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Abstract

The increased energy demand and the need for electrical machines capable to deliver high

torque and power in small volumes is pushing the research community to identify suitable

solutions for this target. Nowadays, electrical machines are deeply used also in applications

where the weight containment is important such as automotive and aerospace.

Multi-phase electrical machines are a suitable candidate to help to get this goal. They

present different advantages with respect to classical three-phase machines for example

an increased machine torque capability and more tolerance to sustain fault conditions.

The average torque is increased thanks to an improved winding factor whereas the fault

tolerance improvement is due to the higher number of machine phases. In addition, the

torque ripple is lower thanks to an improved magneto-motive force distribution. Moreover,

the voltage on the single converter is lower, supplying the machine with the same current of

a three-phase system. Another important advantage for the multi-phase arrangement is the

possibility to control more harmonics of magnetic field independently thanks to the more

degrees of freedom. It means new possibilities to implement various control techniques for

improving the machine performance by the injection of additional harmonics higher than

the fundamental.

This thesis describes the work which has been carried out in the past three years, during

the Ph.D program with the results achieved by analytical model implementations, finite

element analysis simulations and experimental tests. The main target is to improve the

machine torque capability and/or reduce its permanent magnet content. To reach this goal,

the multi-phase re-arrangement of three-phase machines and current harmonic injection

techniques are proposed for different machine topologies.

An analytical model is implemented to reduce the magnet content in surface permanent

magnet machines without affecting Joule losses and the average torque. The analytical
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model is validated via FEA.

A model-free technique to improve the torque capability by current harmonic injection

is proposed and its concept is validated experimentally on a V-Shape interior permanent

magnet machine. Sensitivity analyses are carried out to optimise the V-Shape rotor config-

uration to improve the torque under fifth current harmonic injection.

Studying the flux density in the stator core on a classical three-phase surface permanent

magnet machine with a distributed winding layout, it is possible to highlight another ad-

vantage of multi-phase machines which consists in a better flux density distribution.

The proposed work gives a contribution to the research community in terms of new solutions

for increasing the torque capability and/or reducing the permanent magnet content in the

machine without affecting its efficiency for different rotor topologies. Moreover, the pro-

posed stator flux density analysis can give important information about the electromagnetic

behaviour in three-phase distributed winding surface permanent magnet machines.
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Chapter 1

Introduction

This chapter presents an overview about multiphase machines and current harmonic injec-

tion techniques to improve their performance. After a short introduction of the multiphase

machines concept, highlighting the main benefits, particular emphasis is given to the current

harmonic injection techniques which is the focus of this work. The motivations and thesis

outline are also here presented. Finally, the scientific contributions are described together

with the list of publications resulting from the research work carried out.

1.1 Overview on multiphase machines and current harmonic

injection

Nowadays, thanks to the power electronics introduction, the electrical machines can be de-

coupled from the supply source, so that they can be studied and designed with an arbitrary

number of phases m. This concept permits to think more complex designs and controls
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thanks to the more freedom of degrees given by each additional phase than the classical

three. An intrinsic benefit of the multi-phase concept is the possibility to reduce the voltage

on the power drives supplying the same current of the three-phase winding arrangement.

For example, a nine-phase machine system can be supplied by three different inverters

which supply the machine with the same current of one inverter for a classical three-phase

configuration but the voltage is three times lower on each of them. This benefit is really

important for high power drives applications, such as the electric ship propulsion [1]- [7],

but it can fit also for low power applications as the automotive sector [8], [9]; the main

advantage is from a sizing point of view. Viceversa, it is possible to reduce the current

on each inverter leg, by means reducing the inverter switches size, to keep the same volt-

age. It is really important where the target is to work with higher switching frequencies.

Indeed, the reduced power of electronic components permits their commuting frequencies

increment. The multi-phase approach can be applied on existent machines with a winding

re-arrangement or on new machines which can be designed starting from the multi-phase

concept directly. In both cases, the multi-phase winding layout gives the possibility to ap-

ply control techniques which permit to inject more independent current harmonics in the

phases and control more magnetic field harmonics at the airgap with respect to the classical

three-phase winding layout. The multi-phase machine re-arrangement is based on the slots

and poles combination. Therefore, it strongly depends from the machine design. Usually,

the multi-phase winding layout is configured as sum of three-phase subsystems which can be

asymmetrical and symmetrical [10]. In the asymmetrical configuration the different three-

phase subsystems are not equally shifted in the space with a phase progression β = π/m

whereas the symmetrical one presents a phase progression of β = 2π/m which means that

the phase are equally distributed in the space. An example of a dual three-phase winding

arrangement in both configurations asymmetrical and symmetrical is shown in Fig. 1.1.

