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Summary

The subject of this thesis is cosmological implications of string compactifications un-

derstood in a broad sense. In the first half of the thesis, we will begin by reviewing the

four-dimensional description of the tree-level perturbative type IIB action. We will then

introduce a number of open questions in cosmology and their relevance with regards to

the remainder of the thesis. We will first explore some of these questions from the per-

spective of effective field theories motivated by supergravity. In particular, we provide

a description of a naturally light dark energy field in terms of the clockwork mechanism

and the Dvali-Kaloper-Sorbo four-form mixing. We study its possible UV completion

and show a no-go for its embedding within perturbative type IIA supergravity. We also

discuss the coincidence problem for dynamical models of dark energy consistent with a

quintessence field slowly rolling down a potential slope, of the type one would expect

from the asymptotics of moduli space. As it rolls, a tower of heavy states will gener-

ically descend, triggering a phase transition in the low energy cosmological dynamics

after at most a few hundred Hubble times. As a result, dark energy domination cannot

continue indefinitely and there is at least a percentage chance that we find ourselves in

the first Hubble epoch.

In the second half of the thesis, we introduce the effects of perturbative and non-

perturbative corrections to the tree-level type IIB action. We then focus on obtaining

a viable model of quintessence from the type IIB effective field theory. However, we

are able to show that such a model must have a non-supersymmetric Minkowski vac-

uum at leading order. Furthermore, it must necessarily take the form of axion hilltop

quintessence. When we consider the effects of quantum fluctuations during the early

Universe, we see that such models must have extremely fine-tuned initial conditions to

describe a slow-rolling scalar field at present times. We conclude that quintessence faces

more challenges than a true cosmological constant, to the point that quintessence is very

unattractive for model building modulo a ruling out of the cosmological constant by ob-

servations. Following this line of reasoning, we consider whether other perturbative
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corrections can generate de Sitter solutions in an appropriate setting. In particular, we

consider the effects of higher curvature corrections in the Gauss-Bonnet term. Remark-

ably, we are able to show that, for the particular setting of a fluxed runaway potential

motivated by heterotic supergravity, the curvature corrections reduce the space of solu-

tions.
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Chapter 1

Introduction and motivations

Let us begin by considering the age-old question: why string theory? To answer it,

we first consider the two underlying low-energy theories that string theory aims to

reproduce at the four-dimensional classical level: the Standard Model (SM) and General

Relativity (GR). These two theories have been extremely successful in the many decades

since their inception. Almost all of the physical probes1 currently available to physicists

are consistent with a description in terms of GR+SM, from gravitational waves to the

low energy particle spectrum of our Universe, at least to scales of order TeV[6]. It

is astounding that these two effective low energy theories can explain such a range of

physical phenomena to such a degree of accuracy. In fact, one of the current problems

within particle physics is the inability to design experiments able to probe regimes where

we expect the SM description to break down23.

Nonetheless, despite the many successes, both the Standard Model and General Rel-

ativity falter in some aspects. Regarding the SM, there are issues when one considers

it as a theory with some twenty free parameters to be fixed by experiments. Although

these parameters can be fixed by experiments, one can ask the following two questions.

First, what is the origin of the parameters in the SM Lagrangian? Second, why do

1As far as we are aware, the only measurement that requires an explicit modification of the SM are
the non-zero neutrino masses. The anomalous dipole moment of the muon might also indicate some
new physics, but its interpretation is not as clear cut as the three-generations of massive neutrinos, at
the moment.

2Modulo the discovery of supersymmetry at a collider experiment, given that the supersymmetry
breaking scale for the matter sector could lie anywhere between the mass of the top quark and Mpl .

3Between the writing and defence of this thesis, the CDF collaboration [7] claimed a ∼ 7σ tension
between their experimental results and the SM expectation for the mass of the W boson. If confirmed
by other experiments, this would be the strongest signal for beyond the SM physics to date.
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some of these parameters take unnatural values, i.e. values that are much smaller than

unity? Even if the physical origin and smallness of the parameters in the SM Lagrangian

were not a worry, other issues arise when considering quantum effects [8]. Most notably

the Higgs, or any scalar not protected by some symmetry for that matter, is unstable

against radiative corrections. This is to say that loop corrections couple the Higgs mass

to the heaviest mass available in the theory, one of the incarnations of the so-called

hierarchy problem [9]. Therefore, unless new physics comes in to protect the Higgs at

some scale above the current collider energies, there would be no reason to expect the

Higgs to have its observed mass.

On the other hand, the addition of gravity presents even more problems. Setting aside

the usual considerations about singularities of GR, like in the interior of a black hole,

the mismatch between theoretical and observational predictions for the value of the

vacuum energy density presents one of the biggest open challenges in modern physics

[10]. Indeed, in terms of phenomenology we can think of the vacuum energy as a scalar

field, which is either a cosmological constant or a very slowly varying scalar dubbed

quintessence. Again, as a scalar field which is not protected by a symmetry at the level

of GR, the cosmological constant is radiatively unstable and will tend to couple to the

heavier masses available in the theory. In this case, the presence of the SM particles

alone would naively induce a correction to the cosmological constant of O(TeV4), many

orders of magnitude above its observed value at O(meV4) scales. This is the so-called

cosmological constant problem [11].

Turning on gravity also introduces technical difficulties, which are not entirely un-

related to the previous issues, in that the quantum field theory of GR+SM becomes

non-renormalisable. This is easily seen as soon as one realises that the Ricci term in

the Einstein-Hilbert action is parametrising the strength of graviton interactions, with

a coupling strength of M−2
pl . This is an irrelevant operator, growing weaker at low

energies and strong at large energies. It is certainly weak enough that at the level of

collider physics one seems to be able to turn gravity off and accurately predict the scat-

tering amplitudes of any interaction. The problem with non-renormalisability becomes

clear when considering internal graviton loops. Indeed, in that case the integral over

momentum space becomes divergent for arbitrarily high energies. This divergence only

becomes worse with higher orders in the loop calculation [10]. This divergence can be
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mapped to position space as the limit where graviton vertices become coincident[12].

String theory provides a beautiful description of graviton scatterings that gets rid of

these divergences. Heuristically, due to the extended nature of strings, the scattering

diagrams for gravitons are no longer coincident but spread out over the worldsheet of the

string. Incidentally, string theory4 also has many desirables properties for a would-be

unification theory of the SM with gravity. Some of these are [12]

1. String theory reproduces the low energy description of gravity, i.e. string theory

contains a massless spin-2 particle whose interactions reduce to general relativity

at the four-dimensional low energy level [13].

2. Supersymmetry of the full theory follows from consistency requirements and it

provides a natural way of introducing fermions and bosons into the particle spec-

trum of the theory, with a very clear physical interpretation in terms of periodic

and anti-periodic boundary conditions on the string worldsheet [14]. It could also

aid in solving the SM hierarchy problem and ameliorate the cosmological constant

problem, to some extent [8].

3. Further consistency considerations imply that the supersymmetric string theory

requires a definite number of spacetime dimensions. Supersymmetric string com-

pactifications allow a low-energy description of the spacetime in terms of 4 large

external dimensions, that can host physics similar to those of the SM, and 6 small

internal dimensions, that can be integrated out at collider energies [15].

4. Supersymmetry can be partially broken so that the low energy dynamics of the

string theory are chiral, in agreement with the SM [15].

5. String theory, in its final incarnation as described in the footnote, contains no free

parameters and is unique [16].

Of course, the lack of supersymmetry found at the LHC presents some subtleties in en-

gineering a phenomenologically viable low-energy description of string theory. Nonethe-

less, these issues can, a priori, be fixed by softly breaking supersymmetry in the matter

sector at some scale between the energy limit at collider searches and Mpl . It is quite
4Henceforth, by string theory we loosely refer to a complete theory of extended objects as funda-

mental blocks of nature for which supergravity is a low energy description.
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striking that the consistency considerations of string theory can lead to such powerful

constraints and still yield a theory that is remarkably capable of describing our Universe.

Clearly, string theory represents a powerful framework5 to unify SM and GR. How-

ever, there must be some work left to be done, otherwise theoretical physics would

be solved. Most of the open questions in this line of research can be recast as a lack

of understanding of the full non-perturbative description of string theory. Indeed, the

work in this thesis will concentrate on supergravity, i.e. the low-energy physics of string

theory. The supergravity action only contains the massless sector of string theory, that

is we will drop the dependence on oscillator modes and keep only the string zero modes.

This allows an exploration of the perturbative aspects of string theory, where we see

supergravity as an expansion to some order in the genus of the worldsheet, parametrised

by the string coupling gs, and to some order in worldsheet loops, parametrised by the

string length ls, or equivalently by the α′-parameter with ls :=
√

2πα′. Thus, supergrav-

ity inherits two expansion parameters6 in gs and α′. We also note that our knowledge

of non-perturbative corrections is quite limited. Nonetheless, when trying to describe

the low-energy dynamics of our four-dimensional world, we would expect that in most

instances supergravity provides a close enough description. Keeping the perturbative

expansion under control, so that the supergravity predictions can be trusted, will be a

running theme in this thesis.

Within the supergravity approximation, we can begin to ask phenomenological ques-

tion about our Universe. The central question that we tackle in this work is regarding

the microscopic origin of the vacuum energy and its implications. A number of the

technical questions about naturalness and hierarchies that concerned the SM, will also

apply to the vacuum energy. Indeed, the ten-dimensional supergravity action has a

characteristic energy scale of O(l−1
s ), with l−1

s . Mpl, whereas the observational dark

energy scale lies at O(10−30Mpl). Thus, if supergravity is to explain the scale of dark

energy we will require a theory able to generate huge scale hierarchies. Can these large

scales hierarchies be generated in the first place? If so, can it be done while avoiding

extreme fine-tuning of the supergravity parameters?

5And is possibly the only one.
6Note that, on top of the expansion parameters, ten-dimensional supergravities admit a number

of fluxes being turned on, which at the low-energy effective level will effectively act as continuous free
parameters.
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These are some important considerations that will play a key role in the latter stages

of this thesis. Before moving onto the bulk of our work, we would like to touch upon

two more points: EFTs and the Swampland (for a review see [17; 18]). Computations

in string theory and, by proxy, supergravity are complex. We have a relatively small

toolbox to compute quantities in supergravity in comparison to, say, GR. This means

that it is sometimes convenient to explore an idea in a simplified framework within

effective field theories that are in a more or less rigorous sense motivated by supergravity.

In some sense, by working with supergravity we are doing just so. String theory is too

complicated to be treated in full generality, so we concentrate on the massless sector and

accept the limitations that this carries. Even then, certain concepts might be far from

the reach of our current understanding of supergravity. It is then convenient to study

such concepts within effective field theory toy models acknowledging its limitations.

When a toy model proves promising, we can then try to find its supergravity embedding.

An immediate question that can be raised is whether any self-consistent EFT inspired

by supergravity can find itself embedded in one corner or another of the supergravity

parameter space. The reasonable expectation is that this would not be true. For

example, one could imagine an EFT with more free parameters than a particular su-

pergravity theory, such that supergravity imposes some non-trivial constraints on the

free parameters of the EFT which cannot be satisfied. These constraints are not, in

general, accessible from the EFT perspective as they require some knowledge of the

UV embedding above the EFT cut-off. The Swampland programme aims to provide

conditions for any EFT to be consistently embedded within a UV parent theory7. This

programme has become an important part of the research done by the community in

the past decade. Its more fundamental parts concern M-theory/F-theory compactifica-

tions and, in general, have been quite successful in improving our understanding of the

ten-dimensional description of supergravity (for example [19–21]). On the other hand,

there exists another section of the Swampland programme concerned with deriving EFT

constraints from the asymptotics of the ten-dimensional theory. In this regime, the su-

pergravity description becomes quite simplified and strong phenomenological bounds

on the resulting EFTs can be imposed [22; 23]. Critically, these results hold only in the

7This is usually thought to be string theory/supergravity, although some aspects of the Swampland
are claimed to apply more generally.
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asymptotic regime and claiming that they hold anywhere else is a matter of speculation.

However, due to the powerful phenomenological constraints, this part of the Swampland

has attracted considerable research and statements about the asymptotic behaviour of

supergravity have turned into general conjectures anywhere in the parameter space of

the theory. In this thesis, we will briefly discuss the phenomenological branch of the

Swampland programme as some of its results overlap with the research presented here.

We will often refer to it as the Swampland programme for convenience but we remark

that our discussion concerns only this second aspect of the Swampland.

Finally, one could worry whether our current description of our effective low-energetic

world, in the SM and GR, is at all consistent with a supergravity embedding. We have

already pointed out that string theory has many desirable properties that would make

us optimistic that such an embedding exists, we also have constructions that closely

resemble the low-energy dynamics of SM+GR, and we have no evidence to the contrary,

but one can never disregard the possibility that this could not be the case. However,

to conclude that such embedding does not exists with any certain degree of confidence

we will require a more complete picture of supergravity. It is certainly not enough to

explore the asymptotics of the ten-dimensional description to claim anything about the

bulk of the theory.

1.1 Outline

The contents of this thesis are organised as follows. In Chap. 2, we will obtain the

effective field theory derived from the tree-level type IIB supergravity action. In Chap. 3,

we introduce a number of open question in physics and cosmology that will be relevant to

the contents of the following sections. After this, in Chap. 4 and Chap. 5 concentrate on

studying EFTs motivated by supergravity that aim at answering some of the questions

in Chap. 3. We conclude the first half of the thesis with a brief discussion about

perturbative control and the Swampland in Chap. 6.

The second half of the thesis is mostly devoted to the implications that the microscopic

nature of dark energy has on supergravity model building. In Chap. 7, we introduce

a number of perturbative and non-perturbative corrections to the tree-level type IIB

action that will be necessary to build viable models of dark energy. Then, in Chap. 8,
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we try to construct viable dynamical models of dark energy and contrast them with

a true cosmological constant in terms of model building. We remark that the effects

of higher order corrections might prove crucial and begin to study whether this can

be relevant in a fluxed runaway scenario with Gauss-Bonnet corrections in Chap. 9.

Finally, in Chap. 10, we conclude by reviewing our findings and provide some general

thoughts as to possible directions for future research.

1.2 Units and conventions

Unless explicitly stated, we take the usual unit conventions where ~ = c = Mpl = 1. We

will also set α′ = 1; this will in turn fix the string scale to Ms := l−1
s = 1/

√
2π. For the

metric, we take the mostly positive convention with Latin uppercase indices (M,N...)

making reference to the ten-dimensional metric, Greek indices (µ, ν, ...) referring to the

external four-dimensional metric and Latin lowercase indices (i, j, ...) will represent the

internal six-dimensional metric. Note that this index convention only refers to metric

indices and not to the (co)homology indices which will follow particular conventions set

out in the pertinent chapters.

Where ambiguities may arise, we will also “hat” the ten-dimensional quantities, for

example φ̂ will be the ten-dimensional dilaton field and φ will be its four-dimensional

analogue.
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Part I

String inspired EFTs





Chapter 2

Perturbative supergravity in type

IIB theories

In this chapter we explore the fundamentals of Calabi-Yau compactifications. We begin

in Sec. 2.1 by motivating the use and describing the geometry of Calabi-Yau manifolds.

In Sec. 2.2, we derive the moduli spectrum and scalar potential for N = 2 type IIB

Calabi-Yau compactifications. This leaves us with 2 supersymmetry generators and a

non-chiral theory. Phenomenologically, we are interested in a chiral N = 1 supersym-

metric theory. To achieve this, in Sec. 2.3, we orientifold our N = 2 action and provide

the N = 1 spectrum as well as its effective scalar potential.

Finally, we would like to also discuss how to stabilise the moduli fields of the theory.

To do so, in Sec. 2.4, we introduce background fluxes through the three-form flux piece

in type IIB. This allows us to stabilise the axio-dilaton and the complex structure

sector. The stabilisation of the Kähler sector is a challenging question that we will

discuss in detail in Chap. 7, as it requires non-perturbative corrections. We also briefly

discuss localised sources and tadpole cancellation conditions. In Sec. 2.5, we discuss

the Swampland programme and, in particular, the refined versions of the Swampland

distance conjecture and the de Sitter conjecture.
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2.1 Special geometry of Kähler manifolds

Let X be a Calabi-Yau (CY) three-fold, i.e. a Kähler manifold in 3 complex dimensions

with SU(3) holonomy. By the famous theorem conjectured by Calabi and proved by

Yau [24], this description for a CY three-fold is equivalent to that of a Kähler manifold

in 3 complex dimensions that is Ricci-flat, since a vanishing first Chern class implies

an n-fold Kähler manifold admits a Kähler metric with SU(n) holonomy. A Kähler

manifold is a hermitian manifold with metric gī, i.e. the purely holomorphic and

anti-holomorphic components of the metric vanish, whose Kähler form

J = −igīdzi ∧ dz̄ ̄ (2.1)

is closed, dJ = 0, under the exterior derivative d, where zi denote complex local coor-

dinates and z̄ ı̄ are their complex conjugates.

There are a few properties that make studying CY three-folds attractive. First,

the critical superstring lives in a ten-dimensional spacetime. By compactifying a six-

dimensional subspace on a CY three-fold, we will be left with an effective four-dimensional

description of the low-energy physics of the superstring, matching the low-energy di-

mensionality of our Universe. Second, a compactification on a CY three-fold gets rid

of 3/4 of the underlying supersymmetry of the theory, when compared to a toroidal

compactification. The number of preserved supersymmetries is related to the decom-

position of the spinor representation 16 ∈ SO(1, 9). The existence of a singlet in the

decomposition of the internal spinor representation will lead to the conservation of a

supersymmetry in the 4-dimensional spectrum [25]. For a generic compact manifold

M and requiring 4-dimensional Poincaré invariance, the ten-dimensional Lorentz group

decomposes into

SO(1, 9) −→ SO(1, 3)× SO(6) , (2.2)

and the spinor representation becomes

16 −→ (2,4)⊕ (2̄, 4̄) , (2.3)

where 2 is the Weyl spinor of SO(1, 3) and 4 is the corresponding spinor of SO(6) ∼=
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SU(4), with (2̄, 4̄) their respective conjugates. Since SU(4) does not contain a singlet

in its representation, this would lead to a non-supersymmetric four-dimensional theory.

To preserve some supersymmetry we requireM to have SU(n) holonomy with n < 4,

that is under parallel transport around a closed loop the spinor singlet comes back to

itself with a rotation in SU(n) ⊂ SO(6) ∼= SU(4). For example, in the case of a CY

three-fold, which by definition has SU(3) holonomy, the internal spinor representation

decomposes as

4 −→ 3⊕ 1 , (2.4)

such that a singlet is left invariant and an N = 1 ten-dimensional theory compactified

on a CY three-fold will preserve N = 1 supersymmetry in four dimensions1. Finally,

Ricci-flatness, or equivalently SU(3) holonomy, allows to find a one-to-one mapping

between metric perturbations and the cohomology of the CY three-folds. We explore

this relation in the remainder of this section.

The p-th de Rham cohomology associated to the exterior derivative of the three-fold

Hp(X ) is defined to be the quotient space

Hp(X ) := Cp(X )/Zp(X ) , (2.5)

where Cp(X ) is the space of closed p-forms, i.e. dAp = 0, and Zp(X ) is the space of

exact p-forms, i.e. Ap = dAp−1. Then, Hp(X ) is composed by the representatives of

equivalency classes of p-forms whose elements differ at most by an exact p-form. The

dimensionality of the Hp(X ) group is given by the Betti number bp, which is related to

the Euler characteristic2 of X by

χ =
6∑
p=0

(−1)pbp . (2.6)

Since X is a complex manifold, it will be useful to adopt a holomorphic/anti-holomorphic

1Note that type IIB supergravity has N = 2 in ten dimensions and thus preserves N = 2 super-
symmetry after compactification on a CY three-fold. This is by virtue of type IIB having both left and
right moving states, which yield a spinor decomposition in terms of 4LR ⊕ 4RL.

2This relation holds even more generally for a CY n-fold Xn where the Euler characteristic is then
given by

χ(Xn) =

2n∑
p=0

(−1)pbp .

11



index notation and to split the p-forms and exterior derivative in holomorphic/anti-

holomorphic pieces. Indeed, we will define a (p,q)-form to be a form with p holomorphic

and q anti-holomorphic indices

Ap,q =
1

p!q!
Am1,...,mp,n̄1,...,n̄qdz

m1 ∧ ... ∧ dzmp ∧ dz̄n̄1 ∧ ... ∧ dz̄n̄q . (2.7)

We also expand the exterior derivative in Dolbeault operators

d = ∂ + ∂̄ , ∂ = dza
∂

∂za
, ∂̄ = dz̄ā

∂

∂z̄ā
, (2.8)

where (∂, ∂̄) map (p,q)-forms to (p+1,q)-forms and (p,q+1)-forms, respectively. The

Dolbeault cohomology3 group Hp,q(X ) follows from the definition of the operator4 ∂.

Indeed, Hp,q(X ) is composed by equivalency classes of closed (p,q)-forms under ∂, whose

elements differ at most by an exact (p,q)-form. The dimension of Hp,q(X ) is the Hodge

number hp,q and it follows that

bq =

q∑
p=0

hp,q−p . (2.9)

It is convenient to represent cohomology structure of X through the so-called the Hodge

diamond, since this makes the CY symmetries manifest. The Hodge diamond of any

CY three-fold is given by

1

0 0

0 h1,1 0

1 h1,2 h1,2 1

0 h1,1 0

0 0

1

. (2.10)

Note that the Hodge diamond, or the cohomology classes to be more precise, are not a

3In a slight abuse of nomenclature, for the rest of the thesis we will use “cohomology” to refer to
either de Rham cohomology or Dolbeault cohomology equally.

4Note that the Dolbeault cohomology of X can be defined with respect to ∂̄, since the two coho-
mologies will be mapped one-to-one by the complex conjugation of their elements. This is by virtue of
X being a Kähler manifold.
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complete characterisation of a Calabi-Yau. Indeed, non-homeomorphic Calabi-Yaus can

have the same Hodge diamond. This can be better understood with a simple example.

Consider a strip with periodic boundary conditions (a band) and one with anti-periodic

boundary conditions (a Möbius strip). Both of them are homotopically equivalent to a

circle, and also cohomologically equivalent, however there exists no one-to-one bijective

map between the two topologies due to the torsion. Therefore, the two topologies are

cohomologically equivalent but not homeomorphic. Although this is far from a proof

for generic Calabi-Yaus, we find the intuitive picture useful.

The following symmetries have been exploited to eliminate redundant groups in the

Hodge diamond:

• Isomorphism of Hp(X ) and H3−p(X ) requires hp, 0 = h3−p, 0.

• Complex conjugation implies hp, q = hq, p.

• Poincaré duality leads to hp, q = h3−p, 3−q;

• Simply connected CYs will have vanishing first homology group as every one-cycle

can be infinitesimally shrunk to a point such that h0,1 = h1,0 = 0.

After applying these symmetries, we can see that the cohomological structure of X will

be determined by a pair of Hodge numbers h1,1, h2,1 which are related to its Euler

characteristic through Eq. (2.9)

χ = 2
(
h1,1 − h2,1

)
. (2.11)

One can then introduce a base of harmonic p-forms for each cohomology class. We

denote the basis of harmonic (1,1)-forms with ωA, its Poincaré dual being the basis of

(2,2)-forms ω̃A, with A = 1, ..., h1,1. Introducing the basis of H3(X ) to be
(
αK̂ , β

L̂
)
,

which are related to each other by complex conjugation and K̂, L̂ = 0, ..., h1,2, the only

non-trivial intersection numbers are

∫
X
ωA ∧ ω̃B = δBA ,

∫
X
αK̂ ∧ β

L̂ = δL̂
K̂
. (2.12)

It is also useful to breakdown theH3(X ) basis in its components as follows
(
αK̂ , β

L̂
)

=

(α0, χK , β
0, χL) with K,L = 1, ..., h2,1.

13



Cohomology group Dimension Basis
H1,1 h1,1 ωA
H2,2 h1,1 ω̃A

H3 2 + 2h2,1
(
αK̂ , β

L̂
)

H2,1 h2,1 χK
H3,3 1 dvol(X )

Table 2.1: Bases for a Calabi-Yau threefold.

At this point, one can expand any p-form of X as a product of moduli fields and

cohomology basis elements. For instance, a 2-form field B2 can generically be expanded

as

B2 = B̄2(x) + bA(x)ωA , (2.13)

where x denotes external coordinates.

Aside from the field content present in the theory, one is free to consider deformations

δgmn of the CY metric gmn on X , where the indices (m,n) cover both the holomorphic

and anti-holomorphic indices, that is m = (i, ı̄). In particular, we consider deformations

that preserve the Ricci flatness of the manifold, i.e. Rmn(g+ δg) = 0. In this way, even

after deforming the metric, the manifold is guaranteed to be Calabi-Yau [26–28].

What are the set of deformations that preserve the Ricci flatness of X ? First of

all, notice that if the metric of the manifold gmn is Ricci-flat so will be any other

g′mn related to the original metric by diffeomorphisms. This diffeomorphism invariance

allows us to gauge fix ∇mδgmn = 1
2∇nδg, where δg = gmnδgmn, such that the linearised

Lichnerowicz equation governing the deformations becomes

∆δgmn := ∇p∇pδgmn + 2R p q
m n δgpq = 0 , (2.14)

and we can study the equations for the pure and mixed indices independently as these

decouple.

• Mixed components: The Lichnerowicz equations reads

∆δgī = 0. (2.15)

Therefore, δgī is a harmonic form of the Laplacian and will admit an expansion

14



in terms of ωA. These modes are related to non-trivial deformations of the Kähler

form J through Eq. (2.1).

• Pure components: In this case, the Lichnerowicz equations reads

∆δgij = 0, (2.16)

implying an expansion in (2,0)-forms. However, since we would like to recover

a CY manifold after the deformations, there should exist a one-to-one mapping

between the δgij and some combination of mixed deformations. Indeed, one can

generate such a mapping between pure deformations and a new set of mixed

component deformations through the unique holomorphic (3,0)-form Ω of X (cf.

Subsec. 2.1.2).

All in all, one finds that the moduli space of deformations is spanned by [25; 29]

δgī = −ivA(ωA)ī , (2.17)

δgij =
i

||Ω||2
(zKχK)īı̄Ωjklg

ı̄kḡl :=
i

||Ω||2
z̄K(χ̄K)īı̄Ω

ı̄̄
j , (2.18)

where the last equality in Eq. (2.18) simply introduces shorthand notation and we have

defined5 ||Ω||2 := 1
3!ΩijkΩ̄

ijk. At this level, the moduli space is locally a direct product

of two Kähler manifolds

Mks ×Mcs ,

this will continue being true at the 4D level so the potential generated by either sector

will decouple from the other and we can study them independently6. Furthermore,

this implies that (at least locally) the metrics of both sectors are the metrics of Kähler

manifolds independently, i.e. there will exist a pre-potential function for each sector

such that the metric can be expressed as a derivative of this pre-potential. In the

following two section we explore the structure ofMks andMcs.

5Again, in this shorthand notation, this definition really means ||Ω||2 := 1
3!

ΩijkΩ̄ı̄̄k̄g
ı̄iḡjgk̄k.

6Note that the existence of this direct product of two manifolds will be directly related to the
no-scale structure of type IIB, as we will discuss in Subsec. 2.3.2. Breaking the no-scale structure will
mean that the Kähler and complex structure sectors will not decouple anymore.
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2.1.1 The Kähler structure of Mks

The first of the two sectors is given by the deformations to the Kähler structure. In-

tuitively these deformations can be understood as changes in the size of the internal

space. For example, in the simple case of a T 2 the Kähler structure deformations are

parametrised by the modulus ρ = iR1R2 where Ri are the two radii of the torus. A

change in ρ corresponds to a change in the size of the torus.

Back to the more complicated case of a CY, we have h1,1 Kähler moduli. It is

convenient to package the moduli coming from the Kalb-Ramond 2-form together with

the real scalar moduli of Eq. (2.17) in a new set of imaginary scalars given by

tA := vA + ibA . (2.19)

The metric of the moduli space is defined as

GAB :=
1

4V

∫
ωA ∧ ?ωB = − 1

4V

(
KAB −

KAKB
4V

)
= ∂tA∂t̄BK

ks , (2.20)

where we find the Kähler potential of the Kähler structure metric Kks to be

Kks = − ln [8V] = − ln

[
1

6
KABC(t+ t̄)A(t+ t̄)B(t+ t̄)C

]
(2.21)

with V the volume of X and we define the triple intersection numbers KABC and their

contractions as

KABC :=

∫
ωA ∧ ωB ∧ ωC , KAB :=

∫
ωA ∧ ωB ∧ J = KABCvC ,

KA :=

∫
ωA ∧ J ∧ J = KABCvBvC , K :=

∫
J ∧ J ∧ J = KABCvAvBvC = 6V .

The metric GAB is fully encoded in a single function Kks. Even more so, the moduli

space is a special Kähler manifold since the Kähler potential itself is given in terms of

a prepopential

Kks = − ln
[
2(f + f̄)− (t+ t̄)A(∂tAf + ∂t̄A f̄)

]
, (2.22)

f(t) = −1

6
KABCtAtBtC , (2.23)
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To ensure that the metric is positive definite, even after the deformations, we require

KAB,KA,K > 0 ∀(A,B). These conditions define the Kähler cone spanned by the

moduli tA.

Finally, every special Kähler manifold has a complex matrix defined as

NÂB̂ := F̄ÂB̂ + 2i
(Im F)ÂĈ t

Ĉ(Im F)B̂D̂ tD̂

tĈ(Im F)ĈD̂t
D̂

, (2.24)

where we use adapted coordinates tÂ = {1, tA}, F = f(t) and FÂB̂ = {0, ∂tA∂tBF}.

Plugging in the form of f(t) we obtain

ReN =

−1
3KABCb

AbBbC 1
2KABCb

AbB

1
2KABCb

AbB −KABCbC

 , (2.25)

ImN = −V

1 + 4GABb
AbB −4GABb

B

−4GABb
B 4GAB

 , (2.26)

(ImN )−1 = − 1

V

 1 bA

bA 1
4G

AB + bAbB

 . (2.27)

2.1.2 The complex structure of Mcs

The second sector is given by the deformations to the complex structure. Back to the

analogy with a T 2, these deformations are parametrised by the modulus τ = iR2
R1

and

control the changes in shape of the torus.

In the case of the CY, there will be h2,1 complex structure fields. The metric of the

complex structure moduli space is defined as

GKL̄ := −
∫
χK ∧ χ̄L∫

Ω ∧ Ω̄
. (2.28)

Kodaira’s formula gives the basis χL in terms of the holomorphic (3,0)-form Ω

χK(z, z̄) = ∂zKΩ(z) + Ω(z)∂zK

[
− ln

(
i

∫
Ω ∧ Ω̄

)]
. (2.29)
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The bracket is the Kähler potential for the complex structure metric since

GKL̄ = ∂zK∂z̄LK
cs , Kcs = − ln

(
i

∫
Ω ∧ Ω̄

)
= − ln i

(
ZK̂F̄K̂ − Z̄

K̂FK̂
)
.

(2.30)

Thus, the complex structure moduli space is Kähler as well. In the last relation of

Eq. (2.30) we have used that the harmonic (3,0)-form Ω benefits from an expansion in

terms of the harmonic bases

Ω(z) = ZK̂(z)αK̂ −FK̂(z)βK̂ . (2.31)

Since the Kähler potential is only defined up to a complex rescaling of Ω by a holomor-

phic function

Ω→ Ω̃ = Ωe−h(z) , Kcs → K̃cs = Kcs + h+ h̄ , (2.32)

we are allowed to gauge fix Z0 = 1; this is the so-called Kähler gauge. This leaves h2,1

free components for the periods of Ω and one can identify these periods with the zK

moduli fields by defining zK = ZK/Z0. Furthermore, the manifoldMcs is also a special

Kähler manifold.

Indeed, one can choose F = 1
2Z

K̂FK̂ and the relations set out in the previous section

between special manifolds and its special matrix still hold (now adapted to the special

coordinates zK instead of tA). Namely7

Kcs = − ln i
∣∣Z0
∣∣2 [2(f − f̄)− (z − z̄)K(∂zKf + ∂z̄K f̄)

]
, (2.33)

f(z) =
1

(Z0)2F , (2.34)

and the special matrix (also known in this case as the period matrix) is given by

MK̂L̂ := F̄K̂L̂ + 2i
(Im F)K̂M̂ Z

M̂ (Im F)L̂N̂ Z
N̂

ZM̂ (Im F)M̂N̂ZN̂
. (2.35)

This matrix will appear in the dimensionally reduced type II supergravity action as the

kinetic metric for the complex structure vectors and is most conveniently written down

7We keep the Z0 dependence explicit for the sake of generality
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as

∫
αK̂ ∧ ?αL̂ = −

[
ImM+ (ReM)(ImM)−1(ReM)

]
K̂L̂

, (2.36)∫
βK̂ ∧ ?βL̂ = − (ImM)−1 K̂L̂ , (2.37)∫

αK̂ ∧ ?β
L̂ = −

[
(ReM)(ImM)−1

]L̂
K̂
. (2.38)

With this, we finish our review on the geometry of moduli space. We will now proceed

to study the N = 2 bosonic sector for the type II supergravity actions.

2.2 Perturbative N = 2 supergravity

The massless bosonic spectrum of type IIB supergravity is composed of two sectors:

the NSNS sector comprising of the metric ĝmn, the dilaton φ̂ and the Kalb-Ramond

two-form B̂2; and the RR sector containing the even p-form gauge fields Ĉ0, Ĉ2, Ĉ4.

Our starting point for this section is the ten dimensional type IIB action in Einstein

frame [25]

SIIB = −
∫ (

1

2
R̂ ? 1 +

1

4
dφ̂ ∧ ?dφ̂+

1

4
e−φ̂Ĥ3 ∧ ?Ĥ3

)
(2.39)

−
∫

1

4

(
e−2φ̂F̂1 ∧ ?F̂1 + eφ̂F̂3 ∧ ?F̂3 +

1

2
F̂5 ∧ ?F̂5 + Ĉ4 ∧ Ĥ3 ∧ F̂3

)
,

where the field strength are defined as follows

Ĥ3 = dB̂2 , F̂1 = dĈ0 , F̂3 = dĈ2 − Ĉ0Ĥ3 ,

F̂5 = dĈ4 −
1

2
Ĥ3 ∧ Ĉ2 +

1

2
B̂2 ∧ dĈ2 , (2.40)

and the self-duality of F̂5 must be imposed by hand at the level of the equations of

motion.

By making use of the harmonic bases, we can expand the field content of the theory
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as

B̂2 = B2(x) + bA(x)ωA , Ĉ2 = C2(x) + cA2 ωA ,

Ĉ4 = cA4 (x)ωA + ξK̂(x) ∧ αK̂ − ξ̃K̂(x) ∧ βK̂ + ρA(x)ω̃A . (2.41)

We can further make use of the self-duality of F̂5 to get rid of half of the degrees of

freedom of Ĉ4 — we choose to keep the ξK̂ and ρA fields. On top of these, we will also

obtain a number of moduli fields from the deformations of the metric as discussed in

the previous section.

Taking the metric ansatz to be

ds2 = gµν(x)dxµdxν + gī(x, z)dz
idz̄ ̄ , (2.42)

where gµν (with µ, ν = 0, ..., 3) is the external metric and gī (with i, ̄ = 1, ..., 3) is the

CY metric of X and plugging the definitions of Eq. (2.40) in Eq. (2.2) one finds the

tree-level four-dimensional action8 [30; 31] (see App. A.1 for further details)

S(4)
IIB =

∫
−1

2
R ? 1 +

1

4
ReMK̂L̂F

K̂ ∧ F L̂ +
1

4
ImMK̂L̂F

K̂ ∧ ?F L̂

−GKL̄dzK ∧ ?dz̄L̄ − hpqdqp ∧ ?dqq , (2.43)

where the real and imaginary parts ofMK̂L̂ are found from Eq. (2.35), F K̂ := dξK̂ , the

complex structure metric GKL̄ is given in Eq. (2.30) and we define the four-dimensional

dilaton to be

eφ :=
1

V1/2
eφ̂ , (2.44)

8Where a further Weyl rescaling has been made to reabsorb the internal volume V, so that the
action is in Einstein frame.
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such that the quaternionic metric hpq becomes9 [32; 33]

hpqdq
p ∧ ?dqq := (dφ)2 +GABdT

A ∧ ?dTB +
1

4
e2φV(dC0)2

+e2φVGAB
(
dcA2 − C0db

A
)
∧ ?
(
dcB2 − C0db

B
)

+
1

16V
e2φGAD

(
dρA −KABCcB2 dbC

)
∧ ?
(
dρD −KDEF cE2 dbF

)
+

1

4V
e2φ

[
dh− 1

2

(
ρAdb

A − bAdρA
)]2

+
1

2
e4φ

[
dh̃+ C0dh+ cA2 dρA +

1

2
C0

(
ρAdb

A − bAdρA
)
− 1

4
KABCcA2 cB2 dbC

]2

. (2.45)

In [32; 33], it was shown that the dimensionally reduced type IIB theory in Eq. (2.43)

admits a description in terms of a local direct product MQ ×Mcs, where MQ is the

quaternionic manifold described by the metric hpq and spanned by the coordinates qp,

with Mks a submanifold of MQ, and Mcs the complex structure manifold described

in Subsec. 2.1.2. The ordered multiplets of Eq. (2.43) are given in Tab. 2.2. The four-

Multiplet Dimension Field content
Gravity multiplet 1

(
gµν , ξ

0
)

Vector multiplet h2,1
(
ξK , zK

)
Hypermultiplet h1,1 + 1

(
vA, bA, cA2 , ρA

)
+
(
h, h̃, φ, C0

)
Table 2.2: Multiplets for the four-dimensional type IIB supergravity spectrum.

dimensional effective theory described by Eq. (2.43) preserves N = 2 supersymmetry.

However, phenomenologically we are interested in N = 1 theories. Half of the su-

persymmetry can be broken by introducing an orientifold projection in an appropriate

manner, as we will discuss in the next section. Furthermore, the scalar potential for the

four dimensional scalars is flat. To be able to stabilise the moduli fields we will require

the use of background fluxes, which we describe in Sec. 2.4.

2.3 Orientifolding the supergravity action

In this section we will briefly discuss the orientifolded truncation of type IIB supergrav-

ity. For a more complete description, we point the interested reader to [29; 31; 34] and

references therein.
9Where we have dualised the (C2, B2) gauge fields into the scalars

(
h, h̃

)
, as demonstrated in

App. A.2.
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We would like to consider the most generic field content invariant under the action

of the N = 1 orientifold operator10

O = Ωp(−1)FLσ , (2.46)

which is the combined action of the world-sheet parity transformation Ωp, i.e. the op-

erator that transforms the world-sheet coordinates (τ0, τ1)→ (τ0,−τ1), the left-moving

fermion number operator (−1)FL and an isometric and holomorphic involution σ acting

solely on X
(
σ2 = 1

)
. Furthermore, σ leaves the metric and complex structure of X

intact [31]. This implies that the Kähler form will also be invariant under the involution

σ∗J = J , where σ∗ is the pullback of σ. Holomorphicity of σ implies that the Dolbeault

decomposition for the cohomologies is respected, and in particular σ∗H3, 0 = H3, 0;

together with its idempotency we choose for the holomorphic (3,0)-form Ω

σ∗Ω = −Ω . (2.47)

This choice for the orientifold projection is consistent with the introduction of O3 and

O7-planes into the effective action [31].

Another effect of the involution is that the cohomology of X will split in even and

odd cohomologies under its action, by virtue of σ being an involutive symmetry of X ,

and thus we write

Hp, q = Hp, q
+ ⊕Hp, q

− , (2.48)

such that an element ω± ∈ Hp, q
± transforms like σ∗ω± = ±ω±. Furthermore, we can

see the following [31]

• The involution being isometric means that the metric and orientation of X are

preserved. The Hodge-star operator ? then commutes with the involution and

h1, 1
± = h2, 2

± .

• The holomorphicity of σ implies that there will not be any mixing between holo-

morphic and antiholomorphic groups h1, 2
± = h2, 1

± .

• The choice Eq. (2.47) leads to h3, 0
− = h0, 3

− = 1 and h3, 0
+ = h0, 3

+ = 0.
10A second choice of orientifold projection is possible in Õ = Ωpσ; this would lead to the introduction

of O5 and O9-planes in the theory.
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• The previous two points telll us that Ω∧ Ω̄ is invariant under σ∗ such that h3, 3
− =

h0, 0
− = 0 and h3, 3

+ = h0, 0
+ = 1.

In Tab. 2.3 we summarise the notation for the truncated harmonic bases after orien-

tifolding.

Cohomology group Dimension Basis
H1, 1
− h1, 1

− ωa
H1, 1

+ h1, 1
+ ωα

H2, 2
− h1, 1

− ω̃a

H2, 2
+ h1, 1

+ ω̃α

H2, 1
− h2, 1

− χk
H2, 1

+ h2, 1
+ χκ

H3
− 2h2, 1

− + 2
(
αk̂, β

l̂
)

H3
+ 2h2, 1

+

(
ακ, β

λ
)

Table 2.3: Harmonic bases for the orientifolded X .

Finally, the non-trivial intersection numbers are given by truncation of Eq. (2.12) as

∫
X
ωa ∧ ω̃b = δba ,

∫
X
ωα ∧ ω̃β = δβα ,

∫
X
αk̂ ∧ β

l̂ = δ l̂
k̂
,

∫
X
ακ ∧ βλ = δλκ .

(2.49)

The action of the parity operator and the fermion number operator on the ten-dimensional

fields is summarised in Tab. 2.4 [35]. It is clear from it that the invariant orientifolded

states must obey

σ∗φ̂ = +φ̂ , σ∗ĝ = +ĝ , σ∗B̂2 = −B̂2 ,

σ∗Ĉ0 = +Ĉ0 , σ∗Ĉ2 = −Ĉ2 , σ∗Ĉ4 = +Ĉ4 . (2.50)

Field Under Ωp Under (−1)FL Under Ωp (−1)FL

φ̂ + + +

ĝ + + +

B̂2 − + −
Ĉ0 − − +

Ĉ2 + − −
Ĉ4 − − +

Table 2.4: Actions of the parity and fermion number operators on the ten-dimensional
spectrum.
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We are now able to expand the ten-dimensional spectrum in the new truncated har-

monic bases, much like we did in the N = 2 case. In the following subsections we briefly

study the truncation of the N = 2 Kähler manifolds into their N = 1 analogues.

2.3.1 Truncating the Kähler geometry

After orientifolding, we can expand the Kähler form and the Kalb-Ramond 2-form as11

σ∗J = +J −→ J = vαωα and σ∗B̂2 = −B̂2 −→ B̂2 = baωa , (2.51)

where α = 1, ..., h1, 1
+ and a = 1, ..., h1, 1

− . The invariance of the Kähler form under

orientifolding, together with the condition that the metric must remain semi-positive

definite after orientifolding, implies that some intersection numbers have to vanish. In

particular, any intersection number (or its contraction) with an odd number of odd 2-

cycles will have to vanish since orientifolding will flip the sign of the intersection number,

breaking the Kähler cone conditions. This means that

Kabc = Kaαβ = Kaα = Ka = 0 . (2.52)

Plugging these conditions in the definition of the metric in Eq. (2.20), we find the N = 1

truncated metric for the Kähler sector

Gαβ = − 1

4V

(
Kαβ −

KαKβ
4V

)
, Gab = − 1

4V
Kab , Gαb = Gaβ = 0 , (2.53)

where V := 1
6Kαβγv

αvβvγ is the volume of the truncated X and there is no ambiguity in

the contractions of the triple intersection numbers since J ∈ H1, 1
+ . It will be convenient

for later calculations to also introduce the inverse metrics

Gαβ = −4VKαβ + 2vαvβ , Gab = −4VKab . (2.54)

11Note that the orientifold invariant states of B̂2 have to be odd under σ∗. However, the external
piece B2(x) is even since σ leaves the external space intact. Therefore, B2(x) gets projected out by the
orientifold projection.
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We now concentrate on the complex structure sector. After orientifolding, the unique

holomorphic form will be expanded as

σ∗Ω = −Ω −→ Ω = Z k̂αk̂ −Fk̂β
k̂ , (2.55)

where k̂ = 0, ..., h1,2
− . By proxy of Eq. (2.29), the even deformations of the complex

structure sector will be projected out, zk being the only ones left. The Kähler potential

for the truncated complex structure sector will become

Gkl̄ = ∂zk∂z̄lK
cs , Kcs = − ln

(
i

∫
Ω ∧ Ω̄

)
= − ln i

(
Z k̂F̄k̂ − Z̄

k̂Fk̂
)
. (2.56)

2.3.2 The effective N = 1 action

Let us begin by writing down the orientifold invariant spectrum

B̂2 = ba(x)ωa , Ĉ2 = ca2ωa ,

Ĉ4 = ξk(x) ∧ αk + ρα(x)ω̃α . (2.57)

The truncated effective action is directly inherited from the parent N = 2 action, based

on the considerations of the previous subsection,

S(4)
IIB,N=1 =

∫
−1

2
R ? 1 +

1

4
ReMκλF

κ ∧ F λ +
1

4
ImMκλF

κ ∧ ?F λ

−Gkl̄dzk ∧ ?dz̄ l̄ − hp̃q̃dqp̃ ∧ ?dqq̃ , (2.58)

where the quaternionic sector becomes

hp̃q̃dq
p̃ ∧ ?dqq̃ := (dφ)2 +Gαβdv

α ∧ ?dvβ +Gabdb
a ∧ ?dbb +

1

4
e2φV(dC0)2

+e2φVGab (dca2 − C0db
a) ∧ ?

(
dcb2 − C0db

b
)

+
1

16V
e2φGαβ

(
dρα −Kαbccb2dbc

)
∧ ?
(
dρβ −Kβdecd2dbe

)
. (2.59)

We can see that due to the effect of the orientifold projection, while the zk coordinates

are still the natural candidate that spansMcs, the coordinates tA are no longer adequate

to describeMks, andMQ by proxy. Finding the correct choice of coordinates is quite
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involved and we will only present the result in the following. For O3/O7-planes we have

[31; 36–38]

• Axio-dilaton: S = e−φ − iC0.

• Complex structure: Uk := zk, with k = 1, ..., h1, 2
− (X ).

• Odd Kähler moduli: Ga = ca − iSba, with a = 1, ..., h1, 1
− (X )

• Even Kähler moduli:

Tα = τα −
1

2
(
S + S̄

)KαabGa (G− Ḡ)b + iρα , (2.60)

with α = 1, ..., h1, 1
+ and where τα are given as an implicit function of vα by

τα =
1

2

∫
X
ωα ∧ J ∧ J =

1

2
Kαβγvβvγ , (2.61)

in this way, τα is the volume of a four-cycle ω̃α ∈ H2, 2
+ (X ), the Poincaré dual to

the two-cycle ωα ∈ H1, 1
+ (X ) with volume vα. We note that in terms of the four-

cycles, the volume has become an implicit function of τα. In general, we would

require to invert the relation τα = 1
2Kαβγv

βvγ but this cannot be done in full

generality for a Calabi-Yau with a large number h1, 1 of Kähler moduli. In [39],

some advances have been made in terms of studying Kähler moduli stabilisation

in the two-cycle frame allowing for a more general approach to model building

with, a priori, any number of Kähler moduli.

We also note that based on the definition of τα in Eq. (2.61), we have that the internal

volume is a homogeneous function of degree 3/2 on the τα, or equivalently on (T + T̄ )α.

This is a powerful result that holds for any CY based on the definition of the internal

volume derived from the Kähler geometry. This also implies, due to a nice theorem by

Euler, the useful relations

1

V
∂V
∂Tα

=
3

2

[(
T + T̄

)−1
]α

,
1

V
∂2V

∂Tα∂Tβ
=

3

4

[(
T + T̄

)−1
]α [(

T + T̄
)−1
]β

, (2.62)
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where
[(
T + T̄

)−1
]α

is taken to be the inverse of
(
T + T̄

)
α
. The Kähler potential of

the truncated theory is then given by

K = − ln
(
S + S̄

)
− ln

(
−i
∫
X

Ω ∧ Ω̄

)
− 2 ln (V) . (2.63)

Here, and in the following, the volume is taken to be in the natural coordinate frame in

terms of four-cycles, i.e. V = V(T + T̄ ), and the N = 1 moduli space is given locally

by the direct product

Mcs
h1, 2
−
×MQ

h1, 1+1
. (2.64)

In these coordinates, the N = 1 effective action, in terms of the Kähler form K and

superpotential W , takes the well-known form [40; 41]

S(4)
IIB,N=1 = −

∫
1

2
R?1+KIJ̄dM

I∧?dM̄ J̄+
1

4
ReMκλF

κ∧F λ+
1

4
ImMκλF

κ∧?F λ+V ?1 ,

(2.65)

where the scalar potential is given by

V = eK
(
KIJ̄DIWDJ̄W̄ − 3 |W |2

)
+

1

4
ReM−1 κλDκDλ , (2.66)

where Dκ are the would-be D-term contributions to the scalar potential. We have used

M I to denote all complex scalars in chiral multiplets in the theory, KIJ̄ is the Kähler

metric obtained from the Kähler potential of Eq. (2.63), i.e. ∂I∂J̄K; and we have

introduced the Kähler derivative DIW = ∂IW +W∂IK.

Comparison of the actions in Eq. (2.58) and Eq. (2.65) immediately implies that

the scalar potential for the moduli fields is flat, V = 0, or in other words that the

superpotential and D-terms vanish W = Dκ = 0. We will have to generate a potential

to be able to stabilise the moduli fields. This is no trivial task and, among other things,

it will require the introduction of background fluxes in our theory. We will dedicate

the next section to the study of flux compactifications. Before doing so, however, it is

important to remark a couple of things.

Orientifolding requires the introduction of O-planes. These objects, as well as the

presence of D-branes and background fluxes, will backreact onto the Calabi-Yau geom-

etry and the sourced solutions will, in general, not admit a metric ansatz of the form
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Eq. (2.42). A warp factor must be included to account for the backreaction and the

new metric ansatz is [42–44]

ds2 = e2A(z)gµν(x)dxµdxν + e−2A(z)gī(x, z)dz
idz̄ ̄ , (2.67)

In general, the effects of the warping can be dramatic, to the point where the resultant

geometry is not necessarily conformally Calabi-Yau anymore. In the remainder of this

thesis, however, we will concentrate on compactifications at large volume, relative to

the string length, where the warp factor tends to unity and the warped and unwarped

metric coincide [43]. In this limit, the formulae derived so far hold. This is the limit of

interest, in any case, since we understand supergravity as a low-energy effective theory

that is well-defined only in the corner of parameter space with small string coupling and

large volume. Furthermore, the perturbative and non-perturbative corrections that will

become important in the second half of the thesis will be only under control at large

volume. It is important to note that although we use the words “small” and “large” we

really mean finitely small and finitely large, not necessarily the strict limits gs → 0 and

V → ∞ that take us to the boundary of moduli space, more on this later.

