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Abstract

We prove that the conjecture of Birch and Swinnerton-Dyer for elliptic curves
over the field of rational numbers follows from the Bloch and Kato Tamagawa
number conjecture for motives in a direct way.
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Introduction

This thesis is focused on algebraic varieties called elliptic curves, which is

probably the most well studied object after projective space. We will consider

various conjectures about elliptic curves and try to relate these conjectures to

each other. Throughout the thesis we assume that an elliptic curve E we are

working with is defined over the field of rational numbers Q.

Assumption 0.1. Denote by NE the conductor of E, it is the product of all

primes of bad reduction of E with exponents given by Ogg’s formula. By the

theorem of Breuil-Conrad-Diamond-Taylor [Bre+01] and Wiles [Wil95] such

an elliptic curve is modular, which means

• There exists a rational morphism ιE : X0(NE) → E which sends the ∞

cusp into the origin (identity element) O ∈ E.

• There exists a modular form f corresponding to the isogeny class of E.

More precisely there exists a weight 2 newform f ∈ S2(Γ0(NE)) such

that the Fourier expansion f =
∑∞

n=1 anq
n has coefficients in Z and

L(E, s) = L(f, s) =
∑∞

n=1 ann
−s. We will define precisely what L(E, s)

is in the first couple of chapters.

From the number-theoretic point of view the main object related to an elliptic

curve is its Mordell-Weil group E(K) for a number field K. It turns out to be

more helpful to embed E(K) into a subgroup of H1(K,E(K)tors) cut out by

local conditions rather then just working directly with E(K).

In the first chapter we introduce classical Selmer group and Tate-Shafarevich

group as the cokernel in the short exact sequence 1.3. We will generally assume
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CONTENTS 2

the Tate-Shafarevich group X(E/K) to be finite in all statements, except from

the very last subsection where we prove under certain conditions that the p-

primary part of X(E/K)[p∞] is finite.

The second chapter is about Hasse-Weil L-functions. We only recall main defi-

nitions and statements following lecture notes of Kato [Kat93]. After recalling

useful lemmas about determinants from [KM76] we define local L−factors and

compute them for the case of an elliptic curve E over Q.

After defining L-functions we are ready to formulate one of the major conjec-

tures of the XX century, namely the Birch and Swinnerton-Dyer conjecture.

In the fourth chapter we consider the Mazur-Tate conjecture for elliptic curves.

We closely follow [MT87], sometimes referring to [MT83] and [MTT86]. Now

instead of the L-function we work with the modular element. The Theorem of

Birch and Stevens 4.3 suggests a relation between modular elements and the

L-function. The major aim of this section is to understand a different way to

define Neron-Tate height pairing, see Theorem 4.12.

We end the chapter with the Conjecture 4.17 which gives a formula for the rank

of the modular element in its first part. Note that under mild conditions the

first part of the Mazur-Tate conjecture is the theorem of Ota [Ota18] (Theorem

1.2).

In the Chapter 5 we study Beilinson’s conjectures; in this text we consider only

the case of a motive M = H i(X)(j) of weight w = i − 2j = −1 coming from

an algebraic variety X. We define the local link pairing following the main

reference for this chapter [Bei87], we then formulate conjectures of Beilinson

5.3 related to the local link pairing and the conjecture of Swinnerton-Dyer 5.5.

A conjecture of this type was first stated by P. Deligne in [Del79] for motives

of weight w < −2, then A. Beilinson added a different formulation for the case

of weight −1.

The main result of this chapter is the Proposition 5.10 where we prove that

the local link pairing defined by A. Beilinson in [Bei87] is the same as the

intersection pairing appearing in the Mazur-Tate conjecture, and therefore by
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the Theorem 4.12 and the Theorem of S. Bloch in [Blo80] it is the same as

the Neron-Tate height pairing. We also mention in the Remark 5.8 the result

of Deligne about computation of the determinant of the period matrix in the

case of an elliptic curve.

The next chapter is about the first conjecture of Bloch and Kato about the

order of vanishing. We define local Bloch-Kato Selmer groups for cases when

v|p and v - p and describe their structure for elliptic curves in Lemmas 6.7,

6.3. We describe the image of the Kummer map in terms of Bloch-Kato Selmer

group in Lemmas 6.3 and 6.7. Afterwards we prove that the first part of BSD

conjecture follows from the Bloch-Kato Conjecture 6.4, which was also done

in [Bel09].

The seventh chapter is about the rings of periods as defined by Fontaine in

[Fon94b]; they are needed for the formulation of comparison theorems in p-adic

Hodge theory and for the forthcoming chapter on Dieudonne theory. We recall

all the necessary definitions from classical articles [FF18], [Col19], [FO] and the

Fundamental Exact Sequence 7.13 with its consequences 7.15, 7.16 which are

crucial for establishing the relation between Bloch-Kato Selmer groups and L-

functions. In the end of the chapter we prove an analogue of the Fundamental

Exact Sequence for Bst instead of Bcris in the Lemma 7.16.

The chapter about Dieudonne modules is a collection of definitions of modules

attached to a p-adic representation V corresponding to period rings from the

previous chapter. We give a definition of an admissible representation and

investigate in which situation the rational Tate module of an elliptic curve is

crystalline, or semistable representation in the Lemma 8.2.

Afterwards we recall classical theorems on equivalence of categories between

B∗-admissible p-adic representations and the category MFadϕK of filtered

admissible ϕ-modules. We also write down formulas for the dimensions of all

cohomology groups H1
∗ (Kv, Vp).

The last chapter is about the refined Bloch and Kato conjecture. This is the

main part of the whole PhD thesis.
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Implications of the Bloch-Kato conjecture have been studied before, in par-

ticular Guido Kings proved in [Kin03] that the Birch and Swinnerton-Dyer

conjecture for elliptic curves follows from the Bloch-Kato Tamagawa number

conjecture. The proof of Kings starts with the formulation of the Bloch-Kato

conjecture in the way of Fontaine and Perrin-Riou via the fundamental line

[FP94]. Note that the formulation of the Bloch-Kato conjecture using the fun-

damental line is valid for motives of all weights, while the original Tamagawa

number conjecture as in [BK90] was formulated only for motives of weights

≤ −1.

An equivariant version of the Tamagawa number conjecture has been studied

in [Ven07], where the formula for the leading coefficient of the L-function of

an abelian variety is proven to show the Birch and Swinnerton-Dyer formula

up to an element of Z×p .

Our approach is different from Kings’ in the way of being direct extraction of

the terms in the Birch and Swinnerton-Dyer conjecture from the Tamagawa

number formula without usage of the fundamental line. Essentially we take

the formula from the Tamagawa number conjecture 9.42 and plug into it a

lattice related to a motive coming from an elliptic curve. We consider each

local item in the Tamagawa number formula separately and prove equality with

the corresponding values in the second part of the Birch and Swinnerton-Dyer

conjecture.

Under the assumption of finiteness of the Tate-Shafarevich group and Beilin-

son’s conjecture 5.7 we prove the following Theorem 9.46.

Theorem 0.2. For the case of M = h1(E)(1) with V = V (E) and D =

H1
dR(E/Q) the conjecture 3.5 follows from the Tamagawa number conjecture 9.42.

While most of computations for the particular case of an elliptic curve are

easy, some have been quite hard to deduce. The most interesting part was the

computation of measures of the local Bloch-Kato Selmer groups H1
f (Qp, VlE)

for all possible cases of p and l in Lemmas 9.8, 9.12 and Corollaries 9.9, 9.14.
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The BSD conjecture in its greatest generality was formulated for an abelian

variety over a number field. The presented solution can also be generalised for

an abelian variety over Q instead of elliptic curves. All the key statements in

chapters 1 to 8 hold for the case of abelian variety with slightly more compli-

cated proofs. The analogue of the Lemma 9.34 is proven in [Jor05], so for the

motive M = h1(A) assigned to an abelian variety A over Q the L-function

L(A, s) converges absolutely to a holomorphic function for Re(s) > 3
2
.

However an obstruction occurs in the Lemma 9.16, more precisely in the proof

of the Fact 9.18, where in the case of abelian variety one has to deal with

Raynaud extensions instead of Tate uniformization and in that case there is

no analogue of Kodaira-Neron theorem. I believe that results of section 9.2.1

can be proven for abelian varieties in a way similar to elliptic curves.



Chapter 1

Selmer groups

For the rest of the chapter we fix a prime p, we will set additional conditions

on p from time to time.

This chapter is dedicated to the classical definition of the Selmer group and

its main properties. Let E be an elliptic curve over a number field K. Denote

as usual GK := Gal(K/K) the absolute Galois group, which acts on E[m], for

any integer m and on E(K). For a short exact sequence

0→ E[m]→ E(K)
[m]→ E(K)→ 0

we consider corresponding long exact sequence by taking Galois cohomology

0→ E(K)[m]→ E(K)→ E(K)→ H1(GK , E(K)[m])→

→ H1(GK , E(K))→ H1(GK , E(K))→ ...

and deduce from it the Kummer sequence:

0→ E(K)/mE(K)→ H1(GK , E(K)[m])→ H1(GK , E(K))[m]→ 0

to extract the Kummer map κ : E(K) → H1(GK , E(K)[m]) . This map can

be defined explicitly in the following way.

Construction 1.1. We take a point P ∈ E(K) and consider a point Q ∈

6
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E(K) such that mQ = P . We then send P into a cocycle ξP which works on

σ ∈ GK as ξP : σ 7→ Qσ −Q.

We would like to look at m = pn for various n to get Kummer maps κ :

E(K)/pnE(K) → H1(K,E(K)[pn]). After taking the direct limit over all n

we obtain κ : E(K)⊗ (Qp/Zp)→ H1(K,E[p∞]).

In a similar way one can get a local map: namely for a prime η of K define Kη

as the union of all η-adic completions of all finite extensions of K containing

in K, then the local Kummer map is κη : E(Kη)⊗ (Qp/Zp)→ H1(Kη, E[p∞]).

In order to define a Selmer group of an elliptic curve over a number field K

we look at the Kummer sequence for K and for a local field Kη and consider

a commutative diagram.

0 E(K)/mE(K) H1(K,E(K)[m]) H1(K,E(K))[m] 0

0 E(Kη)/mE(Kη) H1(Kη, E(Kη)[m]) H1(Kη, E(Kη))[m] 0.

Take the direct limit over all m, bearing in mind E(K)/mE(K) ' E(K) ⊗

Z/mZ we get the following diagram combined from local and global Kummer

exact sequences.

0 E(K)⊗Z Q/Z H1(K,E(K)tors) H1(K,E(K)) 0

0 E(Kη)⊗Z Q/Z H1(Kη, E(Kη)tors) H1(Kη, E(Kη)) 0.

We can see from these sequences how the yorsion-free part of the Mordell-Weil

group embeds into the cohomology group H1(K,E(K)tors). It would have

helped with studying E(K) if this cohomology group was not so huge, so we

cut it by local conditions by the diagram above.

Definition 1.2. We define the Selmer group of E over K as the kernel of

the map from global cohomology group into the product of local ones

Sel(E/K) := ker(H1(K,E(K)tors)→
∏
η

H1(Kη, E(Kη)tors)/ Im(κη)) (1.1)
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In case if we take only powers of p instead of all integer m following the same

procedure leads to the

Definition 1.3. The p-primary subgroup of the Selmer group for E over

K. This one will be main object of our interest.

Sel(E[p∞]/K) = ker(H1(K,E[p∞])→
∏
η

H1(Kη, E[p∞])/E(Kη)⊗Qp/Zp)

(1.2)

Aside from the Selmer group we will also need the Tate-Shafarevich group for

E/K. This mysterious group is participating in the BSD conjecture and it has

generalized analogue for a motive instead of elliptic curve — the Bloch-Kato

Shafarevich group which we will define in corresponding chapter.

One can think of elements of the Selmer group as principal homogeneous spaces

that have Kη point for every η. On the other hand Tate-Shafarevich group

encodes homogeneous spaces which have Kη point for every η, but do not have

K-rational points.

Definition 1.4. For an elliptic curve E over a number field K we define

the Tate-Shafarevich group as

X(E/K) := ker(H1(K,E(K))→
∏
η

H1(Kη, E(Kη)))

We define it in order to write down the fundamental exact sequence

0→ E(K)⊗Z (Q/Z)→ Sel(E/K)→X(E/K)→ 0 (1.3)

Note that here tensoring with (Q/Z) just kills torsion. As well as everything

else this short exact sequence has a p-primary part.

0→ E(K)⊗Z (Qp/Zp)→ Sel(E[p∞]/K)→X(E/K)[p∞]→ 0 (1.4)

The following theorem of Greenberg (theorem 2.4 in [Gre99]) provides a sim-
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plification of the definition of the Selmer group above.

Theorem 1.5. For Kη being either an algebraic extension of Ql, for l 6= p, or

C, or R the image of Kummer map E(Kη) ⊗ (Qp/Zp) = 0 is trivial. For Kη

being an algebraic extension of Qp by theorem of Lutz Im(κη) ' (Qp/Zp)[Kη :Qp].

From definition of the Selmer group and the Tate-Shafarevich group and es-

pecially from the fundamental exact sequence(1.4) one can see that they are

needed for studying the Mordell-Weil group of elliptic curves. It is easier to

understand Selmer groups, than Mordell-Weil groups directly, but the Tate-

Shafarevich group is an obstruction to deducing properties of one from another.

The conjecture by Tate and Shafarevich that X(E/K) is finite is generally

assumed in mathematical texts related to the subject, so we will as well assume

X(E/K) to be finite whenever needed.



Chapter 2

Hasse-Weil L-function

We begin with recollection about Hasse-Weil L-function. Later we will consider

motivic L-function for more general conjectures and justify why the definition

in this chapter is just a special case.

However in order to introduce L-factors properly we have to understand the

concept of determinant so we recall definition and main properties of deter-

minants in the next chapter, besides we will need them later on in discussion

about sizes of groups and rational structures.

2.1 Determinants and integral structures

We follow [KM76] and [Kat93], a very good exposition of the theory is offered

in [BB08]. Further on we denote by Λ a Noetherian, commutative, regular

ring.

Definition 2.1. Let P be a finitely generated projective module over Λ,

we denote by P the corresponding quasi-coherent sheaf on Spec(Λ), which is

locally free of finite rank. Let r be the rank of P then by detΛ P we denote the

Λ-module corresponding to rth exterior power of P.

An important example of determinant is when we start with P = 0, then

detΛ P = Λ. The notion of determinant can be defined in greater generality

when instead of a projective module over ring Λ one takes a perfect complex

10



Chapter 2. Determinants and integral structures 11

over Λ.

Definition 2.2. Let P • be an object of the derived category of Λ-modules

DΛmod represented by a perfect complex

P • := ...→ P q → P q+1 → ...

where P qs are finite projective Λ-modules. Define

det
Λ
P • :=

⊗
q∈Z

(det
Λ
P q)(−1)q .

Immediately from definition we get for a complex of cohomology H•(P •) the

value of determinant:

det
Λ
H•(P •) = det

Λ
P •.

Moreover for a short exact sequence of (derived) modules

0→ P •1 → P • → P •2 → 0

we have an equality detP • = detP •1 ⊗detP •2 . In the case we are working with

usual finite projective modules over Λ we can view them as complexes centered

at 0 degree.

Next step is to define the determinant with respect to a morphism.

Definition 2.3. Let f : P → P be an automorphism of finite projective

module P over Λ. Then one may view P as a perfect complex over Λ centered

at degree 1, then detΛ P is defined and it is a module of rank 1 over Λ. We

denote by detΛ(f ;P ) the element of Λ multiplication by which coincides with

the map detΛ P → detΛ P induced by f .

The above definition is the most important in case when we multiply by an el-

ement not invertible in Λ. The idea about integral structures is about presence

of torsion in some cases. Here by integral structure we mean an OK-lattice in
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a vector space over a complete discrete valuation field K. The definition above

works only for modules that can not have torsion. However using projective

resolutions 2.2 we can define the determinant for torsion modules as well.

Definition 2.4. For Λ as above consider the fraction field Frac(Λ) and

assume for P that P ⊗ Frac(Λ) = 0, then define the characteristic ideal

of P charΛP to be the invertible ideal of Λ with the property: for any prime

ideal p of Λ the localization charΛPp is the ideal (pPp)
n, where n is the length

of Λp-module Pp.

Then with the above definitions the theorem of Knudsen and Mumford holds

Theorem 2.5. [KM76]

The image of the composition

det
Λ
P ⊂ det

Λ
P ⊗Λ Frac(Λ) ' det

Λ
(P ⊗Λ Frac(Λ)) = Frac(Λ)

coincides with the fractional ideal (charΛP )−1.

Example 2.6. For a discrete valuation ring Λ = Zp we have for an inte-

ger n a quasi-isomorphism Zp/pnZp ' (pnZp → Zp), thus detZp(Z/pnZ) =

p−nZp = |pn|pZp. This way for a general case of Zp-module P we get detZp P =

|Ptor|p detZp(P/Ptor), in future we will omit Λ = Zp from notation.

Lemma 2.7. Let V be a finite dimensional vector space over Qp and T be a

Zp-lattice in V with an automorphism f : V → V , such that f(T ) ⊂ T . Then

det(cokerf) = |det(f ;T )|−1
p Zp.

Proof. Consider the complex (V
f→ V ) and a complex (T

f→ T ). Then the

determinant of the first complex is isomorphic to the determinant of its coho-

mology complex, which is simply det 0 = Qp. On the other hand the deter-

minant of the second complex is detH1(T
f→ T )−1 = (det(cokerf |T )−1) which

equals to the determinant of the Zp-matrix representing morphism f : T → T ,

namely |det(f ;T )|−1
p Zp.
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2.2 Definition of L-function

We will be computing mainly the determinant of a map 1− Fr, so for further

we require construction of Frobenius as an element of GQ := Gal(Q/Q) corre-

sponding to Frobenius morphism. The definition is classical, but we recall it

here for future reference.

Construction 2.8. We start with usual Frobenius map ϕp generating the ab-

solute Galois group Gal(Fp/Fp) ' Ẑ which is defined as ϕp : x 7→ xp, x ∈ Fp.

The Frobenius map lifts to the ring of Witt vectors Zp := W (Fp) and can be

extended further to W (Fp)[1
p
] which is nothing but Qnr

p the maximal unramified

extension of Qp. This way the Frobenius lifts to an element of Gal(Qnr
p /Qp),

we denote it by Frp = ϕ−1
p .

Now consider the embedding Q ↪→ Qp. We extend the p-adic valuation on

Q to a valuation v on Q. Consider the decomposition group Γv ⊂ GQ fixing

v, it is isomorphic to Gal(Qp/Qp). We denote by Frp ∈ GQ a chosen lift of

Frp ∈ Gal(Qnr
p /Qp) under this isomorphism.

From now on our main ring Λ is going to be of characteristic zero which can

be represented as Λ ' A⊗Ql for some prime l and a ring A which is a finite

product of finite extensions of Q. We will also take into account a finite set of

primes S which contains our fixed prime p.

In the rest of thesis we will work with V a finite dimensional Ql-vector space

with a continuous action ρ of Gal(Q/Q) which is unramified outside finite set

of prime numbers S 3 p.

Then for l 6∈ S the local l-factor of the L-function of V with respect to A and

S looks like

PΛ,p(V, t) = det
Λ

(1− ρ(Fr−1
p )t;V Ip) ∈ Λ[t] (2.1)

Definition 2.9. • We call the following basic properties for a quadru-

ple (p, S, V,A): First, if for any prime number l 6∈ S the polynomial

PΛ,p(V, t) belongs to A[t].
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Second property is when the product

LA,S(V, s) =
∏
l 6∈S

PΛ,p(V, l
−s)−1

for s ∈ C and l outside of S, converges absolutely in A⊗ C when Re(s)

is big enough.

• We call the obtained function LA,S(V, s) the L-function of V with re-

spect to A and S.

We recall here here some general properties of this function:

1. Denote by V (r) := V ⊗ Ql(r) the rth Tate twist. If the quadruple

(p, S, V,A) satisfies basic properties then (p, S, V (r), A) does so as well.

Moreover we have for L-function of the Tate twist LA,S(V (r), s) :=

LA,S(V, s+ r).

2. For a short exact sequence of Ql-vector spaces 0 → V ′ → V → V ′′ → 0

with all (p, S, V ?, A) satisfying basic properties we have LA,S(V, s) =

LA,S(V ′, s)LA,S(V ′′, s).

Later we will be working with a vector spaces V equipped with a Galois action

of Gal(Ql/Qnr
l ), so for this case we define PΛ,p(V, t) ∈ Λ[t] for l ∈ S as:

Definition 2.10. Local L-factor at primes where V is allowed ramification:


PΛ,p(V, t) := detΛ(1− ρ(Fr−1

p )t); H0(Gal(Ql/Qnr
l ), V )) if l 6= p,

PΛ,p(V, t) := detΛ(1− φ−1
p t; Dcris(V )) if l = p.

The next definition is of L-function as an Euler product of the above.

LA,∅(V, s) = LA(V, s) :=
∏
p

PΛ,p(V, p
−s)−1. (2.2)

Remark 2.11. We will see further that some l-adic representations better than

others fit into this definition. The better ones are called crystalline, which
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means equality of dimensions dim Dcris(V ) = dimV . However even if the

representation is not crystalline and dimension of Dcris(V ) is smaller, the

definition stays the same.

On definitions of Dcris and Frobenius operator φl see the chapter on Dieudonne

modules. We omit A from notation if we are working with the field of rational

numbers which would be our main case of concern. Let’s have a look at an

example of L-function. The main for us is to take instead of V the space of

etale cohomology of a smooth elliptic curve E defined over Q. We recall here

a couple of classical results.

Fact 2.12. For any prime l let V = H1
et(E,Ql). Then V is just the dual to

the rational Tate module of E Tate-twisted by −1.

Proof. First recall H1
et(E,Ql) := (lim←−nH

1
et(E,Z/ln)) ⊗ Ql. It is a well known

exercise on etale cohomology to compute H1
et(E,Z/ln). We have E[ln](Q)

the covering group for the etale covering map ln : E∗ → E which is cofi-

nal among all etale covers E ′ → E of degree ln, where E∗ is the dual el-

liptic curve to E and they are isogenous. Therefore we get H1
et(E,Z/ln) '

Hom(πet1 (E),Z/ln) ' Hom(E∗[ln](Q),Z/ln). After taking inverse limits and

using Weil pairing E[ln]× E∗[ln]→ µln(Q) we get

H1
et(E,Zl) ' Hom(πet1 (E),Zl) ' Hom(TlE

∗(−1),Zl)

Where the Tate twist is defined as V (1) := V ⊗µp∞(Q). Plug this into the defi-

nition of the etale cohomology over Ql to getH1
et(E,Ql) ' Hom(Vl(E)(−1),Ql) =

Vl(E)∨(−1).

Now we would like to compute the L-function of E according to the above

definition, i.e. compute PQl,p(Vl(E)∨ Ip , t) for all possible cases of l.

