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Abstract

This thesis addresses the increasing Electromagnetic Compatibility (EMC)
challenges posed by multiple Power Electronic (PE) converters operating si-
multaneously within a network. As current EMC standards predominantly
focus on single-device evaluation, a significant research gap exists in mod-
elling and predicting aggregate electromagnetic interference from multiple
converters. The research proposes a new application of Pearson’s Random
Walk (PRW) theory to characterise Common Mode (CM) electromagnetic

emissions in multi-converter configurations.

The investigation demonstrates that Pearson’s Random Walk provides an
effective statistical framework for modelling electromagnetic emissions from
multiple PE converters, where traditional deterministic approaches have
proven inadequate. The model is based on the assumption that the sole
variable under control is the switching-ON time of the converters. The
model employs vectors that represent the phase of waveforms being pro-
duced by each converter, associating converter switch-ON times with vector
angles to predict aggregated electromagnetic interference. This approach
was verified through both simulation studies of eight identical converters

and experimental measurements with three DC/DC converters.

Statistical verification through empirical and theoretical cumulative distri-

bution function (cdf) confirmed the model’s validity regardless of harmonic



number. Furthermore, the research presents the first explicit computation
of the probability that electromagnetic interference is reduced in a multi-
converter configuration compared to a single-converter arrangement. Re-
sults indicate that whilst electromagnetic interference reduction is possible,

this probability diminishes with an increasing number of converters.

The developed methodology offers manufacturers and network operators
a robust framework for predicting worst-case electromagnetic emissions in
multi-converter systems, thereby addressing requirements specified in cur-
rent electromagnetic compatibility directives. This contribution advances
the standardisation efforts of the IEC CISPR Working Group 4 concerning

the impact of increased device quantities on electromagnetic compatibility.
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Chapter 1

Introduction

1.1 EMC Problem

Electromagnetic Compatibility (EMC) is concerned with the generation,
transmission and reception of electromagnetic energy. The classical EMC
problem is depicted in Fig. 1.1: a source generates the emission that is
transmitted to a victim (or receiver) through a coupling path in forms
of radiation or conduction. In general, EMC focuses on ensuring electrical
and electronic equipment operates correctly within its Electromagnetic En-
vironment (EME) without producing unwanted electromagnetic emissions

that might cause other devices to malfunction. EMC typically requires [1]:

1. To mitigate any susceptibility to Electromagnetic Interference (EMI)

which usually requires immunity testing;

2. To ensure that an electrical or electronic device does not act as a

potential source of EMI, which usually requires emissions testing.

Susceptibility to EMI is generally self-limiting, as products that are vul-
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Figure 1.1: Description of the EMI model.

nerable will not function properly and will not satisfy the requirements to
be placed in the market. Emissions, on the other hand, present a more
complex challenge as a device might operate as intended while still gener-
ating interference that compromises the performance of other equipment.
This thesis addresses the latter concern, specifically developing a statistical
approach to estimate the aggregate electromagnetic emissions of multiple

cooperating devices.

1.2 EMI Issues in PE Converters

EMC concerns not only the performance of an electronic device in isola-
tion and within its operational frequency band, but also its behaviour when
operating alongside an increased number of devices. The proliferation of
Power Electronic (PE) converters represents a significant trend, as these
devices play a crucial role in the conversion of electrical energy to achieve
higher efficiency, lower emissions and better system performance. PE con-
verters transform, process and control electrical power and energy. These
systems convert input power according to specified control parameters, to
produce conditioned output power. The power rating of these converters

spans a vast range [2]:
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Less than one watt in DC/DC converters within battery-operated

portable equipment;

Tens to thousands of watts in power supplies for computers;

Kilowatts to megawatts in variable-speed motor drives;

Up to 1,000 megawatts in rectifiers and inverters that interface DC

transmission lines with AC utility power systems.

Common type of converters include:

1. DC/DC converters, which are used to step up or down a DC input

voltage into another level of DC output voltage;

2. AC/DC converters (rectifiers), which convert an AC input voltage

into a DC output voltage;

3. DC/AC converters (inverters), which transform a DC input voltage

into an AC output voltage of controllable magnitude and frequency;

4. AC/AC converters (cycloconverters), which convert an AC input volt-
age to a given AC output voltage of controllable magnitude and fre-

quency.

PE converters are deployed across multiple critical domains. The following

sections present key power electronics applications.

PE play a crucial role in renewable energy systems by interfacing renewable
sources such as Photovoltaic (PV) panels and wind turbines with the elec-
trical grid. These converters enable the conversion of variable DC output
from renewable sources into stable AC power suitable for grid integration

[3, 4]. Moreover, PE converters are integral to the operation of microgrids
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(DC or AC), which are localised grids that can operate independently or

in conjunction with the main grid [5-§].

In Electric Vehicles (EVs), PE converters manage energy flow between
the battery, electric motor and charging systems. DC/DC converters step
down the high battery voltage to lower levels suitable for auxiliary systems
present in the vehicle. These converters are also used for energy manage-
ment, allowing the vehicle to either draw power from the battery or feed

energy back into it [9, 10].

In aerospace, the trend toward More-Electric Aircraft (MEA), Hybrid Elec-
tric Aircraft (HEA) and All-Electric Aircraft (AEA) architectures has sig-
nificantly increased the reliance on PE converters. This transition is driven
by the aerospace industry’s imperative to address environmental concerns,
reduce maintenance requirements, and ensure cheaper and more convenient
flights. PE converters are systematically replacing traditional hydraulic
and pneumatic systems with electrical equivalents, leading to improved ef-
ficiency and reduced weight [11-13]. Furthermore, the use of wide-bandgap
semiconductors, such as Silicon Carbide (SiC) and Gallium Nitride (GaN)
is becoming prevalent in aerospace applications due to their ability to op-
erate in harsh environments and to enhance the efficiency and thermal

performance of converters [14].

Finally, PE converters are extensively deployed in data centres and service
facilities for voltage regulation purposes. For instance, buck converters per-
form voltage step-down operations while maintaining precise voltage reg-
ulation, which is essential for the reliable operation of sensitive electronic
equipment typically deployed in these environments [15]. The capability
of these converters to deliver regulated outputs is fundamental, as power

supply variations may result in system instability and potential equipment
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degradation [16]. Furthermore, PE converters significantly enhance en-
ergy efficiency within data centres. The implementation of high-density
converters incorporating advanced semiconductors such as SiC, GaN and,
Gallium Arsenide (GaAs), enables operation at elevated frequencies with
enhanced dynamic performance characteristics, which proves to be advan-
tageous in terms of energy consumption [17]. However, the implementation
of PE converters presents specific challenges. Firstly, the electromagnetic
interactions among multiple converters may generate EMI and compromise
power quality, potentially degrading overall data centre performance [18].
Secondly, the degradation and the aging of PE components poses significant

reliability concerns for data centres [19].

1.2.1 Source of EMI: Switch Mode Power Converters

In all of the applications described above, PE converters predominantly
employ switch-mode power conversion techniques where power semicon-
ductors operate as controlled switches. The fundamental principle relies
on modulating the ratio between conduction (on-time) and blocking (off-
time) states through various switching patterns that allow to control the
output voltage and current. Advanced semiconductor technologies such
as Insulated Gate Bipolar Transistor (IGBT) and Metal Oxide Semicon-
ductor Field Effect Transistor (MOSFET) [20-22] have enabled significant
reductions in switching transition times [23]. However, while these faster
switching transitions improve energy conversion efficiency, they simultane-
ously generate more rapid voltage and current transients. From an EMC
perspective, as it will be discussed in the next chapter, rapid current vari-
ations (%) and voltage variations (%) resulting from power converter

switching states are sources of electromagnetic emissions [24]. The steep
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slopes of the waveforms excite multi-mode oscillations through parasitic
coupling mechanisms. These rapid changes generate electromagnetic pulses
that manifest as radiated interference, or couple through parasitic induc-

tances and capacitances to create conducted interference [25].

v(t), ‘ lon
i(t) _Vaff |<_’|

Figure 1.2: Rate of change of current (di/dt) and voltage (dv/dt) during
transistor switching-ON for: (a) linear and (b) exponential voltage and
current waveforms [24].

Fig. 1.2 illustrates the rate of change for voltage (blue) and current (red)
during switching-ON transitions for both linear waveforms (a) and expo-
nential waveforms (b). The exponential case represents a more realistic

approximation of transistor behaviour, albeit still simplified. In case (b),
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the exponential voltage and current waveforms demonstrate that during
the switching-ON process, voltage decreases more rapidly whilst current in-
creases slower compared to case (a), resulting in reduced total switching
losses (denoted as Py, in the middle facet). The minimisation of switching
losses by reducing the total switching-ON time (equivalently by increasing
voltage and current derivatives), is recognised as a fundamental source of
EMI in switch-mode power converters [24]. Such emissions are undesirable
as they may adversely affect other equipment or the common electromag-

di
netic environment. Furthermore, EMI results from a combination of <E) ,

dv
(a) at each switching instant and the repetition rate of the switching
(i.e., the switching frequency). The switching frequency also significantly

influences the EMI spectrum.

Fig.1.3 shows an example of a spectrum of trapezoidal waveform where the

rise time and fall time are equal.

1KV | 180
1/t
1 -

100V 4 il 160
3 anE =
s \\\ = :
£ 1ov & 140 o
s A g
=4 =
g fis =
E 1V 4 ‘ 120 &
5 ] g
& ] i e g
< 100 mV Voo 100 3
[=2] 3 QD
£ 3 fr—"n—f\ / =
g b ’ ’..r’:'f—,‘ " %
o | 8 o =

f1 |T=1oo ps, £ =10ps, £=t=0.1ps, V,, =500
smv AR 6
10 kHz 100 kHz 1 MHz 10MHz 30 MHz
Frequency (Hz)

Figure 1.3: Exemplary spectrum of trapezoidal waveform with equal rise
time and fall time. [24].
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Figure 1.4: CM and DM current paths in a DC/DC converter.

1.2.2 Electromagnetic Emissions

The electromagnetic emissions manifest in two distinct modes: Common
Mode (CM) and Differential Mode (DM). Fig. 1.4 shows the CM (red) and
DM (blue) paths for the current. Although these modes typically coexist,
CM emissions pose the more significant interference challenge [26, 27] and,
therefore, in this thesis the focus will be on CM currents. The characteristic
oscillatory behaviour of CM currents is determined by two key factors: the
voltage slope (%) of CM voltage transitions and the resonant frequen-
cies and damping factors of the current paths [25]. Such electromagnetic
phenomena coupled with the increasing deployment of simultaneously op-
erating PE converters, intensify interference risks in nearby electronic de-
vices. Consequently, new EMC solutions must be developed to address

these challenges.

Electromagnetic emission propagation depends on spectral content, while
electronic device susceptibility to interference varies with frequency. This
relationship between emissions and frequency-dependent susceptibility has
led to the development of EMC standards. Electromagnetic emissions
are categorised into four distinct classifications according to contemporary

standards. These classifications are defined by two characteristic frequency
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boundaries 9 kHz and 30 MHz, as illustrated in Fig. 1.5 [28]:

1. The frequency range above 9kHz is known as Radio Frequency (RF)
range. The 9kHz frequency is also defined as the limit for Low Fre-
quency (LF) and High Frequency (HF) bands, as defined by IEC
60050-161 [29];

2. The 30 MHz limit differentiates EMC phenomena for conducted emis-
sions below 30 MHz and radiated emissions above 30 MHz. Below this
frequency, electromagnetic energy predominantly transfers through
conductive paths such as cables and other conducting structures.
Above 30 MHz, electromagnetic energy propagates primarily through

space as electromagnetic waves [30].

' 3
l«——— PQ/LF EMC—»4«—— HFEMC >
KV - ' | | | | \ '
- ' | | 1 . i
< T Conducted —D]A— Radiated ——---a---- >
3 v ; : I [ I 1
s : ! | [ |
2 ' | | | l |
i< , | I | | |
Fmv : L I | |
= E | | ' : | |
! Harmonics :HF Harmonick : : :
Y : ! | I | |
H I I | |
: [ I I ] : |
: I n I
DC 50/60 2k 9k 150k 30M 300M 1G g

Frequency (Hz)

Figure 1.5: Electromagnetic emission frequency band [30].

Fig. 1.5 represents the magnitudes of currents and voltages from electro-
magnetic emissions of electronic devices. In general, the magnitudes of
electromagnetic emissions in power electronic applications decrease with
frequency. Indeed, the graph starts at a few millivolts for frequencies close
to the grid frequency and reaches much smaller values of microvolts or mi-
croamperes in the upper frequency range of the conducted EMI band, close
to 30 MHz. Even such low voltages and currents can be harmful due to the

high frequencies that result in propagation through parasitic coupling [28].

9
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In conclusion, PE converters, predominantly utilising advanced semicon-
ductor technologies such as MOSFET or IGBT, generate significant elec-
tromagnetic emissions within the HF conducted emission range of 9kHz to
30 MHz, corresponding to typical switching frequencies. These emissions
can rapidly propagate through conductive paths. As mentioned above, the
primary source of EMI in PE converter systems stems from rapid voltage
and current transitions, which couple both inductively and capacitively to

nearby conductors.

1.3 Directives and Lack of standards

As stated above, PE devices are increasingly used not just independently,
but in cooperation with other equipment. This introduces EMI risks, ne-
cessitating appropriate EMC solutions. All electronic devices, including
PE converters, must comply with current EMC regulations before market
placement. In the United Kingdom, these requirements are specified in ‘the
Electromagnetic Compatibility Regulations - SI 2016/1091°, where Sched-
ule 1 (Essential Requirements), article 1 [31] states: “Equipment must be
so designed and manufactured, having regard to the state of the art, as to

ensure that:

(a) the electromagnetic disturbance generated does not exceed the level
above which radio and telecommunications equipment or other equip-

ment cannot operate as intended;

(b) it has a level of immunity to the electromagnetic disturbance which
allows it to operate without unacceptable degradation of its intended

7

use.
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1.3. DIRECTIVES AND LACK OF STANDARDS

The EMC requirements established within the European Union’s EMC Di-
rective 2014/30/EU [32], specifically in Annex I (Essential Requirements),
Section 1(a), present analogous stipulations to the British regulation. Fur-
thermore, Clause 14 of said directive emphasises that “manufacturers should
construct equipment intended to be connected to networks in a way that
prevents networks from suffering unacceptable degradation of service.” Of
particular significance is Clause 31, which addresses devices capable of mul-
tiple configurations. The clause stipulates that EMC assessment shall ver-
ify compliance with essential requirements across all configurations that the
manufacturer deems foreseeable. In such instances, it is deemed sufficient

to conduct assessments focusing on two critical configurations:

e “The configuration most likely to cause maximum disturbance;

e The configuration most susceptible to disturbance.”

The requirements outlined in these directives raise the following questions:

What is the total effect when multiple EMI sources are connected to

the same system?

How do the operating conditions of each individual source affect the

total EMI?

How can the worst-case scenario be defined?

e How can manufacturers be best advised in testing their devices and

predicting EMC outcomes?

The directives require manufacturers to consider worst-case scenarios in
EMC assessments; however, this requirement presents methodological chal-

lenges, as the directives provide no guidance on how to achieve this, despite

11



1.3. DIRECTIVES AND LACK OF STANDARDS

making it mandatory. Such guidance is particularly relevant due to the un-
predicted device configurations that may arise. A fundamental limitation
exists in current standardisation approaches which focus on single-device
evaluation. However, this presents a fundamental issue - while individ-
ual device EMC compliance may be achieved, multiple devices operating

simultaneously may not meet this requirement. This can be expressed as:

CEindividual + CEmultiple

where individual EMC compliance does not guarantee EMC compliance
in multi-device scenarios. For instance, in the context of data centres,
EMI phenomena can manifest when PE devices, such as inverters (e.g.,
PV inverters), interact with energy meters. To illustrate this point, even
though a single solar inverter installed on a roof may not cause energy
meters to malfunction, installing an array of solar inverters provides no
guarantee of continued proper meter function. Indeed, Leferink et al. [33]
demonstrated that devices meeting individual CE marking requirements,
can fail to operate correctly when integrated into larger systems due to

EMI, manifesting as unreliable meter readings.

Thus, models for predicting electromagnetic behaviour in N-device configu-
rations become necessary [34]. The directives specify requirements without
providing implementation methodologies. This omission represents a sig-
nificant research gap as models for predicting electromagnetic behaviour in
multi-device operations are required. This thesis aims to investigate new
measurement and simulation methodologies for characterising and predict-
ing EMI in multi-converter configurations. Furthermore, the research aims
to derive models capable not only of predicting electromagnetic behaviour

but also of computing the probability for reducing EMI in multi-converter

12
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configurations which can lead to furture work such as development of algo-
rithms for EMI mitigation. This objective aligns with the work of the IEC
CISPR Working Group 4, which focuses on the impact of increased device

quantities on EMC and radio protection [35].

1.4 Proposed Method

The primary objective, as understood from above, is to derive and verify
models for configurations in which multiple PE devices operate simultane-
ously. Furthermore, models capable of predicting electromagnetic emissions
from multiple devices operating concurrently, based on the behaviour of an
individual device, are required. Both the EMC and PE research communi-
ties have investigated the modelling of multiple interference sources [36-43].
However, existing approaches address this challenge through purely deter-
ministic approaches, as will be examined in Chapter 2. These methods
characterise converter disturbances through deterministic models, which
raise questions about their suitability. A significant limitation of deter-
ministic approaches lies in their restricted representation of actual system
behaviour. These approaches do not account for the limited control over
PE devices within the grid, for example of the phase of the carrier signals
of each device. Here is where statistical approaches can help in taking these

aspects into account.

To demonstrate this concept, consider a simulated configuration of two
ideal PE converters as shown in Fig. 1.6, comprising two DC/DC full-
bridge converters with resistive-inductive elements representing the para-
sitic components in both the converters and their connecting bus bars. The

parasitic capacitance C), creates a path for the CM current to flow (in red).

13
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Figure 1.6: Two DC/DC converters, each comprising a full-bridge topology
with asymmetric parasitic capacitance (Cp) to ground. CM current path
indicated in red.

The resistive-inductive elements interact with the converter’s parasitic ca-
pacitance C), to produce an oscillatory CM current waveform. Fig. 1.7
illustrates the CM currents generated by these converters, with each cur-
rent exhibiting damped oscillations. The first converter activates at t = 0
(upper panel), while the second activates after a phase delay of 180 degrees
(middle panel). The sum of CM currents (lower panel) results in complete

cancellation, representing optimal EMI performance (best case scenario).

In contrast, Fig. 1.8 illustrates the scenario in which the second converter
activates with a 360-degree phase delay (middle panel) relative to the first
converter, which activates at t = 0 as before (top panel), resulting in a
doubling of the CM current. This configuration represents the maximum

emission scenario (worst-case).

These observations lead to two questions:

1. What is the electromagnetic behaviour between these two extreme

cases?
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Figure 1.7: Common-mode current damped oscillations of two power elec-
tronic converters operating out of phase.
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Figure 1.8: Common-mode current damped oscillations of two power elec-
tronic converters operating in phase.
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2. Are there additional configurations that could produce equivalent

worst-case emission scenarios?

