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Abstract  

The More-Electric Aircraft (MEA) has been identified as a major future aircraft due 

to the urgent requirement to reduce CO2 in the aviation area. Meanwhile, as a 

commonly used thrust power source in commuter aircraft, turboprop engines can be 

made more fuel-efficient by the addition of a mechatronic device into their gearbox. In 

the University of Nottingham, an integrated Motor-Generator (M-G) drive system 

functioning as this mechatronic device has been developed for the next-generation 

turboprop. This M-G system provides auxiliary thrust to accelerate the turbo engine 

start-up on the ground, using electrical power from batteries. The same system is used 

as a generation system when the aircraft is in the air and supplies electrical power to 

on-board electrical loads. 

This PhD project is focused on the development of this M-G system and is thoroughly 

described in the thesis, including the machine design, power electronic converters and 

their control development. Due to redundancy considerations, a dual three-phase 

machine was developed to ensure uninterrupted power delivery, even if a fault should 

occur. The corresponding power converter was designed using SiC power modules to 

achieve high power density. The entire system, including the machine, six-phase 

converter, and controller, has a customized cooling system, designed to be integrated 

into the engine gearbox. 

The control algorithm was one of the most challenging parts of the M-G system due 

to the absence of a position sensor and is the main contribution of this PhD research. 

An I-F open-loop and Model Reference Adaptive System (MRAS) sensorless combined 

solution was proposed to cover the entire speed range. The stability issue of MRAS for 

high-speed drives needs to be considered carefully due to a low modulation frequency 
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(of the power electronic converter) to the electrical machine fundamental frequency 

ratio (M-F ratio). The entire M-G drive system has been modelled in the z-domain with 

particular efforts on modelling this non-linear system; in particular, the estimated rotor 

angle was used in the frame transformations (e.g., ABC to DQ frame). With the discrete 

z-domain model, eigenvalues of the system model have thus been used to analyse the 

system stabilities. The PI controller for this high-speed M-G system can thus be 

designed with confidence that the system will be stable with selected parameters. The 

developed sensorless control scheme has been validated on the M-G system at full 

speed, and full power range using testing facilities within the University of Nottingham 
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Chapter 1.  

Introduction  

 

1.1 Climate Change and Net Zero Aviation 

Climate change has become a great challenge for all human beings. Every year 

billions of tons of CO2 are released into the atmosphere as a result of coal, oil, and gas 

production. Human activity is producing greenhouse gas emissions at a record high, 

with no signs of slowing down [1]. It is recorded that the Earth is now about 1.1°C 

warmer than it was in the late 1800s, and the last decade (2011-2020) was the warmest. 

However, the temperature rise is only the beginning of the story. The consequences of 

it include intense droughts, water scarcity, severe fires, rising sea levels, flooding, 

melting polar ice, catastrophic storms and declining biodiversity [2]. 

United Nations (UN) sustainable development goals outline 17 major goals to fulfil  

by 2030 that address global challenges, and goal No. 13 is directed towards taking 

urgent actions to combat climate change [3]. In the 2021 United Nations climate change 

conference (COP26), all countries agree to set a clear goal of securing global net zero 

by mid-century and keep 1.5°C within reach. The COP26 also released a declaration 

promoting the development and deployment of innovative new low- and zero-carbon 

aircraft technologies that can reduce aviation CO2 emissions [4]. As the host of COP26, 

the UK is the first major aviation sector in the world to commit to net zero CO  by 2050 

and underlined this pledge with interim decarbonisation targets of at least 15% by 2030 

and 40% by 2040. However, commercial aircraft in the sky are predicted to double in 
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the next 20 years, with emissions soaring in their wake, and by 2050 10 billion 

passengers will fly every year [5]. 

To achieve such ambitious targets and deliver net zero aviation, the aerospace 

industry will take concerted and coordinated actions, taking in clean aircraft 

technologies and propulsion systems, sustainable aviation fuels, advances in materials, 

manufacturing and aircraft maintenance and more efficient airspace and airport 

operations [5]. Aircraft electrification is one way to deliver net zero aviation and can 

increase the fuel and energy efficiencies of the engine and reduce environmental impact. 

This ambition should be achieved regardless of whether the engine is powering a large 

airliner or a small utility aircraft, meaning more thrust while burning less fuel and 

emitting less CO2, NOx and noise [5].  

1.2 More Electric Aircraft  

In the early 1990s, the need for more energy-efficient aircraft promoted the More-

Electric Aircraft (MEA) concept [6]. For an MEA, subsystems such as mechanical (e.g., 

pumps), hydraulic (e.g., actuation systems), pneumatic (e.g., Environmental Control 

System (ECS), and Wing Ice Protection System (WIPS)) subsystems are replaced with 

electrical alternatives. In the following part of this section, the energy utilization of 

conventional aircraft and MEA will be discussed and compared.  

The distributions of gas turbine power in conventional aircraft are shown in Fig 1.1. 

As can be seen, most of the energy from jet fuel is used to provide propulsion thrust 

(40MW), whilst only a small percentage (up to 4%) is converted to other forms of 

energy supplying different loads on board (i.e., mechanical, pneumatic, hydraulic, and 

electrical power) [7]. 
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Fig 1.1. Power sources distribution in conventional aircraft [8] 

Pneumatic power provides hot air to WIPS and ECS. WIPS has two working modes: 

Anti-Icing mode and De-Icing mode. The Anti-Icing mode is turned on before the 

aircraft enters icing conditions, whilst the De-Icing mode is reactive until the ice has 

already accumulated. The disadvantages of the pneumatic system are low efficiency 

and difficult ies in maintenance and repair [9]. 

Hydraulic power on conventional aircraft is derived from an engine-driven hydraulic 

pump and supply power to flight control actuators.  

Mechanical power is transferred through gearboxes from the engine to several 

devices. These devices include central hydraulic pumps, fuel pumps, local pumps for 

engine equipment, the main electrical generator, and other mechanically driven 

subsystems. The mechanical system includes large and heavy gearboxes and is with 

high maintenance costs [8].  

Electrical power is from gearbox-driven generators and distributed throughout the 

aircraft for avionics, utility actuators, cabin electronics, lighting and galleys [7]. As can 

be seen from Fig 1.1, electrical power is only a small percentage of all secondary power 

sources (non-thrust power) within a conventional aircraft. In contrast with the 

pneumatic, hydraulic, and mechanical power systems, the electrical power system owns 
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many outstanding advantages such as high efficiency, low maintenance fees, good 

controllability and so on. Due to these advantages, applying more electrical power on 

aircraft has become a major trend on aircraft.  

The concept of MEA is proposed to follow the above trend to increase the penetration 

of electrical power in aircraft systems [7]. As illustrated in Fig 1.2, many on board 

devices used to be powered by non-electrical power (such as hydraulic actuation 

systems, pneumatic, environmental control and wing ice protection system) are 

replaced by electrical devices. Replacing hydraulic and pneumatic systems with their 

electrical alternatives will result in improved efficiency and reduced weight and thus 

help reduce the weight, cost, and complexity of the system. 

Furthermore, the use of electrical power with an appropriate distribution system 

provides options for reconfigurability, prognostics and diagnostics. It enables 

monitoring the health condition of the power system and thereby predicts its 

maintenance period. These features offer increased flexibility and availability of the 

entire system as well as reduced unscheduled downtime [8].  

 

Fig 1.2. Power sources distribution of MEA [8] 

Fig 1.3 shows the electrical power levels of several civil aircraft in the past decades. 

It shows that the onboard generation power capability of aircraft has increased over the 
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past years. Especially, the Boeing 787 reaches up to 1,450 KVA  [7]. The Boeing 787 

is a prime example of an aircraft that has implemented several MEA solutions, leading 

to 20%-25% more fuel efficient than the aircraft it replaces (Boeing 767) [10]. This 

trend will continue as electrical power becomes more important on board in future 

aircraft. 

 

Fig 1.3. Electrical power levels for various civil aircraft  

Within the aviation industry, one-third of the emissions come from flights of less than 

1,500 km range, and two-thirds from flights less than 4,000km range, making more-

electric regional and commuter aircraft has become inevitable to reduce overall CO2 

emissions in the aviation industry [11]. 

With the agility to take off and land in regional or remote utility airports, commuter 

aircraft are frugal when it comes to fuel consumption. Commuter aircraft have fast 

turnaround times, and can be deployed on routes that would not be geographically or 

economically viable by rail or road, nor by larger aircraft such as regional turboprops 

or jets. To meet the Flightpath 2050 target whereby ñ90% of travellers within Europe 

can complete their journey, door-to-door within 4 hoursò, commuter aircraft plugs a 

gap that many other travel paradigms struggle to fill [11]. Therefore, lower 

environmental impact (noise, fuel) is a key improving area for commuter aircraft. 
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1.3 Mild -Hybrid ized Turboprop (Tech TP) for 

Commuter Aircraft  

Turboprop engines are commonly used as the thrust power source of commuter 

aircraft. A good example of this type of aircraft is the Beechcraft 1900 (Fig 1.4). This 

is a 19-passenger, twin-engine turboprop fixed-wing aircraft manufactured by 

Beechcraft. It was designed as a regional airliner with the capability of flying over 600 

miles (970 km), and is one of the most popular 19-passenger airliners in history. The 

thrust power is from two Pratt & Whitney Canada PT6A turboprop engines with each 

flat rated at 1,100 shaft horsepower (820 kW) [12]. 

 

Fig 1.4. A Beechcraft 1900 with two PT6A turboprops by Pratt & Whitney Canada [12] 

Commuter aircraft commonly use their turbine engine to drive a propeller to provide 

thrust, as shown in Fig 1.5. The in-take air is firstly compressed by a compressor before 

entering the combustion chamber, where the fuel is injected and mixed with the 

compressed air. After ignition, the fuel-air mixture will  combust and the hot combustion 

gases expand through the turbine stages, generating power at the point of exhaust. The 

thrust is thus provided by the propeller, which is coupled and driven by the turbine 

through a reduction gearbox [13]. 
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Fig 1.5. Schematic diagram showing the operation of a turboprop engine [13] 

To make a more fuel-efficient turboprop, Safran and its partners within CleanSky 2 

programme have developed a technological demonstrator (Tech TP), aiming to validate 

the technologies necessary to develop a new-generation turboprop. This paves the way 

for low-fuel and low-noise engines for use in general aviation and small commuter-

sized aircraft (up to 19 passengers). The final aim of Tech TP is to reduce CO2 emissions 

by 15% and decrease noise levels by up to 5 decibels compared to current engines in 

service [14]. One important measure to achieve that target would be to add a 

mechatronic system (developed by the ACHIEVE project - Advanced mechatronics 

devices for a novel turboprop electric starter-generator and health monitoring system, 

project No. 737814 within the EU CleanSky 2 programme) into Tech TP to achieve a 

mild-hybridized engine. The Tech TP system is shown in Fig 1.6. As can be seen, the 

system is mainly composed of PAGB (propeller and accessory gearbox), turbo engine, 

and propeller (marked as óaô,ôbô,ôdô in Fig 1.6 respectively). The air inlet and exhaust 

of the turbo engine are marked as óeô and ófô in Fig 1.6. The ACHIEVE system is 

integrated into the PAGB, and its location is marked in Fig 1.6 at ócô. A starter will 

drive the turbo engine to idle speed to ignite the engine, and then the engine will provide 

up to 1MW thrust power to the propeller through PAGB. 
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Fig 1.6. Tech TP system schematic 

(a) Propeller and accessory gearbox (PAGB); (b) Turbo engine; (c) ACHIEVE system in PAGB; (d) 7-

blade propeller; (e) Air inlet; (f) Exhaust [15] 

The mechatronic system was developed within the ACHIEVE project. This 

mechatronic device is essentially a motor-generator drive system developed by the 

University of Nottingham, NEMA Ltd and PST company. This PhD research is 

working on this project and provides an advanced sensorless control scheme for the 

new motor-generator system.  

The energy flow diagram among the main components of Tech TP is shown in Fig 

1.7. The turbo engine is based on Safranôs Ardiden 3 core engine, which was developed 

for helicopter application and is already certified by EASA. It can provide up to 1MW 

power to the propeller through the gearbox. Meanwhile, the ACHIEVEôs rotor shaft is 

coupled with gearbox as well. This can either generate up to 20kW electrical power to 

charge the battery (as a generator), or provide up to 20kW mechanical power to the 

propeller through the gearbox (as a motor). The 20kW generation capacity thus makes 

more electrical and electronic devices onboard available to next-generation turboprop 

engines. When it works as a motor, ACHIEVE can be used as a booster of the turbo 

engine to assist its start-up. Although the maximum power of the ACHIEVE system 

(20kW) is much smaller than the turbo engine (1MW), it can still be used as an auxiliary 

thrust source for the propeller, which helps the turbo engine to reduce fuel consumption. 
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Fig 1.7. Tech TP main components and energy flow diagram 

To achieve such functionalities, there are a few challenges which need to be 

addressed: 

- Limited space available  

Since the ACHIEVE system needs to be integrated into the propeller gearbox, very 

limited space is available inside the gearbox and this space is irregular. Therefore, the 

machine and converter must be bespoke to fit into the limited space. 

- High-temperature environment 

The ambient temperature inside the gearbox can reach 130°C in extreme cases as it 

is close to the turboprop engine and the space is exposed to high-temperature engine oil 

mist for gear and bearing lubrication (open bearing technology is used for this engine). 

- High power density requirement (>20kW)) 

Since at least 20kW power capacity is required for the ACHIEVE system in such a 

limited space, the high power density of both the machine and drive system is 

necessary. 

- Highly integrated design 

The project requires all drive system components (machine, converter, controller, 

heatsink) to be integrated into the gearbox, so the ACHIEVE system must involve a 

highly integrated design. 

- Fault tolerance design 
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In order to enhance the reliability of the ACHIEVE system to meet the aerospace 

standard, a dual 3-phase machine with two independent AC/DC channels is developed 

to make the system more redundant.  

- Sensorless control for high-speed machines 

Due to the high ambient temperature within the gearbox and limited space available 

for ACHIEVE system, It is required by our project partner to apply sensorless control 

in ACHIEVE system as it can get rid of the position sensor as well as save the space 

for the machine and converter. This is the most challenging part of this project since 

sensorless control should cover all speed ranges, from zero to the maximum speed 

(14.2krpm). Development of a sensorless algorithm which is suitable for such a high-

speed electric drive, for both motoring and generation, and covering the entire speed 

range is thus the main focus of this PhD research. 

 

1.4 Introduction  to the ACHIEVE System  

The location of the ACHIEVE system in the turboprop is demonstrated in Fig 1.8. As 

it is integrated within the gear box, it occupies the limited circular space between the 

propeller shaft and PAGB housing. The environment is hostile due to the high-

temperature lubrication oil mist (up to 130°C), and thus requires a dedicated and highly-

efficient cooling system, as well as good sealing performance. The ACHIEVE shaft has 

teeth on its right end to mechanically couple with the gears in the PAGB. Through these 

gears, the shaft can drive the propeller and also be driven by the turbo engine shaft. 
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Fig 1.8. ACHIEVE system position inside PAGB (left) and the system diagram (right) 

As an auxiliary mechatronic device, the ACHIEVE system can work as a motor to 

drive the turbo engine shaft from stop status to the ignition speed together with the 

existing starter/generator of the turbo engine, which can accelerate the engine start-up 

process. In addition, ACHIEVE can also be driven by the turbo engine as a generator 

to charge the battery during aircraft cruising.  

A structure diagram of the ACHIEVE system is shown in the right figure of Fig 1.8. 

ACHIEVE machine is a dual three-phase machine, with two power channels. Each 

channel has three-phase windings from the machine feeding into one AC/DC converter 

with its dedicated controller. Compared with the traditional 270V onboard DC-bus, the 

540V DC-bus allows the machine to have higher back-EMF and higher maximum 

speed.  

Due to the project requirement, sensorless control has been implemented for the 

ACHIEVE machine. Because there is not a single sensorless method which can behave 

well at both low and high speeds, a hybrid sensorless algorithm was developed to ensure 

stable operation from zero to maximum speed. The stability of the sensorless control at 

extremely high speed with a low PWM to fundamental frequency ratio will also be 

investigated in this thesis. 
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1.5 Aims and Objectives of Thesis 

The thesis aims to discuss the development of ACHIEVE motor-generator system for 

mild-hybridized turboprop application. The specific objectives are as follows: 

¶ Develop the math model of the dual three-phase machine and corresponding 

control algorithm for the ACHIEVE project. The control algorithm will  

include the current closed-loop control, speed closed-loop control, and 

position sensorless estimation. Although the dual three-phase machine can 

even work with only one three-phase, fault-tolerant control is not in the scope 

of this thesis.  

¶ Develop the sensorless control algorithm covering the full speed range. As no 

sensorless algorithm can have good performance at both low speed and high 

speed, a hybrid sensorless control algorithm will  be developed. 

¶ As the machine will run at a very high speed with low power electronic 

modulation frequency to the electrical fundamental frequency ratio, it will 

cause serious stability issues if the control parameters are not selected 

carefully. Therefore, the stability analysis of the MRAS (Model Reference 

Adaptive System) sensorless algorithm is necessary to provide useful 

conclusions on control parameter selection and MRAS algorithm 

development. 

¶ The power converter and hardware controller will be developed for this dual 

three-phase machine. Due to the high-integration requirement, the power 

converter is customized to achieve high power density. The control algorithm 

based on microcontrollers also needs to be developed.  
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¶ The experiment of the prototype is necessary to validate the dual three-phase 

drive system. The test results are aimed to demonstrate the full power delivery 

ability of this system. This dual three-phase drive system needs to be worked 

in full speed and full power stably with sensorless control algorithm and 

efficient cooling performance. 

1.6 Thesis Outline 

The rest of this thesis is structured as follows: 

 

Chapter 2 starts with introducing the structure of the dual three-phase machine. Then, 

the math models of the machine are derived based on the machine parameters from the 

FE model. The most accurate model is the six-phase math model, which has been 

proven its consistency with the FE model by simulation. The dual d-q math model is 

more convenient for control algorithm design.  

