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Abstract

The work presented in this thesis is based on research conducted at the Par-
ticle Theory Group, School of Physics and Astronomy, University of Notting-
ham, United Kingdom. In this thesis we explore de Sitter vacua in theoretical
cosmology. The thesis has two parts. In Part I we consider different string-
inspired models which are related to the cosmological constant problem. In
Part II we study the de Sitter vacua solutions in one string cosmology model,
namely, O(d, d) invariant cosmology.

In Part I we study three aspects of de Sitter vacua in string-inspired models.
First of all, in chapter 2 we review the related concepts and tools we need in this
part, namely, string landscape, swampland conjecture and bubble nucleation.
In chapter 3, we consider a wide class of 4D effective field theories in which
gravity is coupled to multiple four-forms and their dual scalar fields, with
membrane sources charged under the corresponding three-form potentials. We
propose a “probabilistic” argument to explain the small cosmological constant
instead of the dominant anthropic principle. Chapter 3 is based on original
work in collaboration with Antonio Padilla and Francisco G. Pedro [1]. In
chapter 4, we explore in detail whether or not different models are compatible
with the membrane weak gravity conjecture. We find that these models can
be generalised to the DBI action. Chapter 4 is based on original work in
collaboration with Antonio Padilla and Francisco G. Pedro [2]. In chapter 5,
we generalise the results in chapter 3 and 4 to D-dimensions including the
Gauss-Bonnet term. We find that the Euclidean action of the bounce, B,
describing the decay of a de Sitter vacuum, is proportional to k;(D_m, which
has a pole as k2 — 0 where k2 is the curvature of the parent vacuum. We
find a new decay channel, describing up-tunneling from anti-de Sitter into de
Sitter. Chapter 5 is based on original work done by the author [3].

In Part II we explore the de Sitter vacua solutions in O(d, d) invariant cos-
mology. We briefly review the basic concepts of O(d,d) invariant cosmology
in chapter 6. Then in chapter 7 we perform a thorough analysis of de Sit-
ter solutions in O(d,d) invariant cosmologies. We elucidate the nature of the
instability in the string frame vacuum. For the Einstein frame, we find that
the de Sitter solutions cannot be eternal. Then we extend our analysis to
include Bianchi I universes. We show that we can extend the theory to the
anisotropic case so that de-Sitter solutions can exist. All results in chapter 7
are presented in this paper [!], which is done in collaboration with Antonio
Padilla, Paul Saffin and Robert Smith.
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There are four fundamental interactions in nature: the strong force, the weak
force, the electromagnetic force and the gravitational force. At long distances
gravity is the weakest force. For example, if we consider the gravitational force
between two electrons, we can find that gravity is approximately 10~*? in units
of the corresponding electromagnetic force. However, gravity plays the most
important role in cosmology since gravity is the only relevant interaction for
the whole universe among four fundamental interactions. Therefore, in order
to give a consistent description of the universe, we need to understand gravity

very well.

1.1 General relativity

In 1915 Einstein proposed the theory of general relativity (GR) [5, 6], which
is our best understanding of the gravitational force at low energies so far.
In order to solve the inconsistencies between Newtonian gravity and special
relativity, Einstein introduced a revolutionary idea. In GR the gravitational
force has been replaced by a geometric description of a dynamical spacetime.
Since then a lot of observations have been done and verified the results of
GR, such as gravitational red-shift, the bending of light by the Sun and the
perihelion precession of Mercury. More details can be found in [5, 6]. In recent
years, one of the most important predictions in GR, gravitational waves, have
been observed [7] and the leaders of the research team won the Nobel prize in
physics in 2017.
The action of GR, the Einstein-Hilbert action, is given by

Son = / Aoy =g =R~ A) (1.1)

where g, is the metric tensor, g = det g,,,, R = g, """ is the Ricci scalar and
R, is the Ricci tensor. G is the Newton’s constant. A is the cosmological

constant. We have set ¢ = 1. Furthermore, if we couple matter fields to
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gravity, the total action of the whole system is
S = Sgr + Sm(g", D) (1.2)

where ® denotes all fields. The resulting field equations after varying the

action with respect to g, are the following
G + 87GAg,, = 87GT,,, (1.3)

where

G,uzz = R;w - ég,uyR (14)

is the Einstein tensor and

2 0Sn
T,=——— 1.
K /_g(sgw/ ( 5)

is the energy-momentum tensor. The Einstein equation is a set of nonlinear
partial differential equations, therefore g, is very hard to solve exactly. More
details of GR can be found in famous textbooks [8-10].

If we only consider the range of the Solar System, the cosmological constant
A can be neglected. However, if we apply the Einstein equation to cosmology,
the contribution from A will play an important role. In theoretical physics
how to explain the small value of the cosmological constant is a long-standing
problem, which is the so-called “the cosmological constant (CC) problem”. We
will discuss the CC problem in section 1.2.

If the cosmological constant A is neglected, our universe should be shrink-
ing or decelerating because of the attraction of gravity. However, one of the
most crucial findings in cosmology in recent years is that our universe has an
accelerating expansion. The first series of observations of this kind came from
[11, 12]. The leaders of these teams won the Nobel prize in physics in 2011.

The reason for the accelerating expansion of the universe is still unclear.
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The driving force of the accelerating expansion is often called the “dark en-
ergy”, which is consistent with a vacuum energy, or cosmological constant
[11, 12]. Therefore, in principle, if the origin of the cosmological constant can
be understood, then the origin of the accelerating expansion of universe can
be revealed.!

At present it has been realized that GR is just the low energy effective field
theory of gravity, although it is still the best theory of gravity we have. It
breaks down at high energies where we expect it to be replaced by a quantum
theory of gravity. In Einstein’s eyes, GR was constructed by the principle of
equivalence and general coordinate invariance. Thanks to Riemannian geome-
try, gravity has disappeared in GR and has been replaced by the geometry of
spacetime. However, in modern quantum field theory we now understand that
GR is an inevitable consequence of a few basic principles without assuming a
priori the equivalence principle or general coordinate invariance. We can con-
struct GR as a low energy description of interacting massless spin-2 particle
using locality and Lorentz invariance [13-17].

However, GR is not a UV complete theory. Here are the reasons. First, when
we quantize GR in the traditional QFT way (perturbatively), infinite quantities
that cannot be absorbed by a finite number of counterterms, which means GR
is non-renormalizable. Second, the gravitational coupling constant in GR is
Newton’s constant GG, which has negative mass dimension: [G] = (mass) 2.
This implies that the theory becomes strongly coupled at high energies (or
small distances), where loop corrections blow up. This breakdown hints at
the incompleteness of GR in the UV — it cannot be extended to arbitrarily
small scales without modification. Third, the expansion of GR around flat
spacetime (or any background) leads to terms that grow uncontrollably at high
energy. The perturbation series does not converge or even make sense beyond
a certain scale — usually around the Planck scale (~ 10'GeV). Fourth, GR

predicts singularities (e.g., inside black holes, at the Big Bang) where curvature

!That is only true if the data remains consistent with w = p/p = —1.
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becomes infinite. These are signals that the classical theory breaks down —
something quantum needs to resolve them [18, 19]. Therefore, we need a UV
complete gravitational theory. In Section 1.3, we will briefly review the most
promising unified theory - string theory.

In fact, the other three fundamental interactions can be described by Yang-
Mills theory, or gauge field theory, which is the basic principle of interactions
between massless spin-1 particles. Theoretical physicists have attempted to
derive the value of the cosmological constant from quantum field theory by
summing the contributions of vacuum energy from quantum fields. For exam-
ple, if we add up the vacuum contributions from QED (electromagnetic field),
QCD (gluon field, quark condensates), Higgs field, Electroweak gauge bosons
(W and Z) and gravitational zero-point fluctuations (in speculative models),

: theor 60 120 obs theory ;
we get something on the order of pi.c®Y ~ 10° to 107" x p22%, where p[ 2™ is

obs

one is the observational

the theoretical result of vacuum energy density and p
result of vacuum energy density [20, 21]. The observational value of A is much
smaller than the theoretical result, which is one of the biggest challenges in

modern theoretical physics. The main topic of this thesis is trying to under-

stand CC problem better.

1.2 The cosmological constant problem

The cosmological constant problem has haunted theoretical physics ever since
Pauli calculated the effect of the zero-point energy of the electron on the cur-
vature of spacetime, declaring that the universe would “not even reach to the
moon” [22]. The situation has not really improved in the century that followed.
When we apply standard quantum field theory methods, radiative corrections
to the vacuum energy are extremely sensitive to ultra-violet physics, scaling
like the fourth power of the cut-off. Vacuum energy gravitates just like a cos-
mological constant presenting a major issue for cosmology. The observed value

of the cosmological constant lies sixty orders of magnitude below the expected
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value predicted from vacuum energy calculations with a TeV cut-off, set by
the scale of modern collider experiments. If we push the cut-off all the way up
to the Planck scale, the discrepancy extends to 120 orders of magnitude. The
problem has at least three aspects [23]:

1. Why the cosmological constant is so small?

2. Why the cosmological constant is positive?

3. How to explain the coincidence problem??

We will focus on the first question. It is hard enough! Now let us review the
background.

When we write down the field equation for GR
1
R, — ERg,w + 81GAg, = 87GT,, (1.6)

we realize one important thing: the cosmological constant A was not fixed by
the structure of GR. In other words, A can be an arbitrary constant. In order
to yield a static cosmological solution, Einstein introduced the cosmological
constant A. However, the cosmological solution is still non-static, which is
the “greatest blunder” of Einstein [20]. The cosmological constant A returns
through the back door. The quantum fluctuations in the vacuum of quantum
field theory contribute to the expectation value of the stress tensor in a way
which is exactly like a cosmological constant. So the cosmological constant
becomes a real problem [20].

In quantum field theory, the nature of vacuum is much more complicated
than in classical theory. Let us take an example. When we consider the
ground state of a harmonic oscillator, every mode of each field can contribute
a zero-point energy to the energy density of the vacuum. In the description of
path integral, this energy arises from the so-called “loops”, or virtual particle-
antiparticle pairs. If the vacuum is assumed to be Lorentz invariant, then

the corresponding energy-momentum tensor must also be Lorentz invariant.

2The coincidence problem basically asks why are the energy densities of dark energy and
matter of the same order right now, even though they evolve very differently over time?
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The only Lorentz invariant rank 2 tensor is the Minkowski metric. By gen-
eral covariance, this gets promoted to the full metric g,, in curved spacetime.
Therefore, the corresponding energy-momentum-stress tensor should be pro-

portional to the metric, namely, [3—10]

< T,uu >= —PvacYuv; (17)

where p,q. is the density of vacuum energy.
Although it is located on the right-hand side of Einstein’s equation, vacuum
energy takes the form of a cosmological constant, meaning we could incorporate

it and redefine A as follows:

A= AEm + Puac; (18)

where Ag;, is the bare cosmological constant appearing in Einstein’s equation.
With observational data, the upper bound of cosmological constant is |A] <
3 x 107?12, where [, is the Planck length [20].

In this section we will discuss different aspects of the cosmological constant
problem. We start by arguing that the CC problem can be traced back to two
rigorous foundations of modern physics, i.e., quantum field theory (QFT) and
GR. Then we explain how the vacuum energy contributions to the cosmological
constant are calculated in QFT and semiclassical gravity theory. We then
explain why we must repeatedly fine tune a classical parameter in GR to
match observations of a small cosmological constant. We refer the reader to

the number of reviews on the cosmological constant problem for more details

[’77]'

1.2.1 Two rigorous foundations

The cosmological constant problem arises from the intersection of two funda-

mental pillars of modern physics: quantum field theory (QFT) and general
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relativity (GR).

In QFT, the vacuum is not empty but has energy. This vacuum energy
influences physical processes through loop corrections to tree-level scattering
amplitudes. Consider, for example, quantum electrodynamics (QED). A spe-
cific case is the Coulomb interaction between an electron e~ and a positron
et, which occurs in Bhabha scattering e"et — e~ et. In QED, the Coulomb
potential is mediated by the exchange of a virtual photon, as described by the
QED Lagrangian:

1 o )
£QED = _Z ,ul/FW/ + ?/J(Z’Y“au - me)w - ew’Y“A;ﬂ/fa (19)

where F,, = 0,A, — 0, A, is the field strength of vector potential A, ¢ is the
relevant fermion, v* are the gamma matrices and e is the electric charge of
relevant fermion. In the non-relativistic limit, the Coulomb potential arising

from tree diagram is given by

62

V(r)= —— (1.10)

Ay’

which describes the attractive interaction between two opposite charges. How-
ever, the story does not end there. We can calculate a 1-loop correction to
the tree-level Coulomb potential, a process known as vacuum polarization.
If e < 1, the 1-loop contribution is much smaller than the tree-level term.
The non-relativistic potential, which includes both the tree-level and 1-loop
contributions, is referred to as the Uehling potential [26, 27]:

e e [ 2272 +1
Vir)=—1(14 — dpe 2™ — /22 — 1 1.11
(r) 4mr < T o . e ot V" ) ’ (1.11)

where the x is the parameter often appears in Feynman integral. The integral
in (1.11) is hard to calculate, but we can do it for the following two limits.

When the distance scale exceeds the Compton wavelength of the electron,
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namely, r > 1/m,, the Uehling potential becomes [26, 27]:

e? 1
1673/2 (mer)3/2

6—2’”67”} : (1.12)

If the distance scale is smaller than the Compton wavelength of the electron,

namely, r < 1/m,, the Uehling potential is [20, 27]

62

e? 1 5
=— |1+ -——= |1 - = — 1.1
vir) dmr { * 672 (og mer 6 WE)} ’ (1.13)

where vg ~ 0.577 is the Fuler-Mascheroni constant. The two limits are easier
to analyze, so we just consider these two limits. This correction to the tree-
level potential energy arises entirely from the interactions between the virtual
photon and the vacuum fluctuations of the virtual electron-positron pair. This
serves as an example of how vacuum fluctuations influence physical processes
28],

In 1947, Willis Lamb observed a small splitting between the energy levels of
the hydrogen atom, which would be degenerate in both Dirac theory and tree-
level QED. This phenomenon, known as the “Lamb shift”, led physicists to
recognize the crucial role of loop corrections in accurately describing physical
processes [28-32].

After discussing the first foundation — vacuum fluctuations in QFT —
let us now turn to the second foundation: the principle of equivalence. This
principle asserts that all forms of matter and energy experience gravity with the
same strength. As the fundamental principle of GR, the equivalence principle
suggests that the vacuum energy fluctuations contributing to the Lamb shift
should also be affected by gravity [28]. In fact, loop corrections influence not
only the inertial energy of an atom but also its gravitational energy. However,
since the gravitational force is much weaker than the electromagnetic force,
gravitational energy is often neglected in QED. In fact, this small change in

the gravitational mass due to Lamb shift has been measured and more details
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can be found in [33].

1.2.2 Fine tuning

The cosmological constant problem arises as an unwanted consequence of two
foundational pillars of twentieth-century physics: QFT and GR. As discussed
in the previous section, the vacuum possesses energy. In QFT, the standard
approach to calculating vacuum energy involves computing the vacuum loop
diagrams for each particle species [25]. To determine the vacuum energy, we
employ a semi-classical framework, where the field theory sector is treated
quantum mechanically, while the gravitational degrees of freedom are treated
classically. Typically, the action is expanded around Minkowski spacetime at
the outset [28]. We compute the loop corrections in the limit M, — oco. After
calculating the vacuum energy contributions to a given order, we restore the
finite value of M. This step enables gravity to classically probe the resulting
vacuum energy in accordance with gauge invariance. In GR, the symmetry
under diffeomorphisms (general coordinate transformations) plays the role of
a gauge symmetry. That is:

1. The gravitational field (described by the metric tensor g,,) is not uniquely
defined until we fix a coordinate system;

2. Diffeomorphism invariance ensures that all coordinate systems are physi-
cally equivalent — just as gauge invariance ensures that all gauge choices are
physically equivalent.

Diffeomorphism invariance ensures that vacuum energy gravitates. Specifi-

cally, the action term —V,q. [ d*z in flat space gets promoted to

~Vaae / d'z/=g. (1.14)

in curved space in order for the action to remain invariance under diffeomor-
phisms [25]. This means that the vacuum energy couples to metric.

When calculating the loop corrections to the cosmological constant, we en-
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counter divergent integrals that require regularization. A widely used approach
is dimensional regularization, which involves working in D = 4 — ¢ dimensions.
Consider a scalar field of mass m, and quartic self-interaction %¢4. In one
loop, the only vacuum diagram is the free theory bubble, a single loop with no
interaction vertices (the first term of Figure 1.1). This comes from the Gaus-

sian integral in the path integral. The corresponding one-loop contribution is

given by
Vit = 5 [ gy losts = (115)

namely,
Y id-loop _ _% §+ log <771_23)> + ﬁnite] : (1.16)

where p is the arbitrary mass scale introduced in dimensional regularization
[25]. The divergence as € — 0 requires to add the following counter term which

depends on an arbitrary subtraction scale, M,

4
¢,1—loop _ o)
)

(@) o

Combining the two we obtain the renormalised vacuum energy at 1-loop [25, 28]
mi m?
¢,1—loo; ¢ ¢ :

Since V/%171P explicitly depends on the arbitrary scale M, we do not obtain
a definitive result for the renormalized vacuum energy. As a result, we are
unable to predict the exact contribution of the vacuum energy from massive

scalar particles to the cosmological constant in effective field theory.
00+

Figure 1.1: I-loop and 2-loop vacuum diagrams in A\¢* theory.

Since we are unable to predict the exact value of the cosmological constant,
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it is necessary to measure it and adjust the finite part of A. to align with
observational data. For instance, if the massive scalar field is the Higgs boson
with a mass of 126 GeV, we can choose M in such a way that the logarithm
cancels the “finite” part with an accuracy of 1 part in 1090 [25].

We now proceed to examine the two-loop correction to the vacuum energy
from a massive scalar field. The two-loop correction corresponds to the second

term of Figure 1.1. The two-loop correction to the vacuum energy is

- 4 4
b2-toop _ A [ d'K 1 / d*p 1 L1
Viae 8 / 2m) k2 —m?2 | (2m)*p? —m?’ (1.19)

namely, scales as

vac

V2 =1oor s Amyg. (1.20)

In 2-loop diagram, there is an interaction vertex ﬁgb‘l, but 1-loop diagram does
not have the vertex. Therefore, (1.20) depends on A but (1.16) does not. In
perturbative theories that do not have precisely adjusted couplings, this means
that the 2-loop correction is not much smaller than the 1-loop contribution. As
a result, the cancellation we established at the 1-loop level is entirely disrupted,
and we must re-adjust the finite contributions in the counterterms with a sim-
ilar level of precision [25]. Likewise, the contributions from the 3-loop, 4-loop,
and higher-order corrections must also be re-tuned. Consequently, we must
re-adjust the bare cosmological constant at each order in loop perturbation
theory [28]. This demonstrates that the cosmological constant is highly sensi-
tive to high-energy physics, and its extremely small observed value appears to
be highly unnatural [28]. This fact that we cannot predict the magnitude of
the cosmological constant is an inevitable consequence of effective field theory.
In QED we cannot predict the values of the electron mass or charge as well.
However, in QED we do not need to fine tune repeatedly since there is no
radiative instability [28].

Here we make a comment on the differences between the electron mass and

the cosmological constant. The electron mass and the cosmological constant
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behave very differently when it comes to quantum loop corrections. The elec-
tron mass receives relatively mild, logarithmic corrections, and importantly,
it is protected by a symmetry: chiral symmetry. If the electron mass were
zero at tree level, quantum corrections would not generate a mass because
chiral symmetry would prevent it. This makes the electron mass technically
natural — small values are stable under quantum corrections without needing
fine-tuning. In contrast, the cosmological constant receives extremely large,
quartically divergent corrections from quantum loops. Every quantum field
contributes to the vacuum energy, and these contributions grow rapidly with
the energy cutoff. Unlike the electron mass, the cosmological constant is not
protected by any known symmetry — setting it to zero doesn’t enhance the
symmetry of the theory. As a result, keeping the cosmological constant small
requires an extraordinary degree of fine-tuning to cancel these large quantum
contributions. So, the key distinction is that the electron mass is stable due
to symmetry, while the cosmological constant is not, and this lack of protec-
tion leads to one of the biggest fine-tuning problems in theoretical physics
[21, 27, 34, 35].

It is useful to mention another important problem in physics — the Higgs
mass problem: why the physical Higgs mass (~ 125GeV) is much smaller than
the Planck scale (~ 10GeV)? Despite that they are very different, they can
be connected. For example, both are about why certain constants of nature
are so small, despite large quantum corrections. Both involve vacuum sen-
sitivity to UV physics (Planck scale). In string theory/landscape/multiverse
approaches, both problems might have anthropic explanations: Higgs mass
might scan across the landscape and only values leading to atoms exist, while
the cosmological constant might scan and only small A allows structure for-
mation and human existence [30].

An alternative yet equivalent way to describe the cosmological constant
problem does not involve altering the loop order in perturbation theory. This

approach utilizes the Wilson action, demonstrating that the vacuum energy
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becomes unstable when the Wilsonian cut-off is modified [25]. The funda-
mental concept of the Wilson action is to integrate out the heavy degrees of
freedom that lie above a certain mass scale, denoted by p. We start by assum-
ing the presence of a microscopic action S|¢;] constructed from fields ¢;, which
is applicable at high energy scales. The low and high energy modes decou-
ple, allowing each energy scale to be understood independently. By using the
Wilsonian action approach, we can focus on the physics at low energy scales
without needing to understand the details at high energy scales. This principle
of decoupling is commonly observed in physics; for example, when studying
atomic physics, we do not need to consider the behavior of quarks and gluons.
However, if decoupling does not apply, it becomes much more challenging to
study the system [25].

The degree of freedom ¢ can be decomposed as ¢ = ¢; + ¢p, where the
heavy modes ¢, correspond to energies greater than p, and the light modes
¢ correspond to energies less than p. The Wilson effective action, Serrl¢] is

obtained by integrating out the heavy modes in the path integral

exp (iS.s7[1]) = / Dén exp (iSln, én), (1.21)

where Seyr[¢r, ¢n] represents the complete microscopic action that includes
both the heavy and light degrees of freedom [25]. The vacuum energy is ob-
tained from the effective action Sef¢[¢;], which is valid up to the scale y and
is anticipated to be of order p*. This allows us to determine the cosmological
counterterm needed to reconcile the renormalized cosmological constant with
low-energy observations [25].

Now, let us consider the scenario when the cut-off is shifted to a new scale
ft < p. This entails integrating out the degrees of freedom with energies be-
tween 1 and p. The resulting effective action S, ff generates a vacuum energy
of the form fi*, which needs to be canceled by the cosmological counterterm.

However, the cosmological counterterm was originally fixed to ensure cancella-
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tion in the effective field theory with the higher cut-off . Now, it needs to be
readjusted. This is not the intended behavior of effective actions; we should
not change the low-energy counterterm simply because additional high-energy
modes have been integrated out. Thus, we encounter again a high sensitivity
to the theoretical details in the UV.

In principle, there is nothing inherently wrong with the vacuum energy’s de-
pendence on the cutoff. The actual issue lies in the fact that this dependence
follows a power law rather than a logarithmic form?®, requiring us to contin-
uously fine-tune A. to match observations as the effective description of the
field theory evolves. This is what makes the vacuum energy particularly prob-
lematic, in contrast to many parameters in the Standard Model that undergo
logarithmic renormalization [25].

No discussion of the cosmological constant would be comprehensive with-
out addressing the anthropic principle. In fact, there exists a “solution” to
the cosmological constant problem that does not require stabilizing the vac-
uum energy corrections against large radiative corrections, nor does it involve
stopping unstable contributions from causing curvature [28]. The anthropic
interpretation of the cosmological constant suggests that naturalness is irrele-
vant, and that the ability to describe nature is rooted in large-scale fine-tuning.
It posits that the vacuum in which we make observations is simply the one that
allows for our existence, while many other vacua with vastly different values of
the cosmological constant exist, where no species could survive [28]. In chapter

2, we will mention anthropic principle again when we discuss string landscape.

3 A power-law dependence means that a quantity grows like some power of a variable. This
causes huge contributions from high-energy (UV) modes. However, logarithmic dependence
is much more manageable and common in renormalizable and well-behaved quantum field
theories. If vacuum energy had logarithmic dependence instead, it would naturally be much
smaller, and closer to what we observe. Unfortunately, nature chose power law dependence,
which leads to the cosmological constant problem.
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1.2.3 Weinberg’s no-go theorem

One might wonder if it is possible to introduce new fields into the matter
sector that could dynamically address this issue by adjusting themselves to
counterbalance the large contribution of the vacuum energy to the cosmologi-
cal constant. However, Weinberg’s no-go theorem [21] asserts that this is not
feasible without merely transferring the fine-tuning of the bare cosmological
constant into the potential energy of the self-regulating field, all while preserv-
ing the mass hierarchy of the matter sector [28]. Further details of the no-go
theorem can be found in [25].

We begin by considering the following field content: a spacetime metric g,
and self-adjusting matter fields ;, with the tensor structure omitted. The
dynamics is governed by a general Lagrangian density L[g,., ¢;|. Additionally,
we assume that the vacuum is translationally invariant, implying that on-shell,
9w = Muw, @i = constant. Although Weinberg’s argument is more broadly
applicable to self-adjusting fields of any tensor rank [28], for simplicity we
focus on scalar fields, with the index ¢ running from 1 to N. The action for

this theory is

5= [ d'ev=gLlgu i (1.22)

In L[g, ¢;] we permit any interactions between the scalars ¢; and the metric g, .
Since the system is translationally invariant, the metric and matter fields are
constant, then according to the Euler-Lagrangian equation, the field equations
are given by

oL oL

=0, =0. 1.23
ag,uu agpz ( )

To prevent these solutions from being finely tuned, Weinberg assumed that
the trace of the gravitational field equations is connected to the scalar field
equations of motion by

oL oL
P i () == =0, 1.24
g Do E fii) 90, (1.24)
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where f;(¢;) are arbitrary functions of the scalar fields. Eq.(1.24) is a linear
combination of (1.23) and is a generalization of (1.23). In principle, we can
consider more general generalization of (1.23), but we will not discuss here.

Considering that the variation of the action (1.22) is

(1.25)

oL oL
(5S:/d4az —0g"" +
[aguu g Z 8901

if the action remains invariant under the infinitesimal transformations dg*” =
2ag"” and dp; = afi(v;), then the relation (1.24) is ensured to hold with

constant fields [28]. Let us define a new field ¢; = @;(p;). Then we have

k

Furthermore, we set

. 0o
o1 = ozz ﬂfk(cpk) = —q, (1.27)
e 9%k
and
0p; = &Z S 95 i (or) = 0, (1.28)

then the field redefinitions ; — ; enable us to express the transformations
as:

gt = 2a g™, o1 = —a, d¢; =0, (1.29)

where 7 is from 2 to N. This is equivalent to a conformal transformation.
Therefore, if the action consists of the following components, it will remain
invariant: §,, = e**'g,, and ¢;. Gauge invariance necessitates that the on-

shell action be [28]

S = / d*z/—ge** V (@;), (1.30)
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and the gravity equation % = ( generates

eV (@;) = 0. (1.31)

Therefore, we must either choose V(p;) which involves fine-tuning, or take
e*#1 — 0. The physical masses in the field theory are all on the scale of
m2,, = €*?'m?, meaning the second option involves choosing the conformal
limit. However, because our universe is not conformally invariant, this option
is ruled out by observational data [25, 25].

This no-go theorem is quite general, and any attempts to resolve the cos-
mological constant problem should provide a solid explanation of how the
theorem is circumvented. One option is to break translational invariance in

the background by permitting the fields to have time-dependent solutions. For

instance, see [37-39].

1.2.4 Dynamical dark energy

For completeness of our discussion, we need to mention dynamical dark energy
as an alternative to the cosmological constant to explain the late-time acceler-
ated expansion. The simplest explanation is the cosmological constant (A) in
Einstein’s equations — essentially a constant energy density that fills the space
homogeneously. The cosmological constant implies dark energy is static — it
does not change with time or space. However, dynamical dark energy proposes
that dark energy’s properties evolve over time, meaning its energy density or
pressure changes [10].

Dynamical dark energy is often described using scalar fields — like the “quint-
essence” model. Quintessence is a slowly-rolling scalar field with a potential
V(¢), similar to how the inflaton field works during cosmic inflation. The field’s
energy density and pressure can vary over time. The equation of state w = p/p

is not exactly —1, and can evolve with time. The action for quintessence is
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given by
1
5= [atey=g|-5(vor - via)|. (1.32)
where (V)? = ¢"0,¢00,¢ and V(¢) is the potential of the field. In a flat FRW

spacetime the variation of the action (1.32) with respect to ¢ gives

. . dV
¢+3He+

The energy density and pressure density of the scalar field are

p= 50+ V(@) (1.34)
p= %é ~V(9). (1.35)

Therefore, the equation of state w = p/p is not exactly —1. More details can
be found in [10].

Other dynamical dark energy models include phantom energy, K-essence,
chameleon fields, or holographic dark energy, etc. Dynamical dark energy
could explain tensions in cosmological measurements (e.g. the Hubble con-
stant discrepancy). A time-evolving dark energy might leave signatures in the
cosmic microwave background, structure formation, or supernova observations.
It connects with ideas from string theory, modified gravity, or extra dimensions
[10]. The findings of DESI 2024 VI provide significant insights into the nature
of dark energy and its role in the expansion of the universe. The data indi-
cate a preference for dynamical dark energy over the cosmological constant A.

However, the results are not yet conclusive [11, 12].

1.3 Brief review of string theory

String theory is the most promising quantum gravity theory at present. Bousso
and Polchinski proposed a toy model of “string landscape” [13]. Since we will

use some concepts related to string theory and string landscape in the following
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sections of this thesis, we briefly review string theory in this section.

1.3.1 World-volume actions, closed strings and open strings

In quantum field theory, point particles evolve in time, sweeping out one-
dimensional world lines in spacetime while in string theory, strings evolve in
time, sweeping out two-dimensional surfaces in spacetime. The two-dimensional
surfaces are called “world sheets” in string theory. This difference between
quantum field theory and string theory has two important implications. First,
string interactions are naturally independent of short-range singularities, so
there is no UV divergence of string theory amplitudes. The string scale i
acts as a UV cut-off. Second, the structure of interactions in string theory can
be uniquely determined by a free theory. In other words, we cannot choose
interactions arbitrarily in string theory. However, in quantum field theory, we
can have arbitrary interactions as long as they satisfy the symmetries of the
model [18].

Furthermore, Polchinski found that there exist extend objects in string the-
ory, i.e., p-branes, objects with p spatial dimensions and a tension (or en-
ergy density) 7, [11]. p-branes appear in string theory in the form of non-
perturbative excitations. The classical motion of a p-brane extremizes the
(p + 1)-dimensional volume V' that it sweeps out in space-time. The action
of a p-brane action can be given by S, = —T,V. In particular, if p = 1, the
string is the so-called “fundamental string” and V is the area of the string

world sheet. The corresponding action is the famous Nambu-Goto action,

T
So=—3 / VR, 0, X105 X dordr (1.36)

where hop(0, 7) is world-sheet metric, h = det h,g, and h®? is the inverse of
hag-
The X*#(o,7) describes the space-time embedding of the string world sheet.

The Nambu-Goto action can be used to describe the behavior of bosonic string
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theory. Things get even more interesting if we consider the effects of Quan-
tum Mechanics. As a result, there is no conformal anomaly when space-time
dimension is D = 26, which is the critical dimension of bosonic string theory.
Similarly, if we consider the effect of supersymmetry in string theory, which is

, 45].

The X*(o,7) has two parameters 7 and o. The parameter 7 is the world-

called superstring theory, then the critical dimension is D = 10 [18,

sheet time coordinate and o parametrizes the string at a given world-sheet
time. There are two basic configurations of strings in string theory: closed
strings and open strings. For a closed string, which is topologically a circle,
one should impose periodic conditions on the spatial parameter o, namely,
X*(o,7) should satisty X*(o,7) = X*(0 + m,7), while for an open string,
which is topologically a line interval, each end can satisfy either Neumann or
Dirichlet boundary conditions [18, 19, 45].

One important physical object is a D-brane. (D stands for Dirichlet condi-
tion.) If all open string boundary conditions were Neumann boundary condi-
tions, then the endpoints of the string could be anywhere in spacetime. How-
ever, the Dirichlet condition specifies the spacetime hypersurface where the

string’s endpoints lie [15].

1.3.2 Superstrings

There are no fermions in bosonic string theory, which is inconsistent with
nature. In order to include fermions in string theory, we need to generalize
bosonic string theory. Supersymmetry is a natural way to establish the con-
nection between bosons and fermions, so we can try to embed supersymmetry
into string theory. The result is the so-called superstring theory. One of the
most important results in the first string revolution is that there are only five
consistent superstring theories: type ITA theory, type IIB theory, type I the-
ory and two heterotic string theories: SO(32) and Eg x Es. Here “consistent”

means anomaly free. Let us briefly review them.
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There are two modes in string theory: left-shifting mode and right-shifting
mode. When we use both modes at the same time, the supersymmetry as-
sociated with left-shifting and right-shifting can have the same handedness or
opposite handedness. These two possibilities can give two different superstring
theories: the type IIB and type ITA superstring theories, respectively. Fur-
thermore, if we mod out the left-right symmetry, a procedure called orientifold
projection, then we can deduce a third possibility, namely, type I superstring
theory. The resulting strings are unoriented. The gauge group of type I theory
is SO(32).