The idea that this thesis is proposing, is to take a worst case scenario
for characterising worst-case electromagnetic emissions in multi-converter
systems. A simplistic approach to quantifying the aggregate CM noise gen-
erated by N converters would suggest multiplying the maximum emission
level of a single converter operating at full load by N. However, this ap-
proach does not account that all of those converters have different switching
phases, which can lead to a degree of natural cancellation in the aggregate

CM noise, as previously demonstrated.

To address this challenge, statistical approaches are necessary to accurately
model the EMI generated by multiple PE converters. This thesis proposes
the application of Pearson’s Random Walk theory as a suitable mathemat-

ical framework.

Pearson’s Random Walk

The main idea is that when considering multiple PE converters connected
to a DC microgrid, and each of these converters injecting CM noise into the
system, it becomes essential to understand how to quantify the CM noise
from any number of converters, based on the knowledge of the CM noise of
a single converter. This quantification allows us to examine the influence

of the combined CM noise on other equipment.

This thesis proposes the application of Pearson’s Random Walk as a statis-
tical technique for modelling common-mode noise in multi-converter con-
figurations. In this approach, each converter is identified with an element

of the random walk, with converters switched-ON with a random walk pat-
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tern. Similarly to predicting the system state after N random steps, this
methodology predicts the contributions of an increased number of convert-

ers to the total emission levels when N converters operate simultaneously.

1.5 Research Project: SCENT

SCENT

This research was conducted within the framework of Smart Cities EMC
Network for Training (SCENT), a Marie Sklodowska-Curie Action project
supported by the European Union’s Horizon 2020 programme under grant
agreement no. 812391. The initiative addressed the challenges of EMC
in Smart and Sustainable Cities, particularly concerning the complex elec-
tromagnetic interactions between power electronic devices. Furthermore,
the research was focused on the impact of the increasing number of elec-
tronic devices on EMC which included methods for EMI measurement in

multi-converter configurations.

Scent was a consortium of three academic institutions: the University of
Nottingham (United Kingdom), the University of Twente (Netherlands)
and the University of Zielona Géra (Poland). The programme aimed to
develop highly skilled EMC engineers through specialised training and net-

working opportunities.

This thesis was conducted within Work Package 6, which contributed to the
project’s objectives through statistical and probabilistic analysis, and Work
Package 7, which focused on measurement techniques and experimental

evaluation of power networks.
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1.6. THESIS OBJECTIVES

This project has received funding from the Furopean Union’s Horizon 2020
research and innovation programme under the Marie Sktodowska-Curie grant

agreement No 812391.

1.6 Thesis Objectives

The main objective of this thesis is to demonstrate that statistical methods,
can be effectively applied to EMC problems, including describing multi-

source EMI scenarios.

More specifically the thesis has the following specific objectives:

1. propose a methodology to characterise the electromagnetic behaviour

of multiple PE devices from an EMI perspective;

2. discuss whether the proposed methodology, based on Pearson’s Ran-

dom Walk, is applicable to PE converters;

3. verify the proposed methodology through both simulation and exper-

imental investigation;

4. quantify the probability of EMI reduction in multi-converter config-

urations compared with single converter arrangements.
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1.7 Thesis Contributions

The contributions of this thesis are as follows:

e The thesis addressed several objectives established by the IEC CISPR
Working Group 4 - Impact of ‘increased number of devices’ on EMC
and radio protection [35]. Specifically, the work of this thesis aligned
with the group’s investigation into new measurement and simulation

methods for EMI in multi-converter configurations.

e The thesis developed a novel application of Pearson’s Random Walk
theory to analyse electromagnetic emissions in PE converter systems.
Although this statistical methodology is well-established in its orig-
inal domain, it has not previously been applied to EMC analysis.
In this context, the thesis presented a mathematical framework for
modelling the aggregation of electromagnetic emissions across multi-

ple PE converters.

e The thesis developed a methodology to test and verify the Pearson’s
Random Walk model in the EMC field. The method was verified
through both simulation and experimental data, with results con-

firming its validity.

e The thesis provided a mathematical formulation to calculate the prob-
ability of electromagnetic emissions reduction in multi-converter con-
figurations, compared to single-source interference scenarios. This
theoretical framework was verified through both simulations and ex-
perimental measurements on a real test setup. The results demon-
strated close alignment with the theoretical formula. Notably, this
probabilistic approach to electromagnetic emissions reduction had not

been previously addressed in the literature.
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1.8. RESEARCH PUBLICATIONS

The research presented in this thesis is based on three conference papers

and one journal paper authored by the thesis author.

1.8 Research Publications

The following research papers were published under the SCENT project

with the author as the main contributor:

Journal publication:

e E. Ballukja, K.Niewiadomski, P. Koch, J. Bojarski, P. Evans, N. Moo-
nen, M. Sumner and D. W. P. Thomas, “A Pearson’s Random Walk
Method of Estimating the Electromagnetic Emissions of N Parallel
Connected Power Electronic Converters” in IEEE Transactions on
Electromagnetic Compatibility, vol. 67, no. 3, pp. 1004-1015, April
2025, doi: 10.1109/TEMC.2025.3556297.

Conference proceedings:

e E. Ballukja, K. Niewiadomski, D. W. P. Thomas, S. Sumsurooah, M.
Sumner and J. Bojarski, “A Statistical Approach to Predict the Low
Frequency Common Mode Current in Multi-Converter setups,” 2023

IEEE Symposium on Electromagnetic Compatibility € Signal/Power
Integrity (EMC+SIPI), Grand Rapids, MI, USA, 2023, pp. 7-12;

e E. Ballukja, I. Aitbar, K. Niewiadomski, D. W. P. Thomas, M. Sum-
ner and R. Smolenski, “Stochastic Approach to Modelling Emissions
of Multiple Power Electronic Converters,” 2023 IEEE 7th Global Elec-
tromagnetic Compatibility Conference (GEMCCON), Nusa Dua, In-

donesia, 2023, pp. 28-28;
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e E. Ballukja, K. Niewiadomski, A. Pena-Quintal, D. W. P. Thomas,
S. Sumsurooah and M. Sumner, “Stochastic Modelling of Power Elec-
tronic Converters under Uncertainties,” 2022 IEFE International Sym-

posium on FElectromagnetic Compatibility € Signal/Power Integrity
(EMCSI), Spokane, WA, USA, 2022, pp. 232-237.

Additionally, the following publications were produced under the SCENT

project as a co-author:

Conference proceedings:

e K. Niewiadomski, E. Ballukja, P. Lezynski and N. Moonen, “On Sen-
sitivity Analysis Techniques for PE Circuit Simulation,” 202/ Inter-
national Symposium on FElectromagnetic Compatibility - EMC Eu-

rope, Bruges, Belgium, 2024, pp. 162-167;

e . Aitbar, S. Voskresenskyi, E. Ballukja, D. W. P. Thomas and S.
Greedy, “EMI Modelling and Validation Methods in Electrified Rail-

ways,” 2023 International Symposium on FElectromagnetic Compati-

bility - EMC Europe, Krakow, Poland, 2023, pp. 1-5;

e S. Voskresenskyi, I. Aitbar, E. Ballukja, K. Niewiadomski, D. W. P.
Thomas and S. Greedy, “State of the Art of Near-Field Scanning:
Contemporary Standards and Methods,” 2023 IEEE 7th Global Elec-
tromagnetic Compatibility Conference (GEMCCON), Nusa Dua, In-
donesia, 2023, pp. 29-30;

e A. D. Khilnani, A. E. Pena-Quintal, E. Ballukja, M. Sumner, D. W.
P. Thomas, L. Sandrolini and A. Mariscotti, “Influence of Impedance
Interaction & Comparability on Spectral Aggregation (2-150 kHz) in
DC Grids,” 2022 International Symposium on Electromagnetic Com-
patibility - EMC' Europe, Gothenburg, Sweden, 2022, pp. 788-792;
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e A. D. Khilnani, K. Niewiadomski, C. Rose, M. Sumner, D. W. P.
Thomas, E. Ballukja, L. Sandrolini, A. Mariscotti, “Power Quality
Analysis (0-2kHz) in DC/DC Converters under Steady State and
Transient Conditions,” 2020 International Symposium on FElectro-

magnetic Compatibility - EMC Europe, Rome, Italy, 2020, pp. 1-5.

1.9 Thesis Structure

The rest of the thesis is structured as follows:

Chapter 2 discusses the origins of electromagnetic emissions in PE con-
verters and their aggregate effect in multi-converter configurations. Sub-
sequently, the chapter reviews current literature concerning the modelling
of multiple EMI sources, demonstrating the limitations of deterministic

methods and establishing the need for statistical analysis.

Chapter 3 introduces the concept of Pearson’s Random Walk and estab-
lishes its analogy to the behaviour of multiple PE converters. The chapter
presents a mathematical model for the summation of electromagnetic emis-
sions in multi-converter configurations. Furthermore, it examines Kluyver’s
solution regarding the distribution of contributions to emission levels gen-

erated by multiple PE converters.

Chapter 4 presents the verification methodology for the Pearson’s Random
Walk model. The primary objective is to verify that Pearson’s Random
Walk, which generates vectors in various directions analogous to a random
walk process, can characterise the behaviour of multiple PE converters.
The verification comprises two stages: a simulation framework using eight

identical converters, each connected to an individual DC source, and an
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experimental implementation using three DC/DC converters. The results
demonstrate successful verification through both simulation and experi-

mental data.

Chapter 5 presents the statistical verification of the Pearson’s model using
empirical cumulative distribution function (ecdf). The results are struc-
tured as follows: first, a comparison of the Pearson’s model with simulation
and experimental data using ecdf is presented. Then, the chapter concludes
by computing the probability of EMI reduction in a setup with multiple

converters configuration versus single converter configuration.

Finally, chapter 6 concludes the thesis by summarising the key findings of

the proposed method and outlines possible ways of extending this research.
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Chapter 2

Literature Review

2.1 Power Electronics as a Source of EMI

The widespread adoption of PE converters, their integration with power
networks, and the adoption of wide-bandgap semiconductors such as Gal-
lium Nitride (GaN), Silicon Carbide (SiC) and Gallium Arsenide (GaAs)
have resulted in significantly reduced switching transient times (ton and
torr), presenting EMC challenges [44]. These converters typically operate
within interconnected systems, where multiple devices function simultane-
ously and continuously, introducing additional EMC concerns [45]. Fur-
thermore, converters may experience beating phenomena due to minor
variations in operating switching frequencies, which may result in further
EMC issues [46]. This section analyses these phenomena with respect to

EMI generation in PE converters.
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2.1. POWER ELECTRONICS AS A SOURCE OF EMI

2.1.1 PWM Operation: a Brief Reminder

Pulse Width Modulation (PWM) is a fundamental control technique in
PE converters as it enables efficient power control with minimal switching
losses while maintaining precise voltage regulation through duty cycle ma-
nipulation. An idealised PWM operation is illustrated in Fig. 2.1 where a
square wave governs the switching-ON and the switching-OFF of transistors
within a PE converter. The square PWM signal considered in the figure is
characterised by duty cycle d, a rising edge t,, and a falling edge t,¢, while
At represents the switching period. Modulating the duty cycle controls
the output voltage levels, while the slopes of the rising and falling edges

typically manifest in the EMI spectra.
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Figure 2.1: PWM signal with indicated parameters.

2.1.2 Origins of Electromagnetic Emissions from Rapid

Transistor Switching

PE converters employ modern fast switching devices such as IGBTs and

MOSFETSs. The use of these fast switching devices provides benefits such
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as reduced switching losses and increased converter efficiency. However,

they also introduce negative effects, particularly from an EMI perspective.

d
The primary source of EMI in PE converters arises from the high (d_:>

dt
sulting from the switching operations. The steep slopes of the waveforms

di
and <—) of the nearly square-wave voltage and current waveforms re-

in presence of parasitic couplings (mainly capacitive) generate EMI spec-

tra [47].

During steady-state operation, the switch operates in two states: ON
(v(t) = 0) and OFF (i(t) = 0). These states exhibit negligible losses.
However, power losses occur during switching transitions. These power
losses can be expressed as [48]:

to+ton

Py = / v(t)i(t) dt, (2.1)

to

where

o P, represents the power dissipated during the switching event;
e v(t) denotes the voltage across the switch;

e i(t) denotes the current through the switch.

Fig. 2.2 illustrates the switching losses (middle facet) associated with the

transistor switching-ON process for exponential waveforms which provide

a simplified representation of transistor voltage and current. To reduce

switching losses, various methods are used, focusing on increasing either the
: . dv : L di

voltage time derivatives o) o current time derivatives ) both

(lower facet). From an EMC perspective, voltage and current changes in

switch-mode power converters generate electromagnetic emissions, which

must remain within specified limits [49]. Consequently, a fundamental
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trade-off exists between efficiency and power density versus electromagnetic

emissions and EMC compliance in converter design.
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Figure 2.2: Rate of change of current (di/dt) and voltage (dv/dt) during
transistor switching-ON for exponential voltage and current waveforms [24].

The spectrum of electromagnetic emissions from PE converters spans a
wide frequency range, from low frequencies to higher harmonics. A typical
spectrum plot for the CM current is shown in Fig. 2.3 for a single converter
(top panel) and for N = 4 converters (bottom panel). The most prominent
characteristic is the presence of multiple harmonics at integer multiples of
the fundamental switching frequency. An increase in switching frequen-
cies causes the high-energy interference to shift into the frequency range
corresponding to conducted EMI range (9kHz - 30 MHz) where converters

typically switch [50].
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Figure 2.3: CM current spectrum plots: a) for a single converter, b)for
N = 4 converters [51].

The relationship between waveform characteristics and the conducted emis-
sions spectra, which enables the evaluation of how switching characteristics
influence electromagnetic emissions and their spectral content [52], will not
be considered in this chapter, as this would greatly complicate the analy-
ses. The effect of multiple electromagnetic sources will be discussed in the

following subsection.
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2.1.3 Aggregation of Electromagnetic Emissions

The switching elements in PE circuits, as mentioned above, are the primary
sources of conducted electromagnetic emissions. Rapid variations in cur-
rent <%) and voltage (%) couple inductively and capacitively through
parasitic elements onto other conductors. The electromagnetic emissions,
as introduced in the previous chapter, may be separated into Common
Mode (CM) and Differential Mode (DM). The CM noise is a type of EMI
induced on signals with respect to a reference ground. The remaining total
conducted EMI is defined as DM. These modes typically occur together,
with circuit asymmetries leading to coupling between them. However, the
common mode causes most interference problems; therefore, in this thesis
the focus will be on CM currents. A typical CM current shape is shown in
Fig. 2.4, which depicts the measured current flowing through the enclosure

parasitic capacitance of a half-bridge converter.

0.04-
P I
= 0.02 | i
. i J /\
"9 ( | \/“ \‘ /ﬂy\ A
S \ f \ / \‘\ J/L\ ‘w”m“MUM\MF\JFMMMWMW
\/‘( \v \vv‘
0.00 0.25 0.50 0.75 1.00

Time (us)

Figure 2.4: A typical CM current waveform exhibiting damped oscillations
measured in a half-bridge evaluation board.
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Figure 2.5: CM current paths in a generic PE converter circuit.

Fig. 2.5 illustrates a generic PE circuit and the CM current paths. Typi-
cally, several CM paths exist [53]. In the example shown in this figure, a
significant path comprises the loop formed by the source, filter, power con-
verter and load. The main common mode coupling occurs through stray
capacitance to ground and cable capacitance to ground. In the power con-
verters, among the most significant parasitic elements are the capacitance
to ground of the transistor collector and the capacitance to ground of the
terminals of the diodes [48]. Furthermore, the aggregation of conduced
emissions from multiple connected PE converters could be challenging to
assess. Stray capacitances are very variable and require a statistical ap-

proach.

2.1.4 Origins of Electromagnetic Emissions from Beat-

ing Phenomena

Individual converters operating at slightly different switching frequencies
can generate beating phenomena, resulting in slow temporal variations in

emission amplitudes [46]. The phenomenon of beating is discussed in [45],
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Figure 2.6: Envelopes of signals produced by the superposition of multiple
sinusoidal components, illustrating the beating phenomenon [45].

which examines the envelope patterns created by the aggregation of sinu-
soidal components with slightly different frequencies and uniform ampli-
tude. Fig. 2.6 shows signals formed by the addition of different number
of sinusoidal components with random initial phase. These components
operate at 15 kHz with a 0.02% random frequency variation. It is evident
that smaller frequency differences produce slower variations in the aggre-
gated signal envelopes. From a measurement perspective, greater precision
in converter switching frequency results in slower EMI envelope variations,

necessitating extended measurement periods for accurate EMC evaluation.

Additionally, these converters operate continuously rather than sequen-
tially, producing repetitive pulses at the switching frequency or its har-
monics (for instance, at twice the switching frequency due to turn-on and

turn-off events), which leads to EMC issues.
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2.2 Modelling of EMI from Multiple PE Con-

verters: State of the Art

Deterministic Approaches

Currently there is a lack of standardised testing procedures for multiple
similar devices operating within the same grid. This remains the case
despite ongoing discussions by various committees [54] and the specific
focus of IEC CISPR Working Group 4 - Impact of ‘increased number of
devices” on EMC and radio protection [35]. Having established both the
need for investigating electromagnetic behaviour of multiple PE converters
and the need for statistical methods to develop consensus models describing
aggregated interference from multiple PE devices, this section examines

relevant research literature based on deterministic approach.

In the standard IEC 61000-3-6 [36], a summation law of the harmonic cur-
rents and voltages for the aggregation of conducted disturbances in power
systems, was proposed. The mathematical expression for the resultant

harmonic current of order h can be represented as:

(2.2)

where:

e [, represents the magnitude of the resultant aggregated harmonic

current of order h for the considered aggregation of sources;

e [;, denotes the magnitude of the harmonic current of order h for

individual devices;
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e « is an exponent that varies with the harmonic order. Typical values

of a are presented in Table 2.1.

Table 2.1: Summation Exponents for Harmonics

Harmonic Order (h) | «
h <5 1
5<h<10 1.4

h > 10 2

To formulate such hypotheses, standardised models that predict the Con-
ducted Emissions (CE) generated by multiple PE devices are required.
The EMC and PE communities have undertaken research to model the
behaviour of multiple interference sources, mostly following deterministic

approaches rather than statistical ones.

Espin-Delgado et al. [37] proposed an aggregation law for the frequency
range 2-150 kHz. Their work assumed that the grid impedance is capaci-
tive and that N devices connected to it have identical input capacitance and
identical amplitude of internal emissions. The total current was then cal-
culated by grouping and summing the current over a range of frequencies.
This law was experimentally validated in a setup consisting of multiple ho-
mogeneous LED lamps. Additionally, the paper compared several models,

particularly those presented by:

e Larsson et al. [38], inspired to the summation model proposed in IEC
61000-3-6 but assuming that all the currents are the same and can

be scaled by a certain factor;

e Ronnberg et al. [39], this model assumes that the grid impedance is

purely resistive, while the impedance of the device is capacitive;
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e Bollen et al. [40] this model adds more complexity to the previous

one by considering also the inductive component of the grid.

