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Abstract

This thesis is divided in three independent chapters. In chapter 1, we prove
some explicit results concerning images under Shimura’s map, the methods
are elementary. In chapter 2, we provide results on two kernels of half integral
weight. Chapter 3 is an exposition to the results obtained as part of the col-
laboration with Wissam Raji, Larry Rolen and one of my supervisors Nikolaos

Diamantis [!], where we study periods in the half integral weight setting.
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Introduction

This thesis is divided into three distinct and independent chapters. These
can be described as 1) explicit computation of Shimura images, 2) analytic
properties of the Cohen kernel Cj/, and of the double Eisenstein series Ej/o;

and finally, 3) period polynomials for half integral weight modular forms.

In Chapter 1, we consider the product of an integral weight cusp form against
a theta series and develop a method to compute its Shimura image by explic-
itly giving its coefficients. The culmination of this chapter is Theorem 1.2.2.
The proof relies crucially on Lemma 1.1.15 which relies on an idea that can
be traced back to Selberg. The methods of this chapter are completely ele-
mentary and do not use much beyond Mé&bius inversion. In addition to adding
this novel tool to our understanding, this helps recontextualise results that
were previously scattered in the literature. The author believes that the full
power of this tool has not yet been realised. In this direction, I give 3 open
problems in §1.4. We now give a brief idea of the main theorem. To each
fundamental discriminant D, one can define the Shimura map op. In fact for
most purposes, it will suffice to look at the case oy (see remark 1.1.9). Let
¢ be a Dirichlet character modulo N, of parity v, that is, ¥(—1) = (—1)”
with v = 0 or 1. Attached to v there is a theta series hy(7) =) Y(n)nrq"™
which we multiply by a cusp form f of integral weight A — v (more precisely
we multiply by a “scaled up” version of f, namely f(N,7)). Then Theo-
rem 1.2.2 gives the coefficients of the g-expansion of o1(f(Ny7)hy(7)). In
fact, when \ and v have the same parity, we can determine this image ex-

actly. We provide as well several examples as applications of our main result.
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Chapter 2 is roughly split into two parts. The first, up to §2.5 contains the
main theoretical content of the chapter, where the analytic properties of Cj /s
and FEj/, are discussed. These two objects should be thought of as the inte-
gral weight analogs of the Cohen kernel and the double Eisenstein series that
appeared in the papers [7] and [3]. We first give the definition of these two

objects in Definition 2.2.1 and 2.1.1. The aims up to §2.5 are
(I) Prove absolute convergence

(IT) Express the application of the kernel to a function f in terms of the

L-functions of f

(III) Give a meromorphic continuation.

We tackle (I)-(III) for the Cohen kernel Cy ), first. This is because part (III)
for Cj o is used in the proof of part (II) for Ej/,. We first prove (I) for Cy s
on the vertical strip o € (i, g — %1) On this region, when o is fixed, we show
that the Cohen kernel is a cusp form (Corollary 2.2.9). Actually, the region of
absolute convergence can be improved to a left plane o < % — 1 by considering
the convergence of the Hurwitz zeta function ) Wr#n) (Proposition 2.2.10).
By a typical unfolding argument, we show part (II) in Proposition 2.2.11 and
thence deduce (III) in Corollary 2.2.12. Moving on to Ej», part (I) is proved
for s lying in the vertical strip (4,k — 4) and w lying on a left plane. On the
other hand, part (IT) involves a rather technical use of lifts and epsilon factors,
and as mentioned before, uses part (III) for Cy/o. This culminates in Theorem
2.5.2 and part (III) follows from this. This concludes the theoretical part of
Chapter 2.

The next part, is separate and independent of work up to §2.5. We present
two supplementary results. The first result is inspired by work of Kéhnen [15],

we give a general construction of how to compute the Shintani lift of a general

kernel in Lemma 2.6.4. Then we apply this to the integral weight double
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Eisenstein series Ejsy introduced in [8]. This is Theorem 2.6.1. The second
result involves a half integral weight analogue of Zagier’s appendix in [17]. To
our knowledge, this appears to be new. With these two supplementary results,
we conclude Chapter 2.

Chapter 3 is the culmination of joint work with W. Raji, L. Rolen and one of
my supervisors N. Diamantis. For every half integral weight cusp form f on
the group I'§(4NV), we define a polynomial P,(7) and show that (just as in the
integral weight case) this polynomial encodes the values of the L-function of f
within its coefficients. In §3.1 we use this polynomial to construct a parabolic
cocycle my € H,,.(PSLy(Z), I)). The main theorem in this chapter is Theorem
3.1.4, where for each cusp form f of (half integral) weight k£/2 on I'§(4N), we
show there exists a modular form g of weight A on I'jj(4) satisfying a relation
between the L-values of f and those of g. The map f — ¢ can be thought

of as a “lift” and in section §3.2 we give an explicit way of expressing g using

only the information given by f.



Background

We begin by encouraging the reader to refer to Appendix A of all the notation
used in this thesis. Here we mention implicitly, always and throughout, k£ =
2X + 1, where X is a non-negative integer. We will often write k/2 = A 4 1/2
for the weight of a modular form in question. We give an overview of the
properties and known facts that we will need for the next three chapters. We
mostly follow the exposition in [21] and [20], especially §13 of [26] for the

section on Hecke operators.

0.1 Preliminaries

Given a discrete subgroup I' of SLy(R) the projection of I" onto PSLy(R)
acts discontinuously on $. In this thesis, we will only discuss the discrete
congruence subgroups [o(4N), ['5(4N) and T'V. These groups are defined as

follows.

Definition 0.1.1. (Congruence subgroup)
a b
[o(N) = {(c d) € SLy(Z): ¢=0 (mod N)}
For a fixed integer N > 1 we denote

0 -1/2VN 11
W4N = T :=

2V N 0 0 1

Definition 0.1.2. I'{(4N) is the subgroup of SLy(R) generated by I'o(4NV)
and W4N.

To aid in exposition, we shall slightly abuse notation by writing ~ for its image

7 in PSLy(R) with the understanding that v = —y. For N = 1, it is known

5
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(cf. [3] p26) that T and W,TW; ' = (1, ;) generate the image of I'y(4) in
PSL,(R). Given this, it follows that I'§(4) = (T, Wy). For N > 1, the finite
index subgroup (T, Wyy) need not generate all of I'j(4). We mention that
['§(4N) is the normaliser of I'y(4N) in PSLy(R). Explicitly, the action of Wy

is defined to be
Wan f = (flroWan)(2) == (—2iV/N2)*2 f(—1/(4Nz)). (0.1.1)

We define the theta group I'V as the group generated by the matrices 72 = (! 2)
and S =(, 7).

Quadratic residue symbol

Fix a € Z and an odd b € Z\ {0}. Then the Kronecker extension of the

Legendre symbol (%) enjoys the properties
1. ged(a,b) #1= (%) =0.
2. If b is prime, then

<%) = #{z(modb) : 2 =a mod b} — 1.

3. If b > 0 then the character x(a) = (%) has modulus b.

4. If a # 0 then the character 1(b) = (%) has modulus dividing 4a and

conductor equal to the minimal r such that Q(v/a) € Q((.).

5. (%) =sgn(a), a#0.

0y _

6. (&) =1
This is the notation found in [24] p442 and is not conventional. In addition,
one has

()=o)

where (a, b) is the Hilbert symbol (for a definition of this see A).
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0.1.1 Multiplier systems

We are now going to define a function o. To do this, fix for now an arbitrary
7 € $. Let I' be a Fuchsian group and consider the function o : I' x ' = C

defined by

1/2 1/2

J(v1, 721) 25 (2, T)
J(my2, T)V?

On the right hand side we define z'/2 = ¢'°8(*)/2 where the implied logarithm

(0.1.2)

o(m, ) =

is taken along its principal branch, so that —7 < arg(z) < m. It is well known
that the value of o(1,72) is independent of the choice of 7. We denote by

T={zeC: |z|=1}.
Definition 0.1.3 (Multiplier system of weight 1/2). A map v : I' — T satis-
fying
L v(mye) = o(n,72)v(n)v(2)
2. v(—1) = —i.
is called a multiplier system of weight 1/2.
Example 0.1.4. The theta multiplier

vg(7y) = ¢! <§>

is a multiplier system for I'g(4) of weight 1/2. Here ¢4 takes the value 1 or ¢
depending on whether d =1 (mod 4) or d =3 (mod 4).

We remark that the square of vy is the non-trivial character x; 4 modulo 4. This

next example involves a multiplier whose image lies in g the cyclic subgroup
of T generated by the eighth root of unity (g = €*7%/8.

Example 0.1.5. The map v; : ['§(4) — us given by sending 7" +— 1 and
Wy (3! is a multiplier system for I';j(4) that agrees with vy on I'g(4). This
is a consequence of I'§(4) = (T, Wy) and the transformation formulas for the
Jacobi theta function

0(t) = Z ¢ =1+42¢+2¢" +2¢° + 2¢'° + O(¢®),

neL

namely

O(r+1)=0(r) 0(—1/47) = /=2it0(1) = (' V2710(T).
In general, given a multiplier system v on I' of weight 1/2, we can construct

Jo(1,7) = o) (T +d)Y: y=(Ld) el Ten
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Later on, in section 0.2.2 we will specify v to v; from the above example. We
remind the reader that £ = 2\ +1 is always an odd integer. If v is a multiplier
system of weight 1/2, then for any & > 1 we call v¥ a multiplier system of

weight k /2.

Definition 0.1.6 (Slash action, half integral weight). Let v be a multiplier
system of weight k/2 for I'. Given a function f : ) — C we set

Flijpy = o) er + )2 f(yr),  y=(:3) €T

By 2%/2 we understand e*18(*)/2 = (21/2)k_ When v = v} of example 0.1.5, we

will suppress the v and just write f|;/27.

0.2 Covers and lifts

0.2.1 The quadruple cover

We follow the exposition of [24]. In general, given any group G and an abelian

group C, one can consider C-extensions G of GG; namely exact sequences
0=-C—=-6G—-G—=0.

Such exact sequences are said to be central if the image of C'in G lies entirely
in the centre of G. This will be used in the sequel in the case when G =
GLJ (R) and C' = jy4, because (informally) the correct object capturing the
level structure of a half integral weight modular form will be a quadruple cover
of a congruence subgroup (see §0.2.2 for a more precise statement). We denote
Hol($)) the set of holomorphic functions on the upper half plane. We define

set G to be
{(7,¢) € G x Hol() : ¢(7)* = e(dety) *(cT +d), V7 € HH e = £1}.
We equip G with a product defined by

(Y1, @1) * (72, P2) = (172, P3),
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where ¢3(7) = ¢1(727)d2(7). We refer to G as the quadruple cover of GLJ (R).
The reason for the quadruple name is due to the fact that ¢(7)(det v)'/*/(cr +
d)'/? lies in gy, namely /e € {1,i} is a fourth root of unity. There is a
projection map proj : G — GLJ (R) given by proj(vy,¢) = v and an exact
sequence

0— ps — G — GL; (R) — 0.

Definition 0.2.1. The slash action for an element g = (v,¢) € G is defined
to be

(flrs29)() = o(7) " f (7).

For the rest of this chapter, we shall consider a subgroup H of {g € G|det g =
1}. For g € G, by det g we mean det proj(g). We shall say H is Fuchsian if it

satisfies:
(i) proj(H) is a discrete subgroup of SLy(R).

(ii) The projection map is a bijection of H onto its image and proj '(—1I) =
{(=1,D}.

If I' = proj(H), condition (ii) guarantees the existence of a section L : I' - H

satisfying proj o L = id and L(I) = (I,1). We stress that L is not defined

globally on GLj (R) since L is not defined outside T'.  One should have the

following picture in mind:

proj

Because of (ii) we have
(projo L)(a) = a

The action of I' is determined by that of H, so that if one considers b to be a

cusp of I' then the stabilizer of b in H is

Hy = {h € H|h(b) = b},
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and there exists an element R, such that Hy is either of the form (Ry) or of
the form (Rp) x ((—1,1)) when —I € T". If we denote by 7, the matrix sending

b — oo and we set L(v,) = hp then for some w € Z,
h;lf%}% ::(i:(ll?),E), € Ef”ﬁ@

Without losing generality, w > 0 (otherwise swap hy by its inverse). Notice
that € only depends on 7, and not on the choice of R, nor the choice of hy.
For a function f on $) to be meromorphic at b we mean that

f|k/2hb — Z qu(n+r)/w

on

where r € {0,1/4,1/2,3/4} is such that ¢ = e(r). We say that f is holomor-
phic at b if for all n < 0, we have ¢, = 0. We say that f vanishes at b if it is
holomorphic at b and if »r = 0 we have ¢y = 0. In the sequel we shall consider
the case when proj(H) = I'j(4) where we can be more explicit, namely we can
replace the condition of holomorphicity by imposing

)= a;)g" flapL(h) = aPm)e

n>0 n>0

at each of the nonequivalent cusps {ico,1/2} of I'j(4).

Definition 0.2.2 (Modular form weight k/2). A function f € Hol($)) satisfy-
ing

o flgjoh = fforallhe H
e f is holomorphic at all cusps of I' = proj(H)

is said to be a modular form of weight k/2 on H.

This definition does not appear to depend on a choice of multiplier. The reason
for this choice is that such a multiplier is determined provided we know the
choice of lift L. In this way it appears implicitly. We say that f is a cusp
form if it is modular and vanishes at all the cusps of I'. We denote the space
of modular forms of weight k/2 on H by M;,(H) and the subspace of cusp
forms by Sy2(H). For f € GL; (R), define

Is:=p4'T83 and IV :=T N T
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If 3 € GL3 (R) satisfies [[' : ['/] < oo and [['s : I'’] < oo (i.e. I and I are
commensurable) then the lift of an element of I'? gives rise to a multiplier vg

on I'P. More precisely, if B € G satisfies proj(B) = 3, then

L(Byp~") = BL(M)B~'(I,v5(v)) 7y €T”. (0.2.1)

We obtain a multiplier vg : I” — py. We set K, := {y € TP : vg(y) = 1}.
Let H; = B"'HB and

H? .= HNB'HB = HnN Hs.

Definition 0.2.3 (Double coset action). Let {£,} be a set of coset represen-
tatives for H\H&H. Then

FIIHEH] := det(€)**1 > " flé,.

Definition 0.2.4 (Commensurable). We say H is commensurable with H’ if
and only if H N H' is of finite index in H and also in H'.

Proposition 0.2.5 (Shimura, Prop.1.0 in [24]). Suppose B € GL3 (R) satisfies
[[: 1] < oo and [T :TP] < oo. If [I¥: K,,] < 0o, then

(i) H? = L(K.,);
(i) H is commensurable with Hg;

(113) if Ug is non-trivial then f|HRH =0 for all f € My (H).
Proof (i) We have

heL(K

vs) = h=L(y) with vg(y) =1

< BL(Y)B™'=L(}p ") eH

— L(y)=heH"

(ii) Applying proj and using (i) we see

[H : H°] = [proj(H) : proj(H”)] = [I': K,,] < [[: T°][I¥ : K,,] < .
Similarly,
[Hs : H") = [proj(Hp) : proj(H”)] = [[s : K,,)] <[5 : T7][17: K] < oo
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(iti) Let {7} and {;} be a set of coset representatives for I\I" and K, \I'’

respectively. Then, since L is a homomorphism on I,
H = []LI)L(7)
[[LE,.6)L
2
[T HL(5;) (). (0.2.2)
2%

—~
.
=

Multiplying the last expression by H B,

HBH = HHB(HmHﬁ)L(éj)L(%)

_ H HB(Hg)L(6;)L(v;)

- HHB B~ HB)L(5,)L(x)

= HHBL

Since
L(Bo;67 1) B(1,v(5;)™") = BL(5;),

and L(30;67") lies in H and f is H invariant, we see

fIHBH = detBk/4—lzf|BL<5j>|L<%>

= det(B)"/* 1E:flLﬁ B, v5(8;) 7 )IL(v)

L(ﬁéjﬁ:*l)eH det(ﬁ)km—l Z(f|B)|(] UB( )) 1|L(%)
= det(ﬁ)k/‘l_1 ZU6<5j>kf|B|L(%)

Y]

_ detw)kﬂ—lg;(zvg( >> FIBIL ().

We now claim that the value of the sum X = 0. By assumption, the multiplier

system vjj is non-trivial, so vg(—I)* = (—i)* # 1 as k is always odd. We claim
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that o(—1, ;) is always equal to one for all j. This is because in general,
o(71,72) = el n2)/2

where
s(v1,72) = arg j(vi,727) + arg j(vz, 7) — arg j(11y2, 7).

Substituting v; = —1I and v, = 3 gives

s(—=1,0;) = arg(—1)+ (argj(d;,7) —argj(—9d;,7))

= —nm+m7=0.
Thus, o(—1,0;) = 1 and therefore vg(—0d;) = vz(—I)vg(d;). We have
vs(=D*X =) ws(=D*us(8;)" =Y vs(—=0;)" = X.
J J

This implies X = 0 as claimed. U

The conditions of this proposition are easy to satisfy. For instance, we have
Example 0.2.6. If § lies in the commensurator of I'§(4) then the conditions

of the proposition are met, since [I'§(4) : K,,] < [[5(4) : T5(4) NT'i(4)] < oo.

Now let us specialize to the case when v is trivial on 'Y, This motivates the

following lemma.

Lemma 0.2.7. If B is any element of G such that proj(B) = [, then the
following are equivalent

(a) L(I?) = H”

(b) For all v € T?, we have L(8~'yB3) = B™'L(v)B

(¢) vg is trivial on T'”

(d) proj maps HBH bijectively onto I'ST.

Moreover, if (a)-(d) hold then HBH = \J, HL(B;) is a disjoint union if and

only if 'L = J,I'B; is a disjoint union.

Proof By (i) of the previous proposition, the RHS of (a) is L(kK,,) and this

shows (a) < (b) < (c) because of equation (0.2.1). Now by (0.2.2) we have
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that BL(0;7;) is a set of representatives for H\HBH. Since (v, is a set of

coset representatives for I'\I'GL, it follows that proj(BL(d;7;)) = Bv: and

(d) < proj(L(d:)L(v;)) =
& proj(L(d;)) =1 Vi
s IP=K

vB

& vy=1lonT" & (c)

The remaining claim follows from this. 0

0.2.2 The lift

We now consider the case I' = T'§(4N). To do this, we will choose a lift L.

