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Abstract

We prove that the conjecture of Birch and Swinnerton-Dyer for elliptic curves
over the field of rational numbers follows from the Bloch and Kato Tamagawa
number conjecture for motives in a direct way.
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Introduction

This thesis is focused on algebraic varieties called elliptic curves, which is
probably the most well studied object after projective space. We will consider
various conjectures about elliptic curves and try to relate these conjectures to
each other. Throughout the thesis we assume that an elliptic curve £ we are

working with is defined over the field of rational numbers Q.

Assumption 0.1. Denote by Ng the conductor of E, it is the product of all
primes of bad reduction of E with exponents given by Ogqg’s formula. By the
theorem of Breuil-Conrad-Diamond-Taylor [ | and Wiles [ | such

an elliptic curve is modular, which means

e There exists a rational morphism g : Xo(Ng) — E which sends the oo

cusp into the origin (identity element) O € E.

o There exists a modular form f corresponding to the isogeny class of E.

More precisely there exists a weight 2 newform f € S3(Uo(Ng)) such

o0

ne1 Qnq" has coefficients in Z and

that the Fourier expansion f = Y.
L(E,s) = L(f,s) =>.°  a,n~*. We will define precisely what L(FE, s)

n=1

is in the first couple of chapters.

From the number-theoretic point of view the main object related to an elliptic
curve is its Mordell-Weil group E(K) for a number field K. It turns out to be
more helpful to embed E(K) into a subgroup of H' (K, E(K )ss) cut out by
local conditions rather then just working directly with E(K).

In the first chapter we introduce classical Selmer group and Tate-Shafarevich

group as the cokernel in the short exact sequence 1.3. We will generally assume
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CONTENTS 2

the Tate-Shafarevich group III(E/K) to be finite in all statements, except from
the very last subsection where we prove under certain conditions that the p-
primary part of HI(E/K)[p>] is finite.

The second chapter is about Hasse-Weil L-functions. We only recall main defi-
nitions and statements following lecture notes of Kato | ]. After recalling
useful lemmas about determinants from | | we define local L—factors and
compute them for the case of an elliptic curve E over Q.

After defining L-functions we are ready to formulate one of the major conjec-
tures of the XX century, namely the Birch and Swinnerton-Dyer conjecture.
In the fourth chapter we consider the Mazur-Tate conjecture for elliptic curves.
We closely follow | |, sometimes referring to | ] and | ]. Now
instead of the L-function we work with the modular element. The Theorem of
Birch and Stevens 4.3 suggests a relation between modular elements and the
L-function. The major aim of this section is to understand a different way to
define Neron-Tate height pairing, see Theorem 4.12.

We end the chapter with the Conjecture 4.17 which gives a formula for the rank
of the modular element in its first part. Note that under mild conditions the
first part of the Mazur-Tate conjecture is the theorem of Ota | ] (Theorem
1.2).

In the Chapter 5 we study Beilinson’s conjectures; in this text we consider only
the case of a motive M = H*(X)(j) of weight w =i — 2j = —1 coming from
an algebraic variety X. We define the local link pairing following the main
reference for this chapter | ], we then formulate conjectures of Beilinson
5.3 related to the local link pairing and the conjecture of Swinnerton-Dyer 5.5.
A conjecture of this type was first stated by P. Deligne in | | for motives
of weight w < —2, then A. Beilinson added a different formulation for the case
of weight —1.

The main result of this chapter is the Proposition 5.10 where we prove that
the local link pairing defined by A. Beilinson in | ] is the same as the

intersection pairing appearing in the Mazur-Tate conjecture, and therefore by



CONTENTS 3

the Theorem 4.12 and the Theorem of S. Bloch in | ] it is the same as
the Neron-Tate height pairing. We also mention in the Remark 5.8 the result
of Deligne about computation of the determinant of the period matrix in the
case of an elliptic curve.

The next chapter is about the first conjecture of Bloch and Kato about the
order of vanishing. We define local Bloch-Kato Selmer groups for cases when
v|p and v { p and describe their structure for elliptic curves in Lemmas 6.7,
6.3. We describe the image of the Kummer map in terms of Bloch-Kato Selmer
group in Lemmas 6.3 and 6.7. Afterwards we prove that the first part of BSD
conjecture follows from the Bloch-Kato Conjecture 6.4, which was also done
in | .

The seventh chapter is about the rings of periods as defined by Fontaine in
[ |; they are needed for the formulation of comparison theorems in p-adic
Hodge theory and for the forthcoming chapter on Dieudonne theory. We recall
all the necessary definitions from classical articles | N |, [FO] and the
Fundamental Exact Sequence 7.13 with its consequences 7.15, 7.16 which are
crucial for establishing the relation between Bloch-Kato Selmer groups and L-
functions. In the end of the chapter we prove an analogue of the Fundamental
Exact Sequence for By, instead of B,,;s in the Lemma 7.16.

The chapter about Dieudonne modules is a collection of definitions of modules
attached to a p-adic representation V' corresponding to period rings from the
previous chapter. We give a definition of an admissible representation and
investigate in which situation the rational Tate module of an elliptic curve is
crystalline, or semistable representation in the Lemma 8.2.

Afterwards we recall classical theorems on equivalence of categories between
B.-admissible p-adic representations and the category MF%px of filtered
admissible ¢-modules. We also write down formulas for the dimensions of all
cohomology groups H}(K,,V}).

The last chapter is about the refined Bloch and Kato conjecture. This is the

main part of the whole PhD thesis.
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Implications of the Bloch-Kato conjecture have been studied before, in par-
ticular Guido Kings proved in | ] that the Birch and Swinnerton-Dyer
conjecture for elliptic curves follows from the Bloch-Kato Tamagawa number
conjecture. The proof of Kings starts with the formulation of the Bloch-Kato
conjecture in the way of Fontaine and Perrin-Riou via the fundamental line
[ ]. Note that the formulation of the Bloch-Kato conjecture using the fun-
damental line is valid for motives of all weights, while the original Tamagawa
number conjecture as in | | was formulated only for motives of weights
< —1.

An equivariant version of the Tamagawa number conjecture has been studied
in [ ], where the formula for the leading coefficient of the L-function of
an abelian variety is proven to show the Birch and Swinnerton-Dyer formula
up to an element of Z'.

Our approach is different from Kings’ in the way of being direct extraction of
the terms in the Birch and Swinnerton-Dyer conjecture from the Tamagawa
number formula without usage of the fundamental line. Essentially we take
the formula from the Tamagawa number conjecture 9.42 and plug into it a
lattice related to a motive coming from an elliptic curve. We consider each
local item in the Tamagawa number formula separately and prove equality with
the corresponding values in the second part of the Birch and Swinnerton-Dyer
conjecture.

Under the assumption of finiteness of the Tate-Shafarevich group and Beilin-

son’s conjecture 5.7 we prove the following Theorem 9.46.

Theorem 0.2. For the case of M = W' (E)(1) with V = V(E) and D =

Hlo(E/Q) the conjecture 3.5 follows from the Tamagawa number conjecture 9.42.

While most of computations for the particular case of an elliptic curve are
easy, some have been quite hard to deduce. The most interesting part was the
computation of measures of the local Bloch-Kato Selmer groups H}(Q,, ViE)

for all possible cases of p and [ in Lemmas 9.8, 9.12 and Corollaries 9.9, 9.14.



CONTENTS 5

The BSD conjecture in its greatest generality was formulated for an abelian
variety over a number field. The presented solution can also be generalised for
an abelian variety over Q instead of elliptic curves. All the key statements in
chapters 1 to 8 hold for the case of abelian variety with slightly more compli-
cated proofs. The analogue of the Lemma 9.34 is proven in | |, so for the
motive M = h'(A) assigned to an abelian variety A over Q the L-function
L(A, s) converges absolutely to a holomorphic function for Re(s) > 2.

However an obstruction occurs in the Lemma 9.16, more precisely in the proof
of the Fact 9.18, where in the case of abelian variety one has to deal with
Raynaud extensions instead of Tate uniformization and in that case there is
no analogue of Kodaira-Neron theorem. I believe that results of section 9.2.1

can be proven for abelian varieties in a way similar to elliptic curves.



Chapter 1

Selmer groups

For the rest of the chapter we fix a prime p, we will set additional conditions
on p from time to time.

This chapter is dedicated to the classical definition of the Selmer group and
its main properties. Let F be an elliptic curve over a number field K. Denote
as usual G := Gal(K/K) the absolute Galois group, which acts on E[m)], for

any integer m and on E(K). For a short exact sequence
0— E[m] — B(K) W B(K) -0

we consider corresponding long exact sequence by taking Galois cohomology

0 — E(K)[m] — B(K) - E(K) — H'(Gg, E(K)[m]) —

— H'(Gk,E(K)) = H' (G, E(K)) — ...
and deduce from it the Kummer sequence:
0 — E(K)/mE(K) = H (Gk, E(K)[m]) = H' (Gk, E(K))[m] — 0

to extract the Kummer map & : E(K) — H'(Gg, E(K)[m]) . This map can

be defined explicitly in the following way.

Construction 1.1. We take a point P € E(K) and consider a point Q) €

6



E(K) such that m@Q = P. We then send P into a cocycle ép which works on

ce€Ggasép:o— Q7 —Q.

We would like to look at m = p" for various n to get Kummer maps k :
E(K)/p"E(K) — HYK, E(K)[p"]). After taking the direct limit over all n
we obtain x : F(K) ® (Q,/Z,) — H' (K, E[p™]).

In a similar way one can get a local map: namely for a prime 1 of K define K,
as the union of all n-adic completions of all finite extensions of K containing
in K, then the local Kummer map is &, : E(K,)® (Q,/Z,) — H*(K,, E[p™]).
In order to define a Selmer group of an elliptic curve over a number field K
we look at the Kummer sequence for K and for a local field K, and consider
a commutative diagram.

0 — E(K)/mE(K) — HYK, E(K)[m]) — HY(K,E(K))[m] — 0

1 \ I
0 — E(K,)/mE(K,) — H'(K,, E(K,)[m]) — H'(K,, E(K,))[m] — 0.

Take the direct limit over all m, bearing in mind F(K)/mE(K) ~ E(K) ®
Z/mZ we get the following diagram combined from local and global Kummer
exact sequences.

0— E(K)®zQ/Z — H' (K, E(K)iprs) — H' (K, E(K)) — 0

{ { 1l
0 — E(K,) ®2Q/Z — HYK,, E(K,)iors) — H'(K,, E(K,)) — 0.

We can see from these sequences how the yorsion-free part of the Mordell-Weil
group embeds into the cohomology group H'(K, E(K )iyrs). It would have
helped with studying F(K) if this cohomology group was not so huge, so we

cut it by local conditions by the diagram above.

Definition 1.2. We define the Selmer group of E over K as the kernel of

the map from global cohomology group into the product of local ones

Sel(E/K) := ker(H"(K, E(K )iors) — [[ H' (Ko E(Ky)tors)/ Im(s,))  (L.1)



In case if we take only powers of p instead of all integer m following the same

procedure leads to the

Definition 1.3. The p-primary subgroup of the Selmer group for E over

K. This one will be main object of our interest.

Sel(E[p>]/K) = ker(H (K, E[p™]) — HH1 *)/E(K,) ® Q,/Z,)

(1.2)

Aside from the Selmer group we will also need the Tate-Shafarevich group for

E /K. This mysterious group is participating in the BSD conjecture and it has

generalized analogue for a motive instead of elliptic curve — the Bloch-Kato

Shafarevich group which we will define in corresponding chapter.

One can think of elements of the Selmer group as principal homogeneous spaces

that have K, point for every 7. On the other hand Tate-Shafarevich group

encodes homogeneous spaces which have K, point for every n, but do not have

K-rational points.

Definition 1.4. For an elliptic curve E over a number field K we define

the Tate-Shafarevich group as
WI(E/K) = ker(H'(K, E(K)) = [] B (K, E(K,)))
We define it in order to write down the fundamental exact sequence

0 — E(K)®z (Q/Z) — Sel(E/K) — III(E/K) — 0 (1.3)

Note that here tensoring with (Q/Z) just kills torsion. As well as everything

else this short exact sequence has a p-primary part.
0 — E(K)®z(Q,/Z,) — Sel(E[p™]/K) — II(E/K)[p>] — 0 (1.4)

The following theorem of Greenberg (theorem 2.4 in | ]) provides a sim-



plification of the definition of the Selmer group above.

Theorem 1.5. For K, being either an algebraic extension of Q;, for I # p, or
C, or R the image of Kummer map E(K,) ® (Q,/Z,) = 0 is trivial. For K,

being an algebraic extension of Q, by theorem of Lutz Im(k,) =~ (Q,/Z,)Kn@].

From definition of the Selmer group and the Tate-Shafarevich group and es-
pecially from the fundamental exact sequence(1.4) one can see that they are
needed for studying the Mordell-Weil group of elliptic curves. It is easier to
understand Selmer groups, than Mordell-Weil groups directly, but the Tate-
Shafarevich group is an obstruction to deducing properties of one from another.
The conjecture by Tate and Shafarevich that III(F/K) is finite is generally
assumed in mathematical texts related to the subject, so we will as well assume

III(E/K) to be finite whenever needed.



Chapter 2

Hasse-Weil L-function

We begin with recollection about Hasse-Weil L-function. Later we will consider
motivic L-function for more general conjectures and justify why the definition
in this chapter is just a special case.

However in order to introduce L-factors properly we have to understand the
concept of determinant so we recall definition and main properties of deter-
minants in the next chapter, besides we will need them later on in discussion

about sizes of groups and rational structures.

2.1 Determinants and integral structures

We follow | ] and [ ], a very good exposition of the theory is offered
in | ]. Further on we denote by A a Noetherian, commutative, regular
ring.

Definition 2.1. Let P be a finitely generated projective module over A,
we denote by P the corresponding quasi-coherent sheaf on Spec(A), which is
locally free of finite rank. Let r be the rank of P then by dety P we denote the

A-module corresponding to rth exterior power of P.

An important example of determinant is when we start with P = 0, then
dety P = A. The notion of determinant can be defined in greater generality

when instead of a projective module over ring A one takes a perfect complex

10



Chapter 2. Determinants and integral structures 11

over A.

Definition 2.2. Let P*® be an object of the derived category of A-modules

DA,.0q Tepresented by a perfect complex
P*:=..— Pl Pt
where Pls are finite projective A-modules. Define

o ._ 7)(=1)?
d/(\etP = ®(d§tP ) :
qEL
Immediately from definition we get for a complex of cohomology H*(P*) the
value of determinant:

det H*(P*) = det P*.
A A

Moreover for a short exact sequence of (derived) modules
0O—=P =P =P —0

we have an equality det P* = det P ® det Py. In the case we are working with
usual finite projective modules over A we can view them as complexes centered
at 0 degree.

Next step is to define the determinant with respect to a morphism.

Definition 2.3. Let f : P — P be an automorphism of finite projective
module P over A. Then one may view P as a perfect complex over A centered
at degree 1, then dety P is defined and it is a module of rank 1 over A. We
denote by dety(f; P) the element of A multiplication by which coincides with

the map dety P — dety P induced by f.

The above definition is the most important in case when we multiply by an el-
ement not invertible in A. The idea about integral structures is about presence

of torsion in some cases. Here by integral structure we mean an Og-lattice in
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a vector space over a complete discrete valuation field K. The definition above
works only for modules that can not have torsion. However using projective

resolutions 2.2 we can define the determinant for torsion modules as well.

Definition 2.4. For A as above consider the fraction field Frac(A) and
assume for P that P ® Frac(A) = 0, then define the characteristic ideal
of P charp P to be the invertible ideal of A with the property: for any prime
ideal p of A the localization chary P, is the ideal (pP,)", where n is the length
of Ap-module P, .

Then with the above definitions the theorem of Knudsen and Mumford holds

Theorem 2.5. [ /

The image of the composition
d/(;:t PC d/(gt P ®, Frac(A) ~ dgt(P ®a Frac(A)) = Frac(A)

coincides with the fractional ideal (chary P)~.

Example 2.6. For a discrete valuation ring A = Z, we have for an inte-
ger n a quasi-isomorphism Z,[p"Z, ~ (p"Z, — Z,), thus dety, (Z/p"Z) =
p "Ly = |P"|pZy. This way for a general case of Z,-module P we get dety, P =

| Pior|p detz, (P/ Pior), in future we will omit A = Z,, from notation.

Lemma 2.7. Let V be a finite dimensional vector space over Q, and T be a
Zy-lattice in 'V with an automorphism f :V — V, such that f(T) C T. Then
det(cokerf) = |det(f; T)|, ' Zy.

Proof. Consider the complex (V EN V) and a complex (T A ). Then the

determinant of the first complex is isomorphic to the determinant of its coho-
mology complex, which is simply det0 = @Q,. On the other hand the deter-
minant of the second complex is det H!(T EN T)~! = (det(coker f|7)~!) which
equals to the determinant of the Z,-matrix representing morphism f : 7" — T,

namely |det(f;T)|, " Z,. O
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2.2 Definition of L-function

We will be computing mainly the determinant of a map 1 — Fr, so for further
we require construction of Frobenius as an element of Gg := Gal(Q/Q) corre-
sponding to Frobenius morphism. The definition is classical, but we recall it

here for future reference.

Construction 2.8. We start with usual Frobenius map ¢, generating the ab-
solute Galois group Gal(F,/F,) ~ Z which is defined as 0p x> 2P, 1 €,
The Frobenius map lifts to the ring of Witt vectors Z, == W (F,) and can be
extended further to W(E)[}%] which is nothing but Q)" the maximal unramified
extension of Q,. This way the Frobenius lifts to an element of Gal(Q}"/Q,),
we denote it by Fr, = ¢!

Now consider the embedding Q — Q,. We extend the p-adic valuation on
Q to a valuation v on Q. Consider the decomposition group T', C Gq fizing
v, it is isomorphic to Gal(Q,/Q,). We denote by Fr, € Gg a chosen lift of

Fr, € Gal(Q}"/Qy) under this isomorphism.

From now on our main ring A is going to be of characteristic zero which can
be represented as A ~ A ® Q; for some prime [ and a ring A which is a finite
product of finite extensions of Q. We will also take into account a finite set of
primes S which contains our fixed prime p.
In the rest of thesis we will work with V' a finite dimensional Q;-vector space
with a continuous action p of Gal(Q/Q) which is unramified outside finite set
of prime numbers S > p.
Then for [ ¢ S the local [-factor of the L-function of V' with respect to A and
S looks like

PrylVit) = det(1 — p(Fr; ) V) € Al 2.1)

Definition 2.9. o We call the following basic properties for a quadru-
ple (p, S, V, A): First, if for any prime number I ¢ S the polynomial
Py ,(V,t) belongs to Alt].
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Second property is when the product

Las(V,s) =[] Pan(Vil*)!
1¢S5
for s € C and l outside of S, converges absolutely in A ® C when Re(s)

15 big enough.

o We call the obtained function Las(V,s) the L-function of V with re-

spect to A and S.

We recall here here some general properties of this function:

1. Denote by V(r) := V ® Q(r) the rth Tate twist. If the quadruple
(p, S, V, A) satisfies basic properties then (p, S,V (r), A) does so as well.
Moreover we have for L-function of the Tate twist Lag(V(r),s) =

LA75(‘/, S+ 7“).

2. For a short exact sequence of Q;-vector spaces 0 - V' —V = V" — 0
with all (p,S,V’, A) satisfying basic properties we have L4 5(V,s) =
Las(V' s)Lag(V",s).

Later we will be working with a vector spaces V' equipped with a Galois action

of Gal(Q;/Qp™), so for this case we define Py ,(V,t) € Aft] for [ € S as:

Definition 2.10. Local L-factor at primes where V is allowed ramification:

Prp(Vit) := deta(1 — p(Fr, )t); HO(Gal(Qi/Q"), V) if 1 # p,
Prp(V,t) i=deta(1 — ¢ Dois (V) if L = p.

p

The next definition is of L-function as an Euler product of the above.
Lao(V,s)=La(V,s) =[] Pap(Vip—) " (2.2)
p

Remark 2.11. We will see further that some l-adic representations better than

others fit into this definition. The better ones are called crystalline, which
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means equality of dimensions dim Dg.;s(V) = dimV. However even if the
representation is not crystalline and dimension of Dg..s(V') is smaller, the

definition stays the same.

On definitions of D.,;; and Frobenius operator ¢; see the chapter on Dieudonne
modules. We omit A from notation if we are working with the field of rational
numbers which would be our main case of concern. Let’s have a look at an
example of L-function. The main for us is to take instead of V' the space of
etale cohomology of a smooth elliptic curve E defined over Q. We recall here

a couple of classical results.

Fact 2.12. For any prime | let V. = HL(E,Q;). Then V is just the dual to

the rational Tate module of E Tate-tunsted by —1.

