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Abstract

Fringe projection systems can acquire a pointcloud of more than a million
points in minutes while not needing to ever physically touch the measurement
surface and can be assembled using relatively inexpensive offthe-shelf
components. Fringe projection system can conduct measurements faster than
their tactile counterparts and typically require les s training to do so.

The disadvantage of using a fringe projection system is the measurements are
less accurate than alternative tactile methodst and typical met hods to obtain

an uncertainty evaluation within fringe projection require a tactile system as a
comparator. Anterior to any measurement, fringe projection systems undergo

a calibration, whereby the set of functional quantities (defined in this thesis as

the system parameters) are found that define the measurement (the point

cloud) from the indication (a set of images). The accuracy of the estimated
parameters will define the accuracy of any measurements made by the system.
The calibration process does not evaluate any uncertainty of the estimated

system parameterst the accuracy of the estimation of the parameters remains
unknown, as is their exact effect on the measurement result.

In this thesis, an investigation into the using the system parameters to evaluate
the uncertainty of fringe projection measurements is made. Firstly, a method to
localise the centre of ellipses in camera images with an uncertainty is given.
This uncertainty is used to derive the uncertainty in the estimated system
parameters. The uncertainty in the system parameters is tested by using the
system parameters to measure known artefacts, a flatness artefact and two
sphere-based artefacts,where the propagated uncertainty is tested against the
measurement error. The accuracy of the system parameters are tested by
comparing the measurement error of the measurements with measurements
made on a commercial system, the GOM ATOS Core 300.In addition , an
exhaustive study is undertaken on the calibration, including applying
curvature, specificity and parameter stability tests on the nontlinear regression
used within calibration.

The sphere-based measurements were found to not be robust enough against
measurement noise in fringe projection to be able to provide information on
errors caused by the system parameters.This thesis raises questions as to the



Vi

appropriateness of using sphere-based measurements to represent the
performance of a fringe projection system. The flatness measurements made
using the estimated system parametersachieved an accuracy of approximately
ol across a omini p1imi flatness artefact, which is similar to
measurements made by the commercial system. However, the estimated
uncertainty was unable to explain all measurement discrepancy between the
fringe projection measurements and the tactile measurements. The result
spedficity test indicated poor specificity of the mathematical model of fringe
projection, namely the camera pinhole model with Brown -Conrady distortion.
It is concluded that the level of accuracy of the mathematical model has become
a limiting factor in the accuracy of fringe projection measurements, instead of
the accuracy of the inputs to the calibration. Therefore, the uncertainty of the
system parameters cannot be used to evaluate an uncertainty of a measurement
made using a fringe projection system.
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Chapter 11 Introduction

This chapter introdu ces this thesis, including its objectives and novel
contributions , and will provide context for proceeding chapters . First, Section
1.1 presents fringe projection systems and establishes the service that they
perform. A brief overview of t he basic working principles of fringe projection,
as well as the advantages fringe projection offers over traditional measurement
techniques is introduc ed in Section 1.2 Section 1.3 outlines the specific issue
that is present in current fringe projection systems that this thesis will
contribute towards solving . Section1.4will provide a summary of the objective
of this thesis. Lastly Sed¢ion 1.5will detail limitations of this thesis that have
been chosen to limit the scope.

1.1 Coordinate metrology

The complexity of manufactured goods has been increasing since the first
Industrial Revolution, and continues to increase to this day with the fifourth

Industrial RI Y O O U OdnérCantamation and additive manufacturing [2]. As
manufacturing processes increase in conplexity, so too do metrological

instruments designed to control the manufacturing processes[3].

When considering the manufacture of any part, given that all dimensions must

be to specification, some aspects of dimension are more important than others.

Geometric dimensioning and tolerancing (GD &T) enables control over the
conformance of the part. GD&T encapsulates a broad range of possible
dimensions - the full list is defined in the International Organisation for
Standardisation (ISO) standard 1101[4]. Form is one aspect of GD&T, and

EIl UEUDPEIT UWwEOQWOENI E Uz Gnalglisrk, Haineésaub]d T 6 wEa OPOE U
Coordinate measurement systems (CMSs) were developed in the 1970s, by
manufacturing company Ferranti, to speed up inspection times whi ch were

lagging behind manufacturing times [6]. CMSs are versatile measurement tools

i OUWOI EVUUUDOT WEOWOENIT HUQMSsufopideiddddion GO wE OE w i
OENI EOzUwUUUI EEI wEUWE wE bdildnsiddd! @m) spacesOi W OO
hereby called the point-cloud. The point-cloud can be analysed to give

information on the form of the object being measured [8, 9].
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CMSs can assume many different configurations but can be roughly
categorised into two distinct types - tactile CMSs and optical CMSs. Tactile
CMSs typically consist of a probe mounted onto a gantry system [7] (although
this is not always the case[10]), with the probe tip registering each point within
the point-cloud by physically touching the surface of the object. The gantry
system simultaneously moves the probe tip and tracks its location. When the
probe registers a pre-specified deflection, caused by the normal force of the
object, the coordinate of the probe tip is recorded. Tactile CMSs are highly
specialised, expensive systems that, depending on the size of the object bag
measured and the desired point-cloud density, can take many hours to acquire
an accurate measurement.

1.2 Brief overview of fringe projection

Optical CMSs, instead of relying on the physical deflection of a probe, use the

reflection of light to probe a sur face. Fringe projection systems are a type of
optical CMS, and, unlike tactiie CMSs, fringe projection systems can be
assembled using relatively inexpensive off-the-shelf components. Where a
tactile CMS typically takes approximately thirty minutes to acqui re roughly

thousands of points, fringe projection systems take only minutes to acquire

more than a million points over a similar measurement area. While tactile CMSs

must physically touch a part to measure it, fringe projection systems do not.

Fringe projection system are well-suited for the measurement of simple and
complicated forms [11-13]. A fringe projection system can measure
manufactured parts autonomously in real -time [14-16] or be used to augment
an operators vision with augmented reality [17]. Fringe projection systems are
also well -suited for in -situ measurements on the production line, avoiding the

need to relocate partselsewhere for inspection [18]. The detection of early build

faults busing fringe p rojection saves build material and time [19]. Fringe
projection systems are one of the few measurement sysems capable of
providing in -situ topography measurements of the additive manufacturing

process [20-22]. An example of a fringe projection measurement is shown in

Figure 1.1.
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Figure 1.1 Example of a fringe projection measurement. A
measurement of a skull from the Zoology collection, School of Life
Sciences, University of Nottingham, Thomas Hartman. Each dot is a
single point within the point -cloud.

Fringe projection systems belong to a subset of optical CMS known as
triangulation -based optical CMS ¢ similar in operation to laser line scanners
and photogrammetry [23]. A detailed overview of the measurement process is
given in Chapter 2, a summary is given here. Triangulation -based optical CMS
measure the surface of an object by recording the interaction of light with the
OE N1 E Uz @ndusihg thepnkifes of triangulation to record 3D points in
the point-cloud. To complete a measurement a projector first projects a pattern
onto a measurement surface. A camera, offset from the projector, records the
image of the projected pattern, which appears distorted due to surface
geometry. The camera image is then decoded, to find corresponding two-
dimensional (2D) locations between the camera and projector images, allowing
3D points to be triangulated.

1.3 Uncertainty evaluations in fringe projection

Measurement uncertainty is the quantification of the statistical dispersion of
measurement values that can reasonably be attributed to the true value being
measured [1]. The accepted method of evaluating uncertainty is detailed in the
Guide to Uncertainty in Metrology (GUM) [24]. Measurement uncertainty
allows the meaningful comparison of two measurements of the same object.
Without uncertaint y, the disparity in measurements cannot be accounted for,
and it will remain unknown as to how to treat the disparity in measurements.

A fringe projection system goes through what is often referred to as a
calibration, whereby a set of values (defined in this thesis as the system
parameters) are found that define the measurement value (the point-cloud)
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from the indication (a set of images). Typically, the calibration procedure
provides an uncertainty associated with each value found, but in fringe
projection this is typically not the case. According to The International
Vocabulary of Metrology [1], this would therefore not qualify as a calibration.
To remain congruent with current literature on fringe projection , the calibration
procedure will remain known as calibration in this thesis.

Typically, to provide an uncertainty with a fringe projection measurement, a
study must be completed by comparing a fringe projection measurement of an
artefact that has beenindependently measured using a calibrated instrument.
This must be completed for every unique measurement and can be resource
intensive. It would be useful to only have to complete this process once during
a set time period {t like a tactile CMS. The series of standards ISO 1553(25]
details the determination of uncertainty in tactile CMS. Tactile CMS share some
similarities to triangulation -based optical CMS, in that they both fulfil a similar
measurement role. In 0, a comprehensive review of influence quantities in
fringe projection is given, showing why fringe projection measurements are
sensitive to surface characteristics, such as optical properties and topography,
making ISO 15530 unsuitable far application to triangulation -based optical
CMS.

In Chapter 3 and Chapter 4, a review of the current literature on methods of
evaluating uncertainty in fringe pr ojection measurements is given. Chapter 3
concludes that the evaluation of uncertainty in fringe projection is problematic
even when ignoring the measurement surface in the evaluation of uncertainty .
The light-surface interaction is a complex process, so producing a completely
calibrated measurement from a fringe projection system is outside the scope of
this thesis. Not all fringe projection measurements are highly sensitive to the
measured surface; and for this category of measurements, it would be beneficial
to have an uncertainty value derived from the system parameters (ignoring the
surface problem).

1.4 Thesis objectives

The objective of this thesis is to provide an uncertainty on a fringe projection
measurement derived only from the system parameters. The uncertainty on
these parameters must be obtained during the calibration. The benefit of this
approach is this will require no extra work from the operator of the system.The
completion of this objective will require:

1. A novel method to obtain uncertainty from the reference measurement
procedure ¢ given in Chapter 6. A novel procedure is given that enables
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the estimation of the centre of an ellipse along with an uncertainty ¢
which is a key input to the calibration.

A novel method to obtain an uncertainty during the calibration of a
fringe projection system ¢ given in Chapter 7. It is popular to estimate
the system parameters using a norlinear regression ¢ which can
provide an uncertain ty estimate. Obtaining the uncertainty this way is a
novel application within fringe projection.

a. A method to quantify if the wor king conditions of the non -linear
regression have not been violatedt given in Chapter 7. The use
of the testsused in this thesis is novel. The parameter stability test
derived in this thesis is a novel test used to detect thermal
instabilities during the calibration procedure.

A method to propagate the uncertainty in the system parameters to a
measurement made using a fringe projection system¢ given in Chapter
8, using a novel triangulation method given in Chapter 2. The method
used to propagate uncertainty from the system parameters in this thesis
is necessary butis computationally expensive. The novel triangulation
method given in Chapter 2 greatly reduces the computation time of the
uncertainty propagation.

The validation of the evaluated uncertainties of the system parameterst
given in Chapter 8.

1.5 Thesis limitations

To limit the scope of this thesis the following limits are given to the definition
of fringe projection:

1.
2.

Fringe projection is defined as one camera and one projector only.
Fringe projection techniques are limited to full -field triangulation
methods only.

Correspondence algorithms are limited to temporal corre spondence
algorithms only.

Computing power is limited to off -the-shelf components only.

Static fringe projection systems only are considered (i.e., static systems
measuring static targets).






Chapter 21 Measurement theory of
fringe projection

This chapter outlines the basic theory required to understand a fringe projection
system. The measurement proces is described in detail, focussing on the
implementations of methods that are specific to this thesis. An overview of the
complete measurement process is given inSection2.1 Section2.2 gives a description
of the experimental set-up used in this thesis.

Fringe projection systems are known as triangulation -based optical CMS ¢ because
the measurement model is based on triangulation. Triangulation is defined as the
process of determining the location of a point by forming triangles from known
positions [26]. In fringe projection, a camera and projector provide two angles within
a triangle, system calibration provides a length, and the measurement surface is found
as the final unknown corner of a triangle. The method of triangulation within the
context of fringe projection is described in Section 2.3. Additionally, S ection 2.3.2
defines a novel triangulation method that can be completed faster than comparable
methods.

ForEWEEOI UEWEOEWEwWxUONI EOCOUwWOOwxUOYDPETI wEOW?EOD
the same point on the measurement surface must be localised within the camera and
projector image. In this thesis, the act of correspondence refers to the decoding mettod
that locates the two-dimensional (2D) sub-pixel location (image points) in both the
camera and projector images that originate from the same point in three-dimensional
(3D) space. The method of correspondence is described in Sectio2.4.

For completeness, Section2.5 defines the extension of the methods described in
chapter to an over-determined system, i.e., where there are multiple cameras and
projectors. Expanding on the model defined in Section 2.3, Section2.6defines the way
in which uncertainties in fringe projection measurement are represented in this thesis.

2.1 Measurement process overview

This section will provide context on the following sections of this chapter by defining
the entire measurement procedure. Prior to a measurement, a calibration step
provides values that are used in the to generate measurements. Images are captured
during the imaging stage. These images are then decoded in the correspondence
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decoding. Camera and projector images typically contain some minor optical
distortions, and so distortion correc tion is performed on the image points d uring the
distortion correction stage (although distortion correction can instead be performed
earlier, on the image itself, and projector distortion specifically can be corrected pre-
imaging stage). Finally, each 3D point is realised in the triangulation stage using the
guantities that define the fringe projection system. The entire measurement pipeline
is represented graphically in Figure 2.1.

Calibration

Imaging
L» Image filtering }Optional

| Correspondence

| decoding
L» Phase filtering }Optional
Distortion
correction
Lb Triangulation

Point-cloud

Optional {

Figure 2.1 The flow of data in fringe projection to define a measurement
value, from image acquisition to the 3D point -cloud output.

Point filtering

h

There are many optional filtering techniques that can be applied at various stages of
the measurement process. Prior to the correspondence decoding stage, the raw camera
images can be filtered of unnecessary pixels or saturated pixels. During the
correspondence stage, a quality metric can be used to remove areas of an image where
the correspondence algorithm has performed poorly [27]. In a final step, the output
point-cloud itself can be filtered to remove various imperfections [28]. A review of
fringe projection techniques can be found in Chen, Xu [29], Feng, Zuo [30]and Xu and
Zhang [31]. Multiple cameras/projectors can be used in many different combinations
[32]; this thesis will be limited to single camera -projector fringe projection systems to
limit the scope.
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2.2 Experimental set-up

This section will detail the experimental set-up used to conduct tests, calibrations, and
measurements. The fringe projection components are mounted onto astatic structure
made of alumin ium hex-bars, that are mounted to an optical mat. The fringe projection
system sits in a semiclean room with temperat ure kept between¢ ® 3and ¢ @ 3. It
is assumed that the surrounding air is constant in temperature and the particulate
content and humidity is negligible. The camera is aProsilica GT5120 with an attached
Soligor optic. The resolution of the camera isuv p ¢ T p ¢amd the focal length is
x T 1t | . The projector is a Texas Instruments 4500 Lightcrafter with a resolution of
wp ¢ p p tarmd a focal length ofx ¢ 1t [ . The projector and camera are synchronised
using the v ¢ Usignal from the High -Definition Multimedia Interface (HDMI ). The
working volume of the fringe projection system is approximately o it
cmimli ¢mii.

This thesis will establish some common coordinate systems. The two axes of

images are given by 6R , with any non-italic subscripts detailing what

component the coordinates belong to, e.g., 6z are the image coordinates

for the camera. Global coordinates are given by ofchd. The global

coordinate system is aligned with the camera coordinate system, with the

origin of the global coordinate system centered onto the camera coordinate

system. The configuration of the fringe projection system as well as the
coordinate systems used in this thesis are shown in

Figure 2.2.
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Figure 2.2 The hardware along with the coordinate systems used in this
thesis. Camera coordinates are in yellow, projector coordinates arein orange
and global coordinates are in green.

2.3 Measurement model

In this section, the fundamental mathematical model that defines fringe projection
measurements from their indication , the triangulation model, is defined. In fringe
projection, both cameras and projectors are described by the pinhole camera model,
which will be defined in Section 2.3.1 The fringe projection measurement model is
given in Section 2.3.2

2.3.1 Pinhole camera model

The pinhole camera model describes the mathematical relationship between a 3D
point and its corresponding 2D point projected onto the image plane. The pinhole
model is given by

i L{o wh (2.1)

where =| and &describe rotations and translations of the point @ from an arbitrary

T OOEEOQWEOOUEDPOEUT wUaUuUl Owl O wU iThe mAtix QHistai 7 U w O b ¢
upper triangular matrix that describes the scaling, skewing and translation operation

of the camera on the point @ The scalari is a scaling term, where every object has an
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ambiguity of scale arising from mapping a 3D object onto a 2D plane. The
transformations L and 4 and vector 8&ogether define a projective transformation of

the 3D point @to the 2D image point ¥ A graphical representation of the pinhole

camera model (eq.(2.1)) is given in Figure 2.3. In the pinhole model, it is common to

show the projective plane as inverted and positions opposite the pinhole, as is
physically realistic in pinhole cameras. In this thesis, the convention w ill be to show

the image asnon-inverted and positioned in front of the pinhole .

3D object

KE mp

Projective plane

Figure 2.3 The pinhole camera model describing the projection of 3D points
¢ first to a projective plane, and then to the camera image.

The inverse of eq.(2.1) from an image point ¥®to a global point @is given by

o i{ L ® 4 = (2.2)

or alternatively in the form

© B %8 (2.3)

Given the parameters |L,=| and Bare known, a single cameracan define a global point
®to somewhere along aline in 3D space, given by the vector{®. This concept is shown
in Figure 2.4, where the 3D object exists somewhere along the vectors defined byEq.
(2.3). The pinhole camera can define only in which direction global point eexists, and
not the depth along this direction . In other words, a pinhole cameracan be considered
as a direction sensor[33].
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3D objects
2

Figure 2.4 An arbitrarily rotated and translated camera defined as a
direction sensor.

With two direction sensors, along with the known transformation between them, the
original point ecan be triangulated. Fringe projection systems triangulate 3D points
by using both the camera and the projector as direction sensoss, and therefore are
known as triangulation -based optical CMSs.

2.3.2 Triangulation

This section will detail how to solve fo r the global position ® using two direction
sensors. This section will include a novel solution to the fringe projection
measurement model that is simple to understand as well as faster than alternative
solutions. In eq. (2.2) the parameter L is known and setting 4 \ and 8 Pwithout
loss of generality, only the scalar i remains to be found. Consequently, only a single
coordinate from a second direction sensaor is required to fully realise the 3D point @
provided the second direction sensor is sufficiently rotated and translated from the
first. In fringe projection, a projector is modelled as a camera, so the camera and
projector are both defined by two pinho le models given by

i Lidze = (2.4)

g Lpdpe =N (2.9)
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where the subscripts Aan D distinguishes if the variable defines the camera or the
projector. Defining the camera as a direction sensor gives

© igds s 9z 88 (2.6)
The projection of alineD QwU T 1 w xiddyddpdedisGhbgriin Figure 2.5.

i

Figure 2.5 A projector in a fringe projection system projecting an image
consisting of a single blue line.

The projection of a line in image space can be described as @lane in the global 3D
coordinate system

i © 4, % ™ (2.7)
where =pdescribes the plane normal of #p£& p. The vector given by =| B¢ gives the
origin of the projector coordinate system in a global coordinate system. Combining
eg. (2.6) and eq. 2.7) gives

42 8 idga La® Hp o8 i mh (2.8)

and the unknown scalar i zcan be found using

. A dp % i0
A TR B gt " &9
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with the plane normal =pbeing a function of projector image coordinates. The plane
normal =ois found using the cross-product of two vectors that exist on that plane.
Defining the projector as a direction sensor,

© dp8 igp Ly ®h (2.10)
and defining the two vectors on the planeto be® and® {, where #is some vector
that lies within the plane. Without loss of generality setting i p, the plane normal
is given by
o dp Lo dp Ly ® #h 2.11)
which is simplifie d to
"D =iD Ly =iD Ly 4P (212

Under matrix transformations =| « L, , the cross product is simplified to

© 4p AAG Ly #8 (213

The cross product®  Pcaninstead be represented as a linear mapping=® , where
the linear encoding transform = defined explicitly by {, the vector parallel to the
projected plane. For example, if the projected plane was projected along the x-axis,
£ p 1 m? then

m T

m p8 (2.14)
D T

Il
434

If instead, the projected plane was along the y-axis,# 1 p 1%,

P
= m h (2.15)
Tt

© A4
444

where subscripts have been used to differentiate the two transforms. The projected
plane can be defined for any arbitrary direction . The final form for the plane normal
is

o 4p AAG, Li=ns (2.16)
Substituting eq. (2.16) into eq. (2.9) gives the final form to solve for i

a8 4o W i 4p H=®
A La ot 9o La=my

[ & 8 (2.17)



2.3Measurement model 41

Setting the global coordinate system to be aligned with the camera for convenience,
4 \ and®& Pgives

1o 8 { 4p Li=®
La s t 4o L=m
Note, this is a novel approach to fringe projection triangulation compared to
alternative methods [34, 35] Eq. (2.18) solves for the unknown scale, i 5 allowing the
full triangulati on of a 3D point from the camera. The function inputs include the
camera and projector 2D image coordinates, B, , as well as a series of constants

Lahlghd ohBg . The conseints Lahl, b ¢ EUT w0l T wUaUlUl Oz Uw@UEOUE
define the relation between 2D image coordinates ¢ep, to the final 3D point & and

i % 8 (2.18)

will hereby be called the system parameters, and will be denoted using a single vector
holding the component values of el k|, hB . For completeness, the full
triangulation function is given as

4o % { 4p Li=®
La st 4o M=m
The assumption made here, is that both the camera and projector are accurately
described by the pinhole camera model and the projected line from the projector is
infinitely thin. However, both the camera and the projector are subject to optical
distortions (see Section2.3.3 and resolution limitation of the optics (a discussion is
given in Section 2.3and Section3.1).