Refering back to Example 0.1.5, denote

‘o) 0(y7)
v (7) = (cy 4+ d)20(1)

Set L to be the choice ¢(y,7) = J(7,7) = vi(y)(cr + d)/2, namely

L:T'"—H

v (7 J)

We point out as well that under v — L(7),

Fli2L(7) = Flrjawyy = va(7) " (em +d) ™2 (47)

which in turn is the same as J (v, 7)™ f(y7). We denote Sy/o(T") = Sk/2(H)
the space of cusp forms of weight k/2 for I" with multiplier system wvy. For a
character x of I', we say that f € Si/o(I',x) if the slash action in definition

0.2.2 can be replaced by

flepL(y) =x(d)f, ~=(:3) €l

We can even set flg2,L(7) := x(d)~' flx/2L(7) so that f € Si/2(T, x) satis-

fies fl|r/2 = f. Notice that when (77) = v € I'o(4), we have the explicit
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expression
. L, /c
o) =) = (5)
as in example 0.1.4 so that by construction L(I'((4N)) is a subgroup of H.

We write Sk/2(4N,x) to mean Sio(L(I'0(4N)), x). Similarly, we will write
Sk2(T5(4N), x) to mean Sy/o(H, x).

Extending the definition of 7

From now on, we shall loosely follow [26]. Recall that the definition of J (7, 2)
is valid only for v € I'§(4). In chapter 2 we shall need to extend the definition
of J to cover cases such as diagonal matrices in SLy(Q). To this end let P be

the subgroup of upper triangular matrices in SLy(Q). For g € P set
J(B,7) = |ds|'".
Define J(B7,7) = |dg|"/*>T (v,7) for § € P and v € Tj(4). The restriction of
J to I'4(4) equals J. Moreover J satisfies
T (B 1) = T(B,1)T (/1) T (), B € P,y € PTi(4), 7 € Ti(4).
The transfer map

The purpose of this subsection is to define and prove a bijection from G to a
new subgroup Gi. This is achieved in Lemma 0.2.9. Here G, is constructed in a
similar way to G but only for matrices with determinant one. The “tradeoft” is
that we must keep track of the weight so that the action of G, on modular forms
of weight k/2 agrees with that of G. We assume throughout that ¢ € Hol($)).
We define Gy, to be the set of pairs (o, 1) € SLy(Q) x Hol($)) such that

with € € {£1} and J as above. Then G; has a multiplication law

(a1, 1) * (a2, 1h2) = (arag, Y1 (aeT)s(T))

and the projection map proj : G, — SL(Q) is the map proj(a, ¥) = a.
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Definition 0.2.8. The slash action for £ = («a, ) € Gy is
(FI1€)(r) == ()" f(ar).
Lemma 0.2.9. There exists an isomorphism of groups

L:G = Gy
(1:0) = () = (V™7 1 ey ) 72 det(7)726")

that preserves actions, namely

flrp2(y, 0) = fll(e, ¥).

The proof consists of unraveling the definitions. Indeed, y7 = a7 is clear.
After choosing the lift, ¢(7) = J(a,7)/v/det o and putting ¢ = ¢* then we
see ¢(T)7*f(y7) = v(a)*(det )2 T (o, 7) "% f(ar) = (1)~  f(ar). From this

observation we see
L
g — Gy

1
L] //’
o L

r

hence we can obtain a new lift Ly : I' — G;. In particular because v € T’

has det(v) = 1, if L(y) = (v, J (7, 7)) then the diagram above gives Ly(y) =
(7, T (v, 7))

0.3 Hecke operators

0.3.1 The Hecke algebra

We summarize the Hecke theory for half integral weight modular forms. We

follow the exposition in chapter IV §13 in [26]. We now fix H to be the lift of

I'6(4N) as in §0.2.2. Recall that the hyperbolic measure du(z) = djg’y on ) is

invariant under the action of I' = I'§(4NV).

Proposition 0.3.1. For any g € G, assume gHg~" is commensurable with H.
Then

|H\HgH|=[H:HNg 'Hg|=[H:HNgHg'] = |HgH/H|

and there exists a set of coset representatives {h;} such that

HgH = [[Hh; = [[ uH.
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Proof Let ' = proj(H) so that H = L(I"), and put 7 = proj(g). Then, since

u is T-invariant, acting by ~ gives

p(M\H)C: TNy '] = wT Ny 'Ty\H)
= u(TNATy™\H)

= p(D\H)[C:TNATy .

Giving [[' : TNAl'y™ Y = [[' : TNy !'Ty] and therefore [H : HN g 'Hg] =
[H : HNgHg™']. This proves the middle inequality, for the other two, apply
either the bijection h; — g~ 'h;g or h; — gh;g—'. To prove the claim about the

existence of {h;}, suppose we have

HgH =[] Hn, = [ mE.

Since 7, € Hn;H we can find oy, 5; € H such that n, = a;n;5;. Then, setting

h; = a; '} we have

[1#hi=]]Hoi'ni =] Hni =[] m#H = [ [ mbss = [[ att.

U

We now fix a subset = C G containing H. By Definition 0.2.3, each £ defines a
double coset H{H and in turn an automorphism of My, (H) via f — f|[HEH].
We denote by R(H, =) the set of formal finite sums of the form

Y cHEH  cc€Q.

¢eE
For a subgroup A C GL3(Q), we can define in a similar way R(I", A) to be
the set of formal finite sums » sea CsI'0I" with ¢; € Q. One should think of
elements in R(I", A) as behaving well under conjugation, for instance with our

usual notation of I', = a~'T'a, we obtain

Proposition 0.3.2. Let I' be a congruence subgroup. Let o € My(Z) have
positive determinant. Then, the map sending R(T, A) to R(TCy, a ' Aa) is an
isomorphism.
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Proof If {v;} is a set of coset representatives for IT°\T" (here I'° = ' N Ts),
then {d;} is a set of coset representatives for I'\I'6I'. Under v — o~ lya, T°

has image
a ' (07T ND)a = (a '6a) Ta(a™ 6a) NTy = (Fg)™ 0.

But this means that [°\' — (I'y)® %\T', bijects and so does I'\I'6T' —

L \[o(a™10a)T,. The isomorphsim we seek is T'OT' — 'y (o 10a)T,. O

If {ou;} and {B;} denote a set of representatives for H\HaoH and H\H [ H

respectively then

HoogHpBoH = | JHa;8; = [ [ HEH

where in the last equality, the finite union is chosen to be disjoint for some

choice of representatives {£}. We define a multiplication on R(H, =) as

R(H,Z) x R(H,Z) — R(H,Z)

(HaoH,HBoH) — Y ccHEH

where c¢¢ is the number of (7, j) such that Ho;8; = HE. It can be verified
(see [26] p117) that this map is independent of the choice of representatives
{a;}, {pB;} and {&}; so that R(H, =) now becomes an associative algebra. We
call this algebra the Hecke algebra.

In general, R(H,Z) acts on modular forms in the following way. Given an
element HEH € R(H, =), we let {£,}, be a set of coset representatives of
H\HE{H so that by Lemma 0.2.7 part (d), if we set oy, = proj(&,) then {a,},
becomes a set of coset representatives of I'\I'aI'. This gives us a well defined

isomorphism

R(H,E) — R(T, proj(=))

HEH v Tal.

We stress that this isomorphism depends on the choice of the lift L. We
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mention here that the slash action on the right-hand side of Def.0.2.3 is the
one with respect to G. Of course, if = C Gy, one can analogously the algebra
of formal finite rational sums of double cosets as before. To stress that we
are working over Gy, we shall denote SRy (H,Z') to be this algebra, with the
subscript reminding us that the slash action is with respect to Gy. In this case

we have
FIIIHE H] = (de)**72 ) " flIg,

Here dg is the bottom right entry of o/ = proj(¢’), which is always an integer.
We shall exclusively use || to denote the action within Gy (as defined in §0.2.2).
This gives a map Ry (H,Z") — Ry (T, proj(Z')).

Using the isomorphism of Lemma 0.2.9, if =" denotes the image of = under
t:G — Gy, then

HEH — Hu(€)H

extends to a map R(H,Z) — Ri(H,Z'). All of this can be summarized in the

commutative diagram below.

R(H,E) ——— R(H,Z)

l l (0.3.1)

R(I, proj(=2)) —— Re(T, proj(=))

Let us now specialize to the case I' = I'{(4) with the choice of lift as in §0.2.2.
Let P be the subgroup of SLy(Q) of upper triangular matrices. Let P, be the
subgroup of P consisting of matrices of the form (§ 1/, ) for some n € Z\ {0}.
The set Z,2 is the subset of G consisting of elements (v, ¢) with v € My(7Z)
and det vy = n?.
Lemma 0.3.3. The following hold:

(i) SLy(Q) = PI.

(ii) STo(Q) = PTy(4).

(#ii) The map proj(=,2) — P,I'§(4) given by

() (60 ()
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s a bijection.

Proof In order to prove parts (i) and (ii) we first claim that SLy(Q) =
P -SLy(Z). Let 8 € SLy(Q) then (clearing denominators) the last row of
can be written as gw! where ¢ € Q* and w is a primitive vector in Z2. Let
v € SLy(Z) be the unique matrix with bottom row w. Then 8y ' = (¢5) € P
showing that SLy(Q) = P -SLy(Z) as claimed. With this in mind we can now

prove parts (i) and (ii).

(i) Notice that the generators of I'V are T? and S, but since T-! € P,

T =T7'T?liesin P-T. Thus P-T? = P - SLy(Z) = SLy(Q) as well.

1/2
(ii) Using the previous part and conjugating by we see that

1/2 2 2
PT:(4) =P r? = pr? = SLy(Q).

(iii) If det (%) = n? then (Z;Z Z;Z) lies in SLo(Q). By parts (i) and (ii), this
matrix also lies in PI'j(4). For bottom rows to agree, it must be of the

form
a/n b/n n ot r oy
c/n d/n 0 1/n c d
hence lie in P,I'{(4). Here x,y € Z solve xd — cy = 1 and t satisfies both

tc =a/n —nzx and td = b/n — ny.

0.3.2 Definition of the Hecke operator

We have seen in the previous section that the map ¢ induces an isomorphism
between the Hecke algebras R(H, =) and R, (H,Z'). Fix a congruence sub-
group I" and a choice of lift L : I' < H. In this section, we first construct an

operator T, inside R(H, =), find its description in R (H,Z") under ¢. For now
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we maintain generality for I' and L (and thence also H); later, we specialise to
the case when I' = I'j(4) and L(v) = (v,v5(7) T (7,7)). Recall = = {J, oy En2

where Z,2 is the subset of G consisting of integral matrices of determinant n?.

Definition 0.3.4. Let m € N. In R(H,Z), the Hecke operator is defined to
be

Informally, this means that the action of the a single element of the Hecke ac-
tion corresponding to ma,, in G gets passed to the Hecke action corresponding

to v, in Gy, under . More precisely, for m € Z let oy, = (Y™ °)), and set
Em = L) = (ctm, m"?).
Writing HE,,H = [[ HE,, we see that for f € My»(4N,x),
Tk = 223 (o) .

On the other hand, one can consider the element
T ::H(mam,ml/z)H:H ,m1/2 H

so that for f € My2(4N,x),

Tonf = det(may, )41 Z xX(maa,) f k2, = proj(&,).

By construction, the action of both of these is the same. Such a ¥, is written

N . .
T (m?) in [24], and we call it the Hecke operator.
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Lemma 0.3.5. Suppose either (m,n) = 1 or every prime factor of m divides
N. Then T, %, = Tom-

For a proof see Lemma 13.6 in [26]. We now specialise I' = T'j(4N) with
lift L(y) = (v,v5(7)T(7,7)). As in the integral case, for a prime p, we can
describe the effect ¥, has on the coefficients ay(n) of f = > as(n)g¢™
Theorem 0.3.6. Let f =)~ ap(n)q" € My;(4N,x). Then T, f = > b(n)q"

where

b(n) = ag(pPn) + x(p) (‘—1) (%) a0 + 32 2as(0?).

p p

Recall the convention that a;(n) vanishes when n is not an integer. We include
a sketch proof of this theorem so that we explicitly present the representatives
of H\H¢{,H. For a detailed proof, see either Theorem 1.7 in [24] or Theorem

13.9 in [20].

Proof [Shimura] We lift for each 0 < v < p? and each 0 < h < p the

representatives

Buz(l/pyép>7 ’Vh:(lh{p)a 5:(p1/p)

of T\I'(*/? )T to the representatives

L(B,) = (B, p*?), L(%)z(vh,epl (%h)) L(5) = (6,p7*?) (0.3.2)

of H\HE,H. This gives

Tf = p* (Z X(pas,) FIL(B)) + Y x(pax,) FIL() +x(paa)f|5>

- Y (;) +p'€/“ep1;<p> S (‘7’1) Fr+hfp)

h
+ PR (P f (0P T)

p*-1
— n 2
= p) ap(n)g"" Y e(nv/p’)
n>0 v=0

hS]

2—2 —1 n — _h’
+ P, x(p)n;af(n)q 2 (7) e(nh/p)

+ PN Y ap(n)g™”

n>0



Chapter 0. Hecke operators 23

To conclude, use Gauss sums and equate coefficients. O

The following two corollaries are jointly stated in Corollary 1.8 of [24]:

Corollary 0.3.7. We have that az,f(n) = as(4n). Moreover, if f is an eigen-
function for €y with eigenvalue wsy, then

waap(4™n) = ap (4™ ), m > 1.

Corollary 0.3.8. Let D € N and p be prime and assume p*{ D. If T,f = w,f
then

1. wyar(D) = a;(p*D) + x(p) <_71>)\ (%) p*las(p)

A
2w, D) = (" 2D) + x(s) () p2a, (0 2D)

/N

and formally,

A
—1 D A—1—s
S (D) _ gy (D) L) (5) (P)

ns ns 1 — wpp—s + X<p)2p2)\—1—2s '

n>1 pin

For odd k and f,g € Si/2(I'5(4N), x) we define the Petersson scalar product

as

— et
@m.ﬁwmymmw . (0.3.3)

Lemma 0.3.9. If f,g € Sk/2(I'§(4N), x) then for all primes p{ 4N,

(T f,9) = x()*(f. %)

Proof Notice that if {£,} is a set of representatives for HE,H then {£ '} is
a set of representatives for H¢, ' H. The top left entries a, and aj, of pproj(¢,)
and pproj(&;1) are related via a,a/, = p* mod 4N. So x(a,)x(a,) = x(p)?

and

I, ) = <f|H5pH,g>:Z (a,)(f1€. 9)
= X0*(£,) xla,)gle ") = x(0)*(f, 9| HE,  H)

= X(p)2p2_k/2<f7 T09).
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Of course, when we are working over T'§(4) we have x(p)? = 1 for all characters

so the above simplifies, when p is odd to

<(Ipfa 9) = ([, ‘Zp9>'

In any case, as a consequence of the previous lemma, we see that Y(p)%,
is a Hermitian operator for any odd prime p. This proves the existence an

orthogonal Heigenbasis (a Heigenbasis is a Hecke eigenbasis) for all odd n.

0.4 The L function and its functional equation

In Chapter 3, we will need to extend the slash-action of Definition 0.1.6 to
C[I'§(4N)] by linearity. This means that ) c,y acts on f as > ¢ (f|y). We
shall only be interested in the case I' = I'§(4N) for some N, we will denote the
space of cusp forms of weight k/2 for a group by Sy 2(I';(4N)). As standard,
we let T',S and U be the following elements of SLy(Z):

T'=(1), S=07%) U=TS=(7).

To a form

we attach the L-series

This is absolutely convergent for $(s) > 1 and can be analytically continued

to the entire complex plane. Its “completed” L function is

L*(f,s) = 1) 2“2@ z/ooof(z‘t)f%_

(2m)* e

It satisfies the functional equation
* E_grx k
L*(f,s) = N17°L W4Nf,1—s . (0.4.1)

We now state without proof a well-known proposition. Consider a sequence

{a(n)}52, C Csuch that |a(n)| < n® for some o € R. Put A(7) =3 -, a(n)q" €
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Hol($)) and put also
(—2ir) HPA(=1/47) =Y a(n)g".
n>1

We assume as well that |a(n)| < n®. Then

Proposition 0.4.1. With the setting as above, the series

() 5~ al) _ peoioL(s) i)

s nk/2—s - s s

n>1 n>1

18 entire.

This is a very special case of Theorem 3.2 in [25].

0.5 Shimura’s isomorphism

We present a simplified version of Shimura’s result. For a general statement,
we recomend the more modern exposition in §12 chapter IV in the book [20]

rather than the original paper [24].

Theorem 0.5.1 (Shimura). Let D € Z square-free. Set x(m) := x(m) (£).
Then there exists a map

op : Skp2(4N, x) — Mr(2N, X2>
such that the image opf of a form f =" ag(n)g"™ has its L-function equal to

L(X,s = A+ 1)) w. (0.5.1)

Proof We only provide a sketch of the case for N =1 and D = 1. We do

this in two steps. Begin formally with the L-series

L(s):==L(x,s —A+1) Z as(n?) _ Z A(n)

s
n>1 n>1

defined by (0.5.1) and check that L(s) satisfies the conditions of Weil’s converse
theorem; namely that for any primitive character ¢ modulo ry, the twist of
L(s) by v has absolute convergence on a half-plane, is bounded on every
vertical strip, has a holomorphic continuation and a functional equation. When
all these conditions are met, this will show that L(s) must be the L function of

a modular form. In other words, > A(n)q™ € Msy. The absolute convergence
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and boundedness on vertical strips are easy to verify; and the holomophic
continuation will follow from the functional equation. Therefore it suffices to

check that

Z Y(n Z X(n Z (m2)¢(m)

n>1 n>1 m>1

has a functional equation. This is already known for the first sum, because
it is a Dirichlet series. Hence we must check that > a(n?)iy(n)n~* has func-
tional equation. This is achieved by the Rankin-Selberg method. We consider
unfolding B(z,s) = f(2)hy(2)y**" where hy(2) = Y ons1 Y(n)n’q" . We have

D(s) - vlnan?) o
(4%)5;21 n2s—v B /roo\;) Bz 8)du(z)

= B(z,s B(7, z,s)du(z
/FO(%M( )Y Blzs)du(:)

Lo \Lo(477)

= / B(z,8)E(z, s)du(z).
Lo(472)\$

Here B(v,z,s) = B0z5) 1t turns out that the Eisenstein series E can be

expressed as

~ (cz A=y
Bz, Z VX( +d)

|cz + d|?s-2vH1
where ¢, d run through coprime integers such that 0 < ¢ = 0(47“12/)). We include
(¢,d) = (0,1) in the sum as well. Such a series should be thought of as an
Eisenstein series of weight (A — v/)/2. The strategy now to complete the proof
of the functional equation is to show the functional equation for F. This is a
deep and nontrivial result, but is well known in the literature. For a proof of

the functional equation of £ see [24] Lemma 3.3. O

We end this section with a comment on what occurs when f is a Heigenform. A
Heigenform is a normalised Hecke eigenform. To do this we state [26] Theorem

13.11,

Proposition 0.5.2 (Shimura). Let f € Si/2(4N,x) be a Heigenform for
all primes. Then there exists a normalised integral weight Heigenform g €
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My (2N, x?) such that
5 ar(|D|n?
Lits+1- 03 2O o D)L, ).
n>1 n
In particular if f is a Heigenform, there exists a normalised Heigenform ¢ such

that

onf = as(|D))g. (0.5.2)

0.6 Conjugating the theta group

Recall that I'Y is the subgroup of PSLy(Z) = I'; generated by T2 and S.
Conjugating this group by (2,) gives the group generated by T and Wy,
namely I'((4). Denote by A° the set of matrices of positive odd determinant
and integer entries. Write A” C A° for the set of matrices witha=d#Zc=10b
modulo 2.

