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Abstract

Theoretical descriptions of charged induced polarisation and dispersion forces
between materials are investigated, extended or applied to study a range of
natural and novel environments. Initially, a mathematical framework is estab-
lished to describe many-body interactions between charged dielectric particles.
This framework is then extended to include the effects of inhomogeneous sur-
face charge distributions and externally applied electric fields. This extension
is rigorously tested against classical results and then further justified for N
particles by considering a novel experimentally realised system.

The framework is then applied to study the effect of surface charge density and
polarisation on the interactions between like-charged particles in noctilucent
clouds. Like-charge attraction is shown to promote nucleation of such particles
given the possible velocities at the temperature of these environments. Vol-
canic ash is then investigated in a similar context at the various temperatures
it would experience throughout an eruption. Aggregation of volcanic ash due
to non-thermal perturbation is also investigated by considering the collisional
cross sections of the clouds constituents via particle dynamics. Particle dy-
namics is then utilised to study the aggregation driven inefficiencies of dry
powder inhalers, suggesting a possible method to alleviate this.

The electronic interaction of neutral materials at close separation is then inves-
tigated in the context of the Casimir force. After an initial bench-marking of a
convenient mathematical formalism, new systems in which quantum levitation

can be realised are predicted via consideration of the Casimir equilibrium.



Acknowledgements

Firstly, I would like to acknowledge and wholeheartedly thank my supervisor
Professor Elena Besley for the valuable guidance, thoughtful mentorship, and
the many incredible and truly unique learning opportunities she has provided
me with throughout my PhD. I would also like to thank Professor Anthony
J. Stace for his wise insight into the plethora of scientific phenomena that we
have discussed throughout our years working together. Together, Professors
Besley and Stace provided a perfect and collaborative research environment
enabling students to flourish through opportunity in a way I will be forever

grateful for.

I would also like to thank current and past members of the Besley group for
their ever insightful contributions to numerous valuable scientific discussions:
Dr. Isabel Cooley, Ilya Popov, Dr. Sadegh Ghaderzadeh, Dr. Apostolos Ko-
rdatos, Cameron Reeve, Evan Shelton, Ceren Melisa Kardesler, Samuel Lines,
and with particular thanks to Dr. Joshua Baptiste and Dr. Abigail Miller as
the electrostatics team. This thanks is also accompanied by a wider reach-
ing gratuity to the whole University of Nottingham computational chemistry
department for fostering an always welcoming and collaborative office envi-
ronment including (among those already mentioned) Dr. Max Winslow, Dr.
Joe Heeley, Madeleine Parker and Joe Davies. Similarly, I would also like
to thank those who were both my housemates and colleagues throughout my
PhD: Aiden Cranney and Dr Tom Irons, as well as my house mates Robert
Sykes and Joshua Mcneely, all of whom extended and preserved both my spirits

and love for science by frequently entertaining one of my many rants.

I must also thank my parents, Andrew and Stefany Williamson, for their un-
wavering support in my many pursuits, whether education or otherwise, and
without whom the publication of this or any of the works herein, would not
have been possible. Finally, I'd like to acknowledge and thank my partner Vic-
toria for being ever understanding and providing faultless support throughout
my PhD studies, and throughout the many challenges, losses and successes

that it ensued.

i



—_

List of Publications

J. Baptiste, C. Williamson, J. Fox, A. J. Stace, M. Hassan, S. Braun,
B. Stamm, I. Mann, and E. Besley, “The influence of surface charge on
the coalescence of ice and dust particles in the mesosphere and lower
thermosphere,” Atmospheric Chemistry and Physics, vol. 21, no. 11,
pp. 8735-8745, 2021. [Online].

Available: https://acp.copernicus.org/articles/21/8735/2021

. M. Hassan, C. Williamson, J. Baptiste, S. Braun, A.J. Stace, E.Besley

and B. Stamm, ”General electrostatic many-body framework: Manip-
ulating interactions between dielectric particles with electric fields: A
general electrostatic many-body framework”, Journal of Chemical The-
ory and Computation, vol. 18, pp. 6281-6296, 2022.

C. Williamson and E. Besley, ”"Investigating the manipulation of equi-
librium casimir forces through variation in composition, structure and
medium”, in submission

C.Williamson, J. Baptiste, C. Pang, M. Hamilton, D. Prime, A.J. Stace
and E. Besley, ”Charged particle dynamics in dry powder inhalers”, in
submission to GSK IP department

C. Williamson, C. Reeve, C.M. Kardegler, A.J. Stace and E. Besley,

"Dynamic investigation of like-charged attraction in volcanic ash”, in
preparation

iii



Contents

Acknowledgements i
List of Publications iii
1 Introduction 1
1.1 Polarisation . . . . . . ... ... )
1.2 Interacting Particles . . . . . . ... ... ... 0. 9

1.2.1 Image Charges: The Interactions of Boundaries with

Charge . . . . . . . . . 10

1.2.2 Interacting Particles of Finite Size . . . . . . .. . .. .. 14

1.3 Polarisabilities and the Casimir Force . . . . . . . .. .. .. .. 20
1.4 Conclusion . . . . . . . .. 25

2 Modelling Charge Induced, Many-Body Interactions 26
2.1 Introduction . . . . . . ... 26
2.1.1 Aims and Objectives . . . . . . . ... ... ... ..., 28

2.2 Formulation of the electrostatic many-body framework . . . . . 29
2.2.1 Formulation based on partial differential equations . . . 30

2.2.2  Formulation based on boundary integral equations . . . . 32

2.2.3 Methodology in the absence of surface point-charge and
external field . . . .. ... ... 0L 35

2.2.4 Extension to include an external electric field and surface

point-charges . . . . . .. ... ..o 39

2.3 Physical Applicability of the Framework . . . . .. .. ... .. 45
2.3.1 Single Particle Physical Applicability . . . . .. . .. .. 46
2.3.2 Two-Body Physical Applicability . . .. ... ... ... 48

v



CONTENTS v

2.3.3 Three-Body Physical Applicability . . . .. ... .. .. 57

2.3.4 Melting ionic colloidal crystals in external electric elds . 59

235 Conclusion. . . . ... 62
3 Coalescence of Ice and Dust in the Atmosphere 64
3.1 Introduction . . . . . . . ... 64
3.1.1 Aims and Objectives . . .. ... ... ... ....... 68
3.2 Collision Mechanics . . . . . . . ... ... ... .. ... ... 68
3.3 Modelling Ice and MesosphericDust . . . ... ... ...... 74
3.4 Aggregation of metal oxide and silica particles . . . ... .. .. 76
3.5 Conclusion . . . ... ... 80
4 The Importance of Polarisation in Volcanic Ash Clouds 82
4.1 Introduction . . . . . . . . .. 82
42 Methods . . . . . . . ... . 84
421 Composition . . . . . . ... 84
4.2.2 Collisional Cross-Section . . . . .. ... ... ...... 85
4.3 Results and Discussion . . . . . . ... e 86
4.4 Conclusion . . . . .. .. 96
5 Electrostatic Interactions in Dry Powder Inhalers 97
5.1 Introduction . . . . . . . . ... 97
5.2 Dekati BOLAR™ measurements of charge in dry powders . . .. 99
5.3 Computational methodology and justication . .. .. .. ... 103
5.4 Cluster growth in asingle stream . . . ... ... ........ 106

5.5 Possible solutions to reducing charge scavenging: dual stream . 109

56 Conclusions . . . . . .. ... 111
6 Casimir Force in Layered Materials and Control of the Stable

Equilibrium 112

6.1 Introduction . . . . . . ... ... ... 112

6.2 Fundamental concepts behind the methodology . . ... .. .. 115

6.3 Results and discussion . . . . .. ... ... L0 119

6.4 Conclusions . . . . . . . . ..., 125



CONTENTS Vi

7 Conclusion 127
7.1 Future Work . . . . . ... 129
Bibliography 130
Appendices 143
A General Derivations of Many-Body Framework 143
A.1 Mathematical considerations . . . . . . ... ... ... ..... 143
A.2 Mathematical Proofs of Theorems 2.1 and2.2 ... ... .. .. 144
A.2.1 Proof of Theorem?2.2 . .. ... ... ... ... ..... 145
A.2.2 Proofof Theorem?2.1 ... ... ... ... ... ..... 149

B Aggregation Data 151



List of Tables

3.1

3.2

3.3

3.4

Common patrticulates found in the MLT region which are con-

sideredinthisstudy. . . ... .. .. ... ............ 67

Energetic considerations and the percentage of aggregation for
SiO, - ice collisions at T = 150K andk, = 0:9 (the surface point
charge model). SiQ particle has the xed radius and charge 1,

= 0.2 nm, g = -1e), and the size and charge of ice patrticle is
varied. The collision geometry is shown in Figure 3.3a. The
interactions of MgO and FeO particles with ice show the same

trend (see Tables in appendixB). . . ... .. ... ....... 75

Energetic considerations and the percentage of aggregation for
SiO, - SIO, and FeO - FeO collisions at T = 150K andk, = 0:9
(the surface point charge model). Particle 2 has the xed radius
and charge (, = 0.2 nm, ¢ = -1e), and the size and charge of
particle 1 is varied. The collision geometry is shown in Figure

3b. 77

Energetic considerations and the percentage of aggregation for
SiO; - SIO, and FeO - FeO collisions at T = 150K andCR = 0:9
(the surface point charge model). Patrticle 2 has the xed charge
(e =-1e) and particle 1 is neutral (@ = 0), and the size of both

particles is varied. The collision geometry is shown in Figure 3c. 79

vii



LIST OF TABLES viii

4.1

4.2

4.3

5.1

5.2

B.1

B.2

The parameters of the particles modelled given a randomly cho-
sen particle size, and an assigned but randomly chosen surface
chargedensity. . . ... ... . . .. ... 87
The parameters of the particles modelled given a randomly cho-
sen particle size, and an assigned but randomly chosen surface
chargedensity. . . .. . .. ... .. ... 90
The parameters of the particles modelled given a randomly cho-

sen particle size and surface charge density. . . . . . .. ... .. 91

The size distribution and average radius of particles in ve de-

The mass, charge, and distribution of the particles collected by
the outer (OD1 - OD5) and inner (ID1 - ID5) BOLAR ™ detec-
tors: my is the total average mass collected by a detectoy is
the total average charge collected by a detector. The average
mass of a particlem,, is calculated using the average radius of
a particle within a detector (r,, Table 5.1) and the density of
lactose of 1.52 g/cm; n is the number of particles in a detector

and ¢, is the average particle charge. . . . . ... ... ... .. 101

Energetic considerations and the percentage of aggregation for
FeO - ice collisions at T = 150 K andk, = 0:9 (the surface point
charge model). FeO particle has the xed radius and charge A

= 0.2 nm, ¢ = -1e), and the size and charge of ice patrticle is
varied. The collision geometry is shown in Figure 3a. . . . . . . 151
Energetic considerations and the percentage of aggregation for
MgO - ice collisions at T = 150 K andk, = 0:9 (the surface

point charge model). MgO particle has the xed radius and
charge ¢, = 0.2 nm, ¢ = -1e€), and the size and charge of ice

particle is varied. The collision geometry is shown in Figure 3a. 151



List of Figures

1.1

1.2

1.3

1.4

lllustrations of di erent mechanisms of polarisation in a dielec-
tric caused by the interaction with an external electric eld,
of a direction as shown by the dotted arrow; electronic polari-
sation (@), orientational polarisation (b), ionic polarisation (c)
and interface polarisation (d). The blue particles represent the
negative substituent, where as the red represents the positive

substituent. . . . . .. L 6

An illustration of an otherwise neutral material (a), gaining a
surface charge, of element® gdue to the electronic polarisation
occurring inside the dielectric material due to an electric eld

in the direction de ned by the arrowE (b). . . ... ... ... 7

An illustration of a point charge above a conducting surface
with electric eld lines emanating from the point charge and
terminating at: the conducting surface (left), the image charge
(right). The vectors utilised in integration's throughout this
chapter are illustrated on the boundary between the plane and

the conductor. . . . . . . . . . ... 10

An illustration of the geometric parameters de ning two in-
teracting, charged, spherical particles (; and ;) of radius,
charge, dielectric constants, polar angle, center-to-centre sepa-
ration, surface-to-surface separation denoted bsy, a, 1, G,

1, 2, 1, 2,sandhrespectively. .. ... ... .. .. .... 16

iX



LIST OF FIGURES

2.1

2.2

2.3

a) Surface charge density on a neutral dielectric particle (=
10 r =5 m) placed in an external electrical eld ofjE¢y | =
1000 V/m; b) Surface charge density on the neutral particle (a)
calculated at di erent external electrical eld strengths: jEex
=600 V/m, 1000 V/m, and 2000 V/m; c) Surface charge density
on the particle (a) with a model surface point charge of 0e2
placed at = =2, as indicated by a small dotted circle.

The interaction energy and the error in the interaction energy as
a function of "5« to determine the convergence; the interaction
energy as a function of o« for two particles whereR is parallel
to Eex in an electrical eld of 2000 kV/m as shown in the inset
(a), the total absolute error in the calculation of the system
depicted in the inset of a for external electrical elds of 600,
1000, and 2000 kV/m (b), the interaction energy as a function
of "max for two particles whereR is orthogonal to E¢y in an
electrical eld of 2000 kV/m as shown in the inset (c), the total
absolute error in the calculation of the system depicted in the
inset of c for external electrical elds of 600, 1000, and 2000
kV/m (d). The particles simulated have a dielectric constant
of 10, in a vacuum (o = 0), with a radius of 5 m at 0.01 m

surface-to-surface separation. . . . .. ... .. .. .......

The interaction energy between two neutral dielectric particles
(rr=r,=5 mand ;= ,=10)in an applied electric eld
as a function of the separation distance. Dashed line: approxi-
mation of two xed dipoles as de ned by Equation (2.37); solid
line: calculation using Equation (2.27) taking into account the
separation-dependent particle polarisation. The strength of the
applied electric eld is 100 kv/m (red), 200 kV/m (blue) and

300 kV/m (black). The interaction takes place in vacuum, i.e.

47



LIST OF FIGURES

Xi

2.4 The interaction energy between two neutral particlesr{ = r,
=5 m) in an external electric eld of 200 kV/m as a function
of their dielectric constant. Dashed line: approximation of two
xed dipoles as de ned by Equation (2.37); solid line: calcula-
tion using Equation (2.27). The surface-to-surface separation
distance is 102 m(a), 5 m (b), 100 m (c). The interaction
takes place in a medium with o = 10. Note change of scale

alongthey-axis.. . . . . . . .. ...

2.5 The interaction energy between two neutral particlesr{ = r,
=5 mand ;= ,=10)in an external electric eld of 200
kV/m as a function of the dielectric constant of medium: a)

o ranging from 1 (vacuum) to 100; b) expansion of the region
for o values between 10 and 45, highlighting minor extrema.
Dashed line: approximation of two xed dipoles as de ned by
Equation (2.37); solid line: calculation using Equation (2.27).

The surface-to-surface separationis 1® m. ... .. ... ..

2.6 The interaction energy between two dielectric particlesr{ =
r, =5 m) containing a surface point charge of ¥as a function
of the strength of the applied external eld: ; = , =20 (solid
line), ;= , =05 (dashed line), ; =20 and , =5 (dotted
line),and ; =5and , =20 (dot-dashed line). The interaction
takes place in a dielectric medium with o = 10 at the surface-
to-surface separation of 1* m . lllustrations alongside each
graph show the orientation of the external electric eld: parallel
with (a and c) and perpendicular to (b) the alignment of the

interacting particles. . . . . .. ... ... . L L o L,



LIST OF FIGURES Xii

2.7

2.8

2.9

The interaction energy between two particlesr{ = r, = 5
m) in an external electric eld of 200 kV/m as a function of
the angle of the eld rotation: left) neutral dielectric particles;
right) dielectric particles with a point surface charge of 5 as
shown in Figure 2.6. Dashed line: ; = , = 5; solid line:
1 = 5 = 20; dot-dashed line: ; = 20, , = 5; dotted line:
1 =5; 2 =20. The interaction takes place in a medium with
o = 10 at the surface-to-surface separation of 16 m. Note
that in the case of uniform surface charge distribution (a) the

casesof 1 =20, ,=5and =5, ,=20areidentical. ... 55

An investigation of the force acting on the central particle, par-
allel (orange) and perpendicularly (black) to the point charge
alignment. The particles have radii of 0.8, 0.5 and 0.8 nm from
left to right and are placed at 0.1 nm surface-to-surface sepa-
ration, with a point charge of 1e placed on each of the surfaces
with the two larger spheres at opposite orientations. Each par-
ticle has a dielectric constant of 37.5 and exists in a vacuum.
(a) shows the system under investigation whergj; is the force
acting parallel to particle alignment,F- is the force acting per-
pendicular to the point charge alignment, whilst is the angle
from the axis of charge alignment such that O 2 . (b)

shows the variation ofFj and F, with .. . .. ... ... ... 58

The interaction energy of PMMA colloidal crystal (pyma =
3,r;=1:08 m,r, =0:99 m, lattice parametera =2:4 m)
as a function of the applied electric eld. The PMMA crystal
is suspended in vacuum ( = 1) and in solvent ( o =5). The
charge on PMMA patrticles is 10( (a), 10e(b), 1le(c). In
the absence of the external electric eld, the interaction energy

of the PMMA crystal is small but negative in all three cases. . . 60



LIST OF FIGURES Xiii

2.10 The average force acting on PMMA particles in the crystal

3.1

3.2

3.3

(zz2= 10e,r;=1:08 m;r, =0:99 m) suspended in solvent
( o = 5): a) in the direction of the applied eld (solid lines)
and in the directions perpendicular to the eld (dashed lines),
b) and c) scale up of the forces acting in the directions perpen-
dicular to the eld. The force on negative patrticles is depicted

in blue and on positive particlesinred. . . . ... ... ... .. 62

Possible outcomes for a collision between like charged particles.
The total energy is schematically split into two components: the
electrostatic interaction energy (solid) and the relative kinetic
energy (dashed). The electrostatic interaction energy pro le is
calculated for a collision between ice particler{ = 3 nm) and

SiO, particle (r, = 0.5 nm) both carrying the charge ofg, = @

T 70

Aggregation probability, indicated by the shaded area, for a
collision between SiQ particle (r, = 0.2 nm, g = -1€) and ice
particle (r; = 30 nm) as de ned by the Maxwell-Boltzmann
distribution of the relative velocity at T = 150 K: (a) the case
of neutral ice particle (@ = 0), the probability of aggregation
is one asP (V) is integrated in the velocity range of [0,1192]
ms 1; (b) op = -1e, the probability of aggregation is 0.293 as
P(vie) is integrated in the velocity range of [295,1219] m$;
(c) ap = -2¢, the probability of aggregation is 0.034 aP (Vi) is
integrated in the velocity range of [450,1260] m$. The values

of viin and v are taken from Table 2. . . ... ... ..... 71

Position of the point charge on the surface of colliding particles
depicted by a small open circle: (a) ice particle (1) and small
oxide particulate (2); (b) and (c): both particles (1 and 2) are

