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Abstract

Modern non-invasive techniques for probing human brain activity, such as magne-
toencephalography (MEG), offer high temporal resolution and continuously improv-
ing spatial resolution, providing an increasingly detailed view of brain function. These
advancements enable the development of sophisticated mathematical models to better
understand the mechanisms underlying spatio-temporal neuroimaging signals. This
thesis enhances the biological accuracy of neural mass, field, and network models by
incorporating a variety of key biological features, improving their utility in under-
standing brain function. We make use of various neural models, including mean-field
models derived from networks of single neurons, which allow for tracking neuronal
synchrony and incorporating biological features such as gap junctions at the cellular
level. A model incorporating dendritic depth allows more direct measures of local field
potentials (LFP) and electroencephalography (EEG) signals. Furthermore, models in-
tegrating gap-junctions and extracellular ion concentrations are developed, providing
insights into the relationship between extracellular activity and neuronal dynamics—a
subject particularly relevant to epilepsy research. An optimisation algorithm is also

developed and utilised to fit these models to real data.
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CHAPTER 1

INTRODUCTION

In this thesis, we explore a variety of mathematical models of brain activity and
discuss their potential applications in the fields of mathematical neuroscience and
neuroimaging. The models we investigate range from a Wilson-Cowan-based neural
field model with axo-dendritic connections to next-generation neural mass and field
models that include gap-junction coupling and extracellular ion concentrations. We
use various tools to investigate these neural activity models, such as linear stability

analysis, computational simulation, and heuristic optimisation.

The structure of this thesis, beyond this introductory preface, consists of one back-
ground chapter, four research chapters, and one discussion chapter. A brief summary

of the main chapters of this thesis is now presented.

Chapter 2

In this chapter, we cover some of the background for this thesis. Since this thesis dis-

cusses multiple variations of different neural models, we use this chapter to introduce
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some of the fundamental models that we build upon and improve in the main chap-
ters. We also provide motivation for how and why mathematical models can benefit
neuroscience as a whole and discuss the specific improvements to current models that

we aim to address in the research chapters.

Chapter 3

Here, we introduce a model that extends the Wilson-Cowan neural field model. We
enhance the classic Wilson-Cowan model by incorporating passive dendritic processing
and axo-dendritic connectivity patterns. While synaptic processing is often included in
neural models, dendritic filtering is frequently neglected. To address this, we develop
a neural field model that includes both synaptic processing and dendritic filtering, as

well as axonal delays.

Using this integro-differential model, we derive a brain-wave PDE formulation, which
is computationally more feasible than directly simulating delay-differential equations.
We first investigate the wave behaviour of a single-population model before analysing
a two-population model, composed of excitatory and inhibitory neuronal populations,

where more complex patterns may emerge.

The work in this chapter is based on Brain-Wave Equation Incorporating Axoden-
dritic Connectivity by J. Ross, M. Margetts, 1. Bojak, R. Nicks, D. Avitabile, and S.
Coombes, published in Physical Review E in 2020 [1]. Julia code for the simulation
and analysis of the model discussed in this chapter is available at https://github.

com/Jamesafross/Thesis_Code/tree/main/Axo_Dendritic_Paper.


https://github.com/Jamesafross/Thesis_Code/tree/main/Axo_Dendritic_Paper
https://github.com/Jamesafross/Thesis_Code/tree/main/Axo_Dendritic_Paper
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Chapter 4

In this chapter, we move away from sigmoidal firing rate models and explore next-
generation neural models derived directly from an underlying network of quadratic
integrate-and-fire neurons. We introduce a neural mass model that incorporates both

gap-junction coupling and chemical synaptic coupling.

We perform a bifurcation analysis of this model, demonstrating how increasing and
decreasing gap-junction coupling can induce synchrony in neuronal populations. We
then extend this neural mass model to a neural field model and conduct a Turing
instability analysis to investigate the model’s spatiotemporal behaviour across vari-
ous parameter regimes. Additionally, we examine how varying gap-junction coupling

influences synchrony and the emergent patterns in the neural field model.

This chapter is based on Mean-Field Models for EEG/MEG: From Oscillations to
Waves by A. Byrne, J. Ross, R. Nicks, and S. Coombes, published in Brain Topography
on 15 May 2021 [2]|. Julia code for the simulation and instability analysis of all models
discussed in this chapter is available at https://github.com/Jamesafross/Neural_

Field_with_gaps.

Chapter 5

Here, we develop a genetic algorithm to optimise parameters in a next-generation
neural mass model, fitting the model to real MEG beta-bursting data acquired at the

Sir Peter Mansfield Imaging Centre at the University of Nottingham.

We use a hidden Markov model to detect beta bursts in a simulated neural activity
model, then apply statistics derived from this burst detection method to fit certain

statistical properties of the MEG data. Furthermore, we demonstrate the impact of


https://github.com/Jamesafross/Neural_Field_with_gaps
https://github.com/Jamesafross/Neural_Field_with_gaps
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using the optimised parameter set in a network model based on real brain network

data obtained from diffusion tensor imaging.

Julia and MATLAB code for the genetic algorithm used in this chapter is avail-
able at https://github.com/Jamesafross/BetaBurstGA, and the code for the hid-
den Markov model, developed by OHBA, can be found at https://github.com/

OHBA-analysis/HMM-MAR.

Chapter 6

In this chapter, we extend the next-generation neural model introduced in Chapter 4
by coupling the gap-junction coupling strength and the average drive of the mass model
to extracellular potassium dynamics. Extracellular potassium plays a crucial role in
the genesis and sustainment of seizure states associated with neurological conditions

such as epilepsy.

We identify bifurcations in the model through a Turing instability analysis and use
insights from this analysis to further investigate the model’s dynamics by varying
parameters that influence potassium dynamics. We demonstrate how these parameters

alter system behaviour via direct numerical simulation.

Julia code for the simulation and analysis of the field model discussed in this chapter is
available at https://github.com/Jamesafross/Thesis_Code/tree/main/Neural _Field_

with_potassium.

Chapter 7

In this final chapter, we summarise the main research chapters of this thesis and

explore potential future work and possible extensions of this research.


https://github.com/Jamesafross/BetaBurstGA
https://github.com/OHBA-analysis/HMM-MAR
https://github.com/OHBA-analysis/HMM-MAR
https://github.com/Jamesafross/Thesis_Code/tree/main/Neural_Field_with_potassium
https://github.com/Jamesafross/Thesis_Code/tree/main/Neural_Field_with_potassium

CHAPTER 2

BACKGROUND

Before beginning the main research chapters of this thesis, it is important to provide
some background material that lays the foundation for the subsequent research. This
chapter, therefore, reviews fundamental neuroscience and biology concepts referenced
throughout the thesis and introduces some neural models commonly found in the

mathematical and computational neuroscience literature.

2.1 Physiology of the Brain

This section introduces the fundamental anatomy of a neuron, detailing the soma,
dendrites, axon, and myelin sheath and explains how synapses allow communication
between neurons. We then extend this to describe how action potentials synchro-
nise to generate the large-scale electrical oscillations characteristic of different brain

states.

13
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2.1.1 Anatomy of a Neuron
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Figure 2.1: A diagram of a neuron. In this representation, we see the branching structure
of the dendrites, the cell body, the axon terminals, and the long myelin-coated axon. This
image was sourced from https://en.wikipedia.org/wiki/Myelin.

A neuron’s primary functional components are:

The soma or cell body, which contains the nucleus of the neuron and is the site

of protein synthesis.

e The azon, a long cable-like structure that carries electrical spikes of activity,

called action potentials, from the soma to the azon terminals.

e Dendrites, branch-like structures that extend from the soma and receive neuro-

transmitters released by another neuron.

e The myelin sheath, a protective layer that coats the axon, acting essentially as

an electrical insulator around a wire.


https://en.wikipedia.org/wiki/Myelin

2.1. Physiology of the Brain 15

2.1.2 Synapses

Neurons communicate with other neurons and cell types at synapses, which come in

two forms: chemical and electrical.

At chemical synapses, an action potential triggers the release of neurotransmitters
from the presynaptic neuron’s axon terminal into a microscopic gap called the synaptic
cleft, which is approximately 20-40 nanometres (nm) wide. These neurotransmitters
are received by the postsynaptic neuron’s dendrites and either increase or decrease the
probability that the postsynaptic neuron will fire its own action potential, depending

on whether the connection is excitatory or inhibitory.

At electrical synapses, the presynaptic and postsynaptic neurons are much closer (ap-
proximately 3.8 nm) and connect via gap junctions, which are channels that allow
electrical signals to pass directly between them. Unless otherwise specified, the term

‘synapse’ usually refers to a chemical synapse.

2.1.3 From Action Potentials to Large-Scale Brain Oscillations

An action potential is an electrical impulse, typically around 100 mV in magnitude,
that propagates from the axon hillock along the axon and triggers the release of neu-
rotransmitters from the axon terminals into the synaptic cleft. This neurotransmitter
release causes a change in the membrane potential of the postsynaptic neuron, which

may then elicit its own action potential.

The frequency at which action potentials occur in a neuron is referred to as the firing
rate, and a temporal chain of action potentials is known as a spike train. In Figure
2.2, we see a diagram of an action potential, shown as a measure of voltage across the

neuron’s membrane.
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When large numbers of neurons fire synchronously and periodically, they generate
detectable oscillations in the brain’s electric field, known as brain rhythms. These
rhythms are classified into different frequency bands, which are often associated with

distinct physical or mental states [3]:

e Delta (0.5 — 4Hz): Sleep.

Theta (4 — 8Hz): Extreme relaxation.

Alpha (8 — 12Hz): Deep relaxation, passive attention.

Beta (12 — 35Hz): Normal wakefulness, active, external attention.
e Gamma (> 35Hz): Focus/concentration.

These brain oscillations are strong enough to be detected by sensors outside the human
skull. The next section discusses the technology that neuroscientists use to measure

these oscillations.

2.2 EEG, MEG, and Neuroimaging

Brain imaging encompasses a variety of techniques for studying brain activity. Com-
mon methods include functional magnetic resonance imaging (fMRI), electroencephalog-

raphy (EEG), and magnetoencephalography (MEG).

fMRI is a neuroimaging technique that measures fluctuations in blood flow to deter-
mine variations in brain activity. It has very high spatial resolution but relatively low

temporal resolution [4].

MEG and EEG, on the other hand, have very high temporal resolution but relatively
low spatial resolution compared to fMRI. EEG records electrical activity fluctuations

on the scalp, usually via electrodes placed on the head’s surface [5]. A more invasive
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Figure 2.2: A demonstration of an action potential shown as a measure of the potential
across the neuron membrane. The voltage starts at a resting state of —70 mV, and when the
neuron receives enough stimulus to push the potential above the threshold (—55 mV here),
an action potential occurs, pushing the membrane potential up to 40 mV. After the peak
of the action potential, the voltage falls below resting potential during the refractory period

before returning to its resting state. This image was sourced from https://en.wikipedia.
org/wiki/Action_potential.


https://en.wikipedia.org/wiki/Action_potential
https://en.wikipedia.org/wiki/Action_potential
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form, known as intracranial EEG, involves electrodes being placed directly on the

skull.

Similarly, MEG measures fluctuations in the magnetic field outside the head, caused
by changes in electrical activity within the brain [6]. Both MEG and EEG capture the
activity of neuronal ensembles via variations in electric or magnetic fields. A stronger

signal is detected when large groups of neurons fire synchronously.

2.3 Neural Mass Modelling

The sheer complexity of the brain, with vast numbers of neurons and neural con-
nections, presents an interesting and challenging problem for mathematical modellers.
Mathematical neuroscientists have sought to simplify this problem by developing mod-
els that are mathematically tractable while still capturing the essential dynamics of

the biological system.

There is a broad range of complexity and scale in neural modelling, from detailed
conductance-based single-neuron models, such as the Hodgkin-Huxley model [7], to
simplified integrate-and-fire models [8], [9] that capture the essence of a firing neuron

but scale more easily to large networks.

Neural mass models are widely used in mathematical neuroscience due to their sim-
plicity and scalability, allowing for large scale modelling of brain activity [10], [11] .
Rather than modelling individual neurons, these models track macroscopic variables
such as the average activity and firing rate of a dense cluster of neurons. Popular
examples include the Wilson-Cowan model [12] and the Jansen-Rit model [13], which
have proven useful in modelling brain rhythms observed in EEG/MEG recordings.

More recently, next-generation neural mass models, derived from networks of cou-
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pled quadratic integrate-and-fire neurons, have been developed. These models offer
improved accuracy in capturing neuronal synchrony, a fundamental feature of normal
brain dynamics that underlies population-level effects like beta rebound [14], [15], [16],

and can also be involved in pathological activity such as seizures 73], [93].

2.3.1 Mathematical Framework of Neural Mass Models

Mass models typically take the form of time-dependent ordinary differential equations
(ODEs) that track variables such as population-average conductance, potential, and

firing rate. Mass models usually take the form,

Qu = f(u), (2.1)

where u € RY represents the mean post-synaptic conductance of one or more sub-
populations of neurons, f : RY — R¥ is the firing rate of a population, and Q is a
linear differential operator representing post-synaptic processing. Most neural mass
models are phenomenological in nature; they are not derived from a detailed network

of spiking neuron models but are motivated by neurobiology.

Firing Rate Function

The mean firing rate of a cluster of neurons is the average frequency at which these
neurons fire action potentials. This would naturally seem to be a function of the
post-synaptic conductance and is also constrained by the natural refractory period of
neurons. Hence, a common phenomenological choice of a firing rate function is the

sigmoid function,

(2.2)
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where [ is the steepness and 6 is the threshold. This firing rate has been used in
models such as the Wilson-Cowan model [12| and the Jansen—Rit model [13], but
next-generation mass models improve on this by deriving their firing rate exactly from

the underlying dynamics of a network of quadratic integrate-and-fire models.

Synaptic Processing

One commonality between many different neural mass models is synaptic processing

or the synaptic filter. A post-synaptic conductance change g(t) could be given as
g(t) =gnt—=T), t=T, (2.3)
where g is a constant and 7(t) is typically of first-order form:
n(t) = ae ™ H(t), (2.4)
which models synapses with exponential decay once excited, or second-order form:
n(t) = o*te ™ H(t), (2.5)

which models both decay and temporal delay due to the synapse processing the action
potential. Both of these may be written as the Green’s function of a linear differen-
tial operator, Qn = 4, where @Q takes the form (1 + a~'d/dt) in the first-order case
or (14+a~'d/ dt)2 in the second-order case. Unless otherwise stated, this thesis will

primarily be using the second-order form.
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2.3.2 Analytical Tools for Neural Mass Models

Often, the first line of analysis for neural mass models is some form of linear analysis.
The most prevalent form of analysis in this thesis is linear stability analysis, where
we identify parameter regimes in which the steady state loses stability to periodic
solutions. Various tools are available for this type of analysis. For simple models,
pen and paper are sufficient, but for more complex models, we make use of XPPAUT
[17]. With this tool, we can find bifurcations and also continue these bifurcations in

parameter space.

2.3.3 Neural Mass Model Examples

In this section, we briefly present some examples of neural mass models that are com-
monly used throughout the mathematical and computational neuroscience literature,
either precisely in the form shown here or with slight augmentations. We also provide

an overview of the possible dynamics and applications of these models.

Wilson—Cowan Model

Jack Cowan and Hugh Wilson are considered pioneers of mathematical neuroscience for
the mass model they developed [12]. The model describes neural dynamics in terms
of the mean activity, e.g. the proportion of cells firing, in two interacting neuron
subpopulations, excitatory (E) and inhibitory (7), coupled via first-order synapses. It

may be written simply in terms of two coupled ODEs:

1 d
— —E=—FE+ f(kgpF + rpl + Pg),
OzEdt

1d
Oz_[al =1+ f(li[EE—i- Ii[[I—i-P[).

(2.6)
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Figure 2.3: Left: Bifurcation diagram of the Wilson—-Cowan model showing stable and unsta-
ble equilibria (red and black lines) as well as stable and unstable periodic orbits (green and
blue lines). The Hopf and saddle-node on invariant cycle (SNIC) bifurcations are highlighted.
Right: Oscillations in the Wilson—-Cowan model with parameters kg = kg = —k7 = 10,
kpr=—12, P =0, Pr=—-1,ap =3, a; =8, 8 =10, § = 0.05.

Here, ky for a,b € E, I are coupling strengths, and f is the sigmoid function (2.2).
In Figure 2.3, we show that the Wilson—-Cowan model supports oscillatory solutions,
which can emerge via a Hopf bifurcation or terminate via a SNIC bifurcation. We also

show a direct simulation of the model in the oscillatory regime.

Jansen—Rit Model

The Jansen—Rit model [13] extends the Wilson—Cowan framework by modelling three
interacting neuronal subpopulations: pyramidal cells (P), excitatory interneurons (F),
and inhibitory interneurons (/). It was originally developed to describe EEG activity
in the alpha frequency range [13], and has also been used to model pathological brain

states such as those observed in epileptic seizures [18]. The model may be written
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as:

Qrgr = kpf(9r — gr),

Qrgr = ke f(wegp) + A, (2.7)

Qrgr = krf(wrgp),
where gp, gr, and g; represent the post-synaptic potentials of the pyramidal, exci-
tatory, and inhibitory subpopulations, respectively. The operators Qg and ); are
second-order synaptic filters of the form @, = (1 + a;ljt) The function f denotes
the non-linear firing rate function defined in equation (2.2). The parameters kp, kg,
and k; are synaptic coupling strengths, and wg and w; determine the strength of
projections from the pyramidal population to the excitatory and inhibitory interneu-
rons, respectively. The term A represents a constant external input to the excitatory

interneurons, often interpreted as input from the thalamus or other brain areas [13].

In Figure 2.4, we show that the Jansen—Rit model supports periodic solutions. Fur-
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Figure 2.4: Left: One-parameter bifurcation diagram of the Jansen—Rit model showing stable
and unstable equilibria (red and black lines) as well as stable and unstable periodic orbits
(green and blue lines). Right: A transition between two stable limit cycles induced by
applying a small perturbation. Parameters: A = 4.76, kp = 0.1625, kg = 17.5, k; = 73.51,
wg = 135, wy = 34.2, ag = 100, ay = 50, 5 = 0.56, 0 = 6.
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thermore, there exists a set of parameters where two stable periodic orbits coexist:
one with high amplitude and low frequency, and another with low amplitude and high
frequency. It is possible to transition between these states by applying a perturbation,
as demonstrated in the simulation shown in Figure 2.4. This transition between or-
bits may be interpreted as a switch between a normal brain state and a seizure state

observed in epilepsy [18], [19].

Next-Generation Models

Although the Wilson—Cowan and Jansen—Rit models have been successful in predicting
certain aspects of brain dynamics, they are inherently phenomenological, meaning
they describe neural activity at a macroscopic level without being directly derived
from the underlying biophysical properties of individual neurons. These models are
best suited for representing large groups of nearly identical, interconnected neurons
that typically operate in a coherent manner. As a result, they are not well suited to
studying phenomena associated with changes in synchrony. Newer models based on
exact mean-field reductions of integrate-and-fire neuron networks are now becoming
popular in the mathematical neuroscience community [20], [21], [22]. One particular
example of these so-called next-generation models is the one studied by S. Coombes
and A. Byrne [15]. This model is able to capture synchrony related phenomena such
as post-movement beta rebound [14]|. Another advantage of these models is that they
are derived from an underlying network of single neuron models, allowing important
biological features to be incorporated at the cellular level. For example, gap junctions
[2], [23] and synaptic plasticity [24]. The model is based on a network of quadratic

integrate-and-fire (QIF) neurons, which are driven by a voltage-shunted post-synaptic
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current and a Lorentzian random variable:

dv; .
L (2.8)
Qg:NZZ(S(t—t}”).

j=1 mez

Here, g(Vsyn — v;) is the voltage-shunted post-synaptic current of the ith neuron, v;
represents the voltage of the ¢th post-synaptic neuron, Vj,,, is the membrane reversal
potential, 7 is the membrane time constant, () is a linear differential operator, and g is
the membrane conductance and vy, = —v, — 0o meaning that if v; = oo then neuron
7 spikes and is reset to —oo. The variables n; are random variables that determine
the natural frequency of each QIF neuron in the network and are drawn from the
Lorentzian distribution:
1 A

Hm=x2 (n—mno)? + A% (2.9)

where 7, is the location of the peak of the distribution,and A is the half-width at half
maximum of the distribution. Although other distribution choices can still yield an
exact mean-field reduction, the choice of a Lorentzian distribution yield a relatively
simple firing rate equation, see [25|. A mean-field reduction using the Lorentzian

distribution then leads to the mass model:

dR A

" _9 =

dt RV+7TT’

dV 2 2 22 210
E:ﬁoﬁ-v — 71T R +g(Vsyn—V), ( )
Qg = ksR.

Here R is the mean firing rate, V' is the mean membrane potential, and ¢ is the mean
synaptic conductance. A similar model, with pulsatile synaptic coupling, has also been

formulated and utilised by E. Montbri6 et al. [21]|, where they also show that the state
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variables R and V relate to the Kuramoto order parameter Z € C via the conformal

map
1 —w*
= — 2.11
1+ w*’ ( )
where w = mT7R+11V, and * denotes the complex conjugate. The population synchrony
and phase can therefore be calculated by taking the modulus and angle of Z, respec-

tively. The Kuramoto order parameter is a measure of the synchrony of a population

of oscillators and is defined as
Z=re" =3 e (2.12)

where 6; is the phase of oscillator j. The variable r € [0, 1] represents the phase
coherence of the oscillators, and the variable 1) is the mean phase of the oscillators.
When r = 0, there is no synchrony in the population of oscillators, and when r = 1,

there is total synchrony in the population of oscillators.

The corresponding mass model in the Kuramoto order parameter framework can be
derived from a @-neuron network (for f-neuron definition, see |26] ), which is obtained

under the transformation v; = tan(6;/2). Equation (2.10) then becomes:

dz Z +1)2 ) ] (Z —1)2 72 -1
E:%[—A—I—znoﬁ%\@yng]—z( 5 ) —g 5 )13
Qu=rf(2), f(7)=-1"Z o
9= ’ a1+ 2

A model with two interacting subpopulations can also be constructed in a similar
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manner:
dR A
a — 2 a‘/('l a 7
dt RaVa + T,
d‘/‘l a 2 2,212 ab
=MV TR+ D ga(Vi, —Va), a e {1} (2.14)

beE,I

b
Qabgab = HD‘; Rcw

Here the subscripts a,b € {E, I} represent excitatory and inhibitory neuron popu-
lations. A full derivation of a next-generation model with gap junction coupling is
demonstrated in Chapter 4. For a recent perspective on next-generation neural mass

models see [27] z => 3.5

2.4 Neural Mass Networks and Neural Fields

Neural mass models are commonly used to describe the collective behaviour of en-
sembles of neurons, either within small, arbitrary areas of the brain or across entire
brain regions. Whole-brain dynamics are often modelled by linking neural mass mod-
els through structural connectivity data (see for example, [28], [29], [30], [31]), which
represents the physical connections between different areas of the brain. This creates

a network of interconnected neural mass models.

Structural connectivity refers to the anatomical connections between brain regions,
typically measured using techniques such as diffusion MRI [32], [33]. On the other
hand, functional connectivity describes the statistical dependence or synchrony be-
tween activity in different brain regions, often measured through techniques like fMRI

or EEG [34].

Networks of neural mass models informed by real-world structural connectivity data

have been used to explore the relationship between structural connectivity and func-
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tional connectivity [35], [36].

2.4.1 Networks of Neural Mass Models

A general network of neural mass models may be constructed simply as
N
Qu; = K Z Wij f(uy), (2.15)
j=1

where () is a differential operator modelling the dynamics of the synapses, f is a firing
rate function, u; is some state variable for the neural mass model on node i, W;; is the
connection strength between node i and node 7, and k; is a positive constant affecting

the strength of all the global connections.

