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Abstract

We discuss extensions of general relativity, focusing on theories that incor-

porate an additional scalar degree of freedom. We mainly discuss theories

that break no-hair theorems and endow black holes with a non-trivial scalar

profile. In this context, we investigate several aspects of scalar Gauss-Bonnet

gravity. In the shift-symmetric case, we examine the effect of additional in-

teractions on black holes with scalar hair and how these operators affect their

properties. We also discuss the possibility of supermassive black hole scalar-

ization from the perspective of effective field theories. Next, we switch our

focus to the initial value problem in these theories and address the lack of a

well-posed Cauchy problem by including additional interactions that prove

crucial in this regard. With this at hand, we study the dynamics of spherical

black holes using excision and discuss the effect of the gauge choice and field

redefinitions on this issue.
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Notation

The metric signature is (−,+,+,+). Greek letters denote spacetime indices.

We primarily work in units of 𝑐 = 1 = 𝐺, unless otherwise stated.

𝑐: Speed of light.

𝐺: Newton’s constant.

ℏ: Planck’s constant.

𝑀⊙: Solar mass.

𝑀
Pl
: Reduced Planck mass; 𝑀Pl =

√︃
ℏ𝑐

8𝜋𝐺
.

𝑔𝜇𝜈: Spacetime metric.

𝑔 𝜇𝜈: Inverse metric.

𝑔: Metric determinant.

𝜂𝜇𝜈: Flat spacetime metric.

∇𝜇: Covariant derivative.

Γ𝛼
𝛽𝛾
: Christoffel symbol.

𝔏𝑣: Lie derivative with respect to the vector 𝑣.

𝜕M: Boundary of a region M.(
𝜇𝜈

)
: Symmetrization.

𝑅𝜇𝜈𝛼𝛽: Riemann tensor.

𝑅𝜇𝜈: Ricci tensor.



𝑅: Ricci scalar.

𝐺𝜇𝜈: Einstein tensor.

G: Gauss-Bonnet invariant.

𝜖: Levi-Civita antisymmetric tensor density.

𝛿
𝛼𝛽𝛾𝛿
𝜇𝜈 𝜌𝜎 : Generalized Kronecker delta.

𝑆M: Matter action.

𝑇𝜇𝜈: Energy-momentum tensor.

𝚿: Matter fields.

𝜙: Scalar field.

𝑋 : Kinetic term; 𝑋 = −1

2
𝜕𝜇𝜙𝜕

𝜇𝜙 ≡ −1

2

(
𝜕𝜙

)
2

.

𝑉
(
𝜙
)
: Scalar potential.

NEP: Newton’s equivalence principle.

WEP: Weak equivalence principle.

EEP: Einstein’s equivalence principle.

BH: Black hole.

sBH: Scalarized black hole.

LoH: Loss of hyperbolicity.

ID: Initial data.

ADM: Arnowitt–Deser–Misner.

NER: Naked elliptic region.



Preface

The general theory of relativity arguably stands as the crown jewel of modern

theoretical physics. It reenvisioned the most intuitive interaction in nature as

the manifestation of spacetime curvature. Practically, it has achieved remark-

able successes, from resolving Mercury’s anomalous precession to predicting

gravitational waves.

Gravitational waves, as novel channels of discovery, now offer unprece-

dented opportunities to probe the gravitational interaction and test general

relativity. The emergence of gravitational-wave astronomy has ushered in an

era of precision tests, with detections from binary black hole and neutron

star mergers granting direct access to the high-curvature, relativistic, and non-

perturbative regime of gravitational dynamics. Questioning the complete-

ness of general relativity may seem audacious, yet compelling observational

and theoretical motivations demand such inquiry.

Observationally, the accelerated expansion of the universe remains un-

explained beyond the placeholder of dark energy, whose nature is unknown.

Likewise, the concept of dark matter was introduced to account for phenom-

ena such as flat galactic rotation curves and other gravitational anomalies, yet

its composition remains elusive. These two mysteries rank among the most

pressing challenges in modern physics. Theoretically, general relativity pre-

dicts singularities inside black holes and at the Big Bang, signalling a break-

down of its predictive power. Moreover, efforts to reconcile general relativity

with quantum mechanics have so far failed, in stark contrast to the success-

ful quantisation of the other fundamental interactions. Although numerous

proposals for quantum gravity exist, none has emerged as a clear successor,

and direct experimental access to this regime appears unlikely. Given these

challenges, we regard general relativity as an effective field theory with lim-



ited validity and investigate possible extensions.

A common route to extending general relativity is to introduce additional

degrees of freedom that may encode physics beyond general relativity or the

Standard Model of particle physics. This thesis focuses on scalar fields. In

general relativity, the Kerr metric uniquely describes quiescent, isolated as-

trophysical black holes due to the uniqueness and no-hair theorems. Exten-

sions predicting deviations from this picture would provide compelling evi-

dence for departures from general relativity. Since black hole binaries dom-

inate gravitational wave detections, understanding black holes in extensions

of general relativity is essential. Gravitational-wave observations offer power-

ful probes of phenomena such as black hole scalar hair. Scalar Gauss-Bonnet

gravity has emerged as a leading framework for studying these effects.

The Introduction I expands on the triumphs and limitations of general

relativity, highlighting predictions such as black holes and gravitational

waves, as well as the problems that motivate its extensions. Chapter II

examines the foundations of gravity, focusing on conceptual aspects that

must underpin extended theories. Chapter III introduces scalar fields as new

degrees of freedom, starting with the Brans-Dicke model, in which a scalar

field couples non-minimally to the Ricci scalar, and extending to general

scalar-tensor theories. We discuss Horndeski gravity, the most general

non-degenerate scalar-tensor theory with second-order equations of motion,

and identify scalar Gauss-Bonnet gravity as a Horndeski example that evades

no-hair theorems. We also review spontaneous scalarization, which yields

hairy black holes. Chapter IV investigates black holes in shift-symmetric

scalar Gauss-Bonnet gravity and how additional interactions modify their

properties. Chapter V explores scalarization of supermassive black holes

in a two-scalar-field framework. Chapters VI – VIII turn to the dynamical

evolution of black holes in scalar Gauss-Bonnet gravity, analysing the effect

of additional interactions on the hyperbolicity of the equations. We demon-

strate that such interactions can enhance the character of the equations, and

we conduct numerical simulations using excision to investigate the dynamics

of spherical black holes. We also assess the impact of gauge choices and field

redefinitions on hyperbolicity. Chapter IX concludes the thesis.
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Chapter I. Introduction

1.1 The road to general relativity and
beyond

Gravity, a fundamental interaction in both everyday life and scientific explo-

ration, remains one of the most mysterious. Its study spans human history.

Though early scientific inquiries were often intertwined with philosophy and

theology, they underscore humanity’s long-standing desire to understand the

world and its workings. Galileo Galilei’s 16th-century experiments with pen-

dulums and inclined planes marked the beginning of systematic experimental

investigations into gravity, establishing him as a key figure in the foundation

of modern science. Isaac Newton’s 1665 theory unified terrestrial and ce-

lestial phenomena through the inverse-square law, based on the concept of

absolute space (later overturned by Einstein’s theory) and the equivalence of

inertial and gravitational mass (later incorporated and revolutionised in Ein-

stein’s theory). The famous story of Newton’s epiphany—spurred by the fall

of an apple—allegedly led him to wonder whether the same force that caused

the apple to fall also kept the moon in orbit. While this narrative is iconic, it

is often clouded by myth. Though such stories suggest that scientific break-

throughs occur in a tidy and immediate fashion, in reality, shifts in scientific

understanding are usually slow, driven by both a natural attachment to estab-

lished ideas and the inherent complexity of the issues at hand.

Newton’s theory was successful in predicting planetary motion and ter-

restrial phenomena, yet it faced significant challenges and struggled to ac-

count for the anomalous precession of Mercury’s orbit. Le Verrier, build-

ing on his success in predicting Neptune’s existence through perturbations

in Uranus’s orbit, proposed the existence of a “missing” planet to account

for Mercury’s anomalous motion. This hypothesis, though ultimately dis-

proven, parallels modern attempts to explain cosmological discrepancies by

introducing dark matter.

In 1915, Einstein’s General Relativity resolved these issues, marking one

of the most significant milestones in physics [1]. Similar to Newton’s apple

story, Einstein’s insight was prompted by a thought experiment involving a

falling elevator, though the development of general relativity was far from
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Chapter I. Introduction

straightforward.

Unlike Newtonian physics, which assumes fixed space and absolute time,

general relativity replaces these with dynamic spacetime and conceptualises

gravity as its curvature, influenced by the presence of mass and energy. Ein-

stein’s equation is

𝑅𝜇𝜈 −
1

2

𝑅𝑔𝜇𝜈 =
8𝜋𝐺

𝑐4
𝑇𝜇𝜈 , (1.1.1)

where 𝑔𝜇𝜈 is the metric tensor, 𝑅𝜇𝜈 , 𝑅 are the Ricci tensor and scalar respec-

tively, and𝑇𝜇𝜈 is the energy-momentum tensor of matter. The constants 𝐺

and 𝑐 are Newton’s constant and the speed of light, respectively. The the-

ory has passed numerous empirical tests, explaining Mercury’s precession and

successfully predicting gravitational light deflection, black holes, and gravita-

tional waves.

However, like Newtonian gravity before it, general relativity faces signif-

icant challenges. These include the unresolved nature of singularities within

black holes and early cosmology, the conundrums of dark matter and dark en-

ergy, the cosmological constant problem, and its incompatibility with Quan-

tum Field Theory.

Recognising these difficulties, some approaches treat general relativity as

an incomplete theory—just as Newtonian gravity is—and explore possible

extensions that may provide a deeper understanding of gravity at both cosmic

and quantum scales.

1.2 Milestones of general relativity
General relativity has long been regarded as one of the cornerstones of mod-

ern theoretical physics. Its elegant description of gravity as the curvature of

spacetime, shaped by the presence of mass and energy, has passed a multi-

tude of empirical tests with flying colours [2–4]. General relativity has pro-

vided profound insights into the universe’s nature, confirming predictions

in the strong-field regime and at cosmological scales. The theory’s success in

explaining the perihelion precession of Mercury, light deflection, predicting

the existence of black holes, and gravitational waves has led to its widespread
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Chapter I. Introduction

acceptance as the most accurate description of gravity to date.

1.2.1 The Standard Model of Cosmology

In this thesis, we do not delve into cosmology in depth. This section’s pur-

pose is to provide clarity for the discussion in subsequent sections. We follow

the discussion of [5]. For a more thorough treatment of cosmology, we refer

the reader to [6, 7].

On large scales, the universe is approximately spatially isotropic and ho-

mogeneous, as indicated by various observations, most notably the cosmic

microwave background [8]. These two conditions are sufficient to fix the

structure of the metric tensor as

d𝑠2 = −d𝑡2 + 𝑎2(𝑡)
(

d𝑟2

1 − 𝑘𝑟2
+ 𝑟2

dΩ2

)
, dΩ2 = d𝜃2 + sin

2 𝜃d𝜙2 ,

(1.2.1)

where 𝑡 is the cosmological time, 𝑎(𝑡) is the scale factor, and 𝑘 = 0, 𝑘 > 0,

and 𝑘 < 0 represent flat, positive, and negative curvature, respectively. This

metric is known as the Robertson-Walker metric [9–12]. Given the assump-

tions of homogeneity and isotropy, the universe’s only evolving characteris-

tic is its size, as described by the scale factor, which measures the evolution of

length scales. We assume matter and energy are described by a perfect fluid

with an energy-momentum tensor

𝑇𝜇𝜈 = ( 𝜌 + 𝑝)𝑢𝜇𝑢𝜈 + 𝑝 𝑔𝜇𝜈 , (1.2.2)

where 𝜌 is the energy density, 𝑝 is the pressure, and 𝑢𝜇 is the fluid velocity.

An equation of state relates pressure and density, and we assume 𝑝/𝜌 = 𝑤 =

constant. The two most commonly studied examples of cosmological fluids

are matter and radiation. Matter is characterized by zero pressure, 𝑝M = 0,

while radiation satisfies 𝑝R = 1

3
𝜌R. Einstein’s equations yield two key rela-

tions, known as the Friedmann equations [13–16]

𝐻 2 =
8𝜋𝐺

3

𝜌 − 𝑘

𝑎2
, 𝐻 ≡ ¤𝑎

𝑎
, (1.2.3)
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Chapter I. Introduction

and

¥𝑎
𝑎
= −4𝜋𝐺

3

( 𝜌 + 3𝑝) . (1.2.4)

Here, 𝐻 represents the Hubble parameter, and the dot denotes a derivative

with respect to cosmological time 𝑡 . Equation (1.2.3) represents the rate of

expansion (or contraction) of the universe, while equation (1.2.4) describes

the acceleration of this expansion. A useful quantity to introduce in this con-

text is the density parameter, given by

Ω𝑖 ≡
8𝜋𝐺

3𝐻 2
𝜌𝑖 =

𝜌𝑖

𝜌crit

, 𝜌crit ≡
3𝐻 2

8𝜋𝐺
, Ω =

∑︁
𝑖

Ω𝑖 . (1.2.5)

For the curvature term, we introduce Ωcurv = −𝑘/
(
𝐻 2𝑎2

)
. This is not an

energy density, but is used for notational convenience. With these definitions,

the Friedmann equation (1.2.3) can be rewritten as

Ωcurv = 1 −Ω , (1.2.6)

thus, for Ω < 1, we have 𝑘 < 0; for Ω = 1, 𝑘 = 0; and for Ω > 1,

𝑘 > 0. If the perfect fluid satisfies the condition 𝜌 + 3𝑝 > 0, then ¥𝑎 < 0,

indicating that the expansion will always decelerate, as is expected in the Big

Bang scenario. However, this is not consistent with current observations [17–

20].

The simplest explanation for the accelerated expansion of the universe is

the introduction of a cosmological constant, with an equation of state 𝑝Λ =

−𝜌Λ. However, this solution introduces the infamous cosmological constant

problem, which we discuss in Section 1.3.3.

Observational data indicate that the density of visible matter is Ωm =

0.046 ± 0.002, while the dark matter density is ΩDM = 0.23 ± 0.01. Addi-

tionally, the observed expansion of the universe requires a cosmological con-

stant with density ΩΛ = 0.73 ± 0.02 [17–23]. These contributions sum to

Ω ∼ 1, indicating that the universe is flat.

Assuming the presence of dark matter and a cosmological constant as the

“solutions” to the “missing mass” and accelerated expansion problems (see

Section 1.3.3) gives rise to the Lambda Cold Dark Matter (ΛCDM) Standard
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Chapter I. Introduction

Model of Cosmology.

1.2.2 Black holes
Black holes are a stark prediction of general relativity. Schwarzschild, in 1916,

wrote down the first exact solution to Einstein’s equations [24]. It describes

a static spherically symmetric point mass in an otherwise empty space. In the

appropriately named Schwarzschild coordinates {𝑡, 𝑟, 𝜃 , 𝜙}, it takes the form

d𝑠2 = −
(
1 − 2𝑀

𝑟

)
d𝑡2 +

(
1 − 2𝑀

𝑟

)−1

d𝑟2 + 𝑟2

(
d𝜃2 + sin

2 𝜃d𝜙2

)
.

(1.2.7)

This solution forms a one-parameter family in terms of the mass 𝑀 . The

solution is singular at 𝑟 = 0 and 𝑟 = 2𝑀 , which will be discussed in Sec-

tion 1.3.2. The defining property of a black hole is the existence of a boundary

surface, the event horizon, such that two events separated by this boundary

cannot be causally connected. In the Schwarzschild case, this boundary oc-

curs at 𝑟 = 2𝑀 [5, 25]. It took several decades after Schwarzschild’s solution

to appreciate its implications. However, some aspects of the black hole nature

of the Schwarzschild solution were discussed as early as 1921 [26].

Chandrasekhar’s crucial result—that a cold, massive body with a mass

exceeding ∼ 1.44𝑀⊙ will inevitably collapse—was deeply unsettling to the

community [27]. Eddington famously commented that a fundamental law

of nature must prevent such an event [28, 29]. By the late 1930s, strong

evidence for the existence of black holes had emerged, including the Chan-

drasekhar limit, the Oppenheimer-Volkoff limit for neutron star mass [30],

and the possibility of collapse as demonstrated in the Oppenheimer-Snyder

model for pressureless, homogeneous dust [31]. Additionally, Kerr’s

discovery of the rotating solution [32] and the subsequent uniqueness theo-

rems [33, 34] were key breakthroughs. Notably, the singularity theorems of

Penrose and Hawking [35, 36] demonstrated that singularity formation is a

generic feature of gravitational collapse (see Section 1.3.2).

The existence of black holes has since been confirmed by several observa-

tions, including the supermassive black hole at the centre of the Milky Way,
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Sgr𝐴∗ [37, 38], and the images of 𝑀87∗ and Sgr𝐴∗ obtained by the Event

Horizon Telescope [39, 40]. Moreover, gravitational wave observations by

the LIGO-Virgo-KAGRA collaboration are fully consistent with the descrip-

tion of black hole binaries [41].

1.2.3 Gravitational waves
Einstein predicted gravitational waves in 1916 [42], and later argued with

Rosen that such waves do not exist. Einstein revised his view in 1937 [43] on

the advice of Robertson [44]. Nonetheless, the status of gravitational waves

remained uncertain until the Chapel Hill conference in 1957 [45]. At that

meeting, Feynman introduced the “sticky-beads” thought experiment, argu-

ing that gravitational waves must carry energy—a point still under debate at

the time. Bondi later established that gravitational waves indeed carry en-

ergy [46]. Wheeler and Weber also suggested that gravitational waves might

be detectable [47]. In 1960, Weber proposed a method for detecting gravita-

tional waves [48] and built the first detector [49], claiming a detection [50,

51]. However, subsequent attempts by other groups failed to detect gravita-

tional waves [52].

The first indirect evidence of gravitational waves came with the discov-

ery of the binary pulsar by Taylor and Hulse [53], which earned them the

Nobel Prize in 1993. According to general relativity, gravitational waves ex-

tract energy from a binary system, causing the separation between the ob-

jects to decrease and the orbital period to decay. In 1981, measurements of

the orbital-period decay in this system were obtained, and the observed rate

closely matched Einstein’s predictions, with only a small observational uncer-

tainty [54]. However, direct detection of gravitational waves remained elu-

sive. In 1972, Weiss laid the groundwork for the implementation of a laser

interferometer to detect gravitational waves [55].

Gravitational waves were first directly detected in 2015 [56], marking a

monumental breakthrough after decades of efforts. The detection resulted

from the coalescence of two black holes, with masses approximately 29𝑀⊙

and 36𝑀⊙, merging to form a black hole of around 62𝑀⊙. The event,

dubbed GW150914, released 3𝑀⊙ of energy into gravitational waves within

a fraction of a second. This detection provided the first direct evidence of
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black hole binaries. Subsequent detections by the LIGO-Virgo-KAGRA col-

laboration of black holes with masses in the range O(1)𝑀⊙ − O(100)𝑀⊙

further confirmed the presence of gravitational waves. Figure 1.1 shows

the first gravitational wave signal observed [56], along with subsequent

detections of black holes and neutron star binaries.

Figure 1.1: On the left is the GW150914 event observed by the LIGO

Hanford and Livingston detectors [56]. On the right are the black holes

and neutron stars observed so far by the LIGO-VIRGO-KAGRA collab-

oration. Illustration by Aaron Geller.

The advent of gravitational wave astronomy has opened new possibili-

ties for studying compact objects in unprecedented detail. It offers a unique

opportunity to test the nature of gravity and explore fundamental physics in

extreme environments, which cannot be replicated on Earth or within the so-

lar system. Interest in testing general relativity is at an all-time high [57–63],

fuelled by the landmark detection of gravitational waves [41, 64–66]. Third-

generation detectors, such as the Einstein Telescope [67, 68], and space-borne

detectors like LISA [60, 69, 70], will enable the search for potential anomalies

in our understanding of the gravitational interaction in unexplored regions

of extreme dynamical gravity.

1.3 When general relativity fails
Despite its many triumphs, general relativity is not without its limitations.

It is fundamentally incompatible with quantum mechanics, the other pillar
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of modern physics, and fails to provide a framework for understanding the

quantum nature of spacetime. Moreover, its classical treatment of gravity

breaks down in extreme conditions, such as at the centre of black holes or in

the early universe, where spacetime curvature becomes “infinite”. The the-

ory also encounters difficulty in explaining the observed phenomena of dark

matter and dark energy, whose presence is inferred from gravitational effects,

yet their exact nature remains elusive.

1.3.1 Relativity meets Quantum?
Efforts to quantise gravity date back almost a century [71]. Heisenberg [72]

first noted that the dimensionality of Newton’s constant could pose issues in

quantising general relativity. Later, it was understood that canonical quanti-

sation of general relativity leads to perturbative non-renormalizability [73–

75], which can be attributed to the negative mass dimension (−2) of New-

ton’s constant.

Stelle demonstrated that including higher-order curvature terms renders

the theory renormalizable [76]. However, Ostrogradsky [77, 78] showed

that higher-derivative theories possess an unbounded Hamiltonian from

below, leading to ghost degrees of freedom and loss of unitarity when quan-

tised [79]. Yet, numerical simulations suggest that stationary and dynamical

spacetime solutions do not exhibit runaway behaviour associated with

ghost excitations [80–82]. Modern perspectives view non-renormalizability

less negatively, indicating that the theory is sensitive to the integrated-out

high-energy physics, and general relativity is considered an effective field

theory [83–86] (see Section 3.4), providing answers up to a specific energy

scale and necessitating an ultraviolet completion.

Nevertheless, numerous technical and conceptual challenges remain in

formulating a quantum theory of gravity [87–90]. General relativity is back-
ground independent (see Section 2.2.1), whereas quantum field theory as-

sumes a fixed, flat background, with quantum fields propagating on it. In

contrast, quantising general relativity involves (potentially) quantising space-

time itself
1

, which presents a significant challenge. A formidable open prob-

1
Whatever that means.
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lem remains in reconciling these fundamental differences. Furthermore, the

“problem of time” [87, 91] and the issue of defining observables in quantum

gravity remain unresolved, as diffeomorphism invariance implies non-local

observables [90, 92].

Several approaches to quantum gravity exist. Superstring theory [93–95]

seeks to unify all known interactions through postulating vibrating strings

as the fundamental building blocks of nature. In its original formulation,

string theory abandons background independence and employs perturbative

techniques around a fixed background. Nonetheless, it is argued that the

anti-de Sitter/conformal field theory (AdS/CFT) correspondence [96] pro-

vides a non-perturbative definition of string theory on the AdS side. For

more details and various views, see [97, 98]. Loop quantum gravity [99–

102] posits a granular structure of spacetime, providing a non-perturbative

approach while preserving background independence. Asymptotic safe grav-

ity [103–107] aims for non-perturbative quantisation via the renormalisation

group, seeking a non-trivial fixed point in the renormalisation flow. If such a

fixed point exists, a well-defined quantum gravity theory would emerge, free

from divergences at arbitrarily high energies [108, 109]. Other approaches,

such as causal dynamical triangulation, based on the path integral formula-

tion of quantum gravity, use simplicial complexes to regularise the path inte-

gral [110–112].

Many of these approaches introduce deviations from general relativity,

either through additional degrees of freedom or higher-order curvature cor-

rections, or both. However, no consensus has been reached on the quantum

nature of gravity.

1.3.2 Singularities
In general relativity “singularities” appear in the early universe and black hole

spacetimes. It is quite a non-trivial task to define exactly what we mean by a

“singularity” [25]. Notwithstanding, we can broadly identify two types of

singularities: (i) a “naive” singularity due to the failure of the coordinate sys-

tem to cover a portion of the spacetime; or (ii) a “true” or a physical singularity

where a physical trajectory abruptly ends. More precisely, (an inextendible)

spacetime must contain one or more incomplete time-like or null geodesics.
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These singularities need not be curvature singularities, i.e., curvature invari-

ants need not blow up. See [25, 113] for an extended discussion and technical

details.

In the context of black holes, let us consider for simplicity the

Schwarzschild solution

d𝑠2 = −
(
1 − 2𝑀

𝑟

)
d𝑡2 +

(
1 − 2𝑀

𝑟

)−1

d𝑟2 + 𝑟2

(
d𝜃2 + sin

2 𝜃d𝜙2

)
.

(1.3.1)

The Schwarzschild metric is singular at 𝑟 = 0 and 𝑟 = 2𝑀 . The appar-

ent singular behaviour of the metric at 𝑟 = 2𝑀 is nothing worrisome as it

is merely of the first type, i.e., due to an ill-chosen coordinate system [25].

However, the singularity at 𝑟 = 0 is a curvature singularity. We can observe

this, for example, in the Kretschmann scalar

𝑅𝜇𝜈𝛼𝛽𝑅
𝜇𝜈𝛼𝛽 =

48𝑀 2

𝑟6
, (1.3.2)

which blows up as 𝑟 → 0. This indicates that general relativity is no longer

valid and predicts its demise.

It is tempting to think that the singularity at 𝑟 = 0 is due to spherical

symmetry, and in realistic gravitational collapse, this would not occur. How-

ever, Penrose and Hawking singularity theorems [35, 36] (see [114] for a re-

view) provide evidence to the contrary. The essence of these theorems is that,

under appropriate causality and energy conditions, black holes must contain

a singularity
2

(see [25, 113] for technical details). As the singularity is hid-

den behind the event horizon, an outside observer can never deduce its pres-

ence or effects. Therefore, Penrose has conjectured that all singularities must

be veiled by an event horizon [115]—the so-called weak cosmic censorship

conjecture—and that is how general relativity or Nature protects itself from

these nonsensical conclusions. There is also the strong cosmic censorship

conjecture; colloquially, it asserts that, generically, initial data determines the

future [116, 117]
3

. Weak and strong cosmic censorship conjectures are math-

2
Interestingly, these theorems do not say anything about the nature of the singular-

ity, and virtually nothing is known beyond that they must form.

3
The difference between global uniqueness results in general relativity [117, 118]
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ematically independent. The conjectures and reformulations thereof remain

one of the main open questions in mathematical general relativity. For com-

prehensive reviews, see [116, 119–121].

1.3.3 The dark sector
A limitation of general relativity arises when attempting to explain certain

large-scale cosmological phenomena, such as the universe’s accelerated ex-

pansion. The discovery that the universe’s expansion is speeding up, rather

than slowing down as previously expected, led to the introduction of dark

energy—an enigmatic substance with negative pressure. While the ΛCDM

model, which incorporates a cosmological constant, can explain these obser-

vations phenomenologically (this has been questioned recently by the DESI

collaboration [122, 123]), the underlying origin of dark energy remains un-

clear, with its tiny value viewed as a fine-tuning problem. General relativity

cannot adequately explain why dark energy is so small and why it has the pre-

cise properties needed to drive cosmic acceleration.

Assuming dark matter, an invisible substance inferred from its gravita-

tional effects on galaxies and clusters of galaxies. General relativity can de-

scribe the universe’s large-scale structure. Notwithstanding, it does not offer

a compelling explanation for the nature of dark matter. The inability of gen-

eral relativity to account for dark matter and dark energy within a unified

framework suggests that extensions of the theory, or an entirely new theoret-

ical framework, may be required.

Dark matter

Dark matter is a hypothesised form of matter introduced to explain the

“missing” mass in galaxy clusters and account for the observed flat rotation

curves [22, 23]. It is crucial to the ΛCDM model, which is central to con-

temporary cosmology and explains the observed structure of the universe. In

1933, Zwicky (see [23] for a historical review) studied the redshift of several

galaxy clusters and found that the Coma cluster exhibited large velocity

and strong cosmic censorship conjecture is the restriction, in the former, to globally hy-

perbolic developments of initial data.
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dispersion. While this phenomenon had been noted earlier by Hubble

and Humason [124], Zwicky applied the virial theorem to estimate the

cluster’s mass based on observed velocities. He found that the virial mass was

approximately 400 times greater than the mass inferred from galaxy counts.

Further evidence for dark matter comes from galaxy rotation curves, par-

ticularly the circular velocities of stars as a function of their distance from

the galactic centre. These curves remained “flat” at large distances, contrary

to the expected fall-off under Keplerian dynamics. Since most visible matter

is concentrated near the galactic centre, the flatness of the curves suggests the

presence of additional unseen mass [125, 126].

Several hypotheses have been proposed regarding the nature of dark mat-

ter. Observational evidence indicates that baryonic dark matter accounts for

only a small fraction of the total dark matter [20, 22, 23, 127, 128]. Numer-

ous dark matter candidates are present in the literature [22, 23, 129–133].

Here, we briefly mention a few possibilities.

One option is primordial black holes [129, 134–140]. These black holes

may have formed in the early universe due to gravitational collapse in densely

populated regions [141–145]. Various constraints on this hypothesis have

been discussed, see, for example, [129, 146, 147].

Additionally, any viable particle dark matter candidate must be stable,

interact via gravity, and not through electromagnetism or the strong force.

Within the standard model, the neutrino stands out. Early studies of neutri-

nos in cosmology did not focus on the “missing mass” problem but instead

sought to place upper bounds on their mass [148–155]. Over time, the con-

nection between missing mass and neutrinos began to emerge [156–159].

However, numerical simulations indicated that relativistic (hot) dark

matter, such as neutrinos [160, 161], cannot account for the majority of

the dark matter in the universe [162]. In contrast, cold dark matter is more

effective, as it tends to form larger halos through the merger of smaller ones,

while hot dark matter initially forms large structures that later fragment into

smaller ones [23].

Dodelson and Widrow [163] proposed the possibility of producing other

types of neutrinos in the early universe that do not participate in electroweak

interactions, unlike standard model neutrinos, and could account for dark
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matter. These so-called sterile neutrinos interact primarily through gravity

but also mix with standard model neutrinos, albeit weakly [163]. While the

original model has been ruled out, alternative models remain under investi-

gation [131, 164]. Furthermore, the consideration of neutrinos as potential

dark matter candidates led to the exploration of weakly interacting massive

particles (WIMPs) as a possible dark matter hypothesis [165–170].

In addition to sterile neutrinos, many attempts to explain these phenom-

ena involve new physics beyond the standard model. Supersymmetry, for ex-

ample, predicts a partner fermion for each boson and vice versa, potentially

offering dark matter candidates [151, 171–177]. Another proposal is the ax-

ion, a pseudo-scalar, which arises as a solution to the strong-CP problem [178,

179]. This solution involves a spontaneously broken 𝑈 (1) global symme-

try, which resolves the fine-tuning problem by dynamically driving the fine-

tuned parameter to zero. Wilczek [180] and Weinberg [181] independently

pointed out that this process leads to a new light boson, the axion, which

was later considered a potential candidate for dark matter. For axions to be

viable dark matter candidates, however, they must be much lighter and in-

teract more weakly than initially thought [182–184]. For further details, we

refer the reader to [133].

Alternatively, the need for dark matter may be circumvented by modify-

ing gravitational dynamics at galactic scales. Modified Newtonian Dynamics

(MOND), originally proposed by Milgrom [185, 186], attempts to explain

the observed motions of galaxies without invoking unseen mass. The theory

modifies Newton’s law of gravitation, yielding the relation 𝐹 =𝑚𝑎2/𝑎0 for

accelerations 𝑎 ≪ 𝑎0 ∼ 1.2 × 10
−2

m/s
2

. In this framework, dark matter

is not needed, and the dynamics of stars in galaxy clusters can be explained

without requiring dark matter. This idea was later extended to a relativis-

tic context, resulting in Tensor-Vector-Scalar (TeVeS) gravity, formulated by

Bekenstein [187]. MOND has been successful in accounting for various ob-

servations related to the rotation curves of hundreds of spiral galaxies [188–

191]. Nonetheless, it fails to explain several key observations, particularly on

the scale of galaxy clusters, including those from the Bullet Cluster and other

high-precision cosmological measurements. As a result, it remains an open

question whether TeVeS can fully address these discrepancies [192–196].
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Dark energy

The inordinate amount of observational evidence in support of the universe

undergoing an accelerated expansion, coming from type Ia supernovae [17,

197–206], the Cosmic Microwave Background measurements [127, 207–

215], and large-scale structure studies [216–223], is far from being satisfac-

tory explained. Several ideas have been proposed to explain this phenomenon.

The simplest of which is introducing a (bare) cosmological constant ΛB, for

which Einstein’s equation reads

𝑅𝜇𝜈 −
1

2

𝑅𝑔𝜇𝜈 + Λ𝑔𝜇𝜈 = 𝜅𝑇𝜇𝜈 , 𝜅 =
8𝜋𝐺

𝑐4
. (1.3.3)

This, however, comes with a heavy price, known as the cosmological constant

problem [224–230].

General relativity teaches us that all forms of matter and energy gravitate,

as per the equivalence principle (see Section 2.2.1). But what about the energy

of the vacuum? In flat spacetime, the vacuum state must be invariant for all

observers, and since the only invariant tensor is 𝜂𝜇𝜈 , we must have ⟨𝑇𝜇𝜈⟩ ∝
𝜂𝜇𝜈 . In curved spacetime, this leads to the expression (by the principle of

minimal coupling, see Section 2.2.1)

⟨𝑇𝜇𝜈⟩ = −𝜌vac 𝑔𝜇𝜈 , (1.3.4)

with a constant 𝜌vac since the energy momentum tensor is conserved [227].

Thus, the Einstein equation with quantum fields seems to take on the form

𝑅𝜇𝜈 −
1

2

𝑅𝑔𝜇𝜈 + ΛB 𝑔𝜇𝜈 = 𝜅𝑇
matter

𝜇𝜈 + 𝜅 ⟨𝑇𝜇𝜈⟩ , (1.3.5)

where𝑇matter

𝜇𝜈 is ordinary matter, and ⟨𝑇𝜇𝜈⟩ is the vacuum contribution from

all the particles in the universe. Using the form of ⟨𝑇𝜇𝜈⟩ derived earlier we can

write the equation as

𝑅𝜇𝜈 −
1

2

𝑅𝑔𝜇𝜈 + Λeff 𝑔𝜇𝜈 = 𝜅𝑇
matter

𝜇𝜈 , (1.3.6)

with the effective cosmological constantΛeff = ΛB +𝜅 𝜌vac is the quantity we

observe.
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In quantum field theory, the vacuum energy can be calculated by com-

puting the vacuum loop diagrams for each particle in the Standard Model.

The energy density of the vacuum 𝜌vac is given by [227, 230]

𝜌vac ∼
∑︁

particles

𝑚4

particle
. (1.3.7)

As the Standard Model is well tested up to the TeV scale, we would esti-

mate the vacuum energy density 𝜌vac ⪆ (TeV)4 ∼
(
10

−60𝑀Pl

)
4

. How-

ever, observational data suggests that Λeff ∼
(
10

−30𝑀Pl

)
4

, implying that

Λbar cancels 𝜌vac to within approximately 60 decimal places, which appears

to be an extremely fine-tuned coincidence. Yet, this is only the beginning of

our troubles. The theory proves to be highly sensitive to ultraviolet physics,

as fine-tuning must be performed at each order in perturbation theory, a phe-

nomenon known as radiative instability [227, 230]. Thus, the central ques-

tion remains: how can we make the cosmological constant radiatively stable?

One possibility is to introduce additional fields in the matter sector that could

“absorb” the large vacuum energy. However, this is not feasible (for a trans-

lationally invariant vacuum) without invoking fine-tuning, as demonstrated

by Weinberg’s no-go theorem [224].

It is tempting to consider a scenario in which the cosmological constant

is not constant; rather, the potential energy of a field drives the accelerated ex-

pansion, which eventually dynamically relaxes to a small value. This is known

as the dynamical dark energy proposal, which can be realised through a slowly

rolling cosmological scalar field [231–238]. However, fine-tuning remains a

challenge for these models.

To illustrate how such a scenario can be achieved, consider a simple ex-

ample of a scalar field minimally coupled to gravity with potential𝑉 (𝜙)

L𝜙 = −1

2

𝜕𝜇𝜙𝜕
𝜇𝜙 −𝑉 (𝜙) , (1.3.8)

The corresponding energy-momentum tensor is

𝑇
𝜙
𝜇𝜈 = 𝜕𝜇𝜙𝜕𝜈𝜙 − 𝑔𝜇𝜈

(
1

2

𝜕𝜇𝜙𝜕
𝜇𝜙 +𝑉 (𝜙)

)
, (1.3.9)
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For a homogeneous configuration 𝜙 = 𝜙(𝑡), the scalar field behaves as a per-

fect fluid with equation of state𝑤𝜙 = 𝑝𝜙/𝜌𝜙, given by

𝑤𝜙 =

1

2

¤𝜙2 −𝑉 (𝜙)
1

2

¤𝜙2 +𝑉 (𝜙)
. (1.3.10)

For a very slowly rolling field, i.e., ¤𝜙2 ≪ 𝑉 (𝜙), we have 𝑤(𝜙) ≈ −1.

These models are known as quintessence [238–246]. To ensure the scalar is

slowly rolling today, we require

√︁
𝑉 ′′(𝜙0) ∼ 𝐻0. For the simple potential

𝑉 (𝜙) = 1

2
𝑚2𝜙2

, this implies 𝑚 ∼ 𝐻0 ∼ 10
−33

eV. This fine-tuning re-

mains a challenge for such models; further discussion can be found in [224,

229]. Additionally, considering derivative couplings as a generalisation

of quintessence has been applied to cosmic acceleration, leading to the

𝐾 -essence theories [247, 248].

Finally, extensions of general relativity that avoid Weinberg’s no-go the-

orem show promise in addressing the cosmological constant problem [249–

252]. However, general relativity has been rigorously tested in the solar sys-

tem [2, 3], presenting additional challenges in this context. If such scalars

exist, a mechanism must shield them from detection in the solar system. Var-

ious “screening” mechanisms have been proposed in the literature. For fur-

ther details, see [253, 254] and references therein. Currently, no universally

accepted solution exists for explaining the universe’s accelerated expansion.
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Chapter II. Foundations of Gravity

2.1 Geometric foundations
We take gravity as best described by the curvature of spacetime, a perspective

further developed in the next Section 2.2. For now, we focus on the geomet-

ric framework of general relativity and introduce the essential concepts and

tools of differential geometry required for the treatment of general relativ-

ity. We are not aiming for an exhaustive or rigorous presentation but rather a

collection of definitions to establish notation and conventions.

Spacetime, denoted (M, g), is a four-dimensional differentiable man-

ifold M equipped with a Lorentzian metric g. Roughly speaking, an

𝑛-dimensional differentiable manifold is composed of smoothly stitched-

together regions that locally resemble ℝ𝑛. A diffeomorphism Φ : M → N
between manifolds M and N is a bijective map such that both Φ and its

inverse are smooth; in this case, the manifolds are said to be diffeomorphic.

In a coordinate chart, the tangent space at a point 𝑝 is spanned by the

basis (𝜕/𝜕𝑥𝜇) 𝑝 or, for short, 𝜕𝜇, and the corresponding basis of the cotangent

space is denoted as (d𝑥𝜇) 𝑝, such that

(d𝑥𝜇) 𝑝
(
(𝜕/𝜕𝑥𝜈) 𝑝

)
= 𝛿

𝜇
𝜈 , (2.1.1)

where 𝛿
𝜇
𝜈 is the Kronecker delta symbol. Under a coordinate change 𝑥𝜇 →

𝑥𝜇 a rank (𝑘, 𝑙) tensor transforms as

˜𝑇 𝜇1 ...𝜇𝑘
𝜈1 ...𝜈𝑘 (𝑥) =

𝜕𝑥𝜇1

𝜕𝑥 𝛼1

. . .
𝜕 𝑥𝜇𝑘

𝜕𝑥 𝛼𝑘

𝜕𝑥 𝛽1

𝜕𝑥𝜈1

. . .
𝜕 𝑥 𝛽𝑙

𝜕𝑥𝜈𝑙
𝑇 𝛼1 ...𝛼𝑘

𝛽1 ...𝛽𝑘
(𝑥) .

(2.1.2)

The metric is a smooth, symmetric, non-degenerate (0, 2) tensor field, which

maps two tangent vectors to a real number, thus defining a notion of distance

on the manifold. The components of the metric are 𝑔𝜇𝜈 = g(𝜕𝜇, 𝜕𝜈), and the

spacetime interval is commonly denoted as,

d𝑠2 = 𝑔𝜇𝜈d𝑥
𝜇

d𝑥𝜈 . (2.1.3)

Since the metric is non-degenerate, it has an inverse, denoted by

𝑔 𝜇𝜈 := (g−1)𝜇𝜈 , satisfying 𝑔 𝜇𝜈 𝑔𝜇𝛼 = 𝛿 𝜈𝛼 . Using the metric and its in-
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verse, we can raise and lower indices. The determinant of 𝑔𝜇𝜈 is denoted as

𝑔 = det 𝑔𝜇𝜈 . The metric has a Lorentzian signature of (1, 𝑛 − 1), meaning

one negative eigenvalue and 𝑛 − 1 positive eigenvalues.

A vector 𝑣𝑝 at a point 𝑝 in the tangent space is called

• Time-like if 𝑔𝜇𝜈𝑣
𝜇𝑣𝜈 < 0 ,

• Space-like if 𝑔𝜇𝜈𝑣
𝜇𝑣𝜈 > 0 ,

• Light-like or Null if 𝑔𝜇𝜈𝑣
𝜇𝑣𝜈 = 0 .