Lemma 2.13. Right now we assume that l 6= p. The case of l = p will be

studied later after we define Dieudonne modules.
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1. In the case of a prime p of good reduction for E we define

PQl,p((Vl(E)∨)Ip , t) = 1− apt+ pt2;

2. If E has split multiplicative reduction at p then

PQl,p((Vl(E)∨)Ip , t) = 1− t

3. If E has non-split multiplicative reduction at p then

PQl,p((Vl(E)∨)Ip , t) = 1 + t

4. If E has additive reduction at p then

PQl,p((Vl(E)∨)Ip , t) = 1

Proof. The following is a recollection of [Har83], [Sil94], and [PRS11]. We

start with primes l 6= p of good reduction for E. Using Neron-Ogg-Shafarevich

criterion we determine that Vl(E) = H1
et(E,Ql) is unramified at p if and only

if E has good reduction at p. This means trivial action of inertia subgroup Ip

of Gal(Qp/Qp) on the rational Tate module Vl(E). Denote by Ẽ the reduction

of E over Fp. As in the Construction 2.8 we denote by ϕp the Frobenius map

which is a p-power on Fp. Consider the morphism ϕp : Ẽ → Ẽ coming from

the p-power on coordinates in Fp(Ẽ) together with its lift ϕp,l : Vl(Ẽ)→ Vl(Ẽ).

Since Vl(Ẽ) is a 2-dimensional space over Ql and ϕp,l is a linear transform we

can explicitly compute its characteristic polynomial

PQl,p(Vl(E), t) = det(1− ϕ−1
p,l t) = 1− Trϕp,lt+ detϕp,lt

2

A priori it has coefficients in Zl[t], however by the theorem of Deligne [Har83]

appendix C for smooth Ẽ we know that PQl,p(Vl(E), t) is an element of Z[t].
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By computations in [Sil09], chapter 5 we have Trϕp,l = 1 + p − |Ẽ(Fp)| = ap

and detϕp,l = p. Therefore we obtain the following explicit formula for the

p-part of the L-function.

PQl,p(Vl(E), t) = 1− apt+ pt2;

Moreover by the theorem of Deligne above we also know that both roots αp, βp

of PQl,p(Vl(E), t) satisfy |αp| = |βp| =
√
p, then using Hasse inequality ap <

2
√
p we get the L-function as a product over all good reduction primes

LQl,Good(Vl(E), s) =
∏

p∈ Good

PQl,p(Vl(E), p−s)−1.

This product converges absolutely for Re(s) > 3/2 which means together with

consequence of Deligne’s theorem above that quadruple (p,Good, Vl(E),Ql)

satisfy basic properties from the definition of L-function.

We are left with cases of E having bad reduction at p. With the help of

[Dar+13] chapter 3.3 we look at the action of inertia group Ip on Vl(E)∨ in

various cases starting with split multiplicative reduction of E at p.

By Tate’s uniformization we can write a Galois-equivariant short exact se-

quence:

1→ qZ → Qp
× → E(Qp)→ 0

. Denote by ζln the lnth root of unity. Then it follows:

1→ Z/lkZζlk → E(Qp)[l
k]→ Z/lkZ lk

√
q → 0

Then the ln-torsion subgroup E[ln] has a basis over Qp represented by 〈ζln , q1/ln〉

as a Galois module. We can write Galois action on E[ln] in this basis for

σ ∈ GQp as

χ(σ) ∗

0 1

 where χ is the l-adic cyclotomic character. We ob-

tain the following action of GQp on the dual Tate module Vl(E)∨: an element
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σ ∈ GQp maps to a matrix

χ−1(σ) 0

∗ 1

 but what we are really interested in is

the action of inertia group Ip on the Vl(E)∨ which is given by

 1 0

φ(σ) 1

 where

φ : Ip → Zl(1) is the l-adic tame character. This action has 1-dimensional in-

variant subspace, on which Frobenius acts trivially. Then we get

PQl,p((Vl(E)∨)Ip , t) = det(1− ϕ−1
p,l t) = 1− t

.

Next we go to the case of non-split multiplicative reduction. We look at the

unramified quadratic extension Qp(
√
d)/Qp instead of Qp together with asso-

ciated character η : GQp → Gal(Qp(
√
d)/Qp) ' {±1}. Consider the quadratic

twist Ed of E, then we are reduced to the previous case of split mutliplicative

reduction of Ed. We can find that Vl(E) ' Vl(Ed)⊗η as a Galois module. Then

action of GQp on Vl(E) can be written as

χ(σ)η(σ) ∗

0 η(σ)

 Again we are

more interested in the action of Ip on Vl(E)∨ which looks like

 −1 0

φ(σ) −1

 this

means that invariant subspace is 1-dimensional and PQl,p((Vl(E)∨)Ip , t) = 1+t.

The last case is of additive reduction. This can be considered as two pieces of

either potentially good, or potentially multiplicative reduction. In both cases

we find the smallest possible finite field K/Qp where E obtains either good

or split multiplicative reduction. In both of them the assumption of inertia

having a 1-dimensional fixed subspace leads to the trivial action of Ip on Vl(E)∨

which means PQl,p((Vl(E)∨)Ip , t) = 1.

We can summarize properties above into a definition of the local L-factor of

an elliptic curve E at prime p. Note that Lemma 2.13 can be generalised for

the case of number field K/Q and prime p ∈ OK .
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Definition 2.14. The product over all primes l of local L-factors is called

the global L-function of E, or Hasse-Weil L-function. If the curve is defined

over the field of rational numbers it is denoted as

L(E, s) :=
∏
p

PQl,p((Vl(E)∨)Ip , p−s)−1

Later in the chapter about conjectures of Bloch and Kato we will see why L-

function defined in this way following Kato, is the same object as the motivic

L-function for the motive M = h1(E)(1).

The L-function of an elliptic curve is purely analytic object and our next aim

would be to relate it to the arithmetic properties of a curve.



Chapter 3

Birch and Swinnerton-Dyer

conjecture

The conjecture was formulated in 1960s by Bryan Birch and Peter Swinnerton-

Dyer following numerical evidence of experimental observation, see [BS65]. By

this time only some particular cases have been proven, the list is available on

[Wik21]. We will state here the most common formulation and explore its

relation to various other conjectures and theorems.

For the definition and description of the Tate-Shafarevich group X(E/K)

see the chapter on Selmer groups. In order to formulate the second part of

conjecture we need some additional entries. We assume in this chapter that

elliptic curve E is defined over Q.

Consider the global minimal Weierstrass equation for

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6.

Then one defines the invariant differential (sometimes called the Neron

differential) by the formula

ω =
dx

2y + a1x+ a3

From [Sil09] ch.3 we find that this differential is holomorphic, nonvanishing,

20
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has neither zeroes nor poles, and is invariant under translation by a point.

Moreover the pullback with respect to the map ιE, defined in the very first

assumption of this thesis, of the Neron differential satisfies ι∗Eω = c2πif(τ)dτ

for some constant c.

Definition 3.1. We call ΩE :=
∫
E(R)
|ω| the real period. Define c∞ to

be the number of connected components in E(R), then ΩE = c∞
∫
γ+
|ω| =

c∞Ω+. Where Ω+ comes as the chosen generator of Neron lattice for E. The

choice is defined by a closed path γ+, which is the generator of the subgroup of

H1(E(C),Z) fixed by complex conjugation.

For the complete definition of the canonical height which is sometimes called

Neron-Tate height ĥE on E/Q see chapter 9 of [Sil09]. We only shortly recall

main properties of the canonical height here.

One first defines height function for a point in projective space P1(Q) as max-

imal archimedean absolute value of its integer coprime coordinates H(X) =

max{|x0|, |x1|}, then one takes its logarithm h(X) = logH(X), then for a mor-

phism f : E → P1(Q) sending P ∈ E to X ∈ P1(Q) define hf (P ) = h(f(P )).

John Tate defined the canonical height as

ĥE(P ) :=
1

deg f
lim
N→∞

4−Nhf ([2
N ]P ),

which is proven to be independent of f .

We only recall here properties we need: if ĥE(P ) = 0, then P is a torsion

point, otherwise ĥE(P ) > 0. The canonical height defines a positive definite

quadratic form on a finite-dimensional vector space E(Q) ⊗ R of dimension

r = rankZE(Q).

Definition 3.2. Consider a lattice E(Q)/E(Q)tor from which the canonical

height grows to all of E(Q)⊗R. Then one can define canonical height pairing

on E/Q as

〈P,Q〉 =
1

2
(ĥE(P +Q)− ĥE(P )− ĥE(Q)).
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It is important to note the following

Theorem 3.3. The Neron-Tate height pairing is symmetric (obviously), bi-

linear, non-degenerate, and continuous since canonical height is continuous.

Bilinearity and non-degeneratedness is the theorem of Neron and Tate, proven

in the [Sil09] Theorem 9.3. It is also proven there that canonical height is the

unique function satisfying properties above.

An important invariant of E is the volume of the fundamental domain of the

lattice E(Q)/E(Q)tor we call it the regulator R(E/Q).

Definition 3.4. The regulator is a positive real number. It can be com-

puted as the determinant of the Neron-Tate pairing matrix. We choose points

P1, ...Pr which generate E(Q)/E(Q)tor and define

R(E/Q) := det(〈Pi, Pj〉).

It remains to define Tamagawa numbers. For any prime l where E has bad

reduction consider the subgroup E0(Ql) ⊂ E(Ql) of local points which have

nonsingular reduction at l. Then define Tamagawa number cl as the size of

the factor group cl := |E(Ql)/E0(Ql)|, note that automatically by definition

cl = 1 in case of good reduction. Later in the discussion about Neron models

we will link Tamagawa number to the group of connected components in the

Neron model of an elliptic curve.

Now we are ready to formulate one of the most interesting conjectures up to

nowadays, the conjecture of Birch and Swinnerton-Dyer [BS65].

Conjecture 3.5. Let E be an elliptic curve defined over Q. Then:

1. The analytic rank of E equals to algebraic rank:

ords=1 L(E, s) = rankZE(Q) = r;

2. If Tate-Shafarevich group X(E/Q) is finite, then the leading coefficient
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L(E, 1)∗ := lims→1
L(E,s)
(s−1)r

is given by a formula

L(E, 1)∗

ΩER(E/Q)
=
|X(E/Q)|
(E(Q)tors)2

∏
l

cl;

The conjecture can also be stated for a number field K/Q. All it takes is

to define product of periods in a slightly different way, one has to take into

account all the real and complex embeddings of the field K and divide the

right hand side by a square root of discriminant ∆K/Q. See conjecture 1 in

[Ski18].

3.1 Conjectures

Because we cannot yet prove the Birch and Swinnerton-Dyer conjecture we

decided to generalize it instead. Mathematicians came up with several con-

jectures that are similar to BSD and some imply it but none of those can

be proven yet. Chapters to follow will be dedicated to formulations of these

conjectures and for some of them proofs of how exactly BSD follows from a

particular given one.
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3.2 Twisted BSD conjecture

We want to make a fair attempt to formulate a twisted by character version of

BSD. The first part about order of vanishing of an L-function is well known,

however the formula for the leading coefficient of an L-function keeps its mys-

teries. In [DEW21] authors describe problems on the way to formulation of

the refined conjecture. They have defined a substitution of the left-hand side

of BSD L(E,1)∗

Ω+
but the right-hand side remains unknown.

Setup: We consider a Dirichlet character χ of Gal(Qn/Q) for some n defin-

ing an irreducible representation χ : GQ → C×p and an L-function L(χ, s) =∑
n≥1 χ(n)n−s.

Consider a finite dimensional vector space V with the action of GQ. The

character defines a 1-dimensional vector space Vχ where GQ acts by χ, then we

can define twisted L-function as L((Vl(E)⊗Vχ)Ip , s) =: L(E/Q, χ, s). If the L-

function of elliptic curve is given by Fourier expansion L(E, s) =
∑

n≥1 ann
−s,

then we get a formula for

L((Vl(E)⊗ Vχ)Ip , s) =
∑
n≥1

anχ(n)n−s.

For an abelian extension K/Q we look at all characters factoring through

Gal(K/Q), then the following formula holds:

L(E/K, s) =
∏
χ

L(E/Q, χ, s)dχ .

By the theorem of Rohrlich [Roh88] we know that L(E/Q, χ, 1) = 0 for all

but finitely many Dirichlet characters χ, namely we discard all characters for

which primes of bad reduction ramify in Qkerχ
/Q. Thus we have the finiteness

of multiplies in the product above. It follows from the formula above directly

that:

ords=1 L(E/K, s) =
∑
χ

dχ ords=1 L(E/Q, χ, s).
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Moreover we have additional information on the algebraic side of things about

all the Vχ and dχ. Namely there is an identity rankZ(E(K)) =
∑

χ dχmχ(E)

for multiplicities mχ(E) defined by the isomorphism

E(K)⊗ C '
⊕
χ

V mχ(E)
χ .

Then the twisted version of BSD can be formulated as:

Conjecture 3.6. For an elliptic curve E defined over Q viewed as a curve

over finite Galois extension K/Q with Galois group G let χ be an irreducible

character of G. Then

mχ(E) = ords=1 L(E/Q, χ, s).

As a special case of this conjecture in one direction Kato has proven in [Kat04]

that in case when K/Q is abelian and when χ is one-dimensional from the fact

L(E/Q, χ, 1) 6= 0 follows that mχ(E) = 0.

All of the above can be found in the first chapter of [Gre99].

Question 3.7. Is it possible to derive twisted version of BSD conjecture from

an appropriate formulation of the Bloch-Kato conjecture? For that one has

to make sense of motivic L-function taking character into account as well as

define the Bloch-Kato Selmer groups of a vector space (Vl(E)⊗ Vχ)Ip.

Or maybe it is possible to formulate twisted BSD conjecture deriving it from

some slightly less general than Bloch-Kato, but similar in nature. The next

chapter is dedicated to one of possible candidates.
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Conjectures of Mazur and Tate

In 1987 in [MT87] Mazur and Tate have formulated several conjectures related

to BSD conjecture 3.5 above and we would like to recall them here. For that

purpose we define additional notions in a simplified way comparing to original

articles. We would like to define family of numbers related to values of L-

functions.

Setup: For now to give the basic definitions consider elliptic curve E to be over

Q and the corresponding Riemann surface E(C). To that surface corresponds

a Neron lattice ΛE ⊂ C which is a set of periods
∫
γ
ω for all γ ∈ H1(E(Q),C).

A real period defined above is one of the generators of ΛE in the sense that it

is one from a unique pair Ω+,Ω− for which:

ΛE = Z/2Ω+ + Z/2
√
−1Ω−

Recall the modular form f corresponding to E as in 0.1. Then for a complex

number z ∈ C we set

Definition 4.1. For a rational number r = a
m

we define the modular symbol

as the following:

[r]+ =
1

Ω+

Re(2πi

∫ r

i∞
f(z) d z) ∈ δ−1

E Z

26
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for positive integer δE independent of r (see definition 1.1 in [MR20]).

There is one more modular symbol for r called [r]− which is given by the

relation 2π
∫∞

0
f(r+ iy) d y = [r]+Ω+ + [r]−

√
−1Ω−. These values are rational

numbers due to theorem by Manin and Drinfeld. Put [r] = [r]+.

Definition 4.2. For any integer m we define the modular element as

θE,m =
1

2

∑
amodm

[ a
m

]
σa;

where σa is an element of Gal(Q(ξm)/Q) corresponding to a morphism x 7→ xa.

Such elements live in Q[Gal(Q(ξm)/Q)] satisfy certain compatibility conditions

which are formulas of θE,ml via θE,m for prime l, also they carry certain func-

tional equation (see chapter 1 of [MTT86]). Note that in the most recent work

of Mazur and Rubin [MR20] modular elements are defined in a slightly differ-

ent way, namely they are multiplied by δE from above to move to Z[(Z/mZ)×],

therefore all statements are more refined.

Modular symbols keep information about values of L-function of elliptic curve

L(E, s) and its twists by a Dirichlet characters L(E,χ, s). For instance we have

L(E,1)
Ω+

= [0]+ which we have seen in the Birch and Swinnerton-Dyer conjecture,

or for the case of L(E,χ, s) for even χ we have that L(E,χ,1)
Ω+

is an algebraic

number by the theorem of Shimura. Further we assume (m,NE) = 1 and for

character χ : (Z/mZ)× → C× we denote by χ as well its lift to a morphism of

rings Q[(Z/mZ)×] → C×. Define Ga(χ) =
∑

a∈(Z/mZ)× χ(a)e
2πia
m is the Gauss

sum for χ. Then the theorem of Birch and Stevens says

Theorem 4.3. [MTT86] For χ a primitive even character of conductor m the

following is true.

L(E,χ, 1)∗Ga(χ)

2Ω+

= χ(θE,m) =
1

2

∑
a∈(Z/mZ)×

χ(a)[
a

m
].

To formulate weak vanishing conjecture we need some additional notions.
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We denote by R ⊂ Q the ring generated over Z by coefficients of θE,m.

Also for Q(µm)+ which is the real part of cyclotomic field we denote by

Fm(E/Q(µm)+) ⊂ Z[(Z/mZ)×] the initial Fitting ideal of Pontryagin dual

to the Selmer group viewed as Z[(Z/mZ)×]-module. Then the conjecture of

Mazur and Tate formulated in [MT87] is the following

Conjecture 4.4.

θE,m ∈ Fm(E/Q(µm)+)⊗R ⊂ R[(Z/mZ)×]

However they do not expect this to be a generator of the ideal Fm(E/Q(µm)+)⊗

R.

Additionally to a couple of conjectures regarding orders of vanishing of modular

symbols formulated using degrees of augmentation ideals, there is a conjectural

statement about the leading coefficient (e.g. image in the highest degree of

such ideal). We would like to recall them here.

We denote by R[χ] an R-algebra generated by values of χ. We are interested

in the ring homomorphism χ̃ : R[χ][(Z/mZ)×]→ R[χ] or more precisely in its

kernel Iχ.

Definition 4.5. For an element y ∈ R[χ][(Z/mZ)×] we define

• the order of vanishing as biggest power of Iχ in which y is contained.

We denote the order of vanishing as r.

• the leading coefficient as the image of y in Irχ/I
r+1
χ .

We can view the element θE,m ∈ Q[(Z/mZ)×] as an element of R[χ][(Z/mZ)×]

and consider its order of vanishing according to given definition.

We consider the space E(Q(µm)+) ⊗Q C and take a complex vector subspace

inside it which is a kernel of χ(a)v−σav. We call this subspace the χ-part of

Mordell-Weil group and denote it by VE,χ. Mazur and Tate have proven

the following
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Theorem 4.6. Assume that Conjecture 4.4 holds. Then the order of vanishing

of θE,m is greater or equal to the dimension of the χ-part of the Mordell-Weil

group of E(Q).

Note that there are also examples in [MT87] when the order of vanishing of

θE,m is strictly greater the dimension of the χ-part of E(Q).

Now we come to a statement about the leading coefficient of θE,m. In the same

article in the conjecture 4 they have suggested not only a conjectural formula

for the order of vanishing, but also a description of leading coefficient of θE,m

looking a lot like the second part of BSD conjecture 3.5.

For an elliptic curve E denote by S the set of primes in Q of bad reduction,

we consider Smu ⊂ S the set of primes with split multiplicative reduction. As

earlier we consider minimal Weierstrass equation for E and for a prime p ∈ Z

we look at what E does over Qp. In this chapter as well as later in chapters

about Bloch-Kato conjectures we will need Neron models of elliptic curves, so

we recall here main definitions.

Definition 4.7. Following [Sil94] (chapter 9) we define C/Zp a minimal

proper regular model of E over Zp and E to be the largest smooth subscheme

of C/Zp, it is usually called a Neron model for E/Qp and it has a universal

property.

From the Neron mapping property we deduce an isomorphism E(Zp) = E(Qp).

We denote by E0/Zp the identity component of the special fiber of Ẽ/Fp, which

is an open subgroup scheme.

Remark 4.8. The corollary from Tate’s algorithm says that the identity com-

ponent is isomorphic to the largest smooth subscheme of the closed scheme

defined by minimal Weierstrass equation for E/Qp. So essentially we know

that the group of points of non-singular reduction and the identity component

of Neron model are the same things.

We denote by E0(Qp) the set of points of non-singular reduction and the
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notation for reduction of Weierstrass equation is similar. We define

ϕSmu := coker(E(Q)→
∏

p∈Smu

Ẽ(Fp)/Ẽ0(Fp))

This value plays the role of Tamagawa number from Birch and Swinnerton-

Dyer conjecture.

4.1 Biextensions and trivializations

We would like to have an entity behaving like regulator to formulate Mazur-

Tate conjecture. It is as usually the hardest bit. In general (see chapter on

Beilinson’s conjectures) a sensible non-degenerate pairing is hard to obtain.

For this purpose biextensions provide a convenient enviroment to define global

pairing. So we need to understand biextensions for a pair of abelian varieties

A,B. They are best described in book [Pol03] we will transfer the needed

material into the situation of elliptic curves.

Definition 4.9. In general for two group schemes A,B over a field F a

biextension of A,B by G is a G-torsor B on A×B with natural isomorphisms

Ba+a′,b ' Ba,b+Ba′,b and Ba,b+b′ ' Ba,b+Ba,b′ satisfying compatibility conditions.

In our case group schemes A and B will represent an abelian variety and its

dual, or an elliptic curve E for both.

In the case when we have G = Gm there is an equivalence between cate-

gories of line bundles and Gm-torsors on A × B we may view biextension on

A × B as a line bundle B with bilinearity structure Ba+a′,b ' Ba,b ⊗ Ba′,b and

Ba,b+b′ ' Ba,b ⊗ Ba,b′ satisfying compatibility conditions. Namely that three

isomorphisms Ba+a′+a′′,b ' Ba,b ⊗ Ba′,b ⊗ Ba′′,b all coincide and two other iso-

morphisms Ba+a′,b+b′ ' Ba,b ⊗ Ba′,b ⊗ Ba,b′ ⊗ Ba′,b′ coincide.

We then know from [Pol03] that biextensions correspond to morphisms A→ B̂,

where B̂ is the dual abelian variety to B. By the definition of Cartier dual

we have a canonical isomorphism A
∼−→ ̂̂
A and correspondent to it canonical
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biextension E on A× Â by Gm.

We will be interested in the following particular case of a biextension on A,A

by Gm coming from a line bundle L on A in the following way

Λ(L) := m∗L ⊗ p∗1L−1 ⊗ p∗2L−1

Where p1,2 : A × A → A are natural projections and m : A × A → A is the

group law. This structure is called Mumford bundle.

For an elliptic curve E denote by OE the structure sheaf on E, note that

Ê ' E in this case. Then line bundles of degree 0 are just OE(P − O) for a

point P on E, here we write P − O as a Weil divisor on E. Then from the

formula above one deduces that biextensions on E,E are of the form

Λ(OE(P −O)) := OE×E(m−1(P −O)⊗ p−1
1 (P −O)⊗ p−1

2 (P −O))

In articles by Mazur and Tate for a biextension B of A,B they defined notions

of local modification and trivialization. We recall them here for consistency of

the document.

Definition 4.10. For a biextension B of abelian varieties A,B by Gm over

a local field F with valuation v and ring of integers O we denote by B(F ) a

set-theoretic biextension of A(F ), B(F ) by F×.

• By a modification of a biextension B we mean a quadruple (B′, α, β, ρ).

Where α : A′ → A(F ), β : B′ → B(F ), and ρ : Gm → G are group

homomorphisms, and B′ is a pullback of B(F ) by α, β and further pushout

by ρ.

