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Abstract

Power Electronic converters usually require complex controllers, involving large
numbers of state-space variables; their models, moreover, tend to include multi-
ple nonlinearities. These characteristics make assessing the stability of systems
dominated by power electronics converters particularly challenging.

This work concerns the application of mathematical methods (in particular,
attention focused on Singular Perturbation Theory) to power electronic systems,
in order to model effectively their behaviour, reduce the size of their state-space
systems, and assess their operating stability using simplified methods.

Some preliminary work was performed on the ripple modelling of a DC-DC
boost converter and a single-phase full-bridge inverter; second-order approxima-
tions of the ripple and average behaviour, computed by applying Singular Per-
turbation methods, were found to agree very well to the solutions computed for
the initial-value problem ODEs.

Singular Perturbation theory was subsequently applied to perform model re-
ductions of power-electronic-based systems. First, a single-phase rectifier was
considered, then AC microgrids. From a mathematical point of view, a similar
approach was adopted in both cases to achieve the model reduction, but, given
the different technical nature of such systems, they required separate literature
reviews and preparatory work. The reductions were performed gradually, and
several stages are here presented; results were tested in simulations, and stabil-
ity analyses were compared to analogous analyses performed on the non-reduced

full-sized systems.
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Chapter 1

INTRODUCTION

This thesis concerns the application of mathematical methods to power electronic
systems, in order to obtain effective models of such systems, perform reliable
model reductions and assess their operating stability. Power electronic converters,
introduced in §1.1, in general, need complex controllers to operate effectively;
the state-space systems describing their behaviour tend to be “large”. Hence,
power-electronic-based systems could particularly benefit from the application of
techniques aimed at reducing the number of their variables without compromising
the accuracy of their models.

In particular, in this work attention is focused on:

e Mathematical modelling of the ripple of a Boost direct current (DC)-DC

converter and a single-phase (SP) Full-Bridge inverter;
e Model reduction of a Single-Phase Active-Front-End (AFE);
e Model reduction of alternating current (AC) microgrids.

The present chapter contains theoretical introductions to both mathematical
and engineering topics. §1.1 gives a short induction to Power Electronics, while
the mathematical bases for the different parts of the project will be given at the
beginning of the relevant chapters, together with the corresponding literature re-
view.

§2 concerns the application of perturbation theory to a DC-DC boost converter
and a Single-Phase Full-Bridge inverter, presenting different approximations of
their average behaviour and ripple.

In §3, a model reduction of a Single-Phase Active-Front-End rectifier is presented.
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A literature review opens the chapter, where nonlinear and linear time-periodic
systems are analysed. Results are achieved through the application of perturba-
tion theory, and different levels of reduction are treated, according to different
choices that can be performed during nondimensionalisation. Stability analyses
are performed to full and reduced systems according to Linear Time-Periodic
theory.

§4 contains an introduction to AC microgrids, together with a relevant literature
review.

An analysis of the controller structure of inverters connected to AC microgrids is
presented in §5. After discussing each part of the controller, a model reduction is
performed on a system formed by a single inverter operating as an AC microgrid
converter.

§6 concerns the model reduction of an AC microgrid formed by two inverters.
Results are achieved by applying perturbation theory to the system, and differ-
ent degrees of reduction are proposed. Time-domain simulations and stability
analyses are used to compare the reduced models with the full-model behaviour.

Conclusions and potential future work topics are summarised in §7.

1.1 Brief introduction to Power Electronics and main chal-

lenges of operating power electronic converters

Power electronic converters are semiconductor-based devices which are em-
ployed to control and convert electrical power by high-frequency switching [1] [2].
As power can flow through alternating current (AC) or direct current (DC), con-
versions are needed in order to make voltages and currents meet the requirements
of the load or a certain section of the considered electrical systems. Conversions
are possible when a change from DC to AC or vice versa is needed, but also
if a different value of the voltage or current is demanded without changing the
type of flow, as in DC-DC and AC-AC conversions. In particular, applications
of rectifiers (AC-DC converters) include: supplying power to electronic devices

(e.g. computer, phones, televisions, etc.), DC electrical motors and some railway
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and metro lines, charging batteries, feeding high-voltage direct current (HVDC)
transmission systems, which are in general employed for underwater power ca-
bles. Inverters, instead, are DC-AC converters and are necessary to connect
DC-generated power (e.g. power from photovoltaic systems) to the grid, or to
link DC storages, consisting of batteries or other charge accumulators, to AC

loads.

The switching frequency used by power electronic converters is usually of the
order of 10 kHz; the switching period tends then to be at least one or two or-
ders smaller than the other time scales of the electrical systems connected to the
switches, which are, in general, a low-pass filter followed by the grid or a load
(e.g. resistive load, inductive-resistive load, electrical motor, etc.).

The presence of a parameter that is small compared to the others of the sys-
tem (e.g. the ratio of the switching period to the other time scales) suggests that
perturbation methods could be applied to generate simpler models. This could be
achieved by averaging (or a generalisation of averaging) and/or by model reduc-
tion, reducing the number of governing ordinary ordinary differential equations
(ODEs) if some variables appear to be “slaved” to others.

Traditionally, electrical engineers compute an averaged system of convert-
ers by applying an averaging method (such as state-space averaging, Krylov-
Bogoliubov-Mitropolsky theories, 3, 4, 5]). The so-obtained simplified systems
are free from high-frequency oscillations and are characterised by having fewer
nonlinearities; they can be utilised in model implementation and controller design
([6], [7], [8], 9], etc.). Neglecting the ripple caused by the high-frequency switch-
ing, it is possible to work with an average model where the system evolution is
noticeable only on a larger time scale (e.g. the AC grid period or other time scales
of the same order of the system time constants), while they are quasi-constant if
a single switching period is considered. Considering the average behaviour only,
though, can lead to the formulation of an inaccurate controller and to possible
errors in the prediction of the system stability. ([6], [8], [10]).

When symmetric three-phase systems are considered (i.e., each phase carries

an alternating current of the same frequency and voltage amplitude relative to
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a common reference, with a phase difference of 27/3), a direct-quadrature-zero
(DQO) transformation can often be applied (in the case of negligible harmonics
with order greater than one, compared to the amplitude of the fundamental).
DQO transformation projects a three-phase quantity onto a rotating reference
frame whose frequency is equal to that of the alternating voltage. This proce-
dure allows one, in steady-state, to consider two constant values instead of three
sinusoidal quantities [11][12].

However, if a single-phase converter is considered or if in the analysed system
some harmonics of order greater than one cannot be neglected, DQO transfor-
mation cannot be applied. Therefore, even though the system model can be
simplified by averaging it and neglecting high frequencies, stability analysis is al-
gebraically involved. Indeed, when state-space systems are computed for control
and stability purposes, some of their variables are characterised by time-periodic
behaviours. Those systems, moreover, are often nonlinear. Performing their lin-
earisation, then, includes the computation of time-periodic steady-states. When
looking at the behaviour of perturbations of the steady-state, a linearised system
with time-periodic coefficients is obtained, in the form of a Linear Time Periodic

(LTP) system. The stability analysis, thus, follows from Floquet theory [13] [14].

Engineering custom tends to deal with dimensional systems and to apply ad-
hoc approximations. For the purpose of performing perturbation methods or
other reduction techniques, the system parameter magnitudes must be compared
to each other, in order to identify relatively big and small quantities. Keeping
the system dimensional, however, makes this comparison hard because of the
inconsistency between the parameters.

To improve those results and obtain a more systematic way of approximating
and reducing power electronic models, a different approach has been considered
here. Nondimensionalisation has been applied to power electronic systems in
order to identify small parameters and to lead to the formulation of systematic

reduction techniques.



Chapter 2

DC-DC BooST CONVERTER AND SINGLE-PHASE

FULL-BRIDGE INVERTER ANALYSIS

In this chapter, the behaviour of a DC-DC converter and a single-phase inverter
are analysed through the computation of the averaged state-space ODEs and of
the ripple. Those systems are relatively simple from an engineering point of view,
but were chosen for familiarising with the application of perturbation theories to
power electronics, as a preliminary step before moving to more complex systems
described in the following chapters.

In §2.1 is given an introduction to singular perturbed systems and their averag-
ing, while 2.2 reports some examples of averaged systems from the engineering
literature. The following sections contain the averaging and ripple modelling of

the two analysed converters.

2.1 Averaging of Singular Perturbed Systems

According to the Krylov-Bogoliubov-Mitropolsky (KBM) technique, the exact
differential equation describing a singularly perturbed system can be decomposed
into the approximation of its averaged ODEs and the approximation of its ripple.
The averaged problem and the ripple can each be further decomposed into a se-
ries, whose terms decrease according to the power of a small scalar parameter e.
The terms of each series can be computed sequentially by an iterative method, as
shown below. Iterating the computation of the averaged system and the ripple

leads the sum of the series terms to converge to the exact system solution (|3,

5
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4], [5], [10]).
If a system can be described by
w = eh(t, w), (2.1)

where h is a continuous function and e is a small scalar parameter, the following

change of variables can be considered:

where ¥, are functions with a zero average with respect to ¢ and are continuous

int, y.

In (2.2), y behaves like the average of w, while % € W, represents the ripple of
x. -

The averaged-variables vector y can be computed as the solution of a time-

invariant system

Yy = eGi(y) + € Ga(y) + - . (2.3)

Therefore, (2.2) can be differentiated with respect to time, substituting ¢(t) with
(2.3):

W(t) = Y €Gily) + Za{afti P e Gm<y>]} SCRY

The computation of G; and ¥; can be performed by equating identical powers

of € and setting the average value of ¥; equal to 0, as follows.

where
n+T

(Bilt, y) = h(w) dt (2.6)

1
T

and T is the period of the ripple.
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While a short time scale in variations of h needs to be resolved in (2.1), no
short time scale has to be resolved in (2.3), requiring a smaller computational

effort.

2.2 Applications of Singular Perturbation Theory in the

Power Electronics Literature

Since in a power electronic converter the switching period is small compared
to the system time constants, voltages and currents measured on the passive
components (i.e. resistors, capacitors, inductors) are never allowed to complete
their exponential-shaped transients after a switch changes its position from open
to closed or vice versa. Long before the system reaches its steady state, the
switches change their configuration again, leading to a high-frequency oscillatory
behaviour. Due to the different order of the switching period and the system time
constants, the shape of the ripple looks almost like a triangle wave. After the
switches, capacitive and /or inductive filters are usually placed to obtain smoother
voltages and currents: high-frequency ripples are an unwanted consequence of the
switching and are added to the desired output values, which are in general con-

stant (AC-DC and DC-DC cases) or sinusoidal (DC-AC and AC-AC cases).

The KBM averaging method has been applied to DC-DC converters in [7], [8]
and [9]. In particular, [8] highlights how the application of KBM averaging to
closed-loop systems allows a better stability than the utilisation of other, heuristic
methods. In [9], a separation between “slow” and “fast” variables is applied and
some considerations about the system stability are given. The system (2.1) is

then split into

= f(x, z, ¢€), (2.7a)

ez = g(x, z, €) (2.7b)

where the variables of w are split into «, the vector of “slow” variables, and z,

7
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the vector of “fast” ones. On the fast timescale, & are considered as constant and

only the dynamics of z are taken into account.

The same separation of variables is performed in [15], where a DC-AC con-
verter is modelled as a singularly perturbed system and a stability analysis has
been performed. In both cases, stability has not been studied for systems in which
the separation of variables is not possible due to excessively close time scales.
In none of the cited articles has nondimensionalisation been performed and the
choice of the small scalar parameter e is sometimes not clear. Traditionally,
indeed, the engineering modelling procedures tend to deal with dimensional sys-
tems; this can sometimes obscure any separation of fast and slow dynamics and
make the identification of small parameters harder. By contrast, in mathematical
methods the systems tend to be nondimensionalised, which allows a clear indica-
tion of any small or large parameter groups. In [7], for example, € results from
an inconsistent comparison between quantities with differing dimensions, while in
[8] and [9] it is defined as “small”, but its relation to the system constants is not
explicitly clarified; in [15], € is declared as being not scalar and is dimensionally

an inductance.

2.3 Boost DC-DC Converter Analysis

This section describes the work performed on a standard boost DC-DC con-
verter. The presented analysis aims to study its behaviour applying perturbation
theory. The system is first described in §2.3.1, and is then nondimensionalised as
explained in §2.3.2. Its averaged are computed, and its ripple is approximated.

The proposed model is tested in simulations.

2.3.1 Model Description

Figure 2.1 depicts a standard boost DC-DC converter. Boost converters are
used to increase the value of a DC voltage to a desired reference. V;, is the input

DC voltage; V, is the output voltage; ¢ is a silicon-based controllable switch.

8
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f[_, Vmit
oy YWy
L Ry
= R
Vil q—l,': § Re §
Ve +:: C

t+ ! !

Figure 2.1: Boost DC-DC converter scheme

An inductor, whose inductance and parasitic resistance are denoted by L and
Ry, respectively, is placed between the input voltage source and the switch; a
capacitor, with capacitance C' and parasitic resistance R, is in parallel with the

load resistor. The values of the system parameters used in simulations are listed

in Table 2.1.

Ts Switching period [s] | 4.00-107°

R Load resistance Q] 100
L | Inductor inductance | [H| | 657-107°
Ry, | Inductor resistance | [Q)] 0.584

C | Capacitor capacitance | [F|] | 77-107°

Rc | Capacitor resistance | [€] 0.381
Vi Input DC voltage [V] 12

Table 2.1: System parameters used to model a boost DC-DC converter.

The inductor current ¢;, and the capacitor voltage vo are the chosen state
variables.

Applying Kirchhoff laws to the depicted circuit, it is possible to compute the

9
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following state-space equations:

d?]c(t) . 1 R .

dZL(t) R RR . RL . Uin(t)

T = MO E Ry~ MO Ryt O T
(2.8)

where h(t) is a switching function, whose value depends on the state of the switch
¢: h is equal to 1 when ¢ is open (OFF) and equal to 0 when it is closed (ON),

as shown in Figure 2.2.

h@®m

0.8~

0.6~

04

02

! ! ! ! ! ! ! ! ! ]
0 0.5 1 1.5 2 25 3 35 4 4.5 5
YT, S

Figure 2.2: Behaviour of h(t)
Then, in steady-state, h(t) can be expressed as

1 if nTyg < t < (n + <h>) T,
h(t) = n € N. (2.9)
0 if (TL + <h>) Ty <t < (7’L + 1) Ts,

In (2.9), Ts is the switching period, while (h) is the average value of h, given by

1 'tOFF 1- (QS - tON)
h) = = =1 — 2.1
< > TS TS 57 ( O)

where ¢ is the duty cycle of the switch.

2.3.2 Nondimensionalisation

Let V,, I, Ty, be the base unit values for voltage, current and time, respectively,

and let I, = V,/R.

10
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The system variables can then be expressed as

Vo = ﬁc%, (2.11&)
v,

ip= i1, = iLEb’ (2.11b)

t=1T,, (2.11c)

Vin = 0V, (2.11d)

where 0¢, 17, t and w are nondimensional time-dependent variables.

Substitution of (2.11a)-(2.11d) into (2.8) leads to

doe(t) T, o . T, o
~— = — ———Uc(t) + h(t) =—————171(¢ 2.12
di CR+ ko) D MOGR T Ry Y (2.120)
diy, ~ R*T, . . ~ RR:T, . - RiRT, . -
—= = —h(f) () — h(f) i () — i
(2.12Db)
T, . -
+ —RL Lw(d)
Now, let the time constant 71, 7o and their ratio k15 be defined as
= C(R + R¢), (2.13a)
L
Ty = A (2.13b)
T2
kio = — . 2.13
2= (2.13¢)

Then, using (2.13a)-(2.13¢), and dropping the hats from the notation, equations

(2.12) can be written as

dUC (t) Tb T

= — oo + K24, (2.14a)
dt 1 T
iy (t) R Ty Roe T,
= —h(t — h(t t)+ 2.14b
dt ( ) (R + Rc) k’127'1 ( )R + RC ]{?127'1 ZL( ) ( )
Ry, T, . Ty
- — t t
R k127'12L( )+ k‘127'1w( )

System (2.14) is the dimensionless system corresponding to (2.8).

11
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2.3.3 Small Parameter and Perturbed System Definition

Since the system is considered to be “fast switching” (i.e. the switching period
is negligible compared to the other time constants characteristic of the system),
the small dimensionless parameter € is set to be proportional to Ts and inversely
proportional to one of the system time constants.

For the considered system, the following values are chosen as the time base unit

and e, respectively:

T, = Ts, (2.15a)
e 15 (2.15b)
1

The choice of setting the time base unit equal to the switching period, more-
over, allows one to compute the average values in a nondimensional time interval
from 0 to 1.

For the values listed in Table 2.1, € is equal to 5.2 - 1073. Therefore, substitution
of (2.15) into (2.14) leads to

dvc(t
Ugt( ) = —eva(t) + h(t)ein(t), (2.16a)
dip(t) € R e Re €
= —h(t) — ) — h(t)— — w(t
dt b Rt i W b Rt fio Mt @),
(2.16D)
which, in matrix form, corresponds to
ie(t) -0 N
t 0 -
() kR
(2.17)
0 1
0 !
sh| R R NG
kip(R+ Re)  ki(R+ Re) il k12

Let My, M, and b be defined, respectively, as:

12
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-1 0
M, = Ry |- (2.18a)
O _
k1o R
0 1
M, = R Re , (2.18Db)

b(t) = |w(t) | - (2.18¢)

Then, substitution of (2.18) into (2.17) allows (2.17) to be written in the following

more compact form:
() = e[(M1 + R M2>az(t) + b(t)} , (2.19)
where

x(t) = [Uc(t) iL(t)]T- (2.20)

2.3.4 Average System and Ripple Computation

According to the procedure explained in §2.1, the averaged system can be

found by equating the RHS of (2.4) and (2.19):

N N
. ow, 0w,
;eai(yH;e{at + 5

Z " Gm(y)] } =

Moreover, substituting (2.2) into the RHS of (2.21) leads to

N

i 0w, 9w,
Ze {Gi(y)+ 57 + oy

=1

i e Gm(y)] } =

m=1

13
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(2.22)

<M1+h )(y—i—ZeW)

Equation (2.22) corresponds to equation (2.4). Then, its LHS terms can be
equated to the RHS terms according to the power order of €, allowing the explicit

computation of G; and ;.

2.3.4.1 Ripple computation, O(c) terms and first-order approxi-

mation

Selection in (2.22) of the terms of order € leads to

Gi(y) + aaf L (M1 + () M2>y +ob(t) . (2.23)

Since, according to (2.15), the time base unit has been set equal to the switching
period, the average value of (2.23) can be computed by integrating each term

with respect to the nondimensionalised time from 0 to 1:

1

1 1 1
/Gl(y)dt + /a ; / M1 + Rt Mg)ydt + /bdt, (2.24)
0 0 0

0

1

ow

where f 8751 (t, y)dt = 0 and G4(y) and b are time invariant by definition.
0

Therefore,
/ M1 + hit MQ)y dt + b = <M1 + (h>M2>y+b. (2.25)
0
Thus, in first approximation, the averaged system can be expressed as
g = e[(Ml + <h>M2>y + b} + ofe) . (2.26)

¥, can be computed by substituting (2.25) in (2.23) and integrating the resulting

14
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equation with respect to time, as shown below.

(Ml + (h)M2>y T b+ Wg—(f’y) - (Ml + h(t) MQ)y Y b (227)
PBY) (b — (1)) Moy (2.28)

Let now the scalar function f;(¢) be continuous in ¢ and defined as follows:

fi(t) = h(t) = (h) (2.29)
(f1) =0, (2.29D)

where (f;) is the average value of f;.
The derivative of ¥ with respect to time, displayed in (2.28), then, can also be

written as:
ov,

ity) = Al My (230

Integrating (2.30) leads to

wity) = [ A0yt = ( / f{(t)dt> Myy = [i(H) Moy (231)

Since ¥, is an approximation of the ripple, it is defined as a zero-average
function; f; is the only element in (2.31) directly dependent on time. Then, f;
must be chosen by integrating the first equation of (2.29) and imposing that the
function should have a zero average between 0 and 1.

Considering that the equation of h displayed in (2.9) can be expressed for the

nondimensional time as

1 ifn<t<n+(h
ht) = neN, (2.32)

0 ifn+h) <t<n+l
substitution of (2.32) into (2.29) leads to
1 —(h) ifn<t<n+(h)

() - (2.33)
—(h) if n+(h) <t <n+l

15
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Therefore, f; can be computed integrating (2.33) with respect to time:

(1 =)t —n)+c ifn<t<n+(h)
fi(t) = (2.34)
—(h) (t = n) + ¢ if n+(h)y <t <n+1,

where ¢; and ¢, are constants of integration, which can be computed by imposing

continuity in ¢ and a zero average between 0 and 1. The result is

(1 — (M)t —n — 1/2(h)) if n <t <n+(h)

[it) = (2.35)
(h)(WT_I_l—tan) if n+(h) <t <n+1

Finally, & can be approximated to first order as follows:
r =Yy + Efl(t) M, Yy + O(E) , (236)

where y is the solution of (2.26). An explicit solution for y is not explicitly
found here, but the ODE of (2.26) has been solved numerically as an initial value

problem by MATLAB, and its results are shown in §2.3.5.

2.3.4.2 Ripple computation, O(e?) terms and second-order approz-

imation

This section concerns the computation of second-order terms of the approx-
imation of the ripple, performed in an analogous manner of first-order terms.

Analogously to (2.23), terms of order €? are selected in (2.22):

ow
+ 2(t7 y)
Jy

a !p2(t7 y)

G(y) ot

Gily) + = (My + h(0) M) Byt y) - (2.37)

Substituting ¥, from (2.31) and averaging (2.37) from 0 to 1 leads to
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1

_ / M| fi(t) May| i+ / h(t) fi(t) My dt, (2.38)

0

where G; and G, are time-invariant, and

1

a W?(t> y)
ot

/ £i() dt = / f(t)dt =0, (2.39b)

Hence, the second term in the LHS of (2.38) and the first of the RHS are equal

=0, (2.39a)

to 0. G5 can be computed using the expression for i and f; displayed in (2.32)
and (2.35), respectively, as follows

(2.40)

Since G5 is identically equal to 0, the expression for y at second order remains

of the form given in (2.26):

Yy = Gy + o(®) = e[(Ml + <h>M2>y + b] + o(é?) . (2.41)

The second-order ripple contribution ¥, can then be computed by substitut-

17
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ing the respective expressions for G1, G and ¥, into (2.37):

a W2(t> y)

F1(t) My [(M1 T (M)Ma)y + b] +

— <M1 + h(t) M2>f1(t) Msyy .
(2.42)

Therefore, the partial derivative of ¥, with respect to time is equal to

0Ws(t,
# = fl(t)<Ml My — M, Ml)y + fi(t) <h(t) - <h>>M22y — fi(t)Msb
(2.43)
where, according to (2.29), h(t) — (h) = f(t).
Let the auxiliary scalar function f(t) be defined by the conditions
f(t) = fA(t), (2.44a)
(f2) =0. (2.44b)

Integrating (2.43) with respect to time leads to

1

Wy(t,y) = folt)|(My My — My My)y — M2b] + 5 AP M3y . (245)

Analogously to (2.34), f» can be found by integrating (2.35) with respect to time:

(t—n)(#) (1_ <h>) Yoy ifn<t<nt(h)
fo(t) =

(h)(t—n)(<h>+12_t+n>—|—c4 if n+(h)y <t <n+1,
(2.46)

where c3 and ¢4 are constants of integration and can be computed analogously
to ¢; and ¢y by imposing continuity in ¢t = (h) and the average from 0 to 1 to be

null.
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Then, f, is found to be equal to

4= n)(e-n- @)1 o) B

if n <t < n+(h),

falt) = ; )
\ if n+(h)y <t <n+1l
(2.47)

2.3.4.83 Ripple computation, O(e®) terms and third-order approxi-

mation

This section regards the computation of third-order approximation of the rip-
ple, following the same method shown for first and second-order approximation.
Analogously to (2.23), and (2.37), terms of order € can be isolated in (2.22) as

follows:

o0Wv;(t,
¢ WY gy PB0Y)

N (Ml + h(t)Mz) Ty(t, y), (2.48)

where, according to (2.40), Ga(y) =0
Averaging (2.48) with respect to ¢ leads to

1

/@ m+/”§w@m@m&+/@%ﬁ%wz

1
/ (M, + h(t) My) Wodt . (2.49)
0

Solving (2.49) for G5 gives

Gy = — 20 (My Ma—Mo My y— b +<Z—f(1—<h>)M§’y- (2.50)

19
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Therefore, y can be approximated as

¥ = ¢G, + €G3 + ofe). (2.51)

2.3.5 Constant (h): Simulations

In this section, some results from simulations are displayed. Ordinary differ-
ential equations (ODEs) describing the behaviour of the system, its average, and
its ripple, as computed in the previous sections, have been solved by MATLAB
as initial value problems. The results have been re-dimensionalised and plotted

in the figures below.

p
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Figure 2.3: DC-DC converter, constant (h): comparison between the solution of the
exact differential equation (blue) and the solution of the averaged system (red)

As shown in Figure 2.3 and according to (2.2), the solution of the exact
differential equation (2.19) behaves like the sum of the solution of the averaged

system (2.26) and a periodic ripple.
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Figure 2.4: DC-DC converter, constant (h): exact solution (blue) compared with the
averaged one (red) plus the first approximation of the ripple (green dashes) and the
second approximation of the ripple (magenta dash-dots).

The first approximation of the ripple, presented in (2.36) and depicted in
Figure 2.4 with green dashes, agrees with the behaviour of the exact solution,
even though some small discrepancies can be observed in the capacitor voltage
plot (never exceeding 0.01 V). A better agreement can be observed in the same
figure between the second approximation and the exact solution.

The addition of the time-invariant function G3, shown in (2.50), for the com-
putation of the average vector y, does not bring significant improvements and
has been neglected: y has been computed first according to (2.26), using G4
only, then according to (2.51), adding € G3. The difference between the results
is plotted in Figure 2.5: even in the worst cases, occurring during transients, the

discrepancy keeps its values two orders of magnitude below the amplitude of the

ripple.

As shown in Figure 2.6, the steady-state average value of the system variables
depends also on the switching period: when Tg increases, the equilibrium values
drift away from those of the averaged system (2.26). Moreover, since, according
to its definition (2.15), the small parameter € is proportional to T, if the latter
increases, € can lose its negligibility if compared with the other parameters of the

system and the assumptions of (2.2) are not valid any more.
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t [s] %107

4
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Figure 2.5: DC-DC converter, constant (h): error between voltage (top) and current
(bottom) of the exact system and the approximated system

Steady-state value, Ve

35
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Figure 2.6: DC-DC converter, constant (h): equilibrium value computed by solving
the exact differential equation (2.8) and the averaged system (2.26), depending on the
switching period Tj.

In Figure 2.7 is depicted the behaviour of the system obtained by using a switching
period ten times bigger than the nominal one.

In Figure 2.8, T's has been kept equal to the nominal switching period, while the
time constant 7y, inversely proportional to €, has been reduced by setting the
capacitance C' equal to a tenth of the nominal value. Hence, in this case € is
increased by ten times, as well as in Figure 2.7, while T is still equal to 4.0-107°
S.

These results highlight the importance of checking that enough difference is
present between “fast” and “slow” time scales, in case a similar technique is applied

to model average and ripple.
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Figure 2.7: DC-DC converter, constant (h): comparison between the exact solution
(blue), its average (magenta dash-dots) and the averaged solution (red). Tg = 4.0-10~%
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Figure 2.8: DC-DC converter, constant (h): comparison between the system exact
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2.3.6 Varying duty-cycle

In closed-loop systems, the average value (h) of the switching function h
is computed by the controller in order to obtain an output voltage as close as
possible to a set reference. In this case, (h) cannot be considered as constant. To

model this, the expression (2.9) is changed into:

1 if nTs <t < (n+4q(1))Ts
h(t, 7) = , neN, (252

0 if (n+q(r)Ts <t < (n+1)Ts

where ¢(7) is a scalar function: 0 < ¢(7) < 1.
In the examined model, the switching behaviour is supposed to be “fast” if com-
pared to the electrical transients or ¢(7). Then, 7 is a slow time scale, defined

as

T = kyet, (2.53)

where k; is a scalar constant and € is a “small” scalar parameter, as defined in
(2.15).
After performing nondimensionalisation, the system equations can be written

in terms of ¢t and 7, as follows:

‘il_j(t, 7) = e[(My + bt 7) M) a(t, 7) + B] (2.54)

where M, Ms, b and x are as defined in in (2.18) and (2.20).
According to the Krylov-Bogoliubov-Mitropolsky averaging method, @ can be

approximated as
x(t,7) = y(t, 7) + @it y, 7) + EPot, Y, 7) + ., (2.55)

where y is the average of x(t, 7) over ¢t and is the solution of the system of
N .

differential equations shown in (2.56), analogously to (2.3). Since > € ¥,(t, y, 7)
i=1

represents the ripple of x, functions ¥, have zero average. Hence,

dy

i (1) = €eGi(y, 7) + €Ga(y, 7) + ... (2.56)
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Differentiation of (2.55) with respect to time leads to

dt

PTG T 6{ o "oyt or m

ow 0¥,y 0 oW +20r
2 2 2 0Y
+ e { Ry i _at] (2.57)
According to (2.53),
or
ot ktﬁ ( 58)

Substitution of (2.56) and (2.58) into (2.57) leads to

9y = Y +
dt 77— - € 74y77—

i=1

Moreover, (2.55) can be substituted also into (2.54). Equation (2.60) can then
be obtained by equating the RHS of the modified equation (2.54) to (2.59), as

shown below:

€ {[Ml + h(t, 7) M)

N
| 0w, 0w, N
= € {Gz(yaT) + Ot (tvyuT) + ay (t7y77-) [ZE Gm(y77—)

i=1

where G; and ¥; can be computed analogously to the fixed (h) case, selecting in
each member of (2.60) terms with the same power of € and solving the resulting

equations.
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2.3.6.1 First-order approrimation of the ripple, O(e) terms

This section and the following proceed analogously to the ripple computation

for constant (h). Selection in (2.60) of the terms of order € leads to

ow
Gily.7) + Sty ) = (M + bt ) M)y + b (2.61)
Comparison between (2.61) and (2.23) allows one to notice that the two equations

have the same structure and, then, to write G (¢, 7) similarly to (2.25), as shown

below:

1

Gi(y, 7) = /(M1 4 h(t, 7 M2>y dt + b = (M1 + q(7) Mg>y+b. (2.62)

0

In this case, G; depends on 7 in addition to y, since the average value of h
computed in one switching period is not fixed, but depends in turn on 7.

The averaged system can then be expressed in first approximation as
y(t) = eGi(y, 1) + o(e) = e[(Ml + q(T)M2)y + b] + o(e) . (2.63)

Equations (2.64) and (2.65), where only ¥, is unknown, can be obtained by
substituting the expression of Gy shown in (2.62) into (2.61). Then

<M1 + q(T)M2>y + b+ % - (M1 v, 7) M2>y + b, (2.64)
W _ (h(t) . q(T))MQy. (2.65)

Let the auxiliary scalar function f;(t, 7), defined in (2.66), be continuous in ¢ and

T.

8flgl’ D h(t, 7) —q(1) , (2.66a)

(fiy=10, (2.66D)

where (f;) is the average value of f; computed for one switching period and h has
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been nondimensionalised.

Then, (2.65) can also be stated as:

a!pl(tayu T) _ afl(ta T)
ot ot

My . (2.67)

Integrating (2.67) leads to

Spl(t Y, T) = /aflgft’ T) M2ydt = </ aflétt’ T) dt) MQy = fl(t> T) ng .
(2.68)

Analogously to (2.33)-(2.35), fi can be found by integrating the first equation
of (2.66) with respect to time ¢ and imposing both continuity and zero-average

conditions. Then

1 —gq(r) ifn<t<n+qlr)

8f1(t, T)
L (2.69)
—q(T1) if n4+q(t) <t<n+1,
(1 —gq(n))t —n)+ca ifn<t<ntqglr)
filt, ) = (2.70)

—q(m)(t = n) + if n+q(t) <t <n+1,

<1—C](T))<t—n—$) if n <t < n+gq(r)
= filt, 1) =
Q(T)(Q(T)2+1_t+n) if n+q(r) <t<n+1.
(2.71)

Therefore, @ at first order is approximated by

x(t, 7) = y(r) + efi(t, 7) My + ole), (2.72)

where y is the solution of (2.63). Also in this case, an explicit solution of (2.63)
has not been computed, but the ODE has been solved numerically in MATLAB,

and the results are presented in §2.3.6.3.
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2.83.6.2 Second-order approximation of the ripple, O(e?) terms

This section contains the second-order approximation of the system ripple. It
follows the same methodology applied for the first-order approximation.

Selection of terms of order €* in (2.60) leads to

8!pl(ta Yy, T) a!pl (t7 Yy, T) a!pg(t7 Yy, 7_)
G2<y7 T) + 8y Gl(y7 T) + kt 8’7' + 3t -
- <M1 + h(t7 T) M2> !pl(ta vy, T)‘

(2.73)
Equations (2.62) and (2.68) are now substituted into (2.73) for G; and ¥,

respectively, while (2.73) is integrated from 0 to 1 with respect to time. Since in

§2.3.4.2 all the other terms are found to have a null average, G5 is equal to

or T

1 1
GYQ(y7 T) = — kt/ M dt = — kt/ Wdt Myy . (274)
0 0

'
The partial derivative !

has been computed by applying the definition of
-

derivative as the limit of the increment ratio. Modifying (2.71) for the instant

7+ 07 leads to

( (1 — q(7+ 57’)) (t —n — %q(T + (57’))

if n <t < n+q(r+07)

q(T + 07) (—Q(T+ZT) oy n)

fl(t, T+(5T> =

if n+q(r+dr) <t <n+1.

