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Abstract

This thesis completes the classification of local stability thresholds (d-invariant)
for smooth del Pezzo surfaces of degree 2 and explores the compactification of
K-moduli for Fano 3-folds. In the first part, we show that this invariant is irra-
tional if and only if there is a unique (-1)-curve passing through the point where
we are computing the local invariant. This work can be useful for future veri-
fication of K-stability in higher dimensions, this is because the computations of
d-invariants of higher dimensional varieties are often reduced to the computa-
tions of d-invariants of del Pezzo surfaces. The irrationality of the local stability
threshold also implies the existence of infinitely many local degenerations of the
variety, which can lead to interesting further studies. In the second part, we work
on the compactification of one-dimensional components of the moduli spaces of
Fano 3-folds by studying degenerate objects. The result on K-moduli gives some
of the few existing examples of compactifications of components of the K-moduli
space for Fano varieties. There are a total of 6 families with one-dimensional
moduli. In this thesis, we focus on 3 of those families, we explain the param-
eterization of each family, the proof of K-polystability of singular elements and
the compactification of the K-moduli component by explicitly describing each

K-polystable member of the family.
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Chapter 1

Introduction

1.1 Overview

K-stability stands at the forefront of current research in algebraic geometry, con-
necting algebraic and differential geometry. A fundamental problem in differential
geometry is to detect extremal canonical metrics. In particular, in complex geom-
etry, the natural objects of study are Kahler manifolds, whose optimal choice of
canonical metrics are the so-called constant scalar curvature Kéhler (cscK) met-
rics, and a very important subcategory of these are the so-called Kahler-Einstein
(KE) metrics. Note that in this thesis we work over C. Algebraic manifolds with
constant curvature can be general type, Calabi-Yau, or Fano manifolds. The
former two are known to admit KE metrics by the celebrated results of Aubin
and Yau [Aub78; Yau78]. However, the existence of such metrics on Fano mani-
folds is obstructed. Examples of Fano manifolds without a KE metric have been
known for a long time, Matsushima gave the first example in [Mat57]. In the
latter half of the 20th century, an algebro-geometric approach was introduced to
determine whether a Fano manifold admit a KE metric. This is known as the
Yau-Tian-Donaldson conjecture, which indicates that the existence of KE metrics

is equivalent to an algebro-geometric condition called K-stability (see character-
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isation in Theorem 2.2.10), and it was recently proven for Fano varieties with at

most klt singularities by [CDS15; Tial5; LXZ22].

Theorem 1.1.1 (Yau-Tian-Donalson Conjecture [Don02; Tia97; Yau82]). Let X
be a Fano variety. Then, X admits a Kdhler-Finstein metric if and only if X is

K-polystable (see characterisation in Theorem 2.2.12).

K-stability specifically refers to the stability of a variety with respect to test
configurations (see Definition 2.2.1) and their associated numerical invariants
(like the Donaldson-Futaki invariant). A test configuration is essentially a one-
parameter family whose fibres are degenerations of a variety, often leading to
simpler or more “degenerate” varieties. The Donaldson-Futaki invariant is a nu-
merical measure that assigns a real number to each test configuration, but it
is generally complicated to compute. Nowadays, an explicit verification of K-
stability has become more tangible thanks to valuative criteria, which have been
achieved via a groundbreaking introduction of birational geometric techniques to
study K-stability, see [FO18; BJ20]. Thus K-stability has been reformulated via
numerical invariants, the so-called f-invariant and stability threshold, §. In this
thesis, these invariants have a substantial impact. In particular the latter will be
the focus of study of Chapter 3. The J-invariant is defined via two numerical in-
variants for divisors, F, over a variety X. These are the log discrepancy, Ax(F),
a numerical invariant arising from the Minimal Model Program that “measures”
singularities on X, and the expected vanishing order, S(—Ky; E), a volume av-
erage, see Definition 2.2.6. This stability threshold can be computed globally by
considering all the divisors over X or locally if we only consider those divisors

containing a specific closed subset of X in their centre.

Our interest in the d-invariant is mainly in the study of its rationality. In their
work, Liu, Xu, and Zhuang demonstrated that for K-polystable Fano varieties,
the global stability threshold §(X) is a rational number, under the condition that

I(X) < % [LXZ22]. However, by choosing a closed point p € X, we can

2
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define the local stability threshold §,(X). This invariant is defined as §(X), but
only considering the prime divisors over X, E, such that p is contained in the
centre of E (see Definition 2.2.8). The irrationality of §,(X) for a point p € X
implies the existence of a log canonical place v of X such that the associated
graded ring gr, R is not finitely generated, even though it was initially conjectured
to be. Moreover, as in [LXZ22, §6] one could prove the existence of infinitely many
local deformations of a del Pezzo surface of degree 2, X, in an open neighbourhood
of the points p € X where §,(X) is irrational, and give the explicit description
of these deformations. Unfortunately, checking this rationality presents a more
complex challenge. Whether 0,(X) is rational remains generally unpredictable.
Before the results in this thesis, the only documented example of an irrational
local delta invariant was associated with cubic surfaces, given in [AZ22, Lemma
A.6]. In this thesis, we prove the irrationality of the local stability threshold in

the following case:

Theorem 1.1.2 (= Theorem 3.0.1). [Etz2]] Let X C P(1,1,1,2) be a smooth
del Pezzo surface of degree 2 and let py € X. Assume a unique (—1)-curve L is

passing through the point py. Then 0,,(X) = %(11 + 8/3).

Notice that in a del Pezzo surface of degree 2, there are 56 (—1)-curves. So there
are infinitely many closed points in X satisfying this condition. Moreover, since
delta invariants of higher dimensional Fano varieties can be reduced to computing
delta invariants of del Pezzo surfaces (see Theorem 2.2.17), we expect this result

will be useful in the future.

One of the other major achievements of K-stability, beyond the Yau-Tian-Donaldson
Conjecture is the construction of moduli spaces for Fano varieties. Moduli spaces
are a central concept in algebraic geometry since they play an important role
in classification problems. They are spaces whose points represent equivalence
classes of algebraic objects. Moduli spaces allow geometers to study families of

objects as continuous entities rather than as isolated examples and it is convenient
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if the moduli space itself is an algebraic variety.

Until the development of the theory of K-stability and the introduction of tech-
niques from birational geometry into it, there was no general theory to construct
moduli of Fano varieties, which has been a major open problem. Perhaps unsur-
prisingly from an analytic perspective, given that KE metrics are canonical, the

notion of K-polystability leads to a good moduli construction.

Recent advances in K-stability have shown that the compactification of the moduli
spaces of KE Fano manifolds obtained by degenerating KE metrics coincides
with a compact moduli space of K-polystable Q-Fano varieties, which is a proper
projective good moduli space [LWX21; XZ20]. However, their construction is
not explicitly defined, and there are only a few examples of detailed descriptions
of these K-moduli spaces. For instance, the compactification of the K-moduli
space of 2-dimensional Fanos called del Pezzo surfaces is already done by Odaka-
Spotti-Sun in [OSS16]. The next natural step is to consider the compactification
of the K-moduli of Fano 3-folds denoted by M§< P this compactification is unique
by the uniqueness of K-polystable degenerations of Fano varieties. This is the
final step of the Calabi problem for Fano 3-folds, which consists of finding all
the K-polystable Fano 3-folds in each of 105 deformation families classified by
Iskovskikh, Mori, and Mukai in [Isk89; MMS82].

Before tackling the compactification, it is necessary to know which deformation
families contain K-polystable members; this is solved in [Ara+23]. Then for
those families with such elements, we need to check the K-(poly)stability of the
smooth members. Although there has been huge progress in this respect, this
classification is still incomplete. Then the next step will be to compactify the
moduli components of each family. Out of the 78 families with K-polystable
members, 24 have 0-dimensional moduli. In this thesis, we focus on the one-

dimensional moduli components (6 families) and we prove the following theorem:

Theorem 1.1.3 (=Main Theorem 4.1.3). All one-dimensional components of

4
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K ) .
M3 are isomorphic to P!,

We recall that there are already other results on the compactification of different
components of M3 [ADL23; CT23; DeV+24; LZ24; Pap22], and most of them
seem to use the geometric invariant theory (GIT) description of the families to
assist the construction of the compact K-moduli space. Moreover, in all known
cases, the K-moduli space either coincides with some GIT moduli space or is
closely related to it by blowing up certain subspaces in the GIT moduli. In our
project with Hamid Abban, Ivan Cheltsov, Elena Denisova, Dongchen Jiao, Anne-
Sophie Kaloghiros, Jesus Martinez-Garcia, and Theodoros Papazachariou, we also
used GIT as a guide but with a new hands-on approach. We first write down a
parametrisation of the objects and then examine their limits for K-polystability.
Hidden in that approach is the hope that the K-polystable limit has the same
description as the smooth objects; in other words, it lives in the same ambient
space with similar defining equations — that is to say it follows some GIT prin-
ciple. This is unfortunately not true in all the cases [Abb+23, §6]. However, in

this thesis, we focus on the families where it is true.

1.2 Organization and results

This thesis consists of two main parts, in addition to a preliminary chapter (§2)
where we review several tools employed throughout the thesis. In the first part
(§3), we complete the computations of local stability thresholds for smooth del
Pezzo surfaces of degree 2 started in [Ara+23, §2|, by proving Theorem 1.1.2. The
second part (§4) focuses on the compactification of the one-dimensional compo-

nents of the K-moduli of Fano 3-folds.

More precisely, in Chapter 3 to prove Theorem 1.1.2, we first take E,; to be

the exceptional divisor of a certain weighted blowup at p, with weights (a,b),
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denoted by 7, : X, — X. Note that £, has two quotient singularities coming
from the weights. We resolve these singularities in full generality and we obtain
an explicit chain of birational morphisms between X,;, and a weak del Pezzo
surface of degree 1. This step is essential to finding an equivalence class for
Ty »(—Kx) as a sum of negative curves (curves with negative self-intersection) and
computing the Zariski Decomposition of the divisor 7 ,(—Kx) — tEqp (§3.2.2).
This decomposition splits the divisor into a negative (V) and a positive (P) part.
Once that is done we compute Ax(E.p)/S(—Kx; Eqap) (see Definition 2.2.6) that
gives us an upper bound for ,,(X) (Theorem 3.3.1). Then, in Theorem 3.3.2 we
employ techniques from [AZ22] to establish lower bounds for d,,(X), requiring a

precise selection of a minimizer sequence of prime divisors FE, over X. The

m,bm

choice of a,, and b,, ensures that this bound aligns exactly with the previously

found upper bound. In essence, we determine d,,(X).

On the other hand, in Chapter 4, we first introduce the 6 deformation families of
Fano 3-folds with 1-dimensional moduli. Two of them were already completely
studied in [Ara+23, Section 4.7] and [Pap22], so we just give a short review. In
the paper [Abb+423], we study the remaining 4 deformation families. However,
this thesis focuses on providing more details, explanations and proofs for 3 of

those 4 families.

Chapter 4 is divided into three sections with a similar structure, each dedicated
to one of the families. Our goal is to compactify the K-moduli, hence we want
to find all the singular K-polystable Fano 3-folds that admit a smoothing to the
family and prove Theorem 1.1.3. First, we write an explicit parametrization of the
(smooth) members of each family by the set of parameters A"\ {py, ..., p, }, then we
find the candidates for the K-polystable limits for each of those points including
the infinity point. We give a detailed geometric description of the singular limits,
X, by describing their automorphism groups, G = Aut(X), and the G-invariant

loci. This will simplify the computations to check the K-polystability of X. In
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this process, we use the Abban-Zhuang method [AZ22], and other technical tools
such as Zariski Decomposition for 3-folds and surfaces. Once we have done this,
we construct a morphism from P! to the one-dimensional component of Mj®®

corresponding to the family. With this we can prove Theorem 1.1.3.



Chapter 2

Preliminaries

2.1 Basic Notions

This section introduces definitions and some results we mention or use throughout
the thesis. We will mainly focus on quotient singularities, valuations, divisors and

Zariski decomposition.

2.1.1 Singularities and their blowups

Quotient singularities will be present in Chapter 3 and their resolution is a key

part of proving its main theorem. Let us start by giving the definitions.

Definition 2.1.1. Let » > 0 and aq, ..., a,, be integers and let z1, ..., z,, be coor-
dinates on A”. Let u, be the set of all r-th roots of the unity and suppose that
it acts on A" via:

x; — e%x; for all 7,

where ¢ is a fixed primitive r-th root of unity. A singurality ¢ € X is a quotient
singularity of type %(al, ..., a,) if a neighbourhood of ¢ is isomorphic to an analytic

neighbourhood of the origin in A" /pu,..
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Quotient singularities are quite common, in particular, we can find them after
weighted blowups. Here follows a local definition of weighted blowups. We refer

the reader to [ATW23, Definition 3.5] for a more general definition.

Definition 2.1.2. Let X be a quasiprojective variety and & € X a nonsingular
point, and suppose that uq, ..., u, are functions that are regular on a neighbour-

hood U of £ on X and

(a) the equations u; = ... = u,, = 0 have the single solution ¢ in X;

(b) uy, ..., u, form a local system of parameters on U.

Consider the product X x P(ay, ..., a,), where a; € Z+ for all 1 <i < n, and the
subvariety Y C X x P(ay, ..., a,) consisting of points (z, [t; : ... : t,]) with z € U

and [ty : ... : t,] € P(ay, ..., a,), such that
(s ()" (1) = (8 (s ()" for ij = 1,...m

The regular map o : Y — U is called the weighted blowup of X with centre in &.
It is obtained as the restriction to Y of the projection onto the first component

X x P(ay,....,an) = X.

Remarks 1. 1. Notice that when a; = ... = a,, = 1 we will recover the

definition of an ordinary blowup of a smooth point.

2. The Y defined above has a quotient singularity lying in the exceptional
divisor of the weighted blowup, i.e. in 0*(§). For each of a; # 1 of type
%(al, ey Gy ...y @), the notation @; means that we are removing this coor-

dinate from the tuple, so it is of length n — 1 now.

Let us see a simple example of what happens with a weighted blowup at a smooth

point in a dimension 2 variety.
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Example 2.1.3. Let S be an algebraic variety of dimension 2, and let p € S
be a smooth point. Let (u,v) be the local coordinates of S in a neighbourhood
of p. Let myp : Y — 5 be a weighted blowup at p with weights wt(u) = a
and wt(v) = b, such that ged(a,b) = 1. Let E be the 7, ;-exceptional divisor,
notice that £ = P(a,b). Let D, and D, be two divisors in S passing through
p, such that their equations in a neighbourhood of p can be written in local
coordinates as D, := {u = 0} and D, := {v = 0}. After the weighted blowup
the intersections will change. Let IN)U and 5@ be the strict transforms of D,, and
D, respectively. Then we have, 7} ,(D,) ~ D, + aE and T (Do) ~ D, + bE.
Taking into account that D, - D, = T y(Du) - ™y (Dy) — 1, it is straight forward
that F? = —% D, E = + and D, -E = L. Moreover, as mentioned before we

have two quotient singularities in £ at the intersection points with D, and D,

denoted by ¢; = %(1, b) and ¢; = %(1, a), respectively.

In Chapter 3 we will see how to do the resolution of singularities of the example

2.1.3. Let me remind you of the definition of resolution of singularities:

Definition 2.1.4. Given an algebraic variety X, a resolution of singularities is a
proper birational morphism 7 : Y — X such that Y is smooth. In addition, if Y

does not have m-exceptional divisors, then 7 : Y — X is a small resolution.

There is also another classification of singularities using the discrepancy. How-

ever, before introducing this concept let us define log pairs.

Definition 2.1.5. A logarithmic pair (also called a log pair for short) is a pair
consisting (X, D) of a normal variety X and a boundary Q-divisor D. A boundary
divisor D = " d; D, is a divisor that has all the coefficients between 0 and 1, i.e.,
0 < di < 1, where the D, are the distinct irreducible components. We call

Kx + D the log canonical divisor of the log pair (X, D).

Definition 2.1.6. Let (X, D) be a log pair consisting of a normal variety X and
a boundary Q-divisor D = Y dpD). Assume that Kx + D is Q-Cartier. Let

10
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f 'V — X be a birational morphism from a nonsingular variety V. Let E be a
prime divisor in V/, i.e. a prime divisor over X, then we define the discrepancy of

the pair (X, D) at E as
a(E; X, D) = ordp(Ky — f*(Kx + D) + f.1(D)),

where ordg gives the the vanishing order along F and f; (D) is the strict trans-

form of D. The log discrepancy of the pair (X, D) at E is defined to be
AX,D(E) = CL(E,X,D) + 1,
so that
Ky + Dy = f*(Kx +D)+)Y Axp(E)E,
E

where Dy = S5 E + f71(D).

There is a more general definition of log discrepancy in [LXZ22, Def. 2.5].

Once we have the definitions above, we can define the most important classes of

singularities.

Definition 2.1.7. Let (X, D) be a log pair where X is a normal variety of
dimension greater or equal to 2 and D =} a;D; is a sum of distinct prime divisors
and a; are rational numbers such that 0 < a; < 1. Assume that m(Kx + D) is

Cartier for some m > 0. We say that (X, D) is

terminal > ( for every exceptional F,
canonical > 0 for every exceptional F,
klt if a(E, X, D) > —1 for every F,
plt > —1 for every exceptional E,
lc > —1 for every E.

Here klt is short for 'Kawamata log terminal’, plt for ’purely log terminal’ and lc

11
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for ‘log canonical’.

A lc centre is an irreducible subvariety V' C X such that V is the image of 7 (FE)
for some E (prime divisor) such that 1 — a(E) < 0, where 7 : Y — X is the

log-resolution of (X, D) (see [Laz04, Theorem 4.1.3]).

A log canonical place is a valuation corresponding to E as above (see Definition
2.1.12). The non-lc centre Nlc(X, D) of a pair (X, D) is the set of closed points

x € X such that (X, D) is not lc at z.

Definition 2.1.8. We say that X is log Fano if there exists a divisor D such that

—(Kx + D) is ample and (X, D) is Kawamata log terminal.

2.1.2 Valuation and Divisors

Valuations are essential in the study of K-stability. Moreover, we will see in §2.2.6
that its characterisations involve valuative criteria. Sometimes these valuations
are also connected to divisors in our variety. In this section, we will introduce

some definitions and properties.

Definition 2.1.9. A discrete valuation on a field K is a group homomorphism

v: K" —=7Z

such that v(zy) = v(x) + v(y) for z,y,xy € K* and which is onto and satisfies
v(x +y) > min(v(x),v(y)) when z,y, 2 +y € K*. The corresponding discrecte
valuation ring is R = {x € K*|v(x) > 0} U {0}.

Definition 2.1.10. The centre of v on X, denoted by cx(v), is a scheme-theoretic
point § € X such that v > 0 on Oxg, and v > 0 on the maximal ideal my.
Denote by Cx(v) := cx(v).

Definition 2.1.11. Let Y and X be two normal varieties. Let ¢ : Y — X be

a proper birational morphism and let p € Y be a point where Y is regular. Let

12
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{v1,...,yr} € Oy, be a local coordinate system at p, and take a = (a1, ...,a,) €
RZ, \ {0}. For f € Oy, we write f = Sezs, ey’ with ¢, € Oy, either zero or

a unit. We define v, as follows,

va(f) := min{{a, b)|c, # 0}.
If a valuation can be written in this form, it is called a quasi-monomial valuation.

As mentioned before, we can use divisors over X to define valuations.

Definition 2.1.12. Let 7 : Y — X be a proper morphism where Y is normal.
A prime divisor £ on Y is called a prime divisor over X. It induces a valuation
ordg : K(X)* — Z by taking the vanishing order along F. A valuation v € Valy
is called divisorial if v = ¢ - ordg for some prime divisor £ over X and some

We also need to introduce some notation for divisors.

Definition 2.1.13. Let L be a big and nef divisor on X. Then, we define the

stable base locus of L as

BS(L) = {x € X|s(x) = 0 for all sections s € H°(X, mL) for all m € Nyg}.

Now, let me introduce you to some special divisors, that will appear later on.

Definition 2.1.14. Let (X, D) be a log pair and let F' be a prime divisor over
X. When F is a divisor on X we write D = Dy + aF where F ¢ Supp(D;);

otherwise let Dy = D.

(i) F is said to be primitive over X if there exists a projective birational mor-
phism 7 : Y — X such that Y is normal and —F' is a m-ample Q-Cartier
divisor (see [Laz04, Definition 1.7.1]). We call 7 : Y — X the associated

prime blowup (it is uniquely determined by F).

13
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(ii) F is said to be of plt type if it is primitive over X and the pair (Y, Dy + F)
is plt in a neighbourhood of F', where 7 : Y — X is the associated prime
blowup and Dy is the strict transform of Dy on Y. When (X, D) is klt and

F' is exceptional over X, 7 is called a plt blowup over X.

Next, we introduce the different for divisors on a surface. This appears, for
instance, in the K-stability computations when we have some singular points.
Let S be a regular surface and C' C S a regular curve. The classical adjunction
formula says that Ko ~ (Kg+C')|c. However, if S is only normal, each singularity
of (S,C) leads to a correction term, called the different. Since the singularities

of C' can be complicated, we compute everything on the normalization C — C.

Definition 2.1.15. Let S be a normal surface and C' C S a reduced curve with

normalization C' — C. Let F be a Q-divisor on S with no components in common

with C.

Let f:Y — S be a log resolution of (S,C) with exceptional curves E; and
C,F C Y the strict tranforms of C, F. Note that C' ~ C. There is a unique

A(S,)Y,C + F) := Y d;E; such that
(A(S,T,C+F)-E;)=—((Ky +C+F)-E;) Vi.
Define the different as
Diff5(F) := (F + A(S,T,C + F))|5
You can see in [Koll3, p. 2.35.1] that this is independent of the choice of f.

Next, we will introduce one of the tools we use the most: the Zariski Decompo-
sition for surfaces and 3-folds. This is key to computing the volume of divisors

and essential in both Chapters 3 and 4.

14
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Zariski decomposition

Before defining the Zariski decomposition, we need to introduce some concepts.
Let X be a projective variety and N'(X) the group of Cartier divisors modulo
numerical equivalence. We denote by Nef(X) the cone generated by nef divisors
in N'(X)g. Likewise, we denote by Eff(X) (resp., Mov(X)) the closure of the
cone of effective divisors (resp., movable divisors). Similarly, Let N;(X) be the
group of 1-cycles modulo numerical equivalence. We define the Mori cone NE(X)

to be the closure of the cone of effective 1-cycles in Ny (X)g.

Definition 2.1.16. A small Q-factorial modification (SQM) of a normal projec-
tive variety X is a small (i.e. isomorphic in codimension one) birational map

X --»Y to another normal Q-factorial projective variety Y.

Definition 2.1.17. A normal projective variety X is called a Mori Dream Space

(MDS) if the following conditions are satisfied:

(1) X is Q-factorial with Pic(X)g = N'(X)g;

(2) Nef(X) is generated by finitely many semiample divisors (see [Laz04, Defi-

nition 2.1.15]);

(3) There are finitely many SQMs f; : X --» X; such that each X; satisfies (1)
and (2), and Mov(X) is the union of f(Nef(Xj;)).

Let f : X --» Y be a birational map between normal projective varieties. If
Ey, ..., B are the prime divisors contracted by f, then Fi,..., E) are linearly
independent in N*(X)gr and each E; spans an extremal ray of Eff(X). The

effective cone of a MDS also has a decomposition into rational polyhedral cones:

Proposition 2.1.18. [HK00, Prop. 1.11 (2)]. Let X be a MDS. There are

finitely many birational contractions g; : X --+Y;, with'Y; a MDS, such that

E(X) = UCZ7 with Cz = g;k Nef(Y;) + RZO{El, ceey Ek},
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where Ey, ..., Ey are the prime divisors contracted by g;.

The cones C; are called Mori chambers of X. This proposition gives us a Zariski
decomposition for X: for each effective Q-Cartier divisor D on X, there exists a
birational contraction g : X --+ Y (factoring through an SQM and a birational
morphism X --+» X’ — Y') and Q-divisors P and N, such that P is nef on X', N
is an effective divisor contracted by ¢g and by clearing up the denominator of N

and taking P = g*¢.(D) and N = D — P, one gets a canonical inclusion

H°(X,0(mP)) — H°(X,0(mD))

which is surjective for every positive integer m and for a sufficiently large and

divisible m is an isomorphism.

Remarks 2. (a) If X is a MDS, all birational contractions X --» Y with Q-
factorial Y, are the ones that appear in Proposition 2.1.18. In particular,

any such Y is a MDS.

(b) The SQMs in Definition 2.1.17 are the only SQMs on X. In particular, any
SQM of a MDS is itself a MDS.

This decomposition of divisors is essential to computing stability thresholds, par-
ticularly to compute the volume of divisors. For surfaces, the Zariski Decompo-

sition always exists and we have an explicit description of it:

Theorem 2.1.19. (Zariski decomposition). [Laz04, Theorem 2.3.19] Let X
be a smooth projective surface and let D be a pseudoeffective (i.e. (D-H) >0 for
every nef divisor H on X ) integral divisor on X. Then D can be written uniquely

as a sum:

D=P+N

of Q-divisors with the following properties:
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(i) P is nef;

(i) N = Y7, a;F; is effective, and if N # 0 then the intersection matriz
determined by the components of N, i.e. the matriz where in the entry

(i,7) we have the intersection E; - E;, denoted by

(Ei - Ej)ije(i,.r}

is negative definite;

(iii) P is orthogonal to each of the components of N, i.e. (P - E;) =0 for every

1< <r.

P and N are respectively called the positive and the negative parts of D. This
definition could be also extended to dimension 3 in some cases where the Zariski
decomposition exists (recall that this is not always the case). But as we mentioned
before, it exists for MDSs which are the objects we work with in this thesis. We
give examples of how to apply this theory in the proof of Theorem 3.3.1 for

surfaces and in Chapter 4 for 3-folds.

Corollary 2.1.20. Let X be a smooth projective variety of dimension n = 2,3
that admits a Zariski Decomposition and let D be a pseudoeffective integral divisor
on X. Then,

vol(D) = P"

where P is the positive part of D.

In particular, the volume of an integral divisor on a surface is always a rational

number.

2.1.3 Fano varieties

In this section, we will introduce the objects of study of this thesis.
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2.2. K-STABILITY

Definition 2.1.21. Let X be an algebraic variety. We say X is Fano if it is a

normal, projective variety whose anticanonical divisor, —Kx, is ample.

These objects are strongly related to one of the three possible terminations of
the Minimal Model Program: Fano fibrations. Hence, they are of high interest
and have been deeply studied in algebraic geometry. If we focus on smooth
Fano varieties, P! is the only example in dimension 1. In dimension 2, we have
10 deformation families called del Pezzo surfaces named after the mathematician
who encountered them while exploring the surfaces of degree n in P and classified
them in [Del87]. These del Pezzo surfaces are classified by the degree d. For a del
Pezzo surface X, the degree is defined by the self-intersection of the anticanonical

divisor, (—=Kx)? = d.

Remark 2.1.22. All of them but P! x P! can be represented as the blowup of

P? at r points in general position, for 0 < r < 9. In these cases, d =9 — 7.

In Chapter 3, we focus on studying the K-stability of degree 2 del Pezzo surfaces,

and we give more details about this specific surface in section 3.1.1.

On the other hand in dimension 3 we have 105 deformation families classified by
Inskovskikh, Mori and Mukai [Isk89; MM82]. And we work with some of these

families in Chapter 4.

2.2 K-stability

K-stability was first introduced from a differential geometric perspective by Yau
and Tian [Yau96; Tia97] and later reformulated by Donaldson [Don02]. The
original algebraic definition was given in terms of test configurations and their
Donaldson-Futaki invariant [Odal2]. Later, thanks to the use of birational geom-

etry techniques in the study of K-stability, new characterisations were introduced
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in [FO18; Fujl9al, these are more practical from a computational perspective
and easier to verify. In this section, we will introduce K-stability and K-moduli
by giving some definitions and outstanding results in the topic, however for a
detailed exploration of this topic, please consult [Xu20] or any specific references

given throughout the section.

2.2.1 Definitions of K-stability

First, recall that all definitions and results in this thesis are over the field C.
Before introducing Donaldson’s first algebraic definition, let us define test config-
urations. Stability is typically determined by a numerical criterion based on the
degenerations of the object we are studying and test configurations provide the

data that encode these degenerations [Don02].

Definition 2.2.1. Let X be an n-dimensional Q-Fano variety. Assume that
—rKx is Cartier for some fixed r € N. A test configuration of (X, —rKx) is

composed of
o a variety X'* with a G,,-action,
e a G,,-equivariant ample line bundle £ — X'*¢,
« a flat G,,-equivariant map 7 : (X*, L") — A! where G,, acts on Al by
multiplication in the standard way (¢,a) — ta,
such that for any ¢ # 0, (X[, £i) is isomorphic to (X, —rKx), where X =
7T_1(t> and EL}C = EtC|Xttc.

We say that (X', £*) is a Q-test configuration of (X, —rKx) for a fixed r € Qs if
L' is a Q-Cartier divisor class on X'* such that for some integer s > 1, (X', sL)

yields a test configuration of (X, —srKx).
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Remark 2.2.2. In the above case, these test configurations (X*¢, £'¢) arise nat-
urally from the one-parameter subgroups of GL(H®(X, —srKx)) for some integer
s > 1 (see the proof in [RT07, Proposition 3.7]). Moreover, since an arbitrary
G n-equivariant vector bundle over A! should be equivariantly trivial ([Don05,
Lemma 2|), any (very ample) test configuration can be obtained from a one-
parameter subgroup G,, — GL(H°(X, —srKy)) as indicated in [Odal3c, Propo-
sition 2.2]. Therefore, we can think of test configurations as a geometrization of

one-parameter subgroups.

Example 2.2.3 (Product test configuration). Take the pair (¥ = X x C, L =
p;(—Kx)) such that X has a G,,-action, where p; is the projection to X, this is

a test configuration with the G,,-action given by t - (z,a) — (t(z),t - a).

For the pair (X, —Kx), and a sufficiently divisible & € N, by Riemann-Roch
theorem, the dimension of each vector space H*(X,Ox(—kKx)) is given by a

Hilbert polynomial of degree n = dim X,
dy, = dim H*(X, Ox(=kKx)) = agk™ + a k" + O(k"?)

for some ag,a; € Q. Now, since G,, acts on the central fibre (X!, L) which is
the restriction of (X', £*) over {0}, G,, also acts on the space of holomorphic
sections HO(Xt kLY). The total of the weights of this action is denoted by wy,

and by the equivariant Riemann-Roch Theorem, we can rewrite it as
wy, = bok™ ™+ b1 k" + O(K" ).
Combining the equations of dy and wy, we get

— = Fy+ F .
ed,, o+ ik +0(k™7)

Now we can define the Donaldson-Futaki invariant.
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Definition 2.2.4. [Don02] The (normalized) Donaldson-Futaki invariant of the

Q-test configuration (X', £*) is defined to be

DR(xte, £y = 11 _ 1bo — by

ag a?

Using this invariant we give the original definition for K-stability of X.

Definition 2.2.5. A Fano variety X is K-stable (resp. K-semistable) if and only
if DF (X', £*) > 0 (resp. DF(X*, L) > 0) for any non-trivial test configuration
(X', L) of (X, —Kx). Moreover, we say that X is K-polystable if DF(X*, £t¢) >
0 for any non-trivial test configuration of (X', £*), and DF (X, L") = 0 for

product test configurations of (X, —Kx).

There are other expressions for the Donalson-Futaki invariant given in [Wan12;
Odal3a] for more explicit cases, however computing this invariant is still com-
plicated and detecting K-stability by using it is even harder. Nevertheless, we
obtain other characterisations for K-stability by using birational geometry tech-

niques and invariants. Let us start by defining the latter:

Definition 2.2.6. Let X be a n-dimensional Fano variety with kit singularities.
Let f:Y — X be a birational morphism and take F a prime divisor on Y. We
say that E is a prime divisor over X. If E is f-exceptional, we say that F is
an exceptional prime divisor over X. The subvariety f(FE) is called the centre of
E over X and is denoted by Cx(F). We define the ezpected vanishing order as

follows:

S(—Ky: E) = (_le)n [ vol(s(—Fx) - ey de

where vol(f*(—Kx) — tFE) denotes the volume of the divisor f*(—Kx) —tE (see

e.g. [Laz04, §2.2.C]) and
T=7(F)=sup{t € Q|vol(f*"(—Kx) —tE) > 0}
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is called the pseudoeffective threshold of E with respect to —Kx. By [Fujl9c,

Proposition 2.1}, we have that

n

S(—Kx:; F) <
(—Kx; E) n+1

T. (2.1)

Let B(FE) = Ax(E) — S(—Kx; E), where Ax(F) = 1+ ordg(Ky — f*(Kx)) is
the log discrepancy of the divisor E (Note that this coincides with Definition
2.1.6).

Let 7 : Y — X be the log-resolution of X and F a m-exceptional divisor over
X, a log canonical center is an irreducible subvariety 7(E) C X. A log canonical

place is a valuation corresponding to this F, i.e. the valuation ordg.

The stability threshold is another invariant that characterises K-stability.

Definition 2.2.7. Let X be a Fano variety with at most klt singularities and
— Kx be its anticanonical divisor. The (adjoint) stability threshold (or §-invariant)
of X is defined as

5(x) = inf X E)

B/X S(—Kx; E) (22)

where the infimum runs over all divisors £ over X.

We say that a divisor E over X computes §(X) if it achieves the infimum in (2.2).

There is also a local version of the stability threshold, which we will study in

Chapter 3.

Definition 2.2.8. [AZ22] Let X be a Fano variety with at most klt singularities

and — K x be its anticanonical divisor. Let p be a closed point of X. We set

. Ax(E)
%(X) = E,péréi(fz) S(—Kx; E)

where the infimum runs over all divisors E over X whose center contains p.
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Remark 2.2.9. Notice that §(X) = inf,ex §,(X). If S(F) < 0 for a divisor F

whose centre contains p , then 6,(X) < 1.

Using these two invariants we just defined, we give the following characterisation

for K-stability:.

Theorem 2.2.10. [LXZ22; Li17; FO18; Fujl19a; CP21; BJ20]. Let X be a Fano

variety, then the following statements are equivalent:

1. X is K-stable (resp. K-semistable).
2. B(E) >0 (resp. B(E) > 0) for every prime divisor E over X.

3. 6(X)>1 (resp. 6(X) >1).

This theorem is useful to check the K-unstability of a variety X since you only
need to find a divisor E over X that gives you 5(F) < 0. However, to prove
that X is K-stable using only this theorem can be a long process. However,
there is another result by Zhuang where using a reductive subgroup, G, of the
automorphism group of X we can characterise K-polystability without having to

check all the prime divisors over X.

Remark 2.2.11. Notice that K-stability implies K-polystability and the latter

implies K-semistability.

Theorem 2.2.12 ([Zhu21, Corollary 4.14]). Let X be a Fano variety with at most
kit singularities. Let G C Aut(X) be a reductive subgroup. Suppose that f(E) > 0

for every G-invariant prime divisor E over X. Then X is K-polystable.

Notice this theorem is especially useful when you have a large G. For example,
take P™ which is known to not be K-stable, take G to be its automorphism group
G = Aut(P") = PGL(n+1). Then, there are no G-invariant subsets of P" and in
particular, there is no G-invariant divisor over P". Therefore, by Theorem 2.2.12

we know that P is K-polystable.
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Similar invariant notions can be defined in more generality for N x N"-graded
linear series with bounded support on X. Details can be found in [AZ22, Section
3], but here, we recall the results that we use. These results are part of the
so-called Abban-Zhuang method, and its goal is to find a lower bound for the

d-invariant to determine the K-stability.

Definition 2.2.13. Let V be a finite dimensional vector space. A filtration F
on V is given by a collection of subspaces F*V indexed by a totally ordered
abelian monoid A (in which case we also call the filtration a A-filtration) such
that FV =V, FMV = 0 for some A\, Ay € A and F}V C FNV whenever
A > XN. For each A € A, we set Gr}V = FMNW/ Uusr F*V. A basis sq, ..., Sy
(where N = dim V) of V is said to be compatible with F if every F*V is the

span of some s;.

Example 2.2.14. Let L be a Q-Cartier Q-divisor on X, and let V C H°(X, L)
be a subspace. Let v be a valuation on X. Then it induces an R-filtration F, on
V' by setting

FV = {s € V]vu(s) > \}.

Definition 2.2.15. ([LMO09, §4.3]). Let L4, ..., L, be an ordered sequence of Q-
Cartier Q-divisors on X. An N"-graded linear series W on X associated to the

L;’s consists of finite dimensional subspaces
W C H'(X,Ox(a1Ly + ... + a,L,))

for each @ € N such that Wo = Cand Wg - Wy C Wi g for all a_1>,a_2> €

i+a3

N". The support Supp(W) C R" of W+ is defined as the closed complex cone
spanned by all @ € N such that W= # 0. We say that W+ has bounded support

if Supp(W+) N ({1} x R""!) is bounded.

We say that W+ contain an ample series if the following conditions are satisfied:

(i) Supp(W=) C R" contains a non-empty interior,
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(i) for any q e int(Supp(W=)) NN", Wiz # 0 for k> 0,

—
(iii) there exists some aj € int(Supp(W=)) NN" and a decomposition af - L =

Sr_iagili =A+E (where f = (L4,...,L,)and g = (apq, ..., apr)) with A an
ample Q-line bundle and E an effective Q-divisor such that H°(X, mA) C

W,z for all sufficiently divisible m.

mag

Definition 2.2.16. Let L1, ..., L, be Cartier divisors on X and let V5 be an N"-
graded linear series associated to the L;’s. Denote f = (Ly,...,L,). Let F be a
primitive divisor over X with associated prime blowup 7 : Y — X (see Definition
2.1.14) and let F be the induced filtration on V3 (see Example 2.2.14). Assume
that F is either Cartier on Y or of plt type. In the latter case, we define F'|p as

the Q-divisor class given by [AZ22, Lemma 2.7]. Then in both cases,
We = F Vg /FIHvy
can be naturally identified with the image of F/V= under the composition
FiVa — HOY,7(@ - L) — jF) — H(F,7(@ - L)|p — jF|r)

(this identification is clear when F' is Cartier on Y if F' is of plt type, we use
[AZ22, Lemma 2.7]). It follows that W+ is an N"*!-graded linear series on F’
(associated to the divisors 7* L1 |p, ..., 7*L,.|p and —F|r), called the refinement of

Vo by F.

Let us fix a klt pair (X, A), some Cartier divisors L, ..., L, on X and an N"-graded
linear series V4 associated to the L;’s such that V5 contains an ample series and
has bounded support. Let F' be a primitive divisor over X with associated prime
blowup 7 : Y — X. Assume that F' is either Cartier on Y or plt type and let
W= be the refinement of V5 by F.

