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Abstract

In this thesis, we investigate discrete breathers in nonlinear mechanical lattices
through numerical and asymptotic methods. First, in a one-dimensional mass-
in-mass Fermi-Pasta-Ulam-Tsingou (FPUT) chain with internal oscillators,
we identify stable stationary breathers and long-lived weakly unstable station-
ary and moving breathers and breather—kinks. Second, in two-dimensional
hexagonal lattices, we use multiple scales analysis, we derive the equations
governing wave propagation and reduce them to Nonlinear Schrodinger (NLS)
equations. We identify the ellipticity condition and a focusing condition for
the exist of fully localised NLS solutions in triangular geometries, and derive
(2+1)-dimensional and coupled (2+1)-dimensional NLS subsystems in honey-
comb structures. The latter arise from critical points of the dispersion relation
and yield existence criteria for small-amplitude breathers. These results are
relevant for predictive models for energy localisation in mechanical metamate-

rials as they link lattice symmetry, nonlinearity and breather stability.



Chapter 1

Introduction and Literature

Review

In this introductory chapter, we review the various types of solitons: breather,
pulses and travelling kink waves are introduced, and some historical devel-
opments are illustrated. It is shown that discrete nonlinear systems play an
important role in the analysis of complex dynamical behaviour, as in elec-
tronic and mechanical dynamics. These are pivotal in applications related to
advanced materials, such as graphene and metamaterials, where understand-
ing interactions at the microscopic level can lead to the manipulation of wave
propagation through engineered nonlinearity. These findings may contribute
to the development of next generation technologies.

This chapter therefore presents a motivation for the thesis and for the thesis

structure.

1.1 Historical developments

The study of lattice dynamics is fundamental to understanding the intrinsic
properties of crystalline solids. Lattices, understood as the periodic arrange-
ment of atoms or molecules in a crystal, exhibit harmonic and anharmonic

behaviours that significantly influence a material’s physical characteristics. In



the harmonic regime, atoms oscillate about their equilibrium positions due
to forces proportional to their relative displacements, allowing for analytical
simplifications in predicting crystal behaviour.

However, real world crystals deviate from purely harmonic behaviour due to
anharmonicity. These nonlinear effects arise when atomic displacements are
sufficiently, resulting in interactions beyond the harmonic approximation. Such
phenomena manifest in optics, electronics and acoustics. This transition from
harmonic to anharmonic dynamics reflects the movement from idealised sys-
tems to realistic models that account for fluctuating mechanical interactions.
Translational symmetry allows a lattice to extend across thousands of atoms,
producing a regular repeating pattern. This periodicity is essential in defining
the a crystal’s electronic band structure and phonon dispersion relations. How-
ever, defects or vibrational excitations may break the symmetry, introducing
localised states or scattering centres that significantly alter the lattice’s overall
behaviour.

Solitons, including breathers and kinks, emerge as distinct solutions to nonlin-
ear partial differential equations (PDEs) in nonlinear wave dynamics. Solitons
are localised waves that retain their shape and velocity post interaction, thus
distinguishing them from typical dispersive waves. Travelling waves, a broader
category, include pulses and kinks each characterised by specific propagation
and localisation features. A pulse is a localised wave packet with a peak that
propagates while maintaining its form. By contrast, a kink features a transi-

tion in amplitude across the medium, connecting distinct asymptotic states.

1.1.1 Breathers and Localised Oscillations

Breathers, or Discrete Breathers (DBs), represent localised oscillatory modes
that concentrate energy in discrete systems [3]. These modes have also been re-
ferred to by various other terms: Intrinsic Localised Modes (ILMs) emphasise

their emergence in defect-free lattices; Self-Localised Modes (SLAMs) highlight



the self-trapping mechanism; and Nonlinear Localised Fzcitations (NLEs) de-
scribe their general nonlinear nature. The term ” Discrete Breather” was coined
by Flach and Willis [3], whose framework is adopted throughout this thesis.

DBs have been studied in quasi one dimensional lattices, where high energy,
fully localised solutions exist even in higher-dimensional configurations [1]. In

some systems, such as those governed by the sine-gordon (SG) equation

S5~ s +sin() =0, (1.1.1)

breathers appear as bound states of kink-anti-kink pairs. However, in many
discrete systems, DBs are better viewed as individual entities, exhibiting robust

propagation similar to travelling kinks.

1.1.2 Breather Existence

Breathers exist in nonlinear discrete systems due to two fundamental features:
first, discreteness introduces an upper limit to the dispersion relation, allowing
the breather frequency and its harmonics to lie outside the phonon bands; and
second, monlinearity ensures that the breather frequency and its harmonics
can avoid resonances with linear modes, enabling the solution to remain long

lived.
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Figure 1.1: Illustration of the dispersion relation (2.2.6) [1] for 0 < k < 4, and
p = 3, = 3. The solid line represents the acoustic branch, while the dashed line
corresponds to the optical branch.



For example (Figure 1.1), a frequency gap lies between the two branches, and
the frequency of a breather may occur either above the optical branch or below
the acoustic branch. Breathers can also exist in continuous systems, provided

that nonlinear and dispersive effects are in balance.

1.1.3 Wobbling Kinks

A wobbling kink is a kink soliton that exhibits internal periodic oscillations
while maintaining its shape. The ”"wobbling” describes internal oscillations
of the kink’s shape that occur during its propagation. Instead of moving
smoothly, it "wobbles” around its equilibrium [5]. The potential function in
the ¢* model has two symmetric minima, and the equation of motion is derived

from the Hamiltonian

7{::%-((%5)2+—<g%)2>—+VK¢% (1.1.2)

where the potential is given by

V(p) = ¢ — 5¢°. (1.1.3)

The corresponding equation of motion is
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The stationary kink solution connecting ¢ = —1 as * — —o0, and ¢ = 1 as

T — 00, is

é(x,) = tanh (%) . (1.1.5)

To study wobbling behaviour, we introduce a small perturbation

o(x,t) = dnk(x) + en(x, t), (1.1.6)



with € < 1. Linearising (1.1.4) leads to

__74_ (3¢2(x,t)—1)7]=0. (1.1.7)

Here, (3¢*(z,t) — 1) represents the effective potential generated by the kink,

with the ¢* model yielding

x
U(z) =2 — 3sech? | — |, 1.1.8
) () (119
resulting in the perturbation equation
0%n  0%n
— - —+U =0. 1.1.9
52 g2 T U@ (1.1.9)

Assuming a separable solution n(z,t) = “'¥(z), we reduce the (1.1.9) to a
time-independent Schrodinger-type equation

d*v

— S+ UV = w2, (1.1.10)

which allows us to identify the internal (wobbling) modes of the kink.

1.1.4 Lattice models: mass-spring systems and nonlin-

ear potentials

We now illustrate the theoretical frameworks and computational models used
to describe discrete mass-spring systems in one dimension (1D), focusing on
the Fermi-Pasta—Ulam-Tsingou (FPUT) and Klein—Gordon (KG) lattices. A
mass-spring chain represents a straightforward 1D atomic lattice or crystal
model. This system is typically formulated as a dynamical system with the

Hamiltonian

2m

H(p,q) = ZipiJrZW(anZV(an — qn); (1.1.11)
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where m is the mass of each particle, p,, is the momentum conjugate to dis-
placement ¢,, and V and W are real valued potential functions. As illustrated
in Figure 1.2, the quantity ¢, measures the displacement of the n-th particle
from its equilibrium position. Let ¢ = ¢,4+1 — ¢, denote the strain between

neighbouring particles.
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Figure 1.2: Schematic illustration of a 1D mass-spring chain model.

Different choices of V' and W yield various well-known lattice models, includ-

ing:
o FPUT lattice

¢3 4

Wi(q) =0, V(¢)= %cﬁ +oaz + B (1.1.12)

where o and (8 represent the strengths of cubic and quartic nonlinearity,
respectively. The cases = 0 and a = 0 correspond to the a-FPUT and

B-FPUT models respectively.

¢ Klein—Gordon (KG) lattice

W(g) =Y aq, V(g)=c. (1.1.13)

where the coefficients a, arise from the Taylor expansion of the on-site

potential W (q), and ¢ is a coupling constant.

For asymptotic methods applied to small amplitude solutions, only the leading-

order terms in the Taylor expansion of the potential functions are typically



considered. Combining the Hamiltonian (1.1.11) with the FPUT potential

(1.1.12) yields the equation of motion

d*qy,
dt2

= (Gn1—2Gn+Gn—1)+a(@2 o1 =202+ G2 1) +b(¢ 1 —2¢2+q 1), (1.1.14)

where a and b relate to the nonlinear terms in the interaction potential. This
discrete second-order equation reflects the interplay between linear coupling
and nonlinear interactions, governing the evolution of nodal displacements

¢n(t) in the mass-spring chain.

1.1.5 Alternative potentials: Toda and Morse models

Beyond polynomial potentials, other forms are prominent in the literature on

nonlinear lattice dynamics.

Toda potential

«

V(o) = 5

(e P+ Bp—1), V'(¢)=a(l—e"), (1.1.15)

where « controls the amplitude, and # determines how rapidly the potential
decays with increasing ¢. The Toda lattice is notable for admitting exact solu-
tions [6]. For small displacements ¢, a Taylor expansion of the Toda potential

yields terms resembling the FPUT model with polynomial nonlinearity.

Morse potential

V($) = a (1 — e Bo-0)* (1.1.16)

commonly used to model molecular vibrations, particularly where bond-breaking
occurs [7]. Here, ¢¢ is the equilibrium position, 8 controls the width of the
potential well, and « represents the depth of the potential.

In this thesis, we focus primarily on onsite potentials W (q) and polynomial



interaction potentials V' (¢), as given in equations (1.1.12) and (1.1.13). In the

next section, we will discuss the NLS equations.

1.2 Nonlinear Schrodinger equation

The Nonlinear Schrodinger (NLS) equation plays a vital role in many
areas of mathematical physics, as it describes the slow modulation of envelope
solitons in dispersive nonlinear media. The general form of the NLS equation

in d-dimensions with power-law nonlinearity 20 is given by

ity + DV + Bl = 0, (x,0) = ¢(x), (12.1)

where 1 (z,t) is a complex-valued wave function, with ¢ € [0,00) and x € R
Here, V2 denotes the Laplacian in d dimensions, D is the dispersion coefficient,
and B is the nonlinear coefficient.

The classification of the NLS equation (2.2.9) depends on the sign of the prod-

uct BD:

e If BD < 0, the equation is defocusing, supporting dark solitons.

e If BD > 0, the equation is focusing, supporting bright solitons.

This classification is not original to the present work but is established in
seminal works (see, e.g., [3—10]) and has been extensively studied (see, e.g.,
[11, 12]). Coupled NLS systems are discussed in [13, 11].

Rasmussen [10] used the method of moments (also called wvirial theory) to derive
sufficient conditions for blow-up, where a localised wave can collapse and its
amplitude becomes unbounded in finite time. Two conserved quantities in the

NLS equation (2.2.9) are
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where H is the Hamiltonian (conserved energy) and N is the norm (conserved
mass). Blow-up can occur if: H < 0, and Ny > N, where N, is the critical
norm which depends on the spatial dimension d.

For initial data with Ny < N, and H > 0, the solution tends to disperse or
decay. The parameter o, = % defines three key regimes:

Subcritical: ¢ < o.; Critical: ¢ = og.; and Supercritical: ¢ > o,.

0 0.5 | 15 0 1
o No

Figure 1.3: Left: the relationship between the nonlinearity power o and critical
threshold o, in dimensions d = 1,2,3. Green indicates a subcritical regime; red a
supercritical regime. Right: regions of blow-up and dispersion depending on the
initial norm Ny and energy H.

A notable solution of the focusing NLS equation is the Townes soliton [15],
which arises when ¢ = 1, d = 2. This one parameter family of solutions can

be analysed via asymptotic and numerical methods [3, 13, 14, 16-18].

1.2.1 Coupled nonlinear Schrodinger equations

The coupled NLS equations describe the interaction between two or more non-
linear wave components. They are widely used in nonlinear optics, Bose Ein-

stein condensates (BECs) and plasma physics [13]. A general 1D system for

10



two interacting wave fields ¢ (x,t) and ¥y(z,t) is

0 0?
Z% + @;él + 71|11 + Bla Y1 = 0, (1.2.3)
0 0?
Z% + 8;2 + Y| ta|*thg + Bl [*the = 0, (1.2.4)

where 71,7, are the nonlinear interaction coefficients for each wave respec-
tively, and [ is the nonlinear interaction coefficients between the two waves.
If 41,72, B are equal, then the model (1.2.3)-(1.2.4) simplifies to the Manakov

model as

0 0?2
: awtl a;/}; o ([ + [12f?) 1 = 0, (1.2.5)
0 0”
' awtz aff + ([ + [92]?) 2 = 0. (1.2.6)

Here, v is a common nonlinear interaction strength between and within the
fields. This unified form simplifies the analysis of vector soliton solutions. The
solutions of the Manakov model include Dark-Bright (D-B) and Dark-Dark
(D-D) solitons [13]. Bright solitons are localised peaks in the wave amplitude
and are usually observed in focusing NLS equations. Dark solitons, on the
other hand, occur in defocusing NLS equations. These can be derived using

analytical techniques, including the multiple-scales method (see Section 1.3.2).

In [13], the authors consider a generalisation of the Manakov model given by
.0 0?
z% + 8;@ + ([ + ol + p +V(2)) b = 0, (1.2.7)
0 0?
2% + 8;/}22 +y ([ + [ + e+ V() 1he = 0, (1.2.8)

where v = 1, p, and V(z) are potentials relevant to BEC systems. The
dark-bright (D-B) soliton solution of the generalised Manakov model is ex-
pressed in terms of two real-valued amplitude functions |¢;| and [i5|. These

describe the density profiles of the dark and bright components respectively

11



11| = pcos®(8) — (pcos®(8) cos® ¢ — 0 sin?(8)) sech®(€)
— /i sin(20) [sin ¢ sin(kx + 6(t)) + cos ¢ cos(kz + 0(t)) tanh(&)] sech(§),
(1.2.9)

|tho| = psin®(6) — (pusin®(8) cos® ¢ — n? cos®()) sech?(€)
+ /pm sin(20) [sin ¢ sin(kx + 6(t)) + cos ¢ cos(kx + 0(t)) tanh(&)] sech(§),
(1.2.10)

where the parameters are defined as follows: p is the background amplitude of
the dark component; § the mixing angle controlling the amplitude ratio of the
dark and bright components; 7 is the amplitude of the bright soliton (setting
n = 0 yields a dark—dark soliton); ¢ is the phase angle determining the soliton
type; the & = D(x — x(t)) is the moving spatial coordinate with inverse width
D and soliton centre xy(t); the £ = D tan ¢ is an associated wavenumber; and
the 0(t) = 3(D? — k?)t + 6 is the phase shift, with 6, a constant phase offset.

The parameters must satisfy the balance condition
D? = pcos® ¢ — 1,

to ensure a stable coupling between the dark and bright components.

1.3 Asymptotic analysis

Asymptotic analysis provides powerful tools for understanding complex
systems by examining their behaviour in limiting regimes often described by
partial differential equations (PDEs). This approach is particularly useful
when seeking explicit approximate solutions, such as breathers that are other-
wise difficult to obtain. A substantial body of research has focused on deriving
such approximate solutions.

In this context, we focus on two primary techniques, which are often used in

12



conjunction with each other: the Continuum Approximation and the method
of Multiple Scales. The Continuum Approximation allows discrete systems to
be represented as continuous media on a macroscopic scale. By contrast, the
multiple scale method is designed to handle problems where different temporal
and spatial scales influence the system dynamics. We now briefly outline how

these techniques are employed to construct analytical solutions.

1.3.1 Continuum approximation

In the continuum approximation, a discrete physical system such as a lattice
composed of interacting particles is modelled as a continuous medium, to inves-
tigate phenomena on length scales much greater than the lattice spacing [19].
This allows the discrete variables n to be replaced by continuous x = en and
e < 1. For example, instead of tracking the displacement of each atom in a
crystal lattice by ¢, (t), one approximates the configuration using a field that
varies continuously in both space and time ¢(x,t). The governing PDEs are
then derived from the original discrete model through suitable approximations.
Consider a 1D FPUT lattice, where the relative displacements between neigh-
bouring particles are given by ¢,, = ¢,+1 — ¢,. The discrete equation of motion
is given by

d*dn(t)

a2 Vi(dns1) — 2V (dn) + V' (dn-1), (1.3.1)

where the derivative of the interaction potential V'(¢) (1.1.12) takes the form

V'(¢) = ¢+ ag® + B¢, (1.3.2)
d2é,
jﬁ(t) = fnr1 — 200 + Gno1 + 0 (S — 20, + 6 4) (1.3.3)

To derive the continuum limit for the case f = 0, we introduce a continuous
spatial variable x = en, assuming a small lattice spacing €. The key assumption

is that ¢, (t) varies slowly in space, allowing us to approximate ¢, (t) ~ ¢(z, t),

13



where ¢(z,t) is a smooth function. Furthermore, we assume a small amplitude

expansion such that ¢ = O(€?), implying that ¢* = O(e*) and ¢* = O(€°),

ensuring weak nonlinearity.

Expanding ¢,+1(t)=¢(x £+ €,t) in a Taylor series yields
0p e20% 0%

olrtet)=9¢x,t) te——+ ——= =+

e P20 T 50 (1.3.4)

Substituting into the discrete equation (1.3.1) and keeping terms up to fourth

order in €, we obtain

0%¢ 0 et o

o =S pp Wrad)+ oo (@tad)+o (135)
aQ(b aQ(b 64 a4¢ 82¢2

o g2 502 T 19 T ae? 5oz T O(£%). (1.3.6)

Now, consider a travelling wave solution of the form ¢,(t) = ¢(e(n — ct)) =
¢(2), where z = ¢(n — ct) and ¢ denotes the wave speed. Substituting into the

original discrete equation (1.3.1) gives

2 262¢ - 282¢ et 64¢ 262¢2

& 6
s T o2 T 5 +ae 5.2 +O(e). (1.3.7)
assuming ¢ = 2y ¢ = O(1), we get
a2w g6 a4w 321/12
402 Ty _St ¥ 6 6
e*(c 1)322 15 9.4 + ae 9,7 + O(e°). (1.3.8)

To balance term, we consider speed near unity, specifically (¢ — 1) ~ O(e?),

we simplify (1.3.8) to

(02 _ 1) 0277/} B i04¢ N a2¢2
2 922 1204 O 0z

T (1.3.9)
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We consider a small amplitude solitary wave solution of the form

3 (1) 3(c? —1)
In this limit, the solitary wave retains its structure and smoothness, consistent

with the expectations of the continuum approximation.

1.3.2 Multiple scale approximation

An effective method for determining an approximation for breather so-
lutions is the multiple scales method that is frequently used in perturbation
theory, nonlinear dynamics, and wave propagation, as well as when a system
features behaviour on multiple scales that interact with each other, such as a
slow modulation of a fast oscillation [19, 20] . In this method, we introduce
multiple independent scales, such as a very long time scale, i.e. T = €2t for
the oscillation; a long time scale, i.e. 7 = t; and a slow space scale X = em
in one dimension for the modulation of breather amplitude. Then, we apply
the asymptotic expansion of the solution in terms of a small parameter ¢ < 1,
where each term in the expansion depends on these multiple scales. Therefore,
expanding the solution and considering interactions between different scales
can cover the system’s behaviour. The phase 6 of linear waves characterizes
the oscillatory behaviour of the wave and depends on the wave number and spa-
tial dimensions. In a 1D chain, the phase can be displayed as 0 = km + w(k)t,
where k is the wave number, m represents the position along the chain and
w(k) is the frequency of the wave. By considering the displacements u,, as the

function of the independent variables m,t, X, 7 and T, the ansatz solution for

15



1D lattices has the form

U (t) = e F(x,7,T) + *(e* Gz, 7,T) + G (x,7,T) + Go(,7,T))
+ (¥ Hy(x, 7, T) + P Hy(2, 7, T) + ¢ Hy(x,7,T) + Ho(x,7,T))

+ ...+ cc, (1.3.11)

where the c.c is the complex conjugate.

In [21], Butt & Wattis considered a 1D FPUT chain whose particles interact
with their nearest neighbours. They sought small amplitude breather-kink
solutions by performing a standard multiple-scale asymptotic expansion for

the difference of displacements same, as (1.3.11) in the form
Pn(t) = e TR E(Z T) + ..., (1.3.12)

where € < 1 is a small parameter, T = %t is a very long timescale, and Z is the
slow travelling wave coordinate (see equation 1.3.14). This ansatz leads to an
NLS equation for F' with cubic nonlinearity. Substituting the ansatz solution
(1.3.11) in the equation of motion (1.1.14), equating the similar orders of ¢,

we get

e at order O(ge'?), the linear dispersion relation

k

w(k) = 2sin (5) : (1.3.13)

e at O(£%e"), a modulation equation

k
F.=cFx, withZ=X—cr, F(z,7,T)=F(Z1T), c:cos<—),

(1.3.14)
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o at O(£2e?"?), second harmonic correction

W Gy = sin®(k)(Gy + aF?) = Gy =acot? (g) F?, (1.3.15)

e at O(e3¢"?), the (NLS) equation arises

k
iFr 4 F,. = Fxx cos k — 12b|F|*F sin? <§)
c 2 k * *
— 8asin B [F(Go+ Gpy) + F*Gs), (1.3.16)
where Gy = —acsc? (%) |F|%

Reduction to Standard NLS equation Form: by expressing this in the standard

form and changing variables (1.3.14), we get

iFy = DFy + B|FF, (13.17)
with
p=tan (k) po 2ot (G) = da’ 4 3bsin?(5)
vV n? (5)

The reduction results in an NLS equation with (1+1)-dimensions that are
either focusing, i.e. BD > 0, or defocusing BD < 0. The standard breather

solution of the NLS equation is

. 2
F(Z,T) = Aexp (23‘3 T) sech (AZ,/%) , (1.3.18)

where A is breather amplitude.

Wattis et al. [22] extended and improved upon earlier work [21] by applying an
asymptotic reduction approach, which reduces the FPU lattice equations to
a modified Korteweg—de Vries (mKdV) equation. This equation is integrable

and supports interactions between multiple solitons, including breather-kink

17



solutions. The ansatz solution is given in the form

U (t) = eF (21, t1, 9,19, ...) + 52G(:U1,t1,x2,t2, SO+

+€3H3(£C1,t1,1'2,t2,...)—|—...—|—C.C, (1319)

where z; = e¢/n, t; = ¢/t, (j € N). By equating terms at equal orders of

€ < 1, the resulting mKdV equation takes the form

1
0 =4Fp + DFyy, + 3bF*F;. D = o b>0, (1.3.20)

where z =1 —t;, 7 =t;, T = t3+z3,and Z = x3—t3. Wattis etal [22] em-
ployed the Bécklund transformation, which is used in the study of integrable
PDE:s to construct explicit solutions; this transformation enables the construc-
tion of new solutions from the known ones, generating complex versions, such

as combined breather-kink solutions.

Further, when this concept is extended to 2D lattices, such as square or hexag-

onal lattices, the phase 6 generalises to

0 = km + hin + w(k, )t, (1.3.21)

where k and [ are the wave numbers in the two spatial directions, m and n
denote the positions along the respective axes and w(k, 1) is the corresponding
frequency.

For a square lattice, where the axes are orthogonal, the parameter h = 1.
However, in hexagonal lattices, where the axes are angled, h = v/3, reflecting
the different geometric structure. This formulation allows for an accurate
description of both the symmetry and dimensionality of wave propagation in

different lattice types. Here, we follow [23-20].
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The aim is to find the leading-order expressions for the functions G;, H;, and
F, where ¢ = 1,2,.... This method proceeds order by order in e, collect-
ing harmonics in the expansion of u,,(t) and v,(t). At each order, resonant
terms (such as €?) may introduce secular growth, unless they are cancelled
by suitable corrections to the amplitude or by satisfying a solvability condi-
tion. In this way, the solution is systematically constructed by balancing fast

oscillations and slow modulations at each order.

1.4 Literature review

1.4.1 Background and motivation

The FPUT system was among the earliest numerical experiments in nonlinear
dynamics [27]. Tt revealed the unexpected recurrence of initial conditions after
long simulations, now known as FPUT recurrence. This phenomenon sparked
extensive research in nonlinear wave propagation. Zabusky and Kruskal [2¥]
later explained recurrence in the Korteweg—de Vries (KdV) equation in terms of
elastic collisions between travelling waves, introducing the concept of solitons.
Since then, many nonlinear wave structures have been studied, including dis-
crete breathers and breather—kink modes. Discrete breathers are spatially lo-
calised and time periodic solutions in nonlinear lattices. They have attracted
significant attention due to their role in energy localisation in coupled os-
cillator systems. Rigorous existence and stability proofs for such solutions
in conservative systems were established by MacKay and Aubry [29], using
the anti-continuum limit approach, where coupling between (KG) lattice sites
tends to zero. A more comprehensive review of mathematical and physical as-
pects of discrete breathers can be found in Flach and Willis [3]. The existence
of breathers in the FPUT chain was proven by James [30], with generalisations

for broader classes of FPUT-type models presented by Livi et al. [31].
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1.4.2 The diatomic and monoatomic FPUT systems

In nonlinear lattice theory, monoatomic systems consist of identical particles,
whereas diatomic systems alternate between two types of masses, typically
labelled as “light” m and “heavy” M. The mass ratio p = M/mand 0 < p < 1
between these particles significantly shapes the chain’s spectral and dynamical
properties, especially regarding localised modes and wave propagation.
Vainchtein et al. [32] captured both slow and fast timescale dynamics for p < 1,
linking the original system to an effective nonlinear envelope equation. Un-
like earlier WKB-based approaches when focused on fast dynamics [33], their
method yielded more accurate approximations particularly through Padé-type
expansions which were effective for modelling the slow dynamics [34].
Pelinovsky etal [35] recently derived error bounds for approximating diatomic
system dynamics using a monoatomic model for small mass ratio limit p < 1.
Their energy analysis ensures long-term accuracy, particularly when large mass

displacements remain small.

Monoatomic FPUT chains subjected to longitudinal tension support rich trans-
verse wave dynamics, including stable soliton solutions. Cadet [36] explored
monoatomic chain and identified both linearly and circularly polarised enve-
lope solitons. By reformulating the system in complex variables and applying
semi-discrete approximations, he reduced the dynamics to a NLS equation
(see Section 1.2) that governs the envelope evolution. This model revealed
how longitudinal-transverse coupling can generate localised wave structures.
In subsequent work [37], Cadet included tension effects and examined how
longitudinal displacements impact transverse mode stability. He found that
circularly polarised solitons are generally robust, while linearly polarised waves
show stability only under specific material and wave parameters. Later [3¥]
expanded the model to include higher-order nonlinearities, identifying stability

regimes for transverse waves and showing that linearly polarised solitons often
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transition to elliptical polarisation upon interacting with other waves.

Collectively, these studies show that both monoatomic and diatomic FPUT
systems exhibit a wide variety of localised excitations. Their dynamics depend
sensitively on parameters such as mass ratios, interaction strengths and lattice

geometry.