As well known, the constraints on the current control is related to the number phases m and

the star connection of the system Nstar by the relationship m-Nstar. Therefore, an higher
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Figure 1.1: Two possible magnetic axis configurations of a generic dual three-phase winding arrange-
ment: (a) asymmetrical - (b) symmetrical.

number of phases permits to control the magnetic field generated by different stator current

harmonics separately as mentioned already. For example, the three-phase system gives the

possibility to control only two currents independently, meaning that only the magnetic field

generated by the fundamental stator current can be controlled. In contrast, the control of

four current harmonics in a separate way is possible for a dual three-phase system, control-

ling the fundamental magnetic field and an higher order one. Indeed, additional harmonics

of the armature magnetic field can be controlled by each pair of injected additional currents.

The benefits of multi-phase machines can be summarised with improved performance, lower
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vibrations and acoustic noise, a better fault tolerance and the possibility to implement new

control techniques thanks to the more degrees of freedom of the system [11].

Even if this thesis focuses on improved performance due to the multiphase machines with

and without current harmonic injection, it looks worth to introduce shortly the other main

benefit of the multiphase system: the improved fault tolerance. The main faults of electrical

machines can be summarised in open/short circuit faults and high resistance connections

due to the winding deterioration. Other faults which can depend to the machine electro-

magnetic behaviour are rotor cage faults, bearing faults, eccentricities, permanent magnet

demagnetisation and sensor fault. A short number of papers are following proposed for the

main faults mitigation only. The multiphase machines present an internal redundancy. In-

deed, if one phase is opened, the others can compensate the missing power, minimising the

performance and avoiding the machine failure [12]. The fault tolerance strategies depend

strongly by the machine topology [13]- [16]. A possible solution to improve the perfor-

mance in fault conditions could be supply, with suitable currents, the remaining healthy

phases [17]. Usually, the high resistance faults are compensate by PI regulators. However,

better performance are obtained using additional inverse sequence or resonance regulators,

which is proposed in [18] for multiphase systems. Many works are oriented to find solutions

for avoiding the machine failure due to the short circuit faults. Fault tolerance controls

to maintain the same performance of the healthy machine, increasing the phase currents

significantly, are proposed in [19] and [20] whereas in [21] the short circuit current is kept

to zero compensating the faulty phase back electro-motive force by using the healthy ones.

As mentioned already, multi-phase machines can increase, in a significant way, the perfor-

mance with respect to a classical three-phase one. Indeed, the machine torque capability

and the output power consequently can be increased by improving the winding factor thanks

to a better distribution in the stator phases. Indeed, it is possible to maximise the funda-

mental spatial harmonic of the magneto-motive force and minimising the non-fundamental

ones taking into account the current phase shift control. Various machine and drive topolo-
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gies are used for the different applications. An overview of multi-phase machines and drives

in the transportation field such as road vehicles, rail, aircraft and ship is proposed in [22].

The higher number of phases permit to implement more control strategies to increase the

output torque. Usually, these techniques use the injection of current harmonics with an

order higher than the fundamental [23]- [25]. They are known as current harmonic in-

jection techniques. This mentioned techniques require a detailed investigation for the dif-

ferent machine topologies. Indeed, their effects depending strongly from the design and

machine topology. In [26], the authors apply the third current harmonic injection on a

dual three-phase SPM machine, where the optimum third harmonic current value is derived

analytically, taking into account both constant peak and root-mean-square (RMS) current

constrains. It shows that the torque can be improved by 15% for a machine which does

not present a third harmonic in the back electro-motive force. If this component is present,

the torque can be further improved based on the interaction between the third harmonic

of magneto-motive forces generated by rotor and stator. The third harmonic injection for

maximising the torque is investigated also for a five-phase SPM machine with unequal sta-

tor teeth in [27]. It shows that the torque can be improved by 2.1% for a 10 slots/8 poles

unequal stator teeth machine under third current harmonic injection with the constrain to

keep the same RMS value. The article [28] proposes the third harmonic injection applied

on a five-phase dual rotor machine. It highlights the advantages of the dual rotor solution

which can be designed with a thin back iron. In this way, it is possible to design the rotor

configurations to generate a trapezoidal flux density at the airgap to permit a better torque

improvement under current harmonic injection and in the same time to keep under control

the machine iron losses. A strategy to increase the torque injecting fifth and seventh har-

monic of current is implemented on a dual three-phase SPM machine in [29], where it is

shown that the average torque can be improved by 8.6% thanks to the proposed technique.

A modelling approach to inject the third harmonic in isotropic permanent magnet machines

for a generic winding configuration based on the vector space decomposition and rotational
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transformation is presented in [30]. The work strategy is to minimise the average stator

winding losses for a given reference torque by using the airgap flux density third and first

spatial harmonics. An algorithm for designing symmetrical multi-phase concentrated wind-

ings for maximizing the average torque considering the non-fundamental spatial harmonics

to produce the torque in order to inject additional current harmonics for SPM machines

is proposed in [31]. A general approach for the torque enhancement on a nine-phase SPM

machine is proposed for different magnet span injecting the third and fifth current harmon-

ics [32]. First, the optimum rotor configuration has been found for the proposed control

and then the analysis until the current seventh harmonic injection is carried out. The paper

shows that there is the possibility to increase the torque by 45%. It is clear that the har-

monic injection technique has been well investigated in literature for isotropic permanent

magnet machines. It shows that to know the back electro-motive force is a fundamental

aspect to implement appropriate control algorithms. Indeed, the state-of-art current har-

monic injection techniques for SPM machines are based on the current amplitudes obtained

directly by the back electro-motive force values. Therefore, they strongly depend from the

machine design, for example permanent magnet span percentage on the rotor surface.