Theorem 2.2.17. [AZ22, Theorem 3.2] Let F' be a primitive divisor over X with
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associated prime blowup m Y — X. Let Z C X be a subvariety, and Zy be an
irreducible component of Z N Cx(F). Let Ay be the strict transform of A on'Y
(but remove the component F' as in Definition 2.1.14) and let Ap = Diff p(Ay)
be the different so that (Ky + Ay + F)|p = Kp + Ap. Then, when Z C Cx(F),

we have
Ax a(F)

V=) > mi _—
dz(X, A V) > mln{S(V;>;F)

See the definition of 67(X, A; V) in [AZ22, Lemma 2.9]. Otherwise
where the infimums run over all subvarieties Z' C'Y such that w(Z') = Zy.

This Theorem allows us to simplify the problem of finding a lower bound for
the local stability threshold, using local stability thresholds of lower dimensional
varieties. In this thesis, I use theorems derived from this one for the specific cases
of 2 and 3-dimensional Fano varieties. In our cases we only consider the case
where Z = p where p is a closed point in our algebraic variety X, and therefore

the definition of 07 (X, A; V3) coincides with the one given in Definition 2.2.8.

The following result is a direct consequence of Theorem 2.2.17, and it is a simpli-
fication of the 3-dimensional case in [Ara+23, Remark 1.113]) for surfaces. This
result gives a concrete recipe for what the flag of subvarieties of X is, which is a
Mori Dream space (Definition 2.1.17 and [HKO00]), and we apply it in Theorem
3.3.2 to find a lower bound for the local stability threshold. We will also use the
version for 3-folds given in [Ara+23, Remark 1.113] to check the K-stability of

some varieties in Chapter 4.

Theorem 2.2.18. Let p be a point in a del Pezzo surface X, m: Y — X be a
plt blowup of the point p, and E be the m-exceptional divisor. Then (Y, E) has
purely log terminal singularities so that there exists an effective divisor Ag defined

by Kg + Ag ~q¢ (Ky + E)|g. For everyt € [0,7(—Kx; E)|, where 1(—Kx; E)
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denotes the pseudo-effective threshold as in Definition 2.2.6, let us denote by P(t)
the positive part of the Zariski decomposition of the divisor m*(—Kx) — tFE, and

let us denote by N(t) its negative part. Let WE be as in Theorem 2.2.17. Then

: Ax(E) o L0 (Ar)
6,(X) > min {S(_KXE) sel S(VV’%)}

where for every x € E we have
2 T(—Kx;E)
SWE;z) = 72/ TR dt
’ 0

where

2.2.2 K-moduli

As previously discussed, a key objective of contemporary algebraic geometry is
the construction of moduli spaces for varieties. In addition, we mentioned how
K-stability plays an important role in the case of Fano varieties. In this section,
we provide an introduction to this concept. First, let us introduce the definition

of degeneration of varieties.

Definition 2.2.19. A degeneration is taking a limit of a family of varieties. Given
a flat morphism 7 : X — C of a variety to a curve C' with origin 0 (e.g., A'),
the fibres 7=1(¢t) with t € C form a family of varieties over C. Then the fibre
771(0) may be thought as the limit of 771(¢) as t — 0. One then says the family

degenerates to the special fibre 771(0).

We will say that we have an isotrivial degeneration, when & is an isotrivial family,
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i.e. if there is an open dense subset U C C' such that all fibres 7=1(¢) with t € U

are smooth and isomorphic.

Now, let us focus on K-moduli. Let M be the moduli functor of K-semistable

Q-Fano varieties of dimension n and volume V', which sends S € Sch to the

collection M3(S) of flat proper morphism X — S, whose geometric fibers are

n-dimensional K-semistable (Q-Fano varieties with volume V', satisfying Kollar’s
[m]

condition. Kollar’s condition is that the reflexive power wy /s 18 flat over S and

commutes with arbitrary base change for each m € Z (see [Kol08, Corollary 24].

It is known now that Mlésﬁ is represented by an Artin stack of finite type and
admits a projective good moduli space My% — ]\/[‘Ifﬁs (as in [Alp13, Theorem
13.6]), whose closed points are in bijection with n-dimensional K-polystable Q-

Fano varieties of volume V.

To construct Mvﬁs it is necessary to prove some concrete statements about fami-
lies of Q-Fano varieties. For instance, to see that MY is an Artin stack of finite

type and that it is a global quotient, these two properties are necessary:

1. Boundedness: My is bounded by [Jia20]. This means that there is a
positive integer N = N(n, V') such that if X € Ml‘ff,f, then — N Ky is a very

ample Cartier divisor.

2. Zariski openness: If XY — S is a family of Q-Fano varieties, then the
locus where the fibre is K-semistable is a Zariski open set [BL22; Donl5;
LWX21; Odal3b].

On the other hand, to prove that ./\/llés;f admits a projective good moduli space it

is essential to prove the following:

3. Good quotient: The stack My admits a good moduli space. This was

proven in [Alp+20] by proving that if X is a K-polystable Q-Fano variety
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X, then Aut(X) is reductive.

4. Separatedness: Any two K-semistable degenerations of a family of K-
semistable Q-Fano varieties over a punctured curve C° = C'\ {0} lie in the
same S-equivalence class, i.e. they degenerate to a common K-semistable
Q-Fano variety via special test configurations, this was proved in [BX19;

LWX21; SSY16].

5. Properness: It was proven in [LWX21] that any family of K-semistable
Fano varieties over a punctured curve C° = C'\ {0} can be filled in over

{0} to a family of K-semistable Q-Fano varieties over C'.

6. Projecitivity: It was proven in [CP21; LXZ22; XZ20] that a sufficiently
divisible multiple of the Chow—Mumford (CM) line bundle yields an ample

line bundle on M‘Ifﬁs.

Since we know that good projective compact K-moduli space for Fano varieties
exists, the goal is to compactify the different components M‘I;fls. As mentioned
in the introduction this is already done in dimension 2 by [OSS16]. In Chapter

4, we will compactify the one dimensional M‘I/fgs.
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Chapter 3

Local stability threshold of

degree 2 del Pezzo surfaces

This chapter is based on [Etx24]. Although it contains no results beyond [Etx24],

the results and explanations are expanded harmoniously with this thesis.

Here, we focus on the local computation of § (see Definition 2.2.8). In particular,
we study the irrationality of §,(X), where X is a degree 2 del Pezzo surface and a
closed point p € X. In the following, whenever we consider “points" on a variety
X we will mean closed points on X. If §,(X) is irrational for some p € X, then
there exists a log canonical place v of X such that the associated graded ring (see

Definition 2.2.13 and Example 2.2.14)
gr, R := @\ Gr_’\FU H(X, —mKx)

is not finitely generated, which was conjectured initially to be finitely generated

for Fano varieties.

On this subject, Liu, Xu, and Zhuang established in [LXZ22] that the global 6(X)

is a rational number for K-polystable Fano varieties, assuming that §(X) < (1 +
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dim X))/ dim X. However, the local stability threshold, é,(X), is more enigmatic.
Its rationality is a priory unpredictable. Until the results in this chapter, the only

known example where the local delta invariant is irrational was in cubic surfaces

(see [AZ22, Lemma A.6]).

When X is a del Pezzo surface of degree strictly greater than 3, it is known that
0,(X) is rational for every point p € X (see [Ara+23, §2]). For degrees 2 and 3, we
know the specific points with irrational 6,(X) by [Etx24; AZ22]|, and with these
results, the values for all §,(X) are known for every closed point p in a del Pezzo
surface of degree greater or equal to two. The fact that we know these specific
values is useful when applying the Abban-Zhuang method for higher dimensional
Fano varieties (Thoerem 2.2.17) and hence we can use them to bound other delta
invariants of Fano varieties that contain del Pezzo surfaces. Currently, the degree

1 case is the only one that remains open amongst the smooth del Pezzo surfaces.

In this chapter, we complete the classification of local stability thresholds for
smooth del Pezzo surfaces of degree 2 initiated in [Ara+23, §2]. In particular,
we show that this number 6,(X) is irrational if and only if there is a unique

(—1)-curve passing through the point p € X, getting the following theorem:

Theorem 3.0.1. [Etz2/, Theorem 1.1] Let X C P(1,1,1,2) be a smooth del Pezzo
surface of degree 2 and let py € X. Assume that there is a unique (—1)-curve L
passing through the point py. Then 6,,(X) = %(11 4 8v/3) and it is computed by
taking the limit of a sequence of weighted blow ups at py with wt(u) = a,, and
wt(v) = by, such that an, /by, — 2/v/3 when m — 0o, where u and v are local

coordinates such that L = {u = 0}.

Sketch of the proof. To prove that the local stability threshold at py as
above is irrational, we follow these steps: First, we take E,; to be the excep-
tional divisor of a certain weighted blowup at py with weights (a,b), denoted by

Tap © Xap — X. The choice of (a,b) becomes clear in §3.3. Using that excep-
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tional divisor we compute an upper bound for d,,(X) = infg/x, poecy (B) S(A;X?(f)bﬁ)
The difficulty here is to compute the expected vanishing order of the anticanoni-
cal divisor of X with respect to E,p, S(—Kx; E.p) (see Definition 2.2.6), which
requires a Zariski Decomposition and a careful choice of negative curves in the
weighted blowup of X. This is the main bulk of the work in section §3.2.2.

Then, we use techniques from [AZ22] to find lower bounds for d,,(X), which re-

quires a delicate choice of a minimizer sequence of prime divisors F, over X.

m 7b'm

The choice of a,,, b,, is made so that this bound is exactly the upper bound found

earlier by considering E, ;. In other words, we compute d,,(X).

3.1 Objects of study

In this section, we introduce del Pezzo surfaces of degree 2 and some useful
properties they have. These results are used later in subsection §3.2.2, to find an

equivalence for 7, (—Kx) in terms of negative curves in X, .

3.1.1 Del Pezzo surfaces of degree 2

Let X a degree 2 del Pezzo surface, i.e. (—Kx)? = 2, it can be realised as the
surface in weighted projective space P(1, 1, 1, 2) with homogeneous coordinates z,

Y, z, w, given by the equation
w? +wGs(z,y, 2) + Gy(w,y,2) = 0, (3.1)

where Go(z,y, z) and Gy(z,y, z) are weighted homogeneous polynomials of de-
grees 2 and 4, respectively (see [Kol96, 3.5 Theorem]). When working over C,

after a change of coordinates the equation can be simplified to

w® + Gy(z,y,2) = 0. (3.2)
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Notice that there exists p : X — P? a double cover of P? ramified over a quartic
curve R := {G4(x,y,z) = 0}, which is a canonical model of a curve of genus 3

[Dol12].

Points in X. Let us uncover some properties of the points in X. First, recall
that since X is a del Pezzo surface of degree 2, it can be represented as the
blowup of P? at 7 points in general position o : X — P? (see [Lil0, Prop. 1.1.2.]).

Looking at this description we can prove the following statement:

Proposition 3.1.1. Let X be a smooth del Pezzo surface of degree 2. Let p be a

point in X. Then, there are at most four (—1)-curves passing through p.

Proof. Let o : X — P? be the blowup of P? at 7 points in general position denoted
by {p1,...,p7} C P2. X is a del Pezzo surface of degree 2. First, note that the

(—1)-curves in X are the following:

Let E; be the exceptional divisor corresponding to the blowup of p; € P2,

for i € {1,2,3,4,5,6,7}.

Let L;; be the strict transform of the line in P? containing p; and p; for

i,7€{1,2,3,4,5,6,7} and i # j (21 in total).

Let C;; be the strict transform of the conic in P? that contains 5 of the 7
blowed up points (excluding p; and p; for 4, j € {1,2,3,4,5,6,7} and ¢ # j,

21 in total).

Let Q; be the strict transform of the cubic in P? that contains all the

points p; for j € {1,2,3,4,5,6,7} and has multiplicity 2 at p; for some
ie{1,2,3,4,5,6,7).

Take a close point p € X. We distinguish 2 cases:

(1) o(p) = p; for some i € {1,2,3,4,5,6,7},
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(2) o(p) # p; for alli € {1,2,3,4,5,6,7}.

In both cases, it is clear that there is at most one ); passing through p. First
notice that two cubic curves intersect each other at 9 points (counting multi-
plicity). Take {k,j} C {1,2,3,4,5,6,7} distinct, since o(();) has multiplicity
2 at p;, 0(Qy) has multiplicity 2 at py, they only intersect at the p; points for
i € {1,2,3,4,5,6,7}. Hence, in the case (2) there is at most one (—1)-cubic
passing through p. In case (1), let us assume p € Q; N Qy for k # j then o(Q);)
and o(Qy) are tangent at p;. Let us assume without loss of generality that ¢ = 1,
j =2 and k = 3. With a change of coordinates, we can assume p; = (1:0 : 0),

pa=(0:1:0)and ps =(0:0:1). Then we will have the following equations for
Q)2 and Qs:

Qo= {f(z,y,2) = az’y + b’z + cryz + d°x + e2’y = 0},

Qs = {g(z,y,2) = az’®y + bx’z + axyz + By’z + yy°z = 0}.

We want to find {a,b,c,d, e, a, 3,7} C C such that f(p;) = g(p;) = 0 for every
i € {4,...,7}. However, the only solution of this equation system is a =b = ¢ =

d=e=a=[=v=0, hence we get a contadiction.

On the other hand, since the 7 points that we blow up to get X are in general
position (i.e. no 3 points in the same line, no 6 points in the same conic) we know
there are at most two (—1)-lines passing through the same point. There are two

possibilities for this to happen at p € X:

(i) There exist distinct i,j € {1,2,3,4,5,6,7} such that p € E; N L; ;. This

falls in the case (1) mentioned above.

(ii) There exist distinct {4, j}, {k,{}C{1,2,3,4,5,6,7} such that p € L ;N L, ;.

This falls in the case (2) mentioned above.

Now, let us see that for both cases there are at most 2 conics with self-intersection
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—1 passing through p. Recall that the equation of a conic in P? with coordinates

(x:y: z)is as follows:

ax® + bxy + cy® + dwz +eyz + f22 =0, (3.3)

such that (a : b:c:d:e: f) € P° Also, since we want this conic to be a
(—1)-curve, it has to contain 5 of the points we are blowing up. Let us see what

happens in each of the cases:

(i) Choose py, p2, p3, ps, s € P2, these are five of the points that we blow up
to get X. Assume without loss of generality that p € E4y N Ly 5. Define C
containing py, p3, p4, ps- Since we want o*(C') (the pullback of C') to contain
p, C has to be tangent to o(L12) at p; in P2, Also note, that C' can not
contain p, otherwise it will not be irreducible. These conditions completely
determine the equation (3.3) and define C'. Notice that currently, C' contains
four points that we blow up, but to get a (—1)-curve we need one more.
Then, choose a point pg € C' in general position. With this, we have our
first (—1)-conic curve o*(C). Note, that any other irreducible conic in P?,
C’, that is tangent to o(L2) at p; and such that o*(C") is a (-1)-curve in
X, have to contain three points out of {ps, ps, ps, ps}- And these conditions

will describe the same equation as C, hence C' = C.

Observe that if £ is the unique (—1)-line containing p, we can define up to
2 conic (—1)-curves passing through p. In this case, we define C’, to be the
conic, containing {p, p2, ps, p4} that is tangent to C' at p;. These conditions
determine the equation (3.3) and define C”. Finally for o*(C”) to be a (—1)-
curve, we choose p; € C’ that is in general position to the previous ones.
Notice that we can not find more (—1)-curves passing through the same
point p € X = Bl;P?, the blowup of P? at {p1, p2, p3, P4, P5, P6, Pr}- In this

case, we reach a maximum of three (—1)-curves passing through p.
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(i) Choose p1, pa, p3, ps € P? in general position, these are four of the points we
blow up to get X. We want to define conics that contain p € L; s N Lg4.
Define C' to be the conic containing o(p), pi, ps, ps and py in P2, these
conditions completely determine the equation (3.3). Notice that C' contains
four points that we blow up, to get a (—1)-curve, choose a point in general
position ps € C to be the 5th, then (¢*(C))*> = —1. To define another
conic, choose a new point in general position ps € P? and let C’ be the
conic containing o(p), p1, p2, p3 and pg in P2, these five points completely
determine the equation (3.3). To make it a (—1)-curve, choose p; € C’ to
be the 7th point in general position. Notice that we can not define more
conic curves with the desired properties. Then we define X = Bl;P?, the
blowup of P? at {p1, pa, p3, pa, P5, D6, 7} and p € Ly 5N L34 is a point with

four (—1)-curves passing through it.

Observe that for any point p € X \ UL, E;, we are able to define at most

two conic (—1)-curves with the same process.

Unitl now, we saw that we have up to 4 (-1)-curves passing through each point
p € X counting lines and conics. We also proved that each point p € X has at
most one (-1)-cubic passing through it. To finish our proof, we need to see that

it is not possible to define a (-1)-cubic passing for the point p as defined in (ii).

First, note that a cubic, @, and a conic in P? intersect in 6 points. Note that
for 0*(Q) to be a (—1)-curve containing p, @ has to contain all {p, ..., p7}, with
multiplicity 2 at p; for some j € {1,...,7} and o(p). On the other hand, both C
and C” contain 5 of the points we are blowing up, in addition to o(p). Hence,
#QNC)=Tor #(QNC") = 7, which is a contradiction. Therefore, for any

closed point p € X we have at most four (—1)-curves passing through p.

Notice that if a point p = (x,y,2,0) € X, i.e. if p(p) € R, with a change of
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coordinate we can rewrite p = (1:0:0:0) € X. Recall that p: X — P?is a
double cover of P? ramified over a quartic curve R := {G4(z,y,2) = 0}. Let T,X
be a hyperplane in P(1,1,1,2) tangent to X at p. Furthermore, we can define a
tangent hyperplane section of X by considering 7, X N.X. We can see that in this
case the anticanonical divisor is numerically equivalent to the tangent hyperplane

section, —Kx ~T,X NX.

Proposition 3.1.2. Let X be a del Pezzo surface of degree 2. Take a pointp € X
such that p(p) € R and let C, = T,X N X be the tangent hyperplane section of X

at p. Then, —Kx ~ C,,.

Proof. Since p(p) € R, we canassume p = (1:0:0:0) € X, with G4(1,0,0) = 0;
in other words, we assume that the coefficient of the monomial z* on G4 is zero,
and since X is smooth G4(z,y, z) = 2*(ay + bz) + Fy(x,y, z) where (ay+bz) # 0
and Fy(z,y,z) does not have any monomial containing z®. Then, we change
coordinate taking z = ay + bz, and we get Gj(z,y,2) = 232 + Fj(x,y, 2) where
Fy(x,y,2) does not have any monomial containing z®. It follows from here that
the tangent space at the point is 7,X = {z = 0}, that is (1, 1,2). Moreover, the
intersection with X gives T,X N X = {w? + G)(z,y,0) = 0}, which is a quartic

in P(1,1,2), and it could be represented generally as follows:

w? + ax®y? + bay® + ey’ = 0.

However, with another change of coordinates, rewriting ax? + bxy + cy? = a(x +

ay)? + By?, and taking x = x + ay, we get

C,=T,XNX = {w +y*(ax® + by?) = 0)} CP(1,1,2). (3.4)

Therefore, taking into account that 7),(X) is a plane, we have the following ad-
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junction formula,

—Kx ~ (K12 = X)lx ~ (5T,(X) = 4T,(X) [x = T,(X) N X =G,

we know that (C,)?* = (—Kx)* = 2. O
Remark 3.1.3. From (3.4) we have the following possibilities for C:

(1) C, is an irreducible curve that is smooth at p, i.e. the ordinary blowup of

X at pis a smooth del Pezzo surface of degree 1.

(2) C, is an irreducible curve with a node at p;

(3) C, is an irreducible curve with a cusp at p;

(4) C, is a union of two (—1)-curves that meet transversely at p;

(5) C, is a union of two (—1)-curves that are tangent at p.

Looking at the previous lemmas and remark, we can say that if p is a closed point

in X, it satisfies one of the following statements:
(1) If we do an ordinary blowup of p we get a smooth del Pezzo surface of
degree 1;
(2) p(p) € R, and C,, is an irreducible nodal curve;
(3) p(p) € R, and C,, is an irreducible cuspidal curve;
(4) p(p) € R, and C,, is a union of two (—1)-curves that meet transversally;
(5) p(p) € R, and C), is a union of two (—1)-curves that are tangent at p;
(6) p(p) ¢ R, and p is contained in exactly one (—1)-curve;
(7) p(p) ¢ R, and p is contained in two (—1)-curves;

(8) p(p) ¢ R, and p is contained in three (—1)-curves;
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(9) the point p is a generalized Eckardt point, i.e. p is contained in four (—1)-

curves..

For each of the cases listed above, ¢, is computed in [Ara+23, Lemma 2.15] and

these are the values it takes:

36/17 if (1)
2 if (2)
15/8  if (3)
(%) = 2 if (4)
9/5  if (5)
48/23 if (7)
72/35 if (8)
2 if (9).

Note that the case where p is contained in a unique (—1)-curve is not completed.

In [Ara+23], the authors bound 6,(X), so we know that I3 > 6,(X) >

319 but

the exact value is missing. Therefore, we focus on computing d,(X) for this case.
To do so, it is important to know a bit more about this point and what happens
when we blow it up. That is helpful to find a suitable linear equivalence for the

anticanonical divisor —Kx.

Remark 3.1.4. Let p € X be a point contained in a unique (—1)-curve, L. Let
o Y — X be the ordinary blowup of X at p, where Y is a weak del Pezzo
surface of degree 1, i.e. —Ky is big and nef but not ample, and (—Ky)? = 1.
In such surfaces, we have a birational involution called the Bertini involution, ¢.
As in the proof of Lemma 2.15 in [Ara+23], the linear system | — 2Ky| gives a

morphism Y — P(1,1,2) with the following Stein factorization:
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Y v

Tl

X P(1,1,2)

where v is a contraction of all (—2)-curves in the surface Y (in our case we have
a unique (—2)-curve, L, which is the strict transform of L), w is a double cover
branched over the union of a sextic curve in P(1,1,2) and the singular points of
P(1,1,2). The double cover Y — P(1,1,2) induces an involution 7 € Aut(Y),
and the latter induces the involution v~ 'oror =1 € Aut(Y) known as the Bertini

involution. For detailed equations of the Bertini involution, check [Moo43].

In the next section, we see what happens when we add weights to the blowup of

X at the point p.

3.2 Weighted blowup of X

In this section, we introduce some essential technical results for proving Theorem
3.0.1. Let map @ Xop — X be the (a,b)-weighted blowup of a del Pezzo surface
of degree 2 at a point py € X. As in Theorem 3.0.1, we assume that there is a
unique (—1)-curve L passing through the point pg, and ged(a,b) = 1. We choose
local coordinates (u,v) in a neighbourhood of py such that L = {u = 0}, which

enables us to write down the (local) weighted blowup as wt(u) = a and wt(v) = b.

Figure 3.1: (a, b)-weighted blowup.

[ ]
-

(]
L

Po
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In the figure above, the subscripts represent the self-intersections, E is the excep-
tional divisor of the weighted blowup, and L is the strict transform of L. Notice
that since a and b are greater than 0 and coprime, E has at most two singular

points, ¢ and p, coming for the weights of the blowup.

Once we have this weighted blowup, we use the exceptional divisor of this bira-
tional map to give a better bound for d,,(X) by computing Ax(E)/S(—Kx; E),
as defined in §2.2. Therefore, we need to compute the Zariski Decomposition of

the divisor 7 (-~ Kx) — tE.

We start by writing 7 ,(—Kx) — tE as a non-negative combination of negative
divisors (see [Laz04, Theorem 2.3.19]). However, currently, we do not have enough

negative curves in the picture.

Next step: We search for another known algebraic variety, Y, that is birational
to the weighted blowup X,; and X. Let 0 : Y — X be the birational morphism
between Y and X. The idea is to find a linear equivalence to o*(—Kx) in terms

of 0*(L) in Y with other negative curves, and bring it back to X, .

3.2.1 Notation

In order to simplify the explanations and computations of the resolution of singu-
larities in the weighted blowup X, ; in §3.2.2, here we introduce some numerical

definitions.

As in Theorem 3.0.1, let py = (o, Yo, 20, wo) € X be a closed point with a unique
(-1)-curve passing through it, L. Let X, ; be the (a, b)-weighted blowup of X at py.
Let E be the exceptional divisor of the weighted blowup. Due to technical reasons
affecting the proof of Theorem 1.1.2, we assume ?a < b < aand ged(a,b) = 1.

Therefore, we can rewrite a = b + vy where vy € {1,...,b — 1}. Similarly, we can

41



3.2. WEIGHTED BLOWUP OF X

rewrite b = vy - jo + 71 and o = 1 - j1 + 72 where jo, 71 € N,y € {0,1,...,7 — 1}
and v, € {0,1,...,71 — 1}. Generalizing this, let v, = Yi1 - Jrr1 + Vrro Where
Jrk+1 € Nand ygq0 € {0,1,...;9%41 — 1}. Let us denote so, = > _ jomt1 and

8€n = > o Jom Where so_; = se_; = 0.

Since {7} is a decreasing sequence of natural numbers, there exists a kg € N
where 75, = 1. Furthermore, we can choose ko such that for any other £’ € N

where v, = 1, we know k' > k.

3.2.2 The resolution of X,; followed by contractions to a

weak degree 1 del Pezzo

As mentioned in Example 2.1.3, an (a,b)-weighted blowup of a smooth surface
has at most two quotient singularities. If a # 1, denote by ¢ the i(l, c)= %(1, b)
quotient singularity where ¢y = —b + nja and n; = [ﬂ =1,ie. ¢ =b mod a.
On the other hand, if b # 1, let p be the %(1,d1): %(1,a) singularity, where
dy = —a+ mb with m; = [%W =2,,i.e dy =a mod b.

Similarly, we define the following sequence of numbers:

e ¢y = —a+ngcy, where ng = [ﬁw and ¢, = —cp_o+ngci_1 where ng = [Z:—*ﬂ
e dy = —b 4+ mod;, where my = [%W and d, = —dj_o + mydp_1 where
| dk—2
Me = ’defl—"

The resolution of these singularities is analogous to the Euclidean algorithm. The
resolution of the singularity p is achieved for some 7y € N such that d;, = 1 and

similarly for ¢, the resolution is complete when we get ¢;, = 1 for some [y € N.

Remark 3.2.1. Each d; can be represented as dy = b+ A\xa, where pg, A\ € Z
and their values come from taking backwards dy = —dj_s+myd,_1 by substituting

dp_o and dj_; with their definitions, and so on until we get to the expression with
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only a and b. Similarly, each ¢, can be represented as ¢, = Bxb + aga, where [y,
ay € Z. Moreover, notice that the property e, = — e;_5 +my. - e, also holds for

the coefficients py and Ag. Likewise, o, = — e, _5 +ny, - ;1 holds for oy and (.

From now on, we assume neither a nor b are equal to 1. If this is not the case, it
is enough to omit the resolution of the singularity that corresponds to the weight
which is equal to one. We present an algorithm to determine the resolution of

X, which consists of repeatedly blowing up the singularities.

A

Resolution of p. Let 0y : X, — X, be the blowup with suitable (natural)
weights of X,; at the quotient singular point p. Let E®M be the exceptional
divisor and let L and E be the strict transforms of L and E respectively. Since p
is a 3(1,d;) quotient singularity, we have that or(L) ~ L+ 4ED and of(E) ~

E+ %E(l). Taking into account that L-E=0,itis straightforward to check that

(EM)? = —%. Therefore, we get the following self-intersections:
- d ? - d > a+b d
(27 = (i@~ FEO) = @iDF + (FE0) -1,

. 1 2 1 2 1 1 m T
E2:(*E—E<1>): “(E))? (E(1)> = =" =_"
(£) o1(E) = 3 (01(E))" + {5 @ bds ad, ads

Note that in the second equality, we are using the fact that o*(L) - B} =
L- o(EM) = 0 since o(EM) = p. A similar thing happens when we com-
pute (EA)2 The next step depends on the value of d;. If d; = 1, the resolution
of p is finished and we continue with the resolution of the singularity, ¢, on )A(a,b.
On the other hand, if d; # 1, )A(ayb has a singularity of type d—ll(l, dy) (as well as
q) in the intersection of E™M) with E. In the latter case, we iterate the process by
blowing the new quotient singularity up. Denote this new blowup with suitable
(natural) weights by oy : me — )A(%b. Let E® be the exceptional divisor of o,

where (E@)? = —4 Let E® and E be the strict transforms of E®) and E,
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respectively. We get the following self-intersections:

: d 2 d ? b d
(B0 = (o3(50) - £59) = @382+ (£59) =5 - F = -m
1 1 1 1
) . 1 2 . 1 2 m 1
E2:< ([ _E(2)> — (g (E))? (E(2)> —
( ) 02( ) dl (0-2< )) + dl Gdl d1d2
_(m1m2 - 1)d; _mamg — 1 e
adyds ads ady

Notice that since we chose a and b such that ged(a,b) = 1, by the Euclidean
algorithm there exists an ¢y € N such that d;, = 1. Therefore, the resolution of
p is achieved after iy steps. Let us denote f, : )V(a,b — Xg,p the resolution of p
defined as f, =01 0030---00;,_1 00y, For each of these blowups of a quotient
singular point, let us denote by E®) the exceptional divisor of 0. Let E® E,

and L be the strict transforms of our divisors after the ig-th blowup. Then, we

have the following self-intersections in )V(a,b:

(E(k))Q = —Mkg+1 fOI ]{3 = ]_, ...,io — ]_, (E(ZO))Q = _dio—la

(D) = —(14my) = -3

Lemma 3.2.2. In the above setting, (E)? = —o.

a

Proof. We previously saw that after the first blowup, (F)? = —£-. By induction,

ady ’

assume it is true for the k-th blowup, (E)? = —;ﬁT’“k. Let E be the strict transform

of E after the k-th blowup. Let us check that it holds for the (k + 1)-th blowup.

(E)*= (UZ—H(E) - 1E(k+1)>2 — M 1 _ _“k(_dk—l + my1dy) + a
dy,

ady  dpdpy1 adydi 1

= pugdip—1 + Mg dy
adydy1 '

It is enough to show that a — pugpdi_1 = —pg_1dx. Since a = py_1dg_o — pig—ody_1,
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we get the following:

pedi—1 — pe—1di = (—pg—2 + Mupptrp—1)dk—1 — pg—1(—dp—2 + mpdi_1)

= pg—1dp—2 — pp—2dr—1 = a.

Therefore, we get (E)* = —ﬁ. In particular, (E)? = —Fo since d;, =1. O

The values of 19, d;,—1, and my, can be specified using the notation of subsection

3.2.1. We have two possibilities:

. Ifk0:2n0+1,

10 = S€ny,
5 ) — (Jont1 +2) f k=0,
(E(55n+k)) = —M(sep+k+1) =
—9 Otherwise.
(B = ~diy 1 = ~(ngss +2).
o If ko = 2”07
ip = Seny — 1,
5 ) — (Jons1+2) k=0,
(E(8€n+k)) = TM(sen+k+1) =
-9 Otherwise.

(E(ZO)>2 - _diofl - —2
Resolution of ¢q. Let 7 : X ab = me be the blowup with suitable (natural)
weight of )v(@b at the quotient singular point g. Let F(!) be the exceptional divisor
and L, E® and E be the strict transforms of L, E® and E respectively. Since

q is a 1(1,¢;) quotient singularity, (F(1)? = —2. Also, since ¢ is in E, its strict

a
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transforms is not isomorphic to the pullback: Tf(E’) ~E+ %F (1), Therefore:

. 2 2
(E)? = (TT(E) _ 1F(l)) — (r:(E))? + (1F(1)> _ M L g, N
a

a a  ac 1
_ Ol — B1 iy

&1
After this blowup, X apb 1s smooth if ¢; = 1 and it is the resolution of X, ;.
Otherwise, if ¢; # 1, X b has a singularity of type i(l, ¢2) in the intersection
of FO and E. T herefore, we proceed to iterate the process by blowing up the
new quotient singularity with a blowup with suitable (natural) weights denoted
by 75 : X ab — X ap- Let F' @) be the exceptional divisor of the 75 blowup, where
(F®)? = =4 Let FO and E be the strict transforms of ) and E, respectively.

We get the following self-intersections:

(D) 2 2 2
<F ) _ (T;(Fu)) _ C2F<2>> _ (3 (FW))? + <C2F(2>> A .

C1 C1 C1 C2
a2 . 1 2 . 1 2 I 1
E) = ((E _F(1)> — (7X(E))? (F(1)> R
(E) = ()~ B+ (- o
_ _Oél,uz'o - 51)\1'0 . 1 _ _042,1%'0 - 52)\1'0
C1 C1Co Co .

Recall that there exist {j € N such that ¢;, = 1. Therefore, we achieve the
resolution of g after [, steps. Let us denote by f, : ya,b — Xa’b the resolution of ¢
defined as f, = mpomo---o1,_10m,. For each of these blowups, 73, of a quotient
singular point, let us denote by F* its exceptional divisor. Let F(k), E(k), E,
and L be the strict transforms of our divisors after the (ig +l)-th blowup. Then,

we have the following self-intersections:
(F(k))2 = —npy for k=1,..,lp — 1, (F(lo))2 = —Cly-1.

Remark 3.2.3. Notice that the self-intersections of E and L are the same

ones as their images through f,, this happens because we are not blowing up any
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3.2. WEIGHTED BLOWUP OF X

point in these divisors in the resolution of q.

Lemma 3.2.4. In X,, we have that (E)* = —1.

Proof. First we see that in the (ig+ k)-th blowup, (E)? = — 2= Apd then

Ck

we see that oy, i, — BN, = 1.

We previously saw that after 7, we got (F)* = — ki —BXo By induction on k,

Ck

assume it is also true for the 725 + k-th blowup. Then let us see that it also holds

for the k£ + 1-th.

()2 = — %ktio — Prdip 1 (awpig — Brdig)rer +1
C, CkCk+1 CrCk+1
(anptioc — Brdio)(—Cr—1 + nisace) + 1
CkCk+1
1= (opio — Brdig)er—1 + (qptin — BrAig) 16k

CkCr41

So it is enough to prove that 1 — (agpiiy — BrNig)Ck—1 = (Qp_1ftiy — Br—1Nig ) Ck-

(Qgttic — BrNig)Ch—1 + (k—1ftic — Br—1Xig)ck = ((—ag—2 + ngou_1) i,
— (= Br—2 + MiSr—1)Nig) -1 + (Qr—1/tiy — Br—1Nig)(—Ch—2 + NpCr—1)

= (W—1biy — Br-1Xip)cr = 1.

Where for the first equation we use the equality 1 = (oy_1/tiy — Br_1Niy)Ck—2 +

(agp_aptiy — Br—2Miy)ch_1. Therefore, we get, (E)* = —% And in partic-
ular, after the last blowup we get (E)? = —(ay,ti, — BioNig ), Since ¢, = 1.
Finally, we need to show that a;,u;, — Bi,Ai;, = 1. By definition we know

that ag,a + Bi,b = buy, + aX;, = 1. So, we can rewrite a = n(u;, — f,), and

— —\: — b _ a . .
b=n(ay — N), where n = ) = B However, by the choice of p,,
Xigs Bi, and oy, we conclude n = 1. Then, since \;, = oy, — b, and p;, = 5, + a,

we finally get what we wanted,

(B)? = —(cuottip — Biohig) = —1.
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3.2. WEIGHTED BLOWUP OF X

Notice that the values of ly, ¢;,—1 and nj can be specified using the notation in

§3.2.1. We have two possibilities:

. Ifk?0:2n0+1,

lo = s0p,,
_(j2n+2+2) if k= 17

2
T (son+k)
(F ’ ) = —N(sop+k+1) =
—2 Otherwise.

(F(U)Q = —ny = _(jO + 2)7 (F(ZO))Q = —Cly—1 = —2.

In the following picture, we can see all the divisors involved in the resolution

of the singularities p and ¢ when ky = 2ny + 1. Notice that the subscripts

represent the self-intersections.

ko =2n¢+1 E_ (80ng) _ _
~(seny)
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3.2. WEIGHTED BLOWUP OF X

o If k’o = 2710,

lo = s0py—1 + 1,

_(j2n+2+2) lfk: 1,

2
—(son+k
—2 Otherwise.

(FUY = —na=—(i+2),  (FO) = —ciyo1 = —(jang +2)

In the picture below, we see all the divisors involved in the resolution of the

singularities p and ¢ when ky = 2ny.

— —(s0py-1+1)
ko = 2n, E_ "o —(s0n,—
-2
—(sen+1) ., ~_(sen — . F(50ng-2+1)
E_, —(seny—2) E(,s;3 o) F*(j2n072+2)
E(s;n E, ﬁ(j;’ﬂnﬁ)
—(Jon+1+2) N
F
E(jgﬂ)
—(do)
E*(J'ﬁz)
B% "
B°)
B
\ _
L

Notice that in both cases, we can contract (—1)-curves until we get a weak degree

one del Pezzo surface. Here you see the order of contractions:

e For k =2ny + 1:

(1) Contract E,

(song)  FSOomo—1t2) (. -
(2) Contract F'*m) .. F (Jang+1 — 1 contractions).
(3) Contract £ ..., B (4, contractions).

(4) Contract F(sonoflﬂ),..., Flono-1+2) (Jang—1 contractions).
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3.2. WEIGHTED BLOWUP OF X

(ko + 1) Contract gt | plety (jo contractions).
(ko +2) Contract F*™ . F® (4, contractions).

(ko + 3) Contract E(jo),..., EY (jo contractions).
e For k = 2ng:

(1) Contract E,

(2) Contract B0~ . Eo*D (j, | 1 contractions).

(3) C (song—1+1)_ F*on0=2+2) (4 |
ontract F'\*°no N (Jano—1 contractions).

(4) Contract oo~ 1), . Flero2tl) (J2(no—1) contractions).

(ko + 1) Contract E(Wrm o FUotY (j2 contractions).
(ko +2) Contract F(JIH) . F? (71 contractions).

(ko + 3) Contract B . BY (jo contractions).

Overall, we contract ig+1y = Z’;?:o Jx (—1)-curves in both cases. Let g : Xop — YV

be the composition of all the contractions. The picture at the end is:

Figure 3.2: On the weak del Pezzo surface of degree 1

Where F(V) = g(F(), and L= g(L). So we have the following diagram:
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3.2. WEIGHTED BLOWUP OF X

1,1

Let us define 71 = map0 f,0 f,09 . We prove below that Y is a weak del Pezzo
surface of degree 1, and m; is the ordinary blowup at the point py € X, where
FW is the 7 j-exceptional divisor.