• A splitting ψ of B′ is a map ψ : (α∗, β∗)(B(F )) → G such that for

g ∈ Gm and x ∈ B(K) we have ψ(x + g) = ψ(x) + ρ(g) and for any

a ∈ A(F ), b ∈ B(F ) the restriction of ψ to layers of B above {a} × B

and A× {b} are group homomorphisms.
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• By a trivialization of B(F ) we call a modification together with a split-

ting ψ of B.

For decent examples of trivializations one should consult [MT87], we start with

the Neron unramified trivialization for a modification

(E(F ), E0(F ) ↪→ E(F ), F×/O× ' Z).

It is characterized by properties that v is discrete and ρ is unramified, i.e.

ρ(O×) = 0. Then Mazur and Tate have proven that there exists a unique

splitting ψ of B′(F ) such that ψ(B′(O)) = 0. Additionally to this one we will

need only Archimedean Neron unramified and split multiplicative trivializa-

tions.

Definition 4.11. In general for n divisors D1, ..., Dn and a point x ∈ E(F )

common for all of them we define intersection multiplicity as mult(x) =

dimOx/(f1, ..., fn) for fis to be local equations of Dis. Then the intersection

index is defined as

D1 ·D2 · ... ·Dn :=
∑

x∈D1∩...∩Dn

mult(x)

It is known to define symmetric and n-linear map Pic(X)n → Z. It turns

out (see [MT83]) that the splitting for the unramified case is given by the

intersection index formula for two divisors D1, D2 ∈ Div0(E(F )) with disjoint

supports ψ(D1, D2) = −(D1 · D2) log |fv| where fv is the residue field. We

additionally require for D2 to intersect every component of special fiber EFp

with deg(D2 ·Xi) = 0 to ensure it to be in E0(F ).

Theorem 4.12. Points on a curve E define Weil divisors which we denote as

(P ) and (P ) − (O) for a point P ∈ E(F ). We know that pairing above to be

symmetric and bilinear, moreover if we take log |ψ((D1, D2))| it is continuous

and therefore for D1 = (P ) − (O) and D2 = (Q) − (O) it is nothing but

the Neron-Tate height pairing as uniquely determined by its properties: to be
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bilinear, symmetric, and continuous as mentioned in 3.3. See chapter 2 of

[Blo80] for a substantial proof.

Roughly speaking tamely ramified trivialization is defined for a triple

E(F ), E1(F ), F×/U1. A divisor D corresponds to a point of E1(F ) there-

fore goes to 0 via reduction to the residue field Fp. Then D is principal

and we can take a function fD corresponding to D and define a pairing

ψ(D1, D2) = log |fD2(D1)|.

There is no simple description of split multiplicative trivialization and

very roughly one should consider abelian varieties as rigid analytic varieties

and work with a meromorphic theta function instead of divisor as above. Then

formula for ψ(D, θ, a) = log |aθ(D)| where a ∈ F×.

4.2 Global pairing

So far we have been working with purely local objects but we are aiming to

define a global pairing E(K) × E(K) → R where K is a number field. From

now until the end of chapter we take F = Kv for an archimedean or discrete v.

We look at all such places v and consider all corresponding local trivializations

(B′v, αv, βv, ρv, ψv) such that for all but finitely many v they are just Neron

unramified trivializations defined above.

One of the main aims of this section is to explain why the global pairing defined

by trivializations is the same as Neron-Tate height pairing. This would give

another point of view on the regulator of an elliptic curve. Later in the chapter

about Beilinson’s conjectures we will make good use of the Theorem 4.12 when

we want to relate the link pairing to the intersection pairing and the Neron-

Tate height.

Recall the group of ideles IK =
∏′

vK
×
v of K to be defined as restricted product.

To define global pairing we will consider all maps ρv for all v at once. Previously

we have been working with ρv : K×v → Gv for some group Gv which is generally

just Z except some finite number of cases. Now a morphism ρ =
∑

v ρv maps
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I into
⊕

v Gv later we will send it further into a product of F×p ×Z×l for certain

p and ls.

We know that for all but finitely many αv = id as well as βv. So if we look at

all αv we get that
∏

v kerαv ⊂ IK as well as
∏

v cokerαv ⊂ IK .

Definition 4.13. We define the global group E ′ as a term in short exact

sequence

0→
∏
v

kerαv → E ′ → E(K)→
∏
v

cokerαv → 0 (4.1)

The pairing we are looking for is defined globally as a bilinear non-degenerate

map E ′ × Ê ′ → R. Lets have a look at what are these E ′ and Ê ′ precisely for

a given elliptic curve E.

For an elliptic curve E over a number field K we denoted above by S the set

of all places of K of bad reduction for E. Inside S there is a set of all places of

split multiplicative reduction Smu. Now we want to understand what all the

notions above happen to be in this case. We take for an archimedean v the

corresponding final Gv = 0. Further we assume v to be discrete and v 6∈ S for

all but finitely many v. We take

1. ψv coming from Neron unramified trivialization if v is of good reduction;

2. tamely ramified trivialization in case v ∈ S \ Smu;

3. split multiplicative trivialization for the case of v ∈ Smu;

Definition 4.14. For all the cases we define a subgroup Uv ∈ K×v in the

following way:

• for archimedean v say Uv = K×v ,

• for non-archimedean v 6∈ S take Uv = O×v ,

• for v ∈ S \ Smu, take Uv = 1 + mv,

• and for v ∈ Smu define Uv = (1).
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For each Gv take it to be K×v /Uv, then the final group for image of the global

version of ψ is GS = IK/(K
×∏

v Uv). So now we have Gv ' Z for all good

places of K.

We define a global pairing ψS for our case as following: by Mordell-Weil theo-

rem we take a basis of points of E(K) and the dual to it in Ê(K). The canonical

embedding of fields K ↪→ Kv defines a morphism of groups E(K) → E(Kv),

in an analogous way one gets Ê(K) → Ê(Kv), we look at images of all basis

points Pi in E(Kv) and in Ê(Kv) denote them as Pis again and further work

with with them locally.

In case of each v we consider a biextension B(Kv) defined by a triple of groups

E(Kv), Ê(Kv), K
×
v as described above, its modification B′(Kv) corresponding

to the situation with v (depending on whether v is unramified, tame, or split)

and lift all points Pi to elements of B′(Kv). Then

Definition 4.15. The Mazur-Tate pairing is

〈 , 〉S : E(K)× Ê(K)→ GS

〈Pi, Pj〉S 7→
∏
v

ψv(Pi, Pj).

One can find basic properties like restriction to smaller set Smu ⊂ T ⊂ S

proven in article [MT87], we would like to mention here that obtained pairing

is bilinear and non-degenerate because each ψv is.

4.3 Formulation of the conjecture

The final notion of discriminant is related to determinant of the pairing matrix

above. We look at the short exact sequence 4.1 for E ′ and Ê ′. Despite the

isomorphism E ' Ê, in general it is NOT true that E ′ ' Ê ′ and short exact

sequences are different. Namely
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0→
∏
v

kerαv → E ′ → E(K)→ 0;

0→
∏
v

ker βv → Ê ′ → Ê(K)→
∏

v∈S\Smu

Ê(kv)
∏
v 6∈S

Ê/Ê0(kv)→ 0

For the map 〈 , 〉S to land in R we tensor both sequences with R to get

0→
∏
v

kerαv ⊗ R→ E ′ ⊗ R→ E(K)⊗ R→ 0;

and the same sequence for Ê since
∏

v∈S\Smu Ê(kv)
∏

v 6∈S Ê/Ê
0(kv) is finite

group. Moreover we get a duality between R-vector spaces kerαv ⊗ R and

ker βv ⊗ R.

Definition 4.16. With all of the above Mazur and Tate defined discrimi-

nant as

DS(E) =

∏
v∈S\Smu(qv − 1− nv)

[Ê(K)Smu : Ê ′]
(1⊗ det(〈 , 〉S))

an element of K ⊗ SymZ(
∏

v Gv). Here qv = |kv| and nv = |Ê0(kv)|, by

Ê(K)Smu we denote the toric part of reduction of Ê(K) at v.

Currently we got an element DS(E) ∈ K ⊗ SymZ(
∏

v Gv) or more precisely in

R ⊗ SymZ(
∏

v Gv) where R is a ring over OK in which index [Ê(K)Smu : Ê ′]

becomes invertible. It is not evident why is it in needed degree of an ideal.

For the conjecture we consider the case of K = Q, then there is an explicit

way to write down
∏

v Gv =
∏

p∈S\Smu F
×
p ×

∏
p∈Smu Z

×
p and a morphism

∏
v

Gv → (Z/(
∏

p∈S\Smu

p
∏

p∈Smu

p2)Z).

If we take a group algebra of the latter with coefficients in R and consider

its augmentation ideal I we get a map R ⊗ Symr(
∏

v Gv) → Ir/Ir+1 induced

by the above morphism of groups, here r will be defined soon. We take as

DiscS(E) the image of DS(E) under this map.
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Conjecture 4.17. [MT87]

1. The order of vanishing of the modular element θE,m equals

r := rankE(Q) + |Sm|;

2. Denote by θ̃E,m ∈ Ir/Ir+1 the leading coefficient of θE,m, then

θ̃E,m = |X(E/Q)| · ϕSmu ·DiscS(E)

One can notice the similarity between the Mazur-Tate Conjecture and the BSD

Conjecture 3.5 above: both start with statement about order of vanishing of a

function, both have rational part and transcendental part in second statement.

We have mentioned above a relationship between modular symbols and L-

functions of an elliptic curve, however it would be good question on whether

it is possible to derive one conjecture from the other one.

Question 4.18. It also seems to be possible to formulate a twisted BSD con-

jecture deriving it from the statement above and using theorem of Birch and

Stevens 4.3.



Chapter 5

Beilinson’s conjectures

We are slowly approaching vast generalizations of the BSD conjecture. For

instance there exist statements generalizing BSD from elliptic curves to smooth

algebraic varieties of any dimension given by A. Beilinson [Bei87], P. Deligne

[Del79], and P. Swinnerton-Dyer.

The topic has been quite popular and is well studied in a number of surveys

from various viewpoints: one of the main resources [Bei85], [Nek94] about

the motivic intuition, a collection of works [RSS88] with [Sch88] among them,

[Sch94] on the way from motives to algebraic varieties.

Setup: We assume that K is a number field and X is a smooth projective

variety of dimension n over K. Then one can define an L-function in the same

way as in the Definition 2.9 for V = H2n−1
et (X,Ql) and we want to know its

properties.

One of the hardest tasks in formulating conjectures of BSD-type is to define a

sensible regulator, we have seen already in the chapter about Mazur-Tate con-

jecture one of the ways that works for abelian varieties and can be generalized

further for smooth algebraic varieties. In his article [Bei87] A. Beilinson has

defined a local height pairing for algebraic varieties of higher dimensions and

proven equivalence of all the definitions given (Lemma 2.1.1).

As in the case of the Mazur and Tate pairing the intersection pairing defined

locally for each prime and then combined into a global pairing. We will de-
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scribe the notion of local link pairing in general case of an algebraic variety of

dimension n as in [Bei87] and later consider it for elliptic curves. Denote by

cl the cycle class map which extends to a localization:

cl : CH∗(X)→ H2∗(X,Ql(n));

Construction 5.1. For a non-archimedean place v ∈ K consider the corre-

sponding valuation field Kv. Define Xv = X × Spec(Kur
v ). To define the local

height pairing take two cycles a1, a2 on Xv with disjoint supports Y1, Y2 and

of dimensions d1, d2 correspondingly so that d1 + d2 = n + 1 and cl(ai) =

0 ∈ H2di(Xv,Ql(di)). Then two open subsets of Xv given as Ui = Xv \ Yi

form an etale cover of Xv and one may consider the Mayer-Vietoris sequence.

Consider the boundary map H2di−1(Ui,Ql(di)) → H2di
Yi

(Xv,Ql(di)) then for

each ai ∈ CHdi(Xv) there exists corresponding cohomology class cl(ai) ∈

H2di
Yi

(Xv,Ql(di)), we denote its preimage by αi. The cup product maps

H2d1−1(U1,Ql(n+ 1))×H2d2−1(U2,Ql(n+ 1))→ H2n(U1 ∩ U2,Ql(n+ 1))

(α1, α2) 7→ α1 ∪ α2

Definition 5.2. In the situation described above we have the following:

〈a1, a2〉v is the image of α1 ∪ α2 under the map H2n(U1 ∩ U2,Ql(n + 1)) →

H2n+1(Xv,Ql(n+1)) coming from the Mayer-Vietoris sequence. We then send

it further H2n+1(Xv,Ql(n+ 1))→ Ql via the trace map.

A. Beilinson has given in his article [Bei87] two more definitions of the local

link pairing and proven their equivalence. We preferred the one above for its

simplicity.One of conjectures of Beilinson says

Conjecture 5.3. [Bei87] The local link pairing between algebraic cycles is Q-

valued and independent on the choice of prime number l different from char-

acteristic of residue field at which local situation was studied.
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The situation however changes over archimedean places v, as the value of

pairing becomes real instead of rational. Later in chapter 4 of the same article

he defined global height pairing in the following situation.

Let K be as before a number field, X is a smooth projective variety of di-

mension n over K. Assume that for all non-archimedean primes v ∈ OK the

scheme Xv = X × Spec(Kur
v ) satisfies local Beilinson conjectures. Then define

CHi(X)◦ := ker(CHi(X)→ H2i
et(X ×K Spec(K),Ql(i)))

We assume this does not depend on l as it can be defined in a different way.

As it was defined in the article for each place v of K we take r(v) = log |kv|

for all archimedean places v, r(v) = 1 for Kv = R, and r(v) = 2 for Kv = C.

Definition 5.4. For X as above define the global height pairing as

〈 , 〉 : CHi(X)◦ × CHn+1−i(X)◦ → R

〈cl a, cl b〉 =
∑
v

r(v)〈a, b〉v
(5.1)

for a, b cycles on X with empty intersection of supports. Note that for given

a, b and almost all v the value 〈a, b〉v = 0.

The second conjecture of Beilinson [Bei87] says that the height pairing defined

above is non-degenerate.

We have seen that Hasse-Weil L-function can be defined for an l-adic repre-

sentation V . Then comparing to the rank part of the statement of Birch and

Swinnerton-Dyer conjecture there has been given a more general conjecture

due to Swinnerton-Dyer:

Conjecture 5.5. [Bei87] Let X be a smooth projective n-dimensional scheme

over Q. Assume that the L−function of X analytically continues to C and

satisfies functional equation. Then groups CHi(X)◦ are finitely generated and

ordiL(H2i−1
et (X), s) = rank CHi(X)◦
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A. Beilinson decided to go further and formulate a refined version. We have

stated above that the obtained height pairing is bilinear and non-degenarate,

due to classes equivalence it is defined up to an element of Q×. Then one gets

a regulator as the determinant of its Gram matrix.

Define ΩX to be the period matrix for H2i−1(X,Q). It is obtained from the

classical de Rham theorem:

Theorem 5.6. Let X be a proper and smooth scheme over Q. Then there

exist a functorial isomorphism

αdR : Hn
dR(X)⊗ C ' Hn

sing(X,Q)⊗ C

It induces a non-degenerate pairing

Hn
dR(X)×Hn(X,C)→ C

by sending a differential form and a cycle (ω, γ) to
∫
γ
ω.

Since both Hn
dR(X) and Hn(X,Q) are finite dimensional vector spaces over Q

and by the above of the same dimension, after choosing bases ωi and γj in them

one may write down a Gram matrix δi,j =
∫
γj
ωi and compute its determinant

which is denoted as det ΩX . More on this see Deligne’s article [Del79].

We have now a pairing that takes values in C however we would like it to

go to R instead, for this we take a filtered piece of the de Rham cohomol-

ogy and a subspace of singular cohomology fixed by the complex conjugation.

These subspaces are dual to each other under the de Rham isomorphism. The

determinant of the corresponding Gram matrix is denoted as det Ω+
X .

Then the following conjecture [Bei87] should be thought of as generalization

of the second part of the BSD conjecture.

Conjecture 5.7. Assume that the L-function of X has an analytic continu-

ation to all C and satisfy the functional equation. Denote by L∗(H2i−1
et (X), s)
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the leading coefficient of the L-function, i. e. the value of

lim
s→i

L(H2i−1
et (X), s)

(s− i)ordiL(H2i−1
et (X),s)

then

L∗(H2i−1
et (X), s) = det

i
〈 , 〉 · det(Ω+

X) · u

for some u ∈ Q∗, where det(Ω+
X) is defined in chapter 4 of [Del79].

In fact this latest conjecture is formulated for a motive of weight −1 corre-

sponding to an algebraic variety with all the entities defined accordingly. Now

we would like to understand why the above statement is really a generalisation

of BSD conjecture, namely what do all the ingredients on the right hand side

mean in the case of elliptic curve. For that we will compute values of deti〈 , 〉

and det(Ω+
X) when X is a smooth projective curve of genus 1 over C.

Remark 5.8. We start with proving that det Ω+
X equals to ΩE for the case

X = E(C) an elliptic curve considered as a Riemann surface.

From topology course we know that dimH1
sing(E(C),Q) = 2. We know as

well that dimH1
dR(E(C)) = 2 and H0(E(C),Ω1) = Fil0H1

dR(E(C)) = Qω so

we extend ω to a basis of H1
dR(E(C)) = ωQ ⊕ ω1Q. By the duality set in

the Theorem 5.6 we may choose a basis (γ+, γ−) of H1,sing(E(C),Q) dual to

(ω, ω1).

Then by chapter 4 in [Del79] we have the computation of

det Ω+
E = 〈ω, γ+〉 = [E(R) : E(R)◦]

∣∣∣ ∫
γ+
ω
∣∣∣.

Where E(R)◦ is a connected component of E(R), so [E(R) : E(R)◦] = c∞ in

the notation of BSD conjecture.

Next we would like to understand why in the case of elliptic curve the pairing

introduced by Beilinson as described above becomes Neron-Tate height pairing.

For that we will work locally for good places of E in Q.
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Remark 5.9. In the chapter about the Mazur-Tate conjecture we have ex-

plained why the Mazur-Tate pairing which locally on places of good reduction

is just an intersection index coincides with the canonical Neron-Tate height

pairing, see the Remark 4.12 and we refer to [Blo80] for the proof. So it is

left to explain why the pairing defined via cup product of cohomology classes

coincides with intersection pairing.

Proposition 5.10. For X = E(C) being smooth projective curve of genus 1

over the field Q the pairing defined in the Conjecture 5.4 is the Neron-Tate

height pairing defined in 3.2.

We will check this locally on all places of good reduction v in K. By Neron’s

theory the Neron-Tate height pairing can be broken into local pieces. A. Beilin-

son gives a good intuitive description of this statement in general for an alge-

braic X over Qp of dimension n. Then a point of X is a map SpecQp → X and

when we choose a regular proper model of X over Zp we mean the following

Xs
iX−−−→ XO

fX←−−− X

s

x x η

x
SpecFp

i−−−→ SpecZp
f←−−− SpecQp

We understand a scheme X as a manifold fibered over SpecQp and we want

to have X of good reduction over p. Denote by Xs the special fiber and X the

generic fiber of X. For any subset S ⊂ X we denote in the same way its image

under fX . Then the situation we have is the following: there are two cycles on

X homologous to 0 of dimensions d1 and d2 such that d1 + d2 = n+ 1.

We look at cycles a1 and a2 and their images in XO which are now sections

of XO over Zp and we define the local link pairing 〈a1, a2〉p as the intersection

index of those sections. It is non-zero only if they intersect non-trivially modulo

p.

In the case of an elliptic curve E(C) we look at its Neron model over Zp, as

for cycles a1 and a2 they are just points on E and can be seen as two maps

SpecQp → E, we continue them to maps SpecZp → E and take intersection
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index of images. It is non-zero if and only if points a1, a2 coincide modulo p.

Proof. of the Proposition 5.10 In general for cycles cl(ai) ∈ H2di
Yi

(XO,Ql(di))

their intersection index is defined as the image under sequence

H2d1
Y1

(XO,Ql(d1))×H2d2
Y2

(XO,Ql(d2))→ H2d1(XO,Ql(d1))×H2d2(XO,Ql(d2))

∪−→ H2n+2
|Xs| (XO,Ql(n+ 1))

Tr−→ H2
|s|(Spec(Zp),Ql(1)) ' Ql

(5.2)

Then for an elliptic curve with good reduction over p we consider divisors

a1 =
∑
αiPi and a2 =

∑
βjQj to find out their local pairing 〈a1, a2〉p following

the path above. As previously we denote by Yi the support of ai. Here αi, βj

are some l-adic numbers and Pi, Qj are points on E(Qp), then d1 = d2 = 1.

Therefore both local link pairing and intersection index can be represented by

a commutative diagram using Definition 5.2 and intersection index as defined

above 5.2

H1(U1,Ql(1))×H1(U2,Ql(1))
∪−−−→ H1(U1 ∩ U2,Ql(1))x

H1(EZp \ Y1,Ql(1))×H1(EZp \ Y2,Ql(1))y
H2(EZp ,Ql(1))×H2(EZp ,Ql(1))

∪−−−→ H4
EFp

(EZp)

MV−−−→ H3(E,Ql(2))
Tr−−−→ H1(SpecQp,Ql(1)) ' Ql

Tr−−−→ H2
|s|(Spec(Zp),Ql(1)) ' Ql

together with a boundary map H1(SpecQp,Ql(1)) → H2
|s|(Spec(Zp),Ql(1)).

We start with two cycles a1 ∈ H1(EZp \Y1,Ql(1)) and a2 ∈ H1(EZp \Y2,Ql(1))

and going up follows the definition of linking number but going down gives

the definition of intersection index and therefore height pairing via Mazur and

Tate. Which in turn is known to be the Neron-Tate height pairing.



Chapter 6

The first Bloch-Kato conjecture

6.1 Main prerequisites

It is widely known that one of the Bloch-Kato conjectures is in some way the

generalisation of the BSD Conjecture 3.5. It is less widely known though in

what way exactly.

The Bloch-Kato conjecture consists of two parts. One easy about the order of

vanishing of motivic L-function defined in 9.30, one harder about the descrip-

tion of leading coefficient which is called the Tamagawa number conjecture. In

this chapter we will explain why the first part is generalisation of the first state-

ment of the BSD conjecture and later we will prove that the second part of the

Tamagawa number conjecture is generalisation of the refined BSD conjecture.

Setup: Denote until the end of chapter by K a number field. In the BSD

conjecture one should work with the Mordell-Weil group E(K). Assuming the

conjecture on finiteness of the Tate-Shafarevich group X(E/K) one has the

rank of E(K) to be the same as rank of Sel(E/K) by the Fundamental Exact

Sequence 1.4. Then one may work with Selmer group instead of Mordell-Weil

group.

Here for the case of a general algebraic scheme X we can not work with

X(K) as we have no idea about its structure, it is not a group anymore.

We will introduce a so-called Bloch-Kato Selmer group which is a subgroup

45



Chapter 6. Case away from p 46

of H1(GK , V (X)) for a certain p-adic representation V (X). We want to work

with good enough representation, called coming from geometry.

Definition 6.1. • A p-adic representation V of the group GK is a

finite dimensional Qp-vector space equipped with a continuous action of

GK.