Finally, the addition of Op-planes and Dp-branes introduces a term into the ten-

dimensional action that is localized in (p + 1)-dimensions, which we have neglected in

Eq. (2.65). This is consistent with considering a small number of O3/O7-planes to be

coincident with an equal number of D3/D7-branes, such that their contributions to

Eq. (2.65) cancel locally. At the level of the perturbative action in Eq. (2.65), the main

use of localised objects is to satisfy tadpole cancellation conditions, allowing non-trivial

background fluxes, and to avoid a number of no-go theorems [45; 46]. We will briefly

mention these in some more detail in the next section.

Two other applications that will become relevant in the remainder of the thesis are

the introduction of non-perturbative corrections through a stack of N D-branes [45; 47]

and the addition of uplifting contributions to the potential through anti D3-branes [48].

In the former, a stack of N D-branes will give rise to non-Abelian U(N) gauge theories.

The Kähler moduli can then be charged under the action of such non-Abelian groups

obtaining a non-flat potential, this will be discussed in more detail in Chap. 7. In the

latter, anti D-branes at the tip of a Klebanov-Strassler throat are used to uplift four-
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dimensional anti-de Sitter (AdS4) vacua to de Sitter (dS4) (for example, see [49] for an

overview of the uplift mechanism).

Although the ten-dimensional description of such objects is very interesting and of

paramount importance, within the scope of this thesis we will only treat these at an

effective four-dimensional level. We will therefore not dedicate more time to the ten-

dimensional description of localised sources and we point the interested reader to [50–53]

for fundamentals and to [54–59] for phenomenological applications.

2.4 Flux compactifications

As we have seen in the previous section, the scalar potential for the moduli fields is flat.

The introduction of background fluxes allows us to generate a non-trivial superpotential

at tree-level. The scalar potential obtained from this non-zero superpotential will be

able to stabilise the complex structure sector as well as the axio-dilaton. However, we

will also show that due to the no-scale structure, the Kähler sector does not receive any

contribution from background fluxes and it remains flat. The stabilisation of Kähler

moduli will be the motivation to introduce corrections to the tree-level action in the

second half of the thesis. Finally, let us note that the introduction of fluxes provides a

way to spontaneously break the leftover N = 1 supersymmetry.

Take a p-form gauge field Ap with field strength Fp+1 = dAp. We will say, by analogy

with the case of electromagnetism in 4-dimensions, that the gauge field Ap gives rise to

a magnetic flux of the form ∫
Σp+1

Fp+1 = m ∈ Z , (2.68)

where Σp+1 ⊂ X is the (p+1)-cycle wrapping the (p+1)-form field strength F . The

same gauge field will also give rise to an electric flux of the form

∫
ΣD−p−1

?Fp+1 = n ∈ Z , (2.69)

where D = dim(X ) and ΣD−p−1 ∈ X is the (D-p-1)-cycle wrapping the electric dual

of F . We note that these fluxes are quantised in units of 1
2πα′ as a consequence of a

generalised Dirac quantisation condition [43], much like the electric and magnetic fluxes

are quantised in the case of electromagnetism. However, within the context of the low
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energy supergravity description, these fluxes will be treated as continuous parameters

in the effective theory.

In type IIB supergravity, one can turn on background fluxes for the 3-form field

strengths in the NSNS and RR sector. For the background fluxes to be consistent with

our orientifold projection we see that the flux pieces must be odd under the action of

the involution σ. Thus, we expand the flux pieces as

H̃3 = mk̂
(H)αk̂ + n

(H)

k̂
βk̂ , F̃3 = mk̂

(F )αk̂ + n
(F )

k̂
βk̂ , k̂ = 0, ..., h1, 2

− , (2.70)

and the fluxed effective action can be obtained by substituting [31]

Ĥ3 → Ĥ
(F )
3 = Ĥ3 + H̃3 , F̂3 → F̂

(F )
3 = F̂3 + F̃3 , (2.71)

in the ten-dimensional action since the F̂5 terms that would involve the 3-form fluxes

are projected out due to the orientifold constraints. It is convenient to repackage the

two 3-form field strength in the imaginary self-dual three-form field strength [43]

Ĝ3 = F̂
(F )
3 − iSĤ(F )

3 , ?Ĝ3 = iĜ3 , (2.72)

and we define the shorthand notation

G̃3 = (m(F ) − iSm(H))
k̂αk̂ + (n(F ) − iSn(H))k̂β

k̂ := mk̂αk̂ + nk̂β
k̂ . (2.73)

The fluxed scalar potential is given by [29; 31; 43; 60–62]

V = eK
(∫

Ω ∧ ¯̃G3

∫
Ω̄ ∧ G̃3 +Gkl

∫
χk ∧ G̃3

∫
χ̄l ∧ ¯̃G3

)
. (2.74)

From this expression, it is clear to see that setting the background fluxes to zero will

make the scalar potential vanish. To make a connection with Eq. (2.65), it is also shown,

for orientifolds without an odd-Kähler sector, the GVW superpotential

WGVW =

∫
Ω ∧ G̃3 , (2.75)

generates the same scalar potential when making use of Eq. (2.66). For the case of

30



orientifold with an odd Kähler sector this same results holds as long as the no-scale

structure is unbroken. Generating a potential for the Kähler sector directly relates to

breaking this no-scale structure, since (at least) the volume mode will couple to the

other sectors as well as the Kähler moduli. Given that our objective is to discuss four-

dimensional phenomenology, we will have to eventually break no-scale. In the remainder

of this thesis, we will concentrate in orientifolds that project out the odd Kähler sector,

i.e. h1,1 = h1,1
+ , and the results discussed so far will apply straightforwardly. Now that

we have generated a scalar potential, we would like to see what sectors can be stabilised

from it. As already anticipated, only the axio-dilaton and complex structure moduli

will receive a non-zero potential. Let us see this now.

The idea is to show that the scalar potential obtained from GVW superpotential is

independent of the Kähler coordinates Tα Eq. (2.60), up to an overall factor. We begin

by noting that

WGVW = WGVW (S,U) , (2.76)

since Ω = Ω(U) and G̃3 = G̃3(S). The F-terms for Tα are

DTWGVW = WGVWKT = −2WGVW
VT
V

= −3WGVW

[
(T + T̄ )−1

]α
, (2.77)

where XT := ∂X
∂Tα

, we have also made use of the form of the Kähler potential given in

Eq. (2.63). The Kähler metric will be block diagonal in the
(
S,Uk, Tα

)
sectors such

that the scalar potential takes the form

V = eK
[
KSS̄DSWDS̄W̄ +KUŪDUWDŪW̄ +KT T̄DTWDT̄ W̄ − 3 |W |2

]
= eK

[
KSS̄DSWDS̄W̄ +KUŪDUWDŪW̄ +

(
KT T̄∂TK∂T̄K − 3

)
|W |2

]
, (2.78)

where we remark that the first two terms in the brackets are independent of Tα. The

Kähler metric for the Tα sector and its inverse are given by

KT T̄ =
2

V

(
VTVT̄
V
− VT T̄

)
= 3

[
(T + T̄ )−1

]α [
(T + T̄ )−1

]β
, (2.79)

where we have made use of the relations in Eq. (2.62). Contracting the inverse metric
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we find

KT T̄KTKT̄ = 3 , (2.80)

so that the parentheses in Eq. (2.78) vanish identically and the scalar potential has the

no-scale structure

V = eK
(
KSS̄DSWDS̄W̄ +KUŪDUWDŪW̄

)
, (2.81)

with the only Tα dependence in the overall exponential factor. From the previous

expression, it is clear that the Kähler sector remains flat at tree-level.

Breaking the no-scale structure can be done in one of two ways, either the superpo-

tential gains a dependence on the Kähler moduliW (S,U)→W (S,U, T ) or by breaking

the block diagonal structure of the Kähler metric. The first option will be related to the

introduction of non-perturbative corrections to the superpotential. The second one can

be associated to perturbative corrections in the large volume/small coupling expansion.

We will dedicate Chap. 7 to the study of these effects.

By looking at Eq. (2.81) we see that, since any supersymmetric vacua must have

vanishing F-terms DUW = DSW = 0, only supersymmetric Minkowski vacua are

allowed. Non-supersymmetric solutions with non vanishing F-terms are also allowed by

appropriate choices of fluxes. We can see this by turning once again to the F-terms.

We already found the F-term for the Kähler sector in Eq. (2.77). Preserving su-

persymmetry will require WGVW = 0, in other words the (0,3)-component of G̃3 must

vanish. The remaining F-terms read

DSW =
1

S − S̄

∫
X

Ω ∧ ¯̃G3 = 0 , DUW =

∫
X
χk ∧ G̃3 = 0 . (2.82)

These F-terms imply that the (3,0)-component and the (1,2)-component need to vanish.

Therefore, we have the following: if G̃3 ∈ H2, 1
− all conditions are satisfied and super-

symmetry is preserved, if G̃3 ∈ H0, 3
− we find some broken supersymmetry in DTW 6= 0

with V = 0, and if G̃3 ∈ H3, 0
− ⊕H1, 2

− none of the above F-terms would vanish and we

only find unstable vacuum configurations.

Since the axio-dilaton and the complex structure sector are fixed at tree-level, one
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is safe to consider them fixed by their vacuum expectations values. We will take the

tree-level superpotential to be

Wtree := W0 =

〈∫
X

Ω ∧ G̃3

〉
, (2.83)

for the remainder of the thesis, effectively integrating out the axio-dilaton and the

complex structure moduli. Any quantum corrections to their vevs in the large volume

limit will be subleading to the tree-level contributions and we will neglect them safely.

This also implies that the tree-level Kähler potential will take the form

Ktree := −2 ln (V) +K0 = −2 ln (V)− ln

(
2

gs

)
− ln

〈
−i
∫
X

Ω ∧ Ω̄

〉
. (2.84)

Finally, before moving on, we would like to discuss the tadpole cancellation conditions

in the presence of fluxes and localised sources. The choice of non-trivial fluxes induces

a new term in the Bianchi identity for the F̂5 field strength. In particular,

dF̂5 = H̃3 ∧ F̃3 , (2.85)

which leads to the no-go theorem of [63]. Since the fluxes are the only contribution to

the Ĉ4 tadpole, one would have to consider compactifications with trivial fluxes only.

However, the discovery of D-branes [64] led to the realisation that charge densities

from D3/D7 branes, and also from orientifold planes, contribute to the tadpole [43]. To

satisfy the Bianchi identity and guarantee the absence of anomalies in the effective four-

dimensional theory, it is then required that the following tadpole cancellation condition

holds true

ND3 −ND3 +

∫
X
H̃3 ∧ F̃3 =

χ(X4)

24
, (2.86)

where
(
ND3, ND3

)
are the charge contributions from D3-branes and D3-branes, respec-

tively, and χ(X4) is the contribution from D7-branes and orientifold planes, which gains

a geometrical interpretation in terms of the Euler characteristic of the corresponding

four-fold X4 [65].
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2.5 The Swampland programme

In the last section we achieved the stabilisation of the non-Kähler moduli through

background fluxes. We highlighted that stabilising the Kähler sector will generically

require the introduction of perturbative and non-perturbative correction to the tree-

level Kähler potential and superpotential discussed previously. These corrections are

quintessential to supergravity model building, as we will explore in Chap. 7. It turns

out that obtaining a systematic understanding of the stabilisation of the Kähler moduli

is a highly non-trivial task. Furthermore, since we lack a complete picture of non-

perturbative supergravity, it is complicated to define frameworks where computations

can be carried out under complete control. Defining complete control is itself a hotly

debated topic in the community. Another reason behind the difficulty of the task at hand

is that supergravity inherits two perturbation parameter from string theory: α′ and the

string coupling gs. In writing down quantum corrections to the tree-level action, we will

inevitably encounter terms of O(αp · gqs), for some p, q > 0. This can make it so that, at

times, it can become unclear which terms enter at a given order in perturbation theory.

For example, comparing terms O(α′3g2
s) and O(α′2g3

s) can be hard. A very important

part of ongoing supergravity research is to systematically analyse these corrections at all

orders and ensure that Kähler moduli stabilisation is not spoiled in the bulk of moduli

space (see for example [49; 66–69]).

The lack of a completely satisfactory answer to the challenges presented above led to

the creation of the so-called Swampland programme (see [70] for an in-depth review).

Its core goal is to differentiate between low energy effective field theories that have a

consistent completion within a prospective quantum gravity UV theory and those that

do not. In doing so, the Swampland programme has formed a web of conjectures that

attempt to delineate the space between the consistent and inconsistent theories. In the

next section we will briefly describe two of these conjectures, the particular ones that

concern the contents of this thesis. One should remark that, although the ultimate goal

is for the programme to be independent of a prospective UV completion, most of the

conjectures will draw from string theoretical intuitions.
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Figure 2.1: A pictorial representation of the web of conjectures in the Swampland
programme [71]

2.5.1 The Swampland distance conjecture

In [72; 73], the authors proposed that a number of conjectures. Among them was what

would eventually become to be known as the Swampland distance conjecture (SDC). A

refined version of the SDC (rDC) claims the following [70; 74; 75],

Conjecture 1. Consider a theory coupled to gravity with some moduli space

parametrised by the expectation values of some fields with no potential. Let the

geodesic distance between any two points P ∈ M and Q ∈ M in moduli space

be denoted by d(P,Q). Then, there exists a tower of states in theory with mass

scale M and scaling

M(Q) < M(P )e
−α d(P,Q)

Mpl , (2.87)

if d(P < Q) & Mpl and where α ∼ O(1) is a positive model dependent coeffi-

cient.

A second claim of the rDC is that this statement holds true even for fields with a

potential by exchanging the moduli space with the field space of the effective field

theory.

The motivation for the existence of a light tower of states can be understood from

the mass spectrum in D dimensions of a closed string when compactifying one direction

on a circle of radius R. Indeed, the (D − 1)-dimensional mass for the for the string is
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[17]

M2 ∼ n2

(
1

R2

) d−1
d−2

+ w2

(
R2

α′2

) d−1
d−2

, (2.88)

where (n,w) ∈ N are the Kaluza-Klein number and winding number, respectively.

Indeed, in the infinite distance limit R → ∞, a infinite tower of Kaluza-Klein modes

labelled by n will become massless. The existence of the winding modes ensures that

in the T-dual frame, where R → R̃ = 1/R, there also exists another tower becoming

massless, in this case related to the winding modes with labels w.

More detailed analysis of the conjecture has been carried out in a number of string

scenarios [74–81]. Generically, the analyses focus on finding solutions and then identi-

fying the objects in the theory that introduce an infinite tower of states which becomes

light at the boundary of moduli space. For the volume modulus, it is quite straightfor-

ward to show that the tower of states can be associated with the KK modes like we did

in the simple example above. In more generality, the tower of states can be harder to

identify and related to, for example, D-branes becoming tensionless.

2.5.2 The refined de Sitter conjecture

A second conjecture is connected to the existence of (meta)stable dS backgrounds in an

effective field theory obtained from string theory compactifications. In [82], the authors

introduced the following claim that a potential of any theory coupled to gravity would

have to satisfy

|∇V | ≥ c

Mpl
V . (2.89)

It was pointed out in [83], that this claim was in tension with the Higgs potential. The

previous statement was refined to its present form in [84; 85]. This refined de Sitter

conjecture (rdSC) claims the following

Conjecture 2. Given an effective field theory consistent with a theory of quan-

tum gravity, its potential must satisfy either

|∇V | ≥ c

Mpl
V , or min (∇i∇jV ) ≥ − c′

M2
pl
V , (2.90)

where (c, c′) are positive constants of O(1) and min (∇i∇jV ) is the minimum
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of the eigenvalue of the corresponding Hessian.

This conjecture forbids the existence of stable de Sitter vacua in string theory. Impor-

tantly, metastable vacua are allowed as long as a tachyonic instability exists such that

the lifetime of the vacua is bounded by its Hubble time H−1 ∼Mpl/
√
V .

Whereas the refined distance conjecture has been well studied, the UV origin of the

refined de Sitter conjecture is more opaque. In part, this is related to the fact that the

de Sitter conjecture is entirely supported by cherry-picked examples and difficulty of

obtaining de Sitter vacua in string theory. To some extent, it has been argued that the

rdSC is consistent with the rSDC [85], and thus the rdSC could be understood from an

infinite distance limit perspective in the boundary of moduli space.

If the statement of the de Sitter conjecture was the inability of obtaining deSitter

vacua in the boundary of moduli space, this would not be a surprise. Indeed, it has

been known for quite some time [86] that non-supersymmetric degrees of freedom (like

those of de Sitter vacua) are notably hard to access from the point of view of weak

coupling (perturbative) supergravity. In the infinite distance limit all we have left

are perturbative degrees of freedom. Therefore, it would be naïve to expect that de

Sitter vacua are hiding in that corner of parameter space. However, the dS conjecture

forbids dS vacua existing also in the bulk of moduli space, where perturbative and

non-perturbative corrections become important.

Indeed, let us consider a heuristic scenario to exemplify this point —we will make this

point more formal in Chap. 6 and when discussing corrections to the tree-level action

in Chap. 7—. In [86], the authors describe the Dine-Seiberg Minkowski vacua, the

decompactification limit, for the dilaton modulus. A similar argument for the canonical

volume modulus, ϕ, can also be made. Indeed, let us imagine that we have some de

Sitter vacua generated through corrections to the tree-level action as depicted in Fig. 2.2.

At large field values, the potential decreases exponentially tending to the Dine-Seiberg

type vacuum, in the language of the canonical field ϕ. This behaviour at large field

values is quite generic since, in this limit, we expect the terms in the action Eq. (2.58)

to dominate over any corrections, and the non-canonical saxions (s) enter the theory

as dφ ∼ s−1ds, based on the form of the block diagonal Kähler metric obtained from

Eq. (2.63).
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Figure 2.2: A heuristic example of a typical profile for the scalar potential of a canonical
saxion modulus φ. The potential consists of three regions: (i) the deep bulk of moduli
space where the perturbative expansion breaks down, (ii) the asymptotic bulk where
numeric control can be retained and (iii) the boundary of moduli space where the
perturbative expansion can be made exact.

We can observe two things. Moving the minimum in the bulk towards asymptotic

larger values of the field would imply tuning the corrections to the point where the

leading perturbative expansion is comparable with the tree-level terms, at which point

we lose computational control. In Chap. 6 we revisit the discussion of the Swampland

programme from the point of view of phenomenology and point out that there exists

a disconnect between the Swampland programme and phenomenology. Secondly, an

interesting phenomenological region exists in the asymptotic bulk of moduli space, where

the effective theory can remain under numeric control. That region is where all the

known de Sitter proposals exists and where the corrections to the tree-level action

remain under control. This is where we will concentrate our efforts in the second half

of the thesis. Finally, a third region exists, the deep bulk of moduli space, where the

effective theory becomes strongly coupled and the perturbative expansion breaks down.

This regions maps to small volumes (in units of string length) and/or a string coupling

that becomes larger than unity.
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Chapter 3

Some open questions in modern

cosmology

Throughout this thesis we will concern ourselves with the consequences of a number of

important open questions in modern physics and more particularly, its implications for

cosmology. In Chap. 4 we will discuss how to generate a naturally light dark energy

field. In Chap. 5, we discuss the implications of the coincidence problem and a possible

stringy solution. Naturalness (in the context of cosmology) and the coincidence problem

are intimately related to the cosmological constant problem. A problem which is, to a

large extent, the underlying motivation for a lot of the research we have undertaken.

In this chapter, we will begin by giving an overview of the naturalness and hierarchy

problem in Sec. 3.1. We will then shortly review some problems in cosmology, diving

into the well-known cosmological constant problem in Sec. 3.2. Finally, we will discuss

the coincidence problem in Sec. 3.3.

3.1 The hierarchy problem and naturalness

In theoretical physics, the original setting for the hierarchy problem is often thought of

to be in the context of grand unified theories [9; 87]. To see the hierarchy problem in

action, we can take the much simpler example of a scalar φ4 effective theory with some
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UV cut-off Λ given by the Lagrangian

L = −1

2
(∂µφ)2 − 1

2
m2φ2 − λ

4!
φ4 . (3.1)

We are interested in calculating the effects of one-loop quantum corrections to the above

Lagrangian. The tree-level Feynman diagrams for the theory are given by

= D(2) = D(4) . (3.2)

By standard calculation techniques [88], the two-point and four-point propagators in

Fourier space are given by

D(2) =
−i

p2 +m2 + iε
, D(4) = −iλ , (3.3)

and the one loop-diagrams are

. (3.4)

The introduction of the one-loop diagrams corrects the tree-level expressions such that

the integral along a loop carrying internal momenta qµ is

∫ Λ

0

d4q

(2π)4

−i
q2 +m2 + iε

−i
(p− q)2 +m2 + iε

∝ ln
(

Λ

p

)
. (3.5)

We can see that in the limit Λ → ∞ the integral diverges. More importantly for our

discussion, the theory and the physical observables now have knowledge of the cut-

off scale Λ. For example, the scattering amplitude for the 2-to-2 particle scattering

diagrams is now iM ∝ −iλ + iλ2 ln
(

Λ2

m2

)
. Another related problem is that the self-

energy diagram contributes to the two point correlation function with a term

Γ1−loop
(2) ∝ λ

∫ Λ

0

d4q

(2π)4

1

q2 +m2 + iε
∝ λ

[
Λ2 −m2 ln

(
Λ2

m2

)]
. (3.6)
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The canonical solution to these issues is to introduce counterterms to renormalise the

theory. After doing so, the renormalised observables of the theory are cut-off indepen-

dent. For example, introducing the mass counterterm

Lδm = −δm
2

2
φ2 , δm2 = − λ

32π2

[
Λ2 −m2 ln

(
Λ2

m2

)]
, (3.7)

turns the two-point correlation function into its renormalised version

Γ̄(2) = i
(
p2 +m2

)
, (3.8)

to one-loop, with higher orders in loop corrections being systematically reabsorbed into

the definition of the counterterms.

This has allowed us to decouple the effective description of the low-energy physics from

the cut-off of the theory, and got rid of the UV divergence that appear by sending the

cut-off to arbitrarily large values. This will require an infinite number of counterterms

but, a priori, we have cured the theory from UV divergences. We would like to go one

step further now and ask what happens for a theory with a light scalar φ and a heavy

scalar ϕ. Let us now consider a theory with two scalar sectors coupled to each other

L = −1

2
(∂µφ)2 − 1

2
m2φ2 −

λφ
4!
φ4 − 1

2
(∂µϕ)2 − 1

2
M2ϕ2 − λϕ

4!
ϕ4 − g

4
ϕ2φ2 , (3.9)

here m � M . Much like in the previous case, one must regularise the theory. After

doing so, the tree-level one-to-one scatterings are decoupled from one another since

there is no quadratic term mixing φ and ϕ. However, the one-loop diagrams for the

light scalar now contain an extra contribution

, (3.10)

where the solid line represents the heavy scalar ϕ. By reproducing the calculations for

the renormalised two-point correlator, we find

Γ̄(2) ∼ i
(
p2 +m2

)
−
iλφm

2

32π2
− igM2

32π2
. (3.11)
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The physics associated to the light sector now depend on the heavy sector, i.e. the light

and heavy physics only decouple at tree-level. We could try to retune the counterterms

to reabsorb the heavy sector dependence. However, by continuing our perturbative

expansion to two-loops we would find diagrams of the type

, (3.12)

which would again contribute a term of O(gM2) to the two-point correlation function.

We would have to fine-tune to the same accuracy at every order in perturbation theory,

and we would say that the light scalar is unstable against radiative corrections. This is

effectively an infinite fine-tuning and the theory loses all power of predictability. The

hierarchy problem can then be restated as: how can we keep the heavy physics decoupled

from the light physics?

A simple solution would be to argue that g is strictly vanishing. Then the theory

with two scalars turns into two theories with one scalar each, analogous to the one

in Eq. (3.1).This implies the existence of an extra symmetry in the theory. However,

consider the case of the Higgs, for example, where the interactions between different

sectors are crucial to describe our Universe, then g 6= 0 by necessity.

Another possibility is that the symmetry does not fix g = 0 but rather introduces

new degrees of freedom such that the dependence on the heavy physics drops off from

the observables. Of course, this is the idea behind supersymmetry [89] where each

component in a supersymmetric multiplet contributes with opposite sign to the n-point

correlators, by virtue of supersymmetry pairing fermions to bosons and vice versa.

However, no supersymmetric partner to the Standard Model particles has been found

at energies O(TeV) ∼ 10−15Mpl, and supersymmetry must then be softly broken at

some low-energy scale ESUSY & 10−15Mpl.

Finally, one could just set g � 1 by hand such that, even if the two different sectors

are coupled, the effects due to heavy physics are subleading to the light sector physics.

However, two considerations arise. One is that the usual theoretical physics’ lore would

tell us that the smallness of g has to be protected by some approximate symmetry in

the theory. Otherwise, the RG flow running for g towards arbitrarily high UV physics
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can spoil the decoupling. A second one is that, in Physics, we do not find arbitrarily

tuned constants. Usually, couplings are O(1); if the couplings are very small there is

an underlying reason. This sentiment is the idea behind naturalness. We say that a

theory is natural when it contains only couplings which are O(1). Setting g � 1 by

hand would be unnatural.

More concretely, we introduce ‘t Hooft’s definition of naturalness [90],

Naturalness. Consider an effective theory valid up to some cut-off Λ. Make

any free parameters dimensionless by measuring them in units of the cut-off.

A theory is natural if the only parameters that are much smaller than unity

imply an enhancement of the symmetry group of theory in the limit of those

parameters vanishing. Otherwise, the theory is unnatural.

To exemplify the meaning of an enhanced symmetry, we take our simple one-field φ4

model and follow the discussion of [90]. Fixing λ = 0 leads to a non-interacting theory,

a freely propagating massive particle with a conserved particle number, λ 6= 0 breaks

particle number conservation. Therefore, a theory with λ = 0 is natural despite having

a vanishingly small parameter since λ = 0 induces a new symmetry in the theory. On

the other hand, m = 0 does not enhance the symmetries of the theory in any way, and

thus fixing m/Λ � 1 by hand would render the theory unnatural. Similarly, in the

light-heavy Lagrangian Eq. (3.9) setting g = 0 does not recover any symmetries, as the

total number of particles is still not conserved due to λφ, λϕ 6= 0.

As discussed, within the framework of particle physics the hierarchy problem and

naturalness issues appear under the guise of the Higgs. The Higgs mass is much smaller

than the mass of the top gauge boson, the heaviest Standard Model particle. As men-

tioned, supersymmetry aims to solve this. Another proposed solution is technicolour

[91–93], where the Higgs is a composite particle of two new fermions and the underlying

theory in terms of the two fermions is natural. A more in-depth review of the histori-

cal developments and philosophy around naturalness and the hierarchy problem can be

found in [8].

We can also think of the hierarchy problem and naturalness in more general terms as

being a question regarding how to introduce parametrically large scale differences in a

theory. For example, the cosmological constant energy scale is given by Ecc ∼
√

Λ ∼
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10−60Mpl whereas top collider physics have an associated energy scale Etop ∼ 10−16Mpl

while quantum gravity is often associated with EQG ∼ O(Mpl) physics. A full theory

describing all of these phenomena, and anything in between, would have to span 1060

orders of magnitude. If string theory is to describe our Universe, it will certainly have

to contain small numbers and whether it can do so in a natural way is non-trivial.

3.2 The cosmological constant problem

In the previous section, we reviewed how light modes in the effective theory can become

unstable due to radiative corrections. This statement also affects the cosmological

constant, making the theoretical cosmological constant orders of magnitude larger than

the observed value for the vacuum energy of our de Sitter Universe. This problem goes

by the name of the cosmological constant problem [11], for a modern formulation of this

problem, and possible resolutions, we direct the interested reader to [10; 94], as well as

references therein.

To see the problem in action, we consider the one-loop vacuum diagrams for the

φ4-theory of Eq. (3.1) in a flat spacetime

=

∫
d4p

(2π)4
log
(
p2 +m2

)
∝ m4

∫
d4x ⊂ −Vvac

∫
d4x , (3.13)

where we have renormalised the ε pole, obtained by calculating the loop integral through

the usual dimensional renormalisation methods, as this will not play a role in our dis-

cussion. In a theory with N particle species, we might expect the vacuum energy to be

given by

Vvac ∼
∑

0<i≤N
cim

4
i , (3.14)

where ci are arbitrary coefficients that by naturalness we would expect to be O(1) and

mi denotes the renormalised mass of the i-th particle species. When gravity kicks in,

the vacuum energy will gravitate in the usual way

Vvac

∫
d4x→ Vvac

∫
d4x
√
−g , (3.15)
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and in terms of Feynman diagrams this can be thought of as being given by the sum of

vacuum diagrams with an arbitrary number of graviton legs

+ + + ... ∼ −Vvac
∫
d4x
√
−g .

(3.16)

After renormalisation, the one-loop contribution to the vacuum energy for this scalar

field will again be of O(m4). If we consider the matter sector to be given by the

Standard model, we would expect that Vvac ∼ m4
top ∼ O(TeV)4 which is much heavier

than the observed value V observed
vac ∼ O(meV)4, this constitutes a tuning to an accuracy

of 60 orders of magnitude at one-loop. However, we know that the problems do not

stop here. Analogously to the discussion of the last section, let us imagine that we do

fine-tune the counterterms to allow the theoretical value of the cosmological constant

to match the observational one at one-loop. Then, we consider the effects of two-loop

diagrams like

= −λ
(∫

d4p

(2π)4

1

p2 +m2 + iε

)2

∝ −λm4 (3.17)

which contributes to the vacuum energy of the theory at the same order as the one-loop

diagrams. This will continue to hold true for higher orders loop diagrams. Again, we

find that the cosmological constant is unstable against radiative corrections and that, to

match the observations, we must fine-tune the effective field theory at every level in the

loop expansion. The cosmological constant problem remains one of the most important

and challenging open questions in modern physics. Below, we briefly review some of

the proposed resolutions.

3.2.1 The anthropic principle

The failure to obtain a microscopic explanation for the smallness of the cosmological

constant Λ led researchers to look for a solution in the form of the anthropic principle.

The philosophy behind the anthropic principle is best encapsulated in the statement: “Λ

should be small enough to allow the Universe to evolve for long enough such that there
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are scientists that would ask about its smallness”. If Λ is much larger in magnitude than

its observed value, dark energy domination would start sooner and structure formation

could be affected. For concreteness, let us imagine a Universe with Λ ∼ ±M4
pl. In this

Universe, we would not fret about small numbers regarding Λ and thus the cosmological

problem would be no more. However, no galaxy formation could have happened and no

civilisation could ask questions about the cosmological constant in the first place. On

the other hand, if galaxy formation bounds the cosmological constant to small enough

values, then the cosmological constant problem can be solved by arguing that a small

cosmological constant is the only acceptable value that would sustain intelligent life,

which would then go on to worry about its smallness.

In [95], Weinberg builds upon previous anthropic considerations1 to provide a bound

on the available window for the cosmological constant. The anthropic bound on the

cosmological constant is given as

−10−120M4
pl < Λ < 10−118M4

pl , (3.18)

where the upper bound is obtained from demanding that dark energy domination must

not begin until sufficiently late times such that structure formation can go through

and the lower bound follows from demanding that the Universe does not collapse dur-

ing matter domination, while stars and galaxies form. Subsequent work has tried to

strengthen the bound [97–99]. Work on anthropics has also inspired other resolutions

to the cosmological constant problem and the coincidence problem, which we discuss in

the following.

Although anthropic considerations might seem anti-climactic in nature, these are

by no means trivial statements. A number of underlying assumptions about the true

nature of our Universe are at work. For anthropics to solve the cosmological constant

problem we require that our Universe can select from different values of the cosmological

constant, that at least one of such values is in the observational range and that there

exists a dynamical mechanism to allow some regions to attain such value. Since no

concrete example of such theories exists, anthropic considerations remain as a proposed

resolution.

1See [96] for a review of the work on anthropics prior to [95].
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3.2.2 Sequestering the vacuum energy

A qualitatively different approach to solving the cosmological constant problem relies

on vacuum energy sequestering [100–105]. In this case, the radiative corrections are

reabsorbed in new rigid degrees of freedom. The theory remains locally flat while global

dynamics are modified. The mechanism itself is reminiscent of decapitation [106; 107].

Let us consider a semiclassical action of the form

S =

∫
d4x
√
−g
[

1

2
R− λ4Lm(λ−2gµν ,Ψ)− Λ

]
+ σ

(
Λ

λ4µ4

)
, (3.19)

with µ some mass scale and where the classical gravitation sector has been coupled to a

quantum matter sector Lm, which we take to contain the Standard model. The global

parameter λ is introduced by hand to couple matter Ψ to the cosmological constant

Λ, which has been promoted to a global dynamical variable. Finally, σ is a global

interaction term, which can be seen to be the dual of a top-form.

The equations of motion for the global variables λ,Λ and the metric are

σ′
(

Λ

λ4µ4

)
= λ4µ4

∫
d4x
√
−g , (3.20)

σ′
(

Λ

λ4µ4

)
=
λ4µ4

4Λ

∫
d4x
√
−gTµµ , (3.21)

Gµν = −Λgµν + Tµν , (3.22)

where Tµν is the energy momentum tensor for the matter sector with respect to the

metric gµν . The last equation is just Einstein’s equations, the other two equations allow

us to fix the cosmological constant counterterm. By combining the first two equations

of motion we find

Λ =
1

4

∫
d4x
√
−gTµµ∫

d4x
√
−g

:=
1

4
〈Tµµ 〉 , (3.23)

where 〈Tµµ 〉 is understood as a spacetime average. Furthermore, we write the energy-

momentum tensor as Tµν = −Vvac gµν + τµν where τµν describes local excitations and

Vvac is the vacuum energy coming from Standard model loops. Plugging this expansion
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for the energy-momentum tensor and Eq. (3.23) into Eq. (3.22) we find

Gµν = τµν −
1

4
gµν〈τµν〉 . (3.24)

meaning that the radiative corrections due to Standard model loops always drop out

from the effective field theory. This holds true at any order in loop expansion due to

the diffeomorphism invariance of the action and the fact that matter couples universally

to λ through the metric gµν , ensuring that at any order in loops the vacuum energy

contribution scales like λ4.

Sequestering resolves the cosmological constant problem at an effective field theory

level, but the action has to take a very special form. Without a better understanding of

why the effective field theory would have to take that particular form or what kind of

UV embedding would yield a low-energy effective action of this kind, we cannot justify

sequestering as the one panacea solving all our radiative problems.

3.2.3 Supersymmetry

Another possible resolution could be supersymmetry. After all, supersymmetry came

to the rescue when we considered the hierarchy problem for the Standard model. The

problem here is that a de Sitter Universe is necessarily non-supersymmetric2, meaning

that supersymmetry must be (at least) softly broken below some scale ESUSY. In this

case, the bosonic-fermionic superpartners have a split in their mass spectrum that goes

like

m2
B −m2

F ' g2
sE

2
SUSY , (3.25)

and this ruins the cancellation for the vacuum loop diagrams giving raise to vacuum

energy contribution of O(g2
sE

2
SUSY). Since we have not observed supersymmetry in the

LHC, we can at most hope to explain why the cosmological constant does not have an

M4
pl energy scale, assuming ESUSY < Mpl, but the coupling problems to the standard

model sector remain. It should be noted that one could try to engineer a situation

where supersymmetry is broken at two different scales Ebrane � Ebulk, so that the

matter sector living in a D3-brane has ESUSY = Ebrane and gravity propagating in the

2We note that supersymmetry may be realised non-linearly on de Sitter space whenever the sym-
metry is broken spontaneously, as in [108–112].
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bulk has ESUSY = Ebulk. This type of scenario was already considered in braneworld

constructions where the extra dimensions had infinite volume [113; 114] and later in

supersymmetric large extra dimensions brane models [115–117]. It remains unclear how

to achieve this from a UV perspective. The problem stems from demanding a (nearly)

flat four-dimensional solution in the brane. This requires the brane couplings to preserve

bulk scale invariance and leads to a fine-tuning in the parameters of the model to achieve

the observed curvature scales [118; 119].

3.2.4 The flux landscape

To some extend motivated by the anthropic prospects discussed previously, Bousso and

Polchinski [120] proposed how we may achieve a small enough cosmological constant

through four-form quantisation. Indeed, consider the Einstein-Hilbert action minimally

coupled to a four-form

S =

∫
d4x
√
−g
(

1

2
R− Λ− Z

48
F 2

4

)
, (3.26)

where Z is a normalisation constant. The four-form equations of motion fix F4 = cε4,

where ε4 is the four-dimensional Levi-Civita symbol and c is a constant related to

the Dirac quantisation condition of the four-form, as we will see below. The effective

cosmological constant is the given by [120]

Λeff = Λ− Z

48
F 2

4 = Λ +
Zc2

2
. (3.27)

If c could take any value, the bare cosmological constant Λ could be cancelled to any

degree of accuracy. However, in string theory both the four-form and its dual are

quantised and for the dual of the four-form the quantisation condition reads

?F4 = F0 =
en

Z
, n ∈ Z , (3.28)

where e is the charge of the membrane coupled to the four-form. In turn, this fixes our

arbitrary constant c to take values in the integer set, in units of e
Z . For the effective cos-

mological constant to be efficiently cancelled by the four-form contribution, we require
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that

Λ +
e2n2

2Z
∼ 0 n ∼

√
2Z |Λ|
e

, (3.29)

and that the spacing between different effective cosmological constants, associated to

different values of n, is below the observed value δΛ ∼ e2n
Z < 10−120, so that a number

of effective cosmological constants can fit observations. All together, we find

√
|Λ|
Z
e . 10−120 . (3.30)

The problem is that the bare cosmological constant Λ will see Standard model loops,

meaning that Λ ∼ O(TeV)4. This implies that e .
√
Z10−108, for the action in

Eq. (3.26) we would expect Z ∼ O(1) which would require e . O(10−108). One

four-form is not enough since this is just exchanging a fine-tuning on the cosmolog-

ical constant by a slightly smaller fine-tuning on the value of the membrane charge

e.

However, in typical compactifications, we expect a large number of these four-forms

to be present. In [120], it was also shown that if we have some O(100) of these four-

forms arising from a string compactification, then the individual charges only need to

be of O(1) even if Λ couples to the Planck scale. Then, by anthropic considerations,

our Universe is one such that the cosmological constant picked the right value to allow

for structure formation. Overall, this argument is based on the idea that flux com-

pactifications generate a very large number of vacua such that even exponentially small

cosmological constant may exists in the landscape of theories.

In supergravity models of our Universe, the smallness of the cosmological constant

is often related to a balance between an uplift contribution and a tuned tree-level

superpotential W0. In [121; 122], it was argued that statistics of classical flux vacua

do indeed agree with the intuition that an exponentially-tuned W0 is achievable in the

landscape such that the cosmological constant can be tuned to a similar degree. For

example, in the case of KKLT models which we will discuss in Chap. 7, [123; 124]

provide realisations of AdS4 vacua with exponentially small W0, fitting observations in

magnitude but not in sign as an uplift is still required to obtain dS4. The idea of using

the flux landscape to solve the cosmological constant problem remains attractive but
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no concrete ten-dimensional realisation of a dS4 vacua has been achieved yet.

3.3 Coincidence problem

A related but qualitatively distinct puzzle to the cosmological constant problem is the

cosmological coincidence problem [125]. This is usually presented as a simple question:

why now? Why do we happen to live at a time when the energy density of matter and

dark energy are roughly comparable?

Let us unpack the problem in a little more detail. The total age of the universe

is estimated to be around 13.7 Gyrs [126]. The early phase of radiation domination

represents only a small fraction of that history, giving way to matter after around 51

Kyrs, at a redshift of zeq ≈ 3400. The transition to dark energy domination occurred

much later, after around 3.5 Gyrs, at a redshift of zde ≈ 0.5. This represents roughly a

quarter of the universe’s current lifetime [127]. This means that the universe has been

matter dominated for a significant fraction of its history, so much so that its density

today is still comparable to that of dark energy.

Why is this a problem? The issue is the rate at which dark energy dilutes in compar-

ison to matter, if indeed it dilutes at all. If dark energy is a cosmological constant, as in

the standard ΛCDM cosmology, its energy density remains constant while the energy

density of matter falls off exponentially quickly once we enter the accelerating phase.

If we take the standard scenario at face value, dark energy will dominate indefinitely.

It seem implausible that we should find ourselves so close to the dawn of dark energy

domination, within a single Hubble time. By way of comparison, we note that planetary

orbits are expected to exist for another 105 Hubble times [128].

In this sense, the coincidence problem can also be understood from the point of

view of naturalness. Indeed, one could fix by hand that the matter-dark energy epoch

happens at any present time. However, this requires a tremendous fine-tuning of the

initial conditions during inflation due to the exponential dilution of matter during the

dark energy era.

There have been several proposals that touch upon aspects of this problem (see [127]).

These range from anthropic considerations [129–132] to k-essence scenarios where dark
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energy is triggered by matter-radiation equality, coming to dominate within a few billion

years [133–135]. Although the latter go some way to explaining the (limited) duration

of the matter dominated epoch, they do not address the main question of why we

happen to find ourselves so close to the dawn of dark energy domination. In Chap. 5,

we will tackle this problem from the point of view of stringy compactifications and in

the remainder of this section we dedicate some time to review these proposed solutions

and discuss to what extent these proposal solve the coincidence problem.

We should note that the question of the coincidence problem can also be addressed in

apocalyptic fashion by bringing the universe to a rapid conclusion. The basic idea is that

dark energy domination begins with acceleration before triggering cosmic Armageddon,

within a few efolds. The solution to the coincidence problem follows because the accel-

erated epoch is cut short - it does not go on indefinitely and endures for a similar time

to matter domination. This was shown to occur in phantom cosmologies [132; 136],

linear quintessence [132; 137] and sequestering scenarios [100–105; 138–140].

3.3.1 Anthropic considerations

Following arguments that are similar in spirit to the ones in the last section, in a series

of papers [129–131], the authors propose an anthropic resolution to the coincidence

problem. Below, we provide a summarised version of the argument flow that led the

authors to their anthropic solution:

1. We begin by demanding that the advent of dark energy domination, tΛ, must

happen late enough that it does not destroy structure formation.

2. Assume that most of the carbon-based life appears in our Universe around the

time of peak carbon production, tcarbon.

3. The main contributors to carbon in the interstellar medium are stars in the few

solar mass range [141]. Simulations in [142], showed that peak carbon production

happens roughly around the time of star formation and galaxy formation, tcarbon ∼

tSFR ∼ tG.

4. Further assume that the appearance of intelligent life is not delayed by more than

a fraction of the lifetime of main sequence stars (∼ 5–20 Gyrs), tG ∼ tIL.
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5. We take our civilisation as a typical example of carbon-based life and define the

“present time” t0 as the time necessary for a civilisation to become advanced

enough to ask about the coincidence problem. On a cosmological timescale, given

that our civilisation has been around for only some 104 years, so we find tG ∼

tIL ∼ t0.

6. Finally, we have to relate the time of dark energy domination to the time of

galaxy formation. In [95], Weinberg took values for the redshift such that galaxy

formation is barely possible, giving a lower bound to the advent of dark energy

domination. However, in [129], it is argued that if we are truly an average observer

we would expect not to observe the limiting value found by Weinberg but rather

one where a sizeable portion of the galaxies have already formed. This is found

to be tG ∼ tΛ.

Putting everything together we find t0 ∼ tG ∼ tΛ and the coincidence problem seems

to be resolved. It is clear that some assumptions must be made about the origin and

evolution of intelligent life and these have drawn some criticism [143; 144]. It is typi-

cally argued that, although anthropic constraints can select values of the cosmological

constant which are close to the observed value, these values necessarily carry large un-

certainties due to the lack of understanding of the conditions required for intelligent life

to appear.

3.3.2 k-essence scenarios

Another proposed resolution to the coincidence problem are the k-essence scenarios

originating in [133; 134]. Let us follow the analysis of [135]. We restrict ourselves to

models with Lagrangian

L = K(φ)p̃(X) , (3.31)

where K(φ) > 0 and X := 1
2∇µφ∇

µφ. Fixing K(φ) := 1/φ2, loosely motivated by the

expected perturbative supergravity form of the Kähler metric, and defining the variable

y := X−1/2 and the p̃(X(y)) := g(y)/y, the equation of state parameter and sound
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speed are given by

w(y) = − g(y)

yg′(y)
, c2

s =
g(y)− yg′(y)

y2g′′(y)
. (3.32)

Asking that w < −1 and c2
s > 0 implies that g(y) is a convex and decreasing function

of y, but is otherwise left undetermined. We would like the field φ to have a stable

tracker solution (R) during radiation domination and then reach an attractor solution

(K) during k-essence domination with w ' −1. In principle this would render the k-

essence models mostly independent of initial conditions during inflation while attaining

a observationally viable behaviour at late times. The question is whether these early

tracker to late attractor is a generic behaviour for some family of p̃(X).

In [135], a dynamical analysis of the models of [133; 134] was conducted. The models

themselves are given by

p̃1(X) := −2.01 + 2
√

1 +X + 3 · 10−17X3 − 10−24X4 , (3.33)

p̃2(X) := −2.05 + 2
√

1 + f(x) , (3.34)

f(X) = X − 10−8X2 + 10−12X3 − 10−16X4 + 10−20X5 − 10−24

26
X6 .

Since we are most interested in studying whether the fine-tuning of initial conditions is

alleviated in any way, we concentrate on the behaviour of these models during radiation

domination and whether the tracker solution exists for a wide range of initial conditions.

The dynamical analysis showed that although some basin of attraction exists towards

the radiation tracker (R), see for example the phase diagram in Fig. 3.1, the basin

is quite limited for these models. For most initial conditions, the model does not

reach the tracker solution but rather rapidly evolves towards a period of early k-essence

domination or a singularity given by a divergence of the sound speed in the theory.

On top of this, it is clear that the models given in Eq. (3.33) and Eq. (3.34) have

been engineered by hand to contain these tracker solution in the first place. So we are

exchanging some slightly less fine-tuned initial conditions for highly contrived models.

If the subset of initial conditions turned out to be physically important, then this ex-

change might be beneficial. However, without any prior or reason to believe that these

regions of the parameter space would be more desirable, we find no clear benefits to
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Figure 3.1: The shaded region represents the basin of attraction for p̃2(X) during
radiation domination. (R) is the tracker solution, (0) is the origin of the trajectories
and (x) is the saddle point defined in [145]. The vertical dashed line describes the point
yc, where g′′(yc) = 0 and the sound speed diverges. Figure taken from [135].

using the k-essence models in Eq. (3.33) and Eq. (3.34). Therefore, although an interest-

ingly physical mechanism, k-essence does not constitute a resolution of the coincidence

problem insofar as a large tuning of initial conditions seems to still be required.

In this chapter, we have reviewed some open questions of cosmology that will become

important in the remainder of the thesis. The question on naturalness was the driving

force behind our idea of developing a dark energy model involving the clockwork mech-

anism, which we describe in Chap. 4. The coincidence problem will be the centrepiece

of the discussion in Chap. 5, where we propose how string compactifications might play

a role in the resolution to the problem. Finally, the hierarchy problem and the micro-

scopic nature of dark energy will play a key role in the goals and motivations for the

second part of the thesis.
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Chapter 4

A naturally light dark energy model

In [1], we proposed a model of dark energy driven by a pseudo-scalar field whose super-

light mass emerges naturally from a simple microscopic theory with uniquely high scale

couplings. The model is a dark energy avatar of the pion, its low mass emerging from the

spontaneous breaking of a weakly broken symmetry. It consists of O (100) pseudo scalar

fields (axions) with non-trivial mass mixing, one of which has a bilinear mixing with a

four-form field strength. All mass scales in the theory are assumed to lie at, or close

to, the Planck scale. The motivation for this model arises as the marriage between two

axion EFTs and we will begin by introducing these models: the clockwork mechanism

[146; 147] in Sec. 4.1 and the Dvali-Kaloper-Sorbo model [148–151] in Sec. 4.2.

In Sec. 4.3 we will present our model in full and further motivate its UV completion in

terms of a type IIA supergravity motivated toy model in Sec. 4.4. We will then proceed

to scrutinise the type IIA embedding in more detail, being able to write down a no-go

theorem for the clockwork mechanism at the level of the perturbative type IIA action

with fluxes in Sec. 4.5. Finally, in Sec. 4.6 we perform the dimensional deconstruction

of the discrete model, and study a family of braneworld configurations showing how the

braneworld obsverver measures a low scale of dark energy on account of the warping of

the extra dimension.
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4.1 Clockwork mechanism

The underlying theory that we present in this section is based on the works [146; 147],

where the authors present a mechanism to obtain trans-Planckian axion decay constants

from a theory with O(Mpl) mass parameters. These constructions are intimately related

to the problem of obtaining viable natural inflation in string theory. In natural inflation,

the large field excursions of the inflaton are protected from quantum corrections by

virtue of the inflaton being an axion with a discrete shift symmetry. In this way,

even if the inflaton range is super-Planckian, the axion range remains sub-Planckian as

long as its decay constant is super-Planckian. However, it was pointed out that trans-

Planckian decay constant are not easy to engineer in supergravity theories whilst keeping

perturbative control [152]. The Kim-Nilles-Peloso (KNP) mechanism [153] provided a

way to circumvent this issue by considering two-axion models with sub-Planckian decay

constants, in such a way that there exists a linear combination of the axions with super-

Planckian decay constant. From the point of view of the EFT, there exists a field with

an effectively super-Planckian decay constant that could prove to be a good candidate

for the inflaton. However, considerations related to strong forms of the weak gravity

conjecture [154–157] put some stringent bounds on the KNP mechanism.