Proposition 3.2.5. The surface Y defined above is a weak del Pezzo surface of

degree 1.

Proof. As we saw before, with each blowup we do in the resolution of singularities
of X, p, we get an exceptional divisor. Moreover, these divisors are added with a
nonpositive coefficient to the equivalence class of the anticanonical divisor. For

instance, with the (a, b)-weighted blowup, we get
_KXa,b ~ W*(—Kx) — (Cl + b— 1)E

Observe that the coefficients of the strict transforms of the current divisors re-
main unchanged, and this pattern persists through subsequent ordinary blowups
as well. The same thing happens when we contract exceptional curves, the coef-
ficients of the remaining exceptional curves do not change in the process. There-

o

fore, to prove that (—Ky)?> = 1. We need to find the coefficient e of F(!) in
—Ky ~ 7}, (—Kx) + eF?l).

We got F() with the first blowup of the singular point g ~ %(1,@1), where
¢ =-b+a.

For simplicity, through this proof, we denote by o : Y — X, ; the blowup with
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3.2. WEIGHTED BLOWUP OF X

suitable (natural) weights of X,;, at ¢. This is possible since the coefficient of
FU is independent of the order of the blowup. Thus, we get the following where

E is the strict transform of £ through o

Ky ~ o (—Kxa,b) 4 az(et) p()

a

~ ot (mhy(—Kx) = (a+b—1)E) 4 =@t pO)

a

~ o (71':;717(—}{)()) —(a+b— 1)E + (—ail;*l + a_(cal+1)> FO,

Moreover, notice that e = —1.

o \ 2
So we have that, (—Ky)* = (7?{1(—[(;())2 + (F(1)> =2—1=1. Itis clear that

after contracting F() we are back in the original degree 2 del Pezzo surface we
started with. Therefore, we can say that 7, : Y — X is the ordinary blowup of

po € X. ]

As mentioned in subsection §3.1.1, after an ordinary blowup of a point in a
degree 2 del Pezzo surface, we get a weak degree 1 del Pezzo surface, in our case
Y. Moreover, Y has a Bertini involution, ¢. Notice that in our setting, we only

have a (-2)-curve in Y, that is E, (see Figure 3.2).

o

Lemma 3.2.6. Let D — L(FM) inY, with the set up described above. Then,
FO 4D+ L~—2Ky.

Proof. Instead of directly working in the weak degree 1 del Pezzo surface, let us
contract the (-2)-curve and get a singular degree 1 del Pezzo surface. We have
the following Stein factorisation as mentioned in Remark 3.1.4, where v is the

contraction of L to a singular double point.

=Y

Y
Wl,ll lw
X

P(1,1,2)
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3.2. WEIGHTED BLOWUP OF X

o

2 o 2
Notice that since ¢ is an involution, (D) = (F (1)> = —1, and these self-
intersections do not change with v. Let us denote D = v (D> and FF() =

v (F(1)>. Since D + FO € Pic"(Y), and the picard number pE = peai2) = 1,
we know there exist m € N such that —mKy ~ D+ F1). Now if we do the
self-intersection of this equivalence we get an equation. On the other hand, if we

multiply it by F(1), we get the following equation system:

D+ (D) =-1+2F0.D -1,
(F7)2+W D=-14+FD.D.

Note, that the linear system | — 2K5| is represented by the web of sextic curves
with eight base points zy,...,zg in P?, which we blowup to obtain Y [Doll2,
§8.8.2]. Since FM is an exceptional curve in Y, w(F®) intersects the branching
sextic curve in P(1,1,2) at least once and it also contains the singular point,
hence F( . D > 2. Therefore, from the equation system we get that m = 2
and F) . D = 3. Notice that F) and D go through the singular point of Y

with multiplicity 1. Therefore, when we blow up this point to recover L, the

intersections change as follows:

o o

rO.p—9o FO.L_[.D=1.

Y

Moreover, since —2Kg ~ D+F®, we know that —2Ky ~ D+ FW 4L, for some
u € N. Furthermore, taking into account the intersections we just mentioned, we

can check that v = 1. Thus, we have the desired property. O

Remark 3.2.7. Note that D, F(!) and L do not intersect at the same point, i.e.

F<1)m1°)mz:®.

On the other hand, since 7 contracts FM to po, we get that —2Kx ~ L+ D,

[¢]

where D = 7 1(D).

This is the image representing the curves involved after applying 7 ;:
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3.2. WEIGHTED BLOWUP OF X

Figure 3.3: Ordinary blowup of X at py.
o /

}P
2
/\U

In this figure, we can also see how the intersections change. As a consequence,

we have the following proposition:

Proposition 3.2.8. Assume that 3a < 4b and set D = (f, o fq)(g*(lo))) on Xap-
Then, w%,(D) = D + 2bE and (D)? =3 — % < 0.

Proof. The idea of this proof is to take the equivalence 7y (D) ~ D + QF?I) in
the weak degree 1 del Pezzo surface Y, and follow the inverse process of blow
ups and contractions to get an equivalence for 7 ,(D) in terms of D and E. Let
er and fj, be the coefficient of E® and F*) in the equivalence class of (D),
respectively. Define e to be the final coefficient of E. Notice that if & = 2ng + 1,
€ = €se,, + f S0ng ) otherwise e = €seny—1 T fson0_1+1- These become clear when we
see that F' is obtained as the exceptional divisor of the blowup of the intersection
point between E®¢n0) and F®om0) or E®eno—1) and F(on-1+1) | respectively. In

addition, we know for the sequence of blowups that for n > 0

€sen+k = Csep + k- fson—i-l for k = 17 '--aj2n+27

fson+k+1 = k- Cseni1 + fson+1 for k = 17 ‘--7j2n+3-

Now let us rewrite b in terms of ji using notation as in section §3.2.1.

20 = 27y - jo+ 271 =Y € + f1-m = mlej g1+ f1) F e e
= - S+ =702 fiivr Fej) 3 i = Y2 €ser + 3 fiita

= .= ’YZno—lfsonOfl—&—l + 72710686”071 - 72n0€sen0 + 72n0+1fson0,1+1
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3.3. PROOF OF THE MAIN THEOREM

Here we have two different cases.

o If kg = 2ny + 1, notice that, v2,, = Jone+1 and vap,+1 = 1. Therefore,
2b = Jong+1€seny T fsong_141 = foony T €seny = €.
o If kg = 2ny, notice that ya,,-1 = jon, and 7a,, = 1. Then,
2b = Jong fsony 141 T €seny 1 = €seng—1 t fsop, 141 = €.

In both cases, as desired, we obtain e = 2b. After all the contractions, we get

7 y(D) ~ D +2b- E, and

(D)? = (m;(D) — 2bE)* = (w,(D))" — 4b (n2,(D)) - E + 45 E?

:3—?<O & 3a < 4b.

]

Remark 3.2.9. Following a similar proof and taking into account that a = b+,
it is easy to check that 7, (L) = L + aE, where L is the strict transform of L

after the weighted blowup.

Corollary 3.2.10. Let m,p : Xop — X be a (a,b)-weighted blowup of the point
po € X, as described in Theorem 3.0.1. Let L be the unique (—1)-curve passing

through the point py and D the curve described above. Then,

1~ -
Top(—Kx) ~ 5 (L+D+(a+2b)E).

3.3 Proof of the Main Theorem

In the previous section, we prepared all the ingredients to prove the Main Theo-

rem. Now, we divide the proof into two arguments. First, we take X,; and we
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3.3. PROOF OF THE MAIN THEOREM

use it to compute an upper bound for §,,(X). Then, we use Theorem 2.2.18 to

find lower bounds for d,,(X).

Theorem 3.3.1. Let X C P(1,1,1,2) be a smooth del Pezzo surface of degree 2
and let py = (o, Yo, 20, Wo) be a closed point in X . Assume that there is a unique

(—1)-curve, L, passing through the point po. Then, 6,,(X) < (114 8V/3).

Proof. For each a,b > 0, let v,; be the quasi-monomial valuation over p, € X
defined by v,5(u) = a and v,,(v) = b, where (u,v) are the local coordinates at
po such that L = {u = 0}. Let 7 : Y = X,;, — X be the weighted blow up at
po with wt(u) = a and wt(v) = b. Let E be the exceptional divisor, and let L
and D be the strict transforms of L and D, respectively, where D is the divisor
described at the end of the previous section. In order to identify the minimizer of

g)’; ((Z::)) = S(f’;(()i)E), we choose coprime integers a,b > 0 such that @a <b<a.

By definition, 7*(L) = L+ myE and 7*(D) = D +m¢E where in our case mj, =

mult,, L = a and mp = mult,; D = 2b as we proved in Theorem 3.2.8. From

Example 2.1.3, we known that E? = — L so we get: (L)?2 = —%2 (D)2 =3- %

—o5

L-E=1D-E=2%andD-L=1.

As we saw in the previous section, the stable base locus (see Definition 2.1.13) of

w*(—KX)—tEN;(EJr'ﬁ) + (azzb—t>E (3.5)

is contained in DN L for all 0 <t< %2” We want to compute the volume of this
divisor to get S(—Kx; E), and therefore we need the Zariski Decomposition (see
§2.1.2) of m*(—Ky) —tE for all 0 < ¢t < “£2 To get the Zariski Decomposition,
we need to separate the positive and negative parts of our divisor. In order
to do this, we need to identify the divisors (in this case, curves) that intersect
negatively with 7*(—Kx) —tE, these divisors will be in the negative part. Notice
that these divisors can only be those with negative self-intersection that appear

in the linear equivalence of 7*(—Kx) — tE in (3.5). Hence, we need to intersect
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™ (—Kx) — tE, with the negative curves L, D and E, and check when this

intersections are negative.

(7'(~Kx) —tE)- L=3 (-2 + 1)+ (92 1)} =51 >0 & b>t,
(7(~Kx)—tE)-D=13(14+3—2) 4 (=2 _4)2=302A > o 3>y
(m(-Kx)—tE)-E=1 (3 +2)+ (92 —t) (%) =5 >0 vt

For our assumptions on a and b, we know that b < 35“ and hence, the first

negative value appears when we intersect the divisor with L. Therefore we know
that 7*(—Kx) — tE is nef for ¢ € [0,0], but for ¢ > b we need to find the smallest
A such that 7*(—Kx) —tF — AL is nef. To do so, we repeat the intersections for

this new divisor.

(7"(=Kx) —tE — AL)- L =2t > 0 o ) > L2

(7" (=Kx) —tE —AL)- D = 32202 > () & 3q -2t > ),

(7"(~Kx) —tE—AL)- E=£2 >0 & t>al
Now we take the smallest A which is ifl;), and we repeated the intersections for

W*(—Kx) —tlk — Z;JFZZ

(m*(—Kx) —tE—=tL)- L=0>0 Vit

* b7\ 7 _ 3a’+4ab—(3a+2b)t a(3a+4b
(n*(—Kx) —tE — 54L) . D = 31 BuBt > o alel?) >
(m*(—Kx)—tE - =2L0) . F = ot =0 vt

Looking at these intersections, we know that 7*(—Kyx) — tE — Z;Jrll’)[j is nef for

t € b, ag?;ajztb)], but for ¢ > % we need to find the smallest A and p such that
m™(—Kx) —tE — AL — puD is nef. To do so, we repeat the intersections for this

new divisor.
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3.3. PROOF OF THE MAIN THEOREM

(1*(—Kx) —tE — AL — pD) - [, = 2eto=tzbi > & N> b

(7*(—Kx) — B — AL — uD) - D = fe-2-odblisiols 5 g ), > Sagation

(r*(~Kx) —tE — AL — uD) - E = =222 > & t>al+2bpu.

By solving these inequalities, we get that the smallest coefficients for the divisor

3t(2b—a)—4b? t(3a+2b)—a(3a+4b)

to be nef are A = and p = . Therefore, we have the

4b% —3a? 4b2 —3a?
following Zariski decomposition:
0 0<t<b,
N(m"(=Kx) —tE) = ¢ £2[ b<t < alettt)

—a)—4b2 7 — =
St(zll;_aga;lb L + t(3a+2b) a(3a+4b)D a(3a+4b) < t S %2[)’

4b2 —3a? 3a-+2b

and

P(r*(—Kx) —tE) =

1 (7 a+2b—2t

H(E4 D)+ () o<t

a+3b—2t T 17 a+2b—2¢ a(3a+4b)

2(a+b)L+§D+( 2 )E b<t< 3a+2b

3t(2b—a)(a+2b—2t) T (3a+2b)(a+2b—2t) 7y a+2b—2t a(3a+4b) a+2b
@305 LT Ty Dt ( 2 ) E Sty <t< s

Then, by [BFJ09, Theorem B, Example 4.7] and [LM09, Corollary C], we know

that
. » 1 d .
V01y|E(7T (—Kx) - tE) = Pa(ﬂ' (—Kx) - tE) - B = —5 : %VOI(T(' (—Kx) — tE)
Thus, we get
L 0<t<b,
ool (~Kx) — B) = e boi< o
6(a+2b—2t)  a(3a+4b) a+2b
4b%—3a? 3a+2b <t< +T’
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3.3. PROOF OF THE MAIN THEOREM

and

S(—Ky: E) = (_K2X)2 [t voly (- Kx) — ) =

15a® + 34ab + 8b*
12(3a + 2b)

. A Va
Since Ax(E) = a+ b, note that S;(((Va::))

continuity [BLX22, Proposition 2.4] we have:

only depends on the ratio p = 7, thus by

Ax(vap) _ 123p+2)(1+p)
SX(Va,b) 15,&2 + 34,& +8

It achieves its minimum for % > > 1 with the value \g = %(11 + 8v/3) at
2

fo := 5. In particular, we have d,,(X) < Ao. O

It remains to show d,,(X) > A\g. For the next theorem, we use the same method

as in [AZ22, Lemma A.6].

Theorem 3.3.2. Let X C P(1,1,1,2) be a smooth del Pezzo surface of degree 2
and let pg = (o, Yo, 20, Wo) be a closed point in X. Assume a unique (—1)-curve

L is passing through the point py. Then d,,(X) > %(11 + 8v/3).

Proof. Choose a sequence of coprime integers a,,, b,, > 0 (m = 1,2, ...) such that
fim = 7™ = pig (M — 00), where 2 < < % Let o : Yo = Yo, 5, — X be
the corresponding weighted blow up and let E,, be the exceptional divisor. Let
P™ = LNE,, {PQ(m), Pém)} = DN E,,, where P{"™ and P{"™ are the singular
points p and ¢, respectively. Let W_E>m be the refinement by FE,, of the complete

linear series associated to —Kx.

Let A, = Diffg, (0) = (1— ;5)P™ + (1= 1) ™, A = 5255 Now using

the formula in Theorem 2.2.18 we know that:

. Ax(En) 1 —o0rd:(Ag,)
> ANy m .
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We already computed the minimum of S(‘i);((if;’g)m) in Theorem 3.3.1. Therefore,
to finish the proof, we need to compute the other minimum. Notice that in
E,, we have two singularities, Pl(m) and PQ(m), so we have four types of points
x € E,,. Here, we denote by P(t) the positive part of the Zariski decomposition
of Theorem 3.3.1 and by N(t) the negative part.

o Ifz=pm™

Y

1—ord,(Ag,) 1= (1=3)  12(2b,, + 3a,)?
S(WEm; x) N S(WEm; pl(m)) 4502, + 60a,,by, + 4402,

where

a+2b

SW. P™) = /0 ((P(t)’Em)-(N(t)-Em)Pl(m)+W) P

_ 45a2, + 60ay,by, + 4402,
120, (20, + 3a,,)?

Now since f,, — o as m — 0o, let us take the limit

1 6
lim = = (11+3V3). (3.6)
m=00 p, . S(W{?m; pm ) 47

o Ifz=r",

1—ord,(Ag,)  1=(1=2) 32, +3a,)?
SWEm:z)  §(WEn, PM™) 1802, + 12amby, + 402,

where

2(9a2, + 6amb,, + 2b2%)
3 (26, + 3am,)?

S B =

Now since f,,, — o as m — 0o, let us take the limit

1
lim e = Ll (8+3v3). (3.7)
"o S(WEe R 3T
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o Ifz=pMm

Y

1 —ord,(Ag,,) 1 ~ 3am(2by, + 3a,)?
S(Whnix)  S(WE ™) 18a3, + 12amby + 457,

where

2(9a2, + 6am,b,, + 2b%)
3 (2by, + 3ay,)?

S(WEn; P™) =

Now since ft,, — o as m — 0o, let us take the limit

1 12
lim 8+3V3 3.8
M—00 S(HfEm P m)) 37 ( ) ( )

e Mo P™, P P,

1 —ord,(Ag,,) 1 _18a2, + 12a,,by,
S(WEm; x) N S(WEm; x) -~ 15a,, — 2b,,

where

15a,, — 2b,,
18a2, + 12a,,b,,

SWimix) =

Now since i, — @ as m — oo, let us take the limit

1 12
lim —— .
0 S(WEw;z) 37 (8 + 3\/_) (3.9)

If we put it all together, we get that

5p(X)2min{>\o, 0 (11+3f) (8+3\/_) (8+3\/_)}

47

6
=\ 11
0= 71( +8\/_)

This concludes the proof of the Main Theorem 3.0.1.
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Chapter 4

One-dimensional components in

the K-moduli of smooth Fano

3-folds

This chapter expands upon the paper “One-dimensional components in the K-
moduli of smooth Fano 3-folds” which is written in collaboration with Hamid Ab-
ban (my advisor), Ivan Cheltsov, Elena Denisova, Dongchen Jiao, Anne-Sophie
Kaloghiros, Jesus Martinez-Garcia, and Theodoros Papazachariou [Abb+23]. In
the paper, we study one-dimensional components of the K-moduli of Fano 3-
folds denoted by M§< P* We give a complete description of the six 1-dimensional
K-moduli components. As part of this thesis, we show more detailed computa-
tions and extended explanations of the description of the families for three of the

components, since they are the ones I worked on.
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4.1 Introduction

Until the development of the theory of K-stability, the subject lacked a unified the-
ory of compact moduli spaces for Fano varieties. Recent advances in K-stability
have shown that the compactification of the moduli space of Kahler-Einstein
Fano manifolds obtained by degenerating Kahler-Einstein metrics coincides with
a compact moduli space of K-polystable Q-Fano varieties; the resulting space,
after fixing the dimension n € N and the volume V' € Q- is a projective variety
MTIL( 7 parametrising n-dimensional K-polystable smoothable Fano varieties of an-
ticanonical volume V over C (see [Jia20; LWX21; CP21; BX19; Alp+20; BLX22;
Xu20; X720; XZ21; Blu+21; LXZ22]).

Much has already been uncovered about the geometry and characteristics of
smooth Fano 3-folds. Through the application of techniques from birational ge-
ometry, Iskovskikh, Mori, and Mukai achieved the classification of smooth Fano
3-folds into 105 deformation families [Isk89; MMBS82|. It is natural to test the

theory of K-moduli for these varieties.

We also know precisely the deformation families for which a general member
of the family is K-stable (see [Ara+23]). In particular, it is known that 78 of
those families have K-semistable general members. Of those 78 families with K-
(poly)stable elements, 24 have 0-dimensional moduli, meaning they have a unique
K-polystable member. This project focuses on the six families with 1-dimensional
moduli. In that, the following are the families where the moduli have dimension

one (the numbers given are the ones in Mori-Mukai notation [MM82]):

Family 1: Divisors of bidegree (1,2) in P? x P? (Ne2.24). For A € P!, let X be
the 3-fold defined by {xu? + yv? + zw? = A(@xvw + yuw + 2uv)} C P? x P2 where
([z:y: 2], [u:v:w]) are coordinates on P? x P2, Then X, is smooth if and only
if A3 # 1 or A # oo and they parametrise the smooth members of this family.

By [Ara+23, Lemma 4.70] X are K-polystable for all A\ € P!. In particular, if
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4.1. INTRODUCTION

A2 =1, then X, = X, and this 3-fold has 3 ordinary double points. Note that
the family contains strictly K-semistable smooth members (see [Ara+423, Section

4.7] for details).

Family 2: Blowups of P? along quartic elliptic curves (Ne2.25). For A € P!,
consider the curve C = {x%—i—x%—i—)\(xg%—x%) =0, \(z2 —2})+ 23 —2i = 0} C I3,
where [zg : 7y : Ty : x3] are coordinates on P?, and let 7: X, — P? be the
blowup along Cy. If A & {0,41,+i, 00}, then C, is a smooth elliptic curve,
and X is a smooth K-stable Fano 3-fold [Ara+23, Corollary 4.32]. Moreover,
every smooth Fano 3-fold in this family is isomorphic to X, for some A\ € P!
[Dye77]. If A € {0,£1,+i,00}, then C) is a union of 4 lines, and X, = X is
a toric K-polystable smoothable Fano 3-fold; X, has four singular points, which

are ordinary double points (prove in [Pap22]).

Family 3: Blowups of P? along rational quartic curves (Ne2.22). We study this
family in §4.2.

Family 4: Blowups of P? along the disjoint union of a twisted cubic and a line

(Ne3.12). We study this family in §4.3.

Family 5: Blowups of P! x P! x P! along a curve of degree (1,1,3) (Ne4.13). We

study this family in §4.4.

Family 6: Complete intersection of divisors of degree (1,1,0), (1,0,1) and
(0,1,1) in P? x P? x P? (Ne3.13). By [Ara+23, Lemma 5.97] we know that every

smooth member of Family 6 is isomorphic to Xy C (P?)? given by

{xoyo+x1y1+x2yz = 0,9020+y121+y222 = 0, (14+X)2o21+(1 =) 2120 — 27220 = 0},

(4.1)
where A € P!, and ([zo : 21 @ @), [yo : ¥1 : Yo, [20 : 21 : 22]) are coordinates on
(P%)3. If X & {£1, 00}, then X, is a smooth K-polystable Fano 3-fold [Ara+23,

Lemma 5.99]. For A € {£1,00}, X, is K-unstable and singular (X4, has one
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ordinary double point p = ([0 : 1 : 0],[0: 0: 1],[1:0:0])) and X is singular
along the curve defined as {([0 : 0 : 1],[yo : v1 : 0],[0 : 0 : 1])|[wo : v1] € P'}).

However, let

Tays — X3y = 0,

Yoz — Ysz2 = 0,

X = Tozz — X329 = 0, (4.2)
T1Y123 + T1ysz1 + T3y1z1 + x3y223 = 0,

T1Y122 + T1Y221 + Tay121 + Taysze = 0.

Then X!  has a unique singular point, which is an ordinary double point, and is

a K-polystable limit of elements of this family [Abb+23, §6].

This deformation family also contains some interesting members, which are worth
mentioning. It contains a unique strictly K-semistable smooth member, whose
automorphism group is isomorphic to G, x S3 (see [Ara+23, Lemma 5.98]),
i.e. the unique non-trivial semi-direct product of the additive group G, and the
symmetric group &3. Recall that the automorphism group of a K-semistable Fano
variety is reductive. The family contains a singular K-polystable toric Fano 3-
fold. Furthermore, we can parametrise the family such that X, degenerates to the
singular toric K-polystable Fano 3-fold {zoy; = x1y0, 120 = Yo21, Toz2 = 220}
when A\ — +1. Recall that a toric variety is K-polystable if and only if the
barycenter of its polytope is 0 [Fuj16; WZ04]. Note that it has 3 ordinary double
points. Family 6 also contains a non-toric complete intersection in P? x P? x P?
with one ordinary double point which is K-unstable (see [Abb+23, Example 6.1]

for the description).

To explicitly describe the compact moduli space in each of these cases, we proceed
as follows: we give an explicit parametrisation of the (smooth) members of each
family, which is always A'\ {py, .., pr} for some k € N, as you can see in Family 1,

2 and 6. Then, we fill the missing points of the 1-dimensional parametrisation to
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get P! with explicit K-polystable singular Fano 3-folds that deform to a smooth
member. And finally, we construct a morphism from P' to Mx* which is the
one-dimensional component of MgK P* that contains all smooth K-polystable Fano
3-folds in Family Ne/N in the Mori-Mukai classification. Note that these families
are classified by Picard rank and volume V', hence, in particular, they are one-
dimensional components of Mg( V. See in the next Corollary how we construct

this morphism for Family 2 and Corollary 4.1.2 for Family 6.

Corollary 4.1.1. The Fano 3-fold X, in Families 1 and 2 are the only singular

K-polystable limits of members of the deformation families N2.24, 2.25.

Proof. We only consider Family 2, since the proof is similar for the other family.
Denote by M, 2% the one-dimensional component of the K-moduli space M§< ps
that contains all smooth K-polystable Fano 3-folds in Family 2 (equivalently,
all K-polystable elements of Mori-Mukai family Ne2.25). Above, we described
a parametrisation X = {X NAE IPl} that is a Q-Gorenstein family (i.e. let
7: X — P! then Ky —7*(Kp1) is Q-Cartier), and such that all smooth members
of Family 2 are fibres of the family X, for A € P\ {0,+1, £i,00}. Note that

Xy=2X_ ) for e P!.

Moreover, it follows from the description of Family 2 above the fact that all
objects X in the parametrisation are K-polystable. Thus we have a morphism
P! — MK, the moduli stack parametrising K-semistable objects in this family,
which descends to a morphism ¢: P! — M, 2 given by A — [X,] such that
d(0) = ¢(£1) = ¢(&i) = ¢(c0), and ¢(A) = ¢(—N) for A € P'. Since My%? is
proper and one-dimensional, we conclude that ¢ is surjective, which implies the

required assertion. O

Corollary 4.1.2. Singular K-polystable limits of smooth Fano 3-folds in the
Mori-Mukai family Ne3.13 are the toric Fano 3-fold mentioned in Family 6 above
and the non-toric Fano 3-fold X! defined in (4.2).
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Proof. Let M35 be the one-dimensional component of Mi*® that contains K-
polystable smooth Fano 3-folds in this deformation family. It follows from the
description in Family 6 that there exists a (Q-Gorenstein family of Fano 3-folds
over P! such that the fibre X, over A € P! is the complete intersection in P? x
P? x P? given by (4.1). This family contains all smooth K-polystable 3-folds in
the family Ne3.13, which are fibres over the points in P! \ {£1,00}. Note that
X\ = X_, for every A € P'. As in Corollary 4.1.1, we argue that there is a
surjective morphism ¢: P' — M;Fs such that ¢(\) = [X,] for A € P'\ {1, 00},

and ¢(£1) is the K-polystable toric Fano 3-fold described in Family 6.

For A # oo, the K-polystable Fano 3-fold corresponding to ¢()) is either smooth
or has ordinary double points, in particular, X, has unobstructed Q-Gorenstein
deformations. So, it follows from [KP21, Remark 2.4] that M; by is smooth at
d(\) for X # co. It follows from [Abb+23, Main Theorem] that [X’ ] € MyFs,
where X/ is the 3-fold (4.2). But [X[] # ¢(\) for A # oo, since X/ 2% X,
for A € {0,00}, and X/ is not isomorphic to the toric Fano 3-fold described in
Family 6. Thus, we conclude that ¢(oo) = [X’ ], so that Mjrs is smooth at ¢()),

which gives Mars = P!, O

In sections §4.2, §4.3, §4.4, we study families 3, 4 and 5, respectively. For each
family, we prove that there is a unique K-polystable singular Fano 3-fold that
admits a smoothing to a member of the family and as a consequence, we prove

the following:

Main Theorem 4.1.3. All one-dimensional components of M§<Ps are tsomorphic

to Pt.
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4.2 Family 3

In this section, we study the Fano 3-folds described as blowups of P? along rational

quartic curves. (Ne2.22 in Mori-Mukai notation)

4.2.1 Parametrisation of the family

From [Ara+23, §7.4.] we have the following parameterization of the Family 3:
Define Q = {wor3 = w112} C P? to be the smooth quadric surface, where
[xg : @1 : xy : x3] are coordinates on P3. Notice that Q@ = P! x P! via the

isomorphism given by

([u:v],[w:y]) — {zu:azv:yu:yv},

where ([u : v],[z : y]) are coordinates on P! x PL. Let C) = {ua?(xz + \y) =
vy*(y + Ar)} be a curve in @, for A € P'. Notice that C) is a smooth rational
quartic curve if and only if A\ & {4+1,00}. Let m: X, — P3 be the blowup of
P? along C), then X, is a smoothable Fano 3-fold. Moreover, every (smooth)
member of family Ne2.22 is isomorphic to X for some A € P!. The 3-fold X is
K-polystable for A € {1, £3, 00} by [CP22]. On the other hand, Xy is strictly

K-semistable, with K-polystable limit Xy by [Ara+23, Lemma 7.5.].
Lemma 4.2.1. The K-polystable limit of X3 is X.

Proof. Note that since X is the blowup of P* along Cl, it is enough to show that

C.3 degenerates to Cy. We will do the proof for C's, the other one will be similar.

Recall that Cj is defined by equation {uz?(z + 3y) = vy*(y + 3z)}. With a
change of coordinates (2 = z + y), we get {u(z')® = (u + v)(—2y* + 32'y?)}.

We change coordinates again taking v = v + u and vy = v/—2y, and we get
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{u(@)? = V() + (3,/_—2)233’(3/)2)}. Now we define the family
C = {{ux® = v(y* + tay®)}|t € C}.

We define 7 : C — C in an obvious way. Notice that for every non-zero t € C,

7 1(t) = C3. On the other hand, for 771(0) = {uz® = vy*} = Cy. O
We also have a relation between X4 and X.
Lemma 4.2.2. X, admits an isotrivial degeneration to X (Definition 2.2.19).

Proof. As in the previous Lemma, it is enough to show that C.; degenerates

isotrivially to Cy,. We will do the proof for C, the other one will be similar.

Recall that € is the union of a twisted cubic and a line defined by equation
{(x + y)(uz® — vy*) = 0}. With a change of coordinates (2’ = x + y), we get

{2’ (u((2")? + 22"y + y*) — vy?) = 0}. Now we define the family
C := {{x(u(tx® + 22y + y*) — vy?) = 0}t € A'}.

We define m : C — A! in an obvious way. Notice that for every non-zero t € A!,
771(t) = C;. On the other hand, for 771(0) = {z(u(2zy + y*) — vy?) = 0}, we
rewrite it as, {ry(u2x — (v — u)y) = 0}. Then, we do a change of coordinate

(v =2u and v = v — u) and we get that 771(0) = Cw. O

As a consequence of Lemma 4.2.2; if X is K-polystable, then X, is strictly
K-semistable. Note that X, has two ordinary double points which pair with the

intersection points between the lines of Cy.
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4.2.2 The strategy to prove the K-polystability of X

The strategy to check the K-polystability of the singular members of the three

families 3,4 and 5 is the same and it works as follows:

Let X be a singular Fano 3-folds that admits a smoothing to one of the Families 3,
4 or 5 (see sections 4.3 and 4.4 for specific descriptions of the latter two families).
For these families, we will present generators of the group Aut(X), and we will
describe basic geometric facts about X. For instance, we will see that X has two
isolated ordinary double points and that Aut(X) swaps them. Set G = Aut(X).
Then, using Theorem 2.2.12, we prove that X is K-polystable by showing that

B(E) > 0 for every G-invariant prime divisor E over X.

Now, let ¢ X = X bea G-equivariant birational morphism with X normal, and
let F be a G-invariant prime divisor in the 3-fold X, and Z = o(F) its centre
on X. Since G swaps singular points of X, we have the following possibilities: Z
is a smooth point of X, 7 is a G-invariant irreducible curve, Z is a G-invariant

irreducible surface.

We replace X with a suitable G-equivariant small resolution to simplify the com-
putations. In principle, such a resolution may not exist, but in all cases considered

here, it does, leading to a G-equivariant commutative diagram

where X — X and X — X are small resolutions of singularities of X, and
X--»Xisa composition of two Atiyah flops. Let Y be one of the 3-folds X or
X, let n: Y — X be the corresponding small G-equivariant birational morphism,
and let Zy be the centre of the divisor F' on the 3-fold Y. Then —Ky ~ n*(—Kx),

which implies that Ax(F) = Ay (F) and S(—Kx; F) = S(—Ky; F). Therefore,

70



4.2. FAMILY 3

the p-invariant that we use to characterise K-stability will not change with a

small resolution.

Remark 4.2.3. Let 51, ..., S, be effective divisors on Y such that Sy (.S;) < 1 for
every i. If every G-invariant prime divisor in Y is linearly equivalent to zrjl n;S; for
i=
some non-negative integers ny, ..., n,, then 5(S) > 0 for every G-invariant prime
divisor S in Y. Using the bound for S(—Kx; E) given in (2.1), we can weaken the
condition “every G-invariant prime divisor in Y is linearly equivalent to zr:l n;S;
i=
for some non-negative integers nq,...,n,” as follows: for every G-invariant prime
divisor D C Y such that —Ky ~g 3D + A for some effective Q-divisor A on
the 3-fold Y, there are non-negative integers ny,...,n, such that D ~ ilnzSz
i=
Recall that ~ means numerically equivalent, and for a field k, ~j, is numerically
equivalent with coefficients in k. Furthermore, using [Fuj19b, Proposition 3.2], we
can weaken the latter condition slightly as follows: for every G-invariant prime
divisor D C Y such that —Ky ~g AD + A for some rational number A > 3
and some effective Q-divisor A on the 3-fold Y, there are non-negative integers

T
ni,...,n, such that D ~ > n;S;.
i=1

Now, fix a point p € Zy. If B(F) < 0 for a divisor F' whose centre contains
p, then 0,(Y) < 1 (see definitions 2.2.6 and 2.2.8). Quite often, we can use the
inductive argument of Abban and Zhuang [AZ22], and its formulation in certain
scenarios in [Ara+23], to show that J,(Y) > 1. To do this in the cases we deal
with in Families 3, 4 and 5, take an admissible flagp € C' C S C Y, where C' is a
smooth irreducible curve that contains p, and S is a smooth irreducible surface in
Y that contains C. To apply [AZ22; Ara+23], set 7 = T(S) the pseudoeffective
threshold defined in Definition 2.2.6. Next, for every u € [0, 7], it is required to

find the Zariski decomposition
—Ky —uS ~g P(u) + N(u),

where P(u) is the positive part of the decomposition, and N(u) is the negative
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part (see §2.1.2). A priori, the Zariski decomposition may not exist on Y for
every u € [0, 7], but in the cases dealt with here, it exists either for Y = X or for
Y = X. Hence, we may assume that the required Zariski decomposition exists
on Y for every u € [0, 7]. For u € [0, 7], set d(u) = ordec(N(u)|s) and write

N(u)\s = N'(u) + d(u)C,

where N'(u) is an effective divisor on S such that C' ¢ Supp(NV'(u)). Foru € [0, 7],

set
T(u) = sup{v € Ry ‘ the divisor P(u)‘s —o(C' is pseudo—effective}.

Then, for every v € [0,7(u)], let P(u,v) be the positive part of the Zariski
decomposition of the R-divisor P(u)|s —vC, and let N(u,v) be its negative part.

Set

S(W,S,, / du~|— i //(P(u,v))zdvdu,

0

which is well defined since the support of N(u) does not contain S for every

€ [0,7]. If C = Zy, it follows from Theorem 2.2.17 and[Ara+23] that

e.0)

= > min L ! (4.3)
Sx(F)  Sy(F) ~ Sy (S)’ S(WS C) '

Hence, if C' = Zy, Sy(S) < 1 and S(W2,;C) < 1, then S(F) > 0. Using this

e.0)

approach, we can show that S(F') > 0 if Z is a G-invariant irreducible curve.

Remark 4.2.4. ([AZ22; Ara+23]) In fact, if C = Zy, Sy(S) < 1and S(W),; C) <
then B(F) >0
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Now, we observe that C' ¢ Supp(N (u,v)), and set

T T(u
Fp (W,S.C, OI'dp(Nl(U)‘C + N(u, U)’C)dvdu
and w
3 T 7(u
S(WES: P) = R O/ O/ (P(u,0) - C) dvdu + Fp(WSS).

Ay (F) ' | 1 1
Z 5P(Y) > min {SY(S) S(W.S,, C) , S(W.S,L(f:; P) } (4.4)

Thus, if Sy (S) <1, SWE,;C) < 1 and S(WJ5; P) < 1, then 6p(Y) > 1 and

e.0) e.0.0)

B(F) > 0.

Remark 4.2.5 ([AZ22; Ara+23]). In fact, if P = Zy, Sx(5) <1, S(WS,;C) < 1

e.0)

and S(WJPE,; P) < 1, then we also have 3(F) > 0.

0.0 0)

Using this approach, we will show in the remaining of this section and Sections 4.3

and 4.4 that X (in the notation of Families 3, 4 and 5) is K-polystable.

4.2.3 Geometry of X

To simplify the notation, let X = X, where X, is described above. Let Cy, =
C + Ly + Lo, where C = {xg + 23 = 0, zox3 = 2122}, L1 = {20 = 0,27 = 0} and
Ly = {9 = 0,23 = 0}, and let v: V — P3 be the blowup of the lines L; and
Lo. Let ¢: X — V be the blowup of the proper transform of the conic C, and
©: W — P? be the blowup of the conic C, and let 0: X — W be the blowup
of the proper transform of the lines L; and L,. Then we have the following

G-equivariant commutative diagram:
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X X X
3
1% - P - W

where X — X and X — X are G-equivariant small resolutions of X. Recall from

Section 4.2.2 that G = Aut(X), and either Y = X or ¥ = X.

Note that Q = {zor3 = 122} C P3, and let E, Fi, Fy be the m-exceptional
surfaces such that 7(E) = C, n(F\) = Ly, m(Fy) = Ly. Let Ho = {xo + 3 = 0},
Her = {wg — x3 = 0}, and denote by H a general plane in P2. Note that when
we intersect ) with Hg we get another conic, denote it by C’. Now we define
some of the curves that are relevant for future computations. Let [; and I be
the tangent lines to C" at P, = L1 N C and P, = Ly N C, respectively, and
| = HoN Her = {xg = 0,23 = 0} which also contains P, and P,. Figure 4.1
shows most curves and surfaces mentioned before.

Figure 4.1: Model in P? of X Family 3

e

I iride ‘,«/
e ' : 7

c

Now, denote by E, Fi, I, Q, ﬁc, ﬁc/, H the proper transforms on X of the
surfaces F, Iy, Fs, Q, Ho, Hor, H, respectively. Then @ ~2H—-FE—F - F
and Ho ~ H — E. This gives

~Kg~dH —FE~F —F, ~2Q+E+ Fi + Fy ~Q + 2Ho + 2F.

Note that (—K5)® = (—Kx)® = 30. The divisors H, E, Fy, Fy generate the
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group Pic(X). We have H* =1, H-F? = H-F} = F, - E*> = F, - E? = —1,
H-E? = F3 = F3 = -2, ¥ = —4, and all remaining triple intersections are

Zero.