1.4.3 Second neighborhood interaction

Second-neighbour interaction (SNI) extends the concept of nearest-neighbour
interaction (NNI) by allowing particles to influence others two lattice sites
away. These longer range interactions significantly affect lattice dynamics,
particularly in biological and mechanical systems.

Christiansen et al. [39] investigated soliton dynamics in a zigzag lattice incor-
porating both NNT and SNI (Figure 1.4). Inspired by structures such as DNA
strands and protein helices, their model permits longitudinal and transverse
motion, capturing richer dynamical behaviour. In the absence of SNI, the sys-
tem remains weakly nonlinear; its inclusion supports stable solitons, including

kinks and breathers.

Figure 1.4: Illustration of a zigzag chain system where the red particles form the
upper chain and the blue particles the lower.

Khusnutdinova et al. [2] developed a bilayer lattice model to examine wave
propagation in systems undergoing delamination, where chains composed of
distinct masses may separate in regions of weak interlayer bonding (Figure 1.5).
Applying a long wave approximation, they derived coupled KG equations and
showed that wave dynamics depend critically on the mass ratio; light upper
chains dominate at low ratios; heavier lower chains at high ratios, and strong

coupling enables energy exchange when masses are comparable. Further anal-
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Figure 1.5: Illustration of model used in [2], with upper chain in red and lower
in blue. The dashed (springs) lines show the upper chain and lower chain. Dashed
black lines connect particles between the upper and lower chains.

ysis using Lie symmetry methods [10] yielded exact and self similar solutions
standing waves, kink—kink structures and complex patterns whose behaviour
varies with wave speed, amplitude and interlayer mass ratio. Extending this
work, Khusnutdinova et al. [11] examined coupled dipole chains with soft bond-
ing, revealing that weak coupling induces dispersive effects and leads to solitary
waves with oscillatory, unstable tails.

Truskinovsky et al. [12] studied a monatomic mass spring chain with NNT and
SNI, showing that the strength and sign of SNI are crucial for wave stabil-
ity. Competitive interactions where SNI counteracts NNI can still support
solitary waves, but with subsonic or supersonic speeds depending on system
parameters.

Duran et al. [13] explored nonlinear lattices with long-range interactions via
the a-FPU model. They demonstrated that solitary travelling waves become
unstable when the derivative of wave energy with respect to velocity is negative.
Together, these studies demonstrate that extending lattice models beyond NNI
to include SNI and long-range coupling leads to fundamentally different wave
phenomena, influencing the existence, shape and stability of nonlinear excita-

tions in discrete media.

1.4.4 Mass-in-Mass systems

The mass-in-mass (MiM) lattice system, illustrated in Figure 1.6, consists of

an infinite chain of identical beads, each coupled nonlinearly to its nearest
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neighbour and internally connected to a resonator mass. While numerous
studies have considered the case of linear interactions between inner and outer

masses, MiM systems with nonlinear features continue to reveal rich dynamics.

\
\ . ) Qe 1)

Figure 1.6: Mass-in-Mass (MiM) system: ¢, (t) is the inner mass, and Q,(t) is the
outer mass. This configuration forms the basis for the MiM system studied in this
thesis.

Kevrekidis et al. [11] explored the interaction between a defect and a train
of solitary waves in a granular MiM chain, where a bead was coupled to an
internal harmonic oscillator. Using asymptotic and numerical techniques, they
demonstrated that the defect influenced wave propagation by reflecting part
of the energy and trapping the rest in localised oscillations, a phenomenon
absent in systems lacking the MiM structure.

Extending this work, Kevrekidis et al. [15] investigated travelling wave so-
lutions in a chain of beads, each connected to an internal resonator. They
identified “anti-resonance” conditions under which stable, pulse-like travelling
waves emerge. Similarly, Liu et al. [10] studied discrete breathers in diatomic
chains with linear internal resonators with mass m, and nonlinear outer inter-
actions with mass m4. By applying multiple-scale analysis (see Section 1.3.2),
they reduced the system to a NLS equation (see Section 1.2), whose parame-
ters are determined by the mass ratio p = mgy/m;. Their results showed that
for 0 < p < 2.356, the NLS equation is focusing, supporting bright breather
solutions. Even at large mass ratios (e.g. p = 10), the focusing behaviour
persists. In contrast, as p — 0, the system becomes defocusing, giving rise
to dark solitons. Faver et al. [17] further examined solitary waves in related

systems, showing that the MiM model reduces to a monatomic FPUT lat-
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tice in two limiting cases: when the resonator mass is small; or when internal
spring stiffness is large. These studies collectively demonstrate how internal
resonators enrich the range of localised wave behaviours in diatomic lattices.
Wallen et al. [18] analysed discrete breathers in MiM chains, focusing on the
impact of coupling stiffness . In the anti-continuum limit (k — 0), the system
supports highly localised, single-site breathers. As x increases, these structures
broaden but remain localised due to nonlinearities, with the governing equa-
tions reducing to an NLS-type equation.

Bonanomi et al. [19] conducted experimental, numerical and theoretical stud-
ies of travelling waves in MiM chains composed of aluminium outer masses,
steel inner masses, and a polymer spring. Their work showed that internal res-
onator vibrations can filter mechanical waves within tunable frequency bands
adjustable via static pre compression leading to localised modes.

Porter et al. [50] explored the propagation of highly nonlinear solitary waves
in Hertzian bead chains. They compared wave shapes and speeds across differ-
ent dimer configurations, such as alternating light and heavy beads, as well as
sequences consisting of N heavy beads followed by one light bead. Their analy-
sis combined experimental observations with long wave asymptotics, revealing
how nonlinear contact mechanics shape wave propagation.

Theocharis et al. [51] studied breather-kink solutions in compressed diatomic
chains of alternating heavy and light beads. They found two types of discrete
gap breathers: one centred on a heavy bead (unstable across all frequencies);
and another on a light bead, which is stable over a broad frequency range.
Recently, Wattis [I] provided an analytical study of the MiM system using
multiple-timescale analysis (see Section 1.3.2). He demonstrated that, un-
der certain linear coupling and nonlinear interactions, the system reduces to
an NLS equation. However, when both inner and outer interactions exhibit
quadratic nonlinearities, the reduction leads to a Complex Ginzburg—Landau
(CGL) equation instead. These results motivate the numerical investigations

presented in Chapter 2.
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1.4.5 Discrete breathers in two dimensions

In nonlinear lattice studies, the term “hexagonal lattices” can refer to distinct
but related geometries, including honeycomb, triangular or kagome lattices.
Although all exhibit hexagonal symmetry, their structural differences have
significant implications for wave propagation, breather dynamics and potential
applications in metamaterials.

Honeycomb and triangular lattices, for example, differ in unit cell composition
and neighbour connectivity. The honeycomb lattice (on left of Figure 1.7)
features two nodes per unit cell, whereas the triangular lattice (on right )
connects each node to six equidistant neighbours. While hexagonal lattices
are less studied than square lattices in mechanical contexts, understanding

their behaviour may inform the design of advanced materials.
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Figure 1.7: Left: Honeycomb lattice with red rectangle highlights the unit cell.
Right: Triangular lattice with the unit cell outlined in red; axes are labelled as m
and n.

Marin et al. [52] were among the first to study discrete breathers in 2D sine-
Gordon triangular lattices. They found that breathers could propagate with
minimal dispersion in specific directions, particularly when initial perturba-
tions deviated by 15° from the lattice axis. By incorporating nonlinear cou-
plings between atoms in adjacent planes and applying an onsite potential, they
revealed that hexagonal symmetry supports directionally mobile breather so-
lutions.

Bajars et al. [53] extended this model to include more general atomic interac-
tions. Their results demonstrated the formation of long lived mobile breathers
that retain energy and remain spatially localised over time. In particular, these

breathers exhibit frequency focusing: initial oscillations gradually narrow into
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a single dominant frequency band, enhancing temporal coherence and reducing
dispersion.

Kevrekidis et al. [51] examined breather stability in 2D KG and FPUT models.
They linked stability to the derivative H'(w), where H(w) is the system’s en-
ergy as a function of frequency for hard and soft nonlinear potentials, providing
a general framework for assessing breather stability across lattice types. The
stability of a breather with respect to H'(w) depends on the type of potential.
If H'(w) > 0, the breather is stable in hard potentials and unstable in soft
potentials. Conversely, if H'(w) < 0, the breather is stable in soft potentials
and unstable in hard potentials.

These insights into discrete breather dynamics in 2D lattices provide a founda-
tion for exploring their dynamics across different physical settings, including

electrical and mechanical lattice systems.

1.4.6 Electrical and mechanical lattices

The 2D square electrical transmission lattice (ETL) consists of repeating unit
cells comprising two linear inductors and a nonlinear capacitor. Butt and
Wattis [24] analysed such systems, based on the FPUT lattice, by applying
Kirchhoft’s laws to derive governing equations for charge dynamics at each site.
Through a multiple-scale asymptotic expansion (see Section 1.3.2), they iden-
tified small amplitude breather solutions localised in both spatial directions.
The envelope of the breather evolves according to a reduced 2D NLS equation,
with ellipticity conditions on wave numbers constraining the breather’s speed,
frequency and profile.

This approach was later extended to other geometries. In [23], triangular lat-
tices were examined, while honeycomb lattices were considered in [55]. In
both cases, similar asymptotic techniques were applied, yielding comparable
breather solutions. These studies incorporated both quadratic and cubic non-

linearities and continued to rely on Kirchhoff’s framework for charge evolution.
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Parallel developments occurred in mechanical systems. Wattis and Alzaidi [20]
investigated a 2D square mechanical lattice with each node connected by non-
linear springs to its nearest neighbours and by linear springs to diagonal ones.
Each node moved freely within the plane and was subject to an onsite potential.
A multiple-scale analysis (see Section 1.3.2), led to a generalised KG system,
which was reduced to a (2+1)-dimensional NLS equation. The existence of
breathers was shown to depend on both ellipticity and focusing conditions.
Although considerable attention has been devoted to square, triangular and
honeycomb geometries, the Kagome lattice characterised by its unique sym-
metry and band structure remains relatively underexplored in mechanical con-
texts. Its ability to sustain localised wave phenomena in mechanical systems
remains less well understood, despite extensive studies in photonic and topo-
logical contexts. Some progress has been made in identifying localised modes
in Kagome structures [56-01], yet many questions remain.

In contrast to the well established electrical models of triangular and honey-
comb lattices, their mechanical analogues particularly in the context of small
amplitude breathers have not been systematically studied. This thesis ad-
dresses this gap by investigating breather existence and behaviour in 2D me-

chanical triangular and honeycomb lattices, as presented in Chapters 3 and 4.

1.4.7 Application: metamaterials

Metamaterials are artificially engineered structures designed to exhibit prop-
erties not typically found in natural materials. Their unique geometries allow
them to manipulate energy mechanical, optical or acoustic in unconventional
ways. Increasingly, DBs have been observed in various metamaterial configu-
rations, both theoretically and experimentally.

Koukouloyannis et al. [62] studied 1D nonlinear left handed metamaterials
(LHMSs), characterised by a negative refractive index in which energy propa-

gates opposite to the wave vector. Using a multiple scale asymptotic expansion
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(see Section 1.3.2), they reduced the governing equations to a NLS equation
(see Section 1.2), thereby demonstrating the existence of bright breather solu-
tions.

In a mechanical context, Duran et al. [63] modelled a metamaterial composed
of square rigid units connected via flexible hinges, allowing rotational motion
between neighbouring cells. Their system incorporated both translational and
rotational degrees of freedom, and through asymptotic reduction, also yielded
an NLS equation supporting discrete breather solutions.

Experimental confirmation of such behaviours has emerged in several systems.
For example, Deng et al. [(1] reported the observation of solitary travelling
waves in rotating square metamaterials, where square units are connected by
flexible hinges and rotate about their corners or centres. These structures
have been proposed for applications in waveguiding and mechanical signal
processing.

Chong et al. [65] reviewed nonlinear wave dynamics in granular crystal chains
mechanical metamaterials governed by FPUT models. They highlighted the
influence of mass variation and geometric configuration on wave propagation.
Specially, increasing the mass ratio in diatomic chains leads to wave attenua-
tion, while smaller ratios promote resonant wave transmission. Strong inter-
particle interactions yield fast, highly localised waves with strong nonlinearity;
in contrast, weak interactions result in slower, less localised dynamics.
Together, these studies demonstrate the versatility of metamaterials in sup-
porting discrete breathers, with structural parameters such as mass ratio, ge-

ometry and coupling strength playing key roles in determining wave behaviour.

1.5 Overview of the Thesis

This thesis presents a comprehensive study of discrete nonlinear lattice sys-
tems, focusing on the dynamics of soliton-like structures, including breathers,

travelling waves and kink solutions. It is organised into five chapters, each
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addressing distinct aspects of nonlinear wave behaviour in 1D and 2D lattice
configurations through analytical and numerical methods.

Chapter 1 introduces soliton phenomena and highlights the role of discrete
nonlinear systems in modelling complex dynamical behaviours. The chapter
outlines various waveforms, in particularly, breather solutions, and their rele-
vance in electrical, mechanical and metamaterial contexts.

Chapter 2 investigates the MiM FPUT system using numerical simulations.
The study explores the interplay between outer masses and inner nonlinear
oscillators and derives reduced models, including the NLS and CGL equations.
The system is classified into four cases based on the presence or absence of
quadratic nonlinearities a, a: Case I: a = o = 0; (symmetric breathers); Case
II: @ # 0, a = 0 (non-symmetric breathers); Case III: a # 0, o = 0 ( breather-
kink); Case IV: a # 0, a # 0 (CGL regime).

The analysis covers both optical and acoustic modes, considering various
wave numbers k£ and mass ratios p. Stability regions for stationary and mov-
ing breathers are mapped out. For instance, in the optical mode at k = 0,
breathers in Cases I and III remain stable, while Cases II and IV show marginal
or full instability depending on linear interaction p. Moving breathers are long-
lived in Case I, while Cases II and III exhibit stability only for large p. Case
IV, the NLS equation, applies only at £ = 0 and k£ = 7, where stationary
breathers show marginal stability for large p, while at £ = 0.1 and 3.1, the
system yields a CGL equation.

Chapter 3 develops a 2D mechanical triangular lattice model in which each
node connects to six neighbours, forming a hexagonal pattern. The analysis
distinguishes between optical and acoustic modes via dispersion relations, and
derives a generalised KG system. Through multiple-scale analysis, the sys-
tem reduces to a 2D NLS equation. Ellipticity and focusing conditions for
breather existence are identified. This work is currently under preparation for
publication.

Chapter 4 extends the analysis to a mechanical honeycomb lattice, composed

29



of left- and right-facing nodes within each unit cell. Using the multiple-scale
method, the reduced dynamics are shown to yield distinct forms of NLS equa-
tions, depending on the wave vector (k,[). Five distinct cases are identified:
Case 1: global minimum; Case 2: global maximum; Case 3: Dirac point refers
to a conical intersection in the dispersion surface where two branches meet at
a single point; Cases 4 and 5: acoustic and optical saddle points, respectively.

In Cases 1 and 2, the reduction leads to coupled NLS equations, while in
Cases 4 and 5, the system reduces to a single (2+41)-dimensional NLS equation.
Case 4 supports stationary breather modes, whereas the optical saddle (Case
5) does not. This chapter also is being prepared for publication.

Chapter 5 concludes the thesis by summarising the key results across all
chapters. It also outlines several open questions and directions for future
research, particularly concerning breather dynamics in 2D mechanical lattices

and potential extensions to other geometrical configurations.
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Chapter 2

Numerical simulation of a fully
nonlinear mass-in-mass FPUT

chain

This chapter presents numerical simulations of discrete breathers in the fully
nonlinear MiM FPUT system. In this model, each outer mass is coupled to its
nearest neighbours and to an inter nal nonlinear oscillator, creating a complex
network of interactions. We focus specifically on the case where both the
internal couplings and NNIs are governed by nonlinear forces.

The simulations confirm that the MiM FPUT system supports a variety of
breather solutions, including stationary breathers both stable and unstable
as well as breather-kink forms. Further, the results show the existence of
moving breather and breather-kink solutions, which, even though unstable,
exhibit long-lived behaviour before decay. This interplay between stability and
instability highlights the diverse nonlinear behaviour of the MiM FPU'T system
and enhances our understanding of the mechanisms driving the emergence and

longevity of these localised excitations.
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2.1 Introduction

In this chapter, we numerically simulate a fully nonlinear MiM FPUT chain.
We consider the case where all interactions have nonlinear components, fol-
lowing Wattis [1]. We simulate the system with different combinations of
quadratic and cubic nonlinearities, and investigate the robustness properties
of various breather and breather-kink modes derived therein. The system’s
linear frequency spectrum comprises two branches: an “optical” branch of
higher frequency modes, and a lower-frequency “acoustic” branch. Nonlinear
modes may exist in the gap between these, and above the optical branch. In
Section 2.2 we summarise the asymptotic analysis of the fully nonlinear MiM
chain, then we use solutions from this weakly nonlinear analysis as initial con-
ditions for simulations. In sections 2.3 to 2.7, results of our simulations on
stationary and moving modes are presented, illustrating the robustness and
stability of these modes in terms of their lifetimes and measurements of decay
rates. In section 2.13, we discuss the significance of these results and finish

with concluding remarks.

2.2 Numerical investigation of breathers and

breather-kink modes

2.2.1 The model

Here, we focus on the breather solution, that is, modes with small amplitude
and whose envelope varies slowly over both space and time compared to the
linear carrier oscillations. We summarise the asymptotic results of [1], using n
to denote the position of the mass along the lattice or chain; the displacements
of the outer oscillators of mass m are defined by ¢, (), and the corresponding
momenta are defined by p,(t). These outer particles are connected to their

nearest neighbours (n£1), as well as to their inner masses (M ), whose displace-
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ments and momenta are given by Q,(t), P,(t), respectively. The equations of
motion are derived from the Hamiltonian

p2 P2

om | 2M
n
where the potential energies, with a,«a,b, 5 denoting the coefficients of the
cubic and quartic nonlinear terms respectively, are given by
¢ 9 T A
- a4 p = p— — —, (2.2.2

for some linear interaction p > 0, with a, b, o, 8 of either sign. The equations

of motion are thus

d?q, , . )
m_dtq2 = Filqn,@Qn) = V' (tns1—@) = V(dn—qn-1) = W (g —Qn),
Q. /
MR (4,00 = Wil - Q). (223)

A small parameter ¢ < 1 is introduced, which is proportional to the amplitude
of the breather solution; the mass ratio is defined by p = M/m. A large space

scale y = en and two long timescales 7 = t, T' = %t are introduced to make

use of multiple-scale methods [20]. To find general breather modes, we use the
ansatz
W) = Py, 7,T)+cFyly,7,T) + 2[e** Gy + G + Gy] (2.2.4)

+€3[€3i9H3 + ¥ H, + H, + Hol + ... + cc,
Qu(t) = ePiy,7,T)+cPy(y,7,T) +2[e** Sy + ¢S, + So] (2.2.5)

+&3[e¥ Ry 4+ ¢* Ry 4+ € Ry + Ry] + ... + c.c,

where €, with § = kn—w(k)t describes the carrier wave; Fj(y, 7, T); P;(y,7,T)
are the leading order shapes of the envelope and zero mode; and G;; Hj; Sj; R;
are higher-order correction terms in e, which are all functions of (y,7,T).

These define the amplitudes of higher harmonic correction terms to the fun-
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damental modes, which are generated by nonlinearities. After substituting
these formulae into the equations of motion (2.2.3), all terms are expanded in
powers of €. The time derivative is expanded as d/dt = 0; + €0, + €20r. By
combining terms with equal powers of ¢ and frequencies €%, j = 0,1,2, ..., a
sequence of connected pairs of equations determines the form of the envelopes
Fj; P;; G5 Sj, ete.

As a result of equating terms at O(ge), nonzero solutions for P, F; must

satisfy the dispersion relation

1 k
w? = Y { M+pm+4Msin2§j:\/D} : (2.2.6)
AN o,k
D = pM + pm + 4M sin 5 — 16 Mmpsin 5

This has two branches: acoustic, w,. with a lower frequency, corresponding
to the “ — 7 sign in (2.2.6); and optical, w,, that has higher frequency, cor-
responding to “ + 7 sign in (2.2.6). In the zero limit of wave number &, the

speed of sound ¢y is obtained as

¢y = Tim Cactk) _ ! (2.2.7)

=0k \/m

In both acoustic and optical cases, the ratio of the amplitude of inner and
outer mass oscillations, C(k) = P/ F, is given by

Ck) = p_M—pw(k)g. (2.2.8)

As the parameters p, u change, the system exhibits various behaviours. To
demonstrate these, we consider mass ratios p on both sides of unity, namely 3
and 1/3, as well as spring constants above and below unity, namely p = 1/3,
and 3. At O(g2e"), O(2e??), we find expressions for the second and zeroth
harmonics G, Q2, Go, Q. At O(g2e!), we obtain the corrections to the leading

order mode and the speed of the envelope ¢, so that subsequent terms can be
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written in terms of the travelling wave coordinate Z =y — c7.
At O(e3e%), corrections terms G; combine with the leading order terms Fy, F1,

to yield the NLS or CGL equation

iQFLT = D3F1,ZZ + (7’] + ZC)’F1|2F1, (229)
where
2 . 2
q — _2melptppC e ). (2.2.10)
(p — pmw?)
2C
D; = % + (14+uC)Ymc* — cosk
p—pmw
+2pv1(sink — (1—p)mwe), (2.2.11)
2
pmw?*(C'—1) 9 A
n = m[i’)ﬁ(C—l) + 20(Gy— ) + 4(v0—00)]
4k 2, ok . oogk K
+48bsin 5 + 16a“¢g sin 5 + 32aa, sin 5 CoS 5, (2.2.12)
. ak k 20pmw?(C —1)(a, — as)
¢ = 32ad4,sin’® 50085 = = ,umuﬂ)g ; (2.2.13)
where ¢g, &y, &5, Y0, 00, G4, and a, are given in [1]. Thus, the NLS equation

(2.2.9) has been obtained, with an additional ¢ term in front of the nonlinearity.

If one or both of o and a are equal to zero, and if
nDs > 0, (2.2.14)

then we have the focusing form of NLS and localised breather solutions are

Fy = Ae T/ g0ch [ AZ i/ , (2.2.15)
2D5

where A is the amplitude and Z = y — ¢7 is a coordinate system moving with

given by

the wave. From equations of O(e2e%?) the zero mode, Fy is determined by
4Aasin®(% 2D
Fy = AAasin’(;) Stanh ( AZ, |, (2.2.16)
(14+pyme?2 =1\ n 2D;
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which has the form of a kink travelling at speed c¢. This term only enters
2.2.4-2.2.5 when a # 0.
The behaviour of the system can be classified into four cases depending on the

presence or absence of quadratic nonlinearities, namely:

e Case I. @« = 0, a = 0, where Fy = 0, so breathers have the classic form
T,
and are symmetric (in that ¢, (¢t + 71)) = —qy,(t), where T, is the period
of oscillation, with a similar result holding for @, (t));

e Case II: a # 0, a = 0, where Fy = 0, so breathers have the classic form

(but are not symmetric);

e Case IIl: a = 0, a # 0, where F # 0, so modes are a combination of

breather; and kink forms (the breather component being symmetric);

e Case IV: a # 0, a # 0, where Fy # 0 and, for general k,  # 0 so (2.2.9)
is CGL. However, at some values of the wavenumber k, such as k£ = 0, 7,
¢ = 0 and the NLS will still be relevant. In such cases, the mode is a

combination of breather and kink.

2.2.2 Numerical implementation

In this section, we explain the numerical simulation algorithm used to solve
the equations of motion governing the MiM lattice (2.2.3). This infinite set of
coupled second-order nonlinear ordinary differential equations are truncated to
finite size N, and periodic boundary conditions (BCs) are applied. Typically,
we choose lattice sites with N > 200 for wave numbers k& = 0, 7, since these
wave numbers give stationary modes. We initiate the simulation with the wave
centred at lattice site n = N/2. For other wave numbers, e.g. k = 0.1,3.1,
we use larger values of N > 103, since these cases allow moving waves, and we
wish to follow the system’s evolution for a considerable time (¢ ~ 10%) without
the body of the wave interacting with the boundary conditions. In these cases,

we start the simulation with the mode at lattice site N/4 and with velocities
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chosen so that it starts moving towards the centre.

We use the analytic equation for breather solutions presented in (2.2.15) and
(2.2.16) to construct initial conditions setting ¢ = 0 to determine initial data

of (2.2.3 ) at each lattice site. From (2.2.15)- (2.2.16), we obtain

0i0) = 2eacos((om = m) = S s (“m—no) ZZ%)

4Aasin®(%) 2Dy "
tanh ( AZ(n — — 2.2.17
TTrpme 1\ ™ ( (n =m0y 2D3)’ (22.17)

from the leading order terms in (2.2.4)—(2.2.5), q, = eF, + €€ F} + c.c. and

Q, = cFy+ce?CF, +c.c., and corresponding expressions for the initial veloci-
ties p,(0)/m = dg,/dt|;—o and P,(0)/M = Cp,(0) . We introduce the concept
of the breather’s half-height width, which helps determine the spread of the

solitary wave. From (2.2.15), the width W, is given by

2log(2 [2D
W, = 2loal ; V3) [2Ds. (2.2.18)
e 0

This width W, helps us identify suitable parameter values of bright breathers,

as illustrated in figure 2.1. If the width is too large (e.g. W, > 100), then an
extremely large value of N would be required, and so it is difficult to perform
numerical simulations. If the width is too narrow (e.g. W, < 10), then the
quasi-continuum approximation used in the asymptotic analysis is not valid,
and we would not expect the approximate breather solution (2.2.4)—(2.2.5) to
be accurate where the breather may fall between two lattice sites. Hence, we
choose values for b, § so that the width is at least ten lattice sites, but not so
large that computations become impractical.

We use the MATLAB package ode45 to solve the equations of the motion
(2.2.3). This is 4% or 5" order Runge-Kutta-Fehlberg (RKF45). In section

2.3 and 2.7, we present our findings regarding simulations of stationary and
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Figure 2.1: Plot of squared width of breather against parameter values of 8 and
b for optical case I: a = a« = 0 when &k = 7 and p = 3,4 = 3. The region where
squared width is negative corresponds to the defocusing case.

moving breathers in MiM lattices in the four cases listed at the end of Section
2.2.1. We investigate whether the shape of the wave changes over time.

Since simulations are performed on a finite lattice, we choose to use periodic

boundary conditions (BCs), which are implemented via

Glt) = an(t) = @, v+ (t) = ai(t) - @, (2.2.19)
%%(t) = %q]v(t), %QN-H(t) = %ql(t) (2.2.20)

where ® is the amplitude of any kink-component contained in the initial con-

ditions (2.2.16), namely ® = limy_,o, gn(0) — ¢_n(0) # 0, or

8Aasin®() 2D;
o = 2 = lim F{ — Fy(—=2). 2.2.21
(1+ pyme® — 1 " el 0(2) o(—2) ( )

At early times, a small amount of radiation is sometimes emitted as the wave

adjusts more precisely to the lattice. This radiation arises because the initial
conditions are based on a leading-order, weakly nonlinear approximation. The
transient radiation, resulting from initial conditions that only approximate the
breather, does not propagate through the lattice or interfere with the main

mode at later times. To mitigate this effect, we apply a small damping factor

(A =1077) to the final 10% of lattice sites.
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Hence for our numerical simulations, (2.2.3) is replaced by

d*qn dg

- = Fi(gn, Qn) — A o (2.2.22)
d*Q, dQn

dg = ]—“Q(men)—)\%, (1<n<N/10 and 9N/10 <n < N),

where Fi(qn, Qn), Fo(gn, @n) are given by (2.2.3), and typically N ~ 10°.