(2.75)
For small 7,
q(t+01) = q(7) + 074(7), (2.76)
where
, dq(7
q (1) = i]i( ) . (2.77)
T
0w,

has then been computed for both ¢(7) increasing and decreasing, substitut-
-
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ing (2.71) and (2.75) in (2.78).

8f1(t, T) — lim fl(t, T+ 57’) - fl(t, 7')

or 67—0 oT

(2.78)

For the sake of clarity, computations are performed separately, considering first a
decreasing ¢, then an increasing ¢. This is needed because f; is defined by parts,
but the time extrema of each part differ according to the sign of ¢/, as observable

in (2.79) and (2.80).

1. ¢'(t) > 0

[~ 20() + 4 g () — (¢~ m)d ()

ifn<t<n+q(r)

oniery ) (im A1) - Lo+ ar ) - -

oT—0
or N )
ifn+q(r) <t<n+q(r+97)
/ 1 / /
¢(r)q' (1) + 5d'(1) — (t = n)d(7)
\ ifn+q(r+dr)<t<n+l1
(2.79)
2. ¢(t) <0

ifn<t<n+q(r+97)

dfi(t, 7) <lim (](7)5_#> - %QI(T) +q(7)q (1) = (t —n)d'(7)

ifn+q(r+61) <t <n-+q(r)

() + 5d@) — (- n)d(r)

ifn+gq(r)<t<n+1
(2.80)
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Therefore, using (2.79) and (2.80) in (2.74) leads to the computation of G,

which, in both cases, is equal to a null vector:

Galy, 7) = 0. (2.81)

Substituting (2.81) and (2.68) in (2.73) leads to

ow oW
% = — filt,7) My Gy(y,T) — kt—lg;y’T) +
+ fi(t,7) <M1 + h(t,T) M2> M, G1(y, )
(2.82)
= At 7)[(My My — My M)y — My b] +
+ fl(t,T)afléi’ T)MQQy — kt%ng

Thus, ¥, can be obtained by integrating (2.82) with respect to time:

!p2(t7 Yy, T) - f2(t77-) [(Ml My — M, Ml)y — M, b} +

) Ot (2.83)
+ éff(t,T)ng — k;t/ fl(,;_ T)dtng,

where the auxiliary scalar function f5(¢, 7) is defined by the conditions

8f2(t, T) o
5 fi(t, ), (2.84a)
(f2) =0, (2.84b)

and can be computed analogously to (2.47), giving

O L e R

ifn<t<n+q(r)

folt, ) =
a1 51

ifn+q(r)<t<n+1

(2.85)
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Considering
ofi(t, ) ~ lim filt, T+ 071) — fi(t, 7')7 (2.56)
or 57—0 0T
and defining another auxiliary scalar function f;, by the conditions
of “a(f”) _ o léi’ ul (2.87)
(fir) =0, (2.87D)

it can be observed that fi, can be computed by integrating (2.79) and (2.80) with
respect to time. Again, the computation is split into increasing and decreasing

q, due to the different integration extrema of the two cases.

1. ¢'(t) > 0

;

(t — n)?

5 q(t) + a

300+ a0 ¢ =) -

ifn<t<n+q(r)

-3¢0+ a0 - 12 w-n+ | L i) e

fir(t,7) =
ifn+q(r) <t<n+q(r+97)

—(t _2 n)’ q(1) + c3

ifn+qg(r+dr)<t<n+1
(2.88)
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2. ¢(tr) <0

(t — n)?

5 q (1) + ¢4

if n <t <n+q(r+07)

1, / q(7) (t—n)2 1 /
fmﬂ:{7W““Wm+?%“m“ifkgwm%ﬁ
ifn+q(t+7) <t <n+q(r)
[Q(T) q(r) + %q/(T)] (t —n) — wq/(ﬂ b o

ifn+q(r)<t<n+1

(2.89)

Continuity of (2.88) and (2.89) cannot be achieved in n+ ¢(7) and n+ q(7 + 07),
but setting all the constants of integration equal to zero allows to obtain a zero
average.

Finally, (2.83) can then be rewritten as

ot y, 7) = folt. ) [(My My — My M)y — My b) +
. 2 (2.90)
+ §f1 (t,TIMyy — ki fir(t,7) Moy .

The expression (2.90) for ¥, has the same structure of (2.45), but with an addi-
tional term — k; fi-(t,7) May.

2.3.6.3 Varying duty-cycle: simulations

Some MATLAB simulations have been performed, solving the system ODEs
numerically as initial value problems. The results are shown below.
In particular, attention focused on the evaluation of the contribution of the term
— ki f1-(t,7) M3y, which is not present in case the duty cycle is constant. The
contribution of that term is found to be relatively small, as shown in Figure 2.10
for the voltage. The first and second-order approximations found in the previous
sections for a constant duty cycle system, then, are found to be in general good

enough also for the case of a varying duty cycle.
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Figure 2.10: DC-DC converter, varying (h): Contribution of — k; fi-(¢,7) M2y on the
voltage.
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2.4 Single Phase Full-Bridge Inverter Analysis

Vi Vi2
! ! — T —
S, ‘i S K L |l L

iy | %
| | R
A

= =
C

B

Figure 2.11: Full-bridge inverter model

The second analysed system is a single-phase full-bridge inverter, whose scheme
is depicted in Figure 2.11. Inverters are in general used as DC-AC converters, but
they can be controlled in order to obtain a DC output. In the AC case, another
time scale is introduced in the system, since the period of the output voltage,
which is in general the grid period, is “big” if compared with the switching period
of the device. The filter and load time constants can be small if compared with
the output period or of the same order. Both cases have been taken into consid-

eration for the perturbed system analysis described in the following sections.

Ts Switching period [s] | 4.00-107°

R Load resistance Q] 100

Ly | First inductor inductance | [H| | 657-107°

Ly | Second inductor inductance | [H] | 500 -10°

C Capacitor capacitance [F] | 77-107¢
Vac Grid RSM voltage [V] 230
Vi Input DC voltage [V] 400

Table 2.2: System parameters used to model a single-phase full-bridge inverter.
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2.4.1 Model Formulation

The considered state-space system describes the behaviour of the system
shown in Figure 2.11, and whose parameters are listed in table 2.2. In this
case, the inverter is connected to an AC grid, whose voltage amplitude is v/2V,c.

Considering i., 7;; and ;5 as state variables leads to the following model

dve(t) i (t) — in(t)

= . (2.91a)
dip(t)  —we(t) + h(t) Vi

ul) = (2.91b)
dilg(t) _ Uc<t) - \/§Vz-xc Sin(w t) (291(3)

dt Ly

where w is the grid angular frequency and h(t) is the switching function, given by
a Pulse-Width Modulator (PWM). This modulation is performed by comparing
a sine wave with the same frequency of the desired AC output, while the triangle
wave is characterised by high frequency. The output signal of the PWM is then
given by

nt) = 1 m(wt) > p(t) | (2.09)

-1 m(wt) < p(t)
where m and p are the sinusoids and the triangular wave, respectively, and are

defined by.
m(wt) = Ay, sin(wt), (2.93)

1
_—(t—TLTp)+AP, Tpn<t<Tp(n+§),

——(t —nTp) — 3Ap, Tp <n+ %) <t<Tp(n+1).

(2.94)
According to Figure 2.11, h is equal to 1 when S; and S, are closed and to -1
when S5 and S5 are closed.

The behaviour of m, p and h is displayed in Figure 2.12.
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2.4.2 Nondimensionalisation and singular perturbed model

Let Vi, I,, Tp be the base unit values for voltage, current and time, respec-

tively. Thus, the system variables can be expressed as

Uc:{]c‘/ba
i =1 1y,
g = 12 Iy,
‘/in:@in‘/ln

t= ETP

The nondimensional variable for time, ¢, is thus scaled according to the triangle

wave period.

Substitution of (2.95) into (2.91) leads to

Vy do.(tTp) 1T, ( A s
Lt = 2in(tTe) — (i,
TP di C ll( P) l2( P

36

).

(2.96a)



CHAPTER 2. DC-DC BOOST CONVERTER AND SINGLE-PHASE
FULL-BRIDGE INVERTER ANALYSIS

I, dip (tTp) VZ( ~n o

S S r) (b ((Tp) + h(Tpt m), 2.96b
T df I 0.(tTp) + h(Tpt)v (2.96b)
I, dip(iT . .

I din(tTr) _ E(f;c(ﬁp) V2 sin(w Tp ) ) (2.96¢)
Tp dt Ly

Let the hats drop from the notation. Let also T, T4, 15, k1 and ko be defined as

V, C
To= Z" (2.97a)
I, L
h=== = hio (2.97D)
Ly [ I,\°
ki="a v 2.97
‘T C (Vb> ’ (2.97¢)
I, L
T = be? = kyTc (2.97d)
Lo (I,)\?
ke==17) - 2.97
e (%) (2.97¢)
Then, (2.96) can be rewritten as
dov.(tT To /. .
% - T—z(m(tTp) - @zz(tTp))7 (2.98a)
din(tTp)  Tp
dt - kl TC < N UC(tTP) + h(TPt) viﬂ)’ (298b)
din(tTy)  Tp |
dt - k2 TC <Uc(tTP) - \/évac Sln(w Tp t)) (298C>

Let € < 1 be a scalar parameter. In PWM converters, the period of the triangular
wave Tp is usually “small” if compared to the one of the sinusoidal wave, leading
to multiple intersections of m and p in each period of m. Depending on the kind
of system, its time constants can be “fast”; if compared to the grid period, or of

its same order. Hence, two different cases are analysed.
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2.4.3 Large capacitor, To ~ T,

The first case analyses a system with “slow” time constants, which are assumed
to be of the same order of the grid period 7,. Therefore, the scalar parameter e
can be defined as
Tp

= . 2.99
‘=7 (2:99)

Let also 6 be the “slow” time scale, given by

0 = wt = wTpt = €kpt, (2.100)
where
T Vi, C
kg = —L = wT = w== (2.101)
€ b

Substituting (2.99) and (2.100) in (2.98) leads to

d
d—f — ¢[Ma(t, 0) + h(t, §)by + sin(8) bQ] : (2.102)
where
Ve 0 0
r = 7;” y bl = % 5 b2 = 0 3
V2Uqe
_il2_ i 0 ] __ ]{;2 ]
(2.103)
0 1 —1
1 0 O
M = o ,
1
Y

h(0, 1) = : (2.104)
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m(0) = A,, sin(6) , (2.105)

—4Ap(t—n) + Ap n<t<n+1/2
p(t) = (2.106)

Both m and p can be further rescaled by Ap:

m(f) = i—: sin(f) = psin(f) = ~(0), (2.107)

—4t—-—n)+1 n<t<n+1/2
p(t) = (2.108)

4(t —n) — 3 n+l1l/2<t<n+1.

2.4.8.1 First approxzimation, O(c) terms

In this section, the first approximation of the average and ripple of the system
are computed. Applying the same procedure of §2.3.4, and equating the RHS of
(2.102) to the RHS of (2.2) gives

My + h(t, 0)b; + sin(f)by = G1(6, y) 5 (2.109)
Averaging (2.109) for 0 < t < 1 leads to
. € kg
Gl(’y, 9) = My + <h> b1 + sin ) + T b2, (2110)
where
) = (B)(O) = 1(6) - 2.111)
Substituting (2.110) into (2.109) leads to
v (t, 0
0, 0, y) _ [h(a 1) — (]br . (2.112)
ot
Hence, ¥, can be obtained by integrating (2.112) with respect to ¢:
Tl(é’, t, y) = f1(9, t) b1 s (2113)
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where f1(0, t) is a scalar zero-average function, defined by the conditions

dt
(fy=10. (2.114b)

Integrating (2.114) with respect to ¢t and using (2.111) leads to

(

—(1 + ) —n) + £(0,0)
-7
<t < —_—
n n+ 1
1— 1—
A N
1106, 1) = ! !
’ 1—7 3+
n+——<t< n—i—T
3+ 3+
e ) 4 (5,35)
4 4
3
n—l—% <t<n+1,
(2.115)
where the dependence of v on 6 has been dropped from the notation.
Imposing both continuity and zero-average on f; leads to
(
1—
—(1 4+ )t —n) n<t<n—i—T7
v—1 1—7 3+
f1(67t>: (1—7)(t—n)+T n+T<t<n+T
3+
—(14+yt—-—n)+1+ 7~ n+Tv<t<n+1
\

(2.116)
2.4.8.2 Second approximation, O(e?) terms
Proceeding analogously with the terms O(e?) gives
a!l;2<07 t7 y) a!pl(97 ta y) a!pl(‘ga ta y)
G5 (0 G1(6 kg——————== =
2( 7y> + (925 + ay 1( 7y) + Ko 3‘9
= M W1(07 t? y) 5
(2.117)
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where
a Spl(eu tu y)
Jy

Following the same method as applied to (2.110)-(2.112) leads to

1 v 1
Ga(0, y) = —kg/ Wdt - —k’g/ %dtbl. (2.119)
0 0

= 0. (2.118)

Applying the definition of v shown in (2.111), 4/ can be defined as

Therefore, the partial derivative of f; with respect to 6 can be expressed as

;

1—

—(t —n)y n<t<n—i—T7
af1(0, t) . 1—v 3+
——— = —(t — L ! —__ ! 2.121

a0 (t n)7+2 nt—— <t<n+— ( )
b 3+7
—(t—-—n) + 7 n+T<t<n~|—1
\

Hence, the expression of Gy can then be computed by integrating (2.121) for
0<t<1:

1
G»(0, y) = —kg/ Wdtb1 ~ 0. (2.122)
0

Substitution of (2.122) and (2.113) in (2.119) leads to

OW,y(t, 0, y) OWy(t, 0, y)
_— = = — kg——=. 2.12
Integrating (2.21) with respect to t leads to
Spg(t, 6, y) = [fg(e, t)M — k@ f19<6, t)] b1 s (2124)
where fo and fiy are defined, respectively, by
dfa(t, 0
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and

Imposing both the zero-average condition and continuity on fy leads to the fol-

Afie(t, 0)  0f(0, 1)
ot B

lowing equation:

fa(t, 0) =

where

and

(

5+ =)+ o

(2.127)

n<t<n+1jT7
%(1—7)(t—n)2—|—77—1(t—n)+02
n+1jT7<t<n+3—j_T7
S =0+ (L )= + G
n+?)—fT7<t<n+1
B+ I =71 +9)
¢ = o , (2.128)
G — 3+ 9—67)(1+v) N (177’7) 7 (2.129)
B+NA-NC+7) , (L= (3+7)
= 5 +< 7 )( y ) . (2.130)
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Proceeding analogously for fiy leads to

—=(t —n)*y + cu
1 —
n<t<n—|——7
4
e+ L - )+ ew
f19(t7 0) = 2
nei) o p<pg D
4 4
1 2 ./ /
=5t =)y At = n) + ey
3
n—l—% <t<n+l1
\
(2.131)
where
16 — 372
= 9| — 2.132
o = (P55 ) | 2.132)
4 + 12y — 39?2
= ~ 2.133
w = o (PRI (2.139)
32 + 3772
g = — (%) . (2.134)

Then, some continuous functions are found that satisfy the conditions for the

second approximation of the average and ripple of the system.

2.4.4 Small capacitor, Tpr < To < T,

In the second case, the triangular wave period Tp is assumed to be negligible
compared to the time constants of the systems, which are, in turn, negligible

compared to the grid period T}, as expressed in (2.135).
Tp < To < T (2.135)

According to the definition of € and # shown in (2.95) and (2.99), respectively, in

this case 0 can be defined as

0 = wt = wlpt = kyt, (2.136)
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where
wTp wTE
ke = = ) 2.137
0 62 Tp ( )

Substituting (2.99) and (2.136) into (2.98) and dropping the hats from the nota-

tion leads to
dx

— = e[ Ma(t, 0) + ht, )by + sin(0) bg] , (2.138)

where @, by, by, M, h, m and p are as defined in (2.103)-(2.106). Furthermore,
m and p are obtained by rescaling m and p by Ap, analogously to (2.107) and
(2.108). Equation (2.138) is found to be the same as (2.102), but approximation

terms might differ due to the different orders of the system time scales.

2.4.4.1 First approximation, O(c) terms

Analogously to the previous cases,

ov,(t, 0,
My + h(t, 0)b; + sin(0)by, = G1(6, y) + %. (2.139)
Averaging (2.139) for 0 < t < 1 leads to
k
where
(h) = (h)(0) = ~(0) . (2.141)
Substituting (2.140) into (2.139) leads to
ow(t, 0
9t 0. y) _ [h(e, 1) — (m)]by (2.142)
ot
while integrating (2.16) with respect to ¢ gives
Wl(e, t, y) = f1(9, t) bl , (2143)

where f1(0, t) is defined in (2.116).
Therefore, G, and ¥; have the same structure in both of the analysed cases,

and no difference is found so far due to the system time constant being negligible
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compared to the grid period.

2.4.4.2 Second approrimation, O(e?) terms

The same method is applied here to compute the second-order terms.

Equating the O(e?) terms leads to

aWQ(Q, t, y) 4 8@1(0, ta y)

where
8![11(9, t, ’y)
——= =0. 2.14
o 0 (2.145)

Equation (2.144) has one term less than its equivalent with the previous scaling.

Averaging (2.144) for 0 < ¢t < 1 gives
Gs(0,y) = 0. (2.146)

Substitution of (2.146) and (2.143) in (2.144) then leads to

0 !p2<t7 97 y)

= MWt 0 2.14
825 1(7 7y)7 ( 7)

and integrating (2.147) with respect to 7 leads to
Pyt 0,y) = folt, )M by, (2.148)

where f5 is defined in (2.127). Again, no difference is found so far in the approx-

imation of systems with “big” or “small” capacitors.

2.4.5 PI controller implementation

Inverters need a controller which regulates their duty cycle. In general, it is not
possible to operate an inverter in open loop, and the controller output depends
on the value of selected variables of the system.

Hence, a Proportional-Integral (PI) controller has been implemented for the
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Figure 2.13: Full-bridge grid-connected inverter

model analysed in

the previous sections, re-displayed in Figure 2.13 for the sake

of clarity. Different hypotheses have been considered in each case concerning the

system parameters and the output voltage veo, while the complete state-space

system is given by

2.4.5.1

dve(t) _in(t) — in(t)

- . , (2.149a)
dZ 1(t) _h(@, t)‘/ln - Uc(t)

’dt = I : (2.149b)
dilg(t) :’Uc(t) — RZ[Q(t) — \/5‘/% sin(wt)' (21490)

dt Ly

Inverter operating in DC-DC

The first system taken into account is not connected to the grid and supplies a

purely resistive load with a DC voltage. In this case, then, Ly = 0 and V,. = 0,

as shown in figure

2.14.

Since, in this case, the current 7;5 is proportional to the voltage v with pro-

portional constant R, the third equation of (2.149) can be eliminated from the
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Figure 2.14: Full-bridge inverter operating as a DC-DC converter, Ly = 0, Ve =0

system, in order to remove the linear dependence between two state variables:

Ve dilg

1 dv,
dt

R dt

The final system is hence given by

dUC Rill — Ve

dt RC
din _ h(t) Vi — v
dt L '

For the DC-DC conversion, the switching function A is

1 ift—nTS< <h>

h(t) =
~1

if t—nTlg > <h>

(2.150)

(2.151a)

(2.151Db)

(2.152)

where T is the switching period of the switches and (h) is the duty cycle, whose

value is equal to the average of h computed in the considered period.

The nondimensionalisation procedure follows 2.4.2, and the following base values

are chosen:

(2.153a)

(2.153b)
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T,= T, . (2.153¢)

Let additional time constants and dimensionless parameter be defined by

Te = RC, (2.154a)
L

T, = El’ (2.154b)
T

by = — . 2.154

1 T ( c)

If T >> T, the small dimensionless parameter € is computed as

T,
= = 2.155
‘=7 (2155)

Therefore, the nondimensionalised system is

dv(;gt) —(iu(t) — vlt)), (2.156a)
digt(t) :kil<h<t)v"” _ Uc(t)>’ (2.156b)

where all the variables and parameters are dimensionless. (2.156) can be written

in matrix form as

oxz(t)
o = e[Ma:(t) + h(t)bl} , (2.157)
where
uelt) 1 -1 0
z(t) = C M= Cb= |, | (2.158)
i (t) . 0 k_l
1

Since, from a control point of view, working with transfer functions is in general
easier than dealing with differential equations, the Laplace transform has been
applied to the system (2.156) to facilitate the controller design. This has been
possible thanks to the system being linear. First, the average equations of the

system are computed, in order to remove the discontinuities of the switching
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function h. A proportional-integral controller is then implemented to force the
average of the capacitor voltage ve to follow a reference signal and obtain a null
steady-state error. The ripple is computed in simulations on the side and added
to the average, but is not directly controlled. The average value of the duty cycle
(h) is the output of the PI controller and the input of the switching function h.
Averaging (2.157) for 0 < 7 < 1 leads to

As shown in (2.159), the average values of the system variables depend on the
average value (h) of the duty cycle h. A controller is designed to act on the value
of (h), and the design is performed in the Laplace domain.

Applying the Laplace transform to (2.159) leads to

sVi(s) :6(111(5) - Vc(5)>, (2.1602)

sIn(s) = ((0)Vas) = Vils).) (2.160b)

where, about the notation, the Laplace transform of a time-domain variable a(t)
is denoted as A(s).
The Laplace transform of the current [;;(s) can be expressed as a function of the

duty cycle (h) and the transform of the output voltage V.(s):
In(s) = == ((WViuls) = Vils)) - (2.161)

Substituting (2.161) into the first equation of (2.160) leads to

Ve(s) (1 + g + k;Q) = : <Z>1‘;<3) . (2.162)

Let G(s) be the transfer function between the output voltage V. and the switches
duty cycle (h). Then, from (2.162) it can be expressed as

Ve(s) Vin(s)
(h) k1 s? 4 kes + 2

(2.163)

The transfer function G(s) has two poles, p; and ps, located in the left-hand plane
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as shown by

€ 4
= — | =1 +£4/1 — — 2.164
Pz = 5 ( kl) ( )

Computing their values using the current parameters (Ly = 0, V,. = 0, all the

other parameters according to table 2.2), p; and ps can be approximated as

pre = —0.0361 + 0.4232] | (2.165)

where j is the imaginary unit.

Bode diagrams of G(s) are depicted in Figure 2.15.
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Figure 2.15: Bode diagram of the transfer function G

Let e be the error in the capacitor voltage v. compared to its reference value v,f.
A Proportional-Integral (PI) controller can be implemented to obtain a desired
behaviour of v.. It modifies the duty cycle (h) of the switches according to the
value of e:

1) = el = (K + 5 els) |

S

(2.166)

where K, and K; are the proportional and the integral constants, whose settings

depend on the desired bandwidth! or other requirements chosen by the user.

According to the scheme depicted in Figure 2.16, the closed-loop equation of the

LA definition of bandwidth is given in §.1
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e Y g

Figure 2.16: Control block scheme

system can be expressed as
V(s) = G(s)C(s) (Vaer = Vils)) (2.167)

and the closed-loop transfer function F(s) between V. and V¢ can be defined as

_ Ve _ _G)Cs) L)
F(s) = Ve 11 GG 1 L) (2.168)
where L(s) is defined by
L(s) = G(s)C(s) . (2.169)

Substituting the expressions for G(s) and C(s) shown in (2.163) and (2.166),

respectively, for the examined system, L(s) and F(s) are equal to

e Vin(s)(Kps + K;)
kis3 + kies? + €2s

L(s) = (2.170)

and

€ Viu(5) (Kps + Ki>
F(s) = . (2171
ki 83 + kies? + e2<1 + V}n(s)Kp)s + eV, K,

The open-loop transfer function L has the same poles as G and another at the
origin, while a zero is located at — K;/ K.
To reduce the system oscillations, the following bounds on the gain margin and

the phase margin are set:

Vv
w

Vi Gm > 90° (2.172)

o1
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where ~,, is the gain margin and ¢,, is the phase margin. Moreover, a minimum

bandwidth has been imposed for the closed-loop system:

dT;
BWyn = 1072 2070 (2.173)
S
where BW is the nondimensionalised bandwidth.
Choosing
K, = 0.010 , K; = 0.015 ., (2.174)

the following values can be obtained for phase margin, gain margin and band-

width, respectively:
Om = 90.3780° ,

Ym = 3.0589 dB ; (2_175)
dT;

BW = 0.0246 2220
s

In Figure 2.17 and Figure 2.18 are depicted, respectively, the Bode diagram and

the zeros and poles location of the open-loop transfer function L for the selected
valued of K, and K, while Figure 2.19 shows the Bode diagram of the closed-loop

transfer function F'. Since the PI controller defined in (2.166) is continuous, but
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Figure 2.17: Bode diagram of the transfer function L

the average value (h) can be modified once during each sample interval, C(s)

has been discretised according to the Tustin method. During MATLAB simula-
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tions, the system variables have been computed by solving the continuous-time

differential equations (2.151), while a discrete-time controller has been utilised to

impose the capacitor voltage v. to follow the reference value.

According to (2.166),

s(h)(s) = Kye(s)s + Ke(s) .

(2.176)

Therefore, applying the Tustin bilinear discretisation method, the control equa-

tion becomes

23
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» 2% ADC = C(2) o PAC [ G(s) 7

Y

A 4

A J

Figure 2.20: Overall control block scheme

<h>z+1 - <h>z—1 _ Kp(€z+1 —€z71)
2Ty 2T,

+ Kie, . (2.177)

Hence, operating a shift equal to 1 to z in (2.177) and computing (h), leads to

<h>z = <h>z_2 — erz—Z + QKdeez_l - erz, (2178)

where Ty is the sampling time used for the discretisation.

The transfer functions are computed by applying the Laplace transform to the
nondimensional system (2.151), where the base value for time 7}, is set equal to
the switching period T;. In this case, therefore, T; has been set equal to 1. The

selected value is compatible with the bandwidth, since it is of a greater order.

The overall control scheme, including the Analog-to-Digital-Converter and the
Digital-to-Analog-Converter blocks, is depicted in Figure 2.20. The discretisation
is performed according to Tustin method to avoid the occurrance of instabilities,
while the DAC block operates a zero-order-hold conversion, since (h) is piecewise
constant. The system’s re-dimensionalised response after a step in the reference

voltage from 230 V to 150 V is shown in Figure 2.21.
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Figure 2.21: Closed-loop inverter operating in DC-DC - System behaviour (blue) after
a step in the reference voltage value (red)

2.4.5.2 DC-AC conversion

This system is the same as depicted in Figure 2.14, but this time an alternate
voltage is required on the load. As well as in the DC-DC case, the second inductor
L, is set equal to 0 and the inverter is not connected to the grid (i.e. Ve =0 in
the equations).

In this case, the switching function is given by

h(t) = Lo i) > o) , (2.179)

—1 < p)

where p(7) is the nondimensionalised triangular carrier wave defined in (2.108)
and m(7) is a piecewise constant function, whose value is the output of the
controller and can vary once in each period of the carrier.

Since, according to (2.111), the average of the switching function h computed in
one switching period is equal to the nondimensional value m in the same period,
the output of the controller directly changes (h). Therefore, the block scheme

shown in Figure 2.20 is still valid. In the previous example, the reference voltage
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the bandwidth cannot be increased significantly without compromising stability.
More complex controllers are usually required, and some examples are included
in the next chapters.

In particular, §3 concerns the analysis of the behaviour of an inverter working as
a single-phase rectifier. In that case, singular perturbation is applied in order to
achieve a model reduction in the state-space analyses of the system.

In the following chapters, the switching behaviour of power electronic converters
will not be taken into account directly, and further analyses will be performed
on the average systems. This is possible thanks to the preliminary work de-
scribed in the first two chapters: if the switching period is negligible compared to
the other time constants of the system, and if the considered phenomena occur
over time intervals much longer than a switching period, then the average model

approximates well enough the overall behaviour of the system.
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Chapter 3

MODEL REDUCTION OF A SINGLE-PHASE ACTIVE

FRONT-END

This chapter concerns the work which was performed on a single phase rectifier.
These kinds of devices, despite being structurally simple and being formed of
few components, present some challenges when their stability needs evaluation.
Their state-space systems, indeed, are characterised by nonlinear time-periodic
behaviours. Their models are usually linearised, and Linear Time-Periodic (LTP)
analyses are employed to evaluate the stability of the linearised systems. This
overall process is more complicated than that of other power electronic converters,
and dealing with fewer variables and ODEs could be beneficial for the simplifica-
tion of this process.

§3.1 gives an introduction to the topic of LTP theory; §3.2 illustrates a literature
review about the application of LTP techniques in engineering. The following
sections regards the examined case: first, the single-phase rectifier is described,
and its state-space system is presented; the state-space system is then linearised
and nondimensionalised; singular perturbation is then applied to the system, and
a model reduction is performed. Initial-value problem solutions (i.e. time-domain
simulations) and stability analyses are computed for both full and reduced sys-
tem, in order to validate the model reduction. Good agreement is found in both

simulations and stability analyses, whose results are shown in §3.3.3.
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3.1 Linear Time Periodic Theory
A Linear Time-Periodic (LTP) system of period T is defined by
x(t) = A(t)x(t) (3.1)

where (t) € R" and A(t) € R™" is a T-periodic matrix.

Now, let (3.1) be expressed in matrix form as

+o0
$(t) = Y Ayelmelx(t), (3.2)
n=-—o00
where j is the imaginary unit, j2 = —1.

According to Floquet theory, solutions of (3.2) can be found in the form
x(t) = P(t)eft, (3.3)

where P(t+7T) = P(t) and R is some constant matrix. Assuming the eigenvalues
of R to be distinct leads one to seek so-called exponentially modulated time-

periodic signals as solutions of (3.2). These are of the form

“+oo
z(t) = Z x,, el7 Timwot (3.4)
The eigenvalues 0 must in general be determined numerically, as described later.
From (3.4), the derivative @&(¢) can be computed in two ways: first, by differen-
tiating (3.4) as shown below:
+oo

E(t) = " > (0 + jmwy)T,e™ et (3.5)

m=—0Q

then by substituting (3.4) into (3.2):

+Too . +oo .
ZB(t) — Z Anejnwgt Z mme(oJerwgt)

n=-—00 m=-—00
+oo +o00 .
— eat Z Z Ammn—me‘]ntt-

n=—oo0 m=—oQ
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Equating the RHS of (3.5) and (3.6) leads to

+o0
(0 + jnwy)x, = Z ATy (3.7)

m=—0Q0

In solving (3.7), it is useful to introduce the infinite matrices A, N and X, which
are defined, respectively, by

Ay A A,

—2jwgl O

—jwgl

Jwgl

O 2jwgl

T
X = |z, (3.10)
T

T2

where [ is an identity matrix of suitable dimensions and Z a zero matrix of

suitable dimensions.
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Then, (3.7) can be expressed in matrix form as

oX = (A - N)X. (3.11)

From (3.11), solutions o are the eigenvalues of (A — A). The system is stable if
R(o) <0 for all o [13] [14].

For the LTP system (3.2), if o is an eigenvalue, then so is ¢ + jnw, for
any given integer n. Therefore, the eigenvalues form columns parallel to the
imaginary axis when plotted in the complex plane. For practical purposes, the
system (3.7), and hence the infinite matrix problem (3.11), is truncated. As a
result, the eigenvalue columns distorted far from the real axis as an artefact of

truncation.

3.2 Applications of Linear Time-Periodic Theories in the

Power Electronics Literature

LTP systems are ubiquitous in physics and dynamical systems theory (e.g.
Hill’s equation [16], Arnol’d tongues [17|, etc). In engineering applications, a
LTP stability analysis, as presented in [13| and [14], was initially developed for
aeronautical applications characterised by periodic behaviour. In particular, they
focused on helicopter blades and the forces applied to them.

In the last two decades, the same techniques have begun to be applied to power
electronic systems too. A general method to derive harmonic state-space models
for linear and switching subsystems is explained in [18]. More specific examples
are given in [19] and [20], where harmonic state-space models are computed for
a thyristor-controlled reactor and a grid-connected converter, respectively.

Stability analysis through LTP techniques is performed on a locomotive single-
phase grid-connected inverter in [21]. Stability is analogously assessed in [20], [22]
and [23] for different kinds of power electronic systems. In [23] a comparison be-
tween stability analysis carried out through linear time-invariant (LTI) and LTP

approaches is shown, highlighting the limits and inaccuracies that are obtained
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when the harmonic behaviour of the system is neglected. Even though from a
mathematical point of view it is obvious that the time-periodic nature of the
steady-state solution must be taken into account when assessing its stability, en-
gineers often ignore this and try to apply techniques to LTP problems which are
suitable only for problems with constant steady-states, where the coefficients in
the linearised problem are constant. In [23], stability analyses performed with this
approximation are close to the LTP ones only if relatively big filtering components
(e.g. inductors, capacitors, ...) are added to reduce the ripple amplitudes and
the controller behaviour is kept slow by reducing its bandwidth!. Consequently,
the system cost increases because of the increased size of passive components
and its performance deteriorates through the controller slowness. Therefore, this
engineering ad hoc approximation is not good enough for practical purposes and
will not be used in this work. When nonlinear time-periodic (NLTP) systems
are analysed, time-periodic steady states will be computed and the LTP system
stability will be assessed as explained in §3.1.

