert space chosen, the operation ∗ will be understood as Hermi-

tian conjugation for all operators, which evidently agrees with the

involution on the algebra.

3.1.2 Commutative Finite Spectral Triples

Finite commutative algebras over the complex numbers are uniquely

determined by their dimension. Such an algebra is of the form A =

Cn for some integer n. The finite dimensional representations of the

algebra are given by the unique irreducible representation, C itself,

together with a potential multiplicity factor. For A as a whole one

has a decomposition into representations of each factor, so that the

most general finite dimensional representation of A is given by

H ≃
n⊕

i=1

Cmi , (3.2)

with mi the multiplicity of the representation corresponding to the

i-th factor. The characters of A are easy to find, as they are simply

the projections onto the individual components of an element a ∈ A.
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Thus, the spaces represented by commutative finite spectral triples

are simply collection of points, n for the algebra A = Cn.

Reality Conditions

To handle real commutative finite spectral triples, treat J as the

antiunitary operator intertwining the left and right actions of the

commutative algebra A. The Hilbert space needs to be an algebra

representation of the combined left and right actions, equivalent to

being a representation of the algebra A ⊗ Aop. Using the fact that

(Cn)op = Cn in the commutative case, the algebra tensor product is

simply

A⊗ Aop = (Cn)op ⊗ Cn ∼= Cn2

. (3.3)

As above, such a Hilbert space is simply the direct sum of a rep-

resentation of each factor of C, each with its own multiplicity. To

keep the left and right actions of the original algebra distinguished,

each factor will be labelled by the pair (i, j) corresponding to an

original basis of A. A representation is then simply

H =
n⊕

i,j=1

Hij :=
n⊕

i,j=1

Cmij , (3.4)

where again mij corresponds to the multiplicity of the factor. The

left action of an element a = (ai) ∈ A is given by diagonal matrices

containing ai a total of mij times, namely

L(a) =
∑

i

aiImij
. (3.5)
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The right action meanwhile has aj a total of mij times, or

R(a) =
∑

j

ajImij
. (3.6)

This is not the whole story, since the antiunitary operator J

must exist to guarantee that one is working with a real spectral

triple. Such an operator will have to intertwine the operators L(a)

and R(a∗) for all a ∈ A. It is easy to see that for this to be possible,

one must have mij = mji for all pairs i, j. One can then define

the operator J block-wise by using complex-antilinear isomorphisms

J : Hij → Hji.

It is at this point that discussions concerning commutative al-

gebras impose the requirement that L(a) = R(a∗) for all a in A,

essentially restricting the Hilbert space to be diagonal in the labels

above. The point of departure of the current approach is that this

is not assumed to hold.

Chirality

It is necessary to consider cases where the Hilbert space comes with a

chirality operator. This requires an operator Γ, satisfying Γ∗ = Γ

and Γ2 = 1 which guarantee that its only eigenvalues are ±1. In

addition, it is necessary require that ΓL(a) = L(a)Γ for all a ∈ H, so

that the decomposition of the total Hilbert space into right-handed

and left-handed spaces, H = H+ ⊕ H−, is also a decomposition of

the space as an algebra representation space.

The situation above is the same in the case one has a real spec-
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tral triple, except that in addition compatibility is imposed between

the chirality and real structure. Recall that this is encoded by the

relation

JΓ = ϵ′′ΓJ (3.7)

where ϵ′′ = ±1. In the positive case the total Hilbert space thus

decomposes into mutual eigenspaces of both operators, while in the

negative case the real structure maps between the spaces of definite

chirality. Thus for the latter case, for example, the real structure J

maps a right handed particle to a left-handed anti-particle.

Dirac Operator

Once provided with a finite commutative algebra and its represen-

tation as above, it is possible to explicitly determine what form the

Dirac operator D must take.

As always, the Dirac operator must be self-adjoint D = D∗.

Further constraints are obtained using the spectral triple axioms,

and involve the real structure J :

• Relation with real structure:

DJ = ϵ′JD (3.8)

• First order condition:

[[D,L(a)], R(b)] = 0 ∀a, b ∈ A (3.9)
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• In the case of an even spectral triple one requires that

DΓ = −ΓD. (3.10)

These heavily constrain the allowed form of the Dirac operator.

Proposition 3.1.1 (Krajewski [Kra98]). Let Dij;kl label the matrix

element of the Dirac operator that maps from the space Hkl to Hij.

Then one can have Dij;kl ̸= 0 only if at least one of the conditions

i = k or j = l holds.

Proof. Recall that in the Hilbert space Hij the action of an element

a can be written using summation convention as

L(a)kl = aiδik = ak, (3.11)

and similarly one has R(a)kl = al. Working with the element Dij;kl

one has

[Dij;kl, L(a)] = Dij;klak − aiDij;kl = (ak − ai)Dij;kl (3.12)

and with a further commutator action one has

[[Dij;kl, L(a)] , R(b)] = (ak − ai)(bl − bj)Dij;kl (3.13)

for the first order condition. For this to vanish for all a and b in A,

one evidently must have that at least one of the factors in front of

Dij;kl vanishes, and the proposition follows.

Example 4. For the three dimensional commutative algebra, con-
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sider the following representation where each factor is one dimen-

sional:

A =C3

H =H12 ⊕H21 ⊕H23 ⊕H32 := C⊕ C⊕ C⊕ C.

Construct aKO−dimension s = 7 triple by taking the real structure

J =




0 1 0 0

1 0 0 0

0 0 0 1

0 0 1 0




· C, (3.14)

where C stands for the complex conjugation operation. Then the

constrained Dirac operator takes the form

D =




d1 0 0 f

0 d1 f̄ 0

0 f d2 0

f̄ 0 0 d2




(3.15)

where d1, d2 ∈ R and f ∈ C.

Example 5. The same algebra and Hilbert space data can be used

to calculate the Dirac operator for all (odd) KO-dimensional algebra.
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These can be constructed by taking real structure

J =




0 1 0 0

ϵ 0 0 0

0 0 0 1

0 0 ϵ 0




· C, (3.16)

so that J2 = ϵ. This leads to a Dirac operator of the form:

D =




d1 0 0 f

0 ϵ′d1 ϵϵ′f̄ 0

0 ϵϵ′f d2 0

f̄ 0 0 ϵ′d2



. (3.17)

Again, d1, d2 ∈ R and f ∈ C. Note that as may be expected, for all

KO-dimensions the Dirac operator has the same form and degrees

of freedom, with the only difference given by signs determined from

table 2.1.

Example 6. The even KO-dimensional cases of the above setting

can be easily tackled by firstly construction a chirality operator

consistent with the given real structure, and then imposing relation

(3.10) on the Dirac operator from the previous example. Using the

commutativity of the chirality with the algebra left-action, together

with the condition imposed using real structure from the previous
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example, one finds that

Γ =




c1 0 0 0

0 ϵ′′c1 0 0

0 0 c2 0

0 0 0 ϵ′′c2




(3.18)

where c1, c2 = ±1. Without loss of generality set c1 = 1, and rewrite

the chirality operator as

Γ =




1 0 0 0

0 ϵ′′ 0 0

0 0 α 0

0 0 0 αϵ′′



, (3.19)

where similarly to before, α = ±1. Using this expression for Γ, the

constraints on the Dirac operator are then

d1 = 0

(αϵ′′ + 1)f = 0

d2 = 0.

Immediately one sees that all diagonal Dirac elements vanish. Whether

the parameter f remains depends on the KO-dimension together

with how Γ was set up. So to make sure the Dirac operator does

not vanish, one fixes α = −ϵ′′ so that the chosen Chirality operator

is
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Γ =




1 0 0 0

0 ϵ′′ 0 0

0 0 −ϵ′′ 0

0 0 0 −1



. (3.20)

Geometric Interpretation

Using the above allowable Dirac operators one can develop a geo-

metric picture of the resulting space. Working with a finite dimen-

sional algebra, one always obtains a discrete space. The fundamental

points arise as characters of the algebra. In the case of the commu-

tative algebra A = Cn, the characters are simply the n coordinate

functions µi

µi(a) = ai i = 1, 2, ..., n (3.21)

for all a ∈ A, so one simply has an n-point space. Recall that in

the formalism of noncommutative geometry, the distance between

two points is given in terms of the distance formula (2.8), using the

characters associated to those points. If the points are labelled 1

to n, the main constraint on the Dirac operator above implies that

two points may only have a finite distance between them if they are

both connected to a third point as a nearest neighbour. Note that

even in this picture, it is not possible in all cases to localise fermions

to points consistently since they correspond to edges in the original

diagram. In fact, it might be beneficial to simply talk about the

relative distance between two fermions without strict reference to

points, thus obtaining a purely relational model. Nonetheless, the
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following two models to be investigated, the line and the circle, will

each separately exhibit the characteristic that the representation

diagram has the same shape as the geometric diagram obtained by

drawing the geometric distances from the respective Dirac operator.

The only anomaly in the line case is that, if one starts with a repre-

sentation diagram that segments a line using n points, one obtains

only n− 2 distance parameters, which would correspond to the line

being segmented using n− 1 vertices rather than the starting n.

It should be emphasised that evaluating distances using the dis-

tance formula (2.8) guarantees that, for any chosen lattice, the re-

sulting distances satisfy the triangle inequality so that the lattice

is indeed physical. To see this explicitly, consider for example a

sequence of nodes i, j, k, l that are connected linearly via Hilbert

spaces, i.e. node i is connected to node j, that is in turn connected

also to node k, and so on. Than the analysis above shows that

the Dirac operator has two unconstrained complex parameters, say

d1 and d2, that arise from the fact that the pair of nodes i and

k, and the pair of nodes j and l, constitute respectively connected

next-nearest neighbours. Then the distance formula evaluated for

the pair of nodes i and k yields a distance dik = 1
|d1| , while the

same formula evaluated for the pair of nodes j and l yields a dis-

tance djl =
1

|d2| . Now considering the pair of nodes i and l, that are

connected only as next-next-nearest neighbours, one finds that the

distance between them is constrained to be dil ≤ | 1
d1
+ 1

d2
| ≤ dik+djl,

showing that the triangle inequality is satisfied. This argument nat-

urally generalises to larger lattices, so that one can talk of these
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lattices without worrying that distances between nodes might be

infinite or ill-defined.

3.2 Specific Constructions

3.2.1 Line Model

As a step towards calculating the action for the discretised circle,

it would be beneficial to evaluate the Dirac operator and its deter-

minant for the line. It was shown above that geometric distances

are calculated between the edges representing the relevant Hilbert

space, rather than nodes in the representation diagram. Hence, a

system set up with a row of nodes, each pair of neighbours connected

via Hilbert space edges, represents a discretised line geometrically

as well.

General Dirac Operator

For each dimension n the algebra An = Cn is fixed with a Hilbert

space of the form Hn = H12⊕H21⊕H23⊕H32⊕· · ·⊕Hn−1n⊕Hnn−1.

For now, each factor will be chosen to be one dimensional, so that

in total Hn
∼= C2n−2. Then, using a standard basis with respect to

the real structure Jn one obtains the matrix
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Jn =




0 1 0 0 · · · · · · 0 0

ϵ 0 0 0 · · · · · · 0 0

0 0 0 1 0 0
...

...

0 0 ϵ 0 0 0

...
... 0 0 0 1

0 0 ϵ 0
...

...

. . . 0 0

...
...

. . . 0 0

0 0 · · · · · · 0 0 0 1

0 0 · · · · · · 0 0 ϵ 0




· C, (3.22)

where C denotes the operation of complex conjugation.

Proposition 3.2.1. Given the fermion space associated to the line

model given by (An,Hn, Jn), the Dirac operator D is determined by

n − 1 real parameters di and n − 2 complex parameters fj. The

square root of its determinant can be evaluated as follows.

Let s = (s1, s2, · · · sr) be a sequence of length r where si = 1, 2,

such that
∑r

i=1 si = n − 1. Label by m the number of times the

number 2 appears in the sequence, and the partial sum up to sj by

σj :=
∑j

i=1 sj. Then the square root of the determinant of the Dirac

operator is given by

√
det(Dn) =

(√
ϵ′
) 1+(−1)n

2
∑

s∈S

(−ϵ′)mg1g2 · · · gr, (3.23)
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where S is the set of all sequences s, and g is defined as the function

gj =





|fσj |2, if sj = 2

dσj , if sj = 1.

(3.24)

Proof. The Dirac operator is constrained much like before. In fact,

since a nonvanishing matrix element only exists between two Hilbert

spaces that share a node in the representation diagram, one easily

finds that the Dirac operator must be block diagonal, extending

example 5. Explicitly one has

Dn =




d1 0 0 f1 0 0 0 · · · 0 0

0 ϵ′d1 ϵϵ′f̄1 0 0 0 0 · · · 0 0

0 ϵϵ′f1 d2 0 0 f2
...

...

f̄1 0 0 ϵ′d2 ϵϵ′f̄2 0
. . .

0 0 0 ϵϵ′f2 d3 0

0 0 f̄2 0 0 ϵ′d3
...

...

0 0
. . . . . . 0 fn−2

...
...

. . . ϵϵ′f̄n−2 0

0 0 · · · · · · 0 ϵϵ′fn−2 dn−1 0

0 0 · · · · · · f̄n−2 0 0 ϵ′dn−1




,

(3.25)

where di for i = 1, 2, ..., n − 1 are real numbers, and fj for j =

1, 2, ..., n − 2 are complex. Using induction it is straightforward to

calculate the value of the determinant for n ≥ 3. Setting Xn :=
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√
det(Dn) one obtains the recurrence relations

X2k =
√
ϵ′d2k−1X2k−1 − ϵ′|f2k−2|2X2k−2 (3.26)

X2k+1 = −
√
ϵ′d2kX2k + |f2k−1|2X2k−1, (3.27)

together with the initial values

X1 = 1

X2 =
√
ϵ′d1.

(3.28)

Note that then

det(D3) = X2
3 = (|f1|2 − ϵ′d1d2)

2, (3.29)

which is what one obtains by explicitly calculating the determinant

in example 5 above.

Using these recurrence relations, it is possible to obtain a more

or less closed expression for the determinant. Let Z2k = 1√
ϵ′
X2k.

The relations are now

Z2k = d2k−1X2k−1 − ϵ′|f2k−2|2Z2k−2

X2k+1 = −ϵ′d2kZ2k + |f2k−1|2X2k−1.

Considering the determinant function labelled by n (i.e. either Z2k

or X2k+1), we see that its dependence on the subsequent functions,

those labelled by n− 1 and n− 2, is obtained through multiplying

by a factor with the same label, dn−1 and |fn−2|2 respectively. More-

over, these factors have the same weight in terms of the variables
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{dj, |fk|} as the change in the label itself. Since the same pattern

is satisfied by the subsequent functions, it is possible, using hops

of 1 or 2 in the label, to follow expansion of the lower functions all

the way to an initial value in (3.28). For example, by tracing the

sequence of integers (n, n−1, n−3, n−4, ..., 2, 1), where each integer

is followed by another that is either 1 or 2 less than it, one finds

in the expansion above the monomial dn−1|fn−3|2dn−4...d2d1 that

must exist in the expansion. In fact the determinant functions are

exclusively evaluated by taking all such allowable sequences, and

associating the corresponding polynomial to each of them by the

rule

Difference of 1 =⇒ dl

Difference of 2 =⇒ |fl−1|2.

For simplicity one can equivalently track the sequence used as an ex-

ample above via the sequence of differences, i.e taking s = (1, 1, 2, 1, . . . , 1).

Combining all such sequences together with the corresponding fac-

tors gives precisely the desired result.

Chiral Dirac Operator

Much like the real structure matrix and the Dirac operators, ex-

tending the chirality operator to a line simply involves repeating

the operator from example 6, which corresponds to Γ3 now, in a

block diagonal manner. Recall that in the Γ of (3.20), there was a

freedom to fix the chirality of the first pair of Hilbert spaces, while
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if one wanted a nontrivial Dirac operator the chirality of the second

pair was fixed by a factor of α = −ϵ′′ with respect to that of the

first. Repeating the argument for all consecutive Hilbert space pairs

in Hn, one sees that even in this case it is only the first pair that is

free to be fixed and the chirality of all the subsequent Hilbert spaces

is fixed with respect to it:

Γn =




1 0 0 0

0 ϵ′′ 0 0

0 0 −ϵ′′ 0 0 0

0 0 0 −1 0 0

0 0 1 0
. . .

0 0 0 ϵ′′

. . . . . .




, (3.30)

where again the first Hilbert space factor was set to be right handed.

So long as there is a nontrivial chirality operator for the system, the

diagonal elements in of the Dirac operator (3.25) must vanish. With

the Γn above, this is all that vanishes and the fi’s remain free.