A vector field is time-like, space-like, or null if its vectors have these prop-

erties at each point. Similarly, a curve 𝑐 : ℝ ⊇ 𝐼 → M, where 𝐼 is an

interval, is time-like, space-like, or null if its tangent vector field satisfies the

respective conditions. Every smooth Lorentzian manifold admits a unique,

torsion-free, metric-compatible connection, known as the Levi-Civita con-

nection. The covariant derivative along a vector field 𝑋 is denoted ∇𝑋 , and

for coordinate basis vector fields, we abbreviate it as ∇𝜇. The Riemann cur-
vature tensor 𝑅𝛼𝛽𝛿 𝛾 measures the failure of the covariant derivative to com-

mute, such that for a vector field 𝑣𝛼 ,(
∇𝛼∇𝛽 − ∇𝛽∇𝛼

)
𝑣𝛾 = −𝑅𝛼𝛽𝛿 𝛾𝑣𝛿 . (2.1.4)

The Ricci tensor is defined as𝑅𝛼𝛾 = 𝑅𝛼𝛽𝛾
𝛽

, and the Ricci scalar is𝑅 = 𝑅𝛼
𝛼

.

In addition to the covariant derivative, we can define the Lie derivative
along a vector field 𝑣, denoted 𝔏𝑣. For details on the general construction of

the Lie derivative, see [25]. Its action on a scalar function 𝑓 , vector field 𝑤𝜇,

and the metric 𝑔𝜇𝜈 is

𝔏𝑣 𝑓 = 𝑣( 𝑓 ) = 𝑣𝜇𝜕𝜇 𝑓 , (2.1.5)

𝔏𝑣𝑤
𝜇 = [𝑣, 𝑤]𝜇 , [·, ·] ≡ Commutator, (2.1.6)

𝔏𝑣 𝑔𝜇𝜈 = ∇𝜇𝑣𝜈 + ∇𝜈𝑣𝜇 . (2.1.7)

If 𝔏𝑣 𝑔𝜇𝜈 = 0, the vector field 𝑣 is a Killing vector field, and the Killing equa-

tion is ∇𝜇𝑣𝜈 + ∇𝜈𝑣𝜇 = 0.

Lastly, we define a geodesic as a curve whose tangent vector is parallel trans-
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ported along itself. Specifically, a curve with tangent𝑇 𝜇 satisfies the equation

𝑇 𝜇∇𝜇𝑇 𝜈 = 𝑓 𝑇 𝜈 , (2.1.8)

where 𝑓 is an arbitrary function along the curve. It is always possible to find

a parametrisation such that [25]

𝑇 𝜇∇𝜇𝑇 𝜈 = 0 , (2.1.9)

in which case, the curve is said to be affinely parametrised. In coordinates,

the geodesic equation is

d
2𝑥𝜇

d𝜆2
+ Γ𝜇𝛼𝛽

d𝑥 𝛼

d𝜆

d𝑥 𝛽

d𝜆
= 0 , (2.1.10)

where the Γ𝜇𝛼𝛽 are the Christoffel symbols, defined by ∇𝜇𝜕𝜈 = Γ𝛼 𝜇𝜈𝜕𝛼 .

2.2 Conceptual foundations
For Einstein, the central tenets of the general theory of relativity are the

Equivalence Principle and General Covariance [255]. In 1915, he finalised

and published his theory, marking a monumental achievement in theoretical

physics. Despite the groundbreaking nature of this work, the “principles”

initially faced significant criticism, with many arguing that Einstein’s

principles were flawed.

While this discussion will not focus extensively on these criticisms, it is

valuable to explore what these principles reveal about the nature of gravity,

especially in the context of extensions of general relativity.

2.2.1 The principle(s) of equivalence

The weak equivalence principle

The first principle traces back to Newton, who in Principia distinguished

between two quantities: “mass,” which governs an object’s response to force,

and “weight,” which governs its response to gravity. In [256], Bondi intro-
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duced the terms “inertial mass”𝑚I and “passive gravitational mass”𝑚P. Ac-

cordingly, Newton’s second law of gravitation takes the form

F =𝑚Ia , F =𝑚P𝐠 , (2.2.1)

where F is the force vector, a is the acceleration vector, and 𝐠 is the gravita-

tional acceleration vector. Thus, Newton’s equivalence principle (in modern

terms) can be stated as

Newton’s Equivalence Principle (NEP): The inertial mass of a body is
equal to its passive gravitational mass,𝑚I =𝑚P.

Einstein, through thought experiments such as the famous falling eleva-

tor, became convinced that the key to generalising the principle of relativity

to accelerated motion and gravity lies in the equality of inertial and gravita-

tional masses [257]. To avoid the term “mass,” the principle was reformu-

lated in terms of free fall. The statement: “Free fall is universal”
1

captures

the essence of the principle.

Given NEP, the motion of a particle in a gravitational field 𝐠(x(𝑡), 𝑡) is

given by

¥x = 𝐠(x(𝑡), 𝑡) , (2.2.2)

where a dot denotes a time derivative, x is the trajectory of a particle in the

gravitational field. This equation is solved uniquely by specifying the par-

ticle’s initial position and velocity. Particles with the same initial data will

follow the same trajectory. NEP implies the Weak Equivalence Principle as

stated by Will [3, 4, 258]

Weak Equivalence Principle (WEP): If an uncharged test body is
placed at an initial event in spacetime with an initial velocity, its subsequent
trajectory will be independent of its internal structure and composition.

Will further elaborates: “By uncharged test body, we mean a body that

is electrically neutral, has negligible self-gravitational energy (as estimated by

Newtonian theory) and is small enough so that its interaction with external

field inhomogeneities can be ignored.”
2

1
This idea originates with Galileo’s inclined plane experiments, or perhaps the Lean-

ing Tower of Pisa.

2
Ohanian [259] defines a test particle by a limiting procedure: as its size 𝑅 → 0
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Newton, in Principia (Book III, Proposition VI, Theorem VI), tested the

equality of inertial and passive gravitational masses to within one part in a

thousand using pendulums. Newton’s work was refined by Bessel in 1832,

achieving an accuracy of about one part in a hundred thousand, and by Pot-

ter in 1923, who improved this to one part in a million [3, 4]. Eötvös [261]

proposed an alternative method to test the universality of free fall by studying

the acceleration of two bodies of different composition in an external gravi-

tational field. If the WEP was violated, the inertial and gravitational masses

would differ. The relation between them would then take the form

𝑚P =𝑚I +
∑︁
𝑖

𝜂𝑖𝐸 𝑖/𝑐2 , (2.2.3)

where 𝐸 𝑖 represents the internal energy of the body due to interaction 𝑖, 𝜂𝑖

is a dimensionless parameter quantifying the strength of the WEP violation,

and 𝑐 is the speed of light. The Eötvös ratio is defined as

𝜂 ≡ 2

|𝑎1 − 𝑎2 |
|𝑎1 + 𝑎2 |

, (2.2.4)

where 𝑎1 and 𝑎2 are the accelerations of the two bodies. The Eötvös experi-

ment uses a torsion balance to determine the ratio 𝜂 for two different materi-

als. Classical experiments by Eötvös [261], Dicke [262], and Braginsky [263]

yielded limits on 𝜂 around 10
−11 − 10

−12
. More recent experiments, such as

the “Eot-Wash” experiments, have advanced torsion balance setups to achieve

limits of approximately 2×10
−13

[264–266]. The MICROSCOPE mission

has tested the WEP with an accuracy of 10
−15

[267]. For further details on

WEP tests, see [3, 4, 268].

Einstein’s equivalence principles

Einstein presented various formulations of the Equivalence Principle

throughout the development of general relativity. The earliest criticisms

of the equivalence between gravity and acceleration were raised by Kot-

tler [269], with similar remarks later made by Max von Laue [258]. Synge,

and mass𝑚→ 0, its gravitational potential vanishes, as well as its spin and higher-order

moments. See also [260].
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in his book on general relativity, expressed the following scepticism [270]

“I have never been able to understand this Principle [of Equivalence].

[. . .] Does it mean that the effects of a gravitational field are indistin-

guishable from the effects of an observer’s acceleration? If so, it is false.

In Einstein’s theory, either there is a gravitational field or there is none,

according as the Riemann tensor does not or does vanish. This is an

absolute property; it has nothing to do with any observer’s world-line.

Space-time is either flat or curved, and in several places in the book I

have been at considerable pains to separate truly gravitational effects

due to curvature of space-time from those due to curvature of the

observer’s world-line. [. . .] The Principle of Equivalence performed

the essential office of midwife at the birth of general relativity, but, as

Einstein remarked, the infant would never have got beyond its long-

clothes had it not been for Minkowski’s concept. I suggest that the

midwife be now buried with appropriate honours and the facts of ab-

solute space-time faced.”

In response to Kottler’s critique, Einstein refined his explanation, clarifying

that his principle pertains specifically to homogeneous gravitational fields.

Crucially, it does not allow for the “removal” of gravity but rather proposes

that homogeneous gravitational fields can be replaced by acceleration in a lo-

cal frame. Although the “Einstein Equivalence Principle” as understood to-

day is not identical to Einstein’s original formulation, it is defined as follows,

according to Will [3, 4]

Einstein’s Equivalence Principle (EEP): (i) The WEP holds, (ii) The
outcome of any local non-gravitational test experiment is independent of the
velocity of the freely falling apparatus (Local Lorentz Invariance, LLI), and
(iii) The outcome of any local non-gravitational test experiment is independent
of the location and time at which it is performed (Local Position Invariance,
LPI).

A “local non-gravitational test experiment” is conducted in a sufficiently

small, shielded, freely falling frame where external gravitational inhomo-

geneities and self-gravitational effects are negligible. For instance, measuring

the fine-structure constant qualifies as such an experiment.

The EEP implies that gravity is a manifestation of spacetime curvature [3,

4]. Consider a collection of test particles coupled to a second-rank tensor 𝑔𝜇𝜈 .
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The Lagrangian density for the point particles is given by

L =
∑︁
𝐼

∫
𝑚𝐼

√︃
−𝑔𝜇𝜈𝑢𝜇𝑢𝜈d𝜆 , (2.2.5)

where 𝑚𝐼 is the mass of the particle and 𝑢𝜇 = d𝑥𝜇/d𝜆 is the four-velocity

with respect to some parameter 𝜆. The resulting equation shows that parti-

cles follow geodesics of 𝑔𝜇𝜈 , and, by the postulates of Riemannian geometry,

there exist coordinates in which 𝑔𝜇𝜈 locally reduces to 𝜂𝜇𝜈 , thereby satisfying

the EEP. If the matter fields couple to two distinct second-rank tensors, the

Lagrangian takes the form

L =
∑︁
𝐼

∫ [
𝑚𝐼

√︃
−𝑔𝜇𝜈𝑢𝜇𝑢𝜈 + 𝑛𝐼

√︃
−ℎ𝜇𝜈𝑢𝜇𝑢𝜈

]
d𝜆 , (2.2.6)

where ℎ𝜇𝜈 is another second-rank tensor distinct from 𝑔𝜇𝜈 , and 𝑛𝐼 is the cou-

pling constant for each particle to ℎ𝜇𝜈 . The resulting equation cannot be

reduced to a geodesic equation unless 𝑔𝜇𝜈 and ℎ𝜇𝜈 are conformally related.

Hence, without this relationship, a local coordinate system in which special

relativity holds cannot be established, violating the EEP [271, 272].

Assuming the WEP holds to current experimental accuracy, testing

the EEP reduces to examining local Lorentz invariance and local position

invariance in non-gravitational experiments; for experimental tests of the

EEP, see [3, 4]. Additionally, Schiff’s conjecture suggests: any complete and
self-consistent gravitational theory that obeys the WEP must also satisfy the
EEP 3

. This conjecture is supported by the fact that violations of the WEP

lead to preferred frames and locations [272]. Although no proof exists,

heuristic arguments in support of the conjecture are found in [3, 4, 273].

Finally, we must mention the minimal-coupling principle. Given a phys-

ical law valid in Minkowski spacetime in an inertial frame, its generalisation

to curved spacetime is expressed as

𝜂𝜇𝜈 → 𝑔𝜇𝜈 , 𝜕𝜇 → ∇𝜇 . (2.2.7)

Consider, as a simple example, the motion of a freely falling, unaccelerated

3
In Section 2.3, we give the definitions of complete, and self-consistent theories.
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particle. The particle’s motion is described by

d
2𝑥𝜇

d𝜆2
= 0 , (2.2.8)

where 𝑥𝜇(𝜆) represents the particle’s parametrized path. We can rewrite this

as

d
2𝑥𝜇

d𝜆2
=

d𝑥𝜈

d𝜆
𝜕𝜈

d𝑥𝜇

d𝜆
. (2.2.9)

To generalise this to curved spacetime, we replace the partial derivative with

a covariant derivative, yielding

d𝑥𝜈

d𝜆
𝜕𝜈

d𝑥𝜇

d𝜆
→ d𝑥𝜈

d𝜆
∇𝜈

d𝑥𝜇

d𝜆
=

d
2𝑥𝜇

d𝜆2
+ Γ𝜇

𝛼𝛽

d𝑥 𝛼

d𝜆

d𝑥 𝛽

d𝜆
. (2.2.10)

This procedure was straightforward in this example with no ambiguities.

However, in the presence of higher-order partial derivatives, it may lead to

ambiguous results due to the non-commutativity of the covariant deriva-

tive. Loosely speaking, non-minimal coupling typically refers to coupling

between fields and curvature invariants.

2.2.2 General covariance
The principle of general covariance played a central role in the development

of general relativity. In his 1916 paper [255], Einstein stated:

“The general laws of nature are to be expressed by equations which

hold good for all systems of coordinates, that is, are covariant with re-

spect to any substitutions whatever (generally covariant).”

Einstein emphasised that this principle was not merely a generalisation of the

relativity principle from special relativity. A direct generalisation would ex-

tend Lorentz covariance to include transformations between frames under

arbitrary motion. General covariance, however, goes further: it encompasses

all spacetime transformations, including those unrelated to motion, such as

transformations between Cartesian and spherical coordinates. Einstein justi-

fied this broader generalisation by noting the absence of any natural restric-

tion on the coordinate systems used to describe spacetime [274].
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At first glance, general covariance may appear trivial—coordinates should

not influence the predictions of a physical theory, a principle already estab-

lished in Newtonian mechanics and special relativity. This was the basis of

Kretschmann’s objection [275], where he argued that any theory could be

cast in a generally covariant form, rendering general covariance physically vac-

uous. For instance, Newtonian gravitation can be expressed in a generally

covariant form, as shown by Cartan and Friedrichs (see [276], section 12.4),

albeit by introducing non-dynamical fields, often referred to as absolute ob-

jects.

What distinguishes general relativity is its lack of non-dynamical quanti-

ties; in general relativity, the metric is not given a priori, but is instead deter-

mined dynamically by solving the field equations. This dynamical nature of

the metric ensures that its interpretation and the coordinate system acquire

meaning only after the solution is obtained. Bergmann captured this idea

succinctly [277]

“It is one’s task to calculate the metric [. . .] as a dynamical variable. We

can take one coordinate system or another for this job, but all that we

can know is the relation of one frame to the other: we do not know the

relation of either to the world. ‘Strong Covariance’, therefore, con-

tains not only a reference to the structural similarity of an equation

and its transform: it implies as well that one frame is as good a starting

point as another—that we do not need prior knowledge of its physical

meaning [. . .] which is generated at the end.”

This perspective is often referred to as background independence. The dis-

tinction between dynamical and absolute objects introduces physical con-

tent to general covariance. Anderson [278, 279] formalised this notion, in

an attempt to strengthen the principle of general covariance (see [280] for a

modern discussion). However, distinguishing between dynamical and non-

dynamical objects can be subtle, and rigorously identifying them might re-

quire a Hamiltonian analysis.

2.3 Dicke framework
As noted, various experiments test the principles of general relativity. The

distinction between experiments that test principles rather than specific field
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equations was first emphasised by Schiff [281] and Dicke [282]. Dicke intro-

duced a framework for categorising experimental tests of gravity and initially

identified two fundamental requirements for the mathematical structure of

any gravitational theory:

1. Spacetime is a four-dimensional manifold, where each point represents

an event.

2. The equations must be expressed in covariant form.

However, the manifold is not assumed to possess a metric or an affine con-

nection a priori; rather, it is treated as a “bare” manifold. The second re-

quirement pertains to general covariance. As previously discussed, a theory

that appears non-covariant can be reformulated covariantly by introducing

absolute structures. Dicke adopts a broader notion of covariance, requiring

that the equations be written in tensorial form. After establishing the math-

ematical structure of gravitational theories, Dicke introduces two additional

constraints

1. Gravity must be described by tensorial fields, such as scalars, vectors,

and tensors of any rank.

2. The equations must be derivable from an invariant action.

The first condition follows naturally from the two fundamental require-

ments. The second condition, while more restrictive and classically less

fundamental, can be relaxed. However, the most successful theories of

gravity satisfy both conditions [3, 4].

Dicke’s criteria may be regarded as the minimal set of conditions any grav-

itational theory must satisfy. We impose additional viability requirements

based on theoretical and experimental considerations [3, 4, 273, 276]

• Completeness: The theory must account for the results of all known

gravitational and non-gravitational experiments. Consequently, it

must incorporate established non-gravitational physics. It should

recover the correct Newtonian limit, and in the absence of gravity,

it should reduce to special relativity. Since no gravitational theory is

universally compatible with quantum mechanics, we do not impose

such compatibility as a requirement.
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• Self-consistency: The theory must yield unique predictions, inde-

pendent of the computational approach.

These requirements arise from the well-tested nature of special relativity and

Newtonian gravity within their respective domains. Any viable gravitational

theory must reproduce their predictions in the appropriate limits.

2.3.1 Metric theories
Based on the previous discussion and assuming the EEP holds with high

precision, we consider gravitation as a phenomenon of curved spacetime

described by a Lorentzian metric 𝑔𝜇𝜈 . Additionally, any gravitational theory

must incorporate the standard model of particle physics. No alternative

formulation of the non-gravitational sectors of physics has been proposed

that avoids a metric without undermining the self-consistency, completeness,

or experimental validity of the theory [3, 4, 273, 276].

In [283], Thorne and Will propose a set of postulates to incorporate the

requirement that spacetime must possess a metric that satisfies the EEP [276].

They state that any viable theory must allow for a mathematical formulation

where

1. Spacetime is endowed with a metric.

2. The world lines of test bodies follow the geodesics of the metric.

3. The EEP is satisfied, and gravitational laws reduce to special relativity

in the absence of gravity.

Note that geodesic motion follows from energy-momentum conservation,

∇𝜇𝑇 𝜇𝜈 = 0, a result of the diffeomorphism invariance of the action. To

illustrate, consider a gravitational theory of the form

𝑆 = 𝑆G [g,𝚽] + 𝑆M [g,𝚿] , (2.3.1)

where 𝑆G [g,𝚽] is the gravitational action, depending on the metric g and

possibly other tensor fields (scalars, vectors, etc.) denoted as𝚽, and 𝑆M [g,𝚿]
is the matter action, which reduces to the standard model in flat spacetime,
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with 𝚿 representing the matter fields. We assume that matter fields couple

universally only to the metric, and not to any other fields in 𝑆G.

For the theory’s action 𝑆 to be diffeomorphism invariant, the matter ac-

tion must also be invariant. Consider the variation of the matter action under

a diffeomorphism generated by a compactly supported infinitesimal vector

field 𝜒

𝛿 𝑆M =

∫
d

4𝑥

[
𝛿 𝑆M

𝛿 𝑔 𝜇𝜈
𝔏𝜒 𝑔

𝜇𝜈 + 𝛿 𝑆M

𝛿𝚿
𝔏𝜒𝚿

]
= 0 , (2.3.2)

where 𝛿 𝑆M/𝛿𝚿 = 0 represents the equation of motion for the matter fields

and evaluates to zero on-shell. This follows from the assumption that no grav-

itational fields other than the metric appear in 𝑆M, as dictated by the EEP.

Thus, we obtain

0 = 2

∫
d

4𝑥
𝛿 𝑆M

𝛿 𝑔𝜇𝜈
∇𝜇 𝜒𝜈 = −

∫
d

4𝑥
√−𝑔 𝜒𝜈∇𝜇

(
2

√−𝑔
𝛿 𝑆M

𝛿 𝑔𝜇𝜈

)
, (2.3.3)

where we applied integration by parts and discarded boundary terms due to

the compact support of 𝜒 . From this, and using the definition of the energy-

momentum tensor, we conclude

∇𝜇𝑇 𝜇𝜈 = 0 . (2.3.4)

This shows that diffeomorphism invariance implies energy-momentum con-

servation. However, this is only valid when the matter action 𝑆M depends

solely on the metric as the gravitational field. If, for example, a scalar field

𝜙 is present in both actions, then 𝛿 𝑆M/𝛿𝜙 would not vanish, and energy-

momentum conservation would not hold as described.

To see how the geodesic equation follows from energy-momentum con-

servation, consider non-interacting dust particles with proper mass density 𝜌

and common four-velocity 𝑢𝜇, so that𝑇 𝜇𝜈 = 𝜌𝑢𝜇𝑢𝜈 . Then

∇𝜇𝑇 𝜇𝜈 = 𝜌𝑢𝜇∇𝜇𝑢𝜈 + 𝑢𝜈∇𝜇( 𝜌𝑢𝜇) . (2.3.5)

The second term vanishes due to particle conservation, and the first term gives

the geodesic equation.
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These postulates have been particularly useful in the context of the

parametrised post-Newtonian framework [283–286]. The post-Newtonian

formalism is an approximation of general relativity and other metric theories

of gravity, valid in the weak-field limit where gravitational sources are ap-

proximated by Newtonian theory and velocities are small (non-relativistic).

The parameters in the post-Newtonian framework vary by theory and can be

experimentally constrained, providing a method to compare these theories.

The postulates discussed provide a foundational framework for con-

structing and analysing viable metric theories of gravity. They serve as

guiding principles for ensuring consistency with the equivalence principle

and experimental constraints. However, for instance, Brans-Dicke theory,

in its original formulation [287], satisfies the EEP, whereas in the rep-

resentation given in [288], it does not. This example illustrates that the

theory’s formulation can influence whether it satisfies these principles or

not. Moreover, open questions remain regarding the precise classification of

gravitational and non-gravitational fields [289].

2.4 General relativity
After addressing geometric concepts and conceptual issues to establish grav-

ity as the curvature of spacetime, we must specify how matter and geometry

interact; Einstein’s field equations precisely encapsulate this idea. Multiple

derivations exist; for example, see section 17.5 of [276]. The most convenient

approach is through the principle of least action. We impose the following

conditions on the action

1. It must be a scalar constructed solely from the metric.

2. It must be at most second-order in derivatives of the metric.

The first condition is trivial, as covariant equations of motion must be ex-

pressed in terms of tensors. The second condition is less intuitive. In physics,

second-order equations of motion are typically preferred; they are less prone

to instabilities and easier to solve. Hence, the action should be at most first-

order in derivatives to yield second-order equations upon variation. How-

ever, two considerations complicate this: first, the metric and its derivatives
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can be set to zero at any point; second, no covariant quantity can be con-

structed from the first derivative of the metric. As a result, we are left with

the Ricci scalar, the simplest non-trivial scalar constructed from the metric

and its derivatives. Hilbert defined the gravitational action for general rela-

tivity as

𝑆EH =
1

2𝜅

∫
d

4𝑥
√−𝑔𝑅 . (2.4.1)

The variation of this action is detailed in any standard textbook on general

relativity (e.g., [5, 25, 290]). It turns out that the equations derived from ex-

tremizing this action are second-order in derivatives, as the Einstein-Hilbert

action is degenerate. However, to ensure a well-defined variational princi-

ple, we must supplement the Einstein-Hilbert action (2.4.1) with a bound-

ary term known as the Gibbons-Hawking-York boundary term [291, 292],

which is constructed from the trace of the intrinsic curvature

𝐾 = 𝛾 𝜇𝜈𝐾𝜇𝜈 = 𝛾
𝜇
𝜈∇𝜇𝑛𝜈 , (2.4.2)

where 𝛾𝜇𝜈 is the induced metric on the boundary and 𝑛𝜇 is the normal. The

boundary term is

𝑆GHY =
1

𝜅

∫
𝜕M

d
3𝑥

√︁
|𝛾 |𝐾 . (2.4.3)

For a more detailed discussion of these issues, see [293]. The total action is

then

𝑆 = 𝑆EH + 𝑆GHY + 𝑆M , (2.4.4)

which yields Einstein’s equation upon variation

𝐺𝜇𝜈 = 𝜅𝑇𝜇𝜈 , (2.4.5)

with the energy-momentum tensor given by

𝑇𝜇𝜈 ≡ − 2

√−𝑔
𝛿 𝑆M

𝛿 𝑔 𝜇𝜈
, (2.4.6)
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and the Einstein tensor𝐺𝜇𝜈

𝐺𝜇𝜈 ≡ 𝑅𝜇𝜈 −
1

2

𝑔𝜇𝜈𝑅 . (2.4.7)

Einstein’s theory of gravity, based on the conceptual foundations

outlined in Section 2.2, assumes a four-dimensional spacetime (M, g),

with gravity dynamics governed by the Einstein field equations. The sole

degree of freedom mediating gravity is the metric governed by second-order

(quasi-linear) partial differential equations.
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After examining the conceptual foundations and mathematical structure un-

derlying general relativity, a natural question arises: Are the Einstein field

equations unique? Lovelock addressed this question affirmatively.

Theorem 3.0.1 (Lovelock [294, 295]) In four spacetime dimensions, the
only diffeomorphism invariant, divergence-free, symmetric rank-2 tensor
constructed only from the metric and its first and second derivatives is the
Einstein tensor and the metric tensor itself.

To develop a theory of gravity different from Einstein’s, we must relax some

of these assumptions. Focusing on theories with second-order equations of

motion, three possibilities arise:

1. More space dimensions.

2. Breaking diffeomorphism invariance.

3. Including additional degrees of freedom besides the metric.

The first option, which retains the metric as the sole degree of freedom, leads

to Lovelock theories of gravity [294], which generalise general relativity to

higher-dimensional spacetimes. The third option allows for the inclusion of

scalar, vector, and tensor fields alongside the metric. These two options are

not mutually exclusive, as higher-dimensional theories can be mapped onto

lower-dimensional ones with extra degrees of freedom, such as in Kaluza-

Klein theory [296]. Additionally, broken gauge symmetries can be restored

by introducing further fields, as demonstrated by the Stueckelberg mecha-

nism [297].

We maintain the requirement for second-order equations, as higher-

derivative theories are often plagued by Ostrogradsky instabilities [77, 78].

Nonetheless, higher-derivative terms naturally arise within the effective

field theory approach (see Section 3.4), and the differential order of the

equations can be reduced by introducing additional degrees of freedom.

Other approaches extend general relativity by considering non-local theories,

non-Riemannian geometries, or by breaking local Lorentz invariance. For

reviews, see [58, 63, 272, 298]. Therefore, in general, relaxing any of the

assumptions in Lovelock’s theorem results in extra degrees of freedom.

353535



Chapter III. Gravity and scalar fields

As discussed in Section 1.3, general relativity faces certain challenges, and

various approaches aim to address them. In this context, scalar fields are par-

ticularly prominent. They appear in numerous extensions of the Standard

Model to address issues such as the hierarchy problem
1

[128], the Strong-

CP problem, dark matter, and the universe’s accelerated expansion, as well as

in many approaches to quantum gravity. In this work, we primarily focus on

light scalar fields as additional degrees of freedom. If such scalar fields couple

to curvature, they can significantly influence extreme gravitational dynamics.

3.1 Brans-Dicke theory
Dicke, through his pioneering work on the foundations of gravity, along

with Brans, introduced one of the earliest theories challenging general

relativity [287]. This theory includes, in addition to the metric, a scalar

degree of freedom described by the following action

𝑆BD =
1

16𝜋𝐺

∫
d

4𝑥
√−𝑔

[
𝜑𝑅 − 𝜔BD

𝜑
∇𝜇𝜑∇𝜇𝜑

]
+ 𝑆M [ 𝑔𝜇𝜈 ,𝚿] ,

(3.1.1)

where 𝜑 is the scalar field, 𝚿 collectively represents matter fields, and 𝜔BD is

the Brans-Dicke parameter. In this formulation, the scalar field couples non-

minimally to the Ricci scalar 𝑅, but does not couple to matter.

This formulation shows that the theory satisfies Einstein’s equivalence

principles (see Section 2.2.1). The theory also predicts a varying effective grav-

itational “constant” given by𝐺eff = 𝐺/𝜑, where𝐺 is Newton’s constant. A

variable gravitational coupling embodies Mach’s principle as formulated by

Dicke: “the gravitational constant should be a function of the mass distribu-

tion of the universe,” which was a key motivation for this theory.

The extra free parameter 𝜔BD can be constrained by solar system tests to

the bound:

|𝜔BD | > 4 × 10
4 . (3.1.2)

1
The hierarchy problem concerns the large difference between the electroweak and

Planck energy scales.
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While dimensionless parameters are typically expected to be of order unity,

the large value of the Brans-Dicke parameter renders the theory an unlikely

competitor to general relativity. However, it serves as a special case of more

general theories that include a scalar field, and can be generalised to the

broader class of scalar-tensor theories of gravity.

3.2 Scalar-tensor theories
Scalar-tensor theories are a generalisation of Brans-Dicke theory. They are

described by the following action [299]

𝑆ST =
1

2𝜅

∫
d

4𝑥
√−𝑔

[
𝐴

(
𝜑
)
𝑅 − 1

2

𝐵
(
𝜑
)
∇𝜇𝜑∇𝜇𝜑 −𝑉

(
𝜑
) ]

+ 𝑆M

[
𝑒2𝐶 (𝜑) 𝑔𝜇𝜈 ,𝚿

]
. (3.2.1)

In this form, scalar-tensor theories have four free functions: 𝐴
(
𝜑
)
, 𝐵

(
𝜑
)
,

𝐶
(
𝜑
)
, and the potential𝑉

(
𝜑
)
. However, action (3.2.1) is formally invari-

ant under a scalar field redefinition and a conformal transformation [299],

leaving only two functional degrees of freedom. Thus, we can freely fix any

two of the four functions without selecting a specific theory. Further choices

specify a particular scalar-tensor theory.

This freedom allows different representations in which various functions

are fixed. These are called “conformal frames” and, with reasonable transfor-

mations [289, 300], are physically equivalent. They reflect our choice of rods

and clocks [288, 289, 300]. Choosing one frame over another can simplify

the problem, much like using a convenient coordinate system. Thus, care is

required when interpreting non-conformally invariant quantities, as differ-

ent frames may present different features.

Alternatively, the more commonly used practice is to fix two functions,

while still allowing for field redefinitions of the metric and the scalar field. In

this way, although the theory itself is specified, the freedom to choose differ-

ent representations via field redefinitions remains entirely unrestricted [289,

300].

In the literature, there are two commonly used representations or choices
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of conformal frames:

• The Jordan frame—In this case, we fully fix the representation by

choosing 𝐴
(
𝜑
)
= 𝜙 and 𝐶

(
𝜑
)
= 0. The free functions are 𝐵

(
𝜑
)

and𝑉
(
𝜑
)
. In the Jordan frame, the energy-momentum tensor is co-

variantly conserved with respect to the metric 𝑔𝜇𝜈 (see Section 2.3.1);

thus, the metric postulates are satisfied.

• The Einstein frame—In this case, we have 𝐴
(
𝜑
)
= 1 and 𝐵

(
𝜑
)
= 1.

The free functions are𝐶
(
𝜑
)

and𝑉
(
𝜑
)
. Due to the conformal factor,

𝑒2𝐶 (𝜑)
, present when coupling the metric to matter fields, the energy-

momentum tensor is not covariantly conserved [289, 300]. This is sim-

ple to see in light of the discussion in Section 2.3.1. Put differently, un-

der a conformal transformation 𝑔𝜇𝜈 → 𝑔̂𝜇𝜈 = Ω2 𝑔𝜇𝜈 , the relation

∇𝜇𝑇 𝜇𝜈 = 0 in the Jordan frame translates to [25]

ˆ∇𝛼 ˆ𝑇 𝛼𝛽 = − ˆ𝑇
𝑔̂ 𝛼𝛽 ˆ∇𝛼Ω

Ω
, (3.2.2)

in the Einstein frame. Hence, the metric postulates are not satisfied.

If we are only presented with the theory in the Einstein frame, we could, for

example, naively conclude that it is not a metric theory. Notwithstanding,

such conclusions are representation-dependent, and it suffices to have at least

one representation in which the theory is a metric theory to treat it as such.

In scalar-tensor theories, identifying and constructing frame-independent

quantities is not a trivial task, and as already emphasised, general statements

must be deduced prudently.

Now, let us consider the following generalisations of Brans-Dicke the-

ory (3.1.1)

𝑆gBD =
1

2𝜅

∫
d

4𝑥
√−𝑔

[
𝜑𝑅 −

𝜔(𝜑)
𝜑

∇𝜇𝜑∇𝜇𝜑 −𝑉 (𝜑)
]
+ 𝑆M [ 𝑔𝜇𝜈 ,𝚿] .

(3.2.3)

We arrive at such a theory by promoting the coupling constant 𝜔BD to a func-

tion of the scalar field and including a potential𝑉 (𝜑). This is precisely scalar-

tensor theory (3.2.1) in the Jordan frame with the more familiar convention
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for the function 𝐵
(
𝜑
)
= 2𝜔

(
𝜑
)
/𝜑.

As mentioned, the theory (3.2.3) is a metric theory of gravity in which

the scalar field does not couple to matter. Instead, the scalar field influences

the metric and, consequently, the curvature of spacetime [2, 4]. Additionally,

the constraint on 𝜔BD still applies to 𝜔(𝜑present), where 𝜑present is the current

value of the scalar field. The constraint no longer holds if the scalar field has

a large mass, and the scalar becomes short-ranged
2

.

To explicitly rewrite 𝑆gBD in the Einstein frame we perform the scalar field

redefinition as 2𝜑d𝜙 =
√︁

2𝜔(𝜙) + 3d𝜑 and the conformal transformation

𝑔̂𝜇𝜈 = 𝜑 𝑔𝜇𝜈 . The action then becomes

𝑆gBD =
1

2𝜅

∫
d

4𝑥
√︁
− 𝑔̂

[
ˆ𝑅 − 2 𝑔̂ 𝜇𝜈𝜕𝜇𝜙𝜕𝜈𝜙 −𝑈 (𝜙)

]
+ 𝑆M [ 𝑔𝜇𝜈 ,𝚿] ,

(3.2.4)

where𝑈 (𝜙) =𝑉 (𝜑)/𝜑2
.

As already discussed, and to sum up, the variables ( 𝑔̂𝜇𝜈 , 𝜙) define the

Einstein frame, while ( 𝑔𝜇𝜈 , 𝜑) are the Jordan frame variables. In the Ein-

stein frame, the gravitational action of scalar-tensor theories is reduced to

general relativity minimally coupled to a scalar field. However, matter fields

couple non-minimally to the scalar field, as evidenced when 𝑆M [ 𝑔𝜇𝜈 ,𝚿] is

expressed in terms of 𝑔̂𝜇𝜈 , 𝜙, and 𝚿. Hence, in the Einstein frame, matter

does not follow geodesics of 𝑔̂𝜇𝜈 , since the energy-momentum tensor is not

conserved. Conversely, in the Jordan frame, matter follows geodesics of 𝑔𝜇𝜈 .

Although the two frames are equivalent, and will lead to the same results for

physical observables, they do provide distinct interpretations of the variables

(see, e.g., [289, 299]).

3.3 Horndeski theory
The action for scalar-tensor theories can be further generalised by allowing

higher-order derivatives of the scalar field in the action, while ensuring that

the equations of motion remain second-order in both the scalar field and the

2
A short-ranged scalar field typically implies a rapidly decaying force with distance,

effectively limiting the influence of the field to small scales.
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metric derivatives. This generalisation was first proposed by Horndeski [301].

The action of the theory can be written as

𝑆H =
5∑︁
𝑖=2

∫
d

4𝑥
√−𝑔L𝑖 + 𝑆M [ 𝑔𝜇𝜈 ,𝚿] , (3.3.1)

where

L2 = 𝐺2(𝜙, 𝑋 ) , (3.3.2)

L3 = −𝐺3(𝜙, 𝑋 )□𝜙 , (3.3.3)

L4 = 𝐺4(𝜙, 𝑋 )𝑅 + 𝐺4𝑋 [(□𝜙)2 − (∇𝜇∇𝜈𝜙)2] , (3.3.4)

L5 = 𝐺5(𝜙, 𝑋 )𝐺𝜇𝜈∇𝜇∇𝜈𝜙 (3.3.5)

− 𝐺5𝑋

6

[ (
□𝜙

)
3 − 3□𝜙(∇𝜇∇𝜈𝜙)2 + 2(∇𝜇∇𝜈𝜙)3

]
, (3.3.6)

and the 𝐺𝑖 ’s are functions of the scalar field and its kinetic term

𝑋 = −∇𝜇𝜙∇𝜇𝜙/2. We define 𝐺𝑖𝑋 ≡ 𝜕𝐺𝑖/𝜕𝑋 , □ ≡ 𝑔 𝜇𝜈∇𝜇∇𝜈 ,

(∇𝜇∇𝜈𝜙)2 ≡ ∇𝜇∇𝜈𝜙∇𝜇∇𝜈𝜙, and (∇𝜇∇𝜈𝜙)3 ≡ ∇𝜇∇𝜈𝜙∇𝜈∇𝜆𝜙∇𝜆∇𝜇𝜙.

Scalar fields that satisfy local Galilean symmetry, i.e., 𝜙 → 𝜙 + 𝑐𝜇𝑥𝜇 + 𝑐
for constants 𝑐𝜇 and 𝑐, are known as Galileons. Only a subclass of the Horn-

deski action reduces to that of Galileons in flat spacetime. Hence, scalar fields

satisfying (3.3.1) are sometimes referred to as generalised Galileons [302].

3.3.1 Scalar Gauss-Bonnet gravity
A notable model within the Horndeski family is scalar Gauss-Bonnet grav-

ity, characterised by a non-minimal coupling between a scalar field 𝜙 and the

Gauss-Bonnet invariant G

𝑆GB =
1

2𝜅

∫
d

4𝑥
√−𝑔

[
𝑅 − 1

2

∇𝜇𝜙∇𝜇𝜙 + 𝑓 (𝜙)G
]
, (3.3.7)

where 𝑓 (𝜙) is a coupling function. From an effective field theory perspective

(see Section 3.4), the leading order corrections to general relativity minimally

coupled to a scalar field are the 𝑓 (𝜙)G and 𝑋 2
interactions [303]. In this

thesis, however, our analysis is restricted to the Gauss-Bonnet coupling. The

motivation for focusing on this specific interaction, particularly in the con-
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text of black holes, is discussed in detail below. The choices of𝐺𝑖 ’s that lead

to the Gauss-Bonnet term are given by [304]

𝐺GB

2
= 8

𝜕4 𝑓

𝜕𝜙4
𝑋 2 (3 − ln 𝑋 ) , (3.3.8)

𝐺GB

3
= 4

𝜕3 𝑓

𝜕𝜙3
𝑋 (7 − 3 ln 𝑋 ) , (3.3.9)

𝐺GB

4
= 4

𝜕2 𝑓

𝜕𝜙2
𝑋 (2 − ln 𝑋 ) , (3.3.10)

𝐺GB

5
= −4

𝜕 𝑓

𝜕𝜙
ln 𝑋 . (3.3.11)

These choices are not smooth at 𝑋 = 0. However, the combinations that

appear in action (3.3.7) and its equations of motion are. Moreover, when

the theory is expressed in terms of the various𝐺 functions, the limit 𝑋 → 0

can be analysed with care, leading to no singular behaviour. For the technical

details see [305].

The equations of motion are

𝐺𝜇𝜈 =𝑇
𝜙
𝜇𝜈 , (3.3.12)

□𝜙 = −𝑓 ′(𝜙)G , (3.3.13)

where the energy-momentum tensor𝑇
𝜙
𝜇𝜈 is

𝑇
𝜙
𝜇𝜈 = −1

4

𝑔𝜇𝜈 (∇𝜙)2 + 1

2

∇𝜇𝜙∇𝜈𝜙

− 𝛼

𝑔
𝑔𝜇( 𝜌 𝑔𝜎 )𝜈 𝜖

𝜅 𝜌𝛼𝛽𝜖𝜎 𝛾𝜆𝜏𝑅𝜆𝜏 𝛼𝛽∇𝛾∇𝜅 𝑓 (𝜙) , (3.3.14)

and 𝜖𝜎 𝛾𝜆𝜏 is the Levi-Civita totally antisymmetric tensor density.

If the coupling between the scalar and the Gauss-Bonnet invariant is lin-

ear, i.e., 𝑓 (𝜙) = 𝛼𝜙, then the scalar field equation takes the form

□𝜙 = −𝛼G , (3.3.15)

demonstrating that the geometry sources the scalar field. The scalar field can-

not remain trivial because the Gauss-Bonnet term is generally non-vanishing
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in black hole spacetimes (see Section 4.2) [306–308]. Consequently, all black

hole solutions in this theory necessarily differ from those in general relativity.

This provides a clear example of a violation of the no-hair theorems when a

scalar field couples non-minimally to gravity.

This raises a natural question: Can a single theory admit both general rel-

ativity and non-general relativity black hole solutions? The answer is affirma-

tive. This can occur when the scalar field couples to the Gauss-Bonnet invari-

ant through higher-order interactions, such as a quadratic coupling 𝛼𝜙2G.

This can be understood qualitatively by considering linear perturbations

of the scalar on a fixed general relativity background. The scalar perturbations

will acquire a spacetime-dependent effective squared mass. If the effective

squared mass becomes sufficiently negative, a tachyonic instability will de-

velop. If non-linear effects suppress this instability, the system can settle into

a new equilibrium state involving both a non-trivial scalar field and a modi-

fied geometry—a scalarized configuration. We discuss this phenomenon in

more detail in the next section.