OXIdeS. . . . . 72



LIST OF FIGURES Xiv

3.4

3.5

4.1

4.2

4.3

Electrostatic interaction energy as a function of the separa-
tion distance between an ice particle and a SiOpatrticle (r, =
0:2 nm, i@ = -1¢€) in the geometry shown in Figure 3.3a. Hor-
izontal lines indicate the value of the Coulomb energy barrier
obtained using the uniform surface charge model: (a) the charge
of the ice patrticle isqy = -1€, and the radius varies ag; = 10 nm
(line 1), 20 nm (line 2) and 30 nm (line 3); (b) the radius of the
ice particle isr; = 30 nm, and the charge varies ag; = -1¢€ (line

3), -2e (line 4) and -%e (line 5). Note the change of scale on the

Aggregation probability, presented as percentage, for a collision
between SiQ particle (r, = 0.2 nm, ¢ = -1€) and ice particle

(p =-1leand g = -2€) whose size varies from; = 1 nm to 100

The relative frequency of occurrence of the detection of surface
charge density (a) and Diameter (b) of volcanic ash samples
from the Lawetlat la (blue), Tonaltepetl (red) and Tungurahua

(yellow). . . . . . 84

Illustration of like-charge attraction causing a collision with par-
ticles as further than sum of their radii, and their relation to
bhax USing a set of trajectories, each of di erent o set, evaluated

with a dynamics implementation the framework extended in 2. . 85

The interaction energy of two uniformly charged particles as

a function of surface-to-surface separation. The particles have
radii: 50 m and 150 m (a), 50 m and 100 m (b), and 100

and 150 m(C). . . . . . .. 88



LIST OF FIGURES XV

4.4 The Boltzmann distribution of probability density as a func-

4.5

4.6

4.7

tion of velocity, for the largest -small ¢ = 50;150m ) (a),
smallest-median ¢ = 50;100m )(b) and median-largest ¢ =
100 150m ) (c) particle pairs at: 373.15 K (blue), 673.15 K
(red), 973.15 K (yellow) and 1273.15 K (purple). Note the

change in scale of the bothaxis. . . .. ... .......... 89

The interaction energy as a function of surface-to-surface sepa-
ration between the smallest particle in table 4.3 = 71:2 fC,
r =57:05um) and the largest Q= 14:6 fC,r = 156:7 um). . . 91

Particle trajectories of the smallest particled = 71:2 fC, r
57.05 um) approaching the largest particle ¢ = 14:6 fC, r =
1567 pm), for which v'¢l = 0:0051 m/s, with relative velocities
0.005 m/s (a), 0.0052 m/s (b), 0.011 m/s (c), and 0.065 m/s
(d). The centre circle shows the combined radius of the two
particles, i.e. the location of smallest particles centre location

upon collision. Each simulation was modelled using a timestep

The impact parameter (a) and collisional cross section (b) as
a function of relative the velocity of the smallest particle in
table 4.3(q = 71:2 fC, r = 57:05 um) approaching the largest
particle (g = 14:6 fC, r = 156:7 um), with (red) and without
(blue) polarisation accounted for compared to the hard sphere

approximation (grey). . . . . ... 94



LIST OF FIGURES XVi

4.8

5.1

5.2

5.3

5.4

The collision e ciency of the particles undergoing the collision,
as a function of relative the velocity of the smallest particle in
table 4.3(q = 71:2 fC, r = 57:05 um) approaching the largest
particle (g = 14:6 fC, r = 156:7 um), with (red) and without
(blue) polarisation accounted for compared to the hard sphere
approximation (grey), and upon a change in sign of the smallest
particle in table 4.3, the outcome of the same analysis with

(yellow) and without (cyan) polarisation. . . . .. ... ... .. 95

Dekati BOLAR— showing the e ective cut-o diameter (ECD)

of the particles collected in the detector tubes. . . . . . ... .. 100

The average particle charge as a function of the average par-
ticle radius calculated using the data presented in Table 5.2.
The magnitude of charge on the positively (red crosses) and
negatively (blue crosses) charged particles scales as the square
the radius (solid line) with an R? of 0.99. For comparison, the

scaling as radius cubed is shown by the dashed line. . . . . . .. 102

lllustration of a typical single stream of particles moving with
a constant initial velocity: ais the radius, is the volume, and
k is the dielectric constant of a particle. The interactions take

place in vacuumko =1. . . ... ... ... ... ... 104

Relative velocity as a function of time for a positive (red) and

a negative (blue) particle in a small cluster colliding with the
large negatively charged particulate: a) the incoming relative
velocity is 3.5 m/s, b) the incoming relative velocity is 1.2 m/s.

The cluster is composed of two particles of the smallest size
fraction (a.. =0.24 m, g. = 0.02 fC, g = -0.006 fC); the

large particle is typical of that identi ed in the ID5 detector (a
=472 m,g=-658fC). .. ... ... ... .. .. 104



LIST OF FIGURES XVii

5.5

5.6

5.7

5.8

The role of the large (lactose) particleg = 4.72 m, q= 7.10
fC) in scavenging smaller charged particlesa(= 0.24 m, q

= -0.006 fC): a) snapshots of the particle dynamics simulation
at2 s,8s, 125s, and 20 s, (b), (c) and (d) velocity of the
smaller particles during the scavenging process. Particle 3 has
initial relative velocity of 0.3 m/s. The insets in (b) and (c)
depict the velocity for the rst 5 s seconds of the simulation.

The red and blue depict positive and negative charge respectively.105

Aggregation outcome for a scavengest € 10 m, q=-38.5fC)
passing through a cloud containing 300 particles: 200 particles
with a = 0.24 m (blue), 80 particles witha = 0.89 m (red)
and 20 particles witha = 1.72 m (green) showing the number
of particles in a cluster (a) and the total accumulated charge

(b). The population of each sized particles is equally bipolar. . . 107

A comparison of the percentage of OD/ID 14 = 0:24 um) par-
ticles aggregated onto one of three scavenger particles over the
entire 200us dynamic simulations; whereas scavenging particles
with a=10 yum | (q= 385fC, black) and Il (= 193fC,
blue), and Il (q = +46 :3fC, red). Each plot shows the mean

and standard deviation for the sample size. . . . . . ... .. .. 108

Examples of large clusters formed in a single simulation of a DPI
stream containing a charge scavenger and 1500 smaller particles
(500 negatively and positively charged particles whei@e= 0.24

m , 200 negatively and positively charged particles whera
= 0.89 m, and 50 negatively and positively charged particles

wherea =1.72 m. The simulation time is200 s. . ... . .. 108



LIST OF FIGURES Xviii

5.9 De nition of the angle (2 ) between stream 1 (red) and stream
2 (blue) for two streams angled equally (by in opposing di-
rections) towards a common target perpendicular to their mid-
point, where each stream has a velocity such that the speed of

each ow is the same magnitudej(sweamj = jVij)- . . . . . . .. 109

5.10 Composition of the dual stream averaged over 10 runs, initially
containing 125 negatively and positively charged particles where
a = 0.24 m, 50 negatively and positively charged particles
wherea = 0.89 m, and 13 negatively and positively charged
particles wherea = 1.72 m. The stream are directed at the
target at 6 angle. The stream contains a) pairs (blue), triplets
(red), quartets (green), and the total percentage of particles in
clusters is shown in black; b) the aggregated pairs are big-small
with a; =1.72 m, a, =0.24 m (blue), medium-small with a;
=0.89 m, a, =0.24 m (green), big-medium witha; = 1.72

m, a, = 0.89 m (cyan), like-sized particles (red), alongside
the total number of pairs is shown in black. The shaded regions

indicate the standard error of the obtained results. . . . . . . .. 110

6.1 Two semi-in nite half spacesA and B, separated by a distance
. (top) bulk materials A and B described by the complex di-
electric functions A(i ,) and g(i ) at the complex Matsubara

frequency. . . . . . . . 115

6.2 Schematic of two semi-in nite half spaceé and B with a layer
A; and B; of thicknessa; and b, atop each material forming
a cavity of size” (a), and with two added layers,A; and A,,
B: and B,, of the corresponding thicknes®; and a,, b, and
b, (b), where all materials are described by their corresponding

complex dielectric functions (i n) and g(i n). . . . . . . ... 117



LIST OF FIGURES XixX

6.3

6.4

6.5

6.6

The Casimir force acting between single layer interfaces in bro-
mobenzene; (a) lllustration of AFM experiment computational
setup (planar surfaces), (b) Au - Au interface, (c) and Au - SiQ
interface, and (d) the Casimir force as a function of the separa-

tion distance (d) showing the results of the experimental AFM
measurements [40] (open circles) and calculated in this work
(solid line) using equation (6.2) and the Derjaguin approxima-

tion (equation 6.11). . . . . . . .. ... ... 120
The Casimir force acting between double layer Au - hydrocarbon
interfaces in air. Illustration of SFA experiment (a); computa-
tional setup (b); the Casimir force as a function of the separa-

tion distance (c) showing the results of the experimental SFA
measurements [168] (open circles), calculated in this work (solid
line), and the case of two ideal conductors (dashed line). . . . . 121
The interaction energy, per unit area, as a function of the sepa-
ration, ~, between gold surface and a PTFE - gold double layer

in cylcohexane (a) and ethanol (b). The thickness of the top
PTFE layer is 10 nm (blue), 20nm (red), 30 nm (yellow), 40 nm
(purple), 50 nm (green), 60 nm (light blue), 70 nm (maroon), 80

nm (dark blue) and 90 nm orange. The minimum of each energy
curve in (a) and (b), de ned as the trapping distance, is shown

in (c) as a function of the thicknessa;, of PTFE overlayer (a;)

for ethanol (black) and cyclohexane (red). . . ... .. .. ... 122
The Casimir interaction free energy, per unit area, as a function

of the separation distance (g) between gold surface and a range

of interfaces (a-f) in ethanol (dashed line) and cyclohexane (solid
line) calculated using equation (6.2). The thickness of the layers
area; = 60 nm (c), a4 = 10 nm (d), a; = 60 nm and a, = 90

nm (e), a = 70 nm and a; = 90 nm (f). The oscillator models

are taken from [171]. . . . . . .. ... 123



LIST OF FIGURES XX

6.7 (a) The dielectric functions calculated as a combination of the
oscillator models describing cyclohexane and ethanol as a func-
tion of i ,; cyclohexane is illustrated by the dark blue line (0:1),
pure ethanol is depicted by the purple line (1:0), with the inter-
mediate cases labelled accordingly. (b) The interaction energy,
per unit area, between gold surface and a PTFE - gold double
layer (the thickness of PTFEa; = 70 nm); EtOH = 0.1 C¢gHy,
= 0.9 (red), EtOH = 0.2 C4Hj, = 0.8 (dark yellow), EtOH =
0.3 GHy2 = 0.7 (purple), EtOH = 0.4 C4zHy, = 0.6 (green),
EtOH = 0.5 CgH1» = 0.5 (light blue), EtOH = 0.6 C gHy, = 0.4
(maroon), EtOH = 0.7 CgHjy, = 0.3 (dark blue), EtOH = 0.8
CeH12 = 0.2 (orange) and EtOH = 0.9 CsHy, = 0.1 (yellow).
PTFE and EtOH were modelled using oscillators taken from

[167], with gold modelled using an oscillator taken from [171]. . 124



Chapter 1

Introduction

Of the four fundamental forces in nature, (electromagnetic, gravitational, strong,
weak) the electromagnetic force was understood in its entirety rst, with James
Clark Maxwell de ning the electromagnetic interaction conclusively in 1862.
[1{4] As Maxwell's equations de ne all electromagnetic interactions, only two
of his four equations are required to describe the electstatic interaction of
charged particles interacting through the electric eld. Whilst other phenom-
ena could occur as a consequence of electrostatic interactions, the treatment
of which could require other examples of Maxwell's equations to describe, in
this work only the electrostatic interaction will often be considered.
Two-hundred and thirty-eight years prior to this work, Coulomb rst published

[5] his name-bearing law stating that the force acting between two in nitesi-
mally small charged particles (point charges) is proportional to the product of
their charges (L), and inversely proportional to the square of their separation

(r), such that

G

F =
4 or2

(1.1)

where the prefactors 1/4 , are often substituted aK such thatK = 8:987551792
1® N m? C ?, as ( = 8.85418782 € s/kg m3. The 1/4 presents itself in

Ipolarisation due to the presence of external elds and the interaction of charged particles
will only consider Gauss's law, whilst dispersion forces require a more general approach.

1



Coulomb's law due to the radial nature of the electric eld emanating from a
point charge, whilst g is the permittivity of free space and de nes the strength
of all electromagnetic interactions in the universe; the permittivity of free space
can be understood to control or scale the response of the electric eld given a
charge density at any point in space. Coulomb's law also predicts whether two
point charges will attract or repel, stating that if two charges are of the same
sign they will repel (undergo a positive force), whereas if they are of opposite
charge they will attract (undergo a negative force). [6, 7]

Equation 1.1 can be written in a more formal mathematical setting such that
F is a vector (F,) of the force acting on a particle (particle 1) due to the
presence of another particle (particle 2); each particle is a point charge with
chargesq, and ¢ respectively. At some separation of particles 1 and 2 ),
wherery; = ry r,, the Coulomb's force acting on each'th particle (F;) can
be written as

Ghtp o

—— Fo= —— ——
4 o jrig? T4 4 jraf?

= F]_ (12)

wheref;, is the unit vector de ning the distance from charge 1 to charge 2, and
similarly for £,; which occasionally may appear assuch thatjrisj = jroij = r.
Equation 1.2 can be seen to satisfy Newton's third law of motion such that each
particle undergoes a force of the same magnitude but of opposing direction to
the particle causing the force.

The interaction of the two point charges is through the electric eld, such
that they act as either a source ¢ > 0) or a sink (g < 0) of electric eld
lines, the order of which is historic and not of scienti ¢c implication.[7] When
considering the electric eld within a nite space, Gauss's law can be applied
to determine the nature of the eld through a closed surface. As derived by
Lagrange [8], Gauss's law [9, 10] states that the ux of the electric eld through
an arbitrary closed surface is proportional to the electric charge enclosed by

the surface, irrespective of how that charge is distributed. Mathematically,



this is stated as

E dA= = dv (1.3)

where is the density of charges contained within a volum¥ of surface area
A, enclosed by the surfac& through which there is a ux of the electric eld
E. In the case of a point charge, the integral on the right-hand side (RHS) of
equation 1.3 can be evaluated as the charge of the point chargg, (which for
simplicity is de ned as being at the centre of the spherically symmetri§, of
radius r such that the eld is uniform on the surface. In this case, it can be

seen that asE and A are always parallel,

EdA:E4r2:30:) E:4qOr2 (1.4)

where Ef = E and £ is the unit vector of the radius. This is true in the
case wherE is uniform across the surface, such as when a point charge is in
the centre of the volume, as can often be chosen for ease. Given the Lorentz

equation[6, 7, 11]

F=qg[E+v B) (1.5)

in the absence of any magnetic eldB, and assuming0 velocity (v), it can
be seen that Coulomb's law is reproduced given the electric eld derived in
equation 1.4.

Coulomb's law holds true not only in the case of two point charges interacting
but also in the case of many point charges interacting. The evaluation of a
force acting on a particlei due to the presence oM other particles, can be
achieved by applying the principle of superposition (such that the sum of the
individual actions is equal to the overall action) [6] to either Coulomb's force

law (equation 1.2),



—f‘ij ; (16)

or via the summation of the electric eld each point charge in the system
produces at the location of particlel, but not including particle i, where one
can use equations 1.4 and 1.5 with the principle of superposition to show that

if

1 X¥ g g X q
R R 7 A S T LB

Particle i is excluded in both cases as a particle does not undergo a force due
to the presence of itself in the absence of external perturbation.

As a point charge would undergo a force due to its position within an electric
eld, the conservation of energy states that at that point in space there exists
some potential energy associated with the point charge which it then loses (an
amount of) upon undergoing the force. To this end, we de ne a scalar eld

(r;t) as the electric potential, such that

E=r ; (1.8)

which is a function only of its position in space for the purpose of this work.
This is also consistent with the Maxwell-Faraday [6, 7, 12] equation of Maxwell's
equations, such that

dB

roE+ =0 (1.9)

which in the absence of a time dependent magnetic eld (as assumed through-
out the electrostatics discussion) becomes (r ) which is zero if isany
continuously twice di erentiable function such that 2 C(R®). In the case of
a point charge, given equation 1.4 and 1.8, it can be seen the electric potential

due to a point chargeq can be evaluated as
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Z Z

= E dri: i

1
—dr = q
c 4 o ¢

2 40r

(1.10)

-

where r is the de ned as the distance from the point charge. Physically, in the
case of a point charge, can be interpreted as the amount of work required
to bring that point charge from in nity (where no such forces are present) to
its current position, and also what can be released without a restoring force

present.

1.1 Polarisation

Finite sized (charged) particles, considered as enclosed boundaries of a nite
volume, in the absence of an electric eld, may possess a di erent surface
charge upon the introduction of an electric eld, unlike the point charge, which
emanates the same electric eld, regardless of external perturbation. Given
such a particle in an external electric eld, the charges inside the boundary
may re-orientate or redistribute to a new equilibrium con guration relative to
the external eld but constrained by either the boundary of the particle or the
molecular forces bounding the molecules within the material.

Upon the application of an electrical eld, there exist two types of materials at
any given temperature: conductors and insulators (also known as dielectrics).
If the internal charges of the material inside the boundary undergo transla-
tional motion in the direction of the eld such that a current is produced,
the material is a conductor. If no current is produced upon application of an
electric eld then the material is considered a dielectric.

Although no current is produced via the application of an electric eld to a
dielectric, the internal charges can still re-orientate themselves relative to the
applied eld. This can be broken down into four main types of redistribution:
electronic, orientational, ionic and interfacial, which are illustrated in gure

1.1a, b, c and d, respectively. Electronic polarisation occurs when a positive
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Figure 1.1: lllustrations of di erent mechanisms of polarisation in a dielectric
caused by the interaction with an external electric eld, of a direction as shown by
the dotted arrow; electronic polarisation (a), orientational polarisation (b), ionic
polarisation (c) and interface polarisation (d). The blue particles represent the neg-
ative substituent, where as the red represents the positive substituent.

atomic nucleus moves in the direction of an applied electric eld, but in the
opposite direction to the negative electron cloud usually surrounding it, similar
to that of ionic polarisation in which positive and negative crystal constituents
move in opposing directions to cause a di erent separation, and hence altering
its surface charge distribution. Orientational polarisation occurs when molec-
ular multipoles (often assumed to be dipoles) rotate to align with the electric
eld but do not undergo translation motion, and interfacial polarisation occurs
due to the presence of a boundary within a material.

Such reorientation of multiple charges within a material causes the outside of
the particle to appear charged with regard to the electric eld they produce.
The charge that appears to reside on the surface under such conditions is known
as the bound charge due to its origin. This e ect is illustrated in gure 1.1 such
that the systems illustrated in a, b and ¢ will adopt a dipolar surface charge in
the presence of an electrical eld, whereas system d, a particle composed of two
di erent dielectric materials with an interface between them, would appear as
mostly negatively charged due to opposing reorientations with the eld either

side of the boundary. This e ect is illustrated in full for the case of electronic
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Figure 1.2: An illustration of an otherwise neutral material (a), gaining a surface
charge, of elements@ gdue to the electronic polarisation occurring inside the dielec-
tric material due to an electric eld in the direction de ned by the arrow E (b).

polarisation in gure 1.2.