However, there is a lower number of works on the current harmonic injection for increasing

the torque production for IPM machines. It is applied to improve the torque capability

and reduce the ripple is applied on an anisotropic doubly salient synchronous reluctance

machine for different multi-phase configurations in [33], finding the optimum injection val-

ues by a study on the interaction between self and mutual inductances with the current

harmonics, where the investigation takes into account losses and dynamic performance in

different torque regions. In [34], the current injection technique to increase the torque on

both SPM and IPM machines is proposed without crossing the peak current limit and using

a look-up table for the injection algorithm. The paper proposes a torque model considering

the harmonics in the permanent magnet flux linkages, inductances and stator currents in

order to investigate the induced torque components which are used in the current harmonic
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design to improve the maximum torque per peak current control. The article [35] offers

a comparative study between doubly salient synchronous reluctance machines with three

different winding configurations by using a current harmonic injection technique. This tech-

nique permits to mitigate the torque ripple produced by the fundamental current generating

an opposite one, presenting an improvement of the average torque at the same time. The

authors in [36] propose an analytical model for three-phase, 12-slot/8-pole single layer dou-

bly salient synchronous reluctance machines. It is shown that the third current harmonic

injection improves the average torque and reduces the torque ripple in the constant region,

while maintaining similar torque performance of the machine supplied with the fundamental

current only in the flux weakening region. Moreover, the paper shows that the injection

of the fifth or seventh current harmonics reduces the output torque. A second current

harmonic method is developed for a 6 stator slots/4 rotor teeth variable flux reluctance

machine in order to enhance the torque density in [37]. The paper displays that applying

the proposed method the output torque can be improved by 22%, with the drawback of a

larger torque ripple. In [38], the authors investigate on a current harmonic injection method

to optimise the flux density at the air-gap and in the yoke simultaneously for a multiphase

induction motor. The method works under heavy load conditions, improving the torque

by 8.47%. Huang et al. investigate the feasibility and effectiveness of the second current

harmonic injection technique in variable flux reluctance machines with different stator/pole

combinations [39] . It shows that the second harmonic current injection is only effective in

6j/(6i ± 2)j stator/pole e.g., 6/4, 6/8, 12/4, 12/8. It is clear that the control algorithms

need a different approach with respect to the state-of-art for the SPM machine. Indeed,

the reluctance effects due to the anisotropic topology cannot be neglected, having a strong

impact on the control algorithm injection. Even in this case, it is important to know in

advance the electromagnetic behaviour of the machine in order to set up an appropriate

control algorithm. The literature lacks about current harmonic injection technique controls

which do not need to know in advance any machine values i.e., model-free techniques.
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1.2 Motivations

From the literature, it is clear that the multi-phase approach combined with the current

harmonic injection technique, can lead to important benefits in terms of machine torque

capability improvement. Starting from the previous knowledge, it seems worth to investigate

more on the multi-phase and current harmonic injection solutions to get improved torque per

volume machines. The literature presents many work focused on the torque improvement by

current harmonic injection for SPM and just a few for anisotropic machines such as IPM.

Moreover it lacks about techniques which do not need to know in advance any machine

values. Therefore, to find a model-free solution, which can be suitable for both machine

topologies, is one of the target of this thesis. The multi-phase and current harmonic injection

approaches can be used on existing machines which were originally designed with a classical

three-phase winding layout supplied by a sinusoidal current. Therefore, this combination of

solutions can give “new life” to the machines without excessive costs, improving their power

density or decreasing the Joule losses for a reference torque. On the other hand, optimising

the rotor starting from multi-phase machines which are supplied by a non-sinusoidal current

can give the possibility to reduce the permanent magnet content into the machine, keeping

high propulsion performance. Nowadays, reducing the magnets amount, keeping high power

density, is one of the biggest challenges for the research community. Indeed, rare earth

permanent magnets have high performance in terms of flux production per volume but

with the drawbacks of high and fluctuating costs.

Additionally, the stator core flux density distribution in three-phase and multi-phase ma-

chines needs to be study for understanding the two different winding layouts behaviour.
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1.3 Thesis Outline

This Ph.D thesis focuses on multi-phase machines and the identification of techniques to

improve their torque capability. A number of studies are carried out on different machine

topologies, which originally were designed with classical three-phase winding arrangements,

supplied with a sinusoidal current. An important part of the proposed thesis work investi-

gates the possibility to increase the average torque by injecting current harmonics with a

higher order than the fundamental. Based on the control with current harmonic injection,

the possibility to reduce the PM content without affect both torque performance and Joule

losses in SPM and IPM machines is also investigated.