Espin-Delgado’s model builds on those presented by Ronnberg and Bollen,
with the key difference being that it considers the grid’s impedance as
capacitive as opposed to resistive and inductive, respectively. Further-
more, while Larsson, Ronnberg, and Bollen’s models focus specifically on
three-phase four-wire systems and the quantification of neutral suprahar-
monic currents, Espin-Delgado’s model has a broader scope; it addresses
the behaviour of supraharmonic currents in low-voltage installations across
a wider frequency range. Moreover, the harmonic distortion emitted by
N identical devices aggregates at the Point of Common Coupling (PCC)
in such a way that, after reaching a maximum value, it decreases with an
increasing number of devices. This phenomenon occurs due to differences
in frequencies and angles of the spectral components, and most likely due

to the cumulative effect of device impedances.

The issue of aggregation of supraharmonic currents in neutral wire of a
four-wire three-phase system has also been discussed in [41]. The authors
compute a total supraharmonic distortion (TSHC) (equivalent to total har-
monic distortion) over a frequency range 40-50 kHz in a neutral wire pro-
duced by 20 LED lamps connected to each of three line wires. They also
propose to express the influence of supraharmonics on the grid by com-
puting a ratio of TSHC in neutral wire to TSHC in each phase and show
how this ratio varies depending on four sources of emissions, namely LED
lamps, fluorescent lamps, electric vehicle, and solar power inverter (the lat-
ter presenting the highest variability). Moreover, a mathematical formula
for the ratio is presented, which involves the number of connected devices

N, as well as the resistance and capacitance measured at a common cou-
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pling point. The ratio is shown to decrease with increasing the number of

devices.

The models proposed in the above studies are purely deterministic, and
more complex model, most likely statistical ones, could take into account
the variability of load (non-identical but similar devices emitting conducted
emissions). In addition, a statistical approach could characterise the de-
vices through probability distributions of their parameters such as capac-
itance, emission magnitude or frequency characteristics. A statistical ap-
proach could account for distortion existing at different frequencies. Fi-
nally, statistical approaches offer practical advantages; instead of testing a
larger number of similar devices (such as 20, 50 or 100 devices), statistical
characterisation could be performed on a smaller number and extended to

predict larger system electromagnetic behaviour.

Another interesting study was performed by Czerniewski et al. [42], who
investigated CE in multi converter systems focusing on how EMI behaves
when converters operate together versus individually. Their approach fo-
cuses on modelling the behaviour of multiple PE converters, which aligns
with the objectives of this thesis. Their study centred on two DC/DC
boost converters with identical nominal parameters (Vi, = 14 V, Vo =
48 V, fsw = 110 kHz) but implemented using different manufacturing
technologies. Their initial approach allowed the assessment of each con-
verter’s emissions individually in a standardized arrangement, utilising a
Line Impedance Stabilisation Network (LISN). Measurements were cap-
tured in both time and frequency domains. The total emissions were then
obtained by summing the individual time-domain waveforms and convert-
ing the result to the frequency domain through Fast Fourier Transform
(FFT) analysis. In the second approach the total disturbance of the grid

was measured using a controlled setup with both converters operating si-
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multaneously in a parallel configuration, connected to a common DC bus

and to a LISN. The schematic is shown in Fig. 2.7.
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Figure 2.7: Schematic of two boost converters in a parallel configuration
[42].
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Figure 2.8: Comparison between the sum of EMI disturbance generated by

each converter and the overall disturbance generated by the two converters
connected in parallel [42].
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Experimental comparison between the sum of EMI disturbance generated
by each converter and the overall disturbance generated on the DC grid
revealed discrepancies above 10MHz, as shown in Fig. 2.8. These discrep-

ancies are most likely attributed to initial impedance variations.

This study further demonstrates the complexities associated with EMC
assessment in multi-converter systems for conducted EMI. The electro-
magnetic behaviour of two electronic devices operating in parallel can-
not be simply represented as the linear sum of their individual emissions

(1+1+#2).

In another study, Zumel et al. [43] investigate an alternative approach
where multiphase converters are utilised to reduce EMI directly at the
source. Their research examines the interleaving technique, that entails
operating power converters in parallel with intentional phase shifts to facil-
itate the cancellation of input current harmonics, thereby diminishing EMI
levels. Whilst their analysis considers the boundary conditions, when con-
verters operate either in phase or in precise out of phase-phase,it overlooks
the spectrum of intermediate configurations. This represents a limitation,
as the time delays can be continuos creating numerous potential arrange-
ments for EMI generation and suppression. Their study leaves a substantial
gap in understanding the full range of EMI behaviours under varied phase
relationships. Indeed, as stated in the Introduction chapter, the two sce-
narios, out of phase and in phase (shown in Fig. 1.8 and Fig. 1.7 as well),
represent the best case (total emission cancellation) and worst case from
an EMC perspective. However, what occurs between these extremes is an
interesting research question that requires statistical methods to address
properly. When considering a system with multiple converters, such as
4 PE converters, various scenarios can occur where the emissions (repre-

sented in Fig. 2.9 by the CM current) might double, cancel completely, or
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Figure 2.9: Common-mode current damped oscillations of four power elec-
tronic converters.

fall somewhere in between. Determining the probability where in this spec-
trum the emissions will actually fall can be effectively approached through

statistical analysis rather than deterministic methods.

The methodologies examined so far approach converter disturbances as
deterministic phenomena, which raises questions regarding their appropri-
ateness. In reality, deterministic methods capture only a limited aspect
of the actual conditions, failing to account for the incomplete control over
power electronic devices within electrical networks (for instance, the carrier
signal phases of individual devices). Consequently, a statistical approaches

are needed.
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2.3 Modelling of EMI from Multiple PE Con-

verters: Need for Statistical Approaches

As stated in the Introduction chapter, when multiple PE converters inter-
face with a grid, the Directive 2014/30/EU [32] - clause 31 stipulates that
“where apparatus is capable of taking different configurations (...) it should
be sufficient to perform an [EMC] assessment on the basis of the config-
uration most likely to cause maximum disturbance and the configuration
most susceptible to disturbance.” This directive implies that manufacturers
of PE equipment should consider the aggregated interference introduced
into the grid by multiple PE converters rather than the electromagnetic
emissions of a single unit. However, current EMI practices indicate that
manufacturers typically limit their assessments to standard testing, ne-
glecting the analysis of external and internal electromagnetic compatibility
of multiple PE devices [55]. To address these challenges, CISPR 11 (BS
EN55011) [56] emphasises the necessity for statistical approaches for EMC
evaluation in contexts such as that of multi converter systems. Specifically,
Annex H - “Statistical assessment of series produced equipment against the
requirements of CISPR standards” states that assessment requires test-
ing between five and twelve equipment samples. An example of such an
evaluation is presented by Smolenski in [45]. The author conducted 1,000
measurements using the peak detector, which is able to identify changes
in measured values. Each measurement had a period of 1s. The results
for five DC/DC converters (measured individually) with similar character-
istics are displayed as box-and-whisker plots in Fig. 2.10. According to
current EMI standards such as CISPR 11 [56], a single final measurement
at one selected frequency is considered sufficient. The distribution of re-

sults obtained for each individual converter supports this approach, as the
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differences between values measured for individual converters fall within a

1dB range.
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Figure 2.10: Box-and-whisker plots representing peak detector measure-
ments from a single power converter [45].
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Figure 2.11: Box-and-whisker plots representing peak detector measure-
ments for a group of power converter [45].
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However, Smolenski in Fig. 2.11 showed that peak detector measurements
obtained for groups of converters exhibit significant differences. The vari-
ations between individual measurements reached up to 28 dB, rendering
the assessment of EMC in multi-converter systems unreliable. The dis-
persion of the 1,000 results for multi-converter arrangements (comprising
2 to 5 converters) indicates that the differences between results obtained
from these arrangements make evaluation procedures based on single mea-
surements inadequate. Consequently, statistical approaches and consensus
models are necessary to predict the electromagnetic behaviour of multiple

power electronic setups effectively.

In literature, the necessity of investigating aggregated electromagnetic in-
terference from multiple PE converters is corroborated by an experimental
study presented in [55]. The study examined a multi-converter system com-
prising three identical drives with 1.5kW induction motors fed by 7.5 kW
frequency converters supplied via LISN, as illustrated in Figure 2.12. In
this configuration, parasitic parameters of the CM current path determine
the frequency of the oscillatory mode. The CM current measurements are
presented in Fig. 2.13. The measurement results, presented in Fig. 2.14,
display the distributions of thousands of measurements obtained using an
average detector in normalised time equal to 1s for switching frequency.
The distributions demonstrate significant variations, particularly during
operation of multiple converters. The maximum level recorded for three
simultaneous drives exceeded that of drive 2 in single-drive operation by

6 dB, which means doubling the voltage.

The study’s findings demonstrate that conducted EMI introduced to the
grid by multiple converter drives can significantly exceed the EMI levels
generated by individual drives. This indicates an increased probability of

EMC-related issues in systems incorporating multiple converters.
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Figure 2.12: Experimental setup for measuring conducted EMI from mul-
tiple Power Converters, from [55].
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Figure 2.13: (a) Common-mode current in motor protective earth (PE)
wire, (b) high-frequency (HF) component of common-mode current, from
55].
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Figure 2.14: Box-and-whisker plot of average detector measurements for:
(a) single drive, (b) group of drives, from [55].
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In the Smolenski’s case study presented, the theoretical expectation for
three converters operating simultaneously would suggest EMI levels three
times higher than those generated by a single converter. However, the dis-
tribution of harmonics reveals that across 1,000 measurements, the prob-
ability of reaching this theoretical maximum is notably low. The worst-
case scenario of tripled EMI levels occurs infrequently. The measurements
demonstrated that with three simultaneous drives, the total EMI exceeded
single-drive operation by 6 dB, corresponding to a doubling of voltage lev-
els. These findings substantiate the necessity for statistical rather than
deterministic approaches. Two critical concerns emerge from this anal-
ysis. Firstly, whilst individual converters may meet EMC compliance re-
quirements, the aggregate system comprising multiple converters might fail
compliance testing due to increased EMI levels. Secondly, although the be-
haviour of EMI generated by single converters is well understood, current
testing procedures and standards are not adapted for multiple PE converter

systems, necessitating the development of appropriate models.

Furthermore, Bojarski et al.[34] emphasised the importance of adopting
a statistical perspective when analysing aggregated conducted emissions
from multiple PE converters, based on techniques such as Pearson’s Ran-
dom Walk. Their investigation examined CM current as a contributory
factor to CE that manifests following switching transitions in PE devices.
The authors asserted that emission peak prediction is inherently statisti-
cal in nature. Nevertheless, their theoretical model lacked comprehensive
validation. Notably absent was any simulation-based or experimental cor-
roboration of the Pearson’s Random Walk approach to EMI modelling.
This research gap will be addressed in the present thesis through the de-
velopment of both simulation and experimental methodologies to assess

and validate a statistical technique grounded in Pearson’s Random Walk
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principles. The ultimate objective is to determine probabilistic methods

for EMI reduction in configurations involving multiple PE converters.

The fundamental aspects of phenomena associated with interference aggre-
gation in groups of converters are essential for appropriate assessment of
electromagnetic emissions, particularly given the absence of relevant stan-
dards. Current regulatory frameworks fail to provide objective EMC assess-
ment methodologies for multi-converter configurations. In accordance with
EMC directive recommendations, standardisation efforts should address
the cumulative effects of electromagnetic phenomena. Statistical analyti-
cal approaches may offer valuable tools for accurately evaluating conducted
EMI in multi-converter systems. This thesis addresses this research gap by
developing a methodology for testing electromagnetic emissions of multiple
power converters connected to a grid through a statistical approach. As
demonstrated in the previous chapter, compliance of individual equipment
with electromagnetic tests does not ensure compliance when multiple units
operate simultaneously or when the equipment functions within a larger
grid. Individual compliance remains a conditio sine qua non for achieving
EMC compliance in multiple PE converter systems; however, this condition

alone is not sufficient.

2.4 Conclusion

This chapter started with a discussion about PE converters as sources of
electromagnetic interference The analysis began with a brief overview of

PWM operation and the electromagnetic emissions that arise from rapid

d_v and ﬂ values of switch-
dt dt

ing waveforms contribute to EMI generation. The chapter also explored

transistor switching, highlighting how the high
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how these emissions aggregate in systems with multiple converters. Lastly
the beating phenomena, which occur when multiple converters operate
at slightly different switching frequencies, were considered. The chapter
progressed to examining the current state of art for modelling multiple
PE converters based on deterministic approaches. Evidence from exper-
imental studies demonstrated that multiple converters operating simulta-
neously can produce EMI levels significantly higher than those of individ-
ual units, substantiating the requirement for developing models for EMC
within multiple-converter systems. The literature review revealed signifi-
cant limitations in existing deterministic approaches, including summation
laws, which fail to capture the full complexity of multi-converter systems.
Consequently, the necessity for statistical approaches to modelling EMI in
such configurations was established. The chapter concluded by emphasis-
ing this shift from deterministic to statistical methodologies as essential for

advancing EMC assessment in multiple power electronic systems.
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Chapter 3

Pearson’s Random Walk

Model

This chapter addresses two main objectives: firstly, to present the mathe-
matical underpinnings of Pearson’s Random Walk (PRW) model, and sec-
ondly, to demonstrate how this model can be applied to model electromag-
netic emissions from PE converters. The main idea is that if one considers
multiple PE converters connected to a DC microgrid, and each of these con-
verters injects common mode noise into the system, it becomes essential to
understand how to quantify the combined common mode noise from these
converters, based on the knowledge of the common mode noise of a single
converter. This is important when examining the influence of the combined
common mode noise on other equipment. To do this, a consensual model
is required to express the common mode current in such a multi-converter
setup. The statistical technique deployed for this is “Pearson’s Random

Walk”.

The chapter will begin with a brief overview of random walk theory, fol-

lowed by an analysis of the CM current in both the Time Domain (TD)
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Figure 3.1: The first graph of Random Walk presented by Venn in 1888.

and Frequency Domain (FD) for PE converters. Subsequently, Kluyver’s
solution to Pearson’s problem is analysed and considered for further analy-
sis. This chapter establishes the theoretical foundation for the model which

will be tested and verified in the next chapter.

3.1 History of “Random Walk”

The concept of Random Walk serves as a cornerstone in various disciplines,
including statistics, physics and mathematics. However, in the literature,
there is debate about its origin. One study [57] suggests that the roots
of random walk theory can be traced back to the 1560s when the Italian
mathematician Girolamo Cardano proposed a theory of gambling in Liber
de Ludo Aleae. Furthermore, it is believed that the logician John Venn
presented the first graphical representation of random walk in his 1888

publication The Logic of Chance, as shown in Fig. 3.1.
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Alternatively, another study [58] attributes the origin of Random Walk to

the French mathematician Bachelier, who proposed that share price move-

ments resemble the steps taken by a drunk man. Despite the uncertain

history of Random Walk’s origin, it can be defined as a stochastic process

that describes a path or a trajectory through a series of random steps. In

general terms, it refers to a statistical occurrence in which a variable ap-

pears to change in an unpredictable manner. The random walk theory has

found wide-ranging applications across numerous fields, including finance,

economics, biology, physics and sociology. Here are some examples of its

use in various contexts [58]:

Finance - Stock Prices: The theory suggests that the stock prices
follow random paths and cannot be predicted based on past move-

ments;

Econometrics: Random walk models are employed to analyse time

series data such as GDP, inflation and unemployment rates;

Biology: The theory is used to describe the movement patterns of

organismes;

Physics: Brownian motion, a fundamental concept in physics, is a

type of random walk that describes the motion of particles in a fluid;

Computer Science: Random walk models are used for network

analysis and Monte Carlo simulations;

Sociology: The theory can be applied to study social interactions

within networks.

In recent years, with the advent of artificial intelligence, the random walk

theory has found new applications in algorithms for optimisation, decision-

making and problem-solving. Some examples include[59]:
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e Graph Search Algorithms: Random walks are used to traverse
nodes and edges randomly for tasks such as search engine optimisa-

tion or network analysis;

e Randomised Algorithms: Random walks are employed to solve

various computational problems;

e Network embedding: Random walk based method are used to ex-
tract topological information and calculate proximity between nodes

in networks.

The following section will provide a definition of Pearson’s Random Walk.

3.2 Definition of Random Walk

The concept of random walk was formally introduced in a 1905 letter to
Nature by Karl Pearson [60]. In his correspondence, Pearson described a
scenario in which a person starts walking from a point O (the origin) along
a straight line for a distance u. At each step, the person turns at a random
angle and walks another unit v along a new straight line. This process is
repeated n times. After n steps, the person will be at a distance d from the
origin. Pearson’s fundamental question was: What is the probability that
after n steps, the person is at a distance between d and d + Ad from the
starting point? This problem, concerning the probability density of a sum
of random vectors, includes a significant part of the theory of mathematical
probability and was resolved by Jan Cornelis Kluyver in 1906 [61]. This

solution will be examined later in this chapter.

However, one might question how the PRW can be adopted within the elec-

trical engineering field to model PE converters. Pearson’s Random Walk
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fundamentally is about adding up vectors and describes the displacement
from an initial position. These vectors can be applied to model emissions
from PE converters. If one considers a configuration comprising multiple
PE converters, such as the one illustrated in Fig. 3.2, the vectors represent
the phase of waveforms being produced by each converter. The common
mode current /oy, (at an harmonic h) produced by power converters at
a specific frequency can be considered as a vector with an amplitude and
phase. Thus, the vectors in Pearson’s Random Walk can be used to repre-
sent harmonics from various power converters. The notion of the Random
Walk, as formulated by Pearson, generates vectors with specific angles, sim-
ilar to the steps taken by a person, first in one direction, then in a second
direction and so on so far. The assumption in the research work presented
in this thesis is that the vector angles can represent the switch-ON times
(or more precisely, the phase) of the converters. Therefore, these vectors
generate a path which corresponds to a unique emissions pattern. The
objective is to check if this concept can be used to model the behaviour of
multiple PE converters. A detailed examination and proof of this approach

will be presented in Section 4.1.3.

To illustrate this concept graphically, consider the diagram shown in Fig.
3.2, which depicts four PE converters. Two switching-ON patterns are
presented: one represented by dashed vectors and the second by continuous
vectors. The assumption is that the first converter switches-ON at time
t = 0, and in both patterns depicted, this is represented by the same green
vector (dashed and continuous). The additional three converters in the
network switch-ON at random times. All vectors have equal amplitude of

1 with phases determined by the random switching-ON time.