As the charges within nite-sized dielectric particles are locally constrained,
the resultant surface charge of each particle in the system must be determined
in the presence of an external perturbation in order to calculate the force acting
on each particle in the system. Physically, the redistribution of the charge is
instantaneous in comparison to the movement of physical boundaries or the
applied electric eld, which is an assumption made throughout this work

The ability of an atom to gain a dipole, as illustrated in gure 1.1a and gure
1.2 is dependent on the polarisability, , of the atom. The polarisability of
an isotropic medium can be de ned as the tendency of a charge density to
be distorted from its natural shape due to the presence of an electric eld
and is further de ned by the relationship between the dipole moment per unit

volume, P, induced by an electric eldE as

P= E (1.11)

whereP is the vector describing the dipole moment for a given unit volume in
a material.
As discussed earlier, the permittivity of free space controls the response of the

electric eld due to a charge, and as such one can write equation 1.11 as

2To remove the e ects of a potential delay in the polarisation of two closely interacting
particles moving past one another at some velocity.
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P= o E (1.12)

where . is the electric susceptibility of a given material. ¢ is a dimensionless
quantity that acts as a constant of proportionality to indicate the degree of
change between dipolar density per unit volume of a material given a permit-
tivity of free space (a vacuum). More commonly, this is expressed in terms of

the dielectric constant, , of the particle which is de ned as

= o +1: (1.13)

The dielectric constant of a material is inherently a bulk property that is
de ned as the ratio of the electric permittivity inside a material and the per-
mittivity of free space (= o). The eld of a particle of a given free charge
density (so that the particle is charged) can be described by the dielectric

displacement vectorD de ned as

D= E+P (1.14)

thus Gauss's law states in each case

r E=—r P= by I D= ¢ (1.15)

and given equation 1.12 the dielectric displacement eld can also be de ned as

D= oE+P= o1+ JE= o E (1.16)

where ;¢ is the free charge density describing the formal charge of the particle,
and , is the bound charge describing the polarisation of the material due
to external perturbation. The dielectric displacement eld lines always begin

and end at the particle's surface, and only exist for a charged particle given

equation 1.15.
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1.2 Interacting Particles

Now that a formalism is in place to describe the e ects an electric eld has on
a particle, one can begin to evaluate the e ect one charged particle will have on
another particle, plane or general dielectric object. Two methods are available
to us to describe such interactions: image charges and multipolar expansions.
The former will be considered initially in the following subsection whilst the
latter will follow and describe the use of associated Legendre polynomials to
describe the surface charge, which will prove essential to the entirety of the
following works.
It is clear from equation 1.15, and the Lorentz equation, there is a distinct
relationship between the force a polarised particle undergoes in an electric
eld and the volume charge density that includes the e ects of polarisation,

b. Utilising Gauss's law once again, as in equation 1.15, it can be seen that if

(r) is known, it is possible to calculate the force on a particle in the system.

This follows as

E=r ; —=r E=r (r )=7r 2 (1.17)

showing that charge density is a solution to the Poisson equation of the form

2 -

r — (1.18)
0

It then follows that the potential at the boundary of two materials must be
known to calculate the charge density. As both the bound and free charges
reside on the surface of particles, the two-dimensional form is often favoured,

which is of the form

r 2 = — (1.19)

where is the surface charge density. Whilst there exists an in nite number of

solutions to the Poisson equation, if the boundary of two materials follows a set
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of boundary conditions de ning the potential on the surface of the boundary,

S, then a unique solution should exist.

1.2.1 Image Charges: The Interactions of Boundaries

with Charge

An image charge is a non-physical mathematical tool to evaluate the e ect a
charged patrticle in a medium has on a nearby planar boundary between two
materials from within one of the media. This particular method, proposed by
Lord Kelvin [13], is used to describe systems of point charges above in nite,
smooth boundaries of materials.

It is clear from equations 1.18 and 1.19 that boundary conditions for are re-
quired to nd the unique solution describing the interaction of a boundary with
an electric eld. To this end, one can employ physical boundary conditions

dependent on the system being studied.[14]

Figure 1.3: An illustration of a point charge above a conducting surface with elec-
tric eld lines emanating from the point charge and terminating at: the conducting
surface (left), the image charge (right). The vectors utilised in integration's through-
out this chapter are illustrated on the boundary between the plane and the conductor.

Consider the case of a point charge above @) a grounded, perfectly conduct-
ing material, as illustrated in gure 1.3 such that, thez-direction is de ned as

perpendicular to the plane, and the point charge has coordinates = (0; 0; d),
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where d is the plane-particle separation. The known behaviour of the con-
ductor and the point charge can be applied to provide the following boundary

conditions

" z=0: =0 as the conductor is assumed to be in electrostatic equilib-

rium

" I 0 with the distance from the point charge (source/sink)

It is clear that for the potential to be 0 at the boundary of a vacuum and a
grounded conductor, and for to be continuous yet emanating from a point
charge, a charge of the opposite sign placed equidistant from the surface in the
opposingz-direction such thatr, = (0;0; d) is a solution as this would act as
the sink to the eld emanating from a positive point charge (or converging on
in the case of a negative charge).[6, 14] The non-real (unphysical) charge used
to describe such an interaction is an image charge. Therefore, the potential of

the system can be written as

1 q q
ro) = - - - - 1.20
(Fo) 4 o Jro ri Jro Iy ( )

which can also be seen to satisfy the condition that the potential due to the
point charge tends to 0 as d ( = (¥2)jr,j) tends to in nity. Furthermore, the

potential can take the more explicit form

_ 1 g q
(rO) - 4 0 (X2 + y2 + d2)l=2 (X2 + y2 d2)1:2 (121)

from which it follows that the surface charge distribution of the grounded
conducting plane, due to the internal nature of the metals, can be evaluated

as

qd

2 (X2 + y2 + d2)3=2 (122)

(X y) =

by considering the rst derivative of equation 1.21 in the X;y) direction.
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Due to the negative sign in equation 1.22, it can be seen that a grounded
conductor will always attract a point charge. It is worth noting that the
image charge method enables one to study the electric eld and surface charge
distributions of planar environments; it is not a physical representation as it
assumes a constant medium, and no such image charges exists. [14]

When describing dielectric media, a similar method can be applied to nd
a solution to the Laplace equation. However, due to the dierence in the
physical nature of the interaction between a dielectric and a conductor, the
boundary conditions change. The electric eld inside a dielectric is altered by
the presence of the dipoles with in it such that the potential is di erent either

side of the boundary

8
5 i(r); z>0

= (1.23)
-B o(r); z<O

Like in the case of a conductor, and assuming the exact same physical set up
only with a dielectric in place of a conductor, in the case & > 0 we can model
the potential as two point charges - one is the actual charggwhilst the other

is the image chargeg®at the same position but placed atz = d directly
beneath the actual charge as before. Unlike in the case of the conductor, one
must consider inside the boundary (1); since there are no physical charges
in this region, the only image charge that can be included in the function
describing the potential in this region is an image charggat the location of
the original charge. Whilst one could place a charge of equal magnitude this
would be assuming that no screening of the eld originating from the > 0
domain occurs, which is not clear at this point.

As such, it can be stated that

8
2 1 - z> 0
= (1.24)

S
.
la
la

S
N
Pyl
I
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in cylindrical coordinates R; = P X2+ y2+(d 2)%R,= P X2+ y2+(d+ z)2?).
Gauss's law in integral form for the dielectric displacement eld shows that
upon consideration of a cylindrical volume split between the two media, such
that the top of the cylinder is one media and the bottom is in the other (this
techniques is illustrated in gure 1.3), the dielectric displacement eld is dis-

continuous such that

D:dA= A =q (1.25)
S

from which it can be seen that upon limiting the area to an in nitesimal size
(dA), it can be seen that the the dielectric displacement is discontinuous such

that

1g—é = zg—; (1.26)
which forms the rst boundary condition. The second boundary condition of
this system can be derived from the the curl of the electric eld being zero due
to equation 1.9; as such, the line integral around a closed path is also zero.
Therefore, the electric eld parallel to the boundary, in both media, must be

equal such that

EX= EX (1.27)

and the electrostatic potential is continuous across the boundary. [14]

Given the relationship between the dielectric displacement eld and the electric
eld (D = E), it is possible to utilise these boundary conditions to nd the
required values of our image chargesand ®y in terms of the real chargeq

by evaluating the potential in equation 1.24 in terms oE and D. It is then
possible to evaluate equations 1.26 and 1.27 with the resultant expression, from

which it can be seen that
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g =gt d_ D (1.28)
2

1

respectively. Solving this system of equations yields the result that

= —2 q (1.29)
1+t 2

= 22 g (1.30)
1+

Allowing one to write the full form of the potential as

8
1 n q "1 "2)n q ; :
_ E T o 2+(d 2)2 + ("1+") & X2+ y2+( d+ 2)2 22 o (1 31)
3 1 22 p g : z<0:

A, () T x2+y2+(d z)2'

which can be converted to Cartesian coordinates vist = x? + y2.

1.2.2 Interacting Particles of Finite Size

Whilst image charge methods provide a means to study the potential of and
eld surrounding boundaries between various materials due to the presence of
free charges away from the boundary, in the case of interacting dielectric parti-
cles a Monte-Carlo search is required in order to solve the resultant equations
for the interaction energy and forces acting on the system.[15, 16] However, it is
important to provide a rigorous characterization and mathematical framework
of the exact solution, which contains no discretization errors or non-physical
charges. [17]

A physically well-founded approach to the interaction of two dielectric particles
was considered by Bichoutskaiat al[18], who developed such a solution to
calculate the force and interaction energy between two dielectric particles, of
radius (&) and charge §), that may be composed of di erent materials as

de ned by their dielectric constant ( ), as de ned via equation 1.13. In this
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model, the particles are considered as dielectric such that the charge carrier
mobility is considered to be 0. [6, 7]

At the surface of a dielectric particle both the free and total charge density, as
in equation 1.26, can be described by a set of eld discontinuities as described
by the boundary conditions de ned in the previous section. As such, it is
assumed the free charge is distributed on the surface, the lowest energy con-
guration of the free charge, and is immobile. As there are no volume charges
present within the particle, the surface charge distribution can be decomposed

such that

= bt (1.32)

where | is the surface charge distribution due to the movement of bound
charges in the system, in one of the possible ways discussed in gure 1.1, and
¢ Is the surface charge distribution due to free charge in the system which is

assumed to be of a speci ed and immobile charge distribution on the surface.

Legendre Rationale

Considering this system as one set of point charge@® spherically clustered
around a point 1, and another setf @p spherically clustered around another
point ,, such that the spheres formed by the non-overlapping sets of point
charges make up the surface of a spherical particle. For a general veatgy

= ry ry, this can be stated as

JR | ,i>jrg; raij forallij: (1.33)

whereR is a point outside the charge distribution, and'; andr; are the posi-
tions of the point charges being considered. This summation can be computed,

via the principle of superposition for the electric potential, such that



Chapter 1. Interacting Particles 16

_ 1 X X qgqg
12_4_0

: - (1.34)
2 12 2Jrj ri)

wherem 1“1. can be rewritten as

1 1

= D

rJ
krj 1% r2+(r92 2rroos

1 . r0
p with h:= —: (1.35)
r 1+h2 2hcos r

which is the generating function of the Legendre polynomials [19]

! X hP 1.36
P = ~(COS .
" 1+hZ 2hcos ‘o ( ) (1.36)

Calculating the Interaction

Returning to the problem of two dielectric spheres ; and ,, as depicted in
gure 1.4, it is now clear that the potential at a pointr; (i = 1;2) is dependent
on a summation of the potential due to each charg@ gmodelled on the surface
of the respective particle. The particles geometry and composition is as de ned

in gure 1.4, and the interaction is assumed to occur in a vacuum (= 1).

Figure 1.4: An illustration of the geometric parameters de ning two interacting,
charged, spherical particles ( 1 and ») of radius, charge, dielectric constants, polar
angle, center-to-centre separation, surface-to-surface separation denoted tgy, ao,
h, &, 1, 2, 1, 2, S andh respectively.

Given equation 1.2.2, the potential due to the total surface charge on the

particles can be expressed as a nite set of Legendre polynomials in the form
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of the multipole expansion, assuming convergence of the summation before
"= 1. In such an expansion the coe cients of the various contributions to
the potential can be explicitly calculated as the multipole moments coe cients
(Aii_m), and the dependence of each particle on the potential at a given point
is explicit.

As such, the general solution to the Poisson equation describing a system of

two charged dielectric particles (1 and ) could take the form

X rh
(ry)= A Pi(cos 1)+
1=0 &
X X |+ m)! !
2;m( I!m!) h'+“1"+1 Pi(cos ;) forry<aji; (1.37)
I=0 m=0
X 1
(ry)= Ay Pi(cos 1)
1=0 M1
X X |+ m) ]
+ 2;m( I!m!) thlHl P/(cos ;) forry>a;; (1.38)
I=0 m=0
X rl
(r2)= Az —r Pi(cos »)
a
1=0 2
X X |+ m)! !
+ Al;m( I'ml) h'+“1"+1 P(cos ,) forr,<a, (1.39)
=0 m=0 T
X 1
( r2) = A2;|WP|(COS 2)
1=0 2
X X |+ m) r!
+ 1;m( I!m!) hl+r$1+1 Pi(cos ;) forr,>a,: (1.40)
I=0 m=0

whereP- are the Legendre polynomials to the orddr, h is the centre-to-centre
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separation of the particles and is the polar angle associated with the point
at which the potential is being calculated.[20] The potential is de ned inside
and outside ; and ,, centred at ; and ,'s centres respectively, where the
interacting particles are as de ned in gure 1.4. [18]

However, such a system of equations does not form the unique solution to the
Poisson equation that would describe the proposed system. To this end, the

following three boundary conditions are imposed on the system, such that

" SinceE must be continuous tangentially to the particle (in the direc-
tion),

@ _
a =0 (1.41)

" The normal component of the electric eldE is discontinuous across the

surface of the particle due to the presence of a net charge on the particle

=4K | (1.42)

" As the free charge causes the discontinuity in the electric eld, the dis-

placement eld D is also discontinuous across the boundary such that

1 1
r— r— =4 K i-f (143)

wherea” and a denote outside & <r;, =1)andinside (& >r;, = ;)
the particle. Hence, it is possible to evaluate the surface charge distribution
on each particle as

1 X 2A+1 .
T Ai;| a:—+2P|(COS i) fOI’ | = 1,2, (144)

1=0

i( )=

with multipolar coe cients dictated by

Ay, (kD) X Ao N al

4Ka 1 g1 10= —2m |1
q1 110 art (ke D)I+1 it M e

(1.45)
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Az (ke I X Aum | i %

't (ke+1l+1 _ I'm! “him+l

4 Ka 2 210 (146)

which describe the mutual polarisation each particle undergoes upon interac-
tion.
Utilising a generalized form of the Coulomb equation can be formed to account
for the interaction of such spheres of charges (dielectric spheres where the
charges are considered the elemerdg and dcf)
Z z
r. o
Fio= K do(ry) dop(rz)—73; (1.47)

Iro rof
enables one to calculate the force on each particle, which following the rationale
utilized to derive equations 1.37|1.40, can be evaluated as
X (ke t)(1+1)+1

A1AL4 ; (1.48)

Fio =

1
K
which upon consideration of ; 's role in the third boundary condition (equation

1.43), as deduced in Bichoutskaiat al, can be explicitly written in the form

of
X %
e 0@ (k 1)m(m+1)
re= K h? q1m=1 =0 A (ko +1)m+1
(+my a1 X (ki+1)(1+1)+1
imi pemets g AwAuna T vang— (149)
1=1

which is an analytical expression for the force acting between two dielectric
charged spheres. A convergent regime {1 ) can be found for this expres-
sion which is controlled by the highest degree of the Legendre polynomials
utilised. The rst term in equation 1.49 corresponds to the Coulomb force act-
ing between point charges at the centre of each particle. The second and third
term on the other hand, account for the contribution of the mutual polarisa-
tion of the two particles. As no material is less polarisable than the vacuum,

the second and third terms are always negative and hence cause an attrac-
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tive interaction between the particles. In the case of non-polarisable particles,
( 1= »! Zlinavacuum) the polarisation terms tend to zero and the solution
converges upon the point charge. It can be seen that given equation 1.49, like
charged particles may attract if the second and third term grow bigger than
the rst - this is discussed in more detail further in the text.

Since the publication of Bichoutskaiaet al's work[18], it has been expanded
upon [17, 21{24] and utilised on a number of occasions in order to describe in-
teractions between more complex charged objects, in both naturally occurring

and novel systems both statistically and dynamically.[25{28]

1.3 Polarisabilities and the Casimir Force

Polarisation can occur in a plethora of environments, and, up to now, only
charge induced polarisation of classical particles has been considered. Polar-
isation between neutral bodies can also be seen to occur on both the molec-
ular level at angstrom separationsA), and between macroscopic particles at
nanometre (nm) separations. One example of a polarisation dependent inter-
action is the instantaneous, and spontaneous, dipoles formed within a molecule
inducing/e ecting instantaneous polarisation on a nearby molecule - the van
der Waals interaction. A generalisation of this for bulk macroscopic systems
was proposed by Lifshitz[29, 30], based on earlier work by Hendrik Casimir
[31, 32].

Casimir and Polder initially illustrated that quantum mechanics predicts an
interaction between a neutral atom and a perfectly conducting plane (zero
resistivity) as a generalization of the van der Waals interaction. Casimir then
derived the same expression by considering the allowed vacuum uctuations
occurring in such a system; he later generalized this to the case of two perfectly
conducting in nite plates.[31, 32]

Casimir's original derivation considered a cubic volume of side, with the top

side of the cube missing, and all remaining sides composed of ideally conducting
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plates; he then introduced another square piece of ideal conductor, of slde
placed at some distanca from the bottom internal face of the box ky-plane).
The equations dictating the allowed wavelengths of standing waves between

the xy-plane and the perfect conductor (the cavity) are

0 « L O y L O ; a (1.50)

the wavelengths of which correspond to quantised frequencies/wave numbers

described by

ke = ny=L;ky = ny=L;k; = n,=a; n=1;2,3:n (1.51)

The expectation value for the energy (the expected measurement of an experi-
ment) of the standing waves within such a cavity can be found via a summation
over all the standing waves formed in the cavity where there am standing

waves, and therefore energiek(), present

En; (1.52)

where the factor of a half is present due to the zero-point energy of eacth
mode. Whilst this sum is divergent in nature, it can be used to calculate nite
expressions. Assuming the size of the plates is extremely lardg, and k,
can be treated as continuous variables, which utilising, = ~! , and periodic
boundary conditions enables one to write the summation of equation 1.52 as

an integral of the form

2 " " #
L2 Z,72, 14 by r 2
~C— > k2 + k2 + nzg + ki + k3 dkcdk, (1.53)

where the rst integral is due to standing waves across the width of the box,

and the second is in the-direction. Considering polar coordinates in thék,
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plane, gives

1 X L2 _)4 OZl r n2_2+{2! » s
2 ' 2 2 0 a2 '
where{ 2 = k2 + k§, and the prime denotes the division of the rst term by
two. If the inserted plate is far from thexy plane at the bottom of the box,
such that k, can be considered a continuous variable, the sum of the surface
modes can be computed as an integral as

lX lel

o = Pz 2ok, (1.55)
2 0 0

Therefore the di erence in the energy between the two separations can be seen

as an interaction energy E which is equal to

|
L2 X- Zl r 2 )

E=-~ — 0 n2§+{2 { o

° Z,72,

kZ+ (2{ & Zdk, (1.56)
0 0

Although this expression is not nite, it is not devoid of physical meaning as
if E is non-zero, a force will be present in the system. By use of a regulatory
function by multiplication, one can then apply the Euler-Maclaurin formula to

the expression, obtaining

E E ~c 21
= = il 1.57
L2 A 720 a3 ( )
for the interaction energy per unit area, and
F ~c 21
- - 1.
A 240 a* (1.58)

for the force per unit area acting on the plate. [31]
With this formalism, Casimir illustrated the purely quantum mechanical inter-

action of the Casimir force that occurs between two neutral, ideally conducting
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plates due to the in-equivalence of vacuum states inside and outside the cavity.
Physically, this can be justi ed as the cavity causing an increase in the number

of virtual photons interacting between the two plates as certain states become
inaccessible as the cavity tends to zero volume.