"Q e Lx o8 (219

Alternative methods exist that range in simplicity, accuracy, and computational
speed. A comparable method is Zhang®& method [34], with both methods sharing the
same assumptions. The method presented here, however, is faster and more memory
efficient compared to Zhang& method. The eq. .18 can be simplified to a single
rational equation to allow rapid triangulation

, M- O .

s - B, - QB "Q)Ah (2.20)
where the encoding projector coordinates have been replaced by a single coordinate
—. EQ. (2.19) is identical with Zhang & method up to numerical precision but has few er
operations per pixel required to define the final 3D point ®% a comparison is given in
Table 2.1. The computational speed boost will be useful later for the method give in
Section8.1

Table 2.1 Comparison of the number of operations per pixel between
triangulation methods.
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Total number of Number of stored
operations (per pixel) |variables (total)

Eq.(2.19) 32 13
Zhang 537 20

N~ A A o~ N A

(2.19), 300 random measurement scenarios were created by drawing values from
uniform distributions defined in Table 2.2. The principle point was taken to be the
centre of the image for both the camera and projector. The results can be found in
Figure 2.6.

Table 2.2 Uniform distributions for testing Eq.(219ET EPOUO w9 T EAT z UwOil U1 OES

Input Mean Value Half -width
Focal length - x 1200 100
Focal length -y 1200 100
© Resolution - x 1024 300
E Resolution -y 768 300
S | Skew 0 0
Focal length - x 600 100
Focal length -y 600 100
= Resolution - x 1024 300
_&i Resolution -y 768 300
£ | skew 0 0
Focus point - X 0 100
Focus point -y 0 100
Focus point ¢ z 1000 100
9 | Translation ¢ x 0 100
g Translation t y 0 100
Ej Translation ¢ z 0 100
Correspondence - Projector - Projector
map resolution - x resolution - x
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measurement model in terms of (a) maximum absolute difference
between points and (b) computation time.

The simple rational function given in eq. 2.19 is very similar to the alternative linear,
polynomial and inverse models given in [30]. While some alternative methods can
achieve comparable accuracy, the method described above is typically more robust
when measuring objects outside of the volume that encompasses all the measured
points used within the calibration , also known as the calibration volume.
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A common issue of simpler models is that the linear assumptions used in these models
are only valid for certain positions in the measurement volume [36]. The linear method
only approximates the model well over a small measurement height and is subject to
stricter geometric constraints. The inverse linear method captures more of the rational
nature of the eq. (.19, and is not subject to any such geometric constraints.
Polynomial models are sometimes favoured for their simplicity as they effectively
eliminate the need for distortion correction since the calibration is performed locally
across the image[37] ¢ but they are subject to over-fitting issues. More complex
methods, such as the crossatio method [38], are effectively insensitive to common
fringe projection problems, such as pixel-to-pixel non-linearity, but the disadvantage
is that they require a precision motion stage during the calibration. Lately, using
neural networks to perform the triangulation have becomeincreased in popular ity
but typically require a lot of training data, which is time -consuming to create [39],
although this can be overcome with virtual training [40] or unsupervised learning
techniques [41].

2.3.3 Distortion model

This section will detail the nonlinear extension to the pinhole camera model described
in Section 2.3.1 The pinhole model described in Section 2.3.1is an idealisation of the
true nature of optical devices, being a geometrical interpretation of light propagation.
In fact, an optical device will always exhibit geometric distortions and aberrations,
due to imperfect optics and the wave nature of light. Therefore, additional nonlinear
terms are included to model the distortion apparent in all cameras. The mathematical
model used for this purpose is called the distortion model.

Several distortion models exist in litera ture, varying greatly in simplicity and accuracy
[42]. Distortion correction is typically a trade -off between accuracy and numerical
stability during the calibration procedure [42], with complexity varying from a couple
of parameters [43] to many [44]. A common distortion model is the Brown -Conrady
model [45], that splits the distortion into radial and tangential components, although
other representations exist [46-48]. Despite the popularity of the Brown-Conrady
model, there is ongoing debate aboutthe importance of certain distortion coefficients
with respect to accuracy.Although it is rarer to include the distortion centre as a
parameter, Sun and Cooperstock [49]found that t he distortion centre is an important
parameter to include. Each optical system will have its own distortion that will lend
itself to certain models [42]. It is worth noting that some triangulation methods,
including the polynomial model, inherently correct for optical distortion , but stil | have
the problem in deciding how many parameters is sufficient [50].

Due to the widely accepted use of the Brown-Conrady model [35, 51-53], it was chosen
as the modelling function for this thesis. The distortion function is given by
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Q ah (2.2
B ® |, p QU Qi
n . n . 2.22
L B R > B (223
n n
with distortion centre given by ® g 40g 44 and distortion coefficients given by
W Q Q Q N N 0gs Ugy. The quantitiesi and 0 are defined by

i 6 65, U Us (2.23)

O 6 65, 0 Us,8 (2.24)

The radial and tangential components of the Brown-Conrady model are shown in
Figure 2.7.
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Figure 2.7 Distortion modelled using the Brown -Conrady model.
Distortions show n are (a) radial ?barrel? distortion, (b) radial
?pincushion? distortion, (c) tangential distortion and (d)

combined radial and tangential distortion.

The distortion function "Q %M/ is unique to each 6h) image location, yet the
projector only needs to resolve one dimension during the correspondence decoding
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phase to fully triangulate a 3D point. If only one axis of the projector 2D image point
is resolved during the correspondence stage, the projector point cannot immediately
undergo a distortion correction. It is common therefore, to pre -distort the projector
images prior to a measurement, so the distortion converts the image back to its ideal
[51]. In this thesis, it was instead chosen to repet the correspondence twice to resolve
both axes of the 2D image point of the projector, i.e., projecting both horizontal and
vertical fringes to fully define the projector image location.

2.3.4 Distortion correction

In Section 2.3.3 a model was given that described the typical nonlinear distortion
found in all cameras. This model, in conjunction with the camera pinhole model,
describes the propagation of light from an object to the charge-coupled device (CCD)
in the cameraE E OO E w propadatior) UHowever, the triangulation method
given in Section 2.3.2 eq. (2.22), describesthe inverse operation pEE OOl EwW? EEEOPE
propagation). However, eq.(2.22) has no analytical inverse. Some simple radial-only
distortions can be analytically inverted [54], but most distortion models cannot. Most
inverse distortions are computed numerically instead [55]. To enable a fast
triangulation method, a simple, quick algorithm is needed, to estima te the pre-
distorted coordinates given the distorted coordinates and distortion coefficients . The
pre-distorted coordinates can be found with the following numerical algorithm, given
in Algorithm 1, called fixed-point iteration, used by OpenCV 4.5.5[56].

Algorithm 1 Fixed-point iteration method used as the inverse mapping
operation.

Take estimate of undistorted point as the same as the distorted point

B 4

not converged:
Compute distortion of estimated point "Q ®A Og 4
Find difference between distorted estimate and actual point

® Ogun #
Update estimate with the difference ® P
Iterate ' Q "Q p
Compute the magnitude of the change during this iteration .
£ 14

" The method has converged.

The fixed-point iteration metho d is only guaranteed to be converge to the correct
answer under specific conditions. Using the above definitions, d efining the function
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Q® Qe ®vh (2.25)

where s and Ware considered known constants,"Qd®  mwhen <correctly maps to
|, i.e., when the inverse is found. This mapping is only guaranteed to be found by
the fixed-point iteration method in the case

A
— " 2.26
LI Qb p (2.26)

for all values of %“Q(b , 1.e. the distortion function must be monotonically increasing .

area, acamerathat fails this condition will not make a usable direction sensor given
each pixel will not have a well -defined direction and will therefore invalidate the
triangulation method.

Computing the derivatives is one method to test for convergence. An alternative
simple method is to test the convergence using a set of predetermined values.Firstly,
an estimation of the distortion coefficients, along with the camera matrix, is supplied
by calibrating the camera using the method given i n Chapter 7. Then, eachdistortion
coefficient T is sampled from a uniform distribution, > T@®7T Fp&t . For alacrity, only
100 100 points are sampled across the CCDsampled evenly in the range 0to 5120 in
both axes (se€Section2.2), to be distorted. The points are distorted using the analytical
function eq. (2.22), and then corrected using the fixed-point iteration method,
Algorithm 1. The original and the undistorte d points are then analysed for their
maximum absolute error. This is repeated 10,000 times and the results inFigure 2.8
show that the fixed -point iterat ion method converges as expected within the region of
the estimation of the distortion coefficient s provided by the camera calibration. The
error of the fixed -point iteration method in this circumstance is less than ¢ p Tt
pixelsand T® p 1T pixels in the camera and projector respectively + and is therefore
considered negligible.
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Figure 2.8 The maximum absolute error from the distortion -
correction algorithm . Error is given for (a) the camera parameters
and (b) the projector parameters.

2.4 Correspondence decoding

In this section, the method used to provide the 2D points within the camera and
projector image plane that correspond to the same 3D point in global space is defined.
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In Section 2.3.2 it was demonstrated that only a single additional measurement
dimension is necessary to encode information to fully -realise a 3D point. A simple
algorithm, then, could project a series of individual lines from the projector. The
problem with this approach is that, to obtain a full -field measurement, it would take

a considerable amount of time. Instead, modern techniques utilise the full projector

image and decode all pixels at once.The correspondence algorithm method can be
seen as a communication problem, with each projector pixel asa transmitter and the

camera pixels as receivers. The projection signal is subject to degradation and
aberration from the optics of the projector and cameraand the surface of the object
being measured. The objective of the correspondence algorithm is to provide accurate
correspondenceinformation as robustly as possible, using as few images as possible.

Correspondence algorithms typically favour using low spatial -frequency content in
the projection images. The optical resolution of the projector will limit the higher
spatial-frequency content of projected images. This can be used, to a great effect, to
remove higher spatial-frequency errors/noise from projected images [57, 58]
Correspondence algorithms therefore usually encode correspondence information in
the phase of projected sinusoids[59] ¢ although this is not always the case [60].

A common correspondence algorithm is the three-phase shift algorithm. A series of
sinusoids are projected, each with a specific phaseshift, and the projector locations
are encoded into the sinusoids phase. The underlying phase distribution can then be
found. The int ensity of a fringe pattern across Q image ‘Ocan be expressed as

oo 602%0h 6h (2.27)

where %0, 6h) is the phase distribution, | is the phase shift and coefficients 6 and 6
are the contrast and offset coefficients respectively. Using the phase shifts]
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While sinusoids avoid the spatial -frequency cut-off, they are periodic, and so certain
pixels across the projector image will contain identical information. The obtained
phase distribution %g 0h) is said to be wrapped, since%g 60 | T Bsoohd R 0,
with 0 denoting the fringe pitch (wavelength of the projected fringes). The wrapped
phase%g O0h is therefore defined within the range mig“ 0. A larger fringe pitch can
be used at the expense of sensitivity[61]. The conversion of the wrapped phase to the
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shifting is shown in Figure 2.9.
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sinusoid images.

Correspondence algorithms can generally be classifiedinto two different categories,

spatial and temporal algorithms [35], although some newer algorithms combine the

two as spatiotemporal algorithms [62]. Spatial algorithms decode the correspondence

information across the captured image, or iJx EUPEOOa2 OwUOwi 1 Ol UEOO
images. Sinceonly one image is required, spatial correspondence algorithms have a

lower acquisition time [63] and are favoured in high -speed situations.

Common spatial algorithms include the Fourier transform, windowed Fourier

transform and the wavelet transform methods [64-66]. Other spatial algorithms

include adding additional information to the projected image [67] or using parameter

information [68, 69] Temporal algorithms decode the correspondence information

across multiple images of altering projections, or temx OUE O0Oa 2 6 w31 Ox OUE OQwE
are, in general, far more robust and accurate at the cost of higher acquisition time and

are therefore favoured in metrological applications [70-72].

Popular temporal algorithms include heterodyne [73, 74] multi -frequency [75] and
number-theoretical methods [76], and state-of-the-art systems have begun using
neural networks to obtain the absolute phase map [77, 78] The heterodyne method is
considered accurate but prone to more unwrapping errors than other methods [71].
The general method behind the heterodyne method is to use the heterodyne principle
to create artificially large fringe pitches that can be used to unwrap shorter fringes.
The multi -frequency method projects larger fringe pitches (increasing fringe pitch 0)
to unwrap the shorter fringe pitches [79]. The number-theoretical method relies on
fringe integers being co-prime throughout the image, therefore never sharing a
common fringe jump.
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For this thesis, it was decided that a modified heterodyne technique, given in Lai, Li

[80], will be used for its simplicity and robustness against phase-unwrapping errors.

The @ '%ohase map is made up of an integer order 5 and a fractional order 3-%o, %o

B 3%o. Fringe pitches are givenbyd 0 0 . The integer order5  Tthecause
0 is chosen so that it spans the entire image. The phase maps can be sucssively
unwrapped with

0 3%o
5 NEdFR— 3% (2.30)
Q. 3% ,
B NE dzf =3 - 2 3% (2:31)
%0 B 3%oh (2'32)

giving an absolute phase map. Three phase maps were used in this case, but this
technique is not limited to three. The modified heterodyne method is shown
graphically in Figure 2.10.
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i
"

Wrapped phase maps Absolute phase map

Figure 2.10 The modified heterodyne method . The largest wrapped phase
map is used to unwrap the second largest phase map, which in turn is used
to unwrap the final highest frequency phase map.

The correspondence decoding allows the indirect observation of the projector image,
as if the projector is an equivalent camera. InFigure 2.11, the camera images are of a
dot-grid artefact, and the modified heterodyne method above was then used to infer
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what the projector was seeing by interpolating from the ¢ amera images. The borders
were manually cropped, the images rescaled and noisy pixels were removed for
clarity .

Camera image

Inferred projector

imaage

Figure 2.11 Projector images (bottom) inferred from camera images
(Top)

2.4.1 Pixel-to-pixel calibration
In Section 2.4, it is assumed above that a projected sinusoid is recorded as a sinusoid

within the ca mera. In other words, the projector output is related to the camera input
with a single additive and multiplicative component

®@ 0 0 (2.33

If this is not true , the sinusoid will become corrupted with higher -order components

and cannot be modelled by eq. (2.27) giving a systematic error within the phase map

[81]. Often, projectorsarefE OUUT EUIT E2 wi OUwl UOEOwYDPUDOOWE a wYE
exponentially instead of linearly . Correcting for this is called THRE OOE WE OU lhisEUD OO~
correction is completed by modelling the relationship 'O "Q0 and computing the

inverse function "Q so that eq.(2.27) is true.

A poor camera-projector response function will give a systematic error throughout the
measurement volume. Like optical distortion, there are two main ways of
compensating for this error: active and passive compensation. Active compensation
alters the input projection image, so the image is predistorted, back to the original
image. Passive compensation alters the camera image output instead. Active is
recommended since it does not change with projector defocus [82]. Alternati vely,
modified phase -shifting methods can be used that will not produce an error when the
system exhibits some form of gamma [83].
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To perform a gamma correction, a series of images of a single intensity are projected,
allowing the camera-projector response to be modelled. In a first step, the gamma
correction measures the response curve of the camera input by gradually increasing
the projector output. The basic gamma response curve model is given by

B v D\p LB (2.34)

It has been found that many projectors do not follow such a simple model and instead
require a seventh order polynomial [35],

B v WONG 2 (2.39)

Additionally, the camera and projector can suffer from synchronisation issues that can
lead to nonlinear pixel -to-pixel response. A typical projector produces a specific
intensity value by switching a micromirror on and off rapidly, creating an intensity
value from a series of on/off switches. The array of micromirrors is called a digital
micromirror device (DMD). Each image is projected as a series of Xbit images
sequentially over a specific time interval.

Consider a time interval split into 256 equal time periods, given that the projected
image is an 8bit image. Using the most significant bit first scheme,during the first 128
periods, the first bit is projected, and for the next 64 periods the second bit is projected,
and so on. In this way, a specific intensity given as an &bit number is described over
a specific time interval using 8 1-bit images, the diagram showing this is given in
Figure 2.12.
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Output
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Figure 2.12 A DMD pixel projecting the intensity value 170 (10101010) as a
series of off-on exposures.
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To obtain a linear cameraprojector response, it is very important for the camera to

expose its chargecoupled device (CCD) for the duration of the on -off sequence. If the
cameraprojector pair are out of sync, there will be par tial integrations of frames,

leading to non-correctable, non-linear relationships. Projectors that use liquid crystal

displays (LCD) or liquid crystal on silicon (LCoS) have far less stringent

synchronisation requirements becausethey do not encode intensity temporally [84].
A camera-projector response curve considering gamma or asynchronisation is given
in Figure 2.13.
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Figure 2.13 Camera-projector response curves (blue dashed line) Linear
response, (orange line) an uncorrected gamma response, and(green line) a
non-linear response from an asynchronous cameraprojector.

Synchronisation is usually achieved using an external signal. An external signal, sent
to both the camera and projectar simultaneously can trigger both to begin exposing
the CCD and projecting images respectively. A projector could also send a trigger
signal to indicate an image is currently being projected. The final step is to tune delays
within the projector or camera to synchronise both to each other. Alternative methods
include using software [85] or using field programmable gate arrays (FPGA) to handle
the synchronisation of multiple cameras and projectors [86-88].

2.5 Extension to over-determined systems

The fringe projection techniques so far have been limited to single projector-camera
systems that solve the triangulation exactly. This thesis is limited in scope to single
camera/projector fringe projection systems, but for completeness, fringe projection
methods that include additional cameras will be given here, where each 3D point is
over-determined.
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The triangulation method in Section 2.3.2can be extended to overdetermine each
point with just one camera and projector by leveraging the two dimensions of the
projector, instead of just one. Eq. (2.6) can be altered, and the subscript ‘Qwill now
differentiate 0 different camera sensors, instead of differentiating the camera and
projector.

o id L ® { = (2.36)

© B8 | ®h (2.37)

The problem now becomes finding the over-determined intersection of 0 lines; the
solution can be found in Juarez-Salazar, Giron [33],

© r o (2:39)

®om°

®“®
Fringe projection systems with additional cameras have a unique advantage over
single camera/projector systemst the measurement can be derived entirely from the
two cameras. Instead of using the projector to solve fori in eq. (2.4), the projector
exclusively provides correspondence points for the two cameras [32]. The realisation
of projector pixel locations is guaranteed to be more error prone than the camera since
pixel locations are inferred from the camera. Therefore, the advantage of this method
is that measurement accuracy is no longer dependent on the projector and the
realisation of its parameters.

r\ 8 (2.39)

This method will no longer provide an exact correspondence solution due to noise
within the camera images, and so the phase maps within each camera must be
correlated [89-91], which can be time consuming [92], rather than analytically solved .
The extra correlation step adds complexity which was considered unnecessary for this
thesis.

2.6 Frustrum model

This section will expand upon the concepts first defined in Section 2.3 to create a
model that will give an intuitive framework to describe the concept of errors in fringe
projection. The model created here will be used throughout this thesis. This section
will be based on the concept of direction sensors, defined in Section 2.3.1, and how
they can be used to recreate a 3D object, given in Sectio.3.2 In fringe projection, the
projector acts only as an additional sensor to ascertain depth within the camera
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coordinate system. Considering fringe projection in this way allows a simple
interpretation of fringe projection using projective (also called homogeneous)
coordinates. A point in Cartesian coordinates is represented in projective coordinates
by

To

0)0 h (2.40)

p

where the & coordinate has been replaced by depth coordinate® for clarity . Projective
coordinates give an instinctive way to deal with direction sensors . By arbitrarily
describing the cameracoordinate system as aligned with the global coordinate system
d \ 8 9, eq(2.3)becomes

Oa LAyl
o i Liahorm o Lfgg D (2.41)
0

where the functional dependencies have been explicitly stated. Errors in the camera
parameters will cause an error in the w ¢plane of a homogeneous coordinate system,
errors in the projector parameters will cause an error in the depth 0 of a homogeneous
coordinate system.Figure 2.5is expanded to show this in Figure 2.14. The camera ling,
given some thickness shown by its crosssection on the camera image planeg inter sects
the projected projector planes, given as a maximum and minimum . The uncertainty
in the camera line, denoted here as some ellipseand the uncertainty in the projector
plane location, given as maximum and minimum pla nes, has created a volume of
uncertainty associated with the point @ shown in orange, that is similar in shape to a
frustum . The uncertainty is shown as a hard boundary here for clarity but would in
reality be some probability density. Although the two intersecting planes are not
parallel, they are very close to parallel, and so this will be referred to in the rest of this
thesis as the uncertainty frustum ¢ this model being called the frustrum model .
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Figure 2.14 An expanded look into global point ®as shown in Figure 2.5.

2.7 Summary

This chapter defines the entire measurement pipeline for a fringe projection system.
Where necessary, methods have been chosen that are suitable for requirements of this
thesis. Methods have been chosen based on the fewest limitations to working
conditions, with the most robustness, with little concern for measurement speed. Only
fringe projection systems consisting of a single camera and projector will considered
in this thesis for simplicity.

In Section 2.3.2 a novel triangulation method has been defined that allows rapid
triangulation of a measurement surface, that requires fewer mathematical operations
than a similar, popular method. The lower computation time of the triangulation
method will be useful for use within a Monte -Carlo simulation. In Section 2.4, a
correspondence method is outlined that will provide high accuracy measurements
during a reasonable measurement acquisition timeframe. In Section 2.5, an extension
of the current method was given for overdetermined systems, where it was shown the
additional com plexity this configuration gives. Lastly, in Section 2.6, the frustum
model was defined that will be used to define uncertainty in fringe projection
throughout this thesis.
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Chapter 31 Influence quantities in
fringe projection

This chapter explores theinfluence quantities that will affect a fringe projection
measurement result. An influence quantity is a quantity that, in a direct
measurement, does not affect the quantity that is actually measured, but affects
the relation between the indication and the measurement result [1]. An example
of an influence quantity is the internal temperature components within the
fringe projection system, which will change the properties of the optical
components in the measurement system thereby changing the measurement
result. OOUT I Uwl REOx Ol wbUwUT T wEEOI UEZUwOxUDPEL
image formation. An influence quantity may originate externally, or it can be
inherent within the system. There are many influence quantities in fringe
projection, and together they can have a complicated causal relationship with
the measurement result. In this chapter, it is shown that there are many factors
that affect a fringe projection measurement result, and it is difficult to
accurately determine their precise effect.