2.2.3 Numerical assessment of robustness

Ac IIT | Breather-Kink | Stable small ( p)
Ac IV | Breather-Kink | Unstable

’ k \ Type \ Case \ Waveform \ Stability ‘
0| Opt I Breather Stable
0| Opt IT | Breather Marginal (large p), Unstable (small p)
0| Opt ITT | Breather Stable
0| Opt IV | Breather Unstable
m | Opt I Breather Stable
m | Opt I | Breather Marginal (large p, small p)
m | Opt | III | Breather-Kink | Stable (large p, small p)
7w | Opt | IV | Breather-Kink | Stable (large p, small p)
T | Ac | Breather Stable
T | Ac IT | Breather Unstable (small p), Marginal (large p)
T
T

Table 2.1: Summary of stability status of stationary breather modes based on nu-
merical simulations of fully nonlinear MiM FPUT lattice: Case I corresponds to
a=0=q; Case Il to a =0 # «, Case IIl to a # 0 = «, and Case IV to a # 0 # a.
a, a are coefficients of quadratic nonlinear in 2.2.2.

We local energy e, (t) investigate the position and lifetime of breather modes
and to confirm the validity of asymptotic analyses. We aim to understand

whether the energy remains localised or disperses. We define the local energy

at lattice site n at time ¢ as

2

2
P, Ly 1
en(t) = 5 -+ oqp 5 (Vnn = @) +V(dn = 4a-1)) + W(an = Q). (2:2.23)

The total energy is then H = 32" e,(t), which should be constant. While
qn(t) and @, (t) oscillate rapidly in both n and ¢, the quantity e, () is strictly

positive and varies much more slowly over both n and ¢. Consequently, e, (t)
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is a much more useful way of determining the location of the breather mode

at each value of t. In particular, the breather location can be defined by
t
L(t) = Z ( ) (v>1), (2.2.24)

where the exponent v > 2 gives us the L, norms. This is particularly important
for moving breathers, where L(t) is used to determine the velocity of moving
waves. After calculating the location of the breather, we measure the localised

energy as the energy within two breather widths (2.2.18) of its location

L(t)+Wb
LocEn(t) = Z en(t), AE = H(Y) HL:cEn(t)' (2.2.25)
=L(t)-Wp ( )

Here, the relative change in the energy AFE is given by the proportion of
energy outside the breather. This quantity helps us determine how significant
is energy loss to the rest of the lattice. The total energy H(t) will only decrease
from H(0), due to the absorption of radiated energy by the ends of the lattice,
because of the damping terms A in (2.2.22). A summary of our study of

stability, robustness and lifetime results is given in Tables 2.1 and 2.2.

2.3 Numerical Results for Stationary Modes

In this section, we consider three types of stationary breather: (i) optical
breathers with & = 0, which are slowly varying over lattice sites n and have
inner and outer particles moving out of phase (so that ¢,.1 ~ ¢, ~ Qn/ C
with C' < 0); (ii) optical breathers with k = =, where nearest neighbours
move out of phase, as well as inner and outer particles being out of phase
(so that —gpi1 ~ Gp ~ Qn/C with C' < 0); and (iii) acoustic breathers with
k = m, where inner and outer oscillators are in phase but neighbouring nodes
are out of phase (so that —gni1 ~ ¢n ~ Qn/C with C > 0). The fourth

combination, of acoustic mode with & = 0, occurs when both motions are
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Wave- | Optical/ | Case | Waveform Stability / Lifetime
number | Acoustic
k=0 Ac cubic | Travelling kink Long-lived
k=0 Ac quartic | Travelling kink Splits in two
k=31 |O0pt/ Ac I Moving breather Long-lived
k=31 Opt II Moving breather Long-lived for p = 3,u=1/3
Ac II Moving breather Long-lived for p =3
k=31 Opt I1I Moving breather-kink Long-lived for p =3, u=1/3
k=31 Ac 11 Moving breather-kink Long-lived for p =3, u =3
k=31 n/a I\Y n/a- CGL with ( #0 | n/a
kE=0.1 Opt I Moving breather Long-lived for p = 3,
unstable for p = 1/3
E=0.1 Opt II Moving breather Long-lived for p =3
Unstable for p=1/3
E=0.1 Opt I1I Moving breather Long-lived
k=0.1 n/a I\Y n/a/ - CGL since ( # 0 | n/a
E=0.1 Ac I Moving breather Unstable
kE=0.1 Ac II Moving breather Unstable
k=0.1 Ac 111 (defocusing) n/a
k=0.1 n/a I\Y n/a- CGL since ( #0 | n/a

Table 2.2: Summary of stability status of moving kink, breather, and kink-breather
waves based on numerical simulations of fully nonlinear MiM FPUT lattice: Case I
corresponds to a = 0 = «; Case Il to a = 0 # «, Case III to a # 0 = «, and Case
IV to a # 0 # «.

in phase (Gny1 = Gn =~ Qn/C’ with C' > 0) and leads to kink-type travelling
waves, which are considered separately in Section 2.8. In each of these cases,
we discuss simulations of four sub-cases corresponding to smaller and larger

values of the nearest-neighbour interaction constant p and smaller and larger

values of the mass ratio p.

2.4 Optical modes for k£ =0

In this section, we systematically investigate the four fundamental cases that
arise depending on whether the coefficients a and « of the quadratic nonlin-
earities are zero or non-zero. For each case, we explore two different values

of the mass ratio, 4 = 3,1/3 and the linear interaction strength p = 3,1/3,
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focusing on their impact on breather formation and stability.

2.4.1 Case I: even potentials (¢« =0 = «)

0.1 0.1
0.1
= 0 0 0
-0.1 i
-0.1 — -0.1
2000 =
- 0.2
t 1980 150 200
n
(b)
0.15 0.15
0.1 0.1
0.1 005 0.05
o O o 0
-0.1 0.05 -0.05
) 0.1
2000 0.1
-0.15 -0.15
1980
c 1960 150
n
(c)

Figure 2.2: Stationary breather profiles for Optical Case I (k = 0, = 0,a = 0)
showing ¢, (t) plotted against (n,t). Top row: p = 3; bottom row: p = 1/3; left
column: g = 3; right column: p = 1/3. For full parameter values, see Table A.1 in
Appendix A.

Figure 2.2 displays simulations for all combinations of weak (p = 1/3) and
strong (p = 3) linear coupling, as well as small (z = 1/3) and large (u = 3)
mass ratios. The selected parameters (b, ) satisfy the NLS focusing crite-
rion (2.2.14) and yield suitable breather widths when ¢ = 0.1. In all cases,
over 99% of the energy remains confined within the central breather width W,.
A small energy loss due to edge damping is observed, but remains negligible.
Each simulation begins with the breather centred within the lattice. As shown
in Figure 2.2, the breather maintains localisation throughout the entire simu-
lation time (fena = 2000), shedding only minor radiation.

Figure 2.2(d), corresponding to p = 1/3, u = 1/3, shows a localised breather.
Figure 2.3(d) further supports this by illustrating parallel evolution of total

energy H(t) and localised energy LocEn(t), indicating minimal radiation loss.
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Figure 2.3: Time evolution of localised and total energy H(t) = ), e, and
LocEn(t) defined in (2.2.23) and (2.2.25), for 0 < t < 2000, under Optical Case
I. Top row: p = 3; bottom row: p = 1/3; left column: p = 3; right column: p = 1/3.
See Table A.1 in Appendix A for parameter details.

The small gap between the two curves is consistent with minor energy loss

due to damping at the lattice boundaries. Compared to Case (b), Case (d)

demonstrates superior long term localisation and dynamic stability.

2.4.2 Case II: potentials at (a =0, # 0)

We now examine the case where a = 1, introducing a quadratic nonlinearity in
the interaction between the inner and outer masses, while maintaining a = 0.
We choose values for § and b that satisfy the focusing condition (2.2.14) and
ensure that the resulting breather width remains within relevant range.

Figure 2.4 illustrates the qualitative behaviour of breather modes under varying
strengths of linear coupling p and mass ratio pu. For strong coupling (p = 3),
stationary breathers are long-lived regardless of the value of u. In contrast, for
weak coupling (p = 1/3), the breathers exhibit instability and decay quickly,

again independently of the value of u.
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Figure 2.4: Evolution of g, (t) versus (n,t) for Optical Case II with £ = 0, showing
the central region of the lattice for early times (N = 400, ¢ = 1000). Top row: p = 3;
bottom row: p = 1/3; left column: p = 3; right column: g = 1/3. Full simulation
parameters of Case II are provided in Table A.1 in Appendix A.

2.4.3 Case III: potentials at (a # 0,a = 0)

Here, we investigate the case where only the along-chain interactions have
quadratic nonlinearity, setting a = 1 and o = 0. Although equation (2.2.16)
permits breather-kink solutions for a # 0, the choice k = 0 eliminates the kink
component, resulting in pure breather waves.

Simulations for this case, conducted with ¢,,,, = 1000, N = 1000, and various
values of 3, demonstrate that the breather remains highly stable. No significant
deformation or amplitude decay is observed in the interval 500 < ¢ < 1000.
This confirms that the breathers in Case III are long-lived and structurally
robust over time.

The corresponding simulation parameters for Case III are summarised in Ta-
ble A.1 in Appendix A, including the values of 3, W}, and mass ratio x under

each (p, 1) configuration.
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2.4.4 Case IV: the general case (a # 0, # 0)

We now consider the general scenario where both the along-chain and inner-
outer mass interactions possess quadratic nonlinearities, setting a = 1 and
a = 1. The parameters are chosen to satisfy the focusing condition (2.2.14).
Figure 2.5(a) and (b) show breather profiles over the intervals 0 < ¢t < 250
and 100 < ¢ < 500, respectively; panel (c) displays the local and total energy
for 0 < t < 200. The parameters are b = 1, § = 2.98, W, = 20.3510, and
w = 0.6667.

Unlike the stability seen in Case III, the breather mode in Case IV is short-
lived. As shown in Figure 2.5, a rapid decline in amplitude occurs within the
early simulation 0 < ¢ < 200. Panel 2.5(a) clearly illustrates the onset of
breather destabilisation and energy dispersion around ¢ > 100. Panel 2.5(c)
confirms this with a sharp drop in localised energy, indicating a loss of coher-
ence and structural integrity.

These results underline the sensitivity of breather dynamics in fully nonlin-
ear systems, where even minor adjustments in nonlinearity parameters can

significantly influence stability.

—LocEn
0.05 —H

-0.05

0 50 100 150 200
t

(¢) Local and total Energy

Figure 2.5: Breather evolution for Optical Case IV with k = 0, p = 1/3, u = 3,
N = 1000, and tyax = 1000.

Thus far, we have examined all four combinations of nonlinear coefficients
(a, a) under stationary optical modes with k& = 0. For each case, we varied the

mass ratio p and the linear coupling strength p, revealing a rich diversity of
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breather behaviours from long-lived to rapidly-unstable regimes.
Next, we turn our attention to the case k = m, where adjacent lattice sites
oscillate out of phase, introducing new dynamics and stability patterns in the

breather solutions.

2.5 Optical modes for k=7

Continuing with optical modes, where the inner and outer masses oscillate out
of phase (Q, = C{n, with C' < 0), we now shift from the case k = 0 (in
phase motion, §¢,.1 =~ ¢,) to the case k = 7, where adjacent nodes oscillate in
opposite phase (¢n,+1 = —¢,). This phase inversion leads to distinct breather

dynamics, which we explore across four nonlinear interaction cases.

2.5.1 Case I: even potentials (a =0 = «)

Figure 2.6: Optical Case I for k = m, with t.x = 2000 and N = 400, under the
condition ¢ = o = 0. Left column: p = =3, =1, b = 0.001, W, = 16.0573;
right column: p=p=1/3, 5 =1,b=0, W, = 12.8933.

Simulations performed with N = 400 and over a time interval up to t,.« =
2000 indicate that the breather remains well localised and dynamically stable
in both strong and weak coupling regimes, such as in the cases (p = p = 3)

and (p = p = 1/3) shown in Figure 2.6. These results confirm the robustness

of breather dynamics in systems governed by even potentials.
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2.5.2 Case II: potentials with (a = 0,a # 0)

Numerical simulations with o = 1 indicate that breathers are long-lived un-
der strong coupling (p = 3) with small mass ratio (4 = 1/3), but unstable
under other parameter combinations. Figure 2.7 shows how varying p and p

influences stability.

Figure 2.7: Optical Case Il for k = 7, tax = 1000, N =400, a = 0, a« = 1. Top
row: p = 3; bottom row: p = 1/3; left column: p = 3; right column: p = 1/3. The
parameters used in this case are summarised Table A.2 in Appendix A.

2.5.3 Cases III & IV: potentials with a # 0

With @ = 1 and k& = 7, simulations of the optical mode reveal the emergence
of breather-kink and wobbling kink modes. These structures are generally
unstable across all combinations of (p, ), with one notable exception: when
p =3 and p = 1/3, a wobbling-kink mode develops that retains coherence over
a longer duration and undergoes comparatively less amplitude reduction. In
contrast, all other parameter settings result in rapid destabilisation and decay
of the breather lattice structure. Figures 2.8 and 2.9 illustrate the correspond-

ing time evolving profiles and energy decay.

47



0 =
450 S0 S50 t 0 450 500 350
n

t 0 450 500 350
n n

(e) () () (h)

Figure 2.8: Breather-kink profiles (top) and energy evolution (bottom) for Optical
case lll witha=1,a=0, k=m, N = 1000, tpmax = 1000. Parameters for this case
are listed in Table A.2 in Appendix A.

These complex oscillations are referred to as wobbling kinks, which retain their
kink-like structure. Thus, Figure 2.9(b) appears to exhibit a wobbling-kink
type mode. In contrast, Figures 2.9(a) split in two kinks, (c), and (d) lose their
kink structure. This behaviour, extensively studied in ¢* models [5, 66, 67],
reflects the dynamically rich and non-integrable nature of the MiM system.
Our findings show that the presence of dual nonlinearities (a # 0, a # 0)

significantly amplifies instability in the system.
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Figure 2.9: Profiles and energy decay for Optical Case IV with full nonlinearity
(a=a=1), k=m, tmax = 1000, N = 1000. Refer to Table A.2 in Appendix A for
the parameters used in this case.

In this section, we have examined four principal nonlinear configurations for
optical modes at k = m. The simulations demonstrate that, while both the
even potential and the potential with o # 0 at p = 3 and u = 1/3 yield
stable breathers, the presence of dual nonlinearities gives rise to complex and

unstable breather—kink dynamics.

We now proceed to investigate the acoustic modes for £k = m, where energy
transfer and stability profiles reveal additional nonlinear behaviours in MiM

systems.

2.6 Acoustic modes for k=7

For acoustic modes, we present simulation results under both strong and weak
linear interaction regimes (p = 3,1/3) and for large and small mass ratios
(1 = 3,1/3). The simulation parameters are configured as follows: lattice size
N = 400 for Cases I and II, and N = 1000 for Cases III and IV, so the decay of

the mode dose not interact with the body of the wave. The values of ¢ = 0.1,
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along with appropriately chosen 3 and b, ensure the formation of breathers with
reasonable spatial width, while satisfying the NLS focusing condition (2.2.14).
In all cases, the breather or breather-kink is initially positioned at the centre
of the lattice (n = N/2). Simulations are run up to tyax = 2000 for Cases I

and II, and ¢, = 1000 for Cases III and IV.

2.6.1 Case I: potentials with a =0 =«

0.1
= 0
-0.1

2000

Figure 2.10: Plots of ¢,(t) against (n,t) for Acoustic Case I at k = 7, taken in
the late simulation 950 < t < 2000, with N = 400. Top row p = 3, bottom row
p = 1/3; left column p = 3, right column p = 1/3. Specific parameter sets of Case
I are provided in Table A.3 in Appendix A.

Figure 2.10 presents the simulation results towards the end of the simulation
period (fmax = 2000). Across all combinations of p and u, the wave profiles
remain spatially localised and maintain a steady amplitude. This demonstrates
that under even potential conditions (@ = a = 0), acoustic breather modes are

dynamically stable for the full simulation duration, regardless of the interaction

strength or mass ratio.
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2.6.2 Case II: potentials with (a = 0,a # 0)
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Figure 2.11: Plots of ¢,(t) against (n,t) for Acoustic Case II (& = 1, a = 0) at
k = m. Simulations are run with ¢ = 0.1, up to tmax = 2000, with N = 400; only
the range 100 < n < 300 is shown. The parameter values for this case are provided
in Table A.3 in Appendix A.

In this case, where a = 1, acoustic breather modes display strong dependence
on the strength of the linear interaction. Figure 2.11(a)—(b): The parameters
are p = p = 3, with § = b = 0.15, yielding W}, = 21. Panel (a) shows the wave
profile at late times; panel (b) shows the corresponding local and total energy,
with only 0.58% loss in localised energy over 2000 time units.

For large coupling (p = 3), the breathers are long-lived and retain their struc-
ture over the entire simulation duration. This is evident in the upper panels
of Figure 2.11, where the energy decay is minimally less than 1 x 1075 per
unit time. Similar stable behaviour is observed for p = 3, u = 1/3, as seen
in Appendix A.3. In contrast, for weak coupling (p = 1/3), the breathers
are highly unstable. Figure 2.11 (c)—(d): The parameters are p = p = 1/3,
with § = 2.82, b = 4.5, W, = 14.89. Panel (c) shows the early-time breather

profile, which decays rapidly; panel (d) confirms this instability via a sharp
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decline in local and total energy. As seen in the lower panels of Figure 2.11,
the wave rapidly loses coherence, with its structure deteriorating within the
first 100 time units. The accompanying energy plot shows a significant decline,
confirming the short-lived nature of the breather under these conditions.

Overall, the stability of acoustic breathers in the presence of (o« = 1) is strongly

enhanced by stronger linear coupling and unstable under weak coupling.

2.6.3 Case III: potentials with (a # 0,a = 0)

In this case, we investigate the dynamics when only the along-chain interac-
tions are nonlinear, setting a = 1 and a = 0, with £ = m. The resulting
wave solutions in (g,(t)) exhibit a combination of breather and kink modes as

presented in Figure 2.12.
05
i
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t 100055 ) 500 450
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Figure 2.12: Wave profiles and energy evolution for Acoustic Case III at k = T,
with tmax = 1000, N = 1000, a = 1, « = 0. The (a) p =3 = p, (b)p =3, =1/3,
(c)p=1/3,p=3,and (d) p=p =1/3. (a)-(d): Plots of ¢,(t) against (n,t); (e)-(h):
Corresponding log energy plots. The relevant parameters for this case are listed in
Table A.3 in Appendix A.

Across all parameter regimes, we observe initial transients characterised by
small amplitude kinks. The simulations reveal that instability is more pro-

nounced under strong coupling (p = 3). In contrast, for weak coupling (p =
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1/3), the breather-kink may exhibit a wobbling behaviour involves a dynamic
oscillation of the kink core, sustained over time before eventual decay and pos-
sible long-live as seen in Figure 2.12(h). This wobbling mode illustrates the
interplay between localised breather dynamics and kink structure.

These findings highlight the emergence of complex breather—kink dynamics
when only along-chain nonlinearity is present, with stability strongly influenced
by the coupling strength. Further analysis of the combined nonlinear case

(a # 0, a # 0) is presented in the next section.

2.6.4 Case IV: the general case (a # 0, # 0)

We now consider the fully nonlinear scenario with a # 0 and « # 0, focusing
on the behaviour of breather-kink structures in the acoustic regime at k = .
Simulation results are summarised in Table A.3 for a total run time of ¢, =
1000. As shown in Figure 2.13, the system exhibits unstable behaviour under
strong coupling (p = 3), while for weak coupling (p = 1/3) the dynamics
become defocusing.

Figures 2.13(a)-2.13(b) display short-lived breather-kink modes for p = 3,
p = 1/3. Initially, the structure retains coherence, but energy loss from the
body of the wave becomes significant as time progresses. In Figures 2.13(c)
and 2.13(d), we observe that instability begins to emerge around ¢ = 200. By
t = 300 in Figure 2.13(d) and ¢ = 500 in Figure 2.13(c), the kink has extended
and begins to separate into two distinct structures. This behaviour may be
attributed to energy redistribution within the breather-kink mode. In the
early stages, the breather and kink act as a single, coupled entity. However, as
instability grows, internal energy shifts from the breather to the kink, leading
to a breakdown of coherence and the eventual formation of two decoupled
kink-like modes.

In this section, we examined acoustic breather and breather-kink dynamics

under four distinct nonlinear configurations at £k = w. For even potentials

53



0.6 0.6

0.4 0.4

0.2 0.2

0.2 0.2

0.4 0.4

-0.6 -0.6

t

450 500 550
n

(a) 0 <t <1000 (b) 0 < ¢ < 1000

Y \'":'\
Y
L

-100 -100

t %450 500 230 t 0,450 500 550
n n
(c) p=3,u=3 (d) p=3,u=1/3

Figure 2.13: Breather-kink evolution for Acoustic Case IV at k = 7, with tpax =
1000, N = 1000, a = 1, a = 1. (a)-(b): Profiles of g,(t) for p = 3, p = 3 (right)
and p = 1/3 (left); (c)-(d): Corresponding local and total energy plots. Parameter
values are given in Table A.3 in Appendix A.

(a = 0 = «), breathers remained well-localised and stable across all parameter
regimes. When nonlinearity was applied only to the inner mass interaction
(a = 0, # 0), long-lived breathers were sustained under strong coupling,
while weak coupling led to rapid decay. The introduction of a long-chain
nonlinearity (a # 0, = 0) produced breather-kink modes, with wobbling be-
haviour observed under weak coupling and instability under strong coupling.
Finally, in the fully nonlinear case (a # 0, # 0), instability dominated, cul-
minating in energy redistribution and kink separation. These results highlight
the sensitive dependence of breather stability on the nonlinear structure and

interaction strength of the system.

We now turn our attention to the dynamics of moving modes.

2.7 Numerical results for moving modes

In the previous section, we focused on stationary wave configurations at

k = 0 and £ = 7 for both optical and acoustic modes, where the breather
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structures were centred and static within the lattice. Motivated by a desire to
explore the effects of small deviations in the wave number, we now examine the
dynamic response of the system under slight perturbations in k, specifically at
k = 0.1 and k£ = 3.1, where we anticipate the formation of slow moving waves.
This section is structured in two parts. The first case investigates acoustic
travelling waves at k = 0, where a pure travelling wave is expected; that is,
there is no breather component. The second part is divided into two subsec-
tions: one devoted to moving wave behaviour at £ = 0.1; and the other at
k = 3.1 in both these cases we expect breather or breather-kink modes. For
each case, we examine the four standard interaction regimes Cases I to IV
in order to assess whether the introduction of movement produces significant
changes in wave stability, structure or localisation compared with the station-
ary configurations. We consider four combinations of the mass ratio p and the
linear interaction strength p.

To quantitatively evaluate wave propagation, we compare numerically com-
puted wave speeds ¢, with analytically derived asymptotic predictions c,, as
given by Wattis [1]. The relative error between the numerical and analytical

speeds is defined as

Relative Error = o1, (2.7.1)
Ca
The asymptotic wave speed is given by
sin(k)
k)= ———"——+ 2.7.2
C( ) mw (1 +M02)7 ( )

where C'is defined in equation (2.2.8).

In all simulations, the wave is initiated at position n = N/4, and the lattice
size is fixed at N = 1000. Each simulation is run up to time units ¢,,.x = 1000
, with ¢ = 0.01, and parameters are selected to satisfy the NLS focusing

criterion (2.2.15).
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It is important to note that in Case IV, where both a # 0 and « # 0, the
system no longer permits a reduction to the NLS equation, as ( # 0. Instead,
the dynamics are governed by a CGL system, introducing significantly more
complex behaviours that lie beyond the scope of this thesis. Consequently,
Case 1V is excluded from the moving wave simulations.

In the following sections, we focus on Cases I, II, and III. We begin with the
travelling wave solutions for £ = 0, followed by a detailed analysis for £ = 0.1

and k = 3.1.

2.8 Numerical simulations of travelling kinks

In this section, we numerically investigate the mobility of travelling waves in
lattices governed by either a cubic (b = 0,a # 0) or quartic (b # 0,a = 0) NNI
potential. These modes represent the limiting case as kK — 0 in the acoustic
regime, where the kink—breather solution simplifies into a pure travelling kink
wave without a breather component. The asymptotic form of these kink solu-
tions, which is considerably simpler than that of breathers, is outlined in the

appendix of Wattis [1].

2.8.1 Kinks in the cubic lattice (a # 0,b = 0)

We consider several configurations of mass ratio and linear interaction param-
eters, specifically p, u € {3,1/3}, along with fixed nonlinear parameters a = 2,
b =0, and « = f = 2. Following the approach in Wattis [I], we adopt the
approximate formula for slowly varying travelling kink solutions, which is de-
rived under the assumptions of small lattice spacing h, and rescaled coordinate

z = h(n —ct) = O(1). To leading order, the kink solution is given by

Qn(t) = qu(t) = %\/Q’y_cltanh (zﬁ) . z=h(n—ct), (2.8.1)
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Figure 2.14: Evolution of a travelling kink in a lattice with cubic NNI potential
from initial conditions (2.8.1).

Figure 2.14 illustrates the evolution of kink waves under both strong (p = 3,
top row) and weak (p = 1/3, bottom row) linear coupling, with large (u = 3,
right column) and small (u = 1/3, left column) mass ratios. We plot the
displacements of the outer masses, ¢,(t), for 850 < t < 1000 and 650 < n <
850, using the parameter values: a = 2, b = 0, N = 1200, a = 2, § = 2,
cg = 0.5, h = 0.1. Top row: p = 3; bottom row: p = 1/3; left column:
p = 1/3; right column: p = 3.

In each simulation, we initiated the kink at lattice site n = N/4 = 300.
Over the duration 0 < t < 1000, the kink propagates to approximately n =
800, yielding a numerically observed speed of ¢ ~ 0.5. This result is in close
agreement with the theoretical sound speed ¢y = 0.5, given by equation (2.8.2),
using m = 3,M =1 orm =1, M = 3. Overall, the travelling kink solutions

remain long-lived and structurally stable across all configurations considered.
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2.8.2 Kinks in the quartic lattice (a = 0, b # 0)

In this subsection, we present the results from simulations of travelling kinks in
a quartic lattice. We consider a purely quartic interaction scenario with a = 0
and b = a = = 2, and investigate both strong (p = 3) and weak (p = 1/3)
linear coupling regimes, along with varying mass ratios (4 = 3 and p = 1/3).
According to Wattis [1], the leading order asymptotic approximation for kinks

in a lattice with quartic NNT is given by

Qn(t) = q(z) = j:\/?tan_l (sinh (z %)) , z=h(n—ct), (2.8.3)

where v, ¢ are defined in equation (2.8.2), Q,(t) = ¢,(t), and ¢, arbitrary.
Following the simulations, we observed that the initial kink often bifurcates
into two distinct waves propagating in opposite directions through the lattice.
Figures 2.15 and 2.16 illustrate the kink dynamics for the full range of tested
parameter regimes: p = 3,1/3 and p = 3,1/3. The Figures 2.15 and 2.16
correspond to the parameter values: a =0, b =2, N = 1200, a = 2, f = 2,
h = 0.1, tax = 1000. In panels (a)—(d), a splitting into two kinks is visible at
0 < t < 100, with approximate speeds: Panel (a) c,11 = 0.46, c412 = —0.36;
Panel (b) ¢y11 = —0.5, ¢p12 = 0.5. Panel (c¢) shows minimal splitting.

