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Abstract

This dissertation presents three studies: the first on the macroeconomics of advertising, the

second on growth and the role of competition, and the third on comparative statics.

The first study develops a new general equilibrium model to examine the aggregate effects
of advertising. The model captures the two traditional views of advertising—informative and
persuasive—and introduces a novel anticompetitive motive. We find that advertising has a

significant positive aggregate effect through its role in spreading product awareness.

The second study explores the role of competition in shaping the long-run effect of fiscal policy
on growth and the complementarity of fiscal and competition policies. To address these, we
develop a step-by-step growth model with endogenous market structure, and we find that the

market structure response amplifies the effect of fiscal policy.

The last study, which lies outside the field of macroeconomics, is motivated by the limited tools
available to get analytical results in models frequently used in macroeconomics and other fields.
It introduces a novel approach to comparative statics, building on Farkas’ Lemma, and derives
sufficient conditions under different assumptions. An application to an oligopoly model with

differentiated goods under CES preferences illustrates the method.
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Chapter 1

Introduction

This dissertation presents three studies: the first on the macroeconomics of advertising, the
second on growth and the role of competition, and the third on comparative statics.

Chapter 2 develops a new general equilibrium model to examine the aggregate effects of adver-
tising. The model captures the two traditional views of advertising—informative and persua-
sive—and introduces a novel anticompetitive motive. We find that advertising has an overall
positive aggregate effect, not only through financing entertaining media goods, but also through
expanding product awareness. Without advertising, firms remain smaller, which in turn reduces
the incentives to create new products.

Chapter 3 explores the role of competition in shaping the long-run effect of fiscal policy on
growth and the complementarity of fiscal and competition policies. To address these, we develop
a step-by-step growth model with endogenous market structure, and we find that the market
structure response amplifies the effect of fiscal policy. This is part of a joint project with my
supervisor Giammario Impullitti and Antonin Bergeaud.

Chapter 4, whose applicability extends beyond macroeconomics, is motivated by the limited
tools available to get analytical results in models frequently used in macroeconomics and other
fields. It introduces a novel approach to comparative statics, building on Farkas’ Lemma.
This chapter shows that this approach can improve the sufficient conditions for the sign of the
comparative static found in recent literature, as well as the bounds on the value. An application

to an oligopoly model with differentiated goods under CES preferences illustrates the method.



Chapter 2

Advertising Motives and Firm

Life-Cycle Dynamics in a General

Equilibrium Model

2.1 Introduction

Firms advertise for different motives. First, firms have an incentive to advertise to make
consumers aware of them and, in doing so, increase their customer base (i.e., the informative
motive). By raising consumer awareness, advertising allows consumers to enjoy more variety
and fosters competition. Second, firms may advertise to persuade current customers to spend
more on their products (i.e., the persuasive motive). By enhancing consumer preferences for
goods, advertising may positively affect utility from consumption but can also increase market
power by reinforcing product differentiation. An extensive literature has examined whether
advertising is informative or persuasive, with supporting evidence for both VieWSE] However,
research on the macroeconomic implications of advertising remains limited, and a framework
accommodating both views is missing. This paper aims to fill this gap.

In addition to these traditional views, consumers’ limited attention capacity implies that firms
need to compete for the attention of consumers to make their way into their consumption sets.

This introduces a novel effect of advertising: advertising by one firm diverts consumers’ atten-

1See Bagwell| (2007) for a review.



tion away from competitors. Thus, firms have an incentive to advertise to avoid competition
by hindering competitors’ ability to expand their customer base, which I refer to as the anti-
competitive motive. This seems particularly relevant in settings like Google search or Amazon
advertising, where firms compete to be placed in the top positions within a keyword, as these
receive most of the attention.

What are the aggregate implications of the different advertising motives, and how do these
motives evolve over the firm life cycle? This paper develops a novel model that is able to speak
about these questions. Additionally, it is the first general equilibrium model of informative
advertising where firms play strategically in a dynamic game, and I believe the methodology
developed here will be valuable for subsequent research.

In the model, each industry is composed of a generic good produced under perfect competition
by a fringe and an endogenous discrete set of oligopolistic firms each producing a differentiated
good. A key feature of the model is that, within an industry, consumers are characterized
by the set of goods they are aware of, which I refer to as awareness sets. All consumers
know the generic good of each industry, but may not know all of the differentiated goods.
The awareness sets evolve stochastically, affected by firms’ advertising decisions. Thus, firms
face a dynamic problem, as building a customer base takes time, which is motivated by the
empirical evidence from Foster et al. (2016).E| There is one type of advertising that has two
effects. First, it increases the probability a consumer becomes aware of the good, and second,
it increases the demand shifter for those consumers already aware of the good, inducing them
to spend more on the advertised good. Given that the advertising space of each industry is
limited, firms internalize that by increasing their advertising expenditure they increase the
price of the advertising space in their industry, which reduces the advertising space acquired
by competitors, reducing their visibility (the anticompetitive motive). This aligns with Google
search advertising, where firms bid on specific keywords in a cost-per-click (CPC) auction.ﬂ So,

heterogeneity in the demand for advertising in a specific keyword translate into heterogeneity

2In particular, [Foster et al| (2016) take advantage of data on physical quantities in industries that are
plausibly little subject to quality differentiation and find that the fact that older firms are bigger than younger
firms cannot be explained by differences in productivity, and then they find support for the hypothesis that
firms play an active role, not just a passive effect from aging. Einav et al|(2022), focusing on the retail sector,
find that most of the variability in sales is accounted by the number of clients.

3Google doesn’t charge firms just to be placed at the top, instead, the CPC is the amount the firm will be
charged for each click their ad receives. Therefore, Google doesn’t necessarily place the highest bidding firm at
the top; it also considers the relevance of the ad.



in pricesﬁ Additionally, there is a media sector that transforms the advertising expenditure
into media goods using labor. These media goods are supplied to consumers at a zero monetary
priceﬂ Consumers choose the time they spend on them based on their entertainment value,
and during this time, they are exposed to advertising.

The paper studies how the three motives change over the firm life cycle. Intuitively, younger
firms have more potential customers to acquire, and so they tend to have a stronger informative
motive. In contrast, the anticompetitive motive, which is about retaining market power over
the existing customers by reducing the probability they learn about competitors, is stronger for
older firms, as they have more to lose due to their larger customer base. The persuasive motive
also tends to be stronger in older firms. Intuitively, if advertising persuades existing customers
to spend more, the revenue increase will be larger the bigger the customer base.

The model is estimated by simulated method of moments for the U.S. economy to fit key em-
pirical patterns regarding (i) the evolution of average firm growth by age, which is important to
discipline the customer base building process in the model; (ii) the relationship between adver-
tising expenditure and sales, which, given the previous results, is informative of the strength of
the motives; and (iii) macroeconomic aggregates, specifically the sales-weighted average markup
and its standard deviation, aggregate advertising expenditure as a share of GDP, the fraction
of time spent on media, and the labor share. The model does well in matching the targets. In
addition, the model also features an inverted-U relationship between advertising and sales as
documented in previous literature.

To assess the aggregate effects of the motives and advertising as a whole, the calibrated model
is compared to counterfactual economies where some or all of the motives are shut down from
the firms’ first-order conditions. The counterfactual where all motives are shut down (i.e., there
is no advertising) reveals that advertising has a significant positive effect on the aggregate, not
only through its role in financing media goods that provide entertainment but also through its
role in spreading product awareness. In this counterfactual, the probability consumers learn

about goods is lower, as they only learn through an exogenous probability; consequently, firms

4This heterogeneity is shown in Figure The same applies if we look at CPC in Google shopping ads
across industries, although these are considerably cheaper, rarely more than one dollar per click.

5The presence of media goods that get their revenue from selling advertising space is pervasive, spanning
traditional outlets like radio and TV as well as digital platforms such as YouTube, Instagram, Facebook, and
Google. Although these media goods are barely reflected in GDP (see |[Greenwood et al| (2024))), the time
consumers spend on them suggests they have a significant impact on welfare.
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tend to be smaller. This lowers firms’ growth prospects and discourages new firms from entering
the market. As a result, consumption decreases, both due to consumers enjoying less variety
and because a larger share of consumption comes from a fringe of small, unproductive firms.
Overall, shutting down advertising would decrease consumption by 16.68%. The counterfactuals
also show that while the persuasive motive increases markups and reduces entry, it has a net
positive effect by increasing consumers’ taste for the advertised good. The anticompetitive
motive is detrimental to output, resulting in higher markups and lower entry. However, it can
still have a positive aggregate effect, due to its contribution to the provision of media goods. In
fact, a result of the calibrated model is that both the anticompetitive and persuasive motives
matter mostly through the entertainment value of media goods, as their effects on consumption
are modest. This is despite the fact that these motives significantly influence firms’ advertising
decisions: shutting down the anticompetitive motive reduces total advertising expenditure by
12%, and additionally shutting down the persuasive motive reduces it by a further 42%. A
complementary decomposition analysis based on the firms’ first-order condition shows that
8.45% of the (marginal) incentives to advertise are attributable to the anticompetitive motive,
33.74% to the persuasive motive, and 57.81% to the informative motive.

To quantify the inefficiencies, the decentralized equilibrium is compared to the one resulting
from solving the social planner problem, while maintaining the consumers’ information frictions.
A novel feature of the model is that the social planner values media goods not only because
they entertain consumers, as in existing literature, but also because, through the advertising
in media, consumers get information that allows them to improve consumption. In other
words, media serves as a vehicle for product awareness. Unsurprisingly, as the entertainment
value of media goods increases, the social planner reallocates more labor from the production
sector to the media sector. After a certain point, consumption under the planner’s allocation
becomes lower than under the decentralized one. More interestingly, when the entertainment
value of media is negligible, the optimal quantity of media is lower than in the decentralized
equilibrium, suggesting excessive advertising expenditure. However, this conclusion would be
inaccurate as one must also consider how the advertising space is allocated among firms. In
other words, the ‘overprovision’ of media, through its effect on learning, may help mitigating

the inefficiencies arising from the misallocation in the advertising space. In this direction,



the exercise examining the optimal uniform tax on advertising reveals that advertising should
be subsidizedﬂ Finally, given that the informative motive declines with firm age, while the
persuasive and anticompetitive motives increase, a natural question to ask is what the welfare
gains from allowing the advertising tax to be age-dependent would be. However, I find that
the gains from such a policy are negligible.

The paper is organized as follows: Section introduces the model and characterize the equilib-
rium. Section estimates the model, studies the evolution of the motives, their contribution
to total advertising expenditure, and their aggregate effect. Section discusses the ineffi-
ciencies of the model, compares the informationally-constrained social optimal equilibrium to
the decentralized one, and examines the gains from taxing advertising. Finally, section

concludes.

Related literature. This paper relates to the literature that studies the implications of
customer capital for firm, industry, and macroeconomic dynamics (e.g. Dinlersoz and Yorukoglu
(2012)), |Gourio and Rudanko (2014)), Molinari and Turino| (2018), |Argente et al.| (2023), |[Einav
et al. (2022)), Ignaszak and Sedlacek| (2023)), Greenwood et al.| (2024))). In these models, firms
grow via increasing their idiosyncratic demand (customer capital). Together with Cavenaile
et al.| (n.d.), we contribute to this literature by showing that it is not just the quantity of
customers that matters, but also the degree of information the customers have about alternative
goods. Relative to |Cavenaile et al.| (n.d.), this paper allows for strategic advertising decisions
as well as the interaction between firms of different sizes and ages. In |Cavenaile et al.| (n.d.),
advertising also serves to expand product awareness, but the advertising choices are coordinated
at the industry level, made once and for all at industry inception, and firms are assumed to
be symmetric. Their focus is on how the improvements in targeted advertising may lead to
increased market power through market segmentation.

This paper is also related to |Greenwood et al.| (2024)), who present a static model to study the
inefficiencies from advertising. Here, the contribution is to add to the analysis the inefficiencies
arising from markups typical of oligopoly frameworks, as well as identifying three novel sources

of inefficiency from advertising. The first two are reminiscent of growth models, namely: (i)

6Tn this exercise, I compare the stationary equilibria resulting from the different tax levels, without consid-
ering the transition.



lack of full appropriability, as the producers cannot extract the entire surplus; and (ii) business-
stealing, as firms don’t consider the losses from the reduction of consumption from competitors.
The third source of inefficiency arises from the anticompetitive motive particular to this model,
as firms try to avoid suffering from the business-stealing effect. Note that the sources of
inefficiency push in different directions, so it is not clear whether there is too much or too little
advertising, and requires a quantitative answer. Finally, there is inefficient entry, again due to
lack of full appropriability and business-stealing.

For the persuasive aspect of advertising, this paper builds on the literature that adopts the
persuasive view, e.g. |Cavenaile et al. (2024a)), Rachel (2024), Molinari and Turino, (2018)).
These papers model advertising as a static demand shifter. A novel contribution of the current
paper is the combination of the persuasive and informative views of advertising within a single
framework. In particular, this paper relates to |Cavenaile et al.| (2024al), as they also develop an
oligopolistic model with endogenous market structure. In their paper, they study the interaction
between R&D and advertising. As in my model, advertising in |Rachel| (2024)) and |Greenwood
et al.| (2024)) also finances the provision of media goods that improve utility.

Finally, this paper uses the concept of consideration sets introduced by Manzini and Mariotti
(2014) that are widely used in other fields[] In macroeconomics, this concept (using the term
awareness set) is introduced by (Cavenaile et al.| (n.d.). Relative to them, this paper explores
how the evolution of awareness sets both influences and is influenced by firms’ advertising
decisions. The presence of awareness sets complicates the firm problem, as firms need to keep
track of the distribution of consumers across these sets. In their model, they abstract from
this by assuming the evolution of the awareness sets is determined at industry inception, so the

only state variable is industry age.

TManzini and Mariotti (2014) model choice as a two-stage process. In the first stage, some of the available
alternatives are selected into a consideration set, with a probability that is linked to attention. In the second
stage, the agent maximizes utility restricted to the consideration set.
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2.2 Model

2.2.1 Environment

Market structure and the production sector. There is a continuum of mass 1 of
industries indexed by 7. In each industry, there is a generic good and a discrete set J;; of firms,
indexed by j, each one producing a single differentiated good with the production function
Yjit = Njit, where Nj; is the labor employed by firm j. The generic good is produced under

perfect competition by many small firms with the production function yo,;+ = AoNo,:, where

No.i+ is the total labor employed by these small firms in industry i at period t.

Advertising and the media sector.  There is a media sector populated by media firms
that employ labor to produce media goods, which are supplied to consumers at zero monetary
price, and generate revenue by selling advertising space to production firms. There is free entry.
Each media firm produces a differentiated variety of media good of equal quality, so consumers
will allocate the time they spend on media equally among the different media goods. The

aggregate quality of media is given by
1
Q = AN, (2.1)

where N,, is total labor employed in media. In order to rule out an equilibrium with no
advertising expenditure and no media produced, I assume the government employs N,, units
of labor in media, which is financed by a lump-sump tax to consumers.

Within the media sector, each industry of the production sector has « units of advertising
spaceﬁ The process whereby firms acquire advertising space follows a kind of auction, where
media firms post a price per unit of ad space in industry i, p,;;, which is the minimum bid
accepted, and supply at most o units of ad space. Letting e;,; be the advertising expenditure
of firm j in industry i, then the final price per unit of ad space in industry i will be equal to

max {Pa,i,t, > jedi, Ciit / a}. Therefore, the advertising space acquired by firm j, «;;, will be:

8This is a reasonable assumption for search advertising: there is one top search position for a specific
keyword, so higher demand only leads to higher price, as suggested in Figure More generally, you could
think of this o as some measure of attention.
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Pa,it Z €k it
ket

o, = min (2.2)
Entry and Exit of firms. A firm is hit by a death shock with probability x, independent of
whether other firms are affected (so, the probability n firms exit is ™). Regarding entry, there
is a measure one of entrepreneurs that employs V. ; ; units of labor to create a new differentiated
good in industry i with probability z.;; = ¢8Nji’t. Upon successfully creating a new good (and,
for computational purposes, provided the number of firms in the industry is below .J), a new
firm enters the market, and initially no consumer is aware of the new firm. Entry and exit

occur simultaneously right at the start of ¢ + 1.

Consumers. There is a unit mass of individuals indexed by ¢ who maximize lifetime utility,
where the instantaneous utility is a function of her consumption (Cy) and entertainment (L;)
goods. Individuals die with an exogenous probability d, in which case they are replaced with
an offspring who inherits the assets ay;, and individuals discount the offspring’s utility with the

same discount rate; thus, we can write utility as if they were infinitely livedﬂ

Us=Y B [ElnCy+ Ly . (2.3)

t=0

Each individual supplies inelastically one unit of labor and chooses how much time to allocate

to media goods, Ty, in order to maximise her entertainment good L,;, which is defined as

follows{M]

B 17,
Ly =v QtTE,t - 7 ) (2-4)

where (); is an output of the media sector production function. Anticipating that all individuals

choose the same Ty, in what follows I drop the subindex ¢ from 7; and L;. Individual ¢ gets her

9Note that the only source of uncertainty on Cy; comes from the probability of dying, but not from aware-
ness. There is uncertainty at the industry level due to the stochastic evolution of the awareness sets (see next
section), but the law of large numbers over the continuum of industries removes the uncertainty at the aggregate
level.

ONote that T+ is not restricted to be below 1; this is consistent with the way media time is measured in
the data where multitasking is counted separately, see Appendix @

9



Cy following a Cobb-Douglas aggregator of her consumption over the continuum of industries

of mass 1
1
h’l Cﬁ,t = / 1n Of,i,tdi (25)
0

where the industry i consumption good of individual ¢ is a CES aggregator of her consumption

on the generic good and each of the differentiated goods she is aware of:

o
o—1
o—1

o—1
Cg,i,t = Cﬁ,g,i,t + Z wmi’tc&;’m s g > 1, (26)

J€Le,it
where ¢y ;; + is the quantity of good j consumed by ¢ at t; Z ; ; will be referred to as the awareness
set of individual / in industry i at period t, as it is the subset of the differentiated goods J;; the
individual is aware of at period t (in the next section, I describe the evolution of this object);

and w;;+ is a demand shifter that depends on the exposure of individuals to the ad of good j.

In particular:
Wjit = 1+ I/S(Oéj’l'7tﬂ)yc, V. € (0, 1) (27)

Note that the more time consumers spend on media, the larger the effect of advertising on the
demand shifter.

Individual ¢’s budget constraint is given by:

1
welNgy + reap = / E CojitPjitdl + Qpip1 — gy + T, (2.8)
O jezy, ,u{0}

where w, is the wage, a4 is the asset holding of individual ¢ at period t, r, is the return on each
unit of asset in period t, and 7; is the lump-sum tax the government uses to employ N, units
of labor in the media sector. At time 0, all individuals are assumed to have the same level of

assets ag.

Product learning and the evolution of the awareness sets. [ assume that the proba-

bility an individual gets aware of a product thanks to advertising is an increasing and concave

10



function of the exposure to the ad of that good. In particular, assume an individual will get

aware of product j in industry i with the following probability

pjie = min{l, p+ ws(@j,i,tﬂ)wc}a Ve € (0,1). (2.9)

Note that consumers can learn about multiple goods in the same period, and the events are
independent. Although I focus on advertising as an active way through which firms can increase
their customer base, consumers can get to know a firm in other ways (word-of-mouth, seeing
the product in a shop...), and these are captured by p. The inclusion of T} is to capture the
idea that the more time consumers spend on media, the more they are exposed to ads, and so

the more effective advertising is, just like in the demand shifter w;; ;.

In addition, when a consumer dies, they are replaced by a newborn individual who starts
knowing only the generic good of each industry (i.e. Z,; = () for all 7). This is equivalent to say
that individuals forget all the differentiated goods they know with an exogenous probability ¢.
This assumption is not crucial for the results, and its only implication is that, even if a firm
lived forever, there would always be some consumers that are not aware of it.

Then, we have all the information needed to find the probability of moving between any pair of
awareness sets. Let ©(z_,7) be the probability of moving from 7 to Z'. Given that, conditional
on not dying, the awareness set can only expand, then if Z’ doesn’t contain Z, the transition
is only possible (i.e. Oy > 0) if Z' = (), which happens with the probability of dying d.
Conversely, if 7' contains Z, then the probability this transition takes place is the probability
an individual doesn’t die, (1 — §), times the probability of learning all the goods that are in Z’

but not in Z, [] pj,, times the probability of not learning any of the goods that are not in
JETNT
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7', 11 (1 — p;;). Formally:
J¢r

0, fZ¢T #10
J, HZZT =0
Qo) = (2.10)
(1=0) II pji- 11 (X —pja), HZCT #0
JETN\T J¢T’
(1=0) TI (1 = pji) +3, ifZ=17=10.
\ JETit

2.2.2 Equilibrium

In this section, I characterize the pure strategy Markov perfect stationary equilibrium, that is

Wy

L are constant.
t

such that the time spent in media 7T; and the relative wage w; =

2.2.2.1 Consumption.

On the one hand, logarithmic preferences on Cy,, together with a,¢y = ao, imply that all con-
sumers choose the same expenditure at all t: Ey; = E, E On the other hand, CES preferences
over the varieties within an industry implies that consumer’s spending in an industry is inde-
pendent of her industry price index: Ey;, = E;. Therefore, the awareness sets Z,,; only affect
the allocation of the expenditure within each industry. That is, in order to characterize con-
sumer {’s consumption choices in industry i, we only need to know her awareness set in i, Zy; ;.
In other words, within industry i, there are as many types of consumers as subsets Z C 7, ;.
So, the set of consumer types in industry i is identified by the power set of J;;, P(Ji+), and,
within an industry, I’ll use subindex Z to denote the choice of an individual with awareness set

7.

HEquation in the Appendix gives the analytical expression for F;. In the stationary equilibrium,
consumers spend all their income.

12



The optimal choices satisfy{?]

E
= = B(1+ i), (2.12)
Ly

Ty = Qs (2.13)

where Pr;; = (p(l);j + %:Iw;{ Mp};;) lg Note that consumers consume a positive amount of
all the goods they are jaware of, and the particular quantity consumed follows equation .
Equation is the Euler equation, and states that the aggregate quality of media
determines the time spent on media. From E; = Pr;,Cz;; we see one of the channels through
which (the informative) advertising will increase welfare: advertising will increase the amount

of products the consumer is aware of, which reduces the price Pr;; of her industry composite

good. This is a standard preference for variety effect.

2.2.2.2 The industry state and its evolution

Given that firms have the same production technology, all the heterogeneity comes from the con-
sumer side. The relevant state of the industry is characterised by the triple (J;+, P(Ji1), Mm),
where M;, = (M;+(T))zep(s.,) is the mass of consumers in each awareness set (that is, the
distribution of consumers over the awareness sets). Note that since there is a mapping from
Ji+ to P(Jit), I may write the state simply as (7,4, ]\7[”) There are two processes that shape
the evolution of the industry state.

On the one hand, the industry state changes as consumers’ awareness sets evolve due to learning
and death, which, by law of large numbers, is a deterministic process at the industry level. Call-
ing ©; the transition matrix, where the element in row r and column s indicates the probability
of going from subset Z, to Z, at time t (i.e. ©(z,_7,)), and calling ]\7[“ the 2#7t-dimensional
row vector (where #.7;, is the cardinalilty of J;;) containing the masses of consumers in each

awareness set at time t; then, by the law of large numbers, the distribution of consumers in

2Together with the No-Ponzi condition lim;,_; % =0.

3Note that consumers may not only have different industry price index, P ;, but also a different aggregate

price index Py, = exp ( fol In Pg7i,tdi>. In particular, as explained in section [2.2.2.8] individuals with the same

age have the same aggregate price index, and the numeraire of the economy is the geometric mean of P ;.
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t + 1 in the absence of entry and exit of goods, which I denote by Mi’t+1, would be:
Mz’,t+1 = Mi,te)t- (2.14)

On the other hand, the industry state changes stochastically due to entry and exit of firms. If
the realization of exit and entry changes the set of firms in industry i from J to J’, then the
next period industry state is obtained using the application (7, M,J' ) — (T, M’ ) defined

as follows.

M(I) ,ifT'CJ
For Z' e P(J"), M'(T) = { {ZePWI)INT'=T"} (2.15)

0 T ¢ T,

where the first case says that two consumers become identical in industry i if all the firms in
which they differed exit, whereas the second case says that there are no consumers who are
aware of a newborn firm. The last piece of information needed to compute expected values is
the probabilities that the set of differentiated goods moves from J to J' C J U {e}, where e

denotes an entrant. These probabilities are given by:

(1—267“)' [1 O—x) JI & ,ife¢J
For J' € P(J Ue)), Prob{J — J'} = jeIng’ JEINT! (2.16)

zeir |l (1—k) ] & ,ifee J,
jeIng’ JET\T’

where z.;; is the probability of an entrant, [][ (1 — k) is the probability that all the firms
JjeEINJ’
in J NJ’ survive, and [] & is the probability that all the firms in J \ J’ exit.
VISVAWL

2.2.2.3 Production firms’ problem

Given the large number of small firms producing a homogeneous product, the price of the
generic good is equal to its marginal cost, py,;; = X—é. The differentiated firms compete in
prices a la Bertrand and in advertising expenditures for the attention of consumers. Both

decisions are made simultaneously.

Profits.  Using the production function y;,; = N;;., we can express profits decomposed as

14



M, (T)

J— _1 )
7Tj,i,t = Mj,i,t . (1 — Mj,i,t) — SI,j,i,tEty (217)
N (T Jhi,t
Customer ZeP;i (i)
Base ~ ~~ -

Average spending
by customers

-
Average rents from customers

Pj,i,tCT,j,i,t
Ey

where M, = & Ltt is the markup of firm j, sz ;¢ = is type Z individual’s share of
expenditure in good j, P;(Ji+) = {Z € P(Ji+) | 7 € I} is the family of awareness sets containing
good j, and M;;, = >,  M;,(Z) is the customer base of firm j.
ZePi(Tit)

This expression offers a first intuition of the motives driving firms to advertise. First, they
want to advertise to increase their customer base. I refer to this as the informative motive.
Second, as shown in the Appendix [2.7.3.1] all else equal, firms prefer to have customers that
know as fewer competitors as possible. Intuitively, the fewer alternative goods they know, the
more they will spend in j (i.e. higher sz,;,) and the lower their demand elasticity (so, the
firm is able to extract more rents by rising the markup). So, given that by increasing the
advertising space they occupy, firms reduce the attention of consumers to the competitors’
goods and so the probability they will add them to their awareness sets; then, firms may have
the incentive to do advertising for the mere purpose of reducing the mass of customers who
learn about competitors. I refer to this as the anticompetitive motive, as under this motive
the firm is doing advertising to avoid competition by precluding competitors to expand their
customer base. Finally, given that the demand shifter w;;; increases with the the advertising

space, firms want to do advertising to persuade current consumers to buy more. This is the

persuasive motive.

Price setting. I assume pure strategy Markov perfect equilibrium where policy functions
only depend on the current industry state (ﬂ,t,Mi,t). Given that the price has no direct
effect on the evolution of the industry state and that advertising and price choices are made
simultaneously, then the price setting problem is static. The optimal markup M, ;; is such
that profits are maximised, given its own demand-shifter w;; ;, the markups and demand-

shifters of the competitors { My ¢, Wkt bre Jiek#j> and the distribution of consumers over the

awareness sets Mi,t = (M;4(T))zep(7,,), and taking into account that individuals’ spending
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shares are given by

-1

o o—1
o1 —o Wi, M;,i,
szt = | (AoMjie)" lwi i+ (w t) (Mi i) ] . 219

keI j1i7t

The equilibrium markups are given by:

p _
o—1 J),t . _ 1,t( )pj,z,tcz,],z t
Mj,i,t = 1— 3. — with Sjit = E Dia — : ST.ji.ts (219)
Jhit TeP, (Ji) 53,6 Y5,1.t

where 5;;; is the sales-weighted average of firm j customers’ share of expenditure in industry i
allocated to good j.

Note that in a standard oligopoly model with Bertrand competition, the optimal markup is
given be the expression in but with the market share s, instead of 5,,;. So, while the
optimal markup in a standard oligopoly model with Bertrand is increasing with size, this is
not necessarily the case here. Here, the markup depends on the composition of the customers,
not in the size: a smaller firm can have a higher markup if a larger fraction of its customers
spend a larger share of expenditure on it. However, the model will still predict that, within
an industry, larger firms have higher markups. The intuition is as follows: a firm that entered
earlier had more time to accumulate customers (so older firms will be larger); but also, since
as time passes consumers get aware of more goods and advertising is undirected, then a firm
that enters later will get consumers that, on average, know more goods (and we have seen that
customers with more alternative goods spend a smaller share). So, within an industry, larger
firms will have customers that on average spend a larger share of expenditure, and thus they

set higher markups.

Advertising choice.  Each firm chooses dynamically its advertising expenditure e;;, tak-
ing into account (i) the advertising expenditure choices of its competitors {ex i+ }res;  k2s: (ii)
markups { My }rees,; (iii) the time consumers spend on media, Tj; (iv) the law of motion of
the industry state; and (v) that the actual advertising space purchased by each firm is given
by . In practice, given that in equilibrium p, ;. is such that total advertising expenditure
in industry i exactly purchases o units of ad space, then, in all industries with more than one

differentiated firms, «;;; will be given by the second argument in (2.2)), and so there will be
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an anticompetitive motive to advertise: by increasing e;;, firm j will achieve to increase the
actual price for advertising space and thus reduce the advertising space of competitors, which
will reduce the probability consumers learn about competitors. In industry states with only one
differentiated firm, there is trivially no anticompetitive motive because there is no competitor
and so the unique firm has no incentive to spend more than p,;.«, and so in such industry
states o ; will be given by the first argument in (2.2)).