 

Chapter 3 introduces the current closed-loop control and position sensorless 

algorithm for the dual three-phase machine. The current closed-loop control topology 

based on the proposed dual d-q machine math model is developed and validated in 

simulation. Position sensorless algorithms are investigated for this machine, and I-F 

open-loop sensorless and MRAS (Model Reference Adaptive System) sensorless are 

selected as low and high-speed sensorless algorithms respectively. Their principles are 

introduced, and corresponding simulations are achieved.  

 

Chapter 4 develops the stability analysis model for MRAS sensorless control system. 

Firstly, a literature review of sensorless stability analysis is given, coming with 

challenges of applying MRAS sensorless to high-speed drive applications. Then, the 
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small-signal models of entire current closed loops, including the MRAS sensorless 

control algorithm, current PI controller, machine model and frame transformations, are 

derived and developed in the discrete-time domain.  

 

Chapter 5 proposes a stability analysis procedure to analyse the overall stability 

performance of the MRAS sensorless system and provides simulation results. The 

stability boundary of the MRAS sensorless control system is calculated under different 

operating conditions with different parameters. The stable areas are validated by 

simulations and some useful conclusions are derived to guide stable control parameter 

selections. 

 

Chapter 6 introduces the experimental prototype of the dual three-phase machine and 

its drive system. The hardware and software of the customized six-phase power 

converter will be introduced first. Then, the integrated assembly of the dual three-phase 

machine and the power converter is introduced. Finally, the experimental test setup is 

introduced. All the content in this chapter tries to give an overall picture of the 

experimental prototype to readers. 

 

Chapter 7 demonstrates the test results of sensorless control. Both green-taxiing and 

generation operation modes are validated using testing facilities in Nottingham. The 

experimental tests prove that the prototype can accelerate to the designed maximum 

speed (14.2krpm) and generate rated power (20kW) as required. In addition, this 

chapter also shows the experimental results to validate the stability analysis method 

proposed in the previous chapters.  
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Finally, Chapter 8 concludes the Thesis with the overall work and main outcomes. 

Possible future research work is also discussed in this Chapter. A list of publications 

which resulted from the research is also given.  

1.7 Conclusion 

In this chapter, the consequences of climate change and the urgent need for reducing 

CO2 emissions, especially in the aviation area, were first presented. Aircraft 

electrification (also known as MEA (More Electric Aircraft)) can help increase fuel 

efficiency by replacing the mechanical, hydraulic, and pneumatic subsystems with 

electrical alternatives. The structures of conventional aircraft and MEA have been 

compared to illustrate the superiority of MEA and reveal the future trend of MEA. 

As a commonly used thrust power source of commuter aircraft, a turboprop engine 

can become more fuel-efficient with the addition of a mechatronic device into its 

gearbox. The project ACHIEVE at the University of Nottingham has developed a 

motor-generator drive system for the next-generation turboprop demonstrator (Tech 

TP) at Safran. It can work as a motor to drive the turbo engine shaft from stop status to 

the ignition speed together with the existing starter/generator of the turbo engine, which 

can accelerate the engine start-up process. The same system can be used as a generator 

when the aircraft is in the air and supply electrical power to on board load. 

The ACHIEVE system includes a 20kW dual 3-phase PMSM, together with its power 

converter and cooling system. The dual 3-phase channel design guarantees unceasing 

electric power generation, even if one channel fails. Due to the space limitation and the 

high-temperature environment, the position sensor (encoder or resolver) would be 

impossible to integrate, so sensorless control was implemented for the ACHIEVE 

machine. The aims and objectives of this thesis have been formulated in this chapter 

along with an outline of the thesis. 
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Chapter 2.  

Dual Three-Phase Machine Modelling 

 

The multi three-phase machine has many advantages to be applied in aerospace 

applications. Compared with the single 3-phase machine, multi three-phase machines 

can reduce the current per phase without increasing the voltage per phase [16], which 

makes it possible to use multiple small power modules to achieve an overall high power 

rate. The multiphase machine also has higher reliability with a higher degree of 

redundancy, which is preferable in some safety-critical areas such as aerospace 

applications. 

A dual three-phase permanent magnet synchronous machine has been designed for 

this project. The optimized machine structure will be discussed in this chapter first. 

Then, the mathematical modelling of this machine is discussed in the following part of 

this chapter. Two models (the six-phase math model and the dual d-q math model) are 

derived based on the machine parameters from finite element analysis. Both of them 

match well with the finite element model but have their advantages and disadvantages. 
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2.1 Dual Three-Phase Machine Design 

 The ACHIEVE machine is required to deliver at least 20kW power to the DC-bus 

between rated speed (12.4krpm) and maximum speed (14.2krpm) within a limited space 

envelope. The researchers at the University of Nottingham have conducted a trade-off 

study to design a high power density machine meeting the mild-hybridized turboprop 

application requirement [17]. They compared several slot-pole combinations and 

winding configurations, and finalized the machine with 18 slots/12 poles permanent 

magnet synchronous machine with concentrated windings.  

The optimized machine has the section view in Fig 2.1. As can be seen, the rotor 

includes a hollow shaft, rotor lamination, permanent magnets (PMs) and the sleeve. The 

permanent magnet on the rotor is with a Holbach structure, which can reduce the rotor 

size and increase the power density. The magnet magnetization direction is shown in 

the figure with red arrows. The stator includes coils and stator lamination.  

 

Fig 2.1. Section view of the optimized dual three-phase machine  

 

Based on the finite element analysis result, this machine has the designed parameters 

shown in Table 2.1. The maximum winding temperature is 132oC which has a good 

margin with the allowed maximum winding temperature (180 oC). The output power at 
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both rated speed and maximum speed are above 20kW (24.6kW and 26.7kW), and the 

efficiency and torque ripple results satisfy the project requirements. 

Table 2.1. ACHIEVE machine design parameters 

PARAMETERS Value 

Maximum Winding Temperature (oC) 132 

Current Density (A/mm2) 24.86 

Phase Resistance (ohm) 0.035 

Phase Inductance per channel (µH) 450 

Leakage Inductance per channel (µH) 71.5 

Peak no-load flux linkage per channel (Vs) 0.033 

Output Power at 12.4krpm per channel (kW) 24.6 

Output Power at 14.2krpm per channel (kW) 26.7 

Load Torque Ripple at 12.4krpm (%) 3.0 

Load Torque Ripple at 14.2krpm (%) 0.83 

Efficiency at 12.4krpm (%) 93.6 

Efficiency at 14.2krpm (%) 94.1 

 

2.2 Dual Three-Phase Machine Modelling 

2.2.1 Six-Phase Math Model 

The windings distribution of the developed machine is shown in Fig 2.2. As can be 

seen, each three-phase winding is placed in a semicircle of the stator. This kind of 

winding distribution is specifically designed for fault-tolerant purposes. The design 

allows the properties of electrical separation, magnetic separation and physical 

separation[18]. Splitting the stator into 2 sectors can achieve minimum mutual 

inductance between the two three-phase windings.  

Due to the layout of the unique winding, the mutual inductances between two sectors 

are relatively small than self-inductances within one sector. The purpose of this design 

is to decouple the two sectors magnetically as much as possible. This allows single-

sector operation if the other sector has problems (e.g., winding short-circuit, drive 

failure). However, this winding topology will also cause the disagreement of mutual 

inductances, but the impact can be minimized if loads of the two sectors are equal. 



Chapter 2. Six-Phase Machine Design and Modelling 

19 
 

 

 

Fig 2.2. Winding distribution of the dual three-phase machine 

As there are 18 slots and 12 poles, the electrical angle between two adjacent windings 

(— ) is 120Ј as: 

 —
Јᶻ
  (2.1) 

where ὴ = 12 represents pole number and ὔ ρψ  represents slot number. 

With the 120Ј of adjacent windings angle shift, the phasor diagram of winding 

distribution can be derived as shown in Fig 2.3. The two sectors (denoted as A/B/C 

phase sector, and U/V/W phase sector) are separated by a dashed line to reflect that 

they are physically separated in a stator. Within one sector, the electrical phase shift 

between any two phases (e.g., A-B, A-C) is 120o. Between two sectors, the phase shift 

of the corresponding two phases (e.g., A to U, B to V, C to W) is 180o. It is because the 

flux direction generated by the currents in phase A and phase U are opposite as shown 

in Fig.2.9.  
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Fig 2.3. Equivalent star winding configuration phaser diagram 

Within a traditional dual three-phase machine, the symmetrical three-phase windings 

should be alternated along the entire stator with the same spatial intervals. This winding 

pattern will result in the same self-inductance and mutual inductance for each phase. In 

this machine, however, each three-phase windings are only placed on half of the stator 

and thus mutual inductances between phases would not be equal but depending on the 

location of the windings (e.g., ὒ ὒ ). The inductance matrix for the 6 phases of 

this machine is calculated from FEA software (MAGNET [19]) and shown in equation 

(2.2). ╛ (3x3) represents the self and mutual inductance within each three-phase 

windings, and ╜ (3x3) represents the mutual inductance between two three-phases. 

 ╛▼
╛ ╜
╜ ╛

  (2.2) 

where ╛
σςφ ψρ ρρρ
ψρ σςφ ρρρ
ρρρ ρρρσςφ

‘Ὄ, ╜
ςπυπςπ
υπςπςπ
ςπςπςπ

‘Ὄ 

For a symmetrical dual three-phase machine, the self-inductance is the same for 

different phases. This is also true for mutual inductances. Thus the self-inductance 

matrix ╛ should be with one value for the diagonal line items (self-inductance) and the 

mutual inductance matrix ╜ should be with another value for non-diagonal items 

(mutual inductance). However, for this studied machine, the mutual inductance matrix 
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╜ embedded different values, for example, ὓ ὓ ȟὓ ὓ . Here, ὓ  is 

smaller than ὓ   and it is because the windings A and C are always next to each other 

but A and B are discontinuous near the boundary of the one sector. Due to this 

phenomenon, the inductance matrix ╛▼ cannot be transferred to a diagonal matrix by 

Clarke-Park transformation. This means the decoupled d-q current control is not 

achievable using conventional Clarke-Park transformation. Thus, some further 

modelling techniques for control design are required. 

For this dual three-phase machine, its voltage equation is given as follows: 

 ◊Ἳ Ὑ░▼
ⱴ▼ (2.3) 

where Ὑ represents the phase resistance, and ◊Ἳȟ░▼ȟⱴ▼ represent phase voltages, 

currents, and stator flux linkage respectively. They have expressions as follows: 

 ◊▼
◊
◊

ό ό όȿό ό ό  (2.4) 

 ░▼
░
░

Ὥ Ὥ ὭȿὭ Ὥ Ὥ  (2.5) 

 ⱴ▼
ⱴ
ⱴ

• • •ȿ• • •  (2.6) 

The vector with subscript ñ1ò represents variables associated with ABC windings. 

The vector with subscript ñ2ò represents variables with UVW windings. The stator flux 

linkage comes from two sources, i.e., stator currents and permanent magnet, and can be 

expressed as  

 ⱴ▼ ╛▼░▼ •ⱦ (2.7) 

where •  represents the rotor flux linkage magnitude per phase associated with 

permanent magnet;  ⱦ represents the angle shift between the rotor and each stator 

windings and can be given as 

 ⱦ
ⱦ
ⱦ

 (2.8) 
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 ⱦ ÃÏÓ— ÃÏÓ— ÃÏÓ—  (2.9) 

 ⱦ ÃÏÓ — “ ÃÏÓ — ÃÏÓ —  (2.10) 

where — represents the electrical angle shift between rotor N-pole and phase-A. 

The voltage equation of the machine in the six-phase frame can thus be derived by 

substituting flux linkage expression (2.7) ï (2.10) into voltage expression (2.3). Thus 

we have 

 ◊Ἳ Ὑ░▼ ╛▼
░▼ ⱦ▀ (2.11)•‫ 

where  

 ⱦ▀
ⱦ▀
ⱦ▀

 (2.12) 

 ⱦ▀ ÓÉÎ— ÓÉÎ— ÓÉÎ—  (2.13) 

 ⱦ▀ ÓÉÎ — “ ÓÉÎ — ÓÉÎ —  (2.14) 

In (2.11), the inductance matrix ╛▼ is given in (2.2), and Ὑȟ•  are given in Table 2.2 

below. All of them are derived from the finite element model of the optimized machine. 

Table 2.2. Machine parameters from Motor-CAD  

Machine parameter Symbol Value 

Pole pairs ὴ 6 

Phase resistance Ὑ 0.035ɱ 

Flux induced by magnet •  0.033Vs 

The electromagnetic torque can be determined as the first derivative of the field 

energy ὡ  [20] and given as  

 Ὕ ὴ ░▼╛▼░▼ ░▼Ͻ•ⱦ  (2.15) 

where —  is the mechanical rotor angle of the machine which has a relationship with 

the electrical rotor angle as follows:  

 — ὴ—   (2.16) 

It can be seen from (2.15) that the torque is only proportional to the product of stator 
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currents and magnet flux. Because ░▼ is the function of time and ╛▼ is constant, the first 

item of (2.15) is not associated with the rotor position —  and will become zero after 

derivation. This item will not contribute to any torque. Thus (2.16) can be simplified 

as: 

 Ὕ ὴ•░▼ⱦ▀   (2.17) 

2.2.2 Dual D-Q Math Model 

The six-phase math model developed just above is the most intrinsic math description 

of the dual three-phase machine. However, it is not friendly for machine control 

engineers because all variables on the six-phase frame are sinusoidal. To make a 

convenience of control algorithm development, a decoupled machine math model based 

on the rotor frame (d-q frame) will be developed in this section. 

This decoupled machine model is called the dual d-q math model because there are 

two sets of d-q frames defined for the two three-phase, which are ὨρȾήρ and ὨςȾής  

shown in Fig 2.4 for ABC and UVW phases respectively. As can be seen from it, the 

Ὠρ-axis is aligned with rotor N-pole. The Ὠς-axis has 180-degree shift with Ὠρ-axis 

due to the 180-degree phase shift between the A phase and U phase. The ήρ and ής 

axes are 90° shift anti-clockwise from Ὠρ and Ὠς axes. 

 

Fig 2.4. d/q-axis and rotor position (—) definition 

After the definition of the d-q frame, the Clarke-Park transformation equation (2.18) 

is multiplied on both sides of the six-phase model (2.11), which can derive the final 
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decoupled dual d-q frame equation like (2.19-a) and (2.19-b), which represent A/B/C-

phase and U/V/W-phase respectively.  

 ╒
╒

╒
  (2.18) 

where ╒
ÃÏÓ— ÃÏÓ— ÃÏÓ—

ÓÉÎ— ÓÉÎ— ÓÉÎ—
. 

 
ό
ό Ὑ

Ὥ
Ὥ

ὒ π
π ὒ

Ὥ
Ὥ ‫

ὒὭ

ὒὭ •
▀  (2.19-a) 

 
ό
ό Ὑ

Ὥ
Ὥ

ὒ π
π ὒ

Ὥ
Ὥ ‫

ὒὭ

ὒὭ •
▀ (2.19-b) 

where Ὑȟ•ȟὒȟὒ have their values shown in Table 2.3, and ▀ has the expression in 

(2.20). The Ὑ and •  donôt change after Clarke-Park transformation so they are the 

same as the parameters of the six-phase model in Table 2.2. The ὒ and ὒ are unique 

for dual d-q model and calculated based on the inductance matrix ╛▼ in (2.2).  

 

Table 2.3. Machine parameters for dual d-q math model 

Machine parameter Symbol Value 

Phase resistance Ὑ 0.035ɱ 

Flux induced by magnet •  0.033Vs 

d- and q-axis inductance ὒȟὒ 437‘Ὄ 

 

Comparing (2.19-a) and (2.19-b) with the traditional three-phase PMSM model, the 

dual d-q model has an extra item ▀, which has the expression as follows: 

 ▀ ╜▀
Ὥ Ὥ
Ὥ Ὥ

ł

‫
Ὥ Ὥ

Ὥ Ὥ
  (2.20) 

where ╜▀
ψ ςπ
ςπ ρς

‘Ὄ is calculated based on the inductance matrix ╛▼ in (2.2). 

It can be seen the ὒ and ὒ are much larger than ╜▀. In addition, during normal 

operations, Ὥ  and Ὥ  will follow the same reference value and so do the Ὥ  and Ὥ , 
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thus making ▀ to be even smaller. Therefore, ▀ can be neglected and this machine can 

be regarded as two separate three-phase PMSM as follows: 

 
ό
ό Ὑ

Ὥ
Ὥ

ὒ π
π ὒ

Ὥ
Ὥ ‫

ὒὭ

ὒὭ •
  (2.21-a) 

 
ό
ό Ὑ

Ὥ
Ὥ

ὒ π
π ὒ

Ὥ
Ὥ ‫

ὒὭ

ὒὭ •
 (2.21-b) 

Therefore, the total electromagnetic torque can be regarded as the sum of two 3-phase 

machines and has its expression as follows: 

 Ὕ ρȢυὴ• Ὥ Ὥ   (2.22) 
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2.3 Comparison of Machine Math Models and 

Finite Element Model 

In this section, the two machine math models (i.e., six-phase model, dual d-q model) 

derived above will be compared with the machine finite element (FE) model. With the 

same current inputs, the two math models are expected to have the same voltage and 

torque output as the FE model, so that to prove the correctness of the two math models. 

It is assumed that the rotor is rotating constantly at 10,000rpm (‫ φςψσÒÁÄȾί), 

and the six phase windings are injected with sinusoidal currents given by (2.23) with 

one period waveform shown in Fig 2.5. The magnitude of currents (i.e., Ὅ) is set to 10A.  

 

ừ
Ử
Ử
Ử
Ừ

Ử
Ử
Ử
ứ
Ὥ ὍϽÓÉÎ‫ὸ

Ὥ ὍϽÓÉÎ‫ὸ

Ὥ ὍϽÓÉÎ‫ὸ

Ὥ ὍϽÓÉÎ‫ὸ “

Ὥ ὍϽÓÉÎ‫ὸ

Ὥ ὍϽÓÉÎ‫ὸ

  (2.23) 

 

Fig 2.5. The current waveform used for the FE model, six-phase model, and dual d-q model 

For the FE model, the current injections can be achieved by simply connecting six 

current sources (with the waveforms in Fig 2.5) to the six windings. Then, running the 

finite element simulation can obtain the six-phase voltages and torque waveforms. 
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For the six-phase math model, the six-phase voltages and torque are calculated with 

the model shown in Fig 2.6 below. Firstly, the ⱦ▀ is calculated using (2.12)-(2.14) with 

the input of rotor position (—). Then, the six-phase voltages (◊▼) can be calculated by 

(2.11) with ‫ , ⱦ▀, and injected currents (░▼). The torque (Ὕ) can be calculated through 

(2.17). 