In [158], the authors go one step further and generalise the works [146; 147] to show

how to generate parametrically low energy scales from a theory with only Planckian-

scale parameters. To do so, they will require the introduction of a technically natural

parameter (in the sense of ’t Hooft [90]) σ := M2/f2 � 1, that represents the scale

separation between spontaneously broken physics at a scale f and softly broken symme-

tries at a scale M . In [158], the clockwork mechanism is generalised to scalars, vectors

and tensor fields. For our discussion, we will concentrate on the scalar clockwork.

Let us consider a theory with a global symmetry G = U(1)N+1 spontaneously broken

at a scale f . We will take f ∼ O(Mpl) but the mechanism generalises straightforwardly

to any other scale, where f would represent the cut-off of the would-be effective field

theory. Below the symmetry breaking scale, the theory contains N+1 Goldstone bosons

φj which can be packaged conveniently as

Uj = eiφj/f , j = 0, ..., N , (4.1)

57



which transform by a phase under the corresponding U(1)j generator. We also softly

break G by introducing N mass parameters Mi, with i = 0, ..., N − 1. These can be

regarded as N spurion fields taking non-zero vacuum expectations values due to their

charges under the U(1)i

Qi[M
2
k ] = δi k − qδi k+1 . (4.2)

Taking q > 1, the symmetry breaking will be soft as long as σ = M/f � 1.

The leading terms of the effective Lagrangian in terms of the true scalar and the N

pseudo-scalar are

L = −1

2

[
N∑
i=0

(∂φi)
2 +M2

N−1∑
i=0

(φi − qφi+1)2 +O(φ4)

]
, (4.3)

where we can rewrite the potential in terms of a mass matrix

V (φ) =
1

2
M2

N−1∑
i=0

(φi − qφi+1)2 +O(φ4) =
1

2

N∑
i,j=0

φiM2
ijφj +O(φ4) , (4.4)

M2
ij = M2



1 −q 0 · · · 0

−q 1 + q2 −q

0 −q 1 + q2
. . . . . .

...
. . . . . . . . .

...
. . . . . . 1 + q2 −q 0

−q 1 + q2 −q

0 · · · 0 −q q2



. (4.5)

Diagonalising the mass matrix, we find for some orthogonal matrix O

M̃2
ij = OTikM2

klOlj = diag
(
m2

0, ...,m
2
N

)
, (4.6)

m2
0 = 0 , m2

k =

[
q2 + 1− 2q cos

(
kπ

N + 1

)]
M2 . (4.7)

The soft symmetry breaking has broken the axion shift symmetry, providing a mass for

N pseudo-scalars. The mass spectrum of the theory contains a massless mode, related

to the leftover spontaneously broken U(1), and N massive modes. In the large N limit,
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the massive modes span masses

m1 ' (q − 1)M , mN ' (q + 1)M = m1

(
1 +

2

q − 1

)
, (4.8)

and the mass splitting δmk = mk+1 −mk is given by

δmk

mk
' qπ

N
[
q2 + 1− 2q cos

(
kπ
N+1

)] sin

(
kπ

N + 1

)
. (4.9)

Therefore, for a large number of fields (or “gears” in the language of [158]), the N

massive states enter the theory at a mass scale mi ∼ O(M), with gaps δmi ∼ O(M/N).

Furthermore, rewriting the theory in term of the mass eigenstates in the diagonal mass

matrix basis πi =
∑N

j=0OTijφi, we crucially find that O0j ∝ q−j . This means that if an

operator couples to the N-th gear, the massless mode will feel its interaction suppressed

by qN and for large N this can become an efficient way to “protect” the massless mode

against radiative corrections. We will see this explicitly in Sec. 4.3 once we couple the

Dvali-Kaloper-Sorbo model to the N-th site of the clockwork chain.

4.2 Dvali-Kaloper-Sorbo four-form model

Inspired by a long history of research on applications of membranes to gravity (see for

example [159–161]) arises the second element of our model. The Dvali-Kaloper-Sorbo

model (DKS) [148–151] has been proposed as an effective theory of axion monodromy in

string theory [162; 163]. However, the true string embedding of the DKS model remains

unclear [76]. Nonetheless, DKS, as an EFT, can provide an interesting description of

single-field axion inflation since it avoids some of the issues related with super-Planckian

excursions, in a similar vein to the KNP mechanism.

The idea is to introduce a bilinear mixing between the axion and a four-form field

strength. The theory admits a dual description in terms of a massive pseudoscalar and

the magnetic flux of the four-form. The latter is locally constant in spacetime although it

can jump between quantised values across a three dimensional membrane. The effective

inflaton is then a gauge invariant combination of the axion and the magnetic flux — its

large field values are obtained through the flux, which in turn may be identified with
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macroscopic quantities characterizing the system rather than high scale excitations of

the inflaton field [164]. Small deformations of these models can also give rise to an

emergent mechanism for screening the effects of vacuum energy at large scales [165–

167].

The starting point for the DKS model is a massive U(1) gauge theory given by [151]

L = − 1

48
F 2 − µ2

12
(Aµνα − hµνα)2 +

µ

6
φ
εµναβ√
−g

∂µhναβ , (4.10)

here Fµναβ = 4∂[µAναβ] is the four-form field strength, εµνρσ is the totally antisymmetric

Levi-Civita symbol defined such that ε0123 = 1, with indices raised and lowered with

respect to the metric gµν , and φ is an axion with periodicity φ := φ+2πf , with f left to

be determined. The equation of motion for φ yields h = db, with bµν the Stueckelberg

field invariant under b→ b+ dλ. Integrating out the Stueckelberg through its equation

of motion yields

L = − 1

48
F 2 − 1

2
(∂φ)2 +

µ

24

εµναβ√
−g

φFµναβ . (4.11)

We can eliminate the four-form by introducing a Lagrange multiplier Q that fixes the

Bianchi identity for the four-form on-shell. This allows us to rewrite the theory in terms

of the pseudo-scalar

L = −1

2
(∂φ)2 − µ2

2

(
φ+

Q

µ

)2

− Q

6

εµναβ√
−g

∂µAναβ , (4.12)

which is invariant under

φ → φ+ 2πf , Q → Q− 2πq , (4.13)

where f = q/µ.

In the DKS model, one identifies the effective inflaton with ϕ = φ + Q/µ. We can

see that, the inflaton gets a mass from its mixing with the four-form field strength,

and the stronger the coupling µ the larger the effective mass. It is this mechanism for

generating a mass that we exploit in our model of dark energy. By coupling one end of

our clockwork to the four-form we guarantee that the mixing with the zero mode of the

clockwork is exponentially small and as a result, a very small mass is generated in the

60



low energy effective theory.

4.3 Obtaining a naturally light dark energy scale

We begin with a chain of N + 1 pseudo-scalar fields φ0, ..., φN , all characterized by

a single ultraviolet mass scale M and a nearest neighbour interaction with strength q

[146; 147]. The mass M is assumed to lie at or close to the Planck scale. We further

assume that one end of the chain is coupled to a four-form field strength as in the Dvali-

Kaloper-Sorbo model. The combined set up is described by the following Lagrangian

density:

L = −1

2

[
N∑
i=0

(∂φi)
2 +M2

N−1∑
i=0

(φi − qφi+1)2

]

+
µ

24
φN

εµναβ√
−g

Fµναβ −
1

48
FµναβF

µναβ . (4.14)

In the first line we recognise the clockwork model of [146; 147]. In principle we could

allow for site dependent masses Mi ∼ M and mixing strengths qi ∼ q, although for

simplicity we take them all to be equal. The coupling q is dimensionless and assumed

to be greater than 1, but it remains of order unity. The second line of Eq. (4.14)

contains the DKS model for the N -th site in the chain, in the form of Eq. (4.11) and

where we have identified φN = φ. The bilinear mixing between the axion and the

four-form reveals another mass scale, µ ∼M , which we also assume to be given by the

characteristic ultraviolet scale of the theory. The gravitational sector of the theory is

assumed to be described by Einstein gravity, although we will not need to include that

in our discussion.

The original clockwork Lagrangian gives rise to a massless Goldstone pseudo-scalar

[146; 147; 158], a consequence of the non-linearly realised shift symmetry φi → φi+cq
−i

for arbitrary c. This symmetry remains perturbatively unbroken through the mixing

with the four-form, although in the presence of charged membranes, non-perturbative

effects break the continuous symmetry down to a discrete subgroup [120; 168]. However,

the symmetry is only mildly broken because φN has exponentially suppressed overlap

with the zero mode. We thus expect that the zero mode acquires a mass, but that the

61



latter remains tiny. In order to see this explicitly it is convenient to integrate out the

four-form and pass to a dual description in which the four-form mixing generates a new

mass term for the last axion in the chain. This can be done in a straightforward manner

by adding a Lagrange multiplier term of the form 1
24Q

εµναβ√
−g (Fµναβ − 4∂[µAναβ]) then

eliminating F using its algebraic equation of motion1 [150]. This yields a dual theory

described by the following Lagrangian:

L = −1

2

[
N∑
i=0

(∂φi)
2 +M2

N−1∑
i=0

(φi − qφi+1)2

]

− 1

2
(Q+ µφN )2 − Q

6

εµναβ√
−g

∂[µAναβ] . (4.15)

The Lagrange multiplier Q is fixed to be constant by the variation of the three-form. If

the latter is coupled to membrane charges, then Q is quantised in units of the membrane

charge, e, as in 〈Q〉 = 2πNe for integer values of N [120; 168]. This quantisation

condition is compatible with the unbroken symmetry transformations, which take the

form φi → φi + 2πn eµq
N−i, Q→ Q+ 2πne for integer values of n. The mass matrix in

the dual description is given by

Mij = M2



1 −q 0 · · · 0

−q 1 + q2 −q

0 −q 1 + q2
. . . . . .

...
. . . . . . . . .

...
. . . . . . 1 + q2 −q 0

−q 1 + q2 −q

0 · · · 0 −q r + q2



, (4.16)

where r = (µ/M)2 is the square of the ratio between the two mass scales. The

eigenmasses of this matrix are given by the roots of an (N + 1)-th order polynomial.

Again, we find that there is a tower of N massive modes whose masses go with the

ultraviolet scale M . The remaining mode is massless in the limit where r → 0 and is

ultralight in general. We can find its mass by linearising the above eigenvalue problem;

1Note that since the theory is quadratic in F this amounts to performing the Gaussian in the path
integral, which can, of course, be done exactly.
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the resulting ultralight mass scale is given by

m2
0 ' (q2 − 1)2rM2

/[
q2(N+1)(q2 + r − 1)

+ (N + 1)r(1− q2)− q2 − r + 1
]
.

(4.17)

In the limit of large N (and for q larger than unity), m0 is well approximated by

m2
0 '

1

q2(N+1)

(q2 − 1)2rM2

(q2 + r − 1)
. (4.18)

Thus, m0 acquires an exponential suppression with respect to M , the argument in the

exponential being the total number of clockwork gears, N + 1. If we take M = µ = mP

(mP = 1.22 × 1019 GeV being the Planck mass), q = 2 and N = 200, we get m0 '

5.7 × 10−33 eV, which is the energy scale associated with the Hubble rate. At large

scales, the dynamics will be equivalent to quintessence driven by a quadratic potential.

However, the mass scale of potential has not been tuned to the tiny value demanded

by nature, rather it has arisen naturally on account of the clockwork mechanism and

the coupling to the four-form. The underlying theory is made up uniquely of high scale

couplings. We emphasize the fact that the mass mixings need not be identical but can

have site dependence. As long as they are greater than unity, the clockwork mechanism

will kick in as usual, even for order one couplings, and the suppression of the mass of

the ultralight mode will occur as desired.

Finally we note that if we allowed for a non-vanishing flux, the potential would

actually go as

V0 =
1

2
m2

0

(
2πNQe
m0

+ π0

)2

. (4.19)

For natural values of π0 ∼ mP , the flux term dominates the potential for non-vanishing

NQ and there is too much dark energy. This is why we assumed a vanishing fluxNQ = 0,

which is a robust condition provided the nucleation rate for bubbles of non-vanishing

flux is suppressed2.

2Although a detailed analysis of this interesting question is beyond the scope of our work, we
expect that there is indeed suppression for the following reason. For e ∼ m2

P a unit of flux generates
a large positive Planckian potential. Therefore, we can crudely model the transition from vanishing to
non-vanishing flux in terms of a bubble of Planckian de Sitter curvature nucleating in a quasi de Sitter
background with a very small curvature. Such processes, tunnelling from true to false vacuum, are
possible but are known to be suppressed relative to those going from false to true, becoming infinitely
suppressed in the limit that the low scale curvature approaches zero (see e.g. [169]) .
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4.4 Warm-up: A string motivated toy model

In this section and the next one, we would like to study the possibility of a UV em-

bedding in string theory for the model Eq. (4.15). Although the question regarding the

viability of a full embedding is complicated, we begin by considering the following: can

clockwork be embedded in fluxed type IIA perturbative supergravity? The benefit of this

setup is that, by turning all possible fluxes, one is allowed to fix all moduli at tree-level,

with a number of complex structure moduli requiring non-geometric fluxes. The intro-

duction of non-geometric fluxes does not come for free. Indeed, the fluxes backreact on

the geometry leading to a half-flat non-Calabi Yau metric [170]. This creates a major

caveat with regards to the trustability of these solutions. Nonetheless, we would like to

move on and see if we can learn anything regarding a possible UV completion. Thus,

in this section, we will see how the clockwork mechanism constraints the geometry of

the internal space for a string motivated toy model. In the next section, we will study

the scalar potential of fluxed type IIA and we will be able to provide a no-go for a su-

persymmetric type IIA clockwork, any embedding will require non-perturbative effects.

Other considerations regarding the difficulty on clockwork embeddings can be found in

[171].

Our model can be motivated from the point of view of a higher dimensional theory.

Indeed, in a theory with extra dimensions, a large number of scalar fields in the four-

dimensional EFT is often associated with the periods of differential p-forms living in

the higher dimensional theory. In [172; 173], the authors showed that one may rewrite

the democratic type IIA supergravity formulation [174] in terms of a pseudo-action

containing Minkowski 4-forms and its dual fields, which is equivalent to the democratic

action at the level of the equations of motion. Further details on type IIA supergravity

can be found in App. B.

The democratic action is usually written in terms of a polyform gauge invariant field

strength, G = G0 + G2 + . . . + G10 where G = dC + B ∧ C + F ∧ eB and B is

the Kalb-Ramond two-form, C = C1 + C3 + . . . + C9 the polyform gauge field and

F = F0 +F2 + . . .+F10 a formal sum of internal fluxes only. Let us take the following
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ansatz for the non-vanishing supergravity fields

B2 = ba(x)ωa, C3 = c0
3(x), C5 = ca3(x)ωa ,

C7 = c̃3a(x)ω̃a, F2 = qaωa, F4 = eaω̃
a, (4.20)

where we note that this corresponds to the massless limit of type IIA supergravity. We

have introduced the cohomology basis of {two, four}-forms in the internal manifoldM6

as {ωa, ω̃a}, respectively, and ω6 will denote the volume form ofM6. With this ansatz,

G reads3

G2 = qaωa, G4 = F 0
4 +

(
ea +Kabcbbqc

)
ω̃a,

G6 = F a4 ωa +

(
eab

a +
1

2
Kabcbabbqc

)
ω6, G8 = F̃4aω̃

a, (4.21)

with Kabc =
∫
M6

ωa ∧ ωb ∧ ωc, the triple intersection numbers ofM6.

Below we describe the effective four-dimensional action. In doing so, we will assume

that the volume moduli, including the dilaton, are stabilised by some other ingredient

of the theory (see e.g [175]). Our main interest is to derive a plausible clockwork

mechanism after compactifying the theory down to four dimensions.

These fields enter the four-dimensional potential as follows (see for details [172; 173])

V4D ∝ F 0
4 ∧ ?F 0

4 + gabF
a
4 ∧ ?F b4 + gabF̃4a ∧ ?F̃4b

+F 0
4 ρ0 + F a4 ρa + F̃4aρ̃

a , (4.22)

where gab =
∫
M6

ωa ∧ ?ωb, gab =
∫
M6

ω̃a ∧ ?ω̃b and we have introduced the dual scalars

to the Minkowski 4-forms

ρ0 = eab
a +

1

2
Kabcqabbbc,

−ρa = ea +Kabcqbbc, ρ̃a = qa .

Eliminating F a4 and F̄4a through their equations of motion in favour of their dual scalars,

3We have chosen to use the compact notation

F 0
4 = dc03, F a4 = dca3 + baF 0

4 , F̃4a = dc̃3a +Kabcbbdcc3.
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the four-dimensional Lagrangian density with only one Minkowski four-form is given by

L4D = − 1

κ2
4

[
e−2φ

4
gabdb

a ∧ ?dbb +
V3e

φ
2

32
F 0

4 ∧ ?F 0
4

−1

4
F 0

4 ρ0 +
e
φ
2

2V2

(
gabρaρb + eφgabρ̃

aρ̃b
)]

. (4.23)

As this stands, the vacuum expectation value for the axions is not necessarily van-

ishing, owing to the presence of a tadpole in the potential for ba. We can fix this by

shifting ba → βa+ ba for some constant flux βa chosen so that it eliminates the tadpole.

By comparison to Eq. (4.14), one finds a Lagrangian density of the form4

L = −1

2

[
γab∂b

a∂bb +Mabb
abb +

α

48

(
F 0

4

)2]
+

1

24
χab

aF 0
4 , (4.24)

with

γab =
e−2φ

2κ2
4

∫
X
ωa ∧ ?ωb , α =

2V3e
φ
2

3κ2
4

,

Mab =
e
φ
2

V2κ2
4

KadeKbcfqdqc
∫
X
ω̃e ∧ ?ω̃f ,

χa =
6

κ2
4

(
ea +Kabcβbqc

)
.

To realise the clockwork dark energy we need two ingredients: a mass matrix with

vanishing eigenvalue and a zero mode that overlaps with the remaining four-form. The

former is the clockwork condition while the latter allows the zero mode to acquire a

small mass. If sa is an eigenvector of Mab with null eigenvalue, then the first condition

requiresMabs
a ∼ Kabcqcsa = 0 while the second gives saχa 6= 0. To obtain the clockwork

structure, we must therefore impose the following condition on the internal geometry

∫
X

(ωas
a) ∧ ωb ∧ (ωcq

c) = 0 . (4.25)

A simple solution to the above constraint is provided by sa = qa and the corresponding

two-form given by a product of 1-forms, i.e. ωcqc = u ∧ v. In that case, the constraint

4In writing Eq. (4.24) we have dropped a next-to-leading order correction term to the coupling
(∼ F 0

4 b
2) as well as a cosmological constant term and a total derivative that do not contribute to our

discussion.
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is immediately satisfied due to the antisymmetry of the wedge product on odd forms.

As long as we require qaea 6= 0, the second condition can also be satisfied.

The proposed solution could be heuristically realised if we consider our internal man-

ifold to be a productM6 ' T 2×Σ4
g, where g indicates the genus of the two-dimensional

complex surface, which is assumed to be Kähler. Indeed, with this setup one naturally

selects the zero mode, qi, to point along the toroidal directions T 2. This is because

the top form along T 2 is automatically a two-form corresponding to a product of the

1-forms of the torus. As long as we take the ei to overlap slightly with the T 2, but

not completely, we also satisfy the second condition, allowing the zero mode to gain a

small mass through its four-form mixing. We have also shown that for the clockwork

mechanism to bring the mass of the lightest mode down to the dark energy scale one

requires O (200) scalar fields. For simplicity of exposition, let us think of these fields

as descending only from the Kalb-Ramond two-form. Then, the previous requirement

translates into a constraint on the cohomology structure of Σ4
g after fixing the T 2 geom-

etry, namely g = b1− b2/2 where bp is the p-th Betti number of Σ4
g. Using, b2 ∼ O (200)

we find that g ∼ b1 − 100.

4.5 A more in-depth look into achieving the embedding

Although the string motivated scenario of the last section seems exciting, we can now

show that the perturbative embedding is not viable. Indeed, consider a potential of the

form [172]

V =
1

s4

[
ρ2

0

2
V +

gabρaρb
8V

+ 2Vgabρ̃aρ̃b +
V
2
ρ2
m −

1

6V

(
uλhλ

)2
]

+
h2

0

2V
1

s2
. (4.26)

This scalar potential is obtained from the usual dimensional reduction of the fluxed

type IIA supergravity action5 (further details are in App. B.4 and references therein).

We have also allowed for a non-zero Romans mass term m in the type IIA action [176]

5Up to some overall constant R = 16e2Kcs
Re (Z0)4 that we have renormalised to unity since it will

not affect the discussion of this section.
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such that the dual scalar are now defined as

ρ0 = ϕ+ eab
a +

1

2
Kabcqabbbc −

m

6
Kabcbabbbc, (4.27)

−ρa = ea +Kabcqbbc −
m

2
Kabcbbbc, ρ̃a = qa −mba , ρm = m ,

let us also introduce the short hand notation êa := ea + Kabcqbbc The scalar potential

Eq. (4.26) contains s, the real part of the axio-dilaton, uλ the h1,1 complex structure

saxions, ϕ a linear combination of axions, and ba the h2,1 Kähler axions. We will assume

that V is a free parameter since the volume moduli can be fixed through fluxes to a

priori large values (see App. B.4, and also [177]).

We concentrate on supersymmetric vacua where the Kähler F-terms are given in

Eq. (B.86) and Eq. (B.88) and fix

ρ̃a = ρ0 = 0 , 10ρa + 3mKabcvbvc = 0 , ba :=
qa

2m
, (4.28)

Let

hab := −3m

10
Kabcvc , (4.29)

so that

ρa = habv
b , V = − 5

9m
ρav

a . (4.30)

The kinetic metric for the Kähler sector can be written in terms of the Kähler potential

in Eq. (2.63) as

gab =
1

4
∂va∂vbK

ks =
VaVb
4V2

− Vab
4V

=
9

4

ρaρb
(ρ · v)2

− 3

2

hab
ρ · v

, (4.31)

here ρ · v := ρav
a. Its inverse is given by

gab = −2

3
(ρ · v)hab − 2vavb . (4.32)

The mass matrix for the ba fields takes the form

Ma
b =

2V
s4

(
δab −

gacgde

16mV2
Kbcdρe

)
, (4.33)
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with the clockwork conditions requiring the existence of an eigenvector na with vanishing

eigenvalues, i.e.

Ma
b n

b ∝
(

1− 3

5

)
na +

9

5
va
n · ρ
v · ρ

= 0 . (4.34)

The only option to satisfy the eigenvalue condition is to choose na = kva for some

constant k, but then Ma
b n

b = 0 ⇒ k = 0 and there is no eigenvector satisfying this

condition. Therefore, the clockwork conditions cannot be satisfied at the level of fluxed

type IIA supergravity. It is then clear that, if clockwork is to be embedded in string

theory, we will require the use of non-perturbative effects.

4.6 Deconstructing clockwork dark energy

In the final section of this chapter, we provide a description of a braneworld construction

of our clockwork dark energy model. If the number of pseudo-scalar fields is very high,

N → ∞, the clockwork mechanism can arise as a deconstruction of an extra compact

dimension [158]. In this limit, the clockwork gears merge into a single field Φ, and the

gear φi becomes the value of Φ at site i; the interaction of the four-form with the last

site of the discrete clockwork corresponds to the localisation of the four-form on a brane

at the boundary of the compactified extra dimension. Our model can be obtained from

the following five-dimensional theory, defined on a fixed geometrical background,

S5D = Sbulk + S0 + SπR , (4.35)

where we have a canonical scalar in the bulk

Sbulk =

∫
d4x

∫ πR

0
dy
√
−g
[
−m

2
gIJ(∂IΦ)(∂JΦ)

]
, (4.36)

and two branes, one containing the dark energy sector,

S0 =

∫
y=0

d4x
√
−γ0

( µ
24

Φ
εµναβ√
−γ0

Fµναβ −
1

48
FµναβFµναβ

)]
, (4.37)

and the other containing the matter sector

SπR =

∫
y=πR

d4x
√
−γRLm(γµνR ,Ψ) . (4.38)
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We define gIJ to be the five-dimensional metric, with indices I, J running over the four

spacetime dimensions xµ, as well as the additional fifth dimension y. For its part, the

y dimension extends from 0 to πR, with a reflection symmetry at y = 0 and y = πR.

These two boundary surfaces represent the location of the branes with the induced

metric on the brane at y = 0, πR given by γ0
µν , γ

R
µν respectively. Upon dividing the y

dimension into N + 1 sites and discretising the action Eq. (4.35) accordingly, one can

recover the Lagrangian density Eq. (4.14), provided we input the following geometry:

ds2 = e
4ky
3 (dy2 + dx2), (4.39)

where dx2 entails the four-dimensional metric on a brane, and identifying qN = eπkR

with the mass scale M = N/(πR). We imagine all such scales - M,m,µ and k - to be

of the same order, corresponding to the UV scale of the underlying braneworld theory.

For this particular geometry, the latter corresponds to a five dimensional linear dilaton

model with boundary terms living on the two branes [178].

However, the mechanism that suppresses the mass of the lightest mode is very general

and works also for metrics that differ from Eq. (4.39). For instance, it works also in the

following family of metrics:

ds2 = e
4ky
3

(
e−4`ky dy2 + dx2

)
. (4.40)

The clockwork geometry is recovered by choosing ` = 0, while for ` = 1/3 one gets

Randall-Sundrum [179]. The equation of motion for Φ, once F has been integrated out,

is

e2(`− 1
3

)ky

[
Φ′′ + 2(1 + `)kΦ′ +

2Φ

e4k`y

]
= δ(y)

µ(µΦ +Q)

m
, (4.41)

where a prime stands for a y derivative, and 2 is the four-dimensional d’Alembertian.

Setting Φ = −Q/µ + δΦ, we can easily solve for δΦ in the bulk by taking the four-
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dimensional Fourier transform of eq. (4.41)6. The solution is then given by

δΦ(y, xµ) =

∫
d4p

[
A(p2) J 1+`

2`

( √−p2

2k`e2k`y

)
+B(p2) J− 1+`

2`

( √−p2

2k`e2k`y

)]
eipµx

µ−k(1+`)y,

(4.42)

where the Jα(z) are Bessel functions of the first kind, A and B being free functions.

Equation Eq. (4.41) further imposes some boundary conditions at y = 0 and πR. As

a result, A and B are linearly related, while p2 can only take some values among a

quantised set, p2 = −m2
n, n ∈ N. The masses mn are found as solutions of the following

equation:

J `−1
2`

(mn

2k`
e−2k`πR

){
J `+1

2`

(mn

2k`

) [
4k(`+ 1)m+ µ2

]
−2mnmJ 3`+1

2`

(mn

2k`

)}
+ J 1−`

2`

(mn

2k`
e−2k`πR

)
[
µ2J− `+1

2`

(mn

2k`

)
− 2mnmJ `−1

2`

(mn

2k`

)]
= 0 .

(4.43)

They are all of order k, except for the first which is very light, being suppressed by

ekπR � 1. It is possible to find an approximate expression for this light mass:

m2
0(`) 'µ

2

m
8k2`(1− `2)

/{
2e2k(1−`)πR`

[
2k(1 + `) +

µ2

m

]
−(1 + `)

(
4k`+

µ2

m

)
− e−4k`πR(`− 1)

µ2

m

}
.

(4.44)

The above approximation is based on an expansion of the Bessel functions assuming

m0 � k`. This is no longer true when ` → 0. To compute the lightest mass in the

clockwork geometry, one can solve directly

m2
0(0) =

4k2µ2

e2πkR (4km+ µ2)− 4km− 2πkµ2R+ µ2
.

Equation Eq. (4.44) shows that the suppression mechanism works for the whole family

of metrics Eq. (4.40), even if it gets less efficient as we depart from the clockwork

geometry. Note that Eq. (4.44) should not be trusted physically when l & 1, because

6In general, one should embed the action Eq. (4.35) in some geometric theory and study the
perturbations of the geometric quantities as well as the fluctuations of the clockwork field. However,
these fluctuations decouple at linear level. We can thus consistently examine the fluctuations of Φ on
their own.
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the length of the y dimension drops below the UV scale of the five dimensional theory.

As it stands, the mass of the lightest dark energy mode is suppressed relative to

UV scales set by matter resident on either of the two branes. Why, then, have we

placed matter on the brane at y = πR? This is because the energy density of the dark

energy field in slow roll is enhanced by the effective four dimensional Planck scale. This

enhancement exactly compensates for the suppression in the mass of the field, and in

the end the energy density during slow roll scales like k4. In any event, it turns out

that the energy density of dark energy will only be suppressed if we calibrate our scales

relative to the πR brane, where the warp factor is exponentially large. This is why we

put the visible sector of our theory on the right hand brane.

4.7 Conclusions

In this chapter, we have studied the possibility of generating naturally small masses

from Planckian scales. In particular, we have considered how a parametrically small

dark energy field could arise in a (technically) natural way. By considering the inter-

play between clockwork gravity and the coupling between its pseudo-scalar fields and

Minkowski top-forms we were able to generate a super-light dark energy field that arises

solely from the characteristics of the high energy theory.

Furthermore, we have explored how this mechanism could be achieved from the point

of view of a prospective UV completion of the theory. We have studied a type IIA

toy model and translated the existence of a vanishing eigenvalue in the clockwork mass

matrix as a constraint in the internal geometry. Even more so, we have been able to

show that, after considering the fluxed perturbative type IIA scalar potential, a no-go

arises. Our hopes of generating a stringy embedding of clockwork will then have to pass

through the introduction of corrections to the tree-level action. Since non-perturbative

effects are better understood in the type IIB dual [180], we will further only concern

ourselves with type IIB supergravity in the remainder of the thesis. Finally, we were

also able to write down a generalised braneworld scenario, motivated by the work of

[158], where the DKS mode lives on a brane.
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Chapter 5

A stringy perspective on the

coincidence problem

In the last chapter, we tried to tackle the idea of how to obtain naturally small cou-

plings in a theory with only O(Mpl) parameters. In this one, we turn our attention to

the coincidence problem discussed in Chap. 3. In [2], we argued that, for string com-

pactifications broadly consistent with swampland constraints, dark energy is likely to

signal the beginning of the end of our universe as we know it, perhaps even through de-

compactification, with possible implications for the cosmological coincidence problem.

Thanks to the scarcity (absence?) of stable de Sitter vacua, dark energy in string theory

is assumed to take the form of a quintessence field in slow roll. As it rolls, a tower of

heavy states will generically descend, triggering an apocalyptic phase transition in the

low energy cosmological dynamics after at most a few hundred Hubble times. As a

result, dark energy domination cannot continue indefinitely and there is at least a per-

centage chance that we find ourselves in the first Hubble epoch. We begin by describing

the some ideas borrowed from Sec. 2.5 that make the core of our discussion and, in

Sec. 5.2, we use a toy model of quintessence coupled to a tower of heavy states to ex-

plicitly demonstrate the breakdown in the cosmological dynamics as the tower becomes

light.
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5.1 Generic idea

We begin with the refined Swampland distance conjecture (rSDC) [73; 74; 181; 182],

which is one of the most well studied and least controversial of the swampland conjec-

tures (see also [75; 78–80; 183–186]). As we described in Chap. 2, the rSDC states the

following: consider two points in field space, φ0 and φ0 + ∆φ, separated by a geodesic

distance ∆φ. As ∆φ → ∞, there exists an infinite tower of states whose mass become

exponentially light,

m(φ0 + ∆φ) ∼ m(φ0)e
−β |∆φ|

MPl (5.1)

for some positive constant, β, that we typically expect to be O(1). The offending tower

of states is often associated with Kaluza-Klein modes or winding modes, depending on

the direction of motion in moduli space —although in some cases the tower can originate

from localised sources that exist in the theory, see for example [187]. For this reason,

we take the initial mass m(φ0) to be given by the scale of compactification, 1/R, which

could be as low as a few meV in a braneworld setting where Standard Model fields are

confined to a 3-brane, although generically we expect it to be much larger, perhaps even

just short of the Planck scale, MPl ∼ 1018 GeV.

In its refined form, the de Sitter swampland conjecture (rdSC) [84; 85; 188] concerns

the form of the potential V (φ) for scalar fields in a low energy effective theory. Assum-

ing the effective theory is obtained from a consistent theory of quantum gravity, the

potential must satisfy either

|∇V | ≥ c

MPl
V (5.2)

or

min (∇i∇jV ) ≤ − c′

M2
Pl

V (5.3)

where c, c′ are universal positive constants of O(1) and min (∇i∇jV ) is the minimum

eigenvalue of the corresponding Hessian. Note that the conjecture forbids the existence

of stable de Sitter vacua in string theory, for which we would have to have V > 0.

It does, however, allow for de Sitter vacua with a tachyonic instability of order the

corresponding Hubble time H−1 ∼ MPl/
√
V . Some constraints on the scale of the

tachyon were derived in the context of 10D supergravity [189].
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We remark that we will not make use of the rdSC per se. Motivated by the difficulty

to achieve de Sitter vacua in string theory, of which the rdSC is a symptom, we would

like to ask the question of what does a dynamical model of dark energy look like for a

generic string compactification. By generic we mean those string compactifications to

which the rSDC applies. This is generic in so far that the rSDC applies to models in

the Dine-Seiberg region, as discussed in Chap. 2. This leaves out models that require

perturbative and non-perturbative corrections to the tree-level action, those living in

the pheno region depicted in Fig. 2.2. An analysis of those models will be conducted in

Chap. 8.

Of course, building a reliable model of quintessence within string theory is not without

its own challenges [5; 190], and we will also explore these in detail in Chap. 8. Nev-

ertheless, we begin with a model of quintessence as a canonical scalar field, φ, moving

under the influence of a potential V . Here we imagine that quintessence is generically

described by the saxions of string theory with a non-compact field range. The energy

density and pressure stored in the field are given respectively by ρφ = 1
2 φ̇

2 + V and

pφ = 1
2 φ̇

2 − V . The dynamics of the scalar is governed by the following field equation

φ̈+ 3Hφ̇+ V ′(φ) = 0 (5.4)

where H(t) is the Hubble parameter and “dot” denotes differentiation with respect to

cosmological time. Our goal is to argue that dark energy domination is relatively short

lived on account of the motion of the field towards the infinite points in moduli space.

Any motion of the field prior to dark energy domination will only reduce the amount

it is allowed to move afterwards, bringing dark energy to an even quicker conclusion.

Therefore, the most conservative scenario is to assume negligible motion of the moduli

fields until dark energy finally begins to dominate. This is, in any event, likely as the

field will be held up by Hubble friction.

Once the dark energy field has come to dominate, to be compatible with the observed

equation of state, it must be in slow roll, 1
2 φ̇

2 � V, |φ̈| � 3H|φ̇|. Furthermore, we may

assume that H ≈ H0 ∼ 10−33 eV ∼ 10−60MPl. With these approximations, consider
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the field excursion in a short time δt. This is given by

δφ ≈ − V ′

3H0
δt (5.5)

If we accept the refined de Sitter conjectures, then one of Eq. (5.2) or Eq. (5.3) must

hold. Let’s assume we satisfy the condition on the gradient, given by Eq. (5.2). It now

follows that

|δφ| & c

MPl

V

3H0
δt ∼ O(1)MPlH0δt (5.6)

where we have used the Friedmann equation during dark energy domination H2
0 ≈

ρφ
3M2

Pl
≈ V

3M2
Pl

and the fact that c is assumed to be O(1). We immediately see that the

dark energy field rolls roughly a Planck unit in a Hubble time. We now consider the

implications for the distance conjecture Eq. (5.1), assuming the tower of new states are

initially very heavy, with masses m(φ0) ∼MPl close to the Planck scale. After a single

Hubble time, the dark energy field will move by around one Planck unit. This only

corresponds to a fractional change in the masses in the tower, and certainly not enough

to contaminate the low energy physics.

How far is the field allowed to roll before we have to start worrying about it? In the

local neighbourhood of the Earth the field should not be displaced from φ0 by more

than around 30 Planck units. Anything more than that would bring the mass of the

tower down from Planck scale to the scale of collider physics, opening up the possibility

of producing these states at the LHC. Of course, the details of this depend on the nature

of the coupling between the tower and the Standard Model fields. Furthermore, none of

these considerations are relevant on cosmological scales, where we can certainly allow

the field to move much further. To ensure that the tower remains decoupled from the

low scale cosmological dynamics, we conservatively impose a maximum displacement

of |∆φ|max ∼ MPl
β ln(MPl/H0). For β ∼ O(1) this corresponds to a displacement of

around 140 Planck units. Assuming the field continues to roll a Planck unit in every

Hubble time, we see that the tower of states will trigger a transition in the cosmological

dynamics after no more than O(100) Hubble times. The coincidence problem isn’t

solved but it is significantly ameliorated. If a generic model of dark energy is destined

to last at most O(100) Hubble epochs, and all epochs are equally probable, we might
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expect there to be at least a percentage chance that we find ourselves in the first epoch1.

What if we assume that we satisfy the second of the two de Sitter swampland criteria

in Eq. (5.3), rather than Eq. (5.2)? If the condition on the gradient of Eq. (5.2) is

violated, but the condition on the Hessian in Eq. (5.3) holds the dark energy field may

move considerably less than a Planck unit in a Hubble time. In fact, if we imagined

the field sitting in a region where the gradient of the potential is negligible, we might

even imagine it staying there indefinitely, giving a neverending period of dark energy.

However, this conclusion is too quick. Quantum fluctuations will guarantee a displace-

ment in the field of at least O(H0) in the first Hubble time. This initial displacement

will grow thanks to the fact that the Hessian condition implies a tachyonic mass for the

fluctuations in the dark energy field, µ2 = V ′′(φ) < 0 with |µ2| & c′

M2
Pl
V ≈ 3c′H2

0 . For

c′ ∼ O(1), the corresponding instability can be as slow as a Hubble time but even so,

its effect is amplified over several Hubble times by exponential growth. There are two

possibilities: the first is that the instability triggers a rapid transition which brings the

acceleration to a premature end (as desired for the coincidence problem). This could

occur, for example, by the potential changing sign so that we no longer have a quasi de

Sitter expansion. Alternatively, the background cosmology could remain roughly un-

changed, at least beyond a few Hubble times. If this is the case, the tachyonic instability

amplifies the initial displacement to a value2

|δφ| & H0e
O(1)H0δt (5.7)

In the latter scenario, the tower of massive states would remain decoupled from the

cosmological dynamics until |δφ| ≈ |∆φ|max ∼ MPl
β ln(MPl/H0), at which point a transi-

tion is inevitable. For β ∼ O(1), this will occur within at most ln[MPl/H0 ln(MPl/H0))] ∼

143 Hubble times, so our conclusions are unchanged, and the coincidence problem isn’t

as serious as we previously thought.

Of course, the de Sitter conjecture is less well established than the distance conjecture,

1By way of comparison, we note that when Leicester City won the premier league in 2016, they
started the season as 5000-1 outsiders.

2To leading order, the scalar satisfies an equation φ̈ + 3H0φ̇ − |µ2|φ = 0, where we recall that
µ2 = V ′′(φ) < 0 with |µ2| & c′

M2
Pl
V ≈ 3c′H2

0 . The general solution is then given by a sum of

exponentials eλ±t where λ± =
−3H0±

√
9H2

0+4|µ2|
2

, which includes a growing mode, with λ+ & H0,
thanks to the tachyonic instability with |µ2| & H2

0 .
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and, in the simplest scenarios, may even be at odds with local measurements ofH0 [191].

With this in mind, what can we say if we deny the validity of both criteria Eq. (5.2) and

Eq. (5.3) and abandon the de Sitter conjecture altogether? In this instance, we cannot

rule out the possibility that the current phase of acceleration is approaching a stable de

Sitter configuration in which dark energy continues for an exponentially large number

of Hubble epochs. If this is the case, then the coincidence problem is as problematic as

ever. However, we might tentatively speculate that the de Sitter conjecture is really a

statement about what is generic within consistent models of dark energy within string

theory. Of course, it is much too early to make any definitive statement in this regard.

Nevertheless, if it happens to be true that the generic scenarios are those for which one

of the criteria Eq. (5.2) or Eq. (5.3) hold, our results go through and the coincidence

problem is tamed. We might also worry about the fact we have assumed dark energy to

be a single canonical scalar. However, we expect this to capture the generic dynamics

of fields moving through moduli space, with our canonical scalar tangential to the

trajectory and all the orthogonal directions stabilised.

5.2 A toy model

To better understand how an accumulation of light states can impact the cosmological

evolution at late times, we consider a toy model of dark energy described by the following

Lagrangian

L = −1

2
(∂φ)2 − µ4e

− αφ
MPl +

∞∑
n=1

−1

2
(∂ϕn)2 − 1

2
n2M2

KKe
−2 βφ

MPl ϕ2
n (5.8)

Here φ is the quintessence field, driving dark energy, taken to be in slow roll on a

runaway potential of the form µ4e
− αφ
MPl where µ4 = 3M2

plH
2
0 is the scale of dark energy

and α is some order one positive number. To be compatible with observations we

require3 α . 1.02 [192], which is not in conflict with the swampland constraints on the

potential Eq. (5.2) and Eq. (5.3). In addition we have a tower of heavy states, ϕn, whose

masses are originally set by some high scale MKK (imagined to be the Kaluza-Klein

3We should note that in [82] the authors claim a more stringent bound of α . 0.6 at 3σ level.
However, the more detailed analysis in [192] gives the more relaxed bound α . 1.02 at 3σ, which is the
one that we use in this section. For a detailed analysis of the two approaches we point the interested
reader to [192].
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scale associated with the compact internal manifold), becoming exponentially light as

the dark energy field, φ, rolls off to infinity. The rate at which the tower becomes light

is set by the coupling β, which is also assumed to be order one and positive.

At the dawn of dark energy domination, at time t0, we assume that the quintessence

field is far away from the tails of the exponentials, φ ∼ φ0 � MPl/α,MPl/β. Since

the effective mass of the Kaluza-Klein tower, MKKe
− βφ0
MPl ∼MKK � H0 is high in this

regime, far above the scale of the cosmological evolution, the Kaluza-Klein states are

decoupled from the dynamics. As a result, the quintessence field satisfies the following

classical equation of motion on a homogenous and isotropic background

φ̈+ 3Hφ̇− α

MPl
µ4e
− αφ
MPl = 0 (5.9)

For a quasi-de Sitter expansion, with H ≈ H0, we find that φ ≈ φ0 + λ(t− t0) where

λ =
αµ4

3MPlH0
= αMPlH0 < MPlH0 (5.10)

This approximation works well as long as ∆φ < MPl/α, or equivalently, ∆t < H−1
0 /α2.

Of course, acceleration will continue beyond this time, only at a lower scale. There is

a wealth of literature on the dynamics of similar quintessence models (for a review, see

[193]). In this chapter, we wish to briefly explore another effect that is far less well

studied - the time dependence on the mass of the Kaluza-Klein tower as the field begins

to slowly roll. On the quasi-de Sitter background with constant curvature, this is given

by

M eff
KK(t) = MKKe

− βs
MPl ≈MKKe

−ε(t−t0) (5.11)

where ε = βλ/MPl = αβH0. This will drive particle production in the Kaluza-Klein

sector, kicking in as soon as the states stop being decoupled,M eff
KK(t) . H0. A complete

analysis of this phenomena requires a detailed numerical study of particle creation on

the dynamical background, taking into account the effect of the time varying mass and

the de Sitter cosmology.

To get some immediate insight into what might happen we neglect the curvature of

the background spacetime and focus on the particle production due to a mass varying

exponentially with time on a Minkowski geometry. Crucially, these approximations
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allow us to make preliminary analytic estimates but we should also acknowledge their

limitations. In particular, we are implicitly assuming that the dark energy field, which

feeds into the effective mass of the Kaluza Klein tower, continues to evolve linearly

in time beyond the first Hubble epoch. In truth, the Hubble scale changes and the

dark energy field picks up additional temporal dependence which may affect some of

the details. Also, we are neglecting the effect of spacetime curvature. This is less of

an issue, as our interest here is on the effect of the changing mass of the Kaluza-Klein

tower, as opposed to the effect of quantum fields propagating on de Sitter. We also

expect this approximation to accurately capture the physics on sub-horizon scales.

With these caveats in mind, let us take a closer look at the nth state in the Kaluza-

Klein tower on a Minkowski background, whose dynamics described by the following

Lagrangian

L = −1

2
(∂ϕn)2 − 1

2
n2M2

KKe
−2εtϕ2

n (5.12)

where we have also set t0 = 0 (without loss of generality). Our analysis follows the

standard techniques reviewed in detail in [194], whose conventions we also follow. As

explained in [194], the state operator for the quantum field can be expanded in terms

of creation and annihilation operators, â†k and âk, in the usual way,

ϕ̂n(t,x) =
1√
2

∫
d3k

(2π)
3
2

[
eik·xūk(t)âk + e−ik·xuk(t)â

†
k

]
(5.13)

where “bar” denote the complex conjugate. The mode functions are governed by the

equation for a time dependent harmonic oscillator

ük + ω2
k(t)uk = 0, ω2

k(t) = k2 + n2[M eff
KK(t)]2 (5.14)

and have solutions that are conveniently expressed in terms of Hankel functions (of the

first kind)

uk(t) = AH
(1)
iµ (z) +BH̄

(1)
iµ (z) (5.15)

where z = nMKK
ε e−εt and µ = k

ε . Since [M eff
KK(t)]2 > 0, at any given time t∗ we can

define the instantaneous vacuum state |0〉∗ as the lowest energy state of the Hamilto-

nian at that time. The mode functions that determine this state satisfy the boundary
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condition [194]

uk(t∗) =
1√
ωk(t∗)

, u̇k(t∗) = i
√
ωk(t∗) (5.16)

This fixes the constants in Eq. (5.15) so that

A =
πie−πµ

4
√
ωk(t∗)

[
z∗H̄

(1)
iµ
′(z∗) +

ωk(t∗)

ε
iH̄

(1)
iµ (z∗)

]
(5.17)

B = − πie−πµ

4
√
ωk(t∗)

[
z∗H

(1)
iµ
′(z∗) +

ωk(t∗)

ε
iH

(1)
iµ (z∗)

]
(5.18)

The mode functions that determine the “in” vacuum at the beginning of the dark energy

era, uink (t), are given by these expressions for A, B with the choice t∗ = 0. The

mode functions uoutk (t), that determine the “out” vacuum at some later time, T , are

given by the same formulae but with t∗ = T . As usual, the two can be related by

a Bogoliubov transformation, of the form uink (t) = αk(T )uoutk (t) + βk(T )ūoutk (t). At

time T > 0, the true vacuum state differs from the initial vacuum state, and so the

latter contains particles. As explained in [194], the mean particle number density for

modes of momentum k is Nk(T ) = |βk(T )|2 with corresponding energy density Ek(T ) =

ωk(T )Nk(T ). When we calculate this explicitly, it turns out that

Nk(T ) =
π2

16
e−2πµε2

[
X2 + Y 2

]
(5.19)

where

X = Im

[
zinH

(1)
iµ
′(zin)√

ωk(0)

zoutH̄
(1)
iµ
′(zout)√

ωk(T )
−
√
ωk(0)H

(1)
iµ (zin)

ε

√
ωk(T )H̄

(1)
iµ (zout)

ε

]
(5.20)

and

Y = Im

[
zinH

(1)
iµ
′(zin)√

ωk(0)

√
ωk(T )H̄

(1)
iµ (zout)

ε
−
√
ωk(0)H̄

(1)
iµ (zin)

ε

zoutH̄
(1)
iµ
′(zout)√

ωk(T )

]
(5.21)

Here zin = nMKK
ε and zout = nMKK

ε e−εT . We can obtain estimates for the energies

stored in different momentum modes by using the approximations for Bessel and Hankel

functions given in [195]. In particular, we note that for large z � µ2 + 1, we have the
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following asymptotic expansion

H
(1)
iµ (z) ≈

√
2

πz
e
µπ
2

+i(z−π4 )
[
1 +

4µ2 + 1

8iz
+ . . .

]
(5.22)

To obtain an approximation in the opposite limit, for small z, we recall that H(1)
iµ (z) =

eµπJiµ(z)−J−iµ(z)
sinhµπ and use the fact that

Jiµ(z) ≈ eiµ ln z
2

Γ(1 + iµ)

[
1− z2

4(1 + iµ)
+

z4

32(1 + iµ)iµ
+ . . .

]
(5.23)

whenever 0 < z �
√
|µ|+ 1.

For high momentummodes, with k →∞, we find thatEk ∼
n4M4

KKε
2

4k5

[
cosh2 εt− cos2 kt

]
e−2εt.

As expected, these modes are suppressed, being insensitive to the change in the mass

of the field. For modes of lower momentum, it is instructive to display the changes

in the energy stored in each mode in a characteristic plot, such as the one shown in

FIG. 5.1. The plot shows the energy profile for modes running over a range of different

Figure 5.1: Plot of energy versus time for a range of scalar modes of different momentum
and different values for the initial mass. These particular plots were produced using
Maple 2020 and a numerical value of ε = 0.01.

momenta. We also vary over the initial mass of the scalar, nMKK , or equivalently, over

the level in the Kaluza-Klein tower. For the ϕn particles, at level n, we see that the

total energy density at late times is dominated by modes of momentum k . ε, with
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significant particle production kicking in at a time tn ∼ 1
ε ln

(
nMKK

ε

)
. Using Eq. (5.22)

and Eq. (5.23), we can estimate the energy stored in the low energy modes analytically,

for t � tn. Since nMKKe
−εt � ε � nMKK and k . ε, we have zout � 1 � zin and

µ . 1, so that the energies approximate as

Ek ≈
ke−

kπ
ε

2 sinh
(
kπ
ε

) (5.24)

In deriving this, we have used the relation |Γ(iµ)|2 = π/µ sinhµπ, which follows from

Euler’s reflection formula and the fact that Γ(−iµ) = Γ(iµ). To obtain an estimate

for the total energy density stored in ϕn particles at late times (t � tn), we simply

integrate this result over all momentum. The result is

ρn =

∫
d3kEk ≈

π

60
ε4 (5.25)

By itself, this would only have a tiny effect on the cosmological background, since

ε4 = (αβ)4H4
0 , far below the scale of the critical density of the universe during the dark

energy era, M2
PlH

2
0 . Of course, the formula will receive additional corrections from the

fact that the fields are actually propagating on a dynamical cosmological background,

as opposed to Minkowski, although these are likely to be similarly suppressed, especially

if αβ & 1. Nevertheless, by the time we have reached tN ∼ 1
ε ln

(
NMKK

ε

)
for some large

N , we have started to produce particles for each of the first N levels in the Kaluza-Klein

tower. The total energy density of all these particles, in this approximation, is given by

ρtotal(t ∼ tN ) =
N∑
n=1

ρn ≈
Nπ

60
ε4 (5.26)

This will start to affect the cosmological dynamics for N ∼ Ncrit where Ncrit ∼
M2
Pl
ε2

,

at a time tcrit ∼ 1
ε ln

(
NcritMKK

ε

)
. If we assume αβ ∼ O(1), then ε ∼ H0 and so

Ncrit ∼ 10120. Assuming MKK . MPl, so that Ncrit �
√
Ncrit & MKK

ε , we see that

tcrit . O(400)/H0, confirming our expectation that the dark energy era will not last

beyond a few hundred or so Hubble times, before the space begins to decompactify. If

we lower the underlying Kaluza-Klein scale, MKK , or consider models with αβ > 1, the

dark energy era is cut short even earlier.