If we use the formalism of the 26-dimensional bosonic string for the left-
movers and the formalism of the 10-dimensional superstring for the right-
movers, we can get two “heterotic” superstring theories. Their Lie algebras
are SO(32) and Fg x Eg, respectively. The mismatch in space-time dimensions
may sound strange, but it is actually exactly what is needed. The extra 16 left-
moving dimensions must describe a torus with very special properties, which
can provide a consistent string theory [18].

As we said in section 1.3.1, the critical dimensions of all five superstring
theories are D = 10. In 10D, type I theory and two heterotic string theories
have A/ = 1 supersymmetry. The minimal spinor in ten dimensions has 16 real
components, so these theories have 16 conserved supercharges. However, type
ITA and type IIB string theories have N' = 2 supersymmetry, in other words,

they have 32 supercharges. More details can be found in [18, 19, 45, 16].

1.3.3 The second string revolution

All the above results have been known since the mid-1980s, but there were at
least two problems which could not be solved in the first string revolution. The
first problem is that if string theory is the so-called unified theory, then there
should be only one type of string theory instead of five distinct string theories.

The second problem is that all the above results are perturbative, therefore
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understanding the non-perturbative effects in string theories is a challenging
task. After about ten years, these two problems could be answered better. All
these achievements constitute the second string revolution. The key word of

this revolution is “duality”.

T-duality

String theory has many surprising properties. One of them is “T-duality”.
T-duality means that two different geometries for the extra dimensions are
physically equivalent in many cases! Take a simplest example. When we inter-
change the radius R of a circle with radius 12/ R, where [, is the fundamental
string length scale, we can find that the mass spectrum of string theory is
invariant. In other words, they are physically equivalent.

T-duality can relate two different theories. For example, it relates two type
IT and two heterotic theories. Type ITA and IIB theories (also two heterotic
theories) should be considered a single theory because they represent two ends
of a geometric continuum that varies with the radius of the circular dimension
[18]. Another example is the equivalence between type IIA superstring the-
ory compactified on a Calabi-Yau manifold and type IIB superstring theory

compactified on a “mirror” Calabi-Yau manifold [15, 19, 15, 10].

S-duality

In the second string revolution, another important duality was discovered, the
S-duality, which relates the string coupling constant gs to 1/gs. The string
coupling constant g, is given by the vacuum expectation value of exp (¢),
where ¢ is the dilaton. For example, weakly coupled SO(32) heterotic theory is
equivalent to strongly coupled type I theory. Another example is that type I11B

theory is dual to itself, therefore duality becomes a symmetry [18, 19, 45, 16].
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D-branes

When we study non-perturbative string theory, we can discover that super-
string theory contains various p-branes, where p is the spatial dimensions.
When g, — 0, p-branes (p > 2) become infinitely heavy, thus they cannot
appear in perturbative string theory. However, when g, is not very small,
p-branes have dynamical effects.

The type I and II superstring theories contain different p-branes called D-
branes, whose tension is proportional 1/gs. The D denotes Dirichlet boundary
condition, which means that the branes are objects on which fundamental
strings can terminate. The Yang—Mills fields can be viewed as the massless
modes of open strings attached to the D-branes. In fact,the standard model
residing on D-branes has many very interesting implications. For instance, one
possible reason we live in 4D space-time is that we are living on D3-branes
[18, 19, 45, 16]. Model-building along these directions are often called the

“brane-world” scenario, which is the main topic of Part I.

M theory and F theory

In the mid-1990s, the five different ten-dimensional superstring theories can
be related by a web of dualities have been realized. The type IIA superstring
theory and the Eg X Eg heterotic string theory exhibit an eleventh dimension at
strong coupling and thus we can obtain an 11-dimensional limit, a theory called
M theory. In the decompactification limit, this 11D theory does not contain
any strings, so M theory is not a string theory [18]. Edward Witten intro-
duced the term M-theory, which refers to the “mysterious” or “magical” 11D
quantum theory whose leading low-energy effective action is 11-dimensional
supergravity. The description of M-theory in terms of an effective action is
not fundamental, so string theorists are searching for alternative formulations.
Although M-theory is not yet fully formulated, it is believed that it should

exist [18, 19, 45, 46].
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As we mentioned, the type IIA and the Eg x Eg theories can be regarded as
arising from M-theory. Then one may ask a natural question, namely, if the
other three kinds of superstring theories can be derived in a similar way. The
answer is yes. Cumrun Vafa introduced F' theory, which is a 12D quantum
theory. The nonperturbative SL(2,Z) symmetry of type IIB string theory
plays an important role in constructing F-theory. We will not discuss it further
since it is not related to the core of the thesis. More details of M-theory and

F-theory can be found in textbooks, such as [18, 19].

1.3.4 String cosmology

Since string theories, M-theory or F-theory are viewed as unified theories of
nature, they should explain the realistic phenomena in our universe. String
cosmology is an exciting research area. It has introduced new insights into
cosmology, such as string landscape and dS conjecture [13, 17, 18], which will
be discussed in Chapter 2. In order to describe the 4D universe, we need to
do compactification from 10D, 11D or 12D to 4D.

One of the most important problems in string cosmology is the cosmological
constant problem. We want to get a de Sitter vacuum solution with a positive
small cosmological constant A from superstring theories, M-theory or F-theory
to match observations. de Sitter space is a maximally symmetric Lorentzian
manifold with constant positive scalar curvature. For example, in type 1IB
theory after carrying out a flux compactification we can find that the minimum
value of the potential is always negative!, which corresponds to AdS vacua.
To get a positive minimum value of the potential, we should carry out an

uplifting, such as in the KKLT senario, which introduces anti-D3 branes to

4Here we do not consider the contributions from racetrack. Racetrack models are a
way to stabilize moduli using multiple non-perturbative contributions to the superpotential,
typically from gaugino condensation or D-brane instantons. In N = 1 supergravity, the
superpotential in a racetrack model looks like W = Ae™%T + Be=T where T is a modulus
field, A and B are constants dependdent on complex structure moduli or fluxes, a and b
are are positive constants determined by the gauge group of the hidden sector [19]. By
considering the contributions of raectrack, we can obtain supersymmetric Minkowski vacua

[49]-
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uplift the potential [17]. Due to the issue of backreaction of the D-branes,
the calculation is not considered reliable in some eras [50]. In fact, Cumrun
Vafa and his coauthors wonder if string theories can get 4D dS vacua. They
proposed a conjecture — dS conjecture, which claims that all string theories
cannot obtain dS vacua in 4D [18]. If the conjecture holds true, then these
vacua do not exist [51-51]. However, only low energy supergravity theories
are usually considered, therefore it is natural to suspect that whether we can
obtain dS vacua from non-perturbative aspects of string theory, such as M-
theory or F-theory. Some results have been obtained, such as [55-57], but

these results are still controversial.

1.4 Overview of the thesis

In this thesis we explore aspects of de Sitter vacua in theoretical cosmology.
The thesis has two parts. In Part I we will consider different string-inspired
models which are related to the cosmological constant problem. In Part II we
will study de Sitter vacua solutions in one string cosmology model, namely,
O(d, d) invariant cosmology.

In Part I — String-inspired Models, we will explore three aspects of de Sitter
vacua in string-inspired models. First of all, in chapter 2 we review the related
concepts and tools we need in this part, namely, string landscape, swampland
conjecture and bubble nucleation. Then in chapter 3, we will consider a wide
class of 4D effective field theories in which gravity is coupled to multiple four-
forms and their dual scalar fields, with membrane sources charged under the
corresponding three-form potentials. We propose a “probabilistic” argument
to explain the small cosmological constant instead of the dominant anthropic
principle. Furthermore, we will explore in detail whether or not different mod-
els are compatible with the membrane weak gravity conjecture in chapter 4.
We can find that these models can be generalized to DBI action. In chapter

5, we will generalize the results of vacuum transitions in chapter 3 and 4 to
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D-dimension including the Gauss-Bonnet term. It can be found that the Fu-
clidean action of the bounce, B, describing the decay of a de Sitter vacuum,

~? which has a pole as k% — 0 where k3 is the cur-

is proportional to k;(D
vature of the parent vacuum. We can find a new decay channel, describing
up-tunneling from anti-de Sitter into de Sitter.

Furthermore, in Part II — de Sitter Vacua in String Cosmology, we will
explore the de Sitter vacua solutions in O(d, d) invariant cosmology. We briefly
review the basic concepts of O(d,d) invariant cosmology in chapter 6. Then
in chapter 7 we will perform a thorough analysis of de Sitter solutions in
O(d,d) invariant cosmologies. We elucidate the nature of the instability in
the string frame vacuum. For the Einstein frame, we will find that the de
Sitter solutions cannot be eternal. Then we can extend our analysis to include

Bianchi I universes. We show that we can extend the theory to the anisotropic

case so that de-Sitter solutions can exist.
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In Part I, we will use some concepts of string landscape, swampland con-
jecture and bubble nucleation. Therefore, first of all we briefly review these

concepts in chapter 2. This chapter does not contain new results.

2.1 Landscape of the cosmological constant

String compactification generates a non-zero superpotential that depends on
the moduli of the supergravity models, leading to moduli stabilization. Ad-
ditionally, string theories can produce an immense number of vacua, with the
count jumping from 10% to 10°%° [55]. For instance, type IIB theory can pro-
duce approximately 10°% vacua [55]. A small subset of these vacua is expected
to feature broken supersymmetry and a small positive cosmological constant.
If this is the case, it suggests that the fundamental parameters of our physics
are not intrinsic but are drawn from a vast set of solutions—referred to as the
string landscape [58]. The current vacuum could be selected through the
“anthropic principle” [13]. The anthropic principle suggests that the current
vacuum is selected through anthropic reasoning: if the vacuum curvature were
excessively large and positive, structure formation would be impossible due to
rapid exponential expansion; if it were too large and negative, the universe
would have begun contracting before stars, planets, and complex life could
emerge [!]. In contemporary theoretical cosmology, the anthropic approach
has become the leading explanation for addressing the cosmological constant
problem [1].

The flux landscape is not merely a collection of distinct theories; it also
exhibits a dynamical nature that enables transitions between these theories.
This dynamic process is known as bubble nucleation. The surface of these
bubbles are domain walls composed of high-dimensional charged objects. This
crucial feature will persist in the string landscape [58].

The cosmological constant problem has inspired numerous intriguing ideas

in theoretical physics. In certain approaches, the cosmological “constant” is
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treated as a dynamic variable. Several mechanisms exist by which the cos-
mological constant can become a dynamical variable. One such mechanism
involves a four-form field strength. In this scenario, the field strength is
required to be constant, meaning it has no local dynamics. However, field
strengths can contribute positively to the energy density, potentially canceling
out a cosmological constant that arises from other fields, particularly if the
latter is negative [13]. In Section 2.1, we will discuss three key frameworks
for addressing the cosmological constant problem: the Abbott framework, the

Brown-Teitelboim framework, and the Bousso-Polchinski framework.

2.1.1 The Abbott set-up

This set-up introduces a scalar field whose vacuum energy compensates for
the initial cosmological constant. The compensating sector involves small mass
scales but will not make unnatural adjustments to parameters [59]. The model
consists of a scalar field, B, coupled to a gauge theory. The couplings of the

scalar field, are constrained by the symmetry [59]

B — B + constant. (2.1)

The symmetry of (2.1) is softly broken in two ways to achieve a non-trivial
potential for the B field. Firstly, B is coupled to a gauge theory through the

term

Lint = (cpn/47)(B/ f2)e" Pt (Fy Fu) (2:2)

where the parameter fp is a large mass (perhaps of order m,) associated
with the complete high-energy theory and F),, is the gauge field strength. We
explain why (2.1) is a symmetry of (2.2). The term in e*’tr (F,, F.5) =
4tr(F A F). This is a total derivative: in 4D spacetime, this object can be
written as the divergence of a current (the Chern-Simons current). That is

Pty (F,, Fupg) = 0,K*". This means that [ d'ze"*Ptr (F,, F,z) is a topo-
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logical invariant: its value depends only on the global properties of the gauge
field configuration, not on the local gauge field values. Suppose the shift (2.1),
then the second term of (2.2) is independent of B and just adds a constant
piece to the Lagrangian. It is a total derivative. It does not affect the classical
equations of motion. Therefore, (2.1) is a symmetry of (2.2).

It has been known that the coupling (2.2) leads to a non-perturbative cor-

rection to the potential for the B field of the form [59]
Vi(B) = —A,, cos (B/ fB). (2.3)

The gauge coupling of the B field breaks the symmetry (2.1) but still maintains
the symmetries

B — B+ 2nfp and B — —B. (2.4)

We should point out that the symmetry B — —B is not a subset of the
symmetry in (2.1). By introducing a linear term into the potential for B,

these symmetries are once again softly broken

Va(B) = B/ f. (2.5)

4

oh» Dut otherwise arbitrary. Due to its

Assuming the parameter e is less than A
violation of symmetry, all radiative corrections for ¢ must be proportional to
e. Therefore there is no need for fine-tuning to maintain its small value [59].

When this compensating sector is added to the standard model of particle

physics, the total vacuum energy is given by the following equation
V =eB/fp— Ay, cos (B/ f5) + Vo, (2.6)

where Vj represents the vacuum energy density of all the fields except for B.
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For € < A}, the potential has local minimum at
B~ 27N fp. (2.7)
for integer N with energy densities
Vy = 2rNe — Ay, cos (B/ f) + Vs. (2.8)

Since ¢ is less than (1073%eV)%, it is always possible to find values of N for
which (2.8) can give a sufficiently small vacuum energy [59].

We can assume that at some initial time we are in a de Sitter spacetime,
namely, the universe is in a state with a large, positive cosmological constant
initially. Due to the linear term of (2.6), the local minima of the potential are
unstable. Therefore, as time passes, the B field will descend down the linear
slope stepping from one local minimum to the next, continually decreasing the
energy density of vacuum [59]. Finally, by descending down the potential, the

B field reduces the vacuum energy density to an acceptable small value,

Vy<mzAZ, < (0.001eV)*. (2.9)

v(g)

35

3.0

' =

-10 -5 ' 5 10

Figure 2.1: Schematic diagram of the Abott set-up. The horizontal axis is the
scalar field ¢. The vertical axis is the corresponding potential V().

It can be shown that once we get to states with Vy < mzlAf)h the tunneling
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process is highly suppressed and further downward progress is extremely slow.

For Vy < 'm2/A2; the tunneling rate per unit volume is given by

3
I'/V &~ A}, exp (_g 2/ V). (2.10)

Therefore, we obtain states with acceptable small values of the cosmological
constant, ultimately resulting in an extremely long lifetime of the universe [59].

However, the mechanism of the Abbott set-up will cause the “empty uni-
verse problem”. The “empty universe problem” is that the universe undergoes
long periods of accelerated expansion, diluting away all matter and leaving
us with a cold and empty universe. The empty universe problem spoils the
mechanism for slowly descending through adjacent vacua in a “washboard”
potential for a scalar field, such as the Abbott set-up. Therefore, it is hard to
incorporate the Abbott set-up into a realistic cosmology, so we should consider

other mechanisms.

2.1.2 The Brown-Teitelboim set-up

Now we turn to the Brown-Teitelboim framework. Brown and Teitelboim
introduced an intriguing toy model in which a landscape of different vacua is
generated by the vacuum expectation value of a four-form field strength. The
vacua are explored through the nucleation of membranes charged under the
corresponding three-form field [60, (G1]. In section 2.1.2, we will first review
the fundamentals of four-form field strengths, which are essential to this thesis,

and then explore the key concepts of the Brown-Teitelboim setup.

Four-form quantization

The action for gravity, including a bare vacuum energy A and the kinetic term

for the four-form field, is given by

1 A
= [ d*av/=g—=R - A -~ _F? 2.11
S / T g (2/@21R bare 9. 4! 4) + Sbranesa ( )
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where kg = 1/M,;, A3 is 3-form and Fy = dAj represents the corresponding

4-form flux. Additionally, Z is a normalization constant in the kinetic term.
We need to include certain boundary terms in this action, even though they

do not influence the equations of motion. Typically, the boundary term is

provided by the Gibbons-Hawking term
1
Som = = / PrvVhK, (2.12)
Ky Js

where h is the induced metric and K the extrinsic curvature. When we vary the
Einstein-Hilbert action, we can find that the boundary terms do not vanish,
even if you fix the metric on the boundary. This happens because R con-
tains second derivatives of the metric. Varying it introduces total derivative
terms that, via Stokes’ theorem, become boundary integrals. The action is not
well-posed unless we cancel those unwanted boundary terms. This Gibbons-
Hawking term precisely cancels the problematic boundary variation from R,
making the variational principle well-defined [9].

Moreover, we need to add the Duncan-Jensen (DJ) boundary term for the

four-form field

Z

Sps =3 d*z0,(v/—gF"P A, ). (2.13)

The DJ boundary term is introduced to fix the action when the scalar field
couples to gravity non-minimally [61].

When we discuss boundary conditions, in principle, we need to express them
for all fields in the system, and they can differ for different fields. For the
metric, we assume Dirichlet boundary conditions, which requires us to include
the Gibbons-Hawking boundary term. This means that the metric is assumed
to be fixed on the boundary, but not its normal derivative. For the 3-form
field, we assume Neumann boundary conditions. So it is the opposite. The
3-form is not necessarily fixed on the boundary, but its normal derivative is.

If we disregard the brane sources, the equation of motion for the four-form
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is given by 9,(y/—gF"**) = 0, which yields the following solution:
FHer = cetP, (2.14)

where ¢ is any constant and e**?* is the totally antisymmetric Levi-Civita
tensor.

As a result, we can obtain the energy density

Z Zc
A = Noare = 22 F7 = Roare + 70 (2.15)

In 4D theory, only the cosmological constant A is an observable quantity, while
Apare and the four-form F' cannot be detected independently. To account for
the observed small value of the cosmological constant, Ay,,. must nearly cancel
out the contribution from the four-form field [13].

The constant ¢ can assume any real value, meaning that the bare cosmolog-
ical constant Ay, can be canceled with arbitrary precision [62]. However, we
will assume that ¢ is quantized. The rationale behind this is as follows.

Firstly, if gravitational instantons exist on the Euclidean manifold X, we

can anticipate that the integral of the Euclidean four-forms over X will be

quantized [13],
/ F, = %—n, n e Z. (2.16)
X e
This is the extended form of the Dirac quantization condition [63-06]. The
derivation of this generalized condition can be found in [19]. It originates from

the quantum mechanics of membranes, interacting with the potential energy

As, and is expressed by the following equation:

S:e/WAg. (2.17)

Here, e is the membrane charge and W represents the world-volume. The

membrane amplitudes must be single-valued, which implies the quantization



Chapter 2. Landscape of the cosmological constant 37

condition given in (2.16).
Furthermore, when considering membranes, we can infer that ¢ is a local

constant. The value of constant ¢ will change across a membrane,

Ac = (2.18)

°
A

The overall variation in ¢ caused by the nucleation of any number of membranes

is an integer multiple of e/Z [13], so we obtain:
CZ%, nez, (2.19)

namely, the value of ¢ is quantized.

The Brown-Teitelboim set-up

After reviewing the fundamentals of four-forms, we now turn to the key con-
cepts of the Brown-Teitelboim framework. Consider a space-time with D =
d 4+ 1 dimensions, where a totally antisymmetric tensor field with d indices is
coupled to its natural source, a d — 1 (spatial) dimensional membrane. Just
as an electric field can generate particle pairs, an antisymmetric tensor field
can produce membranes. When this system is coupled to gravity and a cos-
mological constant term Ay, is included, representing the combined effects of
various physical processes like spontaneous symmetry breaking, it contributes
to the cosmological constant. The total cosmological constant A is then the
sum of Apgre and a contribution from the antisymmetric tensor field [61].

Let z# = 2#(€) describe the d-dimensional history of a membrane in D = d+
1 space-time dimensions, where £* (with a = 0,1, ...,d — 1) are the coordinates
of the membrane. The induced metric is given by g4, = gw,zfngg. Furthermore,

let A, represent the antisymmetric tensor field, with its field strength

celid
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defined as F|

wepp = %@HIAMW#D]. Then the action is given by

p "

#1~~~#d% " afad
1

— 551 X / dPaN/—gF,, u, F*t? (2.20)

1
* E deal‘l (V _gFulmuDAmmMD) + ngv(AbaTe)'

Here, m represents the mass per unit (d — 1)-dimensional volume of the mem-
brane, and e is the coupling constant between the membrane and the antisym-
metric tensor field. Additionally, S9%(Ap,) is the gravitational action, which
includes the explicit contribution Ay,.. to the cosmological constant, assumed
to be negative. The total derivative term in (2.20) is a topologically invariant
term [60, G1].

The key findings of [60, 61] are as follows. The quantum creation of closed
membranes by totally antisymmetric tensor and gravitational fields is exam-
ined in arbitrary space-time dimensions. This creation event is described
through instanton tunneling. As membranes are generated, the energy density
associated with the antisymmetric tensor field decreases, which in turn lowers
the effective value of the cosmological constant. For a wide range of param-
eters and initial conditions, once the cosmological constant approaches zero,
the process naturally halts, even if the remaining energy in the antisymmet-
ric tensor field is large. Some of the resulting instantons are interpreted as
representing topology changes, where open spaces spontaneously compactify.
However, the quantum probability for these processes has vanished [60, G1].

The problem with the Brown and Teitelboim proposal is that the descent is
too slow. In order for the landscape to be sufficiently dense to readily accom-
modate vacua with energy densities around the dark energy scale, we must
assume that the membrane charge is extremely small in units of a Planckian
cut-off. Descent from high scale vacua with energy densities close to the cut
off to the low density vacuum we see today proceeds via a large number of

intermediate steps, slowly descending from one cosmological constant to an-
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other. The time scales are such that the universe undergoes long periods of
accelerated expansion, diluting away all matter and leaving us with a cold and

empty universe [2].

2.1.3 The Bousso-Polchinski set-up

In the Brown-Teitelboim set-up there is only one four-form, so if we want to
obtain the observed value of the cosmological constant, we need to do fine-
tunning for the membrane charge. In order to get a dense landscape of vacua
and avoid the extremely small membrane charge, Bousso and Polchinski intro-

duced a model which has multiple four-forms [43].

Multiple four-forms

String flux compactifications can produce several four-form fluxes. When we
consider Calabi-Yau compactification we have several ways to obtain four-form
fluxes, such as, a seven-form wrapping on a 3-cycle can give a four-form, or
an eight-form wrapping on a 4-cycle can give a four-form. In this section we
consider how to use multiple four-forms to neutralize the cosmological constant
A. If there are J fluxes, with

1
A= Apgre + §Ei:1n§qi2, (2.21)

then the cosmological constant problem becomes that if there is a set of n;
which can satisfy the following condition

2| Apare| < B iniq < 2(|Apare| + AN), (2.22)

1=

07120

where AA is the observational bound, which is about 1 in Planck units.

|1/2 whose center is at n; = 0. The

Consider a sphere of radius r = [2Ap4re
allowed values of the four-form energy density are given by the radius-squared

of points in the grid, whose dimension is J. The spacing in each direction ¢
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is ¢;. One should consider a thin shell whose width encodes the width of the

observational bound,

AT = |20pare| VPAA. (2.23)

In order to estimate the density of vacua, we need that the shell should at
least have one grid point. In other words, if there exists a degeneracy D,
it should have D grid points at least.! Therefore, the volume of the shell
should be greater than the volume per D grid points, namely, Vi > DITL, g;.
The volume of shell Ve is wy_ 17/ "' Ar, where the area of a unit sphere is

wy_1 = 27/?I'(J/2). Therefore we have

g < “’gl 120 e |2 AN, (2.24)

or
I’ < . 2.25
WJi-1 = |2Abare|1/2 o |2Ab(z7“e| ( )

The density of vacuum energies is dependent on where we are in the landscape.
Near Minkowski spacetime, the density is

J
o DIL;_q;
min ™ 1
wal‘zAbm‘e’J/2 1

AA

(2.26)

From (2.26), we can find that if there exist more than two four-form fields then
the membrane charge ¢; need not be very small.
We can give an illustrative example of that. If we take J &~ 100, |Apgre| ~ M;"l

and ¢; ~ g ~ 0.02M>

o> we can get the desired observational bound, namely,

the smallest possible separation in curvature dk? is less than HZ, where Hy ~

107%°M,,; is the current Hubble scale [43].

'Eq.(2.21) has a symmetry ¢; — —g; for any i. Therefore, if there are N four-form fluxes,
the degeneracy D should be D ~ 2V, In other words, D points give the same cosmological
constant. As a result, the shell should at least have 2V grid points.
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M-theory compactification

As mentioned earlier, string compactifications can lead to four-form fluxes.
In this subsection, we provide a brief overview of how the Bousso-Polchinski
model can be derived from an M-theory compactification [13].

For instance, consider compactifying M-theory on a 7-dimensional manifold
K. The associated bosonic action in 11-dimensional spacetime is given by

1
S =2r M}, /d“X\/—gn (R - an) + Shranes- (2.27)

In M theory there are two important branes: M2-brane and Mb5-brane. The
tension and charge of M2-brane is 2w M3, while the tension and charge of
M5-brane is 27 M, .

The M5-brane couples to Ag, whose action is given by

27 M7, / Ag, (2.28)
w

where W represents the volume of Mb5-brane and dAg = F; = *11F;. The

corresponding generalized version of Dirac quantization condition is
27er1/ F; =2mn, n € Z. (2.29)
K

Let us examine the 4D theory. In this case, the 11D Fj reduces to a 4D Fy,
and the corresponding bosonic action in 4D is given by

1
S = WQTFM?I / d4x\/ -9 (R - WFE) + Sb?"anesy (230)

where V7 is the volume of K. Moreover, (2.29) will become

n

Fy=——
S VATARS

€ Z. (2.31)
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By comparing (2.30) and (2.31), we can obtain

(263)t = Z = 2r M, V5. (2.32)

Here, Z represents the normalization constant in the kinetic term. Further
details can be found in [43]. However, it is important to note that this is a toy

model, and [13] does not address the proper stabilization of moduli.

Avoid empty universe problem

Bousso and Polchinski showed how the empty universe problem could be
avoided by extending the Brown and Teitelboim mechanism to a large num-
ber of four-forms [13]. This allows for a sufficiently dense landscape without
fine tuning the membrane charges to very small values. The empty universe
problem can then be avoided as follows. In the moments before the jump, the
underlying vacuum energy is large and the inflaton field is displaced to large
values thanks to quantum diffusion. Immediately after the jump, the minimum
of the inflaton potential and the underlying vacuum energy can be small but
the inflaton itself is still displaced. The universe undergoes a period of slow roll
inflation until the inflaton rolls down its potential and begins to oscillate about
the minimum, allowing the universe to reheat. The empty universe problem
can be avoided in a similar way with just two species of four-form by assuming
that the corresponding membranes have an (almost) irrational charge ratio
[67-69]. Note that Garriga and Vilenkin have argued that the empty universe
problem is a fallacy, at least in the context of eternal inflation [70]. In chapter
3 we will discuss the empty universe problem as well.

This type of descent from high to low scale vacua is able to explain how
we can arrive at the current vacuum, but it does not explain why. Bousso
and Polchinski argue that the current low curvature vacuum is selected on
anthropic grounds, although the validity of this claim has been criticised in

[71]. Alternatively, we might look for ways to slow down the descent, or even
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stop it altogether, whenever the curvature approaches zero. In [72], the authors
consider the Brown-Teitelboim model, but take into account membrane stacks
and degeneracy factors. They claim that the tunneling rates depend on the
ambient de Sitter temperature, being enhanced at high scales and switching off
at low scales. However, Garriga and Vilenkin argue the opposite: that these
enhancement factors are independent of the ambient de Sitter temperature and

do not switch off at low curvature [70].

2.1.4 Summary and discussion

Now let us summarize the main differences between the three models: the
Abott model, the Brown-Teitelboim model and the Bousso-Polchinski model
and the issues with each. The Abott model introduces a scalar field coupled to
gravity. The field can tunnel between minima in a potential, each with a differ-
ent vacuum energy. The process slows as A gets smaller. However, the Abott
model can cause empty universe problem. Brown and Teitelboim introduced a
toy model in which a landscape of different vacua is generated by the vacuum
expectation value of a four-form field strength. The vacua are explored through
the nucleation of membranes charged under the corresponding three-form field.
The problem with the Brown and Teitelboim proposal is that the descent is
too slow and the membrane charge is extremely small. This model can cause
the empty universe problem as well. In order to obtain a dense landscape of
vacua and avoid the extremely small membrane charge, Bousso and Polchin-
ski introduced a model that has multiple four-forms. The Bousso-Polchinski
set-up can avoid the empty universe problem, but they introduced anthropic
principle to select our current vacuum. Anthropic principle is unnatural in
theory. We would like to avoid this fine-tuning mechanism. In Chapter 3, we
will propose a “probablistic” explanation for the extremely small value of the
cosmological constant.

We briefly comment on the relationship between the three models and loop
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corrections discussed in Chapter 1. The full cosmological constant is from
renormalized vacuum energy and model-dependent corrections, where model-
dependent corrections correspond to the four form corrections in the Brown-
Teitelboim set-up and the Bousso-Polchinski set-up or the potential pieces in
Abbott set-up. The renormalized vacuum is radiatively unstable in the usual
sense. However, the value of full cosmological constant is selected on anthropic
grounds. As long as we have a landscape of solutions with sufficient density
and the ability to jump between solutions in some way, we can anthropically
select the vacua based on the full cosmological constant value. The radiatively

unstable part is hidden from view by model-dependent corrections [13, 59—-G1].

2.2 Swampland and weak gravity conjecture

In recent years, it has become increasingly clear that not everything is possible
within the framework of quantum gravity . In other words, not all quantum
field theory (QFT) models are compatible with quantum gravity theory. The
aim of the swampland program is to identify the constraints that an effective
field theory (EFT) must adhere to in order to be consistent with a quantum
gravity theory, such as string theory [73-81]. Quantum EFTs that appear con-
sistent (anomaly-free) but cannot be incorporated into a UV-complete theory
of quantum gravity are classified as being in the swampland. Conversely,
EFTs that can be embedded in a UV-complete quantum gravity theory are
considered part of the landscape. Although the concept of the swampland
is not exclusive to string theory, the related swampland conjectures are often
inspired by string theory.

The swampland program includes at least five different but related aspects
[73-81]:
1. No global symmetry conjecture:

If a theory which couples gravity has finite number of states, then the theory

has no exact global symmetries [73-31].
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2. Completeness of spectrum:

If a theory that couples gravity also possesses a gauge symmetry, then the
theory must include states corresponding to all possible charges, in accordance
with the Dirac quantization condition under the gauge symmetry [73-31].

3. Distance conjectures:

e Consider a theory that couples gravity with a moduli space M, where
the expectation values of some field ¢ have no potential. In this case,
for any point P in M, there always exists another point () in M such

that the geodesic distance between P and (), denoted d(P, )), is infinite

[73-81].

e An infinite tower of states exists, with the corresponding mass scale M

between P and () being
M(Q) ~ M(P)e=), (2.33)

where a is some positive constant and d(P, () is the corresponding

geodesic distance [73-81].

4. de Sitter conjectures:
At every point in the field space, the effective scalar potential satisfies one

of the following two inequalities

VV| > ]\CJ—IV, or Hinjn(VNjV) < -V, (2.34)

pl

where ¢; and ¢, are two positive constants of order one in Planck units and
min; ;(V;V,;V) is the minimum eigenvalue of the Hessian in an orthonormal
basis [73-81].
5. Weak gravity conjecture:

Let us explain the weak gravity conjecture in four dimensions. Consider a

theory coupled to gravity that includes a U(1) gauge symmetry with gauge
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coupling ¢g; the action is then given by

M 1
S = /d43§'\/ —g |:TPZR — 4—92F2 + ...+ Sb’r‘anes' (235)

There are two versions of weak gravity conjecture, namely, electric WGC and
magnetic WGC. There ought to be at least one species of particle satisfies the

two weak gravity conjectures both. For 1-form field, we have [73-81]:
e (electric WGC) In the theory, there is a particle with m and charge ¢
satisfying the inequality

m < V2gqMy, (2.36)

where g represents the gauge coupling.

e (magnetic WGC) The EFT cutoff My is constrained from above by the
gauge coupling [73-81]
Myy < gMy. (2.37)

Moreover, for p-form field we should consider membrane weak gravity conjec-
ture since p-form field couples to membranes. The electric and magnetic weak

gravity conjecture for membranes are given by:

o (electric WGC for membranes) The membrane tension 7 should satisfy

T < Mpygq. (2.38)

e (magnetic WGC for membranes) The UV cutoff scale My of the effec-

tive theory is constrained by the following inequality

M3, < qM,,. (2.39)

In chapter 4 we will mainly consider the constraints of weak gravity conjecture
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for membranes on different EFT models.

2.3 Bubble nucleation — gravitational effects
on vacuum decay

In classical field theory it is possible to have two stable homogeneous ground
states, only one of which is an absolute energy minimum. However, in quantum
field theory the ground state of higher energy is a false vacuum, rendered
unstable by barrier penetration. There is a semi-classical theory of vacuum
decay [32]. In [82] Coleman and De Luccia extended this theory to include
gravitation. Now let us review the result of this paper briefly.