Since the first converter always switches-ON at time t; = 0, the vector

representing the second converter would always start at 1. Suppose that:
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Figure 3.2: Pearson’s random walk concept applied to four PE convert-
ers, where coloured vectors represent switching-ON times. Two switching
patterns are shown (dashed and continuous lines), with the first converter
activated at t; = 0.

e f, denotes the switching frequency of a converter;
e h represents a harmonic of the switching frequency;

° T]E,p ) indicates the switch-ON time of the k-th converter with p=1,2

indicating the patterns according to which the converters switch-ON.

For the first pattern (dashed vectors), the resultant vector is expressed as:
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where:

e 1 represents the contribution of the first converter. Since the first

converter always switches-ON at time ¢; = 0 — 7'1(1) = 0, then

e—i2rfewrVh — :

o (D) o o
o Zi:z eI fenh represents the contributions of the additional con-

verters that switch-ON at random times.

The resultant of the second switching-ON pattern, represented by contin-
uous line in Fig. 3.2, can be expressed similarly to (3.1). For sake of
simplicity, the first vector can be subtracted to depict only the contribu-
tions of the additional converters (2, 3 and 4). Consequently, Fig. 3.3 omits

the vector of the first converter.
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Figure 3.3: Pearson’s Random Walk concept applied to four PE converters.
The first converter vector is subtracted with respect to Fig.3.2.

When examining the total electromagnetic emissions, one must consider
both the emissions from the reference converter (first converter) and the
contributions from the additional three converters. The vectors (yellow,
red, and blue) represent the different switching-ON times, or more pre-
cisely, the contributions due to time shifts to the total emissions with re-

spect to the first converter, generated by two, three, and four converters,
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respectively. By varying the angle of these vectors, their directions change,
generating new vector paths that correspond to different patterns of acti-
vating the converters (as shown win the previous Fig.3.2). The resultant
vector (shown in black and denoted as Z[h] in Fig.3.3), representing the

summation of contributions, will be discussed in the next section.

The rationale for not depicting the the first converter in the above diagram

is bifold:

1. At a testing site, the objective is to test one converter rather than

the entire network to predict the behaviour of N similar converters;

2. The first converter (reference converter) serves as a benchmark, as
this thesis aims to determine the probability of reducing electromag-
netic interference produced by N converters relative to that generated

by a single converter.

The following section addresses the analysis of CM current in PE convert-
ers, focusing on DC/DC converters. A mathematical expression for this
current, which includes the resultant vector mentioned above (Z[h]), will
be presented in both TD and FD. This expression establishes the summa-
tion model for aggregated emissions from multiple converters. The model

verification will follow in the next chapter.

3.3 Common Mode Current Analysis

This section examines the CM current of PE converters, particularly DC/DC
converters. The focus on CM currents is due to their role as a form of

EMI, which is considered one of the primary sources of EMC challenges
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[62-64]. The switching operation of the converters induce CM current
to flow. These currents may propagate through parasitic capacitance to
ground or protective earth wires. EMI propagation paths are typically
represented by equivalent RLC circuits due to parasitic elements such as
stray capacitances, resistances and inductances. As a result, EMI currents
exhibit damped oscillations. The parasitic parameters of the current paths
determine the current shape, with one dominant mode of oscillation often

distinguishable in a given frequency range [50].

The analysis that follows considers the CM current in both TD and FD. As
standards prefer FD analyses, this section proposes a simplified frequency

domain model of aggregated interference generated by a group of identical

DC/DC converters.

3.3.1 Time Domain

Given that EMI currents typically manifest as signals with damped oscil-
lations, and that a dominant oscillating frequency can often be identified,
it is reasonable to model the CM current of a single DC/DC converter as
a simplified oscillatory damped signal [34, 65]. This approach allows for a

simpler analysis wherein a single oscillation can be expressed as:

icnm(t) = Iosin(wt)e M1(t), (3.2)

where:

e J; represents the amplitude of the single oscillation,
e w signifies the angular frequency of the oscillation,

e )\ denotes the damping factor, which determines the rate at which
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to t

Figure 3.4: PWM technique applied to DC/DC converters.
the oscillation attenuates,

e 1(¢) represents the unit step function (also known as the Heaviside

function).

In general, DC/DC converters allow the control of the output DC volt-
age through adjustments to the duty cycle of a rectangular waveform [34].
This is typically achieved by comparing a triangular function with a refer-
ence level which is proportional to the desired output voltage, as shown in
Fig. 3.4. The intersection points of these signals determine the switching
times to (switch-ON) and ¢; (switch-OFF'), which control the pulse width
and, consequently, the output voltage. In a PE converter, such as the one
shown in Fig. 3.5, it is assumed that the output voltage is regulated using a

PWM technique with a switching frequency fs, and a duty cycle 0 < d < 1.

The full bridge converter (or H-bridge), shown in Fig. 3.5, consists of four
switches that switch-ON in pairs (S with Sy and Sy with S3), resulting in a
rectangular voltage at the middle point of each bridge leg [2]. The voltage

T
transitions from +Vy. to —V.. For a half cycle (period), 0 < ¢t < 7 a

o7
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Figure 3.5: Single DC/DC converter consisting of a full-bridge converter
with an asymmetric parasitic capacitance C'p to ground.

dv
positive pr occurs across the parasitic capacitance C),, while during the

T dv
other half cycle (period), 5 < t < T a negative 7 oceurs, resulting in
either iy, (t) or igy(t). Consequently, during a first switching-ON event,
a rising current ig,;(t) is induced, while the complementary switching-ON

event results in a falling current igy,(t). These currents are time-shifted

d
fow

opposite polarities. For a switching instant [ € N those currents can be

with respect to each other by the duty cycle times period and have

mathematically represented by

i () =1 (t - f:w) : (3.3)

oy (t) = —i (t — l];:Wd) = —idy (t — ffw) : (3.4)

The total CM current is given by summing il (t) and icy(¢) (the os-

cillatory mode currents induced by rising and falling slopes of the PWM

voltage) and can be expressed as

ion(t) = i (2 (t— fjw) —z’(t— lgj)). (3.5)

l=—o0

A typical CM current shape with damped oscillation is shown in Fig. 3.6.

This current was obtained from a Simulink simulation of a setup comprising
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3.3. COMMON MODE CURRENT ANALYSIS

up to eight identical converters operating simultaneously. The zoom plot
shows the waveform of the CM current from a single converter, switched at
time t; = 0. Similarly, Fig. 3.7 shows the CM current measured from
a real setup consisting of three half-bridge evaluation board converters
(M100002230 CoolGaNTM e-mode HEMT [66]) based on GaN MOSFET
technology. The measurement shows the CM current from a single con-
verter. The following section presents an expression for the CM current in

the FD.

iom(t) (A)

icm(t) (A)

0.000 0.005 0.010 0.015
Time (ms)
1 I 1 |
0 20 40
Time (ms)

Figure 3.6: Simulated CM current waveform showing damped oscillations
for a single converter within an eight-converter Simulink model.
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3.3. COMMON MODE CURRENT ANALYSIS
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Figure 3.7: Measured CM current waveform exhibiting damped oscillations
in a half-bridge evaluation board.

3.3.2 Frequency Domain

In order to consider the CM current in the FD, the Fourier Transform (FT)
should be used. To facilitate the analysis in the FD, two keys assumptions

regarding the CM current are made:

1. only the rising portion of the CM current is considered (if referred to
the PWM, this corresponds to a falling PWM edge). In Fig.3.8, the
rising portion of CM current under consideration is indicated by the

purple rectangle. As the two currents, ily,(¢) and iy (%), are shifted

with respect to each other by a duty cycle times the period ;

2. the current exhibits periodic properties within time intervals of length

1/ fsw and it is assumed to be in steady state.
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3.3. COMMON MODE CURRENT ANALYSIS
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Figure 3.8: Time-domain representations: a) PWM signals and b) CM
current, with the rising portion of the CM current highlighted in purple.

Building upon the first assumption, in the case of a single PE converter
operating in steady-state, both the rising and falling currents, iy, (¢) and
icy(t) become repetitive, as does icy(t). Consequently one can express
the h-th harmonic of of the switching frequency of the total rising current

Iiy[h] = Flidy(t)} as [67):
1/ fow ,
IGlh] = fow / iy (1) e 32Tt gt (3.6)
0

which upon analytical integration yields to the following solution:

I+ Th] = o fow . 37
oul™ (A + j27 fawh)? + w? (3.7
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3.3. COMMON MODE CURRENT ANALYSIS

Moreover, the F'T exhibits two properties: linearity and time-shifting. The
latter property demonstrates that a time shift in a signal results in a cor-
responding phase adjustment in its F'T. These properties can be used to
express the total current generated by a single converter as:

Iom[h] = ISM[h] + IC_M[h]

(3.8)
= Ify[h] (1 — ePndioh)

Consider a system with N converters, where the CM current in each is
identical, but offset in time. The total CM current generated by these N
converters can be expressed by assuming that the first converter is switched-
ON at 7, = 0, while the subsequent N — 1 converters are activated at
Ta, ..., Tn, respectively. The total current I [h] generated by N converters

is thus formulated as:

N
[N [h] = ICM[h] Z €7j2ﬂ'fsw7kh
o (3.9)

N
= Iemlh] (1 - Z ej%fwm) :
k=2

It is worth noting that (3.9) consists of two components:

e Icn|h] which represents the CM current generated by a single con-

verter, disregarding any time shift;

o 1+ Zivzz e 32mfswTkh wwhich accounts for the the contribution due to
time shifts; the 1 represents the first PE converter’s contribution with

zero phase delay (¢t = 0).

In the case where all the converters are activated at the same time, i.e.,

71 = ... =75 = 0, the total current becomes Iy[h] = Icm[h]N. With 7
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3.4. KLUYVER’S SOLUTION TO PEARSON’S RANDOM WALK

fixed and variables 7,...,7x changing, the notation Zy[h| is introduced

to denote the SO~ , e 27/owvmh  Therefore, (3.9) can be expressed as:

In[h] = Icm[h] (1 + Zy[h]) . (3.10)

The vector Zy[h] represents the contributions to the total current Iy[h]
with respect to the first converter, generated by converters 2 to N. In
Fig. 3.3, the solid vector represents Zy[h| for 3 converters. Please note, this
means that there are 4 converters operating simultaneously: the reference
converter with 71 = 0 and 3 additional converters with 7, 73,74 > 0. Each
of the converters for 7; > 0 is represented by the coloured dashed-line

vectors of length 1.

3.4 Kluyver’s Solution to Pearson’s Random

Walk

From the previous section, the CM current model in a multi-converter
setup is expressed by (3.10). In this model, the vector Zy[h] represents
the contributions to the total current Ix[h| with respect to the first con-
verter, generated by converters 2 to N. However, the first converter still
contributes to the overall CM current with a value of 1. Fig. 3.3, illustrates
Zn|h] as a solid vector for three converters. Please note, this means that
there are four converters operating simultaneously: the reference converter
with 71 = 0 and three additional converters with 1, 73, 74 > 0. Each of the
converters for 7; > 0 is represented by the coloured dashed-line vectors of

length 1.

The vector Zy[h] represents the summation contributions to the CM cur-
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3.4. KLUYVER’S SOLUTION TO PEARSON’S RANDOM WALK

rent value generated by each of the operating 2 to N converters. The
lengths of the vectors composing Zy[h| are identical (equal to 1), while
the phase angles are random variables with uniform distributions U (0, 27).

The resultant vector Zy[h] shows two properties:

1. a random variable length (or magnitude) of a certain distribution,

which will be determined and discussed in this thesis,

2. a random direction of a uniform distribution U (0, 2)

Since Zy[h] represents the sum of unit vectors e 327/ with direction
following a uniform distribution U(0, 27), these characteristics allow the as-
sociation of the PE converters behaviour with the problem stated by Pear-
son. This analogy between the Pearson’s Random Walk and the random
switching-ON of several PE converters introduces a new approach to electro-
magnetic emissions modelling in PE systems. Regarding Pearson’s original
question, concerning the distribution of |Zy[h]|, Jan Kornelis Kluyver pro-
vided a solution in [68], expressing the cumulative distribution function

(cdf) of |Zn]h]| as:

P(\Zulh]| < 7) = /0 T a N ) d, (3.11)

where

e Jy is the Bessel function of order 0,

e J; is the Bessel function of order 1.

This solution will be verified in Chapter 5 through comparison with 1,000
and both 1,000 and 4,000 experimental measurements, evaluating the ecdf

from real data against Kluyver’s theoretical cdf.
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3.5. CONCLUSION

Furthermore, as the solution proposed by Kluyver utilises Bessel’s func-
tions, which exhibit recursive properties, the above integral (3.11) can be
used to derive the probability density function (pdf) of |Zy[h]|, which
will be described in Section 5.3. Indeed, differentiating the cdf from (3.11)

yields:
pn(r) = r/ tJo(H)N " Jo(rt) d t. (3.12)
0

3.5 Conclusion

This chapter presented a historical overview of “Random Walk” and its
use diverse applications, introducing Pearson’s Random Walk based on
Karl Pearson’s 1905 inquiry. The rationale for applying Pearson’s Random

Walk to PE converter modelling was discussed as well.

In addition, this chapter addressed the following aspects:

e The analogy between Pearson’s Random Walk and modelling of the
emissions of PE converters through a diagram with vectors repre-
senting the CM current I¢j; (at a harmonic h) produced by power

converters;

e TD analysis of CM current in PE converters. The CM current was
modelled as a damped oscillation signal, and a mathematical expres-

sion in the TD was provided;

e D analysis of CM current, focusing on a harmonic of the switching

frequency;
e Proposal of CM current aggregation model expressed as (Iy[h] =
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3.5. CONCLUSION

Iem[h](1 + Zy[R]);

e Analysis of vector Z[h], addressing Pearson’s distribution question

through Kluyver’s solution;

e Derivation of the pdf for subsequent analysis, including EMI re-
duction probability in multi-converter configurations compared with

single-converter setups.

In summary, this chapter introduced Pearson’s Random Walk concept
and established an analogy to multiple PE converters electromagnetic be-
haviour; provided a mathematical model for CM current in multi-converter
setups; and discussed Kluyver’s solution for the distribution of the contri-
butions (Z[h]) to the emission levels (interference) generated by multiple
PE converters. The next chapter discusses a methodology to verify the
model proposed in this chapter and presents some preliminary results re-
garding the validity of Pearson’s Random walk in modelling multiple PE

converters.
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Chapter 4

Verification Methodology for
Pearson’s Random Walk

Model

The previous chapter introduced the mathematical framework of Pearson’s
Random Walk (PRW) for modelling PE converters. The CM current was
identified as the quantity of interest, being a primary source of EMC issues.
The aim was to propose a model (Pearson’s Random Walk) that would
express the CM current, at a harmonic h (e.g., of the switching frequency),
produced by N converters by referring it to the CM current generated by
a single converter. This model then incorporates the contributions due
to time shifts to the total current I [h] with respect to the first converter,
generated by 2 to N converters. This current was examined in both the time
and frequency domains. A mathematical expression for Pearson’s model
was then presented in the frequency domain for the total current generated

by N converters operating simultaneously, as shown in (3.9) which is here
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recalled again,

N
In[h] = Icm[h] Z o—32m fewTih
k=1
(4.1)

N
= Icmlh) <1 + Z ej%fsw”“h> )
k=2

Building upon the introduction of PRW model in the previous chapter, this
chapter discusses a methodology to verify it. The verification methodology

relies on two approaches:

1. A simulation consisting of eight identical converters, each connected
to an individual DC source (if a single source is used, the current path

remains uncertain unless all converters have identical impedances);
2. An experiment in which a setup consisting of 3 DC/DC converters is

used.

In this chapter the verification of the methodology with some preliminary
results will be presented whereas the statistical results of both simulation

and experiments will be presented in the following chapter.
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4.1. SIMULATION-BASED VERIFICATION

4.1 Simulation-Based Verification

4.1.1 Simulation setup

The simulation setup consists of eight identical DC/DC converters, as il-
lustrated in Fig. 4.1. Each converter is characterised by specific impedance
parameters, represented by inductive-resistive elements with values of L =
6.28pH and R = 0.01Q. The resistive-inductive elements represent an
approximation of the parasitic components in both the converter and its
connecting bus bars. These parasitic elements interact with the converter’s
parasitic capacitance to produce oscillations. Specifically, the introduced
inductive parasitic components generate the characteristic ringing effect.
Moreover, for the sake of simplicity, each converter is modelled as a ba-
sic full-bridge converter with a load resistor R = 472 and an arbitrary
parasitic capacitor of value C, = 467 pF, as shown in Fig. 4.1 (b). The
inclusion of this capacitor accounts for the parasitic capacitance arising
from the proximity of circuit elements to the metallic enclosure, creating a
path for the CM current to flow. The choice of a relatively large parasitic
capacitance was intentional, aimed at allowing simple initial verification of
Pearson’s Random Walk model. Indeed, the presence of a large capaci-
tor allows a measurable current to flow through the capacitor. It should
also be noted that this method remains valid for more ‘realistic’ metallic
enclosure capacitance values (typically ranging from tens to hundreds of
picofarads), as the focus is on the damped oscillations of the CM current.
Considerations of the frequency-dependent reactance formula for capacitors
demonstrate an inverse relationship between capacitance and reactance: a
larger capacitor results in a lower reactance, meaning that the capacitor
permits more current to flow. This concept has been verified experimen-

tally. In the simulation, the CM current is measured at a common coupling
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4.1. SIMULATION-BASED VERIFICATION

point, as indicated in Fig. 4.1 (a).

DC/DC ,
% 1
2

1
DC/DC ,
% 2
2

DC/DC , 1

g ]

s

(a) (b)

Figure 4.1: Simulation setup: (a) overall simulation setup consisting of 8
identical DC/DC converters. (b) single DC/DC converter structure show-
ing full bridge topology and an asymmetric parasitic capacitance (C,).

4.1.2 Simulation procedure

The simulation procedure is carried out under the assumption that all eight
converters have identical characteristics (although realistically, they would
be similar rather than identical). A switching frequency of fg, = 20kHz
is selected for verification. The model holds regardless the choice of the
switching frequency, therefore other frequencies could be used depending
on the specific application of the power converter. Additionally, the sim-

ulations were carried out using MATLAB Simulink and the Simscape Spe-
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4.1. SIMULATION-BASED VERIFICATION

cialized Power Systems Toolbox. The sampling frequency of the solver, Fj,
was set to 276 MHz with a fixed time step (1/Fy). This sampling value was
selected to satisfy the Nyquist-Shannon sampling theorem, which states
that to capture a signal accurately, the sampling rate must be at least
twice the frequency of the highest frequency component in that signal. In
the proposed simulation procedure, the sole variable under control is the
switching-ON time t; of the k-th converter where k = 1,..., N and N de-
notes the number of converters. For each converter k, where k =1,... N

the time t; is defined as:
tk = (k) - 1)@,Tsw + Tk, (42)
where:
e O is an arbitrary constant set to 266 which controls the staggered
switch-ON of N converters;
e 7, € [0,T) is a randomly chosen time constant ensuring a random

phase shift between harmonic h in each converter.