Lifshitz extended this formalism in 1961 by considering the eigenvalues of
the Hamiltonian describing a system of two real solids separated by some
distance. In their work, Dzyaloshinskii, Lifshitz and Pitaevskii decomposed

the Hamiltonian describing the electromagnetic waves in the system into those
of a similar wavelength to atomic distances, and those larger - considering
those larger as a perturbation to the system.[30] This formalism utilised the

Matsuabra technique[33] to evaluate the perturbative Hamiltonian as Green's

functions in the ctitious 'imaginary time' regime. This can be seen to result

in the free energy of the systen&(l;i ,) being described by

ke T R 2

G(iin) = 53 m(i n) = PIN[D(C;i n)ldp (1.59)
n=0 1

N

wherekg is the Boltzmann constant, T is the temperature andc is the speed of
light.[34] The dielectric function of a material, (i ), is de ned at the relevant
Matsubara frequencies

_ anBT_

n 1

where ~ is the reduced Planck constant.
The function D(";i ,) includes the dielectric properties of the boundaries of
the cavity (Am and Bm, where A and B are the boundaries andn is the

medium) as
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DC;i n)=@  am(in) sm(in)e?m); (1.60)

p I rE—
— m(' n) np
" c
where 1 p<1; (i,)varies depending on the geometry of the problem
and, in the simplest case of a single composition half-space, such as the planar
boundaries shown earlier in gure 1.3, it takes the following form for the surface
A
SA m Sm A .

= — 1.61
Am SA m + Sm A ( )

SA:(p2 1+( A:m))lzz; Sm =P

where 5 = a(i n) is the dielectric function of the surfaceA at a given complex
frequencyi , and s, is the corresponding component of the radial wave vector
at the same frequency. A separate expression fol, is derived by replacing

A for B in equation (1.61). [34]

Whilst imaginary frequencies as shown in equation (1.60) may appear unphys-
ical in nature, they can be well justi ed here by their use as the argument of
the materials dielectric permittivity, which is a function of frequency and can

take complex values[29, 30], such that

()= 1)+i%Q) (1.62)

where %is always positive and determines the dissipation of the energy of
an electromagnetic wave propagating in the medium to which it corresponds.
Given the Kramers-Kronig relation [35], it can be seen that for complex argu-

ments, (i! ), evaluated at the relevant Matsubara frequencies,,
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. 2Z L ogn)

(| ):1+ — . mdl (163)
has real positive values.
Given Lifshitz presented formalism, it can be shown that it is possible to
extend this formalism to account for inhomogeneous boundaries. Given the
nature of his derivation, its of no surprise that this formalism has proven to

model experiments incredibly accurately, given a suitable choice ¢f ).[36, 37]

1.4 Conclusion

Electrostatic and electrodynamics interactions occur readily between various
materials, many of which fundamentally rely on the polarisation of the media
present. This can be seen to be the case for all the interactions studied thus
far, including but not limited to a point charge polarising a plane, two particles
polarising each other, or the attraction of two neutral plates via the Casimir
e ect.

By correctly adapting and adopting the various formalisms presented through-
out this (brief) introduction, it is possible to extend and apply such ideas to
both natural and novel environments for technological application and scien-
ti ¢ discovery. This can be seen by the varied and numerous extensions and
applications to Bichoutskaiaet al's two particle formalism[17, 21{28], and the

abundance of recent research into the Casimir interaction.[38{46]



Chapter 2

Modelling Charge Induced,

Many-Body Interactions

2.1 Introduction

Charge induced many-body interactions occur in a plethora of natural and
novel environments [26, 47{49], but are rarely accounted for due to their com-
plexity and computational cost. Lindgrenet al[49] developed an e cient im-
plementation of a numerical method to determine the interaction betweeN
dielectric particles. This framework employed a Galerkin approximation of
an integral equation formulation that generally describes the boundary condi-
tions of the surface charge of dielectric particles. In particular, this formalism
[49] is able to account for interactions in any continuous, non-electrolyte, so-
lution to accurately predict the behaviour of many-body systems embedded
within various media. All the particles within this formalism are assumed to
be spherical, and are described by their radii, relative dielectric permittivity
and surface charge.

The algorithmic complexity of such a system is high and as such a method to
increase the computational e ciency of such a solution was required. To this
end, Lindgrenet al[49] employed an adaptation of the fast multipole method

(FMM) to increase the e ciency of the evaluation of such a framework, the use

26
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of which causes the method to scale linearly withl, and to third power with
respect to the number of spherical harmonics; this is in contrast to the fourth
order cost without FMM. This is possible due to the equivalence between a
surface charge represented by a truncated series of spherical harmonics, and a
corresponding multipole located at the centre of each particle. This method
shows exponential convergence to achieve a smooth solution of the surface
charge, and, hence, a numerically stable interaction energy as is required upon
evaluation of charged particle interactions. There is no inherent error associ-
ated with the geometry of the system since no meshing is required. If azimuthal
symmetry is present, as is common in two-body interactions, the scaling can
be reduced to quadratic with respect to the number of spherical harmonics
required due to the symmetric nature of the polarization.

This solution was shown [48, 49] to provide an accurate quantitative descrip-
tion of the interaction of N charged dielectric particles, whilst maintaining its
computational e ciency. Also, as this particular solution converges up to the
point where the particles touch, it can be employed as a force eld in particle
dynamics as shown in the literature [49] and throughout this work.

The framework developed by Lindgreret al, although e cient, is only ap-
plicable to interactions between particles with homogeneous (uniform) surface
charge distributions, in the absence of externally applied electric elds. This is

a consequence of the nature of the boundary conditions de ned by Lindgreh

al as the inclusion of such features changes the boundary conditions describing
the potential, and hence the surface charge, of a polarisable dielectric particle
in the presence of other particles.

Many particulates, especially within the nanometre size range, can possess an
inhomogenous surface charge distribution which is often analogous to that of
a single point charge localized on the surface of an otherwise neutral dielectric
particle. This can occur due to small molecule termination of nanoparticles at a
single site, or via ionisation events that could cause immobile charges/defects

on the surface of a particle.[50, 51] Such systems are extremely orientation



Chapter 2. Introduction 28

dependent, and as such require formalisms such as those proposed by Lindgren
et al to be modi ed in order to be utilised to calculate the interactions within
populations of such particles.[49]

The e ect of external electric elds on the surface charge distribution of dielec-
tric particles has been well studied throughout the literature[52{54], however,
the interaction between such particles is often approximated as the interaction
between dipoles or multipoles which are inherently di erent from a polarisable,

spherical, charged particle.

2.1.1 Aims and Objectives

To develop an extension to a current many-body formalism [49], and exten-
sively test the new formalism to show that it is an accurate description of
charge induced polarisation of particles with various surface charges, in the
presence of external electric elds. This methodology will then be used to
describe the electric eld induced destabilisation of highly charged colloidal
crystals, with experimental comparison. This work was published in [17] in
collaboration with Prof. Benjamin Stamm, Dr Mohammad Hassan and Dr

Stefanie Braun, formerly of RWTH Aachen in conjunction with Prof. Elena

Besley, Dr Joshua Baptiste. The derivation of this formalism is reproduced
here for completeness and understanding, and the ner mathematical details

can be found in appendix A.1 and A.2.
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2.2 Formulation of the electrostatic many-body

framework

A physical system ofN non-overlapping dielectric spherical particles is de ned
herein by their radii fr;gl,, centresfx;g\,, and dielectric constantsf ;g\,
immersed in a background medium (solvent) which has dielectric constant
o > 0. The many-body system is considered at rest. The spherical particles
are described as open balls denoted iy g, with surfacesf @ igl,. The
surfaces of the dielectric particles represent the boundar@ between the
interior and the exterior * of the particles. We assume that this surface
@ carries a given free charge distribution ¢ and that there is no charge
in the interior of the particles, i.e., in (See appendix A.1 for a precise
mathematical description of these quantities). To account for the point-charge
contribution to the surface free charge, the free charge is split into two

contributions

f= st pi (2-1)

Here, ¢ 2 L2() corresponds to the square-integrable part of the surface
charge, whereas, is de ned as the point-charge contribution to the free charge
represented by a linear combination of one or several Dirac delta distributions

per particle, dependent on the system under investigation:

X R
p = Ok zy s where Gk 2 R, Zjy 2 @j (2.2)
j=1 k=1

The external potential, due to the presence of an external electric eld, is

de ned as oy With associatedexternal electric eld Eey := ' ex, Which
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is not limited by the constraint that .4 tends to zero at in nity. Here,
the external potential is considered to be harmonic, i.e., ¢ = 0, so that
the charges creating the external eld are not considered within the system.
Furthermore, the electric eld Egy is not restricted to be uniform. Finally, it

is assumed that the system of dielectric particles does not a ect the external
eld E., for instance, through polarisation, which justi es the use of our
terminology external

To this extent, the aim is to determine the total surface charge on each dielec-
tric particle after taking into account both the free charge ¢, and the bound
charges resulting from polarisation e ects due to the presence of charged neigh-
bouring particles, and the e ects of an external electric eld. Using the total
surface charge, it is possible to deduce other physical quantities of interest
such as the electrostatic forces and energy resulting from the interaction Iéf
charged dielectric spheres both with each other and with an external electric
eld.

In order to determine the total surface charge, one must rst derive equations
governing thetotal electrostatic potential It is shown here, as in [17], that the
total electrostatic potential can be used to deduce the required total surface
charge as well as the subsequent physical quantities of interest. The main
challenges in achieving such evaluations lie in the singular nature of the point-

charges , and the external potential ¢y, which does not decay to zero at

in nity.

2.2.1 Formulation based on partial di erential equations

The problem of the electrostatic interaction betweenN charged dielectric
spheres can be described by a partial di erential equation (PDE)- based trans-
mission problem. De ning thetotal potential i (= ex t , gives that the
correspondingotal electric eld is Ey; := Eex+ E, WhereE is the perturbation

of Eex due to the presence of dielectric charged patrticles, and is the corre-
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sponding perturbation potential so thatE = r : Standard arguments from
the theory of electrostatics in dielectric media imply that the total potential

ot Satis es the following transmission problem:

+

ot =0 in [ ;
J otK=0 on@; (2.3)

Jr tot K= f on @ :

Here, is the dielectric function which takes the value of ; on the spheri-
cal particle ; and o on * (medium), andJ KandJr Kare jump

discontinuities de ned by

J w0t KX) = (X)), ot (X)) +; forx 2 @ ;

Jr wKX)= ir )i, X)) o wwX)j- ) forx2@;;

where (x) is the normal unit vector at x 2 @ pointing towards the exterior

of the particles.

In general, Equation (2.3) is ill-posed as can be seen, for instance, by observing
that if ¢ 0, then any constant function  will satisfy this equation. In
order to obtain the correct total potential i, the relation ; = ¢+ can

be employed to rst derive a well-posed equation for thperturbed electrostatic
potential . Using decomposition (2.1), elementary algebra shows that

satis es the following transmission problem

=0 in [ *;
J K=0 on @ ;
(2.4)
Jr K= ¢+ 5 ( 0)@ ext on@ ;
jjr o asjxj!'1 ;

where @ ex denotes the normal derivative of ¢ on the boundary @.

PDEs similar to the transmission problem (2.4) have previously been consid-



Chapter 2. Formulation of the electrostatic many-body framework 32

ered in the literature (see, e.g., [49, 55]), but the key novelty of Equation
(2.4) is the addition of contributions due to an external electric eld and the
presence of point-charges on the surface of dielectric particles. These addi-
tional terms require signi cant modi cations to earlier de nitions [55{57] of
the electrostatic force and interaction energy for thé\ -body charged dielec-
tric spheres, and they present additional challenges in the e cient numerical
implementation.

In addition to the presence of the highly non-regular point-charge term,, an-
other di culty in solving the transmission problem described in equation (2.4)
is the fact that the equation is posed on the entire spade®. Indeed, since the
potential  a priori decays only agxj !, a naive truncation of the computa-
tional domain in an e ort to use classical algorithms, such as the nite element
method, leads to signi cant errors. The usual approach to circumventing this
problem is to appeal to the theory of integral equations and reformulate the
transmission problem (2.4) as a so-called boundary integral equation (BIE)

posed on the interface@. This is the subject of the next subsection.

2.2.2 Formulation based on boundary integral equations

In order to describe fully the integral equation-based approach to the problem
of electrostatic interaction between charged dielectric spheres, additional no-
tions are required. First, the single layer potential of some density, denoted

S , is de ned as a mapping with the property that

Z

)=

—d, 8x 2 . 25
@ 41X VY] Y [ 23)

It can be shown that for any density , S is a harmonic functionin [ ¥,

which additionally satis es the following jump conditions

JS K=0:; JS K= :
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As a consequence, it is possible to consider a restriction of the single layer
potential de ned through Equation (2.5) on the boundary @ and thereby
de ne the so-calledsingle layer boundaryoperator, denotedV as the improper

integral

Z

V= )

———dy; 8x2 @ :
@ 41X Y]
Note, that occasionally it will be necessary to consider the \local" single

layer potential and boundary operators de ned on an individual sphere 2

note that V is an invertible operator.
The surface electrostatic potential := jg is now described by the following

BIE:

V s+ p + 22— V(@ ex): (2.6)
0

Here, the notation DtN is used to denote the local Dirichlet-to-Neumann (DtN)
map on the surface@ (see Appendix A for further details).

An equivalent reformulation of the BIE (2.6) for the induced surface charge
can be achieved by applying/ ! to both sides of the equation, and de ning

=V 1 which yields the following BIE

1
o DINV = st ¥ °0 (@ ox): (2.7)

In Equation (2.7), the quantity of interest , i.e. induced surface chargeaepre-
sents (up to a scaling factor) the total surface charge on each dielectric particle
after taking into account both the free charge ; and the bound charge result-
ing from polarisation e ects due to the presence of any remaining charged

particles and the e ect of an external electric eld. More precisely,
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¢ represents the free charge on each particle;

A

b= ( o ) DINV + @ ex represents the bound

charge on each particle;

o = ¢+ prepresents the total surface charge on each

particle.

A simple manipulation of Equation (2.7) yields the following relation between

the surface charge and the surface electrostatic potential :

1
= 00 DIN + = o+ ; + °0 (@ o) (2.8)

Equation (2.8) implies that once is known, the charge distribution can

be computed using the purely local DtN map. It should also be noted here
that the relation between the PDE (2.4) and the BIE (2.6) representations
of the electrostatic potential can be clearly established sinceis simply the
restriction (more precisely the Dirichlet trace) of the electrostatic potential
on the boundary @. Thus, for any point x 2 [ %, we have (x) =

SV 1 (x)=(S )(x), and therefore (X)= ex(X)+(S )(X).
As emphasised above, an important technical di culty in the analysis of Equa-
tion (2.6) is the presence of the low-regularity point-charge termy, which re-
guires special treatment in the design of e cient numerical methods. The BIE
(2.6) has previously been the subject of extensive analysis in a simpler case
when surface point-charges and the external eld are absent, i.e., whep 0
and o 0. Firstly, this methodology is brie y summarised, before explain-
ing how the BIE (2.6) can be solved in this simple case before considering (in
Section 2.3) the more complex problem of describing surface point-charges and

an external electric eld.
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2.2.3 Methodology in the absence of surface point-charge

and external eld

In the absence of both the point-charge contribution to the surface free charge

and an external electric eld, the boundary integral equation (2.6) reads as

ev 2  piNe =

iV s: (2.9)
0
Equation (2.9) is solved using a Galerkin discretisation with an approximation
space constructed from the span of nite linear combinations of local spherical
harmonics on each spher@ ; (exact de nitions of the spherical harmonics
and the approximation spaceW ™= can be found appendix A.1), as in [49].
More precisely, the Galerkin discretisation of the BIE (2.9) reads as follows:
let "max be a xed discretisation parameter, we seek the Galerkin solution

. 2 W m= the equation

m;

€. 2 W m which satis es for all test functions

e. v 0

max

DtNemaX Cos =

max

0 L@

1
_O(V s ‘max)LZ(@) : (2.10)

The Galerkin solution©__ and the test function - can be expanded as a
nite linear combination of basis functions. Thisansatzallows us to reduce the
Galerkin discretisation (2.10) to a linear system of equations for the unknown

expansion coe cients of€.__ . Equation (2.10) thus yields the linear system
A€ = [E: (2.11)

where the solution matrix A and the vector® are de ned as

[AG 17" °

Y o V DINY!, o ;Y ;

° L2(@1) (2.12)

[E]" =

1
0

i .
moL@ )

where Y|, denotes the spherical harmonic of degreeand order m on the
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o jmY 0 A more detailed de nition of Y!  can be found in appendix
A.1, and a detailed explanation of how to compute the entries in the solution
matrix A and vectorF can be found in Lindgrenet al. [49] Here, it is simply
remarked that apart from the diagonal terms { = j), computing the entries
of the solution matrix and vector E requires evaluating a double integral on
the unit sphere. This typically requires the use of numerical quadrature, for
which purpose Lebedev grid points are used.

Due to the form of (2.12), it is also possible to use a modi cation of the
classical FMM to speed up computation of the vectoP and matrix-vector
products involving the dense solution matrixA. The FMM allows computing
the action of the single layer boundary operato¥ on an arbitrary element of
the approximation space with linear scaling computational cost (with respect
to N). Since the DtN map is a purely local operator (diagonal in the basis of
local spherical harmonics), the solution matriXA does not need to be explicitly
computed and stored, and its action on an arbitrary vector can be calculated
with linear scaling cost. Further details on the FMM implementation can be
found in Lindgren et al. [49]

Once the vector® has been computed and the procedure for applying the
solution matrix A to an arbitrary vector in the approximation space is set up,
the linear system (2.11) can be solved using a Krylov subspace solver such as
GMRES (see Bramaset al[56] for a detailed convergence analysis of GMRES
as applied to this linear system).

