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Abstract

The work presented in this thesis is based on research conducted at the Par-
ticle Theory Group, School of Physics and Astronomy, University of Notting-
ham, United Kingdom. In this thesis we explore de Sitter vacua in theoretical
cosmology. The thesis has two parts. In Part I we consider different string-
inspired models which are related to the cosmological constant problem. In
Part II we study the de Sitter vacua solutions in one string cosmology model,
namely, O(d, d) invariant cosmology.

In Part I we study three aspects of de Sitter vacua in string-inspired models.
First of all, in chapter 2 we review the related concepts and tools we need in this
part, namely, string landscape, swampland conjecture and bubble nucleation.
In chapter 3, we consider a wide class of 4D effective field theories in which
gravity is coupled to multiple four-forms and their dual scalar fields, with
membrane sources charged under the corresponding three-form potentials. We
propose a “probabilistic” argument to explain the small cosmological constant
instead of the dominant anthropic principle. Chapter 3 is based on original
work in collaboration with Antonio Padilla and Francisco G. Pedro [1]. In
chapter 4, we explore in detail whether or not different models are compatible
with the membrane weak gravity conjecture. We find that these models can
be generalised to the DBI action. Chapter 4 is based on original work in
collaboration with Antonio Padilla and Francisco G. Pedro [2]. In chapter 5,
we generalise the results in chapter 3 and 4 to D-dimensions including the
Gauss-Bonnet term. We find that the Euclidean action of the bounce, B,
describing the decay of a de Sitter vacuum, is proportional to k

−(D−2)
+ , which

has a pole as k2+ → 0 where k2+ is the curvature of the parent vacuum. We
find a new decay channel, describing up-tunneling from anti-de Sitter into de
Sitter. Chapter 5 is based on original work done by the author [3].

In Part II we explore the de Sitter vacua solutions in O(d, d) invariant cos-
mology. We briefly review the basic concepts of O(d, d) invariant cosmology
in chapter 6. Then in chapter 7 we perform a thorough analysis of de Sit-
ter solutions in O(d, d) invariant cosmologies. We elucidate the nature of the
instability in the string frame vacuum. For the Einstein frame, we find that
the de Sitter solutions cannot be eternal. Then we extend our analysis to
include Bianchi I universes. We show that we can extend the theory to the
anisotropic case so that de-Sitter solutions can exist. All results in chapter 7
are presented in this paper [4], which is done in collaboration with Antonio
Padilla, Paul Saffin and Robert Smith.
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There are four fundamental interactions in nature: the strong force, the weak

force, the electromagnetic force and the gravitational force. At long distances

gravity is the weakest force. For example, if we consider the gravitational force

between two electrons, we can find that gravity is approximately 10−42 in units

of the corresponding electromagnetic force. However, gravity plays the most

important role in cosmology since gravity is the only relevant interaction for

the whole universe among four fundamental interactions. Therefore, in order

to give a consistent description of the universe, we need to understand gravity

very well.

1.1 General relativity

In 1915 Einstein proposed the theory of general relativity (GR) [5, 6], which

is our best understanding of the gravitational force at low energies so far.

In order to solve the inconsistencies between Newtonian gravity and special

relativity, Einstein introduced a revolutionary idea. In GR the gravitational

force has been replaced by a geometric description of a dynamical spacetime.

Since then a lot of observations have been done and verified the results of

GR, such as gravitational red-shift, the bending of light by the Sun and the

perihelion precession of Mercury. More details can be found in [5, 6]. In recent

years, one of the most important predictions in GR, gravitational waves, have

been observed [7] and the leaders of the research team won the Nobel prize in

physics in 2017.

The action of GR, the Einstein-Hilbert action, is given by

SGR =

∫
d4x

√
−g(

1

16πG
R− Λ), (1.1)

where gµν is the metric tensor, g = det gµν , R = gµνR
µν is the Ricci scalar and

Rµν is the Ricci tensor. G is the Newton’s constant. Λ is the cosmological

constant. We have set c = 1. Furthermore, if we couple matter fields to
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gravity, the total action of the whole system is

S = SGR + Sm(gµν ,Φ) (1.2)

where Φ denotes all fields. The resulting field equations after varying the

action with respect to gµν are the following

Gµν + 8πGΛgµν = 8πGTµν , (1.3)

where

Gµν = Rµν −
1

2
gµνR (1.4)

is the Einstein tensor and

Tµν = − 2√
−g

δSm

δgµν
(1.5)

is the energy-momentum tensor. The Einstein equation is a set of nonlinear

partial differential equations, therefore gµν is very hard to solve exactly. More

details of GR can be found in famous textbooks [8–10].

If we only consider the range of the Solar System, the cosmological constant

Λ can be neglected. However, if we apply the Einstein equation to cosmology,

the contribution from Λ will play an important role. In theoretical physics

how to explain the small value of the cosmological constant is a long-standing

problem, which is the so-called “the cosmological constant (CC) problem”. We

will discuss the CC problem in section 1.2.

If the cosmological constant Λ is neglected, our universe should be shrink-

ing or decelerating because of the attraction of gravity. However, one of the

most crucial findings in cosmology in recent years is that our universe has an

accelerating expansion. The first series of observations of this kind came from

[11, 12]. The leaders of these teams won the Nobel prize in physics in 2011.

The reason for the accelerating expansion of the universe is still unclear.
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The driving force of the accelerating expansion is often called the “dark en-

ergy”, which is consistent with a vacuum energy, or cosmological constant

[11, 12]. Therefore, in principle, if the origin of the cosmological constant can

be understood, then the origin of the accelerating expansion of universe can

be revealed.1

At present it has been realized that GR is just the low energy effective field

theory of gravity, although it is still the best theory of gravity we have. It

breaks down at high energies where we expect it to be replaced by a quantum

theory of gravity. In Einstein’s eyes, GR was constructed by the principle of

equivalence and general coordinate invariance. Thanks to Riemannian geome-

try, gravity has disappeared in GR and has been replaced by the geometry of

spacetime. However, in modern quantum field theory we now understand that

GR is an inevitable consequence of a few basic principles without assuming a

priori the equivalence principle or general coordinate invariance. We can con-

struct GR as a low energy description of interacting massless spin-2 particle

using locality and Lorentz invariance [13–17].

However, GR is not a UV complete theory. Here are the reasons. First, when

we quantize GR in the traditional QFT way (perturbatively), infinite quantities

that cannot be absorbed by a finite number of counterterms, which means GR

is non-renormalizable. Second, the gravitational coupling constant in GR is

Newton’s constant G, which has negative mass dimension: [G] = (mass)−2.

This implies that the theory becomes strongly coupled at high energies (or

small distances), where loop corrections blow up. This breakdown hints at

the incompleteness of GR in the UV – it cannot be extended to arbitrarily

small scales without modification. Third, the expansion of GR around flat

spacetime (or any background) leads to terms that grow uncontrollably at high

energy. The perturbation series does not converge or even make sense beyond

a certain scale – usually around the Planck scale (∼ 1019GeV). Fourth, GR

predicts singularities (e.g., inside black holes, at the Big Bang) where curvature

1That is only true if the data remains consistent with ω = p/ρ = −1.
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becomes infinite. These are signals that the classical theory breaks down –

something quantum needs to resolve them [18, 19]. Therefore, we need a UV

complete gravitational theory. In Section 1.3, we will briefly review the most

promising unified theory - string theory.

In fact, the other three fundamental interactions can be described by Yang-

Mills theory, or gauge field theory, which is the basic principle of interactions

between massless spin-1 particles. Theoretical physicists have attempted to

derive the value of the cosmological constant from quantum field theory by

summing the contributions of vacuum energy from quantum fields. For exam-

ple, if we add up the vacuum contributions from QED (electromagnetic field),

QCD (gluon field, quark condensates), Higgs field, Electroweak gauge bosons

(W and Z) and gravitational zero-point fluctuations (in speculative models),

we get something on the order of ρtheoryvac ∼ 1060 to 10120 × ρobsvac, where ρtheoryvac is

the theoretical result of vacuum energy density and ρobsvac is the observational

result of vacuum energy density [20, 21]. The observational value of Λ is much

smaller than the theoretical result, which is one of the biggest challenges in

modern theoretical physics. The main topic of this thesis is trying to under-

stand CC problem better.

1.2 The cosmological constant problem

The cosmological constant problem has haunted theoretical physics ever since

Pauli calculated the effect of the zero-point energy of the electron on the cur-

vature of spacetime, declaring that the universe would “not even reach to the

moon” [22]. The situation has not really improved in the century that followed.

When we apply standard quantum field theory methods, radiative corrections

to the vacuum energy are extremely sensitive to ultra-violet physics, scaling

like the fourth power of the cut-off. Vacuum energy gravitates just like a cos-

mological constant presenting a major issue for cosmology. The observed value

of the cosmological constant lies sixty orders of magnitude below the expected
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value predicted from vacuum energy calculations with a TeV cut-off, set by

the scale of modern collider experiments. If we push the cut-off all the way up

to the Planck scale, the discrepancy extends to 120 orders of magnitude. The

problem has at least three aspects [23]:

1. Why the cosmological constant is so small?

2. Why the cosmological constant is positive?

3. How to explain the coincidence problem?2

We will focus on the first question. It is hard enough! Now let us review the

background.

When we write down the field equation for GR

Rµν −
1

2
Rgµν + 8πGΛgµν = 8πGTµν , (1.6)

we realize one important thing: the cosmological constant Λ was not fixed by

the structure of GR. In other words, Λ can be an arbitrary constant. In order

to yield a static cosmological solution, Einstein introduced the cosmological

constant Λ. However, the cosmological solution is still non-static, which is

the “greatest blunder” of Einstein [20]. The cosmological constant Λ returns

through the back door. The quantum fluctuations in the vacuum of quantum

field theory contribute to the expectation value of the stress tensor in a way

which is exactly like a cosmological constant. So the cosmological constant

becomes a real problem [20].

In quantum field theory, the nature of vacuum is much more complicated

than in classical theory. Let us take an example. When we consider the

ground state of a harmonic oscillator, every mode of each field can contribute

a zero-point energy to the energy density of the vacuum. In the description of

path integral, this energy arises from the so-called “loops”, or virtual particle-

antiparticle pairs. If the vacuum is assumed to be Lorentz invariant, then

the corresponding energy-momentum tensor must also be Lorentz invariant.

2The coincidence problem basically asks why are the energy densities of dark energy and
matter of the same order right now, even though they evolve very differently over time?
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The only Lorentz invariant rank 2 tensor is the Minkowski metric. By gen-

eral covariance, this gets promoted to the full metric gµν in curved spacetime.

Therefore, the corresponding energy-momentum-stress tensor should be pro-

portional to the metric, namely, [8–10]

< Tµν >= −ρvacgµν , (1.7)

where ρvac is the density of vacuum energy.

Although it is located on the right-hand side of Einstein’s equation, vacuum

energy takes the form of a cosmological constant, meaning we could incorporate

it and redefine Λ as follows:

Λ = ΛEin + ρvac, (1.8)

where ΛEin is the bare cosmological constant appearing in Einstein’s equation.

With observational data, the upper bound of cosmological constant is |Λ| ≤

3 × 10−122l2p, where lp is the Planck length [20].

In this section we will discuss different aspects of the cosmological constant

problem. We start by arguing that the CC problem can be traced back to two

rigorous foundations of modern physics, i.e., quantum field theory (QFT) and

GR. Then we explain how the vacuum energy contributions to the cosmological

constant are calculated in QFT and semiclassical gravity theory. We then

explain why we must repeatedly fine tune a classical parameter in GR to

match observations of a small cosmological constant. We refer the reader to

the number of reviews on the cosmological constant problem for more details

[20, 21, 23–25].

1.2.1 Two rigorous foundations

The cosmological constant problem arises from the intersection of two funda-

mental pillars of modern physics: quantum field theory (QFT) and general
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relativity (GR).

In QFT, the vacuum is not empty but has energy. This vacuum energy

influences physical processes through loop corrections to tree-level scattering

amplitudes. Consider, for example, quantum electrodynamics (QED). A spe-

cific case is the Coulomb interaction between an electron e− and a positron

e+, which occurs in Bhabha scattering e−e+ → e−e+. In QED, the Coulomb

potential is mediated by the exchange of a virtual photon, as described by the

QED Lagrangian:

LQED = −1

4
FµνF

µν + ψ̄(iγµ∂µ −me)ψ − eψ̄γµAµψ, (1.9)

where Fµν = ∂µAν − ∂νAµ is the field strength of vector potential Aµ, ψ is the

relevant fermion, γµ are the gamma matrices and e is the electric charge of

relevant fermion. In the non-relativistic limit, the Coulomb potential arising

from tree diagram is given by

V (r) = − e2

4πr
, (1.10)

which describes the attractive interaction between two opposite charges. How-

ever, the story does not end there. We can calculate a 1-loop correction to

the tree-level Coulomb potential, a process known as vacuum polarization.

If e ≪ 1, the 1-loop contribution is much smaller than the tree-level term.

The non-relativistic potential, which includes both the tree-level and 1-loop

contributions, is referred to as the Uehling potential [26, 27]:

V (r) = − e2

4πr

(
1 +

e2

6π2

∫ ∞

1

dxe−2merx
2x2 + 1

2x4

√
x2 − 1

)
, (1.11)

where the x is the parameter often appears in Feynman integral. The integral

in (1.11) is hard to calculate, but we can do it for the following two limits.

When the distance scale exceeds the Compton wavelength of the electron,
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namely, r ≫ 1/me, the Uehling potential becomes [26, 27]:

V (r) = − e2

4πr

[
1 +

e2

16π3/2

1

(mer)3/2
e−2mer

]
. (1.12)

If the distance scale is smaller than the Compton wavelength of the electron,

namely, r ≪ 1/me, the Uehling potential is [26, 27]

V (r) = − e2

4πr

[
1 +

e2

6π2

(
log

1

mer
− 5

6
− γE

)]
, (1.13)

where γE ≈ 0.577 is the Euler-Mascheroni constant. The two limits are easier

to analyze, so we just consider these two limits. This correction to the tree-

level potential energy arises entirely from the interactions between the virtual

photon and the vacuum fluctuations of the virtual electron-positron pair. This

serves as an example of how vacuum fluctuations influence physical processes

[28].

In 1947, Willis Lamb observed a small splitting between the energy levels of

the hydrogen atom, which would be degenerate in both Dirac theory and tree-

level QED. This phenomenon, known as the “Lamb shift”, led physicists to

recognize the crucial role of loop corrections in accurately describing physical

processes [28–32].

After discussing the first foundation — vacuum fluctuations in QFT —

let us now turn to the second foundation: the principle of equivalence. This

principle asserts that all forms of matter and energy experience gravity with the

same strength. As the fundamental principle of GR, the equivalence principle

suggests that the vacuum energy fluctuations contributing to the Lamb shift

should also be affected by gravity [28]. In fact, loop corrections influence not

only the inertial energy of an atom but also its gravitational energy. However,

since the gravitational force is much weaker than the electromagnetic force,

gravitational energy is often neglected in QED. In fact, this small change in

the gravitational mass due to Lamb shift has been measured and more details
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can be found in [33].

1.2.2 Fine tuning

The cosmological constant problem arises as an unwanted consequence of two

foundational pillars of twentieth-century physics: QFT and GR. As discussed

in the previous section, the vacuum possesses energy. In QFT, the standard

approach to calculating vacuum energy involves computing the vacuum loop

diagrams for each particle species [25]. To determine the vacuum energy, we

employ a semi-classical framework, where the field theory sector is treated

quantum mechanically, while the gravitational degrees of freedom are treated

classically. Typically, the action is expanded around Minkowski spacetime at

the outset [28]. We compute the loop corrections in the limit Mpl → ∞. After

calculating the vacuum energy contributions to a given order, we restore the

finite value of Mpl. This step enables gravity to classically probe the resulting

vacuum energy in accordance with gauge invariance. In GR, the symmetry

under diffeomorphisms (general coordinate transformations) plays the role of

a gauge symmetry. That is:

1. The gravitational field (described by the metric tensor gµν) is not uniquely

defined until we fix a coordinate system;

2. Diffeomorphism invariance ensures that all coordinate systems are physi-

cally equivalent – just as gauge invariance ensures that all gauge choices are

physically equivalent.

Diffeomorphism invariance ensures that vacuum energy gravitates. Specifi-

cally, the action term −Vvac
∫
d4x in flat space gets promoted to

−Vvac
∫
d4x

√
−g. (1.14)

in curved space in order for the action to remain invariance under diffeomor-

phisms [25]. This means that the vacuum energy couples to metric.

When calculating the loop corrections to the cosmological constant, we en-
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counter divergent integrals that require regularization. A widely used approach

is dimensional regularization, which involves working in D = 4− ϵ dimensions.

Consider a scalar field of mass mϕ and quartic self-interaction λ
4!
ϕ4. In one

loop, the only vacuum diagram is the free theory bubble, a single loop with no

interaction vertices (the first term of Figure 1.1). This comes from the Gaus-

sian integral in the path integral. The corresponding one-loop contribution is

given by

V ϕ,1−loop
vac =

i

2

∫
d4k

(2π)4
log(k2 −m2

ϕ) (1.15)

namely,

V ϕ,1−loop
vac = −

m4
ϕ

(8π)2

[
2

ϵ
+ log

(
µ2

m2
ϕ

)
+ finite

]
, (1.16)

where µ is the arbitrary mass scale introduced in dimensional regularization

[25]. The divergence as ϵ→ 0 requires to add the following counter term which

depends on an arbitrary subtraction scale, M ,

V ϕ,1−loop
c =

m4
ϕ

(8π)2

[
2

ϵ
+ log

(
µ2

M2

)]
. (1.17)

Combining the two we obtain the renormalised vacuum energy at 1-loop [25, 28]

V ϕ,1−loop
ren ∼

m4
ϕ

(8π)2

[
log

(
m2

ϕ

M2

)
− finite

]
. (1.18)

Since V ϕ,1−loop
ren explicitly depends on the arbitrary scale M , we do not obtain

a definitive result for the renormalized vacuum energy. As a result, we are

unable to predict the exact contribution of the vacuum energy from massive

scalar particles to the cosmological constant in effective field theory.

Figure 1.1: 1-loop and 2-loop vacuum diagrams in λϕ4 theory.

Since we are unable to predict the exact value of the cosmological constant,
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it is necessary to measure it and adjust the finite part of Λc to align with

observational data. For instance, if the massive scalar field is the Higgs boson

with a mass of 126 GeV, we can choose M in such a way that the logarithm

cancels the “finite” part with an accuracy of 1 part in 1060 [28].

We now proceed to examine the two-loop correction to the vacuum energy

from a massive scalar field. The two-loop correction corresponds to the second

term of Figure 1.1. The two-loop correction to the vacuum energy is

V ϕ,2−loop
vac =

iλ

8

∫
d4k

(2π)4
1

k2 −m2

∫
d4p

(2π)4
1

p2 −m2
, (1.19)

namely, scales as

V ϕ,2−loop
vac ∼ λm4

ϕ. (1.20)

In 2-loop diagram, there is an interaction vertex λ
4!
ϕ4, but 1-loop diagram does

not have the vertex. Therefore, (1.20) depends on λ but (1.16) does not. In

perturbative theories that do not have precisely adjusted couplings, this means

that the 2-loop correction is not much smaller than the 1-loop contribution. As

a result, the cancellation we established at the 1-loop level is entirely disrupted,

and we must re-adjust the finite contributions in the counterterms with a sim-

ilar level of precision [25]. Likewise, the contributions from the 3-loop, 4-loop,

and higher-order corrections must also be re-tuned. Consequently, we must

re-adjust the bare cosmological constant at each order in loop perturbation

theory [28]. This demonstrates that the cosmological constant is highly sensi-

tive to high-energy physics, and its extremely small observed value appears to

be highly unnatural [28]. This fact that we cannot predict the magnitude of

the cosmological constant is an inevitable consequence of effective field theory.

In QED we cannot predict the values of the electron mass or charge as well.

However, in QED we do not need to fine tune repeatedly since there is no

radiative instability [28].

Here we make a comment on the differences between the electron mass and

the cosmological constant. The electron mass and the cosmological constant
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behave very differently when it comes to quantum loop corrections. The elec-

tron mass receives relatively mild, logarithmic corrections, and importantly,

it is protected by a symmetry: chiral symmetry. If the electron mass were

zero at tree level, quantum corrections would not generate a mass because

chiral symmetry would prevent it. This makes the electron mass technically

natural – small values are stable under quantum corrections without needing

fine-tuning. In contrast, the cosmological constant receives extremely large,

quartically divergent corrections from quantum loops. Every quantum field

contributes to the vacuum energy, and these contributions grow rapidly with

the energy cutoff. Unlike the electron mass, the cosmological constant is not

protected by any known symmetry — setting it to zero doesn’t enhance the

symmetry of the theory. As a result, keeping the cosmological constant small

requires an extraordinary degree of fine-tuning to cancel these large quantum

contributions. So, the key distinction is that the electron mass is stable due

to symmetry, while the cosmological constant is not, and this lack of protec-

tion leads to one of the biggest fine-tuning problems in theoretical physics

[21, 27, 34, 35].

It is useful to mention another important problem in physics – the Higgs

mass problem: why the physical Higgs mass (∼ 125GeV) is much smaller than

the Planck scale (∼ 1019GeV)? Despite that they are very different, they can

be connected. For example, both are about why certain constants of nature

are so small, despite large quantum corrections. Both involve vacuum sen-

sitivity to UV physics (Planck scale). In string theory/landscape/multiverse

approaches, both problems might have anthropic explanations: Higgs mass

might scan across the landscape and only values leading to atoms exist, while

the cosmological constant might scan and only small Λ allows structure for-

mation and human existence [36].

An alternative yet equivalent way to describe the cosmological constant

problem does not involve altering the loop order in perturbation theory. This

approach utilizes the Wilson action, demonstrating that the vacuum energy
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becomes unstable when the Wilsonian cut-off is modified [25]. The funda-

mental concept of the Wilson action is to integrate out the heavy degrees of

freedom that lie above a certain mass scale, denoted by µ. We start by assum-

ing the presence of a microscopic action S[ϕi] constructed from fields ϕi, which

is applicable at high energy scales. The low and high energy modes decou-

ple, allowing each energy scale to be understood independently. By using the

Wilsonian action approach, we can focus on the physics at low energy scales

without needing to understand the details at high energy scales. This principle

of decoupling is commonly observed in physics; for example, when studying

atomic physics, we do not need to consider the behavior of quarks and gluons.

However, if decoupling does not apply, it becomes much more challenging to

study the system [28].

The degree of freedom ϕ can be decomposed as ϕ = ϕl + ϕh, where the

heavy modes ϕh correspond to energies greater than µ, and the light modes

ϕl correspond to energies less than µ. The Wilson effective action, Seff [ϕl] is

obtained by integrating out the heavy modes in the path integral

exp (iSeff [ϕl]) =

∫
Dϕh exp (iS[ϕl, ϕh]), (1.21)

where Seff [ϕl, ϕh] represents the complete microscopic action that includes

both the heavy and light degrees of freedom [25]. The vacuum energy is ob-

tained from the effective action Seff [ϕl], which is valid up to the scale µ and

is anticipated to be of order µ4. This allows us to determine the cosmological

counterterm needed to reconcile the renormalized cosmological constant with

low-energy observations [25].

Now, let us consider the scenario when the cut-off is shifted to a new scale

µ̂ < µ. This entails integrating out the degrees of freedom with energies be-

tween µ̂ and µ. The resulting effective action Ŝeff generates a vacuum energy

of the form µ̂4, which needs to be canceled by the cosmological counterterm.

However, the cosmological counterterm was originally fixed to ensure cancella-



Chapter 1. The cosmological constant problem 15

tion in the effective field theory with the higher cut-off µ. Now, it needs to be

readjusted. This is not the intended behavior of effective actions; we should

not change the low-energy counterterm simply because additional high-energy

modes have been integrated out. Thus, we encounter again a high sensitivity

to the theoretical details in the UV.

In principle, there is nothing inherently wrong with the vacuum energy’s de-

pendence on the cutoff. The actual issue lies in the fact that this dependence

follows a power law rather than a logarithmic form3, requiring us to contin-

uously fine-tune Λc to match observations as the effective description of the

field theory evolves. This is what makes the vacuum energy particularly prob-

lematic, in contrast to many parameters in the Standard Model that undergo

logarithmic renormalization [28].

No discussion of the cosmological constant would be comprehensive with-

out addressing the anthropic principle. In fact, there exists a “solution” to

the cosmological constant problem that does not require stabilizing the vac-

uum energy corrections against large radiative corrections, nor does it involve

stopping unstable contributions from causing curvature [28]. The anthropic

interpretation of the cosmological constant suggests that naturalness is irrele-

vant, and that the ability to describe nature is rooted in large-scale fine-tuning.

It posits that the vacuum in which we make observations is simply the one that

allows for our existence, while many other vacua with vastly different values of

the cosmological constant exist, where no species could survive [28]. In chapter

2, we will mention anthropic principle again when we discuss string landscape.

3A power-law dependence means that a quantity grows like some power of a variable. This
causes huge contributions from high-energy (UV) modes. However, logarithmic dependence
is much more manageable and common in renormalizable and well-behaved quantum field
theories. If vacuum energy had logarithmic dependence instead, it would naturally be much
smaller, and closer to what we observe. Unfortunately, nature chose power law dependence,
which leads to the cosmological constant problem.
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1.2.3 Weinberg’s no-go theorem

One might wonder if it is possible to introduce new fields into the matter

sector that could dynamically address this issue by adjusting themselves to

counterbalance the large contribution of the vacuum energy to the cosmologi-

cal constant. However, Weinberg’s no-go theorem [21] asserts that this is not

feasible without merely transferring the fine-tuning of the bare cosmological

constant into the potential energy of the self-regulating field, all while preserv-

ing the mass hierarchy of the matter sector [28]. Further details of the no-go

theorem can be found in [25].

We begin by considering the following field content: a spacetime metric gµν

and self-adjusting matter fields φi, with the tensor structure omitted. The

dynamics is governed by a general Lagrangian density L[gµν , φi]. Additionally,

we assume that the vacuum is translationally invariant, implying that on-shell,

gµν = ηµν , φi = constant. Although Weinberg’s argument is more broadly

applicable to self-adjusting fields of any tensor rank [28], for simplicity we

focus on scalar fields, with the index i running from 1 to N . The action for

this theory is

S =

∫
d4x

√
−gL[gµν , φi]. (1.22)

In L[g, φi] we permit any interactions between the scalars φi and the metric gµν .

Since the system is translationally invariant, the metric and matter fields are

constant, then according to the Euler-Lagrangian equation, the field equations

are given by

∂L
∂gµν

= 0,
∂L
∂φi

= 0. (1.23)

To prevent these solutions from being finely tuned, Weinberg assumed that

the trace of the gravitational field equations is connected to the scalar field

equations of motion by

2gµν
∂L
∂gµν

+
∑
i

fi(φi)
∂L
∂φi

= 0, (1.24)
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where fi(φi) are arbitrary functions of the scalar fields. Eq.(1.24) is a linear

combination of (1.23) and is a generalization of (1.23). In principle, we can

consider more general generalization of (1.23), but we will not discuss here.

Considering that the variation of the action (1.22) is

δS =

∫
d4x

[
∂L
∂gµν

δgµν +
∑
i

∂L
∂φi

δφi

]
, (1.25)

if the action remains invariant under the infinitesimal transformations δgµν =

2αgµν and δφi = αfi(φi), then the relation (1.24) is ensured to hold with

constant fields [28]. Let us define a new field φ̃i = φ̃i(φi). Then we have

δφ̃i =
∑
k

∂φ̃i

∂φk

δφk =
∑
k

∂φ̃i

∂φk

αfk(φk). (1.26)

Furthermore, we set

δφ̃1 = α
∑
k

∂φ̃1

∂φk

fk(φk) = −α, (1.27)

and

δφ̃j = α
∑
k

∂φ̃j

∂φk

fk(φk) = 0, (1.28)

then the field redefinitions φi → φ̃i enable us to express the transformations

as:

δgµν = 2αgµν , δφ̃1 = −α, δφ̃j = 0, (1.29)

where j is from 2 to N . This is equivalent to a conformal transformation.

Therefore, if the action consists of the following components, it will remain

invariant: ĝµν = e2φ̃1gµν and φ̃j. Gauge invariance necessitates that the on-

shell action be [28]

S =

∫
d4x

√
−ge4φ̃1V (φ̃j), (1.30)
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and the gravity equation ∂L
∂gµν

= 0 generates

e4φ̃1V (φ̃j) = 0. (1.31)

Therefore, we must either choose V (φ̃j) which involves fine-tuning, or take

e4φ̃1 → 0. The physical masses in the field theory are all on the scale of

m2
phy = e2φ̃1m2, meaning the second option involves choosing the conformal

limit. However, because our universe is not conformally invariant, this option

is ruled out by observational data [25, 28].

This no-go theorem is quite general, and any attempts to resolve the cos-

mological constant problem should provide a solid explanation of how the

theorem is circumvented. One option is to break translational invariance in

the background by permitting the fields to have time-dependent solutions. For

instance, see [37–39].

1.2.4 Dynamical dark energy

For completeness of our discussion, we need to mention dynamical dark energy

as an alternative to the cosmological constant to explain the late-time acceler-

ated expansion. The simplest explanation is the cosmological constant (Λ) in

Einstein’s equations – essentially a constant energy density that fills the space

homogeneously. The cosmological constant implies dark energy is static – it

does not change with time or space. However, dynamical dark energy proposes

that dark energy’s properties evolve over time, meaning its energy density or

pressure changes [40].

Dynamical dark energy is often described using scalar fields – like the “quint-

essence” model. Quintessence is a slowly-rolling scalar field with a potential

V (ϕ), similar to how the inflaton field works during cosmic inflation. The field’s

energy density and pressure can vary over time. The equation of state ω = p/ρ

is not exactly −1, and can evolve with time. The action for quintessence is
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given by

S =

∫
d4x

√
−g
[
−1

2
(∇ϕ)2 − V (ϕ)

]
, (1.32)

where (∇ϕ)2 = gµν∂µϕ∂νϕ and V (ϕ) is the potential of the field. In a flat FRW

spacetime the variation of the action (1.32) with respect to ϕ gives

ϕ̈+ 3Hϕ̇+
dV

dϕ
= 0. (1.33)

The energy density and pressure density of the scalar field are

ρ =
1

2
ϕ̇+ V (ϕ), (1.34)

p =
1

2
ϕ̇− V (ϕ). (1.35)

Therefore, the equation of state ω = p/ρ is not exactly −1. More details can

be found in [40].

Other dynamical dark energy models include phantom energy, K-essence,

chameleon fields, or holographic dark energy, etc. Dynamical dark energy

could explain tensions in cosmological measurements (e.g. the Hubble con-

stant discrepancy). A time-evolving dark energy might leave signatures in the

cosmic microwave background, structure formation, or supernova observations.

It connects with ideas from string theory, modified gravity, or extra dimensions

[40]. The findings of DESI 2024 VI provide significant insights into the nature

of dark energy and its role in the expansion of the universe. The data indi-

cate a preference for dynamical dark energy over the cosmological constant Λ.

However, the results are not yet conclusive [41, 42].

1.3 Brief review of string theory

String theory is the most promising quantum gravity theory at present. Bousso

and Polchinski proposed a toy model of “string landscape” [43]. Since we will

use some concepts related to string theory and string landscape in the following
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sections of this thesis, we briefly review string theory in this section.

1.3.1 World-volume actions, closed strings and open strings

In quantum field theory, point particles evolve in time, sweeping out one-

dimensional world lines in spacetime while in string theory, strings evolve in

time, sweeping out two-dimensional surfaces in spacetime. The two-dimensional

surfaces are called “world sheets” in string theory. This difference between

quantum field theory and string theory has two important implications. First,

string interactions are naturally independent of short-range singularities, so

there is no UV divergence of string theory amplitudes. The string scale 1
ls

acts as a UV cut-off. Second, the structure of interactions in string theory can

be uniquely determined by a free theory. In other words, we cannot choose

interactions arbitrarily in string theory. However, in quantum field theory, we

can have arbitrary interactions as long as they satisfy the symmetries of the

model [18].

Furthermore, Polchinski found that there exist extend objects in string the-

ory, i.e., p-branes, objects with p spatial dimensions and a tension (or en-

ergy density) Tp [44]. p-branes appear in string theory in the form of non-

perturbative excitations. The classical motion of a p-brane extremizes the

(p + 1)-dimensional volume V that it sweeps out in space-time. The action

of a p-brane action can be given by Sp = −TpV . In particular, if p = 1, the

string is the so-called “fundamental string” and V is the area of the string

world sheet. The corresponding action is the famous Nambu–Goto action,

Sσ = −T
2

∫ √
−hhαβηµν∂αXµ∂βX

νdσdτ (1.36)

where hαβ(σ, τ) is world-sheet metric, h = dethαβ, and hαβ is the inverse of

hαβ.

The Xµ(σ, τ) describes the space-time embedding of the string world sheet.

The Nambu-Goto action can be used to describe the behavior of bosonic string
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theory. Things get even more interesting if we consider the effects of Quan-

tum Mechanics. As a result, there is no conformal anomaly when space-time

dimension is D = 26, which is the critical dimension of bosonic string theory.

Similarly, if we consider the effect of supersymmetry in string theory, which is

called superstring theory, then the critical dimension is D = 10 [18, 19, 45].

The Xµ(σ, τ) has two parameters τ and σ. The parameter τ is the world-

sheet time coordinate and σ parametrizes the string at a given world-sheet

time. There are two basic configurations of strings in string theory: closed

strings and open strings. For a closed string, which is topologically a circle,

one should impose periodic conditions on the spatial parameter σ, namely,

Xµ(σ, τ) should satisfy Xµ(σ, τ) = Xµ(σ + π, τ), while for an open string,

which is topologically a line interval, each end can satisfy either Neumann or

Dirichlet boundary conditions [18, 19, 45].

One important physical object is a D-brane. (D stands for Dirichlet condi-

tion.) If all open string boundary conditions were Neumann boundary condi-

tions, then the endpoints of the string could be anywhere in spacetime. How-

ever, the Dirichlet condition specifies the spacetime hypersurface where the

string’s endpoints lie [18].

1.3.2 Superstrings

There are no fermions in bosonic string theory, which is inconsistent with

nature. In order to include fermions in string theory, we need to generalize

bosonic string theory. Supersymmetry is a natural way to establish the con-

nection between bosons and fermions, so we can try to embed supersymmetry

into string theory. The result is the so-called superstring theory. One of the

most important results in the first string revolution is that there are only five

consistent superstring theories: type IIA theory, type IIB theory, type I the-

ory and two heterotic string theories: SO(32) and E8 ×E8. Here “consistent”

means anomaly free. Let us briefly review them.
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There are two modes in string theory: left-shifting mode and right-shifting

mode. When we use both modes at the same time, the supersymmetry as-

sociated with left-shifting and right-shifting can have the same handedness or

opposite handedness. These two possibilities can give two different superstring

theories: the type IIB and type IIA superstring theories, respectively. Fur-

thermore, if we mod out the left-right symmetry, a procedure called orientifold

projection, then we can deduce a third possibility, namely, type I superstring

theory. The resulting strings are unoriented. The gauge group of type I theory

is SO(32).

If we use the formalism of the 26-dimensional bosonic string for the left-

movers and the formalism of the 10-dimensional superstring for the right-

movers, we can get two “heterotic” superstring theories. Their Lie algebras

are SO(32) and E8×E8, respectively. The mismatch in space-time dimensions

may sound strange, but it is actually exactly what is needed. The extra 16 left-

moving dimensions must describe a torus with very special properties, which

can provide a consistent string theory [18].

As we said in section 1.3.1, the critical dimensions of all five superstring

theories are D = 10. In 10D, type I theory and two heterotic string theories

have N = 1 supersymmetry. The minimal spinor in ten dimensions has 16 real

components, so these theories have 16 conserved supercharges. However, type

IIA and type IIB string theories have N = 2 supersymmetry, in other words,

they have 32 supercharges. More details can be found in [18, 19, 45, 46].

1.3.3 The second string revolution

All the above results have been known since the mid-1980s, but there were at

least two problems which could not be solved in the first string revolution. The

first problem is that if string theory is the so-called unified theory, then there

should be only one type of string theory instead of five distinct string theories.

The second problem is that all the above results are perturbative, therefore
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understanding the non-perturbative effects in string theories is a challenging

task. After about ten years, these two problems could be answered better. All

these achievements constitute the second string revolution. The key word of

this revolution is “duality”.

T-duality

String theory has many surprising properties. One of them is “T-duality”.

T-duality means that two different geometries for the extra dimensions are

physically equivalent in many cases! Take a simplest example. When we inter-

change the radius R of a circle with radius l2s/R, where ls is the fundamental

string length scale, we can find that the mass spectrum of string theory is

invariant. In other words, they are physically equivalent.