Given that I focus on Markov perfect equilibrium, then the firm problem can be expressed in
recursive form, with the value of the firm being a function of the state. Given that profits are

linear on F;, by guess and verify, the value of the firm is also linear in F;. Therefore, defining

7 Viit 5. _ Ciit _ Pajgt T\ Tt :
Vi(Tips M) = =, €00 = 5, Dajie = 5 and mj(wjie, Tig, Miy) = ~g* and using the Euler
equation and that in the stationary equilibrium it will be T, = T', we can write the dynamic

firm problem recursively as

0(7.9)-ape{ofes.9) .3

st {er ke IMitkess Ty @9), @210), (-14), @:35), (2:36), [-2).

We can decompose the first-order condition into the three motives to advertise: the informative
motive (increase p;), the anticompetitive motive (decrease p;, j° # j), and the persuasive

motive (increase sz, for Z € P;):

1= 87Tj7i + a‘/} Opj 80éj + _ 8‘/] 8pj/ _aaj/ - (2.20)
8ej Gpj aOtj aej ™ 8/)]‘/ 80[]‘/ 6‘ej
N— —
Persuasive Informative . 7. .
motive motive Anticompetitive motive

In section I show how the intensity of the three motives evolve with firm age.

2.2.2.4 Entrepreneurs’ problem

The entrepreneurs in an industry (7, M ) choose N, to maximise their expected value:

v(J, M) = max {—Neﬁ) + Bz E.V, (j’ U {e}, M’) } st 2o = BN, (2.21)

e

where E .V, (.7 "U{e}, M’ ) is the expected value of being a new firm conditional on successfully
creating a new differentiated good (so, the expectation comes from the uncertainty on which of

the J incumbents will survive). Then, the equilibrium labor employed in entry in an industry
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(J, M) will be:

2
N, i) = (fgﬁEeVe (j’ U {e}, M’)) . (2.22)

2.2.2.5 Stationary distribution

In the Appendix I prove that, for any aggregates w and 7' given, with their associated
solutions of the firms and entrepreneurs problems {O{j,( 701y Na( 7. 1\2)}7 the probability that an
industry is at a given state (7, M) converges to an ergodic distribution (existence), which is

independent of the initial state (uniqueness), and satisfies that the set of different states re-

alised, call it €, is at most countably inﬁnite.E

By the strong law of large numbers, this implies that the economy converges to a stationary
distribution associated to the aggregates w,T. Let 17 37 be the mass of industries in state
(7, M ) € Q in this stationary distribution. If @, T are consistent with this stationary distribu-
tion, then we are in the stationary equilibrium.

The stationary distribution is computed using the method described in Appendix 2.7.8. To
the best of my knowledge, no other paper computes a stationary distribution with a countably

infinite number of states in its support, making this a methodological contribution of the paper.

2.2.2.6 Media sector problem

Given the identical media production by media firms, consumers allocate their media time 7'
equally among the media firms, and production firms allocate their advertising expenditure
equally among the media firms. Therefore, all media firms have the same profits, and so each
media firm has positive profits if and only if the overall profits in the media sector are positive.
Then, since there is free entry into the media sector, profits in the media sector must be zero

in equilibrium; so, the equilibrium @); satisfies:

1 _ Q 2
/ E €j,i,t Erdi + wy Ny, — wy <At> =0, (2.23)
0

JETit

4Note that I have not formally proved whether the solution of the firms’ and entrepreneurs’ problems is
unique; and so the stationary equilibrium is not necessarily unique.
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where recall that NV, is the labor in media employed by the public sector. In the stationary

equilibrium, Q); = @ is constant.

2.2.2.7 Labor market clearing

The labor market must clear, that is, the amount of labor supplied has to be equal to the
labor demanded by the production firms, media firms and entrepreneurs. Without any loss of

generality (just a change in the units we measure labor), I can normalize labor supply N to 1.

1
1=N= / > Njis+ Negy | di + Ny, (2.24)
0 \vetotugi,

where N;;; = /f/{’—,"’ftﬁ)_l, and N,;; and N, are given by 1) and 1} respectively. This
J52,

pins down the equilibrium relative wage w,, and verifies that it is constant in the stationary

equilibrium.

2.2.2.8 Aggregate output and representative consumer conditional on age

I define the aggregate consumption good as the geometric mean of the individuals’ aggregate
consumption goods; that is In C; = fol In Cy,dl. Using the definitions of Cy; and Cy;,, together
5¢,5,4,t ,n—1

AW and cpp; = szyo7i,tA0uA)_1, and interchanging the integrals over ¢ and i,
J5%,

we obtain the level of the consumption good:

with Crjit =

o—1

g

o—1 ST .5.(T,M) o
o—1 n ((Slow,M)AO) 7 +Z%<J,M) ( ;

nC=-i+ > wJ M Y M M
JET 3.(T, M)

(T, M)eQ ZeP(J)

N———

(2.25)

The aggregate price index of the economy is P, such that P,C; = E;, and it is the numeraire
(i.e. P,=1). GDP in the economy is given by Y = F + Z: 17 51y Ne 7 i WE.

Finally, note that applying a law of large numbers to the C(()?lt]‘frilel?lm of industries, two consumers
with the same age will have the same level of aggregate consumption good. That is, although

they will differ on their awareness sets for particular industries, at the aggregate level they will

have the same distribution of awareness sets.
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2.3 Quantitative analysis

2.3.1 Calibration

In this section, we describe the calibration of the model, and the details of the data sources
and how the moments are computed are provided in the Appendix One of the main
components of the model is firms’ customer base accumulation, which has a strong relationship
with firm size, both in the model and in the data, as pointed by the empirical literature cited
in the introduction. Therefore, it is important that the model reproduces the evolution of the
average firm sales growth by age, in order to calibrate this customer base building process.
In particular, we target the constant and the linear coefficient from the fitted line of the plot
of average firm relative sales growth by age. Also, as shown in section [2.3.2] the intensity of
the different motives to advertise varies with firm size, so the coefficient from a regression of
advertising expenditure and sales is a good candidate to discipline the model.

To compute these three moments I use Compustat data. Given that firms typically enter
Compustat a few years after their foundation (and certainly not with zero customers as it is
assumed in the model for new firms), for the computation of the model-implied moments of
these three targets, I assume that firms in the model are unobserved until they are at least five

years old.

We estimate the model for the US at an annual frequency and set the consumer discount rate
to = 0.98. We also set (i) § = 0.01 corresponding to the mortality rate of 1% in the data, (ii)
the concavity parameter for the persuasive advertising v. = 0.2972 is taken from (the inverse)

Cavenaile et al.| (2024a)), (iii) given that public sector spending on media represents roughly

0.008% of US GDP, dividing this by the (capital-adjusted) labor share, we set N,, = %’é%;;, and
(iv) we set £ = 0.1151 corresponding to the entry rate in the data. Acknowledging the difficulty
to find good proxies for the utility value of media goods, we leave the weight of the entertainment
good on the utility function, v, uncalibrated and all the exercises involving welfare are made
for a range of values of v. This leaves 8 parameters to estimate: the elasticity of substitution
parameter, o; the relative productivity of the small firms producing the generic goods, Ag; the

scale parameter for the persuasive effect of advertising, v,; the scale and convexity parameters

for the informative effect of advertising, (vs,%.); the exogenous learning probability, p; the
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scale parameter regulating the creation of new products, ¢; and the aggregate productivity of
the media sector, A. Apart from A, which can be derived directly from [2.23] using the target
values for aggregate advertising expenditure and labor shares and the fraction of time in media,
the rest of the 7 parameters are estimated jointly through a Simulated Method of Moments
estimation procedure. Apart from the three moments described above concerning the average
firm growth by age and the relationship between advertising and sales, at the aggregate level,
I target the sales-weighted average markup and standard deviation, the aggregate advertising
expenditure as a percentage of GDP, the fraction of time spent in media, and the labor share.
Given that there is no physical capital in the model, for comparability, I take the labor share as
the share of labor income among labor income and profits, following (Cavenaile et al.| (20244).
Table summarises the results of the calibration. Panel A reports the parameter values,
while Panel B reports both the model-implied moments and the empirical ones. The model
does well in matching the moments. In addition to the targeted moments, the calibrated model
also features an inverted-U relationship between advertising expenditure and relative sales as
documented in Cavenaile et al.| (2024a).

Note that Compustat is not the ideal dataset to discipline the growth pattern of firms in the
model for the following reasons. First, firms do not automatically enter Compustat when they
are born, and they may enter at different stages of the life cycle. Second, contrary to the model,
firms may grow by expanding to new geographical markets or new product lines. Figure [I.1
plots the average firm relative sales growth rate both in the model and in the data. Note that in
the model, if a firm had a constant p,, (this is the case of a firm that has always been the single
differentiated firm of the industry), then growth would be monotonically decreasing, pushed by
a mechanical force: given that the population is constant, as the firm’s customer base expands,
the growth rate slows down because (i) a given increase in customers has a smaller relative
impact, and (ii) there are fewer non-customers remaining. Things get noisier when there are

other competitors and there is entry and exit.

2.3.2 Advertising motives and firm age and size

In this section, I quantify the share of the incentives to advertise attributable to each of the

three motives and examine their relationship with firm age and size. The intuition is clear:
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Table 1.1: Parameter values and targeted moments

A. Parameters

Parameter Description Calibration Value
I6] Discount rate External 0.98
Preferences o CES consumption Internal 5.0625
v weight of leisure Uncalibrated -
Persuasive Vg Scale parameter Internal 0.1250
Ve Convexity parameter External 0.2972
Vs Scale parameter Internal 0.2194
Learning Ve Convexity parameter Internal 0.4500
p Exogenous learning Internal 0.1000
) Mortality rate External 0.01
Media sector A productivity media firms Internal 3.2087
N, public sector media External 9.5705 - 107°
Generic good Ao Productivity Internal 0.5047
. K Exit rate External 0.1151
Entry /Exit ) Entry scale Internal 0.6422
B. Moments
Moment Data Model
Sales-weighted average markup 1.3498  1.3281
St.Dev. Markup 0.3460  0.3479
Labor share (capital-adjusted) 0.8359  0.8392
Advertising/GDP 2.2%  2.1535%
Fraction of time in media 0.552 0.552
Intercept (firm growth, age) ~ 0.0784  0.0831
Linear(firm growth, age) -0.0061  -0.0063
Linear(adv. exp, market share) 0.6710  0.6501

Notes. Panel A reports the parameter values. Panel B reports the simulated and empirical
moments. Details on data sources and how these moments are computed can be found in the

Appendix [2.7.1]

smaller or younger firms—those that are unknown to most consumers—have more potential

customers to acquire. In the extreme case, a firm known by all consumers would have no incen-

tive to advertise for informational purposes. Conversely, the anticompetitive motive, which is

about retaining market power over the current customers by reducing the probability that they

learn about competitors, becomes stronger as the customer base grows. A firm that is unknown

to all consumers also has some incentive to prevent them from learning about other firms (since

it internalizes that these consumers may eventually become customers, and thus wants them
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Figure 1.1: Average firm growth by age

growth rate
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Notes. This figure displays the average firm relative sales growth by age both in the data
(blue) and in the model (red). Given that firms typically enter Compustat a few years after
their foundation, for comparability I assume age 0 in Compustat corresponds to age 5 in the
model.

to know as few goods as possible), but intuitively, the incentive to prevent a consumer from
learning about a competitor is higher when the consumer is already a current customer rather
than just a potential one. Finally, the persuasive motive also tends to be bigger in older or
larger firms. Intuitively, if advertising persuades current customers to spend more, the increase
in revenue will be larger if there are more customers.

The decomposition of the FOC of advertising expenditure in allows us to see the share
of the firm’s marginal value of advertising coming from each of the three motives. Using this
observation, Figure displays the share of the marginal value of advertising attributable to
each of the three motives for all the firms in the stationary equilibrium. Three observations
can be drawn. First, that there is significant heterogeneity, which indicates that age is far from
being a sufficient statistic. This shows that industry dynamics play a key role (i.e. competition
matters). Second, despite the variability, it can be observed that the informative motive is

negatively associated with age, while the anticompetitive and the persuasive motives are pos-
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Figure 1.2: Marginal intensity of the advertising motives by age
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Notes. This figure displays the values from the terms of the FOC corresponding to the informa-
tive motive (left panel), the anticompetitive motive (middle panel) and the persuasive motive
(right panel), for all the firms in the stationary equilibrium, where the relative size of each dot
indicates the share of this firm type in the stationary distribution.

itively associated with it. Finally, firm age appears to play a particularly important role in
distinguishing the motives during the first 5-10 years of a firm’s life.

By aggregating the previous shares, weighted by total industry advertising expenditure, we ob-
tain an indicative breakdown of the advertising expenditure attributable to each motive. This
exercise suggests that 57.81% of the incentives correspond to the informative motive, while
33.74% correspond to the persuasive motive and 8.45% to the anticompetitive motive. Figure
further repeats this decomposition exercise conditional on the number of firms in the in-
dustry. This reveals that the persuasive motive is more important as the number of competitors

ncreases.

Because of the positive link between firm age and size (either sales or customer base, see Figure
1.A3)), we obtain qualitatively similar plots when firm size is used instead of age. This numerical

result is further supported by the following analytical result:

Proposition 1 If distribution M, is obtained from M, by adding {j} to the awareness sets of
some consumers (that is, formally, if ]\7[1, M, satisfy My(ZU{j}) — My (ZU{j}) = My (T)— M2(Z) >0
for everyZ € P_; ={Z € P|j ¢ I}), then (for now, the proof is keeping the advertising choices
fized):

1. Firm j’s informative motive is smaller in My. That s, the informative motive is stronger
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i smaller firms.

2. Firm j’s anticompetitive and persuasive motives are bigger in M,. That 18, both the

anticompetitive and the persuasive motives are stronger in bigger firms.

Proof. See the Appendix ]

2.3.3 Counterfactuals shutting motives

How do each of the three motives affect the aggregates? Is the anticompetitive motive necessar-
ily bad? What are the aggregate effects of shutting down advertising? This section addresses
these questions. To do so, I compare the baseline economy with three counterfactual scenarios.
The first is an economy where firms neglect the anticompetitive motive; that is, they don’t
internalise that by increasing their advertising expenditure they are effectively reducing the
amount of consumers who learn about competitors. To be precise, this is done by removing
the anticompetitive component from the firm’s first order condition. In the second counterfac-
tual, in addition, firms also neglect the persuasive motive; that is, they don’t internalise that
advertising increases current customers’ spending. In the third one, the informative motive is
also shut down, meaning firms don’t advertise at all, and so consumers only learn through the
exogenous probability; i.e., p;;+ = p. This exercise illustrates what the economy would look
like if firms neglected some of the motives to advertise. Such negligence alters firms’ decisions,
which in turn also has general equilibrium consequences.

Table |1.2| reports some relevant statistics for the counterfactuals and the benchmark. The sec-
ond row shows the level of the consumption good assuming that the persuasive advertising is
deceptive (i.e., consumers make their purchasing decisions based on w;;,, but then they derive
utility as if w;;, = 1).

First, as intuition suggests, without the anticompetitive motive, smaller firms face less com-
petition for advertising space, allowing them to grow faster, which increases competition and
consequently lowers markups. Additionally, improved growth prospects increase entrepreneurs’
incentives to create new products, driving up the entry rate. However, these positive effects on
C' are mitigated by a negative general equilibrium effect. Removing one incentive to advertise

decreases the demand for advertising, which in turn reduces aggregate advertising expenditure,
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Table 1.2: Comparison of counterfactuals with firms neglecting the anticompetitive and/or the
persuasive motives

Benchmark No Anticompetitive Only Informative No motive

C 0.7260 0.7268 0.7226 0.6049
C no taste shifter 0.6898 0.6916 0.6935 0.6049
Q 0.5150 0.4860 0.3536 0.0314
Adv/GDP 2.1535 1.9137 1.0054 0
w 0.8392 0.8376 0.8345 0.9010
Avg Number of Firms 1.4148 1.4233 1.4406 1.1087
Sales-Weighted Average Markup 1.3281 1.3260 1.3135 1.1698
Coefficient advertising vs market share 0.6501 -2.5961 -15.0744

Notes. In the 'No Anticompetitive’ counterfactual, firms make their decisions neglecting the
anticompetitive motive; in the ’Only Informative’ counterfactual, firms neglect both the anti-
competitive and the persuasive motives; and in the 'No motive’ firms neglect all the incentives
to advertise, so they don’t advertise and there is only the exogenous learning, p;;; = p.

leading to a lower supply of media goods. As a result, consumers spend less time on media,
meaning they are less exposed to advertising, which renders advertising less effective. This
explains the negligible overall effect on O[] Therefore, although the anticompetitive motive
has an overall negative effect on consumption, it is not necessarily the case that welfare would
be higher in a counterfactual economy without it, due to its contribution on the provision of
media goods.

The counterfactual where, in addition, the persuasive motive is shut down suggests that the
persuasive motive has an overall positive effect on consumption. The second line shows that
this positive effect is due to consumers enjoying the advertised goods more. Similarly to the
anticompetitive motive, shutting down the persuasive motive allows smaller firms to capture a
larger share of the advertising space, which increases entry and lowers markups. Moreover, as
in the first counterfactual, although shutting down the motive has a significant effect on firms’
advertising decisions (in this case, advertising expenditure falls by 47.46%), its effect on C' is
very modest. Thus, on the aggregate, both motives matter mostly through media goods.
Finally, the last counterfactual shows that shutting down advertising would decrease consump-
tion by 16.68% relative to the benchmark. In this counterfactual, the media sector only receives
revenue from the public sector. In this counterfactual, firms’ customer base only grows via the

exogenous learning. This implies that, in the equilibrium, the differentiated firms will tend to

15Relatedly, in the Conclusion I discuss that the current specification of p;;; may exhibit excessive dimin-
ishing returns.
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be smaller, which decreases the incentives to enter. Given that there are fewer differentiated
firms and that they are, on average, smaller in size, the generic goods capture a larger market

share, which drives the average markup down.

2.4 Welfare: Planner Problem and Taxation

In this section, I first identify the sources of inefficiency in the model and then solve the
informationally-constraint planner problem and compare it to the decentralized equilibrium.

Finally, I examine taxation on advertising.

2.4.1 Social planner problem

The model is inefficient for several reasons. First, the dispersion of markups typical in oligopolis-
tic setups leads to labor misallocation in the production sector. Second, when choosing their
advertising expenditure, firms do not internalize the entertainment value of media goods, which
are financed through advertising. This points to an underprovision of media goods, as in |Green-
wood et al.| (2024). Additionally, there are three sources of inefficiency coming from the adver-
tising choices that are characteristic of the current paper: the anticompetitive motive, the lack
of full appropriability, and business-stealing. Note that we can distinguish between inefficiencies
in the level of advertising expenditure (or, equivalently, in the prices of advertising space or in
the provision of media goods) and inefficiencies in the allocation of advertising space. In this
sense, the anticompetitive motive points to too much advertising and shifts the allocation of
advertising space toward older firms. The lack of full appropriability, meaning that firms cannot
extract the full surplus, pushes towards having too little advertising. Finally, business-stealing
here refers to firms not internalizing the losses from the reduction in the consumption of other
goods when consumers learn about their product, which pushes toward excessive advertising,
especially in industries with more competitors. Moreover, there is also inefficient entry, again
due to lack of appropriability and business-stealing.

To assess the importance of these inefficiencies, I solve the following planner problem and com-

pare the resulting equilibrium with the decentralized onel[' The planner has full control over

16This is work in progress. Given that there are numerous sources of inefficiency, a more insightful exercise
would be to compare allocations where the planner takes control of one additional decision.
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production, media, and entrepreneurial decisions but cannot affect consumers’ behavior; that is,
the learning process and the choices regarding consumption and media time remain as they are
in the decentralized equilibrium. Its goal is to maximize aggregate utility, with all individuals

weighted equally. Formally, the planner solves:

0o 1
max U= Z ﬂt / [ln Cps + Lyt] db
t=0 0

{NM, ¢ Nj,i,6:Ne i t,Pj,1,6505,0,¢

s.t. Cpy from (2.5), Cp iy from (2.6), c¢ j ¢ from (2.11)), and Ly, from 2:4] with T, = Q¢ (Consumer choices)

1
Yjit = Njit,  Yoie=AoNoss, Qir=AN;, (Production functions)

1

1=Np:+ / Z Nijit+Neip | di , w=E (Resource constraints)
0 \je{ougi,

S ajua=1, 1; 2.10), (2.14), (2.35), (2.36)  (Learning process)

J€Ti ¢

sea = ON2, . (239), (Entry and exit) .

I leave the details of the solution in the Appendix 2.7.6] The planner sets prices equal to
marginal cost times a markup (or a tax) that allows the planner to pay for the labor to produce
the media goods and for entry. That is, p;;; = Tw;/A;, with 7 = E,/(w,N[’), where N[ is the
labor used in the production sector.

For the dynamic problem of advertising and media, as in the model introduced above, I focus
on the stationary Markov perfect equilibrium. The social planner has to decide on (i) how to
allocate the ad space among the differentiated firms of each industry, a;;;, (ii) how much labor
to allocate to the media sector, N, and (iii) how much labor to allocate to creating new
products in each sector, N ;.

First, let’s see the social planner choice of «;,;. The allocation of the ad space has to be such
that the marginal social gain of increasing the ad space given to each firm is the same, since
otherwise we could improve the allocation. Formally, letting InC;, = fol InCy,; ¢dl be the total
consumption good of industry i, and Ux = ioj B'EInC;, be the expected life-time utility derived

t=0
from an industry whose current state is X; it must be

OInCyx, OEUx+ Opj x
_|_
daj x Ipjx Oajx

= hx for some hy and all j € Jx, together with Z ajx =1. (2.26)
J€EIX

Note that the anticompetitive motive plays no role in the social planner’s allocation of «; x,
as the planner directly chooses the ad space occupied by each firm. So, in deciding whether to

give more ad space to one firm over another, the planner only considers the utility gains from
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informing more consumers and from enhancing customers’ taste for that good.

Second, let’s see the social planner choice of N,,. The planner takes into account that by
employing more labor in media it will increase the aggregate quality () of media, which has
two effects: (i) it increases the level of entertainment L; and, by increasing the time spent in
media, (ii) it increases the consumption good by increasing the probability of learning goods.

The optimal N,, is given by

NP ) .
N = = <UQ +> u(X)th> . (2.27)

Xe

Note that, unlike existing literature, here the planner values the provision of media goods even
if their entertainment value was negligible (i.e. even if v = 0), due to their role as a vehicle for

spreading product awareness. Finally, the labor employed in entry in each industry satisfies:
NP 2
Nex = <¢25 (EUxr — ]EeUX/)> , (2.28)

where E.Ux (resp. E_.Ux/) is the expected industry-utility conditional on successfully creating
(resp. not creating) a new differentiated good (so the undertainty comes from the probabilities
the incumbents exit). The relative wage is w = 1 as consumers spend all the income they

receive, which is w. The labor market clearing, using and pins down N*:
1=N+N,+N,. (2.29)

Figure[l.3| compares the planner economy with the decentralized one for different values of the
relative utility weight of the entertainment good, v. As expected, as v increases, the planner
puts more weight on producing media goods, at the expense of consumption, which eventually
is lower than in the decentralized equilibrium. More interestingly, when v — 0 (that is, when
spending time on media doesn’t provide any direct utility gain to consumers), the supply of
media qoods is larger in the decentralized equilibrium, which seems to indicate that, when
v — 0, there is too much advertising. However, it is important to remind that there are
inefficiencies both in the level of advertising expenditure as well as in the allocation of the
advertising space. Therefore, this doesn’t mean that welfare in the decentralized equilibrium
would improve if all firms reduced their advertising expenditure proportionally to emulate the

same () as in the planner’s equilibrium. In other words, the inefficiencies from the misallocation
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in the advertising space may be mitigated with the ‘overprovision’ of media, through its effect
on learning.

Figure 1.3: Welfare comparison of the planner and decentralised allocations
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Notes. This figure displays the difference in final output (upper-left panel), in media time
(upper-right panel), and welfare (bottom panel) between the planner’s equilibrium and the
decentralized one, relative to the decentralized one.

2.4.2 Taxing advertising: Uniform tax

Given that the decentralized equilibrium is inefficient, this section explores the welfare gains
from the uniform tax on advertising that maximizes welfare. Here, in addition to e;;,, firms
pay T.€ji: as taxes to the government, which are distributed as transfers to consumers. Figure
depicts the effect of this tax on final output, the quality of media, and welfare for different
values of v. As expected, the higher the entertainment value of media, the more valuable a
subsidy on advertising becomes, as it magnifies the inefficiency arising from the fact that firms
don’t internalize the entertainment value of media goods. More interestingly, recall that we
have seen that the decentralised equilibrium supplies more media than the planner’s equilibrium
in the case of v — 0, which seems to point to an overprovision of media. Actually, it turns out

that even when v — 0, the optimal tax is a subsidy. This suggests that the ‘overprovision’ of

30



media mitigates the inefficiencies from the misallocation of the advertising space, via increasing

the time spent on media and thus the effectiveness of advertising.

Figure 1.4: Welfare under uniform tax on advertising
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2.4.3 Age-dependent tax

The observation in section that the informative motive decreases with age, while the per-
suasive and anticompetitive motives increase with age—and that these motives have different
welfare implications—suggests that significant welfare improvements may be achieved by im-
plementing an age-dependent tax rather than applying a uniform tax across all firms. Assume
now that firms pay 7y if their age is less than the age cutoff a, and 7 if their age is greater
than or equal to a. In particular, for this exercise, I have set a = 3; this means that firms
receive different tax treatment during their first three periods of life compared to afterwards.

This differential policy treatment makes the vector of ages of the firms an additional state.
Note that firms that are at least a years old are indistinguishable by age; if all firms are older,
then the firm problem is identical to the baseline with a uniform tax. However, for a; < a, we
need to keep track of the particular age a;; i.e., how close a firm is to a makes a difference.

So, if (ay,...,ay) is the vector of ages (from older to younger), then the relevant age state is
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d=(ai,...,as), where a; = min(a;, a).

Figure illustrates the effect of this age-dependent advertising tax on (i) consumption, (ii)
consumption under the assumption that the persuasive effect of advertising is deceptive (as
described in [2.3.3), (iii) media quality, and (iv) welfare for two values of v. As with the
uniform tax, the gains in consumption from the optimal age-dependent tax are small.

Figure 1.5: Welfare under age-dependent tax on advertising
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2.5 Concluding remarks

The informative and persuasive aspects of advertising are widely accepted: firms may advertise

to mitigate some information frictions by informing consumers, but also to shift market shares

from one firm to another (Bagwell, 2007). On top of this, I highlight that the fact that con-

sumers’ attention is limited introduces a novel motive to advertise: firms may want to divert
consumers’ attention away from competitors.

This paper develops a novel model that accommodates the three motives and allows us to
consider how firms build their customer capital and interact with their competitors’ customer
capital. Additionally, the paper introduces new methods—specifically, piecewise multivariate
Newton interpolation and the method used to find the stationary distribution—which we believe
will be valuable for future research.

I first use the model to examine how the motives evolve along the firm’s life-cycle, their contri-

bution to total advertising, and their aggregate effects. The informative motive, which accounts
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for around half of the incentives to advertise, is stronger for younger firms, as these are less
known. The persuasive and anticompetitive motives, which are stronger in older firms, while
relevant from the firms’ perspective, have an almost negligible effect on aggregate consump-
tion. Instead, they mostly matter through the provision of entertaining media goods, as they
significantly contribute to total advertising expenditure. However, completely shutting down
advertising leads to a considerable 16.68% reduction in consumption Finally, given that there
are several sources of inefficiency in the model, I compare the planner’s allocation with the
decentralized one, and study the welfare gains from taxing advertising. I find that advertising
should be subsidized, although the gains are small.

Two considerations are relevant in understanding the modest effect on aggregate consump-
tion both when only some motives are shut down and when advertising is taxed. First, as
explained in section [2.3.3] there is a general equilibrium effect that mitigates their impact.
Second, the model features inherent diminishing returns to advertising: as more consumers
become informed, fewer consumers remain to be informed. Therefore, the assumption that the
probability of learning also exhibits diminishing returns may imply that the diminishing returns
to advertising are too strong, so changes in the exposure to advertising have little impact on
learning. Future work should explore the robustness of the results to different specifications of

the learning process.
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2.7 Appendix

2.7.1 Calibration Appendix: Data sources and Computation of mo-

ments

1. Sales-weighted average markup, sales-weighted standard deviation of markups,
labor share, entry rate, and aggregate advertising expenditure as a percent-
age of GDP. Taken from Cavenaile et al.| (2024a). Following Cavenaile et al.| (2024a),

given that there is no physical capital in the model, I target the labor share among labor

income and profits. Given that waWLJrTK = wlLin wﬁ’jfﬂiiK = wziﬂ (1 — m), then,
the target used is obtained from dividing the labor share by one minus the capital share.
In the model, given that labor supply is normalised to 1, then labor share equals w.

In the model, in the stationary distribution the entry and exit rates are equalized, and

the exit rate is given by the exogenous probability of exiting .

2. Fraction of time in media. According to Statista, people in the US spend on average
751 minutes per day in media, which corresponds to the 0.521528 of time. Note that
in this measure of media time multitasking is counted separately; that is: it counts the
time spend in media while also doing other activities (e.g. commuting to work, breaks
at work, listening a podcast while cooking or running), and duplicated media time when
using multiple forms of media simultaneously (e.g. watching the TV while using a phone

will count double).