The kinks propagate at a speed similar to that observed in the cubic lattice

case, though the quartic kinks exhibit slightly higher amplitude profiles.
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Figure 2.15: Propagation of kink waves in a lattice with quartic NNI potential.

Displacements of the outer masses gy (t) are shown at early times (200 < ¢ < 400)

within the window 0 < n < 400. Top row: p = 3; bottom: p = 1/3; left column:
p = 1/3; right column: p = 3.
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Figure 2.16: Later-time evolution of kink waves (850 < t < 1000) in a quartic
lattice. Displacements ¢, (t) are shown with the same parameter values as in Fig-

ure 2.15. Top row: p = 3; bottom: p = 1/3; left column: p = 1/3; right column:
uw=3.
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In this study of quartic lattice kink dynamics, we observed interesting be-
haviour associated with strong linear coupling. Initially, as shown in Fig-
ure 2.15, the kink is localised around n = 300. By the middle of the simulation
(200 < t < 400), the kink begins propagating, reaching approximately n = 800
by the end of the simulation (850 < ¢ < 1000), as shown in Figure 2.16. The
propagation speed was measured to be ¢ = 0.5 in most configurations, aligning
well with the asymptotic sound speed given in equation (2.8.2). One excep-
tion is the case p = 1/3, u = 3, where a slightly higher speed of ¢ ~ 0.55 was
observed (see Figure 2.16(c)).

During the early stages shown in Figure 2.15, the original kink was found
to bifurcate into two distinct wave forms. These kinks then propagated in
opposite directions: the larger amplitude component continued towards higher
n values with positive speed, while the smaller amplitude component moved
in the opposite direction with speed approximately ¢ &~ —0.5. This behaviour
highlights the capacity of quartic lattices to support kinks across a range of

amplitudes and under varying values of interaction parameters.

2.9 Optical breather at £ =0.1

In this section, we investigate moving breather solutions for the optical case
at wave number k = 0.1, where wave propagation is expected to be slow. We
select appropriate parameter values for b and [ to ensure a reasonable breather
width, as summarised in Table A.6. The analysis is structured according to
the four standard cases, beginning with Case I: even potentials (a = 0 = «).
The asymptotic wave speeds, derived from equation (2.2.8), for each panel in

Table A.6 are:

(a) co = 0.037, (b) cu =0.0041, (c) ¢ =0.1126, (d) ¢, = 0.0126.
(2.9.1)
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2.9.1 Case I: even potentials (¢ =0 = «)

Figure 2.17 presents simulation results for Case I. Across all configurations,
the breather waves appear long-lived but slightly unstable, exhibiting minor
radiation. Particularly, the measured breather speeds remain consistent within
each panel. The numerical speeds for panels (a)—(d) are ¢, = 0.037, 0.0041,
0.113, and 0.013 respectively, with the first two matching the theoretical pre-
dictions exactly, and relative errors of 0.36% and 3.17% for panels (c) and (d)
respectively.

These results confirm the reliability of the asymptotic theory and indicate that,

even in weakly moving regimes, the breather maintains coherence over time.

0.15
0.1
0.05

-0.05
-0.1
-0.15

Figure 2.17: Optical Case I at k£ = 0.1, for tax = 1000, N = 1000. Top row:
p = 3; bottom row: p = 1/3; left column: p = 3; right column: g = 1/3. Displayed
region: 200 < n < 450. Parameter values are given in Table A.6 in Appendix A.

In summary, breather modes for even potentials at k& = 0.1 are characterised by
slow movement, high persistence and marginal instability. The next subsection

will explore the effect of introducing a non zero quadratic interaction potential

(o # 0) in Case II.
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2.9.2 Case II: potentials with a = 0,a # 0

In this subsection, we present numerical simulations for the system with setting
a =1 at k = 0.1. Appropriate values were chosen for the parameters b and
£ to ensure reasonable breather widths. The simulation results, shown in
Figure 2.18, reveal that the breathers remain long-lived under strong coupling
(p = 3), but become significantly unstable in cases with weak coupling (p =
1/3). In particular, the waveform increasingly distorts over time in the weaker
interaction regimes.

The computed wave speeds for panels (a) and (b) are ¢, = 0.036 and ¢, =
0.004 respectively. When compared with the theoretical speeds from equa-
tion (2.9.1), these yield relative errors of 2.70% and 2.44% as defined in equa-
tion (2.7.1). For panels (c¢) and (d), reliable speed measurements are not fea-

sible due to early waveform distortion, which makes precise tracking difficult.
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Figure 2.18: Optical Case II at k£ = 0.1, with t,,x = 1000, N = 1000, a = 0,
a = 1. Top row: p = 3; bottom row: p = 1/3; left column: p = 3; right column:
pu=1/3. See Table A.6 in Appendix A for the corresponding parameter set.

Overall, in cases with a # 0, the breather modes demonstrate significantly

unstable behaviour under weak coupling (p = 1/3), whereas strong coupling
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(p = 3) maintains long-lived coherence. These findings highlight that even a
slight deviation from k& = 0 to £ = 0.1 can drastically affect breather stability,
with strong coupling yielding much more robust solutions. The next subsection

explores the dynamics of moving breathers with (a # 0).

2.9.3 Case III: potentials with a # 0,a =0

In this subsection, we present numerical simulations for the case a = 1 and
k = 0.1, representing a scenario where nonlinearity is applied along the chain,
but not between the inner and outer masses. The results show that the breather
maintains a long-lived, marginally unstable profile under movement. The tran-
sition from the stationary case at k£ = 0 to the slowly moving case at £ = 0.1
does not significantly compromise the stability of the breather. The numerical
speeds obtained for panels (a)—(d) are ¢, = 0.037, 0.0040, 0.113, and 0.013,
respectively, with corresponding relative errors of 0%, 2.44%, 0.36% and 3.17%.
These speeds are in strong agreement with the theoretical predictions listed
in equation (2.9.1), and are nearly identical to those observed for the even-
potential case (Case I; see Subsection 2.9.1). This suggests that the along-
chain nonlinearity (a # 0) does not disrupt breather coherence in the k = 0.1
regime.

In summary, for a # 0 and k£ = 0.1, the breather exhibits consistent, long-lived
dynamic structure with only marginal instability across tested configurations.
The comparison between numerical and asymptotic speeds confirms that the
theoretical framework remains robust even when breather movement is intro-
duced. Although motion at & = 0.1 slightly modifies the waveform, it does not
compromise stability in otherwise stable regimes, and only slightly exacerbates
instability in more sensitive cases.

In the following section, we investigate how similar movement influences the

acoustic cases at k = 0.1.
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0.2

0.1

Figure 2.19: Optical Case III at £ = 0.1, with ¢t = 1000, N = 1000, a = 1,
a = 0. Plots show late-time behaviour over 250 < n < 400. Top row: p = 3; bottom
row: p = 1/3; left column: p = 3; right column: p = 1/3. A summary of the
parameter choices appears in Table A.6 in Appendix A.

2.10 Acoustic breather at £ = 0.1

Following the optical cases, we now present results for acoustic wave dynam-
ics at £ = 0.1, as summarised in Table A.7. Since k£ = 0.1 is close to the
stationary case k = 0, we might anticipate the emergence of kink-like struc-
tures, as previously observed in Section 2.8, or breather solutions, as seen in
Sections 2.4.3 and 2.4.4. However, the simulations in Subsection 2.10.1 show
that the breather—kink component may split into separate breather and kink

structures as it propagates.

2.10.1 Case I and Case II: potentials with a = 0, a = 0

and a # 0

This subsection presents results for acoustic breathers with even potentials

(a = 0) and both & = 0 and o # 0 at £k = 0.1. For the case « = a =
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0, the waveforms exhibit significantly broader spatial widths than in other
configurations. Despite their breadth, these breathers demonstrate unstable
dynamics.

In Figure 2.20, the top row is p = p = 1/3. Early and later time panels show
the transition from breather-kink to kink—anti kink dynamics, with parameters:
b=p=10, W, =61, w = 0.0499, and energy loss AE = 0.0095. Bottom row
is p=1/3, p =3, with b = 5 =10, W, = 156.5307, w = 0.0496, ¢, = 0.478,
cq = 0.48 with error 0.41%, and AE =2 x 107°.

As shown in Figure 2.20, panels from both the early and later stages of the
simulation are presented for p = 1/3 with p = 1/3, or p = 3 with 4 = 3. In
the case p = p = 1/3, a breather-kink splits into two modes: a kink—anti kink
pair moving in opposite directions at speeds ¢, = 0.5, as shown in Figure 2.20,
panel (c¢). The corresponding theoretical value is ¢, = 0.497, resulting in a
small relative error of just 0.60%, confirming the accuracy of the asymptotic

prediction.
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Figure 2.20: Acoustic Case I at k = 0.1, for N = 3000, ty.x = 1000.

When either p or p is small, the system exhibits initial breather-kink behaviour

that evolves over time into a broader breather, as seen in panels (d) and (e) of
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Figure 2.20. A special delocalised mode is depicted in panel (f) of Figure 2.20.

These modes are weakly unstable but persist over long durations.

2.10.2 Case III: potentials with a # 0, =0

For the acoustic case with a = 1 and o = 0, in the parameter range (—10 <
B,b < 10). We explored all configurations; the system consistently exhibited
defocusing behaviour.

In summary, for acoustic waves at k = 0.1, breather-kink or kink—anti kink
dynamics are observed when both p and p are small or large. These solutions
are marginally unstable. Similar behaviour is observed when « # 0. Theo-
retical and numerical speeds agree closely. In contrast, systems with a # 0
consistently show defocusing behaviour, with no coherent localised structures

observed.

2.11 Optical breather at k£ = 3.1

In Section 2.5, we analysed the stationary case at k = m, where the system
exhibited distinct dynamical properties, as summarised in Table 2.1. In this
section, we explore how a small deviation from the stationary case specifi-
cally, setting k = 3.1 affects breather dynamics. This allows us to assess the
sensitivity of the system’s behaviour to perturbations in wavenumber.

We begin by investigating Case I: even potentials. For each configuration, we
compute the asymptotic breather speed using equation (2.2.8), and compare
it with the numerically observed speeds. The asymptotic values for panels (a)

to (d) are

(a) ¢, = 0.0142, (b) ¢, = 0.0026, (c) ¢, =0.0199, (d) ¢, = 0.0110.
(2.11.1)
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2.11.1 Case I: even potentials (a =0 = «a)

We now consider even potentials with a« = a = 0. The wave forms correspond-
ing to all four parameter combinations are shown in Figure 2.21. In each case,
the breather remains long-lived and exhibits only marginal instability.

To quantify the stability of these modes, we computed the energy difference
between the localised and total energy. The results showed minimal energy
loss over the course of the simulation AE ~ 3 x 1075 (a), AE ~ 6 x 107> (b),
AFE ~ 1.7%x107% (¢), and AE ~ 2 x 107% (d), indicating strong localisation
and excellent energy retention throughout the breather’s evolution.

The numerically measured speeds for the same panels are (a) ¢, = 0.014, (b)
¢, = 0.003, (¢) ¢, = 0.020; and (d) ¢, = 0.011. These values yield relative
errors of (a) 1.41%, (b) 0.50%, (c) 4.52%; and (d) 0%, all of which show an

agreement with the asymptotic predictions in equation (2.11.1).
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Figure 2.21: Optical Case I at k = 3.1, with ta = 1000, N = 1000, a = o = 0.
Top row: p = 3; bottom row: p = 1/3; left column: p = 3; right column: p = 1/3.
All parameter settings applied in this case are detailed in Table A.4 in Appendix A.
In conclusion, while the stationary case at k£ = 7 yields robust, localised solu-
tions, a small deviation to & = 3.1 produces slowly moving, long-lived breathers

with negligible energy loss. The close match between asymptotic and numerical

speeds confirms the persistence of coherent structures under weak perturba-
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tions in wave number.

2.11.2 Case II: Potentials with a =0, # 0

We now present numerical simulations for the system with £ = 3.1 and a = 1,
as illustrated in Figure 2.22. The breather behaviour strongly depends on the
interaction strength p and mass ratio p. For small p, the breathers are short-
lived and unstable, whereas for large p when p is small, the breather becomes
more localised and longer-lived. These trends are confirmed in the energy plots
of Figure 2.23, where the breather for small 1 (panel b) remains confined with
minimal energy dispersion.

Further insight is gained by comparing the numerical and theoretical wave
speeds. However, in Figure 2.22 (a), (c¢), and (d), the breather decays signifi-
cantly, resulting in distorted waveforms. As such, the measured wave speeds
in these cases become meaningless, and any comparison with the theoretical
predictions is unreliable. Only in Figure 2.22 (b) does the breather maintain
coherence, allowing a meaningful comparison. Here, the numerically measured
speed is ¢, = 0.0020, with an associated energy difference of AE ~ 3 x 1076,
When compared to the asymptotic prediction from equation (2.11.1), this cor-
responds to a relative error of approximately 23.08%, reflecting a reasonable
agreement.

In conclusion, although breathers remain relatively long-lived at k£ = 3.1 under
strong coupling their stability is significantly affected by the mass ratio. Small
1 enhances localisation and energy retention, while large p increases instability.
The numerical speeds align poorly with asymptotic predictions in cases where
energy dispersion dominates, especially for panels (a), (¢) and (d). The next

section investigates the role of a non-zero a.
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Figure 2.22: Optical Case II at £k = 3.1, with NV = 1000, a = 0, a = 1. Top row:
p = 3; bottom row: p = 1/3; left column: p = 3; right column: p = 1/3. Complete
details of the simulation parameters can be found in Table A.4 in Appendix A.
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Figure 2.23: Energy plots for Optical Case Il at & = 3.1, N = tp.x = 1000,
corresponding to panels (a) and (b) in Figure 2.22. Shared parameters: a = 0,
a=1.

2.11.3 Case III: potentials with a # 0,a =0

In this section, we present numerical results for breathing—kink modes with
a=1,a=0and k = 3.1, as shown in Figure 2.24. The aim is to assess how a
small shift from the stationary case at k = m affects the dynamics, particularly
regarding the persistence and stability of breather- kink structures.

The simulations reveal varying behaviours across configurations. In panel (b),
corresponding to p = 3,4 = 1/3, the breather-kink mode persists over time,

demonstrating a long-lived but unstable structure. In contrast, panel (a) and
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panel (d) show it splitting into two separate kinks, indicating significant dif-
ferent response. In panel (c), the breather- kink decays rapidly, providing
evidence of strong instability under this configuration.

The numerically observed in cases (a), (c), and (d), the wave structure breaks
down as the breather splits into multiple parts, making the notion of a numer-
ically speed meaningless. Only in case (b) does the breather retain a coherent
structure, allowing a meaningful and reasonably accurate comparison with the

theoretical prediction in equation (2.11.1) as ¢, = 0.010, error = 29.58%.
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Figure 2.24: Evaluation of ¢, (t) and log energy plots for optical case IIT at k = 3.1,
with tyax = 1000, N = 1000, a =1, « = 0. The (a) p=3=p; (b) p=1/3,u = 3;
(¢) p=1/3,u=3;(d) p = p = 1/3. All parameter settings applied are detailed in
Table A.4 in Appendix A.

Log energy plots corresponding to Figure 2.24, as shown in panels (e) to (h),
indicate that, in most configurations, the breather—kink structure eventually
splits into two distinct modes. In particular, panel (g) exhibits rapid energy
dispersal and significant waveform distortion, highlighting the strong instabil-
ity present in this case.

The results demonstrate that even a small deviation from k = 7 affects the
breather-kink stability to a significantly extent. Configurations with large p
and small p produce longer-lived modes.

Having examined the optical breather dynamics at £ = 3.1, we now turn

our attention to the acoustic case. This section explores how small deviations
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from the stationary state at £ = 7 influence the behaviour of acoustic breather

modes under various nonlinear interaction regimes.

2.12 Acoustic Breather at £ = 3.1

In this section, we extend our investigation to the acoustic regime at k = 3.1.
Previously, we analysed the stationary case at k = 7 (see Subsection 2.6),
where the system exhibited stable dynamics in Case I, and long-lived behaviour
for large p and weak instability for small p in Case II. Case III showed promi-
nent instability, at p =3, u = 1/3.

Here, we evaluate how introducing a small deviation in wave number, specifi-
cally k = 3.1, influences the acoustic breather dynamics. This approach allows
us to explore how near-stationary movement affects breather localisation and
energy propagation. To quantify these effects, we compute both asymptotic
and numerically obtained wave speeds, enabling comparison of analytical pre-
dictions with simulated behaviour. The asymptotic speeds for panels (a)—(d)

are

(a) : ¢, =0.00381, (b): ¢, =0.00867,

(¢): cq =0.00027, (d): c, = 0.00070 (2.12.1)

2.12.1 Case I: even potentials (a« =0 = «)

We first consider the case of even potentials, with &« = a = 0. As shown in
Figure 2.25, the acoustic breather remains long-lived across all tested config-
urations of p and p. These results closely resemble the behaviour observed in
the optical counterpart at the same wave number (see Subsection 2.11.1).

The numerical simulations yield the following wave speeds and energy varia-
tions: (a) ¢, = 0.004, AE ~ 1.5 x 1075; (b) ¢, = 0.009, AE ~ 7 x 1077; (c)
cn =0, AE ~ 4 x 107%; and (d) ¢, = 0.0010, AE ~ 2 x 107° faster than

expected.
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The relative error between the analytical and numerical speeds, calculated
using equation (2.12.1), is given by: (a) 5.07%; (b) 3.75%; (c) 100%; and (d)
43.53%.
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Figure 2.25: Acoustic Case I at k = 3.1, simulated for ¢ = 1000 with N = 1000,
a=0,a=0. Top row: p = 3; bottom row: p = 1/3; left column: p = 3; right
column: p = 1/3. A summary of the parameter choices appears in Table A.5 in
Appendix A.

The results for Case I at k£ = 3.1 show that breather modes remain long-lived,
regardless of the interaction strength.While the energy loss is minimal, the
numerical speeds ¢, deviate from the asymptotic predictions ¢,. The agreement
is significantly less accurate for p = 1/3, but remains reasonable for p = 3. This
discrepancy may be due to the sensitivity of the system for a small deviation
in wave number. In the following subsection, we investigate the influence of

Nnon-zero «.

2.12.2 Case II: potentials with a =0, # 0

We now consider the acoustic breather modes at £k = 3.1 in the presence of
nonlinear coupling, with &« = 1 and a = 0. Figure 2.26 illustrates the behaviour

of the breather across two configurations with strong linear interaction (p = 3),
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for both large and small mass ratios. In both cases, the breather remains long-
lived but exhibits weak instability. The numerically observed wave speeds are
(a) ¢, = 0.004 and (b) ¢, = 0.009.

These values are consistent with those found in Case I (see Subsection 2.12.1).
The corresponding relative errors, computed using the asymptotic predictions
in Equation (2.12.1), are 5.07% and 3.75% respectively.

For weak linear interactions (p = 1/3), we were unable to satisfy the NLS
focusing condition (2.2.15) within the range —10 < b, 5 < 10. As a result, no
breather modes could be identified in these parameter regimes, as the system

exhibited defocusing behaviour.

1000250 300 .
(a) (b)

Figure 2.26: Acoustic Case II at k£ = 3.1, with t,.c = 1000, N = 1000, a = 0,
o = 1. This figure at p = 3 corresponds to the setup described in Table A.5 in
Appendix A. Configurations with p = 1/3 were found to be defocusing.

These results indicate that in the acoustic regime at £ = 3.1, a non-zero
a leads to weakly unstable, but long-lived breather dynamics under strong
coupling. In contrast, weak coupling (p = 1/3) prevents the formation of
localised breathers, underscoring the importance of interaction strength in
maintaining wave coherence. The following subsection investigates the effect

of a non-zero a.

2.12.3 Case III: potentials with a #0,a =0

This subsection presents the acoustic case at k& = 3.1 for a = 1, illustrated
in Figure 2.27. Under strong linear interactions (p = 3), the system exhibits

breather-kink dynamics that vary significantly with the mass ratio p. For large
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1, the kink mode is long-lived but weakly unstable. In contrast, for small
1, the mode becomes highly unstable and splits into two components. This
behaviour contrasts with the optical regime discussed in Subsection 2.11.3,
where the dynamics were more stable for small mass ratios.

A notable case arises for u = 1/3, as shown in Figure 2.27(b), where the
kink amplitude diminishes and subsequently divides into two distinct kink
structures. Conversely, for u = 3 (Figure 2.27(a)), the breather-kink maintains

its form but exhibits reduced amplitude and gradual dispersion.
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Figure 2.27: Acoustic Case III at k = 3.1, with f,, = 1000, N = 1000, a = 1,
a = 0. Bottom panels show corresponding log energy plots. The relevant parameters
for this case at p = 3 are listed in Table A.5 in Appendix A. Configurations with
p = 1/3 are defocusing. Only 100 < n < 400 is displayed.

The log energy plots in Figures 2.27(c)-2.27(d) confirm significant energy dis-
persal, especially for small p. In panel (a), the breather-kink shows mild energy
loss, with AE ~ 8.1 x 107% whereas in panel (b), stronger energy dispersion
occurs, with AE ~ 7.4 x 1074

The comparison between the numerical and asymptotic wave speeds is ulti-
mately meaningless in this context. In panel (a), the wave remains stationary

at n = 250 throughout the simulation, indicating no actual propagation. In
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panel (b), the initial wave splits into two distinct components, further compli-
cating the interpretation due to the lack of coherent wave motion.

In summary, the results reveal that the breather-kink structure at £ = 3.1
is highly sensitive to the mass ratio p. For smaller values of p, the mode
becomes unstable and splits; while, for larger values, it remains coherent, but
loses amplitude. These findings contrast with those of the optical case and
emphasise the impact of acoustic dynamics on breather-kink behaviour under

nonlinear interactions.

2.13 Discussion

This chapter presented a numerical investigation into the robustness and
dynamics of the MiM FPUT lattice. Initial conditions were derived from
asymptotic reductions to the NLS equation, as described in [1]. The lattice was
shown to support localised modes when the focusing condition n(k)D3(k) > 0
is met, imposing constraints on the wave number k; the nonlinear parameters
a, b, a, B; the mass ratio p; and the linear interaction strength p.

We analysed both stationary and moving cases for a range of interaction
settings labelled as Cases I to IV under four primary configurations: (a)
p=3,1=3;(b) p=3,u=1/3;(c) p=1/3,p=3;and (d) p=1/3,p=1/3.
To satisfy the focusing condition, we selected parameter values within the range
—10 < b, 8 < 10. Our simulations included both stationary modes (k = 0, 7)
and slow moving cases (k = 0.1,3.1), across optical and acoustic regimes. In
addition, we examined travelling kink solutions in the cubic and quartic lat-
tice configurations, using the approximate solutions (2.8.1) and (2.8.3). These
results reveal a nuanced relationship between system parameters and the emer-
gence, persistence and decay of localised modes.

While analytical results exist for stationary breather solutions [08, (9], there
are no general results for moving breathers in such discrete systems. Our

numerical simulations demonstrate how stability is maintained or lost under
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perturbations in both wave number and system parameters.

Across many simulations, the observed numerical speeds ¢, closely matched
the asymptotic predictions ¢,, notably in Subsections 2.9.1, 2.9.2 and 2.11.1.
This agreement indicates that the speed is primarily governed by p, u, m, M
and w(k), with minimal influence from nonlinear coefficients a, b, o, 5. How-
ever, other cases, particularly those presented in Subsections 2.11.2, 2.11.3,

and 2.12.3, are also rendered meaningless due to the lack of coherent motion.

In stationary simulations (k = 0 and k = 7), Case I (¢ = a = 0) demon-
strated persistent, stable behaviour for both optical and acoustic regimes. In-
troducing non-zero « destabilised the breather at small p, particularly in the
acoustic case. The mass ratio u emerged as a key factor at k = 7: lower pu
values found long-lived modes, even under strong nonlinearity.

For Case III (a # 0,a = 0), we observed breather-kink structures. These
remained intact when p was large (optical) or small (acoustic), but otherwise
split into two propagating kinks. This behaviour, detailed in Subsections 2.6.3
and 2.6.4, is consistent with energy redistribution, damping and loss of coher-
ence. Our findings indicate that small y and large p resulting in wobbling-kink

behaviour aligns with the work by Wattis [1].

Moving wave simulations (k = 0.1, 3.1) showed slower evolution compared
to stationary modes. In Cases I and II, long-lived solutions persisted for large
p. Case III yielded more distinctive dynamics: for £k = 3.1 in the optical
regime, kinks remained long-lived only when p was large and p was small.
Conversely, in the acoustic case, large p improved stability. These trends echo
the findings of Wallen et al. [18], Kevrekidis et al. [11, 15], and Liu et al. [10],
which underscore the mass ratio’s critical influence on breather stability.

In the acoustic regime at £ = 0.1, Case I1I exhibited defocusing behaviour,

preventing the formation of stable breathers. Additionally, travelling kinks in
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the quartic NNI case at k = 0 were observed to split into two distinct struc-
tures during propagation. Case IV across several simulations was not analysed
further due to the emergence of CGL dynamics, making direct comparisons
inappropriate.

At k = 0.1, breather-kink modes in Case III frequently split into separate
breather and kink—antikink structures. This behaviour reported by Alonso-
Izquierdo et al. [70], who examined resonant energy transfer in kink dynamics
within scalar field models. Although their context differs, a continuous system
with multiple shape modes, the underlying mechanism of energy redistribution
is likely comparable. Similar interpretations arise in the works of Cadet [36, 37]
and Theocharis et al. [71], who reported energy bifurcation and asymmetric
breather behaviour in heterogeneous nonlinear lattices.

The stationary regime at k = 0 showed stability for all p, while the introduc-
tion of non-zero o caused decay for small p. At k = 0.1, splitting dynamics
emerged. For k = 7, low p supported stability at large p, whereas at k£ = 3.1,
long-lived behaviour required large g in the acoustic regime and small p in
the optical case. The deviation from the stationary state (k = 0, 7) to moving
regimes (k = 0.1, 3.1) consistently demonstrated heightened sensitivity to u, p

and weak nonlinear interactions.