 

 

Fig 2.6. Six-phase math model validation diagram 

For the dual d-q math model, the six-phase voltages and torque calculation diagram 

is shown in Fig 2.7. Because this math model is built on the d-q frame, the six-phase 

currents should be transformed to the d-q frame by Clarke-Park transformation using 

(2.18), and the six-phase voltages also need to be transformed from the d-q voltages by 

inverse Clarke-Park transformation using the equation (2.24) below. The voltages in 

the d-q frame are calculated from d-q frame currents by (2.21-a/b), and the torque is 

calculated by (2.22) with Ὥ  and Ὥ . 

 ╒ἱἶἾ
╒ἱἶἾ

╒ἱἶἾ
  (2.24) 

where ╒ἱἶἾ

ÃÏÓ— ÓÉÎ—

ÃÏÓ— ÓÉÎ—

ÃÏÓ— ÓÉÎ—

. 
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Fig 2.7. Dual d-q math model validation diagram 

After injecting the same six-phase currents into the 3 models (i.e., FE model, six-

phase model, dual d-q model), the output phase voltages and torque have the results in 

Fig 2.8-Fig 2.10. 

Fig 2.8 demonstrates one period of the six-phase voltages in the time domain, and 

Fig 2.9 compares the spectrum of A-phase voltage for the 3 models. From Fig 2.8, it 

can be seen the six-phase model and dual d-q model have exactly the same voltage 

waveforms, and the FE model has almost the same waveforms but with a small 

distortion.  

Their minor difference can be explained from their spectrum in Fig 2.9. There, we 

can see that the fundamental voltage components (1,000Hz) are the same for the six-

phase model and dual d-q model (208V), but is a little different for the FE model 

(206.7V). However, the voltage waveforms from the six-phase model and dual d-q 

model are ideal sinusoidal and only contain fundamental components, while voltage 

waveforms from the FE model contain harmonics due to impacts such as lamination 

saturation, slots and magnets shapes, uneven flux distribution, etc.  

For the control design, only the fundamental components are relevant, therefore, it is 

adequate to use the six-phase model or the dual d-q model to represent the relationship 
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between machine phase voltages and phase currents. 

 

Fig 2.8. Six-phase voltage comparison of FE model, six-phase model, and dual d-q model  

 

Fig 2.9. The spectrum of A-phase voltage for the FE model, six-phase model, and dual d-q model  

The comparison of electromagnetic torque waveform, given by Fig 2.10, shows that 

the torques from the six-phase model and dual d-q model are constant, whilst the torque 

from the FE model contains ripple caused by cogging torque and harmonics of magnet 

flux. However, they have similar average values as expected. 
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Fig 2.10. Torque comparison of FE model, six-phase model, and dual d-q model 

Above all, this section proves the two machine math models (six-phase model and 

dual d-q model) have a good match with the FE model. Therefore, control algorithms 

can be proposed and simulated based on the six-phase model or dual d-q model instead 

of the time-consuming FE model with much confidence. However, from the FE model, 

the cogging torque and voltage harmonics can be observed, which is impossible for the 

two math models. Therefore, the FE model is prone to be used for torque ripple analysis. 
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2.4 Conclusion 

In this chapter, the dual three-phase permanent magnet synchronous machine 

designed for mild-hybridized turboprop is first introduced. Its section view is provided 

to give a better understanding of the machine structure. The machine parameters are 

derived from finite element analysis, and the machine performance from simulation 

satisfies the requirement of the machine from the project. 

Then, two math models of this dual three-phase machine are developed (i.e., six-

phase math model, dual d-q math model). The six-phase math model is the most 

intrinsic, but not friendly for control algorithm design because all variables in the six-

phase frame are sinusoidal in steady state. Another machine model, the dual d-q math 

model, is derived from the six-phase math model but based on the rotor d-q frame. It 

can fulfil the decoupling of machine variables and is easier for control design.  

At the end of this chapter, the 3 models (finite element model, six-phase model, and 

dual d-q model) are compared by using the same six-phase currents as input. The output 

voltages and torque of them are compared to validate their consistency.  
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Chapter 3.  

Current Closed-Loop Control and 

Position Sensorless Algorithm 

The dual three-phase machine math models (six-phase model and dual d-q model) 

have been developed in the last chapter. In this chapter, the current closed-loop control 

algorithm will be designed based on the dual d-q machine model. Then, the rotor 

position estimation methods will be reviewed based on previous literature. The I-F 

(current-frequency) open-loop sensorless control is selected for zero to low speed, and 

the Model Reference Adaptive System (MRAS)-based estimation method is adopted 

for high speed. The principles of these two sensorless controls will be introduced in 

detail and corresponding simulation results will validate their ability to control this 

machine without position sensor. The speed control loop is not considered in this 

chapter, whilst it will be implemented in the ACHIEVE experiment and introduced in 

Chapter 7. 

 

3.1 Current Controller  Design 

In this section, the PI (proportional-Integral) current controller is designed based on 

the dual d-q math model proposed in section 2.2.2. The machine dual d-q model can be 

summarized as:  

 
ό
ό Ὑ

Ὥ
Ὥ

ὒ π
π ὒ

Ὥ
Ὥ ‫

ὒὭ

ὒὭ •
  (3.1-a) 
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ό
ό Ὑ

Ὥ
Ὥ

ὒ π
π ὒ

Ὥ
Ὥ ‫

ὒὭ

ὒὭ •
 (3.1-b) 

Each 3-phase channel can be regarded as an independent 3-phase machine. Therefore, 

the two channels can be controlled separately with the current closed-loop control 

diagram shown in Fig 3.1 below. Each 3-phase channel has its own current PI 

controllers, current decouple module and SVPWM module. Because the two channels 

have the same expression and parameters, only the ABC 3-phase channel will be 

analysed in the following part of this section, and the derived control parameters can be 

used for the UVW channel directly. 

 

Fig 3.1. PI current control diagram based on dual d-q math model 

Transforming the time-domain expression (3.1-a) to the s-domain, the machine 

transfer function of the ABC channel is shown as follows: 

 ό ίὒ ὙὭ ‫ὒὭ   (3.2-a) 

 ό ίὒ ὙὭ ‫ ὒὭ •  (3.2-b) 

The PI controllers in Fig 3.1 have the transfer function as follows: 

 όᶻ Ὧ Ὥᶻ Ὥ   (3.3-a) 
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 όᶻ Ὧ Ὥᶻ Ὥ  (3.3-b) 

where ὯȟὯ are proportional and integral factors respectively. 

The purpose of the óDecoupleô module in Fig 3.1 is to compensate the cross-coupling 

voltage drop on back-EMF and d/q-axis inductances. It has the expressions as follows: 

 όᶻ όᶻ ‫ὒὭ   (3.4-a) 

 όᶻ όᶻ ‫ ὒὭ •  (3.4-b) 

The όᶻ  and όᶻ  in Fig 3.1 are the voltage references which go to the SVPWM 

module to generate switching signals of the A/B/C-phase. The SVPWM usually causes 

a delay between voltage reference and real voltage, which is one switching period. 

Therefore, this delay can be described as a first-order process as follows: 

 ό όᶻ   (3.5-a) 

 ό όᶻ  (3.5-b) 

where Ὕ represents the switching period which is the same as the carrier period. 

Based on the transfer function derived above, the entire transfer function diagram of 

the d-axis current control loop can be derived and displayed in Fig 3.2-(a), where the 

three blocks represent models of PI controller, SVPWM delay, and electrical machine 

respectively. One compensation term ‫ὒὭ  after the SVPWM delay represents the 

coupling item from q-axis to d-axis inside the machine. The other compensation term 

‫ὒὭ  before SVPWM delay is the decoupling item in the controller. As can be seen 

in Fig 3.2-(a), the two compensations are the same but have opposite symbols, which 

can be counteracted in further analysis. Therefore, Fig 3.2-(a) can be synthesized into 

Fig 3.2-(b) with an open-loop transfer function shown in (3.6). 
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Fig 3.2. The entire Ὥ  current control loop (a) and synthesized (b) transfer function diagram  

 Ὃί   (3.6) 

It can be seen from Fig 3.2-(b), the open-loop transfer function has two poles (ί

ρȾὝ ȟὙȾὒ) and one zero (ί ὯȾὯ). The design principle of Ὧ and Ὧ is to 

make the zero cancel the pole which is close to the origin and has a greater impact on 

system performance. Therefore, the PI factors are selected as follows: 

 Ὧ ὒ‫   (3.7-a) 

 Ὧ Ὑ‫  (3.7-b) 

where ‫  is associated with the system's closed-loop bandwidth with a unit of rad/s. 

Substituting  (3.7-a) and (3.7-b) to (3.6), the open-loop transfer function has an 

expression as follows: 

 Ὃί   (3.8) 

Therefore, the closed-loop transfer function is shown as follows: 

 
Ὃ ί

  (3.9) 

where the second order item (ίὝ) can be neglected as its factor Ὕ is much smaller 

than the first-order factor 1. Ὕ  is defined Ὕ ρȾ‫ . 

As can be seen from the close-loop transfer function (3.9), the current closed-loop is 

a first-order system. Its time constant Ὕ  is a measure of how quickly the first order 



Chapter 3. Current Closed-loop Control and Position Sensorless Algorithm 

36 
 

system responds to a unit step input. The bandwidth of this system is defined as Ὢ

ρȾς“Ὕ , which represents the frequency of the system with a -3dB drop.  

The transfer function diagram of Ὥ -loop is similar to that of Ὥ  control loop and is 

shown in Fig 3.3. As ὒ is assumed to be equal to ὒ for this surface-mounted machine, 

the close-loop transfer function of Ὥ  close-loop is thus the same with Ὥ  close-loop 

and the selection of ὯȟὯ in the Ὥ  close-loop can follow (3.7-a) and (3.7-b). 

 

Fig 3.3. Whole (a) and synthesized (b) transfer function diagram for Ὥ  closed-loop 

With (3.7)-(3.9), the PI controllers for the current loop can be defined for a selected 

bandwidth Ὢ . For the specific ACHIEVE machine, we select the bandwidth to be 

Ὢ=1000Hz, the control parameters can be derived and shown in the following table. 

Table 3.1. Current PI controller parameters  

Simulation condition Symbol 

Controller bandwidth (█╬╬) 1000Hz 

Proportional factor (▓▬) 2.74 

Integral factor (▓░) 220 

 

3.2 Current Closed-Loop Control  Simulation 

A simulation model shown in Fig.A.3 in Appendix A is built in PLECS. It will be 

used in this section to validate the current closed-loop control algorithm proposed in 

Section 3.1. The motor drive system with designed current loops is tested under two 

scenarios, i.e., step current command scenario and step speed command scenario. 
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3.2.1 Step Current Command Scenario 

During the simulation, we kept the machine speed constant at 1krpm and the d-axis 

current reference Ὥᶻ is zero. At t=0s, the q-axis current reference (Ὥᶻ) changes from 0A 

to 10A. At t=0.01s, the Ὥᶻ changes from 10A to 20A. The PI controller bandwidth is 

selected to 1000Hz with ὯȟὯ shown in Table 3.1. 

The simulation results of q- and d-axis currents are shown in Fig 3.4. It can be seen 

in Fig 3.4 that the Ὥ follows the reference Ὥᶻ very well without any overshoot. The d-

axis currents are not affected at all by the q-axis current change.  

 

Fig 3.4. d/q-axis currents response with iq reference step command 

Fig 3.5 shows the electromagnetic torque under this scenario. This torque changes 

smoothly during the dynamic state and keeps very stable during the steady state. As this 

machine is assumed to have equal d- and q-axis inductances, the electromagnetic torque 

does not have the reluctance torque component. Therefore, the torque is proportional to 

iq exactly. 
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Fig 3.5. Electromagnetic torque response with iq reference step command  

The six-phase currents, given in Fig 3.6, have their magnitude the same as the q-axis 

current since the d-axis current is zero. The current waveforms also include high-

frequent harmonics caused by the PWM voltages. 

 

Fig 3.6. Six-phase currents with iq reference step command  

3.2.2 Step Speed Command Scenario 

In this scenario, we applied a step change of machine speed at t=0s from 0rpm to 

1krpm and t=0.01s from 1krpm to 5krpm. Although the step speed change is impossible 

in reality, it is a good assumption when only analysing the anti-disturbance performance 

of the current loop.  
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Fig 3.7. Speed command step change waveform 

The d- and q-axis current waveforms, given in Fig 3.8, show the currents are not 

influenced by the speed step changes and display good anti-disturbance ability. The 

torque waveform, given in Fig 3.9, is always constant even with these speed step 

changes. The torque ripple at a higher speed (5krpm) is also larger than the torque ripple 

at 1krpm, which is caused by the lower modulation to fundamental frequency ratio at 

5krpm. 

 

Fig 3.8. d/q-axis currents response with step speed command 
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Fig 3.9. Electromagnetic torque response with step speed command  

The six-phase current waveforms, given in Fig 3.10, show the current frequency 

increases with higher speed, but the magnitude is not affected by the speed change.  

 

Fig 3.10. Six-phase currents response with step speed command  
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3.3 Permanent Magnet Machine Position 

Sensorless Control  

In this section, the position sensorless control algorithm for the dual three-phase 

machine will be discussed. Firstly, a short literature review will be introduced regarding 

commonly used sensorless control methods for permanent magnet machines. The 

selection of I-F open-loop sensorless and MRAS sensorless methods is discussed for 

this high-speed motor/generator system application in detail. Finally, the sensorless 

control simulation models are built in PLECS and their performance is demonstrated.  

3.3.1 Position Sensorless Control Methods Review 

For field-oriented control, the rotor position, which is usually measured by an encoder 

or a resolver, is used in frame transformations for a permanent magnet machine. 

However, due to the project requirement, position sensorless control is the only option. 

Sensorless control of AC machines has been well-studied over the past few decades. 

Many approaches have been proposed for machine sensorless control and are 

categorized in Fig 3.11.  

 

Fig 3.11. Categories of position sensorless control 
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Based on their operation speed range, sensorless control techniques are categorised 

into two groups, low-speed sensorless control techniques and high-speed sensorless 

control techniques. Each group can be further divided into open-loop methods and 

closed-loop methods depending on whether the measured variables (e.g., phase current) 

are fed into the sensorless algorithm as a correction term [21]. The open loop sensorless 

methods, either in the low-speed or high-speed group, have the advantage of 

convenience for implementation. However, these open loops based sensorless controls 

may not satisfy performance requirements during transients and have the risk of 

position tracking failure. 

On the contrary, closed-loop sensorless methods are more reliable and robust. The 

closed loop methods for low speed can be categorized as rotating signal injection [22], 

[23], pulsating signal injection [24], [25] and others. The rotating signal injection 

methods inject phase-modulated signals into ‌‍ frame, whilst the pulsating signal 

injection methods inject magnitude modulated signals into Ὠή frame. Both of them 

essentially relies on rotor saliency, which limits their applications on the machines with 

little difference between d and q-axis inductances.  

The high-speed closed-loop sensorless methods include MRAS-based [26], Kalman 

filter-based [27], Luenberger observer [28], sliding mode observer [29], and so on. For 

these methods, the control inputs of the plant (actual machine) and the tracking error of 

the observer (i.e., the error between plant and observer outputs), are often used as the 

input signals to the observer. The observer gains are designed such that the observer 

outputs converge to the plant output. Thus, the estimated values for the states of interest 

can be forced to converge to their actual values [30]. When the speed is high, the back-

EMF and flux are easier to be extracted from the phase voltages and the impact of noise 

and converter nonlinearity can be neglected. Therefore, these two variables can be used 
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for observer and can have higher accuracy in high speed within sensorless control.  

In this thesis, the widely-used MRAS sensorless method is the major research 

objective not only because it is well developed during the past several decades, but also 

because it has a simple structure and is robust to parameter variation [26], [27], [39]ï

[42], [31]ï[38]. In this application, the machine will run at a high speed (>6000rpm) 

range most of the time, and only runs at the low speed with limited time duration during 

start-up acceleration. Therefore, the I-F (Current-Frequency) open-loop control is 

adopted during the short start-up period. Compared with V-F (Voltage-Frequency) 

open loop control, the current in I-F open loop control is under closed-loop control so 

that it will not become overcurrent [43]ï[45]. Although the low-speed closed-loop 

sensorless methods (e.g., signal injection) are more reliable than I-F open-loop control, 

they have more complicated control rules, thus more computation time will be required. 

In the following section, the theory of I-F open-loop control and MRAS sensorless 

control will be introduced separately. Their simulation models will also be built in 

PLECS to validate their effectiveness.  

 

3.3.2 I -F Open-Loop Sensorless Start -Up Control  

The I-F open-loop sensorless control diagram is shown in Fig 3.12. As can be seen, 

the reference rotor position (—ᶻ) is generated from integration of reference speed ((‫ᶻ 

instead of the rotor position from machine. The references Ὥᶻ and ‫ᶻ are the outputs of 

I-F open-loop sensorless algorithm. They can be step signals or ramping signals 

depending on the requirement, and they should also follow a proper sequence to ensure 

a successful start-up. The I-F control principle will be discussed below in detail. 
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Fig 3.12. Block diagram of I-F open-loop sensorless start-up control system 

3.3.2.1 I -F Open-Loop Control  Process 

The whole I-F open-loop sensorless start-up period can be classified into two stages. 

They are the initial clamping stage and rotating stage shown in Fig 3.13(a) and (b) 

respectively.  

 

Fig 3.13. I-F open-loop control frame diagram 

(a) initial clamping stage; (b) rotating stage. 