A stability analysis based on LTP techniques is presented in [24] for a mod-
ular multilevel converter (MMC), even though time-domain simulations of the
considered systems do not completely agree with the stability analysis previously
performed. These discrepancies are not further discussed or justified in the paper.
In general, power-electronic-based systems can be modelled as NLTT or LTT sys-
tems when they are three-phase and symmetrical. In order to do so, a DQO
transform is usually applied to the ABC sinusoidal model. When single-phase
systems are taken into account, though, or in case a three-phase system is un-
balanced, the DQO Park transform cannot be applied effectively to the models.
State-space variables, then, will show periodic behaviours, and the models will

be LTP or NLTP.
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Figure 3.1: Scheme of the SP-AFE converter and relative controller (red dashed box)

3.3 Single-Phase Active-Front-End Model Formulation

In this section, a brief introduction of the analysed power electronic system is
given and the different procedures used to evaluate its stability are summarised.

The system depicted in Figure 3.1 shows a standard AC-DC converter and
its control scheme. A standard device has been chosen to allow us to focus on
developing techniques for a model reduction. Parameters and controllers are as
explained in [23], so that an easy comparison can be made between the results of
non-reduced and reduced models.

In this case, the conversion is performed by a Single-Phase Active Front End
(SP-AFE); both the grid voltage v, and grid current i, are measured and their
values are sent to a feedback controller, whose aim is to keep the voltage on the
DC-link capacitor Cg. as close as possible to a reference V. First, the error
on the DC-link voltage vq. is computed and then filtered by a notch filter to
attenuate the voltage ripple at 2w, (the harmonic at 2w, is the main component
of the ripple on the capacitor voltage, as further explained in 3.3.2.2). The filtered

signal constitutes the input of a Proportional-Integral (PI) controller, while its

1See Appendix A
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output is suitably scaled by the value of v, to compute a reference for i;,. The
error on i, enters a further PI, whose output is subtracted from the grid voltage
vy, rescaled by Vier, and discretised by a Zero-Order Hold. The exponential e 7=
is added due to computational delays happening with sampling period T,. The
resulting signal is finally sent to a PWM in order to obtain the control signals for
the four switches S;, S, S, and Ss.

The state-space model of the system, including the control variables, is formed

of eight ODEs and eight independent variables, which, in this case, are chosen as

follows:

— 1, o9 are additional variables describing the dynamics of the notch filter;

— x3 and x4 are the states associated with the voltage PI control and the current
PI control, respectively (they behave like the integral of the error between the

value of the current or voltage and its respective reference);

— x5 and xg represent the internal dynamics involving the computational delay,

Zero-Order Hold discretiser and PWM;
— a7 is the current 7, drawn from the grid;
— xg is the voltage vy, measured on the DC-link capacitor;
— v,(t) is the alternating grid voltage, which is assumed to be purely sinusoidal
and is given by
vy(t) = Vjsin(wyt) . (3.12)

In practice, the assumption stated in (3.12) is valid since v, is taken from an AC

grid: this makes eventual deviations from the sinusoidal shape extremely small.

The delays due to both discretised control and PWM Zero-Order Hold are

approximated by the continuous-time transfer function

H(s) = T [SlT: i § (3.13)

If the complex exponential in (3.13) is replaced by a first-order Padé approxima-
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tion of the form
s, TS + Ny

e - —
d18 +d0,

(3.14)
where ny, ng, di, and dy are suitable real coefficients, then (3.13) becomes

Y18 + Yo

H = 3.15
() s2 4+ o015 + o (3.15)
where 71, 70, 01, and o can be derived from (3.13) and (3.14).
The notch filter transfer function is given by
N(s) = by + 22120 (3.16)
s + 1S + qo

where p1, po, ¢1, Qo, and k,, are real parameters tuned to attenuate functions with

frequency 2w,.

Transforming H(s) and N(s) as expressed in (3.15) and (3.16), respectively,
into time domain, and neglecting the switching behaviour of the converter leads

to the following average state-space system:

Ty = T, (3.17a)
Ty = —qo%1 — 1 T2 + Viet — Ts , (3.17b)
i3 = poT1 + p1Ta + kn(Viet — 73) , (3.17¢)

j;4 = kivvg(t)x?) + kpvp()vg(t)ml + kpvplvg(t)xQ + kpvkn(‘/ref - ‘TS)Ug (t) — 7,
(3.17d)
.f5 = ¢ , (3176)

:tG = —09gy5 — 01Tp + ‘/;;fl{vg(t) — [k?“ZL‘4 + kpikivvg (t)l’g + kpik:pvpovg(t)xl +

+ Kpi kpo D1 Ug(ﬂ Ty + ki kpo Ug@)(vref —xg) — kpiwrl},
(3.17f)

j37 = L;l [Ug(t> — Rg Ty — (’Y(] Ts + 71 1’6) ZEg] s (317g>
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‘Tg = C&l [("}/0 Ts5 + 71 SL’G> Ty — Rgclxg} . (317}1)

In general, the approximations which have been employed both above and in
what follows are ad hoc more than systematic and follow electrical engineering
custom. However, each of them will be explained and justified and comparative

plots will be shown to demonstrate their effectiveness.
The meanings and respective values of parameters in (3.17) are reported in

Table 3.1. Explicit mention of the time dependency of the state variables has

been omitted in (3.17), for the sake of notational brevity.
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Vy Peak grid voltage 115v/2 V
fq Grid frequency 50 Hz
T, Grid period 0.020 s
L, Grid inductance 0.87 mH
R, Grid resistance 0.2 Q2
Ry Load resistance 120 Q
Caec DC-link capacitance 600 uF
fpwm PWM frequency 1000 Hz
fs Sampling frequency 2000 Hz
Viet Reference DC-link voltage 300 V
Yo Zero-order hold parameter 1.6-10% s72
o] Zero-order hold parameter —4.0-10*s7!
o) Zero-order hold parameter 1.6-10% s72
o1 Zero-order hold parameter 8.0-10% st
Do Notch filter parameter 0s2
D1 Notch filter parameter —31.4159 571
Qo Notch filter parameter 3.9-10° s72
kn, Notch filter parameter 1
a1 Notch filter parameter 31.4159 s1
ky; | Current PI proportional coefficient 5.009 2
ki Current PI integral coefficient 1279.3 Qs !
ki, | Voltage PI proportional coefficient | 0.0079 (QV)~!
Ky Voltage PT integral coefficient 2.0609 (QVs)~*

Table 3.1: System parameters
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In the engineering literature, the ODE system (3.17) is referred to as a Non-
linear Time Periodic (NLTP) system. To analyse such a system, a “steady-state”
time-periodic solution is first found, then its stability is examined by linearising
the system about that solution.

Let the following more compact notation be used to express the NLTP system
(3.17):

z(T+t) = x(t) = f(x(t), ut)), (3.18)

where & € R™ is the state vector and the input wu(t) is here the grid voltage vy(t).

Since v,(t) is the grid sinusoidal voltage, the input u(t) is T,-periodic:

u(t + 1,) = u(t). (3.19)

Given the signal x;, its steady-state component can be separated from the per-

turbation as follows

zi(t) = () + Z:(t), (3.20)

where Z; is the steady state of x; and Z; its perturbation.

Then, the corresponding linearised system is given by

T(t) = ==| &) + = u(t). (3.21)

Assuming that the perturbations are small if compared with the steady-state

values and applying linearisation to (3.17) lead to

Iy = Iy, (3.22a)
Tp= —qod — q1 &y — s, (3.22b)
I3 = pod1 + p1ia — knis, (3.22¢)
T4 = pD0Vg (1) T1 + kpuD10g (1) To + kiyvg (1) T — 7 — kpoknvgy(t) s, (3.22d)
Is = g, (3.22¢)
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i = —00ds — 01d6 + Vigs [— ki Ba — ki ki 0g(t) B3 — Ky Ko po vg(t) T1 +

- kpi kpv b Ug(t) ZZ‘Q + kpi kpv Ug(t) :i‘S + kpi j?] )

(3.22f)
i7 = L = 0%s(t) @5 — 1 Zs(t) @6 — RyZir — (0Ts(t) + 1176 (1)) s, (3.22g)
i’g = CJCI [’701_37@)535 + 71:?’7(75):%6 + (’701_35@) + 7156<t))f7 — Rgclfg} s (322h)

where T; denotes the steady state of x; and Z; its perturbation.
In (3.22), the grid voltage and the steady states are explicitly written as time-
dependent to highlight the LTP nature of the system.

To evaluate the steady-state stability of (3.22), various approximations have

been considered (some systematic, some ad hoc). In §3.3.2, their effect on the

steady-state and its stability is analysed.
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3.3.1 Procedure Summary

For the sake of clarity, the steps for performing a system reduction and its

relative validation are depicted in Figure 3.2 and summarised below.

— First, the “exact” solution of the initial-value problem composed by the ODEs
of (3.17) has been obtained by solving the state-space equations through high-
accuracy simulations (in the present case, MATLAB ode45 has been used).
The simulations have been run for a time-span long enough to assume that
the system transients have finished. The so-obtained time-domain results,

therefore, can be considered as steady-state solutions.

— The solution in time domain of the full system has been sampled and its Fourier
coefficients have been found by applying the MATLAB function for the Fast

Fourier Transform fft to the sampled values of the variables.

— The Fourier coefficients for the steady states of system (3.17) have also been
computed by truncating and then solving numerically a system of equations
obtained by substituting each state variable of (3.17) with the corresponding
Fourier series, as explained in §3.3.2.1. In the present case, the MATLAB

function fsolve has been used to solve the resulting system of equations.

— Due to the difficulty of finding a suitable starting point for fsolve (and to
the non-convexity of the problem), another approach for finding the Fourier
coefficients of the steady-states has been applied. As shown in §3.3.2.2 , some
engineering approximations, suggested by experimental evidence, have been
investigated. The corresponding approximate Fourier coefficients have been
compared with both the coefficients from fsolve and the coefficients obtained
by sampling the time domain steady-state solution. Those comparisons are

given in §3.3.2.3.

— After assessing the validity of the steady states obtained from engineering
approximations, the full state-space system (3.17) has been linearised about

these steady -states and its corresponding LTP system has been computed.

— By applying LTP techniques, the eigenvalues of the so-obtained full LTP sys-
tem have been found and stability of the full LTP system has been analysed.
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— As explained in §3.3.3, the full state-space system has been nondimension-
alised, small parameters have been identified and a model reduction has been
performed. Time-domain simulations of the reduced system have been ob-
tained through MATLAB ode45. These results have then been compared with
the corresponding time domain results of the full system. Different possibili-
ties have been explored for the reduction, leading to reduced systems with a

different number of ODEs and different levels of approximation.

— The time-domain simulations for the reduced models have been sampled and
the Fourier coefficients have been computed by applying MATLAB fft, anal-
ogously to the procedure followed for the full system. The coefficients of the

full and the reduced models have been compared.

— The steady-state expressions for the reduced model have been found by ap-
plying the same engineering approximations that have been validated for the

full system.

— The reduced systems have been linearised about those approximated steady

states and the corresponding reduced LTP system has been computed.

— The eigenvalues for the reduced models have been computed and then com-
pared with the eigenvalues of the full system. Stability analyses have been

compared for different values of the controller parameters.
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3.3.2 Computation of the Steady-State Operating Point

In this subsection, the steady-state operating points of the full system (3.17)
are computed in two different ways, later compared.

First, as explained in §3.3.2.1, the time-periodic steady-states and input v, are
written as Fourier series; by substituting those expressions into the state-space
system, an infinite system of algebraic equations is derived; truncating and solv-
ing numerically, the so-obtained system leads to the computation of the Fourier
coefficients of the unknown steady-states.

As a second approach to computing the steady states of the analysed system,
detailed in §3.3.2.2, the “power balance approach” from engineering has been ap-
plied. This includes a drastic truncation of the Fourier series of the system based
on engineering insight for the computation of the Fourier coefficients.

These two ways of approximating the system steady-states are compared in
§3.3.2.3, where their corresponding Fourier coefficients are plotted, together with
the Fourier coefficients obtained from sampling the steady-state time domain sim-
ulations of the system and processing the values applying the MATLAB function
ftt.

Only the steady-state solutions Z5(t), Z¢(t), Z7(t) and Zg(t) appear in the
linearised time-periodic system (3.22). Therefore, attention has been mainly fo-
cused on the computation of these, rather than on the steady states of the other

four state variables.

3.3.2.1 Steady-State Point from Truncated Infinite System of Equa-

tions

Assuming that the steady-state solution of the NLTP system (3.17) is periodic,

each variable can be written as a Fourier series

+oo
7,(t) = (z) + Z’ 7™ einwst (3.23)

n=—oo

e i = 1,2 ..., 8 labels the state degrees of freedom;
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e (;) is the average of z;(t);

(n)

%

+00/ -1 +o0
° E Ay = Ean—i— Ean.

n=—oo n=—oo n=+1

e 7.’ are its Fourier coefficients;

(0)

Defining z,;’ as

;) = (T, (3.24)

the equation (3.23) can be written more compactly as

—+00

m(t) = Y mVenet (3.25)

n=—0oo

Differentiating (3.25) with respect to time leads to

+0o0
T;(t) = Z jrw, 2™ eneat (3.26)

n=—oo
The input voltage v, can be written exponentially according to Euler’s formula:

_ VY

jwgt _ —jwgt ) 9
2 (© em1v’) (3.27)

Ug(t)
Now, substitution of (3.25), (3.26) and (3.27) into (3.17) leads to a new system
whose equations are composed of constant parameters and parameters modulated

t

by time-dependent exponential signals ¢/”“s!. The system unknowns are the

(m).

infinite number of Fourier coefficients of the steady-state solution, z;

For practical purposes, it is necessary to truncate the Fourier series up to a
positive integer IV, obtaining 8(2/N + 1) unknowns. Selecting in each equation
the terms of the same frequency, 8(2N + 1) equations can be written.

For example, for the first equation of (3.17), this gives rise to

7i(t) = a(t), (3.28)
~+00 ' +00 '
3 jnw Vet = Y7 gilenent (3.29)
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Truncation of (3.29) at n = +N leads to

+N +N
7 jnw, et = 3 glenent (3.30)
n=—N n=—N

Equating the LHS and RHS terms with the same frequency leads to

jnw, 2™ =z (3.31)
where
n=-N,-N+1,.,N—1,N. (3.32)

The same procedure can be applied to all the equations of (3.17), obtaining
a system of 8(2N + 1) time-invariant equations in 8(2N + 1) unknowns. The
equations originating from the last two equations of (3.17), which are nonlinear,
are still nonlinear in this spectral representation. The system can be solved nu-
merically: in the considered case, the MATLAB function fsolve has been used.
However, this function needs an initial guess to operate. If the problem is not
convex and the absolute minimum is far from the initial condition, some local
minima can be mistaken for optimal points by the function, leading to inaccura-
cies.

Since stating an initial guess for big systems is in general hard, in the engi-
neering practice a more approximated method for computing the steady-states is
usually applied, as described in §3.3.2.2. In order to validate this approximated
technique, the infinite system of equations obtained by substituting (3.25), (3.26)
and (3.27) into (3.17) has been truncated at n = +4 and solved by fsolve. The
resulting Fourier coefficients have been compared with the Fourier coefficients
obtained by following the method illustrated in §3.3.2.2. The values obtained by
applying the engineering custom approximations have also been used as an initial
guess for fsolve: the Fourier coefficients which are neglected by this method have
been set equal to 0 in the initial guess.

In order to reduce the number of unknowns, the grid current iy4(¢) has been

assumed to be mainly constituted by odd harmonics, and the voltage v4. by even
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harmonics; this approximation is common in engineering and is supported by
experimental evidence. Following these assumptions and observing the ODEs of
the full system (3.17), only the odd harmonics have been considered for x4, zs,
¢ and x7, while only even harmonics have been considered for zi, x5, x3 and
xg. All the other harmonic contributions have been treated and approximated as
equal to 0.

Considering z7 as constituted by odd harmonics only and xg by even only,
indeed, forces x5 and zg to be formed by odd harmonics to avoid imbalances in
(3.17g) and (3.17h). Considering x5 and x¢ as odd-harmonics-only, moreover, and
observing (3.17f), leads to treating x4 as composed by odd harmonics and 1, 2,
x3 by even. These choices are consistent if (3.17a), (3.17b), (3.17¢), (3.17d) and
(3.17¢) are also taken into account.

This approximation has been validated by sampling the steady-state time-
domain solutions from MATLAB ode45: the harmonics which have been consid-
ered equal to zero in solving the truncated infinite system are verified in this way
to be negligible compared to the other harmonic amplitudes.

The comparison between the steady-state computation methods explained in
§3.3.2.1 and §3.3.2.2 is shown in §3.3.2.3. The engineering custom approximations
have been considered good enough for the computation of the steady-states and

have been used for the formulation of LTP systems in the following subsections.

3.3.2.2 Approximated Steady-State Point

Since x5 and xg represent the internal dynamics of the computational delay,

9

they can be considered “slow” compared to the other states. Corroboration for

this assumption will be provided later, after performing nondimensionalisation of
the system.
Grouping the last terms of (3.17f), a variable d is defined by

d(t) = r;fl{vg(t)[l — kpi kpo(po®1 + D172 + ky Viet — knxs) — kpi kip 3]

— Kiixa + Ky $7}
(3.33)

By comparing the equation of d and the scheme depicted in Figure 3.1, the mean-
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ing of d can be identified with the controller action, but without considering its

internal delays, described by the fifth and sixth ODEs of (3.17).

The fifth and sixth equations from (3.17), for the steady-state case, lead to

the state-space system

Ts(t Ts(t _
S I ) B, d(1), (3.34)
Ze(t) Te(t)
where
0 1 0
A, = ., B, = . (3.35)
—0p —O01 1

Since (3.34) is linear, it can be solved in terms of the Laplace transforms
of Z5(t), Zg(t) and d(t), denoted by Xs(s), Xg(s) and D(s), respectively. The
transfer function H,(s) between [X5(s) Xg(s)]T and D(s) can be computed by
applying the Laplace transform to (3.34) and isolating [X5(s) Xg(s)]T in the

LHS:

Xs(s) .
= H,(s)D(s) = (sI — A,)”" B, D(s), (3.36)
XG(S)

where s = jw, and I is an identity matrix of suitable dimensions.

An ad hoc approximation is now introduced for d(¢) and equates it to the

ratio of the input voltage to the reference value for the DC-link voltage:

d(t) ~ ”‘g/—(tf) . (3.37)

This approximation leading to (3.37) can be intuitively justified by interpreting
d(t) as the controller action before considering the internal delays of the system.
It can be considered valid only if x5(t) and x¢(t) are slow if compared with the

other variables implicitly contained in d(t).
Therefore, substituting equation (3.12) for v, and (3.37) into (3.36) and ap-
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plying an inverse Laplace transform, Z5(t) and Z4(t) are found to be of the forms

_ : |7 , , Ve
T5(t) ~ \H5(Jwg)|v—gsm (wgt + {H5(Jwg)) = S(H5(Jwg)v—geJ gt) :

ref ref

_ : |7 , , Ve
Tg(t) ~ \H6(3w9)|v—gfsm <wgt + {HG(Jw9)> = %(HG(Jwg) V—gfeJ 9t) :
(3.38)

where /H; denotes the phase of H;, and the transfer function H,(s) has been

split into

H,(s) = . (3.39)

Due to the nonlinearity of the system, additional approximations are adopted
for the computation of z7 and Zg. In particular, Z; is approximated by a pure

sinusoid with period equal to T, and peak value I,:

T7(t) ~ 74(t) = I, sin(w,t), (3.40)

where I, is unknown and needs to be estimated.

This choice is originated by the need for the grid current to be a sinusoid in
phase with the grid voltage in order to maximise the efficiency of the system and
to have a power factor equal to one. The power factor (PF) is defined as the ratio
of the real power to the apparent power entering the system and its value should
lie between -1 and 1. If the input voltage v, is a sinusoid with period 7}, a unity
PF can be demonstrated to be possible only by absorbing from the grid a current
iy that is sinusoidal, in phase with v, and free from further harmonics, as shown
below.

If, in an AC system of angular frequency wy, if voltage and current are given,

respectively, by

v(t) = V sin(wyt + 6,), (3.41a)

i(t) = I sin(wgt + 6;), (3.41D)
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then the average active power is equal to

1
Pye = §VI cos(¢9) , (3.42)

where ¢ is the phase shift between current and voltage, defined as ¢ = 0, — 6,.
In this case, the PF is equal to cos(¢).
Analogously, if harmonics of order greater then 1 are present, the average

active power is given by

1%
P = 3 ;Vk I, cos(¢y) (3.43)

where Vi, I, and ¢, are, respectively, the voltage amplitude, current amplitude
and phase shift for the k-th order harmonic.

From (3.43), it follows that, if the voltage is constituted by a pure sinusoid, as
assumed in (3.12) for the grid voltage, the current harmonics of order greater than
1 do not contribute in the active power computation. Moreover, to obtain a PF
equal to 1, the current fundamental must be in phase with v,, leading to (3.40).
Therefore, the approximation on Z; implies neglecting its eventual phase shift
and its harmonics of order greater than one. This assumption will be checked by
simulating the system (3.17) and comparing the amplitudes of the steady-state

fundamental of ¢, with its higher-order harmonics.

In order to determine Z(t) and Zg(t), the so-called power balance approach
has been applied. This method, based on engineering approximations, originates
from neglecting the converter internal losses and equating the input and the
output power of the system. In the next few paragraphs, the power balance

approach will be explained.

The input power of the system is defined as the product of the AC variables
ig and v,. The output power is defined as the power flowing downstream of the
switches, absorbed by the DC-link and the load resistor.

The input steady-state power P, can be computed as the product of vy and
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74, as given in (3.12) and (3.40):

Pa(t) = vy(t)74(t) = V,Iysin*(w, 1)
(3.44)

1
I=9 cos(2w,t) .

I —cos(Qugt)|  VyI,
2 2

The output steady-state power P, instead, can be computed by applying
Ohm’s law on the DC-resistor and DC-link and is equal to

P (t) = zs(t) {Cdc

dzs(t) N i’g(t)]

i Ra
_ j;g(t){[% Z5(t) + m fdt)}@(t) - x;i) + x;it)} (3.45)
= E1(t) () o F5(t) + 7 To(t)]
Comparing (3.45) and (3.17g) leads to
Pos(t) = 24(t) {—Lgdﬁft) 4 vy(t) — R, m(t)}
_ o, 0ar(t) — Lya0) Y _ a2 (3.46)

dz?
— 0, (01, (1) — %Lg é’h(f) ~R2(1).

Hence, in steady state, the difference between input and output power is given

by

_ _ 1. di2(t) .
Pu(t) — Poy(t) = 5L gt + Ry2(1), (3.47)
where
1 dig(t) . .
) §Lg & is the power stored in the grid inductance Lg;

o I3 Zg(t) is the power dissipated on the grid resistance R,.

The power balance approach ignores those fluctuations in the power to equate
input and output power and to compute an approximation for the steady states.

Considering the RHS of (3.47) as negligible,

Rn ~ 7out- <348>

Assuming the steady state of vg. to be equal to its reference value plus a
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ripple, and then averaging (3.48), leads to

Voly Vi
~ == 3.49
5 R (3.49)

In (3.49), I, is the only unknown; isolating it leads to

212
I, ~ ——ref 3.50
g ‘/ngc ( )

Then, the approximated steady-state equation of i, is given by

2V
Vngfc sin(wyt) (3.51)

The ripple on P, is assumed to be equal to the power periodically absorbed and
released by the DC-link capacitor, while the power flowing through L, and R, is
neglected. Assuming also v4. ~ Ve leads to

_ dg.(1)

Pin,ripple(t) ~ Viet Cge BT (3.52)

Substitution of (3.50) in the non-constant part of (3.44) leads to

_ 2

v
Paipple(t) = — -2 cos(2w, t) . (3.53)
Rdc
The derivative of v,. with respect to time can be obtained by equating the RHS
of (3.52) and (3.53) and is given by
dﬂdc@) ‘/;“cf

= — 2w, 1) . 3.54
dt Cdc Rdc COS( CUg ) ( )

Integrating (3.54) with respect to time and assuming the constant component of

Uac(t) to be equal to Ve leads to

‘/ref

Ts(t) = Uae(t) = — Y. Co B
g c c

sin(2wy t) + Viet - (3.55)

Then, since also Z7(t) and Zs(t) are T,-periodic, in the linearised system (3.22)
all the coefficients are constant or Tj-periodic, (3.22) is an LTP system and each

variable can be written as a Fourier series.
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3.3.2.83 Comparison Between the two Approxrimations for the Steady-
State

In Figure 3.3 are depicted the steady-state behaviours of ¢, and vg4. in the
time domain: solutions obtained by applying MATLAB ode45 to (3.17) and the
approximated steady-state from the engineering custom are shown, while the er-
rors are plotted in Figure 3.4. The error amplitudes are small if compared with
the current amplitude and the voltage ripple amplitude (about 2% and 4%, re-
spectively).

0 0.01 0.02 0.03 0.04 0.05 0.06
t[s]

de

308 -
306
304
302

= 300
208
296
294

292 1 | 1 | 1 J
0 0.01 0.02 0.03 0.04 0.05 0.06

t[s]

Figure 3.3: i, and vg4. behaviour: comparison between time-domain solution (blue),
the reference (red) and the steady-state solution obtained through engineering approx-
imations

An harmonic analysis has been performed on the state variables of the system
by solving it first in the time domain by applying MATLAB ode45 (the chosen
time span has been assumed to be long enough to consider the transients fin-
ished at the end), then sampling each variable and finally applying the MATLAB
fast Fourier transform fft to compute the Fourier coefficients. Simulations have

been run for an integer number of grid periods and final state values have been
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Figure 3.4: Errors between the time-domain steady-state solution of i, and vg4. and
the steady-states obtained through engineering approximations

compared with the initial ones: as the difference between initial and final value
is negligible, the system can be considered to be in steady state and free from
transients. Figure 3.5 shows the absolute values of the Fourier coefficients com-
puted for i, and v4, and validate the assumption explained in §3.3.2.1 about their
harmonic content: i, shows only odd harmonics with a non-negligible absolute
value, decaying geometrically with the harmonic order n; the voltage vg., on the
contrary, shows just even harmonics decaying with n, while the odd harmonics

are negligible.

The Fourier coefficients obtained by sampling the time-domain solutions have
been compared with the corresponding coefficients computed as described in both

§3.3.2.1 and §3.3.2.2. The comparative plot is depicted in Figure 3.6.

To validate the harmonic analysis performed by sampling and fft, i, and vg.
have been reconstructed in time domain from their relative Fourier coefficients by
adding first, third and fifth harmonic for the former and continuous component,

second, fourth and sixth harmonic for the latter, as shown in Figure 3.7.

84



CHAPTER 3. MODEL REDUCTION OF A SINGLE-PHASE ACTIVE
FRONT-END
10° £
ol . B
10’5} ° o _
10710(; 5‘ 1‘0 1‘5 2‘0 25
s vdf:
10° [
100; o i
S ° o o
10° - ° o i A
1010 ? ° ° ¢ ° ¢ ° °T°°°°_
0 5 10 15 20 25

Figure 3.5: Semi-logarithmic plots of the absolute values of the Fourier coefficients
computed for iy and vg. in SF-ETS
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Figure 3.7: SP-AFE time-domain simulations and harmonic contributions comparison.
For i4 (only odd harmonics): ode45 solution (red), iq41(t) (orange), iq1(t)+i43(t) (green),
ig1(t) +1ig3(t) +ig5(t) (blue); for vge (only even harmonics): ode45 solution (red), vgeo +
Vgea(t) (orange), vgeo + Vaca(t) + vVaca(t) (green), vaco + vaca(t) + vaea(t) + vaes(t) (blue)
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3.3.3 Nondimensionalisation and System Reduction

In this subsection, nondimensionalisation has been applied to the ODE sys-

tem (3.17), in order to allow the clearer identification of small (dimensionless)

parameters.

By evaluating the numerical values of the various dimensionless parameters for

typical values of the system parameters, it is possible to identify likely candidates

to be considered “small” dimensionless parameters.

While performing nondimensionalisation, V,, R4 and T, have been chosen as base

values for voltage, resistance and time, respectively. The nondimensional vari-

ables and parameters of the system are reported in the second column of Table

3.2. The nondimensionalised system is then

A

= Iy

= —qoT1 — 1 %2 + Vi — g,

~ ~

= PoZ1 + P122 + kn(Viee — Tg),

~

= r&g(g)[]%wjj?) + ]%pv]a()i'l + ]%pvﬁl i2 + %pv(‘/ref -

A

= Ts,

A A

- —a'gi’g, — (5'1!%6 + d(t),

= [A/_I@g(f) - Rg@ — Yo 5Ty — %i‘GiS);

g

_1/\]7

= C.M(Bods + A1 de)dr — Rylig

where the nondimensional variable d(f) is defined by

A A

d(t) = Vrgfl

~

{@g (tA) [1— kpi]%pv (PoZ1+D122 +I%n‘>;ef - l%nfﬁs) - kpi]%ivi'S] - ]%nf4+f€pﬂ7} )

(3.56a)
(3.56b)
(3.56¢)
)] — @7, (3.56d)
(3.56¢)
(3.56¢)
(3.56g)

(3.56h)

~

(3.57)
and the nondimensional expression of the grid voltage 7, (t) is given by
by(t) = V, sin(@,1) = V, sin27 f, Tt T, ) = V, sin(w,t) . (3.58)

A small parameter € is now introduced, in order to assign to each dimensionless
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i1 = n(V,T))™
By = am(VyTy)™
T3 = w3(VyT,)™
STATE-SPACE Ty = x4 Rae(Vy Ty) ™
VARIABLES T5 x5(T,) 2
Te = l’ﬁTg_l
Ty = w7Rq4e Vg_
Ty = 1’8‘/;]71
L, = Ly(ReT,) ™" = 3.6250-10~* O(1) or O(e)
GRID R4 = RyR;' ~ 1.6667-1073 O(e)
PARAMETERS V, = V,Vt =1 O(1)
fy = f,T, =1 O(1)
LOAD Cie = CaRaT,' ~ 3.6000 O(1)
PARAMETERS Rie = R4R; =1 O(1)
PWM AND SWITCH Foum Jpwm Ty = 200 O(1)
PARAMETERS fo = £ T, = 400 O(1)
% = T2 = 640000 O(c2)
ZERO-ORDER HOLD A nT, = —800 )
AND DELAY R ) 9
PARAMETERS o1y O'QTg = 640000 O(G )
or = o111, = 1600 O(e™)
po = poT; =0 o(1)
o= T, ~ —0.6283 O(1)
NoTcCcH FILTER A o _1
P ARAMETHRS do q@T, = 156 O(1) or O(e ™)
G = qT, ~ 0.6283 O(1)
VOLTAGE PI kipo = kpy RaeV, =~ 154.3091 O(1)
PARAMETERS kis = kiwRaV, T, ~ 804.4166 O(1)
CURRENT PI ki = kyi Ryl ~ 42236107 o(1)
PARAMETERS ki = kaT,R7' ~ 0.2132 O(1)
REFERENCE Viee = Vit V7!~ 1.8466 O(1)

Table 3.2: Nondimensionalised system variables and parameters
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group a ‘“size” (i.e. assign some power a to each, so that it is O(e*)). This
assignment is somewhat arbitrary and subjective. In the present case, significant
progress in this regard can be made by supposing € to be of order 1073, which
is typical of values found in detailed calculation later. The orders of the system
parameters have been assigned based on this choice and are listed in the third
column of Table 3.2. Some variables have a clear suggestion for their associated
“size” (e.g. o, 0o, 01), while others require a greater degree of judgement.

In particular, k;» is considered to be of order 1, despite being closer to e !, because
its value can vary depending on the selected control bandwidth?. Even though
in this example py = 0, in order to retain flexibility, py is assigned the size
po = O(1). About the order of IA/g and ¢y, two options have been considered for

each, leading to different possible approximations of the system.

To clarify the size of the various dimensionless groups, some O(1) parameters

are now introduced by factoring out the assumed e-dependence of the “raw” hatted

dimensionless parameters. Hence, 79, 71, Y0, Y1, Ry, Ly and gy are defined by:

gy = 0p€,
o1 = 01€,
Yo = Joe€,
o= e, (3.59)
Rg = Rg et
L, = L,8,
@ = qat,
where
a=1 o a=c¢tl
(3.60)
=1 o B=c¢€t.
Then, substitution of (3.59) into (3.56) leads to
Iy = iy (3.61a)

2See Appendix .1
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fy= —aQod1 — G1ds + Vi — s, (3.61b)
Ty = Pody + Prio + ka(Vier — 2s) (3.61c)

~ ~ ~ ~

Ty = Og(B)[kin s + kpoPod1 + kpoprds + kpo(Viee — #8)] — 27, (3.61d)

Is= &g, (3.61¢)
Te= —€ 2005 — € ‘ayig + d(i), (3.61f)
ir= BL,'(0,(t) — €Ryi7 — € *qodsds — € 'J1deds) (3.61g)
Ts = C7M(e2 7025 + €191 26)d7 — Ry} isg], (3.61h)

where d has been defined in (3.57).

Now, the equations (3.61) are considered for model reduction. Different cases
have been taken into account according to the different “sizes” which can be
attributed to f)g and §p.

Since (3.61e) and (3.61f) are the only ODEs of the system which do not
depend on « or 3, they will be considered first. After that, (3.61g) and (3.61h)
will follow, as they depend on the value of § and contain only the state variables
Ts, T, &7 and &s. Then, (3.61a) and (3.61b), according to the selected value of
a, will be taken into account. Last, (3.61c) and (3.61d) will be considered, since
they depend both on « and on the expressions for #; and Z, following from the

reduction of (3.61a) and (3.61b).

EQUATIONS FOR 75 AND g

Since d(t) has the physical meaning of a controller action neglecting the inter-

nal delays of the system, d(t) is assumed to be O(1), along with its steady-state

d(t). Thus, to avoid imbalance in (3.61f),
g5 = O(?) . (3.62)
Therefore, Z5 can be expressed as

i = €5 + O(e) (3.63)
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and, correspondingly,

.@6 = 62 52.62 -+ 0(63). (364)

Then, the governing equations from (3.61¢) and (3.61f) are, respectively,

i‘ﬁg = .%52 s (365&)
d

By = — . (3.65D)
0o

With the chosen value for e, the system size can therefore be reduced by two

degrees of freedom irrespective of the values of o and £.