T-duality can relate two different theories. For example, it relates two type

II and two heterotic theories. Type IIA and IIB theories (also two heterotic

theories) should be considered a single theory because they represent two ends

of a geometric continuum that varies with the radius of the circular dimension

[18]. Another example is the equivalence between type IIA superstring the-

ory compactified on a Calabi-Yau manifold and type IIB superstring theory

compactified on a “mirror” Calabi-Yau manifold [18, 19, 45, 46].

S-duality

In the second string revolution, another important duality was discovered, the

S-duality, which relates the string coupling constant gs to 1/gs. The string

coupling constant gs is given by the vacuum expectation value of exp (ϕ),

where ϕ is the dilaton. For example, weakly coupled SO(32) heterotic theory is

equivalent to strongly coupled type I theory. Another example is that type IIB

theory is dual to itself, therefore duality becomes a symmetry [18, 19, 45, 46].
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D-branes

When we study non-perturbative string theory, we can discover that super-

string theory contains various p-branes, where p is the spatial dimensions.

When gs → 0, p-branes (p > 2) become infinitely heavy, thus they cannot

appear in perturbative string theory. However, when gs is not very small,

p-branes have dynamical effects.

The type I and II superstring theories contain different p-branes called D-

branes, whose tension is proportional 1/gs. The D denotes Dirichlet boundary

condition, which means that the branes are objects on which fundamental

strings can terminate. The Yang–Mills fields can be viewed as the massless

modes of open strings attached to the D-branes. In fact,the standard model

residing on D-branes has many very interesting implications. For instance, one

possible reason we live in 4D space-time is that we are living on D3-branes

[18, 19, 45, 46]. Model-building along these directions are often called the

“brane-world” scenario, which is the main topic of Part I.

M theory and F theory

In the mid-1990s, the five different ten-dimensional superstring theories can

be related by a web of dualities have been realized. The type IIA superstring

theory and the E8×E8 heterotic string theory exhibit an eleventh dimension at

strong coupling and thus we can obtain an 11-dimensional limit, a theory called

M theory. In the decompactification limit, this 11D theory does not contain

any strings, so M theory is not a string theory [18]. Edward Witten intro-

duced the term M-theory, which refers to the “mysterious” or “magical” 11D

quantum theory whose leading low-energy effective action is 11-dimensional

supergravity. The description of M-theory in terms of an effective action is

not fundamental, so string theorists are searching for alternative formulations.

Although M-theory is not yet fully formulated, it is believed that it should

exist [18, 19, 45, 46].
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As we mentioned, the type IIA and the E8 ×E8 theories can be regarded as

arising from M-theory. Then one may ask a natural question, namely, if the

other three kinds of superstring theories can be derived in a similar way. The

answer is yes. Cumrun Vafa introduced F theory, which is a 12D quantum

theory. The nonperturbative SL(2,Z) symmetry of type IIB string theory

plays an important role in constructing F-theory. We will not discuss it further

since it is not related to the core of the thesis. More details of M-theory and

F-theory can be found in textbooks, such as [18, 19].

1.3.4 String cosmology

Since string theories, M-theory or F-theory are viewed as unified theories of

nature, they should explain the realistic phenomena in our universe. String

cosmology is an exciting research area. It has introduced new insights into

cosmology, such as string landscape and dS conjecture [43, 47, 48], which will

be discussed in Chapter 2. In order to describe the 4D universe, we need to

do compactification from 10D, 11D or 12D to 4D.

One of the most important problems in string cosmology is the cosmological

constant problem. We want to get a de Sitter vacuum solution with a positive

small cosmological constant Λ from superstring theories, M-theory or F-theory

to match observations. de Sitter space is a maximally symmetric Lorentzian

manifold with constant positive scalar curvature. For example, in type IIB

theory after carrying out a flux compactification we can find that the minimum

value of the potential is always negative4, which corresponds to AdS vacua.

To get a positive minimum value of the potential, we should carry out an

uplifting, such as in the KKLT senario, which introduces anti-D3 branes to

4Here we do not consider the contributions from racetrack. Racetrack models are a
way to stabilize moduli using multiple non-perturbative contributions to the superpotential,
typically from gaugino condensation or D-brane instantons. In N = 1 supergravity, the
superpotential in a racetrack model looks like W = Ae−aT +Be−bT , where T is a modulus
field, A and B are constants dependdent on complex structure moduli or fluxes, a and b
are are positive constants determined by the gauge group of the hidden sector [49]. By
considering the contributions of raectrack, we can obtain supersymmetric Minkowski vacua
[49].
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uplift the potential [47]. Due to the issue of backreaction of the D-branes,

the calculation is not considered reliable in some eras [50]. In fact, Cumrun

Vafa and his coauthors wonder if string theories can get 4D dS vacua. They

proposed a conjecture – dS conjecture, which claims that all string theories

cannot obtain dS vacua in 4D [48]. If the conjecture holds true, then these

vacua do not exist [51–54]. However, only low energy supergravity theories

are usually considered, therefore it is natural to suspect that whether we can

obtain dS vacua from non-perturbative aspects of string theory, such as M-

theory or F-theory. Some results have been obtained, such as [55–57], but

these results are still controversial.

1.4 Overview of the thesis

In this thesis we explore aspects of de Sitter vacua in theoretical cosmology.

The thesis has two parts. In Part I we will consider different string-inspired

models which are related to the cosmological constant problem. In Part II we

will study de Sitter vacua solutions in one string cosmology model, namely,

O(d, d) invariant cosmology.

In Part I – String-inspired Models, we will explore three aspects of de Sitter

vacua in string-inspired models. First of all, in chapter 2 we review the related

concepts and tools we need in this part, namely, string landscape, swampland

conjecture and bubble nucleation. Then in chapter 3, we will consider a wide

class of 4D effective field theories in which gravity is coupled to multiple four-

forms and their dual scalar fields, with membrane sources charged under the

corresponding three-form potentials. We propose a “probabilistic” argument

to explain the small cosmological constant instead of the dominant anthropic

principle. Furthermore, we will explore in detail whether or not different mod-

els are compatible with the membrane weak gravity conjecture in chapter 4.

We can find that these models can be generalized to DBI action. In chapter

5, we will generalize the results of vacuum transitions in chapter 3 and 4 to
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D-dimension including the Gauss-Bonnet term. It can be found that the Eu-

clidean action of the bounce, B, describing the decay of a de Sitter vacuum,

is proportional to k
−(D−2)
+ , which has a pole as k2+ → 0 where k2+ is the cur-

vature of the parent vacuum. We can find a new decay channel, describing

up-tunneling from anti-de Sitter into de Sitter.

Furthermore, in Part II – de Sitter Vacua in String Cosmology, we will

explore the de Sitter vacua solutions in O(d, d) invariant cosmology. We briefly

review the basic concepts of O(d, d) invariant cosmology in chapter 6. Then

in chapter 7 we will perform a thorough analysis of de Sitter solutions in

O(d, d) invariant cosmologies. We elucidate the nature of the instability in

the string frame vacuum. For the Einstein frame, we will find that the de

Sitter solutions cannot be eternal. Then we can extend our analysis to include

Bianchi I universes. We show that we can extend the theory to the anisotropic

case so that de-Sitter solutions can exist.
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In Part I, we will use some concepts of string landscape, swampland con-

jecture and bubble nucleation. Therefore, first of all we briefly review these

concepts in chapter 2. This chapter does not contain new results.

2.1 Landscape of the cosmological constant

String compactification generates a non-zero superpotential that depends on

the moduli of the supergravity models, leading to moduli stabilization. Ad-

ditionally, string theories can produce an immense number of vacua, with the

count jumping from 108 to 10600 [58]. For instance, type IIB theory can pro-

duce approximately 10500 vacua [58]. A small subset of these vacua is expected

to feature broken supersymmetry and a small positive cosmological constant.

If this is the case, it suggests that the fundamental parameters of our physics

are not intrinsic but are drawn from a vast set of solutions—referred to as the

string landscape [58]. The current vacuum could be selected through the

“anthropic principle” [43]. The anthropic principle suggests that the current

vacuum is selected through anthropic reasoning: if the vacuum curvature were

excessively large and positive, structure formation would be impossible due to

rapid exponential expansion; if it were too large and negative, the universe

would have begun contracting before stars, planets, and complex life could

emerge [1]. In contemporary theoretical cosmology, the anthropic approach

has become the leading explanation for addressing the cosmological constant

problem [1].

The flux landscape is not merely a collection of distinct theories; it also

exhibits a dynamical nature that enables transitions between these theories.

This dynamic process is known as bubble nucleation. The surface of these

bubbles are domain walls composed of high-dimensional charged objects. This

crucial feature will persist in the string landscape [58].

The cosmological constant problem has inspired numerous intriguing ideas

in theoretical physics. In certain approaches, the cosmological “constant” is
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treated as a dynamic variable. Several mechanisms exist by which the cos-

mological constant can become a dynamical variable. One such mechanism

involves a four-form field strength. In this scenario, the field strength is

required to be constant, meaning it has no local dynamics. However, field

strengths can contribute positively to the energy density, potentially canceling

out a cosmological constant that arises from other fields, particularly if the

latter is negative [43]. In Section 2.1, we will discuss three key frameworks

for addressing the cosmological constant problem: the Abbott framework, the

Brown-Teitelboim framework, and the Bousso-Polchinski framework.

2.1.1 The Abbott set-up

This set-up introduces a scalar field whose vacuum energy compensates for

the initial cosmological constant. The compensating sector involves small mass

scales but will not make unnatural adjustments to parameters [59]. The model

consists of a scalar field, B, coupled to a gauge theory. The couplings of the

scalar field, are constrained by the symmetry [59]

B → B + constant. (2.1)

The symmetry of (2.1) is softly broken in two ways to achieve a non-trivial

potential for the B field. Firstly, B is coupled to a gauge theory through the

term

Lint = (αph/4π)(B/fB)ϵµναβtr (FµνFαβ) , (2.2)

where the parameter fB is a large mass (perhaps of order mpl) associated

with the complete high-energy theory and Fµν is the gauge field strength. We

explain why (2.1) is a symmetry of (2.2). The term in ϵµναβtr (FµνFαβ) =

4tr(F ∧ F ). This is a total derivative: in 4D spacetime, this object can be

written as the divergence of a current (the Chern-Simons current). That is

ϵµναβtr (FµνFαβ) = ∂µK
µ. This means that

∫
d4xϵµναβtr (FµνFαβ) is a topo-
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logical invariant: its value depends only on the global properties of the gauge

field configuration, not on the local gauge field values. Suppose the shift (2.1),

then the second term of (2.2) is independent of B and just adds a constant

piece to the Lagrangian. It is a total derivative. It does not affect the classical

equations of motion. Therefore, (2.1) is a symmetry of (2.2).

It has been known that the coupling (2.2) leads to a non-perturbative cor-

rection to the potential for the B field of the form [59]

V1(B) = −Λ4
ph cos (B/fB). (2.3)

The gauge coupling of the B field breaks the symmetry (2.1) but still maintains

the symmetries

B → B + 2πfB and B → −B. (2.4)

We should point out that the symmetry B → −B is not a subset of the

symmetry in (2.1). By introducing a linear term into the potential for B,

these symmetries are once again softly broken

V2(B) = ϵB/fB. (2.5)

Assuming the parameter ϵ is less than Λ4
ph, but otherwise arbitrary. Due to its

violation of symmetry, all radiative corrections for ϵ must be proportional to

ϵ. Therefore there is no need for fine-tuning to maintain its small value [59].

When this compensating sector is added to the standard model of particle

physics, the total vacuum energy is given by the following equation

V = ϵB/fB − Λ4
ph cos (B/fB) + V0, (2.6)

where V0 represents the vacuum energy density of all the fields except for B.
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For ϵ≪ Λ4
ph the potential has local minimum at

B ≈ 2πNfB. (2.7)

for integer N with energy densities

VN ≈ 2πNϵ− Λ4
ph cos (B/fB) + V0. (2.8)

Since ϵ is less than (10−34eV )4, it is always possible to find values of N for

which (2.8) can give a sufficiently small vacuum energy [59].

We can assume that at some initial time we are in a de Sitter spacetime,

namely, the universe is in a state with a large, positive cosmological constant

initially. Due to the linear term of (2.6), the local minima of the potential are

unstable. Therefore, as time passes, the B field will descend down the linear

slope stepping from one local minimum to the next, continually decreasing the

energy density of vacuum [59]. Finally, by descending down the potential, the

B field reduces the vacuum energy density to an acceptable small value,

VN<m
2
plΛ

2
ph ≤ (0.001eV)4. (2.9)

Figure 2.1: Schematic diagram of the Abott set-up. The horizontal axis is the
scalar field ϕ. The vertical axis is the corresponding potential V (ϕ).

It can be shown that once we get to states with VN ≪ m2
plΛ

2
ph the tunneling
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process is highly suppressed and further downward progress is extremely slow.

For VN ≪ m2
plΛ

2
ph the tunneling rate per unit volume is given by

Γ/V ≈ Λ4
ph exp (−3

8
m4

pl/VN). (2.10)

Therefore, we obtain states with acceptable small values of the cosmological

constant, ultimately resulting in an extremely long lifetime of the universe [59].

However, the mechanism of the Abbott set-up will cause the “empty uni-

verse problem”. The “empty universe problem” is that the universe undergoes

long periods of accelerated expansion, diluting away all matter and leaving

us with a cold and empty universe. The empty universe problem spoils the

mechanism for slowly descending through adjacent vacua in a “washboard”

potential for a scalar field, such as the Abbott set-up. Therefore, it is hard to

incorporate the Abbott set-up into a realistic cosmology, so we should consider

other mechanisms.

2.1.2 The Brown-Teitelboim set-up

Now we turn to the Brown-Teitelboim framework. Brown and Teitelboim

introduced an intriguing toy model in which a landscape of different vacua is

generated by the vacuum expectation value of a four-form field strength. The

vacua are explored through the nucleation of membranes charged under the

corresponding three-form field [60, 61]. In section 2.1.2, we will first review

the fundamentals of four-form field strengths, which are essential to this thesis,

and then explore the key concepts of the Brown-Teitelboim setup.

Four-form quantization

The action for gravity, including a bare vacuum energy Λ and the kinetic term

for the four-form field, is given by

S =

∫
d4x

√
−g
(

1

2κ24
R− Λbare −

Z

2 · 4!
F 2
4

)
+ Sbranes, (2.11)
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where κ4 = 1/Mpl, A3 is 3-form and F4 = dA3 represents the corresponding

4-form flux. Additionally, Z is a normalization constant in the kinetic term.

We need to include certain boundary terms in this action, even though they

do not influence the equations of motion. Typically, the boundary term is

provided by the Gibbons-Hawking term

SGH =
1

κ24

∫
Σ

d3x
√
hK, (2.12)

where h is the induced metric and K the extrinsic curvature. When we vary the

Einstein-Hilbert action, we can find that the boundary terms do not vanish,

even if you fix the metric on the boundary. This happens because R con-

tains second derivatives of the metric. Varying it introduces total derivative

terms that, via Stokes’ theorem, become boundary integrals. The action is not

well-posed unless we cancel those unwanted boundary terms. This Gibbons-

Hawking term precisely cancels the problematic boundary variation from R,

making the variational principle well-defined [9].

Moreover, we need to add the Duncan-Jensen (DJ) boundary term for the

four-form field

SDJ =
Z

3!

∫
d4x∂µ(

√
−gF µνρλAνρλ). (2.13)

The DJ boundary term is introduced to fix the action when the scalar field

couples to gravity non-minimally [61].

When we discuss boundary conditions, in principle, we need to express them

for all fields in the system, and they can differ for different fields. For the

metric, we assume Dirichlet boundary conditions, which requires us to include

the Gibbons-Hawking boundary term. This means that the metric is assumed

to be fixed on the boundary, but not its normal derivative. For the 3-form

field, we assume Neumann boundary conditions. So it is the opposite. The

3-form is not necessarily fixed on the boundary, but its normal derivative is.

If we disregard the brane sources, the equation of motion for the four-form
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is given by ∂µ(
√
−gF µνρλ) = 0, which yields the following solution:

F µνρλ = cϵµνρλ, (2.14)

where c is any constant and ϵµνρλ is the totally antisymmetric Levi-Civita

tensor.

As a result, we can obtain the energy density

Λ = Λbare −
Z

48
F 2
4 = Λbare +

Zc2

2
. (2.15)

In 4D theory, only the cosmological constant Λ is an observable quantity, while

Λbare and the four-form F cannot be detected independently. To account for

the observed small value of the cosmological constant, Λbare must nearly cancel

out the contribution from the four-form field [43].

The constant c can assume any real value, meaning that the bare cosmolog-

ical constant Λbare can be canceled with arbitrary precision [62]. However, we

will assume that c is quantized. The rationale behind this is as follows.

Firstly, if gravitational instantons exist on the Euclidean manifold X, we

can anticipate that the integral of the Euclidean four-forms over X will be

quantized [43], ∫
X

F4 =
2πn

e
, n ∈ Z. (2.16)

This is the extended form of the Dirac quantization condition [63–66]. The

derivation of this generalized condition can be found in [19]. It originates from

the quantum mechanics of membranes, interacting with the potential energy

A3, and is expressed by the following equation:

S = e

∫
W

A3. (2.17)

Here, e is the membrane charge and W represents the world-volume. The

membrane amplitudes must be single-valued, which implies the quantization
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condition given in (2.16).

Furthermore, when considering membranes, we can infer that c is a local

constant. The value of constant c will change across a membrane,

∆c =
e

Z
. (2.18)

The overall variation in c caused by the nucleation of any number of membranes

is an integer multiple of e/Z [43], so we obtain:

c =
en

Z
, n ∈ Z, (2.19)

namely, the value of c is quantized.

The Brown-Teitelboim set-up

After reviewing the fundamentals of four-forms, we now turn to the key con-

cepts of the Brown-Teitelboim framework. Consider a space-time with D =

d + 1 dimensions, where a totally antisymmetric tensor field with d indices is

coupled to its natural source, a d − 1 (spatial) dimensional membrane. Just

as an electric field can generate particle pairs, an antisymmetric tensor field

can produce membranes. When this system is coupled to gravity and a cos-

mological constant term Λbare is included, representing the combined effects of

various physical processes like spontaneous symmetry breaking, it contributes

to the cosmological constant. The total cosmological constant Λ is then the

sum of Λbare and a contribution from the antisymmetric tensor field [61].

Let xµ = zµ(ξ) describe the d-dimensional history of a membrane in D = d+

1 space-time dimensions, where ξa (with a = 0, 1, ..., d−1) are the coordinates

of the membrane. The induced metric is given by gdab = gµνz
µ
,az

µ
,b. Furthermore,

let Aµ1...µd
represent the antisymmetric tensor field, with its field strength
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defined as Fµ1...µD
= 1

d!
∂[µ1Aµ2...µD]. Then the action is given by

S = −m

∫
ddξ
√

−gd +
e

d!

∫
ddξAµ1...µd

∂zµ1

∂ξa1
...
∂zµd

∂ξad
ϵa1...ad

− 1

2D!
×
∫
dDx

√
−gFµ1...µD

F µ1...µD

+
1

d!

∫
dDx∂µ1

(√
−gF µ1...µDAµ2...µD

)
+ Sgrav(Λbare).

(2.20)

Here, m represents the mass per unit (d− 1)-dimensional volume of the mem-

brane, and e is the coupling constant between the membrane and the antisym-

metric tensor field. Additionally, Sgrav(Λbare) is the gravitational action, which

includes the explicit contribution Λbare to the cosmological constant, assumed

to be negative. The total derivative term in (2.20) is a topologically invariant

term [60, 61].

The key findings of [60, 61] are as follows. The quantum creation of closed

membranes by totally antisymmetric tensor and gravitational fields is exam-

ined in arbitrary space-time dimensions. This creation event is described

through instanton tunneling. As membranes are generated, the energy density

associated with the antisymmetric tensor field decreases, which in turn lowers

the effective value of the cosmological constant. For a wide range of param-

eters and initial conditions, once the cosmological constant approaches zero,

the process naturally halts, even if the remaining energy in the antisymmet-

ric tensor field is large. Some of the resulting instantons are interpreted as

representing topology changes, where open spaces spontaneously compactify.

However, the quantum probability for these processes has vanished [60, 61].

The problem with the Brown and Teitelboim proposal is that the descent is

too slow. In order for the landscape to be sufficiently dense to readily accom-

modate vacua with energy densities around the dark energy scale, we must

assume that the membrane charge is extremely small in units of a Planckian

cut-off. Descent from high scale vacua with energy densities close to the cut

off to the low density vacuum we see today proceeds via a large number of

intermediate steps, slowly descending from one cosmological constant to an-
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other. The time scales are such that the universe undergoes long periods of

accelerated expansion, diluting away all matter and leaving us with a cold and

empty universe [2].

2.1.3 The Bousso-Polchinski set-up

In the Brown-Teitelboim set-up there is only one four-form, so if we want to

obtain the observed value of the cosmological constant, we need to do fine-

tunning for the membrane charge. In order to get a dense landscape of vacua

and avoid the extremely small membrane charge, Bousso and Polchinski intro-

duced a model which has multiple four-forms [43].

Multiple four-forms

String flux compactifications can produce several four-form fluxes. When we

consider Calabi-Yau compactification we have several ways to obtain four-form

fluxes, such as, a seven-form wrapping on a 3-cycle can give a four-form, or

an eight-form wrapping on a 4-cycle can give a four-form. In this section we

consider how to use multiple four-forms to neutralize the cosmological constant

Λ. If there are J fluxes, with

Λ = Λbare +
1

2
ΣJ

i=1n
2
i q

2
i , (2.21)

then the cosmological constant problem becomes that if there is a set of ni

which can satisfy the following condition

2|Λbare| < ΣJ
i=1n

2
i q

2
i < 2(|Λbare| + ∆Λ), (2.22)

where ∆Λ is the observational bound, which is about 10−120 in Planck units.

Consider a sphere of radius r = |2Λbare|1/2, whose center is at ni = 0. The

allowed values of the four-form energy density are given by the radius-squared

of points in the grid, whose dimension is J . The spacing in each direction i
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is qi. One should consider a thin shell whose width encodes the width of the

observational bound,

∆r = |2Λbare|−1/2∆Λ. (2.23)

In order to estimate the density of vacua, we need that the shell should at

least have one grid point. In other words, if there exists a degeneracy D,

it should have D grid points at least.1 Therefore, the volume of the shell

should be greater than the volume per D grid points, namely, Vshell ≥ DΠJ
i=1qi.

The volume of shell Vshell is ωJ−1r
J−1∆r, where the area of a unit sphere is

ωJ−1 = 2πJ/2Γ(J/2). Therefore we have

ΠJ
i=1qi ≤

ωJ−1

D
|2Λbare|J/2−1∆Λ, (2.24)

or

D

ωJ−1

ΠJ
i=1

qi
|2Λbare|1/2

≤ ∆Λ

|2Λbare|
. (2.25)

The density of vacuum energies is dependent on where we are in the landscape.

Near Minkowski spacetime, the density is

∆Λmin ≈ DΠJ
i=1qi

ωJ−1|2Λbare|J/2−1
. (2.26)

From (2.26), we can find that if there exist more than two four-form fields then

the membrane charge qi need not be very small.

We can give an illustrative example of that. If we take J ≈ 100, |Λbare| ∼M4
pl

and qi ∼ q ∼ 0.02M2
pl, we can get the desired observational bound, namely,

the smallest possible separation in curvature δk2 is less than H2
0 , where H0 ∼

10−60Mpl is the current Hubble scale [43].

1Eq.(2.21) has a symmetry qi → −qi for any i. Therefore, if there are N four-form fluxes,
the degeneracy D should be D ∼ 2N . In other words, D points give the same cosmological
constant. As a result, the shell should at least have 2N grid points.
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M-theory compactification

As mentioned earlier, string compactifications can lead to four-form fluxes.

In this subsection, we provide a brief overview of how the Bousso-Polchinski

model can be derived from an M-theory compactification [43].

For instance, consider compactifying M-theory on a 7-dimensional manifold

K. The associated bosonic action in 11-dimensional spacetime is given by

S = 2πM9
11

∫
d11X

√
−g11

(
R− 1

2 · 4!
F 2
4

)
+ Sbranes. (2.27)

In M theory there are two important branes: M2-brane and M5-brane. The

tension and charge of M2-brane is 2πM3
11, while the tension and charge of

M5-brane is 2πM6
11.

The M5-brane couples to A6, whose action is given by

2πM6
11

∫
W

A6, (2.28)

where W represents the volume of M5-brane and dA6 = F7 = ∗11F4. The

corresponding generalized version of Dirac quantization condition is

2πM6
11

∫
K

F7 = 2πn, n ∈ Z. (2.29)

Let us examine the 4D theory. In this case, the 11D F4 reduces to a 4D F4,

and the corresponding bosonic action in 4D is given by

S = V72πM
9
11

∫
d4x

√
−g
(
R− 1

2 · 4!
F 2
4

)
+ Sbranes, (2.30)

where V7 is the volume of K. Moreover, (2.29) will become

F0 =
n

M6
11V7

, n ∈ Z. (2.31)
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By comparing (2.30) and (2.31), we can obtain

(2κ24)
−1 = Z = 2πM9

11V7. (2.32)

Here, Z represents the normalization constant in the kinetic term. Further

details can be found in [43]. However, it is important to note that this is a toy

model, and [43] does not address the proper stabilization of moduli.

Avoid empty universe problem

Bousso and Polchinski showed how the empty universe problem could be

avoided by extending the Brown and Teitelboim mechanism to a large num-

ber of four-forms [43]. This allows for a sufficiently dense landscape without

fine tuning the membrane charges to very small values. The empty universe

problem can then be avoided as follows. In the moments before the jump, the

underlying vacuum energy is large and the inflaton field is displaced to large

values thanks to quantum diffusion. Immediately after the jump, the minimum

of the inflaton potential and the underlying vacuum energy can be small but

the inflaton itself is still displaced. The universe undergoes a period of slow roll

inflation until the inflaton rolls down its potential and begins to oscillate about

the minimum, allowing the universe to reheat. The empty universe problem

can be avoided in a similar way with just two species of four-form by assuming

that the corresponding membranes have an (almost) irrational charge ratio

[67–69]. Note that Garriga and Vilenkin have argued that the empty universe

problem is a fallacy, at least in the context of eternal inflation [70]. In chapter

3 we will discuss the empty universe problem as well.

This type of descent from high to low scale vacua is able to explain how

we can arrive at the current vacuum, but it does not explain why. Bousso

and Polchinski argue that the current low curvature vacuum is selected on

anthropic grounds, although the validity of this claim has been criticised in

[71]. Alternatively, we might look for ways to slow down the descent, or even
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stop it altogether, whenever the curvature approaches zero. In [72], the authors

consider the Brown-Teitelboim model, but take into account membrane stacks

and degeneracy factors. They claim that the tunneling rates depend on the

ambient de Sitter temperature, being enhanced at high scales and switching off

at low scales. However, Garriga and Vilenkin argue the opposite: that these

enhancement factors are independent of the ambient de Sitter temperature and

do not switch off at low curvature [70].

2.1.4 Summary and discussion

Now let us summarize the main differences between the three models: the

Abott model, the Brown-Teitelboim model and the Bousso-Polchinski model

and the issues with each. The Abott model introduces a scalar field coupled to

gravity. The field can tunnel between minima in a potential, each with a differ-

ent vacuum energy. The process slows as Λ gets smaller. However, the Abott

model can cause empty universe problem. Brown and Teitelboim introduced a

toy model in which a landscape of different vacua is generated by the vacuum

expectation value of a four-form field strength. The vacua are explored through

the nucleation of membranes charged under the corresponding three-form field.

The problem with the Brown and Teitelboim proposal is that the descent is

too slow and the membrane charge is extremely small. This model can cause

the empty universe problem as well. In order to obtain a dense landscape of

vacua and avoid the extremely small membrane charge, Bousso and Polchin-

ski introduced a model that has multiple four-forms. The Bousso-Polchinski

set-up can avoid the empty universe problem, but they introduced anthropic

principle to select our current vacuum. Anthropic principle is unnatural in

theory. We would like to avoid this fine-tuning mechanism. In Chapter 3, we

will propose a “probablistic” explanation for the extremely small value of the

cosmological constant.

We briefly comment on the relationship between the three models and loop
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corrections discussed in Chapter 1. The full cosmological constant is from

renormalized vacuum energy and model-dependent corrections, where model-

dependent corrections correspond to the four form corrections in the Brown-

Teitelboim set-up and the Bousso-Polchinski set-up or the potential pieces in

Abbott set-up. The renormalized vacuum is radiatively unstable in the usual

sense. However, the value of full cosmological constant is selected on anthropic

grounds. As long as we have a landscape of solutions with sufficient density

and the ability to jump between solutions in some way, we can anthropically

select the vacua based on the full cosmological constant value. The radiatively

unstable part is hidden from view by model-dependent corrections [43, 59–61].

2.2 Swampland and weak gravity conjecture

In recent years, it has become increasingly clear that not everything is possible

within the framework of quantum gravity . In other words, not all quantum

field theory (QFT) models are compatible with quantum gravity theory. The

aim of the swampland program is to identify the constraints that an effective

field theory (EFT) must adhere to in order to be consistent with a quantum

gravity theory, such as string theory [73–81]. Quantum EFTs that appear con-

sistent (anomaly-free) but cannot be incorporated into a UV-complete theory

of quantum gravity are classified as being in the swampland. Conversely,

EFTs that can be embedded in a UV-complete quantum gravity theory are

considered part of the landscape. Although the concept of the swampland

is not exclusive to string theory, the related swampland conjectures are often

inspired by string theory.

The swampland program includes at least five different but related aspects

[73–81]:

1. No global symmetry conjecture:

If a theory which couples gravity has finite number of states, then the theory

has no exact global symmetries [73–81].
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2. Completeness of spectrum:

If a theory that couples gravity also possesses a gauge symmetry, then the

theory must include states corresponding to all possible charges, in accordance

with the Dirac quantization condition under the gauge symmetry [73–81].

3. Distance conjectures:

• Consider a theory that couples gravity with a moduli space M, where

the expectation values of some field ϕi have no potential. In this case,

for any point P in M, there always exists another point Q in M such

that the geodesic distance between P and Q, denoted d(P,Q), is infinite

[73–81].

• An infinite tower of states exists, with the corresponding mass scale M

between P and Q being

M(Q) ∼M(P )e−αd(P,Q), (2.33)

where α is some positive constant and d(P,Q) is the corresponding

geodesic distance [73–81].

4. de Sitter conjectures:

At every point in the field space, the effective scalar potential satisfies one

of the following two inequalities

|∇V | ≥ c1
Mpl

V, or min
i,j

(∇i∇jV ) ≤ −c2V, (2.34)

where c1 and c2 are two positive constants of order one in Planck units and

mini,j(∇i∇jV ) is the minimum eigenvalue of the Hessian in an orthonormal

basis [73–81].

5. Weak gravity conjecture:

Let us explain the weak gravity conjecture in four dimensions. Consider a

theory coupled to gravity that includes a U(1) gauge symmetry with gauge
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coupling g; the action is then given by

S =

∫
d4x

√
−g
[
M2

pl

2
R− 1

4g2
F 2 + ...

]
+ Sbranes. (2.35)

There are two versions of weak gravity conjecture, namely, electric WGC and

magnetic WGC. There ought to be at least one species of particle satisfies the

two weak gravity conjectures both. For 1-form field, we have [73–81]:

• (electric WGC) In the theory, there is a particle with m and charge q

satisfying the inequality

m ≤
√

2gqMpl, (2.36)

where g represents the gauge coupling.

• (magnetic WGC) The EFT cutoff MUV is constrained from above by the

gauge coupling [73–81]

MUV ≤ gMpl. (2.37)

Moreover, for p-form field we should consider membrane weak gravity conjec-

ture since p-form field couples to membranes. The electric and magnetic weak

gravity conjecture for membranes are given by:

• (electric WGC for membranes) The membrane tension τ should satisfy

τ < Mplgq. (2.38)

• (magnetic WGC for membranes) The UV cutoff scale MUV of the effec-

tive theory is constrained by the following inequality

M3
UV < qMpl. (2.39)

In chapter 4 we will mainly consider the constraints of weak gravity conjecture
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for membranes on different EFT models.

2.3 Bubble nucleation – gravitational effects

on vacuum decay

In classical field theory it is possible to have two stable homogeneous ground

states, only one of which is an absolute energy minimum. However, in quantum

field theory the ground state of higher energy is a false vacuum, rendered

unstable by barrier penetration. There is a semi-classical theory of vacuum

decay [82]. In [82] Coleman and De Luccia extended this theory to include

gravitation. Now let us review the result of this paper briefly.

The action in [82] is

S =

∫
d4x

√
g

[
R

16πGN

− 1

2
gµν∂µϕ∂νϕ− V (ϕ)

]
, (2.40)

where R is the Riemann curvature, ϕ is a scalar field and V (ϕ) is the potential

of scalar field ϕ. To compute the rate at which membranes are nucleated,

mediating transitions between vacua, we analytically continue to Euclidean

signature, setting

t→ −itE, S → iSE, (2.41)

where SE is the Euclidean action. The Euclidean action is

SE = −
∫
d4xE

√
g

[
R

16πGN

− 1

2
gµν∂µϕ∂νϕ− V (ϕ)

]
. (2.42)

Since we need to consider the vacuum decay of the theory, the potential V (ϕ)

should have at least two vacua: a higher vacuum and a lower vacuum. The

potential can decay from the higher vacuum (false vacuum) to lower vacuum

(true vacuum) [82]. Fig.2.1 is a schematic diagram of potential energy V (ϕ).
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We will look for an O(4) invariant metric

ds2 = dr2 + ρ2(r)dΩ2
3, (2.43)

where dΩ2
3 is the element of distance on a unit three-sphere,

dΩ2
3 = dχ2 + sin2 χdθ2 + sin2 θdϕ2. (2.44)

and ϕ obeys the field equations

ϕ′′ +
3ρ′

ρ
ϕ′ = V ′(ϕ), (2.45)

ϕ′2 = 1 +
8

3
πGNρ

2

(
1

2
ϕ′2 − V (ϕ)

)
, (2.46)

where ′ denotes the derivative with respect to r [83].

We now seek the bounce solution of (2.45) and (2.46) and plug into the

Euclidean action (2.40), giving

SE[ϕ, g] = 2π2

∫ ∞

0

dr

[
ρ3
(
ϕ′2

2
+ V (ϕ)

)
+

3

8πGN

(ρ2ρ′′ + ρρ′2 − ρ)

]
. (2.47)

The bounce solution interpolates between the true vacuum ϕ(0) = ϕB and

the false vacuum ϕ(∞) = ϕA [84]. There is a symmetry between the two

vacua so the bounce solution is the same for going from A → B or B → A

(See Fig.2.1). The only difference between up-tunneling and down-tunneling is

that the background action which is subtracted to get the tunneling amplitude

is different. This process is called the “detailed balance” [84]. The tunneling

rate for the down-tunneling is given by

Γ ∼ e−∆SE/ℏ, (2.48)

where ∆SE = SE(instanton) − SE(parent). Here SE(instanton) is the Eu-

clidean action evaluated on the bubble configurations, interpolating between
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the false vacuum and true vacuum. In contrast, SE(parent) is the Euclidean

action evaluated on the complete false vacuum, with no bubbles. More details

of bubble nucleation can be found in review [83].

Figure 2.2: Tunneling between vacua. The horizontal axis represents the scalar field
ϕ. The vertical axis depicts the corresponding potential V (ϕ). Tunneling between
vacua. The horizontal axis is the value of the scalar field ϕ. The vertical axis is
the corresponding value of potential V (ϕ). There are two vacua A and B. The red
arrow denotes the tunneling from A to B. The green arrow denotes the tunneling
from B to A.

In the following, we will explore the string landscape of different string-

inspired models and explore if they can satisfy weak gravity conjecture in

chapter 3, 4 and 5. We also calculate the rates of bubble nucleation, in par-

ticular the decay rates from dS+ to Min−. Furthermore, we will propose a

probabilistic argument for the cosmological constant problem.
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In chapter 3, we will consider a wide class of four-dimensional effective field

theories in which gravity is coupled to multiple four-forms and their dual scalar

fields, with membrane sources charged under the corresponding three-form po-

tentials. Four-form flux, quantised in units of the membrane charges, generi-

cally generates a landscape of vacua with a range of values for the cosmological

constant that is scanned through membrane nucleation. We list various ways

in which the landscape can be made sufficiently dense to be compatible with

observations of the current vacuum without running into the empty universe

problem. Further, we establish the general criteria required to ensure the ab-

solute stability of the Minkowski vacuum under membrane nucleation and the

longevity of those vacua that are parametrically close by. This selects the

current vacuum on probabilistic grounds and can even be applied in the clas-

sic model of Bousso and Polchinski, albeit with some mild violation of the

membrane weak gravity conjecture. We present other models where the mem-

brane weak gravity conjecture is not violated but where the same probabilistic

methods can be used to tackle the cosmological constant problem.