(1). Initial clamping stage 

As the actual d-axis position is completely random initially , the starting position of 

the reference rotating frame (green Äᶻand Ñᶻ-axis in Fig 3.13(a)) is defined to be aligned 

on A-phase. At the same time, a non-zero reference current (red Ὥᶻ in Fig 3.13(a)) is 
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given to the current controller. Due to the electromagnetic torque generated by the 

current, the d-axis which is aligned to the rotor (marked as blue in Fig 3.13(a)) will be 

forced to align with Ñᶻ-axis.  

The final stable state of this initial clamping stage is shown in Fig 3.13(a). As the 

current Ὥᶻ does not have any component projected on the actual q-axis, there will be no 

electromagnetic torque anymore, so the rotor will remain in the position shown in Fig 

3.13(a).  

 In Fig 3.13(a), the angle between Äᶻ-axis and A-phase (—ᶻ) is defined as the position 

of reference rotating frame (Äᶻ-Ñᶻ frame), and it is always zero during this initial 

clamping stage. The angle between the actual rotor d-axis and A-phase (—) is defined 

as the position of rotor, and it becomes 90° at the end of the initial clamping stage.  

(2). Rotating stage 

In this stage, a step change will be given to ‫ᶻ and thus the reference rotating frame 

(Äᶻ-Ñᶻ frame) starts to rotate, as shown in Fig 3.13(b). Due to the rotor inertia and load 

torque, the actual d-axis will lag behind the reference q*-axis. In this case, the 

projection of the current reference Ὥᶻ to the machine actual q-axis (Ὥ) will not be zero 

anymore and electromagnetic torque will be generated and drives the rotor to rotate. As 

the Ὥᶻ keeps constant during this stage, the electromagnetic torque totally depends on 

the angle between d-axis and d*-axis (— —ᶻ) which is the same with angle between 

q-axis and q*-axis.  

3.3.2.2 Speed Transfer Function of I-F Open-Loop Control 

The mathematical relationship between real rotor speed (‫ ) and its reference ((‫ᶻ 

will be discussed below:  

First of all, equation (3.10) demonstrates the relationship between electromagnetic 

torque and current on the real q-axis Ὥ. The ὑ  represents the torque constant of an 
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electrical machine. Equation (3.11) shows the relationship between Ὥ and Ὥᶻ. It is 

convenient to derive from the Fig 3.13(b), where Ὥ is the projection of Ὥᶻ on the actual 

q-axis.  

 Ὕ ὑὭ (3.10) 

 Ὥ ὭᶻÃÏÓ— —ᶻ  (3.11) 

Combining (3.10) and (3.11) gives  

 Ὕ ὑὭᶻÃÏÓ— —ᶻ  (3.12) 

In I-F open-loop control, the Ὥᶻ is always set to be constant, thus the torque Ὕ is a 

linear relation with ÃÏÓ— —ᶻ . The relation between Ὕ and — —ᶻ is shown in Fig 

3.14 (the black curve). The red initial point represents the initial starting state 

demonstrated in Fig 3.13(a). The position error — —ᶻ is 90Ј at this state. When the 

reference frame (d*-q*) starts to rotate, a torque will be produced and the machine starts 

to rotate. Thus, the angle difference — —ᶻ will become less than 90Ј. Thus, the 

operating point will move along the red arrow shown in the Fig 3.14. After the transient, 

the final stable-state point on the curve shown in Fig 3.14 will be with ‫ ‫ᶻ and the 

machine torque Ὕ is equal to the load torque. The position error — —ᶻ will remain 

constant during the steady state. The two blue lines in Fig 3.14 demonstrate how Ὕ and 

— —ᶻ change during the I-F start-up period.  
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Fig 3.14. Torque-position error relationship and their time-domain waveform with the I-F start-up 

process 

The cosine function in (3.12) is not convenient to analyse, thus it is linearized around 

the initial point (— —ᶻ ωπЈ)  to the equation as follows: 

 Ὕ ὑὭᶻ— —ᶻ  (3.13) 

The relationship between position error and speed error is as follows: 

 
ᶻ

‫ ‫ᶻ (3.14) 

Combining (3.13) and (3.14) together, a new equation of Ὕ is derived as follows: 

 ὑὭᶻ‫ ‫ᶻ  (3.15) 

The mechanical equation of an electrical machine is given as 

 Ὕ Ὕ ὐ  (3.16) 

where ‫  is the mechanical rotating speed of an electric machine. The Ὕ is friction 

torque and ὐ is inertia. The friction torque usually has three components: Coulomb 

friction, stiction friction and viscous friction[46]. In this study, only viscous friction is 

considered, thus we have 

 Ὕ ὄ‫  (3.17) 

where ὄ represents the friction factor. Combining (3.16) and (3.17) together gives 

 Ὕ ὐ ὄ‫  (3.18) 

The ratio of electrical rotating speed to mechanical rotating speed (‫Ⱦ‫ ) is pole 

pairs (ὴ). Therefore, ‫  in (3.18) can be replaced by ‫  to derive a new equation as 

follows: 

 Ὕ ‫  (3.19) 

Till now, two expressions of Ὕ have been derived as (3.15) and (3.19). As both of 

them have derivatives, their expressions after Laplace transform are more convenient 
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for further analysis. Therefore, the expressions in the s-domain of (3.15) and (3.19) are 

derived as follows: 

 ίὝ ί ὑὭᶻ‫ ί ‫ᶻί  (3.20) 

 Ὕ ί ‫ ί (3.21) 

Combining (3.20) and (3.21), Ὕ ί can be eliminated and the transfer function from 

‫ᶻί to ‫ ί is derived as follows: 

 ᶻ

ᶻ

ᶻ  (3.22) 

Thus, the relationship between speed reference and actual speed is finally derived. It 

is a second-order system, which has the typical expression as (3.23) 

 Ὄί
 

 (3.23) 

with natural frequency ‫  and damping factor ‒. We prefer to have ‒ ρ because it 

can avoid the fluctuation of the rotor. 

Comparing (3.22) with (3.23), the expression of the damping factor is derived like 

(3.24).  

 ‒
ᶻ
 (3.24) 

As can be seen from (3.24), the damping factor has a positive correlation with the 

friction factor ὄ, and has negative correlation with inertia ὐ, pole pairs ὴ, torque 

constant ὑ , and Ὥᶻ.  

The above derivation gives a mathematical understanding of the relationship between 

speed reference and actual speed for I-F open-loop control. It is a second-order system 

and the damping factor is related to friction factor ὄ, inertia ὐ, pole pairs ὴ, torque 

constant ὑ , and Ὥᶻ. Since ὄ and ὐ are difficult to measure in practical tests, the actual 

damping factor is difficult to derive too, but it still gives us a rule that the Ὥᶻ cannot be 
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selected too large. Otherwise, it will cause the oscillation of actual speed.  

 

3.3.3 MRAS Sensorless Control 

The model reference adaptive system (MRAS) is an effective scheme for rotor 

position estimation [36], [47], [48]. In a common scheme diagram of MRAS, as shown 

in Fig 3.15, an adaptive model and a reference model are connected in parallel. They 

are fed with the same inputs. The output of the adaptive model is expected to converge 

to the output of the reference model using a proper control rule and adaptive 

mechanism. The output of the adaptive mechanism will be fed back into the adaptive 

model. If the output of the adaptive model tracks that of the reference model accurately, 

the internal states of these two models should be identical.  

 

Fig 3.15. Scheme diagram of MRAS sensorless estimation 

When it comes to the MRAS sensorless algorithm of the permanent magnet machine, 

the reference model represents the SVPWM calculation, power converter, and the 

actual machine. The input ╤ is the voltage given to the machine and the output ╘ 

represents the machine current.  

The adaptive model is the machine d-q math model developed in section 2.2.2 with 

its expression rewritten as 

  ὒ
Ƕ
Ƕ

ό
ό Ὑ

Ƕ
Ƕ

‫
ὒǶ

ὒǶ •
 (3.25) 
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where ό  and ό are the inputs ╤ of the adaptive model in Fig 3.15, and the estimated 

currents Ƕ and Ƕ are the outputs  ╘ of the adaptive model. ὒ denotes the estimated d 

and q-axis inductances,  Ὑȟ•  denote estimated phase resistance and permanent magnet 

flux respectively.  

As both ╤ and ╘ are 2*1 vectors, the scalar error (e) cannot simply be the difference 

between the two vectors (╘ ╘). In addition, the control rule and adaptive mechanism 

should also guarantee the stability of the MRAS system. Therefore, based on the Popov 

super stability theory [49] [26], [34], [41], the control rule is designed to be like (3.26), 

and the adaptive mechanism is like (3.27). They can guarantee the global convergence 

of the MRAS estimated position to the actual position. Whilst, the control rule and 

adaptive mechanism are derived in the s-domain and ignore the control delays in the 

actual system. Therefore, the stability needs to be investigated furthermore for our high-

speed application. 

 Ὡ ὭǶ ὭǶ Ὥ Ƕ•Ⱦὒ  (3.26) 

 ▄‫ Ὧ Ὡ Ὧ᷿ ὩὨὸ  (3.27) 

Finally, the MRAS sensorless control algorithm for the surface-mounted permanent 

magnet machine is derived with its full diagram shown in Fig 3.16. The voltage ό  and 

ό are the inputs of machine as well as the adaptive model. The actual currents from 

the machine (ὭȟὭ) and the estimated currents from adaptive model (ǶȟǶ) will be used 

as the inputs of control rule to calculate the error (e), and the estimated speed and 

position are calculated from the adaptive mechanism and integrator respectively.  
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Fig 3.16. The control diagram of MRAS sensorless estimation  

Above all, the MRAS rotor position and speed estimation algorithm is introduced 

briefly. It is a nonlinear, strong-coupled algorithm and depends on the machine 

parameters.  

3.3.4 I -F Open-Loop Sensorless Start-Up Simulation 

In this section, several simulations of I-F open-loop control based on the diagram in 

Fig 3.17 will be presented to analyse the start-up performance. The simulation model 

built in PLECS is shown in Fig.A.6. 

 

Fig 3.17. Simulation diagram of I-F open-loop sensorless start-up control system 
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3.3.4.1 Initial Rotor Clamping 

As mentioned in section 3.3.2, the rotor will be clamped to an initial position before 

the reference current starts to rotate. The rotor is in a random position before the 

reference current Ὥᶻ applied. Once a non-zero Ὥᶻ is applied to the windings, the rotor 

will be clamped to a position. This process happens quickly but may cause damage to 

the bearing if not dealt with carefully. 

To smooth the clutching process, a ramping Ὥᶻ instead of a step command can be 

applied at the beginning. Fig 3.18 compares the currents, speed and — —ᶻ of the 

ramping Ὥᶻ and step Ὥᶻ scenarios. Fig 3.18(a) and (b) are the d- and q-axis currents 

response with a step Ὥᶻ and a ramping Ὥᶻ respectively. It can be seen that with a step Ὥᶻ 

, the machine current iq1 and iq2 are with noticeable overshoot, which is not ideal for 

real applications. Fig 3.18(c) compares the rotor speed variation when applying 

different types of iq
*. As can be seen, the maximum transient speed with a ramping Ὥᶻ 

is with much lower peak speed compared with that from a step iq
* demand. The 

waveform of position error (— —ᶻ), is given in Fig 3.18(d). There, we can see the 

angle error — —ᶻis more linear with a ramping Ὥᶻ. Therefore, in the real application, 

ramping Ὥᶻ is adopted in the I-F open-loop sensorless control. 
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Fig 3.18. Simulation results of initial rotor clamping with two different types of iq*  

(a) Current with step iq*, (b) Current with ramp iq*, (c) Rotor speed, (d) Position error 

 

3.3.4.2 I -F Speed Control  Start-Up Simulation 

In this section, two I-F speed control start-up scenarios will be compared in 

simulations. The first scenario has a ramping speed command, and the second scenario 

has a step speed command. The parameters of machine Inertia ὐ, friction factor ὄ and 

Ὥᶻ are shown in Table 3.2. 

Table 3.2. Simulation parameters for I-F open loop start-up 

Item Value 

Inertia ὐ  2e-5 ËÇϽÍ  

Friction factor B  0.05 .ÍϽÓ 

Ὥᶻ  6A 

The simulation results are shown in Fig 3.19 and Fig 3.20. The rotor position has 

already been clamped by applying Ὥᶻ=6A before 0s. At 0s, the speed command steps to 

300rpm in scenario 1 and ramps up to 300rpm in scenario 2. In Fig 3.19(a), the actual 

speed in scenario 1 has an obvious overshoot to follow the step command, whilst the 

actual speed in scenario 2 follows the ramping speed command closely without an 
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obvious overshoot. Similarly, current overshoots are observed in d/q-axis currents as 

well with step speed command in Fig 3.19(b).  

 

Fig 3.19. The simulation comparison of I-F start-up with step and ramping speed commands 

(a) Speed comparison; (b) d/q-axis currents comparison 

The current overshoot can also be observed from the six-phase current waveforms in 

Fig 3.20(b) with step speed command. The current magnitude increases nearly to 10A 

when the current command is only 6A, which has a 66.7% current overshoot. This 

should be avoided as it may cause overcurrent and damage power electronics if a larger 

current command is applied. On the contrary, the six-phase currents with ramping speed 

command do not have current overshoot during the whole process in Fig 3.20(a). 
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Fig 3.20. Six-phase currents comparison of I-F start-up with step and ramping speed command 

(a) Ramping speed command; (b) Step speed command 

Above all, the simulation results above about the I-F open-loop sensorless validate 

the I-F initial rotor clamping stage and the start-up accelerating stage up to 300rpm. 

Both stages compare the ramping and step commands (both Ὥᶻ and n*). It is concluded 

that ramping clamping current command (Ὥᶻ) and ramping speed command (n*) can 

have a smoother acceleration process and reduce the current and speed overshoots than 

step commands, which is a good method to apply I-F sensorless control in real 

applications. 

 

3.3.5 MRAS Sensorless Control Simulation 

In this section, the MRAS sensorless algorithm will be validated through simulations 

using the PLECS simulation platform. The validation is to demonstrate that the MRAS 

algorithm can estimate the rotor angle position and speed correctly. Thus, only the 

current loop is implemented in the simulation scheme as shown in Fig 3.21. The 

machine is assumed to be driven by a dynamometer at a constant speed of 1,000 rpm. 

The MRAS will estimate the rotor speed and position and feed these estimated variables 
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to the control scheme. Although the two channels are controlled separately, both 

channels use the estimated speed and position only from the ABC channel. There is no 

need to estimate the position again from the UVW channel as both channels share the 

same rotor. (The corresponding simulation model in PLECS is shown in the appendix 

Fig.A.7, and the detail of the óMRAS sensorlessô block is displayed in Fig.A.8. 

 

Fig 3.21. Block diagram of MRAS sensorless integrated with current closed-loop control 

Other control parameters and settings during the simulation are shown in the table 

below. The current PI controller factors are calculated based on the model of the current 

loop developed in Chapter 3.1, and the MRAS PI controller factors are selected based 

on the stability analysis in Chapter 5. 

Table 3.3. Simulation condition for MRAS sensorless with current closed-loop control  

Simulation parameters Value 

Speed 1krpm 

░▀
ᶻ 0A 

░▲
ᶻ 10A 

Current controller bandwidth (█╬╬) 1000Hz 

Current controller proportional factor (▓▬) 2.74 

Current controller integral factor (▓░) 220 

MRAS proportional factor (▓▬□) 10 

MRAS integral factor (▓░□) 5000 
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The simulation results are displayed in Fig 3.22-Fig 3.24. In Fig 3.22, the q-axis 

currents increase quickly from 0A to the reference value (10A) without any overshoot. 

This is because the Ὧ and Ὧ are properly selected in section 3.1 to make the current 

closed-loop equivalent to a first-order system. In Fig 3.23(a), it can be seen that the 

estimated speed converges to the actual speed (1000rpm) quickly. The position 

estimation error, shown in Fig 3.23(b), converges to 0 within 0.01s, and the stable error 

is smaller than ±0.1 degrees. The six phase currents, shown in Fig 3.24, are well-

balanced sinusoidal waveforms with PWM harmonics on them. Therefore, all these 

results indicate the MRAS sensorless estimation can work well when integrated into 

the current closed-loop control algorithm. 

 

Fig 3.22. d/q-current waveforms with iq*=10A and id*=0A of MRAS sensorless simulation 
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Fig 3.23. Estimated speed (a) and estimated position error (b) of MRAS sensorless simulation 

 

Fig 3.24. Six-phase current waveforms of MRAS sensorless simulation 
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3.4 Conclusion 

In this chapter, the current closed-loop control topology based on the dual d-q model 

is designed for the dual three-phase machine application. The control scheme can 

control the two 3-phase channels independently. The closed-loop transfer function of 

the current loop is derived, and PI factors are designed based on the bandwidth 

requirement. Simulation results in Section 3.2 indicate the current control algorithm has 

good dynamic and stable performances. In Section 3.3, the position sensorless 

algorithm of the dual three-phase machine has been discussed. The simple I-F open-

loop sensorless is adopted during the machine start-up period (low-speed range), and 

the MRAS sensorless control method is adopted as our major sensorless approach at 

high speed due to its simple structure and reliability. Finally, the simulation models of 

I-F open-loop sensorless control and MRAS sensorless estimation are validated using 

simulation results from PLECS.  
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Chapter 4.  

Stability Analysis Model of MRAS 

Sensorless Control 

 

The MRAS sensorless control algorithm developed in Chapter 3 has been approved 

to be effective to control a dual three-phase machine. However, the control scheme 

proposed is in the continuous time domain (s-domain). For electric motor drives, 

control design in the s-domain is very common and makes sense when the ratio of 

power electronic modulation frequency to the electrical fundamental frequency (M-F 

ratio) is high. However, for our studied high-speed dual three-phase machine drive, the 

M-F ratio can be as low as 28, thus, the conventional s-domain MRAS design may not 

be sufficient, and a z-domain MRAS design is required. Therefore, this chapter will 

focus on building the z-domain MRAS sensorless control model and its stability 

analysis. 