The value of 8 = 266 allows sufficient settling time for any newly introduced
converter. By definition t; = 71 = 0. A correspondence exists between a
random phase angle ay, = arg(e 327/s7") and the time instant 73, for k =
2,...,N. Indeed, selecting the time instant 75 from a uniform distribution
U(0,Ty) corresponds to drawing an angle oy from a uniform distribution

U(0,2), and vice versa.

The simulation process was carried out through the following steps:

1. Saving the CM current (icy) and the time (¢) from each simulation;
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4.1. SIMULATION-BASED VERIFICATION

2. Segmenting the data into bins such that t € [(k — 1)OT,y,, kOTyy),
representing the periods during which exactly k£ converters operate

simultaneously, where k =1,..., N;

3. For each bin k, filtering the data for ¢t > ((k — 1)© 4 2)Ty,, and, per-
forming FFT transformation of icy for the remaining © — 2 periods.
The data is filtered in this manner, disregarding the first 2 periods,

to ensure that precisely N converters are switched-ON;

4. Collecting the harmonic values Ix[h] of the switching frequency fyy

for k converters operating simultaneously with £k =1,..., V.

The simulations were performed using a Lenovo personal computer with
an Intel(R) Xeon(R) W-2123 CPU operating at 3.60 GHz, featuring four
cores and eight logical processors, running Windows 10. Each simulation
initially required approximately 10 minutes, amounting to 170 hours (7
days) for a complete set of 1,000 simulations on a single machine. To reduce
computation time, the simulations were parallelised across two identical

personal computers, with 500 simulations allocated to each.

In addition, it was decided to compare the results for N = 3,5, 8 converters.

Instead of running simulations where

tk = (k) - 1)@’1—;“, + Tk, (43)
for each k =1,...,8, it was assumed that:
tk = Sk@Tsw + Tk, (44)

where:

e s; = 1 (the reference converter);
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4.1. SIMULATION-BASED VERIFICATION

e sy = s3 = 2 (three converters operating simultaneously);
e s, = s;5 = 3 (five converters operating simultaneously);

e 55 = sy = sy = 4 (eight converters operating simultaneously).

Hence, instead of 8 bins with © = 266 switching periods each, 4 bins were
created, which allowed to further reduce the time of the simulations by

approximately a quarter, i.e. to around 2 days.

Following the simulation procedure outlined above, the next subsection will

describe a method to verify the validity of PRW model.

4.1.3 Preliminary Results: Deterministic Verification

This subsection outlines a method to test Pearson’s Random Walk Model.
The central concept underlying Pearson’s model is the notion of a random
walk, which creates vectors in different directions, similar to the unpre-
dictable steps of a drunk person who would take a step in one direction,
then a second step in an other direction and so on and so far. This walk
generates vectors with specific angles. The aim in this subsection is to check
if this concept can be used to model the behaviour of multiple converters.
The assumption is that the angle of the vector can be chosen to represent
the switching-ON time (or phase) of the converter, and that vectors cho-
sen in such a way create a path which corresponds to a unique pattern of

emissions.

To verify this idea, a point Z[h| is chosen, representing a certain level of
interference. The question arises: can this point Z[h] be reached through
different paths? The added value of considering different paths is to dou-

ble check how converters can be switched-ON in a pseudo-random fashion.
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4.1. SIMULATION-BASED VERIFICATION

Once a path to the point is chosen, the corresponding switching-ON times
for the converters are obtained. The goal is to confirm that the switching-
ON order of the converters matches the initially selected path. By compar-
ing the converter’s switching-ON sequence with the initially chosen path,
it can be assessed whether Pearson’s Random Walk model correctly rep-
resents how multiple converters behave when switched-ON in a seemingly

random order.

Summing up, the objective may be formulated as follows:

e Consider a scenario wherein a specific maximum interference level is
to be achieved, which means selecting a point Z[h] in the complex

plane;

e The model stipulates that the total CM current generated by N
converters, In[h] = Icm[h] (1 + Zy[h]), where the CM current of a
single converter is known. It becomes possible to modify the con-
tributions due to time shifts to the total current Iy[h] with respect

to the first converter, generated by 2 to N converters, expressed as

ZN e—jwaSWTkh.
k=2 )

e The subsequent investigation aims to verify the model’s prediction
that if the converters are switched-ON through different switching-on
patterns, a maximum level of predicted interference can be reached.
In mathematical terms, this translates to identifying different paths

of vectors terminating at the same point Z[h] in the complex plane.

Therefore, to verify this idea, the following approach was developed and

implemented:
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4.1. SIMULATION-BASED VERIFICATION

1. For a selected harmonic b’ € {1,2,...}, several points Z(M[R/], ...,
ZWIK] € C were arbitrarily chosen, where |ZW[h]| = R is fixed
for each I = 1,...,p and R < N — 1. This ensures that all the
arbitrarily chosen points Z([h/] lie on the circle of radius R as shown

in Fig. 4.2.

Fixing R is equivalent to selecting a circle with a certain radius and
choosing a random point along its circumference. The rationale for
fixing the radius R is to facilitate the manipulation of time instants
(through different vectors, and this will be shown in the next point)
for switching-ON the converters. The idea is that of inputting these
time instants into the simulation, then extracting the time instants
from the simulation itself, and finally comparing these extracted time

values with the initially chosen ones.

ZO[W]
2.5 ,,((3) ’
o ZON]
=< "
= .
N 0.0 Z0p @
E ’l
—
-2.57 ARSI
-2.5 0.0 2.5

Re(Zy[h])

Figure 4.2: Visual representation of the applied verification method-
ology for Pearson’s Random Walk model. Different points Z®[h] can
be selected and represent the contributions due to time shifts to the
total current Iy[h] with respect to the first converter. These contri-
butions are part of the interference.
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() ()

2. For a selected point ZW[h'], K sequences of N vectors vy’ . .. ,UN €

C were constructed, such that

o o) = 20,

vij) =0+ j0,

B == |off] =1,
where each j = 1,..., K represents a distinct path to reach the se-

lected point.

These K sequences represent K distinct paths or configurations of

unit vector that sum to the point Z®[h/], and are equivalent to ran-

dom walks.
U S U;Q)
v \’]”5(52)
~ l
, 4/ \}va)[h’]
2.5- . v (1)
y 5 S U8
v(2§ \Ugl)
4 \
‘ ?
fa— , o2 O
S. ' v(g) 3 | 6
Ny 0.0- . 2 =/
N . (1)
(1) P v v [
HE Uy N\ % vil)\/ 5 ;
US '
-2.5 7

2.5 0.0 2.5
Re(Z[h])

Figure 4.3: Visual representation of the applied verification method-
ology for Pearson’s Random Walk model, utilising K = 2 paths,
N = 8 converters, R = 4.2, b’ = 1, and ZW[h] = 4(‘1/—05 +j¥8). It

illustrates the selected theoretical vectors v%j ), s ,véj ),
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In Fig. 4.3, a point Z](\l,) [R'] is chosen and two paths are selected to
reach that point to demonstrate that converters can be activated
using different patterns. In the next point, the angles of the vectors
displayed in the picture, a = arg <v,(€j )), will be used to compute the

time constants T,ij ) to be input to the simulation.
. Foreach j =1,...,K and k£ = 1,..., N the time constant T,gj) was

obtained via

©)
, arg <vk ) 1
) _
= — orf ol mod e (4.5)

where mod is the modulo operator.

T,gj ) is derived from (4.5) as the vector ?J]E;j ) is expressed as a complex
: ; - &) . -

number in polar form vY = =27’k These time constants 7.7

are then input into the simulation. This concept is illustrated in

Fig. 4.4. That is the switching time 7 is used in the simulation to

switch-ON the k-th converter.

1
DC{DC 3
2
1
25 DCéDC N
2
=
5 0.0
E
2.5+ ! DC/DC 3
8
P 2
7
O.‘(] 2.‘5
Re(Zx[h]) ‘
i
L
Figure 4.4: From the initially selected vectors vgj ). ,vg ) the time
instants 7 are calculated and used as inputs to the simulation setup

k
for activating the converters.
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() ()

4. Each sequence 7"/, ..., 7y’ was used to simulate the setup described

in Section 4.1.1.

To allow sufficient settling time, each converter operates for 6 = 266
periods before the next converter switches-ON. Fig. 4.5 presents the
results of the time-domain MATLAB simulation. The CM current is
divided into bins corresponding to one through eight simultaneously
operating converters. The upper facet (j = 1) presents results for
converters activated according to time delays obtained from the first
path of vectors (golden), as described in point 2 and illustrated in
Fig. 4.3. The lower facet (j = 2) presents the CM current for con-
verters activated according to time delays obtained from the second
path of vectors (red). Additionally, Fig. 4.5 illustrates the time delay

7'2(1) which was derived from vector vgl).

i N=1 T N=2 . N=3 N=38 :
- e —— —
ol I I | I
I [ I |
I [ I [ kS
ol | I | LN
I I |
I [ I |
< I |
5 24 21 ] ) |
— T2 |
O —— p————————
= 27 4 I ]
@] S
s | = i )
14 I %‘ 01 | il
| £ | |
01 SEE | T .
[ I [ ]
1 I 21| 1 i ] i
I 13.300 13.305 13.310 13.315 I ‘ I
5 Time (ms)
) | ; ' :
0 20
Time (ms)

Figure 4.5: CM current for one to eight converters activated according
to time delays obtained from the paths shown at point 2. Addition-
ally, the time delay 72(1) obtained from vector vé” is indicated.
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5. The simulation results, i.e. values I;[h], were post-processed to ob-
tain the vector ZW[h] and the individual vectors v’ gj ). ,U’%) € C
that sum to Z"W[h] and correspond to the sequence of unit vectors

T

o)
The CM current bins from the previous point are post-processed via
FFT to obtain the frequency spectra (harmonics) of the CM current

with N converters as shown in Fig 4.6.

N=1 N=2 N=3 N=38
] i I
—~~ I ‘ | | ‘
21 [ i l
= = WA
—E-wo— I
10_150—
001 01 1 10 o1 11
Tl | |
< 100 - ‘ \ ‘ ’
F
o il
=0 -100 “ | |
3 | R
001 01 1 10 001 01 1 10 01 1 1
Frequency (MHz)

Figure 4.6: Spectra obtained from the CM current for one to eight
converters, that is from each of the bins shown in the point 4.

Complex vectors ZJ(\lf) [h] are then obtained by rearranging Eq. (3.10).

For instance, with two converters, the vectors are obtained as follows:
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For three converters, the following relationship holds:

I3[h] 1G) | 1G)
— 1= Zy[h] = v}” + vy”,
[CM[h] 2[ ] 1 2
I3[h] 1G) _ . 1G)
— =1 = =0y,
]CM[h] 1 2

and so on so far for the remaining vectors.

(4.7)

Finally, these vectors, shown in Fig. 4.7, are compared with the orig-

inally selected paths to assess the alignment between the theoretical

model and the results obtained from the simulations while the pre-

liminary results obtained from the experiment will be discussed in

the following section.

2.5 -
=
Ny 0.0-
g
—

-2.5 7

-2l.5 ()t() 2?5
Re(Zy[h])
Figure 4.7: The vectors vi(j ). ,vg(j ) are estimated for h = 1 using

the frequency-domain data and have to be juxtaposed to the initially

selected vectors, vt ... v
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Comparison in the complex domain

Fig. 4.8 presents four distinct paths for the 1%, 5" and 101%' harmonics,
respectively. Points Z(MW[A'] and Z@[R'] were selected for h' = 1, i.e. to
impose agreement for the 1st harmonic. The dashed lines represent vectors

véj ), . ,véj ) initially chosen from the Pearson’s model (theoretical), while

continuous lines represent vectors v’ gj ), o éj ) obtained from the circuit
simulation, for j = 1,...,4. As it can be seen, imposing agreement on the
first harmonic, leads to an agreement for further harmonics, extending at
least to the depicted 101%° harmonic.This comparison demonstrates that

the summation model proposed in (3.10) is valid. The subsequent section

will present verification against experimental data.
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_ — T~
s ~
254 7/ \
g g / \
= = |1 \
N N 0.09 1 |
E = ] ;
254 N /
N s
~ ~
MI—4 T
2.5 0.0 2.5
Re(Z[5])
c)
— i D | ~
d ~
925 4 \ Path no.
.07 /
— \ j=1
= / \ — j=2
SN \ — /=3
g 0.0 |\ | J=
g /
— \ /
254 \ —— simulation
h N O theoretical
~ - 7
72I.5 UT(] 2Ir)
Re(Z;,[101])
Fi 4.8: Th (4) (7) d 1(7) 1(7) btained
igure 4.8: The sequences vy, ..., vy and v}, ..., vy’ obtained, respec-

tively from Pearson’s model and the circuit simulation for a) Z[1], b) Z[5],
¢) Z[101] with ' = 1, N = 8, and R = 0.6(N — 1).
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4.1. SIMULATION-BASED VERIFICATION

4.1.4 Summary

This section established a methodology to verify the summation model
proposed in (3.10), through the implementation of a simulation setup and
procedure. The foundation of this approach lay in the random walk concept
underlying Pearson’s model. The analogy of a random walk of a drunk man,
who takes a step in one direction and then in another direction, was applied
to electrical engineering to describe the behaviour of multiple PE convert-
ers. Specifically, vectors (or vector angles) and vector paths analogous to
random walk trajectories were employed to represent converter switching-
ON times. The objective was to verify that the converter switching-ON
sequence, represented by a specific vector path, matched the initially se-
lected vector path from which the switching instants were derived and

subsequently implemented in the simulation.

The verification procedure was described for K = 2 paths, N = 8 convert-
ers, an arbitrary chosen radius R = 4.2, and a point ZW[h] = 2(? —|—j*/T§)

through the following steps:

e Several paths representing random walks are selected to reach a point

Z[h] representing a certain level of interference;

e From the vectors constituting these paths, the time instants 7, cor-
responding to the angles of the respective vectors are derived using

(4.5);

e These time instants are fed into the simulation setup for converter

activation;

e The CM current is measured, and the time-domain data is segmented
into bins, each corresponding to N converters operating simultane-

ously;
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4.1. SIMULATION-BASED VERIFICATION

e These bins undergo post-processing via FFT to obtain the harmonics
of the CM current with N converters. Complex vectors Z](\l,) [h] are

then obtained by rearranging (3.10);

e Finally, these vectors are juxtaposed to the originally selected paths
to assess the alignment between the theoretical model an the results

obtained from the simulation.
Fig. 4.9 presents a flow diagram of the above procedure. The next sec-

tion will verify the model and its underlying Pearson random walk against

experimental data.
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4.1. SIMULATION-BASED VERIFICATION

(1) A point Z[h] representing a
certain interference level is se-

lected.

(2) Multiple vector paths,
(@) (4)
vy’ I,

.,Ux’, representing the
random walk, are selected to
reach point Z[h].

!

(3) Time instants 7, are com-
puted from the angles of the vec-

tors.

(4) These time instants 7 are fed
into the simulation.

The CM current is measured
and the time-domain data is seg-
mented into bins corresponding
to N converters operating simul-
taneously.

(5) These bins are post-processed
to obtain the vector Zn[h]
and  the individual vectors

13 A¥]
@' 9000n®

(6) The obtained vectors
o' @ v’ @)
il pceoog

N are compared
with the initially selected vec-
tors, 'ugj), ey v<J), to determine
whether the model holds.

l

Do the obtained vectors
overlap with the
initially selected ones?

Model verified Model not verified

Figure 4.9: Flow diagram for the verification of Pearson’s Random Walk
model vs simulation data.
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4.2 Experimental-based verification

The previous section verified the Pearson Random Walk summation model,
described by In[h] = Icm[h] (1 + Zn[h]), against simulation data. The sec-
tion began with descriptions of both the simulation setup and procedure.
The primary objective was to verify that the Pearson Random Walk con-
cept, which generates vectors in different directions, can be used to describe
the behaviour of multiple PE converters. The model’s verification against
simulation data was thoroughly described in subsection 4.1.3 and its ef-
fectiveness has been demonstrated. This section extends the verification
to experimental data, beginning with the description of the experimental

setup and procedure and followed by preliminary results.

4.2.1 Experimental setup

The experimental setup is illustrated in Fig. 4.10 where part a) presents
an overview of the entire setup and part b) shows the converters within
the enclosure. The schematic of the experiment is shown in Fig. 4.11. The

setup consists of:

1. An EA-PS 3080-20 C power supply that provids 45V DC voltage to

the three DC/DC converters;

2. Two Teledyne T3AFG120 function generators, one dual-channel, one
single-channel, used to drive the MOSFETS of the three DC/DC con-

verters;

3. Three Infineon (M100002230) CoolGaNTM e-mode HEMT half-bridge
evaluation boards, based on Gallium Nitride (GaN) MOSFET tech-

nology rated for 450V and 35 A with a maximum rated power of
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4.2. EXPERIMENTAL-BASED VERIFICATION
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Figure 4.10: Experimental setup: (a) measurement system comprising
three DC/DC converters, two function generators, two Line Impedance
Stabilisation Networks (LISNs) and an oscilloscope. (b) arrangement of
the three DC/DC converters within the enclosure.
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4.2. EXPERIMENTAL-BASED VERIFICATION

2500 W. Each board is connected to a 50 pH inductor and a 502

resistive load [66];

4. A Tenma 72-2720 programmable DC Power Supply providing a stable

5V DC and approximately 220 mA to drive the gates of the DC/DC

converters.
+5V |Gate DC
Supply Function
’7[ Generator 1
+5V
DC/DC T—|
DC/DC -(AH B e ’
Power LISN 8] DC/DC it
Supply | (A s [y
| DC/DC  —}
|\ Function
Generator 2

ATVRVREA RV R AR VAN AR

Figure 4.11: Experimental setup schematic with parasitic capacitances
(shown in red).

The experimental procedure utilised three identical converters with specifi-
cations described above. Each converter operated at a switching frequency
of fow = 100kHz and a sampling frequency Fy = 2GHz was used to sample
the CM current. The Teledyne function generators were connected to a
personal computer through USB ports, and controlled programmatically
using SCPI commands through National Instrument’s NI-MAX software.
Control signals were rectangular waves with specified frequency, duty cy-
cle, phase, and amplitude, generated with a basic wave SCPI command

(BSWV) L. For CM current collection, a Fischer Custom Communications

!The BSWV command represents a fundamental SCPI (Standard Commands for
Programmable Instruments) instruction used in signal generation instrumentation. This
command enables the configuration of primary waveform parameters through a struc-
tured syntax.
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4.2. EXPERIMENTAL-BASED VERIFICATION

Radio Frequency (RF) current probe (bandwidth of 1kHz — 250 MHz) was
employed and followed the procedure outlined in [69]. The probes was con-
nected to the Keysight InfiniiVision DSOX3024A oscilloscope. Both the
SCPI command transmission to function generators and data collection

from the oscilloscope were implemented in MATLAB.