In this chapter, we have numerically simulated the dynamics of MiM
FPUT chains. The insights gained highlight the intricate relationship be-
tween mass ratio, coupling strength, and nonlinearity in shaping the localised
solutions. In Chapter 2, we turn to the analytical investigation of breather
propagation in mechanical triangular lattices, extending our exploration to

more complex geometries.
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Chapter 3

Breather modes in mechanical

triangular lattice

This chapter presents a 2D mechanical triangular lattice in which each node is
connected to six nearest neighbours, forming a symmetric hexagonal arrange-
ment. The model incorporates linear NNI and a nonlinear onsite potential at
each node. Two types of mode: optical and acoustic are identified from the dis-
persion relation, each supporting distinct propagation characteristics. Using
asymptotic techniques, we derive small amplitude breather solutions, leading
to a NLS equation. The existence of these breathers requires the satisfaction
of ellipticity and focusing conditions, which are analysed in detail. Part of this

chapter are being prepared for publication.

3.1 Introduction

In this chapter, we investigate the existence and properties of discrete sta-
tionary breather modes in a 2D mechanical triangular KG lattice. Each node
connects to six nearest neighbours, resulting in a triangular configuration.
The primary objective is to establish the dynamic behaviour of these lo-
calised modes through analytical methods. To achieve this, we apply multiple

scale techniques to systematically derive the conditions under which discrete
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breathers emerge. It is important to acknowledge certain modelling simplifi-
cations adopted in this study. Specifically, we assume only linear NNIs and
simplify the onsite potential. These assumptions facilitate the tractability of
the analysis without significantly altering the core dynamic insights.

The chapter is structured as follows. Section 3.2 derives the fundamental equa-
tions of motion for the triangular lattice. In Section 3.3, we perform a multiple
scale expansion of the equations. Section 3.3.5 simplifies the expanded system
to a (2+1)-dimensional NLS equation. To support the existence of localised
breather solutions, we introduce the focusing condition and the ellipticity cri-
terion [15]. Finally, in Section 3.4, we further simplify the model enabling

explicit determination of stationary breather solutions.

3.2 Derivation of model equations

In this section, we analyse a symmetric triangular lattice of particles connected
as illustrated in Figure 3.1. We define the orthonormal basis vectors B = {i, j},
where i = [1,0]7 and j = [0,1]7. The position of the (m,n)-th node in the
triangular lattice is ry,, = mi + nv/3j , which ensures the regularity of the
triangular structure. Each particle is connected to its six nearest neighbours,
and the position of each node is allowed to vary within the plane of the lattice
through perturbations denoted by (. (), Vmn(t)). Consequently, we have a

fully 2D Hamiltonian H (ty, 5, Upm.n), neglecting nonlinear NNI.

3.2.1 Horizontal spring extension and potential energy

In order to derive the equations of motion for the lattice, we first calculate the
horizontal distance between neighbouring nodes. Consider two adjacent nodes
located at (m,n) and (m + 2,n) in the triangular lattice. Their displacements
are given by (Umn,Umn) and (Umi2.n, Umian), respectively. The rest length
between these nodes is denoted by h. The relative displacements are Au =

Umt2n — Umn, AV = Uppo, — Ump. The deformed relative vector is Ar =
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(m—1,n—1) C(m+1,n=1)

Figure 3.1: A mechanical triangular lattice.

(h 4+ Au, Av). Thus, the actual distance between the nodes becomes

d=/(h+ Au)? + (Av)? (3.2.1)
_ h\/l 2 Aut o (A + (A0)?) (3.2.2)

Introducing the notation §? = (Au)? 4+ (Av)?, we can write

2 1
d= h\/l 3 At 5. (3.2.3)

For small displacements, (Au, Av < h), we apply a Taylor expansion for the

square root keeping terms to first order, we obtain

2 1 1/2 1
14+ ZAu+—02~1+-(ZAu+ —6). 2.4
\/—l—h u+h25 +2(h u+h25) (3.2.4)

Thus, the deformed distance is approximated by

1
d=~h+ Au+ —52. 2.
+ Au + o (3.2.5)

The spring extension relative to the rest length, denoted by ¢y, n no, Where the
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subscript h refers to the horizontal NNI, is given by

Pmh =d—h (3.2.6)

1

= (um+2,n - um,n) + ﬁ [(um+2,n - um,n)2 + (vm+2,n - Um,n)z} . (327)

The potential energy associated with the horizontal spring, V},, is given by

1

Va() = 500" (3.2.8)

3.2.2 Diagonal spring extensions and potential energy

To derive the diagonal spring extension, denoted by d subscript, in a manner
similar to the horizontal case discussed in Section 3.2.1, we consider neigh-
bouring nodes located at (m,n) and (m + 1,n + 1). Their displacements
are (Um.n, Umn) a0d (Upt1nt1, Umt1n+1), respectively. The reference (unde-
formed) vector between these nodes has components (g, @) The relative
displacements are defined as Au = Umt1n+1 — Ummn, AV = Ut nt1 — Umon-

The deformed relative vector becomes Ar = <% + Au, @ + Av). Thus, the

squared distance is

d* = (g + Au)2 + (@ + Av)Q (3.2.9)

= h? 4+ h(Au + V3Av) + 62, (3.2.10)

taking the square root and expanding for small displacements, we find

Au+V3Av 62
d_h\/1+T+ﬁ (3.2.11)
1
~ht o (Aut V3Aw). (3.2.12)
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The diagonal spring extension relative to h, denoted by ¢y, , 4, is therefore

P =d—h (3.2.13)
1
= 5 (uerl,nJrl — Um,n + \/g(Uerl,n«H - Um,n)) . (3214)

Thus, to leading order,

Gmnd ~ =(Au+ V3AV). (3.2.15)

1
2

The potential energy associated with these diagonal interactions, Vj, is given

by

Vi \/_p

OOIE

(A2 + 22 (a0 + Y3 (Au) (Aw). (3.2.16)

8

Similarly, for the diagonal spring denoted by e subscript, which connects nodes
(m,n) and (m—1,n—1), defining Au = Up—1.n—1— U, AV = U101 — V.,

the corresponding potential energy V, is

V. =

@(Au)(m). (3.2.17)

(B’ + 22 (A0)? -

OOIE

3.2.3 Hamiltonian of the System

The full Hamiltonian for the two-dimensional triangular lattice is given by

dumn 2 m dvp, n 2

+ ‘/o(um,na Um,n) + Vh((bm,n,h) + ‘/d<¢m,n,d) + ‘/e((bm,n,e)}a

(3.2.18)
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where V, is the onsite potential energy, given by
1y 2 32
4)\(um,n + vm,n)

1 1
SN U (U2, — 302,,) + ggvm,n(qﬂ —3u2, ), (3.2.19)

3 m,n m,n

1
Vo= iﬁz(ufm + vl )+

where () represents the harmonic frequency, A characterises the isotropic quar-
tic nonlinearity, and 7, { quantify the degree of anisotropy.

When n = ¢ = 0, the onsite potential V|, is isotropic, meaning the restoring
force is the same in all directions. However, if either n or ( is nonzero, the
onsite potential becomes anisotropic, leading to direction-dependent restoring
forces.

The onsite potential must be symmetric under reflections k <> —k, and in-
variant under 120° rotations. In multilayer configurations, the arrangement
of atoms can produce anisotropy, even if the distance and angles between
neighbouring atoms remain unchanged. Such cases with nonzero n and ( are

illustrated in Figures 3.2 and 3.3.

n n

Figure 3.2: A 2D triangular lattice configuration shows the onsite potential V,
which arises due to atoms in the layers above and below.
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Figure 3.3: 3D plots of the onsite potential energy V,. (a) n = 0, ¢ = 2v/2; (b)
n=0(=-2v2,Q0=1A=1(c)n=¢=0,Q=1,A=-1;(d)n=0,(=1,
Q=1,A=-1;(e)n=0,(=-1,0=1 A=—1

The equations of motion derived from the Hamiltonian (3.2.18) are given by

d2 m,n
m ;;2’ = = Qzumvn o )\Um,n (uzn,n + UZ%,n) - 77U72n7n + m’?nm + 2Cum,nvm,n
+ P (um+2,n - 2um,n + um—2,n)
+ g [um-i-l,n-i-l - 4um,n + Um—1n—1 T Umt1,n—1 + um—l,n-‘,—l]
V3
+ Tp [Um+1n+1 + Um—1mn-1 — Um+1.n-1 — Um—1n+1) 5 (3.2.20)
dQUm,n 9 ) ; ) )
m o = — QUppn — AUy, (um,n + vmm) + 20V U n — Cvm,n + (um,n
3p 4
+ Z [Um—l—l,n—‘rl — @Um.n + Um—1,n—1 + Um—1,n+1 + Um+1,n—1]
V3
+ Tp (U141 + Um—1n—1 — Umt1n—1 — Um—1n41] - (3.2.21)
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3.3 Asymptotic Analysis

To obtain an asymptotic solution to the equations of motion, we introduce
a small parameter ¢ < 1, representing the amplitude of the leading-order
envelope. We define a long spatial scale via the transformations = em and
y = eny/3, along with two time scales 7 = et and T = &%, following the
method of multiple scales [20]. The phase of the linear waves is represented by
6 = km + 1v/3n — w(k,1)t, where w(k, 1) is the dispersion relation. We denote
F(z,y,7,T) and P(z,y,7,T) as the slowly varying complex envelopes of the

U, and v, ,,, respectively. We seek solutions in the form

U (t) = €€ F(a,y,7,T) + & [*CGy + Gy + Go] (3.3.1)

(
+ 83 [GBiQHg + GQMHQ + ele + Ho} +---+c.c,
Vmn(t) = €€ Pz, y, 7,T) + & [e*?Qs + €°Q1 + Qo] (3.3.2)

+& [ Rs+ e Ry + "Ry + Ry| + -+ + c.c.,

where G, @; represent second-order corrections in e, and H;, R; represent
third-order corrections, with j = 0,1,2. All correction terms are functions
of (x,y,7,T) and account for nonlinear contributions that generate additional
harmonic modes. Substituting the expansions (3.3.1)—(3.3.2) into the equa-
tions of motion (3.2.20)—(3.2.21), we expand all terms in powers of €. The

time derivative expanded as

d 0 0 0
E_§+8§+66—T (333)

By collecting terms of the same order in € and harmonics e* for s = 0, 1,2, . . .,
we derive a hierarchy of equations that determine the evolution of the envelope
functions F', P, and their associated correction terms.

To perform a systematic asymptotic analysis, we expand the right-hand side of

the equations of motion (3.2.20)—(3.2.21) term by term, and collect coefficients
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of each harmonic component at successive orders of the small parameter ¢.
This expansion allows us to isolate the behaviour of each mode and extract the
relative amplitudes, including the relative amplitude C(k, (), which describes

the coupling between F' and P components.

3.3.1 Dispersion relation at O(se')

At leading order O(ge®), the reduced system yields the linear dispersion rela-
tion:

M - , (3.3.4)

where the coefficient matrix M is given by

" Q% — w? +4psin®k + p — pcos k cos(v/31) V/3psin ksin(v/31)
V/3psin ksin(v/31) Q% — w? 4 3p — 3pcos k cos(v/31)
(3.3.5)

A non-trivial solution (F,P) # 0 exists only if det(M) = 0. Solving this

condition yields a quartic equation in w, which can be expressed as
wh — trw? + det = 0,
where

tr = 202 + 4psin k + 4p — 4p cos k cos(v/31),
det = <Q2 —w? +4psin®k +p — pcosk cos(@l)) :

<Q2 —w?+3p—3pcosk cos(\/gl)) — 3p%sin ksin?(v/31).  (3.3.6)
Solving the resulting equation provides two branches of the dispersion relation

Gk, 1) = (tri tr2—4det>. (3.3.7)

N | —

We identify DB solutions either on the upper (optical) or lower (acoustic)
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m
/N
72\

Figure 3.4: Contour plots of w?,,w? for Q = p = 1. Wavenumbers span the ranges

ac» Wop
—r<k<m —25<I1<2.5.

branches, or at specific Dirac points, special points in the dispersion relation
where two branches intersect linearly, leading to conical band crossings. To
minimise resonance with linear waves, DBs are typically near band edges (max-
ima or minima) or Dirac crossings. Figure 3.4 shows contour plots of w(k,!)
for p = Q = 1. The Dirac points are located by solving tr? = 4det, and five

special points are summarised in Table 3.1.

’ Description \ Frequency \ Example Points
Case 1:
+2 +
Global minimum | w = (0,0), (0, —W>, (:l:ﬂ', —W)
V3 V3
Case 2:
+7 A
Saddle points Wae = /2 +2 (O, —), <—, —)
Case 3:
Global maximum | wy, = /€22 4 6p Same as Case 3 points
Case 4:
+r + +2
Dirac w= /1 45p (% 72) (%,0)
Case 5:
Saddle points Wop = /22 +5p (i cos™! (%1) ,O),
+1 o =3
<7 cos™ (), 5 00 ! (%))

Table 3.1: Summary of special points, including Dirac points.

The condition det(M) = 0 ensures the existence of non-trivial solutions (F, P) #
0 in equation (3.3.5). To determine C', we define the vector (1,C) to lie in the

null space of the matrix M. This vector is orthogonal to the range of M, which
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Figure 3.5: 3D plots of w? and w for both optical and acoustic branches, with
Q=p=m=1, over the domain —7 < k,[ < 7.

is spanned by (C, —1)T. We now determine the corresponding relative ampli-
tude by the form (F, P) = F(1,C)", which then allows us to solve explicitly
for C yields

B —V/3p sinksin(\/gl)
Cop = — (22 — w2, + 3p(1 — cos kcos(v/31)))’ (3:38)

B —V/3p sinksin(\/gl)
Cle = — (22 — w2, + 3p(1 — cos kcos(v/31))) (3:3.9)

Figure 3.6 shows 3D plots of C' for both optical and acoustic branches.

3.3.2 Zeroth harmonic O(g%¢") terms

We now calculate the zeroth harmonic terms arising at order O(g2e°), ob-

tained by substituting the expansions (3.3.1)—(3.3.2) into the equations of mo-
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(a) tan~1(Cyc) (b) tan_l(C’op)

Figure 3.6: Plots of C,. and C,), including tan=1(C), for @ = p = m = 1. The
wavenumber ranges are given by —w < k,l < 7.

tion (3.2.20)—(3.2.21). This yields the following equations

0=—0(Go + Gy) — 2n|F|* + 2n|P|> + 2( (PF + FP), (3.3.10)
0=—0%(Qo+ Q) +2n(FP+FP)+2¢ (|F* - |PP), (3.3.11)
where we assume Gy = G and )y = (), such that the imaginary parts

Im(Gp) and Im(Q)p) vanish. This assumption is justified since the imaginary
components do not appear in the leading-order ansatz expansions for w,, , and
Um0 equations (3.3.1)—(3.3.2). Using the relation P = C'F, the expressions

simplify, yielding

(n(C? — 1) +2C¢)

Gy = |F|? o = |F[*y, (3.3.12)
20 — C(C? — 1
Qo:|F\2( 1 ?2(2 ) = |F|*%, (3.3.13)

where vy and 7, are the corresponding nonlinear coefficients.
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3.3.3 Second harmonic O(g2¢*?) terms
Next, we collect the second harmonic terms at order O(g2¢2?), resulting in the
matrix equation

G 02— 1) +2C
M, | | = 4 ) +20¢ F?, (3.3.14)

Q2 200 — (C* = 1)¢

where the matrix M, is defined as

—4w? + Q2 + 4psin®(2k) + pa;  V3psin(2k) sin(2v/31
M, psin’(2k) + pa; v/3psin(2k) sin(2v/31)  (33.15)

V/3psin(2k) sin(2v/31) —4w? + Q% + 3pay
with a; = 1 — cos(2k) cos(2v/31). Solving equation (3.3.14) gives

C?—-1)+2C
= °M;! 4 ) ¢ : (3.3.16)

Q2 2Cn — (02 —1)¢

G

Expanding the inverse explicitly, we obtain

o Mz (n(C? — 1) +2C¢) — My (2Cn — (C? — 1)()
My My — M7,

o Myy (n(C* — 1) +20¢) — My (2Cn — (C* — 1)()
My My — M7,

Gy=F = F?v,, (3.3.17)

Q2 =F = [?3,. (3.3.18)

The 7, and 75 are the coefficients of second-harmonic generation in the system.

3.3.4 Harmonic O(g%") terms

Following the asymptotic expansion, we obtain the system

G A
M = : (3.3.19)

@ B,
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where the matrix M is defined in equation (3.3.5), and the right-hand side

components A; and B; are given by

A, = 2iwF, — dipsin(2k)F,

+/3p (z’CFx cos(k) sin(V31) + ivV3CF, sin(k) cos(\/ﬁn)

+ipF, sin(k) cos(V/3l) + ipV/3F, cos(k) sin(v/31), (3.3.20)
By = 2iwP, +V/3p (zF cos(k) sin(V31) + iV/3F, sin(k) cos(\/gl)>

+3p <2'CFx sin(k) cos(V/3l) + ivV3CF, cos(k) sin(ﬁl)) : (3.3.21)

Since the right-hand side of equation (3.3.19) contains only first-order deriva-
tives of F' and P, we seek a travelling wave solution. Substituting P = C'F

and introducing the travelling variables

F(z,y,7,T)=F(Z,W,T), P(z,y,7,T) = P(Z,W,T),

Z=x-Ur, W=y-Vr, (3.3.22)

where Z,W are travelling wave coordinates, the expressions for A; and B;

become

Ay = — 2iw(FU + Fy'V) + dipsin(2k) Fy
+p <¢0F2\/§ cos(k) sin(v/31) + i3C Fyy sin(k) cos(\/§z)>
+iFysin(k) cos(V3l) 4 ivV3Fy cos(k) sin(v/3l), (3.3.23)

By = — 2iwC(F,U + Fyw'V) +3p (@FZ cos(k) sin(V31) + iv/3Fy sin(k) cos(\/§l))

+3p (z’CFZ sin(k) cos(v/31) + ivV3C Fy cos(k) smwﬁz)) . (3.3.24)
To solve for G; and @)1, we derive the consistency condition
A+ CB; =0. (3.3.25)

The system has a solution only if the right-hand side vector (A, By)? lies in
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the range of M. Since the range of M is orthogonal to the vector (1,C'), then

solvability condition is given by

0 = 2iwU (1 + C*)Fyz + 2iwV (1 + C*) Fyy
+ipFy [4 sin(2k) + 2v/3C cos(k) sin(v/31) + (1 + 3C?) sin(k) cos(\/gl)}

+ipFy <6C cos(V/31) sin(k) + V3(1 + 3C?) cos(k) sin(\/gl)> . (3.3.26)

Solving this condition yields expressions for the group velocities U and V'

U= W—fcﬁ) [4 sin(2k) + 2v/3C cos(k) sin(v/31) + (1 + 3C?) sin(k) COS(\/gl)] ,
(3.3.27)
V= Wﬁca [60 cos(\/gl) sin(k) + \/g(l + 3C?) cos(k) sin(\/gl)] )
(3.3.28)

These velocity components are illustrated in Figure 3.7. The total wave speed
is given by S =V U? + V2.

The general solution to equation (3.3.19) takes the form

G\ .1} _[c
=G +G : (3.3.29)

@1 C —1

where (1,C)T lies in the kernel of M. The term (' can be absorbed into F

via the transformation F — F + G, and without loss of generality, we take

A

G = 0. Thus, we solve

Ay N C
=GM (3.3.30)
B, -1
The solution for G' can be written as
G = iUFy + iV Fy, (3.3.31)

92



Uo 2]

Figure 3.7: The plots of optical and acoustic mods of U,V for both
(U, V)ae, (U, V)op , and at @ = p=m = 1, and wave number —7 < k < 7, —7w <[ <
.

which leads to the expressions
G, = —iCUF; —iCVEy, Q = iUFy; + iV Fy. (3.3.32)

Here, U and V are defined as

2wCU + p [V/3 cos(k) sin(v/3l) + 3C sin(k) cos(v/31)]
CpV/3sin(k) sin(v/3l) — [Q2 — w? + 3p(1 — cos(k) cos(V/31))]’
2wCV + p [V3sin(k) cos(v/3l) + 3v/3C cos(k) sin(v/31)]
Cpv/3sin(k) sin(v/3l) — [Q2 — w? + 3p(1 — cos(k) cos(v/31))] '

U (3.3.33)

1% (3.3.34)
These quantities are illustrated in Figure 3.8. The U and V correspond to
spatial shifts in the Z and W directions and describe corrections to the phase
propagation of the breather. The total correction is given by S = \/U? + V2,
analogous to the group speed S = /U? + V2. Both are plotted in Figure 3.9.
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Figure 3.8: The plots of tan! of optical and acoustic mods of U,V for both
(U,V)ae, (U, V)op , and at @ = p = m = 1, and wave number —7 < k < 7,—71 <
I <.

3.3.5 Harmonic at O(c*¢") terms

At this order, we collect the asymptotic terms to O(g3e?). This yields the

following

Hl AQ
M = , (3.3.35)

Ry By
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Figure 3.9: Contour plots of optical tan—"(.5), tan—"(S) in right panel and acoustic
mods in left panel , both at 2 = p = m = 1, and wave number —4 < k < 4,—4 <
[ <4.

where M is defined in equation (3.3.5), and the components A, and B, are

given explicitly by the following expressions

Ay =2iw (Fr + Ghy) — Fyp + 21 (PQo + PQs + PQy — FQy — FGy — FGy)

+2¢ (G2P + FQo + FQy + PGy + PGo + FQo) — A (3|F|’F + 2|P|°F + FP?)
+ dipsin(2k) Gz + 4p cos(2k) Fz
+ Z [41' cos(1v/3) sin(k)Grz + 4iv/3 sin(iv/3) cos(k)Grw

+ cos(1V/3) cos(k) (2Fzz + 6Fww) — 4v/3sin(1v/3) sin(k) Fz |
+ @ [4¢ cos(k) sin(1v/3)Q1z + 4iv/3sin(k) cos(1v/3)Quw

— sin(Iv/3) sin(k) (2P + 6 Pww) + 4V/3 cos(1V/3) cos(k:)PZW} .

(3.3.36)
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By =2iw (Pr + Q1,) — Prr + 21 (PQo + PQs + PQo — FQs — FGy — FG)
+2( (G2P + FQo + FQy + PGy + PGy + FQo) — X (3|P|°P + 2|F|>P + PF?)
+ % [42’ cos(1v/3) sin(k)Q1z + 4iv3sin(1v/3) cos(k) Qi
+ cos(1v/3) cos(k) (2P + 6Pww) — 4V/3sin(1v/3) sin(k:)PZW]
+ @ [42' cos(k) sin(IV3)G1z + 4iv3sin(k) cos(1v/3) Gy
— sin(1v/3) sin(k)(2F 7 + 6 Fyww) + 4v/3 cos(1V/3) cos(k)FZW} .

(3.3.37)

We now substitute the expressions for Gz, Giw, Q1z, Q1w using equations (3.3.22),
(3.3.32), (3.3.33),(3.3.34), and set P = C'F, where C = /3. By applying the
solvability condition Ay + C'By = 0., we collect and simplify terms to obtain
the governing evolution equation for F'. Rearranging the terms, we express the

resulting evolution equation in the form of a 2D NLS equation
0:i@FT—i—DzFZZ+DwFWW—|—Dszzw+DN|F|2F, (3338)

where the coefficients ©, Dy, Dy, Dzw, and Dy are defined by

O = 2w(l+ C?), (3.3.39)
Dy = —(14 C?)U? + 4p cos(2k) + 4CU psin(2k) — 20U psin(k) cos(1v/3)
+V3Up(C? — 1) cos(k) sin(I1v/3) + L (1 + 3C?) cos(k) cos(1V3)
— V/3pC sin(k) sin(1v/3), (3.3.40)
Dy = —(1 4+ C*)V? — 3v/3C sin(k) sin(Iv/3) — 2pCv/3V sin(k) cos(1v/3)

+ 3p(C? — 1)V sin(k) cos(IV3) + 2p(1 + 3C?) cos(k) cos(1V/3),
(3.3.41)
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Dyw = —2UV (1 + C?) + 4CV psin(2k) — 2CV psin(k) cos(IvV/3)
+ V3V p(C? — 1) cos(k) sin(1v/3)
+pU {3(02 — 1) cos(1v/3) sin(k) — 2v/3C sin(IV/3) cos(k:)}
+ 6Cpcos(k) cos(IV3) — V3p(1 4 3C?) sin(k)sin(Iv3),  (3.3.42)
Dy = 41 (2C% 4+ 7(C* = 1)) = 3A(1 4+ C?)* + 21 (2072 + 12(C* — 1))

+4¢ (207 — 70(C? = 1)) +27 (207 — 72(C* ~ 1)) . (3.3.43)

Figure 3.10: Top-view plots of H(E(k, 1)) for the acoustic(top) and optical(bottom)
branches at Q = 0.5 (left), & = 1 (middle), and 2 = 5 (right), with A =1, ( =0,
and 7 = 0. The yellow region corresponds to £ > 0, while the blue region indicates
£ <0.

To eliminate the mixed derivative term Fy,, we apply the change of variables

D zw 7

:W——
§ 5D,

(3.3.44)

which diagonalises the dispersive part of the equation. Under this substitution,
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(d) H(SOP)H(DNDZ)OP (e) H(gOP)H(DNDZ)OP (f) H(gop)H(DNDZ)OP

Figure 3.11: Top-view plots of the product H(E(k,1))H (DN Dy) for acoustic (blue)
and optical (yellow and blue) branches, with ( =0, 7 =0, A = 1, and p = 1. Panels
from left to right correspond to 2 = 0.5, 2 = 1, and 2 = 5. Star markers denote Case
1, circles represent Case 2 and 3, squares indicate Case 4, and diamonds highlight
the optical Case 5 from Table 3.1.

the differential operators transform as

D
8Z:82— 2;2/65, aI/[/:a£7

and the NLS equation simplifies to

iOFp = Dy|F|’F + Dy (Fzy + EFee), (3.3.45)

equation (3.3.45) is a 2D NLS whose qualitative behaviour depends critically on

the sign of the dispersion and nonlinearity coefficients Dy, Dz. The coefficient

E(k,1) =4DywDy — D%y > 0 (3.3.46)

is known as the ellipticity condition. It ensures that the spatial part of the NLS
equation is elliptic rather than hyperbolic. Only in the elliptic regime corre-
sponding to the yellow regions where both the ellipticity condition £(k, 1) > 0

is satisfied does the equation support solutions that are localised in both spatial
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s 0
k

(f) H(gop)H(DNDZ)OP

Figure 3.12: Top-view plots of H(E(k,1))H (DN Dyz) for optical (blue) and acoustic
(yellow and blue) branches with ( =0, n =0, A = —1, and p = 1. Panels correspond
to 2 = 0.5 (left), @ = 1 (middle), and Q = 5 (right). Marker symbols indicate special
cases from Table 3.1.

directions [3], [15]. In contrast, the blue regions represent non-elliptic domains
where such solution becomes hyperbolic, and no localised soliton solutions are
supported in 2D. These results demonstrate the sensitivity of breather exis-
tence to both the wave numbers and the choice of €2, with the elliptic regime
becoming more notable as {2 increases. Figure 3.10 presents top-view con-
tour plots of the ellipticity condition H(E(k,1)) for both optical and acoustic

branches, evaluated at three different values of the on-site potential parameter

0 =0.51, and 5.