In this chapter, a review of previous MRAS sensorless stability analysis approaches 

will be introduced first. Based on the literature review, a state-evolution and small-

signal-based MRAS model will be developed in the z-domain. The eigenvalues of the 

proposed model can evaluate the stability of the MRAS sensorless control system. 
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4.1 Li terature Review of MRAS Sensorless 

Stability Analysis 

The MRAS method has been widely studied and applied to AC machine drives in the 

past two decades [26], [27], [39]ï[42], [31]ï[38]. Although there are different MRAS 

sensorless algorithms proposed for PMSM applications, all these control designs are 

based on the s-domain and the modulation to the electrical fundamental frequency (M-

F) ratio is relatively high. For high-speed PMSM drives with low M-F ratios, the 

stability issues need to be properly addressed. It is a very important issue as instability 

issue in aircraft can cause serious safety problems.  

Although there are many publications on sensorless control design, analysis of the 

stability of sensorless control drive systems has gained much less attention. 

Nevertheless, we have identified several literatures where authors have proposed their 

methods to analyse the stability of MRAS sensorless control system [31], [32], [36]. In 

[31], the eigenvalues of the adaptive model are placed to be close to the reference model 

eigenvalues. With this method, the proportional and integral factors of MRAS PI 

controller can be determined but this does not prove the stability of the entire system. 

In [36], authors found that PMSM drive systems with MRAS control algorithm have 

different stability regions under different reference frames, i.e. d-q rotating reference 

frame and Ŭɓ stationary frame. They concluded that frame transformation should be 

considered in stability analysis. In [32], the authors concluded that the gains of the 

MRAS PI controller can be selected as high as possible to provide quick tracking of the 

estimation. However, this conclusion obtained from the continuous time domain (s-

domain) might not be true when the M-F ratio is low and the control algorithm is 

designed in the discrete-time domain (z-domain). In addition, the literature [32] ignores 
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the difference between the real applied voltage and reference voltage caused by the 

frame transformation.  

Indeed, all the stability analyses of MRAS sensorless control in the literature 

mentioned above are designed in the s-domain. This is sufficient as these literatures are 

focusing on low-speed applications. However, when it comes to high-speed machine 

drive applications, especially when the M-F ratio is low, the conclusion has been drawn 

that MRAS control design in the s-domain will not be sufficient anymore and the 

stability design and analysis in the z-domain are necessary.  

4.2 MRAS Stability Analysis Challenges for The 

Dual three-phase Machine 

The motivation to pursue high-speed machine drive systems is due to its high power-

density and thus reduced volume and weight, but it also brings challenges to sensorless 

control as discussed below. 

1) Low modulation to fundamental frequency (M-F) ratio  

The permanent magnet machine studied in this project is with 6 pole pairs and a 

maximum operating speed of up to 14,200 rpm, i.e. 1,420 Hz electrical frequency (Æ). 

The modulation frequency (fs) is 40 kHz, which is from trade-off studies between 

control accuracy and switching losses. Therefore, the smallest M-F ratio is only 28.2. 

The time delays in current sampling and PWM voltage application cannot be neglected 

in low ratio conditions. In addition, these time delays will also influence the accuracy 

and stability of the sensorless estimation algorithm as measured currents and PWM 

voltage references are inputs of the sensorless algorithm. Therefore, it is necessary to 

design and analyse the controller in the z-domain as time delays can be considered more 

conveniently. 
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2) The nonlinearity of MRAS sensorless control system 

A traditional machine control algorithm with position feedback normally includes a 

speed PI controller, current PI controllers, Clarke-Park transformation, inverse Clarke-

Park transformation, PWM duty cycle calculation, etc. Many matured methods have 

been developed to analyse control system stability in the synchronous rotating frame 

(d/q-axis). However, with the application of MRAS sensorless control, the currents in 

the d- and q-axis are seriously coupled together. The MRAS control rule has the items 

of Ὥ and Ὥ, which is undesirable for a linear control system. In addition, the estimated 

rotor position will be used in frame transformations. This makes the coupling between 

the d- and q-axis even stronger. Therefore, a small signal analysis method needs to be 

used to linearize the control system near equilibrium operating points. 

3) Multi -state variables 

The traditional stability analysis of PMSM is usually conducted in a synchronous 

rotating dq frame, where two scalars or one complex vector is enough to represent three-

phase currents or voltages [50]ï[52]. However, the estimated position error causes the 

misalignment of the estimated d-axis and actual d-axis. Therefore, more state variables 

are required to describe voltage and current when analysing the MRAS sensorless 

system. In addition, more state variables are required if control delay is considered. 

Therefore, the stability analysis method for the multi-inputs multi-outputs (MIMO) 

state evolution model is a better option other than the transfer-function-based analysis 

method. 

Above all, the stability analysis method based on the z-domain, small-signal and 

state-evolution model will be proposed in the following sections of this chapter. 
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4.3 Small Signal Model of MRAS Sensorless 

System 

As mentioned before, MRAS sensorless controls for electric drives in the literature 

are proposed in the s-domain due to low machine speed. However, for high-speed 

electrical machines with low M-F ratios, the MRAS sensorless control needs to be 

designed in z-domain.  Therefore, this section has the outline as follows: 

1) Introduce the MRAS sensorless algorithm in the s-domain.  

2) Convert the s-domain model to the z-domain and derive its small signal model. 

4.3.1 MRAS Sensorless Algorithm  in s-domain 

Traditional MRAS sensorless algorithm in the s-domain has been well developed for 

various machines in different kinds of literature recently. The MRAS sensorless 

algorithm diagram has been demonstrated in section 3.3.3 with Fig 3.16. However, in 

this chapter, the measured d/q-axis currents feedback into the control rule block has 

considered the position estimation error during abc/dq transformation and represented 

as  ǿ and ǿ.  

 

Fig 4.1. Diagram of MRAS sensorless rotor position estimation algorithm in s-domain 

4.3.1.1 Adaptive Model 

The adaptive model has its expression (3.25) in section 3.3.3, and it is rewritten as 

(4.1) in the format of matrices because it looks simpler and easier for equation 

derivation.  
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 ╘▀▲ ═╘▀▲ ║○╤▀▲
ᶻ ║ⱴ•  (4.1) 

In (4.1), the • represents estimated rotor flux linkage, ╘▀▲ Ƕ Ƕ  represents 

the estimated d/q-axis currents, and ╤▀▲
ᶻ όᶻ όᶻ  represents the d/q-axis voltage 

reference. The three parameter matrices in (4.1) have their expression as follows:  

 ═
ὙȾὒ ‫

‫ ὙȾὒ
 (4.2-a) 

 ║○
ρȾὒ π

π ρȾὒ
 (4.2-b) 

 ║ⱴ π ‫Ⱦὒ  (4.2-c) 

where Ὑȟὒȟ‫  represent the estimated phase resistance, d/q-axis inductance, and 

estimated electrical rotate speed respectively. 

4.3.1.2 Control Rule 

The control rule is expressed as (3.26) in section 3.3.3 and it is rewritten in matrices 

format as 

 
Ὡ ǿǶ ǿǶ ǿ Ƕ•Ⱦὒ

╘▀▲╙╘▀▲ ╙╘▀▲ ╘▀▲
 (4.3) 

where ╘▀▲ Ƕ Ƕ , ╘▀▲ ǿ ǿ , ╙ π ρ and ╙
π ρ
ρ π

. 

It is important to note the sampled currents in the estimated dq frame (ǿȟǿ) may not 

equate to the actual d/q-axis currents (ὭȟὭ). This is because the estimated dq frame is 

based on the estimated rotor position (—) instead of the real rotor position. This control 

rule expression (4.3) is specifically designed to ensure the algorithm stability is 

guaranteed by Popov Super Stability Theorem [26]. When ╘▀▲ ╘▀▲, the adaptive 

model running in the microcontroller can be regarded as identical to the running 

machine, and in that case the estimated speed and position from adaptive model can 

represent the actual machine speed and position, which in simulations are available for 
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stability studies.  

4.3.1.3 MRAS PI Controller  

The expression of the MRAS PI controller is rewritten as: 

 ‫ Ὧ Ὡ Ὧ᷿ ὩὨὸ (4.4) 

where Ὧ ȟὯ  represent the proportional and integral factors, and ‫  represents the 

estimated electrical rotational speed. 

When ╘▀▲ ╘▀▲, the result of Ὡ from (4.3) cannot be zero, which will force the 

MRAS PI controller to adjust the estimated speed to make the speed from the adaptive 

model match that from the real machine. 

4.3.1.4 Estimated Position Integration 

The estimated rotor position (—) is the integration of ‫  coming with its expression 

as: 

 — Ὠὸ  (4.5)᷿‫ 

 

4.3.2 MRAS Sensorless Algorithm in z-domain and Related 

Small Signal Models 

As mentioned before, the dual three-phase machine studied has 6 pole pairs and a 

maximum operating speed of 14,200 rpm, i.e. 1,420 Hz electrical frequency (Æ). The 

modulation frequency (Æ) is selected as 40 kHz to ensure the power loss of the converter 

is below the heatsink capacity. Thus, the M-F (modulation to fundamental frequency) 

ratio can be as low as 28 for our studied drive system. In this case, the control delays in 

current sampling and PWM voltage application cannot be neglected anymore. Due to 

the convenient description of delays in the z-domain and the discrete nature of the 

microcontroller, it is necessary to design and analyse the MRAS algorithm in z-domain. 
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Similar to s-domain models, four basic function blocks (i.e., adaptive model, control 

rule, MRAS PI controller, position integration), given by Fig 4.2, can describe the 

discrete MRAS sensorless control algorithm in z-domain, and the details of each block 

will be derived in the following sections. 

 

Fig 4.2. Diagram of MRAS sensorless rotor position and speed estimation algorithm in z-domain 

 

4.3.2.1 Adaptive Model 

The z-domain adaptive model can be derived from its s-domain model (4.1). The 

reference [53] proposed the discrete state-evolution model of 3-phase PMSM like (4.6) 

and (4.7-a/b/c).  

 ╘▀▲Ὧ ρ ╕Ὧ╘▀▲Ὧ ╖○Ὧ╤▀▲
ᶻ Ὧ ╖ⱴὯ•  (4.6) 

where ╘▀▲Ὧ ǶὯ ǶὯ represents the estimated currents at time step k, and 

╘▀▲Ὧ ρ  is the value at time instant k+1. The parameter matrices (i.e., 

╕Ὧȟ╖○Ὧȟ╖ⱴὯ) can be derived from s-domain parameter matrices (i.e., ═ȟ║○ȟ║ⱴ) 

and are given below 

 ╕Ὧ ▄═  (4.7-a) 

 ╖○Ὧ ╕Ὧ ╔ ═Ὧ ║○Ὧ (4.7-b) 

 ╖ⱴὯ ╕Ὧ ╔ ═Ὧ ║ⱴὯ (4.7-c) 

where ╔
ρ π
π ρ

. 

Based on the equation (4.6) and (4.7-a/b/c) from [53], the MRAS discrete adaptive 

model will be derived in this section using Taylor expansion. As can be seen from (4.7-
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a), the expression of ╕Ὧ includes an exponential term ▄═ . This term must be 

linearized for hardware implementation. Here we have two options to linearize it (i.e., 

first-order Taylor expansion, and second-order Taylor expansion), and both of them 

will be discussed below in detail. The stability analysis as well as test results in the 

following chapters will demonstrate the superiority of using second-order Taylor 

expansion to improve the system stability. 

a) First -order Taylor expansion 

Using first-order Taylor expansion, the ╕Ὧ can be linearized as 

 ╕Ὧ ▄═ ╔ ═ὯὝ ‫ ὯὝ╙ ρ ╔  (4.8-a) 

Substituting (4.8-a) to (4.7-b), the final expressions of ╖○Ὧ can be derived as: 

 

╖○Ὧ ╕Ὧ ╔ ═Ὧ ║○Ὧ

╔ ═ὯὝ ╔ ═Ὧ ║○Ὧ

Ὕ║○Ὧ ╔

 (4.8-b) 

Substituting (4.8-a) to (4.7-c), the final expressions of ╖ⱴὯ can be derived as 

 

╖ⱴὯ ╕Ὧ ╔ ═Ὧ ║ⱴὯ

╔ ═ὯὝ ╔ ═Ὧ ║ⱴὯ

Ὕ║ⱴὯ

‫ Ὧ╙

 (4.8-c) 

Substituting (4.8-a)-(4.8-c) into (4.6), the final expression of the discrete adaptive 

model can be derived as follows: 

 
╘▀▲Ὧ ρ ‫ ὯὝ╙ ρ ╔ ╘▀▲Ὧ

     ╤▀▲
ᶻ Ὧ ‫ Ὧ╙•

 (4.9) 

As can be seen from (4.9), it contains the state multiplication items such 

‫ Ὧ╘▀▲Ὧ. In order to decouple all state variables to conduct stability analysis, the 

small signal equation of (4.9) is derived as  
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ɝ╘▀▲Ὧ ρ Ὡήό‫ ὯὝ╙ ρ ╔ ɝ╘▀▲Ὧ

     ɝ‫ ὯὝ╙╘▄▲◊ ɝ╤▀▲
ᶻ Ὧ ɝ‫ Ὧ╙•

╙‫Ὕ ρ ╔ ɝ╘▀▲Ὧ

     Ὕ╙╘▄▲◊ɝ‫ Ὧ ɝ╤▀▲
ᶻ Ὧ ╙•ɝ‫ Ὧ

╙‫Ὕ ρ ╔ ɝ╘▀▲Ὧ

     Ὕ ╙╘▄▲◊
╙

ɝ‫ Ὧ ɝ╤▀▲
ᶻ Ὧ

 (4.10) 

where Ὡήόz represent the equilibrium operating point value of * when the system is 

in steady state, ╘▄▲◊ represents the equilibrium operating point value of the estimated 

current, and ɝ╘▀▲Ὧ , ɝ‫ Ὧ , ɝ╤▀▲
ᶻ Ὧ  represent the corresponding small signal 

variables.     Replacing the constant parameters in (4.10) gives 

 ῳ╘▀▲Ὧ ρ ═ῳ╘▀▲Ὧ ║ῳ‫ Ὧ ╓ῳ╤▀▲
ᶻ Ὧ (4.11) 

where 

 ═ ╙‫Ὕ ρ ╔  (4.12-a) 

 ║ Ὕ ╙╘▄▲◊
╙

  (4.12-b) 

 ╓  (4.12-c) 

b) Second-order Taylor expansion 

Using second-order Taylor expansion, the equation of ╕Ὧ is expressed as follows: 

 
╕Ὧ ▄═ ╔ ═ὯὝ ═Ὧ Ὕ

♫‫ Ὧ ♫‫ Ὧ ♫╔
  (4.13) 

where  

 ♫ ρ   (4.14-a) 

 ♫ ╔   (4.14-b) 

 ♫ Ὕ ╙  (4.14-c) 
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Substituting the final expression of ╕Ὧ in (4.13) to (4.7-b), the final expression of 

╖○Ὧ can be derived as follows: 

 
╖○Ὧ ╕Ὧ ╔ ═Ὧ ║○

♫‫ Ὧ ♫
  (4.15) 

where 

 ♫ ╙  (4.16-a) 

 ♫ ╔   (4.16-b) 

Substituting the expression of ╕Ὧ in (4.13) to (4.7-c), the final expression of ╖ⱴὯ 

can be derived as follows: 

 
╖ⱴὯ ╕Ὧ ╔ ═Ὧ ║ⱴὯ

♫‫ Ὧ ♫‫ Ὧ
  (4.17) 

where 

 ♫ ♫╙  (4.18-a) 

 ♫ ♫╙  (4.18-b) 

Therefore, by substituting the expression of ╕Ὧ in (4.13), ╖○Ὧ in (4.15), and 

╖ⱴὯ in (4.17) to the adaptive discrete model (4.6), an explicit second-order adaptive 

model is derived as follows: 

 

╘▀▲Ὧ ρ ╕Ὧ╘▀▲Ὧ ╖○Ὧ╤▀▲
ᶻ Ὧ ╖ⱴὯ•

♫‫ Ὧ ♫‫ Ὧ ♫╔ ╘▀▲Ὧ

     ♫‫ Ὧ ♫ ╤▀▲
ᶻ Ὧ

     ♫‫ Ὧ ♫‫ Ὧ •

 (4.19) 

Applying the same small signal derivation method in the first-order Taylor expansion, 

the small signal equation of (4.23) can be derived as follows: 
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ɝ╘▀▲Ὧ ρ

Ὡήό♫‫ Ὧ ♫‫ Ὧ ♫╔ ɝ╘▀▲Ὧ

     ɝ♫‫ Ὧ ♫‫ Ὧ ♫╔ ╘▄▲◊
     Ὡήό♫‫ Ὧ ♫ ɝ╤▀▲

ᶻ Ὧ

     ɝ♫‫ Ὧ ♫ ╥▄▲◊
ᶻ

     ɝ♫‫ Ὧ ♫‫ Ὧ •

♫‫ ♫‫ ♫╔ ɝ╘▀▲Ὧ ♫‫ ♫ ɝ╤▀▲
ᶻ Ὧ

     ς♫╘▄▲◊‫ ♫╘▄▲◊ ♫╥▄▲◊
ᶻ ς♫•‫ ♫• ῳ‫ Ὧ

 (4.20) 

where Ὡήόz represents the equilibrium operating point value of * when the system is 

in steady state, ɝ  zrepresents the small signal expression of *, ╘▄▲◊ represents the 

equilibrium operating point value of the estimated current ╘▀▲Ὧ, ╥▄▲◊
ᶻ  represents the 

equilibrium operating point value of ╤▀▲
ᶻ Ὧ , and ɝ╘▀▲Ὧ , ɝ‫ Ὧ , ɝ╤▀▲

ᶻ Ὧ 

represent the corresponding small signal variables.  

A brief expression of (4.20) is derived by replacing the complicated parameters with 

three new symbols (i.e., ═, ║, ╓) as follows: 

 ῳ╘▀▲Ὧ ρ ═ῳ╘▀▲Ὧ ║ῳ‫ Ὧ ╓ῳ╤▀▲
ᶻ Ὧ  (4.21) 

where: 

 ═ ♫‫ ♫‫ ♫╔   (4.22-a) 

 ║ ς♫╘▄▲◊‫ ♫╘▄▲◊ ♫╥▄▲◊
ᶻ ς♫•‫ ♫•   (4.22-b) 

 ╓ ♫‫ ♫   (4.22-c) 

Above all, the small signal equations of 1st and 2nd-order adaptive models are 

established in (4.11) and (4.21) respectively. They will be used for the stability analysis 

and their difference in control performance will be compared in the later content. 