Proof. First recall Hyy(E, Q) »= (im He(E,Z/1")) @ Q. It is a well known
exercise on etale cohomology to compute HL(E,Z/I"). We have E[I"](Q)
the covering group for the etale covering map " : E* — FE which is cofi-
nal among all etale covers £ — E of degree [, where E* is the dual el-
liptic curve to E and they are isogenous. Therefore we get HL(E,Z/1") ~

Hom(#{'(E),Z/1I"™) ~ Hom(E*[I"](Q),Z/I"). After taking inverse limits and

using Weil pairing E[I"] x E*[I"] — un(Q) we get

H.(E,7Z;) ~ Hom(r{'(E), Z;) ~ Hom(T,E*(—1),Z;)

Where the Tate twist is defined as V(1) := V ® 1) (Q). Plug this into the defi-
nition of the etale cohomology over Q; to get H),(E,Q;) ~ Hom(V,(E)(—1), Q)
VI(E)Y(-1). O

Now we would like to compute the L-function of E according to the above

definition, i.e. compute Py, ,(Vi(E)Y,t) for all possible cases of [.

Lemma 2.13. Right now we assume that | # p. The case of | = p will be

studied later after we define Dieudonne modules.
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1. In the case of a prime p of good reduction for E we define

P, p(VIE)) P t) = 1 — ayt + pt;

2. If E has split multiplicative reduction at p then

Py, p(Vi(B)) 1) =1t

3. If E has non-split multiplicative reduction at p then

Pop(Vi(E)) ' t) =1+t

4. If E has additive reduction at p then

Po,p(Vi(E))", 1) =1

Proof. The following is a recollection of | ], | ], and | ]. We
start with primes [ # p of good reduction for E. Using Neron-Ogg-Shafarevich
criterion we determine that V;(E) = HL(F,Q;) is unramified at p if and only
if £ has good reduction at p. This means trivial action of inertia subgroup I,
of Gal(Q,/Q,) on the rational Tate module V;(E). Denote by E the reduction
of E over F,. As in the Construction 2.8 we denote by ¢, the Frobenius map
which is a p-power on F,. Consider the morphism ¢, : E—E coming from
the p-power on coordinates in IF_p(E) together with its lift ¢, : VI(E) = Vi(E).

Since Vj(E) is a 2-dimensional space over ; and ¢, is a linear transform we

can explicitly compute its characteristic polynomial
Po,»,(VI(E),t) = det(1 — go;llt) =1— Trp,t + det @,

A priori it has coefficients in Z;[t], however by the theorem of Deligne [ ]

appendix C for smooth £ we know that Po,»(VI(E),t) is an element of Z[t].
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By computations in | |, chapter 5 we have Trg,; =1+ p — |E(1Fp)| =a,
and det¢,; = p. Therefore we obtain the following explicit formula for the

p-part of the L-function.
PQl,p(V;(E)a t) =1- apt +pt2;

Moreover by the theorem of Deligne above we also know that both roots «,, 3,
of Py, »(Vi(E),t) satisfy |a,| = |B,| = /P, then using Hasse inequality a, <

2,/p we get the L-function as a product over all good reduction primes

LQZ,GOOd(‘/Z<E)7S>: H P@hp(‘/l(E)?p_s)_l'

p€ Good

This product converges absolutely for Re(s) > 3/2 which means together with
consequence of Deligne’s theorem above that quadruple (p, Good, Vi(E), Q)
satisfy basic properties from the definition of L-function.

We are left with cases of E' having bad reduction at p. With the help of
[ | chapter 3.3 we look at the action of inertia group I, on V;(E)Y in
various cases starting with split multiplicative reduction of E at p.

By Tate’s uniformization we can write a Galois-equivariant short exact se-

quence:

1—>qZ—>(QTpX—>E(QTp)—>O

. Denote by (;» the ["th root of unity. Then it follows:
1 — Z/I*7¢n — E(Q)[I*] — ZJI"Z /g — 0

Then the ["-torsion subgroup E[I"] has a basis over Q,, represented by ((n, g/
as a Galois module. We can write Galois action on E[l"] in this basis for

x(o) * . . .
o € Gg, as where x is the [-adic cyclotomic character. We ob-

0 1

tain the following action of G, on the dual Tate module V;(E)": an element
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-1
[ xe) . .
o € G, maps to a matrix but what we are really interested in is
* 1
1
the action of inertia group I, on the V;(E)" which is given by where
¢lo) 1

¢ : I, — Zi(1) is the l-adic tame character. This action has 1-dimensional in-

variant subspace, on which Frobenius acts trivially. Then we get

Po,p(Vi(E)") 1) = det(1 — g, t) =1~ t

Next we go to the case of non-split multiplicative reduction. We look at the
unramified quadratic extension Qp(\/a) /Q, instead of @, together with asso-
ciated character 1 : Gg, — Gal(Q,(v/d)/Q,) ~ {£1}. Consider the quadratic
twist Fy of E, then we are reduced to the previous case of split mutliplicative

reduction of E;. We can find that Vj(E) ~ Vj(E;)®n as a Galois module. Then

. _ x(o)n(o)  * .
action of Gg, on Vi(E) can be written as Again we are
0 (o)
-1
more interested in the action of I, on Vj(E)" which looks like this
¢lo) —1

means that invariant subspace is 1-dimensional and Py, ,((Vi(E)Y)%,t) = 1+t.
The last case is of additive reduction. This can be considered as two pieces of
either potentially good, or potentially multiplicative reduction. In both cases
we find the smallest possible finite field K/Q, where E obtains either good
or split multiplicative reduction. In both of them the assumption of inertia
having a 1-dimensional fixed subspace leads to the trivial action of I, on V}(E)Y

which means Py, ,((Vi(E)Y)",t) = 1. O

We can summarize properties above into a definition of the local L-factor of
an elliptic curve F at prime p. Note that Lemma 2.13 can be generalised for

the case of number field K/Q and prime p € Ok.
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Definition 2.14. The product over all primes | of local L-factors is called
the global L-function of E, or Hasse-Weil L-function. If the curve is defined

over the field of rational numbers it is denoted as
L(E,s) == | | Pawp(Vi(E))",p7*)"!
p

Later in the chapter about conjectures of Bloch and Kato we will see why L-
function defined in this way following Kato, is the same object as the motivic
L-function for the motive M = h'(E)(1).

The L-function of an elliptic curve is purely analytic object and our next aim

would be to relate it to the arithmetic properties of a curve.



Chapter 3

Birch and Swinnerton-Dyer

conjecture

The conjecture was formulated in 1960s by Bryan Birch and Peter Swinnerton-
Dyer following numerical evidence of experimental observation, see [ |. By
this time only some particular cases have been proven, the list is available on
[ ]. We will state here the most common formulation and explore its
relation to various other conjectures and theorems.

For the definition and description of the Tate-Shafarevich group HI(E/K)
see the chapter on Selmer groups. In order to formulate the second part of
conjecture we need some additional entries. We assume in this chapter that
elliptic curve E' is defined over Q.

Consider the global minimal Weierstrass equation for
E y2 + a1y + azy = 22+ asx® + agx + ag.
Then one defines the invariant differential (sometimes called the Neron

differential) by the formula

dx
w=—
2y+a1x+a3

From | | ch.3 we find that this differential is holomorphic, nonvanishing,

20
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has neither zeroes nor poles, and is invariant under translation by a point.
Moreover the pullback with respect to the map tg, defined in the very first
assumption of this thesis, of the Neron differential satisfies tjw = c2mif(7)dr

for some constant c.

Definition 3.1. We call Qp = [y lw| the real period. Define cx to
be the number of connected components in E(R), then Qp = co [ |w| =
CooS2y. Where ) comes as the chosen generator of Neron lattice for E. The
choice is defined by a closed path ", which is the generator of the subgroup of

H,(E(C),Z) fized by complex conjugation.

For the complete definition of the canonical height which is sometimes called
Neron-Tate height hg on E/Q see chapter 9 of | ]. We only shortly recall
main properties of the canonical height here.

One first defines height function for a point in projective space P*(Q) as max-
imal archimedean absolute value of its integer coprime coordinates H(X) =
max{|zol, |z1|}, then one takes its logarithm h(X) = log H(X), then for a mor-
phism f : £ — P(Q) sending P € E to X € P}(Q) define h(P) = h(f(P)).

John Tate defined the canonical height as

hp(P) : lim 4~ h,([2Y]P),

- degf N—oo

which is proven to be independent of f.

We only recall here properties we need: if fLE(P) = 0, then P is a torsion
point, otherwise iLE(P) > (. The canonical height defines a positive definite
quadratic form on a finite-dimensional vector space E(Q) ® R of dimension

r = ranky E£(Q).

Definition 3.2. Consider a lattice E(Q)/E(Q)ior from which the canonical
height grows to all of E(Q) @ R. Then one can define canonical height pairing
on E/Q as

(P.Q) = L (hs(P+ @)~ hi(P) ~ hi(@)).
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It is important to note the following

Theorem 3.3. The Neron-Tate height pairing is symmetric (obviously), bi-
linear, non-degenerate, and continuous since canonical height is continuous.
Bilinearity and non-degeneratedness is the theorem of Neron and Tate, proven
in the [ | Theorem 9.3. It is also proven there that canonical height is the

unique function satisfying properties above.

An important invariant of E is the volume of the fundamental domain of the

lattice E(Q)/E(Q)or we call it the regulator R(E/Q).

Definition 3.4. The requlator is a positive real number. It can be com-
puted as the determinant of the Neron-Tate pairing matriz. We choose points

Py, ...P. which generate E(Q)/E(Q)r and define

R(E/Q) = det({F;, P;))-

It remains to define Tamagawa numbers. For any prime [ where E has bad
reduction consider the subgroup Ey(Q;) C E(Q;) of local points which have
nonsingular reduction at [. Then define Tamagawa number ¢; as the size of
the factor group ¢; := |E(Q;)/Eo(Q;)|, note that automatically by definition
¢; = 1 in case of good reduction. Later in the discussion about Neron models
we will link Tamagawa number to the group of connected components in the
Neron model of an elliptic curve.

Now we are ready to formulate one of the most interesting conjectures up to

nowadays, the conjecture of Birch and Swinnerton-Dyer | ].
Conjecture 3.5. Let E be an elliptic curve defined over Q. Then:

1. The analytic rank of E equals to algebraic rank:

ords—y L(E, s) = ranky E(Q) = r;

2. If Tate-Shafarevich group UI(E/Q) is finite, then the leading coefficient
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L(E,1)* :=lim, (LS(_ESE is given by a formula

L(E, 1) |II(E/Q) I
QER(E/Q) (E(Q)to’f‘s)2 l ,

The conjecture can also be stated for a number field K/Q. All it takes is
to define product of periods in a slightly different way, one has to take into
account all the real and complex embeddings of the field K and divide the

right hand side by a square root of discriminant Ag/g. See conjecture 1 in

[Skils].

3.1 Conjectures

Because we cannot yet prove the Birch and Swinnerton-Dyer conjecture we
decided to generalize it instead. Mathematicians came up with several con-
jectures that are similar to BSD and some imply it but none of those can
be proven yet. Chapters to follow will be dedicated to formulations of these
conjectures and for some of them proofs of how exactly BSD follows from a

particular given one.
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3.2 Twisted BSD conjecture

We want to make a fair attempt to formulate a twisted by character version of
BSD. The first part about order of vanishing of an L-function is well known,
however the formula for the leading coefficient of an L-function keeps its mys-
teries. In | | authors describe problems on the way to formulation of
the refined conjecture. They have defined a substitution of the left-hand side
of BSD % but the right-hand side remains unknown.

Setup: We consider a Dirichlet character x of Gal(Q,/Q) for some n defin-
ing an irreducible representation x : Gg — C; and an L-function L(x,s) =
> ons1 X(R)n e

Consider a finite dimensional vector space V with the action of Gg. The
character defines a 1-dimensional vector space V,, where Gg acts by x, then we
can define twisted L-function as L((Vi(E)®V, ), s) =: L(E/Q, x, s). If the L-
function of elliptic curve is given by Fourier expansion L(E,s) = _ -, a,n"?,

then we get a formula for

For an abelian extension K/Q we look at all characters factoring through

Gal(K/Q), then the following formula holds:
L(E/K, 5) = [] L(E/Q, x, 5™
X

By the theorem of Rohrlich [ ] we know that L(E/Q,x,1) = 0 for all
but finitely many Dirichlet characters y, namely we discard all characters for
which primes of bad reduction ramify in @kerx /Q. Thus we have the finiteness
of multiplies in the product above. It follows from the formula above directly

that:

ord,—y L(E/K,s) = Y _dyorde L(E/Q, x, 5).
X



Chapter 3. Twisted BSD conjecture 25

Moreover we have additional information on the algebraic side of things about
all the V} and d,. Namely there is an identity rankz(E(K)) = >, dym,(E)

for multiplicities m, (£) defined by the isomorphism

E(K)®C~ vy,

X

Then the twisted version of BSD can be formulated as:

Conjecture 3.6. For an elliptic curve E defined over Q wviewed as a curve
over finite Galois extension K/Q with Galois group G let x be an irreducible
character of G. Then

my (E) = ords—y L(E/Q, x, s).

As a special case of this conjecture in one direction Kato has proven in | ]
that in case when K/Q is abelian and when y is one-dimensional from the fact
L(E/Q, x,1) # 0 follows that m, (E) = 0.

All of the above can be found in the first chapter of | |.

Question 3.7. Is it possible to derive twisted version of BSD conjecture from
an appropriate formulation of the Bloch-Kato conjecture? For that one has
to make sense of motivic L-function taking character into account as well as

define the Bloch-Kato Selmer groups of a vector space (Vi(E) ® V,)™.

Or maybe it is possible to formulate twisted BSD conjecture deriving it from
some slightly less general than Bloch-Kato, but similar in nature. The next

chapter is dedicated to one of possible candidates.
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Conjectures of Mazur and Tate

In 1987 in | | Mazur and Tate have formulated several conjectures related
to BSD conjecture 3.5 above and we would like to recall them here. For that
purpose we define additional notions in a simplified way comparing to original
articles. We would like to define family of numbers related to values of L-
functions.

Setup: For now to give the basic definitions consider elliptic curve E to be over
Q and the corresponding Riemann surface E(C). To that surface corresponds
a Neron lattice Ay C C which is a set of periods fv w for all v € HY(E(Q), C).
A real period defined above is one of the generators of Ag in the sense that it

is one from a unique pair ., €2 for which:
A =7/2Q0, +7Z/2v—1Q_

Recall the modular form f corresponding to £ as in 0.1. Then for a complex

number z € C we set

Definition 4.1. For a rational number r = < we define the modular symbol

as the following:

[r]t = QL Re(2mi /T f(2)dz) € 6,'Z
+ 100

26
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for positive integer 6 independent of r (see definition 1.1 in [ ).

There is one more modular symbol for r called [r]~ which is given by the
relation 2 [ f(r +iy) dy = [r]7Q4 + [r]"v/=1Q_. These values are rational

numbers due to theorem by Manin and Drinfeld. Put [r] = [r]™.

Definition 4.2. For any integer m we define the modular element as

e

amodm

where o, is an element of Gal(Q(&,,,)/Q) corresponding to a morphism x — x®.

Such elements live in Q[Gal(Q(¢,,)/Q)] satisfy certain compatibility conditions
which are formulas of 0 ,,,; via 0, for prime [, also they carry certain func-
tional equation (see chapter 1 of | ]). Note that in the most recent work
of Mazur and Rubin | ] modular elements are defined in a slightly differ-
ent way, namely they are multiplied by dg from above to move to Z[(Z/mZ)*],
therefore all statements are more refined.

Modular symbols keep information about values of L-function of elliptic curve
L(FE, s) and its twists by a Dirichlet characters L(FE, x, s). For instance we have
L(E,1)

a0 = [0]" which we have seen in the Birch and Swinnerton-Dyer conjecture,

(Ex,1)
+

or for the case of L(E,y,s) for even x we have that L o is an algebraic

number by the theorem of Shimura. Further we assume (m, Ng) = 1 and for
character x : (Z/mZ)* — C* we denote by x as well its lift to a morphism of

27mia

rings Q[(Z/mZ)*] — C*. Define Ga(x) = >_,c(z/mz)x X(a)e " is the Gauss

sum for x. Then the theorem of Birch and Stevens says

Theorem 4.3. [ | For x a primitive even character of conductor m the

following is true.

L(E,X,1)"Galy) _ 1 ‘
O =5 2 @)
a€(Z/mZ)*

To formulate weak vanishing conjecture we need some additional notions.
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We denote by R C Q the ring generated over Z by coefficients of g ,.
Also for Q(p,)* which is the real part of cyclotomic field we denote by
Fo(E/Q(pm)T) C Z[(Z/mZ)*] the initial Fitting ideal of Pontryagin dual
to the Selmer group viewed as Z[(Z/mZ)*]-module. Then the conjecture of

Mazur and Tate formulated in [ ] is the following

Conjecture 4.4.

Opm € Fn(E/Q(pm)") ® R C R[(Z/mZ)*]

However they do not expect this to be a generator of the ideal F,(E/Q(pm)")®
R.

Additionally to a couple of conjectures regarding orders of vanishing of modular
symbols formulated using degrees of augmentation ideals, there is a conjectural
statement about the leading coefficient (e.g. image in the highest degree of
such ideal). We would like to recall them here.

We denote by R[x] an R-algebra generated by values of y. We are interested
in the ring homomorphism x : R[x|[(Z/mZ)*] — R[x| or more precisely in its

kernel I,,.
Definition 4.5. For an element y € R[x|[(Z/mZ)*] we define

o the order of vanishing as biggest power of I, in which y is contained.

We denote the order of vanishing as r.
o the leading coefficient as the image of y in [;/[;“.

We can view the element 0g ,,, € Q[(Z/mZ)*] as an element of R[x|[(Z/mZ)*]
and consider its order of vanishing according to given definition.

We consider the space E(Q(um)™) ®¢ C and take a complex vector subspace
inside it which is a kernel of x(a)v — o,v. We call this subspace the x-part of
Mordell- Weil group and denote it by Vg ,. Mazur and Tate have proven

the following
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Theorem 4.6. Assume that Conjecture 4.4 holds. Then the order of vanishing

of Op m s greater or equal to the dimension of the x-part of the Mordell-Weil

group of E(Q).

Note that there are also examples in | ] when the order of vanishing of
0p m is strictly greater the dimension of the y-part of E(Q).

Now we come to a statement about the leading coefficient of 0 ,,. In the same
article in the conjecture 4 they have suggested not only a conjectural formula
for the order of vanishing, but also a description of leading coefficient of 0,
looking a lot like the second part of BSD conjecture 3.5.

For an elliptic curve E denote by S the set of primes in Q of bad reduction,
we consider S,,, C S the set of primes with split multiplicative reduction. As
earlier we consider minimal Weierstrass equation for E and for a prime p € Z
we look at what E does over Q,. In this chapter as well as later in chapters
about Bloch-Kato conjectures we will need Neron models of elliptic curves, so

we recall here main definitions.

Definition 4.7. Following [5119)] (chapter 9) we define C/Z, a minimal
proper reqular model of E over Z, and & to be the largest smooth subscheme

of C/Zy, it is usually called a Neron model for E/Q, and it has a universal

property.

From the Neron mapping property we deduce an isomorphism £(Z,) = E(Q,).
We denote by £°/Z, the identity component of the special fiber of E /F,, which

is an open subgroup scheme.

Remark 4.8. The corollary from Tate’s algorithm says that the identity com-
ponent is isomorphic to the largest smooth subscheme of the closed scheme
defined by minimal Weierstrass equation for E/Q,. So essentially we know
that the group of points of non-singular reduction and the identity component

of Neron model are the same things.

We denote by EY(Q,) the set of points of non-singular reduction and the
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notation for reduction of Weierstrass equation is similar. We define

P8 = coker(E(Q) = [ E(F,)/E°(F,))

PESmu

This value plays the role of Tamagawa number from Birch and Swinnerton-

Dyer conjecture.

4.1 Biextensions and trivializations

We would like to have an entity behaving like regulator to formulate Mazur-
Tate conjecture. It is as usually the hardest bit. In general (see chapter on
Beilinson’s conjectures) a sensible non-degenerate pairing is hard to obtain.
For this purpose biextensions provide a convenient enviroment to define global
pairing. So we need to understand biextensions for a pair of abelian varieties
A, B. They are best described in book | | we will transfer the needed

material into the situation of elliptic curves.

Definition 4.9. In general for two group schemes A, B over a field F a
biextension of A, B by G is a G-torsor B on Ax B with natural isomorphisms
Bata b = Bap+Barp and By pryy = B p+Bay satisfying compatibility conditions.
In our case group schemes A and B will represent an abelian variety and its

dual, or an elliptic curve E for both.

In the case when we have G = G,, there is an equivalence between cate-
gories of line bundles and G,,-torsors on A X B we may view biextension on
A x B as a line bundle B with bilinearity structure Byiqp >~ Bap ® By p and
Bopty =~ Bap @ Bay satisfying compatibility conditions. Namely that three
isomorphisms Byia/+ap = Bap @ Barp @ By all coincide and two other iso-
morphisms Byyq prty = Bap @ Barp @ Bayy @ By coincide.