The action in [82] is

R 1
S = / d*r\/g {167 o §gwau¢a,,¢ —Vi(g)|, (2.40)

where R is the Riemann curvature, ¢ is a scalar field and V' (¢) is the potential
of scalar field ¢. To compute the rate at which membranes are nucleated,
mediating transitions between vacua, we analytically continue to Euclidean
signature, setting

t— —itg, S — ZSE, (241)
where Sg is the Euclidean action. The Euclidean action is

R 1
S =~ [ denyi | (i~ 300000 - Vo). (242

2

Since we need to consider the vacuum decay of the theory, the potential V' (¢)
should have at least two vacua: a higher vacuum and a lower vacuum. The
potential can decay from the higher vacuum (false vacuum) to lower vacuum

(true vacuum) [32]. Fig.2.1 is a schematic diagram of potential energy V(¢).
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We will look for an O(4) invariant metric

ds* = dr* + p*(r)dQ23, (2.43)

where dQ3 is the element of distance on a unit three-sphere,

dQ2 = dx? + sin” xdf* + sin® 0dp>. (2.44)

and ¢ obeys the field equations

3 /
¢ + 7%’ = V'(¢), (2.45)
# =14 SnGip? Gcb - V<¢>) , (2.46)

where ’ denotes the derivative with respect to r [33].
We now seek the bounce solution of (2.45) and (2.46) and plug into the
Euclidean action (2.40), giving

_ 2 = 3 ¢/2 3 2 1 2
SE[cb,g]—Qﬂ/o dr|p” {5 +V(9) +m(pp +pp" —p)| . (247)

The bounce solution interpolates between the true vacuum ¢(0) = ¢p and
the false vacuum ¢(oc0) = ¢4 [31]. There is a symmetry between the two
vacua so the bounce solution is the same for going from A — B or B — A
(See Fig.2.1). The only difference between up-tunneling and down-tunneling is
that the background action which is subtracted to get the tunneling amplitude
is different. This process is called the “detailed balance” [$4]. The tunneling

rate for the down-tunneling is given by
[~ e 898/M (2.48)

where ASp = Sg(instanton) — Sg(parent). Here Sg(instanton) is the Eu-

clidean action evaluated on the bubble configurations, interpolating between
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the false vacuum and true vacuum. In contrast, Sg(parent) is the Euclidean
action evaluated on the complete false vacuum, with no bubbles. More details

)

of bubble nucleation can be found in review [33].

V()

Figure 2.2: Tunneling between vacua. The horizontal axis represents the scalar field
¢. The vertical axis depicts the corresponding potential V(¢). Tunneling between
vacua. The horizontal azis is the value of the scalar field ¢. The vertical axis is
the corresponding value of potential V (¢). There are two vacua A and B. The red
arrow denotes the tunneling from A to B. The green arrow denotes the tunneling
from B to A.

In the following, we will explore the string landscape of different string-
inspired models and explore if they can satisfy weak gravity conjecture in
chapter 3, 4 and 5. We also calculate the rates of bubble nucleation, in par-
ticular the decay rates from dS, to Min_. Furthermore, we will propose a

probabilistic argument for the cosmological constant problem.
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The cosmological constant is

probably still zero
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In chapter 3, we will consider a wide class of four-dimensional effective field
theories in which gravity is coupled to multiple four-forms and their dual scalar
fields, with membrane sources charged under the corresponding three-form po-
tentials. Four-form flux, quantised in units of the membrane charges, generi-
cally generates a landscape of vacua with a range of values for the cosmological
constant that is scanned through membrane nucleation. We list various ways
in which the landscape can be made sufficiently dense to be compatible with
observations of the current vacuum without running into the empty universe
problem. Further, we establish the general criteria required to ensure the ab-
solute stability of the Minkowski vacuum under membrane nucleation and the
longevity of those vacua that are parametrically close by. This selects the
current vacuum on probabilistic grounds and can even be applied in the clas-
sic model of Bousso and Polchinski, albeit with some mild violation of the
membrane weak gravity conjecture. We present other models where the mem-
brane weak gravity conjecture is not violated but where the same probabilistic

methods can be used to tackle the cosmological constant problem.

3.1 Introduction

Recently, Kaloper [67] and later, Kaloper and Westphal [69] have constructed
a simple dynamical model in which the cosmological constant is relaxed to near
zero through the nucleation of membranes, charged under a pair of three-forms.
Membrane nucleation triggers a jump in the effective cosmological constant
that is controlled by the corresponding charges. Crucially, these charges are
not assumed to be exponentially small. Instead, they are assumed to have
an irrational ratio, which guarantees a dense landscape of vacua, including
those whose cosmological constant is close to zero. Given a more modest
upper bound on the charge (which may be in some tension with the weak
gravity conjecture [25, 80]) transitions between vacua are rapid, at least until

the system finds a vacuum with a small positive cosmological constant, at
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which point, the vacuum is very long lived. This latter result has its roots in
Hawking’s famous solution to the cosmological constant problem in which he
computes the Euclidean action for a landscape of vacua and argues that the
most probable configuration is the one with the smallest absolute curvature
[62]. Thanks to the irrational charge ratio in [67, 9] the transition from a very
high energy de Sitter vacuum to near Minkowski can occur quickly via a single
membrane nucleation and the empty universe problem is said to be avoided.

The simple set-up presented in [(9] is a clever generalisation of Henneaux and
Teitelboim’s covariant formulation of unimodular gravity [37], with a pair of
four-form field strengths that enter only through a bilinear mixing with a dual
scalar field, and charged membranes (for a review of unimodular gravity, see
[38]). Although the model is phenomenologically interesting, its embedding
within fundamental theory is likely to prove challenging. However, in this
chapter we will show that key aspects of the relaxation mechanism apply far
more generally, increasing the likelihood that it could apply in some of the four-
dimensional effective theories obtained from string theory compactifications.
Remarkably, this is true of the famous Bousso-Polchinski set-up [43], offering
a probabilistic explanation for the small observed value of the cosmological
constant instead of an anthropic one.

We consider a very general set-up involving Einstein-Hilbert gravity coupled
to three-forms fields and their dual scalars, with membrane sources charged
under the three-forms. This includes the Kaloper-Westphal model [(9] as a
special case but also other effective theories including those expected to appear
in compactifications of string theory, such as the Bousso-Polchinski set-up
[13]. A key feature of the entirely family of models is that in vacuum, the
scalars and the three-forms always gravitate like a cosmological constant, even
in the presence of a non-trivial flux. The flux of the four-field strength is
quantised, giving rise to a landscape of vacua. To have any hope of solving
the cosmological constant problem, this landscape must be sufficiently dense in

and around Minkowski space in order to admit vacua that match observations.
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Tunneling between vacua is achieved through membrane nucleation. This is
described by instantons, solutions to the Euclidean equations of motion with
vacua of different vacuum energies, separated by charged membranes. The
geometry of the instantons depends on the curvature of the corresponding
vacua and the membrane tensions. Many configurations are physically irrele-
vant because the membranes would have to have negative tension or because
the corresponding tunneling rate is infinitely suppressed. As in [67, (9], those
instanton solutions that are physically relevant can be dissected even further.
In our general setting, this dissection depends on the value of a parameter
X = 4M,Ak?/T?, where Ak? is the jump in vacuum curvature and 7' is the
membrane tension. We consider several example theories where the bounds
on this parameter can be related to bounds on other microscopic parameters
such as the membrane charges. This is important since the value of X not
only controls which instanton geometries are allowed but also the correspond-
ing tunneling rates. In particular, when |X| < 1, any near Minkowski vacua
become very long lived and robust against the nucleation of anti-de Sitter bub-
bles. Thus, if you find yourself in a near Minkowski vacuum, chances are you
will stay there.

Of course, by itself, this is not enough to solve the cosmological constant
problem. One must show that we avoid the so-called empty universe problem.
This occurs when the universe descends to the current vacuum incrementally,
via a slow cascade of de Sitter vacua, the curvature jumping by a small amount
each time, forever diluting away any matter excitations. The density of the
landscape and the abundance of dangerous de Sitter vacua render this a real
possibility in generic theories of this type. However, through a detailed study
of the kinematics and an analysis of tunneling rates we show that the empty
universe problem can often be avoided: one is able to transition quickly from
a high scale de Sitter vacuum to near Minkowski via a single transition. All of
this suggests a wide-ranging mechanism for solving the cosmological constant

problem, inspired by, but extending far beyond, the original proposal of [(7,
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].

The rest of this chapter is organised as follows: in section 3.2, we present the
generalised set-up along with the corresponding field equations and junction
conditions. Since they will play an important role in the evaluation of tunneling
rates later in the chapter, we dwell a little on the choice of boundary conditions
and corresponding boundary terms. In section 3.3, we present the landscape
of Lorentzian vacuum solutions. In section 3.4, we Wick rotate to Euclidean
signature and solve the Euclidean field equations to find the corresponding
instanton solutions and compute the corresponding transition rates. In section
3.5, we demonstrate the role of the parameter X in controlling the stability of
near Minkowski vacua, protecting them from decay into anti de Sitter. We also
discuss conditions to avoid the empty universe problem. In section 3.6, we run
through four different models, including Brown-Teitelboim, Bousso-Polchinski,
Kaloper-Westphal, and a fourth model including a single three-form (with
standard kinetic term) and its dual scalar. In the latter three cases, we show
how the parameters of the theory can be chosen to successfully implement the
mechanism for solving the cosmological constant problem originally proposed

in [67]. In section 3.7, we conclude.

3.2 The generalised set-up

First, in Table 3.1 we list the properties of the three models discussed in
Chapter 2. None of the three models can avoid the empty universe problem
and the use of the anthropic principle at the same time. This suggests the need
for a more general set-up that can address the cosmological constant problem
without using either.

Then we begin with a general four-dimensional effective theory on a man-

ifold, M, with a dynamical metric g,, and a family of three-form fields, A’,
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’ Model ‘ Empty universe problem ‘ Anthropic principle ‘
The Abott set-up + —
The Brown-Teitelboim set-up + —
The Bousso-Polchinski set-up — +

Table 3.1: The table summarizes the key features of the Abbott, Brown-Teitelboim,
and Bousso-Polchinski models. In the second column, a “4” denotes that the corre-
sponding model leads to the empty universe problem, while a “—” indicates that it
does not. In the third column, a “+” signifies that the model requires an anthropic
explanation to address the cosmological constant problem, whereas a “—” means
that such an explanation is not necessary.

and dual scalars ¢;,

M? 1 .
_ 4 Tl . C_
s/de \g\[ 5 = 5w (0)V,di V", V(d))}

1 , , ,
! /M {_§Zij(¢)F2 A*F 4 01(6)F } + Sboundary + Smembrances  (3:1)

where R is the Ricci scalar. The four-form field strengths are given in terms of
the three-form fields F* = dA® and % denotes the Hodge star operator on the
manifold M. In components, the three-form is written as A" = LA dat A
dx” A dz® and the corresponding field strength as F? = %F Zyaﬂd:v“ A dx? N
dz® A dx® where F, e = 40 AL, - When acting on the four-form, the Hodge
star operator yields xE = €,,,5F"*", where €,,45 is the Levi-Civita tensor
on the manifold. The three models discussed in Chapter 2 are the special
cases of the generlised set-up. For example, in the Brown-Teitelboim set-
up, there are no scalars and a single four-form, corresponding to the case
where 4,7 = 1 only and w” = 0; = 0,Z;; = 1,V = Vgpr, where Vgpr is
the renormalised vacuum energy. In the Bousso-Polchinski set-up, we have
w? =0, = 0,Z; = 0,5,V = Vgpr, with 4,7 running from 1 to N, where
N ~ O(100) is the number of four-form fluxes. In the Abott set-up, there are
no four-form fluxes, but w” =1 and V' is given by (2.6).

The action is also equipped with boundary terms which depend on the choice

of boundary conditions. These are integrals over the boundary, M, which

we take to be a co-dimension one surface described by the embedding z# =
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XH#(&*). The induced metric and the pullback of the three-forms on the bound-
ary are given respectively by v, = ¢, X% X and o = L ALWX RX X SdE N
d€b A de€, where X = 0X" JO&" are the boundary tangent vectors. We also
define the extrinsic curvature of the boundary, K, = %En'yab, as the Lie deriva-
tive of the induced metric with respect to the outward pointing unit normal,

n*. If K = v%® K, is the trace of the extrinsic curvature on the boundary, the

boundary action is given by
Svoundary = My, / e/ VK — / up'di + Axia (3.2)
oM oM
where we define “conjugate momenta”,
P =~ Y WwIntV ey, xi = 00 — Zig(xFY). (3.3)

The extrinsic curvature piece ensures that the action can be extremised under
metric variations with Dirichlet boundary conditions, dv,, = 0 [39]. Mean-
while, the parameter \ allows us to interpolate between Dirichlet (A = 0) and
Neumann (A = 1) boundary conditions on the three-forms, while the parame-
ter u allows us to interpolate between Dirichlet (1 = 0) and Neumann (= 1)
boundary conditions on the scalars. To see this, note that variation of the

action with respect to all fields yields a boundary contribution [39, 90],

2

M
5Sboundary = - TPZ ng V |/Y Kab KVQb 5’Yab
oM (3.4)

+ / (1 — X)xida' — Aoy’ + (1 — p)p'dd; — pdp'e;
oM

that is required to vanish under the appropriate choice of boundary conditions.
Finally we consider the membrane contributions. We can include contributions

from membranes and anti-membranes, Y;, charged under any of the three-
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forms, such that

Smembranes = - Z {77}% / aiI + Ti/ d3£ V |7]‘} : (35)
Xr X7

I

Membranes charged under A’ carry a fundamental charge 4-¢; depending on
whether they are branes or antibranes and tension 7;. In the action (3.5),
nt = 0,41 depending on whether the membrane X; carries positive (7 = 1),
negative (nt = —1) or vanishing charge (n} = 0) under A’ '. The induced
metric and the pullback of the three-forms on ¥; are given in a similar way
to the boundary, by yra = g X% X" and ol = %ALWXIZX[%)X&(Z&“ A
deb A dee, where Xit = 0X;"/0&" are the tangent vectors on ;. Throughout
this chapter we will restrict attention to timelike membranes so that their unit
normal, n is spacelike.

Away from the membranes, the field equations resulting from variation of

the action (3.1) with respect to the metric, three-forms and scalars are given

by

MAGH = TP+ T4 (3.6)
vuXi = 0 (37)

Vi (H90) = VAL LI, 60 — |2 ) = o) | 59

where V'* = 9V /9¢;. etc. The energy momentum tensors for the three-forms,

the scalar and the membranes are

Zii [ A 1 A )
Ty = _3,] (Fwaijyaﬁv - gngéﬂwéFjaﬁw) (3.9)
. 1
Ty = w? (V“@V”ij - §QWVQ¢Z‘VO‘¢]‘) — Vg (3.10)

At the membranes, we can derive junction conditions which determine how

In what follows we will assume that any given membrane, I, is charged under Jjust one
of the three forms, namely A* for some particular value of 4,. This means that n}* = £1

and n}’éi* =0.
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the conjugate momenta of the system jump across the membranes. The mo-
mentum conjugate to 4 is proportional to the following combination of the
extrinsic curvature 7 = MIfZ(Kbe — K149%). As we pass over ¥y this jumps in

accordance with the Israel junction conditions [91]
MyARE = —nflrivg. (3.11)
The momentum conjugate to the three-forms also jumps
Axi = —nbg; (no sum over 1) (3.12)

while the scalar momenta remains continuous Ap® = 0. The metric and the
three-form potentials are assumed to be continuous at >; in order for the
membrane action to be well defined. Note that the junction condition (3.12)
is consistent with the momentum y; quantised in units of the fundamental

membrane charge, y; = —N;¢; (no sum) where N; € Z.

3.3 Vacua

We take vacua to be real Lorentzian solutions with constant scalars, four-forms
of constant flux xF = ¢!, and a maximally symmetric metric with constant
curvature k2, corresponding to de Sitter (k* > 0), Minkowski (k? = 0) or anti
de Sitter (k* < 0) spacetime. Away from any membranes, the field equations

imply that

1 o
3M§lk2 =V —+ §ZijCZC] (313)

V’k = §Zz'j’kCZCj — O‘i’kcz (3]‘4)

while the conjugate momentum,
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is locally constant. At membranes, we get a jump in y; according to (3.12),
generically triggering a jump in the spacetime curvature. This means we have
a landscape of possible vacua with different cosmological constants, scanned
through membrane nucleation.

In order to be compatible with observations, this landscape must include
vacua whose curvature is of order the Hubble scale today, H3. This suggests a
dense landscape with vacua separated by no more than this very low scale. In
the original Brown-Teitelboim scenario [60, 1], this required the membrane
charge to be exponentially small in Planck units. That condition was lifted
in Bousso-Polchinski [13] where a sufficiently dense landscape follows from a
family of ©(100) three-form fields coupled to membranes with incommensurate
charges. In Kaloper-Westphal [67, 69] the dense landscape follows from an
irrational ratio for the fundamental membranes charges.

Of course, the density of the landscape raises the possibility that transitions
between vacua of similar curvature are possible. If this is the case, we may
encounter an empty universe problem where the universe arrives at a low scale
vacuum via a slow cascade through higher-curvature vacua, cooling the uni-
verse down through many efolds of exponential expansion. Although the empty
universe problem is known to be an issue for the original Brown-Teitelboim
scenario, we will show how it is avoided in the other cases we consider.

Membrane nucleation, necessary for scanning the landscape of vacua, is a
quantum process. When we compute transition rates we do so between eigen-
states of constant x;. This suggests a path integral formalism equipped with
Neumann boundary conditions, fixing y; in both the in-state and in the out-
state [90]. We will compute these transition rates in the next section. Cor-
responding formulae for Dirichlet boundary conditions, fixing A in in and

out-states, are presented in Appendix B.



Chapter 3. Nucleation rates 60

3.4 Nucleation rates

To compute the rate at which membranes are nucleated, mediating transitions

between vacua, we analytically continue to Euclidean signature, setting

where Sg is the Euclidean action. Following [60, (1], we assume that scalars
are unchanged under this Wick rotation, including the dual of the four-forms
*F" — xF. 1t follows that the three-forms should be analytically continued as

A — iA 2. The resulting Euclidean action now takes the form

M? 1 ..
So=— [ deo B[ "R 30,0540, - V()]

+ /M |:—§Zl](¢)FZ A *FY -+ UZ(¢)FZ:| + Sg)undary + Srﬁembranes’ (317)

where the boundary terms are chosen to be consistent with Neumann boundary
conditons on the three-form fields (A = 1). Since we will only be considering
bounce configurations that transition between two vacua, we assume that there
is a single membrane, ¥, which is charged under A’ for some particular choice
of i = i,. The membrane charges under A’ are given by Q; = d;. Q;, where
Qi. = £q;, and the membrane tension is T = 7;,. As a result, the (Euclidean)

membrane action is given by

Sﬁembranes = _Ql* / Oéiz* + T/ ngE V |’YE| . (318)
) >

We consider O(4) symmetric Euclidean field configurations, with metric

ds* = dr?® + p(r)2dQs (3.19)

2If n and ng = in are the volume forms for Lorentzian and Euclidean signature respec-
tively, then FF = —(xF)n and Fg = (xF)gng. Setting xF = (xF) g, as desired, we infer that
F = {Fg. This is consistent with our choice of A = iApg.
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where dQ3 = h;;d¢'d€7 is the metric on a unit 3-sphere, Euclidean three-form

potentials

Al = Al(r)\/|h|d3¢ (3.20)

and scalars ¢; = ¢;(r). The radial coordinate is assumed to run from rp;, to
Tmax (to be determined) and the membrane lies at r = 0. We label the interior
geometry, where rp;, < r <0, by M_ and the exterior, where 0 < r < rpax,
by M.

With this ansatz, the field equations away from the membrane simplify to

the following

1 p, 27 1 . 1 At AT
2 o ij

3M, [E — (;) = V- W Y05+ 5&57 (3.21)

1 p/ 2 p//- 1 . 1 A AT
M3 |=— () =28 | = V4wl +-2,,—— 3.22
’ [P2 (p> P PR p° (3:22)

1 ) 1 Ai/Aj/ Ai/
— (p3wkj¢;~)/ = Vk— —Zij’k—ﬁ + —SUz”k (3.24)
2 P P
where ’ denotes the derivative with respect to r and y; = o; — Zij‘%/.

Considering (3.21) and (3.22), we can find that if we set A" = ¢?p?, then for

constant scalars ¢; we have

1 p12 1 o
3M1§l |:E — F:| - (V + 5 ijCZC]) = O, (325)
and
1 /2 " 1 o
3M2 {? - 2—2 - 2%} = 3(V + 5Zy¢ ) = 0. (3.26)
Let
1 o
Vi 5Zcd = 3k* M2, (3.27)
(3.25) and (3.38) become
1 12
— - k=0, (3.28)
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and

1 p/2 /! 5

Furthermore, letting p = 2 sinf (« is a constant) and insert in (3.28), we can
find that
1
P=1 sin k(ro + €r), (3.30)

where € = £1. The solution (3.30) also satisfies (3.29). In fact, we can find
that for A" = ¢p® and constant scalars, (3.23) and (3.24) can be satisfied
automatically.

Therefore, assuming all scalars are locally constant and satisfy the con-
straints listed from (3.13) to (3.15), this system is solved by

sin(k(er + rg)
P=—

e =41, (3.31)

where the curvature k? matches the curvature of the Lorentzian solution (3.13),

and three-form potentials
Al(r) = A 0) + ¢ / dip(7)?. (3.32)
0

Note that the solution for p extends to k% < 0 by analytic continuation. The
parameter rg is an integration constant, setting the radius of the 3-sphere at
the membrane.

For k* > 0, the geometry is that of a section of a 4-sphere and it turns
out that p is invariant under ¢ — —e, r¢ — 7/k — 9. This allows us to set
e = +1, WLOG, while also assuming ro € [0, 7/k]. The poles of the 4-sphere
are located at ryy, = —7r9 and rp.x = 7/k — 7.

For k? = 0 and k% < 0, the geometry is that of a section of a four-dimensional
Euclidean plane or hyperboloid respectively. Since p is assumed to be non-
negative at the membrane, we take ro > 0. Note that we can no longer

fix ¢ WLOG, and must consider each sign separately. For ¢ = +1, ry;, =
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—rg corresponding to the point where the 3-spheres shrink to zero size, while
max = 00 corresponding to where they diverge. For ¢ = —1, the reverse is
true: rpy, = —oo corresponding to the point where the 3-spheres diverge, while
Tmax = 7o corresponding to where they shrink to zero size.

At the membrane, the induced metric ds% = p?(0)d€23 and the pullback of
the three-forms ol = A%(0)/]h|d>¢ are well defined. Note that for the induced

metric this gives us a continuity constraint

sin kro] o, (3.33)

Ap(O):A{ -

where we introduce the notation Az = z+ — 2~ and (z) = (2" 4+ 27) corre-
sponding respectively to the difference and average of some quantity = defined
on either side of the membrane. We also have the following junction conditions

on the conjugate momenta,

2 A [FO)]
6MPZAL(O)] = 3T (3.34)
Axi = —0u. Q.. (3.35)

Physically realistic membranes always carry non-negative tension, resulting in

the following constraint on the allowed configurations
Alecoskr <0. (3.36)

The instanton solutions can also be classified according to the value of

o AMAAR

5 (3.37)

with X > 0 in downward transitions and X < 0 in upward transitions. More
importantly, however, it turns out that some configurations are kinematically
allowed only when |X| < 1 with the remainder allowed when |X| > 1. An

analogous result given explicitly in terms of membrane charges was shown
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to be true in [07, 69]. Here we show how it is generalised to a much wider
class of models which could, in principle, include the Bousso-Polchinski set-up
[13]. Indeed, we can always relate X to the charge of the membrane and the
curvature of the parent vacuum using equations (3.13) to (3.15), along with
the junction condition (3.35), although the relationship is not always a simple
one’.

To see how X relates to the geometry of the instanton we use the junction

conditions,
T

Ap(0) =0,  A[(0)] = —WQZP(O)

(3.38)

along with the expression p? = 1 — k?p? to prove the following useful relations

/ le 2
('(0)) = == p(0)AK (3.39)
and .
p(0) = i : (3.40)

2
2 2
We now take the ratio of (3.38) and (3.39) to see that
2(0'(0))  1+z (ecoskrg)y

Alp(0)] 1-2’ T (ecoskrg)_’ (341)

The value of X now corresponds to a kinematic constraint on the geometry.
As an illustrative example, consider an instanton describing a dS; — dS_
transition with (kro); > § > (kro)— and, of course, ex = 1. Since (cos krg), >
0 > (coskrg)_ it immediately follows that this solution has 7" > 0 and z < 0,
or in other words, —1 < X < 0.

A summary of these classifications is presented for all potential instanton

3In principle, this can be done as follows for a generic model. First, we use (3.14) and
(3.15) to express the fluxes ¢’ and the scalars ¢; in terms of x;. Plugging this into (3.13)
we obtain an expression for the bulk cosmological constant of the form k? = K(y;). For
example, for tunneling from near Minkowski into AdS, we then have x; fixed such that
k2 = K(x;) = 0, with x; = xj + Q; fixed by the junction conditions (3.35). Finally we
have that X2 = 4M4Ak? /T? = AMY[K(x]) — K(x§ + Q:)]/T?
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dS,
e, =+1

Minkowski/AdS
e =+1

Minkowski/AdS
e =—1

ds-

(kro)s = § = (kro)-

(kro)4 > (kro)- > 3

negative tension

Fro)- =3

Z > (kro)-

e =+1 allowed for |[X| <1 | allowed for X < —1 kinematically kinematically
5 > (kro)y > (kro)- (kro)s < (kro)- allowed for X < —1, | allowed for -1 < X <0,
allowed for X > 1 negative tension infinitely suppressed infinitely suppressed
Minkowski/AdS_ (kro)y > 5 5 > (kro)y k-] > [ky] k-] < [ky] kinematically allowed for |X] <1,

e =+1

allowed for 07§ X<1

allowed for X >1

allowed for X > 1 | negative tension

infinitely suppressed

Minkowski/AdS
e =-—1

negative tension

negative tension

k] > Ty

negative tension

[f_| < k]
kinematically
allowed for X < —1,
infinitely suppressed

Table 3.2: Summary of transitions My — M_ where M is de Sitter, Minkowski
or anti de Sitter, as indicated. If a transition is forbidden because it violates the
condition of non-negative tension, we mark it accordingly. For the remaining transi-
tions, we mark whether they are kinematically allowed for | X| <1 or |X| > 1 where
X = 4M;1lAk2 /T?. In some of these cases, the transition may be kinematically
allowed but is ruled out because the transition rate is infinitely suppressed. Recall
that we can take ¢ = +1 for all dS configurations WLOG, so any examples contrary
to this are not applicable. For a given model, equations (3.35) and (3.38) can be
used to determine, X and identify precisely where we are on the Baedeker.

geometries in table 3.2. The table also lists those geometries for which the
corresponding tunneling rates are infinitely suppressed and so can be ignored.
As we will see presently, these correspond to configurations with ki < 0 and
ey = —1. Table 3.2 mirrors the “Baedeker” of |

|, although we emphasize

again how it applies to a much broader set of models.

In semi-classical theory of vacuum decay, transition rates between vacua M, —

M_ are given by [82, 92, 93]
r —B/h
where
B = Sg(instanton) — Sg(parent). (3.43)

Here Sg(instanton) is the Euclidean action evaluated on the bubble configu-
rations described above, interpolating between the vacua M, and M_. In
contrast, Sg(parent) is the Euclidean action evaluated on the complete parent
vacuum, M, with no bubbles.

The tunneling exponent can be computed in all cases after a relatively
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lengthy calculation and plenty of heart warming cancellations, giving

B = —2M20A {% [0/(r)*]° } + Q3Tp(0)?, (3.44)

Tmin

where r,;, denotes the minimal value of the radial coordinate and €23 is the
volume of the unit 3-sphere. The derivation of (3.44) can be found in Ap-
pendix A. Note that this is quantitatively identical to the tunneling exponent
computed in GR for the same geometry, reflecting the fact that the scalars
are constants in vacuo, while the three-forms gravitate like a cosmological con-
stant. Whenever we have a parent AdS or Minkowski vacuum with e, = —1,
there are configurations with non-negative membrane tension whose tunneling
exponents contain divergent contributions at r,;,. These correspond to exotic
configurations where an infinite asymptotic space is removed by membrane
nucleation. The corresponding tunneling rates are either infinitely suppressed,
ruling out the transition, or infinitely enhanced, signalling a catastrophic insta-
bility. As we have imposed Neumann boundary conditions on the three-forms,
these particular configurations are always infinitely suppressed?.

As expressed in table 3.2, there are now only three configurations that avoid
any problems with negative brane tension or infinitely suppressed tunneling

rates. These are the configurations of physical interest corresponding to
e dS, — dS_
e dS; — Minkowski/AdS_
e Minkowski/AdS, — Minkowski/AdS_ (|k_| > |k )

each with ex = 1 and 80 p/(rmim) = 1. To simplify the corresponding formulae
for the tunneling rates, we make use of equations (3.38) to (3.40). The tun-

neling exponents for the three configurations of interest can now be written

4For AdS; — AdS_ configurations with e; = —1, there are divergent contributions to
the tunneling exponent for both vacua. If we assume that the divergence in the proper
distance occurs at the same rate in each case, |1, | ~ |r_. | = oo, then the positivity of the

membrane tension ensures that |k|; > |k|—, and the dominance of the divergent contribution
of the 4+ vacuum.
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as
2M2Q M? T2
_ o eprE ) g2 Tl 212 2
T { Ak® + T p(0) [(Ak ) +—2M§l (k >]} (3.45)
If we recall that X = 4MAk?/T? and introduce
Y(X) = /(X = 1)+ 16k3 M, /T2 (3.46)

we can rewrite the tunneling exponent in the following simple form

AMZQ [ 14Y — X
_ 2 3[ + } (3.47)

2| Y(1+Y +X)

3.5 Cascades, bungees and the stability of the
Minkowski vacuum

Armed with a general expression for the tunneling exponent and a detailed
understanding of the instanton geometries as shown in table 3.2, we are ready
to take a more in-depth look at the tunneling dynamics. In particular, we
are interested in what happens if the universe begins in a high scale de Sitter
vacuum with curvatures far above the current Hubble scale. Can we descend
into the current low scale vacuum in a single jump, avoiding the empty universe
problem, or do we need to cascade into it via a series of incremental changes in
curvature? Is there a danger we fall deep into an anti-de Sitter vacuum, so that
the universe is driven to a apocalyptic crunch? How long is the current vacuum
expected to survive before it gives way to these apocalyptic AdS vacua?
Consider tunneling from a parent vacuum with a non-negative curvature, so
that ki > 0. It follows that Y > |X — 1| > 0, and so rewriting the tunneling

exponent as
B 4M51§23 Y —(X-1)
K YR+Y+X 1))

(3.48)

5

we see that it is everywhere positive’. Further, for k, fixed, it is monoton-

>This contradicts [(7] where it is claimed that the bounce action can be negative when the
membrane radius is close to the de Sitter radius of the two vacua. This involved neglecting



Chapter 3. Cascades, bungees and the stability of the Minkowski vacuum68

ically decreasing from 4M2€Qs/k? as X — —oo to zero as X — +oo®. For
a given parent de Sitter vacuum, this means that transitions towards smaller
values of the curvature are likely to be the most rapid, provided they are kine-
matically allowed. This raises the possibility of decay deep into anti de Sitter
space, which would be incompatible with the current low scale vacuum, with
curvature no larger than the current Hubble scale.

Generically we find that descent into AdS is kinematically forbidden for par-
ent vacua with very large de Sitter curvatures. This is because the membrane
does not carry enough charge to trigger a sufficiently large jump in the cos-
mological constant. For parent vacua with curvature less than some critical
value, k3 < k2, descent into AdS is kinematically allowed. This is potentially
dangerous if the tunneling rates are too high. One way to avoid this is as
follows: first we choose the parameters of the model such that 0 < X < 1
for all downward transitions from parent vacua below the critical curvature,

k2 < k2. It follows that

pl

>
2
k2 (1 + —QMgfk*) k2

B>B(X=1)= = B, (3.49)
where we have also used the fact that 4Myk% /T < 14 4Mjk* /T? < 1 for
k% < k? and k> < 0. Since we typically expect k. < My, we can choose
parameters such that B, is large, and all vacua in danger of decay into anti
de Sitter are long lived. Furthermore, the lifetime of these vacua increases as
we reduce the curvature of the parent vacuum, with B containing a pole as

ky — 0.

terms that we said to be small compared to a “leading” term, equal to the difference in
curvature. However, this “leading” term is just as small as the neglected terms in the

relevant limit.
4AM3 AK?
T2

6The quickest way to see this is to define ( € (—00,00) such that X =
2
1+ % sinh . The tunneling exponent then reduces to the following simple form

o AM2Q,
k3 (14 e%) (1 + %ec)

This is clearly monotonically decreasing between the two limits stated in the text.
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We can see the importance of the proposed bound on X by taking a closer
look at transitions from parent vacua near Minkowski space. For these transi-

tions, we have

AMY K
XMy —ads. = — T (3.50)
Note that Xas, a4s. = | X, —aas_| since the daughter vacuum is AdS and so
k? < 0. The tunneling exponent for the transition goes as
B M 1 s x 5% [(X = 1)2(1 = 5(X)) +25(X)]
Mi—Ads. ™ g (1=5( ))+m ( ) ( (X)) +25(X)
(3.51)

where S(X) = sgn(X — 1) and we understand that X = X/, 445 here and
in the remainder of this section. The lifetime of the parent near Minkowski
vacuum is clearly determined by the sign of X — 1. In particular, when X > 1,

we have

B, s ads. ~

For tunneling into deep AdS so that X is large, this exponent is suppressed
and the transition is quick, rendering the near Minkowski vacuum short lived.