By the time dark energy succumbs to the extra dimensions, a huge number of particles
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species have already entered the low energy effective theory. We might be worried that

this creates a “species problem" at some earlier time, lowering the scale at which gravity

becomes strongly coupled. However, for N < Ncrit species, the scale of strong coupling

scales as ΛQG ∼ MPl/
√
N > H0. In other words, four-dimensional gravity does not

become strongly coupled on cosmological scales prior to tcrit, at which point the effective

four-dimensional description breaks down anyway.

As emphasized earlier, everything we are saying is only relevant to cosmological dy-

namics. On shorter scales, for example in the lab or in the solar system, the quintessence

field may be displaced from its cosmological value, so much so that the Kaluza-Klein

tower remains heavy and decoupled from the low energy physics. Indeed, if quintessence

is coupled to matter with gravitational strength, such a displacement is likely to be nec-

essary in order to avoid fifth force constraints [196–198]. It would certainly be interesting

to investigate the implications of this in more detail.

5.3 Further discussion

In this chapter, we have argued that string theory compactifications consistent with

swampland constraints automatically prevent the dark energy era from extending be-

yond a few hundred Hubble times. This alleviates the coincidence problem to some

degree, inasmuch as we now have as much as a percentage chance of finding ourselves

in the first e-fold of acceleration. Our conclusions draw on two key features of string

compactifications: (i) the scarcity (absence?) of stable de Sitter vacua, suggesting that

most dark energy models will be driven by a quintessence field in slow roll [84; 85; 188];

(ii) the accumulation of a large number light states as the field rolls off towards infinity

[73; 74; 181; 182]. Generically, the dynamics is such that the descending tower of light

states induces a cosmological phase transition, bringing the dark energy era to a con-

clusion. We were able to demonstrate this explicitly with a toy model, whereby particle

creation in the Kaluza-Klein sector starts to overwhelm the cosmological background

within a few hundred Hubble times4.

4We note that [199] mentions a similar idea regarding the application of Swampland constraints
to the coincidence problem. There, the authors claim that the trans-Planckian censorship conjecture
(TCC) fixes the critical time to O(H0). However, the analysis of [200] seems to point towards either
the TCC being incorrect or not being able to bound de Sitter lifetimes as claimed in [199].
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From this stringy perspective, it seems that the cosmological coincidence is readily

reduced to one part in O(100) but can we do any better? Can we exploit the distance

conjecture to bring the odds even further in? One speculative possibility is to consider

dark energy a consequence of the clockwork dynamics of Chap. 4. The clockwork set-

up is brittle. After the dark energy field has moved just a single Planck unit, we

could imagine a tower of states contaminating the low scale dynamics and spoiling the

clockwork symmetry. Without the clockwork, the dark energy dynamics should also

be spoilt. Whilst this idea is appealing, to be able to say anything with any degree of

certainty, we would require a clockwork embedding in supergravity, which we have not

been able to achieve so far.

Finally, it is natural to ask what would happen if we applied the same analysis to early

universe inflation at a much higher scale than quintessence. Because the Kaluza-Klein

tower does not need to descend as far to contaminate the inflationary background,

the inflaton excursion is limited to just a few Planck units. As a result, we would

conclude that, generically, inflation should not extend beyond a few efolds. This seems

problematic since inflation must last for at least 50 efolds in order to address the horizon

problem. Of course, these concerns aren’t new - it is well known that early universe

inflation is in some tension with the swampland constraints.
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Chapter 6

Intermezzo: Supergravity and the

Swampland

In the first half of this thesis, we have discussed stringy motivated models and EFTs

without making explicit a UV completion. For a consistent EFT treatment, this has

the benefit of allowing for concrete and analytical treatment of the four-dimensional

low-energy effective field theory by decoupling the microphysics of gravity.

However, this decoupling comes at a price. Without any intuition for what the micro-

physics are doing, it is hard to argue that the EFT is always well-posed. For example,

consider the cosmological constant, a super-IR observable that we might expect to be

UV independent. We have seen that the value of the cosmological constant, given by

the minimum of the four-dimensional scalar potential, in a string compactification is di-

rectly affected by the stabilisation of the moduli fields, which are UV degrees of freedom.

Arbitrarily exploring the parameter space of the EFT could, in principle, displace the

moduli fields and change the value of the cosmological constant. In extreme cases, this

displacement could lead to full destabilisation of the theory and to a break down of the

validity of the EFT. Strikingly, this destabilisation might not look pathological on the

EFT side and only become a clear problem when considering the full ten-dimensional

theory. This kind of heuristic argument about computational control is what motivates,

at least in part, the Swampland programme. If true, some of the Swampland arguments,

like those in Subsec. 2.5.2, can become truly problematic. Indeed, in Sec. 6.2.1 we show

that we are unable to produce a slow-roll regime in the asymptotics of moduli space,
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implying that there is a disconnect between string theory and cosmology.

In this chapter, we attempt to make more concrete statements regarding lack of

computational control and to what extent we can extract phenomenological information

from the Swampland programme, that are most relevant to the content of this thesis.

A number of authors have explored ideas in the same vein, for example [201] studies

the obstacles to generating de Sitter vacua in string theory and its relations with the

Swampland and [189] tries to study the formal validity of some common Swampland

related lore.

6.1 A simple example of the backreaction on moduli space

Let us exemplify this situation by studying one of the models in [78]. The type IIB toy

model of interest consists of only a Kähler modulus T = τ + iθ and the axio-dilaton

S = s+ iσ with a Kähler potential and superpotential given by

K = − log(S + S̄)− 3 log(T + T̄ ) , W = −if + ihS + iqT , (6.1)

where we note that f is a non-geometric flux which, in [78], is needed for moduli

stabilisation purposes. Although there are a vast number of models out there with more

complicated compactifications that we may argue are under better control, we choose

to concentrate on this simple example since it contains the minimal set of ingredients

necessary to see the backreaction of large field excursion onto the theory in an analytical

manner.

The scalar potential for the four-dimensional effective theory is calculated from Eq. (2.66)

and given by [78]

V =
(hs+ f)2

16sτ3
− 6hqs− 2qf

16sτ2
− 5q2

48sτ
+

φ2

16sτ3
, (6.2)

where φ := qθ+hσ. We are interested in a non-supersymmetric minimum for the scalar

potential. The non-SUSY minimum is fixed by

∂IV = 0 , (6.3)
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where I runs over the different moduli fields. Solving this set of equations, we find a

non-SUSY AdS minimum1

s0 =
f

h
, τ0 =

6f

5q
, φ0 := qθ0 + hσ0 = 0 , V0 = −25hq3

216f2
, (6.4)

with a cosmological constant V0. We would like to consider φ as our candidate inflaton

field and see what is the effect of the back-reaction of the rolling inflaton field. We are

interested on the moduli dependence with φ when we displace it from its minimum φ0.

To find s(φ) and τ(φ), we relax Eq. (6.3) and solve


∂sV = 3h2s2 + 5q2τ2 − 6fqτ − 3f2 − 3φ2 = 0

∂τV = 5q2τ2 + 12q(3hs− f)τ − 9 (hs+ f)2 − 9φ2 = 0

, (6.5)

while allowing ∂φV 6= 0. From here, we find

s(φ) =
f

h

√
1 +

5

8

(
φ

f

)2

, τ(φ) =
6f

10q

1 +

√
1 +

5

8

(
φ

f

)2
 . (6.6)

When φ becomes of order φc =
√

8
5f , the back-reaction of the inflaton field is substantial

and cannot be ignored. This supports the idea that naive displacements away from the

minimum have to be bounded in order to maintain the validity of the EFT description.

To derive a physically meaningful quantity, we concentrate on finding the critical value

for the canonically normalised inflaton field.

We note that the canonically normalised inflaton is given by

Φ =

∫ √
KIJ

∂mI

∂φ

∂mJ

∂φ
dφ =

∫ (
nIK

IJnJ
)− 1

2 dφ , (6.7)

where mI stands for the moduli fields with fluxes nI

φ =
∑
I

nIm
I . (6.8)

1Note that the orthogonal direction to φ remains as a flat axionic direction as it does not appear
in the potential.
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Plugging back our scenario we find for the subcritical regime (φ < φc)

Φ(s, v) =

√
3

3h2s2 + q2v2
φ , Φ(s0, v0) =

5√
37

φ

f
. (6.9)

For this simple model, we can see that there is a critical value for the canonical inflaton

Φc =
√

40
37 ' 1.03 which is flux independent and its value is around one Planck unit,

i.e. it cannot be tuned by fluxes.

These results are in agreement with the refined Swampland distance conjecture in

Sec. 2.5. Finally, to make contact with the light tower of states we note that

MKK ∼
1

τ
∼ q

f
e−

γ
2

Φ , (6.10)

which drop off exponentially fast as claimed by the refined conjecture.

In this example, we have considered a type IIB toy model without complex structure

moduli, with a flat direction σ and a non-geometric flux f . Although one might be

tempted to criticise this particular model for its simplicity, we find it more enlightening

to take it as an example of a larger class of models that belong to the swampland which

share some common ideas behind them. We discuss some of these ideas below.

6.2 Calculations at the boundary of moduli space

The strict limit to the boundary of moduli space, thought of as the limit of the dilaton

or the volume modulus going to infinity, is a limit to ten-dimensional Minkowski. Given

that our Universe is not Minkowski, or ten-dimensional for that matter, this makes

drawing conclusions for phenomenology in this limit somewhat useless.

In the following, we will prove that quintessence is not possible in the runaway region

arbitrarily close to the boundary of moduli space, because one cannot satisfy the slow

roll constraints. Related conclusions were drawn in [202–204], here we build on these

works by analysing simultaneously the Kähler-dilaton sectors, by highlighting the role

of supersymmetry and by considering corrections to the moduli potentials. Further

difficulties with quintessence model building in string theory were also discussed in

[205]. In the following we discuss the absence of a slow roll region in the runaway of

89



type II and heterotic supergravities. For a comprehensive review of the pros-and-cons

of the different theories regarding other model building aspects see [180].

To proceed with our proof, let us approach the boundary of moduli space in a string

theory compactification on some Calabi-Yau threefold, X . In the strict boundary limit,

we should think of the dilaton or the volume moduli going to infinity. As is well known,

such a limit is expected to bring down an infinite tower of light states, spoiling the

effective field theory description [73; 74; 181; 182]. In particular, the asymptotic limits

of the volume moduli bring down either Kaluza-Klein modes, consistent with a decom-

pactification of the internal space, or winding modes, consistent with decompactification

of the dual. For the asymptotic limits of the dilaton, the tower of light states is less

clear — it has been suggested that this can introduce a tower of tensionless strings and

domain walls [81].

Since the physics at the boundary is clearly not phenomenologically viable, let us

relax the limit and consider what happens when the dilaton or some Kähler modulus

becomes arbitrarily large but finite. In this case, the effective theory corresponds to

tree-level supergravity close to the boundary, where the moduli fields are in a runaway

regime. We are interested in theories that might admit no four-dimensional vacuum,

or potentially a supersymmetric Minkowski or AdS vacuum somewhere in the bulk of

moduli space. The supersymmetric requirement serves to align our discussion with

the usual swampland lore of non-supersymmetric vacua being unstable [206]. It follows

from the arguments given in [85] that de Sitter vacua cannot arise in any parametrically

controlled regime of the moduli space, and our only hope to achieve phenomenologically

viable models of dark energy is to consider runaway quintessence. For example, type

IIB flux compactifications feature at tree-level supersymmetric Minkowski vacua where

the Kähler moduli are flat directions due to the underlying no-scale structure [207].

Leading order α′ corrections, or a non-supersymmetric stabilisation of the dilaton and

the complex structure moduli, can then generate this type of de Sitter runaway for large

volume.

In the following we will assume that there exists some mechanism to fix the complex

structure moduli at tree-level in a controlled manner2, while the remaining moduli fields

correspond to the axio-dilaton S = s+iα and the Kähler moduli T a = τa+iθa, which are
2Or the Kähler moduli in case of the type IIA discussion.
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identified with either two-cycles or four-cycles, depending on which is most convenient.

In the runaway regime, close to the boundary, the dynamics of these moduli is governed

by the following Kähler potential in its tree-level sum separable form

K = −p ln(V)− ln(S + S̄) +K0 , (6.11)

and a superpotential W to be specified for each supergravity. We have denoted the

internal volume by V(τa). For any Calabi-Yau threefold X , the volume is a homogeneous

function of degree 3/2 in the Kähler moduli for four-cycles, or equivalently, of degree

3 in the Kähler moduli for two-cycles. Furthermore, for type IIB supergravity, we

have p = 2, and work with four-cycles, while for type IIA and heterotic supergravities,

we have p = 1, and work with two-cycles. As already stated, the complex structure

contribution to the Kähler potential, K0, is considered to be fixed. For further details,

see [31; 208].

The Lagrangian for the scalar moduli is given by

L = KSS̄dS ∧ ?dS̄ +Kab̄dT
a ∧ ?dT b̄ − V , (6.12)

where KIJ̄ = ∂I∂J̄K is the Kähler metric for moduli space, which given equation

Eq. (6.11) is block diagonal. The scalar potential is obtained by computing

V = eK(KIJ̄DIWDJ̄W̄ − 3|W |2) , (6.13)

where DIW = ∂IW +W∂IK is the Kähler covariant derivative, and I runs over all the

moduli of the theory.

At the perturbative level, the axions, θa = Im (T a) and α, do not contribute to the

scalar potential and cannot play the rôle of runaway quintessence. Focusing instead

on the saxions/moduli, τa = Re (T a) and s, we find that the relevant part of the

Lagrangian is now given by

L =
1

4s2
(∂s)2 +Kab̄∂τ

a∂τ b − V (s, τa) , (6.14)

A necessary condition for phenomenologically viable quintessence is the existence of a
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slow roll regime, defined by the condition ε := −Ḣ/H2 < 1 where H is the Hubble

parameter and dot denotes differentiation with respect to proper cosmological time.

For a generic multiscalar theory described by a Lagrangian L = 1
2ZIJ∂φ

I∂φJ − V (φI)

one can show in the limit of vanishing acceleration, φ̈I = 0, the dynamics of the system

is described by

H2 ≈ 1

3
V and 3Hφ̇I + ΓIJK φ̇

J φ̇K ≈ −ZIJ∂φJV, (6.15)

where ZIJ is the inverse of the field space metric and ΓIJK is the corresponding metric

connection. These equations admit two distinct classes of slow roll solutions, whose

existence and stability has been analysed in the context of dark energy in [209]. In this

note we will focus on the cases when 3Hφ̇I � ΓIJK φ̇
J φ̇K → 0, for which

Ḣ ≈
(
∂φIV

)
φ̇I

6H
≈ −

(∂φIV )ZIJ(∂φJV )

18H2
, (6.16)

and so

ε = − Ḣ

H2
≈ 1

2

(
∂φI lnV

)
ZIJ

(
∂φJ lnV

)
. (6.17)

In this regime, the requirement of quasi-de Sitter expansion implies the need for flat

(multifield) scalar potentials. The other class of accelerating solutions, that we will

not analyse here, forego the flatness of the potential in exchange for large field space

curvature, see [209; 210].3 While promising, this avenue is not without challenges from

a string model building perspective [212].

For the supergravity compactifications under consideration Eq. (6.14), the first slow

roll parameter is given by ε = εs + εV , where the dilaton contribution is

εs = s2 (∂s lnV )2 , (6.18)

and the Kähler contribution is

εV =
1

4
(∂τa lnV )Kab̄(∂τb lnV ) , (6.19)

3Strictly speaking the requirement is that ΓIJK φ̇
J φ̇K � 3Hφ̇I for one of the scalars, which can be

achieved even in flat field space if, for instance, one uses polar coordinates as in [211].

92



Throughout this section, we will make regular use of Euler’s theorem and its corollary:

if Pn is a homogeneous function of degree n in τa, then

τa∂τa lnPn = n , τa∂τa∂τb lnPn = −∂τb lnPn .

In particular, this allows us to infer the following conditions on the derivatives of the

Kähler potential

Kab̄∂T̄ bK = −2τa , (∂TaK)Kab̄(∂T̄ bK) = 3 , (6.20)

where the indices run over the Kähler moduli only. The latter result holds as long as

we work with four-cycle Kähler moduli in type IIB supergravity, and two-cycle Kähler

moduli in type IIA and heterotic.

Let us now derive the detailed form of the tree-level scalar potential, and the corre-

sponding slow roll parameter, for the type II and heterotic supergravities, in turn. We

will see that the slow roll condition ε < 1 can never be satisfied in the runaway regions

close to the boundary of moduli space.

6.2.1 The type IIB runaway

Let us begin with type IIB supergravity (for further details, see [31]). In this instance,

at tree-level, the superpotential is linear in the dilatonW = h0S+f0, with h0 and f0 set

by the three-form fluxes, respectively H3 and F3, that stabilise the complex structure

moduli supersymmetrically. Furthermore, the Kähler moduli T a = τa + iθa that enter

the Kähler potential through the volume will be identified with four-cycles, so that the

volume is a homogeneous function of degree 3
2 in the corresponding saxions, τa. Using

the form of the F-term scalar potential given by equation Eq. (6.13) and the Kähler

metric Eq. (6.11) with p = 2, we obtain a scalar potential

V =
eK0

2sV2
|h0S̄ − f0|2 , (6.21)

where S̄ = s− iα. If h0 6= 0, the imaginary part of the axio-dilaton can be stabilised at

the point where ∂αV = 0, or equivalently, α = −Im
(
f0

h0

)
, so that the scalar potential
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becomes

V (s,V) =
eK0

2sV2
|h0|2

(
s− Re

(
f0

h0

))2

. (6.22)

It follows that

εs =

s+ Re
(
f0

h0

)
s− Re

(
f0

h0

)
2

, εV = 3 , (6.23)

defined whenever V 6= 0. We immediately infer that ε = εs+εV ≥ 3, ruling out slow roll

in the runaway regime. Notice that vacua with h0 = 0 feature exactly εs = 1 ⇒ ε = 4.

For type IIB supergravity, if h0 6= 0, it is possible to further stabilise the dilaton

at the location of the supersymmetric minimum, s = Re
(
f0

h0

)
, where the leading

order potential for the Kähler moduli vanishes. When this happens, we should consider

additional perturbative and non-perturbative corrections to the potential. In order to

be compatible with a robust large volume expansion, these go as [68; 69; 207]

V =
A
V2+p

+
B e−f

V2+q
+

C
V2+rgn

. . . , (6.24)

where A, B and C will in general depend on the stabilised dilaton and complex structure

moduli, while f > 0 and g > 0 are homogeneous functions of degree one in the τa. In

particular, f corresponds to the dominant saxion in the non-perturbative expansion. In

order for us to trust the large volume expansion, we require each of these terms to scale

away more quickly than the leading order 1/V2 term, which happened to vanish once

the dilaton was stabilised at its supersymmetric minimum. This implies that p > 0,

q ≥ 0, and r + 2n
3 > 0, suggesting that the volume direction is made even steeper

and the volume modulus will not slow roll in this case either. To see this explicitly,

we compute the slow roll parameter in the asymptotic regime where only one of the

terms dominates, in accordance with our definition of the boundary of moduli space. If

V ∼ A
V2+p , we find that ε ∼ 3

(
1 + p

2

)2
> 3. In contrast, if V ∼ B e−fV2+q , we find that

ε = 3
(

1 +
q

2

)2
+ f(2 + q) +

1

4
Kab̄fafb ≥ 3 , (6.25)

where the inequality follows from the fact that f, q ≥ 0 and Kab̄ being a symmetric
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matrix with all positive eigenvalues. Finally, if V ∼ C
V2+rgn

we find that

ε = 3
(

1 +
r

2

)2
+ n(2 + r) +

n2

4
Kab̄(ln g)a(ln g)b ≥ 3 . (6.26)

In each case we see that slow roll is impossible in this asymptotic region, where a

single one of the corrections in equation Eq. (6.24) dominates. It is interesting to

note that leading order supersymmetry, imposed for the sake of the stability of the

compactification, only aggravates the problem, by cancelling off the 1/V2 term that

would otherwise dominate the potential at the boundary of moduli space and replacing

it with a steeper term.

Alternatively, we could consider a non-supersymmetric stabilisation of the complex

structure sector. This would induce a correction to Eq. (6.22) of the form λ/sV2, where

λ is a positive constant proportional to the F-terms of the complex structure moduli.

The vacuum expectation value of the dilaton is then shifted to a non-supersymmetric

value leaving a 1/V2 runaway for the volume mode, which is too steep to give rise

to slow roll. Note further that if we move into the bulk of moduli space, we might

hope to stabilise the volume at some fixed value and achieve slow roll along some other

saxion direction, through the last term in Eq. (6.24). This is indeed possible, although

such a scenario runs into further difficulties associated with a light gravitino [5]. It is

also possible that interference between two terms in equation Eq. (6.24) can give rise

to a (short) field range for the volume where ε < 1. This avenue is likely to involve

considerable tuning and, by definition, lies in the bulk of moduli space and therefore

will not be analysed in this chapter.

6.2.2 The type IIA runaway

We now turn our attention to the type IIA runaway (for further details, see [31]). The

superpotential now contains RR fluxes (e0, ea, q
a), the (3,0)-component of the H3 flux,

h0, and the Romans mass, m [176]:

W = e0 + eaT
a +

1

2
KabcqaT bT c +

m

6
KabcT aT bT c − ih0S . (6.27)
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Here the Kähler moduli T a = va + iθa are identified with two-cycles and the volume

is a homogeneous function of degree 3 in the corresponding saxions, va. In particular,

V = 1
6Kabcv

avbvc, where Kabc are the triple intersection numbers for the Calabi-Yau.

Without additional fluxes or corrections to the tree-level action, the complex structure

sector remains flat. To continue the discussion on the slow roll regime, we must therefore

assume that some other mechanism under computational control exists to stabilise the

complex structure sector, so that, at tree-level, it only enters through some constant in

the Kähler potential, K0 =
∫
X Ω ∧ Ω̄.

The tree-level scalar potential for the type IIA theory is then given by

V =
eK0

2sV

[
4|h0|2s2 +Kab̄ρaρ̄b + 4sIm (Wh̄0)− 4τaRe (Wρ̄a) + |W |2

]
, (6.28)

where

ρa = ∂TaW = ea +KabcqbT c +
m

2
KabcT bT c . (6.29)

We can always absorb the vacuum expectation value of the axions into a redefinition of

the fluxes. Therefore, without loss of generality, we set the axions to vanish. With the

axions gone, the superpotential can be written as

W = e0 + eav
a + V(qaωa +m)− ih0s , (6.30)

and

ρa = ea + V
[
qb(ωab + ωaωb) +mωa

]
, (6.31)

where ωa = ∂va lnV and ωab = ∂va∂vb lnV. Keeping only the leading order Kähler terms

at large volume, we obtain a scalar potential that goes as

V =
eK0

2sV
[
|h0|2s2 + 14Im (mh̄0)Vs+ |m|2V2

]
+ . . . (6.32)

We now compute the slow roll parameter. Since the scalar potential is a function of

V/s to leading order in this asymptotic regime, we have that εV = 3εs. Furthermore,

εs =

[
|h0|2 − |m|2 V

2

s2

|h0|2 + 14Im (mh̄0)Vs + |m|2 V2

s2

]2

. (6.33)
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We remark that, in order to keep α′ corrections from becoming important, we require4

VS � 1 , (6.34)

where VS is the volume of X in the string frame. After expressing the Einstein frame

volume in string frame, V = s3/2VS, we see that V/s =
√
sVS � 1 to be consistent with

Eq. (6.34) and weak coupling. Thus, in the runaway regime, the ratio V/s has to be

very large and it follows that εs ≈ 1, and so ε = εs + εV ≈ 4, ruling out slow roll.

6.2.3 The heterotic runaway

We finish with the heterotic runaway, where the tree-level superpotential does not de-

pend on the dilaton or the Kähler moduli (for further details see [208]), so thatW = Wcs.

The complex structure moduli are assumed to lie in their supersymmetric vacuum by

the vanishing of the corresponding F-terms. As a result, the scalar potential becomes a

runaway in the dilaton and the volume modulus

V = eK0
|Wcs|2

2sV
. (6.35)

Computing the slow roll parameters, we find that εs = 1 and εV = 3, and so ε = 4.

Clearly slow roll cannot be achieved in the heterotic runaway.

We have found that the tree-level type II and heterotic supergravities cannot contain

a slow roll region in a parametrically controlled regime. The result is proven for any

number of Kähler moduli. It is clear that obtaining a slow roll region requires break-

ing the form of the Kähler potential in Eq. (6.11). This can be done by introducing

corrections to the tree-level action. In Chap. 8, we will step away from the runaway,

by considering perturbative and non-perturbative corrections to this leading order be-

haviour in detail. There we find that phenomenologically viable quintessence requires

non-supersymmetric vacua. This suggests that proponents of the swampland should

now object to quintessence as vigorously as they object to de Sitter, placing them on a

collision course with observations.

4In units of α′ = 1.
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6.3 Divergence of string diagrams and perturbative control

or lack thereof

A statement against the computational control of theory away from the boundary space

is that, for finite couplings, the string diagrams can be written as an expansion in these

couplings which is formally divergent when summed over. We do not seem to be able

to find the origin of this statement for the Swampland programme, but a qualitatively

similar argument exist for QED5.

Indeed, in [213] it was already pointed out that the power series in e2 that one

obtains as a results of the perturbative treatment of QED are divergent, even though

after renormalisation each individual coefficient in the series is finite. The argument

given by Dyson is beautiful in its simplicity and we review it below. Let

F (e2) = a0 + a2e
2 + e4e

4 + ... (6.36)

be a physical quantity that admits a power expansion in e2. Let F (e2) converge for

some positive value of e2, then the series must be an analytic function around e = 0.

By analytical continuation, one could then consider small enough values of −e2 such

that the series is also a well-behaved analytic function with a convergent expansion.

Dyson thinks of this as a fictitious world where elementary particles of equal charge

attract.

In this fictitious world, the Hamiltonian is not bounded from below, and there is no

good definition of a vacuum state. Indeed, the state of minimal energy will be occupied

by an infinite number of these −e2-charged states. Even if only a finite number of these

states is initially present in the theory, spontaneous polarization of the would-be lowest-

energy state would rapidly swamp the theory again. In this precarious situation, it is

not possible to start with any given state in the fictitious world and, after integrating

the equations of motion over some finite (or infinite) time, end up with well-defined

analytic functions. Thus F (−e2) cannot be analytic and the series Eq. (6.36) must

diverge. This is true for any e2 6= 0; of course if the electron charge were to vanish the

sum would be trivially convergent.
5We thank Tony Padilla for pointing out this analogy.
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However, nearly 70 years after the publication of [213] we know that QED is one

of the most precise theories available to physicist. One of its many successes is the

theoretical calculation of the anomalous magnetic moment of the electron ae. The

QED contribution to ae can be written as an expansion in Schwinger factors to n-loops

as

a(QED)
e =

∞∑
n=1

(α
π

)n
a(2n)
e , (6.37)

where a(2n)
e is some finite quantity. This sum has been calculated to 5-loops [214] and,

in comparison with the experimental value [215], one finds that

∣∣∣a(QED)
e − a(exp)e

∣∣∣ ∼ 10−12 . (6.38)

The agreement of QED with Nature is hard to argue against, even though Eq. (6.37)

is formally divergent6. Already in [213], the author provided an explanation to this

uncomfortable problem. Either the theory is complete and we do not have the appro-

priate mathematical tools to make sense of the perturbative expansion or the theory

is incomplete and the perturbative expansion is merely a workable approximation to a

complete physical theory.

An example that exemplifies these arguments by Dyson is given by the quantum

anharmonic oscillator of [216; 217],

(
d2

dx2
+
x2

4
+
λx4

4
− E(λ)

)
ψ(x) = 0 . (6.39)

This theory can be solved, without making use of any approximation, by numerical

techniques. An analytic solution requires making use of a perturbative expansion in the

quartic coupling λ such that the energy eigenstates take the form

Ek ∼ k +
1

2
+
∞∑
n=1

AKn λ
n , K = 0, 1, 2, ... (6.40)

The perturbative approach suffers from the same issues as QED. The energy eigenstates

have a zero radius of convergence in the λ coupling. However, perturbation theory is

able to reproduce the numerical results accurately [218]. Furthermore, the perturbative

6In two different ways, in fact. One by Dyson’s argument and two from the multiplicity of Feynman
diagrams scaling as n! so that at some point in loop expansion, n!αn ∼ 1.
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expansion has been shown to be Borel summable [219], which renders the perturbative

theory convergent7. We view this as an example of a theory that is closed, has perturba-

tive infinities, and yet remains accurate with respect to the exact numerical results, and

where new mathematical techniques give us a better understanding of the perturbative

expansion.

Coming back to supergravity, we take Dyson’s point of view. Even if there are formal

infinities in the theory, as long as the perturbative expansion is well-behaved order by

order, we should treat it as an approximation to the true physics of string theory. After

all, supergravity only aims to capture the massless sector of string theory, so it was

never a complete theory to begin with.

6.3.1 Perturbative and non-perturbative contributions spoiling the

vacuum

A number of Swampland conjectures exist to argue that, away from the boundary of

moduli space, a number of corrections are bound to appear that spoil the original

vacuum. For example, in [220], the authors argue that solutions that admit a leading

order supersymmetric Minkowski vacuum, only broken at subleading order by instanton

corrections, will exhibit non-perturbative corrections that will destabilise the leading

order solution. A number of toroidal examples are given to justify this conjecture.

In a more heuristic sense, this type of Swampland conjectures aim to draw non-model

specific statements about string compactifications from a number of examples. These

behaviours seem general enough that finding counterexamples is hard, if at all possible.

At the same time, no formal and general proof for these conjectures exist. With regards

to the topics in this thesis, conjectures about the existence and stability of de Sitter

vacua are most relevant. These are not new or limited to the Swampland programme.

We have already discussed these to some extent in Subsec. 2.5.2. A very complete

rundown of de Sitter and the Swampland can be found in [192; 221], and we will not

dwell on this any further.

We would like to finally remark that the question of systematically and consistently

expanding supergravity order by order in the perturbative expansion of its coupling

7We thank Oliver Gould for pointing out this nice example.
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is an ongoing area of research. As we have alluded before, showing that the effective

theory is not spoilt by obscure corrections is highly non-trivial due to supergravity hav-

ing two expansion parameters. Some work in this direction has been done in [222],

where the authors were able to show that the leading no-scale breaking terms appear

at O(α′3) in the four-dimensional effective theory, modulo potential logarithmic correc-

tions. Another work [21], showed that the ten-dimensional equations of motion and the

four-dimensional equations of motion for KKLT [223] are equivalent while also providing

insight into the cancellation of divergences at the ten-dimensional level.

We conclude that, Swampland programme aside, a number of interesting questions

remain open. One is to complete the work of [222] in showing that no-scale can be

consistently broken at O(α′3), i.e. the leading order vacuum generated by instanton

and quartic corrections to the ten-dimensional Ricci scalar R4
(10) is safe from instability

woes. A second one is to better understand these expansions in terms of ten-dimensional

physics, extending the work of [21] to non-KKLT models.

We have seen that studying cosmology at the boundary of moduli space seems highly

implausible, at best. In most of the remainder of our thesis we will shift our attention

to challenges of model building our Universe in the bulk of moduli space. We will see

that a hierarchy of scales between different orders in perturbation theory is necessary

to stabilise the moduli fields. We argue that this scale hierarchy is precisely the one

that protects the perturbative expansion against unwanted instabilities. Of course, this

philosophy is not new but rather one of the usual sanity checks that one employs when

constructing supergravity models at large (but finite) volume and small (but finite)

coupling.

In the next chapter, we will introduce the necessary perturbative and non-perturbative

tools to break the tree-level no-scale structure and generate a minimum for the Kähler

sector, thereby stabilising all the moduli fields in the theory. In Chap. 8 we explore the

challenges of building quintessence from string theory and provide a “series of ingredi-

ents” necessary that any phenomenologically viable quintessence model must contain.

We will find that an understanding of next-to-leading order contributions can become

important for model builders. Finally, in Chap. 9 we begin to think in this direction

and study whether higher curvature corrections can help produce de Sitter vacua.
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Part II

String models





Chapter 7

Corrections to the supergravity

action in type IIB

In this chapter we describe the most common and best understood ways to break the

no-scale structure for the tree-level scalar potential described in Chap. 2. Moduli stabil-

isation and the effects of perturbative and non-perturbative corrections to the tree-level

action are best understood in type IIB supergravity. Therefore, we will limit ourselves

to the discussion of type IIB constructions. For a review on the pros and cons of type

IIB models see [180].

We begin by reviewing perturbative and non-perturbative corrections to the tree-level

type IIB effective field theory in Sec. 7.1. In the subsequent sections, we dedicate some

time to motivating the origin of the corrections that we consider from the point of view

of the ten-dimensional type IIB theory. In Sec. 7.7, we discuss the regime of validity of

the four-dimensional description. Finally, we introduce de Sitter model building within

the context of: the KKLT scenario in Sec. 7.8, the racetrack scenario in Sec. 7.9 and

the large volume scenario in Sec. 7.10.

7.1 Review of type IIB effective field theory

We begin with a brief review of the main techniques for deriving the form of the under-

lying scalar potential of string compactifications, with a view to building a robust model

of dynamical dark energy with all moduli suitably stabilised. More detailed reviews can

103



be found in [68; 224]. We assume that the potential is given by the F-term expression

V = eK
[
Kij̄DiWDj̄W̄ − 3|W |2

]
, (7.1)

where DiW = (∂i + ∂iK)W is the Kähler covariant derivative and Kij̄ is the inverse of

the Kähler metric Kij̄ = ∂i∂j̄K. Our focus will be on type IIB string compactifications

in which the complex structure moduli and the dilaton are fixed at semiclassical level,

and so ∂i denotes partial differentiation with respect to the Kähler moduli Ti = τi+ iθi.

Even though our focus here is on the effective action of type IIB string theory, our final

phenomenological considerations on quintessence also apply more generally to type IIA

and heterotic setups.

At tree-level, we have a Kähler potential, K = K0 − 2 lnV and a superpotential

W = W0, where V is the volume of the internal Calabi-Yau. K0 and W0 include the

complex structure moduli and the dilaton that have already been stabilised, and are

therefore assumed to be constant. Because of the ‘no-scale structure’, the corresponding

scalar potential vanishes identically. Therefore, to generate the appropriate masses for

the Kähler moduli, we must include at least one of the following: (i) perturbative

corrections to the Kähler potential, K → K + δKp; (ii) non-perturbative corrections

to the superpotential, W →W + δWnp; (iii) higher derivative corrections to the scalar

potential, V → V + δVhd.

A general formula giving the Kähler moduli dependence of perturbative and higher

derivative corrections at all orders in α′ and gs has been provided in [69] exploiting a

combination of higher dimensional symmetries such as supersymmetry, scale invariance

and shift symmetry, together with techniques from F-theory. This formula reproduces

several known explicit computations of quantum corrections. Here we focus on those

which have been used for cosmological applications:

• α′3 corrections

These are perturbative corrections in `s = 2π
√
α′ to the Kähler potential. The

leading one arises from O(α′3)R4 terms in the ten-dimensional action and looks

like [225]

K → K0 − 2 ln

(
V +

ξ̂

2

)
, (7.2)
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with ξ̂ = − χ(X )ζ(3)

2g
3/2
s (2π)3

where χ(X ) is the Euler number of the Calabi-Yau X .

• Open string 1-loop corrections

These are corrections in gs to the Kähler potential, K → K + δKgs , and are

conjectured to take the form [66; 226]

δKgs =
∑
i

gs
Ci(U, Ū)t⊥i

V
+
∑
i

C̃i(U, Ū)

t∩i V
. (7.3)

Here there are two contributions: those of O(g2
sα
′2) coming from the tree-level

exchange of Kaluza-Klein closed strings, with t⊥i denoting the 2-cycles perpendic-

ular to the branes; and those of O(g2
sα
′4) coming from winding strings, with t∩i

denoting the 2-cycles of the intersection among branes. C and C̃ are unknown

functions of the complex structure moduli U , although, as the complex structure

sector is fixed at tree-level, one can consider them to be constants.

• Higher derivative corrections

These are also α′3 corrections to the scalar potential arising from the dimensional

reduction of ten-dimensional higher derivative terms of the form R2G4
3, that yield

V → V + δVhd with [227]

δVhd = −g−3/2
s

34λW 4
0

V4
Πit

i , (7.4)

where λ is an undetermined combinatorial number and ti are the 2-cycle volume

moduli. Πi are topological quantities defined in terms of the (1, 1) forms D̂i as

Πi =

∫
X
c2 ∧ D̂i , (7.5)

with c2 the second Chern class of X . Although these effects enter at higher F-term

order, they can become important and comparable to string loop corrections.

• Non-perturbative corrections

These are corrections to the superpotential [228]

W →W0 +
∑
i

Ai e
−aiTi , (7.6)
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related to the existence of E3-brane instantons (ai = 2π) or gaugino condensates

on D7-branes (ai = 2π/N , where N is the rank of the condensing gauge group).

Similar non-perturbative corrections to the Kähler potential are subleading when

compared to perturbative terms, which can arise from expansions in α′ or gs, and

will thus be unimportant for our discussion here.

Together these corrections yield a scalar potential:

V = δVα′ + δVgs + δVhd + δVnp (7.7)

where δVhd is given by Eq. (7.4) and (setting eK0 = 1)

δVα′ =
3ξ̂W 2

0

4V3
(7.8)

δVgs =
W 2

0

V2

∑
i

(
g2
sC

2
iK

tree
ii − 2

C̃i
Vt∩i

)
(7.9)

δVnp =
∑
i,j

Kij
treeaiajAiAj

e−aiTi−aj T̄j

V2
+

2W0

V2

∑
i

Aiaiτi

(
e−aiTi + e−aiT̄i

)
(7.10)

Ktree
ij is the tree-level contribution to the Kähler metric, and Kij

tree its inverse. Notice

how the Kaluza-Klein contribution to Eq. (7.9) enters at second order thanks to the

‘extended no-scale structure’ [66]. All these corrections are under control when the

overall volume V is large. In the regime where all 2-cycles scale as t ∼
√
τ ∼ V1/3, we

have the scaling

δVα′ ∼
W 2

0

V3
, δVgs ∼

W 2
0

V10/3
, δVnp ∼

V4/3e−2aτ +W0V2/3e−aτ

V2
, δVhd ∼

W 4
0

V11/3
,

(7.11)

where we have takenKtree
ij ∼ 1/V4/3. To generate stable vacua, one has to find a balance

between different terms in the potential. For example, in KKLT models [48],W0 is tuned

to exponentially small values, W0 ∼ (aτ)e−aτ � 1, so that the two contributions to

δVnp are comparable in size. This typically yields a supersymmetric AdS vacuum whose

depth is parametrised by −W 2
0 /V2. Upon uplift the same scale controls the height of

the barrier separating the vacuum from the decompactification limit [48]. A notable

exception to this rule is the racetrack setup which we describe in Sec. 8.2.1 [229; 230],

where the scale of the vacuum can be made arbitrarily small thanks to two instanton
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contributions that are aligned relative to one another.

Another possible approach is to balance perturbative against non-perturbative cor-

rections. Generically we expect the latter to be suppressed, except in the presence of

small cycles, as this raises the size of the instanton correction. This is precisely what

happens in the LVS scenario [67; 231; 232], where δVα′ ∼
W 2

0
V3 ∼ δVnp. This sets the scale

of the potential, controlling both the depth of the non-supersymmetric AdS vacuum and

the height of the barrier to infinity which develops after uplifting.

Before moving onto the model building aspects, we would like to review in a bit more

detail each of these corrections.

7.2 Non-renormalisation theorems

A first consideration might be to ask why are there no effects at O(α′) or O(α′2) in

the type IIB supergravity theory. In turns out that the linear and quadratic order

corrections in α′ are proportional to the Ricci tensor of the internal manifold. For a

Calabi-Yau compactification, the internal geometry is Ricci-flat and this corrections

vanish as long as the internal manifold remains Calabi-Yau. This result is due to the

sigma model calculations of [233], to four-loops in the worldsheet action, and the non-

renormalisation theorems of [234]. An explicit description of the non-renormalisation

theorems for type IIB supergravity can be found in [235].

Below we concern ourselves with a simpler but qualitatively identical question. We

consider the four-dimensional effective theory for the heterotic superstring as described

in Subsec. 6.2.3. The supergravity approximation is controlled by the string coupling,

which maps to the vev of the real part of the axio-dilaton field eφ = Re(S), and the

α′ parameter, which maps to the vev of an overall Kähler volume modulus V. The

low-energy dependence of the compactified four-dimensional effective theory on the

internal geometry is encapsulated by three functions: the Kähler potential K(S, T, U),

the superpotential, which for heterotic supergravity has a no-scale structure in the axio-

dilaton and Kähler directions Φ := {S, Tα}; and the gauge-kinetic coupling matrixMκλ

depending only on the complex structure sector by virtue of being its kinetic metric1.

1This is guaranteed to hold as long as the moduli space is a direct product between the complex
structure and the quaternionic sector.

107



The scalar potential, in the absence of D-terms, is given by the Kähler potential and

the superpotential only, V = V (K,W ).

We will argue that the superpotential is protected by a number of shift symmetries

in the moduli fields and becomes exact at any order in the perturbative expansion,

obtaining only non-perturbative corrections. In the case of heterotic supergravity, the

discussion is quite simple. We note that the axionic partners to the dilaton and the

overall volume modulus benefit from an unbroken shift symmetry meaning that the

supergravity action is invariant under transformations of the form Φ → Φ + iλ where

λ ∈ R. Supersymmetry implies that the superpotential W and the matrix Mκλ are

holomorphic functions of the moduli fields. The axion shift invariance then forbids W

from depending on the imaginary part of Φ and thus, by virtue of these functions being

holomorphic, it cannot depend on the real parts either at any order in the perturbative

expansion. Then, any perturbative corrections to the scalar potential of the tree-level

theory must arise from the Kähler potential itself2, and these enter the theory at α′3

as we will see in the next section. A similar argument can be made in more generality

to show that the gauge-kinetic coupling matrix only receives corrections at first order

in the loop expansion from Kähler moduli dependent contributions, in agreement with

the calculations of [236].

The key point in supporting the previous arguments, and also in the cases of type II

theories, is the survival of the axionic shift invariance in the presence of quantum correc-

tions. This axionic symmetry can be understood as a subgroup of the larger accidental

symmetry SL(2,R) of the full string theory. In particular, the ten-dimensional type

IIB supergravity action in Eq. (2.2) can be made explicitly invariant under SL(2,R) by

exchanging the Kalb-Ramond and RR three-form field strength by their gauge invari-

ant counterpart in Ĝ3 := F̂3 − iSĤ3. With this choice of variables, we lose an explicit

description of the Kähler and complex structure sectors in terms of chiral multiplets, in

contrast to Eq. (2.43), but we can see the symmetry group for the axio-dilaton explic-

itly. Indeed, the contents of the ten-dimensional theory in this form are given by ĝMN ,

Q̂ := iŜ = Ĉ0 + ie−φ̂, Ĝ3 and the imaginary self-dual five-form F̂5. Under an SL(2,R)

transformation [25], the metric and the imaginary self-dual five-form remain invariant

2As long as supersymmetry is not explicitly broken.
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while

Q̂→ aQ̂+ b

cQ̂+ d
, Ĝ3 →

Ĝ3

cτ̂ + d
, (7.12)

for ad − bc = 1 and a, b, c, d ∈ R. The axion shift symmetry corresponds to a subset

SL(2,Z) ⊂ SL(2,R) with c = 0 and a = d = 1 for which Q̂→ Q̂+b. Critically, SL(2,Z)

is expected to be an invariance of string theory even in presence of non-perturbative

effects and the perturbative non-renormalisation of the type IIB supergravity will be

preserved. We remark that this does not prevent the superpotential from acquiring

non-perturbative corrections, cf. Sec. 7.6, but these will be exponentially suppressed in

a large volume/weak coupling limit.

7.3 α′3 corrections

We begin by discussing the corrections to the Kähler potential to O(α′3) as calculated

in [61; 237]. The goal of this section would be to analise the effects of the higher order

terms appearing in the M-theory effective action on the scalar potential of type IIB.

However, only a few results regarding these terms are known and the best approach to

obtain the leading order corrections to the type IIB action when compactifying on a

CY is to use mirror symmetry and the c-map of [33].

In the seminal work [237], the authors provide an exact result for the leading correc-

tions to the Kähler potential for the quintic and its mirror. In particular, the Kähler

prepotential for the Kähler deformations with the leading order perturbative contribu-

tions is given by

f(t) = −1

6
KABC

tÂtB̂tĈ

t0
− (t0)2 ξ̂

4
, (7.13)

where tÂ = {t0, tA} are the adapted coordinates described in Sec. 2.1. Using the defini-

tion of the Kähler potential in terms of its prepotential we find Eq. (7.2). Although the

precise calculations are quite involved, we can provide a minimal qualitative derivation

of the formula above.

As our target manifoldM, we take the quintic P4(5) which has two neat properties.

First, its mirror, which we will take as the base manifold and denote by W, is known

thanks to the construction of [238]. Second, the Betti numbers for this threefold are

b1,1 = 1 and b2,1 = 101. This allows for simple calculations in the Kähler sector of the
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target manifold. The mirror of the quintic will have b1,1 = 101 and b2,1 = 1, which will

simplify the calculations in the complex structure sector of the base manifold. We will

denote the unique Kähler (complex structure) coordinate of the target (base) manifold

by ψ.

We consider a one-parameter family of quintic hypersurfaces as a set in CP4 given by

the roots of the polynomial

p =

5∑
k=1

x5
k − 5ψ

5∏
k=1

xk , (7.14)

which are invariant under the symmetry group generated by

g0 = (1, 0, 0, 0, 4) , g1 = (0, 1, 0, 0, 4) , g2 = (0, 0, 1, 0, 4) ,

g3 = (0, 0, 0, 1, 4) , (7.15)

where, for example, g3 represents the Z5 action

(x1, x2, x3, x4, x5)→ (x1, x2, x3, αx4, α
4x5) , (7.16)

on the set of coordinates xk on the quintic and α = e2iπ/5. The geometry of the complex

structure in W is determined by the coordinate ψ. It is most natural to consider ψ5

as the coordinate of the complex structure sector. This can be seen by noting that a

scaling of ψ to αψ is equivalent to the coordinate transformation3

(x1, x2, x3, x4, x5)→ (α−1x1, x2, x3, x4, x5) , (7.17)

which leads to the sample complex structure for the quintic in Eq. (7.14). Furthemore,

the complex structure geometry of W is singular for some values of ψ. Since we are

interested in describing a Calabi-Yau we will have to smooth out the metric around the

singularities. It is, therefore, instructive to describe the geometry in a neighbourhood

of these singular points. To do so we note that on can identify the set of singular points

of W with the points where the quintic fails to be transverse [237]. This is the case

3This is equivalent to the coordinate transformations (x1, α
−1x2, x3, x4, x5) = ... =

(x1, x2, x3, α
−1x4, x5) by the actions of the generators Eq. (7.15). This freedom is due to the poly-

nomial p defining a covering space of W, rather than W itself.
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when the equations

∂xkp = 0 , (7.18)

are satisfied simultaneously and we find

5∏
k=1

x5
k = ψ5

5∏
k=1

x5
k , (7.19)

which will only be satisfied for ψ5 = 1 and this in turn implies xk = αnk with
∑
nk = 0.

All these points can be identified through the generators of Eq. (7.15), and W at ψ = 1

only has one singular point. In [239], it was shown that this singularity corresponds to

a conifold for W, where the singular point of the conifold is identified with the ψ = 1

point of W. Locally, the geometry is given by a cone with base S2 × S3 where, at the

“tip” of the cone, the S3 shrinks to zero volume with radius rS3 ∼ O(
√
ψ − 1).

Now we can define the complex structure sector of the base manifold. We choose a

symplectic basis {A1, A2, B1, B2} for H3(W) such that the only non-vanishing intersec-

tions are AK̂ ∩BL̂ = δK̂
L̂
, and the dual basis (αK̂ , β

K̂) such that

∫
AL̂

αK̂ = δL̂
K̂
,

∫
BL̂

βK̂ = δK̂
L̂
. (7.20)

Finally, the holomorphic three-forms can be expanded as

Ω = ZK̂αK̂ −FK̂β
K̂ . (7.21)

We remark that we have 4 periods (Z1,Z2,F1,F2) and only one paramter ψ. In the

usual way discussed in Subsec. 2.1.2, we can fix half of the periods in terms of the

other half and we choose FK̂ := FK̂(Z L̂). Furthermore, Eq. (2.32) implies that the last

free period can be fixed by absorbing the gauge freedom of complex rescaling of the

holomorphic three-form.

We now discuss the monodromy structure around the singularity. Following the

conventions of [237], we take A2 to be the cycle related to the vanishing S3 at ψ = 1. By

our choice of symplectic basis, the cycles (A1, B1) do not intersect with the S3 and can

be taken to lie outside the neighbourhood of the singularity. The last cycle B2 intersects

A2 at a point, in the neighbourhood of the conifold singularity. Under transport around
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ψ = 1, B2 can pick a multiple of A2 while the other cycles are unambiguously defined.

Then,

Π :=



Z1

Z2

F1

F2


→



1 0 0 0

0 1 0 0

0 0 1 0

0 n 0 1





Z1

Z2

F1

F2


, (7.22)

where we have defined the period vector Π. The Kähler potential is given by

e−K = Z̄K̂FK̂ −Z
K̂F̄K̂ (7.23)

and by making use of the monodromy structure, the asymptotic form of the Kähler

metric as ψ →∞ was calculated in [237] to be

gψψ̄ =
3

4 |ψ|2 (ln |5ψ|)2

(
1− 48ζ(3)

25(ln |5ψ|)3
+ ...