EQUATIONS FOR 77 AND g

The leading order of the eighth ODE, irrespective of the orders of o and 3, is
'%8 = Cd_cl (’70 .%52(5) .i"y — ﬁi;;i’g) -+ O(E) (366)

At leading order, the seventh equation is

A

Zr = BL, (4(f) — Fodse(t)ds) + Ofe), (3.67)

which for § = 1 leads to the ODE

A A A A

Iy = Lg_l (@g(t) — o Z52(t) 558) = Lg_l (@g(t) — o dsa(t) 558) + O(e), (3.68)

while for 8 = € ! it leads to the algebraic equation

A

0 = dy(f) — Fodsalf) g + Ole) . (3.69)

Therefore, if f/g is considered of O(e), the system can be reduced by one further

degree of freedom.

EQUATIONS FOR 71 AND 9

In the case @ = 1, no reduction is possible of the first two ODEs of the system,
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leading to

-1;7 = T2,
! A (3.70)
Iy = —QoT1 — @2 + Veey — Iy.

If, instead, o = €71, the second equation becomes

5‘&2 = 6_1 qu'l — (jl i‘g + ‘Zef — i’g. (371)

To avoid imbalance,
(3.72)

and 2, can be expressed as

Zi'l = Ei’ll + 0(62) + ceey (373)
where Z;; = O(1). Substituting (3.73) into (3.61a) leads to
651%'11 = IIAZ'Q + 0(62) . (374)
Therefore, 25 must be O(e) and can be analogously written as
(3.75)

i’g == 6;%21 + 0(62) + ...

Thus, substituting (3.73) and (3.75) into (3.71) and selecting the leading order

terms leads to .
‘/re -7
qo0

From (3.61a),
(3.77)

I T T P
Ty = I1 = % Coln (Y0 252 (t) &7 — &s] -

In this case, both ODEs are turned into algebraic equations. Moreover, since I

and Ty are of O(e), they are not present in the leading order expression for d,

which is simplified as
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EQUATIONS FOR 73 AND x4

Following from (3.70), if « = 1, (3.61¢) and (3.61d) become

T3 =pod1 + pria + kn <‘A/ref - i‘s) ; (3.79a)

~ A

@:@@@H@@+m@+é4%pw@]+m@am3—@.

(3.79b)

For a = €', Z; and 25 are O(¢), leading to
@:&%mﬁ—@>+0@, (3.80a)
.’i’4 = {)g (tA) |:]%w 12'3 + ]%pv (‘A/ref - [i’g)] - 52‘7 + O(E) . (380b)

REDUCTION SUMMARY

The reduced system size varies according to the different combinations of choices
for o and 8 values. A summary of the possible cases is displayed in Table 3.3 and
their respective agreement with the full system behaviour is shown in the next

subsections.

a =1 a = ¢t

4
3

B=1
B =c!

6
)

Table 3.3: Number of system ODEs depending on the chosen values of a and

From a physical point of view, in the 6-equations-reduced model, the ODEs
describing the behaviour of the internal delays and ZOH are not present (despite

their contribution being represented by the algebraic term Z55(¢)). This reduction
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is included in all four of the possibilities shown in Table 3.3.

Making the assumption that o« = 7! leads to neglect of the first two ODEs of the
full system, corresponding to the dynamics of the notch filter. When 8 = €71,
one equation modelling the control on the grid current 7, is not included in the

reduced system.

3.3.3.1 6-FEquation Reduced Model

In the case @ = 3 = 1, then both L, and gy are of O(1). Let now the hats
drop from the notation. Therefore, substituting (3.63) and (3.64) into the system
(3.61), selecting the leading order terms and neglecting the terms of O(e) and
O(é?) leads to

1= X9, (3.81a)
o= —qox1 — 1 T2 + Vit — Ts, (3.81b)
i3 = pox1 + p1Ta + kn(Vier — 2g) , (3.81c)
By = ki vy(t) xg + Kpy Do vg(t) 1 + kpy p1vg(t) 2o (3.81d)

+ kpv kn(‘/ref - ‘rS)Ug(t) - X7,

ig = L, [ug(t) — o wsa(t) s] | (3.81e)
s = Cpl [owsa(t) w7 — Ry ws] (3.81f)

where
T5o(t) = ) : (3.82a)

d(t) = vrgfl{vg(t)u — Kypikipo (o1 + 1 + Ko Viet — kns) — kpikioas] (3.82D)

— kiix4 + k'pi.’lﬁ}.

Following this procedure, two out of the eight ODEs from (3.17) are neglected
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and two algebraic equations are added. In (3.82), the variable Z4(t), representing
the governing equation of xg, is not included. If needed, it can be found from
(3.65a) and computed as a function of xs.

To assess the validity of the reduction, solutions of the system (3.81) have
been compared to solutions of the full system (3.17) in both time domain and
Fourier coefficients. First, (3.81) has been solved by MATLAB ode45 and those
results have been compared with the corresponding time-domain solution of the
full system. This comparison is plotted in Figure 3.8., while the error between full
and reduced time-domain solutions is shown in Figure 3.9: the error amplitude
on i, is the 1.29% of the current amplitude, while the error amplitude on vg, is
equal to the 0.01% of the reference value for vy, and the 0.47% of its ripple. The
relative error on vg. is much smaller than that on i, due to the nature of their
steady-state behaviours: i, is a sinusoid, while v4c is the sum of a constant of the
order of 100 V and a sinusoidal ripple. The error amplitude on the voltage, then,
is more significant compared to the amplitude of the voltage ripple.

After this, the reduced time-domain solution has been sampled and analysed
by MATLAB fft, analogously to the procedure applied to compute the full solu-
tion Fourier coefficients. A comparison between full and reduced model Fourier

coefficients is depicted in Figure 3.10.

In both time domain simulations and Fourier coefficients, a good agreement

is observable between the behaviour of the full and the reduced model.
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Figure 3.8: Comparison in time-domain between exact solution (blue) and reduced
solution (green)
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Figure 3.9: Errors between the full system time domain simulations and the 6-equation
model
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Figure 3.10: Absolute values of the Fourier coefficients computed for i, and vg.: exact
solution (blue circles) and reduced solution (green crosses)

3.3.3.2 Approximated Steady-State Calculation for the Reduced
Model

To obtain the steady state of the 6-equation reduced model, engineering ap-
proximations have been applied to the system, analogously to §3.3.2.2.

Since, in §3.3.2.3, (3.40) and (3.55) have been shown to be good approxima-
tions of the steady state of i, and vg,, respectively, the same expressions have been
considered for the corresponding 6-equation steady states. (3.81e) and (3.81f),
indeed, describe the behaviour of the grid current and DC-link voltage, respec-
tively; if the reduced model approximates the full one well enough, there will not
be big discrepancies between corresponding steady-states.

As x5 and zg do not appear in the reduced model (3.81), their steady states
do not need to be computed.

The steady states for the first four variables, instead, can be found by writ-
ing each as a (truncated) Fourier series and equating coefficients of the Fourier

components e/t
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3.3.3.3 5-FEquation Reduced Model

To reduce the system by a further equation, a = 1, while 8 = ¢~ !. Then,
Ly is of O(e) and §o of O(1). Let the hats drop from the notation. Proceeding
analogously to §3.3.3.1 (i.e. substituting leading-order terms and neglecting O(e)

terms or smaller) leads to

T = X9, (3.83a)
Ty = —qor1 — @1 xa + Vier — s, (3.83Db)
@3 = por1 + p1T2 + kn(Viet — w3), (3.83c)
Ty = Kiyvg(t) T3 + kpy PoVg(t) X1 + kpw P10y (t) 2 (3.83d)

+ Ky B (Vier — 28)vg(t) — 1(t) ,

Ztg = Od_cl [’70 I52(t) C(]7(t) — RJCI [ES] s (383@)

where

‘/;ef 20

— 1+ kpikpy (por1 + P12 + ki Vier — knas)  (3.84a)
I8

lt) = bt {ut0)|
+hpikivrs) + kiza},

0 vg(1)

d(t) = el (3.84b)
T5o(t) = %Z). (3.84c¢)

Proceeding in this way, three degrees of freedom from (3.17) have been eliminated.
Time domain simulations have been run to validate the reduced system, as
plotted in Figure 3.11. The differences between the full system and the 5-equation
reduced model in time domain, computed for ¢, and v, are plotted in Figure
3.12.
The 5-equation model seems to agree well with the full model voltage, but the
approximation for the current displayed in (3.84) has a different shape and shows

a greater contribution of the third harmonic. In particular, the error amplitude
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for i, is of the same order as its amplitude, while the error amplitude for the

voltage is equal to about the 2% of the ripple amplitude on vg,.

This may be caused by the absence of the seventh ODE of the full system
(3.17) from the 5-equation reduced system. In this model, as shown in (3.84a),

99



Applications of Perturbation Theory to Power Electronic Converters

the value of z7, corresponding to the current ¢,, is not computed by solving an

ODE, but algebraically.

The system (3.83) is characterised by a high influence of nonlinearities: equa-
tion (3.83e), modelling the behaviour of the DC-link voltage, contains the prod-
uct of d(t) and x7(t), both computed algebraically from the state variable values.
Thus, in this case, the computation of its corresponding linearised system and
LTP stability analysis would be challenging (in particular in writing the LTP
system matrices). Therefore, the 5-equation reduced system analysis will be per-
formed only by observing the system behaviour in time domain for different values
of the controller parameters, as explained in §3.3.4. This makes the computation

of the steady-state expressions not necessary.

3.3.3.4 4-Equation Reduced Model

Here, a has been considered equal to ¢!, while 5 to 1. Then, j}g is of O(1)
and gy of O(e71). Therefore, selecting the leading order terms and neglecting the
terms of O(e) and O(€?) lead to

i'?) - kn(‘/;ef - [Eg) ) (385&)
i‘4 - kiv Ug(t) T3 + kpv kn(v;ef - xS)Ug(t) - $7(t) ) (385b)
T7 = Lg_l [vg(t) — o s2(t)xs] , (3.85¢)
St'g = Cdicl [’_}/0 .Z'52(t) .I'7(t) — R;cl Sl')g] s (385(1)
where
d(t) = ‘/r;fl [Ug (t) — kpikivvg (t) r3 — k’u‘[E4 (386&)
+kpix7 - knkpikpvvg (t> (V;ef - IS)] )
and
d(t
0o
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Therefore, four degrees of freedom of the full system have been eliminated.

Figure 3.13 shows a time-domain simulation of the system. In this case, both i,
and vg. show distortions. The first two ODEs of (3.17), here neglected, represent
the action of the notch filter on the system. Removing the filter from the system
behaviour leads to significant errors in the solutions. The error between the 4-
equation reduced model and the full system in time domain is depicted in Figure
3.14. In this case, the error amplitude on i, is close to the current amplitude,
while the error amplitude on vg4. is of the same order of the ripple on wvy,.
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Figure 3.13: Comparison in time-domain between exact solution (blue), 6-equation
reduced solution (green), 5-equation reduced solution (orange) and 4-equation reduced
solution (purple)

The 4-equation time domain solutions computed by ode45 have then been
sampled and analysed by fft, as previously performed on the full system and
on the 6-equation reduced model, in order to obtain the Fourier coefficients of
the steady-state solution. As depicted in Figure 3.15, some discrepancies can be
observed between the Fourier coefficients of the full model and the corresponding
coefficients of the 4-equation reduced model.

Therefore, this reduction cannot be considered to be a good approximation of

the behaviour of the system in time domain.
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3.3.4 SP-AFE Eigenvalues and Stability Analysis

Applying linearisation to full and reduced systems and exploiting LTP theory,
a plot of the system eigenvalues can be obtained, as depicted in Figure 3.16 for the
full and 6-equations reduced models. Bifurcations that are visible at the ends of
the eigenvalue columns are artefacts due to the truncation of the infinite matrices

of the LTP system, and are, then, not significant.

200 —
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Figure 3.16: Full system eigenvalues (blue) and 6-equation reduced system eigenvalues
(red), plotted in the complex plane

The eigenvalue columns far from the imaginary axes show some mismatch be-
tween the full and 6-equation reduced system (the two furthest are even missing),
but the closer ones, more significant for the stability assessment, show a better

agreement, as observable in Figure 3.17.

The same stability analysis has been repeated for different voltage PI param-
eters, corresponding to different control bandwidths, in order to find a stability
threshold for the voltage PI control BW. A consistency in both time domain sim-
ulations and stability analysis has been found for voltage PI BWs varying from
10 to 260 Hz. It can be observed that the real part of the eigenvalue column
on the extreme right (i.e., the first to make the system unstable) computed for
the reduced model differs by an error of order 10~* or less from the equivalent

eigenvalue real part computed for the full model.
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Figure 3.17: Zoom on the eigenvalues which are closest to the imaginary axis: full
system (blue) and 6-equation reduced system (red) comparison

In the full model stability analysis, a voltage design BW equal to 255.6 Hz
has been found as a threshold for stability. For the reduced model, the equivalent
threshold is equal to 256.1 Hz. The relative error is then equal to 0.2%. This can
be considered a very good agreement, as in practical applications a control BW
would never be set exactly equal or extremely close to the stability threshold due
to the nonlinear nature of the real system, and possible inaccuracies on parameter

values or other uncertainties.

The same procedure could be applied to the 5-equations reduced model, which,
however, due to the high presence of nonlinearities would lead to difficulties in
computing the LTP matrices and lead to more significant errors, as explained in
§3.3.3.3. Then, additional time-domain simulations with increasing BWs have
been run, in order to find empirically the stability threshold. In this case, the
threshold is found at 265 Hz, with a relative error equal to 3.5% with respect to
the full-system threshold.

Concerning the 4-equation reduced system, both time-domain simulations and
LTP stability analysis have been performed. However, as displayed in Figure 3.18
and 3.19 for a BW = 260H z, the closest eigenvalue column to the imaginary axis
is not present for the reduced model, making s stability assessment qualitatively

incorrect.
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3.3.5 Conclusions

In this work, a system reduction through nondimensionalisation, identification
of a small dimensionless parameter, then retention of only leading-order terms has
been presented and applied to a SP-AFE.

It can be observed that a moderate reduction in the size of the model (reduc-
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tion from 8 to 6 in the number of variables and ODEs) can be achieved through a
rational reduction strategy based on identifying a small dimensionless parameter.
This reduced model performs well and agrees with the full model in both time
domain simulations and stability analysis.

A more ambitious reduction leading to 5 or 4 degrees of freedon does not, in
this case, perform so well. Since only the leading-order terms have been taken
into account, those results may be improved by including further terms in an
expansion of some of the variables. However, the system describes some physical
processes which sometimes cannot be neglected without affecting the model reli-
ability. In general, drastic approximations of those phenomena are unlikely to be

effective.

Similar procedures may be attempted to perform model reductions of more
complex systems, characterised by more both physical and control variables, as,
for example, three-phase controllers in unbalanced systems, or in systems where
the contribution of harmonics of second or higher order cannot be neglected. In
such cases, it is not possible to apply a Park DQO transform, and the state-space
systems describing their behaviours are inherently LTP or, more often, NLTP.
Their stability analysis can therefore be computationally challenging, and model
reductions might be beneficial for both stability assessment and control design

purposes.
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Chapter 4

AC MICROGRIDS: THEORY AND LITERATURE

REVIEW

This chapter and the two following concern the work which was performed about
AC microgrids. In particular, the present chapter regards the theoretical aspects
of AC microgrids and gives a general overview about the related literature. The
current project is about the application of mathematical methods to power elec-
tronic systems, in order to model them effectively, and eventually achieve a deeper
understanding about their operation, through a systematic reduction in the size
of their associated mathematical model using perturbation methods.

This chapter will help a reader without a strong technical background in Electri-
cal Engineering achieve an easier understanding of §5-6, while guiding engineers

through the main aspects which have concerned our work.

4.1 Introduction to AC microgrids

Because of environmental concerns, in the last decades the production of elec-
trical energy has been gradually shifting towards renewable sources. Hence, the
shape of the electrical grid has changed from a traditional model, where few big
power stations (mostly fuelled by fossil or nuclear fuels) produce high voltage
(HV) energy, to a distributed generation system, where many small generation
plants inject electrical energy into the grid, mostly in low voltage (LV) [25], [26].
Due to the large number of generators involved, it is harder to control the voltage

amplitude and frequency of the system in every point; for the same reason, assess-
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ing the stability of electrical grids is a problem that is now growing in complexity.
A microgrid is a small autonomous system based on distributed generation,
formed by a group of interconnected loads and distributed energy sources within
clearly defined electrical boundaries. Microgrids act as single controllable entities
with respect to the main grid, from which they can connect and disconnect, being
able to operate in both grid-connected or island mode. Distributed generation
sources are generally interfaced to the grid by power electronic converters [25],
[26]. When not in island mode, microgrids can be controlled in ways that force
them to behave similarly to synchronous generators, following transients due to
mechanical rotating inertiae and synchronous generators exciting circuits; this
technique is known as “grid supporting”, and allows the microgrid’s converters to
influence the network frequency and voltage amplitude. When, instead, micro-
grids are demanded to provide power to the network without interfering with its
governing dynamics, a phase-locked loop (PLL) is added to the controller, in or-
der to passively follow the grid frequency and phase; this is possible thanks to the
converters time constants, which tend to be negligible compared to synchronous
generators time constants, and make converters controls “fast”.

Due to the electromechanical properties of synchronous generators, when the
power load changes, traditional grids naturally vary their voltage amplitude and
frequency until a new equilibrium is reached. In microgrids, however, this does
not happen, and controllers included in microgrids need additional controllers to
achieve a similar self-regulatory behaviour, which is generally needed when in
island or “grid supporting” mode [27], [26], [25]. Moreover, while in a thermal
power station it is in general possible to choose the amount of produced power
(typically, by varying the amount of input fuel), power provided by renewable
sources cannot be controlled and is by nature intermittent.

The controller of a converter in an AC microgrid, thus, generally includes nested
loops: traditional and widespread proportional-integral (PI) controllers which act
directly on the values of currents and voltages, and some more controllers that

modify the references for the Pls [28].
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4.2 Model Reduction of AC Microgrids

When grids formed by a large number (at least 10) of converters are taken
into account, the usual approach in engineering practice is to neglect the effect
that a grid-connected converter has on the grid voltage and frequency. Those
parameters are usually considered as constant and to be uninfluenced by the ac-
tion of any single device. However, when smaller grids are considered (e.g. a
microgrid in island mode), this approximation cannot be valid and the mutual
interactions between the converters cannot be neglected. For this reason, when
a microgrid is modelled, all the variables from each power electronic converter
must be taken into account, leading to large systems of equations. In our case,
a state-space system has a dimension that is 15 times the number of converters
involved; similar system sizes can be found in the engineering literature [29], [30],
[31], [28], [32]. Moreover, island mode microgrids are more prone to instability
than larger grids, but the size of their models can make evaluating their stability
quite challenging [25], [26].

Several attempts have been performed in order to reduce the size of state-space
models of microgrids, mostly in order to achieve reliable stability analyses with
a smaller computational effort and requiring fewer variables. In traditional grids,
dominated by synchronous generators, stability is easier to obtain thanks to the
nature of such generators: they are rotating machines with big inertiae, and
their spinning frequency cannot vary instantly, but need instead to go through a
transient phase. Power electronic converters, instead, generate sinusoidal voltage
through filtered high-frequency switching. They are then able to change phase
and frequency of the voltage almost instantly (the switching period of converters
is in general negligible compared with the other time constants of the electrical
grids). These behaviours make the stability of microgrids heavily dependent on
the good functioning of the controllers. Preliminary stability analyses are hence
particularly critical before running physical models of microgrids, and reliable

reduced models are very desirable for this purpose.

Several approaches can be found in the literature regarding the model reduc-
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tion of AC microgrids. Most of them are based on singular perturbation.

In [33], singular perturbation is explicitly mentioned, and boundaries are set for
some parameters to provide stability. Small parameters €, with the dimension of
time, are chosen by comparing combinations of parameters found in the state-
space ODEs.

A similar approach can be found in [34], where the variables are subsequently
divided into “fast” and “slow” to allow simulations of both fast transients and
quasi-stable behaviour. The separation is achieved by grouping the eigenvalues
of the Jacobian matrix of the system into those that are “near” and “far” from
the imaginary axis.

A method based on fast and slow variables is also presented in [30], which presents
an analogous eigenvalue-based technique.

Ref. [35], instead, combines a Kron reduction (a method generally employed for
power systems, based on combinations of electrical parameters) with a subsequent
reduction based on singular perturbation theory. In [29], a model reduction based
on singular perturbation is first performed. Then, observing how the system be-
haves in simulations, additional variables are removed from the reduced model.
Copious examples of similar results can be found in the engineering literature.
A common feature of those articles is that they keep the systems dimensional.
This choice often limits the comparability of the linearised system’s eigenvalues,
while preventing a full identification of the negligible terms. This is sometimes
compensated by the practical knowledge obtained by researchers through exper-
imental practice: in a chosen system, some variables will naturally tend to be
slow and some others fast. However, these hindsight-based procedures may lead
to inaccuracies, especially when the system parameters vary.

In the following chapters, perturbation theory is applied to dimensionless sys-
tems, hoping to compute a more systematic procedure for the model reduction
of AC microgrid systems, that could be applied to a wide variety of engineering

systems with a similar structure.
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Chapter 5

ANALYSIS OF A SINGLE INVERTER CONTROLLED AS

AN AC MICROGRID CONVERTER

5.1 Introduction and Chapter Summary

As a preliminary stage, attention is focused on a system formed by a sin-
gle inverter, whose controller, however, acts analogously to controllers of general
AC microgrids including more devices. For the present study, the microgrid is
assumed to behave in island mode. The state-space model of such system is de-
rived in §5.2.

In practice, a microgrid is not likely to be composed of only one device, but this
preliminary step allowed us to familiarise ourselves with the controller and its
operation. The purpose of this first model is obtaining a general understand-
ing the structure of the controllers, knowing better their way of operation, and
identifying the variables and parameters that are more significant for the model
reduction, in the expectation that this identification will be applicable even when
a system with more devices is taken into account.

After the state-space model of the system is computed, its ODEs are simulated
and the results compared with the behaviour of a second system where the same
controller is applied to some pre-built MATLAB switching elements. Since the
average model agrees with the average of the switching system, the work proceeds
with the reduction of the model, as illustrated in §5.3.

First, the system is nondimensionalised, then some small parameters are identi-
fied, and finally the system ODEs are reduced according to singular perturbation

theory. In the reduction process, each parameter is given an estimated “size”,
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defined as a power of a small dimensionless parameter €. For some of the param-
eters, this choice is not unequivocal and different reduced models can reasonably
be obtained by different choices. In §5.3.2.9, the different reduced models are
listed and some results obtained through simulations are shown. Simulations
were run in parallel to compare the behaviour of the reduced systems with the
full model. Good agreement was found between the full model and the reduced
models where 4 or more state-space variables are kept and defined by ODEs,

while the others are neglected or modelled by algebraic equations.

5.2 Single inverter model

This section is about the model and the operation of an AC microgrid formed
by one inverter and one resistive load. This system has been analysed as a pre-
liminary step before working with bigger grids, as converters forming microgrids
necessitate complex nested controllers. §5.2.1 describes the physical system and
derives the average state-space ODEs of its variables, §5.2.2 analyses the con-
troller, considering its components one by one, §5.2.3 shows the overall state-space
model of the system. The model reduction relevant to this model is performed in

§5.3.

5.2.1 Physical Variable Behaviours
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Figure 5.1: Overall scheme of the system

In Figure 5.1, a scheme of a three-phase voltage-source inverter, its load and
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the line connecting them is shown. The system is assumed to be symmetric; the
corresponding parameters are assumed to be identical in each phase. Therefore,
the sum of three corresponding currents or voltages is always equal to zero (e.g.
i1, () + 4, () + 4. (t) = 0) and the centres of three-phase Y-connections are as-
sumed to have zero voltage even if not grounded. This voltage is found to be
small in experimental practice and assuming it to be equal to zero allows the
DQO transform to be applied to the system.

Notation: in this work, vectors expressed as @.p.(t) denote the three-phase
[2a(t) 2,(t) z.(t)]T, while xqq(t) is the equivalent of @.p.(t) expressed in the
DQO reference frame.

Taq(t) = T(0) Tane(t), (5.1)

where 6 is the phase angle of the electrical phase A and T'(#) is the Park trans-

formation matrix computed for 6 [11]-[12].

As depicted in Figure 1, Vpe is the input DC voltage source of the inverter
and is assumed to be constant. Six switches, included in the switching block in
the picture, are controlled by Pulse-Width Modulation (PWM) signals, which
in turn depend on the output of the controller. In this analysis, the switching
behaviour of the system is neglected and only average equations are computed.
This simplification is allowed by the switching period being much smaller than
the other time constants of the system. Simulations have been run in MATLAB
Simulink to demonstrate the effectiveness of these simplifications, comparing the
average system behaviour with a switching system having the same controller,
but whose physical variables have been modelled by Simulink pre-built electrical
components (including a switching three-phase inverter). The simulations show
good agreement in both steady state and transients between switching and aver-
age models: the average system variables behave like the average of the switching
variables and the ripple amplitude caused by the switching is small compared
with the sinusoid amplitude of the average system.

After the switching block, an LC filter is present, whose inductance, capacitance
and parasitic resistance are represented by the parameters Ly, C; and Ry, re-
spectively. The average currents flowing out of the switches through the filter in-

ductors are represented by 4; , (t), the voltages on the filter capacitors by v; , _(¢).
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After the filter, a three-phase line connects the inverter to the load. The line
impedance is modelled by a series of a resistor and an inductor, whose resistance
and inductance are given, respectively, by R; and L;. The load is assumed to be
a single, balanced, three-phase resistor; its resistance is denoted by Rjy.q. Cur-

rents %,,, (t) denote the three-phase current flowing through the line and the load.

5.2.1.1 ABC reference frame, physical variable behaviours

The presence of the inductors and the capacitors leads to the following set of

ODEs describing the behaviour of the physical variables of the system:

d’L1 b (t) VDC Rf . v, (t)
abe = abe t) — —% i t) — =22~ 2 ) 2
dt 2 Lf m b ( ) Lf 1 abc( ) Lf (5 a)
dviabc (t) — iiabc (t) o ioabc (t) (5 2b)
dt Cy Cy ‘
dio,b (t) v, (t) Rl + Rload .
abc — abc _ t 92
dt Ll Ll anbc( ) ’ (5 C)

where m,.(t) is the vector of the modulation indices. Modulation indices are
dimensionless signals which are the output of the controller and the input of the
PWM; they can vary continuously from -1 to 1. Ideally, the output voltage after
the switches would be a three-phase sinewave. In practice, the voltage oscillates
between its maximum and its minimum value (in this case, +Vpe/2 or —Vpe/2),
according to the switches’ configuration. At each switching period, the fraction of
time spent at Virax or Vi is determined by the modulation index correspond-
ing to the considered phase. Since the switching period is much smaller than
the grid period, additional low-pass filters can be placed after the converter, in
order to reduce the amplitude of the ripple and provide voltage waves close to the
sinusoidal reference. In this work, the high-frequency switching is neglected and
only the average behaviour is analysed. Since the maximum voltage difference
is the DC source voltage Vpe. Thus, the voltages after the switching block are
considered equal to the product of half of the DC source and the corresponding

modulation indices.
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5.2.1.2 DQO reference frame, physical variable behaviours

Applying the Park transformation to (5.2) leads to

Bl oo - Fao - B - wi@, G
T = e, (530
dv(i;t(t) _ z’ié(;) B ioé(ft) () v, (1) (5.3d)
Gilt) ) Rt Ry ) 1, ) (5.3¢)
dz'(zf t(t) ) viz(lt) R +Lf%10adioq (0 — w(t)in (1), (5.36)

where w(t) is the fundamental frequency of the AC average variables and its value
is one of the two outputs of the droop controller, as explained in §5.2.2.1.

The six equations listed in (5.3) model the physical behaviour of the average
system. However, the value of the modulation indices has not yet been specified.
For the system to be self-consistent, further ODEs describing the controller action

(and hence the modulation indices) must be added to it.

5.2.2 Controller

This subsection describes the controller that is applied to the inverter. It
is formed of a droop control, a virtual inductance, a proportional-integral (PI)
controller for the voltage, and a PI controller for the current. A subsubsection is

dedicated to each.
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5.2.2.1 Droop Control

The aim of the droop control is to force an inverter to behave like a syn-
chronous generator. Since power electronic converters have in general a small
physical inertia, they are more prone to instability than rotating generators.
Increasing the output frequency of a rotating generator, for example, involves
accelerating its spinning mass; this has physical limits due to mechanical inertia
and large inductance of the generator. A change in the output frequency or volt-
age amplitude of a rotating generator can be performed with time constants of
order 0.1 s-1 s. A power-electronic converter, instead, could change its switching
frequency almost instantaneously, in the switching period next to the actual one,
after 107° s - 107% s. Sudden changes in the grid voltage of frequency are likely
to cause instability, especially if the grid is small.

Moreover, because of electromagnetic and mechanical phenomena, synchronous
generators tend naturally to modify their spinning frequency and voltage ampli-
tude depending on the amount of active and reactive power which are drawn from
them, tending to a natural equilibrium point. Power electronic converters need to
be properly controlled to achieve their operating steady states. If the controller
is not implemented properly, the system becomes unstable.

Droop controllers were first implemented by engineers that tried to make power
electronic converters mimic the behaviour of rotating generators. This process
involves a certain degree of approximation from the engineering custom, but is
widely used in practical application and is known to work well enough for con-
trolling grid-connected inverters [25, Chapter 3.3.3] [26, Chapter 5.3].

The general derivation of droop controllers is reported below: it starts with the
description of the behaviour of a grid-connected rotating generator, proceeds with
an approximated computation of how phase difference and voltage amplitude dif-
ference influence the power exchange between the generator and the grid, and

provides a description of how the droop controller is normally implemented.

5.2.2.1.1 Single-phase approximated generator and grid model
This section describes the behaviour of a system formed of one monophase genera-

tor, a connecting line and one phase of the main grid. The grid voltage amplitude
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and frequency are assumed to be constant.

Figure 5.2: Approximated model of one phase

Figure 5.2 depicts an approximated model of one phase. The AC source
denoted by V; represents a synchronous generator, while V;; represents the grid AC
voltage. Between them, a RL impedance models the connecting line. If the phase
difference between generator and grid is zero and they have the same voltage
amplitude, there is no power exchange between them, since the instantaneous
voltage at the opposite ends of the RL impedance is always the same and, hence,
no current flows in the impedance.

Neglecting eventual variations in the grid voltage amplitude and frequency, v
can be expressed as

vy(t) =V, sin(wt), (5.4)

where V} is the amplitude of v.
Regarding the inverter voltage, in steady state its voltage is also given by a
sinusoid,

vi(t) = Vi sin(wt + 9), (5.5)

where V; is the steady state of the inverter voltage amplitude and ¢ is the steady-
state phase difference between the generator and the grid. In steady state, v, and
v; have exactly the same frequency w, while V,; and V; can differ slightly (by about
10% of their value in practice). If V, = V; and 6 = 0, there is no power exchange
between the generator and the grid. Active and reactive power transmitted to the
grid depend on V; and 4, as explained below. While the voltage amplitude V; can

be varied by the system controller, in general the phase difference between the
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generator and the grid cannot be modified directly, as synchronous generators are
rotating machines that cannot move instantaneously from one angle to another.
During transients, (small) variations are allowed in the generator frequency in
order to change 0. Given the large mechanical inertia of synchronous generators,
their frequency usually varies according to time constants that are much bigger

than all the other inherent time constants of the system.

5.2.2.1.2 Power computation for the approrimated model
In order to understand the theoretical bases for droop controllers, the steady-
state power exchanges between the generator and the grid are computed; then,
perturbations on the generator voltage amplitude and phase difference are applied
to the steady state equations.
From Figure 5.2, the following differential equation can be derived:

di(t)

L
e

+ Rii(t) = vit) — vy(t), (5.6)

where i(t) is the current flowing between the inverter and the grid through the
line. Voltages v, and v; can also be expressed as the imaginary part of complex

exponential, as follows.

vy(t) = S{V,(t)e'} (5.7)

u(t) = %{Viej(wt”)} . (5.8)

BN

Hence, the complex solution of the problem will be evaluated, and successively
the imaginary part will be selected as the expression for the line current.