• We say that a p-adic representation V is coming from geometry if

there exists a smooth proper variety X/K such that V is a subspace of a

quotient of Hn
et(XK ,Qp) for some n.

We will assume all p-adic representations in this chapter to satisfy this prop-

erty. Similarly to the usual Selmer group the Bloch-Kato Selmer group is cut

out by local conditions for every place v of K, now we need to determine what

are those conditions exactly. Since we are working with etale cohomology with

coefficients in Qp for some fixed prime p, we need to consider two separate

cases of v being above p and away from it. The second case involves study of

p-adic Hodge theory so we start with first.

6.2 Case away from p

Setup: Kv is a finite extension of Ql for v - p, V a p-adic representation coming

from geometry. In this given case to say that a representation V = Hn
et(X,Qp)

is unramified means that X has good reduction at v so this would be our

geometric condition.

Definition 6.2. The unramified cohomology:

H1
ur(Kv, V ) := ker(H1(Kv, V )→ H1(IKv , V ))

Where IKv ⊂ GKv is the inertia subgroup. Then define local Bloch-Kato Selmer

group as

H1
f (Kv, V ) := H1

ur(Kv, V ).
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The next lemma provides justification for the words ”Selmer group” in the

name.

Lemma 6.3. Let E be an elliptic curve over a number field K with non-

archimedean place v|p away from l. Then the subspace of unramified cohomol-

ogy H1
ur(Kv, VlE(Kv)) ⊂ H1(Kv, VlE) contains the image of the composition

of the Kummer map and localization map

E(K)⊗Ql/Zl
κ→ H1(K,VlE(K)Iv)→ H1(Kv, VlE(Kv)

Iv). (6.1)

In the following paragraphs we explain the essential meaning of this lemma:

recall the definition of the Selmer group 1.2. It can be summarized in the fol-

lowing way: Define a subgroup Spn,v ⊂ H1(K,E(K)[pn]) by the exact diagram

Spn,v

E(K)/pnE(K) H1(K,E(K)[pn])

E(Kv)/p
nE(Kv) H1(Kv, E(Kv)[p

n]) H1(Kv, E(Kv)[p
n])/ Imκv,p

κp

f

κv,p

(6.2)

Where κv,p is the local Kummer map, see chapter on Selmer groups. We

also define a group Sp,v = lim−→n
Spn,v this is the p-primary Selmer group over

v, namely Imκv,p, then the p-primary subgroup of the Selmer group satisfies

Sel(E[p∞]/K) =
⋂
v Sp,v.

On the other hand by analogy one can define Sm,v for any m instead of pn in

the very same way with a diagram and take an injective limit over all m. This

way one would obtain a group Sv that lives inside H1(K,E(K)tors). Then by

definition the Selmer group is just Sel(E/K) =
⋂
v Sv, so we may call our Sv

a local Selmer group and correspondingly groups Sp,v to be called local

p-Selmer groups.
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Let’s see how they relate to the unramified cohomology. From the defini-

tion of Spn,v we get the image of Spn,v under vertical map f which lives in

H1(Kv, E(Kv)[p
n]) to be contained in the image of the Kummer map Imκv,p ⊂

H1(Kv, E(Kv)[p
n]).

We take the exact diagram 6.2 above for all n and take the inverse limit of all

such diagrams over all n tensoring with Qp afterwards to get a new group S ′p,v.

S ′p,v := lim←−n Spn,v ⊗Qp

E(K)⊗Qp H1(K,VpE(K))

E(Kv)⊗Qp H1(Kv, VpE(Kv)) H1(Kv, VpE(Kv))/ Imκv,p

κp

f

κv,p

Then the obtained S ′p,v maps via the vertical arrow f into a subgroup of

H1(Kv, VpE(Kv)) contained in the image of the Kummer map. Then by the

lemma 6.3

S ′p,v ⊆ H1
ur(Kv, VpE(Kv)) ⊂ H1(Kv, Vp(E)).

Fact 6.4. In the setting of the Lemma 6.3 denote by E the Neron model of ellip-

tic curve E over SpecOKv and by E0 the identity component of the special fiber

of the Neron model. Then there is an isomorphism of Gal(Kv/Kv)-modules

TlE0 ' (TlE)Iv .

It follows immediately that VlE0 ' (VlE)Iv .

Proof. Take a finite unramified extension Lw/Kv, then SpecOLw is smooth

over SpecOKv and by Neron mapping property we get E(OLw) ' E(Lw).

Passing to the limit we get E(Onr) ' E(Knr
v ), where Onr is the ring of integers

of Knr
v – maximal unramified extension of Kv.

On the other hand we know E(K)Iv ' E(Knr
v ), then it follows (TlE)Iv '

lim←−E(Knr
v )[ln]. By the above this shows TlE ' (TlE)Iv . Consider the exact
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sequence defining the component group of the special fiber

1→ Ẽ0(kv)→ Ẽ(kv)→ Φv → 1,

then corresponding sequence of Tate modules is left-exact. Moreover since Φv

is a finite group we get TlΦv = 0, therefore TlE ' TlE0.

Remark 6.5. In view of this fact we may restate lemma 6.3 in the following

way: The subspace of unramified cohomology H1
f (Kv, VlE(Kv)) contains the

image of the Kummer map and localization map

E(K)⊗̂Ql/Zl → H1(Kv, VlE0(OKnr
v

)).

Proof. of the Lemma 6.3. Recall that the Kummer map is the boundary map

in the long exact cohomology sequence E(Kv)/l
n → H1(Kv, E[ln]) so it sends

a point P ∈ E(Kv) into an E[ln]-torsor of points Q such that [ln]Q = P . In

the case when elliptic curve E has good reduction over p the Neron model E

over OKv is smooth and proper and a point P ∈ E maps into a point P ′ of E

via the diagram

E E

SpecOKv SpecKv

In all other cases the same holds for the identity component E0(Fp) of the

special fiber of the Neron model instead of E(Fp). Therefore all points Q

from the E[ln]-torsor corresponding to P map into points Q′ ∈ E such that

[ln]Q′ = P ′ which means that all such Q′ form an E0[ln]-torsor.

In the case when E has good reduction over v we have E being finite etale

over OKv (or in the case of bad reduction E0 finite etale) and since v - l all

the [ln] : E0 → E0 are finite etale as well. In the case of good reduction

everything is unramified so we have VlE
IKv = VlE and thus image of the

Kummer map lives in H1(GKv/IKv , E[ln]), in the case of bad reduction all
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moves to H1(GKv/IKv , E[ln]Iv).

As we have already mentioned above since the place v is away from p, the

morphism [p] : E(K)→ E(K) is a finite etale map. Now note that by inflation-

restriction sequence it follows from definition of Bloch-Kato Selmer group, that

H1
ur(Kv, V ) = H1(GKv/IKv , V

IKv ) for any V , so all we need is for image of

composition 6.1 to land in H1(GKv/IKv , VlE
IKv ) = H1(GKv/IKv , VlE0).

Note that this lemma (and proof) still hold for more general situation when

instead of elliptic curve one works with abelian variety.

6.3 The case v | p

Now we want to define local Bloch-Kato Selmer group for the case when v is

above p, that would require some knowledge of basic p-adic Hodge theory from

the corresponding chapter. By analogy to the definition of unramified cohomol-

ogy we define local Bloch-Kato Selmer group as kernel of some map from local

cohomology H1(Kv, V ) but now we are working with a p-adic representation

V over a p-adic field Kv. Therefore we don’t speak of inertia subgroup.

Definition 6.6. The local Bloch-Kato Selmer group is defined as

H1
f (Kv, V ) = ker(H1(Kv, V )→ H1(Kv, V ⊗Bcris(Zp))) (6.3)

We want to have an analog of lemma 6.3 for the case when our representation

is the rational Tate module V = VpE for an elliptic curve E.

Lemma 6.7. Let E be an elliptic curve over a number field K, let v be a place

of K above p, no assumption on reduction required. For the p-adic represen-

tation VpE the image of Kummer map

E(Kv)⊗̂Qp/Zp
κ→ H1(Kv, VpE(Kv)). (6.4)

coincides with H1
f (Kv, VpE(Kv)).
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In the proof of lemma in this case we will be using results from later chapter

on Dieudonne theory, namely Lemma 8.2 and Theorem 8.17.

Proof. First note that the Kummer map above is injective. Consider the group

of points of an elliptic curve E over Kv as a compact p−adic Lie group. The

group of points on the Neron model E(OKv) contains a connected compo-

nent E0(OKv) which is a finite free Zp-module. Then the p-adic completion

E(Kv)⊗̂Qp of the group of points on E over Kv is isomorphic to an open sub-

group of E(Kv). Therefore there is no open subgroup of E(K) which maps to

0 under Kummer map.

In order to prove the claim we need to check that Kummer map goes into

H1
f (Kv, VpE(Kv)) and to prove that E(Kv)⊗̂Qp and H1

f (Kv, VpE(Kv)) have

the same dimension as Qp-vector spaces.

In order to see that the image of κ belongs to H1
f (Kv, VpE(Kv)) we use an

isomorphism H1(Kv, VpE(Kv)) ' Ext1
GKv

(Qp, VpE(Kv)) which brings out de-

scription of H1(Kv, VpE(Kv)) in terms of extensions

0→ VpE → V → Qp → 0.

Such an extension corresponds to an element in H1
f (Kv, VpE(Kv)) if and only

if the corresponding extension

0→ Dcris(VpE)→ Dcris(V )→ Dcris(Qp) = Bcris → 0

is a short exact sequence. This happens when a p-adic representation V has

the same property as VpE, i.e. it is crystalline or semi-stable together with

VpE. More on this see chapter 3 of [BK90]. Recall from lemma 8.2 that

VpE is crystalline if E has good reduction at p and it is semi-stable if E has

multiplicative reduction, assume for now that reduction is good and VpE is

crystalline. Then all we need is to prove that V is crystalline.

Denote as usual E the Neron model of E over OKv , then we are working with
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a class ξ ∈ E(Kv) = E(OKv). We take a pullback of the short exact sequence

0→ E [pn]→ E pn→ E → 0

along ξ and view it as an E [pn]-torsor over OKv . It canonically corresponds to

a short exact sequence

0→ E [pn]→ X → Z/pn → 0,

where X is a p-divisible group over OKv . Since all these sequences are com-

patible for all n we can take an inverse limit to end up with an extension of

Qp/Zp by E [p∞] with a p-divisible group X∞ over OKv .

0→ E [p∞]→ X∞ → Qp/Zp → 0

We then use the following theorem to get what we wanted.

Theorem 6.8. Fontaine Let OKv be the ring of integers in a p-adic field Kv,

let G be a p-divisible group over OKv , then the p-adic representation Vp(G) is

crystalline.

In more general case of multiplicative reduction instead of complete Neron

model one has to think about the connected component of 0 with proof similar

to above.

Consider the logarithmic map log : E(Kv) → tE(Kv), it has the set of torsion

points of E(Kv) as its kernel, however it is locally injective near O ∈ E(Kv).

Moreover it is an isomorphism on the connected component of 0, which is a

finite index subgroup of E(Kv) to an open subgroup of LieE(Kv). Then we

get dimκ(E(Kv)⊗Qp) = [Kv : Qp].

On the other hand by theorem 8.17 we have

dimH1
f (Kv, VpE(Kv)) = dimQp DdR(VpE)/D+

dR(VpE) = [Kv : Qp].
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Where the first equality holds as VpE is de Rham in any reduction case.

6.4 Conjecture about order of vanishing

After defining Bloch-Kato Selmer group for all local cases the definition of

global Bloch-Kato Selmer group naturally comes to mind as:

Definition 6.9. For a p-adic representation V of GK = Gal(K/K) the

global Bloch-Kato Selmer group H1
f (K,V ) is the subspace of H1(K,V ) defined

by the following commutative diagram:

H1
f (K,V ) H1(K,V )

∏
vH

1
f (Kv, V )

∏
vH

1(Kv, V )

resv

Namely all the elements in H1(K,V ) that land in groups H1
f (Kv, V ) for all

valuations v on K.

In their article Bloch and Kato call this object finite cohomology by analogy

with finite adeles. One can not help but notice a vast similarity with definition

of usual Selmer group.

We now have enough tools to formulate the main conjecture of this section.

Conjecture 6.10. Bloch-Kato For a p-adic representation V coming from

geometry the order of vanishing of L-function equals the difference between

dimension of global Bloch-Kato Selmer group and Galois fixed points of V .

dimQp H
1
f (K,V ∨(1))− dimQp H

0(K,V ∨(1)) = ords=0 L(V, s).

Let’s see what it means for our favourite case of V = VpE where E is an elliptic

curve. If we take a number field K, then we have dimQp H
0(K,V ) = 0 since

E(K) is finitely generated by Mordell-Weil theorem, so starting from some n
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we would not find any points of order pn. Then conjectural formula becomes

dimQp H
1
f (K,VpE

∨(1)) = ords=0 L(VpE
∨(1), s) = ords=1 L(VpE, s).

Which in turn by Lemmas 6.3, 6.7 implies the first part of BSD conjecture.

ords=1 L(E, s) = rankE(K)

Note that for motivic L-function we consider order of vanishing at 0 and for the

L-function of elliptic curve we look at order of vanishing at 1. This happens

because of twist in our motive M = h1(E)(1) by one.

The next two chapters recall classical but not widely studied subjects from

p-adic Hodge theory. Most of definitions and statements will be needed for

computation of measure of Bloch-Kato Selmer group in the equicharacteristic

case.



Chapter 7

Fontaine’s rings of period

The rings we will study in this chapter play central role in the p-adic analogue

of Hodge theory, they are needed for the formulation of Bloch-Kato conjecture,

and as preface to [FF18] suggests they provide an enviroment for studying the

Fargues-Fontaine curve. This theory was originally introduced by Jean Marc

Fontaine in his 1994 Asterisque article [Fon94b] and deeply studied and much

needed afterwards.

We would like to recall here definitions of all Fontaines rings Ainf , BdR, Bcris,

Be, Bst to build all fundamental exact sequences that we will need later in

chapters. All of the below is well-known theory written in many documents

thus we recall only important statements and constructions referring for proofs

to [Fon94b], [FF18], [BMS18].

First we would like to introduce the ring Ainf as ”the one to rule them all”

in the collection of works dedicated memory of Fontaine and Wintenberger

[Col19]. Fix a prime p and a commutative ring R separated and complete

with respect to the p-adic topology. Consider the absolute Frobenius map

Fr : R/pR→ R/pR. We define the tilt of R as:

Definition 7.1.

R[ := lim←−
Fr

R/pR;

Then the infinitesimal period ring Ainf (R) is defined as the Witt vectors ring

55
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of the tilt of R.

Ainf (R) := W (R[).

To an element x ∈ R correspond an element x[ ∈ R[ defined as an infinite

sequence of p-th roots of x, i. e. x[ := (x(0) = x, x(1), ... , x(n), ...) such that

(x(n+1))p = x(n) for all n. With such interpretation R[ contains unit ε =

(1, ζp, ζp2 , ...) where each ζpn is a primitive root of degree pn of 1.

This currently ”set” R[ can be given a structure of ring, namely it easily

becomes multiplicative monoid with ” · ” defined on elements as x[ · y[ =

(x(0), x(1), ... , x(n), ...)·(y(0), y(1), ... , y(n), ...) = (x(0)y(0), x(1)y(1), ... , x(n)y(n), ...).

The following lemma is proven in the thesis of P. Scholze:

Lemma 7.2. The tilt R[ and lim←−x 7→xp R are isomorphic when viewed as mul-

tiplicative monoids.

The addition in R[ is slightly more complicated. In order to add two elements

x[ = (x(0), x(1), ... , x(n), ...) and y[ = (y(0), y(1), ... , y(n), ...) we take correspond-

ing

(x+ y)(n) := lim
k→∞

(x(n+k) + y(n+k)).

So far we have defined the map R → R[ on elements above, but there is one

more called # : R[ → R defined as following:

Definition 7.3. We take an element a = (a0, ... an, ...) ∈ R[ = lim←−Fr
R/pR,

lift all ai to elements ai ∈ R in any way we wish and define

a# := lim
n→∞

ap
n

n ∈ R

An alternative definition would be to view R[ as lim←−x 7→xp R as above and for

an element x = (x(0), x(1), ... , x(n)) ∈ R[ define x# = x(0). This map # gives

correspondence between the valuations on rings R and R[.

Now that we understood what the tilt really is we can look at its ring of Witt
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vectors

Ainf (R) := W (R[).

For an element x ∈ R[ denote by [x] the Teichmuller lift of x to W (R[).

Then any element of W (R[) can be represented in unique way as a series∑
k p

k[xk]. There exists a Frobenius lift from R/p to R[ and therefore to the

whole Ainf (R) as the Witt vector Frobenius. The map itself can be described

as Fr(
∑

k p
k[xk]) =

∑
k p

k[xpk].

Definition 7.4. We define the Fontaine’s map θ : Ainf (R)→ R[ #→ R by

θ(
∑
k

pk[xk]) :=
∑
k

pkx#
k .

It is a hard but greatly important theorem that this map θ is surjective and the

ideal of its kernel is principal, generated by a distinguished element d = p−[p[],

then (d) ⊂ Ainf (R).

This ideal is what defines all the further rings of Fontaine.

Definition 7.5. The ring Acris(R) is defined as a formal p-adic PD-thickening

of Ainf with respect to the ideal J = (d) ⊂ Ainf (R) completed in p-adic topol-

ogy, namely

Acris(R) :=
̂

Ainf

[(d)k

k!

]
, for all k ∈ N; B+

cris := Qp ⊗Acris.

Next we define the de Rham period ring.

Definition 7.6. The ring B+
dR is the completion of Ainf (R)[1

p
] with respect

to (d), namely

B+
dR := lim←−

k

(Ainf (R)
[1

p

]
/(d)k).

This ring has a number of valuable properties: it is a discrete valuation ring

with residue field R[1
p
] = Frac(R), it also contains Acris as a subring, in case

of R = Zp it is non-canonically isomorphic to Cp[[t]] ' B+
dR and if one wishes,

one can consider this case whenever B+
dR appears on horizon.
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To define higher rings BdR and Bcris we need the logarithm of p-th roots of

unity t = log([ε]) defined as usual by formal Taylor series of
∑

k
(1−[ε])k

k
as

variable.

Definition 7.7. The cristalline period ring and the de Rham period field

are defined as:

Bcris := B+
cris

[1

t

]
, and BdR := B+

dR

[1

t

]
.

The de Rham period ring BdR is a field and carries a decreasing filtration

defined by degrees of t as FiliBdR = tiB+
dR.

By definition the element t belongs to Acris, therefore to all the other rings B+
cris

and Bcris. Then Frobenius morphism extends from Ainf to Acris as Fr t = pt,

and further to B+
dR and B+

cris, moreover the Frobenius agrees with filtration on

BdR.

Example 7.8. The important case of the above recollection is when we start

with the ring of integers R = OCp, where Cp := Q̂p it fits all the requirements.

One may keep this example in their head whenever we address this section.

Then the tilt of R is R[ ' OC[p ' O ̂Fp((u))
, the ring Ainf (R) = W (OC[p), an

element d can be represented as d = p− [u] ∈ Ainf (R).

Proof. This can be proven starting from an isomorphism lim←−x 7→xp Zp ' Fp[[u]]

given by u := p[ = (p, p1/p, p1/p2 , ...). Then taking fraction fields we get

lim←−x 7→xp Qp ' Fp((u)), which after algebraic closure and completion becomes

C[
p = lim←−

x 7→xp
Q̂p ' F̂p((u)).

For the case of the semi-stable reduction we need the ring B+
st. To define it we

use the log[p[] =: s.
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Definition 7.9. The semi-stable period ring is defined as:

B+
st := B+

cris[s] and Bst := Bcris[s] = B+
st[

1

t
].

Additionally to the Frobenius morphism defined by Fr(s) := ps this rings carry

the monodromy operator N : Bst → Bst defined as the unique derivation such

that N(s) := 1, which commutes with GQp-action and has the property N ◦Fr =

pFr ◦N .

By definition the monodromy operator fits into a short exact sequence:

0→ Bcris → Bst
N→ Bst → 0.

Lemma 7.10. The morphism from the above sequence Bst → BdR extend-

ing an inclusion Bcris ↪→ BdR is GQp-equivariant. It allows us to define a

decreasing filtration on Bst that agrees with the Frobenius morphism.

Consider a finite totally ramified extension K of Qp. There is an action of

Gal(Cp/K) on Ainf commuting with Frobenius automorphism that lifts all

the way to Acris and to BdR respecting the filtration. We will assume from

now this to be our case of concern.

Definition 7.11. There is an ideal J in the ring B+
cris defined by the fol-

lowing sequence:

0→ J → B+
cris → Cp → 0;

A close look at it gives out J to be the kernel of the map induced from θ :

Ainf → OCp, therefore J is the ideal of B+
cris generated by all the divided

powers of d, namely: J = 〈γn(d)〉. There is a descending filtration of J by

ideals J [r] defined as J [r] := 〈γn(d), for n ≥ r〉.

Fontaine has proven in his original Asterisque article [Fon94b] the exactness
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of the sequences below and defined filtration on B+
cris by J [r]:

0→ Qp(r)→ J [r] 1−p−r Fr−→ B+
cris → 0

0→ Qp(r)→ J [r] 1−p−r Fr−→ Bcris → 0

(7.1)

One more piece of magic of ideals J [r] gives an alternative definition of de

Rham period ring as in the following lemma. We would like to prove here that

the definition of B+
dR by Bloch and Kato in [BK90] is equivalent to the classical

one.

Lemma 7.12.

B+
dR ' lim←−

r

B+
cris/J

[r]

Proof. We need to construct a map from B+
dR to every B+

cris/J
[r] so that all this

maps for all r agree and prove that the object B+
dR is universal with respect

to this property. Observe by the definition of B+
cris above that

B+
cris/J

[r] = (
̂

Ainf

[〈(d)k

k!

〉]
⊗Qp)/J

[r],

It is enough to build a morphism

Ainf

[1

p

]
/(d)k → Ainf

[〈(d)k

k!

〉]
⊗Qp)/J

[r]

then construction of the map into the completion
̂

Ainf [〈 (d)k

k!
〉] will follow as

well as the morphism from the inverse limit of all right hand sides for all k into

B+
dR. By definition of J [r] we may rewrite the latest factor as Ainf [〈 (d)k

k!
〉][1

p
]/d

r

r!

since Ainf is a Zp-module. Then we use natural maps for all r

Ainf

[1

p

]
/(d)r → Ainf

[〈(d)k

k!

〉][1

p

]
/
(dr
r!

)
.

The constructed maps B+
dR = lim←−r B+

cris/J
[r] all agree.

We are left to prove the universal property and in order to get it assume there is
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a module P with a morphism P → lim←−r B+
cris/J

[r]. Then P must be d-adically

complete since the limit above is by the definition of J [r] containing raising

powers of d. Also P maps to Ainf [
1
p
] if we take k = r = 0, therefore there is a

morphism P → B+
dR.