Each parameer included in the trian gulation function eq. (2.19) (listed in Table
7.1) will determine the measurement and can be considered an influence
guantity. However, there are also many influence quantities that are not
inherently included in the triangulation function , which is problematic for any
attempts to evaluate uncertainty, as each influence quantity must be controlled
or accounted for. The pinhole camera model, and by extension fringe
projection, is based on geometrical optics,i.e., light is treated as a ray. However,
to obtain certain properties of the camera and projector associated with their
optics, a wave optics approach is sometimes preferable, i.e., treating light as a
PEYI wWUOWEEOEUOEUI wUT 1 weEOI VERwOUwWx UONIT EU
The rest of this chapter will be dedicated to defining a comprehensive list of
influence quantities. The list of influence quantities can be summarised as:
system parameters (found during the calibration step), spatial-frequency
bandwidth limitation of the opt ics as well as the sampling resolution of the
CCD and DMD, given in Section 3.1, pixel-to-pixel non-linearity given in
Section 3.2, surface geometry and surface optical characteristics given in
Section 3.3 and environment al factors given in Section3.4.
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3.1 Instrument resolution

Instrument resolution is define d asthe smallest discernible measurable interval
of the system. In fringe projection, instrument resolution is a function of optical
resolution (the ability of the camera and projector to resolve detail) and the
optical characteristics of the measurement surface. The optical resolution is a
defined by both the focussing limitation of the optics and the sampling
resolution of the CCD or DMD.

As direction sensor, the ability of the camera to resolve detail is directly related
to the ability of the camera to resolve direction ¢ and therefore will limit the
accuracy of the triangulation measurement [94, 95] Additionally, each sample
point (pixel) within the CCD collects light over a finite area. This is known as
sampling quantization, and is a limit to the accuracy of any optical sensor [96].
Considering the simple case of projecting only a single plane of light to obtai n
correspondence, the resolution can be well-defined using the frustrum model
(see Section2.6), shown in Figure 3.1. In this approximation, t he effect of
resolution is very similar to the limitation in accuracy of system parameters.
The method to define the resolution limit values is an ongoing question.

Projector ;

image plane "
D
Resolution

Camera image plane

Resolution
<4

:

Figure 3.1 The optical resolution of the camera (purple) and the
projector (orange and green) placing limits on the accuracy of a
triangulation position (red).
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Similar to a microscope, a camera can be modelled as appfing a linear filter in
spatial-frequency space [97]. The image acquired by the camera during a
measurement will therefore be attenuated by the optics of the camera. The
attenuation of the image is stronger at higher spatial frequencies of the image,
compared to lower spatial frequencies, illustrated in Figure 3.2.

Amplitude / A.U

—— True intensity
U u —— Measured intensity

< _<__

X/AU

Figure 3.2 A linear filter applied on a wave of exponentially
increasing spatial frequency.

The attenuation of higher spatial frequencies phenomenon is described by a
linear filter. The instrument resolution can therefore be limited by this linear
filter. However, the correspondence and triangulation algorithms are non-
linear trigonometric and rational functions ¢ the exact effect optical resolution
will have on the measurement is unclear without extensive simplifications. It
has been proposed that optical instruments can be described using an
instrument transfer function (ITF) [98], i.e. the measured surface spatial
frequencies are linearly related to the true surface spatial frequencies. The ITF
is useful in determining the smallest discernible measurable interval of a
measurement surface and, therefore, will be important in evaluating the
measurement uncertainty. The validity of the ITF approach to fringe projection
systems is given in Zhang, Davies [99], who also define the limits to that
validity.

Unfortunately, the ITF is only applicable to fringe projection under strict linear

assumptions, and the limits are broken when considering significant range of
depth values within the measurement. The ITF approach is further complicated
when considering that measurement sensitivity is dependent on position
within the measurement volume. Any consistent ITF must consider spatial
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variance [100], yet the ITF is typically considered spatially -invariant for
simplicity. Additionally, in fringe projection, the ITF is a function of the
measurement surface [101] as well as the optics, and is discussed further in
Section3.3 A alternative method to calculate instrument resolution is given in
Guidi, Russo [102]who consider the instrument resolution within the  w dplane
and the ¢-axis as two separate independent cquantities.

There is no generic method for evaluating the effect of optical resolution on the
point -cloud. Neighbouring pixels (and by extension, neighbouring points in
the point-cloud), will be innately linked by the spatial frequency limitation of
the optics and the sampling quantisation of the CCD. While this effect is
generally local, overall, it will make a sizeable contribution uncertainty
evaluation complexity , since each pointpoint relationship must be accounted
for.

Sampling resolution limits in th e projector can be problematic due to the
perceived edges of eachmicromirror . Fringe projection systems that have
highly mismatched CCD/DMD sampling resolution will suffer reduced
accuracy [103]. The projector relies upon the finite optical resolution of its own
optics to remove the quantization effects of the DMD, and will not adversely
affect the measurement result [101, 104]¢ the projector is often purposefully
blurred to produce higher quality fringes and measurements [57, 58, 104, 105]

The resolution model given in Figure 3.1 therefore does not apply to full-field
projection images ¢ since an optical resolution limit is limiting the spatial -
frequency content of the projection, and projections are typically chosen to be
absent of high spatial-frequencies. In the phase-retrieval regime, the projector
optical resolution will limit the frequency of the projected fringes, limiting the
robustness of the measurement against noise.Figure 3.1 can be updated to
reflect the phaseretrieval regime, shown in Figure 3.3. Instead, a sinusoid is
projected that is limited in frequency by the optical resolution of the projector.
The camera can resolve the sinusoid to a limited accuracyt a higher frequency
sinusoid will be far less sensitive to errors in resolving the sinusoid.
Additionally, in some cases, the camera resolution invalidate

06 602%0 68 (2.27)

This is explored in more detail given in Section 3.3 given it is fundamentally a
measurement surface quantity.
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Figure 3.3 The limitation of optical resolution on the measurement
result

3.2 Pixel-to-pixel non-linearity

The section will explore the relationship between DMD micromirror output
and CCD pixel input. Pixel-to-pixel non-linearity is defined as deviation from
the ideal case whereCCD pixel measurements arelinearly dependent on DMD
micromirror output. The correspondence (see Section 2.4) is found pixel -by-
pixel, with each DMD micromirror projecting its own time-varying sinusoid al
signal The DMD image is described by a sinusoidal function, using two
coefficients for the contrast 0 and the offset 0. If the correspondence obeys any
model but this contrast -offset model, a sinusoid as output b the projector will
not be measured assinusoidal by the camera, sothere will be some systematic
error in the measurement. However, there is rarely an ideal linear relationship
between projector irradiance output and camera irradiance input [106]. The
correction for non-linear mapping between projection irradiance output and
camera irradiance input is called pixel-to-pixel, detailed in Section 2.4.1

Crosstalk is problematic when colour is used to encode information, and must
be corrected[83, 107, 108]Properties of the camera and projector optics are also
wavelength dependent, and can cause chromatic aberrations that are often
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corrected [109]. These issues can be ignored when using monochromatic
encoding for the correspondence algorithm. Both the camera and the projector
are limited to recording/projecting a select range of values. Exceeding the

camera x D R | n@aximlum value is called AJEUUUEUDOT »w UT 1 wxbBRI OO
problematic for the correspondence algorithm [110, 111]

Camera-projector asynchronisation is another problem that can affect the
linearity of the camera-projector relationship. Unlike the camera CCD, the
projector DMD defines an output intensity by the physical switching of a

mirror ¢ a binary output. A single camera image acquisition must therefore
integrate over time the binary outputs that equate to an eight -bit integer. This
is known as cameraprojector synchronisation, and a high degree of
synchronisation must be attained before errors can be removed [85]. All
projectors suffer from M B U{undértainty in the projection image start time

and duration, which can be seen as a contributor to DMD noise [112]. The CCD
will also exhibit its own form of noise, a combination of photon shot noise, dark

current, amplification noise and digitisation noise, with different noise sources

dominating in specific circumstances [113, 114]

3.3 Measurement Surface

This section shall explore measurement surface characteristics asan influence
guantity. The measurement surface is a significant influence quantity and
should be taken into account when perform ing a measurement [115] When
finding matching correspondences, each CCD pixel can be considered asa
detector receiving a signal emitted by a DMD micromirror, with the
measurement surface acting as a perturbabr of the signal. Certain surface
effects, such as measurement surface angle and swsurface scattering, produce
predictable errors. The angle of the surface will dictate the level of light
returned to the sensor, reducing the measurement signalto-noise ratio at high
angles[116]. Sub-surface scattering can be seen as a linear filter that attenuates
the high-spatial frequency content of images[101, 117]

When considering changes of contrast on the surface, or measurement surface
discontinuities, limitatio ns of optical resolution may produce erroneous points
[101]. If the measurement surface has a highly non-smooth reflectivity, the
contrast will corrupt neighbouring pixels and cause a systematic error [118,
119], illustrated in Figure 3.4.
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Figure 3.4 Error in a phase map (right) caused by a contrast
boundary and optical resolution when imaging the dot grid (left) .

Another assumption inherent in the correspondence decoding, given in Section
2.4, is that each camera pixel is dependent on a set of localised projector pixels,
i.e., that each pixel is related by a projective transformation, along with a
filtering operation. But this assumption fails in the event of multiple reflection,
which occurs when a photon reflects twice off the measurement surface before
travelling to the CCD [120]. This measurement error is particularly difficult to
identify, since it requires information on the geometry of the surface being
measured [121].

It is unclear how to account for the effect of non-smooth reflectivity and
multiple reflections on the measurement result ¢ there is no analytical solution.
Both effects are dependent on the measurement object, and the effect of non
smooth reflectivity is additionally depe ndent on camera optical characteristics
and parameters. Unlike optical resolution, multiple reflections have no limit on
their range, and could in theory link any pixel to any other [121], making it
difficult to evaluate their contribution to data -density, since it would always b e
highly object-dependent.

3.4 Environment

This section will identify how the environment can affect and fringe projection
measurement result. Temperature is a significant influence factor in fringe
projection. The expansion of materials due to temperature wil | affect optical



66 Chapter 3 ¢ Influence quantities in
fringe projection

housing and optical components, which is critical to their performance.
Temperature will therefore modify both the intrinsic [122] and extrinsic [123]
parameters of fringe projection systems, and can in principle be corrected [124].
However, while the change in focal length and the principal point of the optic
resulting from thermal expansion can be compensated, the distortion
parameters tend to vary unpredictably [125].

It is assumed that light propagates in a straight line from the object to the optic.
However, the medium in which the light propagates is never fully
homogenous, which can induce significant errors in optical systems [126]. In
Figure 3.5 shows the effect of an inhomogeneous medium on the fringe
projection model, shown in Figure 2.5. A ray of light propagating to a camera
pixel encounters a medium of different refractive index that bends the path
slightly, and the camera incorrectly perceives the light as coming from a
different source.

| Inhomogeneous
| feereee, - medium

C

Figure 3.5 A medium of slightly different refractive index altering
the path of a travelling ray of light.

Vibration is another influence factor [127], and methods exist to reduce noise
and vibration [128]. The ambient light condition can break many
correspondence algorithm assumptions; fringe projection systems can be made
more robust by using the correct correspondence algarithms [110, 111, 129]In
Section2.4, the ambient light coefficient is estimated from several images taken
over time, and if the ambient light is temporally varying, this assumption will
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be rendered incorrect. This assumption is commonly broken in environments
with overhead lights synchronized with mains electricity, varying at 50 Hz.

3.5 Summary

This chapter outlines the influence quantities that affect fringe projection
systems, many of which are not inherently included in the current fringe
projection measurement model. Defining the exact affect each influence
guantity has on the measurement outcome can be complicated. For example,
the optical resolution limit of the camera optics will only affect the
measurement of surfaces with sufficiently high spatial -frequencies in contrast
or height. However, many influence quantities can become negligiblein certain
circumstances. Measuring the correct artefact in the right conditions will allow
the measurement result accuracy to be limited only by the accuracy of the
system parameters and model used to generate the result. This will allow a
method for which to validate any uncertainty estimation in the measurement
result propagated from the uncertainty in the system parameters.
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uncertainty evaluation

This chapter will provide a background to general methods in uncertainty
evaluation that are relevant to this thesis. This section is split into four parts.
Secton 4.1 gives a definition of uncertainty. Section 4.2 defines an analytical
method to propagate uncertainty and Section 4.3 defines a numerical method
to propagate uncertainty ¢+ both of which will be useful in determining the
uncertainty in a measurement caused by the system parameters. Sectiord.4
describes a methodto determine the validity of an uncertainty evaluation.

4.1 Uncertainty

No measurement can be made with absolute certainty, and therefore every
measurement should be expressed with along with a quantity defining the
dispersion of values that are reasonably atributed to the measurand.
Uncertainty is the quantification of that statistical dispersion [1]. A
measurement with uncertainty is written as
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and is incomplete without all the above components. In this thesis, unless
otherwise stated, the uncertainty will be stated at a confidence will be at 95%.
The central limit theorem states that the summation of many independent
random variables tends towards a normal distribution, including the case
where the independent variables being summed are, themselves, not normally

distributed. It is common to assign the normal distribution as a variable
probability distribution function (PDF).

The GUM gives two methods to obtain the uncertainty (both quantities cwand
Q, named type A and type B. A type A evaluation of uncertainty is completed

by repeating the measurement. This is method will reveal the distribution of
guantities associated with a particular measurement, but not any information

on how accurate the expected value of such a distribution is. A type B
uncertainty evaluation is any method not following a type A uncertainty
evaluation. The analytical and Monte-Carlo method given in Section 4.2 and
Section4.3respectively are both type B methods.
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4.2 Analytical

The standardised analytical evaluation of uncertainty is set out in the GUM
(2008) a brief overview of which is given here. For an introduction to the basic
mathematical approach to uncertainty evaluation, see [130]and [131]. Consider
a measurement model that acts on inputs ® with influence quantities ®P to
output measurement ®

o QdwP3 (4.1)

Note that the system parameters are a subset of the complete list ofinfluence
quantities O #. Given a small perturbation on the influence quantities &, the
measurement outcome will similarly undergo a small perturbation

© 10 QdP (@38 (4.2)

None of the function inputs or outputs need to be in vector form but doing so
simplifies the following. Given the function ™Qis not at all guaranteed to be
linear, a Taylor expansion of eq. (4.2) around @Pis given by

QeeP | &P %‘1 il QewP 8 (4.3)
Limiting eq. (4.3) to the first order terms only gives

Qe 1 Qe | @Pin QewP h (4.4)
with
T T = 1
o 7o E o 8 (4.5)
Assuming | ®Pis small, higher order contributions of the Taylor series can be
neglected. Given that the mean and covariance of the input quantities is known,
the covariance of the output quantities can be found by
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M Qe "QewP | &P
M Qe Qe | #Pin "Qewp

M @Pin Qe

.4 L (4.6)
M @Pin Qe 1 @Pfn "QewP
M NQefeP| = Qe

Qe V| 8 8 1 Qe

N e ¢
where M 8 is the expected value operator. The multi-variate derivative is
defined as the Jacobiann Qe8P \, and is also known as the sensitivity
matrix. The covariance between the outputs is given by 1 PP .

There are number of assumptions made for this analytical method to work. The
conditions for the GUM uncertainty framework are given below [132]:

1. Measurement model must be approximately linear under small
perturbations. If higher -order terms in the Taylor expansion become
non-negligible, the approximation is no longer valid.

2. The central limit theorem must apply.

3. Uncertainty sources must be quantifiable.

4. Measurement model must be differentiable. If this is not the case, then
the sensitivity coefficient must be able to be found empirically.

5. The Welch-Satterthwaite formula for calculating effective degrees of
freedom must apply.

If the off-diagonal components of 1 ©#¥®P are zero, i.e. theinfluence quantities
are completely uncorrelated, then eq.(4.6) can be simplified to

T ® T w x
” . o~ ” .~ ” E 8 47
0 o (4.7)
From eq. (4.7) it can be seen how the central limit theorem applies to many cases
of measurement uncertainty when considering first -order expansions only.

4.3 Monte-Carlo method

Another method of propagating unc ertainty is the Monte -Carlo method.
Information on how to apply the Monte -Carlo method to a measurement
system is found in supplement 1 to the GUM (2008). ISO 15530 part 4 concerns
the use of Monte-Carlo method regarding tactile CMSs. The Monte-Carlo
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algorithm is outlined Algorithm 2, with a graphical representation given in
Figure 4.1.

Algorithm 2 Monte-Carlo method to establishing a confidence
interval.

Define the virtual process "Q8 that is under investigation.
Define the arbitrary PDF, X 8 , of each input vector @, that is fed into the
virtual process.
p Tirepetitions:
Sample a random number e from X 8 for all input vectors.
Find virtual output "Q8 using the samplese 8

Define a PDF of the virtual outputs «
Generate a confidence interval @, .

For more computational expensive processes, the algorithm can be repeated
until convergence instead [133]. Random number sampling can be found in
Von Neumann [134].

- — i Measurement i
PDF of x; X | model |
= P o TTT ! — ! !
PDF Of xz : Random : xz P (%IJ%ZJ%EJ --.%E) !
I number ! ! !
— 1 —

PDF of %5 ! generator ! ¥3 i ¢ i

1 1 ~ o~ o~ ~
I | fu (B, %5, %5,..%;) |1
» PDFof%; [ |— ! i |
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PDF of X; I X, | Yy !
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|

Figure 4.1 The propagation of uncertainty using the Monte-Carlo
method.

The Monte-Carlo method is effective when the analytical method is not

applicable due to the stated assumptions being broken, if the covariance matrix
T is too large to handle (the covariance matrix size scales to the power of 2), or
if a function has no analytically derivable sensitivity coefficients.
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4.4 Reduced F test

This subsection will define the ... test that will be used in this thesis to conduct
tests on uncertainties. Traditionally, a ... test is used to determine if two
guantities are significantly different given their distribution is known. The sum
of a squared set of Qquantities, drawn from normal distribution of mean Tmand
variance 1, o~ 1ip , will follow a ... distribution, with "Qdetermining the
degrees of freedom,

®w o ..8 (4.8)
A quantity drawn from an arbitrary normal distribution = ‘h, can be
transformed into a quantity drawn from ~ 1ip by
w e .
— ¥ Tip 8 4.9

The transform can also be generalised to G dimensions where =~y .
Because the covariance matrix i$ by definition | a Hermitian positive semi -
definite matrix, it can be decomposed

et h (4.10
using a Cholesky decomposition [135]. A set of random uncorrelated variables
drawn from =~ BRI can be given arbitrary correlations by applying the

linear transform F, and can therefore be uncorrelated with

F © H o ER 8 (4.11)

Given "Qsamples of vector @ of size U, the appropriate ... test is given by

© H*r © H & .. h (4.12
where wis checked against a critical value of the... , which hereis a value at
which only 5% of values drawn fr om ... are expected to be higher. For

simplicity, a reduced ... testis

p

And is typically used for testing an uncertainty interval. A test result of | p
means either B or 4 or both are invalid. A test result or L p means the
covariance matrix g is too large. A test result  p indicates success.
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4.5 Summary

This chapter has provided relevant background methods in determining
uncertainty for a fringe projection measurement. The methods included here
are a general analytical method and a numerical method, namely the Monte-
Carlo method, to propagate uncertainty. Finally, a test is give n that can be used
to evaluate the validity of a proposed uncertainty value for a measurement.
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In this chapter, the current state of the art in uncertainty evaluation in fringe

projection is reviewed. Several factors have hindered the development of
uncertainty within fringe projection ; a lack of independent traceable
realisations of system parameters, significant uncertainty evaluation
complexity, domination of errors related to the measurem ent surface and
difficulty in verifying uncertainty conditions.

Given a valid method to propagate uncertainty to the final measurement, an

independent realisation of the system parameters would allow an evaluation

of uncertainty of the measurement independ ent of the measurement surface.
However, there are limited methods to independently measure the focal length

of a camera[136], and no accepted way toindependently measure the origin of
the camera and projector pinhole models [137]. No direct measurements of
these parameters can be made with traceable instrumens, instead novel
methods must be used.

The following sections will cover the current state of literature evaluating
uncertainty in fringe projection systems. Uncertainty models can generally be
categorised into three groups: geometrical, empirical, and virtual models.
Geometrical models typically define uncertainty using parameters taken from
the fringe projection measurement model. The advantage of this method is that
each model is based on a real physical attribute, which can provide information
on improvements to be made to the system. Empirical models do not base
parameters on physical attributes of the system. The advantage of an empirical
model is its simplicity ¢ but that same simplicity may prevent the model from
representing more complex aspects of a fringe projection system. Virtual
models aim to recreate the meaurement virtually, using a full description of
the measurement scenario. The virtual technique is the most complicated, but
it has the advantage of being constrained by fewer working assumptions than
either geometrical or empirical models. This section will cover geometrical
models in Section 5.1, empirical models in Section 5.2 and virtual models in
Section5.3



76 Chapter 5 ¢ Methods of fringe
projection uncertainty evaluation

5.1 Geometrical models

With fringe projection primarily based on geometrical optics, many uncertainty
evaluations have been basedon using the parameters that derive from the
pinhole camera model. Generally, this works best when describing phenomena
that are well-described by geometrical optics but can fail when considering
phenomena that are less welldescribed, such as resolution.