Since (5.6) is linear, its complex solution can be expressed as

i(t) = I(t)e*". (5.9)

Its time derivative, therefore, can be computed by differentiating (5.9) to give

di(t)  [dI(t)

S (T + jw[(t)) el (5.10)
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Substituting (5.10) into (5.6) leads to

dI(t 3
di> +(wle + R)I(t) = Vi = V. (5.11)

L

Considering a quasi-steady-state condition where the current amplitude does not
vary significantly leads to neglect the first term of the equation, based on the

following assumption:

dI(t)

L
Tt

‘ < |(ijl + Rl) ](t)| (5.12)

Applying the approximation stated in (5.12), I(¢) can be computed as

Vel —V,
I(t) ~ ——2. 5.13
( ) ijl + Rl ( )
Therefore, the current flowing in the system can be approximated by
. Vel — Vv, .
i(t) = S{I(t) ') ~ I LTt} 5.14
R Y e an

From (5.14), it can be noticed that I(t) is equal to the phasor I(t) for i(t).
Proceeding further with (5.13) leads to

Ve — ¥,
It)=1I(t) = — %
(t) = I(t) R + ol
~ ViwLsin(0) + Ry[Vicos(d) — V] (5.15)
- R} + w2L}

N wli[—V;cos(8) + V,] + RV;sin(6)
) R? + w2}

Assuming that the system is purely sinusoidal, the apparent exchanged power is

given by
G0

S(t) = P(t) + jQ(t) 5 (5.16)

where S is the apparent power, P is the real power, () is the reactive power, V, is

the phasor corresponding to vy, I is the complex conjugate of the current phasor

I
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Therefore, from (5.15) and (5.16), the power flowing into the grid can be computed

as

ViwLysin() + Ry[V;cos(5) — V]
t) =
St =V, 2R + w2L3)

wLi[V;cos(8) — V,] — R,V;sin(9)
2(R? + w?L?) '

+ Vg (5.17)

From (5.17), the active and reactive powers of the system are expressed, respec-

tively, as

B V;,{V;le Sin(g) + R[V; Cos(g) - Vil}
B 2(R? + w?L?) ’

P(t) = R{S(1)} (5.18)

~ VdwLi[V;cos(8) — V,] — RV;sin(d)}
B 2(R} + w?L7)

Q(t) = 3{S(1)} : (5.19)

Since the angle ¢ is small in practical applications , the following approximations

are valid:

sin(éd) =, cos(d)~1. (5.20)
Using (5.20) into (5.18) and (5.19) leads to

Vo{ViwLi§ + Ri[V; — V,]}
2(R? + w?L?) ’

(5.21)

_ V{wL|[V; = V] — RV}
- 2(R? + w2L}) '

(5.22)

In medium and high voltage the line resistance is negligible compared with the
line reactance. Since synchronous generators are usually connected to the MV or

HV grid, the following approximation can be considered valid.

R < wlL. (5.23)

Therefore, the expressions for the current phasor, active and reactive power can

be approximated, respectively, as follows:

(5.24)
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AR

P(t) ~ o (5.25)
Qt) ~ Vg{;/w—_LZVQ] (5.26)

Equations (5.25) and (5.26) approximate the steady-state values of active and
reactive powers, respectively. In order to design the droop controller correctly,
equations (5.25)-(5.26) are linearised to obtain the equation governing small per-
turbations of the system. In the notation adopted, Z is the steady-state value
of x, while 7 is the variable modelling its perturbed behaviour. Linearising the

steady-state equations listed above and considering small variations of § and V;

leads to ~ -
~ V.V, ~ V.o ~
Pt) ~ 24 g - .2
(1) ~ 580 + 5 2T, (5.2
and B
~ V,Vi(t)
~ . 2
Q) ~ 2T (5.29)

Therefore, a change in the phase leads to a change in the active power only, while
a variation in V; influences both active and reactive power. Equations (5.27) and
(5.28) are the bases for the implementation of droop controllers, as reported in

the next section.

5.2.2.1.83 Droop control implementation
The actual implementation of droop controllers, based on (5.27) and (5.28), is
adapted to the limits and requirements of the physical device and the operating

functioning of controllers. This process can be split into the elements listed below.

1) Inverse implementation need

Since the aim of the droop control is to force the inverter to behave like a syn-
chronous generator, theoretically good results could be achieved by imposing on
the inverter that it produces P and ) according to (5.27) and (5.28). However,
in practical applications, an accurate measurement of the frequency is in general
harder to perform than the power measurement. Measuring the frequency typi-
cally requires the presence of a Phase-Locked Loop (PLL), which would make the

controller more complicated. Therefore, an inverse control is usually preferred: a
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reference value is set for P and (), and 0 and V; vary.

2) Approximation: neglect of cross-coupling terms

In order to keep the controller simple, the term in (5.27) depending on the per-
turbation of the voltage amplitude is in general not considered. This makes the
power control physically less accurate, but in the literature there is some evidence
demonstrating the effectiveness of this ad hoc approximation in laboratory prac-

tice [36] [37].

3) Frequency-based implementation

In this section, the actual form of the droop controller used in practice is obtained,
starting from (5.25)-(5.26). An ideal droop controller is depicted in Figure 5.3,
while some manipulations to the block diagram are performed in the following
pictures to guide the reader towards the formulation of the droop control that
is used in practice. In Figure 5.3 and following, the Laplace domain notation is

used for feedback loop diagrams.

1/s

Figure 5.3: Ideal droop control scheme, Laplace domain

Ideally, a droop controller would be implemented as depicted in Figure 5.3: §
is the phase difference between the generator and the grid; the reference for the
phase difference, in the picture denoted as d,ef, is computed proportionally (with
coefficient K') to the reference P, for the active power. The phase error e
enters a proportional-integral (PI) controller that sets the frequency w of the sys-
tem. The generator phase 6 is found by integrating w, and the phase difference

0 by subtracting the grid phase, given by wgyt, from 6. In case the generator is
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constituted of a grid-connected inverter, w is the modulation frequency used by
the PWM, while the phase # is needed for the Park transforms operated by the

controller.

The scheme of Figure 5.3 can be modified by moving the proportional gain K
inside the loop, as shown in Figure 5.4. In this case, the error is computed on the
active power P instead of the phase difference. P is computed by multiplying d by
the inverse of K, previously used to pass from power reference to phase difference
reference. The coefficients of the new PI controller, denoted by PI,, can be simply
obtained by multiplying the original PI’s coefficients by K. Moreover, the phase
difference can be substituted by the frequency difference, computed before the
integrator, given a correct setting of the initial condition of the integral block.

Hence, the phase difference ¢ is now the output of the integrator.

-l @
g
> 1/s >
a

K -

Figure 5.4: Modified droop control scheme with the error computed on the active
power, Laplace domain.

A PI controller in general gives a null steady-state error. In this case, however,
a steady-state error is preferable to an inverter frequency that differs too much
from the grid frequency, as this could cause issues to the appliances that are fed
by the grid. Thus, the PI controller is replaced by the proportional constant K,
only.
Figure 5.5 depicts the droop control scheme as usually implemented in the engi-
neering literature. The red proportional block represents the physical generator

system.
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-l @
g
> 1/s >
0]

K' -

Figure 5.5: Proportional droop control scheme

5.2.2.1.4 Droop control equations
Considering both active and reactive power, the overall action of the droop con-

troller is given by

W(t) = Wy + de (Pref — P(t)), (529&)

Vi (t) = Va, + Kag (Ques — Q(1)), (5.29b)

where P, and Q.f are the reference values for P and (), respectively, w, and
Vg, are the nominal values for the angular frequency and the d-component of the
inverter output voltage, Ky, and Ky, are the control proportional constants used

by the droop controller. In particular, Ky, corresponds to K, of Figure 5.5.

5.2.2.1.5 Low-pass filter
Generally, P and @) are low-pass filtered to avoid excessive oscillations of w and
Va,., during transients.

Therefore, two ODEs are added to the system:

) Gl PE) — Py0] = w0y (1) + 1,0 1) — Py(0)],
(5.30a)
W) af@) — Qu] = wealtn (o, (0) — 1, (1) i (1) — Q1)

(5.30D)

where P,,(t) and Q,(t) are the variables expressing the low-passed value of active
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and reactive power, respectively, w.q is the cut-off frequency of the low-pass filter
and its value must be chosen to be small if compared with the cut-off frequency

of the voltage PI (§5.2.2.3).

Substituting P(t) and Q(t) with P, (t) and @, (¢) in (5.29) leads to

CU(t) = Wy + de (Pref - Plp(t)); (531&)

‘/dref<t) = ‘/dn + qu (Qref - le(t)) . (531b)

The phase of v;, (t), 0(t), is estimated by integrating w(t), adding a further ODE

to the system:
dé

pri w(t) = wn + Kap (Pt — Pip(t)) - (5.32)
The angle # must be computed explicitly because it is needed to perform the
Park transformations. Currents and voltages are measured and transformed to
the DQO reference frame. The controller computes the modulation indices as

DQO variables first, but their values must be transformed into ABC reference

before being sent to the PWM.

5.2.2.2 Virtual Inductance

The power computation performed in §5.2.2.1, analysing the theoretical bases

for the droop controller, includes the assumption of the resistive component of
the connecting line being small compared with the reactance. This is generally
true for high voltage (HV) and medium voltage (MV) systems, but in low voltage
(LV) this assumption does not hold. The droop controller is hence prevented from
operating properly, and a further controller component is added to compensate
for this behaviour.
The virtual inductance method enhances the stability of the system through the
introduction of an auxiliary variable, computed as the voltage drop on an induc-
tance L,. The inductance L,, however, is not real, but is a parameter of the
controller having the dimension of an inductance.

The next paragraph describes what happens when a droop controller is applied
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to a LV system, without a virtual inductance; in the following, the action of a
virtual inductance is added, its effects on the power control are analysed and its

implementation is described.

5.2.2.2.1 Low voltage systems without virtual inductance

In low voltage, the line reactance is negligible compared with the line resistance:

CL)L[ < Rl. (533)

This is actually the opposite of what was assumed in (5.23); thus, the power com-
putations performed from (5.24) onwards are not valid in the present case. The
approximated steady-state current, active and reactive power can be computed
by applying (5.33) to the equations (5.15), (5.21)-(5.22), that are here reported

for the sake of clarity.

_ ViwLisin(8) + Ri[Vicos(d) — V]

I(®) R? + w?L?
wl[=Vicos(8) + V,] + R,V;sin(9)
+ ] R+ wL? (5.34)
Vo{ViwLi§ + Ri[V; — V,]}
P(t) 2E T 2L , (5.35)
Q1) ~ YolwlalVi = Vil = Rivid}. (5.36)

2(R? + w?L3)

Considering (5.33), the reactive component of the line impedance can be ne-
glected. Applying this approximation, together with the small-6 approximation
in (5.20), leads to the following steady-state expressions for the line current and

active and reactive powers:

_ -V V.o
I~ 922 5.37
R + ] R (5.37)

W -V
P~ 9 T 5.38
R (5.38)
N VA

~ 5.39
R, (5.39)
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The same notation applied to the droop controller equations is used here to de-
note steady-state values and perturbed variables.

Thus, linearising (5.38)-(5.39) and considering small perturbations about the
equilibrium point, the perturbed expressions for the powers in this case are given

by

5 o VeVilt)
P(t) ~ ~ot, (5.40)
Ot) ~ 21']‘%/;‘1 5t) + %\Z(t). (5.41)

From (5.40) and (5.41), it can be noticed that nature of the dependence of P and
Q on V; and § is swapped if compared with (5.27) and (5.41).

5.2.2.2.2 Low voltage systems with virtual inductance
In this section, a virtual inductance is added to the controller and the powers are
recomputed according to the new system.
Assuming that the output voltage of the inverter is instantaneously equal to the

droop output (5.31b) gives

vty = | (5.42)
0

where V is the amplitude of the droop voltage and the q component of the voltage
is set to 0.
Adding a virtual inductance means modifying the reference voltage by subtracting

a voltage drop on a fictitious inductor, as follows:

Va@)|
Uiy, (1) = — jwL, I(t), (5.43)
0

where L, has the dimensions of an inductance and its value is chosen so that

R, < wlL,. (5.44)

The current phasor I can be computed substituting (5.43) into (5.34) and ne-
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glecting the inductive component of the impedance, leading to

I(t) ~ vidq(t) - ‘gl + J‘/EJ(S(t) _ Vd(t) - jw LvI(gl - ‘/g + J‘/gé(t) ‘ (545)

Isolating I in (5.45) leads to

Va(t) — Vy + jV,0(t)

I(t) ~
() R +jwlL,

(5.46)

Using (5.44) in (5.46) allows a further approximation to be performed:

I(t) ~ Vii(t) —de(BL_v Y. (5.47)

Using (5.47) and (5.43) to compute the apparent power leads to

(Va(t) — jw L, I(t)) I(¢)*
2
Va(O)I()" — jw Ly [I(t)]?
2
VoS Va(t)  Va®) [Valt) — V] — V2(5(1)* — [Va(t) — V)2 048)
2w L, + 2w L,
V00 Va(t) | VyValt) = V) = V2(6(1))°
2w L, t 2w L, .

S(t) ~

Let V be the steady-state value for V(t). Therefore, the steady-state expressions
for P and @), depending on V; and ¢, in this case can be approximated by

_ V0V

P~ 2 5.49
2wl, '’ ( )

B ‘/'g‘?d _ V'g2 _ ‘/9252
~ 5.50
Q L. (5.50)

Since § is small,

V2ot <V, Vy, (5.51a)
VIt <V} (5.51b)
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Hence, (5.50) can be approximated as

I VAL VA U

5.52
2w L, ( )

Equations (5.49) and (5.52) are the steady-state equations for active and reactive
power, respectively. If (5.49)- (5.52) are linearised, their behaviours for small

perturbations become

P(t) 5 e Valt) + 5200 (5.53)
Q(t) ~ 2}2 Va(t) . (5.54)

The relationships stated in (5.53) and (5.54) between active and reactive powers,
voltage amplitude and phase have the same structure observable in (5.27) and

(5.28). This allows the droop controller to be applied effectively to the system.

5.2.2.2.2 Low-pass filter
In the examined case, a second low-pass filter is added to the measure of the
current ., to avoid excessive oscillations. This adds two more variables and
ODE:s to the system.
The filtered DQ currents are defined by

dilpd (t)

dt = Wci[iod (t) - ilpd (t)]’ (5'553)
dig (1) , ,
- wci[loq<t) - leq(t)]‘ (5.55b)

5.2.2.2.3 Joint action of droop control and virtual inductance
The droop controller, or the joint presence of the droop controller and the virtual
inductance, determines how the output frequency and voltage of the converter
change. In particular, a change in the voltage computed by the droop does not
have a direct effect, but it represents a reference for the PI voltage controller,
described in the next subsubsection.

The voltage references computed by applying a droop controller and a virtual
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reference are given by

Uref, (t) = Vdn + qu(Qref - le(t)) + Lv{[wn + de<Pref - Plp(t))]ilpq (t) (5.56&)
+ wei(i1p, (1) — o, (1))}

Urefy (t) = Voo + Lv{ - [Wn + de(Pref - Plp(t))]ilpd (t) + oJci(ilpq (t) - Z‘oq (t))}
(5.56b)

Equations (5.56) are the final expressions for the output voltage references: they
combine the action of droop controller and virtual inductance, and constitute the
input of the voltage proportional-integral controller, which is analysed in the next

section.

5.2.2.3 Voltage Proportional-Integral Control

The voltage PI receives the angular frequency w(t) from the droop controller

and the voltage references vyet, (1) from the virtual inductance block, as stated in
(5.56).

Its output is the DQO reference for the currents %;,_(1):

lrefy (1) = Kop[trer, (1) = 03y ()] + Ko Ting,vy (1) — w(t) Croi (8),  (5.57a)

irefy (1) = Kupltrer,(t) — vi, ()] + Kui Tint,vy (1) + w(t) Crusy(t), (5.57b)

where K,, and K,; are the proportional and the integral coefficients of the voltage

PL, @int vy, (t) are the integral variables for the voltage error and are defined by

dwint,vdq (t)

g = Vyefy, (t) — iy, (1) - (5.58)

5.2.2.4 Current Proportional-Integral Control

The current PI receives as inputs the angular frequency w(t) from the droop
controller and the current references irequ(t) from the voltage PI, computed as

(5.57).
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Its output is the DQO vector of the modulation indices, scaled by Vpe /2.

ma(t) = {Kip[irmrefd(t) — Ui, (t)] + Kii Tingiy (1) — w(t) Ly iiq(t)}%a

(5.59a)

mg(t) = {Eoplier, (1) — 1,(0)] + Kt (8) + w(t) Ly iid(t)}%, (5.59D)

where K, and K;; are the proportional and the integral coefficients of the current
PL, @ing g, (t) are the integral variables for the current error and are defined by

dmin i q(t) . .
S = ey (1) — (1) (5.60)

5.2.3 Complete State-Space Model

As explained in §5.2.1, the average behaviour of the system physical variables
can be modelled by six ODEs. In order to model also the controller action, an-
other nine ODEs must be added: two for the power low-pass filter, two for the
current low-pass filter, one for the phase, two for the voltage integral variables,

and two for the current integral variables.

The complete state-space model of the system is given by (5.61), where the

system variables are listed in Table 5.1 and the system parameters in Table 5.2.
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i, Average currents entering the LC filter, ABC reference frame
Tig, Average currents entering the LC filter, DQO reference frame
Vi,,. Average voltages on the filter capacitors, ABC reference frame
Vig, Average voltages on the filter capacitors, DQO reference frame
%,,,. | Average currents entering the transmission line, ABC reference frame
Loy, Average currents entering the transmission line, DQO reference frame
Meabe Inverter modulation indices, ABC reference frame
Myq Inverter modulation indices, DQO reference frame
Py, Low-pass-filtered active power
Qip Low-pass-filtered reactive power
Upyq Low-pass filter on i,
Tint,vaq Integral variable of the error on v; "
Tint,igq Integral variable of the error on ; 4
0

Phase angle of v;_, used in the Park transformation matrices

Table 5.1: AC microgrids, single inverter - List of the system variables
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weq | Power low-pass filter cut-off angular frequency 10 - 27 rad/s
we; | Current low-pass filter cut-off angular frequency 20 - 27 rad/s
Vy | Grid nominal peak voltage V2230 V
fy | Grid nominal frequency 50 Hz

T, | Grid nominal period 0.020 s

w, | Grid nominal angular frequency 50 - 27 rad/s
K4, | Droop control active power coefficient 2.0-107* rad/J
K4, | Droop control reactive power coefficient 2.5-1073 V/VAR
P..t | Active power reference for droop control 5202.7 W
Qret | Reactive power reference for droop control 2439.3 VAR
Va, | Reference for v;, without droop control and virtual 398.79 V

inductance
Vi | Reference for v, without droop control and virtual 41.03 V
inductance

L, | Virtual inductance 0.010 H
K,, | Voltage PI proportional coeflicient 0.1257 (Q)~*
K,; | Voltage PI integral coefficient 78.9568 (Qs)!
K, | Current PI proportional coefficient 16.8646 €2
K;; | Current PI integral coefficient 5.3296 - 10* Q/s
L; | Filter inductance 1.35-103 H
Ry | Filter resistance 0.1

C; | Filter capacitance 50-107% F
L; | Line inductance 1.0-10% H
R; | Line resistance 0.5 €2
Rioaa | Load resistance 30 €

Vpe | DC source voltage 800 V

Table 5.2: AC microgrids, single inverter - System parameters: symbol, descrip-
tion, value.
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= WealViy (1) G, (1) + 014 (1) 10y (1) = Pp(2)],

= WealVig (1) Tog (1) = 034 (1) oy (1) — Qup(t)],

_ () dog(t)

VDC _ & _ Viy (t) .

2 Lf d(t) Lf Zld (t) Lf + (JJ(t) Zlq (t) )
Vbe Ry . Uiy <t>

21, me(t) I, iy (t) I, w(t) iy (L),

v (1),
£ e ) )

()i, (1)

. Viy (t) i Rl + Rload .

5T ),

Ly L, (t) + w(t)iog (1)

. Uiq (t) . Rl + Rload.

dt

Ll Ll Zoq (t> - w(t) Z-Od (t) )

(5.61a)
(5.61b)
(5.61c)
(5.61d)
(5.61e)
(5.61f)
(5.61g)
(5.61h)
(5.61i)
(5.61j)
(5.61k)
(5.611)
(5.61m)
(5.61n)

(5.610)

where w(t), Vrety, (t), Vig, (1), trety, (t), Maq(t) are given by the following algebraic

equations:
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w(t) = Wn + de (Pref - P]p<t))7 (562&)

Urefy <t> = V;in + qu(@ref - le(t)) (562b)

+ Lv{[wn + de(Pref - Prmlp@))]ilpq (t) + wCi(ilpd (t) - iod (t))}>

ety () = Vi + Luf = [0 + Kap( Pt — Bylt)) i (1 (5.620)
+ i (1) — o ()},

irta (1) = Kopltesa(t) — 05,(0] + Kui Ba(®) — w(0) Crong(®), (5.624)

bty (8) = Kuplone, (8) = 00 (8)] + Ko (8) + 0(t) Crung(t),  (5.62)

= { Kl 0) = 5,0) + Kiminga(0) = w0 Ly (0}, (5620

= { iplivet, (t) — 1, ()] + Kii Ting i, (t) + w(t) Ly iid(t)}% (5.62g)
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5.3 Single Inverter Model Reduction

5.3.1 Nondimensionalisation

In order to proceed with the reduction of the model described in §5.2, all
the parameters listed in Table 3.1 have been nondimensionalised. Parameters
Ty, R, and V}, have been chosen as base values for time, resistance and voltage,

respectively, and their values are given by

T, = 0.25s, (5.63a)
Vi, = V15V, = /3-230 V, (5.63b)
R, = 30 Q. (5.63¢)

The base value for the time is bigger than the grid nominal period (0.02 s) be-
cause the droop control action is in general slow, with time constants of order 1 s
or 0.1 s. The base value for the voltage is equal to the nominal value of the grid
voltage in the DQ reference frame; it corresponds to an amplitude of v/2230 V.
The resistance base value is the resistance of the load.

Using (5.63) to nondimensionalise the system, the variables of Table 5.3 and the
parameters of Table 5.4 can be obtained. In this section, Z is used to denote
the dimensionless parameter/variable corresponding to the dimensional variable
x. In Table 5.3, the modulation indices and the phase angle are reported without
modifications, as they are already dimensionless. To each nondimensionalised
parameter, a magnitude order is attributed in terms of powers of a small dimen-

sionless parameter e.
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B, () = 4, OV, Ry Average currents entering the LC filter, ABC
reference frame

By, (t) = 4 (1) Vb_le Average currents entering the LC filter, DQO
reference frame

b, (1) = v, )V, ! Average voltages on the filter capacitors,

ABC reference frame

Average voltages on the filter capacitors, DQO
reference frame

Bo. (1) = o, () V, 'Ry, Average currents entering the transmission
line, ABC reference frame
Bogy (£) = B0y, (1) Vy 'Ry Average currents entering the transmission
line, DQO reference frame
Meape (1) Inverter modulation indices, ABC reference
frame
Mgy () Inverter modulation indices, DQO reference

frame

Low-pass-filtered active power

Low-pass-filtered reactive power

Low-pass filter on iodq(f)

A

Tint v dq(f) = Tint,vg, (t) Vb_lTb_1 Integral variable of the error on oy, (t)
Rint,ia, () Tint,ig (1) Vb’lTb’1 Integral variable of the error on 2, (%)
0(t) Phase angle of 9;,, used in the Park transfor-
mation matrices
t =T, Time

Table 5.3: AC microgrids, single inverter - System dimensionless variables
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The overall nondimensionalised system is thus

dp, (£ o .
00— Gl ios(®) + 8,0 1) — Bo(d)],

dO,, ( - . .

Dl — bl ®) — B 0s(®) — ],
do(# . )

ﬁ = Op + Kap[Prot — Pp(1)],
df

diy,, () o
E{% = wCi[ZOd (t) — lpy (t)]7

iy, () . .
= Wil (T . (1],
py [l (t) — Bip, ()]

A, (&) . s

:ifd = Urefy (t) Vig (t) )

AZing v, (7) A A
- = f)re t @1 t )
pF to (t) o (1)

e, () . o -

ded = Trefy (t) Lig (t) )

diﬁinti (f) ~ ~
da = e (B) — (4

p¥ i, (1) — i, ()

di; (£ )/ . Re oD
bl _ Voo, gy~ By~ WO om ),
df 2L, Ly Ly

di, (¢ 1% Ry o (t .
) _ Voo, iy By - 50 gy,
df 2Ly Ly Ly

dﬁidA(tA) _ iidA(f) ZOdA(t) + @(f) (E)
dt Cf Cf 1q )

o () _ i, (1) o, (0) @i ()
dt Cf Cf 14 J

dio, (1)  0,(0)  Ri+Riad. o = oo -

= = - — = 1o, () + w(t) 0. (T),
gy i i 4 (1) () G0y (1)
dio (f) ﬁi (tA) Rl + Rload ~ ~ ~
av /o vl _ B0 () — (£) 4, (),
pF i, 7, . (1) (t) 104 (1)
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Urefd( ) ‘/dn + deI<Qref le(f)) + ﬁv{[wn + f(dp(Pref - ﬁ)lp(f))]ilpq (tA) (565b)
+ @i (lip, (1) — o, (1)) },

Vrefy (1) = Vo + Lo = [wn & Kap(Prer — Pp(1))]itp, (1) + wei(iip, (£) — 0 (1)),

(5.65¢)
irety () = Koplbret, () — 01,(D)] + Koi Gineg (F) — @(F) Cy 83, (D), (5.65d)
ety (1) = Koplines, (1) — 03, (8)] + Koi Finey () + 0(F) Cr i, (0) (5.65¢)
ma(d) = { Rifiwa, () = ()] + Kot () — 0(0) Ly m}éa . (5.650)
mag(d) = { Ripliet, () — i, (O] + K ey () + 60) Ly zld(f)}vic. (5.65g)
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Power low-pass filter cut-off | Oy = wely, = 272.50 = O(1)
angular frequency 15.7080
Current low-pass filter cut-off | &y = weaTy = 2710.0 ~ | O(1) or O(e!)

angular frequency 62.8319

Grid nominal peak voltage |V, = V,V; ! = /2/3 =~ o(1)
0.8165

Grid nominal frequency fg = f, T, = 12.50 O(1)

Grid nominal period Tg =T,T,”' = 0.0800 O(1)

Grid nominal angular fre- | @, = w,T, = 27125 =~ O(e™)

quency 78.5398

Droop control active power | Kgq, = KgR VAT, =~ O(1)

coefficient 0.2645

Droop control reactive power qu = quVbRb_1 ~ 0.0332 O(1)

coefficient

Active power reference for | P = Pref‘/;)_ZRb ~ 0.9835 O(1)

droop control

Reactive power reference for | Qs = QuetVy 2Ry ~ 0.4611 O(1)

droop control

Reference for ;, entering the | V;, = Vy, V, 7! ~ 1.0011 O(1)

virtual inductance

Reference for 0;, entering the V, =V, V;,~0.1030 O(1)

virtual inductance

Virtual inductance L, = LR, 'T; ' ~ 1.333 - O(e)
103

Voltage PI proportional coef- Avp = K,, Ry ~ 3.7699 O(1)

ficient

Voltage PI integral coefficient K, = K, Ry T, ~ 592.1763 O(e™)

Current PI proportional coef- | K, = K, Ry ' ~ 0.5622 O(1)

ficient

Current PI integral coeffi- f(u = K; Rb_1 Ty, ~ 444.1322 O(eh)

cient

Filter inductance Ly = LgR'T, = 1.8000 - O(e)
1074

Filter resistance Rf = Ry;R;' ~3.3333-1073 O(e)

Filter capacitance C; = 4RI =6.0-1073 O(e)

Line inductance Ly = LiR'TH = 1.3333 - O(e)
1074

Line resistance R = RiR;' ~ 1.6667 - 1072 O(1)

Load resistance Rioad = Rioad Ry t=1 O(1)

DC source voltage Voo = Vpe Vb_l ~ 2.0082 O(1)

Table 5.4: AC microgrids - System nondimensionalised parameters: description,

dimensionless value, “size”
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5.3.2 Model reduction

In this work, the system is reduced by using perturbation theory and retaining
the leading-order terms of each equation. In order to proceed with this, a single
small dimensionless parameter € is introduced. The choice of the value of e,
together with the attribution of the system parameters to powers of € involves a
certain degree of judgement about the importance of some aspects of the model.
The attribution of a parameter to a power of € may, in fact, lead one to ignore some
physical processes and to retain only fewer aspects in the reduced model. Some
informed judgements about the nature of the system and its working conditions
are needed and the process involves some trial-and-error. In the present case, € is
assumed to be equal to 1073, Assigning particular powers of € to quantities has
been performed. In this section, € is assumed to be of order 1073.

For the remainder of this section, the hats will be dropped from the notation
of dimensionless variables. Since everything has been nondimensionalised before,
this will not cause any ambiguity, but aid clarity of notation.

Before the system (5.64) is considered for reduction, performed in the following
subsections, §5.3.2.1 gives a brief overview of the singular perturbation principles
that are used later on in the section, to both help the reader understand the
theoretical bases which have been applied while reducing the system, and describe

the followed procedure in a more symbolic and compact way.

5.3.2.1 Introduction to Singular Perturbation Systems

In general, a system is singularly perturbed system if it can be modelled in the

form

d
d—"f = f(t, a2, ©), (5.662)
d

ed—j = g(t, z, z, ¢), (5.66b)

where x € R" and z € R™ are vectors of state-space variables and ¢ is a “small”
dimensionless parameter. System (5.66) highlights the presence of a double option

for the time scaling: variables grouped in x are “slow”, while variables grouped
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in z are “fast”.
Letting € — 0 turns the ODEs (5.66b) into the algebraic or transcendental equa-
tion

0 =gt =z =z 0). (5.67)

A system is said to be in standard form if (5.67) has at least one real root
z = h(t, x). (5.68)

Substituting (5.68) into (5.66a) and assuming € — 0 leads to the reduced system

dx

— = flt. 2 hit.2), o), (5.69)

of dimension n [10].

The behaviour of the fast variables is more precisely modelled by ODEs, but in
(5.69) is approximated by algebraic equations (5.68). In general, the approxi-
mation holds when bigger time scales/slow processes are considered, while some
discrepancies occur during transients and observing faster phenomena. During
transients, the algebraic or transcendental equations are not likely to model the
system behaviour effectively, and the original ODEs are needed to provide an
accurate determination of this transient behaviour.

Application of this approach to the microgrid systems defined in the previous

sections is described next.
5.3.2.2 Constant frequency
Assuming that w,, = O(e™!), an auxiliary variable w, = O(1) can be defined by
B = €wp. (5.70)
Substituting (5.70) into (5.64c) leads to
w(t) = e '@, + KgplPrep — Pp(t)]. (5.71)

Since, according to the simulations, P is O(1), to avoid imbalance in (5.71) w(t)
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must be O(e™!). A new O(1) variable can therefore be defined by

O(t) = ew(t) = w, + € Kygy[Pret — Pp(t)]. (5.72)

Hence, w(t) can be approximated by

w(t) ~ @, + O(e). (5.73)

Considering w to constant and equal to w, leads to a reduction of the system

(5.64) by one ODE and one state-space variable. The system is then given by

W) a0 ios®) — w0, 0o, 1) — B8] (5.74a)
Wl o, 00, (1) — 1,010, 1) — Q)] (5.74b)
Val)  fngt) — i 0], (5.74c)
dil‘c’l‘;(t) = wWeiliog () — i1py (1)] (5.74d)
d“’%}d(” = v (8) — v, (8), (5.74¢)
dxinzl,;q(t) — v (1) — (1), (5.74f)
dxinctl—;d(t) ety (F) — s, (), (5.74g)
dxinctl,;q(t) () — i (1) (5.74h)
diicc{t(t) _ ;/]Zimd(t) _ }L%—;iid(t) ”z—f) +own i (1), (5.74i)
dz'gt(t) _ ;GZ () — f_;iiq(f) — UL—(;) — Wy, (), (5.743)
d”;*t(t) - iié(;) - i°é,§t) + wa i (1), (5.74k)
d“;lt(t) _ iig;) - i"éi” — wnt) vy (1), (5.741)
Toull) _ ) Bt By 1) + w0, (5.74m)
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dioq (t) o Uiq (t) . Rl + Rloadi

Ot_ niot, 4

where

Urety (t) = Vdn + qu(Qref - le(t))+ (575&)

Lo{lwn + Kap(Prer = Pp(1))]i1pq (1) + wei(iapy (£) = 0 (£)) },

Urefy (1) = Vo, + Lo{ = [wn & Kap(Prer — Bp(1))itp, (£) + wei(iip, (£) = 0 (1))},

(5.75b)
irefd<t> = Kvp[vrefd(t) - Uid(t)] + Ky xint,vd<t> — Wp Of Uiq(t), (5.75(3)
irefo (1) = Koplvrer, (t) — 01, (8)] + Koi Tintovg (t) + wn Cpusy(t), (5.75d)
ma(t) = {Kip[irefd(t) — iy, ()] + Ki iy (t) — wn Ly z’iq(t)}m, (5.75¢)
mq(t) = {K,-p[@'refq(t) — i (D] + K T, (1) + wo Ly iid(t)}E. (5.75f)

The system obtained through this approximation has been simulated in par-
allel with the full system. In order to observe the systems’ agreement during
transients, an instantaneous change in the load resistance Rj,.q is introduced at
t = 0.5s (in particular, the resistance is halved.). In Figure 5.6, the behaviour
of ¢, is depicted. The full and reduced system show a good agreement in both
steady state and transients: in the picture, they are overlapped. The error be-
tween them is shown in Figure 5.7. Due to the large size of the system, only one
variable is shown in the pictures as an example. Considering all the variables of

the system, the maximum dimensionless error is order 10~°.

144



CHAPTER 5. ANALYSIS OF A SINGLE INVERTER CONTROLLED
AS AN AC MICROGRID CONVERTER

[A]

i

10 I 1 I I I 1 I
0 0.2 04 0.6 0.8 1 1.2 1.4 1.6

t [s]

Figure 5.6: Single inverter - Behaviour of 4;,: full system (blue) and reduced system
(red), at a sudden halving of Rjgaq.

x 10

error

4 | | | | | | | | |
0.3 035 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8

t[s]

Figure 5.7: Dimensionless error on i;,, computed between the full system and the first
reduced system.
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5.3.2.3 Small line inductance

The second approximation is based on the assumption that the line inductance L,
is “small”. Therefore, inductive behaviours on the electrical lines connecting the
inverter to the load are neglected, and there are reasonable expactations that the
two ODEs describing the inductance behaviour will be substituted by algebraic
equations.