In the preface to [FF18] P. Colmez calls the ring Be ”main”, it was proven by

J. M. Fontaine that it belongs to the class of Bezout rings, currently common

notion for Be is ”exponential”. The ring has multiple mysterious properties

unlike other period rings, some of those properties remain unknown and they

are listed in the same text. The ring is defined quite easily Be := BFr=1
cris ,

where the Frobenius action comes from Acris and Fr(t) = pt. But that’s where

the easy things about it come to end, we do not even know how its residue

ring looks like. This ring Be plays central role in formulation of Bloch-Kato

conjecture by sitting in the middle of the fundamental exact sequence, recall

from [FO] Theorem 6.26:

Theorem 7.13. The following sequence is exact

0→ Qp → Be → BdR/B
+
dR → 0; (7.2)

It is equivalent to the following two facts: first is that Be ∩ B+
dR = Qp, and

second is Be+B+
dR = BdR. Then BdR/B

+
dR ' Be/Be∩B+

dR from where follows

everything we need.

As a direct consequence we obtain

Corollary 7.14.

0→ Qp
a→ Be ⊕B+

dR

b→ BdR → 0. (7.3)

with maps defined by a(x) = (x, x), and b(x, y) = x− y.

As a consequence we obtain the following exact sequence [BK90]:

Corollary 7.15.

0→ Qp
a→ Bcris ⊕B+

dR

b→ Bcris ⊕BdR → 0. (7.4)
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With maps defined by a(x) = (x, x) and b(x, y) = (x− Fr(x), x− y).

Proof. The surjectivity of of the map b in the second variable follows from the

corollary 7.14, the exactness in other terms is obvious, we need only surjectivity

on Bcris.

The surjectivity of 1− Fr follows from Theorem 5.3.7 (iii) in [Fon94b].

We would like to have an analogue of this corollary for the ring Bst instead of

Bcris for one of the lemmas about bad semi-stable reduction. The short exact

sequence is similar, however the kernel is a bit different.

Lemma 7.16. Define the ring Best := BFr=1
st . We have Best ∩B+

dR = Qp and

Best + B+
dR = BdR. We have the following short exact sequence:

0→ Qp
a→ Bst ⊕B+

dR

b→ Bst ⊕BdR → 0. (7.5)

With maps defined by a(x) = (x, x) and b(x, y) = (x− Fr(x), x− y).

Proof. The equality Best + B+
dR = BdR follows immediately from Be + B+

dR =

BdR, to prove Best ∩B+
dR = Qp consider the intersection BFr=p−1

cris ∩B+
dR =?.

We prove this intersection is null. If there is a nonzero element x ∈ BFr=p−1

cris ∩

B+
dR, then tx ∈ Be ∩B+

dR = Qp, so t−1x−1 ∈ Qp, so t−1 ∈ B+
dR.

Now we have exactness of the sequence 7.5 everywhere except from the last

member. To prove surjectivity of b we need to prove surjectivity of 1− Fr on

Bst. Consider the exact sequence of Fontaine for any r ∈ Z:

0→ Qp → FilrBcris
1−p−r Fr−→ Bcris → 0.

Due to this sequence and by definition of Bst = Bcris[s] we only need to find an

element x ∈ Bst such that x−Fr(x) = s. Since in the case of Bcris the sequence

above holds for any r ∈ Z there exists y ∈ Bcris such that y − pFr(y) = −1.

On the other hand by the short exact sequence

0→ Bcris → Bst
N→ Bst → 0
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we get an element x0 ∈ Bst such that N(x0) = y. Plug it into the equality

above to get N(x0) − pFr ◦N(x0) = −1. Recall that N ◦ Fr = pFr ◦N , so

we get N(x0) − N(Fr(x0)) = N(s), therefore s + α = x0 − Fr(x0) for some

α ∈ Bcris. However we have by Theorem of Fontaine α = β−Fr(β), so we just

take x := x0 − β.

Remark 7.17. Note how one can immediately get the corollary 7.15 by ap-

plying invariants of monodromy on the 7.5 using the fact H1(〈N〉,Qp[s]) = 0.

This happens because Bst = Bcris[s] and N(s) = −1 by definition, so when we

apply invariants of N to a subring B ⊂ Bst we are left with B ∩Bcris.

The exact sequences 7.14 and 7.15 are both needed for formulation of the

refined Bloch-Kato conjecture, we will talk about it in later chapters.
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Dieudonne modules

8.1 Definition and main examples

There are different ways to define Bloch-Kato Selmer groups depending on

the property of cohomology theory one wants to emphasize. One way would

use the BdR period ring and another uses Be. These different ways to define

local Bloch-Kato Selmer groups are needed for construction of Bloch-Kato

exponential and computation of dimensions of cohomology spaces.

Before working with them we would like to give a description of what can be

done to a p-adic representation V . Throughout this section we will assume that

V is a p-adic representation over a local field Kv with v | p unless specified

otherwise, i.e. the theory is developed for l = p situation. We only recall

necessary theorems and definitions, for proofs we refer to [Fon94a], [BB08],

[BK90], [CF00], [Fon82]. The following definition is classical and can be found

in the original article by Fontaine [Fon94a].

Definition 8.1. Let V a be vector space over Qp with a continuous action

of a Galois group GKv . Then we define Zp-modules:

• The crystalline module Dcris(V ) := H0(Kv,Bcris ⊗ V ) = (Bcris ⊗ V )GKv

is a vector space over Kv. It is equipped with action of Frobenius coming

from Frobenius on Bcris and a filtration induced by ideals J [r] composing

into filtration on B+
cris.

64
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• The de Rham module DdR(V ) := H0(Kv,BdR⊗V ) is a vector space over

Kv, it inherits a decreasing separated and exhaustive filtration coming

from the one on BdR in the following way: FiliDdR(V ) = (FiliBdR ⊗

V )GKv .

• The exponential module De(V ) := H0(Kv, (Bcris⊗V )Fr=1) = H0(Kv,Be⊗

V ) = (Be ⊗ V )GKv . A submodule of Dcris(V ), it inherits all the proper-

ties.

• The semi-stable module Dst(V ) := H0(Kv,Bst ⊗ V ) = (Bst ⊗ V )GKv a

vector space over Kv. It has the action of Frobenius operator coming

from Bst, a monodromy operator N , and a decreasing filtration coming

from BdR.

Immediately by definition from inclusions Be ⊂ Bcris ⊂ Bst ⊂ BdR we get the

comparison of their dimensions:

dim De(V ) ≤ dim Dcris(V ) ≤ dim Dst(V ) ≤ dim DdR(V ) ≤ dimQp V (8.1)

We call a p-adic representation B∗-admissible if D∗(V ) = dimQp V . We will

often assume that representation V we are working with is Bcris-admissible,

or as we also call it crystalline. We would like to check this property for our

main case of concern with V = VpE.

Lemma 8.2. Let E be an elliptic curve defined over the field of rational num-

bers Q, let p be a prime of good reduction for E, then VpE is crystalline and

hence it is de Rham. When p is prime of multiplicative reduction the repre-

sentation is not crystalline, however it is semistable. In case if p is of additive

reduction VpE is only a de Rham representation.

Proof. The statement for the case of good reduction is the theorem of Fontaine.

In case of any reduction type we have the dimension of VpE over Qp equal to

2. Now we need to compute dimension of the vector space (Bcris ⊗ VpE)GQp .
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In the case of bad reduction dimVpE(Qp)
Ip = 0. This can be seen via applying

an isomorphism VpE(Qp)
Ip ' VpẼns(Fp) that follows from the Fact 6.4 and

knowledge of Ẽns(Fp) = Fp
×

in case of multiplicative reduction and Ẽns(Fp) =

Fp
+

in case of additive. Then considering Tate module we have VpE(Qp)
Ip = 0.

In the case of multiplicative reduction we can apply Tate uniformization after

a finite unramified extension, then

0→ Qp(1)→ VpE → Qp → 0

by proof of the Lemma 2.13. We choose basis of VpE over Qp as above

〈lim←− ζpn , lim←− q
1/pn〉 and recall the action of inertia group as

χ(σ) c(σ)

0 1


where c(σ) is a p-adic integer. It remains to see how Ip acts on Bcris where we

consider Ainf := Ainf (Zp), then by definition Ainf = W (Fp[[(p− [p[])]]). Then

for the tilt of q in O[Cp 3 q
[ we have the action of σ described as σ(q[) = qεc(σ),

where ε = (1, ζp, ζp2 , ...) as defined in 7. Which means that Galois action on

log[q[] is σ(log[q[]) = log[q[] + c(σ) log[ε]. By definition of Bcris it contains

t = log[ε].

Moreover we have q

pvp(q)
∈ Z×p and therefore log[( q

pvp(q)
)[] exists in B+

cris. One

may write by properties of logarithm log[q[] = vp(q) log([p[]) + log[( q

pvp(q)
)[].

Then by definition of Bst := Bcris[(log[p[])] we obtain log[q[] ∈ Bst. Therefore

(Bst ⊗ VpE)GQp contains linearly independent elements log[q[] and t which

means semi-stability for VpE.

On the other hand by the Lemma 6.11 in [FO] the element log[p[] is tran-

scendental over Bcris and so is log[q[]. So for p of multiplicative reduction the

representation VpE is not crystalline.

We need to prove that in case of additive reduction we still work with a de

Rham representation. Recall that over large enough finite extension K of Q the

curve E has either multiplicative or good reduction. Consider E over K, then

(BdR ⊗ VpE)Gal(Qp/K) has dimension two and thus over K the representation
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VpE is de Rham. But taking invariants under GQp/(GalQp/K) ' GalK/Qp

doesn’t change the dimension.

To put it all together we get the following: For D∗ defined from Ainf (Zp):

dimQp VpE =


dim Dcris(VpE) if E has good reduction at p;

dim Dst(VpE) if E has multiplicative reduction at p;

dim DdR(VpE) in case of additive reduction.

Example 8.3. [Fal88], [BC09] Let Kv be a complete extension of Qp with

perfect residue field and let X be a smooth and proper algebraic variety over

Kv. Define V to be ith etale cohomology of X, namely V := H i
et(XKv

,Qp).

Then by comparison theorems of p-adic Hodge theory we obtain:

• DdR(V ) = (BdR ⊗ V )GKv ' H i
dR(XKv).

• If additionally to the above X has good reduction at v, then Dcris(V ) =

(Bcris ⊗ V )GKv ' H i
cris(Xk/W (k)), where k is the residue field of Kv,

and Xk the reduction of proper regular model X of X over OKv .

• If X has semi-stable reduction at v, namely the special fiber is repre-

sented by strictly normal crossing divisor, then Dst(V ) = (Bst⊗V )GKv '

H i
HK(X). Here H∗HK denote the Hyodo-Kato cohomology, or log-crystalline

cohomology it is defined as

H∗HK(X) := H∗cris(Xk/Spec(W (k))0)⊗W (k) Frac(W (k)).

Where Spec(W (k))0 is the log-scheme Spec(W (k)) with log-structure de-

fined by N→ W (k) via 1 7→ 0.

We see from this example how functors D∗ compute various cohomology groups

of X from its etale cohomology.
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In order to complete the computation of L-function for elliptic curve E we

need to write down explicit formula for PQp,p(H
1
et(E,Qp)(1), t).

Lemma 8.4. Let E be an elliptic curve defined over Q with good reduction at

p. Then PQp,p(H
1
et(E,Qp)(1), t) = det(1− Fr−1

p t|Dcris(H
1
et(E,Qp)(1))).

Proof. Note that by the example above in case when E has good reduction at

p we have Dcris(H
1
et(E,Qp)) = H1

cris(EFp/Zp). In this case one can compute

H1
cris(EFp/Zp) ' Z2

p.

Then by the Lefschetz trace formula for etale cohomology:

1 + p− TrFrp(H
1
cris(EFp/Zp)) = |Ẽ(Fp)|,

while the determinant of Frp equals p. Then the characteristic polynomial for

Frp looks like 1− apt+ pt2.

8.2 Equivalence of categories

The modules in the Definition 8.1 are given by functors D∗ which go from

the category of p-adic representations of GK to certain subcategories of the

category of modules over Zp. In order to state precise theorems we need to

define Hodge and Newton numbers to make sense of admissibility condition.

Definition 8.5. We say that a module D over a p-adic field K is ϕ-module

if D is equipped with a Frobenius action and a filtration that agree.

• For a ϕ-module D of rank 1 over K we choose a basis v ∈ D and take

λ such that ϕ(v) = λv. Define the Newton number tN(D) := vp(λ). In

case of module D of higher rank than 1 we define tN(D) = tN(detD).

• For a filtered module D of rank 1 we choose a basis v ∈ D and define the

Hodge number tH to be the unique i ∈ Z such that v ∈ FiliD \ Fili+1D.

Again for module D of higher rank than 1 we define tH(D) = tH(detD).
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We call a filtered ϕ-module D over K admissible if tN = tH .

The following theorems additionally to their general beauty provide a con-

struction of a p-adic representation starting from a filtered ϕ-module with

continuous action of GK . We will need to modify constructions of functors

Vcris and Vst for the case of a Zp-lattice T in filtered ϕ-module.

Theorem 8.6. [CF00]

Let K be a p-adic field, we denote by GK its absolute Galois group. Denote

by RepcrisQp (GK) the category of Bcris-admissible p-adic representations of GK

and by MFadϕK the category of filtered admissible ϕ-modules over K. Then

the functor

Dcris : RepcrisQp (GK) −→MFadϕK

is fully faithful, exact, tensor functor with the inverse functor given by Vcris :

D 7→ Fil0(Bcris ⊗K D)ϕ=1, together they give equivalence of categories:

Dcris : RepcrisQp (GK)←→MFadϕK : Vcris.

In particular for a crystalline representation V we have Vcris(Dcris(V )) ' V .

The Theorem of Fontaine has a semistable analogue proven by Hyodo and

Kato, see [HK94] and [CF00].

Theorem 8.7. Denote by RepstQp(GK) the category of Bst-admissible p-adic

representations of GK and byMFad(ϕ,N)K the category of filtered admissible

ϕ,N-modules over K. Then the functor

Dst : RepstQp(GK) −→MFad(ϕ,N)K

is fully faithful, exact, tensor functor with the inverse functor given by Vst :

D 7→ Fil0(Bst ⊗K D)N=0,ϕ=1, together they give equivalence of categories:

Dst : RepstQp(GK)←→MFad(ϕ,N)K : Vst.
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In particular Vst(Dst(V )) ' V .

The main focus of these theorems is about both categories MFadϕK and

MFad(ϕ,N)K being abelian, while analogous categories without admissibility

condition are additive, but not abelian.

Further on around measure computations we will be interested in valuating

the functor Vst in the subcategory of Zp-modules inside RepstQp(GK). For this

we recall from [FL82] and [BM02] the definition of Dieudonne module:

Definition 8.8. For a p-adic field K a filtered Dieudonne module D over

is a module over OK of finite type equipped with:

(1) A decreasing, exhaustive, and separated filtration by Zp-submodules Di+1 ⊂

Di ⊂ D such that Di = D for i << 0 and Di = 0 for i >> 0;

(2) A family of Frobenius operators ϕi : Di → D such that ϕi|Di+1 = pϕi+1,

and D =
∑
ϕi(D

i).

Such modules form a category denoted by MFϕK with morphisms that respect

filtrations and commute with Frobenius maps. Moreover by theorem of Fontaine

and Laffaille it is a full subcategory in MFadϕK and therefore abelian.

We then define for a filtered Dieudonne module D a functor Tcris(D) as

Tcris(D) := Filr(B+
cris ⊗OK D)ϕr=1(−r).

Where the filtration on the tensor product is represented by Filr(B+
cris ⊗OK

D) :=
∑
J [i] ⊗Dr−i. The following theorem is due to Fontaine and Laffaille.

Theorem 8.9. [FL82]

The functor Tcris(D) goes fromMFϕK to the category of crystalline represen-

tations of GQp. It is exact and fully faithful.

It would have been enough just to consider filtered Dieudonne modules to

compute measures of local groups if not for bad reduction primes which will
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inevitably appear in the nearest future. To deal with those we will have to

write down an analogue of Fontaine-Laffaille theory for semistable reduction.

Definition 8.10. A filtered Dieudonne module with connection is a filtered

Dieudonne module as above 8.8 with additional monodromy operator N defined

as a Zp-linear endomorphism N : D → D such that Nϕ = pϕN . Namely N

cooperates with filtration in the following way N(FiliD) ⊂ Fili−1D and with

Frobenius as Nϕi = ϕi−1N .

We will need to replace B+
cris with the ring B+

st, where monodromy operator is

defined and to a module D we associate a filtered Dieudonne B+
st-module with

connection B+
st ⊗Zp D. But all of that must be done carefully for preservation

of important properties.

The notion of connection comes from the way the monodromy operator N is

defined on variables: N(ax) = N(a)x+ aN(x) for any a ∈ B+
st, x ∈ D.

Remark 8.11. Filtered Dieudonne modules with connection form a category

denoted byMFϕK , N . Morphisms in this category respect filtrations, commute

with Frobenius maps, and with monodromy operators. The categoryMFϕK , N

is a full subcategory in MFad(ϕ,N)K and the category of filtered Dieudonne

modules MFϕK embeds fully faithfully into MFϕK , N as modules where the

action of monodromy is trivial N = 0.

Theorem 8.12. [Bre02] For a filtered Dieudonne module with connection D

we define a functor Tst(D) as

Tst(D) := Filr(B+
st ⊗OK D)ϕr=1

N=0 (−r).

The functor goes fromMFϕK , N to the category of semistable representations

of GQp, it is exact and fully faithful.

We would like to give a definition and handy description of Bloch-Kato ex-

ponential map and for that by analogy with finite Bloch-Kato Selmer group

H1
f (Kv, V ) we define Bloch-Kato Selmer groups related to rings Be and BdR.
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Definition 8.13. [BK90]

• The subspace of exponential cohomology H1
e (Kv, V ) = 0 if v - p, and

H1
e (Kv, V ) := ker(H1(Kv, V )→ H1(Kv,Be ⊗ V )) otherwise.

• The subspace of Bloch-Kato de Rham cohomology H1
g (Kv, V ) = H1(Kv, V )

if v - p, and H1
g (Kv, V ) := ker(H1(Kv, V ) → H1(Kv,BdR ⊗ V )) other-

wise.

By analogy with the above we take Bst instead of Bcris and BFr=1
st = Be[s]

instead of BFr=1
cris = Be to define the groups:

• The subspace of semi-stable cohomology H1
st(Kv, V ) := H1

cris(Kv, V ) =

H1
ur(Kv, V ) if v - p, and H1

st(Kv, V ) := ker(H1(Kv, V ) → H1(Kv,Bst ⊗

V )) otherwise;

• The subspace of semi-stable exponential cohomology H1
est(Kv, V ) := 0 if

v - p, and H1
est(Kv, V ) := ker(H1(Kv, V ) → H1(Kv,B

Fr=1
st ⊗ V )) other-

wise;

Then by definition we obtain H1
e (Kv, V ) ⊂ H1

est(Kv, V ) and:

H1
e (Kv, V ) ⊂ H1

f (Kv, V ) ⊂ H1
st(Kv, V ) ⊂ H1

g (Kv, V ) ⊂ H1(Kv, V )

8.3 The exponential map

Consider the fundamental exact sequence of p-adic period rings 7.1.

0→ Qp → Be → BdR/B
+
dR → 0

Tensoring it with our vector space V over Qp and taking cohomology

0→ V GKv → De(V )→ (BdR/B
+
dR⊗QpV )GKv → H1(Kv, V )→ H1(Kv,Be⊗QpV )
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Then in case when V is de Rham by definition of H1
e (Kv, V ) we obtain the

boundary map

DdR(V )/D+
dR(V )→ H1

e (Kv, V ). (8.2)

It is surjective and has De(V )/V GKv as kernel. This map is called the Bloch-

Kato exponential, the reason for it is the following lemma proven in the article

by Bloch and Kato in [BK90].

Lemma 8.14. Let E be an elliptic curve over p-adic field Kv, where v | p.

Then for the rational Tate module Vp(E) the following diagram commutes:

tE E(Kv)⊗Q

DdR(VpE)/D+
dR(VpE) H1

e (Kv, VpE)

exp

δ

BK−exp
(8.3)

where tE is the tangent space to E at the origin O and δ is an isomorphism

coming from Kummer sequence. Here the upper horizontal map is the usual

exponent of Lie algebra and the lower one is Bloch-Kato exponent.

Bloch and Kato prove in 4.1 in their article [BK90] the following:

Theorem 8.15. Let V is BdR-admissible, or as often they are called, a de

Rham representation, by definition 8.1 this means dimK DdR(V ) = dimQp V .

Then the Bloch-Kato exponential map is an isomorphism and moreover

H1
e (Kv, VpE) = H1

f (Kv, VpE).

There is an interesting conjecture about de Rham representations:

Conjecture 8.16. Fontaine-Mazur If a p−adic representation V is de

Rham at all places dividing p and unramified in all but finitely many primes,

then V comes from geometry in the sense of the Definition 6.1.

So far in [Vol05] there have been described conditions for a p-adic representa-

tion to come from abelian variety.
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Now we have written this section specifically to compute dimensions of the

spaces H1
∗ (Kv, Vl) and later we will compute measures of Bloch-Kato Selmer

groups. Consider short exact sequences from the chapter about Fontaines

rings 7.14 and 7.15. We take each of them, tensor with Vl and take long exact

cohomology sequences. From those we may derive dimension formulas as:

Theorem 8.17. [BK90] For a p-adic representation Vp over a local field Kv

with v | p the following hold:

dimH1
f (Kv, Vp) = dim(DdR(Vp)/D

+
dR(Vp)) + dimH0(Kv, Vp); (8.4)

dimH1
e (Kv, Vp) = dim(DdR(Vp)/D

+
dR(Vp))− dim De(Vp) + dimH0(Kv, Vp)

additionally to the above by using the fact that under the perfect pairing ∪ :

H1(GKv , Vp) × H1(GKv , V
∗
p (1)) → H2(GKv ,Qp(1)) ' Qp spaces H1

e (Kv, Vp)

and H1
g (Kv, V

∗
p (1)) are orthogonal with respect to each other we can compute

dimension of H1
g (Kv, Vp)

dimH1
g (Kv, Vp) = dim(DdR(Vp)/D

+
dR(Vp)) + dim De(V

∗
p (1)) + dimH0(Kv, Vp).

Where all dimensions are taken as dimensions of Qp-vector spaces.

We would like to pass to the global Tate module and for that we introduce the

ring of adeles. We denote by AQ the ring of finite adeles for Q. By definition

AQ :=
′∏
p

Qp =
{

(ap) ∈
∏
p

Qp : ap ∈ Zp for all but finitely many p
}

However we will mostly work with the completed ring of adeles is AQ ⊕ R

defined in the same way but with possibility of p = ∞. We get an inclusion

Q ↪→ AQ from Q ↪→ Qp for all p.

Lemma 8.18. One can define the product norm on the ring of adeles for Q

by |(ap)| :=
∏

p |ap|p ∈ R≥0. It is well defined since we know that |ap|p ≤ 1 for
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almost all p. Then the topology generated by the adelic norm makes AQ locally

compact and Hausdorff.

Definition 8.19. For an elliptic curve E over a number field K define a

Ẑ-module T (E) :=
∏

l Tl(E) the total Tate module. The total rational Tate

module is the adelic product V (E) :=
∏′ Vl with respect to all Tls.

In order to define local Bloch-Kato Selmer groups for total V (E) for all ∗ =

e, f, g we define H1
∗ (Kv, V (E)) :=

∏
lH

1
∗ (Kv, Vl).