3.3.2 Scalarization mechanism
Scalarization, first introduced in [309] in the context of neutron stars, is a

mechanism by which compact objects can be dressed up with a non-trivial

scalar configuration. At the perturbative level, spontaneous scalarization

manifests as a tachyonic instability that drives an exponential growth of

the scalar field. For this instability to appear, scalar perturbations have to

acquire a negative effective squared mass on a fixed background that is a

solution of general relativity. This only happens if the mass or spin of the

general relativity solution is within some range. As the scalar field grows due

to this instability, perturbative analysis will eventually cease to be valid, and

non-linear effects will take control. If they drive the configuration to a new

stable equilibrium, then this will be a “scalarized” compact object. See [310]

for a more comprehensive introduction.

Consider, for example, a theory in which the scalar field couples to the

Ricci scalar as 𝜙2𝑅. The effective mass of the scalar field will be proportional

to the Ricci scalar, so if the Ricci scalar acquires the right sign and size in a

region of spacetime, the scalar field will become tachyonically unstable. Such
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an effect was first illustrated in the case of neutron stars [309] in a model that

is equivalent to having 𝜙2𝑅 interaction at the linear level [311]. Since vac-

uum black hole spacetimes in general relativity have zero Ricci scalar, scalar

perturbations around them are massless in this model, and black hole scalar-

ization does not occur. Indeed, this class of theories is covered by no-hair

theorems [312, 313].

Black hole scalarization can be implemented in the framework of Horn-

deski gravity through a coupling between the scalar and the Gauss-Bonnet

invariant [314, 315]

𝑆 =

∫
d

4𝑥
√−𝑔

(
𝑅 + 2𝑋 + 𝑓 (𝜙)G

)
. (3.3.16)

The function 𝑓 (𝜙) is a general function of the scalar field, and the scalar equa-

tion is

□𝜙 + 1

2

𝑓 ′(𝜙)G = 0 , □ := ∇𝜇∇𝜇 . (3.3.17)

If 𝑓 is taken to be linear in 𝜙, the only allowed solutions are those with non-

trivial scalar profile [306, 307] (see Section 4.2), with the linear coupling not

contributing to the effective mass. If instead 𝑓 ′(𝜙0) = 0 and 𝑓 ′′(𝜙0)G < 0

for some 𝜙0, it was shown in [314] that stationary and asymptotically flat gen-

eral relativity black holes are unique. The first condition specifies that general

relativity black holes are allowable, whereas the subsequent condition per-

tains to the mass of the scalar perturbation near 𝜙0. Consider a perturbation

𝛿𝜙 of the scalar around 𝜙0 i.e., take 𝜙 = 𝜙0 + 𝛿𝜙 on a fixed background, then

equation (3.3.17) yields,

(□ − 𝜇2

eff
)𝛿𝜙 = 0 , 𝜇2

eff
= −1

2

𝑓 ′′(𝜙0)G , (3.3.18)

therefore, the term−𝑓 ′′(𝜙0)G acts as an effective mass for the perturbations.

Now, assuming that 𝑓 ′(𝜙0) = 0 holds, if 𝑓 ′′(𝜙0)G > 0 and sufficiently

large, the scalar will develop the tachyonic instability associated with scalar-

ization. The endpoint of this instability will vary depending on which other

non-linear interactions one might choose to include in the action [316–320],

which can lead to scalarized black holes with different properties. For a study
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Chapter III. Gravity and scalar fields

of the most general interactions that contribute to the onset of scalarization,

see [311].

It is important to note that, for a Schwarzschild black hole, the Gauss-

Bonnet invariant is G = 48𝑀 2/𝑟6
, where 𝑀 is the mass of the black hole,

and 𝑟 is the areal radius coordinate. Hence, G is positive definite and mono-

tonic in 𝑟 . This implies that less massive black holes are more prone to suffer

from a tachyonic instability and that above a mass threshold, scalarization will

not occur because the effective mass is not sufficiently negative. For the Kerr

geometry, the situation is more subtle since the Gauss-Bonnet invariant is not

monotonic and can even become negative close to the horizon. In this case,

scalarization can occur for rapidly rotating black holes with 𝑎/𝑀 ≳ 0.5,

where 𝑎 is the spin parameter [321–323]. This is referred to as spin-induced

scalarization.

3.3.3 Scalar Gauss-Bonnet with a Ricci cou-
pling
In the previous section, we examined how compact objects such as neu-

tron stars and black holes can acquire a non-trivial scalar profile through

spontaneous scalarization. In the neutron star case, the scalar field couples

quadratically to the Ricci scalar, while for black holes the leading-order

contribution to the tachyonic instability arises from a quadratic coupling

to the Gauss–Bonnet invariant. These two terms are the only interactions

capable of triggering a tachyonic instability around a general relativity

background [310], motivating the following model

𝑆 =
1

16𝜋

∫
d

4𝑥
√−𝑔

[
𝑅 + 𝑋 + 𝑓 (𝜙)G + ℎ(𝜙)𝑅

]
, (3.3.19)

where 𝑔 = det( 𝑔𝜇𝜈), 𝑋 = −∇𝜇𝜙∇𝜇𝜙/2. We use units of 𝐺 = 1 = 𝑐. The

function ℎ(𝜙) is a dimensionless coupling function while 𝑓 (𝜙) is of dimen-

sion length squared. Here, we are using the coupling functions 𝑓 , 𝑔 for gen-

erality’s sake. The coupling ℎ
(
𝜙
)
𝑅 can be removed by a conformal transfor-

mation and a field redefinition of the scalar. However, for a non-perturbative

transformation, the Gauss-Bonnet term will generate itself under a confor-
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Chapter III. Gravity and scalar fields

mal transformation. It also produces various derivative self-interactions of

the scalar and a non-minimal coupling to gravity (See, e.g., [324, 325]). Even

if we put aside the simplicity of having only the coupling ℎ
(
𝜙
)
𝑅, it is not

obvious that the conclusions reached in the following chapters—regarding

well-posedness (see Section 6.1)—will still hold. Well-posedness is ultimately

a statement about a specific formulation of the theory. See also the discussion

in Section 8.6.

The equations of motion read

𝐸 𝜇𝜈 ≡ −𝑇 (𝜙)𝜇
𝜈 + 𝛿

𝜇𝛾𝜅𝜆
𝜈𝛼𝜌𝜎 𝑅

𝜌𝜎
𝜅𝜆∇𝛾∇𝛼 𝑓

+ (1 + ℎ)𝐺𝜇𝜈 + 𝛿 𝜇𝜈□ℎ − ∇𝜇∇𝜈ℎ = 0 , (3.3.20)

𝐸 ≡ − □𝜙 − ℎ′(𝜙)𝑅 − 𝑓 ′(𝜙)G = 0 , (3.3.21)

with

𝑇
(𝜙)
𝜇𝜈 =

1

2

∇𝜇𝜙∇𝜈𝜙 −
1

4

(∇𝜙)2 𝑔𝜇𝜈 , (3.3.22)

where, 𝛿
𝜇𝛾𝜅𝜆
𝜈𝛼𝜌𝜎 is the generalized Kronecker delta. As we have discussed, we

will mainly focus on the class of theories specified by

𝑓 (𝜙) = 𝛼

2

𝜙2 , ℎ(𝜙) = −
𝛽

4

𝜙2 . (3.3.23)

Scalarization occurs for strongly gravitating compact objects. In weak gravi-

tational fields, the geometry follows general relativity without deviations. For

scalarization, we assumed a constant scalar field and considered perturbations

of the form 𝜙 = 𝜙0 + 𝛿𝜙 around a general relativity background. However,

it was shown in [326] that cosmic evolution can drive the scalar field away

from 𝜙0. In such cases, and without fine-tuning of the initial conditions, even

weakly gravitating objects can scalarize, ruling out both the original scalariza-

tion model and the Gauss-Bonnet model through weak-field and cosmolog-

ical tests [327–329].

The Ricci-Gauss-Bonnet model, first studied in late-time cosmology,

avoids these constraints. In the theory (3.3.19) with the coupling (3.3.23)

and 𝛽 > 0, general relativity emerges as a late-time cosmic attractor [330],

leading to a constant scalar field asymptotically. Binary pulsars provide
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the most stringent constraints, motivating scenarios where black holes

scalarize but neutron stars do not. Indeed, the work in [331] showed that for

𝛽 > 0, this occurs when 𝛼 lies in a specific range. Moreover, in [332] it was

demonstrated that 𝛽 > 0 yields radially stable black holes, unlike the 𝛽 = 0

case.

3.4 Effective field theories

Effective field theories are essential tools in theoretical physics. They rest on

the principle that, in practice, not all degrees of freedom influence one an-

other at all scales, and that meaningful physical phenomena emerge at dis-

tinct energy scales. An effective theory enables predictive power using a finite

number of input parameters, making it particularly valuable for systems char-

acterised by widely separated energy scales [84, 85, 333–335].

To illustrate this, consider a theory defined by an ultraviolet cut-off Λ,

containing light degrees of freedom 𝑙 with masses 𝑚𝑙 ≪ Λ and energies

𝐸𝑙 ≪ Λ, and heavy degrees of freedom 𝐻 with masses 𝑚𝐻 ∼ Λ. When

probing energies 𝐸 ≪ Λ, the influence of the heavy fields on low-energy

physics simplifies, allowing for a systematic expansion in the small parameter

𝐸/Λ. A low-energy theory can then be derived by integrating out the heavy

fields from the full theory. Assuming the complete action is 𝑆 [𝑙, 𝐻 ], the

effective field theory at low energies is given by

𝑒𝑖𝑆eff
[𝑙] =

∫
D𝐻 (𝑥)𝑒𝑖𝑆 [𝑙,𝐻 ] . (3.4.1)

It follows that 𝑆eff [𝑙] is a local action for the light fields, expressed as

𝑆eff [𝑙] =
∑︁
𝑖

𝑐𝑖

∫
d

4𝑥 O𝑖 (𝑥) , (3.4.2)

where the sum runs over an infinite set of local operators O𝑖 . The coefficients

𝑐𝑖 , known as Wilson coefficients, encode the effects of high-energy physics.

If the operator O𝑖 has mass dimension Δ𝑖 (in ℏ = 1 = 𝑐 units), then the
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corresponding Wilson coefficient scales as

𝑐𝑖 =
𝑐𝑖

ΛΔ𝑖−4

, (3.4.3)

where 𝑐𝑖 is a dimensionless constant typically of order unity. In practice, the

series is truncated at a finite order, determined by the desired level of accuracy.

Thus, the ultraviolet physics is effectively captured by the Wilson coef-

ficients in the low-energy theory, up to a specified precision. A straightfor-

ward power-counting argument reveals how each operator O𝑖 depends on

the high-energy scale Λ. In general, the effective theory admits two primary

applications:

• Top-down approach—The ultraviolet theory is known. Effective

field theories are employed to simplify calculations. When probing

energy scales well below the cut-off Λ, integrating out heavy modes

yields a systematic and simplified description of the impact of

high-energy physics on low-energy observables.

• Bottom-up approach—The ultraviolet theory is unknown. Regard-

less of the specific high-energy dynamics at scaleΛ, the low-energy the-

ory is described by (3.4.2). If the low-energy symmetries are known or

assumed, the operators O𝑖 must respect them. The ultraviolet physics

is then encoded by constructing the most general effective action con-

sistent with these symmetries.

The bottom-up approach is helpful when the ultraviolet theory is unknown,

as is the case for the gravitational interaction. In this context, the Ricci scalar

in the Einstein-Hilbert action appears as the leading non-trivial operator in

the gravitational effective action at low energies. Assuming the metric is the

sole low-energy degree of freedom and imposing diffeomorphism invariance,

the effective action for gravity can be written as [84, 85]

Leff = 𝑐0Λ4 +
𝑀 2

Pl

2

𝑅 + 𝑐1𝑅𝜇𝜈𝑅𝜇𝜈 + 𝑐2𝑅2 + 𝑐3𝑅𝜇𝜈𝛼𝛽𝑅𝜇𝜈𝛼𝛽 +
𝑐4

Λ2
𝑅3 + . . . .

(3.4.4)

The coefficients 𝑐𝑖 are all dimensionless, with Λ being an energy scale. As-

sume, in general, that the high-energy completion has many scales. The first
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term, corresponding to the cosmological constant, does not fit within the tra-

ditional framework of effective field theory. To elaborate, the first term in

action (3.4.4) is the zero-derivative term. By effective field theory logic, one

would naively expect that the largest scale contributing to Λ, such as 𝑀Pl,

would dominate. That is, 𝑐0Λ4 = 𝑐0𝑀
4

Pl
+ 𝑐0𝑀 4

, where 𝑀 is a lower

mass/energy scale(s) than 𝑀Pl. So the cosmological constant should be the

largest contribution in theory (3.4.4). After all, this is exactly the case for the

two-derivative term, 𝑀 2

Pl
𝑅. The largest scale 𝑀Pl dominates the contribu-

tion to the Ricci term. Therefore, puzzlingly, the tiny value of the cosmolog-

ical constant does not conform to effective field theory arguments.

On the other hand, the coefficients of the quadratic curvature terms are

dimensionless of order unity. Moreover, for higher than quadratic curvature

terms, the energy scaleΛ should be set by the lowest energy scale that has been

integrated out. It need not coincide with the Planck scale [84, 85].

Finally, a similar interpretation holds for other extensions of general rel-

ativity. For example, Horndeski gravity introduces an additional low-energy

scalar degree of freedom alongside the metric.
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Chapter IV. Black holes in extensions of general relativity

4.1 No-hair theorems
Uniqueness theorems for black holes [33, 34] assert that all vacuum,

asymptotically-flat, and stationary black holes in general relativity are

described by a two-parameter family of solutions characterised by their mass

and spin, known as the Kerr metric [32]. Wheeler coined the expression “a

black hole has no hair” based on these assertions. Many no-hair theorems (or

conjectures) attempt to generalise the uniqueness theorems in the presence

of additional forms of matter [312, 313, 336–343]. The advent of gravi-

tational wave astronomy, together with very-long-baseline-interferometry

observations, presents a great opportunity to test whether astrophysical

black holes are indeed described by the Kerr metric and potentially challenge

the principles of general relativity [57–63, 69, 70]. In this context, deviations

from the Kerr metric would indicate a breakdown in our understanding of

gravity, which together with the many shortcomings of general relativity, and

puzzles in the standard model of particle physics [63, 181, 234, 344–347]

motivate the study of theories beyond general relativity and their black hole

solutions (see Section 1.3).

Scalar fields are ubiquitous in extensions of general relativity and of the

standard model. When non-minimally coupled to gravity, scalar fields can

endow a theory with non-Kerr black holes as solutions. A prominent exam-

ple is scalar-Gauss-Bonnet theories [306, 307, 310, 314, 315, 321–323, 348–

350] where a scalar field is coupled to the Gauss-Bonnet invariant (see Sec-

tion 3.3.1).

Initially, we will study, in Section 4.2, and Chapter V, static black holes.

After which, in Chapters VI – VIII, we will turn our attention to the initial

value problem and dynamical black holes.

4.1.1 Scalar no-hair theorems
We begin by considering the simple case of a massless scalar field minimally

coupled to gravity

𝑆 =
1

2𝜅

∫
d

4𝑥
√−𝑔

[
𝑅 − 1

2

∇𝜇𝜙∇𝜇𝜙
]
. (4.1.1)
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Chapter IV. Black holes in extensions of general relativity

This theory is subject to a no-hair theorem. Several proofs exist, with the most

concise presented by Hawking [312], which we outline here.

Consider an isolated, stationary, axisymmetric black hole as the end state

of gravitational collapse. Hence, there are two Killing vector fields, 𝜉 , 𝜁 , one

of which is time-like and the other is space-like at infinity. The scalar field

is taken to respect the symmetries of the spacetime, i.e., 𝔏𝜉 𝜙 = 𝔏𝜁 𝜙 = 0.

The scalar equation is given by □𝜙 = 0. Multiplying this equation by 𝜙 and

integrating over a region of spacetime, V, we obtain

0 =

∫
V

d
4𝑥
√−𝑔𝜙□𝜙 =

∫
𝜕V

d
3𝑥

√︁
|ℎ|𝜙𝑛𝜇∇𝜇𝜙 −

∫
V

d
4𝑥
√−𝑔∇𝜇𝜙∇𝜇𝜙 ,

(4.1.2)

where 𝜕V is the boundary of the region V, ℎ𝜇𝜈 is the induced metric, and

ℎ is its determinant. Assume that V is bounded by the Killing horizon and

a time-like surface at spatial infinity. The integral over the horizon vanishes

because the normal 𝑛𝜇 to the horizon is a linear combination of the Killing

vector fields, and 𝑛𝜇𝜕𝜇𝜙 = 𝔏𝑛𝜙 = 0, by assumption. Moreover, the inte-

gral at spatial infinity vanishes under the assumptions of asymptotic flatness

and sufficient fall-off of the scalar field. Additionally, 𝜕𝜇𝜙 cannot be time-

like anywhere or null everywhere since it is orthogonal to both Killing vector

fields (due to the scalar’s symmetries). Therefore, the integral

∫
V ∇𝜇𝜙∇𝜇𝜙

can only vanish if 𝜕𝜇𝜙 = 0, implying 𝜙 = constant everywhere, i.e., a trivial

scalar field configuration.

This theorem can be extended to include a potential for the scalar field,

assuming linear stability of the scalar [313]. The results imply that black hole

solutions in Brans-Dicke theory are identical to those in general relativity.

In the context of Horndeski theory, assuming shift-symmetry, the only

interaction that can yield a non-trivial scalar configuration is the coupling

between the scalar field and the Gauss-Bonnet invariant G [306, 307, 351]:

G = 𝑅𝜇𝜈𝛼𝛽𝑅
𝜇𝜈𝛼𝛽 − 4𝑅𝜇𝜈𝑅

𝜇𝜈 + 𝑅2 , (4.1.3)

which we will discuss next.

515151
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4.1.2 Linear scalar Gauss-Bonnet gravity
The case of shift-symmetric scalars is of particular interest in the context of

black hole hair, both observationally and theoretically—strong gravity obser-

vations probe length (or curvature) scales on the order of kilometres. Massive

scalar profiles around compact objects are expected to decay exponentially,

with the characteristic decay scale set by the inverse of the scalar mass. There-

fore, these observations primarily probe ultralight or massless scalars. Shift-

symmetry, i.e., invariance under 𝜙 → 𝜙 + constant, prevents scalars from

acquiring a mass. As a result, strong gravity observations effectively probe

scalars exhibiting either this symmetry or small violations thereof.

Interestingly, shift-symmetry implies that the equation of motion for

the scalar can be written as a conservation law for a current. This property

was used in [351] to establish a powerful no-hair theorem. However, it was

later shown in [306] that a linear coupling between the scalar 𝜙 and the

Gauss-Bonnet invariant G evades this theorem, with this coupling term

being unique in this regard. Notably, the linear coupling 𝜙G arises from a

small coupling or small 𝜙 expansion of the exponential coupling 𝑒𝜙G, which

has been known to introduce black hole hair [348, 349, 352].

Indeed, hairy black hole solutions in both the 𝜙G and 𝑒𝜙G models share

two key properties [307]. First, the scalar charge
1

is not an independent pa-

rameter but is fixed in relation to the black hole mass and spin by a regu-

larity condition on the horizon. Second, for any fixed value of the coupling

constant governing these terms (i.e., for any given theory within the class),

black holes have a minimum mass, determined by the coupling constant. In

Section 4.2, we focus on the linear coupling case and examine how these

two properties are influenced by the presence of additional shift-symmetric

(derivative) interactions in the action.

It is worth emphasising that the existence of a minimum mass for black

holes in the 𝜙G model places a strong constraint on the coupling constant,

derived from the lightest observed black hole [353]. Most other observations

are sensitive to the scalar charge; however, this sensitivity translates into a con-

straint on the same coupling constant using the relation that fixes the scalar

1
The scalar charge𝑄 is the 1/𝑟 coefficient in the asymptotic expansion of the scalar

field at infinity, i.e., 𝜙(𝑟 → ∞) = 𝜙∞ + 𝑄/𝑟 + O(1/𝑟2).
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charge in terms of the black hole mass (and spin) [354–357]. In the case of

extreme mass ratio inspirals, a scaling of the scalar charge with respect to the

black hole mass, inspired by the 𝜙G theory, proved to be a crucial ingredient

for simplifying the modelling of a broader class of non-minimally coupled

scalars [356]. Although there are strong reasons to believe that such terms

remain subdominant in modelling binary dynamics and gravitational wave

radiation [356, 358], they could still significantly affect the properties of the

sources, including their quasi-normal ringing [359], and their dependence on

the theory’s coupling constants [305]. This can influence how observations

are used to derive bounds on these coupling constants.

Given that effective field theory suggests the presence of additional

terms, it is crucial to understand their contributions to relations between

mass and charge and investigate whether they influence the minimum size of

black holes.

The first step in this direction was made in [305], where it was shown that

for the most general shift-symmetric action leading to second-order equa-

tions upon variation (shift-symmetric Horndeski theory), while respecting

local Lorentz symmetry, the scalar charge𝑄 for black holes is given by

4𝜋𝑄 = 𝛼

∫
H
𝑛𝜇G𝜇 , (4.1.4)

where H denotes the Killing horizon, 𝑛𝜇 is its normal, G𝜇 is implicitly de-

fined by G = ∇𝜇G𝜇, and 𝛼 is the coupling constant associated with the 𝜙G
term. The scalar charge𝑄 is not a Noether charge; it is merely the monopole

of the scalar field, and characterises its 1/𝑟 fall-off. Consequently, it is not ex-

pected to alter the first law of black hole thermodynamics [360]. As expected,

the charge vanishes if the 𝜙G term is absent. However, the value of G𝜇 de-

pends on any additional couplings, with corrections relative to the general rel-

ativity value of G𝜇 suppressed by mass scales associated with these couplings.

Assuming continuity as these couplings are driven to zero and similar char-

acteristic energy scales for these couplings and 𝛼 (i.e., no hierarchy of scales),

corrections to the charge and its scaling with the black hole mass are expected

to be subdominant, though this requires further investigation. Additionally,

this expression for the charge does not provide information about the mini-
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mum size of black holes.

In Section 4.2, we review the necessary theoretical background, and in

Section 4.2.1, we present the class of theories we consider. In Section 4.2.2,

we formulate the problem in a static, spherically symmetric setup and study

the behaviour of a scalar field in a Schwarzschild background (decoupling)

as a warm-up. In Section 4.2.3, we derive hairy black hole solutions pertur-

batively in the coupling constant 𝛼 and analyse their properties. In contrast,

in Section 4.2.4, we present numerical results and compare them with the

perturbative results. Finally, in Section 4.2.5, we summarise our conclusions.

4.2 Black holes in shift-symmetric
Horndeski
Shift-symmetry implies that the field equation for the scalar can be written as

a conservation of a current,

∇𝜇 𝐽 𝜇 = 0 , (4.2.1)

where

𝐽 𝜇 = −𝜕 𝜇𝜙
(
𝐺2𝑋 − 𝐺3𝑋□𝜙 + 𝐺4𝑋𝑅 + 𝐺4𝑋 𝑋

[
(□𝜙)2 − (∇𝜌∇𝜎 𝜙)2

]
+ 𝐺5𝑋𝐺

𝜌𝜎∇𝜌∇𝜎 𝜙 −
𝐺5𝑋 𝑋

6

[
(□𝜙)3 − 3□𝜙(∇𝜌∇𝜎 𝜙)2 + 2(∇𝜌∇𝜎 𝜙)3

] )
− 𝜕 𝜈𝑋

(
− 𝛿 𝜇𝜈 𝐺3𝑋 + 2𝐺4𝑋 𝑋 (□𝜙𝛿

𝜇
𝜈 − ∇𝜇∇𝜈𝜙) + 𝐺5𝑋𝐺

𝜇
𝜈

− 1

2

𝐺5𝑋 𝑋

[
𝛿
𝜇
𝜈 (□𝜙)2 − 𝛿 𝜇𝜈 (∇𝜌∇𝜎 𝜙)2 − 2□𝜙∇𝜇∇𝜈𝜙 + 2∇𝜇∇𝜌𝜙∇𝜌∇𝜈𝜙

] )
+ 2𝐺4𝑋𝑅

𝜇
𝜌∇𝜌𝜙 + 𝐺5𝑋

(
− □𝜙𝑅𝜇 𝜌∇𝜌𝜙 + 𝑅𝜌𝜈 𝜎 𝜇∇𝜌∇𝜎 𝜙∇𝜈𝜙

+ 𝑅𝜌 𝜎∇𝜌𝜙∇𝜇∇𝜎 𝜙
)
.

(4.2.2)

As already mentioned, the conservation equation was used to prove a no-hair

theorem in [351]. It was first shown that, for vacuum, static, spherically-
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symmetric, asymptotically flat black holes, the only non-vanishing compo-

nent of the current is the radial one 𝐽 𝑟 . It was then argued that 𝐽 𝑟 must

vanish at the horizon, otherwise ( 𝐽 𝑟 )2 /𝑔𝑟𝑟 would diverge there. Current

conservation then implied that 𝐽 𝑟 must be zero everywhere. Finally, it was

argued that 𝐽 𝑟 = 0 everywhere implies that the scalar field must be constant

everywhere. This no-hair theorem generalised to slowly rotating black holes

straightforwardly [307].

It was however shown in [306] that a linear coupling between 𝜙 and the

Gauss-Bonnet invariant, G = 𝑅𝜇𝜈 𝜌𝜎𝑅𝜇𝜈 𝜌𝜎 − 4𝑅𝜇𝜈𝑅𝜇𝜈 + 𝑅2
, circumvents

this no-hair theorem. Indeed, G is a total divergence, and so 𝜙G respects

shift-symmetry. However, consider the action

𝑆 =
1

2𝑘

∫
d

4𝑥
√−𝑔

[
𝑅

2

+ 𝑋 + 𝛼𝜙G
]
. (4.2.3)

The corresponding scalar equation is

□𝜙 = −𝛼G . (4.2.4)

It can be written as a conservation of a current in the form∇𝜇(∇𝜇𝜙+𝛼G𝜇) =
0, exploiting the fact that G is a total divergence. However, it does not admit

any constant 𝜙 solutions unless G = 0, which is not the case for black holes;

hence, they will have to have hair. The apparent contradiction with the no-

hair theorem of [351] is resolved by the final argument of [351]—that van-

ishing current implies constant 𝜙—relies on the assumption that every single

term in the current depends on the gradient of 𝜙. The contribution of the

linear coupling to G clearly violates this assumption and is indeed unique in

this respect [306]. Interestingly, hairy black hole solutions in this theory vi-

olate another assumption of the theory of [351]: ( 𝐽 𝑟 )2 /𝑔𝑟𝑟 diverges on the

horizon [361]. It was subsequently shown in [362] that this quantity is not

an invariant when it receives a contribution from a linear coupling with G
and hence there is no reason to impose that it is finite in this case.
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Chapter IV. Black holes in extensions of general relativity

In [305] theories described by action (3.3.1) where classified as follows:

Class-1: E𝜙 [𝜙 = 0, g] = 0 , ∀g , (4.2.5)

Class-2: lim

g→η
E𝜙 [𝜙 = 0, g] = 0 . (4.2.6)

Class-3: All the rest. (4.2.7)

where E𝜙 denotes the scalar equation.

Class-1 theories are defined by having 𝜙 = 0 as a solution for any gen-

eral background; hence, they admit all possible general relativity solutions.

Class-2 theories allow for 𝜙 = 0 to be realised only for flat spacetimes. The

third class is defined as the complement of the other two. Therefore, class-3

theories admit a non-trivial scalar configuration in flat spacetime as a solu-

tion, or flat spacetime is not a solution, and hence they violate Local Lorentz

symmetry.

At first sight, it appears that classes 1 and 2 are unrelated. On the contrary,

it was shown in [305] that a class-2 Lagrangian can always be expressed as

a class-1 Lagrangian plus a contribution from the Gauss-Bonnet invariant,

namely:

L(2) = L(1) + 𝛼𝜙G . (4.2.8)

Consequently, all shift-symmetric non-Lorentz-violating Horndeski theories

admit all general relativity solutions, provided that a linear coupling between

the scalar and the Gauss-Bonnet invariant is not present.

4.2.1 The model

The hairy black holes of the theory in action (4.2.3) have two key proper-

ties: their scalar charge 𝑄 is not an independent parameter, but it is instead

determined by their mass (and spin), by equation (4.1.4), and they have a

minimum mass. In the next section, we will see in detail how these properties

relate to regularity conditions for static, spherically symmetric black holes.

Our broader goal is to understand how adding additional shift symmetric

terms to action (4.2.3) would affect these properties.

To make the calculations more tractable, we will not consider ac-
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Chapter IV. Black holes in extensions of general relativity

tion (3.3.1). We will instead restrict ourselves to the following theory

𝑆 =
1

2𝑘

∫
d

4𝑥
√−𝑔

[
𝑅

2

+ 𝑋 + 𝛼𝜙G + 𝛾𝐺𝜇𝜈∇𝜇𝜙∇𝜈𝜙 + 𝜎 𝑋□𝜙 + 𝜅𝑋 2

]
.

(4.2.9)

This action can be obtained from action (3.3.1) by selecting
2

𝐺2(𝑋 ) := 𝑋 + 𝜅𝑋 2 ,

𝐺3(𝑋 ) := −𝜎 𝑋 ,
𝐺4(𝑋 ) := 1/2 + 𝛾𝑋 ,
𝐺5(𝑋 ) := −4𝛼 ln |𝑋 | .

(4.2.10)

In units where𝐺 = 1 = 𝑐, the scalar field is dimensionless, while 𝛼, 𝛾, 𝜎 , 𝜅

have dimensions of length squared.

4.2.2 Spherically symmetric setup
In this section, we consider a static and spherically symmetric background,

described by the following metric

d𝑠2 = −𝐴(𝑟)d𝑡2 + 1

𝐵 (𝑟)d𝑟2 + 𝑟2
dΩ2 , (4.2.11)

while the scalar field depends only on the radial coordinate, 𝜙 = 𝜙(𝑟).

Shift-symmetric current

The only non-vanishing component of the current 𝐽 𝜇 is 𝐽 𝑟 , given by

𝐽 𝑟 = −𝐵𝜙′(1 − 𝜅𝐵𝜙′2) − 𝜎 𝜙′2 𝑟 𝐴
′ + 4𝐴

2𝑟 𝐴
𝐵2 + 𝛾𝜙′2𝐴𝐵 − 2𝐴 + 2𝑟 𝐴′𝐵

𝑟2𝐴
𝐵

+ 𝛼4(1 − 𝐵)𝐵𝐴′

𝑟2𝐴
,

(4.2.12)

2
Up to a total derivative the term 𝑋𝑅 + (□𝜙)2 − (∇𝜇∇𝜈𝜙)2

is equivalent to

𝐺𝜇𝜈∇𝜇𝜙∇𝜈𝜙. Since,

∫
d

4𝑥
√−𝑔 (□𝜙)2 =

∫
d

4𝑥
√−𝑔

[
(∇𝜇∇𝜈𝜙)2 + 𝑅𝜇𝜈∇𝜇𝜙∇𝜈𝜙

]
+∫

total derivative .
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Chapter IV. Black holes in extensions of general relativity

where a prime denotes a derivative with respect to the radial coordinate 𝑟 . As

discussed earlier, and according to the classification of [305], the current can

be separated into a part for which every term contains 𝜙′ and a contribution

by the coupling with G, as follows

𝐽 𝑟 = ˜𝐽 𝑟 − 𝛼G𝑟 , G𝑟 = 4(𝐵 − 1)𝐵𝐴′

𝑟2𝐴
, (4.2.13)

The conservation of the current can be straightforwardly integrated

∇𝜇 𝐽 𝜇 = 0 ⇒ 𝐽 𝑟 =
𝑐

𝑟2

√︂
𝐵

𝐴
. (4.2.14)

Using (4.2.12), one can then determine 𝜙′ and then integrate once more to

obtain 𝜙(𝑟). Due to shift-symmetry, the constant 𝑐 in (4.2.14) is the only

meaningful integration constant. Hence, considering also the mass param-

eter of the black hole, one would have a two-parameter family of solutions

described by the mass and the scalar charge.

However, 𝜙′ evaluated on the horizon of a black hole, 𝑟 = 𝑟ℎ, denoted as

𝜙′
ℎ

, generically diverges. If we assume that the scalar is regular on the hori-

zon, and hence 𝜙′
ℎ

is finite, and we take into account that at 𝑟 = 𝑟ℎ we

have 𝐴(𝑟ℎ), 𝐵 (𝑟ℎ) → 0, then (4.2.12) implies that
˜𝐽 𝑟 (𝑟ℎ) = 0. Evaluat-

ing (4.2.13) on the horizon then fixes the value of 𝑐. As a consequence, the

scalar charge ceases to be an independent parameter.

Decoupling limit

As a warm-up, we consider the scalar in a fixed Schwarzschild background.

We look for solutions that are regular on the horizon and approach a con-

stant value asymptotically. For simplicity, we choose that value to be zero, as

the value of the constant is irrelevant due to shift-symmetry. The 𝛾 term is

not expected to contribute anything to the decoupled equations since it mul-

tiplies the Einstein tensor, which vanishes at decoupling. The scalar equation

on a Schwarzschild background is

𝑚𝑟3𝜅 (2𝑚−𝑟)𝜙′3+𝑚𝑟2𝜎 (2𝑟−3𝑚)𝜙′2+𝑚𝑟4𝜙′+2𝛼

(
4𝑚2 + 2𝑚𝑟 + 𝑟2

)
= 0 .

(4.2.15)
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Chapter IV. Black holes in extensions of general relativity

First, let us note that if only the 𝛼-term is present, one can find an analytic

solution for the scalar field [306]

𝜙𝛼 =
2𝛼

(
4𝑚2 + 3𝑚𝑟 + 3𝑟2

)
3𝑚𝑟3

. (4.2.16)

We note that, in this case, no specific restriction on the choices of 𝛼 is sug-

gested. We then consider the 𝜎 -term in addition to the 𝛼 one, and we solve

for the derivative of the scalar field

𝜙′𝛼𝜎 =
1

6𝑚𝑟𝜎 − 4𝑟2𝜎

𝑟3 −

√︄
𝑟6 + 8𝛼𝜎

(
12𝑚2 − 2𝑚𝑟 − 𝑟2 − 2𝑟3

𝑚

) .
(4.2.17)

It is straightforward to see that

lim

𝜎→0

𝜙′𝛼𝜎 = 𝜙
′
𝛼 , 𝜙′𝛼𝜎 (𝑟 ≫ 𝑟ℎ) = 𝜙′𝛼 (𝑟 ≫ 𝑟ℎ) ≈ − 2𝛼

𝑚𝑟2
. (4.2.18)

Moreover, we employ a near-horizon expansion, i.e., 𝑟 = 𝑟ℎ + 𝜖, for the two

cases discussed above. This yields

𝜙′𝛼 = − 3𝛼

2𝑚3
+ O(𝑟 − 2𝑚) , (4.2.19)

𝜙′𝛼𝜎 = −2𝑚2 −
√

4𝑚4 − 6𝛼𝜎

𝑚𝜎
+ O(𝑟 − 2𝑚) , (4.2.20)

The quantity under the square root in (4.2.20) needs to be positive; there-

fore, an existence condition emerges,

𝛼𝜎 ≤ 2𝑚4

3

. (4.2.21)

The inequality condition appearing in (4.2.21) imposes an upper bound on

the product 𝛼𝜎 . This, in turn, yields an upper bound on 𝛼 when 𝜎 > 0, and

a lower bound when 𝜎 < 0.

When 𝛼 is positive, from the near-horizon expressions we can deduce that

for 𝜎 > 0 (𝜎 < 0) the scalar field fall-off is larger (smaller) than in the 𝜎 =

0, 𝛼 ≠ 0 case. In the limit 𝜎 → −∞ we retrieve the trivial solution 𝜙𝛼𝜎 = 0
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Chapter IV. Black holes in extensions of general relativity

for the near-horizon expansion. When 𝛼 is negative, we have the opposite

behaviour.

The case where 𝜅 ≠ 0 is more subtle. By examining the 𝜙′3 coefficient

in (4.2.15), we see that when the 𝜅-term is present, the derivative of the scalar

at the horizon does not depend on 𝜅; therefore, we deduce that 𝜅 does not en-

ter an existence condition analogous to (4.2.21). If one attempts to solve the

equation in the region [𝑟ℎ + 𝜖,∞), for 𝜖 ≪ 1, it turns out that a regular so-

lution can be found ∀𝜅 ∈ ℝ. However, not all of those solutions possess the

desired asymptotic behaviour, and for large positive values of𝜅, 𝜙′𝛼𝜅 (∞) ≠ 0.

Existence conditions

In the previous subsection, we saw how the existence conditions for the scalar

equation are affected by the extra terms in the decoupling limit. Here, we de-

rive the existence conditions for black holes beyond decoupling for the full

system of equations. To do so, we assume the existence of a horizon located

at 𝑟 = 𝑟ℎ, so that 𝐴ℎ± → 0
±

, where the plus sign corresponds to approach-

ing the horizon from the outside, while the minus sign from the inside. By

employing near-horizon expansions, we obtain the following expression for

the second derivative of the scalar at the horizon

𝜙′′ = −
(
4𝛼𝜙′ + 𝑟

) {
24𝛼 + 𝜙′2

[
24𝛼𝛾 + 𝑟2(8𝛼 + 𝜎 )

]
+ 2𝑟3𝜙′

}
2

{
𝑟4 − 96𝛼2 + 𝜙′

[
𝑟3(4𝛼 + 𝜎 ) + 24𝛼𝛾𝑟

]} (
𝐴′

𝐴

)
+ O(1) .

(4.2.22)

We note that to get a black hole solution with a non-trivial scalar field, it is

required that

(
4𝛼𝜙′ + 𝑟

)
≠ 0 [307, 348, 363]. Since (𝐴′/𝐴)ℎ diverges, for

𝜙 to be regular at the horizon, it is required that[
24𝛼 + 𝜙′2

[
24𝛼𝛾 + 𝑟2(8𝛼 + 𝜎 )

]
+ 2𝑟3𝜙′

]
𝑟ℎ
= 0 , (4.2.23)

therefore,

𝜙′
ℎ
=

√︃
𝑟6

ℎ
− 576𝛼2𝛾 − 24𝛼𝑟2

ℎ
(8𝛼 + 𝜎 ) − 𝑟3

ℎ

24𝛼𝛾 + 𝑟2

ℎ
(8𝛼 + 𝜎 )

. (4.2.24)
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Chapter IV. Black holes in extensions of general relativity

It is possible to derive from equations (4.2.22), and (4.2.24) two conditions:

I: 𝑟6

ℎ
− 576𝛼2𝛾 − 24𝛼𝑟2

ℎ
(8𝛼 + 𝜎 ) ≥ 0 , (4.2.25)

II:
[
24𝛼𝛾𝑟ℎ + (4𝛼 + 𝜎 )𝑟3

ℎ

] √︃
𝑟6

ℎ
− 576𝛼2𝛾 − 24𝛼(8𝛼 + 𝜎 )𝑟2

ℎ

+ 4𝛼
[
𝑟6

ℎ
− 576𝛼2𝛾 − 24𝛼(8𝛼 + 𝜎 )𝑟2

ℎ

]
≠ 0 .

(4.2.26)

Condition I comes from the requirement that the quantity under the

square root in equation (4.2.24) needs to be positive. Condition II comes

from requiring that the denominator of the fraction in the right-hand side

of equation (4.2.22) does not vanish on the horizon (where 𝜙′ is given

by equation (4.2.24)). Although not obvious, these two conditions also

guarantee that the denominator of the fraction on the right-hand side of

equation (4.2.24) does not vanish.

It is worth pointing out that when we consider only the Gauss-Bonnet

term, conditions I and II reduce to the existence condition appearing

in [307]. Thus, we see that in the non-perturbative approach, 𝜎 but also 𝛾

enter the existence conditions. In particular, in the case 𝛾 = 0, the parameter

𝛼 has both an upper and a lower bound for either sign of 𝜎 . This will

become clearer in Section 4.2.4 where particular choices of the couplings are

examined.

4.2.3 Perturbative treatment

First, we employ a perturbative approach with respect to the coupling con-

stant 𝛼, which is associated with the term that sources the hair. To do that, we

define the dimensionless parameter 𝛼̃ ≡ 𝛼/𝑟2

ℎ
≪ 1, where the horizon radius

𝑟ℎ is the length scale we associate with our solution. In a similar manner we

can define 𝛾̃ ≡ 𝛾/𝑟2

ℎ
, 𝜎̃ ≡ 𝜎/𝑟2

ℎ
and 𝜅 ≡ 𝜅/𝑟2

ℎ
. For non-zero, small values of

𝛼̃, we expect to acquire perturbative deformations to the Schwarzschild so-

lution. Those are expressed through the following expansions for the metric
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elements
3

𝐴(𝑟) =
(
1 − 2𝑀

𝑟

) (
1 +

∞∑︁
𝑛=1

𝐴𝑛(𝑟) 𝛼̃𝑛
)

2

, (4.2.27)

𝐵 (𝑟) =
(
1 − 2𝑀

𝑟

) (
1 +

∞∑︁
𝑛=1

𝐵𝑛(𝑟) 𝛼̃𝑛
)−2

, (4.2.28)

𝜙(𝑟) = 𝜙0 +
∞∑︁
𝑛=1

𝜙𝑛 𝛼̃
𝑛 . (4.2.29)

For 𝛼̃ = 0, we retrieve general relativity minimally coupled to a scalar

field, which for the spherically symmetric static configurations yields the

Schwarzschild solution. These expansions are substituted in the equations of

motion, which are then solved order by order for the unknown coefficients

{𝐴𝑛, 𝐵𝑛, 𝜙𝑛}. We work out the calculations up to the fifth order in the

perturbative parameter O( 𝛼̃5). The solutions become very lengthy beyond

2
nd

-order and, therefore, are omitted. However, the expressions for the

scalar charge and the mass of the black hole can be written in the following

compact form

𝑄 = 𝑄1 𝛼̃ + 𝑄3 𝛼̃
3 + 𝑄4(𝜎 ) 𝛼̃4 + 𝑄5(𝛾, 𝜎 , 𝜅) 𝛼̃5 , (4.2.30)

𝑀 =𝑚 +𝑀2 𝛼̃
2 +𝑀3(𝜎 ) 𝛼̃3 +𝑀4(𝛾, 𝜎 , 𝜅) 𝛼̃4 +𝑀5(𝛾, 𝜎 , 𝜅) 𝛼̃5 ,

(4.2.31)

where the coefficients𝑄𝑛 and 𝑀𝑛 can be found in Appendix A. Notice that

we have to expand to 5
th

order in 𝛼̃ before we see 𝜅 contributing to the scalar

charge.