Networks of neural mass models have been instrumental in exploring the relationship
between functional connectivity, defined as the correlation in time series data between
brain regions, and structural connectivity. Simulations have shown that functional
and structural connectivity can vary significantly, showing the complexity of their re-
lationship. Attempts to understand the connection between structural and functional
connectivity, as well as the influence of local dynamics [37|, are common. For instance,
in [16], M. Forrester et al. present a network of a two population next generation mass
model, incorporating real connectivity data from 68 brain regions. Each individual
mass model represents a specific brain region. Studies on networks of neural mass
models suggest that structural information alone cannot fully explain functional con-
nectivity patterns. Instead, local dynamics are likely to play a crucial role in improving
a model’s fit to real world functional connectivity data. For example, [31] found that
incorporating gap junction coupling into a model improved the alignment between its
functional connectivity patterns and real functional connectivity, compared to a model

without gap junction coupling. Similarly, [38] demonstrated that in a Wilson Cowan
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based network model, balancing local inhibition through a form of synaptic plastic-
ity, alongside the global structural excitatory connection, resulted in a model whose
functional connectivity more closely matched empirical data. A review of classical and

modern neural mass models can be found in [16].

2.4.2 Framework of Neural Field Models

Neural field models usually take the form of nonlinear integro-differential equations and
have been effective in capturing certain qualitative behaviours of neural activity such
as binocular rivalry [39], [40], visual hallucinations [41], and modelling EEG and MEG
dyanamics [42]. Neural fields contain all the necessary ingredients to support travelling
wave solutions as well as many other types of solutions, such as static bumps and a
variety of spatio-temporal patterns [43], [44], [45], [46]. Variants date back to Beurle’s
development in the 1950s [47], Wilson and Cowan’s extension [12], and Amari’s work

in the 1970s [48].

Given the variety of neural mass models, one can construct a variety of neural field
models from different mass models. Multi-population models that take into account
inhibitory and excitatory neurons, as well as refractoriness, have been studied in detail
[12]. These multi-population models can be difficult to mathematically analyse and are
computationally expensive. Therefore, in this section, we focus on a single-population
sigmoid firing rate-type neural field, in which the state variable u(r,t) represents local

neural activity. This may be expressed in the integral form:

u(r,t):/Ddr’W(|r—r’|)/_t At — ) f(u(r,), reDCR.  (2.16)

Here, W (r) is the connectivity function that determines the global spatial interactions

in the model, f is the firing rate function (2.2), and n(t) is a synaptic filter that is the
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Green’s function of a linear operator (), as discussed in Section 2.3.1. Applying the

linear operator ) to equation (2.16) leads to the familiar integro-differential form:

Qu =1, P(r,t)= /Ddr’W(|r 1\ f(u(x',t)), reDCR%. (2.17)

2.4.3 Analytical Tools for Neural Fields

The dynamics exhibited by neural fields can be investigated using a Turing instability
analysis. First proposed by Alan Turing in the context of reaction-diffusion equations,
this form of analysis allows for the investigation of the linear stability of a homogeneous
steady state in a continuum model. It is useful for identifying where bifurcations occur
in parameter and the type of patterns that will form beyond the bifurcations. This
particular type of analysis is used frequently throughout the main research chapters of

this thesis. For a review of analytical tools in neural fields, see [45], [46], [49]).

2.4.4 Brain-Wave Equations

A partial differential equation (PDE) formulation for neural activity that includes
axonal delays was proposed by Paul Nunez in 1974 [50] and derived from an integro-
differential equation similar to the field model (2.16) in 1996 by V.K. Jirsa and H.
Haken [51]. The PDE formulation, called the 'brain-wave equation,” has proven useful
for the modelling of EEG data [50] and is also beneficial for computational simulations,
as it allows for the use of standard numerical techniques for PDEs instead of the
more numerically challenging delayed integro-differential equation. The method for

this reformulation uses Fourier transforms in both space and time and exploits the
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convolution structure of the delayed integro-differential formulation:

(2.18)
wrt) = [ We ) foutdt - fr-rl/e). reRY.Ne{12)

where c¢ is the action potential velocity. Detailed derivations of the PDE formulations

are shown in [51], [52] and are also demonstrated for a more general model in Chapter

3.

When working in R, it is possible to derive an exact PDE formulation:

2
(% + %81‘,) - a:m] 1/1(7“, t) = (% + %at> f o u(r, t)? (S R (219)

In two spatial dimensions, using the 2D exponential connectivity function W (r) =
exp(—|r|/o) /2w, taking the Fourier transform leads to a term that resembles (1 +
k|?)3/2. After an inverse Fourier transform, this leads to a differential operator (1 —
V?2)3/2. Since it is unclear what raising a differential operator to a non-integer power
actually means, we expand (1 + |k|?)*? around |k| = 0 and, after removing higher-
order terms, obtain 1+ (3/2)|k|?. This is the so-called long-wavelength approximation
and leads to the PDE formulation:

LLo) 292 wtet) = foutet), e (2.20)
o ’Ut 2 ) ) ) . :

2.5 Discussion and Shortcomings of Neural Modelling

In this chapter, we have discussed the basic anatomy of a neuron and how large en-

sembles of firing neurons can produce measurable signals. Furthermore, we have intro-
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duced some neural mass and field models. Although the current generation of neural
mass and field models has provided good insight into the behaviour of neural tissue,
there are several shortcomings that this thesis aims to address. In later chapters, we
will build on some of the models discussed here and further develop these neural mass
and field models. Firstly, many neural field models do not account for dendritic depth.
The inclusion of dendritic depth in neural models is particularly important because
the dendritic tree not only filters incoming synaptic currents but also generates an
electrical dipole moment that underlies the EEG signal, a feature that point models
cannot replicate due to their inability to represent spatial separations between current
sinks and sources. In Chapter 3, we present a model that incorporates this feature
and demonstrate how it can generate a more direct measure of LFP/EEG signals.
Secondly, we utilise newer mean-field models derived from networks of QIF neurons to
include gap junctions, which are known to be important in neural dynamics, especially
in the context of synchrony [53|. Despite their importance, gap junctions are often not
accounted for in neural mass and field models. Although, phenomenological model of
their effect in Wilson-Cowan style neural fields has been developed by Steyn-Ross et
al. [54], and more recently within the exact next generation mass and field framework
has been developed by Laing [23]. This latter work is developed in the theta-neuron
framework and requires an ad-hoc regularisation. We will show in Chapter 4, that by
working in the voltage framework of quadratic integrate-and-fire neurons that such as
regularisation can be circumvented (yielding a model without any unnecessary regu-
larisation parameters). Brain tissue is composed of more than just neurons, for many
clinical applications coupling to the extracellular space would be beneficial. For exam-
ple, extracellular potassium (K*) is thought to have an important role in the genesis
and propagation of seizure states seen in epilepsy [55]. Again, relatively few models in-

corporate extracellular dynamics, with a notable exception being the work of Martinet
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et al. in [56]. In Chapter 6 we pursue this with a natural extension of a the next-
generation coupled to a reaction-diffusion equation for extracellular K. Furthermore,
in 5 we develop and employ a genetic algorithm to fit a next-generation mass model

with gap junctions to real MEG data.



CHAPTER 3

A NEURAL FIELD MODEL WITH AXO-DENDRITIC

CONNECTIONS

Contemporary biophysical theories propose that EEG signals captured by a single
scalp electrode are the result of synchronous activity from around 100 million pyrami-
dal neurons in the brain’s cortex. These neurons are positioned so that their dendrites
are aligned both parallel to each other and perpendicular to the surface of the cortex.
The process of synaptic activation on these dendrites leads to the generation of a net
ionic current across the neuron’s membrane. This current acts as a sink, generating
a negative extracellular potential for excitatory synapses, and as a source, creating
a positive extracellular potential for inhibitory synapses. Due to the brain tissue’s
inability to sustain long-term charge storage, this synaptic current must flow out of
the cell, particularly through regions with significant surface area like the soma. Con-
sequently, this outflow establishes a distributed extracellular source or sink, depending
on whether the synapse functions as a source or a sink, respectively. The elongated

shape of pyramidal neurons typically results in a distinct separation between electri-

34
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cal sinks and sources, which effectively forms a current dipole. As a result, when a
group of cortical pyramidal cells is activated simultaneously at the population level,
the potential field they generate mimics that of a layer of current dipoles. The role
that individual dendritic trees play in creating extracellular electric field potentials
has been acknowledged for a while [57]. These contributions to the electric field can
be quantified through the application of Maxwell’s equations, but are typically not
accounted for in neural field models. In the discussion in Section 2.4.2, we explored
neural field models that account for synaptic processing but overlook dendritic filter-
ing. However, the emergence of laminar electrodes, which allow for recording across
various cortical layers, highlights the need to refine these models to include dendritic
depth. This inclusion is crucial for achieving more accurate measures of LFP/EEG.
Moreover, the advantages of brain-wave equations, detailed in Section 2.4.4, for the
effective and fast simulation of complex neural field models mean that a generalisation
of the brain-wave equation proposed by Nunez in [58], by encompassing both axons
and dendrites along with their interconnectivity patterns, would be of benefit to the
wider neuroscience community. This chapter therefore introduces a model that in-
cludes dendritic depth and presents a novel approach to the brain-wave equation. A
generalised brain-wave equation is derived and explored numerically. Validation of the
numerical method is carried out by a study that compares the equation’s predictions
on wave propagation speed, using a Heaviside function to model the firing rate, against
theoretical expectations. We also employ further numerical investigations to examine
the equation’s performance in a broader context, specifically focusing on travelling
waves. This comprehensive approach allows for a deeper insight into the equation’s

utility and the behaviour of wave propagation.

The content of this chapter is based on previously published work in [1]. A key part of

my role was to build on the foundational analytical work done by my collaborators, in-
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troducing numerical experiments for a complex, fully non-linear model. The challenge
of simulating this model by computational means was non-trivial, as it involves solving
a wave equation in tandem with a diffusive process that operates on the domain that
the wave equation is posed on. Additionally, I took on the task of conducting all the

detailed numerical spectral and bifurcation analyses in Section 3.5.2.

3.1 Background

In this section, a brief biological description of the function and structure of dendrites
is presented, and we also discuss a brief history of dendrite modelling and how we

incorporate dendrite models into the neural activity model used here.

3.1.1 Dendrites and Cable Theory

Dendrites are branching, tree-like protrusions of the neuronal cell body and specialise
in receiving electrochemical synaptic inputs from presynaptic neurons. When a synap-
tic input is received at the dendritic terminal, the signal spreads through the structure
and ultimately influences the state of the soma of the neuron. A dendritic tree can
have up to 200,000 synapses and is the largest volumetric component of neural tissue
[59]. Dendrites come in many different morphologies, ranging from compact to wide-
reaching, elaborate branching patterns. An example of two neurons with different

dendrite structures is given in Figure 3.1.

Mathematical modelling of electrical behaviour in the dendrite dates back to Wilfrid
Rall’s work in 1962, where the cable equation description of the voltage in a dendritic

tree was introduced [60]. The uniform cable equation with an injected current may be
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Figure 3.1: A digital reconstruction of a human (a) pyramidal neuron and (b) interneuron.
The colours highlight different anatomical structures of the neurons, with dendrites repre-
sented in red, axons in blue, and the soma in green. The neuron morphology data was sourced
from https://neuromorpho.org.

written in the form:

0 1 0?
EV(Z’ t) = TV(.Q?, t) + D@V(x, t)+ I(x,t), (3.1)

where V(z,t) is the membrane potential at point z € R and time ¢ on the cable,
I(x,t) is proportional to an external current input, D is the cable diffusion coefficient,
and 7 is the membrane time constant. These coefficients represent underlying physical
properties of the cable, such that 7 = R,,C,,, A = \/W ,and D = \?/7, where
R,, is the cell membrane resistance per unit length, ), is the capacitance per unit
length of the cell membrane, A is the electrical length constant (the distance that a
stationary current will influence the potential of the cable), which is typically in the
range 0.1 — 1.0 mm, r, is the radius of the cable, and R is the resistance of the

intracellular fluid. Under the assumption of vanishing initial data, e.g. V(x,0) = 0,
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the solution to the cable equation on an infinite domain may be written as:
V(z,t) = (G I)(x,t), (3.2)
where ® represents a spatio-temporal integration:
00 t
(G & I)(a,t) = / Az’ / AG (. o )& 1), (3.3)
—00 0
and G is the Green’s function, G(x,2',t,t') = Goo(x — 2/, t — t'), where
e~ /WDt (1), (3.4)

where H is a Heaviside step-function.

An idealised model for a dendritic tree could simply be a single uniform cable equation
posed on a bounded, semi-infinite, or infinite domain, with a soma located at x = 0.
The first model of a dendrite that Rall considered was a uniform cable equation on
a finite domain, where the soma lies at x = 0 and dendrite terminals at = L, with
boundary conditions 0V/dx = 0. In this case, the Green’s function is G(x, 2/, t,t') =

Geo(r —a',t —t') + Gz + 2t — 1) |60].

Rall then expanded on his work by introducing a so-called compartmental approach,
where a dendrite is represented as a chain of equivalent circuits representing successive
branches on the dendritic tree [61]. Realistic dendrites can also be modelled by posing
the cable equation on a graph and specifying boundary conditions. A Green’s function
can be constructed by solving a PDE with these boundary conditions using various
applied mathematics techniques, which are reviewed by Tuckwell in [62] and Johnston

and Wu in [63].
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Abbot and colleagues introduced the so-called sum-over-trips approach and showed
that it is possible to construct Green’s functions for arbitrary dendritic branching ge-
ometries based on the Green’s function of the infinite cable and a set of trip coefficients

164].

3.2 The Model

The model introduced here builds on well-known Wilson-Cowan-type neural fields
by introducing a dendritic spatial coordinate z € R, with r € R? as the somatic
coordinate. Neurons may either be pyramidal (P) or inhibitory (I), and the voltage
V(z,r,t) on the dendrites evolves according to the (previously mentioned) uniform

cable equation:

2

0 1 0
ava(l‘,r, t) = —T—a‘/;l(l'7 r,t) + DQ@W(I, I',t) + ]a(x,r, t), (35)

where a € {P,I} denotes the type of neuron. The input into the cable equation

I,(z,r,t) is split into excitatory and inhibitory parts:
I(z,r,t) = gop(z,1,t) (Ve — V(x,1r,t) + gar(z, v, t) (Vo — V(z,1,1)). (3.6)

Here, V, and V_ are positive and negative reversal potentials, respectively, and g (z, r, t)

is a conductance that evolves according to the neural field equation:

t
Gap(z,1,) = / dsne(t — s)/ dr'Woy(z, v, v') fo(he (', s — v — 1’| /ve)), T €D,
—00 D
(3.7)
where v, is the velocity of action potential from population b to a, f; is a sigmoid firing

rate function, 7, (t) = a2t exp(—aupt) H(t) is the a-function synaptic filter where H is
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a Heaviside step function, and W, (z,r,r’) is the axo-dendritic connectivity function

between populations a and b. It is chosen as the distribution

Wap(z,1,17") = Wohwa(|r — v')6(z — dop — Kap|r — 1)), (3.8)

where d,, > 0 is the contact point on the infinite cable closest to the soma, W9 > 0
is a connection strength constant between neuron populations, and kq, > 0 is the
correlation between dendritic and somatic coordinates, incorporating the fact that
synapses are located further away from the soma as the separation between neurons
increases [65]. This observation is based on findings that, in the olfactory cortex,
the recurrent collaterals of pyramidal cells project back onto the basal dendrites of
proximal cells and the apical dendrites of more distant pyramidal cells [66]. For k,, = 0,
there is no correlation between somatic and dendritic coordinates, and synapses occur

at a fixed distance d,; from the soma.

h, is taken to be the potential at = = 0, so that h,(r,t) = V,(0,r,t), where we have
fixed the coordinate x = 0 as the point on the cable where the soma lies. The function
wWep(r) describes how the strength of interactions changes with separation between cell
bodies. It is possible to use the Green’s function from Equation (3.4) to find h,(r, ).
However, an explicit formula is not possible due to I, depending on V,. By repeated
substitution and truncating terms at second order in the conductances, we obtain

ha(r,t) = (Go ® [gar V4 + GarV-])(0,1,1)
(3.9)

— (G @ {[gar + gar]Ga @ [gar Vi + garV-]})(0, 1, 1).

When simulating the model, we may simply evolve the cable equation and substitute
ha(r,t) with V,,(0,r,t). This method is employed in the simulations in Section 3.3 and

Section 3.4. A diagram of the model is shown in Figure 3.2.
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foh(r',t—|r—1'|/v)

Figure 3.2: A schematic of the neural field model incorporating dendrites. The dendrites are
shown with realistic structure, though for simplicity, we only consider idealised unbranched
dendrites in the model formulation. The black filled circles indicate the position of the cell
body or soma. The black line shows the contact on the dendrite that can be varied with the
parameter dg, in our model and f o & is the firing rate.
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3.2.1 Wave Fronts

Here we study wave fronts in a single population model in one somatic dimension
with a second order synaptic filter as discussed in Section 2.3.1 with the exponential

connectivity function:
o Irl/o
20

To allow for an exact calculation of the speed of the wave front we assume voltage
shunting to be absent so that the input into the cable equation is directly proportional

to the conductance so that

16 2 > / / /
(1+aa> I(m,r,t)—/_ dr'w(r — r')é(x —d — klr —r'|) %

[e.9]

foh(r' t—I|r—1"|/v), (3.11)

where h(r,t) = V(0,r,t). Subscripts have been dropped as only a single population is
being considered and we set W, = 1. The firing rate f is set to a Heaviside function
with threshold 6 (found in the limit 5 — oo of the sigmoid function (2.2)). By
utilising the Green’s function in equation (3.4) the solution to the cable equation can

be expressed as:

V(z,rt) = /00 dy/ dsG(x —y,t — s)I(y,r,s). (3.12)

Combining this and equation (3.11) in integral form leads to the evolution for the

somatic potential,

h(r,t) :/ dy/ dr'/ ds/ ds'G(y, s)x
—00 —00 0 0

w(r)o(y —d — klr'|)n(s) foh(r—' 1t —s—s —|r'|/v), (3.13)
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where n)(t) = o*te”* H(t). Travelling front solutions have the form h(¢) with & = r—ct,

and satisfy the equation:

h(§) = /000 dsn(s)yn (€ + cs), (3.14)

where

/ dz/ dsG(d + K|z, s)w(|r])x

foh(§—z4cs+clz|/v). (3.15)

In order to simplify the integral, the spatial correlation between the soma and dendrites
are not taken into account which means that x = 0. This reduces the double integral

to

U (§) = /OOO dsG(d, s)1a(€ + cs), (3.16)

where

n(€) = /_OO dzw(r)HB(E — = + clr]/v) — 6], (3.17)

o0

By choosing h(§) > 60 for 8 < 0 and h(&) < 6 for € > 0 then 3.17 is:

T dzw(z) €20,
V2(§) = f“/“ : (3.18)
[7 daw(z) £<0.

1+c/v

Since h(0) = 0 then from (3.14) it is found that

6 = /OOO dsn(s)1(cs). (3.19)
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By introducing a Laplace transform é(d, v) = fooo dsG(d, s) exp(—vys) so that from

(3.4)
~ _exp(=A(y)d)

/747
=T YOS

Ky = L2 (3.20)

we can write

Di(€) = %é (d, M) exp (—ﬁ) . (3.21)

which leads to the implicit equation for wave speed ¢

o) ) oo

where 7j(A) = [;7 dsn(s)e™ is the Laplace transform of 7(¢). This analytical result is

compared to numerical results in Figure 3.3.

3.2.2 Generalised Brain-Wave Equation in 2D

As in the previous chapter, it is possible to derive a partial differential equation formu-
lation for the model in two spatial dimensions. The method for deriving the brain-wave
equation for this model is similar to that of Section 2.4.4. Using the fact that n,(¢) is
the Green’s function of a linear differential operator Q),;, we may write Equation (3.7)

in the form

Qabgab = Vab, VYap(r,t) = / dS/ dr'Qup(|r — v'|, 2, t — s)X
oo R2

fb(hb(r’, S)), r c R2, (323)

where

Qup(z,r,t) = W(x,r)d(t — |r|/vaw), (3.24)
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and

Wab<l’, I‘) = Wfbwab(r)é(x - dab - l{ab|1‘|), (325)

where we(r) = exp(—|r|/ow) /2702, A Fourier transform in the following form is

introduced:
1 o N
wlx,r t) = 2—/ dpeP*Li(r, p, t), (3.26)
™ —0oQ
so that
Doy (1, t) = / ds/ dr’ Hop(|r — v'|, p, t — s)pp(1’, 8), (3.27)
— 0 R2
where
Hey(r, p, 1) = Woye Pty (1)5(t — |r| fvap), (3.28)

and py(r,t) = fy(hs(r,t)). By taking further Fourier transforms with respect to r and

t, we obtain

~

Uk, p,w) = Hap(k, p, w)po(k, w), (3.29)

where

~ 0 A .
Ak pow) = b AwP) i, (3.30)

oap (Agy(p,w) + K222 7

and Ag(p,w) = 1/0w + iw/ve + ipke. By cross-multiplying, utilising the long-
wavelength approximation, as discussed in Section 2.4.4, expanding ]E\[ab(k, p,w) around

k = 0, and taking the inverse Fourier transform, we find that

9 B Way
Agy — §V Yap(T, 1, 1) = 0—b5($ — dap) fo(hao(r, 1)), (3.31)
where
1 10 0
A = —+ —

— —
Oab Vab ot ab or
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A similar method can be employed to find the wave equation in R using the connec-

tivity function we,(r) = exp(—|r|/cuw) /204 to obtain the PDE

o2 W/ 1 o
2 7 — ab . I
([ ab 8T2}> wab(xara t) Oub |:(Uab +"€abax> X
1

(S(l‘ — d) + U—b%} fb e} hb(T, t) (332)

Unlike in R?, a long-wavelength approximation is not needed, and the wave equation

in R is exact.

3.3 Numerics

In this section, we discuss the numerical method for solving the PDEs in this chapter
and provide verification that our numerical method is accurate by comparing numerical

results with some theoretically derived results.

3.3.1 Numerical Scheme and Method

Here, we describe the numerical scheme for evolving a single population with only exci-
tatory interactions. This allows us to suppress the indices a, b, although the extension

to include inhibition is straightforward by generalising the scheme below.

We note that expanding the differential operator A? in Equations (3.32) and (3.31)
gives rise to a so-called ‘negative diffusion’ term that, if not handled appropriately,
could lead to numerical instabilities. To circumvent this potential numerical issue,
we write A% in the coupled form A%) = Ay, where y = A, which transforms
the negative diffusion term into two advection terms that are far more numerically

stable.
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After spatial discretisation, the model in two spatial dimensions (one somatic and one
dendritic dimension), given by (3.32), takes the form of a system of coupled first-order

ordinary differential equations, which can be written as

dn S (lU + kADT — Ay
dt o
0 0
S 0 = myate — d) = EAD (v, — oG - d)) |
o o
w__, (LA + kA® ) — U) :
dt o (3.33)
dY:
d_tz = O‘/(w - }/2)7
d
d_i = C((}/g - 9)7
v_ + DAYV 41,
dt T

where I = g(V, = V), U =Y+ W°f(Vo—h)d(x—d) /o, Vo = V(0,,t), and AP is the
first-order backward difference operator acting on x. The operators ALY and ALY are

second-order central difference operators in the r and x directions, respectively.

Here, the variables (Y7,1,Y5,9,V) are interpreted as vectors on the corresponding

(uniform) spatial meshes.