Corollary 3.2.1. The determinant of the Dirac operator for the

chiral line model is given by

det(Dn) =





|f1|4|f3|4 . . . |fn−2|4 n is odd.

0 n is even.

(3.31)

Proof. The result follows by taking proposition 3.2.1 setting all di =
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0, and squaring the remaining term.

3.2.2 Circle Model

The circle model can be viewed as an extension of the line model,

if one realises that the process of gluing the end nodes of the line

are obtained by simply adding an extra pair of Hilbert space factors

representing the additional edge.

General Dirac Operator

As before n labels the algebra dimension An = Cn. The Hilbert

space now takes the form Hn = H12 ⊕ H21 ⊕ H23 ⊕ H32 ⊕ · · · ⊕

Hn−1n⊕Hnn−1⊕Hn1⊕H1n which now satisfies Hn
∼= C2n. The real

structure has the same form (3.22) with the addition of an extra 2×2

block. The Dirac operator, meanwhile, not only extends diagonally

by an additional block, but also by non-vanishing parameters at the

two 2×2 blocks at the top right and lower left corners of the matrix.

This gives
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Dn =




d1 0 0 f1 0 0 · · · 0 0 ϵϵ′fn

0 ϵ′d1 ϵϵ′f̄1 0 0 0 · · · 0 f̄n 0

0 ϵϵ′f1 d2 0 0 f2 0 0

f̄1 0 0 ϵ′d2 ϵϵ′f̄2 0
. . .

...
...

0 0 0 ϵϵ′f2 d3 0

0 0 f̄2 0 0 ϵ′d3
...

...

...
...

. . . . . . 0 fn−1

0 0
. . . ϵϵ′f̄n−1 0

0 fn 0 · · · · · · 0 ϵϵ′fn−1 dn 0

ϵϵ′f̄n 0 0 · · · · · · f̄n−1 0 0 ϵ′dn




.

(3.32)

Note that in this form, the matrix is invariant under a cyclic trans-

lation along the diagonal together with an associated relabelling of

the coefficients, as would be expected.

Chiral Dirac Operator

The considerations arising when introducing a chiral structure are

the same as in the line case (with correct number of blocks), aside

from one important fact. The chirality of the Hilbert spaces now

has to wrap back to the original Hilbert space. For KO−dimensions

s = 2, 6, when ϵ′′ = −1, this poses no issues since all Hilbert space

pairs have the same relation between chirality and particle/anti-

particle labelling. But for s = 0, 4, when ϵ′′ = 1, consecutive Hilbert

space pairs must have opposite chirality. This means that for odd

n, when the number of edges is correspondingly odd, this cannot be
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done consistently along the circle. This implies that so long as one

is working with nonvanishing Dirac operators, a system with KO−

dimensions s = 0, 4 cannot be assigned when n is odd.

Regardless of the above observation, one knows that when a

chirality operator and nonvanishing Dirac operator consistently ex-

ist, the form of the Dirac operator of (3.32) is constrained only via

di = 0 for all i = 1, 2, . . . , n. Since this form does not depend on ϵ′′,

a calculation of its determinant and possible Pfaffian can be made

independent of whether the KO−dimension actually prohibits the

system when fixing the dimension later on.

Proposition 3.2.2. The determinant Dirac operator for the Chiral

model is

det(Dn) =





(1 + ϵϵ′)2|f1f2 . . . fn|2 n is odd.

|f1f3 . . . fn−1 − (−ϵϵ′)n
2 f2f4 . . . fn|4 n is even.

(3.33)

Proof. This follows a repeated use of the following elementary ma-

trix identity. If the matrix M is decomposed into blocks as

M =



A B

C D


 ,

where A is an invertible matrix, then

det(M) = det(A) · det(D − CA−1B).
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This relation is then repeatedly applied to the case where one takes

A to be the top-left 4× 4 block of the Dirac operator.

3.2.3 Fermion Model on the Circle

With the form of the Dirac operator constrained as above for the

circle model, one can write down the fermion part of the action as

the kinetic term

S[D,ϕ, ϕ̄] =
1

2
⟨ϕ̄, Dϕ⟩, (3.34)

using the obvious inner product over the fermion Hilbert space. As

is usual in such systems, the field and anti-field degrees of freedom

are independent of each other.

For a chiral theory, one is able to halve the degrees of freedom

that appear in the action by using the real structure J to map the

set of field degree of freedom to the anti-field Hilbert space, giving

an action

Schiral[D,ϕ] = ⟨Jϕ,Dϕ⟩. (3.35)

Since one is now working with the same set of fermionic variables,

the action needs to be antisymmetric under the exchange of both

sides of the inner product, as happens when one applies the real

structure. Recall that one of the conditions of J being a real struc-

ture on a (bosonic) Hilbert space H is that, with respect to the

inner product, ⟨a, b⟩ = ⟨Jb, Ja⟩ for all a, b ∈ H. Since one now has

a fermionic space, the exchange requires that

⟨Jϕ,Dϕ⟩ = −⟨JDϕ, J2ϕ⟩ = −ϵϵ′⟨DJϕ, ϕ⟩ = −ϵϵ′⟨Jϕ,Dϕ⟩, (3.36)
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implying that a chiral fermionic theory can only be written in a

KO−dimension for which ϵϵ′ = −1. This is the case only for s =

2, 4. Assuming from now on that such a KO−dimension has been

picked, the action functional Schiral, which is bilinear in ϕ, can be

written as an antisymmetric matrix. Explicitly, the total Hilbert

space can be divided into field and antifield variables H = H+⊕H−,

for example H+ = H12 ⊕H23 ⊕ · · · ⊕ Hn1 and H− = H21 ⊕H32 ⊕

· · · ⊕H1n. If {ei} is a basis for H+, then {Jei} serves as a basis for

H−. Most importantly, the bilinear in SChiral can be written as

⟨Jϕ,Dϕ⟩ = ϕT ·M · ϕ, (3.37)

where M is the antisymmetric matrix defined by Mij = ⟨Jei, Dej⟩.

It is basis dependent, but the action is basis independent. Indeed,

using the above action one can integrate out the Fermionic degrees

of freedom to obtain

∫
Dϕe−SChiral[ϕ,D] = pf(−M), (3.38)

since one is carrying out Berezin integration using a Euclidean path

integral. The Pfaffian can then be integrated with respect to the

Dirac degrees of freedom to obtain the partition function of the

system.

To evaluate the Pfaffian explicitly, label the real structure oper-

ator of 3.22 as Jn = N ·C, where again C is the complex conjugation

operation and N is the matrix factor in front of it in the formula.

Explicitly C is defined with respect to the given basis above, acting
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trivially on the basis and extended by complex anti-linearity to give

Cαej = ᾱej. The matrix N in this chosen basis is the complex lin-

ear part of the transformation. Note that with respect to Hermitian

conjugation N∗ = ϵN so that N is Hermitian or anti-Hermitian de-

pending on the value of ϵ. This allows the matrix M to be written

in this basis asM = ϵND. For the n−dimensional algebra one then

obtains the matrix

Mn =




0 0 −ϵf1 0 0 0 · · · 0 ϵfn 0

0 0 0 f̄1 0 0 · · · 0 0 −f̄n
ϵf1 0 0 0 −ϵf2 0 0 0

0 −f̄1 0 0 0 f̄2
...

...

0 0 ϵf2 0 0 0
. . .

0 0 0 −f̄2 0 0
. . .

...
...

...
...

. . . . . . −ϵfn−1 0

0 0
. . . 0 0 f̄n−1

−ϵfn 0 0 · · · · · · ϵfn−1 0 0 0

0 f̄n 0 · · · · · · 0 −f̄n−1 0 0




,

(3.39)

which is indeed antisymmetric. Calculating its Pfaffian gives

pf(Mn) =





0 n is odd.

ϵ
n
2 |f1f3 . . . fn−1 − f2f4 . . . fn|2 n is even.

(3.40)

Note that in accordance with the determinant calculations above

pf(Mn)
2 = det(Dn). The Dirac path integral itself then gets a
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factor of pf(−Mn) = (−1)npf(Mn) in the integrand, with a similar

phase factor of in if one is evaluating a Lorentzian path integral.

3.2.4 U(1) Gauge Model

It is possible to interpret the discretised circle as a lattice U(1)-

gauge model. In such a setting, the Dirac operator corresponds

to the gauge potential coupled to the Fermion fields. To see how

this works, restrict the variables of D to the case where for each i,

|fi| = 1, so that one can think of each step taken clockwise along

the circle contributing a phase factor of fj = eiθj for field vari-

ables and a factor −f̄j = −e−iθj for anti-field variables. Returning

to the starting point along the circle one obtains a holonomy fac-

tor eiΘ := (−1)n/2e
∑n

2
j=1(θ2j−θ2j−1) = (−1)

n
2 f1f̄2f3f̄4 . . . fn−1f̄n. Thus,

when working with KO−dimension s = 2, 4, and considering even

n models, one finds that

pf(−Mn) = |1−f1f̄2f3f̄4 . . . f̄n|2 = (1−eiΘ)(1−e−iΘ) = 2(1−cosΘ).

(3.41)

This can be compared with the result in [BKL13], where a single set

of one dimensional fermions localised at vertices along a discretised

circled contributed a factor of (1− eiΘ), where again Θ is the holon-

omy around the circle of a U(1) gauge connection. The doubling

in (3.41) may be attributed that this model has a doubling of the

fermionic fields, each original having an anti-field partner.



Chapter 4

Commutative Constructions

This chapter sets down the necessary geometric background needed

to construct the geometry that will be approximated by the fuzzy

complex projective space CP (2). As such all results are essentially

already known in the literature. Firstly, in section 4.1 it will be

explained why in general it is expected that fuzzy spaces with a Lie

symmetry group may only approximate coadjoint orbits. The space

CP (2) is indeed the next simplest example of such a space, after the

2-sphere, although it is not spin. Luckily, section 4.2 will present

several properties of coadjoint orbits, the important of which for the

discussion of spinors is that they are Kähler. This guarantees that

coadjoint orbits, including CP (2) itself, are at least spinC. Section

4.3 will then develop explicitly the necessary geometry of CP (2) and

its complex spinor bundles in terms of representation theory. This

includes writing down the spectrum of the Dirac operator. For the

benefit of the reader, the end of the chapter contains an appendix

where the necessary group-theoretic terminology is recalled.

71
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4.1 Motivation

The definition of a fuzzy space presented in chapter 2 was developed

hand in hand with its use in formalising the structure of the fuzzy

sphere. In an effort to extend the usage of the formalism to other ge-

ometries it is natural to focus on spaces with higher symmetry, since

their properties are usually easier to compute, and subsequently ex-

tremely useful for physical applications. In fact, the geometry of

the sphere itself, including most importantly the spectrum of the

Dirac operator, can be most easily computed using representation

theory. And the actual calculations of the fuzzy sphere, including

the spectrum of its respective Dirac operator, depended at their core

on the ability to utilise representation theory. It thus seems natu-

ral to search for other examples of fuzzy spaces that correspond to

homogeneous spaces.

Symmetries of real spectral triples were mentioned in chapter 2,

where they were defined in terms of transformations of real spectral

triples that keep the Dirac operator invariant. Such transformations

consist of an automorphism of the algebra, either inner or outer, to-

gether with a unitary transformation on the Hilbert space. In the

case of a fuzzy space, where the algebra is taken to be a simple ma-

trix algebra, the Skolem-Noether theorem implies any transforma-

tion on the matrix algebra is inner. Thus, if one wishes to construct

a fuzzy space (A,H, D, J,Γ) together with a group of symmetries

G, the group action on the algebra A = Mn(C) will rely on a rep-

resentation U : G → GLn(C) to define the action ρ : G → Aut(A)
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via the action by conjugation

ρ(g)(a) = U(g) · a · U(g−1)

for all g in G and a in A. Recall that both the norm on the algebra

A and the inner product on the Hilbert space H are obtained from

the inner product ⟨a, b⟩ = Tr[a∗b] on the algebra. For the group

action to be an isometry, its representation must obviously then be

unitary. Moreover, since our aim is to approximate commutative

spaces that are closed differential manifolds with a Lie group of

transformations, the group G will usually be taken to be a real and

compact Lie group.

Fixing a Lie group G, let V be the carrier space of a unitary

representation U as introduced above, and let V ∗ be its dual space.

V ∗ is acted upon by G using the dual representation Ū . Since

Mn(C) ∼= V ⊗ V ∗ as vector spaces, the action of G defined on the

matrix algebra is evidently given by the representation U ⊗ Ū . This

action can now be factored as

G
∆−−−→ G×G

U⊗Ū−−−→ End(A), (4.1)

where ∆ is the diagonal mapping sending g in G to (g, g). Thus

the action of G on the matrix algebra may be viewed as the rep-

resentation U ⊗ Ū of G × G restricted along the diagonal. This

straightforward change of view will in fact be useful in showing that

the natural homogeneous spaces that lend themselves to be approx-

imated matrix geometries are coadjoint orbits.



74 CHAPTER 4. COMMUTATIVE CONSTRUCTIONS

Theorem 4.1.1 ([Bar22]). Let {Mni
(C)}i∈N be a sequence of ma-

trix algebras, where each algebra is acted upon by a semisimple Lie

group G via matrix conjugation. Moreover, assume that the se-

quence converges to the algebra C0(X) of continuous functions on

some homogeneous G-space X. Then X is a coadjoint orbit.

The proof relies on results obtained by Dooley and Rice[DR85]

on the contraction of semisimple Lie groups. These will now briefly

be described.

Let G be a semisimple Lie group, and let K be a subgroup such

that G/K is reductive. Additionally it will be required that the

pair (G,K) be a Riemannian symmetric pair1. Then the Lie al-

gebra g can be decomposed into a direct sum g = k ⊕ V , where k

is of course the Lie algebra of subgroup K. The adjoint action of

K on subspace V turns the latter into a representation space of K,

since by definition Ad(K)(V ) ⊆ V . Using this fact one can form the

semidirect product group V ⋊K, which can be viewed as the group

generated by elements k of K and v of V subject to the relations

kvk−1 = Ad(k) · v. The theory of irreducible representations of this

group can be understood using Mackey’s theory[Mac75] to be de-

termined using the following prescription. Let a ⊆ V be a maximal

abelian subalgebra of V , namely, a subspace of V that also closes

as an abelian subalgebra that cannot be extended inside V itself.

Its irreducible representations are determined by one forms ψ ∈ a∗.

Globally, on the Lie group A = exp(a) this determines a character

eiψ. By setting ψ to be zero on the complement subspace to a, it

1Unless otherwise stated, all symmetric pairs are assumed to be of compact
type.
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can be extended to the entirety of V . Meanwhile, the group K can

be defined to act on linear functions on V as (k ·ψ)(v) ≡ ψ(k−1vk).

Now let Kψ ⊆ K be the stabiliser group of ψ under this action.

Letting η be any irreducible representation of Kψ on space Hη, the

representation eiψ ⊗ η, defined on V ⋊Kψ as

(eiψ ⊗ η)(vk) = eiψ(v)η(k), (4.2)

is in fact well defined and irreducible. Since V ⋊Kψ ⊆ V ⋊K, one

may form the induced representation ρψ,η on the latter group and

in fact this representation is also irreducible.

Consider now the irreducible representations of G. One may

find a Cartan subalgebra t compatible with the Lie subalgebra a

introduced above, in the sense that it can be written as t = t1 ⊕ a.

Here t1 is a Cartan subalgebra of the centraliser m of a in k. Let

as above ψ define an irreducible representation of a, and let η de-

note (by abuse of notation) both an irreducible representation of m

and of the associated Lie group M = exp(m). Then one can form

the representation eiψ ⊗ η of the Lie group MA ⊆ G. Yet again,

constructing the induced representation on G yields an irreducible

representation, at least whenever the result is nonzero. The condi-

tion for the representation not to vanish is that ψ be a dominant

integral weight in V ∗. Denote such an induced representation by

σψ,η. Note that regardless of the chosen ψ, one has that M ⊆ Kψ,

and so by restriction one can view η as a representation of M and

use it to define the representation σψ,η of G.
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Theorem 4.1.2 (Dooley and Rice [DR85]). Let ψ be an element

of a∗ that is dominant and integral, and fix a representation η of

Kψ such that the irreducible representation ρψ,η exists and is well

defined. Fix η, and define a sequence {σϕn,η}n∈N of irreducible rep-

resentations of G, such that (1) the sequence is unbounded in a∗ and

(2) it converges asymptotically in the large n limit to the (positive

side of the) line spanned by ψ. Then

1. The representation space of σϕn,η converges to that of ρψ,η.

2. The action of G via the representation σϕn,η, composed with

the sequence of maps defining the contraction from G to V ⋊K,

converges to the action of V ⋊ K via the representation ρψ,η

on the same space.