4.2.2 Deterministic Verification of Pearson’s Random

Walk Model

In order to verify that the signal generators were synchronised in producing
accurately timed waveforms, and that Pearson’s Random Walk model holds
for the experimental setup proposed above, a series of deterministic test

cases were performed with known resultant vector |Z§l)[h’]| at 45° <Z>’

2
were applied to the individual converters and the results used to verify

)
90° (z), 180° (m) and 225° (Zﬂ> The phases presented in Table 4.1

that the control system was performing as expected as well as that the

obtained vectors correspond to the initially chosen ones |Z§Z)[h’ ]

The experimental measurements followed these steps:

1. CM current measurements were obtained by configuring the Function
Generators with specific phases. The converter activation phases,
specified in Table 4.1, were selected to achieve vector |Z[I/]| an-
gles of %, g,ﬂ', and Zﬂ. The single converter phases were derived

using parallelogram angle formulae. Appendix A provides a detailed

derivation of these phases.;

2. Phase verification was performed by comparing the arbitrary chosen

values with those estimated from the measured data;
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4.2. EXPERIMENTAL-BASED VERIFICATION

3. Harmonic analysis was conducted in real-time, storing only the CM
current harmonics. This approach optimised data storage require-
ments, as full time-domain data storage would require approximately
500 GB. However, three periods of time-domain data were retained

for verification.

Converter Converter Converter AZ?EZ) (7]

1 2
Case 1 0° 8° 82° 45°
Case 2 0° 23° 127° 90°
Case 3 0° 143° 217° 180°
Case 4 0° 188° 262° 225°

Table 4.1: Converter phase angles derived for known ZZE(;Z) [1], using par-
allelogram formulae (see Appendix A).

Fig. 4.12 shows the representative PWM signals applied to the three con-
verters, alongside the CM current measured via the RF current probe. The
second test case from Table 4.1 is presented, where the first converter (yel-
low signal) operates at 0°, the second converter (red signal) at 53°, and the
third converter (blue signal) at 127°. Part b) of the Fig. 4.12 demonstrates
a clear correlation between the PWM signals and the spikes in CM current.
Specifically, the rising edges of the PWM signals correspond to downward
spikes in CM current, whilst the falling PWM edges correlate with rising
spikes in CM current. Moreover, the damped oscillations of the CM current

attenuate to a steady state before the next switching event.

The complex vector ]Zél) [1]| was subsequently recovered using the method-

ology detailed in the following Section 4.2.3
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Figure 4.12: Time-domain representations a) PWM signals and b) CM
current.

4.2.3 Preliminary Results

This section presents preliminary results to deterministically verify the
Pearson’s Random Walk Model against experimental data collected from

three converters.

1. For a selected harmonic b’ = 1, [ points Zél) [h'] were chosen such that
|Z§l)[h’]| = 1.2. The four arbitrarily chosen points Zél)[h’] are shown

in Fig. 4.13 and correspond to 45° (E), 90° (z), 180° (7) and 225°

() o
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Figure 4.13: For a selected harmonic h' = 1, [ points Zg(,l) [1] can be
chosen such that |Z§l) W] =1.2..

. For each point there are K paths vl ,vé ), v3 , where j =1,..., K to

reach that point.
These paths are shown in Fig. 4.14 for each of the arbitrarily chosen

points. For N = 3 converters, only two paths are possible. Given

that
v =0+jo (4.8)

and
0| = o] =1 (4.9)

for any j. Consequently, vectors véj ), v3 , and Z [h’ | form an isosce-

les triangle, with internal angles determined by fixed side lengths.

Thus, if arg(Z [h’]) = «a and arg(véj)) = f < a, then arg(v(j)) =

2a— B > a. Similarly, if arg(vy 2 ) =0 > «, then arg(v3 ) f—2a <
L (2

«. Therefore, with K = 2 the vectors vé ), vy, Uy, U 2) form a paral-

lelogram.
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Figure 4.14: For each point there are K paths v%j), véj), véj). For N =3
converters, only two paths are possible for each point.

. Rather than selecting the time-step 7, as described in point 3 of the
4.1.3, where T,S ) was obtained via

()
. arg <Uk > 1
) (4.10)

d
o forltd ook

the procedure implemented for the function generators allowed spec-
ifying the phase o € (0,27). This means that initially four distinct
points Zél)[l], Z§2)[1], Z§3)[1], Z§4)[1] were selected such that their re-
T g,w, and % Then, the phases of the con-
verters were calculated using parallelogram angle formulae (described

spective angles were

in Appendix A). These phases correspond to time instants 75 and 73,

with the assumption that the first converter always starts at phase 0

(Tg = O)

. The CM current values were collected. Fig. 4.15 presents the CM
current for one, two and three converters, respectively, and indicates

the time instants 7 and 73 at which the second and third converter
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are activated. These 7 and 73 are calculated as described above

(point 3), with 74 set to 0.

5. Two methods were employed to recover Z([h] and the individual

vectors v’gj), v’gj), v’éj).

(a) FFT analysis: Application of FFT to the CM current.

(b) 7-based analysis: Detection of peaks in the time-domain CM
current values, estimation of the time-steps 7, as illustrated in
Fig. 4.15, and subsequent generation of vectors e 327/sw7h yging

the estimated 7.
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Figure 4.15: Common mode current with indicated 75 and 3.

93



4.2. EXPERIMENTAL-BASED VERIFICATION

Comparison in the complex domain

The vectors resulting from both post-processing methods are presented in
Figure 4.16, illustrating two distinct paths (shown in gold and in blue) to
reach the four arbitrary chosen points Zél) [/]. Tt can be noticed that the
FFT-based method (shown with dotted lines) yields vectors that deviate
slightly from the circle of radius 1.2, while the 7-based method (shown with
solid lines), based on the estimation of time instants 75, produces precisely
aligned vectors. The alignment in the second approach can be understood
due to the fact that the 7-based method inherently assumes unit-length
vectors and only the time instants 7, are post-processed. However, the
deviation obtained from the FF'T approach is minimal, therefore, it could
be assumed that the FFT-based approach, which does not make any im-
plicit assumption about the length of the vectors, is appropriate for further

exploration.

Method

T-based

FFT-based

Im(Zs(1])

Figure 4.16: Vectors vij), véj), véj) that sum up to Zél)[l], Z§2)[1], Z§3)[1],
Z§4) [1] obtained from measurements using the experimental setup presented
in Fig. 4.10, using both 7-based approach and FFT-based approach.
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4.2.4 Random Phase Measurements

Following successful verification of the Pearson’s Random Walk model
against the experimental setup, random-phase experiments were conducted.
Two datasets of 1,000 and 4,000 CM current measurements were collected,

with converter activation randomised according to the following procedure:

1. Converter phase assignment:

(a) First converter maintained at 0° phase,

(b) Second and third converters assigned independent random phases
2. Measurement sequence for each iteration:

(a) Single converter operation,
(b) Two-converter operation,

(¢) Three-converter operation;
3. Data acquisition protocol:

(a) Storage of CM current harmonics for each converter configura-

tion,

(b) Retention of two time-domain periods of CM current data.

The complex vector |Z§Z)[h’ || was recovered following the methodology de-
tailed in Section 4.2.3 and the results will be presented in the following

Chapter.

The experimental measurements with random phases required approxi-
mately 19 hours for 1,000 measurements and 75 hours (over 3 days) for

4,000 measurements.
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4.2.5 Summary

Similar to the preceding section 4.1, this section established a methodology
to verify the summation model proposed in (3.10) against measured data
through the implementation of an experimental setup and procedure. The
approach is founded on Pearson’s random walk concept and its application

to three PE converters in a simultaneous operation configuration.

The following was done:

T )
e Four points were selected with angles of 7™ and b with two

possible paths for three converters to reach each point;
e The switching times (converter phases) were derived from these se-

lected points;

e CM current measurements were obtained and analysed using two

methods (FFT-based and 7-based) to recover the complex vector

Z{ ).

The objective was to verify that the converters switching-ON sequences,
represented by two distinct vector paths, reached those arbitrarily selected
points. The switching time instants were derived from the theoretical paths
to reach those points and implemented in the converters. The alignment be-
tween theoretical and experimental paths signifies successful verification of
the method to describe the behaviour of the three PE converters. Fig. 4.17
illustrates the procedural flow for model verification against experimental

data.
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€ Does the model Iy [b] = Iou (] (1 + Zx[k]) hold? >

(1) Four  distinct points
1 2 3 4

z{ ), 28211, 28 1), 280 1]

are selected such that their re-

spective angles are w/4,7/2, T,

and 57 /4.

(2) For each point, there are two
paths vij),véj),véj), where j =
1,2 to reach that point.

!

(3) The phases of the convert-
ers are calculated using parallel-
ogram angle formulae.

!

(4) The CM current values are
collected.

(5) Two methods are employed

to recover Z(W[h] and the indi-
1(3) 1 (@) r(d)
1 Va2 Vg .

vidual vectors v

RN

(5a) FFT-based method. | | (5b) T-based method.

/

(6) The obtained vectors
oD,

.,v'g\z), are compared
with the initially selected vec-

tors, vﬁj), ce ,v%), to determine

whether the model holds.

Do the obtained vectors
overlap with the
initially selected ones?

Model verified Model not verified

Figure 4.17: Flow diagram for the verification of Pearson’s Random Walk
model vs experimental data.
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4.3 Conclusion

This chapter presented a methodology for verifying the applicability of
Pearson’s Random Walk model, described by (3.10), to the electrical engi-
neering field to model the behaviour of multiple PE converters. The model
verification through both simulation and experimental data demonstrated
to be successful. Some preliminary results of deterministic verification of
the model were included. The next chapter will present statistical verifi-
cation using empirical cumulative distribution funtion (ecdf) and
will address the research question: what is the probability that the total CM
current for N converters, |Iy[h]|, will decrease with respect to the CM cur-
rent of one converter, |Icy[h]|? This analysis will examine the probability
of EMI reduction in multiple PE converter configurations compared with

single-converter setups.
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Chapter 5

Statistical Verification and

EMI Reduction Analysis

The previous chapter introduced a methodology for verifying Pearson’s
Random Walk (PRW) model. The initial simulation approach provided
descriptions of the setup, procedure and preliminary results, offering de-
terministic verification against simulation data. Subsequently, the exper-
imental approach detailed the setup, procedure and preliminary results,
providing deterministic verification against experimental data. The chap-
ter demonstrated successful verification of the PRW model through align-
ment between the theoretical model and both simulation and experimental
data, establishing its use to model the electromagnetic emissions, namely

the CM current, of multiple PE converters.

From a practical perspective, the question regarding the absolute value
of In[h], representing the magnitude of the total CM current generated
by N converters, remains to be addressed. More specifically, as the input
variables (time shifts 7 or, equivalently, the phase angles «y) are randomly

selected, it is necessary to determine the distribution of |Iy[h]|. At this
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stage, the value of the total resultant current, |Iy[h]| cannot be directly
predicted, however, certain observations can be made regarding the effect
of increasing the number of converters from 1 to N (|Zy[h]|). Therefore,
the focus can be placed on the contributions that result solely from the
time-shifts. Particular attention is given to the cumulative distribution
function (cdf), which provides the probability that the random variable
is less than or equal to a certain threshold value (in this case, denoted as

r). In Chapter 3, these contributions were defined as
N
Zylh) =) e irlmh (5.1)
n=2

from (3.9). The distribution of the magnitude |Zx|[h]| of the vector Zy]h]
was provided by Kluyver [68] in the form of a cdf. This was described in

Section 3.4 and its analytical form is recalled here:
P(\Zu[h]| < 7) = / r I (YL (rt) dt, (5.2)
0

where Jy is the Bessel function of order 0 and .J; is the Bessel function
of order 1. The simulation results will therefore be juxtaposed with the

analytical cdf.

This chapter presents, therefore, the statistical verification of the PRW
model through empirical cumulative distribution function (ecdf).
The results are structured as follows: Section 5.1 presents a comparison us-
ing ecdf between the model based on (3.10), i.e., Ix[h] = Icm|h| (1 + Zn[h]),
and the simulation data. Section 5.2 provides a comparison using ecdf be-
tween the model and experimental data. The chapter concludes with an
analysis and computation of the probability of EMI reduction (specifically,
of the h-th harmonic of the common mode current) in a multi-converter

setup compared to a single-converter configuration.
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5.1. STATISTICAL VERIFICATION OF PEARSON’S RANDOM
WALK: SIMULATION RESULTS

The results presented herein are published in IEEE Transactions on Electro-
magnetic Compatibility, with the paper accepted for publication in Febru-
ary 2025 [70].

5.1 Statistical Verification of Pearson’s Ran-

dom Walk: Simulation Results

To verify the compatibility of Kluyver’s solution (provided by (5.2)) with
simulation results, an ecdf was obtained from 1,000 simulation trials. As
described in Section 4.1.2 each simulation required approximately 10 min-
utes, resulting in a total computational time of 170 hours (7 days) for
the entire set of 1,000 simulations when performed on a single machine.
However, to reduce this time, the simulations were parallelised across two
identical PCs, with 500 simulations allocated to each. Furthermore, as de-
tailed in Section 4.1.2, it was decided to compare the results for N = 3,5, 8
converters. This means that the switching times were modified from the
original formulation ¢, = (k—1)OTy, + 7 (where each converter was being
switched-ON sequentially, with the first converter operating individually,
followed by two converters working simultaneously, then the third converter
being added, followed by the fourth, and so forth) to ¢, = $,0T,+7x, where
sy represents grouped converter operations: s; = 1 for the reference con-
verter, s = s3 = 2 for three simultaneous converters, s, = s5 = 3 for five
converters, and sg = sy = sg = 4 for eight converters. This modification
reduced the number of bins from 8 to 4, with © = 266 switching periods
each. This allowed the further reduction of the time of the simulations by

approximately a quarter, i.e. to around 2 days.

Fig. 5.1 presents a comparison between the cdf evaluated using Kluyver’s
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No. converters — 3 — 5 — 8 simulation =--- theoretical
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Figure 5.1: The empirical cumulative distribution function (simulation) vs
cumulative distribution function obtained from Eq. (5.2) (theoretical) for
N = 3,5,8 converters and 1%, 5** and 101°" harmonic.

solution to Pearson’s Random walk, described by equation (5.2), and the
ecdf resulting from the 1,000 simulations with 3, 5, and 8 converters op-
erating, respectively. The z-axis shows the upper bound r for the length
of Zn[h], while the y-axis presents the probability P(|Zy[h]| < r) that the
length is smaller than or equal to r. The respective facets show the data
for the 1st, 5th and 101st harmonic. Moreover, close alignment can be seen
between the theoretical model (dashed lines) and the simulation results

(comtinous lines).

The ecdf saturates (reaches the value of 1) at r equal to N —1 (with N the
total number of converters), as illustrated by the shaded area in Fig. 5.1.
This can be understood by recognizing that the highest magnitude achiev-

able by | Zx[h]| occurs when all the unitary vectors e 427 /swm2h  o=i2nfswinh
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WALK: SIMULATION RESULTS

align at the same angle, resulting in a magnitude of N — 1. It is important
to observe that the ecdf does not indicate the probability of I [h] reaching
a certain EMI level; rather, it counts the contributions from the converters
2 to N, without including the reference EMI current of a single converter
Icnlh]. More precisely, the ecdf provides the probability of increasing or
decreasing the total EMI at harmonic h. Analysis of the first harmonic (top
facet in Fig. 5.1) for 8 converters (blue line) shows that both simulation and
theoretical results (continuous or dashed line) yield a probability of approx-
imately 0.35 for emissions to be below a certain threshold. For example,
the probability of emissions being lower than 2 is &~ 0.35. The probability
of exceeding the threshold of 2 is the complement: 1 — 0.35 = 0.65, repre-
senting the probability of EMI above the threshold. Moreover, this result
(and therefore (5.2)) holds regardless of the harmonic number A. This also
means that knowing the CM current for a single converter, the upper bound

for the total CM current should not exceed oy V.

A key question remains: what is the probability that the total CM current
for N converters, |Inx[h]|, will decrease with respect to the CM current of
one converter, |Icm[h]|? So, the investigation begins with a single converter
generating a CM current. As additional converters are introduced, increas-
ing from 1 to NV converters, the research question addresses the probability
of electromagnetic noise reduction in the presence of multiple sources. This
presents an interesting theoretical challenge, as it contradicts the intuitive
assumption that additional converter units would lead to increased electro-
magnetic interference levels. The theoretical resolution to this question will
be presented in Section 5.3, following statistical verification of the model

on experimental data in the next section.
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WALK: EXPERIMENTAL RESULTS

5.2 Statistical Verification of Pearson’s Ran-

dom Walk: Experimental Results

The experimental setup comprising three converters, described in Chap-
ter 4, Section 4.2, was employed to generate a larger dataset so that the
statistical variation in the results could be analysed and compared with
Kluyver solution (expressed in Equation (5.2)). The experiment consisted
of two measurement sets: 1,000 and 4,000 runs, with randomly distributed
converter phases. The first converter consistently operated with Oo phase
delay, whilst the second and third converters were configured with inde-
pendent random phases. The phases of the three converters were denoted
as a1,y and ag with ay fixed at 0. The angles (phases) as and a3 were
sampled from a pseudo-random uniform distribution ¢(0,27). These an-
gles were applied as input to the function generators. The CM current
measurement required approximately 19 hours for 1,000 runs and 75 hours

(3.1 days) for 4,000 runs.

Fig. 4.15 displayed the measured CM current for one converter (top facet,
N = 1), two converters (middle facet, N = 2), and three converters (bot-
tom facet, N = 3). The time instants 7 were calculated between them
using the 7-based procedure. Initially, the first peak was detected, fol-
lowed by the detection of the second peak, which enabled estimation of 7.
Subsequently the third peak was detected, allowing estimation of 5. With
the time instants identified and the switching frequency known, the angles

were computed by inverting the relationship:

©)
, arg (vk ) 1
) _
Tkﬂ - ol mod T (5.3)
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thus:

arg (U](cj)) = 27 foh - T,gj) mod 27. (5.4)

This provides the expression for the angles, arg (v,(f )), where the result
is taken modulo 27 as the arguments of these complex numbers (which

represent the angles) are expressed in the range [0, 27).

Then, for verification purposes, the angles drawn from a pseudo-random
uniform distribution ¢(0,27) and input to the function generators (here-
inafter referred to as assumed angles) were compared with the angles ob-

tained as outputs from running the setup.
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Figure 5.2: Histograms of angles as and a3, assumed as input to function
generators, and estimated from time-domain measurements of CM current.

Fig. 5.2 presents the distributions of angles as and a3. It shows both the as-
sumed angles, drawn from a pseudo-random uniform distribution ¢(0, 27)
and input to the function generators (shown in blue), and the angles es-
timated through the 7-based procedure obtained from running the setup
(shown in gold). Slight deviations are observed between the assumed distri-

bution and the one estimated from experimental measurements. The reason
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could be twofold: the automatic measurement system may be misidenti-
fying some of the pulses, or measurement noise could be confusing the
system. However, as no skews occur, it can be confirmed that the distri-
bution assumed for the angles has not significantly changed after running
the set-up, i.e., the angles of the post-processed data also follow a uniform
distribution U(0,27). Therefore, the experimental data can be used for

estimating the cdf of |Zx[h]|.