4.3.2.2 Control Rule 

The control rule in the s-domain expressed in (4.3) does not have any derivative or 

integration terms, thus we can directly derive the control rule in the z-domain as: 
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ὩὯ ǿὯ ǶὯ ǿὯ ǶὯ ǿὯ ǶὯ

╘▀▲Ὧ╙╘▀▲Ὧ ╙╘▀▲Ὧ ╘▀▲Ὧ
 (4.23) 

where ╘▀▲Ὧ ǿὯ ǿὯ  and ╘▀▲Ὧ ǶὯ ǶὯ are sampled and 

estimated d- and q-axis currents at time instant k respectively. 

The small signal equation of the discrete control rule (4.23) is derived as follows: 

 

ῳὩὯ Ὡήό╘▀▲Ὧ ╙ɝ╘▀▲Ὧ ɝ╘▀▲Ὧ╙Ὡήό╘▀▲Ὧ

     ╙ῳ╘▀▲Ὧ ῳ╘▀▲Ὧ

╘▄▲◊
ᶻ ╙ῳ╘▀▲Ὧ ῳ╘▀▲Ὧ╙╘▄▲◊ ╙ῳ╘▀▲Ὧ ῳ╘▀▲Ὧ

╘▄▲◊
ᶻ ╙ῳ╘▀▲Ὧ ╘▄▲◊╙ῳ╘▀▲Ὧ ╙ῳ╘▀▲Ὧ ῳ╘▀▲Ὧ

╘▄▲◊
ᶻ ╙ ╙ ῳ╘▀▲Ὧ ╘▄▲◊╙ ╙ ῳ╘▀▲Ὧ

 (4.24) 

where Ὡήόz represent the equilibrium operating point value of * when the system is 

in steady state. The ɝ╘▀▲Ὧ  and ῳ╘▀▲Ὧ  represent the small signal variables of 

estimated and sampled currents respectively. ╘▄▲◊ represents the equilibrium operating 

point value of the estimated current ╘▀▲Ὧ. ╘▄▲◊
ᶻ  represents the equilibrium operating 

point of sampled current ╘▀▲Ὧ, which is the same as the current reference because the 

current PI controller will ultimately reduce their error to zero.  

A brief expression of (4.24) is given in (4.25) by replacing the constant part with 

symbols ╒ , ╒  as follows: 

 ῳὩὯ ╒ῳ╘▀▲Ὧ ╒ῳ╘▀▲Ὧ (4.25) 

where 

 ╒ ╘▄▲◊
ᶻ ╙ ╙ (4.26-a) 

 ╒ ╘▄▲◊╙ ╙ (4.26-b) 

4.3.2.3 MRAS PI Controller  

The MRAS PI controller in the s-domain expressed in (4.4) includes continuous time 
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integration. To discretize it, a new state variable ὢ Ὧ is introduced for the integration 

part and defined as follows: 

 ὢ Ὧ ρ ὢ Ὧ ὩὯ (4.27-a) 

The (4.27-a) is an iterative equation which shows the relationship between 

ὢ Ὧ ρ  and ὢ Ὧ . Therefore, the expression of ὢ Ὧ  can be obtained as a 

summation of ὩὯ  by substituting (4.27-a) repeatedly, and its result is shown as 

follows: 

 

ὢ Ὧ ὩὯ ρ ὢ Ὧ ρ

ὩὯ ρ ὩὯ ς ὢ Ὧ ς

Ễ
В ὩὭ

  (4.27-b) 

Therefore, the discrete format of the s-domain expression (4.4) can be derived as 

follows: 

 

‫ Ὧ Ὧ ὩὯ В ὩὭὯ Ὕ

Ὧ ὩὯ Ὧ Ὕ ὩὯ В ὩὭ

Ὧ Ὧ Ὕ ὩὯ Ὧ Ὕὢ Ὧ

 (4.27-c) 

By defining two new variables (i.e., ὖ Ὧ ὝȟὍ Ὧ Ὧ Ὕ), equation (4.27-

c) can be simplified as (4.27-d) below. 

 ‫ Ὧ ὖὢ Ὧ ὍὩὯ (4.27-d) 

Finally, the discrete MRAS PI controller is modelled by (4.27-a) and (4.27-d). The 

small-signal equations of them can be easily derived as follow as both of them are 

linear. 

 ɝὢ Ὧ ρ ɝὢ Ὧ ɝὩὯ (4.28) 

 ɝ‫ Ὧ ὖɝὢ Ὧ ὍɝὩὯ (4.29) 

4.3.2.4 Estimated Position Integration 

The estimated rotor position is from the integration of the estimated speed shown in 

the s-domain position integration equation (4.5). To discretize (4.5), the Forward Euler 
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method is adopted, and the discrete model of estimated position integration is expressed 

as follows: 

 —Ὧ ρ —Ὧ Ὕ‫ Ὧ (4.30) 

where —Ὧ is the estimated result of the rotor position at current time step Ὧ. 

The small-signal equation of (4.30) can be easily derived and it is listed as follows: 

 ɝ—Ὧ ρ ɝ—Ὧ Ὕɝ‫ Ὧ (4.31) 

 

4.4 Current Closed-Loop Small Signal 

Modelling 

Since the bandwidth of the current control loop is normally much higher than that of 

the speed control loop (>10 times at least) and the propeller has large inertia, the speed 

can be regarded as constant and thus we will only focus on the stability analysis of the 

current closed loop. 

 The current closed-loop system can be regarded as the composition of 5 different 

blocks shown in Fig 4.3 with different colours. The grey blocks denote the dual three-

phase machine model, which include the rotor position integration and the math model 

between machine currents and voltages. The óCurrent PI controllerô block calculates 

the voltage references based on current errors. The óVoltage generationô block includes 

the voltage commands transformation from d/q-frame to a/b/c-frame as well as the 

actual voltage transformation from a/b/c-frame to d/q-frame. Similarly, the óCurrent 

transformationô block also includes all the transformations from the actual d/q-currents 

to the d/q-currents used for current PI control. All the 4 blocks mentioned above can 

also be found in the machine control algorithm with a position sensor, but the óRotor 

position and speed estimationô block is unique for sensorless control and the small 
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signal model of it has been discussed in the last section. The outputs of this block are 

the estimated speed ‫  and position — at time Ὧ ρ instead of time Ὧ in Fig 4.3 

because, at every period, this block is executed after all the other blocks. Thus, only the 

estimated speed and position from the last period are available.  

 

 

Fig 4.3. MRAS sensorless current closed-loop system diagram 

Therefore, in the following sections, the other 4 blocks (i.e. current PI controller, 

voltage generation, current transformation, and machine dq model with position 

integration) in Fig 4.3 of the current closed-loop system will be modelled in z-domain 

with their small signal models. Then, the state evolution equation of the whole system 

will be derived for stability analysis. 

4.4.1 Current PI Controller  

The óCurrent PI controllerô in Fig 4.3 provides d/q-axis voltage references based on 

current reference and feedback. To simplify the controller structure, the PI controllers 

of the d-axis and q-axis are designed without considering the decoupling items. This 

design consideration will influence the dynamic performance but will not affect steady 

error. The PI controller takes the error of current at each time instant k with the equation 

as follows: 

 ▄▀▲Ὧ ╘▀▲
ᶻ ╘▀▲Ὧ (4.32) 
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where ▄▀▲Ὧ Ὡ Ὧ Ὡ Ὧ  represents the current error, ╘▀▲
ᶻ Ὥᶻ Ὥᶻ  is the 

constant current reference, and ╘▀▲Ὧ ǿὯ ǿὯ  is the sampled current in the 

estimated dq frame. Similar to the discrete MRAS PI controller design process 

mentioned in Section 4.3.2.3, a state vector ╧▀▲Ὧ ὼ Ὧ ὼ Ὧ  is defined here 

to represent the integration. Therefore, the current PI controller can be expressed as 

follows: 

 ╧▀▲Ὧ ρ ╧▀▲Ὧ ▄▀▲Ὧ (4.33-a) 

 ╤▀▲
ᶻ Ὧ ὖ╧▀▲Ὧ Ὅ▄▀▲Ὧ (4.33-b) 

where ὖ ὯὝ, Ὅ Ὧ ὯὝ. ╤▀▲
ᶻ Ὧ  is the output result of the current PI 

controller. 

Thus, the small-signal expressions of (4.32), (4.33-a)and (4.33-b) are as follows: 

 ɝ▄▀▲Ὧ ɝ╘▀▲Ὧ (4.34) 

 ɝ╧▀▲Ὧ ρ ɝ╧▀▲Ὧ ɝ▄▀▲Ὧ (4.35) 

 ɝ╤▀▲
ᶻ Ὧ ὖɝ╧▀▲Ὧ Ὅɝ▄▀▲Ὧ (4.36) 

The current reference ╘▀▲
ᶻ  is regarded as constant as only the steady state is analysed 

here. Therefore, the term ɝ╘▀▲
ᶻ  can be neglected in (4.34). 

4.4.2 Voltage Generation 

The óVoltage Generationô block in Fig 4.3 has its full diagram in Fig 4.4. This 

diagram shows the processes from the PI current controller output ╤▀▲
ᶻ Ὧ to the actual 

voltage ╤▀▲Ὧ applied to the machine.  

 

Fig 4.4. Voltage generation block diagram 

In the diagram Fig 4.4, the voltage reference ╤▀▲
ᶻ Ὧ is fed into a dq-to-‌‍ block and 
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then a ‌‍-to-dq transformations block to get 3-phase voltages reference ╤╪╫╬
ᶻ Ὧ. The 

╤╪╫╬
ᶻ Ὧ will only be applied to the machine at the next sample time instant k+1. 

Therefore, a unit delay, i.e. a Z-1 block, is placed between the reference ╤╪╫╬
ᶻ Ὧ and 

the real 3-phase voltages ╤╪╫╬Ὧ. Based on the machine dq model theory, the dq-

voltage ╤▀▲Ὧ is derived from 3-phase voltage ╤╪╫╬Ὧ by using Clarke (abc-to-‌‍) 

and Park (‌‍-to-dq) transformation. 

Fig 4.4 can be further simplified by neglecting the ‌‍-to-abc and abc-to-‌‍ 

transformations. This neglection will not influence the final result as these 

transformations are based on the static frame and do not have any relation with rotor 

position and speed. The simplified voltage generation block diagram is shown in Fig 

4.5. 

 

Fig 4.5. Voltage generation simplified block diagram 

Readers may have started to wonder why —Ὧ πȢυὝ‫  is used instead of —Ὧ

Ὕ‫  during the  ‌‍-to-dq transformation in Fig 4.5. This can be explained by the 

following figure. 

 

Fig 4.6. The rotor position compensation for ‌‍-to-dq transformation 

As can be seen from Fig 4.6, during the period from time instant k to k+1, ό Ὧ and 

ό Ὧ hold constant during this one sample time. However, the actual rotor position 
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actually changes continuously from —Ὧ  to —Ὧ ρ . As a result, d and q-axis 

voltages after Park (‌‍-to-dq) transformation change continuously, as shown in Fig 

4.6. To discretize the continuous dq-axes voltages, the  ╤▀▲Ὧ ό Ὧ ό Ὧ  

chosen are at the middle of one period. Therefore, a half period time rotor angle 

πȢυὝ‫  is added to compensate to the —Ὧ for the ‌‍-to-dq transformation. 

For the dq-to-‌‍ transformation in Fig 4.5, it is noticed that the rotor angle is used as 

—Ὧ ρ ρȢυὝ‫ Ὧ ρ. The ρȢυὝ‫ Ὧ ρ compensates the one period unit 

delay due to the PWM converter as well as the 0.5-period delay of the ╤▀▲Ὧ to 

╤♪♫Ὧ [54]. The transforming matrices of inverse Park (dq to ‌‍-frame) and Park (‌‍ 

to dq-frame) transformation used in Fig 4.5 are listed below: 

 ╣ —
cos— sin—
sin— cos—

 (4.37)  

 ╣—
cos— sin—
sin— cos—

 (4.38) 

where — represents the angle between Ὠ-axis and ‌-axis. 

Therefore, the three blocks from left to right in Fig 4.5 can be expressed with 

equations as follows: 

 ╤♪♫
ᶻ Ὧ ╣ —Ὧ ρ ρȢυὝ‫ Ὧ ρ ╤▀▲

ᶻ Ὧ (4.39) 

 ╤♪♫Ὧ ╤♪♫
ᶻ Ὧ ρ (4.40) 

 ╤▀▲Ὧ ╣— Ὧ πȢυὝ‫ ╤♪♫Ὧ (4.41) 

where ╤♪♫
ᶻ Ὧ and ╤▀▲

ᶻ Ὧ are the voltage reference at time instant Ὧ in ‌‍ and dq-

frame respectively, ╤♪♫Ὧ and ╤▀▲Ὧ are the machine voltage at time instant Ὧ in 

‌‍ and dq-frame respectively. It can be seen that the discrete math model of the voltage 

transformation part in (4.39) and (4.41) are nonlinear and their small-signal equations 

cannot be derived directly. 

Substituting (4.39) and (4.40) to (4.41), the relation between the input and output of 
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voltage transformation can be obtained as follows, and the detail derivation of (4.42) 

and (4.43) are in Appendix B.I.a. 

 ╤▀▲Ὧ ╣ Ὧ╤▀▲
ᶻ Ὧ ρ (4.42) 

where ╣ Ὧ has the expression shown in (4.43). 

 ╣ Ὧ ρ —Ⱦς╔ — —Ⱦφ╙ (4.43) 

In (4.43), the —  has the expression: — —Ὧ —Ὧ ς Ὕ πȢυ‫

ρȢυ‫ Ὧ ς . 

The small signal equation of (4.42) is shown in (4.44). The detail derivation of this 

equation can be found in Appendix B.I.b. 

 
ɝ╤▀▲Ὧ ρ — Ⱦς╔ — — Ⱦφ╙ɝ╤▀▲

ᶻ Ὧ ρ

╙ ρ πȢυ— ╔— ╥▄▲◊
ᶻ ɝ—

  (4.44) 

The purpose of the small signal equation is to construct the system state evolution 

equation, which has the format like ●Ὧ ρ ═Ͻ●Ὧ, where ●Ὧ is the state vector 

at time instant k, and ═ is the state matrix. Because (4.44) has variables not only at time 

instant k (i.e., ɝ—Ὧ in (B.12)) but also at previous time instant (i.e., ɝ╤▀▲
ᶻ Ὧ ρ in 

(4.44), ɝ—Ὧ ς, ɝ‫ Ὧ ς in (B.12)). Therefore, itôs necessary to define 5 new 

state vector/variables as follows to modify (4.44). 

 ῳ╤▀▲
ᶻ Ὧ ρ ῳ╤▀▲

ᶻ Ὧ  (4.45) 

 ῳ— Ὧ ρ ῳ—Ὧ  (4.46) 

 ῳ— Ὧ ρ ῳ— Ὧ  (4.47) 

 ῳ‫ Ὧ ρ ῳ‫ Ὧ  (4.48) 

 ῳ‫ Ὧ ρ ῳ‫ Ὧ  (4.49) 

The numbers in the subscripts of the 5 newly defined vector/variables represent how 

many delays they have when compared with their original vector/variables. For 

example, ῳ‫ Ὧ  has two unit-delays compared with ῳ‫ Ὧ , which means 
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ῳ‫ Ὧ ῳ‫ Ὧ ς. Replacing ɝ╤▀▲
ᶻ Ὧ ρ, ɝ—Ὧ ς, ɝ‫ Ὧ ς in (4.44) 

with newly defined state vector/variables (i.e., ῳ╤▀▲
ᶻ Ὧ, ῳ— Ὧ , ῳ‫ Ὧ), this 

small signal equation can be rewritten as follows: 

 

ɝ╤▀▲Ὧ

ρ — Ⱦς╔ — — Ⱦφ╙ɝ╤▀▲
ᶻ Ὧ

 ╙ ρ πȢυ— ╔— ╥▄▲◊
ᶻ ɝ—Ὧ ɝ— Ὧ ρȢυὝɝ‫ Ὧ

 (4.50) 

Equation (4.50) only has state vectors/variables at time instant k, which cannot be 

regarded as a state evolution equation. However, it can still be integrated into the system 

state evolution equation by substituting it into other state evolution equations which 

have the item ɝ╤▀▲Ὧ. 

4.4.3 Machine dq Model and Position Integration 

The machine d/q-axis model in the discrete-time domain, shown as the grey block in 

Fig 4.3, has a similar expression as the discrete MRAS adaptive model given by (4.6). 

The only difference is the parameter matrices. Equation (4.6) uses estimated machine 

parameters (i.e., Ὑȟὒȟ•  and estimated speed (‫ Ὧ) to build the machine MRAS 

adaptive model, but the machine d/q-axis model in this subsection should be built with 

the actual machine parameters (i.e., Ὑȟὒȟ• ) and actual speed (‫ ). Although the 

estimated machine parameters are assumed the same as actual parameters in this section 

for simplification, the estimated speed (‫ Ὧ) cannot be regarded as the same as the 

actual machine speed (‫ ).  

Therefore, based on the discrete MRAS adaptive model (4.6), the machine d/q-axis 

model in z-domain is expressed as follows: 

 ╘▀▲Ὧ ρ ╕╘▀▲Ὧ ╖○╤▀▲Ὧ ╖ⱴ•   (4.51) 

where  

 ╕ ▄═   (4.52-a) 
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 ╖○ ╕ ╔ ═ ║○  (4.52-b) 

 ╖ⱴ ╕ ╔ ═ ║ⱴ  (4.52-c) 

The expressions of matrices ═ȟ║○ȟ║ⱴ are shown as follows: 

 ═
ὙȾὒ ‫
‫ ὙȾὒ

  (4.52-d) 

 ║○
ρȾὒ π
π ρȾὒ

 (4.52-e) 

 ║ⱴ π ‫Ⱦὒ  (4.52-f) 

The machine d/q-axis model in z-domain is finally derived as (4.51) with its 

parameters listed in (4.52-a)-(4.52 -f). The exponential expression in (4.52-a) is not 

replaced by its Taylor expansion like that in the discrete adaptive model (4.8-a). This 

is because ═ in the actual machine model is constant but ═Ὧ in the discrete adaptive 

machine model is not. 