3.1 Introduction

Recently, Kaloper [67] and later, Kaloper and Westphal [69] have constructed

a simple dynamical model in which the cosmological constant is relaxed to near

zero through the nucleation of membranes, charged under a pair of three-forms.

Membrane nucleation triggers a jump in the effective cosmological constant

that is controlled by the corresponding charges. Crucially, these charges are

not assumed to be exponentially small. Instead, they are assumed to have

an irrational ratio, which guarantees a dense landscape of vacua, including

those whose cosmological constant is close to zero. Given a more modest

upper bound on the charge (which may be in some tension with the weak

gravity conjecture [85, 86]) transitions between vacua are rapid, at least until

the system finds a vacuum with a small positive cosmological constant, at
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which point, the vacuum is very long lived. This latter result has its roots in

Hawking’s famous solution to the cosmological constant problem in which he

computes the Euclidean action for a landscape of vacua and argues that the

most probable configuration is the one with the smallest absolute curvature

[62]. Thanks to the irrational charge ratio in [67, 69] the transition from a very

high energy de Sitter vacuum to near Minkowski can occur quickly via a single

membrane nucleation and the empty universe problem is said to be avoided.

The simple set-up presented in [69] is a clever generalisation of Henneaux and

Teitelboim’s covariant formulation of unimodular gravity [87], with a pair of

four-form field strengths that enter only through a bilinear mixing with a dual

scalar field, and charged membranes (for a review of unimodular gravity, see

[88]). Although the model is phenomenologically interesting, its embedding

within fundamental theory is likely to prove challenging. However, in this

chapter we will show that key aspects of the relaxation mechanism apply far

more generally, increasing the likelihood that it could apply in some of the four-

dimensional effective theories obtained from string theory compactifications.

Remarkably, this is true of the famous Bousso-Polchinski set-up [43], offering

a probabilistic explanation for the small observed value of the cosmological

constant instead of an anthropic one.

We consider a very general set-up involving Einstein-Hilbert gravity coupled

to three-forms fields and their dual scalars, with membrane sources charged

under the three-forms. This includes the Kaloper-Westphal model [69] as a

special case but also other effective theories including those expected to appear

in compactifications of string theory, such as the Bousso-Polchinski set-up

[43]. A key feature of the entirely family of models is that in vacuum, the

scalars and the three-forms always gravitate like a cosmological constant, even

in the presence of a non-trivial flux. The flux of the four-field strength is

quantised, giving rise to a landscape of vacua. To have any hope of solving

the cosmological constant problem, this landscape must be sufficiently dense in

and around Minkowski space in order to admit vacua that match observations.
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Tunneling between vacua is achieved through membrane nucleation. This is

described by instantons, solutions to the Euclidean equations of motion with

vacua of different vacuum energies, separated by charged membranes. The

geometry of the instantons depends on the curvature of the corresponding

vacua and the membrane tensions. Many configurations are physically irrele-

vant because the membranes would have to have negative tension or because

the corresponding tunneling rate is infinitely suppressed. As in [67, 69], those

instanton solutions that are physically relevant can be dissected even further.

In our general setting, this dissection depends on the value of a parameter

X = 4M4
pl∆k

2/T 2, where ∆k2 is the jump in vacuum curvature and T is the

membrane tension. We consider several example theories where the bounds

on this parameter can be related to bounds on other microscopic parameters

such as the membrane charges. This is important since the value of X not

only controls which instanton geometries are allowed but also the correspond-

ing tunneling rates. In particular, when |X| < 1, any near Minkowski vacua

become very long lived and robust against the nucleation of anti-de Sitter bub-

bles. Thus, if you find yourself in a near Minkowski vacuum, chances are you

will stay there.

Of course, by itself, this is not enough to solve the cosmological constant

problem. One must show that we avoid the so-called empty universe problem.

This occurs when the universe descends to the current vacuum incrementally,

via a slow cascade of de Sitter vacua, the curvature jumping by a small amount

each time, forever diluting away any matter excitations. The density of the

landscape and the abundance of dangerous de Sitter vacua render this a real

possibility in generic theories of this type. However, through a detailed study

of the kinematics and an analysis of tunneling rates we show that the empty

universe problem can often be avoided: one is able to transition quickly from

a high scale de Sitter vacuum to near Minkowski via a single transition. All of

this suggests a wide-ranging mechanism for solving the cosmological constant

problem, inspired by, but extending far beyond, the original proposal of [67,
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69].

The rest of this chapter is organised as follows: in section 3.2, we present the

generalised set-up along with the corresponding field equations and junction

conditions. Since they will play an important role in the evaluation of tunneling

rates later in the chapter, we dwell a little on the choice of boundary conditions

and corresponding boundary terms. In section 3.3, we present the landscape

of Lorentzian vacuum solutions. In section 3.4, we Wick rotate to Euclidean

signature and solve the Euclidean field equations to find the corresponding

instanton solutions and compute the corresponding transition rates. In section

3.5, we demonstrate the role of the parameter X in controlling the stability of

near Minkowski vacua, protecting them from decay into anti de Sitter. We also

discuss conditions to avoid the empty universe problem. In section 3.6, we run

through four different models, including Brown-Teitelboim, Bousso-Polchinski,

Kaloper-Westphal, and a fourth model including a single three-form (with

standard kinetic term) and its dual scalar. In the latter three cases, we show

how the parameters of the theory can be chosen to successfully implement the

mechanism for solving the cosmological constant problem originally proposed

in [67]. In section 3.7, we conclude.

3.2 The generalised set-up

First, in Table 3.1 we list the properties of the three models discussed in

Chapter 2. None of the three models can avoid the empty universe problem

and the use of the anthropic principle at the same time. This suggests the need

for a more general set-up that can address the cosmological constant problem

without using either.

Then we begin with a general four-dimensional effective theory on a man-

ifold, M, with a dynamical metric gµν and a family of three-form fields, Ai,
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Model Empty universe problem Anthropic principle

The Abott set-up + −
The Brown-Teitelboim set-up + −
The Bousso-Polchinski set-up − +

Table 3.1: The table summarizes the key features of the Abbott, Brown-Teitelboim,
and Bousso-Polchinski models. In the second column, a “+” denotes that the corre-
sponding model leads to the empty universe problem, while a “−” indicates that it
does not. In the third column, a “+” signifies that the model requires an anthropic
explanation to address the cosmological constant problem, whereas a “−” means
that such an explanation is not necessary.

and dual scalars ϕi,

S =

∫
M
d4x
√

|g|
[
M2

pl

2
R− 1

2
ωij(ϕ)∇µϕi∇µϕj − V (ϕ)

]
+

∫
M

[
−1

2
Zij(ϕ)F i ∧ ⋆F j + σi(ϕ)F i

]
+ Sboundary + Smembranes, (3.1)

where R is the Ricci scalar. The four-form field strengths are given in terms of

the three-form fields F i = dAi and ⋆ denotes the Hodge star operator on the

manifold M. In components, the three-form is written as Ai = 1
3!
Ai

µναdx
µ ∧

dxν ∧ dxα and the corresponding field strength as F i = 1
4!
F i
µναβdx

µ ∧ dxν ∧

dxα ∧ dxβ where F i
µναβ = 4∂[µA

i
ναβ]. When acting on the four-form, the Hodge

star operator yields ⋆F i = ϵµναβF
iµναβ, where ϵµναβ is the Levi-Civita tensor

on the manifold. The three models discussed in Chapter 2 are the special

cases of the generlised set-up. For example, in the Brown-Teitelboim set-

up, there are no scalars and a single four-form, corresponding to the case

where i, j = 1 only and ωij = σi = 0, Zij = 1, V = VQFT , where VQFT is

the renormalised vacuum energy. In the Bousso-Polchinski set-up, we have

ωij = σi = 0, Zij = δij, V = VQFT , with i, j running from 1 to N , where

N ∼ O(100) is the number of four-form fluxes. In the Abott set-up, there are

no four-form fluxes, but ωij = 1 and V is given by (2.6).

The action is also equipped with boundary terms which depend on the choice

of boundary conditions. These are integrals over the boundary, ∂M, which

we take to be a co-dimension one surface described by the embedding xµ =
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Xµ(ξa). The induced metric and the pullback of the three-forms on the bound-

ary are given respectively by γab = gµνX
µ
,aX

ν
,b and αi = 1

3!
Ai

µναX
µ
,aX

ν
,bX

α
,cdξ

a ∧

dξb ∧ dξc, where Xµ
,a = ∂Xµ/∂ξa are the boundary tangent vectors. We also

define the extrinsic curvature of the boundary, Kab = 1
2
Lnγab, as the Lie deriva-

tive of the induced metric with respect to the outward pointing unit normal,

nµ. If K = γabKab is the trace of the extrinsic curvature on the boundary, the

boundary action is given by

Sboundary = M2
pl

∫
∂M

d3ξ
√

|γ|K −
∫
∂M

µpiϕi + λχiα
i (3.2)

where we define “conjugate momenta”,

pi = −d3ξ
√

|γ|ωijnµ∇µϕj, χi = σi − Zij(⋆F
j). (3.3)

The extrinsic curvature piece ensures that the action can be extremised under

metric variations with Dirichlet boundary conditions, δγab = 0 [89]. Mean-

while, the parameter λ allows us to interpolate between Dirichlet (λ = 0) and

Neumann (λ = 1) boundary conditions on the three-forms, while the parame-

ter µ allows us to interpolate between Dirichlet (µ = 0) and Neumann (µ = 1)

boundary conditions on the scalars. To see this, note that variation of the

action with respect to all fields yields a boundary contribution [89, 90],

δSboundary = −
M2

pl

2

∫
∂M

d3ξ
√
|γ|(Kab −Kγab)δγab

+

∫
∂M

(1 − λ)χiδα
i − λδχiα

i + (1 − µ)piδϕi − µδpiϕi

(3.4)

that is required to vanish under the appropriate choice of boundary conditions.

Finally we consider the membrane contributions. We can include contributions

from membranes and anti-membranes, ΣI , charged under any of the three-
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forms, such that

Smembranes = −
∑
I

{
ηiIqi

∫
ΣI

αi
I + τi

∫
ΣI

d3ξ
√

|γI |
}
. (3.5)

Membranes charged under Ai carry a fundamental charge ±qi depending on

whether they are branes or antibranes and tension τi. In the action (3.5),

ηiI = 0,±1 depending on whether the membrane ΣI carries positive (ηiI = 1),

negative (ηiI = −1) or vanishing charge (ηiI = 0) under Ai 1. The induced

metric and the pullback of the three-forms on ΣI are given in a similar way

to the boundary, by γIab = gµνXI
µ
,aXI

ν
,b and αi

I = 1
3!
Ai

µναXI
µ
,aXI

ν
,bXI

α
,cdξ

a ∧

dξb ∧ dξc, where XI
µ
,a = ∂XI

µ/∂ξa are the tangent vectors on ΣI . Throughout

this chapter we will restrict attention to timelike membranes so that their unit

normal, nµ
I is spacelike.

Away from the membranes, the field equations resulting from variation of

the action (3.1) with respect to the metric, three-forms and scalars are given

by

M2
plG

µν = T µν
F + T µν

ϕ (3.6)

∇µχi = 0 (3.7)

∇µ

(
ωkj∇µϕj

)
= V ,k +

1

2
ωij ,k∇µϕi∇µϕj −

[
1

2
Zij

,k(⋆F i)(⋆F j) − σi
,k(⋆F i)

]
(3.8)

where V ,k = ∂V/∂ϕk etc. The energy momentum tensors for the three-forms,

the scalar and the membranes are

T µν
F =

Zij

3!

(
F iµαβγF jν

αβγ −
1

8
gµνF i

αβγδF
jαβγδ

)
(3.9)

T µν
ϕ = ωij

(
∇µϕi∇νϕj −

1

2
gµν∇αϕi∇αϕj

)
− V gµν . (3.10)

At the membranes, we can derive junction conditions which determine how

1In what follows we will assume that any given membrane, I, is charged under just one
of the three forms, namely Ai⋆ for some particular value of i⋆. This means that ηi⋆I = ±1

and ηi̸=i⋆
I = 0.
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the conjugate momenta of the system jump across the membranes. The mo-

mentum conjugate to γIab is proportional to the following combination of the

extrinsic curvature πab
I = M2

pl(K
ab
I −KIγabI ). As we pass over ΣI this jumps in

accordance with the Israel junction conditions [91]

M2
pl∆π

ab
I = −|ηiI |τiγabI . (3.11)

The momentum conjugate to the three-forms also jumps

∆χi = −ηiIqi (no sum over i) (3.12)

while the scalar momenta remains continuous ∆pi = 0. The metric and the

three-form potentials are assumed to be continuous at ΣI in order for the

membrane action to be well defined. Note that the junction condition (3.12)

is consistent with the momentum χi quantised in units of the fundamental

membrane charge, χi = −Niqi (no sum) where Ni ∈ Z.

3.3 Vacua

We take vacua to be real Lorentzian solutions with constant scalars, four-forms

of constant flux ⋆F i = ci, and a maximally symmetric metric with constant

curvature k2, corresponding to de Sitter (k2 > 0), Minkowski (k2 = 0) or anti

de Sitter (k2 < 0) spacetime. Away from any membranes, the field equations

imply that

3M2
plk

2 = V +
1

2
Zijc

icj (3.13)

V ,k =
1

2
Zij

,kcicj − σi
,kci (3.14)

while the conjugate momentum,

χi = σi − Zijc
j (3.15)
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is locally constant. At membranes, we get a jump in χi according to (3.12),

generically triggering a jump in the spacetime curvature. This means we have

a landscape of possible vacua with different cosmological constants, scanned

through membrane nucleation.

In order to be compatible with observations, this landscape must include

vacua whose curvature is of order the Hubble scale today, H2
0 . This suggests a

dense landscape with vacua separated by no more than this very low scale. In

the original Brown-Teitelboim scenario [60, 61], this required the membrane

charge to be exponentially small in Planck units. That condition was lifted

in Bousso-Polchinski [43] where a sufficiently dense landscape follows from a

family of O(100) three-form fields coupled to membranes with incommensurate

charges. In Kaloper-Westphal [67, 69] the dense landscape follows from an

irrational ratio for the fundamental membranes charges.

Of course, the density of the landscape raises the possibility that transitions

between vacua of similar curvature are possible. If this is the case, we may

encounter an empty universe problem where the universe arrives at a low scale

vacuum via a slow cascade through higher-curvature vacua, cooling the uni-

verse down through many efolds of exponential expansion. Although the empty

universe problem is known to be an issue for the original Brown-Teitelboim

scenario, we will show how it is avoided in the other cases we consider.

Membrane nucleation, necessary for scanning the landscape of vacua, is a

quantum process. When we compute transition rates we do so between eigen-

states of constant χi. This suggests a path integral formalism equipped with

Neumann boundary conditions, fixing χi in both the in-state and in the out-

state [90]. We will compute these transition rates in the next section. Cor-

responding formulae for Dirichlet boundary conditions, fixing Ai in in and

out-states, are presented in Appendix B.
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3.4 Nucleation rates

To compute the rate at which membranes are nucleated, mediating transitions

between vacua, we analytically continue to Euclidean signature, setting

t→ −itE, S → iSE (3.16)

where SE is the Euclidean action. Following [60, 61], we assume that scalars

are unchanged under this Wick rotation, including the dual of the four-forms

⋆F → ⋆F . It follows that the three-forms should be analytically continued as

A→ iA 2. The resulting Euclidean action now takes the form

SE = −
∫
M
d4xE

√
|g|
[
M2

pl

2
R− 1

2
ωij(ϕ)∇µϕi∇µϕj − V (ϕ)

]
+

∫
M

[
−1

2
Zij(ϕ)F i ∧ ⋆F j + σi(ϕ)F i

]
+ SE

boundary + SE
membranes, (3.17)

where the boundary terms are chosen to be consistent with Neumann boundary

conditons on the three-form fields (λ = 1). Since we will only be considering

bounce configurations that transition between two vacua, we assume that there

is a single membrane, Σ, which is charged under Ai for some particular choice

of i = i∗. The membrane charges under Ai are given by Qi = δii∗Qi∗ where

Qi∗ = ±qi∗ and the membrane tension is T = τi∗ . As a result, the (Euclidean)

membrane action is given by

SE
membranes = −Qi∗

∫
Σ

αi∗
Σ + T

∫
Σ

d3ξE
√

|γΣ| . (3.18)

We consider O(4) symmetric Euclidean field configurations, with metric

ds2 = dr2 + ρ(r)2dΩ3 (3.19)

2If η and ηE = iη are the volume forms for Lorentzian and Euclidean signature respec-
tively, then F = −(⋆F )η and FE = (⋆F )EηE . Setting ⋆F = (⋆F )E , as desired, we infer that
F = iFE . This is consistent with our choice of A = iAE .
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where dΩ3 = hijdξ
idξj is the metric on a unit 3-sphere, Euclidean three-form

potentials

Ai = Ai(r)
√

|h|d3ξ (3.20)

and scalars ϕi = ϕi(r). The radial coordinate is assumed to run from rmin to

rmax (to be determined) and the membrane lies at r = 0. We label the interior

geometry, where rmin ≤ r < 0 , by M− and the exterior, where 0 < r < rmax,

by M+.

With this ansatz, the field equations away from the membrane simplify to

the following

3M2
pl

[
1

ρ2
−
(
ρ′

ρ

)2
]

= V − 1

2
ωijϕ′

iϕ
′
j +

1

2
Zij

Ai′Aj ′

ρ6
(3.21)

M2
pl

[
1

ρ2
−
(
ρ′

ρ

)2

− 2
ρ′′

ρ

]
= V +

1

2
ωijϕ′

iϕ
′
j +

1

2
Zij

Ai′Aj ′

ρ6
(3.22)

χ′
i = 0 (3.23)

1

ρ3
(
ρ3ωkjϕ′

j

)′
= V ,k − 1

2
Zij

,kA
i′Aj ′

ρ6
+
Ai′

ρ3
σi

,k (3.24)

where ′ denotes the derivative with respect to r and χi = σi − Zij
Aj ′

ρ3
.

Considering (3.21) and (3.22), we can find that if we set Ai′ = ciρ3, then for

constant scalars ϕi we have

3M2
pl

[
1

ρ2
− ρ′2

ρ2

]
− (V +

1

2
Zijc

icj) = 0, (3.25)

and

3M2
pl

[
1

ρ2
− ρ′2

ρ2
− 2

ρ′′

ρ2

]
− 3(V +

1

2
Zijc

icj) = 0. (3.26)

Let

V +
1

2
Zijc

icj = 3k2M2
pl, (3.27)

(3.25) and (3.38) become

1

ρ2
− ρ′2

ρ2
− k2 = 0, (3.28)
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and

1

ρ2
− ρ′2

ρ2
− 2

ρ′′

ρ2
− 3k2 = 0. (3.29)

Furthermore, letting ρ = 1
α

sin θ (α is a constant) and insert in (3.28), we can

find that

ρ =
1

k
sin k(r0 + ϵr), (3.30)

where ϵ = ±1. The solution (3.30) also satisfies (3.29). In fact, we can find

that for Ai′ = ciρ3 and constant scalars, (3.23) and (3.24) can be satisfied

automatically.

Therefore, assuming all scalars are locally constant and satisfy the con-

straints listed from (3.13) to (3.15), this system is solved by

ρ =
sin(k(ϵr + r0)

k
, ϵ = ±1, (3.31)

where the curvature k2 matches the curvature of the Lorentzian solution (3.13),

and three-form potentials

Ai(r) = Ai(0) + ci
∫ r

0

dr̃ρ(r̃)3. (3.32)

Note that the solution for ρ extends to k2 ≤ 0 by analytic continuation. The

parameter r0 is an integration constant, setting the radius of the 3-sphere at

the membrane.

For k2 > 0, the geometry is that of a section of a 4-sphere and it turns

out that ρ is invariant under ϵ → −ϵ, r0 → π/k − r0. This allows us to set

ϵ = +1, WLOG, while also assuming r0 ∈ [0, π/k]. The poles of the 4-sphere

are located at rmin = −r0 and rmax = π/k − r0.

For k2 = 0 and k2 < 0, the geometry is that of a section of a four-dimensional

Euclidean plane or hyperboloid respectively. Since ρ is assumed to be non-

negative at the membrane, we take r0 ≥ 0. Note that we can no longer

fix ϵ WLOG, and must consider each sign separately. For ϵ = +1, rmin =
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−r0 corresponding to the point where the 3-spheres shrink to zero size, while

rmax = ∞ corresponding to where they diverge. For ϵ = −1, the reverse is

true: rmin = −∞ corresponding to the point where the 3-spheres diverge, while

rmax = r0 corresponding to where they shrink to zero size.

At the membrane, the induced metric ds2Σ = ρ2(0)dΩ3 and the pullback of

the three-forms αi
Σ = Ai(0)

√
|h|d3ξ are well defined. Note that for the induced

metric this gives us a continuity constraint

∆ρ(0) = ∆

[
sin kr0
k

]
= 0 , (3.33)

where we introduce the notation ∆x = x+ − x− and ⟨x⟩ = 1
2
(x+ + x−) corre-

sponding respectively to the difference and average of some quantity x defined

on either side of the membrane. We also have the following junction conditions

on the conjugate momenta,

6M2
pl∆

[
ρ′(0)

ρ(0)

]
= −3T (3.34)

∆χi = −δii∗Qi∗ . (3.35)

Physically realistic membranes always carry non-negative tension, resulting in

the following constraint on the allowed configurations

∆ [ϵ cos kr0] ≤ 0 . (3.36)

The instanton solutions can also be classified according to the value of

X =
4M4

pl∆k
2

T 2
(3.37)

with X > 0 in downward transitions and X < 0 in upward transitions. More

importantly, however, it turns out that some configurations are kinematically

allowed only when |X| ≤ 1 with the remainder allowed when |X| ≥ 1. An

analogous result given explicitly in terms of membrane charges was shown
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to be true in [67, 69]. Here we show how it is generalised to a much wider

class of models which could, in principle, include the Bousso-Polchinski set-up

[43]. Indeed, we can always relate X to the charge of the membrane and the

curvature of the parent vacuum using equations (3.13) to (3.15), along with

the junction condition (3.35), although the relationship is not always a simple

one3.

To see how X relates to the geometry of the instanton we use the junction

conditions,

∆ρ(0) = 0, ∆[ρ′(0)] = − T

2M2
pl

ρ(0) (3.38)

along with the expression ρ′2 = 1− k2ρ2 to prove the following useful relations

⟨ρ′(0)⟩ =
M2

pl

T
ρ(0)∆k2 (3.39)

and

ρ(0) =

T
M2

pl√
(∆k2)2 + T 2

M4
pl
⟨k2⟩ +

(
T 2

4M4
pl

)2 . (3.40)

We now take the ratio of (3.38) and (3.39) to see that

X = −2⟨ρ′(0)⟩
∆[ρ′(0)]

=
1 + z

1 − z
, z =

(ϵ cos kr0)+
(ϵ cos kr0)−

. (3.41)

The value of X now corresponds to a kinematic constraint on the geometry.

As an illustrative example, consider an instanton describing a dS+ → dS−

transition with (kr0)+ ≥ π
2
≥ (kr0)− and, of course, ϵ± = 1. Since (cos kr0)+ ≥

0 ≥ (cos kr0)− it immediately follows that this solution has T ≥ 0 and z ≤ 0,

or in other words, −1 ≤ X ≤ 0.

A summary of these classifications is presented for all potential instanton

3In principle, this can be done as follows for a generic model. First, we use (3.14) and
(3.15) to express the fluxes ci and the scalars ϕi in terms of χi. Plugging this into (3.13)
we obtain an expression for the bulk cosmological constant of the form k2 = K(χi). For
example, for tunneling from near Minkowski into AdS, we then have χ+

i fixed such that
k2+ = K(χ+

i ) ≈ 0, with χ−
i = χ+

i + Qi fixed by the junction conditions (3.35). Finally we
have that X2 = 4M4

pl∆k2/T 2 = 4M4
pl[K(χ+

i )−K(χ+
i +Qi)]/T

2
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dS+ Minkowski/AdS+ Minkowski/AdS+

ϵ+ = +1 ϵ+ = +1 ϵ+ = −1

dS−
ϵ− = +1

(kr0)+ ≥ π
2
≥ (kr0)− (kr0)+ ≥ (kr0)− ≥ π

2

allowed for |X| ≤ 1 allowed for X ≤ −1
π
2
≥ (kr0)+ ≥ (kr0)− (kr0)+ < (kr0)−

allowed for X ≥ 1 negative tension

negative tension (kr0)− ≥ π
2

π
2
≥ (kr0)−

kinematically kinematically
allowed for X ≤ −1, allowed for −1 ≤ X ≤ 0,
infinitely suppressed infinitely suppressed

Minkowski/AdS−
ϵ− = +1

(kr0)+ ≥ π
2

π
2
≥ (kr0)+

allowed for 0 ≤ X ≤ 1 allowed for X ≥ 1
|k−| ≥ |k+| |k−| < |k+|

allowed for X ≥ 1 negative tension
kinematically allowed for |X| ≤ 1,

infinitely suppressed
Minkowski/AdS−

ϵ− = −1
negative tension negative tension |k−| > |k+| |k−| ≤ |k+|

negative tension kinematically
allowed for X ≤ −1,
infinitely suppressed

Table 3.2: Summary of transitions M+ → M− where M is de Sitter, Minkowski
or anti de Sitter, as indicated. If a transition is forbidden because it violates the
condition of non-negative tension, we mark it accordingly. For the remaining transi-
tions, we mark whether they are kinematically allowed for |X| ≤ 1 or |X| ≥ 1 where
X = 4M4

pl∆k2/T 2. In some of these cases, the transition may be kinematically
allowed but is ruled out because the transition rate is infinitely suppressed. Recall
that we can take ϵ = +1 for all dS configurations WLOG, so any examples contrary
to this are not applicable. For a given model, equations (3.35) and (3.38) can be
used to determine, X and identify precisely where we are on the Baedeker.

geometries in table 3.2. The table also lists those geometries for which the

corresponding tunneling rates are infinitely suppressed and so can be ignored.

As we will see presently, these correspond to configurations with k2+ ≤ 0 and

ϵ+ = −1. Table 3.2 mirrors the “Baedeker” of [67], although we emphasize

again how it applies to a much broader set of models.

In semi-classical theory of vacuum decay, transition rates between vacua M+ →

M− are given by [82, 92, 93]

Γ

Vol
∼ e−B/ℏ (3.42)

where

B = SE(instanton) − SE(parent). (3.43)

Here SE(instanton) is the Euclidean action evaluated on the bubble configu-

rations described above, interpolating between the vacua M+ and M−. In

contrast, SE(parent) is the Euclidean action evaluated on the complete parent

vacuum, M+, with no bubbles.

The tunneling exponent can be computed in all cases after a relatively
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lengthy calculation and plenty of heart warming cancellations, giving

B = −2M2
plΩ3∆

{
1

k2
[
ρ′(r)3

]0
rmin

}
+ Ω3Tρ(0)3, (3.44)

where rmin denotes the minimal value of the radial coordinate and Ω3 is the

volume of the unit 3-sphere. The derivation of (3.44) can be found in Ap-

pendix A. Note that this is quantitatively identical to the tunneling exponent

computed in GR for the same geometry, reflecting the fact that the scalars

are constants in vacuo, while the three-forms gravitate like a cosmological con-

stant. Whenever we have a parent AdS or Minkowski vacuum with ϵ+ = −1,

there are configurations with non-negative membrane tension whose tunneling

exponents contain divergent contributions at rmin. These correspond to exotic

configurations where an infinite asymptotic space is removed by membrane

nucleation. The corresponding tunneling rates are either infinitely suppressed,

ruling out the transition, or infinitely enhanced, signalling a catastrophic insta-

bility. As we have imposed Neumann boundary conditions on the three-forms,

these particular configurations are always infinitely suppressed4.

As expressed in table 3.2, there are now only three configurations that avoid

any problems with negative brane tension or infinitely suppressed tunneling

rates. These are the configurations of physical interest corresponding to

• dS+ → dS−

• dS+ → Minkowski/AdS−

• Minkowski/AdS+ → Minkowski/AdS− (|k−| ≥ |k+|)

each with ϵ± = 1 and so ρ′(rmin) = 1. To simplify the corresponding formulae

for the tunneling rates, we make use of equations (3.38) to (3.40). The tun-

neling exponents for the three configurations of interest can now be written

4For AdS+ → AdS− configurations with ϵ± = −1, there are divergent contributions to
the tunneling exponent for both vacua. If we assume that the divergence in the proper
distance occurs at the same rate in each case, |r+min| ∼ |r−min| → ∞, then the positivity of the
membrane tension ensures that |k|+ > |k|−, and the dominance of the divergent contribution
of the + vacuum.
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as

B =
2M2

plΩ3

k2+k
2
−

{
−∆k2 +

M2
pl

T
ρ(0)

[
(∆k2)2 +

T 2

2M4
pl

〈
k2
〉]}

. (3.45)

If we recall that X = 4M4
pl∆k

2/T 2 and introduce

Y (X) =
√

(X − 1)2 + 16k2+M
4
pl/T

2 (3.46)

we can rewrite the tunneling exponent in the following simple form

B =
4M2

plΩ3

k2+

[
1 + Y −X

Y (1 + Y +X)

]
. (3.47)

3.5 Cascades, bungees and the stability of the

Minkowski vacuum

Armed with a general expression for the tunneling exponent and a detailed

understanding of the instanton geometries as shown in table 3.2, we are ready

to take a more in-depth look at the tunneling dynamics. In particular, we

are interested in what happens if the universe begins in a high scale de Sitter

vacuum with curvatures far above the current Hubble scale. Can we descend

into the current low scale vacuum in a single jump, avoiding the empty universe

problem, or do we need to cascade into it via a series of incremental changes in

curvature? Is there a danger we fall deep into an anti-de Sitter vacuum, so that

the universe is driven to a apocalyptic crunch? How long is the current vacuum

expected to survive before it gives way to these apocalyptic AdS vacua?

Consider tunneling from a parent vacuum with a non-negative curvature, so

that k2+ ≥ 0. It follows that Y ≥ |X − 1| ≥ 0, and so rewriting the tunneling

exponent as

B =
4M2

plΩ3

k2+

[
Y − (X − 1)

Y (2 + Y +X − 1)

]
, (3.48)

we see that it is everywhere positive5. Further, for k+ fixed, it is monoton-

5This contradicts [67] where it is claimed that the bounce action can be negative when the
membrane radius is close to the de Sitter radius of the two vacua. This involved neglecting
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ically decreasing from 4M2
plΩ3/k

2
+ as X → −∞ to zero as X → +∞6. For

a given parent de Sitter vacuum, this means that transitions towards smaller

values of the curvature are likely to be the most rapid, provided they are kine-

matically allowed. This raises the possibility of decay deep into anti de Sitter

space, which would be incompatible with the current low scale vacuum, with

curvature no larger than the current Hubble scale.

Generically we find that descent into AdS is kinematically forbidden for par-

ent vacua with very large de Sitter curvatures. This is because the membrane

does not carry enough charge to trigger a sufficiently large jump in the cos-

mological constant. For parent vacua with curvature less than some critical

value, k2+ ≤ k2c , descent into AdS is kinematically allowed. This is potentially

dangerous if the tunneling rates are too high. One way to avoid this is as

follows: first we choose the parameters of the model such that 0 < X < 1

for all downward transitions from parent vacua below the critical curvature,

k2+ ≤ k2c . It follows that

B > B(X = 1) =
2M2

plΩ3

k2+

(
1 +

2M2
plk+

T

) > M2
plΩ3

k2c
= Bc (3.49)

where we have also used the fact that 4M4
plk

2
+/T

2 < 1 + 4M4
plk

2
−/T

2 ≤ 1 for

k2+ ≤ k2c and k2− ≤ 0. Since we typically expect kc ≲ Mpl, we can choose

parameters such that Bc is large, and all vacua in danger of decay into anti

de Sitter are long lived. Furthermore, the lifetime of these vacua increases as

we reduce the curvature of the parent vacuum, with B containing a pole as

k+ → 0.

terms that we said to be small compared to a “leading” term, equal to the difference in
curvature. However, this “leading” term is just as small as the neglected terms in the
relevant limit.

6The quickest way to see this is to define ζ ∈ (−∞,∞) such that X ≡ 4M4
pl∆k2

T 2 =

1 +
4M2

plk+

T sinh ζ. The tunneling exponent then reduces to the following simple form

B =
4M2

plΩ3

k2+(1 + e2ζ)
(
1 +

2M2
plk+

T eζ
) .

This is clearly monotonically decreasing between the two limits stated in the text.
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We can see the importance of the proposed bound on X by taking a closer

look at transitions from parent vacua near Minkowski space. For these transi-

tions, we have

XM+→AdS− ≈ −
4M4

plk
2
−

T 2
. (3.50)

Note that XM+→AdS− = |XM+→AdS− | since the daughter vacuum is AdS and so

k2− < 0. The tunneling exponent for the transition goes as

BM+→AdS− ∼
2M2

plΩ3

k2+
(1−S(X))+

8M6
plΩ3

T 2X(X − 1)2
[
(X − 1)2(1 − S(X)) + 2S(X)

]
(3.51)

where S(X) = sgn(X − 1) and we understand that X = XM+→AdS− here and

in the remainder of this section. The lifetime of the parent near Minkowski

vacuum is clearly determined by the sign of X−1. In particular, when X > 1,

we have

BM+→AdS− ∼
16M6

plΩ3

T 2X(X − 1)2
, X > 1. (3.52)

For tunneling into deep AdS so that X is large, this exponent is suppressed

and the transition is quick, rendering the near Minkowski vacuum short lived.

In contrast, if X < 1, the tunneling exponent goes as

BM+→AdS− ∼
4M2

plΩ3

k2+
, X < 1. (3.53)

As the parent vacuum approaches Minkowski, this exponent diverges, sup-

pressing any transition into AdS and ensuring a long lived Minkowski vac-

uum. This is the key ingredient for addressing the cosmological constant ad-

vocated in [67, 69], although we now see how it can apply more generally, as

long as the microscopic details of transition from Minkowski into AdS enforce

XM+→AdS− = −4M2
plk

2
−

T 2 < 1.

Of course, it is not enough for the near Minkowski vacuum to be long lived.

We need to show that we are likely to reach it from a generic initial state

corresponding to a high scale de Sitter vacuum. There are two ways in which
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this might happen. The first involves a bungee jump, a single transition from

a high scale de Sitter vacuum towards a near Minkowski vacuum, k2+ ≫ H2
0 ≳

|k−|2. If a bungee jump is kinematically possible, the tunneling exponent goes

as

BdS+→M− ∼
4M2

plΩ3

k2+

(
1 +

4M4
plk

2
+

T 2

)2 . (3.54)

For de Sitter vacua, the larger the value of k+, the more this exponent is sup-

pressed and the faster the transition. Bungee jumps avoid the empty universe

problem [59]. As explained in [43], the inflaton is significantly displaced from

its minimum by quantum diffusion before the transition. After the transition,

the inflaton is in slow roll and follows the classical evolution towards the min-

imum, at which point it begins to oscillate and reheating occurs. However,

because the vacuum energy is now no larger than the current Hubble scale,

there is no rapid cooling.

The second way in which we might finally arrive at the current vacuum is via

a cascade, several transitions in which the cosmological constant descends from

a high scale in small increments, each with ∆k2 ≲ H2
0 . For small incremental

transitions where the vacuum energy changes by a small amount, k2+ → k2− =

k2+(1 − ϵ), for ϵ≪ 1, the tunneling exponent goes as

BdS+→dS−≈dS+ ∼
4M2

plΩ3

k2+

√
1 +

16M4
plk

2
+

T 2

. (3.55)

Unfortunately, these cascades do run into the empty universe problem [59]. As

the cosmological constant slowly descends, quantum diffusion effects are scaled

down, allowing the inflaton to settle into its minimum and reheat the universe.

However, this happens too soon, before the vacuum energy has settled into its

current value. The universe then spends far too long in de Sitter vacua at scales

above the current Hubble scale, and any matter produced after reheating is

diluted away by exponential expansion. To avoid the empty universe problem,

it is clear that bungee jumps with k2+ ≫ H2
0 ≳ |k−|2 must be kinematically
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allowed. Furthermore, a cascade of incremental transitions with ∆k2 ≲ H2
0 ,

should either be kinematically forbidden, or suppressed relative to a bungee

jump. If this is the case, the universe initially in a high scale de Sitter vacuum

is expected to find the current vacuum before inflation has ended and reheating

has begun. Furthermore, if we can consistently impose a condition |X| < 1 for

a parent vacuum close to Minkowski, then the current vacuum is long lived,

and the catastrophe of descent into AdS is delayed until the far future, or

avoided altogether.

3.6 Examples

As we have seen, the key features for addressing the cosmological constant

problem proposed in [67, 69] could apply quite generally to a large class of

models under consideration. This is because the scalars and the four-form field

strengths all gravitate as cosmological constants in the vacuum. Consequently,

the tunneling exponent, B, takes a universal form which we can express in

terms of the tension of the membrane and the curvature of the two vacua

involved in the transition. Things only become model dependent when we ask

how the quantities relate to other model parameters, such as the membrane

charge. In particular, the condition |X| < 1 will mean different things for

different models. Kinematic considerations can also vary. We shall now explore

a few cases of particular interest.