A similar approach may be taken for the three-dimensional model (two somatic di-
mensions and one dendritic dimension), given by (3.31). This yields essentially the
same equations, with finite-difference operators along the x direction replaced by the
Kronecker sum of the second-order central difference operators along the r; and 7o

directions, which we denote by AE«?, and the further replacement:

dt o
®__, (lzp + kA®) — YI) .
dt o

v __, (11/1 FRADY, — 20— 1 (v~ mota - d)) |
? (3.34)
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Here, Vo = V(0,r,t). The time integration was performed using an adaptive solver
from the Julia package DifferentialEquations.jl [67], [68]. The delta function was ap-

proximated using the Gaussian distribution:

da() exp(— (2*/Az?)), (3.35)

1
- |Az]y/m
which preserves the normalisation property of the delta function for |Az| < 1.

Care must also be taken when considering the boundary conditions for the PDE. Since
the Fourier transforms were performed on an infinite domain, periodic boundaries are
suitable in the somatic spatial dimension. The electronic length of the cable equation
is known to be v/ D7 [69]. Therefore, Neumann boundary conditions may be applied
on the dendritic boundaries as long as the dendrite boundary coordinates X satisfy

the condition |d — X4| > v Dr.

3.3.2 Verification of the Numerical Method

To verify the numerical scheme, simulated wave speeds were compared to analytical
results from the analytical results in Section 3.2.1 using the one-somatic-dimension

wave equation:

(E + %%] - aa_;) 1) — K%) 5z — d) + %%] HV(0,r,1) — ), (3.36)
(1 + é%)QJ(:@, ri) =), (0 =0, (3.37)

The speed of the wave was compared for varying values of the threshold # of the firing
rate function and input position d. In these simulations, the system was initialised

with a pulse input and was allowed to evolve for a sufficient amount of time such that



3.4. Simulation and Results 49

any residual effects on the wave due to initial conditions were negated.

The wave speeds from the implicit equation (3.22) were found using a root-finding
algorithm. The results are shown in Figure 3.3, where it can be seen that there
is excellent agreement between the numerical wave speed and the theoretical wave

speed. We can therefore be confident in the accuracy of our numerical scheme.

40 .
—— Theoretical Speed —— Theoretical Speed

e  Numerical Speed e Numerical Speed
351

3.0 1

2.5

2.0

0.0 0.1 0.2 03 04 05 0.02 0.04 0.06 0.08 0.10
d 7]

(a) (b)

Figure 3.3: Front wave speed comparison of theory vs. numerical simulation for the model
in two spatial dimensions (one somatic and one dendritic dimension) with a Heaviside firing
rate. Here, the dendritic input current is I(z,r,t) = g(x,r,t), and £ = 0 when (a) the input
position d changes and (b) the threshold of the Heaviside function 6 changes. Parameters:
Wop=1,v=8, a=1, Az =0.01, with X4 = +1, (a) § = 0.001, and (b) d = 0.

3.4 Simulation and Results

In this section we begin a computational investigation of a more general model. This
more general model reintroduces the voltage shunts and uses a sigmoidal firing rate

function instead of the Heaviside function.
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3.4.1 One Somatic Dimension

We begin by exhibiting a travelling wave in a single somatic spatial dimension. In
Figure 3.4 we show snapshots in time of a wave front in both the conductance variable
g and the voltage variable V. We see a travelling wave initiated with a Gaussian
bump of activity in the centre of the somatic spatial domain spreading in both of the
somatic space directions. We also see a spread of activity away from the soma along
the dendrite. We now exhibit some further computational experiments on the relation
between various parameters and wave front speed, c. We see in Figure 3.5 the effect
of increasing x at contact distances d = 0.0, d = 0.02, d = 0.04 and d = 0.06 For all of
these values of d we find that wave speed is largest for smaller values of d and also that
wave speed decreases with increasing « for all values of d. In Figure 3.6 the effects of
changing the time-to-peak of the synapse a~! for three values of the cable equation
diffusion parameter, D = 1x107*, D = 9x 107, D = 1 x 1072. For all of these values
of the cable equation diffusion parameter we see that the wave front speed decreases as
the time-to-peak of the synapses increases. In Figure 3.7 we demonstrate the effect of
changing the reversal potential on the wave front speed. We find that as the reversal
potential increases, wave front speed also increases. When considering the variation of
the correlation strength x we find that for k = 0 the peak of the wave response along
the dendrite occurs at a distance d from the soma, as expected. However, with an
increase in x this peak response shifts slightly away from d to a larger distance from
the soma. We illustrate this effect in Figure 3.8, where we also see an increase in the
width of the activity that spreads into the dendrite away from the contact point at
r=d.
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Figure 3.4: Travelling wave in the model with 2 spatial dimensions (one somatic and one
dendritic dimension) shown for conductance (left) and voltage (right) with a shunted current
I(z,r,t) = (Vi — V(z,rt))g(x,r,t) and a sigmoidal firing rate. Parameters: Vi = 70,
Wo0=1,k=01,v=8 a=1, Ar=0.01,d=0.02, X3 = 0.8, f = 100, and 6 = 0.15.
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Figure 3.5: Wave front speed as the correlation strength x is increased for various values
of the synaptic contact parameter d with I(x,r,t) = g(z,r,t) and a Heaviside firing rate
function. Parameters: W° =5 v =8 a =1, Ar =0.02, X+ = +1, and § = 0.01.

3.4.2 Two Somatic Dimensions

Finally, we present a simulation of a travelling wave in two somatic spatial dimensions.
In Figure 3.9 slices through the dendritic dimension at x = 0.01, z = 0.02, x = 0.03
of a travelling wave solution are shown where d = 0.02. We again show both the
conductance and voltage state variables. We see clearly the effect shown in Figure 3.8

with the largest magnitude of the wave occurring above the contact point d.
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Figure 3.6: Wave front speed with an increase in the synaptic time-to-peak o~! with
I(z,r,t) = g(x,rt), a Heaviside firing rate, and three differing electrotonic lengths. Pa-

rameters: W° =3, k=0,v =8, Ar =0.01, d = 0.03, X+ = £0.5, and § = 0.01.

3.5 Two population model

We now turn our attention to the full two population model. In particular we will be

investigating spatial and spatio-temporal patterns that form from an instability of a

homogeneous steady state of the model. We consider a revised version of the model

introduced in Section 3.2 where an external conductance g%, has been added and for

ext

simplicity voltage shunts have been dropped so that the model can now be written
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Figure 3.7: Wave front speed in a model with a shunted current I(z,r,t) = (Vi —
V(x,r t))g(z,r,t) as a function of the excitatory synaptic reversal potential Vi | with a
sigmoid firing rate. Parameters: W% =4, k = 0.1, v = 8, a = 1, Ar = 0.01, d = 0.04,
X4 = 40.5, 8 = 100, and 6 = 0.15.

as:

t

Jan(z,7,1) Zggme/ dsﬁab(t—S)/dT'Wab(%Tﬂ”')fb(hb(T',S— [ — 7" /vVab)),
—00 R

W Y, 0
o T 0x?

+ I (x, 7, t).
(3.38)

Here, I,(x,r,t) = gapVyi + garV-.
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Figure 3.8: Slices along the r dimension of a voltage front where it can be seen that increasing
k causes the peak response to shift away from d (marked as the red vertical dotted line) and
away from the soma. Parameters: Vi = 70, W% =4, v =8, a = 1, Ar = 0.01, d = 0.02,
X =-2 X, =6,8=100,and 6 =0.1.

3.5.1 Turing Instability Analysis

To ensure that a homogeneous steady state exists in the model we use the firing rate

function,

fa(x) = tanh(B,x), (3.39)
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Figure 3.9: Travelling wave in the 3 dimensional model (two somatic and one dendritic),
with a sigmoid firing rate, shown for conductance (left) and voltage (right) with I(z,rt) =
(Vi —V(z,rt)g(x,r,t). Parameters: Vy =70, W0 =1,k =0.1,v =8, a =1, Ar = 0.01,
d=0.02, Xs =405, 8=100, and 6 = 0.15.

and by choosing V. = —V, and g% = gex We ensure that the homogeneous steady

state is found at (g, hy) =

(gexta O) .

We apply a small perturbation to the steady
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o7

state of the form h, = h,e*e™ where h, < 1 and X\ = p + iw. The perturbations in

the conductances take the form g, = gape™e™™ where

Jab = ﬁab()\)wab(% A k) Byhy,

and

2
aab
2 27
az, + A

F(A) = / dsap(s)e™ =
0

—~

Wap(z, A, k) = / Ar' Wy (z, 1] e e A/ vas
R

(3.40)

(3.41)

(3.42)

Remembering that h, can be expressed using the Green’s function (G,) of the cable

equation:

ha(r,t) = (Go ® [gar Vi + 9arV-])(0, 1, 1)

— (Goa ®{[gap + gar]Ga @ [gap Vi + garV-]})(0, 1, 1).

To first order in the perturbations we find that,

]_la = V+BPBPﬁQPFaP(k7 /\) + V—BlﬁfﬁaIFaI(ka /\)7

and
Fp(k, ) = / dyG(y, VW (y, A, k),
0
where
G(z,\) = Doea V) exp(—e,(A)]z|),
and
L4+
(A ="

(3.43)
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Using the connectivity function
W(w,|2]) = Wapd(x — dap — Kap|2]) exp(—|2|/0a) /20,

we have

— W(?b ~ Aar(A)
Fab(kv )‘) - O—_abG(d’ /\)m7 (344)

where Ay, = 1/0a + A\/vap + Kap€a(A). The continuous spectrum A = A(k) can be

found by solving the equation

E(k,\) =det(D(k,\)Vp — 1),
where Vp = diag(V,,V_) and,

D(k, Nab = Bolab(A) Fap(A, k).

The system undergoes a bifurcation when a solution branch A(k) of £(k, \) touches
the imaginary axis, u(k.) = 0, where k. is the critical wave number. Bulk oscillation
can be found beyond a Hopf bifurcation which occurs when k., = 0 and |w(k.)| > 0,
spatio-temporal oscillations can be found beyond a a Turing-Hopf bifurcation which
occurs when |k.| > 0 and |w(k.)| > 0 and static patterns can be found beyond a Turing

bifurcation which occurs when |k.| > 0 and |w(k.)| = 0.

3.5.2 Bifurcations and Numerical Simulations

We now present bifurcations found with various parameter configurations and sim-
ulations close to those bifurcations. We first turn our attention to the case where

Opa > O14,a € {E, I}, that is when the excitatory neurons have a wider spatial reach
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than inhibitory neurons. In Figure 3.10 we show the spectrum of system at a Hopf
bifurcation. We also show two views of a simulation just beyond this bifurcations, the
first view shows a snapshot in time of the z — r dimension. The second view shows a
time series of the simulation in the r dimension at x = 0.1. Further simulations using
these parameters for state variable ggg, grg, grr, and gr; can be found in appendix A.
Decreasing the conductance velocity vy, can lead to the formation of spatio-temporal
patterns that form via a Turing-Hopf bifurcation. In Figure 3.11 we show the spec-
trum of the system at a Turing-Hopf bifurcation as well as two views of simulations
in the Vg variable just beyond the bifurcation. The first view is a snapshot in time
of the standing wave patterns that form beyond the Turing-Hopf bifurcation in the
x —1r dimension view. The second view is a time series showing how the standing wave
solution evolves in time in the r dimension at x = 0.1 over 250ms. Again, Further
simulations using these parameters for state variable ggg, 9rg, ggr, and grr can be

found in appendix A.
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Figure 3.10: Left: The spectrum of the system at a Hopf bifurcation that occurs at |k| =0
where p and w are the real and complex parts of the spectrum respectively
, when B = f; = 0.295. Right top: A snapshot in time of the standing wave
patterns in the Vg variable found just beyond the bifurcation at Sg = 6y = 0.31.
Right bottom: Simulation showing the bulk oscillations evolving in time in the Vg
variable on a slice along the dendrite axis at x = dgg. The oscillations were initiated
by perturbing the steady state uniformly with a value of 0.01. Parameters:

QOpE — 0.5,0JE[ = O.5,0é[E = 07, arr = O.2,0'EE =0 — 1.5,0’E[ =075 = 0.2,TE =
T = 2,KJEE = RE] — R — R = 0017dEE = dE[ = d[E = d][ = 01, ngE =
1,Wg1 == 22, WIOE == QO,WIOI == 27, DE == D] == 0‘057UEE = Vgpj] = Vg = V11 =
Ol,QE = Q[ = Oagea:t = 50, V+ =-V_=1

We now turn our attention to the case where o, < 07,, meaning that inhibitory neu-
rons have a wider spatial reach than excitatory neurons. In this configuration, static
spatial patterns emerge through a Turing bifurcation. Figure Figure 3.12 displays the

(purely real) spectrum of the system at a Turing bifurcation, along with two views of
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Figure 3.11: Left: The spectrum of the system at a Turing-Hopf bifurcation that occurs at
|k| ~ 2.47 when g = fr = 0.379 and where p and w are the real and complex parts of the
spectrum respectively. Right top: A snapshot in time of the standing wave patterns in the
Vg variable found just beyond the bifurcation at Sg = By = 0.4. Right bottom: Simulation
showing the standing wave pattern’s evolution in time in the Vg variable on a slice along
the dendrite axis at * = dgg. These dynamic patterns were initiated by perturbing the
steady state with the function 0.01cos(2.47r) Parameters: aprp = 0.5,apr = 0.5,a;p =
0.7, a5 =02,0pp =0 = 15,01 =011 = 02,75 = 71 = 2,KEE = KEJ = KIE = K] =
0.01,dgg = dg; = dig = dif = 0.1, Wy = LWg, = 22, W), = 20,Wp, = 2.7,Dp =
D; = 0.05,1)EE =VE] = VJE = V]] = 1,9E = 9[ = O,Qext = 50, V+ =-V_=1

simulations just beyond this bifurcation. The x — r dimension view reveals periodic
patterning with peak excitatory voltages at 31.11 mV, demonstrating how activity
spreads along the dendritic dimension. A time series of the r dimension at z = 0.1
is also presented. Appendix A contains simulations using these parameters for state

variables ggg, 91e, ger, and gr;.
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Figure 3.12: Left: The (purely real) spectrum of the system at a Turing bifurcation that
occurs at |k| ~ 2.09 when Sr = 7 = 0.018 and where p is the real of the spectrum

. Right top: A snapshot in time of the static pattern in the Vg variable found just

beyond the bifurcation at g = ; = 0.019. Right bottom: Simulation showing the
static pattern in the Vg variable on a slice along the dendrite axis at © = dgg. These

static patterns were initiated using the function 0.01 cos(2.09r). Parameters:
App = 05, arp — 07, arr = 02, Opgp — O — 01, Opr — 011 = 12, T = 5, T — 5,
REE — RET — RIE — R = 001, dEE = dEI = d]E = d[[ = 01, W]%E = 30,
ng = 10, WIOE = 30, WIOI = 10, DE = D[ = 005, Vpg — Vgpr = Vg = V1 — 1,
Gext = 00, Vi = —V_ =5.

Finally, Figure 3.13 presents a simulation where the system is moved further beyond
the Turing-Hopf bifurcation observed in Figure 3.11. This figure displays simulations
of the state variables V; and Vg, including a time series view and a snapshot view,
similar to previous figures. The system was again initiated with a cosine function, and

with these parameters, periodic travelling waves emerge, propagating from the centre
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of the domain to the boundaries. Appendix A contains further simulations using these

parameters for state variables ggg, 9r&, 9rr, and g;;.
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Figure 3.13: Periodic waves found beyond the Turing-Hopf bifurcation found in Figure
3.11. These periodic waves were initiated by perturbing the steady state with the func-
tion 0.01cos(2.47r) Parameters: g = By = 0.8, apg = 0.5,agr = 0.5,arp = 0.7, a71 =
0.2,0pr = ojg = 15,01 = o = 02,75 = 71 = 2,Kkpp = KEI = KIE = KIJ] =
0.01,dgg = dg; = dig = djf = 0.1, Wy = 1L,W9, = 22, W = 2.0,W? = 2.7, D =
Dy =0.05,vgg =vgr =vig =v11 = 0.1,gezt =50,V = —-V_ =1

3.6 Discussion

In this chapter, we introduced a modified version of the Wilson-Cowan neural field
model, incorporating dendritic filtering. We demonstrated the ability to derive an

analytical expression for the velocity of travelling waves within a single population
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framework. Additionally, we presented the derivation of a generalised equation for
brain waves and used it to show travelling front solutions, along with a numerical

analysis of wave speed and form.

Neural fields typically do not account for dendritic depth, with the exception of the
work of Bressloff in [65], yet incorporating this is important for generating more direct
measures of LFP/EEG. This importance comes from the realisation that currents
flowing along dendrites can generate electromagnetic fields [70], [71]. Specifically, the
transmembrane current [ at any point along the dendritic cable is governed by the
equation:

10°V,

e = o (3.45)

where r, represents the specific resistance per unit length for currents traversing the

dendrite, given by:
AR,

=, (3.46)

Tq =

with R, denoting the axial resistance and d the diameter of the dendrite. If the
extracellular space is assumed to homogeneous, purely resistive, and infinity in extent
with conductivity o then the potential ®(z,r,t) generated by these currents at any

point in space and time can be described by the following integral equation [71]:

Imem (! v t)
P t) d d/a 3.47
(z,r,2) Ao Z / x/RQ ' d(x,a rr)7 (347)

ac{E,I}

where o denotes the electrical conductivity of the extracellular medium and d(x, 2’, r, ')

v/ ((z — 2')2 + |[r — r'|?). This equation shows the direct correlation between dendritic
currents and the resultant electromagnetic field, highlighting the importance of con-
sidering dendritic depth in neural field models. In Figure 3.14 we show the solution to

equation (3.47) using the the voltage solutions of the neuronal model, Vi and V;, in
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the equation 3.45. We see that a drop off can be observed in the potential ® further
away from the soma similar to Vg and V;. Here we used the same parameters as in
Figure 3.12, where the solution resolves to a static Turing pattern, and only show one

time point.
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Figure 3.14: Results from solving equation (3.47). The top two panels show the voltage
solutions for the excitatory and inhibitory population respectively, the bottom panel shows
potential generated by the dendritic currents which is the solution to the (3.47). The param-
eters used here are the same as in the simulations presented in Figure 3.12.

Brain-wave equations, such as the model introduced in this chapter, serve a crucial
role in facilitating effective and fast computer simulations of neural field models. They
provide a way to circumvent the need for simulating the much more complex and

computationally demanding delay integro-differential equations associated with non-
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local neural fields that include axo-dendritic delays, which is often prohibitive. The
reduction to wave-equation form presented here significantly opens up opportunities
for practical investigations. However, for simulations on surfaces more complex than
the planar ones used in this chapter, the integro-differential equations remain valuable,

allowing for a broader range of applications.

We used this brain-wave equation to investigate the full two population model in
one somatic dimension with some reductions and simplifications, namely the removal
of voltage shunts, and analysed the stability of the homogeneous steady state and
found parameter regimes where bulk oscillation, spatio-temporal patterns, and static
patterns could form. We also conducted studies on how various system parameters
impact the velocity of moving wave fronts, demonstrating that the relationship be-
tween somatic and dendritic coordinates in axo-dendritic connectivity patterns can
significantly influence the wave’s speed. Specifically, as the correlation parameter k
increases, there is a noticeable slowing of the wave speed, accompanied by a shift of

the peak response further from the soma.

Further work on this model could include a more detailed numerical continuation
of the bifurcations identified in this chapter, providing additional insight into their
structure. Furthermore, an extended bifurcation analysis could be conducted in the
case of a two-population model with two somatic dimensions, allowing for a broader
exploration of the system’s dynamical properties. Numerical simulations could also be
carried out to examine the model’s behaviour under different parameter conditions.
However, such an approach would require substantial computational resources due to

the large system of equations necessary for accurately evolving this model.



cHAPTER 4

NEXT GENERATION NEURAL ACTIVITY MODELS WITH
GAP JUNCTION COUPLING

Gap junction coupling between neurons are thought to play an important role in
the promotion of synchrony in neuronal populations [53], [72] and contribute to both
normal and abnormal brain rhythms such as epilepsy [56], [73]. Recent theories suggest
that the plasticity of gap junctions, dependent on activity, may serve as a method for
controlling oscillations within the cortex [74|. In Chapter 2, we discussed a range of
neural mass models prominently featured in the current literature. Each of the models
discussed was connected through mechanisms simulating chemical synapses, but did
not take into account the role of electrical synaptic coupling by gap junctions. This
chapter aims to investigate the dynamics of a neural mass model, which is derived
from a network of quadratic integrate-and-fire models, and incorporates local gap
junction coupling. We show that the model can robustly produce oscillations via a Hopf
bifurcation through increasing the gap junction strength parameter, and eventually

build up to showing how local gap junction coupling can facilitate more complex

67
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spatio-temporal dynamics in one- and two-population neural field models. The work
discussed in this chapter is based on the work presented in [2]. My contributions to
this work include performing a bifurcation analysis and simulations of neural mass
models, as well as simulations of a single population neural field model. Additionally,
I conducted numerical spectral analysis and simulations of a two-neuronal population

model.

4.1 Background

Several studies have explored the function of gap junctions in neural modelling, em-
ploying different methodologies. Researchers like Carlo Laing [23] and Bastian Pietras
et al. [75] have focused on incorporating gap junctions locally, developing mass mod-
els based on networks of Theta neurons or QIF neurons, respectively. On the other
hand, Steyn-Ross et al. |76] adopts a more phenomenological approach, utilising a
global diffusion term to depict gap junction coupling within a neural field model. In
this section, we briefly discuss the biology and function of gap junctions with respect

to neuroscience, and highlight how their function differs from chemical synapse cou-

pling.

4.1.1 Electrical Synapses and Gap Junction Modelling

Electrical synapses are specialised channels that allow for the flow of electrical impulses
between extremely narrow gaps between neurons called gap junctions. gap junctions
are composed of two connexon hemichannels, which are pores that connect across
the intercellular space between neurons and allow for the bidirectional flow of ions
between the cells. A graphical representation of a gap junction is shown in Figure

4.1 where we see the connexon channel connecting two cells across a gap of around
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2 — 4 nm wide. The primary functional differences between electrical synapses and

Connexon
connexin monomer

Plasma membranes

Intercellular space,

)
2-4 nm space Hydrophilic channel
&@

Figure 4.1: A depiction of two cells meeting at gap junctions. A gap junction is the meeting
of two connexons that connect cells across the intercellular space allowing for the flow of ions
between the cells. This diagram was sourced from: https://en.wikipedia.org/wiki/Gap_
junction

chemical synapses is that electrical synapses are much faster, they lack signal gain,
and permit subthreshold transmission [77]. While chemical synapses typically exhibit
a synaptic delay ranging from 1 to 100 milliseconds, electrical synapses formed via gap
junctions can be as low as 0.2 ms [78]. This means that conduction changes at the
post-synaptic neuron due to signals from the pre-synaptic neuron via gap-junctions
are almost instantaneous, though the signal received at the post-synaptic neuron is of
the same, or smaller, magnitude as the pre-synaptic signal. In contrast to the work of
Steyn-Ross et al. [76] we follow Carlo Laing [23] and Bastian Pietras |75] and include
gap junction coupling into the local dynamics of the mass model. We derive an exact

mean field reduction of a network of globally coupled firing models.