Chapter 2 highlights the benefit in terms of flux density distribution in the stator core for

a SPM machine with a triple three-phase winding arrangement with respect to the three-

phase one. Firstly, an analytical model is carried out in order to study the flux density in the

stator core for a three-phase distributed winding layout SPM machine. Based on the flux

density analysis, which is validated via Finite Element Analysis (FEA), an asymmetrical

stator teeth design is proposed for the three-phase machine. At the end, a comparison

between the triple three-phase and classical three-phase winding arrangements shows the

benefit of the multi-phase approach.

In chapter 3, a torque analysis for a three-phase, six-phase and nine-phase distributed

winding arrangements is analysed under different current temporal harmonics in order to

understand the difference in the stator magneto-motive force behaviour and how it affects

the torque. Then, a torque comparison is carried out on a three-phase and dual dual-

three-phase distributed winding layouts for an IPM machine V-Shape machine, showing

the possibility to reduce the machine volume thanks to the multi-phase re-arrangement.

Chapter 4 proposes an investigation on the possibility to increase the average torque
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injecting the third current harmonic on a fractional-slot dual-rotor SPM machine with an

Halbach rotor array without over-crossing the peak current;

Chapter 5 studies an analytical model for a triple three-phase SPM machine in order to

understand which percentage of Permanent Magnet (PM) on the rotor surface is better than

others for injecting current harmonics to keep constant the RMS value. The last analysis

shows that it is possible to reduce the PM content in the machine without affecting Joule

losses and torque performance.

A current harmonic injection technique, which can be applied on both isotropic (i.e., SPM)

and anisotropic (i.e., IPM) machines, is proposed in chapter 6. At first stage, the voltage

harmonic spectra is investigated for both machine topologies. Based on the analysis, the

values for the injection are obtained. At the end, the comparison between the proposed

technique, the state-of-art for SPM machine and the optimum obtained via FEA is proposed.

Based on the technique proposed in chapter 6, a sensitivity analysis is carried out in chapter

7 on a V-shape IPM machine in order to understand which is the best rotor configuration

to improve the average torque by injecting the current fifth harmonic with the proposed

technique. The analysis shows that designing the machine based on the control with the

fifth harmonic injection can give an important reduction of PM content with respect to

the machine designed for the classical control with the sinusoidal current, providing similar

torque performance.

Chapter 8 proposes an analysis for investigating the optimum direction of magnetisation in

order to increase the torque by third current harmonic injection for a synchronous reluctance

machine filled with permanent magnets at the bottom flux barriers.
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1.4 Scientific Contribution

The main target of this thesis is to identify solutions for improving the torque density in

multi-phase machines, increasing it per magnet mass. Therefore, the possibility to reduce

the PM content in the machine is also investigated. Part of this thesis studies the electro-

magnetic behaviour of the flux density distribution in the stator core showing interesting

phenomenon.

The key scientific contributions introduced by this Ph.D thesis are here summarised:

• A simplified analytical model to find flux density asymmetries in distributed winding

surface permanent magnet machines with the number of slots per pole per phase

higher than one and an asymmetrical stator teeth geometry to balance the mentioned

asymmetries;

• A model-free current harmonic injection technique in order to increase the torque

capability on both isotropic and anisotropic machines without knowing in advance

any values for the injection;

• Permanent magnet content reduction on both surface permanent magnet and inte-

rior permanent magnet machines by current harmonic injection technique without

affecting the torque production.
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Chapter 2

Flux Density Analysis in the

Stator Core of Surface Permanent

Magnet Machines with Distributed

Windings

For improving efficiency and thermal management of electrical machines, the iron losses

computation is a fundamental aspect [40]. It leads strictly to the estimation of the flux

density distribution and its behaviour with respect to different harmonic components. In

literature, there are several papers which are proposing techniques to minimise the iron losses

both analytically and via Finite Element Analysis (FEA) optimisation. In [41], a method for

reducing iron losses harmonics due to permanent magnets is proposed. Therefore, the flux

density analysis is essential to estimate and minimise iron losses at the design stage [42]-

[44]. Other works [45], implement complex subdomain models to predict the flux density
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within the stator core always considering symmetrical behaviour [46].

In this chapter, the flux density distribution in different stator teeth has been analysed in

detail considering three-phase distributed windings with a single layer and full pitch. Such

winding configuration is often chosen in fault-tolerant electrical machines [47], [48].

First, an analytical solution has been implemented to demonstrate analytically the asym-

metrical flux density distribution in the stator teeth. It is shown that this phenomenon is

depending on the number of slots per pole and per phase in the machine. The flux den-

sity asymmetries in the stator core can affect the energy losses and so the efficiency of the

machine other than an unbalanced stator core saturation.

Two possible solutions are proposed to balance the flux density asymmetries:

1. An asymmetrical stator teeth design. Therefore, in this case the flux is balanced chang-

ing the stator geometry to keep the same slot area (i.e., same current density) and

iron volume (i.e., same weight) of the original machine.

2. Passing from a classical three-phase arrangement to a triple three-phase one. In this

way, the number per pole and per phase is different with respect to the three-phase

winding layout and it permits the flux asymmetries balancing in the stator teeth.