We have defined all sorts of local Bloch-Kato Selmer groups for case of local

field Kv. In case of a number field K definitions analogous to 6.9 will work as

well.



Chapter 9

The refined conjecture of Bloch

and Kato

The aim of this chapter is to explain how to get from the Bloch-Kato Tama-

gawa number conjecture to the BSD conjecture in the case of elliptic curves.

The main reference for this part is the original article by Bloch and Kato

[BK90], there is also a number of excellent surveys on this subject dedicated

to the Fontaine and Perrin-Riou conjecture which is known to be equivalent

to Bloch-Kato conjecture: [Fla04], [Kin11], [Ven07] and lecture notes useful

for understanding the whole picture [Gro16]. In [Kin11] it is proven that the

Fontaine-Perrin-Riou conjecture implies BSD. We take a different more direct

approach of proving equivalence of BSD and the Tamagawa number conjecture

for the motive M = h1(E)(1).

From now we assume the base field to be the field of rational numbers K = Q.

Bloch and Kato introduced a motivic pair (V,D) of finite dimensional Q-

vector spaces and formulated their conjecture for certain groups A(Qp) de-

fined for a motivic pair. We will check the conditions for the pair for V =

H1(E(C),Q(2πi)), D = DdR(V ) ' H1
dR(E/Q) to be motivic. But before that

we study these vector spaces locally. Recall the Theorem of Artin, [Art68]

Theorem 9.1. For an algebraic scheme X/C denote by Xan the space X(C)

76
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with complex-analytic topology. Then for any prime p we have an isomorphism:

H∗et(X,Zp) ' H∗(Xan,Zp).

Then we have V ⊗Q AQ ' H1(E(C),Q(2πi)) ⊗ AQ ' H1
et(EQ,AQ) ' V (E)

where V (E) is defined above in 8.19 and adelic cohomology considered in

[Del79].

The modules (VlE,Dl) can be recovered from each other as in the theory of

Fontaine and Laffaille about Dieudonne modules, namely for Ainf := Ainf (Zl)

we define

Dl := DdR(VlE) and VlE := Vcris(Dl).

In case when we start with a crystalline representation V (defined Bcris-

admissible) we have the property of DdR(V ) = Dcris(V ) immediately by com-

parison of dimensions 8.1. Therefore when we start with rational Tate module

VlE of an elliptic curve E with good reduction at l and apply first functor Dcris

to get a filtered admissible ϕ-module Dcris(V ) to which afterwards we can ap-

ply the inverse functor Vcris we get again VlE by the theorem of Fontaine 8.6.

Proposition 9.2. For an elliptic curve E over Q the pair

(V = H1(E(C),Q(2πi)), D = H1
dR(E/Q))

is motivic in the sense of Bloch and Kato, see definition 5.5 [BK90].

Proof. First we check the structure: the action of GQ on V ⊗QAQ is continuous,

AQ-linear, and V ⊗1 is stable under complex conjugation. The space DdR(V ) =

(BdR⊗V )GQ carries a decreasing filtration coming from one on BdR and which

stabilizes away from finite set of indexes. We evidently get an isomorphism

Dl ' DdR(VlE) directly, we also define D∞ := (V ⊗ C)Gal(C/R).

It remains to check all axioms (P1-P4): We take the set U = Spec(Z)\S of all

primes of good reduction. Then by Neron-Ogg-Shafarevich criterion Vl(E) =

H1
et(E,Ql) is unramified at p ∈ U . On the other hand it is the Theorem of
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Fontaine and Laffaille (Theorem 4.3 in [BK90]) that VpE is crystalline, i.e.

dimQp Dcris(V ) = dimQp V .

For the Z-lattice in second property we take the cohomology with integer

coefficients T := H1(E(C),Z(2πi)) in V , then by analogy with the proof of

the Fact 2.12 we get T ⊗ Zp ' TpE. Locally the lattice in Dl comes from TlE

by definition, then the property (P2) on lattices holds. For the finite set of

primes S we use all bad reduction primes of E and ∞. Then for p 6∈ S we

get VpE to be crystalline by above. We also have for the de Rham filtration

existence of i, j ∈ Z such that FiliDl = D, FiljDl = 0, and j − i < p again as

a part of theorem of Fontaine and Laffaille.

We have seen before in the proof of the Lemma 2.13 that polynomial PQl,p(Vl(E), t)

is an element of Z[t] and therefore it is independent of p which gives the third

property. As for the lattice T in fourth property we take the integral Tate

module T (E), it is GQp-stable and T (E)⊗Ql/Zl = TlE⊗Ql/Zl. We only need

to know that H0(Qur
p , TlE ⊗Ql/Zl) is divisible for all unramified l. We know

that Gal(Qur
p /Qp) ' Gal(Fp/Fp) from Witt vectors formalism and that action

of inertia group Ip is trivial by definition so we are looking at (TlE⊗Ql/Zl)GQp

note that TlE is divisible by all primes as Zl-module, except from l and Ql/Zl

is divisible by l.

A motivic pair can be defined for any motive over Q, however we are mostly

interested in case of M = hm(X)(r) for a smooth proper scheme X over Q.

This type of motive would give a motivic pair in the following way: we take

V := Hm(X(C),Q((2πi)r)) and D := Hm
dR(X/Q) then by Faltings’ comparison

theorems structure axioms (P1-P4) hold and we have Dp ' DdR(Vp). For all

p <∞ there is a filtration on Dp coming from the filtration on BdR. The zero

filtered factor of Dp is denoted by D0
p := F 0Dp and by definition it coincides

with D+
dR(Vp). The filtration on D is just the Hodge filtration, also we get a

Galois action on V coming from theorem of Artin V ⊗ AQ ' Hm
et (XQ,AQ)(r).

In the next section we define groups A(Qp) and A(R) of local points associated
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to a motive M with groups of global points A(Q) to be described afterwards.

We will see for the case of 1-motive of elliptic curve that these groups are

isomorphic to the usual Mordell-Weil groups of a curve over a field.

Afterwards we will discuss measures defined on these groups. We closely follow

exposition of Bloch and Kato [BK90] in discussion here recalling measures for

case of good reduction and define them in reasonable way for bad. When all

prerequisites are filled we will turn our attention to L-functions for motives.

9.1 Groups of points

Our case of concern is X = E and the associated motive M = h1(E)(1). In

this case we define the groups A(Qp) following [BK90] chapter 5.6.

Recall that for an elliptic curve E over the field of complex numbers C the

Hodge-de Rham filtration is represented by a short exact sequence

0→ H0(E,Ω1
E)→ H1

dR(E/C)→ H1(E,OE)→ 0.

Note that in our case D∞ = H1
dR(E/Q), then by definition D0

∞ ⊗ C :=

Fil1D∞ = Fil1H1(E,C) = H1,0 = H0(E,Ω1
E).

Definition 9.3. For a Z-lattice T we pick as above H1(E(C),Z(2πi)), then

T ⊗ Ẑ ' T (E) is GQ-stable in V ⊗ AQ ' V (E). Define local groups


A(Qp) := H1

f (Qp, T (E)), if p <∞;

A(R) := (H1
dR(E/C)/(H0(E,Ω1

E) + T ))Gal(C/R) if p =∞.
(9.1)

The rest of this chapter is dedicated to the computation of measures of these

groups which is vital for the formulation of the Tamagawa number conjecture.

Remark 9.4. We will see later why it does not matter which Z-lattice in V

we take as long as it is Galois stable, the formulation of conjecture is not going

to change.
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As we have mentioned above following the Lemma-Definition 8.14 Bloch and

Kato proved the isomorphism expBK : Dp/D
0
p → H1

f (Qp, Vp) so for p <∞ the

composition

Dp/D
0
p

exp−→ H1
f (Qp, Vp)→ A(Qp)

is a local isomorphism on a neighborhood of 0 in Dp/D
0
p.

Construction 9.5. By definition one may view Dp/D
0
p as a finite dimensional

vector space over Qp and over R when p =∞. Then we can consider its deter-

minant as the highest exterior power just like in the chapter on determinants.

The space obtained in such a way is one dimensional over Qp or over R. So

we choose an isomorphism for p ≤ ∞:

det
p

: Dp/D
0
p −→ Qp.

Using this isomorphism Bloch and Kato define Haar measure on the space

Dp/D
0
p. Afterwards the measure can be extended to A(Qp) via the exponential

map, we call the measure µp.

For the case of p = ∞ the measure µ∞ on A(R) comes from C. We have

D∞/D
0
∞ = H0,1 = H1(E,OE) and the exponent map is the canonical one

H1(E,OE) ' Lie(E)→ C.

We would like to describe a way of defining this Haar measure µp on an ex-

ample. We start with the usual p-adic Haar measure on Qp, then we have

µp = | · |p, so µp(Zp) = 1 and µp(pZp) = p−1. It grows to a measure µdp on the

affine space Qd
p, where the resulting measure respects change of variable and

one the Implicit Function Theorem holds for this case.

Example 9.6. Let X be a smooth scheme over Qp of dimension d. Consider

the top degree module of differential forms Ωd
X/Qp, it is a one-dimensional vector

space over Qp, so we pick a generator ω ∈ Ωd
X/Qp. This allows us to define a

measure |ω|µdp on X(Qp).

Now we want to define a canonical measure for X = E. For that we look at
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the Neron model E and a Zp-module Ωd
E/Zp of rank 1. We then choose such an

element ω ∈ Ωd
E/Qp that is a generator of Ωd

E/Zp, this choice is up to Q×p , but

when we multiply |ω| by an element λ of Q×p the measure itself scales by |λ|p.

Note that the same can be done for a finite extension Kv/Qp.

Remark 9.7. One can repeat the construction in the example above where

instead of ΩX/Qp we take the module of Kahler differentials Ω(Dp/D0
p)/Qp to define

measure on Dp/D
0
p. Then by the commutative diagram in lemma 8.14 we have

that measures on E(Kv) and Dp/D
0
p = DdR(VpE)/D+

dR(VpE) agree.

For the formulation of the Tamagawa number conjecture we need to compute

values of measure µl(A(Qp)) for all possible cases of l and p including ∞. We

will do that in a few steps.

Bloch and Kato discuss the case of abelian variety with good reduction over

p to define µp, however all bad reduction cases remain unsolved. We will

recall results on good reduction for completeness and compute measure in bad

reduction.

9.1.1 Measures in the case l 6= p

Instead of cohomology groups H1
∗ (Qp, V ) for ∗ ∈ {e, f, g} Bloch and Kato

consider cohomology with coefficients in GQp-stable Zl-sublattice T in V and

in case when l 6= p they state the following (Theorem 4.1 in [BK90])

Lemma 9.8. Let Vl be an l−adic representation unramified at p 6= l and

Tl ⊂ Vl be a GQp-stable sublattice.

Then the number of elements in H1
f (Qp, Tl) equals the value of |PQp(Vl, 1)|−1

l ,

where PQp(Vl, 1) = PQl,p(Vl, 1) is defined in 2.1. Therefore we have

|H1
f (Qp, Tl)| = µl(A(Qp)) = |PQp(Vl, 1)|−1

l .

Corollary 9.9. The lemma above holds for ramified representation if instead

of Tl we consider invariants of inertia T
Ip
l and we will prove the statement
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in this setting. For the case of elliptic curve E we allow bad reduction at p

and the lemma implies that µl(H
1
f (Qp, Tl)) = |cp|−1

l |P (Vl, 1)|−1
l where cp is the

number of connected components in the Neron model of E over Qp viewed as

an l-adic number.

Before proving Lemma 9.8 we consider a couple of helpful statements that

must be proven before we start counting elements in a group H1
f (Qp, Tl). We

just want to know it is finite.

Lemma 9.10. For V = VlE and Kv a finite extension of Qp we have the

following:

• dimH0(Kv, VlE) = 0;

• dimH1(Kv, VlE) =


0, if l 6= p

2[Kv : Qp], l = p.

• for l 6= p we have dimH1
f (Kv, VlE) = dimH0(Kv, VlE) = 0;

Note that we do not put any requirements on the action of inertia on VlE, i.e.

VlE is allowed to be ramified at p.

Proof. The first assertion is easy, since E(Kv) has finite torsion bit. Namely

because by Proposition VII.6.3 in [Sil09] E(Kv) contains a subgroup of finite

index isomorphic to O+
Kv

which is free over Z+
p .

The second follows from the first by duality on cohomology groups

H i(Kv, Vl)×H2−i(Kv, V
∗
l (1))→ H2(Kv,Ql(1)) ' Ql.

Then we get dimH2(Kv, V
∗
l (1)) = dimH0(Kv, Vl) = 0 by above, where for an

elliptic curve VlE
∗(1) = VlE. Then the formula follows from Euler character-

istic for group cohomology (a corollary of Lefschetz trace formula for identity
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map).

dimH0(Kv, Vl)−dimH1(Kv, Vl)+dimH2(Kv, Vl) =


0, if l 6= p

−[Kv : Qp] dimVlE, l = p.

Recall the Definition 6.2 of unramified cohomology for the case l 6= p

H1
f (Kv, VlE) = H1

ur(Kv, VlE) := ker(H1(Kv, VlE)→ H1(Iv, VlE)).

By inflation-restriction sequence we can write

H1
ur(Kv, VlE) = H1(GKv/Iv, V

Iv
l ).

On the other hand we have GKv/Iv ' Ẑ a group with cohomological dimension

1 and a property of dimH0(Ẑ, V ) = dimH1(Ẑ, V ) for any p-adic representation

V , see [Ser79]. Then

dimH1(GKv/Iv, V
Iv
l ) = dimH0(GKv/Iv, V

Iv
l )

which is in turn dimH0(GKv , Vl) = 0 by the first property.

Note a similarity of the second point with the Greenberg’s theorem 1.5.

Proof. of the Lemma 9.8 By previous lemma we see that dimH0(〈Fr〉, V Iv
l ) =

0 = dimH1(〈Fr〉, V Iv
l ) so we may try to compute a number of elements in

the torsion subgroup of H1(〈Fr〉, T Ivl ) for a lattice Tl ⊂ Vl. By definition

P (Vl, 1) = det(1− Fr |V Iv
l ) then by the Lemma 2.7

| det(1− Fr |V Iv
l )|−1

l Zl = det coker(T Ivl
1−Fr−→ T Ivl ) = H1(〈Fr〉, T Ivl ).

Here by 〈a〉 we denote a cyclic group, generated by a. On the other hand by
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definition of unramified cohomology we have as above

H1
f (Kv, T

Iv
l ) = H1

ur(Kv, T
Iv
l ) = ker(H1(GKv , T

Iv
l )→ H1(Iv, T

Iv
l ))

while inflation-restriction sequence implies

H1(GKv/Iv, T
Iv
l ) = ker(H1(GKv , T

Iv
l )→ H1(Iv, T

Iv
l )GKv/Iv).

It is crucial at this point that the inertia group acts trivially on Tl in case

of good reduction, otherwise we take T Ivl for a ramified representation, which

means H1(Iv, T
Iv
l ) = 0 which implies

H1
f (Kv, T

Iv
l ) ' H1(GKv/Iv, T

Iv
l ) ' H1(〈Fr〉, T Ivl ).

We have used here isomorphisms Gal(K/Kur) ' GKv/Iv ' Ẑ = 〈Fr〉 where

the last one is topologically generated by the Frobenius map.

Then by results from section about determinants Lemma 2.7 and Example 2.6

we obtain the size of the torsion subgroup in H1(〈Fr〉, T Ivl ) as:

|H1(〈Fr〉, T Ivl )tor| = | det(1− Fr |V Iv
l )|−1

l .

In case of Kv = Qp we get precisely |H1
f (Qp, Tl)| = |P (Vl, 1)|−1

l .

Proof. of the Corollary 9.9 The proof of lemma above written for Vl = VlE

holds until the ramified representation comes into picture. From now assume

that E has bad reduction at p and we want to compute µl(H
1
f (Qp, Tl)). Then

there is a piece of inflation-restriction sequence that looks like

0→ H1(GQp/Ip, T
Ip
l )→ H1(Qp, Tl)→ H1(Ip, Tl)

GQp/Ip → 0.

Now we would like to know a bit more about H1(Ip, Tl) and especially a part
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of it H1(Ip, Tl)
GQp/Ip . Lets have a look at the short exact sequence

0→ Tl → Vl → Vl/Tl → 0

and the corresponding long exact cohomology sequence of the inertia Ip with

coefficients in this sequence. Then

H1(Ip, Tl) ' coker(V
Ip
l → (Vl/Tl)

Ip); (9.2)

since H1(Ip, Vl) = 0 and H1(GQp/Ip, V
Ip
l ) = H1

f (GQp , Vl) = 0 we obtain from

the long exact sequence of cohomology groups of GQp/Ip ' Gal(Qnr
p /Qp) that

H1(Ip, T
GQp/Ip
l ) = 0. When we are working with finite abelian groups

0→ H ↪→ G→ G/H → 0

we get for the number of elements: |G| = |H| · |G/H|. Applying this to our

short exact sequences together with the definition of H1
f and the short exact

sequence for H1(GQp/Ip, T
Ip
l ) above we see that

|H1
f (Qp, Tl)|

|H1(GQp/Ip, T
Ip
l )|

=
|H1(Ip, T

GQp/Ip
l )|

|H1(Ip, Tl)|
. (9.3)

By previous lemma we have µ(H1(GQp/Ip, T
Ip
l )) = | det(1− Fr |V Iv

l )|−1
l .

We will prove that coker(V
Ip
l

f→ (Vl/Tl)
Ip) ' Φ(Fp) the group of connected

components in the Neron model of E over Zp and it will solve the problem. To

see that the map f is not surjective consider an element from Ip looking like1 0

l 1

 we have seen before in the proof of the Lemma 2.13 that the inertia

group consists of elements of this sort. Then this matrix fixes elements in V
Ip
l

killed by l, but since Vl is a free Ql-module, then there is only 0 among such

elements. On the other hand in (Vl/Tl)
Ip there is whole E[l](Qnr

p ) fixed by the

matrix above.
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Now by the Fact 6.4 we have V
Ip
l ' Vl(E0) = Vl(E(OQnrp )) so we are dealing with

connected components in the Neron model here. If we take an element from

Vl(E0) and apply f to it, then this point will go to some connected component,

all of which are isomorphic to Vl/Tl(E0), thus cokernel of map f is exactly the

group of connected components.

By definition the Tamagawa number cp = |Φ(Fp)|, so by formula 9.3 above the

reasoning implies that |H1
f (Qp, Tl)| = |H1(Ip, Tl)|−1|H1(GQp/Ip, T

Ip
l )| so the

l-adic measure is µl(H
1
f (Qp, Tl)) = |cp|−1

l | det(1− Fr |V Iv
l )|−1

l .

9.1.2 Measures in the case l = p

The case of l = p is more subtle. When we work in the situation of crystalline

representation Vp there is a way due to Fontaine and Laffaille to construct a

Galois stable sublattice Tp of Vp and introduce a Haar measure on H1
f (Qp, Tp)

coming from filtration and measure on DdR(Vp). Then Bloch and Kato prove

in theorem 4.1 of [BK90] the following

Theorem 9.11. Assume p = l, let V be a finite dimensional representation

of GQp and assume V is a de Rham representation, then

• There is an isomorphism of groups H1
e (Qp, V ) ' H1

f (Qp, V ).

• The exponential map expBK : DdR(V )/F il0DdR(V ) → H1
e (Qp, V ) is an

isomorphism. We define a Haar measure on H1
f (Qp, V ) coming from

Haar measure on DdR(V )/F il0DdR(V ) via an isomorphism (1).

• If V is crystalline and DdR(V ) is a Dieudonne module, we can take a

strongly divisible lattice D ∈ DdR(V ) and a Galois stable lattice T =

Tcris(D) ⊂ V . Then µp(H
1
f (Qp, T )) = |P (V, 1)|−1

p for a normalized valu-

ation defined by p.

For our case this means by definition of A(Qp) that µp(A(Qp)) = Pp(Vp, 1) in

the case of good reduction prime. The −1 degree is gone since the valuation is
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normalized as |p|p = p−1 and the value of Pp(V, 1) is the power of p and thus

its p-adic norm |Pp(V, 1)|p is nothing but itself inverted.

The next task is to define measure µp on A(Qp) for primes l = p at which our

elliptic curve E has bad reduction which means that representation VpE is not

crystalline. The rest of the chapter is dedicated to the proof of the following

lemma and its highly important consequence. Assume we are in the situation

with a semi-stable p-adic representation V .

Lemma 9.12. Let V be a semi-stable p-adic representation. For a finitely

generated Zp-submodule D in the Dieudonne module Dst(V ) which inherits a

filtration from DdR(V ) with a property of D =
∑
p−i Fr(FiliD) the following

is true: consider a Galois stable lattice T ⊂ V defined as T := Tst(D). Then

µp(H
1
f (Qp, T )) = |P (V, 1)|−1

p = | det(1− Fr |Dst(V )N=0)|−1
p .

Note that the same statement holds as well in the case of crystalline represen-

tation Vp, since in that case Dst(V ) = Dcris(V ) and we come to the statement

of the Lemma 4.1 (iii) in [BK90].

Remark 9.13. We should explain why we changed the common notation in

the lemma. The reason is we have Dst(V )N=0 = Dcris(V ) whenever V is

a finite-dimensional vector space over Qp. Namely we take the short exact

sequence:

0→ Bcris → Bst
N→ Bst → 0

and tensor it with V . Since V is a free Qp-module it is flat as Qp-algebra so

tensoring with V is left-exact. After that we take cohomology of Gal(Qp/Qp)

with coefficients in the obtained short exact sequence to find out that

0→ Dcris(V )→ Dst(V )
N→ Dst(V )→ ...

Therefore Dcris(V ) is the kernel of the monodromy operator acting on Dst(V ).
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Corollary 9.14. Let E be an elliptic curve over Qp with semi-stable reduc-

tion at p. Then the Lemma 9.12 implies that the measure of finite cohomol-

ogy with coefficients in the integral Tate module TpE equals µ(H1
f (Qp, TpE)) =

|cp|−1
p |P (VpE, 1)|−1

p and in case of good reduction the measure is µ(H1
f (Qp, TpE)) =

|P (VpE, 1)|−1
p . Where cp is the number of elements in the group of connected

components of the special fiber of the Neron model of E.

We immediately notice the similarity with the Corollary 9.9, indeed this is just

the l = p version of the above.

Note that for the case of Vp = VpE with E of good reduction at p the special

fiber of the Neron model is a connected group, so cp = 1 so the statement of

the second assertion of the Corollary 9.14 is just partial case of the first.

The following useful statement is completely analogous to the Lemma 4.3 in

[BK90], but for modules with monodromy action.

Lemma 9.15. The category of filtered Dieudonne modules with connection

MFϕK , N over Zp has the initial object O with filtration defined by

FiliO =


Zp, if i ≤ 0;

0 otherwise.

Frobenius operator on filtered pieces is given by Fri(Fil
iO) ⊂ p−i Frp, where

Frp is the Witt vector Frobenius acting on Zp, and the action of the monodromy

operator is trivial N(x) = 0 for x ∈ FiliO.

For an object Dp ∈MFϕK , N consider the short exact sequence

0→ h0(Dp)→ D0
p

1−Fr−→ Dp → h1(Dp)→ 0

Define the objects h0(Dp) and h1(Dp) as corresponding kernel and cokernel in

the sequence. Then hi(Dp) = ExtiZp(O, Dp).