Proposition 0.6.1 ([23] Prop 3.30). There exists a homomorphism

R AYY = R, A°).

Fix 0 € A° and find v € I'; such that v =6 mod 2. This can always be done
since detd = 1(2) so 6 mod 2 can be viewed as an element of SLy(Z/27)
and T'; surjects onto SLy(Z/27Z). Therefore v~ 16 € A? so I'?y~16T"Y maps to
[y~ 1T, = I';6T; showing the map is surjective. Moreover, if I'16,"; = I';15,1;
then either §; = 6, mod 2 or §; = Sd, mod 2. But since S € I'?, we have

1’\19521‘\19 lf 51 = 52
6, = =176,

1’\195521‘\19 if 51 = 562
For clarification, in either case, I'V6;I"Y = I'Y6,I"Y. This shows that the homo-
morphism above is in fact a bijection and therefore we have proved

Proposition 0.6.2. The map R(IY, A?) — R(['},A°) sending TVal? —
['yal'y is an isomorphism.

We point out that this is a different result to Proposition 3.31 of [25], because
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'Y is not of the form considered in equation (3.3.1") of that book.

Corollary 0.6.3. Let A%(4) be the image of A? under conjugation by (2 ).
Then R(ITY, A?) — R(T5(4), Ay(4)) is an isomorphism.

Proof Apply Proposition 0.3.1 with I' = I'” and a = (? ;) and combine this

with the Proposition 0.6.2. U

Explicitly, A§(4) can be expressed as
1
{(‘gg) ca,del,cel, be QZ’ a=d(2),c/2=2b2), 0<ad—bc= 1(2)}

Now fix the choice I' = I'j(4) and the choice of lift as in §0.2.2. Then, because

of Lemma 0.2.7(d), since the image of Af(4) is =5(4) we see that the map
E5(4) = Aj(4) (0.6.1)

is a bijection. In particular, BR(H, =j5(4)) — R(I§(4), Aj(4)) is also a bijection.
The commutative diagram in (0.3.1) allows us to push forward this bijection
using ¢. If A" and =’ are (respectively) the images of Af(4) and Z(4) under ¢,
then

Ri(H,E) = Ri(T5(4), A7)

is a bijection. Given a pair of matrices ((:3) (%5)) € I'V x I'V then provided
that a = d(2) and ad — be > 0 we see (¢4) € A”. The converse need not be
true; for instance, 35 € A? is not of this form. This is because the image will
always have ged(a,b) = ged(c,d) = 1. Recall that for an integer u > 1, P, is
the subset of SLy(Q) consisting of matrices of the form (16“ Z) In Chapter 2,

we shall need to sum over elements of AY. In order to do this we shall exploit

the following bijection. Let
Ay, ={0 € A”: ged(as, bs) = u, ged(cs, ds) = v}
Then it’s clear that A” = J, ,»; A7, and in fact

U rrxJrr’— A (0.6.2)

u>1 v>1
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is one-to-one and onto. This bijection is allowed to pass under the map ¢ in
(0.3.1). We obtain
U Prs4) x | PTG (4) — Aj(4) (0.6.3)
u>1 v>1
In Chapter 2 §2.5 we shall need to take a sum over the action of matrices in
Af(A)uw = {0 € A§(4) : ged(as,bs) = u, ged(es,ds) = v}. We claim that
summing over matrices in Ag(4),,, is the same as summing over matrices in
A¢(4)y22. Indeed those matrices Ay, & Ag(4)y2,2 with Ay, € Ag(4),,, will
have non-trivial v%  so by Proposition 0.2.5(iii), the action of A, will not
contribute to the sum. We will come back to this in chapter 2 §2.5 and give
another argument there. Similar arguments as these can be seen for instance

in [13], Chapter IV §3 Proposition 12 p204.

0.7 Definition of cohomolgy groups

In chapter 3 we will fix an integer ¢ > 0 and work with one of three choices
for T, namely either PSLy(Z), T'? or T(4). We denote by C,[r] the space
of polynomials with coefficients in C of degree < ¢. We equip C,[7] with the

following action

(Pl-)(r) = (o7 + )P (0

) P e Cyr]yel. (0.7.1)

We say that 7 : I' = C,[7] is a cocycle if w(v172) = 7(71)| 72 + 7(72) for any
71,7 € I'. We say that a cocycle 7 is a coboundary if there exists a polynomial
P € C[r] such that 7(y) = P|_¢(y — I). The space of cocycles modulo
coboundaries is call the cohomology group of I' with values in C,[7] and is
denoted H'(T', C,[r]). Parabolic cocycles are those 7 € H*(T', Cy[7]) satisfying
deg(m(T")) < £ where w = 2 in the case ' = 'V and w = 1 for I' = PSLy(Z)

or T'(4). The space of parabolic cocycles is denoted H (T, C,[r]).

par
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Explicit images of Shimura’s
map

1.1 Introduction

The aim of this chapter is to prove explicit examples of the Shimura lift op
using only elementary techniques. As in the previous chapter, let A\ be a
positive integer and let v € {0,1} and suppose that f € Sy_,(Ny, xy) is a
holomorphic cusp form of weight A — v. To a primitive Dirichlet character

of conductor ry satisfying ¢¥(—1) = (—1)", we shall consider the theta series
hy € Sl/2+u(47a12/;7 Px”,) given by
hy(r) =Y p(m)m“q™.
mez

An example of this is the choice ¢» = (12/-), v = 0 which gives rise to the
well-known eta product

12 n? o 24n
n; (g) q" =1(247) := qgl(l ")
of level 576 and weight 1/2. Thus informally our goal will be to describe
explicitly o(fhy) in terms of f and the characters x; and . We maintain
the convention £ = 2\ 4+ 1. By a Heigenform we will mean a normalized
Hecke newform. We shall denote n° the function n(at)’ defined above e.g.

h(z2/.) = N2a. For a formal power series f =) -, af(n)g" define the operators

30
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V; and Uy as follows
Vaf == Zaf(n)qd” Uaf == Z ar(dn)q".
n>1 n>1

It is known that if f € Sk/2<N, X7,

41D
Vibf € Sks2 (|D|Nfa (M> Xf) ;

and if |D| divides Ny,

U‘D‘f c Sk/g <Nf, (M) Xf) .

See for instance either Proposition 1.3 and Proposition 1.5 in [241] or Propo-
sition 3.7 in [20]. Define the twist of f = Y af(n)¢™ by a character ¢ to be
the power series > ar(n)y(n)g" and denote it f ® 1. Throughout this section
we denote by xo4 and x;4 the trivial and nontrivial characters modulo four.
We also denote xo n the trivial character of modulus N. Given a half integral
weight form f € Si/2(4N,x), and a fundamental discriminant D, we define

the checked character

i) = (2 o

When D =1 we simply write y = Xi\,4X‘

Definition 1.1.1 (Shimura image). Let A € N and D be a fundamental dis-
criminant. For f =) - as(n)q" € Sij2(4N, x) set

opf = Z Ap(n)q”

n>1

where

Ap(n) =Y xp(d)d e ('Z#Q) :

dln

Remark 1.1.2. If we wish to extend this definition to cover the case when f
is a modular form (not necessarily a cusp form) we add the constant term

afT(O)L((D/-), 1 — \A) to our definition of Ap(n). In this chapter we will not
discuss this case.

Remark 1.1.3. Definition 1.1.1 is taken so as to agree with the L-function
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relation of Theorem 0.5.1, namely
Ap(n) . as(|D|n?)
;T = L(Xp, s >\+1); S
We begin with a simple result that to our knowledge has not appeared in the
literature. It says that Shimura images of h, are twists of Eisenstein series.
More precisely we have

Lemma 1.1.4. Let v = 1, let ¢ be a non-trivial character and let Ey be the
weight 2 Fisenstein series of level 2. Then

O'1h¢ = E2 ®¢

Proof Since ay,(n*) = 1p(n)n, we see that the coefficients of o1h,, are

A = Y otan, (%) = S et/ o)

dln dn
= v > o
=
On the other hand, ag,(n) = >_,, d. The result now follows. O

Example 1.1.5. Let ¢ be the non-trivial character modulo 4. Then hy, = 73
so the lemma gives

772 778

774

o1ns = orhy = By @1 =

The last equality follows form checking enough coefficents.

Definition 1.1.6. We say f € My (N, xy) is a CM form if there exists a
non-trivial character y such that f ® y = f.

From this simple lemma we deduce

Corollary 1.1.7. No CM form is the Shimura image of some hy, under o;.

Proof By the previous lemma, it suffices to show Fy®1) is never CM. Assume

not, then there exists a non-trivial character y such that

E® (X)) = (B2 @)@ x = Ex @ Y.
This would imply x is trivial modulo 7y, a contradiction. 0

We now prove that the operators U and V' behave nicely under o:
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Lemma 1.1.8. Assume that |D| divides N. Then on the space Sis2(4N,x)
we have

(i) opVip|f = o1 f
(i) o1Up|f =opf
(iii) opUip| = Ujpjo
(i) Uipjo1Vip| = op

(v) Vipjor = Vip|Upjo1Vipp2

Proof Fix f € Si/2(4N, xy) and note that ay, r(n) = as(n/|D|) and ay,, f(n) =
ar(|Dln). Also UpV|p| is the identity but V|pUp is not.
(i) The checked character of Vip f with respect to D is ((D/-)xs)}, = X, where

X is X s considered modulo lem(4N,|D|). Hence

tentios0) = (DL vy (2E)

dln

= Y X(d)d ey (Z—j) = g, 7(n).

d| |Dln
In the penultimate equality we used the fact that if d| | D] then y(d) = 0 does
not contribute to the sum.
(ii) As before, the checked character of U|p| f with respect to D is ((D/)xs)p =
X considered again modulo lem(4N, |DJ). In a similar way,

o () = Y X(d)d T ay, (Z—i)

dn

= Y xX(d)day ('ZL"Q) = dopy(n).

din

We remark that (i) and (ii) are equivalent, because o1 = 01U|p|V|p| = opV|p|.

(iii) Indeed,

oonit(®) = D PB D au s (12)

dn
= Yo (1255
= 5,5(ID[n) = av0,5(n).
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(iv) By part (iii), we have (Ujpjo1)Vip| = opUjp|Vip| = 0p.
(v) By part (i) and (iv), we have Vipjoy = VipjopVip| = Vip|(Uipjo1Vip)Vip)-
O

Remark 1.1.9. Part (ii) of this lemma allows us to compute all images of op
provided we know all images of 1. In essence, (i) and (ii) say that finding op
is as hard as finding 7. The proof of (ii) was already known by Brown in his
thesis (cf [2] Proposition 2.5).

Remark 1.1.10. Having proved this lemma, it is tempting and quite natural to
conjecture that Vipjop = 01V|p|. However this is false and is explained by the
fact that although U|p|V|p, is the identity map, V|p|U)p, is not.

We can remove the condition that | D| divides Ny by use of L-functions. Indeed,

by Theorem 0.5.1, on the region of absolute convergence we have

L(opVipifis) — LI(D/)xp)hss —A+1)
L(o1f,s) L(x,s —A+1)

Hpﬂcm(4N,\D|) (1 — X(p)p
[T (1= X(p)p15)""

= I —xep).

pl|DI/(N,|DI)

)\—l—s) -1

This proves the following formal equality of maps

opoVip = H (1 —x(p)p*~'V,) o oy (1.1.1)

p| ND)
It’s easy to see now that 1.1.8(i) is a special case of this when |D|/(N, |D]) =

With our notation, the Sturm bound! of the space My (2N, x?) is at most

AN 1
L= |— 14—
2 1] ( i p)
pIN
P odd
This of course can be much smaller if we work on the space of cusp forms
Sox(2N,x?). If f and g are in correspondence op f = g then we should expect

the Sturm bound on ¢ to have an effect on the coefficients of f. Indeed, we

have

the smallest integer L such that if f # g then there exists 1 <n < L with af(n) # a4(n).



Chapter 1. Introduction 35

Lemma 1.1.11. Fiz f € Sy/2(4N, x) and let L be the Sturm bound of Sox(2N, x?).

Then, the following are equivalent:
1. opf =0
2. ay(|D|n*) =0 for alln > 1
3. a;(|IDIn*) =0 for 1 <n <L

4 as(ID]) =

Proof Clearly (2) = (1) = (4) since as(|D|) = Ap(1) = 0. Also clear is the
direction (2) = (3) = (4). Md&bius inversion proves (1) = (2), since

as(|Dn?) Z,u d)d* ' Ap (d)
—

d|n
=0

To show (4) = (1) it suffices to show it for a Heigenbasis. This follows im-

mediately from equation (0.5.2), since there exists a normalised Heigenform g

such that opf = as(|D|)g = 0. O

An alternative way of showing (4) = (1) is to exploit Mdbius inversion
as(IDIn*) = as(|D]) %u A Ap (%)

but this also relies on the proof of [26] Theorem 13.11. Let D € N be a

square-free integer. Immediately we see that f € Kerop if and only if the

coefficients of f on the square class D € Q*/(Q*)? vanish. In particular, as

D runs through square-free integers,
m Kerop = {0}.
D

Example 1.1.12. Since S3(30) has Sturm bound L = 3, any f € S3/2(60)
with af(1) = ar(4) = as(9) = 0 will have o1 f = 0.

Definition 1.1.13. Given a Dirichlet character y of modulus N, we define its

Mobius inverse by
n
= uld)x (3) :
dln

We of course interpret x(n/d) = 0 when (n/d, N) = 1. We easily obtain:
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Lemma 1.1.14. The Mébius inverse of the trivial character xo4 modulo 4 is

1 n=1
CX0,4(n) =91 n=2
0 otherwise.
Proof The first two cases are easily verified. It suffices to check prime powers
so either n = p* with p # 2 or n = 2% with o > 2. We have ¢, ,(p*) =
a—1 __

X074(p)a_1()(0,4(p)—1) forall p. If pisodd, xo4(p) = L and if p = 2, x0.4(2)

0 as o > 2. Either way, ¢, ,(p®) vanishes. O
1.1.1 Historic background

We shall need the following known (cf 2.2 in [1]) elementary fact, which we
will refer as Selberg inversion.

Lemma 1.1.15 (Selberg Inversion). Let f € S\(N, x) be a normalised Heigen-
form. Then

_ m m
ar(mimg) = Z p(e)x(e)e* tay (—1) af (—2> :

€ e
e|(m1,mz2)

Proof Set D = ed and note that the right hand side is

PRNTONCIES D SRR ey

e|l(m1,mz) d|(m1/e;ma/e)

- Z Zﬂ(e) x(D)D* 'a; <m11)7;12> = as(mims).

D|(mi,m2) \ e|D

0

We now give a brief historic survey of all previously known explicit Shimura
lifts. The first is credited to an unpublished result of Selberg, which first
appeared in Cipra’s article [1]. We give an exposition of this statement in
part (1) of the next proposition. Actually, as Cipra suggests, Selberg did not
consider the case with characters. With similar ideas, we give a proof involving
characters. In other words, whereas part (1) was previously known?, part (2)

of the next proposition appears to be new.

2see the main theorem in [1], although the version Cipra presents is more general, our for-
mulation does not use Dirichlet series but rather careful use of the modulus of the character
in Mobius inversion.
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Proposition 1.1.16 (Selberg). Let f € S\(N,xs) be a normalised Heigen-
form. Consider

J@7)0(1) € Sj2(4N, XsX04)-

1. If X is even and N =1, we have

o (f(4)0(7)) = f(r)* =22 f(27)?
lies in SoA(2N, x7). Otherwise, if N # 1, we have oy (f(47)0(7)) = f(1)*.

2. If X\ is odd then the coefficents of o1(f(47)0(T)) are given by

Yo xs(n/s)(n/s) ey (n/s)ag(s),

s|n

where ¢y, ,(n) = >_,, 1(€)x1,a(n/e) is the Mobius inverse of the charac-
ter X1,4-

Proof (cf [1]) Since f(47)0(7) has coefficients

3 a4 (” _4m2) —: b(n)

meZ

and f(7)? has coefficients

Zaf m)ar(n —m),

meZ

we have,

b(HQ)ZZaan_mL(nJFm))Zzaf< min - m ) Zaf

m m

The middle equality follows from the substitution m +— m — n and the second

by noticing that m must be even so m +— 2m is allowed. By Selberg inversion

(1.1.15),

o) = 32 3wl () s ()

m  e|l(m,n)

= D ule)xs(e)er Y ag(m)ag(n/e —m)

eln m

= Y ple)xsle)e* tap(n/e)

eln

the last line is just for easier substitution later. The checked character associ-
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ated to f(47)0(7) is xx14. Finally performing the Shimura lift gives

B(n) = fox14 DAY ple)xs(e)e* ags (%)

el%
- ;;wm,ﬂd YL p(e)x s (e)eLag <§1>
= D2 wled)(ed)  u(e)ap (eil) X1.4(d)
din e|%

upon substituting n = eds,

B(n) = Y (n/s)"'xs(n/s)ag(s) Y ple)xialn/es)

s|n el

= Y (n/s)"'xy(n/s)ag(s)ey, (n/s).

s|n
This proves the case when A is odd. By Lemma 1.1.14, when A\ is even the
last term ¢, (n/s) = cy,4(n/s) only the takes values +1 at n = s and —1 at

n = 2s and vanishing otherwise, therefore

B(n) =asp(n) — 2)‘_1Xf(2)afz(n/2) =asp(n) — 2A_1Xf(2)V2af2(n),

which combined with the fact that (Vaf)? = V5(f?) the result follows. Note
that when N =1, x¢(2) = 1 and when N # 1 then x considered modulo 2N
so xr(2) = 0. O

Example 1.1.17. Let f = n?p?, of level N = 11 # 1 and even weight \ = 2.
By part (1) of Proposition 1.1.16, we have

o (niniad) = n'n;.-
This can be verified for instance with the pari-gp script:

f = mffrometaquo([1,2;11,2]);

F = mfmul (mfbd(f,4) ,mfTheta());

nf = mfinit(F);

sF = mfshimura(mf,F) [2];

mfisequal (sF,mffrometaquo([1,4;11,4]))
W5 =

Let us now consider a variation of this problem. Instead of § we consider the
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weight 3/2 theta function

nel

Proposition 1.1.18. Let A € N be even and assume f € Sy(N, x) is a Heigen-
form. Then the coefficients of o(f(47)01(7)) are

{(—1)”af2 n) when N # 1,
(=1)" [as2(n) — 2* a2 (n/2)] when N=1.