Due to the simplicity of alternative triangulation methods (see Section 2.3.2), it
IS common to create an uncertainty model based on these methods[138-140].
Such uncertainty models would similarly be subject to limited working
constraints and simplifications. Certain extensions on the alternative models
allow for a more comprehensive uncertainty evaluation on the parameters
[141]. Existing uncertainty models based on Zhang& method are highly
simplified [114, 142] but highlight the difficulty in quantifying the uncertainty
of fringe projection ¢ that there will be significant correlation between
calibration parameters and world coordinates used in the calibration step.

Geometrical models based on the analytical method have problems dealing
with the high data -density. Each point within the point -cloud is derived from
a common set of parameters that define the fringe projection system, seeSection
2.32. The error of every point will therefore be highly correlated with the error
of every other point. For € points there will exist a covariance matrix of size
¢ ¢&. One simplification is to assume homoscedasticity, i.e., the error of each
point is independent and identically distributed, allowing uncertainty to be
represented by a single quantity. Another simplification is to assume the errors
are heteroscedastic, but uncorrelated, allowing uncertainty to be represented
by just € terms. However, since every point is derived from the same set of
uncertain parameters, both assumptions of homoscedasticity and uncorrelated
heteroscedasticity fail.

Each point within a point -cloud is only known by its relative position, i. e., its
position in relation to every other point. The fitting of prismatic shapes is
generally insensitive to measurement noise that is uncorrelated using the
correct fitting algorithms  [143]. Evaluating uncertainty using only
heteroscedastic, uncorrelated termsneglects local effects on themeasurement
point-cloud that is the result of uncertainty in system parameters. The off-
diagonal terms within the covariance matrix cannot be ignored and must be
accounted for.

Computational complexity can be quantified using b ig 0 notation. Big 0
notation defines how a function behaves when its argument tends to infinity
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and is given by some function "Q written as 0 "Q¢ , with & being the size of
the function argument. Using a multivariate Gaussian to model the distribution
of quantities for each point in a point-cloud of ¢ points uses¢ ¢ coefficients.
Therefore, the computation cost scales by0 & , but given there areonlyB "Q

unique coefficients, the memory scales by 0

. The benefit of fringe
projection is the increased data density ¢ a typical measurement is upwards of
EwODOODPOOwW xOPOUUBL w %U b &lenkity is Prodiematic) ©rOO0z Uw T -
geometrical models. In Figure 5.1, the approximate memory size of the
relationship coefficient when measuring two spheres or a flat plane is shown.
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Figure 5.1 A log plot giving the memory size of an optimized
covariance matrix of a point cloud . It is assumed here each value is
stored as a 64bit float. Typical off -the shelf memory is taken at 32
GB. A sphere is approximated to have betweent p mtop8 p Tt
points. A typical flat plane measurement is approximated to have
betweenuv p Tto¢ p TIpOInts.

Common simplifications are to i gnore uncertainty in the distortion coefficients
[138, 139]or only focus on single influence quantities such as pixel quantization
[144]. The problem with considering only one influence factor at a time is the
lack of consideration for interactions between influence quantities. More
rigorous models that do includ e distortion, find that the measurement result is
highly -sensitive to distortion parameters and should not be ignored [145].

Other uncertainty models can derive effective uncertainties in common
intrinsic parameters from gauge blocks [146], but still neglect distortion
parameters [147, 148] Additionally, many methods will neglect the
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contribution of the correspondence algorithm to the uncertainty ¢ this is known
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projection [149].

Monte -Carlo methods allow for areduction in analytical complexity at the cost

of computation time [150], which is useful when propa gation uncertainty in

both triangulation method s [149] and correspondence methods [151]. The

Monte-Carlo method is also able to propagate uncertainty in numerical

calculations, such as those used incameracalibration [152, 153] although this
method has yet to be applied to fringe projection.

5.2 Empirical models

Empirical models do not base their parameters on the pinhole model and are
instead based on variables chosen for their ease ofuse. Variables may be
derived from some theoretical f oundation . Empirical models will require their
own evaluation, i.e. an additional round of measurements to discern the
relationship between uncertainty and the chosen variables An example of this
is a simple model evaluating uncertainty purely as a function of position and
orientation of an objectwithin the measurement volume [154]. The advantage
of these modes is that the parameters used are significantly lower in number
and easier to determine. The benefit of using an empirical model, such as the
model given in 2 EQOOP UOD Ow 6 & O 5 Ehatbhe Simplicyhak okt g
measurement performance to be tracked day-by-day, with certain conditions
triggering a re -calibration. An empirical model can also be used to optimise
camera calibration in terms of select parameters such as the number of targets
used [155].

Performance verification is an example of an empirical model. A performance
verification test relates measurement length and size to a maximum
permissible error (MPE), which is like an uncertainty . Performance verification
test will be included here for completeness. ISO 1036013 [156] is a new
standard dealing with performance verification in optical CMS such as fringe
projection. VDI/VDE 2634-3 [157] also deals with performance verification in
the same manner. The two performance verification methodologies use
measurements provided by artefact features, such as sphereto-sphere distance
or flatness. The measured features are compaed against the same traceable
AUUT wil ECUUT UBw/ 1 Ul OUOEOETI wYI UPI PEEUPOOW E|
competing fringe projection systems. However, such a performance
verification only demonstrates that the machine meets its specification for
measuring simple features. Performance verification does not give an
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uncertainty value. To obtain a more generic uncertainty would require
AJEOxODOT 2 wli 1 wdOl EVUVUUI Of OUwYOOUOT wEUwOEODau
uncertainty evaluation would only be valid for meas uring surfaces that have

the same optical characteristics[115, 158] The current performance verification

tests given in 1ISO 1036013 do not accurately reflect the true nature of the
measurement error [159].

Spatial kriging, otherwise known as Gaussian process regression, is a powerful
tool allowing the full estimation of a continuous field from a few discre te
sampling points, along with an uncertainty, and lends itself well to point-
clouds [160]. Spatial kriging can estimate the uncertainty that comes with
interpolating between discrete measurement points by estimating the range of
interaction within the dataset. A typical 1D example of spatial kriging is
illustrated in Figure 5.2. Kriging has recently been used to estimate fringe
projection uncertainty with respect to position within the measurement volume
[161]. Kriging can also be used to estimate camera distortion[162], and can be
adapted for use in a projector [51] to allow for disto rtion estimation [163].

The downside to spatial kriging is the expensive computational cost of
interpolating points. Spatialkrigingisan 0 & problem [164], and it is common
to use hardware acceleration, such as the GPFlow library that runs on
TensorFlow [165, 166] to imp rove computation time. By approximating the
dataset with & latent variables, instead of using all € datapoints, sparse kriging
can reduce the complexity of interpolationform 0 ¢ to0 €& [167]. Kriging
has only recently been introduced to fringe projection; further research is
required to optimise this approach.
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Figure 5.2 Spatial kriging of an arbitrary noisy function. The red line
indicates the mean predicted outcome of the function, while the
shaded area is a 95% confidence interval.

Since an empirical model chooses parameters based on simplicity over physical
reality, it is difficult to know exactly when an empirical model is valid. The
measurement artefacts used to characterise parameters in an empirical model
must be chosen carefully, otherwise the empirical uncertainty will be
intrinsically linked to the specific meas urement object.

5.3 Virtual models

Complexity can make more traditional analysis methods ineffective. If a
complete, rigorous model is available that describes a physical process, then
that model can be used to create afE DT PUEOwUPDO? woOi wall I wxUOBEIT U
Digital twin s are used to faithfully recreate a physical process, when that
physical process is too costly to run, such as modelling airplane component
degradation [168] or city-planning [169]. A digital twin is built from first
principles, e.g., the propagation of light (as either aray or a wave). In this way,
the digital twin can model arbitrary processes by recreating the measurement
indication, in the case of fringe projection a camera image. The camera image
would subsequently be input to the measurement process to create a fnal
measurementresult, a point-cloud. Using the Monte -Carlo method (see Section
4.3), a set of measurement results can be built upusing random sampling, and
an uncertainty obtained. Virtual models are well -suited to handle the complex
interrelationships between influence quantities, such as camera optical
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resolution and surface reflectivity, since they are inherently modelled by the
digital twin.

The concept of the digital twin is a significant part of Industry 4.0 [170], and
can be used to automate measurement strategies in tactile CMS[171-173]
Digital twin guides can be found in GUM supplement 1 [150] and NPL [174].
Digital twins have been used extensively in tactile CMS [175, 176]and can be
used in non-ideal industrial conditions [177]. Digital twins for optical CMS exist

[178] but are typically limited.

Digital twins produce results that are only as accur ate as the model used to
create the twin. Trust in the twin requires validation and verification [179]. In
theory, a virtual model should have comp arable physics, be accurate andow
computation times, but in practice, there is often a trade-off. Choosing the
correct model can raise difficult questions [180]. It remains an open question as
to whether a virtual instrument can be applied to fringe projection.

Current virtual models of fringe projection vary in complexity. Some models
only vary the phase in the correspondence algorithm [181, 182] being only
applicable to simple linear triangulation methods, see Section 2.3.2 More
sophisticated methods may use ray tracing. Ray tracing is a widely-used
method that can simulate the propagation of light, based on geometrical optics
[183].

Fringe projection models based on ray tracing vary in complexity. Basic models
assume negligible distortion and Lambertian reflectivity [40, 184186]. More
advanced models can include surface scattering, modelled using a measured
bidirectional reflectance distribution function (BRDF) representation of the
measurement surface optical characteristics[187, 188] Ray tracing models can
be even more comprehensive and consider the effects of multiple-scattering
[189-191]

While virtual models are adept at ha ndling complex influence quantities and
their interrelationships, it can be difficult to verify the virtual model is
functioning correctly. A fringe projection system measurement provides a very
complicated scene to render with ray tracing. The influence factors and their
interrelationships (see Chapter 3), such as the relationship between surface
contrast discontinuities and optical resolution of the camera, show that
common approximations for multiple scattering, surface reflectivity and
resolution will invalidate the virtual model in some way. The magnitude of the
errors introduced by such approximations is unknown. It remains an open
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guestion exactly how accurate a digital twin is required to be, in the trade-off
between accuracy and computation time, to faithfully model fringe projection.

5.4 Summary

This chapter categorises threedistinct models available in literature to evaluate
uncertainty in fringe projection. Models are categorised into geometrical,
empirical, and virtual models. In addition to categorisation, the limitations, and
advantages of each modelhave been discussedEach model has currently failed
to evaluate uncertainty in fringe projection . Geometrical models become too
complex when considering comp lex phenomena such as resolution. Empirical
models add extra work while their validity across different measurements is
generally poor. Virtual models are currently beyond capabilities to validate the
model.
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The aim of this chapter is to develop a method of localising features within
images that are both accurate and provides a reasonable evaluation of
uncertainty. Calibration requires known quantities and a measurement of those
same known quantities, as well as a method tocompare the two. The calibration
method used in this thesis is defined in Chapter 7. In fringe projection, the
measurement of a known quantity is typically completed using a n artefact with
features of known position that can be localised within the camera image. The
act of identifying and accurately localising all sets of features is called feature
localisation in this thesis. The feature localisation method defined here must
provide both the position of each feature as well as an uncertainty evaluation .
The calibration will then provide a parameter estimation with an uncertainty
that can be propagated through to the final measurement. Failures in the
feature localisation will also propagate to the final measurement and provide a
poor measurement or uncertainty evaluation.

In Section 6.1, the choiceof feature artefact is discussed, and adot grid artefact

is chosen as thecalibration artefact. Section6.2 provides information on the dot

grid as well as independent measurements of the dot grid and its features. An

overview of the feature localisation method is given in Section6.3, and Sections
6.4,6.5 6.7and 6.8all define specific sections of feature localisaion. Section6.6
provides validation on certain sections of feature localisation. A repeatability

test in Section 6.9is used to provide information on the warm-up time of the

fringe projection system.

6.1 Feature artefacts

This section will discuss feature artefacts used in the calibration of fringe

projection systems. A feature artefact provides a set of identifiable marks,
called fiducial s, that provide a known reference quantity ¢ the relative positions

of all fiducials on the artefact. Typically, the same artefact is imaged multiple

times in different positio ns and orientations, each unique image of an artefact
is called a pose An ideal feature artefact is chosen for its information content,

and the accuracy and precision to which its features can be localised.
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Feature artefactsare split into two categories, active and passive artefacts. An
active artefact dynamically generates its fiducials provid ing much higher
information content. The feature localisation work is entirely completed by the
active target. Active targets work by typically following an algori thm such as
those referenced in Section2.4, such as binary patterns[192], through the use
of a liquid crystal display (LCD). Active targets generally provide higher
accuracy at lower spatial frequencies than passive targets, so are useful when
performing feature localisation on defocused systems [193, 194] Active
artefacts require some pre-processing to increase the accuracy of the feature
localisation due to pixel-quantization and refraction effects [193, 195]
Obtaining an uncertainty in a localised feature on an active artefactis far more
complex compared to the passive artefactgiven its more complex nature. To
reduce complexity in an uncertainty evaluation on the feature localisation,
active targets will not be chosen.

Passiveartefacts have fixed fiducials and are generally more widely used than
active artefactsgiven their availability and well -established use in calibrations.
Typically, a passive target is limited by its original manufacturing accuracy, but
this can be improved by including the target in the optimisation [196, 197] The
accuracy of the feature artefact can be problematic, but more sophisticated
calibration algorithms can alleviate some of the problems [198]. There are many
choices of passive artefacts, the only limitation is the ability of the artefact to
provide enough easily recognisable fiducials to estimate all parameters of the
system, given that every pose of the feature artefact adds 6 parameters to be
estimated [199]. The calibration of a fringe projection system adds another
constraint to the choice offeature artefact: to obtain the fiducial locations in the
projector image, the artefact must not hinder the correspondence decoding
process. Many fiducials are provided as a coloured pattern on the surface of the
artefact. It is well -known that the measurement surface and in particular
contrast discontinuities , greatly affect the measurement result (see Sectior8.3).
The choice of fiducial, as well as the choice ofsurface material will greatly affect
the inference of projector points.

The most popular pattern in camera calibration is the checkerboard [200, 201]
with every corner providing a fiduciary marker. Feature localisation is

completed by either calculating saddle points or by projecting lines across the
artefact® surface [202]. However, the sharp discontinuities in contrast across
the surface degrade make it difficult to accurately infer the projector pixel
location at the corners [203]. Additional ly, determination of checkerboard
corners is greatly influenced by the exposure levels of the camera which must
be finely tuned so as to avoid underexposure or overexposure [204]¢+ which is
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particularly difficult when considering fringe projection. Checkerboards can be
coloured so as not to interfere with the colour used by the projector during
correspondence decoding, but this method is not perfect.

An alternative common pattern is the dot grid [205]. Although the dot grid also

contains contrast discontinuities, they are symmetrical about the point of
interest, which greatly simplifies the inference of the projector points.

Therefore, the dot grid is generally favoured for fringe projection calibration
[206]. However, a disadvantage of the dot grid is there is an extra processing
step to correct for eccertricity [44, 207210], see Sectior6.8.

Traditionally, the pattern of dots is uniform, but can be random. Random dot
patterns provide similar benefits of using a traditional dot pattern in fringe
projection, but offer slightly higher information content [211]. Instead of well -
defined features, noise-like patterns can be used to provide even more
information content [212]. However, the processing step in the noise-like
patterns is far more complicated, and the pattern will suffer from the contrast
discontinuity problem that also plagues checkerboards.

Dot grids provide the simplest fiducials while also maintaining good levels of
accuracy and being easily obtainable. The errors caused by contrast
discontinuities as fiducials can be easily managed by a dot grid given its
symmetry, making the inference of the projector dot centre simple and accurate
as opposed to a checkerboard.Therefore, the dot grid is chosen as the featire
artefact for use in this thesis.

6.2 Dot grid

This section will define the dot grid to be used in the proceeding work. The dot
grid used in this work , obtained from Calib.io , is shown in Figure 6.1.
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Figure 6.1 Calib.io dot grid used for the calibration throughout this
thesis.

The position and quality of the dots were measured by Veras metrology using
an optical CMS. The optical CMS has a maximum permissible error (MPE) of
000 c&tl —1l ,wherebisalengthini . The MPE shall be treated

as a uniform distribution of half length 0 0O . The MPE can be related to an
uncertainty given as,, by

¢ 000

pC 8
Each dot has an inherent error of non -circularity given by the quantity
circularity. The circularity is defined as the difference in diameter between the
largest circle that can be drawn inside the section and the smallest circle that
can be drawn outside the section, while maintaining concentricity between the
two circles. This concept is shown in Figure 6.2. The circularity shall be treated
as a nonruniform distribution

(6.1)
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Figure 6.2 The fitted circle (green) and the difference between the
minimum and maximum fitted circles (red area).

The final uncertainty on the position of the dot centre can be found by
propagating the uncertainty of the circularity through a circle fitting function

é'@ ‘F] (6.2)
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The uncertainty, defined by the circularity and treated as a uniform
distribution, can betransformed to a normal distribution width 4 ) »using eq.
(6) from the GUM

b)) 2@ @ _-#C) 2 ¥ pﬁg] (6.4)

where -4 ,ig the form error value. Although strictly there are errors in both
the regressors= and dependent variable @, it is approximated that errors only
appear in the dependent variable which will greatly simplify the following
analysis. The approximations , 4 @k  .#) 24 and ,4) LGxx  Trare also
used for simplicity . There will some covariance and heteroscedasticity between
the axes wand w from the printing process, but this can be expected to be
negligible. The errors can therefore be foundby

p
B w

i) 280 0O @ 8 (6.5)

where 0 is the number of points used in the regression. The expectation of the
square is given as
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(.
Ve 2 o Sh (6.6)
Y C
and therefore the eq.(6.5) can written as
= a g 6.7)
n# ) 2 # [’)‘l ” W w 8 .

The uncertainty in position due to non -circul arity is related to the circularity
guantity by

#) 24 6.8

"H) 2# B (6.8)

The highest measured circularity on the got grid is p Tl . For dot of size
o®i | measured using 50 points, the resulting uncertainty in position is

approximately T& i . The lowest uncertainty resulting from the MPE is
approximately p®t 1 ¢ the circularity will have a small, almost negligible effect
on the overall uncertainty. T he uncertainty in wand wof each point is found by

” (-b ” (b u#) 2 #n- O% (69)

The dot grid was also measured for its flathess. The deviation of the dot grid
was found by measuring the dot grid on a tactile CMS, given an MPE of ¢® {1 .
The flatness deviation was found to be approximately t 1fi . The dot grid is
assumed to be perfectly stiff, and not bend during the calibration. There w ill
however be some bending in the calibration board, but it is assumed to be
negligible . Similarly treating the MPE as a uniform distribution, a transform to
a normal distribution gives

V) .
P C

The magnitude of the uncertainty , @ ,  for every dot on the dot grid
is shown in Figure 6.3. The deviation from flat measured across the dot grid is
given in Figure 6.4.
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Figure 6.3 The magnitude of the uncertainty in the x and y plane of
each dot across the dot grid.
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Figure 6.4 The deviation from flat across the dot grid board with the
dots in black.

6.3 Feature localisation overview

This section will give an overview of the feature localisation method used in
this thesis. Given the circular fiducials of the dot grid are imaged as an
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approximately elliptical shape, this feature loc alisation method is nhamed the
ellipse localisation method. Dots refer specifically to the artefact fiducials, while

ellipses refer specifically to the image of the dots, i.e., their projective transform
to the image plane. Alternative d ot localisation techniques can be found in [44,
207, 208] The feature acquisition method must go through several steps, to
produce a fully localis ed point within both the camera and projector images.
An overview of the process is given in Figure 6.5.

| . Camera Phase
maging .
i image maps
Camera ellipse Camera dot
localisation locations
ta>-0 Projector ellipse Projector dot
o inference locations
©
2 I
E Initial non-linear Initial
-5 regression estimate
l e
* Y
Eccentricity Corrected camera Corrected projector
correction dot locations dot locations
i | [
v
L 4 Final non-linear Refined
regression estimate

Figure 6.5 The outline of the algorithm to localise the centres of dots
within the camera and projector images.

Prior to any measurements taking place, astart-up procedure is completed to
allow thermal equilibrium within the camera and projector to be reached. For
each pose, a single, welliluminated image is taken followed by a series of
images of projected sinusoids following the method given in Section 2.4 The
camera ellipse locations are found in the single well-illuminated camera image.
The method of obtaining the camera images used for the ellipse localisation is
given in Section 6.4. The method to localise the ellipse centres in the camera
image is given in Section6.5. The images of projected sinusoids are decoded, to
give a one-to-one correspondence map of camera pixels to projector pixels,
called the phase map, using the method given in Section 2.4. The inside of the
ellipses (the fiducial) provides poor phase measurements, so the surrounding
local phase is used to estimate the phase map at the centre of the ellipse, and
therefore convert the ellipse centre from camera coordinates to projector
coordinates. The camera to projector coordinate transformation method is
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given in Section 6.7. Given the centre of the dot does not map to the centre of
the ellipse, Section 6.8gives a correction method called eccentricity correction.

6.4 Image acquisition

This subsection details the imaging process used exclusively within the
calibration. The aim of this subsection is to acquire images of the dot grid as
accurately as possible. During the imaging step, a single, globally-illuminated
image is taken of the dot grid, from which the camera ellipses are extracted in
Section 6.5. Following this, a series of sinusoids are projected and captured,
Ul T TUUI EwU0OwEUwUT, that forbh Bh6 nage® & thérdodified U 2
heterodyne correspondence algorithm defined in Section 2.4. The sinusoid
images will be decoded to give the projector mapping, from which the pr ojector
ellipse locations areinferred in Section 6.7.