The approximate electrostatic interaction energy of a dielectribl -body system

is given by

e = ;e :
S Ume L2@ 2 SI* Tna L2(@ )
i=1

_‘ max +—
nt

|
NI =

(2.13)

where s; = sj@, and e‘l'max 2 W m (@ ) is the approximate self-potential
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generated by the free charges; on sphere@ ; in the absence of other spheres.

More precisely, it is de ned as the solution to the local Galerkin discretisation

_ 0 i _ _
e . VDN, lel . SEAVENEE
max max K

0 " Ll2e)) 0 L2(@ ;)

In de nition (2.13) of the electrostatic interaction energy, the rst term can
be interpreted as thetotal electrostatic energy of the system whilst the second
term, involving the summation, can be seen as theelf energy.

Next, an expression for the approximate electrostatic forces is derived; as a rst
step, if & denotes a solution to the Galerkin discretisation (2.10) for a given
free charge s, then we de ne the approximate induced surface charge,

as the unique element of the approximation spad#&/ ™= (de ned in appendix

A.1) that satis es

Ve = e . (2.14)

max; " max L2(@) max ' max L2(@) :

This shows that, e, is simply an approximation of the exact induced surface
charge , which physically represents the total surface charge on the dielectric
spheres that includes polarisation e ects. As suchge_, is utilised to derive
an expression for the approximate electrostatic force acting on the dielectric
particles.

In practice, e, is not determined using Equation (2.14), which requires the
computationally expensive inversion of the single layer boundary operatdf.
Instead, a careful examination of the Galerkin discretisation (2.10) reveals that

e .. satis es the relation (c.f., Equation (2.8))

max

e,. = ——DiNE __ +

max
0

1 .
= mec (2.15)
0

S )

where ™ is the best approximation of s in the approximation spacew mx
Consequently, once the linear system (2.11) has been solved, only purely local

operations involving the Dirichlet-to-Neumann operator are required to obtain
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e -
The approximate electrostatic force acting on the dielectric particle is now
given by

Fe-‘max = o © 'Ei

I max ! —exXC |L2(@ i):

(2.16)

Ei

oxc 1S the i-excluded electric eld generated by the approximate induced sur-

face chargee I.e., the vector eld given by

ELX)= 1 Se.. Si6 . (X) (2.17)

wheree;-

15 max

= e,...Je., andr denotes the usual gradient taken with respect
to Cartesian coordinates. The-excluded electric eldEL,. is the part of the
total electric eld generated by the approximate induced charges  that
interacts with (i.e., exerts a net electrostatic force on) the dielectric particle

i. A description of how to practically computeEL,. in the current boundary
integral framework can be found in [57].
Considering de nitions (2.13) and (2.16) of the approximate electrostatic in-
teraction energy and force, respectively, a key result [57] establishes that these

are related by the identity

\max —_— \max-
r Xi =nt - I:ei '

wherer , denotes the gradient taken with respect to the location of the centre
X;j of the sphere@ ;.

The Galerkin nature of the method presented here allows for a precise mathe-
matical analysis in terms of accuracy with respect tOn.x and complexity with
respect toN, which was previously discussed in Hassat al [55{57] and also
included the detailed description of the linear scaling of the method and the
accuracy of predictions for the electrostatic energy and forces.[57] However, the

model is limited to the assumptions made at the beginning of Section 2.2.3,
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namely, it does not account for the presence of surface point-charge and the
e ect of an external electric eld. This extension and generalisation is the

subject of the following section.

2.2.4 Extension to include an external electric eld and

surface point-charges

The external charge is dened as ¢« = ( 0)@ ext» Which is simply
the external electric eld contribution to the right-hand side of the boundary
integral equation (2.6). The Galerkin discretisation of the BIE (2.6) can be

written as

v -2 DiN - - =

" max max max
0 L2(@)
1
0

Vo s+ extt P (2.18)

\max LZ(@) :

As before, this Galerkin discretisation (2.18) yields a linear system of equations
for the unknown local spherical harmonics expansion coe cients of _  of the

X

form
A =F; (2.19)

where the solution matrix A is de ned precisely as before through Equa-
tion (2.12) and

[ I]m = " max Ylm LZ(@i);

(2.20)
fori 2 f1;:::;Ng;, ~ 2f0;:::; maxg and jmj . Determining the new
vector F requires some additional work due to the presence of the point-charge
term ,. Tothisend, letz; 2 @; @ The de nition of the single layer

boundary operatorV implies that for any g2 R and all x in @with x 6 z;
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we have
q(y) q
V(g , )(X) = —1 =" dy = - -
(q ZJ)( ) @, JX YJ y JX ij
Hence,
R
V=" e
j=1 k=1 ) ik )

and therefore the vectorF in Equation (2.19) can be de ned as

[Fi]™ =Ly st ex +V(p) ;Y (2.21)
0

m L@ )"
Since the solution matrixA is exactly as before (see Section 2.2.3), one can use
the same linear solver routine to approximate the solution to Equation (2.19).
Having solved the underlying linear system, we can now compute further (ap-
proximate) physical quantities of interest.

In computing the approximate electrostatic forces, if - . denotes a solution

to the Galerkin discretisation (2.18) for a given free charge; = s+ |, and
external electric eld Ec then the approximate induced surface charge

max

can be de ned, as in Equation (2.14), which generates the surface electrostatic

potential - __ as the solution to
V \max; " max LZ(@) = \max; " max LZ(@): (222)
In practice, - . can be determined again using the following relation (c.f.,

Equation (2.15)), which can be deduced from the Galerkin discretisation (2.18):

=% DIN .+

max max

1 . . .
I Sma>< + pma>< + max ’ (2 . 23)
0

ext

where pm and ;22;** are the best approximations or projections (in

the L2-sense) of 5; ,, and ey in the approximation spaceW ™ de ned in
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appendix A.1. The approximate net electrostatic force acting on the dielectric

Fomoi= g ‘Eexct Eext 2g ,); (2.24)

max ?

whereEL, . is thei-excluded electric eld, which is de ned analogously to Equa-
tion (2.17). HereEL,. can practically be computed by adapting the procedure
stated in [57] to the current setting of surface point charges and external elec-
tric eld.

In contrast to the de nition of the electrostatic forces, the de nition of the
electrotatic interaction energy is not straightforward in the current setting.
On the other hand, in the chemical literature, the net force acting on a given
dielectric particle is frequently de ned as the negative-sphere centred gradient
of the interaction energy. Keeping this relation in mind, the approximate elec-
trostatic interaction energy of the system that corresponds to the approximate

electrostatic force (2.24) is given by

. 1 .
it é st pt exti o L2(@) + st pi oext. L2(@)
1 \ RS i (2.25)
+ é exts er;?x L2(@) E S;j + p;j ; Y max L2(@ J)’
j=1
where s; = sj@,,» pj = ple; and where s s the best approximation
of ext = exl@ and I W ime (@ ;) for the approximate self-potential

max

on sphere@ ; in the absence of the external eldE¢y and all other spheres.
The latter quantity is formally de ned as the solution to the local Galerkin

discretisation

i . i 1 i

max

max

0 " Ll2e)) 0 L2(@ ;)

With de nitions (2.24) and (2.25) of the approximate electrostatic interaction

force and energy, respectively, one can demonstrate that the electrostatic forces
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are indeed realised as the negative sphere-centred gradients of the interaction

energy.

Theorem 2.2.1 Let E};pax denote the approximate interaction energy arfg, ™,
denote the approximate electrostatic force acting on the dielectric particlg

as given by De nitions (2.27) and (2.24) respectively. Then it holds that
rox B = R (2.26)

wherer ,, denotes the gradient taken with respect to the location of the centre

X; of the sphere@ ;.

The proof of Theorem 2.2.1 can be found in appendix A.2. It is important to

emphasise that in this form

\max . —_— 1 + . i + 1 .
int = §,=1 Si P max ‘max L2(@))  p U ma 12(@)
\ 1 \
Yost e & g Ty oo & g (227)

E.m includes both the energy due to the interaction between the dielectric
particles themselves as well as the energy arising from the interaction of par-
ticles with the external electric eld.

Also, equation (2.27) has an interpretation in terms of théotal and self elec-
trostatic energies. The combination of the rst three terms in equation (2.27)
can be interpreted as thetotal electrostatic energy of the system whilst the
fourth term can be seen as theelf electrostatic energy of the system. It should
be emphasised that, due to the presence of the point-charge contributiop,
both the total energy and the self-energies are in nite as in the case of xed
Coulomb point-charges. However, when writing the interaction energy as in
equation (2.27) each of the terms is nite and thus the interaction energy is a

well-de ned quantity.
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Finally, it is possible to re-write Equation (2.27) for the electrostatic interac-
tion energy in a more physically intuitive form in terms of the electric elds
that appear in the PDE formulations (2.3) and (2.4) leading to the following

theorem.

Theorem 2.2.2 Let ¢4 denote the restriction of o to @ , and let denote
the solution to the boundary integral equatior{2.6) for a given free charge
t = st pand external electric eldEey. Then for any open balB, of radius
r > 0 which is large enough to contain , the exact electrostatic interaction

energy of the system, denotefl,;, satis es the relation

" — 1 . .
Ent L E S + p + exts LZ(@) + S + ps ext Lz(@)
1 1 X i
+ E exty  ext L2(@) E - Sij + pij » L2(@ )
J:
(2.28)
17 102 - :
=5 (Ew(X) Ea(x)dx 3 (x)E' (x) E! (x)dx
By i=1 Br
7 J
1 1
é OEext(X) Eext(x) dx + E O(E(X) (X) ( X)
Br @Br
W Z
EV(x) (x) T(x))dx+ oE(X)  (X) ex(X)dx: (2.29)
i=1 @B

Here, 1 is the exact self-potential only on spheré® ; in the absence of an
external eld Eey and all other spheres, and it is de ned as the solution to the

local BIE

0 ij —

IV DtN;

1
—Vi st opj

0
Moreover, E} and 1 are the \self electric eld" and \self electrostatic po-
tential" respectively of the j-th dielectric particle, i.e., the electric eld and

potential respectively produced only due to spher@ ; in the absence of both
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the external eld E¢y as well as the other spheres. The proof of Theorem 2.2.2
can be found in appendix A.2.

The ve terms in Equation (2.29) which constitute E,; all have physical in-
terpretations. The rst integral can be understood as the total electrostatic
energy associated with an electric eldE. The second integral can be inter-
preted as the self-energy associated with the free charge= s+  on the
particle surface, whilst the third term is the self energy of the external electric
eld Eeyx. Finally, the last two terms can be interpreted as the boundary terms
that, in general, may not vanish at in nity but yield an expression indepen-
dent of the positions of the particles. Theorem 2.2.2 establishes that in the
exact case, i.e. when the discretisation parametegac ! 1, the de nition of
the interaction energy, derived from the integral equation formalism and given
by Equation (2.27), coincides with the de nition of the interaction energy (up
to some additional boundary terms) in any open balB, that is large enough
to contain as derived from the PDE picture and given through Equation
(2.29).

Considering once again Equation (2.24) that de nes the net electrostatic force
acting on dielectric particle i, it is possible that one could be interested only
in a portion of this electrostatic forcewithout the so-called “self-force’. The
“self-force' is the force that acts on the dielectric particle ; in the absence of
all other interacting particles but still in the presence of the external elcE gy,
I.e., the force that would act on the patrticle if it were the only one exposed

to the external eld. Mathematically, this new approximate net electrostatic

bi\max =, - . Ei

max ? exc

+E o bl E (2.30)

ext L2(@ i) ext Lz(@i);

whereb“max is the total surface charge (including polarisation e ects) oi@ ; in

the absence of all other interacting particles but in the presence of the external
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electric eld. Mathematically (c.f., Equation (2.23)),

’ max 4 X max ’ max -«
s pil exti

b' = ——DiN;bI +

1
e
0 0

where biimax is the solution to the local Galerkin discretisation

bi =~ viDtN; —>—bi 0

max 0 max L2(@ i)

1 }
= V s+ s+ i) ! :
o i ( s;i p;i ext,l) " 2@ )

Corresponding to the approximate net electrostatic force given by Equation

(2.30), we have the following approximate interaction energy

NI =

. o L i :
EnTaX- st pt ety ma L2(@ 2 sl pi T extin L2(@j)’

(2.31)

The force (2.30) subtracts the force that each single particle would be exposed
to due to the external eld in absence of the other particles, from the net force
on the particle. The corresponding energy expression (2.31) is then such that
the force (2.30) equals minus the sphere-centreed gradients of the energy (2.31)

following similar arguments as used in the proof of Theorem 2.2.1.

2.3 Physical Applicability of the Framework

A bench-marking of the methodology developed in section 2.2 is required in
order to justify the framework's physical applicability. Initially, the e ects
of an external electric eld acting on a single particle will be tested, before

increasing the complexity to two and three particles sequentially.
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2.3.1 Single Particle Physical Applicability

A charged, smooth, spherical, dielectric particle possesses equal surface charge
density (uniformly spread) over its surface in the absence of any external per-
turbations as a result of Gauss's law. Given the decomposition of the surface
charge shown in equation 2.1, the polarisation of a dielectric particle due to an
external electric eld is bench-marked for a neutral particle exposed to increas-
ing external electric elds by comparison to classical methodologies describing
isolated particles in such environments.

Stone [52] shows that under the presence of an external electric eld, a neutral

particle will gain a dipole of the form

1
+2

p:=4 o——rEex; (2.32)

wherer is the particle radius, ¢ is the permittivity of free space, and is
the relative dielectric permittivity of the particle with respect to the medium
( = = o). The dipole (as in equation 2.32) can be represented by the surface

charge distribution as

1 cOS( )Eext (2.33)

ext =3 0 +2

where is the angle as de ned in gure 2.1. A charged particle would also
experience a force acting in the direction of the applied eld, [52] and, in the
case of an inhomogeneous distribution of free surface charge, the particle will
rotate to minimise the interaction energy with the eld.[10]

Due to the opposing force acting on positive and negative charges in the pres-
ence of an electric eld, a neutral particle as shown in gure 2.1a would gain
a sinusoidal surface charge as predicted by Stone [52] via equation 2.33, whilst
not undergoing a net force. The calculations presented in gure 2.1b are in

complete agreement with Stone in the convergent regime for an isolated par-
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Figure 2.1: a) Surface charge density on a neutral dielectric particle ( = 10;r =
5 m) placed in an external electrical eld of jEex; ] = 1000 V/m; b) Surface charge
density on the neutral particle (a) calculated at dierent external electrical eld
strengths: jEex j = 600 V/m, 1000 V/m, and 2000 V/m; c) Surface charge density
on the particle (a) with a model surface point charge of 0.2 placed at = =2, as
indicated by a small dotted circle.

ticle.
Upon the introduction of a point charge to the surface of the neutral particle,
as discussed previously, the direction of the electric eld relative to the point
charge on the sphere has to be carefully considered. Here, we consider the case
of a point charge placed at = =2, as shown in gure 2.1a by the dotted
circle. Although this con guration could be considered the most unstable
due to the fact it would have maximal rotational force and equal translation
forces compared to other con gurations of the surface charge in an external
eld, in the presence of an external eld the cost of calculating the surface
charge distribution in this case is much lower due to the absence of charge on
the equator of the particle in gure 2.1a. As such, this is the case primarily
discussed throughout this text.
As expected, the surface charge distribution of a particle with a point charge
on the surface perpendicularly to the eld (geometry illustrated in gure 2.1a
and surface charge distribution shown in gure 2.1c) is analogous to the surface
charge distribution shown in gure 2.1b, when 6 =2. However, when

I =2 the surface charge density reaches a maximum in a fashion similar
to that of the dirac-delta function. This is due to the sinusoidal nature of the

polarisation of a neutral sphere via a uniform external eld (shown in equation
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2.33)ascos =0at = =2. Atcritically low values of external electric eld
size or dielectric permittivity, some competition may occur between the self-
polarization of the particle due to the point charge and the nodal behaviour of
the external eld polarization, but we observe no such competition given the
eld's strength considered in gure 2.1.

Although the width of the maxima at = =2 should ideally be in nitesimally
small to accurately describe a point charge (or at least (sub-)atomic in size), it
does not appear as such in gure 2.1. This is due to the truncation Of,.x to

a nite value in the second term of equation 2.29 given the overall dependence
of equation 2.13 on . Therefore, the width of the maximum narrows and

grows larger in amplitude as o« increases.

2.3.2 Two-Body Physical Applicability

As a neutral, isolated, dielectric particle will gain a dipolar surface charge that
is independent of the particles' location (due to the uniform nature of the eld),

two interacting particles in a uniform external electric eld can be treated as
two interacting dipoles (p; and p,) at some centre-to-centre separatioR, the

interaction energy of which is de ned as

R%(p1 p2) 3(P1 R)(p2 R);

PR (2.34)

Ent (pl; p2) =

However, it is convenient to express the direction of the dipoles and p, with

respect to the vectorR using polar coordinates such that

pi R = pRcos(i) (2.35)

and

pP1 P2 = pip2(cos ;cos +sin ;sin ,cos( » ' 1)): (2.36)
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from which, E can be rewritten as

p1p2

Ene(P1ip2) = OR3(2C051C052 sin ysin pcos( 2 '1)) (2.37)

where ; is the angle of the dipole with respect to the axi®, whilst * is the
angle the dipole is rotated about the axiRR.

This classical result shows the dependence of the interaction energy on the
direction of the induced dipoles, and as such shows the interaction energy's
dependence on the direction of the external (uniform) electric eld. If the par-
ticles are aligned along the direction of the electric eld (such that the vectors
R and E¢, are parallel), then sin ; =sin , =0 and cos ; =cos , =1 (or

-1), the interaction energy Eij,j]t) is negative, and the interaction is attractive.
However, in the opposing case when the particles are aligned perpendicularly
to the eld, i.e. when R and E., are orthogonal, the interaction energy &7, )

is positive and indicative of a repulsive interaction. As such,

PPz .

2 0R3’ E|’r)1t(p11 p2) = p1p2

4 RS

Bl (p1;p2) = (2.38)

As such, it can be deduced that the classical dipolar interaction energy is of
a greater magnitude, but opposing sign, in the attractive casd?ijf;t) than the
repulsive case?, ) due to the factor of two inside the bracket in equation 2.37.
In both cases, the interaction energy decays asR? and if the eld strength

is halved, the interaction energy is reduced by a factor of four. However, the
classical formalism utilised from Stone's[52] work, as discussed throughout this
section thus far, negates the interaction of one particle with another (polar-
isation), the interaction of which would be expected to heavily in uence the
resultant surface charge distribution on the particle, and hence the force acting
on the particle given equation 2.24.

To account for the polarization of each particle due to the presence of another
particle, a formalism such as that derived throughout this chapter is required.

However, as the formalism derived throughout section 2.2.3 is reliant on the
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truncation of the in nite sum over s in equation 2.13, a convergent value of
"max Must be determined such that the interaction can be deemed as physically
accurate. This can be achieved graphically by inspection or numerically with
a tolerance, both of which are employed throughout this chapter depending on
the cost of the computations involved as although this method scales linearly

with the number of particles, it scales quadratically with respect t0O max, for

the evaluation of Ef*, as in Lindgren's original formalism.[58]

Figure 2.2: The interaction energy and the error in the interaction energy as a
function of "hax to determine the convergence; the interaction energy as a function
of "max for two particles where R is parallel to Eeyx in an electrical eld of 2000
kV/m as shown in the inset (a), the total absolute error in the calculation of the
system depicted in the inset of a for external electrical elds of 600, 1000, and 2000
kV/m (b), the interaction energy as a function of "2 for two particles where R
is orthogonal to E¢x in an electrical eld of 2000 kV/m as shown in the inset (c),
the total absolute error in the calculation of the system depicted in the inset of ¢ for
external electrical elds of 600, 1000, and 2000 kV/m (d). The particles simulated
have a dielectric constant of 10, in a vacuum (g = 0), with a radius of 5 m at
0.01 m surface-to-surface separation.