In addition, the product

defines the focusing condition, which determines whether the nonlinearity and
dispersion act constructively to support bright breather-type solutions. If the
focusing condition F(k, 1) > 0 is satisfied, this together with (3.3.46) indicates

parameter regimes where the NLS equation is of the focusing elliptic type and
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capable of supporting breather solutions [%, 9, 19]. Figure 3.11 demonstrates
the sensitivity of the breather-supporting regions to changes in {2 under an
isotropic onsite potential (( =7 = 0) with (A = 1), while Figure 3.12 explores
the impact of a negative quartic nonlinearity (A = —1) on the existence zones.

Together, the constraints £ > 0 and F > 0 identify the regions in wavenumber

space (k,[) where spatially localised breather modes can exist.

3.4 Simplification of the System at ( =71 =0

While the methodology developed in previous sections yields valid results for

most values of (k, 1), singularities arise at certain key points. For instance,

the expressions for C' in equations (3.3.8) and (3.3.9) become undefined at

(k,1) = (0,0). In this section, we simplify the governing system by setting
= n = 0, which implies Gy = @y = Gy = ()2 = 0. However, for non-zero

values of either U or V, the terms G4 and @Q; may still contribute.

A summary of the key stationary cases is presented in Table 3.2, with the

corresponding derivations detailed in Appendix B. Cases 1 and 2, as well as

the Dirac points, are analysed in Section 3.4.1.

Table 3.2: Summary of stationary optical and acoustic properties for A > 0, p > 0,
and Q > 0. Positive ellipticity (£ > 0) and focusing (F > 0) indicate a focusing,
elliptic NLS; in contrast, £ < 0 corresponds to a hyperbolic NLS.

’ Description \ Points \ C \ bot \ F ‘
Case 2
+
Saddle(acustic) 0, —W) 0 <0
V3
+r +7
—_— — +vV3 | <0
2 Nﬁ) V3
Case 3
+
Global maximum 0, —W) o0 >01]>0
+ \/gzt 1
T +7
,—— +—1|>0]>0
2 Nﬁ) V3
Case 5
Saddle(optical) | (£cos™! (%) ,0) 0 >0|>0
1 +v3
ﬂ:§ cos ! (%) , ;/_0081 (%)) +/3 | >0]|>0




3.4.1 Cases 1 at global minima, and Case 4 at Dirac
points

At order O(ge), we consider Case 1, which correspond to the global minimum

at (k,1) = (0,0), where w = Q. Similarly, the Dirac point (k,1) = (3,0)

yields w = /2 +4.5p. For clarity, we perform calculations explicitly for

(k,1) = (0,0), noting that the Dirac point case leads to similar results.

The O(g%¢*) harmonic terms

From the asymptotic expansion, we obtain

G1 Al Al
M = leading to 0 = , (3.4.1)

Ql Bl B1

where A; and Bj are defined in equations (3.3.20)—(3.3.21). Using the substi-

tution P = C'F with, we obtain

These equations imply U = V = 0, while C' remains undetermined. Conse-

quently, the solution is (G, Q)T = (0,0).

The O(g%¢?) harmonic terms at the global minimum

At third order, and under the simplification n = { = 0, the asymptotic equa-

tions become

Hl AQ
M = , (3.4.4)

Ry By
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where M = 0 as defined in (3.3.5), and the right-hand side is

Ay = 2iwFy — X (3|F°F + 2|P]2F + FP?) + g(9FZZ +3Fyw) + 3Pz,
(3.4.5)
_ 3
By = 2iwPy — A (3|P|*P + 2|F|*P + PF?) + {(PZZ +3Pyw) + 3F .

(3.4.6)

For this specific case, no choice of C' with P = C'F' allows the system to reduce

to a single NLS equation for F'.

3.5 Discussion

In this chapter, we applied asymptotic analysis to investigate breather modes in
a mechanical triangular lattice shown in Figure 3.1, incorporating a symmetric
on-site potential and NNI. We began by deriving the equations of motion
for the lattice, and then applied the method of multiple scales to reduce the
governing equations to a NLS equation, as shown in equation (3.3.45). We
subsequently determined the focusing condition (3.3.47) and the ellipticity
condition (3.3.46) that enables discrete breather solutions in the triangular
lattice.

The motivation for this work was to extend the asymptotic framework used
for square mechanical lattices to a 2D triangular configuration, following the
methodology of Wattis et al. [26]. The ansatz used in our analysis is struc-
turally similar to that employed by Butt et al. [23, 2], who examined square
and triangular electrical lattices and derived 2D cubic NLS equations. Compa-
rable results were also obtained by Wattis et al. for mechanical square lattices,
where an NLS equation similar in form to our equations (3.3.45).

In Section 3.3.1, we examined the linear dispersion relation, which revealed
two distinct branches: optical and acoustic. These branches intersect at Dirac

points, as detailed in Table 3.1. The relative amplitude between the two com-
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ponents F' and P was determined via the relation P = C'F, with C' plotted
across wavevector space in Figure 3.6. In certain cases, however, C' was found
to be undefined, indicating singular behaviour.

Section 3.4 focused on simplifying the system by setting ( = 0 and n = 0. This
allowed us to explore the behaviour of the system at specific special points,
again as listed in Table 3.1, and to summarise stationary breather cases in
Table 3.2.

We identified stationary breather solutions in mechanical triangular lattices
under these simplified conditions. Our approach contrasts with that of Yi
et al. [71], who also considered a triangular (hexagonal) lattice, but reduced
their analysis to three chains only (n = 0, 41) using a simplified multiple-scale
expansion. While they did not perform asymptotic analysis across the entire
lattice as in our study, their numerical simulations confirmed the existence of
long-lived moving breathers.

Marin et al. [52] were among to point out that hexagonal lattices are capable of
supporting breather solutions. Similar conclusions were later drawn by Bajars
et al. [72], who investigated a symmetric hexagonal lattice with Lennard-Jones
and on-site potentials; their numerical results also supported the existence of
long-lived breathers.

The findings of this chapter are valid for systems with symmetric interactions
and a nonlinear on-site potential (i.e., with ¢ = 0,7 = 0). This analysis may
also be extended to the study of mechanical hexagonal lattices often referred

to as honeycomb lattices which will be addressed in the following chapters.
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Chapter 4

Breather modes in mechanical

honeycomb lattice

In this chapter, we present results on a 2D mechanical honeycomb lattice, in
which each node is connected to three nearest neighbours. The arrangement is
such that each node is linked to either one neighbour on the left and two on the
right, or vice versa, forming a honeycomb structure. We assume a quadratic
NNI and a quartic and cubic onsite potential energy at each node. For the KG
system, we derive four equations of motion for the displacements, based on
the Hamiltonian, corresponding to two degrees of freedom at each of the two
types of node. The method of multiple scales is used to obtain the governing
equations, and we show that the system supports discrete breather solutions.
Five distinct types of points in the dispersion relation are identified, at which
stationary breather solutions may exist. A single nonlinear NLS equation is
derived for the saddle cases, while a more complex coupled NLS system is
found for the global maximum and minimum cases. Parts of this chapter are

being prepared for publication.
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4.1 Introduction

The previous chapter focused on a 2D mechanical triangular lattice, which is
one form of a hexagonal lattice. Another form is the honeycomb lattice, in
which each node has three connections, in contrast to the six in the triangular
lattice considered in Chapter 3.

A honeycomb lattice consists of hexagonally arranged nodes and comprises
two types of node: left-facing and right-facing 4.2. This structure is commonly
found in systems such as graphene and in certain crystal layers (e.g., mica).
In this chapter, we apply analytical methods to obtain approximate solutions
for breather modes in a 2D symmetric mechanical honeycomb lattice. We
restrict our attention to small-amplitude breathers with slowly varying en-
velopes. Our aim is to investigate how the geometry of the honeycomb lattice
influences the properties of discrete breathers.

To this end, we follow an analytical procedure similar to that used in Chapter
3. The analysis of the honeycomb lattice is expected to be more complex,
potentially resulting in governing equations that are less straightforward than
those found in the triangular lattice case.

The outline of the chapter is as follows. In Section 4.2, we derive the equations
of motion and present the Hamiltonian of the system. In Section 4.3, we
apply an asymptotic expansion to the equations of motion and derive the
system’s dispersion relation, identifying special wave number cases, including
Dirac points. In Sections 4.4 to 4.7, we investigate the system under different
cases, some of which yield complex coupled NLS equations. In Section 4.6, we
derive a 2D NLS equation. Finally, Section 4.8 concludes the chapter with a

summary and discussion of the results.
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4.2 Derivation of model equations

In this section, we derive the mechanical model equations of a symmetric
honeycomb lattice composed of interconnected particles, as illustrated in Fig-
ure 4.1, with the unit cell shown in Figure 4.2. In this system, each particle is
connected to three nearest neighbours—either two on the left and one on the
right, or vice versa.

The equations of motion for each node in the lattice plane are derived based on
this configuration. When the displacements are denoted by (t (t), Vmn(t)),
the node is connected to one neighbour on the left and two on the right. Con-
versely, for (U, ,(t), Umn(t)), the configuration is reversed, with two neighbours
on the left and one on the right.

We consider a 2D Hamiltonian H (w5, Vm.ns Umns Om.n), assuming only linear
NNIs and neglecting nonlinear contributions in the coupling. To derive the
equations of motion for the honeycomb lattice, we follow a similar analytical
procedure to that outlined in Chapter 3.

We compute the potential energy associated with particle separations ¢, p «,
where * = h,d, e, representing horizontal and two types of diagonal interac-
tions respectively. The subscript A corresponds to the horizontal direction, i.e.
in line with m-axis; the subscript d corresponds to the northeast—southwest
(upper-right to lower-left) direction, i.e. along the line n = m; and the sub-
script e corresponds to the northwest—southeast (upper-left to lower-right) di-
rection, i.e. along the line n = —m. Here, ® denotes the distance between
interacting particles. The corresponding distances for the left-facing and right-
facing nodes are denoted by ¢, . and ng,n,*a respectively.

The general form of the potential energy is given by

V() = %p¢>2 + %ng + ibdf‘, V'(¢) = pd+ ad® + bg®. (4.2.1)

In the case (a = b = 0), this simplifies to V'(¢) = p¢. The corresponding
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Figure 4.1: Illustration of a mechanical honeycomb lattice in which each particle
is connected to three nearest neighbours, arranged either as two on the left and one
on the right, or vice versa. These configurations are highlighted in blue and red,

respectively.
<Um+1,n+17 Um+1,n+1> (um—l,n+17 Um—l,n—i—l)
®-------¢ e e O e®------
// \ // .\
/ \ / \
/ \ / \
/ \ / A
~ ~ N ~ ~ \
,/ (um—2,n7 Um—2,n) um,ny Um,n) (um, ) Um,n) /</um+2,n7 Um+2,n> \
\ /’ \ ,
\\ // \\ //
\\ , \\ ,
\' // \‘ )/
——————— ° -------@
(um—i-l.n—la Um—i—l,n—l) (Um—l,n—h Um—l,n—l)
[:

Figure 4.2: A mechanical honeycomb lattice cell illustrates two distinct arrange-
ments of nearest-neighbour connections, highlighted in blue and red.

left-facing node interaction energies in each direction (x = h,d, e) are given as

(um+2,n - am,n)ZJ ngm,’n,h o

N

(am—Q,n - um,n>27 (422)

N 30, .
V‘z)m,n,d = _( m+1n+1 — umyn)Q + g(vm—&-l,n-l—l - /Um,n)Q

V¢m,n,h -

T NID

8
+ Tp(um—l-l,n-l—l - Um+1,n—1)(vm+1,n+1 - Um—l—l,n—l); (423>
. 3 .
dA)m,n,e - g(umfl,nJrl - um,n)2 + {(Um,17n+1 - Um,n)z
V3
- _p(um—l,n-i—l - um—l,n—l)(vm—l,n+1 - Um—l,n—l)' (424>

4
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The on-site potential energies are defined as

%(um7n7vm7n) = _QQ( Upnn +Umn) + /\< mn +’Umn)2

1
+ _num,n(ugn,n - 3U1271,n) + gCUm,n(Ufn,n - 3u$n,n)7 (425)

3

. 1 1

Vot n Omn) = 592(%,” + ﬁi,m + ;lMa?n,n + @%,nf
1 1

The total Hamiltonian of the mechanical honeycomb system is therefore given

M (du, ,\° M [(dv,,\> M [(di,,\° M [di,,\"
H 0, D) = — ’ — : — . — ’
(,0,,9) Z{Q(dt)+2(dt)+2(dt>+2<dt>

+ ‘/o(um,na Um,n) + ‘/o(ﬁm,vm @m,n)

V(Cbm,n,h) + V(¢m,n,d) + V(¢m7n,e>}' (4'2'7>

The corresponding equations of motion are

d? m,n
;;2’ = = Qzumm - )\um,n(ugn,n + /Ur2n7n) - nugn,n + 777}2”,” + 2Cum,nvm,n
+ p(am—Q n - um,n) + g(am—&—l,n—kl - 2Um,n + am—i—l,n—l)
\/_
p<vm+1 nt1 — Omt1n-1), (4.2.8)
d? m,n
M ;tQ’ - = szm:n - )‘Umvn(ugn,n + v’?n,n) + 277u7n,nvm,n

3P, X
- CU'IZT'L nt Cu?n,n + Zp(vm-‘rl,n—kl - 2Um,n + Um-i—l,n—l)

\/_
+ Tp<um+1 n+1l — um+1 n— 1) (429)
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LTI
, 2~ S a2 -2 9 -2
M dt2 = —0Q Um,n — Aumyn(um,n + Um,n) + num,n - Uvm,n

- 2<am,nf}m,n + p(um+2,n - am,n)

Y A
+ _(um—l,n—i—l - 2um,n + um—l,n—l)

4
_ %@ml’nﬂ — Umtt), (4.2.10)
Md?:;’n = — POy — )\ﬁmm(ﬁfn’n + @fnn) — 2000 U
+ C@gm — Cﬂ?nn + i—p(vm_MH — 2010 + Um—1,n—1)
_ @(umfl,nJrl U tn1). (4.2.11)

4

Here, M represents the mass, which may be set to unity (M = 1) to simplify

further analysis.

4.3 Asymptotic analysis

4.3.1 Preliminaries

To derive an asymptotic solution to the equations of motion, we introduce a
small parameter € < 1, where € is a dimensionless quantity used to systemat-
ically expand the solution, capturing the system’s slow spatial and temporal
variations. We define the scaled spatial and temporal variables as = = em,
y=enV3, 7 =ct,and T = e%t.

We follow the multiple scales approach described in Chapter 3, using the
method outlined by Bender and Orszag [20]. To characterise the phase of lin-
ear waves, we define 6 = km + 1v/3n + w(k,l)t, and express the leading-order
solution (ansatz) in terms of slowly varying amplitude envelopes F(z,y,7,T),

P(z,y,7,T), F(x,y,T, T), and p(x,y,T, T) as follows
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Um.n(t) = e F(x,y,7,T) + & [emGg + Gy + Go}

+ &3 [e3i9H3 + e H,y + " H, + H0:| +---+c.c., (4.3.1)
U (1) = €€ P(x,y, 7, T) + £ [eng + Q) + QO]

+ &3 [eng + €2i0R2 + ei9R1 + Ro] +---+ecec., (4'3'2)
U (t) = € F(x,y,7,T) 4 €2 [e2i9€¥2 + Gy + (A}O}

g [e3i9H3 O+ GO ﬁo] e dec, (4.3.3)
Dpn(t) = e P(x,y,7,T) + & [erg + 0y + QO]

+ &3 |:€3i€R3 + 2Ry + Ry + fio] +---+c.c., (4.3.4)

Here, G}, Q;, Gj, Qj represent second-order corrections in ¢, and H;, RR;, H s ]32]-
denote third-order corrections for j = 0, 1,2. All functions depend on (z,y, 7,T).
As in Chapter 3, we adopt the simplifying assumption n = 0, = 0 throughout
this analysis. To determine the leading-order envelopes F, P, F, P, we begin

by considering the linear dispersion relation at order O(ee®).

4.3.2 The dispersion relation O(ce?) terms

At O(ee?), we substitute the asymptotic ansatz expressions (4.3.1)—(4.3.4)
into the equations of motion (4.2.8)-(4.2.11). We then collect terms at order
O(ee®), and the resulting system describes the linear wave propagation in the

mechanical honeycomb lattice as

F 0
P 0
M1 R = 3 (435)
F 0
P 0

where the matrix M, is defined as
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3p ok P V3p
02 2 2L _ 2ik _ I _
w” + 5 0 pe 4ﬁ 1
0 Q223 V3 _3p
M, = ) 3 2 4 3 4 . (4.3.6)
.2tk Fopox Q% 02— 2 “F
pef 4ﬁ e B w” + > 0
3p L% 3p * 2 2 3p
Al _°2F 02 _ °oF
1 B 45 0 w* + 5

with 8 = 2% cos(Iv/3), § = 2ie™* sin(1/3), and * denoting complex conjuga-
tion.

The matrix My, introduced in the dispersion relation is Hermitian. This means
that it is equal to its own Hermitian conjugate, denoted by M! = M,. The
Hermitian conjugate of a matrix is obtained by taking the complex conjugate
of each entry and then transposing the matrix. This structure leads to several
important mathematical properties. First, all eigenvalues §; of the Hermitian
matrix IM; are real involving wave frequencies, as these must be real-valued.
Second, the eigenvectors v; associated with distinct eigenvalues are orthogonal,
satisfying (v;,v;) = 0 for ¢ # j, where (-,-) denotes the standard inner prod-
uct. Finally, each eigenvector satisfies the eigenvalue relation M;v; = 0;v;,
meaning that the matrix M, acts by scaling the eigenvector v; by its corre-
sponding eigenvalue 6;. These properties will be used later to simplify the
system and isolate independent wave modes corresponding to each branch of
the dispersion relation.

To obtain non-trivial solutions for F, P, F, P, we require the determinant of

M, to vanish

det(M;) = -3 <Q— Yy ,0) (Q° —w?) [(3082(1\/§)p2 + cos(1v/3) cos(3k) p?

3 3
QQ 2
—2(7—%+p>(92—w2+p)]:0. (4.3.7)
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Solving this yields four distinct branches of the linear spectrum

wi = 0% wi =0+ 3p, (4.3.8)

1
wi, =0+ % - 5\/4 cos2(1v/3)p? 4 4 cos(1v/3) cos(3k)p? + p2,  (4.3.9)

3 1
Wep = ¥ + ?'0 + 5\/4 cos2(IV/3)p? + 4 cos(1V/3) cos(3k)p? + p2.  (4.3.10)

Figure 4.3: Combined dispersion surfaces of all four branches wy, ws, w3, and wy.
The left panel shows ws and w4, while the right panel displays all four branches.
Parameters: p=Q=1; —7w < k,l < 7.
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Figure 4.4: Dispersion surfaces of w? for the acoustic w§ and optical w? branches.
The top panels show surface plots. The bottom panels display the corresponding
contour plots. Parameters: p=Q=1; —7 <k, [ <.

Thus, the linear spectrum consists of four branches: wi, ws, w3, and wy. The

two flat bands, wy and wy, are shown in Figure 4.3(b). The branch ws represents
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the acoustic band, while wy, corresponding to the optical band, is illustrated
in Figure 4.4.

We expect to find DB solutions within both the acoustic and optical branches
of the dispersion relation. These DB frequencies may possess higher harmon-
ics that lie beyond the linear spectrum. Since we have four distinct expres-
sions for the dispersion relation w;(k,1), for j = 1,2, 3,4, we can compute the
corresponding horizontal and vertical group velocities as the partial deriva-
tives with respect to the wave numbers U; = %, Vi = %. In particu-
lar, the two flat bands w; and ws exhibit zero group velocity in all directions
Uy =U, =0, Vi =1V, =0, indicating that waves in these bands do not
propagate.

06

0s

0.2

0.1

03 = o e o e 2|

04 2p @ @ B @ B @pos

0.3

Figure 4.5: Total wave speeds S; = ,/sz + ij for j = 3,4, computed over —m <

k,l < m with p =Q = 1. Panels (a) and (b) show surface plots of S3 and S4; panels
(c) and (d) display the corresponding contour plots.

The symmetry of the honeycomb lattice is further illustrated in Figure 4.5,

where we plot the total speed for the acoustic and optical bands given by

Sy = U2+ V2, S53=1/UI+ V2
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Later, the quantities U and V are defined at specific points in wavevector space

(k.1).

Table 4.1: Summary of special points in wave vector space (k,l) which will be
investigated in more detail later; Case 1: global minimum , Case 2: global maximum,
Case 3: Dirac points, Case 4: saddle acoustic, and Case 5: saddle optical.

(k,1) w w

a=(0,0) ,b=(27/3,0),c=(—27/3,0) Case 1: Case 2:
Tom Tom

_ — f— —_—— g = 2
3,\/§>&e ( 3,\/5) wyp = €2 wy = /2 4+ 3p

™ s s s
a= (g, 3—\/§> & b— (—g, 3—\/§> Case 3:
&CI(E,_L &dz(_f,_i) w= JET I
37 33 37 3V3

L) & b= (—g, L) Case 4: Case b:

h:(O,_—\/g) w3 =/ +p |ws=+/2+2p

To guide our subsequent nonlinear analysis, we identify specific wave number
pairs (k,l) where stationary breather solutions are expected to arise. These
points correspond to special locations in Figure 4.4, such as global extrema,
Dirac points, and saddle points of the dispersion surfaces. Each of these config-
urations is associated with either the acoustic or optical branches of the linear
spectrum and represents a significant location where velocity vanishes or the
band structure is critical.

Table 4.1 summarises these special points, grouped into five representative
cases: Case 1 (global minimum), Case 2 (global maximum), Case 3 (Dirac
points), Case 4 (acoustic saddle points), and Case 5 (optical saddle points).
In the remainder of this chapter, we first proceed with a general nonlinear

asymptotic analysis and then investigate each of these cases in detail. Our
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primary interest lies in stationary breather-type solutions, which are often
associated with such critical points. These discrete breathers may emerge
either above the optical band or below the acoustic band and, in some cases

such as the Dirac points, may also be linked to modulational instabilities.

4.3.3 The relative amplitude

At leading order, we have M;v = 0, where v = (F, P, F, p)T lies in the null
space (or kernel) of the singular matrix Mj. The relative amplitudes of the

components can therefore be expressed as

F 1
P Ce™
| =F , (4.3.11)
F et
P + (et +)

where e, e, e/¥+7) are complex phase factors determined from the kernel of

M,;.

4.3.4 Zeroth harmonic terms O(g2¢")

At order O(e%e%), we collect the coefficients of the zeroth harmonic from the

equations of motion (4.2.8)—(4.2.11). This yields the following relations

0=—0(Go+ G§) — 2n|F|* + 2n|P|* + 2 (PF + FP), (4.3.12)
0=—0%(Qo+ Qy) — 2n (FP + FP) +2¢ (|F|* - |P]?), (4.3.13)
0=—0? (éo + ég) ol B2 — 2| PP — 2¢ (1515 + 1375) , (4.3.14)
0=—0? (Qo + Qg) + 2 (Fﬁ - ﬁﬁ) _ ¢ (|F|2 - |15|2) . (4.3.15)

In this study, we assume the imaginary parts of Gg, Q, Gy, and QO vanish, as

they do not contribute to the wy, , Vi, Umpn, and Op, .
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Go= o (PP —nlPP —C (PF + FP)), (4.3.16)
Qo = ;2—3 (n(FP+FP)—C(|FF—1|P])), (4.3.17)
Cio = 5—3 (<l FP 0l PP + ¢ (PF+ FP)), (4.3.18)
o p— (< (PP~ FP)+(1FF ~|PP)). (4.3.19)

Applying the simplifying assumption n = 0, = 0, with Q # 0 the above

expressions reduce to
GO - O, QO = O, GO - 0, QO =0. (4320)

These results confirm that, under the assumption n = 0 and { = 0, the zeroth
harmonic contributions vanish identically, simplifying the system at this order.

4.3.5 Second harmonic terms O(g%e%")

At the order O(£2e?), we collect all second harmonic terms resulting from
the substitution of the asymptotic ansatz (4.3.1)—(4.3.4) into the equations of
motion (4.2.8)—(4.2.11). Since we assume 7 = ¢ = 0 throughout this chapter,

the right-hand side of the system becomes zero, yields

Gy 0
0
M, ?2 - , (4.3.21)
Gy 0
Qs 0

where M, is a Hermitian matrix, given explicitly by
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3 3p -
T T A
3 3p 5 3
0 IR —=L B
oLy Mg @ower
\fpﬁf —?:l—pﬁf 0 92—4w2+3—2’0

(4.3.22)
where £ = 2¢™* cos(2(v/3), By = 2iet* sin(2[v/3), and * denotes complex conju-

gation. If n = 0, = 0, then, the solution reduces to
Go=0, Q3=0, Gy=0, (Qy=0. (4.3.23)

These results indicate that, all second harmonic contributions vanish, and the

solution at this order is zero.

4.3.6 Harmonic terms at O(c%e?)

At the order O(g2e?), we collect the terms corresponding from the substituted
ansatz (4.3.1)—(4.3.4) into the equations of motion (4.2.8)—(4.2.11). This yields

the following

G, A
A
M, C?l =77, (4.3.24)
G B
o B,

where M is the same matrix defined in equation (4.3.6), and the terms

Ay, Ag, B, and By are given by
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Ay = —2iwF; +g (cos(lh) — 4e _3”“)F —{—ﬂze ksin(lh)F,

+ @ <ie’k sin(lh) P, + v/3e'* cos(lh)py> , (4.3.25)

Ay = —2iwP; + %eik cos(lh) P, + ?;—pi\/geik sin(lh) P,
+ @ <iei’“ sin(lh)F, + v/3¢e’* cos(lh)l%) , (4.3.26)

By = —2iwF, + g <—e’ik(cos(lh) — 4e3R)F, + iv/3e” sin(lh)Fy>

+@< *sin(1h) P, — V/3e~* cos(lh) P ), (4.3.27)

By, = —2iwP; + % <—e % cos(lh) P, + iv/3e™* sm(lh)P)
\/—p ( sin(lh) F, — /3~ cos(lh)Fy> . (4.3.28)
At this stage, we have derived general expressions for the harmonic terms
Ay, Ay, By, and By at order O(g2¢%), as given in equations (4.3.25)—(4.3.28).
These expressions remain valid for arbitrary wavevector values (k, 1), and will
be used as input in the analysis of specific cases.
Due to the complexity of solving for G, @1, é’h Ql in the general case, we post-
pone the full evaluation of these quantities until we consider specific special
points in wavevector space in subsections 4.4 to 4.7. In the following sub-
sections, for each special choice of (k,[), we apply the corresponding relative
amplitude structure, then introduce travelling wave coordinates 7 =z — U,
W =y — V7, and determine the appropriate values of U and V. This ap-
proach allows us to simplify and solve the governing equations systematically,
and derive explicit formulae for the first-order corrections Gl,Ql,G’l,Ql as
needed.
We now proceed to compute the harmonic terms at O(g%e?), which will be used
in conjunction with the previous results to derive the corresponding governing

equations for the envelope dynamics.
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4.3.7 Harmonic terms at O(c%e")

At this order, we substitute the ansatz (4.3.1)—(4.3.4) into the equations of
motion (4.2.8)—(4.2.11) and collect terms at order e3¢?. As in previous sec-
tions, we continue under the simplifying assumption that n = ¢ = 0, which

eliminates cubic nonlinearities from the system. This yields the following

Rl A31
H A
M| =, (4.3.29)
Ry Ass
H, Agy

where M is defined in equation (4.3.6), and the terms Agy, Aga, Ass, A3y are

given below

Az = 2iwFr — X (3|F’F + 2|P|°F + FP?)
+ g [%eik (cos(lh) + 8e™**) Fop + ek cos(lh)Fy, + V/3ie™ sin(lh) F,

+ g [élxeik (cos(lh) — 4e™>*) + V3iet* sin(lh)@ly]

307, . ~ : ' :
+ \/2_p [%iem sin(lh) Py, + %ielk sin(lh) Py, + V3elt cos(lh) Pry

tie* sin(1h) O, + V3e' cos(lh)g}ly} , (4.3.30)

Az = 2iwPr — X (3|P|°P + 2|F|*P + PF?)