3. Coefficient of a regression of advertising expenditure on relative sales. This
and the growth by age moments are computed using Compustat data for the time period
1976-2018. Both in the model and in the data, I take the logarithm of advertising expen-
diture and then I standardise it by subtracting their means and dividing by their standard
deviation for comparability. In the data, I regress the standardised logarithm of advertis-
ing expenses on relative sales of the firm in its SIC4 industry, controlling for the same set
of controls used in Cavenaile et al., namely: profitability, leverage, market-to-book ratio,
log R&D stock, firm age, the coefficient of variation of the firm’s stock price, the number

of firms in the industry, and a full set of year and SIC4 industry fixed effects. In the
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model, I regress the standardised logarithm of advertising expenses, p,. €.+, on market
shares, s;,;, with industry fixed effects. Table shows the results of the empirical

regression:

Table 1.A1: Advertising and relative sales in the data

log advertising expenses

] 0.671
Relative sales (0.0448) %5+

R2 0.6056

N 40,007

Notes. Robust asymptotic standard errors (in parenthesis) are clustered at the firm level. The
sample period is from 1976 to 2018. The regression controls for profitability, leverage, market-
to-book ratio, log R&D stock, firm age, the coefficient of variation of the firm’s stock price, the
number of firms in the industry, and a full set of year and SIC4 industry fixed effects.

4. Constant and slope of the fitted line of average firm relative sales growth by
age. In Compustat, I define age as the number of years since the first appearance of the
firm in Compustat. First, for comparability with the model, where there is no aggregate
growth, I compute growth rates of relative sales of the firm in its SIC4 industry. Second,
firms in the data may experience big jumps on sales through expansion to new markets
or via mergers and acquisitions, and I am interested in the average evolution of firm
growth in the absence of such disruptive events; therefore, I drop all the observations of
a firm posterior to a big change in their relative sales. In particular, if a firm’s relative
sales increase by more than 100% or decrease by more than 50%, this observation and
the posterior ones of this firm are dropped. Then, I take the average firm relative sales
growth grouping all the observations with the same age. In the model, I redefine age
by subtracting 5 (as I am assuming that age 5 in the model corresponds to age 0 in
Compustat). Given the average firm relative sales growth by age, g,, I define the fitted

line g, = By + fra, where a is age. The coefficients 5y and [, are the targeted moments.

5. Calibration of the public sector financed media N,,. According to the US
Government Accountability Office, the federal government spent $14.9 billion over the

last 10 fiscal years (2014-2023). Then, I use that federal governments spent roughly $1.49
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billion per year. In addition, federal appropriations for CPB (Corporation for Public
Broadcasting) amounted to $477 million in fiscal year 2023. So, the estimate I use for
public sector spending on media is ($1.49 + $0.477) billion, which I divide for the US
GDP in 2023, $27360 billion. This gives 0.008% of GDP, which divided by w = 0.8359
gives the N,, = 9.5705 - 10°.

2.7.2 Additional Figures

Figure 1.A1: Average Cost-Per-Click (CPC) in Google search ads by industry

Average Cost-Per-Click (CPC) by Industry
T T T T T T T T T T T T T

10 T T T T

Average CPC ($)

Notes. Adapted from Wordstream (2023). This figure displays the average CPC in Google ads
by industry, calculated by dividing the overall cost of a campaign by the number of clicks it
received. Each individual click has a different cost as it’s determined by the Google Ads auction
algorithm.
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Figure 1.A2: Decomposition of advertising incentives by motive conditional on age
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Notes. This figure displays the average shares of the incentives from the FOC attributable to
each motive, weighted by industry advertising expenditure and conditioned on the number of
differentiated firms in the industry.

Figure 1.A3: Customer base and market share and age
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Notes. This figure displays the relationship of age with customer base (left panel) and market
share (right), with the size of the dots indicates the share of this firm type in the stationary

distribution.

38



2.7.3 Preferences
1-6
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We can already plug Cy+ and Cy;, into the objective function.
The FOC reads:
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and plugging it into the definition of Cy, ., we get: Pp;; = (p(l)?z + ZjGI@ . wg’jyi,tp};;)
The FOC for assets is:
laget1] : per = (L 7re0) pees1-

From the first one, using that p,, = ﬂtC’Z fPZtl, we get the Euler equation: ﬁtC[’ teP&l =
(1 + 7e41) BHEC, t+1PZ +11, Which assuming 6 = 1 (i.e. logarithmic preferences on Cj;), then

the expenditure choice is independent of the price indices (so, the awareness set just affects the

39



intratemporal allocation of expenditure).
So, assuming y = 6 = 1, we have{"|
o—1, —o
Cl,jyit = Eé,th,i,t pj,i,twg,j,i,ta

EE; ;41
Ep:

= B(1 + reg1).

where E, is the expenditure of individual ¢. Next, I show that we can get rid of the expectation,
since the expenditure path just depends on the initial level of assets (and, therefore, since all
individuals start with the same level of assets, this implies all consumers choose the same
expenditure path, E,; = E;). To show this, first consolidate the budget constraint:

To do this, first express the budget constraint as a; = (1+7’)_1 [E; — wy + agy1]. Next, substitute
a; 41 using next period’s budget constraint (here we will have an expectation coming from the

possibility the individual dies:

ap=(1+7)"1 [Et —wi 4+ (14 7) " EE 1 — we + Etat+2]] .

Iterating:

t
a; = 1im Y (1+7) TV [EE . — wis] + lim (14 r DRz, (2.30)

t—o00 —00
s=0

where the second limit is zero due to the No-Ponzi condition. On the other hand, the Euler
condition tells us that E;E;, s = B(1 4+ 7)E;Fyy 51, and iterating: E,E;, = 5°(1+1r)°E;. Using

this in [2.30] and that in the stationary equilibrium w; s = w;g®, we have:

ay = Z(l + T)—(s—i—l)—&-SﬁsEt o Z(l + r)—(s—{-l)gswt.
s=0 s=0

And using that the geometric sums are Y oo 85 = (1 — )"t and Y oo (1 +7) ) = (1+7r—

9)~ "

_ Ey wy (1471 -p)
at_(1+r)(1—5)_1+r_g:Et—ﬁ[(ﬂrr—g)awrwt], (2.31)

In our stationary equilibrium, the economy is not growing in the aggregate, so ¢ = 0 and E;
is constant and equal for all individuals as the initial assets is equal for all individuals. From

the Euler equation, this implies that the return to assets r that clears the asset market is such

17The result that the consumer choice of expenditure just depends on income and not on the price index is
true also out of a stationary equilibrium.
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that 1 =p(1+7r) = r= % So, consumers spend all their income E, = ra; + w;, and a; is

constant.

Since, within an industry, the individual is characterised by the awareness set, from now on
I use the subindex Z, instead of ¢. The share of expenditure of each consumer on each good
they know is sz; = 224 = P/ 'pi=7w? = piwd [po,” + > ke, kap,lc"’]_l; so, using the
definition of markup M; = pid;,

o -
-1

B 1 l1-0o 1\° MI{,‘Aj 1—0o Wi o
T <MjA0> (%) +,§Q<Mjflk) (%)

8L[7t

9Ty ¢ =v (Qt - Tf,t)a S0 ﬂ = Qt- And S0,

Next, the choice of media time is straightforward:

2
optimal leisure as a function of Q is: L; = v%.

2.7.3.1 The effect of learning about another good on s7;; and the demand elas-

ticity
Proposition 2 Ifj € Z C T, then:
1. STji > ST/ ji-

Pji 9czji
ez 44 Opji

2. ‘EI’]'J" < IEZ/,j,i‘y where €T,ji =

Proof. If j € T C 7', then, since wy;, My; > 0 for all firm k and o > 1:

-1

[ wiei\7 (M
o—1 —o 052 7%
575 = |(AoM;i)7 wj +Z< ) (M )
L kel Wi kyi

- -1

- o—1 o o-1
o Wk i MZ Wi Mz
> [(AgM; )7 w7 + () < j’> + () < J’>
(AoM;.s) Js ]; Wj.i My kezzf:\z Wy,i Mi,i

= ST j,i-
. der Osz,i _ Osrii Opia ez ;i
For 2, define er;; = 2L Z%it and note that Folt = ZLii PPl — Lo g, S0l | )y —
Y 5J CT j,i dp]z ’ dM]z dp]Z 8M]l E 2T s dp]l
5Zji | i 95T :
vy (1+ €ez;;). And substituting Th We have:
8T,j,i N1 _ 5Ljig _ 1
@ DA —szge) = Z (Ut erji) = exge=—0+szi(0—1).
7,2 7,

So, using 1, we have j € Z CZ' 0> ez;; > €1/ j;. W
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2.7.4 Production Firms

2.7.4.1 Derivation of the optimal markup:

The first-order condition is:

on; 55 _1, Osj
- = 1— M 2.32
oM, M2+( M) o, (2:32)
which, using 6‘3\843'1_ = > M(T)sz;(1—s71,)% M , We can rewrite as:
ZeP;
% (o — 1)( Y M@)sz(1 - sz). (2.33)
J IeP;

And dividing by s; and defining §; := M@)szj g

s I,j'
ZeP;

1 _
M o — (0 —1)54] =

(0-1)(1-5) = M;=21"% (2.34)
1 —Sj

2.7.5 Derivative with respect to advertising and Proof of Proposi-
tion [IJ

As a preliminary to proof Proposition [T, we need two things. On the one hand, the derivative
of pj; with respect to ep;. 25 = ypap,Ta)" 18ak : and we distinguish two cases:

e If J = 1 (ad space not binding), then 2% —

0
o,so%—()and =

1 g0 9
; 5o c b SO gor =
YeapTVeal L
Pa
. . Oa _ a 8p _ c wc_l a .
o If / > 1 (ad space binding), then a_ef _Z:es’ SO a_ef = —ab TV oy Tkes’ and
daj _ _« aj Dkt Ok . Opj _ e o1 2kt Ok
Be;  S.es d.es  >.es » 8O dej I/JCQ/}ST @ Doses
e _
Note that since a; = az , we can rewrite them as: 8%’? = — )T O‘— el

Cea)0eriCE Gk

0 Pe
and a_ij = ¢c¢s e > wc+1€ Z/@gj €k

On the other hand, we need the derivative of a function of the next period vector of masses M

(like the firms’ continuation value). As a first step

Lemma 1 If f: M' — R, then we have:

S of _ M(T 9(1—>I’)[ ,3f _ é)/f/}
dp; Z ( )I'epg,z';z 1—p; oM’ (Z'U{j}) oM’ (1)
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2. For the anticompetitive motive, it will be useful:

af _ o(I—1') ) ) ) fo)
= MO ¥ == Hawzfu{j}) - aM'{I»} - {aM'a'i{m}) - aM’(I'fu{kDH
ZEP—k,—j I/EPfkvfj
7'
O(ZU{k}=T'U{k 2} 9
ZEP—k,—j T'€P_k,—j
7'

Proof. First, recall that M'(Z') = d>zepny M(I)OZ = T').

Next, the derivatives of ©(Z — Z’) wrt p; are:

L IfZ g7 222210

6pj

2. 7 CT:

(a) If j € T 220210 — ¢

(0) J€T\T 20 | o [] (1 po) = 2E7E

KET\(ZU{j}) keI’ e

(0 IjgT: ®T—(1-6) [ pp [ (1-p)=-2E2
k€T\T  kg(Z'U{j})

Using this, the derivative of M'(Z) wrt p; is:

. . OM'(T' 00(Z—T' O(IZ—T'\{j
1. Ifj e ap(j = ¥ M(I)% = ¥ M(I)(?—ipj\'{m
ZeP_;,ICT ZeP_;,ICT
. . M (T’ 00 (Z—T' o(Z—1T'
2. Ifj¢7: 258 - v M@ - v MO)EEER
TeP_;,ICT ZeP_;,ICT

And the derivative of a generic function f : M’ — R wrt p; is:

of of oM'(T') of  OM'(T') of  OM'(T')
B of 0 —-7'\{j} af 0Z-1)
-2 oy, 2 MO Y w2 MO,
I'eP; IeP_;,ICT 'eP_; IeP_;,ICT

Now we are going to merge the two summations using that P; = {ZU {j}|Z € P_;} [Proof:
from any set Z that doesn’t contain j we can build one by adding j to Z (that is, {ZU{j}|Z €
P_;} C P;), and that from any 7' that contains j we can build another one that doesn’t contain

j by removing j from 7’ (that is, P; = {(Z'\ {j}) U{j}Z' € P;} C{Z U{j}|Z € P_,}].
Using this in the previous expression, we get:

af of 5 @ 2Z=7) of 5 @ 2Z=T)

Op; T'ep; OM'(I" U{7}) IeP_;,ICT L=p; TeP_; oM'(T) TeP_;,ICT L=p;

) oI = 1) of of
=Y > M@ 1=y, [aM’(I’U{j})_aM'(I/)]

I’'eP_;1eP_;,ICT

- o — ') of of
= > M@ ) 1—p, L}M’(I’U{j}) 6M’(I’)]

ZeP—; 'eP_;,1'2T
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where for the last equality, I have used that {(Z,Z")|Z € P,Z' C I} ={(Z,7')|7' €« P, Z O T'}.

This proves the first expression of the lemma. For the second:
First, note that above we have shown that {Z U {j}|Z € P_;} = P;, which implies that
P =P_,U{ZU{j}Z € P_;}. Analogously, defining P_;_; = {Z € P|j,k ¢ I}, we have:

P_j=P_p_j U{ZU{k}T € P_y_;}, so the previous expression becomes

ﬂ B 0IZ —1) af _ of
Opj IE'PZk,j e zgv:j L=p; [5M’(I’ u{i}) 5M’(I')]
T'DT
O(ZU{k} = T') of of
T 1/27; . L—pj [3M’(1’ u{ih) 3M’(I’)}
I’Qezuﬁc}

Now, for the first line, I use the following equivalence: for each Z € P_; _; we have {I' €
Pl DI} ={7" € Pyp—;|7' DI} U{ZT' U{k}|Z' € P_x—;,Z" O Z}. And for the second
line, I use the equivalence: for Z U {k} we have {Z' € P_;|Z' D T U{k}} = {Z' U {k}T' €
P_y_;,I' DI},

af O~ 1) of __of
dp; > M@ ) {1_Pj <5M’(I’U{j}) 8M’(I’))

ZEP—k,—j T'EP_k,—j
7'>T
+@(I—J'u{k})( of - of ﬂ
10, OM' (T U{k,j}) OM'(Z U {k})
O Uk} — T U{k}) of of
FMEOE) 2L 1=, (e iy - o o)
73T

Finally, I use that for Z,7" € P_; _; with Z' O Z, we have

OIZU{k} =T Uk = J] e J] Q—pn) (pe+1-p) =0T =T U{k})+0O(Z—T).
heT'\T  h¢Z'U{k}

So, I substitute in the second line ©(Z — Z' U {k}) = O(Z U {k} = T’ U {k}) — O(Z — T'):

of oI - 1) < of of )

=L = M(Z _

9p; PZ <>PZ I=p; [\OM'@U{})  oM/(T)
7'27T

- ( of - of > ]
OM/(T'U{k,j}) oM'(Z'U{k})

O U{k} =T U {k}) of of
+ (M(Z)+ M(ZU {k}))I/E; - 1—p; <8M’(I’ u{k,j}) OM'(T'U {k})>

T'DT
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With uncertainty:

> M(I) ,iffT'CJ
For T € P(J'), M'(T') = { {ZeP@)Ing'=1} (2.35)

0 T ¢ T,
where the first case says that two consumers become identical in industry i if all the firms in
which they differed exit, whereas the second case says that there are no consumers who are
aware of a newborn firm. The last piece of infornation needed to compute expected values is
the probabilities that the set of differentiated goods moves from J to J' C J U {e}, where e

denotes an entrant. These probabilities are given by:

(I1=zei0) I (1=r) II & ,ife¢J
For J' € P(J Ue)), Prob{J — J'} = jeIng! J€INT! (2.36)

Zeit 1] (1—r) ] & ,ifee J.
JEINT! FSVAWA

In the model, there is uncertainty on J’, so I am more interested in finding the derivative
of the expected value of a function ¢ : M’ — R rather than the derivative of a function
f: ]\} "— R (note that f is defined on ]\} ' that is, the next period distribution if there weren’t
entry and exit, whereas ¢ is defined on the actual next period distribution after the uncertainty

has been resolved). Recall that for each J' C J U {e}, the probability of this transition is

given by Prob{J — J'} defined in [2.36] and the mapping between M' and M’ is given by

Fjﬂy/ . M’ — M’ defined in |2.35¢

o M'(T) = ) M(I) ST C T
Fyg/(M') = (ZeP(T)INT'=T'}
M'(Z)=0 for 7' ¢ 7.
Going in the reverse order, each Z € P(J) is associated to Z' = Z N J' € P(J'); therefore
89(FJJ,(M,)> _ 9gM') _ _ag(M') oM'(InJ') _ _9g(M’)
oM’ (T) = onr(@ — OM'(TnT)  ani(z)  OM(ZnJ):

Then, we can apply this to the result of the case without entry and exit and we have:

dg (FJ,J’(M/))
—

B O —=71) dg g
=2 MDD [aM'«I'u{j}mJ') ST A g

1—p;
ZeP_; I'eP_;I' 2L P

Note that if j ¢ J’, then this derivative is 0 since in this case 8M’((I’?J£{?:j})mj’) = 8M’(3g’ﬂ\7’)'

With this, the expected value is defined as:

EQ(M) = Y Prob{J - J’}9<FJ,J/(M’))~
/ST e}
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Proof of the Proposition[l;  For the informative motive it is straightforward from applying

1 of Lemma [I] together with the note on the Uncertainty case:

aEv;(J',M')apj:l S Pobg o) Y M@ Y oI - T)

8p] 663 J'CTU{e} TeP_; Z/eP,j 1- Pj
7'01
(v v \] o,
(T UNNT) oM@ ATy )| de

V(I M) oV (', M)

where the positive comes from the fact that s &Tomary = aar@ary

since firm j’s value
increases more if we add a consumer that besides Z' N J’ she is also aware of j (there is
equality if j has exited in the scenario with [J’). For the result that the informative motive
decreases if we add {j} to some consumers that weren’t aware, note that the above expression
is a summation over the awareness sets that don’t contain j, and the change described implies

a reduction of the masses in these sets.

For the anticompetitive motive, I use 2 of [, which together with the note on the Uncertainty

case, implies:

OEV;(J', M’ d ,
3 <((9pk)> (82) -3 3 Prob{g — T}

k] k#j J'CTU{e}

oI - T av; oV; A% ov;
{ > v S B0 - o) - e ogn - e o)

TeEP_k,—j T'EP—r,—j
7’271 <0
. OZU{j} -7 uU{ji} ov; oV
+PZ R {’}”I,E; B 1= p [aM'w u{jy) oM (T U, k})] }

7'21 >0
(58) >0
where the intuition for the negative sign of the first underbrace is that the firm value is more
affected if it is a customer who learns about another good (since she will reduce the spending
in j) rather than if it is a non-customer who learns about another good. And the positive
sign in the second underbrace is because the value of a firm decreases if a customer learns
about another good. So, we see that the anticompetitive motive increases more if M(Z U {j})
increases rather than M(Z) (direct from taking the derivatives with respect to M(Z U {j}) and
M (Z) in the previous expression. Finally, that the anticompetitive motive is positive follows
from observing that 6(Z — 7') = (1 — p;)0(Z U {j} - T’ U {j}) < ©O(Z U {j} - T’ U {j}), and then the

negative part of the second line is offset by the third line.
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The result for the persuasive motive is straightforward from observing that 77 is a summation

over the awareness sets that contain j.

2.7.6 Social planner problem
{Nnt,t,Nji t,he,i,t,Dji,t:%,i,t}

00 1
max Uu=> g / [In Cpy + L] dl
t=0 0

s.t. Cpt from (2.5), Cp it from ([2.6), crj4+ from (2.11)), and Ly, from 2.4 with T3 = Q:

Yjit = Nj,i,ta Yo,it = AONO,i,ty Qt = AN:Z,t (PI‘OdUCtiOH functions)

1
1=Npy +/ Z Njit+Neig | di ,  w=E (Resource constraints)
0 \je{oyugi,
> ajir = ai, (2.9), (2.10), (2.14), (2.35), (2.36 (Learning process)
J€Ti ¢
1
Zeyit = ONZ, 4 (2.35)), (2.36 (Entry and exit)

Plugging Cy; and L,; with T; = @), into the objective function and interchanging the integrals

over ¢ and i:

1 1 ©© 2
_ : o 1, Q
max U= /0 /0 Y B InCydbdi+ " B 5

o
{Nar,t,Ne,i,t,Nj i t,P,0,6,05,4,¢ =0 —o

s.t. Cp ¢ from (2.6), ¢ i, from (2.11))

yj,i,t = Nj,i,tv yO,i,t = AONO,i,ta Qt = ANTf%t (Production functions)

1
1=Np:+ / Z Njit+Neas | di ,  wy=E; (Resource constraints)
0 \jefoyudis
D ajin = ai, (2.9), (2:10), (2.14), (2.35), (236 (Learning process)
JE€ETi ¢
1
Zeyit = ONZ; 4, (2.35), (2.36 (Entry and exit)

The planner decides how much to produce for each individual and, accordingly, sets the prices
that induce the consumers to consume these quantities. Let N/ be the labor used to produce

all the goods in the production sector. Then, The FOC for ¢z ;,+ reads:

1 9C, 9C;y OCz.y ONF 0C, 0Cy; 9Cr.,

O PR L — BtA 2.37
Crsidd s B 3G 8Cay Doz yes B0, 90, DCr.; Doz s (2:37)
. . . ~ P
1. Dividing both sides 8‘95’; 8%?;1 giljtt > 0, and defining P, = %, we get:
1 P
I N S (2.38)
Ct Wy PtCt

2. InC; = [ InC;di. Dividing both sides of [2.37 by it 9CZit ~ () Jetting N;; be the

8CI,i,t 8CI,j,i,t
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. . ONI ac, __ ONF . 5 welNig .
the labor used in sector i, 5z 9C: = o and defining P, ; = o we get:
1 P w P,
= )\it s )\ = — ¢ s Ci,t = Ct — ¢ (239)
Cit Wy Pi:Ciy it

where for the last expression I have used Plugging C;; into the definition of C}, we
get:

1
InP, = / In P, ;di (2.40)
0

. InCyy = [, InCy,,dl. Dividing both sides of [2.37 by 2otit > 0 letting Ny, be the the

dce, it
BNM 8Ci,t _ aNi,t
7 9C; 0Cy 4~ 9Cp i,

weNp ;¢

and deﬁning Pg,i,t = Cras we get:

labor used in sector i by /¢

— A= — Cpit =Ci——— 2.41
Cuit Wy Pri+Crit o ! Py ( )

where for the last expression I have used Plugging Cy;; into the definition of C;,

we get:

1
Py = [Py (2.42)
0

. Cyip given by 2.6] Letting Ny, be the the labor used in good j in sector i by ¢,

ONg e 0Cp i ONgi¢ 1
i it 4t — 1 we set:
0Cy,5,t Oce gt Ocy,j,it Aj? g

1 1
1 Cg it o 1 C[ it o Wi ~ A 7
= Wit = A = > Wit = = = crjie = CrinPg iy | wiin—>
Crit \Ctjit j Ce,j,ist PritA; wy

2]

(2.43)
where I have used A from [2.41] Plugging ¢+ into the definition of Cy;,, we get:
) AO o—1 . 1 o—1\ '7°
PI,i,t - (11},5) + ij,i,t (’U)t> (244)
JjET
Since we have Py, ,Cy;y = P,,Ciy = P,Cy = w,NF and A from m, then we have:
. AN° 1
CT jit = ’LUtNtPP§Z% <wj"1'7t]) 5 NtP = - (245)
T Wt A

Comparing this with the consumer choices:

_ o—1, —0o o o 1—0o o 1—0o
czjit = EePr ;0w Pric=|po;:+ E Wi4.tDj it
jex
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It is straightforward to check that the planner can induce the consumer to consume the quan-

tities in by setting prices equal to the marginal cost times a markup (or a tax) equal to

By
thtP :

the ratio of expenditure to the production costs; i.e. p;;; = 47, where 7 =
J

The particular level of 7 affects the level of consumption, but not the share of expenditure
allocated to each good, since, as seen in the following expression, sz ;,; is independent of 7

(that is, 7 doesn’t distort how N} is allocated among the production goods):

g

FWE o 1-0o

_ PjatCrgae _ DA DI o wy _ Wi

STjit =" = N Wit | T = ST = T T o (2.46)
it TweNT it AjPr iy AT+ YWy

kel

then, we can write C7z; as:

J wT’

. NZ, i
Using that cz;; = AjNz ;i = A;j 522 Nz = A; JST.ja 2t

1E o1\ 7!
CIvt—fit (AOSIOZt +Zwkzt SIkvt 7 (247)
T W kez
and combining this with Et = th = Oz, tPZZ +, we get (where for the second equality I use

2.40)):

kel

— w o .
<(AOSIOLt + Zwkzt SIkzt 7 ) = (15 : ) = Wj,i,tsz,g,i,t (2-48)
T,i,t

Next, I move to the advertising part of the planner problem. We will use the following

derivatives:
0CT,;i4 o o g—1 Lot 1 =t OST kit AT o1 =1 08704t
- = I w 8.7 Nt A1
— — Tyt |°T,j,i.t Z ki t9T kit - Z,0,i,t .
Ow ; o—1 pt 80.)] Ow; ;
08T jit o 0ST kit o
. = 5Tl = s1t) : 3 = —ST,j,itST k,it
Wj,i Jsist Wj,i Wi t
OWwji e et _ T 0wy
3 =velsltagh " = B
it ajit OT

The term in parenthesis of the first line can be rewritten as (in the second expression, I use
2.48)):

o—1

o—1 —1 o 1
Wit = D Witz — A7 ST | STaid—— = (1 - SI,;i,t) S50 <0
kel Wi,it

so, the term in the parenthesis is negative. And we have:

o—1

9l Cz,iy Pl —% o (szgit) 7 z
GLLJJ',z"z T o- ICI’” [Sz’j7i>t +(o-1) (1 B SIJ”) SI’j’i’t} T o1 ( C'I],;,t {1 =1 (SI’M’t B 1)}

So:

o—1
8lnCI it ST it 7 g L
LA S0 +o (sf e 1) vevsT o, <t
805]7L OI,i,t o—1 VA )
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For the dynamic problem of advertising/media, it is useful to define Ux = fol Yoo B InCypdl
as the expected life-time industry-consumption utility of an industry with the current industry

state being X.

The social planner has to decide on (i) how much labor to allocate to the media sector, N, ,
and (ii) how to allocate the ad space among the differentiated firms of each industry, a;; .
First, let’s see the social planner choice of «;;,. The allocation of the ad space has to be such

that the marginal social gain of increasing the ad space given to each firm is the same, since

otherwise we could improve the allocation. Formally, it must be 685125’;’ gg; Bg;fjt = hy for
some ﬁX and all j € Jx, together with > o« x = ax.
VISVb'S
Second, let’s see the social planner choice of N,,.
OL BEUX/ 8pj X Oln CX t 8wj X oT BQ
oS ) Y [ x  OlnCoos dupx] OF | 0Q _
[6@ Xea JeTx apj,x oT 6Lu'j7X oT 8@ 8Nm
where g—é =vQ, 55 =1 (if @ < 1, otherwise it is 0). Also, using that Bosx _ x g{’l’i’;,
Dot = QX and 22 = o
8EUX/ 6ij alnCXt (67,4 Q
vQ + e (X) {5 — + : Sl = A
|: XXE;) jgx apj’x 804j’X aaj’x T Nm

and using that ZUxs Jpix | 9lnCx.

dpjyx aaij a(ljﬁx

@ = T, then the condition for N, reads:

= hx for some value fLX and all j, that Zj aj x = oax, and

A A
vQ*+ ) u(X)hxax = =N, (2.49)
XeQ ®

Finally, the labor employed in entry in each industry satisfies:

_1
A= % 28 (EUx —E_.Ux) (2.50)

where E.Ux/ (resp. E_.Ux-) is the expected industry-utility conditional on successfully creating
(resp. not creating) a new differentiated good (so the expectation comes from the probabilities
the incumbents exit).

Using [2.45] 2.50] and 2.49] the labor market clearing condition reads:

2
1=N"+Ne+ Ny = A=14+0Q%+ > u(X) (g@ilxozx + (g,@(EeUX/ — IE_eUX,)) /\1> (2.51)
Xe

Note that this clearly implies A > 1. Finally, the budget constraint implies the relative wage

is 1, @ = % = 1. Therefore the planner’s markup (or tax) is 7 = 1= = 75 = A > 1.
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2.7.7 Proof of convergence to an ergodic distribution and unique-

ness

Uniqueness:

Let 7 be the first period that we arrive at state J = 0, and P, o(X) be he probability that we
are at X after t periods starting from J = (J; then the probability we are at state X starting
from a given state is:

PAX} = 3 Pl{r = K} P o X} + P{r > }P{X]|r > K}

Ast — oléz,lP{T > t} — 0 since every period there is a positive probability that all differ-
entiated firms die and we arrive at J = (). Therefore, this tells us that if P,o{X} converges
(which later I prove that this is the case), then, the only stationary distribution we can have is

Po(X) = hmt_mo 137570(X)

The set of possible states is at most countably infinite

This is a consequence of two things: (i) from a given state you can directly move to a finite
number of states; (ii) with probability 1 any industry will pass through the state J = 0 at
some point in time. Just as in the proof of Uniqueness, (ii) is telling us that the only stationary
distribution we can have (if any, since I haven’t proved this yet) is the one we would converge
to starting from the state J = (), which (i) tells us that at most will have a countably infinite
number of different states.