3.6.1 The Brown-Teitelboim set-up

We begin with the pioneering model of this class, originally proposed by Brown

and Teitelboim [60, 61]. As is well known, this model runs into problems

with the empty universe and cannot be taken seriously as a solution to the

cosmological constant problem7. However, we include a discussion of its main

7A variant of this setup that circumvents the empty universe problem by allowing for the
nucleation of brane stacks was proposed in [72].
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features as a warm up to the more interesting models. In the Brown-Teitelboim

set-up, there are no scalars and a single four-form, corresponding to the case

where i, j = 1 only and

ωij = σi = 0, Zij = 1, V = VQFT (3.56)

where VQFT is the renormalised vacuum energy. In the absence of scalars, the

bulk constraints (3.13) to (3.15) yield

3M2
plk

2 = VQFT +
1

2
c2 (3.57)

χ = −c (3.58)

from which it follows that

k2 =
VQFT + 1

2
χ2

3M2
pl

. (3.59)

Membrane nucleation triggers a jump ∆χ = −Q = −ηq, where q is the funda-

mental membrane charge and η = +1 for branes and η = −1 for anti-branes.

This is consistent with the quantisation condition χ = −Nq for N ∈ Z, so

that membrane nucleation gives ∆N = η. The spectra of vacua are now char-

acterised by the following curvature

k2(N) =
VQFT + 1

2
N2q2

3M2
pl

. (3.60)

For this to include near Minkowski vacua, we assume VQFT < 0, which is easy

to engineer in string compactifications. The smallest possible separation in

curvature, δk2, occurs between neighbouring vacua and takes the value

δk2 = k2(N ± 1) − k2(N) =
(1 ± 2N)q2

6M2
pl

. (3.61)
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This density varies with where we are in the landscape, through the dependence

on N . For a near Minkowski vacuum, N = NMink ≈ ±
√

2|VQFT |/q and the

separation takes two possible values

δk2|k2=0 ≈
q2 ± q

√
8|VQFT |

6M2
pl

. (3.62)

To be compatible with observation, we require the absolute value of both to

be no larger than the current Hubble scale, H2
0 . Assuming |VQFT | ≫ M2

plH
2
0 ,

this imposes an upper bound on the membrane charge

q ≲
6M2

plH
2
0√

8|VQFT |
. (3.63)

Nucleation of a membrane triggers a jump N+ → N− = N+ ± 1, where we

take the + for a brane and the − for an anti-brane. In the Brown-Teitelboim

setup, this corresponds to a minimal change in curvature

∆k2 =
(1 ∓ 2N−)q2

6M2
pl

=
(−1 ∓ 2N+)q2

6M2
pl

. (3.64)

In a general set-up, adjacent vacua in flux space are separated by a curvature,

∆k2, which is generically not the same as the smallest jump in curvature, δk2.

Crucially, however, in the Brown-Teitelboim set-up, the simplicity of the model

renders the two to be equivalent: ∆k2 = δk2. By the density assumption,

nearest neighbour jumps are now no larger than the current Hubble scale

whenever the transitions include the current vacuum. More explicitly, consider

the transition from a parent de Sitter vacuum to a near Minkowski vacuum.

For this to the arise from the nucleation of a single membrane, the parent

vacuum will have curvature

k2+ =
(1 + 2|NMink|)q2

6M2
pl

≈ q

6M2
pl

√
8|VQFT | ≲ H2

0 (3.65)
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where we have used the fact that |NMink| ≳ |VQFT |/M2
plH

2
0 ≫ 1 along with the

density constraint (3.63) on the fundamental charge. This demonstrates the

fact that bungee jumps to the current vacuum cannot be mediated by single

membrane. As is well known, this suggests that the Brown-Teitelboim set-up

suffers from an empty universe problem [43]. Tunneling rates in this set-up

are easily computed and can be shown to agree with [60, 61]. This can also

be obtained from the corresponding analysis in the next section by taking the

limit of a single three-form potential.

3.6.2 The Bousso-Polchinski set-up

We now switch to a set-up with no scalars and a large number of four-forms

as originally proposed by Bousso and Polchinski [43] as a way to overcome the

limitations of [60, 61]. This corresponds to the case where

ωij = σi = 0, Zij = δij, V = VQFT (3.66)

with i, j running from 1 to N . In the absence of scalars, the bulk constraints

(3.13) to (3.15) yield

3M2
plk

2 = VQFT +
1

2
δijc

icj (3.67)

χi = −δijcj (3.68)

from which it follows that

k2 =
VQFT + 1

2
δijχiχj

3M2
pl

. (3.69)

Recall the quantisation condition χi = −Niqi (no sum), for some Ni ∈ Z.

Assuming nucleation of a brane or anti-brane of type i∗, this is consistent with

the membrane junction condition (3.35), ∆χi = −δii∗Qi∗ , with Qi∗ = ±qi∗

(no sum), or equivalently, ∆Ni = ±δii∗ . The spectra of vacua is therefore
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characterised by curvature

k2 =
VQFT + 1

2

∑N
i=1N

2
i q

2
i

3M2
pl

. (3.70)

For this to include near Minkowski vacua, we must once again assume that

VQFT < 0. The vacua span an N dimensional grid with spacing qi. Sur-

faces of constant vacuum curvature correspond to spheres centred at Ni = 0.

Consider two such surfaces of curvature k2 =
VQFT+ 1

2
r2

3M2
pl

and k′2 =
VQFT+ 1

2
r′2

3M2
pl

.

The corresponding spheres form the boundary of a shell of volume Vshell ≈
1
2
ΩN−1r

N−2δr2 where δr2 = r′2− r2 and ΩN−1 = 2πN/2/Γ(N /2) is the volume

of a unit (N − 1)-sphere. To estimate the density of vacua, we require that

this shell should contain at least one grid point (or if there is degeneracy D,

it should contain D grid points), setting a bound Vshell ≳ D
∏N

i=1 qi. This now

translates into vacua with a typical curvature separation of [43]

δk2 ≈ D
∏N

i=1 qi
3M2

plΩN−1rN−2
, r =

√
6M2

plk
2 − 2VQFT . (3.71)

For this model, we assume the qi are incommensurate so that D ∼ 2N , arising

from the vacuum degeneracy Ni → −Ni. As in the Brown-Teitelboim set-up,

the density of vacuum energies depends on where you are in the landscape.

Near Minkowski, the density is

δk2|k2=0 ≈
2N ∏N

i=1 qi
3M2

plΩN−1(2|VQFT |)N/2−1
. (3.72)

If we assume that there are no hierarchies in the membrane charges, qi ∼ O(q)

for all i, whilst remaining incommensurate, it turns out that

δk2|k2=0 ∼
2|VQFT |

3M2
pl

√
π

N

(
N q2

eπ|VQFT |

)N/2

(3.73)

Provided N q2 < eπ|VQFT |, by taking N sufficently large, we can achieve a

density well within the desired observational bound δk2|k2=0 ≲ H2
0 where H0 ∼
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10−60Mpl is the current Hubble scale. For example, if |VQFT | ∼ M4
pl and

q ∼ 0.02M2
pl then we can achieve the desired density of vacuum energies for

N ≈ 100.

Nucleation of a membrane of type i∗ triggers a jump in one of the flux

integers, N+
i∗ → N−

i∗ = N+
i∗ ± 1, while leaving the remaining Ni ̸=i∗ unchanged.

This translates into a jump in vacuum curvature

∆k2 =
(1 ∓ 2N−

i∗ )q2i∗
6M2

pl

=
(−1 ∓ 2N+

i∗ )q2i∗
6M2

pl

. (3.74)

As in the previous example, this is sensitive to where we are in the land-

scape through the dependence on N±
i∗ , a consequence of the curvature having

quadratic four-form dependence.

Let us consider descent from a parent de Sitter vacuum with curvature k2+ ≥

0 and compute the important quantity, X = 4M4
pl∆k

2/T 2. To do this, we first

relate the curvature to the integer fluxes using the relation

N∑
i=1

(N+
i )2q2i = r2+, r+ =

√
6M2

plk
2
+ − 2VQFT . (3.75)

Since ∆k2 ≥ 0, it now follows that

X =
2M2

plq
2
i∗

3τ 2i∗
(2|N+

i∗ | − 1) ∼
2M2

plq
2

3τ 2
(2|N+

i∗ | − 1) (3.76)

where we have used the fact there are no hierarchies, qi ∼ O(q), τi ∼ O(τ)

for all i. Further, equation (3.75) now implies that |N⃗ |2 ∼ r2+/q
2, where

|N⃗ |2 =
∑N

i=1N
2
i ≥ |Ni∗|2 and so

X ≲
4M2

plqr+

3τ 2
≡ Xmax(k+) . (3.77)

Dangerous transitions into AdS are kinematically forbidden if Xmax(k+) <

X0(k+), whereX0(k+) = 4M4
plk

2
+/τ

2 represents the critical value ofX for which

the daughter vacuum is approximately Minkowski. For the largest values of
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k2+ ≫ |VQFT |/3M2
pl, it is clear that r+ ≈

√
6Mplk+ and so

Xmax ≈
4
√

6M3
plqk+

3τ 2
<

4M2
plk+

3τ 2

√
6eπ|VQFT |

N
≪ X0(k+) (3.78)

where we have used the density condition N q2 < eπ|VQFT |. It is, therefore,

kinematically impossible for parent vacua with k2+ ≫ |VQFT |/3M2
pl to decay

directly into AdS.

What about parent vacua with k2+ ≲ |VQFT |/3M2
pl? These have r+ ∼√

2|VQFT | and so

Xmax ∼
2M2

plq

3τ 2

√
8|VQFT |. (3.79)

For sufficiently small k2+ < k2c = q
√

8|VQFT |/6M2
pl, we can have Xmax > X0(k+)

and so decay into AdS is now kinematically possible.

The potential for decay into AdS might be troubling at first glance. However,

as we hinted in the previous section, we can impose the condition

2M2
plq

3τ 2

√
8|VQFT | < 1 (3.80)

ensuring that 0 < X < 1 whenever the parent vacuum has k2+ < k2c and is

therefore vulnerable to this dangerous decay. However, the lifetime of these

vacua can be made large by ensuring that Bc ≫ 1, where Bc is defined by

equation (3.49). Inputting the value of kc we have just derived for the Bousso-

Polchinski set-up, we find that

Bc ≳
6M4

plΩ3

q
√

8|VQFT |
(3.81)

For our canonical example, with |VQFT | ∼ M4
pl, q ∼ 0.02M2

pl and N ≈ 100,

we have Bc ≳ 2000, and so vacuum decay into AdS is heavily suppressed in

all instances. Furthermore, the condition (3.80) ensures that |XM+→AdS−| < 1,

guaranteeing the presence of a pole in the transition rate as the parent vacuum

approaches Minkowski, rendering it arbitrarily long-lived.
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All of this suggests that the current vacuum can be selected using proba-

bilistic arguments, similar to those presented in [67, 69]. This is a significant

departure from the anthropic arguments usually presented for the Bousso-

Polchinski set-up [43]. There is a small price to pay for this success: the

condition (3.80) is in violation of the weak gravity conjecture for membranes

[86], which requires

τi ≲ giMplqi (3.82)

where gi is the strength of the three-form coupling. To see this, note that we

have two inequalities on the charge,

√
eπ|VQFT |

N
> q >

2M2
plq

2

3τ 2

√
8|VQFT | (3.83)

and so

Mplq

τ
<

(
9eπ

32N

)1/4

< 1 (3.84)

in violation of (3.82).

If we assume sub-Planckian membrane tension consistent with a well-defined

effective theory and the maximum charge, qmax, tolerated by the density con-

straint δk2 ≲ H2
0 (where δk2 is given by equation (3.73)), the stability condition

(3.80) is also incompatible with an arbitrarily large underlying vacuum energy

|VQFT |. To see this, we note that

qmax =

√
eπ|VQFT |

N

(
3M2

plH
2
0

2|VQFT |

√
N
π

) 1
N

≈
√
eπ|VQFT |

N
ϵ(N ), (3.85)

where, in the last step, we have taken a limit of large N and defined ϵ(N ) =(
H2

0

M2
pl

) 1
N
< 1. We include the ϵ(N ) correction to the large N limit to allow

for the fact there is a large hierarchy between H0 and Mpl. For q ∼ qmax, the

stability condition (3.80) now implies that

2|VQFT |
3M4

pl

√
8eπ

N

(
3M2

plH
2
0

2|VQFT |

√
N
π

) 1
N

≲
τ 2

M6
pl

< 1 (3.86)
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where we have also used the condition of sub-Planckian membrane tensions.

This can be used to place a limit on the scale of the QFT contribution to

the cosmological constant. For large N , this bound on |VQFT | takes on a

particularly simple form

|VQFT | ≲
3

2ϵ(N )

√
N

8eπ
× τ 2

M2
pl

. (3.87)

This is quadratically sensitive to the brane tension and not especially restrictive

as can be seen from the numerical examples in Table 3.3. Note, in particular,

the case where N = 100, corresponding to the benchmark point in [43]. Here

we can have Planckian |VQFT | with the current vacuum being both natural

and quantum mechanically stable if the brane tensions, τ ∼ 0.2M3
pl and the

charges, q ≤ 0.02M2
pl. The last thing we need to check is already well known:

N Upper bound on |VQFT | Upper bound on qmax

10 1012 × τ2

M2
pl

10−7 × τ
Mpl

60 102 × τ2

M2
pl

10−2 × τ
Mpl

100 10 × τ2

M2
pl

10−1 × τ
Mpl

Table 3.3: Maximum scale of QFT contribution to the cosmological constnat (in
units of τ2/M2

pl) compatible with the quantum mechanical stability of low scale de
Sitter space. We also show the corresponding upper bound on the brane charges (in
units of τ/Mpl). The quoted numbers are order of magnitude estimates.

is it possible to transition from a high scale de Sitter vacuum to the current

vacuum in a single jump? Near Minkowski daughter vacua satisfy

N∑
i=1

(NMink
i )2q2i ≈ 2|VQFT |. (3.88)

If this is the daughter vacuum generated by the nucleation of a brane of type

i∗, then the parent vacuum has curvature

k2+ =

∑N
i=1(1 + 2|NMink

i∗ |)q2i∗
6M2

pl

∼
q
√

8|VQFT |
6M2

pl

= k2c (3.89)
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For physically allowed configurations with positive brane tension this will be

positive, corresponding to a high scale de Sitter vacuum provided q is not tuned

to exponentially small values. In particular, for our canonical parameter values,

|VQFT | ∼ M4
pl, q ∼ 0.02M2

pl and N ≈ 100, we have a bungee jump from vacua

of curvature k2+ ∼ 0.01M2
pl to the current vacuum. This enables us to avoid

the empty universe problem in the Bousso-Polchinski set-up, as is well known.

To summarise, if we are prepared to accept some violation of the membrane

weak gravity conjecture, we can select the near Minkowski vacuum using prob-

abilistic methods even for the Bousso-Polchinski set-up. This offers a tantalis-

ing alternative to the standard anthropic arguments used to recover a vacuum

consistent with observation.

3.6.3 The Kaloper-Westphal set-up

We now switch to the original motivation for our work: the Kaloper-Westphal

set-up [69]. This corresponds to the case where there are just two three-forms

(so i, j runs from 1 to 2) and

ωij = Zij = 0, V = VQFT +M2
pl(ϕ1 + ϕ2), σi = −2ϕi. (3.90)

Crucially, the membrane charges are assumed to have an irrational ratio,

q1/q2 = w /∈ Q. The bulk constraints on the vacua (3.13) to (3.15) now

give

3M2
plk

2 = VQFT +M2
pl(ϕ1 + ϕ2) (3.91)

M2
pl = 2ck (3.92)

χi = −2ϕi (3.93)

from which it follows that

k2 =
VQFT − M2

pl

2
(χ1 + χ2)

3M2
pl

. (3.94)
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Recall that the nucleation of the membrane of type i∗ triggers a jump ∆χi =

−δii∗Qi∗ , where Qi∗ = ±qi∗ , consistent with the quantisation condition on

χi = −Niqi (no sum) for some Ni ∈ Z. The spectra of vacua is characterised

by the curvature

k2 =
VQFT +

M2
pl

2
(N1q1 +N2q2)

3M2
pl

. (3.95)

The irrational ratio in membrane charge ensures that this landscape of vacua

is dense and passes arbitrarily close to the Minkowski vacuum. The nucleation

of our membrane triggers a consistent jump N+
i∗ → N−

i∗ = N+
i∗ ±1 leaving Ni ̸=i∗

unchanged. This gives rise to a jump in the vacuum curvature

∆k2 = ±qi∗
6

(3.96)

giving

X = ±
2M4

plqi∗
3τ 2i∗

. (3.97)

If we start in a parent de Sitter vacuum with curvature k2+, transitions to AdS

are only possible for k2+ < k2c = q/6, where q = max{q1, q2}. In [69], the

authors impose the condition,

2M4
plqi

3τ 2i
< 1, i = 1, 2 (3.98)

which is equivalent to |X| < 1 in all cases. In particular, as we have seen in the

previous section, this type of condition ensures that those vacua vulnerable to

decay into anti de Sitter can be long lived. More precisely, when k2+ < k2c = q/6,

we recall that the tunneling exponent B ≥ Bc, where Bc is computed using

(3.49),

Bc ∼
6M2

plΩ3

q
. (3.99)

As long q is sub-Planckian, this remains large. Indeed, for qmax ∼ 0.1M2
pl, the

low scale de Sitter vacua can be made very long lived, with Bc ≳ 1000. Since

|X| < 1, we also have absolute stability of the Minkowski vacuum thanks to
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the presence of the pole in the tunneling exponent as k+ → 0. Note that unlike

in the Bousso-Polchinski setup, the condition (3.98) is independent of |VQFT |

or, in other words, the quantum mechanical stability of the Minkowski vacuum

can be guaranteed whatever the depth of the bare AdS vacuum.

The Kaloper-Westphal model also avoids the empty universe problem. This

is because we can bungee jump to the current vacuum from a parent de Sitter

vacuum with curvature k2+ ∼ q/6, where q is not constrained to be exponen-

tially small in Planck units. Assuming sub-Planckian brane tension, we might

worry that the one condition we do have (3.98) is at odds with the weak grav-

ity conjecture for membranes (3.82). However, in the absence of kinetic terms

for the three-forms in the Kaloper-Westphal set-up, it is not immediately clear

how one should implement the weak gravity condition in the first place. Of

course, the absence of the kinetic terms would itself present a challenge to

string theory model builders.

3.6.4 More fun with irrationals

The key ingredients of the Kaloper-Westphal set-up can be realised in a simple

model of a single axion coupled to a four-form. In particular, we consider an

action of the form

S =

∫
M
d4x
√
|g|
[
M2

pl

2
R− 1

2
∇µϕ∇µϕ− V (ϕ)

]
+

∫
M

[
−1

2
F ∧ ⋆F − µϕF

]
+ Sboundary + Smembranes (3.100)

with V (ϕ) = VQFT −m4 cos(ϕ/f). In terms of our generalised model described

earlier, this corresponds to the case where i, j = 1 only and ωij = 1, Zij =
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1, σi = −µϕ. The bulk constraints (3.13) to (3.15) imply that

3M2
plk

2 = VQFT −m4 cos(ϕ/f) +
1

2
c2 (3.101)

m4

f
sin(ϕ/f) = µc (3.102)

χ = −µϕ− c. (3.103)

It follows that

k2 =
VQFT −m4 cos(ϕ̄(χ)/f) + m8

2µ2f2 sin2(ϕ̄(χ)/f)

3M2
pl

, (3.104)

where ϕ̄ solves the equation

χ = −µϕ̄− m4

µf
sin(ϕ̄/f) . (3.105)

Nucleation of the membrane leads to a jump ∆χ = −Q = −ηq, where q is the

fundamental membrane charge and η = +1 for branes and η = −1 for anti-

branes. This is consistent with the quantisation condition on χ = −Nq for

some N ∈ Z, with the membrane nucleation giving ∆N = η. We can rewrite

(3.105) as

N =
µ

q
ϕ̄(N) +

m4

qµf
sin(ϕ̄(N)/f) , (3.106)

with the vacuum spectrum characterised by curvature

k2(N) =
VQFT −m4 cos(ϕ̄(N)/f) + m8

2µ2f2 sin2(ϕ̄(N)/f)

3M2
pl

. (3.107)

If the cosine potential were generated by non-perturbative corrections to the

axion ϕ, and nothing else, we would expect the decay constant and therefore

the periodicity of the potential, to be set by the fundamental membrane charge.

This corresponds to the critical choice, fcrit = q/2πµ. The problem is that in

such a set-up, the vacuum curvature (3.107) is single valued, making it of no

use in addressing the cosmological constant problem. To see this note that
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if f = fcrit, then (3.105) is invariant under N → N + n, ϕ̄ → ϕ̄ + 2πnfcrit.

It follows that nucleation of a membrane simply triggers a shift in ϕ̄ of size

±2πfcrit, leaving the curvature unchanged.

Inspired by the Kaloper-Westphal model, we consider instead the case where

f = wfcrit for some w /∈ Q. This could have arisen from integrating out the

heavier of two sectors in a doubled system with an irrational ratio of membrane

charges, reinforcing the connection to Kaloper and Westphal’s original set-up8.

The curvature spectrum is now dense over a finite range of values. To see this,

we assume a rational approximation for w ≈ p1/p2, accurate to order ϵ,

w =
p1
p2

(1 + ϵ) (3.108)

for coprimes p1 and p2. If ϕ(N) solves (3.106), then we can show that

ϕ(N + p1) ≈ ϕ̄(N) + 2πfp2 −
2πfp1ϵ

2πm4

qµf
cos(ϕ̄(N)/f) + w

. (3.109)

We now compare the vacuum curvature for the vacuum with flux number N

and that with number N + p1,

δk2 = k2(N+p1)−k2(N) ≈ −

2πp1m
4 sin(ϕ̄(N)/f)(1 + m4

µ2f2 cos(ϕ̄(N)/f))

3M2
pl

(
2πm4

qµf
cos(ϕ̄(N)/f) + w

)
 ϵ.

(3.110)

Since we can make ϵ arbitrarily small but non-zero with better and better

choices of p1 and p2, it is clear that the distance between vacua can be made

arbitrarily small and that the spectrum is dense. It turns out that the curvature

lies in a range k2 ∈ [k2min, k
2
max], where

k2min =
1

3M2
pl

(
VQFT −m4

)
(3.111)

8Here we outline how quantized charges and irrationals could come from string theory.
Charge quantization appears naturally from the quantization of motion in extra dimensions,
such as Kaluza-Klein mechanism (compact extra dimensions). In addition, charges carried
by strings and branes are quantized because they are sourced by topologically quantized
fluxes. Irrational numbers in string theory can be from geometry of compact space, moduli
fields, integration over manifolds, dualities, etc [18, 36, 45].
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and

k2max =
1

3M2
pl

[
VQFT +m4 +

1

2
m4

(
m2

µf
− µf

m2

)2

θ

(
m2

µf
− 1

)]
(3.112)

where

θ

(
m2

µf
− 1

)
=


1 m2 ≥ µf

0 m2 < µf

. (3.113)

We now require that VQFT , µf and m4 are such that the range of curvature

passes from large and positive, k2max ≫ H2
0 > 0, to large and negative values,

k2min ≪ −H2
0 < 0, with respect to the current Hubble scale. Once this is guar-

anteed, the density of the spectrum ensures that vacua exist whose curvature

are sufficiently close to observations.

Requiring the curvature of vacua to scan either side of the observed value

directly constrains the size of the QFT contribution to the vacuum energy. In

particular, we find that

3M2
plH

2
0 −m4 − 1

2
m4

(
m2

µf
− µf

m2

)2

θ ≪ VQFT ≪ −3M2
plH

2
0 +m4. (3.114)

Assuming m4 ≫M2
plH

2
0 , we can satisfy this just by imposing an upper bound

on the scale |VQFT | ≲ m4. Typically we expect m4 ∼ Λ4
UVe

−S, where ΛUV

is some UV scale9 and S > 1 is the action for the instanton that generates

the potential. Although we cannot extend the scale of the underlying vacuum

energy to arbitrarily large values in this model, we can easily accommodate

scales just a few orders of magnitude below the Planck scale.

As ever, nucleation of a membrane triggers a jump in one of the flux integers,

N+ → N− = N+ ± 1, translating into a jump in vacuum curvature

∆k2 = −m
4∆[cos(ϕ̄/f)]

3M2
pl

[
1 +

m4

µ2f 2
⟨cos(ϕ̄/f⟩)

]
(3.115)

9In QCD, this is set by the QCD scale, or more precisely, by the scale of the quark
condensates and the quark masses. In string compactifications it is typically a few orders of
magnitude below the Planck scale, being suppressed by the volume of the Calabi-Yau.
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where

∆[cos(ϕ̄/f)] = cos(ϕ̄(N+)/f) − cos(ϕ̄(N+ ± 1)/f) (3.116)

and

⟨cos(ϕ̄/f)⟩ =
1

2

[
cos(ϕ̄(N+)/f) + cos(ϕ̄(N+ ± 1)/f)

]
. (3.117)

This depends implicitly on where we are in the landscape through the depen-

dence on N+. Descent from parent de Sitter vacua with curvature k2+ > 0

is characterised by the value of X = 4M4
pl∆k

2/T 2 > 0. If τ is the funda-

mental membrane tension, we can use the fact that ∆[cos(ϕ̄/f)] ≥ −2 and

⟨cos(ϕ̄/f)⟩ ≤ 1 to show that

X ≤
8M2

plm
4

3τ 2

[
1 +

m4

µ2f 2

]
= Xmax . (3.118)

As in our analysis for the Bousso-Polchinski set-up, dangerous transitions into

AdS are kinematically forbidden if Xmax < X0(k+) = 4M2
plk

2
+/τ

2. This in-

troduces a critical curvature k2c = 2
3

m4

M2
pl

[
1 + m4

µ2f2

]
beyond which we cannnot

descened into AdS through a single membrane nucleation. For k2+ ≲ k2c , de-

scent into AdS may be possible. However, if we impose the modest constraint

8M2
plm

4

3τ 2

[
1 +

m4

µ2f 2

]
< 1 (3.119)

we are guaranteed to have 0 < X < 1 for all downward transitions. This

ensures that the lifetime of these vacua is determined by a tunneling exponent

B ≥ Bc where

Bc =
3M4

plΩ3

2m4

[
1 +

m4

µ2f 2

]−1

. (3.120)

By choosing parameters so that this is large we can ensure that the metastable

vacua are very long-lived. Furthermore, the condition (3.119) also ensures that

|XM+→AdS−| < 1. As we saw previously, this guarantees the presence of a pole

in the transition rate as the parent vacuum approaches Minkowski, rendering
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it arbitrarily long-lived.

Interestingly, this set-up seems to avoid any issues with the membrane weak

gravity conjecture. To see this, note that f = wfcrit = wq
2πµ

, and so we can

rewrite the condition (3.119) as

8M2
plm

4

3τ 2

[
1 +

4π2m4

w2q2

]
< 1 (3.121)

which does not indicate any violation of (3.82). The last thing we need to

do is to check that we can indeed transition to a near Minkowski vacuum in

a single bungee jump and avoid the empty universe problem. Using equation

(3.107), we see that the flux integer for the near Minkowski vacuum satisfies

cos
[
ϕ̄
(
NMink

)
/f
]

= −µ
2f 2

m4
(1 ± υ) (3.122)

where

υ =
1

µf

√
2

(
VQFT +

1

2
µ2f 2 +

1

2

m8

µ2f 2

)
≥

√
6
Mplkmax

µf
(3.123)

where in the inequality we have used the formulae for kmax for both µf ≤

m2 and µf > m2 given in equation (3.112). If Minkowski is the daughter

vacuum, it is generated by membrane nucleation in a parent de Sitter vacuum

of curvature

k2+ =
m4

3M2
pl

|∆[cos(ϕ̄/f)]|
(
υ − m4

2µ2f 2
|∆[cos(ϕ̄/f)]|

)
(3.124)

where now

∆[cos(ϕ̄/f)] = cos(ϕ̄(NMink ∓ 1)/f) − cos(ϕ̄(NMink)/f) . (3.125)

Let us now assume that υ ≫ m4/Mplµf > H0 and ω = f/fcrit > 1. As we will

show, these are a set of sufficient conditions that allow us to avoid the empty
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universe problem. First up, note that ω > 1 implies |∆[cos(ϕ̄/f)]| ∼ O(1)10.

For υ ≫ m4

µ2f2 and |∆[cos(ϕ̄/f)]| ∼ O(1) the curvature of the parent vacuum is

bounded from below as follows

k2+ ∼ m4υ

3M2
pl

≥ m4kmax

Mplµf
, (3.127)

where in the second inequality we have neglected O(1) factors and used equa-

tion (3.123). As mentioned before, the absence of finely tuned cancellations be-

tween the various contributions to the curvature requires kmax ≫ H0. If we fur-

ther assume that the axion parameters satisfy the inequality m4/Mplµf > H0,

as stated above, we find that

k2+ ≫ m4H0

Mplµf
≫ H2

0 . (3.128)

Thus, the curvature of the parent vacuum vastly exceeds that of its offspring,

the current vacuum. It follows that we can bungee jump from a high scale

vacuum to the current vacuum with a single bubble nucleation and the empty

universe problem is avoided.

We conclude that this model of a single four-form scalar pair addresses the

cosmological constant problem in much the same way as the Kaloper-Westphal

model. However, there are some differences. For example, in the Kaloper-

Westphal model, the quantum mechanical stability of Minkowski is indepen-

dent of |VQFT |, whereas here we find it can only be achieved for |VQFT | < m4.

This is not a significant limitation since we can easily imagine m lying just

below the Planck scale. This new model also contains certain features that

are appealing from the perspective of fundamental theory, including a stan-

10To show that |∆[cos(ϕ̄/f)]| ∼ O(1) for ω > 1, consider the case where |∆[cos(ϕ̄/f)]| ≪ 1.
It follows that ϕ̄(NMink ∓ 1) ≈ σϕ̄(NMink) + 2nπf for some n ∈ Z and σ = ±1, which is
consistent with the condition on the flux integers (3.106) if and only if

∓1 ≈ nω + (σ − 1)NMink (3.126)

For σ = 1, this implies ω ≈ 1/|n|, contradicting the requirement that ω > 1. For σ = −1, the
condition (3.126) depends explicitly on NMink and is destabilised by radiative corrections to
VQFT . We therefore ignore this possibility.
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dard kinetic term for the four-form without any violation of the weak gravity

conjecture for membranes.

Of course, the form of the axion potential may be further constrained by

the axion weak gravity conjecture [94]. Naively, this would correspond to the

condition fS < Mpl which is not especially restrictive here. However, we think

a more careful analysis in the context of a particular UV completion of the

model would be worthwhile.

Finally, it is worth noting that besides the vacuum transitions mediated by

the nucleation of fundamental membranes charged under the four-form, the

present model also allows for transitions between local minima while holding

the four-forms fixed. These correspond to the well known Coleman-de Luccia

instantons [82], where local vacua are separated by domain walls, and provide

an extra channel for the relaxation of the cosmological constant.

3.7 Conclusions

Within the standard framework of quantum field theory, radiative corrections

to the vacuum energy are large, scaling like the fourth power of the cut-off. If

we assume naturalness, this scale should determine the overall size of the renor-

malized vacuum energy. Corrections to the cosmological constant from other

sectors are now required to bring this result in line with observations, bring-

ing the corresponding vacuum curvature down to the present Hubble scale.

In an effective four-dimensional description of the universe in which gravity

is coupled to four-form field strengths, four-form flux provides a correction

to the cosmological constant. Nucleation of membranes charged under the

corresponding three-form potential, then allows the flux to jump by a single

quantised unit, changing the value of the cosmological constant. This yields

a landscape of possible vacua labelled by the quantised flux, scanned through

quantum tunneling. To make contact with observation the landscape should

be sufficiently dense, with the curvature of vacua separated by no more than
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the current Hubble scale. Furthermore, to avoid becoming lost in a cold and

empty universe, we must be able to reach the current vacuum from a high scale

de Sitter vacuum in a single nucleation event.

In Bousso and Polchinski’s seminal paper [43], there are a large number of

four-forms, realising the required density of the landscape without running

into the empty universe problem. However, this is not enough to address the

cosmological constant problem. We also need to ask how the observed vacuum

is selected from the landscape of possibilities. Bousso and Polchinski argue

that the current vacuum should be selected using anthropic arguments: if the

vacuum curvature were too large and positive, structure could not have formed

due to the rapid exponential expansion; if it were too large and negative, the

universe would have started contracting before stars, planets and complex life

had ever come into existence. Anthropic arguments have also been used in

the context of the electroweak hierarchy problem where, like in the cosmo-

logical constant case, naturalness is under pressure. For example, a coupling

between the Higgs-squared and one [95, 96] or more four-forms [97] yields a

landscape of electroweak vacua, from which the current vacuum is selected

through anthropics.

In the recent history of string cosmology, anthropic ideas have indubitably

become the dominant explanation for the small value of the cosmological con-

stant seen in nature. We now seek to challenge that assertion, showing how the

current vacuum can often be selected on probabilistic grounds for a wide class

of string-like models of four-forms coupled to scalar fields, including Bousso

and Polchinski’s original set-up. With this new perspective, our world exists

independently of mankind or some other complex species. It is born from

probability.

The main idea was inspired by the recent proposal of Kaloper [67] and

Kaloper and Westphal [69], although we have shown how it can be readily

extended. In the wide class of models under consideration, we have identified

a parameter that controls the lifetime of low scale vacua, similar to the current
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vacuum we observe. If this parameter can be suitably bounded, a pole appears

in the corresponding bounce actions as the curvature of the parent vacuum goes

to zero. This guarantees the quantum stability of the Minkowski vacuum,

and the longevity of those vacua close to Minkowski in Planck units. In the

Kaloper-Westphal model, this bound corresponds to an absolute bound on the

membrane charge in terms of its tension. In the Bousso-Polchinski model,

the bound is also sensitive to the scale of the renormalised vacuum energy.

However, the sensitivity is not too severe: one can easily accommodate a

Planckian energy density for the QFT vacuum, with the membrane tension

and charge lying just an order of magnitude or two below the Planck scale.

That said, in both the Kaloper-Westphal and the Bousso-Polchinski set-ups,

these probabilistic arguments seem to require a mild violation of the membrane

weak gravity conjecture. With this in mind, we have presented a new model

where the same probabilistic methods are used but where there is no such

violation.

This new approach offers some hope for addressing the cosmological constant

problem using probabilistic methods. Notwithstanding some concerns associ-

ated with various swampland considerations, this could be relevant to a wide

class of four-dimensional effective field theories whose underlying structures

are compatible with string compactifications.



Chapter 4

The cosmological constant and

the weak gravity conjecture

92
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In chapter 4, we examine the descent via membrane nucleation through a

landscape of vacua where the cosmological constant is given by a combination

of four-form fluxes. It has been shown in chapter 3 that this descent can be

slowed exponentially for very low curvature vacua close to Minkowski space

in a wide class of models satisfying certain parametric conditions, providing a

possible solution to the cosmological constant problem. We explore in detail

whether or not those parametric conditions are compatible with the membrane

weak gravity conjecture. Whilst it is true that there is often tension, we show

that this is not always the case and present an explicit model where Minkowski

space is absolutely stable and the weak gravity conjecture is satisfied. This

corresponds to an extension of the Bousso-Polchinski model into a generalised

DBI action for four-forms. We also clarify how the landscape should be pop-

ulated in a consistent model.

4.1 Introduction

In a universe with a landscape of different vacua, as one might expect to occur

in string theory, we can imagine a scenario in which the cosmological constant

starts out large but descends to smaller values via some process, until it reaches

the small value we see today. Now we briefly summarize the background we

used in chapter 3.

A mechanism for halting the descent is also presented in [67–69]. Indeed,

in [69], the authors consider a generalisation of Henneaux and Teitelboim’s

covariant formulation of unimodular gravity [87] with two species of four-form.

Transitions between vacua go through via membrane nucleation. By making

some relatively mild assumptions on the membrane charge and tensions, the

nucleation rate slows down exponentially quickly, halting the decay of the

vacuum at vanishing curvature.

In chapter 3, this mechanism was shown to extend to a much larger class

of models, including the classic framework of Bousso and Polchinski. This
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meant there was a way to halt the descent between vacua at vanishingly low

curvature in a wide class of effective field theories, providing an interesting

alternative to anthropic selection. However, in this work it was also noted

that the corresponding condition on the membrane charges and tensions was

at odds with the membrane version of the weak gravity conjecture (WGC)

[85, 86], especially in the case of the Bousso-Polchinski model.

Therefore in chapter 4, we will further explore the dynamics of this wide

class of models, paying close attention to descent between vacua and the role

played by the WGC. A related analysis was recently performed in [98], al-

though our more general approach allows us to clarify some important points.