~

3 ; > ; 5 J
+ 7,0 [%ezk cos(lh) Py + %ezk cos(lh) Py, + V3ie™ sin(lh) Py

+/3ie™* sin(lh)@ly + e* COS(lh)le]
307, : . : ' ;
O [ i) o -+ $ie™ i) oy + V36" cos(1h)

+ie* sin(lh) Gy, + V3eH cos(lh)@ly} , (4.3.31)
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Agy = 2iwFr — X (3PP + 2| PPF + FP?)

+ g [%e‘ik (cos(lh) + 8¢**) Fyp + 367 cos(lh) F, — V/3ie s1n(lh)Fzy]

- g [e“’“ (cos(lh) — 4e™**) Gy, — V3ie* sin(lh)Gly]

- @ [%z’e_ik sin(lh) Py, + 3ie” " sin(lh) P, — V3¢ " cos(Ih) Py,

—ie”® sin(1h)Qy, + V3e cos(lh)Qly], (4.3.32)

Asy = 2iwPp — X (3|J5|2P +2|F]?P + 1513’2>

+ 3?/) [%e*ik cos(lh) Py + 3¢ cos(Ih) Py, — V3ie * sin(ih) Py,

+V3ie~ " sin(1h)Qy, — e~ cos(lh)Qu}

f” [ i€ sin(1h) Fyp + Sie™* sin(Ih) Fyy — V3¢~ cos(1h) Fi,

2

—ie” " sin(lh)Gy, + V3e ™* Cos(lh)Gly} : (4.3.33)

Following the general asymptotic analysis in Subsections 4.3.2 to 4.3.7, we now
turn our attention to a detailed investigation of the five representative wave
number configurations introduced in Table 4.1.

In the following sections, we apply the analytical framework produced above
to each case individually. Our aim is to derive the governing nonlinear en-
velope equations, identify the conditions under which DBs may form, and
examine their properties. The analysis proceeds by substituting the corre-
sponding wave numbers (k, 1) into the results from the dispersion relation and
subsequent asymptotic expansions. It is worth noting that, for this configura-
tion, both the zeroth harmonic terms (Subsection 4.3.4) and second harmonic
terms (Subsection 4.3.5) vanish due to symmetry and the chosen simplifying

assumptions.

120



4.4 Case 1: Global minimum

In this case, we examine the behaviour of the system at the global minimum of
the dispersion relation, occurring at (k, 1) = (0,0). This point corresponds to a
flat band where the group velocity vanishes. We apply the asymptotic frame-
work developed earlier to derive the associated envelope equations governing

the breather dynamics if possible.

4.4.1 Harmonic terms O(ce')

In the global minimum case, we consider the wave number pair (k, 1) = (0, 0),

for which the frequency is w; = 2.

A RS

M, - . (4.4.1)

=g
=)

>
o

The corresponding matrix M; takes the form

1 0 -1 0
3 o 1 0 -1
M, = 2 , (4.4.2)
211 0 1 o0
0 -1 0 1

which is singular, with a 2D kernel. The matrix has a double eigenvalue A = 0,
with two linearly independent eigenvectors n; = (1,0,1,0)%, ny = (0, 1,0, 1)T.

Therefore, the solution is spanned by

1 0
. 0 1
(F,P,F,.P)' = F +P ,
1 0
0 1
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implying that F = F and P = P. Thus, F and P represent the two indepen-

dent degrees of freedom at this order, and Gl = -Gy, Ql =—Q.

4.4.2 Harmonic terms O(s2e')

At (k,1) = (0,0), we substitute into the expressions (4.3.25) to (4.3.28) to

evaluate the right-hand side vector dy of the system

Gl All
A
M, C?l — |7 =aq,, (4.4.3)
Gl B21
Ql BZQ

where the components of dj are

3p 3p 3p 3p
An=—-——F,+—PF,, A =—PFP, +—F,, 4.4.4
11 9 + 2 y 12 9 + 2 Y ( )

3p 3p 3p 3p
By =—F,——P, By =——P, — —F,. 4.4.5
21 2 2 ) 22 2 2 Y ( )

Solving the system with the singular matrix My, we obtain

1 1
G1:§(Py_Fx)a Q1:§(Px+Fy)7

Gy = —Gy, Q1 = —Qs. (4.4.6)

In general, at this order we find the velocities U, V'; here we have U =V = 0,

so the speed zero as well.

4.4.3 Harmonic terms O(g3e%)

To evaluate the nonlinear correction at this order, we use the full expressions
for Ag;—Asy from equations (4.3.30)—(4.3.33). At the point (k,1) = (0,0), we
simplify using F=F P=P G =-Gi, Qi =—0Qi,and the derivative
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expressions from equation (4.4.6)

1 1
Glx:§(Pyx_ch)a Gly:§<Pyy_ny)>

1 1
Qe = §(Pm + Fye), Quy = 5(P,,cy + Ey,). (4.4.7)

Applying the consistency conditions n; - dy = 0 and ny - dy = 0, where n; =
(1,0,1,0)T and ny = (0,1,0,1)7 are the basis vectors for the kernel of M, we

obtain

Ay + Aszz = 0, (4.4.8)

A32 + A34 = 0. (449)

Substituting and simplifying using the assumptions at (k,l) = (0,0), the re-

sulting coupled envelope equations are

_ 3
—diwFy — 2\ (3|F|*F + 2|P]*F + FP?) + ?[)Fm — 0, (4.4.10)

_ 3
—4iwPy — 2 (3|P|*P + 2|F|’P + PF?) + Eppyy — 0. (4.4.11)

This coupled system of nonlinear NLS equations governs the evolution of the
slowly varying envelope functions F'(x,y,T) and P(z,y,T) at the global mini-
mum point. The resulting system cannot be reduced to a single NLS equation,

owing to the coupled nature of the envelope functions F' and P.

4.5 Case 2: Global maximum

In this section, we analyse the system at the global maximum of the disper-
sion relation, located at (k,l) = (0,0) with frequency ws = /02 + 3p. We
follow the same asymptotic procedure outlined earlier to derive the governing

equations, starting with the first harmonic terms.
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4.5.1 Harmonic terms 0(567:0)

In the global maximum case at (k,1) = (0,0), we have wy = /2 + 3p.

F 0
P 0
M, [ |= : (4.5.1)
F 0
P 0
The corresponding matrix M; is
-1 0 -1 0
3 o -1 0 -1
M, = 2L , (4.5.2)

1 0

. 0 1
(F,P,F,.P)\' = F +P ,

-1 0

0 -1

implying the relations F' = —Fand P = —P. Additionally, at this order, we

have él =G and Ql = ()1. The vectors normal to the range of M, are

n, = (1,0,-1,0)", ny=(0,1,0,—1)".

124



240

4.5.2 Harmonic terms O(c%¢")

We now solve the second-order

(k,1) = (0,0), which yields

system from Subsection 4.3.6 at the point

Gy An
Q A
M, Al = ” : (4.5.3)
Gy B
Q1 Bas
with M, given in (4.5.2), and
3p 3p 3p 3p
A= ng — ?P?ﬂ Ap = _7Pz - 7Fy7 (454)
3p 3p 3p 3p
BQl == 7Fx - Epy, BQQ - —?PI - ?Fy (455)
Solving the system, we obtain
1 1
G1:§(Py_Fx>7 Q1:§(Px+Fy)a
G =Gy, Q1 = Q1. (4.5.6)

At this order, we typically determine the group velocity components U,V

however, in this case we have U = V = 0, confirming that the solution is

stationary.

4.5.3 Harmonic terms O(g3¢")

At this order, we again apply the system from Subsection 4.3.7 at the point

(k,1) = (0,0), given by
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Hl A31
R A
M, | =] =a (4.5.7)
Hl A33
Rl A34

where M is given in (4.5.2), and the right-hand side terms A3;—Agy are defined
in 4.3.30 to 4.3.33, evaluated at (k,l) = (0,0). We substitute

F:_F7 p:_Pv GAlzGla QIIQD
along with the derivatives from (4.5.6)

1 1
Glx:§<Pym_ch); Glyzé(Pyy_me)a

Q1z = %(Pxx + Fy), Qy = %(ny + F,,). (4.5.8)
We apply the consistency conditions
n;-d; =0, ny, -d; =0,
which yield

A31 - A33 - O, (459)

A32 - A34 - O (4510)

Substituting the terms and simplifying, we obtain the coupled nonlinear NLS

equations
0 = diwFr — 2X (3|F|*F + 2|P|*F + FP?) — %Fm, (4.5.11)
_ 3
0 = 4iwPp — 2X (3|P|?P + 2|F|°P + PF?) — é’Pyy. (4.5.12)

These equations are structurally similar to those derived in Case 1 (Sec-

126



tion 4.4). However, the specific symmetry F = —F,P = —P changes the
interpretation of the coupled modes. The system again remains coupled and
cannot be reduced to a single NLS equation due to the independence of the F’

and P components.

4.6 Case 3: Dirac point

2
At the Dirac point (k, 1) = (O, 3—\7/%) , the dispersion relation yields a frequency

/ 3
of w=14/0%+ Ep The expansion of the solution takes the form

u F Gy
v 1P | @
=ce | | +e%" Al + c.c., (4.6.1)
] F G
0 A o

where 0 = km+1v/3n+wt defines the phase. As in previous sections, we analyse
the system at successive harmonic orders O(ge'?), O(e2e?), and O(e3e?). We
begin by determining the leading-order amplitudes F’, P, F , 15, and the second-

order corrections Gy, @1, G1, Q1.

4.6.1 Harmonic terms O(ge')

At this order, we obtain a degenerate system governed by the Hermitian ma-
trix My, whose properties were discussed in Subsection 4.3.2. Specifically,
Hermitian matrices possess real eigenvalues and orthogonal eigenvectors, and

their kernel (null space) can be used to simplify coupled wave systems. Here,
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M, takes the form

0 0 -1 —i\ (F 0
0 0 —i 1 P 0

% | = (4.6.2)
1 i 0 0 F 0
i 1 0 0 g 0

3
This matrix has eigenvalues :i:Ep, 0,0, indicating a doubly degenerate kernel.
The corresponding null vectors are r; = (0,0, —i,1)%,ry = (4,1,0,0)T. To
reduce the system, we apply the framework formulated in Appendix C.1, using

the decomposition

3 -1 — .
My = My =0, Myp = Zp ; My = My
—i 1
This leads to the reduced system
MpF=0 MIF=o, (4.6.3)

where F = (F, P)T and F= (F', P)T. Explicitly, this becomes

1 —i\ [F 0 -1 i\ (F 0
i 1 P 0 i 1] \P 0

It is important to note that both M5 and My, are singular, but only singly

degenerate. Solving these equations yields the relative amplitudes

A

P=—iF, P=iF,
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so the relative amplitude can be expressed as

F 1 F 1

, | =F ) (4.6.4)
P —1 P 1

The corresponding normal vectors to the ranges of M and My, are their

Hermitian adjoints
ny = (1,97,  ny=(1,-)". (4.6.5)

These satisty

(nj,r1) =0, (n3,r3) =0,

confirming the orthogonality of left and right nullspaces, as guaranteed by the

Hermitian structure of M, discussed earlier in Subsection 4.3.2.

4.6.2 Harmonic terms O(c2e')

2
We continue our analysis at the Dirac point (k1) = (0, —W), for which

3v3
the corresponding frequency is given by w = 1/Q + 37 At this point, the

governing system at O(g2e'?) takes the form

Gy A,
A
M, C?l — [, (4.6.6)
Gl Bl
Ql By
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where M, is the Hermitian matrix defined in equation (4.6.2). We substitute

the leading-order solution

| 0

. AT —1 .10
(F,P,F,P) _F 4P

0 1

0 1

The right-hand side vectors Ay, As, By, By are derived from equations (4.3.25)—

(4.3.28) at the Dirac point. This yields

. . 3o - .
A = —2iwF, + £(3¢Fy —9F,) + %(in —F),

Bip. e a 3p
Ay = —2wF, + %(3@1@, — B+ Zp(z‘Fx ~ £y,

o 37
B = —2iwkF, + §(3iFy Y OR,) — %(in +F),
Y 3
By = 2wk, — %(3@ + )+ Zp(in +F,). (4.6.7)

To simplify the analysis, we transition to the travelling wave coordinates

Z=x—-Ur, W=y-Vr,

so that time derivatives transform as F, = —UF; — V Fy,. Substituting these

into equations (4.6.7), we obtain

Ay = 2iw(UF, + VFy) —3pFy, Ay =20(UF, +VFy) —3pFy,
By = 2iw(UF, + VFy) +3pF;,  By=—2w(UF; +VEy)+3pFy.
(4.6.8)

Since M is singular, the consistency conditions require that the right-hand

side vectors lie within the range of the respective matrices. Hence, we impose

ny-A=0, n; -B=0,
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where n} = (1,4), nj = (1, —i). These yield

A; +iAy =0,

Substituting the expressions for Ay, Ay, By, By into (4.6.9) results in

4iw(UFy; + VFEy) — 3p(Fy +iFy) =0,

4iw(UFy + V Ey) 4 3p(Fz — iFw) = 0. (4.6.10)

These relations involve a mix of real and imaginary parts. The asymmetry
between them suggests that a fully localised 2D solution not exist. Instead, we
could seek a solution in the form of a plane wave extended in one direction. If

U,V # 0, system (4.6.10) can be rewrite as

F.
Mp | | =Mp| 7, (4.6.11)
Fyw Fw
where v = ﬂ, and
Uy Vy 1
MDl = ) MD2 -
1 i UV

Assuming both Mp; and Mp, are invertible, we may write

F ) 20V +i V1) [ E
= ! ! e AL

Fo) WUV 22y gy |\ By

I3 1 —2UV —i V22 -1\ [ F

= R 1. 1613

Bl U=V 22 2pv—i ) \ Ry

To simplify the dimensionality of the system F(Z, W,T), we introduce a re-
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duced coordinate

Z=2Z—uW, F(ZW,T)=FZT), (4.6.14)

where p is a real parameter chosen to eliminate the mixed derivative. Substi-

tuting into the characteristic PDE results in a quadratic equation for pu

Foy (V22 = 1) + 272UV — (U2 + 1)] = 0.
This shows that the solution is not fully localised but rather extends in one

direction, exhibiting quasi-one-dimensional behaviour. A non-trivial real solu-

tion for p exists when the discriminant is positive, which is satisfied if

9p?

U2 V2
TV 16w?’

where w? = Q% + B?p # 0. Since the solution has already been assumed in
the form F(Z,T), where Z = Z — uW, it is not necessary to further express
G, Q1 Gh, Ql in terms of both Z and W. The envelope is treated as quasi-one-
dimensional along the direction defined by Z, and thus all relevant derivatives
and corrections naturally reduce to functions of Z and T. We therefore proceed
using the 1D form in the subsequent analysis.

4.6.3 Harmonic terms O(g3e?)

We now proceed to the analysis by substituting the dirac point in subsection
4.3.7. Using the established relations (4.6.4) (F, P, F, P)T = F(1,—i,0,0)" +
F(0,0,1,i)T, and incorporating the results for (G, Q)T and (G, Q)T, we obtain

the system
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Rl A31
H A
M, | =], (4.6.15)
Rl A33
Hl A34

where the matrix M; is given in (4.6.2), and the expressions Agy, Ass, Ass, Asy
are derived from (4.3.30)—(4.3.33), evaluated at the Dirac point. Applying the
consistency conditions at p = 1, as defined by the inner products with the

adjoint kernel vectors nj, n} in (4.6.5), we obtain

A31 + iAgQ - O, (4616)

A33 - iA34 - O, (4617)

Since we assume a reduced solution of the form F (Z ,T), where Z=27—uW,
we define F' = ¢ F, with v € R. Substituting This yields the coupled NLS

equations

- ~ o~ 3. -
0 = 4iwFp — 10\|F|*F + 5e“’(1 — 24 2ip)Fy

+2(U% + V22 = 2UV ) Ey 5, (4.6.18)
L ..~ 3 -
0 = 4iwe™ Fr — 10\e™|F|*F + 5(1 — = 2ip)Fyz
+ 26U 4+ V202 = 2UV ) Ey 5. (4.6.19)

By subtracting (4.6.18) from (4.6.19), we obtain

0=e"(1—p®+2ip) —e ™ (1 —p® — 2iu), (4.6.20)

which leads to u = tan(v/2), hence v = 2tan~!(u). Adding (4.6.18) and
(4.6.19) results in
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0 = 4iwFp — 10N|F|*F + D E;, (4.6.21)

where the dispersion coefficient D is given by

1
D=2 (U2 + V22 =20V + 5(1 + ;ﬁ)) .

In (4.6.21), the dispersion coefficient D is always positive for real values of p,
indicating a defocusing regime when A > 0. Conversely, for A < 0, the system

enters a focusing regime, which may lead to modulational instability.

4.7 Case 4 and 5: Acoustic and Optical Sad-

dles

4.7.1 Harmonic terms O(gew)

In this subsection, we analyse both the acoustic and optical saddle cases.
To simplify the calculations, we consider the saddle point located at (k,[) =
<%, O) , where the corresponding frequencies are wy = \/m for the acoustic
mode, and ws = \/m for the optical mode. At this point, the leading-

order system yields the following equation relating F F P, and P

A S

M, - , (4.7.1)

=g
=)

>
o

where the matrix M; takes the form
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+£ 0 Lems F 0
3p .
0 4P 0 L] |p 0
p 2 p 2 = , (4.7.2)
ein/3 0 :|:§ 0 F 0
3p p A
0 — /3 += P 0
9 © 2

with the positive sign (4) corresponding to the acoustic saddle and the negative
sign (—) to the optical saddle.

To determine the leading-order components, we reduce the matrix M; to
echelon form. This reduction allows us to express the solution vector v =
(F . P, F , 15>T in a normalised form. In particular, the components are related

in magnitude and phase as
~ N\T ) T
(F, PF P) = F (1,0, 473 0)" (4.7.3)

with the (—) and (4) signs representing the acoustic and optical cases, respec-

tively.

4.7.2 Harmonic terms O(c2e)

In this subsection, we analyse the second-order harmonic terms for both acous-

tic and optical saddle cases. We focus on the point (k,l) = (7/3,0), where

the acoustic and optical frequencies are wy = /02 + p and ws = /% + 2p,

respectively. The governing system is given by

G, A
A
M, ?l = |7 =, (4.7.4)
G Ay
Q) Ay
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where M; is defined in (4.7.2), and we substitute the leading-order approxi-
mation

A A\T ) T
(F,P,F,P) = F (1,0,4¢7/ 0)"

with (+) for the optical case and (—) for the acoustic case (4.7.3).
We evaluate A, Ay, As, Ay at (k,1) = (7/3,0). These are derived from equa-
tions (4.3.25) to (4.3.28) in Subsection 4.3.6, we obtain

50 ins3 7 30 s
Ay = 2iwF, + e E, Ay = Lo,
As = 2iwFr - 5_2pem/3F " A= _37%”/ °Fy. (4.7.5)

Introducing the travelling wave coordinates Z = x — Ur, W =y — V1, we

rewrite these as

50 in3p 3p e
Al = —QZW(UFZ + VFW) -+ ?pe”r/SF’Z7 A2 — gpelﬂ/SFW7

; 7 5P i 3p _
Ay = =2i(UF; + VEy) = e PRy, Ay= =L ™Ry, (47.6)

~ ~\T .
For the acoustic case, using (F, P F, P) =F (1, 0, —e /3, O)T, we get

5 3y .
Arpe = —2iw(UFz +VFw) - ?pFZ, Asac = _7[)6”/3FW,
o . —in/3 op in/3 B 3p in/3
Az pe = 2iwe P (UF, + VFy) — 5 € PFy, Agpe = e Ty (4.7.7)

~ \T )
For the optical case, with (F, P F, P) =F (1, 0,e/3, O)T, we find

2 3
Arop = “2iw(UFz + VFw) + TpFZ’ Asop = QpFw,
; 5 : 3 '

Asop = =2iwe” "UF; + VFy) = L ™F,, Aoy = =5 ™ Ry,

(4.7.8)

To determine the velocities U, V' and the coefficients G, @1, Gl, Ql, we rewrite
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system (4.7.4) in reduced 2 x 2 block matrix C.1 form

Mll M12 Gl A
= : (4.7.9)

My My | \ Gy B

where My = My = £51, with (+) for acoustic and (—) for optical. Also,

1 0 A A
M12:§(1+i\/§) ,A=| |, B=|""
0 -3 Ao Ay

Following the reduction in Appendix C.1.9, assuming p = 1, we find
(MH - MlgM{Qlez) al - A - MIQMQEIB, (4710)

where

e 0 O
My — Mo My, M5 = ,
0 +4

where (—) corresponds to the acoustic case, and (+) to the optical case. This
leads to the kernel form

G, 1 - |0
=pu +dG ,  without loss the generate, we take u = 0.

Q1 0 1

Starting with the acoustic case, we apply the consistency condition using the

normal vector n = (1,0)7, and obtain

1 —4wi (UFy + V F
: UE+VE _g (4.7.11)
0 3Fw
This leads to the condition
— 4w (UFZ +VFw) = 0. (4.7.12)
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Since w # 0 and that the derivatives F; and Fy, are not identically zero, we

must conclude

U=0 V=0 (4.7.13)

Thus, the group velocity vanishes at this saddle point. Then for the acoustic

case, we find

. 0 4wt (UFyz + V F
Gac = ( 7 W) 5 (4714)
—4 3Fw
N ~ 3
~4G.=3Fy = Cu=-Fv. (4.7.15)

Gl,ac 0

Ql ac _%FW

el = | . (4.7.16)
Gl,ac _56_ZW/3FZ

Ql,ac %eiiﬂ-/(gFW

Returning to equation (4.7.10), we now analyse the optical case, we have

(o Awi(UF, + VE
Go | | = (UEz+VEw) ) (4.7.17)

4 6 Fyy

We now apply the consistency condition using the normal vector n = (1,0)%,

we obtain

: —0. (4.7.18)

0 6w

For the system to be consistent, this expression must vanish:

— 4wi(UFy + VFEy) = 0. (4.7.19)
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Since w # 0 and Fy, Fyy # 0, this implies
U=0, V=0 (4.7.20)

Hence, for both acoustic and optical saddle points, the group velocity vanishes.

For the optical case in (4.7.17), where éop = %FW, we obtain

G1.0p 0

Q10 2F

I I R (4.7.21)
Gl,op 5€_Z7r/3FZ

CA21,op _%e_m/SFW

4.7.3 The acoustic saddle harmonic O(s3%¢") terms

From Subsection 4.3.7, evaluated at the point (k,l) = (7/3,0), and using the

results from Subsection 4.7.2, we obtain

Hl A31
R A
M, | =] =as (4.7.22)
H, Ass
Ry Agy

Here, A3y, Az, Asz, A3y are obtained after transforming to the travelling wave

coordinates, we have

50 A 39
Az = 2iwFr — X (3|F’F) — g (9Fzz + 3Fww) + ?/)em/gGlZ + 7/)61”/3@114/»

30 . A 3 ) A
Asp = Epffm/gQw + ?p <€Z7T/3G1W - FZW) ;
Agy = —2iwe™ ™3 Fp 4+ Ne™™3 (3| F|PF) + ge-”/?’ (9Fzz + 3Fww)
o0 3p .
- 7’06_W/3G12 - gpe_m/ngWa

3 —T 3 —T
Asy = 7'06 /3Q12 + 7'06 /3 (Fzw — Ghw) .
(4.7.23)
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As in previous sections, we reduce the matrix M; in (4.7.2) into block form

appendix C.1. The system can then be written as

My, Mo H, A
= , (4.7.24)

M21 M22 El B

where MH = M22 = g[, M21 = Ml*zT, and A = (Agl,Agg)T, B = (A33,A34)T.
Also, ﬁ1 = (H1>Rl)T> ]-:_{1 = (Hlal%l)T'

Thus, the system becomes

My Hy+ MRy = A, (4.7.25)

M H, + My Ry = B. (4.7.26)
By eliminating Ry, we obtain
(M1 — MisMyy' M7y ) Hy = A — MysM,,'B. (4.7.27)

Let n = (1,0)” be the vector normal to the range of the M; in (4.7.2) . The

consistency condition is then
n- (A — M;;M;,'B) =0,
which leads to the NLS equation
0iFr + Dy|F|*F + Dz Fz7 + Dw Fww + Dy Fzw = 0. (4.7.28)
Here, the coefficients are defined as

3
0 =4V +p, Dz=-1Tp, Dw=-5p, Du=0, Dy=-6A

(4.7.29)
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Furthermore, the ellipticity condition [8, 15] is given by

& =4DzDy — D3, >0, (4.7.30)
which evaluates to
E =4(—17p) (—gp) = 102p* > 0. (4.7.31)
Hence, the system is elliptic. The focusing condition [3, 9, 19] is
Dy;Dy =90 p >0 if A>0, (4.7.32)

so a bright breather exists when A > 0.

4.7.4 The optical saddle harmonic O(c%¢") terms

Using the optical results from Subsection 4.7.2, and following a procedure

similar to the acoustic case at order O(g3¢%), we obtain

Hl A31
R A
M| =] = dw (4.7.33)
Hl A33
ﬁl A34

Here, M; is given in equation (4.7.2), and the components Asy, Asy, Asz, Asy
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are expressed as

. 50 . A 30 . N
Az = 2iwFr — X (3|F’F) + g (9Fzz + 3Fww) + é)é’m/‘g@lz + ?pem/gQIWa

30 . A 3 . R
Asy = gem/ngz + ZP (FZW + 67’7T/3G1W> ;
Ay = 2iwe™ ™3 Ep — X/ (3|F’F) + fz)e—”/i“ (9F 27 + 3Fww)
5 —7 3 —i
= 7p€ PGy — ?pe BQuw,

3 —iT 3 —iT
Ay = Epe PQuz + Zpe P (Faw — Giw). (4.7.34)

Using the relation in equation (4.7.25), the solvability (consistency) condition

becomes

1
n- (A —MpyM;y,'B) = (A — M;;M5,'B) = 0. (4.7.35)
0

Thus, the resulting NLS equation takes the form
4i\/Q2 4+ 2p Fp — 6A|F|?F + 17pFy 7 — 3pFyw = 0. (4.7.36)

In contrast to the acoustic saddle case, the ellipticity condition for the optical

saddle is not satisfied
£ =4DyDy — D3, = —204p> < 0, (4.7.37)

which indicates that the governing system is hyperbolic, The breather can be

localised in only one direction, not both.