Proof We follow the same proof strategy as the proof of Proposition 1.1.16.
The coefficients of f(471)0,(7) are

b = Yo -1y (),

meZ

so making the substitution m — 2m — n,

b(n*) = Z(—l)m_"af (w) = (—1)”Zaf(m(n —m)).

m m

By Selberg inversion (Lemma 1.1.15),

—1" Y ule)xs(e)e tap(n/e).
eln

Since the checked character in this case is xrxo4 (as A is even) it follows that

the Shimura lift we seek has coeflicients

Bn) = 3> (ed xsled)u(@)(~1)"ar (5] xoald)

din el
= /9 xn/s)ap(9) Y o (7)) (1
sn el

We note that x40(n/es) only takes values when n/es is odd, so (—1)* = (—1)".

To conclude, pull the factor of (—1)™ outside and apply Lemma 1.1.14. O

Proposition 1.1.18 appears to be a new result. We give a brief application in

the next example.

Example 1.1.19. Let f = nnanmus € So(14). Tt is easy to verify that f(7)?
has g-expansion at oo

*—2¢° -3¢ +6¢°+2¢° —® —12¢° +4¢"°+4¢" —2¢"2 +2¢13 — 7q14+16q15+0(q16)
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By Proposition 1.1.18, it follows that oy (f(47)0:(7)) has the g-expansion
q2+2q3—3Q4—6q5+2q6—(]8+12q9+4q10—4q11—2q12—2q13—7ql4—16q15+0(q16),
obtained by changing the odd coefficients by —1. We have checked this agrees

with pari-gp.

In Cipra’s article [1], a generalisation of Selberg’s result is presented by con-
sidering the problem when 6 is replaced by the theta function h, with respect
to a primitive Dirichlet character ¢. Let f € Syx_,(N, x) be a Heigenform and
let v be a primitive Dirichlet character of conductor r. Assume r is a power

of a prime. Set

f(r)f(rr) for v =0,
SL (F(T)f(rr) —rf(r) f(rT))  for v =1.

g(m) =

Proposition 1.1.20 (Cipra, 1987). With f, ¥, g as above,

o1 (f(drm)hy (1)) = g @ () = 22} (2)1(2)g ® ¥(27)

lies in Sax(2rN,, x*v?) where N, :=lem(N,r).

As far as the author knows, this result was the first in the literature to give
an explicit description of a Shimura image. Notwithstanding, this only works
for primitive characters. The non-primitive case was answered by Hansen and
Naqvi [9]. In order to state the theorem, we introduce the notation ¢||r to mean
¢ is a divisor of r and ged(¢,7/¢) = 1. We caution the reader that although
the conclusion is the same as that of Cipra’s result, the ¢ in this next theorem
is not the same as Cipra’s, but rather involves taking a sum over /||ry, which

takes into account the non-primitivity of .

Theorem 1.1.21 (Hansen, Naqvi, 2007 [9]). Let ¢ be a character modulo r
(not necessarily primitive) of parity v. Suppose that f € MI(N,x). Then

o1 (f(4r7)hy(r)) = g @ () = 27 (2)x(2) (9 ® ¥)(27)
lies in My (2r N, x*9?).

In more precise terms, if ¢ is a (not necessarily primitive) Dirichlet character
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modulo 7, then we can factor

Y= Hw = H'l/)p?i where 7, = pr"
¢ i i

Then the g in the theorem of Hansen and Naqvi [9] is given by

o(r) = le\w O (=) f(r)f (TTT) if ¢ is even, 112)

= 2, (VAT f () if ¢ is odd.

If we write

fan)f (%) if ¢ is even,
Lran)f(5) if 1 is odd;

then we can express g = le\w P (—1)g;. We give a new proof of this using

the same Dirichlet convolution method as before:

Proof (We illustrate only the case when v is even). First note that

() =Sy () agtm)

m

Also note that the coefficients of f(4r7)hy(7) are given by

) = 3 vl ().

If n+m is odd then so is n? — m? = (n+m)(n —m) meaning (n? — m?) /4r is

not an integer so doesn’t contribute to the sum. This means we are allowed the

substitution n +m = 2kl and n — m = 2kyr/l for each [||r for some integers

ki, ko. We have

b(n?) = Z¢(m)af (n ;Tm)
= Z Z Y(kil — kar/l)as(kiks)

U|r ki,k2

where the second sum is taken over integer ki, ko satisfying kil + kor/l = n.

If k1 = m then ky = (n — Im)/(r/l). Using ¥(2ml — n) = P(—1)(n) =
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i (—1)y(n) we can apply Selberg inversion to obtain

) < L ot o )

e m

— Y(n) ZW( Z Z ple)x(e)e tay (%) ay (nr_e/llm) .

l||r |(m’nr/fzm)

If e divides /¢ then x ¢(e) vanishes and does not contribute to the sum. There-

fore e f r/¢ and e| (m, ”;f;”) = <m, /£> Thus we can sum over e|(m,n) and

it follows that

o) = 0l () SO gl ()

U|r eln
= 9 S U= 3 e ay (n/e)
U|r eln

= (n) Z pe)x(e)e* tay(n/e).

eln

Therefore
2
B(n) = an:X d)x0.4( )d’\ ' (ZQ)
= ZX d)xo.4(d)d* " (n/d) Zu e*a,(n/de)
dln el 2
= DD ey xw(de)(n/de)ag(n/de)u(e)xoa(d)
din el%
A1
> (%) w (g) b(s)ay(s) ezl;u(e)xm ()
= [ageu(n) — 227X (2)¥(2)ageyp(n/2)] -
These are precisely the coefficients we claimed. 0

We note that in all of these theorems so far, one takes a product of an old
form f(4r7) with a theta function h,. We mention another result in a slightly
different direction, due to Brown [2]:

Theorem 1.1.22 (Brown, 2013, [2] Theroem 2.4). We have

(a) Let f € M\(N,x) be a Heigenform. Then

o @trr) = (1) 16) - fen) iy @ (2)
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lies in Son(144N, x?).

(b) Let f € Myx_1(N,x) be a Heigenform. Then

™

SR = 5 (DS - 17 ) e ()

lies in Sox(16N, x?).

We shall be able to recover the proof of (a) as an application of our main
theorem. All of our Shimura images so far have involved the h,. One can also

ask what happens if we replace hy, by Vph,. This was answered recently by

Theorem 1.1.23 (Pandey, Ramakrishnan, 2022 [21]). Let 0 < D|N be square-
free and assume (D,N/D) = 1. Let f € S\_,(N,x) be a normalised Hecke
eigenform. Fix 1 primitive mod r = ry, with (ry, D) = 1. Set

gp = a;(D)g
where g is as in (1.1.2). Then
op(f(4rm)hy(D7)) = gp @ ¥(1) — 2* X (2)¥(2)9p @ ¥(27)

lies in Sor(2rN,., x*1)?)

In the same paper, Pandey and Ramakrishnan also prove

Theorem 1.1.24 (Pandey, Ramakrishnan, 2022 [21]). Let f € Sy_, (N, x) be
a normalised Heigenform and let ¢ be primitive mod r = ry. If D > 0 is
square-free then

op(f(4rDr)hy (D7) = [ (1 = x®)¢ @) V,) (g © ¥)

p|2D

lies in Sox (2rN,., x*9?).

1.2 The main theorem

In this chapter we fix £ € {1,2,4} and define

(

(1,1)if € =1
(€.€") =1 (2,1)if¢ =2

(2,2) if &€ = 4.

\
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Lemma 1.2.1. Supposev € {0,1} and § € {1,2,4}. Let f(1) = > 5 ar(n)q" €
Sx—v(N,xs) be a Heigenform and let ¢ be a Dirichlet character modulo N,.
Let

[V U Vief v =0,
Veul) - 4 (Ve elaf) v =1.

and let & = 2 exactly when v = 0, & = 1 and & = 1 otherwise. If
F(ENyT)hy(T) has coefficients b(n) in the g-expansion, then

bn?) = () 3 (- 3 ) ay (5”)

€
6‘ 2n
€Ny, /¢

We remind the reader that the notation ¢||N,, means that ¢ is a divisor of Ny
and that ged (¢, Ny /l) = 1.

Proof A similar computation to those done previously shows
2 2

) = 3 as (™ ) vl

meZ

When ”Z&’f is not an integer, a; (”21}752) = 0. Now let ¢ = gcd (”2—,’", N¢>.

We always have
n=m (mod¢?¢) and n=-m (mod & Ny/l).

We claim that if ¢/ = (¢, Ny /¢) > 1 then there is no contribution to the sum.
Indeed, if ¢/ # 1, by the above congruences we would have m =n = —n =0
mod £'¢' meaning 1)(m) = 0, hence no contribution. Therefore, without loss

of generality we can assume that ¢||N,. We have

Y(m) = Ye(m)Pn, e(m) = Ye(n)Pn, (=) = Y, e(=1)0(n).

Now we change the sum over m to a sum over m’ via the substitution n =

m + &'¢m’. Making the change of variables m < m/, we obtain

n?) = b(n S, (PN
) = o) 32 = Do (M ) 0 eeny
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Apply Selberg inversion (Lemma 1.1.15) the inner sum becomes

Z Z ple)xs(e)e*™ tay (%) ar <%) (n—&tm)”

meZ 2n—¢/tm
el(m, 5”’%/3 )

= > ple)xple)e ™y ap(m)ay (65,,3\2/4@ — f’i\igf) (g — f’fm)y.

el mEZ

2n
€Ny, /¢

When v = 0, we observe that the function

9o =Vof - UersenV, o f

depends on ¢ and has coefficients

) = S astmbay (&)

meZ

Therefore,

b2y = 6(n) 3 (=) 3 ule)xs(e)eay (f”)

e
2n
eHNIP E‘E”Nw/f

When v =1,

d
9= Ve f) - qd_q (Vern,eUa f)
has coefficients
2n — &'fm
ag,(n) =Y as(m)a (”—> (n —¢&'tm)
ge T;Z f f &- Nw/g
meaning

b(n®) =1(n) > U, (—1) > ple)xsle)e* ay, <E> .

(&
2n
f||Nw el{”Nw/Z

O

With the aid of this lemma, we are now in a position to state and prove the
main theorem. The lemma allows us to obtain explicitly, the coefficients of
F(ENyT)hy(T) under oy.

Theorem 1.2.2. Suppose v € {0,1} and & € {1,2,4}. Let £,£",&* be as in
Lemma 1.2.1. Let f € Sx_,(N, xy) be a Heigenform and let 7p be a Dirichlet
character modulo N. The image of f(ENyT)hy(T) under the Shimura map oy
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has coefficients B(n) equal to

onl oy A—1 sf*f”N
n) Z Y, e(=1) Z Xf (5{”]\@) (Sf"Nw) o < 20 7/}) “ay (3§,/N¢

2nt
€| Ny 8| &Ny,

In particular, when X\ + v is even, if we set

9=">_ U, u(-1g

€| Ny

with ge as in Lemma 1.2.1, then we have

o1(f(ENyT)hy(7)) = [Uer — x5(2)2* U Vo] g @ 1.

Proof We use the fact that the coefficients of the image are

2
fowx)\-i-l/ d)\ lb <d2)

din
Indeed, the character of f({Ny7)hy(T) is xr1x”, whose checked character is
)\—i-u

(XFUXY X4 = XX 5" Applying Lemma 1.2.1, setting 2nf = eds”N,, and

changing the order of the sum,

Bn) = Y xs(d)(d)xii" (d)d i (n/d)

din
> w1 3wy a, (i}‘jj)
£|[Ny d%
= P(n) Y Unu(-1)) Z ed) s (de)u(e) A (d)ag, (€0 /ed).
£lINy dln ¢]

dg" N¢

This simplifies to

onl \M1 onl ¢ N,
m) 2 vwuse=1) D (85’2\%) X (Sf’?Nw) o (Sgg—fw)

Ny e
2nt
Av
; lu’( >X14 (685//Nw>‘
s{”Nw

Using the definition of the Mobius inverse proves the claim about B(n). Now
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if A+ v is even, we can apply Lemma 1.1.14,

1 20l = s¢"N,

2nt
x0.4 (m) =9 -1 2nf=2s¢"N,

0 otherwise.
\

As such, when g = ZEIINw U, e(—1)ge,
B(n) = (n) [ay(€"n) — x;(2)2" ay(€n/2)] .

Reading off the coefficients yields the result. O

1.3 Consequences

In this section we look at special cases of the main theorem.

1.3.1 Trivial theta character

We can apply Theroem 1.2.2 when 1 is trivial. Let us first look at the case
Ny =1 and v = 0. By reading off the coefficients we obtain

Corollary 1.3.1. Let f € S\(N, xys) be a Heigenform. Then

a1 (f(T)0(7)) = Ua(f(7)%) = 22 x4 (2) f(7)?

and

o1 (f(21)0(r)) = [I = x;(2)27 Vo] (f - Uaf).

Example 1.3.2. When £ = 4 we immediately recover Selberg’s Proposition
1.1.16, namely

o1 (f(4r)0(r)) = f(7)* = 22X (2)Vaf (7)%.

We make the choice ¢ = (12/-) and £ = 2. This means ' =2 = ¢* and " = 1.
As discussed in the introduction, hy = n24. If f is a Heigenform of even level,
Xr(2) = 0. We factor ¢ = 15x1,4 where 15 is the non-trivial character modulo

3. Combining all of this with our main theorem gives

o1 (f(247)m0a(7)) = (UsVo — xs(2)22 ' Va)g @Y = g @

— qulw(—l)\/gf - UVigjef @ .

012
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The four terms in the sum are

S Grap(— Vi - UsVsyuf = ( 12) FUsViaf + xia(—1)Vaf - UsVaf

—1
7|12
+ Ys(=1)Vaf - UsVsf + Via fUs f

= [(r)f(67)— f(37)f(27)
— fAN)U2f(37) + f(127)Ua f(7).

We now use the fact that since 2|N, U, acts as the Hecke operator U f =

Ty f = as(2)f which commutes with V5, so

Vif -UVsf =Vif -VsUof = VifViDof = ay(2)Vaf - Vaf

= ViUof -Va3f = UVaf - Vaf =Vaf - Vs f.
A similar argument shows Viof - Usf = f - Vs f. Therefore we obtain

A n(zAn) =2 67) - fen e ().

Up to a multiple of 2 (we used a different re-normalisation), this proves
Theroem 1.1.22(a).

We now give an example for the case £ = 1:

Example 1.3.3. Let f € S§*(4, x_4) be given by
f(2) = ¢+ 16¢* + 256¢" — 1054¢° + O(¢°)
then f0 € 5?96/“5(4) and
f(2)? = ¢+ 32¢° + 256¢" + 512¢° + 6048¢° — 33728¢" + 655364° + O(q”).
We check that the first four coefficients (Sturm bound) are
o(f0) = g+ 256¢° + 6048¢° + 65536¢" + O(q°)

which are precisely the even coefficients of f2, hence U, f? = o(f6) and we do
indeed get the conclusion of the theorem.

Theorem 1.3.4. Suppose A is even and let f € SY*(Ny, xf) be a normalized
newform and let ¢ be an even character of conductor dividing N¢. Set

g:=(fev)-f

Then
o1(fhy) = Usg — 22 'x4(2)9(2)g.
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Proof As usual we put x = xs¢. The coeflicients of fh, are

bn) = 3 as(n = m?)(m)m”

Since 1 is even this corresponds to the case when v = 0. Selberg inversion

Lemma 1.1.15 allows
b(n®) = > as((n+m)(n—m))(m)m”

_ ime)m(e)&* > astmay (2 m)o (2 -m)

eln

= Y uen(©P (%”)

eln
A similar argument to that of Proposition 1.1.16 gives

By = U@ S penee o, (%)

dln el

= /)05 e 5)ay (29)

s|n

= ay(2n) — 22 (2)¥(2)ay(n),

which are precisely the coefficients of the claimed form. 0

Example 1.3.5. Apply the previous theorem with f = A € Si5*(1), so
A =12, Ny =1 and xy is trivial modulo 1. Then with ¢ trivial modulo 1,

0'1(A0) == U2A2 - 211A2.
1.4 Future directions

The purpose of this section is to briefly speculate and provide some questions
for future work. The author feels that the elementary methods of this chapter
can be pushed even further. We provide three problems where it is hoped that

the methods of this chapter could aid in their solution.

Problem 1: In [11], it is shown that there is an isomorphism M, & M,_5 —
M,;F/Q(Zl) mapping two forms (f,g) — f(47)0(7) 4+ g(47)Hs/2(7). Here Hs),

denotes the Cohen-Eisenstein series as in §3 of [5]. We have already shown

in Proposition 1.1.16 how to treat o1(f(47)0(7)). To give a complete explicit
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answer in the level four case, it is desirable to obtain, if possible, an expression
for 01(g(47)Hs2(7)). Can this be done?

Problem 2: Let A be a unimodular lattice and let the map @) : A — Z given
by x — @Q[x] be an integral quadratic form with respect to A of level Ng. This
means that @ restricted to A is integer-valued. Let 0g(7) = > ., ¢“™. By
factoring n* — Q[x] can one apply Lemma 1.1.15 to find oy (f(Ng7)bo(7))?
Problem 3: In a beautiful paper, Tunnel [29] computed for a specific weight
one modular form f, the image o1(f6) and matched it to the corresponding
elliptic curve E to obtain an expression between as(n) and ag(n). Can one
use the main theorem to find an expression in general for o1(f6) for any form

f of weight one?



Chapter 2

Linear reproducing kernels

2.1 Introduction

The aim of this chapter is to study the properties of two linear reproducing
kernels of half integral weight, the first being the Cohen kernel Cy/2(7, s;p/q)
and the second being the double Eisenstein series Ej (755, w). We shall de-
fine these two objects and prove their absolute convergence and functional

equations.