Note that, with the first statement, both representation spaces

are almost always infinite dimensional separable Hilbert spaces, so

long as they don’t vanish. Hence the statement essentially implies

that the limiting behaviour of the sequence of representations σϕn,η

is such that its representation space indeed does not vanish above a

certain value of n.

Proof of Theorem 4.1.1. Consider the product Lie group G′ = G×

G. It is also semisimple with Lie algebra isomorphic to g′ = g ⊕

g. The group-level Diagonal map introduced above comes with a

similar diagonal map acting on the Lie algebra-level as

∆ : g → g⊕ g

X 7→ (X,X),
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together with a complementary anti-diagonal map

∇ : g → g⊕ g

X 7→ (X,−X).

Let d and a respectively label the images of the diagonal and the

anti-diagonal maps. Clearly there is a vector space decomposition

g′ ∼= d ⊕ v. But only d is a Lie-subalgebra of g′, generating the

subgroup D = ∆(G) that is the image the diagonal mapping on the

group-level. In fact, one has

[d, d] ⊆ d, [d, v] ⊆ v,

[v, v] ⊆ d,

(4.3)

showing that (G×G,D) is a Riemannian symmetric pair.

First note that if t is a Cartan subalgebra of g, then a := ∇(t)

is clearly a maximal commuting subalgebra of v as well. The linear

forms ψ ∈ a∗ then serve also as weights for g. Together with a rep-

resentation η of the stabiliser group Stab(ψ), the induced represen-

tation ρψ,η consists explicitly of functions f ∈ L2(G,Hη) satisfying

f(xvk) = e−iψ(v)η(k−1) · f(x), (4.4)

for all x in v⋊G and vk in v⋊Kψ. In fact, since in general x = ug

for some u in v and g in G, one may use the semidirect product

relation to write

f(x) = f(ug) = f(gAd(g−1)u) = e−iψ(Ad(g
−1)u)f(g), (4.5)
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showing that any f satisfying (4.4) is fully determined by its restric-

tion f̂ to G, that satisfies

f̂(gk) = η(k−1) · f̂(g) (4.6)

for all g in G and k in Stab(ψ). Such functions are precisely sections

of the vector bundle over the coadjoint orbit Cψ induced using the

representation η. The important case where η is chosen to be the

trivial representation 0 yields, upon completion of the representation

space, the space of L2-functions on Cψ. Next consider the represen-

tations σψi,0. It was noted that for the representations to not vanish,

ψi must be a dominant integral weight, which, since a corresponds

to a Cartan subalgebra of G, means that ψ must be dominant and

integral with respect to the original Lie algebra g and so it corre-

sponds to a unitary irreducible representation (ρψi
, Vψi

) of G. Now,

the way the anti-diagonal mapping sits inside g′ implies that σψ,0

acts as the map X 7→ (ρψi
(X),−ρψi

(X)). Since ρψ is unitary, one

has −ρψ(X) = ρ̄ψi
(X) giving the dual representation

(
ρ̄ψ, V

∗
ψi

)
. The

matrix representation of G×G is now obtained by exponentiation,

and is given by
(
(ρψi

, ρ̄ψi
), Vψi

⊗ V ∗
ψi

)
. Once this is pulled back using

the diagonal map to G, one gets the tensor product representation

ρψi
⊗ρ̄ψi

acting on the space Vψi
⊗V ∗

ψi

∼= End(Vψi
), namely, the space

of matrices of dimension n = dim(Vψi
) acted upon by conjugation.

Finally, with the representations identified, one can apply The-

orem 4.1.2 to immediately prove the theorem.
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ρ

a0

Figure 4.1: The setting of the convergence of Theorem 4.1.1 for
the group SU(3). The sequence of representations {ai} converges
asymptotically to the line spanned by the positive weight ρ. The
theorem guarantees that the sequence of representations {ai ⊗ a∗i }
converges to the function space L2(Cρ).
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4.2 Geometric Ingredients

4.2.1 Coadjoint Orbits as Homogeneous Spaces

Let G be a semisimple Lie group with Lie algebra g, and fix a

Cartan subalgebra h ⊆ g. Recall that a coadjoint orbit, as the name

suggests, is a subspace C ⊂ g∗ that is generated by the coadjoint

group action. The latter group action Ad∗ : G→ End(g∗) is defined

using the representation dual to the adjoint action, namely, if µ ∈ g∗

then the coadjoint action is defined as the linear transformation

⟨Ad∗(µ), X⟩ ≡ ⟨µ,Adg−1(X)⟩, (4.7)

for all X in g and g in G. Coadjoint orbits are evidently homo-

geneous spaces of G, and they can be parameterised as follows. A

well known result from the theory[Hel79] is that any coadjoint orbit

intersects the positive Weyl chamber at one point, say at λ. Denote

the resulting coadjoint orbit by Cλ. Then evidently Cλ ∼= G/Stab(λ),

where Stab(λ) =
{
g ∈ G|Ad∗g(λ) = 0

}
is the stabiliser subgroup of

λ in G.

Since G is taken to be semisimple, the nondegeneracy of the

Killing form allows one to identify the coadjoint action with the

adjoint one on g. This gives the following useful way to characterise

the stabiliser of a weight λ ∈ g∗ using its dual element Hµ in g,

obtained using the Killing form.

Proposition 4.2.1. For a semisimple Lie group G, the stabiliser of

the coadjoint orbit Cµ is generated by the Lie algebra elements that
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are orthogonal to Hµ.

Proof. Since G is semisimple, its Killing form can be used to iden-

tify h ∼= h∗. This allows one to speak for each weight ω of the

associated element Hω ∈ h. A previous result has shown that if

Zg(Hω) is the centraliser of Hω in g with respect to the Lie bracket,

then Stab(ω) = exp (Zh(Hω)). This for one implies that if T is

the torus subgroup generated by h, then in general T ⊂ Stab(ω).

Now, consider the decomposition of the Lie algebra into root spaces

g = h
⊕

α∈∆ CEα, where for any root α ∈ h∗ the associated element

Eα ∈ g satisfies [H,Eα] = α(H)Eα for all H ∈ h. In particular to

the case above, Eα ∈ Zg(Hω) if and only if ⟨α, ω⟩ = α(Hω) = 0.

Now the fundamental weights, which serve as the basis for the la-

belling of weights introduced above, form a basis in h∗ dual to the

basis { 2αi

⟨αi,αi⟩} of coroots with i = 1, 2, . . . , r. This is with respect

to the inner product induced by the restriction of the Killing form.

Thus, if a weight ω has component pi = 0, then ⟨αi, ω⟩ = 0.

Let G be a Lie group, and let H be a Lie subgroup of G. There

are two important procedures to obtain a representation of one of

these groups from a representation of the other.

Given a representation µ of G, it is straightforward to obtain a

representation of H by considering the group action restricted to

H. This representation is the restricted representation of µ, and

it will be denoted by ResGH(µ). Note that in general, even if µ

denotes an irreducible representation of G, the resulting restricted

representation is not necessarily an irreducible representation of H.

The process of going the other way, obtaining a representation of
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G from a representation λ of H, is known as induction. Explicitly,

let ρλ : H → End(Vλ) be the representation map of H on vector

space Vλ. Then the induced representation obtained from (ρλ, Vλ)

is defined as the collection of functions f : G → Vλ satisfying the

condition

f(gh−1) = ρλ(h) · f(g), (4.8)

where g is an element of G and h an element ofH. As for the general

case of functions over G, the group action is defined by the left-

regular representation, restricted to the class of functions satisfying

the above condition. The resultant induced representation will be

denoted by IndGH(λ).

Let RepG be the category of representations of the group G. The

two operations IndGH and ResGH are functors between the categories

RepG and RepH . There in fact exists an adjunction between them,

with IndGH being left-adjoint to ResGH . This is known as the Frobenius

Reciprocity.

Theorem 4.2.1 (Frobenius Reciprocity). Let µ be a representation

of G, and λ be a representation of H. Then there exists an adjunc-

tion between the functors IndGH and ResGH . In terms of maps between

group representations, one has the isomorphism

HomG(Ind
G
H(λ), µ)

∼= HomH(λ,Res
G
H(µ)). (4.9)

For a proof of Frobenius reciprocity, see for example [Kna96].

In practical terms the reciprocity is useful when one wants to de-

compose a representation obtained using one of the two functors
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into irreducible representations. For example, if λ is a representa-

tion of H and one wishes to decompose α = IndGH(λ) in terms of

irreducible representations of G, then by definition the multiplicity

of an irreducible representation ν in α is given by |HomG(α, ν)| =

|HomG(ν, α)|. One can then use the reciprocity to translate the

problem into an equivalent one, in this case finding what irreducible

representations ν of G contain λ once restricted to a representation

of H, and with what multiplicities.

In the following, when it is clear from the context what the

groups are, they may be dropped from the notation of the induction

and restriction functors, which will thus be denoted Ind and Res,

respectively.

4.2.2 spinC structures

A nice property of coadjoint orbits is that they are always spinC,

meaning that one can construct spinor fields compatible with their

metric structure. This is related to the fact that they are Kähler.

Definition 4.2.1. A Kähler Manifold (M, g, J) is a Riemannian

manifold together with an integrable almost-complex structure given

by the operator J : TM → TM , that thus turns M into a complex

manifold. As always, J2 = −1 and the operator J is additionally

taken to be compatible with the Riemannian metric g, in the sense

that

g(JX, JY ) = g(X, Y ), (4.10)

for all vector fields X, Y .
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Associated to any Kähler manifold is a closed, nondegenerate

2-form Ω defined by

Ω(X, Y ) := g(X, JY ), (4.11)

which thus turns M into a symplectic manifold as well.

An important fact about the geometry of coadjoint orbits that

will be used extensively later on is the following.

Proposition 4.2.2. Coadjoint orbits are Kähler manifolds.

Proof. If C is a coadjoint orbit of the Lie algebra g, it has a natural

Riemannian structure obtained by restricting the inner product on

g∗ induced by the Killing form. A well known fact from the theory

is that C also comes with a natural symplectic form compatible

with the Riemannian metric, known as the Kirillov-Kostant-Souriau

form. These guarantee C is a Kähler manifold. For more details see

[Kir04].

Recall now the definition of the group spinC(n). There are two

common ways in which it is defined[ABS64]. The first one uses the

theory of complex Clifford algebras to realise it as a subgroup of the

Clifford group. This is the original motivation for the group, that

can be seen as a complex version of the usual spin(n) group.

A more direct definition consists of defining spinC(n) as the quo-

tient group

SpinC(n) := (spin(n)× U(1)) /Z2, (4.12)

using the identification (In, 1) ∼ (−In,−1).
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As a consequence of the first definition, one can use the algebra

representations of Cl(n) to restrict to a spinC(n) group representa-

tion. This gives a representation of spinC(n) of complex dimension

2⌊
n
2
⌋, the same dimension as the real dimension of the irreducible

spin group representations. It will be termed the complex spinor

representation. Such spinors are commonly known Dirac spinors.

It is evident from the second definition that, much like the group

spin(n) is the double cover of the group SO(n) via a covering map

ξ : spin(n) → SO(n), the group spinC is the double cover of the

group SO(n)× U(1) via the map

λ : spinC(n) → SO(n)× U(1)

[m,α] 7→ (ξ(m), α2).

(4.13)

When discussing complex spinors on a Riemannian manifold of di-

mension n, the group spinC(n) takes up a role similar to the one the

group spin(n) takes up in the case of (real) spinors. This relies on the

definition of a spinC-structure. Let M be an oriented Riemannian

manifold of dimension n, and let F be the principal SO(n)-bundle

consisting of the set of frames at each point that are orthogonal with

respect to the metric (and compatible with the orientation). This

bundle is commonly known as the (oriented) orthonormal frame

bundle. Then a spinC structure is defined as follows.

Definition 4.2.2. A spinC structure over a Riemannian manifold

M is a principal spinC(n)-bundle P overM together with a principal

U(1)-bundle Q, also overM , and a bundle map Λ : P → F ×Q that

over each point x of M agrees with the covering group map λ. It
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is thus a double-covering map, and it is assumed to be compatible

with the right-group actions, meaning that the diagram

P P

F ×Q F ×Q

×spinC(n)

Λ Λ

×(SO(n)×U(1))

commutes.

While the existence of a spinC-structure on a manifold M is a

weaker condition than the existence of a spin-structure, the defi-

nition is still quite restrictive. Not all manifolds possess a spinC-

structure; a manifold that does is said to be spinC.

Example 7. Any spin-manifold is automatically spinC. To see this

consider a spin-manifold M . Then any spin-structure P can be

canonically extended to a spinC-structure by taking the trivial U(1)-

bundle Q onM and forming the fibre-product bundle P̃ := P×Z2Q.

Example 8. Any almost-complex orientable Riemannian manifold

M is spinC. This is because the existence of an almost-complex

structure automatically guarantees the vanishing of the Dixmier-

Douady class. If J is an almost complex structure compatible with

the metric structure of M , one can associate a spinC structure to it

as follows. The existence of J allows one to reduce the orthogonal

frame bundle F to the principal U(n)-bundle of frames compatible

with J . Using the determinant map det : U(n) → U(1), one ob-

tains a principal U(1)-bundle Q. Choosing this bundle to define

the spinC-structure, the resulting bundle is known as the canonical

spinC structure. Note that the complex line bundle over M that

is associated to Q is the (complex) determinant line bundle overM .
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Explicitly, the spinC-structure is defined locally using the repre-

sentation map of U(n). The vanishing of the Dixmier-Douady class

precisely guarantees that this bundle globalises.

If one were to use the inverse determinant map det−1 : U(n) →

U(1) to construct a spinC-structure as above, one would obtain the

anti-canonical spinC-structure.

Kähler manifolds are by construction almost-complex manifolds.

Thus, as a consequence of Proposition 4.2.2 all coadjoint orbits are

spinC-manifolds. In particular, the canonical spinC-structure con-

struction of Example 8 will be extremely important in the following

sections.

From the comments above about the representation theory of the

group spinC(n), there is for a fixed spinC-structure a representation

of complex spinors obtained from the irreducible representation of

the Clifford algebra in which spinC sits. The vector bundle associ-

ated to the spinC-structure using this representation will be denoted

the bundle of complex spinors on the manifold. In the case of even-

dimensional manifolds, which includes the case of Kähler manifolds,

such a bundle can be decomposed into two subbundles, correspond-

ing to complex spinor bundles of definite chirality, also known as

bundles of half-spinors, or Weyl spinors. One thus has a direct sum

S = S+ ⊕ S−. A chirality operator Γ is then defined to be equal to

+1 when acting on the subbundle of right-handed spinors, S+, and

to −1 when acting on the bundle of left-handed spinors, S−.

Recall that in the case of a Riemannian manifold with a spin-

structure, the Levi-Civita connection∇ can be lifted to a connection
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on the spinor bundle. Let ω denote the connection form of the Levi-

Civita connection, so that for vector fields X, Y one has

∇X(Y ) = X(Y ) + ω(X) · Y, (4.14)

whereX(Y ) is defined locally in a coordinate basis using the component-

wise derivative, taken with respect to the vector field X = X i∂i.

Then the Levi-Civita connection ∇̃ on some spinor bundle S is de-

fined in such a way that for any vector field X and spinor field Ψ

one has

∇̃X(Ψ) = X(Ψ) +
1

2
ω̃(X) ·Ψ, (4.15)

where X(Ψ) is again defined in terms of the component-wise vec-

tor derivative. Note that 1
2
ω̃ := A ◦ ω is the the composition

of the connection form with the usual Lie algebra isomorphism

A : so(n)
∼=−→ spin(n), and so uses the Clifford algebra action by

γ-matrices.

A connection on a bundle of complex spinors can be defined as a

similar lift, only this time one needs an extra ingredient in the form

of a connection σ defined on the principal U(1)-bundle Q used to

define the spinC-structure. Fix such a connection. Then lifting one

gets

∇̄X(Ψ) := X(Ψ) +
1

2
ω(X) ·Ψ+

1

2
σ(X) ·Ψ (4.16)

Let ei be an orthonormal frame field, potentially only locally defined.

Then the Dirac operator is defined as

D = γi∇̄i (4.17)
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The definition in fact combines to a global differential operator. Let

Σ be the curvature form associated with the U(1) connection σ.

Using this notation, the Dirac operator D satisfies a Lichnerowicz-

type relation.

Theorem 4.2.2. Lichnerowicz Theorem (spinC case)

D2 = ∆+
1

4
R +

i

2
Σ, (4.18)

where R is the scalar curvature of the Levi-Civita connection ∇, and

the 2-form Σ acts on spinors via Clifford multiplication.