4.1.2 Integrate and Fire Model

As in Section 2.3.1 we choose the underlying neural model as a network of QIF neurons.
It is common for gap junctions to be viewed as simply a channel that conducts current

according to a simple ohmic model. For two neurons with voltages v; and v; the
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current flowing into cell ¢ from cell j via a gap junction is proportional to v; —v;. This

leads to the globally coupled QIF model:

N
d 1 v .
sz :U?+ni+/<sg+%;(vj—vi), if v; > vy, then v; < v,
o (4.1)
Q=23 Y de-ep)

j=1 mez

where k; is the synaptic coupling strength, x, is the gap junction coupling strength -
which could be interpreted as reflecting the degree of electrical connectivity between
neurons, with higher values indicating more open gap junctions and thus more effective
transmission of ionic currents that influence membrane potentials directly - ) is a linear
differential operator, g is the post-synaptic conductance, and 7; are random variables

drawn from the Lorentzian distribution:

1 A

g(n) = T T AT (4.2)

For clarity of exposition our global synaptic input does not include voltage shunts (as

in Section 2.3), though the extension is straightforward.

4.1.3 Mean-Field reduction

To derive a mean-field model of the network of coupled QIF models we follow the
approach developed by E. Montbri6 and colleagues in [21]. We consider the thermo-
dynamic limit N — oo of equation 4.1. The distribution of voltage values is denoted
p(v|n,t) and the continuity equation for p is

0 o .
gp + %pv = 0, (43)
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where
i = v b+ Rag RV — B, Qg = R(2), (4.4)
and
1 N
V(t) = lim Zlﬂj(t), (4.5)
]:
N
R(t) :]\}gréoﬁz;ze:zé(t—t;”), (4.6)
j=1m

which are the population average voltage and the population firing rate respectively.
We now assume that solutions to equation (4.3) have a Lorentzian function shape so
that

pluln, t) = + D

e RV ) e s .7

This assumption on the shape of p(v|n, t) is known as the Lorentzian Ansatz (LA) [21].
One way to motivate this choice is by considering the continuity equation (4.3). In
the steady state this reduces to pv = constant. Since, © is quadratic in v it makes
sense to look for a distribution that has a reciprocal quadratic structure. To make
this time dependent one can consider a Lorentzian with a time dependent centre and
width as in (4.7) and look for self-consistent solutions that determine the dynamics
for these two variables. For a fixed value of 7 the firing rate r(n,t) is found as p(v —

oo|n, t)o(v — oo|n, t) which gives the identity

x(n,t) = mrr(n,t). (4.8)

We note that y(n,t) is the mean voltage for each 7 so that

[e.o]

y(n,t) = PV/ p(v|n, t)vdo, (4.9)

—00
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where PV denotes the Cauchy principal value. After averaging over the distribution

of single neuron drives given by (4.2)) we obtain

R®=~1/wxmwamm, (4.10)

x«wzjmymwmmm. (4.11)

Substituting the LA into the continuity equation (4.3) and balancing powers of v shows

that x and y obey two coupled equations that may be written in complex form as
T = —Kyw + 0[N + Keg + K,V — w?], (4.12)

where w(n,t) = x(n,t) + iy(n,t). Evaluating the integrals in (4.10) and (4.11) using
contour integration and the fact that g(n) has poles at 1y £ iA we find the coupled

equations for population firing rate and mean voltage as

. A
TR = —k,R+2RV + —
7 (4.13)

TV =m0+ V? = 221’ R? + kg
As in Section 2.8 the R and V' variables relate to the Kuramoto order parameter via
the conformal map in Equation (2.11). In order to validate our mean-field reduction we
simulate 1000 neurons of the network of coupled QIF neurons and compare the results

to our mean-field model and we see in Figure 4.2 that there is very good agreement

between the two models.
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Figure 4.2: Validity of the mean-field reduction. A comparison of the mean-field dynamics
(red) with the corresponding network of spiking neurons (blue). The top panel shows a
raster plot for a sample of 100 of the 1000 neurons in the network of coupled QIF neurons.
Below are comparisons of the mean firing rate R, average membrane potential V' and within
population synchrony |Z| for the spiking network and mean-field model. Parameter values:
=2k =1 k=1 17=16, a = 0.5, v = 0.5 ,04p, = —v, = 1000.
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4.2 Mass Model Bifurcation Analysis and Simula-
tion

In this section, we use bifurcation analysis to investigate the dynamics of the neural
mass model with one and two neuronal sub-populations and also exhibit the dynamics
found in these models beyond the bifurcations. Model parameters are kept within

realistic physiological range. We use second order synapses, so that
Q= (1+a7'd/dt)?,

the speed of the synapse is controlled by the parameter « in the synapse model, as

1

discussed in Chapter 2, where a~" is the time-to-peak of the synapse. Typically fast

synapses have a time-to-peak 1ms and slow synapses have a time-to-peak of 100ms, so

a realistic range for o is 0.01 - 1 ms™!.

Vsyn 1s set to either a positive or negative value
depending on if the connection between neurons is excitatory. s, and k¢ are both used

a bifurcation parameters and therefore varied outwith of biophysical range.

4.2.1 Single Population

We start the analysis of the model by first looking at a single population model mass
model (4.13). In Figure 4.3 a numerical bifurcation analysis is shown. It can be seen
that increasing gap junction strength coupling leads to oscillations via a Hopf bifurca-
tion. We also show a two-parameter continuation (1 vs k,) of the Hopf-bifurcations
for three values of A which shows that the models supports a Hopf bifurcation for a
large range of parameter choices. In Figure 4.4 a simulation of the system beyond a

Hopf bifurcation is shown and the oscillations that occur with this parameter set are
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0.5 1.0 1.5 ' ' 1.0 1.5 2.0
Ky Ky

Figure 4.3: Single population bifurcation diagrams. (a) A Hopf bifurcation is found with an
increase in the strength of gap junction coupling k,, giving rise to limit cycle oscillations.
Red (black) lines denote the stable (unstable) fixed point, while the green lines show the
minimum and maximum of the oscillation. (b) A two parameter bifurcation diagram in the
(kv, no)-plane tracing the locus of Hopf bifurcations for different values of A. Oscillations
emerge to the right of each curve. Parameter values: ng = 1, ks = 1, 7 = 15, a = 0.5,
A =0.5.
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Figure 4.4: Single population dynamics. (a) Oscillations in the population firing rate R (teal)

and average membrane voltage V' (yellow), (b) Corresponding oscillations in the complex
Kuramoto order parameter Z = |Z|e?, where |Z| reflects the degree of within-population

synchrony (green), and 6 a corresponding phase (red). Parameter values: ny = 1, k, = 1.2,

ks =1, 7=15 a=0.5, A =0.5.

in the beta frequency band.

4.2.2 Two Interacting Sub-populations

We now turn our attention to a mass model with two sub-populations. The two sub-
populations of neurons we are representing are excitatory and inhibitory type neurons

and we use an all-to-all chemical synaptic coupling scheme and gap junction coupling

only within the same sub-population. The model can be written as:

. Aa
ToRy = —Ky R + 2RV, + ,
TaT

V=g +VE-PER A Y g
be{E,I}

(4.14)

anb = HZbRb-
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The indices a,b € {E, I} denote excitatory and inhibitory neuronal sub-populations.
A numerical bifurcation analysis of the model (4.14) is presented in Figure 4.5 for
different values of k2 and x!. We see that when xZ = 0 and k! = 0 oscillation emerge
via a subcritical Hopf bifurcation at n} ~ —6 and n! ~ 7. When gap junction coupling
is turned on in the inhibitory population we see that another Hopf occurs at nf ~ 3
with stable oscillations occurring for low values of n!. Similar results occur when

excitatory gap junction coupling is turned on exclusively, though the oscillations are

smaller in the inhibitory population. When k¥ = k! = 0.5 the limit cycle stability in
the low n{ range is lost and a new unstable limit cycle appears via a Hopf bifurcation

when nJ ~ 0. Simulation of this model reveals the complex bursting-like oscillations

Ry }.---___.._______.
-{’
/
0.028 — - -
1.300 (’——ﬁ
Ry ’_3____ ]

0.027 —
=10 =5

Figure 4.5: Two population bifurcation diagrams: Continuations in the median background
drive to the inhibitory population n{ for different combinations of gap junction coupling
strengths xZ and x!. Red (black) lines denote the stable (unstable) fixed point, while the
green (blue) lines show the minimum and maximum of the stable (unstable) oscillation (a) No
gap junction coupling, k¥ = 0, k! = 0 (b) Gap junction coupling in the inhibitory population
only, k& = 0, k! = 0.5 (c) Gap junction coupling in the excitatory population only, k2 = 0.5,
/15 = 0 (d) Gap junction coupling in both populations, HUE = 0.5, /ig = 0.5. Other parameters:
776E =35, /{SEE = 15, ng = 25, /-@SEI = —15, ﬁgl =—-15,7g=1,11=1, agg = 0.2, ajg = 0.1,
g = 0.07, ajr = 0.06, AE = A] =0.5.
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that can occur in this model. In Figure 4.6 we see a simulation with bursts occurring

in the beta band frequency and intra-burst oscillations in the gamma band frequency.

These bursts of high frequency and high amplitude are a pattern of activity that is

typical of epileptic seizures [79].
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Figure 4.6: Excitatory-inhibitory network dynamics: Oscillations in (a) the excitatory pop-
ulation firing rate Rg (teal), and (b) in the average membrane potential Vg (yellow). Cor-
responding oscillations for the inhibitory population, (¢) R; and (d) V7. Kuramoto order
parameters for the excitatory population (e) Zg = |Zg|e?, |Zg| (green) and (f) g (red).
Corresponding traces for (g) |Z;| and (h) 6; of the inhibitory population. Parameter val-

R o I _ E _ I
ues: 7y = 5, Ny = —3, Kk, = Ky

= 0.5, k¥ =15, &l = 25, kP1 = 15, &l = ~15,

TE — 1,7’1 = 1, Qpp = 0.2, ajp = 0.1, apr = 0.07, ajr = 0.06, AE = A] = 0.5.
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4.2.3 Comparison to Laing’s Model

Our approach for including gap junctions is similar to Laing’s approach, as outlined
in [23]. However, our work diverges in that Laing constructs a mean-field model based
on a network of theta neurons, as opposed to the QIF neurons we employ. Laing’s

framework involves a network of theta neurons with gap junction coupling, as described
by:
do;

e 1 —cosb; — kysing; + (1 4 cosb;)

N
Ry Qk
IR ;:1 tan (5>] . (4.15)

However, this approach faces a challenge: tan(f/2) tends toward infinity as 6 ap-
proaches m. To address this issue, Laing introduces an ad-hoc corrective measure,

substituting tan(6/2) with:
B sin 6
~ 14cosf+¢

q(0) (4.16)

where € represents a small constant. Our approach of developing the mean-field model
from the QIF framework negates the need for this correction term, and hence our
model is an exact representation of the underlying QIF network. The correction term in
Laing’s introduces an alteration to the mean field equation, resulting in a distinct mean
field model compared to that discussed in Chapter 4. Laing’s mean field model with
instantaneous synapses, where the synaptic speed parameter @ — oo and therefore
the post-synaptic conductance is simply kg * R, is expressed as:

dR

dt

dVv

’ry =1+ V? =12 R? + kR + ko (C = V),

— —k,R+2RV + 1,
T (4.17)
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where k,(Q — V) is the termed gained by using the correction term and

Z mz" 4 c.c), (4.18)
m=1

where z = (1 —7R+iV)/(1+ 7R —iV) and

m+1 mfl)

bm:i(p —p

2(p+1+¢) (4.19)

with p = v/2e + €2 — 1 — ¢. For numerical purposes, the sum in (4.18) is truncated at
m = 200 and € is set to 0.01 as in Laing’s publication. For clarity on the distinctions
between Laing’s approach and ours, we have included Laing’s model in Appendix B.1.
While the overall behaviour of the models is similar, small differences exist, especially
when ¢ is large. A comparative computational analysis of a single neural population
using our model and Laing’s model, with various of € values, is presented in Figure
4.7. Here we see that as the value of € decreases the solutions to each of the two mass
models begin to converge as expected. For simplicity and staying in line with Laing’s
publication, we employed instantaneous synapses in this comparison, and the relevant

equations are further detailed in appendix B.2.
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Figure 4.7: A comparison between Laing’s mass model, derived from a network of § neurons,
and the model presented in this chapter, which is derived from a network of QIF neurons,
with varying values of the correction parameter €. Values of € decrease from the top panel to
the bottom, showing that the solutions of the two models converge to the same dynamics as
€ gets smaller. Parameters: A = 0.5, ng = —0.3, ks = 3.0.

4.3 Neural Field Model

We now move on to studying a single population field model, constructing this by
replacing the full temporal derivatives by partial temporal derivatives in (4.13) and

the dynamics for g are now governed by the non-local equation:

Qg =1,

o0 = [ we =R (xo- (4.20)

v — 1|

)dr' rcRY N € {1,2}
c
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Here c is the action potential speed. In the cortex, excitatory synaptic interactions
predominantly involve long-range connections, facilitated by myelinated axons of ex-
citatory pyramidal cells extending to various cortical areas. Conversely, inhibitory
interactions are generally confined to shorter distances. Specifically, in macaque mon-
keys, the strength of excitatory connections between different cortical regions decreases
exponentially relative to the wiring distance between them, featuring a characteristic
distance of about 11mm [80]. A variety of connectivity functions w(x) could be con-
sidered but we focus on a so-called inverted ‘wizard hat’ type function as this models
the long range excitation and short range inhibition seen in the brain at large spatial

scales. This function can be written as:

w(z) = (|z| — 1)e7 I, (4.21)

in 1 spatial dimension and,

—|r]

w(r) = (Jr|/2 — 1)°

4.22
—. (422)

in 2 spatial dimensions. In our model the sign of k4 can be used to change the type
of coupling with xs; < 0 for standard ‘wizard hat’ coupling and ks > 0 for inverted
‘wizard hat’ coupling, examples of these connectivity functions in 1 spatial dimension
can be found in Figure 4.8. A schematic of the model can be found in Figure 4.9.
The simulations in this chapter going forward primarily use long-range excitatory

connections alongside short-range inhibitory ones.
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Figure 4.8: Examples of connectivity functions used in this section. (a) An example of
a standard ‘wizard hat’ connectivity function (b) An exampled of a inverted ‘wizard hat’
connectivity function.

4.3.1 Numerics

In a similar manner to section 2.4.4 a PDE formulation, or so-called brain-wave equa-
tion, of the convolution ¢ in (4.20) can be found and is shown for both the 1 dimen-
sional case and the 2 dimensional case in appendix B.3. The PDE formulation is used
for the numerical simulations of the model and further information about the methods

used when simulating the model may be found in appendix B.5.
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Figure 4.9: Model schematic. At each point in a two-dimensional spatial continuum there
resides a density of QIF neurons whose mean-field dynamics are described by the triple
(R,V,U), where R represents population firing rate, V' the average membrane potential, and
U the synaptic activity. The non-local interactions are described by a kernel w, taken to be a
function of the distance between two points. The space-dependent delays arising from signal
propagation along axonal fibres are determined in terms of the speed of the action potential
c.
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4.3.2 1D Instability Analysis and Numerical Simulation

A Turing instability analysis, as previously demonstrated in Section 3.5, allows us
to investigate the dynamics of the field model and the details of this analysis can
be found in appendix B.4. Similar to the bifurcation diagrams studied for the mass
model, one can find bifurcations for the field model where bulk oscillations emerge at
Hopf bifurcations. Static patterns emerge at Turing bifurcations. Dynamic patterns

emerge at Turing-Hopf bifurcations.

We first investigate dynamics in a model with inverted wizard hat coupling. A bifur-
cation diagram is shown in Figure 4.10 and we see that for x, < 0.8 the steady state
is always stable to the applied perturbations. With low ¢ and s, > 0.8 we see that
the system first undergoes a Hopf bifurcation and then a Turing-Hopf bifurcation. For
faster action potential speeds ¢ 2 0.2 the order of the bifurcations switch and the sys-
tem now first undergoes a Turing-Hopf bifurcation and then a Hopf bifurcation with
increasing k,. In Figure 4.10 we also show three simulations, the first showing global
oscillations close to a Hopf bifurcation. The next simulation shows standing waves

close to the Hopf and Turing-Hopf Bifurcation. Finally, close to the Turing-Hopf

bifurcation (but before the Hopf) we find periodic travelling waves.

To investigate the effect of gap junction coupling on the model, we fixed ¢ = 0.11 and
explored the dynamics of the synchrony variable |Z| for increasing values of x,. In
Figure 4.11 we show three simulations where in (I) x, = 0.86 we find standing waves
that oscillate at a low level of synchrony. (II) k, = 1.0 we see bulk oscillations with
slightly higher levels of synchrony within the population. (III) k, = 1.2 we find mixed
dynamics with even higher levels of synchrony. The tissue is now highly synchronised,

confirming the belief that gap junction coupling increases the level of synchronisation.



Chapter 4. Next Generation Neural Activity Models with Gap Junction Coupling 86

. . % ' -
)UU 0.0038
C tllI‘L["‘ 111"3 Tllll{" III‘-; l’lIIl(‘ 11’1“)

.00 st

Turing-Haopd

1,095

0.90

0.8

Figure 4.10: Turing instability analysis for the one-dimensional neural field model. The left
panel shows the Hopf and Turing-Hopf curves as a function of the action potential speed ¢
and gap junction coupling strength x,. Above these curves patterned states emerge. The
three right hand panels show simulations near Hopf, and two Turing-Hopf points: (I) Bulk
oscillation with ¢ = 0.1, k, = 0.85, (II) Standing wave with ¢ = 0.11, x, = 0.855, (III)
Periodic travelling wave with ¢ = 1.0, k, = 0.88. Other parameter values: 19 = 1, ks = 10,
T=15, aa =0.5, v=0.5.
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Figure 4.11: Simulations of the one-dimensional neural field model under variation in ,: (I)
Standing wave with &, = 0.86, (II) Bulk oscillations with x, = 1.0, (III) Mixed dynamics
with k, = 1.2. Other parameters ¢ = 0.11, g = 1, ks = 10, 7 = 15, a = 0.5, v = 0.5.

Thus far we have only investigated behaviour when x, > 0, however using x, < 0
results in a model with standard wizard-hat connectivity (proximal excitation and
distal inhibition) and in this configuration the model supports static Turing patterns.
In Figure 4.12 we see a bifurcation diagram when x; = —60 and a numerical simulation
when the system is near a Turing and a Hopf bifurcation. In the bifurcation diagram we

see that for low 7y and increasing x, the model first undergoes a pitchfork and Hopf
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almost simultaneously and then a Turing-Hopf. Around 7y, = 0 and low x, Turing
patterns emerge and increasing k., leads to a Hopf, then a Turing-Hopf bifurcation.
For larger n9 a Hopf and then a Turing-Hopf bifurcation occurs for increasing x,. A
simulation near the Turing and Hopf bifurcations results in interesting dynamics with
alternating bumps of high synchrony and an area of lower synchrony that also has a
dynamic temporal structure, these patterns are reminiscent of so-called ‘chimeras’ seen
in networks of coupled oscillators, where a fraction of the oscillators are phase-locked

or silent while the others oscillate incoherently [81], [82], [83].
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Figure 4.12: Bumps in the one-dimensional neural field model. (a) Bifurcation diagram for
a standard wizard hat coupling kernel. (b) Simulation close to the Turing and Hopf curves
no = 0.02 and k, = 0.3. Other parameter values: ¢ = 10, ks = —60, 7 = 12, « = 0.5, v = 0.5.

4.3.3 2D Instability Analysis and Numerical Simulation

We now begin an analysis of a 2D field model. In a similar manner to the 1D analysis,

we perform a Turing instability analysis, which is shown in appendix B.4, and present
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Figure 4.13: Bifurcation diagrams of the 2D field model Hopf curves in blue dotted lines,
Turing-Hopf curves in red dotted lines, Turing curves in green dots and a change in steady
state in solid black, where a new steady state emerges at the left curve, and a steady state
disappears on the right curve.

. Parameter values used are (a) o = 2, ks = 12, 7 = 20, @« = 0.5 and (b) ks = —25,
T=1,a=5v=0.5.

bifurcations diagrams of the model for both standard and inverted wizard hat coupling
in Figure 4.13. In (a) we show that when using ks > 0 the system undergoes Turing-
Hopf bifurcation and then a Hopf bifurcation for very low ¢ and increasing x,, for
slightly larger ¢ the order of the bifurcations switches and for even larger ¢ the order
of the bifurcations switches again. In (b) we show that when x; < 0 and increasing x,
the system undergoes a pitchfork bifurcation and then a Turing bifurcation for small
1o. When 1 is increased the system first undergoes a Turing, then a Hopf and then
a Turing-Hopf bifurcation as k, is increased. As 7, increases even further the system
undergoes a Hopf and then a Turing-Hopf bifurcation with increasing k,. In Figure
4.14 snapshots of a direct simulations in the R, V, |Z|, and # variables are shown.
We see that when the system initiated with a periodic lattice type structure and in a
Turing-Hopf parameter regime then we find a solution with multiple oscillating cores

and spiral waves winding around these cores. We also show a space clamped time
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series for each variable and a movie of the full temporal dynamics can be found in

XN

appendix B.6.
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Figure 4.14: Simulations of the two-dimensional neural field model showing that, beyond
a dynamic Turing instability, rotating waves with source and sink dynamics may emerge.
Top: a snapshot of a patterned state in the (R,V) and (|Z|,0) variables. Bottom: the
corresponding time-series for the point marked by the small green circle in the top panel.
A movie illustrating how this pattern evolves in time is given in appendix B.6. Parameter
values: c =1, ng = 2, ky, = 0.695, ks =12, 7 =20, a = 0.5, v = 0.5.
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Increasing x,, leads to these spirals becoming more pronounced and tightly wound, as
seen in Figure 4.15. A movie showing these tightly wound spiral patterns can be found

in appendix B.6.
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Figure 4.15: Simulations of the two-dimensional neural field model with moderate gap junc-
tion coupling strength. In this case robust spiral waves emerge at the centre of rotating cores.
The spiral is tightly wound with a diffused tail of high amplitude activity that propagates
into the rest of the domain and interacts with the other rotating waves. Top: a snapshot of
a patterned state in the (R, V) and (|Z],6) variables. Bottom: the corresponding time-series
for the point marked by the small green circle in the top panel. The full spatio-temporal
can be seen in appendix B.6. Parameter values: ¢ =1, 9 = 2, k, = 0.8, ks = 12, 7 = 20,
a=0.5,v=0.5.
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In Figure 4.16 we show a direct simulation when x4 < 0, in effect inverting the connec-

tivity function so that we have proximal excitation and distal inhibition. The results

are analogous to the chimera like bump states seen in the 1 dimensional field model.

We see the plane has one central bump and 4 semi-bumps and these have internal

temporal structure. A time series shows the periodic oscillations in time at a spatial

point inside a bump. A movie of these chimera-like dynamic patterns can be found in

appendix B.6
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Figure 4.16: Simulations of the two-dimensional neural field model with short-range excitation
and long-range inhibition, showing the emergence of a spatially localised spot solution (top
panel). Note that the core of the spot has a rich temporal dynamics, as indicated in the
bottom panel showing the time course for a point within the core (green dot in top panel).
A movie showing the full spatio-temporal can be found in appendix B.6. Parameters values:
c=10.0,1n9 =0.1, kK, =1.0, kg = =25, 7=1, a =5, v =0.5.
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4.4 Two population field model with voltage shunts

We now turn our attention to a model with two neuronal populations comprised of
excitatory and inhibitory neurons. We also now include voltage shunts such that the

model may be written in integro-differential equation form as:

¢ab = / wab(X7 X,)Rb(yat - Tab(XJ X,))dya QcC IRN7 Tab(x) = Tz?b + |X|/Caba
Q

1 2
(]- + at) Gab = '%waabu
Qgp

5 U A (4.23)
TaaRa = _Ra ;(gab + /iab) + 2Ra‘/;t + Ta’ﬂ"
e Ve = K (Vo= Vi) + 3 gunlVih, = Vo) = 7202 RE 4+ V2 4,

b

ot

with a,b € {E, I} and k}; = K75 and V), are the synaptic reversal potentials. Here,
cqp Tepresents the conduction speed of action potentials. Speeds can range from ap-
proximately 0.5 m/s in unmyelinated axons to up to 150 m/s in myelinated axons

within the peripheral nervous system. Within the human cortex, axonal speeds be-

tween different areas tend to peak within a range of 5 to 10 m/s [84].