In contrast, if X < 1, the tunneling exponent goes as

X <1. (3.53)

As the parent vacuum approaches Minkowski, this exponent diverges, sup-
pressing any transition into AdS and ensuring a long lived Minkowski vac-
uum. This is the key ingredient for addressing the cosmological constant ad-
vocated in [67, (9], although we now see how it can apply more generally, as
long as the microscopic details of transition from Minkowski into AdS enforce

4AM? k2
l —
XM+%AdS_ = - 71:2 <L

Of course, it is not enough for the near Minkowski vacuum to be long lived.
We need to show that we are likely to reach it from a generic initial state

corresponding to a high scale de Sitter vacuum. There are two ways in which
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this might happen. The first involves a bungee jump, a single transition from
a high scale de Sitter vacuum towards a near Minkowski vacuum, k2 > HZ >
|k_|?. If a bungee jump is kinematically possible, the tunneling exponent goes

as

412\2°
i (1+ 232

For de Sitter vacua, the larger the value of k,, the more this exponent is sup-

(3.54)

Bas, sa_ ~

pressed and the faster the transition. Bungee jumps avoid the empty universe
problem [59]. As explained in [43], the inflaton is significantly displaced from
its minimum by quantum diffusion before the transition. After the transition,
the inflaton is in slow roll and follows the classical evolution towards the min-
imum, at which point it begins to oscillate and reheating occurs. However,
because the vacuum energy is now no larger than the current Hubble scale,
there is no rapid cooling.

The second way in which we might finally arrive at the current vacuum is via
a cascade, several transitions in which the cosmological constant descends from
a high scale in small increments, each with Ak? < HZ. For small incremental
transitions where the vacuum energy changes by a small amount, k% — k? =

k% (1 —e), for e < 1, the tunneling exponent goes as

Bas, —as_~as, ~ —. (3.55)
9 16M% k2
kiyl+ —f—
Unfortunately, these cascades do run into the empty universe problem [59]. As

the cosmological constant slowly descends, quantum diffusion effects are scaled
down, allowing the inflaton to settle into its minimum and reheat the universe.
However, this happens too soon, before the vacuum energy has settled into its
current value. The universe then spends far too long in de Sitter vacua at scales
above the current Hubble scale, and any matter produced after reheating is
diluted away by exponential expansion. To avoid the empty universe problem,

it is clear that bungee jumps with k2 > Hg 2> |k_|* must be kinematically
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allowed. Furthermore, a cascade of incremental transitions with Ak* < HZ,
should either be kinematically forbidden, or suppressed relative to a bungee
jump. If this is the case, the universe initially in a high scale de Sitter vacuum
is expected to find the current vacuum before inflation has ended and reheating
has begun. Furthermore, if we can consistently impose a condition | X| < 1 for
a parent vacuum close to Minkowski, then the current vacuum is long lived,
and the catastrophe of descent into AdS is delayed until the far future, or

avoided altogether.

3.6 Examples

As we have seen, the key features for addressing the cosmological constant
problem proposed in [67, 69] could apply quite generally to a large class of
models under consideration. This is because the scalars and the four-form field
strengths all gravitate as cosmological constants in the vacuum. Consequently,
the tunneling exponent, B, takes a universal form which we can express in
terms of the tension of the membrane and the curvature of the two vacua
involved in the transition. Things only become model dependent when we ask
how the quantities relate to other model parameters, such as the membrane
charge. In particular, the condition |X| < 1 will mean different things for

different models. Kinematic considerations can also vary. We shall now explore

a few cases of particular interest.

3.6.1 The Brown-Teitelboim set-up

We begin with the pioneering model of this class, originally proposed by Brown
and Teitelboim [60, 61]. As is well known, this model runs into problems
with the empty universe and cannot be taken seriously as a solution to the

cosmological constant problem”. However, we include a discussion of its main

TA variant of this setup that circumvents the empty universe problem by allowing for the
nucleation of brane stacks was proposed in [72].
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features as a warm up to the more interesting models. In the Brown-Teitelboim
set-up, there are no scalars and a single four-form, corresponding to the case

where 7,7 = 1 only and

wi=0,=0, Zy=1, V =Vopr (3.56)

where Vgpr is the renormalised vacuum energy. In the absence of scalars, the

bulk constraints (3.13) to (3.15) yield

1
BMK* = Vopr + 5c2 (3.57)
X =—c (3.58)
from which it follows that
Vorr + 3X°
k= 27 (3.59)
3M§l

Membrane nucleation triggers a jump Ay = —@) = —nq, where ¢ is the funda-
mental membrane charge and n = +1 for branes and n = —1 for anti-branes.
This is consistent with the quantisation condition y = —Ngq for N € Z, so
that membrane nucleation gives AN = 7. The spectra of vacua are now char-

acterised by the following curvature

_ Vorr + 5N?¢?

K*(N)
3M

(3.60)
For this to include near Minkowski vacua, we assume Vgpr < 0, which is easy
to engineer in string compactifications. The smallest possible separation in

curvature, k2, occurs between neighbouring vacua and takes the value

1+2N)g?

Sk = k*(N £1) — K*(N) = ( E (3.61)
pl
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This density varies with where we are in the landscape, through the dependence
on N. For a near Minkowski vacuum, N = NMnk ~ +./2|Vpr|/q and the

separation takes two possible values

2 q¢* £ qv/8[Vorr|
0k? k2= =~ 5 . (3.62)
6M
To be compatible with observation, we require the absolute value of both to
be no larger than the current Hubble scale, Hg. Assuming [Vopr| > M2 HE,

this imposes an upper bound on the membrane charge

6M2H?
g < —20 (3.63)
V8Vorr|
Nucleation of a membrane triggers a jump Nt — N~ = Nt £ 1, where we

take the 4+ for a brane and the — for an anti-brane. In the Brown-Teitelboim

setup, this corresponds to a minimal change in curvature

1F2N7)¢> (—1F 2N
ARz = = : .64
b 602 602 (3:64)

In a general set-up, adjacent vacua in flux space are separated by a curvature,
Ak?, which is generically not the same as the smallest jump in curvature, 5k2.
Crucially, however, in the Brown-Teitelboim set-up, the simplicity of the model
renders the two to be equivalent: Ak? = dk?. By the density assumption,
nearest neighbour jumps are now no larger than the current Hubble scale
whenever the transitions include the current vacuum. More explicitly, consider
the transition from a parent de Sitter vacuum to a near Minkowski vacuum.
For this to the arise from the nucleation of a single membrane, the parent

vacuum will have curvature

L+2INM")g* g
k2 = ( ~ 8|V, < H? 3.65
: o 7\ 8lVarr| S H; (3.65)

pl
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where we have used the fact that [NM"| > |[Vopr| /M2 H§ > 1 along with the
density constraint (3.63) on the fundamental charge. This demonstrates the
fact that bungee jumps to the current vacuum cannot be mediated by single
membrane. As is well known, this suggests that the Brown-Teitelboim set-up
suffers from an empty universe problem [13]. Tunneling rates in this set-up
are easily computed and can be shown to agree with [60, 61]. This can also
be obtained from the corresponding analysis in the next section by taking the

limit of a single three-form potential.

3.6.2 The Bousso-Polchinski set-up

We now switch to a set-up with no scalars and a large number of four-forms

as originally proposed by Bousso and Polchinski [13] as a way to overcome the
limitations of [60, G1]. This corresponds to the case where
wij = 0; = 07 Zz = 51']', V = VQFT (366)

with 7, 7 running from 1 to A. In the absence of scalars, the bulk constraints

(3.13) to (3.15) yield

1 o
3M§lk2 = VQFT —+ 552-]-6107 (367)

Xi = —5z'j0j (3.68)

from which it follows that

 Varr + 509 xix;

k?
3M2

(3.69)

Recall the quantisation condition y; = —N;¢; (no sum), for some N; € Z.
Assuming nucleation of a brane or anti-brane of type i,, this is consistent with
the membrane junction condition (3.35), Ax; = —d;,.Qs,, with Q;, = +gq;,

(no sum), or equivalently, AN; = 44;;,. The spectra of vacua is therefore
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characterised by curvature

_ Vaorr + % Zi\il Niq;

k,2
302

(3.70)
For this to include near Minkowski vacua, we must once again assume that
Vorr < 0. The vacua span an N dimensional grid with spacing ¢;. Sur-

faces of constant vacuum curvature correspond to spheres centred at N; = 0.

Vorr+3r? and k2 — VQFT-&-%T’2
3M, T 3My,

Consider two such surfaces of curvature k? =
The corresponding spheres form the boundary of a shell of volume Vi ~
LQn—1rN720r2 where 612 = 12 —r? and Qu_y = 27V/2T(N/2) is the volume
of a unit (N — 1)-sphere. To estimate the density of vacua, we require that
this shell should contain at least one grid point (or if there is degeneracy D,

it should contain D grid points), setting a bound Viyen = D Hﬁl ¢;. This now

translates into vacua with a typical curvature separation of [13]

N
0k? ~ DT g
3]\4131{2/\/_17"/\/’_27

r= \/6M§lk2 — Wopr . (3.71)

For this model, we assume the g; are incommensurate so that D ~ 2V arising
from the vacuum degeneracy N; — —N;. As in the Brown-Teitelboim set-up,
the density of vacuum energies depends on where you are in the landscape.
Near Minkowski, the density is

2N Hi\; 4q;
M2 Q1 (2| Vrr|)V/21

Sk? |p2—g = (3.72)

If we assume that there are no hierarchies in the membrane charges, ¢; ~ O(q)

for all ¢, whilst remaining incommensurate, it turns out that

2’VQFT| s Nq2 >N/2

Ok o~ 22T T (T 3.73
k=0 3M2 /\/<e7r|vQFT| (3.73)

Provided N'¢?> < em|Vgpr|, by taking N sufficently large, we can achieve a
Q

density well within the desired observational bound §k?|;2—g < HZ where Hy ~
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107%M,,; is the current Hubble scale. For example, if [Vopr| ~ M and
q ~ 0'02M51 then we can achieve the desired density of vacuum energies for
N =~ 100.

Nucleation of a membrane of type i, triggers a jump in one of the flux
integers, N;¥ — N;_ = N;" £+ 1, while leaving the remaining N;;, unchanged.

This translates into a jump in vacuum curvature

(1F2N)¢2  (—1F2N)¢?
A 2 — T T — (2 (23 ) . 4
SV 6117 (3.74)

As in the previous example, this is sensitive to where we are in the land-
scape through the dependence on Nf, a consequence of the curvature having
quadratic four-form dependence.

Let us consider descent from a parent de Sitter vacuum with curvature ki >
0 and compute the important quantity, X = 4M}Ak*/T?. To do this, we first

relate the curvature to the integer fluxes using the relation

N
Z(N;r)quz =rl, = \/6M§l/€i — 2Vrr. (3.75)
Since Ak? > 0, it now follows that

2M?2q?
X = 3%(2“\%

Tx

2M2lq2
— 1)~ 5N - 1) (3.76)

where we have used the fact there are no hierarchies, ¢; ~ O(q), 7 ~ O(7)
for all i. Further, equation (3.75) now implies that |N|? ~ r3/q?, where

N2 = 32, N2 > [N, [? and so

X < 4M§lq7"+
~ 372

Ko (k) - (3.77)

Dangerous transitions into AdS are kinematically forbidden if Xpa(ky) <
Xo(ky), where Xo(ky) = 4M k3 /72 represents the critical value of X for which

the daughter vacuum is approximately Minkowski. For the largest values of
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k3 > [Vorr|/3M}, it is clear that r . ~ V6Myky and so

46 M3 gk AM2k.  [6ex|V,
X & 3T%jq T~ 3:12 =4/ e”'j\/QFT‘ < Xo(ky) (3.78)

where we have used the density condition N'¢* < ern|Vgpr|. It is, therefore,

kinematically impossible for parent vacua with k% > [Vopr|/3M} to decay
directly into AdS.

What about parent vacua with k3 < |[Vopr|/3M7? These have ry ~

/2|Vorr| and so

2

2M,q
Kinax ~ = \/8IVorr|. (3.79)

For sufficiently small k3 < k? = ¢/8|Vpr|/6M;, we can have Xpax > Xo(ky)

and so decay into AdS is now kinematically possible.
The potential for decay into AdS might be troubling at first glance. However,

as we hinted in the previous section, we can impose the condition

QM;?ZQ /
3.2 8’VQFT’ <1 (380)

ensuring that 0 < X < 1 whenever the parent vacuum has k3 < k? and is

therefore vulnerable to this dangerous decay. However, the lifetime of these
vacua can be made large by ensuring that B, > 1, where B, is defined by
equation (3.49). Inputting the value of k. we have just derived for the Bousso-

Polchinski set-up, we find that

B.2 ———
q+/8|Varr|

(3.81)

. . 4
For our canonical example, with |Vopr| ~ My,

q ~ 0.02M2 and N = 100,
we have B. 2 2000, and so vacuum decay into AdS is heavily suppressed in
all instances. Furthermore, the condition (3.80) ensures that | X, 45 | < 1,
guaranteeing the presence of a pole in the transition rate as the parent vacuum

approaches Minkowski, rendering it arbitrarily long-lived.
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All of this suggests that the current vacuum can be selected using proba-
bilistic arguments, similar to those presented in [67, 69]. This is a significant
departure from the anthropic arguments usually presented for the Bousso-
Polchinski set-up [43]. There is a small price to pay for this success: the
condition (3.80) is in violation of the weak gravity conjecture for membranes
[86], which requires

7 S 9iMpg; (3.82)

where g; is the strength of the three-form coupling. To see this, note that we

have two inequalities on the charge,

Jem|Vorr| 2Myq*

and so

M. 9 1/4
(o) <1 (384

in violation of (3.82).

If we assume sub-Planckian membrane tension consistent with a well-defined
effective theory and the maximum charge, g.x, tolerated by the density con-
straint 0k* < HZ (where dk? is given by equation (3.73)), the stability condition
(3.80) is also incompatible with an arbitrarily large underlying vacuum energy

|Vorr|. To see this, we note that

erm|Vorr| (3MEZH§ N>N ~ ME(N) (3.85)

Gmax = N oNVorr| V 7 N

where, in the last step, we have taken a limit of large N and defined e(N') =
1
(ﬁ—é) ¥ < 1. We include the () correction to the large A limit to allow
pl
for the fact there is a large hierarchy between Hy and M. For ¢ ~ gnax, the

stability condition (3.80) now implies that

<7 .
sih, VN SV (3.86)

pl

2\Vorr| [S8er (3MYHG |N N
2|VQFT| ™
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where we have also used the condition of sub-Planckian membrane tensions.
This can be used to place a limit on the scale of the QFT contribution to
the cosmological constant. For large N, this bound on |Vgpr| takes on a

particularly simple form

3 N 72
<
Vorr| S 26(/\/)\/ o X ok (3.87)

This is quadratically sensitive to the brane tension and not especially restrictive

as can be seen from the numerical examples in Table 3.3. Note, in particular,
the case where N' = 100, corresponding to the benchmark point in [13]. Here
we can have Planckian |Vgpr| with the current vacuum being both natural
and quantum mechanically stable if the brane tensions, 7 ~ 0.2M5l and the

charges, ¢ < 0.02M5l. The last thing we need to check is already well known:

’ N \ Upper bound on |Vgpr| \ Upper bound on g ayx ‘

10 10" x 37 1077 x 57
p
60 10° X 5 1072 x 47
P P
2 —1 T
100 10 x M_gz 10 X M_pl

Table 3.3: Maximum scale of QFT contribution to the cosmological constnat (in
units of 72 /MPQI) compatible with the quantum mechanical stability of low scale de
Sitter space. We also show the corresponding upper bound on the brane charges (in
units of 7/Mpy;). The quoted numbers are order of magnitude estimates.

is it possible to transition from a high scale de Sitter vacuum to the current

vacuum in a single jump? Near Minkowski daughter vacua satisfy

N
D (N g2~ 2V . (3.88)

i=1

If this is the daughter vacuum generated by the nucleation of a brane of type

14, then the parent vacuum has curvature

N in /
. 602 602 ¢ '
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For physically allowed configurations with positive brane tension this will be
positive, corresponding to a high scale de Sitter vacuum provided ¢ is not tuned
to exponentially small values. In particular, for our canonical parameter values,
\Vorr| ~ My, q ~0.02M2 and N = 100, we have a bungee jump from vacua
of curvature k% ~ 0.01M to the current vacuum. This enables us to avoid
the empty universe problem in the Bousso-Polchinski set-up, as is well known.

To summarise, if we are prepared to accept some violation of the membrane
weak gravity conjecture, we can select the near Minkowski vacuum using prob-
abilistic methods even for the Bousso-Polchinski set-up. This offers a tantalis-
ing alternative to the standard anthropic arguments used to recover a vacuum

consistent with observation.

3.6.3 The Kaloper-Westphal set-up

We now switch to the original motivation for our work: the Kaloper-Westphal
set-up [09]. This corresponds to the case where there are just two three-forms

(so i,j runs from 1 to 2) and
w =Z; =0, V=Vopr+ M(d1+ds), 0i=—2¢;. (3.90)

Crucially, the membrane charges are assumed to have an irrational ratio,
@1/ = w ¢ Q. The bulk constraints on the vacua (3.13) to (3.15) now

give

BMAK® = Vorr + Mj(¢1 + ¢2) (3.91)
MY = 2c* (3.92)
Xi = —2¢; (3.93)

from which it follows that

Vo
s _ VQrrT 5 (x1+ Xx2)

k
3M?

(3.94)
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Recall that the nucleation of the membrane of type i, triggers a jump Ay; =
—0;:,Q;., where Q;, = =+q;., consistent with the quantisation condition on
Xi = —N;g; (no sum) for some N; € Z. The spectra of vacua is characterised

by the curvature
M2
2 VQFT + TM(qul + Nqu)

k
3M

. (3.95)

The irrational ratio in membrane charge ensures that this landscape of vacua
is dense and passes arbitrarily close to the Minkowski vacuum. The nucleation
of our membrane triggers a consistent jump N;*r — N; = NZ +1 leaving N;;,

unchanged. This gives rise to a jump in the vacuum curvature

AR? = :I:% (3.96)
giving
2Miq,
X =+ 37?1;1 3 (3.97)

i

If we start in a parent de Sitter vacuum with curvature k3, transitions to AdS
are only possible for k2 < k? = ¢q/6, where ¢ = max{qi,q}. In [069], the
authors impose the condition,

2 )
37;

i=1,2 (3.98)

which is equivalent to |X| < 1in all cases. In particular, as we have seen in the
previous section, this type of condition ensures that those vacua vulnerable to
decay into anti de Sitter can be long lived. More precisely, when k2 < k? = ¢/6,
we recall that the tunneling exponent B > B., where B, is computed using
(3.49),

N 6M51§23

B. . 3.99
. (3.99)

As long ¢ is sub-Planckian, this remains large. Indeed, for gpa, ~ 0.1Mp2[, the

low scale de Sitter vacua can be made very long lived, with B, 2 1000. Since

|X| < 1, we also have absolute stability of the Minkowski vacuum thanks to
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the presence of the pole in the tunneling exponent as k, — 0. Note that unlike
in the Bousso-Polchinski setup, the condition (3.98) is independent of |Vgpr|
or, in other words, the quantum mechanical stability of the Minkowski vacuum
can be guaranteed whatever the depth of the bare AdS vacuum.

The Kaloper-Westphal model also avoids the empty universe problem. This
is because we can bungee jump to the current vacuum from a parent de Sitter
vacuum with curvature k% ~ ¢/6, where ¢ is not constrained to be exponen-
tially small in Planck units. Assuming sub-Planckian brane tension, we might
worry that the one condition we do have (3.98) is at odds with the weak grav-
ity conjecture for membranes (3.82). However, in the absence of kinetic terms
for the three-forms in the Kaloper-Westphal set-up, it is not immediately clear
how one should implement the weak gravity condition in the first place. Of
course, the absence of the kinetic terms would itself present a challenge to

string theory model builders.

3.6.4 More fun with irrationals

The key ingredients of the Kaloper-Westphal set-up can be realised in a simple
model of a single axion coupled to a four-form. In particular, we consider an

action of the form

ME
5= [ daval [SER- 590940 - Vo)

1
-+ / |:—§F A xF — “¢F:| + Sboundary + Smembranes (3100)
M

with V(¢) = Vorr —m®* cos(¢/ f). In terms of our generalised model described

earlier, this corresponds to the case where 4,7 = 1 only and w” = 1,7;; =
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1,0; = —p¢. The bulk constraints (3.13) to (3.15) imply that

MAE* = Vopr —m*cos(¢/f) + %cz (3.101)
m74 sin(¢/f) = uc (3.102)
X = —up—ec. (3.103)

It follows that

Varr —m* cos(@(x)/f) + 57 sin(@(x )/f)

2= 104
k 3M2l (3 0 )
p
where ¢ solves the equation
_ m4 . —
X = —pp — i sin(¢/f) - (3.105)

Nucleation of the membrane leads to a jump Ay = —Q = —nq, where ¢ is the
fundamental membrane charge and 7 = +1 for branes and n = —1 for anti-
branes. This is consistent with the quantisation condition on y = —Ngq for
some N € Z, with the membrane nucleation giving AN = 7. We can rewrite
(3.105) as

4

_Hs ™ sin .
N—qcﬁ(N)Jrquf (@(N)/ ), (3.106)

with the vacuum spectrum characterised by curvature

(N = Vorr —m* cos(¢(N )?{]]\”/—I)QZ 2f2 sin?(p(N )/f) (3.107)

If the cosine potential were generated by non-perturbative corrections to the
axion ¢, and nothing else, we would expect the decay constant and therefore
the periodicity of the potential, to be set by the fundamental membrane charge.
This corresponds to the critical choice, foi = ¢/2mu. The problem is that in
such a set-up, the vacuum curvature (3.107) is single valued, making it of no

use in addressing the cosmological constant problem. To see this note that
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if f = fui, then (3.105) is invariant under N — N +n,¢ — ¢ + 270 for.
It follows that nucleation of a membrane simply triggers a shift in ¢ of size
+27 feris, leaving the curvature unchanged.

Inspired by the Kaloper-Westphal model, we consider instead the case where
f = wfai for some w ¢ Q. This could have arisen from integrating out the
heavier of two sectors in a doubled system with an irrational ratio of membrane
charges, reinforcing the connection to Kaloper and Westphal’s original set-up®.
The curvature spectrum is now dense over a finite range of values. To see this,

we assume a rational approximation for w = p;/ps, accurate to order e,

pl(

1+e€) (3.108)
b2

for coprimes p; and po. If ¢(N) solves (3.106), then we can show that

2m fpre
2 cos((N)/ f) + w

SN +p1) = ¢(N) + 27 fps — (3.109)

We now compare the vacuum curvature for the vacuum with flux number N
and that with number N + py,

5/€2=k2(N+p1)—k2(N)%— Qﬂplm Sln(( )/f)(1+ 2f2005(( )/f)) .

3M (27””4 cos(p(N )/f)+w>

(3.110)
Since we can make e arbitrarily small but non-zero with better and better
choices of p; and p», it is clear that the distance between vacua can be made
arbitrarily small and that the spectrum is dense. It turns out that the curvature

lies in a range k* € [k2, , k2. ], where

min’ "Vmax

k2. !

min 3M2 (VQFT TTL4) (3111)

8Here we outline how quantized charges and irrationals could come from string theory.
Charge quantization appears naturally from the quantization of motion in extra dimensions,
such as Kaluza-Klein mechanism (compact extra dimensions). In addition, charges carried
by strings and branes are quantized because they are sourced by topologically quantized
fluxes. Irrational numbers in string theory can be from geometry of compact space, moduli
fields, integration over manifolds, dualities, etc [18, 36, 45].
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and
1 1 m?2  uf\> . [ m?
k= |V et = -2 ) ol — -1 3.112
max = a3 | VOFT T (uf m2> (uf ) (3112
where
2 1 m?>>uf
0 (m—f - 1> - . (3.113)
a 0 m?<puf

We now require that Vrr, uf and m* are such that the range of curvature

2

2 > H?2 > 0, to large and negative values,

passes from large and positive, k
k2., < —HZ < 0, with respect to the current Hubble scale. Once this is guar-
anteed, the density of the spectrum ensures that vacua exist whose curvature
are sufficiently close to observations.

Requiring the curvature of vacua to scan either side of the observed value
directly constrains the size of the QFT contribution to the vacuum energy. In
particular, we find that

s 1oy <m2 mf

2
3MyHG —m* — il i ﬁ) 0 < Vorr < —3MZHF +m*.  (3.114)

Assuming m* > M3 Hg, we can satisfy this just by imposing an upper bound
on the scale |Vorr| < m*. Typically we expect m* ~ Afye™, where Ayy
is some UV scale? and S > 1 is the action for the instanton that generates
the potential. Although we cannot extend the scale of the underlying vacuum
energy to arbitrarily large values in this model, we can easily accommodate
scales just a few orders of magnitude below the Planck scale.

As ever, nucleation of a membrane triggers a jump in one of the flux integers,

Nt — N~- = Nt £1, translating into a jump in vacuum curvature
4 b 1
o m'Alcos(¢/f)] m _
A= 3M L+ 2z lcos(9/1)) (3.115)

9In QCD, this is set by the QCD scale, or more precisely, by the scale of the quark
condensates and the quark masses. In string compactifications it is typically a few orders of
magnitude below the Planck scale, being suppressed by the volume of the Calabi-Yau.
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where

Aleos(6/f)] = cos(@(NT)/ ) — cos($(N* = 1)/f) (3.116)

and

(cos(¢/f)) = % [cos(@(NT)/f) + cos(@(N" £1)/f)] . (3.117)

This depends implicitly on where we are in the landscape through the depen-
dence on NT. Descent from parent de Sitter vacua with curvature k:?F > 0
is characterised by the value of X = 4MJAE*/T? > 0. If 7 is the funda-
mental membrane tension, we can use the fact that Alcos(¢/f)] > —2 and
(cos(é/f)) < 1 to show that

2,4
< 8Mym

- 372

m4
{1 + /ﬂfZ} = Xinax - (3.118)

As in our analysis for the Bousso-Polchinski set-up, dangerous transitions into

AdS are kinematically forbidden if Xya < Xo(ky) = 4Mpk3 /72, This in-

troduces a critical curvature k? = %E—; [1 + ﬁ—;] beyond which we cannnot
descened into AdS through a single membrane nucleation. For k2 < k2 de-
scent into AdS may be possible. However, if we impose the modest constraint

8Mzm*

372

m
[1 + ,UQfQ} <1 (3.119)
we are guaranteed to have 0 < X < 1 for all downward transitions. This

ensures that the lifetime of these vacua is determined by a tunneling exponent

B > B. where

3MAQ 47!
B, = —* 3{ m } (3.120)

€T 9mé 2 f2
By choosing parameters so that this is large we can ensure that the metastable
vacua are very long-lived. Furthermore, the condition (3.119) also ensures that
| X, ads_ | < 1. As we saw previously, this guarantees the presence of a pole

in the transition rate as the parent vacuum approaches Minkowski, rendering
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it arbitrarily long-lived.

Interestingly, this set-up seems to avoid any issues with the membrane weak

gravity conjecture. To see this, note that f = w/fey = %, and so we can
rewrite the condition (3.119) as
8M2m* 4mim?
pl
1 <1 3.121
372 [ + w?q? } ( )

which does not indicate any violation of (3.82). The last thing we need to
do is to check that we can indeed transition to a near Minkowski vacuum in
a single bungee jump and avoid the empty universe problem. Using equation

(3.107), we see that the flux integer for the near Minkowski vacuum satisfies

cos [¢ (NMK) /f] = —“;’f (1£v) (3.122)
where
1 1 1 8 Mp kmax

where in the inequality we have used the formulae for k., for both puf <
m? and pf > m? given in equation (3.112). If Minkowski is the daughter
vacuum, it is generated by membrane nucleation in a parent de Sitter vacuum

of curvature

12 = o Aleos8/ ] (0= 33 Aleost/)] ) (3121)
where now
Alcos(@/ ) = cosGNIEF 1)/£) - cos(@NR) /). (3.125)

Let us now assume that v > m*/Myuf > Hy and w = f/ fei > 1. As we will

show, these are a set of sufficient conditions that allow us to avoid the empty
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universe problem. First up, note that w > 1 implies |Afcos(¢/f)]| ~ O(1)*.
For v > JQ’L—; and |Alcos(¢/f)]| ~ O(1) the curvature of the parent vacuum is

bounded from below as follows

mtv M ko

3M? = M ’
! plﬂf

p

k2~ (3.127)
where in the second inequality we have neglected O(1) factors and used equa-
tion (3.123). As mentioned before, the absence of finely tuned cancellations be-
tween the various contributions to the curvature requires k.. > Hy. If we fur-
ther assume that the axion parameters satisfy the inequality m*/Myuf > Hy,

as stated above, we find that

m4H0

Mplﬂf

k2> > H?. (3.128)
Thus, the curvature of the parent vacuum vastly exceeds that of its offspring,
the current vacuum. It follows that we can bungee jump from a high scale
vacuum to the current vacuum with a single bubble nucleation and the empty
universe problem is avoided.

We conclude that this model of a single four-form scalar pair addresses the
cosmological constant problem in much the same way as the Kaloper-Westphal
model. However, there are some differences. For example, in the Kaloper-
Westphal model, the quantum mechanical stability of Minkowski is indepen-
dent of |Vgrr|, whereas here we find it can only be achieved for |Vorr| < m*.
This is not a significant limitation since we can easily imagine m lying just
below the Planck scale. This new model also contains certain features that

are appealing from the perspective of fundamental theory, including a stan-

190 show that [A[cos(¢/ f)]| ~ O(1) for w > 1, consider the case where |Afcos(¢/ f)]| < 1.
It follows that ¢(NMink x 1) ~ gp(NMink) 4 2nrf for some n € Z and o = £1, which is
consistent with the condition on the flux integers (3.106) if and only if

Fl ~nw + (o — 1) NMink (3.126)

For o = 1, this implies w ~ 1/|n|, contradicting the requirement that w > 1. For o = —1, the
condition (3.126) depends explicitly on NMink and is destabilised by radiative corrections to
Vorr. We therefore ignore this possibility.
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dard kinetic term for the four-form without any violation of the weak gravity
conjecture for membranes.

Of course, the form of the axion potential may be further constrained by
the arion weak gravity conjecture [94]. Naively, this would correspond to the
condition fS < M, which is not especially restrictive here. However, we think
a more careful analysis in the context of a particular UV completion of the
model would be worthwhile.

Finally, it is worth noting that besides the vacuum transitions mediated by
the nucleation of fundamental membranes charged under the four-form, the
present model also allows for transitions between local minima while holding
the four-forms fixed. These correspond to the well known Coleman-de Luccia
instantons [32], where local vacua are separated by domain walls, and provide

an extra channel for the relaxation of the cosmological constant.

3.7 Conclusions

Within the standard framework of quantum field theory, radiative corrections
to the vacuum energy are large, scaling like the fourth power of the cut-off. If
we assume naturalness, this scale should determine the overall size of the renor-
malized vacuum energy. Corrections to the cosmological constant from other
sectors are now required to bring this result in line with observations, bring-
ing the corresponding vacuum curvature down to the present Hubble scale.
In an effective four-dimensional description of the universe in which gravity
is coupled to four-form field strengths, four-form flux provides a correction
to the cosmological constant. Nucleation of membranes charged under the
corresponding three-form potential, then allows the flux to jump by a single
quantised unit, changing the value of the cosmological constant. This yields
a landscape of possible vacua labelled by the quantised flux, scanned through
quantum tunneling. To make contact with observation the landscape should

be sufficiently dense, with the curvature of vacua separated by no more than
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the current Hubble scale. Furthermore, to avoid becoming lost in a cold and
empty universe, we must be able to reach the current vacuum from a high scale
de Sitter vacuum in a single nucleation event.

In Bousso and Polchinski’s seminal paper [13], there are a large number of
four-forms, realising the required density of the landscape without running
into the empty universe problem. However, this is not enough to address the
cosmological constant problem. We also need to ask how the observed vacuum
is selected from the landscape of possibilities. Bousso and Polchinski argue
that the current vacuum should be selected using anthropic arguments: if the
vacuum curvature were too large and positive, structure could not have formed
due to the rapid exponential expansion; if it were too large and negative, the
universe would have started contracting before stars, planets and complex life
had ever come into existence. Anthropic arguments have also been used in
the context of the electroweak hierarchy problem where, like in the cosmo-
logical constant case, naturalness is under pressure. For example, a coupling
between the Higgs-squared and one [95, 96] or more four-forms [97] yields a
landscape of electroweak vacua, from which the current vacuum is selected
through anthropics.

In the recent history of string cosmology, anthropic ideas have indubitably
become the dominant explanation for the small value of the cosmological con-
stant seen in nature. We now seek to challenge that assertion, showing how the
current vacuum can often be selected on probabilistic grounds for a wide class
of string-like models of four-forms coupled to scalar fields, including Bousso
and Polchinski’s original set-up. With this new perspective, our world exists

independently of mankind or some other complex species. It is born from

probability.
The main idea was inspired by the recent proposal of Kaloper [67] and
Kaloper and Westphal [69], although we have shown how it can be readily

extended. In the wide class of models under consideration, we have identified

a parameter that controls the lifetime of low scale vacua, similar to the current
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vacuum we observe. If this parameter can be suitably bounded, a pole appears
in the corresponding bounce actions as the curvature of the parent vacuum goes
to zero. This guarantees the quantum stability of the Minkowski vacuum,
and the longevity of those vacua close to Minkowski in Planck units. In the
Kaloper-Westphal model, this bound corresponds to an absolute bound on the
membrane charge in terms of its tension. In the Bousso-Polchinski model,
the bound is also sensitive to the scale of the renormalised vacuum energy.
However, the sensitivity is not too severe: one can easily accommodate a
Planckian energy density for the QFT vacuum, with the membrane tension
and charge lying just an order of magnitude or two below the Planck scale.
That said, in both the Kaloper-Westphal and the Bousso-Polchinski set-ups,
these probabilistic arguments seem to require a mild violation of the membrane
weak gravity conjecture. With this in mind, we have presented a new model
where the same probabilistic methods are used but where there is no such
violation.