Proof. See [Fri00].

Let M be a Kähler manifold of real dimension n = 2k. Fix its

canonical spinC-structure and consider its (full) bundle of complex

spinors S. Using the Clifford action one can represent the Kähler

form Ω as a linear operator on the bundle S. One can show that

the spinor bundle decomposes[Fri00] as S =
⊕k

p=0 Sp, where Sp is

the subbundle of spinor fields Ψ that satisfy

Ω ·Ψ = i(k − 2p)Ψ. (4.19)

Using the representation of Cl(2k) in terms of differential forms,

it additionally follows that Sp ∼= Λ0,p ⊗ Sk, where Λ0,p(M) is the

bundle of anti-holomorphic p-forms on M . For the canonical spinC-

structure only Sk is isomorphic to the trivial complex line bundle.
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This makes it possible to identify

S ∼=
k⊕

p=0

Λ0,p(M), (4.20)

at least at the level of vector bundles. Moreover, the Dirac operator

(4.17) can also be represented in the language of differential forms.

Let ∂ be the holomorphic exterior differential and δ the respective

codifferential on the bundle of differential forms on M . The Dirac

operator D is now identified with the operator ∂ + δ, in the sense

that the diagram

S
∑

i Λ
0,i

S
∑

i Λ
0,i

∼=

D ∂+δ

∼=

commutes. The operator ∂ + δ is commonly known as the Dirac-

Dolbeault operator. In addition, wheneverM is also a homogeneous

space, the decomposition above respects the group action.

Recall that a spinC-structure, when it exists, is fixed by a choice

of principal U(1)-bundle Q0, which it covers as in definition 4.2.2. It

is possible to change from one spinC-structure to another by taking

the tensor product of the bundle with another principal U(1) bun-

dle Q. This statement can be translated to the language of vector

bundles by using the bundle of complex spinors. Thus, given such

a bundle S0 associated to a spinC-structure, a bundle of complex

spinors SQ associated with another spinC-structure may be obtained

by taking the tensor product

SQ = S0 ⊗ LQ, (4.21)
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where LQ is the natural complex line-bundle associated with the

U(1) bundle Q. The new spinC-structure is precisely the one ob-

tained by taking the product of the original one with Q. This point

of view will be especially useful in later sections, where all spinC-

structures of CP (2) will be obtained by twisting the complex spinor

bundle of the canonical spinC-structure.

4.3 The Geometry of CP2

It is now time to develop the geometry of CP (2) using the group

theoretic machinery developed earlier in the section.

In general the complex projective space CP (n) is realisable as

the symmetric space CP (n) ∼= U(n + 1)/ (U(n)× U(1)) ∼= SU(n +

1)/S (U(n)× U(1)). For the purposes of this investigation it is also

important that it is a coadjoint orbit.

Proposition 4.3.1. The space CP (n) is a coadjoint orbit of the Lie

group SU(n+ 1).

Proof. Let G = SU(n+1) with Lie algebra g. By Proposition 4.2.1,

it is enough to find a linear form µ ∈ g∗ whose stabiliser subgroup is

isomorphic to K = S(U(n)×U(1)). In fact, a weight with this prop-

erty can easily be found. Choose a Cartan subalgebra h together

with a root system ∆, and work with the lattice of integral weights

in h∗. Let r be the rank of the Lie group, which in the case of

SU(n+1) is r = n. As always, dominant integral weights are of the

form (p1, p2, . . . pr) with pi ∈ Z≥0. In particular, note that the weight

µ = (p, 0, 0, . . . , 0), with p ̸= 0, is orthogonal to r simple roots. Con-
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sequently it is also orthogonal to all roots obtained as sums of these

roots. Root vectors associated to this set of roots, together with

an appropriate r-dimensional subspace of h, generate a Lie subal-

gebra isomorophic to su(n), since the only set of roots not included

in this set contain multiples of ±α1. The remaining 1−dimensional

subspace of h naturally generates a U(1) subgroup. Thus, once re-

stricting to the compact real form of the stabiliser subalgebra one

finds the stabiliser subgroup Stab(µ) = S (U(n)× U(1)). A similar

result is obtained using the integral weight µ = (0, 0, . . . , 0, p).

4.3.1 CP2 Geometry from Representation The-

ory

From now on the discussion will focus on the case of CP (2). Fix

G = SU(3), K = S(U(2)×U(1)), and consider a Cartan-Weyl basis

of the Lie algebra g of G. Since one is dealing with a rank two

group, it has two simple roots, α and β, and two elements Hα and

Hβ identified as the basis of the chosen Cartan subalgebra. The

associated Lie algebra elements X±α, X±β are labelled by the roots

that correspond to their behaviour under the adjoint action of Hα

and Hβ. Specialising further to the Chevalley basis, this action is

specified by the Cartan matrix of A2:

A =




2 −1

−1 2


 . (4.22)
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As a consequence of this choice of basis, the triple {X±α, Hα} closes

as a copy of SU(2), and satisfies the relations

[Hα, X±α] = ±2Xα, (4.23)

and

[Xα, X−α] = Hα. (4.24)

Identical relations hold for the triple {X±β, Hβ}. Using again the

Cartan matrix one also has

[Hα, Xβ] = −Xβ

[Hβ, Xα] = −Xα.

(4.25)

There are also two more Lie algebra elements {X±(α+β)} whose be-

haviour under the action of the Cartan subalgebra is given by the

roots ±(α + β). They are derived from the simple roots via the

relations

[Xα, Xβ] =Xα+β

[X−α, X−β] =−X−(α+β).

(4.26)

All other relations are derivable from the above relations together

with the Jacobi identity.

The negative of the Killing form B can be used to find the metric

on the space of weights. Its restriction to the Cartan subalgebra in
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α−α

β

−β

α+ β

−(α+ β)

ω1

ω2

Figure 4.2: Elements in the weight lattice of SU(3). The fundamen-
tal weights ωi span the weight lattice, of which only those elements in
the positive Weyl chamber are indicated. The root system spanned
by the simple roots α and β is also present in the diagram.

the basis {Hα, Hβ} is

B|LT = 6 ·




2 −1

−1 2


 . (4.27)

Unsurprisingly, the Killing form is proportional to the symmetrised

Cartan matrix. In fact, the factor of 6 is precisely the second Dynkin

index of the adjoint representation[FS03]. The above basis thus

provides a metric on h∗ given by the quadratic form matrix

G =
1

3



2 1

1 2


 , (4.28)

written out in terms of a basis {ω1, ω2} of fundamental weights. See

figure 4.2 for the resulting weight lattice configuration that will be

used throughout.

Using this metric one has the following
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Proposition 4.3.2. The Quadratic Casimir C(p, q) of SU(3) evalu-

ated on the irreducible representation space labelled by (p, q) is given

by

C(p, q) =
2

3

(
p2 + q2 + pq + 3p+ 3q

)
. (4.29)

Proof. It is well known[Kna96] that the quadratic Casimir for the

irreducible representation λ takes the form

C(λ) = (ρ+ λ, ρ+ λ)− (ρ, ρ), (4.30)

where ρ is the Weyl vector. In the case where G = SU(3), and where

the Dynkin labels are obtained using the Chevalley basis above, one

has ρ = (1, 1), and the inner product on the space of weights is fixed

by the Euclidean metric given in Equation 4.28. Evaluating the

Casimir element using λ = (p, q) then gives the desired result.

When dealing with calculations, it will be convenient to fix the

matrix form of Hα and Hβ in some Chevalley basis. These will be

chosen as

Hα =




i

−i

0



, Hβ =




0

i

−i



. (4.31)

From here on, the construction of CP(2) as a coadjoint orbit will

be obtained by choosing a weight µ = kω2 where k ∈ R≥0 The

compact real form of the stabiliser group K is generated by the real
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Lie subalgebra

K = spanR({iHα, iHβ, Xα −X−α, i(Xα +Xα)}), (4.32)

so that K = expK. In fact, K ∼= (U(1)×SU(2))/Z2, as any element

A ∈ K can be written as a matrix

A =



h · λ

λ−2


 (4.33)

where λ ∈ U(1) and h ∈ SU(2). Restricting to the upper left-hand

block of A one obtains the matrix M = h · λ ∈ U(2), and this

process in fact provides an isomorphism K ∼= U(2) with the obvious

inverse. This mapping has the benefit of identifying the Cartan

subalgebras of the respective Lie algebras. To take the U(2) as a

start, note that the λ term corresponds to the U(1) factor, the global

phase factor generated by the Lie algebra element T1 =



i 0

0 −i


.

Together with the generator T2 =



i 0

0 i


 one has a basis for the

Cartan subalgebra. The matrices T1 and T2 are mapped by the

isomorphism to the K elements

X =




i

−i

0



, (4.34)
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and

Y =




i

i

−2i



, (4.35)

respectively, which themselves form a basis for a Cartan subalgebra

of K. It will be convenient to use this basis to define the repre-

sentation labels of K. The label (n, ϕ) will thus correspond to the

highest weight of irreducible representation K defined on the Lie

algebra via X · v = nv and Y · v = ϕv. Note that n is constrained

to be a nonnegative integer, while ϕ can be any real number. When

performing restriction from G to K, or the induction in the other

way, it is important to know how the Cartan subalgebras and their

chosen bases are related. Evidently X = Hα while Y = Hα + 2Hβ.

This means that, formally, a vector in aK-module with weight (a, b)

with respect to Cartan basis (X, Y ) has weight
(
a, 1

2
(b− a)

)
with

respect to the Cartan basis (Hα, Hβ). It is with respect to the latter

basis that restriction and induction can be carried.

The tangent space of CP (2) at the basepoint o = [e] can be

identified with the subspace of g complement to K with respect to

B. In the picture of CP (2) as a (co-)adjoint orbit of SU(3), this

subspace can be used as a model for local coordinates of CP (2).

Consider explicitly the subspace

m :=

{



z1

z2

−z1 −z2




: z1, z2 ∈ C

}
(4.36)
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of g. Evidently, one has the decomposition g = k⊕m. The adjoint

action of X and Y on a generic Z ∈ m becomes

[X,Z] =




iz1

−iz2
−iz1 −−iz2



. (4.37)

and

[Y, Z] =




3iz1

3iz2

−3iz1 −3iz2




(4.38)

Using z⃗ = (z1, z2) as complex coordinates, one sees that the

adjoint action is equivalent to the U(2) action on C2 with highest

weight (1, 3). By the isomorphism above used to identify U(2) and

K, this is also the highest weight of the adjoint action of K on

m. Converting to the basis compatible with the weights of g, one

obtains the highest weight (1, 1). This is the isotropy representation

of K acting on the tangent space at the point o. Hence, the tangent

bundle of CP (2) is constructed as the associated vector bundle

TCP (2) ∼= G×(1,1) C2. (4.39)

Note that this makes use of CP (2) as a complex manifold of dimen-

sion two.

In a similar vein other important bundles over CP (2) can be

characterised. Firstly note that the dual of the irreducible repre-

sentation (a, b) of K is isomorphic to the irreducible representation
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(a,−b). Hence, the space of one-forms at o transform under K as

the irreducible representation (1,−1). This allows one to identify

the bundle of (holomorphic) one forms on CP (2) as

T ∗CP (2) ∼= G×(1,−1) C2. (4.40)

To evaluate tensor products of representations of K, use the

original Cartan subalgebra basis, for which the basis elements are

orthogonal with respect to the restriction of the Killing metric of

SO(4) to K ⊂ SO(4). The embedding is of course given by the ad-

joint action on m viewed as a real space, and so respects the orthogo-

nal decomposition of vectors with respect to the Fubini-Study metric

on CP (2). The tensor product decomposition (1,−3) ⊗ (1,−3) ∼=

(0,−6)⊕ (2,−6), allows one to identify the space of holomorphic 2-

forms at o with irreducible representation (0,−6). Converting now

to the representation labels compatible with Hα and Hβ, one gets

the representation label (0,−3). This allows one to identify the

bundle of holomorphic 2−forms on the entirety of CP (2) as

Λ2,0(CP (2)) ∼= G×(0,−3) C. (4.41)

Typically, the bundle of holomorphic differential forms provides

the more common choice in which to describe complex geometry.

But for the purposes of the specific complex spinor geometry of

CP (2) used here, the identification provided by equation 4.20 mod-

els the canonical bundle of complex spinors in terms of the bundle

of anti-holomorphic differential forms. Luckily, since both bundles
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are dual to each other, this relationship carries forward to the as-

sociated bundle construction, so that one simply needs to use the

conjugate representations of K to construct the dual bundles. In

this case one has

Λ0,1(CP (2)) ∼= G×(1,1) C,

Λ0,2(CP (2)) ∼= G×(0,3) C,
(4.42)

and it is these representations that need now to be decomposed into

irreducible SU(3) representations.

4.3.2 Decomposition of Homogeneous Bundles

over CP2

As in the previous sections, let G = SU(3) and K = S(U(2)×U(1)),

so that CP (2) ∼= G/K. With the geometric structures of CP (2)

fixed in terms of the group structure of G, the next task is to de-

termine for the required G-equivariant vector bundles E → CP (2)

how the Hilbert space H = L2(E) of square integrable sections

decomposes into irreducible representations of G. As always, this

decomposition into irreducible will form a dense subspace whose

completion is L2(E) itself. The obvious starting point is to deter-

mine the decomposition of the function space L2(CP (2)).

Theorem 4.3.1. The space of square integrable functions on CP (2),

with the group SU(3) acting on it via the right-regular representa-



4.3. THE GEOMETRY OF CP2 101

tion, decomposes as

L2(CP (2)) =
∞⊕

j=0

(j, j). (4.43)

Proof. By Frobenius reciprocity it is enough to consider the mul-

tiplicity of the trivial irreducible representation (0, 0) of K in the

restriction of the representation (p, q) of G to K. Choosing the set

{Hα, Hβ, X±α} to generate k, the restriction of (p, q) to representa-

tions of K in terms of the conventional picture allows one to read off

the K representations as the horizontal lines that are a part of the

weight diagram of (p, q). The multiplicity of weight (0, 0) is directly

obtained from the Kostant partition function, giving

mult(0, 0) = min(p, q) + 1, (4.44)

which can be understood by subtracting from (p, q) the root αi cor-

responding to the larger Dynkin label Λi until one reaches line in the

positive Weyl chamber spanned by α3 at the point (r, r), where now

r = min(p, q), i.e. the other Dynkin label. Since α3 = α1 + α2 =

(1, 1), the number of ways to algebraically write down the path from

this point to the origin consists of associating to each of the r seg-

ments either α3 or α1 +α2 in an unordered fashion. This number is

clearly r + 1.

The multiplicity m(0,0) of (0, 0) as a representation, though, de-

pends on the number of times the weight (0, 0) appears in the di-

agram that that do not belong to any other root strings. This is

simply a question of finding on the one hand how far along the hor-
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izontal axis lies the outermost weight of the representation (p, q)

(when it exists), and on the other hand how deep along the hori-

zontal axis from this extremal weight one reaches maximum mul-

tiplicity, which by the Kostant multiplicity formula is always given

by the value on the right-hand side of equation (4.44). Purely ge-

ometric calculations give the depth along the horizontal axis to be

max
(
2p+q
3
, p+2q

3

)
, which is always greater than or equal to the max-

imal multiplicity. It also restricts to cases where p ≡ q (mod 3).

Thus, the only instance when a weight (0, 0) does not belong to a

nontrivial horizontal root string is when p = q = j for some nonneg-

ative integer j. In all such cases the multiplicity is one. In summary

one has

m(0,0) =





1 if (p, q) = (j, j);

0 otherwise.

This then also gives the multiplicity of (p, q) in L2(CP (2)).

In the previous section, the tangent bundle and the bundles of

anti-holomorphic differential forms over CP (2) were expressed in

equations (4.39) and (4.42) as vector bundles associated to the prin-

cipal K-bundle G→ CP (2) ∼= G/K. In fact, all G-equivariant vec-

tor bundles over CP (2) can be viewed (up to isomorphism) as such

associated vector bundles. This stems from the following general

fact. Let X be a homogeneous space of the group H, with stabiliser

subgroup L ⊂ H so that X ∼= H/L. Given any (H-equivariant)

vector bundle E → H/L, fix a point o ∈ X. The left-action of

the stabiliser subgroup L must then map the fibre Eo of E over o

linearly into itself, fixing the fibre as a representation space of L un-
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der some representation µ over the carrier space Eo. One can then

show that necessarily E ∼= G ×µ Vo as H-bundles over X; see for

example Chapter 5 of [Wal18]. This guarantees that all H-bundles

are equivalent up to isomorphism to vector bundles associated to

the principal L-bundle H → X. Now, fix a unitary irreducible rep-

resentation (µ, Vµ) of L. The function space of the H-equivariant

vector bundle Eµ := G×µ Vµ inherits an H-action, through the ob-

vious regular representation. In fact, by the very definition of the

induction functor, one has the isomorphism of H-representations

L2(Eµ) ∼= Ind(µ). (4.45)

Thus, in therms of the groups relevant to CP (2), the follow-

ing proposition concerning the decomposition of induced represen-

tations from K to G in terms of irreducible representations of G is

paramount.