In particular, there is certainly a tension between the WGC and the halting

conditions for a canonical theory quadratic in the flux, as already pointed out

in chapter 3. However, if a higher power of the flux dominates the dynamics,

these tensions can be eased by assuming a hierarchy between the renormalised

vacuum energy and the cut-off scale, as one could easily obtain in the presence

of supersymmetry. Of course, the dominance of a single higher power is not

consistent with a well defined effective theory at weak coupling. This motivates

us to study the dynamics at strong coupling, taking into account a full tower of

operators. We first consider the generic case using naive dimensional analysis

[99, 100] and once again find tension between the WGC and the halting condi-

tions. However, we also explore an elegant extension of the Bousso-Polchinski

model based on a generalised form of the DBI action [101, 102]. This has the

property that it behaves like a Bousso-Polchinski set-up at smaller values of

the four-form flux, although at large values it behaves more like the linear

four-form proposal presented in [69]. As we will show explicitly, this gener-

alised model can be taken to be compatible with the WGC without spoiling

the halting of vacuum descent at very low curvatures.

Our analysis of the dynamics also helps us to better understand how very low

curvature vacua are populated. In particular, following [98], we might consider

two distinct phases in the membrane nucleation rate: the boiling phase, where
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the rate is high (in other words, the tunneling bounce B < 1) and the braking

phase, where the rate is low (in other words, the tunneling bounce B > 1).

Having arrived at a very low curvature vacuum with further descent almost

halted, we can ask how we got here. Did the universe start out in a high

curvature vacuum and boil rapidly down to the current low curvature vacuum?

Or did we reach the current vacuum having already entered the braking phase

before the last transition? Under a very mild set of assumptions, we will

show that it must be the latter. This now suggests the following set-up: the

universe starts out in a high curvature vacuum and boils down to a bubbling

soup of vacua of intermediate curvature. Within those bubbles of intermediate

curvature we are now in the braking phase and future transitions are slow.

Nevertheless, given enough time, we do reach the low curvature vacua like

ours, which are even more stable than their ancestors. These low curvature

vacua are by far the longest lived. The rest of this chapter is organised as

follows.

In section 4.2, we study specific models, including those for which the cos-

mological constant is a homogeneous polynomial of the four-form flux and the

generalised DBI set-up, with a view to understanding the constraints imposed

by both the WGC and the halting condition. In section 4.3 we consider the dy-

namics of vacuum decay in a general setting focussing on parametric behaviour

of the rate of decay. In section 4.4, we discuss our findings and summarize some

remaining concerns.

4.2 Implications of WGC on specific models

We still begin with a generalised theory of four-forms on a manifold, M, with

a dynamical metric gµν described by the following action,

S =

∫
M
d4x
√

|g|
[
M2

pl

2
R + f(⋆Fi)

]
+ Sboundary + Smembranes, (4.1)
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where we have a family of three-form fields, Ai = 1
3!
Ai

µναdx
µ ∧ dxν ∧ dxα, with

corresponding field strength F i = dAi and ⋆ denotes the Hodge star operator

on the manifold. R is the Ricci scalar on the manifold while the function f is

assumed to admit an expansion of the form

f(⋆Fi) =
∑
n≥2

ai1...in
n!M2n−4

UV

(⋆F i1) . . . (⋆F in), (4.2)

where MUV ≲Mpl is the cut-off of the EFT and the dimensionless coefficients

ai1...in are naturally O(1).

For the ith membrane species to be part of the effective field theory, we require

qi ≲M2
UV, τi ≲M3

UV. (4.3)

Furthermore, there ought to be at least one species for which we also satisfy

the constraints coming from the WGC [85, 86]

τi < Mplqi electric WGC (4.4)

M3
UV < qiMpl magnetic WGC . (4.5)

To make contact with chapter 3, we switch to a dual formulation, introducing

a Lagrange multlplier ϕi fixing F i = dAi on shell, via a term
∫
ϕi(F

i − dAi).

Integrating out the scalars, ⋆Fi, yields

S =

∫
M
d4x
√

|g|
[
M2

pl

2
R− Lf (ϕi)

]
−
∫
ϕidA

i + Sboundary + Smembranes, (4.6)

where Lf is the Legendre transform of f . This action now falls into the general

class studied in chapter 3, with Zij = ωij = 0, σi = −ϕi and V (ϕ) = Lf (ϕ).

Let us now explore the impact of the WGC on the set-up described in the

previous section. To this end, it will be convenient to express the spacetime

curvature in terms of the dimensionless flux Qi = Niδi for δi = qi/M
2
UV, via an
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expression of the form

3M2
plk

2 = VQFT +M4
UVκ(Q), (4.7)

where κ(Q) = Lf (M2
UVQ)/M4

UV is a dimensionless function of the flux. Note

that if the membranes of type i are inside the EFT, we have δi < 1, as per

equation (4.3). Now suppose we nucleate such a membrane, so thatNi → Ni±1

and Nj → Nj for j ̸= i. The process induces a corresponding change in k2,

∆k2 =
M4

UV

3M2
pl

∆κi (4.8)

where we define

∆κi ≡ κ(. . . , Qi−1, Qi, Qi+1, . . .) − κ(. . . , Qi−1, Qi ± δi, Qi+1, . . .)

= −
∞∑
n=1

(±δi)n

n!

∂n

∂Qn
i

κ(Q) ,
(4.9)

and in the last equality we Taylor expanded κ(. . . , Qi−1, Qi ± δi, Qi+1, . . .).

As we described in chapter 3, the nucleation rate is controlled by the value of

a parameter

Xi =
4M4

pl∆k
2

τ 2i
=

4M2
plM

4
UV

3τ 2i
∆κi . (4.10)

For a parent vacuum with k2+ ≈ 0, we must choose the flux such that κ ≈

−VQFT

M4
UV

. If we further assume that |Ni| ≫ 1 when k2 ≈ 0, it follows that

|Qi| ≫ δi where we can truncate the Taylor expansion to leading order in (4.9)

to show that

∣∣∣XM+→AdS−
i

∣∣∣ ≈ 4

3

(
qiMpl

τi

)2
M2

UV

qi

∣∣∣∣ ∂κ∂Qi

∣∣∣∣
k2=0

. (4.11)
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For membrane nucleation to be halted at very low curvature, we require∣∣∣XM+→AdS−
i

∣∣∣ < 1, or equivalently

∣∣∣∣ ∂κ∂Qi

∣∣∣∣
k2=0

<
3

4

(
τi

qiMpl

)2
qi

M2
UV

(4.12)

for all species. If the membranes of type i are part of the EFT (4.3) and satisfy

the WGC (4.4), it is clear that the corresponding first partial derivative of κ

should not be too large near the k2 ≈ 0 vacuum. We will now explore the

implications of this for several models.

4.2.1 Homogeneous polynomial models

In the Kaloper-Westphal (KW) model [69], the cosmological constant is linear

in the flux, κ = aiQi. This represents a multi-field generalisation of Hennueaux

and Teitelboim’s covariant formulation of unimodular gravity (with branes). It

cannot be obtained from a generic action of the form (4.1), since the Legendre

transform cannot be inverted in the linear case. Even so, it is instructive to

explore how the WGC may be avoided even when the halting condition (4.12)

holds for near Minkowski vacua. In the KW model, the qi have irrational ratios,

so we can always find a solution to k2 ≈ 0 to any desired level of accuracy as

long as we choose sufficiently large |Ni|. Descent between vacua is halted at

very low curvatures provided

|ai| < 3

4

(
τi

qiMpl

)2
qi

M2
UV

(4.13)

for all values of i. Clearly, if there are any species satisfying WGC (4.4) along

with the EFT constraint (4.3), the corresponding value of ai should be tuned

to be suitably small.

When the cosmological constant is quadratic in flux as in the Bousso-Polchinski

model difficulties can arise, as was first noted in [1] and emphasized in [98]. To

see this note that κ(Q) = 1
2

∑
iQ

2
i where the coefficients are fixed by canonical
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normalisation aij = δij. The halting condition (4.12) now requires

|Qi| <
3

4

(
τi

qiMpl

)2
qi

M2
UV

=⇒ |Ni| <
3

4

(
τi

qiMpl

)2

(4.14)

for all values of i. The flux numbers are expected to be large in a neighbour-

hood of the Minkowski vacuum in order to achieve the necessary cancellation

of the presumably large bare vacuum energy. This is clearly incompatible with

any species satisfying the WGC (4.4).

What is happening here? The point is that in order to halt the descent

between vacua at very low curvatures the flux dependent function κ(Q) is

required to be flat along any direction satisfying the WGC, as per the inequality

(4.12). In the case of the Bousso Polchinski model, the function κ(Q) is just a

sum of squares, being flatter near their minimum at Qi = 0. However, in the

generic case where VQFT ≫M2
plH

2
0 , this is not a low curvature vacuum.

We can generalise this result to the case where κ(Q) is a homogeneous

function of any degree n > 1. Indeed, in this case, the Euler identity implies

that
∑

iQi
∂κ
∂Qi

= nκ, from which we infer

∂κ

∂Qi

=
1

n− 1

∑
j

Qj
∂2κ

∂Qi∂Qj

. (4.15)

Plugging this result back into the inequality (4.12), we see that the halting

condition requires

∣∣∣∣∣∑
j

Nj
qj
qi

∂2κ

∂Qi∂Qj

∣∣∣∣∣
k2=0

<
3

4

(
τi

qiMpl

)2

(n− 1) (4.16)

for all values of i. Recall that the |Ni| are generically expected to be large

on the Minkowski vacuum. Assuming the absence of any charge hierarchies

qi ∼ O(q), there are two ways in which the inequality (4.16) might be satisfied

alongside the WGC (4.4): either there are miraculous cancellations between

terms or certain components of the Hessian turn out to be extremely small.
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Note that the inequality (4.16) must hold even if there are order one corrections

to the underlying vacuum energy. In a generic scenario, this is likely to spoil

any miraculous cancellations, so we are led to assume fine tuning of the Hessian.

Indeed, if we suppose that the first species with i = 1 satisfies the WGC, we

must have that ∣∣∣∣ ∂2κ

∂Q1∂Qj

∣∣∣∣
k2=0

≪ 3

4
(n− 1) (4.17)

for all j. If more species satisfy the WGC, then more components of the

Hessian will need to be tuned.

For a quadratic model with n = 2, this constraint on the Hessian requires

the corresponding couplings to be unnaturally small. This is consistent with

our previous result for the Bousso-Polchinski model where we saw that the

halting condition for low curvature vacua was incompatible with the weak

gravity conjecture [1]. However, for higher powers, n > 2, the Hessian can be

rendered small by taking the Qi to be small in the corresponding limit. For a

suitable choice of membranes, this may still be possible even for large Ni.

To see this explicitly, let us consider the case where κ is dominated by a

sum of monomials of degree n,

κ(Q) =
∑
i

cin
n!
Qn

i (4.18)

where n ≥ 1 and cin are constants, assumed to be order one in a natural

scenario. Recall that the nucleation of the membrane of type i triggers a

change in flux Ni → Ni ± 1 and Nj ̸=i → Nj ̸=i. The corresponding value of Xi

controlling the rate of the transition is given by

|Xi| ≈
4

3
n

(
qiMpl

τi

)2
M2

UV

qi

|cin|
n!

|Qi|n−1 (4.19)

where we have assumed that the flux number is large |Ni| > 1. In the absence

of any hierarchies, qi ∼ O(q), τi ∼ O(τ) and cin ∼ O(cn). Near the Minkowski

vacuum, we have κ ≈ −VQFT

M4
UV

, and since we expect each |Qi| ∼ |n!κ/cn|
1
n we
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infer that

|Ni| ∼
M2

UV

q

∣∣∣∣VQFTn!

M4
UVcn

∣∣∣∣ 1n (4.20)

and

∣∣∣XM+→AdS−
i

∣∣∣ ∼ 4

3

(
qMpl

τ

)2
M2

UV

q

∣∣∣∣VQFT

M4
UV

∣∣∣∣1− 1
n
(
nn

n!

) 1
n

|cn|
1
n . (4.21)

Recall that generically we expect |Ni| > 1. For the descent between vacua to

halt at very low curvatures, we also require
∣∣∣XM+→AdS−

i

∣∣∣ < 1 for each species.

From equation (4.21), we see that this is only possible if there are one or more

of the following:

• a violation of the WGC,
qMpl

τ
< 1

• the membrane charges are no longer consistent with the EFT,
M2

UV

q
< 1

• suppression of the couplings, |cn| < 1

• suppression of the bare cosmological constant:
|VQFT |
M4

UV
< 1

None of these scenarios are ideal but perhaps the least worrying is the suppres-

sion of the bare cosmological constant. Indeed, if the scale of supersymmetry

breaking lies many orders of magnitude below the cut-off, this is exactly what

we would expect to find.

Note that we can recast the large flux condition |Ni| > 1 and the halting

condition,
∣∣∣XM+→AdS−

i

∣∣∣ < 1, as the following constraint on the couplings

|cn| < min{λ1, λ2} (4.22)

where

λ1 =

(
M2

UV

q

)n |VQFT|
M4

UV

n!, λ2 =

(
3

4

(
τ

qMpl

)2
q

M2
UV

)n(
|VQFT|
M4

UV

)1−n
n!

nn

(4.23)

If we now demand that both λ1 > 1 and λ2 > 1, as required to avoid fine
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tuning of the couplings, we find that

3

4

(
τ

qMpl

)2

>
1

(n− 1)!

(
q

M2
UV

)n−2

(4.24)

For n = 2, it is clear that this is not consistent with the weak gravity conjecture,

as we have already seen. However, for n > 2, we can be more optimistic.

Indeed, as an example, consider the case where n = 10, |VQFT| ∼ 10−6M4
pl,

q ∼ 10−2M2
pl, τ ∼ 10−3M3

pl, |c| ∼ 1 and MUV ∼Mpl, so that

|Ni| ∼ 114,
∣∣∣XM+→AdS−

i

∣∣∣ ∼ 0.1 (4.25)

In this scenario, the membrane charges and tensions are chosen to be small but

are consistent with the EFT constraint (4.3) and the WGC (4.4). Similarly,

the bare cosmological constant is many orders of magnitude below the cut-off,

as one might expect in a supersymmetric scenario. Nevertheless, for order

one couplings in κ(Q), it seems we can have scenarios in which membrane

nucleation is halted at very low curvatures, without any violation of our EFT

constraints or the WGC.

Of course, in a consistent weakly coupled scenario we would not expect

higher order operators to dominate over the quadratic terms. Given that we

have already seen that canonical quadratic terms are incompatible with the

halting condition if the WGC and EFT constraints are satisfied, it follows that

we can only exploit the higher order operators by going to strong coupling.

Further, in such a scenario, we would expect a whole tower of higher order

operators to be present beyond the homogeneous polynomials considered here.

What effect do they have on the interplay between the WGC and the longevity

of low curvature vacua? We shall now explore this question in two different

ways: first, with a generic tower of EFT operators whose coefficients are set us-

ing naive dimensional analysis (NDA) [99, 100]; and second, in the special case

of a generalised DBI action for four-forms, where the couplings are motivated
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by the dynamics of a spacetime filling 3-brane [101, 102].

4.2.2 A generic tower of higher order operators

Consider a generic tower of EFT operators whose coefficients are set using naive

dimensional analysis [99, 100]. This allows us to be a little more precise about

the form of the dimensionless coefficients in the dual potential in equation

(4.6). In particular, we expect that [103, 104]

Lf (ϕ) =
∑
n≥2

bi1...in

(M2
UV/4π)n−2n!

ϕi1 . . . ϕin (4.26)

where bij = δij and the bi1...in ∼ O(1). In terms of the dimensionless potential,

this gives

κ(Q) =
∑
n≥2

bi1...in

n!
(4π)n−2Qi1 . . . Qin (4.27)

In the weakly coupled regime, |Qi| < 1
4π

, the leading order quadratic terms

dominate and we recover the negative results of the previous section. However,

the EFT is valid even in the strongly coupled regime where 1
4π

< |Qi| <

1, allowing us to go beyond the leading order quadratic approximation. To

see what happens then, consider the case where |Qi| ∼ O(Q) in the near

Minkowski limit, where the scale Q is assumed to lie in the interval, 1
4π

<

|Q| < 1. Recall that the lower limit means we are at strong coupling and

cannot truncate the expansion in the Qi, while the upper limit ensures that

the EFT remains valid. We then find that1

∣∣∣∣ ∂κ∂Qi

∣∣∣∣
k2=0

∼ 4π|κ|k2=0 ∼ 4π
|VQFT|
M4

UV

(4.28)

1For example, this result is easily understood for the case where the dimensionless po-
tential scales as κ ∼ e4πQ/(4π2) in the strong coupling regime.
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Near the Minkowski vacuum |κ|k2=0 ≈
|VQFT|
M4

UV
and so we expect

Q ∼ 1
4π

ln(4π|VQFT|/M4
UV). We then infer that the flux numbers scale as

|Ni| ∼
M2

UV

q
Q ∼ M2

UV

4πq
ln(4π|VQFT|/M4

UV), (4.29)

while ∣∣∣XM+→AdS−
i

∣∣∣ ∼ 16π

3

(
qMpl

τ

)2(
M2

UV

q

)
|VQFT|
M4

UV

, (4.30)

where we have, once again, assumed the absence of any hierarchies between

species, so that qi ∼ O(q) and τi ∼ O(τ). If the WGC is to be respected

and the membranes stay inside the EFT, we might hope to satisfy the halting

condition,
∣∣∣XM+→AdS−

i

∣∣∣ < 1, by taking the bare vacuum energy to be well

below the cut-off, as we did in the previous section. The problem is that

we expect the scale Q to be in the strong coupling window, 1
4π

< |Q| < 1,

constraining |VQFT| ≳M4
UVe/4π. It follows that

∣∣∣XM+→AdS−
i

∣∣∣ ≳ e

3

(
qMpl

τ

)2(
M2

UV

q

)
∼ e

3

(
qMpl

τ

)2 |Ni|
Q

>
e

3

(
qMpl

τ

)2

|Ni|.

Given that flux numbers are always assumed to be large, there is no way this

can be less than unity without violating the WGC. This suggests that generic

strong coupling scenarios do not help alleviate tensions between the WGC

and our ability to halt the descent between vacua at very low curvatures.

Of course, there may be some theories where the desired flattening of κ(Q)

is achieved at strong coupling thanks to elegant cancellations between terms,

perhaps motivated by some enhanced symmetry. We will consider exactly such

a scenario in the next section.

4.2.3 Generalised DBI

We now consider the generalised DBI action for three-form fields [101] (see also

[102] for a more transparent description of the action) with multiple species.

First we discuss the motivation for using the generalised DBI action. The gen-
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eralised DBI action arises in string theory as the effective action for the dynam-

ics of D-branes. It resums an infinite set of higher-derivative corrections and

remains well-behaved at high energies. Thus, it provides a non-perturbative,

string-theoretically motivated effective action for brane dynamics in warped

geometries [101, 102].

For the generalised DBI action, (4.1) is given by

f(⋆Fi) =
∑
i

Λ4
i

(
1 −

√
1 − (⋆F i)2

Λ4
i

)
. (4.31)

This can be seen as the action for a spacetime filling 3-brane with tension Λ4
i

on whose world volume the Fi are defined. The square root structure of (4.31)

is special and we can expect it to have a symmetry. It will be very interesting

to explore the symmetry of (4.31) in the future. The Legendre transform is

easily computed to give

Lf (ϕ) =
∑
i

Λ4
i

(√
1 +

ϕ2
i

Λ4
i

− 1

)
(4.32)

with a corresponding dimensionless potential

κ(Q) =
∑
i

λ4i

(√
1 +

Q2
i

λ4i
− 1

)
, λi =

Λi

MUV

. (4.33)

To avoid falling into the trap of quadratic domination and problems with

the WGC, let us assume that when k2 ≈ 0, we have |Qi| ≳ λ2i . In this limit,

we recover the linear behaviour familiar from the KW model, albeit from a

more well motivated initial set-up

κ(Q) ≈
∑
i

λ2i |Qi| . (4.34)

Since this is always positive, it is clear that we must have VQFT < 0 in order

to have a spectrum of vacua that includes very low curvatures. For near

Minkowski vacua, let us further assume that |Qi| ∼ O(Q) for some scale Q
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and λi ∼ O(λ) for some scale λ, so that Q ∼ |VQFT|/M4
UVλ

2N where N

is the number of species. It also follows that |∂κ/∂Qi|k2=0 ≈ λ2i . For the

EFT constraints (4.3) and the WGC (4.4) to be satisfied alongside the halting

condition (4.12), we know that we must have a flat potential, and so λ2i < 1, or

equivalently, the underlying brane tensions lying below the cut-off Λi < MUV.

This is certainly what we would expect from a consistent EFT.

We now consider the density of vacua at low curvature for the generalised

DBI model. If we have just two species of three-form field, we can adopt the

KW strategy and assume an irrational charge ratio. This guarantees a dense

set of vacua even when the membrane charges are not especially small, allow-

ing us to avoid the empty universe problem. Alternatively, we can consider

the generalised DBI framework as a UV completion of the Bousso-Polchinski

model,2 with a large number of fields. To read off the density of vacua at large

N and large Qi = Niqi/M
2
UV ≫ λ2i , we note that the curvature

k2 ≈ VQFT +
∑

i Λ2
i qi|Ni|

3M2
pl

. (4.35)

This means the vacua span an N dimensional grid with spacing Λ2
i qi. Surfaces

of constant vacuum curvature correspond to the boundaries of cross-polytopes,

as opposed to spheres in the case of the original Bousso-Polchinski model.

Consider two such surfaces of curvature k2 =
VQFT+r

3M2
pl

and k′2 =
VQFT+r′

3M2
pl

, where

r′ > r > 0. The corresponding polytopes differ by a shell of volume Vshell =

2N

N !
(r′N − rN ) ≈ 2N rN−1

(N−1)!
(r′ − r). To ensure that this shell contains at least one

grid point, we require that Vshell ≳ D
∏N

i=1 Λ2
i qi, where D is the degeneracy

factor. This implies that vacua are separated by a curvature

δk2 ≈ (N − 1)!D
∏N

i=1 Λ2
i qi

3M2
pl2

N rN−1
, r = 3M2

plk
2 − VQFT (4.36)

2The Bousso-Polchinski model is an effective model with simplified potential terms –
it ignores backreaction, brane dynamics, and quantum corrections. The generalised DBI
action arises from string theory and includes backreaction, brane dynamics, and quantum
corrections. Therefore, the generalised DBI action provides a UV-complete embedding of
the Bousso-Polchinski model [43, 105].
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Assuming the Λ2
i qi are incommensurate, the degeneracy D = 2N due to the

Ni → −Ni symmetry. The density of vacua near Minkowski space is therefore

given by

δk2|k2=0 ≈
(N − 1)!

∏N
i=1 Λ2

i qi
3M2

pl|VQFT|N−1
, (4.37)

In the absence of hierarchies in membrane charge and DBI tension, we assume

that qi ∼ O(q) and Λi ∼ O(Λ), so that

δk2|k2=0 ∼
(N − 1)!(Λ2q)N

3M2
pl|VQFT|N−1

∼ |VQFT|
3M2

plN

(
Λ2q

|VQFT|

)N

N ! (4.38)

Using Stirling’s approximation N ! ≈
√

2πN
(N

e

)N
for large N we have that

δk2|k2=0 ∼
|VQFT|
3M2

pl

√
2π

N

(
NΛ2q

|VQFT|e

)N

.

Requiring δk2|k2=0 ≲ H2
0 only imposes a constraint

√
2π

N

(
NΛ2q

|VQFT|e

)N

≲
3M2

plH
2
0

|VQFT|
. (4.39)

From our analysis of the linear model and equation (4.13), descent between

vacua is halted at low curvature provided

λ2i <
3

4

(
τi

qiMpl

)2
qi

M2
UV

. (4.40)

In the absence of hierarchies this translates into the following constraint on

the tensions τi ∼ O(τ),

τ ≳ 2MplΛ

√
q

3
. (4.41)

Finally, recall that the EFT constraints (4.3), the electric WGC (4.4) and the

magnetic WGC (4.5) require that

τ ≲Mplq,
MUV

Mpl

≲
q

M2
UV

≲ 1 . (4.42)
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All constraints can be satisfied if we take, for example, |VQFT| ∼M4
pl, N ≈ 108,

τ ∼ 0.1M3
pl, q ∼ 0.2M2

pl, Λ ∼ 0.1Mpl and MUV ∼ 0.5Mpl. Note that this implies

that Q ∼ |VQFT|/M4
UVλ

2N ∼ 3.7 ≫ λ2 ∼ 0.04, which confirms that we are

indeed in the asymptotic regime of the DBI action.

This suggests that the generalised DBI set-up provides an elegant completion

of the Bousso-Polchinski model, capable of halting the descent between vacua

at low curvatures without running into any problems with the WGC or the

consistency of the EFT. The model recovers the dynamics of a linear model in

the asymptotic regime, with the required suppression of the effective coupling

understood in terms of the underlying brane tensions lying inside the cut-off.

We should point out that the generalised DBI set-up is not the only one

which halts the descent and satisfies the membrane WGC simultaneously. We

will explore other possible models in the future.

4.2.4 Comment

We need to make a comment here. All the scenarios we discussed are land-

scape scenarios. The landscape scenarios are notoriously difficult to test with

experiment because they predict too many possibilities, and we do not cur-

rently have a guiding principle or observable data to narrow them down [23].

We will explore this problem in the future.

4.3 de Sitter decay dynamics

As we have seen, membrane nucleation allows for descent from high scale de

Sitter vacua to the low scale vacuum we see today, and perhaps even beyond.

The dynamics of this descent is controlled by the tunneling exponent given in

equation (3.48). Our goal here is to investigate how this changes as we move

through the landscape, with a view to better understanding how the landscape

is populated and how we arrive at the current vacuum. In fact, this section

explains the results in chapter 3 more carefully.
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The first thing to note is that for a parent de Sitter or Minkowski vacuum,

k2+ ≥ 0, the tunneling exponent is always positive and monotonically decreas-

ing with X, as already emphasized in [1]. To delve a little deeper, we note

that the behaviour of the tunneling exponent depends both on the curvature

of the parent vacuum through the dimensionless combination k2+M
4
pl/T

2 and

on the magnitude of the curvature jumps between successive vacua through

X = 4M4
pl∆k

2/T 2. Therefore curvature and its jumps between vacua are

classified as large or small with respect to the reference scale T 2/M4
pl. This

observation prompts us to analyse equation (3.48) in the asymptotic limits

k2+ ≫ T 2/M4
pl and k2+ ≪ T 2/M4

pl. We focus on the case of vacuum descent, so

that ∆k2 > 0 and by association, X > 0.

For k2+ ≫ T 2/M4
pl we have that for fixed X > 0

B ≈
4M6

plΩ3

T 2

1

4

(
T 2

k2+M
4
pl

)3/2

− X

8

(
T 2

k2+M
4
pl

)2

+ O

(
T 2

k2+M
4
pl

)5/2
 . (4.43)

This approximation is valid in the early stages of vacuum descent when we are

in a high scale de Sitter vacuum. At later stages, when the vacuum curvature

has fallen to smaller values there are two different scenarios depending on the

size of the jump. In particular, when k2+ ≪ T 2/M4
pl, we find that

B ≈


4M6

plΩ3

T 2

[
4

X(X−1)2
+ 16 1−4X

X2(X−1)4
k2+M4

pl

T 2 + O
(

k2+M4
pl

T 2

)2]
for X > 1

4M6
plΩ3

T 2

[
T 2

k2+M4
pl

+ 4 X−2
(X−1)2

+ 166−4X+X2

(X−1)4
k2+M4

pl

T 2 + O
(

k2+M4
pl

T 2

)2]
for 0 < X < 1.

(4.44)

de Sitter decay via flux discharge can now be understood as a model dependent

trajectory in the (k2+,∆k
2) plane, starting at some presumably large curvature

k2+ and moving in the direction in which it decreases. The changing value of

the tunneling exponent is shown in figure 4.1 as a function of k2+M
4
pl/T

2 and

X = 4M4
pl∆k

2/T 2. In the limit where k2+M
4
pl/T

2 → ∞ we see from equation

(4.43) that B → 0 indicating that very high scale vacua are short lived. This
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Figure 4.1: The logarithm of the tunneling exponent, log10(BT 2/4M6
plΩ3) as a

function of k2+M
4
pl/T

2 and X. Note that as the curvature of the parent vacuum
decreases, the value of B increases.

rapid decay of high scale vacua with B < 1 was recently dubbed the “boiling

phase” of vacuum descent [98]. As the figure shows, as the curvature of the

parent vacuum falls, the tunneling exponent increases and the discharge of the

cosmological constant begins to slow down. Eventually we enter the “braking

phase” of vacuum descent with B > 1, where the discharge rate becomes

exponentially slow [98].

Once the curvature drops below the tension of the membranes, k2+ ≪ T 2/M6
pl,

we see from equation (4.44) that the decay dynamics branches out depending

on the size of the jumps in curvature ∆k2. Indeed, as the curvature of the par-

ent vacuum tends towards zero, we find that there are two possible asymptotic

limits, with the rate of transition from a near Minkowski vacuum (k2+ → 0) to

anti de Sitter (k2− < 0) controlled by the following tunneling exponent,

BM+→AdS− ∼


16M6

plΩ3

T 2X(X−1)2
for X > 1

4M6
plΩ3

k2+M4
pl

for 0 < X < 1 ,

(4.45)

where now X = −4M4
plk

2
−/T

2. For X > 1, the tunneling exponent reaches a

finite upper limit, and the corresponding rate of transition settles down to a

finite value depending on the precise value of X. Note that the closer X is to

unity from above, the slower the rate of transition. We might even say that

there is a pole at X = 1+ that could be used to halt any further discharge
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of the cosmological constant in the Minkowski limit. However, the precise

value of X depends on the depth of the would-be daughter vacuum and the

brane tension. In any given model, these quantities are exposed to radiative

corrections and any attempt to tune X to be close to unity from above in the

appropriate limit would not be natural.

In contrast, for 0 < X < 1 we see the presence of the Minkowski pole

in the tunneling exponent, as k2+ → 0, indicating that the rate of transition

tends towards zero for a range of values of X. This is the halting condition

that prevents any further discharge of the cosmological constant whenever

the vacuum curvature vanishes. By association, low scale de Sitter vacua are

extremely long lived. It follows that in order to achieve a reliable halting

mechanism as the parent vacuum approaches Minkowski, we need a model

that gives 0 < X < 1 in the appropriate limit.

Having established that the discharge of the cosmological constant slows

down exponentially at very low curvature provided 0 < X < 1, we now ask how

we arrive at such a vacuum. In particular, is it possible to “boil” directly from

a high scale de Sitter vacuum to an exponentially long lived near Minkowski

vacuum? Or do we always have pass through an intermediate scale vacuum,

with the final transition in the so-called braking regime?

To answer this, consider a transition from a high scale parent vacuum with

curvature k2+ > 0 to a Minkowski daughter vacuum, with k2− = 0. This has

XdS+→M− = 4M4
plk

2
+/T

2, corresponding to the red line in figure 4.1, where the

tunneling exponent is given by

BdS+→M− =
16M6

plΩ3

T 2X(X + 1)2
. (4.46)

Let us suppose that this transition is mediated by a membrane of type i, with

charge ±qi and tension, τi. Following a similar reasoning to the discussion at

the beginning of section 4.2, it follows that the value of X is given approxi-
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mately by

X
dS+→M−
i ≈

4M2
plM

4
UV

3τ 2i

(
±qi
M2

UV

)
∂κ

∂Qi

∣∣∣
k2=0

(4.47)

where we recall that MUV is the cut-off and κ(Q) is the dimensionless function

of the flux defined through equation (4.7). As it happens, the halting condition

for Minkowski vacua imposes a flatness condition for κ along all directions in a

neighbourhood of k2 = 0, as per equation (4.12). Assuming the flux function is

differentiable in this neighbourhood of the Minkowski vacuum, we can use this

to bound the value of X describing our transition from de Sitter to Minkowski,

giving ∣∣∣XdS+→M−
i

∣∣∣ ≈ ∣∣∣XM+→AdS−
i

∣∣∣ < 1 . (4.48)

This must be true for all species. In other words, tunneling from a high scale

de Sitter vacuum to a very long lived near Minkowski vacuum must have

0 < XdS+→M− < 1 and so

BdS+→M− >
4M6

plΩ3

T 2
. (4.49)

Since the membranes are assumed to be part of the EFT, we have from (4.3)

that T < M3
UV ≲ M3

pl. It immediately follows that BdS+→M− > 1, or in other

words, transitions to exponentially long lived vacua of very low curvature can

only occur in the braking phase. If we assume that we have found ourselves in

the current vacuum with any further descent almost halted, we must conclude

that we did not get here by boiling.

We now arrive at the following picture of our journey through the landscape:

the universe starts out in some high scale de Sitter vacuum close to the cut-

off and rapidly boils down to some intermediate scale vacua, with curvature

still far in excess of the current vacuum. Further descent is much slower.

Nevertheless, provided we can ensure 0 < X < 1, once a vacuum of very low

curvature is nucleated, it lives for a very very long time, far longer than the

vacua at intermediate scales.
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As a final comment, we note that in most models there are multiple decay

channels corresponding to the nucleation of different membrane species with

different values of X. However, for fixed values of the curvature in the parent

vacuum, the tunneling exponent can be shown to be a monotonically decreasing

function of X in X > 0, since

∂B

∂X

∣∣∣
k2+ fixed

= −
4M2

plk
4
+B

2(X + 1 + 2Y )

Ω3T 2Y (X − 1 + Y )2
(4.50)

where we have also used the fact that Y > 0. This monotonicity implies that

largest possible values of X will tend to dominate the transitions. Indeed,

consider a low curvature vacuum which can, in principle, decay via instantons

with both X < 1 and with X > 1. The latter will dominate since B(X < 1) >

B(X > 1) for all k2+ > 0, leading to a landscape with no preference for small

values of the cosmological constant. Therefore, in order to exploit the halting

condition, preventing the decay of Minkowski vacua, it must be that all decay

channels satisfy X < 1, with possible consequences for the WGC across all

species for some models.

4.4 Discussion

In this chapter we have performed a deep dive into the dynamics of models

with three-form fields exhibiting discharge of the cosmological constant via

membrane nucleation. For suitable choices of parameters, these models can

often admit a halting mechanism that stops any further discharge whenever we

reach a Minkowski vacuum, presenting a possible solution to the cosmological

constant problem. By continuity of the tunneling rates, it also follows that

very low curvature vacua are exponentially long lived in the same parametric

regime. As was first noticed in Chapter 3, these parametric choices tend to

run into tension with the membrane WGC.

In [98] it was argued that parametric violation of the WGC, in taking the
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membrane tension to infinity (while holding the charge fixed) stabilises de

Sitter space. Whilst this is certainly true, we note that the existence of charged

membranes in the EFT (τ < M3
UV) is sufficient to trigger the decay of de

Sitter, independently of their charge-to-tension ratio, rendering de Sitter space

unstable regardless of the membrane WGC.

In contrast, the status of Minkowski space is a little more subtle. As we have

seen, the instability of Minkowski space can, in some instances, be connected to

membranes satisfying the WGC. For example, in a canonical quadratic model,

like the one proposed by Bousso and Polchinski [43], a Minkowski vacuum could

only be stable if all species of membrane violate the WGC. Said another way,

if just one species of membrane should satisfy the bound set by the membrane

WGC, a Minkowski vacuum would eventually decay. This reminds us of the

inevitable decay of charged extremal black holes whenever there is at least one

particle whose charge exceeds its mass in Planck units [85].

Whilst it is tempting to use the WGC to draw analogies between the stability

of Minkowski and/or de Sitter and the stability of extremal black holes, we urge

caution in doing so. Indeed, following [106], we can identify the cosmological

constant with conserved charges coming from the global part of the three-

form gauge symmetries. More precisely, the conserved charges correspond to

the four-form fluxes, Niqi. In the usual form of the WGC, decay of black

hole charge is required to avoid the existence of stable charged remnants. In

analogy, we might say that a spacetime can always decay away its charge, so

that the only stable solution is the one with vanishing charge. In the Bousso-

Polchinski set-up, this corresponds to the anti de Sitter vacuum with vanishing

flux and curvature k2 = VQFT/3M
2
pl < 0.

We have also shown that tension between the WGC and stability of Minkowski

space is not inevitable and can actually be avoided in some special cases. In

particular, we presented an elegant extension of the Bousso-Polchinski model

of multiple three-form species, given by a four-form generalisation of the DBI

action. At small values of the four-form flux, the leading order quadratic terms
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dominate, yielding the dynamics of the original Bousso-Polchinski model. How-

ever, at larger values of the flux, relevant for transitions to and from low cur-

vature vacua, the DBI structure approximates a linear behaviour, albeit in

absolute value. In this limit, the theory admits a halting mechanism that

picks out the vacuum with the lowest absolute curvature from the landscape,

even when we choose natural values for the couplings without any violation of

the WGC. Aside from being well motivated, the generalised DBI model also

has the property that the effective potential of the flux is bounded from below,

even though it approximates a linear regime at large values of the flux. This

is not the case for the original linear flux model [69] where the potential can

become more and more negative for as long as the EFT remains valid.