Finally, Fig. 5.3, similarly to what is shown in Fig. 5.1, presents a compar-
ison between the theoretical cdf of |Z3[1]| and the numerically evaluated
ecdf from the two measurement sets: 1,000 measurements (shown in red)
and 4,000 measurements (shown in blue) obtained with three converters
operating simultaneously. The ecdf curves, represented by solid lines, are
bounded by confidence intervals (indicated by shaded areas enclosed by

dotted lines), indicating the precision of the evaluation (+95%).

It can be observed that:

e For 1,000 measurements, the ecdf follows a similar trend to the the-
oretical one, although discrepancies are evident since the beginning
and for values of r up to 2, with maximum deviation occurring at

approximately r = 2.

e For 4,000 measurements, the ecdf aligns better with the theoreti-
cal curve, although the deviations persist in the vicinity of r = 2.
(A more precise alignment with theoretical curve could be achieved
through implementation of stratified sampling techniques [71], by
identifying the angles that yield values of r close to 2 and increasing

sampling from that range of angles.)

The distribution of | Z3[1]| is represented in Fig. 5.4 through a pdf histogram
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Figure 5.3: Cumulative distribution function of |Z3[1]| obtained from
Eq. (5.2), and empirical cumulative distribution functions obtained from
1,000 and 4,000 measurements with confidence intervals indicated by dot-
ted lines and shaded area.
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Figure 5.4: Histogram of | Z3[1]| obtained from differentiating the empirical
cumulative distribution functions obtained from 1,000 and 4,000 measure-
ments.
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derived by differentiating the ecdf with each bin showing the counts of oc-
currences. While the increased number of measurements in the second case
yields higher bin counts, normalisation to 1 facilitates direct comparison
between the two measurement sets, thereby improving the visualisation of

relative counts.

It can be observed that also in this case:

e The shape of the histograms for 1,000 and 4,000 measurements follow

the theoretical one with the discrepancies mentioned before.

e From the set of 4,000 measurements, approximately 750 are around
r = 2 and all the other measurements are ‘evenly’ distributed for val-

ues of r up to 2. This is in agreement with the theoretical probability.

These experimental results verify the Pearson’s random walk model as an
effective approach for characterising electromagnetic emissions in multi-
converter configurations. Further investigation is needed regarding the
potential for electromagnetic interference mitigation through multiple con-
verter implementations. The next Section 5.3 will finally address the re-
search question what is the probability that the total CM current for N
converters, |Iy[h]|, will decrease with respect to the CM current of one

converter, |Icm|[h]|?
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5.3 Probability of EMI reduction

This thesis ultimately seeks to answer the research question: What is the
probability that the amplitude of the CM mnoise in a system with multi-
ple converters, |Iy[h]| will decrease with respect to the CM noise gener-
ated by a single converter, |Iom[h]|? By examining (3.10), namely Iy[h] =
Icm[h] (14 Zy[h]), one can observe that sufficient conditions arise when
|1 + Zn[R]| < 1, which occurs if the endpoint of the vector Zy[h] lies
within the unit circle centred at (—1,0). Fig. 5.5 depicts the random walk
patterns for N = 8 converters, illustrating four distinct trajectories. Each
trajectory represents a different random walk sequence, corresponding to
various switching-ON sequences of the PE converters. Only two of these
paths (shown in red) result in the reduction of h-th harmonic value, as their
endpoints fall within the unit circle centred at (—1,0), whilst the remaining
two paths do not yield EMI reduction. Of particular significance are the
two upper paths. Although they begin in close proximity, only the red path
terminates within the unit circle. Had the fifth golden vector been oriented
marginally downward, the final vector would have terminated within the
unit circle. This observation suggests that EMI reduction could be achieved
by controlling the switching-ON time of the sixth converter (represented by
the fifth golden vector), which directly translates to changing the length of

the resulting contributions incorporated in Zy/[h].

As stated at the beginning of this section, the aim is to provide an explicit
computation of the probability that the A-th harmonic of the CM current
will be reduced in a setup with multiple converters compared to one with a
single converter. The question remains: how does one compute this prob-

ability?
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Im(Zy[h])
3 — No EMI reduction

— EMI reduction

5 i / Re(Zy[h])

/

Figure 5.5: EMI behaviour for N = 8 converters. Four distinct random
walk trajectories composed of N — 1 unit vectors are shown. The red paths
terminate within the unit circle centred at (—1, 0), indicating configurations
that achieve EMI reduction. The golden paths end outside this circle,
representing configurations where EMI reduction is not achieved.

Let p(r, 0) denote a joint pdf of Zy[h]. Assuming that the magnitude and
phase of Zy[h| can be treated as independent random variables, it follows

that

p(?“, 0) = pN(T)p/N(@), (5'5)

where p'y(0) is the pdf of uniform distribution ¢(0, 27), while py(r) can be
obtained by differentiating cdf from (5.2). Using the recursive properties

of Bessel functions, this yields:

pn(r) = r/ooo tJo(H)N " o (rt) d t. (5.6)

This represents the differentiation of the solution provided by Kluyver. A

full explanation and step-by-step differentiation is presented in Appendix B.

Fig. 5.6 shows the pdf p(r,0), where r = \/Re(Zy[h])? + Im(Zy[h])? and
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0 = arg(Zn|h]). As the pdf is rationally symmetrical around (0,0) only
the negative range (—6,0) for the real part of Zy[h], and the range (—6,6)
for the imaginary part of Zy[h| are shown. This joint pdf represents the
distribution of all possible states resulting from time-shifted contributions
of multiple converters to vector Zy[h]. It can be understood intuitively that
the value at 0 is 0, as the probability of vector Zy/[h], which represents the

sum of contributions from any additional converter, being exactly 0 is 0.

0.25
0.20 p(r,9)
0.15

Im(Zy[h]

Figure 5.6: The joint pdf p(r,0) is expressed as the product of pdf from
(5.6) and the pdf of the uniform distribution (0, 27). Therefore, p(r,§)
is obtained by rotating the pdf from (3.12) around the z-axis.

The same p(r, ) is shown as a contour plot in Fig. 5.7. The contours form
concentric circles centred at the origin (0,0) indicating that the pdf p(r,0)
is rotationally symmetrical around the origin. The colour gradient, ranging
from blue to red, indicates the value of the pdf p(r,0). Red regions indicate
higher probability densities, while blue regions indicate lower probability
densities. The dashed circle represents the region where EMI reduction

occurs. Interpreting this further, the red colour within the dashed circle
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shows that the probability of the vector Zy[h] endpoint to be within that

e-region of the circle is 0.3.

/ N ;
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Figure 5.7: Contour plot of the pdf p(r, ) of the vector Zy[h] endpoint to
be in a certain region.

In the next step, the probability of the A-th harmonic reduction can be
computed as a volume of a cylinder, the base of which is created from the
unit circle centred at point (—1,0) and bounded by the pdf p(r,#) from

the top as shown in Fig. 5.8.

Finally, the volume of the red cylinder, as shown in Fig. 5.9, represents the

probability of EMI reduction.
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Re(Zy(h])

Im(Zy[h])

Figure 5.8: The probability of EMI reduction P(|Ix[h]| < |Icm[R]|) of the
h-th harmonic can be computed as the volume of the (red) cylinder based on
a circle centred at (—1,0) and bounded by the joint probability density
function p(r,0) of Zy[h] (in orange).

Im(Zy[h])

Figure 5.9: The volume of the red cylinder representing the probability of
EMI reduction.

113



5.3. PROBABILITY OF EMI REDUCTION

It follows that the same reasoning applies regardless of the number of con-
verters, N. One can intuitively deduce that as the number of converters
increases, the volume of the cylinder decreases, leading to a smaller prob-
ability of EMI reduction. Fig. 5.10, Fig. 5.11, and Fig. 5.12 show the
probability of EMI reduction P(|Iyx[h]| < |Icm[h]|) of the h-th harmonic
for N = 10, 14, 30 converters, respectively. a) The probability is computed
as the volume of the (red) cylinder based on a circle centred at (—1,0)
and bounded by the joint probability density function p(r,6) of Zy[h]
(in orange); b) The volume represents the probability of EMI reduction;
¢) The contour plot shows the joint pdf p(r,0) as in a). Moreover, these
figures illustrate precisely this decrease in volume (facets b) for N = 10,
N = 14, and N = 30 converters, respectively. It is evident that for an
increased number of converters N = 30 (shown in Fig. 5.12), the volume
decreases with the respect to N = 14 converters (shown in Fig. 5.11), and
decreases even further with respect to N = 10 (shown in Fig. 5.10). This
can be appreciated by looking at the contour plots (facets ¢) where the red
region, representing higher probabilities of the vector Zy[h] being within
the unitary circle, moves outside the circle as the number of converters

increases.
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Figure 5.10: Probability of EMI reduction for N = 10 converters: a) joint
pdf p(r, 0); b) EMI reduction probability: volume; ¢) contour plot of p(r, 6).
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N =14

Re(Zy[h])
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Re(Zn[h])

()

Figure 5.11: Probability of EMI reduction for N = 14 converters: a) joint
pdf p(r, 0); b) EMI reduction probability: volume; ¢) contour plot of p(r, 6).
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Figure 5.12: Probability of EMI reduction for N = 30 converters: a) joint
pdf p(r, 0); b) EMI reduction probability: volume; ¢) contour plot of p(r, 6).
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5.3.1 Analytical Model of EMI reduction

As stated above, to quantify the probability of EMI reduction, the follow-
ing reasoning is required. The joint probability density function p(r, 6)
of Zylh] (shown in Fig. 5.10,5.11, 5.12 - facets a) and ¢) as a contour plot)
represents the distribution of all possible states resulting from time-shifted
contributions of multiple converters to vector Zy[h] and can be obtained by
differentiating the original solution to the Pearson’s Random Walk prob-
lem, provided by Kluyver [68] in the form of a cumulative distribution
function (cdf). The pdf exhibits rotational symmetry around (0,0). As
established in Chapter 5, EMI reduction occurs when the endpoint of vec-
tor Zy[h| falls within the unit circle centred at (—1,0). Consequently, the
EMI reduction probability can be calculated as the volume of a cylinder
whose base is this unit circle and whose height is bounded by the pdf of
Znlh].

By integrating over the magnitude and phase, the probability of h-th har-

monic reduction can be expressed as

P(|Iy[R]| < |Icumlh]|) = %/o rpy(r) arccos (g) dr, (5.7)

under the assumption that the joint density p(r,#) is normalized, which

reduces to

/000 rpy(r)dr = 1. (5.8)

To compute the probability of EMI reduction, the integration of the joint
pdf p(r, #) with the intersection of the cylinder based in (—1, 0) is required.
This two-dimensional pdf, p(r,0), is a product of a one dimensional pdf

pn(r) and p/y(6). Since these two variables can be thought as independent
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variables, the joint pdf is given by the product of their individual distribu-
tions. When integrating this joint pdf over the entire domain, the result
exceeds 1. To satisfy the fundamental property that a pdf must integrate to
1, normalisation is necessary. Hence, the assumption that the joint density

p(r,0) is normalized.

The mathematical derivation leading to this formulation is presented in the

Appendix C.
—o— MC eval. of Eq. (5.7) £o
® 1,000 simulations
=034 ¥ ® 1,000 measurements
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=
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Figure 5.13: Probability of reduction of h-th harmonic EMI.

Fig. 5.13 presents the values of the probabilities P(|Ix[h]| < |Icm[h]]) ob-
tained by numerically evaluating (5.7) (solid blue line) with the confidence
interval (o) indicated by dashed lines and shaded area. These are compared
with the results of 1,000 simulations for 3, 5, 8, and 12 converters (yellow
circles) as well as with the 1,000 (red circles) and 4,000 (grey circles) exper-
imental runs with 3 converters. The probabilities in both simulation and
experimental cases were obtained by counting the number of runs for which
|In[R]| < |Icm[h]| and dividing by the total number of runs (1,000 and
4,000, respectively). To numerically evaluate (5.7), Monte Carlo samples
were used to compute the volume of the cylinder, for each N =2,...,14.,

as Bessel functions are numerically unstable. The entire procedure was
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performed for h = 1 of the switching frequency.

The theoretical probability (blue line) shows a decreasing trend as the num-
ber of converters increases, confirming the observations made in previous
pages regarding the volume of the cylinder. The simulation results closely
follow the theoretical curve. The experimental data for up to N = 3 align
well with both the theoretical curve and simulation results providing vali-

dation of the model.

5.4 Conclusion

This chapter presented the statistical verification of the Pearson’s Ran-
dom Walk model through empirical cumulative distribution function
(ecdf). The analysis and the results demonstrated the effectiveness of
the model in characterising electromagnetic emissions from multiple PE

converters. The key findings were:

e Section 5.1 statistically verified the Pearson’s Random Walk model,
described by In[h] = Iem[h] (1 + Zn(h]), through ecdf comparison
against simulation data. The Kluyver solution, providing a cumu-
lative distribution function (cdf) in integral form, was verified
against the ecdf obtained from 1,000 simulations. In addition, the
results demonstrated that the method is valid regardless of the har-

monic under consideration;

e Section 5.2 statistically verified the Pearson’s Random Walk model,
described by Iy[h] = Icm[h] (1 4+ Zn[h]), through the ecdf against
experimental data from three DC/DC converters operating with ran-

dom phases. Specifically:
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(a) The experimental data validity was confirmed by verifying the
equivalence between the distribution of the assumed phases (an-

gles) and measured phase distributions,

(b) Comparison between the Kluyver solution and the ecdf ob-
tained from 1,000 and 4,000 measurements showed strong agree-
ment, with some negligible deviations. A potential solution was

proposed for implementation in future research investigations,

(c) Probability density analysis was conducted through histogram
which was obtained by differentiating the ecdf for both mea-

surement sets;

e Section 5.3 provides the first explicit computation of the probability
that the h-th harmonic of the common mode current will be reduced
in a setup with many converters compared to one with a single con-
verter. The findings indicated diminishing EMI reduction with in-
creasing number of converters. This can be intuitively understood
because, with a higher number of converters, there are many more
permutations of their initial switching times, with only a limited sub-

set being in a particular ‘opposing’ state that enables EMI reduction.

In conclusion, the combined simulation and experimental results validated

the Pearson’s Random Walk model as an effective framework for character-

ising electromagnetic emissions in multi-converter power electronic systems.
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Chapter 6

Conclusions

This chapter recapitulates the topics addressed in the various chapters of
this thesis, revisiting the contributions outlined in the introduction. Future

research directions are then discussed.

6.1 Chapter Synopsis and Contributions

Chapter 1 addressed a research gap in the EMC domain by highlighting the
need for a statistical framework to characterise aggregate electromagnetic
emissions in multi-converter configurations. The increasing deployment of
PE converters across different domains including renewable energy systems,
electric vehicles, aerospace applications and data centres motivated the
challenge of modelling aggregated CM noise when multiple PE converters
operate simultaneously, where electromagnetic interactions pose significant
EMI challenges. This chapter introduced the EMI sources in PE converters,
specifically the fast switching transitions that generate rapid voltage and
current transients which translate into electromagnetic interference. Fur-

thermore, the introduction identified a fundamental limitation in current
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EMC standards, which predominantly focus on single-device evaluation.
Individual device EMC compliance does not guarantee compliance in multi-
device scenarios, expressed as CEingividual # CEmuitiple- This limitation is
particularly problematic as EMC regulations require manufacturers to as-
sess compliance across all foreseeable configurations, with specific attention
to worst-case scenarios, yet provide no guidance on how to achieve this. To
address the challenge of modelling multiple interference sources, this thesis

proposed a statistical approach based on Pearson’s Random Walk theory.

Chapter 2 presented the main EMC issues generated by PE converters,
namely the rapid changes in voltage and current rates of the switching
devices utilised in PE converters; aggregation due to cooperation within a
larger network; and beating phenomena. The chapter continued by showing
literature examples where the EMC assessment was reliable for a single
converter but important divergences arose as soon as multiple devices were
considered, thus stating the necessity for statistical approaches to model the
electromagnetic emissions from multiple PE converters. This contrasts with
the current status quo of modelling multiple interference sources, which
relies on deterministic approaches that represent only a narrow fragment
of reality and are not always able to produce accurate models to describe

the behaviour of multiple power electronic converters.

Chapter 3 introduced Pearson’s Random Walk theory to characterise elec-
tromagnetic emissions in multi-converter configurations. Pearson’s Ran-
dom Walk, described by Karl Pearson in a letter to Nature[60], involves
a person taking steps of equal length in random directions. The funda-
mental question concerns the probability distribution of the distance from
the origin after n steps. This chapter established a mathematical anal-
ogy between Pearson’s Random Walk and the electromagnetic behaviour

of multiple PE converters. In this analogy, vectors represent the phase CM
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current waveforms produced by each converter, with vector angles corre-
sponding to their switch-ON times. By varying these angles, different vector

paths are generated, corresponding to unique emissions patterns.

Pearson’s Random Walk provided a means to express the total common
mode current generated by multiple converters (having a damped oscil-
lating shape) as the sum of the CM current generated by one converter
(the reference) plus the contributions that arise from the time shifts due
to the different switching-ON times of the additional converters (Iy[h] =
Icm[h] (14 Zn[h])). Attention was then directed towards these contribu-
tions Zy[h] to the total CM current. The chapter concluded with Kluyver’s
solution for the distribution of the contributions to the emission levels (in-
terference) generated by multiple PE converters through the cumulative
distribution function (cdf), which provided the probability that the
magnitude of the contributions was lower than or equal to a certain thresh-
old. In the author’s view, Chapter 3 demonstrated a successful implemen-

tation of Objectives 1 and 2 listed in Section 1.6.

Chapter / presented a methodology for verifying the applicability of Pear-
son’s Random Walk model to PE converters. The model, expressed math-
ematically as In[h] = Icm[h] (1 + Zy]h]), relates the CM current generated
by N converters to that of a single converter. Vectors (or vector angles)
forming paths analogous to random walk trajectories described by Pearson

were employed to represent converters’ switching-ON times.

The verification methodology employed two complementary approaches:

1. Simulation-based verification: An eight-converter simulation setup
was implemented using MATLAB Simulink. Each converter was

modelled as a full-bridge converter with inductive-resistive elements
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and a parasitic capacitor of arbitrary value (realistically representing
the metallic enclosure capacitance) to allow the CM current to flow.

The CM current was measured at a common coupling point;

2. Experimental verification: A physical setup comprising three DC/DC
converters based on Infineon CoolGaN HEMT[66] half-bridge evalu-
ation boards was constructed. This setup employed function gener-
ators to provide precise phase control of the converter phases, with

CM current measured via current probes.

For both verification approaches, a point Z[h] representing a certain in-
terference level was selected in the complex plane. This point could be
reached through different switching-ON patterns of the converters (which
corresponded to different vector paths). Once a path was arbitrarily cho-
sen, the angles of these vectors were obtained (representing phases for the
converters) and these phases were fed into the converters. Then, by com-
paring the converters’ switchingON sequence with the initially chosen path,

it was possible to assess whether Pearson’s Random Walk summation model

holds.