2.1.1 DMotivation

We introduce some of the ideas by considering first the integral weight setting.
To maintain generality for now, let I' be a Fuchsian group and a a cusp of I'.
Consider first a general class of linear reproducing kernels of the form
Ko(r) = > (hlaay(7). (2.11)
YEL\T
Here h is a nice enough function. The freedom in the choice of h allows, in
practice, many examples occur in this way. These are of interest since (after a

standard Rankin-Selberg argument) they enjoy the property that

(f, Ka)r = (f, h)r, (2.1.2)

whenever f is a cusp form of weight 2\. In the setting of (2.1.2), we say K,

is a reproducing kernel for h. When h = h(7, 2) is a function of two variables,

o1
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the right hand side of (2.1.2) can be interpreted as an integral operator:

(K f)(2) = (f;h(:, 2))r,

whose trace is found by integrating h along a “diagonal”

Tr(K) = /F G (o)

Standard examples of kernels include h = 1 (Eisenstein series) and h(7) =
e?™" (Poincare series). Another example that has recently been of interest
(see [7][8]), is the following choice:
hz)= > @ 7j(0,2)".
€T\
cs>0
Here I' = PSLy(Z) and ¢s denotes the bottom-left entry of the matrix repre-
sentative 6 € I'xo\I'. Upon substituting this into (2.1.1), we obtain
(7)) 7 _
Eox(T;5,w) = Z cg”;_ll (j.(7 )) gy, )" (2.1.3)

7,0€0\I J (5’ T)
Csy—1 >0

we stress that since the lower left entry c, of a matrix v € PSLy(Z) is only
defined up to £1, we take ¢, to be the unique representative such that ¢, > 0.

This ensures as well that

2 () oo

so that (2.1.3) is well defined. We mention as well that the construction in
(2.1.1) allows us, provided that h decays sufficiently fast, to average over the
whole group I" not just the quotient I';\T":
K(r) = Zh|2>\7.
~er
With less control on the decay of h, in general we should expect that this limits

the range of convergence of the corresponding K. For instance, if Rj, . is the
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region of points z € § such that
h(2)] <y as y — 0o,

then KC is absoultely convergent, uniformly on compact subsets on Rj, .. To see

this, observe

K(2)] < Y 1i(n2) 2 h(yz)]

< Z ((cx 4 d)* + 29?) S (y2) ¢
(e,d)=1

_ Z ((Cx+d)2+C2y2)f)\+1+eyflfe
(e,d)=1

<y Z 201
c#0

< y—l—s.
Let us illustrate this with an example. Consider h(7,s) = (7 + p/q)~* where
p, q are integers. Then A has corresponding kernel

Cn(r,sip,q) = Y J(1,7) (7 +p/0) ", (2.1.4)
’VGFOO\F1

the so called Cohen kernel. Diamantis and O’Sullivan ([7] Prop.5.1.(ii)) showed
that Coy (7, s) is absolutely convergent on the strip 0 < R(s) < A. Our aim will
be to define (2.1.4) and (2.1.3) in the half integral weight setting. Analogous

to the classical kernels above, for a Fuschsian subgroup H of G as in §0.2.2, we

consider
Ka= Z hlkj2L(7)-
vyEH\H
The choice
h(t) = Z A 1J6,7), w,seC
d€ET\I
cs >0

leads us to consider

Definition 2.1.1 (Double Eisenstein).

Eys(risw) = > & (j(% T))_S T, 1),

© SEL(B)\H
Cys—1 >0
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Here B denotes the upper triangular matrices in I' = proj(H). It is useful as

well to define the completed double Eisenstein series

B y(7i5,w) = C(2 — 2w+ 8)C(2 — 2w + k — 8) Eypa(7;5,w).  (2.1.5)

2.2 Meromorphic continuation of the Cohen
kernel

As discussed in the introduction of this chapter, the integral weight kernel
(2.1.4) was shown by Diamantis and O’Sullivan ([7]) to be absolutely conver-
gent and have a meromorphic continuation. Our aim in this section will be to
introduce the analogous object in the half integral weight setting. We begin

with the natural definition:

Definition 2.2.1 (Cohen Kernel). For p/q € Q a cusp representative of a
Fuchsian group H, we set

Crpa(rsip/a) = ) (y7 +p/a) T (v.7) 7"

yeH
Implicitly, by Cy/2(7, s) we shall mean Cy/(7,s;0). Let us henceforth consider

a cusp a of H and set
ey i=max{|c|?:c#0, (%) € Hya} .

Then the following lemma is useful

Lemma 2.2.2 (Jorgenson, O’sullivan|[!2] Lem.Al). For any 7 € $ and any
cusp a,

max (yy.7) < (ex + ¢ )y +y ).
yeH

Proof Let Y be the right hand side of the inequality. Assume (for the sake

of contradiction) that there exists v € H such that (y7y,7) > Y. Then

o~
. 2 ST Yy
, = — < —.

17 (77e, 7)) S(yver) Y

If ¢y, = 0 this implies y = I(y7,7) > Y, so the integer |d,| = |7 (770, 7)| < 1
must vanish, a contradiction. If ¢, # 0, then ¢,y < y/Y so Y < cu/y

but this implies cy < (cg + Cﬁl)(y2 + 1) = Yy < cg, a contradiction. O
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Lemma 2.2.3. Fiz 7 € $) and let B(7) be the ball of radius 1/2 centered at
7. Set

Bi={wess o) < St

Then
U B(ywr) € B,

yeH

where each point is counted with multiplicity < y + y~'.

Remark 2.2.4. Since cg > 1 for any Fuschsian group H, the sharpest bound
in Lemma 2.2.2is 2(y +y ).

Proof If w € B(7) then S(w) < ey so if w € B(y7,7), by Lemma 2.2.2
<

S(w) < eS(yyar) < E(y + 1/y). O

In fact, Lemma 2.2.2 (see [12] Lem.A.1) remains valid if we change 7 to o,y

1

; 1s the inverse of the matrix in SLy(Z) that sends ico to —p/q. In

where o,

this case we have

I (y7a7)
1912[77vaT + p/4)?

= S(0,07%7) <a y+y .

Multiplying by |¢|?> we obtain

Lemma 2.2.5. Let vy € H and 7 € $. Then

%(77a7->

— 5 <y H YTt y .
v +p/q? !

Proposition 2.2.6 (Absolute Convergence of Cohen). On the region
1 <do <2k —1,

the series Ci2(T, s;p/q) converges absolutely and uniformly on compact subsets.

Proof We use the integral bound of Imamoglu-O’Sullivan, valid for 1 < k €

R,
k

S(r)* S(w)
B A > duw. 2.2.1
|7+ p/ql* < //B(r) w+p/qe " (22.1)
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Here B(7) is a ball centered at 7 of radius 1/2. We have

T (v, ) Chpa (e, 8)|* < ZIWJ+p/QI’4"\~7(Wa7)|*4’“

yeH

—k S(17aT)
<
Z 7 (7T + p/QI"‘”

(22 1) //
B(~y7vaT) |'LU _|_p/q’4a-

yeH

Let w = u+iv. Now Lemma 2.2.5 implies |w+p/q| ™ < v~ (y+y~') provided
that w € B(y7,7) and this also holds for w € U,B(y7,7) C B by Lemma 2.2.3.

For 1 < r < 40, we have

Ty prafer <oy (2.2.2)

We bound

S(w)k dudv
T e A 1
B lw+p/ql* B lw+p/ql" Iw +p/qltor

(2.2.2) Fluty™h)  poo g kr/2— 2"(y+y_1)2" /2 dudu
< / / r/2 2
0 o ((u4p/q)? + (v?)) v

2 (y+y~1)
Uk—T/Q—QU—ZdU

< (y+y—1)2a—r/2
0

< (y+y—1)2a—r/2(y+y—1)k—2a—r/2—1

= (y+y HFl (2.2.3)

We see that for k — /2 > 20,

T (Yar ) Chpa (a7, 5)|* //
[T (s 7) " Chy2(7aT, )| B(17a7) Iw+p/QI4”

yeEH

( ) B lw +p/QI4" s

(223) - ke
< yry+y Hy+y H
< y—r + yr—Qk.

On the region 1 < r < 40 < 2k—1r < 2k—1, absolute convergence and uniform

convergence on compact subsets now follows. 0

Remark 2.2.7. As discussed in Diamantis-O’Sullivan (cf Prop 5.2(iii) in [3])
one finds that the domain of absolute convergence of the integral weight Cohen
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kernel Cr is 1 < ¢ < k — 1 which is in some sense “double the length” of our
domain of convergence.

Remark 2.2.8. The domain of convergence of Cj/ permits values on the line
o =1 to converge absolutely.

Corollary 2.2.9. On the region 1 < 40 < 2k—1, Cy/2(-, 5;0/q) lies in Si/o(I).

Proof Prop.2.2.6 proves uniform convergence in this region. Therefore Cy /s
is holomorphic and the value of the coefficient acq(m) of the ¢ expansion of
Ck/2 at the cusp a is

1

lim J (Yo, T + iY)_ka/Q (%(x +1iY), s;p/q)e(—mx)e%mydm
0

Y —oo

— lim (Y—r _{_Yr—Zk)eQﬂ'mY‘

Y-

When m < 0 this vanishes. O

In the special case when k£ > 5 is odd, we can exploit the symmetrized Hurwitz
zeta function (z(7,s) = > ,c,(7 +n)7%. Well known (cf [7](5.20)) is the

estimate

2Ty (] 4 C 0
(z(T,8) <5 eiryT) o4 (2.2.4)

e ?™(1+ |logy|) o=0.
We can now use this bound to obtain a left plane of absolute convergence:

Proposition 2.2.10. Suppose k > 5. Then Cy)2(7, s;p/q) is absolutely con-
vergent on the left-plane o < %.

1 n
Proof Fix 7 € $. The substitution v +— ~ gives, after summing

0 1
n € 7,

Crpa(r 55p/0)| = Yo Y r+n+ple) T ()

~yeL(B)\H neZ

z(YT + , S
B 3 Cz(yT + /¢, 3)

k
eimng  J07)
(2'2'4) —k/4 k/4— k/4
<y YT ST+ S ()Y
VeL(BN\H

=  y MAYE(r k/A— o)+ E(1,k/4)]
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proving that ¢ < k/4 — 1 is sufficient for absolute convergence, since we as-

sumed k > 5. ]

Now fix p, ¢ as before and consider the character x, , that sends m — e(mp/q)
whenever (m,q) = 1 and zero otherwise. We are now in a position to prove
the analog of Proposition 5.4 of [7]. By the L-function of f ® Y, we will mean

the Dirichlet series given by

nS

L*(f ® Xpg» 8) =1 °T'(s) Z

n>1

Observe that since p/q is a representative of a cusp for I',

Py OO_ . Sd
L(f®xp,q78)=/ f<2y+]—))y—y
0 q )

is analytic for all s € C.
Proposition 2.2.11. For k > 5, 0 < k/4 — 1 we have

(Crpo(-s50/0), [) = 2k/2_2625/21;/<i)}<1]3/2 s L*(f © Xpgr /2 = 5).

Proof We make use of
Ty, 1) *T (. 1) HST)M? = (Syr)M?

and unfold

(Crp2(s30/0), ) = /H\sﬁ Z (v +p/a,8) f(y )T T H(S )k/Qdﬂ()

~veL(B\H

- /H\YJ > GO+ p/a.s) fOm)(Syr) du(yr)

veL(B)\H

= / C(t+plg,s)f ()’“/%m()
) / / el Zm (7 = n)agme(pm/a)yH* 5"

y2
esmr/2r / Z 4ﬂmya( ) Xp.g(m )yk/Qlc:ly_y
(2m)° k/2—1)z ay(m)xpq(m)

esmr/2r‘( ) <4ﬂ->k/2 1 mk/2—s

aD(k/2 — 1)

— : L*(f 2 —s).
2k/2=2¢sin /2T ()T (k /2 — s) (f ® Xpa K/ s)

m>1
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The last line follows by definition. 0

Corollary 2.2.12. For k > 5, Cy/2(7, 5;p/q) has a meromorphic continuation
to all of s € C.

Proof Take a normalised! eigenbasis {f;} of the Hecke operators T, on the
space of weight k/2 level 4 cusp forms for all primes away from 2. Then we

inherit meromorphic continuation from that of L*(f & xp/qs $):

Cr2(T,5:0/q) = Z<Ck/2, fi)fi (2.2.5)

Al (k/2 - 1) o
- Qk/Q_QGSi”/QF(S)F(k‘/Q _ S) Z L (fJ @ Xp.g> k/2 - S)fj'

J

As a consequence, if £ > 5 the left hand side of (2.2.5) gives a meromorphic
continuation of Cy /5 to all of C. l

2.3 Absolute convergence of the double Eisen-
stein series

We remind ourselves that in Def.2.1.1 we defined the double Eisenstein series

of weight k,

B(ris,w) = Y ) (j(% T))_S J6.7)"

~v,0e L(B)\H
Cy5—1 >0

To each cusp a we associate also

Definition 2.3.1 (Double Eisenstein with cusp a). Fix a cusp a and let 7, be
the usual element that maps ‘0o to a. Define

e T\ -
Ek/27a(7'; Sy w) = j(VCH T)k ) 075*11 (J(é, 7_) ) j(é, T) g

Here H, = v, 'Hn,.

We next prove the absolute convergence of this kernel.

Proposition 2.3.2 (Absolute Convergence of Double Eisenstein). Fiz 7 €
and k > 9 an odd integer. Let r = Rw and 0 = Rs. If s,w € C are such that

4<o<k-—4,

k—o o
< mi -1, ==1
r mm{ 5 > },

!By normalised we mean (f;, f;) = 1 here.
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then Ejj.q(T; s, w) converges absolutely and uniformly on compact sets. More-
over, for fived s, w the form Ej s q(T;5,w) lies in Sk/2(I'o(4)).

Proof Let max{r,1} :=r’. We use the bound (cf [3] lemma 4.1)

1—r' 1—r'

czg,ll < (Syr) 2 (Sor) 2.

Valid for v6~1 ¢ L(B). To see this, note

Crs-1 < ](5, T)%j(’ya T) - 3(77 T)%J(& T)

_ (j(a, 7 j('w)) (7, 7)j(8,7)
)

J(6,7) (v 7) 2iy

since the first factor of the right hand side has absolute value < 2, we see that

17 (v, D153, 7)|
y

_ _ Cx —1/2¢x —1/2
lcys-1| = = Sy V2302,

Raising to r — 1 powers and ensuring that v0~! ¢ L(B), we see the claim.

With this, since | 7| = []V/2,

- w— \7(’777—) - _
T (Yar T) F Brjaa(miw,s) < >0 e 760 1T (8,7)7"|
v,6€ L(B)\Hq )
V0~ ¢L(B)
e k—o
<y N s (Syn)E(S0r) T
v,0€L(B)\Hq
Y0~ ¢L(B)
< yfk/4 Z . Z (%fyz) 2722 +o <%52) 272r4+k7<7
v,6€L(B)\Ha  v,06L(B)\Ha
v6~leL(B)
_ 2—-2r'+o 22" +k—o
=Y k4 [Ea <’7a7—7 T) E, <%T, 1 )

k
_Ea a ’1_ ' -
(77' 7“—1-4)}

In the last line we used that 76! € L(B) means that 37 = Jd7. In particu-
lar, when o € (4, k—4), the standard fact that E,(7, s) is absolutely convergent
for ¥s > 1 proves the uniform convergence of Ej /s, in the desired region. A

standard argument shows modularity, so it remains to prove that Ej s 4 is cus-
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pidal in 7 provided we fix s,w € C. To do this, we want to show that the
expansion at a different cusp is also bounded. Indeed, by choosing a different

cusp v, we see J (Yo, T) " Eg/2,0(7; 8, w) is bounded by

2 —2r 2—-2r" +k—
y_k/4 [Ea (/YbTa ;: * 0) Ea <7b7—a L Z_ 0>

k
—FE, (%T, 1—7"+ Z)} < T.

2.4 Lemmas on epsilon factors

The purpose of this section is to introduce two factors € and & and prove
some properties of these. This section can be ommited on first reading.
These properties will be needed in the proof of the analytic continuation of
the double Eisenstein series in section §2.5. Throughout this section we set
v = (%) d = (17}) to be two distinct elements of I'j(4). For a fixed

integer u > 1 we always have
u=? [v; (7)(aT + b)l/z] = (v; (7)(aut + bu)1/2)_s )

Set

5. — 1/u

u

and consider v, = B;'v3,. Likewise for v > 1, consider §, = 3;153,. We

define a new multiplier system on T, = 3, 'T'5(4)3, via

S Y e gt () 02 Pu)
O(y) = 9(7)—0(@“%) (2.4.1)

where o is as in (0.1.2), namely

j(’Yla 727')1/2]'(72, 7)1/2

G2, T)Y?

0-(71, 72) =

Lemma 2.4.1. For € I'(4) and notation as above, we have
(i) o(y,B.) =1
(i) o(BusYu) =1
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-1 fa <0, c>0
(ZZZ) O_(,}/U(S;l’az)) — a(,ya—l’é) —_ Zfa/ .7 c =
1 otherwise.
Proof (i) We are going to use Theorem 4.1 of [27], namely that
(7, Bu) = (04045, 05,048, )005(7)8(Bu)s(vBu) ™. (2.4.2)
As a reminder, if ¥ = (2%) we denote by
c c#0, 1 c#0
Oy = s(y) =
d ¢=0 sgn(d) c=0.
The Hilbert symbol (z,y) is —1 if both entries are negative, +1 other-

wise. A quick calculation shows

1 ¢#0, 1 c/u##0,

sgn(d) ¢=0. sgn(du) c/u=0.
Since s(f,) = 1, substituting this into (2.4.2), we have

(/u, )0 c#0 _

(Pu,du?)se ¢=0

O—(,}/?/Bu) - (O—'YO_’Yﬁu7 O—Bua—yﬁu)oo = 1

(ii) As in part (i), bearing in mind that s(5,) = 1 and s(v,) = s(v8.)

a(ﬁua’h) = (aﬁuUVﬁmO-’Yuo.’}’ﬁu)oos(’}/u)3<75u)il
= (040964 04,048, ) oo
YT

(du?, d*u)o c=0

1.

(iii) Here we use Theorem 16 in [18]. A computation gives

(

(1+sgn(c))(1 —sgn(a))  ac#0
4w(’7u6v_175v): 0 a=0, c#0

2(1 —sgn(as,)) a#0, c=0.

\
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Upon noticing that sgn(as,) = sgn(as) we see that the left hand side does

not depend on u nor v. As such,
w(yd, 5 6,) = w(yd™',5)

giving
0(")/“5171’ 51)) = eiﬂw('yu6;17(sv) = 0'(76_17 5)

For the final equality observe that by theorem 4.1 of [27]? we have, for
ac # 0,

(v, 0) = (na,ca)s = (a,¢a)0 = (a4, —C)oo

since n > 0. Moreover, for a = 0 # c,
o(y97,0) = (nb, cb)sosgn(b) = (nb, —n)sesgn(b) = 1.
Furthermore, for a # 0 = ¢,
0(707,8) = (na, da)usgn(d) = (na, n)ocsgn(d) = sgn(d) = sgn(a).