2.1 Three-phase stator flux density analysis: analytical model

The proposed model is based on a 2D analysis (rotor, or stator, skew have not been consid-

ered) with the assumption of radial flux density in the air-gap, no slotting effect and linear

materials [49]. Under these hypotheses, the magnetic field in the air-gap can be evaluated
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for each angular position (ϑ) in terms of Fourier series as:

H(ϑ) =
∞∑
ρ=1

<{(H̄S,ρ + H̄PM,ρ)e
−jρϑ}, (2.1)

where H̄ρ(H̄ρ = H̄S,ρ+H̄PM,ρ) is the ρth Fourier series component of the spatial distribution

of the magnetic field in the air-gap. The ρth harmonic contribution produced by the stator

currents H̄S,ρ can be defined as:

H̄S,ρ =
3Nq

πδ

Kaρ

ρ
īSρ , (2.2)

where N is the number of turns per phase, q the slots per pole and per phase, δ the air-gap

thickness and Kaρ is the winding factor for the ρth field harmonic. The winding factor can

be written as:

kaρ =

∑Nc
y=1 sin(ρ

∆ψy
2 )ejρψy

pq
, (2.3)

where ψy is the angular shift from the magnetic axis of the y-th coil and the magnetic axis

of the relative phase and Nc is the coils number and q the number per pole per phase. īSρ

is the ρth current space vector defined by the Clarke transformation of the currents for the

three-phase winding (U-V-W) considered:

īSρ =
2

3
(iU + iV e

jρ 2π
3 + iW e

jρ 4π
3 ), ρ = 0, 1, ...∞, (2.4)

where j is the unity imaginary number (j2 = −1).

Because the zero sequence current is null, due to the star connection of the three-phase

winding layout, it is possible to write the following relationships among the space vectors:

īSρ = īS1 if ρ = 3n+ 1,

īSρ = īS∗1 if ρ = 3n− 1, n = 0, 1, 2, ...,∞.

īSρ = 0 if ρ = 3n.

(2.5)
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Table 2.1: Machines parameters

Slots Phases p q air-gap magnet thickness

36 3 2 3 1 [mm] 4 [mm]

It results that the inverse Clarke transformation can be written as:

iU =
i0
2

+ <{̄i1} = <{̄i1},

iV =
i0
2

+ <{̄i1e−j
2π
3 } = <{̄i1e−j

2π
3 },

iW =
i0
2

+ <{̄i1e−j
4π
3 } = <{̄i1e−j

4π
3 }.

(2.6)

Finally, the rotor magnets contribution, to the ρth harmonic of field in the air-gap, can be

expressed with a good approximation as:

H̄PM,ρ =
4BrδPM
µPMπδ

sin(ρ∆PM/2)

ρ
ejρϑr , (2.7)

where Br is the remanence flux density, δPM the magnet thickness, µPM the magnet per-

meability, ∆PM the magnet angular width, and θr the rotor position in electrical radians.

Table 2.1 summarises the main machine parameters, where p is the pole pairs number. The

air-gap flux density, for the considered SPM machine, when the rotor is aligned with the

magnetic axis of phase U (θr = 0), is shown in Fig. 2.1.

The figure highlights the two components of the flux: the one produced by the magnets,

and the flux generated by the stator currents, when the machine is fed with its rated current

(̄iSρ = jiqe
jϑr , with iq = 683 Apk). The total flux density is obtained by the sum of two

components. In order to evaluate the flux density in each stator tooth, the proposed model

considers that all the flux, under the slot pitch, is crossing the air-gap and flowing through

the same tooth. Furthermore, the flux density in the teeth is supposed to be constant in

the volume of each tooth.
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Figure 2.1: Analytical flux density evaluation in the air-gap of a 3 slots per pole and per phase SPM
machine. The initial rotor reference position is ϑr = 0 and the stator currents corresponding to the
rated condition (100 spatial harmonics are considered).
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Figure 2.2: Sketch geometry of the proposed SPM machine

From these additional assumptions, the flux of each tooth is evaluated integrating the flux

density in the air-gap surface facing the tooth and covering the arch between the centres of

the neighbouring slots. The sketch geometry is shown in Fig. 2.2.

Therefore, the analytical evaluation of the teeth flux is provided for each T th tooth by:

ΦT =

∫ ϑT+
∆slot

2

ϑT−
∆slot

2

µ0H(ϑ)LRgdϑ, (2.8)

with ϑT = 2πp
Nslots

(T − 1) the angular position of the centre of the T th tooth (Nslots is the

overall slot number of the stator), ∆slot = 2πp
Nslots

the angular pitch between two neighbouring

slots (or teeth), L the active length of the machine, and Rg the middle radius of the air-gap.