Convergence (Existence)

Suppose there are n € N U {00} possible states and the probability of moving from state j to

state i is a; j, then the transition matrix is

n
1—=> 0 sajn a1 e a1
0 — a1 1= 0052 - az.n
n
an’l a/TL,2 e 1 - Zj:l an’n
Let my = (may,...,mpt) be the vector of masses in each state, and call M, := my 1 —my =

(Q — L)mys 80 Myy =D 4 i Mk pQik — Mg Dy Qi
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Lemma 2 Y} | M, =0

Proof. Given that M;; = D kotd MU,k — Mt D gy Qi then

D Miy =300, {Zk;ﬁi Mt Qi ke — Mt Zk;&i k,i| = iy Zk;&i Mt @i = D5y Zk;ﬁi Mit0k,i

= Z;L:l Zk;&i Mkt @ik — ZZ:1 Z#k Mgt Qi k-

So, we just need to see that {k # i|i,k € {1,...,n}} = {i # kli,k € {1,...,n}}, which is clearly satisfied by
symmetry of the #-relationship.

|

And the following lemma expresses M., for ¢ € N in terms of M;:

Lemma 3 For any q € N, M, = QIM,, with M, ;44 = <1 — Zk# a,(fg) M;, + Zk# aEfIk)Mk,t,

where ag?lz 18 the probability of moving from k to i in q periods.

Proof. By definition, My, , = (Q—1,)m;, = (Q—L,)Q%m; = (Q1—Q9)m;, = Q1 (Q—L,)m; =
QM.

[ |

My main goal here is to study the convergence of M; towards the null vector; so, we want to
establish some result that compares M; to M, for some ¢ € N. Since M, is an n-dimensional
object, it is important to specify under which metric. To see the importance of this, let’s see
a counterexample that shows that not necessarily each component of M; has to monotonically

decrease in absolute value:
Lemma 4 [t is not necessarily true that |myyq1(k) — my(k)| > |myro(k) — my1 (k)| for all k.

Proof. Suppose that m, is only non-zero in position i, where m;; = 1. Then

t
t
Mt = (Q —]In)mt = ( arqg; _k%;ak,i Qn,g ) s mt+2 _mt+1 — < B1 Bz Bn ) ,

where

Bj=a;;[1- Zak,i - Zak,j + Z ajrag, for j # 1,

ki k#j ke¢{ig}
B, = — Z Ok 1-— Z akqi | + Z A5 Ak -
ki k#i k#i

Then, we can find a counterexample by just supposing a;; = 0 and that there exists k ¢ {1,4}

such that a; yag; > 0. Then, we have: |my 1 —mi| = a1, =0 < aypar,; < Z%{Li} ay g ; =
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|Bi| = |miiye — M
u
The norm that will prove useful is ||M;|| :== max }{|ZkeA My+|}. Define BT = {i €

Ac{1,...n

{1,... . n}|M;; >0} and B~ := {i € {1,...,n}|M;; < 0}

Proposition 3 It is satisfied that max {|Y,cqaMiit1l} < max {[X,caMislt = > My
AC{1,...n} AC{1,...n} il

Further, if i € BT, j € B~ and there exists { € {1,...,n} such that aé?i), agfg > 0 (¢ can

be equal to i or j, which means that this state has period smaller or equal than q), then

Acr{q?fn}{ | > kea Mit+ql} < Acr{qﬁfn}{ | 2 okea Miilt =X peps Mig

77777

max{] > e (k) = ma(0)] [} = max{ > My, — > My},

Ac{1,...,
e Ay keB+ k¢ B+

and, by Lemma [2] both terms have the same value . Next, from Lemma [3] for any given ¢ € N

and A C {1,...,n}, we have:

> My =Y (1= YD) Mes + Y 0 M,

keA keA j#k j#k
And I group the terms with same M;,. Let’s focus first on the positive terms (i.e. M;; for

i€ BY):

o Ifi € BFNA, then: (i) for k = i we have the term (1—)_ ag-?i))MZ-7t; (i) for each k € A\ {i},
JF
we have the term a,(fg M.

e If i e BT\ A: for each k € A, we have the term a,(fz]\/[i’t.

Then, the positive terms can be written as:

= o (1-Sare ¥ ) © w(gl)

i€BTNA JFi ke A\{i} ieBT\A ke A
- > a1y ) e ¥ (L)
ieBTNA k¢ A ieBT\A ke A
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And using that for any i 3, a\? € [0,1], we have

.2

Z M (1 - Z a}(g?) + Z M; 4 (Z a;(;g) < Z M; 4 (2.52)

i€EBTNA kg A 1€EBT\A ke A E€Bt

Analogously, for the negative terms (i.e M;; for i € B7):

o Ifi € ANB~, then: (i) for k = i we have the term (1—)_ a(q)) M, ; (ii) for each k € A\{i},
J#i

we have the term a,(c )Mzt
o If i € B~ \ A: for each k € A, we have the term a,@MLt

Then, the negative terms can be written as:

S, (1zag 3 a,“)+ S (Za,gC{g)

1€eB-NA J#i ke A\{:} €B~\A ke A
SRS ) I ST P o)}
i€B™ k¢ A €B\A ke A

So, again using that for any i), ; ak i, €10, 1], we have

Z (—Miy) (1 - Z a;ﬁ‘?) + Z (=M ) (Z a,@) < - Z M; (2.53)

€B~NA k¢ A €B~\A ke A €eB-

The first part of the proposition follows directly from the fact that the previous two inequalities
for ¢ = 1 imply that for any A C {1,...,n}, we have |}, s My 1| < Y My, and so the
inequality is also true for the maximum.

For the second part of the proposition, suppose the condition holds and I will show by contra-
diction that we cannot find any A such that |, s My 4q] <D e+ Mis holds with equality,
and so the inequality has to be strict.

In order for the equality to hold, it must be one of the following two cases:

e Case A: The positive terms are equal to the upper bound, and the negative terms are zero.
For this to be the case, we need: (i) fori € B*"NA, 31,4 a,” =0; (ii) for i € BT\ A,
Y ke a,(cql) = 1; (ili) for i € B~ N A, ZkéAa,“ 1; and (iv) for B~ \ A, it must be
ZkG.A a’k i

If i € A, then condition (i) implies that also ¢ € A, since otherwise we would have the
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contradiction 0 = 7, 4 a,“) > aé?i) > 0. If i ¢ A, then condition (ii) again implies that
(9)

0

¢ € A, since otherwise we would have the contradiction 1 = ), _ , a,(zz <1l-aqa,; <O
Therefore, £ must be in A in order for the positive terms to reach the upper bound.

Next, if j € A, then condition (iii) implies that ¢ ¢ A, since otherwise we would have the
contradiction 1 = 37, , @ (Q) <1- (Q) < 1. So, the only possibility is that j ¢ A, but

then condition (iv) contradicts that ¢ € A, since then we would have the contradiction

0= Zke A ) 2 a(q) > (0. Therefore, Case A is not possible.

Case B: The positive terms are equal to zero, and the negative terms are equal to the
lower bound. For this to be the case, we need: (i) for i € BYNA, 32,4 a,“ = 1; (ii) for
i€ BYN\NA, D e a,(sg = 0; (iii) for i € B~ NA, D214 a,m = 0; and (iv) for B~ \ A, it
must be ZkeAakZ =1

Analogously as in the previous case, we get to the conclusion that this case is not possible.

If i € A, then (i) implies ¢ ¢ A, since otherwise 1 =3, a,(f? <1- agf’i) <1.Ifi¢ A

then (ii) also implies that ¢ ¢ A, since otherwise 0 =3, _, a,(cq,z > ag,qi) > 0. So, it must
be ¢ ¢ A.
If j € A, (iii) implies the contradiction 0 =3, 4 agf; >ap; > 0. Butif j ¢ A, (iv) also

(q)

implies the contradiction 1 =3, ,a,"> <1 —ay; < 1. So, we conclude that this case is

not possible.

This proposition tells us that a sufficient condition to guarantee convergence to an ergodic

distribution is that whenever we are not in a stationary distribution, we can find states that

have changed in opposite directions in the previous iteration (period) such that there exists

some state which can be reached from each of the two states with positive probability in the

same number of periods (in other words, if two points start from state i and j respectively,

there is positive probability they will meet at some future period).

The next definitions and proposition show a sufficient condition for this condition to hold:

Definition 1 A Markov chain is irreducible if for any pair of states i, 7, there exists ¢ € N

such that ag-?i) > 0. (that is, it is possible to get to any state from any other state)

Definition 2 Let the longitude of the shortest path between two states i,j be d; ; =
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min{q € N]ag?j) > 0} (that is, the smallest number of periods required to go from one state to

the other).

Proposition 4 In an irreducible Markov chain that contains at least one state i with d;; = 1,
as long as we are not in the stationary distribution, it is always possible to find states j € BT
and k € B~, and a state { such that aé?},aé?,g > 0 for some ¢ € N (and so, in such Markov

chain we can guarantee convergence to an ergodic distribution).

Proof. If we are not in a stationary distribution then there are j with M;, # 0, and by Lemma
there must be j € BT and k € B~. .Let i be the state such that d;; = 1. Then, it is sufficient
(@ (a)

a;7 > 0, which is straightforward. We can check

to see that we can find ¢ € N such that a;;, a;;

that ¢ := max(d; ;, d; ) satisfies this (intuitively, the first to arrive from one of the two states
then stays with positive probability in i, and at some point the one that started from the other
state will also arrive to i). Without loss of generality, assume max(d; j, d; k) = d; - aiﬁ;’“ > 0 by
definition of d; ;. But also ai’j’“ > ai?j agii’rdi’j) > affjj <a§}i)>di’k_di’j >0

|

So, in the Uniqueness section I proved that the only possible stationary distribution is the one
we would obtain if the initial sate is J = ) (if this converges). Now, the previous proposition
tells us that P.o(X) converges, since the Markov chain obtained is irreducible (if a state is
possible, it means that there was positive probability of arriving to it starting from J = 0;
and, from any state, there is probability 1 of eventually going back to J = () and the state
J = () satisfies that the longitude of its shortest path connecting it to itself is 1 (with positive

probability there will be no entrant and we stay at J = ().

2.7.8 Summary of the method to solve the model

1. First, for each possible number of firms J:
e Define the different awareness sets P;. There are 2/ awareness sets (think on how
many different ways we can assign {0, 1} to J variables).

e Define the N; grid nodes we will use, Mn, n =1,...,Ny;. Each node is a vector

of the mass of consumers in each awareness set. As we have seen, the solutions
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of the model are functions of the form f(J,M) on a continuous m-dimensional
space, with m = 27 — 1 (]\7[ is (m + 1)-dimensional, but since the masses have to
add up to 1, one is redundant). To deal with this exponentially increasing state
space and alleviate the curse of dimensionality, I introduce a piecewise multivariate
Newton interpolation method described in detail in section|[2.7.9] Using this method,
increasing the number of grid points leads to a better approximation, as in standard
univariate methods using a grid and linear interpolation, with the advantage that
the higher degree of the interpolating polynomial allows to reduce the number of
necessary grid points for a given ﬁt.ﬂ

Also, note that J has information of the identity of the firm. Therefore, some nodes
are just a reordering of firms, so I use this to avoid solving again nodes that are just

a reordering of a node that has already been solved.

2. Define initial guesses for the aggregate states w and T, as well as initialize the policy

functions for advertising expenditure and entry; that is, assign a value for the grid nodes

{{{6]71} l}n 1 ; ; and entry {{Nen}n 1 ; 1

3. Given the aggregate states:

(a) Solve the firm problem:

i. Given the guess of the policy functions for advertising expenditures and entry:

e Solve the static price-setting problem. Note that this has to be updated

in every iteration of the firm problem because the advertising choices affect

the demand shifters w; ;. This gives us profits and markups at each node:
MG, 3), (ST )Y Y

e Solve for the value function implied by the policy functions of advertising

and entry and the profit function. Note that this implies solving a linear

system on {{V(//, M )}n 1 ; 1

ii. Given the functions for markups and firm value found in the previous points,

{{M;(J, M), V;(J, M)YY7 V7 compute the best responses:

18Using piecewise interpolation is important because increasing the degree of an interpolating polynomial
doesn’t necessary lead to a better approximation (Runge’s phenomenon).
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€, Né,n}le}gil J_, (i.e. the optimal choice keeping the competitors’ choices
fixed). If the difference between these best responses and the previous guess is
small enough, we are done (in this case we have found a Nash equilibrium);

otherwise, update the guesses and go back to (i).

(b) Solve for the unique stationary distribution given the solution of the firm problem (in
particular, we need the policy functions for the advertising space {{{«;, }3]:1}7]:[ v
and entry {{N.,}"’,}7_, and entry in an industry with .J = 0: N, ). For the details

of the method, see section [2.7.8.1

4. Given the firm policy functions and the stationary distribution, compute the implied
aggregates w and T, using 2.23 together with T' = (). If the difference between
the guesses and the implied values of w and T are close enough, we are done; otherwise,

update the new guesses for w and T and go back to 3.

2.7.8.1 Method used to find the stationary distribution
The method has two parts.

1. In section 2.7.7 T show that the set of industry states observed in the stationary dis-
tribution is at most countably infinite; and so the stationary distribution is a discrete
probability function defined on a potentially infinite set of points, and so, computation-
ally, the set of states needs to be bounded some way. In the following I describe the
approach used in the baseline to bound the set of states. As a robustness, I compare the
stationary distribution obtained from this approach to the one obtained by bounding the
space by a grid (that is, restricting M to take only values from a grid). The baseline

approach tends to be much faster.

(a) Given that in section I show that the unique stationary distribution is the one

we would obtain if the initial sate is J = (3, then:

e [ initialize the List of states with this state. For each state in the List, I store
(1) the number of firms, (2) the vector of masses corresponding to this state,
(3) the vector of ages, and (4) the probability Prob, which I now describe. Prob

is the probability of going from state J = () to the particular state X in the
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shortest path from J = 0 to X. That is, for this initial state J = (), we have

Prob = 1.

e To facilitate the process of looking up whether we have already encountered a
state before (i.e. whether a state is already in List, I order the states in a library
LibraryStates lexicographically based on (i) the number of active firms, (ii) the

vector of ages, and (iii) the vector of masses. Initially, LibraryStates = 1.

e [ also initialize iter = 0 and the list of states I will take as starting point in the

following iteration, NewStates;.,. Initially, NewStates; = 1.

e Finally, we need the transition matrix with the probabilities of going from each
state to the others. However, since this matrix is very sparse (the states are
just directly connected to few others) and storing the whole matrix with all the
zeros would be highly costly for memory storage (and solving the system would
also be very slow), I only store the non-zero elements of the transition matrix
in a Library, where each book contains three pieces of information (the books
are ordered lexicographically based on the same order of these three pieces of
information): the row in the transition matrix (i.e., state of origin), the column
in the transition matrix (i.e., state of destination), and the value in this position
of the matrix resulting from subtracting the transition matrix from the identity
matrix. I initialize it as Library = [1,1, 1] (the third 1 is the 1 from the identity

matrix).

(b) Then, as long as NewStates;e,+1 is not empty, increase iter by 1 and do the following

for each state s € NewStates;eri1:

i. Calculate the next period vector of masses if there weren’t entry/exit, and the
probability of an entrant. Then, for each of the possible cases of entry/exit, let-

ting ¢ be the probability of the particular event of entry/exit, I do the following:

ii. Look up whether this state is already in List, using the order in LibraryStates.

Here is where I bound the problem.

e If the probability Prob is above a threshold, then I check for an exact match

(that is, they match in the three elements: J, the vector of ages, and the
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vector of masses (note that, although the vector of ages is not a state in
the baseline firm problem, it is useful to distinguish it for the quantitative

exercises).

e If the probability Prob is below the threshold (that is, it is a rare state),
then I just check for J and the vector of ages. If there is no state in List
matching J and the vector of ages, then we will treat this state as a new
state; otherwise, I will treat it as if it were identical to the first state in
List with the same J and ages. The intuition is that, although the vector
of ages is not a sufficient statistic (because history matters), it serves as
a good first approximation. The other boundary I set is on the firm age;
in particular, I don’t distinguish ages above a threshold (which I set to 20
years old). The intuition is that for firms older than 20 years old very few
consumers remain unaware of the firm, so the error from not distinguishing

older firms is negligible.

iii. If the outcome from the previous point is that it is not a new state, then we
index it by ¢’ equal to the index of the state we have matched it to and go to
(iv); else, if it is a new state, then we index it by s’ equal to the current size of

List plus one and do the following:
e Add the one of the identity matrix to Library; that is: add [¢/, ¢, 1].

e Add the four pieces of information relative to this state in List. Prob will

be equal to the Prob of state s time gq.
e Add s’ to NewStates;eri1.

iv. Add [s, s',—¢q| to the Library. If there is already an element at position [s, s'],

then just add —gq.

2. In the second part, we need to solve for the stationary distribution. The matrix found in
the previous step is singular (note that the sum of all the elements in row sis 1 =) p, ¢ =

S/
1 —1 =0, where p, ¢ is the probability of moving from state s to s’). So, we need to add

a new condition to have a compatible and determinate system: it is the condition that

the solution must add up to 1; so, I add to Library [s,0, 1], for all the states s. Then, we
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also need the vector of independent coefficients, which again is very sparse (there is only

one non-zero value), so again I store it in a library called LibraryB = [0, 1].

2.7.9 Multivariate Newton Interpolation

Suppose we want to interpolate a function f : R™ — R by a polynomial of m variables and

degree n.
Definition 3 (Generating points): For each dimension i = 1,...,m, we define n + 1
points Tig, k=0,...,n. {{zix}i o}, are called the generating points.

Definition 4 (Multiindices): Let d = (ay,..., ) € Ay i={d € {0,....,n}" > a; <
i=1

n}, cmd f@’ = (xl,oqa cee 7$m:am)'

The cardinal of A, (i.e. the number of different multiindices) is given by N(m,n) = ("*™)

n

(to see this, you can think of 1%z ---z% with > 7" «; = n, which we can transcribe as

1...1#x...014# ... # 2y ... 2,; so the problem of finding the number of different multi-
—— "< _ ——

@0 aq am
indices is equivalent to finding the number of different ways we can choose m boxes from n+m

boxes (i.e. the position of the m hashtags), which is ("7™)).

I3

aifl
Definition 5 (Newton polynomial): wsz(Z) = [T (zi — k).
i=1 k=0

Definition 6 The m-dimensional Newton interpolating polynomsial of degree n of the

function [ is pma(Z) = Y, agwa(Z), satisfying f(Zz) = Pmn(Za), for all & € Ay, .

A€EAmn

Lemma 5 Note that given E, Q€ N, if Bi — 1 > «a, then wz(Zz) contains the term (z;q, —

B

xia) =0.

o —1 a1—1  km km
Corollary 1 Then, f(Zz) = pmn(@z) = Y. -+ > I @mam — Tmsn) - 1] (X100 —

m=—1  ki=—1sm=0 $m=0
$1,sl)a(k1+1,...,km+1)
To allow generality, I define:
Definition 7 Given & = (o, ..., ), define:
(i) @0 = (ay, ... 0 1,k g1, ..., am) (i.e. A%F) equals @ except k in position i)
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(”) O_Z(k) - (ak—i-lu R 7am)'

(iii) BOK) = (k=D FE0)  gmem=1)  Fm0)y  gnd let f00) = Flitlaia=1) gpg
g(m,O) — @
Definition 8 (Divided differences):
o a;—1 ar1—1 k; k1
fla, Bl b)] > -2 I @mam = Tmsn) - 1 (@10, — $1,81)a(k1+1 ..... ki4+1,80) if a; > b; and
k;i=b—1 k1=—1s;,=b s1=0
fla, g0] = fla, BU=19] otherwise.

Note that by Corollaryl and since @™ = (), then f[a ﬁ (m0)] = f(#). The algorithm to find

the coefficients ag is defined as follows:
1. Start setting ¢ = m and b = 0.

2. If there is some @ € A, such that o; > b, then:

(a) For all the & € A,,, such that a; > b: Noting that f[a®? 0] contains all the

terms of f[& el @9)] with k; = b — 1, and so the remaining terms will all contain

(%i0; — Tip); then:

fla, 0] — flath), gb)

fla, D) =

Loy — 3ji,b
a;—1 a;—1 k1
= E E H Tm,am — Tmysm) " H (1,01 — $1,51)a(k1+1 ..... ki+1,a@)
ki=b k1=-—1s;=b+1 s1=0

(b) For all the @ € A, such that a; < b, then f[@, f0+D] = fla, 50 (satisfies the

definition since a; < b < b+ 1, so fl@, f00D] = fl@, BV = fa, 10
Set b =0+ 1, and go back to step 2.

3. If oy < bforall @ € A,,, (which is satisfied if and only if b < n), then make f[a, 5010 =

fla, 5@”)], and set =7 — 1 and b = 0. If i = 0, we are done; otherwise, go back to step

2.

All is left to do is to show that the f[a@, 9] = ag for all & € A,,,. Given that the divided
difference of @ just changes when we apply (2a) to it, then it is sufficient to see that in the
last time that we select & for (2a) it is f[@, 5] = ag: since then it will be f[&, 500 =

f[d’, g(i,bJrl)] = ag.
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Proof. If we have used ag in (2a), it means that «; > b, which implies that exactly one of the

following is true:

1. a; > b+ 1, in which case agz would also be selected in the next iteration, contradicting it

was the last time it was selected;

2. a; = b+ 1, in which case ag it is the last iteration for variable i that ag is selected. In

this case there are two possibilities:

e oy > 0 for some k < i, in which case in iteration (k,0) @ would be selected, contra-

dicting the hypothesis.

e o =0 for all k¥ <7, in which case we have:

a;—1 a1—1 Kk k1
= (i b+1
A LI DI DI | (LTSRS | [EPR e
k‘ =0;— 1 k’1——1 S;=0 81:0
a;—1 —1
= H (@mam = Tmysm) H (T1,00 — 371,81)@(0,...,0,%,&(1'))
S;i=0y s1=0

= X,...0,0;,a0) = da
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Chapter 3

Fiscal Policy, Competition and Growth

3.1 Introduction

Fiscal consolidation, a term used to describe government efforts to reduce fiscal deficits and
lower public debt, has become a priority for many countries. Significant increases in spending
following the 2008-09 financial crisis, the Covid-19 pandemic, and recent shocks such as fluc-
tuating commodity prices and the Ukraine conflict have placed considerable strain on public
finances. A significant number of developing and emerging economies are grappling with debt
distress, while many advanced economies—even if not yet in the same situation—face a press-
ing need for fiscal consolidation (IMF} 2020). Strengthening policy buffers will be essential to
address infrastructure gaps, respond to climate change, support aging populations, and prepare
for future economic shocks.

There is broad agreement that fiscal consolidation tends to have negative short-term effects on
growth, primarily through fiscal multipliers, while supporting higher growth in the long run by
crowding in private investment and reducing policy uncertainty (Balasundharam et al., [2023)).
Interestingly, the transmission channels typically cited—such as lower interest rates and reduced
uncertainty—are mechanisms more commonly associated with short-run dynamics, as captured
in standard macroeconomic models designed to study business cycle fluctuations rather than
long-term growth. Indeed, much of the existing analysis of the long-run effects of fiscal consol-

idation relies on this class of models. Yet, it is well established that the fundamental driver of

!This chapter is joint work with Giammario Impullitti and Antonin Bergeaud.
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long-run growth is innovation and technological progress. This suggests that a comprehensive
assessment of the long-term implications of debt and deficit reduction should explicitly consider
their impact on innovation and the sustained productivity growth it enables.

Structural reforms—such as product and labour market liberalisation—have the potential to
mitigate the contractionary effects typically associated with fiscal consolidation. In particular,
product market competition is widely recognised as a key driver of innovation and long-run
economic growthE] This is particularly relevant in light of the observed rise in market power
across many countries in recent decadesf] which has coincided with a prolonged slowdown in
productivity growth across a broad set of countries, including many advanced economies.
Does market power matter for the long-run effect of fiscal policy? What are the long-run effects
of fiscal consolidation in economies characterized by high market power and low productivity
growth. Is there complementarity between fiscal and competition policies, and how does it
shape the long-run impact of fiscal consolidation?

To address these questions, we develop an endogenous growth model with variable markups to
study the effects of fiscal policy on innovation and productivity growth, and to analyse the role
of product market competition in shaping the transmission of these policies. Our framework
builds on the class of step-by-step Schumpeterian growth models, in which a small number of
oligopolistic firms compete strategically for market leadership within each product line (e.g.
Aghion et al., 2005). The economy features a ‘mixed market structure’, where large, highly
productive firms coexist with a competitive fringe of smaller, less productive firms. Within
each industry, a small number of heterogeneous superstar firms engage in Cournot competition
for market shares and invest in innovation to improve their productivity and maintain their
leadership position. Firm-level productivity differences arise both from initial heterogeneity at
entry and from subsequent success in innovation. In parallel, each industry is populated by a
continuum of smaller firms that operate at a lower productivity level and capture a limited share
of the market. These fringe firms are separated from the superstar firms by an exogenously

given productivity gap, but retain the ability to invest in innovation and potentially ascend to

2See the seminal contributions of |Aghion et al.| (2001} 2005)), and |Griffith and Reenen| (2021) for a recent
review of the theoretical and empirical literature on competition and growth.
3 A range of indicators of market power—including markups and market concentration measures—have risen

over the past three decades in many advanced economies (e.g. [Autor et al.,|2020; |De Loecker et al.l 2020; Bajgar
et al., |2019; Diez et al.| [2021)).
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the superstar class. While the inflow of new superstar firms is driven by successful innovation
from the competitive fringe, exit from the superstar group occurs either when firms fail to cover
a fixed operating cost or when their relative productivity falls sufficiently behind that of the
industry leader. Finally, a mass of entrepreneurs can enter the market by paying an entry cost
to join the competitive fringe. In this setting, long-run economic growth is ultimately driven
by the innovation efforts of superstar firms within each industry, which push the technological
frontier forward.

The model generates non-degenerate distributions of sales, employment, and markups within
each industry, which are shaped by the number of superstar firms, the distribution of their
productivities, and the relative productivity and mass of the competitive fringe. This rich in-
dustry structure enables us to discipline the model using firm-level data, allowing it to replicate
key cross-sectional patterns observed in the data—including the dispersion of productivity and
markups across firms.

Moreover, the model inherits the nuanced relationship between competition and growth that
characterises step-by-step innovation frameworks. On the one hand, firms have strong incen-
tives to innovate in order to escape intense competition and secure a more dominant market
position—a mechanism known as the escape competition effect, which generates a positive re-
lationship between competition and innovation. On the other hand, greater competition can
erode the expected rents from innovation by reducing post-innovation markups, thereby discour-
aging investment in R&D—a channel often referred to as the discouragement or Schumpeterian
effect. The interplay between these two opposing forces provides the model with the necessary
flexibility to capture the often non-monotonic or non-linear relationship between competition
and innovation documented in the empirical literature.

In our model economy, the government levies taxes on consumption and labour income. In
the baseline specification, we assume that the government operates under a balanced budget,
using the proceeds from these taxes to finance lump-sum transfers to households. We later
extend the framework to allow for fiscal deficits and public debt accumulation. Labour supply
is endogenous, as households derive utility from both consumption and leisure. Importantly,
the size of the market—a key determinant of innovation incentives—depends on labour supply,

which responds to changes in wages through the standard income and substitution effects.
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Consequently, fiscal policy—through its effects on consumption and labour taxation—influences
the size of the market by altering households’ labour supply decisions.

The effects of fiscal policy on long-run innovation and growth operate through the two central
mechanisms linking competition and innovation in our framework: the escape competition
effect and the Schumpeterian effect. For instance, a fiscal expansion that stimulates labour
supply increases the size of the market, boosting demand and firm profits, which in turn fosters
innovation. However, in the absence of firm entry, higher profits reduce the incentive to innovate
through the escape competition channel, as firms become more profitable without needing to
outpace competitors. Crucially, in our model, firm entry responds endogenously to changes
in market size: a larger market encourages entry, intensifies competition, and strengthens
incentives for innovation in order to escape rivals. This pro-competitive effect of fiscal policy
amplifies the positive impact of fiscal expansions on innovation and growth, highlighting the
important role of product market competition in mediating the transmission and effectiveness
of fiscal policy.

We use administrative French firm-level data, FICUS and FARE from Insee-DGFiP to cali-
brate the model and explore the impact of fiscal policy numerically. We begin by examining
whether economies characterised by higher market power—where firms enjoy greater pricing
power—exhibit stronger or weaker responses to changes in fiscal policy compared to more com-
petitive environments. Since product market competition is endogenous in our framework, we
then explore how fiscal expansions affect both competition and innovation. Comparing these
outcomes with those generated by a version of the model in which competition is exogenously
fixed—and thus unresponsive to policy changes—allows us to isolate and quantify the role of
competition in mediating the effects of fiscal policy. We find that market structure endogeneity
amplifies the effect of fiscal policy on growth by 10%. Finally, we investigate the complementar-
ity between fiscal and competition policies. Specifically, we contrast the growth effects of policy
regimes in which fiscal and competition instruments are used in isolation with those in which
they are deployed jointly. This analysis sheds light on the potential for competition policy to

mitigate the adverse effects of fiscal consolidation on long-run growth.
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Literature review. We use the frontier version of the step-by-step Schumpeterian growth
model recently developed by (Cavenaile et al., 2021). This framework builds on the standard
step-by-step model—widely used to study the relationship between competition and innova-
tion—by introducing a key improvement: a fully-fledged entry process. In the standard model,
each industry is characterized by a duopoly, and even when entry is allowed, the entrant sim-
ply replaces one of the incumbent firms. Markups depend on the productivity gap between
the leader and the follower. In contrast, the new model features non-degenerate distributions
of sales, employment, markups, and profits within each industry. It allows for an arbitrarily
large and endogenous number of oligopolistically competing firms, providing a richer and more
realistic characterization of industry dynamics. The presence of a competitive fringe captures
the realistic coexistence of both small and large firms within an industry, allowing for more
empirically plausible market share distributions and firm life cycles. In particular, entrants do
not immediately displace incumbents as industry leaders but instead typically start small and
grow over time.