Proposition 4.3.3. Let µ be the highest weight of the irreducible

representation Vµ of K.

1. If µ = (m,n), where 0 ≤ m,n, then

Ind
SU(3)
K (m,n) ∼=

m⊕

k=0

[ ∞⊕

j=0

(j +m− k, j + n+ 2k)
]
. (4.46)

2. If µ = (m,−n), where 0 ≤ m ≤ n, then

Ind
SU(3)
K (m,−n) ∼=

m⊕

k=0

[ ∞⊕

j=0

(j+n−m+2k, j+m−k)
]
. (4.47)
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3. If µ = (m,−n) where 0 ≤ n ≤ m then

Ind
SU(3)
K (m,−n) ∼=

m−n⊕

k=0

[ ∞⊕

j=0

(j +m− n− k, j + n+ 2k)
]

⊕
n⊕

k=1

[ ∞⊕

j=0

(j +m− n+ 2k, j + n− k)
]

(4.48)

Proof. The proof relies on the use of the Frobenius reciprocity in a

manner similar to that used in Theorem 4.3.1.

1. The basic case is when 0 ≤ m,n. One is now looking for

weight diagrams of irreducible representations (p, q) of SU(3) con-

taining a horizontal root string that goes from weight (m,n) to

weight (−m,m + n) using the negative root −α = (−2, 1). Since

the multiplicity of the weight (m,n) is less than or equal to weights

contained in the string, to count the number of times the representa-

tion (m,n) of K appears it is enough to determine how many copies

of the weight λ = (m,n) do not contribute to larger horizontal root

strings. As (m,n) is no longer restricted to be at the apex of the

positive Weyl chamber, there are a few more cases that need to be

covered, but this can be done simply using an inductive argument.

It is necessary that (p, q) be a weight higher than λ, namely, that

it can be expanded as (p, q) = (m,n)+sα+tβ for some nonnegative

integers s, t, and moreover one requires p − q ≡ m − n (mod 3) to

guarantee that the weights are connected by roots. Now consider the

boundary of the allowable region where this holds. The irreducible

representation labelled by highest weight (p, q) = (m,n) itself con-

tains the desired root string, with multiplicity one that obviously
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does not contribute to any larger root string. Taking the irreducible

representation (p, q) = (m,n) + α = (m + 2, n − 1), one sees that

(m,n) is still a boundary weight with multiplicity one, but now it be-

longs to the horizontal root string that starts at (p, q), so the multi-

plicity of the irreducible representation is now zero. The situation is

the same further on, when considering (p, q) = (m,n)+sα for larger

values of s, until one hits the axis spanned by ω1 at σ = (m+2n, 0).

Going further along this axis, the multiplicity of all weights remains

one, so unless one started on this axis (i.e. unless n=0), the multi-

plicity of the irreducible representation (m,n) is always zero here.

Next, the irreducible representation (p, q) = (m,n) + β also has

(m,n) as a weight on the boundary of the diagram, but without a

larger root string containing it. This continues further on along the

line (p, q) = (m,n)+ tβ, and so (m,n) exists as an irreducible repre-

sentation of K along this entire line until one hits the ω2 (vertical)

axis at τ = (0,m+ 2n). Finally, continuing along the vertical axis,

the weight (m,n) still has multiplicity one, but it is no longer on the

boundary of the weight diagram and so it is taken up by a larger

horizontal root string.

To complete all cases, it can be noted that whatever multiplic-

ity the irreducible representation (m,n) of K has when restricting

(p, q), the same multiplicity exists when restricting the irreducible

representation (p, q) + α + β = (p + 1, q + 1). This is because, on

the one hand, the multiplicity of (m,n) as a weight has increased by

one, but on the other hand, the new weight diagram is geometrically

similar to the original one, having been extended by one additional
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τ

σλ
α

β

I II

Figure 4.3: The regions contributing to the multiplicities in all
cases, with the coordinates of λ depending on the case being consid-
ered. (1) Only region I contributes. (2) Only region II contributes.
(3) Both regions contribute.

layer of weights at the boundary. So there is simultaneously a single

extra (m,n) weight and a larger root string containing it, result-

ing in the same overall multiplicity of the irreducible representation

(m,n). Now, all allowable irreducible representations (p, q) can be

written as (p0, q0) + k(1, 1) for (p0, q0) on the boundary of the re-

gion, and nonnegative integer k. This determines the multiplicities

completely.

m(m,n) =





1 if (p, q) = (m− k + j, n+ 2k + j) for 0 ≤ k ≤ m and 0 ≤ j;

0 otherwise.

2. The case of irreducible representation (m,−n) when 0 ≤ m ≤

n can be solved in a manner nearly identical to the first case. This
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time, the weight (m,n) is in the fifth Weyl chamber anticlockwise

starting from the positive Weyl chamber. Given that the weight

diagram of any irreducible representation (p, q) is invariant under

Weyl reflection, one can use the unique reflection that maps (m,−n)

to the positive Weyl chamber to solve the equivalent multiplicity

problem that gives the same answer. This particular reflection maps

the weight to the positive weight λ = (n − m,m). It also maps

the root α to the root β. So the solution is obtained by taking

the solution in the first case with weight (n−m,m) and swapping

α ↔ β. Explicitly one has

m(m,−n) =





1 if (p, q) = (n−m+ 2k + j,m− k + j) for 0 ≤ k ≤ m and 0 ≤ j;

0 otherwise.

3. In the final case of irreducible representation (m,−n) where

0 ≤ n ≤ m, the weight is now in the sixth Weyl chamber that

neighbours the positive one. The relevant Weyl reflection maps this

weight to the positive weight λ = (m− n, n), and the root α to the

root α+β. This time both the line segment from λ to τ = (0, 2m−n)

and the line segment from λ to σ = (2m−n) contribute multiplicity

one. Thus, one obtain

m(m,−n)





1 if (p, q) = (m− n+ 2k + j, n− k + j) for integers 0 ≤ k ≤ m and 0 ≤ j;

1 if (p, q) = (m− n− k + j, n+ 2k + j) for integers 0 ≤ k ≤ m and 0 ≤ j;

0 otherwise.
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Using Proposition 4.3.3 on the bundles introduces at the end of

the last section one has the following decompositions.

Corollary 4.3.1. Let Λ0,1(CP (2)) and Λ0,2(CP (2)) be the bundles

of anti-holomorphic 1-forms and 2-forms, respectively. Then the

spaces of their square integrable sections decompose as irreducible

representations of SU(3) as

L2(Λ0,1(CP (2)) ∼=
∞⊕

j=0

[(j + 1, j + 1)⊕ (j, j + 3)] (4.49)

L2(Λ0,2(CP (2)) ∼=
∞⊕

j=0

(j, j + 3) (4.50)

Proof. This is a straightforward application of Proposition 4.3.3 to

Ind
SU(3)
K (1, 1) and Ind

SU(3)
K (0, 3).

4.3.3 Dirac Operator and Spectrum

It is now possible to characterise the canonical spinor bundle over

CP (2) and calculate the spectrum of the Dirac operator. At the end

of section 4.2.2 it was explained how the fundamental spinor bundle

S = S+⊕S− obtained from the canonical spinC-structure on CP (2)

is isomorphic to the bundle of holomorphic differential forms. Thus

one has the following.

Lemma 4.3.1. The fundamental spinor bundle on CP (2) decom-
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poses in terms of SU(3) representations as

L2(S+) ∼=
∞⊕

j=0

[(j, j)⊕ (j, j + 3)] , (4.51)

L2(S−) ∼=
∞⊕

j=0

[(j + 1, j + 1)⊕ (j, j + 3)] . (4.52)

Proof. Since CP (2) is Kähler, the end of section 4.2.2 implies that

upon choosing the canonical spinC-structure one has

S+ ∼=
1∑

j=0

Λ0,2j,

and

S− ∼= Λ0,1.

The lemma now follows directly from theorem 4.3.1, together with

equations 4.49, and 4.50.

With the spinor bundle S completely decomposed into irreducible

representations of SU(3), the spectrum of the Dirac operator can be

calculated using the fact that the Dirac operator is equivalent to the

(Dirac)-Dolbeault operator.

Theorem 4.3.2. The nonzero part of the spectrum of the Dirac

operator D on the canonical spinor bundle S is given by the two

sequences

1. ±λr = ±
√

(r + 1)(r + 3), r = 0, 1, 2, 3 . . ..

The eigenvalues ±λr have multiplicity (r + 2)3.

2. ±ρr = ±
√

(r + 2)(r + 3), r = 0, 1, 2, 3 . . ..

The eigenvalues ±ρr have multiplicity 1
2
(r+1)(r+4)(2r+5).



110 CHAPTER 4. COMMUTATIVE CONSTRUCTIONS

Finally, the Dirac operator has one zero mode, giving an index

Index(D) = 1.

Proof. Recall that the Lie algebra elements {X±β, X±(α+β)} span

the tangent space to the basepoint o = [e]. The push-forward of

this basis using the group action of SU(3) forms a local frame field

that is orthogonal with respect to the metric. Denote these vector

fields by the the same symbol as the Lie algebra element, and using

the identification above decompose S in terms of the bundles of

anti-holomorphic differential forms as S ∼= Λ0,2⊕Λ0,0⊕Λ0,1. Let Z̃

denote the one-form dual to the vector field Z, and fix the ordered

basis of S to be
(
X̃β ∧ X̃α+β, 1, X̃β, X̃α+β

)
. Converting the Dirac

operator to the equivalent representations in terms of differential

forms, it can be now identified with the Dirac-Dolbeault operator,

and in the basis above it takes the form

D =




0 0 Xα+β Xβ

0 0 −X−β X−(α+β)

X−(α+β) −Xβ 0 0

X−β Xα+β 0 0



, (4.53)

where the vector fields act by differentiation. This is simply the ex-

pression of the action of the (co-)differential operators on the space

of differential forms. The definition agrees up to a factor of
√
2 with

the Dirac operator in [GS99]. One now finds that

D2 =
1

2
∆CP (2) −

1

2
Hα −Hβ, (4.54)
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where the connection Laplacian is expressed in terms of the left-

invariant vector fields as

∆CP (2) = (XβX−β +X−βXβ +Xα+βX−(α+β) +X−(α+β)Xα+β) · I4.

(4.55)

Note that the left-invariant vector fields Hα and Hβ vanish when

acting by differentiation on sections of the spinor bundles. This

follows from the interpretation of the induced representations as

vector-valued functions on the group G that are right-invariant un-

der the stabiliser subgroup K. Thus, the square of the Dirac op-

erator is equal in this case and normalisation to half of the Lapla-

cian, which is well known[IT78]. It also agrees with the quadratic

Casimir, whose value on each irreducible representation was given

in (4.29). Thus using lemma 4.3.1 one immediately writes down the

spectrum. The multiplicity of each value is the dimension of the

irreducible representation that corresponds to it.

It is in fact straightforward to calculate the spectrum of the Dirac

operator for other spinC-structures on CP (2). Firstly, recall that

the remaining spinC-structures on CP (2) are obtained by twisting

by the different principal U(1)-bundles. In terms of the complex

spinor bundle, this is achieved by twisting by the associated complex

line bundles. These are parameterised uniquely on CP (2) by their

integer Chern number m, and so the resulting spinC-structures may

be labelled by m as well. Denote the bundle of complex spinors

associated to this spinC-structure by Sm. It is first necessary to

decompose these bundles into irreducible representations of SU(3).
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Proposition 4.3.4. The spinor bundle Sm = S+
m ⊕ S−

m over CP (2)

decomposes in terms of irreduicble representations of SU(3) as

S+
m :=

(
S−
m

)
1
⊕

(
S+
m

)
2
= Ind(0,m)⊕ Ind(0,m+ 3)

S−
m = Ind(1, 1 +m)

(4.56)

Proof. A line bundle over CP (2) whose Chern number is given bym

transforms locally under the isotropy representation of K labelled

by (0,m). This representation is thus tensored with the isotropy

representation of the complex spinor bundle associated with the

canonical spinC structure to give Sm. Note that for K one has

(a, b)⊗ (0,m) ∼= (a, b+m). Thus locally one finds

S+
m

∣∣
o
∼= (0,m)⊕ (0,m+ 3)

S+
m

∣∣
o
∼= (1, 1 +m),

(4.57)

and constructing global bundles using the induction functor gives

the desired expression.

Note that when m = 0 one indeed gets the canonical spinC-

structure.

Corollary 4.3.2. Let Sm be the complex spinor bundle associated

with the m-th spinC structure on CP (2). Then the spectrum of its

Dirac operator is given, in terms of the series of Theorem 4.3.2, by

the two sequences

1. ±λmr = ±
√
r(r + 2) + |m|(r + 1)−m, r = 0, 1, 2, 3 . . ..

The eigenvalues ±λr have multiplicity 1
2
(r+2)(r+|m|+2)(2r+

|m|+ 4).
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2. ±ρmr = ±
√
r(r + 2) + |m+ 3|(r + 1) +m+ 3, r = 0, 1, 2, 3 . . ..

The eigenvalues ±ρr have multiplicity 1
2
(r + 1)(r + |m + 3| +

1)(2r + |m+ 3|+ 2).

The Dirac operator has index Index(D) = (m+1)(m+2)
2

.

Proof. The sections of Sm are obtained from the sections of S by a

twisting by the line bundle whose isotropy representation under K

is given by (0,m). Now the left-invariant vector fields of K, which

vanished in 4.3.2, transform under this irreducible representation.

Let CK contain the terms in the quadratic Casimir C that span

in the subgroup K. In the chosen Chevalley basis, where the Lie

algebra element orthogonal to Hα with respect to the Killing form

is H⊥ := 1√
3
(Hα + 2Hβ), this is given by

CK = XαX−α +X−αXα +
1

2
H2
α +

1

2
H2

⊥. (4.58)

There is a Dirac operator Dm defined on Sm in the canonical way,

namely, by using the connection on the spinor bundle that is ob-

tained via pull-back. In this case, the Dirac operator’s square gives

D2 =
1

2
∆CP (2) −

1

2
Hα −Hβ =

1

2
(C − CK −Hα − 2Hβ) , (4.59)

where now the extra terms do not necessarily vanish. The quadratic

Casimir C acts on the total representation space as a scalar whose

value can be calculated, as before, by decomposing the bundle Sm

into irreducible representations of G and using (4.29). The extra

terms, as mentioned, act on sections of this bundle via the (0,−m)
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irreducible representation of K. Letting v be a vector in this repre-

sentation, that is one dimensional, one gets

[Hα + 2Hβ + CK ] · v =
[
Hα + 2Hβ +

2

3

(
H2
α +HαHβ +H2

β

)]
· v = (2m+

2

3
m2)v. (4.60)

Hence, the square of the Dirac operator for the spinC structure la-

belled by m is given by

D2 =
1

2
C −m− 1

3
m2. (4.61)

Each sequence can now be considered separately. First note from

the different cases of proposition 4.3.3 that (S+
m)1

∼= Ind(0,m) is

constructed from a sequence of irreducible representations (j, j +

m) or (j + m, j), where j is a nonnegative integer, depending on

whether 0 ≤ m or m ≤ 0, respectively. The spectrum of C and the

multiplicities are thus invariant under a change of sign of m, so it

will be enough to consider the case 0 ≤ m and substituting |m| in

those functions. From equation (4.61) one obtains the sequence

±λmr = ±
√
r(r + 2) +m(r + 1)−m, (4.62)

for r = 0, 1, 2, . . .. The multiplicity of ±λmr is given by the dimension

of the irreducible representation (r+1, r+m+1), which gives pre-

cisely the desired multiplicity. Note that the label r has been shifted

by one; there is an additional irreducible representation (0,m) at the

start of the sequence that, only when m is positive, corresponds to
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zero modes of Dm. Now, only the m in the second term inside the

square root needs to be replaced by |m|, since the last one comes

from equation (4.61).