We then know from | ] that biextensions correspond to morphisms A — B ,
where B is the dual abelian variety to B. By the definition of Cartier dual

we have a canonical isomorphism A = A and correspondent to it canonical
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biextension £ on A x A by G,,.
We will be interested in the following particular case of a biextension on A, A

by G,, coming from a line bundle £ on A in the following way
AL):=m'Lepi L @psl

Where p1o : A x A — A are natural projections and m : A x A — A is the
group law. This structure is called Mumford bundle.

For an elliptic curve E denote by Opg the structure sheaf on E, note that
E ~ E in this case. Then line bundles of degree 0 are just Og(P — O) for a
point P on E, here we write P — O as a Weil divisor on E. Then from the

formula above one deduces that biextensions on F, E are of the form
AMOp(P — 0)) := Opxp(m™ (P - O) @ p; (P~ 0) @ py ' (P — O))

In articles by Mazur and Tate for a biextension B of A, B they defined notions
of local modification and trivialization. We recall them here for consistency of

the document.

Definition 4.10. For a biextension B of abelian varieties A, B by G,, over
a local field F' with valuation v and ring of integers O we denote by B(F') a

set-theoretic biextension of A(F'), B(F) by F*.

e By a modification of a biextension B we mean a quadruple (B', o, 3, p).
Where o + A — A(F), 5 : B" — B(F), and p : G,,, — G are group
homomorphisms, and B is a pullback of B(F') by o, 6 and further pushout

by p.

o A splitting 1 of B' is a map ¢ : (of, 5%)(B(F)) — G such that for
g € G, and x € B(K) we have Y(x + g) = ¥(x) + p(g) and for any
a € A(F), b € B(F) the restriction of 1 to layers of B above {a} x B

and A x {b} are group homomorphisms.
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e By a trivialization of B(F') we call a modification together with a split-
ting ¥ of B.

For decent examples of trivializations one should consult | |, we start with

the Neron unramified trivialization for a modification
(E(F), EO(F) — E(F),F*]O* ~ 7).

It is characterized by properties that v is discrete and p is unramified, i.e.
p(O*) = 0. Then Mazur and Tate have proven that there exists a unique
splitting ¢ of B'(F') such that ¢(B'(0)) = 0. Additionally to this one we will
need only Archimedean Neron unramified and split multiplicative trivializa-

tions.

Definition 4.11. In general for n divisors Dy, ..., D, and a point x € E(F)
common for all of them we define intersection multiplicity as mult(x) =
dim O, /(f1, .., fn) for fis to be local equations of D;s. Then the intersection

index is defined as

Dy-Dy-..-D, := Z mult(x)

@€D1N...NDy
It is known to define symmetric and n-linear map Pic(X)" — Z. It turns
out (see | ]) that the splitting for the unramified case is given by the
intersection index formula for two divisors Dy, Dy € Div?(E(F)) with disjoint
supports (Dq, Dy) = —(D; - Ds)log|f,| where f, is the residue field. We
additionally require for D; to intersect every component of special fiber Ep,
with deg(D; - X;) = 0 to ensure it to be in E°(F).
Theorem 4.12. Points on a curve E define Weil divisors which we denote as
(P) and (P) — (O) for a point P € E(F). We know that pairing above to be
symmetric and bilinear, moreover if we take log [((D1, D3))| it is continuous
and therefore for D1 = (P) — (O) and Dy = (Q) — (O) it is nothing but

the Neron-Tate height pairing as uniquely determined by its properties: to be
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bilinear, symmetric, and continuous as mentioned in 3.3. See chapter 2 of

[ | for a substantial proof.

Roughly speaking tamely ramified trivialization is defined for a triple
E(F),ENF),F*/U'. A divisor D corresponds to a point of E'(F) there-
fore goes to 0 via reduction to the residue field F,. Then D is principal
and we can take a function fp corresponding to D and define a pairing
(D1, D2) = log | fp,(D1)].

There is no simple description of split multiplicative trivialization and
very roughly one should consider abelian varieties as rigid analytic varieties
and work with a meromorphic theta function instead of divisor as above. Then

formula for (D, 0,a) = log |af(D)| where a € F*.

4.2 Global pairing

So far we have been working with purely local objects but we are aiming to
define a global pairing F(K) x E(K) — R where K is a number field. From
now until the end of chapter we take F' = K, for an archimedean or discrete v.
We look at all such places v and consider all corresponding local trivializations
(BL, vy, o, pu, 1) such that for all but finitely many v they are just Neron
unramified trivializations defined above.

One of the main aims of this section is to explain why the global pairing defined
by trivializations is the same as Neron-Tate height pairing. This would give
another point of view on the regulator of an elliptic curve. Later in the chapter
about Beilinson’s conjectures we will make good use of the Theorem 4.12 when
we want to relate the link pairing to the intersection pairing and the Neron-
Tate height.

Recall the group of ideles Ix = [, K of K to be defined as restricted product.
To define global pairing we will consider all maps p, for all v at once. Previously
we have been working with p, : K, — G, for some group GG, which is generally

just Z except some finite number of cases. Now a morphism p =) p, maps
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I into P, G, later we will send it further into a product of F)i x Z; for certain
p and [s.
We know that for all but finitely many «, = id as well as 3,. So if we look at

all a, we get that [], kera, C Ik as well as [[, cokera, C Ik.

Definition 4.13. We define the global group E' as a term in short exact
sequence

0— errav — F - E(K)— Hcokerav —0 (4.1)

The pairing we are looking for is defined globally as a bilinear non-degenerate
map E’ x E’ — R. Lets have a look at what are these E’ and E’ precisely for
a given elliptic curve FE.

For an elliptic curve F over a number field K we denoted above by S the set
of all places of K of bad reduction for E. Inside S there is a set of all places of
split multiplicative reduction 5,,,. Now we want to understand what all the
notions above happen to be in this case. We take for an archimedean v the
corresponding final G, = 0. Further we assume v to be discrete and v ¢ S for

all but finitely many v. We take
1. 9, coming from Neron unramified trivialization if v is of good reduction;
2. tamely ramified trivialization in case v € S\ Spu;
3. split multiplicative trivialization for the case of v € S,,4;

Definition 4.14. For all the cases we define a subgroup U, € K in the

following way:
e for archimedean v say U, = K*,
o for non-archimedean v ¢ S take U, = O,
o forve S\ Sp, take U, =1+ m,,

e and for v € Sy, define U, = (1).
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For each G, take it to be K)/U,, then the final group for image of the global
version of ¢ is Gg = I /(K* 1], Uy,). So now we have G, ~ Z for all good

places of K.

We define a global pairing ¥ g for our case as following: by Mordell-Weil theo-
rem we take a basis of points of E(K) and the dual to it in £(K). The canonical
embedding of fields K — K, defines a morphism of groups E(K) — E(K,),
in an analogous way one gets E(K) — E(K,), we look at images of all basis
points P; in E(K,) and in E (K,) denote them as P;s again and further work
with with them locally.

In case of each v we consider a biextension B(K,) defined by a triple of groups
E(K,), E(Kv), K as described above, its modification B'(K,) corresponding
to the situation with v (depending on whether v is unramified, tame, or split)

and lift all points P; to elements of B'(K,). Then
Definition 4.15. The Mazur-Tate pairing is
(Vs : B(K) x E(K) = Gy

<Pia PJ>S — H¢v(B>P])

One can find basic properties like restriction to smaller set S,,, € T C S
proven in article | |, we would like to mention here that obtained pairing

is bilinear and non-degenerate because each 1, is.

4.3 Formulation of the conjecture

The final notion of discriminant is related to determinant of the pairing matrix
above. We look at the short exact sequence 4.1 for £’ and £ Despite the
isomorphism E =~ E, in general it is NOT true that £’ ~ E’ and short exact

sequences are different. Namely



Chapter 4. Formulation of the conjecture 36

0= J[kera, = E' — E(K) = 0;
0— [[kerp, = E' = E(K)— [ Etk,)][][E/E(K)—0
v vES\Smu vgS

For the map (, )s to land in R we tensor both sequences with R to get

0= [[kera, @R — E'@R — E(K) @R — 0;

and the same sequence for E since [Tesis,. E(ky) [Togs E/E°(k,) is finite
group. Moreover we get a duality between R-vector spaces ker o, ® R and

ker 5, ® R.

Definition 4.16. With all of the above Mazur and Tate defined discrimi-

nant as
HvGS\Smu (QU —1- nv)
[E(K)s,,, : £']

Ds(E) = (1 ®det((, )s))

mu

an element of K ® Symy([[,Gv). Here q, = |ky| and n, = \Eo(k‘v)], by

E(K)s, . we denote the toric part of reduction of E(K) at v.

mu

Currently we got an element Dg(E) € K ® Symy([], G,) or more precisely in
R ® Symy(]], G») where R is a ring over O in which index [E(K)s,. : E']
becomes invertible. It is not evident why is it in needed degree of an ideal.

For the conjecture we consider the case of K = Q, then there is an explicit

way to write down [, Go = [ es\s,.. Fp % [l es,., Z, and a morphism

[16.— @/ 1T » [ P2

pes\smu pESmu

If we take a group algebra of the latter with coefficients in R and consider
its augmentation ideal I we get a map R ® Sym, ([], G,,) — I"/I"*! induced
by the above morphism of groups, here r will be defined soon. We take as

Discg(£) the image of Dg(E) under this map.
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Conjecture 4.17. [ ]

1. The order of vanishing of the modular element 0, equals

r:=rank E(Q) + |Sy.[;

2. Denote by éEm € I"/I™ the leading coefficient of O ., then

éE,m = ‘IH<E/Q)| PSS DiSCs(E>

One can notice the similarity between the Mazur-Tate Conjecture and the BSD
Conjecture 3.5 above: both start with statement about order of vanishing of a
function, both have rational part and transcendental part in second statement.
We have mentioned above a relationship between modular symbols and L-
functions of an elliptic curve, however it would be good question on whether

it is possible to derive one conjecture from the other one.

Question 4.18. [t also seems to be possible to formulate a twisted BSD con-
jecture deriving it from the statement above and using theorem of Birch and

Stevens 4.3.



Chapter 5

Beilinson’s conjectures

We are slowly approaching vast generalizations of the BSD conjecture. For
instance there exist statements generalizing BSD from elliptic curves to smooth
algebraic varieties of any dimension given by A. Beilinson [ |, P. Deligne
[ |, and P. Swinnerton-Dyer.

The topic has been quite popular and is well studied in a number of surveys
from various viewpoints: one of the main resources | 1, [ | about
the motivic intuition, a collection of works | ] with | ] among them,
[ | on the way from motives to algebraic varieties.

Setup: We assume that K is a number field and X is a smooth projective
variety of dimension n over K. Then one can define an L-function in the same
way as in the Definition 2.9 for V = H2' (X, Q) and we want to know its
properties.

One of the hardest tasks in formulating conjectures of BSD-type is to define a
sensible regulator, we have seen already in the chapter about Mazur-Tate con-
jecture one of the ways that works for abelian varieties and can be generalized
further for smooth algebraic varieties. In his article | | A. Beilinson has
defined a local height pairing for algebraic varieties of higher dimensions and
proven equivalence of all the definitions given (Lemma 2.1.1).

As in the case of the Mazur and Tate pairing the intersection pairing defined

locally for each prime and then combined into a global pairing. We will de-
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scribe the notion of local link pairing in general case of an algebraic variety of
dimension n as in | | and later consider it for elliptic curves. Denote by

cl the cycle class map which extends to a localization:
cl: CH*(X) — H*(X,Q(n));

Construction 5.1. For a non-archimedean place v € K consider the corre-
sponding valuation field K,. Define X,, = X x Spec(K}"). To define the local
height pairing take two cycles ay, as on X, with disjoint supports Y1, Yo and
of dimensions dy, dy correspondingly so that dy + dy = n+ 1 and cl(a;) =
0 € H*(X,,Qi(d;)). Then two open subsets of X, given as U; = X, \'Y;
form an etale cover of X, and one may consider the Mayer-Vietoris sequence.
Consider the boundary map H** YU, Qy(d;)) — Hy"(X,, Qu(d;)) then for
each a; € CH®%(X,) there exists corresponding cohomology class cl(a;) €

H%',ii (Xv, Qi(d;)), we denote its preimage by a;. The cup product maps
H*" YU, Qi(n + 1)) x H* 271Uy, Qi(n + 1)) = H*(Uy N Us, Qi(n + 1))

(&1,0&2) — a1 Uy

Definition 5.2. In the situation described above we have the following:
{ay,as), is the image of ay U o under the map H*(Uy N Us, Qi(n + 1)) —
H?>" (X, Qi(n+1)) coming from the Mayer-Vietoris sequence. We then send

it further H*" ™ (X,,Q;(n + 1)) — Q; via the trace map.

A. Beilinson has given in his article | | two more definitions of the local
link pairing and proven their equivalence. We preferred the one above for its

simplicity.One of conjectures of Beilinson says

Conjecture 5.3. [ | The local link pairing between algebraic cycles is Q-
valued and independent on the choice of prime number | different from char-

acteristic of residue field at which local situation was studied.
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The situation however changes over archimedean places v, as the value of
pairing becomes real instead of rational. Later in chapter 4 of the same article
he defined global height pairing in the following situation.

Let K be as before a number field, X is a smooth projective variety of di-
mension n over K. Assume that for all non-archimedean primes v € Ok the

scheme X, = X X Spec(K ") satisfies local Beilinson conjectures. Then define
CHY(X)° := ker(CH(X) — H*(X x g Spec(K), Q(7)))

We assume this does not depend on [ as it can be defined in a different way.
As it was defined in the article for each place v of K we take r(v) = log|k,|

for all archimedean places v, r(v) = 1 for K, =R, and r(v) = 2 for K, = C.

Definition 5.4. For X as above define the global height pairing as

(,): CH(X)°> x CH"™(X)° - R

(cla,clby = Z r(v){a, b,

v

(5.1)

for a,b cycles on X with empty intersection of supports. Note that for given

a,b and almost all v the value (a,b), = 0.

The second conjecture of Beilinson | | says that the height pairing defined
above is non-degenerate.

We have seen that Hasse-Weil L-function can be defined for an [-adic repre-
sentation V. Then comparing to the rank part of the statement of Birch and
Swinnerton-Dyer conjecture there has been given a more general conjecture

due to Swinnerton-Dyer:

Conjecture 5.5. [ | Let X be a smooth projective n-dimensional scheme
over Q. Assume that the L—function of X analytically continues to C and

satisfies functional equation. Then groups CH(X)° are finitely generated and

ord; L(H*7'(X), s) = rank CH"(X)°
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A. Beilinson decided to go further and formulate a refined version. We have
stated above that the obtained height pairing is bilinear and non-degenarate,
due to classes equivalence it is defined up to an element of Q*. Then one gets
a regulator as the determinant of its Gram matrix.

Define Q2x to be the period matrix for H*~1(X, Q). It is obtained from the

classical de Rham theorem:

Theorem 5.6. Let X be a proper and smooth scheme over Q. Then there

ezist a functorial isomorphism
agr : Hip(X) © C = H, (X,Q)®C
It induces a non-degenerate pairing
Hjn(X) x H,(X,C) - C

by sending a differential form and a cycle (w,7) to fvw.

Since both H}5(X) and H™"(X,Q) are finite dimensional vector spaces over Q
and by the above of the same dimension, after choosing bases w; and 7; in them
one may write down a Gram matrix ¢; ; = fw w; and compute its determinant
which is denoted as det Q2x. More on this see Deligne’s article | ].

We have now a pairing that takes values in C however we would like it to
go to R instead, for this we take a filtered piece of the de Rham cohomol-
ogy and a subspace of singular cohomology fixed by the complex conjugation.
These subspaces are dual to each other under the de Rham isomorphism. The
determinant of the corresponding Gram matrix is denoted as det Q7%.

Then the following conjecture | | should be thought of as generalization

of the second part of the BSD conjecture.

Conjecture 5.7. Assume that the L-function of X has an analytic continu-

ation to all C and satisfy the functional equation. Denote by L*(H% (X)), s)
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the leading coefficient of the L-function, 1. e. the value of

L H2i71 X
o LU (X))
S—i (3 — i)ordiL(Het (X),S)

then

L*(HEY(X), 5) = det(, ) - det(2}) - u
for some u € Q, where det(Q¥) is defined in chapter 4 of [ /.

In fact this latest conjecture is formulated for a motive of weight —1 corre-
sponding to an algebraic variety with all the entities defined accordingly. Now
we would like to understand why the above statement is really a generalisation
of BSD conjecture, namely what do all the ingredients on the right hand side
mean in the case of elliptic curve. For that we will compute values of det;(, )

and det(Q2%) when X is a smooth projective curve of genus 1 over C.

Remark 5.8. We start with proving that det Q% equals to Qg for the case
X = E(C) an elliptic curve considered as a Riemann surface.

From topology course we know that dim H;, (E(C),Q) = 2. We know as
well that dim Hi,(F(C)) = 2 and H°(E(C),Q") = Fil’H},(E(C)) = Qw so
we extend w to a basis of Hin(E(C)) = wQ & wQ. By the duality set in
the Theorem 5.6 we may choose a basis (v*,77) of Hi sing(E(C),Q) dual to
(w,wr).

Then by chapter 4 in [ | we have the computation of

/ o]
ot

Where E(R)® is a connected component of E(R), so [E(R) : E(R)°] = ¢ in

det O} = (w,7") = [E(R) : E(R)°]

the notation of BSD conjecture.

Next we would like to understand why in the case of elliptic curve the pairing
introduced by Beilinson as described above becomes Neron-Tate height pairing.

For that we will work locally for good places of F in Q.
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Remark 5.9. In the chapter about the Mazur-Tate conjecture we have ex-
plained why the Mazur-Tate pairing which locally on places of good reduction
18 just an intersection index coincides with the canonical Neron-Tate height
pairing, see the Remark 4.12 and we refer to | | for the proof. So it is
left to explain why the pairing defined via cup product of cohomology classes

coincides with intersection pairing.

Proposition 5.10. For X = E(C) being smooth projective curve of genus 1
over the field Q the pairing defined in the Conjecture 5.4 is the Neron-Tate

height pairing defined in 3.2.

We will check this locally on all places of good reduction v in K. By Neron’s
theory the Neron-Tate height pairing can be broken into local pieces. A. Beilin-
son gives a good intuitive description of this statement in general for an alge-
braic X over @, of dimension n. Then a point of X is a map Spec Q, — X and

when we choose a regular proper model of X over Z, we mean the following

X, =X, x, <X x

d I d
SpecF, s Spec Z,, P Spec Q,

We understand a scheme X as a manifold fibered over SpecQ, and we want
to have X of good reduction over p. Denote by X the special fiber and X the
generic fiber of X. For any subset S C X we denote in the same way its image
under fx. Then the situation we have is the following: there are two cycles on
X homologous to 0 of dimensions d; and dy such that d; +dy =n + 1.

We look at cycles a; and ay and their images in X» which are now sections
of Xp over Z, and we define the local link pairing (a1, as), as the intersection
index of those sections. It is non-zero only if they intersect non-trivially modulo
.

In the case of an elliptic curve E(C) we look at its Neron model over Z,, as
for cycles a; and ay they are just points on E and can be seen as two maps

SpecQ, — E, we continue them to maps SpecZ, — £ and take intersection
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index of images. It is non-zero if and only if points ai, as coincide modulo p.

Proof. of the Proposition 5.10 In general for cycles cl(a;) € Hfffi (Xo,Qi(dy))

their intersection index is defined as the image under sequence

HE (X0, Qui(dh)) x Hy#(Xo, Qida)) = H* (X0, Qi(dy)) x H*®(Xo, Qi(dy))
— H% 52 (Xo, Qu(n + 1)) =5 HE(Spec(Z,), Qi(1)) ~ Q,

(5.2)

Then for an elliptic curve with good reduction over p we consider divisors
a; =y a; P and ay = ) 5;Q); to find out their local pairing (ay, as), following
the path above. As previously we denote by Y; the support of a;. Here oy, f;
are some [-adic numbers and P, Q); are points on E(Q,), then d; = dy = 1.
Therefore both local link pairing and intersection index can be represented by
a commutative diagram using Definition 5.2 and intersection index as defined

above 5.2

H'(Uy, Qu(1)) x H' (U2, Qu(1)) —— HY (U1 Uy, Qu(1))

T

H'(Bz, \ Y1, Qu(1) x H'(Ez, \ Y2, Qi(1))

|

H(Ez,, Qu(1)) x HX(Eg,,Qu(1))  ——  Hf, (Eg,)
- H(B,Qi(2)) — H'(SpecQ,, Q(1)) ~ Q
— H2(Spec(Z,),Qi(1)) ~ Q
together with a boundary map H'(SpecQ,, Q(1)) — H§|(SpeC(Zp),Ql(1)).
We start with two cycles a; € H'(Ez, \ Y1, Qi(1)) and ay € H'(Eyz, \ Y2, Qi(1))
and going up follows the definition of linking number but going down gives
the definition of intersection index and therefore height pairing via Mazur and

Tate. Which in turn is known to be the Neron-Tate height pairing. O



Chapter 6

The first Bloch-Kato conjecture

6.1 Main prerequisites

It is widely known that one of the Bloch-Kato conjectures is in some way the
generalisation of the BSD Conjecture 3.5. It is less widely known though in
what way exactly.