This new approach offers some hope for addressing the cosmological constant
problem using probabilistic methods. Notwithstanding some concerns associ-
ated with various swampland considerations, this could be relevant to a wide
class of four-dimensional effective field theories whose underlying structures

are compatible with string compactifications.



Chapter 4

The cosmological constant and

the weak gravity conjecture

92
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In chapter 4, we examine the descent via membrane nucleation through a
landscape of vacua where the cosmological constant is given by a combination
of four-form fluxes. It has been shown in chapter 3 that this descent can be
slowed exponentially for very low curvature vacua close to Minkowski space
in a wide class of models satisfying certain parametric conditions, providing a
possible solution to the cosmological constant problem. We explore in detail
whether or not those parametric conditions are compatible with the membrane
weak gravity conjecture. Whilst it is true that there is often tension, we show
that this is not always the case and present an explicit model where Minkowski
space is absolutely stable and the weak gravity conjecture is satisfied. This
corresponds to an extension of the Bousso-Polchinski model into a generalised
DBI action for four-forms. We also clarify how the landscape should be pop-

ulated in a consistent model.

4.1 Introduction

In a universe with a landscape of different vacua, as one might expect to occur
in string theory, we can imagine a scenario in which the cosmological constant
starts out large but descends to smaller values via some process, until it reaches
the small value we see today. Now we briefly summarize the background we

used in chapter 3.

A mechanism for halting the descent is also presented in [67—(9]. Indeed,
in [69], the authors consider a generalisation of Henneaux and Teitelboim’s
covariant formulation of unimodular gravity [$7] with two species of four-form.

Transitions between vacua go through via membrane nucleation. By making
some relatively mild assumptions on the membrane charge and tensions, the
nucleation rate slows down exponentially quickly, halting the decay of the
vacuum at vanishing curvature.

In chapter 3, this mechanism was shown to extend to a much larger class

of models, including the classic framework of Bousso and Polchinski. This
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meant there was a way to halt the descent between vacua at vanishingly low
curvature in a wide class of effective field theories, providing an interesting
alternative to anthropic selection. However, in this work it was also noted
that the corresponding condition on the membrane charges and tensions was
at odds with the membrane version of the weak gravity conjecture (WGC)
[85, 80], especially in the case of the Bousso-Polchinski model.

Therefore in chapter 4, we will further explore the dynamics of this wide
class of models, paying close attention to descent between vacua and the role
played by the WGC. A related analysis was recently performed in [9%], al-
though our more general approach allows us to clarify some important points.
In particular, there is certainly a tension between the WGC and the halting
conditions for a canonical theory quadratic in the flux, as already pointed out
in chapter 3. However, if a higher power of the flux dominates the dynamics,
these tensions can be eased by assuming a hierarchy between the renormalised
vacuum energy and the cut-off scale, as one could easily obtain in the presence
of supersymmetry. Of course, the dominance of a single higher power is not
consistent with a well defined effective theory at weak coupling. This motivates
us to study the dynamics at strong coupling, taking into account a full tower of
operators. We first consider the generic case using naive dimensional analysis
[99, 100] and once again find tension between the WGC and the halting condi-
tions. However, we also explore an elegant extension of the Bousso-Polchinski
model based on a generalised form of the DBI action [101, 102]. This has the
property that it behaves like a Bousso-Polchinski set-up at smaller values of
the four-form flux, although at large values it behaves more like the linear
four-form proposal presented in [69]. As we will show explicitly, this gener-
alised model can be taken to be compatible with the WGC without spoiling
the halting of vacuum descent at very low curvatures.

Our analysis of the dynamics also helps us to better understand how very low
curvature vacua are populated. In particular, following [9%], we might consider

two distinct phases in the membrane nucleation rate: the boiling phase, where



Chapter 4. Implications of WGC on specific models 95

the rate is high (in other words, the tunneling bounce B < 1) and the braking
phase, where the rate is low (in other words, the tunneling bounce B > 1).
Having arrived at a very low curvature vacuum with further descent almost
halted, we can ask how we got here. Did the universe start out in a high
curvature vacuum and boil rapidly down to the current low curvature vacuum?
Or did we reach the current vacuum having already entered the braking phase
before the last transition? Under a very mild set of assumptions, we will
show that it must be the latter. This now suggests the following set-up: the
universe starts out in a high curvature vacuum and boils down to a bubbling
soup of vacua of intermediate curvature. Within those bubbles of intermediate
curvature we are now in the braking phase and future transitions are slow.
Nevertheless, given enough time, we do reach the low curvature vacua like
ours, which are even more stable than their ancestors. These low curvature
vacua are by far the longest lived. The rest of this chapter is organised as
follows.

In section 4.2, we study specific models, including those for which the cos-
mological constant is a homogeneous polynomial of the four-form flux and the
generalised DBI set-up, with a view to understanding the constraints imposed
by both the WGC and the halting condition. In section 4.3 we consider the dy-
namics of vacuum decay in a general setting focussing on parametric behaviour
of the rate of decay. In section 4.4, we discuss our findings and summarize some

remaining concerns.

4.2 Implications of WGC on specific models

We still begin with a generalised theory of four-forms on a manifold, M, with

a dynamical metric g, described by the following action,

S = / d4ZL‘ |g| [TPR + f(*E)} + Sboundary + Smembrane& (41)
M
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where we have a family of three-form fields, A* = $A! _da# A da? A da®, with
corresponding field strength F* = dA* and % denotes the Hodge star operator
on the manifold. R is the Ricci scalar on the manifold while the function f is

assumed to admit an expansion of the form

FOEF) =3 B (piy L (kF), (4.2)

] 2n—4
= n! Mgy

where Myy S M,y is the cut-off of the EFT and the dimensionless coefficients
a;,..i, are naturally O(1).
For the ith membrane species to be part of the effective field theory, we require

q2‘<

~Y

2

~Y

M. (4.3)

Furthermore, there ought to be at least one species for which we also satisfy

the constraints coming from the WGC [35, 80]

T, < Mpg; electric WGC (4.4)

My < q; My, magnetic WGC . (4.5)

To make contact with chapter 3, we switch to a dual formulation, introducing
a Lagrange multlplier ¢; fixing £ = dA’ on shell, via a term [ ¢;(F" — dA").

Integrating out the scalars, xF;, yields

4 Mp2l i
S://de |g| TR_Lf(gbZ) —/¢sz +Sboundary+smembrane37 (46)

where L is the Legendre transform of f. This action now falls into the general
class studied in chapter 3, with Z;; = w" =0, 0; = —¢; and V(¢) = L;(¢).

Let us now explore the impact of the WGC on the set-up described in the
previous section. To this end, it will be convenient to express the spacetime

curvature in terms of the dimensionless flux Q; = N;6; for &; = ¢;/ Mgy, via an
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expression of the form
BMpk* = Varr + Miys(Q), (4.7)

where k(Q) = L;(MgyQ)/My is a dimensionless function of the flux. Note
that if the membranes of type i are inside the EFT, we have §; < 1, as per
equation (4.3). Now suppose we nucleate such a membrane, so that N; — N;£1
and N; — N; for j # i. The process induces a corresponding change in k?,

4

2 _
Ak 3M2

Ak; (4.8)

where we define

Ar; = k(... Qi, Qsz‘H, o) =R, Qi1 Qi £ 05, Qi)

(4.9)
——Z n, aQn R(Q)

and in the last equality we Taylor expanded «(...,Q;—1,Q; £ &, Qit1,...).
As we described in chapter 3, the nucleation rate is controlled by the value of

a parameter
4M;‘,‘1Ak2 _ 4M§ZM6V

i = 2 2
T 3T;

For a parent vacuum with k3 =~ 0, we must choose the flux such that x =~

—%. If we further assume that |[N;| > 1 when k? ~ 0, it follows that
uv

|Q;| > &; where we can truncate the Taylor expansion to leading order in (4.9)

to show that

0K
0Q;

(4.11)

w

T; qi

‘XM+—>AdS_’ 4 (QiMpl>2 Mgy

k2=0
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For membrane nucleation to be halted at very low curvature, we require

’XZ.M +_>Ads“ < 1, or equivalently

‘85

3 n \
< - 4.12
an k2—=0 4 (qiMpl) MI2JV ( )

for all species. If the membranes of type i are part of the EFT (4.3) and satisfy
the WGC (4.4), it is clear that the corresponding first partial derivative of x
should not be too large near the k* ~ 0 vacuum. We will now explore the

implications of this for several models.

4.2.1 Homogeneous polynomial models

In the Kaloper-Westphal (KW) model [69], the cosmological constant is linear
in the flux, x = a‘Q;. This represents a multi-field generalisation of Hennueaux
and Teitelboim’s covariant formulation of unimodular gravity (with branes). It
cannot be obtained from a generic action of the form (4.1), since the Legendre
transform cannot be inverted in the linear case. Even so, it is instructive to
explore how the WGC may be avoided even when the halting condition (4.12)
holds for near Minkowski vacua. In the KW model, the ¢; have irrational ratios,
so we can always find a solution to k% ~ 0 to any desired level of accuracy as
long as we choose sufficiently large |N;|. Descent between vacua is halted at
very low curvatures provided

T; qi

3 2
la'| < — < ) (4.13)
A\ qMp) Mgy

for all values of i. Clearly, if there are any species satisfying WGC (4.4) along
with the EFT constraint (4.3), the corresponding value of a’ should be tuned
to be suitably small.

When the cosmological constant is quadratic in flux as in the Bousso-Polchinski
model difficulties can arise, as was first noted in [1] and emphasized in [98]. To

see this note that x(Q) = % >, QF where the coefficients are fixed by canonical
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normalisation a;; = d;;. The halting condition (4.12) now requires

3 Ti 2 q; 3 ( Ti )2

for all values of 7. The flux numbers are expected to be large in a neighbour-
hood of the Minkowski vacuum in order to achieve the necessary cancellation
of the presumably large bare vacuum energy. This is clearly incompatible with
any species satisfying the WGC (4.4).

What is happening here? The point is that in order to halt the descent
between vacua at very low curvatures the flux dependent function x(Q) is
required to be flat along any direction satisfying the WGC, as per the inequality
(4.12). In the case of the Bousso Polchinski model, the function (@) is just a
sum of squares, being flatter near their minimum at ); = 0. However, in the
generic case where Vopr >> M2 H§, this is not a low curvature vacuum.

We can generalise this result to the case where k(@) is a homogeneous
function of any degree n > 1. Indeed, in this case, the Euler identity implies

that ), Qia‘%’; = nk, from which we infer

Ok 1 0%k
0Q; n—1 ;Qjacgia@j'

(4.15)

Plugging this result back into the inequality (4.12), we see that the halting

condition requires

2 (quT\lZpl)Q (n—1) (4.16)

‘Z N a@zaczj

for all values of 7. Recall that the |N;| are generically expected to be large
on the Minkowski vacuum. Assuming the absence of any charge hierarchies
¢ ~ O(q), there are two ways in which the inequality (4.16) might be satisfied
alongside the WGC (4.4): either there are miraculous cancellations between

terms or certain components of the Hessian turn out to be extremely small.
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Note that the inequality (4.16) must hold even if there are order one corrections
to the underlying vacuum energy. In a generic scenario, this is likely to spoil
any miraculous cancellations, so we are led to assume fine tuning of the Hessian.
Indeed, if we suppose that the first species with ¢« = 1 satisfies the WGC, we
must have that

<2m=1) (4.17)

0%k
4

9Q10Q;

k2=0
for all 7. If more species satisfy the WGC, then more components of the
Hessian will need to be tuned.

For a quadratic model with n = 2, this constraint on the Hessian requires
the corresponding couplings to be unnaturally small. This is consistent with
our previous result for the Bousso-Polchinski model where we saw that the
halting condition for low curvature vacua was incompatible with the weak
gravity conjecture [1]. However, for higher powers, n > 2, the Hessian can be
rendered small by taking the ); to be small in the corresponding limit. For a
suitable choice of membranes, this may still be possible even for large N;.

To see this explicitly, let us consider the case where k is dominated by a

sum of monomials of degree n,

C’L

a(Q) =) Q! (4.18)

(2

where n > 1 and ¢, are constants, assumed to be order one in a natural
scenario. Recall that the nucleation of the membrane of type i triggers a
change in flux N; =+ N; £1 and Nj; — Nj». The corresponding value of X

controlling the rate of the transition is given by

4 (qMy\* My |c
[Xif =~ 3 (q p’) - 'C’;| Q"™ (4.19)
g n!

7

where we have assumed that the flux number is large |N;| > 1. In the absence

of any hierarchies, ¢; ~ O(q), 7; ~ O(7) and ¢, ~ O(c,). Near the Minkowski

_ Varr
My

vacuum, we have kK =~ , and since we expect each |Q;] ~ |nlk/cy|n we
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infer that

1
MIQJV VQFTTL! m

2
Miven

| N;| ~ (4.20)

and

Varr
My

‘XM+~>AdS_’ A My My
‘ 3\ 7 q

1—1 n 1

Recall that generically we expect |V;| > 1. For the descent between vacua to

My —AdS-— :
‘Xi o ’ < 1 for each species.

halt at very low curvatures, we also require
From equation (4.21), we see that this is only possible if there are one or more

of the following:

a violation of the WGC, 2t < 1

T

2
M,

the membrane charges are no longer consistent with the EFT, <1

e suppression of the couplings, |c,| < 1

e suppression of the bare cosmological constant: %JTFT' <1
uv

None of these scenarios are ideal but perhaps the least worrying is the suppres-
sion of the bare cosmological constant. Indeed, if the scale of supersymmetry
breaking lies many orders of magnitude below the cut-off, this is exactly what
we would expect to find.

Note that we can recast the large flux condition |N;| > 1 and the halting

condition, ‘X,LM *ﬁAds" < 1, as the following constraint on the couplings
|cn] < min{Aq, Ao} (4.22)
where
A = (MIQJv>n ‘VQFT’n' Ay = § < T )2 q (|VQFT‘)1nn_!
q My 7 4 \qMp ) Mgy My n
(4.23)

If we now demand that both A\; > 1 and Ay > 1, as required to avoid fine
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tuning of the couplings, we find that

g <qz\T4pl>2 ~ (n_11>! (M%V)n_z (4.24)

For n = 2, it is clear that this is not consistent with the weak gravity conjecture,

as we have already seen. However, for n > 2, we can be more optimistic.
Indeed, as an example, consider the case where n = 10, |Vgpr| ~ 10_6M;}l,

T~ 107303

plb>

q~ 1072M?

ol lc| ~ 1 and Myy ~ My, so that

N} ~ 114, ‘Xj”ﬁf‘dsf‘ ~0.1 (4.25)

In this scenario, the membrane charges and tensions are chosen to be small but
are consistent with the EFT constraint (4.3) and the WGC (4.4). Similarly,
the bare cosmological constant is many orders of magnitude below the cut-off,
as one might expect in a supersymmetric scenario. Nevertheless, for order
one couplings in x(Q), it seems we can have scenarios in which membrane
nucleation is halted at very low curvatures, without any violation of our EFT
constraints or the WGC.

Of course, in a consistent weakly coupled scenario we would not expect
higher order operators to dominate over the quadratic terms. Given that we
have already seen that canonical quadratic terms are incompatible with the
halting condition if the WGC and EFT constraints are satisfied, it follows that
we can only exploit the higher order operators by going to strong coupling.
Further, in such a scenario, we would expect a whole tower of higher order
operators to be present beyond the homogeneous polynomials considered here.
What effect do they have on the interplay between the WGC and the longevity
of low curvature vacua? We shall now explore this question in two different
ways: first, with a generic tower of EF'T operators whose coefficients are set us-
ing naive dimensional analysis (NDA) [99, 100]; and second, in the special case

of a generalised DBI action for four-forms, where the couplings are motivated
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by the dynamics of a spacetime filling 3-brane [101, ].

4.2.2 A generic tower of higher order operators

Consider a generic tower of EF'T operators whose coefficients are set using naive
dimensional analysis [99, 100]. This allows us to be a little more precise about
the form of the dimensionless coefficients in the dual potential in equation

(4.6). In particular, we expect that [103, 104]

b’L1ln

INOEDY (3T Ayt % - O (4.26)

n>2

where 0% = ¢ and the b ~ O(1). In terms of the dimensionless potential,

this gives
bll’Ln
R(Q) =D ——(4m)" Qi .. Qs (4.27)

n>2

In the weakly coupled regime, |Q;] < ﬁ, the leading order quadratic terms

dominate and we recover the negative results of the previous section. However,
the EFT is valid even in the strongly coupled regime where ﬁ < Qi <
1, allowing us to go beyond the leading order quadratic approximation. To
see what happens then, consider the case where |@Q;| ~ O(Q) in the near
Minkowski limit, where the scale () is assumed to lie in the interval, ﬁ <
|Q| < 1. Recall that the lower limit means we are at strong coupling and

cannot truncate the expansion in the ();, while the upper limit ensures that

the EFT remains valid. We then find that!

[Varr|

(4.28)

~ AT |K|g2—g ~ 4
k2=0 Mgy

Ok
0Q;

IFor example, this result is easily understood for the case where the dimensionless po-
tential scales as x ~ ¢*™?/(47?) in the strong coupling regime.
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— Varr|
M,

Near the Minkowski vacuum |k |z2—g = and so we expect

4
uv

Q ~ + In(47|Vqrr|/My). We then infer that the flux numbers scale as

M? M?
|Ni| ~ ;VQN 4;;/ In(47|Vorr| /M), (4.29)
while
2
3 T q MGy

where we have, once again, assumed the absence of any hierarchies between
species, so that ¢; ~ O(q) and 7; ~ O(7). If the WGC is to be respected

and the membranes stay inside the EFT, we might hope to satisfy the halting

XM+—)AdS,

condition, |X;

‘ < 1, by taking the bare vacuum energy to be well

below the cut-off, as we did in the previous section. The problem is that

we expect the scale Q to be in the strong coupling window, ﬁ < Q] < 1,

constraining |Vapr| 2 M¢ye/4m. Tt follows that

‘XM+—>AdS, e (qMu\* ( M3y e (aMy 2|J\Q|>g q My QIN"
t ~3 T q 3 T Q 3 T o

Given that flux numbers are always assumed to be large, there is no way this

can be less than unity without violating the WGC. This suggests that generic
strong coupling scenarios do not help alleviate tensions between the WGC
and our ability to halt the descent between vacua at very low curvatures.
Of course, there may be some theories where the desired flattening of x(Q)
is achieved at strong coupling thanks to elegant cancellations between terms,
perhaps motivated by some enhanced symmetry. We will consider exactly such

a scenario in the next section.

4.2.3 Generalised DBI

We now consider the generalised DBI action for three-form fields [101] (see also
[102] for a more transparent description of the action) with multiple species.

First we discuss the motivation for using the generalised DBI action. The gen-



Chapter 4. Implications of WGC on specific models 105

eralised DBI action arises in string theory as the effective action for the dynam-
ics of D-branes. It resums an infinite set of higher-derivative corrections and
remains well-behaved at high energies. Thus, it provides a non-perturbative,
string-theoretically motivated effective action for brane dynamics in warped
geometries [101, 102].

For the generalised DBI action, (4.1) is given by

~ Y Al (1 - (*f;)z) . (4.31)

This can be seen as the action for a spacetime filling 3-brane with tension Af
on whose world volume the F; are defined. The square root structure of (4.31)
is special and we can expect it to have a symmetry. It will be very interesting

to explore the symmetry of (4.31) in the future. The Legendre transform is

ZA“ (ﬁ — 1) (4.32)

with a corresponding dimensionless potential

ZM (,/1+Q—2—1> )\i:]\ZV. (4.33)

To avoid falling into the trap of quadratic domination and problems with

easily computed to give

the WGC, let us assume that when &% ~ 0, we have |@Q;| = A\?. In this limit,
we recover the linear behaviour familiar from the KW model, albeit from a

more well motivated initial set-up

Q) ~ Y NQil - (4.34)

Since this is always positive, it is clear that we must have Vgpr < 0 in order
to have a spectrum of vacua that includes very low curvatures. For near

Minkowski vacua, let us further assume that [@Q;| ~ O(Q) for some scale @
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and \; ~ O()) for some scale A\, so that Q@ ~ |[Vorr|/MEy AN where N
is the number of species. It also follows that |0r/0Q;|x2—o &~ 2. For the
EFT constraints (4.3) and the WGC (4.4) to be satisfied alongside the halting
condition (4.12), we know that we must have a flat potential, and so \? < 1, or
equivalently, the underlying brane tensions lying below the cut-off A; < Myy.
This is certainly what we would expect from a consistent EFT.

We now consider the density of vacua at low curvature for the generalised
DBI model. If we have just two species of three-form field, we can adopt the
KW strategy and assume an irrational charge ratio. This guarantees a dense
set of vacua even when the membrane charges are not especially small, allow-
ing us to avoid the empty universe problem. Alternatively, we can consider
the generalised DBI framework as a UV completion of the Bousso-Polchinski
model,? with a large number of fields. To read off the density of vacua at large

N and large Q; = N;q;/M2, > A\, we note that the curvature

_ Varr + 30, Ajgi| Ni|

k,2
3M?

(4.35)
This means the vacua span an A/ dimensional grid with spacing AZq;. Surfaces
of constant vacuum curvature correspond to the boundaries of cross-polytopes,

as opposed to spheres in the case of the original Bousso-Polchinski model.

VQFT +r!
3M§l

. 1% +r
Consider two such surfaces of curvature k? = % and k? =
pl

, Where

r" > r > 0. The corresponding polytopes differ by a shell of volume Vo =

ﬂ(7"’/\/—1”

NY o oN N =1
N )

o sy (r' —r). To ensure that this shell contains at least one

grid point, we require that Vg = D Hé\il A?g;, where D is the degeneracy

~Y

factor. This implies that vacua are separated by a curvature

(N — DIDTTY, A2,

0k? ~ ,
3M512NrN—1

r = 3M5lk72 - VQFT (436)

2The Bousso-Polchinski model is an effective model with simplified potential terms —
it ignores backreaction, brane dynamics, and quantum corrections. The generalised DBI
action arises from string theory and includes backreaction, brane dynamics, and quantum
corrections. Therefore, the generalised DBI action provides a UV-complete embedding of
the Bousso-Polchinski model [43, 105].
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Assuming the A?g; are incommensurate, the degeneracy D = 2V due to the
N; — —N; symmetry. The density of vacua near Minkowski space is therefore

given by
(N = DITTY, A2q,

Sk?|pemg ~ ,
|k2=0 3 Ve[V

(4.37)

In the absence of hierarchies in membrane charge and DBI tension, we assume

that ¢; ~ O(q) and A; ~ O(A), so that

V(A2 NN 2 N
3My|\Varr M=t 3MaN \ [Varr|

Using Stirling’s approximation N! =~ v/27N (%/)N for large A/ we have that

2 N
2o ~ el 2T < NAg ) .

3M5[ N |VQFT|€

Requiring 0k?|y2—o < HZ only imposes a constraint

27 ( NA%q )N < M (4.39)
N \UVarrle) ~ [Varr| ‘

From our analysis of the linear model and equation (4.13), descent between

vacua is halted at low curvature provided

3 n \° g
< —( : ) —. (4.40)
A\ My ) Mgy

In the absence of hierarchies this translates into the following constraint on

the tensions 7; ~ O(7),
TZ QMPZA\/g ) (4.41)

Finally, recall that the EFT constraints (4.3), the electric WGC (4.4) and the
magnetic WGC (4.5) require that

MUV< q

T 5 M, 1q, ~
g Mpl M%V

<1. (4.42)
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All constraints can be satisfied if we take, for example, |Vopr| ~ M;fl, N ~ 108,
T~ 0.1M3

pb

that @ ~ |Vorr|/M{Ey 2N ~ 3.7 > A* ~ 0.04, which confirms that we are

q ~ 0.2M2, A ~ 0.1M, and Myy ~ 0.5M,;. Note that this implies

indeed in the asymptotic regime of the DBI action.

This suggests that the generalised DBI set-up provides an elegant completion
of the Bousso-Polchinski model, capable of halting the descent between vacua
at low curvatures without running into any problems with the WGC or the
consistency of the EFT. The model recovers the dynamics of a linear model in
the asymptotic regime, with the required suppression of the effective coupling
understood in terms of the underlying brane tensions lying inside the cut-off.

We should point out that the generalised DBI set-up is not the only one
which halts the descent and satisfies the membrane WGC simultaneously. We

will explore other possible models in the future.

4.2.4 Comment

We need to make a comment here. All the scenarios we discussed are land-
scape scenarios. The landscape scenarios are notoriously difficult to test with
experiment because they predict too many possibilities, and we do not cur-
rently have a guiding principle or observable data to narrow them down [23].

We will explore this problem in the future.

4.3 de Sitter decay dynamics

As we have seen, membrane nucleation allows for descent from high scale de
Sitter vacua to the low scale vacuum we see today, and perhaps even beyond.
The dynamics of this descent is controlled by the tunneling exponent given in
equation (3.48). Our goal here is to investigate how this changes as we move
through the landscape, with a view to better understanding how the landscape
is populated and how we arrive at the current vacuum. In fact, this section

explains the results in chapter 3 more carefully.
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The first thing to note is that for a parent de Sitter or Minkowski vacuum,
k2 > 0, the tunneling exponent is always positive and monotonically decreas-
ing with X, as already emphasized in [I]. To delve a little deeper, we note
that the behaviour of the tunneling exponent depends both on the curvature
of the parent vacuum through the dimensionless combination k3 M,;/T? and
on the magnitude of the curvature jumps between successive vacua through
X = 4MyAk?/T?. Therefore curvature and its jumps between vacua are
classified as large or small with respect to the reference scale 7%/My;. This
observation prompts us to analyse equation (3.48) in the asymptotic limits
k3 > T?/M,; and k% < T?/M,;. We focus on the case of vacuum descent, so
that Ak? > 0 and by association, X > 0.

For k3 > T?/M,; we have that for fixed X > 0

B AMEQs |1 [ T2 ox o\ ol T i (4.43)
Toor? 4\ KR 8 \ k2 M} k2 MY} S

This approximation is valid in the early stages of vacuum descent when we are

in a high scale de Sitter vacuum. At later stages, when the vacuum curvature

has fallen to smaller values there are two different scenarios depending on the

size of the jump. In particular, when k3 < T%/M,;, we find that
4M6 Qs _ k2 M k3 M),
B ﬂ - |:X(X4—1)2 + 16W43(1)4 +T2pl + 0 ( ) ] for X > 1
) aso, k2 2 M4\ 2
2 : {kz MY +4(X ezt 166(§XJ1F)§2 szl +0 ( pl) 1 for 0 < X < 1.

(4.44)
de Sitter decay via flux discharge can now be understood as a model dependent
trajectory in the (k%, Ak?) plane, starting at some presumably large curvature
k2 and moving in the direction in which it decreases. The changing value of
the tunneling exponent is shown in figure 4.1 as a function of kiM;}l /T? and
X = 4MyAK?/T? In the limit where k3 M) /T? — oo we see from equation

(4.43) that B — 0 indicating that very high scale vacua are short lived. This
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Figure 4.1: The logarithm of the tunneling exponent, loglo(BT2/4M§l93) as a

function of kiM;fl /T? and X. Note that as the curvature of the parent vacuum
decreases, the value of B increases.

rapid decay of high scale vacua with B < 1 was recently dubbed the “boiling
phase” of vacuum descent [98]. As the figure shows, as the curvature of the
parent vacuum falls, the tunneling exponent increases and the discharge of the
cosmological constant begins to slow down. Eventually we enter the “braking
phase” of vacuum descent with B > 1, where the discharge rate becomes
exponentially slow [95].

Once the curvature drops below the tension of the membranes, k3 < T2/ Mgl,
we see from equation (4.44) that the decay dynamics branches out depending
on the size of the jumps in curvature Ak?. Indeed, as the curvature of the par-
ent vacuum tends towards zero, we find that there are two possible asymptotic
limits, with the rate of transition from a near Minkowski vacuum (k3 — 0) to

anti de Sitter (k% < 0) controlled by the following tunneling exponent,

16M5Q
W}?_f)g fOI' X > 1
By —ads. ~ o (4.45)
Wlfj‘l@; for0< X <1,

where now X = —4M}k* /T?. For X > 1, the tunneling exponent reaches a
finite upper limit, and the corresponding rate of transition settles down to a
finite value depending on the precise value of X. Note that the closer X is to
unity from above, the slower the rate of transition. We might even say that

there is a pole at X = 17 that could be used to halt any further discharge
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of the cosmological constant in the Minkowski limit. However, the precise
value of X depends on the depth of the would-be daughter vacuum and the
brane tension. In any given model, these quantities are exposed to radiative
corrections and any attempt to tune X to be close to unity from above in the
appropriate limit would not be natural.

In contrast, for 0 < X < 1 we see the presence of the Minkowski pole
in the tunneling exponent, as k3 — 0, indicating that the rate of transition
tends towards zero for a range of values of X. This is the halting condition
that prevents any further discharge of the cosmological constant whenever
the vacuum curvature vanishes. By association, low scale de Sitter vacua are
extremely long lived. It follows that in order to achieve a reliable halting
mechanism as the parent vacuum approaches Minkowski, we need a model
that gives 0 < X < 1 in the appropriate limit.

Having established that the discharge of the cosmological constant slows
down exponentially at very low curvature provided 0 < X < 1, we now ask how
we arrive at such a vacuum. In particular, is it possible to “boil” directly from
a high scale de Sitter vacuum to an exponentially long lived near Minkowski
vacuum? Or do we always have pass through an intermediate scale vacuum,
with the final transition in the so-called braking regime?

To answer this, consider a transition from a high scale parent vacuum with
curvature k3 > 0 to a Minkowski daughter vacuum, with £ = 0. This has
Xas, v = 4M§lki/T2, corresponding to the red line in figure 4.1, where the
tunneling exponent is given by

- XTI (4.46)

Bas, -

Let us suppose that this transition is mediated by a membrane of type i, with
charge 4+¢; and tension, 7;. Following a similar reasoning to the discussion at

the beginning of section 4.2, it follows that the value of X is given approxi-
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mately by

(4.47)

ydSE M- AMZ My, < +q; ) Ok
k2=0

! T 372 Mg, ) 0Q;
where we recall that Myy is the cut-off and £(Q) is the dimensionless function
of the flux defined through equation (4.7). As it happens, the halting condition
for Minkowski vacua imposes a flatness condition for « along all directions in a
neighbourhood of k% = 0, as per equation (4.12). Assuming the flux function is
differentiable in this neighbourhood of the Minkowski vacuum, we can use this
to bound the value of X describing our transition from de Sitter to Minkowski,
giving

‘XfSﬁM*‘ ~ ’XZMW“”S*‘ <1. (4.48)
This must be true for all species. In other words, tunneling from a high scale

de Sitter vacuum to a very long lived near Minkowski vacuum must have

0< XdS+—>M, < 1 and so

T

Bas,—m_ > (4.49)

Since the membranes are assumed to be part of the EFT, we have from (4.3)
that T < Mgy < M. It immediately follows that Bag, a_ > 1, or in other
words, transitions to exponentially long lived vacua of very low curvature can
only occur in the braking phase. If we assume that we have found ourselves in
the current vacuum with any further descent almost halted, we must conclude
that we did not get here by boiling.

We now arrive at the following picture of our journey through the landscape:
the universe starts out in some high scale de Sitter vacuum close to the cut-
off and rapidly boils down to some intermediate scale vacua, with curvature
still far in excess of the current vacuum. Further descent is much slower.
Nevertheless, provided we can ensure 0 < X < 1, once a vacuum of very low
curvature is nucleated, it lives for a very very long time, far longer than the

vacua at intermediate scales.



Chapter 4. Discussion 113

As a final comment, we note that in most models there are multiple decay
channels corresponding to the nucleation of different membrane species with
different values of X. However, for fixed values of the curvature in the parent
vacuum, the tunneling exponent can be shown to be a monotonically decreasing

function of X in X > 0, since

OB AM2KS BY(X +1+2Y) 50
OX 2 fixed BTV (X —1+47Y)? (4.50)

where we have also used the fact that Y > 0. This monotonicity implies that
largest possible values of X will tend to dominate the transitions. Indeed,
consider a low curvature vacuum which can, in principle, decay via instantons
with both X < 1 and with X > 1. The latter will dominate since B(X < 1) >
B(X > 1) for all k3 > 0, leading to a landscape with no preference for small
values of the cosmological constant. Therefore, in order to exploit the halting
condition, preventing the decay of Minkowski vacua, it must be that all decay
channels satisfy X < 1, with possible consequences for the WGC across all

species for some models.

4.4 Discussion

In this chapter we have performed a deep dive into the dynamics of models
with three-form fields exhibiting discharge of the cosmological constant via
membrane nucleation. For suitable choices of parameters, these models can
often admit a halting mechanism that stops any further discharge whenever we
reach a Minkowski vacuum, presenting a possible solution to the cosmological
constant problem. By continuity of the tunneling rates, it also follows that
very low curvature vacua are exponentially long lived in the same parametric
regime. As was first noticed in Chapter 3, these parametric choices tend to
run into tension with the membrane WGC.

In [98] it was argued that parametric violation of the WGC, in taking the
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membrane tension to infinity (while holding the charge fixed) stabilises de
Sitter space. Whilst this is certainly true, we note that the existence of charged
membranes in the EFT (7 < Mgy is sufficient to trigger the decay of de
Sitter, independently of their charge-to-tension ratio, rendering de Sitter space
unstable regardless of the membrane WGC.