The second sequence corresponds to (S+
m)2

∼= Ind(0,m+3). This

decomposes into irreducible representations of the form (j, j +m+

3) or (j − m − 3, j) depending on whether −3 ≤ m or m ≤ −3,

respectively. As in the previous sequence, consider just the case

−3 ≤ m. This gives a spectrum

±ρmr = ±
√
r(r + 2) + (m+ 3)(r + 1) +m+ 3, (4.63)

for r = 0, 1, 2, . . .. The multiplicity of ±ρmr is given by the dimension

of the irreducible representation (r, r + m + 3). Yet again, only

the (m + 3) factor in the second term needs to be replaced by its

absolute value. Note that this time there is no shift in the variable

r, since whenever −3 ≤ m there are no zero modes in this sequence.

These arise only when m ≤ −3, for the irreducible representation

(−m−3, 0). This has dimension equal to (m+1)(m+2)
2

, which is exactly

the same polynomial in m as before. Thus, whatever the value of

m is, the dimension of the space contributing to the zero modes of

Dm is given by this same amount. The bundle S−
m, meanwhile, has

no zero modes and this determines the index completely.
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4.A Review of Lie Algebra Theoretic Def-

initions

In this section, the basic terms of Lie algebra representation theory

will be briskly reviewed. This shall be done more so to make sure

that the definition are fixed than to explain the basics of the the-

ory. Such expositions are plentiful; see, for example, [BR86; FS03;

Kna96].

The Lie algebras considered throughout will almost always be

semisimple, if not entirely simple. They will be defined over R. Let

g be a semisimple Lie algebra. Fix a Cartan subalgebra h, namely,

a maximal abelian subalgebra h ⊆ g. The rank r of the Lie algebra

g is defined as the dimension of its Cartan subalgebras, which is

unique since all such choices of Cartan subalgebra are isomorphic.

The action of the Lie algebra on itself using the Lie bracket is

known is as the adjoint representation ad : g → End(g). One

can use this adjoint action to define the symmetric bilinear form

B(X, Y ) := Tr [ad(X) ◦ ad(Y )] , (4.64)

for any pair X, Y in g. A well known fact is that in the case of

(semi-)simple Lie algebras, this is a negative-definite inner product,

known as the Killing form.

Using the adjoint representation, one can find a basis for the

complexified Lie algebra gC such that the action of h on the whole Lie

algebra is diagonal. One then has the vector space decomposition
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g ∼= h⊕
⊕

α∈R

C · vα, (4.65)

where vα is the basis vector in g for which the adjoint action of h is

given by the dual vector α : h → C, and R ⊂ h∗ is the set of all such

dual vectors. These are known as roots. For any α ∈ R, one has

−α ∈ R as well. The roots generate a lattice of dimension r in h∗.

Fix a set of positive roots R+ using a hyperplane in h∗ passing

through the origin. The set of positive roots is in general linearly

dependent, and one can find a set ∆ ⊆ R+ of r linearly independent

positive roots that generate all other positive roots and thus the

whole root-lattice. These are known as the simple roots.

A weight w is defined as an irreducible representation w : h →

C. Let ⟨·, ·⟩ be the inner product on h∗ induced by the Killing form.

Using it, one can fix a distinguished set of weights by taking the

basis in h∗ dual to the basis of simple roots. These r weights ωi are

known as the fundamental weights. As is well known, necessary

and sufficient conditions for a general weight w to correspond to an

irreducible representation of g as a whole is that

• The weight is dominant: For all simple roots α one has 0 ≤

⟨α,w⟩.

• The weight is integral: For all fundamental weights ωi one

has ⟨ωi, w⟩ ∈ Z.

Assuming a weight w is dominant and integral, the irreducible rep-

resentation of g can be viewed as the representation of g induced

from the representation w of h. For compact Lie algebras, this
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exhausts the collection of irreducible representations. Such an ir-

reducible representation has the starting w as highest weight, and

will frequently be labelled by its carrier space Vw.

Recall that the weight lattice is invariant under reflections about

the hyperplanes orthogonal to the roots in the root system R. These

reflections generate the Weyl group W , that acts as the group of

outer automorphisms of the Lie algebra. The Weyl reflections serve

to partition the space h∗ into equivalent regions, known as the Weyl

chambers. Given a set of simple roots ∆ as above, there is one Weyl

chamber that contains all the dominant weights. It is known as the

positive Weyl chamber. All integral weights in this chamber

are dominant, and in terms of the basis of fundamental weights are

expressible in as vectors w = (a1, a2, . . . ar), where the components

ai are integers. These integers are known as the Dynkin labels of

the irreducible representation associated to w.

An important element of h∗ that is ubiquitous in representation

theory is the Weyl Vector ρ, which is defined as half the sum of

positive roots. It is not necessarily an integral weight, though for

the special unitary group SU(n) it turns out to be so, with Dynkin

labels given by ρ = (1, 1, 1, . . . 1).

Recall that a simple Lie algebras can be completely reconstructed

from its Cartan matrix Aij. A Lie algebra basis commonly used that
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is based on the Cartan matrix is the Chevalley basis.

[Hj, Hk] = 0

[
Hj, X

±
k

]
= ±AkjX±

k

[
X+
j , X

−
k

]
= δjkHj

(
adX±

j

)1−Akj (
E±
k

)
= 0.

(4.66)

The Racah-Speiser algorithm[FS03] is used to decompose the

tensor product of representations Vλ ⊗ Vµ into irreducible repre-

sentation. It is essentially an expression of the Kostant multiplicity

formula in terms of a linear procedure that can be carried out easily.

Its steps are as follows.

1. Fix either of the two highest weights, say λ. Form the weight

diagram of the representation with highest weight µ, and shift

it by λ in the weight lattice so that it is centred about λ.

2. Shift the whole weight diagram again by the Weyl vector ρ.

3. Taking note of the multiplicities of each weight, use Weyl re-

flections to fold each part of the resulting diagram onto the

fundamental Weyl chamber. Consider a weight ν in the inte-

rior of the fundamental Weyl chamber. If another weight τ

is mapped onto it by the procedure above, then there exists a

Weyl reflection wτ that maps wτ (τ) = ν. take the set S of all

such weights τ that map onto ν, and note that it includes ν

itself for which wν = id. Now define the integer

mν =
∑

σ∈S

(−1)|wσ |mult(σ), (4.67)
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where mult(σ) is the multiplicity of the weight σ in shifted

diagram, and |wσ| is the sign of the corresponding reflection.

4. Shift the folded diagram back by the value of the Weyl vector,

i.e. by the vector −ρ.

5. The multiplicity of the irreducible representation Vν for each

dominant weight ν is now given by the number Vν+ρ. One

explicitly has

Vλ ⊗ Vµ ∼=
⊕

ν

mν+ρVν , (4.68)

where the sum is over all dominant integral weights ν.



Chapter 5

Fuzzy Constructions

This chapter presents a construction of a fuzzy CP (2) model. Ex-

plicitly this will consist of constructing a sequence of Hilbert spaces

whose representation content converges to that of the spinor bun-

dle in the traditional geometry, for whatever spinC structure one

chooses. Additionally, a sequence of Dirac operators will be con-

structed and their spectrum will be shown to converge to that of

the traditional Dirac operator. The construction of the Dirac op-

erator will use Fock-space methods. Section 5.1 motivates this by

reviewing the construction of a Dirac operator on the fuzzy sphere,

in terms of this operator formalism. Then in section 5.2, the CP (2)

construction will be presented.

121
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5.1 Prelude: The Fuzzy Sphere with Spinc

structures

The fuzzy sphere as presented in Chapter 2 used Dirac spinors in its

formulation, for the explicit aim of obtaining the desired real spec-

tral triple with KO-dimension s = 2. Indeed the reason that the

fuzzy space could be defined consistently follows from fact that for

S2, the bundle of Dirac spinors is trivial. The chosen Hilbert space

for the fuzzy sphere Hn = C4 ⊗Mn(C) then precisely expresses the

structure of the bundle as a product between the coordinate algebra

and the spinor vector space. Chiral spinors, meanwhile, do not form

a trivial bundle. This fact is crucial in the case of CP (2), where the

left-handed and right-handed spinors transform as different repre-

sentations under the isotropy subgroup S(U(2)×U(1)), and so must

be treated separately. This is clear if only because the Dirac oper-

ator on the total space of spinors has a nonzero index for a generic

spinC-structure.[Var06].

The formalism that will be chosen in the sequel to define fuzzy

CP (2) shall now be applied to the sphere. It uses a two-particle

Fock space to represent the Hilbert space in terms of raising and

lowering operators. This was essentially done already in [GKP96],

but will be presented here in a simpler manner that still provides

the necessary results.

Let |0⟩ be the vacuum state in Fock space, and define ai and a
∗
i ,

for i = 1, 2, as the annihilation and creation operators, respectively.
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The usual relations are taken to hold, namely

[ai, a
∗
j ] = δij, (5.1)

[ai, aj] = [a∗i , a
∗
j ] = 0. (5.2)

A generic Fock state is then formed out of a sum of states of the

form

|l,m⟩ := 1√
l!m!

(a∗1)
l (a∗2)

m |0⟩. (5.3)

The operator N :=
∑2

i=1 a
∗
i ai serves as the usual number operator,

and evaluates to multiplication by k = l+m on vectors of the form

(5.3). Clearly, the space of k particle states is of dimension k + 1,

and has a basis consisting of vectors of the form above. The Lie

algebra su(2) has a natural action on the whole Fock space using the

defining representation. Let Xij = −X̄ji be a Lie algebra element

in this representation. Then one can map

Xij 7→ a∗iXijaj, (5.4)

which then acts on the Fock space. In fact, a simple application

of the commutation relations shows that the operator N commutes

with the representation matrices, so that the subspace of k-particle

states is itself a representation of su(2). Let σ̃j, i = 1, 2, 3, be the

usual (Hermitian) Pauli matrices. Then a basis of su(2) can be fixed
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using the matrices σi =
i
2
σ̃i. With respect to this basis, the operator

σ3 =
i

2



−1 0

0 1


 (5.5)

is diagonal on the space of n-particle states with spectrum m =

n
2
, n
2
− 1, . . . ,−n

2
, clearly identifying the space with the irreducible

su(2) representation of spin n
2
. Label this space by Vn. The fuzzy

analogues of the chiral spinors are now defined as

S+
n := Vn ⊗ Vn+1 (5.6)

for the right-handed spinors, and

S−
n = Vn+1 ⊗ Vn (5.7)

for the left-handed spinors. The total bundle of (Dirac) spinors is

then Sn = S+
n ⊕ S−

n . A straightforward application of the Clebsch-

Gordan decomposition shows that the bundles have the same de-

composition into irreducible su(2) as the corresponding bundle of

spinors on S2, up to the cut-off value of 2n+1. Within this formal-

ism the chirality operator Γ is defined from the start to be +1 on

S+
n and −1 on S−

n . Consider the operator dn : S+
n → S−

n defined by

dn = a∗i ⊗ ai, (5.8)

where summation convention implied. The Dirac operator on the



5.1. PRELUDE: THE FUZZY SPHEREWITH SPINC STRUCTURES125

spinor bundle is defined to be

Dn =




0 d∗n

dn 0


 . (5.9)

Proposition 5.1.1. The spectrum of Dn is given by

λr = ± (r + 1) , (5.10)

where r = 0, 1, . . . n. It thus agrees with the spectrum of the Dirac

operator for Dirac spinors on S2 up to truncation at n.

Proof. Note that

D2
n =



d∗ndn 0

0 dnd
∗
n


 =



c+ 1

4
0

0 c+ 1
4


 , (5.11)

where c is the quadratic Casimir on the whole tensor product space,

which using the normalisation above acts on the irreducible repre-

sentation Vm via the scalar m
2

(
m
2
+ 1

)
. The spectrum now follows

from the Clebsch-Gordan decomposition into irreducible represen-

tations.

There exists a real structure j that acts on Fock space by map-

ping a1 to a2 and a2 to −a1, in combination with complex con-

jugation. This can be extended to a real structure J on Sn that

additionally swaps the left and right factors in the tensor products.

This J satisfies J2 = −1, JDn = DnJ and JΓ = ΓJ , showing that

the resulting construction as KO−dimension s = 2 as desired.
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The above construction can be easily extended to other spinC

structures on S2.The fundamental spinor bundles of such structures

are obtained from the real spinor bundle of S2 using a twist by a

respective line bundle. At the level of the fuzzy version one simply

has to choose the bundles

Sm+
n := Vn ⊗ Vn+1+m (5.12)

and

Sm−
n := Vn+1 ⊗ Vn+m, (5.13)

and choosing the Hilbert space module Sn = Sm+
n ⊕ Sm−

n . This

amounts precisely to tensoring the original spinor bundle with the

line bundle of Chern number m. Note that in this case the real

structure is no longer well defined, which is an inevitable conse-

quence of working with a nontrivial spinC-structure. The definition

of the Dirac operator is the same as the spin-case, with the only

difference that the spectrum of D2
n is now perturbed by Chern num-

ber m. This is in fact immediately clear from the Clebsch-Gordan

decomposition of the new bundles.

5.2 A Fuzzy Version of CP2

5.2.1 CP2 bundle representations

The first identities regarding tensor products of SU(3) representa-

tions will be stated in more generality in terms of SU(n), since the

generalisation to the higher dimensional case is immediate. The
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(m+ 1, n+ 1)

(p+m+ 1, n+ 1)

Figure 5.1: An example of the application of the Racach-Speiser al-
gorithm to the tensor product representation (p, 0)⊗(m,n) of SU(3).
Up to relabelling this agrees exactly with case 1 of Proposition 5.2.1.
The weight diagram of (p, 0) is shifted so that it is centred about
(m+1, n+1). The weights of interest are those in the large triangle
in the diagram reachable from highest weight (p+m+1, n+1) using
roots. The top-left region is folded into the positive Weyl chamber
using a single Weyl reflection, and as all weights have multiplicity
one, the overlapping regions cancel each other out. The remaining
weights that are present in the lightly shaded strip are then shifted
by the vector (−1,−1). The resulting weights that are still posi-
tive after the shift contribute a highest weight representation to the
tensor product decomposition, with multiplicity equal to the multi-
plicity of the weight.

proof itself anyway relies on the SU(3) case.

Theorem 5.2.1. For any nonnegative integer n one has

(n, 0, . . . , 0)⊗ (0, 0, . . . 0, n) =
n⊕

j=0

(j, 0, . . . , 0, j).

Proof. It will be sufficient to prove the theorem for SU(3), since the

geometry of the weight lattice for higher groups in the An series

allows one to restrict the calculation to the 2-dimensional face of

the positive Weyl chamber that is spanned by fundamental weights
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(1, p+ 1)

(p+ 1, p+ 1)

Figure 5.2: The application of the Racah-Speiser algorithm to the
tensor product representation (p, 0) ⊗ (0, p) of SU(3). Here, the
only set of weights in the diagram that are not cancelled by the
Weyl reflection lie on the edge of the diagram spanned by the vector
(1, 1).

w1 and wn−1.

The proof is essentially a straightforward application of the Racah-

Speiser algorithm. See figure 5.2.1 for a simple visualisation of the

general process, and 5.2 for the exact process as it applies to the

current theorem.

Geometrically, one starts by taking the weight diagram of (0, p),

an upside-down equilateral triangle, and translating it by the vector

(p + 1, 1) in the weight lattice. At this point the only part of the

diagram that does not lie inside the positive Weyl chamber is a

triangle that is then mapped into the positive Weyl chamber using

a Weyl reflection. The multiplicities of all the weights in the diagram

are equal to one, and since the fold is enacted by a Weyl reflection

of sign −1, the overlapping areas cancel each other. Particular to

case at hand, the edge of the Weyl chamber that served as the

line of reflection was displaced by the root β from the apex of the
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original upside-down triangle. As a result, the folding cancels all

weights in this diagram except the edge that connects the apex to

the highest weight (p + 1, p + 1). Shifting back by the Weyl vector

ρ, this is diagonal segment connecting (0, 0) with (p, p), and so the

integral weights that lie on this segment are the only ones whose

corresponding irreducible representations contribute to the tensor

product, with multiplicity one.

The benefit of using the Racah-Speiser algorithm over other

methods of computing the tensor product becomes apparent in the

proof of the following proposition, which is an extension of the pre-

vious result.

Proposition 5.2.1. Fix a nonnegative integer p, together with any

irreducible representation with highest weight (m,n) of SU(3).

(1) Whenever m ≤ p, one has

(p, 0)⊗ (m, p+ n) =
m⊕

k=0

[ p−k⊕

j=0

(j +m− k, j + n+ 2k)
]
. (5.14)

(2) The cases when p < m all give the same result as when m = p.