The Bloch-Kato conjecture consists of two parts. One easy about the order of
vanishing of motivic L-function defined in 9.30, one harder about the descrip-
tion of leading coefficient which is called the Tamagawa number conjecture. In
this chapter we will explain why the first part is generalisation of the first state-
ment of the BSD conjecture and later we will prove that the second part of the
Tamagawa number conjecture is generalisation of the refined BSD conjecture.
Setup: Denote until the end of chapter by K a number field. In the BSD
conjecture one should work with the Mordell-Weil group E(K). Assuming the
conjecture on finiteness of the Tate-Shafarevich group III(E/K) one has the
rank of F(K) to be the same as rank of Sel(F/K) by the Fundamental Exact
Sequence 1.4. Then one may work with Selmer group instead of Mordell-Weil
group.

Here for the case of a general algebraic scheme X we can not work with
X (K) as we have no idea about its structure, it is not a group anymore.

We will introduce a so-called Bloch-Kato Selmer group which is a subgroup
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of HY(Gg, V(X)) for a certain p-adic representation V(X). We want to work

with good enough representation, called coming from geometry.

Definition 6.1. e A p-adic representation V of the group G is a
finite dimensional Q,-vector space equipped with a continuous action of

Gk.

e We say that a p-adic representation V is coming from geometry if
there ezists a smooth proper variety X/K such that V is a subspace of a

quotient of Hl\( X%, Q,) for some n.

We will assume all p-adic representations in this chapter to satisfy this prop-
erty. Similarly to the usual Selmer group the Bloch-Kato Selmer group is cut
out by local conditions for every place v of K, now we need to determine what
are those conditions exactly. Since we are working with etale cohomology with
coefficients in Q, for some fixed prime p, we need to consider two separate
cases of v being above p and away from it. The second case involves study of

p-adic Hodge theory so we start with first.

6.2 Case away from p

Setup: K, is a finite extension of Q; for v { p, V' a p-adic representation coming
from geometry. In this given case to say that a representation V = HZ (X, Q,)
is unramified means that X has good reduction at v so this would be our

geometric condition.

Definition 6.2. The unramified cohomology:
H, (K, V) :=ker(H(K,,V) — H'(Ix,,V))

Where Iy, C Gk, is the inertia subgroup. Then define local Bloch-Kato Selmer
group as

Hi(K,, V)= H, (K, V).
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The next lemma provides justification for the words ”Selmer group” in the

name.

Lemma 6.3. Let E be an elliptic curve over a number field K with non-
archimedean place v|p away from [. Then the subspace of unramified cohomol-
ogy H (K,,VE(K,)) C HY(K,,V,E) contains the image of the composition

of the Kummer map and localization map
E(K)®Q/z; > H'(K,V,E(K)") - H'(K,,VE(K,)™).  (6.1)

In the following paragraphs we explain the essential meaning of this lemma:
recall the definition of the Selmer group 1.2. It can be summarized in the fol-

lowing way: Define a subgroup Spn,, C H*(K, E(K)[p"]) by the exact diagram

Sp” U

T

E(K)/p"E(K) —— H'(K, E(K)[p"))

| f \_

E(K,)/p"E(K,) = H'(K,, E(K,)[p"]) —— H'(K,, E(K,)[p"])/ Im i,

(6.2)
Where k,, is the local Kummer map, see chapter on Selmer groups. We
also define a group S,, = lign Spn , this is the p-primary Selmer group over
v, namely Im &, ,, then the p-primary subgroup of the Selmer group satisfies
Sel(E[p] /K) = ), Sy
On the other hand by analogy one can define S, ,, for any m instead of p" in
the very same way with a diagram and take an injective limit over all m. This
way one would obtain a group S, that lives inside H'(K, E(K)rs). Then by
definition the Selmer group is just Sel(E/K) = [, Sy, so we may call our S,
a local Selmer group and correspondingly groups S,, to be called local

p-Selmer groups.
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Let’s see how they relate to the unramified cohomology. From the defini-
tion of S,», we get the image of Sp», under vertical map f which lives in
HY(K,, E(K,)[p"]) to be contained in the image of the Kummer map Im x,,, C
HY(K,, E(K,)[p"]).

We take the exact diagram 6.2 above for all n and take the inverse limit of all

such diagrams over all n tensoring with Q,, afterwards to get a new group S, .

S]/m) = @n Spnw ® Qp

T

E(K)®Q, —~—— H'(K,V,E(K))

| T

E(K,) ®Q, —"— H'(K,,V,E(K,)) — H'(K,,,E(K,))/Imr,,

Then the obtained S;, maps via the vertical arrow f into a subgroup of
HY(K,,V,E(K,)) contained in the image of the Kummer map. Then by the
lemma 6.3

S, C H. (K, GE(K,) ¢ H(K,, Vy(E)).

Fact 6.4. In the setting of the Lemma 6.3 denote by € the Neron model of ellip-
tic curve E over Spec Ok, and by E° the identity component of the special fiber

of the Neron model. Then there is an isomorphism of Gal(K,/K,)-modules
TE® ~ (T, E)™.

It follows immediately that V;E° ~ (V,E).

Proof. Take a finite unramified extension L,,/K,, then Spec Oy, is smooth
over Spec Ok, and by Neron mapping property we get £(Opr,) ~ E(Ly).
Passing to the limit we get £(O™) ~ E(K]"), where O™ is the ring of integers
of K" — maximal unramified extension of .

On the other hand we know E(K)& ~ E(K"), then it follows (T;E) ~
Jim E(K™)[I"]. By the above this shows T} ~ (T;E)". Consider the exact
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sequence defining the component group of the special fiber
1= E%k,) — E(ky) — D, — 1,

then corresponding sequence of Tate modules is left-exact. Moreover since P,

is a finite group we get T;®, = 0, therefore T}€ ~ T,E°. ]

Remark 6.5. In view of this fact we may restate lemma 6.3 in the following
way: The subspace of unramified cohomology H}(KU,WE(FU)) contains the

image of the Kummer map and localization map
E(K)@Q/Z; — H'(K,, ViE(Oxyr)).

Proof. of the Lemma 6.3. Recall that the Kummer map is the boundary map
in the long exact cohomology sequence F(K,)/I" — H'(K,, E[I"]) so it sends
a point P € E(K,) into an E[l"]-torsor of points @ such that [["]Q = P. In
the case when elliptic curve E has good reduction over p the Neron model £
over Ok, is smooth and proper and a point P € E maps into a point P’ of €

via the diagram
E+—F

[ I

Spec Ok, «— Spec K,

In all other cases the same holds for the identity component E°(F,) of the
special fiber of the Neron model instead of £(F,). Therefore all points @
from the FE[I"]-torsor corresponding to P map into points @' € &€ such that
[["]Q" = P’ which means that all such Q" form an £°["]-torsor.

In the case when E has good reduction over v we have £ being finite etale
over O, (or in the case of bad reduction £° finite etale) and since v { [ all
the [I"] : €% — &Y are finite etale as well. In the case of good reduction
everything is unramified so we have V,E'%» = V;FE and thus image of the

Kummer map lives in H'(Gg, /Ix,, E[l"]), in the case of bad reduction all
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moves to HY (G, /Ix,, E[I"]™).

As we have already mentioned above since the place v is away from p, the
morphism [p| : E(K) — E(K) is a finite etale map. Now note that by inflation-
restriction sequence it follows from definition of Bloch-Kato Selmer group, that
H! (K,,V) = H(Gg,/Ix,, V) for any V| so all we need is for image of
composition 6.1 to land in HY(Gg,/Ik,, ViE'®) = HY(Gg,/Ix,, ViE°).

Note that this lemma (and proof) still hold for more general situation when

instead of elliptic curve one works with abelian variety. O]

6.3 The case v |p

Now we want to define local Bloch-Kato Selmer group for the case when v is
above p, that would require some knowledge of basic p-adic Hodge theory from
the corresponding chapter. By analogy to the definition of unramified cohomol-
ogy we define local Bloch-Kato Selmer group as kernel of some map from local
cohomology H'(K,,V) but now we are working with a p-adic representation

V over a p-adic field K,. Therefore we don’t speak of inertia subgroup.

Definition 6.6. The local Bloch-Kato Selmer group is defined as
Hi(K,, V) =ker(H'(K,,V) = H(K,,V @ Beis(Zy))) (6.3)

We want to have an analog of lemma 6.3 for the case when our representation

is the rational Tate module V' = V, E for an elliptic curve E.

Lemma 6.7. Let E be an elliptic curve over a number field K, let v be a place
of K above p, no assumption on reduction required. For the p-adic represen-

tation V,E the image of Kummer map
B(K,)®Q,/Z, = H'(K,,V,E(K,)). (6.4)

coincides with H} (K, V,E(K,)).
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In the proof of lemma in this case we will be using results from later chapter

on Dieudonne theory, namely Lemma 8.2 and Theorem 8.17.

Proof. First note that the Kummer map above is injective. Consider the group
of points of an elliptic curve E over K, as a compact p—adic Lie group. The
group of points on the Neron model £(Ok,) contains a connected compo-
nent £%(Of,) which is a finite free Z,-module. Then the p-adic completion
E(K,)®Q, of the group of points on E over K, is isomorphic to an open sub-
group of F(K,). Therefore there is no open subgroup of F(K) which maps to
0 under Kummer map.

In order to prove the claim we need to check that Kummer map goes into
H}(Kv,%E(E)) and to prove that E(K,)®Q, and H}(KU,V;;E(E)) have
the same dimension as QQ,-vector spaces.

In order to see that the image of x belongs to Hj(K,,V,E(K,)) we use an
isomorphism H(K,, V,E(K,)) ~ ExthKv (Q,, V, E(K,)) which brings out de-

scription of H(K,,V,E(K,)) in terms of extensions
0—=V,E—=V—=0Q,—0.

Such an extension corresponds to an element in H}(K,, V,E(K,)) if and only

if the corresponding extension
O — Dcris(v;nE> — Dcris(v) — Dcris(@p) = Bcris — O

is a short exact sequence. This happens when a p-adic representation V' has
the same property as V,E, i.e. it is crystalline or semi-stable together with
V,E. More on this see chapter 3 of | ]. Recall from lemma 8.2 that
V,E is crystalline if £ has good reduction at p and it is semi-stable if £ has
multiplicative reduction, assume for now that reduction is good and V,E is
crystalline. Then all we need is to prove that V is crystalline.

Denote as usual £ the Neron model of E over Ok, , then we are working with
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a class £ € E(K,) = E(Ok,). We take a pullback of the short exact sequence
O—>€[p”]—>8p—n>5—>0

along ¢ and view it as an E[p"|-torsor over Ok, . It canonically corresponds to

a short exact sequence
0=&pP"l =X —=>7Z/p" =0,

where X is a p-divisible group over O, . Since all these sequences are com-
patible for all n we can take an inverse limit to end up with an extension of

Q,/Z, by E[p>]| with a p-divisible group X, over Ok, .
0—EP™] = X — Q,/Z, — 0

We then use the following theorem to get what we wanted.

Theorem 6.8. Fontaine Let O, be the ring of integers in a p-adic field K,
let G be a p-divisible group over Of,, then the p-adic representation V,(G) is

crystalline.

In more general case of multiplicative reduction instead of complete Neron
model one has to think about the connected component of 0 with proof similar
to above.

Consider the logarithmic map log : E(K,) — tgx,), it has the set of torsion
points of F(K,) as its kernel, however it is locally injective near O € E(K,).
Moreover it is an isomorphism on the connected component of 0, which is a
finite index subgroup of F(K,) to an open subgroup of LieE(K,). Then we
get dimk(E(K,) ® Q,) = [K, : Q).

On the other hand by theorem 8.17 we have

dim H}(K,., V,E(K,)) = dimg, Dn(V,B)/Dip(V,E) = K, : Q).



Chapter 6. Conjecture about order of vanishing 23

Where the first equality holds as V,E is de Rham in any reduction case. [

6.4 Conjecture about order of vanishing

After defining Bloch-Kato Selmer group for all local cases the definition of

global Bloch-Kato Selmer group naturally comes to mind as:

Definition 6.9. For a p-adic representation V of Gx = Gal(K/K) the
global Bloch-Kato Selmer group H}(K, V) is the subspace of H'(K, V) defined

by the following commutative diagram:

H}K,V) ———— H(K,V)

Hv H}(Kw V) B— Hv Hl(va V)

Namely all the elements in H'(K,V') that land in groups H}(K,, V) for all

valuations v on K.

In their article Bloch and Kato call this object finite cohomology by analogy
with finite adeles. One can not help but notice a vast similarity with definition
of usual Selmer group.

We now have enough tools to formulate the main conjecture of this section.

Conjecture 6.10. Bloch-Kato For a p-adic representation V' coming from
geometry the order of vanishing of L-function equals the difference between

dimension of global Bloch-Kato Selmer group and Galotis fived points of V.
dimg, H}(K,V"(1)) — dimg, H*(K,V"(1)) = ords—o L(V, 5).

Let’s see what it means for our favourite case of V' =V, where F is an elliptic
curve. If we take a number field K, then we have dimg, H°(K,V) = 0 since

E(K) is finitely generated by Mordell-Weil theorem, so starting from some n
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we would not find any points of order p”. Then conjectural formula becomes
dimg, H}(K, V,EY(1)) = ords—g L(V,EY(1),s) = ords—y L(V,E, s).
Which in turn by Lemmas 6.3, 6.7 implies the first part of BSD conjecture.
ords—y L(E, s) = rank F(K)

Note that for motivic L-function we consider order of vanishing at 0 and for the
L-function of elliptic curve we look at order of vanishing at 1. This happens
because of twist in our motive M = h'(FE)(1) by one.

The next two chapters recall classical but not widely studied subjects from
p-adic Hodge theory. Most of definitions and statements will be needed for
computation of measure of Bloch-Kato Selmer group in the equicharacteristic

case.



Chapter 7

Fontaine’s rings of period

The rings we will study in this chapter play central role in the p-adic analogue
of Hodge theory, they are needed for the formulation of Bloch-Kato conjecture,
and as preface to | | suggests they provide an enviroment for studying the
Fargues-Fontaine curve. This theory was originally introduced by Jean Marc
Fontaine in his 1994 Asterisque article | | and deeply studied and much
needed afterwards.

We would like to recall here definitions of all Fontaines rings A;, s, Bar, Beriss
B., B,; to build all fundamental exact sequences that we will need later in
chapters. All of the below is well-known theory written in many documents
thus we recall only important statements and constructions referring for proofs
to | , [FF18], ]

First we would like to introduce the ring A;,; as "the one to rule them all”
in the collection of works dedicated memory of Fontaine and Wintenberger
[ |. Fix a prime p and a commutative ring R separated and complete
with respect to the p-adic topology. Consider the absolute Frobenius map
Fr: R/pR — R/pR. We define the tilt of R as:

Definition 7.1.

R = l&n R/pR;
Fr
Then the infinitesimal period ring A,¢(R) is defined as the Witt vectors ring

95
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of the tilt of R.
Ais(R) == W(R).

To an element € R correspond an element 2” € R® defined as an infinite
sequence of p-th roots of z, i. e. 2” := (2 = 2,20, .. 2™ ) such that
(x+D)P = 20 for all n. With such interpretation R’ contains unit ¢ =
(1,¢p, Gp2, -..) where each (,» is a primitive root of degree p™ of 1.

This currently ”set” R’ can be given a structure of ring, namely it easily

becomes multiplicative monoid with ” - ” defined on elements as z” - y* =

(2@ 20 ) (y Oy gy ) = (OO p Wy (D),

The following lemma is proven in the thesis of P. Scholze:

Lemma 7.2. The tilt R and T&nxﬁﬂ R are isomorphic when viewed as mul-

tiplicative monoids.

The addition in R’ is slightly more complicated. In order to add two elements

2 = (2O, 20 2™ Yandy’ = (y©@,yW, ..., y™, ...) we take correspond-

(:L“ +y)(n) — ]}LIgo(x(n+k) +y(n+k))'

So far we have defined the map R — R’ on elements above, but there is one

more called # : R* — R defined as following:

Definition 7.3. We take an element @ = (g, ... Gy, ...) € R’ = T&nFr R/pR,

lift all @; to elements a; € R in any way we wish and define

a” := lim a? € R
n—o0

An alternative definition would be to view R® as 1&1& R as above and for
x—xP
an element x = (0,20, .. ) € R define v#* = 2. This map # gives

correspondence between the valuations on rings R and R’.

Now that we understood what the tilt really is we can look at its ring of Witt
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vectors

Ais(R) == W(R).

For an element z € R’ denote by [z] the Teichmuller lift of x to W (R).
Then any element of W(R’) can be represented in unique way as a series
> P¥[rx]. There exists a Frobenius lift from R/p to R’ and therefore to the

whole A;,(R) as the Witt vector Frobenius. The map itself can be described
as Fr(3o, pPlae]) = 30, p*[af].

Definition 7.4. We define the Fontaine’s map 60 : Ay (R) — R R by

00> pFlaw]) =D pFaf.

It is a hard but greatly important theorem that this map 0 is surjective and the
ideal of its kernel is principal, generated by a distinguished element d = p—[p’],

then (d) C Amf(R)
This ideal is what defines all the further rings of Fontaine.

Definition 7.5. The ring A..s(R) is defined as a formal p-adic PD-thickening
of Ajnp with respect to the ideal J = (d) C Ayp(R) completed in p-adic topol-
oqy, namely

Acris(R> = Ainf [@

7l ],fO’I“ all k € N; B;‘—rzs = @p ® Acris.

Next we define the de Rham period ring.

Definition 7.6. The ring B}, is the completion of Amf(R)[%] with respect

to (d), namely

B 1= lm(Aus ()] /@)

This ring has a number of valuable properties: it is a discrete valuation ring
with residue field R[%] = Frac(R), it also contains A as a subring, in case
of R = Z, it is non-canonically isomorphic to C,[[t]] ~ B and if one wishes,

one can consider this case whenever B:er appears on horizon.
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To define higher rings B,z and B.,;s we need the logarithm of p-th roots of

D

unity ¢ = log([e]) defined as usual by formal Taylor series of ), % as

variable.

Definition 7.7. The cristalline period ring and the de Rham period field
are defined as:

1 1
B, = B, H and Bag = By H .

The de Rham period ring Bgyr is a field and carries a decreasing filtration

defined by degrees of t as Fil'Byg = Bl

+
Ccris

By definition the element t belongs to A.,;s, therefore to all the other rings B
and Beris. Then Frobenius morphism extends from A,y to Acis as Frt = pt,

and further to B}, and B},

cris?

moreover the Frobenius agrees with filtration on

Example 7.8. The important case of the above recollection is when we start
with the ring of integers R = Oc,, where C,, := @p it fits all the requirements.

One may keep this example in their head whenever we address this section.

Then the tilt of R is R ~ Ogy = OF , the ring Ajpp(R) = W(Og), an

() b

element d can be represented as d = p — [u] € Ajp(R).

Proof. This can be proven starting from an isomorphism lim 7, ~ F[[u]]
given by u = p’ = (p,pl/p,pl/pQ, ...).  Then taking fraction fields we get

hm Q> F,((u)), which after algebraic closure and completion becomes

—

C, = lim Q, ~ F,((w)).

TP

For the case of the semi-stable reduction we need the ring BY,. To define it we

use the log[p’] =: s.
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Definition 7.9. The semi-stable period ring is defined as:

1

Bl :=B!. [s] and By := B..s[s] = B;@[;]

Additionally to the Frobenius morphism defined by Fr(s) := ps this rings carry
the monodromy operator N : By — By defined as the unique derivation such
that N(s) := 1, which commutes with Gg,-action and has the property N oFr =
pFroN.

By definition the monodromy operator fits into a short exact sequence:
N
0— B.is — B, — By, — 0.

Lemma 7.10. The morphism from the above sequence By, — Bgr extend-
ing an inclusion Beis — Byr is Go,-equivariant. It allows us to define a

decreasing filtration on By that agrees with the Frobenius morphism.

Consider a finite totally ramified extension K of Q,. There is an action of
Gal(C,/K) on A,y commuting with Frobenius automorphism that lifts all
the way to A..s and to Byg respecting the filtration. We will assume from
now this to be our case of concern.

Definition 7.11. There is an ideal J in the ring B} .. defined by the fol-
lowing sequence:

0—J— B

cris

— C, — 0;

A close look at it gives out J to be the kernel of the map induced from 6 :
Ay — Oc,, therefore J is the ideal of B/ .. generated by all the divided

powers of d, namely: J = (v,(d)). There is a descending filtration of J by
ideals J defined as JU := (~,(d), forn >r).

Fontaine has proven in his original Asterisque article | | the exactness
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of the sequences below and defined filtration on B}, by JI"!

0= Q,(r) = JIN T ES B 0

cris

(7.1)
0= Q,(r) = JI T ES B, =0

One more piece of magic of ideals JI"! gives an alternative definition of de
Rham period ring as in the following lemma. We would like to prove here that
the definition of B, by Bloch and Kato in | ] is equivalent to the classical

one.