Beyond these considerations of the WGC, we have also taken a closer look at

how we journey through the landscape of four-form flux vacua, in a relatively

model independent way. In particular, our analysis of the dynamics of de

Sitter decay demonstrated that the decay rate slows down as the curvature

of the parent vacuum decreases. Decay from high scale de Sitter vacua is

rapid, said to be in the so-called boiling phase, whereas decay from low scale

de Sitter vacua is much slower, said to be in the so-called braking phase [98].

The transition from boiling to braking occurs when the tunneling exponent

passes from B < 1 to B > 1. With this perspective, how did we arrive at the

current low scale vacuum? The answer depends on whether or not our vacuum

is exponentially long lived. If it is, and the halting conditions hold, |X| < 1,

we find that the descent from high scale de Sitter to the current vacuum will

not occur through boiling alone - at least one transition must occur in the

braking phase.

Whilst the idea of boiling and braking is a useful one to help visualise the

vacuum descent, it does not play a significant role in understanding why we are

in this particular vacuum amongst the vast number present in the landscape.

Of course, we know that anti de Sitter vacua crunch on a time scale inversely

proportional to their curvature. For de Sitter vacua, what really matters is
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the fact that the decay rate slows down exponentially quickly as we descend

through the de Sitter part of landscape, until it comes to a halt for a Minkowski

vacuum. In practice, this means de Sitter vacua of least curvature are the

longest lived.

This mechanism takes us on a quantum journey through the landscape,

leading us towards the vacuum of least absolute curvature. In a continuous

landscape of vacua where a Minkowski vacuum is guaranteed, we are led to that

vacuum, but in a discrete but dense landscape, we are led to the vacuum closest

to Minkowski. The task of the model builder is to find a landscape where that

near Minkowski vacuum has a curvature given by the current Hubble scale.

This is achieved in the Bousso-Polchinski model (and its DBI extension) with

relatively mild tunings of fundamental parameters and including of order a

hundred species.

This suggests a new perspective on the cosmological constant problem as an

alternative to the standard anthropic ideas usually employed in the presence of

a landscape of vacua. However, although we can explain how we were driven

towards a vacuum of low absolute curvature, we cannot explain how it is so

young, at least in cosmological terms. Indeed, if the low curvature vacuum is

so stable and long-lived, and matter is diluted over time, how come we find

ourselves in an era where the density of matter is comparable to that of the

constant vacuum energy? This is the so-called coincidence problem [107, 108].

This is usually addressed with some new late time physics. For example, there

could be a mechanism that forces the universe to end not long after dark energy

begins to dominate, as was proposed in [109–112].

As a solution to the cosmological constant problem, the halting mechanism

for membrane nucleation is undoubtedly interesting and one that can be in-

corporated into a wide class of models with multiple three-form fields coupled

to scalars. Although this is often in tension with the WGC, that is not exclu-

sively the case: there are elegant models such as the generalised DBI set up,

where the halting mechanism exists for a family of membranes satisfying the
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WGC. Nevertheless, there are still some interesting and important problems

that must be addressed, not least how it is aligned with a solution to the why

now? problem.
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In chapter 3 and 4, we proposed a probabilistic argument to explain the

reason why the cosmological constant is very small in 4D. We can ask a

question: can the behavior of the tunneling exponent B can be generalized

to D-dimension? Moreover, in higher dimensional theory motivated by string

theory, the Gauss-Bonnet term plays an important role [113]. Therefore, in this

chapter, we generalize our result in 4D to arbitrary D dimensions including

the Gauss-Bonnet term. As a result, we have two main results. We find that

the Euclidean action of the bounce, B, describing the decay of a de Sitter

vacuum, is proportional to k
−(D−2)
+ , which has a pole as k2+ → 0 where k2+ is

the curvature of the parent vacuum. This result is similar to the result in 4D.

The other result is that we find a new decay channel, describing up-tunneling

from anti-de Sitter into de Sitter. The meaning of this new decay channel in

the string landscape should be explored in the future.

5.1 Introduction

The famous Bousso-Polchinski set-up [43] is one of the examples of the 4D

EFT. In current string cosmology, anthropic principle has become the domi-

nant explanation for the small value of cosmological constant. We proposed

a “probabilistic” argument for the cosmological constant to challenge the an-

thropic principle in chapter 3. One crucial thing we need to compute is the

tunneling exponent B,

B = SE(instanton) − SE(parent), (5.1)

where SE(instanton) is the Euclidean action of instanton and SE(parent) is

the Euclidean action of parent vacuum. We will explain more details about B

in the following.

The cosmological constant problem is of course a 4D problem. We have

explored the transition between vacua in 4D [1, 2]. If we want to consider
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the properties of string landscape in higher dimensions, we can ask if exist

transitions between vacua in higher dimensions. The physics in higher dimen-

sions can affect the physics in 4D [45]. For example, by seeing how gravity

behaves in other D, we can understand which features are unique to 4D (e.g.,

Schwarzschild black holes), and which are universal – this helps sharpen our un-

derstanding of gravitational theory and its limits. Furthermore, string theory

requires higher dimensions (10D for superstrings). To recover 4D physics, we

compactify the extra dimensions. The shape and size of these compact spaces

(such as Calabi-Yau manifolds) determine particle types, forces, and couplings

in 4D. 4D physics arises as an effective theory from higher-dimensional mod-

els, such as string theory, can give a potential explanation for the origin of the

Standard Model and its parameters [18, 19, 45].

Moreover, in higher dimensional theory motivated by string theory the

Gauss-Bonnet term plays an important role [113]. It is usually considered that

the Gauss-Bonnet term has no dynamical effect in 4D since it is a topological

term in 4D. However, in [114] the authors found that in the limit of strong

coupling, the Gauss-Bonnet term in 4D gives rise to non-trivial contributions

to gravitational dynamics, while preserving the number of graviton degrees

of freedom and being free from Ostrogradsky instability. Besides, the Gauss-

Bonnet term also plays an important role in other aspects of physics. On the

one hand, the Gauss-Bonnet term is a part of the Lovelock gravity family –

the most general metric theories of gravity with second-order field equations.

Including the Gauss-Bonnet term leads to modified gravity theories can avoid

ghosts and have richer cosmological and black hole solutions [115]. On the

other hand, the Gauss-Bonnet term is part of α′ expansion in string theory,

where higher-order curvature terms appear due to quantum corrections. Its

presence helps cancel anomalies and modify gravitational interactions at high

energies [116]. Therefore, we can ask if the Gauss-Bonnet term could play a

role in solving the cosmological constant problem.

So in the present chapter we will study transition between vacua, or in other
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words, the tunneling rates of vacuum decay, in higher dimensions including

the Gauss-Bonnet term. According to the stability analysis of vacua in Gauss-

Bonnet gravity, the associated coupling constant of the Gauss-Bonnet term, θ,

should be positive, otherwise the whole theory will be unstable [117]. In the

following calculation, we assume that θ is positive. We should point out that

there exist two possibilities if we require positive membrane tension. We can

find a new decay branch AdS+ → dS− in one of the possibilities. This new

branch does not exist in GR and our previous model [1]. We have not figured

out the meaning of the new decay branch in string landscape so far. It should

be studied in the future.

The rest of this chapter is organised as follows: in section 5.2, we present

the generalised set-up and the landscape of Lorentzian vacuum solutions. In

section 5.3, we Wick rotate to Euclidean signature and solve the Euclidean

field equations to find the corresponding instanton solutions and compute the

corresponding transition rates. We demonstrate the role of the parameter X in

controlling the stability of near Minkowski vacua, protecting them from decay

into anti-de Sitter. We find that if we consider the effect of the Gauss-Bonnet

term, there exists a new decay branch, AdS+ to dS−, which does not exist in

GR. In section 5.4, we conclude and discuss our results.

5.2 The generalised set-up and vacua

5.2.1 The generalised set-up

We start with a general D-dimensional effective field theory on a manifold,

M, with a dynamical metric gµν and a family of (D − 1)-form fields, Ai, and

dual scalars ϕi,

S =

∫
M
dDx

√
|g|
[

1

2
MD−2

pl R− 1

2
ωij(ϕ)∇µϕi∇µϕj − V (ϕ) + θ(ϕ)RGB

]
+

∫
M

[
−1

2
Zij(ϕ)F i ∧ ⋆F j + σi(ϕ)F i

]
+ Sboundary + Smembranes, (5.2)
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where D is the dimension of spacetime and R the Ricci scalar. θ is a linear

Gauss-Bonnet coupling parameter, which is a function of scalar fields and

RGB = RµνρσR
µνρσ − 4RµνR

µν +R2 is the associated Gauss-Bonnet term. The

D-form field strengths F i are given in terms of the (D−1)-form fields F i = dAi

and ⋆ denotes the Hodge star operator on the manifold M.

The action is also equipped with boundary terms which depend on the

choice of boundary conditions. These are integrals over the boundary, Σ,

which we take to be a co-dimension one surface described by the embed-

ding xµ = Xµ(ξa). The induced metric and the pullback of the (D − 1)-

forms on the boundary are given respectively by γab = gµνX
µ
,aX

ν
,b and αi =

1
(D−1)!

Ai
µ1µ2...µD−1

Xµ1

,i1
Xµ2

,i2
...X

µD−1

,iD−1
dξi1 ∧ dξi2 ... ∧ dξiD−1 , where Xµ

,a = ∂Xµ/∂ξa

are the boundary tangent vectors. For an action of the form (5.2), the analogue

of the Gibbons-Hawking boundary term, is given by [118–120],

∫
Σ

dD−1x
√

|γ|
[
MD−2

pl K + 4θ(J − 2ĜijKij)
]
−
∫
Σ

µpiϕi + λχiα
i, (5.3)

where we define “conjugate momenta”,

pi = −dD−1ξ
√

|γ|ωijnµ∇µϕj, χi = σi − Zij(⋆F
j). (5.4)

In eq.(5.3), γij is the induced metric on the spacetime boundary, Σ, with

corresponding Einstein tensor Ĝij. The extrinsic curvature, Kij = 1
2
Lnγij, is

defined in terms of the Lie derivative of the induced metric with respect to

the outward pointing normal, na, and K = γijKij is its trace. Finally, we can

define [119, 120]

Jij =
1

3

[
(KklK

kl −K2)Kij + 2KKikK
k
j − 2KikK

klKlj

]
(5.5)

along with its trace J = γijJij. The extrinsic curvature piece ensures that

the action can be extremised under metric variations with Dirichlet boundary

conditions, δγab = 0 [89]. Meanwhile, the parameter λ allows us to interpolate
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between Dirichlet (λ = 0) and Neumann (λ = 1) boundary conditions on the

(D−1)-forms, while the parameter µ allows us to interpolate between Dirichlet

(µ = 0) and Neumann (µ = 1) boundary conditions on the scalars [1].

Moreover, we consider the membrane contributions. We can include contri-

butions from membranes and anti-membranes, ΣI , charged under any of the

(D − 1)-forms, such that

Smembranes = −
∑
I

{
ηiIqi

∫
ΣI

αi
I + τi

∫
ΣI

dD−1ξ
√

|γI |
}
. (5.6)

Membranes charged under Ai carry a fundamental charge ±qi depending on

whether they are branes or antibranes and tension τi. In the action (5.6),

ηiI = 0,±1 depending on whether the membrane ΣI carries positive (ηiI = 1),

negative (ηiI = −1) or vanishing charge (ηiI = 0) under Ai. The pullback

and the induced metric of the three-forms on ΣI are given in a similar way

to the boundary, by αi
I = 1

(D−1)!
Ai

µ1µ2...µD−1
Xµ1

I,i1
Xµ2

I,i2
...X

µD−1

I,iD−1
dξi1 ∧ dξi2 ... ∧

dξiD−1 , where XI
µ
,a = ∂XI

µ/∂ξa are the tangent vectors on ΣI . In the current

chapter we only consider the timelike membranes so that their unit normal nµ
I

is spacelike.

5.2.2 Vacua

We take vacua to be real Lorentzian solutions with constant scalars, D-forms

of constant flux ⋆F i = ci, and a maximally symmetric metric with constant

curvature k2, corresponding to dS (k2 > 0), Minkowski (k2 = 0) or AdS

(k2 < 0) spacetime. Since the scalars are constant, then the Gauss-Bonnet

coupling parameter θ is a constant as well. The conjugate momentum,

χi = σi − Zijc
j (5.7)
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is locally constant. The equations of motion away from membranes will be

given in (5.39), (5.40) and (5.41). At membranes, we get a jump in χi,

∆χi = −ηiIqi (no sum over i), (5.8)

generically triggering a jump in the spacetime curvature. Thus we have a land-

scape of possible vacua with different cosmological constants, scanned through

membrane nucleation. Membrane nucleation, which is a quantum process, is

necessary for scanning the landscape of vacua. When we compute transition

rates we do so between eigenstates of constant χi. This suggests a path integral

formalism equipped with Neumann boundary conditions, fixing χi in both the

in-state and in the out-state [90]. We will compute these transition rates in

the next section.

5.3 Nucleation rates

Transitions between vacua go through via membrane nucleation. In order

to compute the nucleation rate at which transitions occur, we need to do

analytical continuation to Euclidean signature

t→ −itE, ⋆F i → ⋆F i, Ai → iAi, S → iSE, (5.9)

where SE is the Euclidean action

SE = −
∫
M
dDxE

√
|g|
[

1

2
MD−2

pl R− 1

2
ωij(ϕ)∇µϕi∇µϕj − V (ϕ) + θRGB

]
+

∫
M

[
−1

2
Zij(ϕ)F i ∧ ⋆F j + σi(ϕ)F i

]
+ SE

boundary + SE
membranes, (5.10)

Moreover, we should solve for the instanton solution interpolating between the

parent vacuum, M+, with curvature k2+ and the daughter vacuum, M−, with

curvature k2−.
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The boundary terms have been chosen to be consistent with Neumann

boundary conditons on the (D − 1)-form fields (λ = 1). We will only con-

sider bounce configurations that transition between two vacua, therefore we

assume that there is a single membrane, Σ, which is charged under Ai for some

particular choice of i = i∗. The membrane tension is T = τi∗ and the mem-

brane charges under Ai are given by Qi = δii∗Qi∗ , where Qi∗ = ±qi∗ . After the

Wick rotation, the Euclidean action of membrane is given by

SE
membranes = −Qi∗

∫
Σ

αi∗
Σ + T

∫
Σ

dD−1ξE
√

|γΣ| . (5.11)

We consider O(D) symmetric Euclidean field configurations, with metric

ds2 = N2(r)dr2 + ρ(r)2dΩD−1, (5.12)

where dΩD−1 = hijdξ
idξj is the metric on a unit (D − 1)-sphere, Euclidean

(D − 1)-form potentials

Ai = Ai(r)
√
|h|dD−1ξ (5.13)

and scalars ϕi = ϕi(r). We will set N(r) = 1 in the following calculation.

The membrane is assumed to lie at r = 0 and radial coordinate runs from

rmin < 0 to rmax > 0. Note that upon Wick rotation back to the Lorentzian

signature, the instanton solution corresponds to a bubble of daughter vacuum

in the parent spacetime.

We consider O(D) symmetric Euclidean field configurations with metric

(5.12). We denote r as the radial coordinate and i’s as the other coordinate

components. Then we can obtain the corresponding components of Riemann

tensor

Ri
jkl =

[
1

ρ2
−
(
ρ′

ρ

)2
]

(δijδkl − δilδjk), (5.14)
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Ri
rrj =

ρ′′

ρ
δij, (5.15)

and other components are vanishing. Then by contraction we have the com-

ponents of Ricci tensor in D-dimension:

Ri
k =

(
(D − 2)

[
1

ρ2
−
(
ρ′

ρ

)2
]
− ρ′′

ρ

)
δik, (5.16)

Ri
r = 0, (5.17)

Rr
r = −(D − 1)

ρ′′

ρ
. (5.18)

As a result, we can get the Ricci scalar in D-dimension:

R = (D − 1)(D − 2)
1

ρ2
− (D − 1)(D − 2)

(
ρ′

ρ

)2

− 2(D − 1)
ρ′′

ρ
. (5.19)

Finally, the associated Gauss-Bonnet term is given by

RGB ≡R2 − 4RµνRµν +RµνρσRµνρσ

=(D − 1)(D − 2)(D − 3)(D − 4)
1

ρ4
+ (D − 1)(D − 2)(D − 3)(D − 4)

ρ′4

ρ4

− 2(D − 1)(D − 2)(D − 3)(D − 4)
ρ′2

ρ4
− 4(D − 1)(D − 2)(D − 3)

ρ′′

ρ3

+ 4(D − 1)(D − 2)(D − 3)
ρ′2ρ′′

ρ3
.

(5.20)

From (5.20) we can find that the Gauss-Bonnet term is zero if D ≤ 4.

Then we calculate the boundary term in D-dimension. The extrinsic curva-

ture Kij of metric (5.12) is

Kij =
ρ′

ρ
γij, (5.21)

where γij = ρ2(r)hij and its trace is

K ≡ γijKij = (D − 1)
ρ′

ρ
. (5.22)
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Then according to (5.5), then we have

Jij = −1

3
(D − 2)(D − 3)

ρ′3

ρ3
γij, (5.23)

and its trace is

J ≡ γijJij = −1

3
(D − 1)(D − 2)(D − 3)

ρ′3

ρ3
. (5.24)

The corresponding Ricci tensor Ĝij on the spacetime, Σ, is given by

Ĝij ≡ R̂ij −
1

2
γijR̂ = (D − 2)

1

ρ2
δij −

1

2
γij(D − 1)(D − 2)

1

ρ2
. (5.25)

Then we can obtain that

J − 2ĜijKij = (D − 1)(D − 2)(D − 3)

(
ρ′

ρ3
− 1

3

ρ′3

ρ3

)
. (5.26)

Finally, the first term of the boundary term (5.3), the Gibbons-Hawking term,

is given by

∫
Σ

dD−1x
√

|γ|MD−2
pl K =

∫
Σ

dD−1xMD−2
pl (D − 1)

ρ′

ρ
, (5.27)

and the second term of the boundary term (5.3), the Myers term, is given by

∫
Σ

dD−1x
√

|γ|4θ(J−2ĜijKij) = 4θ(D−1)(D−2)(D−3)

∫
Σ

dD−1x
√
|γ|
(
ρ′

ρ3
− 1

3

ρ′3

ρ3

)
.

(5.28)

According to the bulk action of (5.2), we can obtain the field equations away

from membrane for N and ρ for constant scalars ϕi.

First, for N we have

δNSbulk

ΩD−1

=

(∫ rmax

0+
dr +

∫ 0−

rmin

dr

)
δNEN , (5.29)
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where

EN =ρD−1

(
1

2
(D − 1)(D − 2)MD−2

pl

[
1

ρ2
−
(
ρN
ρ

)2
]

+ θ(D − 1)(D − 2)(D − 3)(D − 4)
1

ρ4
(1 − ρ2N)2 − V

)
− 1

2
Zij

Ai
NA

j
N

ρD−1
,

(5.30)

ρN ≡ 1

N
ρ′ =

1

N

d

dr
ρ, (5.31)

and

Ai
N ≡ 1

N
Ai′ =

1

N

d

dr
Ai. (5.32)

Set EN = 0 and N = 1, we obtain the field equation for N away from mem-

brane for constant scalars (5.39).

Second, for ρ we have

δρSbulk

ΩD−1

=

(∫ rmax

0+
dr +

∫ 0−

rmin

dr

)
δρEρ, (5.33)

where

Eρ = NMD−2
pl ρD−2Eρ1 +NρD−2Eρ2 +NEρ3, (5.34)

Eρ1 =
1

2
(D − 1)(D − 2)(D − 3)

1

ρ2
− (D − 1)(D − 2)

ρNN

ρ
−

1

2
(D − 1)(D − 2)(D − 3)

ρ2N
ρ2
,

(5.35)

Eρ2 = (D − 1)V − (D − 1)

2
Zij

Ai
NA

j
N

ρ2D−2
, (5.36)

Eρ3 =θ(D − 1)(D − 2)(D − 3)(D − 4)(D − 5)ρD−6(1 − ρ2N)2+

4θ(D − 1)(D − 2)(D − 3)(D − 4)ρ2NρNNρ
D−5−

4θ(D − 1)(D − 2)(D − 3)(D − 4)ρD−5ρNN ,

(5.37)

and

ρNN ≡ 1

N

d

dr
ρN =

1

N

d

dr

(
1

N

d

dr
ρ

)
. (5.38)

Set Eρ = 0 and N = 1, we obtain the field equation for ρ away from membrane
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for constant scalars (5.40).

Therefore, the resulting field equations away from the membrane for constant

scalars ϕi are the following (we have set N(r) = 1):

For N :

0 =
1

2
(D − 1)(D − 2)MD−2

pl

[
1

ρ2
−
(
ρ′

ρ

)2
]
− V − 1

2
Zij

Ai′Aj ′

ρ2D−2

+ θ(D − 1)(D − 2)(D − 3)(D − 4)
1

ρ4
(1 − ρ′2)2

(5.39)

For ρ:

0 =
1

2
(D − 1)(D − 2)MD−2

pl

[
D − 3

ρ2
− (D − 3)

(
ρ′

ρ

)2

− 2
ρ′′

ρ

]

− (D − 1)V − D − 1

2
Zij

Ai′Aj ′

ρ2D−2

+ θ(D − 1)(D − 2)(D − 3)(D − 4)(D − 5)
1

ρ4
(1 − ρ′2)2

+ 4θ(D − 1)(D − 2)(D − 3)(D − 4)
ρ′2

ρ3
ρ′′

− 4θ(D − 1)(D − 2)(D − 3)(D − 4)
ρ′′

ρ3

(5.40)

Moreover, for Ai, we still have:

χ′
i = 0 (5.41)

where χi = σi − Zij
Aj ′

ρD−1 and ′ denotes the derivative with respect to r. The

derivation of (5.39) and (5.40) can be found in Appendix F.

Since we have assumed that all scalars are locally constant and satisfy the

constraints listed in (5.40) and (5.41), this system is solved by

ρ =
sin(k(ϵr + r0))

k
, ϵ = ±1 (5.42)
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where k2 is the curvature of spacetime, and (D − 1)-form potentials

Ai(r) = Ai(0) + ci
∫ r

0

dr̃ρ(r̃)D−1. (5.43)

Note that the solution for ρ extends to k2 ≤ 0 by analytic continuation. The

parameter r0 is an integration constant, setting the radius of the (D−1)-sphere

at the membrane.

For k2 > 0, the geometry is that of a section of a D-sphere and we can check

that under ϵ → −ϵ, r0 → π/k − r0, ρ is invariant. Therefore, without loss of

generality, we can always set ϵ = +1, while also assuming r0 ∈ [0, π/k]. The

poles of the D-sphere are located at rmax = π
k
− r0 and rmin = −r0.

For k2 = 0 and k2 < 0, the geometries are different. The geometry for

k2 = 0 is that of a section of a D-dimensional Euclidean plane. While the

geometry for k2 < 0 is that of a section of a D-dimensional hyperboloid. We

can take r0 ≥ 0 since the ρ at the membrane is non-negative. Unlike the

case of k2 > 0, for these two cases we cannot always set ϵ without loss of

generality and must consider each case separately. For ϵ = −1, rmax = r0

corresponding to where the (D − 1)-spheres shrink to zero size, while rmin =

−∞ corresponding to the point where they diverge. For ϵ = +1, the result is

reversed: rmax = ∞ corresponding to where the (D− 1)-spheres diverge, while

rmin = −r0 corresponding to the point where they shrink to zero size.

We have a continuity constraint at the membrane,

∆ρ(0) = ∆

[
sin kr0
k

]
= 0 , (5.44)

where we introduce two notations ∆x = x+−x− and ⟨x⟩ = 1
2
(x+ +x−), which

correspond to the difference and average of some quantity x defined on either

side of the membrane, respectively.
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We also have the following junction conditions

T = − (D − 2)MD−2
pl ∆

[
ρ′(0)

ρ(0)

]
+

4

3
θ(D − 2)(D − 3)(D − 4)∆

[
ρ′3(0)

ρ3(0)

]
− 4θ(D − 2)(D − 3)(D − 4)∆

[
ρ′(0)

ρ3(0)

]
,

(5.45)

∆χi = −δii∗Qi∗ . (5.46)

According to eq.(5.45), the Gauss-Bonnet term has no contribution when D ≤

4.

Physically realistic membranes always carry non-negative tension, resulting

in the following constraint on the allowed configurations

A∆ρ′(0) > 0, (5.47)

where

A = −MD−2
pl ρ2(0) +

8

3
θ(D − 3)(D − 4)⟨ρ′2(0)⟩

− 1

3
θ(D − 3)(D − 4)∆ρ′2(0) − 4θ(D − 3)(D − 4).

(5.48)

If θ is zero and D = 4, then we have

−M2
plρ

2(0)∆ρ′(0) > 0, (5.49)

namely,

∆ [ϵ cos kr0] ≤ 0 , (5.50)

which is the result we have obtained in [1].

Eq. (5.48) has two possibilities when D ≥ 5. The first possibility is A < 0.

Then we have ∆ρ′(0) < 0, namely,

∆ [ϵ cos kr0] ≤ 0 . (5.51)
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dS+ Minkowski/AdS+ Minkowski/AdS+

ϵ+ = +1 ϵ+ = +1 ϵ+ = −1

dS−
ϵ− = +1

(kr0)+ ≥ π
2
≥ (kr0)− (kr0)+ ≥ (kr0)− ≥ π

2

allowed for |X| ≤ 1 allowed for X ≤ −1
π
2
≥ (kr0)+ ≥ (kr0)− (kr0)+ < (kr0)−

allowed for X ≥ 1 negative tension

negative tension (kr0)− ≥ π
2

π
2
≥ (kr0)−

kinematically kinematically
allowed for X ≤ −1, allowed for −1 ≤ X ≤ 0,
infinitely suppressed infinitely suppressed

Minkowski/AdS−
ϵ− = +1

(kr0)+ ≥ π
2

π
2
≥ (kr0)+

allowed for 0 ≤ X ≤ 1 allowed for X ≥ 1
|k−| ≥ |k+| |k−| < |k+|

allowed for X ≥ 1 negative tension
kinematically allowed for |X| ≤ 1,

infinitely suppressed
Minkowski/AdS−

ϵ− = −1
negative tension negative tension |k−| > |k+| |k−| ≤ |k+|

negative tension kinematically
allowed for X ≤ −1,
infinitely suppressed

Table 5.1: Summary of transitions M+ → M− where M is de Sitter, Minkowski
or anti de Sitter, are listed. The transition is forbidden if a transition has negative
tension and we mark it accordingly. We mark whether they are kinematically
allowed for |X| ≥ 1 or |X| ≤ 1 for the remaining transitions. In some of these
cases, we rule out some transitions although they are kinematically allowed since
the transition rate is infinitely suppressed. We can take ϵ = +1 for all dS
configurations without loss of generality, so any examples contrary to this are not
applicable. While for AdS and Minkowski configurations, we need to consider the
two cases ϵ = +1 and ϵ = −1, respectively. This table is given in chapter 3,
namely, [1].

Then this possibility has the same allowed configurations as we obtained in

chapter 3, namely, [1]. For this possibility, we have only three configurations

that avoid any problems with negative brane tension or infinitely suppressed

tunneling rates. These are the configurations of physical interest corresponding

to

• dS+ → dS−

• dS+ → Minkowski/AdS−

• Minkowski/AdS+ → Minkowski/AdS− (|k−| ≥ |k+|)

each with ϵ± = 1 and so ρ′(rmin) = 1. Table 5.1 summaries all possible

transformations for this possibility [1].

The second possibility is A > 0. Then we have ∆ρ′(0) > 0, namely,

∆ [ϵ cos kr0] ≥ 0 . (5.52)

This possibility has some new allowed configurations. For the second possibil-

ity, we also have three configurations that avoid any problems with negative
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brane tension or infinitely suppressed tunneling rates as well. These are the

configurations of physical interest corresponding to

• dS+ → dS−

• Minkowski/AdS+ → dS−

• Minkowski/AdS+ → Minkowski/AdS− (|k+| ≥ |k−|)

where the second configuration, Minkowski/AdS+ → dS−, is a new configura-

tion, which is not possible in GR and the model in chapter 3 [1]. Table 5.2

summaries all possible transformations for this possibility.

It is not hard to get positive A. For example, if we take θ = 0.8MD−2
pl ,

r0 = 0.5, |k+| = 0.8 and cos (k−r0) = 0.9, then we can have A > 0. We define

θeff = θ(D − 3)(D − 4). Since the stability of Gauss-Bonnet gravity requires

θ to be positive [117], considering A > 0, we can have the sufficient condition

which θ should satisfy

θeff >
MD−2

pl
1

|k2+| [cosh2(|k+|r0) − 1]

Σ
, (5.53)

where

Σ =
1

3
cosh2(|k+|r0) +

1

3
cos2 (k−r0) +

1

3
cosh(|k+|r0) cos (k−r0) − 4. (5.54)

We should emphasize that the Gauss-Bonnet term can be treated perturba-

tively. According to (5.48), even if θ is very small, we can still choose the

proper parameters, such as membrane tension T and r0, to make A positive.

As a result, the up-tunneling channel can exist. In other words, as long as the

Gauss-Bonnet term exists, we can find the up-tunneling channel.

The tunneling rates between two vacua M+ → M− in semi-classical theory
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dS+ Minkowski/AdS+ Minkowski/AdS+

ϵ+ = +1 ϵ+ = +1 ϵ+ = −1

dS−
ϵ− = +1

(kr0)− ≥ π
2
≥ (kr0)+ (kr0)− ≥ (kr0)+ ≥ π

2

allowed for |X| ≤ 1 allowed for X ≥ 1
π
2
≥ (kr0)− ≥ (kr0)+ (kr0)+ > (kr0)−

allowed for X ≤ −1 negative tension

(kr0)− ≤ π
2

(kr0)− >
π
2

kinetically kinetically
allowed for X ≤ −1 allowed for −1 < X < 0

negative tension

Minkowski/AdS−
ϵ− = +1

negative tension |k+| ≥ |k−| |k+| < |k−|
kinetically negative tension

allowed for X < −1

negative tension

Minkowski/AdS−
ϵ− = −1

(kr0)+ ≤ π
2

(kr0)+ ≥ π
2

kinetically kinetically
allowed for 0 ≤ X ≤ 1 allowed for X ≥ 1
infinitely suppressed infinitely suppressed

kinematically
allowed for |X| ≤ 1,
infinitely suppressed

|k+| ≤ |k−| |k+| > |k−|
kinetically negative tension

allowed for X ≤ −1
infinitely suppressed

Table 5.2: Summary of transitions M+ → M− when A > 0.

of vacuum decay are given by the following formula

Γ

Vol
∼ e−B/ℏ, (5.55)

where the tunneling exponent B is

B = SE(instanton) − SE(parent) (5.56)

and Γ is the transition (or tunneling) rate. Here SE(instanton) is the Euclidean

action evaluated on the bubble configurations described above, interpolating

between the two vacua M+ and M−. While SE(parent) is the Euclidean

action evaluated on the complete parent vacuum, M+, which has no bubbles.

After a relatively lengthy calculation and plenty of heart warming cancella-

tions, the tunneling exponent B can be computed in all cases:

B

ΩD−1

= ∆

[∫ 0

rmin

dr
(D − 1)(D − 2)

2
MD−2

pl

1

kD−3

(
1 + cos2 k(r0 + r)

)
sinD−3 k(r0 + r)

+ θ(D − 1)(D − 2)(D − 3)(D − 4)
1

kD−5
sinD−5 k(r0 + r)

×
(

1 − 1

3
cos4 k(r0 + r) + 2 cos2 k(r0 + r)

)
+ θ(D − 1)(D − 2)(D − 3)(D − 4)

1

kD−5
sinD−1 k(r0 + r)

− (D − 1)(D − 2)

2
MD−2

pl

1

kD−3
sinD−1 k(r0 + r)

]
+ Tρ(0)D−1,

(5.57)

where rmin denotes the minimal value of the radial coordinate and ΩD−1 is the

volume of the unit (D−1)-sphere. In (5.57), we have used (5.42) for dS vacua.
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Of course, for AdS vacua, ρ should be replaced by

ρAdS =
1

|k|
sinh(|k|(ϵr + r0)), ϵ = ±1. (5.58)

As we did in chapter 3, we now define a parameter X, which is given by

X = −2⟨ρ′(0)⟩
∆[ρ′(0)]

≡ 1 + z

1 − z
, z ≡ (ϵ cos kr0)+

(ϵ cos kr0)−
. (5.59)

The value of X now corresponds to a kinematic constraint on the geometry.

When z < 1, X ∈ (−1,+∞); when z > 1, X ∈ (−∞,−1). Since the values

of X in these two parts are not continuous, we can expect that the behaviour

near X = 1 should be very important.

According to the junction conditions (5.45) and (5.46), X can also be rewrit-

ten in terms of ∆k2 and T 2. The expression is complicated and we do not use

it in the present chapter, thus we do not list the formula for X. In particular,

if θ = 0, we can get

X =
(D − 2)2M

2(D−2)
pl ∆k2

T 2
(5.60)

with X > 0 in downward transitions and X < 0 in upward transitions. Fur-

thermore, if D = 4, we have X =
4M4

pl∆k2

T 2 , which is consistent with the X we

have obtained in [1]. More importantly, however, it turns out that some con-

figurations are kinematically allowed only when |X| ≤ 1 with the remainder

allowed when |X| ≥ 1.

When we consider the down-tunneling from near Minkowski space to anti-de

Sitter space, which k+ goes to zero while k− is finite, according to (5.57), the

tunneling exponent for Min+ → AdS− goes as

BM+→AdS− ∼ 1

kD−2
+

, X ≈ 1, (5.61)

where k2+ is the curvature of parent vacuum. As the parent vacuum approaches

Minkowski, this exponent diverges, suppressing any transition into AdS and
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ensuring a long lived Minkowski vacuum. In fact, according to (5.57), the

Gauss-Bonnet term does not affect the behaviour of pole. In other words, if

X ≈ 1, in the absence of the Gauss-Bonnet term, BM+→AdS− still has the same

behavior. We can give an intuitive understanding for this result. According

to (5.2), the GR term is proportional to curvature R (or k2) while the Gauss-

Bonnet term is proportional to R2 (or k4). Therefore, when k goes to zero,

the GR term should play the dominant role in tunneling exponent and the GB

term cannot affect the behaviour near k ≈ 0.

We have a comment on X = 1. If X = 1, even if there is no Gauss-Bonnet

term, according to (5.60), the precise value X is dependent on the membrane

tension and the depth of the daughter vacuum. In any given model, these

quantities are exposed to radiative corrections. We need to tune the value of

X to be close to unity, but this is not natural. If we include the contribution

from the Gauss-Bonnet term, we can expect that more quantities should be

tuned. Therefore, we will not accept X = 1 limit.

There is an argument in [121] that up-tunneling is impossible from Minkowski

or anti-dS space. The argument is the following. Every instanton describes

not one but two transitions. If we calculate the rate for one process, then

we should calculate the rate for the reverse process as well. In other words,

this means that the instanton not only describes “down-tunneling” from A to

B, but also describes “up-tunneling” from B to A [121]. These processes are

described by the same instanton both, and the rate to down-tunneling and

up-tunneling are given by

ΓA→B ∼ e−∆SE/ℏ, ∆SE = SE(instanton) − SE(A), (5.62)

and

ΓB→A ∼ e−∆SE/ℏ, ∆SE = SE(instanton) − SE(B). (5.63)

The ratio of (5.62) and (5.63) is given by eSE(A)−SE(B), the ratio of the expo-

nentials of the entropies. The essential feature of de Sitter space which allows
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up-tunneling is that the system has finite size in the sense that it has a finite

horizon volume and a finite entropy, namely, SE(B) is finite. However, when

sizes of system are infinite, entropy differences between two states are infinite,

therefore based on principle of detailed balance the up-tunneling is impossible.

Anti-de Sitter space and Minkowski space have infinite horizon volumes and

infinite entropies, therefore in [121] the authors claimed that up-tunneling is

impossible from anti-de Sitter space or Minkowski space. So the readers may

ask the question: do our results contradict the argument in [121] ?

Here is our explanation. As we have seen in Table 5.2, we have a new decay

branch AdS+ → dS−, when ϵ = ±1. In fact, the ratio of (5.62) and (5.63) is

given by eSE(dS)−SE(AdS). Since SE(dS) is finite while SE(AdS) is infinite, the

difference between these two action is infinite. However, this does not mean

that BAdS+→dS− needs to be infinite. In GR and other previous models [1, 121],

the decay branch BAdS+→dS− does not exist because of the negative membrane

tension. However, as we have pointed out, when we include the contribution

of the Gauss-Bonnet term, there exists a new decay branch BAdS+→dS− , when

ϵ = ±1, which has positive membrane tension. Hence there is no contradiction

between our result and the argument of [121].