Similarly, let E, F, Fy, Q, Ho, Her, H be the proper transforms on X of the

surfaces E, F, F5, Q, Ho, Hor, H, respectively. Then
—Kx~4H—-E—F, —Fy~2Q+F+F,+Fy~Q+2Hc +2E.

The divisors H, E, Fy, Fy generate the group Pic(X) and their intersections can
be computed as follows: H =1, F, =Fy=F, H=F>-H=F-E=F,-E =

1, E°-H=-2,F° = —6, and all remaining triple intersections are zero.

Description of the automorphism group Let us take the following auto-

morphisms in P3:

7'3[ZL'O:CC12$23$3]|—>[$33$21$12$0],

FZ:{[$0Z$1ZZEQI$3]P—>[ZL‘OZ)\ZLjZ%ZZL‘gH/\G(C*}.

Note that T' is the subgroup of Aut(P?). Then I is a C* action, the curve Cy,
is (7, I')-invariant, and the (7,T")-action lifts to X. Hence, we can identify (7,T")
with a subgroup in G = Aut(X). Since 7 is an involution is straightforward to

verify that G = (1,I") = C* X ps.

Description of the G-invariant loci. Here we will study all G-invariant sub-
sets of X. First, notice that all the invariant subsets in X will come from some

G-invariant subset in P3. Let us start by studying the G-invariant points on P3:

set O=1[1:0:0:1and O’ =[1:0:0:—1].

Lemma 4.2.6. The only G-fived points in P? are O and O'.
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Proof. Taking the C* action, I', on P?, we get that any I'-invariant point must
have z; = x5 = 0. And a point of the form [z : 0: 0 : z3] to be 7 invariant, we

get xg = +x3. ]

Notice that [ previously defined, is G-invariant. And so are the following curves:
I' = {x; = 0,29 = 0}, C, = {x129 = raxoxs,z0 + 23 = 0}, C. = {129 =
rxors, ro = w3} for r € C*. Then [’ is the line that passes through O and O'.
Note that C, is an irreducible conic in the plane He, and C! is an irreducible

conic in the plane H(,, and C = (4, C" = (7.

Lemma 4.2.7. The curves I, I', C,, C! are the only G-invariant irreducible

curves in P3.

Proof. Let C be a G-invariant irreducible curve in P3. If C is pointwise fixed by
I, then C = I'. We may assume that C # [’. Then I" acts on C effectively, which
implies that C is rational. Then 7 must fix a point p € C, which is not fixed by
I', which implies that C = Orbp(p). On the other hand, the 7-fixed points are
b:a:a:band [b:a: —a: —b for [a : b] € P!, which implies the required

assertion. O

Thus, the planes He and Her contain all G-invariant irreducible curves in P3
except I’. To complete the description of G-invariant curves in X, we have to

describe G-invariant irreducible curves in E, which is done in the following lemma:

Lemma 4.2.8. The only G-invariant irreducible curves in E are EN @ and

E N He, and the only G-invariant irreducible curves in E are 50 = E N Q and

=ENHec.

|

Proof. Note that o(E) = Fy by [CS19, Lemma 2.6], and o(3) is the (—2)-curve

in E. Let ¢: P3 ——» P* be the G-equivariant map

[xg : @y @ @o @ x3] — [IQ(I0+$3) : x1(zot+x3) 1 wo(Totas) : x3(xo+as3) : xol’g—l’lxg},
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and let Y be the closure of its image in P*. Then Y is the quadric {tw — tz +
wx +yz = 0}, where [z : y : z : t : w] are coordinates on P*. Then ¢ induces
a G-equivariant birational map 6: P2 --» Y such that there exists the following

G-equivariant commutative diagram:

where v is the contraction of o(H¢) to [0:0:0:0:1]. Set S = voo(F). Then
Sy = {t+x=0,yz—tw=0} cY,

and v induces a G-equivariant birational morphism o(F) — S, that contracts
o(5). Moreover, one can check that the only G-invariant irreducible curve in the
cone Sy is the conic {w =t + 2 = yz —tx = 0} = v o o(Sp). This implies the

required assertion. O

Finally, to use Remark 4.2.3, we need to study the G-invariant G-irreducible
divisors on both X and X.

Lemma 4.2.9. Let S be a G-invariant G-irreducible surface in X such that

S # Fi\ +F,. Then S ~ aQ + bHe + cE for some non-negative integers a, b, c.

Proof. We may assume that S # E, S # He, S # Q. Then 7(S) is a G-
invariant surface of degree d > 1, and S ~ dH — mE — n(ﬁl + E) for some
non-negative integers m and n. Let £ be a general ruling of Q = P! x P! such
that F’l'ﬁzﬁé-ﬁ: 1. Then E-f=1and 0< S- ¢ =d—m — 2n. Thus, we

have d > m —2n. So, wecanlet a=n,b=d—2n,c=d—m —n. O

Using the same technique as above it is straightforward to prove the following:
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Lemma 4.2.10. Let S be a G-invariant G-irreducible surface in X such that

S #F,+Fy. Then S ~ aQ@ + bHg + cE for some non-negative integers a, b, c.

4.2.4 K-polystability of X

We are ready to prove that X is K-polystable using the approach described in
Section 4.2.2. Let F' be a G-invariant prime divisor over X, and let Z, Z, Z be

its centres on X, X and X, respectively. Then it follows from Lemma 4.2.6 that

1. either Z is a G-invariant irreducible surface,
2. or Z is a curve described in Lemmas 4.2.7 and 4.2.8,

3. or Z is a point, and 7w (Z) is the point O or O'.

We start with the case of a G-invariant irreducible surface. Using Remark 4.2.3

and Lemma 4.2.9, we obtain

Lemma 4.2.11. Let F' be a G-invariant prime divisor on X. Then 5(F) > 0.

Proof. By Remark 4.2.3 and Lemma 4.2.9, it is enough to show that 5(Q), 3(Hc),

B(E) are positive. We will do this using the notations introduced in Section 4.2.2.

We start with Q. Let Y = X and S = Q. Then, —K5—uS ~g (2—u)S + E +
}71 + F’g. This shows that 7 = 2.

Recall that a divisor D is nef if the intersection D - C' > 0 is positive for all
irreducible curves C'in D. Also notice that in order to get (=K —uS)-1 <0,
must to have negative self-intersection in at least in S, E,F,, F, or H. Moreover,
since S = E = P! x P!, they do not have negative curves. F, has a (—1)-curve
gi = E|F; Finally in H, we have four (—1)-curves (¢, + &) = E|Fp fi = E|g
Note that when we have 3 surfaces A, B and C, A|¢ - Blc = A - B - C since this
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number is up to equivalence class. So now we check the following intersections:

(—K5 —uS)l5 -9 = ((Q_U)S|ﬁ+§i+ﬁi|ﬁ)'§i=1—u20 <l >
(—Kz—uS)g-fi=(Q-wSlz+e+fi+h) fi=1-u>0 ol > u

(-Kg—uS)z-&=(2-wSlz+a+a+h+h) a=1-u>0 ©l>u

Here we see that — K —uS is nef for u € [0,1]. For u > 1, the intersections with
E| 5 and F}| 7 are negative, therefore we are adding some /\(E +F+ Fg). In this

case it is easy to check that A = (1 — u). Hence, we have

(2—u)S+E+F + F, if0<u<l,
P(u) ~g

Q-w(S+E+FA+F) ifl<u<2

If u € [0,1], then N(u) = 0. If u € [1,2], then N(u) = (u — 1)(E + F} + ).
Then
2u3 — 6u? — 18u + 30 if 0<u<l,

(P(u)>3 _

8(2 —u)? if1 <u<2.
Now, integrating (P(u))?, we get Sy (S) = &2, so that B(Q) = >0

Now we deal with He. Set Y = X and S = He. Then K5 —uS ~g (2—u)S+
2F + (. This gives 7 = 2, because 2E + Q is not big. Moreover, following the

same procedure as for S = @), we have

(2—u)S+2E+Q if0<u<l,
P(U)NR

2-uw)S+B-wE+Q ifl<u<2
If u € [0, 1], then N(u) = 0. If u € [1,2], then N(u) = (u— 1)E. We compute

3 u? —6u® — 12u+ 30 if 0 <wu<l,
(Pw) =

(2 —u)(u? — 10u + 22) if 1 <u<2,
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which gives Sy (S) = L, so that 3(Q) = & > 0.

127 12

Finally, we set Y = X and S = E. Then —Kx — uS ~g (2 —u)S + 2Hc + Q.

This shows that 7 = 2, because 2H ¢ + @Q is not big. Moreover, we have

(2—u)S+2Hc+Q if0<u<l,
Pu) ~z

2-u)(S+Q+2Hc) ifl<u<2

If u € [0,1], then N(u) = 0. If u € [1,2], then N(u) = (u — 1)Q + 2(u — 1)He.

Then
3 6u’ — 6u? — 24u + 30 if 0 <u<l,
(P(u)" =
6(2 —u)? if 1 <u<?2,
which gives Sy (S) = 1 and B(E) = B(E) = & > 0. O

We now show that B(F) > 0 for F' a G-invariant prime divisor with small centre

on X.
Lemma 4.2.12. Suppose that Z is a G-invariant irreducible curve in HC. Then

B(F) > 0.

Proof. The morphism v o ¢ induces a birational morphism He — H¢, which is
a blowup of the points Ho N Ly and He N Ly. Set ﬁ = F1|ﬁc and fg = ﬁ2|ﬁc'
Then f; and fy are exceptional curves of the morphism He — He. Let [ be the
third (—1)-curve in He, set h = E|ﬁc’ and set C' = E|ﬁc Then v o ¢(1) =1, so
that [ ~ h — ]?1 — f; By Lemmas 4.2.7 and 4.2.8, we have the following possible

cases:

e 7(Z)=1land Z =1,
e 1(Z)=Cy=Cand Z=C ~2h— fi — fo,
e M(Z)=C.withr#1,Z¢ E and Z ~ 2h — f; — fs.
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Set Y = X, S = Hp, ¢ = Z. Then it follows from the proof of Lemma 4.2.11

that
(24 u)h —u(fy + f2) if0<u<l,
P(u)|, ~& o
and
0 if0<u<l,
N(u)‘SNR

(u—1C fl<u<2

We know from the proof of Lemma 4.2.11 that Sy (S) = 1 < 1. Let us compute
S (Wf,; ).

Suppose that Z = [, then

N (24u—0)l +2(f1 + f2) if 0 <u<l,
P(u)‘S—UZNR

A-—u—v)i+B+utv)(fi+fh) ifl<u<?,
Hence, if 0 < u < 1, then 7(u) = 24+ wu. If 1 < u < 2, then 7(u) = 4 — u.
We denote by P(u,v) and N(u,v) the positive and negative parts of the divisor

P(u)|  — vZ on S, respectively. Moreover, if 0 < u < 1, then
S

(24+u—v)h—(u—v)(fi + f2) if 0 <v <,
P(u,v) ~g

(2+u—v)h if u<v<2+u,

and

0 if 0 <v < u,
N(u,v)~g

(w—u)(fi+fo) fu<v<2+u
Similarly, if 1 < u < 2, then

A—u—v)h—(1—v)(fi+ f) O<v<L,
P(u,v) ~g

(4—u—v)h ifl<v<4—u,
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and
0 if0<w<l,
N(u,v)~g
(v—=1)(fi + f2) ifl<v<4—u.
This gives
1 1 u 1 24w
SWo, € —O// —u? - 2uv —v* +4u— 4vdvdu+10// (2+u—v)*dvdut
0
1 21 1 2 4—u
—0// + 2uv — v? — 8u — 4v + l4dvdu + E//(u—i—v— Vdvdu = 1.
10 11

Hence, it follows from Remark 4.2.4 that when Z = [, B(F) > 0.

We may assume that 7(Z) = C,. Then, Z ~ 2h — fi — fo. If 0 < u < 1, then

7(u) = 2%, Similarly, if 1 < u < 2, then 7(u) = 45*%. Moreover, if 0 < u < 1,

then
(24 u—20)h — (u—v)(fi + fo) if 0 <v<u,
P(u,v) ~g
(24+u—2v)h ifuévé“T“,
and
0 if 0 <v < u,
N(u,v)~g

(v—u)(fi + f2) if u <o < 2

Similarly, if 1 < u < 2, then

(A—u—200h—(1—=0)(fi+fo) ifO0<v<],
P(u,v) ~r

(4—u—2v)h if 1 <ov iy

and

0 if0<v<l,
N(u,v)~g

(v—=1)(fi + f2) if 1 <o &Ee
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Therefore, if Z = C, then S (W&,; ) can be computed as follows:

e .0)

u

1

10 — u® 4+ 20* + du — 8v)dvdu+

2
1
—O/u—1 u? — 8u+ 14)du +
1

2+u
2

/e

= L2l
—O/ (2 +u—2v) dvdu—i-f//u + 4uv + 20% — 8u — 12v + 14)dvdu+

0 10

1

Similarly, if Z # C, then S(WE,:¢) =35 < 1. Then 5(F) > 0 by (4.3). O

e 0’

u

N

—u

53
20 — 4) dvdu = — < 1.
(u+2v —4)°dvdu 20

H\M‘

Using computations made in the proof of Lemma 4.2.12, we obtain the following

result:

Lemma 4.2.13. Suppose that 7(Z) contains O. Then B(F) >0

Proof. Let us use the notation introduced in the proof of Lemma 4.2.12. First,
we let Y = X. Let P be the preimage on Y of the point O. Then P is the unique

G-fixed point in He.

As in the proof of Lemma 4.2.12, we choose S = ﬁc, and we choose % to be the

curve in the pencil |h — fy| that contains P. Since Sy (S) = = (see the proof

of Lemma 4.2.11), it follows from (4.4) that B(F) > 0 if S(WS,; %) < 1 and

e.0)

S(WEi:P)<1.

e.0.0)

Let us compute S(W2,;€) and S(WJ5;P). If 0 < w < 1, then 7(u) = 2. If

e.0) 0.0 0)

1 < u <2, then 7(u) = 3 — u. Moreover, if 0 < u < 1, then

(24 u—0v)h— (u—v)f; —uf if 0 <wv<u,
P(u,v) ~g

(24 u—0v)h —ufy ifu<ov<2,

83



4.2. FAMILY 3

and

0 if 0 <v < u,
N(u,v)~g

(v—u)fi if u<v<2,

which gives

5 4 —u? + 4u — 4o if 0 <v<u,
(P(u,v)) =

(2—v)(2+2u—v) ifu<v<2,

and

2 if 0 <v < u,
P(u,v)-€ =

24+u—v ifu<g<v<2

Similarly, if 1 < u < 2, then

A—u—v)h—Q—=0)fi—f, if0o<v<],
P(u,v) ~g

(4—u—v)h—f; ifl1<v<3—u,

and

0 if0<v<,
N(u,v)~g

(w—1)fi if1<3-u<3—u,

which implies that

9 u? + 2uv — 8u — 6v + 14 if0<ov <1,
(P(u,v)) =

B—u—v)(b—u—w) if 1 <v<3—u,

and

3w if0<v<l,
P(u,v) - € =

4 —u—wv fl<ov<3—u

Observe that % is not contained in the support of the divisor N(u) for every

u € [0,2], and P is not contained in the support of the divisor N (u,v) for u € [0, 2]
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and v € [0, 7(u)]. Now, by integrating we get S(W2,;€) = S(WZ5,; P) = % <1,

so B(F) >0 by (4.4). O
Recall that Her is the plane in P? that contains O' and C!. for every r € C*.

Lemma 4.2.14. Suppose that 7(Z) = C\. for some r € C*. Then B(F) > 0.

Proof. As above, we use the notation introduced in section 4.2.2. Let Y = X ,
and let S be the proper transform on Y of the plane Hcr. Then —Kg — uS ~g
Q + (2 — u)S. This gives 7 = 2. If u € [0,1], then N(u) = 0. If u € [1,2], then
N(u) = (u — 1)Q. Thus, we have

Q+(2—u)S if uw € [0,1],
P(u) ~R

2-uw)(Q+S) ifuell2]

17

Integrating, we get Sy (S) = 35.

Set C" = @] . Then " is a smooth irreducible G-invariant curve, and

0 if uw € [0, 1],
N(U)NR N

(u—1)C" if uw € [1,2].
To describe P(u)|g explicitly, we have to say a few words about the surface S.

Set P, = Hoo N Ly and P, = Her N Ly, Recall that [ is the line containing P; and
P,. Let P be the pencil on Her generated by 21 and C’, let [; and [ be the lines
in Her that are tangent to C” at the points P; and Ps, respectively. Then

» the base locus of the pencil P consists of the points P, and P;,

e the pencil P contains [ + [ and the conic C! for every r € C*,

o the conics 2! and [y + l5 are the only singular curves in P.
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The morphism v o ¢ induces a birational morphism ¢: S — H¢ that resolves the
base locus of the pencil P. The morphism £ is a composition of 4 blowups such

that we have the following G-equivariant commutative diagram:

where He --» P! is the rational map given by P, and S — P! is a surjective
morphism. The birational morphism £ is a composition of the blowup of the
points P, and P, with the subsequent blowup of two points in the exceptional
curves contained in the proper transforms of /; and l5. Note that S is a weak del

Pezzo surface of degree five.

We have E|g = g1 + §o, where §; and g, are two irreducible &-exceptional (—1)-
curves such that £(g;) = P, and &£(g2) = P2. Let f1 and fo be the remaining
&-exceptional curves that are mapped to the points P, and P, respectively, and
let 1, Iy, I, 6’,{ be the proper transforms on S of the curves [, Iy, Iy, C), respectively.

Then ¢ = C} and U+ fit fo o L1+l ~ C' ~ CX for every r € C*, and the curves
fi. foy 1, Go, L, 11, I generate the Mori cone NE(S) by [CT88, Proposition 8.5].

Note that Fj|g = fi+ g1 and Bysg = fs + Go. Using this, we get

P, el 2 (4 )+ 2—uw)(Gi+ ) H0<u< .

T |see (A R) v 2-w(G+a)  il<u<e

Set € = Z. Let us compute S(W5,;%). Recall that € ~ C'. Then (4.5) gives

.7.7

L if 0 <u<l,
7(u) =

S jfl<u<2
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Moreover, if 0 < u < 1, then (4.5) gives

et -uw(fi+h)+ 5 (0 +5) H0<v<,
P(u,v) ~g
4“2”(‘5+f1+fz+gl+g) if 1<o< 5
and
0 if0<ov<l,
N(u,v)~g

(=1 +fa+25 +25)  ifl<v<
Similarly, if 1 < u < 2, then (4.5) gives

63u 6-8u—2vep | 2-u <f1+f2) (Q_U)(§1+§2> if0<v<2—u,
P(u,v) ~g

3= (G 4 f + fo + 251 + 252) if2—u <o 0

and

0 fo<o<2—u,
N(u,v)~g

(v+u—2)(fi + fo + 201 +252) if 2 —u<v< 03

Therefore, if € = C’, then we compute S (VV,S.7 %) as follows:

,p

—u

2

L
10

2 11 1
1 1
/5u —20u+20)(u—1)d +E// (2—u)(6—u—4v) dvdu—i—E// (4—u—2v)*dvdu+
1 00 0 1
1/22/u<2 )(10 — 5u — 4v)dvdu + //63 20\ 2dvdu = 2
101 J u) u — 4v)dvdu u — 2v)*dv u= o

If Z # C', similar computations give S(W,S,, C) = i—g, since Z ¢ Supp(N (u)) for

€ [0,2]. Hence, it follows from (4.3) that 3(F) > 0, because Sy (S) = 3 <

1. [l

The proof of Lemma 4.2.14 implies the following result:

Lemma 4.2.15. Suppose that n(Z) = O'. Then B(F) >0
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Proof. Let us use all assumptions and notations introduced in the proof of Lemma 4.2.14

with one exception: now we let € = l~1 Set P = l~1 N l~2 Then P = Z and

vyop(P)=0".

Since C' ~ 1; + Iy and [, + fvl +2g; ~ Iy + fg + 2§, it follows from (4.5) that

B—u—v)C+1l+(2—u)fi +(4—2u)G if0<u<l,
P(u)‘s—vcﬁ ~R

(A=2u—0)C+2—wh+2—-uwf+(4—-2u)g fl<u<2

If w € [0,1], then 7(u) = 3 —w. If w € [1,2], then 7(u) =4 —2u. If u € [0,1],

then
B—u—0)E+h+2—u)fi+4—2uf if 0 <o <1,
P(u,v) ~& \ (3 —u—0)(C+ fi +25) + if1<v<2—u,
(3—u—v)(‘5+flv2+j71+2§1) if2—-—u<<v<3—u,
and
0 if0<v<l,
N(u,v)~z (v —1)(fi + 201 if1<v<2—u,
(v—l)(ﬁ+2§1)+(v+u—2)z; if2—-—u<v<3—u,

which gives

w? + 2uv — v? — 8u — 4v + 12 if 0 <v<l,
2
(P(Uﬂ’)) =qu+2uv+v>—8u—8v+ 14 ifl1<v<2—u,

2(3 —u —v)? if2—u<<v<3—u,
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and
2—u—+wv ifo<ov <1,
P(u,v)- ¢ =44 —u—v ifl<v<2—u,
6 —2u—2v f2—u<<v<3—u

Similarly, if u € [1,2], then

(4 —2u—0)E + (2 —u)l;

P(u,v) ~r +(2—u)fi + (4 —2u)g if0<v<2—u,

(4—2u—v)(<5+l;+ﬁ+2§1) if2—u<v<4—2u,
and

0 ifo0<v<2—u,
N(u,v)~g

(v+u—2)('i2+f1+2§1) if2—u<v<4—2u,

which implies that

) 5u? + 2uv — v? — 20u — 4v + 20 if0<v<2—u,
(P(u,v)) =
2(4 — 2u — v)? if 2—u<v<4—2u,

and

2—u+wv 1f0<7}<2_u7
P(u,v)- %€ =

8 —4du — 2v f2—u<<v<4—2u.

Observe that d(u) = 0 for u € [0, 2], since € ¢ Supp(N(u)). Therefore, integrat-

ing, we get S(W2,;¢) = 1. Similarly, we compute

..7

/_u(v +u— (u v) - ‘5) dvdu+

2—u

/
5
1

1
1
FP(WQS:{ g/
0

] vt u—2) (u,v)-%)dvduzll2

u
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and S(W2S%,; P) = 1. Thus, it follows from Remark 4.2.5 that 8(F) > 0, since

000’

Sy(S) < 1. O

Finally, we prove the following result:

Lemma 4.2.16. Suppose that Z be a G-invariant irreducible curve in E. Then

B(F) > 0.

Proof. We have o(F) = Ty, see the proof of Lemma 4.2.8. Set 50 = QN E
and 5 = Hco N E. Then o(3) is the unique (—2)-curve in o(F), and o(5) is a

section of the projection o(F) — C' disjoint from ¢(5). The morphism o induces

a birational map ¢: E — o(FE) that blows up two points in o(3).

Set f, = F1NE and f, = FoNE. Observe that f, and f, are the ¢-exceptional
curves. Let g, and g, be the proper transforms on E of the fibres of the projection
o(E) — C that pass through £(f,) and £(f5), respectively. The curves f,, fo,

7y, Jy are (—1)-curves, and the curves 3, f,, fo, G;, g5 generates the Mori cone

NE(E). Note that 3y is a (0)-curve.

The curves 5 and 5 are the only G-invariant irreducible curves in E by Lemma 4.2.8.
Moreover, if Z =3, then 3(F) > 0 by Lemma 4.2.12. Thus, we may assume that
Z — EO'

Look at Figure 4.2 to have a rough idea of what X looks like.

Figure 4.2: X model Family 3
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Let Y = X, S = FE and € = 5y. Then it follows from the proof of Lemma 4.2.11

that

(1I+u—v)€+2—u)(fi+f)
<ﬂwh—v%~R +(2 — 2u)(g, + ,) if0<u<l,

4—-2u—0)E+2—u)(fi+fy) fl<u<?2

Moreover, if v € [0,1], then 7(u) = 1 4+ v and N(u)|s = 0. Furthermore, if

u € [1,2], then 7(u) = 4 — 2u and N(u)|s = (v — 1)€ + 2(u — 1)5. If u € [0,1],

then
(I4+u—0)8+2—u)(f,+ f2)
+(2 = 2u)(g, + 95) if 0 <wv<l,
P(u,v)~g
I+u—0)C+B—u—0v)(f,+[fy)
+(2 = 2u)(g, + 9,) if1<v< 14w,
and
0 if 0 <v < u,
N(U,U)NR

(v—=1(f1+ f2) ifu<ov<1l+u.

Similarly, if u € [1,2], then

(4—2u—0v)EC+(2—u)(fi+[y) if0<v<2—u,
P(u,v)~g

(4—2u—v)(‘5+?1—|—?2) if2—u<v<4—2u,

and

0 if0<v<2—u,
N(u,v)~g

(v+u—2)(f,+ fs) if2—u<v<4—2u.
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Now, we compute S (W,S,, %) as follows:

L

(u — 1)(6u® — 24u + 24)du + 10

11
//(8 — 6u® + duv + du — 8v)dvdu+
00

Sl

O\'_\ H\M

2

u

ut1 2
1 1
o / (5—3u—v)(u+1—v dvdu+1—0/ /(6u 4w — 24u—8v+24)dvdu+
1 1 0
2 4-2u
1 43
+01// 2(4 — QU—U)dUdU—@.
But Sy (S) = 33, see the proof of Lemma 4.2.11. Then (4.3) gives 3(F) > 0. O

By Lemmas 4.2.6, 4.2.7, 4.2.11, 42.12, 4.2.13, 4.2.14, 4.2.15, 4.2.16, we have
B(F) > 0 in all possible cases except maybe when 7(Z) = I’. But in this case,
we have O € n(Z), so (F) > 0 by Lemma 4.2.13. Thus, we conclude that X is

K-polystable by Theorem 2.2.12.

4.2.5 K-moduli component

It is a direct consequence of the following Corollary that the one-dimensional
component of ]\43],K P* formed by the K-polystable elements of Family 3 is isomorphic

to PL.

Corollary 4.2.17. The Fano 3-fold X, in Family 3 is the only singular K-

polystable limit of members of the deformation family 2.22.

Proof. Denote by ]\42K 2> the one-dimensional component of the K-moduli space
M, XPS that contains all smooth K-polystable Fano 3-folds in Family 3 (equiv-
alently, all K-polystable elements of Mori-Mukai family Ne2.22). Above, we
described a parametrisation {X NAE Pl} that is a Q-Gorenstein family, and
such that all smooth members of Family 3 are fibres of the family X, for A €
P!\ {£3,+1,00}. Note that Xy = X_, for A € PL.
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Moreover, it follows from the description of the Family 3 and the section 4.2.4
that all objects X in the parametrisation except for the 3-folds X3 and X, are
K-polystable. As mentioned already, the 3-folds X13 and X4, are K-semistable,
and their K-polystable limits are X, and X, respectively. Thus we have a
morphism P! — MESS, the moduli stack parametrising K-semistable objects in
this family, which descends to a morphism ¢: P' — My$5 given by A — [X,] such
than ¢(0) = ¢(£3), ¢p(00) = ¢(£1), and G(\) = ¢(—\) for A € P'. Since My%s is
proper and one-dimensional, we conclude that ¢ is surjective, which implies the

required assertion. O

4.3 Family 4

Blowups of P? along the disjoint union of a twisted cubic and a line. (Ne3.12 in

Mori-Mukai notation)

4.3.1 Parametrisation of the family

In the notation of Family 3, we identify P! x P! and C) with subvarieties of P! x P2

via the embedding

([u ), [z y]) > ([u o), 2%y y2]>

Let 7: X, — P! x P2 be the blowup along the curve Cy, then X is a smoothable
Fano 3-fold. Further, every (smooth) member of family Ne3.12 is isomorphic to
X, for some A € P!\ {£1,00}. Moreover, if A & {£3,+1, 00}, then X, is K-
polystable [Den22]. The smooth Fano 3-fold X3 is strictly K-semistable, with
K-polystable limit X, this proof is identical to the one in Lemma 4.2.1. Since
the (singular) 3-fold X1, admits an isotrivial degeneration to X, (proved as in

Lemma 4.2.2), if X, is K-polystable, X, is strictly K-semistable.
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4.3.2 Geometry of X

In this subsection, we construct a different model of X, from P? which is useful

when studying its K-stability, let us denote it X.

Consider the following lines in P%: L = {xg = 0,23 = 0}, Ly = {z; = 9,72 = 0},
Ly = {x; = 0,29 = 0}, Ly = {x2 = x3,27 = 0}, where g, 71, x9, x3 are
coordinates on P3. Then L is disjoint from L, Lo, L3, the lines L; and Ls are

Figure 4.3: Model in P? of X Family 4

Ly

disjoint, LyNL; =[0:0:0:1] and LyN L3 =[1:0:0:0]. Let 7: X — P3 be
the blowup of the curve L + Ly + Ly + L3, and it has two singular points, which

are ordinary double points that appear with the blowup of the points L, N L; and
Ly L.

Lemma 4.3.1. The 3-fold X is isomorphic to the 3-fold X described in the

parametrisation §4.3.1.
Proof. Let y: P3 --» P! x P? be the dominant rational map given by
[zo : 1t xg 3] — <[$0 cxg), [r1 (o — x1) w20 T (T3 — :UQ)D

Then y is undefined along L U L U Ly U L3, 7 resolves the indeterminacy of ¥,
and there exists a birational morphism 7n: X — P! x P? that fits in the following

commutative diagram:
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X (4.6)
T n
P - X\>]P’1 x P2

To describe 7, set Hio = {xo = 0} and Hey = {1 = 0}, and denote

Q= {370332 + 2123 — Tor3 = O}.

Then H,, is the plane containing the lines L; and Lo, Hs3 is the plane containing
Ly and Ls, and @ is the unique smooth quadric in P? that contains L, L, and
L. Further, x(Hj) is the curve P! x {[1: 0 : 0]}, x(Hzs) = P' x {[0: 0 : 1]},

2

and x(Q) is the curve parametrised as ([u : v], [u? : uv : v*]), where [u : v] € PL.

Therefore, we see that n contracts the proper transforms of the surfaces His,
Hog, @ to the curves x(Hi2), x(Has), x(Q), respectively. Moreover, we have
that Coo = x(Hi2) U x(Has) U x(Q). Note that these curves are contained in the
preimage of the smooth conic {zz = y*} via the projection P! x P? — P?  where

[ : y : 2] are coordinates on P2. Observe also that

X(Q) = {uy = vz, vy = uz} C P! x P,

Finally, note that y(H;2) and x(H,3) are the fibres of the projection P! x P? — P2

over the points [1:0: 0] and [0: 0 : 1], respectively. Hence, X = X.. O

Description of the automorphism group Let us take the following auto-

morphisms in P3:
T [me:xy i wg x> (T3 g Xyt x),
Ii={[zg: @29 x3] = [Axg s Axy 2o wg]| A € C}.

Set G = (1,T). Then I' 2 C* and G = C* X puy. Since L + Ly + Ly + L3 is

G-invariant, the action of the group G lifts to X. Hence, we can identify G with
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a subgroup in Aut(X). One can check that Aut(X) = G. Moreover, (4.6) is

G-equivariant.

Description of the G-invariant loci Consider the smooth quadric surface

R = {ZIIQ.TQ = .Tl.fL’g}.
Lemma 4.3.2. There are no G-fized point or G-invariant plane in P3. If S is a
G-invariant irreducible quadric surface in P2, then S = R or

S = {azxgrs + bryzy + c(xoxe + T123) = 0}

for some [a : b : c|] € P? such that ab # ¢*.

Proof. Taking the C* action, I', on P?, we get that any I'-invariant point must
have zy = z1 = 0. And a point of the form [0 : 0 : 25 : 23] to be 7 invariant, we

get 9 = 23 = 0, and this point is not in P3.
Now, let S = {Zosigjé?) A;jT;T; = 0} be a irreducible quadric surface in P3. If S
is I'-invariant we have 3 posiblities:
(1) S = {a9ex3 + assrows + aszzzi = 0}, but this is not 7-invariant.
(2) S = {agox? + apzor1 + ajyx? = 0}, it is not T-invariant.
(3) S = {CLOQQZ()I'Q + ap3Tol3 —+ 121X =+ a131T3 = 0}
In (3), if ap3 = a12 = 0, S is 7-invariant if agy = £ai3. Otherwise, it is T-invariant

if agy = ay3. For S to be irreducible, notice that agzais # a3, and we get to the

conclusion. O

For a € CU {oc}, set I, = {xg = axy,v3 = awy} C P3; then [, is a G-invariant

line lying on R. Note that [p = L and [, = Ls.
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Lemma 4.3.3. If C C P3 is a G-invariant irreducible curve, then C = I, for

some a € CU {o0}.

Proof. See the proof of Lemma 4.2.7. n

Denote by v: V — P? the blowup of the lines L, Ly, L3, and by ¢: X — V the

blowup of the proper transform of the line L.

Let o: W — P2 be the blowup of the lines L and Ly, and o¢: X — W the
blowup of the proper transform of the disjoint lines L; and L3. Then we have a

G-equivariant commutative diagram:

X X X (4.7)
| X
1% P W

where X — X and X — X are G-equivariant small resolutions of the 3-fold X

Let Ep, F1, E>, E5 be the m-exceptional divisors that are mapped to L, Ly, Lo,
Ls, respectively, let H;, be a general plane in P? that contains L, let Hy be a

general plane in P? that contains L, let H be a general plane in P3.

Let Er, Ev, By, E3, Q, R, Hi5, Hos, Hy, Hy, H be the proper transforms on X
of the surfaces Fr, Fy, Es, E3, Q, R, H\5, Ho3, H;, Hy, H, respectively.

Remark 4.3.4. Note that Q = P! x P! via the isomorphism given by

([u ), [z y]) — [ux : ;u(x +y): ;U(ZC —y): vx}

where ([u: v], [z : y]) are the coordinates on P! x P'. To get o(Q) we blow up of
the points {([0: 1],[1: 1]),([1:0],[1: —=1])} = Q N Ly. Hence, @ is a del Pezzo

surface of degree 6.

Then H, E, E1, E,, E5 generate Pic(X), and their intersections can be described
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as follows: H =1,E, =By, =-2E,=E,=-1,E, - H=E, - H=E,-H=
Ei-H=EFE, E,=F, E: = —1, and other triple intersections are zero. Note

that —Ky ~ 4F—EL _El —Eg —Eg and

QNZF_FL_FI_E& ﬁmNH—El—Em FLNﬁ—Eb

RNzﬁ—FL—FQ, ﬁggNﬁ—Eg—Eg, FQNH—EL.

Note also that £, Fy, E1+E5, Q, R, His+Hs3 are G-invariant and G-irreducible.

Lemma 4.3.5. Let S be a G-invariant prime divisor in X. If S # Ep, then
S ~ (11E2 + CLQ@ + agﬁL + &4?2 + as (Flz + ﬁ23)
for some non-negative integers ay, as, as, a4, Q5.

Proof. We may assume that S # Ep, S # Ey and S # Q. Then 7(9) is a G-
invariant surface in P? of degree d > 1, so that S ~ dH —mFE —r(FE,+ E3)—sFE,

for some non-negative integers m, r, s.

Let ¢ be a general ruling of the quadric Q = P! x P! that intersects L, L, Ls, let
{ be its proper transform on X. Then ¢ ¢ S, which gives 0 < S -0 =d —m — 2r.
Similarly, let /15 be a general line in the plane H, that passes through the point
His N L, and let 15 be its proper transform on X. Then /5 ¢ S, which gives
0<S ly=d—m—r—s. Thus,if m>r, wecanlet a; = d —m —r — s,
as=r,a3=m-—7r,aa=d—m—r,a5=0. If m <r, wecan let a; = d—2m — s,

as=m,a3=0,ay=d—2r, a5 =1r—m. O

Lemma 4.3.6. Let S be a G-invariant prime divisor in X such that —K+ ~q
AS + A for some positive rational number \ > % and some effective Q-divisor A

on the 3-fold X. Then S = Ey, S = E or S = Q.

Proof. Suppose that S # Ey and S # E;. Let us show that S = Q. Since
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S # Fy + E3, we see that 7(S) is a G-invariant irreducible surface of degree
d > 2, because P? does not contain G-invariant planes by Lemma 4.3.2. Then
S ~dH—mEr—r(E;+ E3) — sE; for some non-negative integers m, r, s. Then

42)\d>§d,sothatd:2and

A ~Q (4 — 2)\)H + (m)\ — 1)EL + (S)\ — 1)E2 + (7“)\ — 1)(E1 —{—Eg)

Let ¢ be a general line in P? that intersects the lines L; and Lo, and let ¢ be its
proper transform on the 3-fold X. Then ¢ ¢ Supp(A), so that 0 < A-f = 2—2\+
rA, which implies that r # 0. Similarly, intersecting A with the proper transform

of a general line in P? that intersects L and Ly, we see that (m, s) # (0,0).

Since r # 0, the quadric 7(.S) contains L; and L3. Hence, using Lemma 4.3.2, we
get

(S) = {&xoxg + bx1e — a(Toxe + T173) = ()}

for some [a : b] € P! such that [a : b] # [0 : 1] and [a : b] # [1 : 1]. This gives
Ly & 7(95), so that s = 0. Then m # 0, so that L C w(S). Then [a : b] = [1 : 0]
and S = Q. O

4.3.3 K-polystability of X

Here we prove that X is K-polystable. Let F' be a G-invariant prime divisor over
X, let Z and Z be its centres on X and Y = X, respectively. Then it follows
from Lemmas 4.3.2 and 4.3.3 that one of the following four cases holds:

1. Z is a G-invariant irreducible surface,

2. Z is a G-invariant irreducible curve in the surface E,,

3. Z is a G-invariant irreducible curve in the surface FEs,
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4. 7(Z) = I, for some a € C*.

By Theorem 2.2.12, to prove that X is K-polystable, it is enough to show that
B(F) > 0. We use the assumptions and notations introduced in Section 4.2.2, we

first consider the case when Z is a surface.

Lemma 4.3.7. Let S be a G-invariant prime divisor in X. Then ((S) > 0.