The simulation results demonstrated that this deterministic analysis con-
firmed that imposing agreement on the first harmonic led to agreement for
higher harmonics, thus validating the summation model. The experimental
analysis of recovering the vectors after operating the converters with the
arbitrary chosen phases, involved two approaches: one FFT-based (similar
to how these vectors were recovered from simulation data); and a second
approach (7 -based) which consisted of recovering these vectors from time
domain data through the detection of peaks in CM current values. It was
observed that that the FFT-based method yielded vectors which presented

minimal deviation, while the 7-based approach produced precisely aligned
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vectors. The alignment in the second approach can be understood be-
cause the 7-based method inherently assumed unit-length vectors, which
the FF'T-method does not. However, since the deviation was minimal, the
results confirmed verification of the summation model, and the FFT-based
method is deemed as appropriate for further statistical exploration as pre-

sented in the following chapter.

In the author’s view, Chapter 4 demonstrated a successful implementation

of Objective 3 listed in Section 1.6.

Chapter 5 presented the results in terms of the distribution of the magni-
tude of the contributions (|Zy[h]|) to the total CM current generated by
N converters. These contributions resulted solely from the different time-
shifts among the PE converters. The cumulative distribution func-
tion (cdf) provided the probability that the length of these contributions
was less than or equal to a certain value, which was the original question
Pearson asked. The results obtained from both the simulation data and

experimental data are juxtaposed with the analytical cdf.

More specifically, the results herein presented were organised as follows:

1. First, a comparison between the theoretical solution provided by
Kluyver and the empirical cumulative distribution function
(ecdf) obtained from running 1,000 simulations for 3, 5, and 8 con-
verters. Results demonstrated consistent alignment between theoret-
ical predictions and simulation outcomes across different harmonic

numbers.

2. Secondly, a comparison between the theoretical solution provided
by Kluyver and the empirical cumulative distribution function

(ecdf) obtained from running 1,000 and 4,000 measurements of an
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experimental setup consisting of 3 DC/DC converters operating with
random phases. Results from these experimental data showed strong

agreement with minor deviations.

Subsequently, the chapter addressed a fundamental research question: what
is the probability that the CM current magnitude in a multi-converter setup
will decrease compared to a single-converter arrangement? The analytical
model demonstrated that this probability can be calculated as the volume
of a cylinder whose base is a unit circle centred at (—1,0) and bounded
by the probability density function (pdf) of |Zy[h]|. Results revealed
a decreasing probability of EMI reduction as the number of converters

increases.

The chapter conclusively verified the PRW model through both simulation
and experimental results, establishing it as an effective framework for char-
acterising electromagnetic emissions in multi-converter systems. The new
contribution included the explicit computation of EMI reduction probabil-
ity in multi-converter setups, demonstrating that while possible, the likeli-
hood of EMI reduction diminishes with an increasing number of converters.
This last result can be also read as the opposite of the risk of increasing
EMI. Indeed, such probability is the complement of the probability pro-

vided in this thesis.

In the author’s view, Chapter 5 demonstrated a successful implementation

of Objectives 3 and 4 listed in Section 1.6.
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6.2 Future Work

The work presented in this thesis identifies improvements for future re-
search, some of which the author and collaborators have already begun to

investigate.

Regarding the results presented in Chapter 5, concerning the reduction
of EMI in multiple PE converter scenarios, a harmonic-by-harmonic basis
analysis has been proposed. However, predicting the behaviour of multi-
ple harmonics from a single one would be advantageous. From a practical
standpoint, determining potential interrelationship between harmonics of
the CM current could reduce system complexity and, consequently, the
time required for system control. Indeed, achieving electromagnetic emis-
sion reduction across the entire frequency spectrum rather than focusing
on individual harmonics represents a valuable objective. Whilst investi-
gating such potential interrelationships and deriving precise relationships
governing harmonic dependence requires further correlation analysis, ini-
tial findings demonstrate that a worst-case relationship can be established
between contributions to the total CM at the fundamental frequency and
contributions at higher-order harmonics. Since the aim is to estimate the
value of the magnitude of harmonic Zy[h] based on Zy|[1], we can study
the ratio Zy[h]/Zx([1]. This is shown in Fig. 6.1, where z-axis presents
|Zn[1]], while y-axis shows the ratio |Zx[h]|/Zn[1]|, (the h-th harmonic is
scaled with respect to the first harmonic) in log-log scale. The red points
present the results of the Simulink simulation, and the golden points show
the predictions of the model. As it can be clearly seen, the model and the

simulation are in agreement and show similar relationships.
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Figure 6.1: Correlation plot showing the relationship between the magni-
tude of the first harmonic |Zy[1]| (z-axis) and the ratio of higher harmonics
to the first harmonic |Zx[h]/ZN[1]| (y-axis), presented in logarithmic scale.

Zy|h]
Zn1]

\ — g(1Zx[1l]) + ex. (6.1)

where ¢ is a (possibly nonlinear) function, and ey is a random variable,
with parameters indexed by the number of converters N. Several candidates

for the function g can be discussed, including sinc function.

Furthermore, a similar approach can be applied to develop modulation
strategies that reduce EMI by orchestrating the operation of multiple sim-
ilar converters within the same grid through coordinated control. Such
an approach may demonstrate greater efficacy than conventional random

modulation techniques. The fundamental rationale for developing such
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modulation would be based on these steps:

1. Ensure the endpoint of vector |Zy[1]| (contributions to the total CM
current due to the different switch-ON times of the converters, referred
to the first harmonic) remains within the unitary circle shown in

Section 5.3 to achieve EMI reduction;

2. Utilise the established relationship between harmonics to predict the

magnitude of |Zy[h]| based on the known value of |Zx[1][;

3. Leverage the correlation between |Zy[1]| and any other |Zy[h]| to
guide the system such that all harmonics remain within the unitary

circle;

4. Implement coordinated control strategies that simultaneously man-
age the entire harmonic spectrum through this predictable relation-

ship.

A second direction for further research work emerges from the findings
on EMI reduction. While this thesis adopts a control-oriented perspec-
tive (where a continuous feedback loop would update the control over the
system), an alternative approach could explore risk-based EMC considera-
tions. In scenarios where direct control over a system is limited or absent,
for instance, when N converters initially operate according to a specific
synchronisation pattern over extended periods, jitter effects could even-
tually cause deviations that compromise EMI reduction benefits. These
limitations are the reason for adopting probability-based approaches, such
as randomised Pearson’s Random Walk models in describing the electro-
magnetic behaviour of multiple PE converter. An intriguing perspective
involves quantifying the risk of exceeding EMI thresholds, which repre-

sents the inverse of the EMI reduction demonstrated in this work. This
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risk assessment framework connects directly to the established formula:
risk = probability x severity. The probability component can be derived
from methodologies proposed in this thesis, whilst incorporating known
severity factors for specific applications would enable comprehensive risk

quantification.

With reference to the assumption made in Chapter 3, where it was as-
sumed that the model is based on a damped oscillation shape of the CM
current, the author of this thesis has initiated an investigation to relax
this constraint. A more general approach could examine whether the Pear-
son’s Random Walk modelling can be applied to any periodic signal with
an existing Fourier Transform. Preliminary results, based on experiments
with synthetic datasets containing several known signals, suggest that the
model maintains its validity regardless of the shape of the CM current,
although some discrepancies occur. Fig. 6.2 displays the ecdfs derived from
simulation results alongside the corresponding theoretical cdf for N set to
3,5 and 8, respectively. Different line styles and colors distinguish between
the various functions, with theoretical predictions represented by dashed
lines. Each subplot shows results for specific harmonic orders h = 1,7,11
and 19. M The orange-highlighted regions indicate where the theoreti-
cal cdf saturates ((reaching unity). As can be seen, the value saturates
when r = N — 1, which can be understood by recognizing that the high-
est magnitude achievable by |Zy[h]| occurs when all the unitary vectors
e 2 fswhm2 - o=i2mfswhTN glign at the same angle, resulting in a magni-

tude of N — 1.

A couple of observations can be made. First, the theoretical model demon-
strates strong correlation with simulation results across various input sig-
nals, validating the extension of the model to arbitrary periodic functions.

Second, higher harmonic frequencies exhibit growing discrepancies between
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Figure 6.2: The ecdf of Zy[h], where N = 3. Each facet corresponds to a
value of h = 1,7,11 and 19. Colours indicate different types of functions.
The solid lines indicate Zy[h] obtained from simulations, while dashed line
shows the theoretical solution to PRW.
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theoretical predictions and simulation outcomes. This deviation can be at-

tributed to computational precision limitations.

Finally, it is important to note that the model presented in this thesis is
based on the assumption that the CM current follows a particular pro-
file (damped oscillating sinusoid) and that the only variation is over the
converters’ switch-ON times, thus introducing a random phase shift or a
phase shift with a certain distribution. However, additional factors such
as variations in converter component values and manufacturing tolerances
could have an impact. Therefore, this model could be further extended by
incorporating variability in component values, PCB layout configurations
and similar parameters, potentially resulting in a modified random walk
where the step is no longer unitary but exhibits variable step size as the

one described in [72].
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Appendix A

Function Generator Phases

This appendix aims to explain how the PE converter activation phases, as
specified in Table A.1, were obtained through parallelogram formulae and

implemented in the Function Generators.

Converter Converter Converter AZ?EZ) 4

1 2
Case 1 0° 8° 82° 45°
Case 2 0° 23° 127° 90°
Case 3 0° 143° 217° 180°
Case 4 0° 188° 262° 225°

Table A.1: Converter phase angles for different test cases

In order to deterministically verify Pearson’s Random Walk, specific angles

for the resultant vector Z?El) [1'] were chosen, namely 45° (E), 90° <Z>,

- 1 2
180° () and 225° (Zw).

An arbitrary value for the length of Zél) [R'] is chosen (|Z§l) [I]| = 1.6) in the
complex plane as shown in Fig. A, where ([) indicates the possible path
to reach such point; 3 indicates the number of converters; and h' refers
to a generic harmonic of the switching frequency. This point represents

a certain level of interference and, in the case of 3 converters, it can be
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intuitively understood that there are only two paths to reach that point.

Choosing the known angles for Zg(,l) [h'] and deriving the angles (phases) of
the single converter serves to verify whether, once these single phases are
fed into the function generators, the system performs as expected. This
verification would confirm that the Pearson’s Random Walk model holds,
meaning that the obtained |Z§l)[h]| from operating the converters matches

the initially chosen one | Z$"[]).

Im
0 = 45°
o = 8&°
oy = 82°
J— ¢ = 37°
) l
V3 ig )[h/]
\ q Vél)
VQZJ
1) (1
\D)
0 ai Qa
/ Re

Figure A.1: Derivation of second and third converter phase angles using
parallelogram vector formulae for a chosen point Z:gl) [R'] at 45°.

In Fig. A.1 the angles (converter’s phases) are derived for a chosen |Z§l) ]|
at 45°. Since all the vectors ’Uéj) and ’Uéj) for 7 = 1,2 represent the two

possible paths, a rhombus can be identified.

Using trigonometric formulae:

1.6

adjacent 2
=—=—="=038 Al
cos(¢) hypotenuse 1 ’ (A1)
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This means that:

¢ = arccos(0.8) = 37°, (A.2)

With 3 converters there are two possible paths for § = 45°:

l.ag=0—¢=45° =37 =8§°

2. ap =0+ ¢ =45° + 37° = 82°

This means that, assuming the first converter is always switched-ON with
zero phase delay, the second and the third are switched-ON with 8° and 82°,
respectively (first path composed of gold and red vectors), or conversely, the
second and third converters are switched-ON with 82° and 88°, respectively

(second path composed of blue and green vectors).
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Appendix B

Differentiation of the

Kluyver’s cdf

The integral to be differentiated is the camulative distribution function
(cdf) provided by Kluyver. This integral is differentiated with respect to
T?

/ IO () dt. (B.1)

The following steps are implemented:

1. Apply Leibniz’s rule for differentiating under the integral sign;
2. Use properties of Bessel functions;

3. Apply the chain rule for the term J;(rt)

First, the Leibniz’s rule is used to bring the differentiation inside the inte-

gral:

L] [ /0 I () dt] - /0 Oodi oYL r)] d. (B2)

dr r
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Next, the integrand is differentiated using the product rule:

z%[ﬂh@f“ﬂh&ﬂ]:JMQN”JﬂN)+rLﬂ®N*§éUﬂmﬂ, (B.3)

For Bessel functions, the derivative of Ji(z) is:

d Jl(flf)

(@) = Jola) — (5.4)
Using the chain rule, the derivative of J;(rt) with respect to r is:
d B Ju(rt)\ Ji(rt)
5[(]1(7“75)] =t (Jo(rt) - ) = tJo(rt) — mant (B.5)

Substituting this back:

d% [r TN I (rt)] = Jo()N T (rt) + o ()N ! (th(rt) _ Jl(”))

= Jo@)N LI (rt) + rtJo ()N T (rt) — Jo(8)N (1)

= rtJo(t)N " o (rt). (B.6)

Therefore, the final result is:

S [t = [Cran e e @)
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Appendix C

EMI Reduction - Analytical

Integral Formulation

To quantify the probability of EMI reduction, one can calculate it as the
volume of a cylinder whose base is the unit circle centred at (-1,0) and whose
height is bounded by the joint probability density function (pdf),
p(r,0) of Zy[h]. Prior to this calculation, it is necessary to introduce the

following concepts.

Joint pdf p(r,0)

Let p(r,0) denote a joint pdf of Zy[h]. Assuming that the magnitude (r)
and phase (0) of Zy[h] can be treated as independent random variables,

p(r, 0) can be written as,

p(r,0) = pn(r) Py (0), (C.1)
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where p/y(f) is taken from a uniform distribution U(0,27). This gives

Py (0) = 1/2m. Therefore,

p(r,0) = pNn(r) 5= (C.2)

The function py(r) can be obtained by differentiating the cumulative
distribution function (cdf) provided by Kluyver [68]. A fundamental

property of the pdf is that it must integrate to unity. Therefore,

/02” /Ooor p(r,0)dodr = 1. (C.3)

where the factor r represents the Jacobian resulting from the transforma-

tion from Cartesian to polar coordinates.

Excursus: Jacobian Matrix

The computation of the Jacobian matrix for the transformation from Carte-

sian coordinates (x,y) to Polar coordinates (r,#) can be as follows:

e r =rcosb;

e y =rsinf.

The Jacobian matrix requires the computation of all partial derivatives:

or Ox
ar 00
J = (C.4)
dy Oy
ar 90
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Calculating each partial derivative:

1. (6‘9:: 6r(r cos ) = cosb;

2. gz 889(7‘ cosf) = —rsinb;
3. gi{ aar(rsm@ = sin 6,

4. % ;e(TSIHQ)_TCOSQ.

This yields the Jacobian matrix:

cos) —rsinf

= (C.5)
sinff  rcos@
The determinant of this Jacobian is calculated as:
det(J) = cosf - rcosf — (—rsinf) - sin 6
=rcos’f + rsin’ 6
= r(cos?§ + sin” 0)
=r-l=r (C.6)

So the (C.3) becomes

2m o0
/ / r p(r,0)df dr =
o Jo
:/ / r—pN r) df dr
2
:— d@/ TpN
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under the assumption that the pdf py(r) integrates to 1.

Computation of the volume representing EMI reduction

In order to compute the volume representing the EMI reduction, beyond
the joint pdf introduced above, it is necessary now to define the area of
the unitary circle based at (—1,0) which must be multiplied by the height

bounded by the joint pdf p(r,0).

First,

1+ Zylh]| < 1 (C8)

which is the condition to have EMI reduction represents a circle

(z+ 1) +y* =1, (C.9)

where the end of the vector Zy[h] must lie (shown in black in Fig. C.1).
This circle is symmetrical with respect to the z-axis, which means that one
can consider only the top part and then double the result. To differentiate
over this area, two strategies can be implemented: first, the angle 6 can be
fixed and then the radius r varied, or the radius can be fixed and then the

appropriate angle 6 determined. The second strategy will be followed.

In Fig. C.1, the radius r is fixed and it is necessary to find the angles m — 6
for which differentiation is required, which means finding the point A in

Fig. C.2. It is convenient to consider a second circle of radius r = Zy/[h],
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S S 1=

Figure C.1: Circle centred at (—1,0) symmetrical with respect to the -
axis. Only the upper half is considered.

Im

Figure C.2: Determination of the upper limit for the angle @, for a specific
r.
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and the point A can be found as follows

)
2%+ 42 = 12 22 g2 = 12
=
(z+1)+y2=1 P4+2r+1+y*=1
L
(
2% 42 = 12
=
2 +y’+ 20 =0
L
(
2% 4y = 12
= 9
24+ 22 =0
(
( 2\ 2
(3o
= B 2
(" T T
(.4
LA
N 4+y T
\x_ 2
)
y2—r2—r—4—r2(1—i>
. 4 4
\xi_Q
( 2 2
y=dr2(1-2) =xn/1-=
N 4 4
2
r=——
\ 2
(C.10)

2
’
Only the positive solution y = rq/1 — 1 is considered.

145



The angle m — 6 must then be determined. Then

|z| = rcos(m — @) = —rcosb. (C.11)

Since x is negative, it is multiplied by -1

x =rcosb, (C.12)
which means that
r? r? —r
x:—5$—?zrcose:0:arccos 5 =0(r), (C.13)

and this is the value of 0 for which the first circle is intersected.

The radius ranges from 0 to 2 and the angle from 0(r) to m; these limits
define the area of the unitary circle base of the cylinder whose volume
requires computation. This base must be multiplied by the height bounded

by the joint pdf p(r,0).

Therefore, the double integral to be computed is:

2 T
/ / r p(r, 6) do dr (C.14)
0 JO(r)

where r represents the Jacobian resulting from the transformation from
Cartesian to polar coordinates. As polar coordinates (r,6) are being con-
sidered rather than Cartesian coordinates (x,y), the differential elements
drdf form non-rectangular regions on the red arch in Fig. C.2. The Jaco-

bian factor r accounts for this coordinate transformation.
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So the volume is computed as:

2 s
// rp(r,0)do dr =
0 Jo(r)
:// r—pN r) d6 dr

rpN( ) [r—6(r)] dr

_ 2rpN(r) (77 — arccos (—g)) dr

2m Jo

1 2

r pn(r) arccos (g) dr (C.15)

Since, only the upper portion of the circle was consdiered, the results needs

to be doubled, leading to:

2
/ / p(r,0)do dr = 1/ r pn(r) arccos <C) dr (C.16)
T Jo 2

So, the P(Ix[h] < Icar[h]) is:

P(In[h] < Ioaplh]) = %/OQT])N(T) arccos (g) dr (C.17)

under the assumption that the joint density p(r,#) is normalized, which

reduces to

/000 rpy(r)dr = 1. (C.18)
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