Because all parameter matrices (i.e., ╕ȟ╖○ȟ╖ⱴ) of the machine d/q-axis model (4.51) 

are constant, it is quite easy to get its small signal equation as follows: 

 ῳ╘▀▲Ὧ ρ ╕ῳ╘▀▲Ὧ ╖○ῳ╤▀▲Ὧ  (4.53) 

As can be seen from Fig 4.3, the actual rotor position —Ὧ  comes from the 

integration of constant rotor speed. This can be modelled with equation (4.54) and its 

small signal equation is like (4.55). 

 —Ὧ ρ —Ὧ ‫Ὕ  (4.54) 

 ɝ—Ὧ ρ ɝ—Ὧ  (4.55) 

4.4.4 Current Transformation 

The ñCurrent transformationò is displayed in Fig 4.7 with a whole diagram (a) and a 

simplified diagram (b). Similar to the óVoltage generationô in section 4.4.2, the overall 

diagram, given by Fig 4.7(a), has four frame transformations and one sample time 
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delay. The dq-axis currents at time instant k (i.e., ╘▀▲Ὧ) are transformed to ‌‍ frame 

(i.e., ╘♪♫Ὧ) using the rotor position at time instant k (i.e., —Ὧ). Then, it will be 

transformed to 3-phase currents (i.e., ╘╪╫╬Ὧ) by ‌‍-to-abc transformation. There is a 

unit delay after them because the sampled 3-phase current at time instant k will only be 

used by controller at the next instant k+1.  

The two transformations after unit delay (i.e., abc-to-‌‍, ‌‍-to-dq) are executed in 

the controller to get the sampled currents in the estimated dq frame (i.e., ╘ Ὧ) for the 

current PI controller. The position used in ‌‍-to-dq transformation is —Ὧ ρ

Ὕ‫ Ὧ ρ  instead of —Ὧ ρ as the unit delay needs to be compensated. The 

‫ Ὧ ρ and —Ὧ ρ instead of ‫ Ὧ and —Ὧ are used at time instant k because 

the MRAS algorithm is executed after the current transformation. 

Similar to óVoltage generationô in section 4.4.2, the ‌‍-to-abc and abc-to-‌‍ 

transformations in Fig 4.7(a) can be neglected to have a simplified diagram like Fig 

4.7(b) as they donôt have any relationship with rotor position and donôt affect the 

analysis result.  

 

Fig 4.7. Current transformation diagram full (a) and simplified (b) diagram 

Just like the equations (4.39)-(4.41) in óVoltage generation, there are also three 

equations like (4.56)-(4.58) to describe the ñCurrent transformationò. Equation (4.56) 

describes the real current transformation from dq to ‌‍-frame; (4.57) describes the 
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delay of current sampling; (4.58) describes the sampled current transformation from 

‌‍ to dq-frame.  

 ╘♪♫Ὧ ╣ — Ὧ ╘▀▲Ὧ  (4.56) 

 ╘♪♫Ὧ ╘♪♫Ὧ ρ  (4.57) 

 ╘▀▲Ὧ ╣—Ὧ ρ Ὕ‫ Ὧ ρ ╘♪♫Ὧ  (4.58) 

where ╘▀▲Ὧ and ╘♪♫Ὧ are the machine currents at time instant Ὧ in dq-frame and 

‌‍-frame respectively; ╘▀▲Ὧ and ╘♪♫Ὧ are the sampled currents at time instant Ὧ in 

estimated dq-frame and ‌‍-frame respectively.  

Combining (4.56)-(4.58) together, the relationship between machine dq-axis current 

╘▀▲Ὧ and sampled current in estimated dq frame ╘▀▲Ὧ can be derived like (4.59) 

and (4.60). The detail derivation is explained in Appendix B.II.a. 

 ╘▀▲Ὧ ╣ Ὧ╘▀▲Ὧ ρ  (4.59) 

where 

 ╣ Ὧ ρ —Ⱦς╔ — —Ⱦφ╙  (4.60) 

In (4.60), the — has its expression like — —Ὧ ρ —Ὧ ρ Ὕ‫ Ὧ ρ. 

The small signal equation of (4.59) is shown in (4.61) and its detail derivation is 

shown in Appendix B.II.b. The expression of ɝ— is shown in (B.21) 

 
ɝ╘▀▲Ὧ ρ — Ⱦς╔ — — Ⱦφ╙ɝ╘▀▲Ὧ ρ

     ╙ ρ πȢυ— ╔— ╘▄▲◊ɝ—
  (4.61) 

Similar to the óVoltage generationô part in Section 4.4.2, the state vector/variables in 

(4.61) at time instant k-1 (i.e., ῳ╘▀▲Ὧ ρ, ῳ—Ὧ ρ, ῳ—Ὧ ρ, ῳ‫ Ὧ ρ) 

should be replaced by new state vector/variables at time instant k (i.e., ῳ╘▀▲ Ὧ, 

ῳ— Ὧ, ῳ— Ὧ, ῳ‫ Ὧ). The ῳ— Ὧ and ῳ‫ Ὧ have been defined in  (4.46) and  

(4.48) respectively, and ╘▀▲ Ὧ, ῳ— Ὧ are defined in (4.62), (4.63). The number ó1ô 
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in the subscripts of the new defined vector/variable represent 1 delay of them compared 

with their original vector/variable. 

 ῳ╘▀▲ Ὧ ρ ῳ╘▀▲Ὧ  (4.62) 

 ɝ— Ὧ ρ ɝ—Ὧ  (4.63) 

Therefore, (4.61) can be rewritten to a new equation like (4.64) which only has state 

vectors/variables at time instant k. Although (4.64) is not a state evolution equation, it 

can be integrated into the system state evolution equation by substituting it into other 

state evolution equations which have the item ῳ╘▀▲Ὧ. 

 

ɝ╘▀▲Ὧ ρ — Ⱦς╔ — — Ⱦφ╙ɝ╘▀▲ Ὧ

 ╙ ρ πȢυ— ╔— ╘▄▲◊Ͻ

     ɝ—Ὧ ρ ɝ—Ὧ ρ Ὕɝ‫ Ὧ ρ

  (4.64) 

 

4.4.5 Current Closed-Loop State Evolution Expression 

Till now, the entire current control loop with sensorless rotor position estimation 

shown in Fig 4.3 has been modelled in the z-domain and their small-signal models have 

been derived. In this section, all small signal equations will be synthesized into one 

state evolution equation. This equation will show the stability of the current closed-loop 

system.  

All small-signal equations are derived in Section 4.3.2 as well as in Section 4.4.1-

4.4.4. These equations can be classified into 2 categories, one is the equations of state 

vectors/variables (Table 4.1), and the other is that of intermediate vectors/variables 

(Table 4.2). There are 13 state vectors/variables for the current closed-loop system in 

total, which are listed in Table 4.1. The first 5 state vectors are 2*1 vectors, and the 

other 8 state variables are scalars. The value of these state variables at time instant Ὧ

ρ will be updated by their 1st-order linear difference equations (i.e., second column of 
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Table 4.1) based on the system state at time instant Ὧ.  

Table 4.1. State vectors/variables summary for the system state evolution equation  

state 

vectors/variables 

State vectors/variables 

difference equation 

ɝ╧▀▲Ὧ (4.35) 

ῳ╤▀▲
ᶻ Ὧ  (4.45) 

ῳ╘▀▲Ὧ (4.53) 

ῳ╘▀▲ Ὧ (4.62) 

ῳ╘▀▲Ὧ (4.11) or (4.21) 

ɝὢ Ὧ (4.28) 

ɝ‫ Ὧ  (4.48) 

ῳ‫ Ὧ  (4.49) 

ɝ—Ὧ (4.31) 

ɝ— Ὧ  (4.46) 

ῳ— Ὧ  (4.47) 

ɝ—Ὧ (4.55) 

ɝ— Ὧ (4.63) 

The vectors/variables listed in Table 4.2 are intermediate vectors/variables, whose 

results at time instant k depend on the state of other vectors/variables at time instant k. 

These vectors/variables will not appear in the final system state evolution equation, but 

their expression listed in Table 4.2 will be used to derive the final system state evolution 

equation.  

 

Table 4.2. Intermediate vectors/variables summary for the system state evolution equation  

Intermediate 

vectors/variables 

Intermediate 

vectors/variables expression 

ῳὩὯ (4.25) 

ɝ‫ Ὧ (4.29) 

ɝ▄▀▲Ὧ (4.34) 

ɝ╤▀▲
ᶻ Ὧ (4.36) 

ɝ╤▀▲Ὧ (4.50) 

ῳ╘▀▲Ὧ (4.64) 
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To derive the state evolution equation of the entire current close-loop system, all 

differential equations listed in column 2 of Table 4.1 should be synthesized into one 

equation as follows: 

 ╧Ὧ ρ ╜Ͻ╧Ὧ  (4.65) 

where ╧Ὧ is a state vector at time instant Ὧ (18 rows, 1 column) including all state 

vectors/variables in the first column of Table 4.1. ╜ is the 18 rows and 18 columns 

state matrix, which can describe how this system evolves from time instant Ὧ to Ὧ ρ.  

The procedure of deriving ╜ is with the assistance of MATLAB as it has so many 

variables and equations involved, but the basic principle is substituting all equations in 

Table 4.1 into (4.65), and replacing the intermediate vectors/variables with their 

expression in the Table 4.2. 

The stability of the modelled current closed-loop control system is closely linked with 

the eigenvalues of matrix ╜, which can be obtained by calculating the equation as 

follows: 

 ȿ╜ ‗╔ȿ π  (4.66) 

where ‗ represents the eigenvalue of matrix ╜, and ╔ is the 18*18 identity matrix. 

As the size of ╜ is 18*18, there will be 18 eigenvalues of ╜. For the discrete math 

model, if the modulus of all eigenvalues ‗ are smaller than 1.0, the system is stable at 

the specific equilibrium operating point. If there is any modulus of ‗ larger than 1.0, 

the system will not be stable. The next chapter will use this method to analyse the 

stability of the system. 
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4.5 Conclusion 

The MRAS sensorless stability analysis in the s-domain can be found in some 

literature, whilst the existing methodologies cannot deal with our high-speed 

application scenarios due to the control delays. Therefore, this chapter develops the 

discrete state evolution model of the MRAS sensorless current closed-loop system. This 

model is a linearized small signal model which can consider the control delays in the 

real application. The eigenvalues of the proposed model matrix can be used to evaluate 

the stability of the MRAS sensorless control system. 
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Chapter 5. Stability Analysis 

Procedure and Simulation Validation 

The state-evolution and small-signal-based MRAS sensorless current closed-loop 

model is developed in the last chapter. Using that proposed model, system stability at 

any operating point can be analysed. However, stability analysis at any single operating 

point is not enough for system stability evaluation in the full operation range. Therefore, 

a stability analysis procedure is proposed in this chapter to analyse the overall stability 

performance of the MRAS sensorless system. In addition, the stability boundaries of 

MRAS sensorless control under different operating conditions and different control 

parameters will be calculated and compared with simulation results.  

5.1 Stability Analysis Procedure 

Although the stability of the current closed-loop system is determined by the 

eigenvalues of its system state matrix ╜, it is not straightforward since machine and 

control parameters as well as the equilibrium operating point need to be determined 

firstly. The machine parameters, given in Table 5.1, are assumed to be constant during 

the stability analysis and the impacts of these parameters due to temperature or stator 

saturation change have been neglected. The bandwidth of the current PI controller is 

designed to be 500Hz. 

Table 5.1. Machine parameters and constant control parameters for stability analysis 

Symbol Description Value 

R Resistance per phase 0.171ɱ 

ὒ d- and q-axis inductance per sector 530ʈ( 

•  Permanent magnet flux linkage 0.03Vs 

Ὧ Proportional factor of current PI controller 2 

Ὧ Integral factor of current PI controller 800 
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A basic stability analysis step is shown in the flowchart in Fig 5.1. The first step is to 

determine the control parameters of MRAS sensorless algorithm. Different machine 

parameters (Ὧ ȟὯ ȟὙȟὒȟ• ) will affect system stabilities as well as estimation 

accuracy, thus need to be defined in the first step. The second step is to select the 

equilibrium operating point (ὭᶻȟὭᶻȟÎ). The next step is to calculate the steady-state 

values of currents and voltages (╘▄▲◊ȟ╘▄▲◊ȟ╥▄▲◊ȟ╥▄▲◊
ᶻ ). Finally, the state matrix ╜ of 

the current closed-loop system is obtained and its eigenvalues are calculated to evaluate 

the system stability. 

 

Fig 5.1. The flow chart of stability analysis steps 
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More complicated analysis of evaluating the system stability will be explained in the 

following sub-sections.  

1) Determine the control parameters of MRAS sensorless algorithm 

As shown in Fig 5.1, the first step is to determine the control parameters of the MRAS 

sensorless algorithm. The selection ranges of these parameters are listed in Table 5.2. 

The range of Ὧ  and Ὧ  are based on some preliminary simulation results, and the 

estimated machine parameters are selected around the actual machine parameters. It is 

important to note that Ὧ  and Ὧ  will only affect the system stability instead of the 

estimated position error. It will be proved later that the estimated position error is zero 

if all estimated machine parameters (Ὑȟὒȟ• ) are the same with the actual machine 

parameters. 

Table 5.2. MRAS sensorless control parameters range for stability analysis 

Symbol Description Range 

Ὧ  Proportional factor range of MRAS PI controller 1 to 6 

Ὧ  Integral factor range of MRAS PI controller 1000 to 15000 

Ὑ Estimated resistance per phase 0.6~1.4*R 

ὒ Estimated d- and q-axis inductance per sector 0.6~1.4*ὒ 

•  Estimated permanent magnet flux linkage 0.6~1.4*•  

 

2) Determine the operating conditions 

The operation conditions of this dual three-phase machine are determined by 3 

parameters, i.e. (ὭᶻȟὭᶻȟÎ) as shown in Table 5.3. For our studies, the machine speed 

range is from 0 to 14.2krpm. The Ὥᶻ is always zero as there is no flux-weakening 

requirement. The Ὥᶻ is from -30A to 30A, considering both motoring and generating 

modes. 

Table 5.3. Machine operating point range 

Symbol Description Range 

n Speed 0 to 14.2krpm 

Ὥᶻ d-axis current reference 0A 

Ὥᶻ q-axis current reference -30A to 30A 
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3) Calculate the steady-state voltages and currents 

If the machine parameters used in MRAS sensorless algorithm are the same as the 

actual parameters (Ὑ Ὑȟὒ ὒȟ• • ), all current variables in the steady state will 

be the same (i.e., ╘▀▲Ὧȟ╘▀▲Ὧȟ╘▀▲Ὧȟ╘▀▲
ᶻ Ὧ). This is also true for all voltage 

variables (i.e., ╤▀▲Ὧȟ╤▀▲
ᶻ Ὧ). However, this is the ideal case and in practice, the 

estimated position error from MRAS is inevitable. Therefore, the voltage and current 

transformations in the control algorithm will bring mismatches to the voltage and 

current variables.  

Therefore, the following equations define the steady-state (SS) values of estimated 

position error, currents, and voltages. 

 — ÌÉÍ
ᴼ

—Ὧ ρ —Ὧ   (5.1) 

 ╘▄▲◊ ÌÉÍ
ᴼ

╘▀▲Ὧ   (5.2) 

 ╘▄▲◊ ÌÉÍ
ᴼ

╘▀▲Ὧ   (5.3) 

 ╘▄▲◊
ᶻ ÌÉÍ

ᴼ
╘▀▲Ὧ ╘▀▲

ᶻ   (5.4) 

 ╥▄▲◊ ÌÉÍ
ᴼ

╤▀▲Ὧ   (5.5) 

 ╥▄▲◊
ᶻ ÌÉÍ

ᴼ
╤▀▲
ᶻ Ὧ   (5.6) 

where —  represents the estimated position error. ╘▄▲◊ represents the equilibrium 

operation point of the machine current in the d/q-axis. ╘▄▲◊ represents the equilibrium 

operation point of the estimated current from MRAS adaptive model. ╘▄▲◊
ᶻ  represents 

the current reference.  ╘▀▲Ὧ is the sampled current using the estimated position  — for 

abc/dq transformation and will finally be regulated to ╘▀▲
ᶻ . ╥▄▲◊ and ╥▄▲◊

ᶻ  represent the 

equilibrium operating point of the actual voltage and voltage reference respectively.  
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In (5.1)-(5.6), there are one unknown scaler (— ) and four unknown 2x1 vectors 

(╘▄▲◊ȟ╘▄▲◊ȟ╥▄▲◊ȟ╥▄▲◊
ᶻ ). There is also one 2x1 vector (╘▄▲◊

ᶻ ) already known. Therefore, 

there are totally 9 unknown variables, and 9 equations are required to calculate a unique 

solution. 

In steady state, the actual machine model and MRAS adaptive model can be 

expressed as follows: 

 ═╘▄▲◊ ╥▄▲◊ ╖ⱴ ╘▀▲
ł   (5.7) 

 ═╘▄▲◊ ╥▄▲◊
ᶻ ╖ⱴ ╘▀▲

ł   (5.8) 

where: 

 ═
ὙȾὒ ‫
‫ ὙȾὒ

  (5.9) 

 ╖ⱴ π Ⱦὒ•‫   (5.10) 

 ═
ὙȾὒ ‫

‫ ὙȾὒ
  (5.11) 

 ╖ⱴ π Ⱦὒ•‫   (5.12) 

The relationship between ╥▄▲◊ and ╥▄▲◊
ᶻ  can be expressed as (5.13). A similar 

relationship between ╘▄▲◊
ᶻ  and ╘▄▲◊ is expressed as (5.14). The Clarke-Park 

transformation and its inverse transformation can be simplified to linear expression 

when —  is close to zero. 