4.4.1 1D Instability Analysis and Numerical Simulation

In order to analyse the dynamics of this model, we again perform a Turing instability

analysis. We now use an exponential connectivity function of the form

exp(— ol /7).

wab(l') - 20 b

Here, o, controls the spatial range of neural connections. The full Turing instability

analysis is shown in Appendix B.7.
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We show in Figure 4.17 that the model can exhibit global oscillations that form via
a Hopf bifurcation, where we can see the excitatory synchrony oscillating between
|Zg| ~ 0.12 and |Zg| ~ 0.33, and inhibitory synchrony oscillating between |Z;| ~ 0.04
and |Z;| ~ 0.34.

k
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Figure 4.17: Left: The spectrum of the system at a Hopf bifurcation that occurs at |k| = 0
when k%p = K% = Kjp = K,%I = 0.19. Right top: Time series of the excitatory popula-
tion’s synchrony |Zg| just beyond the Turing-Hopf bifurcation. Time series of the inhibitory
population’s synchrony |Z;| just beyond the Turing-Hopf bifurcation. Parameters: app =
0.7,04E] = O.S,OCIE = 0.7,&[] = 0.8,UEE = OJE = 0.5,0]3[ = oJj] = 1.5,7‘]3 = 12,7‘] =
15,k = 4.8,k = Kip = 9.5,k = 4.1,cgeg = cgr = cig = cip = 0.1,k = Ky =
KYp =K1, =02,Ap = A; =05VEE =15 VEL = —vIE =10, VII = 155 ng =n; = 1.

» Visyn s Vsyn syn T syn

In Figure 4.18, we show the spectrum at a Turing-Hopf bifurcation and simulations
just beyond this bifurcation, where standing waves can be found. The synchrony of

the excitatory population oscillates in the range |Zg| ~ 0.22 to |Zg| ~ 0.31, and
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the synchrony of the inhibitory population oscillates in the range |Z;| ~ 0 to |Z;| ~

0.3.
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Figure 4.18: Left: The spectrum of the system at a Turing-Hopf bifurcation that occurs at
|k| = 1.36 when k%, = r%; = kY5 = K7, = 0.19. Right top: Time series of the excitatory
population’s synchrony |Zg| just beyond the Turing-Hopf bifurcation. Time series of the
inhibitory population’s synchrony |Z;| just beyond the Turing-Hopf bifurcation. Parameters:
OpEp = 0.7,&3[ = 0.5,a1E = 0.7,0[1[ = O.8,0’EE = OJE — 0.5,0’E1 = 0] — 1.5,7‘E =
12,71 = 15,k = 4.8,k = Kip = 9.9,k = 41,cgg = cgr = ¢cig = ¢ip = 0.1,k%p =

kY = Kjp =K1 =02,Ap = Ap =05, VEE =16, VEL = —VIE =10, V] = 155, =
nr = 1.

In Figure 4.19, we show the effect of moving beyond the bifurcation shown in Figure
4.18 by changing the gap junction strengths. Increasing xZ¥ to 0.6, while keeping
the remaining gap junction strengths at 0.2, results in periodic travelling waves. The

excitatory synchrony ranges from |Zg| ~ 0.23 to |Zg| ~ 0.35, while inhibitory syn-
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chrony ranges from |Z;| ~ 0.06 to |Z;| ~ 0.36. Setting k¥/ = xkI¥ = 0.6 with the
remaining strengths at 0.2 also produces travelling waves, with excitatory synchrony
increasing from |Zg| ~ 0.08 to | Zg| ~ 0.4 and inhibitory synchrony from |Z;| ~ 0.4 to
|Z1| =~ 0.6.

Setting !/ = 0.6 while keeping other coupling values at 0.2 results in travelling waves,
with excitatory synchrony ranging from |Zg| ~ 0.2 to |Zg| ~ 0.36 and inhibitory

synchrony from |Z;| ~ 0.03 to |Z;] ~ 0.4. When xF = gIP = gxPI = 0.6 and

v

I _

. 0.2, travelling waves are observed with excitatory synchrony between |Zg| ~ 0.2

K

and |Zg| ~ 0.4, and inhibitory synchrony between |Z;| ~ 0.1 and |Z;| ~ 0.46.

Setting % = k!! = 0.6 while the remaining coupling strengths remain at 0.2 results in
periodic travelling waves propagating from a central core. Excitatory synchrony ranges
from |Zg| =~ 0.0 to |Zg| ~ 0.5, while inhibitory synchrony ranges from |Z;| ~ 0.0 to
|Z;| = 0.7. Finally, when all gap junction coupling strengths are set to 0.6, a slight
increase in maximum synchrony is observed, with excitatory synchrony ranging from
|Zg| =~ 0.0 to |Zg| ~ 0.61, and inhibitory synchrony ranging from |Z;| ~ 0.12 to
| Zr| =~ 0.74.

4.4.2 2D Instability Analysis and Numerical Simulation

We now move on to the two-dimensional case, where we use the 2D connectivity

function

exp(—|t|/0a)
202

wap([r|) =

We again perform a Turing instability analysis, which is detailed in Appendix B.7.
We show in Figure 4.20 a Turing-Hopf bifurcation occurring at |k| ~ 2.02, where we
observe spiral patterns forming just beyond this bifurcation. We now perform a similar

numerical investigation as in Figure 4.19. Firstly, in Figure 4.21, we set ﬁfE = 0.8,
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Figure 4.19: Showing the affect of various configurations of gap junction coupling.(a) kZ¥ =

0.6,x51 = k1P = I = 0.2. (b) kEF = k1 = kIF = 0.2, kIl =06 (c) kEF = 0.2, k2T =
KIE =06, k)T =02 (d) kBF = kT = k[P =06, T = 0.2 (e) sFF = 0.6, s5T = kIF = 0.2,
kD= 0.6 (f) kEF = 0.2, k5T = (1P = kT = 0.6 (g) kIF = kP = kIF = kI = 0.6. All

other parameters are the same as in
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Figure 4.20: Left: A slice along the ko = 0 axis of the rotationally invariant spectrum of the
system at a Turing-Hopf bifurcation occurring at |k| &~ 2.02 when % = k%, = KYp = K2, =
0.435. Right top: Time series of the excitatory population’s synchrony |Zg| just beyond
the Turing-Hopf bifurcation. Time series of the inhibitory population’s synchrony |Z;| just
beyond the Turing-Hopf bifurcation. Parameters: agg = 0.7,ag; = 0.5, a5 = 0.7, ar7 =
08,0pg =0ip =04,0p; =017 = 08,75 = 10,77 = 11,k = 4.8,k = K1 = 5.5, K7 =
4.1 ,CEE = CEJ] = CJgp = CJ] = O'lvﬁ%‘E = Iﬁ?vEl = HII)E‘ == KJ%I == 0.44,AE = A[ = 0. 57VS§nE =
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with all other gap junction coupling strengths set to 0.44. With this configuration,
we observe similar dynamics to Figure 4.20, with spiral waves propagating around 16
nodes. The excitatory synchrony ranges from |Zg| ~ 0.35 to |Zg| ~ 0.83, while the

inhibitory synchrony ranges from |Z;| ~ 0.0 to |Z;| ~ 0.58.

In Figure 4.22, we set k11 = 0.8, while all other gap junction coupling strengths remain
at 0.44. In this configuration, the spiral waves become more pronounced compared to
Figure 4.21, with excitatory synchrony ranging from |Zg| ~ 0.21 to |Zg| ~ 0.44 and
inhibitory synchrony from |Z;| ~ 0.46 to |Z;| ~ 0.72.

In Figure 4.23, we set !/ = kE! = kIF = 0.8, with all other gap junction coupling

v
strengths at 0.44. In this configuration, the spiral waves become more tightly wound
compared to Figure 4.22, and maximum synchrony increases in both sub-populations.

The excitatory synchrony ranges from |Zg| ~ 0.18 to |Zg| ~ 0.52, while the inhibitory

synchrony ranges from |Z;| ~ 0.41 to |Z;| ~ 0.76.

In Figure 4.24, we set all gap junction coupling strengths to 0.8. In this configuration,
spiral patterns persist, and maximum synchrony increases compared to Figure 4.23.
The excitatory synchrony ranges from |Zg| =~ 0.0 to |Zg| ~ 0.8, while the inhibitory

synchrony ranges from |Z;| ~ 0.04 to |Z;| ~ 0.83.

Links to movies showing the full spatial and temporal dynamics of the simulations in

Figures 4.21, 4.22, 4.23, and 4.24 can be found in Appendix B.S.
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Figure 4.21: Top: Snapshots in time of a simulation of the synchrony variables where x2¥
is set to 0.8. The domain is patterned with 16 oscillatory spiral cores with high levels of
inhibitory synchrony and intermediate levels of excitatory synchrony. Bottom: Time series
of the synchrony variables for the green point in the upper panels. All remaining parameters

are the same as in Figure 4.20.
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Figure 4.22: Top: Snapshots in time of a simulation of the synchrony variables where k! =

0.8. The domain is patterned with oscillatory spiral cores, which are slightly more tightly
wound than those in Figure 4.21. Bottom: Time series of the synchrony variables for the
green point in the upper panels. All remaining parameters are the same as in Figure 4.20.
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Figure 4.23: Top: Snapshots in time of a simulation of the synchrony variables where x!! =
kPl = xIEF = 0.8. The domain is patterned with spiral patterns, showing intermediate
synchrony in the excitatory population and high synchrony in the inhibitory population.
The spirals are even more tightly wound than in Figure 4.23. Bottom: Time series of the
synchrony variables for the green point in the upper panels. All remaining parameters are

the same as in Figure 4.20.
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Figure 4.24: Top: Snapshots in time of a simulation of the synchrony variables where kZ¥ =
kPl = gIP = kI = 0.8. The domain is again patterned by 16 spiral cores, even more tightly
wound than in Figure 4.23, with an increase in both excitatory and inhibitory synchrony.
Bottom: Time series of the synchrony variables for the green point in the upper panels. All

remaining parameters are the same as in Figure 4.20.
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4.5 Discussion

In this chapter, we have developed and examined a neural model derived from a
network of QIF models incorporating local gap junction coupling. Through bifurcation
analysis, we demonstrated that an increase in gap junction coupling induces oscillations
via a Hopf bifurcation within a single-population mass model, alongside presenting
numerical simulations of these oscillations. Additionally, we conducted a numerical
bifurcation analysis on a model comprising two interacting neuronal sub-populations,
specifically excitatory and inhibitory neurons, revealing that this model can generate

complex and intriguing oscillations through computational simulations.

We further explored a field model in which each spatial point represented a single-
population mass model, interconnected with other points through a non-local connec-
tivity function. By conducting a Turing instability analysis in both one and two spatial
dimensions, we examined the impact of enhanced gap junction coupling strength. Our
direct numerical simulations indicated that the model is capable of producing exotic
spatio-temporal patterns, which vary with the gap junction coupling strength. Lastly,
we investigated a neural field model consisting of two interacting neuronal populations,
excitatory and inhibitory neurons, and found that it also supports interesting dynamic

patterns.

The models presented in this chapter exhibited a variety of spiral and bump-like states
with incoherent cores, reminiscent of chimera states recently seen in coupled oscillator
models [85]. Chimera states are hypothesised to have biological significance as well,
with R. Ma et al. hypothesising that chimeras could underlie the oscillatory dynamics
observed in uni-hemispheric sleep, where one half of the brain sleeps while the other

remains awake [86]. Some evidence of chimera like states in EEG recordings have
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been reported as well, with Tongoli and Kelso observing clusters of coordinated and
uncoordinated activity during a human study [87]. We also found an abundance of
spiral waves in this chapter, demonstrating that spiral wave dynamics can also be easily
found in a next-generation neural field model with gap junctions. Spiral waves are
believed to play an important role in status epilepticus, where spiral waves form after
the annihilation of a wavefront [88] and have been observed in an animal EEG study
[89]. The specific patterns observed depended on the configuration of gap junction

strength between the neuronal populations.

An advantage of this model lies in its foundation on a network of interacting spiking
neurons, where the QIF model effectively simulates the shape of action potentials.
This means that we can have a more precise representation of gap junctions at the
cellular level. Gap junctions are known to facilitate synchrony in neural tissues, as
demonstrated by studies, and they play an important role in neural coordination [53],
[90]. Furthermore, the strength of these connections has been associated with the
heightened synchrony that characterises epileptic seizures [91], which was also seen
in the simulations presented in this chapter. It is also important to recognise the
significant role of the extracellular space on seizure dynamics, which is explored in

depth in [92].

Recent work by Martinet et al. [56] highlights the value of applying computational
models to this issue by building on the Steyn-Ross diffusion approach to modelling gap
junctions in a neural field model, discussed in Section 4.1, with a simple dynamic model
for local extracellular potassium concentration. This approach involves modelling gap
junctions by adding a diffusive term to a standard neural field model. Increases in local
extracellular potassium concentration lead to a decrease in the inhibitory-to-inhibitory

gap junction diffusion coefficient, simulating the closing of gap junctions due to slow
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acidification of the extracellular environment late in seizures.

In Chapter 6, we delve deeper into the framework introduced in this chapter. Drawing
inspiration from the work of Martinet et al., we construct a model that links ex-
tracellular potassium dynamics to the gap junction neural field model discussed here.
The possibility of examining different disorders associated with hyper-synchronisation,
along with the ability to explore models that connect extracellular dynamics with gap
junction strength, highlights the importance of this model in investigating neural dy-
namics—specifically, its value for understanding conditions characterised by unusual

neural synchrony.



CHAPTER 3

USING A GENETIC ALGORITHM TO FIT A STOCHASTIC
NEURAL MASS MODEL TO MEG BETA-BURST DATA

Recent studies have demonstrated that a next-generation neural mass model is capable
of exhibiting beta-bursting behaviour that closely resembles the patterns observed
in real, non-averaged magnetoencephalography (MEG) and electroencephalography
(EEG) data [16]. However, despite this qualitative similarity, no attempts were made

in that work to fit the model systematically to empirical data.

In this chapter, we build upon this research by employing a stochastic neural mass
model to generate beta-bursting dynamics. To analyse and compare these bursts
quantitatively, we use a hidden Markov model (HMM) to detect beta bursts in both
simulated neural mass model data and real MEG recordings. Furthermore, we de-
velop a Genetic Algorithm (GA) to optimise the model parameters, ensuring that the
simulated beta-bursting characteristics align with certain statistical properties derived
from real MEG data. The implementation of the GA, along with the associated code,

is publicly available at https://github.com/Jamesafross/BetaBurstGA.
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5.1 Background

Large scale neural oscillations are detectable through the use of EEG or MEG and
are thought to be the product of a vast ensemble of neurons oscillating synchronously
[93]. These rhythmic oscillations are categorised by frequency bands, for example:
alpha (8-13Hz), beta (13-30Hz) and gamma (30-+Hz). Oscillations in the beta band
frequency are of particular interest due to abnormal activity in the beta band being
linked to a variety of brain diseases and disorders such as Parkinson’s disease and
schizophrenia [94], [95], |96]. Experiments where human participants perform motor
tasks (such as ballistic finger movements) produce robust results that demonstrate
a drop in beta-band power during the movement (movement related beta decrease)
followed by a transient large increase in power before returning to baseline (known as
post-movement beta rebound) [97]. This behaviour has been successfully replicated
with a next-generation neural mass model [14]. Classically, beta frequency brain os-
cillations were thought to be sustained oscillations that varied in amplitude over time
due to certain tasks being performed, however this picture was formed by looking
at trial averaged data and more recent studies investigating non-averaged data sug-
gests that beta oscillations occur in so-called ‘bursts’ which are transient spikes in
power in the beta frequency range, rather than smooth oscillations [98]. Stochastic
next-generation neural mass models are able to exhibit similar bursting behaviour as
that seen in MEG data and in Figure 5.1 we show an example of a spectrogram from
a beta-bursting mass model simulation and an example of an averaged spectrogram
across many simulations. This is similar to human trial averaged data. Burst detection
methods typically have employed some form of threshold detection where one would
filter the time series data (from an EEG or MEG reading) by frequency band and

use an amplitude threshold to determine when the bursting was occurring, however



Chapter 5. Using a Genetic Algorithm to Fit a Stochastic Neural Mass Model to

MEG Beta-Burst Data 108
(@) 60 (b) 60
0.16 08
50 50
g 40 0.12 @40 0.06
= =
g 30 2 30
% 0.08 % 0.04
o o
£ m_’ -
004 0.02
R — 10 -—~
0 500 1000 1500 2000 2500 0 200 400 600 800 1000
Time (ms) Time (ms)

Figure 5.1: A spectrogram showing the power in specific frequency bands of simulated
stochastic mass models with red indicating high power and blue indicating low power. Left:
An example of a beta-burst using a single realisation of a stochastic mass model simulations.
Right: An example of mass model data that has been averaged across many simulations that
is similar to spectrograms seen in trial averaged human data.

recently a HMM was developed to identify bursting states in MEG time series data
that provides a more objective way of detecting burst states by looking at specific

spectral patterns rather than just amplitude in a single frequency band [94].

5.2 The Model

Stochastic neural mass models are able to support beta-bursting like behaviour [16]
and authors such as Powanwe and Longtin [99] have used a stochastic two popula-
tion Wilson-Cowan model to investigate bursting behaviour in the Gamma (30+Hz)
frequency band and developed a method where they could directly link model param-
eters to burst duration and envelope by using statistical averaging methods. Here,
we consider a two population next-generation stochastic neural mass model adapted
from the deterministic model that was discussed in Chapter 4. We adapt the model
in equation (4.14) by including an additive stochastic forcing term, S,, that is the so-

lution to an Ornstein-Uhlenbeck process [100] which we use here to generate low-pass
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filtered white noise [101|. This low-pass filtering of the noise was done due to beta
bursts often occurring alongside alpha-band activity [102]. The model may be written

as a set of coupled stochastic equations,

A
adRa = |— R, a o 2R.V, — dt,
g Eb:(g b+ o) + 2RaVo+ —

Ta

radVa= ) k(= Vo) + D gan(Vie = Vi) + V2 = 77 R2 4 g + S, | dt,
b be{E,I}

1
dgab = [(_gab + pab)] dta
Qgp

1

Qgp

45, =~ 2241 4 7,1,

a

dpab = [(_pab + K“ZbRb)] dta

(5.1)
where a,b € {FE, I} denotes the population type (excitatory or inhibitory), W, is a
Weiner process (i.e. a one dimensional Brownian motion), o2 is the variance of the
Gaussian noise for population a, and 77 controls the time-scale of the filtered noise
variable S,. This set of equations are solved numerically using an Euler-Maruyama
scheme. In order to achieve beta bursting behaviour in our model we pose the system
close to a Hopf bifurcation and use small o, so that the amplitude of the Gaussian
noise is small. If the oscillations beyond this bifurcation are within the beta-band
frequency then we would achieve beta band bursts when the stochastic term pushes
the system beyond bifurcation. The parameters that were chosen for optimisation
K2y, agp. Since MEG detects signals based on ionic currents (inferred

WEre g, Ty, Koy Kap,s

ab?’

via magnetic field changes), the output time-series that we pass to the optimisation

algorithm will be the sum of post-synaptic excitatory and inhibitory currents:

Lnet = Ip + II7 I, = Zgab ‘/;(gl/l;l o ) (52)
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5.3 Methods and Tools

In this section, we discuss the methods employed to detect beta-bursts in the MEG
and model time series, as well as the optimisation algorithm developed to fit the neural

mass model to the MEG data.

5.3.1 Hidden Markov Model

HMDMs are a type of statistical Markov model. A time-series is assumed to be composed
of mutually exclusive ‘hidden’ states Y that govern the observed time-series X. The
series is assumed to be Markovian such that the state at time ¢ is only conditionally
dependent on time ¢ — 1. Following [94] the HMM used here assumes 3 hidden states
(though if not enough evidence of 3 states, it will instead assume only 2 states) that
correspond to an autocovariance pattern that is defined over 230ms which contains the
spectral information of the state that is active. The state who’s probability timecourse
correlated highest with the beta amplitude envelope is determined to be the beta-
bursting state. For a more in-depth description, analysis of the HMM, and results
and discussion around more than 3 hidden states (provided in the supplementary
information), refer to the paper by Z. Seedat et al. [94] and the GitHub repository

https://github.com/0HBA-analysis/HMM-MAR.
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5.3.2 MEG Data

The MEG data analysed in this chapter is drawn from a subset of a larger dataset orig-
inally published as part of a 2018 study conducted by Hunt et al. [103]. This study,
which investigated neural activity using MEG, was reviewed and approved by the
University of Nottingham Medical School Research Ethics Committee to ensure com-
pliance with ethical research standards. Following its initial publication, the dataset
was subsequently utilised in further analyses, including those presented by Z. Seedat

et al. in [94].

The MEG recordings were acquired using a 275-channel CTF MEG system, a high-
resolution neuroimaging device capable of detecting and capturing minute fluctuations
in magnetic fields generated by neural activity. Data were collected at a sampling rate
of 1200 Hz, providing fine temporal resolution necessary for the detailed examination
of neural dynamics. The cortex was then parcellated into 78 regions according to
the automated anatomical labelling (AAL) atlas [104]| such that after processing each
subject dataset contained 78 time-series. Further discussion on the processing of the

data may be found in [94].

For the purposes of this chapter, a subset of the original dataset was selected, specifi-
cally comprising recordings from three participants (so, in total 234 time-series). Each
participant underwent 5 minute MEG recording during a ‘resting state’, a practice
commonly employed in neuroscience to assess baseline neural activity in the absence
of specific task engagement. During these sessions, participants were instructed to
remain seated with their eyes open while attempting to maintain a mental state free
of directed thoughts. A fixation cross was projected onto a screen, providing a focal

point for the participants.
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For further details regarding the experimental design, data acquisition, and analyses,

see the original publication by Hunt et al. [103].

5.3.3 The Genetic Algorithm

In this section, we adapt a GA to optimise the parameters of our model. GAs belong
to a class of iterative optimisation techniques inspired by Charles Darwin’s theory
of evolution. They were first developed by John Holland and his colleagues in the
1960s and 1970s as a method for solving complex optimisation problems by mimicking
natural selection. For a comprehensive review of GAs, their applications, and future

research directions, see [105].

The GA begins by generating an initial population of candidate parameter sets, known
as phenotypes, which are created randomly. Each phenotype represents a potential
solution to the optimisation problem. The algorithm then evaluates the fitness of each
phenotype by assessing how well it performs according to the fitness function. In our
case, fitness is determined by comparing statistical properties of the model’s output

to those observed in real data.

Once fitness scores are assigned, the algorithm selects a subset of the fittest pheno-
types using a specified selection method. These selected phenotypes are then used to
create the next generation through the application of genetic operators, which include
mutation and crossover. Mutation introduces small random changes to individual pa-
rameters, while crossover combines aspects of two parent phenotypes to produce new
offspring. This iterative process continues over multiple generations, progressively

refining the parameter sets to improve the fit between the model and the data.

The objective of applying a GA in this context is to identify a set of parameters for

the stochastic neural mass model that results in a close match to empirical MEG
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data. Specifically, we aim to fit the model to three statistical properties extracted

from human MEG resting-state recordings:
e Beta-burst duration (the length of time that bursts of neural activity persist),
e Number of beta-bursts (the frequency of burst events)
e Beta-burst power (the amplitude or intensity of bursts).