We extend the framework along three dimensions. First, we introduce fixed operating costs for
superstar firms, thereby incorporating a selection channel in the model. Second, we assume
decreasing returns to labor to allow the size of the fringe to matter for the degree of product
market competition in each industry. Third, we add endogenous labor supply and fiscal policy.
There is a recent literature analyzing the link between competition and the effects of mone-
tary policy. Variable markups imply that firms do no fully pass cost reductions onto prices,
as part of them go into increasing profit margins. Via this incomplete pass-through channel,
reduction in borrowing costs brought about by expansionary monetary policy have a weaker
impact on output (e.g|Ferrando et al.| 2021} [forthcoming). Moreover, strategic complementarity
in firm-level pricing, typical of oligopolistic models can increase price-stickiness thereby gen-
erating stronger money non-neutrality, stronger output response to monetary policy changes
(e.g. Mongey, 2021; [Wang and Werning, 2022). While this line of research focuses on short-run
effects of monetary policy, others have analysed long-run effects and highlighted a third chan-
nel shaping the interaction between competition and monetary policy which operates via credit
constraints. Higher product market competition means lower profits and therefore more need

for external funds. Thus as firms are more dependable on credit, monetary expansion aimed
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at reducing the cost of credit have a stronger impact on firms’ investment decisions than in an
economy with higher profits (Aghion et al., [2019).

To the best of our knowledge, there is no work on the interaction between competition and
fiscal policy. While monetary policy acts directly on a price, the cost of borrowing, allowing
firms to increase investment and hiring, fiscal policy operates directly on demand, stimulating
firms growth via an expansion of the size of the market[| The size of the market plays an
important role for competition, as larger markets typically promote entry. Thus, the linkage
between competition and fiscal policy operates via a different channel compared to monetary

policy, the market size channel produced by demand management.

3.2 The model

3.2.1 Environment

Preferences. Time is continuous. There is a unit mass of identical consumers who choose

their consumption and labor supply to maximize lifetime utility:
U= / e~ [InCy +yIn(1 — L)) dt, (3.1)
0

where L; is the labor supplied by the individual per unit of time, and C} is the final consumption

good, which is a Cobb-Douglas aggregator of the continuum of industry goods:
1
In Ct = / Ci’tdi. (3.2)
0

In each industry, there is a fringe producing a homogeneous good and an endogenous dis-
crete number of superstar firms each one producing a single differentiated good. The industry

consumption good is a CES aggregator of these goods:

o—1
=1
o

Nig
1 o—1
Cio=|Cri, +> ¢i% , o>1, (3.3)
j=1

4Monetary policy operates via a direct effect on the cost of borrowing in all its standard transmission
channels. In the ‘traditional money-view’ policy operates through the expectation channel and affects the user
cost of capital, while in the ”credit-channel view” it operates through its effects on external finance and credit
constraints (Bernanke and Gertler, |1995)).
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where Cy;, is the quantity consumed from the good of the fringe in industry i, and ¢;,;; is the
quantity consumed from superstar j in industry i.

Households own all the assets in the economy, and face the budget constraint:
dt = TtQ¢ + (1 — TL)tht — (1 + TC)PtCt + TRt, (34)

where a, is the level of assets, w; is the wage rate, P, is the price index of the final consumption
good, which is the numeraire, 77, and 7¢ are taxes on labor and consumption, respectively, and

TR; is a lump-sum transfer.

Production technology and market structure. The fringe is populated by a mass m;;
of small firms, all producing the same homogeneous good. Let lowercase ys;, and ¢4, refer to
the output and labor of a single firm in the fringe, and Y7;, and L, be the the output and
labor of the fringe as a whole.

Both fringe and superstar firms face a production function with decreasing returns to scale in

labor
Yrit = Af,i,téii,t y  Yjat = Aj,i,tg‘;'fz’,t, ] = ]-7 o 7Ni,ta a € (07 ]-]7 (35)

where A;;, and /;,;, are the productivity and labor, respectively, of superstar j in industry i
and time t. Analogously, Ay, and ¢;;, are the productivity and labor of the fringe. All firms
in the fringe of industry i have the same productivity given by As;; = A;;:(, where Ay, is
the productivity of the leader in industry i.

In addition to the variable labor costs of production, superstar firms need to pay a fixed cost f

(in labor units) at every t in order to operate; otherwise, they exit.

Innovation by superstars.  Superstar firms employ labor, £;;,, to improve their produc-
tivity. If successful, the productivity of that superstar, A;;,, is multiplied by a step A > 1.

Success in innovation arrives at the Poisson rate p;;; given by

pjig = ZhY,,, 1€ (0,1). (3.6)
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Entry an exit to superstars.  Each small firm in the fringe can also employ labor Ay,
with the aim to become a superstar in their industry. If successful, and as long as the current
number of superstars is below an exogenous number N, there will be a new superstar in the
industry that starts with productivity A;,;; = Ay ;;A™%, where a. € N. Success in innovation

by a small firm arrives at the Poisson rate py,;, (so, the industry Poisson rate of a new superstar

IS Pfie = MigPriz) given by
"
prit = Zhgis p €(0,1). (3.7)

There are two possible ways a superstar can exit. On the one hand, since the firm has to incur
a fixed cost f to operate as a superstar, a firm will endogenously exit when its value is negative.
On the other hand, as in|Cavenaile et al.| (2021)), a superstar exits (or loses its superstar status)
when it falls more than a gaps below the industry leader (that is, if a superstar is @ gaps behind
the leader and the leader innovates, then the firm exits from the pool of superstars). As in
Cavenaile et al. (2021), our interpretation of the exogenous a gap is that firms below this gap

are not large enough to strategically interact with the other superstars.

Entry and exit to the fringe. As in |Cavenaile et al| (2021)), we assume an exogenous
death rate of small firms, J, and a measure one of entrepreneurs who employ h.; researchers
to get a Poisson rate p.; = Zehj . of starting a new small firm. New small firms are randomly
allocated to an industry, so the mass of small firms is the same in all industries, m;; = m;.
Successful entrepreneurs sell their firm on a competitive market at its full value and remain in

the set of entrepreneurs, so that the mass of entrepreneurs is unchanged.

3.2.2 Equilibrium

For the derivations, see the Appendix.

Consumer’s Problem. The optimal consumption and labor choices are given by:

E,
— 0 3.8
Et Tt P, ( )
Ey = BCy = Ci 4 Py, (3.9)

71



P; 7 P; 7
ciit = Ciy < Lt > v Criv=0Ciy <sz,t > ; (3.10)
2,t

Pyt

i (1- TL))wt (3.11)

where EF; = P,C; is expenditure, P, is the price index of the industry, given by P, =
. 1

(>Ciipiag + P}Z’f )7, and, given that all small firms in the fringe produce the same ho-

mogeneous good, the price index of the fringe, Py, equals the price set by each small firm (i.e.

Priv = pyit). Equation m governs the consumption-leisure choice, and states that as taxes,

either on consumption or labor, increase, the labor supplied decreases.

Quantity setting.  Market clearing implies that the quantities consumed equal the quan-
tities produced (i.e. yji+ = ¢jit, Yrir = Crit, Yie = Ciy, and Y, = C}). Superstar firms
within the same industry compete a la Cournot. They choose quantity y;,; to maximize their
profits 7+ = Y;iDjit — Wl i+, given the quantities of the other superstars and the fringe, and
internalizing that its choice has an effect on the industry quantity Y;,. This delivers an optimal

markup that is increasing in the market share of the firm, s;;, = M55t
i,tXq,

g
Mjit = —

c—1

[1—sj04 7" (3.12)

Superstar value function and innovation One way to express the industry state is by
the vector of productivity gaps from the leader § = {a4,...,ayn}, where ar = In (2—;) ﬁ (that
is, the productivity of the industry leader is A; = AR)\“R).H This vector not only gives us
information about the relative productivities, but also about the number of superstars in the
industry. A key feature of the firm problem is the presence of a fixed cost. Due to the fixed
cost, some superstars may find that their value of continuing operations is negative. Here,
two considerations need to be made. First, as it is well known, there may not be a unique
Nash equilibrium if firms decide simultaneously whether to stay or exit; therefore, we impose

a sequentiality on the exit decision, in particular assuming that firms with higher value choose

5This is just one way to write the sufficient information needed to specify the industry state; another
possibility (which is the one we use for the code) is to state it in consecutive gaps, in which case we would define

aR:zln( An ) L R=1,...,n—1.

Apt: ) nxe
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earlier whether to stay or exit (solving by backward induction, this is equivalent to say that
firms with lower productivity exit ﬁrst)ﬂ Second, to solve the model in general, we need to
allow for mix strategies in the exit decision; that is, a firm may randomise with some probability
whether to stay or exit the moment it becomes indifferent (i.e. when its value becomes 0). If
the result of the randomisation is to stay, the firm stays at least until the industry state changes

again.

To make their exit decisions, firms need to compute their value of continuing operations, Vfw;
that is, the value of firm j in an industry of type 6 if all firms in the industry decide to stay. In
contrast, let V; o, be the expected value of firm j when the industry state becomes 0 (before exit
movements). That is, letting 6 = (ay, ..., ay,), 0% = (a1,...,a;) (i.e. 0 truncated at k), Ny €
[0, Ng] be the expected number of firms that stay when the state 6 is reached, and Jo € N be the

+(Jo+1—Np)V5s

greatest integer smaller or equal than Ng; then: Vg, = (Ng —39)‘/5 ;.006) ¢

7,0Ge+1) ¢

for 7 < 59, and Vj 9, = 0 otherwise.

The firm problem to obtain the values of continuing operations, V}%t, can be expressed as

the following Hamilton-Jacobi-Bellman equation (the detailed derivations are in the Appendix

Fo2):

PV, = o {Etsjm —aM53) = wn(f + o)

Ny
+ Z Pk,0,t (Vj’(e,k)ﬂ'(@,k),t - Vfa,t) + P10t (‘/j’(f),f),@'(@,f),t - Vjig97t> }
k=1

st pios = Zh}fe,t.
The first two terms inside the brackets are production profits and research and fixed costs. The
third term captures that the firm internalises that with arrival rate pyp, the incumbent firm
k will innovate, in which case the industry state will become 6'(6, k), which doesn’t take into
account exit (as described above, exit is taken into account by Vjig.x) 00.%),¢), and j'(0, k) is the
new position of firm j in the ranking of productivitiesm More explicitly, 6/(6, k) is obtained in
the following steps. First, if the leader innovates, then the productivity gap of all the followers
increases by 1 (i.e. ag becomes ag+1 for all R > 1); whereas if the innovator is the incumbent

R > 1, then only the productivity gap of firm R is reduced by 1 (i.e. ar becomes ar — 1).

6Note that given that what happens in one industry state affects the value in other states, this sequentiality
is defined not only within an industry state but across industry states. That is: the firm with the lowest value
across all industry states exit first.

"For instance, if § = {0,2,2} and firm 3 innovates, then it moves up to position 2 in the ranking.

73



Second, and this is just to avoid redundant industry states, we reorder firms from lower to
higher productivity gap, and j'(, k) maps the previous position on the ranking to the new one.
Finally, the fourth term in the HJB equation captures that with arrival rate po: = mpyso+
some small firm will become a superstar, in which case the new industry state (before exit
movements) is 6'(0, f). The only thing that changes from the previous explanation is the first
step. In this case, the productivity gaps of the incumbents are unchanged, but we need to add
to 6 a new productivity gap for the entrant, a..

Given that, as we will see is constant in the stationary equilibrium and that production

wt
Ey

profits are linear in E;

o = Eisjo(l —aMjy).
Then, using guess and verify, it is straightforward to check that the value function is linear in
Ey, Vier = VjokEy.
The optimal amount of researchers employed by firm j if all firms in industry 6 stay is given

by

hig" = ng (Vronoes = Vis)- (3.13)
See Figure for the model-implied relationship between industry market share and research,
as well as between total industry research and the industry Herfindahl index.
When computing the values of continuing operations, er, using the system of HJB equations,
firms need to take into account the exit decisions of firms at each industry state to compute ‘A/jﬁ
(in particular, as stated above, they need the expected number of firms that stay, ]\79). In the
equilibrium of the firms problem, the expected number of firms that stay at each industry state,
Ng, must be consistent; that is, if Ng < Ny, then V]\%ﬂ < 0, and if N@ = Ny, then \A/]\S,g,@ > 0.
Otherwise, the lowest productivity superstar firm would have an incentive to deviate from its

exit decision.

Small firm value function and entry into superstars. Given that there is a continuum
of small firms producing the same homogeneous good, small firms are price takers and M; = 1.

As with superstars, small firms’ production profits are linear in F;

510
)

o= Ei(1 —a) -
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where I have dropped all subindices from the mass of small firms m because, as we will see, in
the stationary equilibrium it is constant and the same across industries.

So, the value of small firms is also linear in E}, and they solve:

Sf.6 w ~
(p+ 00! (0) = {hax {(1 — )L — o+ praVie.n oo

Ny
+3pi0 (v (0'(0.5)) =01 (8)) + pr (v/ (9'0. 1)) = o7 (0) ) }
s.t. pre = th?fe,

where v/ (6) is the value of a small firm in industry state 0, pro = [ predf = mpysp, and
‘A/f/(a £),0/0,f) is the value of becoming a new superstar. The first term are the profits of a small
firm in that industry. The next two terms are the costs and gains of innovating to become a
new superstar, whereas the other two terms capture the change in the value of remaining in
the fringe when some superstar innovates and when another small firm becomes a superstar,

respectively. The optimal research choice is given by:

1—¢ J N
hig ' = wafavf’(&f),e’(e,f)- (3.14)
Entry into small firms. The entrepreneurs solve the value problem

e _ f _w s
pv H}SX{peze:v (0)(0) Ehe}, st pe = Zehe,

where 1(6) is the mass of industries in state §. That is, successful entrepreneurs become a small

firm in a randomly allocated industry. So, the optimal research by entrepreneurs is given by:

@ po|=

hi = Z?g S of (0)(0). (3.15)

0

In the stationary equilibrium, the mass of small firms must be constant, that is, the mass of

entrants into small firms must equal the mass of small firms who exit; that is: p. = md.

3.2.2.1 Law of Motion of the Distribution of Industry States

With the optimal research and entry decisions, we can obtain the infinitesimal transition matrix.
Let 1(6) be the mass of industries with state 6 at time t (post exit movements), p(6,6’') be the

time derivative of the probability of transiting from industry state 6 to ¢’ (pre exit movements),

8The value of a small firm is infinitesimal, the value of small firms in 6 is ff of (0)df = mo/(6).
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and G(0,6') be the probability that exit movements turn 6 into #’. That is, using the same
notation as in section then: (i) G(0,0) = Ny — Jo if 0 = OUo+1) with Jo +1 < Ny; (ii)
G(0,0') =1+ jJo — Ny if @ = 0U9); and (iii) G(6,0') = 0 otherwise.

Since in the stationary distribution it must be j;(6) = 1(6), then we have (see Appendix [3.6.3]

for the detailed derivation):

d’"‘t = w(0) > p0,0")G(0",60) + pm(0)p(6,6) , 0€O. (3.16)
0'co 016"
And p(60,0') is non-zero only when (i) ¢ = 0, p(0,6) = —Zj.v" Pjo — Pes, or when (ii) ¢ is

the state we obtain from # when only one new firm becomes a superstar and no incumbent
innovates (and before any potential exit), or when (iii) only one incumbent j innovates and
there is no new superstar (and before any potential exit).

Calling ) the infinitesimal matrix and ordering the industry states © = {6y, ...,60r}, then the
element in row i and column j of @ is (Q)i; = > ;. P(0i, 0k)G(0k, 0;) if j # ¢ and (Q);; =

p(0i,0i) + 34 p(0i,04)G (Ok, 0;), and (3.16) can be written as Q'fi = 0. From the above

description, it is clear that 2?21 Qi; = O;ﬂ s0, () has not full rank. The extra condition we

need to solve for the stationary distribution is Z?zl w(6;) = 1.

3.2.2.2 Labour Market Clearing

Labour is used in production by superstars and small firms, and in research by superstars, small

firms, and entrepreneurs. So, the labour market clearing condition writes:

Ny
Ls =) u®) (Z (Ljo + hjo+ f) + Ly + mhf,a) + e, (3.17)
0cO j=1

(470) B
w

where the labour supply Lg is given by Lg = 1 — y5 = Note that in the stationary

equilibrium % is constant.

3.2.2.3 Aggregate Production Function and Growth

As derived in the Appendix [3.6.5, the aggregate production function can be written as:

92?:1 Qij = p(0i,0;) + Z?:l 2 okri P(0:,01)G(0k,05) = p(6;,0;) + Zk#ip(oivak)Z?:l G(0k,0;) =
> ke P(03, 0x) = 0.
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which decomposes the aggregate output in three terms. The first term is linked to the relative
wage; the second is the geometric mean of the industry leaders’ productivity level; and the

third refers to the composition of industry states. In a stationary equilibrium, u.(0) = p(6),

By

as well as o is constant; and so in the stationary equilibrium, all the growth comes from the

second term. In particular, the growth rate in the stationary distribution is:
Y, M A

=== di =In\ 0 . 3.18
v =g > O (318)

9

That is, the economy grows at a rate equal to the average probability a leader innovates times

the log of the innovation step size.

3.3 Quantitative Analysis

3.3.1 Calibration

In this section, we describe the calibration of the model. We estimate the model for France
at an annual frequency and set the discount rate to p = 0.04. For the parameters that com-
putationally bound the problem, we set the maximum number of superstars to N = 4 and
the maximum number of steps behind the leader to a = 5. Additionally, we set the num-
ber of gaps for a new superstar to a. = 3. We also set the degree of decreasing returns to
scale to a = 0.9, following the value used in the Appendix of |(Cavenaile et al.| (2021)), and the
death rate of small firms in the fringe to 6 = 0.0531, corresponding to the entry rate in the
data. This leaves us 10 parameters to estimate: the elasticity of substitution parameter, o;
the relative productivity of the fringe, (; the consumption-leisure parameter, ; the innovation
step-size, A; the innovation scale parameters of superstars, small firms, and entrepreneurs, 7,
Zys, Z, respectively; the innovation convexity parameters of superstars and small firms, v, 9y,
respectively; and the operating fixed cost, f. These parameters are estimated jointly through
a Simulated Method of Moments estimation procedure. In particular, given a point in the
space {0,(, N\, Z, Zs, 9, ¢, f}, v is set such that employment in the model perfectly matches
the employment rate in the data, and Z. is set such that the mass of the fringe is normalized

to 1. The other 8 parameters are set to target: the sales-weighted average and variance of the
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Figure 2.1: Research within and between industries
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Notes. On the left, we plot the researchers employed by superstars, h;¢ for each j and 6, against
the firm’s industry market share. On the right, total researchers demanded by superstars,
> hjo for each 0, against the Herfindahl index. The size of each circle is proportional to the
frequency we observe it in the stationary distribution.

log of markups using FARE, the labor share, the growth rate, the average share of R&D to
sales for manufacturing firms from EU KLEMS, the average share of fixed costs to total firm
costs, taken from De Ridder| (2024), and the linear coefficient and the implied top point from a
regression of innovation expenditure and relative sales and its square. For more details on how

these moments are calculated in the model, see Appendix [3.6.4]

Table summarizes the results of the calibration. Panel A reports the parameter values,
while Panel B reports both the model-implied moments and the empirical ones. Overall, the
model does well in matching the moments.

Figure shows, on the left, the (targeted) inverted-U relationship between R&D spending
and market share in the stationary equilibrium of the calibrated model; on the right, it shows
that competition is positively related to overall industry R&D spending. In both panels, the

size of each circle is proportional to its frequency in the stationary equilibrium.

3.3.2 Fiscal Policy Effects: the Role of Market Structure Endogene-
ity
A sufficient statistic to study the effect of a change in either taxes on consumption or labor is

given by 7 = (1 — 71) /(1 4+ 7¢) — 1; therefore, we will refer as fiscal policy as changing 7. To
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Table 2.1: Parameter values and targeted moments

A. Parameters

Parameter Description Value
p Discount rate 0.0400
o Elasticity of substitution between superstars and fringe 9.7139

In (%) Gap between leader and fringe 0.6045
y h Consumption-Leisure parameter 0.2306

In A Innovation step-size 0.0826
A Incumbents’ innovation scale parameter 0.8033
Y Incumbents’ innovation convexity parameter 0.4574
Ly Small firms’ innovation scale parameter 0.1651
WV Small firms’ innovation convexity parameter 0.5393
Z Entrants’ innovation scale parameter 0.3638
) Small firms’ exit rate 0.0531
f fixed cost 0.0150
o Decreasing returns production 0.9000

B. Moments

Moment Data  Model

Average of log(Markup) 0.39 0.4023
Variance of log(Markup) 0.25  0.2503
Employment rate 0.75 0.7500

Labor share 0.65 0.6922
Growth rate 0.93% 0.9283%
R&D share 6%  5.9724%

Entry rate 5.31%  5.31%

p1 (regression innovation, relative sales) 1.66 1.6612
Top point (regression innovation, relative sales) 0.3673  0.2810
Fixed cost as share of costs 0.1030  0.1030

Notes. Panel A reports the parameter values. Panel B reports the simulated and empirical
moments. Details on how these moments are computed can be found in the Appendix W

examine the role of market structure endogeneity in the response of the economy to fiscal policy,
we compare the effects of increasing 7 from 0 to 79 = 0.0301, where 7y is the tax that achieves
a tax revenue equivalent to 5% of GDPET] in the baseline model, as well as in a counterfactual

economy where market structure is exogenous. In particular, to obtain this counterfactual, we

10That is, assuming 7¢ = 71, = 7o, then owL + 79 E = 0.05Y".
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fix: (i) the stationary distribution, {u(0)}eco; (ii) the endogenous exit decisions of superstars,

{Ny}oeo; and (iii) the mass of firms in the fringe, m.

Table presents the results of this experiment. We see that the effect on growth would be
10% more muted if the role of endogenous market structure were neglect. The increase in 7
leads to a reduction in labor supply, which in turn reduces market size. This lowers profitability,
discouraging innovation by superstars as well as innovation to become a superstar or entering
the fringe. As a result, both the number of superstars and the mass of the fringe decline.
As shown in Figure 2.1 in the calibrated model, more competitive industries are positively
associated with innovation intensity. Thus, these changes in market structure—toward less
competitive industries—amplify the negative effect of an increase in 7 on growth. Finally,
note that the effect on both research by the fringe and by entrepreneurs is more muted in the
baseline than in the counterfactual. As said above, the increase in 7 decreases the incentives
to innovate both for small firms and entrepreneurs (this is true both in the baseline and the
counterfactual); however, in the baseline, this leads to a shift towards industries with fewer
superstars and smaller fringe, and in industries with fewer firms the incentives to enter are

larger, which mitigates the effect on hy and h. in the baseline.

Table 2.2: Effects of Fiscal Policy with Endogenous vs. Exogenous Market Structure

Ag  AY u@)sjoM;e  Am  AY T u(O)Ng AY u(0)hse  Ahe
6,5 0 6

Baseline -0.0045 0.0002 -0.0039 -0.0011 -0.0000 -0.0002
Exogenous Market structure -0.0040 0 0 0 -0.0001 -0.0003
Notes. We compare the effects of increasing 7 (where 7 = (1 — 71)/(1 + 7¢) — 1) from 0 to
0.0301 under the baseline economy, where market structure adjusts endogenously, with a
counterfactual scenario in which market structure remains fixed.

3.3.3 Policy complementarity

Here, we examine whether there is complementarity between fiscal and competition policies.
For competition policy, we consider, on the one hand, subsidies to innovation by small firms
aiming to become superstars, 7ywhyg, and, on the other hand, subsidies to entrepreneurs for
creating new small firms, 7.wh,.. To assess the complementarity between policies, we analyze
how the effect of an increase in taxes, 7, from 0 to 7y, changes when we introduce one of the

following competition policies: (i) a subsidy to innovation by small firms, 7, = 7¢; (ii) a sub-
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sidy to entrepreneurs, 7. = T.p; or (iii) both a subsidy to small firms and to entrepreneurs,
T; = T. = Tf1. In particular, as in the previous section, 1y, 7r0, Te0, and 74 are calibrated so
that, when implemented individually, they imply tax revenue (or public spending) equivalent

to 5% of GDP.

Table presents the effects of fiscal and competition policies on key aggregates when im-
plemented separately and in combination. Focusing on the growth rate, we observe that
both types of subsidies—to innovation by small firms and to entrepreneurs—amplify the ef-
fect of fiscal policy. For instance, the increase in 7 causes the growth rate to decline by 0.0064
(= 0.2514 — 0.2578) when both subsidies are in place, compared to a decline of 0.0045 when
no other policy is implemented. Similarly, we find that the effect of fiscal policy on the mass
of the fringe is amplified particularly in the presence of a subsidy to entrepreneurs, while the
effect on the number of superstars is amplified especially when there is a subsidy to small firms
aiming to become superstars. Finally, note that a subsidy to innovation by small firms actually
discourages entrepreneurs from creating new firms, thereby reducing the mass of the fringe.
Although entrepreneurs get some gains from the subsidy, as they internalize that becoming a
superstar is easier, these gains are dominated by the negative effect on their value resulting
from the increase in the number of superstars, which reduces the profits of firms in the fringe

as well as those of a prospective new superstar.

Figure shows visually the same result that the effect of fiscal policy is amplified (i.e. steeper

slope) in the presence of competition policies that promote entry.

Table 2.3: Policy Complementarity

Ag AY (0)sjpMjg  Am A u(0)Ng AY pu(0)hge  Ahe
0,5 0 0

T =" -0.0045 0.0002 -0.0039 -0.0011 -0.0000 -0.0002
T = Tfo 0.3221 -0.0282 -0.0775 0.8576 0.0562 -0.0032
+7T="1 0.3159 -0.0279 -0.0808 0.8532 0.0555 -0.0033
Te = Te0 0.0374 -0.0430 0.9227 0.1788 0.0013 0.0574
+7T="1 0.0324 -0.0428 0.9152 0.1770 0.0012 0.0568
Tr=Te =751 0.2578 -0.0493 0.6228 0.7172 0.0222 0.0348
+7T=1 0.2514 -0.0490 0.6167 0.7130 0.0219 0.0344

Notes. We compare the effects of different tax structures individually and in combination
with 7 = 79, where 7 = (1 — 7)) /(1 + 7¢) — 1, and 75 = 0.0301, 749 = —0.8165, 7.y = —0.7131,
and 777 = —0.6393.

81



Figure 2.2: Comparing Fiscal Policy Effects Under Entry Subsidies and Taxes
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Notes. This figure shows the changes (relative to the case 7 = 0) in growth (measured in
percentage points), sales-weighted average markup, mass of fringe firms, and the number of
superstar firms, for five equally spaced values of the effective tax rate, from 7 = —0.1 to
7 = 0.1. The blue curve represents a subsidy to entry (7; = 7. = —0.6), while the orange curve
represents a tax on entry (7y = 7. = 0.6).

3.4 Conclusion

This paper develops a step-by-step growth model with endogenous market structure to study
the role of competition in shaping the effects of fiscal policy on long-run growth, and the
complementarities between fiscal and competition policies. We find that the market structure
response amplifies the effect of fiscal policy.

In future work, we plan to incorporate government expenditure and debt into the model to
explore fiscal consolidation, as outlined in the introduction. Additionally, we will explore tran-
sitional dynamics, which will help to capture the adjustment process toward the stationary

equilibrium.
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3.6 Appendix

3.6.1 Preferences with taxes (on consumption and leisure)

U= max / e P [InCy +yIn(1 — L;)] dt

{cjit,at+1,Lt} Jo

s.t. ay = ria;s + (1 — TL)’U)tLt — (1 + TC)PtCt + TRy,

Writing the present-value Hamiltonian, the optimal solution of this problem is given by the

optimality conditions:

1 —
[Cji] : {G—Pt & — (1 + 1) P Do 0 = p=c"
t it

IAS]

[Cfﬂ"t] . e —pt C 10 szat ,ut(l +Tc)Pf,i,t

. E,
[at] Do =Ty = 5 =Ty — P

E;
ot g (1 —711) w
L):e P —— = (1 — — = —
L] ey = (=7 )w 1-1L, (1+m) E
The condition of ¢;;; can also be written as:
b e 0C;
[cjit] : [e Pt C’i7t1 — (1 + TC)PM] 3 LA
Cjit
which substituting for p; = e*ptm implies:

Ey = PCy = Ci Py
Plugging into Cy: InCy =InCy +1n P, — fol In P;;di, so: In P, = fol In P; ;di.