Since the dot grid is on a flat plane, images of the dot grid can be expected to
be absent of high-frequency components ¢+ except at the ellipse boundaries.
However, the boundaries are not used in the inference of projector pixels. To
reduce the impact that noise has on the phase map, sinusoid images can be
filtered to remove high spatial-frequency components from the image. The cut-
off frequency choice is a trade-off between removing high spatial frequency
noise and corrupting the surrounding phase map with the ellipse boundary.
The filter is chosen to be a Gaussian filter with width ,, @& shown in Figure
6.6.
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Figure 6.6 Gaussian filter used on the sinusoid images to reduce
noise.
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It was noted by Smith and Cope [125] that calibration should always be
undertaken in the same conditions that a typical measurement will be carried
out in. Changes in the system temperature affect optics, the CCD and the DMD,
while temperature of the surrounding medium can alter the optical path of
light rays. The temperature is a significant influence factor when considering
the acauracy of the calibration, see SectiorB.4.

Although a temperature compensation method can be used to alleviate change
in focal length, the distortion parameters vary unpredictably, see Section 3.4.

For this thesis, it was chosen not to use temperature compensation methods, to
reduce complexity. Instead, it was assumed the fringe projection system

reaches an equilibrium temperature after some time period. It is common to

implement a warm -up period in fringe projection systems, for exampl e in the
GOM ATOS Core 300 The time period for this fringe projection system was
found to be T U E 1 tBe result of which is taken from the repeatability test
given in Section 6.9.

Secondly, pixels can be identified as saturated using the globally illuminated

image. Any pixels values at p 11 ¢are considered saturated. By streamng the
camera image to the user while calibrating, the number of saturated pixels can
be minimised by highlighting them to the user, to avoid positions of the board
that are problematic.

6.5 Cameraellipse localisation

This section will detail how the centres of the ellipses are localised within
camera images. This section will also evaluate the uncertainty on the localised
ellipse centres. To localise the ellipses, gadient methods have been found to be
arobust method [213], and therefore will form the basis of th e method used in
this thesis. Ellipse centres are localised using an estimation of the ellipse
boundary, | ocated at gradient peakswithin the image. The sub-pixel gradient
peaks are found using a series of line-spread functions. A rough ellipse centre
location is found using the method findCirclesGrid in OpenCV 4.5.5 Ellipse
boundary estimation outliers are removed using a RANSAC algorithm. F inally
an ellipse is fit to the remaining points us ing a weighted total least-squares
algorithm. A typical measurement is given in Figure 6.7 where a poorly imaged
ellipse has been highlighted. There are several obvious issues with this
particular dot: there is some specular reflection corrupting the edge pixels;
there is some significant specular reflections inside the dot; and the projector
pixels (providing the global illumination) are somewhat visible. The dot
localisation algorithm must be robust against these specific issues.
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Figure 6.7 Rough estimation and extraction of an imaged ellipse from
a dot grid artefact and its surrounding area.

6.5.1 Gradient image

To obtain the gradient image, ap 1 p p 1 pixel region of the image centred on
the estimated dot location rounded to the nearest integer is extracted. The
gradient image E is found using convolution of the image with the Sobel
kernelsq and |

p 1T P
q ¢ T G (6.11)
p T O
p C P
q n n mh (6.12)
p C p
L itk {tk (6.13)

with t defining a convolution.

6.5.2 Line-spread function

To find the sub-pixel location of the gradient peak, a series of line-spread
functions are taken of the gradient image that expand radially from the
estimated centre of the ellipse. It is assumed that the initial ellipse estimation is
within  p pixels. The number of line-spread functions are chosento be the
maximum number possible while remaining somewhat independent of each
other at the ellipse boundary. The extracted gradient image is given in Figure
6.8. Each white line constitutes a line over which a line-spread function will be
interpolated from.
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50

V¢ / pixels
Increasing gradient —

100
0 50 100

uc [ pixels
Figure 6.8 Gradient image with radially expanding lines over which

line-spread functions are interpolated over.

The line-spread function is interpolated from the gradient image using a
bilinear interpolation given by

w 66 60 6606pPp 6 U 60 OO O0OLh (6.14)
where 6/ 5 FO represent the four closest pixel values, and 6h) are the sub-pixel

lengths denoting the position of the new value between pixels 6 BHO. A
diagram of the bilinear interpolation is given in Figure 7.

A B
¢

u

¢ ®
C D

Figure 6.9 Linear interpolation scheme of a 2D image. The value
oM RO are the intensity values of the array at that location, 6 and U
are the inter-array coordinates of range Tip .
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6.5.3 Peak determination

The ellipse boundary is estimated to be at the peak of each linespread function.
All line -spread functions are refined together during a single non-linear
regression using the Levenberg-Marquardt algorithm. Each line -spread
function is fitted with a Gaussian function, given by:

® "Qadhh 6Q° 8 (6.15)

The parameters 61 h, are the peak height, peak centre and peak width to be
found during the fitting. The fitting process is detailed explicitly in ~ Appendix
A. The peak height 6 and the peak centre* are line-specific parameters. The
peak width , is a dot-specific parameter that is shared by all line-spread
functions ¢ reducing the degrees of freedom of the overall problem which will
increase the accuracy aml robustness.

The Gaussian function is chosen for this method because it is assumed that the
line-spread function follows a similar function to a Gaussian function and
because the tails of the Gaussian functionquickly approaches zero. This is
advantageous, since there is a lot of noise on either side of the peak, and this
noise will have no effect on the Gaussian fitting. This allows the Gaussian
function to effectively filter noisy false peaks on either side of the main contrast
peak. The disadvantage is that a poor initial estimation will lead to the
Gaussian function fitting to the wrong peak. A Gaussian function fitted to a
line-spread function shown in Figure 6.8 is given in Figure 6.10.
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Figure 6.10 Gaussianfunction (red) fitted to the line -spread function
(black).
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The Levenberg-Marquardt algorithm requires an estimate, which is found by
assuming that the semi-major and semi-minor axes of each ellipse do not
greatly vary, and therefore the peak should occur in roughly the same place.
The peak estimate is then found by finding the maximum value of the sum of
all line -spread functions. Since the start of all line-spread functions begin in the
same pixel, any specular reflection here will appear in all line -spread functions
and could dominate the sum. An example of this can be seenat around & TP
in Figure 6.10. Given the dot-grid artefact is never far enough away that the
ellipse will spear small in the camera image, the first 20% of the line-spread
function is discarded during the initial estimate so there can be no dominating
effects from specular reflections. If the true Gaussian peak is not within the
estimated Gaussian curve,the Jacobian could be zero at the true Gaussian peak
location, and therefore the Levenberg-Marquardt algorithm will fail to
converge to this location. Therefore, an initial estimate of the Gaussian curve is
provided that is large enough to always encompass the true Gaussian peak
location ¢ avoiding this issue. Significant specular reflection close the ellipse
boundary canlead to fitting to the wrong peak , seen inFigure 6.11.

6.5.4 Outlier removal
There is no guarantee that the Gaussian peaksfitted in Section 6.5.3 have

converged to the correct peak ¢ the outliers in the peak centre estimation data
must be removed as they do not conform to a normal distribution of errors . A
random sample consensus (RANSAC) algorithm is used to determine if any
line-spread functions have fitted to the wrong peak. T he ellipse RANSAC
cleaning algorithm is given in Algorithm 3 below. A series of ellipses are
defined from a randomly subsampl ed set of five ellipse boundary points. For
each randomly defined ellipse, the distance of each point to the ellipse
boundary is found. The point-to-boundary distance is used to judge the
viability of the ellipse, where the best ellipse has the lowest collective point -to-
boundary distance. Points are discarded based on the collection of point-to-
boundary distances.
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Algorithm 3 Ellipse RANSAC algorithm used to identify and remove
erroneous boundary estimations of ellipses.

SetO tom
Set maximum distance Q
number of iterations :
Randomly sample 5 points without replacement from the total dataset.
Fit ellipse to sampled points using the least-squaresregression,
described in Appendix B
Calculate the smallest distance,Qfrom each point to the ellipse

perimeter.
Calculatet B 'Q Q
0 0

0 0

Store ellipse coefficients.

The calculation of point-to-ellipse perimeter distance is given in Chou [214].
The extracted dot in Figure 6.7 has some significant specular reflections that
have corrupted the boundary of the ellipse and have the potential for the
Gaussian to fit to false peaks within the ellipse. A single false peak and several
poor edge points can be found in the located sub-pixel boundary points given
in Figure 6.11. The RANSAC algorithm is subsequently able to differentiate
these corrupted points, denoted as red in the figure. It should be noted that the
method given in Chou [214] can suffer from numerical inaccuracies %
particularly oblique ellipses may produce invalid results. Any invalid results
will be reflected in the uncertain ty estimation and will be essentially removed
from the calibration using the weighting matrix. All ellipses used in this
calibration were far from this condition.
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Figure 6.11 The located sub-pixel boundary of an imaged ellipse.
Points that have been found to be erroneous are coloured red,
remaining points are coloured blue.

6.5.5 Ellipse fitting
The ellipse centre can now be localised using the estimated ellipse boundary
points. An ellipse is defined as ellipse function "Q

~ oy~

"Q aduito b FedtdPeo
® o O02% w w a oy
&) (6.16)
0w o an o o 02% y
G ph

where @ ho is the ellipse centre,®and Gare the semimajor and semi-minor
axes respectively and %ois an arbitrary rotation. Eq. (6.17) can be compactly
written with the implicit matrix equation

. 0 0O,
n — —lJ
w41, S Sag
@ :% 5 E'j ® T (6.17)
P 0 O (1 P
W ¢
¢l e T8 (6.18)

The ellipse fitting algorithm is needed to find coefficients o & lHROKORO
with robustness and accuracy. Given the magnitude A&l & is arbitrary, the
ellipse coefficients are often shortened tode & i hd KORO to remove this
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degree of freedom. For information on ellipse fitting algorithms, see Appendix
B.

An ordinary least -squares estimation will neglect any error in the regressors.
Weighted total leastsquares will consider the error of the regressors in
determining the outputs. The weighted total least -squares method given here
is taken from Amiri -Simkooei and Jazaeri [215]and adapted to the least
squares method used inFitzgibbon, Pilu [216]. The weighted total least-squares
method given in Amiri -Simkooei and Jazaeri [215]is a natural extension to the
iteratively reweighted least -squares method, described in Appendix B. The
method given below allows the propagation of uncertainty from ellipse points
to the ellipse coefficients.

At each iteration, instead of estimating the error in the observation vector ®©as
a parameter during the regression, the error can be estimated from propagating
the error in the regressor matrix to the dependent variable. The dependent
variable in this case is given by ®  P. The uncertainty in ®@is given by 1+ 8The
uncertainty in the regressor matrix =is given by g . The notation convention is
transposed to that supplied in Amiri -Simkooei and Jazaeri [215]to maintain
consistency with the matrix notation used within this thesis. The ellipse b is
found as the sdution to

5 o6 E
© = o6 E E p8 (6.19)
€ E E

The regressor uncertainty, qr—, is given in row -leading format (as opposed to
column-leading in Amiri -Simkooei and Jazaeri [215]). For an ellipse containing
U points, the columns and rows of = are covariances of

5 8 8 b6 8. (6.20)

It is noted in Amiri -Simkooei, Zangeneh-Nejad [217], that both ¢+ and =
exhibit some randomness and the weighted total least-squares is only a linear
approximation. Therefore, when estimating the final uncertainty, a loss
function is used to estimate the impact of the estimation of b, assuming to
be correct, given as

, TAghe =» "p « =» 38 (6.21)
The total weighted least-square method to fit ellipses is defined in Algorithm 4
below.
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Algorithm 4 Weighted total least-squares ellipse estimation.

Obtain least squares estimation of the ellipse,Cp =
SetQ m

not converged:

Estimate updated covariance matrix ¢t ¢  \US Op 1 \S Db

Estimate errorsgg = \S b 1 ® =b

Converttomatrix = OAAg

Estimate updated regressor matrix= =

Estimate update observation vector «  ® b

Solve for the ellipse using weighted least ¢ squares

I
I
-
O

5] = (Q = = (Q q
AP (bAE p PT
Break loop, the algorithm has converged
Iterate ' Q "Q p

Estimate error using the loss function:

., TAghe =p» "¢ « =

Estimate uncertainty using , =& =

In the algorithm above, § is the Kronecker product. The O A Aperator
transforms a matrix into a vector, and its inverse, O A A transforms a vector
into a matrix

The weighted total least-squares algorithm allows th e uncertainty in the ellipse
boundary points found above to be propagated to uncertainty in the ellipse

coefficients. An alternative unweighted total least-squares methad to estimate
ellipses is found in Fang, Wang [218] The novelty here is this is the first time a
weighted total least-squares method is applied to ellipses for the application of
calibration of a fringe projection system. The weight total least-squares method
is tested against other ellipse methods, as well the uncertainty, in Section6.6.1
The image ellipse localisation algorithm is tested in Section 6.6.2 The
uncertainty in bo undary points is shown in Figure 6.12(a), and the uncertainty
of the ellipse is shown Figure 6.12(b).



6.6 Cameraellipse localisation validation 101

0 .

n

]

X

‘a 50

=

100 T T T
0 50 100
ue / pixels
(a)
0 -

u

[

>

a 50+

s

100 T T T
0 50 100

uc |/ pixels
(b)

Figure 6.12 Uncertainty of the imaged ellipses (a) boundary and (b)
ellipse centre and perimeter at 95% confidence.

6.6 Camera ellipse localisation validation

In this section, a series of tests are performed on the methods developed in
Section 6.5 to validate their performance. In Section 6.6.1 the accuracy of
different ellipse fitting algorithms are tested against each other. Additionally,
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the weighted total least-squares method defined in Section 6.5.5will be tested
for validity. In Section 6.6.2 the ellipse localisation method defined in Section
6.5will be tested for validit y using virtual ellipses.

6.6.1 Ellipse fitting algorithm test

In this section, existing ellipse fitting algorithms are compared against each
other to test how accurately they localise the centre of an ellipse given the
boundary point estimations. The following ellipse fitting methods will be
tested: least-squares, iteratively -reweight ed least-squares, weighted total least -
squares, Taubin and hyper-renormalisation. The methods least-squares and
iterative ly -reweight ed least-squaresare defined in Appendix B, weighted total
least-squares is defined in Section6.5.5 and Taubin and hyper -renormalisation
methods are not defined in this thesis but can be found in Kanatani, Sugaya
[219]. The covariance matrix estimated using the weight ed total least-squares
method defined in Section 6.5.5will be tested using the reduced ... condition.

Each algorithm is tested on a set of randomly generated ellipse points, where
the set of ellipse points will be designated the term virtual ellipse. Four tests
were conducted using varying correlation between points and a set lengths of
arc of the ellipse. For each virtual ellipse, a random covariance matrix was
created that would be used to randomly perturb 50 points of an ellipse. To
simulate the RANSAC algorithm in Section 6.5.4 each point has a 40% chance
of being discarded. Each ellipse fitting method is tested with 10000 virtual
ellipses. The distribution of the virtual ellipse parameters are givenin Table6.1.
Each distribution was chosen to be representative of the conditions the fitting
algorithms ar e to perform in.

Table 6.1 Ellipse quantities and the distributions they are drawn

from.
Quantity Distribution
. ® . -
ntre of ell . \l
Ceteoelpf:e,w nhnzﬁ)
Ellipse axes, © Y
6 cu
Rotation of ellipse, %o > mihg”
Point error, ,, T
Correlation, ” 5 1ip

Eachgenerated ellipse point was perturbed using a Gaussian error defined by

v

T >~ . . . . .
b, , where qr, is a covariance matrix generated using correlation
L

coefficient ”
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T V. . .8 (6.22)

The algorithm used to define each ellipse is given in Algorithm 5.

Algorithm 5 Monte-Carlo test of ellipse fitting functions

10000 repetitions:
Create random covariance matrix 1
Find Cholesky decomposition of 1,  FF
Create random ellipse ®edge points
Generate vector of independently and identically distributed random
variables, sampled from R~ ip
Apply correlation to the random variables with FR
Perturb ellipse edge points e ® R
Randomly discard roughly 40% of boundary points
Fit ellipse to boundary points e

The results of the full Monte -Carlo test for the five ellipse fitting methods are
given in Figure 6.13. The ellipse fitting techniques show very similar across all
scenarios and are all ill -conditioned in the half -ellipse scenario. It is to be
expected therefore that dlipses in the dot-localisation algorithm that have a
significant portion of the ellipse boundary corrupted with noise will have
significantly higher errors in the ellipse fitting.
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Figure 6.13 Comparison of the ellipse fitting metho ds for a full
ellipse, three-quarter ellipse and half ellipse.

Additionally, the uncertainty evaluation of the fitting process from the
weighted total least-squares fitting for the centre of the ellipses is tested using
the reduced ... test, see Sectior.4. Since each ellipse fitting can be solved with
at leastfour ellipse solutions (given the four -way symmetry of an ellipse), only
the ellipse centre is tested.Regardless, it is only the ellipse centre information
that is important in the ellipse localisation algorithm. The reduced ... test
results of the weight total least-squares method for each ellipse fitting test was
Ty erid) Yand 1@ Yfor the full ellipse, th ree-quarter ellipse and half ellipse tests
respectively. This result shows that the weighted total least-squares function,
provided with the correct weighting matrix, adequately provides an accurate
estimation of the ellipse centre rivalling most fitting methods, as well as a
reasonable estimate of the uncertainty in the ellipse centre.

6.6.2 Ellipse localisation test

In this section, the complete camera ellipse localisation method defined
throughout Section 6.5will be tested using aseries of virtual ellipse. A virtual
ellipse in this section is defined as a virtual image, unlike the previous section.

ellipse

ellipse
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To ensure the generated virtual ellipses are consistent with measured ellipse,
the virtual ellipses will be generated using parameters sampled from real
measured ellipses. The ellipses are defined using the following parameters
given in Table 6.2. The parameters are shown in Figure 6.14. The internal
distribution defines the distribution of intensity values inside the ellipse, while
the external distribution defines the distribution of intensity values outside the
ellipse. Specular components within the ellipse are defined as intensity values
that do not conform to the internal intensity distribution. The blurring kernel
defines the blur of the image of the ellipse.

Table 6.2 Virtual ellipse parameters.

Definition Unit
Ellipse position X axis pixels
Ellipse position Y axis pixels
Ellipse semi-major axis pixels
Ellipse semi-minor axis pixels
Internal pixel distribution mean unitless
Internal pixel distribution scale unitless
External pixel distribution mean unitless
External pixel distribution scale unitless
Specular volume unitless
Specular max unitless
Blurring kernel width pixels

Inside
ellipse a
- [

! ; Specular
Outside ellipse reflection

Figure 6.14 Image of ellipse annotated with the p arameters used to
define ellipses.
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The distributions of the ellipse parameters given above are defined from the
current dataset of ellipses found during the calibration. This way, the virtual
dataset will accurately represent the real dataset. To define each parameter
distribution, each ellipse is first extracted. The internal intensity values are
defined as all pixels within a perimeter offset v pixels from the estimated
ellipse boundary. The external values are defined as all pixels outside the
ellipse defined by a perimeter offset v pixels from the estimated ellipse
boundary, so as not to include any pixels corrupted by the contrast boundary,
shown in Figure 6.15.

100 100 -
80 804
L 60+ n 604
o a
s 40 S 40
20 A 20 -
0 T T T T T 0 T T . . T
0 20 40 60 80 100 0 20 40 60 80 100
uc / pixels uc / pixels
€Y (b)
100 A
80
wv 4 (%]
g 60 E
=y o
= =
= 401 >
204
0 : : : : :
0 20 40 60 80 10C
uc / pixels Uc / pixels
© (d)

Figure 615 31T 1 w EPUUDOEUDPOOwW EI UbPI 1 OQw?DOUE
20U00UDPEIT 2 wE O wh)DHe bxirdeted eligded (b)DHe bffset
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between the inside and outside of the ellipse. (c) The internal pixels
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The internal and external histogram plots of the i nternal and external pixels,
along with a fitted log -normal distribution, shown in Figure 6.16. It should be
noted that several pixel values are missing ¢ this is possibly due to the camera
outputting 8-bit numbers, and interpolates pixel values to 10-bit. The error this
causes is about 0.1% error, negligible compared to the phase error values.
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Figure 6.16 The histograms (blue) and overlaid probability
distribution functions (red) of the (a) internal pixels and (b) the
external pixels.

The specular components are isolated by identifying pixels that are higher 99%
of other pixels within the internal region , shown in Figure 6.17. Specular
components are defined by two parameters, specular volume that defines the
extent of speckle in the ellipse, and speckle max
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Figure 6.17 The internal pixels that have been identified as specular
reflections (red).

Repeating this for every dot in the calibration gives a distribution of all ellipse
parameters. The distributions are generally not well -defined by a parametric
distribution . Kernel density estimation (KDE) is a non-parametric way to
estimate a variables probability distribution function [220]. The theory of KDE
and the practical application is outside the scope of this thesis and only a basic
overview is given here. The KDEpy library is used in this thesis for any KDE
computations. A kernel density estimate is very similar to a histogram but can
be endowed with properties such as smoothness or continuity by using a
suitable kernel. The choice of kernel, i.e., the level of smoothing, and can be
optimally chosen from the data. Resampling data from the fitted KDE is
equivalent to (1) first resampling the original data (with replace ment), then (2)
adding noise drawn from the same probability density as the kernel function
in the KDE. The resampling method can be extended to arbitrary extra
dimensions. Some consideration must be taken for the correlation between
some variables. For example, a poor contrast will give a poor ellipse
localisation. Therefore, the input and output distribution parameters are
treated in a single 4D KDE. The histograms of each parameter, along with a
fitted KDE, is give in Figure 6.18.
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Figure 6.18 KDE of all parameters used to create a virtual ellipse,

defined using the calibration dataset.

Some sampled KDEs can produce invalid samples, such as a negative internal
scale value. In the case an invalid value is drawn, the value is redrawn. The true
blurring kernel is unkno wn, and so the test will be repeated with four different
blurring kernels. The virtual ellipses along with the blur kernels is shown in

Figure

6.19.
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Figure 6.19 (a) Blurring kernels used in the creation of (b) virtual
ellipses. (c) Four ellipses from the calibration dataset chosen at
random.