Proof. By Remark 4.2.3 and Lemma 4.3.6, it is enough to show that B(FE),
B(FEL), B(Q) are positive. Observe that 3(EL) > 0 follows from the proof of
[Den22, Lemma 4.2]. Nevertheless, let us compute 3(E). We let S = Ey. Then
Ky—uS ~p AT —(140)S—F1—Fo—TFs ~ (3 ~u) Sty (Q+ Hot Fog) +2H
Thus, it follows from (4.6) that 7 = 2. Recall that a divisor D is nef if the
intersection D - C' > 0 is positive for all irreducible curves C' in D. Also notice
that in order to get (—K5 —uS) -1 <0, [ must to have negative self-intersection
in at least in S, Q, His, Has, or Hy. Moreover, since S = P! x P!, it does not
have negative curves. As we mentioned in Remark 4.3.4, @ is a del Pezzo surface
of degree 6, and it has 6 (—1)-curves, f; = Q N E; for i € {1,3} which are strict
transform of ([u : v], [1 : £1]) fibres, let g, = Ho3 N Q and g3 = Hi3 N Q be the
strict transform of the rulings ([0 : 1], [z : y]) and ([1 : 0], [z : y]), respectively;

and &; and €3 are the strict transforms of the p-exceptional divisors in (@), i.e.

{e1,e3} = E2 N Q. Looking at their intersections we have: g, - ¢; = f, -

i el-:l

for i € {1,3} and the rest are 0. In Hs, there is 3 (—1)-curves, €3 = E3 N Hys,
e = Ep N Hyy and the strict transform of the line passing trough ¢ o o(e3)
and ¢ o o(ey3), notice this is g;. In Has, there is 3 (—1)-curves, & = E; N Hoga,
93 = B, N Hoz and the strict transform of the line passing trough ¢ o o(e;) and
@ o g(ea3), notice this is g,. Hy is a del Pezzo surface of degree 6, and we have 6
(—1)-curves, define h; = Hy N E;, and the strict transform of the lines l; ; which

connect the points ¢ o o(h;) and ¢ o a(h;) 4,5 € {1,2,3} such that i < j, note
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that 2173 = @ N FL, 2172 = Flg N HL and 7273 = FQ?, N FL. All the intersections

but the following ones are non-negative for every u € [0, 7],

(—Kx—u9lg-g=1-u>0 & 1>y

(—Kx—uS)lg, liy=1-u>0 & 1>u Vije{1,2,3} i<

Here we see that —K+ — uS is nef for v € [0,1]. For w > 1, the intersections
above are negative, therefore we are adding some AQ + A\ Hs + A\3H23. To get
the values of this coefficients we take —Kw — uS — (AQ + A\ H1a + A3H33), and

we do the intersections again.

(_KY_US—()\©+)\1H12+)\3ﬁ23))\§'gi= l—u4+X>20 < N>u—1;

(_KY_US—(A©+)\1F12+)\3F23))\ﬁL'Zl,gzl—u+>\20 S A>u—1.

Therefore, notice we are looking for the smallest coefficients such that our divisor

is nef, so we get that A = \; = u — 1, for i € {1,3}. Moreover,

(3-u)S+3(Q+Hin+Hys) +2H, if0<u<l,
P(u) ~r
(%—u) S+@+F12+H23>+2HL if1<u<3,
and
0 if0<u<l,
N(u) =
(U_l)(@“'ﬁlz‘i‘ﬁ%) iflgugg,
Now, by integrating (P(u))?® we get 3(Er) =1— Sy(Er) =1— % _ %_

Next, we deal with Q. Set S = Q. Since Q ~ 2H — E;, — E; — Fs5, we have
3 1, - = = 1
—Ky—m%m(2—u)5+2@h+Ey+Eﬂ+2H%

so that 7 = % By using a similar procedure as before we get that if 0 < v < 1,

then N(u) = 0. Similarly, if 1 < u < 2, then N(u) = (u — 1)(EL + E1 + E»).
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Then

VS
N[

P(u) ~R

(

Now, by integrating we get 3(Q) =1 — Sy(Q) =1 — 23 > 0.

N

Finally, we proceed to study E,. Let S = E5. Then 7 = 2, since
Ky S ~x (2~ w)S + 2 (Huo + Has) + - (Br + By).

Moreover, if u € [0, 1], then N(u) = 0. If u € [1,2], then N(u) = (u — 1)(H2 +

ﬁgg), SO
(2—U)S+%(F12+F23)+%(E1—|—Eg) 1f0<u<1,
Pu) ~r
(2—u)S+5—7“(H12+F23)+;(E1+E3) if1<u<2
Integrating, leads to Sy (Es) = 2¢, so that Sx(E) > 0. O

Now let us assume the centre of F' is small on X and show that 3(F) > 0.

Lemma 4.3.8 ([Den22, Lemma 4.2]). Suppose that Z is a curve in Ep. Then
B(F) > 0.

Proof. Note that E;, = P! x P!. Let s be a section of the natural projection
E; — L such that s> = 0, and let [ be a fibre of this projection. Then Ey|g, ~

—s+1land H|g, ~ .

Set Cog = QN EL and Cr = RN Ey. Then Cg and C are smooth irreducible G-
invariant curves. Furthermore, these are the only G-invariant irreducible curves
in the surface £7. Hence, we have two options either Z = Cg or Z = Cg. Also,

note that Cg ~ Cr ~ s+ 1.

102



4.3. FAMILY 4

Take S = Er, ¢ = Z. Then Sy(S) = 22 < 1, see the proof of Lemma 4.3.7.

Let us compute S(W2,;€). We recall from the proof of Lemma 4.3.7 that 7 = 3

..7

and it also follows that

(I+u—v)s+B—-—u—v)l fO<u<l,

P(u)’s — V€ ~g

(2—v)s+ (6 —4u —v)l if 1 <u<3,

and

0 if0<u<l,
(w=1)(Co+hatls) ifl<u<y,

where l19 = His N Ep and los = Haz N Ep are fibres of the natural projection

E;, — L over the points L N Hyy and L N Hs3, respectively.

We have P(u,v) ~g P(u)|s —v%€ and N(u,v) =0 for v € [0, 7(u)], where

Thus, if € = Cg, then

SWo; € 38/ (u —1)(24 — 16u)dvdu+
1 14u 2 6—4u
3 3 159
2 )(1tu— 2 22— ) (6—4u— i
80/0/ (B—u—v)(1+u v)dvdu+281/ 0/ (2—v)(6—4u—wv)dvdu .

Similarly, if 4 = Cg, then S(W7,;¢) = 22;. So, it follows from (4.3) that

B(F) > 0. O

Now, we study the G-invariant irreducible curves on Es.

Lemma 4.3.9. Suppose that n(Z) = Lo, = La; then B(F) > 0
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Proof. Observe that Z C E,. It is clear that Z is a smooth G-irreducible curve,

and by Lemma 4.3.7 S¢(E;) = 2.

As in Lemma 4.3.2, let S = {z¢zs + 173 = 0}, and let S be its proper trans-
form on X. Set Cs = S|z, and Cr = R|y,. Using the map 6 defined by
(o : x1 ¢ xo: w3] — ([xg : x],[21 : 23]), we can G-equivariantly identify
o(Fy) = P! x P! with coordinates ([zo : @3], [r1 : x2]) such that the involution 7

acts as ([xg @ x3), [r1 @ xa]) — ([z3 1 @], [x2 : 1]), and I = C* acts as

([xo s xg), 21 x2]> — ([/\xo s xg), [Axy xQ]),

where A € C*. Therefore, 0(Cs) = {xoxe+z123 = 0} and 0(Cgr) = {xora—a123 =
0} are the only G-invariant irreducible curves in the surface o(E,). Hence, Cg

and Cp are the only G-invariant irreducible curves in E5, so that 4 = Cs or

¢ = Ch.

The morphism ¢ in (4.7) induces a G-equivariant birational morphism 0: S — o (FE)
that blows up the points ([0 : 1],[1 : 0]) and ([1 : 0],[0 : 1]), which are not con-
tained in the curves o(Cs) and o(Cg). In particular, we see that E, is a del

Pezzo surface of degree 6.

Set e = E]_’EZ and e3 = Eg]E. Then e; and ez are the f-exceptional curves
such that 6(e;) = ([0 : 1],[1 : 0]) and f(es) = ([1: 0],[0 : 1]). Let sy = Hualp,
and s5 = Has|g, be the proper transforms on E; of the curves {z; = 0} and
{1 = 0}, and hy = Hi|, and hy = Hs|y, be the proper transforms of the
curves {zo = 0} and {z3 = 0}, respectively, where H; is the strict transform
of a general hyperplane containing L;. Then 6(s;) and 6(s3) are the sections
of the natural projection @(E,) — Lo that pass through the points #(e;) and
O(e3), respectively, and @(h;) and 6(h3) are the fibres of this projection that
pass through the points 6(e;) and 60(es), respectively (check Figure 4.4). Then

Cg~Cpgr~ sy + hy+2e; ~ s34+ hs+ 2es.
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Figure 4.4: Model for X Family 4

€1 h3

Recall that ey, e3, s1, s3, by, hs are all the (—1)-curves in Fs, and they generate

the Mori cone NE(E,). Note that H|E2 ~ hy + e; and E2|E2 ~ —8, + hy. So,

using the description of P(u) and N (u) obtained in the proof of Lemma 4.3.7, we

get
3er —es+ (3—u)hy + (u+1)s; ifo<u<l,
P(U) o ~R
(4—u)ey + (u—2)es + (3 —u)hy + (3 —u)s; if 1 <u<2,
and
0 if0<u<l,
N(u) EQNR

(u—1)(s1 + s3) ifl<u<2.

In particular, we see that ¢ ¢ Supp(N(u)|g,) for every u € [0, 2].

Now, intersecting P(u)|g, — v€ with ey, e3, s1, s3, hi, h3, we find P(u,v) and

N(u,v) for u € [0,2] and v € [0, 7(u)]. If u € [0, 1], then 7(u) =1,

(B3—2v)e; —es+(B3—u—v)h+ (u—v+1)s if 0 <ov<u,
P(uvv)NR

(3—2v)ey —es+(3—2v)h + (u—v+1)s ifu<ov<l,
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and
if 0 <v < u,
(v—u)(h+hs)  Hfu<v<l,
If u € [1,2], then 7(u) = §, N(u,v) = 0 and P(u,v) ~g P(u)|z, —v%€. This gives

4 —2u* + 20 + 4u — 8v if we[0,1],v € [0,u],

(P(U7U)>2 ~R Y 4(1 = v)(1 4+ u—v) if u € 0,1],v € [u, 1],

2(1 —2v)(5 — 2u — 2v) if u e [1,2],v €[0,0.5].

Now, by integrating we get S(WE2 €)=

e.0)

so that S(F) > 0 by (4.3). O

28’

Now we want to study the other G-invariant curves. Hence, for a € C*, define
I, = {zg — ax; = 23 — ary} C P3. Note that [, C II,, the plane II, does
not contain L, Ly, Lo, L3. Let P, = 1I, N Ly, P, = 1, N Ly, P3 = 11, N L3,
Py =T1I,N L. Let II, be the preimage on X of the plane II,. Then ¢ oo in (4.7)

induces a birational morphism II, — II, that is a blowup of P;, P, Ps, P;.

Lemma 4.3.10. If a & {1,2}, no three of Py, Py, P3, and P, are collinear, and
none of them lies on l,.

When a = 1, no three of Py, Py, P5, and P, are collinear, P, and Pz lie on
li, but Py and P, do not. When a = 2, then Py, P3 and P, lie on the line

Iy N {zg — x1 + 2o = 0}, but Py does not, and none of Py, Py, Py or Py lies on ls.

Proof. Note that P, =[1:1:0:(1—a)], L =[1:0:0:1], Ps=[(1—a):
0:1:1and Py = [0 :1:1:0]. Then, we define £; to be the lines in
II, containing the points P; and P; as follows, ¢, := II, N {xs = 0}, {{; =
I, {zo+x3 = (2—a)(x1+x2)}, €5, = UoN{xo+22 = 21}, €55 := T, N{x; = 0},
03, =1, N{zg = x5} and ({, := I, N {x; + x3 = x2}. If a # 1,2, the points P,
and P; are the only ones contained in £f; for 7, j € {1,2,3,4} and 7 < j, and none

of the points lies in I, = {xg = ax1,x3 = axs}.
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When a = 1, we still have that Py, P, ¢ £j; for {k,t} # {3, j}. Moreover, ({5 = I,.
For a = 2, P, P3 and P, are collinear it is straightforward to see that P, € (35,

but P, ¢ (3;, and none of the points lies in Iy = {z¢ = 221, 23 = 225} O

Thus, if a # 2, I, is del Pezzo surface of degree 5, while if a = 2, II, is a weak
del Pezzo surface of degree 5. In both cases, we let Y = X and S = II,. Then,

since I, ~ H,

3 1, - _ 1
—KY—USNR (2—U>S+2(Q+H12+H23) —|—§HL
Therefore, 7 = % Moreover, by checking the intersections with all the negative

curves in these surfaces we see that if 0 < u < 1, then N(u) = 0. Furthermore,

if 1 <u< 32, then N(u) = (u—1)(Q + Hia + Haz). Thus, we have

P(u) (2-u)S+4(Q+Hu+Hyu) +iH, if0<u<l,
u) ~Rr
(2-u)(S+Q+ Ho+Hy) +3H,  ifl<u<i,

— 227

By integrating we obtain Sy (S) = 735

Now, let eq, es, e3, €4 be exceptional curves of the blowup S — II, that are
mapped to the points Py, Py, Ps, Py, respectively. Then, E|s = e1, Es|s = €3,
E3|5 = €3, EL|5 = €4. Set h = Hls Then

(4—u)h—e; —es —e3—ey if0<u<l,

P(u)‘s R

(8—5u)h—(3—2u)<61+62+63>—(2—u)e4 if 1 <u<3.

Note that I, ¢ Hio U Hag for every a € C*. Moreover, the only one contained in
Q is 12.

Lemma 4.3.11. Suppose that 7(Z) =1, for a € C\ {0,1,2}. Then S(F) > 0.

Proof. Let € = Z. Note that € ~ h. As in the proof of [Den22, Lemma 4.1], we
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get

Furthermore, if 0 < u < 1, then P(u,v) ~g (4 —u —v)h —e; — es — e3 — ¢4 for

v € [0,2 — u]. Similarly, if 1 < u < % and 0 < v < 3 — 2u, then
P(u,v) ~g (8 = bu—v)h — (3 — 2u) (61 +ex+ 63) — (u—2)ey.
Finally, if 1 < u < % and 3 — 2u < v < 7(u), then
P(u,v) ~g (17 = 11 — 4v)h — (6 — 4u — v)(e1 + ez + e3) — (11 = Tu — 3v)ey.

This gives S(W2,; %) = {2 so that B(F) > 0 by (4.3), since Sy (5) = 2L [

11207 T 448"

Lemma 4.3.12. Suppose that 7(Z) =1,. Then S(F) > 0.

Proof. Let € = Z. Then € ~ h —e; — es. Moreover, if 0 < u < 1, then
7(u) = 3 — w. Similarly, if 1 < u < 2, then 7(u) = 6 — 4u. Furthermore, if

0 <wu <1, then

(4—u—v)h+(v—1)(61+63)—62—64 if 0 <wv <1,

P(u,v) ~g (4—u—v)h—ey—ey ifl<v<2—u,

(3—2u—2v)<2h—62—64) f2—-—u<ov<3—u

Similarly, if 1 < u < % and 0 < v < 3 — 2u, then

P(u,v) ~g (8 =bu —v)h — (3 — 2u — v) (el + 63) — (3 —2u)es — (u— 2)ey.
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Finally, if 1 <u < % and 3 — 2u < v < 6 — 4u, then

P(u,v) ~g (11 = Tu — 2v)h — (6 — 4u — v)es — (5 — 3u — v)ey.

Therefore, we have

11
3
S( e € 2—//u2—|—2uv—v2—8u—4v+12dvdu—|—
00
—u2—u —u 3—u
/ /u 4 2uv 4 0 —8u—81}—|—14dvdu+—/ / 3 — u— v)2dvdut
2—u2—u
3 5372u
—I—%/ / 12u% + 2uv — v? — 40u — 4v + 33dvdu+
0
2 6—4u 31
/ / (6 —4u —v)(5 —3u —v)dvdu = —.
32
1 3—2u
Thus, it follows from (4.3) that S(F) > 0, because Sy (S) = 23T O

Lemma 4.3.13. Suppose that ©(Z) = ly. Then S(F) >0

Proof. Let £;; be the proper transforms of the lines £7; in II, for 7, j € {1,2,3,4}

such that i < j. Notice that fo3 = ¢14 = 34, since P;, P; and Py are collinear.

On S, we havezlg ~ h—€1—€2, Zgg ~ h—€2—€3. 224 ~ h—62—€4, 213 ~
h—e; —e3 —ey. Note that e, ey, €3, ey, {12, loz, loy are all (—1)-curves in S, and

{13 is the unique (—2)-curve in the surface S. By [CT88, Proposition 8.5], these

curves generate the Mori cone NE(SS).
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Now, let € = Z. Then € ~ h and we can rewrite P(u)’s — vh as follows:

(%—U—U)h+%(212+223+224)+%Z13 1f0<u<1,
(5% —v)h + %@12 + 013 + Z23)+

Pwm;wm~R +(u—1)(e1 + e3) + 2o + Ley if 1 <u<

N[O

(6—4u—v)h+@(e1+62+63)+

+ 5 (T3 + T ) if § <u<
From here, we get that,
Thu if 0 <u<l,
7(u) = § 10-6u if 1<u<d,
6—4u if3<u<i

Moreover, intersecting the divisors under consideration with the curves ey, es, es,

€4, Elg, Zgg, 224, Zlg, we see that if 0 < u < 1, then

Ad—u—v)h—e —eg—e3—eqy HfO<v<1—u,

P(u,v) ~g 3’“’”<3h—61—63—e4)—62 ifl—u<v<2—u,

w<3h—61—262—63—64> if2—u<v<7_33“,

and
0 if0<v<<1—u,
N(u,v)~gr %Zlg ifl—u<v<2—u,
Lg—lflg)—k(u—kv—2)(?12+Ez3+224) if2—u<v<7_—;’”.
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Similarly, if 1 < u < %, then P(u,v) is R-rationally equivalent to

16-10u—3vp, _ 6-du—v (61 + 63) — (3 —2u)ey — FH="ey i 0< v <3 -2,

2 2
22_1‘;“_51% - 6_42“_” (61 + 2e5 + 63) — Wm‘ if3—2u<v<2—u,
10=Gu=30 (h — ¢) + 265 — €5+ €4) if2—u <o 1050

and

%Zlg 1f0<v<3—2u,
%?13+(v+2u—3)?24 if3—2u<v<2—u,
N(u,v)~g

%Zlg —+ (U + 2u — 3)?24"‘

+<U+U—2)(212+223) 1f2—u§v§M
Likewise, if% <u< % and 0 < v < 3 — 2u, then

4 —2u—wv
(61 + 63) — (3 —2u)ey — #64

16 — 10u — 3 6 —4du —
P(u,v) ~g 2u Uh - 2u v

and N (u, U)NR%EB. Finally, if % <u< % and 3 — 2u < v < 6 — 4u, then

22 —14u -5 6 —4u —
P(u,v) ~g 2u Up - 2u v

10 — 6u — 3v
(61 + 2e5 + 63) B E—

and N (u, v)~r5l3 + (v + 2u — 3)lay.

If 1 <u< 2, then € C Supp(N(u)) and ordy (N (u)|s) = (u—1). Thus, we have
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3

/ (126 — 40u + 33)(u — 1)dut
1

ey
S
“e@

[\ ‘ %)

/ u? + 2uv + v — 8u — 8v + 12dvdu+
0

3u? + 6uv + 3v? — 18u — 18v + 25

5 dvdu+

N

—3u

/ (7— 3u—3v)

dvdu-+

dvdu-+

£ —2u
+3/‘°’3/2 242 + 20uv + 302 — 80u — 320 + 66
28 9

N 3 (14 — 8u — 5v)(6 — 4u — U)dvdu—l—

3 / 3]2“24u2 4 20uv + 302 — 80u — 320 + 66

4 0
3
3357 (14 S — 50)(6 — du— )
+ o / 5 dvdu.
4 3—2u

This gives S(W2,;€) = 355 < 1. Then S(F) > 0 by (4.3), since Sy(S) =

4032

O

This finishes the proof that X is K-polystable.

4.3.4 K-moduli component

It is a direct consequence of the following Corollary that the one-dimensional

component of M:,f{ P* formed by the K-polystable elements of Family 4 is isomorphic
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Corollary 4.3.14. The Fano 3-fold X, in Family 4 is the only singular K-

polystable limit of members of the deformation family 3.12.

Proof. Denote by MgK 5 the one-dimensional component of the K-moduli space
MEP that contains all smooth K-polystable Fano 3-folds in Family 4 (equiv-
alently, all K-polystable elements of Mori-Mukai family Ne3.12). In §4.3.1 we
descrived a parametrisation {X AA € Pl} that is a Q-Gorenstein family, and
such that all smooth members of Family 4 are fibres of the family X, for A\ €
P\ {£3,+1,00}. Note that Xy = X_, for A € PL.

Moreover, it follows from the description of the Family and §4.3.3, where we prove
the K-polystability of X, that all objects X, in the parametrisation except
for the 3-folds Xi3 and X4, are K-polystable. As mentioned already, the 3-
folds X413 and X4, are K-semistable, and their K-polystable limits are X, and
X, tespectively. Thus we have a morphism P! — M the moduli stack
parametrising K-semistable objects in this family, which descends to a morphism
¢: P' — M3FS given by X — [X,] such than ¢(0) = ¢(£3), ¢(c0) = ¢(+1), and
d(\) = ¢(—\) for X € PL. Since MEPS is proper and one-dimensional, we conclude

that ¢ is surjective, which implies the required assertion. O

4.4 Family 5

The members of this family are the blowups of V = P! x P! x P! along a curve

of degree (1,1,3). (Ne4.13 in Mori-Mukai notation).

4.4.1 Parametrisation of the family

Let [z : x1] X [yo : y1] X [20 : 21] be the coordinates in V. We have three natural

projections p;: V' — P!, i = 1,2,3 which define three natural divisor classes of
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V', namely H; = p}(p) where p € P! and i = 1,2,3. A member X of Family 5 is
defined as the blow-up 7: X — V along a curve C of tri-degree (1,1,3) in V, i.e.
C-Hy=C-Hy=1and C- Hs = 3. Note that X is smooth if and only if C is

smooth.

Theorem 4.4.1. Let C' be a smooth curve of tri-degree (1,1,3) curve on V.

Then, C' can be expressed in one of the following forms:

Toyr — 1Yo = 0
c=cy =0 ANeC\[+1}  (48)

w320 — 32 + Maorizg — x12221) = 0

or

Toy1 — 1Y% =0
C:= (4.9)

x%zo — xi’zl + :ng%zo =0.

Proof. Take C' = {G(x,y,z) = F(z,y,2) = 0} where z = [z : x1] and similarly
for y and z. Since C' - H; = 1, we can assume that fixing a € P! we get that
G(a,y,z) = so(a)yo + si(a)yr + to(a)zg + t1(a)z. Likewise, since C' - Hy =
1, we have a similar picture when we fix a € P! for G(z,a,z). In particular,
when we combine both conditions and make a change of coordinates we get that
G(z,y,2) = xoy1 — T1Yo. From this first equation, G(z,y) = 0, we get that [z :
x1] = [yo : y1], so we may assume that F(x,y,z) = F(x,z) = ho(z)z0 — hi(z)z.
Note that {F' = 0} isa (1,3) curve in P! x P!. In particular, it is left to prove that
any (1,3)-curve in P! x P! can be expressed as {z320 — 2321 + A(wor?20 —117821) =

0} or {zdz0 — 321 + zox%20 = 0}.

Let W := H°(P' x P',O(1,3)) be the vector space of polynomials that define
degree (1,3)-curves in P! x P! with coordinates ([x; : x|, [21 : 20]). Hence, we

have,

114



4.4. FAMILY 5

aozoxg + alzoxgml + CLQZ().I’()ZL'% + Clgzoflle))*F

W .= a;, bl < C
boz1w3 + bizixdey + bz wow? + byzy
Let us define WV := (ay, ..., as, b, ..., b3) the vector space generated by the coef-
ficients of W. Now define

J = {yzoxg —+ )\Zoxox% + )\21[[}(2)1}1 + Vle’:ﬂ)\, Ve (C}

a subspace of W. We want to show that any smooth element F' € W can be
written as an element in J unless { F' = 0} is isomorphic to {xgzy— 232 +zo2? 29 =
0}. We will distinguish the elements of W depending on their discriminant;
if Disc,(Disc,(F)) = 0 we get specific equations for F'; otherwise, we will use
geometric invariant theory (GIT) to transform F' into an element of J. Consider

SL generated as follows,

1 c 0 1
< ceCy, >
01 -1 0

Note that G = SL x SL acts in P! x P! and also acts naturally on W and WV.

Take F' € W, then the discriminant of F' in the variables [z : x|, denoted by
Disc,(F), is a degree 4 polynomial in variables [z : 21| (see equation in Appendix
A.2). Hence, counting with multiplicities, we have 4 points in P! that are the
solutions of Disc,(F) = 0. Moreover, if we take the projection from P! x P! to
the P! with coordinates [zg : 21|, F gives us a 3 : 1 cover of P! that branches on
the points where Disc,(F) = 0. In addition, Disc,(F') is a quartic elliptic curve

giving a 2 : 1 cover of P! with 4 branched points.

Let S(WV) be the symmetric algebra of WV, the quotient of the tensor algebra
TWY) = @Ba=0(W")® by the two-sided ideal generated by tensors of the form

v® w—w®uv for v,w € WV. The symmetric algebra is a graded commutative
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algebra, and its graded components STWV are the images of (WV)®? in the
quotient. By classical results in invariant theory [Dol12, Chapter 1], original
theory in [E1195; Hil93; Sch68], there exist s € S?WV and t € S®WV such that the
subspace of G-invariant elements of the symmetric algebra of W is generated by
sand t, (S(WV))¢ = C[s, t]. Using computational tools we can get their specific

equations (see Appendix A.1):

s:= 3agbs — a1by + asby — 3, asbg

t:= adbl — adaibab’ — 2ad3asbib3 + adasbibs — 3adasbob3 + 3adasbibabs — adasbi
+apatbibi + 3agaiazbob? — agaiasbibabs — apayazbobabs — 2aga;azbibs
+agayazbibs — 2apa3bobebs + agaib?bs + agasasbobibs + 2agasazbob’
—apazazbiby + 3agaibibs — 3agaibobibs + agaibd — a3bob? + atasbobabs
+2a%azbobibs — a2asbobs — ajaibobibs — 3ajasazbibs + ajasazbobiby

+2a1a2b3by — ayalbob? + a3bibs — a3asbabs + axaibiby — a3b.

Using Hilbert-Munford criteria and classical results of invariant theory [Doll2,
Chapter 1] we can define a map from the GIT semistable elements of the projec-
tivisation of WV to the GIT-quotient that is isomorphic to P! with coordinates

[s3,1]:
(B.(WY))™ 5 B(WY)*//G = P

l[ag : ... a3z 1 by ... 1 bg] — [s% 1 1]
Note we have the same map for W. We can check that Disc,(Disc,(F')) = 256 -

t- (s> —27t)3 (explicit code in Appendix A.2).
Lemma 4.4.2. Assume F € W is smooth, but Disc,(Disc,(F)) = 0 (i.e. at
least 2 of the branch points of the cover to P* merge). Then, up to a twist by
GL2(C) x GLo(C), F is either

(i) z0xd + 2170077 + 2123 (if only 1 point has multiplicity 2).

(ii) zoxd + 2123 (if there are 2 points with multiplicity 2).
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Proof. As we mentioned previously, the projection ([zg : x1], [20 : 21]) = [20 : 21]
gives a triple cover C' — P!, with 4 ramification points (counting multiplicity).
Here we assumed that at least one of these points has multiplicity 2. Up to a
change of coordinates, we can assume that two of the ramification points are
[1:0] and [0 : 1]. In particular, we can assume that the point [zg : 2] = [0 : 1]

has multiplicity 2, then after a change of coordinate on [z¢,x;] we can assume

Fl,y=0 = —2% and F|,,—¢ = x3(axo + bx1). From here we have 2 possibilities if
[20 : z1] = [1 : 0] has multiplicity 1, we recover (i) after a change of coordinates,
and if it has multiplicity 2 we get (ii). O

Remark 4.4.3. Note that for (i) s(F') = 3 and t(F') = 1, therefore [F] € P,(W**)
and ¢(F') = [27 : 1]. For (ii), note that F' € J by taking [v: A\] = [1: 0].

Remark 4.4.4. Take F},. € J, then s(F},.y) = 302+ A% and ¢(Fl,.y) = v (v —
A?)2. Notice that either s(Fj,.yj) # 0 or t(Fj,.\) # 0 if (v,A) # (0,0). Hence,
[Flun] € P.(W*) and ¢(F}, 5) = [(3v2+A?)3 : v?(v2 —A?)?]. Furthermore, Fj, ) is
singular if and only if [ : A] = [0 : 1] or [1, £1] and in this cases ¢(Fj,.n) = [1: 0].
Also notice that, ¢~([27 : 1])|; = {F.0), Flrza)}-

Lemma 4.4.5. Assume F € W is smooth and Disc,(Disc,(F)) # 0. Then, F is

GIT-stable with respect to G acting on W'.

Proof. Let us assume F' is not GIT-stable. Then there exists a 1-parameter

"0 = 0
U - bl )
0 ¢t 0 ¢t

acting on W, and therefore in WV, such that ry, 79 > 0, (ry,72) # (0,0) and

subgroup on G

pu(F, o) = max{wt(a;), wt(b;)|7 € {0,1,2,3}} < 0 (see [New78, Theorem 29| for

characterisation of GIT-stable). The weights on WV are the following:
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wt(ag) =11 + 3re,  wt(by) = —ry + 3o,
wt(ar) =11+ 719,  wWt(by) = —r1 + 1o,
wt(ag) =11 — 1o, wt(be) = —ry — 1o,
wt(as) =11 — 3re, wt(bs) = —r; — 319

Since we assumed pu(F, o) < 0 we know that ag = a; = 0. If 3ry > r1, then by = 0,
but then F' is reducible and we get a contradiction. If 3ry < rq, in particular
r1 > 19, hence ay = 0 and F|,,—o = azz}. In this case, Disc,(Disc,(F)) = 0 wich

is against our assumption. Therefore, F' is GIT-stable. O

Now take any smooth F' € W. If Disc,(Disc,(F')) = 0, then by Lemma 4.4.2,
we know that either F' = zpxj + 212027 + 2197 or F = Fjq. In the former
case, take C' = {G(x,y) = F(x,z) = 0} we recover (4.9), similarly, the latter
case gives us Cy from (4.8). Hence, let us assume that Disc,(Disc,(F)) # 0.
This is true if and only if 256¢(s® — 27t)3 # 0, which is equivalent of saying that
p=a¢(F) =1[s:1 # [1:0],[27 : 1]. We also know by Lemma 4.4.5 that F'
is GIT-stable. On the other hand, by Remark 4.4.4 there exist [v : A] ¢ {[1 :
0], (1 : £3],[0 : 1], [1,£1]} such that ¢(F,.n) = p. Again by Remark 4.4.4, this
means that Fj,.y is smooth with Disc,(Disc,(F},.y)) # 0 and by Lemma 4.4.5 it
is GIT-stable. Hence, we proved that Fj,.y € G - [F] C (P,W)** and we recover
Crpp = {G(x,y) = Fliap(z, 2) = 0} from (4.8).

Let X, be the blow-up of V along C) in (4.8). By [Ara+23, Theorem 5.115,
Corollary 5.111] we know that X, is K-polystable, and the blow-up of V' along

(4.9) is strictly K-semistable. Moreover, the latter admits a degeneation to X.

Lemma 4.4.6. Let X the blow-up of V along (4.9). Then it admits an isotrivial

degeneration to X.
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Proof. 1t is enough to show that C' described in (4.9) degenerates isotrivially to
Cp. We define the family

C = {{zoy1 — 2190 = :ESZO — 232 +twgrizg = 0}t € AtY.

We define 7 : C — A! in an obvious way. Notice that for every non-zero ¢t € A!,
771(t) = C. On the other hand, for 771(0) = {zoy1 — 21y0 = x320 — 2321 = 0},

so we clearly have 771(0) = Cj. O

Furthermore, every smooth family member is isomorphic to one of these 3-folds.
If we allow, A = 41, 00 in (4.8), we get singular members of the family. Moreover,

we see that X411 & X.

Lemma 4.4.7. Let X1, X, be described as above. Then, X1 = X .

Proof. Consider the following linear action on sections of H; on V:

(o : x1] ¥ [wo + 21 1 —i(mo — 21)]
o = 1] = [yo +y1 2 i(y1 — wo)]

[Zo : Zl] — [—i(ZO — Zl) T Z2o + 21]

One can check that

(oY1 — T1Y0) = 2i(Toy1 — T1Y0)

(zh20 — 2321) + (wox320 — 117521) = Si(Te2220 — T17521)

So we get X7 = X . Similarly we have X_; = X . O]

Notice that Cy is the union of 3 lines, I3 = {zo = yo = 0}, l32 = {1 = y1 = 0}
and A = {xoy1 — 1Yo = 221 — 120 = 0}. Moreover, A and I3, intersect in a

point p; for i € {1,2}. Therefore, when we blow up V along C, to obtain the
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threefold X, we get two ordinary double points coming from the blowup of p;

and ps. In the next section, we study the geometry of this member of the family.

4.4.2 Geometry of X

We aim to prove that X, is K-polystable. We will first define some surfaces and

curves on V we will use in the following proofs:

Hy; = {%—1 = 0} Ry = {1091 — 1Yo = 0}

Hz’i = {yifl = 0} fori e {1, 2} R2 = {.’E()Zl — T129 = 0}

H3,0 = {ZO = 0} R3 := {yOZI — Y120 = 0}

ly == H3oN Hyy = {20 =yo =0}

ly:= HsoN Hy1 = {20 =10 =0}

A= Ry N Ry N Ry = {xoy1 — 190 = To21 — 2120 = 0}
A" :={xoy; — 1Yo = x021 + 1120 = 0}

lsy =RiNH =R NHyy ={x9 =1y =0},

lso=RiNHy =R NHyp={x1 =y =0},

5= H3o N Ry = {2 = voy1 — 1190 = 0}.

Let Hy, Ho, H3 be general fibres of the fibrations pry o, pryom, pryom, respectively,
where pry, pry, pry, are projections of (P')? to the first, second, third factor,
respectively. Notice that H,;, € |H;| for i € {0,1,2} and j € {1,2,3}. Also
notice that R; ~ Hy + H,, similarly we can find linear equivalences for R, and
Rs in terms of H;. In the image below you can visualize some of these curves and

surfaces.
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Figure 4.5: Model in P! x P! x P! Family 5

Notice that X, is the blow up of V along C, = l31 Ul32 U A. Let us take the

following automorphisms in V:

1 [mo s 1] X [yo t y1] X [20 ¢ 21 > [m1 0 @o] X w1t o] X [21 0 20),
Lo : [mo s 1] X [yo : y1] X [20 : z1] = [yo = w1 X [wo @ @] X [20 ¢ 2],

Tt [To t @] X [yo = 1] X [20 @ 21] = [sxo @ 21] X [syo : y1] X [s20 @ 21],

where s € C*. Now we consider the group G generated by ¢q, to, 7. Notice that
Cs is invariant under G. Therefore, the action of G on V can be lifted to X and

we have G = (C* X pg) X pa C Aut(X).

Description of the G-invariant loci. For the G-invariant structure on V', we

have the following lemma:

Lemma 4.4.8. There is no point of V fixed by G. The only G-invariant irre-

ducible curves in' V are A and A'.

Proof. Notice that there are only 8 points on V fixed by 7,: {p; X p; X pi, @,7,k €
{1,2}}, where p; = [1: 0], p, = [0 : 1]. Moreover, none of these points is fixed

by ¢1, hence V' does not contain any G-invariant points.

On the other hand, let C' be a G-invariant irreducible curve on V. Notice that

C cannot be pointwise fixed by 7, hence C' is rational. Then ¢; must fix a point
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p € C, which is not fixed by 7. Since there are only 8 ¢;-fixed points [1 : £1] x[1 :
+1] x[1 : 1], C must be the closure of the C*-orbit of one of those points. There
are only 4 possible curves if we take the orbits: {zoy; + 2190 = 2921 £ 120 = 0}.

Since C'is also p-fixed, we only have two possible invariant curves: A and A’. [

Notice that, Ry, Ry and R3 are also G-invariant and G-irreducible and A is their
intersection. Let ¢ : W — V be the blowup of the curve A, let o : X > W
be the blowup of the strict transforms of the curves l3; and l3o, let v : U = V
be the blowup of l3; and 39, and let ¢: X — U be the blowup of the proper

transform of A. Then we have a G-equivariant commutative diagram

(4.10)

X Xoo X
d | |-
U V W
where X — X and X — X are G-equivariant small resolutions of the 3-fold X.

Recall from Section 4.2.2 that either Y = X or Y = X.

Let H;;, Hs, Ry, be the strict transforms of H; ;, Hs, R, on X, for 4,5 = 1,2 and
k =1,2,3. Let F; be the exceptional divisor on X over l3; for + = 1,2, and E
be the exceptional divisor on X over A. Then, denote by F;, Fy, E their strict

transforms on X.

Let I31,032,5, A, A’ be the corresponding sections of I3 1,139, 5, A, A’ on Ry. De-
note by I3 the strict transformon R; of a general curve I3 € |l31| = |l32] in By C V.
Let f3; and f35 be in the class of a o-fibre in F'; and Fy such that f3; = ENF;,
respectively. Denote by f, and f,, the proper transform on E of the fibres of this

projection that pass through the points o(l31) and o(l35), respectively.
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Figure 4.6: Model for X Family 5

Lemma 4.4.9. The effective cone of X, Eff(X), is generated by H, ; (fori,j €
{1,2}), Hg, E@ (fO?"i € {1,2,3}), Fl, FQ and E

Proof. Suppose 7(S) C P! x P! x P! is the surface of degree (di, ds,d3) in P! x

P! x P'. Then, we have
S ~ dlﬂ'*(F1> + dgﬂ'*(FQ) + dgﬂ*(ﬁgg) - TTLE - mlfl — mQFQ,

where m is the multiplicity of 7(S) in A, m; is the multiplicity of 7(S) in 3, for
i € {1,2}. Suppose that S # FE, S # F,; fori € {1,2}, S# H;;, S # H3, S # R;
for i € {1,2,3}. Now, we intersect S with f31, fs2, fo+ f32, 3, S, 5 = H3- R; for
i€{2,3yand t;; = Hs- (H; — F;) for i,j € {1,2}. It is straighforward to check

that B> = —4, Fy = 1, HyHyHs = 1, H,H,; = H;H;Fy, = H;H,;E = H;F; =0

and FoF = F Hy = B H; = —1.