Finally, the condition of ¢;;; can be written as:

1

[Cj»i,t] © € e Cz thzUtC] it Mt(l + Tc>pj,i,t =0

which substituting for p; = e and P,Cy = C; 4P, ;, we have:

m’
(o
_ Djit Py
C" c; = = ;i = C} :
Zt ],Z,t B’t jzlat 7‘7t p]727t
: e
Analogously, we get Cy;, = Ciy (é;"ft> . And plugging it into C;;:
Tt ﬁ Nt 1-o
Ci:t:Ci»tPi?t lg—i_zpjlt = Pi,t: z?—i_zp],z,t

with Py, = pyi+ because each small firm in the same industry produces the same goodﬂ

1 1

. . .. m — 1—0o o= 1
"'With monopolistic competition, we have: Pf;; = ( o ‘ p} 1‘;) =m, °" ﬁﬁ
() 1,4,t
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. R . P, \° ..
Market shares: Letting s;;; = pJPi—i’;tt, using vt = Yiy (p—i) , and the definition of Y; ,,

VA2

we have:

1—1 o—1 Tt o—1
Yjit\ ° Yiie) © Yjrit\ °©
Y _ j
8‘77Z7t - Y - —I_
it yj7i7t —

= Yjint
3.6.2 Production Firms

3.6.2.1 Quantities and profits as function of shares and markups

1

: _ o _ o yia ) “. : _ wl
Given that y;; = A;;(5;, then {;; = <AJJ> ; so, marginal cost equals MgC;; = e
Lo _Pii _ PjiYjec L= S E Qg
On the other hand, M;,; = Mgt = b Uiy = v So:

Sii E @
Yji = Aji ( i .EO‘)
7,2

Analogously, for the fringe, since each small firm sets price equal to marginal cost (i.e. py; =
2; z =2 Yf; m;, since by symmetry we have Y; = m;y;;); so, isolating ¢;; from the price

_ w iy,

Qe

condition, we have: (;; = oL

mi

Y,
L where s;; = BLELL so:

_ EN“
Yf,i = MYr; = miAf,iﬁ?ﬂ- = Axf’ﬂnz1 @ (Oésf,z‘;)

For profits:

3

S. .
— _ o -1
T = ESjJ' — U)gj’i = ESJ'J' — EO&M - = E(l - Oé./\/ljﬁ )S]
J?z

And for a small firm in the fringe:

St —15f St
i = priyri — wly; = E—=— —waM7, =FE(1l—-a)—
f/L pf,lyfﬂ fﬂ mz f,’L mz ( )mz

3.6.2.2 Cournot Competition

St PjitlYjat = Etsj,i,ta Sjit =

o-1 it o—17 -1
(Yf,z‘,t) "L S (yjzt) ’

Yt =1 \ Vit
The derivative of the market share s;;, with respect to its own quantity y;, is:
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aSjﬂ"t . g — 132

o—1 o—1
Yei ) © 1 PN
( 1 ,t) +Z(yk ,t)
Yjit Yiit  zy \Yiit Yyt

- Jyist
0Yjit o
2 og=1 N4t o=1
0—_18 Y o y o 0—_18
_ ])l’t fﬂvt k7lvt _ ]77’7t
= ( ) +) (— -1} = === 1 — sj,i4]
0 Yjit Yjit ey \Yiit 0 Yjit
So, the FOC is
OTjit _ pO0sjie 1 w22 no—1sjie Piit _ g
a - a - 1 yjyivt - [ - Sj,i,t] - M -
Yjiit Yjir & A 0 Yjit Jrist
So, given that s;;, = 242258 the optimal markup is
o -1
Mjﬂ',t = R 1 [1 — Sj,i,t]

3.6.2.3 Algorithm static solver Matlab:

We start with a guess of {s;;}, sy;. With these, compute the optimal markups {M,;} (M;; =

1) using[3.12, With markups and shares, we can compute labor relative to one firm in the fringe

" . . iy (e e
Then, the quantities relative to the fringe are: y]f ;= Lt = Aji ()"

of = la gy, i 1
Yf,i Afi My

j7/Z: - ‘éf,z - /LSf’Z Mj’i.
Finally, we can compute the shares (and iterate):

o—1 N s o—1 —1
1 o '3 /yj/ﬂ- o
53 = <_f> +Z( f>
yj,’i =1 y],l

3.6.2.4 Derivation of the HJB equation

Let V]Se be the value of firm j conditional on all firms of industry state 6 staying, and V¢ be
the expected value of firm j in industry state 6’ (it takes into account the exit strategy of firms
in #). That is, the Vjy’s can be computed knowing Vf@’s and the exit strategies (following the

expression in the main text). The ijgg’s satisfy:

_ rt+At
Vi = (mjow —wyhjop) At e Ji ™ rudu (Z Pai(0 — 0")Vor t1at + Par(0 — 9)er,t+m) )
/40

where t' € (t,t + At) and Pai(6 — 6’) the probability of moving from state 6 to 6’ in the time
interval At.

t+At

Vi (1 e T“'d“) = (Mj0.0 —wehjou) At

_[tRAt L g
+e Jt ud (Z Par(0 = 0)Vjor trat + Par(0 — Q)Vj,se,t-s-At - Vj,Se,t) .
0'#£6

For the left-hand side, note that the first order Taylor expansion gives us 1 — e~ e

rieatAt. Then, dividing by At and making A — 0:

rydu
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7>

Y020 Pac(0 = 0V g ione + Par(6 — G)VSG CLAL — V,Se .
rth“?g = Tj,0,t" — wt/hj 0.t t+ hrgo 7~ o i+ 30t

Let’s focus on the limit.

Yoo Par(® = 0)Viervar + Pae(® = OV nr — Vi

At~>0 At
_ Sorz0 Vierirar (Pac(0 = 6) = Po(0 = 0") + V5 . o, (Pac(6 — 0) — Po(6 — 6)) + Po(6 — 6) ( 5,0, t+At — Vfg,t)
= atSo At
dPy(60 — 0") dPy(0 —0) .
— E 0 S 0 S
=D Vi g Vi g tView
/26

where for the first equality I have used that Py(0 — 6') = 0 and Py(0 — 0) = 1, and for the
second equality I have used that if all firms in 6 decided to stay at t, then they will also stay
at t + At if nothing has changed, i.e. lim Vjgiins = Vjset.

At—0 ”

dPy(6—0")

- ouppose the J firms of the industry innovate k1, ...,k € N/

Now, focus on the terms
steps respectively. Then, the probability this happens in the interval At of time is

ks
7 ( t+Atp__ du) J
t+At J,t,u
PAt(kla-n,kJ):H J wdu k"
5

Jj=1

And the derivative with respect to At is, making At — 0:

dPay(ky,. .., k;
aelbo k) g 5 I Y o [T

{ilk;j=1} i'#i7T {jlk=0} 3'#

So, for this derivative to be different than 0, it must be either no firm innovates, k; = 0 for all

j:
dPa(0,...,0) !
t\Yy e ey
T dAr _; Pisit:

or only one firm j innovates (note that here I am not distinguishing between incumbents and

entrants):

dPp(0,...,1,...,0)
dAt = Pt

I denote by 0'(6, j) the state we obtain when incumbent j achieves an innovation, and by 6'(9, f)
the state we obtain when a small firm successfully becomes a superstar. So, the previous
derivatives become:

dPo 9*)9) dPO(OHG) ~
>V a + Vi at VS Zpkét( 5,07 (0,k),t — ‘/Jet)+p69t<‘/j,9/(9,e),t VJM)+V
0/#£0

Finally, using the Euler equation r;, = p + %, we get the HJB equation:

Et "/S No
(,0 + T VS ) VJ 0.t = T5,0,t — wihj o + Zpk,o,t (Vj,e'(e,k),t Vj 0 t) + Pe,0,t (Vj,e/(e,e),t - er,t)
¢ k=1

and in a stationary equilibrium £t = 4t

S
Ey Vie.
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3.6.3 Stationary distribution

Let Pa(6,0") be the probability of transiting from 6 to 6" in the lapse of time At (before exit
movements), and G(6,60') the probability that exit movements turn ¢ into 6’. Then, from the

condition that in the stationary distribution it must be pyyai(0) = pe(0) = p(0), we have:
> ma(0) >2 Pai(0/,0")G(0",0) + e (0) Par(0,60) — pe(6)

0— ﬂt+At(0) - Ht(a) __0'co 0" #£6"
n At N At
Pau(0,60") — 0 Pac(6,6)—1
= Z e (0") Z TG(W’@ +Ht(9)T
0’ 076"

And so, since Py(¢',60) = 0 when 0" # 0, and Py(0,60) = 1, when At — 0 we have the expression
of the main text.

Here we can see why we needed the assumption that firms only decide to exit when a change
of state occurs: if there were some state with p(6) > 0 and G(6,60) < 1, then d}LHOlJr ferar(0) =
G(0,0)1:(0) < (), and so M would not be well-defined. That is, in such case, y;(6)
would never be strictly positive for a positive interval of time, and so it would be just as if we
just allowed firms to stay or exit with probability 1, and so in cases where in the baseline model
we have u(0) > 0 with G(6,0) < 1, in this alternative setting we wouldn’t have a stationary

equilibrium.

3.6.4 Estimation

First, we present the details on how we compute the different moments in the model:
Jx
1. m(1): Sales-weighted Average of log markups: m(1) = > u(X) > sjxIn M, x.
XeQ 7=0

2. m(2): Sales-weighted variance of log markups:

m2) = ¥ p(X) 3 5;x (M) (1)

XeN 7=0

3. m(3): Sales-weighted Average share of fixed costs:
Jx

Ry, f+hj,
m(3) = ngu(X) Sf.X hf,Xi)zf,X + 21 §j,X f+hj,xir)1§j,x)
]:

4. m(4): Labor share: m(4) = “’7L = Ei”ih

5. m(5): Growth rate: m(5) =100 3 u(X) > pjxIn), with pjx = Zh¥y

Xen j€Leader x
Jx
6. m(6): R&D share: m(6) = 100 > u(X) > wsh—JXXﬁ, where Jj, x = Zjﬁo 1p, >0 is the
XeQ j=0 ’

number of firms with positive research.
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7. m(7),m(8): Linear coefficient from the following regression, and top point:
Jx Jx
Define (1) yLX = whj,X — i -Zl whj/7X, (11) 1’173‘7)( = Sj,X — i Zl Sj’,Xa and (111) x27j7X =
jl= j'=
Jx
s?, x — i '21 55,7 +, which capture already the industry fixed effects; and regress y; x =
Jj'=
Br1x1jx + PaTajx + ujx

Define m(7) = 5 and m(8) = —2%12

Second, we discuss which moments are mot directly related to each parameter. First, the elas-
ticity of substitution, o, and the relative productivity of small firms, A, help match the average
markup and the labour share. The link of these moments with the elasticity of substitution
is straightforward, as o enters directly into the expression of the markup, and markups are
inversely related to labour demand. On the other hand, a higher A; implies a reallocation
of market share towards the fringe, which affects both moments directly, as the fringe has no
profits and so a higher market share for the fringe decreases the average markup and increases
labour demand, and indirectly, via reducing the market power of superstars.

Second, we associate the scale and convexity parameters for both superstars and small firms,
as well as the step size innovation A, to the growth rate, the R&D expenditure share, and, as
in |Cavenaile et al.| (2021]), we also use the empirically observed inverted U-shape relationship
between market share and innovation. In particular, as they do, we require the linear and
quadratic coefficients of the following regression using the model data to be as close as possible

to the coefficients of the same regression using the empirical data.
R&Dexpj,i = Oé()’l‘ + OélSj’i -+ OéQSii + uj,i

where ag; denotes the industry fixed effects, R&Dexp,; is the R&D expenditure of firm j in
industry i, and s;; is the industry market share of firm j in industry i.

An increase in the innovation step-size, A, directly increases growth and innovation incentives
(because it increases the magnitude of a successful innovation). In addition, keeping everything
else fixed, an increase in the step-size increases the dispersion of productivities among super-
stars, and so, the dispersion of markups.

Finally, given all other parameters, we set the innovation scale parameter of entrants, Z., to

normalise the mass of firms in the fringe to 1 (that is, from the definition of p, and the stationary
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_1
condition p, = md, we set Z, = dhe ?).

3.6.5 Aggregate Production Function and Growth

M]7
%. Similarly, for the fringe, since the markup in small firms equals 1 and their productivity

1s Af,i,t = Al,i,tCZ

(6% A
Remember that y;,, = A;;+ ( 2.0 E&) , where Ay ;, is the leader’s productivity and A;;, =

E «
Yiip = Ay {m! ™ (Sf,a wOé)

Then, the aggregate production function writes

1 ay =t it as 2=1
o _ E, i - st Ly 7 .
nY,=—— In A i ml & Sfit— + Az A i L—a di
' 0*1/0 (< o ( T, ) > - ( e (Mj,i,twt
which can be rewritten as:

K, 1 . o ! _ e=1 Ay Sjit )\ v ;
nY; =aln (o=t Ay i+ —— [ 1 mogq, ) 7 Aja | o7 d
nY; =aln <awt) +/0 n Ay ;dl + P 1/0 n (Cm Sf,z,t) + 2 YRR Mt 1

Finally, note that s;,;;, M,,;: and Ajﬂ-,t are fully determined by knowing 6; so:

Et 1 . g l—a o i UT?I
lny't:a]n <au}t) —‘,—‘/O ].nAl’i’tdl“!‘mZMt(e)ln ((Cm sf0 +Z( (M 9) ) )

0€©

<

In a stationary equilibrium, p(0) = u(0), as well as f—z is constant; and so in the stationary
equilibrium, all the growth comes from the second term, namely, the geometric mean of the
industry leaders’ productivity level. In particular, the growth rate in the stationary distribution

is:

sz-f Al’Lt
=== E In A
g Y, /0 1(0)p1,0 In

]zt

3.6.6 Summary of the code to solve the model

In this section, we summarise the code used to solve for the stationary equilibrium of the model.
In this stationary equilibrium, the relative wage is constant, and the state space of the firm
problem consists on all the possible industry states. The industry state consists on a vector
telling us the number of firms and their productivity gaps. More explicitly, letting N be the

maximum number of superstars, 7 be the maximum gap relative to the industry leader allowed,

ordering firms from higher to lower productivity and letting 6 = (6;,...,60n,-1) be the vector
of consecutive productivity gaps of an industry with N firms (that is, §; = In ( A‘:‘r 1) o ); then
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the industry state space is

{0=(01,....001) | Ne{1,...,N}, 01,...,0v1 €N, 010, <n}

Static price-setting problem: The price-setting problem is solved as follows for each industry
state and obtain ;4.

Let 99 = % be the quantity produced by superstar j relative to the quantity of the fringe,
and 6 = (0y,...,0n,-1) be the vector of consecutive productivity gaps of the superstars in the
industry and 6y € R the exogenous gap of the fringe to the industry leader. Then, solving

the problem involves solving the following system of Ny equations in the Ny unknowns g;,

j=1,...,N:
N Siop g Nl .
yjﬁ:—JM.el)\ef Zi:191797]:1,...,N9, with
Sf Js
_1 N . n=17—1
o |n=l _ o=l 5 (n=o S, — o (Yo "
Mo = ; - 55,0 53,6'(,70. )] » 85,0 = [Zj/=1<gm> } and

n(c—1) o—1

-1
P BN s
55,6 = 55,6 [Sj,e Yig " T 1] :

Dynamic problem: For the dynamic problem, let Ny be the number of firms of industry
state 6, and Sy € [0, 1] be the probability that firm j = Ny decides to stay. If Sy = 0, then the
least productive superstar exits with probability 1, so we never observe state 6 (and then we
need to check the truncated state at Ny — 1).

To solve, I follow these steps:

1. Start with some guesses for the relative wage % and for the mass of small firms 1y, the

amount of researchers il/jﬂ, fo,g, and the exit decisions Ng, for all 0 € ©.
2. Given the relative wage and the exit decisions, solve the firm problem:

(a) Given the guesses for h;g, hfp and my, calculate the arrival rates p;g = Z h;fa and
pro =myZshY,.

(b) Given these arrival rates, solve the system of linear equations on f/f@, 6 € O, implied
by the HJB equation of the superstars problem. Here, for the different possible
innovators, we need to find the state we would obtain if that innovation happens,

taking into account the expectation of firms exiting in the new state.
(c) Given the guess of the value function, compute h;g and hyy according to (3.13) and
(3.14)), respectively.
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(d) Update the innovation choices and repeat from (a) until convergence.

. Update the exit decision. For each industry state 6 = (64,...,0xn,-1), check whether
f/ﬁeﬂ < 0. If so, then reduce Sy (at most up to 0). Otherwise, if Vﬁeﬂ > €, then increase
Sy (at most up to 1), where € > 0 is some tolerance allowed because, given numerical
error, the value will very rarely be exactly 0.

If there have not been any updates, go to the next step; otherwise, repeat step 2.

. Given the optimal research choices, compute the infinitesimal transition matrix and solve

for the associated stationary distribution, as described in section [3.2.2.1]

. Given the value function for superstars and the arrival rates implied by the research
choices of superstars and small firms obtained before, solve the system of linear equations

on vg , 0 € ©, implied by the HJB equation of the small firms problem.

. Given the solutions pg and vg of the previous steps, compute the researchers employed
by entrants h. using . And update the guess of the mass of small firms (in the
stationary equilibrium, it must be @ = my). In the baseline, the mass of small firms
is normalised to 1, so when calibrating, instead of updating my, at this point I update

the parameter Z, so that entry equals the exit rate. Repeat this step until convergence

of my (or Z).

. Given the guess of the stationary distribution and research choices, compute aggregate
labour used in production and research (by superstars, small firms, and entrants), and
solve for the relative wage from the labour market clearing condition If the difference
between this relative wage and the previous guess is small enough, then we are done;

otherwise, go back to step 3.
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Chapter 4

New sufficient conditions for
Comparative statics using the Farkas’

Lemma

4.1 Introduction

When working with models, it is natural to ask how a variable reacts to a change in a pa-
rameter or a state variable, and, in particular, in which direction. In other words, one would
like to carry out comparative statics. However, the conditions required to apply the available
comparative statics results are rarely satisfied—except in very stylized models. So one must
settle for numerical analysis (that is, studying the change of the variable in particular points

of the parameter and/or state spaces).

This paper develops a novel approach to do comparative statics that builds on a classical result
from linear algebra, which, as we argue, has been largely underutilized in economics: the Farkas’
Lemmaﬂ Farkas’ Lemma—originally proved by |[Farkas| (1902)—essentially states that exactly
one of the following holds: either (1) a linear system (the primal system) has a non-negative
solution, or (2) there exists a vector that satisfies a related dual system of linear inequalities.
The power of Farkas’” Lemma is that, while it may be hard to prove that (2) does not hold,

it may be very easy to prove that (2) holds; in which case we know that (1) does not. Then,

!Some examples where Farkas’ Lemma has been applied in economics include [Vohral (2006), Belhaj and
Deroian| (2012), or |Gollier and Kimball| (2018]).

94



with some modifications, one can utilize this to establish sufficient conditions for the sign of
a specific element of the solution vector of (1); that is, the sign of the comparative static. In
addition, we show that this is not only useful for sign analysis, but also for deriving bounds on
the value of the comparative static itself. We show that the bounds in Norris (2025) can also

be obtained—and even improved—with the approach presented in this paper.

The appeal of this approach using Farkas’ Lemma lies in the intuitiveness of the strategy it fol-
lows and its generality. That is, on the one hand, the logic behind the method is easy to grasp;
and on the other hand, although the sufficient conditions provided rely on specific conditions,
the method itself does not. It is therefore a tool that is always available and worth considering

when facing any comparative statics problem.

The paper is organized as follows: Section presents the theoretical framework and provides
sufficient conditions for comparative statics under various assumptions. It also discusses strate-
gies for applying the method when none of these conditions are met. Section illustrates
the approach with an application to an oligopoly model with differentiated goods and CES

preferences. Finally, Section [4.4] concludes.

Literature.  This paper contributes to a long literature that has sought to determine com-
parative statics. Norris| (2025)) uses a result in the linear algebra literature (Ostrowski| (1952)))
that bounds the value of the elements in the inverse of a strictly diagonally dominant matrix,
without inverting the matrix. Their focus is on the bounds of the comparative static, but these
are also informative of the sign when both bounds have the same sign. Relative to Norris
(2025)), the approach presented here is more general, in the sense that it can reproduce their
results and is not limited to systems that satisfy (or some transformation does) the diagonal
dominance condition.

A second strand of the literature, utilizing lattice theory (Topkis (1976)), Milgrom and Roberts
(1990)), is referred to as monotone comparative statics (Vives (1990), Milgrom and Shannon
(1994)), Villas-Boas| (1997), Quah (2007)), Barthel and Sabarwal (2018))), the foundations of
which are laid in Milgrom and Roberts (1990) Another group of papers have explored compar-
ative statics in aggregative games, that is, games in which each player’s payoff depends on the

own player action and an aggregate of the actions of the rest (Corchén| (1994), |Acemoglu and
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Jensen (2013))).

Regarding the application of comparative statics in oligopoly models with differentiated prod-
ucts under CES preferences, this paper is, to the best of my knowledge, the first to establish
the sign of the comparative statics on prices, quantities, and profits for all firms in response
to a shock. |Dixit| (1986]) identifies the sign of comparative statics in an oligopoly model with
homogeneous products. Milgrom and Roberts| (1990) and |[Norris| (2025]) establish uniqueness of
the equilibrium, and are able to establish the sign of comparative statics of all players only in

cases where the shock solely has a direct effect on a single firm.

4.2 Theory

4.2.1 Setting of interest and notation

Consider n variables u;, j € J := {1,...,n}, and n conditions that determine jointly these
variables, { fi(u1, ..., un;t) = 0};c7, where t is a parameter. Differentiating the conditions with

respect to t, we get the following linear system
e an dt 8t

=0, VieJ.

We are interested in how the variables react to a change in ¢; that is, we are interested in
Tj = %. In the following of this section, acknowledging that we face a linear system Az = ¢,
we are going to define the n x n matrix A, with the element on row i and column j being

(A)i; =a;; = %v Vi,j € J, and the n x 1 matrix ¢, with ¢; := —%J;i, VieJ.

4.2.2 Farkas’ Lemma and some corollaries

Theorem 1 (Farkas’ Lemma): Let A be a m X n matriz and ¢ € R™. FEzxactly one of the

following s true:
1. Ax =c and x > 0 for some x € R".
2. y*A <0 and y'c > 0 for some y € R™.

Proof. See Appendix ?7.
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Although the Farkas’ Lemma by itself only tells us whether all the elements of the vector of
unknowns z are non-negative, to allow for different combinations of signs one can consider the
following transformations of the original linear system:

Let K := {(k1,...,ky) : k; € {0,1},7 € J} be the collection of multiindices associated to all
the possible combinations of signs of the n unknowns, and let K denote an element of K. Then,

the system Ax = c is satisfied if and only if the system Az = c is satisfied, with:

(=D)*ary - (=1)"ay, (=1)kray

(—DMazy - (=1)*mag, (—1)F2a,
AK = . . TK =

(_1)k1an71 (_1)knan,n (_1)k"33n

The power of Farkas’ lemma is in the fact that, while it may be very difficult to prove that
there does not exist y € R™ such that condition 2 of Farkas’ Lemma is satisfied, it may be
relatively easy to find one y € R™ that does satisfy such condition 2. This will be the main
strategy of this paper: if z;, is hypothesized to be positive (resp. negative), we are going to
assume by contradiction that kj, = 1 (resp. kj, = 0) and search for vectors y € R™ that satisfy

condition 2 of Farkas’ Lemma for K € K; (resp. Ky), with K5 :={K € K : k;, = s}, s =0, L.

In the following, we are going to assume the following normalization:

Condition 1 The system Ax = c satisfies:

1 aip a1 n
azy 1 az,n
A =
An,1  Qn2 1
Note that assuming a;; = 1 is without any loss of generality: (i) if a;; < 0, then redefine
a; = —aj;, Vi € J, and ¢; = —c;; and (ii) if a;; > 0, but a;; # 1, then redefine a; ; = ajf;ai,j,

Vi € J and z; = a; jx;, which preserves the sign.ﬂ

Definition 9 We are going to say that two systems Ax = ¢ and A'z' = ¢ are:

1. Equivalent in signs, when sign(x;) = sign(x}) for alli=1,... n.

*And if the interest is in the bounds on x; rather than the sign: if the bounds are z € [I},u/], then

X N Jr 7
. — a7
Tj € [aj)jlj,a“uj].
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2. Equivalent in x;, when they preserve the value of the i-th variable (i.e. x; = x}).

Lemma 6 Any system Ax = ¢ can be transformed (non-uniquely) into an equivalent in signs

one satisfying Condition [1

Proof. See Appendix [4.6.2

4.2.3 Comparative Statics: Sign

In this section, we use the previous strategy to find sufficient conditions for the sign of z;,
under different assumptions on A: in section we assume A satisfies Condition [2] of
column diagonal dominance; in section in addition to Condition [2, we assume the
off-diagonal elements of A are non-positive; in section [£.2.3.3] in contrast, we assume the off-
diagonal elements are non-negative; in section , we assume A satisfies row (instead of
column) diagonal dominance. Finally, we discuss some complementary strategies we can follow:
(i) a change of variable to get a system where we can use the main results, (ii) consider a reduced

system neglecting dispensable variables, (iii) if the sign of some variable is already known.

4.2.3.1 Proposition 1

One condition that proves useful to get some first set of sufficient conditions is the following one
of column diagonal dominance. The intuition is that the effect of a change in u; on condition f;

is always greater in absolute value than the sum of effects the change in u; causes to conditions
fiforie T\ {j}
Condition 2 (Column diagonal dominance): > |a;;| < |a;;| =a;; =1, Vj € J.
i#]
which is a bit less restrictive than the strict column diagonal dominance, which is the one used

in Norrig| (2025)

Condition 3 (Strict column diagonal dominance): Y |a;;| <l|a;;| =a;; =1,Vje J.
i#]

3This assumption has long been identified as useful in economics (McKenzie, [1960).
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We leave as a next step to check conditions that guarantee that A can be transformed into A’
satisfying column diagonal dominance using the operations defined in the Proof of Lemma [f]
(i.e. row multiplication by a scalar, and column multiplication by a positive scalar). A first step

in this direction is given in Section [4.2.3.4] for a matrix that satisfies row diagonal dominance.

Proposition 5 If Condition@ is satisfied, then a sufficient condition for sign(z;,) = sign(cj,)
18:
el > > el
J€I\{jo}

where |yi| is the unique limit of the decreasing sequence {|y§m)]}°° defined by |y§0)| =1 and

m=0>
m m—1
W = agsl 2 Yl
keI \{jo0.j}

Proof. See Appendix[4.6.2 =

Corollary 2 If Condition @ is satisfied, then a sufficient condition for sign(xj,) = sign(cj,)
18!

el > > illel,

J€I\{jo}
where |3 € [y, 1] for all j € 7\ (o}

If Condition 3 is satisfied, then a sufficient condition for sign(x;,) = sign(c;,) is:

el = > 1d5llel,

J€I\{do}
where [§;] € [y5, 1] for all j € T\ {jo} and |g;lc;,| > |y, [le| for at least one ji € T\ {jo}-

Some examples of § include:
1. |gj] =1 forall j € T\ {Jo}-

2. (Theorem 1, Norris) |g;| = max A.; forallj € T\ {jo}, where Acj = > |ap;l.
€I \{jo} keI\{j}

— max Z
7€\ o} ke 7\ {4g,i}

_max _ [ajq
3. 9;| = H for all j € T\ {jo} with H 1= —— =0} - o _|.
»J
4. (Proposition 1, Norris) |y;] = Aej for all j € T\ {jo}-

Proof. See Appendix[4.6.3| =

4The least demanding condition of the form |c;| > H Y. |c¢;| is achieved with H H* =
J€IT\{do}
max %, as shown in Proposition |11
J€IT\{jo} keI \{ig.3} "
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4.2.3.2 Proposition 2: Sufficient condition when a,; ; <0 for all 7 # j

Condition 4 The matriz A satisfies a;; < 0 for all 1,5 € J with @ # j.

Proposition 6 If A satisfies Conditions |3 and[4), then:

1. If cjy > > y;lle;| — > [y5ollesl, then xj, > 0.
{1€eT\{go}:lajq,jlci<0} {ieg\{do}:lajy,51c; >0}
2. If —cj, > > y;llei| — > ly5ollesl, then xj, < 0.
{i€T\{jo}:lajy,j1e;>0} {1€T\{do}:lajq,j1c; <0}

where |y;| is the limit of the sequence defined in Propositz’on@ and |y;o| is the unique limit of the

. . m 00 0 m m—1
increasing sequence {[y\"™ [}22_y, defined by [y\9] = 0 and [y\)| = |ajo 1+ 5 193" Vllaw,l.

J1€I\{jo.5}
If A satisfies C’ondition@ then |ys ol = [yj]-

Proof. See Appendix [4.6.7]

|
The conditions implied by Milgrom and Roberts are direct from Proposition [6} in other words,
whenever the conditions to apply Milgrom and Roberts are satisfied, we can also apply Propo-

sition [G

Corollary 3 (Milgrom and Roberts): If A satisfies Conditwn@ and a;; <0 for alli # j and

c; >0 (resp. ¢; <0) for all j; then x; >0 (resp. x; <0) for all j.

Proof. Straightforward, since if ¢ > 0 (resp. ¢ < 0), then {j # jo : ¢; < 0} = 0 (resp.
{j #Jo:c; >0} =10).