Figure 2.2 shows the variation in the accuracy of the formalism presented
throughout this section for a given o« in various electrical elds, for the

cases of maximum repulsion and attraction, utilising the interaction energy of
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the system to assess the accuracy. Whilst the surface charge distribution can
also indicate convergence of equation 2.13 via igsnoothnessthe interaction
energy is used in this capacity throughout for both simplicity and its physical
importance in the analysis/evaluation. An interaction energy deemed to be
accurate (max = 30) was used as a benchmark to calculate the total absolute
error of the system.

It can be seen from gure 2.2a that the interaction energy has converged for
the case of two dielectric particles in an external electric eld parallel t&® of
2000 V/m in size when o = 25, and "ax = 15 if R is orthogonal to E¢y.
These parameters were chosen given an at least 1% error from the previous
point. This di erence in the rate of convergence can be physically justi ed as

a consequence of the increased separation between the areas of highest surface
charge in the orthogonal case compared to the parallel case, as illustrated via
the insets in gures 2.2a and c.

As the magnitude of the external electric eld is increased, higher values Gfax

are required to achieve convergence as shown by gures 2.2b and d. This is due
to the increased quantity of charge at the poles of the particles in increasing
electric elds causing the polarization on the neighbouring particle to be much
greater. As such, the degree of the spherical harmonics required to describe
the polarization increases with electric eld size.

Given a convergent and computationally a ordable regime, nax = 35, the
interaction energy as a function of surface-to-surface separation can be calcu-
lated for the systems depicted in the insets gure 2.2a and c. As such, the
interaction energy as a function of separation can be determined, as shown
in gure 2.3 alongside the interaction of two dipoles, the size of which are
determined using equation 2.32.

The results shown in gure 2.3 show that in the case of attraction, the in-
teraction energy between particles can be twice as large as that predicted by
the approximation of xed dipoles (2.37). Consequently, at short separation

distances, a quantitatively accurate account of the interaction energy (and the
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Figure 2.3: The interaction energy between two neutral dielectric particles (3 =
rr=5 mand 1 = , = 10) in an applied electric eld as a function of the
separation distance. Dashed line: approximation of two xed dipoles as de ned by
Equation (2.37); solid line: calculation using Equation (2.27) taking into account
the separation-dependent particle polarisation. The strength of the applied electric
eld is 100 kv/m (red), 200 kV/m (blue) and 300 kV/m (black). The interaction
takes place in vacuum, i.e. g=1.

force) can only be achieved through a realistic description of surface charge
polarisation, i.e a description beyond the induced dipolg,.x = 1 approxima-

tion as we describe here, where in the case of Figure 2ex = 30 with 1454

Lebedev integration points used.

Figure 2.4: The interaction energy between two neutral particlesi(y = r, =5 m)
in an external electric eld of 200 kV/m as a function of their dielectric constant.
Dashed line: approximation of two xed dipoles as de ned by Equation2.37); solid
line: calculation using Equation (2.27). The surface-to-surface separation distance
is 103 m(a), 5 m(b), 100 m (c). The interaction takes place in a medium
with o =10. Note change of scale along thg-axis.

The nature of the attraction at short separations is also critically in uenced
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by the polarisation of the medium, as shown in Figures 2.4 and 2.5. When
the dielectric constant of the medium ¢ is greater than that of the particles

i, shielding by the medium reduces the strength of the attractive interac-
tion between particles. Figure 2.4a shows the most pronounced case of such
a shielding e ect at 10 * m surface-to-surface separation. At a large separa-
tion, as shown in Figure 2.4c, the shielding e ect becomes negligible. When

o < i, the interaction is much stronger when patrticle polarisation is taken
into account, as con rmed in Figures 2.4a and 2.5a, and also in Figure 2.3. Fig-
ure 2.5 supplements these observations with calculations of the inter-particle
interaction energy for a large range of values of the dielectric constant of the
medium - from 1 (vacuum) to 100. The simulations in both Figure 2.4 and
2.5 required spherical harmonics of the 30th degree (i.enax = 30) with 1454

Lebedev integration points for the evaluation of equation 2.31.

Figure 2.5: The interaction energy between two neutral particles(; = r, =5 m
and ; = 2 =10) in an external electric eld of 200 kv/m as a function of the
dielectric constant of medium: a) o ranging from 1 (vacuum) to 100; b) expansion
of the region for ¢ values between 10 and 45, highlighting minor extrema. Dashed
line: approximation of two xed dipoles as de ned by Equation (2.37); solid line:
calculation using Equation (2.27). The surface-to-surface separation is10 2 m.

The special case of a neutral surface containing a point charge has been dis-
cussed in Filippovet al, [50] where the four extreme orientations of two point

surface charges were considered in several di erent chemical scenarios; this
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work[50] is in excellent agreement with the method presented here. For the
general case; o, the orientation of the particles shown in Figure 2.6 is the
most attractive scenario in the absence of an external electric eld. Further-
more, an inhomogeneous surface charge distribution, such as a point charge
placed on a neutral sphere, breaks the axial symmetry (except for a few speci c

cases) thus presenting a more complex system.

Figure 2.6: The interaction energy between two dielectric particlesi(; = r, =5 m)
containing a surface point charge of 5@ as a function of the strength of the applied
external eld: 1= , =20 (solid line), 1= » =5 (dashed line), ; =20 and

2 =5 (dotted line), and ; =5 and , = 20 (dot-dashed line). The interaction
takes place in a dielectric medium with g = 10 at the surface-to-surface separation
of 10 3m . lllustrations alongside each graph show the orientation of the external
electric eld: parallel with (a and c) and perpendicular to (b) the alignment of the
interacting particles.
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As illustrated in Figure 2.3, the interaction between two particles in the pres-
ence of an external electric eld has a strong directional dependence. If the
strength of the applied electric eld is high, the interaction between particles
containing surface point charge follows the trends seen in Figure 2.3. In this
case, the dominant contribution to the interaction energy/force comes from
a eld-induced dipole-dipole interaction. When both particles have the same
dielectric constant (solid and dashed lines in Figures 2.6a-and c), a strong
attractive interaction occurs when the eld is acting parallel to particle align-
ment (Figures 2.6a; =0 and 2.6¢c; = ); however, if o> ; (dashed line)
the dipole-dipole interaction is reduced due to the medium shielding e ect. In
Figure 2.6b where the applied eld acts in the direction perpendicular to parti-
cle alignment ( = /2), the interaction is driven by the repulsive dipole-dipole

interaction.

Figure 2.7: The interaction energy between two particles(; = r =5 m) in an

external electric eld of 200 kv/m as a function of the angle of the eld rotation:

left) neutral dielectric particles; right) dielectric particles with a point surface charge

of 50e, as shown in Figure 2.6. Dashed line: 1 = > =5; solid line: ;= »=20;

dot-dashed line: ; =20, , =5; dotted line: 1 =5; » = 20. The interaction

takes place in a medium with ¢ = 10 at the surface-to-surface separation ofl0 2
m. Note that in the case of uniform surface charge distribution (a) the cases of
1=20, >=5and 1=5, 2=20 are identical.

If 1< o< 5 (dot-dashed lines) or , < (< ; (dotted lines), the domi-
nant dipole-dipole interaction is repulsive when the eld is parallel to particle
alignment, and it is attractive when the eld is perpendicular to the particle

alignment as in the latter case the dipoles point in opposite directions. At



Chapter 2. Physical Applicability of the Framework 56

smaller magnitude of applied electric eld, an additional contribution to the
interaction energy from the surface point charges becomes signi cant leading
to more subtle e ects. The strength of the interaction in this case is governed
by the total surface charge represented by xed point charges and induced
surface charge. This behaviour can be understood through Equation (2.27)
by realising that ;,max > = for weak external elds and pm 6 o= for
strong external elds. However, as these studies refer to charged particles, the
interaction energies in both Figures 2.6 and 2.7 are calculated via the evalua-
tion of Equation (2.31) in order to only study the interaction of the particles
with one another.
With the addition of a point charge to the surface of each particle, the inter-
action energy described by Equation (2.27) is again driven by the total sur-
face charge density having both .2 and ;)max components. For the case of
1= » =20, polarisation due to the point charge leads to a more attractive
interaction at =  where the total surface charge at 1¢ m surface-to-
surface separation (s) increases due to the applied eld; the interaction is less
attractive at = 0 as the total charge at the closest decreases due to the
eld. The same reasoning can be applied to the case of = , < ( but with
the opposite overall e ect. Similarly, in the case of ; < o< ,, the general
shape can be attributed to the e ects captured in Figure 2.7 (left) for neutral
particles. The deviation in the interaction energy at =0 and = for the
cases where , 6 ; is due to the polarisation caused by the point charge on
the surface of the neighbouring particle.
In conclusion, the results presented in Figures 2.3 - 2.7 agree with the classical
picture of interaction between two xed-size dipoles, whilst showing varia-
tions in the strength of such interaction due to particle polarisation, which
are substantial when the inter-particle separation is comparable to the size of
the particles. A quantitative description of charged particles with inhomoge-
nous surface charge distributions interacting in an external electric eld can

be obtained readily using the formalism presented in Section 2.2.4.
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2.3.3 Three-Body Physical Applicability

Given the di culties that arise upon trying to calculate the e ect of three
bodies interacting, test cases are formulated to understand the e ect of polar-
ization on such systems.

Filippov et al [50] showed that two particles with a surface charge distribution
including a point charge could attract one another, even if the point charges
are of the same sign due to the polarization such a concentrated charge causes
for certain linear arrangements of particles.

Given an accurate many-body formalism, such studies can be extended to
determine the forces acting on longeN = 3) linear arrangements of particles
possessing a point charge of their surface. Although, the particles would also
undergo a torque in response to several of the orientations investigated, only
the net force acting on the particle is considered here.

Figure 2.8a illustrates the geometric arrangement of three particles in a chain
and de nes the variable describing orientation of the central smaller particle
in the chain, as studied in gure 2.8b. Given the ndings of Filippovet al,

it is expected that upon alignment of the point charge on the central sphere
with either of the two outer particles charge-axis, the particle will undergo a
maximum force in the direction of the point charges nearest neighbouF)
due to this position inducing the maximum polarisation between the patrticles.
Given such an orientation, there would also be zero force acting in the direc-
tion perpendicular to the alignment of the particles E,). This was observed
throughout our simulations, as seen in gure 2.8b.

Given the symmetry of the system, it would also be expected that when the
point charge is placed directly atop the central particle in the chain (= =2),

F; = 0. This is due to the fact that both particles provide an equal force
component parallel to the direction of alignment, but in opposite directions,
hence cancelling each other out. The framework presented in this section agrees

well with this physical justi cation, as can be seen by the local maxima at
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Figure 2.8: An investigation of the force acting on the central particle, parallel
(orange) and perpendicularly (black) to the point charge alignment. The particles
have radii of 0.8, 0.5 and 0.8 nm from left to right and are placed at 0.1 nm surface-
to-surface separation, with a point charge of 1e placed on each of the surfaces with the
two larger spheres at opposite orientations. Each particle has a dielectric constant
of 37.5 and exists in a vacuum. (a) shows the system under investigation wheffg,

is the force acting parallel to particle alignment,F- is the force acting perpendicular
to the point charge alignment, whilst is the angle from the axis of charge alignment
such that 0 2 . (b) shows the variation of F; and F, with

The maximum component of the force experienced by the central particle in
such a con guration, according to gure 2.8b, does not occur at one of the
limiting geometries previously discussed. Due to the maximum polarisation of
the system occurring upon alignment of the central point charge with the axis
of particle alignment, the maximum force experienced by the particle in either
of the directions de ned by F; and F, occursas ! Oand ! =2. This

is due to the restoring force of the system attempting to restore the system to

its most stable state (! O and ! (maximum attraction), as investigated



Chapter 2. Physical Applicability of the Framework 59

in the two-body case by Filippovet al[50].

2.3.4 Melting ionic colloidal crystals in external electric

elds

A better understanding of opposite-charge colloidal interactions could facil-
itate the controlled production of binary crystals with nanometre sized con-
stituent particles, which will ultimately nd applications in advanced photonic
materials[59]. Leunisseret al. [47] investigated the formation of apolar col-
loidal crystals consisting of polymethyl methacrylate (PMMA) particles with
opposite, dissimilar charges and di erent sizes suspended in a density match-
ing mixture of cyclohexyl bromide (CHB) and cis-decalin. The particle charge
was regulated by the addition of tetrabutyl- ammonium bromide (TBAB) salt,
which also controlled the Debye screening length. This electrolyte could act
as a screening agent, stabilising the crystal given its large excess-charge. The
authors [47] reported that for a broad range of particle sizes and charges, the
PMMA particles formed body centred cubic type (Caesium Chloride) crystals,
which could be reversibly destabilised by the application of an electric eld.
The latter behaviour can be explained by calculating the electrostatic force
that charged particles experience in an external electric eld. A force acting
in the direction of the applied eld can be understood as a consequence of a
surface charge distribution di erent from that in the absence of the eld (see
Figure 2.1). When exposed to a su ciently high electrical eld, the dipolar
nature of the surface charge distribution leads to repulsion between particles
in the plane perpendicular to the direction of the eld,[52] behaviour similar
to that shown in Figure 2.3.

If the movement of surface charge causes a colloidal crystal to destabilise then
the energy required could be of signi cant practical interest, which would re-
quire the evaluation of Equation (2.27), however here we evaluate Equation

(2.31). In the subsequent numerical results, the interaction energy between
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Figure 2.9: The interaction energy of PMMA colloidal crystal ( pyma =3, 1 =
1:08 m, rp, =0:99 m, lattice parameter a =2:4 m) as a function of the applied
electric eld. The PMMA crystal is suspended in vacuum ( ¢ = 1) and in solvent
( 0=5). The charge on PMMA particles is 100 (a), 10e (b), 1e (c). In the
absence of the external electric eld, the interaction energy of the PMMA crystal is
small but negative in all three cases.

particles in the crystal only has the electrostatic component as described in
Section 2.2.3. A vanishingly small osmotic pressure, such that the crystals
are self-supported by the cohesive energy is also assumed; indeed, these were
experimental conditions adopted by Leunisseat al.[47]

Figure 2.9 presents the electrostatic energy of a PMMA crystal both in vacuum
and in the presence of a solvent. The dielectric constant of the latter { = 5)
matches that reported in experiments by Leunisseet al. [47] The model
crystal used in simulations contains 1024 particles making it smaller than single
crystals formed in experiments. Due to the negative value of the electrostatic
interaction energy, the PMMA crystals in vacuum are predicted to be stable
over a wide range of charge on the constituent particles. An interesting result
from the calculations presented is that in vacuum the crystal can be stabilised
even further with an increase of the strength of the applied eld. This model
also predicts that the PMMA crystal is stable in solvents in the absence of the
applied electric eld, but its structure can be destabilised by application of
the eld. Therefore, this model implies that if the solvent is more polarisable
than the colloidal particles, then the crystal becomes unstable with increasing
strength of the external eld, as also seen in the experiments reported in

Leunissenet al, [47] where o =5 was greater than pywa = 3.



Chapter 2. Physical Applicability of the Framework 61

If the external eld is switched on, the average electrostatic forces on oppositely
charged particles act in opposite directions along the applied eld, eventually
causing the crystal structure to break apart and melt (see Figure 2.10). A more
subtle change in the electrostatic force due to polarisation occurs in directions
perpendicular to the applied eld. Figure 2.10a exhibits several interesting
features, including the value of the eld strength at which the average force on
a particle in the direction of the applied eld is zero and the point at which

it crosses forces acting in the two directions perpendicular to the eld. As
Figure 2.10 shows, in the absence of an external eld all three components of
the net force on each particle have the same magnitude. At low eld strength,
the three components of the force are comparable in magnitude, and when
the net force in the direction of the eld is zero, the crystal particles still
experience opposing and equal forces acting in the perpendicular directions
(Figures 2.10b,c). Eventually, the direction of the force components parallel to
the eld change sign and become dominant with a further increase in the eld
strength, causing displacement of the oppositely charged particles in opposite
directions along the eld.

Experimental studies [47] have reported observations of PMMA crystal melt-
ing through the application of an electrical eld. At low values of the eld
strength, approximately 7 kV/m, a large CsCl-type crystal was found to be
generally disordered. However, with the increase of the eld strength to about
20 kV/m, lane formation was observed. These ndings can be explained using
the calculations presented here using spherical harmonics of the 13th degree
with 266 Lebedev integration points in a compromise of accuracy for compu-
tational cost. Disorder and melting of crystals occurs in the range of electric
eld values which are greater than the eld strength corresponding to zero in-
teraction energy in Figure 2.9 (positive interaction energies indicate unstable
structures) but less than the value of the eld at which the force components
in Figure 2.10a are all equal in magnitude. Lane formation, in which channels

of like-charged particles segregate into groups perpendicular to the eld, is
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Figure 2.10: The average force acting on PMMA particles in the crystal ¢1.2 =
10e,r1; =1:08 m; rp =0:99 m) suspended in solvent (o = 5): a) in the direction
of the applied eld (solid lines) and in the directions perpendicular to the eld (dashed
lines), b) and c) scale up of the forces acting in the directions perpendicular to the
eld. The force on negative particles is depicted in blue and on positive particles in

red.

observed at much higher elds, exceeding the value at which the force compo-
nents in Figure 2.10a are equal. In this case, strong average forces acting on
each patrticle, either in the direction of the eld (positively charged patrticles)
or anti-parallel to the eld (negatively charged particles), cause their spatial

separation and lane formation.

2.3.5 Conclusion

Initially, an extension to the framework developed by Lindgreet al[49] was de-
rived and implemented in MATLAB. The physical applicability of this frame-
work was then tested against the arguments posed by Lindgren al, general
physical justi cations, and classical formalisms from throughout the literature.[50,
] Excellent agreement was found in all comparative test cases, with any devi-
ation found to be physically well justi ed. The formalism was then applied to

qualitatively describe the destabilisation of colloidal crystals within a relatively
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highly polarisable medium. Such simulations found good agreement with the
experiments of Leunniseret al., and hence con rmed their ndings. Given the
novelty of such systems, the presented formalism was used to determine the
nature in which such crystals destabilise due to the presence of an electric eld

for the rst time.