This concludes the proof. U

An immediate application of this lemma gives us that

au?r + bu\ ? ) (au’t + bu?)'/?
cv?T 4 dv? T (ev?T + dv?)t/2

(2.4.3)

Proof Substitute 1 = 7,20, 72 = 0,2 into (0.1.2). Then since

, _ det(0,2) (au?T + bu?)
20 21 0,2T) = Y
(V20,5 0027) V1 + dv? ’

and det(d,2) = 1, by (iii) of the previous lemma, we have o(7,20:",8,2) =

a(v671,4) so the claim follows. O

Definition 2.4.2. Set ¢ : I'§(4) x I'§(4) — {£1, £i} where

,U*
dmha@zEWﬁ):zég“Wfﬂﬁ”, 7,5 € Th(4).
6

20ne can just as well use theorem 16 in [15].
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It follows from (2.4.3) that

X 2 2\1/2 2 bu2\ /2
vp () (au*T + bu?) =¢e(a,b,c,d) <%) (2.4.4)
03 (0) (cv?T + dv?)1/? v’ + dv
Let us now set
vy (—
)
v5(7)
Note that
—i ifa>0o0ra=0,b=—1, —sgn(a)i if a # 0,
/J”Y = =
i ifa<Oora=0,b=1 sgn(b)i if a = 0.

Lemma 2.4.3. We have

1. e(—a, —b, —c, —d) = e(a, b, c,d)
(—a,—b,c,d) =e(a,b,—c, —d)
(2b, —a/2,2d, —c/2) = (a, b, c,d)
e(a,b—a,c,d—c) =¢e(a,b,c,d)

2. ¢
3. €
4.

Proof 1. We have

sgn(ac), a#0#c
Hy _ a(y6,9)
T a=07¢= 5051, -9)
1 a#0=c

Hence

8(_0’7 _ba —C _d) _ & 0(757175) — & ’ -1
5(@, ba ¢, d) s 0(75_17 _5) .

s

2. We can multiply p,/us by uj = —1 to see

;

—sgn(ac) ac#0
a(_75_1> _5)
Hytts =941 a=0+#c :m~
-1 a#0=c
Hence
5(—CL,—b, ¢, d) 0(_75_17_6)

2
= _ L = =1.
Nab—c—d)  Moe ) i)
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3. Recall that

o (71, 7273)0 (2, 73) = (1172, 73) 0 (71, 72)

and observe

* *
’YW4_1 =
20 —a/2

Set 1 =¥~ L, 75 =6 and 73 = I/V4’1 into the above to see that

* W—l
6(2[), —a/2, 2d, —0/2) - %—M/‘ll)g(vwgl((ngl—l)—l’ 5W4_1)_1
Vg L)
U; 0-(77 W4_1)

O

o(0, W4_1)

%@*
—~ —~| |
NP Ny

S
 *

= B (157, 8)7 = e(a, by e, d)

<
D ¥
—~
=)
~—

4. Similar to 3 but with 7" in place of Wj.

We need one final lemma on . Set

(Vu)

(au, bu, cv, dv) = 50 )a(fyuév_l,év).
U0y

(31

Lemma 2.4.4. For u,v > 1 we have

£(au, bu, cv, dv) = (a, b, ¢, d).

Proof This is just an application of Lemma 2.4.1. Indeed, substituting

(2.4.1), by definition

U(’Y?ﬁu) 'U*( )
(au, bu, cv,dv) = Zoct . 20 (’g> o(7u0,,8,),
o(Bubs) 0

and by parts (i),(ii) of Lemma 2.4.1 the factor on the left of vy is one. By part

(iii), the factor on the right is o(yd 1, d). O

This means that we can rewrite (2.4.4) as

v () (auT + bu?)'/?
v;(0)(cv?r + dv?)1/?

(2.4.5)

aut + bu?\ V>
cv?t + dv? ’

= &(au?, bu?, cv?, dv?) (
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Now for A = (29) let e(A) = £(a,b,¢,d). By Lem2.4.3 part (1) we see
e(—A) = (A). Likewise since S,T generate SLy(Z), combining Lem2.4.3

parts (3) and (4) gives
e(Ay™1) =¢(A) v € SLy(Z).

In particular £€(Bh) = &(B). In the sequel, A € GLy(Q) and so if 7 € 9,
(A7)Y/2 will have argument in (0,7/2). Since ¢ only takes values at fourth

roots of unity, we see that e(A)(A7)'/2 never crosses the branch cut, so
(e(A)(AT)!/2)7 = e(A)~*(Ar) 2,

If we now set A,, = (* ¥2), lemma 2.4.4 says that £(A4,,) = £(A). By the

c? dv?

same argument,
(8(Auo) (Awe™) ) ™ = &(Au) "5 (Auor) /2. (2.4.6)

Recall that = is the subset of G consisting of elements (v,¢) € G with v €
My(Z). We write Z,,2 for those elements in = of determinant n? A consequence

of Lemma 0.3.3(iii) we obtain the commutative diagram

G ———— Gy

projl lpro J

GL; (Q) ——= SLy(Q)
Vdet a

which after restricting to =,2 gives

= ¢ =/
—n? — S

Projl lpro j

nP,I5(4) —— P,I'5(4)
As such by extension, we obtain an isomorphism of Hecke algebras

R(H,=,2) — R(TE(4), P)

The usefulness of the bijection (iii) above is that it can now be pushed forward

onto € to obtain a map N x PI'§(4) — {£1, £i}.



Chapter 2. Analytic continuation of the double Eisenstein series 67

2.5 Analytic continuation of the double Eisen-
stein series

We now come back to the main object of interest, namely the completion of

the Eisenstein series Ej ,(7; s, w) stated in (2.1.5):
B jo(m5,w) := ((2 = 2w + 5)((2 = 2w + k — 5) By ja(75 8, W), (2.5.1)

which expressed differently is

* 1/2\ —°%
Z u2w7273U2w72+57k Z (ad—bc)“”l (UO (’7)(&7’ + b)l/Q) j(é, 7_>7k

v () (et +d
G (e poersd

which equals

vE(Y) (au?T 4+ bu2)/2\ 0
Z Z (au2dv2_bu2cv2)w—1 ( 0(7)( +b ) ) (U;((;)(CUQT—FdUQ)l/Q)_k.

uv>1ab.c,d v5(8) (cv?T + dv?)l/2

In this section we shall frequently reference the previous section §2.4 and refer

to the notation therein. By (2.4.5), if we set A,, = (*4 %3 ) we have

cw? dv?

—S

vp()(au?r + bu?)2\ 70 - av® bu* | [ aulr + bu?\
v (0) (cv?T + dv?)1/? B cv?t + dv?

cv?  dv?

= é(Auv)is (AuvT)is/z-

The last equality is justified by the following. Suppose det A,, # 0. Since
we are assuming —/ € I'§(4), we can assume after a change of variables
(au?, bu?, cu?, du?®) — (—au?, —bu?, cu?, du?) if necessary, without loss of gen-
erality, that A,, € GLj (Q) holds. Therefore if 7 € § then so does A,,7 € 9
50 (A,,7)Y? has argument lying in (0, 7/2). Since & only takes values at fourth
roots of unity, using the fact that & remains unchanged under (au?, bu?, cu?, du®) —
(—au?, —bu?, cu?, du?) (for this see Lemma 2.4.3) A,,T never crosses the branch

cut. This justifies the last equality.
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Recall §0.6 we considered the map

P2lg(4) x Pel'g(4) — A8(4>u2,v2

* * * * au?  bu?
— = Ao

au® bu? cv?  dv? cv?  dv?

Recall that in (0.6.3) we obtained the bijection

UPuF* UPF* ) — Ak(4)

u>1 v>1

Recall also the bijection (0.6.1)

Ap(4) =

(11

e

A —

We now abuse notation slightly and also call € on = the map defined by € on
Af(4) under the above bijection. We can now exploit both of these bijections.
Indeed combining all this together we see

Eip(risaw) = > > det(Au)" 8 (Auw) " (Aur) 2T (Au, 7)7F

u, 'U>1 AuveA*(4) 2,2

= > det(A)"TIE(A) T (Ar) T (A7)

Ae=
det A=0

If we let &, = ((1 n2> ,\/ﬁ) then every A € Z of determinant n? in the sum
above must appear in some coset A € HE, of HE, H for some &, € H\HE, H

This means

Efp(ris,w) = > 02 > &)~ (hr) 2 J(h,r) 7

n>1 heHEH
= ) (Z 5(h>8<h7)v<hm>’“> &
n>1 &, EH\HEL,H \he€H

Now by Lemma 2.4.4 we see that &(h) = e(Wyh, h) = v;(Wy) = (3 ' is inde-

pendent of h. As such, recalling the definition of Cy /s, we see

Ek/Q Tis,w) = (§ an ? Z Crya(T38/2)[&

n>1 & EH\HELH
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which can be expressed as

s TnCry2(T55/2)
CS Z nk/2—2w '
n>1

By Corollary 2.2.12, we know that Cy/s(+; ) is a cusp form for all s € C. Since
T, preserves cusp forms, we see that (%,,Cy /2, f) is meaningful provided f is a

cusp form.

Remark 2.5.1. The reason for using u? and v? instead of the more natural u
and v is the following. Had we chosen the latter, we would have obtained the
expansion

Ejp(ris,w) = G 0 (Capa(rss/2)| [H (1) H]) .

n>1

Now observe that the multiplier v’(“l ) in Proposition 0.2.5(iii) is trivial if and

n
only if n is a perfect square, hence there is no contribution for those terms.

We are finally in a position to prove the meromorphic contintuation of E; /2

Theorem 2.5.2. Let k> 5 be odd. If T € § is fixed, then EZ/Q(T;S,U)) has a
meromorphic continuation with respect to (s,w) € C2.

Proof Let {f;} be a Heigenbasis for I'{(4) of weight £/2. By Lemma 0.3.9,

(Eijor [ (T.C 2
e - §5eA s S,
7 Jo J n>1 j

(Cr o j
_ ngz k/ (;8/2), Tf)fy-

n>1 j R i)

Now Thm.0.3.6 shows that ¥, f; = b;(n)f; with

bi(n) =[] (&;(0°) + x(0)p* " a;(p))

pln
where a;(n) is the n-th coefficient of f; in its g-expansion at co. We can bound

this by using |a;(n)| < n*/* to see

|bj (n> | < nmax{k/Q,A—1+k/4}'

This implies that Z# is absolutely convergent for s > 1. Apply now
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Prop.0.4.1 for the sequence b;(n) to see that

b;(n) 2w—k/2 i’j (n)
Z 2w = 2%H an/Q—m’

n>1 n>1

where b;(n) denotes the coefficients of the image of W on > ns1 bj(n)q". By

Cor.2.2.12,
Efo(158,w) = L*(f;, k/2—s) .
k/2 2k/26327r/4I‘ Z J ; k:/2 2w f 7fj>
Finally, combining the functional equation (0.4.1) for f; with the above, we
see that
s+t ( k:/2 —-1) bi(n)\ i
E (738, w L*(f;,8) . .
k2 )= 26T (%) Z ! (;Zl n? | ([ fi)
The right hand side now gives the desired meromorphic continuation. 0

From the proof of this theorem, we see immediately the following corollary:

Corollary 2.5.3. Denote

2k T (s) T (k;s)

4s+wtipl (k)2 —

Ek/Q(T s, W) = )EZ/Q(T; 8, W).

Let f € Ska(I5(4), x) be a Heigenform with Heigenvalues b(n), namely T, f =

b(n)f. Set
(Z b(n)q”) ‘ Wy = Z lA)(n)q

n>1 n>1
Then for all (s,w) € C?,

~

(Eipo(-is.w). 1) = L(F.5) 3 )

Remark 2.5.4. Although we have shown the invariance under s — k/2 — s and
w +— k/4—w, it is unclear if there are more “intertwining” functional relations
between s and w, say of the form (s,w) — (w,s) or (s,w) — (2w,s). This
establishes at least a o X o symmetry as an analog of the Dg symmetry
equations (2-14) and (2-15) in [7]. We expect that no larger symmetry group
exists, but this remains an open question.
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2.6 The Shintani lift of the double Eisenstein
series and its kernel

In this section we shall only deal with the special case of level one. Our
ultimate aim will be to give an explicit expression in terms of L-functions of
the Petersson inner product of an arbitrary half integral weight modular form

f against the Shintani lift of Ey)(7; s, w) defined in (2.1.3). We set

1 (=2mi)pT@A-1)
A s) = 355 T(s) (dr)A-1"

and
(271_)2)\73(271_)2)\7111
A —s)I'2A —w)

A*(\, s,w) = AN, s), w e C.

Recall that the plus space S;°

1/2(4) is the subspace of Sy2(I'o(4)) consisting of

forms whose n-th Fourier coefficient vanishes whenever n := (—=1)*n = 2,3
(mod 4). This is the notation adopted in Kohnen’s thesis [11] and different
to that adopted in [15]. Given a fundamental discriminant D, for a level one

cusp form ¢ of weight 2\, the Shintani lift of ¢ with respect to D is defined to

be
opp= > r(¢;D,m)g",
m>1
m=0,1 (mod 4)
where

@D = 3 wnl@ [ RECE

QEQ|D|m

The sum above runs through reduced binary quadratic forms @) of discriminant
|D|m and when @ = [A, B, C], the integrand is taken over a cycle C'(Q) defined
by the image of A|z|>+ BR(z) + C = 0 in SLy(Z)\$. We take this path to be
anticlockwise. Finally, dgz = Q(z, 1) dz. This will be clearer next subsection.

Our main result in this section is the following:

Theorem 2.6.1. Let f € 51;72(4) and suppose ¢p € Soa(1) is such that op f =
¢p under Shimura’s map. Then o3 FEax(+;s,w) is the kernel for the product
of four L functions, (f,onhE3(-;s,w)) has a meromorphic continuation with
respect to (s,w) € C* and

L*(¢p,s)L"(¢p, w)
CA—s—w)((1+s—w)

<f7 U*DEQA('; S, ’LU)) = A*()U S, w)
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Moreover, when R(s) > X+ 1, (f,05FEan(-;s,w)) equals

L(X,s — A+ 1)L(x,w — X+ 1) as(|D|n?) as(|D|n?)
A, s) C2A — s —w)¢(1+ s —w) (Z ' ns )(Z ’ nw >

n>1 n>1

The main tool used is a result of Kohnen ([15] Thm 2) which we will review

in the next section.

2.6.1 Background on Kohnen’s theorem

Let f € 5192(4) be a cusp form and fix a fundamental discriminants D and
m = (—1)*m. Denote by Qp the set of binary quadratic forms of discriminant

D. We define a map wp : Qpjm — C via

0 it (A, B,C,|Dlm) = 1

(@) if (n,|D|m) =1 and n is represented by Q.

This can be shown to be independent of the representative n and thus well

defined. We set

Az D)= Y

QEQ|Dm

Consider the Kohnen kernel defined by the following expansion with respect
toT €9,
Qp(z,7)=c Z m Y2 £\ (z; D, m)e(mr), Z2€HN
m>1
m=0,1(4)
for some constant cy p. It turns out that one can express the Fourier series in
z of Qy p(z,7) with coefficients involving half integral weight Poincaire series
in the variable 7. The precise statement we mean is given in equation (2.6.3)

which we will give shortly, so let us now give more details on this. First, let

us define

Definition 2.6.2 (Poincare series, half integral weight).

Pla(r) = > Jlyr) e,

YEL(B)\H
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It is known (see [10](3.19)), that the g-expansion of P}’ is

Z [(n/m)(k2)/4 ((Snm + 271'2'7’9/2 Z MJk/Z_I (471—{%))] qn’

n>1 c>0
where
. ma + nd
Sy = 30 vme(T), (26.1)
(& %5)ETa\I§(4)/Too
and

dmy/mn (—=1) (27 \/mim /)2 +k/2-1
Jk/2—1< p ) —Z TG+ k/2) .

Jj=0

Moreover, if i = 0,1(4) then for any f € Sy/2(4) one also has®

T(k/2 1)

<f>PI~:72> =

Kohnen has established (Thm 1 of [15]) the expansion of Q) p(z, 7) with respect
to z € H, namely
Qp(z,7) = B\, D) Y nw,(—7)e(nz), (2.6.3)
n>1

where
o\ D g preipie
an(=7) = 3 () P ),
dln

Here B(\, D) = QQA(Q”)A};[\])_';;/Q(’\’l)!. We can now state the result we shall

need in the sequel.

Theorem 2.6.3 (Kohnen, [15] Thm.2.Eq.10)). Let ¢ € Sax(1). Then for every
fized T € $, the form Q p(-, —T) lies in Sax(1) and

(9, .p(, —T)) = opo-
2.6.2 A general lemma

Our aim in this next section will be to apply Thm.2.6.3 with the choice ¢ = K.
The following lemma is of independent interest since it can be applied to any
kernel K provided that (a) it is a cusp form and (b) its reproducing kernel h

is “nice” in the sense described below.

3Compare with [15] Eq.4 where Kohnen’s k is our A and i 5 = i3 ' = 1/6. See also [10]
Thm.3.3.
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Lemma 2.6.4. Let A > 2 and let K € Say be a kernel of the form (2.1.1)

where ‘
h(z) =) am(y)e™™,

m>1

with |e*™™a,,(y)| < 1 uniformly iny. Then, the D-th Shintani lift o5K of K
18

> d
BOD) Y 0 (=) [ anlg)e 1L
0

n>1 Yy

Here B(\, D) = 22*<2W>**(12|AD_\;;1/2(A—1>! and

won(=7) = | D (%) dp P (<)

dn

Proof By Thm.2.6.3, we unfold (K, p), that is

[ 3 21t Tl i)

\D p T

:/ > h(v2)i(1,2) (7, 2) P op (vz, —7)y* du(z)

:/ > h(y2)Qp(vz, —7)(Sy2)?du(vz)
M\ \r

o dxdy
v

= / h(2)Q\p(z,—T)y
Foo\H

Now substitute the expansion of €2y p and the assumed expansion of h. By

orthogonality we see that

B(A, D) /000 ;HD_lwn(—T) (/01 e(mx)e(—nx)dm) am(y)e_%”yy”*@

Y
oo d
= BOD) Y e (-7) [ anlye Y,
1 0 Yy
and the lemma follows. O

We point out that this method does not extend to kernels lying in Msy, due

to convergence issues with the integral.