Corollary 4 If A satisfies Conditions |9 and ]}, then:

1. If ¢, > > 9llc;] — > 9j.0llc;l, then x5, > 0.
{7€T\{jo}:lajy,jle; <0} {7€T\{jo}:lajy,jle; >0}
2. If —cj, > > 195llc;] — > [95.0llc;il, then xj, < 0.
{7€T\{Jo}:lajy,jlc; >0} {7€T\{do}:lajy,jlc; <0}

where 1551 € (452 11, 1550l € [0,330) for all € T\ (i}

If, in addition, Condition @ is satisfied and exist either (|95, — [y, )lcy| > 0 or (|90 —
5, Dlej,| < 0 for some ji, j2 € T \{jo}, then we can replace > for > in the previous conditions.
Some examples of 9|, |Y0l, Vi € T \ {Jo}, include (any combination of these |y;| and |3l

work):
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b |QJ| =1 L] |Qj70| =0
0| = ) o |1 = min Qi
° ‘yJ’ - jler\nY%?jo} AC,Jl ’yJ’0| j1€J\{j0}| ]0,J1|
o || = Ao, ® [0l = lajo,l
~ min \ajo,j|
. : o [0 = Hy 1= — .
e |§;| = H as defined in Corollary . J 1 jeljn\l?jo}kej\i{?jw} lag, ;]

Proof. See Appendix [4.6.8 =

4.2.3.3 Proposition 3: Sufficient condition when a;; > 0 for all i # j

Here we are going to use the following condition, which intuitively tells us that the direct effect
of z; to condition f;, dominates the indirect effects of x; to condition f;, through its effect on
the other variables:
Condition 5 A satisfes that |aj, ;| > > |aj,illaj, ;| for all 5 € T\ {jo}-

]1¢{JOaJ}

Proposition 7 If A satisfies Conditions |3 and [, then:

1 Ifcj, > > ialles| — > Yjo0lle;l, then x5, > 0.
{1€T\{jo}:lajy,jlc; >0} {7eT\{do}:lajy,5lc; <0}
2. If —cj, > > |Fj.1llei| — > 9j.0llcjl, then x5, < 0.
{7€T\{do}:lajy,jlec; <0} {ieT\{jo}:lajy,51c; >0}

where |§;ol, |gj1| are the unique limits of the increasing and decreasing, respectively, sequences

(V0 Yoo_o, {0 Yooy, defined by

0 m el
Bol=0, il =lansl = X T lag ),
]16\7\{]07]}
0 m m—1
0] = lajosl s Y= lapsl = X 1o Vllajl.
J1€T\{Jo.j}

If A satisfies Condition [3, then |y;o| = |y;1] = |y;].

Proof. See Appendix [4.6.9]

n
Corollary 5 If A satisfies Conditions[q and [, then:

1. If ¢j, > > |9j.1llei| — > 95.0llc;l, then zj, > 0.
{5€T\{Jo}:lajy,j1c; >0} {7€eT\{jo}:lajy,j1e; <0}
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2. If —cj, > > 9j.1llei| — > 9j.0llc;l, then x5, < 0.
{7€T\{do}:lajy,jlc; <0} {ieT\{do}:lajy,51c; >0}

where |y;1] € 95,1, 1], 1950l € [0,7j0] for all j € T\ {jo}-

If, in addition, Condition |3 is satisfied and exist either (|§;,1| — |Jj 1)l ] > 0 or (|9;,0] —

[Ujr.0)|ci | <O for some ji, jo € T\{jo}, then we can replace > for > in the previous conditions.

An example is given by |9;1] = |ajo 1, |950l =0, Vi € T\ {Jjo}

4.2.3.4 Row diagonal dominance

Condition 6 (Row diagonal dominance): Y |a;;| < la;;| =a;; =1 forallje J.
i#]
Lemma 7 If A satisfies Conditionﬁ but not C’ondz’tionﬁ (i.e. 3j € J such that > la;;| >
i€I\{j}
1); then 3jo € J such that > aij| < 1.
i€J\{jo}

Proof. See Appendix [4.6.10, =

An almost direct consequence of this lemma is the following result:

Proposition 8 Any matrix satisfying Condition@ and min; A, ; > 0 can be transformed (non-
uniquely) into an equivalent in signs one satisfying Condition @ In addition, this can be done

multiplying the rows and columns by strictly positive scalars.

Proof. See Appendix [4.6.10, m
Note that z; for j € Jo := {j € J : A.; = 0} is irrelevant for the other variables; so the

approach in this case would be to do the analysis on the reduced system with the variables x;,
Vi e J\ Jo, and then study the implications for z;, Vj € Jy. Direct from the proof of this

Proposition, we have:

Corollary 6 If the system Ax = c satisfies Condition [ with min; A.; > 0 but not Condition
@ a system equivalent in signs that do satisfy C’onditian@ (and so we can potentially apply the
previous sufficient conditions) is given by A'z' = ', with:
Forie Jy: a;’j = ai7j%:;, Vi€ Jo, a;’j =a;jAc;, V] ¢ Jo, ¢ =cAci, x,=x;Ac,
Fori¢ Jo:  aj; = ai»jf]—f Vi e Jo, a; ; = aij, Vi & Jo, ¢ = ¢, xh = ;.
Proof. Direct from the transformation used in the proof of Proposition ]
This substantially expands the set of systems where we can do comparative statics relative to

the result with row diagonal dominance in Norris| (2025), which is restricted to x;, such that

Cj = 0 for all] € j\{jo}
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4.2.3.5 Transformations, System Reduction, and Known Signs

Transformation into a system equivalent in z;, If we do the change of variable x =
z' + z, where z is such that z;, = 0; then the system Ax = c is equivalent in variable zj, to
Ax' = ¢ = ¢ — Az. Therefore, if we can apply any of the previous propositions to the system

Az’ = ¢ for the sign of z’ ; then we know the sign of ;.

Corollary 7 If A satisfies C’ondition (i.e. off-diagonal elements are non-positive), and exists
some k € J such that (i) sign(ci) = —sign(c;) for all j € T\{k} and (i) |cx| < min {M},

jeT\{k} laj,xl
then sign(z;) = sign(c;) for all j € J \ {k}.

Proof. See Appendix [4.6.11.3]
]
The following result states that Condition [3| guarantees the existence of a change of variable

that achieves a system equivalent in z;, to which we can apply Proposition .

Proposition 9 If A satisfies Condition [3, there exists z € R™ such that making the change
of variable x = x* 4 z, we get a system Ax* = c* equivalent in x;, to Ax = c such that
¢ = (0,...,¢,,...,0)", and Proposition @ tells us that sign(wzj,) = sign(c;)). An explicit
expression of ¢j is given by:

K k
* pu— . _— k+1 DY . . .
Cjo = Cio + E ,( 1) E E E H @jsjst1Ciny1-
k=0

J1¢{jo} s2¢#{jo.jrt  Jr+1€{jo.gx} s=0
Proof. See Appendix [4.6.11.4]

Some examples where the expression of ¢} simplifies considerably (the derivations are in Ap-

pendix 4.6.11.4]):

Example 1 (Case n = 2):

Cjo = Gy Q6,51 C1-
[l
Example 2 (Case n = 3):
_ Ao, j2 Aja,51 — Lo, Ao, 51 Ajr g2 — Yjo,j2
Co = Cio T T — 0 a . T T g o
51,52 Uja 51 Ajy .51 Qg o
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Example 3 Suppose a;; = a for all i # j and a;; = 1. To satisfy Condition [2, it must be
a<(n—2)"'. Then:

* acjl
o= cj, — —

Jo Jo Z _
J1¢{do} 1+ (n 2)@

System Reduction: dispensable variables

Definition 10 We are going to say that x; for j € 1 are dispensable for the sign of xj, if
ap; =0 foralljeT and k ¢ T.

We say they are dispensable because we can set y; = 0 for all j € Z and then the conditions
(y*A); < 0 for all j € T are satisfied; and so it is sufficient to consider the system obtained

after deleting the rows and columns Z.

Known signs Suppose we know that z; > 0 for all j € Z, and z; <0 for all 7 € Z_, but we

are uncertain about the sign of z; for all Z. Then, it will be useful to define:

Definition 11 We are going to say that x; for j € L are conditionally dispensable for the sign
of xj, if, given sign(z;) for j € I, we can find y, with y; =0 for all j € Z, such that y*A <0

and ytc > 0.

4.2.4 Comparative Statics: Bounds

Although the purpose of this paper is to establish some sufficient conditions for the sign of
the comparative statics, the previous theory can also be used to establish bounds on the value
of the comparative statics. The way to proceed to find the upper (resp. lower) bound on zj,
implied by a given proposition of Section is as follows: Consider the change of variable
Th = Tj, — zj,, which transforms the system Az = c into Az’ = ¢ with ¢} = ¢; — a; 5,2y,

Vj € J, and find the minimal (resp. maximal) z;, such that the given proposition of Section

allows us to state that 27 <0 (resp. 27 > 0).

J

For example, using Proposition 5] we obtain the following result. The subsequent corollary
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shows that the interval implied by these bounds is included in the interval implied by the

bounds in Norris| (2025). To ease notation, we define:

Cjo“‘(_l)il' z\;{'}@jHCﬂ

Blo i iy IJGJJO )

jo (911, 12) L+ (=12 > |gjllagl
J€I\{Jjo}

Proposition 10 Using the sufficient condition of Proposition[5, we have the following bounds
on xj,, where yi is the limit defined in Proposition @
For an upper bound:
o If—cjo> >0 yjllel: wy < U5 = Byy(y”,0,0) <0.
J€T\{jo}

o If—c; < X ’y;HCJ’ Tj < U—T—,jo = By, (y",0,1).
€I \{io}

For a lower bound:
o Ifci,> > yjllesl: @iy = LY, o= Bjy(y",1,0) > 0.
J€EIT\{jo}

o Ifcj, < > |yillel: @jo = L2 5 == By (y*, 1,1).
jeT\ o}

Proof. See Appendix[4.6.5| =

Corollary 8 If Oondition@ is satisfied and |g;| € [y;,1] for all j € T \ {jo}, then:
For an upper bound:
o If—cjy,> > |gjllesl, then also —cjo > 32 |yjllesl; and: j, < UZ ;0 < Bj (4, 0,0).
jeI\{jo} jeI\{jo}

i [f —Cjy < Z ’:&JHC]‘ Ui,jo < U—T—,jo < Bjo(gv()? 1)
j€I\{jo}

For a lower bound:

o Ifci, > > |yillel, then also cjy > > |yillel; and: x5, > L7 5 > By, (9, 1,0).
j€I\{jo} €T \{do}

4 [f Cjo S Z |QJHC]| Lj—,jo 2 L*—JO Z BJO(Q7 17 ]-)
jeI\{jo}

Some examples of § include the ones defined in Corollary[3

Proof. See Appendix [£.6.6l =
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4.3 Applications

4.3.1 Oligopoly with differentiated goods

4.3.1.1 Setup

Assume an oligopoly of n firms, each one producing one differentiated good and competing a la

Bertrand. Appendix [4.6.12] includes the derivations, as well with Cournot competition instead

of Bertrand.

Firm j’s production function is given by y; = A;¢;, and so profits write 7; = s;(1 — M;!),

where M; = 2 L A; is the markup.
Consumers have Constant Elasticity of Substitution (CES) preferences.

representative consumer solves

g _

max Y = (Zy;‘f) h , s.t. E:PY:ijyj.

{vitiea P Py,

With this, the market share is given by:

J l1—0o
_ Aj My
Y [Z::l (Aj' Mj) ]

Firm j solves

max ;= s;(1— /\/lj_l) , 8.t. s; given by (4.1)).

We are going to show that: (i) C;/:l]o > 0, ZTJ <0,Vje T\ {jo}: and (ii)
vj € T\ o}
4.3.1.2 Effect on Markups

Lemma 8 The first-order condition reads:

J

In particular, the

(4.1)

50 >0 d”a <0

dA > dAj,

Fj(My, ..., M) =M = (0= 1)(1 = M) (1 —s;) = 0.

We will need the following derivatives:

oM M J M ’ OM; M M; 1=s;?
8Fj0 _ 1 Sjo 8FJ — _U_li st
BAjO AjO MjO ’ BA]-O AjO M]' I—Sj :
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And we have the linear system Az = ¢, where (A); ; = a;; := —;Wﬂ'j, T = 324 and ¢; == aafii)'
We can obtain a system A’x’ = ¢’ equivalent in signs by applying operations of the type de-

Ajo Mi(1=si)
sjo (0— 1)

scribed in Lemma @ In particular, multiply row ¢ of both A and ¢ by b; = , and col-
v A -1
umn j of Abye; = 22 MJ d; (i.e. change of variable 2; = 22), where d; = </‘:—jﬂ(1 — )2+ 1— Sj) .
] J
So, we have:

(A")j5 = (A)j bje; = d; ( L(1—s;)+1— 5j> =1, (A)ij=(A)ibic; = —sid;,

C;'o = Cjobjo =1- Sjo » C; = c;b; = —s;.
It is straightforward to check that A’ satisfies Condition since Y |(A)ijl= > sid; <
ie\{j} i€I\{5}

(L=s;)d; <1=|(A);,], Vi€ T

First, Corollary using |g;] = 1 is sufficient to show 2/ >0, since ¢j, = 1—s;, > > ;>
j€I\{jo}
2. gl

J€I\{jo}

Second, we can show 2, < 0 using Corollary m, making k = jo, since it satisfies ¢j, =1 — s,

0> —s; =, and (ii) el < g = 5 = ‘J,C;,‘  Vie T\ {jo}-
i,J0

(A j0.0] = “do djosi
4.3.1.3 Effect on Profits

Now, we add {G; := s;(1 = M;') —m; = 0} e to the conditions {F; = 0};c7. We have:

Lemma 9 We need the following derivatives:

80]' _ an j—
o L, 2 0,
BGJ o o0G; __ SiSj
ari; =0 due to the FOC, M, = MM(1=s)
9Gi, _ _ sig 9G; _ __ Sjgsi
94j, Mo Ajo 7 944, MiAjo(1=si)"

Now, the linear system Az = c is given by

(A);; = —5= (Aints = =5 G = F

A - %] 87’l'j 8./\/1] c = 814]0
: , :
A) o= —9 g (A). .. .= —9F c . — O
( )n-&-w or; ( )N-HJH-] oM, ijed n+1i 94j, i

Again, we can obtain a system equivalent in signs by applying operations of the type described
in Lemma@ In particular, multiply row i of both A and ¢ by b; = M;(1— si)%, and row n+1
J0

Mi(1-s;) A sjo M,

by byii = =t ?72, for i € J, and column j and n+ j of A by e; = bj_1 and e, 4; = Aos dis

respectively, for j € J, where d; is defined as before. The transformed system writes:

o { W)ii=1, (A =0YeT\{i} .  @hingi=0  (A)ing; = —sidy, Vi € T\ {i} }
(A)nii =0, (A)ngiy =0,V € T\{i}, Antrinri=1 (A)nyins; = —sidj, Vj € T\ {i} s

/ . . . .
={ =18, =—s,VieT\ Lo}, Chpjo=1— s Cops=—si Vi€ T\ o} }M
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This A’ does not directly satisfy the column diagonal dominance of Condition [2| but we will
simplify the problem using the notions of dispensable variables. First, note that if we are
interested in the sign of x; for some j € J, then wx; for all i € J \ {j} are dispensable in
the sense of Definition [I0} Second, we use that we know the signs x,,;, > 0 and z,4; < 0,

Vie T\ {jo} (that is, kn+; =1, V5 € T\ {jo}). Next, consider two cases.

1. If j = jo, we are going to see that x,,;, is conditionally dispensable in the sense of
Definition[11] Indeed, if k;, = 1, we can find y € R?" with y; = 0 for i € {n—+jo}UT \ {jo}
(e.g. setting y;, = 1+ ¢, for e > 0, and y; = 1 for all j # jo) such that y*A} < 0
and y'¢ > 0. Indeed, noting that the zeros in y imply (y'A%); = (=1D)ki(y'A"); =
(—1)k ((1 +)(A)ji+ 2 (A/>n+j,i>; 50:

jeI\{jo}

(a) (=DM (y'A)j, = —(1+¢) <0, and (' A)nsjo = > (=sidj,) <O0.
i€\ {Jjo}

(b) Forie J\ {jo}: (¥*A"); =0<0, and
(=1)fnti (Yt A ) s = — (—(1 +e)sjdi+1+ > (_dei)> <0,using ), s;d; =

eI \{Joi} JjeT\{i}

(©) y'd=(0+e)(I=si)+ > >0
jET\{jo}

2. If 5 € T\ {jo}, we are going to see that z,.; for all j € J \ {jo} are conditionally
dispensable in the sense of Definition [11] Indeed, if k; = 0, we can find y € R?*" with
yi=0fori e {n+ 70} UJT \ {Jo} (e.g. setting y; = —1, and y,1j, = —s;dj,) such that
y' A% < 0and y'cd > 0. Indeed, noting that the zeros in y imply (y* A% ); = (—1)ki(ytA'); =

(=% ((=1)(A") 15 = 55y (A ) jo.i); s0:

(a) (=M (y'A"); = -1 <0, and (=1)*(y'A"); =0 <0, Vi € T\ {jo}-

(b) Forie T\ {jo.j}: (=)%Y A)nri = — (—(=s;di) — 55d(—s5,di)) <0,
(=15 (Y Ay = = (—(0) — s;dj,(—sjod;)) < 0, and
(=1)%0 (y A jo = — (—(=s;dj,) — s5d;) < 0.

(c) y'd = —(—s;) + —s;d;,(1 — s4,) > 0, where I have used that d;, (1 — s;,) € (0,1).
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4.4 Conclusion

This paper introduces a novel approach to comparative statics, building on Farkas’ Lemma,
which enables both sign analysis and the derivation of bounds on comparative statics. By
offering an intuitive and general method, this framework overcomes the limitations of traditional
approaches that rely on strict conditions. We have applied this method to derive sufficient
conditions under various assumptions, replicating and improving earlier results. Moreover, we
believe there is further potential to extend it and derive sufficient conditions for a broader range
of problems.

The next step is to derive better sufficient conditions conditional on knowing the sign of some
variables. This could derive in an iterative method, where in the first iteration we determine
the signs of those variables that satisfy some of the conditions in Corollaries [2] [4] 5} and in the
next iterations we would use the relaxed conditions on the remaining variables given the known
signs.

In a follow-up paper, I plan to use this theory to do comparative statics in dynamic games.

This is a bit more challenging, as the value function is defined recursively.
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4.6 Appendix

4.6.1 Proof Lemma

Proof. Let a;; = (A);; be the element in row i and column j of matrix A. We are going to use two

types of transformations that preserve the sign of the unknowns:

1. (Row multiplication by scalar) For any b; € R, the system Az = c is equivalent to A’z = ¢, with

(A")i; = aijb; and ()i = (¢)ibi, and (A")y ; = ay; and ¢, = ¢, for all i’ # i.

2. (Column multiplication by positive scalar) For any d; € R, the system Az = c is equivalent to
Az’ = ¢, with (4);; = a;;d; and 2} = x;/d;, and (A); j = a; y and 27, = zj for all j* # j,
given that if x satisfies Az = ¢, then the 2’ defined above clearly satisfies A2’ = ¢ and 2’ has

the same signs as .

To transform the system Ax = c into one that satisfies Condition |1} first, we apply 1 to row j € J

1 1
|aJ iles

using b; = |e], for some e; > 0. Second, we apply 2 to column j € J of A using d;

= |a
This transformations achieve a diagonal of ones, and the non-unicity result is shown by the freedom
one; >0forjeJ.

4.6.2 Proof Proposition

Proof. We want a sufficient condition for sign(xzj,) (let kj = 1, >0) in a system that satisfies
Condition [2l The way we will proceed is as follows: First, suppose by contradiction that k;, =1 — k;o
and find a vector y that satisfies y*A’ < 0, with the normalisation lyjo| = 1, and, if we succeed, then
y'c > 0 gives us a condition on c.

In particular, we are going to find a vector y of the form: y;, = (=1)*0+! and yj = (—1)kﬂ'+1|yj\, for

some |y;| € [0,1] that satisfies y'A < 0; that is:

1. Given this structure of y, a sufficient condition for y‘c > 0 is:

th:(_lk HC o+ Z yici = ( )JOH Cjo — Z lyjlle;l >0
F€T\{do} jeI\{do}
So, for zj, > 0 (i.e. kj =0=1-kj,) a sufficient condition would be c;, > >~ [y;lle;|; and
J€T\{jo}
for zj, <0 (i.e. kj, =1 =1~ kj,), a sufficient condition would be —cj, > >°  |y;llc;l.
j€I\{jo}

2. (y*A)j, < 0 is guaranteed by Condition

111



(¥'A)jo = (=DM [ (=1%o + 3" yiaz | <=1+ Y lajgl <0
j€I\{jo} jeI\{jo}

3. For j € 7\ {jo}: (y'A); < 0 requires:

W' A4); = ~lygl + D8 | D8 a4 D ey
keI \{jo.j}

We are going to construct a decreasing sequence {{Ly](m)|}]e J\{o}meN such that for each

m € N and each j € J \ {jo} it is satisfied —\y](-m)| + lajo il + X |yl(€m)||ak,j| < 0.
keI \{jo.s}

Initialize ]y§0)| = 1, which clearly satisfies the conditions due to Condition Now, suppose
~1 . ~1 ~1
that {13]" " Dye o satisies {lagngl + % "Nl < " e and define
€I \{Jjo.j

{|yj(m)‘ = lajo il + > \y](gm_l)||ak7j| < |y§-m_1)|}jej\{j0}. Note that, since by construction
ke \{jo.j}

m m—1 . . m m
i) < Y] for all j € 7\ (o} then also {Jajo il + 0 Iyt lawsl < ™ e o)
keI \{jo.j}

Given that {y](-m)}me]N is a decreasing sequence and bounded by [0,1], then it converges to a

unique |y*|.

4.6.3 Proof Corollary

Proof. |cj,| > > [gllesl = 32 |yilles], and so by Proposition |5, we have sign(z;,) =
‘ j€I\{jo} J€T\{do}
sign(cjy ).

For the second part, note that Condition [3implies max |y7| < 1, since:
J€T\{do}

m -1
ly™lloe = max Qlaingl+ > " o]
JET\ o ke \{io.d}

= R gl + 1y Voo D lanyl
J Jo ke \{jo.j}

o (m—1) —as < |]qg(m—1)
< . {la gl + 11y "Dl = lasosl) < 15"l

And, so, we can find ¢ satisfying the conditions of the statement (as long as max |c;| > 0) and we

€I \{Jjo}
have [cj,| > X2 [9jllej| = > |yjllejl, and so by Proposition we have sign(z;,) = sign(cj,).
J€T\{do} eI \do}
For the examples, note on the one hand that yj* < y](-l) = Acj < maxjen qjo) Aej < 1. On the
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0 .
other hand, given that we have seen that the sequence converges, then it has to be y; = > B'By <
i=0

00 00 _max |‘1jo,j‘
. ; B T\{do}
132 B'Bolloo < 22 1B1[5cl1Bolloo = 15 = = = —ay
- = jeI\io} ke g\ {ig.i}

4.6.4 Proof of the least demanding condition with |y;| = H for all
j € I\ Ao}

Proposition 11 If Condition is satisfied, then a sufficient condition for sign(z;,) = sign(cj,) is:

. [27%]
cj,| > H cil , with H := max :
il . Z il jenoy 1= 3 agyl
J€I\{jo} keI \{jo.5}

Proof. Here, we follow the same strategy of the proof of Proposition [b| but restricting the vector y
to be of the form y;, = (—1)* %o, and y; = (—1)'"% H, for some H € [0,1] that satisfies y*A < 0;

that is:

1. Given this structure of y, a sufficient condition for yfc > 0is |cj,| > H > |¢j].
jeI\{jo}

2. (y'A4);, <0 is guaranteed by Condition [2/ and |y;| < 1:

WA, = (D% | (=) Fo+ 3" ysaz | <14 D lajgl <0
jeI\{o} jeI\{jo}

3. For j € 7\ {jo}: (y'A); < 0 requires:

(' A); =yl + (D8 [ (1) Hoa+ Y yrany

ke \{jo.j}
< —lyl+ (DT Roa s+ H Y Jag,] <0
keg\{jo.j}
And so, given that kj; is arbitrary, we want |y;| > |aj,;| + H >  |ar;|. That is, we
keT\{jo.i}
want H that satisfies H > |ajo ;| + H >,  |a | for all j € T\ {jo}; in other words:
keI \{jo.j}
H > Hj := % In particular, we are interested in the minimal H that satisfies
keI \{4o.5} N
these inequalities, that is H = max Hj;let h € J \ {jo} be such that H, = H.

J€I\{jo}

To see that this condition is more general than the one in Theorem 1 of |[Norris (2025)) (i.e. we

want to show that H < max A.;), first note that H < 1 since by Condition we have

7€I\{jo}
| | - X lak,nl
a; : j
H= Jo:h < FeT Lok} = 1. Then, we have H = |ajon| + H Y,  |agn| <
- > lak,nl - > lak,nl 05 ) ’
keT\{ig-h} keT\{ig-h} keT\{jo,h}
> lagpl =Ach £ max A
ke\ Lo} J€I\{jo}

®Note that Condition [2] guarantees that the denominator is non-negative.
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4.6.5 Proof Proposition

Proof. Consider 2’ with 2, = x;, = zj, — zj, and 2} = ;. So, Az = c can be rewritten as

Ax' = = c— Az. Note that ¢ = ¢; — a; jyzj, for j € J.

For a lower bound on z;,, we want to find the maximal z;, such that the condition in Proposition
allows us to state that x}o = xj, — 2j, > 0. That is, we want to find the maximal z;, for which we

have ¢ =cj, — 25 > > |yillcjl= 3> |yillej — ajjo2j|- A sufficient condition for this is:
F€T\{jo} J€T\{do}

cio =70 > Y el +laggllzil) = 2o +lzel Do Willagl <co— Do lyjllesl
eI \{io} 7€I\{jo} i€I\{jo}

And there are two cases:

1. If we know that zj, > 0 (recall that ¢;, > > |yj||¢j| implies z;, > 0, and so the lower
7€T\{do}
o= 2 lyjllesl
bound is also non-negative): zj, < Ly j, = 1 Jgjj\{JT;ﬁHa- —
ey 7
So: xj, > L4 j, — € for € > 0 arbitrarily small.

o~ 32\3{_ }Iy}‘llcg'\
. < s e JET\I0
2. If zj, <0: zjp < L j, = 1= > Ty Ta0]
i€}
So: xj, > L_ j, — € for e > 0 arbitrarily small.

For an upper bound on z;,, we want to find the minimal z;, such that the condition in Proposition

allows us to state that wgo = xj, — 2j, < 0. That is, we want to find the minimal z;, for which we
have —c’ = —cjo+zj, > > |yillcjl = X |yjllej —ajjo2jol- A sufficient condition for this is:
jeI\jo} jeI\{jo}

zo—co > Y el +laggllzil) = 2o =1zl Do W5llagel > o+ Do lyjllesl
eI \{io} 7€I\{jo} €I \{jo}

And there are two cases:

1. If we know that z;, < 0 (recall that —c;, > > [y}]|c;| implies zj, < 0, and so the upper
J€I\{jo}
ot T Iyl
bound is also non-positive): zj, > U_ j, := 1 ]g\{m}
jeI\{io}t
So: xj, < U_ j, + € for € > 0 arbitrarily small.

THIEEN

2. If zjy > 0: zjp > Uy jy = 1= > lyillag gl

So: xj, < Uy j, + € for € > 0 arbitrarily small.
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4.6.6 Proof Corollary

Proof. Next, we want to see that using [J;| € [|y;[,1] for all j € J \ {jo} can only worsen the bounds

U—_jp 9+, > 0 and OL_jy 9L+ <0.

(i.e. widens the interval). That is, we want to see that Sl o 2 S ol <

For the upper bounds:

o If —cjo > > |yjllej| = 0: then we know that x;, < 0, and so we know that the upper
jeI\{jo}
bound is non-positive; that is, the relevant bound is U_ j,. The derivative with respect to ||

is:

|ck| <1+ > !@jl\@ju‘o!) — lak,jo| <cjo DY |Qj||0j\>
oU_j, JeT\ Lo} J€T\Ljo} -0

k| ) 2 N
L+ > |gllag gl

€T \{jo}

where I have used that from the condition we have —c;; > 0.

o If —cj, < > |yjlle;: then Proposition |11} is not sufficient to determine whether x;, < 0,
J€T\{jo}
and so, the upper bound is positive; that is the relevant bound is U, j,. The derivative with

respect to || is:

|cx| (1 - X I?lelaj,jo|) + lak jol <cjo + z)chj|>
oy, jeT\Ljo} jeT\ o}

Algn| A 2
L= > |gllag ol

jeI\{jo}

J€I\{jo} €I \{jo}

- 2 -
(1 - > \§j|aj,jo\>
J€I\{Jo}

where in the first inequality I have used the condition —¢;, < >°  |y}|[¢;], and for the second
j€I\{jo}

!aku‘o|< > Mgllegl = X2 |y}‘!|0j|>
>0

I have used |g;] > [yj]-
For the lower bounds:

o Ifcj, > > |yjlle;]: then we know that zj, > 0, and so we know that the lower bound is
€I \{jo}
non-negative; that is, the relevant bound is Ly j,. The derivative with respect to |gy]| is:

— ek (1 + X Iz)jllaj,j0|> — lag,jo| (Cjo - > |?3j|0j|>
Lo _ i€I\ o} j€T\{jo} <0
Oy | ) 2 -
L+ > |g5llag el

JjeI\{jo}
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where I have used the condition c¢j, > 0.

o Ifcj, < > |yjllej|: then Proposition [5{is not sufficient to determine whether z;, > 0, and
J€T\{do}
so, the lower bound is negative; that is the relevant bound is L_ ;). The derivative with respect

to |:l]k‘ is:

— || <1 - X !ﬁjH%‘aﬁ!) + lak,jo| <cj0 - 2 \%H%’)
OL_ j, _ J€T\{do} 7€JI\{jo}
Ol A 2
L= > |gllag ol

J€I\{jo}

|ak,jo|< > yillel = X I?lelcj|>
<0

JEI\{jo} J€IT\{Jjo}

_— 2 i
(1 - > Iﬁjlaj,ijI)
je€I\{Jo}

where in the first inequality I have used the condition cj, < >°  [yj|¢;|, and for the second
7€ \{do}

I have used |§;] > [yj|.