 ╥▄▲◊
ÃÏÓ— ÓÉÎ—

ÓÉÎ— ÃÏÓ—
╥▄▲◊
ᶻ ╔ ╙— ╥▄▲◊

ᶻ   (5.13) 

 ╘▄▲◊
ᶻ

ÃÏÓ— ÓÉÎ—

ÓÉÎ— ÃÏÓ—
╘▄▲◊ ╔ ╙— ╘▄▲◊  (5.14) 

The MRAS error calculating expression is another one to determine the equilibrium 

variables. The stable state expression is shown as follows: 



Chapter 5. Stability Analysis Procedure and Simulation Validation 

93 
 

 Ὡ ╘▄▲◊
ᶻ ╙╘▄▲◊ ╙ ╘▄▲◊

ᶻ ╘▄▲◊ π  (5.15) 

Based on the analysis above, 9 equations are obtained in (5.7), (5.8), (5.13)-(5.15), 

which can be used to calculate the 9 unknown variables (— ȟ╘▄▲◊ȟ╘▄▲◊ȟ╥▄▲◊ȟ╥▄▲◊
ᶻ ). 

The calculation flowchart is shown in Fig 5.2 below with some equation derivation 

listed in Appendix B.III. 

 

Fig 5.2. Flowchart of equilibrium operating point calculation in MATLAB 

4) Calculate eigenvalues of matrix ╜  

After the 3 steps above, all parameters and variables in the state matrix ╜ have been 

determined. The eigenvalues of ╜ thus can be calculated. A MATLAB manuscript 

based on the steps introduced above is written and attached in Appendix C. 
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5.2 Simulation Validation  

In this section, the proposed eigenvalues-based stability analysis method above will 

be validated by simulation. Different factors, which will affect the system stability, will 

be considered such as MRAS PI parameters, different types of MRAS adaptive models, 

different iq currents, and different estimated machine parameters. Some insights can be 

obtained by analysing the system stability at different operating conditions. In this 

section, the simulation model based on Simulink is built as an important tool for the 

validation of our proposed small-signal-based analysis. 

5.2.1 Simulation Model to Validate The Stability Analysis 

Method 

The simulation model is built in the Simulink and its basic structure is demonstrated 

in Fig 5.3. It includes d/q-axis current PI controllers, currents and voltages frame 

transforms, MRAS rotor position and speed estimation, and continuous machine model. 

Compared with the real application, the outer loop controllers (DC-bus or speed 

controller) are neglected as they are not considered in this stability analysis. The 

simulation model built in MATLAB/Simulink is given in Appendix D. 
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Fig 5.3. Simulation model structure diagram  

The power converter is simplified to a unit ñdelay and holdò block since the voltage 

reference όᶻὯ and όᶻὯ can only be applied to the windings at time instant (k+1). 

The transformations between ‌‍ and abc-axis are also neglected as they do not affect 

the final result. As for the currents, the current sampled at time instant k can only be 

used at time instant (k+1) due to the long current sampling holding times of the ADC 

module (about 5us). Therefore, one unit delay is applied to the sampling currents.  

The machine used in the simulation is in the continuous-time domain (s-domain) 

instead of the discrete-time domain (z-domain), which can better represent a real 

electrical machine. The continuous-time domain machine model adopts the machine 

parameters listed in Table 5.1. Apart from the machine model, all the others are built 

by discrete blocks with a sampling frequency 40kHz (same as the PWM frequency).  

The following simulation scenarios analyse the system stability under different 

conditions such as MRAS PI parameters, order of MRAS adaptive model, different iq 

currents, etc. However, they share the same format: firstly derive the stability result 

from the small-signal-based state evolution equation and then use the simulation to 

validate the system stabilities and compared with small-signal-based analysis results. 
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5.2.2 Stability Analysis of MRAS System with 1st-Order 

Adaptive Model 

The MRAS sensorless algorithm is first proposed in the s-domain. It has been proved 

in [26] that the MRAS sensorless algorithm is always stable no matter how much the 

Ὧ  and Ὧ  of MRAS PI controller are selected, but this is an ideal situation without 

consideration of real application constraints such as control delay, voltage saturation, 

etc. In fact, there must be some limitations of MRAS PI parameters selection due to the 

relatively large control delay in high speed. In this section, the system stability with 1st-

order MRAS adaptive model will be analysed at different MRAS PI parameters 

(Ὧ ȟὯ ), providing guidance for the parameters selection. 

5.2.2.1 Stable Area of MRAS System with 1st-Order Adaptive Model 

As the key point of this section is focused on the MRAS PI parameters (Ὧ  and Ὧ ), 

Ὥᶻ and Ὥᶻ are set to 0A where the machine is running at idle mode without any loads. 

Using the small-signal-based stability analysis method in Section 5.1, a 3D map in Fig 

5.4 is obtained to display the stable area (i.e. maximum eigenvalue<1) at different 

speeds. It can be seen the stable area shrinks when speed increases. This means that 

without a proper selection of Ὧ  and Ὧ , the system may only stable at low speed 

and become unstable at a higher speed. As can be seen in Fig 5.4, when the speed is 

6krpm, almost all Ὧ  (range from 1 to 6) and Ὧ  (range from 0 to 14,000) 

combinations can make the system stable. These areas have already significantly 

reduced when the speed increases to 7krpm. When the speed goes beyond 10krpm, the 

stable areas of Ὧ ȟὯ  combinations become relatively unchanged.  

The red line area In Fig 5.4 represents the overlapped stable area at all different 

speeds. The Ὧ ȟὯ  combinations within this area are suggested for selection as they 
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can make the system stable at a wider speed range. This figure gives a guideline for 

control parameter selection to avoid any potentially unstable conditions. 

 

Fig 5.4. The stable area of kpm and kim selection at different speeds for the 1st-order adaptive model 

To provide a better guideline of Ὧ  and Ὧ  selection, a maximum eigenvalue map 

in Fig 5.5 is given. The colour represents the maximum eigenvalues at all speed ranges 

from 6krpm to 14krpm. The steady area is inside the contour line of 1.0 and it is located 

between Ὧ ρȢυ ςȢυ and Ὧ σπππρππππ. Therefore, Ὧ  and Ὧ  can be 

selected from this area. 

 

Fig 5.5. The maximum eigenvalues map for the 1st-order adaptive model at all speeds 
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5.2.2.2 Stability Simulation of MRAS System with 1st-Order Adaptive Model 

The stable area shown in Fig 5.4 and Fig 5.5 is calculated from the small-signal-based 

stability analysis method in section 5.1. This section is going to validate the stability 

analysis result above by simulation studies.  

Fig 5.6 shows the maximum eigenvalue contour lines in different Ὧ  and speed with 

Ὧ υπππ. The red line represents the contour line of 1.0, which is the boundary of 

the stable operation area. It can be seen that the unstable area is located in the top right 

corner where is with a higher speed and a bigger Ὧ . This makes sense because: 1) 

the control delay deteriorates performance further at higher speed; 2) larger controller 

gain (Ὧ ) will also cause stability issues. To validate the proposed small-signal model, 

eight operating points (i.e., a,b,c,d,e,f,g,h) around the red line are selected (detailed 

parameters listed in Table 5.4) to conduct simulations in the model given in Fig 5.6.  

 

Fig 5.6. The maximum eigenvalue map with kim=5000 for the 1st-order adaptive model 
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Table 5.4. Selected operating points parameters for 1st-order adaptive model  

Operating point Ὧ  speed(krpm) Position in Fig 5.6 

a 2.5 12 Stable area 

b 2.75 12 Unstable area 

c 2.5 9 Stable area 

d 3 10 Unstable area 

e 3.5 7 Stable area 

f 3.5 9 Unstable area 

g 5 7 Stable area 

h 5 8 Unstable area 

The simulation waveforms at those 8 operating points are demonstrated in Fig 5.7. 

The Ὧ , as well as the actual and estimated speed, are given in each simulation. It is 

obvious that the estimated speeds at operating points a,c,e, and g are convergent, but 

the estimated speeds at operating points b,d,f, and h are divergent. This is exactly what 

is expected from Fig 5.6. Therefore, the simulation results validate the correctness of 

the proposed state evolution equation. 
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Fig 5.7. Stability simulation results at the 8 operating points in Fig 5.6 
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5.2.3 Stability Analysis of MRAS System with 2nd-Order 

Adaptive Model 

In section 4.3.2.1, the MRAS adaptive model has two types of small-signal 

expressions. Depending on the linearization method to the exponential term ▄═ , 

they can be named as 1st-order MRAS adaptive model and 2nd-order MRAS adaptive 

model respectively.  

Although the last section has displayed the stable area of MRAS sensorless control 

with the 1st-order adaptive model, this stable area will shrink furthermore when 

considering different Ὥ and estimated machine parameters (Ὑȟὒȟ• ). It is even possible 

that no stable Ὧ  and Ὧ  is available for the 1st-order adaptive model.  

Therefore, this section will demonstrate the stable area of MRAS sensorless control 

with a 2nd-order adaptive model as well as the simulation results. 

5.2.3.1 Stable Area of MRAS System with 2nd-Order Adaptive Model 

Using the small-signal-based stability analysis method in section 5.1, a 3D map in 

Fig 5.8 is obtained to display the stable area (maximum eigenvalue<1) at different 

speeds with the 2nd-order MRAS adaptive model used. As can be seen from it, the stable 

area shrinks with speed increasing. At the highest speed (14krpm), any Ὧ  higher than 

3.5 is unstable no matter how much Ὧ  is, but the selection of stable Ὧ  at 14krpm is 

more flexible. So, the system stability is more sensitive to Ὧ  at high speed. 

The red line area in Fig 5.8 represents the overlapped stable area at all different 

speeds. The Ὧ ȟὯ  combinations within this area are suggested for selection as they 

can make the system stable at a wider speed range. This figure guides control 

parameters selection and avoiding the possible danger compared with the trial-and-error 

method in real high-speed tests. 
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Fig 5.8. The stable area at different speeds for the 2nd-order adaptive model 

Similar to the last section 5.2.2, the data to plot Fig 5.8 is processed by calculating 

the maximum eigenvalue at the same Ὧ  and Ὧ  but with all different speed from 

7krpm to 14krpm. Then a new maximum eigenvalue map as Fig 5.9 is derived. The 

contour line of 1.0 is exactly the boundary of the overlapped area in Fig 5.8. The contour 

lines in Fig 5.9 show the stability trend of the system with the 2nd-order adaptive model, 

telling engineers which area has a larger stable margin.  

 

Fig 5.9. The maximum eigenvalues map for the 2st-order adaptive model at all speeds 
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5.2.3.2 Stability Simulation of MRAS System with 2nd-Order Adaptive Model 

This section will validate the stability area with the 2nd-order adaptive model by 

simulation. To achieve this, a maximum eigenvalue map with different Ὧ  and Ὧ  at 

14krpm is given by Fig 5.10 first. The red lines represent the stable boundaries, and 8 

operating points around the boundary (i.e., a,b,c,d,e,f,g,h) are selected as simulation 

points to validate the system stability. These 8 points are marked in Fig 5.10, and the 

Ὧ  and Ὧ  of them are listed in Table 5.5. 

 

Fig 5.10. The maximum eigenvalue map at 14krpm for the 2nd-order adaptive model 

Table 5.5. Selected operating points parameters for 2nd-order adaptive model  

Operating point Ὧ  Ὧ  Position in Fig 5.10 

a 3 3000 Stable area 

b 3.5 3000 Unstable area 

c 3 5000 Stable area 

d 3.25 5000 Unstable area 

e 2.75 8000 Stable area 

f 3 8000 Unstable area 

g 2.5 12000 Stable area 

h 2.75 12000 Unstable area 

Simulations at the 8 operating points are conducted on the Simulink model discussed 

in Section 5.2.1 and their results are shown in Fig 5.11. The speed reference (n*), 

estimated speed (Î ), and MRAS error (Ὡ) at each operating point are demonstrated. 

As can be seen from it, the Î  and Ὡ waveforms are convergent at operating points a, 
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c, e, g, but divergent at operating points b, d, f, h. These simulation results match well 

with the operating point locations in Fig 5.10, which proves the correctness of the 2nd-

order adaptive model-based current close-loop system.  

 

Fig 5.11. Stability simulation results at the 8 operating points in Fig 5.10 
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5.2.4 Stability Comparison of 1st- and 2nd-Order MRAS 

Adaptive Model 

To compare the performance of 1st and 2nd-order MRAS adaptive models, the stable 

boundary in Fig 5.5 and Fig 5.9 are plotted together in Fig 5.12 below. The red line 

represents the stable area boundary of the current closed-loop system with the 1st-order 

MRAS adaptive model at the whole speed range, and the blue line represents the stable 

boundary of the same system with the same speed range but with the 2nd-order MRAS 

adaptive model. It is obvious from it that the 2nd-order adaptive model has a larger stable 

area of MRAS PI parameters than the 1st-order adaptive model. Although the 2nd-order 

adaptive model is more complicated and consumes more controller time (about 3us), it 

is still preferable for our application as the microcontroller we used can handle the 

increasing computation.  

 

Fig 5.12. Stable area comparison of 1st and 2nd-order adaptive model with speed between 7-14krpm 

There are 3 parameters (i.e., Ὧ , Ὧ , speed) required to be determined in the 

simulation, but the unstable area in Fig 5.12 does not indicate which speed this system 

will be unstable for a given set of kpm and kim. Therefore, we fix the Ὧ υπππ and 

derive the Fig 5.13 which shows the stable areas of the current closed-loop system for 
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different kpm and speed using 1st and 2nd-order MRAS adaptive model design. For 

comparison studies, four operating points (i.e., a, b, c, d) are selected as simulation 

scenarios and all of them are located inside the stable area of the 2nd-order adaptive 

model but outside the stable area of the 1st-order adaptive model. The parameters of the 

four operating points are listed in Table 5.6. 

 

Fig 5.13. Stable area comparison of 1st and 2nd-order adaptive model with kim=5000 

 
Table 5.6. Operating points selections for 1st and 2nd-order adaptive models comparison  

Operating 

point 
Ὧ  Ὧ  

Speed 

(krpm) 

Stability for 1st-order 

adaptive model 

Stability for 2nd-order 

adaptive model 

a 3 5000 13 unstable stable 

b 3.5 5000 11 unstable stable 

c 4 5000 10 unstable stable 

d 5 5000 9 unstable stable 

The simulation results at these 4 operating points for the 1st and 2nd-order MRAS 

adaptive model are demonstrated in Fig 5.14. Figures on the left column show the 

estimated speed and MRAS error using1st-order MRAS adaptive model. It can be seen 

that the variables are divergent at all 4 points as the operating point locations outside 

the 1st-order MRAS adaptive model stable range in Fig 5.13. However, the figures on 

the right show the convergent estimated speed and MRAS error at all 4 points with the 

2nd-order MRAS adaptive model as these four points are within the stable boundary of 

this method in Fig 5.13. Above all, all the simulation results in Fig 5.14 are consistent 
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with the stable area shown in Fig 5.13, proving the superiority of the 2nd-order MRAS 

adaptive model. 

 

Fig 5.14. Stability simulation results at 4 different operating points (a,b,c,d) in Fig 5.13.  



Chapter 5. Stability Analysis Procedure and Simulation Validation 

108 
 

Left column: results from 1st-order MRAS adaptive model; Right column: results from 2nd-order 

MRAS adaptive model 

5.2.5 Stability Comparison with Different Q-Axis Current  

All discussions above are under the condition of Ὥ Ὥ π!. In this section, the 

stability performances of the current closed-loop MRAS sensorless system with 

different Ὥ currents are analysed. The Ὥ current is always zero as there is no need for 

flux weakening for the studied machine.  

Based on the analysis in previous sections, the 2nd-order MRAS adaptive model has 

a larger stable area compared with the 1st-order MRAS adaptive model. As different Ὥ 

may cause further shrink of stable area, it is wiser to choose the 2nd-order adaptive 

model for MRAS sensorless control.  

 Using the maximum-eigenvalue-based stability analysis method proposed in section 

5.1, the stable boundaries at 14krpm with different iq are shown in Fig 5.15. Both 

positive and negative Ὥ are considered because machine will work both in motoring 

and generating modes. It is obvious from Fig 5.15 that the stable area with Ὥ ςπ! 

is the largest. With the increasing of current Ὥ, the stable area will shrink. This indicates 

Ὥ will certainly influence the system stability, so the selection of proper MRAS PI 

parameters should be based on the most severe condition (maximum Ὥ).  
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Fig 5.15. Stable boundaries with different iq when speed is 14krpm 

To validate the correctness of the conclusion derived above, simulation at the two 

operating points óaô and óbô in Fig 5.15 are conducted with the results shown in Fig 

5.16. Table 5.7 list the operating situations and control parameters in the different time 

slot of Fig 5.16 to provide a clear view. At operating point óaô, simulation with Ὥ

ςπ! (0-0.1s) is stable but unstable with Ὥ π! (0.15s-0.2s), which is consistent 

with the point óaô location in Fig 5.15 (inside blue line but outside yellow line). Similar 

result is obtained at operating point óbô, where the simulation waveform is stable with 

Ὥ π! (0.25s-0.3s) but unstable with Ὥ ςπ! (0.4s-0.45s), matching with the 

location of operating point óbô in Fig 5.15 (inside the yellow line but outside the green 

line). 
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Fig 5.16. Stability simulation results at operating point a and b in Fig 5.15 

Table 5.7. Operating situations and control parameters in the different time slots of Fig 5.16 

Time(s) Operating point Ὧ  Ὧ  Speed (krpm) Iq(A) Stability 

0-0.1 a 3.3 6000 14 -20 Stable 

0.15-0.2 a 3.3 6000 14 0 Unstable 

0.25-0.35 b 2.8 6000 14 0 Stable 

0.4-0.45 b 2.8 6000 14 20 Unstable 

 

5.2.6  Machine Parameters Impacts on MRAS Sensorless 

Control Stabilities 

5.2.6.1 MRAS Estimated Position Error Analysis 

In the MRAS sensorless algorithm, the machine parameters such as phase resistance, 

inductance and stator flux linkage will be used to build the adaptive model and control 

rule. However, these machine parameters vary with temperature, stator steel saturation, 

etc. The machine parameters for the MRAS algorithm are normally based on the static 


















































































































































