Lemma 7.12.
B;R = ILH cms/J[r

Proof. We need to construct a map from B}, to every B} . /J "l so that all this

cris

maps for all 7 agree and prove that the object B, is universal with respect

to this property. Observe by the definition of B} above that

cris

—

B/ I = (A [ (D) @ @)/

It is enough to build a morphism

k

o 20 > [(E)] 0 01

—

then construction of the map into the completion Ainf[<%>] will follow as

well as the morphism from the inverse limit of all right hand sides for all & into

d)*

B, By definition of JI"l we may rewrite the latest factor as A, ¢[(*2-)] [%] &

(
k! r!

since Ainf is a Zy,-module. Then we use natural maps for all r

L1107 aur (Y B

The constructed maps B}, = @T +ao/ I all agree.

We are left to prove the universal property and in order to get it assume there is
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cris

a module P with a morphism P — @r B/ ,./J". Then P must be d-adically
complete since the limit above is by the definition of JI"! containing raising
powers of d. Also P maps to Amf[%] if we take k = r = 0, therefore there is a
morphism P — Bj,. O
In the preface to | | P. Colmez calls the ring B, "main”, it was proven by
J. M. Fontaine that it belongs to the class of Bezout rings, currently common
notion for B, is "exponential”. The ring has multiple mysterious properties
unlike other period rings, some of those properties remain unknown and they
are listed in the same text. The ring is defined quite easily B, := B1
where the Frobenius action comes from A.,;s and Fr(t) = pt. But that’s where
the easy things about it come to end, we do not even know how its residue
ring looks like. This ring B, plays central role in formulation of Bloch-Kato

conjecture by sitting in the middle of the fundamental exact sequence, recall

from [FO] Theorem 6.26:

Theorem 7.13. The following sequence is exact
0— Q, = B, = Bur/Bl; — 0; (7.2)

It is equivalent to the following two facts: first is that B, N B, = Q,, and
second is B, + B, = Byg. Then Byzr/Bl, ~ B./B.NB}, from where follows
everything we need.

As a direct consequence we obtain
Corollary 7.14.
0—Q, % B, @B}, % Bz — 0. (7.3)
with maps defined by a(x) = (x,x), and b(z,y) = —y.
As a consequence we obtain the following exact sequence | IE

Corollary 7.15.

0— Qp i> Bcris s> BIR _b> ch's D BdR — 0. (74)
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With maps defined by a(x) = (z,x) and b(z,y) = (r — Fr(z),z —y).

Proof. The surjectivity of of the map b in the second variable follows from the
corollary 7.14, the exactness in other terms is obvious, we need only surjectivity
on Bcris-

The surjectivity of 1 — Fr follows from Theorem 5.3.7 (iii) in | ]. O

We would like to have an analogue of this corollary for the ring By, instead of
B.,s for one of the lemmas about bad semi-stable reduction. The short exact

sequence is similar, however the kernel is a bit different.

Lemma 7.16. Define the ring By := BE=L. We have By N B;{R =Q, and

B, + BjR = Bur. We have the following short exact sequence:
0—Q,% By, ®Bl, > B, ®Bys — 0. (7.5)

With maps defined by a(x) = (z,x) and b(z,y) = (v — Fr(x),z — y).

Proof. The equality B,y + B, = Byg follows immediately from B, + B}, =

Byg, to prove B,y N B, = Q, consider the intersection B n B, =".

cris

Fr=p~! N

cris

We prove this intersection is null. If there is a nonzero element x € B
B, thentz € B.NBl, =Qp, s0t tat € Qy, s0 ¢t € B,

Now we have exactness of the sequence 7.5 everywhere except from the last
member. To prove surjectivity of b we need to prove surjectivity of 1 — Fr on

B,;. Consider the exact sequence of Fontaine for any r € Z:
1y 1-p~ " Fr
0—=Qp,— Fil'Bis — Beis — 0.

Due to this sequence and by definition of By = B,.;5[s| we only need to find an
element = € By, such that x —Fr(z) = s. Since in the case of B,,;s the sequence
above holds for any r € Z there exists y € B.;s such that y — pFr(y) = —1.

On the other hand by the short exact sequence

0— B.is — By N B, —0



63

we get an element zy € By, such that N(zg) = y. Plug it into the equality
above to get N(zo) — pFroN(zy) = —1. Recall that N o Fr = pFroN, so
we get N(zg) — N(Fr(zg)) = N(s), therefore s + a« = x¢y — Fr(xg) for some
a € B,.;s. However we have by Theorem of Fontaine o =  — Fr(f), so we just
take x := 1o — f.

]

Remark 7.17. Note how one can immediately get the corollary 7.15 by ap-
plying invariants of monodromy on the 7.5 using the fact H*({(N),Q,[s]) = 0.
This happens because By = Bis[s] and N(s) = —1 by definition, so when we

apply invariants of N to a subring B C By we are left with B N B.s.

The exact sequences 7.14 and 7.15 are both needed for formulation of the

refined Bloch-Kato conjecture, we will talk about it in later chapters.
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Dieudonne modules

8.1 Definition and main examples

There are different ways to define Bloch-Kato Selmer groups depending on
the property of cohomology theory one wants to emphasize. One way would
use the B,g period ring and another uses B.. These different ways to define
local Bloch-Kato Selmer groups are needed for construction of Bloch-Kato
exponential and computation of dimensions of cohomology spaces.

Before working with them we would like to give a description of what can be
done to a p-adic representation V. Throughout this section we will assume that
V' is a p-adic representation over a local field K, with v | p unless specified
otherwise, i.e. the theory is developed for [ = p situation. We only recall
necessary theorems and definitions, for proofs we refer to | 1, | 1,
[ I, [ 1 [ |. The following definition is classical and can be found

in the original article by Fontaine | ].

Definition 8.1. Let V' a be vector space over Q, with a continuous action

of a Galois group Gk,. Then we define Z,-modules:

o The crystalline module D is(V) := HY(Ky, Beris @ V) = (Bepis ® V) Gxv
15 a vector space over K,. It is equipped with action of Frobenius coming

from Frobenius on B..;s and a filtration induced by ideals J [r] composing

+

cris”

into filtration on B

64
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o The de Rham module Dygr(V) := H°(K,, Bar®V) is a vector space over
K,, it inherits a decreasing separated and exhaustive filtration coming
from the one on Byg in the following way: Fil'Dgr(V) = (Fil'Byg ®
V)CGxo,

e The exponential module D.(V) := H°(K,, (Bai@V)"=1) = HY(K,,B.®
V) = (B, ® V). A submodule of De.is(V), it inherits all the proper-

ties.

e The semi-stable module Dy (V) := H(K,,B4 ® V) = (B, ® V)% q
vector space over K,. It has the action of Frobenius operator coming
from By, a monodromy operator N, and a decreasing filtration coming

from Byg.

Immediately by definition from inclusions B, C B..;s C By C Byr we get the

comparison of their dimensions:

dim D, (V) < dim Dyyis (V) < dim Dy (V) < dim Dgg(V) < dimg, V' (8.1)

We call a p-adic representation B,-admissible if D,(V) = dimg, V. We will
often assume that representation V' we are working with is B,,;s-admissible,
or as we also call it crystalline. We would like to check this property for our

main case of concern with V' =V, E.

Lemma 8.2. Let E be an elliptic curve defined over the field of rational num-
bers Q, let p be a prime of good reduction for E, then V,E is crystalline and
hence it is de Rham. When p is prime of multiplicative reduction the repre-
sentation is not crystalline, however it is semistable. In case if p is of additive

reduction V, I is only a de Rham representation.

Proof. The statement for the case of good reduction is the theorem of Fontaine.
In case of any reduction type we have the dimension of V,E over Q, equal to

2. Now we need to compute dimension of the vector space (B.is ® V,, E)%%s,
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In the case of bad reduction dim V, E(Q,)% = 0. This can be seen via applying
an isomorphism V,E(Q,)’ ~ VpEnS(E) that follows from the Fact 6.4 and
knowledge of E,,(F,) = F,” in case of multiplicative reduction and E,(F,) =
IET; in case of additive. Then considering Tate module we have V,,E(Q,)’» = 0.
In the case of multiplicative reduction we can apply Tate uniformization after

a finite unramified extension, then
0— Q1) = V,E—-Q,—0

by proof of the Lemma 2.13. We choose basis of V,E over QQ, as above
x(a) (o)
0 1

where ¢(0) is a p-adic integer. It remains to see how I, acts on B,,;s where we

<1£1 Cpn,lglql/p"> and recall the action of inertia group as

consider Ay,; := Ay, 7(Z,), then by definition A;,; = W (F,[[(p—[p’])]]). Then
for the tilt of ¢ in O<bc,, > ¢ we have the action of o described as o(¢’) = ge*(?),
where € = (1, (p, (2, ...) as defined in 7. Which means that Galois action on
log[¢’] is o(log[¢’]) = log[¢’] + c(o)logle]. By definition of B, it contains
t = log|e].

One

Moreover we have ]ﬁ € Z, and therefore log[(ﬁ)b] exists in B, .
may write by properties of logarithm log[¢’] = v,(q)log([p’]) + log[(ﬁ)b].
Then by definition of By, := B..s[(log[p’])] we obtain log[q’] € By,. Therefore
(Bst ® V,E)“% contains linearly independent elements log[¢’] and ¢ which
means semi-stability for V,E.

On the other hand by the Lemma 6.11 in [IFO] the element log[p’] is tran-
scendental over B,,;s and so is log[qb}. So for p of multiplicative reduction the
representation V,E' is not crystalline.

We need to prove that in case of additive reduction we still work with a de
Rham representation. Recall that over large enough finite extension K of QQ the

curve E has either multiplicative or good reduction. Consider E over K, then

(Bar ® V,E)S(@/K) has dimension two and thus over K the representation
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V,E is de Rham. But taking invariants under Gg,/(GalQ,/K) ~ Gal K/Q,
doesn’t change the dimension.

To put it all together we get the following: For D, defined from A;,;(Z,):

(

dim D..;s(V,E) if E has good reduction at p;
dimg, V, £ = ¢ dim D (V,E) if E has multiplicative reduction at p;

dim Dyg(V,E) in case of additive reduction.

\

O

Example 8.3. [ ] | Let K, be a complete extension of Q, with
perfect residue field and let X be a smooth and proper algebraic variety over
K,. Define V' to be ith etale cohomology of X, namely V := H! (X%, Q,).

Then by comparison theorems of p-adic Hodge theory we obtain:
o Dyp(V) = (Bar @ V)% ~ Hjp(Xk,).

e [f additionally to the above X has good reduction at v, then D...s(V) =
(ch's ® V)GK” ~ Hl

cris

(Xx/W(k)), where k is the residue field of K,,

and X}, the reduction of proper reqular model X of X over Ok, .

e If X has semi-stable reduction at v, namely the special fiber is repre-
sented by strictly normal crossing divisor, then Dy (V) = (B4 ®V )%k ~
Hi o (X). Here Hyp denote the Hyodo-Kato cohomology, or log-crystalline

cohomology it 1s defined as

Hic(X) = Heio(Xe/ Spec(W (E))o) @w k) Frac(W (k).

Where Spec(W (k))o is the log-scheme Spec(W (k)) with log-structure de-
fined by N — W (k) via 1 — 0.

We see from this example how functors D, compute various cohomology groups

of X from its etale cohomology.
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In order to complete the computation of L-function for elliptic curve E we

need to write down explicit formula for Py, ,(H}(E,Q,)(1),1).

Lemma 8.4. Let E be an elliptic curve defined over Q with good reduction at

p. Then PQp:p(Ht‘}t(E’Qp)(]‘)’ t) = det(1 — Fr;l t|DcriS(Helt<Ea Qp)(1))).

Proof. Note that by the example above in case when E has good reduction at
p we have D ,(HY(E,Qp)) = H.,.(Er,/7Z,). In this case one can compute
Hclris(ng/Zp> = Z}%

Then by the Lefschetz trace formula for etale cohomology:
Lt p — Tre, (Hlyio(Er, /Zy)) = |E(F,)],

while the determinant of Fr, equals p. Then the characteristic polynomial for

Fr, looks like 1 — a,t + pt?.

8.2 Equivalence of categories

The modules in the Definition 8.1 are given by functors D, which go from
the category of p-adic representations of G to certain subcategories of the
category of modules over Z,. In order to state precise theorems we need to

define Hodge and Newton numbers to make sense of admissibility condition.

Definition 8.5. We say that a module D over a p-adic field K is @-module

if D is equipped with a Frobenius action and a filtration that agree.

e For a p-module D of rank 1 over K we choose a basis v € D and take
A such that (v) = M. Define the Newton number tn(D) = vy(N). In
case of module D of higher rank than 1 we define ty(D) = ty(det D).

e For a filtered module D of rank 1 we choose a basis v € D and define the
Hodge number ty to be the unique i € Z such that v € Fil'D \ Fil'*'D.

Again for module D of higher rank than 1 we define ty(D) = ty(det D).
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We call a filtered p-module D over K admissible if ty = ty.

The following theorems additionally to their general beauty provide a con-
struction of a p-adic representation starting from a filtered p-module with
continuous action of Gx. We will need to modify constructions of functors

Vs and Vg for the case of a Z,-lattice T in filtered p-module.

Theorem 8.6. [ )
Let K be a p-adic field, we denote by Gy its absolute Galois group. Denote

cris

by Repg, (Gk) the category of B..is-admissible p-adic representations of G

and by MF o the category of filtered admissible @-modules over K. Then
the functor

. cris ad
Deis : Repg,’ (Gx) — MF g
15 fully faithful, exact, tensor functor with the inverse functor given by 'V .. :
D — Fil®(Bqis @ D)?=', together they give equivalence of categories:

Deis - Rep&fs(GK) s MF % 0 V.

In particular for a crystalline representation V- we have V gis(Depis(V)) >~ V.

The Theorem of Fontaine has a semistable analogue proven by Hyodo and

Kato, see | ] and | ].

Theorem 8.7. Denote by Rep;gp(GK) the category of Bg-admissible p-adic
representations of Gg and by MF* (¢, N)k the category of filtered admissible

@, N-modules over K. Then the functor
D, : Reprfp(GK) — MF* (o, N)g

is fully faithful, exact, tensor functor with the inverse functor given by Vg :

D — Fil’(B,; @ D)N=0¢=1_ together they give equivalence of categories:

Dy : Repgp(GK) = MF“p, N)g - V.
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In particular V4 (Dg(V)) ~ V.

The main focus of these theorems is about both categories MF®py and
MF*(p, N)k being abelian, while analogous categories without admissibility
condition are additive, but not abelian.

Further on around measure computations we will be interested in valuating
the functor Vy, in the subcategory of Z,-modules inside Reprfp (Gk). For this

we recall from | | and | | the definition of Dieudonne module:

Definition 8.8. For a p-adic field K a filtered Dieudonne module D over

15 a module over Ok of finite type equipped with:

(1) A decreasing, exhaustive, and separated filtration by Z,-submodules D' C

D! C D such that D' = D fori << 0 and D' =0 for i >> 0;

(2) A family of Frobenius operators o; : D* — D such that p;

Ditl = PPit1,

and D =Y (D).

Such modules form a category denoted by MF px with morphisms that respect
filtrations and commute with Frobenius maps. Moreover by theorem of Fontaine

and Laffaille it is a full subcategory in MF oy and therefore abelian.

We then define for a filtered Dieudonne module D a functor T,.;s(D) as
To(D) = FII (B, @0, D)~ (~r).
Where the filtration on the tensor product is represented by Fil"(B} ., ®o,

D) := Y Jl @ D =%, The following theorem is due to Fontaine and Laffaille.

Theorem 8.9. [ ]
The functor T,..s(D) goes from MFpk to the category of crystalline represen-

tations of Gq,. It is exact and fully faithful.

It would have been enough just to consider filtered Dieudonne modules to

compute measures of local groups if not for bad reduction primes which will
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inevitably appear in the nearest future. To deal with those we will have to

write down an analogue of Fontaine-Laffaille theory for semistable reduction.

Definition 8.10. A filtered Dieudonne module with connection is a filtered
Dieudonne module as above 8.8 with additional monodromy operator N defined
as a Zy-linear endomorphism N : D — D such that No = ppN. Namely N
cooperates with filtration in the following way N(Fil'D) C Fil' 'D and with

Frobenius as Np; = @; 1N.

We will need to replace B .. with the ring B,, where monodromy operator is
defined and to a module D we associate a filtered Dieudonne B},-module with
connection B, ®z, D. But all of that must be done carefully for preservation
of important properties.

The notion of connection comes from the way the monodromy operator N is

defined on variables: N(az) = N(a)x + aN(z) for any a € B;, =z € D.

Remark 8.11. Filtered Dieudonne modules with connection form a category
denoted by MF o, N. Morphisms in this category respect filtrations, commute
with Frobenius maps, and with monodromy operators. The category MF o, N
is a full subcategory in MF* (o, N)g and the category of filtered Dieudonne
modules MF px embeds fully faithfully into MF e, N as modules where the

action of monodromy is trivial N = 0.

Theorem 8.12. / | For a filtered Dieudonne module with connection D

we define a functor Ty (D) as
Tyw(D) = Fil" (B}, ®0, D)%, (—7).
The functor goes from MF g, N to the category of semistable representations

of Gq,, 1t is exact and fully faithful.

We would like to give a definition and handy description of Bloch-Kato ex-
ponential map and for that by analogy with finite Bloch-Kato Selmer group

H}(Kv, V') we define Bloch-Kato Selmer groups related to rings B, and Byg.
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Definition 8.13. / ]

o The subspace of exponential cohomology H(K,,V) = 0 if v { p, and
H}K,,V) :=ker(H(K,,V) —» H'(K,,B. ® V)) otherwise.

e The subspace of Bloch-Kato de Rham cohomology Hy(K,, V) = H'(K,,V)
ifvip, and Hy(K,,V) = ker(H'(K,,V) — H'(K,,Bar ® V)) other-

wise.

By analogy with the above we take By instead of Beys and BE=! = B,[s]
instead of BE*=1 = B, to define the groups:

cris

e The subspace of semi-stable cohomology HY(K,,V) = HL, (K, V) =
H! (K,,V) ifv{p, and H,(K,,V) := ker(H'(K,,V) = H'(K,,By ®

V) otherwise;

e The subspace of semi-stable exponential cohomology HL,,(K,, V) := 0 if

vtp, and H,(K,,V) = ker(HY(K,,V) — HY(K,,BI=t @ V)) other-

est

wise;

Then by definition we obtain H!(K,,V) Cc H.,(K,,V) and:

HY(K,,V) C HNK,,V) C HY(K,,V) C H\(K,,V) C H'(K,,V)

8.3 The exponential map

Consider the fundamental exact sequence of p-adic period rings 7.1.
0—Q,— B, — Byr/Bi, —0
Tensoring it with our vector space V' over , and taking cohomology

0 — VO = De(V) = (Bar/Bip®g, V) — H'(K,, V) = H' (K., B.®g,V)
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Then in case when V is de Rham by definition of H!(K,,V) we obtain the
boundary map

Dyr(V)/Din(V) — H)(K,, V). (8.2)

It is surjective and has D (V)/V%%v as kernel. This map is called the Bloch-
Kato exponential, the reason for it is the following lemma proven in the article

by Bloch and Kato in | .

Lemma 8.14. Let E be an elliptic curve over p-adic field K,, where v | p.

Then for the rational Tate module V,(E) the following diagram commutes:

exp

te » B(K,)®Q

H l‘s (8.3)
+ BK —exp 1

Dir(VoE)/Dyp(V, E) —— H (Ky, V,E)

where tg s the tangent space to E at the origin O and ¢ is an isomorphism
coming from Kummer sequence. Here the upper horizontal map is the usual

exponent of Lie algebra and the lower one is Bloch-Kato exponent.
Bloch and Kato prove in 4.1 in their article | ] the following:

Theorem 8.15. Let V' is Byr-admissible, or as often they are called, a de
Rham representation, by definition 8.1 this means dimg Dgr(V') = dimg, V.

Then the Bloch-Kato exponential map is an isomorphism and moreover
H} (K, V,E) = Hi(K,,V,E).

There is an interesting conjecture about de Rham representations:

Conjecture 8.16. Fontaine-Mazur If a p—adic representation V is de
Rham at all places dividing p and unramified in all but finitely many primes,

then V' comes from geometry in the sense of the Definition 6.1.

So far in | ] there have been described conditions for a p-adic representa-

tion to come from abelian variety.
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Now we have written this section specifically to compute dimensions of the
spaces H!(K,,V;) and later we will compute measures of Bloch-Kato Selmer
groups. Consider short exact sequences from the chapter about Fontaines
rings 7.14 and 7.15. We take each of them, tensor with V; and take long exact

cohomology sequences. From those we may derive dimension formulas as:

Theorem 8.17. / | For a p-adic representation V, over a local field K,

with v | p the following hold:
dim H}(Kv, V,) = dim(Dggr(V,) /D (V,)) + dim H°(K,, V,); (8.4)

dim H!(K,.,V;) = dim(Dya(V;) /Dp(V,) — dim D, (V) + dim H(K,.,V;)

additionally to the above by using the fact that under the perfect pairing U :
HY(Gk,, V) x H Gk, V; (1)) = H*(Gk,,Qy(1)) ~ Q, spaces H;(K,, V)
and Hgl(Kv, V(1)) are orthogonal with respect to each other we can compute

dimension of H,(K,,V,)
dim Hgl(Kv, V,) = dim(Dgr(V,) /D5 (V,)) + dim D (V, (1)) 4 dim H(K,,V,).