)
, (7.24)

where the ellipsis denotes further subleading terms in 1/ ln |ψ|. The first term takes the

usual inverse quadratic form upon the identification

t ∼
√

5

2π
ln(5ψ) , gψψ̄ ∼

3

4v2
dt ∧ ?dt , (7.25)

where we have chosen the evocative notation of v := Re(t) as the ψ in this regime

will match the large volume limit on the dual side. Turning to the target quintic, the

prepotential for the Kähler sector prior to any corrections is given by the first term in

Eq. (7.13), the results can be matched to the ones obtained in the dual side for the

asymptotic metric in Eq. (7.25). The full details of this matching can be found in [237]

and references therein. The second term in Eq. (7.24) will be related with the Kähler

corrections that we are looking for.

Turning once again to the target quintic, the non-renormalisation theorem of [234]

imply that the are no σ-model α′ corrections to the prepotential couplings

∂3f(t)/∂ta∂tb∂tc .

Furthermore, the prepotential being a homogeneous function of degree two in the ta
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coordinates is determined by the third derivative up to a quadratic term. This translates

into the Kähler potential being fixed by [31; 237]

e−K = −2tÂRe (NÂB̂)tB̂ , (7.26)

where the matrix NÂB̂ is the gauge-coupling matrix given in Eq. (2.24), which is a

matrix constructed from the second derivatives of the prepotential f(t). We note that

the imaginary part of NÂB̂ drops out of the formula above. This can be understood

by virtue of the complex rescaling invariance of Ω, an imaginary shift in the matrix

NÂB̂ can be reabsorbed into a redefinition of the t0 coordinate. A shift to the real part,

however, will map to a change in the volume of the quintic V(P4(5)) ∼ Re (t)3 ∼ v3

which, based on the mapping in Eq. (7.25), will affect the metric of the Kähler sector and

its complex structure dual. This will induce a correction to the prepotential function

f(t).

The first non-trivial contribution is unique at O(α′3) and corresponds to the combi-

nation

S =
1

12(2π)3
R KL
IJ R MN

KL R IJ
MN − 2R K L

I J R M N
K L R I J

M N , (7.27)

which for a six-dimensional manifold corresponds to its Euler density,

∫
X
d6x
√
g S = χ . (7.28)

This type of contribution leads to corrections to the gauge kinetic coupling δNÂB̂ which

translate into a constant shift to the prepotential of the desired form upon dimensional

reduction to the four-dimensional theory [61], i.e.

δf(t) = −e−1/2φ0
ξ̂

2
. (7.29)

This expression matches Eq. (7.13) up to an overall constant scale φ0, which can be

absorbed in the definition of t0.

Although the calculations of [61; 237] are done on a pair of quintics, the results are

independent of this choice as long as mirror symmetry is a true symmetry of string

theory. The choice of the quintic allows for explicit calculations and it is argued in

113



[61; 237] that the form of the corrections to the prepotential will generalise to other

smooth Calabi-Yaus.

7.4 One-loop corrections

In this section we concentrate on corrections due to the exchange of KK or winding

modes. In [240], the authors provide the one-loop string corrections to type IIB com-

pactified on toroidal orientifolds by evaluating string scattering amplitudes. In [241],

the authors study the consistency of the perturbative expansion of the string effective

action in the presence of D-branes and O-planes. In particular, the authors make an

educated guess for the generalisation of the toroidal corrections to smooth Calabi-Yaus

and are able to obtain the characteristic scaling of such corrections and show that these

are subleading to the α′-corrections discussed in the previous section. This also served

as a consistency check for the LVS scenario of [242] and which we discuss in Sec. 7.10.

Below, we provide a short overview of these arguments.

We begin by summarising the results of [240] for the toroidal orientifold. There, the

Kähler potential takes the form4

K = −2 ln(S + S̄)− 2 ln(V) +Kcs(U, Ū)− ξ̂

2V
(7.30)

+
∑
i

gs
Ci(U, Ū)

4τi
+
∑
i

C̃i(U, Ū)

4τiτj
.

The first line contains the tree-level contributions to the Kähler potential and the α′-

corrections previously discussed. The second line are the corrections to the Kähler

potential in the presence of localised sources. In the following we exemplify the mech-

anisms with D-branes, but the statements would hold true for O-planes as well.

The first term is due to parallel sources (D7/D3-branes or O7/O3-planes) exchanging

KK modes between them. The D7-brane is wrapped around some internal four-cycle

τi where the point-like component of the D3-brane also lies. The two branes can then

interchange closed strings along some two-cycle ti.

The second term is due to the intersection of D7-branes (O7-planes) wrapped around

four-cycles τi 6= τj . The four-cycles will intersect in some two-cycle ti. If, locally, this
4Where we have adapted the notation to be consistent with the rest of this chapter.
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ti contains non-trivial one-cycles the winding modes can wound around them. It could

seem that these modes would not appear in the CY generalisation. However, we note

that from the point of view of the open string, these mechanism is based on Dirichlet

strings that have their endpoints glued to each D7-brane. Therefore, the condition

on the existence of these one-cycles is not a condition on the global geometry of the

Calabi-Yau, but rather a condition on the topology of specific cycles within cycles. If the

particular model to be considered contains no intersecting D7-branes, these corrections

will vanish.

Figure 7.1: Left: Pictorical representation of the KK mode exchange mechanism for a
coincident D7/D3-branes which can be separated by some distance parametrised by a
two-cycle ti. The plane of the physical page represents the four-cycle where the internal
legs of D7, the two-cycle ti and the point-like internal component of the D3-brane lie.
Right: Representation of the mechanism that allows the interchange of winding modes
between two D7-branes. These modes are wrapped on a two-dimensional submanifold
characterised by ti at the intersection of the D7-branes.

In [241], it is then shown that the scaling in smooth Calabi-Yaus is given in terms of

the internal volume V rather than particular four-cycles. In particular, these corrections

take the form given in Eq. (7.3)

δKgs =
∑
i

gs
Ci(U, Ū)t⊥i

V
+
∑
i

C̃i(U, Ū)

t∩i V
, (7.31)

where we can see that in the case of a toroidal geometry the volume dependence reduces

to VT 6 ∼ t3 ∼ tτ and the corrections take the form of Eq. (7.30).

We would like to remark that the coefficients Ci, C̃i are, in general, unknown. How-

ever, since these depend only on the complex structure sector, we can take them to be

constant at the perturbative level since the complex structure sector is fixed by tree-level
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fluxes. Similarly, we have written some dependence on the string coupling gs which,

a priori, depends on the vev of the axio-dilaton S. Taking the axio-dilaton fixed at

tree-level by fluxes, we treat gs as a constant at this level.

The scaling with the volume is a good educated guess of [241]. It is unclear how terms

that scale with individual four-cycles (like in the case of the toroidal orientifold) could

appear for smooth Calabi-Yaus. Although this idea cannot be completely disregarded,

in all well-known examples where this computations can be carried out the volume de-

pendence is the only one to appear. For example, in [241] the exact one-loop corrections

are calculated for the quintic P[1,1,1,6,9]
4 and are found to agree with Eq. (7.3).

Recently, an important advancement was made to better understand the origin of

loop corrections in generic Calabi-Yaus [243]. These results differ from those of [240]

in the relative scaling of the winding and KK modes with the string coupling gs. More

importantly, the authors also flag the possible existence of log-enhanced corrections

that could dominate the loop contributions. These log-corrections could arise from R4

operators localised on D7/O7 stacks or R3 localised on a 6D submanifold. A string

amplitude calculation to confirm the existence of such terms is yet to be done. Models

that rely on loop corrections to lift flat directions, such as large volume scenario models

with multiple Kähler moduli, could be in trouble if the existence of these operators were

to be confirmed.

7.5 Higher derivative corrections

The last set of perturbative corrections that we would like to discuss are the higher

derivative corrections of [244]. These corrections are intimately related to the ones in

Sec. 7.3. Indeed, in that section we found that the Kähler potential gains a perturbative

corrections such that

K → K0 − 2 ln

(
V +

ξ̂

2

)
. (7.32)

These corrections will then contribute to the four-derivative expansion of the scalar

potential as follows. In [245], it was shown that the Ricci tensor along the internal
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components in the presence of α′-corrections is given by

Rī ∼ (α′)3∂i∂̄S , (7.33)

where S was defined in Eq. (7.27). A priori, the metric is not Ricci-flat anymore and

can be expanded as

gī = g
(0)
ī + (α′)3g

(1)
ī , (7.34)

where g(0)
ī is the original Ricci-flat metric in the absence of corrections and g(1)

ī solves

the Einstein equations to O(α′3). At leading order in α′, the only contribution from g
(1)
ī

enters through the dimensional reduction of the ten-dimensional Ricci scalar. However,

this turns out to be a total derivative meaning that the first contribution from g
(1)
ī

comes at O(α′6). Therefore, at O(α′3) we can self-consistently ignore g(1)
ī and consider

gī = g
(0)
ī to be Ricci-flat.

This implies that, at the four-dimensional effective level and at O(α′3), there are no

curvature contributions coming from the internal piece. In the large volume limit and

up to the four-derivative expansion, the corrections were calculated in [244] to be given

at leading order in the O(1/V) expansion by Eq. (7.4)

δV = −g−3/2
s

34λW 4
0

V4
Πit

i , (7.35)

where Πi are defined as in Eq. (7.5)

7.6 Non-perturbative corrections

Finally, we will consider non-perturbative corrections due to instantons in the theory.

Below, we introduce the origin of instanton corrections in relation with type IIB model

building. A complete overview of instanton effects on type II theories can be found at

[246].

To obtain an N = 1 supersymmetric low energy effective theory from type IIB su-

pergravity, we have seen that we need to introduce Op-planes to project out half of

supersymmetry generators. In particular, we introduce a holomorphic involution (σ)
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that acts on the Kähler form and holomorphic 3-form as

σ∗J → J , σ∗Ω→ Ω . (7.36)

The dimensionality of the orientifold is fixed by the dimensionality of the fix point set

induced by σ. Taking Ω ∝ dz1 ∧ dz2 ∧ dz3, for some set of {zi, z̄i} complex coordinates

spanning the Calabi-Yau, we see that the condition σ∗Ω → Ω leads to fixed points5

with complex dimensions 0 or 2, i.e. either points or complex planes. Given that the

orientifold planes have to fill the external space to preserve four-dimensional Poincaré

invariance, this particular choice of involution leads to O3/O7-planes.

To preserve the orientifolding, the instantons will have to be related to objects wrap-

ping points or four-cycles. This gives rise to two possible contributions: one from

Euclidean D3-branes and another one from gaugino condensation in D7-branes [247].

In [246], it was shown that, for the Euclidean D3-brane instantons, the non-perturbative

corrections to the superpotential takes the schematic form

W (S,U) = W0(S,U) → W (S,U, T ) = W0(S,U, e−T )+
∑
E3i

Ai(U)e−aiT+AS(U)e−S ,

(7.37)

where E3i denotes a stack of Euclidean D3-branes and (S,U, T ) are the axio-dilaton,

complex structure and Kähler chiral superfields, respectively. Noting that (S,U) are

fixed at tree-level by fluxes, we find an expansion in non-perturbative corrections of the

form in Eq. (7.6)

W (S,U, T ) 'W0(〈S〉, 〈U〉) +
∑
E3i

Ai(〈U〉)e−aiT , (7.38)

where (〈S〉, 〈U〉) are the vevs of the axio-dilaton and complex moduli sector, and we

take W0 and Ai constant at the level of the low-energy supergravity description. The

discussion for the D7-brane contribution is quantitatively similar and the coefficient ai

in the exponential is related to the rank Ni of the condensing gauge group on each stack

of D7-branes, i.e. ai = 2π/Ni.

5Submanifolds of a CY with one complex dimensions have to be given by a combination of holomor-
phic and antiholomorphic coordinates, as H2(X ) = H1, 1(X ), and thus these are not invariant under
σ.
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We note that a third instanton contribution to the non-perturbative superpotential

could arise from Euclidean D(-1)-branes. These effects would be the string theoretical

analogue to classical localised solutions to the Euclidean equations of motion in QFT.

We expect their contribution to the superpotential to be exponentially suppressed at

weak coupling WED(−1) ∼ O(e−1/gs) [248] and thus will not consider them for model

building purposes.

7.7 Validity of the effective description

Since we will be treating the supergravity models at an effective four-dimensional level

to study their phenomenology, it is good to keep in mind the consistency requirements

to truncate the effective theory to the set of corrections given above.

Tree-level hierarchy with respect to corrections. Most of the work in the sub-

sequent sections and chapters will assume that the axio-dilaton and complex structure

moduli have been stabilised at tree-level by fluxes. This allows us to concentrate on

lifting the Kähler sector without having to worry about destabilising the other direc-

tions. To ensure that the other sectors are not destabilised we have to demand that the

corresponding saxions are fixed at large vacuum expectation values by the fluxes.

For the dilaton, this is of two-fold importance as it also guarantees that the loop

expansion is well-posed, as we will remark below. For the complex structure moduli,

this allows us to truncate the prepotential to the large complex structure term, the

equivalent to the leading term of Eq. (7.13) for the complex sector.

For the α′ expansion. We already made use of a consistency check in Chap. 6,

namely that the α′ expansion is under control when the string frame volume VS � 1,

this implied V/s� 1 for the volume in Einstein frame. A second, but related, check is

that consistency in truncating the α′ expansion to the leading term requires

ξ̂

g
3/2
s V

=
ξ̂

VS
� 1 . (7.39)

Indeed, further subleading terms carry extra derivatives with respect to the overall

volume modulus. We expect these to be further suppressed in a 1/V expansion as

compared to the leading order α′3-corrections. Thus, requiring that the α′3 term satisfies
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Eq. (7.39) guarantees the safety of the truncation to leading order α′-corrections.

For the loop expansion. Given that the loop corrections are given to leading order

in an expansion on the string coupling gs, we require that the vev of the dilaton is fixed

at large values
1

gs
:= e−〈φ〉 = 〈Re(S)〉 � 1 . (7.40)

We can see that this consistency check comes for free by requiring that there exists a

hierarchy between the tree-level actions and its corrections.

For the expansion in non-perturbative effects. For the instanton expansion to be

well-posed we require that

e−a
a
i Re(Ta) � 1 , aai Re(Ta)� 1 (7.41)

for all (i, a), where i labels the stack of Euclideanised D3-branes and a = 1, ..., h1, 1.

In the large volume scenario described in Sec. 7.10, we will often work with only the

leading term in this expansion, i.e. the smallest four-cycle Re(Ts), which implies a

further hierarchy

1� asi Re(Ts)� abi Re(Tb) , (7.42)

where the label “b” indicates any four-cycle other than Re(Ts).

Supergravity scales. Together with the moduli fields a number of Kaluza-Klein

degrees of freedom will formally appear in the effective four-dimensional description.

We are interested in integrating these out so that the complete hierarchy of scales

appearing in the effective description has to look like

Mp > Ms > M
(i)
KK � mi,m3/2 , (7.43)

where Ms is the string scale mass, M (i)
KK are the Kaluza-Klein masses that can appear

from bulk modes or associated to D7-branes wrapping 4-cycles,mi denotes the masses of

the moduli fields and m3/2 is the gravitino mass. It can be shown that these hierarchy

can be made consistent when the other previous perturbative and non-perturbative

checks are satisfied [39]. Indeed, this is so due to the volume scaling for the different
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masses

Ms ∼
1√
V
, MKK ∼

1

V2/3
, m3/2 ∼

1

V
. (7.44)

There will also be a number of phenomenological conditions on these scales (and others)

due to observations (or lack thereof), but we will discuss them in the next chapter when

they become more relevant.

With all this in mind we move on to discuss particular realisations of de Sitter vacua

within supergravity. In general, the scale of the scalar potential will be set by some

combination of the form |W0|p /Vq, where p, q > 0. Obtaining a small enough scale to fit

cosmological observations allows a natural categorisation of the model building efforts

into two classes: the ones that require |W0| � 1, like KKLT [48] and racetrack type

scenarios [229; 249], and the ones requiring V � 1, like the aptly named large volume

scenario [242].

7.8 KKLT model building

To exemplify the KKLT scenario, we will consider a single Kähler modulus geometry

where the volume of the Calabi-Yau is of the form V = (T + T̄ )3/2, with T := τ + iθ

the single 4-cycle volume modulus. The key ingredient to generate a minimum for the

Kähler direction in the KKLT scenario is the use of the non-perturbative corrections in

Eq. (7.6) and the leading α′ corrections in Eq. (7.2). In this case, the superpotential

and Kähler potential are given by

W = W0 +Ae−aT , K = K0 − 2 ln

(
V +

ξ̂

2

)
. (7.45)

We note that neglecting loop and higher derivative contributions to the potential can

be done consistently due to the volume hierarchy in Eq. (7.11) and that we will still

require V � 1. The dynamics of the moduli, to leading order in ξ̂, is given by the

Lagrangian

L = KT T̄ ∂T∂T̄ − V (τ, θ) =
3

4τ2

(
1− 5ξ̂

27/2τ3/2

)[
(∂τ)2 + (∂θ)2

]
− V (τ, θ) , (7.46)
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where the F-term potential is

V (τ, θ) =
a2A2e−2aτ

6τ

(
1 +

3

aτ

)
− aA|W0|e−aτ

2τ2
cos(aθ) +

3W 2
0 ξ̂

64
√

2τ9/2
, (7.47)

and, without loss of generality, we have assumed W0 to be real and negative, W0 =

−|W0|. It then follows that a SUSY minimum exists at zeroth order in ξ̂, located at

θ = 0 and τ = τmin, where the latter satisfies the following relation

|W0| = Ae−aτmin

(
1 +

2

3
aτmin

)
' 2

3
Aaτmin e

−aτmin . (7.48)

We work in a regime where the α′3 corrections can be consistently neglected in the

vicinity of the minimum thanks to Eq. (7.39). At large volumes these corrections will

induce a maximum in the potential as stressed in [250], which will be relevant to the

discussion in Chap. 8. In the past these very same corrections have been used for

uplifting the SUSY AdS minimum to Minkowski [251], a more extreme regime which we

will not consider here. For the moment, however, we concentrate on the dynamics close

to the minimum, neglecting the subleading effects of ξ̂. The potential at the minimum

is AdS, and given by

VAdS ≡ V (τmin, 0) = −a
2A2e−2aτmin

6τmin
= −3

(
|W0|
Vmin

)2

. (7.49)

When the axion is at its minimum, the corresponding KKLT potential for the saxion is

given by VKKLT(τ) = V (τ, 0)+Vup(τ). The uplift is tuned so that the new dS minimum,

located at τdS, is compatible with current bounds on the cosmological constant, that

is VKKLT(τdS) = V (τdS, 0) + Vup(τdS) . 10−120M4
pl. For the instanton expansion to

be under control at the minimum, it must be placed at some large value of τ . As a

consequence, the uplift does not have a huge effect on its position, and we can take

τdS ' τmin. It follows that the scale of the uplift is simply given by the scale of the AdS

vacuum, as one might already have expected, Vup(τdS) ≈ |VAdS|. Furthermore, since the

original scalar potential decays exponentially quickly in comparison to the uplift term

at large τ , the metastable vacuum is separated from the runaway region by a barrier

whose height is fixed at the same scale, V∗ ∼ Vup(τdS) ≈ |VAdS|. The generic shape of

the potential with and without uplift is shown in Fig. 8.1.
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Figure 7.2: KKLT scalar potential with and without uplift.

It is clear now that, if the scale of the de Sitter vacuum is fixed by VAdS = 3
(
|W0|
Vmin

)2
,

to match the current observational bounds on the cosmological constant we require

W0 � 1, V � 1 or a combination of small tree-level fluxed superpotential and large

volume at the minimum. We also note that in this particular case with a single Kähler

modulus, the volume and the fluxed superpotential are not independent. Indeed, from

Eq. (7.48)

|W0| ' τmin e
−τmin ∼ V2/3

mine
−V2/3

min , VdS ' |VAdS| ∼
e−V

2/3
min

Vmin
, (7.50)

and with VdS ∼ 10−120 we find Vmin ∼ O(103) and W0 ∼ O(10−114). As noted before,

this value of the volume at its minimum allows us to pass the consistency checks of

Sec. 7.7 and provide a hierarchy in Eq. (8.7) so that subleading corrections can be

safely ignored.

The usual lore goes that given that the string landscape could have as many as

O(10272000) flux vacua6 [255], albeit with a large degeneracy in the fluxes, finding such

a small value for the fluxed superpotential should not be difficult. Recently, a mechanism

to obtain a naturally small W0 has been proposed in [256], where flux configurations

where found so that W0 . O(10−123).

Finally, we note that with supersymmetry now broken by the anti D3-brane, the
6This was originally computed using the techniques from the works of Ashok, Denef and Douglas

[252–254].
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gravitino acquires a mass at the uplifted minimum7, given by

m2
3/2 =

[
eK |W |2

]
τ=τdS,θ=0

≈
[
eK |W |2

]
τ=τmin,θ=0

=

(
|W0|
Vmin

)2

=
|VAdS|

3
(7.51)

where we have used the fact that DiW = 0 and so VAdS = −3eK |W |2 for the supersym-

metric AdS vacuum.

As was noted in [257], the KKLT scenario suffers from the so-called Kallosh-Linde

(KL) problem and a solution in the form of a racetrack type superpotential was offered.

We will discuss this problem in detail in the following chapter and we continue by

introducing the racetrack construction. At this point, suffice it to say that the issue is

related to fact that the gravitino mass and the potential barrier are of the same order,

since both are generated at the same order in the corrections.

7.9 Racetrack model building

The racetrack superpotential [229; 249] receives a second instanton contribution

W = W0 +Ae−aT +B e−bT , (7.52)

as one would expect from gaugino condensation in a theory with a product gauge

group8. In particular, for SU(M)× SU(N) we expect a = 2π/M and b = 2π/N . The

corresponding F-term potential is given by

V (τ, θ) =
a2A2e−2aτ

6τ

(
1 +

3

aτ

)
+
b2B2e−2bτ

6τ

(
1 +

3

bτ

)
+

abABe−(a+b)τ

3τ

(
1 +

3

2aτ
+

3

2bτ

)
cos[(a− b)θ]

− aA|W0|e−aτ

2τ2
cos(aθ)− bB|W0|e−bτ

2τ2
cos(bθ) . (7.53)

7We remark that the precise uplifting mechanism is unimportant at this stage as supersymmetry
must be broken by any uplift and the quantitative discussion about the gravitino mass follows through.

8This is equivalent to considering instanton corrections generated by two stacks of N and M
Euclidean D3-branes.
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In contrast with KKLT, the racetrack model admits a SUSY Minkowski vacuum for a

critical value of W0, given by

|W0|crit = AR
a
b−a +BR

b
b−a (7.54)

where we assume R = −aA
bB > 1 and a > b for definiteness. The minimum is located

at θ = 0 and τmin = 1
(a−b) lnR. The gravitino mass vanishes at the Minkowski vacuum

since supersymmetry remains unbroken. The shape of the potential for different values

of W0 is shown in Fig. 7.3.

Figure 7.3: Racetrack potential at θ = 0 for parameter choice A = 1, B = −1, a =
0.1, b = 0.09 and different values of W0 = W crit

0 (1 + δ).

In this case, the tuning to exponentially small W0 is alleviated in exchange for some

extra tuning between the values of the coefficients (a, b) in the exponentials of the

superpotential. Indeed, taking as an example the numbers in [257]

A = 1 , B = −1.03 , a =
2π

100
, b =

2π

99
, (7.55)

yields W crit
0 ∼ −10−4 and V ∼ O(1000). Obtaining a de Sitter vacuum now follows

analogously to KKLT. Introducing an uplift term ∼ C
τ2 will lead to a de Sitter vacuum

and it is assumed that the C coefficient can be fine-tuned to obtain a viable scale for the

cosmological constant. Critically, the mass of the gravitino is now generated by the small

uplift whereas the potential barrier is generated by the leading order non-perturbative
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corrections. This allows the racetrack model to side-step the KL problem.

7.10 LVS model building

A fundamentally different approach to constructing de Sitter in type IIB effective theo-

ries goes by the name of the large volume scenario (LVS) [242]. In this case, the required

smallness of the cosmological constant scale is obtained through an exponentially large

internal volume with an O(1) value for W0. The key ingredients for the LVS are an

internal geometry containing large and small four-cycles and the introduction of loop

and higher derivatives corrections to the theory.

In [242], it was shown that an AdS minimum can be generated in the large volume

limit of type IIB supergravity in the presence of α′ corrections and non-perturbative

effects. We review the discussion below [38]. Consider a Calabi-Yau X whose Kähler

sector is given by a number of moduli fields


τi, which remain small ∀i = 1, ..., Ns ,

V → ∞ for τj →∞ , ∀j = Ns + 1, ..., h1, 1(X ) ,

(7.56)

for a type IIB N = 1 four dimensional effective theory whose Kähler potential and

superpotential are given by


K = K0 − 2 ln

(
V + ξ̂

2

)
,

W = W0 +
∑

i≤Ns Aie
aiTi .

(7.57)

Then the four-dimensional scalar potential admits non-SUSY AdS vacua at exponen-

tially large volume V ∼ eaτi (∀i ≤ Ns) along h1, 1(X )−Ns− 1 directions corresponding

to the τj blow-up modes if and only if ξ̂ > 0 and τj resolves a point-like singularity, i.e.

K−1
jj ∼ V

√
τj .

Let us consider a minimal example in which the volume of the Calabi-Yau is given

by V = τ
3/2
b − τ3/2

s where τs is a small cycle and τb is a blow-up mode, as defined in

Eq. (7.56). The four-dimensional scalar potential when considering this geometry and
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Eq. (7.57) is given at leading order by

V =
8a2A2√τse−2aτs

3V
−4τs
V2

aAe−aτs |W0| cos(aθ) +
3W 2

0 ξ̂

4V3
(7.58)

where we have set K0 = 1 and taken W0 < 0 without loss of generality. The axion is

stabilised at θ∗ = 0 and we have dropped subleading e−bτb contributions in anticipation

that the big cycle will be stabilised at 1 � aτs,∗ � bτb,∗. Extremising with respect to

the volume and the small cycle modulus we find the well-known LVS results

V =
3
√
τs,∗ |W0|
4aA

eaτs,∗f (τs,∗) , f (τs,∗) :=
1− 1

aτs,∗

1− 1
4aτs,∗

, (7.59)

ξ̂

2
= τ

3/2
s,∗

f (τs,∗) [4− f (τs,∗)]

3
=

[
1

b
ln

(
V
|W0|

)]3/2

. (7.60)

The minimum of the potential is a non-SUSY AdS vacuum

〈V 〉 = −3ξ̂W 2
0

2V3

[
1− f(τs,∗)

4− f(τs,∗)

]
' − 3ξ̂W 2

0

8aτs,∗V3
. (7.61)

Once again, the introduction of an uplift mechanism to obtain de Sitter or Minkowski

vacua is necessary.

Here we have seen the LVS in action. Even though the volume becomes exponentially

large, the presence of the small cycle τs means that the non-perturbative contributions

can compete against the leading α′-corrections generating a minimum along the τs

direction. We remark that, in the presence of h1, 1 Kähler moduli the leading order

scalar potential would only fix Ns directions and overall the volume modulus, leaving

h1, 1−Ns− 1 directions flat that could be lifted by subleading perturbative effects, like

the loop corrections or higher derivative corrections introduced in the earlier sections.

Now that we have a handle on how model building in the bulk of moduli space works,

in the next chapter we would like to answer the question of what are the necessary

ingredients of a successful quintessence model.
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Chapter 8

Obstructions to quintessence model

building

In this chapter, we consider the challenges in establishing the microscopic origin of both

inflation and dark energy. In [22] it has been conjectured that scalar potentials that

can be derived from putative quantum gravity theories obey the bound

Vφ ≥
c

Mp
V , (8.1)

where c is a positive and dimensionless order one constant. If true, this conjecture

has serious implications for inflation in the early universe and dark energy at present

times. The most obvious consequence is that de Sitter (dS) vacua are forbidden, ruling

out the cosmological constant as the source of dark energy. However, the bound is

also in some tension with the requirement of slow roll in two derivative scalar actions,

both for inflation and dark energy. While this tension is stronger in the context of

inflation, it may be acceptable for dark energy models given that current bounds on

ωDE [258] are more relaxed that those derived from the scalar spectral tilt, ns, for

inflationary models [259; 260]. It was later realised that this bound would rule out

the experimentally tested Higgs potential, and would preclude electroweak symmetry

breaking which requires Vφ = 0 for Vφφ < 0 and V > 0 [261]. Moreover, it would also

rule out supersymmetric AdS vacua that are accompanied by dS maxima at large field

values [250]. This unsatisfactory state of affairs prompted the proposal of a refined
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conjecture that took the form [262; 263]

Vφ ≥
c

Mp
V or Vφφ ≤ −

c′

M2
p

V , (8.2)

where c and c′ are positive and dimensionless order one constants. These conjectures are

not based on rigorous proofs and several counterexamples have been proposed [264–273].

Rather, the logic behind their formulation is the theoretical difficulty in establishing the

existence of a dS vacuum in a fully convincing manner, mainly due to the need to break

supersymmetry. Strong evidence in favour of the refined version of the conjecture has

been given in [263] for any parametrically controlled regime of string theory using a com-

bination of the distance conjecture and entropy considerations. This is the regime where

the semiclassical approximation can be made arbitrarily good by sending the parame-

ters that control the string loop and the α′ expansions to zero. These are, respectively,

the real part of the axio-dilaton S, which sets the string coupling gs = 1/Re(S), and

the extra-dimensional volume in string units V which controls the α′ expansion since

1/V1/3 = α′/Vol1/3 (where Vol is the dimensionful volume). The asymptotic limit where

Re(S) → ∞ and V → ∞ corresponds to the semiclassical approximation with no dS

vacua.

However, dS vacua could still exist in the bulk of moduli space where the quality of

the approximations should be carefully checked. In particular, a necessary condition to

have control over the effective field theory is the existence of small expansion parameters

such as the flux-generated superpotential W0 � 1 in KKLT models [48] and the inverse

of the internal volume 1/V � 1 in LVS vacua [67; 231; 232]. Much progress has been

made in this direction by determining perturbative [66; 225–227; 274–276] and non-

perturbative corrections [228], or by estimating their moduli dependence using higher

dimensional arguments based on symmetries [207] and geometry [69]. However, it is

fair to say that the existence of dS vacua in the interior of the moduli space has still

to be established in a fully convincing manner and there are a growing number of no-

go theorems explicitly demonstrating their absence in particular compactifications of

string inspired effective theories [4; 277–284]. Even if they did exist, dS vacua in string

theory might well be short-lived, as suggested by the TCC conjecture [23]. Of course,

this is not a problem for dark energy as observations only require it to be dominant for
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a single efolding of accelerated expansion. This may even be desirable in the context of

the cosmological coincidence problem, as discussed in Chap. 5 [285–287].

All these considerations show that the existence of dS vacua in string theory is still an

open problem which requires further scrutiny. It is, therefore, interesting to investigate

if the alternative to a cosmological constant — namely, quintessence — shares the same

technical difficulties. To this end, we shall focus on the microscopic origin of dark energy

as a dynamically evolving scalar field emerging from a compactification of string theory.

First of all, let us mention that, similar to dS constructions, quintessence cannot be

realised in any parametrically controlled regime of string theory since dilaton or volume

mode runaways in the asymptotics of the moduli space are too steep to drive an epoch of

accelerated expansion [3], see Chap. 6. The obstruction echoes some of the obstructions

to dS vacua [263], with related results for quintessence also being derived in [288–290].

Note that the situation does not improve if one performs a multifield evolution including

their corresponding axionic fields. In fact, even if non-geodesic trajectories on curved

field manifolds could, in principle, yield a period of accelerated expansion for steep

potentials [209; 210], this is never the case for either Re(S) or V [212].

As a result, quintessence can only be realised in the bulk of moduli space where

it generically shares the same control issues as dS model building [224]. On top of

the technical difficulties in trusting the effective field theory, quintessence is known to

feature some phenomenological challenges including the ‘light volume problem’ and the

‘F-term problem’ [190]. The ‘light volume problem’ relates to quintessence driven by

a saxion, typically a volume modulus. To be compatible with the acceleration we see

today, this modulus needs to be extremely light, with its mass bounded above by the

current Hubble scale. As it also couples to matter with gravitational strength, this would

yield an additional long range scalar force, in violation of fifth force constraints [291].

The ‘F-term problem’ is associated with radiative corrections involving supersymmetric

particles running in loops, producing contributions to the scalar potential that are much

larger than the dark energy scale. Traditional quintessence, at least in a perturbative

regime, also has some observational problems, having been shown to enhance the so-

called Hubble tension [292; 293] which is already at 5σ for ΛCDM [294].

Here we add to the challenges facing quintessence in string theory. In particular,
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we show how a version of the so called ‘Kallosh-Linde (KL) problem’ [230] drastically

constrains the spectrum of possibilities. The KL problem is one of runaway behaviour in

the volume mode during inflation. It is normally used to constrain the scale of inflation

against the gravitino mass. We use it to constrain the form of the underlying scalar

potential responsible for dark energy, exploiting the huge hierarchy of scales between

the acceleration today and in the early universe. This hierarchy makes it extremely

difficult to have a scalar potential that is compatible with current observations and is

protected from the KL runaway during inflation.

Let us briefly run through the logic. We begin with V0(V), the potential that fixes

the volume mode. However, the volume mode also couples to any source of energy-

momentum thanks to the Weyl rescaling to four-dimensional Einstein frame. As a

result, in Einstein frame, there is a direct coupling between V and the potentials for

both the inflaton σ and the quintessence field φ. The total scalar potential describing

the dynamics of all three fields is given by Vtot = V0(V) + V1(σ,V) + V2(φ,V) where

V1(σ,V) is generated from the inflaton potential and V2(φ,V) from the quintessence

potential. Recall that there exists an enormous hierarchy between the energy scales of

inflation and dark energy: Vinf & (1 MeV)4 � (1 meV)4 ∼ VDE.

During inflation, with σ in slow roll, it follows that the quintessence field φ should

be frozen, with V1(σ,V) � V2(φ,V). Furthermore, in order to avoid destabilising the

volume direction [230], we need to impose the condition |V0(V∗)| & V1(σ,V)� V2(φ,V),

where V∗ is the value of V controlling the barrier against decompactification. For

Minkowski vacua V∗ = Vmax, the value of V at the top of the barrier, while for AdS vacua

V∗ = Vmin, the value of the V at the minimum1. Of course, for AdS vacua inflation is pos-

sible only if V1(σ,V) acts as an uplifting term such that Vinf ' V0(Vmin) +V1(σ,Vmin) >

0. (Here we are assuming that the location of the minimum, Vmin, does not change

significantly in the presence of the uplift.)

After the end of inflation V1(σ,V) goes to zero and so Vtot ' V0(Vmin) + V2(φ,Vmin).

For the case where V0(V) admits a (near) Minkowski vacuum with V0(Vmin) ' 0, it

follows that Vtot ' V2(φ,Vmin) ' VDE . 10−36Vinf . 10−36V0(Vmax), implying a huge

hierarchy between the energy scales associated with the potential that stabilises V and
1For dS vacua the story is slightly different: we need to impose V1(σ,V) . (V0(Vmax)− V0(Vmin)),

although we shall ignore this case since quintessence model building is less well motivated in the presence
of a dS vacuum.
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the one which drives quintessence. For the case where V0(V) admits an AdS vacuum,

the hierarchy of scales ensures that, after inflation, Vtot ' V0(Vmin) + V2(φ,Vmin) '

V0(Vmin) < 0, implying that quintessence model building is not possible.

Notice that similar considerations would apply if the volume also plays the rôle of

the inflaton (σ = V), notwithstanding that explicit constructions of volume inflation

look rather contrived [295]. Alternatively, if the volume plays the rôle of quintessence

(φ = V) its potential would, again, be destabilised by the inflationary energy density.

Finally if the volume is everything (σ = φ = V), we would require the presence of two

slow roll regions at hierarchically different field values. Given that plateau-like regions

can be obtained only by balancing competing terms, if the quintessence epoch at large

field values is under control, the inflationary era would lie in a region where perturbation

theory would tend to break down. Reheating after the end of inflation and fifth force

constraints would also present additional problems in this particular case.

These considerations can be combined with implications of the refined dS conjecture

[263]. The refined dS conjecture rules out quintessence models with a very shallow

potential, as in [296], but allows for quintessence rolling near a hilltop at positive energy

(perhaps in the presence of a global AdS or supersymmetric Minkowski vacuum) or down

an exponential potential of the form V = V0 e
−λφ/Mp . In the latter case, it has been

shown that agreement with data requires λ ≤ 1.02 at 3σ [297]2. However, our analysis

suggests that these two scenarios are not under better control than dS vacua.

Exponential potentials arise from no-scale breaking perturbative effects for saxions

and are typically not small enough to produce the required hierarchy in scales between

inflation and dark energy. Therefore, these models are expected to be destabilised by

the inflationary dynamics, as well as suffering from problems with the light volume and

the F-term. The KL problem also applies to hilltop quintessence near a maximum at

positive energy, with a global AdS minimum. We shall present explicit examples of

these scenarios and elucidate their problems in Sec. 8.2.

To avoid the KL problem, we could consider hilltop quintessence models with a su-

persymmetric (near) Minkowski vacuum. However, in these models the gravitino mass

would be of order the dark energy scale resulting in violation of current bounds [299–
2A stronger bound of λ ≤ 0.6 was obtained in [298]. We refer the reader to [297] for a discussion

of the two approaches.
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302]. Moreover, supersymmetric Minkowski solutions are highly constrained, requiring a

very precise form for the superpotentialW . Therefore, even if the presence of supersym-

metry might seem a powerful tool to keep computational control over these solutions,

proving their existence in the interior of the moduli space might still be a challenge. As

an illustrative example, consider the well-understood type IIB compactifications with

H3 and F3 flux, and a tree-level W that does not depend on the complex volume mode

T = τ + iθ. In this set-up, any supersymmetric Minkowski solution at tree-level would

necessarily feature a complex flat direction, given by T . The existence of a global

Minkowski solution with all moduli stabilised would, therefore, have to rely on the exis-

tence of non-perturbative corrections, which lack a full systematic understanding. They

would also lift τ and θ at the same level of approximation, without generating the right

hierarchy between the would-be quintessence field θ and the volume mode τ .

In the end, we arrive at a generic picture for building a viable quintessence model in

string phenomenology. Let us summarize the main points:

• At leading order (in either perturbative or non-perturbative expansions), the

scalar potential V0(V) should feature a (near) Minkowski vacuum with a sta-

bilised volume mode. Notice that non-supersymmetric Minkowski vacua typically

require the inclusion of uplifting sectors, and so look qualitatively similar to dS

vacua. Although supersymmetric Minkowski solutions could give better computa-

tional control, the subdominant effects which generate dark energy would also be

responsible for supersymmetry breaking. The gravitino mass (and the soft terms)

would not be decoupled from the dark energy scale, in strong tension with both

particle physics [299–301] and cosmological observations [302]. Thus the leading

order Minkowski vacuum should be non-supersymmetric.

• At the leading order of approximation, the quintessence field should remain flat

in order to be able to create the required hierarchy between V0(Vmax) and VDE,

with the latter generated by subdominant contributions. The presence of a flat

direction can be guaranteed by shift symmetries which fall into two categories: (i)

non-compact rescaling symmetries for saxions arising from the underlying no-scale

structure [303; 304]. However, these are broken by perturbative effects, and so are

not generally efficient enough to provide the required hierarchy; and (ii) compact
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shift symmetries for axions which can potentially generate huge hierarchies, being

broken only by tiny non-perturbative effects. Moreover, the smallness of these

non-perturbative corrections ensures that the energy density associated with the

quintessence potential does not destabilise the volume minimum.

• Axion quintessence automatically avoids the fifth-force problem (being driven by

a pseudo-scalar) and ensures radiative stability thanks to the fact that the axionic

shift symmetry is exact at the perturbative level.

• The main problem with axion quintessence is that its potential is flat enough to

drive a period of accelerated expansion only if the axion decay constant is trans-

Planckian. However, this situation is very difficult to realise since explicit string

constructions with control over the effective field theory tend to have axions with

sub-Planckian decay constants [305], as also implied by the weak gravity con-

jecture [306]. There could be counter-examples based on alignment mechanisms

[153; 307], although their trustability requires further scrutiny.

• For generic axion potentials with sub-Planckian decay constants, we might seek

quintessence from a hilltop model. Even if this possibility looks attractive from

a model building perspective, we shall see in Sec. 8.3 that, when combined with

quantum diffusion during the inflationary epoch [308], it relies on two conditions:

(i) very finely tuned initial conditions; and (ii) an extremely low inflationary

scale (Hinf . 1 MeV), at least for axion decay constants in the regime where the

effective field theory is under control.

In other words, from the point of view of theoretical and phenomenological control,

quintessence model building in string theory is at least as challenging as the search

for dS vacua.

This conclusion raises doubts over the validity of the swampland dS conjecture. Taken

alongside the challenges to quintessence, it would imply strong tension between quantum

gravity and observation. This might be an indication that phenomenologically relevant

solutions to string theory, like dS vacua, lie in the bulk of the moduli space. In this

case, it might still be true that perturbation theory is a valid approximation but to be
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confident of this, we need to refine our technical ability to compute quantum corrections.

In the end Nature has already shown an affinity for couplings (as in standard gauge

theories and cosmological perturbation theory) that are weak enough to allow us to

describe it to a good approximation, even if they cannot be made arbitrarily small.

Finally, if data were to prefer dynamical dark energy, our analysis shows that quintessence

models are very unlikely to be axion hilltops since they require highly tuned initial con-

ditions and a very low Hubble scale during inflation. In this regard, axion quintessence

models based on alignment mechanisms look more promising even if they need fur-

ther studies to be convincingly established in fully fledged string compactifications with

moduli stabilisation.

8.1 Old challenges for quintessence in string theory

We begin by recalling some relevant results from Chap. 7. In particular, the scalar

potential in the presence of the leading α′, gs, higher derivative and non-perturbative

corrections is given by

V = δVα′ + δVgs + δVhd + δVnp (8.3)

where δVhd is given by Eq. (7.4) and (setting eK0 = 1)

δVα′ =
3ξ̂W 2

0

4V3
, (8.4)

δVgs =
W 2

0

V2

∑
i

(
g2
sC

2
iK

tree
ii − 2

C̃i
Vt∩i

)
, (8.5)

δVnp =
∑
i,j

Kij
treeaiajAiAj

e−aiTi−aj T̄j

V2
+

2W0

V2

∑
i

Aiaiτi

(
e−aiTi + e−aiT̄i

)
.(8.6)

In the regime where all 2-cycles scale as t ∼
√
τ ∼ V1/3, we have the scaling

δVα′ ∼
W 2

0

V3
, δVgs ∼

W 2
0

V10/3
, δVnp ∼

V4/3e−2aτ +W0V2/3e−aτ

V2
, δVhd ∼

W 4
0

V11/3
,

(8.7)

where we have takenKtree
ij ∼ 1/V4/3. To generate stable vacua, one has to find a balance

between different terms in the potential. For example, in KKLT models [48],W0 is tuned

to exponentially small values, W0 ∼ (aτ)e−aτ � 1, so that the two contributions to

δVnp are comparable in size. This typically yields a supersymmetric AdS vacuum whose

135



depth is parametrised by −W 2
0 /V2. Upon uplift the same scale controls the height of

the barrier separating the vacuum from the decompactification limit [48]. A notable

exception to this rule is the racetrack setup which we describe in Sec. 8.2.1 [229; 230],

where the scale of the vacuum can be made arbitrarily small thanks to two instanton

contributions that are aligned relative to one another.

Another possible approach is to balance perturbative against non-perturbative cor-

rections. Generically we expect the latter to be suppressed, except in the presence of

small cycles, as this raises the size of the instanton correction. This is precisely what

happens in the LVS scenario [67; 231; 232], where δVα′ ∼
W 2

0
V3 ∼ δVnp. This sets the scale

of the potential, controlling both the depth of the non-supersymmetric AdS vacuum and

the height of the barrier to infinity which develops after uplifting.

8.1.1 Fifth forces and radiative instability

Some dynamical dark energy models have already been built within the framework of

string compactifications [296; 309–313]. Typically the quintessence field corresponds

to the lightest mode and the other moduli are stabilised at tree-level and by leading

order corrections. In this way dynamical dark energy appears as a next-to-leading order

effect, allowing us to retain perturbative control. It also guarantees that the slow roll

of the quintessence field away from the minimum only displaces the volume mode from

its original vacuum expectation value by a small amount.

However none of the existing quintessence models in the literature is really satisfactory

due to several challenges which were already highlighted in [190; 224]. These challenges

are related to the phenomenological requirements that a prospective stringy quintessence

field would have to satisfy, namely:

1. A light quintessence modulus φ with mφ . H0 ∼ 10−60Mp. This follow directly

from requiring that the scalar field φ is in slow roll at the current epoch.

2. Heavy superpartners with masses Msoft & 10−15Mp. Supersymmetric partners

must be above the threshold set by the LHC [314]. This, in turn, yields large

perturbative corrections from loops of visible sector supersymmetric particles.
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3. Heavy Kaluza-Klein scale with MKK & 10−30Mp. Sub-millimetre scale tests of

Newtonian gravity put a bound on the Kaluza-Klein scale [315].

4. Heavy volume modulus with mV & 10−30Mp. Upon compactification, the four-

dimensional Ricci scalar gets a prefactor which depends on the volume modulus

which couples to matter fields after Weyl rescaling to Einstein frame. There are

stringent bounds on such fifth force effects given by sub-millimetre experiments

[315–317].

The authors of [190] discuss the implications of these requirements for string models

of dark energy, with a focus on LVS-motivated scenarios for concreteness. Two main

issues arise.

The light volume problem: The Kaluza-Klein mass is given by

MKK =
Ms

R
∼ Mp

V2/3
& 10−30Mp ⇒ V . 1045 , (8.8)

where we have used Ms ' Mp V−1/2, the fact that the radius of the compact space

R ∼ V1/6, and the bound on the Kaluza-Klein mass given above.

In the LVS scenario, the mass for the volume modulus is generated through leading α′

corrections Eq. (8.4), while at subleading order loop corrections Eq. (8.5) lift additional

Kähler moduli which could play the rôle of the quintessence field φ. Using Eq. (8.7)

and Eq. (8.8), one finds

mφ

mV
∼

√
δVgs
δVα′

∼ 1

V1/6
& 10−7 . (8.9)

In [296] loop contributions are suppressed due to low energy supersymmetry in the bulk

and an anisotropic shape of the extra dimensions. The quintessence field φ is instead

lifted by poly-instanton effects which give

mφ

mV
∼

√
δVpoly

δVα′
∼ 1√
V

& 10−22 . (8.10)

However, both (8.9) and (8.10) are in contradiction with the phenomenological bound

imposed by fifth force constraints and the value of H0, i.e.
mφ
mV

. 10−30. A way to
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avoid this issue is to introduce subleading effects that modify the volume scaling of

Eq. (8.9) and (8.10) [318]. For example, in the model of [296], φ does not mediate any

fifth force since its coupling to Standard Model fields is weaker than Planckian due

to sequestering effects in the extra dimension (see also [317] for estimates of moduli

couplings in sequestered models with large extra dimensions). Nevertheless, the volume

mode would lead to new long range interactions since, due to (8.10), it is much lighter

than 1 meV and it couples with ordinary matter with standard Planckian strength

(however, see [319] for a possible screening effect due to the kinetic coupling of V to its

associated axionic field).

The F-term problem: The mass of the superpartners, which we approximate by the

gaugino mass, is of the order

Msoft ∼M1/2 =
F i∂if

Re(f)
Mp , (8.11)

where f is the gauge kinetic function. If we assume that supersymmetry breaking is

mediated through some higher-dimensional operator at some scale Mb, for a simple

toy model with a single spurion field X and F-term FX , the contribution to the scalar

potential is

δVX ∼ F 2
X ∼M2

bM
2
soft , (8.12)

where Msoft enters the scalar potential after canonical normalisation of the spurion

term. If we require that supersymmetry breaking is mediated above the TeV scale,

together with the phenomenological constraints on the superpartner masses, we find

δVX & 10−60Mp � H2
0 . This contribution would raise the scale of the potential

well beyond the dark energy scale. A loophole is to consider a new contribution to

the scalar potential that would cancel supersymmetry breaking effects with some fine-

tuning, as in [296], where the additional effect is assumed to come from the backreaction

of non-supersymmetric visible sector branes (see also [320] for recent developments of

quintessence models in scenarios with non-linearly realised supersymmetry).

The challenges for quintessence outlined in [190; 224] are just the tip of the iceberg.

In the next section, we identify an even bigger problem: disruption of the energetic

dynamics by the inflationary energy density, resulting in destabilisation of the volume
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mode and decompactification.

8.2 The KL problem for quintessence

In [230] Kallosh and Linde argued that the scale of inflation is bounded from above by

the gravitino mass in the standard KKLT scenario [48]. The constraint arises in order

to avoid a runaway in the volume mode, leading to decompactification at early times.

Similar considerations were used to place limits on thermal corrections to the scalar

potential, imposing a maximum temperature in the four-dimensional effective theory

[321; 322]. The KL problem extends beyond KKLT, and has also been shown to affect

LVS models where the constraint turns out to be even stronger [323]. We begin by

reviewing the key aspects of the original argument of [230]. Later we will show that it

has implications also for string models of dynamical dark energy.