2.6.3 Proof of the theorem

Given s, w € C fixed we will now find the Shintani lift of Fsy(z; s, w). We want

to use Lemma 2.6.4 for K(z) = Es)(z;s,w). We need to find what the a,(y)
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are in this case, so we require the g-expansion of the sum
e Y
cy>0 (e, d)=1
as this will allow us to find a,(y), thence by Lemma 2.6.4 obtain the desired
lift. First let xo.(n) be the trivial character modulo ¢, that is xo.(n) = 1 if

and only if (n,c) = 1 and zero otherwise. Then by the Lipschitz formula (see

[0]§3.5),
X0 c(d) —
Xoold) —_ . e+ d)
dZ(CT—i—d)S ZXO ZT+ fe+d)
€z ez
— -1 _n
= CSF Z (Z Xoc(l)e(ln/c) ) q",  R(s)>1
The inner sum can be expressed as a Ramanujan sum (see [11] Eq.3.1)
S(0,m;¢) == Z e (K_n)
LN C) = =)
0e(Z/cL)*

It is a well known fact (see [28](1.5.4)) that

Zn(s) =) S(O’C?; ) _ 01((38()”)7 R(s) > 1.

c>1

We can read off the coefficient a,(y) of h to be

an(y) = Zy(s —w+1)n"le ™,

defined on the region (s) > max{1, ®(w)}. In this same region, the conditions

of Lemma 2.6.4 are satisfied. We deduce that up to a factor of B(A, D),

05 Ea(+; s, w) equals

* (—2mi)* d
ZnZ)\lwn<_7—_)/ ( 7”) Z, ( w+1) s—1 747rnyy2)\ 14y
0

I'(s) )
_2 7\ S - d
— ( F(Z;) Z nQAflwn(—f)Zan —w 4+ 1)n5*1 / €4Trnyy2)\1;y
" 0
(—2mi)* T2\ — 1)

- S ez e G

(—2mi)*T(2\ — 1)

~ ST o A ()
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Multiplying both sides by B(\, D) gives

2| DIMV2T (M) (—2m6)?
(2m)*(s)

ZnS’IZn(S —w+ Dw,(—7) (2.6.4)

n>1

ohEa(+; s, w) =

Proof [of Theorem 2.6.1] We have the relation op f = ¢p, which in terms of

wol) = 3 (2) ta ().

din

coeflicients is

Using (2.6.2), we see

(fowon(=7)) = 3 (%) B (7))

dln

I'(k/2-1) 2-k D\ n?| D
6(47r)k/271’D|k/271n dz|: n d™ ay a2

P(k/2—1) o
_ WT} a5y (n). (2.6.5)

Let us set
1 (—2mi)* T'(2A—1)
3201 T(s) (4m)2A-1 -

A\ s) =
Then by (2.6.4) and (2.6.5),

3(—2mi)*T(2A — 1)

<f7 O-EEQ)\(';S?U)» Zns_lZ(s—w+1)(f,wn(—7_')>

B TEI0) 2
- A Y 2 e )

which simplifies to

AN 8) Y 0t Pag,(n) Y e TS(0,n;0) = A 5) Zaw—s(”)%p(n).

_ 2A—s
n>1 c>1 C(S w+ 1> n>1 n

This latter sum is known to converge to (see for instance corollary 10.8.2 in

[5D),

Uw—s(n)a¢0 (n> _ L(¢D7 2) — S)L<¢D7 2) — w)
Z n2A-s N C2N\ — s —w) ’

n>1

valid on A +1 — 3 > R(s) for some 6 > 0. Our original region R(s) >
max{0, R(w)} of absolute convergence for (f, o}, Esy) has non-empty intersec-

tion with the region A + 1 — & > R(s) on the right hand side. Since the right
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hand side admits also a meromorphic continuation, we deduce that (f, o}, Esy)

does also. As such,

L(¢p, 2\ — s)L(¢p, 2\ — w)
CA=—s—w)((1+s—w)

(f,0pEaon(;s,w)) = A\, s)

By the functional equation, we see

L*(¢p,s)L*(¢p, w)
CA=s—w)((1+s—w)

(f;opEan(s5,w)) = A(A, s)

Finally, combine the above expression with equation (0.5.1) of Theorem 0.5.1;

namely that we can express the L function of ¢ as an L-function of f as follows:

; as(|D[n?)
L =L —A+1 E —_— R(s) > A+ 1.
(¢D7 S) (Xa 5 + ) — ns ) (8) +
Rearranging terms concludes the proof. 0

2.7 A kernel for the Hecke operator

This section is independent of the other sections in this chapter. Our aim will
be to find a reproducing kernel for the map f +— %,,f. This is the analog of
Thm.1 of Zagier’s Appendix in [17] for the half integral weight setting.
Lemma 2.7.1. Let f € Si(I'). Then

|G e = gy X e e,
-0 n>1

Proof Let Cr be the semicircle along [—R, R]. Then,

e(nx) —Rp—k/2
dr| = R )
/CR (z — iy — w)k/2 x| = oe )

Therefore we have

e e(nx) B , e(nx)
/ Sy —wpp® = AR T

~ lim ‘mr) 4,
R Jo (@ — iy — w)?

T(k/2) foed
2 k/2—1
Le’Q’W/«e(?”L@t)).

T(k/2)
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Then
* [z iy 2 /°° e(nx)
dr = ™y d
/_oo (v — iy — w2 ;ai(n)e o iy — w2
2m k/2—1 _—4mn
= — Zaf(n)n e ™e(nw),
['(k/2) =

as desired. 0

We introduce the following kernel

Definition 2.7.2. For m € N, z,w € §, set

lCm('sz) = Z (w+z)_k/2|k/2§7

£€E, 2

the action here is with respect to the first variable.

As per our discussion in §2.1.1, for fixed w, |w + 2|72 < |y|~%/2. It follows
that for £ > 3, KC,,(-,w) is holomorphic. We are now going to fix I' = I'}(4)
and the choice of lift H as in §0.2.2. Then for L(vy) € H, since Z,,2H = =Z,,2,
K w)L() = D (2 +w) PEL(y) = Ko (-, w)
€eE,

shows modularity in the first variable. This calculation remains valid for the
two transition matrices 7 = T € I'j(4) and 712 = (2 ;) and gives a holo-
morphic right hand side. This shows that IC,, (-, w) is a cusp form as well.
Proposition 2.7.3. For all f € Sk/2(4,x),

X(m)*(4mk)
(47rm)*/2—1

<f> }Cm> = sz

Proof We first prove it for m = 1. Since =, = H,

(f, K1) = ., f(2)Ki(z, _@)ykﬂdﬂ(z)
-/ REDIEEUR AR

= F(v2) Y (—w +72)HPS(v2)dp(yz)
9 vyel’

_ /ﬁ(—w +2) M2 f(2)y P dp(z)

0 Jooo (@ =iy —w)H? y
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Now the previous lemma tells us that

1K) = i st [t Y

n>1

= k(4m)? M2 f(w).

Replacing f by T,,.f shows (T, f, K1) = k(47)?>7*/2F,, f(w). Therefore

e aEe
X(m)2(47rk)
(rmyzt )

l

Consider a Heigenbasis {f;} of Si/2(4,x). Then expanding K., (-, w) in this

basis, we may write
fi(z)
2 17, 1)

J

Ko (z,w)

for some holomorphic function g. If f; has Heigenvalue w; ,,, subsituting f = f;

into the previous proposition shows

therefore g(w) is also a cusp form and

Wjm m)(4rnk

i

Another interesting consequence of the proposition is the fact that it allows

an explicit computation of the trace of ¥,,. Indeed,

Tr(%,,) = M/ K (z, —Z)ykm%. (2.7.1)

x(m)?(4mk) T3 (4)\9 y?
We end this section with the following open question. Can one exploit some
kind of bijection (analogous to the integral weight case), such that matrices
with fixed trace in =,,2 get mapped to quadratic forms? If so, what is the
arithmetic significance of the right hand side of (2.7.1) and can one obtain a

similar result to Theorem 2 in Zagier’s Appendix of Lang’s book [17]?
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Period polynomials

This chapter is based on the joint work [I] coauthored with N. Diamantis,
W. Raji and L. Rolen. After proving the key Lemma 3.0.2 on the family
of transformation of ®, for each a, we construct the analogue of the period
polynomial P, for half integral weight cusp forms. We maintain the usual
convention £ = 2\ + 1, A > 2. In this chapter it will be convenient to set

{=X—-2and kK =(+1/2=k/2— 2. This will mean that 5% = (.

3.0.1 The definition of P,

Consider f € Si/2(I'5(4N)) with expansion

where w is the width of the cusp ico. Then, the usual bound on the coefficients
af(n) (we raise to the power of half the weight, i.e. |af(n)| < n2(2) = nk/4),

gives

rifs) = [ e 2 IS ) g s kg,

0 2 (2mi)® &

which has functional equation
L(f,8) = "2 (AN L (flwy k/2 = 5).
When m,n are half integral, we set
n\ I'(n+1)
m)  T(m+1)I(n—-—m+1)

80
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It will be implicitly assumed unless otherwise specified that a € [0, k+¢]. With

this in mind we set, for fixed a € [0, K + /]

(r,2) = i: K > (4iNT)" 2 u%(n +“1/2) (i7)" (—AN z)r =]

n=

The analogue of the period polynomial is

Definition 3.0.1 (Period polynomial). The period polynomial is defined to
be

100

P,(7) = f(2)Pu(T, 2)dz.

We introduce as well

Lemma 3.0.2. Let A > 2, a € [0,k + {]. Then

—(2@'\/N7‘)£(—2i\/NZ)”(Z’T)”*Z(—ZLNZ)I*”*Q = —(4%?/4 (iT)"(—4Nz)rtt-a-n
—(2iV/N7)!(=2iV/N2)* e (4iNT)" 207 = (4iNT)" 20"
—(2i\/ﬁ7)z(—2i\/NZ)H®a(W4NT, W4NZ) = (I)a(T, Z)

Proof Observe first that (4N)%/27¢/2 = (4N)V/4,

1. If we use —(—iz)" = i*/2(—2)* then

K N K 1 Zk/Q K
—(AN) R () = — 1/4( 4iNz)" = 1/4( ANz)
(4N) (4N)
and (1) follows.
2. Use instead —i*/2(—iz)" = 2" so
(4N (_4N)1 7 (—iz)" = —iF2 (i) = 2"

and (2) follows.

3. We make the change of variables n — ¢ — n so that (Z) changes to
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(") =, A /2). With this, we have that the left hand side of (3) is

— (2iVNT)4(— zzfzﬁiK) “(—4Nz)""

n=

Zk/Q K 4iN n a+n l—kK
G o 172) 47 ]

moton — (2iV/Nr)!(—2iVN z”i:[(n+1 /2) (i7)" (AN z) e

ik/Q K . n—{ _a—n—
+ —(4]\7)1/4 <n) (4iNT) ty k} )

Apply parts (1) and (2), to conclude. O

By a character y of I'§(4N) we mean a character x of I'o(4N) with x(Wyy) €
{#£1}. Since T'j(4N) is generated by I'g(4N) and Wy this is enough to com-
pletely determine the character.

Proposition 3.0.3. Let A > 2, f € Sio(I'5(4N), x), a € [0, + £]. Then
Fu| o, (I —i'Wyy) = P..

Proof By part (3) of Lemma 3.0.2,

iFol—oxWan = X(W4N)_1(273\/N7')€/ f(2)@a(WanT, 2)dz

WyNnT

= W) VA [ SOV War W) Wo)

= —(2iVN7)* / ’ F(2)(=2iV/N2) @ (WanT, Wanz)dz
/f o(T, 2)dz

_ ( /“°° /“’) Bu(r, 2)d>

= )+ Fo(r

Rearranging, we obtain the claim. U

Corollary 3.0.4. If { is even, then P,|_o(I + i*(Wyn)Wan) = 0.
Proof First write

Fol cox (I = i'Wan)) = Ful (I = i'X(Wan)Wan).
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Since ¢ is even and x(W,n)? = 1, by Proposition 3.0.3 it follows that

Pol oI +ix(Wan)Wan) = Fo|-o(I — i'x(Wan)Wan )L + i x(Wan)Wan)

= Fo|l-(I - Wiy) =0.

Remark 3.0.5. If £ is even and x(Wyy) = Fi’ then P,|_ Wiy = £P,.

Remark 3.0.6. We emphasise that in contrast to [1], we do not assume that ¢
is a multiple of four.

Our aim now will be to explicitly compute the polynomial P,(7). We will do
this by using the definition of ®,(7, z) and swapping the sum and the integral.
In the next proposition it will be useful to consider the norm 1 complex number

n(n,k,a) = e (% F’”‘Tm + aD | (3.0.1)

Proposition 3.0.7. The period polynomial P,(T) satisfies

4

ZK ) (4iN)"L*(f,a —n + 1)

n=0

T (n n 1/2> (4N)Pn(n, k,a)L*(f,a+n+1 - 6)] ™. (3.0.2)

Here n is as in (3.0.1).

Proof Substituting definition (3.0.1) of ®, into P, we see

¢ 100
Z( > (4iNT)" f(2)z*7"dz
- 0

ik/z K . \n e AN n—i—f—a—nd
b (e ) [ s

which can be expressed as

14

P(r) =Y (Z) (4iNTV"L*(f,a —n +1)

n=0

k/2 K - \n k+l—a—n —mi(k+l—a—n *
+(4N)1/4(n+1/2><27) (4N)Hmemnem i e LY (f g £ —a—n+ 1).

In the second integral we have used the fact that (—2)* = e ™™*2* for z € §
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and s € R. The functional equation then allows us to write
L*(fk+0—a—n+1) =i 2(4N)HA-tamnt D per g 4on 41— 0).

Substituting and simplifying we obtain the result. 0

We shall term the polynomial P,(7) in (3.0.2) the period polynomial attached
to f. Observe that P, encodes within its coefficients the L values of the L*(f, s)
at s=a+1—Vla+2—2/,...,a,a+ 1. In the sequel, since it will be useful
for us to just consider the 7" coefficient, we introduce some notation. Given
a polynomial f(7) = ijo a;77 we denote [r7]f(7) = a; the coefficient of 77.

This way, we may write

[ Pu(r) = (Z) (4iNY"L*(f,a —n + 1)
+ (n +H1/2) (4N)"n(n, k,a)L*(f,a +n+1—10), (3.0.3)

where n(n, k,a) is given by (3.0.1).

Remark 3.0.8. Under the mild assumption that ¢ is even, we can deduce that
the coefficient of 72 is

Kf/?) G a)((é +ﬁ1)/2)} (AN)2L(foa+1— £/2).

We also mention that we have allowed certain flexibility in a. We will next
show that the choice a = k allows an interpretation in terms of the Eichler

cocycle map
Yy Th(4N) — Hol(H™)

v / (z — 7)"dz.
Lico

Here the image is contained in the set of holomorphic functions on the closure
of the lower half plane $§~ = {7 € C: (1) < 0}. In fact, we will show that
the evaluation ¢} = 1;(Wyy) of the Eichler cocycle ¢y at Wy is (up to an
error bound) the period polynomial at a = x at the point iy. More precisely,

we have
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Proposition 3.0.9. Fory > 1,

Pa(iy) = ¥5(4Ny) + (-1 2V Ny) Y3 (1/y) + Oy ).

Proof Since /+ 1 > k, we can bound the error term in the Taylor expansion

14

(L+4Niy/t)* = (Z) (4Niy /)"

n=0

1
< / (1= &) (1 +4Niyg /)T ANy /) de < (y/t)™.
0

Similarly,

14

(L+ifty)" = (Z) (i/ty)”] < (yt)= 1.

n=0

Combining these two error terms with the assumption that y > 1, we see
that in both cases we can bound by O,(y**!). We now substitute the Taylor
expansion with this error term and use the substitution n +— ¢ — n in the

second sum to see

Y5 (ANY) + (—D)M 2V Ny) P} (1/y)

= /OO F(it) [(1 +4ANiy/t)" + ()M 2V Ny) (1 +i/yt)“] t"dt

]~

n

(H> [(4Niy)”i” - i2x+n(2\/ﬁy)e(i/y)n] L*(f,k+1—=n)+ Op(y™)

0

npln [(2) (AND)"L*(f, 5+ 1 —n)

n=0

3
~

— 2040-3n (n +Hl/2) (AN)PL*(f,r+1— 0+ n)} (i)™ + Op(y*™)

(3.0.2) .
=7 Pu(iy) + Ouy"™).

In the last step, to check that the powers of i agree with those of the period
polynomial (3.0.2), it is easy to check that —g2A+2(=3n = j3nthke—mi(k=9/2-=x)

g

A general theme in studying the period polynomials of modular forms is that
there exists a construction of these polynomials using the Eichler integral. In

the half integral weight setting, such an object was studied by Kohnen and
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Raji [16], namely given a cusp form f € Si/2(I'5(4N)) they considered

Ei(T) : \anm - (e(—n7)0(1/2, —27nz) — (2anT)/?)

n>1

and showed ([16] Thm2 p19) that

oot 5 (M AR (7)) ()

n

In general, the right hand side of this expression does not lie in a finite dimen-
sional vector space. In joint work, [1], it was shown that the main contribution

of £ is an integral also.

Proposition 3.0.10. For T € §,

&) =a —27'%/ Fr(2)(z — 7)fdz — —=2 2
where
tz) tAﬂ
Vi+1
and .
o = %
i
Proof Upon using
I(1/2,w) = w'"/? /oo i Rw) > 0
) 1 \/¥7
we see that
& = \/_an:ﬂ T (e(=n7)0(1/2, —27inT) — (—2mnT)~Y?)

n>1

o) -1/2 ar(n
- \/—an re(—nt \/%/ ntT a | 73 ;n(g_(l))p
- v [ (e - yn) % - <“>

et T w(=27)1/2

00 i {+1
_ (_21'7-)1/2/1 % /(t_l)T fw)(w —7(t — 1)) dwdt — %

B 00 t)\_l 100 L(f, )\)
_ ak\/;/o T . f(tz)(z—T)édzdt—m-

On the last line we used the change of variables t — ¢ — 1 and z — w/(t — 1).

Now change the order of integration to conclude. U
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3.1 The main theorem

The aim of this section will be to give an explicit expression between the L-
values of a half integral weight cusp form on one side and the L-values of an
integral weight modular form on the other. The exact expression is given in
Theorem 3.1.4. This method exploits the isomorphism between I'j(4) and I'.
We construct and describe fully a parabolic cocycle 7y € H),, (PSLy(Z), I)
with values in a finite dimensional space Iy. With 7y we apply a result of
Pasol and Popa [22] and again compare coefficients. The construction of 7y is
done in several steps. From the period polynomial P, of the previous section,
we construct a cocycle w? on I'’. From 7r}9 we induce a cocycle 7y. Sadly, 7¢
is not necessarily parabolic, but this can be fixed, we shall prove that a small
adjustment 7, of 7y is parabolic.