5.4 Discussions

The cosmological constant problem is a long-standing problem in theoretical

physics. In the current string cosmology, anthropic principle is the dominant

explanation for the small value of the cosmological constant of our universe.

We challenged the dominant assertion in our previous paper [1]. For a family

of string-inspired models of four-form fluxes coupled to scalar fields, including

Bousso and Polchinski’s set-up, we can show how the current vacuum can be

selected on “probabilistic” grounds. In other words, our universe is born from

probability. Hence the existence of our world is independent of mankind and

other biological species.
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The main idea of our chapter 3 was inspired by the model constructed by

Kaloper [67] and Kaloper and Westphal [69], though we have shown how to

generalize this special model. We proposed an important parameter X which

controls the lifetime of low scale vacua, similar to the current vacuum we are

living. When the parent vacuum goes to Minkowski spacetime, we found that

a pole can appear in the corresponding bounce if X is suitably bounded. This

can guarantee the stability of the Minkowski vacuum and hence the longevity

of those vacua near Minkowski in Planck units.

In chapter 3, we only considered the cosmological constant problem in 4D. If

we are interested in the properties of string landscape in higher dimensions, we

can ask that if the tunneling exponent B has a similar behavior in arbitrary D-

dimension as in 4D. Moreover, the Gauss-Bonnet term appears often in string

theory and play an important role in gravitational theory [113]. So we can

consider transition between vacua in D-dimension including the Gauss-Bonnet

term. According to higher dimensional theory motivated by string theory, the

associated coupling constant of the Gauss-Bonnet term θ should be positive,

otherwise the whole theory will be unstable [117]. In the previous calculation,

we assume that θ is a positive constant since ϕi are locally constants. We

find that the tunneling bounce B of Min+ → AdS− is proportional to k
−(D−2)
+ ,

which has a pole at k2+ and is similar to the result in 4D. This means that the

Gauss-Bonnet term does not play a major role near the pole. Furthermore,

we should point out that when we include the Gauss-Bonnet term, there exist

two possibilities if we require positive membrane tension. As a result, we can

find a new decay branch AdS+ → dS−, ϵ± = 1. This new branch does not

exist in GR and our previous model [1].

Although the Gauss-Bonnet term is a topological term when D = 2, 3, 4, we

can still consider the 4D limit, namely, D → 4 Gauss Bonnet gravity [114].

In the strong coupling limit (θ → ∞), the Gauss-Bonnet term in 4D gives

rise to non-trivial contributions to gravitational dynamics, while preserving

the number of graviton degrees of freedom and being free from Ostrogradsky
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instability [114]. However, so far the up-tunneling in D → 4 Gauss Bonnet

gravity has not been found. We need to clarify two points. First, although it

is not central to the results of the current chapter, the strong regime limit as

D → 4 is still unclear and has been critiqued by several authors, such as [122].

Second, the inclusion of the GB term is not without problems. As demon-

strated in [123], the equations are not weakly hyperbolic when the spacetime

curvature becomes sufficiently large.

Based on our results, there are at least two speculative pictures. One picture

is that AdS vacua decay to near Minkowski vacua (k2− > 0) directly. We can

expect that there is a pole k−2
− near Minkowski vacua. The other possible pic-

ture is that in the first step vacua decay from AdS parent vacua, which can be

obtained in string theory, to high dS daughter vacua. And then in the second

step high dS vacua decay to near Minkowski vacua (k2− > 0). In order to get a

very small positive cosmological constant, we need to introduce a mechanism

to halt the decay process. The dS vacua cannot be long-lived. In fact it is

very hard to get de Sitter vacua from string theory [124]. Many scenarios have

been tried, such as KKLT scenario [47]. We should find more terms which can

induce AdS → dS decay channel, which is new and interesting. At present we

have not figured out the meaning of the new decay branch in string landscape.

All of these should be studied in the future.
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In Part I, we study de Sitter vacua in string-inspired models. Furthermore,

we will study de Sitter vacua in string cosmology in Part II. In particular, we

will explore the properties of de Sitter vacua in O(d, d) invariant cosmology in

chapter 7. Hence we introduce the basic ideas of O(d, d) invariant cosmology

in chapter 6.

6.1 Introduction

String theory is the most promising candidate of quantum gravity theory at

present. Since the early days of string theory there have been intriguing ideas

of how its unique characteristics could play a role in cosmological scenarios

[125, 126]. It is a natural idea that the higher-order corrections of string

theory play an important role in resolving the problems in cosmology, for

instance, the big-bang singularity [127]. In the 1980s the first few orders of

string theory have been obtained [128–130], but the complete computation or

classification of these corrections is still out of reach. However, the situations

have been improved in recent years. The duality-covariant formulations of

string theories, such as double field theory [131–134], have been used to make

progress in describing α′ corrections [135–141]. One crucial paper which is

related to this thesis is written by Hohm and Zwiebach [127]. Now let us

review some basic results of this paper.

The analysis of [127] is based on the result by Veneziano and Meissner [142]

and Sen [143]. Hohm and Zwiebach considered the classical field theory of the

metric gµν , the b-field, and the dilaton ϕ arising from D = d + 1 dimensional

string theory. This field theory keeps an O(d, d,R) symmetry to all orders in

α′ if the fields do not depend on the d spatial coordinates. This symmetry con-

tains the scale-factor duality a→ 1/a, therefore referred to as “duality”. The

work of Meissner [144] shows that the duality transformations receive α′ cor-

rections in terms of standard fields. Hohm and Zwiebach assumed that duality

transformations remain unchanged to all orders in α′. With this assumption
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they can classify the duality invariant α′ corrections completely. They per-

formed duality-covariant field redefinitions to show that only first-order time

derivatives are included in the action, thereby arriving at a minimal set of

duality invariant higher-derivative terms to all orders [127].

First we will briefly review the core results of the first part of [127]. We

begin with a review of all orders in α′ duality invariant cosmology, as originally

proposed by Hohm and Zwiebach [127, 145] building on earlier pioneering work

[142, 143, 146–148]. Consider the leading order theory describing the universal

massless sector of closed strings in d+ 1 dimensions. This corresponds to the

well known Neveu-Schwarz action depending on the string frame metric, gµν ,

the antisymmetric Kalb-Ramond field, bµν , and the scalar dilaton ϕ,

I0 =
1

2ld−1
s

∫
d1+dx

√
−ge−2ϕ

[
R + 4(∂ϕ)2 − 1

12
HµνρHµνρ − 2Λ

]
, (6.1)

where the string length ls =
√
α′, Hµνρ = 3∂[µbνρ] is the Kalb-Ramond field

strength and R is the Ricci scalar for the string frame metric. The cosmological

term, Λ, is present for non-critical strings and scales as l−2
s . For critical strings

it vanishes, so we shall neglect it in the following. We make a cosmological

ansatz for the metric, b-field and dilaton,

gµν =

−n2(t) 0

0 gij(t)

 , (6.2)

bµν =

0 0

0 bij(t)

 , (6.3)

ϕ = ϕ(t), (6.4)

where n(t) is the lapse and gij(t) are the components of the spatial metric.

This breaks diffeomorphisms down to the subgroup t→ f(t̂), xi → xi, with ϕ,

gij and bij transforming as scalars, and the lapse as a vector, n → nḟ , where
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ḟ = df(t̂)

dt̂
.1 In this limit, the corresponding field equations also exhibit an

O(d, d) symmetry. Indeed, the full system can be written in terms of O(d, d)

covariant objects: a generalised dilaton,

Φ = 2ϕ− ln
√

det g, (6.5)

and a generalised metric

H =

 g−1 −g−1b

bg−1 g − bg−1b

 . (6.6)

The latter transforms as a tensor, H → ΩTHΩ, under Ω ∈ O(d, d) where

ΩTηΩ = η, η =

0 1

1 0

 . (6.7)

In contrast, the generalised dilaton and the lapse function are O(d, d) scalars,

transforming trivially as Φ → Φ and n→ n.

Since we have assumed that all fields and metric are only dependent on time,

then the resulting action can be written in a form that is manifestly invariant

under the residual diffeomorphisms as well as the underlying O(d, d) symmetry

[146, 148],

I0 = κ2
∫

dt ne−Φ

[
−(∂nΦ)2 − 1

8
tr[(∂nS)2]

]
. (6.8)

where κ2 > 0 is some dimensionful constant that plays no role in what follows.

Note that we have introduced the following notation for the covariant time

derivative

∂n =
1

n(t)

d

dt
, (6.9)

1We consider the metric ds2 = n2(t)dt2+ · · · . If t = f(t̂), then dt = ḟdt̂, where ḟ = df(t̂)

dt̂
.

After transformation, n becomes n̂. In order to make n2dt2 = n̂2dt̂2, we should have n̂ = nḟ ,
namely, n → n̂ = nḟ .
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and further defined

S = ηH =

bg−1 g − bg−1b

g−1 −g−1b

 . (6.10)

Note also that both η and S are involutory matrices, squaring to the identity,

S2 = η2 = 1. The action is now seen to be manifestly invariant under O(d, d)

since S transforms as2

S → S ′ = Ω−1SΩ, (6.11)

We now consider the residual diffeomorphism and O(d, d) invariant α′ correc-

tions to I0. These terms are constructed out of O(d, d) scalars such as Φ and

its covariant derivatives, ∂nΦ, ∂2nΦ, . . . along with traces of O(d, d) covariant

terms such as ∂nS and higher covariant derivatives ∂2nS, ∂
3
nS, . . .. Through a

judicious use of equations of motion, field redefinitions, integration by parts,

and useful relations of the form

tr(S) = tr(∂nS) = tr(∂2nS) = ... = 0, (6.12)

tr((∂nS)2k+1) = 0 for k = 0, 1, ..., (6.13)

tr(S(∂nS)k) = 0 for k = 0, 1, ..., (6.14)

we can eliminate all higher order derivatives in the system. Indeed, Holm and

Zwiebach [127] showed that the most general action at all order in α′ must

take the following form

I = κ2
∫
dt ne−Φ

[
−(∂nΦ)2 +

∞∑
k=1

ckα
′k−1 tr[(∂nS)2k] + multitrace

]
(6.15)

where c1 = −1
8

to match the leading order Neveu-Schwarz action (6.8). For any

particular string theory, there ought to be a tower of dimensionless coefficients

2To see this, note that S = ηH → S′ = ηΩTHΩ = ηΩT ηSΩ, where we have used the fact
that η2 = 1. It then follows from (6.7) that ηΩT η = Ω−1 and so S′ = Ω−1SΩ, as stated in
(6.11). In [127, 145], these transformations are expressed in terms of h = Ω−1 where (6.7)
along with the fact that η2 = 1 now implies that hηhT = η.
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of higher order operators given by ck, along with a tower of coefficients for the

multitrace operators.

In establishing the above result (6.15), Hohm and Zwiebach repeatedly used

field redefinitions iteratively in increasing orders of α′. One striking result is

that only first derivatives of the fields appear in the action. Furthermore, we

can find that all duality invariant terms with more than one time derivative on

S and all terms with one or more derivatives of the dilaton can be redefined

away. This is a major, somehow unexpected, simplification [127].

To summarize briefly, it was shown in [127] that field redefinitions can be

used to recast the α′k corrections into the form given in [127, 149]

Ik = α′k
∫
dtne−ΦX(∂nS), Sk =

1

2κ2

∫
ddxIk, (6.16)

where X is a completely arbitrary function of ∂nS, with no extra time deriva-

tives and no powers (∂nS)2 included.

The proof begins by assuming that the (k − 1)th order action already has

the desired structure. It is then shown that, via field redefinitions at order α′k,

the kth order action can be brought into the form (6.16). A crucial detail is

that only the zeroth-order action should be varied under the field redefinitions;

the higher order terms only contribute to the action of O(α′k+1). Explicitly,

under the transformation [127, 149]

Φ → Φ + α′kδΦ, S → S + α′kδS (6.17)

the variation arising from the second term in

I = I0 +
k−1∑
p=1

Ip + α′k
∫
dtne−ΦX(∂nΦ, S) + O(α′k+1), (6.18)

only contributes to O(α′k+1). The proof involves showing the following:
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1. A factor ∂2nΦ in the action can be replaced by a factor

QΦ =
1

2
(∂nΦ)2 − 1

16
tr(∂nS)2, (6.19)

which only includes first order derivatives of Φ;

2. A factor ∂2nS in the action can be substituted with a factor

QS = −S(∂nS)2 + (∂nΦ∂nS), (6.20)

where (6.20) only contains first order derivatives of S;

3. Any action can be rewritten to include only first-order time derivatives of Φ

and S. This is done by integrating by parts the higher-order derivatives until

only second-order derivatives are left, and then applying the earlier properties

to remove them;

4. Any action at order in α′k (with k > 0) is equivalent to one in which ∂nΦ

does not appear. This equivalence is established through field redefinitions of

Φ;

5. Any term in the correction action that includes a factor of tr(∂nS)2 can be

eliminated through an appropriate redefinition of the lapse function n(t).

Consequently, the action involves only first derivatives of the fields. In addi-

tion, duality-invariant terms with multiple time derivatives on S, as well as any

terms with derivatives of the dilaton, can be eliminated via field redefinitions

[127, 149]. For more information, see [127, 149].

In the second part of [127] Hohm and Zwiebach studied this general α′-

complete theory for the simplest cosmological ansatz, a Friedmann-Lemâıtre-

Robertson-Walker (FLRW) background. The spatial metric of FLRW metric

is given by a time-dependent scale factor times the Euclidean metric. And

they set b-field equal to zero. Then the Friedmann equations to all orders in

α′ can be derived. Hohm and Zwiebach found that we can write the equations

compactly in terms of F (H) whose Taylor expansion is determined by the
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following equation:

F (H) ≡ 4d
∞∑
k=1

(−α′)k−122k−1ckH
2k (6.21)

where H is the Hubble parameter and we can have ck ≡ ck,0 + 2dck,1 + ... in

terms of (6.15).

Then the Friedmann equations take the concise form

d

dt

(
e−Φj(H)

)
= 0, (6.22)

Φ̈ +
1

2
Hj(H) = 0, (6.23)

Φ̇2 + k(H) = 0, (6.24)

where the functions f(H) and g(H) are defined as

j(H) ≡ F ′(H), k(H) ≡ HF ′(H) − F (H), (6.25)

where ′ denotes the derivative with respect to H.

Hohm and Zwiebach discussed a general nonperturbative initial-value for-

mulation, and they stated conditions on the function F (H) which the theory

permits de Sitter vacua (in string frame) [127]. They considered the dS vacua

solutions with constant dilaton ϕ and found that string theory may realize de

Sitter vacua if non-perturbative contributions are included. More details can

be found in [127].

In chapter 7, we will discuss the dS solutions in O(d, d) invariant cosmology

with non-constant dilaton ϕ thoroughly.
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In chapter 7, we perform a thorough analysis of de Sitter solutions in O(d, d)

invariant cosmologies. Starting with a homogeneous and isotropic framework

we examine conditions for the existence of such solutions to the vacuum field

equations, non-perturbative in α′ in both the string frame and the Einstein

frame. We elucidate the nature of the instability in the string frame vacuum.

For the Einstein frame, we demonstrate that the de Sitter solutions cannot

be eternal. We then extend our analysis to include Bianchi I universes where

the O(d, d) symmetry includes scale factor exchange as well as scale factor

duality. We show how the theory can be extended to the anisotropic case so

that it admits de Sitter solutions, noting the crucial role played by the O(d, d)

symmetry in satisfying any additional constraints.

7.1 Introduction

String theory is a consistent quantum theory of gravity, with a well defined

low energy description in terms of higher dimensional supergravities. For this

to be relevant to our universe, it must be able to admit a compactification

down to four dimensions, where gravity is well described by GR and matter by

a suitable extension of the standard model of particle physics. It should also

be able to accommodate an accelerated cosmological expansion. Of course, it

is still possible that the concerns surrounding de Sitter vacua in perturbative

string theory will go away and we will be able to find consistent accelerated

cosmological solutions that everyone is happy with. However, if this is not the

case, we will need a non-perturbative understanding of the theory to probe

the full vacuum structure and establish the existence of de Sitter vacua far

from the boundary of moduli space. An important no-go theorem, valid at

any order in the string scale, suggests that de Sitter vacua of dimension four

or higher are not possible for the classical heterotic string, or indeed classical

type II strings in the absence of RR fluxes [150]. To say much more will likely

require a third string revolution - a step change in our current approach to
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string theory/M theory. We can also consider the possibility that de Sitter is

a resonant or excited state of string theory [151–153].

We can try and get some insight into what can happen non-perturbatively by

focussing on the effective field theory for classical strings in the homogeneous

limit. The Neveu-Schwarz sector describing the metric, the Kalb-Ramond field

and the dilaton, are known to possess an O(d, d) symmetry to leading order

[142, 143, 146–148]. This symmetry is expected to be preserved to all orders

in the slope parameter α′, motivating corrections to the leading order Neveu-

Schwarz theory using higher order O(d, d) invariant operators [144]. Note

that O(d, d) invariance can be made manifest using double field theory, albeit

at the expense of manifest diffeomorphism invariance [132, 133, 135, 136].1

Duality invariant cosmology has been used to tackle the problem of the initial

singularity (see eg. [126, 154–157]).

Remarkably, for homogeneous fields, Hohm and Zwiebach have been able

to provide a complete classicfication of all higher order terms invariant under

O(d, d) [127, 145, 158]. With field redefinitions, the system is reduced to first

order time derivatives allowing them to write down the most general duality in-

variant theory to all orders in α′ for the metric, Kalb-Ramond field and dilaton.

To leading order in the expansion in α′ the theory coincides with the Neveu-

Schwarz sector of the supergravity theories describing the effective theory of

classical strings, in the homogeneous limit. In the limit of vanishing Kalb-

Ramond field and an isotropic spatially flat metric, the theory exhibits scale

factor duality a→ 1/a as a remnant of the underlying O(d, d) symmetry. The

full theory is now tractable at all orders in α′, enabling the authors of [127, 145]

to identify string frame de Sitter solutions to the vacuum field equations that

are non-perturbative in α′, with a time dependent dilaton. The dynamics of

this new class of theories has been studied in a series of subsequent papers

1O(d, d) and diffeomorphism symmetry are both real symmetries of string theory. Making
O(d, d) manifest requires a formalism that treats regular coordinate xi and dual coordinate x̃i

symmetrically. Diffeomorphisms only act on regular coordinates, not the duals. Therefore,
we cannot make both symmetries manifest at the same time. In double field theory, we
choose to make O(d, d) manifest [132, 133, 135, 136].
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[149, 159–170]. In particular, one can extend the system to include O(d, d)

invariant matter fields [148, 149], or find theories that admit de Sitter solu-

tions even in Einstein frame [149, 159, 162]. Instabilities for homogeneous and

isotropic perturbations were studied in detail in [160, 162, 165, 166] with sub-

sequent extensions to anisotropic perturbations [167]. Bianchi I universes were

studied in [168–170], along with two-dimensional black hole solutions [168] and

bouncing cosmologies [169, 170].

In this chapter, we revisit the dynamics of O(d, d) invariant cosmologies,

starting with isotropic and spatially flat metrics before moving on to the

anisotropic case. Our focus is on the existence of de Sitter solutions in both the

string frame and the Einstein frame, with a time dependent dilaton. Of course,

the isotropic case is simpler and much more extensively studied. Within the

isotropic framework, string frame de Sitter solutions are known to exist but

have been shown to be unstable [160, 165, 166], something we are able to ver-

ify using slightly different methods. de Sitter solutions in the Einstein frame

have been obtained in the presence of a source [149] and in vacuum [159, 162].

The latter only exist when the theory takes on a very bespoke form at all

orders in α′. As we will show, these Einstein frame de Sitter solutions are the

only solutions to the vacuum field equations for these particular theories for

a finite time period, ensuring their local stability under homogeneous fluctu-

ations. However, the solutions are not eternal in both past and future. This

is because the dilaton evolves. After a finite time (towards either the past or

future), the solution is kicked into a new dynamical phase where an Einstein

frame de Sitter metric is no longer possible. This resonates (!) with the idea

of de Sitter as a resonance [151, 152].

These solutions enjoy a natural extension to anisotropic universes thanks to

the O(d, d) symmetry. Here we consider a Bianchi I universe, with a number

of different scale factors with corresponding Hubble parameters. In a notable

departure from the isotropic framework, the O(d, d) symmetry now implies an

invariance under the exchange of any two of those Hubble parameters, placing
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important restrictions on the structure of the underlying theory. Although

isotropy is no longer assumed at the level of the theory, we are interested in

isotropic solutions: namely, the de Sitter solutions in both string frame and

Einstein frame, with a time dependent dilaton. In string frame, de Sitter solu-

tions are possible, provided the anisotropic theory obeys properties analogous

to the isotropic case. These solutions are once again unstable. In the Einstein

frame, we find conditions for the de Sitter solutions to exist. This mirrors the

isotropic case discussed in the previous paragraph, with additional conditions

pointing along the anisotropic directions. Remarkably, these extra conditions

hold automatically thanks to the O(d, d) symmetry.

The rest of this chapter is organized as follows. In section 7.2, we review the

structure of the underlying theory for an isotropic and spatially flat universe,

including sources. When studying vacua, the Einstein frame is arguably the

most relevant since the corresponding fluctuations are diagonalised. However,

it is often the case that observational probes follow geodesics in the string

frame, so it is important to consider both scenarios. In section 7.2.1 we review

the derivation and instability of de Sitter solutions in the string frame, provid-

ing some added insight into the source of the instability. In section 7.2.2 we

demonstrate how de Sitter solutions can also be found in the Einstein frame.

As discussed above, these solutions exist for a finite time period, during which

time they are stable against homogeneous fluctuations. However, the solutions

are not external, and will eventually give way to a new cosmological phase.

In section 7.3, we change gears and extend our analysis to include Bianchi I

universes. In section 7.3.1 we establish the appropriate conditions for string-

frame de Sitter solutions, commenting on the stability. In section 7.3.2 we do

the same for de Sitter solutions in the Einstein frame, noting the crucical role

played by the O(d, d) symmetry. In section 7.4, we summarise our conclusions,

and extend the results to non-critical dimensions.
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7.2 Isotropic cosmologies

In the case of isotropic and spatially flat cosmology, gij = a2(t)δij, with a

vanishing b field, the system simplifies considerably and the action (6.15) can

be written in the following compact form [127]:

I = κ2
∫

dt ne−Φ

[
−Φ2

n +
1

α′f(
√
α′H)

]
, (7.1)

where we have introduced the shorthand Φn = ∂nΦ,Φnn = ∂2nΦ, . . . and define

the string frame Hubble factor as H = ∂n ln a. Matching with (6.15) we note

that the function f is analytic in a neigbourhood of the origin where it takes

the following form

f(
√
α′H) =

∞∑
k=1

dkα
′kH2k, d1 = d, (7.2)

and the dimensionless coefficients dk can, in principle, be determined from the

ck and the coefficients of the multitrace operators. Note that f is a manifestly

even function in H. This follows from the O(d, d) symmetry which takes the

form of a simple scale factor duality, a → 1/a and so H → −H, in the

homogeneous and isotropic limit.

In the remainder of the chapter, we choose units where α′ = 1. It will also

be convenient to represent the scale factor through its logarithm, q = ln a.

The equations of motion for the full system can be obtained from varying the

action with respect to the lapse, the dilaton and the scale factor. This yields

the equations Ea = 0 where a = n,Φ, q and

En =
δI

δn
= κ2e−Φ

[
Φ2

n − Lf (H)
]
, (7.3)

EΦ =
δI

δΦ
= κ2ne−Φ

[
2Φnn − Φ2

n − f(H)
]
, (7.4)

Eq =
δI

δq
= −κ2 d

dt

[
e−Φf ′(H)

]
. (7.5)

Here, Lf (H) = Hf ′(H) − f(H) denotes the Legendre transform of f and
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f ′(H) = df/dH. Thanks to the residual diffeomorphisms, these equations are

not independent and satisfy the following identity

d

dt
En = ΦnEΦ +HEq. (7.6)

We can include matter in an O(d, d) invariant way by including a matter

action of the form Sm[Φ,S, χI ], where χI(t) are O(d, d) invariant matter fields

[148, 149]. For a homogeneous and isotropic cosmology, this is equivalent to

Sm[Φ, q, χI ]. The vacuum equations of motion are now sourced as follows

En = ρ̄, Eq = −dnp̄, EΦ =
1

2
nσ̄ (7.7)

where the O(d, d) covariant energy density, pressure and dilaton charge are

respectively given by

ρ̄ = −δSm

δn

∣∣∣
Φ,q
, p̄ =

1

dn

δSm

δq

∣∣∣
n,Φ
, σ̄ = − 2

n

δSm

δΦ

∣∣∣
n,q
. (7.8)

Note that the O(d, d) covariant sources differ from their diffeomorphism invari-

ant counterparts by a factor of
√
−g = ad, namely, ρ = ρ̄/ad, p = p̄/ad, σ =

σ̄/ad. For the pressure, we should also note that p is now defined by holding

Φ = 2ϕ−dq fixed when we vary the matter action. This differs from the usual

definition of pressure given by

pstandard =
1

dnad
δSm

δq

∣∣∣
n,ϕ
,

where ϕ is held fixed instead. It is easy enough to show that the two pressures

can be related using the dilaton charge, pstandard = p+ 1
2
σ [164]. The equations

of motion including matter are the following [164]:

Φ2
n +HF ′(H) − F (H) = 2κ2eΦρ̄, (7.9)
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HnF
′′(H) − ΦnF

′(H) = −2dκ2eΦp̄, (7.10)

2Φnn − Φ2
n + F (H) = κ2eΦσ̄, (7.11)

where F (H) is given by (6.21). The three equations of motion (7.9)-(7.11) can

be related via the equation

∂nρ̄+ dHp̄ =
1

2
Φnσ̄. (7.12)

Although we have included the matter sources for completeness, in the remain-

der of this chapter we shall mostly neglect them, since our focus will be on

finding consistent solutions to the vacuum field equation. In particular, we

will seek conditions for consistent de Sitter solutions for the metric in both

the string and the Einstein frame. We refer the reader to [148, 149] for more

details on matter couplings.

Let us explain the meaning of string frame and Einstein frame. The string

frame and Einstein frame are two different ways of writing the action in string

theory or in related gravitational theories (like supergravity). They are re-

lated by a conformal transformation – basically a rescaling of the metric –

and choosing one frame over the other can make certain calculations or in-

terpretations easier. In the string frame, the action is written in a way that

naturally comes from string theory. In this frame, the gravitational field (the

metric gµν) couples to the dilaton field ϕ non-minimally. This form comes

from the worldsheet formulation of string theory. The string frame is good for

describing how strings “see” spacetime because the metric here is the one that

appears in the string sigma model [18, 19]. In the Einstein frame, the action is

rewritten so that the gravitational part looks like standard general relativity,

i.e. the Einstein-Hilbert action. The Einstein frame is generally considered to

be the most relevant for observational physics, cosmology, and experiments.

It can give us standard general relativity with minimal coupling to matter.

The metric in the Einstein frame determines geodesics, redshifts, gravitational
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lensing, etc., in a form we can directly compare with astronomical and lab data

[8, 9].

7.2.1 dS solutions in the string frame

It was already shown in [127, 145] that string frame de Sitter solutions are

possible in this class of α′ complete cosmologies for suitable choices of the

function f(H). These solutions are necessarily non-perturbative in α′, and

could not have been found using standard techniques in perturbative string

theory. However, it has also been shown that these solutions are unstable under

vacuum fluctuations [160, 165, 166]. We will review the derivation of these

solutions and add some additional insight into the nature of the instability.

We know that in a neighbourhood of the origin, the function f(H) is even

and admits the following Taylor expansion in H2

f(H) = dH2 + d2H
4 + . . . (7.13)

Although we cannot assume that the function remains analytic for all values of

H, we shall assume that it is twice differentiable in order to have well defined

field equations. We shall also assume it to be an even function in order to

preserve the O(d, d) symmetry.

Here we are interested in the properties of the function in a neighbourhood

of a string frame de Sitter solution with H = Hc > 0, for some constant Hc.

Whilst it is tempting to motivate this with the current phase of accelerated

expansion, it is important to note that we are working in d + 1 dimensions.

For the critical dimension (d+ 1 = 10, 26), we must perform compactification

down to four dimensions before making contact with observation. Therefore,

we remain agnostic as to the value of Hc.

Setting Ea = 0 for a = n,Φ, q, we see that H = Hc > 0, for some constant
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Hc, if and only if [162]

Φ2
n = −f(Hc) = Q2, f ′(Hc) = 0, (7.14)

for some real constant Q. This means that f(H) must have an extremum at

H = Hc. Thanks to the O(d, d) symmetry, it must also have a extremum at

H = −Hc. This suggests the following general form

f(H) = −Q2 +
g(H)

H4
c

(H2 −H2
c )2 (7.15)

for some even function g(H) that admits a Taylor expansion in H2 −H2
c

g(H) = g0 + g1(H
2 −H2

c ) + . . . . (7.16)

For the form of f(H) given in (7.15) to overlap with the form close to the

origin (7.13), we obtain the following constraints

g(0) = Q2, g′(0) = 0, g′′(0) = 2d+
4Q2

H2
c

. (7.17)

It is also important to establish the stability of these de Sitter solutions. Of

course, a full analysis of cosmological perturbations requires knowledge of the

underlying theory beyond the homogeneous limit under consideration. Al-

though there has been some interesting recent work in this direction [168], it

is well known that O(d, d) invariance in d + 1 dimensions is at odds (!) with

manifest diffeomorphism invariance, as evidenced through double field theory

[135, 136] (see also [171] for a related duality observed in cosmological per-

turbations). Faced with these limitations, we can only consider the stability

of solutions under homogeneous perturbations captured by the general ac-

tion (6.15). Instabilities for homogeneous and isotropic perturbations of string

frame de Sitter solutions were identified in [160, 162, 165, 166] with subsequent

extensions to anisotropic perturbations [167]. Here we take a subtlely different
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approach to those works but draw the same conclusions.

We consider only homogeneous and isotropic perturbations, so that the sys-

tem of equations Ei = 0 remains unchanged. Assuming f ′′(H) ̸= 0, these can

be written in the following form

f ′(H) = ceΦ, ∂nH = s

√
Lf (H)f ′(H)

f ′′(H)
, (7.18)

where c is a constant of integration. Here s = ±1 corresponds to the sign of

Φ̇ = dΦ/dt, appearing when we take the square root in (7.3). This ability to

take either sign was identified as a potential source of error in the stability

analysis, as discussed in [166]. Next we will show how the choice of sign plays

a crucial role in opening up the unstable channel.

We begin by making a choice of the time co-ordinate by setting the lapse

function to unity, n = 1, and solve for the Hubble parameter in a neighbour-

hood of the vacuum, giving

H = Hc + δH (7.19)

where δH satisfies

˙δH ≈


s
√
Hcf ′′(Hc)δH

3/2 Q = 0

s|Q|δH Q ̸= 0

(7.20)

For Q = 0, this gives the consistent solution

δH ≈ 4

Hcf ′′(Hc)(t− tc)2
(7.21)

with s = −sgn(t − tc). We immediately see the unstable channel if and only

if the initial time ti < tc, or equivalently s = +1. For Q ̸= 0, we also get an

instability for s = +1, as

δH ≈ es|Q|(t−tc) (7.22)
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In all cases, the instability is excited if and only if Φ̇(ti) > 0. These results are

consistent with the instability analysis presented in [162].

7.2.2 dS solutions in Einstein frame

We now turn our attention to the Einstein frame. Einstein frame de Sitter

solutions with constant Φ̇ were obtained in [149] in the presence of a source with

p̄ = −ρ̄. Here we shall present an Einstein frame de Sitter metric as solutions

to the vacuum equations of motion for bespoke choices of the function f(H).

Although the solutions are stable, we will also show that the required form

of f(H) cannot be smoothly connected to the leading order Neveu-Schwarz

theory in a neighbourhood of H = 0. This agrees with the conclusions drawn

in [159] and [162].

The string frame and the Einstein frame are related by a conformal trans-

formation. Labelling the Einstein frame with the letter “E”, we write gµν =

A2gE
µν and so n = AnE, aS = AaE, where A is the conformal factor to be de-

rived presently. Focussing on the leading order curvature term in the action,

we note that

∫
d1+dx

√
−ge−2ϕR =

∫
d1+dx

√
−gEe

−2ϕAd−1 [RE + . . .] (7.23)

where the ellipsis include derivatives of A and RE is the Ricci scalar for the

transformed metric. For the latter to coincide with the Einstein frame metric,

we must choose A = e
2ϕ
d−1 .

Setting Ei = 0 for i = n,Φ, q, we see that the vacuum field equations are

equivalent to

f ′(H) = ceΦ, Φn = s
√
Lf (H) (7.24)

where we recall that c is a constant of integration and s = ±1. We wish to

recast these equations in terms of the Hubble parameter defined in the Einstein
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frame

HE = ∂nE
qE (7.25)

where ∂nE
= 1

nE

d
dt

and qE = ln aE. From the definition of the generalised

dilaton Φ = 2ϕ − dq and the conformal mapping between frames q − qE =

ln(n/nE) = 2ϕ
d−1

, we can derive the following useful relations

Φ = −q − (d− 1)qE =⇒ Φn = −H − (d− 1)
nE

n
HE (7.26)

and

ϕ = −(d− 1)

2
(Φ + dqE) =⇒ n

nE

=
e−Φ

V
(7.27)

where V = adE is volume scale factor in Einstein frame.

As first noted in [162], we can inherit an Einstein frame de Sitter vacuum

from the string frame de Sitter vacua presented in the previous section, by

fixing the dilaton, ϕ, to be constant. This corresponds to the case where

Φn = −dHc, withHc the constant Hubble scale in string frame. These solutions

preserve all the de Sitter isometries and would seem to be in contradiction of

the classical no-go theorem of [150]. This suggests that the corresponding form

of f(H) does not emerge from classical heterotic or type II strings. For this

reason, we will focus instead on quasi-de Sitter solutions in Einstein frame,

where the dilaton breaks the de Sitter isometries.

After some manipulations, the system of equations (7.24), (7.26) and (7.27)

can be expressed as follows

eΦ =
f ′(H)

c
,

n

nE

=
c

f ′(H)V
, ∂nE

V = cF(H), ∂nE
H =

cG(H)

V
(7.28)

where

F(H) =
d

1 − d

[
H + s

√
L

f ′(H)

]
, G(H) =

s
√
L

f ′′(H)
(7.29)

and we have assumed f ′(H)f ′′(H) ̸= 0. Note that the choice f ′(H) ̸= 0 is

consistent with a time dependent dilaton. To explore the possibility of a de
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Sitter solutions in the Einstein frame, it is convenient to construct

∂nE
HE = dH2

E

[ V∂2nE
V

(∂nE
V)2

− 1

]
= dH2

E

[
F ′(H)G(H)

F(H)2
− 1

]
, cF(H) ̸= 0.

(7.30)

If we choose the function f(H) such that the right hand of this equation

vanishes identically, the Hubble parameter in Einstein frame is guaranteed to

be constant, HE = H⋆, for a solution to the vacuum field equations. Thus, the

existence of the de Sitter solution in Einstein frame requires that

(
1

F

)′

+
1

G
= 0, (7.31)

or in other words, that f(H) satisfies the following differential equation,

d+ 1

d− 1
sH
√
Hf ′ − ff ′′+

1

d− 1
(Hf ′−f)f ′′+

d

d− 1
H2f ′′+s

√
Hf ′ − ff ′+

1

2
Hf ′f ′′ = 0.

(7.32)

Note further that we can use the third equation in (7.28) to show that the

Hubble parameters in the Einstein and string frame are related according to

the following formula

HE =
cF(H)

dV
. (7.33)

For a suitable choice of f(H) satisfying (7.32), the corresponding constant cur-

vature solution is stable under vacuum perturbations, as it is the only solution

to (7.30).

Finding a suitable choice of f(H) is not easy as the differential equation

(7.32) is challenging to solve in full generality. However, if we assume that

H > 0, it does admit the following analytic solution when s = −1,

f̄(H) = (H +Hm)2 −H2
m, (7.34)

where Hm is a constant [162].

With f = f̄ and taking the negative (s = −1) root we find that F = 0
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and G = −H/2. The vanishing of F suggests this solution lies outside of the

original regime of validility for which (7.32) was derived. Nevertheless, it is

interesting to explore the solutions to the system of equations (7.28) in this

particular case. It turns out that they imply a constant but vanishing Hubble

rate in Einstein frame

H⋆ = 0, (7.35)

consistent with (7.33), along with the following solutions for the string frame

Hubble parameter, the dilaton and the lapse,

H(t) = Hc exp

(
− ct

2ad0

)
, (7.36)

Φ(t) = ln

[
2

c

(
Hc exp

(
− ct

2ad0

)
+Hm

)]
, (7.37)

n(t) =
c

2ad0

[
Hc exp

(
− ct

2ad0

)
+Hm

]−1

, (7.38)

where Hc is a dimensionful constant of integration and we have assumed d ̸= 1

and c ̸= 0. Clearly the solution runs into a singularity as H → −Hm although

this can be trivially avoided by taking Hm > 0.