To prove Lemma 9.12 we need another useful statement analogous to the

Lemma 4.5 in [BK90].
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Lemma 9.16. Assume that a filtered Dieudonne module Dp with connection

has bounded by p filtration, i.e. there are integers i ≤ 0, j ≥ 1 such that

j − i < p and Di
p = Dp with Dj

p = 0. Denote by T = Tst(Dp) with V = T ⊗Q.

Recall that for usual Ext we have ExtiZp[GQp ](Zp, T ) = H i(Qp, T ).

Denote by θi : hi = ExtiZp(Zp, Dp) → ExtiZp[GQp ](Zp, Tst(Dp)) for hi defined in

the previous lemma. Then

• θ0 is an isomorphism, and θ1 is an injection.

• There is a commutative diagram with exact rows:

h0(Dp)⊗Q D0
p ⊗Q Dp ⊗Q h1(Dp)⊗Q

H0(Qp, V ) Dst(V )⊕D+
dR(V ) Dst(V )⊕DdR(V ) H1(Qp, V )

θ0

1−Fr

θ1

(9.4)

where the middle vertical arrows send x 7→ (x, x) and x 7→ (x, 0).

Since V is semi-stable we get Dp ⊗ Q ' Dst(V ) ' DdR(V ). Then it follows

from diagram that h1(Dp)⊗Q ' H1
est(Qp, V ) and we get the following explicit

description of the exponential map:

Dp/D
0
p ⊗Q H1(Qp, V )

Dp/(1− Fr0)D0
p ⊗Q h1(Dp)⊗Q

exp

1−Fr θ1

On the integral side the following is true: If Dp is torsion-free then there is an

injection h1(Dp)
θ1
↪→ H1(Qp, T ) which induces an isomorphism

h1(Dp) ' H1
st(Qp, T ) := ker(H1(Qp, T )→ H1(Qp, V )/H1

st(Qp, V ));
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so we can drop tensoring with Q from the diagram above

Dp/D
0
p H1(Qp, T )

Dp/(1− Fr0)D0
p h1(Dp)

exp

1−Fr θ1

Proof. The injectivity of θ1 and the assertion about θ0 being an isomorphism

follows from fully-faithfulness of the functor Tst by the Theorem 8.12. Namely

by the definition of Tst we have for the initial Dieudonne module with con-

nection Tst(O) = Zp. Since group cohomology compute right derived to the

functor Hom, then θ0 is immediately an isomorphism and injectivity of θ1 is

the question about injectivity of ExtiZp(Zp, T ) ↪→ H1(Qp, V ).

The exactness of the lower row of the diagram comes from tensoring the exact

sequence in the Lemma 7.16 with V to get

0→ V
a→ (Bst ⊕B+

dR)⊗ V b→ (Bst ⊕BdR)⊗ V → 0.

Where b(x, y) := ((1 − Fr)x, x − y). Afterwards we take the long exact coho-

mology sequence of the absolute Galois group of Qp with coefficients in this

sequence to obtain precisely

0→ H0(Qp, V )→ Dst(V )⊕D+
dR(V )→ Dst(V )⊕DdR(V )→ H1(Qp, V )→ 0

The exactness of the upper row follows from the Lemma 9.15. In order to

prove the commutativity it helps to look at filtered pieces.

Define the Tate twist of a Dieudonne module with connection D in the fol-

lowing way: the ith filtration piece is Di
(r) := Di+r with Frobenius act-

ing as Fri |D(r) := Fri+r |D and monodromy acting via N |Di
(r) := N |Di+r

which means that N : D(r) → D(r+1). Note that this definition agrees with

N Fr = pFrN . Then if we define for M(r) := M ⊗ Qp(r) following theorem
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8.12

Tst(D) = Tst(D(r))(−r)

the result will be independent on r. Then for r such that D1
(r) = 0 and

D2−p
(r) = D(r) we have a commutative diagram with middle vertical arrows

sending x 7→ (x, x), and x 7→ (x, 0):

0 V Fil0(B+
st ⊗D(r))(−r) (B+

st ⊗D(r))(−r) 0

0 V (Bst ⊗ V )⊕ (B+
dR ⊗ V ) (Bst ⊗ V )⊕ (BdR ⊗ V ) 0

(1−Fr)

(9.5)

Where 1−Fr in the upper row is surjective by Lemma 7.16. The commutativity

follows from the Lemma 3.8.1 in [BK90] which means that the map B+
dR⊗V →

BdR ⊗ V is surjective.

By applying long exact cohomology sequence for Gal(Qp/Qp) with coefficients

in the Diagram above 9.5 we get the statement of lemma, not yet involving

integrality as one has to be careful with it.

It follows from the exactness of the Diagram 9.4 that

H1
st(Qp, V ) ' coker(DdR(V )

1−Fr−→ DdR(V ))

with Dp = DdR(V ). Thus in the case of semi-stable representation V we are

working with coker(Dst(V )
1−Fr−→ Dst(V ))

We come to the integral part. For ∗ ∈ {e, f, g, st, est} the group H1
∗ (K,T )

is defined so there is a natural arrow H1
∗ (K,T ) → H1

∗ (K,V ) fitting into the

commutative diagram:

H1
∗ (K,T ) H1

∗ (K,V )

H1(K,T ) H1(K,V )

H1(K,V )/H1
∗ (K,V )
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We know already that h1(Dp)⊗Q→̃H1
e (Qp, V ) ↪→ H1(Qp, V ), then the injec-

tion h1(Dp) ↪→ H1(Qp, T ) factors through h1(Dp)→ H1
e (Qp, T ). As the coker-

nel of the map H1
e (Qp, T ) ↪→ H1(Qp, T ) is a finite free Zp-module in order to

understand the claim, it is enough to prove that the map h1(Dp) ↪→ H1(Qp, T )

has torsion-free cokernel. As it can only have p-torsion it is enough to prove

that in diagram of two exact columns cokernels are isomorphic

h1(Dp) h1(Dp)

H1(Qp, T ) H1(Qp, T )

Cokernel1 Cokernel2

p

But this follows from hi(Dp/pDp) → H i(Qp, T/pT ) having zero cokernels for

i = 0, 1.

Remark 9.17. Note that by definition of Tst and the Dieudonne-Tate twist

the following diagram is also commutative:

0 V Fil0(B+
st ⊗D(r))

N=0(−r) (B+
st ⊗D(r))

N=0(−r) 0

0 V (Bst ⊗ V )N=0 ⊕ (B+
dR ⊗ V ) (Bst ⊗ V )N=0 ⊕ (BdR ⊗ V ) ...

(1−Fr)

Where in place of ... we have the continuation of the long exact cohomology

sequence for N .

→ H1(〈N〉, V )→ H1(〈N〉,Dst(V ))→ ...

It follows from lemma that we also have the isomorphism between h1(Dp) and a

part of H1
est(Qp, V ) fixed by monodromy which can be defined as ker(H1(Qp, V )→

H1(Qp, (Best⊗V )N=0)). By definition of Be and Best we get (Best⊗V )N=0 '

(Be⊗V ) so the monodromy fixed part of H1
est(Qp, V ) is just the exponential co-

homology group H1
e (Qp, V ) which is isomorphic to H1

f (Qp, V ) by the Theorem

9.11.
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In the case of crystalline representation the action of monodromy on Dst(V ) =

Dcris(V ) is trivial, so all the first cohomology groups H1(〈N〉,Dst(V )) are

trivial.

Proof. of Lemma 9.12 By properties of the determinant in order to prove

the lemma we should represent H1
f (Qp, T ) as a cokernel of 1 − Fr acting on

Dst(V )N=0.

We have seen already that whenever a p-adic representation is semi-stable, it

is de Rham, so by Theorem 9.11 we need to do the same for H1
e (Qp, T ) '

H1
f (Qp, T ).

Then lemma follows from a general statement of the Lemma 9.16 as shown

in the Remark 9.17. The integral part of Lemma states that µ(H1
f (Qp, T )) =

µ(h1(Dp)) while by Lemma 9.15 and by definition of determinant we have the

measure µ(H1
st(Qp, T )) = | det(1 − Fr)|Dst(V )|−1

p . On top of that we get by

the Remark above the following measurement

µ(h1(Dst(V )N=0)) = |h1(Dst(V )N=0)tors| = | det(1− Fr)|Dst(V )N=0|.

Moreover in the case of a crystalline representation we have found out that

µ(H1
f (Qp, T )) = | det(1 − Fr)|Dcris(V )|−1

p which is precisely part of the state-

ment of the Lemma 4.1 in [BK90].

Again since we work with Zp-module the number of elements in the torsion

part of a module equals to inverse of its p−adic norm.

Proof. of the Corollary 9.14 We start with computation of dimH1
f (Qp, VpE).

We have seen already in the Lemma 9.10 that dimH1(Qp, VpE) = 2 and by

the Theorem 8.17 and by the Lemma 9.10 we see that

dimH1
f (Qp, VpE) = dim(DdR(VpE)/D+

dR(VpE)) = 1.

Then H1
f (Qp, TpE) is a Zp-module of rank 1 and we are interested in the size

of its torsion bit.
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First we deal with the case of good reduction for its simplicity since it follows

from the Lemma 9.12. Recall that in our case the representation V = VpE

is crystalline, so Dcris(VpE) = Dst(VpE) = DdR(VpE) then the statement of

Lemma 9.12 is just the Lemma 4.5 in [BK90].

We substitute Dp = Dst(VpE) ' Dcris(VpE) into the statement of the integral

part of the Lemma 9.16 then we get T = Tst(VpE) = TpE which then implies

h1(Dst(VpE)) ' H1
f (Qp, TpE) and the exponential map is the composition

expBK = θ1 ◦ (1− Fr) : DdR(VpE)/D+
dR(VpE)→ H1

f (Qp, TpE).

On the other hand the Lemma 9.15 allows to compute the measure of h1(DdR(VpE))

as determinant of 1−Fr. Which gives the desired measure of Bloch-Kato Selmer

group µ(H1
f (Qp, TpE)) = |P (Vp, 1)|−1

p .

Also we know that in case of good reduction of E at p the Neron model E

consists from only one component so cp = 1 and the good reduction case is

only a special case of a more general bad reduction statement.

In the case of bad reduction everything is far more tricky. Naturally proving

the statement we want to proceed in a way similar to the proof of Corollary

9.9. The proof of Lemma 9.12 together with discussion on the good reduction

(crystalline) case almost work well.

The item changing everything in this case is the sequence continuing the

lower row of the Diagram 9.5 after taking monodromy invariants as in the

Remark 9.17 since it is no longer trivial. So we want to see what is the group

H1(〈N〉,Dst(V )).

Consider the short exact sequence

0→ TpE → VpE → VpE/TpE → 0.

As Bst is a free Zp-module it is flat and tensoring with it is left-exact, so we



Chapter 9. Groups of points 95

get

0→ TpE ⊗Bst → VpE ⊗Bst → VpE/TpE ⊗Bst → 0.

Now we take long exact sequence of cohomology of the group Gal(Qp/Qp) with

coefficients in the short sequence above.

0→ Dst(TpE)→ Dst(VpE)→ Dst(VpE/TpE)→ H1(Qp, TpE ⊗Bst)→ ...

On the other hand we have TpE ⊗Bst ' VpE ⊗Bst, so the sequence above is

short exact

0→ Dst(TpE)→ Dst(VpE)→ Dst(VpE/TpE)→ 0

If we apply now invariants of monodromy to the sequence above we will get

coker(Dst(VpE)N=0 → Dst(VpE/TpE)N=0) ' H1(〈N = 0〉,Dst(TpE)).

The corollary now follows from the fact 9.18 which is an analogue of the iso-

morphism coker(V
Ip
l

f→ (Vl/Tl)
Ip) ' Φ(Fp) from the case of l 6= p. We will

prove it here.

Fact 9.18. Let E be an elliptic curve over Qp with semi-stable reduction at p.

Then

coker(Dst(VpE)N=0 → Dst(VpE/TpE)N=0) ' Φ(Fp)

for Φ(Fp) – the cyclic group of connected components in the special fiber of the

Neron model E(Zp).

It means that together with an isomorphism h1(Dp) ' H1
e (Qp, VpE) we have

the following diagram

h1(Dp)

coker(Dst(VpE)
1−Fr−→ Dst(VpE)) H1(Qp, VpE) H1(〈N〉,Dst(V ))
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So the desired value of measure of H1
e (Qp, VpE) follows from diagram.

Proof. of the Fact 9.18 By the Theorem of Tate [MP05] an elliptic curve with

semi-stable reduction over a p-adic field is isomorphic to a Tate curve Qp
×
/qZ

up to a twist which does not influence the group of connected components. By

the same result the j-invariant of this curve is represented by a power series

with q−1 as the leading term, therefore vp(j(E)) = −vp(q).

By the theorem of Kodaira and Neron VII.6.1 in [Sil09] the last value is exactly

additive reverse to the order of the cyclic group of connected components

E(Qp)/E0(Qp). On the other hand we know how Tate module looks like in

the case of Tate curve

0→ Qp(1)→ VpE → Qp → 0

The monodromy operator is acting on 2-dimensional space Dst(VpE) is rep-

resented by a matrix

0 q

0 0

. We see that the cokernel in the Formula 9.18

consists of elements in TpE annihilated by monodromy. Since TpE is a Zp-

module of rank 2 the kernel of monodromy is a cyclic group of order vp(q).

Remark 9.19. To prove the Corollary 9.14 an alternative intuitively easy ar-

gument can be used for elliptic curves and abelian varieties only by the Example

3.11 in [BK90]. In that case we have an isomorphism H1
f (Qp, TpE) ' E(Qp),

so we are only looking for a measure of Mordell-Weil group. By Neron mapping

property we have E(Qp) ' E(Zp), denote by E0(Fp) the connected component

of O in the special fiber of the Neron model E, then

0→ E0(Fp)→ E(Fp)→ Φ(Fp)→ 0.

From this sequence we deduce the following: Since E0 is smooth over Zp and
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an open subgroup of E we have a fiber square

E0(Zp) E0(Fp)

E(Zp) E(Fp)

From the isomorphism E(Zp) = E(Qp) we get an open subgroup of E(Qp)

corresponding to E0(Zp), denote it by E0(Qp), then we obtain E(Qp)/E
0(Qp) '

Φ(Fp). Bearing in mind that Tp(Φ(Fp)) = Φ(Fp) since Φ(Fp) is cyclic of order

pn for some n we get

µ(H1
f (Qp, TpE)) = |Φ(Fp)| · µ(H1

f (Qp, TpE0)).

The measure of µ(H1
f (Qp, TpE0)) is computed by the Lemma 9.12.

9.1.3 Primes at ∞

At last it remains to investigate primes of the only other type left by now,

namely archimedean, i.e. we are left with computing µ∞(A(R)).

Lemma 9.20. For the case of an elliptic curve the value of µ∞(E(R)) equals

to det ΩE from the Beilinson Conjecture 5.8.

Proof. Lets have a look at what is det ΩE. In the Remark 5.8 det ΩE is

proven to be c∞
∫
γ+
ω, where c∞ is the number of connected components in

E(R), ω is the Neron differential, and γ is the corresponding generator of

H1,sing(E(C),Q).

Recall the de Rham Theorem 5.6 which induces an isomorphism

αdR : H1
dR(E)⊗ C→ H1

sing(E,Q)⊗ C

which descends to Gal(C/R) invariant subgroups

α+
dR : H1

sing(E,Q)⊗ R→ H1
dR(E)/F il0H1

dR(E)⊗ R.
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Then by definitions of determinant, the pairing from de Rham theorem, and

generators of both H1+
sing(E,Q) and H1

dR(E)/F il0H1
dR(E) we have det ΩE =

detα+
dR. On the other hand the integral

∫
γ+
ω can be defined as an integration

of ω over the real part of H1,sing(E,C), denoted by H+
1,sing(E,R) which is

one-dimensional vector space over R. Consider the lattice Γ ⊂ C defining

j : E(C) ' C/Γ. Then volume vol(E(C)) =
∫
E(C)

dω ∧ ω1, which is by Stokes

theorem equal to integral
∫

Γ
ω ∧ ω1.

Generators γ+, γ− of H1,sing(E,C) together form the boundary of the funda-

mental domain of Γ so we integrate along cycles γ+, γ−. But we are interested

in volume of a connected component of E(R), and to get it we integrate along

the generator of H+
1,sing(E,R). So we consider only the real part of the integral

above, namely
∫
γ+
ω which is det ΩE

c∞
by above.

We have computed measure µ(E(R)), but we were interested in A(R) from the

Definition 9.3. They are the same in our case by the Remark 9.27.

The next step is to define in a natural way global groups A(Q) together with

natural homomorphisms A(Q) → A(Qp) for all p. For that Bloch and Kato

define the group H1
f,Spec(Z)(Q,M ⊗ Ẑ).

Definition 9.21. The group H1
f,Spec(Z)(Q,M⊗Ẑ) is the subgroup of all coho-

mology classes in H1(Q,M ⊗ Ẑ) which under all localization maps H1(Q,M ⊗

Ẑ)→ H1(Qp,M ⊗ Ẑ) land in H1
f (Qp,M ⊗ Ẑ) for all rational primes p ≤ ∞.

Conjecture 9.22. Beilinson, Jannsen

Let M := hm(X)(r) for a smooth proper scheme X with proper regular model

X over Z. Consider a finite dimensional Q-vector space


Φ := Im(gr1(K2r−m−1(X )⊗Q)→ gr1(K2r−m−1(X)⊗Q))

for case of m 6= 2r − 1;

Φm := CHr(X)0 ⊗Q if m = 2r − 1;

sometimes it is called the zeroes motivic cohomology of X. Here CHr(X)0
Q are
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cycles homologically equivalent to 0.

Then there is an isomorphism induced by Chern class map:

Φ⊗ AQ ' H1
f,Spec(Z)(Q, V ⊗ AQ) ⊂ H1(Q, V ⊗ AQ).

Definition 9.23. Assuming the conjecture holds Bloch and Kato define a

subgroup A(Q) ⊂ H1
f,Spec(Z)(Q, V ⊗ AQ) as the preimage of Φ ⊗ 1 under the

above Isomorphism 9.22. It is well defined since the lattice M ⊗ Ẑ is Galois

stable.

Remark 9.24. For a motivic pair (V,D) the groups A(Qp) are defined as finite

Bloch-Kato Selmer groups. We have mentioned already that in our case they

are isomorphic to the p-primary Selmer groups and due to the Fundamental

Exact Sequence 1.4 in the chapter on Selmer groups and Proposition 9.47 this

is up to torsion isomorphic to Mordell-Weil group. This explains notation

A(Qp).

Lemma 9.25. For our main case of M = h1(E)(1) the conjecture holds as

we have only two motivic cohomology groups Φ = 0 and Φ1 ' E(Q) ⊗ Q.

Moreover in this case A(Q) is just the Mordell-Weil group E(Q).

Proof. First we compute Φ1. By definition

Φ1 = CH1(E)0 ⊗Q ' Pic0(E(Q))⊗Q ' E(Q)⊗Q.

For the second part we need to compute the image of E(Q) ⊗ 1 in the group

H1
f,Spec(Z)(Q, V ⊗ AQ) under the above Isomorphism 9.22. Since the group

H1
f,Spec(Z)(Q, V (E)) contains E(Q) and the map 9.22 is injective, we get the

E(Q) itself.

Conjecture 9.26. Beilinson

For X and Φ as in the Conjecture 9.22 in case if m 6= 2r − 1, 2r − 2 the
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regulator map induces an isomorphism:

Reg : Φ⊗ R ' Hm
dR(X)/(FilrHm

dR(X) +Hm(X(C),R(2πi)r))Gal(C/R).

Remark 9.27. It is easy to see that in case of M = h1(E)(1) this conjec-

ture means E(Q)⊗R ' (H1
dR(E/C)/(H0(E,Ω1

E)+H1(E(C),Q(2πi))))Gal(C/R)

which is true by the Definition 9.3.

We can find natural homomorphisms A(Q)→ A(Qp) induced by

H1
f,Spec(Z)(Q,M ⊗ Ẑ)→ H1

f (Q,M ⊗ Ẑ),

and we will prove later in the Lemma 9.44 that all torsion elements in A(Q)

are coming from Galois fixed part of H1(E(C),Q(2πi))⊗Q/Z.

9.2 Motives and L-functions

We have already mentioned motives in this thesis a couple of times, but now

we want to give some notion of pure motives and their weights. This is again

classical theory but we recall it here briefly for completeness. For reasons and

motivations see [Mil13].

Definition 9.28. We define the category MOT (Q) of Grothendieck mo-

tives over Q in the following way:

• For every smooth projective variety X/Q and an integer number n ∈ Z

we have an object (X, e, n) ∈ MOT (Q), where e ∈ End(X,X) is an

idempotent which is often omitted from notation.

• Morphisms inMOT (Q) are Hom((X, e, n), (Y, f,m)) := f ◦CdimX(X×

Y )◦e, where CdimX+m−n(X×Y ) is the group of correspondences from X

to Y of degree m−n defining algebraic cycles up to numerical equivalence

of degree dimX +m− n in X × Y .

This category has a number of interesting properties:
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• The category MOT (Q) is semi-simple and abelian;

• The Hom sets are finite-dimensional Q-vector spaces;

• There is a notion of direct sum of motives: (X, e, n)⊕ (Y, f, n) := (X t

Y, e⊕ f, n);

• There is a notion of tensor product of motives: (X, e, n) ⊗ (Y, f,m) :=

(X × Y, e× f, n+m);

• There is a notion of a dual motive (X, e, n)∨ together with the universal

evaluation map ev : (X, e, n)⊗ (X, e, n)∨ → (P1, 0, 0).

We generally deal with a motive via its realizations, naturally we want real-

izations of a motive defined by a variety X to represent various cohomology

theories of X. We will show the true nature of realizations of a motive (X, e, n).

Consider a cohomology theory H over some field K, then there is a functor

F :MOT (Q)→ Vect(K) such that:

F (X, e, 0) = H∗(X) =
2 dimX⊕
i=0

H i(X).

Conjecturally (X, e, 0) itself can be decomposed into a direct sum
⊕2 dimX

0 (X, ei, 0)

mapping into the above summandwise. Further on we will denote motive

(X, ei, n) by hi(X)(n).

Example 9.29. Consider a motiveM = (X, ei, n), then the realizations

• The l-adic realization Ml is a finite dimensional Ql-linear represen-

tation of GQ. In our case it is the space of etale cohomology of X. We

have Ml = H i
et(X,Ql)(n).

• The Betti realizationMB is a finite dimensional Q-vector space with

an action of complex conjugation and a Hodge structure

MB ⊗ C ' H i,j
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where H i,j are C-vector spaces and complex conjugation acts as ιH i,j :=

Hj,i.

In our case it is the Betti cohomology of X, namely MB = H i((X ×

C)(C),Q(n)).

• The de Rham realizationMdR is a finite-dimensional Q-vector space

equipped with a decreasing exhaustive filtration FilkMdR. In our case it

is the de Rham cohomology of X, we have MdR = H i(XZar,Ω
•
X/Q)(n)

with filtration defined by FilkMdR = H i(XZar,Ω
≥k+n
X/Q ).