In order to quantify the overall fitness of a parameter set, we compute the average
relative absolute difference between the statistical properties of the simulated data
and those observed in real MEG recordings. This metric ensures that the optimisation
process prioritises solutions that minimise discrepancies across all three statistical

features.

In Figure 5.2 a flowchart that succinctly describes the process of the GA is shown.

The Fitness Function

The GA relies on a fitness function to evaluate how well the neural model aligns with
the MEG data. Developing an appropriate fitness function for this model involved
an iterative refinement process. For instance, during initial tests, a fitness function
was implemented that compared only the mean and standard deviation of beta-bursts
between the real data and the model output. While this approach provided some level
of success, it failed to account for discrepancies in the skew of the data distributions.
To address this, additional statistical parameters, namely skew and kurtosis, were
incorporated into the fitness function. The final version of the fitness function is as

follows:

Fe Sy, (53)
(]
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Figure 5.2: A basic flow chart diagram of the GA showing the iterative process that the

algorithm goes through in order to find optimal parameter sets.
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where M is the 4 by 3 matrix of absolute relative differences of all the target statistics

and is shown in (5.4) and a lower evaluation of F corresponds to a better fit.

|DYiec — Dinodel/ Piiee |Pitee — Prwacll/ Priee INViee — Niodal /Ny e
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(5.4)

Here D stands for mean beta-burst duration, P stands for beta-burst power and N
stands for number of beta-bursts (per second) and are all real valued numbers. Super-
scripts indicate the statistic type, m for mean, s for standard deviation, sk for skew
and k for kurtosis. Subscripts indicate whether the statistic is from the MEG data or
the model. All the time series were combined and used to calculate each statistic, for
example D}, p is calculated by taking the average burst duration from each of the

234 MEG time series, then calculating the standard deviation.

Selection Method

The selection method used here is a variation of tournament selection, a commonly
used selection method. In this variation, phenotypes are first divided into two groups:
Group A and Group B. Each phenotype in Group A is paired with a phenotype in
Group B, and the phenotype with the better fitness from each pair advances to the
next round while the other is discarded. This process is repeated iteratively until
either the maximum number of rounds is reached or a specified number of phenotypes
have been eliminated. Both of these stopping conditions can be adjusted by the user

of the algorithm.
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Genetic operators

Genetic operators are functions that are used in the creation of the next generation of
phenotypes by applying transformations to the phenotypes from the previous genera-
tion in a GA. In this GA, we utilise the two most common genetic operators: crossover

and mutation.

The crossover operator combines two parent phenotypes by exchanging a randomly
selected subset of parameters between them, producing two child phenotypes as a

result. An example of crossover applied to two parameter sets is shown below.
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Firstly, two parent phenotypes are passed to the crossover function, denoted as P, and

P, with parameters p,, € P, and b € [0, 11]:
PO — ( po,o ) Poa | Poz2 ) Po3 || Poa )| Pos | Pos || Po7 || Pos )| Poy9 |[Po,10)(Po11

P1—> P10 P11 P12 P13 P14 P15 P16 Pb1,7 P18 P19 P1,10 [ P111

The swap positions are then selected as 0,4,5 and 8 then the output 'child’ phenotypes
Cy and C4 will be:

CO—) P10 Po,1 DPo,2 DPo,3 P14 P15 Po,6 Po,7 P18 DPo,9 Po,10 | { Po,11

Cl—) Po,o P11 P1,2 P13 DPo,4 Po,5 P16 b1,7 Po,s P19 P1,10 [ P1,11

The mutation operator promotes diversity in the population and prevents convergence
to local optima. The operator takes a single phenotype as an input and alters a
random number of parameter values in this phenotype by a small amount. As an
example, mutation we take Cy and apply a mutation to parameters 4,7, and 8. We

denote the mutated child phenotype as C?, and mutated parameters as p;b the result is:

CO—> Po,o Po,1 Do,2 DPo,3 DPo,4 DPo,5 DPo,6 DPo,7 Po,s Po,9 Po,10 | { Po,11

Cé—) Po,1 Po,1 DPo,2 DPo,3 DPo,5 DPo,6 DPo,9 Po,10 | { Po,11
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5.3.4 Running the Algorithm

This section provides a detailed demonstration of the GA, including its initialisation

and iterative steps.

Initiating the Algorithm

An initial population of size N,,, (chosen as N,,, = 100 for this study) is generated
with random parameter values within desired boundaries, i.e. such that time constants

are ensured to be non-negatives and other parameters do not exceed a pre-determined

magnitude,
R vy
. F S R e
mit__pop =
_p}vzwp p?\fzwp p?VPOP e p%zwp_

See appendix C.2 for further details and a table displaying information about the
optimised and static parameters. The parameters used in this analysis are tested to
confirm that the system is near a bifurcation. This is achieved by first evaluating the
eigenvalues for a given set of parameters, ensuring that all the real parts of each of
the eigenvalues are below 0. Then, small perturbations are applied to the 7§ variables,
which are the variables the noise drives, and then the eigenvalues are recalculated. If
the stability of the system changes after these perturbations, it indicates proximity
to a bifurcation. The model is then simulated for Ny, (chosen as Ny = 100 for
this study) Monte Carlo trials for each parameter set. Each time-series output is then
analysed for beta-bursts using the HMM and the statistics on the burst duration,

power and number are collected.
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Evaluating and ranking fitness, and Choosing breeders

Once the statistics for each phenotype (parameter set) are collected, we then can rank
the phenotypes in order of fitness. A phenotype will be denoted P; with ¢ € 1,2, ..., Npop

so that:

P =p},p;, ..., Pl

The ranking of phenotype fitness is done by using the fitness function and letting the
phenotype with the smallest fitness value be the most fit and the phenotype with the
largest fitness value be the least fit. For instance, consider a set of 10 phenotypes with

varying fitness levels, as shown in Table 5.2.

Table 5.1:

Fitness Rank | Parameter Set | Fitness
1 =) 3
2 P 6
3 Py 10
4 P 14
5 Py 16
6 P 20
7 Py 23
8 P; 24
9 Py 30
10 Py 51

Table 5.2: Example set of phenotypes with various fitness values and fitness ranks.

Breeders are then selected by using the previous described tournament selection pro-
cess. These breeders are then randomly paired for crossover in order to generate a

population of phenotypes of size IN,,,. Each of these phenotypes has a probability
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of p,, to mutate and a small amount of the phenotypes generated are replaced with
randomly generated phenotypes in order to promote diversity in the population. The
phenotypes after this process are now the phenotypes that will be carried to the next
generation. The process is then repeated until a suitable solution is found or the max-
imum number of generation is reached. This whole process is described in pseudocode

in Algorithm 1.

Algorithm 1 Genetic Algorithm for Parameter Optimisation

1: Initialisation:
2: Generate an initial population of N,,, random phenotypes.
3: Set iteration counter: n < 0.
4: while n < max iterations or Best Fitness < Goal Fitness do
5: Evaluation:
6: for each phenotype i € {1,2,..., N,,,} do
7 for each trial j € {1,2,..., Nyja} do
8: Simulate the Stochastic Neural Mass Model using Monte Carlo methods.
9: end for
10: Analyse the phenotype using Hidden Markov Models (HMM) to extract
burst statistics.
11: Compute the fitness score F; based on model-data comparison.
12: end for
13: Selection:
14: Rank phenotypes based on fitness scores { F;}.
15: Select top-performing phenotypes for reproduction.
16: Reproduction:
17: Generate the next generation via:
18: (i) Crossover — Combine traits of selected phenotypes.
19: (ii) Mutation — Introduce small random variations.
20: Add new randomly generated phenotypes to maintain population diversity.

21: Iteration Update:

22: n+<n+ 1.

23: end while

24: Termination:

25: Stop when maximum iterations are reached or best fitness meets goal.
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5.3.5 Results

In this section we discuss results from the GA optimised model. We compare model
statistics to the MEG data statistics for unoptimised parameter sets and optimised
parameter sets. We first present in Figure 5.3 the points in a time-series where the
HMM detects beta-bursting (highlighted in red) in the output of the stochastic neural
mass model and the corresponding frequency spectrogram. In this figure we see that
there is good correlation between HMM detected bursting states and high amplitude
in the beta band frequencies. We now turn our attention to the performance of the

GA in identifying parameter sets that fit the MEG data well.

Figure 5.4a, presents the statistics of the model with unoptimised parameters compared
to the MEG data statistics. Without GA optimisation, the fit to the real data is quite
poor, with a fitness score of around 20. As a point of reference, fitness scores at the
initiation of the algorithm ranged from around 18 - 50. A fitness of around 1-3 would

be a reasonably good fit, with much lower fitness being excellent fits.

For burst duration, the unoptimised model has a mean of approximately 50 ms, com-
pared to around 250 ms in the real data, and its distribution is considerably narrower.
In terms of the number of bursts, the unoptimised model produces an average of 4
bursts per second, whereas the real data shows only about 1 burst per second. Despite
this discrepancy, the model reasonably captures the overall spread of the distribution.
Finally, for power, while the unoptimised mass model closely matches the mean of the

distribution, the variance in the real data is significantly higher.

In Figure 5.4b, we present the statistics of the model after applying optimised pa-
rameters and after 100 iterations of the algorithm. Compared to simulations using an

unoptimised parameter set, the fitness value of the mass model has improved signifi-
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Figure 5.3: Top: Time-series of the net current of the stochastic neural mass model showing
the times where the HMM detects a beta-bursting state in red. Bottom: Spectrogram of the
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cantly, reaching approximately 1.9.

For burst duration, the GA has adjusted the model to better align with the mean
observed in the real data while also improving the spread. In terms of the number of
bursts, the optimised model now exhibits an excellent fit, with the GA refining the
parameters to achieve a mean value much closer to 1 burst per second. Finally, for

power, the GA has further enhanced the fit, maintaining the previously reasonable
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match to the mean while increasing variance in the mass model to better reflect the

real data.

Across all statistics, the GA has improved the fit to the real data, with the most

significant improvement seen in the number of bursts per second.

5.4 Limitations of the Genetic Algorithm

While the GA successfully improved the model’s fitness, it is still far from ideal. Several
factors may be limiting the potential for a very good fit. An important consideration
is that we are fitting a single neural mass model to whole-brain data, which, by nature,
does not fully capture the complexity of brain dynamics. A possible solution to this
would be to fit a network of mass models to the MEG data, but this would be very
computationally intensive due to the need to simulate many Monte-Carlo trials of a
large network and was not tried here, although in the next section we consider network
studies with fixed optimised parameters. Secondly, the need for running large amount
of simulations meant that a cycle of one generation was slow and the GA needed to
cycle through many generations to find fit parameter sets. Generally, the bottleneck
of the algorithm was the HMM. The HMM was written in Matlab and, although MEX
files were used to speed up the process, perhaps using a programming language that has
better performance (such as Julia or C++) would benefit the process of optimisation.

These are all consideration for future work.

5.5 Network of Stochastic Mass Models

In this section we investigate how well a network of identical mass models performs

against real data when using our optimised parameters. In order to do this, we use
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connectivity data gathered from diffusion tensor imaging (DTI) of human subjects
that to estimate structural connectivity between brain regions as a weight matrix for
our network, as well as Euclidean distances between brain regions to derive delays

between nodes assuming a common axonal conduction speed.

5.5.1 Structural Connectivity and Distance Data

It is now increasingly popular to use real world structural connectivity and distance
data in brain network models. For example, The Virtual Brain [28] and studies em-
ploying computational methods to investigate pathologies such as epilepsy [29], [30],
along with research exploring the relationship between structural and functional con-
nectivity [31], [38] and studies on neural network changes due to brain stimulation

[106].

Structural connectivity measures the strength of connections between different areas
of the brain. It can be assessed using Diffusion Tensor Imaging (DTI), a non-invasive
technique that enables the in vivo mapping of white matter by tracking the direc-
tional diffusion of water molecules to reconstruct major fibre tracts between brain
regions [107]. To further model these connections, tractography generates streamlines,
which estimate the trajectories of fibre tracts using either deterministic or probabilis-
tic approaches. Importantly, streamline count has been shown to provide a reliable
estimation of white matter pathway projection strength [108]. One draw back to this
approach is that it is not possible to determine the directionality of the tracts [109]
and therefore the resulting connectivity matrix is symmetric. For discussion of the
limitations and open problems in building connectomes from DTT data see [32]. Tt is
common with these methods to parcellate the brain into N regions of interest (ROI)

and generate a symmetric N x N matrix that represents the number of fibre tracts
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between each region. This number of fibre tracts between each ROI is then log trans-
formed and the resulting matrix is normalised by dividing by the largest element. A
full description of the method for obtaining structural connectivity matrices can be
found in [110]. The distance between regions can be calculated either by Euclidean
distance between regions or measuring the length of the reconstructed fibre tracts. In
Figure 5.5 we show an example of a structural connectivity matrix and a distance ma-
trix that represents the Euclidean distance between brain regions. In this particular
case the brain has been brain parcellated into 82 regions and the data used here was

acquired from the Human Connectome Project [111].

5.5.2 The Model

In order to build the brain network, we use 82 nodes representing different brain
regions where each brain region is modelled as one stochastic next-generation mass
model. This can be interpreted as each of the 82 neural mass models representing the
average activity of each of the 82 brain regions, We use real structural connectivity
data and Euclidean distance data to determine the global excitatory-excitatory cou-
pling strengths and the distance between these regions respectively. We assume that
only excitatory-excitatory synaptic connections are distally coupled and the remaining
connections only couple within local mass populations, which is consistent with large

scale brain anatomy [112]. Using equation 5.1 as the mass model on each node we
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may write the network model as:

A,
TodRY = | —REY (g + KY,) + 2RIV + dt,

b TaT(
radVt = | R (VE =V A+ D g (Vi = V) + (Vi) = (R A+ g+ Sa | dt
b be{E,I}
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a,be{E 1}, i€{l,..,82}
(5.5)

Where W is the 82 x 82 structural connectivity matrix and D is the 82 x 82 Euclidean
distance matrix. The model is simulated using an Euler-Maruyama stochastic delay
differential equation solver that uses the method of steps to handle the delays and is

from the Julia StochasticDelayDiffEq.jl package [68], [113], [114].

5.5.3 Fitness in the Network

When incorporating the optimised parameters into the network model we found that
the fit to the real data statistics was not drastically affected when the network coupling
strength parameter (x,) was low but the fit increasingly worsened for larger x,. This is
demonstrated in Figure 5.6 where we show the average fit (over 15 trials) of the network
simulations to the real data statistics used in the previous section. We tested a variety

of network coupling strengths from s, = 0.01 to x, = 0.2. Although variance exists
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in the fit as coupling strength increases, a clear pattern emerges: as k, increases, the
fitness to real data decreases. However, for low global coupling strengths, the model
still achieves a good fit. This means that it may be possible just to fit a single node
model instead of a whole brain model to the data as long as the desired global coupling

remains low.

5.6 Discussion

In this chapter, a GA was used to fit a neural mass model to beta-bursting MEG rest-
ing state data. The GA managed to increase fitness significantly, although seemingly
lacked the power to find highly optimised parameters. This may be due to a variety
of factors. One significant consideration is that we are currently fitting a single-node
model to whole-brain data, which, while computationally manageable, is an oversim-
plification of the brain’s true complexity. This model assumes that the entire brain
can be represented by a single node, which is unlikely to accurately capture the in-
tricate effects from the coupling between brain regions. To address this limitation,
one approach might involve fitting a more sophisticated stochastic network model to
the MEG data. This would allow us to better represent the network-level dynamics
of the brain, incorporating the interactions between multiple regions. However, this
solution comes with its own set of challenges, as running multiple Monte Carlo trials
of the network model would be vastly more computationally intensive, requiring sig-
nificant processing power and time. Despite these challenges, the potential insights
gained from a more detailed, network-based model could significantly improve our un-
derstanding of the underlying brain dynamics especially as computational technology

improves, for example in the form of cheap GPU nodes.

In future, a few improvements and tweaks to the algorithm could be considered, for
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example although a method for analysing beta-bursts using a HMM was used here,
other methods for analysing burst statistics also exist. A thresholding method, such
as the one developed by Briley et al. in [115], could be easily integrated into the
GA optimisation in place of the HMM. Switching to a thresholding method might
also improve the speed of the GA as it is computationally cheaper than the HMM.
Furthermore, some of the GAs settings were restricted by memory constraints, namely
Nirigi and N,p, it may be possibly to optimise some of the Julia and Matlab code to
further optimise memory usage, or using a system with a larger RAM capacity. Other
changes to the algorithm might also help improve the quality of the optimisation.
For example, using adaptive mutation or crossover could make the GA more flexible
across generations. At the moment, the mutation strength and crossover probabilities
are fixed, but in practice it might make more sense for these to change over time,
e.g. allowing for larger mutations early on to explore the space, and smaller, more
local tweaks later when the population has started to converge (See [116] for an array
of comparisons between static and adaptive mutation). These could also be tied to
stagnation, so if the best fitness has not improved for a while, the mutation rate could
increase to help the GA escape local minima. Another possible change would be to
revisit the fitness function itself. Right now it relies on summary statistics, but it might
be more informative to a metric which directly compares the shape of the distributions.
One option would be the Earth Mover’s Distance (EMD) [117], which measures how
much ‘work’ it would take to turn one distribution into another. This could also help
mitigate the issue of local optima to some degree, as the fitness function would only
consider three metrics (EMD for burst power, duration, and number) rather than the

twelve used in this chapter.

Finally, when incorporating the optimised parameters into the network we saw that

the fitness was quite robust to that of low coupling strengths, though as the network
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coupling strength parameter increased the fitness decreased. This gives some hope to
being able to optimise parameters at a single node, though better results would still
be expected when optimising parameters for a specific network. Future work on the
network model could include optimising the parameters on each node of the network,
such that the nodes are non-identical, which might improve the fitness of the network

model, although this would be very computationally demanding
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Figure 5.4: (a) Violin plots of statistics from beta-burst MEG data (blue) and the mass
model with unoptimised parameters where the fitness was found to be around 20 (orange).
(b) Violin plots of statistics from beta-burst MEG data (blue) and the mass model with
optimised parameters with a fitness of around 1.9 (orange). Parameters: o = 0.0732467,
or = 0.0245387, & = 96.2379, 71 = 83.527, k= 1.05445, k3, = 1.25752, k%, = 1.69066,
k7 = 1.14127, agg = 0.0916871, arg = 0.19345, apr = 0.912817, oy = 0.432702, %y =
0.123881, Kl = Ky = 0.225644, kY, = 0.230313, VEF = VI =9, VI = VEL = —10,
e =20mf =1.04, 7 =12, 7, =15, Ap = A; = 0.2.
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Figure 5.5: Left: Structural connectivity matrix based on the fibre tracts between 82 brain
regions. Right: Distance between 82 regions measured as the length of the fibre tracts. Data
sourced from the Human Connectome Project (https://www.humanconnectomeproject.

org/).
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Figure 5.6: The fitness of network simulations statistics to the MEG bursting data with
varying values of k4 from x4 = 0.01 to k4 = 0.2 using parameters that were optimised on a
single node. As kg4 increases the fitness to the real data decreases.



CHAPTER 6

COUPLING A NEURAL ACTIVITY MODEL TO

EXTRACELLULAR SPACE

Epilepsy is a group of neurological disorders that affect approximately 65 million people
globally. It is primarily characterised by recurrent abnormal brain activity, known as
seizures [118]. An increase in the concentration of potassium ions (K*) in the brain’s
extracellular space is thought to be a key factor in the development of seizures. This
buildup of K* has a depolarizing effect on neurons, leading to hyper-excitability and

potentially triggering seizures [55].

While research has shown that an increase in extracellular Kt alone may not be
enough to induce seizures, understanding the role of potassium in seizure generation
remains an important area of study [119]. Elevated KT levels are also linked to the
closure of gap junctions due to the slow acidification of the extracellular space [120].
Previous studies suggested that enhancing gap junction coupling could promote hyper-
synchronous neuronal activity, potentially leading to seizures. However, other findings

indicate that the relationship may be more complex.

133
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In addition, recent research has proposed that a decrease in gap junction coupling could
also contribute to seizures by reducing the dynamic stability of neuronal networks.

This effect is thought to depend on the strength and duration of the seizure [91].

In this chapter, we build upon the model introduced in Chapter 4 by incorporating a
dynamic mechanism for modulating gap junction strength. This is achieved through
the inclusion of a model for extracellular potassium dynamics, which directly influences
gap junction behaviour. The main goal of this chapter is to present the model and
conduct computational analysis, including bifurcation analysis and direct simulations.
This work serves as an initial step toward developing next-generation neural mass

models that incorporate extracellular dynamics.

6.1 Background

Neural models have a history of being able to accurately simulate the temporal dynam-
ics seen in EEG recordings during epileptic seizure states. For example, the Jansen-Rit
model (as discussed in Chapter 2) [121] is able to exhibit resting alpha-band activity
and epileptic spikes [122], [123|. Epileptic seizure states are known to be associated
with drastic changes in extracellular (and intracellular) ionic concentrations [124] and
therefore population level neural activity models that are coupled to extracellular ion
concentrations are an important area of research within the fields of mathematical and
computational neuroscience. It is important to recognise that brain tissue comprises
more than just neurons. For many clinical applications, such as epilepsy, coupling
to the extracellular space is beneficial due to the critical role Kt plays in the genesis
and propagation of seizure states. Despite its importance, relatively few neural models
account for coupling to extracellular currents. However, various methods have been ex-

plored to integrate the coupling of population-level neural models with the extracellular
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space. One notable exception is the model studied by Martinet et al., which employed
an adapted Wilson-Cowan-type field model with a sigmoidal firing rate function. In
their study, the local extracellular K™ concentration was shown to elevate the rest-
ing potentials of neuronal subpopulations while decreasing inhibitory-inhibitory gap
junction coupling [56]. This model revealed interesting spatial dynamics: an initial
stimulus applied to a region of the 2D plane triggered a wavefront, which subsequently
generated further propagating waves within the area recruited by the initial wavefront.
Another example is the work of Rabuffo et al. who developed a mean-field model of
a network of conductance based neurons (Hodgkin-Huxley type neurons) that include

the dynamics of various ion exchanges [125].