8.2.1 Review of the KL problem

Consider the one-instanton KKLTmodel of Sec. 7.8 with superpotential and α′-corrected

Kähler potential given by

W = W0 +Ae−aT , K = K0 − 2 ln

(
V +

ξ̂

2

)
, (8.13)

where V = (T + T̄ )3/2 is the volume of the internal Calabi-Yau manifold with T = τ+iθ

the 4-cycle volume modulus. The dynamics of the moduli, to leading order in ξ̂, is given

by the Lagrangian

L = KT T̄ ∂T∂T̄ − V (τ, θ) =
3

4τ2

(
1− 5ξ̂

27/2τ3/2

)[
(∂τ)2 + (∂θ)2

]
− V (τ, θ) , (8.14)

where the F-term potential is

VKKLT(τ, θ) =
a2A2e−2aτ

6τ

(
1 +

3

aτ

)
− aA|W0|e−aτ

2τ2
cos(aθ) +

3W 2
0 ξ̂

64
√

2τ9/2
. (8.15)
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and, without loss of generality, we have assumed W0 to be real and negative, W0 =

−|W0|. From this potential, we found SUSY AdS vacua located at

VAdS ≡ VKKLT(τmin, 0) = −a
2A2e−2aτmin

6τmin
= −3

(
|W0|
Vmin

)2

. (8.16)

which was uplifted via

Vup =
C

τ2
. (8.17)

Furthermore, by demanding that after uplifting the minimum of this potential sat at

VKKLT′(τdS) = VKKLT(τdS, 0) + Vup(τdS) . 10−120M4
p , we obtained a relation between

the mass of the gravitino m3/2 and the height of the potential barrier, V∗, protecting

the volume modulus from a runaway

m2
3/2 =

|VAdS|
3
∼ V∗ . (8.18)

The KL problem emerges when we consider inflation in this particular setup. To begin

Figure 8.1: Left: KKLT scalar potential with and without uplift. Right: Uplifted
potential with increasing inflationary corrections.

with, one could consider hilltop inflation from the top of the potential barrier V∗. In this

case, the Hubble parameter during inflation is related to the gravitino mass at present

through

H2
inf ≈

V∗
3
∼ |VAdS|

3
≈ m2

3/2 . (8.19)
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Another mechanism for inflation could be due to the dynamics of branes in the compact

space [324]. In this case, the inflaton is some other modulus field σ controlling the

location of the D-branes in the internal space. The uplifted KKLT potential then

receives a contribution from the inflaton due to the structure of the supergravity F-

term potential. The inflationary potential will generically take the form

Vinf(τ) = VKKLT′(τ) +
V (σ)

τ3
. (8.20)

As shown in Fig. 8.1, the inflationary corrections raise the level of the minimum more

than they raise the height of the barrier. Eventually, if the scale of inflation is high

enough, the local minimum turns into an inflection point and the barrier disappears

completely. For the volume modulus to stay stabilised during inflation, we require that

Vinf . V∗ ∼ 3m2
3/2M

2
p , and again we find a relation between the value of the Hubble

parameter during inflation and the gravitino mass today

H2
inf ≈

Vinf
3M2

p

. m2
3/2 . (8.21)

Equations Eq. (8.19) and Eq. (8.21) are the main results of [230] and show that, unless

one can parametrically decouple the value of the gravitino mass from the height of the

potential barrier, the scale of inflation is bounded from above by the gravitino mass,

Hinf . m3/2. This presents a problem in that it sets the gravitino mass to be extremely

large, which by proxy sets the scale of supersymmetry breaking to be much larger than

the TeV scale. Notice that this is not necessarily a problem for models with a high

scale of supersymmetry breaking. However, to obtain the observed value of the Higgs

mass, these require severe fine tuning or a sequestered visible sector on D3 branes at

singularities where Msoft � m3/2 [325]. The tension between low scale supersymmetry

and inflation is even more acute in LVS models since the barrier is generically not as

high, scaling as V∗ ∼ m3
3/2Mp. Using similar arguments as above, this constrains the

scale of inflation to be Hinf . m3/2

√
m3/2/Mp.
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8.2.2 Racetrack solution to the KL problem

Kallosh and Linde [230] proposed a resolution to this problem within a racetrack model

[229], see Sec. 7.9 for the details of the model. The key observation of Kallosh and

Linde is that the racetrack potential admits a supersymmetric Minkowski vacuum for

a critical value of W0,

|W0|crit = AR
a
b−a +BR

b
b−a , R = −aA

bB
, (8.22)

while the gravitino mass vanishes at the Minkowski vacuum since supersymmetry re-

mains unbroken. As such there is no relation between the gravitino mass and the height

of the potential barrier. The latter scales as V∗ . (a − b)3A2R
2a
b−a , and can be made

arbitrarily high provided we assume (a − b) � 1, while the minimum for the volume

modulus τmin = 1
a−b lnR is pushed to a large value of τ .

8.2.3 General implications for quintessence

Although [230] were interested in constraining the scale of inflation and the form of the

inflationary potential, similar considerations can be applied to the low energy potential

describing the dynamics of dark energy today. We focus on the dynamics of up to three

moduli: a quintessence field φ describing dark energy, an inflaton σ and the volume

modulus τ . In principle, these could be three different moduli, or they could overlap -

we consider all possibilities.

We start by assuming they are all different. In general, the full scalar potential can

be written as

Vtot(φ, σ, τ) = V0(τ) + V1(σ, τ) + V2(φ, τ) (8.23)

where V0 is the potential that fixes the volume mode, V1 the contribution of the inflaton

and V2 from quintessence. In this case, dark energy is assumed to be described by a

scalar potential VDE(φ, τ) = V0(τ) + V2(φ, τ) with φ in slow roll at some scale φ ∼ φ0

today and the volume stabilised at some large value τ = τ0. However, during inflation,

we generically expect the full scalar potential to receive an inflaton-dependent correction
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as described in the original KL scenario [230]. In other words,

Vinf(φ, σ, τ) = VDE(φ, τ) +
V (σ)

τ3
. (8.24)

where we have set V1(σ, τ) = V (σ)
τ3 , as a result of Weyl rescaling. The inflaton field

rolls slowly through at least 50 efoldings of inflation, starting out at σinf and ending at

σ0, with V (σ0) ≈ 0. The volume modulus and the quintessence field are assumed to

be spectators during inflation, stabilised at τ ≈ τinf and φ ≈ φinf respectively. Once

inflation has ended, the inflaton dumps energy into the Standard Model sector. During

this phase of reheating, the volume and quintessence moduli are allowed to move, if

necessary, towards their current values, τ → τ0, φ → φ0. However, in order to avoid

potential problems with light element abundances [326] and the spectrum of the cosmic

microwave background radiation [258], all three moduli must remain stabilised from

nucleosynthesis onwards, right up until the current epoch of dark energy domination,

at which point φ starts to slow roll.

The key observation is that VDE(φ0, τ0) ' H2
0 � H2

inf ' V (σinf)/τ
3
inf, where H0 is the

current Hubble scale, and Hinf is the scale of inflation. The hierarchy is a considerable

one: the scale of dark energy is H0 ∼ 10−60Mp, whereas the scale of inflation is assumed

to lie somewhere in the range 10−42Mp . Hinf . 10−5Mp.3 The considerations of [230],

now suggest a parametric separation in the scale of the underlying quintessence potential

in the early universe and at late times. In particular, we can constrain the scale at

early times, given by VDE(φinf, τinf) by demanding that the volume modulus remains

stabilised during inflation. Following the same logic as [230], we note that to avoid the

runaway in the volume, the corresponding minimum at τinf should be separated from

the asymptotic region by a barrier, V∗, as high as the scale of inflation, V∗ & H2
inf.

Given that generically we expect V∗ ∼ |VDE(φinf, τinf)|, to avoid a runaway we require

|VDE(φinf, τinf)| ∼ V∗ & H2
inf � H2

0 ' VDE(φ0, τ0). As we will see in a moment, it is

hard to see how we can achieve this separation of scales in a controlled setup.

One of the lessons from Sec. 8.1 is that, at leading order and weak coupling, one

scale typically controls the scale of the AdS vacuum and the height of the barrier, both

3Here, the lower bound comes from the scale of BBN (around MeV), although the actual tempera-
ture of the primordial bath might be higher, of O(GeV) [327]. The upper bound comes from constraints
on the tensor-to-scalar ratio [258].

143



going as W p
0 /Vq � 1, for some p, q > 0. If the volume, inflaton and quintessence fields,

correspond to three different moduli, we have seen how the considerations of Kallosh

and Linde [230] suggest that the barrier height should be at least as large as the scale

of inflation to avoid a runaway. This fixes the scale of the underlying potential to be

far in excess of the dark energy scale, W p
0 /Vq & H2

inf � H2
0 . The AdS vacuum, even

if it could be uplifted to Minkowksi by the inflationary energy density, would now be

too deep for any next to leading order correction to be a viable dark energy candidate,

where the potential must be positive.

Although our arguments have focused on the case where the inflation, the volume

and quintessence field are three different moduli, the situation is not improved when we

relax this assumption. Let us consider each of the alternatives:

• The volume accounts for dark energy but not for inflation: The inflaton is once

again assumed to be some other (s)axion orthogonal to the volume mode. It

is then required that the volume mode stays stabilised during inflation and finds

itself in a gentle slope at late times, giving rise to dynamical dark energy. However,

in order to avoid the runaway during inflation, the potential must have a large

barrier, far in excess of the scale of the late time potential. This scenario is very

similar to the one we have already described, and as such, suffers from the same

difficulties. Volume driven quintessence will also give rise to long range forces that

violate fifth force constraints (see e.g. [291]).

• The volume accounts for inflation but not for dark energy: In this scenario, the

potential for the volume contains a high scale plateau, allowing the volume to

roll slowly during inflation. After inflation, the volume should settle into a low

scale Minkowksi vacuum. This could then be stabilised at leading order, with

some next-to-leading effect giving rise to dynamical dark energy through another

modulus. In [295; 323] volume inflation near an inflection point has been realised

by considering different competing contributions: non-perturbative effects, string

loops, higher derivative corrections, anti-branes and charged hidden matter fields.

Besides looking very contrived and tuned, these constructions raise doubts as to

the level of perturbative control since the value of the volume during inflation is

relatively small. Moreover, one should make sure that the quintessence field away
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from the minimum does not result in the volume being destabilised.4

• The volume accounts for everything: In this case, the volume modulus is respon-

sible for both inflation and dark energy. The situation is similar to the previ-

ous case but now we require a flat enough plateau later on as well. This seems

to require competing terms at both small volumes (during inflation) and large

volumes (during the dark energy period), with a significant hierarchy built in.

Such hierarchies would need to be generated by exponentials, which are generated

non-perturbatively. This suggests the early time behaviour may not be under

perturbative control. Furthermore, if inflation ends with the inflaton rolling in

a steep potential, and not approaching a minimum, reheating would need to be

non-standard. Crucially the late time behaviour would also fall foul of fifth force

constraints.

We can try to get around these problems by assuming that the stabilisation of the vol-

ume lies at some low scale, near Minkowski vacuum generated at leading order, breaking

the connection between the scale of the vacuum and the height of the barrier. (Recall

that the barrier height should exceed the scale of inflation to avoid decompactification.)

If this leading order stabilisation leaves, say, an axionic flat direction which is lifted

only at subdominant order by tiny non-perturbative effects, one could reproduce the

required hierarchy between Hinf and H0 without inducing any destabilisation of the

volume mode. Notice, however, that generating a supersymmetric Minkowski minimum

(W = 0) by solving the F-terms equations (DiW = 0) requires a finely tuned cancella-

tion between all contributions to the superpotential, both at tree and non-perturbative

level, as in the racetrack scenario [229], which was already identified as a way to skirt

around the original KL problem [230]. Moreover, axion quintessence in agreement with

swampland bounds on the associated decay constant, requires dynamical dark energy

to occur close to the maximum of the axion potential where the scale of supersymmetry

breaking would be extremely low, set by the scale of dark energy. This leads us to

conclude that non-supersymmetric Minkowski vacua are actually more appealing, at

least if we want to build a viable model of quintessence in string theory.

4Notice that the tension between Hinf and H0 could be relaxed by also havingW0 evolve from large
to small values during inflation, as in the toy model of [328]. However we are not aware of a robust
model that realises this effect while remaining under computational control.
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8.2.4 A closer look at quintessence models with a KL problem

When we consider quintessence in string theory, commitment to the refined dS and

weak gravity conjectures forbids a dynamical model of dark energy based on either of

the following scenarios:

1. Minkowski vacuum with saxion slow roll down a very shallow potential [296]

2. Minkowski vacuum with axion quintessence with trans-Planckian decay constant

[306]

Whilst this leaves some alternatives, our consideration of the KL problem in the previous

section suggests that most of these are also ruled out. In particular, the following

scenarios

1. Saxion hilltop for a Minkowski or AdS vacuum

2. Axion hilltop for a Minkowski vacuum with no hierarchy

3. Saxion slow roll down a moderate slope, with a runaway or a Minkowski vacuum

are all compatible with the dS conjecture. Two minor clarifications are in order here. By

‘hierarchy’ we mean the existence of an exponential hierarchy of scales between the lead-

ing order potential for the volume and the axion potential responsible for quintessence.

By a ‘moderate slope’ we mean order one in Planck units, i.e. steep enough to satisfy

the refined dS conjecture but shallow enough to allow for at least one efolding of slow

roll.

Each of these three alternatives suffers from the KL problem. They also suffer from a

variety of other problems, not least that of an unacceptably light volume modulus and

a light gravitino. In this section we study specific examples of each scenario, explicitly

demonstrating how many of these problems emerge.

Saxion hilltop for a Minkowski or AdS vacuum

The racetrack scenario has a supersymmetric Minkowski vacuum, separated from the

runaway regime by a maximum in the volume mode. We can therefore imagine a
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dynamical model of dark energy where the volume mode is rolling close to the hilltop,

and the axion is fixed at its minimum, at θ = 0. As we saw previously, the racetrack

scenario was proposed as a way around the original KL problem, since the height of the

barrier can be taken to be higher than the scale of inflation without any consequence

on the gravitino mass. However, the height of the barrier is the height of the maximum

in the volume direction (or better, the height of saddle in the (τ, θ)-plane). For hilltop

quintessence driven by the volume mode, this height is now set by the dark energy scale

H2
0 ∼ Vrace(τmax, 0) . (8.25)

Clearly this barrier is too small to protects us from the KL problem. Indeed, the

contribution from inflation, driven by a different field σ, couples to the volume mode

due to Weyl rescaling. As expected, it will induce destabilisation of the volume towards

decompactification since

V (σ)

τ3
∼ H2

inf � H2
0 ∼ Vrace(τmax, 0) (8.26)

Of course, similar considerations also apply to saxion hilltops where the global min-

imum is supersymmetric AdS. As an example, consider KKLT models where a hilltop

in the volume modulus is generically present, even in the absence of an anti-D3 brane

uplift, as a consequence of α′3 corrections to the Kähler potential, as already stressed

in [250]. This model is also tractable enough to easily demonstrate other issues that

can emerge beyond the KL problem, such as the light volume modulus and the light

gravitino. Let us run through some of the details.

The KKLT potential was already given in Eq. (8.15). If we assume that the axion

θ is stabilised at its minimum at θ = 0, the dynamics of the volume modulus τ in a

neighbourhood of the maximum is controlled by the last two terms, in other words

VKKLT(τ, 0) ≈ −aA|W0| e−aτ

2τ2
+

3W 2
0 ξ̂

64
√

2τ9/2
, (8.27)

with |W0| given by Eq. (7.48). This simplification allows us to show that the maximum
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is located at τmax, defined by the relation

ξ̂ =
64
√

2aAτ
5/2
maxe−aτmax(aτmax + 2)

27|W0|
. (8.28)

Since aτmax � 1, the height of the potential at the maximum is

VKKLT(τmax, 0) ≈ a2A|W0| e−aτmax

9τmax
=

4

9
aτmin

(
τmin

τmax

)
e−a∆τ |VAdS| (8.29)

where we made use of Eq. (7.48) and the expression for the scale of the leading order AdS

minimum Eq. (8.16). The minimum at τmin and the maximum at τmax are separated

by distance ∆τ = τmax − τmin > 0.

Clearly the height of the maximium should be fixed by the current Hubble scale,

H2
0 ∼ VKKLT(τmax, 0). By the same reasoning as for the racetrack scenario, we run into

a KL problem. In this simple model, it is also instructive to demonstrate the smallness

of the mass of the gravitino and the volume modulus explicitly.

Current observational bounds require VKKLT(τmax, 0) ∼ 10−120 in Planck units. Such

low values can be achieved either by having τmax large or |W0| exponentially small, two

requirements that are not independent in KKLT, as can be seen from Eq. (7.48). In

order to estimate the choice of parameters that leads to the correct value for H0, we

use the fact that the maximum and the minimum are not too far apart, and compute

the height of the maximum to zeroth order in ∆τ

VKKLT(τmax, 0) ≈ 4

9
aτmin|VAdS| ≈

2a3A2

27
e−2aτmin (8.30)

where we made use of Eq. (8.16). Assuming 2a3A2

27 = O(1), matching the observed value

of H0 requires aτmin ∼ 140, which through Eq. (7.48) translates as |W0| ∼ 10−59 and

a gravitino mass of m3/2 ∼ 10−33 eV. This is unacceptably light [299; 302]. The fact

that the gravitino mass is of order the dark energy scale can be traced back to the fact

that the leading order vacuum is supersymmetric and very close to Minkowski. Indeed,

from equation Eq. (8.29), we see that the scale of the supersymmetric AdS vacuum

is bounded above by the dark energy scale. This failure to decouple m3/2 and H0 is

clearly typical of any model featuring a leading order supersymmetric Minkowski, or

near Minkowski, vacuum.

148



To compute the mass of the volume mode, one has first to switch to a canonical field

via φ =
√

3
2 ln τ and then compute m2

φ ' Vφφ at the location of the maximum. This

yields m2
φ ' −3aτmaxV0 ' −3aτmaxm

2
3/2. Since aτmax & aτmin ∼ 140, this implies that

the mass of the volume mode is only one order of magnitude above the gravitino mass,

explicitly showing the existence of a light volume problem.

Axion hilltop for a Minkowski vacuum with no hierarchy

Let us return to the racetrack model and consider using θ, instead of τ , to drive

quintessence. Once again, since the dark energy scale now sets the scale of the po-

tential; this will immediately run into a KL problem. As it happens, this model suffers

from another problem, closely related to the KL problem, but applied only to late time

dynamics. Indeed, even if we ignore the contributions from inflation, the volume bar-

rier disappears as soon as we move the axion sufficiently far away from its minimum.

In other words, in attempting to move the axion to the hilltop, the volume itself is

immediately destabilised.

Figure 8.2: Racetrack potential at different values of the axion θ for parameter choice
A = 1, B = −1, a = 0.1, b = 0.09 .

This is demonstrated numerically in Fig. 8.2. Here we plot the form of the racetrack

potential Eq. (7.53) as a function of the volume modulus τ for different values of the

axion θ. When the axion lies at its minimum at θ = 0, we see that the volume is sta-

bilised at the Minkowski minimum. However, as we increase θ in units of the instanton
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coupling a, the volume barrier begins to shrink, and eventually disappears completely.

At this point the volume will roll towards the AdS vacuum and any hope of exploiting

the axion as a dynamical dark energy model is lost.

These problems might have been anticipated in the racetrack scenario, as both the

stabilisation of the volume and the dynamics of the corresponding axion rely on the

same non-perturbative corrections to the superpotential. There was always a danger

that the stabilisation would fail the moment the axion began to roll. As already pointed

out, to proceed with a viable model of quintessence, we need to break the connection

between the stabilisation of the volume and the dynamics of the would-be dark energy

field, creating a hierarchy in mass between these two fields.

Saxion slow roll down a moderate slope, with a runaway or a Minkowski

vacuum

Let us now focus on a saxion runaway model, where the saxion is asymptotically

rolling slowly down a moderate slope. At leading order, our example contains a non-

supersymmetric Minkowski vacuum where one of the saxion directions is flat. The sax-

ion runaway potential is then generated perturbatively, beyond leading order. However,

since it is perturbative, it is not possible to generate a large enough hierarchy between

the leading and subleading order terms to prevent the KL problem and destabilising the

volume. Note that similar considerations would apply if additional subleading correc-

tions were to generate a global non-supersymmetric Minkowski minimum, as opposed

to a runaway. As shown in [329], the case with a global supersymmetric Minkowski

minimum is actually incompatible with slow roll down a moderate slope due to the

stability condition on the form of the scalar potential.

Consider a fibred Calabi-Yau whose volume takes the form [330; 331]

V =
√
τ1τ2 (8.31)

The saxion kinetic terms look like (we ignore the corresponding axions)

Lkin =
1

2

[
(∂ ln τ2)2 +

1

2
(∂ ln τ1)2

]
(8.32)
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and can be brought into canonical form by the following field redefinition

τ1 = e

√
2
3
χ+ 2√

3
φ

τ2 = e

√
2
3
χ− 1√

3
φ (8.33)

Notice that χ corresponds to the volume mode V, and φ to the ratio u = τ1/τ2 since

V =
√
τ1τ2 = e

√
3
2
χ

u =
τ1

τ2
= e
√

3φ (8.34)

Let us consider an effective field theory defined by the following Kähler potential and

superpotential

K = −2 ln

(
V +

ξ

2g
3/2
s

− γ√gs lnV

)
− C̃

V√τ1
W = W0 (8.35)

where ξ controls O(α′3) corrections, while γ controls brane loop corrections at O(α′3g2
s)

[276]. For V � 1 these can naturally compete with the tree-level O(α′3) term due to

the lnV enhancement factor. The term proportional to C̃ represents O(α′4g2
s) string

loop corrections due to exchange of winding modes at the intersection of D7-branes.

This contribution is subleading since it is suppressed by an additional power of α′ with

respect to the terms proportional to ξ and γ. We do not include Kaluza-Klein loop

corrections since they would be suppressed with respect to winding contributions by

an additional power of g2
s , and, moreover, they could be absent by construction if all

branes intersect each other. We also neglect higher derivative F 4 contributions to the

scalar potential since they would arise with additional volume suppression factors.

The Kähler potential and superpotential in (8.35) generate the following scalar po-

tential

V = Vlead(V) + Vsub(V, u) (8.36)

where

Vlead(V) =
Cup

V8/3
+

3W 2
0

4V3

(
−2γ
√
gs lnV +

ξ

g
3/2
s

)
(8.37)

and

Vsub(V, u) =
2C̃W 2

0

V10/3

1

u1/3
(8.38)

Notice that in Vlead we included also a term proportional to Cup representing the posi-
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tive contribution of a T-brane background [332] which is a generic feature of type IIB

compactifications with 3-form fluxes and magnetised D7-branes. In the limit where the

supergravity approximation is under control, i.e. for V � 1 and gs � 1, Vsub is indeed

subdominant with respect to Vlead since

Vsub

Vlead
∼ g

3/2
s

V1/3
=

g2
s

V1/3
s

� 1 (8.39)

where Vs = Vg3/2
s denotes the string frame volume. Thus at leading order the potential

features a flat direction parametrised by u. At this level of approximation, by a suitable

tuning of Cup, Vlead features a non-supersymmetric Minkowski minimum where the

volume scales as (for k = ξ/γ)

Vmin ∼ e
k

g2s � 1 for gs � 1 (8.40)

The subleading contribution Vsub determines just a small shift of the volume mini-

mum and generates a runaway for u which, when written in terms of the canonically

normalised field φ, looks like

Vsub(φ) = V0 e
−λφ with λ =

1√
3

and V0 =
2C̃W 2

0

V10/3
min

(8.41)

This gentle runaway could provide an interesting model of quintessence in agreement

with the refined dS conjecture since λ ' 0.577 is of order unity and it marginally

satisfies the bound λ ≤ 0.6 obtained in [298]. However the requirement to avoid volume

destabilisation due to the inflationary energy implies (similar considerations would apply

also to the case where (8.41) describes a quintessence potential with a global Minkowski

minimum)

Vlead =

(
Vlead

Vsub

)
Vsub ∼

V1/3

g
3/2
s

H2
0 & H2

inf ⇔ V1/3

g
3/2
s

&

(
Hinf

H0

)2

& 10−36 , (8.42)

where we have used Hinf & 10−42Mp as the extreme lower bound on the Hubble scale

during inflation to be compatible with a BBN reheating temperature of at least 1 MeV.

Using (8.40) which implies gs ∼ (lnV)−1/2, this bound becomes

V1/3 (lnV)3/4 & 1036 ⇔ V & 10103 (8.43)
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This would yield a string scale Ms well below the TeV scale and a gravitino mass m3/2

well below the meV scale since

Ms ' g1/4
s

Mp√
V
∼ Mp

(lnV)1/8
√
V

. 10−52Mp (8.44)

m3/2 ' g1/2
s

Mp

V
∼ Mp

(lnV)1/4 V
. 10−104Mp (8.45)

Similar considerations imply that the mass of the volume mode is also very suppressed

with respect to the meV scale. Hence the hierarchy between Vlead and Vsup is not big

enough to prevent the KL and light volume problems. The reason is that the effective

shift symmetry for u is already broken at perturbative level.

8.3 Axion hilltop quintessence and initial conditions

As explained in the previous section, a viable quintessence model has to feature a

leading order non-supersymmetric Minkowski vacuum with hierarchy, i.e. where, at

leading order, the axion is a flat direction while the saxion (in particular, the volume

mode) is heavy. The axionic flat direction is then lifted by subdominant instanton

effects which can lead to axion hilltop quintessence. In this section we therefore focus

on this model, providing first an explicit realisation in LVS string models, and then

studying the issue of initial conditions.

8.3.1 LVS axion hilltop quintessence

The simplest way to realise an axion hilltop quintessence model in type IIB string

theory is through the simplest LVS scenario, with two Kähler moduli Tb = τb + iθb and

Ts = τs + iθs, where the ‘big’ modulus τb turns out to be much larger than the ‘small’

modulus τs. The important point is that the scalar potential only depends on the volume

axion, θb, at next to leading order, without affecting the stabilisation of the volume mode

which occurs at leading order. As a result, the volume axion can potentially play the

rôle of quintessence when it is rolling near the top of its potential, without having any

of the adverse consequences we saw for the racetrack scenario. We should, however,

153



be mindful of the fact that the simplest LVS setup leads to a non-supersymmetric AdS

vacuum which needs to be uplifted to Minkowski by the inclusion of additional sources

of energy like T-branes [332]. Notice that these positive contributions to the scalar

potential are generic features of consistent type IIB compactifications [265; 267; 333–

335] due to the presence of hidden sector stacks of D7-branes (induced by D7 tadpole

cancellation), 2-form gauge fluxes (induced by Freed-Witten anomaly cancellation) and

3-form background fluxes (used to freeze the dilaton and the complex structure moduli).

For further details and a comprehensive discussion of dS model building in string theory,

see [224; 336].

The main ingredients of this model are O(α′3) contributions to the Kähler potential

and non-perturbative corrections to the superpotential of the form

K = −2 ln

(
V +

ξ̂

2

)
W = W0 +As e

−asTs +Ab e
−abTb (8.46)

where the internal geometry corresponds to a simple Swiss-cheese scenario with the

volume given by V = τ
3/2
b − τ3/2

s . The resulting potential looks like

V =
4A2

ba
2
b

3τb
e−2abτb +

8A2
sa

2
s
√
τs

3τ
3/2
b

e−2asτs +
3|W0|2ξ̂
4τ

9/2
b

− 4Abab
τ2
b

|W0| e−abτb cos(abθb)

− 4Asasτs
τ3
b

|W0| e−asτs cos(asθs) +
8AbAsabasτs

τ2
b

e−(abτb+asτs) cos (abθb − asθs) ,

where we have used τb � τs, abτb � 1, asτs � 1 and we have assumed W0 < 0 so that

the axions are minimised at θb = θs = 0. With the axions settled at their minima, we

consider the stabilisation of τs and τb. Dropping all terms suppressed by e−abτb or more,

one finds the well-known LVS results from the variation with respect to τs and τb

V ' 〈τb〉3/2 '
3|W0|

√
〈τs〉

4Asas
eas〈τs〉

ξ̂

2
' 〈τs〉3/2 '

[
1

as
ln

(
V
|W0|

)]3/2

(8.47)

The minimum is AdS, breaks supersymmetry and, to leading order, is given by

〈V 〉 ' − 3ξ̂|W0|2

8as〈τs〉V3
. (8.48)
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There are several sources of uplifting to Minkowski which can be expressed as

Vup =
κ

Vα
, (8.49)

where κ is a positive coefficient and 0 < α < 3. For example, α = 8/3 for T-branes while

α = 4/3 for an anti D3-brane at the tip of a warped throat, although the particulars

of the uplifting mechanism are unimportant for the discussion that follows. The uplift

term modifies the second relation in Eq. (8.47) as

ξ̂

2
= 〈τs〉3/2 −

2ακ

9|W0|2
V3−α , (8.50)

and we will fix κ, to zeroth order in e−abτb , by demanding that the uplifted LVS vacuum

is Minkowski, i.e.

〈V 〉 = −

(
|W0|2〈τs〉3/2

V3
− κ (3− α)

3Vα

)
= 0

⇒ κ =
3|W0|2〈τs〉3/2

(3− α)V3−α . (8.51)

The equations Eq. (8.47), Eq. (8.50) and Eq. (8.51) form a system fixing (〈τb〉, 〈τs〉, κ)

for a particular choice of (ξ,W0, As, Ab, as, ab, α). Once the Minkowski vacuum is fixed

in this way, we focus on θb as a dark energy candidate. The hierarchy of scales between

eabτb and easτs guarantees that shifts in the θb direction do not destabilise the Minkowski

vacuum.

The uplift term can be further adjusted at O (e−abτb) to guarantee a Minkowski

vacuum at τb = 〈τb〉, τs = 〈τs〉 and θb = θs = 0. Releasing the volume axion, θb, its

dynamics is then described by the following dark energy potential to leading order

VDE =

[
4Abab
〈τb〉2

|W0| e−ab〈τb〉 −
8AbAsabas〈τs〉

〈τb〉2
e−(a〈τb〉+as〈τs〉)

]
(1− cos(abθb))

' 4Abab
〈τb〉2

|W0| e−ab〈τb〉 (1− cos(abθb)) , (8.52)

where we explicitly see the Minkowski minimum at θb = 0. The maximum is located at

θb = π/a. From the form of the Kähler metric, the canonically normalised axion and
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the corresponding decay constant turn out to be

φ '
√

3

2

θb
〈τb〉

fa =

√
3

2

Mp

ab〈τb〉
, (8.53)

so that (8.52) can be rewritten in a more standard way as

VDE = V0

(
1− cos

φ

fa

)
where V0 ≡

4Abab
〈τb〉2

|W0| e−ab〈τb〉 (8.54)

The η parameter at the maximum of the dark energy potential, where θb = π/ab,

becomes

ηhilltop =
VDE, φφ

VDE

∣∣∣∣
φmax

=
2

3
〈τb〉2

VDE, θbθb
VDE

∣∣∣∣
θb=π/ab

= −1

3
a2
b〈τb〉2 (8.55)

To estimate this, notice that the value of the potential at the hilltop should beO(10−120)

in Planck units to be compatible with dark energy at late times. This suggests ab〈τb〉 ∼

O(100), and so ηhilltop ∼ −O(3000). Clearly the curvature at the hilltop is compatible

with the improved swampland bound of Eq. (8.2). However, the large absolute value of

the η parameter requires a high degree of fine tuning of the initial conditions for θb if it

is to give rise to a viable quintessence model as it rolls away from the maximum, as we

will illustrate in Sec. 8.3.2.

Other approaches to axion hilltop quintessence

Before discussing the issue of initial conditions, let us mention other two possible ap-

proaches which can lead to a viable quintessence models via axion hilltop:

1. Uplifted KKLT with an orientifold-odd axion

The standard uplifted KKLT scenario with a single Kähler modulus T = τ + iθ

features a non-supersymmetric Minkowski vacuum with no flat direction. This

cannot be used to drive quintessence since both τ and θ are lifted by the same

non-perturbative effect. However, in the presence of an extra orientifold-odd mod-

ulus G = c+ Sb (where S is the axio-dilaton), b would also be lifted by the non-

perturbative superpotential e−aT (with a minimum at b = 0), while the axionic

mode c would remain flat. This axionic direction can, instead, be lifted at sub-
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leading order by the inclusion of fluxed E3-instanton corrections to W of the form

e−a(T+S+iG) ∼ e−aT e−a/gs for b = 0 [337]. Therefore, for gs � 1, the scale of

the potential for c is exponentially suppressed with respect to the potential for

T , providing a promising candidate for a viable quintessence model with decay

constant fa '
√
gs/τ Mp �Mp for τ � 1 [338].

2. Non-geometric fluxes

A second possibility is to consider the effect of non-geometric fluxes which extend

the GVW superpotential to [268; 339–341]

W = P1(U) + SP2(U) +
∑
i

TiP
(i)
3 (U) , (8.56)

where P (i)
3 are cubic polynomials of the complex structure sector U . Combined

with the tree-level expression of the Kähler potential, the dependence of W on

T generates no-scale breaking contributions to the scalar potential. With regards

to the previous discussion, if we are able to stabilise all but one (axionic) modu-

lus at a non-supersymmetric Minkowski vacuum (or even a near Minkowski AdS

minimum) at tree-level through an appropriate choice of fluxes, then the hierar-

chy between non-perturbative effects and tree-level would guarantee that lifting

the leftover flat direction would not displace the heavy moduli from the tree-level

minimum. Furthermore, the leftover axion could be made parametrically light

and may be used to drive quintessence.5

8.3.2 Constraining hilltops

Hilltop models are classically unstable. The rate of the instability is controlled by

the η parameter, describing the rate of change of the gradient close to the maximum

of the potential. The larger the η parameter, in absolute value, the closer the field

needs to start near the maximum in order to obtain the required period of acceleration.

Fortunately, for quintessence, we only require one efolding of accelerated expansion (this

is in contrast to early universe inflation which requires at least 50). Nevertheless, in

string theory, the η parameter can sometimes be quite large forcing the field to start
5Assuming that backreaction effects on the Kähler potential can be kept under control and the

internal volume can be made large enough to trust the perturbative expansion.
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very close to the top of the hill. Classically, this is not problematic if one accepts the

inevitable tuning of initial conditions, although as we will see later, quantum diffusion

at early times can push the field away from the sweet spot, spoiling any realistic chance

of late time quintessence.

In this section we will derive the constraints on the parameters and the initial condi-

tions of a generic model of late time acceleration. As explained in the previous sections,

our main interest will be in axion hilltop models, although we will also generalise our

analysis also to saxion hilltop models which we approximate in a neighbourhood of the

maximum as an inverted quadratic.

Axion hilltop quintessence

In the context of late time acceleration, axions are the prototype of thawing quintessence

models [342; 343]: models where the field is frozen due to Hubble friction until the very

recent past. These models are known to be sensitive to the choice of initial condi-

tions and relatively insensitive to the particular form of the potential. A generic axion

potential has the usual trigonometric form

V = V0

(
1− cos

φ

fa

)
(8.57)

where we have (for simplicity) assumed that the vacuum expectation value of the axion

lies at vanishing potential, consistent with a Minkowski vacuum. This can lead to

accelerated expansion in two distinct regimes fa > Mp and fa < Mp. For fa > Mp

acceleration takes place in the concave region of the potential, whereas if fa < Mp it

happens in the vicinity of the maximum. While models with super-Planckian decay

constants are less sensitive to initial conditions, getting these large values for fa has

proven challenging from a UV point of view due to the tension with the weak gravity

conjecture [306] and with explicit computations [305; 338]. For example, the LVS axion

model presented in Sec. 8.3.1 features for example a sub-Planckian decay constant since

(8.53) gives fa 'Mp/(ab〈τb〉) ∼ 0.01Mp.

Of course, axion hilltop quintessence can take place irrespective of the value of the

decay constant, though it may require finely tuned initial conditions. In Fig. 8.3 we plot

the deviation from the maximum as a function of the decay constant for a range of fa
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that is compatible with swampland constraints. We see that the range of fa that is more

naturally achieved in UV constructions, fa < MGUT, is also the one that suffers from an

extreme sensitivity to the initial position of the field. In the region fa ∈ [0.02, 0.1]Mp,

the curve bounding the viable region can be approximated by

ln ∆max = c0 + c1 ln fa + c2(ln fa)
2 , (8.58)

where ∆max denotes the maximum distance from the maximum compatible with late

time acceleration, c0 = −32.6, c1 = −28.977 and c2 = −8.2302 .
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Figure 8.3: Constraints on initial axion displacement from the maximum compatible
with a viable quintessence hilltop model as a function of the decay constant fa. For at
least one e-fold of accelerated expansion, the initial value φin should satisfy |φin−φmax| <
∆max, where φmax is the location of the maximum and ∆max is given by the solid blue
line. The dashed line shows the position of the inflection point φ = πfa/2. The
blue shaded region corresponds to fa > Mp which is in tension with the weak gravity
conjecture.

Saxion hilltop quintessence

For completeness, we now turn our attention to saxion models of quintessence, which,

in the vicinity of the hilltop can approximated by an inverted quadratic

V = V0 −
1

2
m2 φ2. (8.59)

It is useful to define the following parameter

η0 =
VφφM

2
p

V

∣∣∣
φ=0

= −(mMp)
2

V0
(8.60)
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which describes the curvature of the scalar potential at the origin. Let us recall that

the swampland conjecture (8.2) requires |η0| ≤ c′ ∼ O(1).

���� ���� � �� ��� η�
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Figure 8.4: Constraints on initial saxion displacement from the maximum compatible
with a viable quintessence hilltop model as a function of η0. The grey region corresponds
to η0 > 1 which is in tension with the refined swampland conjecture. The steeper the
maximum (larger η0), the more fine tuned the initial conditions (smaller ∆max).

Hilltop models, no matter how steep the potential (or how large η0), classically always

lead to extended periods of accelerated expansion, given that at the maximum εV =

0. This would allow for a description of the late time acceleration, regardless of the

swampland limits on the slope and curvature of the potential that can be attained

within a UV complete framework. On the flip-side, this comes at the price of tuning

the initial position of the quintessence field, |φin| < ∆max - the steeper V , the closer φin

needs to be to the maximum in order to have an extended period of acceleration. One

would think that this problem is slightly less of an issue in quintessence models which

require only O(1), instead of O(50), efoldings as in inflation. However for large η0 the

level of tuning is similar.

In Fig. 8.4 we show the maximal allowed initial displacement from the maximum,

∆max, compatible with late time acceleration as a function of η0 for quadratic quintessence

models. Each point corresponds to numerical solutions that start in matter domination

with zero initial velocity and different values for φin. We see that the steeper the poten-

tial the more tuned is the initial value of φ. For η0 ≥ 1 (grey region) φin must lie within

a fraction of Mp from the top of the hill. In the absence of a dynamical mechanism,

such initial conditions look rather unnatural. The curve bounding the viable region can

be approximated by

ln ∆max = c1 + c2 η
−p
0 , (8.61)
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where c1 = 1.7, c2 = −2.1 and p = 0.44.

Even if one is willing to accept this level of tuning in order to describe the observed

accelerated expansion and be in agreement with putative bounds from a UV theory, one

must ponder if quantum effects will spoil the required tuning of the initial conditions.

We address this issue in Sec. 8.3.3.

8.3.3 Stochastic effects and initial conditions

In this section we investigate whether the judicious choices of initial conditions de-

scribed in the previous section survive the unavoidable stochastic fluctuations in the

early universe. For our purposes we model inflation as an exact dS background, and

therefore fix Hinf to be constant. Generally speaking this approximation is adequate

when Hinf varies slowly, like in plateau models, but needs to be refined in the context

of monomial inflationary models as shown in [344]. In the cases of interest, where the

stochastic processes are diffusion dominated and the equilibrium distribution (if it ex-

ists) is of little relevance, the exact dS approximation gives an adequate description of

the system.

The quintessence field φ, due to the large hierarchy V (φ) � H2
infM

2
p behaves as a

spectator during inflation and is, to leading order in the slow roll expansion, described

by the Langevin equation

∂φ

∂N
= −

Vφ
3H2

inf

+
Hinf

2π
ξ , (8.62)

where N denotes the number of efoldings and ξ(N) is a stochastic variable with unit

variance 〈ξ(N1)ξ(N2)〉 = δ(N1−N2) and zero mean 〈ξ(N)〉 = 0. The last term in (8.62)

describes the backreaction of the short-wavelength modes of φ onto the homogeneous

mode and turns the deterministic slow roll evolution of φ into a stochastic process. The

stochastic nature of Eq. (8.62) implies that the system can equivalently be described in

terms of the Fokker-Planck equation for the probability density function P (φ, φin, N)

∂P

∂N
=

1

3H2
inf

∂

∂φ
(VφP ) +

H2
inf

8π2
Pφφ , (8.63)

where we take φin to be fixed at the onset of inflation. Once the solution to Eq. (8.63)
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is known, all relevant moments of the distribution can be computed:

〈φn〉(N) =

∫
dφ φnP (φ, φin, N) . (8.64)

In what follows we will be interested in the first two moments: the mean, 〈φ〉, and

the mean square, 〈φ2〉, which allow us to determine the variance of the distribution√
〈φ〉2 − 〈φ2〉.

Given that the energy scale of quintessence is hierarchically smaller than the scale of

inflation, the quintessence field is classically frozen during the inflationary epoch. It is

only expected to thaw once the background Hubble parameter drops to aroundH ∼ mφ,

which should happen during the matter phase, after the Big-Bang. This should hold

true regardless of the shape of the quintessential potential.

The existence of a vast hierarchy between the value of the Hubble parameter today and

during inflation, H2
0 ' V0/M

2
p � H2

inf , implies that the quintessence field is a spectator

during inflation, and that it is undergoing pure Brownian motion with Eq. (8.62) well

approximated by

φ′ =
Hinf

2π
ξ ; (8.65)

or equivalently Eq. (8.63), by the one-dimensional heat equation

∂P

∂N
=
H2

inf

8π2
Pφφ . (8.66)

This dominance of the stochastic effects over the classical evolution has severe conse-

quences for the retention of memory of the initial conditions for the quintessence field.

Exact solutions to Eq. (8.66) take the form (see e.g. [345])

P =

√
2π

NH2
inf

exp

(
−2π2

N

(φ− φin)2

H2
inf

)
(8.67)

from which one can show that

〈φ〉 = φin , (8.68)

i.e. the ensemble average is frozen at the specified initial value for the classical field

φin, in accordance with the fact that classically the field is frozen by Hubble friction.
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One can also show that

〈φ2〉 =

(
Hinf

2π

)2

N + φ2
in , (8.69)

which implies √
〈φ2〉 − 〈φ〉2 =

Hinf

2π

√
N . (8.70)

Therefore in one efolding of inflationary expansion, the spectator field will be kicked on

average by Hinf/(2π). Depending on the sensitivity of a given hilltop to the choice of

initial conditions, and on the exact value of Hinf , these stochastic effects can push the

field away from the top of the hill, and into a region where it cannot account for the

observed present day accelerated expansion.

From Eq. (8.67) we can compute the probability that a given choice of initial con-

ditions survives the stochastic diffusion during a period of inflation. Setting φin = 0

(assuming that this corresponds to the location of the maximum) and asking that af-

ter N efoldings of inflation φ remains within a distance ∆, we find that the survival

probability is given by

P(|φ| ≤ ∆) =

∫ ∆

−∆
dφP = erf

(√
2π2

N

∆

Hinf

)
, (8.71)

where erf is the complementary error function. For N � 2
(
π∆
Hinf

)2
we can approximate

Eq. (8.71) by

P(|φ| ≤ ∆) ' 2

√
2π

N

∆

Hinf
. (8.72)

Once again we see that if Hinf ≤ ∆ the memory of the choice of initial conditions is

preserved for a long period. In Fig. 8.5 we plot the survival probability for various

choices of ∆/Hinf .

Axion hilltop quintessence

Stochastic effects on axionic hilltop quintessence models were studied in [308] and were

pivotal in making the case for super-Planckian decay constants. Let us revisit these

models in the light of the formalism reviewed above.

Recall that current bounds on primordial tensor modes imply that, during inflation,

Hinf . 10−5Mp and that stochastic effects become relevant when the width of the region
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Figure 8.5: Survival probability to remain within a distance ∆ from the initial condition
after N efoldings of inflation, as a function of the ratio ∆/Hinf .

around the maximum of V that gives rise to late time expansion is at, or below, the

inflationary energy: ∆max . Hinf . In Fig. 8.6 we zoom in on the low fa region of Fig.

8.3 and superimpose the constraints fromHinf . We are led to the conclusion that axionic

quintessence hilltop models with fa < 0.1Mp are subject to stochastic fluctuations that

(depending on the inflationary energy scale) may push φ > ∆max ruining the late time

dynamics of those models. These estimates are in agreement with those of [308] and

provide a worst case scenario. We note that a sharper statement can only be made with

the knowledge of the exact energy scale of inflation.
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Figure 8.6: Effect of quantum diffusion on the choice of initial conditions for axion
hilltop quintessence models. Stochastic effects do not push the axion away from the
hilltop region which yields late time acceleration only if Hinf . ∆max(fa).

In Fig. 8.7 we plot the solutions to the Langevin and Fokker-Planck equations for an

axionic spectator with Hinf ' ∆max, where it is evident that stochastic effects lead to a

loss of memory of initial conditions after N > O(10) efoldings of inflation.

The situation is even worse for Hinf > ∆max since the probability of lying within a
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Figure 8.7: Stochastic evolution for an axionic hilltop spectator with fa = 0.09Mp,
V0 = 10−120M4

p and φin = πfa from 1000 numerical solutions of the Langevin equation.
Left panel: Hinf = 10−5Mp ' ∆max, the grey region corresponds to the 1σ band and the
grey dashed lines denote the interval around the hilltop where the field should find itself
in the matter phase to be able to drive quintessence. Right panel: standard deviation
for (top to bottom) Hinf = {10−5, 10−10, 10−15} Mp, the black line corresponds to the
1000 realisations of the Langevin equation while the dashed blue line corresponds to
the analytical solution of Eq. (8.70).

distance ∆max away from the maximum after N ' 50 − 60 efoldings of inflation turns

out to be extremely small, as can be seen from (8.72) with ∆ = ∆max(fa):

P(|φ| ≤ ∆max(fa)) ' 2

√
2π

N

∆max(fa)

Hinf
, (8.73)

where ∆max depends on the axion decay constant fa (for fa ∈ [0.02, 0.1]Mp, ∆max is

very well approximated by (8.58)). For example, in the explicit LVS axion model of Sec.

8.3.1, equations (8.53) and (8.58) give a decay constant fa ' 0.02Mp and a maximum

displacement, ∆max ' 2.4 × 10−20Mp. Choosing the largest value of Hinf compatible

with the lack of observation of primordial gravity waves, Hinf ' 2 × 10−5Mp, and

N ' 50 (8.73) would give P(|φ| ≤ ∆max) ' 10−15. Clearly smaller values of Hinf would

give a smaller survival probability. Notice from Fig. 8.3 that ∆max drops very quickly

for smaller values of fa, reducing the survival probability even further.

We therefore conclude that a viable axion hilltop quintessence model requires two

crucial conditions: (i) a tuning of initial conditions close to the maximum which becomes

more severe for smaller values of fa; and (ii)Hinf . ∆max, else stochastic effects will very

quickly push the field away from the hilltop region compatible with a late time period of

accelerated expansion. This second constraint turns out to be very strong since explicit

computations of axion decay constants from string theory typically yield fa . 0.02Mp

in the regime where the effective field theory is under control. For these small values
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of fa, the maximum displacement is bounded as ∆max . 10−20Mp
6. Inserting this into

the second constraint above, we see that we require a very low scale of inflation, Hinf .

10−20Mp. When combined with the observed amplitude of scalar perturbations As,

this bound on Hinf can then be translated into a severe upper bound on the inflationary

slow roll parameter

εV =
1

8π2As

(
Hinf

Mp

)2

. 10−35 . (8.74)

This is in strong tension with the dS swampland conjecture (8.2) which requires O(1)

values of εV (unless inflation is also realised extremely close to a maximum). Thus

we conclude that axion hilltop quintessence would either be in the swampland or, if

we ignore the refined dS swampland conjecture, would require a high tuning of initial

conditions combined with a Hubble scale during inflation below O(1−10) MeV. Because

these models are so contrived, we expect that dynamical dark energy, if supported by

data, will have to be driven by a different mechanism, probably along the lines of axion

alignment [153].

Saxion hilltop quintessence

The effects of diffusion in saxion hilltop models are qualitatively similar to those of

axionic models. They will constrain the steeper hilltops, as these are the ones where

the initial conditions are more severely tuned. From Fig. 8.4 we see that quadratic

hilltops with η0 & 70 require ∆max . 10−5Mp rendering them potentially vulnerable to

diffusion effects during inflation, as CMB observations imply Hinf . 10−5Mp. Notice

that the results for the effects of quantum diffusion obtained for the axion case can also

be used for saxion hilltop quintessence as long as we identify |η0| = (Mp/fa)
2.

8.4 Discussion

With compelling observational evidence for dark energy [346–348], we cannot avoid the

question of its microscopic origin. But should we be looking for a cosmological constant

6Numerically, we did not consider decay constants fa < 0.02Mp since the high degree of tuning of
the initial conditions rapidly brings about numerical precision issues. This prevent us from explicitly
determining ∆max for such low values of fa, although the result can be obtained by extrapolating the
validity of the formula Eq. (8.66). In any event, the precise estimate is not really needed for drawing
our general conclusions.
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or quintessence? If the latter, then is it driven by a scalar or pseudo-scalar, on a shallow

potential or at a hilltop? At present all options are observationally viable, but we can

also ask which is easiest to build into a fundamental theory.

In this chapter, we have outlined several challenges facing string theory models of

quintessence focusing on effective field theories where perturbation theory is under nu-

merical control - i.e. where the dilaton, Re(S)� 1, and the volume mode, V � 1, are

large enough to trust both the string loop and the α′ expansion. This is arguably the

most interesting region of moduli space since deep in the bulk, where Re(S) ∼ V ∼ O(1),

one would need a full knowledge of the whole quantum theory, while at boundary of

the moduli space, where Re(S) → ∞ and V → ∞, there is strong evidence indicating

the absence of both dS vacua [263] and a viable quintessence dynamics [3; 288–290].

Some of the problems of dynamical dark energy models are shared with the pure cos-

mological constant (like the smallness of H0), while others are particular to quintessence

(like constraints from fifth forces, tuning of initial conditions and radiative stability of

the mass of the quintessence field). Here we were particularly concerned with the

destabilisation of the volume modulus during inflation (the KL problem applied to

quintessence) and generating the large hierarchy between the scale of the universe to-

day and during inflation. We have argued that the need to overcome all of these chal-

lenges has singled out a preferred model building scenario for dynamical dark energy.