S faq =my >0, S-5=d—m>0 forie {23}

S fao=my >0, S-ly=ds—m >0,

S (fso+ fa) =m >0, S-ti;=di—m; >0 fori,je{1,2}.
S-5=di+dy—m—mq; —mg >0,
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Now we want to find the integer positive solutions for:

dlﬂ'*(ﬁl) + dgﬂ*(ﬁg) + d37T*(H3) — mE — mlfl — mgfg =

3 2
Z hi7jﬁij + h3F3 + Z Tiﬁi + Z szz + BE

ij=1,2 i=1 i=1

Comparing the coefficients we get the system:

6:7'1+7"2+7°3—m, h3:d3—7°2—7'3
fi=—-ri—ra—r3—hio+dy — hyo+dy—my,

fo=ri+hig+hoo—mg, hiy=dy —11—712—hi2.

The non-negative solution to this system can be given by

e=0, fi=0, ro=m, ry =0,

hs =d3 —m, r3 =0, hoo = dy —my,
h1,1:0, h1,2=d1—m, h2,1:m1,
fo=di +dy —mqy —mg —m.

Thus, the cone of effective divisors over Z is generated by H;; for i,j € {1,2},
ﬁgﬂ RZ for i € {1,2,3},?1,?2 and F. ]

Then, we can rewrite —K+ as the sum of effective divisors,

—K%~2R +FE+F,+ Fy+2H3 ~ R, + Ry + R3 + 2F.

Note that the divisors E, F,+ Fy, Ry, Ry+ R3 are G-invariant and G-irreducible,

but the pencils |H;|, |Hs|, |H3| do not contain G-invariant members.
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4.4.3 K-polystability of X

We now prove that X = X is K-polystable. Suppose that X is not K-polystable.

By Theorem 2.2.12, there exists a G-invariant prime divisor F' over X such that

B(F) = Ax(F) - Sx(F) <o0. (4.11)

Let Z and Z be its centres on X and X, respectively. We first consider the case

when Z is a divisor.

Lemma 4.4.10. Let S be a G-invariant prime divisor in X. Then B(S) > 0.

Proof. 1f B(S) < 0, then the divisor —Kg— S is big by (2.1). On the other hand,
arguing as in the proof of [Ara+23, Lemma 5.113], we see that —K+ — S is big

only if S = Ry or S = E. Thus, to complete the proof, it is enough to show that
B(Ry) > 0and B(E) >0

Set S = R;. Then 7 = 2. Arguing as in the proof of [Ara+23, Lemma 5.114], we
see that N(u) =0 for u € [0,1], and N(u) = (u — 1)(E+ F; + F) for u € [1,2].
Then

(2—u)Ry+E+F,+Fy+2H; if0<u<l,
P(u) ~g

A direct computation then shows that

1 _
Se(B) = / vol(— K+ — uRy)du
X

1 2
6(/ - 6u+26)du+/ (1202 —48u+48)du>
1

9
52

Now, we compute 3(F). First notice that we have — K —uE ~ (2—u)E+ Ry +

Ry + R3, where Ry + Ry + R3 is not big. Therefore, the divisor — K+ — uF is nef
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for 0 < u < 1 and pseudoeffective for 0 < u < 2. We have the following positive

and negative parts:

o —Ky—uE if0<u<l,
P(—Kx —uE) =
and
B 0 if0<u<l,
N(—Kx — uE) =

Now we compute

5<(E) = (_le)g /0 "vol(— K+ — uE)du

1 1 2
=36 </0 (4u® — 6u® — 18u + 26)du + / (—6u’ + 36u” — 72u + 48)du>
1
35
= — <L
52
Hence, 3(F) > 0 and we get the desired contradiction. 0

We now consider the case when Z and Z are small. By Lemma 4.4.8, we only
need to consider curves, and either 7(Z) = A and Z C E, or n(Z) = A’ and

Z C R;.

Lemma 4.4.11. The curve Z is not contained in the surface R;.

Proof. The proof is very similar to the proof of [Ara+23, Lemma 5.114]. Suppose

that Z C R;. Let A = ENRy, and let A be the proper transform on the 3-fold X
of the curve A’. Then it follows from Lemma 4.4.8 that either Z = A or Z = A
Recall from the proof of Lemma 4.4.10 that Sg(R;) = 3. Thus, it follows from
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(4.3) that S(WR1 Z) > 1. Let us compute it.

o0

Notice that I3 and 5 the rulings of R; = P! x P! such that pr; o and pryom
contract I3, and pryom contracts 5. Moreover, A ~R l3 +35. Then it follows from

the proof of Lemma 4.4.10 that

_ A+u—v)lz+(1+u—v)s 0<u<l,
P(u)f —UZN]R
Ry

(4—2u—v)lz3+(2—0)s 1<u<?2,

and

(U—1)<Z+Zg’1 +Zg’2> 1 <U<2,

where 7371 = Fﬂﬁl and 7372 = F2|§1 as defined in the previous subsection. Thus,

if 0 < wu <1, then 7(u) = 14 u. Similarly, if 1 < u < 2, then 7(u) = 4 — 2u.

We have P(u,v) ~g P(u)‘ﬁ —vZ for every v € [0,7(u)]. Hence, if Z = A, then
1

S(WEi;Z) can be computed as follows:

2 1
3 3
61/16 8u)(u — 1)du + 60/

2u

2 —
3 35
61/0/ 2(4 — 2u—v(2—v)dvdu-§<1

u

2(1 +u — v)*dvdu

o\-&-

Similarly, if Z = A, then S(WE,; Z) = 21 < 1. This is a contradiction. O

..7

Thus, we see that 7(Z) = A, Z C E and Z # ENR,;. Observe that O’(E) ~ Pl x
P!, Recall f3; = F1NFE and f35 = FoNE. Then o in (4.10) induces a birational
morphism E — o(F) that contracts f3; and f35 to two distinct points on the
curve o(A), which is a section the natural projection o(E) — A. Denote by f;
and f, the proper transforms on E of the fibres of this projection that pass
through the points o(f31) and o(f32), respectively. Note that E is a weak del

Pezzo surface, the curves fs1, fsa, fi, [ are all (—1)-curves in £, and A is the
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only (—2)-curve in E. By [CT88, Proposition 8.3], the curves A, f31, f32, f1, /2

generate the Mori cone NE(E).

Now, let us focus on E. Then it follows from the proof of Lemma 4.4.10 that

(14+u~— U)Z +(2—v) (?3,1 + ?3,2)“‘

_ +2—u)(fi+ fo if0<u<l,
P(u)‘E—UZNR ( )

(4 —2u—v) A+ ?3,1 + 73,2)"’

and

0 if0<u<l,
N(u)| =

E . __
(w—1(A+8,+285) f1<u<y,

where Ay = EN Ry and Az = EN Rs. Thus, if 0 < u < 1, then 7(u) = 1 + u.

Similarly, if 1 < u < 2, then 7(u) = 4 — 2u.

Now in order to do the Zariski decomposition of P(u)’E —vZ on E we need

to intersect it with the generators of NE(E). Recall that we have the following
intersections between the generators in £: A- fy; =1, f,- f3; =1 for i € {1,2}
and the rest are 0. Moreover, if 0 < u < 1, then

E—v?)~§=2—2u20 Y;

S|
—
£

(Pu)| = vZ) fsi=1>0 W i€{1,2}

(P(u)‘f—vf)-ﬁ:u—vzo S u>w.

Hence, P(u)‘ﬁ—vf isnef for 0 < v < wu. For u < v < 1+wu the intersection with ?Z
is negative, therefore we are adding some \; f; + X2 f,. Now, we want the smallest
A; such that (1+u—v)A+ (2 —v) (?371 + 73’2> +2—u—=A)f1+2—u—X)f,

is nef.
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(P(u)|. = 0Z = Mf1+dofa) A =2—-2u>0 Vo
(P(u)’E_UZ_)\lfl_l_)Q?Q)'fS,i:1_)\1'20 1> N ie{l,2}
(P(U)‘E—UZ—)q?l‘i‘AQ?Q)'TZ-:U—U—AiZO Su—v <\

So the smallest \; = u — v < 1. Therefore, we get the following Zariski decom-

position:
(1+U—U)Z+(2—U)(f3,1+f3,2)+
P(u,v) ~r +2—u)(f, +7s) if0<v<u,
(1—|—u—v)z+(2—v)(f3,1—|—f3,2+71+?2) ifu<ov<1+u,
and
0 if 0 <o < u,
N(u,v) =
(v—u)(fl—i—ﬂ) ifu<v<1+u,
so that
5 7 — 3u? + 2uv + v? + 6u — 10v if 0 <v<u,
(P(u,v)) =

(14+u—v)(7T—u—3v) ifu<v<1l+u.

Similarly, if 1 < u < 2, we get this other Zariski decomposition,

(4 —2u— U)(Z+ fa1+ f3,2)+

P(u,v) ~r +(2—u)(f1+72> ifo<v<2—u,

(4= 2u—v)(A+ fs1+ faz+ F1+ fo) if2—u<o<4—2u,

and

0 fo<ov<2—u,
N(u,v) =

(v—i—u—Z)(?l—l—?Q) if 2—u<v<4—2u,
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so that

5 10u? 4 8uv + v — 40u — 16v + 40 if0<v<2—u,
(P(u,v)) =

3(4 — 2u — v)? if2—u<v<4—2u.

Note that Z ¢ Supp(N(u)) for u € [0,2]. Thus, integrating, we get S(WF.;?) =

87
104"

Sy(E) =23 < 1. Then S(F) > 0 by (4.3), which contradicts (4.11). This shows

On the other hand, we already know from the proof of Lemma 4.4.10 that

that X is K-polystable.

4.4.4 K-moduli component

It is a direct consequence of the following Corollary that the one-dimensional
component of M; ™ formed by the K-polystable elements of Family 5 is isomorphic

to PL.

Corollary 4.4.12. The Fano 3-fold X, in Family 5 is the only singular K-

polystable limit of members of the deformation family 4.13.

Proof. Denote by M, P the one-dimensional component of the K-moduli space
M§< P* that contains all smooth K-polystable Fano 3-folds in Family 5 (equiv-
alently, all K-polystable elements of Mori-Mukai family Ne4.13). In §4.4.1 we
descrived a parametrisation {X MAE IP’l} that is a Q-Gorenstein family, and
such that all smooth members of Family 4 are fibres of the family X, for A\ €

P!\ {#1,00}. Note that X\ = X_, for A € PL.

Moreover, it follows from the description of the Family and §4.4.3, where we prove
the K-polystability of X, that all objects X in the parametrisation except for
the 3-folds X4, are K-polystable. As mentioned already, the 3-folds X, are
K-semistable, and their K-polystable limit is X,. Thus we have a morphism

P! — M, the moduli stack parametrising K-semistable objects in this family,
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which descends to a morphism ¢: P' — M;F? given by A — [X,] such than
P(0) = ¢(x1), and ¢(\) = ¢(—\) for A € P'. Since M5 is proper and
one-dimensional, we conclude that ¢ is surjective, which implies the required

assertion. ]
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A.1 Invariant polynomials

A.1.1 Invariant polynomials using Magma

This command in MAGMA reduces the possible monomials:

K<w>:= FiniteField(227);
G := MatrixGroup<8,K |
[1,0,0,0,0,0,0,0,
3*w,1,0,0,0,0,0,0,
3*w”"2,2*w,1,0,0,0,0,0,
w”*3,w”*2,w,1,0,0,0,0,
0,0,0,0,1,0,0,0,
0,0,0,0,3*w,1,0,0,
0,0,0,0,3*w"2,2*w,1,0,
0,0,0,0,w"3,w"2,w,1],
[0,0,0,1,0,0,0,0,
0,0,-1,0,0,0,0,0,
0,1,0,0,0,0,0,0,
-1,0,0,0,0,0,0,0,
0,0,0,0,0,0,0,1,
0,0,0,0,0,0,-1,0,
0,0,0,0,0,1,0,0,
0,0,0,0,-1,0,0,0],
[1,0,0,0,0,0,0,0,
0,1,0,0,0,0,0,0,
0,0,1,0,0,0,0,0,
0,0,0,1,0,0,0,0,
w,0,0,0,1,0,0,0,
0,w,0,0,0,1,0,0,
0,0,w,0,0,0,1,0,
0,0,0,w,0,0,0,11>;
InvariantsOfDegree(G, 2);

Output:
[
Xx1*x8 + 151*x2*x7 + 76*x3*X6 + 226*x4*x5
]
Since this is only a degree 2 polinomial, we can optain it directly using magma and check we get the
same result.

K<w>:= FiniteField(227);
G := MatrixGroup<8,K |
[1,0,0,0,0,0,0,0,

3*w,1,0,0,0,0,0,0,
3*w”"2,2*w,1,0,0,0,0,0,
w”*3,w”*2,w,1,0,0,0,0,
0,0,0,0,1,0,0,0,
0,0,0,0,3*w,1,0,0,
0,0,0,0,3*w"2,2*w,1,0,
0,0,0,0,w”"3,w"2,w,1],
[o,0,0,1,0,0,0,0,
0,0,-1,0,0,0,0,0,
0,1,0,0,0,0,0,0,
-1,0,0,0,0,0,0,0,
0,0,0,0,0,0,0,1,
0,0,0,0,0,0,-1,0,
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0,0,0,0,0,1,0,0,
0,0,0,0,-1,0,0,0],
[1,0,0,0,0,0,0,0,
0,1,0,0,0,0,0,0,
0,0,1,0,0,0,0,0,
0,0,0,1,0,0,0,0,
w,0,0,0,1,0,0,0,
0,w,0,0,0,1,0,0,
0,0,w,0,0,0,1,0,
0,0,0,w,0,0,0,1],
[0,0,0,0,1,0,0,0,
0,0,0,0,0,1,0,0,
0,0,0,0,0,0,1,0,
0,0,0,0,0,0,0,1,
-1,0,0,0,0,0,0,0,
0,-1,0,0,0,0,0,0,
0,0,-1,0,0,0,0,0,
0,0,0,-1,0,0,0,0]>;
InvariantsOfDegree(G, 6);

Output:
[

XT173*x873 + 226*X 1" 2*X2*X7*x8"2 + 76*X 1" 2*xB*X7"2*x8 + 224*x1"2*x4*x5*x8"2 +
X112 2*XA*X6*X7*X8 + 151* X1 2*x4*X7 "3 + 76*X1*Xx2"2*X6*x8"2 +
202*x1*x272*x7 " 2*X8 + Xx1*x2*x3*X5*x8"2 + 201 *X1*X2*Xx3*X6*X7*x8 +
XT*X2*X4*X5*X7*X8 + 75*X1*X2*X4*X6"2*X8 + 76*X1*X2*x4*X6*X7"2 +
75*x1*x3"2*x5*X7*x8 + 51*X1*x3"2*X6"2*x8 + 226*Xx1*x3*x4*x5*x6*Xx8 +
152*X1*x3*X4*X5*X7"2 + 151 *X1*X3*X4*X6"2*X7 + 3*x1*x4"2*x5"2*Xx8 +
226*X1*x4"2*x5*X6*X7 + 76*Xx1*x4"2*x6"3 + 151*x2*3*x5*x8"2 + 28*x2"3*x7"3
+ 76*X2"2*X3*X5*X7*X8 + 143*x2"2*Xx3*X6*X7"2 + 152*x2"2*x4*x5*x6*Xx8 +
176*x272*x4*x5*X7"2 + 151*x2*x3"2*x5*X6*X8 + 84*x2*Xx3"2*x6"2*X7 +
226*x2*x3*x4*x5"2*x8 + 26*X2*x3*X4*X5*X6*X7 + 151*x2*Xx4"2*x5*Xx6"2 +
76*x3"3*x5"2*x8 + 199*x3"3*x6" 3 + 151*x3"2*x4*x5"2*X7 +
25*x3"2*x4*x5*x6" 2 + x3*x4"2*x5"2*x6 + 226*x4"3*x5" 3,

X172*x3*X6*x8"2 + 151*X 1" 2*xB*X7"2*x8 + 226*X 1" 2*x4*X6*X7*x8 +
76*x17°2*x4*x7"3 + 151*x1*x2"2*x6*Xx8"2 + 101*x1*Xx2"2*x7"2*x8 +
226*x1*x2*x3*x5*x8"2 + 101*X1*X2*X3*X6*X7*X8 + X1*X2*X4*X5*X7*x8 +
152*X1*X2*X4*X6"2*x8 + 151 *X1*X2*Xx4*X6*X7 "2 + 152*x1*x3"2*x5*X7*x8 +
25*X1*x3"2*X672*x8 + 226*x1*Xx3*X4*X5*X6*x8 + 75*X1*x3*X4*X5*x7"2 +
76*X1*x3*X4*X6"2*X7 + X1*X4"2*x5*x6*X7 + 151*x1*x4"2*x6"3 +
76*x2"3*x5*x8"2 + 14*x2"3*x7"3 + 151*x2"2*x3*X5*X7*x8 +
185*x272*X3*X6*X7 "2 + 75*x2"2*X4*Xx5*X6*X8 + 202*x2"2*Xx4*x5*X7"2 +
76*X2*x3"2*X5*X6*X8 + 42*X2*XB"2*X6"2*X7 + X2*X3*x4*x5"2*x8 +
126*X2*X3*X4*X5*X6*X7 + 226*X2*X4"2*X5"2*X7 + 76*X2*X4"2*X5*x6"2 +
151*x373*x5"2*x8 + 213*x3"3*x6"3 + 76*x3"2*x4*x5"2*X7 +
126*x3"2*x4*x5*x6"2

]
Changing to Finite field 257 we get:

X173*x873 + 256*Xx172*x2*X7*x8"2 + 86*x1"2*X3*X7"2*X8 + 254*x1"2*x4*x5*x8"2 +

X172 2*XA*X6*X7*X8 + 171 X172 2*x4*x7"3 + 86*X1*X2"2*X6*x8"2 +
143*X1*x2"2*X7 " 2*x8 + X 1*X2*x3*X5*X8" 2 + 142*X1*Xx2*Xx3*X6*X7*x8 +

142



X1*X2*x4*X5*X7*x8 + 85*X1*X2*X4*X6"2*X8 + 86*X1*X2*x4*X6*X7"2 +
85*X1*x3"2*x5*X7*x8 + 229*x1*x3"2*x6"2*x8 + 256*x1*x3*x4*x5*x6*Xx8 +
172*X1*X3*X4*X5*X7 "2 + 171*X1*X3*X4*X6"2*X7 + 3*x1*x4"2*x5"2*Xx8 +
256*X1*x4"2*X5*X6*X7 + 86*X1*x4"2*x6"3 + 171*x2"3*x5*x8"2 +
184*x273*x7"3 + 86*X2"2*Xx3*X5*X7*x8 + 219*Xx2"2*x3*X6*X7"2 +
172*x272*x4*X5*X6*X8 + 28*Xx2"2*X4*X5*X7"2 + 171*x2*x3"2*x5*X6*x8 +
38*x2*x3"2*X6"2*X7 + 256*X2*x3*x4*x5"2*x8 + 115*x2*x3*x4*x5*X6*X7 +
171*x2*x4"2*x5*x6"2 + 86*x3"3*x5"2*x8 + 73*x3"3*x6"3 +
171*x3"2*x4*X5"2*X7 + 114*x3"2*X4*X5*X6" 2 + x3*x4"2*x5"2*x6 +
256*x4"3*x5"3,

X1722*x3*X6*x8"2 + 171*x 17 2*xB*X7"2*x8 + 256*X 1" 2*x4*X6*X7*x8 +
86*X17"2*x4*Xx7"3 + 171*x1*x2"2*x6*x8"2 + 200*x1*Xx2"2*x7"2*x8 +
256*X1*x2*x3*x5*x8"2 + 200*X1*X2*X3*X6*X7*X8 + X1*X2*X4*X5*X7*X8 +
172*X1*X2*X4* X6 2*X8 + 171 *X1*X2*X4*X6*X7 "2 + 172*x1*x3"2*x5*X7*x8 +
114*x1*x3"2*x6"2*x8 + 256*X1*x3*x4*x5*Xx6*X8 + 85*x1*X3*X4*x5*x7"2 +
86*X1*x3*X4*X6"2*X7 + X1*X4"2*X5*X6*X7 + 171*x1*x4"2*x6"3 +
86*x2"3*x5*Xx8"2 + 92*x2"3*X7 "3 + 171*x2"2*x3*X5*X7*x8 +
238*Xx2"2*X3*X6*X7"2 + 85*X2"2*x4*X5*X6*X8 + 143*X2"2*x4*X5*X7"2 +
86*x2*x3"2*X5*X6*X8 + 19*Xx2*X3"2*X6"2*X7 + X2*Xx3*x4*x5"2*x8 +
57*X2*Xx3*X4*X5*X6*X7 + 256*X2*X4"2*X5"2*X7 + 86*x2*x4"2*x5*x6"2 +
171*x3"3*x5"2*x8 + 165*x3"3*x6"3 + 86*x3"2*x4*x5"2*X7 +
57*x3"2*x4*x5*x6" 2

We check that for both cases we have the same monomials, so we replace the numbers for
coefficients and we continue our computations in magma by also changing the notation to the one we
are using in this thesis.

(*a0~3*b3"3 + (-)*a0”2*a1*b2*b32 + a*a0”2*a2*b 2" 2*b3 +k*a0"2*a3*b0*b3 2 +
[*a0*2*a3*b1*b2*b3 + (-a)*a0"2*a3*b2"3 + a*a0*a1 2*b1*b3"2 +
b*a0*a1~2*b272*b3 + [*a0*a1*a2*b0*b3*2 + c*a0*al*a2*b1*b2*h3 +
[*a0*a1*a3*b0*b2*b3 + d*a0*a1*a3*b172*b3 + a*a0*a1*a3*b1*b2"2 +
d*a0*a2”2*b0*b2*b3 + e*a0*a2"2*b12*b3 + (-)*a0*a2*a3*b0*b1*b3 +
(-d)*a0*a2*a3*b0*b2"2 + (-a)*a0*a2*a3*b1+2*b2 + (-k)*a0*a3*2*b0 2*b3 +
(-)*a0*a322*b0*b1*b2 + a*a0*a32*b1°3 + (-a)*a1*3*b0*b3"2 +
f*a173*b2°3 + a*a172*a2*b0*b2*b3 + j*a1~2*a2*b1*b2"2 +
(-d)*a172*a3*b0*b1*b3 + (-e)*a1~2*a3*b0*b272 + (-a)*a1*a272*b0*b1*b3 +

j)*a1*a2"2*b142*b2 + (-)*a1*a2*a3*b0"2*b3 + (-c)*al*a2*a3*b0*b1*b2 +

)*a1*a342*b0*b1°2 + a*a273*b0"2*b3 + (-fj*a23*b 143 +

)*a2~2*a3*b02*b2 + (-b)*a2~2*a3*b0*b 12 + I* a2*a3~2*b0"2*b1 +

)*a33*b0"3,

[* a072*a2*b1*b3"2 + (-a)*a0~2*a2*b2~2*b3 + (-l)*a0~2*a3*b1*b2*b3 +
a*a02*a3*b2"3 + (-a)*a0*a172*b1*h3*2 + g*a0*al~2*h2"2*h3 +
(-)*a0*a1*a2*b0*b3"2 + g*a0*a1*a2*b1*b2*b3 + [*a0*a1*a3*b0*b2*h3 +
(-d)*a0*al1*a3*b12*b3 + (-a)*a0*a1*a3*b1*b2"2 + (-d)*a0*a2"2*b0*b2*b3 +
(-b)*a0*a2~2*b1~2*b3 + (-l)*a0*a2*a3*b0*b1*b3 + d*a0*a2*a3*b0*b2"2 +
a*a0*a2*a3*b142*b2 + [*a0*a3°2*b0*b1*b2 + (-a)*a0*a3~2*b 13 +
a*a173*b0*b3*2 + h*a173*b2"3 + (-a)*a1*2*a2*b0*b2*b3 +
i*a172*a2*b1*b2"2 + d*a12*a3*b0*b1*b3 + b*a12*a3*b0*b2"2 +
a*al*a2~2*b0*b1*b3 + (-i)*a1*a2°2*b142*b2 + [*a1*a2*a3*b0"2*b3 +
(-g)*a1*a2*a3*b0*b1*b2 + (-)*a1*a32*b0"2*b2 + a*al*a322*b0*b 172 +
(-a)*a2"3*b0"2*b3 + (-h)*a273*b113 + a*a2*2*a3*b0"2*h2 +
(-g)*a2~2*a3*b0*b12

a
a

(_
(_
(_
(_
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A.1.2 Invariant polynomials using Maple

# First we start by checking how does G act in w”
collect(expand (subs ( {x0=y0 + c-yl,xI =yl }, a0-20-x0° + al-z0-x0*-xI + a2-z0-x0-xI* + a3-z0
xI® + b0-z1-x0° + b1-z1-x0°-xI + b2-z1-x0-xI* + b3-z1-xI°)), {20, z1,y0, yI })
(a0z0 4+ b0z1) y0* + ((3a0c+al)z0+ (3b0c+ bl)z1)yI y0* + ((3a0 +2al ¢ @)
+a2) z0 + (3b062+2blc+b2)zl)y12y0+ ((a()c3 +alcz+a26+a3)z()
+ (b0 + b1 +b2c+b3)z1) yI
collect( expand (subs ({x0=-ylI, xI = y0}, a0-20-x0° + al-z0-x0*-xI + a2-z0-x0-xI* + a3-z0-xI’
+ b0-21-x0° + b1-z1-x0°-xI + b2-z1-x0-xI* + b3-z1-xI") ), {20, z1, y0, y1})
(a3z0 4 b3z1) y0° + (-a2z0 — b2 z1) yl y0* + (al z0 + bl z1) yI* y0 + (-a0 z0 @)
—b0zl) yI?
collect( expand (subs ({z0=y0 + c-yl,zI =yl }, a0-20-x0° + al-z0-x0*-xI + a2-z0-x0-xI* + a3-z0
XIP + b0-21-x0° 4 bl-z1-x0*xI + b2-z1-x0-xI* + b3-z1-xI°) ), {x0,xI,y0,y1})
(a0 y0 + (a0 c + b())yl)x()3 + (al y0 + (alc-i—bl)y])x]x()2 + (a2y0+ (a2 c 3
+ b2) yI) xI* X0 + (a3 y0 + (a3 ¢+ b3) yl) xI
collect( expand (subs({z0=-yl, z1 = y0}, a0-z0-x0° + al-z0-x0%-xI + a2-z0-x0-xI* + a3-20-xI°
+ b0-21-x0° + b1-z1-x0°-xI + b2-z1-x0-xI* + b3-z1-xI")), {20, z1, y0, y1})
(b0x0° + b1 x0* xI + b2x0x1* + b3 xI’) y0 + (-a0x0° — al x0* xI — a2 x0xI* — a3 xI’) yI (4)
#Now I want to find the G invariant s
collect( expand (subs({a0= a0, al = (3 a0 ¢ + al), a2 = (3 a0 F42alc+ a2),a3= (a0 J?
+ald+a2c+a3),b0=b0,bI=(3b0c+bl),b2=(3b0 +2blc+b2),b3= (b0

+ b1+ b2c+ b3)}, a0-(d00-b0 + dO1-b1 + d02-b2 + d03-b3) + al-(d10-b0 + d11-b1
+dI2-b2 + d13-b3) + a2-(d20-b0 + d21-bI + d22-b2 + d23-b3) + a3-(d30-b0 + d31-b1
+ d32-b2 + d33-b3))), {a0, al, a2, a3, b0, b1, b2, b3})

((Fd33+3d23+37d32+3ctdi3+9c1d22+3td31+d03+9d12+9¢ d2l (5)
+d304+3Fd02+ 9 dl1+ 3 d20+3cdol +3cdlo+ doo) b0+ (& d33
+3ctds3+20d32433dI3+ 65 d22+ 3 d31+ Fd03 + 67 dI2+ 3 d2i
+2¢d02+3cdll+do1) bl + (*d33+3¢6d23+ ¢ d324+37dI3+ 3 d22
+cd03+3cdl2+d02) b2+ (I d33+3 d23+3cdl3 +d03) b3) a0+ (( d33
+20d23 430 A2+ dI3 460 d22+3Ed31 437 dI2+ 6 d21 + ¢ d30
+3cdll+2cd20+d10) b0+ (*d33+2d23+2d32+ P dI3 + 47 d22
+d3l+2cdi2+2cd2l +dil) bl + (¢ d33+2 d23 4+ d32+ cdI3 +2cd22
+d12) b2+ (Fd334+2cd23+di3)b3) al + ((*d33+ S d23+3d32+3cFd22
+3d31+3cd2l +cd30+d20) b0+ (& d33 + Fd23 +2 ¢ d32 + 2 cd22 + cd3l
+d21) bl + ( d33 4 cd23 + cd32 + d22) b2 + (cd33 + d23) b3) a2 + (( d33
+3¢d32+3cd31+d30) b0+ (* d33+2cd32+d31) bl + (cd33 + d32) b2
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+d33b3) a3

solve({(*d33+3d23+3d32+3c d13+9cd22+3c"d31+do3+9¢ di2
19 d21+d304+3d02+9dll+3¢*d20+3cd0l + 3 cdl0+ doo) = doo,
(Cd33+3td23+2td32+3dI3+66d22+4 ¢ d31+ ¢ d03+ 6 dI2+ 3 d2l
+2¢d02+3cdll+dol)=dol, (*d33+3¢ d23 4 ¢ d32+3 7 dI3 + 3 d22 + cdo3
+3c¢dI2+d02) =d02, (& d33 43 d23 +3cdl3 +do3) =do3, (¢ d33 +2c* d23
+3td3R2 4+ dI3+ 6 d2+3d31+3dI2+ 67 d21 +*d30+3cdll +2cd20
+d10)=d10, (' d33+2d23+2d32+ P dI3 + 47 d22+ Fd3] +2cdl2 +2cd2l
+di1)=dll, (¢ d33+2d23 + *d32+cdl3+2cd22 +di2) =di2, (¢ d33 4+ 2cd23
+di3)=di3, (" d33+d23+3d32+3d22+ 3 d31 4+ 3 cd2l + cd30 + d20)
=d20, (C d33 +d23+2 d32+2cd22 + cd3l +d21) =d21, (¢ d33 + cd23 + cd32
+d22) =d22, (cd23+d23)=d23, (& d33 + 3 ¢ d32 + 3 cd31 + d30) = d30, (& d33
+2cd32+d31) =d31, (cd33 + d32) = d32, d33 = d33}, {d00, d01, d02, d03, d10, d11, d12,
d13,d20,d21,d22, d23, d30, d31, d32, d33})

{d(m:d()(), do1=-di0,d02 = —“éi,dm: 3d21,d10=d10,dl1=dll,dI2=-d2],d13=0, (6)

d20= - 36;# d21=d21,d22=0,d23=0,d30=-3d21,d31=0,d32=0,d33 = 0}

subs(1d00=d00, d01 = -dI10,d02 = - 36;Ii,a’03= 3d21,d10=d10,d11=dll,dI2=-d21,dI3

=0,d20= - “éi, d21=d21,d22=0,d23=0,d30= -3 d21,d31 =0, d32=0,d33 = o}, a0
-(d00-b0 + d01-b1 + d02-b2 + d03-b3) + al-(d10-b0 + d11-bl + d12-b2 + d13-b3) + a2

(d20-b0 + d21-bl + d22-b2 + d23-b3) + a3-(d30-b0 + d31-bl + d32-b2 + d33-b3)]

3b2d11

a0 (dOObO—b/ di0 — 2

+3b3d2]j+a1 (d10b0+d11b1—b2d21)+a2( @)

3b0dll
2

#Afier one of the condition we reduced the equation to this.
collect(expand[subs [ {a0=a3,al =-a2,a2=al,a3 =-a0,b0=>b3,b] =-b2,b2=>bl,b3=-b0},

3b2dll
2

+ d21 blj —3a3 b()dZIj ), {a0,al, a2, a3, b0, bl, b2, b3}j

+d21 blj —3a3b0d2]

a0 (doo b0 — b1 d10 —
3b0dll

+3b3d21) + al (d10b0+d11b1—b2d21)+a2(

3b3dl1

3a0b3d21 + al (— —b2d2]) + (d21 bl +b2dl1 — b3dI10) a2 + a3 (d()()bS 3)
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+b2d10 — 3d1271b] f3b0d21]

solveH3-d21 =3-d21,- % =0, -d21=-d21,d21=d21,d11=0, -d10=0,d00=0,d10=0,

—%-d]l =0, -3-d21 =—3-d21}, {d00,d10,d11, dZI})

{d00=0,d10=0,d11=0,d2]1 =d21} )

2dl1
§ = subs({d()()= 0,d10=0,d11=0,d21=1},a0 (d()() b0 — bl di0 — 3b2dll

11
% +d21b1] —3a3b0d21)
s=3a0b3 —al b2+ a2bl —3 a3 b0 10)
#With this we already now the equation of S, but just in case we will double check that it is invariant with
the last action icontent
collect(expand (subs ({a0 = a0, al = al,a2=a2,a3=a3,b0= (a0 c+ b0),bl = (al c+ bl), b2
=(a2c+b2),b3= (a3 c+b3)},s)),{a0,al, a2, a3, b0,bl, b2,b3})
3a0b3 —al b2+ a2 bl —3 a3 b0 (11

R R R A A A
HHHH#HH

+3b3d2])

+al (d10b0 +dil bl —b2d21) + a2 (—

#Notice that magma returns two polynomials of degree 6, let us start by studying the first one. Let us
check if it is invariant under the actions

collect(expand(subs( {a0=a3,al =-a2,a2=al,a3 =-a0,b0=>b3,b1 =-b2,b2=>b1, b3 =-b0},
a a0 a2 b2* b3 —a a0’ a3 b2 + a a0 al® bl b3* + a a0 al a3 bl b2* — aal a2 a3 b1* b2
+aa0a3’ bI’ —aal® b0b3* + aal® a2 b0 b2 b3 — a al a2* b0 bl b3 — a al a3 b0 bI*
+a a2 b0* b3 — a a2’ a3 b0* b2 + 1 a0’ b3® — 1a0* al b2 b3* + ka0® a3 b0 b3*
+1a0% a3 b1 b2 b3 + b a0 al® b2* b3 + la0 al a2 b0 b3* + c a0 al a2 bl b2 b3
+1a0al a3b0b2 b3 +dalal a3 bI* b3 + d a0 a2* b0 b2 b3 + e a0 a2* b1 b3
—1la0a2a3b0bl b3 —d a0 a2 a3 b0 b2* — ka0 a3 b0* b3 — 1 a0 a3* b0 b1 b2 + fal® b2*
+jal* a2 bl b2* —dal* a3 b0 bl b3 — eal” a3 b0 b2* — jal a2* b1* b2 — lal a2 a3 b0* b3
—cala2a3 b0bl b2 — fa2’ b1 — ba2® a3 b0 bI* + [a2 a3® b0* b1 — a3’ b0’)), {a0, al,
a2, a3, b0, bl, b2, b3})

la0® b3* + (-b2b3* lal + ab2* b3 a2 + (-a b2 + b3* kb0 + b2 b3 1b1) a3) a0® 12)
+ ((ab3* b1 +bb3b2*) al* + ((b3* 160+ b1 b2 b3 ¢) a2 + (a b2* b1 + b2 b3 10
+b3db1*) a3) al + (b2b3d b0+ bI* b3 e) a2* + ((-b31b1 — b2* d) b0
—abl*b2) a3a2+ (abl’ — b3 kb0* — b1 b21b0) a3*) a0 + (-ab3* b0+ b2* f) al’
+ ((ab3b2b0+b2%jbl) a2+ (-b3d bl — b2* ) b0a3) al* + ((-a bl b3 b0
—b2jbI*) a2* + (-b31b0* — b1 b2 ¢ b0) a3 a2 — a a3* b0 bI*) al + (a b3 b0*
— b f) a2® + (-a b2 b0* — b bI* b0) a3 a2* + la2 a3* b0 bl — a3’ b0®

collect(expand(a a0* a2 b2* b3 — a a0* a3 b2* + a a0 al* b1 b3* + a a0 al a3 bl b2*
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—aa0a2a3bl* b2+ aa0 a3’ bI® —aal’ b0 b3* + aal® a2 b0 b2 b3 — a al a2* b0 bl b3
—aal a3* bObI* + aa2’ b0* b3 — aa2® a3 b0 b2 + 1a0® b3* — 1 a0* al b2 b3*
+ ka0 a3 b0 b3* + 1a0* a3 b1 b2 b3 + b a0 al® b2* b3 + la0 al a2 b0 b3*
+ca0al a2 bl b2 b3 + la0 al a3 b0 b2 b3 + d a0 al a3 b1* b3 + d a0 a2* b0 b2 b3
+eala2* bI* b3 — la0 a2 a3 b0 bl b3 — d a0 a2 a3 b0 b2* — ka0 a3* b0* b3
—1a0a3’> b0 b1 b2 + fal® b2* + jal® a2 bl b2* — d al* a3 b0 bl b3 — e al* a3 b0 b2
—jal a2* b1* b2 — lal a2 a3 b0> b3 — cal a2 a3 b0 b1 b2 — fa2® bI> — b a2® a3 b0 b1*
+ a2 a3’ b0* b1 — a3 b0*), {a0, al, a2, a3, b0, b1, b2, b3})

1a0® b3> + (-b2b3* lal + ab2* b3 a2 + (-a b2’ + b3* kb0 + b2 b3 1b1) a3) a0® 13)
+ ((ab3* b1 +bb3b2*) al® + ((b3* 160+ b1 b2 b3 ¢) a2 + (a b2* bl + b2 b3 150
+b3db1*) a3) al + (b2b3d b0+ b1 b3 e) a2* + ((-b31b1 — b2> d) b0
—abl’b2) a3a2+ (abl® — b3 kb0 — b1 b21b0) a3*) a0+ (-a b3* b0 + b2 f) al’
+ ((ab3b2b0+b2*jbl) a2+ (-b3d bl — b2* ) b0 a3) al* + ((-a bl b3 b0
—b2jb1*) a2* + (-b31b0* — b1 b2 cb0) a3 a2 — a a3* b0 bI*) al + (a b3 b0*
— bl f) a2 + (-ab2b0* — bbI* b0) a3 a2® + [a2 a3* b0 bl — 1 a3’ bO?