The perturbative treatment will break down at some radius. To trace

3
The expansion is only performed in 𝛼̃, since the Gauss-Bonnet term is the only

interaction that introduces the hair.
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Chapter IV. Black holes in extensions of general relativity

when that happens, we simultaneously scan the following expressions

𝐴(𝑟) = ¯𝐴0(𝑟) + ¯𝐴2(𝑟) 𝛼̃2 + ¯𝐴3(𝑟, 𝜎 ) 𝛼̃3 , (4.2.32)

𝐵 (𝑟) = ¯𝐵0(𝑟) + ¯𝐵2(𝑟, 𝛾) 𝛼̃2 + ¯𝐵3(𝑟, 𝛾, 𝜎 ) 𝛼̃3 , (4.2.33)

𝜙(𝑟) = 𝜙0 + 𝜙1(𝑟) 𝛼̃ + 𝜙2(𝑟, 𝜎 ) 𝛼̃2 + 𝜙3(𝑟, 𝛾, 𝜎 , 𝜅) 𝛼̃3 , (4.2.34)

G(𝑟) = G0(𝑟) + G2(𝑟, 𝛾) 𝛼̃2 + G3(𝑟, 𝛾, 𝜎 ) 𝛼̃3 , (4.2.35)

for perturbative inconsistencies. Note that the quantities
¯𝐴𝑛, ¯𝐵𝑛 appearing

in equations (4.2.32) and (4.2.33) differ from 𝐴𝑛, 𝐵𝑛 appearing in equa-

tions (4.2.27) and (4.2.28). If at some radius 𝑟np terms of different orders

of 𝛼̃ become comparable in size, the perturbative treatment can no longer

be trusted. The coefficients 𝜙𝑛, G𝑛 are given in Appendix A. From equa-

tions (4.2.32) – (4.2.35) we see that even at second-order in 𝛼̃, terms involv-

ing 𝛾 appear. We note that in the case where 𝛾̃ = 𝜎̃ = 𝜅 = 0, it was shown

in [307] that loss of perturbativity occurred at roughly the same radius at

which the non-perturbative solutions exhibited a finite area singularity. We

will return to this issue in the next section.

In the top panel of Figure 4.1 we present the normalised charge

ˆ𝑄 ≡ 𝑄/
√
𝛼, as a function of the normalised mass

ˆ𝑀 ≡ 𝑀/
√
𝛼, for

𝛾̃ = 0, ±0.5, ±1, ±5 and 𝜎̃ = 0. In the bottom panel of Figure 4.1, we

present the radius 𝑟np denoting the point where the perturbative analysis

breaks down, for the same choices of 𝛾̃ . In Figure 4.2, we present the

analogous results for the case 𝜎̃ = 0, ±0.5, ±1, ±5 and 𝛾̃ = 0.

When 𝑟np exceeds 𝑟ℎ, part of the exterior cannot be described by the per-

turbative solution. One can read the corresponding mass from Figure 4.1,

and notice a mass increase/decrease for positive/negative values of 𝛾̃ . We also

see that for
ˆ𝑀 ⪆ 2.5 all curves start merging, as the 𝛾 -term becomes signifi-

cantly subdominant compared to the Gauss-Bonnet term. Another interest-

ing property we notice occurs for the value of 𝛾̃ = −0.5 for which more than

one solution exists for the same mass, as seen in the top panel of Figure 4.1.

The radius of the singularity does not display similar behaviour, and differ-

ent mass black holes have different singularity radii, which is shown in the

bottom panel of Figure 4.1. These solutions differ from one another as they

describe black holes with different scalar charges.
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From Figure 4.2, we notice a similar trend regarding the effects of 𝜎̃ and

the mass for which perturbativity is lost already at the exterior. For
ˆ𝑀 ⪆

3.5, all solutions in the
ˆ𝑀 -

ˆ𝑄 plots begin to merge as the 𝜎 -term becomes

subdominant. One of the main differences concerning Figure 4.1, however,

has to do with the maximum scalar charge. In the 𝜎̃ = 0, 𝛾̃ ≠ 0 scenario, we

manage to get solutions with larger scalar charges in comparison to the 𝜎̃ =

𝛾̃ = 0 (blue line). In the 𝛾̃ = 0, 𝜎̃ ≠ 0 case this does not happen. Let us also

point out that the values for 𝑟np depicted in the bottom panel of Figure 4.2

are the same for positive and negative values of 𝜎 . To understand why this

occurs, it is helpful to see the way 𝜎 enters the perturbative expansions, which

are presented in Appendix A. Specifically, 𝜎 appears at second order in the

expansion of the scalar field as a multiplicative constant, which explains why

changing its sign yields the same solution for 𝑟np.

It should be noted, however, that these conclusions have to be drawn with

care, as they correspond to a region of the parameter space where
ˆ𝑀 < 5, or

𝛼̃ > 0.01. This is a region where the perturbative approach might be prob-

lematic, and perturbativity might be lost. In general, only a proper numerical

analysis can either confirm or disprove the previous discussion.

4.2.4 Numerical results
We now move to solve the full system of equations numerically. This is a

system of ordinary partial differential equations of the form {𝜙′′, 𝐴′, 𝐵′} =

𝑓 (𝑟, 𝜙′, 𝜙, 𝐴, 𝐵). We separate the analysis into two regions: the black hole

exterior and the black hole interior. In both cases, the integration starts at the

horizon. The theoretical parameter space consists of {𝛾, 𝜎 , 𝜅, 𝑟ℎ}, where

𝑟ℎ is the black hole horizon radius. Since 𝑟ℎ appears in the existence condi-

tion (4.2.24), the allowed values for the coupling parameters are expected to

be affected if we vary 𝑟ℎ. We can straightforwardly reduce the dimension of

the parameter space by one if we normalise the coupling parameters with the

horizon radius, as we did in the previous section.

For a given theory defined by { 𝛾̃ , 𝜎̃ , 𝜅} we allow the values of 𝛼̃ to

scan the parameter space starting from small 𝛼̃ and gradually increasing un-

til the existence conditions are saturated, therefore, we need the set of val-

ues {𝜙′, 𝜙, 𝐴, 𝐵}𝑟ℎ . Despite appearing to constitute “initial data,” this set
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Figure 4.1: In the top panel, we show the normalised scalar charge and

mass derived from the perturbative analysis. In the bottom panel, we have

the singular radius derived from the perturbative analysis, for 𝜎̃ = 𝜅 = 0

and 𝛾̃ = 0, ±0.5, ±1, ±5.
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Figure 4.2: Same as Figure 4.1, but for 𝛾̃ = 𝜅 = 0 and 𝜎̃ =

0, ±0.5, ±1, ±5.
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Chapter IV. Black holes in extensions of general relativity

of values is not entirely free to choose. In practice, to apply the existence

conditions (4.2.25) – (4.2.26) with reasonable numerical accuracy, we use

a perturbative expansion near the horizon and numerically solve the system

of algebraic equations for the first few coefficients appearing in the expan-

sions (up to order O(𝑟 − 𝑟ℎ)2
). This process reduces the number of free

initial conditions to two, namely the value of the scalar field at the horizon

and that of the first-order coefficient of 𝐴. The latter one, however, is fixed

by asymptotic flatness, leaving 𝜙ℎ as the only free-to-choose initial condition.

The asymptotic value of the scalar field should be constant but otherwise un-

constrained since our model is shift-symmetric. For simplicity, we choose 𝜙ℎ

so that 𝜙∞ = 0. For that, we integrate outwards using a shooting method

to demand 𝜙 vanishing to a part in 10
4

. The remaining free parameter is

the horizon radius 𝑟ℎ. We then start the numerical integration outwards (in-

wards) from 𝑟 = 𝑟ℎ ± O(10
−5). In the exterior, we typically integrate up to

𝑟/𝑟ℎ ≈ 10
5

.

In the following subsections, we present plots corresponding to the dif-

ferent couplings. In each case, we numerically calculate the scalar charge and

the Arnowitt-Deser-Misner (ADM) mass of the black hole using the follow-

ing expressions

𝑄 = − lim

𝑟→∞

(
𝑟2𝜙′

)
, 𝑀 = lim

𝑟→∞

[
𝑟
(
2 − 2𝐵 + 𝑟2𝜙′2

)
𝑟2𝜙′2 − 4

]
. (4.2.36)

We were also able to verify the emergence of a finite-radius singularity, consis-

tent with the existence conditions. While integrating from the horizon and

inwards, we noticed the following general trend: Starting from general rela-

tivity (𝛼 → 0) and gradually increasing the couplings, the geometric invari-

ants diverge and the solutions become singular at some radius 𝑟𝑠. The larger

the general relativity deviations become, the more 𝑟𝑠 approaches 𝑟ℎ. When

one of the existence conditions is saturated, the singularity radius approaches

the horizon radius, i.e., 𝑟𝑠 → 𝑟ℎ.
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Chapter IV. Black holes in extensions of general relativity

Charge, mass and scalar profile

In these subsections, we attempt to present the overall generic trend that the

black hole properties follow, if one considers action (4.2.9). We discuss the

charge, mass and scalar profile for a few examples corresponding to different

scenarios, which motivate the more thorough analysis that follows in the next

subsections.

The top panel of Figure 4.3, shows the
ˆ𝑀 -

ˆ𝑄 plot for different negative

values of the coupling constants 𝛾̃ and 𝜎̃ . The corresponding plots for pos-

itive couplings are not presented here, since—at these scales—they are over-

shadowed by the 𝛾̃ = 𝜎̃ = 0 curve, as explained later in more detail. In all

positive-coupling cases, the minimum black hole mass is larger than the one

corresponding to 𝛾̃ = 𝜎̃ = 0. Furthermore, non-zero 𝜅 curves are almost

indistinguishable from the 𝛾̃ = 𝜎̃ = 0 case, since, as we saw, 𝜅 does not enter

the existence conditions. Consequently, the corresponding 𝜅-plots are not

presented here. We see that for large
ˆ𝑀 , which corresponds to small Gauss-

Bonnet couplings, the charge in all cases drops off to zero and general rela-

tivity is retrieved. This is, of course, associated with the fact that the Gauss-

Bonnet term is the one sourcing the hair. In the small
ˆ𝑀 regime, signifi-

cant deviations are observed, which are explained in the following coupling-

specific subsections. On the bottom panel of Figure 4.3, we show the profile

of the scalar field, properly normalised with the distance and the scalar charge.

All curves exhibit a 1/𝑟 fall-off and asymptotically approach 1. For large radii,

the scalar field profiles are indiscernible for different couplings. In the near-

horizon regime, however, there are apparent deviations as shown in the top

panel.

To make things easier for the reader, in what follows, we consider the

Gauss-Bonnet coupling 𝛼̃ in combination with 𝛾̃ , 𝜎̃ and 𝜅 separately. In

this work, we consider 𝛼 > 0 as this is consistent with most of the literature.

However, it is worth pointing out, that action (4.2.9) is invariant under the

simultaneous transformation 𝛼 → −𝛼, 𝜙 → −𝜙 and 𝜎 → −𝜎 and that in

the case of 𝜎 = 𝛾 = 𝜅 = 0, the sign of 𝜙 is determined by the sign of 𝛼 for

solutions that are continuously connected to Schwarzschild as 𝛼 → 0. In

what follows, we consider both positive and negative values for 𝜎 , 𝛾 , and 𝜅,

and our analysis should effectively cover the 𝛼 < 0 case as well, at least for
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Minimum mass for 𝜎̃ = 𝜅 = 0, 𝛾̃ ≠ 0, 𝛼̃ > 0

𝛾̃ −5.0 −1.0 −0.5 0.0 +0.5 +1.0 +5.0

ˆ𝑀 1.45 1.77 1.87 2.08 2.45 2.71 3.75

configurations that are continuously connected to Schwarzschild.

The 𝛾̃ term

First we consider the case 𝜎̃ = 𝜅 = 0. From (4.2.25) and (4.2.26) we find

the conditions on 𝛾̃ necessary for regularity at the horizon. The existence

conditions I-II are, in general, non-trivial, and the easiest way to track them is

to examine the corresponding region plot in the top panel of Figure 4.4. The

first obvious observation relates to the apparent asymmetry about the vertical

axis. Therefore, we expect the sign of 𝛾̃ to influence the black hole solutions

and properties. In particular, for negative values of 𝛾̃ , the parameter space of

allowed values for 𝛼̃ increases, and so we expect negative values of 𝛾̃ to allow

for hairy solutions with smaller masses. On the other hand, when 𝛾̃ > 0,

the parameter space of 𝛼̃ shrinks, and we expect the black hole mass range

to decrease. Regarding the Gauss-Bonnet coupling 𝛼̃, extending the plot to

negative values of 𝛼̃ is trivial as, for 𝜎̃ = 0, the action (4.2.9) is invariant under

the simultaneous transformation 𝛼̃ → − 𝛼̃ and 𝜙→ −𝜙.

These are indeed verified in Figure 4.5, where the emergence of a finite-

radius singularity is demonstrated in the interior of the black hole. The top

panel shows the singularity radius as a function of the normalised black hole

mass for 𝛾̃ = {0, 0.5, 1, 5} while the bottom panel shows the correspond-

ing results for 𝛾̃ = {0, −0.5, −1, −5}. The values are chosen to be of order

∼ 1− 10 with respect to 𝛼̃max, where 𝛼̃max corresponds to the largest allowed

value for 𝛼 satisfying the existence conditions. For the choices of 𝛾̃ made, we

present the results for the minimum hairy black hole mass in the following ta-

ble For a negative 𝛾̃ , we notice another interesting property of the solutions:

at small masses, the apparent change in monotonicity in the
ˆ𝑀 -

ˆ𝑄 and
ˆ𝑀 -𝑟𝑠

(see the inset) plots indicates that black holes with the same mass can corre-

spond to different scalar charges and singularity radii. Therefore, one would

expect that the black hole with the larger scalar charge would shed some of

it to reach a more favourable scalar configuration with a smaller charge. Fi-

696969



Chapter IV. Black holes in extensions of general relativity

2 4 6 8 10
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

1 5 10 50 100
1.0

1.2

1.4

1.6

1.8

2.0

Figure 4.3: In the top panel, we have the relation between the normalised

mass and charge. In the bottom panel, we show the scalar field profile for

black holes with
ˆ𝑀 ∼ 10.
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Chapter IV. Black holes in extensions of general relativity

Minimum mass for 𝛾̃ = 𝜅 = 0, 𝜎̃ ≠ 0 , 𝛼̃ > 0

𝜎̃ −5.0 −1.0 −0.5 0.0 +0.5 +1.0 +5.0

ˆ𝑀 1.61 1.84 1.91 2.08 2.47 2.83 5.55

nally, from Figure 4.5 we point out that in the larger mass regime, the sign of

𝛾̃ becomes unimportant and the cases with opposite signs merge.

The 𝜎̃ term

In the top panel of Figure 4.6, we present the allowed and excluded regions

of the parameter space according to the existence conditions in the case of

𝛾̃ = 0, with 𝜎̃ being on the horizontal and 𝛼̃ on the vertical axis. For nega-

tive values of 𝛼̃ the region plot we retrieve demonstrates an origin symmetry

which was anticipated since the action (4.2.9) is invariant under the simulta-

neous transformation 𝛼̃ → − 𝛼̃, 𝜎̃ → −𝜎̃ , and 𝜙→ −𝜙. For 𝛼̃ > 0, 𝜎̃ < 0,

the allowed values for 𝛼̃ increase and therefore the mass range also increases,

and hairy black holes with smaller masses are found. At the same time, for

𝛼̃ > 0, 𝜎̃ > 0, the parameter space of 𝛼̃ shrinks, and the black hole mass

range should also decrease. If we considered 𝛼̃ < 0, the above conclusions

would be reversed.

In Figure 4.7, we display the singularity radius in this scenario and its de-

pendence on the value of 𝜎̃ . Verifying the above, positive (negative) 𝜎̃ leads

to a larger(smaller) minimum black hole mass. In the 𝜎̃ ≠ 0 scenario, the re-

lation between the finite singularity radius and the normalised mass exhibits

discontinuous behaviour, as shown in Figure 4.7. As already explained, we

identify the singularity radius as the one for which a geometric invariant (e.g.,
the Gauss-Bonnet or, equivalently, the Kretschmann invariant) diverges. To

explain the discontinuity, let us imagine that we start from some large
ˆ𝑀

moving inwards towards smaller masses. At 𝑟 = 𝑟𝑠, the Gauss-Bonnet invari-

ant diverges, and we identify 𝑟𝑠 as the singularity radius. There exists a second

special point at 𝑟 = 𝑟′𝑠 > 𝑟𝑠 where the metric functions and the scalar field ap-

pear to lose differentiability because they develop a kink. This is because the

second derivative becomes discontinuous. The differential equations, how-

ever, can still be integrated for 𝑟′𝑠 > 𝑟 > 𝑟𝑠. If we plotted 𝑟′𝑠 instead of 𝑟𝑠, then

the vertical jump would no longer be present and the lines would be contin-
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Figure 4.4: In the top panel, we illustrate the existence conditions in the

case of 𝜎̃ = 𝜅 = 0. The blue shaded region corresponds to the area of the

parameter space allowed by condition I (4.2.25). The red line corresponds

to the values within the allowed blue region that are excluded by condi-

tion II (4.2.26). In the bottom panel we show the Mass-Charge plots for

𝜎̃ = 𝜅 = 0 and 𝛾̃ = {−5, −1, −0.5, 0}.
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Figure 4.5: The finite singularity radius 𝑟𝑠 as a function of the normalized

mass
ˆ𝑀 for 𝜎̃ = 𝜅 = 0 and 𝛾̃ = {−5, −1, −0.5, 0, 0.5, 1, 5}.
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Chapter IV. Black holes in extensions of general relativity

uous. In all cases, however, we chose to plot the singularity corresponding to

the divergence of the geometric invariants. On the other hand, for positive 𝜎̃ ,

we do not encounter any other “singularities” than the ones we plot, which

correspond once again to the geometric invariants diverging.

Similar discontinuities have also been encountered in [353] assuming

quadratic and exponential couplings. In the zoomed-in part of the bottom

panel of Figure 4.7, similar behaviour to the negative 𝛾̃ case is exhibited,

where the same-mass black holes have different singularity radii. This can

also be understood from the
ˆ𝑀 -

ˆ𝑄 plot, in the bottom panel of Figure 4.6,

where a turning point appears at small masses.

The 𝜅 term

It is evident from equations (4.2.25) and (4.2.26) that 𝜅 does not enter the

existence conditions. As a result, one might naively conclude that black hole

solutions exist irrespective of the value that 𝜅 takes, given that the remaining

parameters satisfy the existence conditions. Contrarily, that is not the ob-

served behaviour. If 𝜅 is positive, then we cannot find solutions for all values

of 𝛼 that are allowed by the existence conditions; however, if 𝜅 is negative,

then solutions could be found for all values of 𝛼 allowed by the conditions.

This behaviour is illustrated in Figure 4.8, where for negative values of 𝜅 it is

possible to saturate the existence condition and have solutions with a naked

singularity, but for 𝜅 > 0, in general, that cannot be achieved. To better un-

derstand this trend, it is useful to rewrite the scalar equation for 𝛾 = 𝜎 = 0

as

ℎ𝜇𝜈∇𝜇∇𝜈𝜙 ≡
[
𝑔 𝜇𝜈

(
1 − 𝜅 (∇𝜙)2

)
− 2𝜅∇𝜇𝜙∇𝜈𝜙

]
∇𝜇∇𝜈𝜙 = −𝛼G .

(4.2.37)

In practice, we see that when 𝜅 > 1, not all values of 𝛼̃ allowed by the exis-

tence conditions yield black hole solutions. To explain this issue, we numer-

ically examine the value of the quantity inside the square brackets in equa-

tion (4.2.37), namely ℎ𝜇𝜈 . Due to the symmetry of our problem, we will

only examine the quantity ℎ𝑟𝑟 . In Figure 4.9, we plot ℎ𝑟𝑟 (and ℎ𝑟 𝑟 ) for val-

ues of 𝜅 spanning a few orders of magnitude, i.e., O(1) − O(10
2). We see
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Figure 4.6: In the top panel, we display the existence conditions in the

case of 𝛾̃ = 𝜅 = 0. The blue shaded region corresponds to the inequality

of condition I (4.2.25), while the red line corresponds to the inequality

of condition II (4.2.26). In the bottom panel we have the Mass-Charge

plots for 𝛾̃ = 𝜅 = 0 and 𝜎̃ = {−5, −1, −0.5, 0}.
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Figure 4.7: The finite singularity radius 𝑟𝑠 as a function of the normalized

mass
ˆ𝑀 , for 𝛾̃ = 𝜅 = 0. The horizon radius 𝑟ℎ = 1.
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Figure 4.8: The finite singularity radius 𝑟𝑠 as a function of the normalized

mass
ˆ𝑀 , with 𝜎̃ = 𝛾̃ = 0. The horizon radius 𝑟ℎ = 1.
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that for O(𝜅) > O(1), the quantity ℎ𝑟𝑟 approaches zero at some intermedi-

ate radius, which seems to increase as we increase the value of 𝜅. Beyond that

point, the system of equations can not be integrated. This bears similarities

with the behaviour of 𝜙′′ at the horizon, the regularisation of which yielded

the existence conditions. Thus, it appears that imposing regularity for the

scalar field at the horizon results in divergences appearing elsewhere for large

positive values of 𝜅.

Numerical solutions vs perturbative solutions

As mentioned earlier, it has already been demonstrated that in the case 𝛾 =

𝜎 = 0, loss of perturbativity is associated with the appearance of a finite-

radius singularity in the black hole interior. Here we discuss the relation be-

tween the perturbative treatment breakdown radius 𝑟np and the finite-radius

singularity 𝑟𝑠 in the general case where 𝛾̃ , 𝜎̃ are non-zero.

We present the comparative plots in Figure 4.10. Verifying the results

of [307], we see that the radius of the singularity in the black hole interior

in the case 𝛾̃ = 𝜎̃ = 0 is traced almost perfectly by the perturbative analy-

sis. However, this is not the case, at least to the same level of success, when

one considers the 𝛾 and 𝜎 contributions. From the top panel of Figure 4.10,

we see that when 𝛾̃ ≠ 0 the 𝑟np curve sits below the singularity radius 𝑟𝑠.

From the bottom panel, 𝜎̃ ≠ 0, the 𝑟np curve sits between the disconnected

branches of the numerical solutions.

We can also compare the results regarding the scalar charge and the mass

of the black holes by inspecting Figures 4.1, 4.2, 4.4, and 4.6. Specifically, for

the 𝛾̃ ≠ 0 case, by comparing Figures 4.1, 4.2 and 4.4 we deduce that the per-

turbative approach captures at least qualitatively the two main conclusions

drawn by the numerical analysis: (i) For 𝛾̃ > 0 the minimum black hole

mass for each 𝛾̃ increases and the mass-parameter space of solutions shrink.

(ii) For 𝛾̃ < 0, the minimum black hole mass for each 𝛾̃ decreases, and for

small masses it is possible to retrieve black holes of the same mass with differ-

ent scalar charges. Similar conclusions hold in the 𝜎̃ ≠ 0 scenario (with the

addition of the discontinuities), where the perturbative analysis captured the

qualitative trends observed in the numerical solution.
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Figure 4.9: The behaviour of ℎ𝜇𝜈 , as defined in equation (4.2.37), near

the horizon. In the top we have ℎ𝑟𝑟 = 𝐵 (1 − 3𝜅𝐵𝜙′2), and in the bottom

we have ℎ𝑟 𝑟 = 1 − 3𝜅𝐵𝜙′2.
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Figure 4.10: We show the radii 𝑟np and 𝑟𝑠 for different values of 𝛾 , and 𝜎 .

In the top panel, we have 𝜎 = 0, while the bottom panel is for 𝛾 = 0.
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4.2.5 Discussion
We have studied hairy black holes in generalised scalar-tensor theories that ex-

hibit a range of shift-symmetric derivative interactions, in addition to the lin-

ear coupling to the Gauss-Bonnet invariant that is known to introduce black

hole hair. We found that, although these additional interactions cannot in-

troduce hair themselves, they can significantly influence the behaviour of the

scalar fields near the horizon of the black hole and hence affect the configura-

tion in general, including the value of a scalar charge for a given mass.

Interestingly𝐺𝜇𝜈∇𝜇𝜙∇𝜈𝜙 and 𝑋□𝜙modify the regularity condition on

the horizon that determines the scalar charge of the black hole with respect

to its mass and affects the regularity condition that determines the minimum

black hole mass, whereas 𝑋 2
leaves both conditions unaffected. All terms

affect the scalar configuration; however, a large positive coupling for 𝑋 2
can

compromise the existence of black holes altogether.

Our two key findings are the following: (i) additional shift-symmetric in-

teractions affect the minimum size of hairy black holes, hence the constraints

one can derive from that, but their effect is rather moderate for dimensionless

couplings (with respect to the scale of the black hole in geometric units) of

order 1 or less. (ii) Additional shift-symmetric interactions affect the scaling

of the charge per unit mass versus the mass of the black hole only for masses

that are fairly close to the minimum mass. Hence, sufficiently large black

holes in shift-symmetric theories will not carry a significant charge per unit

mass, irrespective of the presence of additional shift-symmetric interactions

(see, e.g., [305, 356, 357]).
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Chapter V. Supermassive black hole scalarization and effective
field theory

In Section 4.2, we examined static black holes and their properties in

linear scalar Gauss-Bonnet gravity. We have seen that the scalar charge of

a hairy black hole is fixed by its mass, spin, and the coupling constant(s)

of the theory [305–308, 348, 349]. This has been used in the literature

to argue that the scalar charge will become entirely negligible for black

holes that are much larger than the characteristic scale of the coupling

constant(s) that control the deviations from general relativity or the

Standard model [356]. Constraints coming from solar mass black hole

observations by the LIGO-Virgo-KAGRA collaboration [56, 64, 65, 364],

and binary pulsars [365–367] generically impose, on the new couplings, a

maximum length scale of the order of kilometres. This, combined with the

charge-mass scaling, has been used to drastically simplify the modelling of

very asymmetric binaries [357, 368, 369] and of black hole ringdowns for

massive black holes [370]. This same fact, however, rules out the possibility

that supermassive black holes could have hair in any known model, if their

solar-mass counterparts do not.

Recently, the work in [371] proposed a model that circumvents this argu-

ment. In this model, solar-mass compact objects are well-described by general

relativity solutions, while black hole uniqueness is broken at supermassive

scales. This is achieved in the context of spontaneous scalarization (see Sec-

tion 3.3.2 for details). The crux of this proposal is to have scalar perturbations

satisfy an equation of the form

(□ − 𝜇2

eff
)𝛿𝜙 = 0 , (5.0.1)

where 𝜇2

eff
is only sufficiently negative as to lead to scalarization at supermas-

sive scales, whereas at other mass/curvature scales it is positive or not negative

enough to cause an instability. The proposed model does require an auxiliary

scalar field, whose dynamics are not completely clear. We will elaborate on

the details in Section 5.1.

Our main goal here is to examine whether we can recover the theory

of [371] from an effective field theory perspective in the limit where the

second scalar is heavy. We start in Section 5.1 by presenting the model

of [371] and discussing how the scalarization of supermassive black holes can

be achieved without conflicting with current observations. In Section 5.2,
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we consider two interacting scalars that couple to the Gauss-Bonnet term,

where one of the scalars is massive, and try to derive the model of [371]

by integrating out the heavy scalar. We find two main drawbacks to this

approach. First, integrating out the heavy field reproduces the interactions

of [371] but with a sign difference that prevents scalarization of supermassive

black holes. Secondly, the scale of the heavy field highly suppresses the novel

contribution to the effective mass of scalar perturbations. In Section 5.2.2,

we drop the assumption that the second scalar is heavy and study scalariza-

tion in the bi-scalar Gauss-Bonnet model in full generality. In Section 5.3,

we show that we can obtain a coupling with the correct sign for supermassive

black hole scalarization if we use a Higgs-like heavy field. However, in this

case, general relativity vacuum geometries are no longer solutions to the

theory. We end with a discussion in Section 5.4.

5.1 Supermassive black holes scalariza-
tion: Theoretical background

The key idea of the model proposed in [371] is to ensure that the effective

mass of scalar perturbations is composed of various terms that compete de-

pending on the considered curvature scale. The model, in geometric units,

is

𝑆 =

∫
d

4𝑥
√−𝑔

[
𝑅 − (𝜕𝜙)2 + 𝛼1𝐹

(
𝜙
)
G

− 2𝛼3

2
𝐹

(
𝜙
) (
𝜓G −

𝜓 2

2

) ]
,

(5.1.1)

here, 𝜙 and 𝜓 are real scalar fields. The scalar field 𝜙 is dimensionless while

𝜓 is of inverse length to the fourth. Hence, the coupling constants 𝛼1 and

𝛼2 have dimensions length squared. Note that the scalar 𝜓 is auxiliary, which

does not, however, mean it is not dynamical. The field equations for the scalar

fields are

𝜓 − G = 0 , (5.1.2)
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and

□𝜙 =

[
−𝛼1G + 2𝛼3

2

(
𝜓G −

𝜓 2

2

)]
𝐹 ′ (𝜙)

2

. (5.1.3)

Combining the two, the purpose of the field𝜓 becomes manifest as the equa-

tion for 𝜙 becomes

□𝜙 =
1

2

𝐹 ′ (𝜙) (
−𝛼1G + 𝛼3

2
G2

)
. (5.1.4)

A basic feature of scalarization is that only some black holes have hair, while

others are described by general relativity. To have general relativity solutions

for 𝜙 = 𝜙0 = 0, we take the coupling function 𝐹 (𝜙) to satisfy

𝐹 ′(0) = 0 , 𝐹 (0) = 0 . (5.1.5)

The first condition ensures that the scalar field equation is compatible with

a constant scalar field Kerr metric, while the second ensures compatibility

with the field equations for the metric. Therefore, we can consider a scalar

perturbation around 𝜙 = 0 of the form 𝜙 = 0 + 𝛿𝜙. Using equation (5.1.4)

we obtain the perturbation equation (5.0.1) with an effective mass given by

𝜇2

eff
= −𝛼1G + 𝛼3

2
G2 , (5.1.6)

where we assumed, without loss of generality, that 𝐹 ′′ (0) = 2. The key fea-

ture of this model becomes manifest, at least for spherically symmetric black

holes: two competing terms control the effective mass of scalar perturbations.

For sufficiently low curvatures, the G term dominates and the theory reduces

to the usual scalar-Gauss-Bonnet models [314, 315] discussed in previous sec-

tions. The value of 𝛼1 will then control what the threshold mass below which

scalarization can occur, and this can be tuned to be high enough to allow su-

permassive black holes to scalarize. On the other hand, if the curvature is

high enough for the G2
term to dominate, the effective mass will be positive.

This suppresses scalarization for black holes with lower masses, and tuning

the value of 𝛼2 sets the minimum threshold mass. Therefore, in this model,

black hole uniqueness can be broken solely on supermassive black hole scales,

while all other regimes agree with general relativity. This motivates and makes
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a case for experiments whose goal is to observe supermassive black holes, such

as the Event Horizon Telescope [39, 40], because deviations from general rel-

ativity might manifest solely in this regime. This model is also free from the

early universe instability discussed in [328, 372].

For a discussion of the rotating black hole solutions in this model,

see [373]. For an analysis of how supermassive black hole scalarization affects

the gravitational wave background observed by pulsar timing arrays, refer

to [374].

In what follows, we address whether such a model can be derived from a

canonical scalar field theory.

5.2 Two dynamical scalar fields and ef-
fective field theory

5.2.1 Integrating out a heavy field
The dynamics of 𝜓 in the theory (5.1.1) are unclear as there is no standard

kinetic term. Indeed, the 𝜓 part of theory (5.1.1) is an 𝑓 (G) theory [371,

375], which is known to potentially suffer from instabilities [376, 377]. Here,

we explore if such an action can arise from a theory with a light and a heavy

scalar, 𝜙 and 𝜓 respectively, after “integrating out” the heavy field. These

fields have no relation to those in equation (5.1.1), even though we use the

same symbols. We start from the following Lagrangian

2L
𝑀 2

Pl

= 𝑅 − (𝜕𝜙)2 − (𝜕𝜓 )2 −𝑀 2

𝜓𝜓
2 + 𝛼𝜙2G + 2𝛽𝜙𝜓G , (5.2.1)

with units 𝑐 = 1 = ℏ. The reduced Planck mass is𝑀−2

Pl
= 8𝜋𝐺, and we have

canonically normalised the scalar fields. We further choose 𝛽 > 0, which is

always possible by changing the sign of one of the scalars.

In this model, both scalar fields have a canonical kinetic term and are di-

mensionless. The coupling constants 𝛼 and 𝛽 have dimensions of inverse

mass squared (length squared).

Action (5.2.1) is not the most general theory that is quadratic in the two
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scalars. However, we assume the 𝜙 field is light enough to ignore its mass

term. A term of the form ∼ 𝜙𝜓 can be diagonalised away. An interaction

between 𝜓 and G of the form 𝜓 2G is allowed, but its contributions would

show up at higher order when integrating out the𝜓 field. Linear interactions

between the scalar fields and the Gauss-Bonnet term could be present, but

they would introduce permanent hair [307, 308]. Symmetry under 𝜙→ −𝜙
and 𝜓 → −𝜓 can justify excluding these terms. Finally, self-interactions

of the scalar or couplings to 𝑅 could be present, but they do not affect our

conclusions.

We take the scalar field 𝜓 to be “heavy,” that is, its Compton wavelength

is much smaller than that of 𝜙, and of the gravitational radius of the black

hole. With this in mind, we can (formally) solve for 𝜓 using its equation of

motion, and substitute it back into the Lagrangian (i.e., we are integrating

out the heavy field at tree level). The equation of motion for 𝜓 is

□𝜓 −𝑀 2

𝜓𝜓 + 𝛽𝜙G = 0 , (5.2.2)

which we can solve to leading order in 1/𝑀 2

𝜓
as

𝜓 =
𝛽

𝑀 2

𝜓

𝜙G + O
(
1/𝑀 4

𝜓

)
, (5.2.3)

and the Lagrangian (5.2.1) reduces to

2L
𝑀 2

Pl

≈ 𝑅 − (𝜕𝜙)2 + 𝛼𝜙2G +
𝛽2

𝑀 2

𝜓

𝜙2G2 . (5.2.4)

The resulting theory has the G2
term observed in [371]. However, it suffers

from two shortcomings. Firstly, and most obviously, the G2
term has the

“wrong” sign compared to theory (5.1.1)
1

. Secondly, the G2
term is sup-

pressed by the mass scale 𝑀𝜓 . To see this, consider a Schwarzschild back-

ground

d𝑠2 = −
(
1 − 𝑟𝑠

𝑟

)
d𝑡2 +

(
1 − 𝑟𝑠

𝑟

)−1

d𝑟2 + 𝑟2
dΩ2 , (5.2.5)

1
The “correct” sign can be obtained if 𝜓 is a tachyon.
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where 𝑟𝑠 is the Schwarzschild radius of the black hole, and let us define di-

mensionless coupling constants as

𝛼̃ ≡ 𝛼

𝑟2

𝑠

, ˜𝛽 ≡
𝛽

𝑟2

𝑠

. (5.2.6)

Then, the terms 𝛼𝜙2G, and 𝛽2𝜙2G2/2𝑀 2

𝜓
are comparable near the horizon

𝑟 ∼ 𝑟𝑠 if

𝛼̃ ∼ ˜𝛽2
1

𝑀 2

𝜓
𝑟2

𝑠

, (5.2.7)

since 1 ≪ 𝑀𝜓 𝑟𝑠, the relation (5.2.7) does not hold for ∼ O(1) dimension-

less couplings 𝛼̃, ˜𝛽, as required to have significant G2
-related effects.

5.2.2 Bi-Scalar Gauss-Bonnet scalarization
In the last section, we demonstrated that the model of [371] does not come

from a simple effective field theory by integrating out a massive scalar.

In this section, we will not integrate out the heavy field𝜓 . We will explore

if the theory in equation (5.2.1) allows for supermassive black hole scalariza-

tion if both 𝜙 and 𝜓 are considered dynamical. Most of this section is ded-

icated to studying the tachyonic instability on a fixed Schwarzschild back-

ground and exploring the parameter space of the theory (5.2.1) for which

scalarized black holes are present. The equations governing the perturbations

𝛿𝜙, and 𝛿𝜓 read

□𝛿𝜙 = −𝛼G𝛿𝜙 − 𝛽G𝛿𝜓 , (5.2.8)

□𝛿𝜓 =𝑀 2

𝜓 𝛿𝜓 − 𝛽G𝛿𝜙 . (5.2.9)

In a static, spherically symmetric background, we can perform the following

decomposition of the perturbations

𝛿Φ𝑖 = 𝑢𝑖 (𝑟) exp(−i𝜔𝑡)𝑌ℓ𝑚 (𝜃, 𝜑)/𝑟 , 𝑖 ∈ {1, 2} , (5.2.10)

where Φ𝑖 = {𝜙, 𝜓 }, and 𝑌ℓ𝑚 are the spherical harmonics. We solve these

equations for static (𝜔 = 0) monopolar (ℓ = 0) excitations in a Schwarzschild
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background. Note that these equations cannot, generally, be decoupled ex-

cept in special cases. First, it is instructive to consider two limiting cases: (i)

the large mass (“frozen” 𝜓 ) case, i.e., we take □𝛿𝜓 = 0, and (ii) the zero mass

case 𝑀𝜓 = 0. Finally, we solve the system in full generality and compare it

with the limiting cases.

We solve the equations in isotropic coordinates 𝜌 such that 𝑟 = 𝜌(1 +
𝑀/2𝜌)2

. Near the horizon 𝜌ℎ =𝑀/2, we use a series expansion in ( 𝜌− 𝜌ℎ)
up to second-order precision for the functions 𝑢𝑖 in equation (5.2.10) as

𝑢𝑖 = 𝑢
(0)
𝑖

+ 𝑢(2)
𝑖

(
𝜌 − 𝑀

2

)
2

. (5.2.11)

We can fix 𝑢
(0)
1

= 1 by an appropriate rescaling of the equations, and solve

algebraically for 𝑢
(2)
𝑖

in terms of 𝑢
(0)
2

and the various coupling constants,

thereby establishing the boundary conditions close to the horizon. Subse-

quently, for a fixed value of the coupling constant 𝛽 a shooting method is

utilized to determine the values of 𝑢
(0)
2

and 𝛼 admitting a non-trivial solution

where 𝑢𝑖 (𝑟) asymptotically approach a constant (zero) value for large 𝜌 (for

asymptotic flatness). We typically integrate to a large 𝜌 value, 𝜌 = 100𝑀 ,

and fix 𝑀 = 1.

In the first limiting case, where𝜓 is heavy, it decouples from the spectrum

of the theory, and we have only one scalar perturbation equation for 𝛿𝜙 to

solve for with an effective mass given by

𝜇2

eff
= −𝛼G − 𝜅3G2 , 𝜅3 ≡

𝛽2

𝑀 2

𝜓

. (5.2.12)

In the other limiting case, where we consider 𝜓 to be massless (𝑀𝜓 = 0), the

system of equations can be diagonalised. To appreciate this fact, let us rewrite

the Lagrangian (5.2.1) in a matrix form as
2

L = 𝑅 − (𝜕Φ)2 −Φ · M ·Φ , (5.2.13)

2
Here, we have dropped overall factors of the Lagrangian.
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where,

Φ =

(
𝜙

𝜓

)
, M =

(
−𝛼G −𝛽G
−𝛽G 𝑀 2

𝜓

)
. (5.2.14)

If 𝜓 is massless, then the matrix M can be diagonalised, with eigenvectors

that are spacetime independent, and the following eigenvalues

𝜆± =
−𝛼 ±

√︁
𝛼2 + 4𝛽2

2

G , (5.2.15)

Consequently, there must exist a unitary transformation such that the La-

grangian can be written as

L = 𝑅 − (𝜕𝜙+)2 − (𝜕𝜙−)2 + 𝛼+𝜙2

+G + 𝛼−𝜙2

−G , (5.2.16)

for two scalar fields 𝜙+, 𝜙−, and with 𝛼+,− given by

𝛼+ =
𝛼 +

√︁
𝛼2 + 4𝛽2

2

, 𝛼− =
𝛼 −

√︁
𝛼2 + 4𝛽2

2

. (5.2.17)

It is important to note that 𝛼+ is always positive, and 𝛼− is always negative,

regardless of the non-vanishing values of 𝛼 and 𝛽. This implies that in this

model, both types of scalarization curvature- and spin-induced, must occur.