The results of the ellipse localisation algorithm are given in Figure 6.20, and the
... values are given in Figure 6.21. The ellipse localisation performs well with
all blurring kernels, with the best performance with the square blur kernel.
Some significant outliers exist where the simulated data has a substantial
portion of the ellips e boundary corrupted . The ... test values show that the
uncertainty evaluation of the ellipse localisation consistently over-estimatesthe
uncertainty in the ellipse locations.
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Figure 6.20 Error in ellipse localisation from the Monte -Carlo test
using each of thefour blurring kernels.
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Figure 6.21 The ... values for all ellipse localisation from the Monte -
Carlo test of eachblurring kernel.

6.7 Projector ellipses inference

This section describes the method used to infer the projector ellipse centre,
using the camera ellipse centresfound using the method in Section 6.5, and the
decoded mapping images captured and decoded using the method given in
Section 2.4. Inference is given in three steps, mapping region extraction,
transform estimation and finally transform application .

As with the camera, a p 1 p p 1T gegion around the ellipse centre is extracted,
so that the ellipse exists in the centre of the image. Theellipse centre and its
boundary will not give accurate mapping data and must be discarded. The
discarded areais found by expanding both the semi -major and semi-minor axes
by 8 pixels. Pixels located within the expanded ellipse are discarded, leaving
only the surrounding mapping region that is uncorrupted by a contrast
boundary or poor contrast, shown in Figure 6.22.
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Figure 6.22 Cropped region around the dot for the camerato-
projector mapping of the (a) 6-axis and (b) 0-axis.

The dot grid is located on a flat plane, so the mapping is given by a rational
function. However, locally, the mapping can be considered linear and is given
by

- e o
W66 6 g (6.23)
UL‘] IO !O “O p .

The coefficients £ 5MMAORCTO can be found using the linear regression
| OgP(notethatd <),

0.
1l
1T

Oy 05 Us P T TU T,

UL T TT TT Oy Uy p 11O~ (6:24)
1'on
ugs
and the uncertainty can be found with
T T¢0% P8 (6.25)

The errorsin © U are heteroscedastic, the error ind or 0 will be larger
depending on the board orientation and the orientation of the projector with
respect to the camera. However, the two mappings 6 U p © 6 and
0 U p 90 are both independent (there are no off-diagonal terms in
R defining their interaction). The estimate therefore can be found
independently using
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T 65 0 6 6 Uo (6.26)
P
0%
T Oy O O OUs 8 (6.27)
p
The error in projector dimensions 6 and U are given in Figure 6.23(a) and (b)
respectively. It is also noted that the errors in 0 U  wil both present
autocorrelation, but since the number of observations are high, the errors are
assumed to asymptotically follow a normal distribution.
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Figure 6.23 Error in the camerato-projector mapping of the (a) 6-axis

and (b) v-axis.
With the transform found, the projector ellipse centres can be found by
applying the transform to the elliptical centre points. Uncertainty can be
propagated from the elliptical centres, along with the transform, using the
propagation of uncertainty given in Section 2.3.

6.8 Eccentricity correction

Consider a circle described by the conic

ol o T8 (6.28)
Sinced describes a circle or radiusi ,{ is given by
i1
A T i
m T

The circle sits at the origin TiTt without loss of generality. The circle is
transformed into an ellipse using a projective transformation 5,

Tt
n 8 (6.29)
i
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0 0 0
4 0 Q Q8 (6.30)
0 0 0

Apply ing the projective transform on eq. (6.28) gives

ot2 4l o o i (6.31)

which is equivalent to redefining the conic 4 as

4 54l (6.32)
o a a

a0 0 Qi

G 00 Q0 00| (6.33)
a4 Q0 Q0 QNI

a0 0 i

a4 00 00 Qi

a9 Qi

Note that 4 has beendivided by i for simplicity , which will have no impact
on the properties of 4 . The centre of the ellipse & ftd is found using

O — — (6.34)

a a a

and the circle centre can be found by applying the projective transformation 3
on the circle centre

n Q ®
5 T Q i © 8 (6.36)
p Q P

The centre of the circle therefore, is not projected onto the centre of the ellipse
¢ every dot localisation will suffer from eccentricity error, requiring correction.
The error is displayed graphically in Figure 6.24.
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Figure 6.24 Eccentricity error caused by the circle centre not being
projected onto the ellipse centre.

The eccentricity error is a function of the projective transform, which itself is a

function of the camera intrinsic and feature extrinsic parameters. This is
problematic, because the eccentricity error is a function of the parameters
estimated during the calibration. Given the function that describes the back
propagation onto the camera, the correction can be found by finding the
difference between the backpropagation of the centre of the dot, and the ellipsis
fitting of the back propagated edges of the dot. A similar method can be found

in Gong, Liu [221].

6.9 Repeatability test

In this section, the repeatability of the ellip se localisation will be investigated
as well as the uncertainty interval of the dot localisation. The repeatability will
be defined by the CCD noise, projector jitter, DMD noise and environmental
light noise. Additionally, the camera and projector optics a re sensitive to
internal temperatures. By repeatedly measuring a dot grid, any statistically
significant external influencing effects not included in the uncertainty
evaluation can be found. The magnitude of the change in dot location can be
used as an indcator that the system has reach thermal equilibrium when the
mean of each dot locations stop moving across the image and exhibit only
Gaussian noise about a central mean location.

Two tests will be completed. The first will place the dot grid in differing
positions across the measurement volume to test for consistency across position
and orientation, as well as the impact the time in-between measurement has.
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The second test will be a longer sustained test using one position only to test
the uncertainty int erval.

%PDUUUOAOWEI Ul UwOUUODOT wOOWEOOwWUAUHIOWEOOXxOOI
minute start-up procedure is completed, to ignore dot location data made when
the system is far from thermal equilibrium. Immediately following this, 5
consecutive positions are investigated for several minutes each. The dot grid is
placed in unique positions and orientations to test for significant differences in
localisation. For each position, the dot grid is measured repeatedly for
approximately 10 minutes each. The results are given in Figure 6.25, and the
positions in Figure 6.25are given in Figure 6.26. The coloured spread represents
a single standard deviation from the mean (black line) ellipse location of all the
points in each camera image. Despite havng far higher pixel density, the
camera remains far more repeatable as wellas having far less drift than the
projector. The projector has significant drift for the first p U E bf operations
and so the system warm-up time must be set att d E.TAdditionally, in the
projector images, the first few sets of images for each positionare significantly
different from the rest. This indicate s that in the small amount of time it takes
to set up the new artefact position, the system has fallen somewhat out of
equilibrium.
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Figure 6.25 Distance from mean ellipse location taken of
artefact in each position against the time of the first
measurement. Distance measured on the (a) camera
image plane and (b) projector image plane.
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(a) (b)

(d) (e)

Figure 6.26 (a-e) Position 1-5 of the board during repeatability test
as seen by the camera

In the second test, shown in Figure 6.27, the system is again warmed-up for
o 1t E before repeating the test, but this time only in one position. Once
equilibrium has been reached, i.e., the ellipse locations are no longer trending
away from the initial position, the succeeding ellipse locations can be tested
using a ... test. The camer does not seem to reach a stable equilibrium, but the
range of motion is small enough to be considered for testing.
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Figure 6.27 Distance from initial ellipse location for the (a,c)

camera and (b,d) projector against the time of the first
measurement. There is a line drawn at time = p WO D @ indicate
where thermal equilibrium has been reached for the projector. In
(c) and (d), the drift is magnified 500X and 10X respectively for

clarity.

The ... test results are given in Table 6.3. The results indicate there are no
statistical outliers when considering the repeatability with regards to the

uncertainty evaluation.

Table 6.3 Repeatability test results of the camera and projector.

Test value p-value
Camera 154 12773
Projector 793 12773

6.10 Summary

This chapter provides a method to obtain feature locations within a camera
image of a dot grid artefact, along with an uncertainty evaluation. A dot grid
artefact is chosenas the feature artefact for use during calibration for its ease of
use in fringe projection calibration . The dot grid artefact is independently
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measured using tactile and optical CMS to obtain dot centres and their
circularity . The feature localisation method is based upon fitting an ellipse to
estimated ellipse boundary points, found using a non-linear regression of a
Gaussian curve fitted to 1D lines interpolated from a gradient image . The
ellipse parameters are estimated using a weighted total leastsquare estimator.

The repeatability and validity of the feature localisation method was rigorously

tested, where the weighted total least-square estimator was tested in Section
6.6.1 the entire ellipse localisation method was tested on simulated data in

Section 6.6.2and the ellipse localisation method was used repeatedly on real
data in Section 6.9. It was found in Section 6.6.1that the estimator provided

accurate ellipse centredeterminations as well as valid uncertainties . In Section
6.6.2proved the uncertainty evaluation tended to be an overestimate. Section
6.9was used tofind the warm -up time of the fringe projection system, i.e., how

long it takes for thermal equilibrium to be obtained so system parameters
remain constant. A warm -up time of 45 minutes was found to be sufficient .

The feature localisation method presented in this chapter is an improvement
over existing feature localisation methods, given this method can provide an
evaluation of uncertainty on any localised ellipse. This is the first time an
uncertainty has been provided on a feature used in the calibration of fringe
projection systems.



Chapter 7 1 Calibration of a fringe
projection system

In this chapter, the method used to calibrate a fringe projection system along
with an uncertainty evaluation is given . Firstly, an overview of current
calibration methods is given in Section 7.1 The non-linear calibration method
used in this thesisis explicitly defined in Section 7.2 which includes some novel
contributions that allow the evaluation of uncertainty alongside the estimation
of parameters. In Section 7.3, the outcome of the calibration is given as well as
a novel estimation of resolution as well throughout the fringe projection
measurement volume, obtained as a by-product of the calibration. In Section
7.4, a series of tests are performed on the calibration method to validate the
method.

7.1 Overview of fringe projection calibration

This section will give a brief overview of the calibration process of a fringe
projection system. In fringe projection, t he act of calibration is the operation
that obtains the system parametersthat define the relationship between the
observed 2D image points and the 3D measurement points. The accuracy in
determination of the system parameters will be directly reflected in the
accuracy of a fringe projection measurement. System parameters are split into
two categories: intrinsic and extrinsic parameters. Intrinsic parameters describe
the pinhole models of camera and projector along with its geometric distortion.

Extrinsic parameters define the Euclidean transformation between coordinate
systems. The complete list of system parameters defining the camera and
projector are given in Table 7.1 and Table 7.2 respectively.
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Table 7.1 Complete list of camera parameters required to triangulate
a point.

Category | Parameter category | Parameter

Focal length, u-axis

Focal length, v-axis

Pinhole Skew

Principal point, u -axis

Principal point, v -axis

Radial coefficient Q

Intrinsic -
Radial coefficient 'Q

Radial coefficient Q

Distortion Tangential coefficient )

Tangential coefficient 1

Distortion centre Og x

Distortion centre Ug
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Table 7.2 Complete list of projector parameters required to
triangulate a point.

Parameter Parameter

Category category

Focal length, u-axis

Focal length, v-axis

Pinhole Skew

Principal point, u -axis

Principal point, v -axis

Radial coefficient Q

Intrinsic -
Radial coefficient Q

Radial coefficient Q

Distortion Tangential coefficient )

Tangential coefficient )

Distortion centre Og

Distortion centre Ug

Rotation parameter i

Rotation Rotation parameter i

Rotation parameter i

Extrinsic
Translation @

Translation Translation w

Translation &

Calibration is carried out by measuring a known artefact and estimating the
parameters through regression. In this thesis, the known artefact is chosen to
be a dot grid (seeChapter 6). A general calibration model function is of the form

© Qe h (7.2)
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where e©describes the measurement output, ® gives the input and P describes
the estimated parameters. Typically, the known artefact points, ® are
prop agated to the image plane using the pinhole camera model, (see Section
2.3.1) using P to produce estimation of image points «, and the regression
minimises the geometric distance

o QdP 8 (7.2)

The propagation to the image plane is called forward propagation , and the
exact method is given in Section 7.2.3 Alternatively, it is possible to project
backwards to the artefact instead of forwards towards the image plane, which
provide sa more accuratecalibration in the presence of large camera distortions
[222].

There are two calibration schemes to minimise eq(7.2), linear and non-linear.
Linear calibration is based on a linear regression that requires all calibration
points be known in 3D a-priori. Non -linear calibration is based on a non-linear
regression; only the relative position of the calibration points are known a-
priori and the absolute position is estimated along with the system parameters.
Linear calibrations generally require extra equipment compared to non -linear
calibrations to provide a-priori information on the position of calibration
points. Typically, non -linear calibration i s a more robust, accurate and flexible
method when compared to alternative linear calibration methods [223]. The
advantage of linear calibration methods is their computational simplicity [224].
Bundle adjustment can be considered an extension to the nonlinear calibration
where the artefact points are also refined during optimisation [225]. Other
alternative calibration methods can be based on projective invariants [226].
Given non-linear calibration is very popular for its low set-up cost and high-
accuracy, it shall serve as the basis of calibration in this thesis.

7.2 Calibration method

In this section, the calibration method will be explic itly defined, including the

steps required to include an estimation of the uncertainty in the parametersin
addition to the parameters themselves.In Section 7.1, non-linear calibration
was chosen as the calibration method for this thesis for its accuracy and
robustness. Non-linear calibration of fringe projection systems is an extension
to the non-linear calibration of cameras [201], and was introduced to fringe
projection systems in Zhang and Huang [227]. Fundamentally, non -linear
calibration is a non-linear regression, the solution to eq. (7.2) is found by
making successive linear approximations to eq.(7.2). The function "Qn eq. (7.2)
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can be approximated using a first order Taylor expansion about an epicentre
P4

MNP Qe N8B P B h (7.3)
with the Jacobian’\ # defined as the gradient of ewith respect to 2, evaluated
at® B, N Ry o and will be herein shortened to \. The calculation of

A

the Jacobian itself can be challenging, calculation methods are given in Section
7.2.4 From the epicentre 2, a vectorfP 2 ) can be found that minimises
ed. (7.2), given by

NN _AEQEN P N Y e Qe 8 (7.4)

Iteratively finding the solution to eq. (7.4) is known as the Levenberg-
Marquardt algorithm and is guaranteed to at least find the local minimum
[228]. The Levenberg-Marquardt algorithm requires an approximate solution,
which can be found analytically, given some assumptions [201].
Heteroscedasticity is problematic in non-linear regression, and typically a
requirement for a successful regression isthat the errors in the vector "» be
uncorrelated. This requirement can be removed by instead supplying the
correct weighting matrix in the optimisation, altering eq. (7.4) to give

\{4? N _AE A(G—r NP \{4f"D (7.5

with s . It is possible to improve the convergence speed of the
Levenberg-Marquardt algorithm by adding an acceleration term [229]¢ but this
is not implemented in this thesis.

The above methodology can be extended to include projectors, by considering
the projector as a camera[34, 230] The projector image is indirectly observed
using a suitable correspondence algorithm, seeSection 2.4, fully defining both
axes by completing the correspondence decoding once for each axis. The
camera and projector pinhole parameters and board orientations (in the
respective views) can be approximated separately and refined either jointly or
separately. Parameters regressed separately will be referred to as serial
calibration and parameters regressed jointly will be referred to as parallel
calibration in this thesis. Estimating parameters jointly red uces the total
degrees of freedom of the regression since the artefact position and orientation
must be estimated only once per view. It is expected therefore that a parallel
calibration should produce parameter estimates of higher accuracy.
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If the lineari zation eq. (7.3) approximation holds, the region for which the
parameter solution exists can beconsidered linear. For a linear system given by
® =@ where the covariance matrix of the observations €, given as 1 is
known, the covariance matrix of the parameters #, given by 1 , is defined

T = 8 (7.6)

During the non -linear regression, the following linear system is solved for ,

NP @ Qe 'th (7.7)
then the parameter covariance matrixr_is given by

~

T N NOh (7.8)
where 1 is the covariance matrix of the vector’> @ "Qefy .

In eq.(7.5) it was shown the role the weighting matrix (inverse of the covariance
matrix 1 ) has in a nontlinear regression where the input data is correlated or
heteroscedastic. In the case of fringeprojection:

1. When considering parallel calibration, t he projector and camera images
have different scales, and since the reprojection error used to regress the
uncertainties is calculated on the image plane, the projector and camera
image points will have c ompletely different uncertainties.

2. The projector ellipse image locations are inferred from camera ellipse
image locations, and are therefore correlated in some way and will have
higher errors when compared at the same scale.

3. The same artefact provides repeated measurements, all repeated
measurements of the same dot on the dot grid will be correlated in some
way.

Therefore, a weighting matrix may be required to perform an optimal non -
linear regression for both the serial and parallel calibration methods . This
introduces a new issue ¢ the calculation of the weighting matrix. The
reprojection error "ois a function of both the observation e (the ellipse centres),
the regressor @ (the artefact dot positions) and the estimated parameters 2
Therefore, so is the covariance matrix v a function of @ e and P The
covariance matrix + can be found by propagating error from the artefact ®
given asr, by

T T \<'|'|'(l)\{48 (79)



7.2 Calibration method 127

Eqg. (7.9) can be solved during each iteration of the Levenberg-Marquardt
algorithm or alternatively, using the assumption that - is somewhat constant
near the solution locus, an earlier estimation of N+ N\ from a solution of Pthat
is very close to the solution ¢+ which is used in this thesis.

It is typical to use 25 positions within the calibration to ensure there is enough
data redundancy. Given there are 0 number of positions, 0  number of
points on the artefact, and each point has two degrees of freedom and is
measured once in the camera and once in the projector, the regression has

0 0 ¢ ¢ degrees of freedom. In the case of this thesis, therearp ¢ 1 1T 1T
degrees of freedom, so the weighting matrix has the sizep 1t i Y Tt frthe
data density can be memory intensive. Because the dot grid is measurement
many different times, consecutive measurements of the same point will be
correlated, soq will have significant off -diagonal terms.

The parallel method is based on simplifying the weight matrix ¢ by taking
advantage of the matrix sparsity, while the serial method will characterise the
camera and projector separately. The parallel method is expected to have a
higher accuracy ¢ there are less parameters to estimate. The serial method
leaves some degrees of freedom that will be investigated as a validation tool.

The covariance matrix can be reduced by a factor of four by eliminating any
correlation between camera and projector points. The covariance matrix is
separated into the camera and projector components and inverted separately.
The projector points are inferred from the camera points, and the easiest way
to remove correlation is to use each dot only once in either the cameia or the
projector views. Splitting the input dots roughly in half will reduce the
computational complexity roughly by a factor of 16.

7.2.1 Serial method
The serial method of characterising both the camera and projector separatelyt

with the explicit aim to re duce computational complexity. Both the camera and

the projector will have their own unique estimates of the feature artefact

location and orientation. Both artefact estimates are given in coordinate

systems that are centered and aligned with the cameraarE wx UONT EUOU w? x b O
Therefore, given 0 positions, there are U estimates of the cameraprojector
transformed, otherwise known as the extrinsic. The estimation of mand &is

hereby known as the extrinsic estimation.

The cameraprojector transform aand 8J1 OEUI UwUT I wEEOI UEZ UWE U

A N N A~ s
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140 &« <« 4 e &8 (7.10

Equating coefficients gives the extrinsic estimation

1 44 (7.12)

B B 49 88 (7.12)

Explicitly, eq. (7.11) and eq. (7.12) are given as
A Qaha TT aTa (7.13

B 'Q aha B¢ T aATAa 868 (7.14)

The errors within the feature artefact parameter estimations & heha hBe are
highly correlated and must be considered in the following evaluation. For the
following derivation, individual components of vectors are denoted using a
superscript coordinate "Qwith "Gignifying the 'Q artefact position. For example,
R is the artefact orientation in the camera coordinate system in the p 1t
position.

To conserve and propagate correlation between the intrinsic and extrinsic
values, the intrinsic values will be include in calculations. The intrinsic values

are given asf®; and B, for the camera and projector respectively. The rows and
columns of the combined covariance matrix 1z iis given by

|=_%\4 %4 2 4 9‘4 lb4 9‘4 g 8 (7.15)

The Jacobian of the’Q position, \ , is then given by

ol R 1a I
IT A TR |:|
N '8 (7.16)
e T T 8 Teg
- - - - I
ul R TR ta TR

For ease, the Jacobian is defined using theauto-differentiation tools in
Tensorflow and the entire Jacobian is defined by

\ Il
:-vl 'Y I’I

N N 8 (7.17)

11 1
u N U
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The covariance estimate of all extrinsic estimations a B © a & is given by

ar TETOE nh 7.18

TAT | E TAZO TAT | ( )
where & fis split into the intrinsic section 1§ and the extrinsic section Tt g o
Given the covariance matrix of each estimation is known, i gdthe best

estimation of camera-projector transform &and B8avill minimise the ... value

VAl VIl
(‘TIHI’I lﬂ,'f)’ h’laﬁ lf"ﬁ
MIEN 1By TAo®Ién B —8 (7.19

IR IR IR0 W
GusU ua®  Oua U uskD
Eq. (7.19) can be minimised using a weighted mean over all estimates & h&,
essentially solving the linear system © =e®

A

o
| By
L \l )
LEn & ah (7.20)
IR 1N
Ung U

with the solution given by the weighted linear system

o 1)
Y l P‘ ]
= TAGO =TAddé B (7.21)
IR 1]
Ung U
Finally, estimating the covariance matrix, 1 , of the system parametersis found
using the law of propagation of uncertainty

\ Y 4

=TAg® =TAgd" ' = TASD =TAgo
The serial method leaves an additional @0 degrees of freedom over the parallel
method that will inevitably lead to a lower accuracy in estimated parameters

T (7.22)

P The a. (7.19) is not guaranteed to be minimised and the extra degrees of
freedom allow the parameter estimates of the camera and projector to be
checked against each other. If the parameter estim&es agree with each other,
eq. (7.19) will be equal or less than 1.