In contrast, the status of Minkowski space is a little more subtle. As we have
seen, the instability of Minkowski space can, in some instances, be connected to
membranes satisfying the WGC. For example, in a canonical quadratic model,
like the one proposed by Bousso and Polchinski [13], a Minkowski vacuum could
only be stable if all species of membrane violate the WGC. Said another way,
if just one species of membrane should satisfy the bound set by the membrane
WGC, a Minkowski vacuum would eventually decay. This reminds us of the
inevitable decay of charged extremal black holes whenever there is at least one
particle whose charge exceeds its mass in Planck units [35].

Whilst it is tempting to use the WGC to draw analogies between the stability
of Minkowski and /or de Sitter and the stability of extremal black holes, we urge
caution in doing so. Indeed, following [106], we can identify the cosmological
constant with conserved charges coming from the global part of the three-
form gauge symmetries. More precisely, the conserved charges correspond to
the four-form fluxes, N;q;. In the usual form of the WGC, decay of black
hole charge is required to avoid the existence of stable charged remnants. In
analogy, we might say that a spacetime can always decay away its charge, so
that the only stable solution is the one with vanishing charge. In the Bousso-
Polchinski set-up, this corresponds to the anti de Sitter vacuum with vanishing
flux and curvature k? = Vgpr/ SMI?Z <0.

We have also shown that tension between the WGC and stability of Minkowski
space is not inevitable and can actually be avoided in some special cases. In
particular, we presented an elegant extension of the Bousso-Polchinski model
of multiple three-form species, given by a four-form generalisation of the DBI

action. At small values of the four-form flux, the leading order quadratic terms
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dominate, yielding the dynamics of the original Bousso-Polchinski model. How-
ever, at larger values of the flux, relevant for transitions to and from low cur-
vature vacua, the DBI structure approximates a linear behaviour, albeit in
absolute value. In this limit, the theory admits a halting mechanism that
picks out the vacuum with the lowest absolute curvature from the landscape,
even when we choose natural values for the couplings without any violation of
the WGC. Aside from being well motivated, the generalised DBI model also
has the property that the effective potential of the flux is bounded from below,
even though it approximates a linear regime at large values of the flux. This
is not the case for the original linear flux model [69] where the potential can
become more and more negative for as long as the EFT remains valid.

Beyond these considerations of the WGC, we have also taken a closer look at
how we journey through the landscape of four-form flux vacua, in a relatively
model independent way. In particular, our analysis of the dynamics of de
Sitter decay demonstrated that the decay rate slows down as the curvature
of the parent vacuum decreases. Decay from high scale de Sitter vacua is
rapid, said to be in the so-called boiling phase, whereas decay from low scale
de Sitter vacua is much slower, said to be in the so-called braking phase [95].
The transition from boiling to braking occurs when the tunneling exponent
passes from B < 1 to B > 1. With this perspective, how did we arrive at the
current low scale vacuum? The answer depends on whether or not our vacuum
is exponentially long lived. If it is, and the halting conditions hold, |X| < 1,
we find that the descent from high scale de Sitter to the current vacuum will
not occur through boiling alone - at least one transition must occur in the
braking phase.

Whilst the idea of boiling and braking is a useful one to help visualise the
vacuum descent, it does not play a significant role in understanding why we are
in this particular vacuum amongst the vast number present in the landscape.
Of course, we know that anti de Sitter vacua crunch on a time scale inversely

proportional to their curvature. For de Sitter vacua, what really matters is
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the fact that the decay rate slows down exponentially quickly as we descend
through the de Sitter part of landscape, until it comes to a halt for a Minkowski
vacuum. In practice, this means de Sitter vacua of least curvature are the
longest lived.

This mechanism takes us on a quantum journey through the landscape,
leading us towards the vacuum of least absolute curvature. In a continuous
landscape of vacua where a Minkowski vacuum is guaranteed, we are led to that
vacuum, but in a discrete but dense landscape, we are led to the vacuum closest
to Minkowski. The task of the model builder is to find a landscape where that
near Minkowski vacuum has a curvature given by the current Hubble scale.
This is achieved in the Bousso-Polchinski model (and its DBI extension) with
relatively mild tunings of fundamental parameters and including of order a
hundred species.

This suggests a new perspective on the cosmological constant problem as an
alternative to the standard anthropic ideas usually employed in the presence of
a landscape of vacua. However, although we can explain how we were driven
towards a vacuum of low absolute curvature, we cannot explain how it is so
young, at least in cosmological terms. Indeed, if the low curvature vacuum is
so stable and long-lived, and matter is diluted over time, how come we find
ourselves in an era where the density of matter is comparable to that of the
constant vacuum energy? This is the so-called coincidence problem [107, ].
This is usually addressed with some new late time physics. For example, there
could be a mechanism that forces the universe to end not long after dark energy
begins to dominate, as was proposed in [109-112].

As a solution to the cosmological constant problem, the halting mechanism
for membrane nucleation is undoubtedly interesting and one that can be in-
corporated into a wide class of models with multiple three-form fields coupled
to scalars. Although this is often in tension with the WGC, that is not exclu-
sively the case: there are elegant models such as the generalised DBI set up,

where the halting mechanism exists for a family of membranes satisfying the
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WGC. Nevertheless, there are still some interesting and important problems

that must be addressed, not least how it is aligned with a solution to the why

now? problem.
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In chapter 3 and 4, we proposed a probabilistic argument to explain the
reason why the cosmological constant is very small in 4D. We can ask a
question: can the behavior of the tunneling exponent B can be generalized
to D-dimension? Moreover, in higher dimensional theory motivated by string
theory, the Gauss-Bonnet term plays an important role [1 13]. Therefore, in this
chapter, we generalize our result in 4D to arbitrary D dimensions including
the Gauss-Bonnet term. As a result, we have two main results. We find that
the Euclidean action of the bounce, B, describing the decay of a de Sitter

_2), which has a pole as k2 — 0 where k7 is

vacuum, is proportional to kI(D
the curvature of the parent vacuum. This result is similar to the result in 4D.
The other result is that we find a new decay channel, describing up-tunneling

from anti-de Sitter into de Sitter. The meaning of this new decay channel in

the string landscape should be explored in the future.

5.1 Introduction

The famous Bousso-Polchinski set-up [13] is one of the examples of the 4D
EFT. In current string cosmology, anthropic principle has become the domi-
nant explanation for the small value of cosmological constant. We proposed
a “probabilistic” argument for the cosmological constant to challenge the an-
thropic principle in chapter 3. One crucial thing we need to compute is the

tunneling exponent B,
B = Sg(instanton) — Sg(parent), (5.1)

where Sg(instanton) is the Euclidean action of instanton and Sg(parent) is
the Euclidean action of parent vacuum. We will explain more details about B
in the following.

The cosmological constant problem is of course a 4D problem. We have

explored the transition between vacua in 4D [1, 2]. If we want to consider
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the properties of string landscape in higher dimensions, we can ask if exist
transitions between vacua in higher dimensions. The physics in higher dimen-
sions can affect the physics in 4D [15]. For example, by seeing how gravity
behaves in other D, we can understand which features are unique to 4D (e.g.,
Schwarzschild black holes), and which are universal — this helps sharpen our un-
derstanding of gravitational theory and its limits. Furthermore, string theory
requires higher dimensions (10D for superstrings). To recover 4D physics, we
compactify the extra dimensions. The shape and size of these compact spaces
(such as Calabi-Yau manifolds) determine particle types, forces, and couplings
in 4D. 4D physics arises as an effective theory from higher-dimensional mod-
els, such as string theory, can give a potential explanation for the origin of the
Standard Model and its parameters [18, 19, 15].

Moreover, in higher dimensional theory motivated by string theory the
Gauss-Bonnet term plays an important role [1 13]. It is usually considered that
the Gauss-Bonnet term has no dynamical effect in 4D since it is a topological
term in 4D. However, in [114] the authors found that in the limit of strong
coupling, the Gauss-Bonnet term in 4D gives rise to non-trivial contributions
to gravitational dynamics, while preserving the number of graviton degrees
of freedom and being free from Ostrogradsky instability. Besides, the Gauss-
Bonnet term also plays an important role in other aspects of physics. On the
one hand, the Gauss-Bonnet term is a part of the Lovelock gravity family —
the most general metric theories of gravity with second-order field equations.
Including the Gauss-Bonnet term leads to modified gravity theories can avoid
ghosts and have richer cosmological and black hole solutions [115]. On the
other hand, the Gauss-Bonnet term is part of o/ expansion in string theory,
where higher-order curvature terms appear due to quantum corrections. Its
presence helps cancel anomalies and modify gravitational interactions at high
energies [116]. Therefore, we can ask if the Gauss-Bonnet term could play a
role in solving the cosmological constant problem.

So in the present chapter we will study transition between vacua, or in other



Chapter 5. The generalised set-up and vacua 121

words, the tunneling rates of vacuum decay, in higher dimensions including
the Gauss-Bonnet term. According to the stability analysis of vacua in Gauss-
Bonnet gravity, the associated coupling constant of the Gauss-Bonnet term, 6,
should be positive, otherwise the whole theory will be unstable [117]. In the
following calculation, we assume that 6 is positive. We should point out that
there exist two possibilities if we require positive membrane tension. We can
find a new decay branch AdS,; — dS_ in one of the possibilities. This new
branch does not exist in GR and our previous model [1]. We have not figured
out the meaning of the new decay branch in string landscape so far. It should
be studied in the future.

The rest of this chapter is organised as follows: in section 5.2, we present
the generalised set-up and the landscape of Lorentzian vacuum solutions. In
section 5.3, we Wick rotate to Fuclidean signature and solve the Euclidean
field equations to find the corresponding instanton solutions and compute the
corresponding transition rates. We demonstrate the role of the parameter X in
controlling the stability of near Minkowski vacua, protecting them from decay
into anti-de Sitter. We find that if we consider the effect of the Gauss-Bonnet
term, there exists a new decay branch, AdS, to dS_, which does not exist in

GR. In section 5.4, we conclude and discuss our results.

5.2 The generalised set-up and vacua

5.2.1 The generalised set-up

We start with a general D-dimensional effective field theory on a manifold,
M, with a dynamical metric g,, and a family of (D — 1)-form fields, A*, and

dual scalars ¢;,

S= [ oIl |GMEAR - 37 0V,05"; - V(0) + 0(0) e
M

1 A A .
+ /M {_gzijw)Fz A*F? + 0i(¢)F" | + Shoundasy + Smembranes;  (5.2)
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where D is the dimension of spacetime and R the Ricci scalar. 6 is a linear
Gauss-Bonnet coupling parameter, which is a function of scalar fields and
Rep = Ryype RMP7 — 4R, R* R? is the associated Gauss-Bonnet term. The
D-form field strengths F* are given in terms of the (D —1)-form fields F* = d A’
and x denotes the Hodge star operator on the manifold M.

The action is also equipped with boundary terms which depend on the
choice of boundary conditions. These are integrals over the boundary, X,
which we take to be a co-dimension one surface described by the embed-
ding z# = X*(£%). The induced metric and the pullback of the (D — 1)-
forms on the boundary are given respectively by vu = g, X% X% and ol =
ﬁALwQ”#D_IXZ;XZ;...X"ZDDjlldfil A dE™... A\ dEP-1, where Xt =0X"/og"
are the boundary tangent vectors. For an action of the form (5.2), the analogue

of the Gibbons-Hawking boundary term, is given by [ 18-120],
/Z Pz [M£’2K+49(J— zéifKij)] - /E up'ds + xaal,  (5.3)
where we define “conjugate momenta”,
Pl = —dPT N W IV w5, xi = 00 — Zi(xF7). (5.4)

In eq.(5.3), 7i; is the induced metric on the spacetime boundary, ¥, with
corresponding Einstein tensor Gii. The extrinsic curvature, K;; = %Enfyij, is
defined in terms of the Lie derivative of the induced metric with respect to

the outward pointing normal, n®, and K = "7 K;; is its trace. Finally, we can

define [119; 120]

1
Ji]’ -

=3 [(KuK" — K*)Kij + 2K K K", — 2K, KM K| (5.5)

along with its trace J = 4%.J;;. The extrinsic curvature piece ensures that
the action can be extremised under metric variations with Dirichlet boundary

conditions, d74, = 0 [89]. Meanwhile, the parameter A allows us to interpolate
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between Dirichlet (A = 0) and Neumann (A = 1) boundary conditions on the
(D —1)-forms, while the parameter u allows us to interpolate between Dirichlet
(1 =0) and Neumann (x = 1) boundary conditions on the scalars [1].
Moreover, we consider the membrane contributions. We can include contri-
butions from membranes and anti-membranes, >;, charged under any of the

(D — 1)-forms, such that

Smembranes = - Z {773% / O‘? + Ti/ dD_lf \/ "Y[|} . (56)
X7 X7

1

Membranes charged under A’ carry a fundamental charge 4¢; depending on
whether they are branes or antibranes and tension 7;. In the action (5.6),
nt = 0,41 depending on whether the membrane X; carries positive (7 = 1),
negative (n; = —1) or vanishing charge (7% = 0) under A’. The pullback
and the induced metric of the three-forms on X; are given in a similar way
to the boundary, by af = 5r5 AL, s X1 X15, - X7 p 6T A dE= A
d€p-1 where Xt = 0X#/0&" are the tangent vectors on Y. In the current

chapter we only consider the timelike membranes so that their unit normal n’

is spacelike.

5.2.2 Vacua

We take vacua to be real Lorentzian solutions with constant scalars, D-forms
of constant flux xF* = ¢!, and a maximally symmetric metric with constant
curvature k?, corresponding to dS (k? > 0), Minkowski (k* = 0) or AdS
(k* < 0) spacetime. Since the scalars are constant, then the Gauss-Bonnet

coupling parameter 6 is a constant as well. The conjugate momentum,
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is locally constant. The equations of motion away from membranes will be

given in (5.39), (5.40) and (5.41). At membranes, we get a jump in x;,
Ax; = —1g; (no sum over 1), (5.8)

generically triggering a jump in the spacetime curvature. Thus we have a land-
scape of possible vacua with different cosmological constants, scanned through
membrane nucleation. Membrane nucleation, which is a quantum process, is
necessary for scanning the landscape of vacua. When we compute transition
rates we do so between eigenstates of constant y;. This suggests a path integral
formalism equipped with Neumann boundary conditions, fixing y; in both the
in-state and in the out-state [90]. We will compute these transition rates in

the next section.

5.3 Nucleation rates

Transitions between vacua go through via membrane nucleation. In order
to compute the nucleation rate at which transitions occur, we need to do

analytical continuation to Euclidean signature
t — —itp, Y ——— Al — A S — iSg, (5.9)

where Sg is the Euclidean action

1 1 ..
Sp=— /M A"z 9] [§M£_QR - §WZ](¢)VM¢1'VM¢J’ —V(¢) +0Rgn

+ /M |:—§Zl](¢)FZ A xF7 + O’z(¢)F2 + Sg)undary + Srﬁembranes’ (510)

Moreover, we should solve for the instanton solution interpolating between the
parent vacuum, M, , with curvature k:f_ and the daughter vacuum, M _, with

curvature k2.
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The boundary terms have been chosen to be consistent with Neumann
boundary conditons on the (D — 1)-form fields (A = 1). We will only con-
sider bounce configurations that transition between two vacua, therefore we
assume that there is a single membrane, X, which is charged under A’ for some
particular choice of ¢ = i,. The membrane tension is 7' = 7;, and the mem-
brane charges under A® are given by Q; = d;;, Q;,, where @Q;, = %q,.. After the

Wick rotation, the Euclidean action of membrane is given by

Siembranes = _Qz* / Oéiz* + T/ dD_le \V/ |'72| . (511)
= b))

We consider O(D) symmetric Euclidean field configurations, with metric
ds®> = N*(r)dr* + p(r)?d2p_1, (5.12)

where dQ0p_; = h;;jd¢'d¢’ is the metric on a unit (D — 1)-sphere, Euclidean

(D — 1)-form potentials

Al = Al(r)\/|h|dP~ e (5.13)

and scalars ¢; = ¢;(r). We will set N(r) = 1 in the following calculation.
The membrane is assumed to lie at » = 0 and radial coordinate runs from
Tmin < 0 to rmax > 0. Note that upon Wick rotation back to the Lorentzian
signature, the instanton solution corresponds to a bubble of daughter vacuum
in the parent spacetime.

We consider O(D) symmetric Euclidean field configurations with metric
(5.12). We denote r as the radial coordinate and i’s as the other coordinate
components. Then we can obtain the corresponding components of Riemann

tensor

: 1 0 2 . .
Ry = 2 <;) (0" ;0,1 — 0"1048), (5.14)
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. p// .
R, = ?53, (5.15)

and other components are vanishing. Then by contraction we have the com-

ponents of Ricci tensor in D-dimension:

; I RN AN A
R, = ((D 2) e (p)] p)ak, (5.16)
R' =0, (5.17)
R = —(D - 1)%”. (5.18)

As a result, we can get the Ricci scalar in D-dimension:

R:(D—l)(D—2)%—(D—1)(D—2) (%) _ oD —1)

o ™

(5.19)

Finally, the associated Gauss-Bonnet term is given by

Rep =R® — 4R™ R, + R™" R,y

/4

—(D — 1)(D — 2)(D — 3)(D — 4)% +(D—1)(D—2)(D-3)(D -4
e ,(5.20)
—2(D - 1)(D —2)(D —3)(D — 4)‘;—4 — 4D —1)(D —2)(D — 3)%
+4(D—1)(D—2)(D — 3)’0/;5”.

From (5.20) we can find that the Gauss-Bonnet term is zero if D < 4.
Then we calculate the boundary term in D-dimension. The extrinsic curva-
ture K;; of metric (5.12) is

/

Kij = —Yij» (5-21)

where 7;; = p*(r)hi; and its trace is

~

i)

K=+"K;; = (D -1) (5.22)

> |
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Then according to (5.5), then we have

F%’ja (5-23)

and its trace is

- 1
P
The corresponding Ricci tensor C;‘ij on the spacetime, X, is given by
N T 1 1 1
Then we can obtain that
Aij pl 1pl3
J—2G"K;; = (D —1)(D—-2)(D - 3) <E_§F> . (5.26)

Finally, the first term of the boundary term (5.3), the Gibbons-Hawking term,

is given by

/dD_la:x/]fy]MIfl) 2K /dD e MP (D - 1)% (5.27)
b

and the second term of the boundary term (5.3), the Myers term, is given by

P

P

According to the bulk action of (5.2), we can obtain the field equations away
from membrane for N and p for constant scalars ¢;.

First, for N we have

ON Spulk fmas 0
_ / dr + / dr | SNE, (5.29)
QD_l o+ Tmin
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where
1 1 PN 2
D—1 D=2
Eyx =p (§(D - 1)(D —=2)M,, [; - (?) ]
1 1 AL A
+0(D = 1)(D =2)(D =3)(D —4) (1= pi)* - V) ~ 5% 5
(5.30)
1, 14
PN=NP TN (5.31)
and
s 1 oa 1d

Set Ey = 0 and N = 1, we obtain the field equation for N away from mem-
brane for constant scalars (5.39).

Second, for p we have

05 Shuik oz 0
—— = / dr+/ dr | dpE,, (5.33)
QD—l 0t T

min

where
E,= NMJ?p"2E, + NpP?Ep + NE,3, (5.34)
1 1
Ep =5(D = 1)(D = 2)(D = 3)— — (D = 1)(D - )22~
X ZQ P (5.35)
~(D—1)(D -2)(D - 3)=
3 (D= DD =2)(D=3)"5,
(D—1), ALA]
Ep=(D =1V = -2 p;VD_gV, (5.36)

By =0(D — 1)(D — 2)(D — 3)(D — 4)(D — 5)p" (1 - p3)*+
46(D — 1)(D — 2)(D — 3)(D — 4) phopanp” '~ (5.37)
46(D — 1)(D — 2)(D — 3)(D — 4)p" 7 puw.

and
1d 1d(1d
PNN = NN = Nar (Na ) . (5.38)

Set I/, = 0 and N = 1, we obtain the field equation for p away from membrane
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for constant scalars (5.40).

Therefore, the resulting field equations away from the membrane for constant

scalars ¢; are the following (we have set N(r) = 1):

For N:
1 Do 1 ,OI 2 1 At A
0 ZE(D —1)(D —2)M,;? [? - (;> -V- 5Zij—pw_2
(5.39)
1
+6(D —1)(D—2)(D - 3)(D — 4)F(1 —p?)?
For p:
_1 D—2 D — 3 p/ 2 p//
0=5(D—1)(D = 2)M, [ > (D 3)(p zp
D—1,_ A"A7
1 /
+9(D—1)(D—2)(D—3)(D—4)(D—5)E(1—p2)2 (5.40)
/2
+46(D —1)(D — 2)(D — 3)(D — 4)2—3,0”
—46(D —1)(D — 2)(D — 3)(D — 4)%
Moreover, for A?, we still have:
X; =0 (5.41)

where y; = 0; — Zijpg—j,ll and ' denotes the derivative with respect to r. The

derivation of (5.39) and (5.40) can be found in Appendix F.
Since we have assumed that all scalars are locally constant and satisfy the

constraints listed in (5.40) and (5.41), this system is solved by

sin(k(er +19))
2 ;

p = e==+1 (5.42)
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where k? is the curvature of spacetime, and (D — 1)-form potentials

Al(r) = AY0) + ¢ / ' dip(7)P L. (5.43)
0

Note that the solution for p extends to k% < 0 by analytic continuation. The

parameter ry is an integration constant, setting the radius of the (D —1)-sphere

at the membrane.

For k? > 0, the geometry is that of a section of a D-sphere and we can check
that under ¢ — —e, 79 — 7/k — rg, p is invariant. Therefore, without loss of
generality, we can always set ¢ = +1, while also assuming o € [0,7/k]. The
poles of the D-sphere are located at rp.c = 7 — 7o and ryim = —7y.

For k» = 0 and k? < 0, the geometries are different. The geometry for
k? = 0 is that of a section of a D-dimensional Euclidean plane. While the
geometry for k? < 0 is that of a section of a D-dimensional hyperboloid. We
can take rg > 0 since the p at the membrane is non-negative. Unlike the
case of k* > 0, for these two cases we cannot always set ¢ without loss of
generality and must consider each case separately. For ¢ = —1, rp. = 1o
corresponding to where the (D — 1)-spheres shrink to zero size, while ry;, =
—oo corresponding to the point where they diverge. For e = +1, the result is
reversed: Tpax = 00 corresponding to where the (D — 1)-spheres diverge, while
Tmin = —7 corresponding to the point where they shrink to zero size.

We have a continuity constraint at the membrane,

—0, (5.44)

Ap(0) = A lsin kro}

k

where we introduce two notations Az = z+ —2~ and (z) = 3(z +27), which

correspond to the difference and average of some quantity = defined on either

side of the membrane, respectively.
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We also have the following junction conditions
T =~ (D—2)ME-2A [%} + %e(p _9)(D = 3)(D - 4)A {‘;jégﬂ
'(0
—46(D — 2)(D — 3)(D — 4)A {53((0))} ,
(5.45)
Axi = —04i.Qi, (5.46)

According to eq.(5.45), the Gauss-Bonnet term has no contribution when D <

4.

Physically realistic membranes always carry non-negative tension, resulting

in the following constraint on the allowed configurations
AAP'(0) > 0,

where

A== MEZ(0) + S0(D  3)(D — ) (0))

3

If 0 is zero and D = 4, then we have

namely,

Alecoskro) <0,

which is the result we have obtained in [1].

~Lo(p —3)(D - HA2(0) — 10D - 3)(D - 4).

(5.47)

(5.48)

(5.49)

(5.50)

Eq. (5.48) has two possibilities when D > 5. The first possibility is A < 0.

Then we have Ap/(0) < 0, namely,

Alecoskrg) <0.

(5.51)
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dS,
e, =+1

Minkowski/AdS
e =+1

Minkowski/AdS
e =—1

ds-
e =+1

(kro)y > 5 > (kro)-
allowed for |X| <1

(kro)4 > (kro)- > 3
allowed for X < —1

5 > (kro)y > (kro)-
allowed for X >1

(kro)s < (kro)—
negative tension

negative tension

(kro)- > %
kinematically
allowed for X < —1,
infinitely suppressed

5 > (kro)-
kinematically
allowed for —1 < X <0,
infinitely suppressed

Minkowski/AdS_

(kro)s = 5

5 > (kro)y

(k| > [k | k| < Tk

kinematically allowed for | X| <1,

e_=+1 allowed for 0 < X <1 allowed for X >1 allowed for X > 1 | negative tension infinitely suppressed
Minkowski/AdS negative tension negative tension [k_| > [ky| [k_| < k4]
e =-—1 negative tension kinematically

allowed for X < —1,
infinitely suppressed

Table 5.1: Summary of transitions My — M_ where M is de Sitter, Minkowski
or anti de Sitter, are listed. The transition is forbidden if a transition has negative
tension and we mark it accordingly. We mark whether they are kinematically
allowed for | X| > 1 or | X| <1 for the remaining transitions. In some of these
cases, we rule out some transitions although they are kinematically allowed since
the transition rate is infinitely suppressed. We can take ¢ = +1 for all dS
configurations without loss of generality, so any examples contrary to this are not
applicable. While for AdS and Minkowski configurations, we need to consider the
two cases € = +1 and € = —1, respectively. This table is given in chapter 3,
namely, [1].

Then this possibility has the same allowed configurations as we obtained in
chapter 3, namely, [1]. For this possibility, we have only three configurations
that avoid any problems with negative brane tension or infinitely suppressed

tunneling rates. These are the configurations of physical interest corresponding

to
e dS, —dS_
e dS; — Minkowski/AdS_
e Minkowski/AdS, — Minkowski/AdS_ (|k_| > |k,|)

each with e = 1 and so p/(rmim) = 1. Table 5.1 summaries all possible

transformations for this possibility [1].

The second possibility is A > 0. Then we have Ap/'(0) > 0, namely,
Alecoskrg) > 0. (5.52)

This possibility has some new allowed configurations. For the second possibil-

ity, we also have three configurations that avoid any problems with negative
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brane tension or infinitely suppressed tunneling rates as well. These are the

configurations of physical interest corresponding to
e dS, —dS_
e Minkowski/AdS, — dS_

e Minkowski/AdS, — Minkowski/AdS_ (|k.| > |k_|)

where the second configuration, Minkowski/AdS, — dS_, is a new configura-
tion, which is not possible in GR and the model in chapter 3 [I]. Table 5.2
summaries all possible transformations for this possibility.

It is not hard to get positive A. For example, if we take 6 = 0.8M£_2,
ro = 0.5, |ky| = 0.8 and cos (k_r9) = 0.9, then we can have A > 0. We define
Ocrr = 6(D — 3)(D — 4). Since the stability of Gauss-Bonnet gravity requires
6 to be positive [117], considering A > 0, we can have the sufficient condition

which 6 should satisfy

Mﬁ_glk—%'[coshz(|k+|ro) —1]
E )

Qeff > (553)

where
1, 1, 1
Y= 3 cosh”(|k4|ro) + 3 cos (k_ro) + 3 cosh(|ky|ro) cos (k_rg) — 4. (5.54)

We should emphasize that the Gauss-Bonnet term can be treated perturba-
tively. According to (5.48), even if # is very small, we can still choose the
proper parameters, such as membrane tension 7" and rg, to make A positive.
As a result, the up-tunneling channel can exist. In other words, as long as the

Gauss-Bonnet term exists, we can find the up-tunneling channel.

The tunneling rates between two vacua M, — M_ in semi-classical theory
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ds; Minkowski/AdS Minkowski/AdS
ep=+1 ep=+1 ey =—1
ds_ (kro)- > 5 > (kro)y | (kro)- > (kro)y > 5 (kro)- <3 (kro)- > 5§ negative tension
e =+1 allowed for |[X] <1 | allowed for X > 1 kinetically kinetically
2 > (kro)— > (kro)y (kro)4 > (kro)— allowed for X < —1| allowed for -1 < X <0
allowed for X < —1 negative tension
Minkowski/AdS _ negative tension [ky] > [k_] [ks| < |k-] negative tension
e =+1 kinetically negative tension
allowed for X < —1
Minkowski/AdS (kro)s <3 (kro)y > 5 kinematically [ky] < Tk_] [ky| > [k_|
e =-1 kinetically kinetically allowed for |X| <1, kinetically negative tension

allowed for 0 < X <1

infinitely suppressed

allowed for X > 1
infinitely suppressed

infinitely suppressed

allowed for X < —1
infinitely suppressed

Table 5.2: Summary of transitions M, — M_ when A > 0.

of vacuum decay are given by the following formula

r

—B/h

— ~ e ,

Vol

where the tunneling exponent B is

B = Sg(instanton) — Sg(parent)

(5.55)

(5.56)

and I is the transition (or tunneling) rate. Here Sg(instanton) is the Euclidean

action evaluated on the bubble configurations described above, interpolating

between the two vacua M, and M_. While Sg(parent) is the Euclidean

action evaluated on the complete parent vacuum, M, which has no bubbles.

After a relatively lengthy calculation and plenty of heart warming cancella-

tions, the tunneling exponent B can be computed in all cases:

B
Qp-1

_A[

+0(D —1)(D —2)(D — 3)(D — 4)

+0(D —1)(D —2)(D — 3)(D — 4)
(D-1(D-2)

r

dr

(D -

1)(D — 2)

min

2

M

pl

D-2 1
kD3

kD—5

1
X (1 -3 cos® k(ro + 1) + 2 cos? k(rg + r))

1

2

D—2
M,

p

]{D73

kDfE)

sin? =% k(ro + 1)

sin?~! k(ro+r)

sin? k(g + 7‘)} + Tp(0)P,

(14 cos® k(ro + 1)) sin” 7 k(rg + 1)

(5.57)

where r,;, denotes the minimal value of the radial coordinate and 2p_; is the

volume of the unit (D — 1)-sphere. In (5.57), we have used (5.42) for dS vacua.
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Of course, for AdS vacua, p should be replaced by

1
,OAdS = mSlnh(’kl(E’l" —|— ’l“o)), € = :|:1 (558)

As we did in chapter 3, we now define a parameter X, which is given by

X — C2(0(0)) _ 142 B (ecos kro) ¢
Alp(0)] 11—z (ecoskrg)_"

(5.59)

The value of X now corresponds to a kinematic constraint on the geometry.
When z < 1, X € (—1,400); when z > 1, X € (—oo,—1). Since the values
of X in these two parts are not continuous, we can expect that the behaviour
near X = 1 should be very important.

According to the junction conditions (5.45) and (5.46), X can also be rewrit-
ten in terms of Ak? and T?. The expression is complicated and we do not use
it in the present chapter, thus we do not list the formula for X. In particular,

if 6 =0, we can get
(D —2)2MP P AR

X = e

(5.60)

with X > 0 in downward transitions and X < 0 in upward transitions. Fur-

. 4MA AK? . . . .
thermore, if D = 4, we have X = —%5—, which is consistent with the X we
have obtained in [!]. More importantly, however, it turns out that some con-

figurations are kinematically allowed only when |X| < 1 with the remainder
allowed when | X| > 1.

When we consider the down-tunneling from near Minkowski space to anti-de
Sitter space, which k, goes to zero while k_ is finite, according to (5.57), the

tunneling exponent for Min, — AdS_ goes as

1
B, s ads_ ~ Pt X =1, (5.61)

+

where ki is the curvature of parent vacuum. As the parent vacuum approaches

Minkowski, this exponent diverges, suppressing any transition into AdS and
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ensuring a long lived Minkowski vacuum. In fact, according to (5.57), the
Gauss-Bonnet term does not affect the behaviour of pole. In other words, if
X ~ 1, in the absence of the Gauss-Bonnet term, By, -, 445 still has the same
behavior. We can give an intuitive understanding for this result. According
to (5.2), the GR term is proportional to curvature R (or k?) while the Gauss-
Bonnet term is proportional to R? (or k%). Therefore, when k goes to zero,
the GR term should play the dominant role in tunneling exponent and the GB
term cannot affect the behaviour near k ~ 0.

We have a comment on X = 1. If X = 1, even if there is no Gauss-Bonnet
term, according to (5.60), the precise value X is dependent on the membrane
tension and the depth of the daughter vacuum. In any given model, these
quantities are exposed to radiative corrections. We need to tune the value of
X to be close to unity, but this is not natural. If we include the contribution
from the Gauss-Bonnet term, we can expect that more quantities should be
tuned. Therefore, we will not accept X = 1 limit.

There is an argument in [121] that up-tunneling is impossible from Minkowski
or anti-dS space. The argument is the following. Every instanton describes
not one but two transitions. If we calculate the rate for one process, then
we should calculate the rate for the reverse process as well. In other words,
this means that the instanton not only describes “down-tunneling” from A to
B, but also describes “up-tunneling” from B to A [I21]. These processes are
described by the same instanton both, and the rate to down-tunneling and

up-tunneling are given by

FA—>B ~ G_ASE/h, ASE = SE(instanton) - SE(A)7 (562)

and

Tpoan~ e 296 AS = Sg(instanton) — Sg(B). (5.63)

The ratio of (5.62) and (5.63) is given by e“2(4)=956(B)  the ratio of the expo-

nentials of the entropies. The essential feature of de Sitter space which allows
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up-tunneling is that the system has finite size in the sense that it has a finite
horizon volume and a finite entropy, namely, Sg(B) is finite. However, when
sizes of system are infinite, entropy differences between two states are infinite,
therefore based on principle of detailed balance the up-tunneling is impossible.
Anti-de Sitter space and Minkowski space have infinite horizon volumes and
infinite entropies, therefore in [121] the authors claimed that up-tunneling is
impossible from anti-de Sitter space or Minkowski space. So the readers may
ask the question: do our results contradict the argument in [121] ?