These realizations satisfy classical and p-adic Hodge theory comparison theo-

rems. And we define the rank of a motive as

rankM := dimQMB = dimQMdR = dimQlMl.

We recall here the common definition of the motivic L-function L(M, s), see

also [Nek94].

Definition 9.30. For a pure motive M over the field Q we define the local

L-factor at prime p 6= l as

Pp(M, s) := det(1− Fr−1
p l−s;MIp

l ).

For a prime l = p the local L-factor looks like

Pp(M, s) := det(1− Fr−1
p l−s; Dcris(Mp)).

For archimedean primes we define the L-function for two motives and in the

rest of cases it is uniquely determined by properties of motivic L-function below.

If M is of rank 1 and has de Rham realization of Hodge type (0, 0), then

P∞(M, s) := ΓR(s) = π−s/2Γ(s/2);
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If M is of rank 2 and has de Rham realization of Hodge type (k, 0) + (0, k) for

k > 0, then

P∞(M, s) := ΓC(s) = ΓR(s)ΓR(s+ 1).

The global motivic L-function for a finite set of places S 3 ∞ is defined as the

product

LS(M, s) :=
∏
p

Pp(M, s)−1.

Remark 9.31. Local L-factors satisfy the following properties:

Pp(M(n), s) := Pp(M, s+ n);

Pp(M1 ⊕M2, s) := Pp(M1, s)Pp(M2, s);

(9.6)

Remark 9.32. Consider a motive M = h1(E)(1) for an elliptic curve E.

Note that the motivic L-function used by Bloch and Kato needs to be twisted

in this case by 1, because L(M(1), s) = L(M, s + 1) so further instead of the

value of L-function at 0 we will always consider its value at 1.

It follows directly from definitions that for the motive M = h1(E)(1) the L-

function coincides with the L-function for elliptic curve E defined in 2.2, since

in this case all the corresponding local L-factors coincide.

Remark 9.33. A conjecture on weights According to definition in [Nek94]

the motive M = hi(X)(n) has weights w := i− 2n.

An alternative definition of weight by Bloch and Kato says that a motive M

has weight w if for all non-archimedean primes p the polynomial Pp(M, s) is

of the form
∏

(1 − αis) such that |αi| ≤ pw/2. In this case the L-function

converges absolutely for Re(s) > w/2 + 1.

It is not known however why two different definitions give the same result of

motivic weight.

Lemma 9.34. For the case of M = h1(E)(1) the Euler product of motivic

L-function defined above converges absolutely for all s > 1
2
.

Proof. First note that by the Example above 9.29 for a motive coming from
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an elliptic curveM = h1(E)(1) the etale realization is the dual to the rational

Tate module Ml = H1
et(E,Ql) = Vl(E)∨ by the Fact 2.12.

For an elliptic curve we know how local Euler factors look like in the Lemma

2.13. In case of quadratic polynomial, namely for primes of good reduction

we can write it down as (1 − αl−s)(1 − β−s), where α, β are eigenvalues of

Frobenius map. Then their absolute values |αp| = |βp| = p−1/2.

For the product
∏

p 6∈S det(1− Fr−1
p p−s;MIp

l )−1 to converge we need the series∑
p(αp + βp)p

−s to converge, which absolute value is less than 2
∑
p−1/2p−s

and converges for −Re s− 1
2
< −1.

9.2.1 Formulation of the conjecture

A motive M = hi(X) corresponds to a motivic pair by defining V := MB,

then MB ⊗ AQ '
∏′

lMl, where the product of all the H i
et(X,Ql) is taken

with respect to H i
et(X,Zl). Since DdR(Vl) are defined locally for each l the

corresponding D :=MdR is defined.

Before we define measure on the product of all A(Qp) we should recall the

following fact about the L-function of an elliptic curve.

Theorem 9.35. [Wil95] From now until the end of this section we will be

working with an elliptic curve E with finite set S of rational primes of bad

reduction containing ∞. Consider the corresponding L-function L(E, s) which

can be analytically continued to Re(s) > 1−ε for ε = 1
2

as we have seen above.

In our case of M = h1(E)(1) the L-function of elliptic curve corresponds to

an L-function of a cusp form by the Theorem of Taylor and Wiles.

Therefore just like in the Definition 5.9 [BK90] we can define a measure on the

adelic product
∏

p≤∞A(Qp) as

µ := | lim
s→0

(s− 1)kL(E, s)−1|µ∞
∏
p∈Z

(Pp(V, 1)−1µp). (9.7)

Here k is the order of vanishing of L(E, s) at 1. Moreover by Lemmas 9.8,
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and 9.14 the adelic measure above is well-defined since it contains only finite

amount of multiples not equal to 1.

Definition 9.36. In case of a motive M of pure weight −1 we consider

corresponding motivic pair (V,D) and a lattice T ⊂ V as defined in the previous

section. Then in [BK90] the Tamagawa number is defined as

Tam(M) = Tam(V,D) :=
µ(
∏

pA(Qp)) · R
|A(Q)tor|

.

Where R is the determinant of the height pairing defined in 5.4.

Remark 9.37. Note that it doesn’t quite correspond to the usual Tamagawa

number in BSD conjecture, but instead it cares about regulator as well. But

even more it can also be seen why Tamagawa number in Bloch-Kato conjecture

is called so. In fact in the BSD conjecture items about regulator and Tamagawa

number encode some ”volume” of certain archimedean groups, so they can be

understood as measures of certain groups.

Originally in the most general case of motives of weight ≤ −3 the Tamagawa

number was defined in a bit different way. Namely

Definition 9.38.

Tam(V,D) := µ
(∏

p

A(Qp)

A(Q)

)

However in our case the definition containing regulator is more viable. More-

over both definitions are equivalent. For an elliptic curve E we characterized

regulator as the volume of the fundamental domain of the lattice E(Q)/E(Q)tor

inside E(R). We have also proven in the Proposition 5.10 that the usual Neron-

Tate height pairing coincides with Beilinson height pairing defined in 5.4. Then

by the original definition of Tamagawa number we have:

µ(
∏

pE(Qp))

µ(E(Q))
=
µ(
∏

p<∞E(Qp))µ(E(R))

µ(E(Q))
=

µ(
∏

p<∞E(Qp))µ(E(R))

µ(E(Q)/E(Q)tor) · |E(Q)tor|
=
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=
µ(
∏

p<∞E(Qp))Reg

|E(Q)tor|
.

Definition 9.39. For a motivic pair (V,D) with lattice M Bloch and Kato

define the analogue of Tate-Shafarevich group as:

X(T )BK := ker
(H1(Q, T ⊗Q/Z)

A(Q)⊗Q/Z
αT−→

⊕
p≤∞

H1(Qp, T ⊗Q/Z)

A(Qp)⊗Q/Z

)
(9.8)

We will prove in the Lemma 9.43 that in our case this is usual Tate-Shafarevich

group of elliptic curve. One may view the map in the Definition 9.39 as a

short exact sequence with kerαM and cokerαM on its sides then it is proven in

[BK90] that cokerαM is finite. We can not quite talk about Euler characteristic

of this sequence as some items participating in it are infinite. However we can

encode their relation in the Tamagawa number and make one useful classic

assumption:

Conjecture 9.40. As defined in 9.39 the Tate-Shafarevich group XBK is of

finite order.

In such case we may consider Euler characteristic of this sequence.

Lemma 9.41. Define χ(T ) := Tam(T ) · |XBK(T )| · |cokerαT |−1 the inverse

to the Euler characteristic of the exact sequence defining XBK. Then for any

lattice T ′ ⊂ V with T ′ ⊗ Ẑ Galois stable in V ⊗ AQ we have X(T ′) finite as

well and moreover χ(T ) = χ(T ′).

This lemma is proven in the Chapter 5 of [BK90] and it is the promised earlier

reason not to care much about lattice T , we will further denote everything as

depending on the motivic pair (V,D) only, which is equivalent data to a motive.

Altogether this comes to the formulation of Tamagawa number conjecture by

Bloch and Kato.

Conjecture 9.42. Tamagawa number conjecture

For a motivic pair (V,D) consider a Galois stable Z-lattice T in V . Then the

value of the corresponding Euler characteristic χ(T ) = 1.
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Our main result of this chapter is to see what does it mean for the L-function

of an elliptic curve E when (V,D) = (V := H1(E(C),Q(2πi)),DdR(V )). The

answer is that the Birch and Swinnerton-Dyer conjecture can be deduced from

the Tamagawa number conjecture. We will do it in a few steps each of which

is taking part of the formula in the Lemma 9.41 above and viewing it in the

case of elliptic curve. The first step is to look at the Tate-Shafarevich group.

Lemma 9.43. In the case when M = h1(E)(1) with V = H1(E(C),Q(2πi))

and D = H1
dR(E/Q) for the lattice T = H1(E(C),Z(2πi)) we have X(T )BK =

X(E/Q).

Proof. To prove it we remember the short exact sequence from Selmer groups

chapter for any integer m:

0→ E(Q)[m]→ E(Q)
[m]→ E(Q)→ 0

and take cohomology of GQ with coefficients in this sequence. Then

0→ E(Q)[m]→ E(Q)
[m]→ E(Q)→ H1(Q, E(Q)[m])→ H1(Q, E(Q))→ 0

The first term is zero for big enough m and the last arrow is clearly surjective.

Then we can rewrite this sequence as:

0→ E(Q)/mE(Q)→ H1(Q, E(Q)[m])→ H1(Q, E(Q))→ 0 (9.9)

Note that for m = pn we have E(Q)[pn] ' TpE/p
n for any prime p. Then

taking the direct limit over all n which is left-exact in our case:

0→ E(Q)⊗Qp/Zp → H1(Q, TpE ⊗Qp/Zp)→ H1(Q, E(Q))→ 0

From this sequence we obtain an isomorphism:

H1(Q, E(Q)) ' H1(Q, TpE ⊗Qp/Zp)
E(Q)⊗Qp/Zp
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Since it’s valid for all primes p we can replace TpE with T (E). The above

construction works well for all Qp instead of Q so we have isomorphisms:

H1(Qp, E(Qp)) '
H1(Qp, T (E)⊗Q/Z)

E(Qp)⊗Q/Z

which means that the Definition 9.39 recovers the original Definition 1.4 of

Tate-Shafarevich group from the chapter on Selmer groups.

Next we would like to understand what is cokerαT .

Lemma 9.44. • In general for a motivic pair associated to an algebraic

variety a Z-lattice T = Hm(X,Z(2πi)r) in space V = Hm(X,Q(2πi)r)

the cokerαT is finite and there is an isomorphism between H0(Q, T ∗ ⊗

Q/Z(2πi))∗ and cokerαT .

• For a Z-lattice T in a space V there is an isomorphism A(Q)tor '

H0(Q, T ⊗Q/Z).

Here we denote by T ∗ := Hom(T,Z) the dual lattice to T . For the case of ellip-

tic curve we have T = H1(E(C),Z(2πi)), so T ∗⊗Q/Z(2πi) ' H1(E(C),Q/Z).

Then for an elliptic curve the second part means H0(Q, T ∗ ⊗ Q/Z(2πi)) '

E∨(Q)tor. By the Tate duality we get then

E(Q)tor ' E∨(Q)tor ' H0(Q, T ∗ ⊗Q/Z(2πi))∗ ' cokerαT .

This would mean that number of elements in cokerαT equals number of ele-

ments in A(Q)tor.

Proof. The first part is the Lemma 5.14 in [BK90] which is proven in the

article. The second part is the Lemma 5.10 (i) which was not proven there.

By the Definition 9.23 the group A(Q) in general is the finitely generated

abelian group such that

A(Q)⊗ Ẑ ' H1
f,Spec(Z)(Q, T ⊗ Ẑ).
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which means that torsion in A(Q) is isomorphic to torsion in H1
f,Spec(Z)(Q, T ⊗

Ẑ). From now we will consider T = H1(E(C),Z(2πi)), then T ⊗ Ẑ ' T (E).

First we want to prove that

Fact 9.45. H1
f,Spec(Z)(Q, T (E))tor ' H1(Q, T (E))tor.

Proof. By definition of H1
f,Spec(Z) we have for any p a commutative diagram:

0 H1
f,Spec(Z)(Q, T (E))tor H1(Q, T (E))tor

0 H1
f (Qp, T (E))tor H1(Qp, T (E))tor H1(IQp , T (E))tor

where the last arrow comes from the Definition of H1
f (Qp, T (E)) as an unrami-

fied cohomology 6.2. To prove the Fact above we need only that H1(IQp , T (E))

has no torsion for any prime p. That meansH1
f (Qp, T (E))tor ' H1(Qp, T (E))tor

and the fact follows from diagram.

We have mentioned in the Lemma 2.13 that in the case of primes of good

reduction the inertia acts trivially on Tate module. Then we are left with semi-

stable reduction which can be achieved over finite extension. In this case we

know how exactly inertia acts on TpE, namely

 1 0

φ(σ) 1

. Then H1(IQp , TpE)

by definition is the group of cocycles f such that f(σγ) = f(σ)+σf(γ) modulo

all principal cocycles f(σ) = σ(x, y)− (x, y) = (0, φ(σ)x).

On the other hand f(σγ)(x, y) = f(σ) + f(γ) + (0, φ(σ)x′) then after factoring

by principal cocycles we get f(σγ) = f(σ) + f(γ) instead of cocycle condition.

Which means that H1(IQp , TpE) = Hom(IQp , TpE) and since TpE is free over

Zp we find out there is no torsion in H1(IQp , TpE).

It remains to understand torsion in H1(Q, T (E))tor. We will again work with

the situation locally for every prime p. Lets have a look at a short exact

sequence:

0→ pnTpE → TpE → TpE/p
n → 0
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The corresponding long exact cohomology sequence:

0→ H0(Q, pnTpE)→ H0(Q, TpE)→ H0(Q, TpE/pnTpE)→

H1(Q, pnTpE)→ H1(Q, TpE)→ H1(Q, TpE/pnTpE)→ H2(Q, pnTpE)

(9.10)

In terms of group cohomology we have isomorphismsH∗(Q, pnTpE) ' H∗(Q, TpE),

so the long exact sequence implies

0→ H0(Q, TpE/pnTpE)→ H1(Q, TpE)→ ...

which means that the torsion as the finite piece of the abelian groupH1(Q, TpE)tor =

H0(Q, TpE/pnTpE) for any p, n. Taking colimits and considering situation over

all p we get

H1(Q, T (E))tor ' H0(Q, T (E)⊗Q/Z).

Now from results on measures in Lemmas 9.8, 9.12 and Corollaries 9.9 and 9.14

above we see that for primes of bad reduction p ∈ S\∞ we get µp(A(Qp)) = cp

and the measure of the group of points in archimedean case µ∞(A(R)) = Ω+

which is proven in the Lemma 9.20. Combining it with Lemmas 9.43 and 9.44

we obtain the following

Theorem 9.46. For the case of M = h1(E)(1) with V = H1(E,Q(2πi)) and

D = H1
dR(E/Q) the Birch and Swinnerton-Dyer Conjecture 3.5 follows from

the Tamagawa number Conjecture 9.42.

Proof. By the Definition of the adelic measure 9.7 we write:

µ(
∏
p≤∞

A(Qp)) =
∣∣∣ lim
s→1

L(E, s)

(s− 1)r

∣∣∣−1

µ∞(A(R))
∏
p∈Z

µp(A(Qp))

Pp(V, 1)
.
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Denote the leading coefficient L(E,s)
(s−1)r

=: L(E, 1)∗, so the formula looks like:

µ(
∏
p≤∞

A(Qp)) = |L(E, 1)∗|−1µ∞(A(R))
∏
p

µp(A(Qp))

Pp(V, 1)
.

By the Lemma 9.8 we know that for good reduction primes the bit

∏
p 6∈S

µp(A(Qp))

Pp(V, 1)
= 1

while by the Lemma 9.12 primes of bad reduction give Tamagawa numbers:

∏
p∈S\∞

µp(A(Qp))

Pp(V, 1)
=
∏

p∈S\∞

cp.

On the other hand from the Tamagawa number Conjecture 9.42 it follows:

|cokerαT |−1 · Tam(T ) · |XBK(T )| = 1.

By the definition of the Tamagawa number for motives of weight −1:

Tam(T ) =
µ(A(AQ)) · Reg

|A(Q)tor|
=
µ(
∏

p≤∞A(Qp)) · Reg

|A(Q)tor|
.

Rewrite the above formula according to this and get:

µ(
∏

p≤∞A(Qp)) · Reg · |XBK(T )|
|A(Q)tor| · |cokerαT |

= 1.

Then by the formula for adelic measure we can write down a formula for the

leading coefficient of L-function of an elliptic curve:

|L(E, 1)∗| =
∏

p∈S\∞
µp(A(Qp))

Pp(V,1)
· µ∞(A(R)) · Reg(E) · |XBK(T )|
|A(Q)tor| · |cokerαT |

(9.11)

Then by the Lemma 9.44 |L(E, 1)∗| =
∏
p∈S cp·ΩE ·Reg(E)·|XBK(T )|

|E(Q)tor|2 . Which is

nothing but the second part of the Birch and Swinnerton-Dyer Conjecture 3.5

after applying Lemmas 9.43, and Proposition 5.10.
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9.3 Finiteness of X

We will prove the Proposition 5.4 from article of Bloch and Kato [BK90].

Proposition 9.47. Let K be a number field, E be an elliptic curve. Then

there is an injection E(K)⊗ Ẑ ↪→ H1
g (K,T (E)). If it is an isomorphism, then

the l-primary part of Tate-Shafarevich group X(E/K)[l∞] is finite for all l.

Proof. We will work out the statement locally for all primes v ∈ K. We must

deal with possibilities for l separately first discussing l 6= p and then l = p

where v is a prime over p. Recall that T (E) =
∏

l TlE and so the isomorphism

above is equivalent to E(K)⊗ Zl ' H1
g (K,TlE) for all l.

We start with the easier case l 6= p, which means by definition thatH1
g (Kv, VlE) =

H1(Kv, VlE). Then since H1
g (K,T (E)) is the pre-image of H1

g (Kv, V (E))

under the inclusion ι : H1(K,T (E)) ↪→ H1(Kv, T (E) ⊗ Q) we find that

H1
g (K,TlE) = H1(K,TlE).

From the isomorphism above we see that E(K)⊗Z/lnZ ' H1
g (K,TlE)⊗Z/lnZ,

so E(K)/(ln) ' H1(K,E[ln]), taking the direct limit over all n we get E(K)⊗

Ql/Zl ' H1(K,E[l∞]). Due to the short exact sequence 1.4 to prove finiteness

of the Tate-Shafarevich group is the same as to prove equality of ranks of the

Selmer group and the Mordell-Weil group. Now by definition of Selmer group

and by above we get

Sel(E[p∞]/K) = ker(E(K)⊗Ql/Zl →
∏
η

H1(Kv, E[p∞])/E(Kv)⊗Qp/Zp)

which then coincides with E(K)⊗Ql/Zl and therefore has the same rank.

As usually case of l = p is more complicated but more interesting as well. We

will follow the same strategy of proving ranks equality but first we would like

to understand some more information about H1
g (K,VlE). The Tate represen-

tation is de Rham by the Theorem of Fontaine so we can apply the dimension
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formula 8.17 to find that

dimH1
g (Kv, VpE) = dim(DdR(VpE)/D+

dR(VpE))+dim De(VpE
∗(1))+dimH0(Kv, VpE).

we used here the fact that under duality between H1(K,V ) and H1(K,V ∗(1))

the spaces H1
e (K,V ) and H1

g (K,V ∗(1)) are exact orthogonals to each other, it

is proven in the Proposition 3.8 in [BK90].

Now we use the fact that dimQp H
1
g (Kv, VpE) = rankZp H

1
g (Kv, TpE) and so by

the condition H1
g (Kv, TpE) ' E(K)⊗Zp all we need is rankZp H

1
g (Kv, TpE) to

be equal to rankZp H
1
e (Kv, TpE) which is the rank of Selmer group by Lemma

6.7. Note that this would imply H1
e (Kv, TpE) = H1

f (Kv, TpE) = H1
g (Kv, TpE).

This needed equality follows from the Theorem of Bloch and Kato 4.1 in [BK90]

that exponential map 8.2 is an isomorphism and the fact of H1
e (Kv, VpE) =

H1
f (Kv, VpE). Note that this is true also for VpE

∗(1) instead of VpE. So we

get

H1
f (Kv, VpE)⊥H1

f (Kv, VpE
∗(1)) = H1

e (Kv, VpE
∗(1))⊥H1

g (Kv, VpE)

and since all are exact orthogonals we get H1
f (Kv, VpE) = H1

g (Kv, VpE).

9.4 Conclusion

The Birch and Swinnerton-Dyer conjecture was formulated as a result of nu-

merical experiment, but it is not easy to understand why the result happens

to be the exact conjectural formula.

However the viewpoint of Bloch-Kato conjecture provides an environment for

careful reasoning on the origins of BSD conjecture. It is no longer a compu-

tational experiment, but a rigorous statement about an exactness of a certain

sequence.

In order to formulate the Bloch-Kato conjecture one has to study theory of

motives, motivic L-function, and motivic cohomology. By today motives is
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the only well-working version of a unified cohomology theory, it is thought of

as cohomology of an algebraic variety with coefficients in Q. We need them

because of the way Bloch and Kato conjecture is formulated, namely we apply

similar operations to cohomology groups with coefficients in all completions of

the field of rational numbers.
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de France, 1994, p. 397.

https://doi.org/10.1007/s002220000042
https://webusers.imj-prg.fr/~pierre.colmez/FW.html?fbclid=IwAR1seGn2OPmXMm1ru5egg8DW-yFPJaNOBjcLENc1otFg8F12HXklpMeWJXk
https://webusers.imj-prg.fr/~pierre.colmez/FW.html?fbclid=IwAR1seGn2OPmXMm1ru5egg8DW-yFPJaNOBjcLENc1otFg8F12HXklpMeWJXk
https://doi.org/10.2307/1990970
https://www.imo.universite-paris-saclay.fr/~fontaine/galoisrep.pdf
https://www.imo.universite-paris-saclay.fr/~fontaine/galoisrep.pdf
https://doi.org/10.2307/2007012
http://www.numdam.org/item/AST_1994__223__113_0/


BIBLIOGRAPHY 117

[FP94] Jean-Marc Fontaine and Bernadette Perrin-Riou. Autour des con-
jectures de Bloch et Kato: Cohomologie galoisienne et valeurs de
fonctions L. Providence, RI: American Mathematical Society, 1994,
pp. 599–706. isbn: 0-8218-1636-5; 0-8218-1635-7.

[Gre99] Ralph Greenberg. “Iwasawa theory for elliptic curves”. In: Arith-
metic theory of elliptic curves. Lectures given at the 3rd session
of the Centro Internazionale Matematico Estivo (CIME), Cetraro,
Italy, July 12–19, 1997. Berlin: Springer, 1999, pp. 51–144. isbn:
3-540-66546-3.

[Gro16] Study Group. Number theory learning seminar 2015-2016. 2015-
2016. url: http://virtualmath1.stanford.edu/∼conrad/BSDseminar/.

[Har83] Robin Hartshorne. Algebraic geometry. Corr. 3rd printing. English.
Vol. 52. Springer, Cham, 1983, pp. xvi + 496.

[HK94] Osamu Hyodo and Kazuya Kato. “Exposé V: Semi-stable reduction
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