If L; is O(¢) another auxiliary variable L; can be introduced, given by
El = 671Ll. (576)

Then, equations (5.64n)-(5.640) become

dZ.Od (t) _ Uid_(t) . Rl +R10adi

SHoad ;Y 4 i (1) 5.77
n oI I (8) + € o, (1) (5.77a)
dio. (1) v.(t) R+ Rigaa . L
AT I Hoads (1) — e l@, o, (1) 5.77b
= s - T (1) i), (5T

where the approximation (5.73) is used for w. Multiplying (5.77) by € and keeping

only the leading-order terms leads to

(%% (t> B Rl + Rload .

0= 0y (t) + @nio,(t) + O(e), (5.78a)
L, L q
g t oad . .
0= qu( ) R +ERZ Liog () — @ iog(t) + Ofe). (5.78D)
! !

Therefore, i,, and i, can be considered among the fast variables and (5.78)
correspond to (5.67). Algebraic expressions for i,, and i,, can be found by solving

(5.78) for i, and i, , leading to

(R + Rioaa) viy(t) + a)n[:l"Uiq (t)

Goy (t) ~ — : (5.79a)
‘ (@an)2 + (R, + Rioaa)’

o (1) ~ (Ri + Ricaa) viy(t) — @nLyvy, (1) (5.79b)
! (@nil)z + (R + Rioaa)”

Again, equations (5.79) correspond to (5.68). Using the algebraic equations (5.79)
instead of the ODEs (5.64n)-(5.640) allows a reduction of the system by two

further ODEs and two corresponding state-space variables. This corresponds to
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assuming that 7., and i, constitute the “fast” variable vector z, whose behaviour
is approximated by algebraic equations. All the other variables belong to the

“slow” variable vector . In particular, w is slow and quasi-constant.

chli—I;s(t) = Wealtig (1) oy (1) — 034 (1) G0y (1) — Pip()] (5.80a)
Wl o, 00, (1) — 1,010, 1) — Q)] (5.500)
dilg—dt(t) = Weiliogt) = iy (B)], (5.80¢)
Do) — figt) = i8], (5.80d)
dxin:i,;d(t) = Vet () — vy, (1), (5.80¢)
dxlng;q(t) = Vper, (1) — w3, (1), (5.506)
d%ctl—jed(t) = dnety(£) — i (). (5.80g)
dxmctl—;q(t) = ety () — ia (t) (5.80h)
(1) _ ;/zimd(t) - Iz—;z’id(t) - “L—(ft) T, (1), (5.801)
S S0 = i - i, o
dvﬁift) N iidc? - ioéit) + wn v (8), (5.80K)
dvi;t(t) _ z’izj(f) B ioéit) (), 500

and i, and i,, are given by (5.79).

The system (5.80) has been simulated in parallel with the full system. The same
instantaneous change in the load resistance Rjo.q is introduced at ¢t = 0.5s and
the behaviour of 7;, is depicted in Figure 5.8. The full and reduced system show
a good agreement in steady state, with dimensionless errors of order 1074 As
observable in Figure 5.9, in this case errors during transients can reach order 1071
(it must be noted that this kind of sudden, step-like change in the load resistance
can be considered a worst-case scenario for the system, while slower changes

would cause better transient agreements). Similar error plots are obtained from
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the remaining system variables.

[A]

i
i

16~ b

10 ! ! ! I ! ! !
0 0.2 0.4 0.6 0.8 1 1.2 14 L6

t[s]

Figure 5.8: Single inverter - Behaviour of ¢ : full system (blue) and 12-equation-
reduced system (orange); sudden halving of Rjaq.

0.05 :

-0.05 — —

error

-0.1 — 1

-0.15 = 1

02 ! ! ! ! ! ! ! !
0.4 042 0.44 0.46 0.48 05 052 0.54 0.56 0.58 0.6

Figure 5.9: Slngle inverter - Dimensionless error on 4;,, computed between the full
system and the second reduced system.
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5.3.2.4 Small filter inductance

A further approximation is considering the filter inductance L; and the filter
resistance Ry “small”. Neglecting the inductance corresponds, in practice, to
eliminate from the system the two ODEs that describe the behaviour of voltages
across the inductors. It is expected that such ODEs will be approximated by
algebraic equations.

Defining

Ly=¢'L; = 0(1), (5.81a)
Ry= ¢ 'Ry = O(1), (5.81b)

a procedure similar to that explained in §5.3.2.3 can be applied to (5.64j) and
(5.64k), leading to

diid(t) - VDC md(t) Rf Uid(t) .

= - F 'i t) — = i t 71_71 '0 t ) 5.82
o e T Tl = 0 a0, (582
dii (t) VDC mq(t) Rf (% (t> . I
a ~ = — =1 t) — L i t) — n Yo t ) 582b
G TR T () i) — a0, (82)

Two more algebraic equations can be obtained by retaining the leading-order

terms only in (5.82):

vy, (t) — Ef@nz'iq(t) ~ %md(t), (5.83a)
v, (t) — Efwnz'id(t) ~ %mq(t), (5.83b)

where the RHSs of (5.83), according to (5.59), are given by

Vbe

de(f) = Kiplirety (t) — i, (1)] + Kii Tine iy (t) — w(t) Lyi;, (1)
(5.84a)

~ Kiplirety (t) — i1, ()] + Kii Tingiy (£) — @n Ly sy (1),

%mq(t) = Kipliret, (t) — 41, (V)] + Kii Ting,i, (t) + w(t) Ly iy (2)
(5.84D)

~ Kipliver, (1) — 4, (t)] + Kyi Ting iy (1) — wn Ef iy (t).
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Substituting (5.84) into (5.83) leads to

Vig (t) ~ Kip[irefd (t) - iid (t)] + Ky Lint,iq (ﬂa (5.85&)

Vi, (1) ~ Kipliver, (1) — 4, (t)] + Ky Tingi, (1) - (5.85Db)

Algebraic expressions for the internal currents can therefore be found by solving

(5.85) for 4;, and %, leading to

Kii Ting i, — viy ()

iid (t) ~ irefd (t) + K, , (586&)
Kii Ting i, — Vi, (T
iy () ~ e, (1) + =2 e b (t). (5.86b)

Hence, considering the filter inductance and resistance to be “small” allows reduc-
tion of the system by two ODEs and elimination of the corresponding state-space
variables.

In this case, the “fast” variable vector z is defined by

2(t) = (5.87)

and the angular frequency w is quasi-constant and assumed to be equal to its
nominal value w,,. All the other state-space variables belong to the “slow” variable

vector .

5.3.2.5 Neglect of integral error on the currents

After assuming that the internal currents are “fast”, and eliminating their
corresponding ODEs from the system, it is quite natural to assume that the two
state-space variables describing the behaviour of the integral errors on the internal
currents are “fast” as well. This will allow a further reduction of the system by

two ODEs.
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A more rigorous explanation of this choices is given below.

Since Vpe = O(1) and mq(t) can vary between -1 and 1, the LHS of (5.84) is
O(1). Kip, iret, (t) and 4;,(¢) are O(1), but K; = O(e!). To avoid imbalance,
Tint.i, (t) must be O(e). Let the auxiliary parameter K;; and the auxiliary variable

Tintiy () be defined, respectively, by

Kii = e Ky, (5.88)

Tintiy (1) = e Tint iy (1) - (5.89)

Substituting (5.88) and (5.89) into (5.85) leads to

Kii Zing iy — iy ()

Gig (1) — ety (B) ~ 72 : (5.90a)
Kii Tint,iy — Vi (¢
i(8) — i (1) ~ 2T~ V0], (5.90b)
Substituting (5.89) into (5.64h) gives

AZing i, (¢ , .
e%d() = rery (1) — i, (1), (5.91a)

AZing i, (¢ : :
. i D) _ it () — i, (1), (5.91b)

where results from simulations support the assumption that 4, (t), 4, (), tret, (),

i, (t) are all O(1). Therefore, the following approximation can be adopted:

iy (£) ~ dret, (1) (5.92a)

Gig (t) ~ dreg, () . (5.92b)

This approach reduces the system by two further ODEs and state-space variables,
corresponding to the integral errors on the internal currents. Adopting this re-
duction eliminates the variables @iy i, and @iy 5, from the state-space system. In
case one would need to compute their approximate values, they can be obtained

algebraically from (5.90); considering the LHSs to be O(e) and then solving for
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Tint,iy and Tin g, allow one to the following approximation:

Vi t

Tint,ig (1) ~ ;5() (5.93a)
i (€

Fintio (1) ~ iy (1) (5.93b)

I

2

~

This approximated system corresponds to assuming that the “fast” and “slow”

variables are grouped as

T

Z(t)Z[xim,id(t) Tint,ig (1) 43y (1) 43y () dog(t) o (t) | (5.94a)
m(t)Z[Pm(t) Qup(t) dipy(t) Gpg(t)  Tintvg(t) Tinewg () iy (1) vi (2) '
(5.94b)

One state-space variable of the original full system, w, is approximated by its
nominal value w,.

At this point, 8 ODEs are left in the state-space model of the system, leading to

%pt(t) = wealtny (£) o, (1) — w1, (8) o (1) — Po(0)]. (5.95a)
%1;“) = s, () o (1) — s, () oy (£) — Qu(8)], (5.95b)
D0al®) — ofiost) — (0], (5.950)
D) — iy 1) = i8] (5.950)
darmg;d(t) — e, () — v, (1), (5.95€)
da:m(ti,zq(t) = v () — v (8), (5.95¢)
(D) _ iidcf? - Z'ngfw + i (t), (5.95)
dv(i;t(t) _ ZC(;) _ ioé(;) (1), (5.95h)

where 4, and 4;, are given by (6.49), while i,, and i,, by (5.79).

Figure 5.10 has been obtained by simulating the system (5.95) in parallel with
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Figure 5.10: Behaviour of ¢;,: full system (blue) and reduced system (purple).
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Figure 5.11: Dimensionless error on i;,, computed between the full system and the
third reduced system.

the full system. In steady state, the maximum dimensionless error among the
system variables is order 1072, As shown in Figure 5.11, during transients it can

reach order 107!,
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5.3.2.6 Small filter capacitance

Now, the filter inductance C'f is assumed to be “small”. If so, the current be-
haviours caused by the presence of the capacitors are neglected, and two more
ODEs might be eliminated from the system.

Considering the dimensionless parameter C; to be O(¢), an O(1) variable C; can
be defined by

Cy =e'Cy. (5.96)

Substituting (5.96) and (5.72) into (5.641)-(5.64m) leads to

dUid@) ~ iid(t) _ iOd(t)

_1- )

dt eCy eCy (), o
dvi (1) ai (1) Qo () 4

a e C’f N eéf ) 4T

Multiplying (5.97) by € and retaining only the O(1) terms leads to

i1, (8) ~ oy (1) — @n Cruy (1), (5.98a)

B, (8) ~ oy (1) + @, Crusy(t), (5.98Db)

where 4;, and 4;, are given by (6.49), i,, and i, by (5.79). Substituting 6.49) and
(5.79) into (5.98) and solving for v;, and v;, leads to the algebraic expressions
of the voltages, while their two corresponding ODEs can be eliminated from the
so-reduced system. Before proceeding with the computation of the state-space
system based on this approximations, attention focuses on the variables modelling
the behaviour of the integral errors on the voltages. Since the voltages are now
assumed to be “fast” variables, so should be their integral errors. This is explained

more in details in the next section.

5.8.2.7 Neglect of voltage integral errors

In this section, the system is reduced by two more ODEs, according to the as-
sumption that the variables modelling the behaviour of the integral errors on the

voltages are “fast”. This assumption is based on the computations shown below.

154



CHAPTER 5. ANALYSIS OF A SINGLE INVERTER CONTROLLED
AS AN AC MICROGRID CONVERTER

The reference currents i, () and ., (t), according to (5.57), are computed as

ety (1) ~ Kup[Vrety (1) — iy (£)] + Koi Ting,vy (t) — Wn éf Vi, (t), (5.99a)

irefy (1) ~ Kuplret, () — vi,(8)] + Kui Tintvg (t) + @n Cp sy (t) (5.99b)

where (5.72) is used for w.
Employing the same procedure for (5.84), since K,; is O(e™!), while all the other
terms in the equation are O(1) or smaller, iy v, (t) must be O(e) to avoid imbal-

ance, leading to

refy (t) ~ Kop|Urety (1) — vy (t)] + K, Tintvy (1) — Wn éf Uiq(t), (5.100a)
irefq(t) ~ Kvp[vrefq(t) - Uiq<t)] + Kvi jint7vq(t) + @n Cf 'Uid(t), (5100b)
where
Kiy = €Ky, (5.101)
and
Tintwa (1) = € Tingvy (F) (5.102a)
jint,vq (t) = 671 xint,vq (t) . (5102b)

Analogously to (5.91), the ODEs (5.64f)-(5.64g) become

d_in v t
e%d() = Vet (1) — i, (t), (5.103a)
diin v t
e—x (;tq( ) = Vet () — w3 (1), (5.103Db)

where Vrer, (1), vi, (1), Vret, (t) and vy (t) are O(1). Therefore, considering leading

orders only leads to

Uiy () ~ Vpmres, (1), (5.104a)

URmiq (t> ~ Urmref, (t) ) (5104b)
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Following the definition (5.56) of vymrer,(t) and substituting (5.72) gives

Vrety (1) = Vi, + Kag[Qret — Qup(1)] (5.105)
+ Lv{[e_lajn + Kap(Pret — Plp(t))]ilpq (t) + Wei (71pg (t) = doy (1))},

where, according to Table 5.4, L, ~ e. A further parameter L, = O(1) can thus
be defined by

L, = e¢'L,. (5.106)
Substituting (5.106) into (5.105) leads to
Urety (t) = Va, + Kag[Qret — Qup(1)] + eLo{[e w0 + Kap(Pret — Pip(t))]itp, (1)

+ Wei (ilpd (t) - iOd (t))}

~ ‘/dn + qu[Qref - le(t)] + Ev Wr, Z-1pq (t) .

(5.107)
Analogously, for vy, (t),
Uret, (t) ~ Vi — Ly @y i, () - (5.108)
Equating the RHS of (5.107)-(5.108) and (5.104) leads to
v, () ~ Vi, + Kag[Qret — Qup(t)] + Ly 0n i, (1) (5.109a)
O, () ~ Voo — Ly @ 1, (1) - (5.109Db)

Thus, this approximation leads to a further reduction by two ODEs and variables,
leading to the fourth reduced state-space system (5.111). In this case, the “slow”

variable vector is defined by
T
2() = | Bolt) Qult) iny(t) i, (1) | - (5.110)

while the angular frequency w is assumed to be constantly equal to its reference
Wy, and all the remaining variables belong to the “fast” variable vector z. The

behaviour of the elements of z is approximated by algebraic equations depending
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on the state of . The reduced state-space system is then given by

dp(li(t) = wealvi, (1) 5, (1) — v, (£) i3, (1) — Pp(1)], (5.111a)
dchlp;(t) = Wealvi, (t) i3, (1) — v, (B) 43, (8) — Qup(t)], (5.111b)
dilpd(t) o . .
At Weillogt) — tpa(t)] (5.111c)
dilpq(t> _ . )

ar - weilfoa(®) = g (D) (5.111d)

The external and internal currents, in this case, can be computed from (5.79) and

(5.98), respectively, while v;, and v;, from (5.109).

28 T T T T

26+ - -

( |

nE -

20 -

t[s]

Figure 5.12: SIngle inverter - Behaviour of ¢: full system (blue) and reduced system
with four ODEs (green), during a sudden change in the value of Rjy,g.

As depicted in Figure 5.12, this reduced system does not agree very well with
the full one during transients (their dimensionless errors are of order 1), but the
steady-state behaviour show errors of order 1073, This is valid also for the rest
of the state-space variables, whose picture are not included in this documents in

order to avoid repetition.
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Figure 5.13: Dimensionless error on i;,, computed between the full system and the
reduced system characterised by four ODEs.

5.3.2.8 Neglect of Low-Pass Filter on the Current

The last approximation that is considered is assuming that the frequency w,; of
the low-pass filter on the external currents is “big”. This corresponds to assuming
that the low-pass-filtered currents are “fast”. Given the presence of a low-pass
filter, this might seem counter-intuitive, but, in general, the cut-off frequency
required to implement a virtual inductance is relatively high.

If the cut-off frequency w,;, used to low-pass filter the external currents, is O(e™!),

an auxiliary variable w.; can be defined using

(Dci = €Weg;- (5112)

Substitution of (5.112) into (5.64d)-(5.64e) leads to

dilpd (t)

2 — el (t) — ipa(8)], (5.1132)
dilpq(t) . —1- . .
Sl o (1) — i ()] (5.113b)

Algebraic expressions for #,, and 7y, can be found by retaining the leading-order

terms of (5.113):

Tipy (1) ~ oy (1), (5.114a)
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i (1) ~ i, (£). (5.114b)

Using (5.114) and (5.79) in (5.109) and solving for v;, and v;, lead to

(I)’I’LL'U
v, () ~ «a |:‘/;1n + m%n + Kag(Qret — le(t))} ; (5.115a)
On L
W)~ V, — BV — V. Kag(Qret — |, 5.115b
w0~ Vi = 6 |Vi, + 7BV 4 KafQui - Qu(0)] . G115
(5.115¢)
where

Rioad + R))°

o= (7 dj l)f —, (5.116a)
(Rioaa + R1)™ + (WnLy)

onL

6 _ (Rload + Rl)wn v (5116b)

(Rload + Rl)2 + ((DTLEU)2'

The final reduced state-space model comprises two equations only. In fact, the
“slow” vector x is formed of B, and @), only, while all the other variables belong
to the “fast” vector z and are modelled by algebraic equations.

The state-space system is given by

dPg;(t) = Wealvi, (1) 5, (1) — v, (8) 65, (t) — Pp(t)], (5.117a)
dQ(i(t) = Wealviy (t) 4, (t) — v, (8) i, (8) — Qp(t)], (5.117b)

where voltages and currents are given by (5.109) and (5.98), respectively.

This system, however, leads to some discrepancies in both transients and the
steady state, with dimensionless errors order 107! also in steady state, as depicted
in Figures 5.14 and 5.15. The accuracy is not considered to be good enough for

analysing phenomena of the system.
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Figure 5.14: Behaviour of i;,: full system (dark blue) and reduced system (light blue).
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Figure 5.15: Dimensionless error on i;,, computed between the full system and the
fifth reduced system.
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5.3.2.9 Reduction Summary

The system reduction described in earlier sections has been tested through sim-

ulations, gradually adding the approximations presented in this subsection.

CASE 1:w(t) ~w,

Slow” variables: Pi,, Qp, ipys tpgs Tint,vg> Tint,vgs Lintias Lint,iq> bias bigs Vigr Vigs ogs

fog-

Constant variable: w.

The system has 14 ODEs, given by

d P, (1)

dt

dle (t)
dt
dilpd (t)
dt

= wea[vy () 1oy (1) + 014 (1) iy (1) — Pp(t)],

= wWed[viy () tog (1) = 014(1) i, (1) — Qup(t)],

Weillog (1) — t1ps ()]

dayy, (t ) .
Do) o) — i (0]
dl‘in WV (t)
# Urefy (t) — Uiy (t)a
dxin Vq t
#() Urefq (t) - /l)iq <t> )
A%ing i, (1) . .
# Lrefy (t) — g (t) )
ding i, (1) . .
T Zrefq (t) — Ziq(t)
diid (t) VDC Rf Viy (t> .
t) — — i t n 4 t )
dt 2Lfmd() Lf d() Lf +w Zq()
diiq(t) VDC Rf Ulq(t) .
dt 2Lf q(t) - L_f 1q( ) - Lf — Wn Zid(t)>
dvid (t) iid (t) iOd (t>
n Ui t 9
di ¢, ~ oy Temul)
dViq(t) iiq<t) - ioq(t) o (t)
dt C o ta
diod (t) Uid (t) Rl + Rload . .
dt - Ll Ll ZOd<t) + Wn Zoq(t)a

(5.118a)
(5.118b)
(5.118¢)
(5.118d)
(5.118¢)
(5.118f)
(5.118g)
(5.118h)

(5.118i)

(5.118;)

(5.118K)

(5.1181)

(5.118m)
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dioq (t) _ Uiq (t) _ Rl + Rloadi

oq(t
dt L L, (1)

— Wy G0, (1), (5.118n)

where

Urefy (t) = ‘/an + qu(Qref - le(t)) + LU{[wn + de(Pref - P1p<t)>]ilpq (t)
(5.119a)
+ Wei (tipy (8) — t0y (1))},

Urefq(t) = Voo + L{ — [wn + de<Pref - Plp(t))]ilpd (t) + Wci(ilpq (t) — log (1)},

(5.119b)
irety (1) = Koyplvrery (1) — viy ()] + Ko Ting vy (1) — w(t) Cr i, (1), (5.119¢)
refy (1) = KoplUret, (1) — iy (1)] + Kui Tingvg (1) + w(t) Cpoy,(t), (5.119d)
ma(t) = {Kz-p[irefd(t) — i, ()] + Ky T, (t) — wp Ly iiq(t)}%, (5.119¢)
my(t) = {Kip[irefq(t) — iy ()] + i Ting i () + wn Ly iid(t)}%c. (5.119f)

If the full and the above systems are simulated in parallel, the dimensionless
steady-state errors are of order 107% — 10~® and can therefore be considered neg-

ligible.

CASE 2 : w(t) ~ wy, algebraic external currents

« 5 . . . . . .
Slow” variables: Plp7 Q1p7 Upq > leqv Tint,vq s xint,vqa Lint,ig xint,iq7 Uiy, liqa Vig s Uiq-

“Fast” variables: i, io,-

Constant variable: w.

The system has 12 ODEs:

dP(;(t) = Wealviy (t) oy (1) + w3, (1) 0, (1) — Pip(t)], (5.120a)
dQ(i(t) = Wealviy (1) o, (1) — w3, (t) doy (1) — Qup(1)], (5.120D)
dilpa@) _ . .

—ar ~ Walle®) = i (1)) (5.120¢)
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diyy, (T
“g—qt() = weliog(t) — iy ()], (5.120d)
d int,v, t
Tint,vy () = v, (1) — v, (1) (5.120e)
dt
d int,v t
i (1) _ Vret, (1) — wi,(t) , (5.120f)
dt
dZing i, (F . .
Tinig (1) et (1) — i1, (1), (5.120g)
dt
ding i (¢ . .
Aoy (8) ret, (1) — i3, (1) (5.1201)
dt
dii (t) VDC Rf, Vi (t) . .
d _ _ 2 _ 47 : 12
s = ) - i) - B w0, (51200
d’iiq (t) Vbe Rf Vi (t) . .
rral 2Lfmq(t) - L—fziq(t) L W iy (1) (5.1205)
dvid (t) iid (t) iOd <t>
= — (1), 120k
n c, c, + wn v, () (5.120k)
du (¢) B (1) o (1)
o\ B\ T (1) 5.1201
T e R0 (5,120

Where Vg, Uret,, frefys frefys Ma and mq are defined in (5.119), while 4., and i,

are given by

, vy, (t) wn Lyvy, (t)
Qo, (1) ~ d ! , 5.121a
d( ) Rl + Rload (Rl + }%load>2 ( )

i (1 onLyvy, (t
() o e Gnlivy (@) (5.121b)

- R; 4 Rioaa (R, + R10ad)2

Comparing the simulations of system (5.120) with the simulations of the full sys-

tem, the dimensionless recorded steady-state errors are of order 10~* or smaller.

CASE 3 : w(t) ~ w,, algebraic external currents, no current PI
1 vy : . N N
Slow” variables: Pi,, Qp, f1py, fpgs Tint,ve> Tintvgs Vigs Vig-
. y o P .
Fast” variables: i, ti , Tint,iy> Tintiqr foq, foq-

Constant variable: w.
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The system has 8 ODEs:

%I;(t) = Wealvig (1) fog () + 03y (1) 1oy () — Bp(t)], (5.122a)
dQ&i(t) = Wealvi (8) to, (1) — 03y (£) T0g (1) — Qup()] (5.122b)
dilg—(;f(t) = weilloa(t) = s ()] (5.122¢)
dilf;—l(t) = Weillog () — tip, (1)) (5.122d)
dxlné,;d(t) = Ve, (t) — v, (1) (5.122¢)
dxmgzq(t) = vren, (1) = v (1), (5.122f)
dvéi}(t) - iié;(f) - ioévit) + wn i (1), (5.122g)
dvﬁt(t) - iié(:) - ioé(ft) — wn Uiy(1), (5.122h)

where the references for the voltages are defined in (5.119), while 4q,-io, and -4,

are given, respectively, by

N e R il (51250
log (1) ~ R;}fgoad N (;nf;foi?)” (5.123b)
and
B, () ~ oy (t) — @, Cpoy (1), (5.124a)
i1, (1) ~ do, (t) 4+ @, Cpuy, (t). (5.124b)

Simulations show a steady-state error of order 10~% or smaller, for every variable.

CASE 4 : w(t) ~ w,, algebraic currents and voltages
“Slow” variables: P, Qip; t1py, ipq-
oy . o .
Fast” variables: Tint,vq> xint,vqa Tint,ig > xint,iqv iy Ziq, Vig, Uiq’ (29) Zoq-

Constant variable: w.
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The system has 4 ODEs:

%I;f(t) = Wealviy (t) oy (B) + vi, (1) 0, (t) — Pp(t)],
o) o, (06 = 13,0 inl1) = Qup(0).
dilz_dt(@ = walio,(t) — i, ()],
Do) _ ol ®) — )]

where vy,-v;, and i,-i,, are given, respectively, by

Vi, (1) ~ Vi, + Kag[Qret — Qup(t)] + Loy @y i, (1)

O () ~ Voo — Ly @y i, (1) -

and
(1) vy, (1) wn Lyvy (1)
1o ~ )
d Rl + Rload (Rl + Rload)2
. Vi, (t) @n Ly, (1)
loy (1) -

~ Ry + Rioaa B (Rl + Rload)2 .

(5.125a)
(5.125b)
(5.125¢)

(5.125d)

(5.126a)

(5.126b)

(5.127a)

(5.127b)

If the internal currents ¢;,-i;, need to be known, they can be computed as

iid (t) ~ iOd (t) — Wn C_Vf Uig (t)?

iiq(t) ~ ’ioq(t) + (Dn Cf ’Uid(t) .

(5.128a)

(5.128b)

Simulations show a steady-state error of order 10~* or smaller, for every variable.

CASE 5 : w(t) ~ w,, algebraic equations for currents and voltages, no low-

pass filter on the external currents

“Slow” variables: Py, Qip.

« ’ . oo . . . . .
Fast” variables: Upg s leq? Tint,vq> xint,vqa Tint,ig > mint,iqv Lig s Ziq’ Vig, Uiq’ 2045 o

Constant variable: w.
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The system has 2 ODEs:

dlzpt(t) = Wealviy (t) oy (t) + v, () i0, (1) — Pip(t)],
%};w = Wea[Viy (1) G0y (t) — v, () d0, (1) — Qup()],

where

(I}'nL’U

Rigaa + Ry

Wn L
ek L /g K rof — )],
Rload +Rl On + dq(Q f le( ))]

Uid(t> ~ C([V;in + ‘/qn + Kdt](@ref - le(t))]>

Uiq<t) ~ V;ln - B[Vdn +

(Rioaa + R1)°

o= 2 20
(Rload + Rl) + (WnLv>
5= (Rioaa + Ri)@n L,
(Rioaa + Rl)2 + (@nLv>27
and
: vy, (1) wnLyvs (t)
ZOd(t) ~ R dR + 2
1 + load (Rl + Rload)
i t _nZz i t
1) ~ e Enlitl)

- Ry + Rigaa (R, + Rload)2 .

The internal currents can eventually be computed as

lig (t) ~ o (t) — Wn C_(f Vig (t) )

fig (8) ~ oy (1) + @n Cy vy (1) -

(5.129a)

(5.129b)

(5.130a)

(5.130D)

(5.130¢)

(5.131a)

(5.131b)

(5.132a)

(5.132b)

(5.133a)
(5.133D)

Simulations of this system run in parallel with the full system show errors of

order 10!, which is not considered good enough for using the reduced system as

a faithful representation of the full model’s behaviour.
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5.4 Chapter Summary

In this chapter, a three-phase inverter controlled as an islanded AC microgrid
converter is considered.
First, the physical variables are described and listed, and an approximate expla-
nation of the inverter way of operating is given in §5.2.
In the second part of the section, the controller structure is described, and the
state-space ODEs describing the behaviour of the control variables are derived.
In §5.3, a model reduction based on singular perturbation is performed on the
system. The model is nondimensionalised, and a gradual reduction is applied
according to assumptions on the “size” of some systems parameters. The vari-
ables are then split into “fast” and “slow”, and the ODEs of the “fast” variables
are approximated by algebraic equations. The reduction is validated at each
stage through simulations comparing the behaviour of the full and of the reduced
model, and computing the relative error between them.
Good results are found for reduced model with as few as four ODEs (the full
system has fifteen). The smaller reduced model, having two ODEs only, does not
perform so well in simulations, and hence should not be used to approximate the
system’s behaviour.
If droop controllers are added to multiple converters belonging to the same
microgrid, their reciprocal interactions might cause instabilities in the system.
These phenomena are not observable in the single-inverter system analysed in
the present chapter. In the following sections, a larger AC microgrid composed
by two inverters is analysed, and a similar model reduction is applied to the

system.
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Chapter 6

TwWO-INVERTER AC MICROGRID

6.1 Introduction and Work Summary

In this chapter, a two-inverter AC microgrid, working in island mode, is anal-
ysed. The system is composed of two inverters and one resistive load. The con-
trollers of the two inverters and the LC filters through which they are interfaced
to the line are identical, but the three-phase lines that connect the inverters to
the load have different lengths, and, thus, different impedance values. The state-
space model of the system is computed as explained in §6.2; subsequently, the
equilibrium values of the variables is found (most of them, analytically, some,
numerically).Then, the system is linearised about its the steady-state point and
stability is analysed by computing the eigenvalues of the linearised system. When
plotting the eigenvalues on the complex plane, some of them appear to be grouped
relatively far away from the imaginary axis. These are interpreted as representing
the fast phenomena of the system, whose ODEs are more likely to be neglected
or turned into algebraic equations in the reduction process. The eigenvalues are
computed for different values of the controller parameters and some parameters
have been identified as being more significant for the system stability.

A model reduction similar to that performed on the single inverter is applied
to the two inverter system, as explained in §6.3. As in the single-inverter case,
a gradual reduction is performed, as four different reduced models are consid-
ered, corresponding to different degrees of reduction. The equilibrium points and
corresponding linearised models are computed for each reduced system. The ef-

fectiveness of each reduction was tested by MATLAB simulation and eigenvalue
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comparison. The full state-space model is formed of 30 ODEs; good agreement
in the steady-state behaviour can be achieved by reduced models with 10 or more
ODEs. However, the 10-ODE reduced model behaves quite differently during
transients and there is a discrepancy regarding the models’ prediction of sta-
bility: in the case where the controller parameters are modified in a way that
makes the full system unstable, the stability of the reduced model is not affected.
Therefore, for stability analysis purposes, reduced systems with 14 or more ODEs
should be used.

Comparing the so-obtained results with other reductions performed on similar
systems in the engineering literature, some analogies and some differences are ob-
served regarding which variables need to be kept in the reduced models in order

to achieve effective stability analyses.

6.2 TWwWO-INVERTER MODEL

6.2.1 Physical Variable Behaviours

In this case, a system composed of two inverters and a resistive load is con-
sidered. While the DC-source value, the filter and the controller parameters are
assumed to be the same in both inverters, the line impedances are, in general,

different. In the following simulations, values used are

Ly = 3Ly = 3.0-107°H, (6.1a)

Ry = 3Ry = 1509, (6.1D)

where L;; and R;; have the same values, respectively, of L; and R; used for the
case of the single inverter, as listed in Table 3.1.

The average state-space system of the model is therefore given by

diiabcl (t) — VDC
dt 2L,

Ry .
mabC]-(t) - L_;ziabcl (t) -

tabcl (t)
—— 623
[f Y ( )
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Figure 6.1: Overall scheme of the two-inverter system
dviabcl (t) — 7:'I:abcl (t) _ 7:Oabcl (t)
dt Cy Cy 7
dzO b 1(t) Vinp 1(t> Rl . Rload .
abc — aoc _ _z t _ _ees t z t
dt Lll Lll 0abc1< ) Lll [ Oabcl( ) + Oabc2( )]
di; b Z(t) Vbe Rf . Vian 2(t)
aoc. — m t . _z. t _ abc
dt 2 Lf abc2< ) Lf labc2 ( ) Lf I
dlviach (t) — iiabc2 (t) _ iOach (t)
dt C; T
Ao, (1) Vigper (1) Ry . Rioad . .
= (;tz = : 2121 - L_mzoabcz (t) - L—(l);l [loabcl (t) + Zoabc2 (t)] :

Rload
LOAD

(6.2b)

(6.2¢)

(6.2d)

(6.2¢)

(6.2f)

When transforming (6.2) into the DQO reference frame, two different phases must

be taken into account: each phase depends only on the controller of the relative

inverter.