7.2.2 Parallel method
The advantage of the parallel method over the serial method is there are @0
less parameters to estimate, that should theoretically increase the acuracy of
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the camera and projector parameter estimations. The disadvantage of the
parallel method is the added complexity in estimating the input covariance. In
the serial method, an input covariance that is incorrect by a scalar
multiplication will only produce a parameter estimate covariance that is
slightly too high. In the parallel method, the input covariance must now be
consistent in regard to the camera and projector. The parallel method makes an
alteration to the forward propagation method in Algorithm 7. The new forward
propagation method is in Algorithm 6.

Algorithm 6 Forward propagation of the artefact points ® of the 'Q
position in the parallel method.

Transform into camera coordinate systeme® T A ® &

Camera:

. . ®
Transform into homogenous coordinates ®

Apply optical distortion function ® "Q e
Apply camera matrix ® L
Projector:

Transform into projector coordinate system ® 7T A® B

. . ®
Transform into homogenous coordinates ®

Apply optical distortion function ® "Q ® R/
Apply cameramatrix 0 L @

7.2.3 Forward propagation

This section will detail the propagation of light from artefact to image plane,
given as function "Qin eq. (7.1), also called forwards propagation. The rotation
convention used here is the Rodrigues rotation formula, otherwise known as
the axis-angle representation of rotations. Alternative representati ons include
guaternions [231], Euler angles [232] and rotors [233]. The operator that
converts a Rodrigues vector &into its corresponding rotation matrix =| is given
by the Rodrigues operator T

{4 T a (7.23

a1 4 (7.24)

The algorithms defining the Rodrigues and inverse Rodrigues op erator are
defined in Appendix C, in Algorithm 12 and Algorithm 13. The function
defining the forward propagation is defined as
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® "Qenasalhomn (7.25)
where the forward propagation is defined in Algorithm 7 and shown
graphically in Figure 7.1.

Algorithm 7 Forward propagation of arte fact points ® in the Q
position to the image points &8

Transform into camera/projector coordinate system ® T & © &

Transform into homogenous coordinates ® ®

3 mTTnpPpe
Apply optical distortion function e "Q e
Apply camera matrix ® L@
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Figure 7.1 Graphical representation of the forward propagation

algorithm in Algorithm 7. (a) The board ellipse centres®(red x) and
dot boundaries (black), (b) a general rotation and translation, (c)
conversion to homogeneous coordinates, (d) blown up image of the
homogeneous coordinates at 0 p, (e) distortion of points (green)
and (f) the application of the camera matrix to the distorted points.

7.2.4 Jacobian calculation
The Levenberg-Marquardt algorithm requires a Jacobian to be calculated ¢ or

at least a reasonable estimate. An analytical derivative becomes prohibitively
complex when considering models that include distortion parameters.
Estimation methods can be used to reduce the number of explicit calculations
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of the Jacobian, by using Rankl Broyden updates [234]. An approximation of
the Jacobian can be calculated

\e Qe + D "QeP 9 DFI (7.26)

= o

where 9 is some small perturbation to 2 However, eq. (7.26) is subject to
numerical inaccuracies, and the perturbation ¢ must be carefully chosen to
avoid numerical issues. Recently, auto-differentiation methods have become
popular due to their use in training neural networks. Auto -differentiation tools
allow the rapid calculation of almost arbitrarily complex functions. Many auto -
differentiation tools are available to researchers, including Theano, PyTorch
and Tensorflow. The advantage of auto-differe ntiation of numerical methods
is that they do not suffer from the same magnitude of numerical inaccuracies,
whilst having similar computational costs. For this thesis, it was chosen that
auto-differentiation tools would be used to eliminate concerns over n umerical
inaccuracies. Tensorflow was chosen arbitrarily for its auto -differentiation
tools.

7.2.5 Conditions
The estimate P defined during the non -linear regression is only valid under
specific conditions. The conditions are given as:

Linearity . The linearisation used to estimate the parameters in the nonlinear
regression must accurately represent the function over a small interval. A
model that is significantly non -linear will not be well approximated by a first -
order Taylor approximation, and while the parameter estimate P may still be
correct, the covariance estimatey given in eq. (7.8) will be invalid.

Normality . The errors introduced in the measurements must follow a Gaussian
distribution. If the errors do not follow a Gaussian distribution, then the input
uncertainty 1 is incorrect and there will unaccounted errors propagated to the
solution P Generally given the number of observation used in th e calibration,
it is assumed that the errors asymptotically follow a normal distribution.

Specificity . Given there are no errors in the regressor vector ® or the
observation vector @, the function "Qe® must accurately predict @ A model
that does not comply with this condition is known as misspecified, and the
covariance matrix estimate given in eq. (7.8) will be invalid.

Additionally, there is no guarantee the assumptions used in the non -linear
regression, specifically linearity and specificity, are not broken. A method is
required to test both of these assumptions. The measures of nonlinearity used
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in this thesis are the parameter-effects curvature ¢ and the intrinsic curvature

| found in [235] and the Clarke curvature 3 found in [236]. A function that is
highly non -linear will not remain flat around the solution locus, and therefore
the covariance matrix v will not be valid. These test statistics are computed in
Section 7.4.The test for model specificity in a non-linear regression is given in
White, 1981[237]. This test is sensitive to heteroscedasticity. White describes a
similar test that is not sensitive to heteroscedasticity, and more general test in
[238].

7.3 Calibration outcome

This section will detail the outcome of the calibration. The calibration input
data is given in Section 7.3.1 The parameters estimated using the serial,
weighted serial, parallel and weighed parallel methods are given in Section
7.3.2 A novel metric that can be used to estimate a spatiall-dependent
resolution metric of the camera is given in Section 7.3.3 A comparison of the
uncertainty in the input data caused by the board artefact itself and the ellipse
localisation methods is given in Section 7.3.4

7.3.1 Calibration input data
This section will present the calibration data that will be used in the non -linear

regression. A total of twenty -seven unique positions and orientations of the
board were imaged to create ¢ v wcamera points and ¢ o Xpgojector points.
Each position is shown in Figure 7.2.

Figure 7.2 Location of the ¢ Xpoard locations and orientations used for
the calibration.

T 1 wOUPEOT UOGEUDPOOWO! U1 OEwUUI EwbOwByPUwOI T UDU
and is assumed to ke similarly robust for measuring points outside of the
PEEOPEUEUPOOWYOOUODI 2 Owbdl 6OwOUUUPET wUTT wUEC
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system [30]. Nevertheless, a limit is placed on measurements as to only include
points measured within the areas of images that have been cdibrated. In any
future measurement, to ensure any measurements made using the system
parameters are not invalidated from measuring outside any calibrated region,
both the camera and the projector will remove points outside of a boundary
provided by the calibration points. The boundary with the calibration points is
shown in Figure 7.3.
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(a) up / pixels
(b)

Figure 7.3 Image points used in the calibration for the (a) camera
and (b) projector. Upon any future measurement, any points
within the black boundary will be discarded.

7.3.2 Parameter estimations
The parameter estimations obtained using the serial, weighted serial, parallel
and weighted parallel methods are given in Table 7.3.

Table 7.3 Parameter estimations.

Unit | Parameter Serial | Weighted | Parallel | Weighted

serial parallel

8520 8536 8510 8534

S x| = 8485 8536 8477 8535
£ | X 20.00| -0.4431| 20.11| -0.4917
O E 2674 2676 2674 2675
2544 2538 2543 2537

-0.0158 -0.0339| -0.0173 -0.034
-0.0323 0.1264| -0.0263 0.1219
0.0541 -0.1619| 0.0452 -0.1891
-0.0070 -0.0011| -0.0069 -0.0011

Camera
distortion

mdielieilel R Eils1Fs
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f 0.0019| -0.0004| 0.0020,  0.0004
6 -0.0771| -0.0097| -0.0779| -0.0094
0 0.2730|  0.0070| 0.2679|  0.0060
Q 1123 1121 1121 1121
g =| = Q -2247 -2243|  -2242 -2242
23| = l -0.2423|  0.0083| -0.3997| -0.2741
5 E 6 443 442 443 443
0 1187 1187 1186 1187
- Q 0.0495  0.0543| 0.0579| 0.0551
2 Q -0.1765| -0.1906| -0.2236| -0.1942
3 Q 0.0845|  0.0960| 0.1461|  0.1000
2 - f 0.0006|  0.0001| 0.0007| 0.0001
2 n 0.0002|  0.0002| 0.0002|  0.0002
;_% o -0.0033| -0.0042| -0.0062| -0.0048
o 0 0.0121| 0.0167| 0.0252| 0.0175
N 0.2659| 0.2651| 0.2654|  0.2651
s | n -0.2823| -0.2830| -0.2830| -0.2830
El n 15706/ 1.5719| 1.5707| 1.5719
oF o 5.7123| 5.6859| 5.7361| 5.6857
°- o) E ) 306.3578 306.3366| 306.4418 306.2259
o -44.3868| -44.4270| -44.2130| -44.4299

The results of both weighted methods are very similar to each other, as are the
results of the unweighted methods. Notably the skew parameter is very
different across the methods. All methods strongly agree on the focal lengths
of the camera, as well as the extrinsic stimates. The correlation matrices are
shown in Figure 7.4.
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Figure 7.4 Correlation matrix of the parameter estimate from each
calibration method.

Similar with the parameter estimate itself, the weighting matrix generally gives

a similar correlation matrix for both the weighted serial and weighted parallel
method estimates. The serial method gives no correlation between the camera,
projector or extrinsic parameters, while the weighted serial methods gives no
correlation between the projector and camera parameters. The cause being the
serial method does regress camera and projector parameters independently.

The weighted serial and weighted parallel also have similar correlation
coefficients for both the extrinsic estimates, & and 8 despite both methods
deriving each value very differently. The wei ghting matrix produces large
changes in the correlation of most coefficients, that would otherwise be
unchanged across serial and parallel methods.

7.3.3 Optical resolution estimate
As a by-product of the ellipse localisation method, an estimate of the camera

resolution is made. In Section6.5.3 ellipse boundaries are determined using a
fit of a Gaussian function to a radially -sampled line-spread function. The width
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of the Gaussian is related to the resolution of the camera The line-spread
function width is shown in Figure 7.5.
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Figure 7.5 The width of the Gaussian line -spread function in (a) 3D
and (b) plotted against distance from the camera pinhole origin.
The lateral distance is the distance in the XY plane to Tt .

The point spread function (PSF) describes the response of an imaging gstem
to a point source or point object, and is related to a line-spread function [93].
The line-spread function width found here could possibly be used to estimate
a spatially-variant PSFfor a camera without requiring any additional data to
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be collected. This novel method may be a useful tool in the future in obtaining

a full uncertainty evaluation of fringe projection measurements, see Section
9.5

7.3.4 Input data covariance

This section will show the input uncertainty estimate. The positional
uncertainty of each dot in the dot grid is given in Section 6.2 The uncertainty
of the board is propagated to the image plane of the camera and projector in
Section7.2 The comparison of the input covariances is given in Figure 7.7.

0.741 =+ Board .
. Ellipse localisation .
0.6 -

o
u
L

o(ve) / pixels
o
=

o
w
L

o
[\
L

(=]
[
I

O'O L T T T T T T T T
0.0 01 02 03 04 05 06 0.7
oluc) / pixels

Figure 7.6 Comparison of the uncertainty contributed form the dot
grid and the ellipse localisation in the camera image.
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Figure 7.7 Comparison of the uncertainty contributed form the dot
grid and the ellipse localisation in the projector image.

The uncertainty of the board is generally very low compared to the uncertainty

of the ellipse localisation method for both the camera and the projector. The
projector has far higher uncertainty in one axis compared with the other. This

is to be expected andis a consequence otriangulation.

7.4 Calibration validation

In this section, several tests are carried out to validate the calibration method
defined in this chapter. The tests given in Section7.4.1, Section7.4.2and Section
7.4.3will validate the conditions given in Section 7.2.5 Section7.4.3specifically
provides a novel method of testing for parameter stability during the
calibration procedure. Section 7.4.4 will test the non -linear regression for
convergence to a nonglobal minimum . Section 7.4.5 will compare the
uncertainty of estimated points against the estimated error of each point.

7.4.1 Specificity test

(OwUT PUWUUEUI EUDB OO 287 is asedl trtésitie spedfieity @ EDUa w1 UL
the pinhole model with distortion to fringe projection . Correct specificity is one

of the assumptions used in linear regression, and if broken, will render the

covariance estimation incorrect. In other words, the specificity test is used to

check if the model used in the linear regression is correct up to some additive

error. To reject this hypothesis implies there are variables excluded from the
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model, and therefore the model is misspecified. The specificity test in White
[237]is specifically a specificity test for non-linear regression models For a non
linear regression that, in the final step, computes the Jacobian\ and the
residuals "oat the solution , the specificity test is given by finding the solution

bto

D | 4P rw (7.27)

where

F NG \h (7.28)

with & being the Hadamard product. The test will fail if there is a solution to

ed. (7.27) that has some suffident statistical power, i.e., if the square residual’»

can bemodelled in some way . Given there are( observations and 0 parameters

being estimated in the non-OP O1 EVUwWUIT T UT UUPOOOwWUT T wUl UUO!L
on "o is used as a quantity value to test how much structure remains in the

residuals "». The test is completed by computing the constant-adjusted

coefficient of determination, Y , given by

B " | & b 3) & p

"N E N p
The coefficient of determination is a measure of statistical power in the solution
to eq. (7.27), i.e., how well does the solution | hp adequately explain '> . The
value ¢ 'Y is compared against the critical value of the ... distribution at 1
degrees of freedom. If the value €'Y exceeds the critical value, the model is
misspecified.

Y 5 2 (7.29)

In White [237], it was shown that this test will also fail in the presence of
heteroscedasticity. In Section7.2, it was made clear that the image points in the
calibration are correlated with one another. However, a method was given in
Chapter 6 to estimate the covariance (and by extension the correlation) between
image points with covariance matrix . Given a regressor matrix L and
observation vector & a weighted linear regression can be seen as a transforrad
linear regression, transformed using the matrix |=|=4 T and applying the
transform fto the linear regression formula to obtain

L L F ®© (7.30)

14 _ 4 L l14_4 ) (7.31)
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L4 F |=4 L 4 F |=4 ® (7.32
£4-n- L £4-n- 53] (7.33

The weighted least squares regression is therefore a transformed linear
regression. Expanding this to non-linear regression, at the solution locus 4, the

solution @ is given using the Jacobian of the solutionlocus \ as the
regressor matrix

NP e QdP » (7.34)

U N NG B8 (7.35)

The same transform can therefore be applied to eq.(7.27) and eq. (7.28) to
remove the heteroscedasticity present in the calibration, giving the updated
equations

F D | F D (7.36)

F F NG F \8 (7.37)

The test will now fail if the covariance matrix qris incorrect, or if the model is
misspecified. The test is insensitive to any scalar multiplicative error in

covariance matrix r, given the scalar multiplication will ca ncel in eq. (7.36). In
the context of the serial and parallel calibration methods, the serial method is
completely insensitive to a scalar multiplicative error in the co variance matrix
for the camera and projector regression input. However, the parallel method

will be sensitive to a scalar multiplicative error, considering the covariance

matrix is a concatenation of the projector and camera regression input
covariance matrices. Overestimating or underestimating the uncertainty in the

camera or projector matrices in relation to each other will cause this test to fail.
The test is performed on the camera and projector regression estimations
individually in the serial method and once on the parallel method regression
estimation.

In the serial calibration there are ¢ xpositions measured, giving v pinhole
parameters, x distortion parameters ¢ X @ extrinsic parameters, for a total of
p X parameters.

The critical value of the ... distribution with p x degrees of freedomis ¢ 1, qe.,
w L f values are expected to be below 2061n the parallel calibration, there are
now p mpinhole parameters, p tdistortion parameters and an additional @



7.4 Calibration validatio n 143

parameters describing the rotation and translation from the camera coordinate
system to the projector coordinate system, giving a total of p warameters. The
critical value of the ... distribution with p X degrees of freedomis ¢ ¢.u

Table 7.4 Specificity test results for the weighted serial and weighted
parallel method.

Test value Critical value
Weighted serial (camera) Yyt [ 190
Weighted serial (projector) PPPO QmQ
Weighted parallel (all) VLT CCu

This specificity test, outlined in White [237], is used in this case to
simultaneously test the covariance matrix of inputs used in the calibration, and
the model. The specificity test fails for both methods and appears worse in the
parallel method. The failure could indicate that the distortion model does not
completely explain all observed ellipse locations. The failure could also indicate

that the covariance matrix estimation, 1t is poor. Another possible failure mode

is the covariance matrices for the camera and projector have a scalar
multiplicative error in relation to each other. In the latter, it would be expected

that only the parallel method would fail, since the covariance m atrices need to
be accurate in relation to each other in the parallel method, but not the serial
method. Given the higher test score in the parallel method, this could indicate

this to be true.

7.4.2 Curvature test

In this section, the non-linearity on the parameter covariance estimate in a non-
linear regression will be tested. Given the calibration uses a linear
approximation of a non -linear problem, significant non -linearity will invalidate

the linear approximations. Significant non -linearity will reduce the efficacy of

the covariance estimation.

The measures of nonlinearity used in this thesis are the parametereffects
curvature ¢, the intrinsic curvature | and the Clarke curvature 3. The
derivation of these measures are beyond the scope of this thesis. The derivation
of the parameter-effects curvature, ¢+, and the intrinsic curvature, |, can be
found in Bates and Watts [235]and Seber and Wild [239], and the derivation of

the Clarke curvature 3 can be found in Clarke [236]. The parameter-effects
curvature ¢ depends only on the particular parametrisation used, and can be
effectively reduced by choosing the right model. The intrinsic curvature | is a
measure of non-linearity of the problem itself, and is invariant of the chosen
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model. The Clarke curvature 3 is an extension of the parametereffects
curvature, and can provide a non-linearity measure in individual specific
parameters.

The following non -linearity tests require the calculation of the Hessian matrix,
which in this case is a three-dimensional tensor, in this subsection only, the
standard notation convention used in this thesi s will be dropped in favour of
tensor notation with the Einstein summation convention. In this subsection
only, indices represent coordinates in an arbitrary N -dimensional tensor, where
both subscripts and superscripts are used for indices (and superscripts do not
infer an exponent). For example, a 2D matrix that was denoted = is now
denoted @ & @ . To denote the exponent™Qof variable ¢, which would
otherwise be denoted as=< , is now denoted as & . A variable without indices
is a scalar. According to this convention, when an index appears twice in a

single term and is not otherwise defined, it implies the summation of that term
over the index. For example, if the index ' plgio ,

[AINATN w w3 (7.39)

For consistency, the indices 6hb are used exclusively to denote the 0

NN

Hessian are given by

T "Qm h—
_ @by (7.40)

'|' —
The inverse of square of the Jacobian, otherwise given as\*\ | is given by

0 -1 - (7.42)

Pl 0
1 B RoxEoA (7.42)
The projection matrix, otherwise given as &= £*£+  L* for the linear model ®
L ® is given by

0 -"Q-38 (7.43)

The measures of Clarkecurvature 3 is defined as
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3 0 MQQ-1 - h (7.44)
and the non-linear model is considered acceptably linear in the case that
-3i @ . Otherwise, curvature effects aretoo large to ignore. The parameter-

effects curvature ¢ and intrinsic curvature | are calculated along the vector|
in the O-dimensional parameter space.

t — (7.45)
— |
V0 -
l | 8 (7.46)
Given the curvature will depend on the choice of | , a good decision would

find the maximal value of | . Computationally, this is particularly tricky given
the size of the tensors involved. The parallel calibration method uses ¢ X
positions, p Y points per position and therefore the Hessian — has the size
P WCP W wowotglthough most entries of the Hessian are 1. A method is
presented here that will give a low -cost approximation of | . An approximate
solution of | can be found by estimating the vector| that instead maximises

o -1 h (7.47)

which is simply the eigenvector of

v - (7.48)
that corresponds to the largest eigenvalue. To evaluate if the measurest and
| are within reasonable limits, both measures are scaled

t M0 (7.49)

| | #0h (7.50)

where A in this case is the standard error of the non-linear regression. The

combined curvature measures ¢ | are compared against the
confidence region given by

B 8 (7.51)
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If ¢ | & the parameter estimations must be rejected. Otherwise,
the curvature can be accepted as low enough so as to still provide a reasonable
estimation of the parameters. The results of the Clarke curvatures are given in
Figure 7.8 and the parameter-effects and intrinsic curvatures are given in Table
7.5.
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Figure 7.8 The Clarke curvatures 3 of the system parameters. (a-b).
Camera and projector parameters estimated using the serial
method. (c) Parameters estimated using the parallel method.

Table 7.5 Parameter-effects and intrinsic curvature measures for the
parallel and serial methods.

Parameter- Intrinsic , Combined, | Limit,—
effects, ¢ l 4|
W. serial (camera) LV PpT ¢ pTm UV pT T C
W. serial (projector) o pm Y pTm o pT T8O
Parallel T pTT v pT T pTm T C

The non-linearity is well within acceptable limits for both methods. The
parameter with the highest non -linearity measure is the skew component in the
pinhole matrix of the camera. Bates and Watts [235]show that an increase in
the number of observations can reduce the nonlinearity ¢ in a calibration with
fewer observations, it may be prudent to remove the skew component of the
pinhole camera matrix. The projector, however, does not show the same
behaviour.

7.4.3 Parameter stability test
In Section 3.4, it was made known that optical characteristics are a function of

temperature ¢+ so must be considered within the calibration. Consider the
simple camera pinhole model describing the back propagation
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. Qpe 0 .
6o —~2 2 §; (7.52)
Pe 0
where 4 » » B and®& O O O andthefocal length "Qhas been

explicitly defined as a function of temperature, “Y The output 6 can be kept
constant even in the case that™Q is evolving by compensating with the
Euclidean transforms =| and & In the case of many cameras and projectors and
with randomly varying optical characteristics, this effect may be cancelled out
by estimating all parameters in parallel. In the case of one projector and one
camera being calibrated, both will have a time -dependent systematic error if
both the camera and projector are not in thermal equilibrium. The internal
temperature, therefore, will cause a systematic error in the estimation of the
camera and the projector parameters. Furthermore, these systematic errorswill
not produce a detectable difference in the residual vector '3 otherwise known
as the reprojection error due to the redundancy in eq. (7.52).