Here is our explanation. As we have seen in Table 5.2, we have a new decay
branch AdS,; — dS_, when € = +1. In fact, the ratio of (5.62) and (5.63) is
given by e5#(@5)=58(4dS) " Since Sy (dS) is finite while Sp(AdS) is infinite, the
difference between these two action is infinite. However, this does not mean
that Bags, as_ needs to be infinite. In GR and other previous models [I, ],
the decay branch Bags, —.q4s_ does not exist because of the negative membrane
tension. However, as we have pointed out, when we include the contribution
of the Gauss-Bonnet term, there exists a new decay branch Bags, 4s_, when
€ = 1, which has positive membrane tension. Hence there is no contradiction

between our result and the argument of [121].

5.4 Discussions

The cosmological constant problem is a long-standing problem in theoretical
physics. In the current string cosmology, anthropic principle is the dominant
explanation for the small value of the cosmological constant of our universe.
We challenged the dominant assertion in our previous paper [1]. For a family
of string-inspired models of four-form fluxes coupled to scalar fields, including
Bousso and Polchinski’s set-up, we can show how the current vacuum can be
selected on “probabilistic” grounds. In other words, our universe is born from
probability. Hence the existence of our world is independent of mankind and

other biological species.
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The main idea of our chapter 3 was inspired by the model constructed by
Kaloper [67] and Kaloper and Westphal [69], though we have shown how to
generalize this special model. We proposed an important parameter X which
controls the lifetime of low scale vacua, similar to the current vacuum we are
living. When the parent vacuum goes to Minkowski spacetime, we found that
a pole can appear in the corresponding bounce if X is suitably bounded. This
can guarantee the stability of the Minkowski vacuum and hence the longevity
of those vacua near Minkowski in Planck units.

In chapter 3, we only considered the cosmological constant problem in 4D. If
we are interested in the properties of string landscape in higher dimensions, we
can ask that if the tunneling exponent B has a similar behavior in arbitrary D-
dimension as in 4D. Moreover, the Gauss-Bonnet term appears often in string
theory and play an important role in gravitational theory [I13]. So we can
consider transition between vacua in D-dimension including the Gauss-Bonnet
term. According to higher dimensional theory motivated by string theory, the
associated coupling constant of the Gauss-Bonnet term 6 should be positive,
otherwise the whole theory will be unstable [117]. In the previous calculation,
we assume that 6 is a positive constant since ¢; are locally constants. We
find that the tunneling bounce B of Min, — AdS_ is proportional to k;(sz),
which has a pole at k2 and is similar to the result in 4D. This means that the
Gauss-Bonnet term does not play a major role near the pole. Furthermore,
we should point out that when we include the Gauss-Bonnet term, there exist
two possibilities if we require positive membrane tension. As a result, we can
find a new decay branch AdS; — dS_, e+ = 1. This new branch does not
exist in GR and our previous model [1].

Although the Gauss-Bonnet term is a topological term when D = 2, 3,4, we
can still consider the 4D limit, namely, D — 4 Gauss Bonnet gravity [l 11].
In the strong coupling limit (# — oo), the Gauss-Bonnet term in 4D gives
rise to non-trivial contributions to gravitational dynamics, while preserving

the number of graviton degrees of freedom and being free from Ostrogradsky
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instability [111]. However, so far the up-tunneling in D — 4 Gauss Bonnet
gravity has not been found. We need to clarify two points. First, although it
is not central to the results of the current chapter, the strong regime limit as
D — 4 is still unclear and has been critiqued by several authors, such as [122].
Second, the inclusion of the GB term is not without problems. As demon-
strated in [123], the equations are not weakly hyperbolic when the spacetime
curvature becomes sufficiently large.

Based on our results, there are at least two speculative pictures. One picture
is that AdS vacua decay to near Minkowski vacua (k* > 0) directly. We can
expect that there is a pole k=2 near Minkowski vacua. The other possible pic-
ture is that in the first step vacua decay from AdS parent vacua, which can be
obtained in string theory, to high dS daughter vacua. And then in the second
step high dS vacua decay to near Minkowski vacua (k? > 0). In order to get a
very small positive cosmological constant, we need to introduce a mechanism
to halt the decay process. The dS vacua cannot be long-lived. In fact it is
very hard to get de Sitter vacua from string theory [121]. Many scenarios have
been tried, such as KKLT scenario [17]. We should find more terms which can
induce AdS — dS decay channel, which is new and interesting. At present we
have not figured out the meaning of the new decay branch in string landscape.

All of these should be studied in the future.
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In Part I, we study de Sitter vacua in string-inspired models. Furthermore,
we will study de Sitter vacua in string cosmology in Part II. In particular, we
will explore the properties of de Sitter vacua in O(d, d) invariant cosmology in
chapter 7. Hence we introduce the basic ideas of O(d, d) invariant cosmology

in chapter 6.

6.1 Introduction

String theory is the most promising candidate of quantum gravity theory at
present. Since the early days of string theory there have been intriguing ideas
of how its unique characteristics could play a role in cosmological scenarios
[125, |. It is a natural idea that the higher-order corrections of string
theory play an important role in resolving the problems in cosmology, for
instance, the big-bang singularity [127]. In the 1980s the first few orders of
string theory have been obtained [128-130], but the complete computation or
classification of these corrections is still out of reach. However, the situations

have been improved in recent years. The duality-covariant formulations of

string theories, such as double field theory [131-131], have been used to make
progress in describing o corrections [135—141]. One crucial paper which is
related to this thesis is written by Hohm and Zwiebach [127]. Now let us

review some basic results of this paper.

The analysis of [127] is based on the result by Veneziano and Meissner [112]
and Sen [113]. Hohm and Zwiebach considered the classical field theory of the
metric g, the b-field, and the dilaton ¢ arising from D = d + 1 dimensional
string theory. This field theory keeps an O(d, d, R) symmetry to all orders in
o/ if the fields do not depend on the d spatial coordinates. This symmetry con-
tains the scale-factor duality a — 1/a, therefore referred to as “duality”. The
work of Meissner [111] shows that the duality transformations receive o’ cor-
rections in terms of standard fields. Hohm and Zwiebach assumed that duality

transformations remain unchanged to all orders in o’. With this assumption
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they can classify the duality invariant o’ corrections completely. They per-
formed duality-covariant field redefinitions to show that only first-order time
derivatives are included in the action, thereby arriving at a minimal set of
duality invariant higher-derivative terms to all orders [127].

First we will briefly review the core results of the first part of [127]. We
begin with a review of all orders in o’ duality invariant cosmology, as originally
proposed by Hohm and Zwiebach [127, 145] building on earlier pioneering work
(142, , —118]. Consider the leading order theory describing the universal
massless sector of closed strings in d 4+ 1 dimensions. This corresponds to the
well known Neveu-Schwarz action depending on the string frame metric, g,

the antisymmetric Kalb-Ramond field, b,,,, and the scalar dilaton ¢,

ws

1 1

Iy= —— /de:z:w/_—gez‘z’ [R +4(0¢)* — —H""H,,, —2A|, (6.1)

21(1—1 12 nvp

s

where the string length [, = N , Hyp = 30,b,, is the Kalb-Ramond field
strength and R is the Ricci scalar for the string frame metric. The cosmological
term, A, is present for non-critical strings and scales as [ 2. For critical strings
it vanishes, so we shall neglect it in the following. We make a cosmological

ansatz for the metric, b-field and dilaton,

uvr = - (t) ! 5 (62)
| 0 gy(®)
0 0
b, = , (6.3)
0 bi(t)
¢ = o(t), (6.4)

where n(t) is the lapse and g;;(t) are the components of the spatial metric.
This breaks diffeomorphisms down to the subgroup ¢t — f(t), 2" — x°, with ¢,

gi; and b;; transforming as scalars, and the lapse as a vector, n — nf, where
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f = dfd—@.l In this limit, the corresponding field equations also exhibit an

O(d,d) symmetry. Indeed, the full system can be written in terms of O(d, d)

covariant objects: a generalised dilaton,

® =2¢ —In+/det g, (6.5)

and a generalised metric
H = : (6.6)

The latter transforms as a tensor, H — QTHQ, under Q € O(d, d) where

Q' =n, 7 (6.7)

In contrast, the generalised dilaton and the lapse function are O(d, d) scalars,
transforming trivially as & — ® and n — n.

Since we have assumed that all fields and metric are only dependent on time,
then the resulting action can be written in a form that is manifestly invariant
under the residual diffeomorphisms as well as the underlying O(d, d) symmetry

[ Y ]7
I = K2 / dt ne~* [—(ancb)? - étr[(&nS)z] | (6.8)

where k2 > 0 is some dimensionful constant that plays no role in what follows.
Note that we have introduced the following notation for the covariant time

derivative
1
n(t)

"We consider the metric ds® = n2(t)dt®+---. If t = f(f), then dt = fdi, where f = #T(?‘
After transformation, n becomes 7. In order to make n?dt? = #*d{*, we should have i = n 1,
namely, n — n = nf.

9, = , (6.9)

&l e
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and further defined

byl g—bglb
S—yu= |7 77 (6.10)

gt —g7'b
Note also that both n and S are involutory matrices, squaring to the identity,
S%? = n? = 1. The action is now seen to be manifestly invariant under O(d, d)

since S transforms as?

S — S =0715Q, (6.11)

We now consider the residual diffeomorphism and O(d, d) invariant o’ correc-
tions to Ip. These terms are constructed out of O(d,d) scalars such as ® and
its covariant derivatives, 9,®,02®, ... along with traces of O(d,d) covariant
terms such as 9,5 and higher covariant derivatives 925,935, .... Through a
judicious use of equations of motion, field redefinitions, integration by parts,

and useful relations of the form

tr(S) = tr(9,9) = tr(929) = ... = 0, (6.12)
tr((0,9)*™) =0  for k=0,1,.., (6.13)
tr(S(0,8)") =0  for  k=0,1,.., (6.14)

we can eliminate all higher order derivatives in the system. Indeed, Holm and
Zwiebach [127] showed that the most general action at all order in o' must

take the following form

I =k / dt ne™® [—(8n®)2 + Z cra* 1 t1[(0,9)?*] + multitrace|  (6.15)
k=1

where ¢; = —3 to match the leading order Neveu-Schwarz action (6.8). For any

particular string theory, there ought to be a tower of dimensionless coefficients

2To see this, note that S = nH — S" = nQTHQ = nQTnSQ, where we have used the fact
that n? = 1. It then follows from (6.7) that 7QTn = Q=1 and so S’ = Q715 as stated in
(6.11). In [127, 145], these transformations are expressed in terms of h = Q= where (6.7)
along with the fact that n? = 1 now implies that hnh? = 7.
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of higher order operators given by ¢, along with a tower of coefficients for the
multitrace operators.

In establishing the above result (6.15), Hohm and Zwiebach repeatedly used
field redefinitions iteratively in increasing orders of /. One striking result is
that only first derivatives of the fields appear in the action. Furthermore, we
can find that all duality invariant terms with more than one time derivative on
S and all terms with one or more derivatives of the dilaton can be redefined
away. This is a major, somehow unexpected, simplification [127].

To summarize briefly, it was shown in [127] that field redefinitions can be

used to recast the /% corrections into the form given in [127, 149]

1
I, = o* / dtne X (0,5), Sp= - [ dzI4, (6.16)

- 2K2

where X is a completely arbitrary function of 9,5, with no extra time deriva-
tives and no powers (9,5)? included.

The proof begins by assuming that the (k — 1)th order action already has
the desired structure. It is then shown that, via field redefinitions at order a'*,
the kth order action can be brought into the form (6.16). A crucial detail is
that only the zeroth-order action should be varied under the field redefinitions;
the higher order terms only contribute to the action of O(a/**1). Explicitly,

under the transformation [127, 149]
b= d+a*6P, S—S+a*S (6.17)

the variation arising from the second term in

k—1
I=I+)Y I,+a* / dtne X (0,9, S) + O(a*1), (6.18)
p=1

/k—i—l)

only contributes to O(« . The proof involves showing the following:
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1. A factor 92® in the action can be replaced by a factor

1 1
Qo = 5(0n®)* — - tr(95)’, (6.19)

which only includes first order derivatives of ®;

2. A factor 925 in the action can be substituted with a factor
Qs = —5(0,9)* + (0,90,9), (6.20)

where (6.20) only contains first order derivatives of S;

3. Any action can be rewritten to include only first-order time derivatives of ®
and S. This is done by integrating by parts the higher-order derivatives until
only second-order derivatives are left, and then applying the earlier properties
to remove them;

4. Any action at order in o/* (with k > 0) is equivalent to one in which 9,®
does not appear. This equivalence is established through field redefinitions of
P;
5. Any term in the correction action that includes a factor of tr(9,5)? can be
eliminated through an appropriate redefinition of the lapse function n(t).

Consequently, the action involves only first derivatives of the fields. In addi-
tion, duality-invariant terms with multiple time derivatives on S, as well as any
terms with derivatives of the dilaton, can be eliminated via field redefinitions
[127, 149]. For more information, see [127, 149].

In the second part of [127] Hohm and Zwiebach studied this general «'-
complete theory for the simplest cosmological ansatz, a Friedmann-Lemaitre-
Robertson-Walker (FLRW) background. The spatial metric of FLRW metric
is given by a time-dependent scale factor times the Euclidean metric. And
they set b-field equal to zero. Then the Friedmann equations to all orders in
o’ can be derived. Hohm and Zwiebach found that we can write the equations

compactly in terms of F(H) whose Taylor expansion is determined by the
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following equation:
F(H)=4d) (—a')* 12 e, B (6.21)
k=1

where H is the Hubble parameter and we can have ¢, = ¢ + 2dcg; + ... in
terms of (6.15).

Then the Friedmann equations take the concise form

yy (e ®ji(H)) =0, (6.22)
o+ %Hj(H) =0, (6.23)
®? + k(H) =0, (6.24)

where the functions f(H) and g(H) are defined as

j(H)=F'(H), k(H)=HF(H)— F(H), (6.25)

where ’ denotes the derivative with respect to H.

Hohm and Zwiebach discussed a general nonperturbative initial-value for-
mulation, and they stated conditions on the function F'(H) which the theory
permits de Sitter vacua (in string frame) [127]. They considered the dS vacua
solutions with constant dilaton ¢ and found that string theory may realize de
Sitter vacua if non-perturbative contributions are included. More details can
be found in [127].

In chapter 7, we will discuss the dS solutions in O(d, d) invariant cosmology

with non-constant dilaton ¢ thoroughly.
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In chapter 7, we perform a thorough analysis of de Sitter solutions in O(d, d)
invariant cosmologies. Starting with a homogeneous and isotropic framework
we examine conditions for the existence of such solutions to the vacuum field
equations, non-perturbative in o/ in both the string frame and the Einstein
frame. We elucidate the nature of the instability in the string frame vacuum.
For the Einstein frame, we demonstrate that the de Sitter solutions cannot
be eternal. We then extend our analysis to include Bianchi I universes where
the O(d,d) symmetry includes scale factor exchange as well as scale factor
duality. We show how the theory can be extended to the anisotropic case so
that it admits de Sitter solutions, noting the crucial role played by the O(d, d)

symmetry in satisfying any additional constraints.

7.1 Introduction

String theory is a consistent quantum theory of gravity, with a well defined
low energy description in terms of higher dimensional supergravities. For this
to be relevant to our universe, it must be able to admit a compactification
down to four dimensions, where gravity is well described by GR and matter by
a suitable extension of the standard model of particle physics. It should also
be able to accommodate an accelerated cosmological expansion. Of course, it
is still possible that the concerns surrounding de Sitter vacua in perturbative
string theory will go away and we will be able to find consistent accelerated
cosmological solutions that everyone is happy with. However, if this is not the
case, we will need a non-perturbative understanding of the theory to probe
the full vacuum structure and establish the existence of de Sitter vacua far
from the boundary of moduli space. An important no-go theorem, valid at
any order in the string scale, suggests that de Sitter vacua of dimension four
or higher are not possible for the classical heterotic string, or indeed classical
type II strings in the absence of RR fluxes [150]. To say much more will likely

require a third string revolution - a step change in our current approach to
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string theory/M theory. We can also consider the possibility that de Sitter is
a resonant or excited state of string theory [151-153].

We can try and get some insight into what can happen non-perturbatively by
focussing on the effective field theory for classical strings in the homogeneous
limit. The Neveu-Schwarz sector describing the metric, the Kalb-Ramond field
and the dilaton, are known to possess an O(d, d) symmetry to leading order
[142, , 146—148]. This symmetry is expected to be preserved to all orders
in the slope parameter o/, motivating corrections to the leading order Neveu-
Schwarz theory using higher order O(d,d) invariant operators [I11]. Note
that O(d, d) invariance can be made manifest using double field theory, albeit
at the expense of manifest diffeomorphism invariance [132, , , ]!
Duality invariant cosmology has been used to tackle the problem of the initial
singularity (see eg. [120, 154-157]).

Remarkably, for homogeneous fields, Hohm and Zwiebach have been able
to provide a complete classicfication of all higher order terms invariant under
O(d,d) [127, , |. With field redefinitions, the system is reduced to first
order time derivatives allowing them to write down the most general duality in-
variant theory to all orders in o/ for the metric, Kalb-Ramond field and dilaton.
To leading order in the expansion in o’ the theory coincides with the Neveu-
Schwarz sector of the supergravity theories describing the effective theory of
classical strings, in the homogeneous limit. In the limit of vanishing Kalb-
Ramond field and an isotropic spatially flat metric, the theory exhibits scale
factor duality a — 1/a as a remnant of the underlying O(d, d) symmetry. The
full theory is now tractable at all orders in o/, enabling the authors of [127, 1415]
to identify string frame de Sitter solutions to the vacuum field equations that
are non-perturbative in o, with a time dependent dilaton. The dynamics of

this new class of theories has been studied in a series of subsequent papers

1O(d,d) and diffeomorphism symmetry are both real symmetries of string theory. Making
O(d, d) manifest requires a formalism that treats regular coordinate z* and dual coordinate Z;
symmetrically. Diffeomorphisms only act on regular coordinates, not the duals. Therefore,
we cannot make both symmetries manifest at the same time. In double field theory, we
choose to make O(d, d) manifest [132, 133, 135, 136].
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[149, —170]. In particular, one can extend the system to include O(d, d)
invariant matter fields [118, 119], or find theories that admit de Sitter solu-
tions even in Einstein frame [119, , |. Instabilities for homogeneous and
isotropic perturbations were studied in detail in [160), , , | with sub-
sequent extensions to anisotropic perturbations [167]. Bianchi I universes were
studied in [168-170], along with two-dimensional black hole solutions [168] and
bouncing cosmologies [169, 170].

In this chapter, we revisit the dynamics of O(d,d) invariant cosmologies,
starting with isotropic and spatially flat metrics before moving on to the
anisotropic case. Our focus is on the existence of de Sitter solutions in both the
string frame and the Einstein frame, with a time dependent dilaton. Of course,
the isotropic case is simpler and much more extensively studied. Within the
isotropic framework, string frame de Sitter solutions are known to exist but
have been shown to be unstable [160, , 166], something we are able to ver-
ify using slightly different methods. de Sitter solutions in the Einstein frame
have been obtained in the presence of a source [119] and in vacuum [159, 162].
The latter only exist when the theory takes on a very bespoke form at all
orders in . As we will show, these Einstein frame de Sitter solutions are the
only solutions to the vacuum field equations for these particular theories for
a finite time period, ensuring their local stability under homogeneous fluctu-
ations. However, the solutions are not eternal in both past and future. This
is because the dilaton evolves. After a finite time (towards either the past or
future), the solution is kicked into a new dynamical phase where an Einstein
frame de Sitter metric is no longer possible. This resonates (!) with the idea
of de Sitter as a resonance [151, 152].

These solutions enjoy a natural extension to anisotropic universes thanks to
the O(d,d) symmetry. Here we consider a Bianchi I universe, with a number
of different scale factors with corresponding Hubble parameters. In a notable
departure from the isotropic framework, the O(d, d) symmetry now implies an

invariance under the exchange of any two of those Hubble parameters, placing
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important restrictions on the structure of the underlying theory. Although
isotropy is no longer assumed at the level of the theory, we are interested in
isotropic solutions: namely, the de Sitter solutions in both string frame and
Einstein frame, with a time dependent dilaton. In string frame, de Sitter solu-
tions are possible, provided the anisotropic theory obeys properties analogous
to the isotropic case. These solutions are once again unstable. In the Einstein
frame, we find conditions for the de Sitter solutions to exist. This mirrors the
isotropic case discussed in the previous paragraph, with additional conditions
pointing along the anisotropic directions. Remarkably, these extra conditions
hold automatically thanks to the O(d, d) symmetry.

The rest of this chapter is organized as follows. In section 7.2, we review the
structure of the underlying theory for an isotropic and spatially flat universe,
including sources. When studying vacua, the Einstein frame is arguably the
most relevant since the corresponding fluctuations are diagonalised. However,
it is often the case that observational probes follow geodesics in the string
frame, so it is important to consider both scenarios. In section 7.2.1 we review
the derivation and instability of de Sitter solutions in the string frame, provid-
ing some added insight into the source of the instability. In section 7.2.2 we
demonstrate how de Sitter solutions can also be found in the Einstein frame.
As discussed above, these solutions exist for a finite time period, during which
time they are stable against homogeneous fluctuations. However, the solutions
are not external, and will eventually give way to a new cosmological phase.
In section 7.3, we change gears and extend our analysis to include Bianchi I
universes. In section 7.3.1 we establish the appropriate conditions for string-
frame de Sitter solutions, commenting on the stability. In section 7.3.2 we do
the same for de Sitter solutions in the Einstein frame, noting the crucical role
played by the O(d, d) symmetry. In section 7.4, we summarise our conclusions,

and extend the results to non-critical dimensions.
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7.2 Isotropic cosmologies

In the case of isotropic and spatially flat cosmology, ¢;; = a(t)d;;, with a
vanishing b field, the system simplifies considerably and the action (6.15) can

be written in the following compact form [127]:
1

[:KQ/dt ne”* [—@i—l——/f(\/o/H) : (7.1)
a

where we have introduced the shorthand ®,, = 9,9, ®,,, = 9*®, ... and define
the string frame Hubble factor as H = 0, Ina. Matching with (6.15) we note
that the function f is analytic in a neigbourhood of the origin where it takes

the following form
fWo'H) =) " dia™H*,  dy =d, (7.2)
k=1

and the dimensionless coefficients dj, can, in principle, be determined from the
¢, and the coefficients of the multitrace operators. Note that f is a manifestly
even function in H. This follows from the O(d, d) symmetry which takes the
form of a simple scale factor duality, @ — 1/a and so H — —H, in the
homogeneous and isotropic limit.

In the remainder of the chapter, we choose units where o/ = 1. It will also
be convenient to represent the scale factor through its logarithm, ¢ = Ina.
The equations of motion for the full system can be obtained from varying the
action with respect to the lapse, the dilaton and the scale factor. This yields

the equations F, = 0 where a = n, ®, ¢ and

E, = = ke ® [@2 — Ly(H)], (7.3)

Ey = (% = Kk*ne”® [28,, — 2 — f(H)], (7.4)
ol 2 d - pr

E, = IR, [e=®f(H)] . (7.5)

Here, L;(H) = Hf'(H) — f(H) denotes the Legendre transform of f and
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f'(H) =df/dH. Thanks to the residual diffeomorphisms, these equations are

not independent and satisfy the following identity

d
En=®.Ea+ HE, (7.6)

We can include matter in an O(d,d) invariant way by including a matter
action of the form S,,[®,S, x|, where x;(t) are O(d, d) invariant matter fields
[148, ]. For a homogeneous and isotropic cosmology, this is equivalent to

Si[®, q, x1]. The vacuum equations of motion are now sourced as follows

1
E,=p, E,=—dnp, E¢= §n5 (7.7)
where the O(d,d) covariant energy density, pressure and dilaton charge are

respectively given by

s 05 - 105 5 _205n (7.8)
p= on <I>,q’ P= dn 5(] n,<I>’ o= n 0® n,q. .

Note that the O(d, d) covariant sources differ from their diffeomorphism invari-
ant counterparts by a factor of \/—¢g = a?, namely, p = p/a?, p = p/a?, o =
7/a’. For the pressure, we should also note that p is now defined by holding
® = 2¢ — dq fixed when we vary the matter action. This differs from the usual

definition of pressure given by

1 0Sn

Pstandard = W(S_q n,qﬁ’

where ¢ is held fixed instead. It is easy enough to show that the two pressures
can be related using the dilaton charge, psandara = P+ %0 [164]. The equations

of motion including matter are the following [16]:

®2 + HF'(H) — F(H) = 2x%%p, (7.9)
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H,F"(H) — ®,F'(H) = —2dr*ep, (7.10)
20, — ®2 + F(H) = x%e%5, (7.11)

where F'(H) is given by (6.21). The three equations of motion (7.9)-(7.11) can

be related via the equation
_ I
Onp+dHp = §<I>na. (7.12)

Although we have included the matter sources for completeness, in the remain-
der of this chapter we shall mostly neglect them, since our focus will be on
finding consistent solutions to the vacuum field equation. In particular, we
will seek conditions for consistent de Sitter solutions for the metric in both
the string and the Einstein frame. We refer the reader to [118, ] for more
details on matter couplings.

Let us explain the meaning of string frame and Einstein frame. The string
frame and Einstein frame are two different ways of writing the action in string
theory or in related gravitational theories (like supergravity). They are re-
lated by a conformal transformation — basically a rescaling of the metric —
and choosing one frame over the other can make certain calculations or in-
terpretations easier. In the string frame, the action is written in a way that
naturally comes from string theory. In this frame, the gravitational field (the
metric g,,) couples to the dilaton field ¢ non-minimally. This form comes
from the worldsheet formulation of string theory. The string frame is good for
describing how strings “see” spacetime because the metric here is the one that
appears in the string sigma model [18, 19]. In the Einstein frame, the action is
rewritten so that the gravitational part looks like standard general relativity,
i.e. the Einstein-Hilbert action. The Einstein frame is generally considered to
be the most relevant for observational physics, cosmology, and experiments.
It can give us standard general relativity with minimal coupling to matter.

The metric in the Einstein frame determines geodesics, redshifts, gravitational
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lensing, etc., in a form we can directly compare with astronomical and lab data

[, 9]

7.2.1 dS solutions in the string frame

It was already shown in [127, ] that string frame de Sitter solutions are
possible in this class of o complete cosmologies for suitable choices of the
function f(H). These solutions are necessarily non-perturbative in o/, and
could not have been found using standard techniques in perturbative string
theory. However, it has also been shown that these solutions are unstable under
vacuum fluctuations [160), , ]. We will review the derivation of these
solutions and add some additional insight into the nature of the instability.
We know that in a neighbourhood of the origin, the function f(H) is even

and admits the following Taylor expansion in H?

f(H) =dH?* + dyH* + ... (7.13)

Although we cannot assume that the function remains analytic for all values of
H, we shall assume that it is twice differentiable in order to have well defined
field equations. We shall also assume it to be an even function in order to
preserve the O(d, d) symmetry.

Here we are interested in the properties of the function in a neighbourhood
of a string frame de Sitter solution with H = H, > 0, for some constant H..
Whilst it is tempting to motivate this with the current phase of accelerated
expansion, it is important to note that we are working in d + 1 dimensions.
For the critical dimension (d 4+ 1 = 10,26), we must perform compactification
down to four dimensions before making contact with observation. Therefore,
we remain agnostic as to the value of H..

Setting F, = 0 for a = n, P, q, we see that H = H, > 0, for some constant
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H., if and only if [162]
O = —f(H.) = Q% f'(H.)=0, (7.14)

for some real constant ). This means that f(H) must have an extremum at
H = H,.. Thanks to the O(d,d) symmetry, it must also have a extremum at
H = —H.. This suggests the following general form

i) =~ + 8D e g2y (7.15)

[

for some even function g(H) that admits a Taylor expansion in H? — H?
g(H)=go+ g (H* — H) + .... (7.16)

For the form of f(H) given in (7.15) to overlap with the form close to the
origin (7.13), we obtain the following constraints
2 / " 4Q?

=@ JO=0. g0 =2+% (7.17)
It is also important to establish the stability of these de Sitter solutions. Of
course, a full analysis of cosmological perturbations requires knowledge of the
underlying theory beyond the homogeneous limit under consideration. Al-
though there has been some interesting recent work in this direction [168], it
is well known that O(d,d) invariance in d + 1 dimensions is at odds (!) with
manifest diffeomorphism invariance, as evidenced through double field theory
[135, 136] (see also [171] for a related duality observed in cosmological per-
turbations). Faced with these limitations, we can only consider the stability
of solutions under homogeneous perturbations captured by the general ac-
tion (6.15). Instabilities for homogeneous and isotropic perturbations of string
frame de Sitter solutions were identified in [160, 162, 165, 166] with subsequent

extensions to anisotropic perturbations [167]. Here we take a subtlely different
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approach to those works but draw the same conclusions.
We consider only homogeneous and isotropic perturbations, so that the sys-
tem of equations E; = 0 remains unchanged. Assuming f”(H) # 0, these can

be written in the following form

f,(H):CG(I) anH:SVLf(H)f/(H>

770 , (7.18)

where c¢ is a constant of integration. Here s = +1 corresponds to the sign of
® = d®/dt, appearing when we take the square root in (7.3). This ability to
take either sign was identified as a potential source of error in the stability
analysis, as discussed in [166]. Next we will show how the choice of sign plays
a crucial role in opening up the unstable channel.

We begin by making a choice of the time co-ordinate by setting the lapse

function to unity, n = 1, and solve for the Hubble parameter in a neighbour-

hood of the vacuum, giving
H=H.+0H (7.19)

where 0 H satisfies

s/ Hef"(H)6H3? Q=0

0H ~ (7.20)
s|Q0H Q#0

For () = 0, this gives the consistent solution

4
0H ~ 7.21
CRUVAIRIAE e
with s = —sgn(t — t.). We immediately see the unstable channel if and only

if the initial time t; < t., or equivalently s = +1. For @ # 0, we also get an
instability for s = +1, as
OH e eolQllt—te) (7.22)
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In all cases, the instability is excited if and only if ®(¢;) > 0. These results are

consistent with the instability analysis presented in [162].

7.2.2 dS solutions in Einstein frame

We now turn our attention to the Einstein frame. Einstein frame de Sitter
solutions with constant ® were obtained in [149] in the presence of a source with
p = —p. Here we shall present an Einstein frame de Sitter metric as solutions
to the vacuum equations of motion for bespoke choices of the function f(H).
Although the solutions are stable, we will also show that the required form
of f(H) cannot be smoothly connected to the leading order Neveu-Schwarz
theory in a neighbourhood of H = 0. This agrees with the conclusions drawn
in [159] and [162].

The string frame and the Einstein frame are related by a conformal trans-
formation. Labelling the Einstein frame with the letter “E”, we write g, =
AQgZJV and so n = Ang, as = Aag, where A is the conformal factor to be de-
rived presently. Focussing on the leading order curvature term in the action,

we note that

/dex\/—geQ‘bR = /d”dycw/—gEe2‘Z’Ad1 [Rp+...] (7.23)

where the ellipsis include derivatives of A and Rp is the Ricci scalar for the

transformed metric. For the latter to coincide with the Einstein frame metric,
s

we must choose A = ed-1.

Setting F; = 0 for i = n, ®,q, we see that the vacuum field equations are

fI(H) = ce®, ®, = s\/Ls(H) (7.24)

where we recall that c is a constant of integration and s = £1. We wish to

equivalent to

recast these equations in terms of the Hubble parameter defined in the Einstein
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frame

where 0,, = é% and qg = lnag. From the definition of the generalised

dilaton ® = 2¢ — dg and the conformal mapping between frames q — qp =

In(n/ng) = 22, we can derive the following useful relations

d=—q—(d—1)qgp = Oy=—H—(d—1)-LHy (7.26)
n
and
(d—1) n e®

= — ®+d —_ — = — 7.27
6= 5@ i) = == (7.27)

where V = a4, is volume scale factor in Einstein frame.
As first noted in [162], we can inherit an Einstein frame de Sitter vacuum

from the string frame de Sitter vacua presented in the previous section, by
fixing the dilaton, ¢, to be constant. This corresponds to the case where
®,, = —dH,, with H. the constant Hubble scale in string frame. These solutions
preserve all the de Sitter isometries and would seem to be in contradiction of
the classical no-go theorem of [150]. This suggests that the corresponding form
of f(H) does not emerge from classical heterotic or type II strings. For this
reason, we will focus instead on quasi-de Sitter solutions in Einstein frame,
where the dilaton breaks the de Sitter isometries.

After some manipulations, the system of equations (7.24), (7.26) and (7.27)

can be expressed as follows

@_f’(H) no_ c _ _Cg(H)
e == E_f’(H)V’ OnzV = cF(H), OnyH = v
(7.28)
where
F(H) = 1f y H;(;I\)/Z . G(H) = fs//\(/g) (7.29)

and we have assumed f'(H)f"(H) # 0. Note that the choice f'(H) # 0 is

consistent with a time dependent dilaton. To explore the possibility of a de
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Sitter solutions in the Einstein frame, it is convenient to construct

Vo2,V

0 @, V)

ng

HE:dH,%;[ —1} :dH]%;{ —1}, cF(H) #0.
(7.30)
If we choose the function f(H) such that the right hand of this equation
vanishes identically, the Hubble parameter in Einstein frame is guaranteed to
be constant, Hr = H,, for a solution to the vacuum field equations. Thus, the

existence of the de Sitter solution in Einstein frame requires that

(Y 1o -

or in other words, that f(H) satisfies the following differential equation,

d+1
d—1

SHAJIFT= J " (H =)+ P 4 JHT — 45 H T = 0
(7.32)

Note further that we can use the third equation in (7.28) to show that the

Hubble parameters in the Einstein and string frame are related according to

the following formula
cF(H)

Hyr =
E dy

(7.33)

For a suitable choice of f(H) satisfying (7.32), the corresponding constant cur-
vature solution is stable under vacuum perturbations, as it is the only solution
to (7.30).