Chapter 3

Coalescence of Ice and Dust In

the Atmosphere

3.1 Introduction

A signi cant fraction of the cosmic dust and meteoroid material that hits the

Earth remains in the atmosphere for extended periods of time and is a source
of solid dust particles, referred to as meteoric smoke particles (MSP) [60, 61].
MSP are formed by an ablation process, whereby meteoroids colliding with

atmospheric particles experience strong deceleration and are heated to evap

oration temperatures. Meteoric and atmospheric species form an expanding
column of partially ionised gas behind the meteoroid, which is observed as
a meteor, see e.g. [62]. Part of the meteoroid material vaporises, and the
released small solid particles and gaseous species are incorporated into the
atmosphere where they grow further to form MSP, see e.g. [60, 63]. The
coalescence or condensation mechanisms leading to dust agglomerates is con-
sidered to be an important aspect of atmospheric physics and chemistry. A
better understanding of these mechanisms could help to establish the signi -
cance of particles containing refractory materials that are present in the upper
mesosphere and lower thermosphere (MLT), which in short, is the region of

60 to 130 km. These small solid particles could also play a role in the for-

64
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mation of ice clouds by providing a core for heterogeneous condensation that
is more e ective than homogeneous nucleation. During summer, at high and
mid latitudes the temperature near the mesopause reaches a minimum and can
fall below the freezing point of water [64], and clouds of ice particles, polar
mesospheric clouds (PMC), can form at heights of 80 to 85 km [65]. These
are also observed from Earth after sunset and are known as noctilucent clouds
(NLC). Because NLC may be an indicator of climate change [66], it is impor-
tant to understand the possible role of meteoric smoke in the coalescence of
ice particles, although the growth of the meteoric smoke is an interesting topic
of research in itself.

Models of coagulation [60, 63, 67] take into consideration the convection of dust
particles in global atmospheric circulation, the in uence of gravitational force,
and Brownian motion. The models also assume that particles stick together
after a collision, which is not always the case. The outcome can depend on
the relative velocity of the colliding particles and the elasticity of a collision
as de ned by the ratio of the particle speeds after and before the collision
(coe cient of restitution), which can vary according to the composition of a
particle. Dust charging, which can cause patrticles to experience either strong
attractive or repulsive forces, could also play a role in the growth process. This
consideration has not previously been included in modelling the collisional dust
growth in the MLT, but has been studied for droplets in tropospheric clouds
[68].

In this work, the in uence of surface charge on particle agglomeration processes
is investigated utilising the formalism developed in chapter 2, alongside sta-
tistical mechanics protocols presented by [69] and [50]. These theories predict
collision outcomes according to the variables of particle size, charge, dielectric
constant, relative kinetic energy, collision geometry and the coe cient of resti-
tution. The presence of negative, positive and neutral particles in the MLT
region implies that Coulomb forces between oppositely charged objects are the

main attractive component of any electrostatically-driven dust agglomeration
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process. However, in addition to the strong attractive interaction between
oppositely charged particles, attractive interactions between particles of the
same sign of charge can also take place at small separation distances, leading
to the formation of stable aggregates. This attractive force is governed by
the polarisation of surface charge, leading to regions of negative and positive
surface charge density close to the point of contact between colliding parti-
cles [21]. The strength of the resulting attractive electrostatic force depends
on particle composition as the value of the dielectric constant determines the
extent of polarisation of bound surface charge. Previously, the model has suc-
cessfully explained the e ects of like-charge attraction in a range of coalescence
processes such as agglomeration of single particles and small clusters derived
from a metal oxide composite [70], aerosol growth in the atmosphere of Titan
[71] and self-assembly behaviour of charged micro-colloids [72]. Interactions
between pairs of neutral and charged particles also depend on the polarisation
of surface charge, but these take place in the absence of a Coulomb barrier (see
below). In atmospheric science, the method of image charges is routinely used
to study collision outcomes if particles can be approximated by conducting
spheres (or having the dielectric constant greater than 80). The image charge
model can also be applied to study qualitatively the interaction between di-

electric particles if the value of the image charge is corrected g8= L-2q,

1t 2

where 1 and , are the dielectric constants® is image charge, andy is real
charge. [73] In contrast, quantitatively accurate theoretical studies of inter-
acting dielectric spheres began only quite recently.

The focus of this work is on aggregation processes relevant to mesospheric
conditions and in particular at high latitudes. The MLT region o ers unique
conditions in terms of the electrostatic environment, composition and physical
parameters such as temperature and pressure. The pressure at 60 km is less
than 100 Pa and decreases further with increasing altitude; therefore, particles
interact essentially in vacuum, and, consequently in these simulations, the di-

electric constant of the surrounding medium is taken to be one. To investigate
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the growth of meteoric smoke particles, both charged and neutral metal oxide
particles are considered, with radii ranging from 0.2 nm to 5 nm as shown in
Table 3.1. To simulate the growth of ice onto the meteoric smoke, interactions
between metal oxide particulates and large ice particles ranging in size from 10
nm to 100 nm and with charges 0 to -® are examined. As these particles typ-
ically possess a low charge (or a single charge arising, for example, from either
a photoionisation event that removes a single electron from a molecule on the
particle or the attachment of an ambient ion) the charge distribution is best
represented by a point free charge residing on the surface. For this case, the
numerical method developed in chapter 2 is utilised to allow for a description
of particle charge in the form of point charge(s) residing on its surface, similar
to a solution proposed in [50]. Comparisons with a uniform distribution of free
surface charge, as described in [69], shows that for particles with radii greater
than 10 nm, the choice of a speci c form of surface charge distribution does
not a ect the calculated electrostatic energy between particles; however, the

di erence does become important for sub-nanometer particles.

Table 3.1: Common particulates found in the MLT region which are considered in
this study.

Particle Dielectric Density / Size range/ Charge/
Constant  g/cm?® nm e
Ice, H,O 100 0.92 3-100 0,-1to-5
Silicon Dioxide, SiIGQ 3.9 2.65 0.2-5 o, -1, -2
Magnesium Oxide, MgO 9.6 3.58 0.2-5 0,-1,-2
Iron Oxide, FeO 14.2 5.74 0.2-5 o, -1, -2

The remaining parts of this chapter are organised as follows. In section 3.2,
we describe the ionospheric dusty plasma in the region where we study dust
growth. In section 3.3, the range of relative velocities for collisions leading to
aggregation is calculated for all collision scenarios that are considered suitable
to describe the interactions between ice and dust particles in the mesosphere.
These velocity ranges are subsequently used to calculate the percentage ag-

gregation outcome. The orientational geometry of the collisions is discussed,
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and a quantitative estimation of the electrostatic interaction energy pro le is
presented for collisions between like-charged particles. Section 4 focuses on
speci c cases of aggregation between like-charged dust and ice particles, and
section 5 deals with aggregation between small charged dust particulates. A

brief discussion of the results is provided separately in section 6.

3.1.1 Aims and Objectives

The aim of this study is to accurately describe the collision mechanics and
charge induced polarization between ice and meteoric dust particles in the
mesosphere and lower thermosphere. This data will be utilised alongside ex-
perimental ndings to evaluate the probability of particulate growth in these

environments. Factors including particulate size, composition and charge are

to be considered.

3.2 Collision Mechanics

Temperatures close to the mesopause at high latitudes fall during summer to
the range of 130 K to 150 K, but observational studies have shown this to be
variable [64]. Such low temperatures have a signi cant e ect on the nature
of water droplets, as according to the appropriate phase diagram [74, 75], ice
particles are in a "soft ice' state and may absorb some of the kinetic energy
present during a collision. This possibility has implications for the outcome of
all collisions between small metal oxide particulates and ice particles, which
at short separation distances can exhibit a strong attraction, even when both
particles have a charge of the same sign [69]. However, for like-charged particles
with low velocities, this attractive region is largely inaccessible due to the
presence of a large repulsive Coulomb energy barridfd,,) which prevents
their aggregation. In addition to the Coulomb barrier, other factors a ect
aggregation during a collision; these include the binding energy as de ned by

the interaction energy at the point of contact €,), the coe cient of restitution
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(k;), the Maxwell-Boltzmann distribution of particle velocities at a de ned
temperature, and the composition of colliding particles (as de ned by the
dielectric constant and particle density).

The total kinetic energy of a system containing two colliding particles is the
sum of the relative kinetic energy with respect to the centre of masK () and

the kinetic energy of the centre of massK(.,)

1 1
Kot = é v rzel + éMng (31)
where = % is the reduced mass of the colliding particled! = m;+ m,,
Viel = V1 Vp, and ven = —3-0 (j = 1;2). The kinetic energy of the centre of

mass is una ected by changes in the inter-particle interaction energy, but due
to the law of conservation of energy, the loss or gain of electrostatic interaction
energy between the colliding particles leads to corresponding changes in the
relative kinetic energy. At the point where the electrostatic interaction energy
is at the maximum (Ecou ), the relative kinetic energy of the colliding pair is at
the minimum. Once over the barrier and immediately before the collision the
kinetic energy is at its highest, i.e.K kefore = Knial £, and in an inelastic
collision, it is reduced toK after = k2 K before|f k. =1, the collision is elastic
and the kinetic energy does not change during the collision. The minimum

relative initial velocity colliding particles require to overcome the Coulomb

barrier is therefore S

2E Coul

min —
rel

V, : (3.2)

If the loss of kinetic energy during a collisionK 2¢fr¢ K afer) js greater than

the excess kinetic energy as compared to the Coulomb barrié¢ '@ Ecoy),
then the particles are trapped behind the barrier. The maximum relative
initial velocity ( via?™), above which coalescence is not possible, is derived from

the situation where, during a collision, insu cient kinetic energy is removed

through the action of the coe cient of restitution and the particles y apart.
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Figure 3.1: Possible outcomes for a collision between like charged particles. The
total energy is schematically split into two components: the electrostatic interaction
energy (solid) and the relative kinetic energy (dashed). The electrostatic interaction
energy pro le is calculated for a collision between ice particle (1 = 3 nm) and SiO»
particle (ro = 0.5 nm) both carrying the charge ofqy = g = -1e.

This maximum initial velocity is given by:

S
ymax — 2[(Ecou E0):|<r2 + Eq].

rel

(3.3)

Such collision scenarios are illustrated in Figure 3.1 based on an example case
of a small SiQ particle colliding with a larger ice particle both carrying a
negative charge ofy, = ¢ = 1e. Three possible outcomes are described. If
the relative kinetic energy of the colliding particles is smaller than the height

of the Coulomb barrier Krel < E cou) then the particles always repel one
another without energy loss. If the particles collide inelastically with a relative
kinetic energy su cient to overcome the Coulomb barrier, the loss of kinetic
energy during a collision may prevent their subsequent separation and lead to
the formation of a stable, or metastable, aggregateKkel > E coul, K*K el <

Ecou Eo). Ifthe energy loss during such a collision is not su cient to stabilise
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Figure 3.2: Aggregation probability, indicated by the shaded area, for a collision
between SiQ particle (r, = 0.2 nm, ¢ = -1e) and ice particle (r1 = 30 nm) as
de ned by the Maxwell-Boltzmann distribution of the relative velocity atT = 150 K:
(a) the case of neutral ice particle @ = 0), the probability of aggregation is one
as P(vye) is integrated in the velocity range of [0,1192] ms!; (b) g = -1e, the
probability of aggregation is 0.293 asP (ve) is integrated in the velocity range of
[295,1219] ms !; (c) g1 = -2 €, the probability of aggregation is 0.034 a (Vie) is
integrated in the velocity range of [450,1260] mst. The values ofvMi" and vi& are
taken from Table 2.

the pair, the particles rebound and separatekPK rel > E cou  Eo). The latter
case may be applicable in warmer regions of the atmosphere where patrticles
move with higher velocities. In this work, we consider a wide range of particle
velocities in order to identify a wide range of possible collision outcomes. The
probability distribution for the relative velocity of two colliding particles in the
form of a Maxwell-Boltzmann distribution at temperature T is given by [76]

ro_
2
PVie) = = — Ve = ; (3.4)

assuming the direction of the velocity of the three-dimensional particles' is
along the axis of particle alignment.

In Figure 3.2, representative examples for the Maxwell-Boltzmann distribu-
tion of the relative velocities are shown for collisions between Si(articles
carrying a charge ofg, = -1e and ice particles withg, = 0, -1e, and -2 at
T= 150 K. If the surface charge is represented by a point charge residing on
the particle's surface then the orientational geometry of a collision becomes

important. Figure 3.3 shows the geometries considered in this study, both for
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Figure 3.3: Position of the point charge on the surface of colliding particles depicted
by a small open circle: (a) ice particle (1) and small oxide particulate (2); (b) and
(c): both particles (1 and 2) are oxides.

collisions between ice particles and small metal oxide particulates (Figure 3a)
and for collisions between metal oxide particles (Figures 3b and 3c).
Bichoutskaia et al.[69] have shown conclusively that, between like-charged at-
traction between particles is strongly size-dependent, such that particles car-
rying the same amount of charge should have dissimilar sizes. This e ect
becomes more noticeable with the increase of the ratio of particle radii,=r;;

as the ratio increases, surface charge polarisation becomes more pronounced,
leading to strong attraction at short separation distances and a reduction of
the Coulomb barrier. This e ect is illustrated in Figure 3.4a, which shows
electrostatic interaction energy pro les as a function of separation distance for
collisions between like charged ice and Si(particles (@ = & = -1€) as the
size of the ice particle varies between = 10 nm, 20 nm and 30 nm. As the ice
particle becomes larger, the height of the Coulomb barrier decreases, which in
turn can a ect the outcome of a collision. Note that Figure 3.4 refers to a col-
lision geometry shown in Figure 3.3a which favours the attractive interaction
between two particles, each with a point charge located on their surface.

In this example, SiQ patrticle approaches the ice particle from the direction

opposite the location of the point charge on the latter, and this collision cor-
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Figure 3.4: Electrostatic interaction energy as a function of the separation distance
between an ice particle and a Si@ particle (r, =0:2 nm, ¢ = -1¢€) in the geometry
shown in Figure 3.3a. Horizontal lines indicate the value of the Coulomb energy
barrier obtained using the uniform surface charge model: (a) the charge of the ice
particle is oqp = -1e, and the radius varies asr; = 10 nm (line 1), 20 nm (line 2)
and 30 nm (line 3); (b) the radius of the ice particle isr; = 30 nm, and the charge
varies asq = -1e (line 3), -2e (line 4) and -5e (line 5). Note the change of scale
on the y-axis.

responds to the least repulsive interaction. An equivalent scenario has been
considered assuming a uniform distribution of surface charge on both particles,
following the approach described in [69]. The height of the Coulomb barrier
obtained using a uniform distribution of surface charge is depicted in Figure 3.4
by horizontal lines. For the size of particles considered in this work, these two
approximations give very similar results. Although the height of the Coulomb
barrier is strongly in uenced by the size of the large ice particle (Figure 3.3a),
it shows no change with variation in sizes of SiOparticles considered here.
The height of the Coulomb barrier is a ected even more greatly when the
charge of colliding particles is changed. In the case considered in Figure 3.4Db,
the charge on ice particle was increased frotp = leto 5eto show almost
linear dependence of the barrier on charge variation, in accordance with the

leading Coulomb energy termg / %. The variation of the electrostatic
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energy with particle size shown in Figure 3.4a is a more subtle e ect related
to surface charge polarisation (note in Figure 3.4b the change of scale along

y-axis).

3.3 Modelling Ice and Mesospheric Dust

Table 3.2 shows values of " and v1® calculated using equations 3.1 and 3.3
with k, = 0.9 upon the collision between an SIiQMSP and and ice particle.
Integrating the probability distribution shown in Figure 3.2 between these
limits gives the probability that the particles in questions will possess the
required velocity for aggregation. The results are presented in Table 3.2, where
aggregation is expressed as a percentage of all collisions. Table 3.2 summarises
results for the aggregation of a metal oxide particle, with a xed size and
charge, with ice particles of varying size and charge. These data show that
large ice particles with low charge have the highest probability of coalescence
with like-charged metal oxide particles. However, in many cases the Coulomb
barrier prevents aggregation of particles with the kinetic energies typically
found in the MLT region (KT = 12.9 meV at T = 150 K), assuming that
thermal motion is the predominant contribution to velocity. The barrier can
be overcome by a small number of high kinetic energy particles found in the
tail of the Maxwell-Boltzmann distribution of molecular speeds at 150K. For
these particular interactions, the free charge on the surface of both colliding
particles is described by a point charge with the geometry shown in Figure 3.3a,
and the change in electrostatic interaction energy is due to a redistribution of
bound charge (polarisation e ects). Note that for ice particles with higher
charges, a uniform distribution of free charge might be more appropriate. As
mentioned previously, if the initial relative velocity of the incoming particles is
smaller thanv™" the two like charged particles repel (case 1 shown in Figure

rel

3.1), however if it is greater thanvi®™ the particles do not coalesce but instead

y apart due to the residual excess kinetic energy (case 3). Therefore, only
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collisions with a relative initial velocity greater thanvli" and smaller thanv/®

lead to coalescence. In these examples, a change of the coe cient of restitution,

k, would not a ect the probability of aggregation ask; only reducesvi*, and

rel

values of the latter that fall within the temperature range appropriate for these
calculations have extremely low probabilities.

Table 3.2: Energetic considerations and the percentage of aggregation for SO
ice collisions at T = 150K and k; = 0:9 (the surface point charge model). SiQ
particle has the xed radius and charge (2 = 0.2 nm, ¢ = -1€), and the size and
charge of ice particle is varied. The collision geometry is shown in Figure 3.3a. The
interactions of MgO and FeO patrticles with ice show the same trend (see Tables in
appendix B).

Ice Ecou, V", V', Aggregation
Particle meV ms! ms!? %
ry =30nm; ¢ =0 0 0 1192 100
ry =30nm; ¢ =-le 23.8 293 1219 29.9
rs =30 nm; g =-2e 55.3 447 1260 3.57
r=20nm; g =0 0 0 1235 100
rp=20nm; ¢ =-1le 357 361 1275 13.7
ri=20nm; g =-2e 829 547 1333 0.50
r=10nm; ¢p =0 0 0 1251 100
r =10nm; qp =-1le 71.3 511 1330 1.15
rs =10 nm; g = -2e 165.8 780 1441 0

Figure 3.5 shows coalescence results where the size of the ice particle has been
increased to 100 nm. These data reinforce the fact that, for like-charge colli-
sions, an increase in the size of the ice particle from 10 nm to 100 nm can lead to
an order of magnitude increase in the probability of aggregation. Also given in
Figure 5 are data calculated for a charge of €dbn the ice particle. In this case,

the probability of aggregation is increased from zero (far, < 20 nm) to more
than 40% (forr; 100 nm), thus providing a mechanism whereby ice particles
can increase their charge, but still participate in aggregation processes.

The results in Table 3.2 and Figure 3.5 demonstrate that there are several
routes whereby ice particles can become contaminated by both neutral and
like-charged MSPs. These calculations on the coalescence of ice particles and
dust are supported by the experimental observations of [77], who have identi-

ed the presence of meteoric smoke in ice particles. Our results also point to
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Figure 3.5: Aggregation probability, presented as percentage, for a collision between
SiO, particle (r, = 0.2 nm, ¢ = -1¢€) and ice particle (@ =-1eand g = -2€) whose
size varies fromr; = 1 nm to 100 nm.

coagulation rather than condensation as a possible growth mechanism. Further
studies are however required to help understanding how the collision probabil-

ities in uence the magnitudes of rate coe cients for coagulation.