Where all dimensions are taken as dimensions of Q,-vector spaces.

We would like to pass to the global Tate module and for that we introduce the

ring of adeles. We denote by Ag the ring of finite adeles for Q. By definition

/
Ag = HQP = {(ap) € HQP :ap € Zy for all but finitely many p}
p

p

However we will mostly work with the completed ring of adeles is Ag & R
defined in the same way but with possibility of p = co. We get an inclusion

Q = Ag from Q — Q, for all p.

Lemma 8.18. One can define the product norm on the ring of adeles for Q

by [(ap)| := 11, laplp € Rxo. It is well defined since we know that |ay|, <1 for



Chapter 8. The exponential map 75

almost all p. Then the topology generated by the adelic norm makes Ag locally

compact and Hausdorff.

Definition 8.19. For an elliptic curve E over a number field K define a
Z-module T(E) := [[,Ti(E) the total Tate module. The total rational Tate
module is the adelic product V(E) := []' Vi with respect to all Ts.

In order to define local Bloch-Kato Selmer groups for total V(E) for all x =
e, f, g we define H{(K,,V(E)) := [[, H} (K., V).

We have defined all sorts of local Bloch-Kato Selmer groups for case of local
field K,. In case of a number field K definitions analogous to 6.9 will work as

well.



Chapter 9

The refined conjecture of Bloch

and Kato

The aim of this chapter is to explain how to get from the Bloch-Kato Tama-
gawa number conjecture to the BSD conjecture in the case of elliptic curves.
The main reference for this part is the original article by Bloch and Kato
[ |, there is also a number of excellent surveys on this subject dedicated
to the Fontaine and Perrin-Riou conjecture which is known to be equivalent
to Bloch-Kato conjecture: | 1, [ 1, [ | and lecture notes useful
for understanding the whole picture | . In | | it is proven that the
Fontaine-Perrin-Riou conjecture implies BSD. We take a different more direct
approach of proving equivalence of BSD and the Tamagawa number conjecture
for the motive M = h'(E)(1).

From now we assume the base field to be the field of rational numbers K = Q.
Bloch and Kato introduced a motivic pair (V, D) of finite dimensional Q-
vector spaces and formulated their conjecture for certain groups A(Q,) de-
fined for a motivic pair. We will check the conditions for the pair for V =
H'(E(C),Q(271)), D =Dyr(V) ~ Hjp(E/Q) to be motivic. But before that

we study these vector spaces locally. Recall the Theorem of Artin, | ]

Theorem 9.1. For an algebraic scheme X/C denote by X" the space X (C)

76
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with complex-analytic topology. Then for any prime p we have an isomorphism:

HY(X,Z,) ~ H* (X, 7,).

Then we have V ®q Ag ~ H'(E(C),Q(2mi)) ® Ag ~ H},(Eg,Ag) ~ V(E)
where V(F) is defined above in 8.19 and adelic cohomology considered in
[Del79).

The modules (V,E, D;) can be recovered from each other as in the theory of
Fontaine and Laffaille about Dieudonne modules, namely for A;,; == A;,¢(Z)

we define

Dy :=Dyr(VIE) and V,E :=V (D).

In case when we start with a crystalline representation V' (defined B,;s-
admissible) we have the property of Dgg(V) = D,.;s(V) immediately by com-
parison of dimensions 8.1. Therefore when we start with rational Tate module
Vi E of an elliptic curve E with good reduction at [ and apply first functor D,
to get a filtered admissible p-module D,.;s(V') to which afterwards we can ap-

ply the inverse functor V,.;; we get again V;E by the theorem of Fontaine 8.6.

Proposition 9.2. For an elliptic curve E over Q the pair

(V = H'(E(C),Q(2m)), D= Hiz(E/Q))

is motivic in the sense of Bloch and Kato, see definition 5.5 [ ).

Proof. First we check the structure: the action of Gg on V®gAg is continuous,
Ag-linear, and V®1 is stable under complex conjugation. The space Dyr(V) =
(Bar® V)GQ carries a decreasing filtration coming from one on Byr and which
stabilizes away from finite set of indexes. We evidently get an isomorphism
Dy ~ Dyr(ViE) directly, we also define D, := (V @ C)%al(C/R),

It remains to check all axioms (P1-P4): We take the set U = Spec(Z)\ S of all
primes of good reduction. Then by Neron-Ogg-Shafarevich criterion V;(F) =

HL(E,Q,) is unramified at p € U. On the other hand it is the Theorem of
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Fontaine and Laffaille (Theorem 4.3 in | ]) that V,E is crystalline, i.e.
dimg, Depis(V) = dimg, V.

For the Z-lattice in second property we take the cohomology with integer
coefficients T' := H'(E(C),Z(2mi)) in V, then by analogy with the proof of
the Fact 2.12 we get T'® Z,, ~ T,,E. Locally the lattice in D; comes from T)E
by definition, then the property (P2) on lattices holds. For the finite set of
primes S we use all bad reduction primes of F and oo. Then for p € S we
get V,E to be crystalline by above. We also have for the de Rham filtration
existence of i, j € Z such that Fil'D; = D, Fil’D; = 0, and j —i < p again as

a part of theorem of Fontaine and Laffaille.

We have seen before in the proof of the Lemma 2.13 that polynomial Py, ,(Vi(E), t)
is an element of Z[t] and therefore it is independent of p which gives the third
property. As for the lattice T in fourth property we take the integral Tate
module T'(E), it is Gg,-stable and T(E) ® Q;/Z; = T} ®Q;/Z;. We only need
to know that H°(Q:", T}E ® Q;/Z;) is divisible for all unramified /. We know
that Gal(Q,"/Q,) ~ Gal(F,/F,) from Witt vectors formalism and that action
of inertia group I, is trivial by definition so we are looking at (1;£®Q;/ Z;)%w
note that T} F is divisible by all primes as Z;-module, except from [ and Q,;/Z;
is divisible by [. [

A motivic pair can be defined for any motive over Q, however we are mostly
interested in case of M = h™(X)(r) for a smooth proper scheme X over Q.
This type of motive would give a motivic pair in the following way: we take
V= H™(X(C),Q((27)")) and D := HJ};(X/Q) then by Faltings’ comparison
theorems structure axioms (P1-P4) hold and we have D, ~ D4z(V,). For all
p < 00 there is a filtration on D, coming from the filtration on Byr. The zero
filtered factor of D, is denoted by D) := F°D, and by definition it coincides
with D} (V},). The filtration on D is just the Hodge filtration, also we get a
Galois action on V' coming from theorem of Artin V ® Ag ~ H} (Xg, Ag)(r).

In the next section we define groups A(Q,) and A(R) of local points associated
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to a motive M with groups of global points A(Q) to be described afterwards.
We will see for the case of 1-motive of elliptic curve that these groups are
isomorphic to the usual Mordell-Weil groups of a curve over a field.

Afterwards we will discuss measures defined on these groups. We closely follow
exposition of Bloch and Kato | | in discussion here recalling measures for
case of good reduction and define them in reasonable way for bad. When all

prerequisites are filled we will turn our attention to L-functions for motives.

9.1 Groups of points

Our case of concern is X = E and the associated motive M = h'(E)(1). In
this case we define the groups A(Q,) following | | chapter 5.6.
Recall that for an elliptic curve E over the field of complex numbers C the

Hodge-de Rham filtration is represented by a short exact sequence
0— H°(E,Qp) — Hjr(E/C) = H'(E,OF) — 0.

Note that in our case D, = Hjn(E/Q), then by definition D’ ® C :=
Fil'D,, = Fil' HY(E,C) = H* = H°(E, Q).

Definition 9.3. For a Z-lattice T we pick as above H'(E(C),Z(2m1)), then
T®7Z~T(E) is Gg-stable in V ® Ag ~ V(E). Define local groups

A(Qy) = H}(Q,, T(E)), if p < 00;
(9.1)

A(R) := (Hyp(E/C)/(H(E, Q) + T)) ) if p = 0.

The rest of this chapter is dedicated to the computation of measures of these

groups which is vital for the formulation of the Tamagawa number conjecture.

Remark 9.4. We will see later why it does not matter which Z-lattice in V
we take as long as it is Galois stable, the formulation of conjecture is not going

to change.
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As we have mentioned above following the Lemma-Definition 8.14 Bloch and
Kato proved the isomorphism exppg : D,/DY) = H}(Q,, V) so for p < oo the
composition

Dy/ Dy =% HH(Qp, V) — A(Qy)
is a local isomorphism on a neighborhood of 0 in D, /D).

Construction 9.5. By definition one may view Dp/Dg as a finite dimensional
vector space over Q, and over R when p = co. Then we can consider its deter-
minant as the highest exterior power just like in the chapter on determinants.
The space obtained in such a way is one dimensional over Q, or over R. So

we choose an isomorphism for p < oo:
det : D,/D) — Q,.
2

Using this 1somorphism Bloch and Kato define Haar measure on the space
D,/D). Afterwards the measure can be extended to A(Q,) via the exponential
map, we call the measure [i,.

For the case of p = oo the measure pi, on A(R) comes from C. We have
Dy /DS = H% = HYE,Og) and the exponent map is the canonical one
HY(E,Og) ~ Lie(F) — C.

We would like to describe a way of defining this Haar measure p, on an ex-
ample. We start with the usual p-adic Haar measure on Q,, then we have
ftp = | - |p, 50 pip(Zp) = 1 and pu,(pZ,) = p~'. It grows to a measure % on the
affine space @g, where the resulting measure respects change of variable and

one the Implicit Function Theorem holds for this case.

Example 9.6. Let X be a smooth scheme over Q, of dimension d. Consider
the top degree module of differential forms Q4 /g, isa one-dimensional vector
space over Q,, so we pick a generator w € ng/@p' This allows us to define a
measure [w|pd on X(Q,).

Now we want to define a canonical measure for X = E. For that we look at
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the Neron model £ and a Z,-module chl/zp of rank 1. We then choose such an
element w € Q%/Qp that is a generator of Qg/zp, this choice is up to Q,, but
when we multiply |w| by an element X of Q) the measure itself scales by ||,

Note that the same can be done for a finite extension K,/Q,.

Remark 9.7. One can repeat the construction in the example above where
instead of (2x g, we take the module of Kahler differentials C(p,/pg)/q, to define
measure on D,/ Dg. Then by the commutative diagram in lemma 8.14 we have

that measures on E(K,) and D,/D) = Dar(V,E)/Djn(V,E) agree.

For the formulation of the Tamagawa number conjecture we need to compute
values of measure £4(A(Q,)) for all possible cases of [ and p including co. We
will do that in a few steps.

Bloch and Kato discuss the case of abelian variety with good reduction over
p to define p,, however all bad reduction cases remain unsolved. We will
recall results on good reduction for completeness and compute measure in bad

reduction.

9.1.1 Measures in the case [ # p

Instead of cohomology groups H}(Q,, V) for x € {e, f,g} Bloch and Kato
consider cohomology with coefficients in Gg,-stable Z;-sublattice 7" in V' and

in case when [ # p they state the following (Theorem 4.1 in | 1)

Lemma 9.8. Let V| be an l—adic representation unramified at p # | and
T, C V; be a Go,-stable sublattice.
Then the number of elements in H(Qp, Ty) equals the value of | Py, (Vi Dt

where Pg,(Vi,1) = Py, ,(Vi,1) is defined in 2.1. Therefore we have

|Hj(Qp, Th)| = tu(A(Qy)) = [Po, (Vi I

Corollary 9.9. The lemma above holds for ramified representation if instead

of T; we consider invariants of inertia TlI” and we will prove the statement
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in this setting. For the case of elliptic curve E we allow bad reduction at p
and the lemma implies that 1 (H}(Qy, Th)) = |epl;  [P(Vi, 1)];1 where ¢, is the
number of connected components in the Neron model of E over Q, viewed as

an l-adic number.

Before proving Lemma 9.8 we consider a couple of helpful statements that
must be proven before we start counting elements in a group H} (Qp, T7). We

just want to know it is finite.

Lemma 9.10. For V. = ViE and K, a finite extension of Q, we have the

following:

e dim H(K,,V,E) = 0;

0, ifl#p

2[K, : Q,], I =p.

e dmH'(K,,VE) =

e forl # p we have dim H}(Kv, ViE) = dim H°(K,, V,E) = 0;

Note that we do not put any requirements on the action of inertia on V| E, i.e.

VIE is allowed to be ramified at p.

Proof. The first assertion is easy, since F(K,) has finite torsion bit. Namely
because by Proposition VII.6.3 in | | E(K,) contains a subgroup of finite
index isomorphic to O}U which is free over Z;;.

The second follows from the first by duality on cohomology groups
H'(K,, Vi) x H* (K, Vi*(1)) = H?*(K,, Q1)) ~ Q.

Then we get dim H?(K,,V;*(1)) = dim H°(K,,V;) = 0 by above, where for an
elliptic curve V;E*(1) = V,E. Then the formula follows from Euler character-

istic for group cohomology (a corollary of Lefschetz trace formula for identity
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map).

0, ifl #p

—[K, : Qp)dimVIE, [ = p.

dim H°(K,, V})—dim H'(K,, V;)+dim H*(K,, ;) =

Recall the Definition 6.2 of unramified cohomology for the case [ # p
H}(K,,ViE) = H,,(K,, \E) := ker(H'(K,, V,E) — H'(I,, V.E)).
By inflation-restriction sequence we can write
H,, (K, VE) = H'(Gr, /1o, V[").

On the other hand we have G, /I, ~ 7 a group with cohomological dimension
1 and a property of dim H O(Z V) = dim H* (Z V') for any p-adic representation
V, see | ]. Then

dim H'(Gg, /1,, V") = dim H*(Gx, /I, V;")

which is in turn dim H°(Gg,,V;) = 0 by the first property. O

Note a similarity of the second point with the Greenberg’s theorem 1.5.

Proof. of the Lemma 9.8 By previous lemma we see that dim H°((Fr), Vll”) =
0 = dim H'((Fr), V,’*) so we may try to compute a number of elements in
the torsion subgroup of H'((Fr),T;/) for a lattice T, C V;. By definition
P(V;, 1) = det(1 — Fr|V;™) then by the Lemma 2.7

1-Fr

|det(1 — Fr |V;™)|,'Z; = det coker(T}” — T/*) = H'((Fr), T/").

Here by (a) we denote a cyclic group, generated by a. On the other hand by
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definition of unramified cohomology we have as above
Hy(K,, T}") = H,, (K, T/") = ker(H'(Gg,, T/") — H'(L,, T}""))
while inflation-restriction sequence implies
H'(Gie, /1, T*) = ker(H (G, Tj*) — H' (L, /)Gl ),

It is crucial at this point that the inertia group acts trivially on 7; in case
of good reduction, otherwise we take TZI” for a ramified representation, which

means H'(I,,T;"”) = 0 which implies
Hy(K,, 1)) =~ H'(Gk, /1, T}") = H'((Fx), T;").

We have used here isomorphisms Gal(K/K,.) ~ Gy, /I, ~ Z = (Fr) where
the last one is topologically generated by the Frobenius map.
Then by results from section about determinants Lemma 2.7 and Example 2.6

we obtain the size of the torsion subgroup in H'((Fr), T;"*) as:

[H((Fr), T ior| = | det(1 — Fr [V})

-1
1 -

In case of K, = Q, we get precisely |H}(Q,,T1)| = |[P(Vi,1)|; " O

Proof. of the Corollary 9.9 The proof of lemma above written for V; = V,E
holds until the ramified representation comes into picture. From now assume
that £ has bad reduction at p and we want to compute 1 (H}(Qy,77)). Then

there is a piece of inflation-restriction sequence that looks like
0 — HY(Gq, /I, ;") — HY(Q,, Ti) — H'(I,, T)%%/ — 0.

Now we would like to know a bit more about H'(1,,T;) and especially a part
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of it H'(I,, T;)“%/!. Lets have a look at the short exact sequence
0T, —-Vi=>V/T;, =0

and the corresponding long exact cohomology sequence of the inertia I, with

coefficients in this sequence. Then
H' (1, T;) ~ coker(V,”” — (V,/T})"); (9.2)

since H'(I,,V;) = 0 and H'(Gg,/I,, Vllp) = H;(Gq,, Vi) = 0 we obtain from
the long exact sequence of cohomology groups of Gg, /I, ~ Gal(Q}"/Q,) that

H(I,, TZGQ”/I”) = 0. When we are working with finite abelian groups
0—-H—G—-G/H—0

we get for the number of elements: |G| = |H| - |G/H|. Applying this to our
short exact sequences together with the definition of H} and the short exact
sequence for H'(Gq,/I,, TlI”) above we see that
G P
H{@p T |H 1, 1™

= : (9.3)
|HY(Gq, /1, T}")| |H(1,,T))|

By previous lemma we have u(H'(Gg, /I, Tle)) = | det(1 — Fr|V,")| .
We will prove that coker(‘/fp EN (Vi/T1)) ~ ®(F,) the group of connected
components in the Neron model of E over Z,, and it will solve the problem. To

see that the map f is not surjective consider an element from I, looking like

10
we have seen before in the proof of the Lemma 2.13 that the inertia

[ 1

group consists of elements of this sort. Then this matrix fixes elements in Vll"
killed by [, but since V] is a free Q;-module, then there is only 0 among such
elements. On the other hand in (V;/T;)" there is whole E[l](Q}") fixed by the

matrix above.
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Now by the Fact 6.4 we have VEI” >~ Vi(E°) = Vi(E(Oqyr)) so we are dealing with
connected components in the Neron model here. If we take an element from
Vi(E°) and apply f to it, then this point will go to some connected component,
all of which are isomorphic to V;/T;(EY), thus cokernel of map f is exactly the
group of connected components.

By definition the Tamagawa number ¢, = |®(F,)|, so by formula 9.3 above the
reasoning implies that |H(Q,, T)| = |H'(,, )| '|H" (Gg, /I, T;")| so the
l-adic measure is 1 (H}(Qp, T7)) = |cp|; | det(1 — Fr VI O

9.1.2 Measures in the case [ = p

The case of [ = p is more subtle. When we work in the situation of crystalline
representation V), there is a way due to Fontaine and Laffaille to construct a
Galois stable sublattice 7}, of V,, and introduce a Haar measure on H}(Qy, T,)
coming from filtration and measure on Dyg(V,). Then Bloch and Kato prove

in theorem 4.1 of | | the following

Theorem 9.11. Assume p = [, let V' be a finite dimensional representation

of Gg, and assume V is a de Rham representation, then
e There is an isomorphism of groups H}(Qp, V') =~ H(Q,, V).

e The exponential map exppy : Dar(V)/Fil®Dar(V) — HX(Q,, V) is an
isomorphism. We define a Haar measure on H}(Qp, V) coming from

Haar measure on Dap(V)/Fil°Dyr(V) via an isomorphism (1).

o If V is crystalline and Dyr(V') is a Dieudonne module, we can take a
strongly divisible lattice D € Dgg(V) and a Galois stable lattice T =
Teris(D) C V. Then p,(Hp(Qy, T)) = |P(V, 1) for a normalized valu-

ation defined by p.

For our case this means by definition of A(Q,) that 1,(A(Q,)) = Py(V,, 1) in

the case of good reduction prime. The —1 degree is gone since the valuation is
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normalized as |p|, = p~' and the value of P,(V,1) is the power of p and thus
its p-adic norm |P,(V,1)|, is nothing but itself inverted.

The next task is to define measure p, on A(Q,) for primes [ = p at which our
elliptic curve £ has bad reduction which means that representation V, £ is not
crystalline. The rest of the chapter is dedicated to the proof of the following
lemma and its highly important consequence. Assume we are in the situation

with a semi-stable p-adic representation V.

Lemma 9.12. Let V be a semi-stable p-adic representation. For a finitely
generated Z,-submodule D in the Dieudonne module Dy (V') which inherits a
filtration from Dgr(V) with a property of D = p~"Fr(Fil'D) the following
is true: consider a Galois stable lattice T C 'V defined as T := T (D). Then

i (HHQ, 7)) = [PV, D), = [ det(1 — Fr[D(V)¥=0) |1

P

Note that the same statement holds as well in the case of crystalline represen-
tation V,, since in that case Dy (V') = D..s(V) and we come to the statement

of the Lemma 4.1 (iii) in | ].

Remark 9.13. We should explain why we changed the common notation in
the lemma. The reason is we have Dy (V)N=0 = D,i(V) whenever V is
a finite-dimensional vector space over Q,. Namely we take the short exact
sequence:

0— B.is — By E> B, —0

and tensor it with V. Since V is a free Q,-module it is flat as Q,-algebra so
tensoring with V is left-evact. After that we take cohomology of Gal(Q,/Q,)

with coefficients in the obtained short exact sequence to find out that

0 = Deois(V) = Dy(V) B Dy(V) = ..