4.8 Discussion

In this chapter, we have investigated a mechanical symmetric honeycomb lat-
tice interacting via linear NNIs and a nonlinear onsite potential. First, it was

shown that the derived model of the equations of motion preserves symme-
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try. This was demonstrated by applying asymptotic methods using a solution
ansatz similar to those employed in [24], [23], and [26]. The dispersion relation
was derived, which exhibits the expected symmetric behaviour and features
both lower and upper flat bands, as well as acoustic and optical branches
yielding a total of four dispersion surfaces (see Figures 4.4, 4.3, and 4.5).
Although the resulting system could not be solved in full generality for arbi-
trary wave numbers (k, 1), we reduced it by considering special cases of specific
wave numbers. This enabled a more tractable analysis of breather dynamics. A
similar strategy was used by Wattis et al. [55], who reduced scalar honeycomb
lattice under conditions when the symmetric potential terms were either zero
or non-zero, leading to insights into breather behaviour in electrical lattices.
Next, we analysed the minimum and maximum of w(k,[), deriving a coupled
NLS equation in F' and P, at k = 0,1 = 0 as shown in Sections 4.4-4.5. A cou-
pled NLS system was obtained which, due to the complexity of the coupling,
could not be reduced to a single NLS equation similar to the cases treated in
Section 3.4.1 of Chapter 3. In the Dirac case (Section 4.6), two elements in the
kernel were considered, and the relative amplitudes were identified. By apply-
ing the coordinate transformation Z = Z — uW, we reduce the problem to a
single spatial dimension. This enables the analysis of modulational instability:
for A < 0, the 1D NLS equation becomes focusing and supports ID breather
solutions.

Finally, we demonstrated that the lattice equations can be reduced to a single
cubic NLS equation in two saddle point cases (Section 4.7). An ellipticity
condition on the wavevector was examined, allowing us to identify stationary
breather solutions in the case of the acoustic saddle.

Conversely, for the optical saddle, a hyperbolic NLS equation was found. Al-
though the theoretical framework for the mechanical triangular lattice (Chap-
ter 3) and the mechanical honeycomb lattice (Chapter 4) is similar, key differ-
ences arise during analysis. For instance, stationary breather solutions were

identified in the honeycomb lattice at the acoustic saddle, and modulational

143



instability emerged in the Dirac case when A < 0. In contrast, the global
maximum and minimum cases for the honeycomb lattice reduce to coupled
NLS systems similar to the global minimum case in the mechanical triangular
lattice.

It is important to note that the results presented in this chapter are entirely
analytical, based on asymptotic analysis of breather solutions in the mechan-
ical honeycomb lattice. From a practical perspective, it would be valuable to
extend this work to include numerical simulations of honeycomb networks with
both linear and nonlinear NNIs. Previous numerical studies have shown that

hexagonal lattices can support breather solutions, as noted by [52], [53], and

[73].
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Chapter 5

Conclusion

In this thesis, we have explored discrete breathers, spatially localised, time-
periodic, and long-lived solutions, which are found in many nonlinear lattice
structures, including MiM chains and mechanical triangular and honeycomb
lattices in 2D. In Chapter 1, we illustrated how the interplay between non-
linearity and discreteness enables DBs to form and maintain their envelope
over long durations, even in the presence of phonon resonances that might
otherwise induce decay. DBs occur in various lattice models, including elec-
trical and mechanical systems, within both square and hexagonal geometries.
We reviewed several foundational works, including those demonstrating the
existence of DBs in diatomic, MiM, and 2D hexagonal lattices, and outlined
current research directions focused on DBs in both electrical and mechanical
settings. In Section 1.3, we discussed common analytical techniques for de-
riving approximate small-amplitude solutions. Section 1.3.2 summarised the
multiple scales approximation, as presented in [19, 20], and applied it within
this thesis. This method has been widely employed in nonlinear systems, as
illustrated by works such as [1, 21, 23, 26, 55, 74]. In Section 1.4.5, we fo-
cused on key results concerning hexagonal lattices, with selected applications
presented in Section 1.4.7.

In Chapter 2, we conducted a numerical investigation of the fully nonlinear

MiM system introduced in [1]. We assessed the robustness of the MiM model
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by using initial conditions derived from asymptotic reductions to the NLS
equation. Our findings revealed that localised structures such as breathers
and breather-kinks emerge under certain conditions involving wavenumber £,
quadratic nonlinearities «, a, and interaction strength p. Numerical simula-
tions confirmed the presence of stationary breathers at £ = 0,7, and moving
breathers at other wavenumbers for both optical and acoustic branches. The
stability of these modes is primarily governed by p, and to a lesser extent by
the mass ratio p. In symmetric cases (Case I), stationary DB solutions are
more stable in the optical branch at £ = 0 and k£ = 7, with long-lived acoustic
modes occurring for large p. In Case III, breather-kink solutions were observed
in both stationary and moving forms, with stability varying based on p and p.
Moreover, we observed that in moving modes for Case I (k = 0.1,3.1), both
optical and acoustic waves displayed long-lived behaviour for large p, whereas
weak instabilities were noted at lower p. Similar trends were found in Cases II
and IV. In some configurations within Case IV, the governing equation reduces
to a CGL equation. Generally, moving modes tend to be more stable at higher
values of p across all . Appendix A presents detailed visualisations illustrating
how p and p affect breather stability and dynamics, including breather-kinks
or wobbling kinks.

In Chapter 3, we developed a model for a mechanical triangular lattice, al-
lowing in-plane motion with two degrees of freedom per node, and applied
asymptotic analysis incorporating symmetric onsite potentials and NNIs. The
dispersion relation in Section 4.3.2 produced two branches acoustic and opti-
cal enabling the study of stationary breathers, including Dirac points (see Ta-
ble 3.1). Using multiple scales analysis, we derived the NLS equation (3.3.45)
and identified the focusing condition and the ellipticity condition (3.3.47) and
(3.3.46), respectively for DB solutions. In Section 3.4, we simplified the system
by neglecting quadratic nonlinearities, summarising the stationary results in
Table 3.2 (see Appendix B for details). We established stationary breather so-

lutions for symmetric triangular lattices in Case 3 (global maximum) and Case
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5 (optical saddle). This work extends prior results on square lattices to 2D
triangular configurations, confirming that triangular lattices support breather
solutions.

In Chapter 4, we studied a symmetric mechanical honeycomb lattice with
linear NNIs and onsite potential energy. Using asymptotic techniques, we de-
rived and validated the symmetry of the governing equations. The dispersion
relation exhibited the expected symmetry with lower and upper flat bands,
and both optical and acoustic branches. By selecting special wavenumbers,
we simplified the analysis, following the approach of Wattis et al. [55]. We
derived coupled NLS equations for specific wavenumber points, as presented
in Sections 4.4, 4.5, and 4.6. In contrast, for the saddle point cases optical
and acoustic considered in Section 4.7, the system reduces to single NLS equa-
tions. Stationary breather solutions were identified at acoustic saddle points,
while optical saddle points exhibited more defocusing propagation dynamics.
Whereas the triangular lattice supports breather solutions in case 3 (Global
maximum) and case 5 (saddle point), this is notably not the case for the honey-
comb lattice. The results are fully analytical and offer insights into the nature
of DBs in honeycomb structures.

Future investigations could focus on extending MiM systems into two dimen-
sions, considering triangular and hexagonal configurations with both scalar
and vector displacements. Further research could also explore breather-kink
interactions, examining their mechanisms, stability, and possible applications
in nonlinear wave systems.

It would also be worthwhile to generalise the asymptotic approximation to
mechanical triangular and honeycomb lattices with cubic onsite nonlinearities,
supported by numerical simulations. Additional directions include examining
alternative 2D lattice geometries such as square, 2D diatomic, kagome, and
diamond lattices, as discussed by Vainchtein [75].

Given the complexity of discrete breather dynamics, particularly in triangular

and honeycomb geometries, numerical simulations are essential for validating
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analytical results and exploring regimes beyond the reach of asymptotic meth-

ods.
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Appendix A

Supplementary material:
Chapter 2

Appendix A: Introduction

This appendix presents supplementary figures corresponding to the numerical
simulations discussed in Chapter 2. We provide a set of visual results illustrat-
ing the spatial profiles and temporal evolution of optical and acoustic discrete
breather solutions in the fully nonlinear MiM FPUT chain. The figures cover
various parameter regimes, including both zero and non-zero internal coupling
() and outer mass nonlinearities (a), across different values of wave number k.
These cases demonstrate the qualitative behaviour of the system under weak
and strong nonlinearity (p), and the persistence or decay of localised modes
over time.

The inclusion of these results serves two key purposes. First, it validates
the numerical analyses carried out in Chapter 2, showing how breather and
breather -kink solutions evolve under fully nonlinear dynamics. Second, it of-
fers detailed insight into the localisation properties of both optical and acoustic
branches, thereby supporting the broader discussion on the stability and ro-
bustness of breather and breather-kink modes. These visualisations enhance
the connection between the theoretical predictions and the observed long-lived
behaviours identified in the simulations. To avoid excessive length and visual
density in Chapter 2, all corresponding figures have been compiled here in Ap-
pendix A. Variations in breather amplitude arise from the plotting of solutions
at different time points.

Table A.1 displays optical breather profiles at wave number k£ = 0, evaluated
at ¢t = 2000 (with NV = 400 or 1000 as appropriate), across four model cases
defined by nonlinear parameter combinations:

e Case I (a = 0, @ = 0). Subfigures: (a) p = 3,u = 3,8 = —0.3,b =
1, W, = 22.086; (b) p = 3,11 = 1,8 = —0.01,b = 1, W, = 13.441; (c)
p=zsp=30=-035b=1W,=20448; (d) p = 5, = 3,0 =
—0.01,b =1, W, = 13.441.

e Case II (a = 0, a = 1). Subfigures: (a) § = 0.18,b = 1, W, = 27.726;
(b) B =10.367,b=1,W, = 23.153; (c) 8 =2.92,b=1,W, = 19.289; (d)
g =333b=1W,=23281.
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Table A.1: Optical breather profiles at k& = 0 for Cases I-1V.

e Case III (a = 1, a = 0). Subfigures: (a) 5 = —0.20,b = 1, W, = 27.050;
(b) B = —0.01,b = 1, W, = 13.441; (c) B = —0.20,b = 1, W, = 27.050;
(d) 8= —0.10,b = 1, W, = 13.441.

e Case IV (a =1, a = 1). Subfigures: (a) 8 = 0.08,b = 1, W, = 22.449;
(b) B=0.366,b = 1, W}, = 20.332; (c) B =2.98,b =1, W, = 20.351; (d)
5 =2333,b=1W, =23.281.

Each panel shows the range 400 < n < 600, where breather localisation is
most evident.

Table A.2 presents optical breather profiles at wave number k& = 7, recorded at
tmax = 2000 (or ¢ = 1000) across four different model cases. The simulations
use either N = 400 or 1000, and only selected spatial ranges are shown to
focus on breather localisation.

e Case I (a =0, a = 0). Subfigures: (a) = 1,b = 0.001, W}, = 16.057,
(b) B = 0,b = 02, W, = 12.022; (c) 8 = 1,b = 0.01, W, = 19.089;
(d) B =1,b=0,W, = 12.893; all for N = 400, with 100 < n < 300
displayed.

e Case II (a =0, a = 1). Subfigures: (a) § =b = 0.1, W, = 21.000; (b)
B =1b=0335W,=10.235 (c) f = b = 0.33, W, = 19.104, N = 500;
(d) B =b=0.67,W, = 15.569; all with 100 < n < 300 displayed.

e Case IIl (a = 1, @ = 0). Subfigures: (a) f = b = 1.28, W, = 18.033;
(b) B = b= 021,W, = 18511; (c) § = b = 1.31,W, = 20.696; (d)
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Table A.2: Optical breather profiles at k = 7 for Cases I-1V.

B=b=1.19,W, = 21.321; all for N = 1000, displaying 400 < n < 600

at early simulation times.

oCaseIV( =1, a=1).

()ﬁz 6,0 =
B=b=18W,
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Subfigures: (a) 8 =

b =1.3,W, = 21.000;
0.3, W, = 11.119; (c) 8 = b = 1.6, W, = 16.678; (d)
16.036; with 400 < n < 600 shown in each case.



2000 250 °
¢ ) ¢ 2000

0.6
04

..  defocusing defocusing

Table A.3: Acoustic breather profiles at k = 7 for Cases I-1V.

Table A.3 presents acoustic breather profiles at wave number k = 7, evaluated
at either ¢ = 2000 or t = 1000, depending on the case. The simulations use
N =400 or 1000, and the displayed spatial range is restricted (e.g., 150 < n <
300 or 400 < n < 600) to emphasise localisation. Each case explores a distinct
nonlinear configuration:

Case I (a =0, a = 0). Subfigures: (a) 5 = 1,b = 0.001, W, = 16.057;
(b) B =1,b=0.06, W, = 21.567; (c¢) 8 = 0.0001,b = 0.01, W, = 15.097;
(d) B = 0.0001,b = 0.01, W, = 22.602; all for N' = 400, with 150 < n <
300 displayed.

Case II (a = 0, a = 1). Subfigures: (a) § = b= 0.15, W}, = 21.239; (b)
B =b=0.07W, =21.205; (d) 8 = 2.82,b = 4.5, W), = 14.899; all for
N = 400, displaying 150 < n < 300. For p = %, @ = 3, the system is
defocusing for all —10 < 3,5 < 10.

Case III (a = 1, « = 0). Subfigures: (a) 8 = b = 1.28, W, = 18.033;
(b) B =b = 14, W, = 20.369; (c) B = 0,b = 1.6, W, = 10.412; (d)
B =0.01,b = 0.02, W, = 2.940: all for N = 1000, with 400 < n < 600
displayed.

Case IV (a = 1, @ = 1). Subfigures: (a) f = b = 1.35, W, = 21.239;
(b) B =b = 1.4, W, = 21.285; all for N = 1000, with 400 < n < 600
displayed. When p = %, the system remains defocusing.
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Table A.4 presents optical breather profiles at wave number k = 3.1, with
simulations at ¢ = 1000 and N = 1000. The spatial range is restricted to
200 < n < 350 to highlight localisation effects. Each case investigates different
combinations:

e Case I (a =0, a = 0). Subfigures: (a) f =1,b =0,W, = 16.123; (b)
g = 0.019,b = 0.01,W, = 15.556; (¢) = 1,b = 0.018, W, = 18.191;
(d) B =1,b=0,W, = 12.887; all for ¢ = 1000, N = 1000, displaying
200 < n < 350 at the end time.

e Case II (a = 0, o = 1). Subfigures: (a) f = b= 0.1, W}, = 21.007; (b)
B =b=033W, = 25615 (c) 8 = b = 0.32,W, = 20.579; (d) 8 =
b = 0.67, W, = 15.618; all for t = 1000, N = 1000, with 200 < n < 350
displayed at early time.

e Case IIT (a = 1, @ = 0). Subfigures: (a
(b) B = 0.01,b = 1.31, W, = 29.058; (c) 3
(d) B=0.1,b= 14,1, = 18.612; all for t —
200 < n < 350.

b =0b=127W, = 19.392;
0.01,b = 1.41, W, = 19.596;
1000, N = 1000, displaying

)

Table A.4: Optical breather profiles at & = 3.1 for Cases I-1I1.
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Table A.5: Acoustic breather profiles at k = 3.1 for Cases I-III.

Table A.5 presents acoustic breather profiles at wave number & = 3.1, with
simulations carried out at ¢ = 1000 and N = 1000. The spatial domain is
limited to 200 < n < 350 to emphasise localisation. Each case explores distinct

nonlinear parameter regimes, with detailed values for 3, b, and breather width
Wy, summarised below.

e Case I (a = 0, a = 0). Subfigures: (a) 8 = 1,b = 0,W, = 16.147;
(b) B = Lb = 0.07,W, = 20.023; (¢) 8 = 0,b = 0.1, W, = 17.016;
(d) 5 = 0,b = 0.1,W, = 17.019; all displayed at the end time over
200 < n < 350.

e Case Il (a = 0, o = 1). Subfigures: (a) f = b = 0.15, W}, = 21.210;
(b) 5 =b=0.07,W, = 21.207; displayed at early simulation time over

200 < n < 350.

e Case III (a = 1, @ = 0). Subfigures: (a) f = 0.01,b = 1.41, W}, =
19.233; (b) 8 = 0.1,b = 1.4, W, = 20.509; simulated over 0 < t < 850,
with 200 < n < 350 displayed throughout.

Table A.6 shows optical breather profiles at wave number k£ = 0.1, simulated
over t = 1000 with N = 1000. The range 200 < n < 350 is used for visualisa-
tion. Each case explores a distinct nonlinear configuration listed below.
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Table A.6: Optical breather profiles at k£ = 0.1 for Cases I-III.
e Case I (a =0, a = 0). Subfigures: (a) b = 1,5 = —0.3, W}, = 22.066;
(b) b=1,8 = —0.009, W, = 14.167; (c) b = 1,3 = —0.3, W}, = 22.330;
=4 —uU. , Wy = 14, ; all wit 1splaye
(d) b=1,5=-0.009, W, = 14.440; all with 200 < n < 350 displayed.

e Case II (a = 0, a = 1). Subfigures: (a) b=p=0.09W, = 22.825;
(b) b = B = 0.366,W, = 20.330; (c) b = B = 3,W, = 21.185; (d)
b=p=3.33W,=23.716; all with 200 < n < 350 displayed, taken at
early time 0 < n < 250.

e Case III (a = 1, @ = 0). Subfigures: (a) b = 10,8 = —0.20,W, =
27.043; (b) b = g = —0.003, W), = 24.535; (c) b = 10,5 = —0.20,W, =
27.366; (d) b = g = —0.003, W, = 25.008; all with 200 < n < 350
displayed.

p=1tpu=1

3 3’
0.2
0.15
0.1
0.05
0
-0.05
-0.1

50 200

1000800 600 400" 100 t 200 359 300 250
n o n

300
¢ 200 350

Table A.7: Acoustic breather profiles at k = 0.1 for Cases I-II.

Table A.7 presents acoustic breather profiles at wave number & = 0.1, simu-
lated with ¢ = 1000 and N = 1000. The spatial region 500 < n < 1000 is used
to highlight the localisation range, and the parameter values are summarised
below.
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e Case I (a = 0, « = 0). Subfigures: (a) b = 5 = 10,W}, = 61.278;
(b) b =8 = 10,W, = 38.031; (c) b = B = 10,W, = 156.601; (d)
b=p=10,W, = 61.631; with 500 < n < 1000 displayed for subfigures
(a), (b), and (c).

e Case II. The breather dynamics and parameter regimes are the same as
in Case I.
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Appendix B

Supplementary material:
Chapter 3

This section addresses Cases 2, 3, and 5 from Table 3.2, extending the analysis
of stationary optical and acoustic properties previously discussed for Cases
1 and 4 in Section 3.4. We begin with Case 2 (a saddle point) and Case 3
(a global maximum), focusing on their corresponding stationary optical and
acoustic characteristics. Subsequently, we examine Case 5 (the saddle point)
to explore its distinct behaviour.

B.1 Cases 2: Saddle Point and 3: Global Max-
imum

In Cases 2 and 3 (optical and acoustic), we focus on special wave num-
bers: (&7/2,47/(2v/3)) and (0,47/v/3). These are labelled as follows b
= (k7l) = (77-/2771-/(2\/5))7 f= <_7T/277T/(2\/§))7 c= (7T/2’ _ﬂ-/(2\/§))7 €=
(—7/2, —7/(2V3)).

The quantities Cy. and C,, are defined in equations (3.3.8) and (3.3.9), re-
spectively. Due to the system’s symmetry, the results for points b and e are
identical, as are those for f and c. To avoid redundancy, we report only the
results for wave vectors b and f. For Cases 2b and 3b, from Table 3.1, the
coefficients are given by

1
w?(k, 1) ~ 3 (tr + Vit — 4det> : w2, ~ Q%+ 2p, w2, = O + 6p.
(B.1.1)

using (3.3.8) and (3.3.9), we have

o —V/3psin(k) sin(lv/3) _ b
o2 w2, + 3p (1 — cos(k) cos(IV3)) V3

Coe — VOO g (B.1.2)

02 —w? +3p(1-0)

Evaluating U, V, U, and V using equations (3.3.27)-(3.3.28) and (3.3.33)~
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(3.3.34) at point b and with the values from (B.1.1) and (B.1.2), we find
U=V=0, U=V=0

in both optical and acoustic cases. The NLS coefficients for the acoustic case
are

Oue = 8V 2 + 2p, Dzoe = —p, Dwae = 9p, (B.1.3)

Ditae = —10V3p, DiNae = —12, (B.1.4)
2

Eue = 4(=p)(9p) = (~10V3p) " = —360* — 300p° < 0. (B.1.5)

Hence, the system is not elliptic at Case 2 b and e, which agrees with the
numerical results in Figure 3.11. For the optical case, we find

Op = §¢m Dyoy=—5p,  Dweoy=—3p, (B.1.6)
Durop = —2V3p, Doy = —3A(1.3), (B.1.7)
Eu = 4(=50)(~3p) — (~2v/3p) = 487" > 0, (B.18)
Fop = (=3A)(1.3)(=5p) = 20Ap >0, A > 0. (B.1.9)

This confirms that Case 3 b and e satisfy both the focusing and elliptic condi-
tions, as supported by the simulation results in Figure 3.11.

B.2 At Saddle Case 5

To begin the analysis, we consider the case (k,l) = (cos™!(—1/8),0), as the
case with negative k is analogous due to symmetry. Using the value of w from
Table 3.1, we have w,, = /€2 + 5p. For this case, the calculations proceed
via direct substitution

—V/3psin(k) sin(lv/3)

Cop =
P2 w2, + 3p(1 — cos(k) cos(1v/3))

~0. (B.2.1)

Evaluating the quantities U, V, U, and V using equations (3.3.27)(3.3.28)
and (3.3.33)—(3.3.34), we find

U=V=0, U=V=0.

The corresponding NLS coefficients are

Op =V +5p,  Dgop=—-39,  Dyop=—0.18, (B.2.2)
Dzwop =0,  Dnop=—3X,  Ep=4(—3.9)(—0.18) = 2.8 >0, (B.2.3)
Fop = (=3.9)(=3)) = 11.7pA > 0. (B.2.4)

Therefore, the system is elliptic and focusing provided that A > 0.
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B.2.1 Cases 5 (b) and (e)

We now consider point b, defined as b = <l COS_l(—l/S),%ECOS_I(—I/S)).

The case e = (—%cos_l( 1/8), =¥ cos™1(—1/8) ) is symmetric and hence
yields identical results. In both cases, we have w,, = /€% + 5p, and
- i in(lv/3
Cop = V3psin(k) sin(1v/3) =3, (B.2.5)

02 — w2, + 3p(1 — cos(k ) cos(1v/3))
From equations (3.3.27)—(3.3.28) and (3.3.33)—(3.3.34), we obtain
U=V=0, U=V=0
The resulting NLS coefficients are
Op = VP2 +5p,  Dzop=—45p,  Dwep = —12p,
Dzwop = —12p, Dyop = —48A,

(B.2.6)
(B.2.7)
Eop = 4(—4.5)(—=12) — (—=12p)* = T2p* > 0, (B.2.8)
Fop = (—4.5)(—48)\) = 216pA > 0. ( )

Thus, the system remains elliptic and focusing for A > 0.

B.2.2 Cases 5 (c) and (f)

Finally, we consider case ¢ = (—% cos~1(—1/8), i (- 1/8)). The corre-
sponding value of w is

Wik, 1) = Q%+ 5p, (B.2.10)

and the coupling coefficient becomes

—V/3psin(k) sin(lv/3) L
02 — w2, + 3p(1 — cos(k) cos(1/3)) =3

Cop = (B.2.11)

Again, from equations (3.3.27)—(3.3.28) and (3.3.33)—(3.3.34), we have
U=V=0, U=V=0.

The associated NLS coeflicients are
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O = V22 + 5p, Dyop = —4.5p, Dywop = —12p,
-DZWOp et ]_2p7 -DNop = _48)\7

Eop = 4(—4.5)(—=12) — (12p)* = 72p* > 0,

Fop = (—4.5)(—48)\) = 216p\ > 0.

Therefore, the system is again elliptic and focusing for A > 0.
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Supplementary material:
Chapter 4

C.1 Reduction of the system

In this section, we reduce the 4 x 4 system in 4 to a pair of 2 x 2 matrix
equations in order to simplify the analysis of the special points identified in
Table 4.1, specifically Cases 3, 4, and 5.

The system introduced in Section 4.3.6 can be rewritten in block matrix form

. (E) B (g> ! (C.1.1)
() (5)- (), i

where F = (F, P)T, F = (F,P)T, and A = (A;, A;)T, B = (By, B,)” are the

right-hand side vectors defined in equations (4.3.25)—(4.3.28).
The diagonal blocks M7; and M,y are equal and take the form

or equivalently

3
0 —w?y P 0
Myy = My = 2 30 | (C.1.3)
0 QQ — CL)Q + ?

3
where w? # Q2 + 7p The off-diagonal block M, is given by

—e™* (2pe=3* + pos(1V/3)) —%\/gﬂeik sin(lv/3)

Mo = 7 . 3p .
—5\/§pe”c sin(1v/3) —?e”“ cos(Iv/3)

. (C1.4)

and the lower-left block M, is simply the Hermitian transpose of Mi,, i.e.,

_ T
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where * denotes complex conjugation and 7 the transpose.
Thus, the reduced system may be expressed as

M11F—|—M12§:A, (015)
MIF + M, F =B, (C.1.6)

Solving equation (C.1.6) for F gives
F =M (-MIF +B). (C.1.7)
Since My, = Msy, both can be expressed in terms of the identity matrix as

3
M11 = M22 = (QQ - w2 + ?p) : I, (C18)

where I is the 2 x 2 identity matrix. Substituting the expression for F from
equation (C.1.7) into equation (C.1.5), we obtain

M, F + M12M2_21 (—MI*QTF + B) =A, which leads to
(M — MiaMsy' M) F = A — My, M;,'B. (C.1.9)

This reduced form will be used in Sections 4.6 and 4.7 to simplify the analysis
of the Dirac point and saddle point cases, respectively.

To solve the coupled block matrix system in equations (C.1.5) and (C.1.6), we
proceed as follows

1. To compute M;;' From equation (C.1.8), we know that both M;; and
Myy are scalar multiples of the identity matrix. Since the inverse of a
scalar multiple of the identity is just the reciprocal of the scalar times

the identity, we have M;;' = I

=
QZ—w2+7p

2. Solve the reduced linear system B
Equation (C.1.9) is a 2 X 2 linear system in the unknown vector F =
(F, P)T. Compute

= 1 T\ —1 _
F = (M — MippM' M) (A — Mi,M'B).
This inversion is non-singular. The right-hand side is known, and the

matrices involved are computable from the system parameters. Back-
substitute into equation (C.1.7). Once F is found, substitute it into

F =My (-M;IF +B),

to find the corresponding components F = (F, P)7.
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