6.2 The Model

The model we use to investigate the effect of extracellular K* concentration on neu-
ral activity is an adapted next-generation neural field model. The model has two
neuronal populations, excitatory and inhibitory, and has local gap junction coupling
between the inhibitory populations. We follow Martinet et al. [56] and assume that
extracellular Kt concentration increases with neuronal activity (firing rate and mean
membrane potential) and add a decay term to model uptake of KT by glial cells and
other mechanisms. We also account for the spread of Kt through the extracellular
space with a diffusion term. The differential equation governing the extracellular K+

dynamics may therefore be written as:

0
51@-’( = —6K + fi(Rg, R1) + A3V°K, (6.1)
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where K = K(x,t) is the extracellular KT concentration at the spatial point x €
) C R? and time point ¢t € R, §; is a time constant, § > 0 is the KT decay rate
due to reuptake , f; is an increasing and saturating function of the mean firing rates
and, and Az > 0 controls the diffusivity of K in the extracellular space. Local K*
concentration is assumed to increase the mean drives n; of the system, effectively
increasing the excitability of the neurons which mimics the depolarising effect of K*,
and decrease the gap junction coupling strength, modelling the observed affect of
gap junctions closing due to the slow acidification of the extracellular space that is
associated with an increase in Kt concentration. The following system of differential
equations describe the dynamics of the excitatory and inhibitory mean drives and the

inhibitory to inhibitory gap junction coupling strengths:

9

52((%7715 = —ng + fo(K),
0

/335771 = —nr + f3(K), (6.2)
0

545“11)1 = —rr + fa(K),

where (s, 83, 84 are time constants. Further to this, the neural activity model used in
this study is a next-generation model with second order synaptic coupling and axonal

delays (similar to the model utilised in Chapter 4). The full model may therefore be
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written as:

wab - / wab<X7 X/)Rb(xu Tab(X7 X/>)dX/ Tab<x) = Tt?b + ‘X|/Cab’
Q

1 2
<1 + at) Gab = KopWab,
Aap

9 Bk
TEERE = —Rg ;gEb +2RpVE + p—
0 y Ar
T Rr =~ R ;glb — Rury + 2R, Vi
0 Eb 2272 2

0
Tig Vi = Zb:gzb(VSLZ — Vi) = {7 R+ VP 4,

0
ﬁlaK = —6K + f1(Rg, Ry) + A3sV*K,

0

52@771[5 = —ng + f2(K),
0

53@771 = —nr + f3(K),

0
ﬁ4§’f}}1 = —Kp + f4(K)-

Where wg,(2) is an exponential connectivity function (see chapters 3 and 4)). For this
chapter the parameter values used (unless otherwise stated) are as given in Table C.1
and we used the following functions in the equations governing the extracellular KT,

mean drives and inhibitory-inhibitory gap junction strength dynamics:

fi(Re, Rr) = (Rg + R)F(Rg + Rr; A1, Ay, A3),
fo(K) = F(K; By, By, Bs),
(6.4)
f3(K) = F(K; Ch, Oy, 03),

f4(K) = F(K; Dy, Dy, D3),
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where F is a sigmoid function of the form F(z;a,b,¢) = a/(1 + exp(—b(z — ¢)))
and By, Cy > 0 such that the mean drives increase as extracellular K* concentration
increases, and D, < 0 so that gap junction coupling decreases as extracellular K+t
concentration increases. This means that for this study the extracellular K™ dynamics
are dependent on the sum of population firing rates which is in line with the model

used by Martinet et al. [56].

Table 6.1: Parameter List

Parameter Value 1D (2D) Description Unit
QEE 0.7 Time constant for synapses £ — FE ms!
BT 0.5 Time constant for synapses I — E ms™1
arg 0.7 Time constant for synapses £ — [ ms!
Qg 0.8 Time constant for synapses I — I ms!
ke 3.1 (4.5) E — E Synaptic strength

KEr %/{SEE I — E Synaptic strength

Kig ki E — I Synaptic strength

KYr 30kt p I — I Synaptic strength

TE 11 Membrane time constant for population E ms!
TI 12 Membrane time constant for population I ms!

Coherence for underlying neuronal population

Apg 0.2
E
Coherence for underlying neuronal population
Ap 0.2
I
ngf 12 Voltage shunts for connection £ — E
V;]f;rll —%Vfif Voltage shunts for connection I — F
ViR V2l Voltage shunts for connection E — I

Continued on next page
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Table 6.1: Parameter List (Continued)

Parameter Value 1D (2D) Description Unit
VSIyIn —%V;gf Voltage shunts for connection I — I
22 0.2 Spatial width for connection £ — E mm
oFl 1.5 Spatial width for connection I — F mm
&' 0.2 Spatial width for connection £ — [ mm
ol! 1.5 Spatial width for connection I — I mm
Cab 0.08 (0.15) Axonal conductance velocity m/s
Maximum of the sigmoid in the potassium
Ay 1.0
equation
Sensitivity of the sigmoid function in the
Ay 2.0
potassium equation
Half maximum of the sigmoid in the potassium
As 0.0
equation
Ay 0.3 Potassium diffusivity constant
1 0.2 potassium decay variable
Maximum of the sigmoid in the excitatory
B 15.0
drives equation
Sensitivity of the sigmoid function in the ex-
By 8.0
citatory drives equation
Half maximum of the sigmoid in the excitatory
Bs 1.0
drives equation
Maximum of the sigmoid in the inhibitory
Ch 15.0
drives equation
Sensitivity of the sigmoid function in the in-
Cs 8.0
hibitory drives equation

Continued on next page
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Table 6.1: Parameter List (Continued)

Parameter Value 1D (2D) Description Unit

Half maximum of the sigmoid in the inhibitory
Cs 1.0

drives equation

Maximum of the sigmoid in the gap junctions
Dy 0.8

equation

Sensitivity of the sigmoid function in the gaps-
Doy —2.0

junctions equation

Half maximum of the sigmoid in the gaps-
Ds3 1.0

junctions equation

6.3 Analysis and Computational Study in 1 Spatial
Dimension

In this section we study the model (6.3) in the one spatial dimension case (2 = R
and set x = ), presenting findings from a Turing instability analysis and a computa-
tional study into the behaviour of the model when varying parameters relating to the

extracellular Kt dynamics.

6.3.1 Turing instability analysis

In order to investigate the dynamics of this model we first perform a Turing instability
analysis. Since this analytical method has already been demonstrated in detail previ-
ously in Chapters 3 and 4 we omit the details here and direct the reader to appendix
C.1 for a detailed description of the analysis. Bifurcations were found by finding branch
solutions of the spectral equation M (A, k) = 0 (here A € C is the eigenspectra and k is

the spatial wave-number of the applied perturbations) that touch the imaginary axis.
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This was done by first solving the steady state equations using a non-linear solver from
the Julia package NLsolve.jl and then solving the spectral equations (again using a
non-linear solver) and varying k%, until the largest real value of the eigenspectra was

0.

During the investigation of the model, Hopf and Turing-Hopf bifurcations were found
in the parameter space. Although we did not explore static Turing bifurcations in this
study, it is likely that it would also be possibly to find these types of patterns as well.
In Figure 6.1 we show a Hopf bifurcation where the continuous eigenspectra touches
the imaginary axis with |k| = 0 and also show the bulk oscillation solution that can be
found just beyond this bifurcation. In Figure 6.2 we show a Turing-Hopf bifurcation
where the continuous eigenspectra touches the imaginary axis with |k| ~ 1.1 and the

emergent standing waves patterns that occur just beyond this bifurcation.

||
0 1 2 3 4 5
[ | s 023613
0.0 T~ -
| Zg|
—_
0.05
N 0.16286
“0.00 - 3 0.3057
—0.05 r
—0.10
: : : : : . 37 0.2543
—0.10 —0.08 —0.06 —0.04 —0.02 0.00 0 300
1 t (ms)

Figure 6.1: Left Panel: Points found numerically from the continuous eigenspectrum A =
1+ tw of the system at a Hopf bifurcation. The system crosses the imaginary access with
|k| = 0. Right panels: Bulk oscillations found via direct numerical simulations just beyond
this bifurcation by applying a small spatially homogeneous perturbation to the steady state.
Parameters: k3,5 = 2.3, v = 0.2 and all other parameter values are given in Table C.1.
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Figure 6.2: Left Panel: Points found from the continuous eigenspectrum A = p + iw of the
system at a Turing-Hopf bifurcation. The system crosses the imaginary access with |k| = 1.1.
Right panels: Periodic standing wave solutions found via direct numerical simulations just
beyond this bifurcation by perturbing the system with the cosine function 0.01cos(1.17).
Parameter values: k7,5 = 2.9 and all other parameter values are given in C.1

6.3.2 Computational Study in 1 Spatial Dimension

In this section the effect of changing some of potassium equation parameters are stud-
ied. In all of the following simulations the delay integro-differential equations described
in equation (6.3) were again transformed into PDE equations using the same method
employed in Chapters 3 and 4 and were simulated by first discretising the PDE equa-
tions using a finite difference (with central difference operators) method and then
employing an adaptive time-stepper from the Julia [126] differential equations suite
[68]. The code for the simulations can be found in a GitHub repository using the
URL: https://github.com/Jamesafross/Thesis_Code/tree/main/Neural_Field_

with_potassium/.


https://github.com/Jamesafross/Thesis_Code/tree/main/Neural_Field_with_potassium/
https://github.com/Jamesafross/Thesis_Code/tree/main/Neural_Field_with_potassium/
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We start in a parameter regime that allows for dynamical spatial solutions to occur,
that is beyond a Turing-Hopf bifurcation, and for most of the simulations we initialise
the system with random initial conditions which then were allowed to resolve until
t=20000 ms which from experimentation was found to be sufficiently long enough
simulation time for the system to resolve into a steady dynamic pattern. We begin this
computational study by firstly varying the variable A; which multiplies the maximum
value of the sigmoid function governing the extracellular K concentration, essentially
controlling the maximum amount of KT in the extracellular space. It was found
that with low A; only one homogeneous steady state exists but increasing A; leads
to the emergence of two further homogeneous steady states: a low extracellular K+
concentration state, intermediate extracellular Kt state and a high extracellular K*
state. The effects on the homogeneous steady state by varying A; can be seen in
Figure 6.3 where we see that when A; < 1.6 there exists only one steady state and for
Ay 2 1.6 a further two steady states emerge. We found that when A, is low (and only
one unstable steady state) that the model exhibited low synchrony periodic waves in
the beta-band frequency (~ 25Hz) when applying random perturbations to the steady
state. In the high A; case where 3 steady states exist, applying small amplitude
random perturbations to the low K steady state leads to beta-band frequency and
low synchrony periodic travelling waves but by applying larger amplitude random
perturbations we could find high frequency (~ 100Hz) waves with high synchrony in
the excitatory population. These states are demonstrated in Figure 6.4 where we show
two simulations, one with A; = 2.0 which shows the high frequency oscillations that
the model exhibits when perturbing the low KT steady state with high amplitude
random perturbations and another simulation with A; = 0.1 where only one the low
extracellular K™ concentration steady state exists, here we find periodic travelling

waves that oscillate in the beta frequency band.
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Figure 6.3: Values of the extracellular K concentration variable K at the homogeneous
steady states for varying values of Ay. For low values of A; there exists only 1 homogeneous
steady state in-which the extracellular K* concentration is also low. When A; > 1.6 2 further
homogeneous steady states emerge, an intermediate extracellular K+ concentration state and
a high extracellular KT concentration state.

We now investigate the effects of varying the extracellular K decay parameter 0.
When 6 is high (more uptake of K™ by glial cells and other various mechanisms)
only one homogenous steady state exists - a low extracellular KT concentration state,

similar to when A; is set low and we again found beta-band low synchrony periodic
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Figure 6.4: Top panels: Simulations where A; = 2.0 where we find high frequency (~ 100Hz)
periodic travelling waves with high levels of synchrony and extracellular K. Bottom panels:
Simulations where A; = 0.1 where we find beta-band (~ 25Hz) periodic travelling waves with
low levels of synchrony and extracellular K.

travelling waves in this case. When 0 is low (less Kt uptake by glial cells etc.) we
find that, similar to increasing Ay, two further steady states emerge and we are again
able to find high frequency ( ~ 100 Hz) spiral waves with high synchrony. In Figure

6.5 we show two simulations, one where the decay parameter is low (6 = 0.09) and
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the low extracellular KT steady state is perturbed with high amplitude random initial
conditions, this leads to high frequency periodic travelling waves. We also show simu-

lations where the decay parameter is high (6 = 0.8) where we find beta-band (~ 25Hz)

periodic travelling waves.

0 time (m 100

0.611 |ZE| 0.634 0.004 |ZI| 0.887 2.499 K 2.531

27

—27

0.036 |ZE| 0.165 0.194 |Z]| 0.519 0.032 K 0.049

Figure 6.5: Top panels: Simulations where the extracellular K* decay rate is low with a
value of 6 = 0.09 where we find high frequency (~ 100Hz) periodic waves with high levels
of synchrony and extracellular K. Bottom Panels Simulations where the extracellular K™
decay rate is high with a value of 6 = 0.8 and we find periodic travelling waves in the beta
frequency band (~ 30Hz) with low levels of synchrony and extracellular K+.
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Now we investigate the effects of varying the extracellular K* diffusivity parameter D.
We found that the resulting simulations when using either low diffusivity or high dif-
fusivity did not significantly differ from each other, though there was some negligible
differences in the extracellular KT concentration between the two cases. In both the
high diffusivity and low diffusivity case we found only one homogenous steady state
and the emergent travelling waves that occurred after initiating with random initial
conditions oscillated in the beta frequency band. In Figure 6.6 we show these two
cases and it can be seen that there is no significant differences between the solutions
found for each case. When the high and intermediate extracellular K* concentration
homogeneous steady states are present (from the studies here, either when A; is suf-
ficiently large or ¢ is sufficiently low) it is possible to find travelling wave solutions by
initiating the system with a bump of activity. This can be seen in Figure 6.7 where we
see that the system has been initiated with an activity bump in the centre of the do-
main which then initiates a travelling front that connects the intermediate Kt steady
state to the high KT steady state. Interestingly it can be seen in the simulations that
there is also some temporal oscillatory behaviour in the wake of the travelling wave.
It was found that the linearisation around the high extracellular K* steady state had
complex valued eigenvalues which would explain this oscillatory behaviour in the wake

of the primary travelling front.
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Figure 6.6: Top: Simulations where the extracellular K* diffusivity parameter is low (D =
0.01). Bottom: Simulations where the extracellular KT diffusivity parameter is set high
(D = 0.8). In both the high diffusivity case and low diffusivity case we find similar beta-
band oscillations and only one homogeneous steady state with negligibly high concentrations
of extracellular KT in the low diffusivity case.

6.4 Computational Study in 2 Spatial Dimensions

We now turn our attention to the model (6.3) in 2 spatial dimensions, such that Q = R?

and letting x = (11, 72). A Turing instability analysis of the homogenous steady state
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Figure 6.7: Simulations of a travelling wave found when setting A; = 2.0. The system is
initiated with a Gaussian function in the centre of the domain which initiates a travelling wave
that connects the intermediate extracellular K™ concentration homogeneous steady state to
the high extracellular K* concentration state (as seen in Figure 6.3).

was also performed in this case, again in order to find a parameter regime where
dynamic solutions were possible and this analysis can again be found in appendix C.1.
We see in this section that the 2 dimensional model supports a rich array of dynamical
spatio-temporal patterns with various parameter sets. In order to investigate the
effects of various model parameters in this 2 dimensional model, we again employ a

computational study.

We begin in the same manners as the 1 dimensional section by demonstrating the
effects of varying the parameter that affects the maximum value of the extracellular
K™ concentration, A;. In this 2 dimensional model we are able to find more exotic
spatio-temporal solutions. When A; is sufficiently large (4; 2 1.6) we again find
3 steady states, since the steady state equations are unchanged by the addition of

a spatial dimension. In Figure 6.8 we show simulations where A; = 2.0 and where
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Ay = 0.1. Analogous to the single spatial dimension case, we find that when A; = 2.0
and we apply high amplitude perturbations the low extracellular KT homogenous
steady state we find high frequency, and highly synchronous, spiral with high levels of
extracellular K* that collide and destructively interfere with each other. In the case
of A; = 0.1 we found beta-band frequency dynamic patterns that resemble periodic
travelling waves with low excitatory synchrony, low extracellular K concentration
and intermediate synchrony in the inhibitory population. We also show corresponding
time-series of these simulations in Figure 6.9 where we see the temporal oscillatory

patterns of the same simulations shown in Figure 6.8.

In Figure 6.10 we show the effects of varying the potassium decay parameter 6. When
the decay of extracellular potassium concentration is low (§ = 0.09) we find similar
colliding spiral waves as in Figure 6.8 with high excitatory synchrony and high ex-
tracellular K* concentration. These periodic waves behave very similarly compared
to the simulation in Figure 6.8. When we set the decay parameter high ( § = 0.9
) we find beta-band travelling waves that have some phase switching occurring. We
again show corresponding time-series of these simulations in Figure 6.11 where we see
the temporal oscillatory patterns of the same simulations shown in Figure 6.10. In
Figure 6.12 we demonstrate the effects of varying the diffusivity of the potassium.
For high diffusivity (D = 0.9) we find periodic wave patterns in the beta frequency
band with low-intermediate synchrony and low extracellular K* concentration. In the
case of low diffusivity (D = 0.01) we find spiral-like waves (though the cores are less
tightly wound here than the spiral waves seen in Figure 6.8 and Figure 6.10) with
low-intermediate synchrony and low extracellular K* concentration and again in the
beta frequency band. We again show corresponding time-series of these simulations
in Figure 6.13 where we see the temporal oscillatory patterns of the same simulations

shown in Figure 6.12.
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Figure 6.8: Top: Snapshots in time of simulations where A; = 2.0 initiated with random
initial conditions. Here we find high frequency spiral waves that collide and interfere with
each other and have high inter-population synchrony in the excitatory neurons and a high
amount of extracellular K. Bottom: Snapshots in time of simulations where A; = 0.1. Here
we find low frequency periodic travelling waves with low inter-population synchrony in the
excitatory neurons and a low level of extracellular potassium. See appendix C.2 for movies
of these simulations.

We can also find travelling wave solutions when a high potassium steady state is
present in the 2D model. In Figure 6.14 we show a travelling wave solution found

when A; = 2.0. The front was initiated with 2D Gaussian function and connects
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Figure 6.9: Time-series plots corresponding to the green dots in Figure 6.8 over a period of
200ms. The top panels are time-series from the simulation where A; = 2.0 and here we see
fast gamma oscillations. The bottom panels are time-series at the g from the simulations
where A; = 0.1 and here we see beta-band oscillations.

the mid potassium steady state and high potassium steady state (as shown in Figure
6.3). This wave solution also displays some oscillatory behaviour with small ripples

propagating out from the centre of the core following the primary front.
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Figure 6.10: Top Panels: Snapshots of a simulation where the decay a parameter was set
low (6 = 0.09). Here we find high frequency spiral waves that collide and interfere with
each other, very similar to the simulations seen in Figure 6.8. Bottom Panels: Snap shots
of a simulation where the decay parameter was set high (§ = 0.9) where we see periodic
travelling waves oscillating in the beta frequency band. See appendix C.2 for movies of these
simulations.
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Figure 6.11: Time-series plots corresponding to the green dots Figure 6.10 over a period
of 200ms. The top panels are time-series from the simulation where 6 = 0.09 and here we
see fast gamma oscillations. The bottom panels are time-series from the simulations where
6 = 0.9 and here we see beta-band oscillations.

6.5 Discussion

The relationship between extracellular Kt and the generation of seizure states is a
crucial question in neuroscience. Modelling the interaction between extracellular K+

and neuronal activity provides a valuable tool for investigating this relationship. In
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Figure 6.12: Top: Simulations where the potassium diffusivity parameter is set low at D =
0.01. Here we find spiral waves oscillating in the beta frequency band. Bottom: Simulations
where the potassium diffusivity parameter is set high at D = 0.9. Here we find periodic
travelling waves, again oscillating in the beta frequency band. Synchrony and extracellular

K™ concentration was quite similar between the two cases here. See appendix C.2 for movies
of these simulations.

this chapter, we build on previous work by Byrne et al. [22] and Martinet et al. [56]
by introducing a novel model that couples a next-generation neural field model to

extracellular Kt concentration.
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Figure 6.13: Time-series plots corresponding to the green dots in Figure 6.12 over a period of
200ms. The top panels are time-series from the simulation where D = 0.01 and the bottom
panels are time-series from the simulations where D = 0.9. In both cases we see beta-band
oscillations.

To analyse this model, we performed a Turing instability analysis and found that it
supports a variety of dynamic solutions. We then conducted a computational study to
examine the effects of varying key parameters governing extracellular K* dynamics.
Specifically, we found that increasing the maximum potassium level (A;) or decreasing

the decay rate of Kt in the extracellular space (§) resulted in three distinct homoge-
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Figure 6.14: Travelling wave solution found when A; = 2.0 and initiated the system with a
2D Gaussian function in the centre of the domain. Top: Snapshots of the travelling wave
solution in the Zg variable. Middle: Z; variable. Bottom: K variable. The travelling front
connects the intermediate and high K* concentration homogeneous steady states (as shown
in Figure 6.3) and has some oscillatory behaviour in the wake of the front. Movies of these
simulations are linked in appendix C.2

neous steady states: a low extracellular K* state, an intermediate extracellular K+

state, and a high extracellular KT state.

In parameter regimes where these three steady states existed, we observed that small
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perturbations applied to the unstable low extracellular Kt state led to dynamic so-
lutions oscillating in the beta frequency band, which is characteristic of normal brain
activity. In contrast, applying larger perturbations to the same state resulted in the
formation of spiral waves oscillating at much higher frequencies (~ 100 Hz). This be-
haviour could be interpreted as a transition to a seizure state, similar to the switching
between different limit cycles observed in the Jansen-Rit neural mass model discussed
in Chapter 2 [121]. We also found that varying the diffusivity of extracellular K* (by
adjusting the parameter D) alone did not significantly affect the dynamical behaviour
of the model in the one-dimensional case. However, in the two-dimensional case, we
observed that when diffusivity was low, spiral waves emerged, whereas high diffusivity
led to planar waves. Unlike the prior simulations, both of these cases oscillated in the

beta frequency band.

Although this model includes only inhibitory-inhibitory gap junction coupling (con-
sistent with the model discussed by Martinet et al. [56]) and already exhibits rich
dynamical behaviour, a logical next step would be to incorporate gap junction cou-
pling between both neural populations. This would allow each gap junction connection
to be influenced by extracellular KT concentration, providing further insight into how
this affects the observed dynamics. Another interesting extension of this work would
be to develop a stochastic variant of the model by introducing additive noise into the
neural activity model, similar to the approach discussed in Chapter 5. Investigating
how noise influences system behaviour would enable comparisons with previous studies
of neural activity models coupled with gap junction coupling and extracellular space
that inspired the model in this chapter [54], [56], [127], [128]. For example, further
investigation into the wave fronts found in this chapter, with the addition of noise,
could reproduce the ictal wave fronts found in the model in [56]. In [54] it was found

that high gap junction coupling promoted static Turing states, whilst low allowed for
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temporal oscillations, although Turing states were not explored in this chapter, we
did find that increased extracellular KT, and thereby lower inhibitory-inhibitory gap-
junction coupling and increased mean-drives, led to a transition from beta oscillations
to gamma oscillations - which have been associated with seizure onset [129], [130].
It could be interesting to investigate how gap junction strength modulates Turing
states in the gap-junction models presented in this Thesis, as well as investigating this
with extracellular K™ dynamics, since in [56] the simulations of ictal waves begin with

Turing-like mosaic patterns.

While this chapter has primarily focused on introducing and conducting an initial in-
vestigation into the dynamics of this model, future research could explore how well
its behaviour aligns with real EEG/MEG data, particularly in replicating the tem-
poral dynamics observed in epileptic seizure states. Furthermore, modelling work
by Volman et al. [91] suggests that increases in gap junction coupling can either sup-
press seizure states (by promoting dynamical stability in a neural network) or facilitate
them, depending on the strength and duration of the seizure. Future numerical studies
could investigate whether similar behaviour can be reproduced in the model presented

here.



CHAPTER /

DISCUSSION OF THE THESIS

In this thesis, several different neural models were introduced and analysed. Firstly,
in Chapter 3, a Wilson-Cowan type neural field model that included dendritic pro-
cessing in the form of a cable equation. We demonstrated how this system of integro-
differential equations could be transformed into a system of partial differential equa-
tions and by doing so this reduced the computational complexity required to simulate
the model. We then analysed a single population model with a Heaviside firing rate
function in relation to travelling waves, investigating travelling front speed in relation
to several parameters and demonstrated some simulations in both the one somatic
dimension model, and the two somatic dimension model. We also investigated the
full two population model using a tanh firing rate function. Here we found that the
model was able to exhibit various spatio-temporal patterns that were found past dif-
ferent bifurcations and we demonstrated these patterns by computational simulation.
Going forward, this model, or an adapted form of this model, could be useful in the

investigation of neural dynamics in layered cortical tissue. This is important because
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it allows for the inclusion of dendritic depth. In the layered structure of the human
cortex, different types of pyramidal neurons are found in each of the six layers (I-VI),
with their dendrites extending vertically from their cell bodies toward layer 1. For ex-
ample, inputs from the thalamus—the sensory gateway to the cortex—arrive in layer
IV, which can be far along the dendrites of neurons whose cell bodies reside in layers

V and VI.