#Notifce that this action does not change anything

collect(expand(subs( {a0="5b0,al =bl,a2=">b2,a3=>03,b0=-a0,bl =-al, b2 =-a2,b3=-a3},

1a0® b3* + (-b2b3* lal + ab2* b3 a2 + (-a b2’ + b3* kb0 + b2 b3 1b1) a3) a0®
+ ((ab3* b1 +bb3b2*) al® + ((b3* 160 + b1 b2b3¢) a2 + (a b2* bl + b2 b3 150
+b3db1*) a3) al + (b2b3d b0+ bI* b3 e) a2* + ((-b31b1 — b2*d) b0
—abl*b2) a3a2+ (abl®> — b3 kb0* — b1 b21b0) a3*) a0 + (-a b3* b0 + b2 f) al’
+ ((ab3b2b0+b2*jb1) a2+ (-b3d bl — b2* ) b0a3) al* + ((-a bl b3 b0
—b2jb1*) a2® + (-b31b0° — b1 b2 b0) a3 a2 — aa3* b0 bI*) al + (a b3 b0* — b1’ f) a2’
+ (-ab2b0* —bbI* b0) a3 a2® + 1a2 a3* b0> bl — a3’ b0) ), {a0, al, a2, a3, b0, b1, b2,
b3})

1a0® b3* + (-b2b3* lal + ab2* b3 a2 + (-a b2’ + b3* kb0 + b2 b3 1b1) a3) a0® 14)

+ ((ab3* b1 +bb3b2*) al® + ((b3* 160+ b1 b2 b3 ¢) a2 + (a b2* b1 + b2 b3 150
+b3db1%) a3) al + (b2b3d b0+ b1 b3 e) a2* + ((-b31b1 — b2> d) b0
—abl’b2) a3a2+ (abl® — b3 kb0 — b1 b21b0) a3*) a0+ (-a b3’ b0 + b2° f) al’
+ ((ab3b2b0+b2*jbl) a2+ (-b3d bl — b2* ) b0 a3) al* + ((-a bl b3 b0
—b2jbI*) a2* + (-b31b0* — b1 b2 cb0) a3 a2 — a a3* b0 b1*) al + (a b3 b0*

— bl f) a2 + (-ab2b0* — bbI* b0) a3 a2® + 1a2 a3* b0 bl — 1a3® bO?

#No changes again, lets see if it changes with the |C * actions

collect( expand (subs( {a0 = a0, al = al, a2 = a2, a3 = a3, b0 = (a0 lambda + b0), b1 = (al lambda
+ bl), b2 = (a2 lambda + b2), b3 = (a3 lambda + b3)}, 1a0® b3> + (-b2 b3* lal
+ab2*b3a2+ (-ab2® + b3* kb0 + b2b31b1) a3) a0* + ((a b3* b1 + b b3 b2*) al?
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+ ((b3* 160 + b1 b2b3 ¢) a2 + (a b2* b1 + b2 b3 160 + b3 d b1*) a3) al + (b2 b3 d b0
+b1*b3e) a2® + ((-b31b1 — b2*d) b0 — a bI* b2) a3 a2 + (a b’ — b3 k b0?

— b1 b21b0) a3*) a0+ (-ab3* b0+ b2° f) al® + ((ab3b2b0 + b2* jb1) a2 + (-b3d b1

— b2 e)b0a3) al* + ((-abl b3b0 — b2jb1*) a2* + (-b31b0* — bl b2 ¢ b0) a3 a2
—aa3*b0bI*) al + (ab3b0* — bl f) a2® + (-a b2 b0* — b bI* b0) a3 a2’
+1a2a3* b0* b1 —1a3’ b0*)), {a0, al, a2, a3, b0, b1, b2, b3})

(k2> +3107) b3a3* + (kA +310) b32 a3+ 637 1) a0® + (-b203* 1al + (242

+dn’)p3a2 + ((-2a2” —an?) b2a3+ (2ah+d 1) b362) a2+ ((-2ah
—dX) b2 a3+ ab2b3) a2+ (-ka* —=3127) b0a3® + (-ab2® + b3* kb0
+6263101) a3) a0* + (627 +en* +er?) b3a2® + ((2a2> + 2627

—2eM) b2a3+ (ah+2bh+ch)b3b2) a2+ (2ad’ +dn’) blas* + ((2ah
+dN)b3bI+ (ah+bh—eh)b2®) a3 +ab3’ bl +bb3b2%) al’ + (((-2a2°
—2b60 +2ed’) bla3+ (-ah+ch+2el) b3b1) a2® + (b3* 160 + b1 b2 b3 ¢) a2
+(2ar+d0) b2 a3z + (ab2? bl +b2b3160+ b3 db1*) a3) al + (2a)
+dn)b3b0a2’ + (((-2ah—dN)b2b0+ (-ah—bL+el) bI*) a3 + b2b3d b0
+b1*b3e) a2* + ((-b31b1 —b2*d) b0 — a bI* b2) a3a2 + (-k\ — 3 1)) b0* a3’

+ (abl = b3k00* — b1 b2100) a3*) a0 + (3727 +727) b2a2* + (312
+i0) b2 a2+ (-2a2” —an) b0a3® + (-2ah —d L) b3 b0 a3 — a b3* b0 + b2’ f)
al® + ((*3}/’7\2 fjkz)bla23+ (*bszcszekz)b()a3a22+ ((ar—ch
—2e)N)b2b0a3 +ab3b2b0+b2*jbl) a2+ (-2ak—d\) bl b0a3* + (-b3d bl
—b2e)b0a3) al®* + ((-3fh—jN) bI*a2 + ((-ah—2bL—cA) bl b0a3
—abl b3b0—b2jbI*) a2* + (-b31b0> — b1 b2 b0) a3 a2 — a a3* b0 bI1*) al

+ (ab3b0* = b’ f) a2® + (-a b2 b0* — b bI* b0) a3 a2* + 1a2 a3* b0* bl — a3’ b0’
solve({(2a7\.2+d7\.2):0,(2a7»+d?u):0,(b7\.2+c7u2+e7»2):0,(2a7»2+2b7u2
—2e27) =0, (ar+2br+cn) =0, (2aX +d2*) =0, (2ar+dA) =0, (ak+bA
—eM)=0,(-ah+ch+2er)=0, (-ah—br+er)=0, (3727 +27) =0, (32
+j0) =0, (kA +3IX) =0}, {a,b,c.d,e.f,g hijkI})

{a=c+2eb=-c—ec=c,d=-2c—4ee=ef=fg=g h=hi=ij=-3fk=-311

=1}

3fk=-31L1=10},1a0" b3* + (-b2b3* lal + ab2* b3 a2 + (-ab2® + b3* kb0
+b2b31b1) a3) a0* + ((a b3* b1 + b b3 b2*) al* + ((b3* 160 + b1 b2 b3 ¢) a2

+ (ab2? b1 +b2b31b0 + b3db1*) a3) al + (b2b3d b0+ b1* b3 e) a2* + ((-b31b1
—b2%d) b0 —a bl* b2) a3 a2 + (a b’ — b3 kb0* — b1 b21b0) a3*) a0 + (-a b3* b0
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(16)

collect(expand(subs({a:c-i-2e,b: -c—ec=c¢,d=-2c—4dee=ef=fg=g h=hi=ij=



+b2°f) al® + ((ab3b2b0 + b2* jb1) a2 + (-b3d bl — b2* €) b0 a3) al* + ((-a bl b3 b0
—b2jb1*) a2* + (-b31b0* — b1 b2 cb0) a3 a2 — aa3* b0 bI*) al + (a b3 b0> — bI° f) a2’

+ (-ab2b0* —bbI* b0) a3 a2® + 1a2 a3* b0* bl — a3’ b0) ), {a0, al, a2, a3, b0, b1, b2,
b3})

la0® b3* + (-b2b3% lal + (c+2e) b3b2* a2 + (-3 b3* 160 + b2 b3 1b] + (-
—2¢)b2*)a3) a0® + (((c+2e)b3* bl + (-c—e) b3 b2*) al* + ((b3* 1b0
+b1b2b3c) a2+ (b2 (c+2e) bl +b2b31b0+ (-2c—4e) b3bI*) a3) al + ((
“2c—4e)b3b2b0+ bI*b3e) a2* + ((-b31b1 + (2c+4e) b2*) b0+ (-c
—2¢e)b2b1*) a3 a2+ (bI? (c+2e) +3b31b0> — bl b2150) a3*) a0 + ((-c
—2e) b3 b0+ b2 f)al’ + (((c+2e)b3b2b0—3 b1 b2°f) a2+ ((2¢c+4e) b3 b1
—b2*e)b0a3) al” + (((-c—2e) b3b1 b0 +3b1* b2f) a2* + (-b3 1b0°
—bIb2ch0) a3 a2+ (-c—2e)bI*b0a3*) al + ((c+2e) b3 0> — bl f) a2® + ((
~c—2e)b2b0* + (c+ ) bI* b0) a3 a2* + la2 a3’ b0* b1 — a3’ b0

a7

#After this action we already simplify the equation, let us check the other \C " action now.

collect( expand (subs ({a0 = a0, al = (3 a0 lambda + al), a2 = (3 a0 lambda® + 2 a/ lambda
+a2), a3= (a0 lambda® + al lambda® + a2 lambda + a3), b0 = b0, b1 = (3 b0 lambda + b1),
b2= (3 b0 lambda® + 2 b1 lambda + 52), b3 = (b0 lambda® + b/ lambda® + b2 lambda + 53 ) },
1a0® b3 + (-b2b3* lal + (c+2e) b3b2* a2 + (-3 b3* 160 + b2 b3 b1 + (-c
—2¢)b2*) a3) a0® + (((c+2e) b3 bl + (~c—e) b3 b2*) al* + ((b3* 1b0
+b1b2b3¢) a2+ (b2 (c+2e) bl +b2b31b0+ (-2¢c—4e) b3bI*) a3) al + ((-2
—4e)b3b2b0+ bI*b3e) a2* + ((-b31b1 + (2c+4e) b2?) b0+ (-c
—2¢e)b2b1*) a3 a2+ (b1’ (c+2e) +3b31b0> — bl b21b0) a3*) a0 + ((-c

—2e) b3 b0+ b2 f)al’ + (((c+2e)b3b2b0—3b1b2°f) a2+ ((2c+4e) b3 b1
—b2e)b0a3) al* + (((-c—2e) b3 b1 b0+ 3bI* b2 f) a2* + (-b31b0°
—bIb2ch0)a3a+ (-c—2e)bI*b0a3*) al + ((c+2e) b3b0* — b’ f) a2* + ((-c
—2¢)b2b0* + (c+e) bI* b0) a3 a2® + la2 a3® b0* bl — 1a3’ b0)), {a0, al, a2, a3, b0,
bl,b2,b3})

((caen®+en’+27° =300°) 682 + (122> +3ex’ + 8107 —912°) b2

+(6er  +21en —=700%) b3) b2+ ((-15e2" —=3en* + 812" — 811" b2
+(3er’ +24en’ —11107) b3b2+ (9en” +18en” —3107) 632) b1 + (-7eX’
—sen 427/ =210 ) b2 + (<6e2” =3 X —3107) b3 622 + b33 1) al?
+((((12en"=3en’ =812 +912°) b2+ (242’ —6er” — 1622
18187 ) b2+ (-12ent —a2ent + 1400 b3) b1+ (15 +3e0t — 12"

18)

48 ) b2+ (-3en’ —24en’ + 11000 ) 362+ (-9en” — 18en” +3117) b3?)
b0+ ((-2ert+2en + 27 =200 b2+ (60’ +12e0° —2107) b3) b1

149



+((-7en’ —2en’ 454/ =307 ) 022 + (5c2> + 1662’ = 5107) b302+ (6
F12eh—2I0) b32) bl + (-5en” —den> +27/07 —127) b2 + (-4eh—2e
—21n)b362* — b3 021) al + (((12e2” —3ex> =81 /2" +912°) b2% + ((30 2
t6er' —162/ w1600t b2+ (-3en’ —24en’ +11007) b3) b1+ (21X’
+15en’ =81 + 6100 ) 22+ (12eX” +6en> +6107) b362) b0+ (22"
—2en =27t 120 e+ ((7ed + 260’ —sa’ 43007 ) b2+ (461
42 +2107)3) b2+ ((5en” +4eX” =27/ +107) b2 + (Teh +8en
FI0) b3b2) bl + (c+2e)b3b22) a2+ (((~6en’ =21 +700%) 612 + ((
3en’ —24ed’ + 1107 b2+ (<18en” =36 X +6107) b3) b1+ (6¢2” +3en’
+3007) 22 =362 1) b0+ (6en’ —12eX + 2007 ) b2 + ((-9¢2” — 18R
$300°) b2+ (-6ch—12eh+211) b3) 61>+ ((-3ch—6eh +1N) b2
+63b21) b1+ (-c—2e)b2*) a3) a0® + ((((-12¢2° +3en’ +81/2° —912°) b1
(-2 +3ed” +81/8° =910 ) b2+ (6’ + 21 —710%) b3) 60

+(((4en —aen’ —sammt +a0’) b2+ (~12¢2” =242’ +4107) b3) b1

+(7en +2en =54 +3007) 22+ (=5e0  —16en> +5107) b3b2 + (-6
—12en+210)b37) 00+ ((-en” —en® +9727) 62> + (c+2¢) b32) bl + (-ch
—eh+9/N) b2+ (c—e)p3b22) al* + ((((-24¢X” + 6en’ + 16272

— 1807 ) b1+ (=300’ —6ert + 16272 — 16101 b2+ (3en’ + 241
—1112) b3) 0% + ((-aer* +aen’ +5amt —a0®) b2+ (-13e2” —20e2”
FI0) b3b1+ (10X’ +8en” =540 +2107) b22 + (ch—4deh+31LN) b3 b2
40320 b0+ (2en +2en” —18/07) b2b1% + ((2ch+2eh — 1811) b2
+b3ep2)b1) a2+ (((12en + 42’ —1410Y) b1+ (3ed’ + 242

— 11N b2+ (18en” +36en” —6107) 83) b0° + ((12e2° + 24 60> —412’) b2
4 (13e2”+20e2” —107) 261+ (Tech+8eh+10) 62> +53521) b0+ (-2 ¢
—4e)b3bP+ b2 (c+2e)b1) a3) al + (((-15ea* =3’ + 812" —810%) b1
+ (21’ —15en’ #8100 =610 ) b2+ (~6en” —3en” —3107) b3) b0* + ((
en’ —2en 4540 =307 b2+ ((-10e0” —8ed” + 54707 —2107) b2 + (
“Teh—8eh—IN)b3) bl + (-2c—4e)b3b2) b0+ (-eX —ed’ +9/17) b1

4 ((~eh—er+972)b2+03¢e)01*) a2 + (((3ed’ +24e’ —11107) b1 + (
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“12en’ —6en —6i07) b2) b0 + (50’ +16en” —5107) bI2+ ((-ch+4eh
—3IN) b2 —b31) bl + (2c+4e)b2?) b0+ (-c—2e)b2b1*) aza2 + (((9¢A’
+18en’ —3107) b1 +3b31) b0° + ((6ch+12eh—211) bi* —b2b11) b0
+b8 (c+2e))az?) a0+ ((4er’—en’ =272 +310°) b0° + ((-2¢e2* + 261
+27 2 =2 ) b2+ (6en’ + 1260’ —2107) 13) 60> + (2 + e
—9/A) b2+ (mc—2e)032) b0+ b2 f) al’ + (((12¢2° =30 —81 /2]
+910°) 600 + (e —2en =272 + 210 ) b1+ (-7en’ =262’ + 5412
—3100) b2+ (9en’ +18er” =3107) 83) 607 + ((-2¢0> —2e2” + 18427) b2 b1
F(cht+eh—9f/A) b2+ (c+2e)b3b2) b0—3b1 62 f) a2+ (-6 — 211’
4700 00 + ((m6en’ =120’ +2107) b1+ (~4ed” =20 —2107) b2
+(6ch+12eh—21L0)b3) b0* + ((2c+4e) b3 bl — b2*e) b0) a3) al?
+(((15ent +3er’ =1 +80 ) 00 + ((7en’ +2e0> — 54727 +3107) b1
F(-5en’ —aeM +27/0 7 —107) b2+ (Beh+6eh—10) b3) b0° + ((ed” + e’
— 9/ ) b+ ((-2eh—2eh+181X) b2+ (-c—2e) b3) bl) b0 + 3 b1* b2 f) a2*
(3¢ —24e +1107) 60° + ((-5¢n” —16en> +5107) b1+ (-7 )
—8eh—1IN)b2—b31) b0 —b1b2cb0) a3a2 + ((-9¢n> —18er> +3117) b0°
F(-6ch—12eh+210) bIb0* + (-c—2e) b1 b0) a3?) al + ((7e2’ + 50
—27 0 +2000) 60° + ((5e0” +4eh —27/0 +107) bl + (c+ 2 ) b3) b0
F(ehter—9/) b2 b0—bf) a2 + ((6¢2” +3er” +3107) 60> + ((4c)
+2eM+21IN) bl + (~c—2e) b2) b0> + (c+ ) bI> b0) a3 a2 + a2 a3> b0” bl
—1a3 b0?
sobe({(-4c2’ +er’ +27/2°=312°) =0, (6cn* +21e2* —700Y) =0, (-15¢2°

—3ertasiat—gat) =0, (et 424’ —11027) =0, (9enF + 18’ =3 1
W) =0, (-7en —5er’ +270 70 —2107) =0, (6eX +3en> +3147) =0}, {c. e f g,
h,i,I})

{c: %f,e:— 457

rere=en=ni=it=-51] a9)

collect[expand[subsuc= %f,e= —%p,f=f,g=g,h=h,i=i,l= —%f},Z(IaOS b3 +(
-b2b3* lal + (c+2e) b3b2* a2+ (-3b3* 160+ b2b3 bl + (-c—2e) b2*) a3) al®
+ (((c+2e) b3 bl + (-c—e) b3b2%) al* + ((b3* 160 + b1 b2 b3 ¢) a2 + (b2* (¢
+2e) bl +b2b31b0+ (-2c—4e)b3b1*) a3) al + ((-2c—4e) b3 b2 b0
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+ b1 b3e) a2 + ((-b31b1 + (2¢+4e) b2*) b0+ (-c—2e) b2b1*) a3 a2 + (b1’ (¢
+2e) +3b31b0° —b1b21b0) a0+ ((-c—2e)b3* b0+ b2° £) al® + (((c
+2e) b3b2b0 =3 b1 b2 *f) a2+ ((2c+4e)b3bl —b2*e) b0a3) al” + (((-c
2e)b3b1b0+3bI* b2f) a2* + (—b3lb02 —bI1b2cb0) a3 a2+ (-c —2e) b1* b0 a3®)
al + (( ct2e ) b3b0> — b f) a2 + ((-c—2e) b2 b0* + (¢ + ) bl b0) a3 a2*
+la2a3* b0? bI 1a3* b0*))), {a0, al, a2, a3, b0, b1, b2, b3})
-81 a0 b3* + (81 b2b3* fal — 27 b3 b2* a2 + (243 b3* fb0 — 81 b2 b3 fb1 (20)
+27b2° ) a3) a0* + ((-27fb3* b1 — 18 £b3 b2*) al* + ((-81 b3* £b0O
+63b2b3fb1) a2+ (-81 b2 b3 b0 + 54 £b3 b1* — 27 b1 b2* f) a3) al
+ (54 b2 b3 /b0 — 45 £b3 b1*) a2* + ((81 b3 fb1 — 54 £b2*) b0 + 27 b1> b2 f) a3 a2
+ (-243 b3 £b0* + 81 b1 b2 fb0 — 27 bI° f) a3*) a0 + (27 b3* fb0 +2b2° ) al’ + ((
-27b2b3fb0 — 6 b1 b2* f) a2 + (-54 b3 fbl + 45 fb2*) b0 a3) al* + ((27£b3 b1 b0
+6bI* b2f) a2* + (81 b3 b0* — 63 b1 b2 £b0) a3 a2 + 27 fb1* b0 a3*) al + (
S27b3fb0* —2b1° f) a2’ + (27.£b2 b0* + 18 £b1* b0) a3 a2* — 81 fa2 a3® b0* b1
+ 81 fa3’ b0’
#Let us define then t1
1l = collect(axpand(subs [ { f=- 8% } -81fa0® b3> + (81 b2 b3* fal — 27 fb3 b2* a2

+ (243 3% fb0 — 81 b2 b3 fb1 + 27 b2° £) a3) a0* + ((-27b3* b1 — 18 £b3 b2*) al”* + ((
81 b3% b0 + 63 b2 b3 fb1) a2 + (-81 b2 b3 fb0 + 54 fb3 b1* — 27 b1 b2* f) a3) al

+ (54 b2 b3 b0 — 45 b3 b1*) a2* + ((81 b3 b1 — 54 £b2*) b0 + 27 b1* b2f) a3 a2 + (
=243 b3 fb0* + 81 b1 b2 fb0 — 27 bI° f) a3*) a0 + (27 b3*fb0+2b2° 1) al® + ((

=27 b2 b3 b0 — 6 b1 b2* f) a2 + (-54 b3 fbl + 45 £b2*) b0 a3) al* + ((27 /b3 b1 b0
+6bI* b2f) a2* + (81 b3 fb0* — 63 b1 b2 £b0) a3 a2 + 27 fb1*> b0 a3*) al + (-27 b3 fb0°
—2b8 f) a2® + (27 b2 b0* 4+ 18 1% b0) a3 a2® — 81 fa2 a3* b0* b1 + 81 fa3’ b0")),
{a0, al, a2, a3, b0, b1, b2, b3})

@n

a2b22b3j 5
5 W

1
(= a0’ b3’ + [(—3b0b32— ?b23+b1b2b3)a3—a1b2b32+
+ [(;b1b32+§b22b3)a12+ ((b()sz—%bllﬂlﬁ)aZ—i— (b()b2b3

- gb12b3+%blb22)a3)al+ (—%b0b2b3+%b12b3ja22+ ((—blb3

3
2b2° bI* b2 1

+ ]b()— 3 )a3a2+(3b02b3+3b13—b0b1b2ja32]a()+[
b0b3*  2b2° ; 1 2 5 2b1b3

S T Ta ]a] + (3b0b2b3+27 b1b2]a2+
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5 p2? 1 2
- ]b()aS)aIz-‘r [[3 b0 b1 b3 — Eblzbz) a2 + (—b02b3

-I—%b()b] b2] a3 a2 —

b1* b0 a3’ ] . [ b0’ b3 2bI°
- a

3 IR
3 3 +81 ]aZ-}-[}b()bZ

2
— 5 b0 bﬂ) a3 a2’ + a2 a3* b0? b1 — a3’ b0’

#Now we will do exactly the same procedure for the other invariant

collect(expand(subs( {a0=a3,al =-a2,a2=al,a3 =-a0,b0=>b3,b1 =-b2,b2=>b1,b3=-b0},
~aa0® a2 b2* b3 + aa0? a3 b2> — a a0 al* b1 b3* — a a0 al a3 bl b2* + a a0 a2 a3 b1* b2
—aa0a3* bI® + aal® b0b3* —aal® a2 b0 b2 b3 + aal a2* b0 bl b3 + a al a3 b0 bI*
—a a2’ b0 b3 + a a2* a3 b0* b2 + 1 a0* a2 b1 b3* — 1a0® a3 bl b2 b3 + g a0 al’ b2* b3
—1la0al a2b0b3* + gaOal a2 bl b2 b3 + 1a0 al a3 b0 b2 b3 —d al al a3 b1* b3
—ba0a2* bI* b3 — d a0 a2* b0 b2 b3 — 1 a0 a2 a3 b0 bl b3 + d a0 a2 a3 b0 b2*
+1a0a3* bObl b2 + hal® b2 +ial® a2 bl b2* + bal” a3 b0 b2* + d al* a3 b0 bl b3
—ial a2” bI* b2+ lal a2 a3 b0* b3 — g al a2 a3 b0 bl b2 — lal a3* b0* b2 — ha2’ b1’
—ga2*a3b0bI*)), {a0, al, a2, a3, b0, b1, b2, b3})

((-ab2*b3+b3*1b1) a2+ (ab2® —b2b31b1) a3) a0® + ((-a b3* b1 + b2* b3 g) al”
+ ((-63*160 + b1 b2b3g) a2 + (-a b2* b1 + b2 b3 160 — b3 d b1*) a3) al + (
~bbI* b3 —b2b3db0) a2> + ((-b31b1 + b2*d) b0+ abl* b2) a3a2 + (-abl’
+b1b21b0) a3*) a0+ (ab3* b0+ b2° h) al® + ((-a b3 b2 b0 + b1 b2* i) a2 + (b b2*
+b3db1) b0a3) al* + ((a bl b3 b0 — b1*b2i) a2* + (b3 1b0* — b1 b2 g b0) a3 a2
+ (abI* b0 — b21b0%) a3*) al + (-a b3 b0* — bI* h) a2® + (a b2 b0?
— b1 gh0) a3 a2’

collect(expand( -a a0* a2 b2* b3 + a a0* a3 b2* — a a0 al” b1 b3* — a a0 al a3 bl b2*
+aa0a2a3bl* b2 —aa0a3* bI> + aal’ b0 b3* — aal® a2 b0 b2 b3 + a al a2 b0 bl b3
+aal a3’> b0bI* — a a2’ b0 b3 + a a2* a3 b0* b2 + 1 a0® a2 bl b3* — [ a0” a3 bl b2 b3
+ga0al’ b2* b3 — la0 al a2 b0 b3* + g a0 al a2 b1 b2 b3 + a0 al a3 b0 b2 b3
—da0al a3 bl* b3 — b a0 a2’ b1* b3 — d a0 a2* b0 b2 b3 — [ a0 a2 a3 b0 bl b3
+da0a2a3b0b2* +1a0a3* b0 bl b2+ hal’ b2* + ial* a2 bl b2* + b al® a3 b0 b2*
+dal®a3b0bl b3 —ial a2” b1* b2 + lal a2 a3 b0* b3 — gal a2 a3 b0 bl b2
—lal a3’ b0* b2 — ha2’ b1’ — ga2® a3 b0 b1*), {a0, al, a2, a3, b0, bl, b2, b3})

((-ab2*b3+ b3 1b1) a2+ (ab2® —b2b31b1) a3) a0® + ((-a b3* b1 + b2* b3 g) al*
+ ((-b3* 160+ b1 b2b3g) a2+ (-ab2* bl + b2 b3 160 — b3 d bI*) a3) al + (
~bbI* b3 —b2b3db0) a2* + ((-b31b1 +b2*d) b0+ abl* b2) a3 a2 + (-a b’
+ b1 b21b0) a3*) a0+ (a b3* b0+ b2> h) al® + ((-a b3 b2 b0 + b1 b2* i) a2 + (b b2

+b3db1) b0a3) al* + ((a bl b3 b0 — b1 b2i) a2 + (b3 1b0* — b1 b2 gb0) a3 a2
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+ (a b’ b0 — b21b0*) a3*) al + (-a b3 b0> — bI* h) a2 + (a b2 b0*
—bI* gb0) a3 a2’

#This is still ok, it does not change anything,

collect( expand (subs ( {a0 = b0, al = b1, a2 =b2, a3 = b3, b0 =-a0, bl =-al, b2 =-a2, b3 =-a3}, ((
~a b2 b3+ 32 1b1) a2 + (ab2> — b2b31b1) a3) a0* + ((-ab3* bl + b2* b3 g) al* + ((
-b3%1b0 + b1 b2b3 g) a2 + (-ab2* b1 + b2 b3 1b0 — b3 d b1*) a3) al + (-b bI* b3
—b2b3db0) a2* + ((-b31b1 +b2*d) b0+ ab1*b2) a3 a2 + (-a bl® + b1 b21b0) a3®)
a0+ (ab3* b0+ b2 h) al’ + ((-ab3b2b0 + b1 b2*i) a2 + (bb2* + b3d bl) b0 a3) al’
+ ((abl b3b0 — bI* b2i) a2* + (b3 1b0° — b1 b2 g b0) a3 a2 + (a b1* b0
—b21b0*) a3*) al + (-ab3b0* — bI* h) a2® + (a b2 b0* — bI* gb0) a3 a2*)), {a0, al,
a2, a3, b0, b1, b2, b3})

((-ab2*b3+ b3 1b1) a2+ (ab2® —b2b31b1) a3) a0® + ((-a b3* bl + b2> b3 g) al*>  (24)
+ ((-b63* 160+ b1 b2b3 g) a2 + (-a b2 bl + b2 b3 150 — b3 d b1*) a3) al + (
~bbI* b3 —b2b3db0) a2* + ((-b31b1 +b2*d) b0+ abl* b2) a3a2 + (-a b’
+ b1 b21b0) a3*) a0+ (a b3* b0+ b2> h) al® + ((-a b3 b2 b0 + b1 b2* i) a2 + (b b2
+b3db1) b0a3) al* + ((a bl b3 b0 — b1* b2i) a2* + (b3 1b0* — b1 b2 g b0) a3 a2
+ (ab? b0 — b2 1b0*) a3*) al + (-a b3 b0> — b h) a2® + (a b2 b0*
—bI*gh0) a3 a2’

#This does not change anything either.

collect( expand (subs ( {a0 = a0, al = al, a2 = a2, a3 = a3, b0 = (a0 lambda + b0), b1 = (al lambda
+ b1), b2 = (a2 lambda + b2), b3 = (a3 lambda + b3)}, ((-a b2* b3 + b3* 1b1) a2 + (a b2’
—b2b31b1) a3) a0* + ((-ab3® bl + b2* b3 g) al* + ((-b3* 160 + b1 b2 b3 g) a2 + (
~ab2* bl +b2b31b0 —b3db1*) a3) al + (-bb1* b3 — b2b3db0) a2* + ((-b31b1
+b2%d) b0+ abl*b2) a3a2 + (-abl® + b1 b21b0) a3*) a0+ (a b3* b0 + b2* h) al®
+ ((-ab3b2b0+ b1 b2*i) a2+ (bb2* + b3db1) b0a3) al* + ((a bl b3 b0
—bI*b2i) a2* + (b3 160 — b1 b2gb0) a3 a2 + (a bl* b0 — b2 1b0*) a3*) al + (
~ab3b0* —bI*h) a2* + (ab2b0* — bI* gb0) a3 a2®)), {a0, al, a2, a3, b0, b1, b2, b3})

((-2an*—an?) p3a2 + ((2a2> +d27) b2a3 + (-2ah —dX) b3b2) a2 + ((2a ) (25)
+dN) b2 a3 —ab b3+ b32 1b1) a2+ (a b2 —b2b3161) a3) a0® + (((-62°
+2g0 ) b3a2 + ((-2a0> +2607 +2g07) b2a3 + (-ah+3gh) b3b2) a2 + (
2aX —dN) b1ad + ((-2ak—dX) b3bI+ (~ah+bA+gA) b2?) a3
—ab3 bl + 027 b3g) al* + (((2aX” =260 —2g%7) bl a3+ (ah—2b2
+gA)b3bl) a2 + (-b3*1b0+b1b2b3g) a2+ (-2ak —d L) bI*a3* + (-a b2’ bl
+ 5253160 —b3dbI*) a3) al + (-2ak—dA) b3b0a2> + (((2al+d L) b2 b0
+ (ah—bA—gh)bI*) a3 —bb1*b3 —b2b3db0) a2* + ((-b31b1 + b2*d) b0
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+abl*b2)aza2 + (~abl® +b162160) a3*) a0+ ((3RA> +ia>) b2a2> + (3 1\
+in) b2 a2+ (2a2> +dn>) b0a3® + (2ah +dN) b3b0a3 + ab3* b0+ b2* h) al’
+((=3n27 —=in?) b1a2® + (027 —227) b0a3 a2+ ((~ar+2b2
—gA)b2b0a3 —ab3 b2 b0+ bl b2*i) a2+ (2ak +d\) bl b0 a3 + (b b2’
+b3db1)b0a3) al* + ((-3hh—iL) bI* a2’ + ((ah—3g\) bl b0 a3 + abl b3 b0
—bI*b2i) a2* + (b3 160 — b1 b2gb0) a3 a2 + (a bl* b0 — b2 1b0*) a3*) al + (
~ab3b0* —bI* h) a2’ + (a b2 b0* — b1* g b0) a3 a2

sobe({(2an> +dn’) =0, (2ar+dr)=0,(-2a0> +260" +2g27) =0, (-aL+3gL)
=0, (-2 +2g27) =0, (~ar+br+gr) =0, (3407 +i27) =0, 3AA+iL) =0, (
~ah+2brh—g)) =0}, {a,b,cd, e, f,g hij,k1})

{a=3g,b=2gc=c,d=-6ge=ef=fg=g h=hi=-3hj=jk=kl=1} (26)

collect(expand (subs({a=3g,b=2g,c=c,d=-6ge=e,f=fg=g h=h,i= -3 h,j=j k=k1

=1y, ((~ab2? b3+ b3*1b1) a2 + (a b2’ — b2b31b1) a3) a0®* + ((-a b3* b1

+b22b3g) al* + ((-b3* 160+ b1 b2b3 g) a2 + (-ab2* bl + b2 b3 1b0

—b3db1*) a3) al + (-bbI* b3 — b2b3d b0) a2* + ((-b31b1 + b2* d) b0

+abl*b2)a3a2+ (-abl® + b1 b21b0) a3*) a0+ (ab3* b0+ b2* h) al’ + ((

~ab3b2b0+b1b2*i) a2+ (bb2* +b3db1) b0a3) al* + ((abl b3 b0 — bI* b2i) a2*

+ (b31b0* — b1 b2gb0) a3 a2 + (ab1> b0 — b2150%) a3®) al + (-a b3 b0 — bI° h) a2’

+ (ab2b0* — b1* gb0) a3 a2*)), {a0, al, a2, a3, b0, b1, b2, b3})

((b3* 161 —3b2* b3 g) a2+ (-b2b31b1 +3b2° g) a3) a0® + ((-3 b3* gbl @7
+b2°b3g) al” + ((-b3° 160+ b1 b2b3 g) a2 + (b2 b3 160+ 6 b3 g bI’
—3b2%ghbl)a3) al + (6b2b3gb0 —2b3 gbl*) a2* + ((-b31b1 — 6 b2* g) b0
+3gbl*b2)a3a2+ (b1b21b0—3 b1 g) a3*) a0+ (3b3* gb0 + b2* h) al® + ((
-3b2b3gb0—3b1b2*h) a2+ (-6b3 gbl +2b2% g) b0a3) al” + ((3 b3 gbl b0
+3bI*b2h) a2® + (b3160> — b1 b2gb0) a3 a2 + (-b21b0* + 3 b1* gb0) a3*) al
+ (-363gb0* —bI* h) a2® + (3 b2 gb0* — bI* gb0) a3 a2

collect( expand (subs ( {a0 = a0, al = (3 a0 lambda + al), a2 = (3 a0 lambda® + 2 a/ lambda + a?),
a3= (a0 lambda® + a/ lambda® + a2 lambda + a3), b0 =00, b1 = (3 b0 lambda + b1), b2
= (3 b0 lambda® + 2 b1 lambda + b2), b3 = (b0 lambda® + b1 lambda® + b2 lambda + b3 ) },
((b3* 161 —3b2*b3g) a2+ (-b2b31b1 +3b2° g) a3) a0* + ((-3 b3* g bl
+b2*b3g) al* + ((-b3* 160+ b1 b2b3 g) a2 + (b2b31b0 + 6 b3 gbl*
—3b2%gbl)a3) al + (6b2b3gb0 —2b3gbl*) a2* + ((-b31b1 — 6 b2* g) b0
+3gbl*b2)a3a2+ (b1b21b0—3 b1 g) a3*) a0+ (3b3* gb0+ b2* h) al® + ((
-3b2b3g b0 —3b1b2*h) a2+ (-6b3gbhl +2b2*g) b0a3) al* + ((3 b3 gbl b0
+3b1%b2h) a2® + (b31b0* — b1 b2gh0) a3a2 + (-b21b0* + 3 bI* gb0) a3*) al + (
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-3b3gb0* —bI’ h) a2’ + (3 b2gb0* — bI* gb0) a3 a2)), {a0, al, a2, a3, b0, b1, b2, b3})
((-6g2°+27n2° +12°) 6 + ((-18g2° + 8142 +312°) b2+ (-36 2" 28)
+annt)p3) o+ ((ognt +81mnt +200Y) 22 + (450> +5107) b362 + (

27g7 +30 ) b3%) b1+ (3egn 4270070 ) 82°) a0® + ((((18g2° — 81 42°
—3008) b + (362" — 16280 — 6107 ) b2+ (720" —810%) 3) b1+ (92"
—stant =20 ) 2+ (45g0> =510 ) b362+ (2707 —3107) b32) b0 + ((
6gn 27t i) b2+ (<18g” + 2107 ) b3) b2+ ((-3gX” + 5400
+i0) b2+ (-27g0 7 +3107) 362+ (-18gh +210) b3%) b1 + (3gA°
427007 b2 ) ar + (((18g2° —81a2” —310°) b+ ((18g2" —16282"
—aint) b2+ (45¢0° —5007) b3) b1+ (-9g2° —8141°) b2%) b0+ (6 g1
—ornaAt =) e+ (3ed’ —sand’ —i0) 26 + (-3¢0 —27007) b2
F(-9gh+I0) b3b2+b321) b1 -3 b3g) a2+ (((36 gn* —412") b1

+ ((45g0> =5107) b2+ (54907 —6107) b3) b1) b0+ (182" — 2107 b1

+ ((27g07 =3127) b2+ (18gh —210) b3) 61>+ ((9gh — IN) b2 — b3 b21) b1
+302g)a3) a0+ ((((-18g2° +81an°+312°) b1+ (-18g2° + 8112
+310°) b2+ (=36 g0t +410%) 3) 0* + (122" —54n2* —2127) 82

+ (36g2” =410 ) b3) b1+ (3agn’ —s5ann’ —10}) b2+ (27627 —3120%) b3 b2
+ (18gr—210) b32) b0+ ((gA> +9127) b2 =363 g) bl + (gh + 9k 1) b2
+62b3g) al*+ ((((-36g2> + 16280 +61%°) b1+ (-18g2" + 1628 1"

+ 400 b2+ (45607 +500°) b3) 602 + ((-12 g0  + 542t +210%) b2

+ (27g0 7 =3107) 361+ (-6 g0  —54827) 62>+ (9g A — 1) b3 b2 — b3* 1) b0
+(-2g0 —18407) 26 + ((-2gh— 184 M) b2 +b2b3g) b1) a2 + (((
gt st b+ (asgn’ #5007 ) b2+ (=527 +6107) b3) b0* + ((
360+ 410 ) b+ (-27g07 +3107) b201+ (-9gh+IN) b2+ b3 b21) b0
+6b3gb1> —3b2%gb1) a3) al + (((-9gr* +81nnt +210") b1+ (942
481407 ) 02) b0 + (=32 +5an2> +10°) 612 + ((6 g0 + 541 27) b2