Proof. The proof is similar to that of Theorem 5.2.1. The only

difference is that the weight diagram of (p, 0), that was originally

shifted by (0, p) + ρ, is now shifted by an additional vector (n,m),

where of course m,n are nonnegative. This can only have the ef-

fect of shifting more of the region that was in the Weyl chamber

neighbouring the positive Weyl chamber into the latter one. Note

that translation by (0, n) shifts the weight diagram vertically, and

thus does note change the axis of reflection. So it is only m that
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shifts the axis of reflection, by the same amount of units along the

lower-left side of the diagram. This adds an additional m segments

that do not cancel to the one that contributed originally, starting on

the lower-left side and ending on the top side. This proves (1). Of

course, whenever m = p, the whole weight diagram is in the positive

Weyl chamber and thus contributes to the decomposition. Increas-

ing m further does not serve to change this, and so the formula

remains identical in the case where p < m to the m = p case.

Similar relations hold for negative values of n. For subsequent

applications it will be enough to state them for when m is at most

one.

Proposition 5.2.2. Fix a nonnegative integer p, and let m,n ≤ p

be integers such that m = 0, 1. Then in terms of representations of

SU(3), one has the tensor product decomposition

(p, 0)⊗ (m, p− n) =
m⊕

k=0

[ p−k⊕

j=0

(j + n−m+ 2k, j +m− k)
]
. (5.15)

Proof. The proof is essentially the same as that of Proposition 5.2.1.

The main difference is with the regions of the weight diagram that

cancel out during the application. There are several edge cases to

consider, namely the cases where (m,−n) = (0,−1), (1,−1), (1,−2),

since each introduces a distinct intersection pattern with all the

other Weyl chambers. But in all such cases, for any additional

region that is mapped onto the positive Weyl chamber using an even

product of Weyl reflections there corresponds an identical region in

some other Weyl chamber that is mapped onto the positive one using
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an odd product of Weyl reflections, and the additional regions cancel

each other. The only contributions that change the multiplicities in

the positive Weyl chamber arise from the two Weyl chambers that

neighbour the positive one, and the weights that exist in the region

which remains after cancellation precisely correspond to the the ones

in the proposition.

The key results that will be used in construction follow immedi-

ately from Propositions 5.2.1 and 5.2.2.

Theorem 5.2.2. Let (m,n) be an irreducible representation of the

subgroup K = S(U(2)×U(1)) of SU(3), where either (1) 0 ≤ m ≤ n,

or (2) m = 0, 1 and n is any negative integer. Then in terms of

representations of SU(3), one has

lim
N→∞

(N, 0)⊗ (m,N + n) ∼= Ind(m,n). (5.16)

Proof. Evidently, it is enough to consider integers N that are large

enough, in the sense that m, |n| < N .

(1) Note that in Proposition 5.2.1 and in part 1 of Proposition

4.3.3 it was shown that both the tensor product (N, 0)⊗ (m,N +n)

and Ind(m,n) decompose into the direct sum of m+1 series of irre-

ducible representations, with the only difference being that for the

former the series terminate at an irreducible representation of order

O(N). It is clear then that as N → ∞, the former decomposition

converges into the latter.

(2) This case arises in the same way, by comparing Proposition

5.2.2 and part 2 of Proposition 4.3.3.
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Corollary 5.2.1. Let TNp,q = (N, 0)⊗ (p,N + q), and define

TN+
m = TN(0,m) ⊕ TN(0,3+m)

TN−
m = TN(1,1+m).

(5.17)

Then

lim
N→∞

TN+
m = S+

m, (5.18)

and

lim
N→∞

TN−
m = S−

m. (5.19)

Proof. This is a direct consequence of Theorem 5.2.2, since the rep-

resentations that the right hand side of (5.17) converge precisely

to the induced representations that correspond to the m-th spinC-

structure on CP (2).

Thus, the module of SU(3) representations given by TNm := TN+
m ⊕

TN−
m converges in the large N limit to the bundle of total spinors ob-

tained from the m-th spinC structure. Note that convergence here is

understood in terms of the decomposition of the modules into into

irreducible representations of G. This is analogous to the case of

spherical harmonics on the sphere, that can be truncated at some

total angular momentum value l. As this value is increased, one re-

covers more and more of the complete orthonormal set of spherical

harmonics, the total set of which serves as a separable basis of the

Hilbert space of smooth functions on the sphere. Here, a similar

procedure occurs in the sense that, as N → ∞, an orthonormal

basis of the finite dimensional module TNm converges to a separable

basis in Γ∞(Sm), whose completion is precisely L2(Sm).
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Hence, the module TNm serves as a promising candidate for a

Hilbert space HN to be used in defining a fuzzy CP (2). Indeed, this

seems to agree with previous efforts[GS99] to define such a fuzzy

space.

To continue with the current investigation, though, it will be

necessary to switch to a different formulation of the module. The

reason for this is as follows. Once the module HN is fixed as a di-

rect sum of tensor product representations, say TNm itself, the next

important step is to determine the Dirac operator. For it to be

SU(3)-equivariant, it must be constructed using intertwiners be-

tween the right handed and left handed spinors, which in the case

above are simply the TN+
m and TN−

m terms. But since all tensor

product terms now have the same irreducible representation (N, 0)

on the left hand side of the tensor product, no such linear operators

can be constructed, since they would necessarily have to replace one

irreducible representation on the right hand side of the product with

another one. For example, one would need to find an intertwiner

between (N, 0)⊗(0, N+m) and (N, 0)⊗(1, N+1+m), which clearly

requires an invariant operator from (0, N +m) to (1, N + 1 +m).

As is well known from Schur’s lemma, this cannot be done.

The solution is to instead use the following definition for the

module of spinors.

Definition 5.2.1. Define the total module of spinors for fuzzy

CP (2) with itsm-th spinCstructure as the module SNm := SN+
m ⊕SN−

m ,
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where

SN+
m =

(
S+
m

)
1
⊕

(
SN+
m

)
2
=

(N −m, 0)⊗ (0, N)⊕ (N −m− 1, 0)⊗ (0, N + 2),

SN−
m =(N −m− 1, 1)⊗ (0, N + 1).

(5.20)

It is first necessary to see that in the large N limit this agrees

with the module Sm.

Proposition 5.2.3. The bundles agree in the limit of N → ∞ with

the total spinor bundle associated with the mth spinC structure.

Proof. Consider first the module
(
SN+
m

)
1
= (N −m, 0)⊗ (0, N). If

0 ≤ m, it can be expanded as

(N −m, 0)⊗ (0, N) = (N −m, 0)⊗ (0, (N −m) +m), (5.21)

and since the limit N → ∞ agrees with the limit N −m → ∞ for

fixed m, and one evidently recovers by 5.2.2 the module Ind(0,m).

If m ≤ 0, expand

(N −m, 0)⊗ (0, N) = (N + |m|, 0)⊗ (0, N) = (N, 0)⊗ (0, N + |m|),

(5.22)

where the relation between an irreducible representation and its dual

(p, q) = (q, p) has been used. Expanding using 5.2.1 one gets

(N −m, 0)⊗ (0, N) =
N⊕

j=0

(j, j + |m|) =
N⊕

j=0

(j + |m|, j). (5.23)



5.2. A FUZZY VERSION OF CP2 135

Note that Theorem 5.2.2 implies that in the large N limit this con-

verges to Ind(0,−|m|) = Ind(0,m).

The module
(
SN+
m

)
2
= (N−m−1, 0)⊗(0, N+2) can be expanded

when −3 ≤ m as

(N−m−1, 0)⊗(0, N+2) = (N−m−1, 0)⊗(0, (N−m−1)+(m+3)),

(5.24)

and when m ≤ −3 as

(N −m− 1, 0)⊗ (0, N + 2) = (N + 2, 0)⊗ (0, N + 2− (m+ 3)).

(5.25)

A similar application of the propositions as before shows that for

all values of m, this converges in the large N limit to Ind(0, 3+m).

Hence, SN+
m converges to Ind(0,m)⊕ Ind(0, 3+m) ∼= S+

m. Similarly,

one finds that SN−
m converges to S−

m.

With the modules HN := SNm now determined for all positive N ,

the next step is to find a Dirac operator DN for each such module.

5.2.2 The Dirac operator

Inspired by the new fuzzy sphere, the Dirac operator will be con-

structed using a Fock-space representation. The first step will be to

understand how irreducible representations of SU(3) are constructed

concretely in this space.

Let ai, where i = 1, 2, 3, transform as a basis of the defining

representation (1, 0) of SU(3). Similarly, let bi transform in the

complex conjugate of the defining representation, (0, 1). Construct
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the Fock space using ai, bj as lowering operators with respective

raising operators a∗i and b
∗
j , subject to the relations

[ai, a
∗
j ] =δij,

[bi, b
∗
j ] =δij,

(5.26)

with all other commutators vanishing. Note that within the Fock

space representation, the operators

Na =
3∑

j=1

a∗jaj (5.27)

and

Nb =
3∑

j=1

b∗jbj (5.28)

are the number operators for the a particles and the b particles

respectively. Then a vector of the form

Qi1i2...ipj1j2...jqa
∗
i1
· · · a∗ipb∗j1 · · · b∗jq |0⟩, (5.29)

where summation convention is implied, contains p particles of species

a and q particles of species b.

The Fock space above has a natural SU(3) action defined explic-

itly as follows. Focus will be on the Lie-algebra level with the Lie

group obtained by exponentiation. Let T σ, where σ = 1, 2, . . . , 8 be

an orthonormal basis of the Lie algebra su(3) in its defining repre-

sentation, normalised so that

Tr[T σ∗T τ ] = δστ . (5.30)
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These matrices can be mapped into operators on the Fock space as

M(T ) := a∗iTijaj + b∗i T̄ijbj, (5.31)

where the complex conjugation on the second factor is due to the

transformation properties of the b operators. Using the commuta-

tion relations 5.26 it follows easily that

[M(T ),M(S)] = a∗i
[
T, S

]
ij
aj + b∗i

[
T̄ , S̄

]
ij
bj =M([T, S]), (5.32)

turning the Fock space into a representation space of su(3). In fact,

one sees that the tensors Na and Nb are SU(3) invariant under this

group and so the subspaces of constant particle number are SU(3)

representation spaces. Consider the subspace spanned by vectors

with p particles of type a and none of type b, namely those of the

form

Qi1i2...ipa
∗
i1
· · · a∗ip |0⟩. (5.33)

There are clearly
(
p+2
2

)
linearly-independent monomials in the a’s

that span this subspace. This is precisely the dimension of the

su(3) representation space (p, 0), identifying them as representation

spaces. A similar thing happens within the subspace spanned by

q particles of type b, which thus transform as the (0, q) irreducible

representation. Furthermore, taking the subspace with p particles of

type a and q of type b result in the representation space (p, 0)⊗(0, q).
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A simple consequence of Proposition 5.2.1 is that

(p, 0)⊗ (0, q) ∼=
min(p,q)⊕

r=0

(p− r, q − r), (5.34)

so in the case of SU(3) representations the Fock space of a and b par-

ticles contains all the irreducible finite dimensional representations

of SU(3).

In order to obtain a generic (p, q) representation, it is necessary

to restrict to the relevant invariant subspace of the Fock subspace

(p, 0)⊗ (0, q). The condition on tensors in (p, 0)⊗ (0, q) is that they

be traceless under contractions between an a-index and a b-index.

In the Fock space representation, this translates to the requirement

that any state |Q⟩ in (p, 0)⊗(0, q) satisfies the relation ajbj ·|Q⟩ = 0.

Denote the relevant element by

Π = ajbj. (5.35)

One finds that at the level of operators

[Π,Π∗] = Na +Nb + 3, (5.36)

a relation which will be used freely below.

Definition 5.2.2. The Dirac operator is defined in terms of the

following two operators.

d1 : (N −m− 1, 1)⊗ (0, N + 1) → (N −m, 0)⊗ (0, N)

d1 = a∗i bj ⊗ bkϵ
ijk,

(5.37)
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where ϵijk is the usual totally anti-symmetric (Levi-Civita) tensor

in three dimensions, and

d2 : (N −m− 1, 1)⊗ (0, N + 1) → (N −m− 1, 0)⊗ (0, N + 2)

d2 =
√
N −m+ 1 · bj ⊗ b∗j −

1√
N −m+ 1

a∗kajbj ⊗ b∗k.

(5.38)

Note that the condition N > m+ 1 on N is implicit at the level of

the representation space. Choose a basis of the total spinor bundle

using the decomposition Sm = (S+
m)1⊕S−

m⊕ (S+
m)2. Then the Dirac

operator in this basis has the form

Dm =




0 d1 0

d∗1 0 d∗2

0 d2 0



. (5.39)

A priori, either of the operators d1 and d2 may have an adjoint

with image existing in the larger space (N−m−1, 0)⊗(0, 1)⊗(0, N+

1). In other words, applying the Dirac operator on any vector χ in,

say (N −m− 1, 0)⊗ (0, N +2), may result, once applying the Dirac

operator, in the vector d∗2(χ) that is in the space (N −m− 1, 0)⊗

(0, 1)⊗ (0, N +1), rather than in the domain of d2 in Sm. That this

is not the case will follow from the following.

Proposition 5.2.4. The Dirac operator 5.39 is well defined on the

module Sm and is SU(3)-equivariant.

Proof. The states χ in the relevant space (N−m−1, 1)⊗(0, N+1) ⊂

(N − m − 1, 0) ⊗ (0, 1) ⊗ (0, N + 1) are those states that satisfy
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the condition (Π ⊗ 1)(χ) = 0. So for d1 and d2 to be compatible

with the structure of the module Sm, they must identically satisfy

(Π⊗ 1) ◦ d∗1 = 0 and (Π⊗ 1) ◦ d∗2 = 0.

Note first that for the d1 part of the Dirac operator, any operator

of the form

d′1 = αa∗i bj ⊗ bkϵ
ijk (5.40)

for some complex number α satisfies

(Π⊗ 1) ◦ d′∗1 = ᾱ(albl ⊗ 1)(b∗jai ⊗ bkϵ
ijk) = ᾱ(b∗jbl + δlj)alai ⊗ bkϵ

ijk,

(5.41)

where the commutation relations have been used throughout. The

first term on the right vanishes automatically, since the factor bl

can be commuted to act on vectors in the representation (N −m, 0)

to annihilate them, while the second term is the product of a term

symmetric in the indices i, j with the ϵ tensor that is antisymmetric.

Hence the product of these operators vanishes identically and is well

defined on Sm for all (nonzero) α. The normalisation α = 1 will be

shown later on to give the desired spectrum.

The evaluation of d2 involves a few more steps. The lowest order

terms in the a and b operators that map from S−
m to (S+

m)2 are given

by

f =bj ⊗ b∗j (5.42)

e =a∗kajbj ⊗ b∗k = (a∗k ⊗ b∗k)(Π⊗ 1), (5.43)

though they do not satisfy the condition (Π⊗ 1) ◦ d∗2 = 0 indepen-
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dently. It is necessary to solve for the coefficients in the following

expression

d′2 = Af +Be, (5.44)

which for simplicity will be taken to be real. Note that using the

commutation relations one sees that

Π⊗ 1 · e∗ = ΠΠ∗Π⊗ 1 · d∗2 = (N −m+ 1)Π⊗ 1 · d∗2, (5.45)

so that

(Π⊗ 1)d′∗2 = [A+ (N −m+ 1)B] (Π⊗ 1)f ∗, (5.46)

which evidently gives the condition

A = −(N −m+ 1)B (5.47)

on the coefficients. Again, the global factor chosen to normalise d2

will be shown to yield the desired spectrum later on. In fact, it is

the only normalisation that can be chosen to make the terms in the

spectrum of d2 independent of N up to the cutoff value.

The equivariance of d1 and d2 under SU(3) transformations is

a direct consequence of the way they have been constructed, using

the tensors δij and ϵijk that are invariant under the action in the

defining representation of SU(3). Indeed, let L(T ) := M(T )⊗ 1 be

the action of su(3) element T using the representation on the left-

hand side factor of the tensor product, and R(T ) := 1 ⊗M(T ) its
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action on the right. Then a straightforward calculation shows that

[d1, L(T ) +R(T )] = 0, (5.48)

and

[d2, L(T ) +R(T )] = 0, (5.49)

for all matrices T in su(3). This automatically extends to the adjoint

operators d∗1 and d∗2, since T
∗ is also in the Lie algebra, and so the

Dirac operator as a whole satisfies this invariance relation.

Remark 1. The terms above are not the only ones that result in a

Dirac operator with the desired properties. For example, the next

highest-order terms that may contribute to d2 are the terms fΠΠ∗

and fΠ∗Π. One can then solve for the operator

d′2 = Ãf + Be+ C̃fΠ∗Π+DfΠΠ∗, (5.50)

which can in fact always be recast as

F = Af +Be+DfΠ∗Π, (5.51)

using A = Ã+D(N −m+3), and C = C̃+D. Using the commuta-

tion relations, the condition that the image of d′∗2 lies in the correct

subspace yields the condition

A = −(N −m+ 1)(B +D) (5.52)

on the remaining coefficients. Evidently this gives a family of solu-
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tions with the one chosen for d2 included. As it stands, the choice

made throughout this investigation of C = D = 0 is motivated by

simplicity.