This section will de fine the parameter stability testto detect unstable intrinsic
parameters. While the parameter stability test does not guaranteean accurate
estimation of parameters, it does prevent the thermal equilibrium cond ition
from failing while being undetected . The test will fail if the linear regression
conditions are broken or if the uncertainty matrices are | are poor. The
disadvantage of the test is there is no indication of what condition has broken
during a failure, and the test can be arbitrarily passed by estimating huge
uncertainty in .

The method in Section 7.2.1 gives a weighted estimation of the extrinsic
parameters (the Rodrigues rotation vector aand translation 8 describing the
transform between the camera and the projector, along with an uncertainty. For
the unweighted serial method, this is found using an estimate of the parameter
covariance matrix, given by the estimator

T OHE NN h (753
where 0 equals the number of observations iwthin the regression and 0 equals
the number of parameters obtain from the regression. For the weighted serial
method, the parameter covariance matrix is found using the weighted
estimator,

TAI i \(4-"- N8 (7.54)

With an estimated uncertainty of the parameters 14 jobtained, each estimate of
the cameraprojector transform can be compared for agreement, i.e., if there is
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any statistically significant deviation from the final estimate of the camera -
projector transform. A ... test can now be completed using

P b3 fBA4'|TA‘|i‘|TF1§\J Piii PS B h (7.59)
where § is the Kronecker product. A comparison of the camera-projector
transforms estimate from each artefact with the final estimate is given in Figure
7.9. With some exceptions, the application of the covariance matrix has reduced
the deviation of the quantity values. The critical value of a ... distribution with
C @ @ p @degreesoffreedomisp @, where the unweighted serial method
obtained a score ofp @ @pand the weighed serial method obtained a score of
( &. The parameter stability test will also fail when the covariance matrix i i
is unable to explain the discrepancy in different cameraprojector transforms
for all artefact positions. The results of the ... cost of each artefact position is
given in Figure 7.9.
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Figure 7.9 Comparison of the twenty -seven estimations of the
transform between the camera and projector. Estimation obtained
using the (a) serial method and (b) unweighted serial method.

7.4.4 False convergence test
The non-linear regression in the calibration is only guaranteed to find a local

minimum, not the global minimum. There is a significant chance that the non -
linear regression returns a local minimum that does not correspond with the
global minimum. Furtherm ore, the process is deterministic, i.e., repeating the
non-linear regression using the same estimate will lead to the same outcome.
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In this section, by randomly varying the input estimate to the non -linear
regression by v b the outcome of 200 nonlinear regressiors will be analysed
to estimate how much the non-linear regression provides a non-global
minimum. Both the weighed serial and weighted parallel methods will be
tested. The first test will look at the reprojection error, since the reprojection
error is used to estimate when the non-linear regression is complete, the values
of the reprojection error should correspond well with identified minimums.
The histogram of reprojection errors across all 200 repeats is given inFigure
7.10.
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Figure 7.10 Histogram of the reprojection errors of the weighted
serial and weighted parallel method across all 200 repeated
regressions

The histogram of reprojection errors show that the regression of camera and
projector parameters in the serial method and the parallel method all have a
minimum at a reprojection error of ¢ YPDE A @D E gdntl @ gPE AT O
respectively. In Figure 7.11, the estimations of the camera and projector focal
lengths and principal points is given. When comparing to the values of the
camera focal length in both the waxis and the waxis, there is not sucha clear
distinction of minima . Exceptfor the projector in the serial method, there are

not clear global minim um ¢ the local minimum returned from the non -linear
regression are not single points in the 0-dimensional parameter space. It is

likely caused by the extrinsic and focal length both parameters giving similar

effects on the projected point. Both the principal point and focal length values
converge to a central location. Altho ugh it is difficult to conclusively prove the
xEUEOI Ul Uw il UUPOEUPOOwWwPUwWUTT w?20UU0I 2wl OOEEOQuwW
parameter space must be thoroughly searched, thistest gives a good indication

that the true minimum has been reached. This test shows that in general, it is
necessary to explore some of the local parameter space by repeating the non
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linear regression with different initial estimates , since only* ¢ v f the serial
method camera regression estimates and* p 1t Pof the parallel method
regression estimates were close to the minimum.
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Figure 7.11 Parameter values of the camera and projector for all
repeats of the nonlinear regression in the weighted serial and
weighted parallel methods. (a) The focal lengths and (b) the
principal points.
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7.4.5 Reprojection error test
In this section, the covariance of the inputs to the non-linear regression 1+ can
be tested on the reprojection errors. The test will consist of a reduced... test on
the reprojection errors, given by

‘g 'a 7.56

The test will be conducted on the weighted serial and weighted parallel
calibration methods. The weighted serial method gave areduced ... test score
of T8t yand 1@ ufor the camera and projector respectively, while the parallel
method gave a reduced ... test score of ip wAll test scores are below the
expected value of approximately p. Therefore, either the non-linear regression
is over-fitting the data or the covariance estimate of the input is overestimated ,
or both.

7.5 Summary

In this chapter, a calibration method is defined in full detail . The popular non-
linear regression method is modified as to allow the evaluation of uncertainty
of the estimated parameters. The non-linear regression used in this thesis to
obtain the parameter estimates is explicitly defined in Section 7.2, where
choices have been made to ensure a higkaccuracyregression. The results of the
calibration estimates are given in Section 7.3 It was shown that the two
weighted methods showed good agreement between estimations. A novel
method to obtain a resolution metric without the need to obtain any extra data
was given that may be useful when performing a full uncertainty evaluation of

a fringe projection measurement. The input data covariance showed the need
for increased accurag of the ellipse localisation. The working conditions for
this calibration method to work are given, and tests are undertaken in Section
7.4 to test these conditions are true. Apart from the specificity test, the tests
show the calibration was performing within working conditions. The failure of
the specificity test indicates that either the covariance matrix of the input
guantities was invalid or the pinhole camera model with distortion is not
specific enough for fringe projection. Given the success of tests given inChapter
6, it is likely that the model has poor specificity.
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This chapter will validate the parameter estimations and uncertainties obtained

in Chapter 7 using measurement artefacts. For each measurement, the
parameter uncertainties will be propagated to the final measurement quantity,
which will be compared with an independently measured result. The
comparison will be completed using the reduced ... test given in Section 4.4.
The method of propagation form parameter uncertainty to measurement
uncertainty is described in Section 8.1 A validation testis completed on a
flatness artefact in Section8.2 and validation tests completed on sphere-based
artefacts is completed in Section8.3.

8.1 Propagation of uncertainty

This section will define a method that will allow the propagation of uncertainty
from the system parameters to the final measurement. Once the uncertainty
estimation in the parameters has been obtained, the uncertainty can be
propagated to the final measurement point -cloud. Given that more than a
million points are being derived from the same set of thirty parameters, the
resulting covariance matrix of the point -cloud would contain significant off -
diagonal terms.

A covariance of that size is impractically large. A far more memory -efficient
solution would be to conduct a Monte -Carlo evaluation of uncertainty based
on the covariance matrix on the system parametersyr . The algorithmis defined
in Algorithm 8, and a graphical representation is given in Figure 8.1.
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Algorithm 8 Propagation of uncertainty

Find Cholesky decomposition of F F
400 repetitions:
Generate vector of independently and identically distributed random
variables, sampled from R~ ip
Generate correlations in random parameter perturbation vector, 6 R
Generate a random parameter vector® 2 R
Define a virtual point -cloud » "Q ¢® Ko AP
Conduct measurement processing on virtual point -cloud »and store

output

Investigate output for its PDF.

Draw mean Create Filtering |
parameters point-cloud operations
B V1 Wy
6 L\“\\ L
7y Iy
—
Parameter probabhility
distribution
Draw virtual Create Conduct Define output
parameters fnrtual measurement distribution
point-cloud process values
8y | T
By
/ 7™
—~

Figure 8.1 Propagation of uncertainty to the final attribute of the
point -cloud.

8.2 Flatness artefact

In this section, a measurement of a flatness artefact is made, that will include
an uncertainty evaluation using the method provided in Section 8.1 with
parameter estimates and uncertainties evaluated using the methods given in
Chapter 7 and Chapter 6. The flatnessartefact appearsin both ISO 1036613 and
VDI/VDE 2634part 2. A flatness artefact is measured by fitting a plane to the
measured point-cloud. The perpendicular distance of each point to the fitted
plane is called the flatness deviation. This value can be compared with an
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independently measured flatness deviation value, provided by a traceable
instrument. A flatness artefact offers many advantages as a measurement
artefact for a fringe projection system:

1. The plane is flat so there is no opportunity for long-range multiple
reflections.

2. Specular reflection can be avoided by inclining the plane correctly to
prevent saturation of CCD pixels.

3. Sub-surface scattering will have little effect on the measurement results,
given the lack of high spatial frequencies.

4. The phase map should include no high spatial-frequency components,
allowing effective filtering of phase noise from the measurement.

5. The data analysis is simple.

The flat plane artefact has a disadvantage compared to some other
measurement artefacts, such as spheres: the measurement result is directly
based on the points themselves and not an extracted feature. Anydeviation
from the best-fit flat plane caused by uncertainty in the system parameters will
be additively combined with a phase error that has a higher magnitude than
the form error [51, 149] The oorrespondence decoding algorithm uses a
periodic pattern to establish the link between camera and projector points. It is
assumed, therefore, that the range of spatial frequencies in the point-cloud
caused by phase error will be limited to approximately th e fringe period on the
measurement surface. i.e., the form error caused by the system parameters will
have much larger spatial frequencies in the measured points compared to the
phase error. By averaging over points larger than the fringe period, any phase
error should be significantly reduced.

Section 8.2.1 provides information on the flatness artefact itself as well as
information on the measurements of the artefact. Section8.2.2explicitly defines
the evaluation method used to obtain the flatness deviation values. In Section
8.2.3the accuracy of the parameter estimates is tested. In SectiorB.2.4 the
validity of the uncertainty of the parameter estimates is tested. Finally, the
results of the tests using the flatness artefact are discussed in Sectio®.2.5

8.2.1 Measurement information

The flatness artefact was provided by Trapet. The flat was an aluminium plate
with a matte white coating, measured area o Tt yp TP |, and the deviation
from the fitted plane was given as ¢®t | . The area was certified using a total
of p ¢ equally spaced points. The flat plane was measured once in each of the
three positions given in Figure 8.2. The relative positions of the flat plane
measurements used in the GOM system is shown in Figure 8.3.
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Figure 8.3 Relative locations of the flat plane in the GOM
measurements.
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8.2.2 Flatness deviation evaluation method
This section will define the method by which th e flatness deviation values will

obtained when measuring the flatness artefact. Prior to obtaining flatness
deviation values, a filtering method is applied that removes high spatial-
frequency information and lowers the bandwidth of the measurement. The flat
plane is measured within a particular bandwidth of spatial frequencies on a

tactile CMS. Fringe projection measurements have higher point density and
typically measure a wider bandwidth of spatial frequencies. The flat plane

analysis must remove higher spatial frequencies of the measurement to
compare with the known measurement of lower bandwidth.

During the measurement, approximately ¢ p Ttpoints were measured of the
flatness artefactsurface. The clustering method defined here splits the point -
cloud into ‘Qclusters of points. Each cluster will then be averaged of to produce
"Qpseudo-points that represent the flat plane. In this case, Qwas chosen to be
1024 which was a compromise between reducing the measurement bandwidth

to be comparable with the tactile CMS measurement, and retaining some scale
of the form measurement.

For validity, e ach cluster should be approximately the same size and contain
the similar numbers of points. In the measurement of the flatness artefact, the
point -cloud points are almost equally spaced. The point-cloud is clustered by
repeatedly splitting the point-cloud in half along the two largest principle
components to produce successively smaller quarters of the point-cloud. The
largest principle component of the point-cloud is found using singular value
decomposition (SVD). If the point-cloud is written as

L ¢ 1
s ° (8.1

givene %e® —B®.Then=could be decomposed into the form
=1 = (8.2

where both = and t are orthogonal matrices =  \ and are
orthonormal eigenvectors of Fg* and ¢ £[240]. Since ¢ fis akin to computing
the covariance, the largest eigenvector of £ F is the vector describing the
direction of greatest changet the largest dimension. Given the point-cloud is
split using the line @ _ip, where wis the eigenvector of £ corresponding to
the largest eigenvalue, each point must be discerned as to whichside of the line
it lies on, which is found using
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W | [V
=V
-

an 3y | f (8.3)

where the O E @gerator returns  p if the argument is positive, and p if the
argument is negative. The SVD clustering algorithm is given in Algorithm 9,
and a graphical representation is given in Figure 8.4.

Algorithm 9 SVD-based dustering algorithm used to cluster the flat
plane.

Set one cluster to be the full point-cloud = =+

eachiteration:
each cluster=:
number of points in cluster £ are less than minimum number:
Skip this cluster

svory 0+

Split £ into four quadrants using eq. (8.3) and the line
equations given by /b ,  and the mean of cluster=
creating four new clusters.
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Figure 8.4 Flatnessclustering algorithm used to remove phase error
noise and lower the bandwidth of the measurement.

8.2.3 Accuracy test
This section will compare the accuracy of a measurement made using

parameters obtained from serial, weighted serial, parallel and weighted

parallel methods. Additio nally, measurements will be compared with a

measurement made using parameters obtained using the method
stereoCalibrate from OpenCV 4.5.5[241], and measurements made using the
GOM ATOS Core 300. Todistinguish between measurements, measurements
will be named after the calibration method the system parameters are obtained
using. Accuracy will be compared by directly comparing the spread of flatness

deviation values obtained . The spread of flatness deviations of each position of
the flatness artefact will be shown independently to compare the

reproducibility of each measurement. The flatness deviations are shown in
Figure 8.5 and Figure 8.6.



164 Chapter 8¢ Validation

Weighted Weighted
Serial serial Parallel parallel GOM OpenCV
-8
40 -
F6
20 + _—
hh L
s oL H H%H_ﬂ_ﬂ;pﬂ 7 <
s | T I T i I 2 &
8 _ a
I
-40 HJ HJ HJ-—Z

1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3
Position

Figure 8.5 Box and whisker plot of the spread of deviations from the
fitted plane . The whiskers cover the full range of deviations, while
the box shows the interquartile range.
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Figure 8.6 Bar plot of the range of deviations from the from the
fitted plane.

The weighting matrix has a non-significant effect on the accuracy of the serial

calibration method, improving the flatness by two thirds in one case. The

PI BT T UPOT WEUDPOT UwUTT wUI UPEOQwWOI Ul OEwUOwWEOOLU
weighting matrix has a weaker effect on the parallel method, but do esimprove

the flatness deviation by approximately p 1ti in two out of three positions.

The accuracy ofthe weighed parallel method is improved over the GOM in two
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instances, but is far less reproducible than the GOM measurements. It is worth
noting that unlike the comparison between the serial, weighted serial, p arallel,
weighted parallel and O penCV methods, the GOM positions are not the same.

8.2.4 Uncertainty test

This section will test the validity of the estimated parameter values and
uncertainties. The propagation of uncertainty will be conducted using 1000
repetitions, which has been chosen & number at which the standard deviation
has suitably converged, seeAppendix D .
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A box and whisker plot of the mean flatness deviation is given in Figure 8.7.
The flatness deviations across the flatness artefactare averaged across all
repetitions using the two weighted methods and is shown in Figure 8.8. In
Figure 8.7, the weighting matrix improves the mean deviation across the
measurement volume, reducing the spread of values from the flat plane by
approximately a third for two of the positions in both the serial method and the
parallel method. Both the serial and weighted serial methods measure the flat
plane to a high degree of flatness in one of the three positions.
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Figure 8.7 Box and whisker of the spread of the mean flatness
deviations across all trials.
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This next part of this section will display the variability of each pseudo -point
across the plane.The distribution of the collective standard distributions of the
distance of the pseudo-points from the substitute best-fit plane is given in
Figure 8.9. The standard deviation of the distance of each pseudcepoint from
the substitute beg-fit plane is given in Figure 8.10. The uncertainty of the flat
plane deviation is unique in each position ¢ given each flat plane measurement
covers a unique set of cameraprojector coordinates, 6 b b . The
standard deviation of the distance from the best-fit plane is dependent on the
plane position, with no weighted methods sharing a similar uncertainty across
the flat plane artefact. Both weighted and unweighted methods share a similar
magnitude of uncertainty, b ut the weighting matrix changes where in the
measurement volume the uncertainty is concentrated.
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Figure 8.9 Distribution of the standard deviations of the distances of
the pseudo-points from the substitute bes-fit plane.
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The next section tests the validity of the calibration method to provide
parameter estimates with uncertainties using the reduced ... test, see Section
4.4. The reduced ... values across he plane are given in Figure 8.12. The
collective reduced ... values are given in Figure 8.11. In Figure 8.11, the
collective ... results are given for each position and for every position together
UOEI| U urbeEn@ighted serial method offers the best uncertainty evaluation,
given the ... test scoresclosest to one, or under. The weighting matrix has again
improved the uncertainty estimation for both the serial and parallel methods.
However, the uncertainty does not satisfactorily cover all positions for any one
method.
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Figure 8.11 Collective reduced ... test results of all pseudo-points.
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8.2.5 Discussion

The flat plane artefact has failed to validate the parameter estimations and
uncertainties obtained using the method of calibration defined in Chapter 7. In
Figure 8.6, the accuracy ofthe parameter estimations areshown to be high: they
rival the accuracy of a commercial system, the GOM ATOS Core 300. However,
in Figure 8.11 the standard deviation estimated with the calibration method
was unable to explain all discrepancies of the measured deviation from flat .
Unless the camera and projector are perfectly modelled using the pinhole and
distortion models, the models will not be equally applicable acr oss the
corresponding image planes. As series of tests were given in Section 7.4 to
check the validity of the calibration conditions. Validate conditions included
the linearity of local parameter space stability of parameters and convergence
of the problem. However, Section 7.4.5 showed that the weighting matrix
overestimated the reprojection errors and in Section7.4.1the calibration failed
to pass the specificity test given by White [237]. The results of these tests
indicat e that the pinhole and distortion model is inadequate in modelling a
fringe projection system. Therefore, the applicability of the estimated system
parameters Pwill be depend ent on the location of the object in the camera and
projector image space, and therefore the position in the measurement volume.
In certain portions of the measurement volume, the estimated system
parameters correspond well with that location. The weighting matrix has
improved the applicability of system parameters across the measurement
volume for both methods , but has failed to make the model applicable across
the entire measurement volume.

Considering the applicability of the system parameters will differ across the
measurement volume (if both the camera and projector is not perfectly
described using the pinhole with distortion model) , it is possible that many
more measurements of the flat plane are necessay to obtain enough statistical
significance, and the reduced ... value of every measurement may converge to
one. However, if this is true, then this will be in conflict with a basic principle
of fringe projection ¢ that a high-density data measurement can be made
quickly . In this case, there are fewer reasons to use a fringe projection system
over a conventional tactile CMS.

Given the parameter estimates are treated as normally distributed, virtual
parameters are sampled symmetrically about the parameter edimate mean
value. The differences between the flatness deviation obtained using the mean
parameter estimate values (Figure 8.5) and the flatness deviation obtained
using the mean of a set of virtual parameter estimate values Figure 8.7)
highlights an asymmetry of the uncertainty problem in fringe projection. The
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expected value, i.e, the mean, of flatness deviations is not equal to performing
the measurement using the expected values of the parameter estimates. In other
words, for measurement outcome ® and measurement indication ® with
parameters P, the problem is non-linear:

Me QM @ 8 (8.4)

8.3 Sphere-based artefacts

Sphere-to-sphere lengths and sphere radii measurements areincluded in 1ISO
1036613 and VDI/VDE 2634 part 2. Unlike flatness artefacts, where the
measurement, flatness deviation, is measured from each point to a fitted
geometrical shape, sphere measurements are based solely on the fitted
geometry. Theoretically, this should provide measurements that are insensitive
to phase noise.In this section, two different sphere artefacts will be used. A
sphere plate and a sphere dumbbell. The sphere plate consists of 25 sphere
fixed to a plate ¢+ providing much more information over the sphere dumbbell
that consists of only two spheres. However, the sphere plate provides a more
difficult measurement scenario and analysis method given the extra
information.

Section 8.3.1 and 8.3.2 provide information on the sphere plate and sphere
dumbbell artefactsas well as information on the measurements of the artefacts.
Section8.3.3explicitly defines the evaluation method used to obtain the sphere
radii and sphere-to-sphere length values. In Section 8.3.4 the sphere fitting
algorithm is tested for bias. In Section 8.3.5the accuracy of the parameter
estimates is tested In Section 8.3.6 the validity of the uncertainty of the
parameter estimates is tested. Finally, the results of the tests using the flatness
artefact are discussedin Section 8.3.7.

8.3.1 Sphere plate information

The sphere plate was provided by Taraz metrology and measured in-house.
The spheres themselves are polyoxymethylene spheres, each of radius
p &I [.The spheres liein a grid comprised of T 1t | 1 1t [ cells. The
sphere positions are indicated in Figure 8.13(d). Given there are many spheres
and so many possible lengths, a total of twelve sphere-to-sphere distances is
given in Figure 8.14, so as not to provide duplicate information.
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(@) (b)

(c) (d)

Figure 8.13 Information on the sphere plate used in the sphere-
based measurements.(a) An image of the sphere plate, the value
within each sphere is its height above the @ (plane. (b) The location
of the measurements in 3D space. (c-d) The locations of the
measurements in the 2D image planes of the camera and projector
respectively. Spheres are coloured red, green and blue correspond
to the measurements 1,2 and 3 respectively.






















































































































