+ (9gh—IX) b3) bI+6b2b3g) b0+ (gA” +9hN7) 1> + ((gh+ 9k 1) b2
—2b3g) b1*) a2+ ((-45g0> + 510> ) b160% + ((-27g07 +3107) 612 + ((
S9gh+IN) b2—b31) bl —6b2g) b0+ 3gbl*b2) asa2 + ((-27g1°

+3007) b1b0* + ((-18gA +2I0) bI2+b2b11) b0 —3 b1 g) a3) a0+ ((6g2°
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—270n" =12°) 00 + ((m6gn* + 2700  +10%) b2+ (-18g2° +2107) b3) b0
+((~g2”=9nn) b2 +3632g) b0+ b2 h) al® + (((18g2° — 8142
—310°) 0 + ((6gn* —27nd = 10") b1+ (-3¢0  +5400° +107) b2 + (
27g07 +310) b3) 0%+ (262" +184827) b2b1 + (-gh —9h L) b2
—3b2b3g) b0—3b1b22h) a2+ ((36 gn* —412") b0* + ((18g0> —2127) b1 + (
S18gh+211) b3) 60>+ (-6b3gbl +262g) b0) a3) ar* + (((9gn* — 81 a2’
—2) b0+ ((3gn’ —sann’ —107) b1+ (3gd” +27407) b2+ (-9g 2

+10) b3) 0% + ((-g2” —9n2>) bI> + ((2gh+ 18 h L) b2+3b3g) bl) b0
+36802n) a2 + (4507 =500 ) 60° + ((27g27 =3107) b1+ (9gh — L) b2
+631) b0* — b1 b2gb0) a3a2 + (2707 —3107) 60> + ((18g X —21%) b1
—b20) 0> +3617gb0) a3*) al + ((-3g2” —2780°) 0® + ((-3g2°

—27hA2) b1 —3b3g) bO* + (-gh—9hA) bI> b0 — b k) a2 + (3 b2 g b0

— b1* gb0) a3 a2*

sove({(-6g2°+2700° +12°) =0, (=36 g2  +410*) =0, (-9g2* +81a0" +210%), (

450 5000 ) =0, (<2707 +3107), (~gh—9hA) =0}, {c.e.f.g hj K, 1})

{c=ce=e,f=f.g=-9hh=hj=j,k=k 1= -81 h} 29)

collect(expand (subs({c=c,e=e,f=f,g=-9h,h="h,j=j,k=k [=-81 h}, ((b321b1

—3b2%*b3g) a2+ (-b2b31b1 +3b2°g) a3) a0* + ((-3b3* gbl + b2* b3 g) al* + ((

~b3% 160+ b1 b2b3g) a2+ (b2b31b0+ 6 b3 gbI* —3 b2* gbl) a3) al + (6 b2 b3 g b0

—2b3gb1*) a2* + ((-b31b1 —6b2° g) b0+ 3 gbl* b2) a3 a2 + (b1 b21b0

—3b1°g) a3*) a0+ (3b3* gb0+b2° k) al’ + ((-3b2b3 g b0 — 3 b1 b2* k) a2 + (

-6 b3 g bl +2b2*g) b0a3) al* + ((3 b3 gbl b0 + 3 bI* b2 1) a2* + (b3 160

—b1b2gh0) a3 a2+ (-b21b0* +3b1* gb0) a3®) al + (-3 b3 gb0* — b1’ h) a2’

+ (3b2gb0* — b1* gb0) a3 a2*)), {a0, al, a2, a3, b0, bl, b2, b3})

((-8153* hbl +27b2*b3h) a2+ (81b2b3hbl —27b2° h) a3) a0* + ((27 b3* h b1 (30)
—9b2°b3h) al* + ((8163* hb0 —9b2b3h bl) a2 + (-81 b2 b3 h b0 — 54 b3 h bI*
+27b1b2*h) a3) al + (-54b52b3 h b0 + 18 b3 h bI*) a2* + ((81 b3 h bl
+54b2%h) b0 — 27 b1* b2 h) a3a2 + (-81 b1 b2 h b0 +27 b1 h) a3*) a0 + (
2763  hb0+ b2* h) al® + ((27b2b3h b0 — 3 b1 b2* h) a2 + (54 b3 h b1
—18b2° h) b0 a3) al” + ((-27 b3 h b1 b0 + 3 b1> b2 h) a2* + (-81 b3 h b0*
+9b1b2hb0) a3 a2+ (81 b2 hb0* —27 b1 hb0) a3®) al + (27 b3 h b0* — bI° h) a2’
+ (-27b2 1 b0* + 9 b1* h b0) a3 a2

#Let us define t2

157



2= collect[expand[subs”h:-g—ll}, ((-81b3* hbl +27b2* b3 h) a2+ (81 b2b3 h bl
—27b2 h) a3) a0* + ((27b3* hbl —9b2* b3 h) al* + ((81 63> hb0 —9b2b3 h bl) a2
+ (-8162b3hb0—54b3hbi* +27b1b2* h) a3) al + (-54b2b3 h b0 + 18 b3 hbI*) a2*
+ ((81b3h bl +54b2*h) b0 —27bI* b2 h) a3 a2 + (-81 b1 b2 h b0 + 27 b1 h) a3*) a0
+ (2763 hb0+ b2 h) al® + ((27b2b3h b0 —3 b1 b2* h) a2 + (54 b3 h bl
—18b2° h) b0 a3) al” + ((-27 b3 h b1 b0 + 3 b1* b2 h) a2* + (-81 b3 h b0*
+9b1b2hb0) a3 a2+ (81 b2hb0* —27 b1 hb0) a3®) al + (27 b3 h b0* — bI° h) a2’

+ (=272 0 b0* + 9 bI* hb0) a3 a2*)), {a0, al, a2, a3, b0, bl, b2, b3})

12 = ((b] b3 — % b2* b3j a2 + (—bl b2 b3 + % b23j aS) a0® + [[; bl b3 @1

+%b22b3j al> + ((—b()b32+%b1b2b3)a2+ [b0b2b3+%b12 b3

2
—éblez)aS)al—i- [%b0b2b3—%b12b3]a22+ ((—b1b3— 222 )b()

2 2 3
bIEB2 ) saot (bob1b2— L b3 ) as? | a0+ [ 2003~ _ 027 3
3 3 81
1, 1 2b1b3 | 2b2° >
+ [(27 bl b2 — 3 b0b2b3)a2+[ Tt jbOaS‘]a] + ((

% bI* b2 + % b0 b1 b3J a2’ + (bOZ b3 — % b0 b1 bz) a3 a2 + (—bo2 b2

1 ? ? 1 1
+ ?b()blzja32Ja1+ [ b0 b3 | bja23+ (;bozbZ— 3b()bzz)asazz

3 81

#Now recall that s and t have to be algebraically independent, so let us define t as a convination of t1 and
12

t == collect(expand(1-tl + (-2)-12), {a0, al, a2, a3, b0, b1, b2, b3})

t=a0’ b3’ + (-al b2b3* + (-2 b1 b3* + b2* b3) a2 + (-3 b0 b3* + 3 b1 b2 b3 32)
—b2*) a3) a0* + (al® b1 b3* + ((3 b0 b3* — b1 b2 b3) a2 + (-b0 b2 b3 — 2 b1* b3
+b1b2*) a3) al + (-2b0b2 b3 + b1* b3) a2* + ((b1 b3 +2b2*) b0 — b1* b2) a3 a2
+ (360* b3 —3 b0 b1 b2 + b1*) a3*) a0 — al’ b0 b3* + (b3 a2 b0 b2 + (2 b1 b3
—b2*) b0 a3) al* + (-b3 b1 b0 a2* + (-3 b0° b3 + b0 b1 b2) a3 a2 + (2 b0* b2
—b0bI*) a3*) al + a2’ b0 b3 — a3 a2 b0* b2 + a2 a3* b0* bl — a3’ b0’

#Notice that we can write t2 in terms of s and t

3
collect( (simpliﬁ/( M

ey ]],{aO,a],a2,a3,b0,bl,b2,b3}];

[[bl b3* — % b2 b3) a2 + [—bl b2 b3 + % b23) a3j a0® + ((; bl b3 (33)
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+%b22b3j al> + ((—b0b32+éb1b2b3)a2+ [b0b2b3+%b12b3

2
—éblez)cﬁ)al—i- (%b()beS—%b]zbSJazz—i- ((—ble— 202 ]bo

3
2 2 3
b2 ) sant (bob1p2— L o) ad? a0+ [ 2003 _ 02 3
3 3 3 81
1 , 1 2b1b3  2b2* 5
+((27 bl b2 3b0b2b3)a2+[ T ]b()aS]al +((

% bI* b2 + % b0 b1 b3) a? + (bo2 b3 — é b0 b1 bz) a3 a2 + (—bo2 b2

b} 3
b03b3 +b811ja23+(;bozbz—;b0b12)a3a22

+%b0b12) a32)al+ [

1
# Basically we proved that t2 = Ty (27 t-s° )
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A.2 Discriminant of F

#We start with the discriminat Disc x (F), We previously computed the Res(F,F') using a matrix
calculator
1

collect(axpand(simphﬁ/( - m (4*ar2*3* NS —a*c N2FM2E NS + 2T*a 3 *F W2 % x

NS+ AFaFEAIFREXNS — 18F a2 ¥ K fFRFEXNS + 4FDN2F G EYNS — hEANL K G2 EYNS
F2T*DABH KPS f 4K pR A K fRYNS — [REPAD K K g K fRYAS | Bk gk hk gA K kAL
— @ FAN2EGILE XK YNE — DE D E H K GAD K K PNA | | DK PAD K R gAY K K YAL — D ¥ ik AD
EEGRXFPNL L 4K PR GATE PR pAL — [8F A2 EdF g L xFYNA + 81 K g ¥ HA2F A R x Ky
N+ A*g* g3 *jExF NG 4 12%pHR e g2 R NG — 18 *¥ A2 ¥ d* fHjrx* N4 — 18% D
ADoK gH R XK PAL — 36K g R hR K g* R xR YNL 54K PAZK PR R K YNL — pE JAD K AD * x
AQH PN f 4% gRD* gATH Y NDH PAT — hR eAD K GAD R XAD K PAT Dk gk ok R gD F xAD K AT
+ 24K g R DR GADEXND K PAT 4 12K PAD K Ak gk xAD K YAT — Dk gk A K f gk xAD K AT
—4EpFoHEfEGHEYNDFPNT L DT HPATEPADEXNDF YN L 4 F g R A F RN F YA 12
*b*c*d/\z*h*x/\z*y/\3_18*b/\2*d*f*h*x/\2*y/\3_lg*b/\z*c*g*h*x/\z*y/\3
—36*a*b*d*g*h*x"2*y N3 + 81 ¥ g 2* b *jA2*¥xN2FYN3 £ 12  q* c*¥dr2*jHEXxN2*y
A3 2% h* AR HjHXADH PR — [8F PAD K ¢ f¥ fRYAD K YAT — 36K g R J* fr R xAD Ky,
N3 —36Fa*b*crg*jFxN2*¥ N3 — 18* g 2*¥d* g*j*¥xM2*¥ N3 + 162F  a* b2 ¥ h*j* xN2
H YA 4R PADE AT HR AT E PAD — g F JAD K AR XAZ R PAD DR PR R R ) EpATEYAD — g
KA H GAD K XA HPAD 4 1D ¥ qADK R gAY R XA PAD L DA K g R hE A DK gHRXAZEPAD — D ¥
*cAz*j'*g*x/\3*y/\2_4*a*c*d*f'*g*x/\3*y/\2+Sl*a*b/\z*h/\z*x/\3*y/\2+lz*a
KR IADEREATEYPAD 4 12K b A2 GHE PEXAZEYPAD — [8FPA2E CF fE R A3 EpAD — 36
KgERh*JFfEREXNZHEPAD — 36K qRh R R gF hRXNZFYPAD — 8 F qA2 K d* g* ¥ xA3 K pAD
F2TH NI FJALHEXNZEPAD £ 4R FAZHGENZHEPAD L 12 F g F N2 FjEXNZEYND — 36
KgEpECH R AT PAY — [ RF qAD K K R XAZHRPAD — [RF qAD K c* g* fE AT EPAD 4 162
*a/\z*b*h*j*x/\3*y/\2+S*a*b*f/\3*x/\4*y_b*c/\z*f/\2*x/\4*y_z*a*c*d*fAz
KXNAFy 4 12* g 2HRLEgRXNAF Y — DH R CADF [ gR AL F Y 4 Bl K g 2 EpEPAD K x N F Yy
FAXDFANAIFPFNAF Yy + 12¥ ¥ 2¥dFXhFxNAFy —36FaXbF X fFh¥xr4*y — 18% a2
KK fEPFEXAL* y — (8% qAD K e* g* R xNAK o A% qF (AZ KR RNLF QK gAY K ok Ry
N FEy + S4%F g3 FpEjEXNEE Y)Y, (X, ¥})

(-278 W +18acfh—4af =4 h+ )X+ (-54d> hj—54ah’ b+ 18acfj )
+18acgh+18adfh—12af g+ 18bcfh—4bf —4cj— 12 dh+2 gf
+2cdf2)yx3+(*27512./2*108abhj+18acgj+18dfaj+18daghf12afg2
— 270 P+ 18bcfj+ 18begh+ 18dfbh—12bfrg— 12 dj+ P g — 12cd h
+adcdfg+d f) PP+ (-54abj +18dagj—4ag —54b hj+ 18bcgj
+18bdfj+18bdgh—12bfg* —12cd* j+2cdg —4d h+2d fg) »* x + (

270 +18bdgj—4bg —Ad j+d g )y

#now we change the coefficients to the ones we use

collect(expand ((-27*a0"2*a3"2 + 18*a0*al *a2*a3 - 4*a0*a2"3 - 4*al"3*a3 + al"2
*a272)*x N + (-4%al”3%b3 - 54% ((2*b1*a3)/9 - b2*a2/27) *al"2 - 54* (-bl *a2
2727 4+ (-a0*b3/3 - b0*a3/3)*a2 - a0*b2*a3/3)*al + 18*a0* bl *a2*a3 - 4* b0
*g2"3 - 12*%a0*a2"2%b2 - 54*a0*a3* (a0*b3 + b0*a3)) *y*x"3 + (-27* ((4*bl
*b3)/9 - b272/27)*al™2 - 27* ((4*b1"2%a3)/9 - (4*bl*a2*b2)/27 - (2*b0*a2
*b3)/3 - (2*%b2* (a0*b3 + b0*a3))/3)*al + bI"2%*a2"2 - 27* ((-(2*a0*b3)/3 - (2
*b0*a3)/3)*a2 - (2*a0*b2*a3)/3)*bl - 12*a0*a2*b2°2 - 12*b0*a272*b2 - 27
*pON2*a3N2 - 27*a0"2*b372 - 108 *a0* b0* a3 *b3) *y"2*x 2 + (-54* (-1/3*b0
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*p2*b3 4+ 2/9%bIN2*b3 - 1/27%b1*b2°2) *al - 4% b1 3*a3 + 2*bI 2*a2*b2 - 54
*(-b0*a2*b3/3 - b2* (a0*b3 + b0*a3)/3)* bl - 54*%a0*b0* b3/ 2 - 4*a0* b2"3 - 54
*pON2*a3*b3 - 12%b0*a2*b272) ¥y 3% x + (-27* b0 2* 372 + 18*b0* b1 * b2 * b3
- 4%B0*b2N3 - 4% BIN3*D3 + HIN2*b2M2) *yA4), {x, y})

(-27a0* a3* + 18 a0al a2 a3 — 4 a0 a2’ — 4 al’ a3 + al* a2*) x* + (-54 a0® a3 b3 @)
+18a0al a2 b3 + 18 a0 al a3 b2 — 12 a0 a2* b2 + 18 a0 bl a2 a3 — 54 a0 a3* b0
—4alP b3+2al*b2a2 —12al* a3bl +2al bl a2* + 18 al a2a3 b0 —4b0a2’) yx°
+ (-27 a0* b3* + 18 a0 al b2 b3 + 18 bl a2 a0 b3 — 12 a0 a2 b2* — 108 a0 b0 a3 b3
+ 18 b1 a0 b2 a3 — 12al* b1 b3 + al® b2* + 18 al a2 b0 b3 + 4 al a2 bl b2
+ 18 al a3 b0 b2 — 12 al a3 b1* — 12 b0 a2* b2 + b1* a2* + 18 bl a2 b0 a3 — 27 b0* a3*)
Vx> 4 (-54a0 b0 b3* + 18 b1 a0 b2 b3 — 4 a0 b2 + 18 al b0 b2 b3 — 12 al bi* b3
+2al b1 b2* + 18 a2 b0 bl b3 — 12 b0 a2 b2* + 2 b1* a2 b2 — 54 b0” a3 b3
+18a3b0b1 b2 — 4 bI° a3) y> x + (-27 b0% b3* + 18 b0 b1 b2 b3 — 4 b0 b2* — 4 bI° b3
+ 617 b2%) 5

#Now we will compute the Disc z Disc x (F)

with (LinearAlgebra) :

#We first compute the Res(Disc x(F), (Disc x(F))")

resz = Matrix([[(-27 a0® a3* + 18 a0 al a2 a3 — 4 a0 a2® — 4 al’ a3 + al* a2*),0,0,4-(
-27a0% a3* + 18 a0al a2 a3 — 4 a0 a2 — 4 al’ a3 + al* a2*) ,0,0,0], [ (-54 a0® a3 b3
+ 18 a0 al a2 b3 + 18 a0 al a3 b2 — 12 a0 a2” b2 + 18 a0 bl a2 a3 — 54 a0 a3* b0 — 4 al’ b3
+2al*b2a2 —12al* a3 bl + 2 al bl a2* + 18 al a2 a3 b0 — 4 b0 a2’ ), (-27 a0” a3’
+18a0al a2a3 —4a0a2> —4al’ a3 + al* a2*),0,3-(-54 a0* a3 b3 + 18 a0 al a2 b3
+ 18 a0 al a3 b2 — 12 a0 a2* b2 + 18 a0 bl a2 a3 — 54 a0 a3* b0 — 4 al® b3 + 2 al* b2 a2
—12al*a3bl +2al bl a2* + 18al a2a3 b0 —4b0a2’),4-(-27 a0* a3* + 18 a0 al a2 a3
—4a0a2* —4al’ a3 +al* a2*),0,0], [ (-27 a0® b3* + 18 a0 al b2 b3 + 18 bl a2 a0 b3
— 1240 a2 b2* — 108 a0 b0 a3 b3 + 18 bl a0 b2 a3 — 12 al* b1 b3 + al* b2* + 18 al a2 b0 b3
+4ala2bl b2+ 18al a3 b0 b2 — 12 al a3 b1* — 12 b0 a2* b2 + b1* a2* + 18 bl a2 b0 a3
—27b0% a3%), (-54 a0® a3 b3 + 18 a0 al a2 b3 + 18 a0 al a3 b2 — 12 a0 a2 b2
+ 18 a0 bl a2 a3 — 54a0 a3* b0 — 4 al’ b3 + 2 al* b2 a2 — 12 al* a3 bl + 2 al bl a2’
+18ala2a3 b0 —4b0a2’), (-27 a0* a3* + 18 a0 al a2 a3 — 4 a0 a2’ — 4 al’ a3
+al*a2*),2-(-27a0* b3* + 18 a0 al b2 b3 + 18 b1 a2 a0 b3 — 12 a0 a2 b2*
— 108 a0 b0 a3 b3 + 18 bl a0 b2 a3 — 12 al* b1 b3 + al* b2* + 18 al a2 b0 b3 + 4 al a2 bl b2
+18al a3b0b2 — 12al a3 bI* — 12 b0 a2® b2 + b1* a2* + 18 bl a2 b0 a3 — 27 b0* a3*) .3
(-54a0® a3b3 + 18 a0 al a2 b3 + 18 a0 al a3 b2 — 12 a0 a2* b2 + 18 a0 bl a2 a3
—54a0a3° b0 — 4al’ b3 +2al’> b2 a2 — 12 al* a3 bl + 2 al bl a2* + 18 al a2 a3 b0
—4b0a2’),4-(-27a0* a3* + 18 a0 al a2 a3 — 4 a0 a2’ — 4 al’ a3 + al* a2*), 0], [ (
5440 b0 b3* + 18 b1 a0 b2 b3 — 4 a0 b2* + 18 al b0 b2 b3 — 12 al bI* b3 + 2 al b1 b2*
+ 18 a2 b0 b1 b3 — 12 b0 a2 b2* + 2 b1* a2 b2 — 54 b0* a3 b3 + 18 a3 b0 b1 b2 — 4 b1 a3), (
-27a0% b3* + 18 a0 al b2 b3 + 18 bl a2 a0 b3 — 12 a0 a2 b2* — 108 a0 b0 a3 b3
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resz

+ 18 b1 a0b2a3 — 12 al* b1 b3 + al* b2* + 18 al a2 b0 b3 + 4 al a2 b1 b2 + 18 al a3 b0 b2
—12al a3 b1* — 12 b0 a2* b2 + b1* a2* + 18 bl a2 b0 a3 — 27 b0* a3*) , (-54 a0* a3 b3
+ 18 a0 al a2 b3 + 18 a0 al a3 b2 — 12 a0 a2* b2 + 18 a0 bl a2 a3 — 54 a0 a3* b0 — 4 al’ b3
+2al*b2a2 —12al*a3bl +2al bl a2* +18al a2a3b0 —4b0a2’) , (-54 a0 b0 b3
+ 18 b1 a0 b2 b3 —4a0b2* + 18 al b0 b2 b3 — 12al bI* b3 + 2 al bl b2* + 18 a2 b0 bl b3
— 1260 a2 b2* + 2 b1* a2 b2 — 54 b0* a3 b3 + 18 a3 b0 bl b2 — 4 bI® a3),2-(-27 a0* b3
+ 18 a0 al b2 b3 + 18 b1 a2 a0 b3 — 12 a0 a2 b2* — 108 a0 b0 a3 b3 + 18 b1 a0 b2 a3
—12al* b1 b3+ al* b2* + 18 al a2 b0 b3 + 4 al a2 b1 b2 + 18 al a3 b0 b2 — 12 al a3 bI*
— 12b0a2* b2 + bI* a2* + 18 b1 a2 b0 a3 — 27 b0* a3*),3-(-54 a0® a3 b3 + 18 a0 al a2 b3
+ 18 a0 al a3 b2 — 12 a0 a2* b2 + 18 a0 bl a2 a3 — 54 a0 a3* b0 — 4 al® b3 + 2 al* b2 a2
—12al*a3bl +2al bl a2* + 18 al a2a3 b0 —4b0a2’),4-(-27 a0* a3* + 18 a0 al a2 a3
—4a0a2® —4al’ a3 +al* a2*)], [ (-27 b0* b3* + 18 b0 b1 b2 b3 — 4 b0 b2* — 4 bI° b3
+ b1*b2*), (-54 a0 b0 b3* + 18 b1 a0 b2 b3 — 4 a0 b2* + 18 al b0 b2 b3 — 12 al bI* b3
+2al b1 b2* 4+ 18 a2 b0 bl b3 — 12 b0 a2 b2* + 2 b1* a2 b2 — 54 b0” a3 b3 + 18 a3 b0 b1 b2
—4b1° a3), (-27 a0® b3* + 18 a0 al b2 b3 + 18 bl a2 a0 b3 — 12 a0 a2 b2*

— 108 a0 b0 a3 b3 + 18 b1 a0 b2 a3 — 12 al* bl b3 + al® b2* + 18 al a2 b0 b3 + 4 al a2 bl b2
+ 18 al a3 b0 b2 — 12 al a3 bi* — 12 b0 a2 b2 + b1* a2® + 18 bl a2 b0 a3 — 27 b0 a3*), 0,
(-54 a0 b0 b3* + 18 b1 a0 b2 b3 — 4 a0 b2* + 18 al b0 b2 b3 — 12 al bI* b3 + 2 al bl b2*
+ 18 a2 b0 b1 b3 — 12 b0 a2 b2* + 2 b1* a2 b2 — 54 b0* a3 b3 + 18 a3 b0 b1 b2 — 4 bI° a3) ,2
(-27a0® b3* + 18 a0 al b2 b3 + 18 b1 a2 a0 b3 — 12 a0 a2 b2* — 108 a0 b0 a3 b3

+ 18 b1 a0 b2 a3 — 12 al* bl b3 + al® b2* + 18 al a2 b0 b3 + 4 al a2 bl b2 + 18 al a3 b0 b2
—12al a3 b1* — 12 b0 a2 b2 + b1* a2* + 18 bl a2 b0 a3 — 27 b0 a3*), 3-(-54 a0® a3 b3
+ 18 a0 al a2 b3 + 18 a0 al a3 b2 — 12 a0 a2* b2 + 18 a0 bl a2 a3 — 54 a0 a3* b0 — 4 al’ b3
+2al*b2a2—12al* a3bl +2al bl a2* + 18al a2 a3 b0 —4b0a2’) ], [0, (-27 b0* b3*
+ 1860 b1 b2b3 — 4 b0 b2° — 4 b1° b3 + b1* b2*), (-54 a0 b0 b3* + 18 b1 a0 b2 b3
—4a0b2> + 18 al b0 b2 b3 — 12al bI* b3 + 2 al bl b2* + 18 a2 b0 bl b3 — 12 b0 a2 b2
+2b1%a2b2 — 54b0% a3 b3 + 18 a3 b0 b1 b2 — 4 b1° a3),0,0, (-54 a0 b0 b3*

+ 18 b1 a0 b2 b3 — 4 a0 b2® + 18 al b0 b2 b3 — 12 al b1* b3 + 2 al bl b2* + 18 a2 b0 b1 b3
— 12b0a2 b2* +2b1% a2 b2 — 54 b0* a3 b3 + 18 a3 b0 b1 b2 — 4 b1 a3),2-(-27 a0* b3*
+18a0al b2b3 + 18 bl a2 a0 b3 — 12 a0 a2 b2* — 108 a0 b0 a3 b3 + 18 b1 a0 b2 a3
—12al’ b1 b3+ al’> b2* + 18 al a2 b0 b3 + 4 al a2 bl b2 + 18 al a3 b0 b2 — 12 al a3 bI*
— 1260 a2* b2 + bI* a2* + 18 b1 a2 b0 a3 — 27 b0* a3*) ], [0,0, (-27 b0* b3*

+ 1860 b1 b2 b3 — 4 b0 b2* — 4 bI° b3 + b1* b2*),0,0,0, (-54 a0 b0 b3* + 18 b1 a0 b2 b3
—44a0b2> + 18 al b0 b2 b3 — 12.al bI* b3 + 2 al bl b2* + 18 a2 b0 bl b3 — 12 b0 a2 b2
+2b1* a2 b2 — 54 b0* a3 b3 + 18 a3 b0 b1 b2 — 4 b1 a3) |])

= [[-27a0° a3* + 18a0al a2 a3 — 4 a0 a2® — 4 al’ a3 + al* a2*, 0,0, -108 a0* a3*  (3)
+72a0al a2a3 — 16 a0 a2’ — 16 al’ a3 + 4 al* a2*,0,0,0],
[—54a()2a3b3+18a()a1a2b3+18a0a1a3b2—12a0a22b2+18a()a2a3b1

—54a0a3* b0 —4al’> b3 +2al’ a2 b2 — 12 al* a3 bl + 2 al a2* bl + 18 al a2 a3 b0
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— 442’ b0, -27 a0? a3* + 18 a0 al a2 a3 — 4 a0 a2’ — 4 al’ a3 + al’ a2*, 0,

-162 a0? a3 b3 + 54 a0 al a2 b3 + 54 a0 al a3 b2 — 36 a0 a2* b2 + 54 a0 a2 a3 bl

— 162 a0 a3* b0 — 12 al’ b3 + 6 al* a2 b2 — 36 al”* a3 bl + 6 al a2* bl + 54 al a2 a3 b0
— 1242’ b0, -108 a0* a3* + 72 a0 al a2 a3 — 16 a0 a2’ — 16 al’ a3 + 4 al* a2*,0,0],
[-27 a0® b3* + 18 a0 al b2 b3 + 18 a0 a2 bl b3 — 12 a0 a2 b2* — 108 a0 a3 b0 b3

+ 18 a0 a3 bl b2 — 12 al* bl b3 + al® b2* + 18 al a2 b0 b3 + 4 al a2 bl b2

+ 18 al a3b0b2 — 12 al a3 bI* — 12 a2* b0 b2 + a2* bI* + 18 a2 a3 b0 bl — 27 a3 b0,
=54 a0 a3 b3 + 18 a0 al a2 b3 + 18 a0 al a3 b2 — 12 a0 a2* b2 + 18 a0 a2 a3 bl
—54a0a3° b0 — 4al® b3 +2al® a2 b2 — 12 al* a3 bl + 2 al a2* bl + 18 al a2 a3 b0
— 442’ b0, -27 a0* a3* + 18 a0 al a2 a3 —4a0 a2’ — 4al’ a3 + al* a2®, -54 a0® b3*
+36 a0 al b2 b3 + 36 a0 a2 bl b3 — 24 a0 a2 b2* — 216 a0 a3 b0 b3 + 36 a0 a3 bl b2
—24al’ b1 b3 +2al* b2* + 36 al a2 b0 b3 + 8 al a2 bl b2 + 36 al a3 b0 b2

—24al a3 bl* —24a2* b0 b2 + 2 a2* bI* + 36 a2 a3 b0 bl — 54 a3* b0?, - 162 a0’ a3 b3
+54a0a1a2b3+54a0a1a3b2—36a0a22b2+54a0a2a3b1 — 162 a0 a3® b0
—12alP’ b3+ 6al* a2 b2 —36al* a3 bl + 6 al a2* bl + 54 al a2 a3 b0 — 12 a2° b0,
108 a0* a3* + 72 a0 al a2 a3 — 16 a0 a2’ — 16 al’ a3 + 4 al* a2*, 0],

[ -54 a0 b0 b3* + 18 a0 b1 b2 b3 — 4 a0 b2> + 18 al b0 b2 b3 — 12 al b1* b3 + 2 al bl b2*
+ 18 a2 b0 b1 b3 — 12 a2 b0 b2* + 2 a2 b1* b2 — 54 a3 b0* b3 + 18 a3 b0 bl b2 — 4 a3 b1°,
=27 a0* b3* + 18 a0 al b2 b3 + 18 a0 a2 bl b3 — 12 a0 a2 b2* — 108 a0 a3 b0 b3

+ 18 a0 a3 bl b2 — 12 al* bl b3 + al® b2* + 18 al a2 b0 b3 + 4 al a2 bl b2

+ 18 al a3 b0 b2 — 12 al a3 bI* — 12 a2* b0 b2 + a2* bI* + 18 a2 a3 b0 bl — 27 a3 b0,
-54 a0” a3 b3+ 18a0al a2 b3 + 18 a0 al a3 b2 — 12 a0 a2? b2+ 18 a0 a2 a3 bl
—54a0a3* b0 —4al’> b3+2al*> a2 b2 — 12 al* a3 bl + 2 al a2* b1 + 18 al a2 a3 b0
—4a2’ b0, -54 a0 b0 b3* + 18 a0 b1 b2 b3 — 4 a0 b2* + 18 al b0 b2 b3 — 12 al b1* b3
+2al bl b2* 4 18 a2 b0 b1 b3 — 12 a2 b0 b2* + 2 a2 bI* b2 — 54 a3 b0* b3

+ 18 a3 b0 b1 b2 — 4 a3 bI’, -54 a0 b3* + 36 a0 al b2 b3 + 36 a0 a2 bl b3 — 24 a0 a2 b2*
—216 a0 a3 b0 b3 + 36 a0 a3 bl b2 — 24 al* bl b3 + 2 al* b2* + 36 al a2 b0 b3

+8al a2 bl b2 +36al a3 b0 b2 — 24 al a3 b1* — 24 a2* b0 b2 + 2 a2* bI*

+36a2a3 b0 bl — 54 a3® b0*, -162 a0® a3 b3 + 54 a0 al a2 b3 + 54 a0 al a3 b2
—36a0a2* b2 + 54a0a2 a3 bl — 162 a0 a3* b0 — 12 al’ b3 + 6 al* a2 b2 — 36 al* a3 bl
+6al a2’ bl + 54 al a2 a3 b0 — 12 a2® b0, - 108 a0 a3* + 72 a0 al a2 a3 — 16 a0 a2’
—16al’ a3 + 4al* a2*],
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[ -27 607 b3* + 18 b0 b1 b2 b3 — 4 b0 b2* — 4 bI° b3 + bI* b2*, -54 a0 b0 b3

+ 18 a0 b1 b2 b3 — 4 a0 b2® + 18 al b0 b2 b3 — 12 al b1* b3 + 2 al b1 b2*

+ 18 a2 b0 b1 b3 — 12 a2 b0 b2* + 2 a2 b1* b2 — 54 a3 b0* b3 + 18 a3 b0 b1 b2 — 4 a3 b1,
-27 a0* b3* 4+ 18 a0 al b2 b3 + 18 a0 a2 b1 b3 — 12 a0 a2 b2* — 108 a0 a3 b0 b3

+ 18 a0 a3 bl b2 — 12 al* bl b3 + al® b2* + 18 al a2 b0 b3 + 4 al a2 bl b2

+ 18 al a3 b0 b2 — 12 al a3 bi* — 12 a2* b0 b2 + a2* bI* + 18 a2 a3 b0 bl — 27 a3 b0,
0, -54 a0 b0 b3* + 18 a0 b1 b2 b3 — 4 a0 b2* + 18 al b0 b2 b3 — 12 al b1* b3 + 2 al bl b2*
+ 18 a2 b0 b1 b3 — 12 a2 b0 b2* + 2 a2 b1* b2 — 54 a3 b0* b3 + 18 a3 b0 bl b2 — 4 a3 b1°,
-54 a0” b3* 4+ 36 a0 al b2 b3 + 36 a0 a2 bl b3 — 24 a0 a2 b2* — 216 a0 a3 b0 b3
+36a0a3 bl b2 —24al’ bl b3 + 2 al” b2* + 36 al a2 b0 b3 + 8 al a2 bl b2

+36al a3 b0b2 —24al a3 bl* — 24 a2> b0 b2 + 2 a2* bI* + 36 a2 a3 b0 bl

— 54a3% b0%, -162 a0* a3 b3 + 54 a0 al a2 b3 + 54 a0 al a3 b2 — 36 a0 a2* b2

+ 54 a0 a2 a3 bl — 162 a0 a3* b0 — 12 al® b3 + 6 al* a2 b2 — 36 al* a3 bl + 6 al a2® bl
+ 54al a2 a3 b0 — 12 a2* b0)],

[0, -27 0% b3* + 18 b0 b1 b2 b3 — 4 b0 b2* — 4 b1° b3 + bI* b2*, -54 a0 b0 b3

+18a0 bl b2b3 — 4 a0 b2® + 18 al b0 b2 b3 — 12 al bI* b3 + 2 al bl b2*

+ 18 a2 b0 b1 b3 — 12 a2 b0 b2* + 2 a2 b1* b2 — 54 a3 b0* b3 + 18 a3 b0 bl b2 — 4 a3 b1°,
0,0, -54 a0 b0 b3* + 18 a0 bl b2 b3 — 4 a0 b2> + 18 al b0 b2 b3 — 12 al bI* b3
+2al b1 b2* + 18 a2 b0 bl b3 — 12 a2 b0 b2* + 2 a2 bI* b2 — 54 a3 b0 b3

+ 18 a3 b0 b1 b2 — 4 a3 bI°, -54 a0” b3* + 36 a0 al b2 b3 + 36 a0 a2 bl b3 — 24 a0 a2 b2
—216a0a3 b0 b3 + 36 a0 a3 bl b2 — 24 al* bl b3 + 2 al® b2* + 36 al a2 b0 b3
+8ala2bl b2 +36al a3 b0 b2 — 24 al a3 bi* — 24 a2* b0 b2 + 2 a2* bI*

+36a2a3 b0 bl — 54 a3 b0 ],

[0,0, -27 607 b3* + 18 b0 b1 b2 b3 — 4 b0 b2* — 4 bI° b3 + bI* b2*, 0,0, 0,
-54a0 b0 b3* 4+ 18 a0 bl b2 b3 — 4 a0 b2* + 18 al b0 b2 b3 — 12 al bI* b3 + 2 al bl b2*
+ 18 a2 b0 b1 b3 — 12 a2 b0 b2* + 2 a2 b1* b2 — 54 a3 b0* b3 + 18 a3 b0 bl b2 — 4 a3 b1’

Il

a0’ b3* + (-b3* b2al + (-2b3* bl + b3 b2*) a2 + (-3 b3* b0+ 3 b3 b2 b1 — b2*) a3) al?
+ (al* b3* b1 + ((353* b0 — b3 b2 b1) a2 + (-b3 b2 b0 — 2 b1* b3 + b2* b1) a3) al + (
~2b3b2b0 + b1* b3) a2* + ((b3 b1 +2b2%) b0 — b2 b1*) a3 a2 + (3 b3 b0* — 3 b2 b1 b0
+b1°) a3*) a0 — al’ b3* b0 + (b2 b3 b0 a2 + (2 b3 b1 — b2*) b0 a3) al* + (-a2* b3 b1 b0
+ (-3b3b0* + b2b1b0) a3 a2 + (2 b2 b0* — b1* b0) a3®) al + a2’ b3 b0* — a3 a2* b2 b0*
+ a2 a3* b0* b1 — a3’ b0*;
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t=a0" b3 + (-b3* b2al + (-2b3* b1 + b3b2*) a2 + (-3 b3* b0 + 3 b3 b2 bl @)
—b2%) a3) a0® + (a1’ b3* b1 + ((3 3% b0 — b3 b2 b1) a2 + (-b3 b0 b2 — 2 b3 bI*
+b1b2*) a3) al + (-2b3b0b2 + b3 b1*) a2* + ((b3 b1 + 2 b2*) b0 — bI* b2) a3 a2
+ (363b0° —3 b1 b2b0+ b1*) a3*) a0 — al’ b3* b0 + (b3 b0 b2 a2 + (2 b3 b1
—b2*) b0a3) al* + (-a2> b3 b1 b0 + (-3 b3 b0* + b1 b2 b0) a3 a2 + (2 b2 b0*
— b1*b0) a3*) al + a2® b3 b0* — a3 a2* b2 b0* + a2 a3® b0* bl — a3’ b0?
s=3a0b3 —al b2+ a2 bl —3 a3 b0
s = 3b3al0 —al b2 + a2 bl — 3 a3 b0 Q)

#Now we proof that Disc z(Disc x (F))=256 -t-(s3 —27 If)3
cottect (simplif(1 | (=27 at? a3* + 18 a0 al a2 a3 — 4 a0 a?® — 4 al a3 + al® a2*) 256 -1- (5°
3
— 27 t) ) -Determinant (resz) ) ), {a0,al, a2, a3, b0, bl, b2, b3});
1 ©
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