A possible set of coset representatives for T’\PSLy(Z) is {I,T,U}. We shall
fix these representatives. If we denote by ¢(x) the element of {I,T,U} that
corresponds to the coset I'?z. For example, it is easy to check that (T~1) = T.
The relation T2SU = UT~! shows that

YUT ™) =p(T?SU) = (U) = U. (3.1.1)
The map

o : TY\PSLy(Z) x PSLy(Z) — PSLy(Z)

Tz, g) = ¥(z)gyp(zg) ™

is well defined independent of the choice of the coset representative = (see

property (i) below). In addition, this map also enjoys the properties
(i) Tz =T"" = (x) = P(2'), P(zg) = Y(a'g) = a(r,g) = a(z', g).
(i) x € IV = a(z,g) = g¢(g)~! (put 2/ = 1 into (i))

(iii) a(z,9192) = a(x, g1)a(xgr, ga)-
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This ensures that « is well defined. We now define
T := {v: T"\PSLy(Z) — Hol($)}.

With the setting 4|¢ and A as before, we also consider the subset I, C Z defined
by
Iy = {v: TY\PSLy(Z) — 77 'Cy[7]}.

Since g € PSLy(Z) acts on Hol($)) via -|_,g, we can use this to define an action

on Z:
(v]lg)(x) :==v(W(zg "))|eg = €T\PSLy(Z) g € PSLy(Z).

Notice that in general, -||g does not preserve the space I as 77'Cy[r] is not

preserved under -|_,g. However, on the subspace
Wy={vel:v|(S+1I)=v||(U°+U+1I)=0}

the || action is preserved. From now on we impose the condition that 4|¢ so
that A\ > 2 is always even. Analogously to the classical setting, if e = ('),

then Wy decomposes into Wy & W, . We put

vt = vEYlle j:20||5 S I/V/\i

The period polynomial for I'V of weight \

In this subsection we give an exposition of a result of Pasol and Popa ([22])
which is a generalisation of the fact that the period polynomial of a modular
form f is essentially given by f|(I — S), the Eichler integral slashed by I — S.
Our setting here will be for weight A and on the theta group I'”. Suppose that

f € My(T') has g-expansion f =" . as(n)q" and denote by fo

fo(r) = f(7) — a(0).
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This makes fy vanish at the co cusp. Since we still maintain the notation

¢ = X\ — 2, the Eichler integral is the holomorphic function

F()(r) = / T (Fow)(w — 1)dw, € PSLy(Z), T € §.

The slash action f|y = f|x»y is understood to be of weight A here and will be

ommited henceforth. Observe this defines an element f € Z. We denote by
ri(y) = (I = 9).
Proposition 3.1.1 (Pasol, Popa [22]). We have the following

(1) The cocycle r¢ lies in Wy and

70

0 0

TS = = ags@) [ =] s
J /

70

L YO afWS(O)T_l

A—1 A—1
for any v € PSLy(Z) and any 19,7 € $. Moreover, r(7y) is independent
of 1.
(2) The map

rT s My(T?) — Wy
[y

s an isomorphism.
Proof (1) See [22] Prop.8.1

(2) Use the fact that T'? is PSLy(Z) conjugate to I'(2) which is of the form

prescribed in [22] Prop.4.4. This allows us to apply [22]Prop.8.4(b).

We are now going to define a 1-cocycle 7y on I'j(4) with values in C,[7],

the space of polynomials of degree < ¢ with coefficients in C. Let f €
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Sky2(I'5(4N), x) and set

itp: TH(AN) — Cylr]

Wy — Pa(T/\/N> = pa<7')

By imposing that 7¢(7") = 0, that £ is even and that x(Wyy) € {£1}, the map

7y is well-defined since the cocycle action gives

7 (Wiy) = 7p(Wan) + 7 (Wan)|—exWan = Bl e (I + W)

= Pl (I+Wuy)=0.

Here the action (Q|_r,7)(7) means x(7)j(v,7)*Q(y7). From §0.6 we know
that ['5(4) and TV are conjugate. The homomorphism sending 7' — T2 and
W, + S is a group isomorphism from Tj(4) onto I'”. This allows us to transfer
7p to TV

ml(S)(r) = Pu(r/2)  «l(T?) =0.

We have obtained a non-trivial class in H!, (T, C,[r]) with action defined by

par
e
Following the construction of Pasol and Popa [22], we can induce a 1-cocycle

7y on PSLy(Z) with values in Z from 74 as follows

T(9)(x) = mf(alz,g7) )]-(z),  T'\PSLy(Z).

We now claim that 7 is indeed a 1-cocycle. To show this we make use of two

facts, the first

a(z, g, ') M(x) = P(rgyt)gs (3.1.2)
follows from the definition of a. The second, uses property (iii) of §3.2, namely

1 1

alz, gy gy ) = alzg g ) Tale, g )T (3.1.3)
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We have

(#p(g0)llg2) (@) + 7pg2) (@) = Fp(g)(wgy lge + 7 (a(e, g57) ) (x)
= mlalzgy ' o) )(egy g
+xd(a(z, g7 ()
U2 malegy o) N late, g ) ()
+ry(alz, g3 )7 ()
= [mf(aleg ! g7 ) Daz, )7
+ 7z, 5] ()
= el g ale )] )
(w95 g7 ) ()

= 7s(g192)(x).
This proves our claim that 7 is a cocycle. Alternatively, we could have shown
that 7; is a 1-cocycle by invoking Shapiro’s lemma (cf [19] p59).
The next proposition we will prove is rather surprising, although we cannot

claim that 7, is parabolic!, a small adjustment will be and, even better, the

coefficients of this adjusted cocycle will have values in I. Precisely, we have

Proposition 3.1.2. There exists v : T’\PSLy(Z) — Cx_1[7] such that
my(g) :==7s(g9) —vll(g —1) Vg € PSLy(Z)

is a parabolic cocycle with coefficients in Iy. Furthermore, w¢(S) € Wi.
Proof We evaluate

(1) (x) = mf (Y(=T ™) T(2) )W (@)
at x = I, T,U respectively. One finds

T (D)(I) = mp(H(T7'T)) = m}(T?) = 0,

T (T)T) =y (TH(T) ) [W(T) = 73 (1T = 0.

we will prove 7¢(T') is not always vanishing

1
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Moreover, since UTU " = S™1T~2 and ¢(UT™') = U,

T (T)U) = 7} ((UTHTH(U))|(U)
=mf(UTU U = a3(S7'T7?)|U
=7} (9)|T?°U + af(T*)|U = 7{(9)|T°U

= P,(1/2)|_T?U.
We now consider a polynomial Q¢(7) € Cy44[7] with the property that
QT = 1) = Qs(r +1) = Qs(7) = Pu(r/2)| -, T*U. (3.1.4)

This exists since deg Q; = deg P, 4+ 1 (for a proof of this see [1] Lem.4.3). Al-
ternatively, we can find @ in the following way. Set [771]Q; = W‘I(T/+‘T2U

and use the recursive formula

{41

Z <i> ([71Qy) =[] (15@(7/2)|_4T2U> , 0<n</(-1

j=n+1

Therefore, we can construct v as follows, we impose

With v shown to exist, we are now in a position to define 7 to be the difference

m(9) == 7s(g) = vll(g = 1)

Subtracting the coboundary v||(¢g — I) from the cocycle 7¢(g) implies 7 is
indeed a cocycle. To prove that 7y is parabolic, it suffices to show that 7¢(7")(x)
vanishes for all z € T?\PSLy(Z). Unraveling the definitions, we have for

g € PSLy(Z), z € T?\PSLy(Z)

m(9)(x) = 7} (W(xg™ g (z) | (z) — v(W(zg™))lg + v(@). (3.1.5)
Indeed, substituting ¢ =T and x = I above,

(1)) = 7 (1)) = (T = 1)) = 0 = (v(T=D)|T = v(1)) = 0,
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and
mp(T)(T) = 7p(T)(T) = (0|[(T' = D)(T) = 0 = (v(H)[T = v(T)) = 0.
Finally,

m(T)U) = 7(T)U) = (v]|(T = 1))(U)
= QT =1 — (UT T —v(U))

— ()T = 1) —o(U)|(T 1) =0.

Moreover, since v takes values in C,_1[7] we see that

m(9)(x) = 7s(g) () — |v(zg ")l—eg) — v(z) |,
~—— —_——— ~~

E(Cg[’r} ET_l(Cg[T} GC)\,l[T}
meaning that 7(g)(x) takes values in (at worst) 77'C,_;[7]. Therefore, 7;(g)
takes values in ). To conclude the proof it remains to show that 7¢(S) lies in

Wy, but this follows from the cocycle condition, as 7;(S) = 7(U) and

eSS+ 1) =m;(9)||(U*+U +1)=0.

Remark 3.1.3. It is possible to explicitly construct @ from (3.1.4).

In fact, the existence part of the proposition allows us to compute explicitly,

the value of m¢(S). For z = I,

mS)(D) = (S MU + (D) ~u(DIS = w(5) = £ (5) - (316)

We found that 7¢(S)(x) vanishes for x = T',U in which case only the contri-

bution of 7¢(S) comes from v, namely
71 (S) (@) = —(ll(S = D) (2) =v(x) —v(@ST)|S  z=T,U.
Forz =T,

71(S)(T) = v(T) — o(TS ]S = —o(U)]S = —Qy|¢8S.
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For x =U,
T (S)(U) = v(U) = v(UST|S = v(U) —v(T)|S = Q.

Combining this with the previous remark gives a full description of 7.

Theorem 3.1.4. Suppose { > 0 is a multiple of four. Fix [ € Sy (I'5(4N))
and a € [0,k + {]. There exists g € M\(I'((4)) such that for all odd n €

(Lo 0— 1},
vy | () i 1)
+ (n +R1/2) (AN, k, a)L* (f,k + € — 1 —a—n)
_ _gtin (i) L*(g,0+1—n).

Proof By Proposition 3.1.2 we know 7,(S) € W,. It follows that the element

m(S) = mp(S)lle
2

=7 (5)”

lies in W, . We can now apply the isomorphism =~ of Proposition 3.1.1(2) to

obtain the existence of a form g; in My(I'?) such that

T (S)T =71, . (3.1.7)

g1

Since (eTe) = T and ¢ (cUe) = U, we see that 7;(5)~ and r,, are the odd
parts of m¢(S) and ry, respectively. In particular the polynomials 7;(S)(1)(7)~
and r,, (I)(7)~ agree, and we are led to compare the coefficients between these

two polynomials. From (3.1.6) we have
5 (S)(I)() = Pu(r/2) = Pa(7/2VN).

This gives us the coefficients on the left hand side. For the right hand side use
Proposition 3.1.1 part (1) and a binomial expansion to see that the n-th term
is
¢ 100 {—1+4n
14 n ay, (0)7,
o (I)(1) = Z (n) [/ gl(w)owl dw — ﬁ
_(_1>n /ioo . ag1|5(0>(57—0)n+1
s

70

(1]S)o(w)urduw — IEEER | (e

70
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Set 79 = 4. Using ¢1]|S = ¢; and using the integral expansion

L(g1,s) = / a(w)ow 2,
0 w

we see

rgl([)(r)zz(£>L*(91,€+1—n)(—7)”+ €+1T + 1

n=0

For odd 0 < n </, the n-th coefficient of ry, (1) is

o, (1) = — <§)L*(g1,€+ 1 —n).

Finally the substitution g(7) = ¢1(27) € M)(I'§(4)) gives 27°L*(g,s) = L*(g1, ),

so the desired coefficients on the right hand side. U
3.2 Explicit description of the lift

The purpose of this section is to put into context the result of Theorem 3.1.4,

namely we want to explicitly describe the map

Sk/2(To(4N)) = My(T5(4))

=g

This will be achieved by writing the image g as a linear combination of cuspidal
and Eisenstein components. To describe this we will need another result of
Pasol and Popa [22].

We introduce some notation to this end. From the normalised weight A Eisen-

stein series

we set

& 1(27) == E\(27), E(27) := 22 E,\(47) + E\(7)

to be the two forms that form a basis for the Eisenstein subspace in M, (I'§(4)).

Given any g € M,(T'§(4)) there exists some cusp form g € S\(I'§(4)) such that

g(1) = g(7) + 1&1(27) + & (27) for some ay, s € C.
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The change of variable 7 +— 7/2 ensures £,(7), E(7) € M\(T'?) and §i(7) €

S\(T'?). The Eisenstein series have constant terms
ag,(0)=1 and ag(0)=2"+1
respectively. Therefore, by (3.1.7),

T (S)” =1,

o Tgh + T, 4+ QT .

Claim: Let by, denote the coefficient of 77! of the polynomial @; discussed

n (3.1.4). Then we have

2 +1
o] = 2 — 1(£—|— )b€+1 and Qg = 2 _ 1(€ + 1)bg+1
Proof Since g is cuspidal, [7~!]r; = 0. Therefore
[Fmp (S)(@)” = en[rre, (2)” + aolrre, ()

Since
[ mp(S)(I) =0 and 77w (S)U) = [77]Qf = by,
we have

0=[r"Ym(S)I)™ = ar- [ re,(I)” +ag - [77rg,(1)”
ajag, (0) + azag, (0)
C+1
ar + a2 + 1)
(41 '

It follows that oy = —(2* 4+ 1)ap. Let’s compute ag,;(0), observe (Ut) =
ST=2S - (Z2) so

ENU = Ex\(1/2)[ZU + 22 E\(27)|\ (1 3

)
i v

sr2s- (T3 )) (.72 S/

_ EA( 5 >+EA<T/2)



Chapter 3. Explicit description of the lift 97

Hence ag,y(0) = ag,(0) + agp,(0) = 2. Moreover, agy(0) = ag (0) = 1.

Therefore,
berr = [ 1mp(S)U)” = on - [r7re, (U)” + an - [r7re,(U)”
_ arag,1(0) + agae,(0)
(41
ot 20
o U+1
With these two relations, solving for ay, as gives the claim. O

We have completely determined the Eisenstein component. To determine the
cuspidal component, we seek a description of g;. Define the set J, to be the
set of f € I with the property that f(z) € C/[r] for all x € T"\PSLy(Z). We
define an inner product (-,-) : J, x 3, — C
(fo):= D (fl@)g@),
z€T?\PSLy(Z)
where the inner product (-, -) : C[7] x Cy[r] — C is defined by
¢ § ¢ ) ¢ 0 -1
<nz% an,T ,;b,ﬁ > = nz%(—l) (n) anbp_p.
In order to not cause confusion, we shall denote (g, h) for the Petersson inner
product in Sy(T'?). If g € M,(I'?) but h € S,\(I'?) impose (g,h) = (g, h). By

[22] Prop.8.1, we can decompose r € W, as
r=r+7|[(l—-295)

for some 7 € J, and some 7(z) of the form c(z)7*"! with 2 € T"\PSLy(Z).

With this decomposition, we can define the inner product {-,-} : W\ xW, — C

{ri,ra} = (FI(T = T70), 7)) + (20 |[(T = T70), 7o) + (1, 20| (T = ).

Theorem 3.2.1 (Pasol, Popa [22] Thm.8.6(c)). Let h € S\(I'Y) and g, €
M,(T'?). Then

—3(20)* (g1, h) = {ry 1}

Actually the theorem proved in [22] is much more general, but for our purposes,
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this will suffice. Since 7, = rj = 7, we conclude from Theorem 3.2.1 that

—3(20)* (g1, h) = (7 (T = T, 70 ) + (270 ||(T = T71), )

Claim: We have that 7, () = 7y, (2)” = c(z)7*" with ¢(I) = ¢(T) = 0 and
C(U) = bg+1.

Proof Observe
c(xS)

T

P ll(I = S)(@) = c(a)7 +

Since ¢(S) = c(I), substituting x = I gives 0 = ¢(I)(7**1 +1/7) so ¢(I) = 0.
Substituting x = T gives b’“’“ = c(T)7" 4c(U) /750 ¢(T) = 0 and c(U) = by .

O
We have
(T =T (x) =7y (aT)| (T —=T7") = Z sj(zT)7?, (3.2.1)
where ,
i) =23 (s
Also

L
(T = T)(0) = e + 10 = (7 = 7 = 3 2ty (1)

(3.2.2)

Theorem 3.2.2. Let £ be even and x(Wy) = +i~*. For f € Sy2(T5(4N), x)
and a € [0,k + €], the form g € M\(I'(4)) in Theorem 3.1.4 satisfies

o(r) = _(%_H 3 Z{sj (aT) + 2( T)(Ejl)]m( -

ze€l\PSLy(Z) j=0
j even

22 +1
+ 2 1 (E + 1)bg+1(€1(27)

—1
P 1 (f + 1)bg+152(27').

Proof We work over T'? first. For any h € Sy(I'), we have —3(2i)“*(g, h) =
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—3(2¢)" (g1, h) which equals

= (i (T = T7),mE) + (27, (T = T71),777)

= Y @D T = T7Y) 4 27 (T = T7Y) (), 1)

2€T?\PSLy(Z)
)4 V4
-y <Z( (2T) +2c(:cT( )) Z() >
2€TP\PSLy(Z) Emd j=
T (+1\] ———
- Y X s zen (T e
z€l\PSLy(Z) jj.;gn - J -

- Y Y s sen (U e

zeT\PSLy(Z) j=0 *
Jeven

It follows that

a(r) = _(2%)1_6 > XK: {s] «T) + 2¢(27T) (gjl)} R} ;.

z€T?\PSLy(Z) j=0
jeven

To switch back to I'§(4) perform the change of variable 7 — 27. O
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Appendix A

List of Notation

oM~
N2 oz
~ O

.\‘&.

(a,0)

Hn

Cn

Hol($)
Heigenform
Heigenbasis

X1,4
diag(a, b)

{1,2,3,---}

Upper half plane {r € C: (1) > 0}
a modulo ¢ (when context is clear)
See section 0.1

1ifd=1(4) and i if d = 3(4)

10

0 1

(1 1

(o)
(o)

(v )

See Definition 0.1.1

(Wyn,To(4N)), the group generated by I'g(4N) and Wiy
The set of complex numbers of modulus one

The lift of I'§(4) (see section 0.2.2)

*

cz+dify= <Z d

Determinant one 2 x 2 matrices with coefficients in R
SLy(R)/{+!}

See example 0.1.5

2T

Hilbert symbol: —1 if a < 0 and b < 0; +1 otherwise
The cyclic subgroup of T of order n

e(1/n) = e>mi/m

The set of holomorphic functions on

Hecke eigenform (shorthand)

Hecke eigenbasis (shorthand)

the non-trivial character modulo 4

(")
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