Of course, it is trivial to write a theory with two scalar fields that allows both,

but one has to force the couplings to be of a fixed sign in an ad-hoc manner.

However, in this model, the sign of the couplings is not free; instead, it is fixed

by the diagonalisation process. As a consequence, as long as there is an inter-

action term of the form 𝜙𝜓G in the theory, then both types of scalarization

are inevitable.

In Figures 5.1 and 5.2, we present the bulk of our numerical results. The

results obtained for the effective mass in equation (5.2.12), and finite 𝑀𝜓

are shown in Figure 5.1. We observe that for a fixed black hole mass 𝑀 and

coupling 𝛼, larger values of 𝜅 are needed for scalarization to occur, when a

smaller 𝑀𝜓 is considered. In some cases, we observe scalarization even for

negative values of 𝛼, which does not happen when the coupling between 𝜙

and𝜓 is absent. For a fixed value of 𝛽, we would need a smaller𝑀𝜓 to acquire
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a negative effective mass and trigger the instability.

In Figure 5.2, we compare the massless limit 𝑀𝜓 = 0 with the massive

scalar cases. We find that, for fixed coupling 𝛽, larger values of 𝑀𝜓 demand

larger values of 𝛼 to scalarize a black hole as the mass of the scalar field will

contribute positively to the effective mass of the perturbations.

We also observe that for 𝛽 = 0, we have 𝛼/𝑀 2 ∼ 0.726 as the threshold

for scalarization, consistent with the results of [314, 315]. This is true because

for 𝛽 = 0 we have two decoupled scalar fields with 𝜙 coupled to gravity as in

the usual scalar Gauss-Bonnet theories, while 𝜓 is just a free massive scalar

field which is covered by a no-hair theorem. On the other hand, when 𝛼 = 0,

the bifurcation point changes depending on the value of 𝑀𝜓 as expected.

We do not find evidence for a scenario similar to that of [371], where su-

permassive black holes can scalarize, while solar-mass compact objects remain

stable and well-described by general relativity.

Finally, as a remark, we note that the curves in Figures 5.1 and 5.2 for

finite values of the scalar field mass 𝑀𝜓 stop at some finite value of 𝛼. This

is merely an artefact of the numerical stiffness of the perturbation equations

when a finite mass 𝑀𝜓 is considered, because of the exponential decay of 𝜓 .

We expect the curves to continue their trend towards larger negative values of

𝛼 as suggested by the large mass limit, where the system is no longer stiff. The

curves shown in Figures 5.1 and 5.2 belong to the portion of the parameter

space where we were able to accurately solve the stiff system of differential

equations numerically.

5.3 The correct coupling sign from a
Higgs-like mechanism

We now consider if a low-energy effective field theory that includes a mass

term given by equation (5.1.6), and hence can have supermassive black hole

scalarization, could arise from a Higgs-like interaction. To this effect, we start
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0

1
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3

4

Figure 5.1: Parameter space of scalarized solutions for different values of

𝑀𝜓 . We compare the behaviour of the large mass case (□𝛿𝜓 = 0) with the

general case of finite non-zero𝑀𝜓 . Black holes are tachyonically unstable

above and to the right of the curves. We observe that for fixed𝑀𝜓 smaller

values of 𝛼/𝑀 2
require larger 𝜅 (where 𝜅3 = 𝛽2/𝑀 2

𝜓
), thus larger 𝛽, to

exhibit a tachyonic instability.
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Figure 5.2: Parameter space of scalarized solutions for different values of

𝑀𝜓 . We compare the massless scenario with the more general case where

𝑀𝜓 is non-zero. As 𝑀𝜓 increases, for fixed 𝛼, higher values of 𝛽 are re-

quired to allow scalarization.
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from the action

L =
𝑀 2

Pl

2

𝑅 − 1

2

(𝜕𝜙)2 − 1

2

(𝜕𝐻 )2 − 𝜆
4

(𝐻 2 − 𝑣2)2

− 1

2

𝛼𝐹
(
𝜙/Λ

)
𝐻 2G ,

(5.3.1)

where𝐻 is a Higgs-type scalar field with vacuum expectation value (VEV) at

infinity 𝐻 = 𝑣, and Λ is an energy scale. The main difference of this model

in comparison with the one in equation (5.2.1) is precisely that the massive

field has a non-zero VEV. We consider perturbations of 𝐻 around the VEV,

𝐻 = 𝑣 + ℎ, for which we obtain the following Lagrangian

L =
𝑀 2

Pl

2

𝑅 − 1

2

(𝜕𝜙)2 − 1

2

(𝜕ℎ)2

− 𝜆
4

(ℎ + 2𝑣)2ℎ2 − 1

2

𝛼𝐹
(
𝜙/Λ

)
(ℎ + 𝑣)2G . (5.3.2)

The equation of motion for ℎ is

□ℎ =

(
𝛼𝐹

(
𝜙/Λ

)
G + 2𝜆𝑣2

)
ℎ + 𝛼𝑣𝐹

(
𝜙/Λ

)
G

+ 3𝜆𝑣ℎ2 + 𝜆ℎ3 ,

(5.3.3)

where we observe that the Higgs field acquires a bare mass𝑚2

ℎ
= 2𝜆𝑣2

. As-

suming the Higgs to be heavy (𝑚ℎ𝑟𝑠 ≫ 1), we can freeze it, □ℎ ≈ 0, and

solve for ℎ,

ℎ ≈ 𝑣
(√︄

1 − 2𝛼

𝑚2

ℎ

𝐹
(
𝜙/Λ

)
G − 1

)
, (5.3.4)

and we obtain the low-energy effective field theory,

L =
𝑀 2

Pl

2

𝑅 − 1

2

(𝜕𝜙)2 − 𝛼𝑣
2

2

𝐹
(
𝜙/Λ

)
G + 𝑣

2𝛼2

2𝑚2

ℎ

𝐹
(
𝜙/Λ

)
2 G2 . (5.3.5)
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The equation of motion for 𝜙 obtained from the effective field theory is given

by

□𝜙 =
𝛼𝑣2

2Λ
𝐹 ′(𝜙/Λ)G − 𝛼2𝑣2

𝑚2

ℎ
Λ
𝐹 (𝜙/Λ)𝐹 ′(𝜙/Λ)G2 , (5.3.6)

which allows for constant scalar configurations 𝜙 = 0 as long as 𝐹 ′(0) = 0.

The scalar perturbations around the background are described by a Klein-

Gordon equation with a squared effective mass given by

𝜇2

eff
=
𝛼𝑣2

2Λ2
𝐹 ′′(0)G − 𝛼2𝑣2

𝑚2

ℎ
Λ2

𝐹 (0)𝐹 ′′(0)G2 . (5.3.7)

Using the symmetry 𝛼 → −𝛼, together with 𝐹 → −𝐹 , we can fix the cou-

pling function so that 𝐹 (0) ≥ 0, ensuring the two contributions to the ef-

fective mass have opposite signs. For 𝐹 ′′(0) < 0 and 𝛼 > 0 it is possible to

reproduce the perturbation equation from [371], given in equation (5.1.6).

Under these circumstances (𝐹 (0) ≥ 0, 𝐹 ′′(0) < 0, and 𝛼 > 0), there

are two possible cases to consider, depending on whether 𝐹 (0) is vanishing

or not.

1. 𝐹 (0) = 0: In this case, the Kerr metric together with 𝜙 = 0 solves

all field equations. However, the perturbation equation reduces to the

usual one of standard scalarization because the contribution contain-

ing the G2
term vanishes.

2. 𝐹 (0) > 0: In this case, the Kerr metric together with 𝜙 = 0 no longer

solves the field equations of the theory. Instead, a solution with 𝜙 = 0

is allowed if the metric is a solution of the theory

L =
𝑀 2

Pl

2

𝑅 + 𝑘
2

G2 , 𝑘 =
𝛼2𝑣2

𝑚2

ℎ

𝐹 (0)2 . (5.3.8)

Then, scalar perturbations governed by equation (5.3.7) are realised in

this non-general relativity vacuum.

Consequently, in this setting, the effective mass of scalar perturbations neces-

sary for supermassive black hole scalarization (5.1.6) can be reproduced, but

not in a theory allowing general relativity vacuum solutions.
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Although the results in this section suggest that an action of the type con-

sidered in [371] is unlikely to arise from a Higgs-like interaction in a natu-

ral way, they also suggest another way in which hair could arise for super-

massive black holes only. Corrections to general relativity in the form of

higher-curvature corrections are expected on general grounds. Assuming,

for instance, a coupling function which can be expanded as 𝐹 (𝜙/Λ) = 1 −
(𝜙/Λ)2 + O

(
(𝜙/Λ)3

)
, the effective mass (5.3.7) becomes

𝜇2

eff
=
𝑣2

Λ2

(
−𝛼G + 2𝛼2

𝑚2

ℎ

G2

)
, (5.3.9)

which can be brought to the form of equation (5.1.6), with 𝛼1 = 𝛼𝑣2/Λ2

and 𝛼3

2
= 2𝑣2𝛼2/(Λ2𝑚2

ℎ
). From the results of [371], we expect scalariza-

tion of supermassive black holes to be possible if 𝛼1 ∼ 𝛼2, which trans-

lates to Λ2/𝑣2 ∼ 𝑚ℎ
√
𝛼. Moreover, a positive contribution to the effective

mass that can prevent the theory from exhibiting catastrophic instabilities

in the early universe [328, 372], as discussed in [371], is produced. Finally,

as the model (5.3.8) introduces higher curvature corrections, which are ex-

pected from an effective field theory perspective, we still need to choose 𝑘

small enough to pass current tests. However, as 𝑘 also controls the effect of

the G2
term on the effective mass in (5.3.7), a small 𝑘 might not lead to su-

permassive black hole scalarization. Therefore, we require a more thorough

analysis to assess whether the Higgs model is phenomenologically viable.

5.4 Discussion
One of the central observational and theoretical questions in modern physics

is whether all astrophysical dark compact objects are accurately described by

the Kerr metric, and if not, in what regimes the predictions of general rela-

tivity break down. In most models where deviations from the Kerr metric

arise, these deviations typically occur for smaller black holes, making solar-

mass black holes promising candidates for testing the gravitational interac-

tion. However, recently [371] proposed a model where the opposite occurs:

black hole uniqueness is violated at supermassive scales, while solar-mass ob-
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jects remain well-described by general relativity. This finding emphasises the

importance of experiments targeting different mass ranges of astrophysical

compact objects, such as the Event Horizon Telescope or LISA.

The model proposed in [371] features two scalar fields, one of which is

auxiliary but dynamically active, and might lead to instabilities. This aux-

iliary field mediates a coupling between the other scalar field and a higher-

order curvature term. As a result, the effective mass of scalar perturbations is

determined by two competing terms proportional to G and G2
, with oppo-

site signs. This competition enables scalarization within a specific mass range,

which can encompass supermassive black holes, providing a novel mechanism

for breaking the uniqueness of black holes at these scales. Our goal here was

to investigate whether such a model can naturally arise in the context of ef-

fective field theory.

We have first investigated whether we can recover the model from a theory

with two canonical scalar fields by assuming that one scalar is heavy and re-

mains unexcited in a black hole background. Integrating out this heavy field

yields an effective field theory description of the system, resulting in an emer-

gent coupling between the light scalar and G2
. However, our analysis uncov-

ered two key limitations: first, the generated term acquires the “wrong” sign

upon integrating out the heavy field, preventing it from contributing to the

effective mass of perturbations in a manner that would enable scalarization

of supermassive black holes; second, dimensional analysis reveals that this in-

teraction is significantly suppressed compared to the G interaction.

Then, we relaxed the assumption that the second scalar field is heavy

enough to be integrated out and analysed scalar perturbations on a fixed

Schwarzschild background of a theory with two dynamical scalars described

by equation (5.2.1). In the limit in which both scalars are massless, we were

able to diagonalise and obtain two decoupled scalar fields, each coupling

quadratically to G with coupling constants of opposite signs. Interestingly,

this ensures that both curvature- and spin-induced scalarization must occur

within the same theory. In the more general case, we solved the full system

and explored the parameter space. Our analysis revealed no evidence of a

scalarization mechanism capable of breaking the uniqueness of black holes

at supermassive scales.
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Next, we examined a similar model in which the heavy scalar is a Higgs-

like field. Upon integrating out the Higgs field, we derived an effective field

theory where the squared effective mass of the scalarization scalar matches

that of [371]. However, in this scenario, vacuum general relativity solutions,

such as the Kerr metric, no longer satisfy the equations of motion. Instead,

scalarization would occur around stationary black hole solutions of a mod-

ified theory of the form L = 𝑅 + 𝑘G2
. For this model to be phenomeno-

logically interesting, the constant 𝑘must be small enough to pass current ob-

servational constraints. This might be possible to achieve; however, it could

lead to further suppressing the effect of G2
on the effective mass, making it

less relevant for supermassive black holes.

Future work could extend our analysis to the dynamical evolution of

scalar perturbations around rotating Kerr black hole backgrounds, as well

as to the study of spin-induced scalarization. Rotating solutions could

be investigated using, for example, the numerical framework developed

in [378]. Additionally, it would be valuable to explore in greater detail

whether vacuum solutions of the theory with the Higgs field are susceptible

to scalarization and, if so, at which mass scales this occurs. A natural first step

in this direction would involve studying static and spherically symmetric

black holes within the effective field theory described by equation (5.3.8),

by employing both perturbation theory in the small-coupling limit and

numerical techniques.
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The Einstein field equations are notoriously difficult to solve analytically. A

common approach involves perturbative techniques, which treat small devi-

ations from exact solutions. While effective in certain regimes, this method

fails to capture the full complexity of non-linear phenomena inherent to

general relativity. To explore such dynamics, one must resort to numerical

relativity—the only available framework capable of fully capturing the

non-linear nature of gravity.

Numerical relativity is invaluable in enabling precise simulations of

scenarios that are otherwise intractable, such as black hole mergers and grav-

itational collapse. Central to this progress is the formulation of a well-posed

initial value problem and the development of robust numerical methods.

These advancements have allowed for the generation of gravitational

waveforms that can be directly compared with observational data.

An essential property of any meaningful theory describing a physical sys-

tem is its predictivity. From the perspective of Newtonian physics, if we know

the initial position and velocity of a collection of particles with the forces act-

ing on them, we can predict the future and retrodict the past. Mathematically,

Newton’s second law provides a second-order system of ordinary differential

equations

d
2𝑞𝑖

d𝑡2
= 𝐹𝑖

(
𝑡 ; 𝑞1, . . . , 𝑞𝑛;

d𝑞1

d𝑡
, . . . ,

d𝑞𝑛

d𝑡

)
, (6.0.1)

where 𝑖 = 1, . . . , 𝑛, and 𝑛 is the number of degrees of freedom, correspond-

ing to the positions 𝑞𝑖 (𝑡) of the particles. Given initial conditions for the

positions 𝑞𝑖 (𝑡 = 𝑡0) and velocities ¤𝑞𝑖 (𝑡 = 𝑡0), equation (6.0.1) uniquely de-

termines the motion of the particles at any time 𝑡 , as guaranteed by the theory

of ordinary differential equations.

In classical field theory, consider the simple example of a free massless

scalar field 𝜙(𝑥) governed by the Klein-Gordon equation

□𝜙 = 0 . (6.0.2)

This second-order partial differential equation allows us to specify 𝜙 and

𝜕𝜙/𝜕𝑡 on a spatial hypersurface Σ𝑡0 at constant time 𝑡 = 𝑡0. The evolution

of the scalar field is uniquely determined by equation (6.0.2).
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However, uniqueness alone is insufficient. Since infinite accuracy in

specifying initial conditions is unattainable and measurement errors are

inevitable, we must require that “small” changes in initial conditions lead to

only “small” changes in the solution. This establishes naturally the notion of

well-posedness for partial differential equations.

Definition 6.0.1 Hadamard [379] A partial differential equation system is
well-posed if:

1. A solution exists for each choice of data within a certain class.

2. The solution is unique for each choice of data in some space.

3. The map from data to solutions is continuous in some topology.

The first two conditions are straightforward to interpret. If we impose too

many restrictions on the solution, it might not exist; conversely, if we impose

too few, the solution might not be unique. In the coming sections, we will

elaborate on the third condition, which is less trivial.

An initial value problem is called locally well-posed if the above conditions

hold for some time interval [𝑡0, 𝑇 ], and globally well-posed if the conditions

hold for all𝑇 > 0. Here, we focus on local well-posedness and will omit the

distinction.

In the next section, we review key aspects of well-posedness and its con-

nection to the concept of hyperbolicity.

6.1 Hyperbolicity
To establish the connection between the concept of hyperbolicity and the

well-posedness of an initial value problem, we need to translate the condi-

tions of uniqueness and continuous dependence on the initial data to al-

gebraic conditions on the principal symbol of the system (i.e., the highest

derivative terms). We will use this approach to demonstrate and examine the

well-posedness of an initial value problem. We will focus on first- and second-

order partial differential equations that describe initial value problems. We
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will define the concepts of weak and strong hyperbolicity, as well as the nec-

essary algebraic conditions that lead to a well-posed initial value problem. We

will base our discussion on [380–382].

6.1.1 First order system
Consider an initial value problem in 𝑑 + 1 spacetime dimensions of the fol-

lowing form

𝑃 𝜇𝜕𝜇𝑢(𝑡, 𝑥) + 𝑄𝑢(𝑡, 𝑥) = 0 , (𝑡, 𝑥) ∈ ℝ𝑑+1 ,

𝑢(0, 𝑥) = 𝑓 (𝑥) , 𝑥 ∈ ℝ𝑑 ,
(6.1.1)

where 𝑢 is an 𝑛-dimensional column vector of all the variables in the system.

𝑃 𝜇 and 𝑄 are real constant 𝑛 × 𝑛 matrices. A formal solution of the sys-

tem (6.1.1) can be obtained by performing a Fourier transform in space

𝑢̂(𝑡, 𝜉 ) = 1

(2𝜋 )𝑑/2

∫
ℝ𝑑
𝑒−𝑖𝜉 ·𝑥𝑢(𝑥, 𝑡)d𝑥 , 𝜔 ∈ ℝ𝑑 , (6.1.2)

then, the initial value problem (6.1.1) becomes

𝜕𝑡 𝑢̂ − 𝑖 𝐴(𝜉𝑖)𝑢̂ = 0 ,

𝑢̂(0, 𝜉 ) = ˆ𝑓 (0, 𝜉 ) ,
(6.1.3)

where 𝐴(𝜉𝑖) = (𝑃 0)−1(−𝑃 𝑖 𝜉𝑖 + 𝑖𝑄), and we have assumed that 𝑃 0
is in-

vertible. This initial value problem has a solution of the form

𝑢̂(𝑡, 𝜉𝑖) = 𝑒𝑖 𝐴(𝜉𝑖 )𝑡 ˆ𝑓 (𝜉𝑖) , (6.1.4)

which we can inverse Fourier transform to obtain a solution of the original

problem (6.1.1) as

𝑢(𝑡, 𝑥) = 1

(2𝜋 )𝑑/2

∫
ℝ𝑑
𝑒𝑖𝜉 ·𝑥 𝑒𝑖 𝐴(𝜉𝑖 )𝑡 ˆ𝑓 (𝜉𝑖)d𝜉 . (6.1.5)

This solution is formal in that we can not guarantee its convergence. Even if

the initial data 𝑓 is chosen such that
ˆ𝑓 is smooth and decays to zero as |𝜉 | :=√︁

𝜉 𝑖 𝜉𝑖 → ∞, the term |𝑒𝑖 𝐴(𝜉𝑖 )𝑡 | might diverge in the limit |𝜉 | → ∞. On the
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other hand, if we require that |𝑒𝑖 𝐴(𝜉𝑖 )𝑡 | is bounded by an exponential in time

that is independent of 𝜉𝑖 as

|𝑒𝑖 𝐴(𝜉𝑖 )𝑡 | ≤ 𝑐𝑒𝜅𝑡 , ∀𝜉𝑖 , ∀𝑡 ≥ 0, (6.1.6)

for some constants 𝑐 ≥ 1, and 𝜅 ∈ ℝ, the integral will converge. If the

initial data is 𝐿2 1
. The bound (6.1.6) will imply, by Parseval’s identity, the

following

∥𝑢∥𝐿2 = ∥𝑢̂∥𝐿2 =




𝑒𝑖 𝐴(𝜉𝑖 )𝑡 ˆ𝑓 (𝜉𝑖)




𝐿2

≤ 𝑐𝑒𝜅𝑡


𝑓 



𝐿2
. (6.1.7)

Hence, the norm of the initial data controls that of the solution, precisely the

condition for well-posedness.

To arrive at the algebraic conditions for well-posedness, let us consider

the behaviour of the solution at high frequencies, i.e., in the limit |𝜉 | → ∞,

and let 𝑡 = 𝑡/|𝜉 |, then equation (6.1.6) becomes

|𝑒𝑖𝐵 ( ˜𝜉𝑖 )𝑡 | ≤ 𝑐 , ˜𝜉𝑖 =
𝜉𝑖

|𝜉 | , (6.1.8)

where

𝐵 (𝜉𝑖) = −(𝑃 0)−1𝑃 𝑖 𝜉𝑖 , (6.1.9)

corresponds to the highest derivative terms. Now, let 𝑏 be an eigenvector of

the matrix 𝐵 (𝜉𝑖) with eigenvalue 𝜆, then

𝑒𝑖𝐵 (
˜𝜉𝑖 )𝑡𝑏 = 𝑒𝑖𝜆𝑡𝑏 , (6.1.10)

since the 𝐵 matrix is real then 𝜆∗ is an eigenvalue as well with the eigenvector

𝑏∗, therefore we also have

𝑒𝑖𝐵 (
˜𝜉𝑖 )𝑡𝑏∗ = 𝑒𝑖𝜆

∗𝑡𝑏∗ , (6.1.11)

and to prevent exponential growth we must have Im(𝜆) = 0. The concept of

weak hyperbolicity is based on this condition, that is to say, the initial value

1
A function 𝑓 is an 𝐿2

function if 𝑥 → | 𝑓 (𝑥) |2 is Lebesgue-integrable over ℝ𝑑 .
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problem (6.1.1) is weakly hyperbolic if, and only if, the matrix 𝐵 has only

real eigenvalues for all unit-norm 𝜉𝑖 . Nonetheless, this requirement is gener-

ally insufficient for well-posedness. For assume that the matrix 𝐵 is not diag-

onalizable, i.e., there exists an 𝑚 × 𝑚 (for some 2 ≤ 𝑚 ≤ 𝑛) Jordan block

in its Jordan normal form, then |𝑒𝑖𝐵 ( ˜𝜉𝑖 )𝑡 | may exhibit polynomial growth of

the form |𝜉 |𝑚, see [380]. Therefore, to establish well-posedness, the matrix

𝐵 needs to be diagonalizable with real eigenvalues [380]. Consequently, we

will state that a partial differential equation system is said to be strongly hy-

perbolic if, and only if, its matrix 𝐵 is diagonalizable with real eigenvalues.

Hyperbolicity is related to the existence of characteristics. Let 𝜉0 be an

eigenvalue of 𝐵 (𝜉𝑖) with an eigenvector 𝜔. Then this is equivalent to having

P(𝜉 )𝜔 ≡ 𝑃 𝜇𝜉𝜇𝜔 = 0 , (6.1.12)

and this equation has a non-trivial solution if, and only if, detP(𝜉 ) = 0. That

is, a non-trivial solution exists if, and only if, 𝜉 is a characteristic covector.

6.1.2 Second order system
We consider a linear second-order system in 𝑑 + 1 spacetime dimensions of

the form

𝑃 𝜇𝜈𝜕𝜇𝜕𝜈𝑢 + 𝑄 𝜇𝜕𝜇𝑢 + 𝑅𝑢 = 0 , (6.1.13)

as in the first-order system case, 𝑢 is an 𝑛-dimensional vector, with 𝑃 𝜇𝜈 ,𝑄 𝜇,

and 𝑅 are 𝑛 × 𝑛 real constant matrices. The principal symbol is defined as

P(𝜉 ) ≡ 𝑃 𝜇𝜈𝜉𝜇𝜉𝜈 . (6.1.14)

We will only outline the analysis for this case (for more details, see [380–

382]). We initially proceed as in the first-order case by performing a spatial

Fourier transform and then writing the resultant equation in a first-order

form as [382]

𝑤̂ = 𝑖 𝐴(𝜉𝑖)𝑤̂ , 𝑤̂𝑇 =

(√︁
1 + |𝜉 |2𝑢̂,−𝑖𝑢̂𝑡

)
, (6.1.15)
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for some 2𝑛×2𝑛matrix 𝐴(𝜉𝑖). Therefore, we can now establish a formal so-

lution. After which, we can study the behaviour of high-frequency solutions

to identify the dominant part of 𝐴(𝜉 ) in the |𝜉 | → ∞ limit, which yields

𝐵 (𝜉𝑖) =
(

0 𝐼

−(𝑃 00)−1𝑃 𝑖𝑗 𝜉𝑖 𝜉𝑗 −2(𝑃 00)−1𝑃 0𝑖 𝜉𝑖

)
. (6.1.16)

The same definitions for weak and strong hyperbolicity carry over. To con-

nect our hyperbolicity discussion of second-order systems to the characteris-

tics of such partial differential equations, we take 𝜉0 to be an eigenvalue of 𝐵

with an eigenvector 𝑣 = (𝜔, 𝜔′). The eigenvalue equation will then yield,

𝑃 𝜇𝜈𝜉𝜇𝜉𝜈𝜔 = 0 , 𝜔′ = 𝜉0𝜔 , (6.1.17)

which has a non-trivial solution if, and only if, 𝜉𝜇 is characteristic. So, we can

demonstrate strong hyperbolicity by finding the characteristic covectors and

their “polarisation” 𝜔.

6.1.3 Variable coefficients and non-linear par-
tial differential equations
Up to this point, we have only discussed linear partial differential equation

systems with constant coefficients. An obvious question is how to generalise

the previous discussion to non-linear systems with variable coefficients. The

“localisation principle” addresses partial differential equation systems with

variable coefficients. The principle of localisation is based on well-posedness

being a high-frequency question, i.e., on the premise that we should only

worry about the high-frequency (very short wavelength) solutions. If we as-

sume that the coefficients are smooth, then in this regime (of high frequen-

cies), we can “localise” the coefficients of the partial differential equation at

a point 𝑝, and consider them “frozen” to their value at 𝑝. Then the local-

isation principle states that “A necessary condition for local well-posedness

of the varying coefficient equations near 𝑝 is that the frozen coefficient equa-

tion should be locally well-posed for all points 𝑝 (with additional smoothness

requirements on the eigenvalues and vectors).” [380, 381].
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On the other hand, non-linear problems generally introduce many

complications. For instance, non-linearities may cause the solution to blow

up in finite time or lead to the crossing of the characteristics producing

shocks [380, 381]. Consequently, it is almost always only possible to establish

the existence of a solution for some time interval. If a non-linear system is

well-posed, then a small perturbation 𝑢1 of the solution 𝑢0 as 𝑢 = 𝑢0 + 𝜖𝑢1

will produce a well-posed linear system for 𝑢1. Hence, a necessary condition

for the well-posedness of the non-linear system is that when linearising

around any solution, the consequent linear problem is well-posed. More

importantly, the converse is true [380, 381] for a quasilinear problem.

This is known as the linearization principle: “The quasilinear problem is

well-posed in the neighbourhood of a solution if all the linearised problems

around that solution are well-posed.” As we are interested in completely

non-linear partial differential equations, it is worth noting that such systems

are more complex to analyse and require more advanced tools to tackle.

The treatment of such problems is available in [383] (see e.g., chapter 5).

The main difference between quasilinear and completely non-linear systems

lies in the required order of regularity imposed on the initial data. That

subtlety aside, strong hyperbolicity as defined above still guarantees (local)

well-posedness.

6.2 Initial value formulation in gen-
eral relativity and beyond
Astrophysical phenomena involving strong gravitational fields, such as the

collapse of compact objects or the merger of coalescing binaries, cannot be

adequately described using perturbative techniques. Instead, these phenom-

ena require the formulation of Einstein’s equations as an initial value prob-

lem, which must then be solved numerically. To test gravity in its non-linear

regime and search for new physics beyond general relativity or the standard

model of particle physics, it is essential to formulate a well-posed initial value

problem and conduct numerical simulations in extensions of general relativ-

ity. The ability to make predictions depends on the existence of a well-posed
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initial value problem formulation.

We first discuss the initial value problem in general relativity, and in the

following section, we address the status of this problem in extensions of the

theory.

6.2.1 General relativity is strongly hyperbolic
A drawback of the covariant nature of Einstein’s equations is the ambiguity

in their character as a system of partial differential equations. The coordi-

nate system chosen to study the system’s character is crucial for setting up a

well-posed initial value problem. For instance, the Arnowitt–Deser–Misner

(ADM) formalism [384] produces only a weakly hyperbolic system of partial

differential equations for general relativity, and leads to an ill-posed system
2

.

Choquet-Bruhat was the first to demonstrate that Einstein’s equations

are locally well-posed in the harmonic gauge [385]. She later extended this

work with Geroch [118] to prove global well-posedness. Sbierski [117] fur-

ther demonstrated that general relativity admits a unique maximal globally

hyperbolic development (without resorting to Zorn’s lemma).

It took some time after these developments to successfully simulate and

study the merger of black holes. The first binary black hole simulations were

successfully performed using the generalised harmonic gauge [386–388] or

the BSSN formalism [389–391], and the CCZ4 [392] formulation there-

after.

Here, we briefly discuss the strong hyperbolicity of the vacuum Einstein’s

equation

𝑅𝜇𝜈 = 0 , (6.2.1)

where the Ricci tensor is explicitly given by

𝑅𝜇𝜈 = −1

2

𝑔 𝛼𝛽
(
𝜕𝛼𝜕𝛽 𝑔𝜇𝜈 − 2𝜕𝛽𝜕(𝜇 𝑔𝜈)𝛼 + 𝜕𝜇𝜕𝜈 𝑔𝛼𝛽

)
+ F𝜇𝜈 ( 𝑔, 𝜕 𝑔) .

(6.2.2)

2
The ADM equations are weakly hyperbolic for any fixed choice of shift and desen-

sitised lapse. The desensitised lapse is the lapse rescaled by a constant power of

√︁
det 𝛾 ,

where 𝛾 is the induced metric on the Cauchy hypersurfaces of the foliation.

108108108



Chapter VI. Non-linear phenomena and dynamical evolution

For the hyperbolicity analysis, the F𝜇𝜈 term is irrelevant, as we focus on the

highest derivative terms. The first term contains second-order derivatives,

which are relevant for hyperbolicity. The first term in the parentheses has

the form of a wave equation, though the remaining terms spoil this property.

The harmonic gauge

0 = □𝑥𝜇 = 𝜕𝛼 𝑔 𝛼𝜇 +
1

2

𝑔 𝛼𝜇 𝑔 𝜌𝜎 𝜕𝛼 𝑔𝜌𝜎 ≡ 𝐻 𝜇 , (6.2.3)

provides a way to address this issue. The harmonic gauge allows us to express

the problematic second-order derivative terms in the Ricci tensor (6.2.2) in

terms of 𝐻 𝜇
and lower-order terms. Thus, the vacuum Einstein’s equation

is equivalent to

𝑔𝛼(𝜇𝜕𝜈)𝐻
𝛼 = −1

2

𝑔 𝛼𝛽𝜕𝛼𝜕𝛽 𝑔𝜇𝜈 + ˜F𝜇𝜈 ( 𝑔, 𝜕 𝑔) . (6.2.4)

in the harmonic gauge (6.2.3). This system takes the form of a wave equation.

Additionally, we must ensure that if 𝐻 𝜇 = 0 is satisfied initially

on a Cauchy slice Σ, it is preserved by the evolution equations. Given

initial data on Σ that satisfy the constraints, with 𝐻 𝜇 = 0, and assuming

equation (6.2.4) holds, then 𝜕𝐻 𝜇/𝜕𝑡 = 0 on Σ, where 𝑡 is the time

coordinate [25]. Furthermore, when equation (6.2.4) holds, the Bianchi

identity gives

0 = ∇𝜇𝐺𝜇𝜈 = −1

2

𝑔𝛼𝜈 𝑔
𝜌𝜇𝜕𝜌𝜕𝜇𝐻

𝛼 +H𝜈 (𝐻, 𝜕𝐻 ) , (6.2.5)

where H𝜈 (𝐻, 𝜕𝐻 ) is linear in 𝐻 𝛼
. Thus, 𝐻 𝛼

satisfies a wave equation with

a unique solution. Given that 𝐻 𝛼 = 0 = 𝜕𝐻 𝛼/𝜕𝑡 on the initial slice Σ, it

follows that𝐻 𝛼
will vanish everywhere, and the gauge condition is therefore

propagated.

Next, we show that Einstein’s equation is strongly hyperbolic in the Har-

monic gauge. To do this, we compute the principal symbol of the Einstein

equation acting on symmetric second-rank tensors 𝜔𝜇𝜈(
𝑃 (𝜉 ) · 𝜔

)
𝜇𝜈

= −1

2

𝑔 𝛼𝛽𝜉𝛼𝜉𝛽𝜔𝜇𝜈 , (6.2.6)
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for some covector 𝜉𝜇. Recall (see Section 6.1) that a covector 𝜉𝜇 is character-

istic if and only if there exists an 𝜔𝜇𝜈 such that(
𝑃 (𝜉 ) · 𝜔

)
𝜇𝜈

= 0 , (6.2.7)

Hence, in general relativity, for any symmetric 𝜔𝜇𝜈 , a hyper-surface is charac-

teristic if and only if it is null, i.e., 𝜉 2 = 0.

Consider a coordinate chart 𝑥𝜇 = (𝑡, 𝑥 𝑖), in which 𝜉𝜇 = (𝜉0, 𝜉𝑖) with

real 𝜉𝑖 . The two solutions of 𝜉 2 = 0 are real, implying that characteristics

with a real spatial part must also have real temporal parts. Therefore, Ein-

stein’s equation is weakly hyperbolic.

To establish strong hyperbolicity, we need to show that the 2𝑛×2𝑛matrix

𝐵 discussed in Section 6.1.2 is diagonalizable. Since 𝜉𝜇 is characteristic for

any symmetric 𝜔𝜇𝜈 with two real solutions, say 𝜉 ±
0

, then the matrix 𝐵 has

these solutions as real eigenvalues, with eigenvectors (𝜔𝜇𝜈 , 𝜉 ±
0
𝜔𝜇𝜈). For each

eigenvalue of 𝐵, there are 𝑛 linearly independent eigenvectors, meaning that

𝐵 has 2𝑛 linearly independent eigenvectors and is therefore diagonalizable.

Thus, Einstein’s equation is strongly hyperbolic in the Harmonic gauge.

Finally, if the matter sector does not introduce second- or higher-order

derivatives—as in the case of a perfect fluid—the above analysis remains valid.

However, the formulation of a well-posed initial value problem becomes non-

trivial when additional effects, such as viscosity, are included [393–396].

6.2.2 Extensions of general relativity: The jury
is out
The most direct way to test general relativity against binary coalescence data

is to use its predictions as a null hypothesis. However, modelling waveforms

that include deviations from general relativity offers several advantages. It

enables the interpretation of new physics if deviations are detected and pro-

vides quantitative bounds, with the tightest constraints arising from theory-

specific models. Additionally, these theory-specific waveforms can be used to

calibrate more generic parametrisations, thereby enhancing their accuracy.

A major obstacle is that in many extensions of general relativity, it is not
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obvious how to obtain a well-posed formulation of the initial value problem

because the new physics drastically changes the structure of the field equa-

tions as partial differential equations. Scalar fields provide a characteristic ex-

ample. No-hair theorems [312, 313, 337, 342, 351, 397] (see Section 4.1) dic-

tate that scalars cannot leave an imprint on black holes in most cases. All the

known counterexamples (e.g., [306, 307, 314, 315, 348, 398, 399]) require

coupling the scalar to the Gauss-Bonnet invariant. Einstein’s equations are

quasi-linear, i.e., linear in the second derivatives of the metric, and this is a

key property concerning their well-posedness as an initial value problem. In

contrast, the Gauss-Bonnet invariant is quadratic in the curvature and hence

quadratic in the second derivatives of the metric. This places well-posedness

in jeopardy.

One can circumvent this problem by working perturbatively in the cou-

pling constants that control the deviations from general relativity. Assuming

that the solutions are continuously connected to general relativity as the cou-

pling goes to zero, one can generate solutions order by order [358, 400–406].

One disadvantage of this approach is that secular growth can drive it out of

its range of validity [407]. Another is that the perturbative treatment in the

coupling is not suitable for capturing effects that involve non-linearities in the

new fields.

This last point is demonstrated in the phenomenon of scalarization [310]

(see Section 3.3.2). Scalarization can be understood as a linear tachyonic

instability of the scalar that is eventually non-linearly quenched. The insta-

bility occurs in a general relativity spacetime describing compact objects.

It is controlled by interactions that are quadratic in the scalar [311] and,

for black holes, it appears below a mass [314, 315] or above a spin [321,

322] threshold. The endpoint is a compact object with a non-trivial scalar

configuration, whose properties are determined by non-linear interactions

of the scalar [316–318]. Hence, the dynamics of theories exhibiting scalar-

ization cannot be fully captured working perturbatively in the coupling

constant [405, 406, 408–410].

Indeed, the study of the initial value problem for scalars non-minimally

coupled to gravity, and in particular for the broad class of theories that lead

to second-order equations described by the Horndeski action [301], has re-
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ceived a lot of attention recently [382, 411–418]. It was established in [419]

that an appropriate formulation exists that renders the initial value problem

well-posed in these theories in the weakly coupled regime, i.e., when the non-

minimal couplings of the scalar remain “small”. Numerical studies, restricted

so far to theories where the scalar couples only to the Gauss-Bonnet invariant

(see [420] for an exception), have verified this result for small values of the

coupling constant that controls this coupling [409, 421–423]. For larger val-

ues of the coupling constant, however, well-posedness is eventually lost, as

the equations tend to change character from hyperbolic to elliptic in a region

of spacetime [409, 412–414, 421–424].

Viewing these theories as non-linear effective field theories, and hence as

products of some truncation of a more “fundamental” theory, a promising

strategy could be to try to employ a method inspired by viscous relativistic hy-

drodynamics to render them predictive [425]. How to import such a method

to gravity theories is currently being explored [425–434]. An interesting al-

ternative would be to study whether additional couplings of the scalar, which

one could expect to be there in an effective field theory, could improve the

theory’s behaviour and lead to well-posed evolution.

In the context of scalarization, the quadratic coupling between the scalar

and the Gauss-Bonnet invariant is the leading order contribution to the on-

set of the tachyonic instability that leads to black hole scalarization [311, 314,

321] (see Section 3.3.2). However, it has been shown in [332] that an ad-

ditional coupling of the type 𝜙2𝑅 leads to an improvement of the hyper-

bolic nature of the equations for linear perturbations in scalarization theories

that contain 𝜙2G couplings. Interestingly, that same curvature interaction,

𝜙2𝑅, has been shown to resolve radial stability problems for scalarized black

holes [318, 332], to help evade binary pulsar constraints by suppressing neu-

tron star scalarization [331], and to render general relativity a cosmological

attractor without the need for the fine-tuning of the initial conditions [330],

thereby making scalarization models compatible with late time cosmological

dynamics.

Motivated by the above, we study gravitational collapse of scalar clouds in

a theory with quadratic scalar couplings to both the Gauss-Bonnet invariant

and the Ricci scalar, as we discussed in Section 3.3.3.
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For the reader’s convenience, we provide again the theory we are consid-

ering

𝑆 =
1

16𝜋

∫
d

4𝑥
√−𝑔

[
𝑅 + 𝑋 + 𝑓 (𝜙)G + ℎ(𝜙)𝑅

]
, (6.2.8)

and the equations of motion read

𝐸 𝜇𝜈 ≡ −𝑇 (𝜙)𝜇
𝜈 + 𝛿

𝜇𝛾𝜅𝜆
𝜈𝛼𝜌𝜎 𝑅

𝜌𝜎
𝜅𝜆∇𝛾∇𝛼 𝑓

+ (1 + ℎ)𝐺𝜇𝜈 + 𝛿 𝜇𝜈□ℎ − ∇𝜇∇𝜈ℎ = 0 , (6.2.9)

𝐸 ≡ − □𝜙 − ℎ′(𝜙)𝑅 − 𝑓 ′(𝜙)G = 0 , (6.2.10)

with

𝑇
(𝜙)
𝜇𝜈 =

1

2

∇𝜇𝜙∇𝜈𝜙 −
1

4

(∇𝜙)2 𝑔𝜇𝜈 . (6.2.11)

We choose,

𝑓 (𝜙) = 𝛼

2

𝜙2 , ℎ(𝜙) = −
𝛽

4

𝜙2 . (6.2.12)

6.3 Spherical collapse and taming ill-
posedness
We demonstrate that the Ricci coupling significantly improves the dynamical

behaviour of the theory and allows it to be predictive for values of the Gauss-

Bonnet coupling that would otherwise yield an ill-posed initial value prob-

lem. Our numerical simulations enable us to track the formation of scalar-

ized black holes for suitable initial data. For data that would have led to the

formation of a black hole with a mass smaller than the existence threshold of

the theory, we instead see the scalar cloud smoothly dispersing.