Substituting (2.1), with (2.2) and (2.7), in (2.8) it is possible to define the T th tooth flux
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in terms of Fourier series as:

ΦT =
∞∑
ρ=1

<{Φ̄Tρ}, (2.9)

with:

Φ̄Tρ = 2µ0LRg
sin(ρ∆slot

2 )

ρ
(H̄S,ρ + H̄PM,ρ)e

−jρϑT (2.10)

Under the assumption of the model, the flux density related to one tooth can be evaluated

as:

BT =
ΦT

wtooth
=

2µ0LRg
wtooth

∞∑
ρ=1

sin(ρ∆slot
2 )

ρ
<{(H̄S,ρ + H̄PM,ρ)e

−jρϑT }
(2.11)

Eq. 2.11 can be rewritten in terms of Fourier series as:

BT =
∞∑
ρ=1

<{B̄T,Sρ + B̄T,PMρ}, (2.12)

with the stator contribution:

B̄T,Sρ = [
2µ0LRg
wtooth

sin(ρ∆slot
2 )

ρ

3Nq

πδ

Kaρ

ρ
]̄iSρ e

−jρϑT =

= KSρī
S
ρ e
−jρϑT ,

(2.13)

and the rotor contribution:

B̄T,PMρ =[
2µ0LRg
wtooth

sin(ρ∆slot
2 )

ρ

4BrδPM
µPMπδ

sin(ρ∆PM/2)

ρ
]

ejρϑre−jρϑT = KPMρe
jρ(ϑr−ϑT ),

(2.14)

with KSρ and KPMρ constants depending from the harmonic order.

In case of an MTPA current control algorithm the stator contributions can be expressed

considering for (2.5) as:

B̄T,Sρ = jKSρiqe
j(ϑr−ρϑT ) if ρ = 3n+ 1,

B̄T,Sρ = −jKSρiqe
−j(ϑr+ρϑT ) if ρ = 3n− 1,

B̄T,Sρ = 0 if ρ = 3n.

(2.15)
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with n = 0, 2, 4, ...,∞.
At steady state operation, with an angular speed of the rotor ω (ϑr = ωt), the flux density

in each T th tooth varies in the time according to the following equation:

BT =
∞∑
ρ=1

KPMρcos(ρ(ωt− ϑT ))−

−
∞∑
n=0

KS,[3n+1]iqsin(ωt− [3n+ 1]ϑT )−

−
∞∑
n=2

KS,[3n−1]iqsin(ωt+ [3n− 1]ϑT ).

(2.16)

From the first term of (2.16) it is possible to note that the magnets generate in each tooth

infinite time harmonics (at angular frequency ρω). These present the same amplitude in

each tooth and they are shifted with a fixed time delay dt = ϑT
ω . Therefore, the behaviour

of the teeth is completely symmetrical in time.

Instead, the flux density contribution produced by the currents to each tooth is composed

by a sum of sinusoidal terms all at the same angular frequency (ω). In this case, each

component presents a time delay, from one tooth to the consecutive one, which depends on

the field harmonic order (space harmonic): dt = ±ρϑT
ω .

Therefore, the resulting flux density component is sinusoidal at angular frequency (ω), but

it presents a different magnitude and phase depending on the considered tooth. It is worth

to note that under the assumption of sinusoidally distributed winding (i.e., sinusoidal flux

distribution of the armature field in the air-gap), the latter phenomenon does not appear,

and (2.16) can be simplified as:

BT =

∞∑
ρ=1

KPMρcos(ρ(ωt− ϑT ))−KS,1sin(ωt− ϑT ). (2.17)

This highlights that the asymmetrical distribution of flux density in the stator teeth is due

to the higher order harmonics of the armature field.
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In Fig. 2.3 the expected waveforms of the flux density produced by the magnets and the

stator currents are shown, respectively, for three consecutive teeth when the machine has

q > 1 (in this case q = 3). The corresponding Fourier spectrum is given in Fig. 2.4 in

terms of time harmonics with respect to the fundamental, with the current and magnet

contributions.
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Figure 2.3: Analytical flux density evaluation in the centre of three consecutive stator teeth, as a
function of the rotor mechanical position ϑr/p = 0 : 360, for 3 slot per pole and per phase q = 3.
The stator and rotor contributions are considered separately.
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Figure 2.4: Analytical evaluation of the time FFT for the stator (top) and rotor (bottom) contribu-
tions to the flux density in three consecutive teeth for a three slot per pole and per phase machine
q = 3).

While the contribution of each permanent magnet spatial field harmonic generates a different

time harmonic, the ones produced by the stator result in flux density components at the

fundamental frequency.
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The analytical model, allows to decouple the effect of each stator harmonic contribution

generated at the air-gap, by (2.13) and (2.15), as shown in Fig. 2.5.
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Figure 2.5: Analytical evaluation of the contributions, due to different armature space harmonics
generated at the air-gap, to the stator flux density in three consecutive teeth for a machine with
3 slots per pole and per phase q = 3. The sum of all the contributions (with same frequency and
different phase angles) generates the result provided in Fig. 2.4 (top).