Finding a suitable choice of f(H) is not easy as the differential equation
(7.32) is challenging to solve in full generality. However, if we assume that

H > 0, it does admit the following analytic solution when s = —1,

f(H)=(H+ H,)*> - H2, (7.34)

where H,, is a constant [162].

With f = f and taking the negative (s = —1) root we find that F = 0
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and G = —H/2. The vanishing of F suggests this solution lies outside of the
original regime of validility for which (7.32) was derived. Nevertheless, it is
interesting to explore the solutions to the system of equations (7.28) in this
particular case. It turns out that they imply a constant but vanishing Hubble
rate in Einstein frame

H, =0, (7.35)

consistent with (7.33), along with the following solutions for the string frame

Hubble parameter, the dilaton and the lapse,

H(t) = H.exp G%) , (7.36)
o) = In {- (Hc exp (—2%) + Hmﬂ | (7.37)
n(t) = Tig [HC exp (_ng> + Hm] _1, (7.38)

where H. is a dimensionful constant of integration and we have assumed d # 1
and ¢ # 0. Clearly the solution runs into a singularity as H — —H,, although
this can be trivially avoided by taking H,, > 0.

We have not been able to find an exact solution to (7.32) that gives non-
vanishing F and, correspondingly, H, > 0. However, numerical solutions are
presented in figure 7.1, with the corresponding value of Hp shown in figure

7.2, where we recall that we have set units such that o/ = 1. We can also

150

__100
L
=~ 50

0

00 25 50 75 100
H

Figure 7.1: Ezamples of numerically computed f(H), with the central black curve
corresponding to f(H).
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Figure 7.2: Time evolution of the Einstein-frame Hubble parameter for the f(H)
given in Fig. 7.1

seek a perturbative solution to (7.32). To this end, we consider
f(H) = f(H)[1+e(H)], (7.39)

where we assume |e| < 1. Plugging this into (7.32) (with s = —1) and keeping

terms up to linear order in €, we arrive at the linear differential equation

(H,, — H)(2H,, — H)He"(H) + (2H? — 3HH,, + 2H?*)é'(H) — H,,e(H) =0
(7.40)

with the following solution

Cle -+ CQH + thQ In A
«(H) = H +2h ’

(7.41)

where C] and C5 are constants of integration. Note that C'; can be removed
by redefining H,, - H,, (1 — C;/2) and working to linear order in Cy. Thus
we can set C7 = 0 without loss of generality and express (7.41) as a simple

function of the ratio § = H/H,,,

(7.42)

-, L)

o+ 2

Recall that this expression is valid as long as |e(H)| < 1. If we assume
|Cy| < 1 then this condition is violated if and only if § strays too close to

the singularities at 6 = 0, —2. More precisely, we have e¢(H) < 1 whenever
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|Cy| <« 1, provided

1

ol > e 2102 )5+ 2‘ > |Cy] (2—1n2).

We now revisit the field equations (7.28) and (7.31) using the perturbed form
of f given by (7.42). To leading order in |Cs| < 1 (7.31) gives the following

expression for Hubble rate in Einstein frame

OQC
Hpm~ —2 4
P 4d -1y (7.43)

If we assume Hp = H, for some constant H, and set ng = 1, it follows that

that we have V = ade?+!. We can then solve (7.43) explicitly, giving

1 dC2Ct C2C
H, ~—W =~ 7.44
dt (4(d - l)ag) 4(d —1)ad (7.44)

where we have used the fact that the Lambert W function W (z) ~ z for small
2.2 We see that we have a constant and non-vanishing Hubble rate in the Ein-
stein frame, with the approximation valid as long as [t| < 4(d — 1)ag/d|c||Cs|.
Since H, is required to be positive in an expanding universe, we assume that
Csc > 0. The remaining fields are dominated by their non-vanishing zeroth
order (in €) solutions (7.36)-(7.38). Recall that in a neighbourhood of the ori-
gin, perturbative string theory suggests that the function f(H) should admit a
Taylor expansion of the form (7.13). We will now show that any solution to the
differential equation (7.32) valid for H > 0 cannot be analytically continued
towards a solution of the form (7.13) in a neighbourhood of H = 0.

To see this, we begin by assuming that f(H) admits a Taylor expansions of

2The Lambert W function, often written as W (x), is a special function defined as the
inverse of the function: f(w) = we®. This means that if z = we®, then w = W (x). For small
values of z, we can approximate it using a series expansion: W (z) = z — 2%+ %mS — %x‘l +---

[172].
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the form (7.13) in a neighbourhood of the origin

f(H) =dH?+ O(HY). (7.45)

In this neighbourhood, it immediately follows that

= O(H?). (7.46)

In order to satisfy (7.32), the right hand side of this expression should be
equal to unity, which is clearly not possible in a neighbourhood of H = 0,
regardless of the sign of s = +1. Thus, it is not possible to smoothly connect
a solution to (7.32) to the desired leading order Neveu-Schwarz theory at low
curvatures. However, perhaps this is too demanding. As noted earlier, for the
field equations to be well defined, we only need the form of f(H) to be twice
differentiable. For any finite N, it is certainly possible to match the first N
derivatives of a solution to (7.32) to a function of the form (7.45), at some
value of H = H e > 0.

It is, perhaps, optimistic to expect such a matching to emerge from a non-
perturbative understanding of string theory. Nevertheless, we could imagine
a discontinuity in the higher order derivatives of f(H) to be a remnant of the
truncation to the massless sector of the theory. Indeed, if it emerges from
string oscillators with string scale masses, we might expect Hpaten ~ 1 (in
units of o/ =1).

Even if this desired form of f(H) can be justified, it is clear that we can
only trust our de Sitter solution in the regime where H > H,.i.. However,
recall that H is the Hubble parameter in the string frame and this will change
over time. If the system evolves into a regime where H < Hya¢en, the form of
f(H) will no longer admit de Sitter solutions and the Einstein frame de Sitter
metric is destabilised.

To avoid this instability, we need to stop H evolving into the unstable region
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with H < Hacn in either time direction. In other words, we need H to have a
turning point in its evolution at some Hiy, > Hpaten. At such a turning point,
the last equation in (7.28) tells us that G(Hyym) = 0. Since Hyyn > Hiaten by
assumption, the differential equation (7.31) ought to be satisfied at H = Hyypm,
further implying that F(Hum) = 0 must have a zero at the same point. Since
we assume that f(H) is twice differentiable, F(Hym) = G(Hium) = 0 if and
only if Hyy,n = 0. This contradicts the underlying assumption that Hi,, >
Haten > 0. It follows that our de Sitter solution in Einstein frame cannot be

eternal.

7.3 Anisotropic cosmologies

In order to gain a deeper insight into the structure of the underlying O(d, d)
invariant theory, at all orders in o/, we need to reduce the symmetry of the
metric to eliminate any would-be degeneracies. As first step in this direction,
we move from an isotropic to an anisotropic framework. Of course, these
extensions will be off-shell. On-shell, our goal is still to find solutions that are
de Sitter, and therefore isotropic.

For anisotropic cosmologies in d 4+ 1 spacetime, we consider a string frame

line element of the form

17

d
ds* = —n(t)*dt* + Z a;(t)*dx? (7.47)
i=1

where a;(%) is the scale factor along the ith spatial direction. A detailed deriva-
tion of the O(d,d) invariant action requires a careful computation of all the
terms in (6.15), including the multitrace operators. Instead of computing that

explicitly, we note that the action will take the form
I= ﬁ/dt ne”® [-®2 + f(H,)], (7.48)

where we have assumed units with o’ = 1. The Hubble parameter along the
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1th direction is given by H; = 0,q; for ¢; = Ina;, while the generalised dilaton

is given in terms of the standard dilaton via the following relation

O=20-> g (7.49)

To match with the leading order Neveu-Schwarz action (6.1) at low curvatures,

we expect that f admits a Taylor expansion near the origin such that
f(H) =Y H}+O(H"). (7.50)

The O(d, d) symmetry now includes scale factor duality along each direction,
a; — 1/a; and scale factor exchange a; <+ a; for each i and j. This suggests

that the function f(H;) can also be expressed as
f(H;) = F (&/(H3)) (7.51)
where we define the normalised elementary symmetric polynomials

R 1
X =7 D X X (7.52)

;) 1<j1<...5i<d

fori=1,...d.
Varying the action (7.48) with respect to the lapse, the dilaton and each of

the scale factors, we obtain E, = 0 for a = n, ®, ¢;, where

I
ol _
Ey = 56 = /‘62716 ® [Q(I)nn - q)i - f(Hz)] ) (7-54)
I S R
By = 5= g [ (7.55)

where we denote partial derivatives f; = 0f/0H; and the Legendre transform
L;(H;) =Y, Hif; — f(H;). It is also convenient to define the average Hubble

parameter in string frame as H = é > Hi.
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7.3.1 dS solutions in the string frame

We now seek solutions to the anisotropic field equations corresponding to the
string frame de Sitter vacua. Using similar arguments to the isotropic case in
section 7.2.1, we see that there is an isotropic solution to (7.53) to (7.55) with
H; = H. > 0 for all i and some constant H, if and only if

@2

n

(7.56)

[
=
=
5
I
R
e
=
5
i
=

where @) is a constant. Given the form of f dictated by the O(d, d) symmetry

(7.51), this suggests that

f(H;) = —Q* + ng (e4(H?) — HY)?, (7.57)

where the functions g;(H) take the O(d, d) symmetric form (7.51) and admit

a Taylor expansion in each of é4(H?) — HY,
9;(Hy) = gjo + Z gin(L(HE) — H?) + ... (7.58)

Close to the origin, the form of f should coincide with (7.50) to recover the
leading order Neveu-Schwarz theory at small curvatures. On the isotropic line
where H; = H for all 7, the form of f is compatible with the isotropic solutions

(7.15), as expected
FH) o = —Q* + Zgﬂ D) i e, (7.59)

It immediately follows that the corresponding de Sitter solution will once again

be unstable to isotropic fluctuations when ®,,(¢;) > 0.
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7.3.2 dS solutions in the Einstein frame

We now switch our attention to the Einstein frame to see if the family of
de Sitter solutions found in the isotropic framework [159] carries over to the
anisotropic framework. As usual, we perform a conformal transformation to
switch to Einstein frame, with n = Ang and a; = Aaf where A = = We
therefore have In(n/ng) = ¢; — qF = 2% for ¢ = Ina®. This allows us to

extract the following useful relation

¢ = —% <d> + Z qf) , (7.60)

implying
= G —qf =—d—InV (7.61)

where V = [],(aF)¥ is the Einstein frame volume scale factor.
In the Einstein frame, we define Hubble parameters HF = 9,,¢F and the
corresponding average H = é > HE. These are easily related to their string

frame counterparts via the relation
Hi=— (H —dH") - ®,. (7.62)

From the field equations (7.53) to (7.55) we can derive expressions for the

generalised velocities in Einstein frame

e ? e ® ey
P = ——s./L HY —HF=—_(H,— H HY = — =
One® = sy Ly, i p ) v’

(7.63)
where

d H+S\/L_f 2
() o5 e

and s = 1, depending on the sign of ®,,. From equation (7.55), we have that

e fi=c = e == /ZC? (7.65)
J
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for some constants ¢;. We can now derive the following constraints on the

dynamics of the system, analogous to the last two equations in (7.28)

gV =lc|F,  OnpHi= (7.66)

where

o 5\/L_f Zj fijfj
B X

Gi (7.67)

and f“ denotes the inverse of the Hessian of the function f, assumed to be
well defined. We proceed in a similar way to the isotropic case, and compute

the rate of change of the Einstein frame Hubble parameters. We find that

OnpHY = d(HP)? [(1+£)(OInF — 1) + 0], (7.68)
where
1
d(H; — H
& = (Z—]:) (7.70)

Since > ;& =0, it follows that the rate of change of the average Hubble factor

is given by a somewhat simpler formula

0

ng

HY = d(HP)?*(Oln F — 1), (7.71)

which is strongly reminiscent of the corresponding isotropic equation (7.30),

as expected. We may alternatively express (7.68) as

Oy HE — (1 4+ &)0,,HY = d(H)?OF;. (7.72)

Let us now evaluate our system on the isotropic line H; = H, along which we
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have & = 0 from (7.70). For consistency, it must follow that

(Onp H ) |iso = d(HF)*(OIn F — 1))is0, (O&)]iso =0 (7.73)

where |i5, indicates evaluation on the isotropic line. Requiring the vacuum to
be de Sitter in the Einstein frame on the isotropic line, i.e. HEF = H¥ = const,

now yields the following constraints

O<lnf>’iso = 17 (O£i>’iso = 0 (774)

Defining G = ) . G;/d, we note that

OmF)=—3 Gon Gc) , (7.75)
06) = 570~ ) - £OI(EF), (7.76)

and impose (7.74), giving

1 1
[zl: 6H1 (f) + 6 - 0, gi|iso = gliso 7é 0. (777)

iso

To explore the implications of these results, consider the N dimensional Eu-
clidean space spanned by the Hubble parameters, (Hy, ..., Hy). It is convenient
to introduce a new set of coordinates (H,v,), adapted to the isotropic line,
defined in terms of the average Hubble parameter H = ). H;/d and d — 1

orthogonal directions

vo =Y (H;— H)ng, (7.78)
so that

Hi=H+) nfv. (7.79)

Here we have introduced an orthonormal set of vectors in Hubble space, ng,
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orthogonal to the tangent vector, u; = 1/d, on the isotropic line

Z wing = (—112 ng =0, an‘nf = (7.80)

We can now think of the isotropic line as being parametrized by the average
Hubble parameter, H, with each of the remaining coordinates vanishing there,
Valiso = 0. At this point, we recall that the O(d,d) symmetry implies that
f(H;) is given in terms of the normalised elementary symmetric polynomials,
as in (7.51). In a neighbourhood of the isotropic line, we can show that

id+1- )HQ(Z‘ > 5% uqus + O(v%). (7.81)

s H)=H* + ~— — ~
61( j) d(d—l) —

Correspondingly we find that the function f takes the form

f(H;) = fo(H) + go(H) Z (50‘5%1}5 + O?), (7.82)
a,B
where
_ 2 2d i( d+1—22 a(i—1) OF
=1 ed=H?
(7.83)

For the de Sitter solution to exist, we require the conditions (7.77) to hold.

The second of these is equivalent to

Dowb| =Gw0, [Yma] -o (7.84)

180

Making use of the chain rule

9 9 9 @ 0
oH " 2-0E w2 o (7.85)

and assuming go(H) # 0, we immediately see that the condition (7.84) holds
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automatically. Meanwhile, the first condition in (7.77) yields

{aH (%) + é} = 0, (7.86)

which is equivalent to (7.32) for f(H) = fo(H). It follows that the Einstein
frame de Sitter solutions found in the isotropic framework extend naturally to
the anisotropic framework. This is because the underlying O(d, d) symmetry

ensures that deviations from isotropy only enter the theory at O(v?) ~ O((H;—

Hijzi)?).

7.4 Conclusions

Can we obtain de Sitter solutions in string theory? Although perturbative
methods provide some rich phenomenology, they have not been able to uncover
de Sitter solutions that are universally accepted as consistent and fully under
control. This motivates attempts to probe the non-perturbative structure of
string theory. Of course, we do not have the tools to do this in full generality
but progress can be made by restricting access to the Neveu-Schwarz fields in
the homogeneous limit. This is because they admit an O(d, d) symmetry that
can be extended to higher order operators, extending to all orders in «’'.

The underlying structure of these theories is easy to write down whenever we
have a homogeneous and isotropic framework, where the O(d, d) symmetry is
equivalent to scale factor dulaity a — 1/a. For a suitable non-linear structure,
quasi de Sitter solutions with time dependent dilatons can be found in both
the string frame and the Einstein frame. As shown previously [160, ) ,

], homogeneous and isotropic fluctuations about the string frame solutions
can trigger an instability, although we have now shown that this is excited if
and only if the generalised dilaton is growing at the initial time ®(¢;) > 0.
The situation in the Einstein frame is even more delicate. Quasi de Sitter

solutions can and do exist in the Einstein frame, for particular non-perturbative
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extensions of the Neveu-Schwarz theory. However, these extensions do not
connect smoothly to the leading order Neveu-Schwarz theory. This means the
Einstein frame de Sitter solutions cannot be eternal to both past and future. In
other words, a de Sitter solution can survive for a finite period of time, or even
a semi-infinite time, but at some point towards either the future or the past,
the solution breaks down. The solution enters a new phase of the theory in a
neighbourhood of small string frame curvature, where Einstein frame de Sitter
solutions are no longer possible. Perhaps this should have been expected, as
the breakdown occurs in the perturbative regime where de Sitter solutions are
conjectured to be absent [18, 173, 174].

All of these results can be extended to include Bianchi I metrics. The O(d, d)
symmetry now plays a more interesting role than in the isotropic case, where
scale factor duality is accompanied by scale factor exchange a; <+ a;. This is
crucial, especially for the existence of de Sitter solutions in the Einstein frame
where the additional constraints required for existence in an anisotropic setting
are satisfied automatically thanks to O(d, d) symmetry.

A study of anisotropic cosmologies also raises the possibility of some dimen-
sions growing large and others becoming small. In such a scenario, where some
dimensions are expanding and some are contracting, it would be interesting to
study the existence of de Sitter behaviour along the expanding directions.

Although we have focused our analysis on the case of classical strings in
a critical dimension, for which the constant A = 0 in (6.1), the results are
easily extended to non-critical dimensions. This is because a non-vanishing
A < D — D, is easily absorbed into a redefinition of the function f that defines
theory to all orders in o/,

f—f—2A (7.87)

This changes the structure of the theory in neighbourhood of the origin, but
little else. For the string frame de Sitter solutions in the isotropic framework,

this will affect the boundary conditions (7.17), so that we now have g(0) =
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—2A. Similar relations hold in the anisotropic case. The stability analysis is
unchanged. For the Einstein frame, we can revisit the question of whether
or not the bespoke choice of f(H) can be smoothly connected to the desired
form in a neighbourhood of H = 0. Focusing on the isotropic case, we set

f(H) = —=2A+dH? + O(H*) and compute

= + O(H). (7.88)

Clearly this cannot be set equal to unity, as required for Einstein frame de
Sitter solutions with a time dependent dilaton. Thus, we conclude that the
situation is qualitatively unchanged from the critical case, D = D,, and one
cannot have eternal de Sitter solutions in the Einstein frame. The absence of
eternal de Sitter solutions is consistent with the so-called swampland conjec-

tures [18, 173, 174] and of course, the no-go theorem presented in [150].
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8.1 Conclusions

One of the most important discoveries in cosmology is that our universe is
expanding at an accelerating rate. The driving force is called “dark energy”
and is consistent with the vacuum energy or cosmological constant, whose tiny
density remains constant over time. When one calculates the contribution of
quantum fields to the vacuum energy, a surprising result is that the theoretical
result is much larger than the observational result. For example, if we take the
cut-off to lie at the TeV scale or beyond, the energy density of the vacuum is
then expected to lie at least 60 orders of magnitude higher than the scale of
dark energy. How to explain the small cosmological constant (CC) has been a
challenging problem in theoretical physics for many years. The arguably most
convincing explanation for accelerating expansion is that a positive cosmolog-
ical constant leads to approximate de Sitter spacetimes [145]. In this thesis,
we discuss several different aspects of de Sitter vacua in theoretical cosmology.
The thesis has two parts. We consider different string-inspired EFT models
which are related to the cosmological constant problem in Part I. Furthermore,
we explore the de Sitter vacua solutions in one kind of string cosmology model,

namely, O(d, d)-invariant cosmology, in Part II.

In Part I we study three aspects of de-Sitter vacua in string-inspired effective
field theory models. In Chapter 3, we consider a broad class of 4D effective
field theories, in which gravity is coupled to multiple four-forms and their
dual scalar fields, and membrane sources are charged under corresponding
three-form potentials. We list various approaches to obtain sufficiently dense
landscapes compatible with current vacuum observations. Furthermore, we

AM Ak?
T2

introduce a parameter X = and establish the general criteria required
to ensure the absolute stability of the Minkowski vacuum. Since the class
of models is quite broad and fine-tuning can be avoided mildly, we propose

a “probabilistic” argument to explain the cosmological constant, rather than
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the dominant anthropic principle [1].

In chapter 3, we establish the parametric conditions for X. In chapter 4
we explore in detail whether or not different models are compatible with the
membrane weak gravity conjecture. Although it is true that the models are
often incompatible with membrane weak gravity conjecture, we show that this
is not always the case and propose an explicit model in which Minkowski space
is absolutely stable and the weak gravity conjecture is satisfied. Moreover, we
show that this corresponds to an extension of the Bousso-Polchinski model
into a generalised DBI action for four-forms [2].

In chapter 5, we generalize the results of vacuum transtions in chapter 3
and 4 to D-dimension including the Gauss-Bonnet term. We find that the Eu-
clidean action of the bounce, B of Min, — AdS_ is proportional to k;(D_m,
which has a pole as k2 — 0 where k% is the curvature of the parent vacuum.

We find a new decay channel AdS, — dS_ as well. The physical meaning of

this new decay channel is still not clear. We will study it in the future [3].

In Part 1 we studied different aspects of de-Sitter vacua in string-inspired
EFT models. It is natural to ask what the properties of de-Sitter vacua in string
theory are. In Part II we explore the de-Sitter vacua solutions in one special
string cosmology model, namely, O(d, d) invariant cosmology. In chapter 7 we
perform an analysis of de Sitter solutions in O(d, d) invariant cosmologies thor-
oughly. For the homogeneous and isotropic framework we study the conditions
for the existence of de Sitter vacuum solutions that are non-perturbative in
o’ in both the string frame and Einstein frame. We elucidate the nature of
the instability in the string frame vacuum. We show that the de Sitter solu-
tions cannot be eternal in the Einstein frame. We then extend the analysis
to Bianchi I universes. We show how to extend the theory of homogeneous
and isotropic framework to the anisotropic case, allowing de Sitter solutions,
and note the crucial role played by the O(d,d) symmetry in satisfying any

additional constraints [4].
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8.2 Outlook

We end this thesis with a brief discussion for future work on related lines.

8.2.1 Fine-tuning problems

Reducing from ten dimensions to a positively curved (de Sitter) universe with
three observed families of chiral fermions, where all moduli are stabilized, re-
mains a challenging objective. We restrict ourselves to the study of intersecting
D6-branes models from the perspective of IIA string theory. Specifically, we
will address the following two aspects:

Part 1. There are at least three fine-tuning problems in theoretical physics:
the CC problem, the hierarchy problem and the strong CP problem. However,
only few works studied these three problems simultaneously. Therefore, we
are considering if the three fine-tuning problems can be “solved” within one
stringy model which can get the standard model or at least MSSM 1.

In [175-177], the authors claimed that the following 4D potential can explain

the strong CP problem
1
VEFT(Q> = —§X2 + (ma — QQCDAgQCD)X + ... (81)

where X is a four-form flux, a is the QCD axion and Agcp is axion decay

constant.

T6
ZQ ><Z2

When we consider type IIA theory compactified on orientifold, we

can get 4D potential which is rewritten in terms of four-form fluxes. The 4D
potential has three parts: Vgg, Vg and V;,. We noticed that the structure

of one term in Vgg is similar to (8.1) [178]. Therefore, it suggests that the

TG
Z2 ><Z2

CP problem.

orientifold model in type ITA theory might be used to solve the strong

IHere, “solved” does not mean that we can really solve these three problems simulta-
neously. It just means that if we can deal with these three problems within one stringy
model.
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In [179, | the authors claimed that we can obtain stable dS vacua for
STU model by uplifting anti-D6 brane. (STU model is a special case of type

ITA ZTG orientifold.) Therefore, the cosmologcial constant problem and the
2 X Z2

strong CP problem could be described in type ITA STU model simultaneously.
Furthermore, in [181] the authors considered the mass production of type ITA
dS vacua. As an example, they also considered the mechanism of mass pro-
duction in STU model.
We plan to split this study into a series of steps, following the ideas of [179—
|. First, we will seek supersymmetric Minkowski vacua. The superpotential
W of supersymmetric Minkowski vacua satisfy ;)W = 0 and W = 0. Second,
we will perform a small downshift AW to supersymmetric AdS vacua. Then
the total superpotential becomes W’ = W +AW. The AW is so small that the
properties of supersymmetric Minkowski vacua can still hold. The downshift
is necessary because without it, the vacuum with the observed cosmological
constant value, which is uplifted from the Minkowski state with V' = 0 to the
dS state with Vg = 1072°, would result in F? ~ 107'2°, This would make
the supersymmetry breaking too small. A manageable downshift disentangles
supersymmetry breaking from the smallness of the cosmological constant [151].
Third, we will perform an uplift to the dS vacua, using the anti-D6-brane, and
then compute the masses of axions, saxions and gravitino [179-181]. Since the
gravitino mass can be given by m3 /2= %, then if mg,5 is about 1 TeV (or 10
TeV), we can “explain” the hierarchy problem in STU model. The extremely
small cosmological constant requires that |Vaus| + Vpg = 0. Therefore, the
cosmological constant problem and the hierarchy problem could be related. In
conclusion, the three fine-tuning problems could be “solved” in the type ITA
STU model.
One weakness of this project that needs to be acknowledged is that the
calculation of uplifting is not reliable. However, AW is very small, so the
obtained AdS vacua are not deep AdS vacua. Then the calculation of uplifting

in this scenario is easier to control than deep AdS vacua. In some sense, this
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can be regarded as an indirect reason for the small value of the cosmological
constant. Nature gives us an easier problem. Only near Minkowski vacua can
the calculations become easier and reliable.

Part II. Intersecting D6-branes in type ITA string theory provide a natural

mechanism to realize chiral fermions at D6-brane intersections. Supersym-

T6

ZaxZa Ori-

metric Pati-Salam models arising from intersecting D6-branes on a
entifold in type ITA string theory can give a realistic particle model — the

Standard Model [182]. So in the future it is natural to ask if we can get the

T6

TaxZs orientifold. For ex-

values of some physical quantities from type ITA
ample, in [182], the mass of gravitino has been obtained, so we can use the
two relations m3 g = % and |Vaas| + Vg = 0 to obtain the value of the
cosmological constant. In addition, we can use the masses of axions in [132]
to constrain the form of (8.1).

One weakness of the calculation in Part II is that in [182] the authors turned
off the fluxes. However, in order to do moduli stabilization, we need to turn on
the fluxes. Therefore, we need to follow the logic of [182] to get the masses of

axions and gravitino with fluxes at first. Then we can obtain the cosmological

constant A and constrain the form of (8.1).

8.2.2 Gauss-Bonnet term and heterotic string theory

If we use standard Euclidean methods to describe tunneling between vacua,
it is well known that up-tunneling from AdS to dS vacua is impossible in
GR. However, we recently found that there exists an up-tunneling channel,
AdS, — dS_, if we include the contribution from Gauss-Bonnet term [3]. In
[183], the authors claimed that the up-tunneling channel, AdS, — dS_ can
be used to explain the Hubble tension problem. However, they did not find a

concrete example. Therefore, we can explore the following steps:
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Dark dimensions and the Hubble tension

We are going to study the model of [3] in dark dimension scenario. Following
the logic of [183], we can do compactification for the model of [3] from 5D
to 4D to get a potential V4 in 4D. It was recently noted that the Hubble
tension problem can be resolved if the cosmological constant parametrizing
the dark energy content switches its sign at a critical redshift z. ~ 2 [183]. We
can tune the parameter in V; to get an up-tunneling channel, AdS, — dS_.
Furthermore, if the critical redshift z. can be tuned to around 2, then we can
give a concrete example to solve the Hubble tension problem.

The Gauss-Bonnet term can be obtained from heterotic string theory. In
[181], the authors studied the 4D Minkowski and dS vacua and moduli sta-
bilisation in heterotic string. There are at least two ways to explore in the
future. On the one hand, we can obtain the 4D supersymmetric Minkowski
vacua and then do the uplift to dS vacua. We can mimic the logic of [181]
to get the mass production mechanism of heterotic string theory. Then the
hierarchy problem and the cosmological constant problem can be connected in
heterotic string theory. On the other hand, we can do dimensional reduction
of 10D heterotic action to get 5D effective action including the Gauss-Bonet
term. Similar to the last paragraph, we can do compactification from 5D to
4D to get the potential V4. Then following the logic of [183], we can explain
the Hubble tension problem. So the connection between the Hubble tension

problem and string theory could be built.
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Appendix A

Tunneling rates for Neumann
boundary conditions on the
three-forms

In semi-classical theory of vacuum decay, transition rates between vacua M, —
M_ are given by [32, 92, 93]

I —B/h
— ~ Al
Vol ~ € (A1)
where
B = Sg(instanton) — Sg(parent). (A.2)

Here Sg(instanton) is the Euclidean action evaluated on the bubble configu-
rations described above, interpolating between the vacua M, and M_. In
contrast, Sg(parent) is the Euclidean action evaluated on the complete parent
vacuum, M, with no bubbles.

The Euclidean action is

Tmazx 0~
Sg = (/ dr +/ dr) Lok (r) + [Ebdy]:zzc + Loem, (A.3)
0

+

Tmin

where the bulk Lagrangian is

IR 1 A'AT A1
_ 3 2 2 i
Lyur = —Sl3p <3Mpl {? + (;) } -V - 5&57 + O-iF - §wj¢;¢;) )
(A.4)
the boundary Lagrangian is
Loay = MGA" — pp’w? i), (A.5)
and membrane Lagrangian is
Linem = QiA (0) + Tp(0) + [pp*w ¢l (A.6)

and (); is membrane charge of type ¢ and T is membrane tension.
Now for r > 0, instanton and parent vacua are both in “+” vacuum, while
for r < 0 instanton is in “-” vacuum and parent vacuum is still in “4” vac-
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uum. The instanton has a membrane while the parent vacuum does not have
membrane. So

0~ 0~
b= / ALy (r) = / AL (r) = Loy (ro) = Loy (1) + Lo
(A7)

min min

We can compute

0~ 0~ 1 p/ 9
[ scoire-aCor (o 3+()
(A8)

where we have assumed that the scalars ¢; are constant. Considering (3.13)

and (3.15), we have
0~ 0~ 1 p, 2 ‘
/ dr Ly (r) = —Qg/ drp® | 3M e + (;) —3M3E + xic' | .
(A.9)

Now ) ,
/
L () o 6982(k(€r + 7o) ) (A.10)
p? p sin”(k(er +rg))

where € = £+1. Thus

2

" Gle 1 3 0 ‘
/ drLopur(r) = —Qs | — 12 €[§ cos”(k(er + o)), 4+ xic'Vin |, (A.11)

Tmin
where

Vin = / drp(r). (A.12)

Tmin

Since cos(k(€rmn +19)) = £1 if € = +1, then

0 2M7, 5 ,
/ dr Lyyr(r) = —Q3 ( [1 — ecos®(kry)] + XiCZVm> . (A.13)

T'min

Moreover, we have
Ly (Tmin) = AGA (Tmin) = Axi(AY(0) = Vi), (A.14)
where we have used (5.43) and
Lopem = Q3 (Q:A'(0) + Tp*(0)) . (A.15)

Therefore, the bounce B is given by

2

2Mpl 3 i i
B =Q3;A 12 1 —ecos®(kro)] + (1 — A, IXiCVin + A, X6 A'(0)

+QiA'(0) + Tp*(0),

(A.16)

where A denotes the value of \ at 7.

Tmin

1 o )
—(V+— ijCZC])—i-UiCZ s
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Recall that e = 1 WLOG, then the bounce is

B 2

1 — cos®(k , .

+ i (Axi) + Qi]AY(0) + Tp?(0).

(A.17)

Considering (3.35),
Ax; = —0;+=Q;, (no sum over 7). (A.18)

we have

B 1 — cos®(k
D onga (M) +TH0)

3 k2 (A.19)
+ (1= A )AGGEYin) + Qi A(0)).
If we choose the Neumann boundary conditions on the three-forms A, . =1,
the bounce B is
1
B = —QM;QgA <ﬁ[pl(r)3]gmm) —+ Qng?’(O)’ (AQO)

Therefore, we can obtain (3.44).



Appendix B

Tunneling rates for general
boundary conditions

We can generalize the result of Appendix B to general boundary conditions.
For a general choice of boundary condition on the three-forms, the tunneling
exponent computed from the geometry of the bounce is given by

B =By +(1—\Bp (B.1)

where By is the tunneling exponent computed for Neumann boundary con-
ditions (A = 1), given by (3.44), and Bp for Dirichlet boundary conditions,
given by

Bp =By =02 ) QiA(0) + { Z?jgffcz [30(r) = p/(r)*] } . (B2)

Tmin

Recall that for Neumann boundary conditions (A = 1), configurations with
k% < 0 and e, = —1 are always infinitely suppressed; for Dirichlet bound-
ary conditions (A = 0), they will also be infinitely suppressed provided (2V +
> 0ic") 4 < 0. If this is not the case, there will be a catastrophic instability.
For configurations of physical interest, the tunneling exponent simplifies. In-
deed, By is now given by (3.45) for Neumann boundary conditions on the
three-forms, and

le 3 ) T2 ,
—p(0)° | vAK" — ul =Y Q;A(0)
3T 20} 2;

20) M
+ ﬁ{(umﬁ? — (k%)) (1 - Tplp(O)Ak2) +
+ —

Bp =By + s (B.3)

4]\7;21;)(0) [0AR? — 2(k?)] }

for Dirichlet boundary conditions, where u = —6M2 +((2V 43, 05¢’) /k?) and
v=A[2V + 3, 0ic") /K.
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