The remainder of this section will be devoted to the determina-

tion of the spectrum of Dm, and the demonstration that it agrees

with the typical geometry in the large N limit. The spectrum is

given by the following

Theorem 5.2.3. (1) For a given N the spectrum of d1 and d2 is as

follows. The operator d1 has spectrum

λr =
√
r(r + 2) + |m|(r + 1)−m, (5.53)

for r = 0, 1, . . . ,min(N − m,N), with value λr having multiplicity

mult(λr) =
1
2
(r+1)(r+ |m|+1)(2r+ |m|+2). The operator d2 has

spectrum

ρr =
√
r(r + 2) + |m+ 3|(r + 1) +m+ 3 (5.54)

for r = 0, 1, . . . ,min(N −m− 1, N + 2), with value ρr having mul-

tiplicity mult(ρr) =
1
2
(r + 1)(r + |m+ 3|+ 1)(2r + |m+ 3|+ 2).

(2) The spectrum of the Dirac operator Dm is given by combining the

two sequences together with their negatives into {±λr} and {±ρr},

each index ranging as above and with the multiplicities of the nega-

tive values equal to the multiplicities of the respective positive ones.

Moreover, the Dirac operator has index

Index(Dm) =
(m+ 1)(m+ 2)

2
. (5.55)



144 CHAPTER 5. FUZZY CONSTRUCTIONS

Proof. (1) Note first that

d2d
∗
1 =

(√
N −m+ 1 · aiblb∗j ⊗ b∗l b

∗
k

− 1√
N −m+ 1

a∗l amaibmb
∗
j ⊗ b∗l b

∗
k

)
ϵijk =

(√
N −m+ 1 · ai ⊗ b∗jb

∗
k −

1√
N −m+ 1

a∗l ajai ⊗ b∗l b
∗
k

)
ϵijk = 0,

(5.56)

which follows from the commutation relations together with the fact

that the bj operators vanish on states in (N − m, 0). The final

equality follows since both terms are a product of even terms by the

odd ϵ tensor. Thus, the pair of operators d1 and d2 decomposes S−
m

into two orthogonal parts, each mapped isomorphically onto by one

of the two operators. Hence, spectrum can be evaluated separately

for each operator.

To calculate the spectrum of d1, note that

d1d
∗
1 = ϵijkϵlmn

(
a∗i b

∗
jam ⊗ bkb

∗
n

)
. (5.57)

Using manipulations similar to the ones above one finds that

d1d
∗
1 = Na ⊗ (Nb + 2)− a∗kai ⊗ b∗kbi, (5.58)

viewed as an operator from the space (N −m, 0)⊗ (0, N) to itself.

Letting Φ := a∗kai ⊗ b∗kbi one has

d1d
∗
1 = (N −m)(N + 2)(1⊗ 1)− Φ (5.59)
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In a parallel fashion, one finds for d2 that

d2d
∗
2 = (N + 2)(N −m+ 1)(1⊗ 1)− Φ, (5.60)

viewed as an operator from the space (N −m − 1, 0) ⊗ (0, N + 2)

to itself. Thus, the spectra of both operators are determined by

evaluating Φ on each irreducible representation. To evaluate this

term, one can use the completeness relation

∑

σ

T σijT̄
σ
kl +

1

3
δijδkl = δikδjl, (5.61)

that holds for the su(3) basis chosen above. Now one can use the

fact that

Φ = a∗jak ⊗ b∗jbk = δjlδkma
∗
jak ⊗ b∗l bm, (5.62)

to split it as

Φ =
∑

σ

a∗jT
σ
jkak ⊗ b∗l T̄

σ
lmbm +

1

3
Na ⊗Nb. (5.63)

Recall that the a-particles transform under the fundamental repre-

sentation of su(3) while the b-particles transform under the complex

conjugate of that representation. Thus, labelling individually the

matrices of the former representation by Aσ and the latter by Bσ,

the first term in (5.63) is precisely
∑

σ A
σ ⊗ Bσ. Now one can use

the relation arising from the tensor product of representations to
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write this term as

2
∑

σ

Aσ ⊗Bσ =

∑

σ

(Aσ ⊗ 1 + 1⊗Bσ) · (Aσ ⊗ 1 + 1⊗Bσ)−

∑

σ

AσAσ ⊗ 1−
∑

σ

1⊗BσBσ. (5.64)

Now, with respect to the Hermitian and orthogonal basis, the quadratic

Casimir of su(3) is simply

c = −
∑

σ

T σT σ. (5.65)

An important fact of the representation space (N − m − 1, 0) ⊗

(0, N + 2) is that each tensor factor transforms purely as one type

of particle, i.e the representation on the left is given by A while that

on the right by B. This allows one to identify the last two terms on

the right hand side of (5.64) with the quadratic Casimirs c1 and c2

of the left side and the right side of the tensor product, respectively.

Meanwhile, the first term of (5.64) is precisely the quadratic Casimir

c of the total representation space. Therefore,

Φ =
1

2
(c1 + c2 − c) +

1

3
Na ⊗Nb. (5.66)

In terms of the representation labels, the quadratic Casimir has the

same form as in the previous chapter, given by equations (4.29).
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Using the value of Φ, one now has

d1d
∗
1 =

1

2
c−m(

1

3
m+ 1). (5.67)

Now, the explicit decomposition of (S+
m)1 depends on the value of

m. There are two cases to consider.

Case I, 0 ≤ m:

In this case the decomposition into irreducible representations is

given by

(N −m, 0)⊗ (0, N) ∼=
N−m⊕

r=0

(r, r +m). (5.68)

Restricting to the irreducible representation factor (r, r + m) the

operator d1d
∗
1 acts as multiplication by the scalar

r(r + 2) +mr. (5.69)

Case II, m ≤ 0:

In this case one has the decomposition

(N −m, 0)⊗ (0, N) ∼=
N⊕

r=0

(r + |m|, r), (5.70)

where now d1d
∗
1 acts on (r + |m|, r) as the scalar

r(r + 2) + |m|(r + 1)−m. (5.71)

Note that in both cases, the scalar values are nonnegative. Us-

ing the spectrum of d1d
∗
1, together with the knowledge that it is a
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positive semidefinite operator, one knows that the eigenvalues of d1

can be obtained by taking the square root of each eigenvalue. The

spectrum of d1 is thus given by

λr = ±
√
r(r + 2) + |m|(r + 1)−m, (5.72)

where r = 1, 2, . . .min(N−m,N), in the representation space (r, r+

m) or r+|m|, r) depending on whetherm ≥ 0 orm ≤ 0, respectively.

In fact, the multiplicity for all cases of m is

mult(λr) =
1

2
(r + 1)(r + |m|+ 1)(2r + |m|+ 2). (5.73)

The spectrum of d2 is obtained in a similar fashion. Using the

expression for Φ one has

d2d
∗
2 =

1

2
c−m(

1

3
m+ 1), (5.74)

As before, there are two cases to evaluate based on the sign and

magnitude of the integer m.

Case I, −3 ≤ m:

In this case the tensor product decomposes as

(N −m− 1, 0)⊗ (0, N + 2) ∼=
N−m−1⊕

r=0

(r, r +m+ 3). (5.75)

The operator d2d
∗
2 acts as a scalar on each irreducible representation

factor. For a given r = 0, 1, . . . , N −m− 1 one finds that the scalar
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is

1

2
c− 1

3
m2 −m = r2 + r(m+ 5) + 2(m+ 3). (5.76)

Case II, m ≤ −3:

In this case the main difference is that the tensor product decom-

position is the sum

(N −m− 1, 0)⊗ (0, N + 2) ∼=
N+2⊕

r=0

(r + |m| − 3, r). (5.77)

Again, for a particular value of r the operator d2d
∗
2 now acts as

multiplication by the scalar

c− 1

3
m2 + |m| = r2 + r(|m| − 1). (5.78)

Taking the square root of this nonnegative spectrum, one finds that

the spectrum of d2 for all values of m is given by

ρr = ±
√
r(r + 2) + |m+ 3|(r + 1) + (m+ 3) (5.79)

in the representation space (r, r+m+3) or (r+|m|−3, r) depending

on whether m ≥ −3 or m ≤ −3. Yet again, there is a symmetry

between the dimension of the representation in the two cases, with

the multiplicity of ρr is given by

mult(ρr) =
1

2
(r + 1)(r + |m+ 3|+ 1)(2r + |m+ 3|+ 2). (5.80)

(2) The Spectrum of Dm immediately follows from (1). That both

the positive and negative values of each eigenvalue appear in equal
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multiplicities is evident as always from the condition between the

chirality operator Γ and the Dirac operator, ΓD = −DΓ, which

guarantees the symmetry of the spectrum about zero. The only

part of the spectrum that remains to be determined is that of the

zero modes. The module decomposition of subsection 5.2.1 shows

that the zero modes only arise from right handed spinors, i.e. the

submodule S+
m, can only arise from irreducible representation of

factor (0,m) or (|m|, 0), whenever they exist. This is evident from

the spectrum above: When m ≥ 0, only d1 has eigenvalue zero, on

the irreducible representation (0,m). When m ≤ −3, only d2 has

eigenvalue zero, on the irreducible representation (|m|, 0). When

m = −1,−2, neither operator has zero modes. In all cases this

multiplicity results in an index of

Index(Dm) =
(m+ 1)(m+ 2)

2
(5.81)

Corollary 5.2.2. In the limit N → ∞ the spectrum of Dm on the

module Sm agrees with the spectrum of the Dirac operator deter-

mined by the m-th spinC-structure on CP (2).

Proof. This is immediate from the spectrum of Dm, since it agrees

with that of the m-th spinC structure up to the N -dependent cut-

off. As N → ∞ this discrepancy between the spectrum of the fuzzy

CP (2) and the spectrum obtained from the geometry of CP (2) van-

ishes.
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Discussion

The work presented above was split into two parts, the common

theme to which is the approximation of spaces in a pragmatic way

using the language of noncommutative geometry. The results of

each project will be discussed separately.

6.1 Commutative Lattice Models

With the minimal development of the formalism of finite commu-

tative spectral triples in Chapter 3, it was possible already to re-

construct a simple fermionic state-sum model on the circle. This

application opens up the field to further investigations, since many

choices were made along the way to obtain the circle model. A tra-

ditional approach following on from this model may aim to extend

it, by either simply increasing the number of Fermions, or, more in-

terestingly, by seeing whether more complicated gauge fields can be

incorporated into the model. It may be hoped that the formalism

of almost-commutative manifolds may be applied here, with role

151
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of the (commutative) manifold geometry taken up by the discrete

finite commutative spectral geometry.

More important to the original aim of this investigation, it will

be vital to find further lattice geometries that can be obtained using

the formalism. The geometric models solved here relied heavily on

the structure of the spaces considered, be it the symmetry of the

spaces or their inductive definition. For the formalism to stand on

its own, it will be necessary to investigate whether a larger class

of lattices may be obtained by its use. Natural systems to inves-

tigate include higher dimensional lattices with periodic boundary

conditions, and higher dimensional simplices. These are especially

important if one wishes to find whether higher-dimensional objects

may be approximated within the formalism. Further results have

been obtained in the recent weeks beyond those presented in Chap-

ter 3, and the plan is currently to produce a preprint leading up

to publication in the near future. Addressing the aforementioned

problems will serve as a starting point in a programme developing

commutative lattice models, vindicating the power of the power of

noncommutative geometry with regards to the age-old belief that it

has nothing to say about lattice field theories.

6.2 Fuzzy Coadjoint Orbits

The steps taken here to describe the fuzzy version of CP (2) have

not yet yielded a spectral triple consistent with the chosen defini-

tion of a fuzzy space. The primary mathematical object required
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to complete the the definition is that of the algebra acting on the

Hilbert space, but with the Dirac operator being fixed, the algebra

must satisfy the property encoded by the first order condition. In

fact, a ‘spectral’ triple is easily obtained by taking the direct sum

of the matrix algebras acting on the left factors of the CP (2) spinor

bundle. This is the approach that most fuzzy constructions have

taken up to now, but it involves completely forgoing the first order

condition as a part of the definition of a spectral triple. The easiest

way forward would be to abandon it altogether. But, the condi-

tion is relevant in capturing the continuum geometry of a space,

for the Dirac operator is by definition first order differential, and so

necessarily satisfies this condition. Indeed, even formal approaches

that eschew the first order condition in the primary definition of a

spectral triple maintain that it must be recovered by the standard

model at observable energy scale[CCV13]. The mechanism that is

expected to impose it may be some sort of symmetry breaking, but

no model of such a process has ever been explicitly proposed.

The absence of a first order condition was already present in rede-

fined nontrivial fuzzy sphere of section 5.1, where the only ingredient

not present in the construction was the algebra. The Hilbert space

Smn has an obvious left-action of the algebra A =Mn(C)⊕Mn+1(C),

but this algebra does not satisfy the first order condition. In fact,

the condition cannot be satisfied by any subalgebra of A that re-

mains invariant under the unitary action of SU(2), excluding trivial

cases such as when the subalgebra algebra is commutative.

A hint toward the solution in the case of the sphere is provided
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by the following fact.

Proposition 6.2.1 ([Bar25]). Let Sn be the Hilbert space associ-

ated to the (real) spinor bundle, and let S̄n−1 be the same bundle of

one dimension less and with its chirality swapped. Then there is a

unitary equivalence

Sn ⊕ S̄n−1
∼= Mn(C)⊗ C4, (6.1)

which is equivariant under the group action of SU(2). Moreover, let

U : Sn⊕ S̄n−1 →Mn(C)⊗C4 be the unitary equivalence map. Then

for the Dirac operators one has

U



Dn 0

0 −Dn−1


U−1 =




0 dGP

dGP 0


 , (6.2)

where dGP is the Dirac operator of Grosse and Pres̆najder[GP95].

The Hilbert space on the right hand side of the equivalence is

evidently the Hilbert space of the fuzzy sphere construction of sec-

tion 2.4. Similarly, the operator on the right of (6.2) is the Dirac

operator in the same construction. It was seen that these do fit into

a consistent spectral triple definition, with the algebra compatible

with the first order condition. This suggests that the relation of

a fuzzy geometry to the first order condition may be more subtle.

Indeed, while the nontrivial formulation of fuzzy sphere itself may

not have an algebra that satisfies the condition directly, its dou-

bling does satisfy the condition. This preliminary result suggests

that the first order condition, as heretofore conceived, may be valid
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only when one talks of ‘trivial’ bundles. This may not be surprising

when one considers the representation theory of the matrix alge-

bras considered here, which are Morita equivalent to copies of the

fields over which they are defined. Thus, their algebraic K-theory

is trivial. This formally expresses the fact that modules over these

matrix algebras can only express trivial, viz. product, modules. In

developing nontrivial bundle structures on matrix geometries, the

saving grace of spectral triples may perhaps be the presence of the

Dirac operator and its relation to the algebra via some algebraic

condition. Where the first order condition was, a new one may need

to be found.

To support this view it is necessary to find further examples

of the trivialisation of fuzzy spaces. In fact, preliminary results

suggest that the fuzzy CP (2) construction itself may be trivialised.

If this is the case it would remain to show that an algebra on the

total trivialised bundle satisfies the first order condition, and that it

corresponds to the algebra of functions on CP (2) in the continuum

limit.

Other fuzzy spaces need to be developed. For symmetric spaces,

the apparatus developed here allows for direct application to other

symmetric spaces, be they the higher dimensional complex projec-

tive spaces CP (n) or the coadjoint orbits of other simple Lie groups

that are at the same time symmetric spaces. Interestingly, the trivi-

alisations of the fuzzy spaces mentioned above seem to be related to

the fact that the coadjoint orbits can be immersed in the dual Lie

algebra of the symmetry group, with the trivial bundle correspond-
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ing to the restriction of the spinor space of the dual Lie algebra

to the coadjoint orbit. This construction may serve as a unifying

mechanism to trivialise the complex or real spinor bundles on all

coadjoint orbits. Whence one may investigate further signatures of

the first order condition for so called ‘nontrivial’ spinor bundles on

fuzzy spaces.

Finally, the construction of fuzzy spaces that correspond to coad-

joint orbits that are not symmetric spaces may require further tools.

The most natural family of connections that are associated with the

group structure is not Levi-Civita, with the corresponding Dirac

operator having cubic terms[Agr03]. This still guarantees that it is

self-adjoint, and so can still be used in the definition of a spectral

triple. But it requires further understanding of role of torsion within

the noncommutative framework.
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