6.3.1 Evolution in spherical symmetry
Here, we focus on the study of the initial value problem in spherical sym-

metry. We follow closely the prescription given in [413]. To this end, we

113113113



Chapter VI. Non-linear phenomena and dynamical evolution

consider a spherically-symmetric background, with the following ansatz in

Schwarzschild coordinates (𝑡, 𝑟, 𝜃 , 𝜑)

d𝑠2 = −e
2𝐴(𝑡,𝑟)

d𝑡2 + e
2𝐵 (𝑡,𝑟)

d𝑟2 + 𝑟2
dΩ2 , (6.3.1)

and same symmetries for the scalar field 𝜙 = 𝜙(𝑡, 𝑟). We introduce new

variables

𝑃 (𝑡, 𝑟) := e
−𝐴+𝐵𝜕𝑡𝜙 , 𝑄 (𝑡, 𝑟) := 𝜕𝑟𝜙 . (6.3.2)

With this choice of variables and the ansatz of equation (6.3.1), the sys-

tem (6.2.9) and (6.2.10) reduces to three time-evolution equations for 𝜙, 𝑃

and𝑄 , and two radial constraints for 𝐴 and 𝐵.

This system of equations might not always admit a well-posed initial

value problem. Recall, a system of partial differential equations is well-posed

if there exists a unique solution that depends continuously on its initial data.

This will be the case if the system is strongly hyperbolic, i.e., its principal part

(the highest derivative terms) is diagonalizable with real eigenvalues [380]

(for more details, see Section 6.1).

In numerical considerations, the characteristic speeds are a useful diag-

nostic tool as they convey information regarding the character of the evolu-

tion equations. In spherical symmetry, they are given by [413]

𝑐± =
1

2

(
Tr(C) ±

√
D

)
, (6.3.3)

whereC, andD depend on the functions 𝐴, 𝐵, 𝜙, 𝑃 , and𝑄 , and their deriva-

tion can be found in Appendix B.1. The system is hyperbolic if the charac-

teristic speeds are real (D > 0), elliptic if they are complex (D < 0), and

parabolic if the speeds are degenerate (D = 0).

6.3.2 Initial data

For initial data, we are free to specify the values of 𝜙 and 𝑃 at 𝑡 = 0, whereas

by definition we must have𝑄 (0, 𝑟) = 𝜕𝑟𝜙(0, 𝑟). We use two types of initial
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data. Type-I initial data is a static Gaussian pulse

𝜙(0, 𝑟) = 𝑎0 exp

[
−

(
𝑟 − 𝑟0

𝑤0

)
2

]
, 𝑃 (0, 𝑟) = 0 , (6.3.4)

while type-II initial data is an approximately ingoing pulse

𝜙(0, 𝑟) = 𝑎0

(
𝑟

𝑤0

)
2

exp

[
−

(
𝑟 − 𝑟0

𝑤0

)
2

]
, (6.3.5)

𝑃 (0, 𝑟) = −1

𝑟
𝜙(0, 𝑟) − 𝑄 (0, 𝑟) , (6.3.6)

where 𝑎0, 𝑟0 and𝑤0 are constants.

6.3.3 Numerical implementation
We employ a fully constrained evolution scheme. The equations are dis-

cretized over the domain [0, 𝑇 ] × [0, 𝑅] for some choice of 𝑅, and 𝑇 .

For a given resolution 𝑁 , the radial step Δ𝑟 is given by Δ𝑟 = 𝑅/𝑁 , and

the time step is defined by setting the Courant parameter to 𝜆 = 0.25,

i.e., Δ𝑡 = 𝜆Δ𝑟 . Most of the simulations presented in this work have been

performed with a spatial resolution of Δ𝑟 = 0.025 in a domain with the

outer boundary located at 𝑟 = 200. We have verified that the results do not

vary significantly when the position of the outer boundary is changed.

To impose regularity at the centre, we take a staggered grid and perform

the following expansion

𝜙(𝑡, 𝑟) = 𝜙0(𝑡) + 𝜙2(𝑡)𝑟2 + 𝜙4(𝑡)𝑟4 + O(𝑟6) , (6.3.7)

𝐴(𝑡, 𝑟) = 𝐴0(𝑡) + 𝐴2(𝑡)𝑟2 + 𝐴4(𝑡)𝑟4 + O(𝑟6) , (6.3.8)

𝐵 (𝑡, 𝑟) = 𝐵0(𝑡) + 𝐵2(𝑡)𝑟2 + 𝐵4(𝑡)𝑟4 + O(𝑟6) , (6.3.9)

and solve for 𝐴0, 𝐴2, 𝐴4, 𝐵2, 𝐵4 by using the initial data. Moreover, the

boundary conditions at 𝑟 = 0 require that 𝜕𝑟𝐴 = 0 and 𝜕𝑟𝐵 = 0. One

can see from the equations that choosing 𝐵0 = 0 satisfies this automatically.

Without such treatment at the origin, it was only possible to evolve the sys-

tem for a small subset of coupling constants. At the outer boundary of the do-
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main, we impose approximately outgoing boundary conditions for 𝜙, 𝑄, 𝑃 ,

while the metric functions are completely specified by solving the constraint.

Given the initial data, we solve the constraint equations for the metric

functions on the discretised domain [0, 𝑅] using a fourth-order Runge-

Kutta (RK4) scheme. This scheme requires knowledge of the value of 𝜙, 𝑄,

and 𝑃 at intermediate virtual points, and we obtain such information by em-

ploying a fifth-order Lagrangian interpolator. Once we have the solution,

we set 𝐴(𝑡, 𝑟) → 𝐴(𝑡, 𝑟) − 𝐴(𝑡, 𝑅) by utilising the remaining gauge free-

dom. This guarantees that at the outer boundary of the domain, the time

function 𝑡 measures the proper time of a static observer. After obtaining the

metric functions, we integrate the variables 𝜙, 𝑄 , and 𝑃 in time using the

method of lines with an RK4 scheme and a sixth-order Kreiss-Olliger dissi-

pation term. We use a fourth-order finite differences operator satisfying sum-

mation by parts to discretise radial derivatives [435]. At the initial step we

compute the initial Misner-Sharp mass [436] as 𝑀 = 𝑅

(
1 − e

−2𝐵 (0,𝑅)
)
/2,

which we use for the rescaling of the output. We keep track of the formation

of an apparent horizon by checking the largest radius for which exp(𝐴− 𝐵)
falls below a chosen tolerance, indicating the formation of a black hole.

6.3.4 Results
We first investigate how the inclusion of the Ricci term enhances the hyper-

bolic nature of the evolution system for a specific value of 𝛼/𝑀 2 = 0.25. In

Figure 6.1, we plot how the maximum of 𝑐− and the minimum of 𝑐+ vary with

time for different values of 𝛽, type-II initial data with 𝑟0 = 25,𝑤0 = 6 and for

two different amplitudes 𝑎0 = 0.01, 0.016. A vanishing or rather small value

of 𝛽 leads to the formation of a naked elliptic region, i.e., a region of space-

time where the characteristic speeds change sign, signalling that the charac-

ter of the equations has changed from hyperbolic to elliptic without being

shielded by an apparent horizon [437]. On the other hand, for a sufficiently

large coupling to the Ricci scalar, the plot suggests that this coupling heals the

problem and allows for the evolution to continue for later times. Motivated

by these results, we explore the parameter space more thoroughly. We start

with fixed 𝛼/𝑀 2 = 0.25 and type-II initial data with 𝑟0 = 25, 𝑤0 = 6, and

varied the amplitude 𝑎0 in the range [0.2, 2] × 10
−2

and the Ricci coupling
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Figure 6.1: Both plots are for 𝛼/𝑀 2 = 0.25 and type-II initial data with

𝑟0 = 25, 𝑤0 = 6. The plot on the top is for 𝑎0 = 0.01, and the one

on the bottom is for 𝑎0 = 0.016. We show the maximum of 𝑐− (solid

lines) and the minimum of 𝑐+ (dashed lines) in space for different values

of 𝛽. In the top panel, for 𝛽 = 0, 0.35, the characteristic speeds approach

zero and will eventually change sign. Therefore, the equations change

character, and we cannot follow the evolution further. However, for 𝛽 =

0.525, the characteristic speeds do not cross zero, and the end state of the

evolution is flat geometry. In the bottom panel, we observe the formation

of an apparent horizon for 𝛽 = 0.5. The curves indeed asymptote to zero,

unlike the 𝛽 = 0, 0.2 cases.
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𝛽 in the range [0, 1]. For each of the cases considered, we establish whether

the outcome of the evolution is flat space, a naked elliptic region, or the de-

velopment of an apparent horizon. Outcomes are summarised in Figure 6.2.

For 𝛽 = 0 and low enough initial amplitudes, the theory is predictive, and the

outcome is flat spacetime. For certain larger amplitudes, an apparent horizon

forms. However, we encounter a naked elliptic region both in the transition

between these two outcomes and when the amplitude is increased further.

Remarkably, increasing the value of 𝛽 eventually removes the naked elliptic

region in all cases.

On a few occasions, labelled by an orange star in Figure 6.2, it was not

possible to conclude whether the outcome is a formation of an apparent hori-

zon or a naked elliptic region due to the steep gradients in the metric sector.

This is because Schwarzschild coordinates are not horizon penetrating, and

it does not affect our previous conclusions regarding the effect of the Ricci

coupling. We have performed additional simulations with different values

of 𝛼/𝑀 2
and for the two different types of initial data, which confirm the

positive effect this coupling has on hyperbolicity in the case of spherical col-

lapse. A summary of the other simulations performed is found in Table B.1

in Appendix B.3. Since for large enough 𝛽 we can track the evolution, we

delve a bit deeper into the properties of the end state. We present three rep-

resentative cases in Figure 6.3, where we show an early and a late snapshot of

the evolution of the scalar field 𝜙 and the metric combination exp (𝐴 − 𝐵),

which vanishes on the apparent horizon, for type-II initial data with fixed

𝑟0 = 25, and 𝑤0 = 6 for three different cases. (The fact that exp (𝐴 − 𝐵)
vanishes also at smaller radii, once an apparent horizon forms, is due to the

use of coordinates that are not horizon-penetrating). For each of them, the

amplitude 𝑎0 is chosen such that it would produce an apparent horizon in

general relativity. From the analysis of static solutions in [318] (see also Sec-

tion 7.1), we know that, for large enough values of 𝛽, black holes below some

threshold mass and down to some minimum mass will exhibit hair. Black

holes above the threshold mass will have no hair. Below that minimum mass,

the Schwarzschild metric is unstable, and no hairy black holes appear to ex-

ist either. The parameters of the three panels of Figure 6.3, top to bottom,

have been chosen such that the mass associated with the initial data corre-
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Figure 6.2: Scatter plot for 𝛼/𝑀 2 = 0.25 and type-II initial data with

𝑟0 = 25, 𝑤0 = 6, and a varying amplitude 𝑎0. The end state of the evolu-

tion is indicated by green squares for flat spacetime, red crosses for naked

elliptic regions, and black dots for black holes. Orange stars denote cases

for which it is difficult to conclude if the end state is a black hole or a

naked elliptic region (in Schwarzschild coordinates). For large enough 𝛽,

the Ricci coupling “cures” the loss of hyperbolicity for both flat space and

black hole end states.
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sponds to each of the three cases, respectively. As can be seen from the plots,

the end state of evolution is in agreement with the analysis of the static solu-

tions. When applicable, we provide a comparison with a static and spherically

symmetric profile, obtained by integrating numerically the equations (6.2.9)

and (6.2.10), as described in [318]. Note that the lack of perfect overlap be-

tween the scalar profile and the static configuration is in part due to the lim-

itations of using Schwarzschild coordinates. Remarkably, in the case where

the static limit predicts that no (stable) black hole can exist (bottom panel),

we find no impediment in the time evolution, and the scalar field dissipates

to infinity, leaving a flat background.

6.3.5 Discussion
We have investigated the effect of non-minimally coupling the scalar field

quadratically to the Ricci scalar on the well-posedness of the initial value

problem in scalar Gauss-Bonnet gravity, in the case of spherical collapse.

Our results show that this additional coupling, for large enough values of the

corresponding coupling constant, which are still within the range for which

black holes are radially stable, general relativity is a cosmological attractor

and the constraints on neutron stars scalarization are evaded, can mitigate

against the formation of a naked elliptic region, which signals a loss of

hyperbolicity and plagued earlier numerical simulations. This demonstrates

that including specific additional interactions—other than those essential

for interesting phenomenology, such as black hole hair—can be a successful

strategy for tackling well-posedness problems in effective field theories of

gravity with non-minimally coupled scalars.

There are three important limitations to our results, which also highlight

interesting future directions to explore. The first one is spherical symme-

try. It is likely that the coupling to the Ricci scalar might not be sufficient

to cure ill-posedness in a less symmetric setup, and a broader range of cou-

plings would need to be explored. Simulations in 3 + 1 dimensions would

also allow us to analyse numerically the non-radial stability of scalarized black

holes [438, 439]. The second limitation is that we only considered the col-

lapse of a scalar cloud. The third limitation is that our numerical implemen-

tation involved coordinates that are not horizon-penetrating, and hence are

120120120



Chapter VI. Non-linear phenomena and dynamical evolution

0.0

0.3

0.6

0.9

t1 t2

0.0

0.3

0.6

0.9

0 5 10 15

r/M

0.0

0.3

0.6

0.9

0 5 10 15

r/M

φ
eA−B

φstatic

Figure 6.3: Scalar field and 𝑒𝐴−𝐵 , which vanishes at the apparent horizon,

as a function of radius for two different time instances for type-II initial

data with fixed 𝑟0 = 25, and 𝑤0 = 6. The static solution is denoted by

𝜙static. The black dotted line in the first two panels is the location of the

apparent horizon. Top panel: is for 𝛼/𝑀 2 = 0.75, 𝛽 = 1.5 with 𝑎0 =

0.015. Snapshots with {𝑡1, 𝑡2}/𝑀 = {22, 88} show the formation of

an apparent horizon where the quantity 𝑒𝐴−𝐵 → 0, with the late time

behaviour maintaining a scalar profile with a 1/𝑟 fall off. Middle panel:

is for 𝛼/𝑀 2 = 0.25, 𝛽 = 1 with 𝑎0 = 0.02 and {𝑡1, 𝑡2}/𝑀 = {11, 28}.

In this case, an apparent horizon forms, but the late-time behaviour does

not support a scalar profile. Bottom panel: is for 𝛼/𝑀 2 = 1.25, 𝛽 = 2

with 𝑎0 = 0.01 and {𝑡1, 𝑡2}/𝑀 = {39, 97}. Here, the end state is flat

geometry for which the scalar field dissipates to infinity.
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Chapter VI. Non-linear phenomena and dynamical evolution

not ideal for probing the properties of the end state when the latter is a black

hole.

Interestingly, our simulations did allow us to confirm the expectations

arising from combining static results and linear perturbations (e.g., [310, 314,

315, 318, 332]: that spherical collapse will lead to black holes with scalar hair

when their mass is below a mass threshold and above a minimum mass bound

and that above the mass threshold collapse leads to black holes without hair.

Remarkably, in simulations that would form a black hole below the mini-

mum mass bound, where stable black holes are not known to exist, the scalar

cloud smoothly dissipated, leaving behind flat space.

In Chapter VII, we will discuss the dynamics of black holes. We explored

these cases in more detail by using horizon-penetrating coordinates, which

allowed us to trace the evolution of the apparent horizon and probe the end

state in more detail.
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Chapter VII. Spherical black holes dynamics

In this chapter, we study the dynamics of spherically symmetric black holes

in horizon-penetrating coordinates by employing excision techniques. We

briefly revisit the effect of the Ricci coupling on well-posedness, focusing on

coupling parameters for which the final black hole is scalarized. We observe

that excision leads to well-posed evolution for a larger part of the parameter

space, as the ill-posed region was beyond the horizon in certain cases. We

study the dynamics of black holes that are near the threshold of scalariza-

tion or near the minimum mass threshold, which is a characteristic feature

of black holes in this class of theories. We also study initial data for which the

initial black hole lies near but below the minimum mass threshold. Moreover,

we extract the monopolar quasi-normal modes and estimate the time scale of

the tachyonic instability that leads to scalarization. For ease of reference, the

Ricci-Gauss-Bonnet model is (for more details, see Section 3.3.3)

𝑆 =
1

16𝜋

∫
d

4𝑥
√−𝑔

[
𝑅 + 𝑋 + 𝑓 (𝜙)G + ℎ(𝜙)𝑅

]
, (7.0.1)

and the equations of motion read

𝐸 𝜇𝜈 ≡ −𝑇 (𝜙)𝜇
𝜈 + 𝛿

𝜇𝛾𝜅𝜆
𝜈𝛼𝜌𝜎 𝑅

𝜌𝜎
𝜅𝜆∇𝛾∇𝛼 𝑓

+ (1 + ℎ)𝐺𝜇𝜈 + 𝛿 𝜇𝜈□ℎ − ∇𝜇∇𝜈ℎ = 0 , (7.0.2)

𝐸 ≡ − □𝜙 − ℎ′(𝜙)𝑅 − 𝑓 ′(𝜙)G = 0 , (7.0.3)

with

𝑇
(𝜙)
𝜇𝜈 =

1

2

∇𝜇𝜙∇𝜈𝜙 −
1

4

(∇𝜙)2 𝑔𝜇𝜈 . (7.0.4)

We choose,

𝑓 (𝜙) = 𝛼

2

𝜙2 , ℎ(𝜙) = −
𝛽

4

𝜙2 . (7.0.5)

7.1 Static black holes
A characteristic feature of black holes with scalar hair in theories that include

an interaction between the Gauss-Bonnet invariant and a scalar field is that

their scalar charge is not a free parameter, but instead uniquely determined
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Chapter VII. Spherical black holes dynamics

by their mass (and spin for rotating black holes) [307, 308, 318, 348]. The

regularity condition on the horizon fixes the scalar charge in terms of the mass

(see Section 4.2, which discusses the linear coupling case).

Static, spherically symmetric black holes in the theory we consider here

were first studied in [318, 332]. Black hole solutions with a non-trivial scalar

profile, dubbed scalarized black holes, only exist for a specific range of masses,

i.e., only for 𝑀 ∈ [𝑀min, 𝑀th]. Scalarized black holes with mass 𝑀 <

𝑀min do not exist, as for such masses the regularity condition on the hori-

zon is violated and the solution is no longer a black hole but rather a naked

singularity.

On the other hand, if 𝑀 > 𝑀th, the only stable black holes are those

of general relativity. Additionally, as opposed to general relativity, scalarized

black holes possess a finite-area singularity. What is known from the static

analysis is that as the mass decreases, the singularity moves closer to the hori-

zon; when the minimum mass is reached, the singularity coincides with the

horizon. Figure 7.1 shows the relation between the scalar charge and the mass

of such scalarized black holes. To find these solutions, we follow a similar pro-

cedure as in [318].

In Section 7.3, we analyse the dynamics of such black holes. Before doing

so, we introduce a modified numerical scheme to account for the formation

of an apparent horizon.

7.2 Setup
In this section, we discuss the numerical implementation and the various

techniques employed to evolve black holes with scalar perturbations. We then

describe the initial data used. We further elaborate on useful diagnostic tools

that keep track of the hyperbolic nature of the equations.

7.2.1 Numerical setup
We choose to work with Painleve-Gullstrand-like coordinates in spherical

symmetry [437, 440, 441]. These coordinates are horizon-penetrating, i.e.,
the metric functions remain regular through the formation of an apparent
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Figure 7.1: Charge-Mass plot for scalarized black holes. The blue curves

correspond to stable solutions while the red ones are unstable, as shown

in [332]. The threshold mass, marked by the black dotted line, is

𝑀
th
/
√
𝛼 ≈ 1.174, while the minimum mass varies for different values

of 𝛽.
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Chapter VII. Spherical black holes dynamics

horizon. Consequently, the genesis and the horizon dynamics can be

followed without encountering the singularity present in Schwarzschild

coordinates. The line element is given by

d𝑠2 = −𝛼(𝑡, 𝑟)2
d𝑡2 + [d𝑟 + 𝛼(𝑡, 𝑟)𝜁 (𝑡, 𝑟)d𝑡]2

+ 𝑟2

(
d𝜃2 + sin

2 𝜃d𝜑2

)
, (7.2.1)

and the scalar field is also spherically symmetric, i.e., 𝜙 = 𝜙(𝑡, 𝑟). To write the

equations of motion as a first-order system of partial differential equations,

we introduce the following variables

𝑄 ≡ 𝜕𝑟𝜙 , (7.2.2)

𝑃 ≡ 1

𝛼
𝜕𝑡𝜙 − 𝜁 𝑄 . (7.2.3)

Then, the evolution equations for 𝜙 and𝑄 can be obtained from the defini-

tions of 𝑃 and𝑄 as

𝐸𝜙 ≡ 𝜕𝑡𝜙 − 𝛼(𝑃 + 𝜁 𝑄) = 0 , (7.2.4)

𝐸𝑄 ≡ 𝜕𝑡𝑄 − 𝜕𝑟
(
𝛼(𝑃 + 𝜁 𝑄)

)
= 0 , (7.2.5)

and, from the equations of motion, we obtain evolution equations for 𝑃 and

𝜁 , and constraint equations for 𝜁 and 𝛼, which can be written schematically

as

𝐸𝑃 ≡ 𝐸𝑃 (𝜕𝑡𝑃 ; 𝛼, 𝜁 , 𝜙, 𝑃 , 𝜕𝑟𝑃, 𝑄, 𝜕𝑟𝑄) = 0 , (7.2.6)

𝐸𝜁 ≡ 𝐸𝜁 (𝜕𝑡 𝜁 ; 𝜁 , 𝜕𝑟 𝜁 , 𝛼, 𝜕𝑟 𝛼, 𝜙, 𝑃 , 𝜕𝑟𝑃, 𝑄, 𝜕𝑟𝑄) = 0 , (7.2.7)

𝐶𝛼 ≡ 𝐶𝛼 (𝜕𝑟 𝛼; 𝜁 , 𝜙, 𝑃 , 𝜕𝑟𝑃, 𝑄, 𝜕𝑟𝑄) = 0 , (7.2.8)

𝐶𝜁 ≡ 𝐶𝜁 (𝜕𝑟 𝜁 ; 𝜙, 𝑃 , 𝜕𝑟𝑃, 𝑄, 𝜕𝑟𝑄) = 0 . (7.2.9)

We discretise the numerical domain for a given resolution N non-uniformly.

This is done by employing the so-called fish-eye coordinate [442–444]. This

allows for more resolution in high curvature regions where the derivatives of

the scalar are very steep and changing rapidly. In this setup, we define our
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areal radial coordinate 𝑟 as a function of a uniform grid 𝑥 as follows

𝑟 (𝑥) = 𝜂2𝑥 +
(
1 − 𝜂1

)
log

(
1 + e

𝑥1−𝑥

1 + e
𝑥1

)
−

(
1 − 𝜂2

)
log

(
1 + e

𝑥2−𝑥

1 + e
𝑥2

)
, (7.2.10)

where 𝜂1 ≤ 1, 𝜂2 ≥ 1 and 0 < 𝑥1 < 𝑥2 are real parameters. By definition,

the spatial step of the uniform grid isΔ𝑥 = 𝑋 /N, where 𝑋 denotes the outer

boundary. The time step is given by Δ𝑡 = 𝜆Δ𝑥 where 𝜆 is the Courant fac-

tor. The uniform spatial derivatives are discretised using a second-order finite

differences operator satisfying summation by parts [435]. Since we solve the

equations in the areal radius grid, we need to transform the radial derivatives

with the Jacobian

𝜕 𝑓

𝜕𝑟
=
𝜕𝑥

𝜕𝑟

𝜕 𝑓

𝜕𝑥
. (7.2.11)

During the evolution, we track the expansion of null congruences, which de-

termine the location of the apparent horizon. In these coordinates, the expan-

sion is proportional to 1 − 𝜁 ; therefore, the horizon is at 𝜁 = 1, and we up-

date its location accordingly. Nevertheless, we only perform this update if the

horizon increases in size. After pinpointing the horizon, we place the excision

surface 𝑟exc inside of it. Furthermore, we chose 𝜂1 = 0.25, 𝜂2 = 15, 𝑥1 = 51,

and 𝑥2 = 100. This choice ensures that the sampling of the areal radius

𝑟 is denser close to the excision surface and sparser towards the last point

𝑅 = 𝑟 (𝑋 ). Given the initial data at 𝑡 = 0, we solve the constraint equations

for 𝜁 and 𝛼 on [𝑟exc, 𝑅] using a second-order Runge Kutta (RK2) scheme.

We employ a one-sided stencil to compute radial derivatives at the exci-

sion surface. We solve a time evolution equation for 𝜙, 𝑃 , 𝑄, and 𝜁 , by

using the method of lines, for which we discretise radial derivatives using

second-order finite differences, and integrate in time using a fourth-order

Runge Kutta and a fourth-order Kreiss-Olliger (KO) dissipation term. On

the other hand, the metric function 𝛼 is obtained by solving its constraint

equation (7.2.8) by choosing 𝛼(𝑡, 𝑟exc) = 1 and then, using residual gauge

freedom, we rescale 𝛼 such that 𝛼(𝑡, 𝑅) = 1. We have followed a similar

procedure to the one discussed in [437].
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7.2.2 Initial data
We evolve a scalar field on a black hole background with mass 𝑀BH. The

region inside the apparent horizon, located at 𝜁 = 1, is excised. At the exci-

sion radius, the shift 𝜁 and the lapse 𝛼 are set to their general relativity values,

namely

𝜁 (0, 𝑟exc) =

√︄
2𝑀BH

𝑟exc

, (7.2.12)

𝛼(0, 𝑟exc) = 1 . (7.2.13)

The scalar field 𝜙 and its time derivative are given by equations (6.3.5)

and (6.3.6) for studying the quasi-normal modes in Section 7.3, we will use

the following initial data field

𝜙(0, 𝑟) = 𝑎0𝑟 exp

[
−

(
𝑟 − 𝑟0

𝑤0

)
2

]
, (7.2.14)

𝑃 (0, 𝑟) = 0 , (7.2.15)

with 𝑎0 = 0.01, 𝑟0 = 10, and𝑤0 = 2.

7.2.3 Well-posedness and diagnostics
We keep track of the character of the system through the characteristic

speeds (6.3.3) where C and D depend on the functions 𝛼, 𝜁 , 𝜙, 𝑃 , and

𝑄 , and their derivation is similar to that in Schwarzschild coordinates (see

Appendix B.1) [445]. The surfaces where D = 0, separating the elliptic and

hyperbolic regions, are called sonic lines. We keep track of the discriminant

D to ensure that the partial differential equations are hyperbolic during the

evolution.

We excise the elliptic region if it is confined to the apparent hori-

zon. If the elliptic region emerges or appears outside the horizon, then

we stop the evolution. We also compute the Misner-Sharp mass as

𝑀 (𝑡, 𝑟) ≡ 𝑟
2

(
1 − (∇𝑟)2

)
= 𝑟

2
𝜁 (𝑡, 𝑟)2

[436]. To capture the spacetime

mass denoted as 𝑀 , we evaluate 𝑀 (𝑡, 𝑟) at the outer boundary of the
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numerical domain.

7.3 Results

7.3.1 Well-posedness analysis
First, we briefly examine the effect of the 𝜙2𝑅 term on well-posedness. We

have discussed this for spherical collapse in Section 6.3, and our results are

in agreement with the earlier findings, namely that, for a given 𝛼/𝑀 2
, large

enough values of the coupling constant 𝛽 render the system hyperbolic. Here,

we have focused on a choice of parameters for which black holes are scalarized.

This case is more interesting because scalarization is a non-linear process, and

one would expect to encounter large gradients, which are prone to causing

loss of hyperbolicity. Therefore, examining the effect of the Ricci term in

this regime is particularly interesting. These results are displayed in Table 7.1.

The table presents the outcomes of different simulations (either loss of hy-

perbolicity or a scalarized black hole) for various coupling constants 𝛼/𝑀 2

and 𝛽.

An interesting feature we observe is that, when the equations only change

character in a region inside the black hole, then excising this region enlarges

the parameter space for which the system is well-posed [437]. We illustrate

this fact in Figure 7.2. In this case, the excision surface is allowed to move

closer to the horizon, thereby removing the elliptic region from the numer-

ical domain. Hence, the evolution will proceed without impediment due to

ill-posedness inside the horizon. This type of excision leaves the physics of

the exterior unaffected since the region inside the black hole is causally dis-

connected from the exterior.

7.3.2 Dynamics of minimum and threshold
mass black holes
Next, we explore the dynamical behaviour of the black hole solutions near

the minimum and threshold mass through non-linear simulations. To this

end, we consider different setups.
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Figure 7.2: The top panel shows the minimum value of the discriminant

D in the radial direction as a function of time for two different excision

locations 𝑟exc1, 𝑟exc2 such that 𝑟exc1 is closer to the trapped surface from

the interior. In this case, 𝛼/𝑀 2 = 1, 𝛽 = 2 with a scalar pulse of am-

plitude 𝑎0 = 2 × 10
−3

. The blue curve corresponds to a fixed location of

the excision surface, and this eventually leads to the loss of hyperbolicity.

On the other hand, when the excision surface location is allowed to move

closer to the trapped surface from the interior, the elliptic region is excised

(red dashed curve), and the discriminant remains positive throughout the

evolution. The bottom panel illustrates the behaviour of excision surfaces

as a function of time. The 𝑟exc1 changes to keep the elliptic region excised,

contrary to the 𝑟exc2 surface. The horizon radius is indicated by 𝑟
h

.
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Coupling constants

Outcome

𝛼/𝑀 2 𝛽

0.75 0.0 LoH

0.75 0.5 LoH

0.75 2.0 sBH

1.25 0.0 LoH

1.25 2.0 LoH

1.25 3.5 sBH

1.75 0.0 LoH

1.75 3.0 LoH

1.75 4.0 sBH

2.25 0.0 LoH

2.25 5.0 LoH

2.25 5.5 sBH

Table 7.1: The initial scalar pulse has 𝑎0 = 2×10
−3

. We denote the initial

Misner-Sharp mass by𝑀 . The outcome indicates the end state of the evo-

lution. The outcome is either loss of hyperbolicity (LoH) or a scalarized

black hole (sBH). It is evident, in accordance with [446], that the addi-

tion of the Ricci coupling alleviates the loss of hyperbolicity problem for

certain choices of 𝛽.

We first consider initial data such that the initial mass 𝑀 of the system is

larger than𝑀th. The end state of the evolution is an apparent horizon with a

negligible scalar field, consistent with the stationary analysis [318, 332]. This

is illustrated in Figure 7.3 where the late time behaviour of the scalar field ap-

proaches zero. We then consider a case where the initial mass is below 𝑀th

and the initial black hole mass is larger than the minimum mass 𝑀min. As

expected, the end state is a black hole with a non-trivial scalar profile. See the

top panel of Figure 7.4. We also consider an initial configuration in which

the total mass is below 𝑀th while the initial black hole mass is smaller than

the minimum mass𝑀min. In this case, we choose the scalar pulse such that it

contributes enough mass to the system to have𝑀min < 𝑀 < 𝑀th. Interest-

ingly, the evolution progresses smoothly and the endpoint is again a scalarized

black hole, as depicted in the bottom panel of Figure 7.4. As discussed, static

scalarized black holes below the minimum do not exist; nevertheless, it is still

interesting to understand the dynamics when the initial data mass does not

meet this minimum. It was shown in [446] that collapsing a scalar field with

an initial mass below the minimum mass was not possible. The scalar field
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Figure 7.3: Scalar field profile at different times for 𝛼/𝑀 2 = 0.25, 𝛽 =

0.5 with 𝑎0 = 2× 10
−3

. This choice of parameters corresponds to a setup

where the initial 𝑀 > 𝑀
th

, i.e., this would be a hairless black hole.
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Figure 7.4: Scalar profile for different times. The static solution is indi-

cated by 𝜙static. The top panel is for 𝛼/𝑀 2 = 0.75, 𝛽 = 2, with an initial

scalar profile described by 𝑎0 = 2 × 10
−3

. In the bottom panel we have

𝛼/𝑀 2 = 1, 𝛽 = 2, with 𝑀BH = 0.95, and initial scalar profile with

𝑎0 = 1.6× 10
−3

. The mass of the black hole (only without the scalar field

contribution) in this setup is smaller than the minimum mass.
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Figure 7.5: A comparison between the finite area singularity (FAS) radius

(in dashed blue) extracted from the static solution and the size of the ellip-

tic region (in red dots) formed inside the horizon, which is excised along

the sonic line (SL). This is for 𝛽 = 2.

dissipates, leaving behind it a flat geometry. Here, we explore the scenario in

which the initial data does not meet the minimum mass condition. In the

simulations we performed, we always faced a loss of hyperbolicity, i.e., an el-

liptic region forms outside of the black hole. The observation that hyperbol-

icity is lost outside the apparent horizon when the minimum mass condition

is not satisfied, coupled with the relation between the minimum mass and

the finite area singularity, might indicate a connection between the finite area

singularity and the lack of hyperbolicity inside the horizon. We examined this

possibility by excising the elliptic region along the sonic line and comparing

the elliptic region’s size with that of the finite area singularity of the static so-

lution, as in Figure 7.5. We have observed a good agreement between both

quantities, especially for smaller black holes. The discrepancy in the location

of the sonic line and the singularity for larger black holes might be due to the

large gradients as the singularity is approached, affecting its localisation.
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7.3.3 Quasi-normal modes

Probing the geometry of a black hole using test (scalar, vector, or tensor) fields

by utilising linear perturbation theory proved very powerful [447]. Due to

the nature of a black hole, where the horizon acts as a dissipation in the sys-

tem, the behaviour of these fields as a perturbation is described by exponen-

tially decaying oscillations—the so-called quasi-normal modes. The rate of

decay and the oscillation frequency are related to the mass and spin of the

black hole. In spherical symmetry, there are no tensor propagating degrees of

freedom. We can only extract the ℓ = 𝑚 = 0 scalar quasi-normal modes of

black hole ringing by fitting the extracted value of the scalar field at 𝑟ext = 3𝑟0

as

𝜙(𝑡) =
∞∑︁
𝑛=0

𝐴𝑛 exp(−𝜔𝐼 ,𝑛𝑡) sin(𝜔𝑅,𝑛𝑡 + 𝜑𝑛) , (7.3.1)

where 𝑛 denotes the overtone index. The quantities 𝐴𝑛, 𝜔𝑛 = 𝜔𝑅,𝑛 − 𝑖𝜔𝐼 ,𝑛,

and𝜑𝑛 are the mode’s amplitude, complex frequency, and phase, respectively.

To obtain an accurate fit of the decaying oscillatory behaviour, it helps to have

as many oscillations as possible before the appearance of the tail. In the cases

we considered, we had to adjust the initial data, as given in equations (7.2.14)

and (7.2.15), to achieve a few oscillations for an accurate fit. Such fits for dif-

ferent values of 𝛼/𝑀 2
are shown in Figure 7.6. The tail behaviour appears

very quickly for larger values of 𝛼/𝑀 2
, which hinders the accurate fitting

of the quasi-normal modes. Due to this, we only considered lower values

of 𝛼/𝑀 2
, for which the background solution is given by the Schwarzschild

metric [318, 332]. Nonetheless, we observe a deviation from the general rela-

tivity quasi-normal modes since the Gauss-Bonnet invariant is non-trivial for

the Schwarzschild metric. The results for

𝛿𝜔𝑅 =

����Re(𝜔GR − 𝜔)
Re 𝜔GR

���� , 𝛿𝜔𝐼 =

����Im(𝜔GR − 𝜔)
Im 𝜔GR

���� , (7.3.2)
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Figure 7.6: The scalar field extracted from the numerical simulation

(blue dotted line) and the damped-sinusoid fit (red solid line). Each

plot is done for the case 𝛽 = 2.25 and, from top to bottom, 𝛼/𝑀 2 =

0.025, 0.075, 0.125.
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Re Im

𝛽 = 0, 𝛼 ≠ 0

𝑐0 −1.0539 × 10
−3

1.99309 × 10
−3

𝑐1 2.01256 × 10
−1

8.59663 × 10
−1

𝑐2 6.9759 × 10
−1

2.52698

𝛼/𝑀 2 = 0.025, 𝛽 ≠ 0

𝑑1 1.56327 × 10
−4

4.61635 × 10
−4

𝑑2 2.47143 × 10
−4

1.40432 × 10
−4

𝛼/𝑀 2 = 0.075, 𝛽 ≠ 0

𝑑1 1.00527 × 10
−4

5.0495 × 10
−4

𝑑2 3.63718 × 10
−4 −3.85884 × 10

−5

𝛼/𝑀 2 = 0.125, 𝛽 ≠ 0

𝑑1 2.29461 × 10
−4

4.50753 × 10
−4

𝑑2 1.15081 × 10
−4 −5.90922 × 10

−5

Table 7.2: The real and imaginary part of the quadratic fit coefficients

for quasi-normal modes for different values of the coupling 𝛼/𝑀 2
. The

non-zero values for 𝛼/𝑀 2
, and 𝛽 are reported in Table C.1. We extract

the scalar quasi-normal modes for 𝑛 = 0.

are summarised in Table C.1 and Figure 7.7. Fitting the deviation in the quasi-

normal modes from general relativity for 𝛽 = 0, we have

𝛿𝜔(𝛼,0) =
2∑︁
𝑘=0

𝑐𝑘

( 𝛼

𝑀 2

)𝑘
, (7.3.3)

where the coefficients 𝑐𝑘 are given in Table 7.2. If we turn on the 𝛽 term and

fit the deviation that it causes to the quasi-normal modes from the Gauss-

Bonnet theory, i.e., 𝛼 ≠ 0, 𝛽 = 0, we obtain

𝛿𝜔(𝛼,𝛽) = 𝛿𝜔(𝛼,0) +
2∑︁
𝑘=1

𝑑𝑘 (𝛼)𝛽𝑘 , (7.3.4)

where the coefficients 𝑑𝑘 (𝛼) are given in Table 7.2 for the values 𝛼/𝑀 2 =

[0.025, 0.075, 0.125].
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0.000

0.005

0.010

0.015

0.020

0.025

0.030

0.035

δω
I

QF
α̃ = 0.125
α̃ = 0.075
α̃ = 0.025
β = 0

0.14975 0.15000 0.15025 0.15050 0.15075

0.03450
0.03475
0.03500
0.03525

α̃ = 0.125

0.0805 0.0810 0.0815 0.0820 0.0825

0.0180

0.0183

0.0186

0.0189

α̃ = 0.075

0.0284 0.0288 0.0292 0.0296 0.0300

0.0030

0.0036

0.0042

0.0048

α̃ = 0.025

Figure 7.7: Relation between the normalised relative difference of the

real and imaginary parts of the quasi-normal modes for different val-

ues of 𝛼̃ = 𝛼/𝑀 2
and a quadratic fit (QF) thereof. As the value of

𝛽 = {0.5, 0.75, 1, 1.25, 1.5, 1.75, 2, 2.25, 2.5} increases, the deviation

in the real and imaginary parts from their general relativity values grows.

The purple crosses correspond to different values of 𝛼/𝑀 2
as given in Ta-

ble C.1 with 𝛽 = 0.
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Coupling constants

1/𝜏fit
1/𝜏 cf

𝛼/𝑀 2 𝛽

0.750 2.0 0.00353 0.004305

0.775 2.0 0.00713 0.008509

0.800 2.0 0.0111 0.01254

0.825 2.0 0.0151 0.01643

0.850 2.0 0.0184 0.02019

0.875 2.0 0.0210 0.02383

0.900 2.0 0.0236 0.02737

0.925 2.0 0.0259 0.03082

0.950 2.0 0.0279 0.03418

0.975 2.0 0.0317 0.03746

1.0 2.0 0.0337 0.04067

Table 7.3: The inverse of the tachyonic instability time scale. The first col-

umn reports the values extracted with a fit from the numerical solution,

while the second column reports the timescales evaluated with a contin-

ued fraction method.

7.3.4 Tachyonic instability

Lastly, we examine the timescale of the tachyonic instability responsible for

the existence of scalarized black holes; see Section 3.3.2. In simple terms,

linear analysis has shown that the tachyonic instability causes the scalar field

to grow exponentially [314, 315], see [318] for an analysis specific to the

model we consider here and [310] for a review. Nevertheless, the end state

of the instability is controlled by the non-linear interactions present in the

theory [316–318]. In the simulations, we observe both the linear instability

and its non-linear quenching. We are also able to estimate the timescale

of the instability. To assess the accuracy of the results, we compare the

numerical extraction against an analysis in the static limit, assuming linear

perturbations with a continued fraction method. The details are explained

in Appendix C.2.

The behaviour of the exponential growth of the scalar field at the horizon

(in log scale) is shown in Figure 7.8 with a linear fit from which we extract

the time scale (see Table 7.3 for more cases and the results from the linear

perturbation analysis). At larger times, the exponential growth stops.

140140140



Chapter VII. Spherical black holes dynamics

50 100 150 200 250
t/M

−4

−3

−2

−1

lo
g
φ

(r
=
r h

)

φnumerical
Fit

α/M 2 = 0.95

α/M 2 = 0.85

α/M 2 = 0.8

Figure 7.8: The growth of the scalar field at the horizon of a black hole

due to the tachyonic instability, which is then quenched. The dashed red

line is a linear fit to the exponential growth of the scalar field (in log scale).

The slope of the fit is the inverse of the time scale of the instability. This

is for 𝛽 = 2, and 𝑎0 = 2 × 10
−3

.
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7.4 Discussion

We have explored the dynamics of spherically symmetric black holes in scalar

Gauss-Bonnet gravity with an additional Ricci coupling. This additional

coupling was shown to help mitigate the ill-posed behaviour of the equations

in spherical symmetry [446] (Section 6.3), and there is a positive indication

of a similar effect in 3 + 1 simulations [448]. We observe similar behaviour

for black hole initial data. We also show that the part of the parameter space

where spherical evolution remains well-posed can be enlarged by excising a

region inside the horizon in which hyperbolicity is lost. This is accomplished

by locating the sonic line (a codimension-one surface separating the elliptic

and hyperbolic regions) and performing excision outside of it, thereby re-

moving the elliptic region (and the singularity) from the numerical domain.