The leading order contributions to the scalar potential should yield a vacuum with the

following properties:

1. it should admit a flat direction in order to decouple the dark energy scale from

the inflationary scale;

2. this flat direction should be axionic. This is because saxions are already lifted at

perturbative level without being able to generate the required hierarchy between

H0 and Hinf . Axions, in contrast, develop a potential via highly-suppressed non-

perturbative effects;

3. it should be (nearly) Minkowski since otherwise subleading corrections would not

be able to push it up to the positive energies required to drive an epoch of accel-

erated expansion;
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4. it should break supersymmetry in order to decouple the gravitino mass from the

dark energy scale.

It is interesting to combine these results with the swampland dS conjecture that would

rule out dS vacua. From a model-building perspective, dS vacua look qualitatively the

same as non-supersymmetric Minkowski, leaving dynamical dark energy as the only

explanation for the present acceleration of the universe. However we have found that it

is extremely hard to realise a working model of quintessence in any scenario which would

be in agreement with the swampland dS conjecture, like moderately sloped runaways,

or supersymmetric AdS or Minkowski vacua. This tension raises some doubts on the

validity of the swampland dS conjecture since it would imply that quantum gravity is

in contradiction with observations.

At this point it is tempting to favour the humble cosmological constant as the sim-

plest empirical model of dark energy: it fits the available data and avoids the addi-

tional complications associated with quintessence. However, it is important to note

that quintessence can open up opportunities to solve other cosmological problems. For

example, in Chap. 5, it was shown how dynamical models of quintessence in string the-

ory may shed new light on the cosmological coincidence problem [285; 286]. An evolving

scalar on cosmological scales may also allow for self adjustment mechanisms to address

the naturalness problems associated with vacuum energy (see [95; 139] for relevant no

go theorems, and [349] for a recent way around them). But perhaps most importantly,

future observations may rule out the cosmological constant as the driver of late time

acceleration.

If this were indeed the case, our analysis provides guidance for successful quintessence

model building in string theory. In fact, we studied axion hilltop quintessence in detail

since vanilla string compactifications lead to axion decay constants at least two orders

of magnitude below the Planck scale. We found that hilltop models are rather contrived

since, even if the initial conditions are tuned very close to the maximum, quantum diffu-

sion effects during inflation would kick the quintessence field away from the accelerating

region close to the maximum, unless the Hubble scale during inflation is extremely low,

Hinf . O(1− 10) MeV. Of course, one could envisage a scenario where a suitable cou-

pling between the inflaton and the quintessence field makes the latter heavy during
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inflation, thereby suppressing any stochastic effect. However, after the end of inflation,

the inflaton would typically settle down at the minimum of its potential, reaching its

present day value. Quantum diffusion would then still play an important rôle in the

reheating phase and after, implying that the results of Sec. 8.3.3 would still hold qual-

itatively after inflation with Hinf replaced by the Hubble scale during a given epoch.

We conclude that a more promising avenue to build a working model of dynamical dark

energy is to rely on alignment mechanisms to obtain an effective axion decay constant

which is trans-Planckian [153].

As stated earlier, for dynamical dark energy, we first seek a scenario where the vol-

ume is stabilised at leading order to a vacuum that is uplifted to Minkowski. Non-

perturbative corrections can then be exploited to drive dark energy at the correct scale.

Although it might seem a little uneconomical to uplift and then do quintessence, if dark

energy turns out to be dynamical both steps may be necessary to explain the present

state of the universe in the context of string compactifications.

In truth, both the cosmological constant and quintessence face formidable challenges

from the perspective of consistent model building in string theory, while remaining per-

fectly compatible with observational constraints. It behooves us to better understand

the limitations imposed by perturbative string theory in both cases. Indeed, does a

microscopic understanding of dark energy require input from non-perturbative strings,

through string field theory, or M-theory? Since this may be a question of properly un-

derstanding the vacuum structure of the theory, this seems like a reasonable possibility.
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Chapter 9

Gauss-Bonnet curvature corrections

and the absence of de Sitter vacua

In the previous chapter, we described a number of phenomenological impediments to

quintessence model building. Many of the arguments we described rely on compacti-

fications of string theory on Calabi-Yau manifolds, originally chosen to preserve some

supersymmetry in the external space. Of course, to recover de Sitter space, supersym-

metry must be broken completely1, so it is worth exploring string compactifications on

manifolds that are not Calabi-Yau, at least in the rare cases where one can solve the

equations and retain some calculational control. To this end, in [284], the authors took

a generic class of string inspired models and studied compactifications on a p-sphere

with internal p-form fluxes. They identified a parametric bound (henceforth known as

the Montero-van Riet-Venken (MvRV) bound), that needed to hold for de Sitter solu-

tions to exist. The MvRV bound corresponds to a remarkably simple inequality between

the slope of the potential and the derivative of a p-form gauge coupling. A number of

stringy models were studied where it could be explicitly shown that the inequality is

not satisfied, ruling out de Sitter solutions in the most realistic set-ups.

In this section, we expand on the work of [284] by introducing higher order curvature

corrections in the form of a Gauss-Bonnet contribution to the action, as well as general-

ising the set-up to contain internal or external fluxes with spherical or toroidal internal

geometries. The goal is to establish whether the curvature corrections strengthen or
1We note that supersymmetry may be realised non-linearly on de Sitter space whenever the sym-

metry is broken spontaneously, as in [108; 350–353]
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weaken the MvRV bound of [284] for existence of de Sitter vacua. We will consider

actions of the following form:

S =

∫
dDx
√
−g
[
R

2κ2
D

− 1

2
(∂ϕ)2 − V (ϕ)− g(ϕ) |Hk|2 + f(ϕ)G

]
, (9.1)

where G is the Gauss-Bonnet term, cf. Eq. (9.11), and take our ansatz manifold to be

the warped productM = Σn oρ Σp with line element

ds2 = gABdxAdxB = e2αρg̃µνdx̃µdx̃ν + e2βρĝabdx̂
adx̂b, (9.2)

where α and β are constants, capital Latin indices refer to the D-dimensional spacetime,

Greek indices refer to the external spacetime of dimension n with metric g̃µν , lower case

Latin indices refer to the internal manifold of dimension p with metric ĝab, and ρ is

a scalar that varies over the external spacetime only. Hk is a top-form that is either

purely external (k = n = D − p) or purely internal (k = p) since there is no preference

for one or the other at the level of the effective field theory. We will consider Σn to be

either de Sitter dSn or Minkowski R1,n−1, while Σp will be either a sphere Sp or a torus

T p.

We initially adopt a perturbative approach, working to leading order in the Gauss-

Bonnet coupling, f(ϕ). In this limit, we find that the MvRV bound obtained in [284]

can be marginally violated and de Sitter solutions can still exist. This is true as long as

a second parametric bound holds on the gradient of f(ϕ). Unfortunately, this second

bound does not hold for choices of f(ϕ) and g(ϕ) best motivated from string theory.

To reinforce this latter point, we extend our analysis beyond perturbation theory, this

time specialising to the string motivated choices for f(ϕ) and g(ϕ). Consistent with our

perturbative analysis, we find that the MvRV bound is still a necessary condition for

the existence of de Sitter solutions. However, it is no longer sufficient, suggesting that

for string motivated potentials, the higher curvature corrections make it parametrically

harder, not easier to find de Sitter vacua.

The structure of this chapter is as follows. In Sec. 9.1, we review the results of [284]

and motivate the introduction of the Gauss-Bonnet term as a higher order curvature

correction within the framework of heterotic strings. In Sec. 9.2, we gain some insight
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into the effects of the Gauss-Bonnet correction by performing a small coupling expan-

sion. Then, in Sec. 9.3, we focus on specific string-inspired potentials and discuss in

detail what conditions are necessary and sufficient for the existence of solutions. We

conclude with a discussion in Sec. 9.4.

9.1 Review of flux compactifications of the heterotic string

action and stability conditions

In [284], the authors considered the existence and stability of dSn × Sp flux compacti-

fications. The action of [284] can be cast as Eq. (9.1) with f(ϕ) = 0 and with k = p,

so that Hk is a top-form living in the internal space, providing the flux that aims to

stabilise the potential for the scalar ϕ, and prevent the runaway. In this particular case,

the coefficients α and β which parametrise the compactification are chosen to be

α2 =
p

2(n− 2)(n+ p− 2)
, β = −n− 2

p
α , (9.3)

so that the n dimensional effective action obtained after dimensional reduction can be

expressed in Einstein frame, with a canonical kinetic term for the breathing mode. The

effective potential for ϕ and ρ in the external spacetime is found to be2

Veff = −p(p− 1)

2κ2
D

e2(α−β)ρ +Q2e2(n−1)αρg(ϕ) + V (ϕ)e2αρ . (9.4)

As a result, for constant ϕ and ρ, the metric field equations in the external n dimensional

space take the form G̃µν = −Veff g̃µν ; Q is the magnetic charge associated with the

internal top-form, fixed by the equations of motion to be

Q2 = −e−2α(n−1)ρV
′

g′
, (9.5)

2Up to an overall internal volume factor which can be reabsorbed in a Weyl redefinition of the
four-dimensional metric.
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where the primes denote derivative with respect to ϕ. Demanding that the potential is

positive at its minimum leads to the MvRV constraint

(p− 1)

∣∣∣∣V ′V
∣∣∣∣ ≤ ∣∣∣∣g′g

∣∣∣∣ or equivalently (p− 1)

∣∣∣∣Vg
∣∣∣∣ ≥ e−2α(D−p−1)ρ 1

Q2
. (9.6)

To check the stability of such solutions, one must specify the form of the scalar potential

V and the coupling between the top-form and the potential g, while also stabilising the

scalar. In [284], the authors consider a number of string-motivated scenarios with the

key takeaway being the instability of the de Sitter minimum. For illustrative purposes,

we present below the case where V (ϕ) = V0e
−γϕ and g(ϕ) = eδϕ, for γ, δ > 0. The

Hessian of the potential along the ϕ, ρ directions is given by

H =
∂2Veff
∂φi∂φj

, φi = {ϕ, ρ} . (9.7)

and its corresponding determinant by

det(H) = −(n− 2)[δ + γ(n− 1)][γ(1− p) + δ]δe2δϕ+2(n−1)ρ

4γp
Q4. (9.8)

Demanding that Eq. (9.6) holds at the minimum — or in other words (p− 1)γ ≤ δ —

fixes the determinant of the Hessian to be negative whenever n > 2. This means all the

corresponding solutions are unstable. The only loophole to the above discussion is the

case where the number of external dimensions n = 2. In this case, a specific analysis is

required and one may obtain a meta-stable de Sitter solution while satisfying Eq. (9.6).

As mentioned in the introduction, here we expand upon the above obstruction by

considering the effects of a Gauss-Bonnet term in the action Eq. (9.1). Let us now

review the origin of this term. Our starting point is the effective action presented in

[354]

S =

∫
dDx

√
|g|
[
R

2κ2
D

− 1

2
(∂ϕ)2 − V (ϕ)− g(ϕ) |H3|2 + f(ϕ)G

]
, (9.9)

with H3 = dB2 + ωL − ωY where B2 is the Kalb-Ramond field, ωL is the Lorentz spin

connection, ωY is the Yang-Mills gauge connection, and with

f(ϕ) =
α′

16κ2
D

e−κ1ϕ , g(ϕ) =
e−2κ1ϕ

κ2
D

, (9.10)
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with κ1 = 2κD/
√
D − 2 and D = 10. The Gauss-Bonnet scalar is defined as

G = RABCDR
ABCD − 4RABR

AB +R2. (9.11)

This is the combination of the quadratic curvature corrections that emerges in the

effective theory for supersymmetric strings after super-completing the multiplet with the

Lorentz-Chern-Simons terms, guaranteeing the absence of ghosts [355–357]. For V = 0,

the action Eq. (9.9) describes the low-energy dynamics of the heterotic superstring [358].

Alternatively, by orbifolding E8×E8 strings one can obtain a non-supersymmetric theory

whose low-energy limit is given by SO(16)× SO(16) strings, where the vacuum energy

generates a potential [359],

V (ϕ) =
0.037

α′5
e5κ1ϕ . (9.12)

The effective action Eq. (9.9) is now a consistent truncation of this SO(16) × SO(16)

action.

In this chapter, we shall work with a slight generalisation of Eq. (9.9), as given by

Eq. (9.1), allowing arbitrary spacetime dimension, D, and a k-form that is not necessar-

ily a 3-form. We will also consider more general potentials, focussing on exponentials

with arbitrary coefficients and arbitrary slopes. Actually, these coefficients are not en-

tirely arbitrary — we will assume they have the same sign as in the known example

from the heterotic string Eq. (9.9). This means that all the cases of interest will follow

the philosophy of [284], a runaway potential to be lifted by flux contributions. Note that

the relative sign of the slopes is all that really matters in the corresponding potentials.

This because one can always perform a redefinition of the scalar ϕ → −ϕ. With our

conventions, the runaway is assumed to occur in the limit ϕ → −∞, in contrast with

the conventions of [284], but consistent with [354].

In the remaining sections, we consider compactified solutions of the action Eq. (9.1)

that are a direct product of n-dimensional de Sitter/Minkowski times a p-sphere/torus.

In terms of the Riemann tensors associated with the external and internal metrics, this
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translates as

R̃µνρσ = κ (g̃µρg̃νσ − g̃µσ g̃νρ) , (9.13)

R̂abcd = λ (ĝacĝbd − ĝadĝbc) , (9.14)

where κ is the curvature scale of the physical spacetime, while λ is the curvature scale

of the internal spacetime (λ > 0 corresponds to a p-sphere and λ = 0 to a p-torus).

We will also assume that k is either n or p, ensuring that the k-forms fills either the

external or internal space with flux. We remark that in the standard heterotic case,

with D = 10 and k = 3 this requires compactification on a 3-sphere or a 3-torus,

down to seven external dimensions, requiring three more compact directions to recover

a four dimensional universe. Of course, an explicit embedding of this kind with stable

moduli is a non-trivial matter and further consistency considerations, such as tadpole

cancellation [360], must be taken into account, but this is beyond the scope of this

chapter.

Let us conclude by noting that the cases described in this chapter do not fall into the

usual Maldacena-Nuñez no-go theorem [277] since the Gauss-Bonnet term represents

higher curvature corrections to the action that are not considered in the original paper.

9.2 Extending the Montero-van Riet-Venken bound in the

small Gauss-Bonnet coupling limit

The goal of this chapter is to study the impact of the higher curvature corrections on

the MvRV bound for the existence of de Sitter solutions. To develop some intuition, we

begin by studying the Gauss-Bonnet correction using a perturbative expansion in the

dimensionless parameter ε ≡ κ4
D〈f(ϕ)/V (ϕ)〉 ≥ 0, where f(ϕ) and V (ϕ) are evaluated

at the vev of ϕ. As a result, we extend the MvRV bound Eq. (9.6) to account for the

higher curvature terms and show that the condition on the existence of de Sitter vacua

can be recast in the form

∣∣∣∣g′g
∣∣∣∣ ≥ (p− 1)

∣∣∣∣V ′V
∣∣∣∣− ε · h(ϕ, ρ) +O

(
ε2
)
, (9.15)
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where the sign of h(ϕ, ρ) determines whether, at linear order, the Gauss-Bonnet cor-

rection favours the existence of solutions or not. In particular, if h > 0, the bound is

more easily satisfied and the higher curvature corrections should make it easier to find

de Sitter solutions; if h < 0, the bound is harder to satisfy and de Sitter solutions are

less forthcoming.

Throughout this section we consider the top form to be purely internal and we keep

the sign of the slopes for the potential and the couplings as given in Eq. (9.10), without

specifying the functional form:

sgn
(
V ′

V

)
= 1 , sgn

(
g′

g

)
= −1 , sgn

(
f ′

f

)
= −1 . (9.16)

The Lagrangian for the n-dimensional theory, after compactifying the D-dimensional

action Eq. (9.1) in a p-dimensional internal space, is

L =
√
−g̃

{
R̃

2κ2
D

+
R̂

2κ2
D

e2(α−β)ρ − e2αρV (ϕ)− g(ϕ)Q2e2(n−1)αρ

+f(ϕ)
[
G̃e−2αρ + 2R̃R̂e−2βρ + Ĝe2(α−2β)ρ

]
+ ...

}
, (9.17)

where we have omitted the terms involving derivatives of the scalar fields, as we are

interested in studying the system at the minimum in the (ϕ, ρ) directions. Extremising

176



the Lagrangian with respect to the metric and the two fields yields the conditions,

Q2 =
e−2nαρ

g′(ϕ)

{
f ′(ϕ)

[
λ2p(p− 1) (p− 2) (p− 3) e4(α−β)ρ

+ 2λκn(n− 1)p(p− 1)e2(α−β)ρ + κ2n(n− 1)(n− 2)(n− 3)
]
− e4αρV ′ (ϕ)

}
,

(9.18)

0 = λ

{
1

κ2
D

(p− 1) (p+ n− 2) e2(α−β)ρ + 2 (p− 1) f(ϕ)e−2βρ
[
2κ (n− 2)n (n− 1)

+λ (p− 2) (p− 3) (p+ 2n− 4) e2(α−β)ρ
]}
− 2Q2g(ϕ) (n− 1) e2(n−1)αρ

− 2κ2n (n− 1) (n− 2) (n− 3) f(ϕ)e−2αρ − 2V (ϕ)e2αρ ,

(9.19)

0 = κ

{
2(n− 1)(n− 2)f(ϕ)

[
κ(n− 3)(n− 4)e−2αρ + 2λp(p− 1)e−2βρ

]
+

1

κ2
D

(n− 1)(n− 2)

}
+ λp(p− 1)

[
2λ(p− 2)(p− 3)f(ϕ)e2(α−2β)ρ +

e2(α−β)ρ

κ2
D

]

− 2V (ϕ)e2αρ − 2g(ϕ)Q2e2(n−1)αρ ,

(9.20)

It is not possible to solve the above system for arbitrary potentials and dimensions.

However, we can solve the system order by order in a perturbative Gauss-Bonnet cou-

pling expansion3. To do so, we take the ansatz

Q2 = Q2
0 + εQ2

1 , λ = λ0 + ε λ1 , κ = κ0 + ε κ1 , (9.21)

where the zeroth order quantities solve the previous system of equations with f(φ) = 0

and are given by

Q2
0 = e−2(n−2)αρ

∣∣∣∣V ′g′
∣∣∣∣ , (9.22)

λ0 =
2κ2

DV e
2βρ

(p− 1)(n+ p− 2)

∣∣∣∣ gg′
∣∣∣∣ [∣∣∣∣g′g

∣∣∣∣+ (n− 1)

∣∣∣∣V ′V
∣∣∣∣] , (9.23)

κ0 =
2κ2

DV e
2αρ

(p+ n− 2)(n− 1)

∣∣∣∣ gg′
∣∣∣∣ [∣∣∣∣g′g

∣∣∣∣− (p− 1)

∣∣∣∣V ′V
∣∣∣∣] . (9.24)

3Note that Gauss-Bonnet gravity, being quadratic in curvature, typically yields two distinct vacua,
one which is perturbative in the coupling, f , and one which is non-perturbative. Our analysis here
does not capture the latter, which one might have expected to be unstable anyway [361].
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Solving for the ansatz Eq. (9.21) to leading order in the Gauss-Bonnet coupling, we find

the external curvature to be

κ =
2κ2

DV e
2αρ

(p+ n− 2)(n− 1)

∣∣∣∣ gg′
∣∣∣∣ [∣∣∣∣g′g

∣∣∣∣− (p− 1)

∣∣∣∣V ′V
∣∣∣∣+ εhn,p +O

(
ε2
)]

, (9.25)

where (ϕ, ρ) are understood to be evaluated at their vevs. Demanding that the external

curvature is positive leads to an extended condition of the form Eq. (9.15), with the

leading order correction given by a polynomial in |g/g′|

hn,p =
V 2

(p− 1)(n− 1)(p+ n− 2)

[
An,p

∣∣∣∣g′g
∣∣∣∣+Bn,p

∣∣∣∣f ′f
∣∣∣∣+ Cn,p

∣∣∣∣V ′V
∣∣∣∣

+

(
Dn,p

∣∣∣∣f ′f
∣∣∣∣+ En,p

∣∣∣∣V ′V
∣∣∣∣) ∣∣∣∣V ′V

∣∣∣∣ ∣∣∣∣ gg′
∣∣∣∣+ Fn,p

∣∣∣∣f ′f
∣∣∣∣ ∣∣∣∣V ′V

∣∣∣∣2 ∣∣∣∣ gg′
∣∣∣∣2
]
.

(9.26)

The coefficients of the polynomial depend on the dimensions (n, p):

An,p = 4n(p− 7)(1− p) + 4n2(1− p) + 4p(p− 11) + 48 , (9.27)

Bn,p = −4
[
(n− 1)p2 + (n2 − 4n+ 3)p− n2 + 3n

]
(p− 1) , (9.28)

Cn,p = 8
[
(n− 1)p3 + (n2 − 11n+ 14)p2 − (2n2 − 19n+ 27)p+ n2 − 7n+ 12

]
,

(9.29)

Dn,p = 8(p− n)(np− n− p+ 3)(p− 1) , (9.30)

En,p = 4
[
2(3n− 5)p3 − (2n2 + 15n− 31)p2 + (3n2 + 12n− 31)p+ n2 − 7n+ 12

]
,

(9.31)

Fn,p = 4(p− 1)(4n2p2 − 7n2p− 7np2 + n2 + 14np+ p2 − 3n− 3p) . (9.32)

Although these expressions for the coefficients are not very illuminating, we can remark

on some interesting behaviour.

For the particular stringy potentials given in Eq. (9.10) and with the well motivated

choice, n = 4, p = 6 we find that hn,p > 0. However, this does not point to the

existence of new de Sitter solutions as the MvRV bound is already strongly violated at

leading order. For the Gauss-Bonnet corrections to yield something interesting in this

perturbative set-up, our best hope is ask what happens when the MkRV bound is only
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just violated at leading order. In particular, we consider the case where

∣∣∣∣g′g
∣∣∣∣ = (p− 1)

∣∣∣∣V ′V
∣∣∣∣ (1−∆) (9.33)

for some 0 < ∆ � ε. In such a scenario, the existence of de Sitter solutions is only

marginally ruled out by the original MvRV bound Eq. (9.6). Could the curvature

corrections rule them back in? In this particular case we find that

hn,p =
4p(p− 2)(p− 3)

(p− 1)3
V 2

[∣∣∣∣g′g
∣∣∣∣− (p− 1)

∣∣∣∣f ′f
∣∣∣∣] [1 +O(∆)] , (9.34)

Since 0 < ∆� ε, the external curvature is dominated by this form of hn,p, giving

κ ≈
8κ2

Dp(p− 2)(p− 3)V 3e2αρ

(p+ n− 2)(n− 1)(p− 1)3
ε

∣∣∣∣ gg′
∣∣∣∣ [∣∣∣∣g′g

∣∣∣∣− (p− 1)

∣∣∣∣f ′f
∣∣∣∣] (9.35)

which is clearly positive whenever

∣∣∣∣g′g
∣∣∣∣ > (p− 1)

∣∣∣∣f ′f
∣∣∣∣ . (9.36)

This suggest that de Sitter solutions might be possible for these parametric choices,

although we are not aware of any stringy motivated supergravity model that satisfies

them.

Another possibility is to consider the case where |g′/g| � |V ′/V |. When this hierarchy

is big enough, the last term in Eq. (9.26) could be the dominant contribution to the

external curvature, dominating over the zeroth order piece in the perturbative expansion

in the Gauss-Bonnet coupling. Whilst this casts some doubt on the validity of the

expansion, it would, if true, suggest that

κ ≈
2κ2

DV
3e2αρ

(p+ n− 2)2(n− 1)2(p− 1)
εFn,p

∣∣∣∣f ′f
∣∣∣∣ ∣∣∣∣V ′V

∣∣∣∣2 ∣∣∣∣ gg′
∣∣∣∣3 (9.37)

This could point towards new de Sitter solutions since we also have that Fn,p > 0 for

n, p ≥ 2. Of course, such an extreme hierarchy is not especially well motivated since

generically we expect |g′/g| and |V ′/V | to be O(1) as both couplings are expected to

be fixed by Weyl rescaling to Einstein frame.
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9.3 Non-perturbative conditions for the existence of de Sit-

ter solutions with a Gauss-Bonnet term

We shall now establish some exact results, seeking de Sitter and non-trivial Minkowski

vacua beyond the perturbative approach of the previous section. To this end, it is

necessary to fix some of the potentials in order to make concrete progress. We choose

the Gauss-Bonnet potential f and the gauge coupling g to coincide with the heterotic

string, as per equation Eq. (9.10), so that

f(ϕ) =
α′

16κ2
D

e−κ1ϕ , g(ϕ) =
e−2κ1ϕ

κ2
D

(9.38)

while the remaining potential is given more generally as

V (ϕ) = V0e
qκ1ϕ, (9.39)

with V0 > 0 and q > 0 a free dimensionless parameter. There is sufficient generality

left in V to mirror the analysis of [284], and investigate parametric constraints on the

slope of lnV . Note that for the string motivated scenario of [359], we have q = 5 and

V0 = 0.037
α′5 .

In [284], the slope of lnV is constrained in the form of the MvRV bound Eq. (9.6).

For these exponential potentials, this bound takes a particularly simple form

q ≤ 2

p− 1
. (9.40)

Our goal here is to ask if the parametric constraint on the slope of lnV is affected

by the Gauss-Bonnet correction. We will also allow for both internal and external

fluxes, further generalising [284]. If Hk is allowed to carry external flux, we find that

there are only trivial vacua: a Minkowski external space, vanishing flux and a toroidal

internal manifold. If, instead, Hk is allowed to carry internal flux, the set-up is more

interesting. The perturbative analysis of the previous section suggested that one could

find de Sitter solutions even when the MvRV bound is violated, provided an extended

condition Eq. (9.36) holds for the Gauss-Bonnet potentials. However, it turns out that

180



this extended bound is not satisfied for the string motivated potentials for f and g given

by Eq. (9.38). Indeed, we shall see that in this instance, the MvRV condition Eq. (9.40) is

necessary for the existence of de Sitter solutions, but it is not sufficient. This means the

higher curvature correction makes de Sitter solutions no more forthcoming, constraining

the parametric dependence of the scalar potential lnV at least as much as in [284].

Note that in this section, we shall not assume the particular choice of α and β given

in Eq. (9.3), but will keep things general. Furthermore, we work directly with the D-

dimensional field equations derived from the variation of the action Eq. (9.1), which are

given by

0 = f(ϕ)

(
4R C

A RBC +
1

2
GgAB − 2RRAB + 4RCDRACBD − 2R CDE

A RBCDE

)
+

1

2
∇Aϕ∇Bϕ−

1

4
(∇ϕ)2gAB + 2f ′(ϕ)

(
R∇A∇Bϕ− 4R C

(B∇A)∇Cϕ+ 2GAB2ϕ

+ 2gABR
CD∇C∇Dϕ− 2RACBD∇C∇Dϕ

)
+ 2f ′′(ϕ) [R∇Aϕ∇Bϕ

−4RC(B∇A)ϕ∇Cϕ+ 2GAB(∇ϕ)2 + 2gABR
CD∇Bϕ∇Cϕ− 2RACBD∇Cϕ∇Dϕ

]
− 1

2κ2
D

GAB − g(ϕ)

[
1

2k!
HA1...AkH

A1...AkgAB −
1

(k − 1)!
HA1...Ak−1AH

A1...Ak−1

B

]
− 1

2
V (ϕ)gAB,

(9.41)

0 = 2ϕ+ f ′(ϕ)G − V ′(ϕ)− g′(ϕ)

k!
HA1...AkH

A1...Ak , (9.42)

0 = ∇B
[
g(ϕ)HA1...Ak−1B

]
. (9.43)

9.3.1 Internal flux

If we assume that H is a top form along the internal manifold, then the solution to

equation Eq. (9.43) is given by

Ha1...ap = Qε̂a1...ap (9.44)

where Q is a constant, all other components of H vanish, and ε̂a1...ap is the volume form

associated with the internal submanifold (ε̂1...p =
√
ĝ, etc). We substitute this solution,

together with Eq. (9.13) and Eq. (9.14) into eqs. Eq. (9.41) and Eq. (9.42), projecting

equation Eq. (9.41) over g̃µν and ĝab respectively. Let us define the following master
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variables

K = κe2(β−α)ρ, Ĥ = Q2e−2κ1ϕ−2(p−1)βρ, U = V0κ
2
De

qκ1ϕ+2βρ,

X1 =
α′

16
e−κ1ϕ−2βρ, X2 =

α′

16
κe−κ1ϕ−2αρ, X3 =

α′

16
κ2e−κ1ϕ+2(β−2α)ρ,

(9.45)

Given that α′ > 0, for a consistent de Sitter (or Minkowski) vacuum, we necessarily

have that all of the master variables, with the possible exception of U , are non-negative.

This will be crucial to our subsequent proofs. The system of equations can now be cast

in the following linear form, which is particularly useful for analysing the system

0 = −2Ĥ − 2U + (n− 1)(n− 2)[K + 2(n− 3)(n− 4)X3]

+ λp(p− 1)[1 + 4(n− 1)(n− 2)X2] + 2λ2p(p− 1)(p− 2)(p− 3)X1,

(9.46)

0 = 2Ĥ − 2U + n(n− 1)[K + 2(n− 2)(n− 3)X3]

+ λ(p− 1)(p− 2)[1 + 4n(n− 1)X2] + 2λ2(p− 1)(p− 2)(p− 3)(p− 4)X1,

(9.47)

0 = 2Ĥ − qU − n(n− 1)(n− 2)(n− 3)X3 − 2λn(n− 1)p(p− 1)X2

− λ2p(p− 1)(p− 2)(p− 3)X1.

(9.48)

Given that n ≥ 2 and q > 0, we can always solve the above equations for U , Ĥ and K

in terms of X1, X2 and X3. In particular, we have

K = K
(int)
sol (X1, X2, X3) ≡ − 1

(n− 1)[2 + (n− 1)q]
{λ(p− 1)[q(p− 1)− 2]

+ 2λ2(p− 1)(p− 2)(p− 3)[p− 4 + (p− 2)q]X1

+ 4λ(p− 1)(n− 1){−p(q − 2) + n[p− 2 + (p− 1)q]}X2

+2(n− 1)(n− 2)(n− 3)[4 + n+ (n− 2)q]X3} .

(9.49)

The idea behind the proof is to show that K is maximal at (X1, X2, X3) = (0, 0, 0)

(restricting of course to non-negative Xi values), but that even at its maximum, K < 0

as soon as we choose q > 2/(p − 1). Since K carries the same sign as the external

curvature, this would prove the absence of de Sitter solutions whenever q > 2/(p −

1). Said another way, the MvRV condition Eq. (9.40) is a necessary condition for the

existence of de Sitter vacua, even in the presence of the Gauss-Bonnet correction.
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To this end, we consider

∂K
(int)
sol

∂X1
= −2λ2(p− 1)(p− 2)(p− 3)[p− 4 + (p− 2)q]

(n− 1)[2 + (n− 1)q]
, (9.50)

∂K
(int)
sol

∂X2
= −4λ(p− 1){−p(q − 2) + n[p− 2 + (p− 1)q]}

2 + (n− 1)q
, (9.51)

∂K
(int)
sol

∂X3
= −2(n− 2)(n− 3)[n+ 4 + (n− 2)q]

2 + (n− 1)q
. (9.52)

∂K
(int)
sol /∂X3 is obviously negative. For p = 1, 2, 3, ∂K(int)

sol /∂X1 = 0 while for p ≥ 4,

∂K
(int)
sol /∂X1 is also obviously negative. Finally, for p = 1, ∂K(int)

sol /∂X2 = 0, while for

p ≥ 2 and n ≥ 2,

−p(q − 2) + n[p− 2 + (p− 1)q] ≥ (p− 2)q + 4(p− 1) > 0. (9.53)

Hence, ∂K(int)
sol /∂X2 ≤ 0 in all cases, and K(int)

sol is indeed maximal at (X1, X2, X3) =

(0, 0, 0), where it takes the value

K(int)
max ≡ K

(int)
sol (0, 0, 0) =

λ(p− 1)[2− (p− 1)q]

(n− 1)[2 + (n− 1)q]
. (9.54)

The above equation shows that K can vanish for λ = 0 (p-torus) or p = 1 (1-sphere),

i.e. when the curvature of the internal manifold vanishes. These solutions correspond to

a Minkowski spacetime, and exist only for a vanishing flux Q and a vanishing potential

V (ϕ), which makes them uninteresting. The existence of a de Sitter solution, on the

other hand, requires that K > 0. This is not possible if q > 2/(p − 1), as shown by

equation Eq. (9.54), which completes our proof. The condition Eq. (9.40) is necessary

for de Sitter solutions to exist.

In terms of the variablesK, Ĥ, U , Xi, Eq. (9.40) is also sufficient; indeed, it is possible

to show that, when q ≤ 2/(p− 1), K, Ĥ and U are all positive in the neighbourhood of

the point (X1, X2, X3) = (0, 0, 0). However, this is an artifact of the choice of variables.

Sending all Xi to 0 actually corresponds to sending the Gauss-Bonnet coupling to 0.

Hence, it is not surprising to find that condition Eq. (9.40) is necessary and sufficient in

this case, as we are back to the action studied in [284]. If instead, we think of the Gauss-

Bonnet coupling as fixed, we can show that the condition Eq. (9.40) is not sufficient,

by an analysis that is very similar to the one we carried out in Sec. 9.2. Indeed, let us
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saturate the bound Eq. (9.40) by choosing q = 2/(p− 1) — which corresponds to being

on the edge of the existence region when the Gauss-Bonnet coupling is absent. Then,

K
(int)
sol becomes

K
(int)
sol = − 1

(n− 1)(n+ p− 2)

{
(n− 1)(n− 2)(n− 3)[n− 8 + (4 + n)p]X2

+2p(p− 1)(n− 1)[(2 + n)p− n− 4]λX3 + p(p− 1)(p− 2)(p− 3)2λ2X1

}
.

(9.55)

It is easy to check that for p ≥ 2 (we already saw that the case p = 1 was uninteresting),

the coefficients of X1, X2 and X3 in the above equation are all negative. The coefficient

of X3 is actually strictly negative. Hence, there can be no de Sitter (or Minkowski)

solution for this value of q— and neighbouring ones, by continuity. Therefore, Eq. (9.40)

is not sufficient. This reinforces the conclusion of Sec. 9.2, as it is a non-perturbative

statement. The presence of the Gauss-Bonnet term never enlarges the space of solutions,

but instead reduces it, at least when the potentials, f and g, take on the form best

motivated by string theory.

9.3.2 External flux

So far, we have assumed H to be an internal flux, and, as we have demonstrated, this

leads to the absence of de Sitter solutions to the effective action Eq. (9.1) as long as

q > 2/(p − 1). Now let us consider the opposite scenario: that H is a top form along

the external directions. In this case, the solution to equation Eq. (9.43) is given by

Hµ1...µn =
Q

g(ϕ)
e(nα−pβ)ρε̃µ1...µn (9.56)

where Q is a constant, all other components of H vanish, and ε̃µ1...µn is the volume form

associated with the internal submanifold (ε̃1...n =
√
−g̃, etc). We will prove that no de

Sitter solutions at all exist in this case, for any value of q. The proof is very similar to

the one presented in Sec. 9.3.1. Employing the same variables U , K, Xi as defined in

equation Eq. (9.45), and trading Ĥ for

H̃ = Q2e2κ1ϕ−2(p−1)βρ, (9.57)
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the field equations are identical to eqs. Eq. (9.46)–Eq. (9.48) upon the substitution

Ĥ → H̃ in eqs. Eq. (9.46)-Eq. (9.47) and Ĥ → −H̃ in equation Eq. (9.48). We need to

distinguish a few more sub-cases with respect to the internal case, depending on how q

compares to 2/(n− 1).

q > 2/(n− 1)

In this case, the proof is almost exactly identical to the internal case. We solve the field

equations for K, U and H̃ in terms of X1, X2 and X3, to obtain

K = K
(ext)
sol (X1, X2, X3) ≡ − 1

(n− 1)[(n− 1)q − 2]
{λ(p− 1)[q(p− 1) + 2]

+ 2λ2(p− 1)(p− 2)(p− 3)[p+ 4 + (p− 2)q]X1

+ 4λ(n− 1)(p− 1){−p(q + 2) + n[p+ 2 + (p− 1)q]}X2

+2(n− 1)(n− 2)(n− 3)[n− 4 + (n− 2)q]X3} .

(9.58)

It immediately follows that

∂K
(ext)
sol

∂X1
= −2λ2(p− 1)(p− 2)(p− 3)[p+ 4 + (p− 2)q]

(n− 1)[(n− 1)q − 2]
, (9.59)

∂K
(ext)
sol

∂X2
= −4λ(p− 1){−p(q + 2) + n[p+ 2 + (p− 1)q]}

(n− 1)q − 2
, (9.60)

∂K
(ext)
sol

∂X3
= −2(n− 2)(n− 3)[n− 4 + (n− 2)q]

(n− 1)q − 2
. (9.61)

Since q > 2/(n− 1), ∂K(ext)
sol /∂X1 is obviously negative. For n = 2, 3, ∂K(ext)

sol /∂X3 = 0

while for n ≥ 4, ∂K(ext)
sol /∂X3 is also obviously negative. Finally, for p = 1, ∂K(ext)

sol /∂X2 =

0, while for p ≥ 2 and n ≥ 2,

−p(q + 2) + n[p+ 2 + (p− 1)q] ≥ (p− 2)q + 4 > 0. (9.62)

Hence, ∂K(ext)
sol /∂X2 ≤ 0 in all cases, and K(ext)

sol is maximal at (X1, X2, X3) = (0, 0, 0),

where it takes the value

K(ext)
max ≡ K

(ext)
sol (0, 0, 0) = −λ(p− 1)[2 + (p− 1)q]

(n− 1)[(n− 1)q − 2]
. (9.63)
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This is always negative in the sub-case that we are considering, hence no de Sitter

solutions exist. Again, trivial Minkowski solutions can exist for p = 1 or λ = 0.

q < 2/(n− 1)

Once again, the proof is very analogous to the previous ones, but now we consider the

solution for H̃ rather than K. This is given by

H̃ = H̃sol(X1, X2, X3) ≡ 1

2[(n− 1)q − 2]
{λ(p− 1)q(n+ p− 2)

+ 2λ2(p− 1)(p− 2)(p− 3)[p+ (2n+ p− 4)q]X1

+ 4λn(n− 1)(p− 1)[p+ (n− 2)q]X2

−2n(n− 1)(n− 2)(n− 3)(q − 1)X3} .

(9.64)

and therefore,

∂H̃sol

∂X1
=

2λ2(p− 1)(p− 2)(p− 3)[p+ (p+ 2n− 4)q]

(n− 1)[(n− 1)q − 2]
, (9.65)

∂H̃sol

∂X2
=

4λn(n− 1)(p− 1)[p+ (n− 2)q]

(n− 1)q − 2
, (9.66)

∂H̃sol

∂X3
=
n(n− 1)(n− 2)(n− 3)(1− q)

(n− 1)q − 2
. (9.67)

∂H̃sol/∂X1 and ∂H̃sol/∂X2 are obviously negative in the subcase we consider. For n ≤ 3,

∂H̃sol/∂X3 = 0. For n ≥ 4, since q < 2/(n− 1), 1− q > 0 and therefore ∂H̃sol/∂X3 is

negative. Hence, H̃sol is maximal at (X1, X2, X3) = (0, 0, 0), where it takes the value

H̃max ≡ H̃sol(0, 0, 0) =
λq(p− 1)(n+ p− 2)

2[(n− 1)q − 2]
< 0. (9.68)

Since H̃ should be non-negative for real values of the flux, we conclude that the under-

lying assumptions are inconsistent and therefore no de Sitter or non-trivial Minkowski

solutions can exist.

q = 2/(n− 1)

In the case where q takes exactly the value 2/(n−1), we can no longer solve the system

of equations for K, U and H̃ simultaneously. However, we can solve it for X2, U and H̃
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instead, provided that λ 6= 0 and p ≥ 2 (if this is not the case, once again only trivial

Minkowski solutions can exist). We obtain

X2 = X2, sol(X1, X3) ≡ − 1

2λn(n− 1)(p− 1)[(n− 1)p+ 2(n− 2)]{
λ2(p− 1)(p− 2)(p− 3)[p(n+ 1) + 4(n− 2)]X1

+n(n− 1)(n− 2)(n− 3)2X3 + λ(p− 1)(n+ p− 2)
}
.

(9.69)

Hence,

∂X̃2, sol

∂X1
= −λ(p− 2)(p− 3)[p(n+ 1) + 4(n− 2)]

2n(n− 1)[(n− 1)p+ 2(n− 2)]
, (9.70)

∂X̃2, sol

∂X3
= − (n− 2)(n− 3)2

2λ(p− 1)[(n− 1)p+ 2(n− 2)]
, (9.71)

These quantities are obviously negative. Therefore, X2, sol is maximal at (X1, X3) =

(0, 0), where it takes the value

X2,max ≡ X̃2, sol(0, 0) = − n+ p− 2

2n(n− 1)[(n− 1)p+ 2(n− 2)]
< 0. (9.72)

Again, for consistent de Sitter or non-trivial Minkowski solultions, X2 should be non-

negative, in contradiction with the above inequality. This concludes the proof for the

external case.

9.4 Discussion

We have considered solutions to a general class of gravitational actions, motivated by

quadratic curvature corrections to the effective action for the heterotic string. The

actions include a scalar field (identified with the dilaton), a k-form field strength, and

gravity. We considered warped compactifications on spheres and tori, with k-form flux

and investigated the existence of de Sitter solutions along the external directions. A

similar analysis was carried out in [284] without the quadratic curvature corrections,

which in our case corresponded to the Gauss-Bonnet operator coupled to the dilaton.

In [284], the MvRV bound Eq. (9.6) was derived for the dilaton potentials, specifiying

the condition for de Sitter solutions to exist. In the presence of the quadratic curvature
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corrections, we saw that this bound could be violated perturbatively and de Sitter

solutions could still exist, as long as a second bound Eq. (9.36) on the Gauss-Bonnet

coupling also held. However, for potentials that are best motivated by string theory,

the second bound does not hold, suggesting no violation of the MvRV bound is possible

in this instance. Indeed, for these well motivated set-ups, we were also able to show

that the MvRV bound was a necessary, but not sufficient, condition for the existence of

de Sitter solutions in the presence of quadratic curvature corrections. This leads to our

main conclusion: higher curvature corrections that are well motivated by string theory

generically made it parametrically harder, not easier, to find de Sitter solutions.

It would be very interesting to ask if this were a generic feature of higher order

corrections in all versions of string theory. Clearly this is difficult to establish and

more evidence needs to be found. For type II strings, curvature corrections kick in at

fourth order [362], while for heterotic strings we may also consider higher order mixings

between the gauge field and curvature [358].

We can make a crude and simplistic argument to support a claim that curvature

corrections are unlikely to improve the search for de Sitter vacua, at least at finite order

in the curvature expansion. In D dimensional General Relativity without sources, the

absence of de Sitter vacua can roughly be understood in terms of an energetic balance

between the curvature of the external space and that of the compact space. If the

compact space carries positive or vanishing curvature (as in a sphere or a torus), then

the external space looks to counter that, delivering negative or vanishing curvature

(as in AdS or Minkowski). For higher curvature operators to help facilitate new de

Sitter vacua, the details of this balance have to change. In particular, on one side of

the energetic balance, a positive curvature space (be it a sphere along the compact

directions, or de Sitter along the external directions) must contribute negative energy

through the higher order operators. This might indicate the presence of ghost-like

instabilities and the associated negative energy excitations. Such instabilities should

certainly be absent in effective actions derived from string theory.

Of course, the situation becomes more complicated in the presence of additional fields

and sources, including branes, fluxes, Casimir energies, and with more exotic compact

spaces. The challenge here is to retain calculational control over the effective description,
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be it parametrically or even just numerically. Indeed, the level of control one is willing

to sacrifice seems to be at the core of the ongoing debate over de Sitter space and the

Swampland.
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Chapter 10

Conclusions and outlooks

In this thesis, we began by developing the necessary mathematical machinery to under-

stand Calabi-Yau compactifications and proceeded to study the perturbative tree-level

type IIB supergravity action in Chap. 2. We saw that the Kähler sector remained flat

and anticipated that to be able to generate a potential for the Kähler moduli we would

need to introduce perturbative and non-perturbative corrections to the tree-level action.

This prompted the introduction of the Swampland programme, in particular with ref-

erence to the phenomenological side of the Swampland, and the questions of parametric

control (or lack thereof).

In Chap. 3, we introduced a number of important open questions in modern cosmology

thereby focusing the aim of the remainder of the thesis on obtaining explanations for

some of these questions within the framework of string theory. Of particular interest

were the naturalness and hierarchy problem, as these will plague any effective description

of a “theory of everything”1, and the nature of dark energy.

The last two chapters of the first half of the thesis explore these aspects of modern

cosmology from the point of view of effective descriptions motivated by supergravity.

In Chap. 4 we introduce the clockwork mechanism which aims to naturally produce

scale hierarchies in theories with many scalars. In the original formulation, a theory

with N scalars obtains a massless direction and N − 1 heavy fields. Furthermore, we

apply this mechanism to a cosmological setting by introducing the Dvali-Kaloper-Sorbo

1On this occasion, by “theory of everything” we refer to any theory encompassing many different
physical scales, as would be expected from a UV complete description of our Universe arising from
O(Mpl) physics.
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4-form mixing. This mixing can softly break the clockwork symmetry, giving a small

mass to the originally massless clockwork mode while preserving the hierarchy between

this new light mode and the heavy modes. We anticipated that for some O(100) scalar

fields the light clockwork mass would be of order the dark energy scale observed today

and thus this mechanism could prove useful to naturally generate dark energy models.

We then provided a no-go theorem for embedding this mechanism into the tree-level

type IIA supergravity.

In ongoing research, the question remains whether non-perturbative type effects can

generate the necessary clockwork structure in type IIB. Heuristically, we expect non-

perturbative effects to enter the theory through the superpotential as

Wnp =
∑
i

Aie
ajiTj , (10.1)

where i runs over the number of E3-branes in the theory, then by appropriately choosing

a basis aji in instanton parameter space, one would hope to generate the right structure

if the internal geometry is anisotropic, i.e. there are some small and large cycle such

that a hierarchy τb � τi for all i 6= b exists. This would allow to single out a Kähler

direction with an associated axion much lighter than the other directions. Although

this picture is attractive, obtaining a full ten-dimensional description is not trivial. For

example writing down the required basis aji could, a priori, lead to inconsistencies on

the ten-dimensional theory. An example of such inconsistencies is given by strong forms

of the weak gravity conjecture [363; 364].

In Chap. 5 we concentrated on the coincidence problem and its implications for dy-

namical models of dark energy obtained from generic properties of string compactifica-

tions close to the boundary of moduli space, where we assumed that the dynamics for

the quintessence field are described by some runaway potential toward a Dine-Seiberg

type vacuum at large vevs. We were able to show that, due to the mass of the heavy

states depending on the runaway quintessence field, particle production is enhanced

over time. This allows us to set an upper bound on the time it takes the particle pro-

duction to swamp the effective description. We found that in some O(100)H0 time, the

particle production becomes too much and the quintessence regime is destabilised. This

ameliorated the coincidence problem to a 1-in-100 chance to find ourselves close to the
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dawn of the dark energy domination epoch. Finally, we argued that a more stringent

bound might be obtained from a true Calabi-Yau compactification of the supergravity

action, rather than a (well) motivated EFT.

Before moving on to the second half of the thesis, we spent some time in Chap. 6

discussing the differences between supergravity computations at the boundary of moduli

space and at the bulk of moduli space. We argued that, as long as the couplings are

small enough (but finite) in the bulk of moduli space2 the perturbative expansion is well-

posed and this allows us to work in a region of moduli space that is phenomenologically

interesting. Furthermore, we were able to prove that on the runaway of moduli space one

cannot achieve a slow-roll regime. This, together with the usual no-go of [277], prevents

us from obtaining a phenomenologically viable description of our Universe. We pointed

out that this implies that there exists a disconnect from the phenomenological claims

of the Swampland programme and cosmology.

Moving on to the second half of the thesis, in Chap. 7 we introduced a number of

perturbative and non-perturbative corrections that are typically used to model build

de Sitter vacua in type IIB supergravity. We reviewed each of these in some detail, as

well as the best understood effective de Sitter constructions in type IIB, namely KKLT,

the racetrack models and the large volume scenario. Armed with this knowledge, we

tried to construct a viable model of quintessence in Chap. 8. However, we found when

considering the cosmological evolution of our Universe, from an early period of infla-

tion to late time dark energy, that a mixture between the Kallosh-Linde problem and

quantum diffusion allowed only axionic hilltop models of quintessence with an extreme

fine of the initial conditions. We argued that these constraints make quintessence less

attractive to model builders than a cosmological constant. Therefore, without a clear

input from cosmological data, i.e. finding with some degree of confidence an equation of

state parameter for dark energy different than unity, string phenomenologists are better

off focusing on de Sitter vacua.

Moving forward, there are two clear directions. One is to continue advancing our

understanding of the de Sitter constructions that have already been developed by the

community. This will require a better handle on perturbative and non-perturbative

2This is to say that we are at large volume and weak coupling, rather than deep in the bulk of
moduli space where the volume can be small or the physics being strongly coupled.
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corrections, as well as, a clear ten-dimensional picture of all the necessary ingredients

to generate such solution. A second option would be to introduce new ingredients that

generate new solutions, like non-linearly realised supersymmetry which is the main idea

behind the de Sitter supergravity constructions of [108; 365]. These new solutions might

be the key to a more complete picture of supergravity.

In Chap. 9 we follow the former approach. We consider runaway effective field theory

that have some connection with fluxed supergravity and show the effects of higher

curvature corrections to the leading order solution. In particular, we considered the

Gauss-Bonnet corrections as motivated in the heterotic supergravity framework. We

found that, on the boundary of parameter space where the leading order theory would

yield an external four-dimensional space, the higher order corrections contributed with

negative curvature thus generating anti-de Sitter solutions. Chap. 9 served to point

out the power of the effective theory approach with regards to calculating higher order

corrections. This approach can be very helpful in flagging interesting model building

terms. However, some notion of the form of the corrections is known. Of course,

historically it has been very hard to obtain any specifics about the behaviour of these

corrections in any generality. A recent and commendable effort in this direction is [69],

where the existence and volume scaling of α′-corrections is explored.