Therefore D.;s(V') is the kernel of the monodromy operator acting on Dy (V).
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Corollary 9.14. Let E be an elliptic curve over Q, with semi-stable reduc-
tion at p. Then the Lemma 9.12 implies that the measure of finite cohomol-
ogy with coefficients in the integral Tate module T,E equals u(H} (Q,, T,E)) =
ol IP(VLE, 1] and in case of good reduction the measure is ju(H(Qy, T, E)) =
|P(V,E,1)|;1. Where ¢, is the number of elements in the group of connected

components of the special fiber of the Neron model of E.

We immediately notice the similarity with the Corollary 9.9, indeed this is just
the | = p version of the above.

Note that for the case of V,, = V,EE with E of good reduction at p the special
fiber of the Neron model is a connected group, so ¢, = 1 so the statement of
the second assertion of the Corollary 9.14 is just partial case of the first.

The following useful statement is completely analogous to the Lemma 4.3 in

[ |, but for modules with monodromy action.

Lemma 9.15. The category of filtered Dieudonne modules with connection

MFpr, N over Z, has the initial object O with filtration defined by

) va ZfZ < 0;
Fil'O =

0 otherwise.

Frobenius operator on filtered pieces is given by Fr(Fil'O) C p~*Fr,, where
Fr, is the Witt vector Frobenius acting on Z,, and the action of the monodromy
operator is trivial N(z) =0 for x € Fil'O.

For an object D, € MFpg, N consider the short exact sequence

0 — h%(D,) — DY % D, — h'(D,) = 0

Define the objects h°(D,) and h'(D,) as corresponding kernel and cokernel in
the sequence. Then h'(D,) = Exty (O, D).

To prove Lemma 9.12 we need another useful statement analogous to the

Lemma 4.5 in | ].
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Lemma 9.16. Assume that a filtered Dieudonne module D, with connection
has bounded by p filtration, i.e. there are integers ¢ < 0, 7 > 1 such that
j—1i<pand D} = D, with D} = 0. Denote by T = Ty(D,) with V =T ® Q.
Recall that for usual Ext we have EXtin[GQp](Zpy T)=H(Q,T).

Denote by 0; : h' = Exty, (Z,, D,) — Extin[GQp}(Zp,Tst(Dp)) for hi defined in

the previous lemma. Then

e Oy is an isomorphism, and 01 is an injection.

e There 1s a commutative diagram with exact rows:

h(D,) ®Q —— DY@ Q ———— D, ®Q ——— h'(D,) ® Q

1% 1 l 12
HY(Qp, V) — Da(V) @ Diy(V) — Du(V) © Dar(V) — HY(Qy, V)

(9.4)
where the middle vertical arrows send x +— (z,z) and z — (x,0).
Since V' is semi-stable we get D, ® Q ~ Dy (V) ~ Dyr(V). Then it follows
from diagram that h*(D,) ® Q ~ H.,(Q,, V) and we get the following explicit

description of the exponential map:

D,/DS®Q —=— HY(Q,,V)

Joe 3

D,/(1 —Fro)Dy ® Q == h'(D,) ® Q

On the integral side the following is true: If D, is torsion-free then there is an

injection h'(D,) 2 (Qp, T') which induces an isomorphism

h1<Dp) . Hslt(QmT) = ker(Hl(Qp,T) — Hl(va V)/Hslt((@pa V)i
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so we can drop tensoring with Q from the diagram above

e

D/ DY — s HY(Q,,T)

o

D,/(1 = Frg) D) === h'(D,)

Proof. The injectivity of 6; and the assertion about 6y being an isomorphism
follows from fully-faithfulness of the functor T by the Theorem 8.12. Namely
by the definition of T,; we have for the initial Dieudonne module with con-
nection Ty (O) = Z,. Since group cohomology compute right derived to the
functor Hom, then 6, is immediately an isomorphism and injectivity of #; is
the question about injectivity of Ext%p(Zp, T) — HY(Q,,V).

The exactness of the lower row of the diagram comes from tensoring the exact

sequence in the Lemma 7.16 with V' to get
0_>V1> (Bst@B;—R)@V—% (Bst@BdR)®V—>0.

Where b(x,y) := ((1 — Fr)z,z — y). Afterwards we take the long exact coho-
mology sequence of the absolute Galois group of Q, with coefficients in this

sequence to obtain precisely
0— H°(Q,, V) = Dyu(V) @ D/L(V) = Dy(V) @ Dar(V) = H'(Q,, V) = 0

The exactness of the upper row follows from the Lemma 9.15. In order to
prove the commutativity it helps to look at filtered pieces.

Define the Tate twist of a Dieudonne module with connection D in the fol-
lowing way: the ith filtration piece is Dér) ;= D" with Frobenius act-
ing as Fr;|D(y := Fryy, |D and monodromy acting via N|Dj, := N|D™"
which means that N : D) — D(41). Note that this definition agrees with
NFr = pFr N. Then if we define for M(r) := M ® Q,(r) following theorem
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8.12

Tu(D) = Tu(Dyy)(—7)

the result will be independent on r. Then for r such that D(lr) = 0 and
D?Sp = D() we have a commutative diagram with middle vertical arrows

sending = — (x,z), and z +— (z,0):

0— V — Fil’(Bf, ® Dipy)(—r) % (B @ Diyy)(—r) — 0

| l l (9.5)
0=V —->BgaV)dBLreV)—= By V)d(BumreV)—0

Where 1—FTr in the upper row is surjective by Lemma 7.16. The commutativity
follows from the Lemma 3.8.1 in | ] which means that the map B}, @V —
Byr ® V is surjective.

By applying long exact cohomology sequence for Gal(Q,/Q,) with coefficients
in the Diagram above 9.5 we get the statement of lemma, not yet involving
integrality as one has to be careful with it.

It follows from the exactness of the Diagram 9.4 that
HL(Q,,V) =~ coker(Dgr(V) S Dyr(V))

with D, = D4r(V'). Thus in the case of semi-stable representation V' we are

1—Fr

working with coker(D (V) — Dy (V))
We come to the integral part. For x € {e, f,g, st,est} the group H}(K,T)
is defined so there is a natural arrow H}(K,T) — H!(K,V) fitting into the

commutative diagram:

H (K, T) ———— H}(K,V)

| |

HY(K,T) ——— HYK,V)

T |

HY(K,V)/HNK,V)
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We know already that h'(D,) ® Q=H(Q,, V) — H'(Q,, V), then the injec-
tion h'(D,) — H'(Q,,T) factors through h'(D,) — H(Q,,T). As the coker-
nel of the map H}(Q,,T) — H'(Q,,T) is a finite free Z,-module in order to
understand the claim, it is enough to prove that the map h'(D,) — H'(Q,,T)
has torsion-free cokernel. As it can only have p-torsion it is enough to prove

that in diagram of two exact columns cokernels are isomorphic

ht (Dp) # hl(Dp)

| |

Hl(@p’ T) E— Hl(QIN T)

| |

Cokernell === Cokernel2

But this follows from h*(D,/pD,) — H'(Q,,T/pT) having zero cokernels for

i=0,1. O

Remark 9.17. Note that by definition of Ty and the Dieudonne-Tate twist

the following diagram is also commutative:

00—V — Fil"(Bf, ® D(,y)V=0(—r) 0, Bh D)= (=r) —— 0

[ ! !
0=V —=BuaV)" e B,2V)— Bs V)" & BuproV)— ..

Where in place of ... we have the continuation of the long exact cohomology

sequence for N.
— H'((N),V) = H'((N),Dy(V)) — ...

It follows from lemma that we also have the isomorphism between h'(D,) and a
part of H.,,(Q,, V) fized by monodromy which can be defined as ker(H*(Q,, V) —
HY(Q,p, (Best @ V)V=0)). By definition of B, and By we get (Bes; @ V)V=0 ~
(B.®V) so the monodromy fized part of H.,(Q,, V') is just the exponential co-

homology group H(Qy, V') which is isomorphic to Hi(Qy, V') by the Theorem
9.11.
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In the case of crystalline representation the action of monodromy on Dg (V) =
D..is(V) is trivial, so all the first cohomology groups H'((N), Dy (V)) are

trivial.

Proof. of Lemma 9.12 By properties of the determinant in order to prove
the lemma we should represent H }(Qp, T) as a cokernel of 1 — Fr acting on
D, (V)N=0.

We have seen already that whenever a p-adic representation is semi-stable, it
is de Rham, so by Theorem 9.11 we need to do the same for H}(Q,,T) ~
H}Q,,T).

Then lemma follows from a general statement of the Lemma 9.16 as shown
in the Remark 9.17. The integral part of Lemma states that u(H}(@p, T)) =
w(h'(D,)) while by Lemma 9.15 and by definition of determinant we have the
measure u(HL(Q,, T)) = |det(1 — Fr)\Dst(V)\;l. On top of that we get by

the Remark above the following measurement
(R (D (V)¥=0)) = [ (Dst(V) ¥ =) ors| = [ det(1 — Fr)[ Dyt (V).

Moreover in the case of a crystalline representation we have found out that

p(H3(Qp, T)) = [det(1 — Fr)[Deyis (V)|

! which is precisely part of the state-

ment of the Lemma 4.1 in | ].
Again since we work with Z,-module the number of elements in the torsion

part of a module equals to inverse of its p—adic norm. O

Proof. of the Corollary 9.1/ We start with computation of dim H} (Qp, V,E).
We have seen already in the Lemma 9.10 that dim H'(Q,, V,F) = 2 and by

the Theorem 8.17 and by the Lemma 9.10 we see that
dim H}(Qy, V,E) = dim(Dgr(V, E) /DR (V,E)) = 1.

Then H(Q,, T,E) is a Z,-module of rank 1 and we are interested in the size

of its torsion bit.
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First we deal with the case of good reduction for its simplicity since it follows
from the Lemma 9.12. Recall that in our case the representation V' = V,E
is crystalline, so Dgis(V,E) = Dgt(V,E) = Dyr(V,E) then the statement of
Lemma 9.12 is just the Lemma 4.5 in | ].

We substitute D, = Dg(V,E) ~ D.;s(V,E) into the statement of the integral
part of the Lemma 9.16 then we get T' = T (V,E) = T, E which then implies

h'(Dy(V,E)) ~ H{(Qy, T,E) and the exponential map is the composition
exppi = 010 (1 —Fr) : Dap(V,E) /Dy (V,E) = H{(Qp, T,E).

On the other hand the Lemma 9.15 allows to compute the measure of ' (Dgr(V,E))
as determinant of 1—Fr. Which gives the desired measure of Bloch-Kato Selmer
group u(Hj(Qy, T,E)) = [P(V,, D[,

Also we know that in case of good reduction of E at p the Neron model &
consists from only one component so ¢, = 1 and the good reduction case is
only a special case of a more general bad reduction statement.

In the case of bad reduction everything is far more tricky. Naturally proving
the statement we want to proceed in a way similar to the proof of Corollary
9.9. The proof of Lemma 9.12 together with discussion on the good reduction
(crystalline) case almost work well.

The item changing everything in this case is the sequence continuing the
lower row of the Diagram 9.5 after taking monodromy invariants as in the
Remark 9.17 since it is no longer trivial. So we want to see what is the group
H((N), Dy (V).

Consider the short exact sequence
0—-T1T,F—V,E—V,E/T,E — 0.

As B is a free Z,-module it is flat and tensoring with it is left-exact, so we
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get
0—-T,F®By = V,E®By = V,E/T,E® By — 0.

Now we take long exact sequence of cohomology of the group Gal(Q,/Q,) with

coefficients in the short sequence above.
0 = Dy(T,E) = Du(V,E) = Du(V,E/T,E) = H'(Q,, T,E @ By) — ...

On the other hand we have T,/ ® By ~ V,FE ® By, so the sequence above is

short exact
0 — Du(T,E) - Du(V,E) - Du(V,E/T,E) — 0
If we apply now invariants of monodromy to the sequence above we will get
coker(D g (V,E)YN=" — D (V,E/T,E)N=") ~ H*({(N = 0), Dy (T, E)).

The corollary now follows from the fact 9.18 which is an analogue of the iso-
morphism coker(Vllp EN (Vi/T)) ~ ®(F,) from the case of | # p. We will

prove it here.

Fact 9.18. Let E be an elliptic curve over Q, with semi-stable reduction at p.
Then
coker(D g (V,E)YN=" = D (V,E/T,E)N=") ~ ®(F,)

for ®(F,) — the cyclic group of connected components in the special fiber of the
Neron model E(Z,).

It means that together with an isomorphism h'(D,) ~ H(Q,, V,E) we have

the following diagram

h' (D)

1—-Fr

coker(Dy(V, ) — Dau(V,E)) —— H'(Qy, V,E) —— H'((N),Dy(V))
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So the desired value of measure of H}(Q,, V,E) follows from diagram. ]

Proof. of the Fact 9.18 By the Theorem of Tate | ] an elliptic curve with
semi-stable reduction over a p-adic field is isomorphic to a Tate curve @X /q*
up to a twist which does not influence the group of connected components. By
the same result the j-invariant of this curve is represented by a power series
with ¢~! as the leading term, therefore v,(j(E)) = —v,(q).

By the theorem of Kodaira and Neron VIIL.6.1 in | ] the last value is exactly
additive reverse to the order of the cyclic group of connected components

E(Q,)/Ey(Q,). On the other hand we know how Tate module looks like in

the case of Tate curve
0— Q1) = V,E—-Q,—0

The monodromy operator is acting on 2-dimensional space Dy (V,E) is rep-

0 ¢
resented by a matrix . We see that the cokernel in the Formula 9.18

0 0

consists of elements in 7,F annihilated by monodromy. Since T,E is a Z,-

module of rank 2 the kernel of monodromy is a cyclic group of order v,(¢q). [

Remark 9.19. To prove the Corollary 9.14 an alternative intuitively easy ar-
gument can be used for elliptic curves and abelian varieties only by the Example
3.11 in [ . In that case we have an isomorphism H(Q,, T,E) ~ E(Q,),
so we are only looking for a measure of Mordell-Weil group. By Neron mapping
property we have E(Q,) ~ E(Z,), denote by E°(F,) the connected component

of O in the special fiber of the Neron model £, then
0— &E%F,) — &(F,) — ®(F,) — 0.

From this sequence we deduce the following: Since E° is smooth over Z, and
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an open subgroup of £ we have a fiber square

50(Zp) B go(Fp)

| |

E(Zp) E— g(E@)

From the isomorphism E(Z,) = E(Q,) we get an open subgroup of E(Q,)
corresponding to E°(Z,), denote it by E°(Q,), then we obtain E(Q,)/E°(Q,) ~
®(F,). Bearing in mind that T,(®(F,)) = ®(F,) since ®(F,) is cyclic of order

p" for some n we get
,U(H}(vaTpg)) = |O(F,)| - M(H}(QprSO))'

The measure of pu(H(Q,, T,E°)) is computed by the Lemma 9.12.

9.1.3 Primes at co

At last it remains to investigate primes of the only other type left by now,

namely archimedean, i.e. we are left with computing o, (A(R)).

Lemma 9.20. For the case of an elliptic curve the value of po(E(R)) equals

to det Qg from the Beilinson Conjecture 5.8.

Proof. Lets have a look at what is detg. In the Remark 5.8 det Qg is
proven to be ¢y fv + w, where ¢y, is the number of connected components in

E(R), w is the Neron differential, and ~ is the corresponding generator of

Hi sing(E(C), Q).

Recall the de Rham Theorem 5.6 which induces an isomorphism
agr: Hip(E)® C— Hy, (E,Q)®C
which descends to Gal(C/R) invariant subgroups

+ .oyl
aypt H

sing

(E,Q ®R — H},(E)/Fil’Hj,(E) ® R.
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Then by definitions of determinant, the pairing from de Rham theorem, and
generators of both H}! (E,Q) and Hjg(E)/Fil’H},(E) we have detQp =
det af5. On the other hand the integral f,y . w can be defined as an integration
of w over the real part of Hy ng(E,C), denoted by Hi;, (E,R) which is
one-dimensional vector space over R. Consider the lattice I' C C defining
j: E(C) ~C/T'. Then volume vol(E(C)) = fE(C) dw A wy, which is by Stokes
theorem equal to integral [w A ws.

Generators 7+, 7~ of Hy 4ng(E, C) together form the boundary of the funda-

mental domain of I" so we integrate along cycles v*,v~. But we are interested

in volume of a connected component of E(R), and to get it we integrate along

_l’_
1,sing

the generator of H (E,R). So we consider only the real part of the integral
above, namely f7 , w which is % by above.
We have computed measure p(E(R)), but we were interested in A(R) from the

Definition 9.3. They are the same in our case by the Remark 9.27. ]

The next step is to define in a natural way global groups A(Q) together with
natural homomorphisms A(Q) — A(Q,) for all p. For that Bloch and Kato

define the group H} g ..z (Q, M & Z).

Definition 9.21. The group H}Spec(z)((@, M®Z) is the subgroup of all coho-
mology classes in H'(Q, M ® Z) which under all localization maps H(Q, M @
2) — HY(Q,, M ® Z) land in Hp(Qp, M & 2) for all rational primes p < 0o.

Conjecture 9.22. Beilinson, Jannsen
Let M := h"™(X)(r) for a smooth proper scheme X with proper regular model

X over Z. Consider a finite dimensional Q-vector space

;

O = Tm(gr' (Kop-m1(X) ® Q) = gr' (Kaor—m—1(X) ® Q))
for case of m # 2r — 1;

" :=CH (X)°®Q if m=2r—1;

\

sometimes it is called the zeroes motivic cohomology of X. Here C’HT(X)% are
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cycles homologically equivalent to 0.

Then there is an isomorphism induced by Chern class map:
*® AQ = H},Spec(Z) (@7 Ve AQ) - I{1 (@, Ve AQ)

Definition 9.23. Assuming the conjecture holds Bloch and Kato define a
subgroup A(Q) C H}’Spec(Z) (Q,V ® Ag) as the preimage of ® ® 1 under the
above Isomorphism 9.22. It is well defined since the lattice M & Z is Galois

stable.

Remark 9.24. For a motwic pair (V, D) the groups A(Q,) are defined as finite
Bloch-Kato Selmer groups. We have mentioned already that in our case they
are iwsomorphic to the p-primary Selmer groups and due to the Fundamental
Exact Sequence 1.4 in the chapter on Selmer groups and Proposition 9.47 this

15 up to torsion isomorphic to Mordell-Weil group. This explains notation

A(Qy).

Lemma 9.25. For our main case of M = h'(E)(1) the conjecture holds as
we have only two motivic cohomology groups ® = 0 and ®' ~ E(Q) ® Q.
Moreover in this case A(Q) is just the Mordell-Weil group E(Q).

Proof. First we compute ®!. By definition
' =CHYE)®Q~Pic’(F(Q)®Q~ E(Q)®Q.

For the second part we need to compute the image of F(Q) ® 1 in the group

H},Spec(Z) (Q,V ® Ag) under the above Isomorphism 9.22. Since the group
H},Spec(z) (Q,V(FE)) contains F(Q) and the map 9.22 is injective, we get the

E(Q) itself. O

Conjecture 9.26. Beilinson

For X and ® as in the Conjecture 9.22 in case if m # 2r — 1,2r — 2 the
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requlator map induces an isomorphism:
Reg : ® @ R ~ Hyp(X)/(Fil" Hijy(X) + H™(X(C), R(2mi)")) “(E/5).

Remark 9.27. It is easy to see that in case of M = h'(E)(1) this conjec-
ture means E(Q) ®R =~ (Hyp(E/C)/(H(E,Qp) + H' (E(C), Q(2mi)))) 4/
which is true by the Definition 9.5.

We can find natural homomorphisms A(Q) — A(Q,) induced by
H},Spec(Z) (Qa M® Z) - H}‘(Qa M® Z)a

and we will prove later in the Lemma 9.44 that all torsion elements in A(Q)

are coming from Galois fized part of H'(E(C),Q(27i)) ® Q/Z.

9.2 Motives and L-functions

We have already mentioned motives in this thesis a couple of times, but now
we want to give some notion of pure motives and their weights. This is again
classical theory but we recall it here briefly for completeness. For reasons and

motivations see | -

Definition 9.28. We define the category MOT (Q) of Grothendieck mo-

tives over Q in the following way:

e For every smooth projective variety X/Q and an integer number n € Z
we have an object (X,e,n) € MOT(Q), where e € End(X, X) is an

idempotent which is often omitted from notation.

e Morphisms in MOT(Q) are Hom((X, e, n), (Y, f,m)) := foC9mX(X x
Y)oe, where CUmMX+m=n(X x V') is the group of correspondences from X
toY of degree m—n defining algebraic cycles up to numerical equivalence

of degree dim X +m —n in X x Y.

This category has a number of interesting properties:
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The category MOT(Q) is semi-simple and abelian;

e The Hom sets are finite-dimensional Q-vector spaces;

There is a notion of direct sum of motives: (X,e,n) ® (Y, f,n) := (X U
K € @ f7 n);

There is a notion of tensor product of motives: (X,e,n) ® (Y, f,m) :=

(X xY,ex fin+m);

There is a notion of a dual motive (X, e,n)" together with the universal

evaluation map ev : (X, e,n) @ (X, e,n)” — (P,0,0).