3.4 Aggregation of metal oxide and silica par-

ticles

The abundant presence of metal oxide and silica particles in meteoric smoke
in the MLT region [78] leads to a possibility that these may also aggregate,
and with radii ranging from 0.2 nm to 5 nm, these are amongst the smallest
particles found in this region of atmosphere. Their size means that if the point
charge approximation is used to describe the surface charge, then the exact
location of the point charge on the surface of each colliding particle becomes
very important because, as shown previously by [50], collision geometry can

alter the strength of the electrostatic interaction. This statement does not
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apply to most like-charged interactions because, as shown in Table 3.3, the
height of the Coulomb barrier prevents very small like-charged particles (less
than 5 nm radius) from aggregating. Note that collisions between like-charged
silica particles have lower energy barriers than those calculated for collisions
between iron oxide particles. For collisions involving larger particles{ =

5 nm), despite the lower energy barriers the minimum initial velocity ({in
required to overcome the barriers for SiQare still higher for than those for

FeO particles. These e ects arise from di erences in density and mass.

Table 3.3: Energetic considerations and the percentage of aggregation for SiG
SiO, and FeO - FeO collisions at T = 150K and k; = 0:9 (the surface point charge
model). Particle 2 has the xed radius and charge (2 = 0.2 nm, ¢ = -1¢€), and the
size and charge of particle 1 is varied. The collision geometry is shown in Figure 3b.

SiO, - SIO, Ecou, V", Ve, Aggregation,
meV ms?! ms!? %

ri=02nm;q =0 0 0 8112 100
rr=10nm; ¢ =0 0 0 3914 100
rr=50nm; ¢ =0 0 0 2187 100
r{=02nm; ¢ =-1e 2889 4566 9168 0
r=10nm; g =-1le 622 1504 4156 0
r =50nm; g =-1e 125 671 2273 0.02

FeO - FeO
r=02nm;q =0 0 0 2876 100
r{=10nm;q =0 0 0 1811 100
r{=50nm;q =0 0 0 1307 100
r =02nm; q =-1e 3056 3175 4150 0
r{=1.0nm; ¢ =-1e 679 1068 2055 0
r =50nm; g =-1e 136 476 1376 0.03

For collisions between charged and neutral particles the Coulomb barrier is
always zero, and their aggregation is driven by polarisation e ects. Again,
orientation of the particles becomes important and here two limiting cases are
considered. Table 3.3 corresponds to the case where the point charge on the
surface of particle 2 faces the neutral particle 1 (geometry shown in Figure
3.3b, but we now assume that particle 1 is neutral). In this con guration,
there is strong attraction as the point charge approaches the neutral particle

leading to a re-distribution (polarisation) of surface charge on the latter. This
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leads to a signi cant increase in the binding energy between the particleB )
and results in coalescence through the subsequent action of the coe cient of
restitution. Irrespective of particle composition, the absence of a Coulomb
barrier results in aggregation for all of the examples examined in Table 3.3.
The data displayed in Table 3.4 correspond to the case least favourable to
aggregation between neutral and charged particles. Here, the point charge on
the surface of particle 2 faces away from the neutral particle 1 (geometry shown
in Figure 3.3c but particle 1 is neutral). In this orientation, collisions with the
smallest charged particlesr, = 0:2 nm) strongly favour aggregation often
resulting in a 100% coalescence outcome, even though the maximum relative
initial velocity of colliding particles required for coalescence is signi cantly
lower. When the charged particle is very small, the interaction resembles a
point charge - neutral particle case which is always attractive. Note that
the aggregation remains almost complete (100%) even when both charged and
neutral particles are extremely smalli(; = r, = 0:2 nm) and highly polarisable
(FeO, MgO). In general, there are distinct di erences between the aggregation
outcomes for SiQ particles and the more polarisable FeO particles, with the
FeO collisions consistently having higher percentage aggregation and MgO
particles lie somewhere between the two. For the geometry shown in Figure
3.3c, the aggregation percentage drops very signi cantly as the size of the
charged particle 2 grows. This is because any surface polarisation response on
the neutral particle due to the presence of a point charge on the surface of
particle 2 is now hindered by the volume of the charged particle itself. Finally,
when the charged particle is large and the neutral one is very small, surface
polarisation e ects on the neutral particle are negligible and aggregation does
not occur. This can be illustrated by comparing two examples: if,=r; = 10
(radius of charged particle is ten time bigger than that of neutral particle) the
aggregation is 0%, and ifr;=r, = 10 (radius of neutral particle is ten time

bigger than that of charged particle) the aggregation is 100% (Table 3.4).
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Finally, if the results given in Table 3.3 and 3.4 for percentage aggregation are
compared, it can be seen that there are di erences that depend on how the
point charges are orientated on these particles, all of which have comparatively
low dielectric constants. In all instances where a charge is pointing towards a
large polarisable particle (Table 3, whery = 0 and @, = 1e), aggregation

is 100%. However, when in Table 4 the charge is located at $8@om the
adjacent particle (case 3c in Figure 3), aggregation drops to 58% when in the
least polarisable particle pair, Si@, the neutral particle has a radius of 0.2 nm.
As the dielectric constant increases on moving to MgO and FeO the patrticles

become more polarisable and the percentage aggregation increases.

3.5 Conclusion

This work is focused on the description of basic principles underpinning the
coalescence of ice and dust particles in thermal motion. Specic examples
considered in this study examine coalescence between particles, commonly
found in the mesosphere, at the temperature T = 150 K which is typical to
this region of atmosphere. Pair interactions of charged particulates follow
the Coulomb law with an additional contribution from the attraction between
like-charged and neutral-charged pairs driven by induced polarisation of the
particle surface charge. The latter interactions can be signi cant at short
separation distances between interacting particles. Low temperatures in the
MLT region imply that the colliding particles are not very energetic, and for

a like-charged pair, the relative kinetic energy is often insu cient to overcome
the Coulomb barrier. However, the high energy tail of the Maxwell-Boltzmann
distribution of the relative velocity at T = 150 K provides an adequate amount

of collisions leading to aggregation both between like-charged particles of ice
and dust, and between dust particulates themselves.

Like-charged attraction is more common (and stronger) between particles with

low charge. This collision scenario can be described by a localised, point
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surface charge model and one where the charge is assumed to be uniformly
distributed over the entire surface of a particle. An earlier study by Filippov

et al. [50] of the interaction between positively charged particles showed that
for particles with low dielectric constants, there is a di erence in predicted
behaviour between these two models. As the dielectric constant increases in
value, results from the two models became equivalent. Similarly, di erences in
orientational geometry of a collision (extreme scenarios are shown in Figures
3.3b and 3.4c) were also found to be evident at low dielectric constants; but
again these disappeared as the value of the dielectric constant increased. The
presented results provide a basis for future work to estimate the coagulation
rates between particles of a given size and charge and their variation with

temperature.



Chapter 4

The Importance of Polarisation

In Volcanic Ash Clouds

4.1 Introduction

Volcanic ash clouds are of great interest due to both the destruction they
have caused throughout history, and the disruption they cause in the present
day.[79{84] Due to their high density, and consequential opaqueness, their
sudden appearance can cause major disruptions to international travel, the cli-
mate and even human health.[81, 85, 86] As such, understanding the transport
mechanism of volcanic ash is of crucial importance, and given that these ash
clouds are high-temperature environments dense with charged particulates[37{

], understanding the nature of their growth and nucleation is pertinent.
Volcanic ash clouds are composed primarily of silicate, SIg0, 91] along
with other trace elements such as zinc, vanadium, copper, mercury and even
uranium. The exact composition of trace elements can be unique to a par-
ticular volcano or eruption, as can the characteristics of the silicate particles.
[88, 90, 91] Recent analysis has found that in contrast to this, the particles
have minimum density variation from site to site, and are thought to be of a
similar enough geometry to undergo similar uidization.[90, 92]

During their transport, these silicate particles readily undergo tribocharging

82
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(the charging of materials through contact), aggregation and de-cumulation,[S8,

, 93] causing a large variation of particulate sizes, charges and charge densities.[90]
With such variation in the properties of the ash particles, polarisation could
pose a signi cant contribution to the charge-charge interactions in the system,
which also experiences various temperatures throughout the eruption process.
Given the lack of magnetic material present in the ash and its macroscopic na-
ture, such systems can be investigated via statistical analysis as done for the
aggregation of meteoric dust and ice patrticles in chapter 3.[94] However, given
the various contributions to the particles’ velocity in such an atmosphere, an
understanding of the particles' behaviour independent of temperature is also
required.[93, 95]

Collisional cross-sections are utilised across physics in various capacities to
study the in uence of long range interactions on the trajectories of particles.[96{

] The de nition of the collisional cross section varies from case to case, how-
ever, the scalar de nition as utilised in [98] has been shown to be particularly
versatile with applications in both molecular and particulate systems.[98{100]
This also allows one to directly see the variation in the system in comparison to
that of non-interacting models, as utilised throughout the literature.[101{103]
In this chapter, the aggregation of silicate ash particles is investigated. Firstly,
a detailed breakdown of the composition of an ash cloud is presented from data
sourced in literature, before the introduction of a dynamic method utilising the
framework developed in chapter 2 to determine the collisional cross section of
a particle.[98] Initially, the statistical method utilised in chapter 3 [94] is ap-
plied to investigate the e ect of temperature on the aggregation of the system,
before a dynamic investigation of the collisional cross section of volcanic ash

is presented.
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4.2 Methods

4.2.1 Composition

After volcanic ash clouds have dispersed and fallen to the Earth's surface, the
particulates can be collected and examined.[81, 90, 91] Such studies compare
these particles, showing variation in their size and composition. The trace
elements present in these particulates is also unique to the location and possibly
even the individual eruption.[104, ] However, given the primary component
of their composition is silicate, here we assume pure silicate composition, with a

dielectric constant of 8 given the exact composition of the sample.[20, , ]

Figure 4.1. The relative frequency of occurrence of the detection of surface charge
density (a) and Diameter (b) of volcanic ash samples from the Lawetlat la (blue),
Tonaltepetl (red) and Tungurahua (yellow).

Although the particles from each eruption are observed to be approximately
uniform in composition,[90, 91] they can vary widely in charge, charge distri-
bution and radius.[90] Harper and Dufek [90] observed this by recreating the
ejection of volcanic ash under laboratory conditions with samples collected
from various ash sites; this was done in an e ort to study the lightning often
reported during volcanic eruptions. The recreation was required due to the
charging mechanism of tribocharging in ash clouds. As such, all samples were

analysed after 10 minutes of charging/ejection when a steady state of charge
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can be assumed. A small asymmetry in the sign of charge was also observed
by Harper and Dufek, [90] with them reporting a 1-4% more negative grains
than positive charge.

The probability distributions of surface charge and radius can be seen in gure
4.1. Using these distributions, two particle sizes and surface charge distribu-
tions can be randomly chosen to determine the parameters required to inves-
tigate the particles nucleation both statistically and dynamically. Given the
nearly equal split in the sign of the charged particles, both like charged and

oppositely charged interactions are considered.

4.2.2 Collisional Cross-Section

The collisional cross section (CCS) is de ned throughout this work as

CCS = b?

max

(4.1)

where by IS the maximum distance above the centre of one particle from
which a successful collision will occur at a given velocity (the impact parame-
ter), as illustrated in gure 4.2, in which all the particles have the same initial

velocity.

Figure 4.2: lllustration of like-charge attraction causing a collision with particles as
further than sum of their radii, and their relation to byax using a set of trajectories,
each of dierent o set, evaluated with a dynamics implementation the framework
extended in 2.

In the hard sphere approximation it is assumed that particles only interact via
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collision and undergo no long range interactions - this approximation can be
seen to be accurate at su ciently high velocity/temperature. It is therefore
possible to directly and quantitatively compare the CCS with that of the sum

of the radii (r, andr;) of two non-interacting particles, such that

—_ tfnax
CE= vy “2)

Collisional cross section is largely dependent on the velocity of the incoming
particle, a consequence of the particles environment. As such, it is possible to
investigate the nature of such collisions in a range of environments, and not
just due to thermal motion as in chapter 3.

To conclude, the impact parameter of a system is determined here by the simu-
lation of two particles of varying radius and charge density, as determined from
a population of particles, separated by a distance at which their interaction is
negligible, are propelled towards one another with some o set from the direct
collisions as considered in gure 4.2. These simulations are evaluated via a
dynamics implementation of the many body framework that was extended in
chapter 2. The maximum o set that leads to a collision is determined to be

the impact parameter b,y -

4.3 Results and Discussion

The statistical approach to determine the percentage of velocities able to cause
aggregation requires the parameters of two particles - as a distribution of sizes
and surface charges were measured by Harper and Dufek, [90] the choice of
particle parameters for simulation is a non-trivial. As Harper and Dufek [90]
present the properties of volcanic ash (charge, charge distribution and size)
from three volcanic eruptions, an average was taken of three distributions for
each measured parameter.

Whist the charge density of such particulates belongs to a distribution of var-
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ious densities, each with a corresponding probability of occurring, the mean
free path of a larger particle is much smaller than that of a smaller particle.
As such, tribocharging of the larger particles is often assumed to occur more
readily leading to more larger particles with a higher than average surface
charge density.[108, ]

Given the distribution of parameters as measured by Harper and Dufek, [90]
three particle radii were chosen to investigate the possibility of like charge
attraction in these systems, and the e ect it could have on aggregation. Each
particle was then assigned a randomly chosen surface charge density from
the average distribution reported in [90], where the the smaller particle is
modelled with the smallest surface charge density, the largest particle has the
largest surface charge density and the median sized particle has the median,

randomly chosen, surface charge density.

Particle Radius/ m / CIm? Mass/ng Charge/fC

Smallest 50 0.0200 13 0.006
Median 100 0.1585 104.3 1.99
Largest 150 1 352 282.7

Table 4.1: The parameters of the particles modelled given a randomly chosen particle
size, and an assigned but randomly chosen surface charge density.

The interaction energy as a function of separation was then determined for
each possible set of asymmetric particle pairs; the smaller particle interacting
with the larger, the larger interacting with the median, and the median inter-
acting with the smaller. The free charge of each particle was assumed to be
uniformly spread over the particle's surface; this was chosen as given the mag-
nitude of the charges investigated, it is unlikely that charges of the magnitude
considered here will be concentrated on a single point. However, given the
smaller size discrepancy observed between volcanic ash particles compared to
ice and meteoric dust, less like-charge attraction could be expected to occur.
Figure 4.3a shows that particles of the largest and smallest sizes investigated
can undergo like-charge attraction, hence forming the most stable state of the

system given the global energy minimum as the surface-to-surface separation
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Figure 4.3: The interaction energy of two uniformly charged particles as a function
of surface-to-surface separation. The particles have radii: 50 m and 150 m (a),
50 m and 100 m (b), and 100 and 150 m (c).

tends to zero. In contrast, the combination of the smallest or larger particle
with the median particle ( gures 4.3b and c respectively), can be seen to have
a local energy minimum at the same point as the global minimum in gure
4.3a.

Given the presence of a minimum at close separation, all the systems shown
in gure 4.3 are capable of aggregating due to their charged nature; after a
certain separation all systems studied here will undergo a force pushing the
particles together. However, for the system shown in gure 4.3a the barrier to
cluster destruction is greater than that of particle formation, which is not the
case in gure 4.3. Given that such systems are subject to random uctuations,
such as those due to temperature, these metastable states are expected to have
a shorter lifetime than their stable counter parts.

Volcanic ash clouds are subject to a range of temperature conditions, ranging
from 1000C when inside the volcano and just after ejection, to the temperature
of the ground upon deposition. Unlike most charged particle environments,
several examples of which are given throughout this work, volcanic eruptions
have a time and location dependent background temperature. Given the varia-
tion of the size and charge of the patrticles in this environment, and the presence
of a theoretical maximum charge density as calculated by Harper and Dufek,
[90] it is unknown if the particles, such as those investigated in gure 4.3, can
self-assemble at certain temperatures to form larger particles. By considering

the Boltzmann distribution of each pair of particles, the percentage of particles
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at velocity able to cause aggregation can be considered.

Figure 4.4: The Boltzmann distribution of probability density as a function of veloc-
ity, for the largest -small (r = 50;150m ) (a), smallest-median (r = 50; 100m )(b)
and median-largest ¢ = 100;150m ) (c) particle pairs at: 373.15 K (blue), 673.15
K (red), 973.15 K (yellow) and 1273.15 K (purple). Note the change in scale of the
both axis.

Figure 4.4a and b show that the possible velocities of particles are extremely
similar for the big-small and small-median sized particle pairs but much smaller
for the median-large particle pair ( gure 4.4c). This is due to the Boltzmann
distributions dependence on the reduced mass of the system, which is the only
di erence between variations a-c of gure 4.4. As the reduced mass of the
system tends to the smaller of the values being combined in its evaluation,
this is to be expected for the pairs that contain particles of the smallest size in
gure 4.4. Velocities in the micrometer per second regime are shown to be a
regular occurrence at many temperatures in gure 4.4, and as the patrticles are
of a micrometer size, this implies that at such temperatures the particles are
mobile (in a manner comparable to their size over a second) due to thermal
uctuations. Although the particles appear to be of a comparable size when
considering their radii, due to the cubic scaling of the volume with respect to
the radius, the mass of the largest and median particle is 27x and 8x that of
the smaller particle respectively, hence justifying the change in scale of the
X-axis in gure 4.4.

However, such thermal uctuations should be carefully considered as these par-
ticles are extremely charged and will undergo a repulsive force for the majority

of their approach towards one another given the range of their interaction, not-
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ing the use of the log scale on the axis of gure 4.3, and considering that the
Boltzmann distribution assumes the particles only interact via collisions. How-
ever, upon comparison of gure 4.4 and table 4.2, it can be seen that percentage
of particles with su cient velocity to overcome any of the Coulomb barriers
shown in gure 4.3 is approximately zero. This can be seen upon inspection
of gure 4.4 as every minimum velocity shown in table 4.2 would be to the far
right of its corresponding Boltzmann distribution, with the maximum velocity

able to cause aggregation of an even greater magnitude.

Pair Reduced Ecoy /f] Eg/fJ vrel vrel
Mass / ng [ mm/s [/ mm/s
Smallest-Largest 1.257 2.768 -17.8 2.1 82.7
Median-Largest 8.046 27.28 24.98 2.6 7.40
Median-Smallest  0.4618 1 0.3446 0.8927 7.50

Table 4.2: The parameters of the particles modelled given a randomly chosen particle
size, and an assigned but randomly chosen surface charge density.

This absence of aggregation due to thermal uctuations is not conclusive proof
that the like-charge attraction does not occur in such environments as many
other perturbations that could drive the these particles close enough to attract,
such as turbulent ow, initial ejection, falling under gravity, and weather e ects
such a wind. Such perturbations cannot be modelled as consistently due to the
speci ¢ environmental factors they depend on. Therefore, given the violence
of such eruptions, and the drastic winds and lightning caused as a result of the
eruption, the particles may still possess a great enough velocity to overcome
the Coulomb barrier.

If one assumes that there is some probability a smaller particle can gain a
higher surface charge density, and that the use of surface charge density already
adequately scales the charge each particle with respect to its size, then the more
favourable interaction of a highly charged smaller particle interacting with a
larger particle can be realised. Given the various possible values of both the
radii and surface charge density, two were selected at random from the average

distributions of each and assigned accordingly, as shown in table 4.3.
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