A phase difference iy can thus be defined as

where 6; and 6,

Oég(t) = Hg(t) — 91<t>7

are the phases of v;,, and v;,_,, respectively.
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Therefore, (6.2a)-(6.2¢) are transformed by applying the Park matrix 7°(6,), while
(6.2d)-(6.2f) by applying T'(f2). Hence, the DQO average state-space system of
the model is given by

diz,, (t) Vbe Ry . Vi, (1)
B 7l : 4
dt 2 Lf Ma1 <t) Lf biay (t) Lf + wi (t) Ligy (t) ) (6 a)
dii, (£) _ Vbe Ry . v;, (1)
T = i (t) = = — 4
dt 2L al (t> Lf Yigy ( ) Lf w1 (t) Ligy (t> ) (6 b)
dvig, (1) iy () oy, (1)
dt o Of Cf + wr (t) Vigy (t) ) (64C)
dvi, (t) i () o, (2)
v - o o 4
dt C; C; wi (1) vig (1), (6.4d)
diodl (t) Uiy (t) Rll . Rload .
dt N L L_ZIZOdl <t> L [ 041 (t) + 20401 (t)] + wq (t) Log (t) ,
(6.4e)
dioql (t) Vi (t) Ry . Rioad . '
dt n Ly N L_llloql (t> Ly [ 0q1 (t) T Loy (t)] w1 (t) Lo (t) ,
(6.4f)
di;,, (1) Vbe Ry Vi (1)
dt 2 Ly maa(t) Ly li(2) L; + wa(t) biga (t), (6.4g)
diz,(t)  Vbe Ry . Vi, (1)
T Tlip(t) — = — 4h
= 21, Mya(t) L, G5 (1) I, wa(t)ds,, (1), (6.4h)
Cl’Uid2 (t) . iid2 (t) iod2 (t) .
dt - Cy Cy + w2 () vigs (1) (6.41)
dvitﬁ (t) o iiq2 (t) ioqz (t)
dt o Cf o Cf — W2 (t) Vigy (t) ) (6 4J>
di0d2 (t) _ Uigo (t) Rl2 . Rload . .
G = Ly Lylew® = lien(t) F o (D] + wa(t) o (1),
(6.4k)
di0q2 (t) . Ujgo (t) RlZ . Rload ) .
dt N LlQ o L_ZQZOqQ (t> - Ll2 |: 0q2 (t) + Zoq12 (t)] — W2 (t) Zon (t) 5
(6.41)

where i,,, and i,,, are the corresponding of 7,, and i,,, respectively, trans-

formed in the 0, DQO reference frame, while i,,,, and i,,, are the corresponding
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of 4., and i,,, respectively, transformed in the 6; DQO reference frame.

ops (1) = + €08 Qa(t) oy, (£) + sinaa(t) i, (t), (6.52)
o (£) = — i g (t) iy, (£) + €08 a(t) i, (£), (6.5b)
ooy () = + €08 Qg (£) gy () — sinQn(t) dgy (£) (6.5¢)
Gogoy (1) = =+ sinaa(t) do,, (1) + cos aa(l) o, (t), (6.5d)

where as has been defined in (6.3).

6.2.2 Controllers

For both inverters, the same controller as described in §5.2.2 has been used.
The parameters are the same and their values are as listed in Table 3.1. The
phase of the first inverter, 6;, has been chosen to be a reference for the system.
Therefore, ay will be present in the state-space system instead of #,. The other
control variables depend on the variables of their corresponding inverter only and

there is no explicit coupling in their ODEs.

6.2.3 Overall Average State-Space System

The complete system of equations can be computed by adding eighteen ODEs
modelling the controller actions (nine for each inverter) to the system (6.4) de-
scribing the physical variable behaviours. As observable in (6.4), among the
physical variables only the equations modelling the behaviour of ., , and 2,,,,
have an explicit presence of variables from the other inverter. The ODE relative
to the phase difference as is the only other equation containing variables from
both inverters.

The overall state-space model of the system is then given by

dl%g;(t) = WedlVigy (1) iy, (t) + Vi (8) 1y () — Prn (1)), (6.62)
ng;;(t) = WedlVigy (8) iy (8) — viy (8) iy () — Qi ()], (6.6b)
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do, (t
5; ) = (.Un + de[PTefl — Bpl(t)] , (66C>
degy,, (t
Zl]g;( ) — wci[iodl (t) - ilpdl (t>] ; (66d)
dZ ql(t) . .
= weiliog () = iy ()] (6.6¢)
dmm:;;dl (t) = Urefy (t) — Vip (t) , (66f)
dQ?m gl (t)
G = verlt) = ), (6.62)
dxzn id1 t . i
étd ( ) — Z’I“efdl (t) - Zidl (t), (66h)
dxin 77:q1 (t) . A .
S oo
Plt) _ Yoo, @) = 4,0 - 2B 4 i, 0 (6.6)
dt - 2Lf ma Lf Ligy Lf W1 Ligy X .0]
diz, (t)  Vbe Ry . Vi (1) .
T 2Lfmq1(t) - L—fuql(t) P wy (t) i, (1), (6.6k)
dvi () digy () gy (F)
dl — d1l o d1l ' . 1
dt Cy Cy (B vy (1), (6.61)
dviql(t) B iiql(t) zoql(t)
@ - oo o ), (6.6m)
Boall) _ 0ll) _ Ty gy Fond ) 4 0] + (010, (1)
dt o Lll Lll 041 Lll 041 0421 1 0q1 ,
(6.6n)
dioql(t) — Uiql(t) Rll' Rload . . .
dt - L“ - E Oq1 <t> Lll |:7/0q1 (t) + ZOq21 (t)] — W1 (t) Log1 (t)7
(6.60)
d Py (t ‘ ‘
l(zioi( ) _ Wed Vigy () B4y (t) + igy () 3,5 (1) — Pip2(t)], (6.72)
d t . .
Qg;( ) — de[Uid2 (t) Ziq2 (t) — Uiqz (t) Ligo (t) — le2(t)]’ (67b>
day(t
Ogt( } = KalPreps = Prep — Pyplt) + Pia(0)], (6.7¢)
digp,, (t _ ‘
l]z]it( ) = Wi [ZOdQ (t) - led2 (t)]7 (67d)
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diyp,, (t ‘ ,
Lo®)  fi®) — i), (6.7
dxin ,Ud2 t
Q@) (1) — via(0). (6.70)
dxin Vg2 t
Lnteal®) _ oy 0) = vial0). (6.78)
Aty (t . .
#() = ZTefd2(t) - Zid2(t)’ (6-7}1)
A ing,i0 (1 . )
Potaall) i)~ i) .11
oall) _ Y00y — i) — 22D 4 )i, 0 (6.7
dt 2L; Ly L, 2\ Hga\b/ .
le 2(t) VDC Rf . (%) 2(t> .
ket — —1; t) — 4 — t 1 t ) . k
dt 2 Lf qu(t) Lfl q2< ) Lf (A)Q( )Z d2( ) (6 7 )
dvld (t) iid (t) iod (t)
2 — ta2\") _ Cod2 v, (1), 6.71
ol ~ fol el () ua(0) (6.7
dv; z(t) U 2(t) %o z(t)
q — q q _ t i t , 6 7
- fel Rl ) u) (6.7m)
dZodz (t) U’idg (t) Rl2 Rload . .
dt - LlQ I Logo <t> le [Odz <t> + Logia (t)] + WQ(t) Loga (t)v
(6.7n)
iy, () Vip(t) R Rioad . . .
1 - - - 7 o - 0g2 t 0g12 t - t 042 t )
wll) - Bal) ) — B [ 0) + iogalt)] = alt) @)
(6.70)
where
wl,Q(t) = Wn + de (Pref - Plp1,2<t))7 (68&)
UTCfdl,Q(t) = Vdn + qu(Qref - leLQ(t)) (68b)

+ Lo{[wn + Kap(Pref — Pip1,2(1)))itp1,2(t) + wWei(lipg1,2(t) — to1,2(2)) }

Vrefa12(t) = Vo, + Lo{ — [wn + Kap(Preg — Pip12(t))]iipg1,2(t) + wei (ipg1,2(t) — i0,1,2()) }-
(6.8¢)

irefdl,Z(t) = Kvp[vrefd1,2<t) - Uid1,2(t)] + Kvi xint,vd1,2<t) - Wl,Q(t) Cf Uiql,Q(t)7
(6.8d)
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iref,1,2(t) = Kuplvres12(t) — vig12(t)] + Kui Tintg1,2(t) + wi2(t) Crvigia(t),
(6.8e)

. } . 2
ma 2(t) = {Kz‘p[@refdl,z(t) — Gig2(t)] + Kii Tintin2(t) — wia(t) Ly Ziql,Z(t)}ﬁca
(6.8f)

. . , 2
Mma o(t) = {Kip[@refqlz(t) - %‘ql,z(t)] + Ky %nt,iql,g(t) + wy2(t) Ly Zidl,Q(t)}_VDC.

(6.8g)

In particular, (6.6) describe the behaviour of the first inverter variables, while
(6.7) of the second inverter variables. The algebraic terms are computed according
to (6.8): the index 1 is used for variables of the first inverter, index 2 for the
second inverter. Even though 6, does not appear anywhere in the ODE system,
its value is used in practice for the Park transforms: the voltages and currents are
measured in abe reference frame, then brought to dq0 to perform the control. The
modulation indices are then transformed back to the abc reference frame before

being sent to the switches.

6.2.4 Equilibrium point

In order to analyse the system stability, the equilibrium points of the ODE
system formed by (6.6) and (6.7) must be computed. Subsequently, the system
is linearised about its steady state operating point. The equilibrium points are
found by setting the RHS of all the ODEs equal to 0, excepting (6.6¢). In a
steady-state condition, the system phase would in fact not be constant, but it

would instead keep increasing with constant speed @, given by

W = wyp + de (Prefl - -Plpl) . (69)

The equilibrium frequency is the same for both inverters. In an AC system, where
the generators are synchronous machines or droop-regulated inverters, in steady
state all the generators work with the same frequency w. Hence, in this case @ is

the equilibrium frequency for both inverters and the phase difference as in steady
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state is constant. Setting the RHS of (6.7c) equal to 0 leads to

PT@fQ - Plp2 = Prefl - plp].' (610)

In both inverters, the steady state of the low-filtered powers is given by setting

their corresponding derivatives (6.6a), (6.6b), (6.7a) and (6.7b) equal to zero:

Ppi = Uiy liy, + Uiyl s (6.11a)
Qupt = Vigliyy — Vigiligy (6.11b)
Py = Vigliyy + Uigliga, (6.11¢)
Qupz = Tigyligy — Vigligy- (6.11d)

Substituting (6.11) into (6.9) and (6.10) leads to
W = Wy + de (Prefl — Uiy iy — @iql%ql) , (612)

PrefQ — Prefl — Uidzlidg — ’Utilti + Uidllidl + ’Uiql’Liql = O (613)

Proceeding analogously with (6.6d), (6.6e), (6.7d) and (6.7e), the steady-state

low-pass-filtered currents are given by

Upgy = Yoy » (6.14a)
Tipgs = Tog1 5 (6.14b)
Upgs = Togys (6.14c)
Upgo = Togs- (6.14d)

Substituting the explicit expressions for éyey,, and mgq into (6.6h)-(6.6k), (6.7h)-
(6.7k) and setting them equal to zero leads to
ligg +W Cf Vigy

fint,vdl = Km' y (615&)

., —wCry;
jint,fuql = = K 'f = ) (615b)
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_ Rf gy T Vigy

ZTint,ig K, , (6.15¢)
Tintjigp = W, (6.15d)
Fintg = 22 +;§5f Ui (6.15¢)
Tty = 22 —;me Vi (6.15f)
Tintigy = W, (6.15g)
Tintiigy = Rf%j_% (6.15h)

Therefore, apart from @y, the steady-state values of the control variables depend
only on the physical variables of the corresponding inverter. The controllers are
hence not directly coupled.

Applying equilibrium conditions to (6.6f)-(6.6g) and (6.7f)-(6.7g) leads to

0=~y + Vi, + Kag(Qreg1 — Uiy, Uiy + Vigy ligy) + Lo @70y, (6.16a)
0=—0;,, + Vo — Lo@, , (6.16Db)
0= —0iy, + Vi + Kag(Qres2 = Vigy Tigy + Vigy Tigy) + Lo @0, , (6.16¢)
0= Vi, + Vi, — Ly Oy, - (6.16d)

The relationship between z;,, and 2,,, can be derived from the equilibrium con-

ditions on (6.61)-(6.6m) and (6.71)-(6.7m), as follows.

Uiy, = oy — Cr w0y, (6.17a)
Tiy = tloy + Cr 00y, (6.17b)
Uigy = Hlog, — Cy W Usy, (6.17¢)
ligy = oy, + Cr vy, (6.17d)

Coupling between the steady states of the two inverters is described by setting
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the RHS of (6.6n)-(6.60) and (6.7n)-(6.7n) equal to zero:

0 =iy, — (R + Rioad)Tog, + @ LinTo,, — Rioad [€08(a2)T0,, — sin(a2)io,, ] |

(6.18a)

0= Q_Jiql - (Rll + Rload)ZJql + w Llliodl - Rload [SiH(O_[2>TOd2 + COS<O_[2>€Oq2j| )
(6.18b)

0= faidg - (Rl2 + Rload)iodz + W Ll2ioq2 - Rload [COS(O_‘Q)iodl + Sin<d2)zoq1] 9

(6.18c¢)

0=, — (Riz + Rioad)log + © LioToy, — Rioaa [— sin(a)7,, + cos(@)to,,] -
(6.18d)

The interactions between the output currents of both inverters and the nonlineari-
ties due to the steady state expression (6.12) for w make the analytical expressions
for 2;,,, Uiy, Yo, and ay complicated and inconvenient for practical purposes. A
numerical solution has therefore been used in this work. (6.12) has been substi-
tuted into (6.16), (6.17) and (6.18). The so-obtained twelve equations and (6.13)
form a nonlinear system of thirteen equations for the thirteen unknowns &y, 7;,,,
Tigrs Vigrs Vigrs Togs bogrs bigss Viga Vigss Vigas bogss loga- 11 system has been solved by
the MATLAB function fsolve and its solutions have been substituted into (6.12),

(6.11), (6.14) and (6.15) to compute the remaining seventeen steady states.

6.2.5 Linearised System

Since the system formed by (6.6) and (6.7) is nonlinear, in order to evaluate
its steady-state stability it must first be linearised about equilibrium.
Let @x1(t) and x2(t) be the variable vectors for the first and the second inverter,
respectively. Let &1(t) and Zo(t) be their corresponding steady states and &4 (t)
and Zz(t) the corresponding perturbations.

Therefore, the linearised system is given by
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where

All =

o O O O o o ©o o o

=

o £

[e=]

1 (1)
dt
s (1)
dt

—Wed

Kap
0
0
—Kgp Ly Upgy
Kap Lo tipg,
de(C’fT)iql - KUvaioql)
Kap (Lo Kuvplog, — iy, Cf)

.
Kdzifip (Lo Kuplogy — igy Cr)
~5i,, Kap
Uiy, Kap
—Tog1 Kap
Tog1 Kap
0 Vi 41 Wed Uiy Wed
0 — Uiy Wed Vi gy Wed
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 -1 0
0 0 —1
0 _ Kip + Ry 0

Ly
K .  Kip+ Ry
Ly Ly
0 c;! 0
0 0 ;!
0 0 0
0 0 0

Ay Ag Z1(t)
= , (6.19)
Azr A Zo(t)
0 0 0 0 0 0
—Wed 0 0 0 0 0
0 0 0 0 0 0
0 0 —Wei 0 0 0
0 0 0 —Wei 0 0
—Kaq 0 Lywe Loy 0 0
0 0 —L,@ Lywes 0 0
—KgqKup 0 KypLywe LyoKoyp Kyi O
0 0 —KypLow Lowei Kop 0 Ky
_ KagKupKip 0 KipKypLywe; LyoK Ky Kyi Ky 0
Ly Ly Ly Ly
0 0  KipKppLyw  KipLywei Kyp 0 KyiKip
Ly Ly Ly
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
gy Wed Vig1 Wed 0 0
Ty Wed —%jy, Wed 0 0
0 0 0 0
0 0 Wei 0
0 0 0 Wei
—1 0 —Lywe; 0
0 -1 0 —Lywe;
—Kup —&Cy —KypLowei 0
@Cy —Kup 0 —KopLowei
KKy +1  0CiKip  KuypLoweiK; 0
Ly L Ly
wCpKipLy = KUPILQP = 0 _KWLZA
f f
0 © -c;t 0
) 0 0 -c;t
L 0 _ Rloaz + Rn o
1
0 L;ll o _ Ricaa + By
L
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A21 =
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Rload iOqgl
Li

_ Rload i()dzl

0
Ly
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o O O O O O o o o o o o o
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0000000¢0 o _Llewcos@)

o O O O O O O o o o o o o

Ripaasin (az)

Ly

00000000 o i@

L
Ripqq cos (542)

Ly

o O O O O o o o o o o o o
o O O O O O O o o o o o o
o O O O O O O O o o o o o
o O O O O o o o o o o o o
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_ Rigaacos(a2)  Ripadsin (az)

Ly
(6.21)

Lo

Lo

Rioqasin () B Ripad cos (az)

Lo
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—Weq 0 0 0 0 0 0
0 —Weq 0 0 0 0 0
—Kap 0 0 0 0 0 0
0 0 0 —wei 0 0 0
0 0 0 0 Wei 0 0
—Kap Lo Tip, —Kg, 0 Lywei ) 0 0
de Ly flde 0 0 —Ly@ Lywe; 0 0
de(cf{)iqz — KvvaZoqz) 7quKUp 0 KvpLﬂuJ LU(IJKUP Ky 0
A22 e de(L”K'UPEOdZ — ’l_)id2 Cf) 0 0 —KUPLU(D vaciKvp 0 Km;
KdeiP (Cf’l_)’iqz - K'uvafoLﬂ) - qu[zvpKiP KiPKZPL'UwCi LU(D[ZUFK'LP KIZKZ‘:D
i f f i f
deKip (Lvapfo -5 Cf) 0 0 _ KipKvvaw KivaWciKvp 0 KviKip
d2 d2
Ly Ly Ly Ly
iy Kap 0 0 0 0 0 0
;4 Kap 0 0 0 0 0 0
Rioad?
~ys Kap e 0 0 0o 0
12
R
Tous Kap 0 %"’d“ 0 0 0o 0
2
0 0 Vigy Wed Do Wed Tigo Wed Tigo Wed 0 0
0 0 —Tigy Wed Vi gy Wed Tigo Wed Ty Wed 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 Wei 0
0 0 0 0 0 0 0 Wei
0 0 0 0 -1 0 —Lywe; 0
0 0 0 0 0 -1 0 —Lywei
0 0 -1 0 —Kup —&C} —KuypLywei 0
0 0 0 -1 @Cy —Kup 0 —KypLywei
Kii 0 _K1p+Rf 0 K’upKip +1 _waKip _KvvaWciKip 0
Ly Ly Ly Ly Ly
0 ﬁ 0 _Kip +Rf (IICfKipo _K'upKip +1 0 _KvvaWciKi
Ly Ly Ly Ly
0 0 c;l 0 0 @ —cf—1 0
0 0 c;l —@ 0 0 —C;l
R R
0 0 0 0 L 0 _ Rioad + Rin o
Ly
R R
0 0 0 0 0 L} —-& — Hioaa + fiiy
11 Lll
where
Tog, = 1 €08(Q2)l,, + sin(az)i,, , (6.24a)
Ty, = — Sin(Q2)%o,, + €OS(2)70,, (6.24b)
Togss = 1 €OS(Q2)l0,, — SIN(A2)T0,, , (6.24c)
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Togsy = + SIn(a2)70,, + €OS(Q2)l0,, - (6.24d)

Despite the fact that the mutual actions of the inverters are symmetrical, Ao
and A, are not identical because the first inverter is chosen as a reference for the
phase: the third ODE of the inverter 1 describes the behaviour of #;, while the
third variable of the inverter 2 describes the behaviour of «y, corresponding to
the phase difference between the two devices. «» is used to transform the output

currents between dq0 reference frames having different phases.
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6.3 TWO-INVERTER MODEL REDUCTION

In this section, a model reduction analogous to that performed in §5.3 is
applied to the system described in §6.2. The ODE system (6.6)-(6.7) is nondi-
mensionalised; the dimensionless parameters are assigned to a “class” according
to the closest power of a small parameter ¢; small parameters are identified; the
leading-order terms are retained. Similarly to the case of single-inverter reduc-
tion, some ODEs are turned into algebraic equations and their corresponding
state-space variables become terms which are dependent on the other variables.
Again, as for some parameters the attribution to a certain power of € is not un-
equivocal, a gradual model reduction is performed. Each step of the reduction is

then validated through time-domain simulations and stability analysis.

6.3.1 Nondimensionalisation

Analogously to the single-inverter model reduction, the two-inverter model is
nondimensionalised before proceeding with the model reduction.
Since the same base values as in §5.3 are used for nondimensionalisation here, the
dimensionless parameters for both inverters are the same as in Table 5.4, with
the exception of the line resistances and inductances. According to (6.1), the
line impedance of the second inverter is three times the impedance of the first
inverter. Hence, R;; and L;; have the same values reported in Table 5.4, while

for the second inverter the following parameters are computed:

Ry = 3R = 5.0x1072, (6.25a)

Lip= 3Ly = 4.0x107%. (6.25b)

Regarding the attribution of the power of €, Ry is considered O(1), while Lis is
assumed to be O(e).

The full nondimensionalised state-space system is therefore given by

APy, (t o S
1(117%( ) _ Wed |01 (1) Gog1(8) + iy1(8) 20,1 (1) — Pipa (8], (6.262)

184



CHAPTER 6. TWO-INVERTER AC MICROGRID

N
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(6.26b)

(6.26¢)

(6.26d)

(6.26e)

(6.26f)

(6.26g)

(6.26h)

(6.261)

(6.26;)

(6.26k)

(6.261)

(6.27a)

z - @ea[Vi1 (1) G0, (F) — D31 () G010 (F) — Quua(P)],
d6(t . NN .
d(i) = Wy + de[Pref - Plpl(t)] )
digy . (t e
Pt foald) ~ ta(d)],
iy, 1 (F) o
];h? = Weillog1(t) — Up,a(t)],
di’int,fu 1(1?) ~ ~ ~ ~
d—fd = Urefy <t> = Vig <t>7
A i, (1) . .
AT — By () — 01, (),
- INOEEN0
Ainei, (B) . o
thdl = Zrefdl (t) - ZZAal1 (t) 9
d'@int,iql (E) ~ S ~ A~
th = Z’refql (t> - ZZ'ql (t)
di;, (1) Vpe ~ Ry b,
ot = = t) — =1, (1 — + Wi (t) 1;,1(8)
di oL, a(t) L () L 10 (0)
dil 1(5) VDC > ﬁifA 2~ @z 1(t) AP >
= = ——ma(t) — =0, (1) — —5— — @Gi(t) i (f),
di 21, Ly Ly
do;  (t 2 (t o (T . .
fUZdl/\( ) — 2 d}\( ) 2 d/l\( ) + djl(t) ﬁlql(t) ,
dt Cf Cf
df)Z 2? 'Zz 1 tA Lo41 1? EPPNER ~
q1A< ) _ qA( ) qA( ) o (.Ul(t) Uidl(t),
dt Cf Cf
diodl <£> /IA}Zdl (E) RllA ~ éload ~ ~ ~ ~ R
— = — oy (1) — — o1 () 2040, (1)) + wW1(t) 20,1(1),
i e OB S OGRS EEOENG
dio 1(5) @Z 1 (tA) Rll > Rload ~ P~
L = - A—io - < Ao t +ioq t w
di Lll Lll ql( ) N [ ql( ) 21( )] 1(
AP, (¢ o .
20— Galinal®) o) + @) bald) — Pia(d)].
dQpp ( R
D) bl ipld) — 20 ald) — Qunld)]),

(6.27b)
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dajf(f) +Kap[Press = Prest = Pya(t) + =Py (1)),
dilil#t%(f) = Qeilloga(t) — ilpd2<£)]’
diz;g;(f) Deilioga () — dip,a ()],
dfngdz O _ 5@ — b1n).
dl’at ) Oresya(B) — 03y(0)
Cinial® _ 5 @) — i),
Wonsel) _ 5 0) = 3,0
ditiff(i) V[éj maz(t) — %'Zm (1) @ng;f) + o (t) iiq2(£)7
i 8 ‘71; ) - f—;‘() - 0 bt
d@i,ﬁA(tA) iidg(t) _ i"df(t) + Oy(1) /&iq2(£)a
di of Cy
d@i‘;(f) @qu (f) i"qf (B Wa () Dy (1),
f oF Cy
Yol _ Bl oy Rty )i ) + )
Yool _ Giall) By gy Ry )
t Ly L 12
where
) = 6+ o (B - ).

brefan2(t) = Vi, + Kag(Qrey — Qupia(f))

+ Lof{[@n + Kap(Pres — Pyp12(0))itp,1.2() + @i (iipa1,2() — fog12(E)) },

Vrefy12(t) = Vo, + Lo{ — [wn + Kap(Preg — Pp12(t))]itp,1,2(t)
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(6.27d)

(6.27¢)

(6.27f)

(6.27g)

(6.27h)

(6.271)

(6.275)

(6.27k)

(6.271)

(6.28a)

(6.28b)

(6.28c¢)
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+ Wei (Tipg1,2(t) = Go,1,2(1))},

irefdl,Q(tA) = [A(vp[@refdlz({) - {}idl,Z(tA)] + [A(vi i'int,vdl,2(tA) - @1,2(7?) CAYf '&iql,Q(f)?
(6.284)

5refq1,2(f) = Kvp[@refql,Z(t) — @¢q1,2(1§)} + Kvil,? jintmql,Q(tA) + @1,2(5) éf @id1,2(f),

(6.28¢)

ma 2(t) = {Kz‘p[lrefd1,2(t) — Ui12(t)] + Kii Tintin2(t) — w12(t) Ly Ziq1,2(t)} ~
Vbe

(6.28£)

2

maal) = { Kiplives,1200) = ti,1.200] + Kt fintigr2(0) + @12(0) Ly i o(0)
DC

(6.28g)

The system formed of (6.26), (6.27) and (6.28) is reduced gradually in the follow-
ing sections.

For the sake of clarity, the hats will be dropped from the notation from now on.

6.3.1.1 Constant frequency

Given the good approximation obtained by considering w, = O(e~1) in the case
of a single inverter, the analogous procedure is replicated here for the two-inverter

model. Again, an auxiliary variable w,, = O(1) is defined as

Wy, = €W. (6.29)

Substituting (6.29) into the equations for the angular frequancies leads to

wio(t) = € '@y + Kgp[Prey — Pp12(t)] (6.30)

As, P12 is O(1) (data available from simulations), wy () must be O(e™!).

Hence, two new O(1) variables are defined as

@12(75) = Ewl,g(t) = (I)n + Ede[Pref — .PlpLQ(t)] . (631)
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Thus, w; 2(t) can be approximated by

W12(t) ~ wn + O(e).

(6.32)

This approximation, besides reducing slightly the size of the system (by 1 ODE

and its respective state-space variable), eliminates some of the nonlinearities due

to the dq0 coupling terms (e.g. wi(t);,1(t), wi(t) viyz(t),...). In steady state, w;

will always be equal to ws, because of physical laws of electrical systems. In

transients, however, the two frequencies might differ slightly to allow their phase

difference sy to change value. The errors due to these inaccuracies are usually

negligible, as shown later in simulations.

The overall reduced system is then given by

dP, t . )
%2() = WedlVig1,2(t) iog1,2(t) — vig12(t) to,1,2(t) — Pipi2(t)],
d t . )
%’2() = Wed[Vig1,2(t) io,1,2(t) — ig12(t) Gog1,2(t) — Qupi2(t)],
dOéQ(t)
dt de[PrefZ - Prefl - Plp2<t) + Plpl(t)]7
di t
Yipralt) _ Weillog1,2) — dipg12(1)]
dt ' ’
ds t
M = wci[io 1 Q(t) - ilp 1 Q(t)] )
dt q-*s q+
dxint,v <t>
% = Urefg - (t> = Vigy o (t)7
d int,v t
xta—ZM() UTefql,z(t) = Vig1,2 (t>>
dxint,i 1 2<t) . ™ . A
# = Zref(ﬂ,z(t) - Zid1,2<t)7
A%ty 5 (1) . .
T72 Z?"efql,z(t) = Ligi,o (t)v
d,l.idl 2 (t) VDC Rf vidl 2 (t)
, £) = i) — 22 (),
dt 2Lfmd1,2< ) Lfl d1,2( ) Lf + wnt q172( )
dis, ,(t)  Vpe Ry o Vigo(l) :
- = t — 1 t) — - — Wn 1 t 5
P 2Lfmq1,2( ) I, a2(t) L, Wy ti41,2(t)

(6.33)
(6.33D)
(6.33¢)
(6.33d)
(6.33¢)
(6.33f)
(6.33¢)
(6.33h)
(6.331)
(6.33j)

(6.33k)
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dvid1,2 (t) Z.id1,2 (t> i0d1,2 (t)

- - o Vi1a(t) 6.331
T C; C; + w Uq1,2( ) ( )
d’UZ’q (t) Z.iq (t) ioq (t)
(i; = gf - gf — Wp (t> Vig1 Q(t) ) (633m)
diodl (t) — Uidl (t) . &Z (t) _ Rload [ (t) + i (t)] +ow i (t)
dt Lll Lll 0d1 Lll 0od1 0421 n "0q1 ’
(6.33n)
dio 1(t) v; 1(t) Rll . Rload . . .
- = 1 - T Yo t) — 0q1 13 0g21 4 - Ynlogy t )
dt Lll Lllqu() Lll |:zq () + Zq ()i| W Zd ()
(6.330)
dZ'o (t) (% (t) Rl2 . Rload . . .
Cdft = 2212 - L_IQZOdQ (t) - L [ 042 (t) T Logys (t)] + Wn Loga (t)a
(6.33p)
dio g(t) v; Q(t) Rl2 . Rload . . .
. - - I 751 t) — 0g2 t 0g12 t - n o t )
dt LlQ LlQZ q2( ) LlQ |:Z q ( ) + t q ( )i| Wn 1 d2( )
(6.33q)
where
Vrefa,2(t) = Vi, + Kag(Qreg — Qup12(1)) (6.34a)
+ Lo{[wn + Kap(Pres — Pip1,2(1))liipg1,2(8) + wei(itpg1,2(t) — iog1,2(1)) },
Urefg12(t) = Vo, + Lo{ = [wn + Kap(Prep — Pip12(t))Jitpa1,2(¢) (6.34b)

+ Wei(Tipg1,2(t) = Go,1,2(1))

iref1,2(t) = KoplUrep1,2(t) — vig12(0)] + Kui Tintwg1,2(t) — win Croi12(1),
(6.34¢)

iref,1,2(8) = Koplvreg12(t) — vig1,2(t)] + Kyi Tingw,1,2(t) + wn Crvig10(t)

ma12(t) = {Kz’p[irefdm(t) — Gin2(t)] + Kii Tintign2(t) — wy Ly iiq1,2(t)}—7
(
mg12(t) = {Kip[irefql,z(t) — di1,2(0)] + Kii Tintig,2(t) + wn Ly iz‘dl,z(f)}—
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s () = + €08 g (t) iy, (£) + sinaa(t) i, (£), (6.35a)
fopa(£) = — Sin i (t) iy, (£) + €08 a(t) i, (£), (6.35h)
oy () = + €08 Qg (£) gy () — sinQa(t) gy (£) (6.35¢)
Gogsy (1) = 4 sinag(l) oy, (t) + cosag(t) io,,(t) - (6.35d)

The system obtained through this approximation is simulated in parallel with the
full system. The system behaviour is observed in both steady state and transients.
In particular, Figure 6.2 depicts the dimensionless error on the system variable
ii,1; the transient is caused by an instantanecous change in the load resistance
(Rjoaq is instantaneously halved). In the picture, an oscillating behaviour due
to the mutual interactions of the two inverters is observable. The maximum
dimensionless steady-state error is order 10™*, but it increases to order 1073

during transients.

3
25 x10 I

error

2 | | | 1 | | |
0.8 1 1.2 1.4 1.6 1.8 2 22 2.4
t[s]

Figure 6.2: Dimensionless error on 4;,1, computed between the full system and the
first reduced system.

EQUILIBRIUM POINT
Before analysing the system stability, the equilibrium points of the ODE system
are found and the system is linearised about its steady state point. In this case,

given the good agreement between the full-system and the reduced-system simu-
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lations, the steady-state values are assumed to be equal.

LINEARISED SYSTEM
Given the nonlinearities present in (6.33), the system is linearised before proceed-
ing with the stability analysis.