We generally deal with a motive via its realizations, naturally we want real-
izations of a motive defined by a variety X to represent various cohomology
theories of X. We will show the true nature of realizations of a motive (X, e, n).
Consider a cohomology theory H over some field K, then there is a functor

F : MOT(Q) — Vect(K) such that:

2dim X
F(X,e,0) =M (X)= @ H'(X).

1=0

Conjecturally (X e, 0) itself can be decomposed into a direct sum EB?) dimX(X ,€:,0)

mapping into the above summandwise. Further on we will denote motive

(X, e;,n) by hi(X)(n).

Example 9.29. Consider a motive M = (X, e;,n), then the realizations

e The [-adic realization M, is a finite dimensional Q;-linear represen-
tation of Gg. In our case it is the space of etale cohomology of X. We
have M; = H!,(X,Q;)(n).

e The Betti realization Mg is a finite dimensional Q-vector space with

an action of complex conjugation and a Hodge structure

MB®CZHi’j



Chapter 9. Motives and L-functions 102

where H% are C-vector spaces and complex conjugation acts as tH™ =

H*

In our case it is the Betti cohomology of X, namely Mp = H'((X x
C)(C),Q(n)).

e The de Rham realization Mg is a finite-dimensional Q-vector space
equipped with a decreasing exhaustive filtration Fil*Mygr. In our case it
is the de Rham cohomology of X, we have Myr = Hi(XZm,,Q;(/Q)(n)
with filtration defined by Fil* Mar = H' (X zar, Q3)5")-

These realizations satisfy classical and p-adic Hodge theory comparison theo-

rems. And we define the rank of a motive as
rank M := dimg Mp = dimg Mgr = dimg, M;.

We recall here the common definition of the motivic L-function L(M, s), see

also [ ].

Definition 9.30. For a pure motive M over the field Q we define the local

L-factor at prime p # 1 as
Py(M, s) := det(1 — Fr, ' 1% M),
For a prime | = p the local L-factor looks like
Py(M, s) :=det(1 — Fr, ' 7% Dyyig(M,)).

For archimedean primes we define the L-function for two motives and in the
rest of cases it is uniquely determined by properties of motivic L-function below.

If M is of rank 1 and has de Rham realization of Hodge type (0,0), then

Py(M,s) :=Tr(s) = 7T (s/2);
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If M is of rank 2 and has de Rham realization of Hodge type (k,0)+ (0, k) for
k >0, then
Po(M,s) :=T¢(s) =Tr(s)['r(s+1).

The global motivic L-function for a finite set of places S > oo is defined as the

product
Ls(M,s) =[] Po(M. ).
p

Remark 9.31. Local L-factors satisfy the following properties:

P,(M(n),s) := P,(M, s +n);
(9.6)

Py(My & My, s) := Py(My, s)B(My, 5);

Remark 9.32. Consider a motive M = h'(E)(1) for an elliptic curve E.
Note that the motivic L-function used by Bloch and Kato needs to be twisted
in this case by 1, because L(M(1),s) = L(M, s + 1) so further instead of the
value of L-function at 0 we will always consider its value at 1.

It follows directly from definitions that for the motive M = h'(E)(1) the L-
function coincides with the L-function for elliptic curve E defined in 2.2, since

in this case all the corresponding local L-factors coincide.

Remark 9.33. A conjecture on weights According to definition in [ ]
the motive M = h'(X)(n) has weights w := i — 2n.

An alternative definition of weight by Bloch and Kato says that a motive M
has weight w if for all non-archimedean primes p the polynomial P,(M,s) is
of the form [[(1 — ays) such that |a;| < p*/2. In this case the L-function
converges absolutely for Re(s) > w/2 + 1.

It is not known however why two different definitions give the same result of

motivic weight.

Lemma 9.34. For the case of M = h'(E)(1) the Euler product of motivic

L-function defined above converges absolutely for all s > %

Proof. First note that by the Example above 9.29 for a motive coming from
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an elliptic curve M = h!'(E)(1) the etale realization is the dual to the rational
Tate module M; = HL(E,Q;) = Vi(E)" by the Fact 2.12.

For an elliptic curve we know how local Euler factors look like in the Lemma
2.13. In case of quadratic polynomial, namely for primes of good reduction
we can write it down as (1 — al™®)(1 — 7°), where «, [ are eigenvalues of

Frobenius map. Then their absolute values |a,| = |3,| = p~/2.

For the product Hpgzs det(1 — Fr, Lo, /\/lll”)*1 to converge we need the series
>_(ap + B,)p~* to converge, which absolute value is less than 23 p12ps

and converges for — Res — % < —1. O

9.2.1 Formulation of the conjecture

A motive M = h*(X) corresponds to a motivic pair by defining V := Mp,
then Mp ® Ag ~ [[; M;, where the product of all the H! (X, Q) is taken
with respect to H',(X,Z;). Since Dyr(V}) are defined locally for each [ the
corresponding D := Mg is defined.

Before we define measure on the product of all A(Q,) we should recall the

following fact about the L-function of an elliptic curve.

Theorem 9.35. / | From now until the end of this section we will be
working with an elliptic curve E with finite set S of rational primes of bad

reduction containing co. Consider the corresponding L-function L(E,s) which

can be analytically continued to Re(s) > 1—¢ fore = % as we have seen above.
In our case of M = h'(E)(1) the L-function of elliptic curve corresponds to

an L-function of a cusp form by the Theorem of Taylor and Wiles.

Therefore just like in the Definition 5.9 | | we can define a measure on the

adelic product [[ . A(Q,) as

= lim(s — DFL(E, ) oo [[(P(V:1) 11y, (9.7)

PEZL

Here k is the order of vanishing of L(FE,s) at 1. Moreover by Lemmas 9.8,
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and 9.14 the adelic measure above is well-defined since it contains only finite

amount of multiples not equal to 1.

Definition 9.36. In case of a motive M of pure weight —1 we consider
corresponding motivic pair (V, D) and a lattice T C V' as defined in the previous

section. Then in [ | the Tamagawa number is defined as

p(I1, AQ,) - R

Tam(M) = Tam(V, D) := =70

Where R is the determinant of the height pairing defined in 5.4.

Remark 9.37. Note that it doesn’t quite correspond to the usual Tamagawa
number i BSD conjecture, but instead it cares about requlator as well. But
even more it can also be seen why Tamagawa number in Bloch-Kato conjecture
is called so. In fact in the BSD conjecture items about requlator and Tamagawa
number encode some “volume” of certain archimedean groups, so they can be
understood as measures of certain groups.

Originally in the most general case of motives of weight < —3 the Tamagawa

number was defined in a bit different way. Namely

Definition 9.38.

Tam(V, D) := u(H i(%)))

However in our case the definition containing requlator is more viable. More-
over both definitions are equivalent. For an elliptic curve E we characterized
requlator as the volume of the fundamental domain of the lattice E(Q)/E(Q)or
inside E(R). We have also proven in the Proposition 5.10 that the usual Neron-
Tate height pairing coincides with Beilinson height pairing defined in 5.4. Then

by the original definition of Tamagawa number we have:

plI, Q) il Tpcos BE@p))(EMR)) il <0 E(Qp))(E(R))

WEQ) u(E(Q)) " WEQ)/EQ)ior) - [EQuor|
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I Tpeoo E(Qp))Reg
B ‘E«@)tor’ ‘

Definition 9.39. For a motivic pair (V, D) with lattice M Bloch and Kato

define the analogue of Tate-Shafarevich group as:

HY(Q,T®Q/Z) o Hl(Qp,T@)@/Z)) (9.8)

HI(T) gk := ker ( A(Q) ® Q/Z — = AQ,) ®Q/Z

We will prove in the Lemma 9.43 that in our case this is usual Tate-Shafarevich
group of elliptic curve. One may view the map in the Definition 9.39 as a
short exact sequence with ker ap; and cokeray, on its sides then it is proven in
[ | that cokerayy is finite. We can not quite talk about Euler characteristic
of this sequence as some items participating in it are infinite. However we can
encode their relation in the Tamagawa number and make one useful classic

assumption:

Conjecture 9.40. As defined in 9.39 the Tate-Shafarevich group gk is of

finite order.
In such case we may consider Euler characteristic of this sequence.

Lemma 9.41. Define x(T) := Tam(T) - |k (T)| - |cokerar|™* the inverse
to the Euler characteristic of the exact sequence defining Ul gg. Then for any
lattice T' C 'V with T' ® Z Galois stable in V & Ag we have II(T") finite as

well and moreover x(T') = x(1").

This lemma is proven in the Chapter 5 of | | and it is the promised earlier
reason not to care much about lattice T', we will further denote everything as
depending on the motivic pair (V, D) only, which is equivalent data to a motive.
Altogether this comes to the formulation of Tamagawa number conjecture by

Bloch and Kato.

Conjecture 9.42. Tamagawa number conjecture
For a motivic pair (V, D) consider a Galois stable Z-lattice T in V. Then the

value of the corresponding Euler characteristic x(T') = 1.
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Our main result of this chapter is to see what does it mean for the L-function
of an elliptic curve F when (V,D) = (V := H'(E(C),Q(27)), Dgr(V)). The
answer is that the Birch and Swinnerton-Dyer conjecture can be deduced from
the Tamagawa number conjecture. We will do it in a few steps each of which
is taking part of the formula in the Lemma 9.41 above and viewing it in the

case of elliptic curve. The first step is to look at the Tate-Shafarevich group.

Lemma 9.43. In the case when M = h*(E)(1) with V = H'(E(C), Q(271))
and D = H}n(E/Q) for the lattice T = H'(E(C), Z(271)) we have UI(T)px =
HI(E/Q).

Proof. To prove it we remember the short exact sequence from Selmer groups

chapter for any integer m:
— —. [m] —
0— E(Q)[m] - E(Q) = E(Q) =0
and take cohomology of G with coefficients in this sequence. Then

0= E(Q)[m] — E(Q) % EQ) —» H'(Q, E@)[m]) » H'(Q, E@)) - 0

The first term is zero for big enough m and the last arrow is clearly surjective.

Then we can rewrite this sequence as:

0 — E(Q)/mEQ) — H'(Q, E(Q)[m]) - H'(Q,E(Q)) =0 (9.9)

Note that for m = p" we have E(Q)[p"] ~ T,E/p" for any prime p. Then

taking the direct limit over all n which is left-exact in our case:
0— EQ)®Q,/Z, - H(Q,T,E ® Q,/Z,) — H'(Q, E(Q)) — 0

From this sequence we obtain an isomorphism:

H(QE(@) = Tt o)
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Since it’s valid for all primes p we can replace T,E with T(E). The above

construction works well for all Q, instead of Q so we have isomorphisms:

HY(Q,, T(E) ® Q/Z)

H'(Qy, BE(Qy)) ~ EQ,) ® Q/Z

which means that the Definition 9.39 recovers the original Definition 1.4 of

Tate-Shafarevich group from the chapter on Selmer groups. n
Next we would like to understand what is cokerar.

Lemma 9.44. e [n general for a motivic pair associated to an algebraic
variety a Z-lattice T = H™(X,Z(27i)") in space V.= H™(X,Q(27mi)")
the cokerar is finite and there is an isomorphism between H°(Q,T* ®

Q/Z(27i))* and cokerar.

e For a Z-lattice T in a space V' there is an isomorphism A(Q)r =~

H(Q,T®Q/Z).

Here we denote by T* := Hom(T', Z) the dual lattice to T'. For the case of ellip-
tic curve we have T'= H'(E(C), Z(27i)), so T*®Q/Z(2mi) ~ H'(E(C),Q/Z).
Then for an elliptic curve the second part means H°(Q,T* @ Q/Z(2ri)) ~

EY(Q)sor- By the Tate duality we get then
E(Q)or ~ EY(Q)ior ~ HY(Q, T* ® Q/Z(27i))* ~ cokerar.
This would mean that number of elements in cokerar equals number of ele-

ments in A(Q);o-

Proof. The first part is the Lemma 5.14 in | ] which is proven in the
article. The second part is the Lemma 5.10 (i) which was not proven there.
By the Definition 9.23 the group A(Q) in general is the finitely generated

abelian group such that

AQ)®Z = Hlgoz)(Q, T @ Z).



Chapter 9. Motives and L-functions 109

which means that torsion in A(Q) is isomorphic to torsion in H},Spec(Z) (Q,T®

Z). From now we will consider T = H'(E(C), Z(2xi)), then T ® Z ~ T(E).

First we want to prove that

Fact 9.45. Hjg . (Q,T(E))ior ~ HY(Q, T(E))tor-

Proof. By definition of H } 7y We have for any p a commutative diagram:

,Spec(

0 H},Spec(Z)(QyT(E))tor —_— Hl(Q’T(E»tor

| !

0 ——— H}(QZNT(E))??OT N Hl(QpaT(E))tor - Hl(l@p7T(E))tor

where the last arrow comes from the Definition of H;(Q,, T'(E)) as an unrami-
fied cohomology 6.2. To prove the Fact above we need only that H'(Ig,,T(E))
has no torsion for any prime p. That means H;(Q,, T'(E))ior ~ H(Qp, T(E))or

and the fact follows from diagram. m

We have mentioned in the Lemma 2.13 that in the case of primes of good
reduction the inertia acts trivially on Tate module. Then we are left with semi-

stable reduction which can be achieved over finite extension. In this case we

1 0

know how exactly inertia acts on 7T, ¥, namely . Then H'(Ig,,T,E)
¢(o) 1

by definition is the group of cocycles f such that f(oy) = f(0)+0f() modulo

all principal cocycles f(0) = o(z,y) — (x,y) = (0, ¢(0)x).

On the other hand f(o7)(z,y) = f(o)+ f(7) + (0, ¢(0)z’) then after factoring
by principal cocycles we get f(o7v) = f(o) + f() instead of cocycle condition.
Which means that H'(Ig,,T,E) = Hom(Ig,,T,E) and since T,E is free over
Z,, we find out there is no torsion in H'(Iy,,T,E).

It remains to understand torsion in H'(Q, T(FE))sr- We will again work with
the situation locally for every prime p. Lets have a look at a short exact
sequence:

0—=p"I,E—T,E—T,E/p" —0
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The corresponding long exact cohomology sequence:

0— H°(Q,p"T,F) - H(Q,T,E) — H(Q,T,E/p"T,E) —
HYQ,p"T,F) — H'(Q,T,E) - H'(Q,T,E/p"T,E) — H*(Q,p"T,E)

(9.10)

In terms of group cohomology we have isomorphisms H*(Q, p"T,E) ~ H*(Q, T,E),

so the long exact sequence implies

0— HY(Q,T,E/p"T,E) - H'(Q,T,E) — ...

which means that the torsion as the finite piece of the abelian group H*(Q, T, F),r =
H°(Q,T,E/p"T,FE) for any p,n. Taking colimits and considering situation over
all p we get

Hl(QaT(E))tor = HO(QaT(E) ® Q/Z)

Now from results on measures in Lemmas 9.8, 9.12 and Corollaries 9.9 and 9.14
above we see that for primes of bad reduction p € S\ co we get 1,(A(Q,)) = ¢,
and the measure of the group of points in archimedean case . (A(R)) = Q.
which is proven in the Lemma 9.20. Combining it with Lemmas 9.43 and 9.44

we obtain the following

Theorem 9.46. For the case of M = h'(E)(1) with V = H'(E,Q(27i)) and
D = Hj,(E/Q) the Birch and Swinnerton-Dyer Congecture 3.5 follows from

the Tamagawa number Conjecture 9.42.

Proof. By the Definition of the adelic measure 9.7 we write:

u([T A@,) = |1im HE2)

s—1 (5 —_ 1)7"

,1Moo (A(R)) H Mp;pf?‘(/@f))) '

p<oo
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Denote the leading coefficient é(i)sz =: L(F,1)*, so the formula looks like:

p(J] A@) = [L(E. )| poc(AR) ]| %'

By the Lemma 9.8 we know that for good reduction primes the bit
H 1p(A(Qy)) -1
pES PP(V7 1)
while by the Lemma 9.12 primes of bad reduction give Tamagawa numbers:

H,up Hcp

pES\oo peS\oco

On the other hand from the Tamagawa number Conjecture 9.42 it follows:
|cokerarp| ™ - Tam(T) - |[Hlgg(T)| = 1.

By the definition of the Tamagawa number for motives of weight —1:

#A(Ag)) - Reg sl A(Qy)) - Reg
|A(Q)tor| |A(Q)tor|

Tam(T') =

Rewrite the above formula according to this and get:

(I <o A(Qp)) - Reg - [ px (T

=1
|A(Q)tor| : |C0keraT|

Then by the formula for adelic measure we can write down a formula for the

leading coefficient of L-function of an elliptic curve:

[0 283 1 (A(R)) - Reg(E) - | pxe(T)]

LE 1) = 9.11
| ( 7 ) | |A(Q)tor| . |C0keraT| ( )
Then by the Lemma 9.44 |L(E,1)*| = [es CP~QE?(5)%(O?‘)2'|H-IBK(T)I' Which is

nothing but the second part of the Birch and Swinnerton-Dyer Conjecture 3.5

after applying Lemmas 9.43, and Proposition 5.10. O]
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9.3 Finiteness of 111

We will prove the Proposition 5.4 from article of Bloch and Kato | .

Proposition 9.47. Let K be a number field, E be an elliptic curve. Then
there is an injection E(K)®Z — H,(K,T(E)). If it is an isomorphism, then

the l-primary part of Tate-Shafarevich group II(E/K)[l*] is finite for all l.

Proof. We will work out the statement locally for all primes v € K. We must
deal with possibilities for [ separately first discussing [ # p and then [ = p
where v is a prime over p. Recall that T'(E) = [[, T;E and so the isomorphism
above is equivalent to F(K) ® Z; ~ H, (K, T;E) for all I.

We start with the easier case [ # p, which means by definition that H, ; (K,,VIE)
H'(K,,V,E). Then since H,(K,T(E)) is the pre-image of H}(K,,V(E))
under the inclusion ¢ : HY(K,T(F)) — HYK,,T(E) ® Q) we find that
HY(K,T,E) = H\(K, T,E).

From the isomorphism above we see that E(K)®Z/I"Z ~ H}(K, T, E)QZL/I"Z,
so E(K)/(I") ~ HY(K, E[I"]), taking the direct limit over all n we get E(K)®
Qi/7; ~ H' (K, E[I>]). Due to the short exact sequence 1.4 to prove finiteness
of the Tate-Shafarevich group is the same as to prove equality of ranks of the
Selmer group and the Mordell-Weil group. Now by definition of Selmer group

and by above we get

Sel(E[p™]/K) = ker(E(K) @ Qi/Z — [ [ H' (K., Ep™))/E(K.) © Q,/Z,)
n
which then coincides with F(K) ® Q;/7Z; and therefore has the same rank.
As usually case of [ = p is more complicated but more interesting as well. We
will follow the same strategy of proving ranks equality but first we would like
to understand some more information about Hj(K,V;E). The Tate represen-

tation is de Rham by the Theorem of Fontaine so we can apply the dimension



Chapter 9. Conclusion 113

formula 8.17 to find that
dim (K., V, B) = dim(Dop(V, E) /D (V) +dim D, (V, E* (1)) dim H(K,.,V, B).

we used here the fact that under duality between H'(K, V) and H*(K,V*(1))
the spaces H}(K,V) and H,(K,V*(1)) are exact orthogonals to each other, it
is proven in the Proposition 3.8 in | ].

Now we use the fact that dimg, H,(K,, V,E) = rankg, Hj(K,,T,E) and so by
the condition Hj}(K,, T,E) ~ E(K)®Z, all we need is rankz, H,(K,, T,E) to
be equal to rankg, H}(K,, T,E) which is the rank of Selmer group by Lemma
6.7. Note that this would imply H}(K,, T,E) = H;(K,, T,E) = H,(K,, T,E).
This needed equality follows from the Theorem of Bloch and Kato 4.1 in | ]
that exponential map 8.2 is an isomorphism and the fact of H}(K,,V,E) =
H}(K,, V,E). Note that this is true also for V,E*(1) instead of V,E. So we

get
HH(K,, V,E) LH}(K,, V,E* (1)) = H} (K, V, B*(1)) LH}(K,, V, E)

and since all are exact orthogonals we get H}(K,, V,E) = H)(K,,V,E). O

9.4 Conclusion

The Birch and Swinnerton-Dyer conjecture was formulated as a result of nu-
merical experiment, but it is not easy to understand why the result happens
to be the exact conjectural formula.

However the viewpoint of Bloch-Kato conjecture provides an environment for
careful reasoning on the origins of BSD conjecture. It is no longer a compu-
tational experiment, but a rigorous statement about an exactness of a certain
sequence.

In order to formulate the Bloch-Kato conjecture one has to study theory of

motives, motivic L-function, and motivic cohomology. By today motives is



Chapter 9. Conclusion 114

the only well-working version of a unified cohomology theory, it is thought of
as cohomology of an algebraic variety with coefficients in Q. We need them
because of the way Bloch and Kato conjecture is formulated, namely we apply
similar operations to cohomology groups with coefficients in all completions of

the field of rational numbers.
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