The same analyses are carried out for a machine with one slot per pole and per phase (q = 1):

in Fig. 2.6, flux density waveforms by currents and magnets are shown, respectively. Fig. 2.7

displays the corresponding Fourier spectra and Fig. 2.8 shows the stator spatial harmonic

contributions.
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Figure 2.6: Analytical flux density evaluation in the centre of three consecutive stator teeth, as a
function of the rotor mechanical position ϑr/p = 0 : 360, for 1 slot per pole and per phase q = 1.
The stator and rotor contributions are considered separately.
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Figure 2.7: Analytical evaluation of the time FFT for the stator (top) and rotor (bottom) contribu-
tions to the flux density in three consecutive teeth for a three slot per pole and per phase machine
q = 1).

As expected from the analytical model, the only case with the harmonic contributions

equally shifted among the teeth is for q = 1. The angular phase shift of the flux density in

one tooth caused by the ρth space harmonic (ρϑT ) can be rewritten considering that ρ is

equal to 3n± 1, with n an even number (n = 2k) and Nslot = 6pq.

Therefore, it is possible to re-write the angular phase shift as follows:

ρϑT = ρ
2πp

Nslots
(T − 1) = (3n± 1)

2πp

6pq
(T − 1) =

= (6k ± 1)
2π

6q
(T − 1) =

=
2πk

q
(T − 1)± 2π

6q
(T − 1), k = 0, 1, 2, ...,∞.

(2.18)

It can be seen that the first term in (2.18) is a multiple of 2π only when q = 1, while the

second term does not depend from the considered space harmonic. It results that q = 1 is

the only solution for which the phase shift is not affected by the harmonic order. It is worth

to notice that the phenomenon of the asymmetries in the flux density distribution are not

present in a saturated machine. Indeed, the iron saturation gives a ”natural” balance to the

flux density waveforms in which the magnetic dipoles are all oriented so that for increased
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Figure 2.8: Analytical evaluation of the contributions, due to different armature space harmonics
generated at the air-gap, to the stator flux density in three consecutive teeth for a machine with 1
slot per pole and per phase q = 1. The sum of all the contributions (with same frequency and equal,
or opposite, phase angles) generates the result provided in Fig. 2.7 (top).

current values there is not an increment in the flux density amplitude. It means that in

saturation working conditions the amplitudes are the same in every tooth of the stator.

2.2 Three-phase stator flux density analysis: FEA validation

In order to validate the analytical model, the obtained results have been compared with the

flux density values determined by means of FEA simulations. The comparison is carried out

considering only the radial component of the flux density at the centre of each tooth. This

is a good approximation for the analysis of asymmetries among different teeth, neglecting

local effects. To compare the FEA results with the analytical model, linear materials have

been considered [50]. As a case study, two SPM machines, with q = 3 and q = 1, have been

considered. The machine with q = 1 presents the same phases and poles of the machine

with q = 3 but 12 slots instead 36. The two machine geometries are shown in 2.9 and 2.12

respectively.

Firstly, the 36 slots machine (with q = 3) is analysed. Fig. 2.10 shows the comparison

24



Figure 2.9: SPM machine geometry with q = 3.

0 5 10 15 20 25 30 35

Tooth Number

-2

-1

0

1

2

B
M

ag
n

et
s [

T
]

- FEA

- Analytical

0 5 10 15 20 25 30 35

Tooth Number

-2

-1

0

1

2

- FEA

- Analytical

B
C

u
rr

en
ts

 [
T

]

Figure 2.10: Flux density for each tooth when the rotor is aligned with the phase A (ϑr = 0) and the
stator currents are controlled to generate the rated torque for the machine with q = 3.

between FEA and analytical results for the flux density distribution in all the 36 stator

teeth. The magnet and current contributions (presented at the left and right, respectively),

when the rotor is at its initial position (ϑr = 0), are considered separately. It is shown that

the analytical model presents a good accuracy, for the considered target, with the maximum

error of 56.9% (14th and 15th teeth) in the magnet contribution and by 32.3% (3rd tooth)

in the current one.

Fig. 2.13 displays the same analysis proposed in Fig. 2.10 but for the machine with 12

teeth (q = 1), getting the maximum error between the analytical and FEA models of 15.4%

(3rd tooth) in the magnet contribution and by 6.8% (5th tooth) in the current one. This

displacement can be due to the fact that the analytical model works under the assumption of

radial flux density at airgap and the proposed machine geometry presents a large magnetic
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Figure 2.11: Flux density comparison for three consecutive teeth between FEA and analytical ap-
proach with q = 3.

Figure 2.12: SPM machine geometry with q = 1.

airgap (5mm), so that there is an important tangential component of the airgap flux density

which the analytical model cannot take into the account.

To compare the behaviour for all the rotor positions, Fig. 2.11 and Fig. 2.14 show the

distribution of flux density in three consecutive teeth for one mechanical revolution of the

rotor (ϑr = 0 : 360), for q = 3 and q = 1, respectively. The results presented are validating

the qualitative behaviour expected by the analytical model, i.e., the presence of asymmetries

in the flux density distribution among the stator teeth when q > 1.
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Figure 2.13: Flux density for each tooth when the rotor is aligned with the phase A (ϑr = 0) and the
stator currents are controlled to generate the rated torque for the machine with q = 1.
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Figure 2.14: Flux density comparison for three consecutive teeth between FEA and analytical ap-
proach with q = 1.