Since this can be done without affecting the physics of the exterior, it can be

seen as an advantage of excision methods in such setups [437].

We have considered initial data that are expected to lead to black holes

of different masses. The cases in which the initial mass exceeds the scalar-

ization threshold mass result in a negligible scalar field at late times. This is

consistent with the static analysis, as black holes in this mass range are not

compact enough to trigger the tachyonic instability necessary to produce a

non-trivial scalar configuration. For initial data within the mass range for

which scalarization occurs, we have successfully matched the late-time scalar

field profile obtained from the simulation with the one obtained by solving

the static equations of motion. Therefore, we have captured the role of non-

linearities in controlling the instability and dynamically producing scalarized

black holes as the endpoint of the instability. Moreover, we have considered

initial data for which the initial black hole mass was below the minimum mass

threshold. In contrast, the initial scalar pulse contributed enough mass so

that the final black hole was expected to be above the minimum mass thresh-

old. We did not encounter any issues in evolving the system and capturing the

formation of a scalarized black hole. Finally, when exploring setups for which

the total Misner-Sharp mass lies below the minimum mass, we encountered

loss of hyperbolicity. This is expected as scalarized black holes do not exist for

this mass range.
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The presence of a finite-area singularity in the interior of scalarized black

holes is poorly understood. Evolving initial data, for a black hole with some

initial scalar field, whose total initial mass lies below the minimum mass, has

led to the loss of hyperbolicity. The finite-area singularity radius in static

black holes gets closer to the horizon as the minimum mass is approached.

These two facts motivated us to explore the relationship between the appear-

ance of such a singularity and the loss of hyperbolicity in black hole space-

times. We generally found a good agreement between the radius of the finite-

area singularity and the location of the sonic line. Their locations match bet-

ter for smaller black holes. Nonetheless, the deviations for larger black holes

might be due to insufficient accuracy in locating either the location of the

singularity or the sonic line.

Additionally, we have extracted the monopolar scalar quasi-normal

modes for a range of couplings. We have restricted our attention to couplings

that do not lead to scalarized black holes; otherwise, the tail appeared

rather quickly, hindering an accurate extraction of the quasi-normal modes.

Nevertheless, in this background, the Gauss-Bonnet invariant is not trivial,

and we find a quadratic behaviour for the deviations from general relativity,

in the real and imaginary parts of the modes. Finally, we extracted the

timescale of the linear tachyonic instability associated with scalarization

from our numerical simulations by fitting the linear growth of the scalar

field before it is eventually quenched. To check the numerical results for

the quasi-normal modes and the time scale of the instability, we produced a

continued fraction analysis of linear perturbations in the static limit.

It would be interesting to generalise our study to the case of spinning

black holes using 3 + 1 simulations. One would expect that the dynamics

of the finite-area singularity would be more intricate in spinning black holes.

Hence, a credible relation with the loss of hyperbolicity might be less straight-

forward and more challenging to establish. Additionally, one could assess nu-

merically the non-linear stability of scalarized black holes by studying more

general initial data. In the next chapter, we will discuss whether the loss of hy-

perbolicity and the positive effect of the Ricci coupling are due to the gauge

choice or the propagating physical degrees of freedom by utilising the results

of [449].
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Chapter VIII. Gauge invariant study for spherical evolution

This chapter is devoted to investigating the relation between hyperbolicity

and the gauge choice in numerical evolution. We do so by using the results of

Reall in [449], who introduced a gauge-invariant diagnostic tool for hyper-

bolicity in scalar-tensor theories. We employ this gauge-invariant approach

to investigate hyperbolicity and the loss of well-posedness for spherical evo-

lution in scalar Gauss-Bonnet gravity with an additional Ricci coupling. For

convenience, the theory is (for more details, see Section 3.3.3)

𝑆 =
1

16𝜋

∫
d

4𝑥
√−𝑔

[
𝑅 + 𝑋 + 𝑓 (𝜙)G + ℎ(𝜙)𝑅

]
, (8.0.1)

and the equations of motion read

𝐸 𝜇𝜈 ≡ −𝑇 (𝜙)𝜇
𝜈 + 𝛿

𝜇𝛾𝜅𝜆
𝜈𝛼𝜌𝜎 𝑅

𝜌𝜎
𝜅𝜆∇𝛾∇𝛼 𝑓

+ (1 + ℎ)𝐺𝜇𝜈 + 𝛿 𝜇𝜈□ℎ − ∇𝜇∇𝜈ℎ = 0 , (8.0.2)

𝐸 ≡ − □𝜙 − ℎ′(𝜙)𝑅 − 𝑓 ′(𝜙)G = 0 , (8.0.3)

with

𝑇
(𝜙)
𝜇𝜈 =

1

2

∇𝜇𝜙∇𝜈𝜙 −
1

4

(∇𝜙)2 𝑔𝜇𝜈 . (8.0.4)

We choose,

𝑓 (𝜙) = 𝛼

2

𝜙2 , ℎ(𝜙) = −
𝛽

4

𝜙2 . (8.0.5)

As we will show, in our setup, the gauge-invariant hyperbolicity reduces to

tracking the signature of an “effective metric.” We do that in two different

gauges and for various coupling constants and initial data. We find that the

determinant of the effective metric changes sign when hyperbolicity is lost,

consistently with other diagnostic tools (see, e.g., [412, 437, 446]). Our re-

sults elucidate the relation between the results of [449] and [424]. They

demonstrate that the loss of hyperbolicity during spherical evolution in scalar

Gauss-Bonnet gravity is not merely due to an unfortunate gauge choice, but

due to the behaviour of physical degrees of freedom that the presence of ad-

ditional interactions can indeed tame—in our case, the Ricci coupling. Fi-

nally, we examine the effect of field redefinitions on hyperbolicity and point
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out that this constitutes a limitation of using gauge-invariant criteria for well-

posedness.

We discuss some results concerning the principal symbol and the char-

acteristics of second-order scalar-tensor theories. We then focus on scalar

Gauss-Bonnet gravity and derive the principal symbol in some detail. We

then study the characteristic equations and derive the “effective metric” to

be used as a diagnostic tool in numerical simulations. We present our numer-

ical results in Section 8.5. We also consider disformal transformations; first,

we present some preliminaries and then inspect the effects of such a transfor-

mation on hyperbolicity.

8.1 Principal symbol and characteris-
tics

In this section, we briefly review some of the results in [449] about the prin-

cipal symbol of a scalar-tensor theory, its symmetries and the characteristics

of the partial differential equations. In Section 6.1, we provided a pedagog-

ical introduction to the notions of well-posedness and hyperbolicity, which

we hope will be useful to readers less familiar with these concepts.

Consider a general scalar-tensor theory of the form

𝑆 =
1

16𝜋𝐺

∫
d

4𝑥
√−𝑔𝐿( 𝑔, 𝜙) , (8.1.1)

for the metric 𝑔𝜇𝜈 , and a scalar 𝜙 with the equations of motion given by

𝐸 𝜇𝜈 ≡ −16𝜋𝐺√︁
| 𝑔 |

𝛿 𝑆

𝛿 𝑔𝜇𝜈
= 0 , (8.1.2)

𝐸 ≡ −16𝜋𝐺√︁
| 𝑔 |

𝛿 𝑆

𝛿𝜙
= 0 . (8.1.3)

We assume the equations of motion to be second order in the metric and

scalar field derivatives. Then, for an arbitrary covector 𝜉𝜇 the principal sym-
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bol, viewed as acting on “polarization” vectors, is defined to be

P(𝜉 ) =
(
𝑃
𝜇𝜈 𝜌𝜎 𝛼𝛽
𝑔 𝑔 𝜉𝛼𝜉𝛽 𝑃

𝜇𝜈𝛼𝛽
𝑔𝑚 𝜉𝛼𝜉𝛽

𝑃
𝜇𝜈𝛼𝛽
𝑚𝑔 𝜉𝛼𝜉𝛽 𝑃

𝛼𝛽
𝑚𝑚𝜉𝛼𝜉𝛽

)
, (8.1.4)

where

𝑃
𝜇𝜈 𝜌𝜎 𝛼𝛽
𝑔 𝑔 ≡ 𝜕𝐸 𝜇𝜈

𝜕 (𝜕𝛼𝜕𝛽 𝑔𝜌𝜎 )
, 𝑃

𝜇𝜈𝛼𝛽
𝑔𝑚 ≡ 𝜕𝐸 𝜇𝜈

𝜕 (𝜕𝛼𝜕𝛽𝜙)
,

𝑃
𝜇𝜈𝛼𝛽
𝑚𝑔 ≡ 𝜕𝐸

𝜕 (𝜕𝛼𝜕𝛽 𝑔𝜇𝜈)
, 𝑃

𝛼𝛽
𝑚𝑚 ≡ 𝜕𝐸

𝜕 (𝜕𝛼𝜕𝛽𝜙)
. (8.1.5)

A more convenient notation to use is

𝑃
𝜇𝜈 𝜌𝜎
𝑔 𝑔 (𝜉 ) ≡ 𝑃 𝜇𝜈 𝜌𝜎 𝛼𝛽𝑔 𝑔 𝜉𝛼𝜉𝛽 , (8.1.6)

𝑃
𝜇𝜈
𝑔𝑚 (𝜉 ) ≡ 𝑃

𝜇𝜈𝛼𝛽
𝑔𝑚 𝜉𝛼𝜉𝛽 , (8.1.7)

𝑃
𝜇𝜈
𝑚𝑔 (𝜉 ) ≡ 𝑃

𝜇𝜈𝛼𝛽
𝑚𝑔 𝜉𝛼𝜉𝛽 , (8.1.8)

𝑃𝑚𝑚 (𝜉 ) ≡ 𝑃
𝛼𝛽
𝑚𝑚𝜉𝛼𝜉𝛽 . (8.1.9)

8.1.1 Symmetries of the principal symbol
It follows from the definitions (8.1.5), that the components of the principal

symbol have the following symmetries

𝑃
𝜇𝜈 𝜌𝜎 𝛼𝛽
𝑔 𝑔 = 𝑃

(𝜇𝜈) 𝜌𝜎 𝛼𝛽
𝑔 𝑔 = 𝑃

𝜇𝜈 ( 𝜌𝜎 )𝛼𝛽
𝑔 𝑔 = 𝑃

𝜇𝜈 𝜌𝜎 (𝛼𝛽)
𝑔 𝑔 , (8.1.10)

𝑃
𝜇𝜈𝛼𝛽
𝑔𝑚 = 𝑃

(𝜇𝜈)𝛼𝛽
𝑔𝑚 = 𝑃

𝜇𝜈 (𝛼𝛽)
𝑔𝑚 , (8.1.11)

𝑃
𝜇𝜈𝛼𝛽
𝑚𝑔 = 𝑃

(𝜇𝜈)𝛼𝛽
𝑚𝑔 = 𝑃

𝜇𝜈 (𝛼𝛽)
𝑚𝑔 , (8.1.12)

𝑃
𝛼𝛽
𝑚𝑚 = 𝑃

(𝛼𝛽)
𝑚𝑚 . (8.1.13)

Furthermore, in [449], the symmetries of the principal symbol that arise due

to the action principle and diffeomorphism invariance were deduced. The

first collection of symmetries is a consequence of the action principle, which

produces the following relations

𝑃
𝜇𝜈 𝜌𝜎 𝛼𝛽
𝑔 𝑔 = 𝑃

𝜌𝜎 𝜇𝜈𝛼𝛽
𝑔 𝑔 , 𝑃

𝜇𝜈𝛼𝛽
𝑔𝑚 = 𝑃

𝜇𝜈𝛼𝛽
𝑚𝑔 , (8.1.14)
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implying that the principal symbol is symmetric. Moreover, the variation of

the action under a compactly supported diffeomorphism generated by an ar-

bitrary vector field yields

𝑃
𝜇(𝜈 | 𝜌𝜎 |𝛼𝛽)
𝑔 𝑔 = 0 , 𝑃

𝜇(𝜈𝛼𝛽)
𝑔𝑚 = 0 . (8.1.15)

Finally, combining these symmetries enables the writing of the principal sym-

bol components as [449]

𝑃
𝜇𝜈𝛼𝛽
𝑚𝑔 𝜉𝛼𝜉𝛽 = 𝐶

𝜇𝛼𝜈𝛽𝜉𝛼𝜉𝛽 , (8.1.16)

𝑃
𝜇𝜈 𝜌𝜎 𝛼𝛽
𝑔 𝑔 𝜉𝛼𝜉𝛽 = 𝐶

𝜇( 𝜌 |𝛼𝜈 |𝜎 )𝛽𝜉𝛼𝜉𝛽 , (8.1.17)

where𝐶 𝜇𝜈 𝜌𝜎 has the same symmetries as the Riemann tensor

𝐶 𝜇𝜈 𝜌𝜎 = 𝐶 [𝜇𝜈] 𝜌𝜎 = 𝐶 𝜇𝜈 [𝜌𝜎 ] = 𝐶 𝜇[𝜈 𝜌𝜎 ] , (8.1.18)

additionally,𝐶 𝛼1𝛼2𝛼3𝛽1𝛽2𝛽3
enjoys

𝐶 𝛼1𝛼2𝛼3𝛽1𝛽2𝛽3 = 𝐶 [𝛼1𝛼2𝛼3]𝛽1𝛽2𝛽3 = 𝐶 𝛼1𝛼2𝛼3 [𝛽1𝛽2𝛽3]

= 𝐶 𝛽1𝛽2𝛽3𝛼1𝛼2𝛼3 , (8.1.19)

and

𝐶 𝛼1𝛼2 [𝛼3𝛽1𝛽2𝛽3] = 𝐶 𝛼1 [𝛼2𝛼3𝛽1𝛽2𝛽3] , (8.1.20)

as its symmetries.

These tensors are functions of ( 𝑔𝜇𝜈 , 𝜙) and their first and second deriva-

tives. Furthermore, the symmetries of𝐶 𝜇1𝜇2𝜇3𝜈1𝜈2𝜈3
imply that we can define

a symmetric tensor𝐶𝜇𝜈 by

𝐶 𝜇1𝜇2𝜇3𝜈1𝜈2𝜈3 = −1

2

𝜖𝜇1𝜇2𝜇3 𝜌𝜖𝜈1𝜈2𝜈3𝜎𝐶𝜌𝜎 . (8.1.21)
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8.1.2 Characteristics

A covector 𝜉𝜇 is called characteristic if and only if there exists a vector Ω =

(𝜔𝜇𝜈 , 𝜔) such that

P(𝜉 )Ω = 0 , (8.1.22)

expanding this equation, we have

𝑃
𝜇𝜈 𝜌𝜎
𝑔 𝑔 (𝜉 )𝜔𝜌𝜎 + 𝑃

𝜇𝜈
𝑚𝑔 (𝜉 )𝜔 = 0 , (8.1.23)

𝑃
𝜇𝜈
𝑚𝑔 (𝜉 )𝜔𝜇𝜈 + 𝑃𝑚𝑚 (𝜉 )𝜔 = 0 . (8.1.24)

Here, 𝜔𝜇𝜈 is symmetric, i.e., 𝜔𝜇𝜈 = 𝜔𝜈𝜇. The definition of 𝜉𝜇 to be charac-

teristic, as such, is insufficient in theories with gauge redundancy [450]. In

this case, due to diffeomorphism invariance a vector Ω = (𝜉(𝜇𝑋𝜈) , 0) solves

the previous equation for all 𝜉𝜇 and 𝑋𝜇. These unphysical modes can be “re-

moved” by considering only equivalence classes of solutions. Therefore, de-

fine the equivalence relation 𝜔𝜇𝜈 ∼ 𝑤𝜇𝜈 if 𝑤𝜇𝜈 = 𝜔𝜇𝜈 + 𝜉(𝜇𝑋𝜈) for some

𝑋𝜇. Hence, we can only consider the “physical” space comprised of vectors

of the form Ω =

(
[𝜔𝜇𝜈], 𝜔

)
, where [·] stands for equivalence class. Hence,

we take P(𝜉 ) to only act on such vectors [449, 450]. With this in mind,

equation (8.1.22) yields a degree six polynomial that must vanish for a char-

acteristic 𝜉𝜇. That is,

𝑝(𝜉 ) = (𝐶−1)𝜇𝜈𝜉𝜇𝜉𝜈𝑄 (𝜉 ) = 0 , (8.1.25)

if 𝜉𝜇 is characteristic. The quartic polynomial𝑄 (𝜉 ) is given by

𝑄 (𝜉 ) ≡ 𝐶
𝑔
(𝐶−1)𝜇𝜈𝜉𝜇𝜉𝜈𝑃𝑚𝑚 (𝜉 )

+
(
2𝐶𝜇𝜌𝐶𝜈𝜎 − 𝐶𝜇𝜈𝐶𝜌𝜎

)
𝑃
𝜇𝜈
𝑚𝑔 (𝜉 )𝑃

𝜌𝜎
𝑚𝑔 (𝜉 ) , (8.1.26)
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where

𝐶

𝑔
=
−√−𝑔
𝑔

𝜖𝜇𝜈 𝜌𝜎𝐶0𝜇𝐶1𝜈𝐶2𝜌𝐶3𝜎

= − 1

4!

𝜖𝜇1𝜇2𝜇3𝜇4 𝜖𝜈1𝜈2𝜈3𝜈4𝐶𝜇1𝜈1
𝐶𝜇2𝜈2

𝐶𝜇3𝜈3
𝐶𝜇4𝜈4

. (8.1.27)

We close this section by reiterating the relation between hyperbolicity and

the characteristics of the equations. As discussed in Section 6.1, we can study

strong hyperbolicity by finding the characteristic covector and its polarisa-

tions. Therefore, a necessary condition for well-posedness is for the polynomial
𝑝(𝜉 ) to have real roots.

8.2 Case study: scalar Gauss-Bonnet
gravity with a Ricci coupling

To compute the components of the principal symbol, we use the defini-

tions (8.1.5). To do so, we note that since only second-order derivatives will

contribute to the symbol, we can replace covariant derivatives with partial

ones. Therefore, the principal part (P.P.) of covariant derivatives acting on

the scalar is trivial. For example,

P.P.{∇𝛼∇𝛽ℎ(𝜙)} = ℎ′𝜕 𝛼𝜕𝛽𝜙 . (8.2.1)

We also need to know the principal part of the Riemann and the Einstein

tensor. For the Riemann tensor, we have

P.P.{𝑅𝛼1𝛼2𝛽1𝛽2
} = 1

2

(
𝜕𝛼2
𝜕𝛽1
𝑔𝛼1𝛽2

+ 𝜕𝛼1
𝜕𝛽2
𝑔𝛼2𝛽1

−𝜕𝛼2
𝜕𝛽2
𝑔𝛼1𝛽1

− 𝜕𝛼1
𝜕𝛽1
𝑔𝛼2𝛽2

)
, (8.2.2)

while, for the Einstein tensor, recall that it can be written as

𝐺 𝛼 𝛽 = −1

4

𝛿
𝛼𝛼1𝛼2

𝛽𝛽1𝛽2

𝑅𝛼1𝛼2

𝛽1𝛽2 . (8.2.3)
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Now, to compute the symbol (as acting on polarisation vectors), we merely

need to perform the replacement

𝜕𝛼𝜕𝛽 𝑔𝜇𝜈 → 𝜉𝛼𝜉𝛽𝜔𝜇𝜈 , (8.2.4)

𝜕𝛼𝜕𝛽𝜙→ 𝜉𝛼𝜉𝛽𝜔 , (8.2.5)

and, therefore, we find the principal symbol of the Riemann tensor to be

(
𝑃 (𝜉 ) · 𝜔

)
𝛼1𝛼2

𝛽1𝛽2 =
1

2

(
𝜉𝛼2
𝜉 𝛽1𝜔

𝛽2

𝛼1
+ 𝜉𝛼1

𝜉 𝛽2𝜔
𝛽1

𝛼2

−𝜉𝛼2
𝜉 𝛽2𝜔

𝛽1

𝛼1
− 𝜉𝛼1

𝜉 𝛽1𝜔
𝛽2

𝛼2

)
, (8.2.6)

while for the Einstein tensor, we have(
𝑃 (𝜉 ) · 𝜔

) 𝛼
𝛽 =

1

2

𝛿
𝛼𝛼1𝛼2

𝛽𝛽1𝛽2

𝜉𝛼1
𝜉 𝛽1𝜔

𝛽2

𝛼2
, (8.2.7)

and finally for ∇𝛼∇𝛽ℎ(𝜙) we get(
𝑃 (𝜉 ) · 𝜔

) 𝛼
𝛽 = ℎ

′𝜉 𝛼𝜉𝛽𝜔 , (8.2.8)

thus the result follows immediately, and we have(
𝑃𝑔 𝑔 (𝜉 ) · 𝜔

) 𝛼
𝛽 =

1

2

(1 + ℎ)𝛿 𝛼𝛾1𝛾2

𝛽𝛿1𝛿2

𝜉𝛾1
𝜉 𝛿1𝜔𝛿2

𝛾2

− 2𝛿
𝛼𝛾 𝛾1𝛾2

𝛽𝛿𝛿1𝛿2

𝜉𝛾1
𝜉 𝛿1𝜔𝛿2

𝛾2

∇𝛾∇𝛿 𝑓 , (8.2.9)

𝑃𝑚𝑔 (𝜉 ) 𝛼 𝛽 = 𝑃𝑔𝑚 (𝜉 ) 𝛼 𝛽 = 𝛿 𝛼𝛽 ℎ
′𝜉 2 − ℎ′𝜉 𝛼𝜉𝛽

+ 𝑓 ′𝛿 𝛼𝛾 𝛾1𝛾2

𝛽𝛿𝛿1𝛿2

𝑅𝛾1𝛾2

𝛿1𝛿2𝜉𝛾 𝜉
𝛿 , (8.2.10)

𝑃𝑚𝑚 (𝜉 ) = −𝜉 2 . (8.2.11)

8.3 Effective metric in spherical sym-
metry

We will focus on the characteristics of the theory (8.0.1) in spherical sym-

metry. Hence, there are no spin-2 propagating degrees of freedom, and it is
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possible to reduce the characteristic equation (8.1.22) to one equation gov-

erning the scalar degree of freedom of the form

𝑔𝑎𝑏
eff
𝜉𝑎𝜉𝑏𝜔 = 0 , {𝑎, 𝑏} ∈ {𝑡, 𝑟} . (8.3.1)

To that end, we consider the most general spherically symmetric ansatz for

the background in polar coordinates

d𝑠2 = 𝑔𝑡𝑡 (𝑡, 𝑟)d𝑡2 + 𝑔𝑡𝑟 (𝑡, 𝑟)d𝑡d𝑟
+ 𝑔𝑟𝑟 (𝑡, 𝑟)d𝑟2 + 𝑔𝜃 𝜃 (𝑡, 𝑟)2

dΩ2 , (8.3.2)

and assume spherical symmetry for the scalar field as well 𝜙 = 𝜙(𝑡, 𝑟).

Since we are working in spherical symmetry we can further assume that

the only non-zero components of 𝜔𝜇𝜈 are {𝜔𝑡𝑡 , 𝜔𝑡𝑟 , 𝜔𝑟𝑟 , 𝜔𝜃 𝜃 }, and that

𝜔𝜙𝜙 = sin(𝜃)2𝜔𝜃 𝜃 with 𝜉𝜇 = (𝜉𝑡 , 𝜉𝑟 , 0, 0). Therefore, we can diago-

nalise the system (8.1.23) – (8.1.24) by solving for the scalar degree of free-

dom 𝜔. We can achieve that by solving equation (8.1.23) for {𝜔𝑟𝑟 , 𝜔𝜃 𝜃 }, in

terms of {𝜔𝑡𝑡 , 𝜔𝑡𝑟 , 𝜔} and substitute back into equation (8.1.24) to end up

with an equation governing 𝜔 only from which we can read off an effective

metric for the scalar degree of freedom. When ℎ = 0, our result matches

that of [424]. However, the approach presented here straightforwardly gen-

eralises to any scalar-tensor theory with second-order equations of motion.

It is worth noting that a single equation for the scalar perturbation around

time-independent backgrounds was obtained and used to discuss hyperbol-

icity in [332].

As discussed, a necessary condition for the evolution to be well-posed

is for the effective metric to be Lorentzian. Thus, it constitutes a gauge-

independent diagnostic tool for hyperbolicity. Therefore, in numerical

considerations, we keep track of the determinant of the effective metric.

8.4 Numerical considerations
We perform numerical simulations in two different gauge choices. We use the

usual Schwarzschild-like coordinates (see Section 6.3.3) as well as Painleve-

Gullstrand coordinates (see Section 7.2.1). Here, we use the effective metric
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as a diagnostic tool to track the hyperbolic nature of the partial differential

equations throughout the evolution.

We can either evolve the scalar field on flat spacetime or on top of a black

hole background with mass 𝑀BH. For flat initial data, we impose

𝜁 (0, 𝑟 = 0) = 0 , 𝛼(0, 𝑟 = 0) = 1 , (8.4.1)

and we impose regularity at the centre by requiring 𝜕𝑟 𝛼 |𝑟=0 = 0. For

black hole initial data, we excise a region inside the apparent horizon (see

Section 7.2.1). In this case, we fix 𝑀BH = 1 unless otherwise stated. Finally,

we do not explicitly provide the coefficients of the effective metric in these

coordinates as they are rather cumbersome.

8.4.1 Evolution equations in the fixing-the-
equation approach

We also implement the fixing-the-equation approach [425–434, 451, 452].

The idea is that, in an effective field theory, there can be spurious degrees

of freedom or spurious behaviour of actual degrees of freedom as a result

of truncation at a given order in derivatives, and this can be the cause of

the loss of hyperbolicity during evolution. Hence, one might be able to

maintain well-posedness by “taming” the behaviour of the specific degrees

of freedom. In practice, this is achieved by modifying the original system

(equations (8.0.2) and (8.0.3)) and supplementing it with a “driver” equa-

tion that “steers” the evolution away from ill-posedness and towards the true

solution. Note that there is no unique choice for the driver equation. For

the system (8.0.2) – (8.0.3) with ℎ = 0 we consider the following “fixed”

system [428]

𝑅𝜇𝜈 −
1

2

𝑔𝜇𝜈𝑅 =𝑇
(𝜙)
𝜇𝜈 + Γ𝜇𝜈 , (8.4.2)

□𝜙 = Σ , (8.4.3)

𝜉□u − (u − S) = 0 , (8.4.4)
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where Γ𝜇𝜈 , and Σ are auxiliary fields arranged in the vector u = (Γ𝜇𝜈 , Σ),

and 𝜉 is a constant timescale that controls how the auxiliary fields approach

the original theory, i.e., (8.0.2) and (8.0.3). For more details, we refer the

reader to [428]. Note that, to evaluate how the original system would behave,

we compute any quantity of interest using the variables evolved in the fixed

system.

8.5 Numerical results
We consider initial data that describes an approximately ingoing pulse (equa-

tions (6.3.5) and (6.3.6)). We will fix 𝑟0 = 25 and 𝑤0 = 6 unless otherwise

stated.

We start with a small pulse on flat spacetime, with particular values of

couplings, 𝛼/𝑀 = 0.25 and 𝛽 = 0, which are known to lead to loss of hyper-

bolicity during this evolution of the data above. We evolve the data using two

different coordinate systems and verify that the effective metric does indeed

change sign when hyperbolicity is lost. Moreover, as expected, the change of

sign happens at the same location for both coordinate systems. As depicted in

Figure 8.1, the determinant changes sign at the same radius (within grid spac-

ing) when the system becomes elliptic and when it switches back again (from

positive to negative). This demonstrates that the gauge-independent prop-

erty of the determinant is manifest in numerical simulations. We have per-

formed the same runs with double and quadruple resolutions to check that

the sign change occurs at the same radius up to the grid spacing of the two

different codes, and we have found consistency in the results. It is worth not-

ing that a small discrepancy in the localisation of the radius might also arise

due to the different definitions of the time coordinate in Schwarzschild and

Painleve-Gullstrand coordinates. Next, we explore the parameter space of the

theory. We track the effective metric to probe the loss of hyperbolicity and in-

spect its relation to the gauge choice. First, in Schwarzschild coordinates, we

re-examine the parameter space already explored in [446]. We find that the

effective metric criterion reproduces the results found there, and hence the

observed behaviour is not due to the gauge choice. This might indicate that

the ill-posedness observed in the literature in various studies of scalar Gauss-
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Figure 8.1: The plot shows the determinant of the effective metric at the

time slice when hyperbolicity is lost, in different coordinates, for the same

initial data, and coupling constants with 𝛼/𝑀 = 0.25, and 𝛽 = 0. We

observe that the sign of the determinant changes at the same location in

both coordinates within a tolerance of grid spacing.
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Bonnet gravity [409, 412–414, 421–424, 433, 434, 453] is due to the phys-

ical, rather than the gauge modes present in the theory. Furthermore, this

provides evidence that additional interactions that would be expected to be

present in an effective field theory, such as the Ricci coupling, can be crucial

for well-posedness.

In Figure 8.2, we present the characteristic trend of the determinant

of the effective metric in Schwarzschild coordinates. Here, we consider

𝛼/𝑀 2 = 0.25 and different values of 𝛽 = {0, 0.5, 0.525} to illustrate

the signature of the effective metric in distinct scenarios. In the top plot,

the amplitude of the initial data is 𝑎0 = 10
−2. When hyperbolicity is lost

(with 𝛽 = 0), we notice the growth of the determinant and its value crossing

zero and becoming positive, i.e., the effective metric of the system is no

longer Lorentzian. On the other hand, when 𝛽 = 0.525, the effective metric

remains Lorentzian, and the final state of the evolution is flat spacetime.

In the bottom panel, we consider 𝑎0 = 1.6 × 10
−2

, which collapses into a

black hole with negligible scalar field when 𝛽 = 0.5; otherwise (𝛽 = 0), the

evolution is ill-posed, as indicated by the effective metric.

To make sure that the behaviour of the effective metric near the loss of

hyperbolicity is not affected by the loss of convergence and accumulating er-

rors as the system changes character from hyperbolic to elliptic, we also com-

pute the same determinant in simulations of the same initial data using the

fixing-the-equations approach. In this case, the evolution of the “fixed” sys-

tem remains hyperbolic, but the determinant tracks the hyperbolicity prop-

erties of the original system. The behaviour of the effective metric evaluated

using the “fixed” system is depicted in Figure 8.2 for different values of the

time scale 𝜉 . We observe the same trend produced by the “original” system;

hence, the coordinate system or numerical instabilities are not causing the sys-

tem to change its character. Moreover, in Figure 8.3, we examine the trend

of the determinant in the fixed system for which the end state of the evolu-

tion is a flat spacetime. We observe that the original system becomes elliptic

at some point, as suggested by the effective metric. However, as expected, as

the system evolves to flat geometry, the effective metric settles down and be-

comes Lorentzian again. We also study black hole initial data using Painleve-

Gullstrand coordinates. Two examples are given in Figure 8.4, where we have
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Figure 8.2: The plot shows the maximum of the determinant of the effec-

tive metric det

(
𝑔𝑎𝑏

eff

)
in space for different values of 𝛽. The evolution was

performed in Schwarzschild coordinates. The choice of coupling con-

stant is 𝛼/𝑀 2 = 0.25. The top panel is for 𝑎0 = 10
−2

for which the

evolution ceases to be well-posed in the 𝛽 = 0 case, as the determinant of

the effective metric grows and crosses zero. However, the effective metric

remains Lorentzian for 𝛽 = 0.525, and the evolution remains hyperbolic.

We observe similar behaviour in the bottom panel. In this case, the choice

of the initial data (𝑎0 = 1.6× 10
−2

) leads to the formation of an apparent

horizon with a negligible scalar field. We also show the effective metric in

the fixed theory for 𝛽 = 0 for two different timescales that increase for

darker shades of green.
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Figure 8.3: We plot the behaviour of the maximum of the determinant

of the effective metric reconstructed with the fixed theory for 𝛼/𝑀 2 =

0.25, 𝛽 = 0, and initial data with 𝑎0 = 9.5 × 10
−3

. We observe that at

some point the effective metric flips sign and becomes non-Lorentzian;

however, with the fixing procedure, we can evolve the system, resulting in

flat spacetime with the effective metric remaining Lorentzian.

158158158



Chapter VIII. Gauge invariant study for spherical evolution

t

−0.8

0.0

0.8

1.6

d
et
( g

eff
) α/M 2 = 0.25

β = 0
β = 1

0 5 10 15 20
t

−0.8

0.0

0.8

1.6

d
et
( g

eff
) α/M 2 = 0.75

β = 0
β = 2

Figure 8.4: Same as Figure 8.2. The evolution was performed in Painleve-

Gullstrand coordinates with black hole initial data and a scalar field

perturbation. We observe a similar trend to the Schwarzschild case.

The system is no longer hyperbolic when the effective metric ceases to

be Lorentzian. The top panel depicts initial data with 𝑎0 = 5 ×
10

−3, 𝛼/𝑀 2 = 0.25. The final state (when the evolution remains well-

posed) is a Schwarzschild black hole. We have the same initial data in the

bottom panel, with 𝛼/𝑀 2 = 0.75, but the final state is a scalarized black

hole.

𝛼/𝑀 2 = 0.25 (top panel), and 𝛼/𝑀 2 = 0.75 (bottom panel). The top and

bottom panels have 𝑎0 = 5 × 10
−3

. In both cases, when 𝛽 = 0 we observe

similar proclivity for the effective metric to become non-Lorentzian, but in

the occasions where the evolution is hyperbolic (𝛽 > 0), the end states are

either a Schwarzschild (top panel) or a scalarized black hole (bottom panel).

8.6 Disformal transformations
The key advantage of using the determinant of the effective metric, or more

generally, the principal symbol analysis of [449], is to assess well-posedness in
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a gauge-invariant manner. This makes it a more trustworthy diagnostic than

studying the evolution in a particular gauge. Nonetheless, it cannot be seen

as a definitive criterion of whether or not a theory is well-posed—after all,

well-posedness is a statement about a particular initial value formulation of a

theory. One can perform field redefinitions that affect the formulation of the

initial value problem and its hyperbolicity.

An invertible linear transformation of the partial differential equations

system preserves the hyperbolic nature of the system. If the transformation

is derivative-dependent, however, then in general, this is no longer the case.

To illustrate this point with an example, we consider the effect of disformal

transformations on hyperbolicity.

8.6.1 Preliminaries
Disformal transformations were initially introduced by Bekenstein in [454].

Such transformations are defined through a field redefinition of the form

𝑔𝜇𝜈 → A(𝜙, 𝑋 ) 𝑔𝜇𝜈 + B(𝜙, 𝑋 )∇𝜇𝜙∇𝜈𝜙 =: 𝑔̃𝜇𝜈 , (8.6.1)

with disformal functions A, and B. In the case of A = A(𝜙), and B = 0,

we retrieve the usual conformal transformations. The disformal functions

now depend implicitly on the metric and how the scalar field changes in

spacetime through the kinetic term, not only on the field itself.

The disformal field redefinitions should satisfy some “reasonable” con-

ditions to produce a “well-behaved” metric. We impose that the disformal

metric is invertible with a non-singular volume element, given by

𝑔 𝜇𝜈 → 1

A

(
𝑔 𝜇𝜈 − B

A − 2B𝑋 ∇𝜇𝜙∇𝜈𝜙
)
, (8.6.2)

√−𝑔 → A2 (1 − 2B𝑋 /A)1/2
√−𝑔 , (8.6.3)

from which, for positive A (the case we will consider), we have the condition

A − 2B𝑋 > 0 . (8.6.4)

Two different representations of a Lagrangian related by a disformal trans-
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formation will have the same degrees of freedom and physical solutions for

invertible transformations [455]. An additional constraint on the functions

A, and B arises as a consequence of invertibility, given by [456]

A
(
A − 𝑋 𝜕𝑋A + 2𝑋 2𝜕𝑋B

)
≠ 0. (8.6.5)

Note that if the functions A, and B are independent of the kinetic term 𝑋 ,

then the relation between 𝑔𝜇𝜈 , and 𝑔̃𝜇𝜈 can be trivially inverted

𝑔𝜇𝜈 =
𝑔̃𝜇𝜈 − B(𝜙)∇𝜇𝜙∇𝜈𝜙

A(𝜙) , (8.6.6)

therefore, the transformation is invertible for a non-zero A.

8.6.2 Disformal transformations and hyper-
bolicity
To examine the effect of field redefinitions on hyperbolicity we consider gen-

eral relativity minimally coupled to a scalar field (i.e., 𝑓 = ℎ = 0 in the ac-

tion (8.0.1)), and perform a transformation of the form (8.6.1) such that

A = 𝑎, and B = 𝑏 for some constants 𝑎, 𝑏. The resultant theory is [457]

𝑆 =
1

16𝜋

∫
d

4𝑥
√−𝑔 [G2 + G4𝑅

+𝜕𝑋G4

( (
□𝜙

)
2 −

(
∇𝜇∇𝜈𝜙

)
2

)]
, (8.6.7)

where,

G2 =
𝑋

𝑎S , (8.6.8)

G4 = 𝑎S , S =

√︂
1 − 2𝑏𝑋

𝑎
. (8.6.9)

Hence, we end up with a Horndeski theory with a specific choice of the func-

tions G2 and G4. For this example, we have chosen the disformal functions to

be constants for simplicity. The considered choice is rigid and might lead to

some of the conditions we discussed being dynamically violated. Nonethe-
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less, in what follows, we will analyse the behaviour of this theory for some

initial data at 𝑡 = 0 and ensure that these conditions are fulfilled.

It was shown in [382] that a theory with 𝜕𝑋G4 ≠ 0 is not strongly hy-

perbolic in the generalised harmonic gauge. To understand the effect of field

redefinitions in a gauge-independent manner, we proceed as in the case of

scalar Gauss-Bonnet and compute the effective metric in this theory. The

equations of motion and the principal symbol are given in Appendix D.2.

Now, we can analyse the characteristic equation as we have done in the

case of scalar Gauss-Bonnet, and find the determinant of the inverse effective

metric (in Schwarzschild-like coordinates (6.3.1)), which yields

det

(
𝑔𝑎𝑏

eff

)
=

𝑒−2(𝐴+𝐵)

(𝑎 − 2𝑏𝑋 )4

(
−𝑎2 + 𝑎2𝑏2𝑋 2

−2𝑎𝑏2𝑋 2S − 4𝑎𝑏3𝑋 3 + 4𝑏4𝑋 4

)
,

(8.6.10)

and the kinetic term is given by

𝑋 =
1

2

(
𝑒−2𝐴

(
𝜕𝜙

𝜕𝑡

)
2

− 𝑒−2𝐵

(
𝜕𝜙

𝜕𝑟

)
2

)
. (8.6.11)

For concreteness, we fix 𝑎 = 𝑏 = 1, and find the values of 𝑋 for which the

effective metric ceases to be Lorentzian,

det

(
𝑔𝑎𝑏

eff

)
≥ 0 ⇐⇒ 𝑋 ⪅ −0.6573 . (8.6.12)

To study the effect of disformal transformations on hyperbolicity, we evolve

general relativity in Schwarzschild coordinates using two types of initial data

that lead to condition (8.6.12) being satisfied initially, whilst maintaining the

invertibility of the transformation. That is, the physics is left invariant under

the disformal change of variables. If we take the initial data for the scalar field

to be

• Type-A:

𝜙(0, 𝑟) = 𝑎0 exp

[
−

(
𝑟 − 𝑟0

𝑤0

)
4

]
, 𝑃 (0, 𝑟) = 0 , (8.6.13)
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Figure 8.5: The plot shows the kinetic term at 𝑡 = 0. We have type-A ini-

tial data with 𝑎0 = 0.85, 𝑟0 = 2, and 𝑤 = 1. We observe that the effective

metric is not Lorentzian, as 𝑋 is less than the threshold for some 𝑟 , indi-

cating that the problem is ill-posed after performing the disformal trans-

formation. Nevertheless, the original formulation, i.e., general relativity

with a minimal scalar, produces a well-posed evolution. Similar behaviour

is observed for 𝑎0 approximately in [0.78, 1.98] without being hidden by

an apparent horizon. For type-B initial data we have 𝑎0 = 5×10
−3, 𝑟0 = 2,

and𝑤 = 1. For 𝑎0 approximately in [5× 10
−3, 0.7], the evolution is akin

to the case shown without forming an apparent horizon.

• Type-B:

𝜙(0, 𝑟) = 𝑎0

𝑟5

(
exp(1/𝑟) − 1

)−1

, 𝑃 (0, 𝑟) = 0 . (8.6.14)

Then the effective metric will change signature at some 𝑟 > 0, as the value

of 𝑋 is below the threshold, as shown in Figure 8.5. Note that the invertibil-

ity condition (8.6.5) is trivially satisfied. Therefore, for such initial data, the

problem is ill-posed, while in the original formulation (general relativity with

a minimal scalar), the theory is always well-posed.
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8.7 Discussion

We have studied the well-posedness of spherical dynamics in scalar Gauss-

Bonnet gravity with additional Ricci coupling, using the gauge-invariant

method of [449]. In this setup, loss of hyperbolicity can be probed by

calculating when an effective metric becomes degenerate.

We have used flat and black hole initial data for various coupling con-

stants and explored the same part of the parameter space as in [445, 446],

performing simulations in both of the gauge choices used therein. We find

that the determinant of the effective metric changes sign in cases for which

loss of hyperbolicity was reported in [445, 446]. At the same time, it remains

non-degenerate for sufficiently large values of the Ricci coupling. This indi-

cates that it is the behaviour of the physical degrees of freedom, rather than a

gauge choice, that is responsible for dynamically changing the character of the

equations from hyperbolic to elliptic. Our results provide further evidence

that the Ricci coupling has a positive effect on hyperbolicity in spherical sym-

metry and that, more broadly, including additional couplings that would be

present in an effective field theory can be crucial for having a well-posed initial

value problem beyond general relativity.