Considering the submatrix division

dwd;t(t) A Ag Z1(t)
A (1) = , (6.36)
# Az A Zo(t)
the linearised system is given by
[ —Wed 0 0 0 0 0
0 —wed 0 0 0 0
0 0 0 —we; 0 0
0 0 0 0 —wei 0
~Kap Ly U, —Kyq Lowei Lo@ 0 0
Kap Lo Tip,, 0 —Lywn Lywes 0 0
Ky (Cyi, — KopLuo,,) —KaqKup KopLowei Lown Kop Ky 0
Ay = Kap(LoKuptoy, — i, Cy) 0 —KupLown Lowei Kup 0 Ky

deKip _quKvpKip Kz‘pKvvawci vanKvpKip KviKip

(Cybigy — KupLuiog:)

Ly Ly Ly Ly Ly
KapKip (LoKupiog, — 51, Cy) 0 _ KippKypLywn  KipLywei Kup 0 KyiKip
Ly Ly Ly Ly
~0iy Kap 0 0 0 0 0
i, Kap 0 0 0 0 0
~Tog Kap 0 0 0 0 0
Togy Kap 0 0 0 0 0
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0 0 Vigy Wed Vigq Wed Tigy Wed Tig1 Wed 0 0 ]
0 0 —Tigy Wed Vigy Wed Tig1 Wed —Tigy Wed 0 0
0 0 0 0 0 0 Wei 0
0 0 0 0 0 0 0 Wei
0 0 0 0 -1 0 —Lywe; 0
0 0 0 0 0 -1 0 —Lywe;
0 0 -1 0 —Koyp —wnCy —KupLowe; 0
0 0 0 -1 wnCy —Kup 0 —KuypLywe;
Ki; 0 _ Kip + Rf 0 . KypKip +1 7wanKip 7KvvawciKip 0 ’
Ly Ly Ly Ly Ly
0 Ku 0 _ Kip + Rf wnchszf _ K’upKip +1 0 _ KvvawciKip
Ly Ly Ly Ly
0 0 o 0 0 wn 70;1 0
0 0 c;l —wn 0 0 —Cf_1
0 0 0 0 Lt 0 ~ Froad + Fin wn
Ly
0 0 0 0 0 Lt —wn _ Bicad 1 fn
Lll -
(6.37)
[0 0 0 000000000 0 0 0 |
0 0 0 00 0 0 0 0 0 0 00O 0 0
0 0 0 00 0 00 O0OO0OO0OTO0OTPVQO 0 0
0 0 0 00 0 00 O0OO0OO0OTO0TDO0 0 0
0 0 0 00 0 00 O0OO0OO0OTO0TDO0 0 0
0 0 0 00 0 0 0 0 0 0 0O 0 0
0 0 0 00 0 00 O0OO0OO0OTO0OTF QO 0 0
A12 — 0 0 0 00 0 00 O0O0OO0OTO0TDO0 0 0
0 0 0 00 0 0 0 0 0 O0 00O 0 0
0 0 0 00 0 0 0 0 0 0 0O 0 0
0 0 0 00 0 00 O0OO0OO0OTO0OTDO0 0 0
0 0 0 00 0 00 O0O0O0OTO0TO0 0 0
ROG 70 RO(I (X R a i (Y
0 0 Hesdlom o o g g g g 0 0 0 o _Feaacos(@2)  Fiowsin(as)
Ln Ly Lp
00 — Rload iodm 00 00O0UO0O0O0TU 00 — Rload sin (642) _ Rload COS (642)
B Ln L Ly i
(6.38)
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A22 =

0O 00O0OO0OO0OTO
0O 00 O0O0O0O
Ky 00 0000
0O 00O0OO0OO0OTO
0O 00O0O0OO0OTO
0O 00 O0O0O0O
0O 00O0O0OO0OTGO
0O 00O0OO0OO0OTO
0O 00O0O0O0O
0O 00O0O0O0O
0O 00O0OO0OO0OTO
0O 00O0O0OO0OTO
0O 00 O0O0O0O
0O 00 O0O0O0O
0O 00 O0O0O0O
—Wed
0
—Kap
0
0
_deLvilpqz
Kap Lo tip g,
de(Cf’T}iQQ - KvpL'UiOqz)
Kap(Ly Kuvplogy — Viga Cf)
Kdzij(ip(clfﬂiqz - K'uvaioqg) -
Kdzi;%(Lvaﬂo(m — Vigy Cf)
717iq2KdP
Vigy Kap
—Togo Kap
Togs Kap

00 00O
00 0O0O0
00 00O
00 00O
00 00O
00 0O0O0
00 00O
00 00O
00 0O0O0
00 0O0O0
00 00O
00 00O
00 00O
000O0¢O0 —
00 00O
0 0
—Wed 0
0 0
0 0
0 0
—Kaq 0
0 0
—KaqKup 0
0 0
quKUpKip
Ly
0 0
0 0
0 0
0 _Rloadioqlz
Ly
0 Rloacﬁodlz
Lz
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0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
)
0 0
0 0
0 0
0 0
0 0
Rioaq cos (a) Rioaq sin (a)
Lo Lip
Ripaq sin (a) Rioaq cos (a)
Lip Lip i
(6.39)
0 0 0 0
0 0 0 0
0 0 0 0
—Wes 0 0 0
0 —Wei 0 0
Lywe; Lywn 0 0
—Lywn Lywe; 0 0
KvpL’vwci vanK’Up Ky; 0
_K'uvawn vaciK’Up 0 Kyi
KipKvpLchi vanKvpKip KviKip 0
Ly Ly Ly
o KipKvpL’an KivawciK’vp 0 KUiKip o
Ly Ly Ly
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
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0 0 Vi go Wed Vi go Wed Tiyo Wed Ty Wed 0
0 0 —TVigy Wed Vi gy Wed Tigo Wed Ty Wed 0
0 0 0 0 0 0 0
0 0 0 0 0 0 Weig
0 0 0 0 0 0 0
0 0 0 0 -1 0 —Loywe;
0 0 0 0 0 —1 0
0 0 —1 0 7Kvp fwan *K'uvaWci
0 0 0 -1 wnCy —Kup 0
K;; 0 7Kip+Rf 0 7KUpKip+ 1 7wanKip 7KvvawciKip
L Lg Ly Ly Ly
Ki; K; R KypK; 1
0 L4 0 _M wnCiKipLys _ Boplip +1 0
Ly Ly Ly
0 0 c;t 0 0 wn -t
0 0 c;! —wn 0 0
R R
0 0 0 0 Lyt 0 _ Bioaa + R
Ly
0 0 0 0 0 Lt —wn
STABILITY ANALY SIS

—Lywe;
0
7Kvvawci

0

_ KvvawciKip
Ly
—1
Wn

_ Rigad + Ry
L

(6.40)

If a linear system is stable, all its eigenvalues must be in the LHS of the complex

plane.

The eigenvalues of the linearised matrix of the full system are plotted together

with the eigenvalues of the reduced system linearised matrix. The comparison is

shown in Figure 6.3, where they are plotted in the complex plane.

8000 —

W/

6000

4000 —

2000 —

-2000 —

-4000 —

-6000

(2]

=12

-8000 ! .
2 18 16

02 Re O

x10%

Figure 6.3: Full system eigenvalues (red crosses) and reduced system eigenvalues (blu
dots), plotted on the complex plane.
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The agreement between the two stability analyses is good also near the imaginary

axis, as observable in the zoom of Figure 6.4.

I

150 —
100 [~

50 —

-100 —

-150 =

=70 -60 -50 -40 -30 220 -10 ‘Z)'e 0

Figure 6.4: Full system eigenvalues (red crosses) and reduced system eigenvalues (blue
dots); zoom on the area close to the imaginary axis.

Hence, the first step of the model reduction is assumed to be valid and to be

working well with this kind of systems.

6.3.1.2 Small line inductance

The line inductances are small enough, in both inverters, to be considered
O(e). However, proceeding with the approximations following from this assump-
tion would mean turning the ODEs of the external currents %,,,1,2 into algebraic
equations. These equations describe the coupling between the actions of the in-
verters and are of primary importance concerning the stability of the system.
Moreover, an eventual reduction would involve complicated algebraic expressions
for the computation of the external currents; these expressions should substitute
the external currents every time they appear in the other ODEs, increasing the
complexity and number of nonlinearities.

For these reasons, a choice has been made, in contrast to the single-inverter case,

to keep them as differential equations.
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6.3.1.3 Small filter impedance

Considering, analogously to §5.3.2.4, the filter inductance and resistance to be

O(e), two O(1) parameters can be defined as

Li=¢'L; = O(1), (6.41a)

Ry = e 'Ry = O(1). (6.41D)

Analogously to the single inverter case, the internal current ODEs can be approx-

imated as follows:

diidl,z(t> N Ve md1,2(t) - Rf.

« i () —
dt 2€Lf LfZ dl’z( )

Vig12(t) . 1 .
dEI_/f Yigr o (t) + € Wy ZOql,Q(t>7

(6.42a)

dis,,(t)  Vbemga(t) &z () —
T 1q1,2

N Vi1,2(t) .
dt 2€Ef Lf

€Ly iy 2 (1) — €W dog1a(t) -

(6.42D)

Retaining the leading-order terms only in (6.42), four algebraic equations can be

obtained:
o Vbe
Vigy o (t) - wanZiql,Z(t) ~ del,Q(t)a (643&)
= . V
Vigr o () — Ly@niigo(t) ~ %Cmqm(t), (6.43D)

where the RHSs of (6.43) are given by

\% . . .
%mdm(t) = Kiplirern2(t) — tig2(t)] + Kis Tintign2(t) — w(t) Ly ii,12(t)

~ Kiplires12(t) — ti12(t)] + Kii Tintig2(t) — oy [_/f ii,1,2(1),
(6.44a)

—Mag2(t) = Kiplirer,12(t) — ti,1,2(t)] + Kii Tingig1,2(t) + wi2(t) Ly ii,12(1)
~ Kiplires12(t) — ti,12(8)] + Kii Tingig1,2(t) — wn Ly ii,12(1).

(6.44b)
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Substituting (6.44) into (6.43) leads to

Vigro (1) ~ Kiplires,2(t) — di12()] + Kii Tintig1,2(t) , (6.45a)

Vigro(t) ~ Kiplires,1,2(t) — di,12(8)] + Kis Tingi,1,2(t) - (6.45Db)

Solving (5.85) for i;, and 4;,, allows one to find the algebraic equations for the

internal currents:

K Tintyig o — ’Uz‘dl,z(t)

Uig1,2() ~ Tregpn2(t) + e : (6.46a)
. . Kii Tintjigy » — Vig1,2(t
i3,1,2(F) ~ drep,12(t) + d }; (t) (6.46b)

Considering the filter inductance and resistance to be “small” allows the reduction
of the system by four ODEs (two for each inverter) and four corresponding state-

space variables.

6.3.1.4 Neglect of integral error on the currents

Noting the analogies that have been achieved so far between the single-inverter
reduction and the two-inverter reduction, and considering that the controllers of
the two inverters are identical to the single inverter controller, for the sake of
brevity some passages are omitted in this section.

Assuming

Kii = e Ky, (6.47)
Tintigno(t) = et Tintig1,2(t) (6.48)

four further ODEs can be eliminated from the system, analogously to §5.3.2.5.

In fact, following these assumptions leads to

Gig12(t) ~ drep (), (6.49a)

Gi1,2(t) ~ Greg1,2(t), (6.49Db)

while the state-space variables representing the integral errors on the currents are

no longer present in the system, even though they are computable through the
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following approximation:

i t

Tintig1,2(t) ~ Y d[l;( ) , (6.50a)
i t

Tintig1,2(t) ~ 1}(}1(—2() (6.50b)

The corresponding reduced system is formed of 21 ODEs and is given by

dP, t . .
Pwtall) o) inna(t) = vpo0)innalt) — Paa],  (651a)
d t , .
%’2() = Wed[Vig1,2(t) ii,1,2(8) — vig1,2(8) Gig1,2(t) — Qupia(t)], (6.51b)
dao(t
(it( ) - KdP[PrefQ - Prefl - BPQ(t) + Bpl(t)]7 (651C>
di t ) .
lp(élf( ) = Weiliograt) — dipy12(t)] (6.51d)
di t
%2() = Weiltog1,2(t) — G 1.2(t)] (6.51e)
dxint,v 1.2 (t)
# = Urefaq (t> = Vigy 5 (t)7 (651f>
dxint,vql 2 (t)
T = UTefq1,2<t) = Vigy 9 <t>7 <6'51g>
dvidl 2 (t) iidl 2 (t) i0d1 2 (t)
, = el e via(t), (6.51h)
dt Cy Cy
dvi 1.2 (t) Zl 1,2 (t) Z.0 1,2 (t)
ql, — b - 4 — Wy U; t), 6.51
dt C; o, wnvinal®) (6:511)
dl‘o 1(t) U; 1(t) Rll . Rload
e A L IOy sl COIOR D G RO
(6.51j)
i, (1) Vi (t)  Ru Rioad . : .
1 = L - L_“Zoql (t) - L |:Zoql (t) + Y0421 (t)} — Wn oy (t)v
(6.51k)
dio Q(t) (% g(t) Rl2 . Rload
" Le Lee® T L, el e Ol a0,
(6.511)
dioq2 (t) Vi (t) Ry . Rioad

dt — Lp Lo
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where

Urefd1,2(t> = Vde + qu(@ref - le1,2(t)) (652&)
+ Lo{[wn + Kap(Pref — Pip1,2(1)))itp,1,2(t) + Wei(tipg1,2(t) — toy1,2(2)) }

Urefql,Z(t) = ‘/qn + Lv{ - [Wn + de(Pref - Plpl,Q(t))]ildeQ(t) (652b)

+ Wei(Tipg1,2(t) = Go,1,2(1))

Gig o (1) = Kup[Vrep12(t) — vig12(t)] + Koi Tintwg12(t) — wn Crvi12(1),
(6.52¢)

Z‘7L,j-,1,2(t) = Kvp[vrefql,Z(t) - Uiql,Z(t)] + Kvi xint,vql,Q(t) + wy Cf /Uidl,Q(t)v

(6.52d)
Gog,(t) = 4 cos a(t) oy, (t) + sinag(t) o, (1), (6.52¢)
fops (1) = — sin g (t) iy, (1) + c0s an(t) i, (t), (6.52f)
oy (1) = + €08 A (t) iy (£) — Si0 g (t) dg, (1) (6.52g)
o (1) = + S g (E) iy (£) + €OS () iy (£) - (6.52h)

Simulating the system (6.51) in parallel with the full system, in a condition equal
to the previous case, the maximum dimensionless error is still order 10~4, while

during transients dimensionless errors are order 107!, os observable in Figure 6.5.

LINEARISED SYSTEM
Considering the good steady-state agreement between (6.51) and the full system,
the equilibrium point of the variables in common is assumed to be the same.

In this case, the linearised system is
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Figure 6.5: Dimensionless error on 4;,1, computed between the full system and the
second reduced system.
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Wedlogl Wedlog,1 Weiligl WedVi,1 ]
Wedlog1 —Wedlog1 —WedVig1 WedVig1
0 0 Wei 0
0 0 0 Wei
—1 0 —Lywe; 0
0 ~1 0 — Lowe; ’
—K,,C}! 0 —(1+ KypLywe)C} ! 0
0 —K,,C;t 0 —(1+ KypLowei)C
Ly 0 —(Rigaa + Bu) Ly wn
Ly —Wnp —(Ripaa + Ri) Ly |
(6.53)
0 0 0 00 0O0O00O0 0 0 ]
00 0 00 0O0O0©O0 0 0
00 0 00 0O0O0©O0 0 0
0 0 0 00 0O0O0O0 0 0
0 0 0 000O0O0O0 0 0
0 0 0 00 0O0O0©O0 0 0
00 0 00 0O0O0O0 0 0
0 0 0 00 0O0O0©O0 0 0
Rioad oo, Ripad cos (@2)  Ripaq Sin (ap
00 TEEEE 0000000 - Lu() Lu()
00 _Rlotzl:odgl 000000 _Rloadlsjlllll () _Rloadzlols (a2) |
(6.54)
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o O o o o o o o o
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0 00 O0@O 0 0
0 00O0O0 0 0
00 0O0@PO 0 0
0 00 O0@O 0 0
0 000U O 0 0
0 00O0@O0 0 0
000 00O 0 0
000 00O 0 0
0 00O0O0 0 0
Rioaq cos (a) Rioaq sin (a)
00000 — —
Ly Ly
Ripaq sin (a) Rioaq cos (a)
0 00O0O0 —
L Ly i
(6.55)
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0 0 0 0 0
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0 vacd van 0 0
0 —L,wy, Lyweq 0 0
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Wed Log2  Wed Tog2 Wed Viy2
Wed Yo,2  —Wed Loy2 Wed Viy2
0 0 0
0 0 We;
0 0 0
-1 0 —L,wei
0 -1 0
_& 0 B (14 KypLywea)
Cy Cy
0 —& 0
Cy
7 0 B (RloadL ;r Ri)
0 Ly —Wn
STABILITY ANALY SIS

Wed T)iq2

(1 + vachvp>

Cy
W

(Rioad + Ri2)
Ly

. (6.56)

Again, the eigenvalues of the full linearised systems are compared with the eigen-

values of the second reduced system, as depicted in Figure 6.6.
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Figure 6.6: Full system eigenvalues (red crosses) and second reduced system eigenval-

ues (green circles).

In this case, the agreement between the two stability analyses show significant
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discrepancies far from the imaginary axis. However, better agreement is observed
closer to it, corresponding to the eigenvalues that are more critical for the system

stability, as shown in Figure 6.7.

I

150 [~
100 —

50 %

=50 -
-100

-150 -

| | | 1 | J
250 -200 -150 -100 -50 Re 0

Figure 6.7: Full system eigenvalues (red crosses) and second reduced system eigenval-
ues (green circles); zoom on the area close to the imaginary axis.

Hence, some errors are likely to be present when fast transients are considered,
while the steady-state behaviour of the system and its slower dynamics are well

represented by the second reduced model.

6.3.1.5 Small filter capacitance

Since the value of the filter capacitance Cy is unchanged with respect with
the single inverter model, analogous considerations can be taken into account and
the system can be reduced further.

Considering the O(1) parameter C/, defined as
Of = 6_1 Cf, (657)

the dynamics described by the voltages ODEs can be approximated by algebraic
equations, as well as examined in §5.3.2.6. In particular, this approximation
gives new algebraic expressions for the internal currents, obtained through the

retention of the leading order terms:
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iidl,2(t) ~ Z.odl,Z(t) - (Dn C_(f Uiql,Z(t)> (658&)

Gig12(t) ~ dog12(t) + @0 Cruiga(t). (6.58D)

Substituting (6.52c)-(6.52d) into (6.58) and solving for v;, and v;, leads to the
algebraic expressions of the voltages, while their four corresponding ODEs can

be eliminated from the so-reduced system.

6.3.1.6 Neglect of voltage integral errors

Following the same considerations of §5.3.2.7, the integral errors on the volt-
ages can drop from the system, while their corresponding ODEs are turned into
algebraic equations. This follows from the assumption that the parameter Kj, is

O(e™'), leading to

Edfint,vdl,Q(t)

I = Urefa2(t) — viaa(t), (6.59)
dfm vql, l
6+2() = Urep12(t) — vig12(t), (6.59b)

where Vyef,1,2(1), vig1,2(t), Vrep,1,2(t) and vy 15(t) are O(1). Considering the leading

orders only,

UidL?(t) ~ vrefd1,2<t)> (660&)

viqlvz(t) ~ 'Urefql,Z(t)a (660b)

where vycp,12 and vpep,12 are given by
Urefdl,Q(t) ~ ‘/dn + qu[Qref - lel,?(t)] + Ev Wn, ilpq172(t) (6.61&)

Urefql,Q(t> ~ ‘/;In - z’u a}n ilpd1,2<t> . (661b)

Hence, this approximation allows a further reduction by four ODEs and variables,
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leading to the following reduced state-space system:

dp, t ) .
lz;f() = Wed[Vig1,2(t) Gi12(t) — vig1.2(t) 13,12(8) — Pipa2(t)], (6.62a)
d t ) )
ng—ltm = Wea[Vig1,2(t) i3,1,2(1) — vig1,2(8) Gig1,2(t) — Qupia(t)], (6.62b)
dos(t
d2t( ) - de[P'ref2 - Prefl - -Ppo(t) + -Plpl(t)]v (662C>
ds t ) .
zpl(iiléz( ) = Weiliog1ot) — dip(t)], (6.62d)
ds t
%#2() == wci[ioql,Z(t> - ilpql,Q(t)]v (6626)
dio 1(t) (% 1(t) Rl . Rload
Cdlt - zll - L_lilodl (t) - L—ll [ 041 (t) + ZOdm(t)] T Wn o 1(t)7
(6.62f)
dioq1 (t) /Uiq1 (t) Rl . Rload . . .
dt = Lll - L_lizoql (t) - Lll [ZOql (t> + Loga1 (t>] = Wnloy (t)?
(6.62g)
dio g(t) V; Q(t) Rl . Rload . . .
ét - 212 - L_lzlodz(t) - L—ZZ [/Lod2(t) + ZOdlZ(t>] + Wy ZOqz(t)7
(6.62h)
dioqg <t> Uiqz (t) Rl . Rload . . .
dt = LZQ - L_lz%ﬂ (t) - Ll2 [ZOq2 (t> + Log12 (t)] — Wn oy (t)?
(6.621)
where
Vig12(t) =V, + Kag(Qres — Qupr2(t)) (6.63a)
+ Lv{[wn + de(Pref - Plp1,2(t))]ilpq1,2(t) + Wci(ilpdlﬂ(t) - Z.0dl,2(t))}7
Vi, 12(t) = Vo, + Lo{ — [wn + Kap(Pres — Pip1,2(t))]ip,1,2(t) (6.63Db)
+ Wei (ltpy1,2(t) — Go,1,2()) }
Tog, (t) = + cos ay(t) io,, (1) + sinay(t)i,, (1), (6.63c)
Gogz (1) = — sinaa(t) doy, (1) + cos ag(t) o, (), (6.63d)
Togay (1) = + €08 (1) dgy, (1) — sinas(t) i, (1), (6.63¢)
logr () = + sinag(t) doy, (1) + cosan(t)io,(t) . (6.63f)
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This system is formed of 13 ODES.
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Figure 6.8: Dimensionless error on 4,1, computed between the full system and the
third reduced system.

As depicted in Figure 6.8, this reduced system does not agree very well with
the full one during transients (dimensionless errors of order 1), but the steady-
state behaviour show errors of order 1073. Even though the error of only one
variable is shown in pictures, similar results are achieved in simulations for all

the state-space variables of the system (including both inverters).

LINEARISED SYSTEM
Linearising the system (6.62) about its steady-state operating point leads to
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wcd(_vaciiodl + 'l_]idl) wcd(_vaciioql + 772};1)
wcd<_vacizodl + T}idl) wcd(_vacizoql + @iq1>
Wei 0
_ 0 n (6.64)
. vaci + Rll + Rload W
Ly "
—w i Rload + Rll + vaci
" Ly |
0 0 0 0 0 0 0
0 0 0 00 0 0
0 0 0 0 0 0 0
A= 100 0 0 0 0 0 , (6.65)
0 o Hoadlopn oo RioaCos(Gz)  Rigaasin (as)
Ly Ly Ly
00 — Rload 70,121 00 — Rload sin (O_Q) i Rload CcOs <6é2>
i Ly Ly Ly i
0 000 0 0
0O 000 0 0
Kgp 0 0 0 0 0
0 0 00 0 0
Ao = , 6.66
2 0 000 0 0 (6.66)
0 000 — Ripaa cos (@) _ Riggasin (avg)
Lip Lip
0 00 o Moasin (G2)  Rioaa cos (a2)
L Lo Lip i
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—Wed _wchdqiodl vacd (wcizodl - wnzoql) vacd<wniod1 + wcz@oql)
0 _wcd(l + quiOql vacd(wciioql + Wniadl) vacd(wnioql - Wcziodl)
O O —Wei O
A=) 0 0 —_
L’U ci Lv n
0 — K4/ L1 ~ d
Ly Ly
0 0 van vacz
i Ly Ly
de<_vacizOd1 + @idl) wcd(_vaciioql + T)iq1>
Wed(— LoWeilog1 + Vig1)  Wed(—LoWeilogr + Vig1)
Wei 0
. 0 » (6.67)
i vaci + Rll + Rload w
Lin "
—w N Rload + Rll + vaci
! Ly i
STABILITY ANALY SIS

The comparison between the eigenvalues of the full linearised system and the

eigenvalues of the third reduced system is depicted in Figure 6.9.
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Figure 6.9: Full system eigenvalues (red crosses) and third reduced system eigenvalues
(black circles).

Similarly to the previous case, some “fast” eigenvalues far from the imaginary axes

are missing in the reduced model and some others are distorted. This time, how-
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ever, a worse agreement is found also among the eigenvalues closer to the imagi-
nary axis, as observed in Figure 6.10: a couple of complex conjugate eigenvalues
are much further from the imaginary axis than the corresponding full-system pair.

This would be problematic when assessing the system stability:.

300 |
Jm
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100 -
X
0 g @x ® x O®
X
-100 - x
200 - o
2300 -
| | | | | |

-250 -200 -150 -100 -50 e 0

Figure 6.10: Full system eigenvalues (red crosses) and third reduced system eigenvalues
(black circles); zoom on the area close to the imaginary axis.

In fact, if, for example, the value of the virtual inductance parameter is mul-
tiplied by a factor 5, the full system becomes unstable, while the third reduced
system keeps its stable condition. This is observable in both time-domain simu-
lations and eigenvalue plots (a zoom on the imaginary axis for this case is plotted
in Figure 6.11). The complex conjugate eigenvalues that do not agree well in

Figure 6.7 now are on the opposite sides of the imaginary axes.

Thus, the third reduced model might be used for a rough estimation of how the

system behaves, but cannot be trusted for stability concerns.
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Figure 6.11: Stability disagreement: full system eigenvalues (red crosses) and third
reduced system eigenvalues (black circles); zoom on the area close to the imaginary axis.
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6.4 Chapter Summary

An AC microgrid system formed of two identical inverters connected to a re-
sistive load by lines of different impedances has been considered in this section
for a model reduction based on singular perturbation methods. The microgrid is
assumed to run in island mode.

The full state-space system is formed of 30 ODEs and corresponding state-space
variables.

A first approximation involved considering the frequency of the inverters as con-
stant, despite it being dependent on the action of the droop controller in real
systems. This allows a reduction of only one ODE, but reduces the number of
nonlinearities and makes the linearisation of the system easier. Very good agree-
ment is found between the full system and this first reduced system, in both
time-domain simulations and stability analysis based on linearised-system eigen-
value computation.

A second reduction consisted in neglecting the current PI controller and its dy-
namics. The second reduced model is formed of 21 equations and agrees very
well with the full model in steady-state, while some errors are present during
transients. The stability analysis agrees well with that of the full system.

If a third reduction is performed, the voltage PI controller is neglected as well and
the system is formed of 13 equations only. In this case, though, the reduced model
behaves stably also in some conditions that cause the full model’s instability. This
can be observed in both simulations and stability analysis. This last finding is
particularly interesting, as commonly used engineering model reductions involve
the same procedure [29]. It is possible that this technique is more reliable when
bigger systems (three or more inverters) are considered. The mutual interactions
between the inverters, in fact, make AC microgrids sensitive to parameter changes
and prone to instability, if not adequately controlled. As the number of inverters
increases, the grid behaves more like an ideal grid with constant voltage and fre-
quency, which is hardly influenced by the action of a single device. In particular,
[29] considers three inverters and two loads. The importance of the number of

devices for the validity of model reductions is currently under investigation.
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The model reduction shown in the present chapter can be applied to other anal-
ogous microgrids, assuming that their parameters respect the assumptions made
in terms of orders of magnitude. At each step of a new model reduction, if a
parameter belongs to the same “size” with respect to ¢, the same passages shown
here can be followed. This offers a systematic way of reducing the state-space
system models of AC microgrids, which might be expanded in the future once

systems with more than two inverters will be analysed and reduced as well.
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Chapter 7

CONCLUSIONS

7.1 Thesis Summary and General Conclusions

In this thesis, various applications of mathematical methods to power elec-
tronic systems have been considered. The aim of the work was to obtain effective
models of such systems, perform reliable model reductions and assess their op-
erating stability. Chapter §1 contains a short introduction to power electronic
converters and explains the general structure of this thesis.

The following chapter concerns the mathematical modelling of average behaviour
and the ripple of a Boost direct current (DC)-DC converter and a single-phase
(SP) Full-Bridge inverter; this chapter was meant to be propaedeutic for the
subsequent work. The average and ripple approximations, obtained through the
application of perturbation theories, were observed to be effective in simulations.
Similar approaches are found in the engineering literature; despite the lack of tech-
nical novelty, the procedure is here followed in a more rigorous manner. Since,
in §2, the validity of the average model is proven when the switching period is
negligible compared to the analysed time span, in the following chapters atten-
tion focuses on average models only, and the switching behaviour of the analysed
devices is not considered further.

In chapter §3, a system reduction based on singular perturbation has been pre-
sented and applied to a SP-AFE. This kind of device is characterised by nonlinear
time-periodic behaviour; the model reduction is achieved through nondimension-
alisation, identification of a small dimensionless parameter, then retention of only

leading-order terms. It can be observed that a moderate reduction in the size of
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the model (reduction from 8 to 6 in the number of variables and ODEs) can be
achieved through a rational reduction strategy based on identifying a small di-
mensionless parameter. This reduced model performs well and agrees with the
full model in both time domain simulations and stability analysis. A further re-
duction leading to 5 or 4 degrees of freedom does not, in this case, perform so well.
An acceptable model reduction for the system, then, involves a reduced model
with 6 state-space variables and corresponding ODEs. This model reduction can
be applied to any analogous device (in this case, SP-AFEs) whose physical and
control parameters belong to the same categories as in the analysed converter.
Partial model reductions can be used instead where only some parameters appear
to be the same size, and the applicability of reduction procedure can be assessed
stage by stage. This provides a flexible method of reducing the size of the system,
that would not need to undergo further comparisons of full and reduced models
in order to be validated.

Model reductions of AC microgrids are discussed in §5 and §6. First, a system
formed of a single inverter is considered; subsequently, a system formed of two
inverters. Results are achieved by applying perturbation theory to the system,
and different degrees of reduction are proposed. Time-domain simulations and
stability analyses are used to compare the reduced models with the full-model
behaviour. The models are nondimensionalised, and a gradual reduction is ap-
plied according to assumptions on the “size” of some systems parameters. The
variables are then split into “fast” and “slow”, and the ODEs of the “fast” variables
are approximated by algebraic equations. The reductions are validated at each
stage through simulations comparing the behaviour of the full and of the reduced
model, and computing the relative error between them.

About the single-inverter system, good results are found for reduced model with
as few as four ODEs (the full system has fifteen). The smaller reduced model,
having two ODEs only, does not perform so well, and hence should not be used
to approximate the system’s behaviour.

Concerning the two-inverter model reduction, a first approximation involved con-
sidering the frequency of the inverters as constant; very good agreement is found

between the full system and this first reduced system, in both time-domain simu-
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lations and stability analysis based on linearised-system eigenvalue computation.
Neglecting the current PI controller and its dynamics allows a reduction to 21
equations (the full model is formed of 30 independent variables and corresponding
ODEs); such reduced model agrees very well with the full model in steady-state,
while some errors are present during transients. The stability analysis agrees well
with that of the full system. If the voltage PI controller dynamics are neglected
as well (and the system is formed of 13 equations), discrepancies are found be-
tween the full and reduced model stability analyses. This can be observed in
both simulations and eigenvalue plots. This kind of reduction is relatively com-
mon in the engineering literature (e.g. [29] [27] [34] [38]). It is possible that this
technique is more reliable when larger systems (three or more inverters, multiple
loads) are considered: the mutual interactions between the inverters make AC
microgrids sensitive to parameter changes and prone to instability, if not ade-
quately controlled. As the number of inverters increases, the grid behaves more
like an ideal grid with constant voltage and frequency, which is hardly influenced
by the action of a single device. However, the overall reliability of reduced models
obtained through this method should be investigated further, since there might
be more cases where a more conservative approach (e.g. stopping the reduction

after neglecting the current PI) should be recommended.

7.2 Future Work

In the model reduction performed in §3 on a SP-AFE, results could be im-
proved by including further terms in the expansion of some of the variables. In
the presented case, in fact, only the leading-order terms have been taken into ac-
count. However, the system describes some physical processes which sometimes
cannot be neglected without affecting the model reliability. In general, drastic
approximations of those phenomena are unlikely to be effective, but further at-
tempt might be included in future work.

Results obtained in §6 differ from several AC microgrid model reductions found

in the engineering literature. Further studies should be carried out to understand
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how the reduction validity is affected by the number of devices included in the
system. Different models can be considered according to the number of inverters
and loads that are present in the analysed grid, in order to observe how this in-
fluences the disposition of the linearised systems’ eigenvalues and, consequently,
their stability analyses. Ideally, research should aim at identifying a minimum
“threshold” number of devices, below which the voltage PI dynamics must be
taken into account while computing reduced models for AC microgrids.

Besides this, more complex microgrids can be taken into account, involving induc-
tive loads, constant-power loads, and eventually more intricate network topolo-
gies. Applying and analysing the same model reduction to a wide variety of
microgrids should allow the identification of some parameter ranges that guaran-
tee its reliability.

As a general result, this thesis presents some examples of how the application
of perturbation theory (in particular, singular perturbation) can generate the
computation of reduced models, together with a list of requirements about the
system’s parameters in order for the reduction to be valid. At each stage of the
model reduction, some assumptions are made about the “size” of some parame-
ters. If a similar system needs to be reduced in an analogous manner, the same
model reduction can be directly applied to it, provided that its parameters be-
long to the same “sizes” as in the first model, which has been validated through
simulations and stability analyses comparisons.

A “small” dimensionless parameter € is used throughout this thesis. In the de-
scribed works, € is assumed to be 1073, Some attempts have been made assuming
€ = 1072, but the reduced models based on this assumptions do not perform very
well in comparative simulations with the full systems. On the opposite side, the
assumption that e = 10~* prevented the reduction from reaching the same stages
as with € = 1073, and was hence considered too conservative. However, the pos-
sibility that a suitable value for ¢ depends on the nature of the analysed system

cannot be excluded, and further studies can be conducted on that regard.

Collection of experimental results was beyond the main purposes of this work.

The content of each chapter of this thesis might benefit from the addition of ex-
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periments, which would prove that no mistake has been made in the various
modelling stages (physical system-switching model, switching model-full average
model, full average model-reduced average model). However, the main focus of
this work concerns the mathematical modelling and model reduction of the anal-
ysed power electronic systems, and its validity is hence not affected by the lack

of experiments.
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.1 Definition of Bandwidth in Control Theory

In control theory, the bandwidth of a closed-loop system is defined as the
frequency range where the magnitude of the closed-loop gain in the frequency
response is greater than —3.01 dB. The frequency which provides a -3.01 dB gain
is defined as cutoff frequency (wg), where a gain equal to -3.01 dB corresponds
to an attenuation of the input equal to half of its value.

Indeed, since a decibel ratio of the output power P, of the input power P,

is defined as

Pou
Gp = 10log;y =, (1)

if P,y is half of the input, the corresponding dB gain is equal to

1
Gp = 1010g10§ ~ —3.01dB. (2)
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Figure 1: Bode plots of the frequency response of a low-pass filter
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