In Chapter 4 we introduced an adapted next-generation neural mass model that in-
cluded gap-junction coupling. In this chapter we showed the effect of varying gap-
junction strength in the mass and field models. We showed that oscillations can occur
due to increasing gap-junction strength in the mass models and that a variety of
spatio-temporal patterns, such as spiral waves and chimeras, can form due to different
gap-junction strength configuration in the field models. Future work on this model
could include further bifurcation analysis and continuations of these bifurcations (es-
pecially in the two population model). Further exploration and analysis to explore
the chimera-like solutions would also be interesting. This could be done with a model
reduction to phase oscillators, [131], and then exploiting techniques recently developed

in [132].

We then explored a method of fitting a stochastic next-generation neural mass model
to MEG data in Chapter 5. Here we looked at statistics associated with beta-bursting
behaviour in MEG data and used a GA to find model parameters that resulted in
distributions that were close to the real world. We found that the GA was able to
optimise parameter sets quite well although some work is still needed to optimise the
parameter sets further. When using GA optimised parameter sets in a network model
we found that the fitness of the model bursting statistics did not significantly drop

for low network coupling strengths, but did drop off as the network coupling strength
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was increased. Future work here would consider the use of the next-generation mass
model in other neural imaging contexts, such a functional connectivity studies [133]
and refining the GA approach in order to fit whole brain networks, as opposed to single

nodes, to either beta-bursting or resting state data.

Finally, in Chapter 6 we extended our investigation of gap-junctions by constructing
a novel neural activity model that interacted with the extracellular space by coupling
extracellular potassium concentration with inhibitory-inhibitory gap-junction coupling
strength and mean drives of each neural population. Here we explored a variety
of parameters that affected the potassium dynamics in the model and performed a
computational study into the effects of varying these parameters. We found that for
lower levels of extracellular potassium that the model exhibited beta band oscillations
and then found that an increase in potassium concentration in the extracellular space
led the model to support gamma band oscillations and spiral wave like solutions which
could be viewed as increases in potassium concentrations leading to seizure states.
We also found that the model could exhibit travelling wave solutions when multiple
steady states existed. Going forward, this model could be extended to include dynamic
gap-junction coupling in all possible connections instead of just inhibitory-inhibitory.
Further bifurcations and continuations of these bifurcations would also be a good
extension to the work on this model as well as a more thorough comparison to real

seizure data.

Bespoke code was developed in Julia for all of the models in this thesis and is pub-
licly available through the GitHub repositories: https://github.com/Jamesafross/
Thesis_Code, https://github.com/Jamesafross/Neural _Field_with_gaps, https:

//github.com/Jamesafross/BetaBurstGA.


https://github.com/Jamesafross/Thesis_Code
https://github.com/Jamesafross/Thesis_Code
https://github.com/Jamesafross/Neural_Field_with_gaps
https://github.com/Jamesafross/BetaBurstGA
https://github.com/Jamesafross/BetaBurstGA

APPENDIX A

LSUPPLEMENTARY MATERIAL: A NEURAL FIELD MODEL
WITH AXO-DENDRITIC CONNECTIONS

The following figures are supplementary to the simulations shown in Section 3.5.
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Figure A.1: Supplementary figure of Hopf simulations for state variables gpp and gg;. Here
we see globally coherent oscillations over the somatic coordinate r with the amplitude of
these oscillations decaying with the dendrite distance from the point of synaptic contact.
Parameter values same as Figure 3.10.
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Figure A.2: Supplementary figure of Hopf simulations for state variables g;g and grr. Simi-
larly to Figure A.1, we see globally coherent oscillations over the somatic coordinate r with
the amplitude of these oscillations decaying with the dendrite distance from the point of
synaptic contact. Parameter values same as Figure 3.10.
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Figure A.3: Supplementary figure of Turing simulations for state variables gpg and ggr. Here
we see static patterns in the somatic coordinate r with the magnitude of these decaying with
the dendrite distance from the point of synaptic contact. Parameter values same as Figure
3.12.
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Figure A.4: Supplementary figure of Turing simulations for state variables grg and gj;.
Similarly to Figure A.4 we see static patterns in the somatic coordinate r with the magnitude
of these decaying with the dendrite distance from the point of synaptic contact. Parameter

values same as Figure 3.12
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Figure A.5: Supplementary figure of Turing-Hopf simulations for state variables gpr and
ger- Here we see oscillatory patterns in the somatic coordinate r with the amplitude of
these oscillations decaying with the dendrite distance from the point of synaptic contact.
Parameter values same as Figure 3.11.
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Figure A.6: Supplementary figure of periodic travelling wave simulations for state variables
gee and ggr. Here we see periodic travelling wave across the somatic coordinate r with
the amplitude of these waves decaying with the dendrite distance from the point of somatic
contact. Parameter values same as Figure 3.13.
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Figure A.7: Supplementary figure of periodic travelling wave simulations for state variables
gre and grr. Similarly to Figure A.6 we see periodic travelling wave across the somatic
coordinate r with the amplitude of these waves decaying with the dendrite distance from the
point of somatic contact Parameter values same as Figure 3.13.



APPENDIX B

SUPPLEMENTARY MATERIAL: NEXT GENERATION MASS
AND FIELD MODEL WITH GAP JUNCTION COUPLING

B.1 Carlo Laing’s Neural Mass Equations

The methodology utilised in chapter 4 is similar to Carlo Laing’s work as outlined in
[23], albeit with a nuanced variation in the derivation of the mean field. Laing’s mean

field model originates from the theta-neuron network equation:

do;

Fr 1 —cosf; — k,sinb; + (1 + cosb;)

n; + %;N;tan (%)] . (B.1)

The challenge of the tan term approaching infinity when 6 = 7 is mitigated by substi-
tuting tan(f/2) with the regularised form:

sin @

e B.2
1+ cosl +¢€’ (B2)

q(0)
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where € represents a small constant. This modification introduces an alteration to the
mean field equation, resulting in a distinct mean field model compared to that dis-

cussed in chapter 4. Laing’s mean field model with instantaneous synapses is expressed

as:
dR
Sk R+2RV 1+
dt T (B 3)
dVv '
T =19+ V? =12 R? + kR + K, (C — V),

where k,(C' — V) is the termed gained by using the correction term and

Z by 2™ + c.c), (B.4)
m=1

where z = (1 = 7R +iV)/(1+ 7R —iV) and

(om+1 . om—1
b — i(p p )7 (B.5)
200+ 1+¢)

with p = v2¢ + €2 — 1 — e. For numerical purposes, the sum in (B.4) is truncated
at m = 200 and € is set to 0.01 as in Laing’s publication. Thus Laing’s approach
introduces two ad-hoc parameters, namely epsilon and m, and therefore results will
be parameter dependent. In contrast, our approach is exact and no new parameters are

introduced. We expect the two approaches to agree as epsilon — 0 and m — oo.

B.2 Laing Comparison Models

For the comparison with Laing’s model discussed above, we use our model from Section
4.1.3 with instantaneous synapses, instead of second order synapses. This can be

written as: iR
S~ 4R+ 2RV +
dt T <B6>

dVv
N —770+V2 m°R% + ksR.
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B.3 PDE formulation

A simple continuum model for an effective single population dynamics can be written

in the form

OR

7 = kR4 2RV + L, (B.7)
ot T
ov

T =M + V2 - 1R + kU (B.8)
QU =, (B.9)

where ¢ = w ® R. The symbol ® is used to describe spatial interaction within the
neural field model, while w represents structural connectivity. For example, in the
plane we might consider

(R,V,U) = (R(r,t),V(r,t),U(r,t)), with r € R? and ¢ > 0 with
(w® R|(r,t) = / w(|r —'|)R(x',t — |r — 1’| /c)dr’, (B.10)
R2

where ¢ represents the speed of an action potential. We note that (B.10) can be written

as a convolution:

P(r, t) :/Rdt’/RQ dr'G(r — 1, t = t")R(x', 1), (B.11)

where G(r,t) = w(r)d(t — r/c). For certain choices of w it is possible to exploit
this convolution structure to obtain a PDE model, often referred to as a brain-wave

equation [58], [134]. For the choice of an inverted balanced wizard hat function with
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w(r) = (r/2—1)e~"/(2m) this approach yields the following brain-wave equation:

2
19\> 3_, 10 19Y 3,
(HEE) —§v] ¢_—{Ea<1+za)—§v}fi. (B.12)

Note that (B.12) is only strictly valid for describing long-wavelength solutions. In one

spatial dimension and using w(z) = (|z| — 1)e™/*l the brain-wave PDE is

2
10\2 o2 10 10\> & 10
(”za) ‘@] @”:‘2{2& <1+za) ‘@(“za)}ﬁ (B.13)

and is an exact reduction of ¢ = w ® R [135].

B.4 Turing Instability Analysis

Consider the homogeneous steady state of (B.12) given by

(U(r,t),¢(r,t), R(r,t),V(r,t)) = (0,0, R, Vo) (B.14)

where (R, Vp)are given by the simultaneous solution of the algebraic equations

0 = —ryRo + 2RoVi + —-, (B.15)
T

0=no+Vy — m7°R. (B.16)

We linearise around the steady state and consider perturbations of the form
(U(r,t),9(r,t), R(r,t),V(r,t)) = (0,0, Ry, Vo) + €(U, 9, R, V)eMe®kT for || < 1 and

A = p + dw. Substitution into (B.12) and working to first order in € gives the linear

N2 3]
<1+—) + k?
c 2

relationship

E:—{% (1+%)+gk2}}_%, (B.17)
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where k = |k|. A linearisation for the dynamics of (R, V') gives

=
o

AN || = AN =ML — J, (B.18)

where [, is the 2 x 2 identity matrix and J is the Jacobian

—Ky + 2% 2R0
J= . (B.19)

—2212Ry 2V}

We may solve (B.18) using Cramer’s rule to yield

_ 1 0 —2R, 9 _
R= | * = o “SROA 0, (B.20)
|A(N)] kT TA— 2V, A1+ N a)

where we have used the fact that (1 + A\/a)?U = ¢ (from (B.9)). Substitution of
(B.20) into (B.17) and demanding a non-trivial solution for ¢ leads to the condition
E(N\ k) =0, where

1+ %) + §k2] : (B.21)
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Thus, the continuous spectrum A = A(k) is given by the roots of an eight order

polynomial. A similar analysis of (B.13) gives

2

ENE) = AN <1 + 2)2 (1 + %)2 + k?

A 2N 2 A
—(1+—> +k2(2+—>
C C C

The system undergoes a bifurcation when a branch of solutions A(k) to E(A, k) = 0

+ 4/€3R0 (B22)

touches the imaginary axis, p(k.) = 0, where k. is the critical wave number. By the

implicit function theorem, this occurs when

8M(’9J\/’_ 8./\/(8/\/_
ok Ow ow ok

0, (B.23)

where M = Re(€) and N = Im (£). A Hopf bifurcation of the spatially uniform
state can be found by solving £(iw,0) = 0 for w. A static Turing bifurcation is
found by solving £(0,k.) = 0 and (B.23) for k. non-zero, while a dynamic Turing-
Hopf bifurcation is found by solving &(iw, k.) = 0 and (B.23) for non-zero w and
k.. Interesting patterns tend to emerge when a Hopf and Turing-Hopf intersect at
a codimension-2 point. Such a bifurcation can be found by solving &(iw;,0) = 0,

E(iws, k.) = 0 and (B.23) simultaneously for wy, we and k..

B.5 Computation and Simulation of the Model

All bifurcations diagrams were generated using XPPAUT [17]. The neural mass and
neural field models were numerically solved using a finite difference scheme in Julia [67]
using a default adaptive solver from the DifferentialEquations.jl package [68]. All code

used to simulate the model can found found at https://github.com/Jamesafross/


https://github.com/Jamesafross/Neural_Field_with_gaps
https://github.com/Jamesafross/Neural_Field_with_gaps
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Neural_Field_with_gaps

B.6 Supplementary Movies

Figure 4.14 movie:

https://github.com/Jamesafross/Neural _Field_with_gaps/blob/master/Movies/
ESM_7.m4v Figure 4.15 movie:

https://github.com/Jamesafross/Neural _Field_with_gaps/blob/master/Movies/
ESM_8.m4v Figure 4.16 movie:
https://github.com/Jamesafross/Neural_Field_with_gaps/blob/master/Movies/

ESM_9.m4dv

B.7 Two Population Turing Analysis

Here we show the Turing Analysis for the two population model using an exponential

connectivity function.

ey = / walz — y)) Re (s (|2 — 9Dy, Tan(@) = 78 + 2] /van,

—00

1 2
(]- + at) Gab = Klfbbwabu
Agp

9
ot

A (B.24)
Ra = _Ra Z(gab + Hgb) + 2Ra‘/;1 + . )
b

Ta
TaT

a v a,
Tasg Ve = Kap(Vo = Va) + ;gam;; —Va) =TT R+ VA


https://github.com/Jamesafross/Neural_Field_with_gaps
https://github.com/Jamesafross/Neural_Field_with_gaps
https://github.com/Jamesafross/Neural_Field_with_gaps
https://github.com/Jamesafross/Neural_Field_with_gaps/blob/master/Movies/ESM_7.m4v
https://github.com/Jamesafross/Neural_Field_with_gaps/blob/master/Movies/ESM_7.m4v
https://github.com/Jamesafross/Neural_Field_with_gaps/blob/master/Movies/ESM_8.m4v
https://github.com/Jamesafross/Neural_Field_with_gaps/blob/master/Movies/ESM_8.m4v
https://github.com/Jamesafross/Neural_Field_with_gaps/blob/master/Movies/ESM_9.m4v
https://github.com/Jamesafross/Neural_Field_with_gaps/blob/master/Movies/ESM_9.m4v
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Firstly, we define the homogeneous steady state, (Vap, Jap, Ra, Va), of equation (B.24)

as:
&ab - Rb

Jab = liqu/}ab

A,
0=—R, Zgawn )+ 2RVt (B.25)
0= ) + Z Jab(Viw, = Va) — 720 R + V.2 + 114
We then apply a perturbation of the form
(Qﬁaba gaba Raa V;z) + eXp(_/\t) exp(zkx)( gba Gab> Rcou V:zo)
to the homogenous steady state to obtain,
A 2
1 0 — S 0
( + aab) Yab ’%abwab
8= exp(-A3) [ wnllyl) exp(=iky) exp(- Ayl fva) Ry
)\TaRg = QZRS - ROE Z(gEb + K’Zb) + 2Ra‘/:10 — Ra Z gc(l)b (B26)
b b

ATVE = =22 RG RS + 2V, V0 + 3 iy (V= Vo)
b
- Vozgab + Zgab Var, =V

Note: g% = e Ml (N K5yt (k, AR = Fo(X, k)RY. Now the spectral equation can
be written as:

0= MO k)| (B.27)
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where M is a 4 X 4 matrix and can be written as:

A—T\ B
, (B.28)
C D —T1\
7 is the 2 X 2 matrix
TE 0
T = )
0 Tr
and A, B, C, D are the 2 x 2 matrices with components:
Aab - 2‘_/(1 - Z(gbc + SRU) 5ab - RaFab
Bay = 2Ry0a
(B.29)

Cop = [-27°T0 Ry Sap + Fap(VEE — V)

syn

Dab = 2% - Z(gbc + K’Zc) (sab + /fgb

C

The spectral equation (B.27) can then be solved using a non-linear equation solver.

B.8 2 Population Model Movies

Figure 4.21 movie:
https://github.com/Jamesafross/Thesis_Code/tree/main/Neural_Field_with_
gaps/Movies/Figure_4.20.

Figure 4.22 movie:
https://github.com/Jamesafross/Thesis_Code/tree/main/Neural _Field_with_
gaps/Movies/Figure_4.21.

Figure 4.23 movie:


https://github.com/Jamesafross/Thesis_Code/tree/main/Neural_Field_with_gaps/Movies/Figure_4.20
https://github.com/Jamesafross/Thesis_Code/tree/main/Neural_Field_with_gaps/Movies/Figure_4.20
https://github.com/Jamesafross/Thesis_Code/tree/main/Neural_Field_with_gaps/Movies/Figure_4.21
https://github.com/Jamesafross/Thesis_Code/tree/main/Neural_Field_with_gaps/Movies/Figure_4.21
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https://github.com/Jamesafross/Thesis_Code/tree/main/Neural_Field_with_
gaps/Movies/Figure_4.22.

Figure 4.24 movie:
https://github.com/Jamesafross/Thesis_Code/tree/main/Neural _Field_with_

gaps/Movies/Figure_4.23.


https://github.com/Jamesafross/Thesis_Code/tree/main/Neural_Field_with_gaps/Movies/Figure_4.22
https://github.com/Jamesafross/Thesis_Code/tree/main/Neural_Field_with_gaps/Movies/Figure_4.22
https://github.com/Jamesafross/Thesis_Code/tree/main/Neural_Field_with_gaps/Movies/Figure_4.23
https://github.com/Jamesafross/Thesis_Code/tree/main/Neural_Field_with_gaps/Movies/Figure_4.23
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appenDIX C

\_SUPPLEMENTARY MATERIAL: COUPLING A NEURAL

ACTIVITY MODEL TO EXTRACELLULAR SPACE

C.1 Turing Analysis in one spatial dimension

When W(x,x') = W

(1/711177 g(lba Rlﬂ V(u Ky T_]E

(Jx —x|) and [,W(z)dz = 1 a homogeneous steady state

- U
, M1, RY;) can be found as,

&ab = Rb7
Jab = HZblbab’

Ag
0= —REZ i) + 2RV + —2

TE7T

O—ZgEb Syn— —TE7T2R2E+VE+T]E,

Ay
0= —RIZ g /{[[+2RIVYI+_
. T (1)

O—Zglb (Vo = Vi) = 7im* Ry + Vi + 11,
K: gfl(REaRI)a
ﬁE:f2(K>7

:f3<f()v

R?I = f4(K>7
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We then apply a perturbation to this steady state of the form:

exp(—)\t) exp(ikx)( 2b> Gabs R2> Vaoa KO’ 77%‘7 77?7 KUEOEa K'vo)

After linearising we find that,

L2
(1 + —> Gop = FepVops
Qgp

Vo = eXp(—An?b)/ wap([y|) exp(—iky) exp(=Aly|/ca) Rydy,

—00

ApRY = 2VpRY — R% > gmy +2ReVE — Re Y g,
b b
MRy = 2ViR) — RYY g — RRy — Riwify + 2RVY — Ri ) gy,
b b
MgVe = 2122 RpRY + VgV — V2 Z 9Eb + Z 9 ‘/;52 Vi) + 1,

AT VP = =277 Ry Ry 4+ Vi VP — VY ng - Zgw Vo = Vi) +117,

ABK® = —o50 4 2N Rr) (aézg Ri) g, —af 1 (g I RI)R(} — Ask?K°,
My = =i+ 2

Mg =~ + P o

ABukY) = —KkY + of ;[((K)KO.

Note that g% = e a7l (N) K2, 0as (k, N)RY = Fiop(X, k) RY with

Wap(k, A) = [ wap(x) exp(ikz) exp(—A|z|/cep)da The spectral equation is therefore
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found as: 0 = |M(\, k)| where M is an 8 x 8 matrix and can be written as:

A—1\ B E
C D — 71\ F
G—ﬁ)\
Where
TE 0
I:
0 Tr
and ) )
000O0OPpB 0 0 0
5 0000 0 B 0 O
B 0000 O0 0 p3 O
0000 0 0 0 PB4

Where A, B,C, D are 2 x 2 matrices, I/, F' are 2 x 4 matrices and G is a 4 X 8 matrix

and
2V — > o (Gms) — ReFgp —RpFrr
A= )
—RiFip 2Vr = >, (am) — kI — RiFyy
PDf(Rg, RVi0 2Rg 0 00 —Rpg
B = 5 E = )
0 2R, 000 —Ry
-2 Rp + Fep(VEE — Vi) Fpi (VL= Vi)
C - 9

F[E(VIE — VE) —27T2TI2R[ -+ F[[(VII — ‘7[)

syn syn
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Vi = 32, G 0 0100
D= , F= ,
0 V=32, dn 0010
Oh(fefu Ohfiefi g 0 —§—Ask? 0 0
0 0 00 28 1 ¢ o
G =
0 0 00 2BH o _1 9
0 0 00 28 9 o9
In the case of two spatial dimensions we have
Wap(k, A) :/ Wap(X) exp(ikx) exp(—A|x|/cqp)dx, (C.2)
R2

with k € R?.

C.2 DMovies

Movies related to Figure 6.8 (varying A;) can be found at: https://github.com/
Jamesafross/Thesis_Code/tree/main/Neural_Field_with_potassium/2D_Movies/
Movies related to Figure 6.10 (varying ¢) can be found at: https://github.com/
Jamesafross/Thesis_Code/tree/main/Neural _Field_with_potassium/2D_Movies/
Movies related to Figure 6.12 (varying A4) can be found at: https://github.com/
Jamesafross/Thesis_Code/tree/main/Neural _Field_with_potassium/2D_Movies/

Movies related to Figure 6.14 (travelling waves) can be found at: https://github.
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Parameter ranges for optimisation were informed by previous numerical investigations
into the gap-junction model, i.e. in Chapter 4 where a discussion on the biophysical
ranges of some parameters in the deterministic model can also be found. Below is a
table with the ranges or values for each parameter in the model. The gap-junction
strength parameters s, were kept positive, but low, this is due to high gap-junction
strengths leading to potentially highly synchronous states. The noise variance o, was
kept low too so that the stochastic term did not dominate over the neural model
dynamics. The synaptic strengths «J, were kept within positive and in a range that
had been used in previous chapters. The synaptic time constants were kept within a

1

biophysical range of 0.01-1ms™, similar to that of the numerical studies in Chapter

4.
Table C.1: Parameter List
Parameter Optimised Range/value Description Unit
QEE v 0.1-1 Time constant for synapses F — F ms~!
apr v 0.1-1 Time constant for synapses I — E ms™!
arg v 0.01-1 Time constant for synapses £ — [ ms!
agr v 0.01-1 Time constant for synapses I — [ ms~!
KEE v 0.1-5 E — E Synaptic strength
Khr v 0.1-5 I — E Synaptic strength
Kig v 0.1-5 E — I Synaptic strength
Kir v 0.1-5 I — I Synaptic strength
Kbm v 0-0.3 E — E Gap-junction coupling strength
Kgr v 0-0.3 I — E Gap-junction coupling strength
Kig v 0-0.3 E — I Gap-junction coupling strength
KYp v 0-0.3 I — I Gap-junction coupling strength
TE 12 Membrane time constant for population £ ms!

Continued on next page
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Table C.1: Parameter List (Continued)
Parameter Optimised Range/value Description Unit
TI 15 Membrane time constant for population I ms™!
Coherence for underlying neuronal population
Ap 0.2
E
Coherence for underlying neuronal population
Ar 0.2
1
ne 2.0 Drive for neuronal population F
e 1.04 Drive for neuronal population I
ngf 9 Voltage shunts for connection £ — E
V;g{l -10 Voltage shunts for connection I — E
Ve 9 Voltage shunts for connection £ — [
ny% -10 Voltage shunts for connection I — I
TH v 40-100 Noise time-scale for population £ ms!
T v 40-100 Noise time-scale for population I ms™!
oE v 0.001-0.1 Controls noise variance for population £
or v 0.001-0.1 Controls noise variance for population
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