4.6.7 Proof Proposition [6]

Notation:

Let Ry j:={j1 € T\ {Jo,J} : ajo,jajo, 1055 >0} and R_; :={j1 € T\ {Jo,J} : ajo,jajo, 51 05,5 < 0}

Also, let i; = ]l{kj+kj0+kajo,j oddy, and let T := {(i1,...,4jo-1,%50+1,---,0n) : 75 € {0,1}} be the

collection of multiindices, and let I denote an element of Z ﬂ Ans define the restriction TLiij=s) = {I €

Z:1I;=1i;=s}fors=0,1.

Proof. We want a sufficient condition for sign(zj,) (let kj = 1y, >0) in a system that satisfies

Condition [2| and The way we will proceed is as follows (as in the proof of Proposition : First,

suppose by contradiction that kj, = 1 — k7 and find a vector y that satisfies ytA’ < 0, with the

normalisation |y;,| = 1, and, if we succeed, then y'c > 0 gives us a condition on c.

However, now we want to exploit that we know the sign of the elements a; ;. We consider a vector y

of the form: yj, = (—1)* %o, and y; = (—1)kj°+k“joﬁj > lyjrl, with |y, 7| € [0,1], Vi € T\ {jo} and
IeT

VI € Z. Condition 2 of Farkas’ lemma requires:

1. (y'A)j, <0 is guaranteed by Condition 2| and |y;| < 1:

SNote that #7 = 271,
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(¥'A)jo = (=DM [ (=) Mo+ " wiazg | <1+ Y lajgl <0
j€IT\{jo} j€I\{jo}

2. For j € 7\ {jo}: (y"A4); <0 requires:

(' 4); = (=15 30 1y (=)0 03 a5+ (~1) 0 o0y
IeT

+ > (Mo Ren ey a4l | <0
J1€T\{jo.j}

Extracting common factors and using the definition of i;:

kajo jtkaj, i, Tka;
(y'A); )Y Z L | yj 1l = lago 5] + Z (=1)™ Jo-a1 vy, gllag, 4] | < 0.
Iez 1€T\{Jo.7}

Using the definitions of Ry ; and R_ ;, then:

(WA, = (05> 1 [yl = lagosl + D lwirllag gl = Y |yl

IeT J1€ER+ 5 J1ER_;

<0.

We are going to construct two sequences: (i) a decreasing one {\y](”f) |}men associated to i; =1,
and (ii) an increasing one {\y§%)|}m€N associated to i; = 0, with |y](7f)\ > |y](78)| for all m € N,

such that:

|yg 0)‘ < lajo 5] — Z |yjl,1 |aj, ;| + Z ’3/31 o” ajy,j
J1€ER+ 5 J1ER_ ;

< |aj0:j| - Z |yj 7]‘ + Z |y]171|| ]1:J| — ‘y_% | (42)

J1ER4,; J1IER—;

Note that for this to be possible it has to be 0 < |aj, ;| — > |yj1 1” aj i+ >
J1ERL ; JIER_;
for Vj € J \ {jo}. This is clearly satisfied if Condition {4] holds, since a; ; for all ¢ # j implies

’yﬁ oH Ajy .4

R4 j=0forVj e T\ {jo}, so the conditions simplify to:

o | < laggl+ D0 lwirollanal <lajogl+ >0 lyillangl <yl @3)
J1€T\{Jo.5} J1€T\{Jo.7}
We can initialize the sequence by setting |y 0| =0 and |y \ = 1, which clearly satisfy these
conditions:

0 0
W =0 <lajosl+ Y Olajgl <lajogl+ > lajyl < 1=
J1e€T\{Jjo.j} J1€T\{Jo.j}
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Now, suppose ]y](fgfl)h |y§7r1n71)| satisfy and define \yj(.jg)], \yj(nf)| by:

o < lapl+ D0 1T Pllaggl = 1|
j1€\7\{j07j}
1 -1
< |y](‘ﬁl)‘ = lajo l+ > lyﬁ?ﬁ a4l < \yﬁ-’i’ﬁ |
]16»7\{]07]}

For the examples: for m = 0 |y](?())| =0, |yj(?1)| =1 form=1 |y](710)\ = |ajo.jl |yj(711)| = A

Given that {yj(-fg)}mem and {y](-’T)}mEJN are increasing and decreasing sequences respectively and
bounded by [0, 1], then they are convergent to y;, and y; , respectively. Note that [y} ,| = [y]],
where \y;] is the limit of the sequence of Proposition [5| (since they have the same initial condition
and updating rule).

In matricial form, for s =0, 1, |ysm)| = By + |y£m_1)||A(j0)|, where By is the 1 x (n — 1) matrix
with elements |aj, ;| for j € J \ {jo}, and |A(;,)| consists on the absolute values of matrix A
without row and column jo. Then, W}gnoo |y§m)| = n}g"ﬂoo (17:;)1 Bo| Ago)|" + |y(0)]|A(j0)|m>, and if
]y(O)HA(jO) ™ = 0, then the limit doesn’t depend on the initial value and so y7, = y;; = yj.

lim
m—»c0 J

Note that if A satisfies Condition then n}gnw \||y§0)\|A(j0)|m||1 < n}gnoo |||y§0)|||1||\A(jO)||]’f‘ =0.

. Given this structure of y, a sufficient condition for 3‘c > 0 is:

.y ki k.  +ke.
yle=(—1)"Focj, +> 1 D> (1) 0Ty, e
IeT  jeJ\{jo}

= (=10 Y "1y | —cjy + > lyjrllesl — > lysrllel| >0

Iel {ieg\{do}ajq,5¢;>0} {7eT\{jo}:aj4,5¢;<0}

(4.4)

So, for zj, > 0 (i.e. kj =0 =1—kj,) a sufficient condition would be (note that I include the

possibility of equality, aj, jc; = 0, in the negative terms)

Cjo > > max[y;rlle;| — > min |y; rlc;|
{ieg\{do}:ajzy,5¢;>0} {ieT\{do}:a5q,5¢,<0}
and for z;, <0 (i.e. kj =1=1—kj,), a sufficient condition would be
— Cjo > > max[y;|le;| — > min [y; 7|¢;|
{1eT\{jo}:aj,5¢5<0} {1€T\{do}rajq,5¢;20}

And for Condition [}, a;; <0, Vi # j:

118



cjo > 3 el = Y el

{1€T\{jo}:lajy,jlc; <0} {7€T\{jo}:¢;>0}

—cj > > el = > el

{1€T\{do}:lajq,jlc; >0} {7€T\{jo}:c; <0}

And, since ]y](”f)| is decreasing in m and \yj(»rg)] is increasing in m, then the conditions are less

demanding as m increases.

4.6.8 Proof Corollary

Proof. The only thing that is not straightforward is the part of Hj. For this, first note that

Z(B JlBO]l ZZ B™" 1 712 J27j1BO,j1

Ji Jj1 o J2
m

>3 (B™ ig > (B)jrin min By > | min > (B min B ;.

IaJO 5l

0 .
So: yf = B'By > Hy = 1— el
=0

min ) lag ;1"
jeI\{io} keg\{ig.i} !

4.6.9 Proof Proposition

Proof. We follow the same procedure as in the Proof of Proposition @ but now a;; > 0, Vi # j.

Again, suppose by contradiction that kj, = 1 -k} we consider a vector y of the form: y;, = (1) Fio,
and y; = (— 1)k 0 tRajo s Z |ly;.1], with |y; 7| € [0,1], Vj € J \ {jo} and VI € Z. Condition 2 of Farkas’

lemma requires:

1. (y*A);, <0 is guaranteed by Condition [2| and |y;| < 1:

(' A)j = (=DFo [ (=) Mo+ > wiaze | <1+ Y lajgl <0
i€eI\{jo} i€I\{jo}

2. For j € J\{jo}: asufficient condition for (y*A); < 0 is given by (4.2), which, using that a; ; > 0

Vi # j implies R_ ; = 0, writes:

B < laosl = X Wl Slaal = X Wil SBTL @5)

71€I\{Jo,5} j1€I\{jo.3}
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Note that for this to be possible it has to be 0 < |aj, ;| — > |y§-ﬂ||a]~hj| for Vj € T\ {Jjo}-
J1€T\{jo.5}

And note that Conditionguarantees this if we have \y](znl)] <lajojrls Vi1 € T\ {jo}. Then, we
can initialize the two sequences with |yj(00) | =0 < |aj, ;| = |y](01)].

Now, suppose ]yj(-fg_l)|, ]y](-,nf_l)\ satisfy and define \y](-?g)], \y](”f)] by:

—1 —1
o < aggl = S0 1 Vgl = V)

71€I\{jo.i}

-1 -1
<Vl = laggl = Y e Vllajgl < i)
J1€T\{jo,3}

Given that {yj(.?g)}m@N and {y](T)}me]N are increasing and decreasing sequences respectively
and bounded by [0,|aj, ||, then they are convergent to y;o and g;i, respectively. And if
7711_1}1(100 |A¢j)I™ = 0, where |A(;;)| is the same matrix defined in Appendix then the limit
doesn’t depend on the initial value and so 90 = ¥;,1 = ¥j. As shown in the proof of Proposition

[6, Condition [3]is a sufficient for this.

3. For ytc > 0, following from (4.4):
for z;, > 0 (i.e. kj =0 =1—kj,) a sufficient condition would be (note that I include the

possibility of equality, aj, jc; = 0, in the negative terms)
Cjo > > [jalles] — > |95.0lcsl
{7eT\{do}:lajy,jlc; >0} {1€T\{do}:lajq,j1c; <0}
and for x;, <0 (i.e. kj, =1=1—kj,), a sufficient condition would be

= Cj > > |7j.1lle;| — > |F5.0ll¢;]

{7eT\{jo}:lajy,jle; <0} {1eT\{go}:lajq,jlc; >0}

4.6.10 Proofs Row diagonal dominance

Proof of Lemma

By contradiction, suppose ) |a; ;| > 1 for all j € J, then:
i#]

Do) D wmel=d0 D laal= Yo el Y Y 1> )1

JET J1€T joeT\{j1} J2€J j1eT\ {42} J1€I\{jo} J2€T\{jo} j1€T\{j2} A
where I have used that A satisfies row diagonal dominance for the first inequality, the contradiction

hypothesis for the second inequality, and that A doesn’t satisfy the column diagonal dominance for
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the last strict inequality. This gives us a contradiction, which proves the result.

g

Proof of Proposition
If A satisfies Condition |2, we are done; otherwise Lemma m tells us that Jp :={j € J : A.; < 1}
is not empty. Then, multiply each row i € Jy by A.; < 1. On the one hand, it clearly preserves

row diagonal dominance: A.; > > |aji|Aci. On the other hand, now column ¢ satisfies diagonal

JeI\{i}
dominance: Ac; = > |ajil > > lajilAc;+ Y. lajil. The only thing missing is to have
EVANG: J€To\{i} JET\To

ones in the diagonal, for which we multiply each column j € Jy by AC_]1 < 00, since A, ; > 0.

O

4.6.11 Other

4.6.11.1 Review Matricial norms induced by vector norms:

Definition 12 Given the vector norm || - ||, 1 < p < oo, we define the (induced) matriz norm

1Al =sup{“,| gl ).

It is straightforward from the definition that ||ABz||, = ||A(Bz)||, < ||Allpl|Bz|lp < ||Allpl|Bllpllz||p:

therefore: ||AB||, = si%{m} < sig{‘W} = ||A||,||Bl|p- As a corollary: ||A*z||, <
x x

A ||| |, < (HAHp)k ||| |p; so if ||A]|, < 1, then klg{)lo ||A*z||, = 0. In particular, for p = 1, co:

[|A]|o0

l2[lo0

e The matrix norm induced by the vector norm [|z||c = max{|z;|}. Note that
J

max{| 3 a; j;|} _ _
: = max{| > a;; 2|} < max{} |a;;|| 2|} < max{>|a;;|}, and this upper bound
¢ J g g

max [1;]
J
is attained taking z; = iz
lai,;]
daly _ 7|5
- T _ i|J _ Lj
. _ n _ _ R
Now, for the vector norm ||z||; zj: |z;|. Note that ol Zm\ ZZ: ;aw SrTe| =

25 o || = 2 (Shoul) [t | < me { ey }Z\M = max {1

and this upper bound is attained taking xj« = 1 and x; = 0 for j # j*, for j* such that
> laige| = mjax {Z |la; }
(2 (2

Lemma 10 Let z,y € R"™ and A € R" x R", then ||y*Az||1 < ||yl|ool|Al|1]]x]|1-

Proof. ||y’ Az||; = |3 vi 32(A)i ;] < ZZ [yi(A)ijzj| < Zmax{\ Zyz( )ikl ;|

( J
< max{| > max{yp }(A)ilHlz|l = Hy\lool\All 1E4It
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Condition [2| guarantees that ||B||; < 1 and so we have the convergence result we wanted:
lim ([®F0|y = tim |[BFO0)| < lim || B[] < lim (||B]]1)" (1] = 0
k—o0 k—o00 k—o00 k—o0
So, for j # jo: lim \c(-k)] < lim |c(’,€)| = lim ||c®40)||; = 0.
k—oo 7 k—ro0 §'£0 J k—ro0
And for jo: kli_}n;o \cy;) — cg.];_l)] = kli)ngo la/ Betk=200)| = 0. So, {cg-];)}k is a Cauchy sequence on R, and
(k)

e/ =ct .
0

since (IR, | -[) is a complete metric space, it is convergent: lim c;/ y
k—ro0

4.6.11.2 Neumann series expansion of the inverse

K K K+1
Note that if lim B¥ =0, then Jim (I-B)Y. B¥= lim Y. B*~ Y B*¥= lim I - BE+*l =T
— 00

—00 k=0 K—oo k=0 k=1 K—oo
o
Andso (I—B)~' = Y B*. In our case, Conditionguarantees that B = I — A satisfies |[[ — Al|; < 1
k=0
o0
and so klim B¥ = 0; therefore, we have A~! = Y (I — A)*, and so the solution to our system is given
— 00 k=0

oo
by r = A~le= " BFe.
k=0

Lemma 11 We have b; j := (B);; =0, b;; = (B);j = —a;j for all i # j, and so:
00 k—1
v =cio+ Y =DF > Y o > [ @i
k=1 J1gljo} st Jeg{ik-1}s=0

Proof. For k = 0: B% = c. For k = 1: (B'¢)j, = > bj,,1¢j- Suppose by induction that for

Jr¢{jo}
K—1
k=K (BR)j = > > - X Il bjjeCix- Then, for k = K + 1. (B¥*l¢);, =
hi¢ldo} jeg{in}t  ix#{ix—1} s=0
K—1
(BBEc)jy = > bjgi > > Y II b, j.s1Cjxs and redefining j; as js41 for s =

i¢{jo} gig{itj2¢{in}  Jx#{ix-1} s=0
1,...,K and defining j; = 4, we have the result. Then, we just need to change b;; = (—1)a; ;.

4.6.11.3 Proof of Corollary [7]

Consider the change of variable x = 2/ + 2z with z a vector of zeros except in position k, z; = u, with
p € R. So Az" = ¢, with ¢} = ¢; — paj, Vj € J, is a system equivalent in z; for all j € J \ {k}.
Using that for all j € J \ {k}, we have aj, < 0 and k., = 1 — k., (where, for a generic x: k, = 1 if

z > 0 and 0 otherwise), then ¢ = (—1)"es (lej| = lerllaj e

); so, sign(c;) = sign(c;) for j € J \ {k}

if and only if |¢;| — |kllajp] = 0 <= |k < 190, for all j € J\ {k}. Then, if ¢ satisfies this

lajil’
condition, we have that (—1)! "% ¢ > 0, and so Proposition |§| then tells us that for all j € J \ {k}:
sign(xz;) = sign(x};) = sign(c;) = sign(—cx) = sign(c;).

g
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4.6.11.4 Proof of Proposition [9]

Consider the change of variables x = 2’ + z with z defined by zj, = 0 and z; = ¢;, Vj € J \ {jo}, which
leads to a system Az’ = ¢ equivalent in variable ;. Now, with the aim to iterate this operation,

define ¢ := ¢, (9 := z, and for m € {0} UN, define 2(M) defined as zj(-gn) = 0, and zj(-m) = cg-m),

Vi e I\ {jo}. And define ¢(m*D := (M) — A2 and z(m+1D) = () _ »(") (and since by construction

(m)

of 2(™) we have 2. o

(m)
Jo

= (0 for all m, then . " = xj, for all m, and so Az(m) = (M) ig equivalent in xj, to

Az = c¢). We are going to show that if A satisfies Condition then the sequence {c(™},,en converges
*

to a vector of the form ¢* = (0, ... s Cos e e ,0)%; and so, that we converge to a system equivalent in T,

to which we can apply Proposition [5, which then would tell us that sign(zj,) = sign(cj, ).

To this aim, let’s first introduce some notation. For a generic vector z € R", we will denote z(;) the
vector in R™~! the vector obtained from eliminating the j-th element in x. Analogously, for a generic
matrix A € R" x R", A(;) will denote the matrix in R"! x R"! obtained from eliminating row and
column j from A, and (A)(m-o) denote the row jy of matrix A without the element jo. With this, note
that we have

ngnJrl) _ C%n) _ (A)(mo)cgzg

(m+1) _ (m) (m) _ p (m)
o) = o) ~ A0 o) = BCio)

with 1,,_; the (n — 1)-dimensional identity matrix. Then,

where we have defined B := 1,1 — A(jo)?
we have:
Lemma 12 {c"™},, defined above converges to a vector of the form ¢* = (0, ... e 0)

Proof. Condition [3| guarantees that ||B||; < 1 and so we have the convergence result we wanted,

since this guarantees that

. m+1 . 0 . m 0
i {1yl = Jim (187G <t (111" 1ol =0

AP (m) : (m); _ ©) . —
So, for j # jo: nlgnoo‘cj | < n%gnoo ) > ‘ |ij | = nlgnooHc(JO)Hl =0.
3'€T\{do}
And for jo: W}gnoo |c§;n) - cg.;n*l)] = W%gnco |(A)(T’j0)cg.'3] = 0. So, {céom)}m is a Cauchy sequence on R,
and since (R, |-|) is a complete metric space, it is convergent: lim cg-m) =ct.
m—oo J0 Jo

m Then, the z of the proposition is given by z = > 2(m) And using Neumann expansion series, we

m
get an explicit expression of c}fo:
k

K
Lemma 13 We have: ¢}, = cjo + . (—Dkt S Y [T @ jsriCirsn
k=0 J1¢{do} ja¢{jo.gn}t  dr+1€{do.gk} s=0
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Proof. Direct from Lemma [I1]

[
Example 4 (Casen=2): Ifn=2:

[%S) k
% = Cjo + Z F.jo) = Cjo + Z(*l)k—i_l Z Z T Z H Qjs,js+1Cik41
k=0

Ji¢{do} jodljo.gry  Jr+1€{jo.gx} s=0

k
=cj, + Z(—l)k+1 Z Z T Z H Ajs,gs+1Cr+1
k=0

n¢lio} je¢{do.n}  Jrr1¢{do.jx} 5=0

= Gjo — o1 1

Example 5 (Casen=3): Ifn=3:

[e's) 00 k
_ 7]0 k+1 . .o .
§ ( 1) § Ajs,js+1Ck 41
k=0 k=0 J1¢{do} jetljo.gr}  Jr+1¢€{jo.gx} s=0
[e's)
k k k
_E( k41 E: A sl L) , .
- (_1) Qjo,js (ajsﬁs—saJS—s:js) s ials (ﬂ{k odd}Cjz—s + H{k even}cjs)
k=0 se{1,2}
S
- aj()ajs (a’j87j3—sa’j3—svjs) a’jsvjiﬂ—scjli—s - (ajsajii—sajii—sajs) st
k=0 se{1,2}
Ajs,j3—sCiz—s — Cjs _ Qjo,j3—sYjz—s,js — Yjo,js )
a.]OJS - 1 _ .. . . st
se{1.2} = gs,jz—s Ajz—s,js se{1,2} iy da_sAis_g Gs
So:
o joCia.d1 — Qjo.j @y .51Gd1 .52 — Qo
C;O — Cjo + ](17.72 ]2‘7.71' : .7'07]1 le + .7(:)[7]1 .71'7]24 : ]97]2 j2
= Q1,52 Qa5 = Qjy,51 Qg 52
Il

Example 6 Suppose a;; = a for all i # j and a;; = 1. To satisfy Condition @, it must be a <

(n —2)~1. Then, Lemma |13 writes:

00 k
c;o = Cjo +Z(_1)k+l Z Z Z Hacjk+1
k=0

ng{jo} jot{jogry  Jrr1€¢{jo.jr} s=0

IRCEDWEILLED SN DT SRR

71é{jo} k=1 Jer1€{do} deg{dosdes1}  J1€{do.d2}
= Gjo — Z acj + Z(_l)k+1 Z (n— 2)kak+lcj1
J1¢{do} k=1 J1¢{go}

Note that
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oo [e.o]

i(_l)k+1(n _ 2)kak+1 — Z(_l)k(n _ 2)k+1ak+2 — (n _ 2)&2 Z(_l)k[(n _ 2)a]k

k=1 k=0 k=0

QQi n—2)a** 1 — (n —2)a] = (n — 2)a? 1-(n=2a _ (n—2)a’
k=0

1-[(n—2)a? 1+ (n—2)a

(n—2)a (n—2)a
io = Cio — Z acj, + Z 1+ n—2 Cj; = Cjy — Z acj, |:1—1+(n_2)a

J1¢{jo} J1¢{jo} J1¢{jo}
ale
1 -2
ity LT (= 2)a

4.6.12 Appendix Applications

4.6.12.1 Setup

Consumers. Preferences are CES, in particular, the representative consumer solves
. 71
max Y = Zy;% ,s.t.E:PY:ijyj
{vities e ey

P\’ EN\°
Solution: y; = EP"flpj_" =Y <> =Y <> , with P = Zpal_a
pj

. - 1
With this, the market share is given by s; = p]g] = (%)1 7 = (1/73)1 o which can be expanded (both

in prices and in quantities):
-1

[E6)T -

J

Lemma 14 (Derivatives of sj, P and Y ):

1. 88 = ()7 =5, 177

Ip; P J
oy e
_— = ; . o = .G_
2. By, Y Y, s;
Os; _o-1_. |1 19| _ 0-15j yi\1-2] _ o-1s; )
3. G =5 |y —vo | =% |1 (%) = (1= s)
8Sj — o—1,.10Y __ o—158; (Yr 1_% _ o—1 8j5
bogrh == sy g, =T (8) T = sk

9s; j i\ 1— . 5
5. Gk = (=) |E 42| = (1-0)2 [1- ()] = A - o)1 —s)). Note that 53
0s; Op; : .
o = (L—0)2(1—s)) 4 = (1= 0) 5 (1 —s))

9s.: s . 1—
6. a;{k zﬁﬁ:—(l—a)sj%%ﬁ:—(l—a)i (Bg) 7 =(c— 1) sk

7. When we are taking quantities as given, A; has no effect on market shares; but when we take

markups as given, they do, and they are given by: % =s5;(1— sj)aA_vl, and % = —sjsk“A—_kl
J J
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Firm j’s production function is given by y; = A;¢;, and so profits write m; = s;(1 — /\/lj_l),
L) I=o

Firms.

where M, = %Aj is the markup. Firm j solves max s;(1 —M;l), st M; = %Aj, and s; = (P
pj

Proof of Lemma For the FOC:

or;  Os; B _ 5 - -
L= (1= M) M = (1= 0) S (1= ) (1= M) + M

OM;  OM; j
S; _ _
_ W]] (M1 = (= 1)(1 = 5)(1 = M; )]
oF; 1 —1 ] —1y O0s; —1 ) 1 0s;
1. a/\/‘zj = _W_(j\/lif(l_sj)—i—(a_l)(l_/\/l] )a/\/ij = —?—/\47] |:1_S,] —mﬁ ,Where
the last equality follows from the FOC And substitute for ;ﬁ,
J
And aajajk = (o—1)(1 —./\/lj_l)aaj\/lsjlc = /\% 1ij ;Msjk, where the last equality comes from the FOC.
0s;

And substitute for RIS

8Fj _ 6Fj BSJ 6Fj _ 8Fj 88j . 853’ 653’
2. 94, = O, 94, and 94, = Ds; DAy Were we need the expressions of 3 A and 5 n from Lemma

and that g—fj =(c—-1)(1- M;l) = fv% 1_18]_ , where the last equality follows from the FOC.

U
N . . 8Gj . —1 .o 8G]' _ S5 an _
Proof of LemmaEl: First: (i) i M, (i) oM = M2 and 7o = —1.
Then:
0G; _ 0G; __ 0G; 0si __ -1 8§85 __ SiS;
L gxt; =0 due to the FOC, and oM = DL oM, (1-M;")(o-1) M = MM
9G; _ 9G; 9s; _ —1 sj(l=sj) _ _3j 9G; _ 0G; 9s; _ -1
2. 0A; — 0sj 9A; T (1 _Mj )(o —1) A, T MA; and A, = s 0A; —(1=M;)(o -
1)5]-51- _ 5;8;
A T MA(1—sy)

4.6.12.2 Cournot Competition

. —0o _1 . _1
Firm j solves max s;(1 — M;l), st M; = %]Aj, pj = EYlTyj 7,and s; = (y7’)1 a. We are going to
Yj

show that: (i) Z/ij >0, ‘fﬁj’“ < 0; and (ii) % >0, %ﬁj >0

Lemma 15 The FOC writes:

o—1 _
Fi(y1,...,yn) == . (1—5j)—/\/lj1 =0
We will need the following derivatives:
"In particular, substitute _ﬁf = —Mij(a -1)(1- M;l)(l —55) = —"W_jl(l —s;)+ ‘j\/_@l (1 —s;) in the first

term, and (o — 1)(1 — ./\/lj_l) = m in the third term.
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oF; _ (a;l)? sj(1=s;) OF, _ (2= )2w

o Yj ’ 0y, o Yj
oFy, _ or; _
945y AjgMyg 7 94j
1
pg_ Lo 10y _ 11| _ % —o (Y=o _ 1 Pj(g=1
Proof. For the FOC, first, note that =D [—J Y ay; Uy]} =% [ > (y) U} = yj( -5+

5)=- Z (55 + (1 —55))

g;r;- gZ(l - M) + s M 28(;; gzj - — 1; (1—s;)(1 =M1 SijQ’sz( j +§(1fs]))
= TR )= M) = M 0 )]
=T ) = (1 )M <f’;1 o) s = 2 TR - !
LG = ooy = (57)" 20 and G = GG = (2)°
2. gi = gﬂ}:tj %Aj = M}Ajv and gj; =0
where we have used: (i) aaj\lj{j = ﬁ?; (ii) % = —2L; (iif) %AAJ_" = % [
Then, we have the linear system Az = ¢, where (A); ; = a;; = —‘g—;’, xj = di and ¢; 1= 8815

Next, we obtain a system equivalent in signs by applying operations of the type described in Lemma
[B] We suggest two alternatives:

One is to multiply column j of A by e; = 47— U_l) 2y 1

: : ;. =1,
]OM]O (= o Tos; (i.e. change of variable 2, = e, "z;),

and row ¢ of both A and ¢ by b; = A;,M;,. So, we have:

(A5 = (A)jzbie; =1, (A)ij = (A)ijbiej = — 125
Cjo = Ciobjo =1, ¢ = cibi =0

It is straightforward to check that the system satisfies column diagonal dominance of Condition

since 1 —s; > > sp.

keT\{j}
In addition, using Corollary (4 c; > > |Uil|ci| — > |9i.0]|ci|, with |g;] =1
_ {i€eT\{i}:]a;,:]c;i<0} {i€T\{i}:laj,:le;>0}
and 90| = [(A) ;| = l%‘i’ we have:
1L.c¢,=1>0=— > ’(A/)j07j|’6j|7 and so xj, > 0
{7€T\{jo}:c; >0}
2. cj:0>—lijsi = — 3 |(A")j.illcil, and so z; >0, V5 € T\ {jo}

{ieT\{5}:ci>0}
The other alternative is to multiply each column j of A by y;, and then it is straightforward to check
that the resulting matrix satisfies row diagonal dominance of Condition [6, and min; A.; > 0, so we
can apply Corollary 6 and since ¢; = 0, Vj € J\ {jo}, it is straightforward that sign(zj,) = sign(cj,),

it can also be shown that sign(z;) = sign(cj,), Vj € J \ {jo}, using, in addition, Corollary
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Effect on markups:

Lemma 16 We will need the following derivatives:

OF; _ pAq=2 4 (0-1)% s, . OF, _ _(0=1)* s;
o, =M+ mp(L=s5) o, = =5 A Si
BFjO o _(‘7_1)2514(1 — 5. ) 6Fj (0'—1)25]4
8Aj0 - o AjO Jo/ 8Aj0 o AJO J
Proof.
OF} 2 g—10s; _ 2 4—2, (6-1)2 s; OF, (0—1)2 s
L a5t M= BMJ_MJ' + x4 (1—s;), and Ay i v
8F] 8Fj 883 o— No—1 OFy, OF, Os, __ o—1 —1
2. oA, = By 94, = —7—s5;(1 —s;) T On the other hand, oA, = Bsy 94 = o SISkA
[ |
; — L OF . . dM; . _ OF;
Then, we have the linear system Az = ¢, where (A); ; = oM Ti = aa and ¢; := —oa,

We can obtain a system A’z’ = ¢/ equivalent in signs by applying operations of the type described in

Lemma@ In particular, multiply row i of both A and ¢ by b; = ﬁ%, and column j of A by
0

'y _ -1

e = %Aj—j] ; (i.e. change of variable 2, = "Zj), where d; = |(M;s;)™" ooz t1—sj| . So, we

have

(A5 = (A)jgbje; =1, (A)ij = (A)i bie; = —sid;
090 - Cjobjo =1- Sjo > Cé =cb; = —s;

So, this transformed system is exactly the same as the case of Bertrand.
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