We have not been able to find an exact solution to (7.32) that gives non-

vanishing F and, correspondingly, H⋆ > 0. However, numerical solutions are

presented in figure 7.1, with the corresponding value of HE shown in figure

7.2, where we recall that we have set units such that α′ = 1. We can also

0.0 2.5 5.0 7.5 10.0
H

0

50

100

150

f(H
)

Figure 7.1: Examples of numerically computed f(H), with the central black curve
corresponding to f̄(H).
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Figure 7.2: Time evolution of the Einstein-frame Hubble parameter for the f(H)
given in Fig. 7.1

.

seek a perturbative solution to (7.32). To this end, we consider

f(H) = f̄(H) [1 + ϵ(H)] , (7.39)

where we assume |ϵ| ≪ 1. Plugging this into (7.32) (with s = −1) and keeping

terms up to linear order in ϵ, we arrive at the linear differential equation

(Hm −H)(2Hm −H)Hϵ′′(H) + (2H2
m − 3HHm + 2H2)ϵ′(H) −Hmϵ(H) = 0

(7.40)

with the following solution

ϵ(H) =
C1Hm + C2H + hmC2 ln

∣∣∣ H
Hm

∣∣∣
H + 2hm

, (7.41)

where C1 and C2 are constants of integration. Note that C1 can be removed

by redefining Hm → Hm (1 − C1/2) and working to linear order in C1. Thus

we can set C1 = 0 without loss of generality and express (7.41) as a simple

function of the ratio δ = H/Hm,

ϵ(H) = C2

[
δ + ln |δ|
δ + 2

]
. (7.42)

Recall that this expression is valid as long as |ϵ(H)| ≪ 1. If we assume

|C2| ≪ 1 then this condition is violated if and only if δ strays too close to

the singularities at δ = 0,−2. More precisely, we have ϵ(H) ≪ 1 whenever
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|C2| ≪ 1, provided

1

|δ|
≫ e−2/|C2| ,

∣∣∣δ + 2
∣∣∣≫ |C2| (2 − ln 2) .

We now revisit the field equations (7.28) and (7.31) using the perturbed form

of f given by (7.42). To leading order in |C2| ≪ 1 (7.31) gives the following

expression for Hubble rate in Einstein frame

HE ≈ C2c

4(d− 1)V
. (7.43)

If we assume HE = H⋆ for some constant H⋆ and set nE = 1, it follows that

that we have V = ad0e
dH⋆t. We can then solve (7.43) explicitly, giving

H⋆ ≈
1

dt
W

(
dC2ct

4(d− 1)ad0

)
≈ C2c

4(d− 1)ad0
(7.44)

where we have used the fact that the Lambert W function W (x) ≈ x for small

x.2 We see that we have a constant and non-vanishing Hubble rate in the Ein-

stein frame, with the approximation valid as long as |t| ≪ 4(d− 1)ad0/d|c||C2|.

Since H⋆ is required to be positive in an expanding universe, we assume that

C2c > 0. The remaining fields are dominated by their non-vanishing zeroth

order (in ϵ) solutions (7.36)-(7.38). Recall that in a neighbourhood of the ori-

gin, perturbative string theory suggests that the function f(H) should admit a

Taylor expansion of the form (7.13). We will now show that any solution to the

differential equation (7.32) valid for H > 0 cannot be analytically continued

towards a solution of the form (7.13) in a neighbourhood of H = 0.

To see this, we begin by assuming that f(H) admits a Taylor expansions of

2The Lambert W function, often written as W (x), is a special function defined as the
inverse of the function: f(ω) = ωeω. This means that if x = ωeω, then ω = W (x). For small
values of x, we can approximate it using a series expansion: W (x) = x−x2+ 3

2x
3− 8

3x
4+ · · ·

[172].
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the form (7.13) in a neighbourhood of the origin

f(H) = dH2 + O(H4). (7.45)

In this neighbourhood, it immediately follows that

F ′(H)G(H)

F(H)2
= O(H2). (7.46)

In order to satisfy (7.32), the right hand side of this expression should be

equal to unity, which is clearly not possible in a neighbourhood of H = 0,

regardless of the sign of s = ±1. Thus, it is not possible to smoothly connect

a solution to (7.32) to the desired leading order Neveu-Schwarz theory at low

curvatures. However, perhaps this is too demanding. As noted earlier, for the

field equations to be well defined, we only need the form of f(H) to be twice

differentiable. For any finite N , it is certainly possible to match the first N

derivatives of a solution to (7.32) to a function of the form (7.45), at some

value of H = Hmatch > 0.

It is, perhaps, optimistic to expect such a matching to emerge from a non-

perturbative understanding of string theory. Nevertheless, we could imagine

a discontinuity in the higher order derivatives of f(H) to be a remnant of the

truncation to the massless sector of the theory. Indeed, if it emerges from

string oscillators with string scale masses, we might expect Hmatch ∼ 1 (in

units of α′ = 1).

Even if this desired form of f(H) can be justified, it is clear that we can

only trust our de Sitter solution in the regime where H > Hmatch. However,

recall that H is the Hubble parameter in the string frame and this will change

over time. If the system evolves into a regime where H < Hmatch, the form of

f(H) will no longer admit de Sitter solutions and the Einstein frame de Sitter

metric is destabilised.

To avoid this instability, we need to stop H evolving into the unstable region
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with H < Hmatch in either time direction. In other words, we need H to have a

turning point in its evolution at some Hturn > Hmatch. At such a turning point,

the last equation in (7.28) tells us that G(Hturn) = 0. Since Hturn > Hmatch by

assumption, the differential equation (7.31) ought to be satisfied at H = Hturn,

further implying that F(Hturn) = 0 must have a zero at the same point. Since

we assume that f(H) is twice differentiable, F(Hturn) = G(Hturn) = 0 if and

only if Hturn = 0. This contradicts the underlying assumption that Hturn >

Hmatch > 0. It follows that our de Sitter solution in Einstein frame cannot be

eternal.

7.3 Anisotropic cosmologies

In order to gain a deeper insight into the structure of the underlying O(d, d)

invariant theory, at all orders in α′, we need to reduce the symmetry of the

metric to eliminate any would-be degeneracies. As first step in this direction,

we move from an isotropic to an anisotropic framework. Of course, these

extensions will be off-shell. On-shell, our goal is still to find solutions that are

de Sitter, and therefore isotropic.

For anisotropic cosmologies in d + 1 spacetime, we consider a string frame

line element of the form

ds2 = −n(t)2dt2 +
d∑

i=1

ai(t)
2dx2i , (7.47)

where ai(t) is the scale factor along the ith spatial direction. A detailed deriva-

tion of the O(d, d) invariant action requires a careful computation of all the

terms in (6.15), including the multitrace operators. Instead of computing that

explicitly, we note that the action will take the form

I = κ2
∫

dt ne−Φ
[
−Φ2

n + f(Hi)
]
, (7.48)

where we have assumed units with α′ = 1. The Hubble parameter along the
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ith direction is given by Hi = ∂nqi for qi = ln ai, while the generalised dilaton

is given in terms of the standard dilaton via the following relation

Φ = 2ϕ−
∑
i

qi. (7.49)

To match with the leading order Neveu-Schwarz action (6.1) at low curvatures,

we expect that f admits a Taylor expansion near the origin such that

f(Hi) =
∑
i

H2
i + O(H4). (7.50)

The O(d, d) symmetry now includes scale factor duality along each direction,

ai → 1/ai and scale factor exchange ai ↔ aj for each i and j. This suggests

that the function f(Hi) can also be expressed as

f(Hi) = F
(
êdi (H

2
j )
)
, (7.51)

where we define the normalised elementary symmetric polynomials

êdi (Xj) =
1(
d
i

) ∑
1≤j1<...ji≤d

Xj1 . . . Xji (7.52)

for i = 1, . . . d.

Varying the action (7.48) with respect to the lapse, the dilaton and each of

the scale factors, we obtain Ea = 0 for a = n,Φ, qi, where

En =
δI

δn
= κ2e−Φ

[
Φ2

n − Lf (Hi)
]
, (7.53)

EΦ =
δI

δΦ
= κ2ne−Φ

[
2Φnn − Φ2

n − f(Hi)
]
, (7.54)

Eqi =
δI

δqi
= −κ2 d

dt

[
e−Φfi

]
, (7.55)

where we denote partial derivatives fi = ∂f/∂Hi and the Legendre transform

Lf (Hi) =
∑

iHifi − f(Hi). It is also convenient to define the average Hubble

parameter in string frame as H = 1
d

∑
iHi.
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7.3.1 dS solutions in the string frame

We now seek solutions to the anisotropic field equations corresponding to the

string frame de Sitter vacua. Using similar arguments to the isotropic case in

section 7.2.1, we see that there is an isotropic solution to (7.53) to (7.55) with

Hi = Hc > 0 for all i and some constant Hc if and only if

Φ2
n = −f(Hc, . . . , Hc) = Q2, fi(Hc, . . . , Hc) = 0, (7.56)

where Q is a constant. Given the form of f dictated by the O(d, d) symmetry

(7.51), this suggests that

f(Hi) = −Q2 +
∑
j

gj(Hl)

H4j
c

(êdj (H
2
l ) −H2j

c )2, (7.57)

where the functions gj(Hk) take the O(d, d) symmetric form (7.51) and admit

a Taylor expansion in each of êdj (H
2
l ) −H2j

c ,

gj(Hk) = gj0 +
∑
k

gjk(êdk(H2
l ) −H2k

c ) + . . . . (7.58)

Close to the origin, the form of f should coincide with (7.50) to recover the

leading order Neveu-Schwarz theory at small curvatures. On the isotropic line

where Hi = H for all i, the form of f is compatible with the isotropic solutions

(7.15), as expected

f(Hi)|iso = −Q2 +
∑
j

gj(H, . . . , H)

H4j
c

(H2j −H2j
c )2. (7.59)

It immediately follows that the corresponding de Sitter solution will once again

be unstable to isotropic fluctuations when Φn(ti) > 0.
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7.3.2 dS solutions in the Einstein frame

We now switch our attention to the Einstein frame to see if the family of

de Sitter solutions found in the isotropic framework [159] carries over to the

anisotropic framework. As usual, we perform a conformal transformation to

switch to Einstein frame, with n = AnE and ai = AaEi where A = e
2ϕ
d−1 . We

therefore have ln(n/nE) = qi − qEi = 2ϕ
d−1

for qEi = ln aEi . This allows us to

extract the following useful relation

ϕ = −d− 1

2

(
Φ +

∑
i

qEi

)
, (7.60)

implying

n

nE

=
e−Φ

V
, qi − qEi = −Φ − lnV (7.61)

where V =
∏

i(a
E
i )ki is the Einstein frame volume scale factor.

In the Einstein frame, we define Hubble parameters HE
i = ∂nE

qEi and the

corresponding average HE = 1
d

∑
iH

E
i . These are easily related to their string

frame counterparts via the relation

Hi =
nE

n

(
HE

i − dHE
)
− Φn. (7.62)

From the field equations (7.53) to (7.55) we can derive expressions for the

generalised velocities in Einstein frame

∂nE
Φ =

e−Φ

V
s
√
Lf , HE

i −HE =
e−Φ

V
(Hi −H) , HE =

e−Φ

V
Σ

d
F

(7.63)

where

F =
d

1 − d

(
H + s

√
Lf

Σ

)
, Σ =

√∑
j

f 2
j (7.64)

and s = ±1, depending on the sign of Φn. From equation (7.55), we have that

e−Φfi = ci =⇒ e−ΦΣ = |c| ≡
√∑

j

c2j (7.65)
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for some constants ci. We can now derive the following constraints on the

dynamics of the system, analogous to the last two equations in (7.28)

∂nE
V = |c|F , ∂nE

Hi =
|c|Gi

V
(7.66)

where

Gi =
s
√
Lf

∑
j f

ijfj

Σ
(7.67)

and f ij denotes the inverse of the Hessian of the function f , assumed to be

well defined. We proceed in a similar way to the isotropic case, and compute

the rate of change of the Einstein frame Hubble parameters. We find that

∂nE
HE

i = d(HE)2 [(1 + ξi)(O lnF − 1) + Oξi] , (7.68)

where

O =
1

F
∑
j

Gj∂Hj
, (7.69)

ξi =
d(Hi −H)

ΣF
. (7.70)

Since
∑

j ξj = 0, it follows that the rate of change of the average Hubble factor

is given by a somewhat simpler formula

∂nE
HE = d(HE)2(O lnF − 1), (7.71)

which is strongly reminiscent of the corresponding isotropic equation (7.30),

as expected. We may alternatively express (7.68) as

∂nE
HE

i − (1 + ξi)∂nE
HE = d(HE)2Oξi. (7.72)

Let us now evaluate our system on the isotropic line Hi = H, along which we
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have ξi = 0 from (7.70). For consistency, it must follow that

(∂nE
HE)|iso = d(HE)2(O lnF − 1)|iso, (Oξi)|iso = 0 (7.73)

where |iso indicates evaluation on the isotropic line. Requiring the vacuum to

be de Sitter in the Einstein frame on the isotropic line, i.e. HE
i = HE = const,

now yields the following constraints

O(lnF)|iso = 1, (Oξi)|iso = 0. (7.74)

Defining G =
∑

i Gi/d, we note that

O (lnF) = −
∑
i

Gi∂Hi

(
1

F

)
, (7.75)

O(ξi) =
1

ΣF2
(Gi − G) − ξiO ln(ΣF), (7.76)

and impose (7.74), giving

[∑
i

∂Hi

(
1

F

)
+

1

G

]
iso

= 0, Gi|iso = G|iso ̸= 0. (7.77)

To explore the implications of these results, consider the N dimensional Eu-

clidean space spanned by the Hubble parameters, (H1, . . . , Hd). It is convenient

to introduce a new set of coordinates (H, vα), adapted to the isotropic line,

defined in terms of the average Hubble parameter H =
∑

iHi/d and d − 1

orthogonal directions

vα =
∑
i

(Hi −H)nα
i , (7.78)

so that

Hi = H +
∑
α

nα
i vα. (7.79)

Here we have introduced an orthonormal set of vectors in Hubble space, nα
i ,
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orthogonal to the tangent vector, ui = 1/d, on the isotropic line

∑
i

uin
α
i =

1

d

∑
i

nα
i = 0,

∑
i

nα
i n

β
i = δαβ. (7.80)

We can now think of the isotropic line as being parametrized by the average

Hubble parameter, H, with each of the remaining coordinates vanishing there,

vα|iso = 0. At this point, we recall that the O(d, d) symmetry implies that

f(Hi) is given in terms of the normalised elementary symmetric polynomials,

as in (7.51). In a neighbourhood of the isotropic line, we can show that

êdi (H
2
j ) = H2i +

i(d+ 1 − 2i)

d(d− 1)
H2(i−1)

∑
α,β

δαβvαvβ + O(v3). (7.81)

Correspondingly we find that the function f takes the form

f(Hi) = f0(H) + g0(H)
∑
α,β

δαβvαvβ + O(v3), (7.82)

where

f0(H) = F (H2, . . . , H2d), g0(H) =
d∑

i=1

i(d+ 1 − 2i)

d(d− 1)
H2(i−1) ∂F

∂êdi

∣∣∣∣∣
êdj=H2j

.

(7.83)

For the de Sitter solution to exist, we require the conditions (7.77) to hold.

The second of these is equivalent to

[∑
uiGi

]
iso

= Giso ̸= 0,
[∑

nα
i Gi

]
iso

= 0. (7.84)

Making use of the chain rule

∂

∂H
=
∑
i

∂

∂Hi

,
∂

∂vα
=
∑
i

n
(α)
i

∂

∂Hi

, (7.85)

and assuming g0(H) ̸= 0, we immediately see that the condition (7.84) holds
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automatically. Meanwhile, the first condition in (7.77) yields

[
∂H

(
1

F

)
+

1

G

]
iso

= 0, (7.86)

which is equivalent to (7.32) for f(H) = f0(H). It follows that the Einstein

frame de Sitter solutions found in the isotropic framework extend naturally to

the anisotropic framework. This is because the underlying O(d, d) symmetry

ensures that deviations from isotropy only enter the theory at O(v2) ∼ O((Hi−

Hj ̸=i)
2).

7.4 Conclusions

Can we obtain de Sitter solutions in string theory? Although perturbative

methods provide some rich phenomenology, they have not been able to uncover

de Sitter solutions that are universally accepted as consistent and fully under

control. This motivates attempts to probe the non-perturbative structure of

string theory. Of course, we do not have the tools to do this in full generality

but progress can be made by restricting access to the Neveu-Schwarz fields in

the homogeneous limit. This is because they admit an O(d, d) symmetry that

can be extended to higher order operators, extending to all orders in α′.

The underlying structure of these theories is easy to write down whenever we

have a homogeneous and isotropic framework, where the O(d, d) symmetry is

equivalent to scale factor dulaity a→ 1/a. For a suitable non-linear structure,

quasi de Sitter solutions with time dependent dilatons can be found in both

the string frame and the Einstein frame. As shown previously [160, 162, 165,

166], homogeneous and isotropic fluctuations about the string frame solutions

can trigger an instability, although we have now shown that this is excited if

and only if the generalised dilaton is growing at the initial time Φ̇(ti) > 0.

The situation in the Einstein frame is even more delicate. Quasi de Sitter

solutions can and do exist in the Einstein frame, for particular non-perturbative
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extensions of the Neveu-Schwarz theory. However, these extensions do not

connect smoothly to the leading order Neveu-Schwarz theory. This means the

Einstein frame de Sitter solutions cannot be eternal to both past and future. In

other words, a de Sitter solution can survive for a finite period of time, or even

a semi-infinite time, but at some point towards either the future or the past,

the solution breaks down. The solution enters a new phase of the theory in a

neighbourhood of small string frame curvature, where Einstein frame de Sitter

solutions are no longer possible. Perhaps this should have been expected, as

the breakdown occurs in the perturbative regime where de Sitter solutions are

conjectured to be absent [48, 173, 174].

All of these results can be extended to include Bianchi I metrics. The O(d, d)

symmetry now plays a more interesting role than in the isotropic case, where

scale factor duality is accompanied by scale factor exchange ai ↔ aj. This is

crucial, especially for the existence of de Sitter solutions in the Einstein frame

where the additional constraints required for existence in an anisotropic setting

are satisfied automatically thanks to O(d, d) symmetry.

A study of anisotropic cosmologies also raises the possibility of some dimen-

sions growing large and others becoming small. In such a scenario, where some

dimensions are expanding and some are contracting, it would be interesting to

study the existence of de Sitter behaviour along the expanding directions.

Although we have focused our analysis on the case of classical strings in

a critical dimension, for which the constant Λ = 0 in (6.1), the results are

easily extended to non-critical dimensions. This is because a non-vanishing

Λ ∝ D−Dc is easily absorbed into a redefinition of the function f that defines

theory to all orders in α′,

f → f − 2Λ. (7.87)

This changes the structure of the theory in neighbourhood of the origin, but

little else. For the string frame de Sitter solutions in the isotropic framework,

this will affect the boundary conditions (7.17), so that we now have g(0) =
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−2Λ. Similar relations hold in the anisotropic case. The stability analysis is

unchanged. For the Einstein frame, we can revisit the question of whether

or not the bespoke choice of f(H) can be smoothly connected to the desired

form in a neighbourhood of H = 0. Focusing on the isotropic case, we set

f(H) = −2Λ + dH2 + O(H4) and compute

F ′(H)G(H)

F(H)2
=
d− 1

d
+ O(H). (7.88)

Clearly this cannot be set equal to unity, as required for Einstein frame de

Sitter solutions with a time dependent dilaton. Thus, we conclude that the

situation is qualitatively unchanged from the critical case, D = Dc, and one

cannot have eternal de Sitter solutions in the Einstein frame. The absence of

eternal de Sitter solutions is consistent with the so-called swampland conjec-

tures [48, 173, 174] and of course, the no-go theorem presented in [150].



Chapter 8

Conclusions and Outlook

177



Chapter 8. Conclusions 178

8.1 Conclusions

One of the most important discoveries in cosmology is that our universe is

expanding at an accelerating rate. The driving force is called “dark energy”

and is consistent with the vacuum energy or cosmological constant, whose tiny

density remains constant over time. When one calculates the contribution of

quantum fields to the vacuum energy, a surprising result is that the theoretical

result is much larger than the observational result. For example, if we take the

cut-off to lie at the TeV scale or beyond, the energy density of the vacuum is

then expected to lie at least 60 orders of magnitude higher than the scale of

dark energy. How to explain the small cosmological constant (CC) has been a

challenging problem in theoretical physics for many years. The arguably most

convincing explanation for accelerating expansion is that a positive cosmolog-

ical constant leads to approximate de Sitter spacetimes [145]. In this thesis,

we discuss several different aspects of de Sitter vacua in theoretical cosmology.

The thesis has two parts. We consider different string-inspired EFT models

which are related to the cosmological constant problem in Part I. Furthermore,

we explore the de Sitter vacua solutions in one kind of string cosmology model,

namely, O(d, d)-invariant cosmology, in Part II.

In Part I we study three aspects of de-Sitter vacua in string-inspired effective

field theory models. In Chapter 3, we consider a broad class of 4D effective

field theories, in which gravity is coupled to multiple four-forms and their

dual scalar fields, and membrane sources are charged under corresponding

three-form potentials. We list various approaches to obtain sufficiently dense

landscapes compatible with current vacuum observations. Furthermore, we

introduce a parameter X =
4M4

pl∆k2

T 2 and establish the general criteria required

to ensure the absolute stability of the Minkowski vacuum. Since the class

of models is quite broad and fine-tuning can be avoided mildly, we propose

a “probabilistic” argument to explain the cosmological constant, rather than
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the dominant anthropic principle [1].

In chapter 3, we establish the parametric conditions for X. In chapter 4

we explore in detail whether or not different models are compatible with the

membrane weak gravity conjecture. Although it is true that the models are

often incompatible with membrane weak gravity conjecture, we show that this

is not always the case and propose an explicit model in which Minkowski space

is absolutely stable and the weak gravity conjecture is satisfied. Moreover, we

show that this corresponds to an extension of the Bousso-Polchinski model

into a generalised DBI action for four-forms [2].

In chapter 5, we generalize the results of vacuum transtions in chapter 3

and 4 to D-dimension including the Gauss-Bonnet term. We find that the Eu-

clidean action of the bounce, B of Min+ → AdS− is proportional to k
−(D−2)
+ ,

which has a pole as k2+ → 0 where k2+ is the curvature of the parent vacuum.

We find a new decay channel AdS+ → dS− as well. The physical meaning of

this new decay channel is still not clear. We will study it in the future [3].

In Part I we studied different aspects of de-Sitter vacua in string-inspired

EFT models. It is natural to ask what the properties of de-Sitter vacua in string

theory are. In Part II we explore the de-Sitter vacua solutions in one special

string cosmology model, namely, O(d, d) invariant cosmology. In chapter 7 we

perform an analysis of de Sitter solutions in O(d, d) invariant cosmologies thor-

oughly. For the homogeneous and isotropic framework we study the conditions

for the existence of de Sitter vacuum solutions that are non-perturbative in

α′ in both the string frame and Einstein frame. We elucidate the nature of

the instability in the string frame vacuum. We show that the de Sitter solu-

tions cannot be eternal in the Einstein frame. We then extend the analysis

to Bianchi I universes. We show how to extend the theory of homogeneous

and isotropic framework to the anisotropic case, allowing de Sitter solutions,

and note the crucial role played by the O(d, d) symmetry in satisfying any

additional constraints [4].
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8.2 Outlook

We end this thesis with a brief discussion for future work on related lines.

8.2.1 Fine-tuning problems

Reducing from ten dimensions to a positively curved (de Sitter) universe with

three observed families of chiral fermions, where all moduli are stabilized, re-

mains a challenging objective. We restrict ourselves to the study of intersecting

D6-branes models from the perspective of IIA string theory. Specifically, we

will address the following two aspects:

Part I. There are at least three fine-tuning problems in theoretical physics:

the CC problem, the hierarchy problem and the strong CP problem. However,

only few works studied these three problems simultaneously. Therefore, we

are considering if the three fine-tuning problems can be “solved” within one

stringy model which can get the standard model or at least MSSM 1.

In [175–177], the authors claimed that the following 4D potential can explain

the strong CP problem

VEFT (a) = −1

2
X2 + (ma− θQCDΛ2

QCD)X + .... (8.1)

where X is a four-form flux, a is the QCD axion and ΛQCD is axion decay

constant.

When we consider type IIA theory compactified on T 6

Z2×Z2
orientifold, we

can get 4D potential which is rewritten in terms of four-form fluxes. The 4D

potential has three parts: VRR, VNS and Vlol. We noticed that the structure

of one term in VRR is similar to (8.1) [178]. Therefore, it suggests that the

T 6

Z2×Z2
orientifold model in type IIA theory might be used to solve the strong

CP problem.

1Here, “solved” does not mean that we can really solve these three problems simulta-
neously. It just means that if we can deal with these three problems within one stringy
model.
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In [179, 180] the authors claimed that we can obtain stable dS vacua for

STU model by uplifting anti-D6 brane. (STU model is a special case of type

IIA T 6

Z2×Z2
orientifold.) Therefore, the cosmologcial constant problem and the

strong CP problem could be described in type IIA STU model simultaneously.

Furthermore, in [181] the authors considered the mass production of type IIA

dS vacua. As an example, they also considered the mechanism of mass pro-

duction in STU model.

We plan to split this study into a series of steps, following the ideas of [179–

181]. First, we will seek supersymmetric Minkowski vacua. The superpotential

W of supersymmetric Minkowski vacua satisfy ∂iW = 0 and W = 0. Second,

we will perform a small downshift ∆W to supersymmetric AdS vacua. Then

the total superpotential becomes W ′ = W+∆W . The ∆W is so small that the

properties of supersymmetric Minkowski vacua can still hold. The downshift

is necessary because without it, the vacuum with the observed cosmological

constant value, which is uplifted from the Minkowski state with V = 0 to the

dS state with VdS = 10−120, would result in F 2 ∼ 10−120. This would make

the supersymmetry breaking too small. A manageable downshift disentangles

supersymmetry breaking from the smallness of the cosmological constant [181].

Third, we will perform an uplift to the dS vacua, using the anti-D6-brane, and

then compute the masses of axions, saxions and gravitino [179–181]. Since the

gravitino mass can be given by m2
3/2 = |VAdS |

3
, then if m3/2 is about 1 TeV (or 10

TeV), we can “explain” the hierarchy problem in STU model. The extremely

small cosmological constant requires that |VAdS| + VD6 ≈ 0. Therefore, the

cosmological constant problem and the hierarchy problem could be related. In

conclusion, the three fine-tuning problems could be “solved” in the type IIA

STU model.

One weakness of this project that needs to be acknowledged is that the

calculation of uplifting is not reliable. However, ∆W is very small, so the

obtained AdS vacua are not deep AdS vacua. Then the calculation of uplifting

in this scenario is easier to control than deep AdS vacua. In some sense, this
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can be regarded as an indirect reason for the small value of the cosmological

constant. Nature gives us an easier problem. Only near Minkowski vacua can

the calculations become easier and reliable.

Part II. Intersecting D6-branes in type IIA string theory provide a natural

mechanism to realize chiral fermions at D6-brane intersections. Supersym-

metric Pati-Salam models arising from intersecting D6-branes on a T 6

Z2×Z2
ori-

entifold in type IIA string theory can give a realistic particle model — the

Standard Model [182]. So in the future it is natural to ask if we can get the

values of some physical quantities from type IIA T 6

Z2×Z2
orientifold. For ex-

ample, in [182], the mass of gravitino has been obtained, so we can use the

two relations m2
3/2 = |VAdS |

3
and |VAdS| + VD6 ≈ 0 to obtain the value of the

cosmological constant. In addition, we can use the masses of axions in [182]

to constrain the form of (8.1).

One weakness of the calculation in Part II is that in [182] the authors turned

off the fluxes. However, in order to do moduli stabilization, we need to turn on

the fluxes. Therefore, we need to follow the logic of [182] to get the masses of

axions and gravitino with fluxes at first. Then we can obtain the cosmological

constant Λ and constrain the form of (8.1).

8.2.2 Gauss-Bonnet term and heterotic string theory

If we use standard Euclidean methods to describe tunneling between vacua,

it is well known that up-tunneling from AdS to dS vacua is impossible in

GR. However, we recently found that there exists an up-tunneling channel,

AdS+ → dS−, if we include the contribution from Gauss-Bonnet term [3]. In

[183], the authors claimed that the up-tunneling channel, AdS+ → dS− can

be used to explain the Hubble tension problem. However, they did not find a

concrete example. Therefore, we can explore the following steps:
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Dark dimensions and the Hubble tension

We are going to study the model of [3] in dark dimension scenario. Following

the logic of [183], we can do compactification for the model of [3] from 5D

to 4D to get a potential V4 in 4D. It was recently noted that the Hubble

tension problem can be resolved if the cosmological constant parametrizing

the dark energy content switches its sign at a critical redshift zc ∼ 2 [183]. We

can tune the parameter in V4 to get an up-tunneling channel, AdS+ → dS−.

Furthermore, if the critical redshift zc can be tuned to around 2, then we can

give a concrete example to solve the Hubble tension problem.

The Gauss-Bonnet term can be obtained from heterotic string theory. In

[184], the authors studied the 4D Minkowski and dS vacua and moduli sta-

bilisation in heterotic string. There are at least two ways to explore in the

future. On the one hand, we can obtain the 4D supersymmetric Minkowski

vacua and then do the uplift to dS vacua. We can mimic the logic of [181]

to get the mass production mechanism of heterotic string theory. Then the

hierarchy problem and the cosmological constant problem can be connected in

heterotic string theory. On the other hand, we can do dimensional reduction

of 10D heterotic action to get 5D effective action including the Gauss-Bonet

term. Similar to the last paragraph, we can do compactification from 5D to

4D to get the potential V4. Then following the logic of [183], we can explain

the Hubble tension problem. So the connection between the Hubble tension

problem and string theory could be built.
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[55] Johan Bl̊abäck, Ulf Danielsson, Giuseppe Dibitetto, and Suvendu Giri.
Constructing stable de Sitter in M-theory from higher curvature correc-
tions. Journal of High Energy Physics, 2019(9):1–24, 2019.
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Appendix A

Tunneling rates for Neumann
boundary conditions on the
three-forms

In semi-classical theory of vacuum decay, transition rates between vacua M+ →
M− are given by [82, 92, 93]

Γ

Vol
∼ e−B/ℏ (A.1)

where
B = SE(instanton) − SE(parent). (A.2)

Here SE(instanton) is the Euclidean action evaluated on the bubble configu-
rations described above, interpolating between the vacua M+ and M−. In
contrast, SE(parent) is the Euclidean action evaluated on the complete parent
vacuum, M+, with no bubbles.

The Euclidean action is

SE = (

∫ rmax

0+
dr +

∫ 0−

rmin

dr)Lbulk(r) + [Lbdy]
rmax
rmin

+ Lmem, (A.3)

where the bulk Lagrangian is

Lbulk = −Ω3ρ
3

(
3M2

pl

[
1

ρ2
+ (

ρ′

ρ
)2
]
− V − 1

2
Zij

Ai′Aj′

ρ6
+ σi

Ai′

ρ3
− 1

2
ωijϕ′

iϕ
′
j

)
,

(A.4)
the boundary Lagrangian is

Lbdy = λχiA
i − µρ3ωijϕ′

iϕ
′
j, (A.5)

and membrane Lagrangian is

Lmem = QiA
i(0) + Tρ3(0) + [µρ3ωijϕ′

iϕ
′
j]
0+

0− , (A.6)

and Qi is membrane charge of type i and T is membrane tension.
Now for r > 0, instanton and parent vacua are both in “+” vacuum, while

for r < 0 instanton is in “-” vacuum and parent vacuum is still in “+” vac-
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uum. The instanton has a membrane while the parent vacuum does not have
membrane. So

B =

∫ 0−

r
(−)
min

drL(−)
bulk(r) −

∫ 0−

r
(+)
min

drL(+)
bulk(r) − [L(−)

bdy (r
(−)
min) − L(+)

bdy (r
(+)
min)] + Lmem.

(A.7)
We can compute∫ 0−

rmin

drLbulk(r) = −Ω3

∫ 0−

rmin

drρ3

(
3M2

pl

[
1

ρ2
+

(
ρ′

ρ

)2
]
− (V +

1

2
Zijc

icj) + σic
i

)
,

(A.8)
where we have assumed that the scalars ϕi are constant. Considering (3.13)
and (3.15), we have∫ 0−

rmin

drLbulk(r) = −Ω3

∫ 0−

rmin

drρ3

(
3M2

pl

[
1

ρ2
+

(
ρ′

ρ

)2
]
− 3M2

plk
2 + χic

i

)
.

(A.9)
Now

1

ρ2
+

(
ρ′

ρ

)2

− k2 = 2k2
cos2(k(ϵr + r0))

sin2(k(ϵr + r0))
, (A.10)

where ϵ = ±1. Thus∫ 0−

rmin

drLbulk(r) = −Ω3

(
−

6M2
pl

k2
ϵ[

1

3
cos3(k(ϵr + r0))]

0
rmin

+ χic
iVin

)
, (A.11)

where

Vin =

∫ 0

rmin

drρ3(r). (A.12)

Since cos(k(ϵrmin + r0)) = ±1 if ϵ = ±1, then∫ 0

rmin

drLbulk(r) = −Ω3

(
2M2

pl

k2
[1 − ϵ cos3(kr0)] + χic

iVin

)
. (A.13)

Moreover, we have

Lbdy(rmin) = λχiA
i(rmin) = λχi(A

i(0) − ciVin), (A.14)

where we have used (5.43) and

Lmem = Ω3

(
QiA

i(0) + Tρ3(0)
)
. (A.15)

Therefore, the bounce B is given by

B =Ω3∆

(
2M2

pl

k2
[1 − ϵ cos3(kr0)] + (1 − λrmin

)χic
iVin + λrmin

χiA
i(0)

)
+QiA

i(0) + Tρ3(0),

(A.16)

where λrmin
denotes the value of λ at rmin.
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Recall that ϵ = 1 WLOG, then the bounce is

B

Ω3

=2M2
pl∆

(
1 − cos3(kr0)

k2

)
+ (1 − λrmin

)∆(χic
iVin) + λrmin

χiA
i(0)

+ [λrmin
(∆χi) +Qi]A

i(0) + Tρ3(0).

(A.17)

Considering (3.35),

∆χi = −δii⋆Qi, (no sum over i). (A.18)

we have

B

Ω3

=2M2
pl∆

(
1 − cos3(kr0)

k2

)
+ Tρ3(0)

+ (1 − λrmin
)[∆(χic

iVin) +QiA
i(0)].

(A.19)

If we choose the Neumann boundary conditions on the three-forms λrmin
= 1,

the bounce B is

B = −2M2
plΩ3∆

(
1

k2
[ρ′(r)3]0rmin

)
+ Ω3Tρ

3(0), (A.20)

Therefore, we can obtain (3.44).



Appendix B

Tunneling rates for general
boundary conditions

We can generalize the result of Appendix B to general boundary conditions.
For a general choice of boundary condition on the three-forms, the tunneling
exponent computed from the geometry of the bounce is given by

B = λBN + (1 − λ)BD (B.1)

where BN is the tunneling exponent computed for Neumann boundary con-
ditions (λ = 1), given by (3.44), and BD for Dirichlet boundary conditions,
given by

BD = BN − Ω3

∑
i

QiA
i(0) + Ω3∆

{∑
i χic

i

3k4
[
3ρ′(r) − ρ′(r)3

]0
rmin

}
. (B.2)

Recall that for Neumann boundary conditions (λ = 1), configurations with
k2+ ≤ 0 and ϵ+ = −1 are always infinitely suppressed; for Dirichlet bound-
ary conditions (λ = 0), they will also be infinitely suppressed provided (2V +∑

i σic
i)+ < 0. If this is not the case, there will be a catastrophic instability.

For configurations of physical interest, the tunneling exponent simplifies. In-
deed, BN is now given by (3.45) for Neumann boundary conditions on the
three-forms, and

BD =BN + Ω3

[
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pl

3T
ρ(0)3

(
v∆k2 − T 2

2M4
pl

u

)
−
∑
i
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(B.3)

+
2Ω3

3k2+k
2
−
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M2
pl

T
ρ(0)∆k2

)
+

T

4M2
pl

ρ(0)
[
v∆k2 − 2u⟨k2⟩

]}

for Dirichlet boundary conditions, where u = −6M2
pl+⟨(2V +

∑
i σic

i)/k2⟩ and
v = ∆ [(2V +

∑
i σic

i)/k2].
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