Another interesting and qualitatively different approach is the one followed by [366;

367]. In this case, the authors take advantage of the AdS/CFT correspondence to study

the holographic behaviour of the AdS vacua of a number of supergravity models, where

the Kähler moduli can be stabilised consistently (like KKLT or LVS). Interestingly,

they find that each of these models presents a certain universality in the conformal

dimensions of the CFT operators dual to the moduli fields in the AdS vacua. This

leads the authors to speculate about the origin of this universality. If true for any AdS

construction, it would seem to imply that the a priori vast string landscape maps to a

limited set of conformal dimensions when translated into the CFT language, which are,

for example, independent of choices of fluxes.

In this thesis, we have concerned ourselves with the study of the microscopic origin

of our Universe with a focus on the nature of dark energy. In the first half of the

thesis, we considered the consequence of some stringy motivated effective field theory

193



on naturalness and the coincidence problem. In the second half, we got our hands dirty

working with the effective field theory descending from type IIB supergravity. Although

we were able to provide some very strong phenomenological results, sadly, we do not

find ourselves any closer to a microscopic description of our Universe. We are able to

say what doesn’t work but lack an intuition of what might work from a string theory

perspective. However, one should not be despondent. This might just be because a

more complete picture of the non-perturbative aspects of string theory is needed, or

maybe it requires new interpretations of supergravity.

The microscopic origin of our Universe is a very challenging open problem which has

provided a concrete framework to test and better understand string theory. To some

extent, this could be seen as one of the last great challenges of theoretical physics. In

a somewhat related position we would have found Michelson and Kelvin at the turn of

the 20th century3. In [368], Michelson claimed the following,

“The more important fundamental laws and facts of physical science have all been

discovered, and these are now so firmly established that the possibility of their [sic.]

ever being supplanted in consequence of new discoveries is exceedingly remote.”

which is, in hindsight, a brave claim. In [369], Kelvin would go on to point out the “two

clouds over the dynamical theory of heat and light”. These two clouds where related to

the nature of ether and the partition energy as set out by Maxwell and Boltzmann and

the specific heat of gases. The first cloud would be dispersed by special relativity and

the second one by quantum physics, in the meantime generating storms of which this

thesis is just a small part. It is worth noting that in [368], Michelson would go on to

add the now famous quote “our future discoveries must be looked for in the sixth place

of decimals”, which would turn out to be true, albeit a bit misdirected when taking into

consideration his former quote on the laws of physics.

As some concluding words to this thesis, let us see what appears after the clouds

covering the cosmological constant are dispersed and which fundamental laws need

rewriting. It is certainly a very exciting time for Physics.

3I would like to thank Prof. Javier Tejada for bringing this anecdote to my attention some years
ago while I was an undergraduate.
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Appendix A

Details and calculations for type

IIB supergravity

In this appendix, we write the details of some of the least enlightening and more annoy-

ing calculations for Chap. 2. We will describe the details of the dimensional reduction

of the N = 2 type IIB action and discuss the dualisation of the Kalb-Ramond and RR

two-form axion.

A.1 Calculations for the dimensional reduction of the N =

2 type IIB action

We would like to find the dimensional reduction of Eq. (2.2). It is most convenient

to work in string frame and do an overall Weyl rescaling at the end. Therefore, our

starting point is the string frame action

SIIB =

∫
e−2φ̂

2

(
R̂ ? 1 + 4dφ̂ ∧ ?dφ̂− Ĥ3 ∧ ?Ĥ3

)
(A.1)

−
∫

1

4

(
F̂1 ∧ ?F̂1 + F̂3 ∧ ?F̂3 +

1

2
F̂5 ∧ ?F̂5 + Ĉ4 ∧ Ĥ3 ∧ F̂3

)
,

where the field strength are Eq. (2.40)

Ĥ3 = dB̂2 , F̂1 = dĈ0 , F̂3 = dĈ2 + B̂2 ∧ dĈ0 ,

F̂5 = dĈ4 + B̂2 ∧ dĈ2 , (A.2)
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and with the field content given in Eq. (2.41)

B̂2 = B2(x) + bA(x)ωA , Ĉ2 = C2(x) + cA2 ωA ,

Ĉ4 = cA4 (x)ωA + ξK̂(x) ∧ αK̂ − ξ̃K̂(x) ∧ βK̂ + ρA(x)ω̃A . (A.3)

A.1.1 The dimensional reduction of the NSNS sector

We take the ansatz

ds2 = gµν(x)dxµdxν + gmn(x, z)dzmdz̄n , (A.4)

where gµν (with µ, ν = 0, ..., 3) is the external metric and gmn (with m,n = 1, ..., 6) is

the CY metric of X .

Following

R̂ = gMN R̂PMPN = gµν
(
R̂ρµρν + R̂pµpν

)
+ gmn

(
R̂pmpn + R̂ρmρn

)
, (A.5)

we write the expansion for the ten-dimensional Ricci scalar

∫
R̂ =

∫
R+RX +

1

4
(gmn∂µgmn) (gpq∂µgpq)−

1

4
(gpq∂µgqm) (gmn∂µgnp) , (A.6)

where (R,RX ) are the Ricci scalar for the external and Calabi Yau three-fold, respec-

tively. We are interested in introducing deformations that preserve the Ricci-flatness of

the internal space

gmn → g0
mn(y) + δgmn(x, y) , Rmn(g + δg) = 0 . (A.7)

To discuss the deformations, it is convenient to write the indices in terms of a holomorphic/anti-

holomorphic notation, like in the main text, such that m = {i, ı̄} with i = 1, 2, 3. The

deformations are given by the h1, 1 Kähler moduli and h2,1 complex structure moduli

δgī = −ivA(ωA)ī , (A.8)

δgij =
i

||Ω||2
z̄K(χ̄K)īı̄Ω

ı̄̄
j , (A.9)
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which follow from the results of Sec. 2.1. Thus, even after deforming the CY metric,

RX = 0. Expanding to quadratic order in δg we find

1

4
(gmn∂µgmn) (gpq∂µgpq) = −gī0 g

kl̄
0 ∂

µδgī∂µδgl̄k = ∂µv
A∂µvB(ωA)ii(ωB)jj , (A.10)

and

−1

4
(gpq∂µgqm) (gmn∂µgnp) = −1

2

(
gī0 g

k̄l
0 ∂µδgik̄∂

µδḡl + gī0 g
kl̄
0 ∂µδgik∂

µδḡl̄

)
=

1

2

[
∂µv

A∂µvB(ωA)ī(ωB)ī + ∂µz
K∂µz̄L

χK ∧ χ̄L
Ω ∧ Ω̄

]
= (A.11)

2V
[
GABdv

A ∧ ?4dv
B +GKL̄dz

K ∧ ?4dz̄
L
]
, (A.12)

where V is the volume of the CY, {GAB, GKL̄} are the Kähler structure and complex

structure metrics defined in Eq. (2.20) and Eq. (2.28) respectively, and {vA, zK} are the

moduli fields spanning the Kähler structure and complex structure manifolds. Putting

everything together we find for the dimensional reduction of the Ricci term

1

2

∫
e−2φ̂R̂ ? 1 =

1

2
e2φ
[
R ?4 1 + 2GABdv

A ∧ ?4dv
B + 2GKL̄dz

K ∧ ?4dz̄
L
]
. (A.13)

where we have used the convenient definition for the four-dimensional dilaton in Eq. (2.44)

eφ :=
1

V1/2
eφ̂ . (A.14)

The dilaton term in the ten-dimensional action reduces straightforwardly

1

2

∫
e−2φ̂ 4dφ̂ ∧ ?dφ̂ = 2

∫
e−2φ dφ ∧ ?4dφ . (A.15)

Finally, the Kalb-Ramond form becomes

−1

4

∫
e−2φ̂ Ĥ3 ∧ ?Ĥ3 = −1

4

∫
e−2φ

(
4GABdb

A ∧ ?4db
B + dB2 ∧ ?4dB2

)
, (A.16)

Altogether, the NSNS sector can be written in the string frame as

S(4)
NSNS =

∫
e−2φ

2

(
R ? 1 + 4dφ ∧ ?dφ− 2GABdt

A ∧ ?dt̄B − 2GKL̄dz
K ∧ ?dz̄L − 1

2
dB2 ∧ ?dB2

)
,

(A.17)
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where we have made use of the definition of the Kähler complexified fields tA := vA+ibA

and we have dropped the subindex in the Hodge star operator to simplify the notation.

A.1.2 The dimensional reduction of the RR sector

Moving onto the RR sector we find the following dimensional reduction for the RR field

strengths

−1

4

∫
F̂1 ∧ ?F̂1 = −V

4

∫
dC0 ∧ ?4dC0 , (A.18)

−1

4

∫
F̂3 ∧ ?F̂3 = −1

4

∫
V (dC2 +B2 ∧ dC0) ∧ ?4 (dC2 +B2 ∧ dC0) (A.19)

−1

4

∫
4VGAB (dc2 + bdC0)A ∧ ?4 (dc2 + bdC0)B ,

−1

4

∫
F̂5 ∧ ?F̂5 = −1

4

∫
dξK̂ ∧ ?4dξ

L̂

∫
X
αK̂ ∧ ?6αL̂ (A.20)

−1

4

∫
dξ̃K̂ ∧ ?4dξ̃L̂

∫
X
βK̂ ∧ ?6β

L̂ − 1

4

∫
dξK̂ ∧ ?4dξ̃L̂

∫
X
αK̂ ∧ ?6β

L̂ − 1

4

∫
dξ̃K̂ ∧ ?4dξ

L̂

∫
X
βK̂ ∧ ?6αL̂

+
1

4

∫
1

4V
GABdρA ∧ ?4dρB −

1

4

∫
(dc4 + bdc2)A ∧ ?4 (dc4 + bdc2)B

∫
X
ωA ∧ ?6ωB

=
1

4

∫
(ReM)K̂L̂F

K̂ ∧ F L̂ + (ImM)K̂L̂F
K̂ ∧ ?4F

L̂

− 1

16V

∫
GAB

(
dρA −KACDbCdcD2

)
∧ ?4

(
dρB −KBEF bEdcF2

)
where we have used the self-duality of F̂5 to write everything in terms of ξK and ρA,

the definition of F K̂ := dξK̂ from the main text, that ωA = KABC ω̃Bω̃C and also the

period matrices

∫
αK̂ ∧ ?αL̂ = −

[
ImM+ (ReM)(ImM)−1(ReM)

]
K̂L̂

, (A.21)∫
βK̂ ∧ ?βL̂ = − (ImM)−1 K̂L̂ , (A.22)∫

αK̂ ∧ ?β
L̂ = −

[
(ReM)(ImM)−1

]L̂
K̂
. (A.23)

Finally, for the topological form we find

−1

4

∫
Ĉ4∧Ĥ3∧dF̂3 = −1

2
dC2∧

(
ρAdb

A − bAdρA
)
+

1

2
dB2∧cA2 dρA−

1

4
KABCcA2 cB2 dB2∧dbc ,

(A.24)
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Putting everything together we find1

S(4)
IIB =

∫
−e
−2φ

2
R ? 1 +

1

4
ReMK̂L̂F

K̂ ∧ F L̂ +
1

4
ImMK̂L̂F

K̂ ∧ ?F L̂ (A.25)

+2e−2φdφ ∧ ?dφ− e−2φGABdt
A ∧ ?dt̄B − e−2φGKL̄dz

K ∧ ?dz̄L − e−2φ

4
dB2 ∧ ?dB2

−VGAB
(
dcA2 + bAdC0

)
∧ ?
(
dcB2 + bBdC0

)
− 1

16V
GAD

(
dρA −KABCcB2 dbC

)
∧ ?
(
dρD −KDEF cE2 dbF

)
−1

2
dC2 ∧

(
ρAdb

A − bAdρA
)

+
1

2
dB2 ∧ cA2 dρA −

1

4
KABCcA2 cB2 dB2 ∧ dbc , (A.26)

After Weyl rescaling to Einstein frame2, gµν → e2φgµν , and dualising the C2 and B2

axions (see next section for details) we find the full action as given in Eq. (2.43)

S(4)
IIB =

∫
−1

2
R ? 1 +

1

4
ReMK̂L̂F

K̂ ∧ F L̂ +
1

4
ImMK̂L̂F

K̂ ∧ ?F L̂

−GKL̄dzK ∧ ?dz̄L̄ − hpqdqp ∧ ?dqq , (A.28)

with

hpqdq
p ∧ ?dqq := (dφ)2 +GABdt

A ∧ ?dtB +
1

4
e2φV(dC0)2

+e2φVGAB
(
dcA2 − C0db

A
)
∧ ?
(
dcB2 − C0db

B
)

+
1

16V
e2φGAD

(
dρA −KABCcB2 dbC

)
∧ ?
(
dρD −KDEF cE2 dbF

)
+

1

4V
e2φ

[
dh− 1

2

(
ρAdb

A − bAdρA
)]2

+
1

2
e4φ

[
dh̃+ C0dh+ cA2 dρA +

1

2
C0

(
ρAdb

A − bAdρA
)
− 1

4
KABCcA2 cB2 dbC

]2

. (A.29)

A.2 Dualising the C2 and B2 axions

To put the type IIB action into its gauged supergravity form, we have had to dualise the

B2 and C2 axions. In this section we provide the brief calculation necessary to dualise
1Where once again we drop the subindex in the four-dimensional Hodge star to avoid cluttering

the notation.
2Note that one can match the expressions on both frames through

F (s)
p ∧ ?(s)

4 F (s)
p → e2φ(2−p)F (e)

p ∧ ?(e)
4 F (e)

p , (A.27)

where the superindex (s),(e) indicate quantities in the string or Einstein frame, respectively, and that
the rescaling of the Ricci scalar in four-dimensions introduces a shift to the kinetic dilaton term that
goes like −6dφ ∧ ?4dφ.
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them, for the sake of completeness. Since both objects we wish to dualise are two-form

gauge fields, we consider a generic Lagrangian of the form

L = −α
4
dA2 ∧ ?dA2 −

1

4
dA2 ∧ J1 , (A.30)

where J1 is a generic one-form field. To enforce the Bianchi identity F3 := dA2, we

introduce a Lagrange multiplier da

L = −α
4
F3 ∧ ?F3 −

1

4
F3 ∧ J1 + F3 ∧ da , (A.31)

such that its equation of motion fixes dF3 = 0. On the other hand, by completing the

square for the three-form field strength, the Lagrangian can be written in the convenient

form

L = −α
4
F̂3 ∧ ?F̂3 −

1

4α
Ĵ1 ∧ ?Ĵ1 , (A.32)

where F̂3 := F3 + 1
α ? Ĵ1 and Ĵ1 := J1 − 4da. Integrating out F̂3 yields the Lagrangian

for the dual scalar a

La = − 1

4α
Ĵ1 ∧ ?Ĵ1 = − 4

α

(
da− 1

4
J1

)2

. (A.33)

To dualise the C2 and B2 axions into the h and h̃ scalars, respectively, we find from

Eq. (A.26)

LC2 = −Ve
−2φ

4
dC2 ∧ ?dC2 −

1

4
dC2 ∧

(
2ρAdb

A − 2bAdρA
)
, (A.34)

LB2 = −
e−2φ

(
e−2φ + VC2

0

)
4

dB2 ∧ ?dB2 −
1

4
dB2 ∧

(
KABCcA2 cB2 dbC − 2cA2 dρA − VC0e

2φ ? dC2

)
,

(A.35)

and following the relations set out in this section the dual Lagrangian can be given as

Lh, h̃ = − 1

4V
e2φ

[
dh− 1

2

(
ρAdb

A − bAdρA
)]2

−1

2
e4φ

[
dh̃+ C0dh+ cAdρA +

1

2
C0

(
ρAdb

A − bAdρA
)
− 1

4
KABCcA2 cB2 dbC

]2

. (A.36)
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Appendix B

Type IIA perturbative supergravity

In this appendix we provide details on how to obtain the N = 1 scalar potential for

fluxed type IIA supergravity. We will begin by finding the analogue of the type IIB

N = 2 scalar potential. Then, we will see how the orientifold projection works for

type IIA theories and we will present the orientifolded scalar potential. Lastly, we will

discuss moduli stabilisation in type IIA theories.

B.1 N = 2 supergravity action

In spirit, this section follows very closely the analogue type IIB calculation in Sec. 2.2.

Again, it is convenient to work in the string frame and do an overall Weyl rescaling at

the end. We begin by writing down the 10-dimensional type IIA supergravity action in

string frame [25]

SIIA =

∫
e−2φ̂

2

(
R̂ ? 1 + 4dφ̂ ∧ ?dφ̂− 1

2
Ĥ3 ∧ ?Ĥ3

)
(B.1)

−1

2

∫ (
F̂2 ∧ ?F̂2 + F̂4 ∧ ?F̂4 + Ltop

)
,

where the NSNS sector is the same as in the type IIB theory with the ten-dimensional

dilaton φ̂ and the Kalb-Ramond two-form B̂2, whereas the RR sector now contains

odd-form gauge fields whose field strengths we define as follows

F̂2 = dĈ1 , F̂4 = dĈ3 − dĈ1 ∧ B̂2 . (B.2)
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where (B̂2)p := B̂2 ∧ ... ∧ B̂2︸ ︷︷ ︸
p−times

. The topological term is given by

Ltop = B̂2 ∧ dĈ3 ∧ dĈ3 − (B̂2)2 ∧ dĈ3 ∧ dĈ1 +
1

3
(B̂2)3 ∧ dĈ1 ∧ dĈ1 . (B.3)

We can expand in the bases of harmonic (p,q)-forms that we found in Sec. 2.1 and that

we summarise below in Tab. B.1 for convenience. The fields are given in these bases by

B̂2 = B2(x) + bAωA , Ĉ1 = A0(x) , Ĉ3 = C3(x) +AA(x) ∧ ωA + ξL̂αL̂ + ξ̃K̂β
K̂ .

(B.4)

Here, we have used notation that is reminiscent of the type IIB description, since the

moduli will fill similar roles to their IIB counterparts. Let us analyse the dimensional

reduction of the type IIA action Eq. (B.1). As in the type IIB case, we will take the

ansatz for the ten-dimensional metric to be

ds2 = gµν(x)dxµdxν + gī(x, z)dz
idz̄ ̄ , (B.5)

where gµν (with µ, ν = 0, ..., 3) is the external metric and gī (with i, ̄ = 1, ..., 3) is the

CY metric of X . The reduction of the NSNS sector is identical to the type IIB case,

Cohomology group Dimension Basis
H1,1 h1,1 ωA
H2,2 h1,1 ω̃A

H3 2 + 2h2,1
(
αK̂ , β

L̂
)

H2,1 h2,1 χK
H3,3 1 dvol(X )

Table B.1: Bases for a generic Calabi-Yau threefold.

and we refer the reader to Subsec. A.1.1.

B.1.1 The RR sector and the topological term of the type IIA action

Below, we plug the field content Eq. (B.4) into the different terms of the R-R sector.

For the 2-form we find

−1

2

∫
X
F̂2 ∧ ?F̂2 = −V

2
dA0 ∧ ?4dA

0 , (B.6)
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where V is the volume of X and GAB is given by Eq. (2.20). The 4-form dimensional

reduction reads

−1

2

∫
X
F̂4 ∧ ?F̂4 = −1

2

[
V
(
dC3 −B2 ∧ dA0

)
∧ ?4

(
dC3 −B2 ∧ dA0

)]
+4VGAB

(
dAA − bAdA0

)
∧ ?4

(
dAB − bBdA0

)
−(ImM)−1 K̂L̂

(
dξ̃K̂ +MK̂M̂dξ

M̂
)
∧ ?4

(
dξ̃L̂ + M̄L̂N̂dξ

N̂
)
, (B.7)

where we have used GAB := 4V
∫
ω̃A ∧ ?ω̃B is the inverse metric of GAB, as well as the

period matrix defined in Eq. (2.35) and given below for convenience

∫
αK̂ ∧ ?αL̂ = −

[
ImM+ (ReM)(ImM)−1(ReM)

]
K̂L̂

, (B.8)∫
βK̂ ∧ ?βL̂ = − (ImM)−1 K̂L̂ , (B.9)∫

αK̂ ∧ ?β
L̂ = −

[
(ReM)(ImM)−1

]L̂
K̂
. (B.10)

Finally the topological term is

∫
X
B̂2 ∧ dĈ3 ∧ dĈ3 − (B̂2)2 ∧ dĈ3 ∧ dĈ1 +

1

3
(B̂2)3 ∧ dĈ1 ∧ dĈ1 = (B.11)

B2 ∧ d
(
ξ̃K̂dξ

K̂ − ξL̂dξ̃L̂
)

+KABCbA
[
dAB ∧ dAC − bBdA0 ∧

(
dAC − 1

3
bCdA0

)]
.

The action can now be written in terms of the gauge-coupling matrices defined in

Eq. (2.24)

ReN =

−1
3KABCb

AbBbC 1
2KABCb

AbB

1
2KABCb

AbB −KABCbC

 , (B.12)

ImN = −V

1 + 4GABb
AbB −4GABb

B

−4GABb
B 4GAB

 , (B.13)

(ImN )−1 = − 1

V

 1 bA

bA 1
4G

AB + bAbB

 . (B.14)

Before doing so, we will first dualise the B2 and C3 fields into a scalar a(x) and a

constant flux e0, respectively. This will allow us to put the N = 2 action in its gauged

form [370], turning a double tensor multiplet containing B2 into a hypermultiplet in
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terms of a.

B.1.2 Dualising the B2 and C3 fields

Let us write the Lagrangians we are trying to dualise explicitly and work from there.

Starting from the C3 gauge field, we collect all pieces containing C3 in

LC3 = −V
2

(
dC3 −B2 ∧ dA0

)
∧ ?4

(
dC3 −B2 ∧ dA0

)
:= −V

2
(dC3 − J4) ∧ ?4 (dC3 − J4)− e0 (dC3 − 0) , (B.15)

where we have introduced J4 for notational convenience. The Lagrange multiplier e0

enforces the (trivial) Bianchi identity1. The equation of motion for dC3 becomes

V
2
?4 (dC3 − J4) = −e0 ⇒ dC3 = J4 +

e0

V
?4 1 (B.16)

and substituting back

Le0 = − e
2
0

2V
?4 1− e0J4 = − e

2
0

2V
?4 1− e0

(
B2 ∧ dA0

)
. (B.17)

Next, we can substitute the expression back into the Lagrangian LC3 to obtain the dual

description. We also choose to group the field strength fields present in the theory as

F Â := {dA0, dAA} , (B.18)

for later convenience. Finally, we would like to dualise the dB2 field strength into

the scalar a(x). This follows from our results in Sec. A.2, which we recall below for

convenience. In this case, the Lagrangian for the H3 field strength reads

LH3 = −1

4
dB2 ∧ ?dB2 +

1

2
dB2 ∧

(
ξ̃K̂dξ

K̂ − ξL̂dξ̃L̂
)
, (B.19)

1Note that if one tries to simply find the equation of motion for ?C3 and substitute back, because
dC3 is a top-form then the equations of motion would contain a derivative of a top-form which must
vanish identically and this method does not work. One must introduce the Lagrange multiplier in the
case of a top-form field strength.
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the equation of motion for B2 implies

d

[
1

2
? H3 −

(
ξ̃K̂dξ

K̂ − ξL̂dξ̃L̂
)]

= 0 ⇒ da =
1

2
? dB2 −

(
ξ̃K̂dξ

K̂ − ξL̂dξ̃L̂
)
,

(B.20)

which, together with Eq. (B.6), Eq. (B.7), Eq. (B.11), Eq. (B.16), can be substituted

in Eq. (B.1) to find the four-dimensional type IIA effective action2 [370]

S(4)
IIA =

∫
−1

2
R ? 1 +

1

2
Im NÂB̂F

Â ∧ ?F B̂ +
1

2
Re NÂB̂F

Â ∧ F B̂

−GABdTA ∧ ?dT̄B − huvdq̃u ∧ ?dq̃v − V ? 1 , (B.21)

with

V =
e4φ

2V
e2

0 , (B.22)

and

huvdq̃
u ∧ ?dq̃v := dφ ∧ ?dφ+GKL̄dz

K ∧ ?dz̄L+

e4φ

4

(
Da+ ξ̃K̂dξ

K̂ − ξL̂dξ̃L̂
)
∧ ?
(
Da+ ξ̃K̂dξ

K̂ − ξL̂dξ̃L̂
)

−e
2φ

2
(ImM)−1 K̂L̂

(
dξ̃K̂ +MK̂M̂dξ

M̂
)
∧ ?
(
dξ̃L̂ + M̄L̂N̂dξ

N̂
)
, (B.23)

where Da := da+2e0A
0. We have dropped the subindex on the four-dimensional Hodge

star, since there are no more ambiguities. Notably, the scalar potential of the type IIA

N = 2 is not flat due to the presence of the Freund-Rubin flux e0, which is the gauge

charge for the axion a dual to the external piece of the Kalb-Ramond two-form. The

spectrum of the theory is given in Tab. B.2.

Multiplet Dimension Field content
Gravity multiplet 1

(
gµν , A

0
)

Vector multiplet h1,1
(
AA, vA, bA

)
Hypermultiplet h2,1 + 1

(
ξK , ξ̃K , z

K
)

+
(
a, φ, ξ0, ξ̃0

)
Table B.2: Multiplets for the 4-dimensional type IIB supergravity spectrum.

2Where a similar Weyl rescaling has been done to put the action in Einstein frame, similar to the
one done on the IIB side.
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B.2 Orientifolding and N = 1 type IIA supergravity

Similar to the type IIB case, we must reduce the supergravity spectrum by halving the

number of supersymmetry generators through an orientifold projection.

We write down the orientifold projection operator as [31]

O = Ωp (−1)FL σ . (B.24)

If one wishes to preserve N = 1 supersymmetry, then the involution must act on the

Kähler form and the holomorphic 3-form as

σ∗J = −J , σ∗Ω = e2iθΩ̄ , (B.25)

for a constant phase e2iθ and where σ∗ is the pullback of σ, an anti-holomorphic invo-

lution acting on X . This in contrast with the type IIB orientifold conditions where the

involution is holomorphic. In type IIA supergravity, the above conditions are consistent

with the introduction of O6-planes in the theory.

We have seen that the effect of the involution on the cohomology of X is to split them

in even and odd cohomologies

Hp, q = Hp, q
+ ⊕Hp, q

− , (B.26)

such that an element ω± ∈ Hp, q
± transforms like σ∗ω± = ±ω±. From the type IIA

orientifold conditions Eq. (B.25), we can further see that

• σ∗J = −J implies h3, 3
− = 1, since V ∝

∫
J ∧J ∧J and h0, 0

+ = 1, by Hodge duality.

Alternatively, this implies that h3, 3
+ = h0, 0

− = 0.

• Due to the anti-holomorphicity of σ and Hodge duality, we find h1, 1
± = h2, 2

∓ and

h3
+ = h3

− = h2, 1 + 1.

In Tab. B.3 we summarise the notation for the truncated harmonic bases after orien-

tifolding, which largely follows the notation of the type IIB analogues,
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Cohomology group Dimension Basis
H1, 1

+ h1, 1
+ ωα

H1, 1
− h1, 1

− ωa
H2, 2

+ h1, 1
− ω̃a

H2, 2
− h1, 1

+ ω̃α

H3
+ h2, 1 + 1

(
αk̂, β

λ
)

H3
− h2, 1 + 1

(
αλ, β

k̂
)

Table B.3: Harmonic bases for the orientifolded X .

where k̂ = 0, ..., h̃ and λ = h̃, ..., h2, 1. The non-trivial intersection numbers are given

by

∫
X
ωa ∧ ω̃b = δba ,

∫
X
ωα ∧ ω̃β = δβα ,

∫
X
αk̂ ∧ β

l̂ = δ l̂
k̂
,

∫
X
ακ ∧ βλ = δλκ .

(B.27)

The action of the parity operator and the fermion number operator on the 10-dimensional

fields is summarised in Tab. B.4 [35]. It is clear from it that the invariant orientifolded

states must obey

σ∗φ̂ = +φ̂ , σ∗ĝ = +ĝ , σ∗B̂2 = −B̂2 ,

σ∗Ĉ1 = −Ĉ1 , σ∗Ĉ3 = +Ĉ3 . (B.28)

Field Under Ωp Under (−1)FL Under Ωp (−1)FL

φ̂ + + +

ĝ + + +

B̂2 − + −
Ĉ1 + − −
Ĉ3 − − +

Table B.4: Actions of the parity and fermion number operators on the 10-dimensional
spectrum.

One can truncate the N = 2 spectrum as follows. For the Kähler structure we obtain

J = vaωa , B2 = baωa , Jc := J − iB2 = T aωa := (v − ib)aωa . (B.29)

Note, in particular, that the orientifold has projected out the external B2(x) piece, which

before we had dualised into a gauge scalar charged under e0. The complex structure
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deformations are given by applying the orientifold constraint to obtain the conditions

Im (CZ k̂) = Re (CFk̂) = 0 , Re (CZλ) = Im (CFλ) = 0 C := e−φ−iθeK
cs/2

(B.30)

so that the expansion of the holomorphic three-form with the regulator function C is

CΩ = Re (CZ k̂)αk̂ + iIm (CZλ)αλ − Re (CFλ)βλ − iIm (CFk̂)β
k̂ . (B.31)

One can still choose the Kähler gauge so that Z0 = 1, however it is most convenient to

keep the gauge freedom for now while keeping in mind that there are only h2,1 degrees of

freedom in the complex structure sector. Finally, let us look at the one and three-form

gauge field in the RR sector.

The involution constraints impose that

σ∗Â1 = −Â1 , → Â1 ∈ H1,0(Y ) . (B.32)

If X is a Calabi-Yau threefold, there are no non-trivial one-cycles and Â1 should at

most be an external field. However, the orientifold acts trivially on any external fields,

thus the N = 2 graviphoton A0 must be projected out.

Finally,

σ∗Ĉ3 = Ĉ3 , → Ĉ3 ∈ H3
+(Y ) . (B.33)

In this case, Ĉ3 admits an external form C3, that will dualise once again into the

Freud-Rubin flux e0, such that the gauge field can be expanded into

Ĉ3 = C3(x) +Aα ∧ ωα + ξk̂αk̂ − ξ̃κβ
κ := C3(x) +Aα ∧ ωα + Ci3(x) (B.34)

defining a complexified three-form

Ωc := Ci3 + 2iRe (CΩ) , C := e−φ−iθeK
cs/2 . (B.35)

Including the dilaton through the compensator function C is equivalent to trading the

irrelevant scale factor of the three-form Ω by the dilaton, so that all h2, 1 + 1 fields in

the definition of Ωc are physical. This will make it so introducing coordinates to the
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quaternionic manifold later on can be done directly through Ωc.

Much like in type IIB analogue, locally the moduli space can still be written in a

product form of two Kähler manifolds

M̃ks × M̃Q , (B.36)

with M̃ks and M̃Q subspaces of the N = 2 Kähler and quaternionic manifolds, respec-

tively. In contrast with the type IIB, the complex structure manifold is now part of

the quaternionic manifold,Mcs ∈MQ. This would be expected from the usual duality

arguments, where the Kähler sector of type IIB maps to a dual complex structure sec-

tor in IIA and vice versa (for explicit details of the mirror symmetry see, for example,

[31; 371], and references therein). Now we would like to study the effects of the orien-

tifold projection onto the Kähler and quaternionic sector following the conditions laid

out before to obtain the N = 1 effective action.

B.2.1 The Kähler structure of M̃ks

The number of Kähler moduli h1,1 is reduced in half to h1,1
− , i.e.

tA → ta , ωA → ωa , a = 1, ..., h1, 1
− . (B.37)

Note that these projections imply some vanishing of the triple intersection numbers.

Indeed, recall that dV ∈ H6
− which means that

KABCvAvBvC :=

∫
X
vAvBvCωA ∧ ωB ∧ ωC ∝

∫
X
dV , (B.38)

so the integrand must be odd under the action of σ and thus only intersection numbers

with one or three odd-legs are non-trivial after the projection. Similarly, one can apply

the same reasoning to the contractions of the intersection numbers, i.e. KAB and KA,

together with the fact that J ∈ H1,1
− to find

Kαβγ = Kαab = Kαa = Kα = 0 . (B.39)
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Then, the N = 1 Kähler metric can be obtained directly by using the conditions above

on the N = 2 Kähler metric in Eq. (2.20). The orientifolded metric takes the block-

diagonal form

Gab = − 1

4V

(
Kab −

KaKb
4V

)
, Gαβ = −

Kαβ
4V

, (B.40)

Gαa = 0 . (B.41)

The same constraints can be applied to the gauge-kinetic coupling matrix NÂB̂ to get

Re Nαβ = −Kαβaba , Im Nαβ = Kαβ , (B.42)

N0α = Naα = 0 , (B.43)

plus the components Nâb̂ found by substituting
(
Â, B̂, Ĉ

)
→
(
â, b̂, ĉ

)
, with â = 0, a,

in the formulae of Eq. (2.25), Eq. (2.26) and Eq. (2.27). Finally, the Kähler potential

is simply given by

Kks = − ln

[
1

6
Kabc

(
T + T̄

)a (
T + T̄

)b (
T + T̄

)c]
= − ln

(
T̄ â∂T âF − T â∂T̄ âF̄

)
,

(B.44)

with â = 0, 1, ..., h1, 1
− the adapted coordinates of Mks and the prepotential function

that generates the Kähler potential is F = 1
3Kabc

TaT bT c

T 0 . The N = 1 Kähler sector for

the orientifolded effective action reads

S(4)
IIA =

∫
−Gab dT a ∧ ?dT̄ b +

1

2
Im NαβFα ∧ ?F β +

1

2
Re NαβFα ∧ F β , (B.45)

with Fα := dAα.

B.2.2 The quaternionic structure of M̃Q

The quaternionic sector is more involved. The complex structure deformations comply-

ing with the orientifolds constraints are given by considering infinitesimal variations of

Ω and making use of the Kodaira identity Eq. (2.29) as

Ω (z + δz) = Ω(z) + δzK (∂zKΩ) (z) = Ω(z)− δzK
(
∂zKK

csΩ− χK
)

(z) . (B.46)
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We require that both Ω(z) and Ω(z + δz) comply with the orientifold constraints

Eq. (B.25). Also notice that the complex conjugate to the holomorphic three-form

is given by

Ω̄(z̄+ δz̄) = Ω̄(z̄)− δz̄K
(
∂z̄K K̄

csΩ̄− χ̄K
)

(z̄) = Ω̄(z̄)− δz̄K
(
∂z̄KK

csΩ̄− χ̄K
)

(z̄) , (B.47)

since Kcs := −i ln
(
i
∫

Ω ∧ Ω̄
)

= K̄cs by the odd properties of the external product on

odd-forms. This implies that locally

δzK∂zKK
cs = δz̄K∂z̄KK

cs , δzKσ∗χK = e2iθδz̄K χ̄K , (B.48)

where we have used that the involution acts trivially on external pieces so that

σ∗
[
δzK (∂zKK

cs) Ω
]

= δzK (∂zKK
cs) (σ∗Ω) ,

σ∗
(
δzKχK

)
= δzK

(
σ∗χK

)
,

From the first equality of Eq. (B.48) and recalling that Kcs is a Kähler potential, i.e.

∂zKK
cs 6= 0, we find that for each δzK either its real or its imaginary part has to be

zero. The number of degrees of freedom has been halved and one may choose any basis

zK =
(
zk, zλ

)
with Im zk = Re zλ = 0 for any splitting of h2,1 + 1 in k-components and

λ-components. We will keep this splitting generic for now.

These coordinates zK =
(
zk, zλ

)
can now be mapped to adapted coordinates ofMcs

R

by the embedding [31]

ρ : Mcs
R ↪→ Mcs

qK = (zk̂, zλ) 7→ zK =
(
zk̂, izλ

)

and its metric is given by

ρ∗
(
GKL̄dz

K ∧ ?dz̄L
)

= GKL(q)dqK ∧ ?dqL , ρ∗
(
iGKL̄dz

K ∧ dz̄L
)

= 0 . (B.49)
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with the period matrices given by restricting

MK̂L̂ := F̄K̂L̂ + 2i
(Im F)K̂M̂ Z

M̂ (Im F)L̂N̂ Z
N̂

ZM̂ (Im F)M̂N̂ZN̂
, (B.50)

to M̃cs
R and applying the constraints

Im (CZ k̂) = Re
(
CFk̂

)
= 0 , Re (CZλ) = Im (CFλ) = 0 , (B.51)

we find

ReMσλ(q) = ReMk̂l̂(q) = ImMk̂σ(q) = 0 , (B.52)

Finally, the Kähler potential for the quaternionic manifold is [31; 372]

KQ = −2 ln

[
2

∫
Y
Re (CΩ) ∧ ?Re (CΩ)

]
= −2 ln 2

[
Re (CFλ)Im (CZλ)− Im (CFk̂)Re (CZ k̂)

]
= − ln e−4φ . (B.53)

For future reference, when writing the supergravity action in term of chiral supermulti-

plets, it will be convenient to define the coordinates of the quaternionic manifoldMQ

in terms of half of the periods of Ωc [31]

N k̂ :=

∫
X

Ωc ∧ βk̂ = ξk̂ + 2iRe (CZ k̂) , (B.54)

Uλ :=

∫
X

Ωc ∧ αλ = ξ̃λ + 2iRe (CFλ) . (B.55)

B.3 The type IIA N = 1 effective action

The orientifolded effective action is given by [31]

S(4)
IIA,N=1 =

∫
−1

2
R ? 1 +

1

2
Im NαβFα ∧ ?F β +

1

2
Re NαβFα ∧ F β

−Gab dT a ∧ ?dT̄ b − huvdqu ∧ ?dqv − V ? 1 , (B.56)

with the same Freund-Rubin potential

V =
e4φ

2V
e2

0 , (B.57)
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and where

huvdq̃
u ∧ ?dq̃v = dφ ∧ ?dφ+GKL(q)dzK ∧ ?dzL − e2φ

2
(ImM)k̂l̂ dξ

k̂ ∧ ?dξ l̂

−e
2φ

2
(ImM)−1σλ

(
dξ̃σ − ReMk̂σdξ

k̂
)
∧ ?
(
dξ̃λ − ReMk̂λdξ

k̂
)
, (B.58)

is now the metric adapted to the orientifolded quaternionic manifold, of whichMcs
R ∈

MQ.

Analogously to the type IIB case, we are now presented with the problem of defining

appropriate coordinates for the quaternionic manifold. This can be done in a couple

different ways. In [31], the author defines coordinates based on the holomorphic periods

of the truncated theory. Another approach is to think of the appropriate coordinates

as those dual3 to the Kähler sector of the mirror of X , like in [372]. Below we present

the results

• Axio-dilaton: N0 := S = s+ iσ = ξ0 + 2iRe (CZ0) =
∫

Ωc ∧ β0.

• Kähler moduli: T a = va + iba, with a = 1, ..., h1, 1
−

• Even complex structure moduli: Uλ := uλ + iνλ = ξ̃λ + 2iRe (CFλ) =
∫

Ωc ∧ αλ.

• Odd complex structure moduli: Nk := nk + iηk := ξk + 2iRe (CZk) =
∫

Ωc ∧ βk.

The odd complex structure sector is the dual to the odd Kähler sector in type IIB.

To make contact with the same type of theories, we finally make use of the symplectic

freedom to choose Nk = 0. This implies that H3(X ) = H2, 1
+ ⊕H3, 0

+ , and λ = 1, ..., h2,1
+ .

We also remark that the Kähler moduli have been defined in terms of the two-cycle

volume moduli va in contrast with type IIB case, which was defined in terms of the

four-cycle volume moduli τα Eq. (2.60).

With this splitting, the Kähler potential of the truncated theory is given by

K = Kks +KQ , (B.59)

Kks = − ln

[
1

6
Kabc

(
T + T̄

)a (
T + T̄

)b (
T + T̄

)c]
, (B.60)

KQ = −2 ln

[
2

∫
X
Re (CΩ) ∧ ?Re (CΩ)

]
, (B.61)

3There are some subtleties due to the broken symplectic invariance in an orientifolded type IIA
theory and the choice of orientifolds planes in the type IIB dual, see [31].
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and the moduli space is, once again, given locally by the direct product4

Mks
h1, 1
−
×MQ

h2,1
+ +1

. (B.62)

Finally, we would like to put this in the N = 1 gauged supergravity form of [34]

S(4)
IIA,N=1 = −

∫
1

2
R?1+KIJ̄DM

I ∧?DM̄ J̄ +
1

4
Re NαβFα∧F β +

1

4
Im NαβFα∧?F β +V ?1 ,

(B.63)

where the scalar potential is given by

V = eK
(
KIJ̄DIWDJ̄W̄ − 3 |W |2

)
, (B.64)

and we have followed the common notation for the chiral fields and Kähler deriva-

tives described below Eq. (2.65). In this case, the scalar potential is non-zero but

only contains a cosmological constant-like contribution from the Freund-Rubin flux e0

Eq. (B.22). Like in the type IIB case, we would like to introduce background fluxes

that will allow us to stabilise some moduli.

B.4 Type IIA flux compactifications

In this section we will provide the effective action in the case where NSNS and RR

background fluxes are turned on. Furthermore, we will consider the case of massive

type IIA supergravity by allowing for a non-zero Romans mass parameter m [176]. The

massive type IIA ten-dimensional action is

SIIA−M = −
∫ (

1

2
R̂ ? 1 +

1

4
dφ̂ ∧ ?dφ̂+

1

4
e−φ̂Ĥ3 ∧ ?Ĥ3

)
(B.65)

−1

2

∫ (
e3φ̂/2F̂2 ∧ ?F̂2 + eφ̂/2F̂4 ∧ ?F̂4 + e5φ̂/2m2 ? 1 + Ltop

)
,

4Notice that the moduli space will always be given by a direct product of the Kähler sector and
the quaternionic sector, no matter the choice of symplectic gauge.
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where the topological term now has Romans mass dependent pieces

Ltop = B̂2 ∧ dĈ3 ∧ dĈ3 − (B̂2)2 ∧ dĈ3 ∧ dĈ1 +
1

3
(B̂2)3 ∧ dĈ1 ∧ dĈ1 (B.66)

m

[
1

3
(B̂2)3 ∧ dĈ3 −

1

4
(B̂2)4 ∧ dĈ1 −

1

3
(B̂2)5

]
.

Similarly, the field strengths are now given by

Ĥ3 = dB̂2 , F̂2 = dĈ1 +mB̂2 , F̂4 = dĈ3 − Ĉ1 ∧ Ĥ3 −
m

2
(B̂2)2 , (B.67)

and the orientifold invariant fluxes will be given by

H
(F )
3 = h0β

0 − hλαλ , F
(F )
2 = qaωa , FF4 = eaω̃

a . (B.68)

In [34], it was shown that the scalar potential found from dimensional reduction can be

obtained in terms of a superpotential

W = WK +WQ =

∫
X
e−iJc ∧ F (F )

RR + Ωc ∧H(F )
3 = (B.69)

e0 − ieaT a +
1

2
KabcqaT bT c −

im

6
KabcT aT bT c + Sh0 + Uλh

λ ,

and the Kähler potential Eq. (B.59). Here F (F )
RR is the poly-form containing all RR

background fluxes. The fluxed scalar potential is given by [172]

V =
R

s4

[
ρ2

0

2V
+
Gabρ̃aρ̃b

8V
+ 2VGabρaρb +

V
2
ρ2
m +

1

2V

(
s2h2

0 −
1

3

(
uλh

λ
)2
)]

, (B.70)

where R = 16e2KcsRe (Z0)4, and we define the combination ϕ := e0− ξ0h0 + ξ̃λh
λ with

ρ0 = ϕ+ eab
a +

1

2
Kabcqabbbc −

m

6
Kabcbabbbc, (B.71)

−ρa = ea +Kabcqbbc −
m

2
Kabcbbbc, ρ̃a = qa −mba , ρm = m ,

the dual scalars in the democratic prescription of type IIA [173] and use in Chap. 4.

In contrast with the type IIA case, all moduli appear in the Kähler potential and

superpotential. Thus, one might be hopeful that all fields could be stabilised at tree-

level. However, on duality grounds we would expect some obstruction to this goal since
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the type IIB theory required access to non-tree-level corrections to stabilise the Kähler

sector. We will study the stabilisation of the type IIA theory in Sec. B.5.

B.5 Moduli stabilisation in type IIA flux supergravity

In this section we follow the classic analysis of [177]. We will concentrate in studying

the stabilisation of supersymmetric vacua configurations of type IIA. We will find that

we are able to stabilise the dilaton, a linear combinations of axions in ϕ, the complex

structure saxions uλ and the Kähler sector, leaving h2, 1 complex structure axions flat.

To begin, we look for a solution to the F-term equations

DTW = DSW = DUW = 0 . (B.72)

Let us start with the quaternionic sector. The F-term for the axio-dilaton is

DSW = h0 −
2iW

e
√
KQ

Im (CF0) = h0 − 2iWe2φIm (CF0) = 0 , (B.73)

and for the complex moduli we find

DUλ = hλ +
2iW

e
√
KQ

Im (CZλ) = hλ + 2iWe2φIm (CZλ) = 0 , (B.74)

where we have used the definitions of the chiral superfields in terms of the periods of

Ωc so that

∂S = ∂2Re (CZ0)

∂2Re
(
CZ0

)
∂S

= −i∂2Re (CZ0) , (B.75)

∂Uλ = ∂2Re (CFλ)
∂2Re (CFλ)

∂Uλ
= −i∂2Re (CFλ) . (B.76)

Noting that the dilaton is real-valued, the imaginary parts of the quaternionic F-terms

lead to the same condition

Re W = 0 → h0σ + νλh
λ + Re WK = 0 or ϕ = −Re WK . (B.77)

These identical equations allows us to stabilise the dilaton and ϕ field at the minimum of

the potential once we solve for the Kähler and complex structure fields. The degeneracy
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in these F-terms can be seen from the fact that we have h2 1 + 1 complex equations and

only h2, 1 + 1 real fluxes in
(
h0, h

λ
)
, so there is not info degrees of freedom to stabilise

the whole system.

Furthermore, we note that, after solving the previous F-terms

W = Re W + iIm W = iIm W , (B.78)

and thus Im W = 0 implies a vanishing superpotential, which is inconsistent with the

presence of any fluxes. This implies that the only solution to the real part of Eq. (B.73)

is given by

h0 + 2e2φIm W Im (CF0) = 0 → e−φ = −2
Im W

Q0
, (B.79)

with Q0 := e−
√
Kcs h0

Im (F0) . Similarly, for the complex structure sector we find λ equa-

tions

hλ − 2e2φIm W Im (CZλ) = 0 → e−φ

2Im W
= e−

√
Kcs hλ

Im (Zλ)
:= −Q0 . (B.80)

Then the chain of h2, 1 equations

e−
√
Kcs h1

Im (Z1)
= e−

√
Kcs h2

Im (Z2)
= ... = e−

√
Kcs hh

2, 1

Im (Zh2, 1)
:= −Q0 , (B.81)

fixes the complex structure sector. On top of these, Eq. (B.80) will stabilise the ten-

dimensional dilaton φ̂ after the Kähler sector is fixed, given that the four-dimensional

dilaton φ contains a volume factor in its definition.

Before turning to the Kähler moduli, let us note that when the previous equations

are satisfied the superpotential can be written in terms of its Kähler moduli only as

W (T a, S, Uk) = −iIm WK (T a) , (B.82)

meaning the Kähler sector completely decouples from the complex structure sector and

axio-dilaton. We can see this by multiplying Eq. (B.73) by Re (CZ0) and Eq. (B.74)
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by Re (CFλ) and adding them to obtain

−1

2

(
h0σ + hλνλ

)
− iWe2φ

[
2
(
Re (CFλ)Im (CZλ)− Im (CFk̂)Re (CZ k̂)

)]
=

−1

2
Im WQ − iW = 0 . (B.83)

The F-terms for the Kähler moduli are then

DTaW = −iea +KabcqbT c −
im

2
KabcT bT c + i

Im WK

2V
Kabc

(
T + T̄

)b (
T + T̄

)c
= −iea +Kabcqb(v − ib)c −

im

2
Kabc(vbvc − bbbc − 2ibbvc) + i

2Im WK

V
Kabcvbvc = 0 .

(B.84)

The real part leads to

Kabcvc
(
qb −mbb

)
= 0 . (B.85)

Since Kabcvc ∝ Gab, the Kähler metric, for any given row there must at least be a

non-vanishing component so that the metric is invertible. Thus, the object inside the

parentheses must vanish yielding the stabilisation for the Kähler axions

ba =
qa

m
. (B.86)

The imaginary part of the F-term for the Kähler sector gives

Kdefvdvevf
(

4mea + 2Kabcqbqc + 3m2Kabcvbvc
)

+

Kabcvbvc
(

6medv
d + 3Kdefqdqevf

)
= 0 , (B.87)

this gives h1,1 real-equations that are quadratic in va and allow us to stabilise them.

We can also rewrite this equation in terms of the dual scalars from Eq. (B.71), after

tracing over va, as

va
(

10mea + 5Kabcqbqc + 3m2Kabcvbvc
)

= va
(

10ρa + 3m2Kabcvbvc
)

= 0 , (B.88)

Thus, the Kähler sector is fully stabilised, as opposed to the complex structure sector

where only the saxions are fixed at the minimum. One can also understand this as the

Kähler sector having 2 · h1,1
− fluxes, (ea, q

a), compared to the h2,1
+ fluxes of the complex

218



structure sector, hλ.

In contrast to the type IIB moduli stabilisation on Sec. 2.4, we have been able to

stabilise the Kähler sector, the axio-dilaton and the saxions of the complex structure

sector. By duality arguments, however, we see that the complex structure saxions map

to 4-volume cycles in the dual type IIB [31; 371], which had flat profiles at the same

level of the perturbative expansion. In [170], it was shown that turning on any of the

hλ fluxes required to stabilise the complex structure sector leads to a half-flat manifold

and to non-geometric fluxes in the dual type IIB setting. This fluxes are not fully

understood and present a problem regarding the trustability of solutions that employ

them as means to stabilise moduli.

In Sec. 4.5, we present a no-go theorem for the embedding of clockwork into pertur-

bative type IIA theories. We use a form of the potential that formally contains this

fluxes, but the argument is entirely focused on the Kähler sector and the impossibility

of generating the clockwork mechanism through those. The argument only requires a

decoupling of the Kähler and complex structure sector, which is true at tree-level in any

case, to go through. Therefore, the trustability issues are not a factor for our discussion.
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