Although the (sign of the) determinant of the effective metric is a gauge-

invariant probe of well-posedness, one could have concerns about accuracy

when calculating it numerically in a specific gauge near the loss of hyper-

bolicity. To address this, we have performed additional simulations utilising

the fixing-the-equations approach, where evolution remains hyperbolic, and

monitored the evolution of the effective metric of the original system. We

found that the determinant changes sign in the same fashion as it did in the

original theory. This suggests that our earlier results are reliable and that the

growth of the determinant was not due to the accumulation of numerical

error near the elliptic region. We have also considered initial data for which

one expects the endpoint to be flat space, but for which the original system

of equations becomes elliptic during evolution. We have then verified that

in the fixed system, evolution proceeds without problems and flat space is in-

deed the endpoint. We computed the effective metric of the original system

using the fixed system and found that it becomes non-Lorentzian when the
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system changes character, but then returns to being Lorentzian as the evolu-

tion proceeds in the fixed system for longer times.

Additionally, we highlighted a limitation in using the determinant of the

effective metric as a probe of hyperbolicity. Although it is gauge invariant,

it is not invariant under field redefinitions, which can indeed affect the char-

acter of the evolution equations. As an illustrative example, we analysed the

effect of disformal transformations on a minimally coupled scalar field in gen-

eral relativity. This transformation maps general relativity to a certain Horn-

deski theory, which is not always well-posed. We evolved general relativity

for certain choices of the initial data and ensured that the transformation is

invertible initially, thereby maintaining the same physics in both theoretical

representations. We found that the effective metric of the Horndeski theory

indicates that this initial data will lead to elliptic equations, and hence, an

ill-posed problem.

It would be fruitful to generalise this analysis to 3+1 dimensions, which

will provide a useful diagnostic tool for numerical codes. Nonetheless, the

3 + 1 case is more complicated and generally it would not be possible to re-

duce the system to a scalar equation with an effective metric, as the scalar

and gravitational degrees of freedom will mix beyond spherical symmetry. Al-

ternatively, one would need to find the roots of the quartic polynomial and

check that they are always real.
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Chapter IX

Conclusions

In this thesis, we argued that, despite its remarkable successes, general rela-

tivity remains an incomplete theory of gravity. Ongoing advances in gravita-

tional wave astronomy may illuminate the nature of gravitational interaction

and reveal signatures of new physics emerging well below the Planck scale,

for example, in the mergers of binary black holes. Moreover, although cos-

mological scales were not originally expected to host new physics, we still lack

satisfactory explanations for dark matter and dark energy.

To explore extensions of general relativity, we first examined the foun-

dations that render it a robust theoretical framework. We briefly reviewed

its geometric structure and the identification of gravity with spacetime cur-

vature. However, historically, articulating these principles proved challeng-

ing. Einstein’s early formulations were often misunderstood or contested,

partly because he was at times confused by his ideas and did not convey them

as clearly as possible, leading to objections such as those of Kottler concern-

ing the equivalence principle. Kretschmann’s critique of general covariance

likewise spurred ongoing debate about what constitutes genuine background

independence. While these concerns may appear philosophical, they play a

crucial role in the classification and evaluation of gravitational theories (see

Section II).

Lovelock’s theorem demonstrates that general relativity is unique under
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specific assumptions. Departing from these assumptions offers a pathway

to generalisation. One natural approach, which we adopt in this thesis,

introduces new fundamental fields to encode new physics—particularly

scalar fields—as additional degrees of freedom. These fields are simple yet

widely studied, relevant to both dark sector phenomenology and high-energy

extensions such as quantum gravity. When coupled non-minimally to cur-

vature, scalars can modify the dynamics of compact objects, including black

holes and neutron stars. The prototypical example is scalar-tensor theory,

originally formulated by Brans and Dicke to embody Mach’s principle.

Although Brans-Dicke theory and its immediate generalisations are now

largely outdated, Horndeski’s construction retains relevance by allowing all

non-minimal scalar-curvature couplings consistent with second-order field

equations. Extending general relativity introduces considerable complexity.

The literature contains a vast array of proposals, many of which suffer

from pathologies such as ghost modes, gradient instabilities, or ill-posed

initial value problems. As emphasised throughout this work, meaningful

extensions must be formulated within the effective field theory paradigm. We

do not consider these theories fundamental; rather, they provide controlled

parametrisations of low-energy deviations from general relativity. This

agnostic stance toward the ultraviolet completion of gravity enables us to

constrain such deviations empirically, using a finite set of parameters. While

effective field theories cannot offer a paradigmatic shift on their own, they

serve as essential tools for probing physics across scales, which may ultimately

guide us toward a more complete theory.

Additional fields may imprint observable signatures on black holes, po-

tentially detectable in gravitational wave signals. However, many no-hair the-

orems prohibit black holes from acquiring non-trivial scalar configurations.

These theorems apply to a broad class of minimally and non-minimally cou-

pled scalar models. A notable exception arises when a scalar couples to the

Gauss-Bonnet invariant. In Section 4.2, we investigated hairy black holes in

shift-symmetric scalar-Gauss-Bonnet theories, where the scalar couples lin-

early to the Gauss-Bonnet term. Shift symmetry leads to a massless scalar and

prevents it from acquiring a mass under quantum corrections. This is partic-

ularly relevant as current and upcoming experiments will probe horizon-scale
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physics and may constrain or detect such light scalar fields. We further dis-

cussed the effect of additional interactions and demonstrated that they can

qualitatively alter the picture. The regularity condition on the horizon re-

mains, albeit modified, and black holes still possess a minimum mass. Fur-

thermore, the scalar charge per unit mass is affected especially for black holes

with masses near the minimum mass. However, in this case, black holes are

always dressed with a non-trivial scalar profile, and general relativity black

holes are not solutions of this theory.

In most known models, deviations from the Kerr metric appear for solar

mass black holes, whilst supermassive black holes are still well described by

the Kerr metric. For example, since the tachyonic instability is most strongly

controlled by the compactness of the black hole, solar mass black holes are

the most susceptible to spontaneous scalarization. Nonetheless, in Section V,

we studied a scenario that breaks this picture and analysed it from an effec-

tive field theory perspective. We found that the resulting effective field theory

does not have the right coupling sign or the right hierarchy of scales. We have

also shown that theories with two scalars do not naturally produce scalariza-

tion exclusively for supermassive black holes.

We then turned our attention to the dynamics of black holes in such the-

ories. We have investigated the well-posedness of the initial value problem in

scalar Gauss-Bonnet gravity with an additional quadratic coupling between

the scalar field and the Ricci scalar. Through a combination of spherical

collapse simulations, black hole dynamics, and gauge-invariant diagnostics,

we have demonstrated that this Ricci coupling significantly improves the hy-

perbolicity properties of the theory within spherical symmetry. In particu-

lar, it can prevent the formation of naked elliptic regions—associated with

a breakdown of predictivity—for sufficiently large coupling values that re-

main consistent with radial black hole stability, cosmological constraints, and

bounds on neutron star scalarization. Our results thus highlight the critical

role of including additional interactions, beyond those strictly necessary for

phenomenology, in constructing well-posed effective field theories of gravity.

Moreover, our results show that hyperbolicity loss arises from the behaviour

of physical degrees of freedom, confirming the gauge independence of this

phenomenon. This also demonstrates that the positive effect of the Ricci
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coupling in regulating the dynamics is gauge-independent; however, we have

identified a limitation: field redefinitions can alter the character of the evolu-

tion equations, complicating the drawing of general conclusions.

Our simulations also reproduced known features of scalarized black hole

formation: initial data with mass above the scalarization threshold evolve to

bald black holes, while those within the scalarization window dynamically

settle into scalarized solutions that match the corresponding static profiles.

Below the minimum mass bound, black holes are absent, and the system ei-

ther dissipates to flat space or develops elliptic behaviour. Notably, the onset

of hyperbolicity loss correlates well with the presence of finite-area singulari-

ties inside scalarized black holes. This connection warrants further investiga-

tion, especially in the context of excision techniques that remove the elliptic

region without affecting the exterior solution, thereby extending the range of

stable numerical evolution.

A key limitation of this study is the restriction to spherical symmetry. It

remains unclear whether the Ricci coupling suffices to improve hyperbolicity

in fully dynamical 3+1 simulations. Nonetheless, preliminary studies suggest

it may have a stabilising effect [448]. Extending this analysis to more realistic

scenarios, such as stellar collapse, would offer a compelling next step and may

yield stronger phenomenological relevance than scalar collapse alone. Fur-

thermore, exploring the non-linear stability of scalarized black holes under

generic perturbations would provide deeper insight into the long-term dy-

namics of such solutions within the broader landscape of effective gravita-

tional theories.

Looking ahead, more broadly, upcoming experiments such as LISA, the

Einstein Telescope, and other third-generation gravitational wave detectors

will significantly enhance our ability to probe the non-perturbative regime of

gravity. These advances promise stringent tests of scalar-tensor theories and

other extensions of general relativity, offering critical insight into the nature

of gravity and the viability of extended theories.
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Appendix A: Perturbative coeffi-
cients

We present the coefficients in the 𝛼̃-expansion of the scalar charge and the

ADM mass. To find the perturbative expressions, we solve the perturbed field

and scalar equations. To first order:

(𝑡𝑡) : 0 = (𝑟 − 2𝑚)𝐵′
1
+ 𝐵1 , (A.0.1)

(𝑟𝑟) : 0 = (2𝑚 − 𝑟)𝐴′
1
+ 𝐵1 , (A.0.2)(

𝜙
)

: 0 = 𝑟5(2𝑚 − 𝑟)𝜙′′
1
+ 2𝑟4(𝑚 − 𝑟)𝜙′

1
− 48𝑚2 . (A.0.3)

To second order:

(𝑡𝑡) : 0 =𝑚2𝑟10(𝑟 − 2𝑚)𝐵′
2
+𝑚2𝑟10𝐵2 + 2304𝛾𝑚6 − 384𝛾𝑚3𝑟3

− 52𝑚2𝑟6 − 8𝑚3𝑟5 − 16𝑚4𝑟4 + 736𝑚5𝑟3 − 2𝑚𝑟7

+ 12𝛾𝑟6 − 𝑟8 ,

(A.0.4)

(𝑟𝑟) : 0 =

(
4𝑚2 + 2𝑚𝑟 + 𝑟2

) [
8𝑚3

(
4𝛾 + 5𝑟2

)
− 16𝑚2𝑟3 − 4𝑟3𝛾 + 𝑟5 ] +𝑚2𝑟9(2𝑚 − 𝑟)𝐴′

2

+𝑚2𝑟9𝐵2 ,

(A.0.5)

(𝜙) : 0 = 40𝑚2𝑟4𝜎 − 672𝑚3𝑟3𝜎 − 224𝑚4𝑟2𝜎 − 2𝑚2𝑟11𝜙′
2

+ 2𝑚3𝑟10𝜙′
2
−𝑚2𝑟12𝜙′′

2
+ 2𝑚3𝑟11𝜙′′

2
− 512𝑚5𝑟 𝜎

+ 3456𝑚6𝜎 + 16𝑚𝑟5𝜎 + 24𝑟6𝜎 .

(A.0.6)
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Higher order equations are very lengthy, but we have calculated them up

to O( 𝛼̃5). We can then solve for the coefficients appearing in the expres-

sions (4.2.30) – (4.2.31) for the charge and mass expansions

𝑄1 =
2

𝑚
, (A.0.7)

𝑄3 = − 1

60𝑚5
, (A.0.8)

𝑄4 = − 689𝜎

36960𝑚9
, (A.0.9)

𝑄5 =
11051𝜅

720720𝑚11
−

268867𝛾2

16336320𝑚13
−

84317𝛾

180180𝑚11

− 4609603𝜎 2

130690560𝑚13
− 118549

158400𝑚9
. (A.0.10)

𝑀2 =
49

40𝑚3
, (A.0.11)

𝑀3 =
18107𝜎

73920𝑚7
, (A.0.12)

𝑀4 =
244007𝛾

360360𝑚9
−

635421𝛾2

10890880𝑚11
+ 11838611𝜎 2

87127040𝑚11
(A.0.13)

+ 408253

246400𝑚7
+ 130309𝜅

1441440𝑚9
, (A.0.14)

𝑀5 =
995527207𝛾 𝜎

1241560320𝑚13
−

210006269𝛾2𝜎

2595989760𝑚15
+ 56711635𝜅𝜎

496624128𝑚13

+ 12276069473𝜎 3

119189790720𝑚15
+ 84509327587𝜎

50315865600𝑚11
. (A.0.15)

In equations (4.2.34) – (4.2.35) we presented the general form of the expan-

sions for the scalar field and the Gauss-Bonnet invariant up to third order in

𝛼̃, which were used in Figures 4.1, and 4.2. Here we give the analytic expres-
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sions for the coefficients appearing in these expansions

𝜙0 = 0 , (A.0.16)

𝜙1 =
2𝛼

(
3𝑟2 + 4𝑚2 + 3𝑟

)
3𝑚𝑟3

, (A.0.17)

𝜙2 =
2𝜎

(
−224𝑚5 − 84𝑚4𝑟 − 24𝑚3𝑟2 + 84𝑚2𝑟3 + 42𝑚𝑟4 + 21𝑟5

)
21𝑚2𝑟9

,

(A.0.18)

𝜙3 =
1

30𝑚4

[
18432𝑚9𝜎 2

𝑟15
+

7680𝑚8
(
8𝛾2 + 3𝜎 2

)
7𝑟14

+
15360𝑚7

(
8𝛾2 − 𝜎 2

)
13𝑟13

+
240𝑚(2𝛾 + 𝜅) − 952𝑚3

5𝑟5
+

320𝑚6
(
24𝛾2 + 8𝑚2(7𝛾 − 𝜅) − 33𝜎 2

)
𝑟12

+
48𝑚2

(
−10𝛾2 + 58𝑚4 − 5𝑚2(𝛾 − 𝜅) + 15𝜎 2

)
𝑟8

+
96𝑚4

(
−8𝛾2 + 24𝑚2(3𝛾 − 𝜅) − 5𝜎 2

)
𝑟10

+
32𝑚2

(
15(2𝛾 + 𝜅) − 82𝑚2

)
3𝑟6

+
160𝑚

(
−6𝛾2 + 35𝑚4 + 18𝜅𝑚2 + 12𝜎 2

)
7𝑟7

+ 66𝑚2

𝑟4
+ 526𝑚

3𝑟3
− 1

2𝑚𝑟
+ 73

𝑟2

+
3840𝑚5

(
4𝛾2 + 8𝑚2(4𝛾 − 𝜅) − 9𝜎 2

)
11𝑟11

+
160𝑚3

(
−72𝛾2 + 424𝑚4 − 24𝑚2(2𝛾 + 𝜅) + 99𝜎 2

)
9𝑟9

]
. (A.0.19)
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G1 =
48𝑚2

𝑟6
, (A.0.20)

G2 =
79872𝛾𝑚5

𝑟15
+

14336𝛾𝑚4

𝑟14
+

6656𝛾𝑚3

𝑟13
−

12288𝛾𝑚2

𝑟12

+ 53760𝑚4

𝑟12
− 4096𝑚3

5𝑟11
− 448𝑚2

𝑟10
+ 588

5𝑚2𝑟6
−

1408𝛾𝑚

𝑟11

+
384𝛾

𝑚𝑟9
− 4608𝑚

𝑟9
− 64

𝑚𝑟7
−

640𝛾

𝑟10
− 32

𝑟8
, (A.0.21)

G3 =
106496𝛾𝑚5𝜎

𝑟19
−

5603328𝛾𝑚7𝜎

𝑟21
−

98304𝛾𝑚6𝜎

𝑟20

+
1892352𝛾𝑚4𝜎

𝑟18
+

129024𝛾𝑚3𝜎

𝑟17
+

28672𝛾𝑚2𝜎

𝑟16

− 2174976𝑚6𝜎

𝑟18
+ 3981312𝑚5𝜎

11𝑟17
+ 841728𝑚4𝜎

5𝑟16

+ 507904𝑚3𝜎

𝑟15
− 38016𝑚2𝜎

𝑟14
+ 18107𝜎

770𝑚6𝑟6

−
181248𝛾𝑚𝜎

𝑟15
+

4608𝛾 𝜎

𝑚2𝑟12
−

4096𝛾 𝜎

𝑚𝑟13

− 122880𝑚𝜎

7𝑟13
−

12288𝛾 𝜎

𝑟14
− 27648𝜎

𝑟12
. (A.0.22)
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Appendix B. Schwarzschild coordinates

B.1 Characteristic speeds in Schwarzschild
coordinates

P𝐼 𝐽 (𝜉 ) := P𝜇

𝐼 𝐽
𝜉𝜇 =

𝜕𝑉𝐼

𝜕 (𝜕𝜇𝑢 𝐽 )
𝜉𝜇 , (B.1.1)

for a given covector 𝜉𝜇. The covector 𝜉𝜇 is called characteristic if it satisfies

the characteristic equation

det(P𝐼 𝐽 (𝜉 )) = 0 . (B.1.2)

The system of equations is well-posed if all solutions of the characteristic

equation are real. In spherical symmetry, the principal symbol matrix can

be written as [413]

P(𝜉 ) =
(
A𝜉𝑡 + B𝜉𝑟 Q𝜉𝑟

R𝜉𝑟 S𝜉𝑟

)
, (B.1.3)

where,

A :=

(
𝜕𝐸𝑄/𝜕

(
𝜕𝑡𝑄

)
𝜕𝐸𝑄/𝜕 (𝜕𝑡𝑃 )

𝜕𝐸𝑃/𝜕
(
𝜕𝑡𝑄

)
𝜕𝐸𝑃/𝜕 (𝜕𝑡𝑃 )

)
,

B :=

(
𝜕𝐸𝑄/𝜕

(
𝜕𝑟𝑄

)
𝜕𝐸𝑄/𝜕 (𝜕𝑟𝑃 )

𝜕𝐸𝑃/𝜕
(
𝜕𝑟𝑄

)
𝜕𝐸𝑃/𝜕 (𝜕𝑟𝑃 )

)
,

Q :=

(
𝜕𝐸𝑄/𝜕 (𝜕𝑟𝐴) 𝜕𝐸𝑄/𝜕 (𝜕𝑟𝐵)
𝜕𝐸𝑃/𝜕 (𝜕𝑟𝐴) 𝜕𝐸𝑃/𝜕 (𝜕𝑟𝐵)

)
,

R :=

(
𝜕𝐶𝐴/𝜕

(
𝜕𝑟𝑄

)
𝜕𝐶𝐴/𝜕 (𝜕𝑟𝑃 )

𝜕𝐶𝐵/𝜕
(
𝜕𝑟𝑄

)
𝜕𝐶𝐵/𝜕 (𝜕𝑟𝑃 )

)
,

S :=

(
𝜕𝐶𝐴/𝜕 (𝜕𝑟𝐴) 𝜕𝐶𝐴/𝜕 (𝜕𝑟𝐵)
𝜕𝐶𝐵/𝜕 (𝜕𝑟𝐴) 𝜕𝐶𝐵/𝜕 (𝜕𝑟𝐵)

)
.

(B.1.4)

where 𝐸𝑄 = 0, 𝐸𝑃 = 0 are the evolution equations, and 𝐶𝐴 = 0, 𝐶𝐵 = 0

are the constraint equations. The characteristic speed in spherical symmetry

is defined as 𝑐 := −𝜉𝑡/𝜉𝑟 . If 𝜉𝜇 satisfies the characteristic equation, then the
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Appendix B. Schwarzschild coordinates

corresponding values of the characteristic speeds are given by

𝑐± =
1

2

(
Tr(C) ±

√
D

)
, (B.1.5)

where,

D := Tr(C)2 − 4Det(C) , (B.1.6)

C :=A−1 ·
(
B − Q · S−1 · R

)
. (B.1.7)

B.2 Code validation

Here, we present the convergence tests to validate the simulations we

have performed. We present two cases: one where the end state is a flat

background, and another where we observe the formation of an apparent

horizon. We use three different resolutions {Δ𝑟Low, Δ𝑟Mid, Δ𝑟High} =

{0.0625, 0.03125, 0.015625}. In Figure B.1, we display the convergence

behaviour of the Misner-Sharp mass. In both panels, we demonstrate

fourth-order convergence up to the formation of the apparent horizon (in

the second panel), as expected.
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Figure B.1: In both panels, we show the convergence of the Misner-Sharp

mass where we plot the absolute difference between the low and medium

resolutions, and between the medium and high resolutions for type-I ini-

tial data with 𝑟0 = 25, 𝑤0 = 6. The latter is rescaled by a factor of

𝑐4 = 16 for both plots, showing fourth-order convergence. In the top

panel, we have 𝑎0 = 0.3, and 𝛼/𝑀 2 = 1.25, 𝛽 = 0.5 with the end

state being flat spacetime. In the bottom panel, we have 𝑎0 = 0.4 and

𝛼/𝑀 2 = 0.025, 𝛽 = 0.9, which forms an apparent horizon indicated by

the black dotted line.
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Appendix B. Schwarzschild coordinates

B.3 Exploring the parameter space
In Table B.1, we summarise some additional simulations we performed. For

each case, we specify the type of initial data used and the amplitude of the

pulse 𝑎0. For all cases, we fix 𝑟0 = 25 and 𝑤0 = 6. We also list the values

of the coupling constants 𝛼/𝑀 2
and 𝛽, the Misner-Sharp mass 𝑀 at 𝑡 = 0

(used to rescale lengths), and the simulation outcome. Among the outcomes,

we distinguish the following cases. We dub flat all cases in which the scalar

field disperses to infinity. We note NER when the discriminant D becomes

negative, signalling the appearance of a naked elliptic region. We mark BH
and sBH when we can trace the formation of an apparent horizon from the

condition exp(𝐴 − 𝐵) → 0. In the former, the scalar field approaches zero

in the late stages of the evolution. In the latter, it is consistent with stationary

scalarized black holes.

Finally, we note that in some cases, which encompass large values

of 𝛼/𝑀 2
and 𝛽, we encountered difficulty in imposing the boundary

conditions at the centre. A solution to this problem was to increase the order

of the Taylor expansion at the centre to select accurate boundary conditions

for 𝐴 and 𝐵 as shown in equations (6.3.7) – (6.3.9). We also noticed that

increasing the strength of the Kreiss-Olliger dissipation and decreasing

the order of the stencils of finite differences from fourth to second order

mitigated this effect.
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Appendix B. Schwarzschild coordinates

Initial data Coupling constants

𝑀 Outcome

type 𝑎0 𝛼/𝑀 2 𝛽

I 0.1 0.0 0.0 0.1693 flat

I 0.1 {0.75, 1.25} 0.0 0.1693 flat

I 0.1 {0.75, 1.25} 0.5 0.1692 flat

I 0.1 {0.75, 1.25} 1.0 0.1694 flat

I 0.1 {0.75, 1.25} 1.5 0.1699 flat

I 0.1 {0.75, 1.25} 2.0 0.1705 flat

I 0.3 0.0 0.0 1.4550 flat

I 0.3 1.25 0.0 1.4550 NER

I 0.3 1.25 0.35 1.4530 flat

I 0.3 1.25 0.5 1.4540 flat

I 0.3 1.75 0.0 1.4550 NER

I 0.3 1.75 0.2 1.4526 NER

I 0.3 1.75 0.35 1.4526 NER

I 0.3 1.75 0.5 1.4542 flat

I 0.3 2.25 0.0 1.4550 NER

I 0.3 2.25 0.2 1.4526 NER

I 0.3 2.25 0.6 1.4561 flat

I 0.4 0.0 0.0 2.4864 BH

I 0.4 0.025 0.0 2.4865 NER

I 0.4 0.025 0.35 2.4795 NER

I 0.4 0.025 0.9 2.4871 BH

II 0.01 0.0 0.0 1.2431 BH

II 0.01 0.75 0.0 1.2431 NER

II 0.01 0.75 0.35 1.2434 NER

II 0.01 0.75 0.5 1.2445 NER

II 0.01 0.75 1.0 1.2518 flat

II 0.015 0.0 0.0 2.6532 BH

II 0.015 0.75 0.0 2.6534 NER

II 0.015 0.75 0.35 2.6553 NER

II 0.015 0.75 1.0 2.7000 BH

II 0.015 0.75 1.5 2.7727 sBH

II 0.015 0.75 2 2.8812 sBH

II 0.016 0.0 0.0 2.9800 NER

II 0.016 0.75 0.0 2.9804 NER

II 0.016 0.75 0.35 2.9829 NER

II 0.016 0.75 1.0 3.0415 BH

II 0.016 0.75 1.5 3.1370 sBH

II 0.016 0.75 2 3.2805 sBH

II 0.02 0.0 0.0 4.3895 BH

Table B.1: We have 𝑟0 = 25, and 𝑤0 = 6. 𝑀 is the initial mass. “NER”:

naked elliptic region. “BH”: black hole. “sBH”: scalarized black hole.
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Appendix C. Painleve-Gullstrand coordinates

C.1 Code validation

In this section, we present convergence tests to validate the simulations we

have performed. We use three different resolutions {Δ𝑥Low, Δ𝑥Medium, Δ𝑥High} =
{0.025, 0.0125, 0.00625}. In Figure C.1, we display second-order conver-

gence of the 𝜁 constraint𝐶𝜁 for different times during the evolution.

r/M
10−12

10−9

10−6

|C
ζ
| Low

4×Medium
16× High

r/M
10−12

10−9

10−6

|C
ζ
|
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10−9

10−6

|C
ζ
|

Figure C.1: The convergence behaviour of the 𝜁 constraint 𝐶𝜁 in space

for three resolutions Δ𝑥 = {0.025, 0.0125, 0.00625}. Each panel repre-

sents an instance in time; the top panel is at 𝑡/𝑀 = 30, the middle panel

is at 𝑡/𝑀 = 156, and the bottom panel is at 𝑡/𝑀 = 310. The initial data

is 𝑎0 = 10
−3

with 𝛼/𝑀 2 = 1, 𝛽 = 2. We observe second-order conver-

gence.
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Appendix C. Painleve-Gullstrand coordinates

C.2 Linear perturbations around
Schwarzschild

We want to study small perturbations of equation (3.3.21) around a

Schwarzschild background to determine the timescale of the tachyonic

instability. We assume a scalar field perturbation of the form

𝜙 =
𝛿𝜙(𝑟)
𝑟

𝑌ℓ𝑚 (𝜃, 𝜑)ei𝜔𝑡 , (C.2.1)

for which the scalar field equation decouples from the Einstein equations and

reads

□𝛿𝜙 + 𝛼𝑓 ′(0)G
Sch
𝛿𝜙 = 0 , (C.2.2)

where the Gauss-Bonnet invariant for the Schwarzschild metric reads

G
Sch

= 12/𝑟6
(we use units where 𝑀 = 1/2). We use the continued

fraction method to compute the growth rates for the scalarized black holes.

Let us assume the following ansatz [458]

𝛿𝜙 = 𝐴−i𝜔𝑟 i𝜔−1
e

i𝜔𝑟
𝑁∑︁
𝑛=0

𝑎𝑛𝐴
𝑛 , (C.2.3)

where 𝐴 = 𝑔𝑡𝑡 = 𝑔
𝑟𝑟 = 1 − 1/𝑟 . With these definitions, equation (C.2.2),

after some manipulation, takes the form

4∑︁
𝑗=−1

(
𝛾̃𝑛,𝑗−1 + 𝛽𝑛,𝑗 + 𝛼̃𝑛,𝑗+1

)
𝑎𝑛−𝑗 = 0 . (C.2.4)

The coefficients appearing in the relation are given by

𝛼̃𝑛,𝑗 =

(
0

𝑗

)
𝛼𝑟𝑛−𝑗 , (C.2.5)

𝛽𝑛,𝑗 =

(
0

𝑗

)
𝛽𝑟𝑛−𝑗 + 3𝛼(−1)𝑗

(
4

𝑗

)
, (C.2.6)

𝛾̃𝑛,𝑗 =

(
0

𝑗

)
𝛾 𝑟𝑛−𝑗 . (C.2.7)
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Appendix C. Painleve-Gullstrand coordinates

We notice that, from the definition of the binomial, 𝛼̃𝑛,𝑗 and 𝛾̃𝑛,𝑗 are non-

vanishing only for 𝑗 = 0, while 𝛽𝑛,𝑗 is non-zero for 0 ≤ 𝑗 ≤ 4. The coeffi-

cients appearing in the relation are

𝛼𝑟𝑛 =(𝑛 + 1) (𝑛 + 1 − 2i𝜔) , (C.2.8)

𝛽𝑟𝑛 =ℓ (ℓ + 1) + (2𝜔 + i𝑛)2 − (𝑛 + 1 − 2i𝜔)2 , (C.2.9)

𝛾 𝑟𝑛 = (𝑛 − 2i𝜔)2 . (C.2.10)

Notice that (C.2.4) is a five-term relation, but it can be easily brought to a

three-term relation through Gaussian elimination (we follow the procedure

explained in the appendix of [459]). Then, it takes the generic form

𝛽0𝑎0 + 𝛼0𝑎1 = 0 , (C.2.11)

𝛾𝑛𝑎𝑛−1 + 𝛽𝑛𝑎𝑛 + 𝛼𝑛𝑅𝑛+1 = 0 , for 𝑛 ≥ 1 . (C.2.12)

To invert the relation, we can define the ladder operators which have the fol-

lowing property 𝑎𝑛+1 = −Λ𝑛𝑎𝑛, with

Λ𝑛 =
𝛾𝑛+1

𝛽𝑛+1 − 𝛼𝑛+1Λ𝑛+1

, (C.2.13)

where the coefficients 𝛼𝑛, 𝛽𝑛 and 𝛾𝑛 are determined by the Gaussian elimina-

tion and are not explicitly reported here. By initializingΛ𝑁 for a very large𝑁

with the Nollert procedure [460] the equation one needs to solve to obtain

the eigenfrequency 𝜔 is

L = Λ1𝛼0 − 𝛽0 = 0 . (C.2.14)
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Coupling constants

𝜔𝐼 𝜔cf

𝐼
𝜔𝑅 𝜔cf

𝑅𝛼/𝑀 2 𝛽

0.0 0.0 0.105304 0.104896 0.106749 0.110455

0.025 0.0 0.105012 0.104279 0.103731 0.106891

0.025 0.5 0.104984 0.103715

0.025 0.75 0.104968 0.103703

0.025 1.0 0.104949 0.103688

0.025 1.25 0.104929 0.10367

0.025 1.5 0.104906 0.10365

0.025 1.75 0.104881 0.103626

0.025 2.0 0.104855 0.103598

0.025 2.25 0.104829 0.103565

0.025 2.5 0.104799 0.103528

0.05 0.0 0.104481 0.103652 0.100866 0.103219

0.0625 0.0 0.103307 0.103334 0.10036 0.101338

0.075 0.0 0.103419 0.103011 0.0981844 0.099425

0.075 0.5 0.103394 0.0981684

0.075 0.75 0.103383 0.0981544

0.075 1.0 0.103372 0.0981365

0.075 1.25 0.103362 0.0981146

0.075 1.5 0.10335 0.0980896

0.075 1.75 0.103338 0.0980609

0.075 2.0 0.103327 0.0980267

0.075 2.25 0.10332 0.0979849

0.075 2.5 0.103317 0.097936

0.0875 0.0 0.103179 0.102683 0.096312 0.097478

0.1 0.0 0.10246 0.102350 0.0947566 0.095494

0.1125 0.0 0.102088 0.102011 0.0927956 0.093471

0.125 0.0 0.10167 0.101664 0.0907635 0.091407

0.125 0.5 0.101654 0.0907499

0.125 0.75 0.101651 0.0907381

0.125 1.0 0.101626 0.0907378

0.125 1.25 0.101615 0.0907279

0.125 1.5 0.101612 0.0907116

0.125 1.75 0.101606 0.0906933

0.125 2.0 0.101603 0.0906713

0.125 2.25 0.101602 0.0906524

0.125 2.5 0.101592 0.0906586

Table C.1: The quasi-normal modes for different values of the couplings

𝛼/𝑀 2
, and 𝛽. The values 𝜔cf

𝑅
, and 𝜔cf

𝐼
are obtained using the continued

fraction method.
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Appendix D. Equations of chapter VIII

D.1 Effective metric coefficients

Here, we provide the coefficient 𝛼, 𝛽, and 𝛾 of the effective metric in

Schwarzschild-like coordinates

𝛼 =

[
𝑒6𝐵 (ℎ + 1)𝑟2

(
12𝑓 ′ℎ′ + 𝑟2

(
3 (ℎ′)2 + ℎ

)
+ 𝑟2

)
+ 384𝑄

(
𝑓 ′

)
3 𝜕𝐵

𝜕𝑟

−𝑒4𝐵𝑟

[
𝑓 ′

(
𝑃 2

(
4𝑟 𝑓 ′ + 𝑟3ℎ′

)
− 12(ℎ + 1)

(
8𝑓 ′

𝜕𝐵

𝜕𝑟
+ 𝑟ℎ′

(
2𝑟
𝜕𝐵

𝜕𝑟
− 1

)))
+8𝑄𝑓 ′

(
12𝑓 ′ℎ′ + 𝑟2

(
3 (ℎ′)2 + ℎ

)
+ 𝑟2

)
+ 𝑄2𝑟

(
4𝑓 ′ + 𝑟2ℎ′

) (
𝑓 ′ (4ℎ′′ + 1) − 4𝑓 ′′ℎ′

) ]
+4𝑒2𝐵 𝑓 ′

[
−24𝑓 ′

𝜕𝐵

𝜕𝑟

(
𝑄

(
4𝑓 ′ + 𝑟2ℎ′

)
+ ℎ𝑟 + 𝑟

)
+ 𝑃 2𝑟2 𝑓 ′

+𝑄𝑟
(
24𝑓 ′ℎ′ + 𝑄𝑟

(
𝑓 ′ (4ℎ′′ + 5) − 4𝑓 ′′ℎ′

) ) ] ]
/
(
𝑟2𝑒2𝐴+2𝐵

(
𝑒2𝐵 (ℎ + 1)𝑟 − 4𝑄𝑓 ′

)
2

)
,

(D.1.1)

𝛽 =
4𝑒−2(𝐴+𝐵 ) (

4

(
𝑒2𝐵 − 1

)
𝑓 ′ + 𝑒2𝐵𝑟2ℎ′

)
𝑟2

(
𝑒2𝐵 (ℎ + 1)𝑟 − 4𝑄𝑓 ′

)
2

×
[
𝑃𝑄𝑟2𝑒𝐴+𝐵

(
𝑓 ′ (2ℎ′′ + 1) − 2𝑓 ′′ℎ′

)
− 12𝑓 ′

𝜕𝐵

𝜕𝑡

(
𝑒2𝐵 (ℎ + 1)𝑟 − 4𝑄𝑓 ′

)]
,

(D.1.2)

𝛾 =

{
−4𝑒2𝐵 𝑓 ′

[
3𝑓 ′

[
8

𝜕 𝐴

𝜕𝑟

(
𝑄

(
4𝑓 ′ + 𝑟2ℎ′

)
+ ℎ𝑟 + 𝑟

)
+ 𝑄𝑟

(
8ℎ′ + 𝑄𝑟

) ]
−𝑃 2𝑟2

(
𝑓 ′ (4ℎ′′ + 1) − 4𝑓 ′′ℎ′

) ]
+ 384𝑄

(
𝑓 ′

)
3 𝜕 𝐴

𝜕𝑟

−𝑒6𝐵 (ℎ + 1)𝑟2

(
12𝑓 ′ℎ′ + 𝑟2

(
3 (ℎ′)2 + ℎ

)
+ 𝑟2

)
+𝑒4𝐵𝑟

[
12(ℎ + 1) 𝑓 ′

(
8𝑓 ′

𝜕 𝐴

𝜕𝑟
+ 𝑟ℎ′

(
2𝑟
𝜕 𝐴

𝜕𝑟
+ 1

))
− 𝑄2𝑟 𝑓 ′

(
4𝑓 ′ + 𝑟2ℎ′

)
+8𝑄𝑓 ′

(
12𝑓 ′ℎ′ + 𝑟2

(
3 (ℎ′)2 + ℎ

)
+ 𝑟2

)
−𝑃 2𝑟

(
4𝑓 ′ + 𝑟2ℎ′

) (
𝑓 ′ (4ℎ′′ + 1) − 4𝑓 ′′ℎ′

) ] }
/
(
𝑒4𝐵𝑟2

(
𝑒2𝐵 (ℎ + 1)𝑟 − 4𝑄𝑓 ′

)
2

)
.

(D.1.3)

186186186



Appendix D. Equations of chapter VIII

D.2 Equations and the principal sym-
bol of theory (8.6.7)

The metric equation of motion is given by [411, 461]

0 = −1

2

𝑎 − 𝑏𝑋
(𝑎 − 2𝑏𝑋 )2

S∇𝛼𝜙∇𝛽𝜙 −
1

2

𝑋

𝑎S 𝛿
𝛽
𝛼

+ 1

2

(
−𝑏
S − 2𝑋

𝑏2

𝑎S3

)
𝛿
𝛽𝛽1𝛽2

𝛼𝛼1𝛼2
∇𝛽1

∇𝛼1𝜙∇𝛽2
∇𝛼2𝜙

− 1

2

𝑏2

𝑎S3
𝛿
𝛽𝛽1𝛽2𝛽3

𝛼𝛼1𝛼2𝛼3
∇𝛽1

∇𝛼1𝜙∇𝛽2
∇𝛼2𝜙∇𝛼3𝜙∇𝛽3

𝜙

− 1

4

(𝑎S + 2𝑋
𝑏

S)𝛿 𝛽𝛽1𝛽2

𝛼𝛼1𝛼2
𝑅𝛼1𝛼2

𝛽1𝛽2

+ 1

4

𝛿
𝛽𝛽1𝛽2𝛽3

𝛼𝛼1𝛼2𝛼3
𝑅𝛼1𝛼2

𝛽1𝛽2
∇𝛼3𝜙∇𝛽3

𝜙 , (D.2.1)

while the scalar equation is

0 = − 𝑎 − 𝑏𝑋
(𝑎 − 2𝑏𝑋 )2

S□𝜙 + 𝑏(2𝑎 − 𝑏𝑋 )
(𝑎 − 2𝑏𝑋 )3

S∇𝛼1
𝜙∇𝛼1∇𝛼2

𝜙∇𝛼2𝜙

+ 1

6

(
3

𝑏2

𝑎S3
+ 12𝑋

𝑏3

𝑎2S5

)
𝛿
𝛽1𝛽2𝛽3

𝛼1𝛼2𝛼3
∇𝛼1∇𝛽1

𝜙∇𝛼2∇𝛽2
𝜙∇𝛼3∇𝛽3

𝜙

+ 𝑏3

𝑎2S5
𝛿
𝛽1𝛽2𝛽3𝛽4

𝛼1𝛼2𝛼3𝛼4
∇𝛼1∇𝛽1

𝜙∇𝛼2∇𝛽2
𝜙∇𝛼3∇𝛽3

𝜙∇𝛼4𝜙∇𝛽4
𝜙

+ 1

2

(
𝑏

S + 2𝑋
𝑏2

𝑎S3

)
𝛿
𝛽1𝛽2𝛽3

𝛼1𝛼2𝛼3
∇𝛼1∇𝛽1

𝜙𝑅𝛼2𝛼3

𝛽2𝛽3

+ 1

2

𝑏2

𝑎S3
𝛿
𝛽1𝛽2𝛽3𝛽4

𝛼1𝛼2𝛼3𝛼4
∇𝛼1∇𝛽1

𝜙𝑅𝛼2𝛼3

𝛽2𝛽3
∇𝛼4𝜙∇𝛽4

𝜙 , (D.2.2)
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Appendix D. Equations of chapter VIII

from which we find the various components of the principal symbol, given

by [411, 461]

(𝑃𝑔 𝑔 (𝜉 ) · 𝜔) 𝛼 𝛽 =
1

2

(
𝑎S + 2𝑋

𝑏

S

)
𝛿
𝛼𝛼1𝛼2

𝛽𝛽1𝛽2

𝜉𝛼1
𝜉 𝛽1𝜔𝛼2

𝛽2

+ 1

2

𝑏

S 𝛿
𝛼𝛼1𝛼2𝛼3

𝛽𝛽1𝛽2𝛽3

𝜉𝛼1
𝜉 𝛽1𝜔𝛼2

𝛽2∇𝛼3
𝜙∇𝛽3𝜙 , (D.2.3)

𝑃𝑔𝑚 (𝜉 ) 𝛼 𝛽 =
(
−𝑏
S − 2𝑋

𝑏2

𝑎S3

)
𝛿
𝛼𝛼1𝛼2

𝛽𝛽1𝛽2

𝜉𝛼1
𝜉 𝛽1∇𝛼2

∇𝛽2𝜙

− 𝑏2

𝑎S3
𝛿
𝛼𝛼1𝛼2𝛼3

𝛽𝛽1𝛽2𝛽3

𝜉𝛼1
𝜉 𝛽1∇𝛼2

∇𝛽2𝜙∇𝛼3
𝜙∇𝛽3𝜙 , (D.2.4)

𝑃𝑚𝑚 (𝜉 ) = −
(
𝑎 − 𝑏𝑋

(𝑎 − 2𝑏𝑋 )2
S + 2𝑋
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(𝑎 − 2𝑏𝑋 )3

S
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𝑏
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𝑏2
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2

𝑏2
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3
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𝛿
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