2.3 Solutions to Balance the stator flux density distribution

2.3.1 Asymmetrical stator teeth design for three-phase machines

For obtaining a symmetrical flux density distribution in the stator teeth, an asymmetrical

design can be implemented. The new asymmetrical geometry has been designed maintaining

the same overall iron volume and same slot areas with respect to the symmetrical stator

(the original one).
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In order to keep the same volume of iron, the teeth thicknesses are constrained according

to the following relationship:

wT1opt + wT2opt + wT3opt = 3wT . (2.19)

Because the overall flux through one tooth does not depend from its thickness, the new flux

densities can be evaluated from the equations system:


ΦT1 = BT1wTL = BToptwT1optL

ΦT2 = BT2wTL = BToptwT2optL

ΦT3 = BT3wTL = BToptwT3optL

(2.20)

where wT and wTxopt are the original and new new teeth thicknesses (with x a generic

teeth number) and BTopt is the optimal flux density in the new stator teeth geometry (the

one reached when B is symmetrically distributed among the teeth). Combining (2.19) and

(2.20) it is possible to obtain value of the symmetrical flux density distribution as:

BTopt =
BT1wT +BT2wT +BT3wT
wT1opt + wT2opt + wT3opt

(2.21)

Therefore, the new teeth thicknesses are:


wT1opt = wT + ∆T1 = BT1

BTopt
wT

wT2opt = wT + ∆T2 = BT2
BTopt

wT

wT3opt = wT + ∆T3 = BT3
BTopt

wT

(2.22)
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The obtained geometry presents an important drawback: the teeth thicknesses changing

affects the slot areas, increasing some and, more critical, reducing others. In order to achieve

a final geometry with the same slot areas, a new geometrical parameters, εx, is introduced.

The value of εx, for each xth tooth, represents the angular shift of the tooth from its original

axis of symmetry. The new asymmetrical geometry is obtained by evaluating the new teeth

thicknesses, and adding/subtracting the displacements (εx) that allow maintaining the same

slot areas. These can be derived, for example, imposing that the width of the slots S1 and

S2 are kept equal, considering for a further constraint that the average shift of the teeth is

zero. These constraints are presented in the following system of equations:


−∆T1

2 + ε1 − ∆T3
2 − ε3 = 0

−∆T2
2 + ε2 − ∆T1

2 + ε1 = 0

ε1 + ε2 + ε3 = 0

(2.23)

The solution of (2.23) results in the following displacement values, function of the changes

in the teeth thicknesses (given by (2.22)):


ε1 = ∆T3−∆T2

6

ε2 = 2∆T2+3∆T1+∆T3
6

ε3 = −2∆T3−∆T2−3∆T1
6

(2.24)

Fig. 2.15 shows a sketch of the geometrical parameters used to determine the new geometry

whereas Fig. 2.16 presents the comparison between the novel asymmetrical design and the

initial geometry for the considered machine case study (still considering only the armature

contribution to the flux).
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Figure 2.15: Asymmetrical geometry concept
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Figure 2.16: Comparison between asymmetrical and symmetrical geometry

2.3.1.1 FEA: comparison between asymmetrical and symmetrical design for a

three-phase SPM machine

Finite element analysis simulations have been carried out, computing the flux density in

the stator, for a case study of three-phase distributed winding SPM machine. The machine

parameters are summarised in table 2.1 and the peak current in the slot is I = 683A. Fig.

2.17 shows the flux density distribution by stator current only, replacing PMs with iron,

in the yoke for the original symmetrical and new asymmetrical machine geometries. It is

possible to see that the asymmetrical geometry does not have any impacts on the yoke flux
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Figure 2.17: Flux density in the back iron by stator current only, replacing PMs with iron : (a)
symmetrical geometry - (b) asymmetrical geometry.

density distribution which was already homogenous for the original machine geometry. The

flux density in the back iron region above the yth slot Φy (between the two consecutive

teeth T and T − 1) is calculated analytically by:

Φy = Φy−1 + ΦT . (2.25)

The teeth asymmetries are based on the peak of flux densities when the machine works at

rated current and with non linear material. The analyses are proposed for the following

operating conditions: at rated current and overload condition (125 % of rated current).

A. At rated current working condition

In this current conditions the machine works almost on the B-H curve knee, corresponding

to the rated operating condition (Fig. 2.18).

Fig. 2.19 shows the comparison of the flux densities in three consecutive teeth of the two

geometries.

It can be noticed that the flux density distribution becomes even for the novel asymmetrical

geometry. Given that the iron volume is the same, a simple approach to approximately

compare the iron losses for the two geometries can be adopted. In particular, the iron losses
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Figure 2.18: B-H curve of the lamination considered: at rated and overload current operating con-
ditions

0 50 100 150 200 250 300 350
Mechanical Degrees

-1.5

-1

-0.5

0

0.5

1

1.5

B
 [
T

]

First Tooth Asymm
Second Tooth Asymm
Third Tooth Asymm
First Tooth Symm
Second Tooth Symm
Third Tooth Symm

Figure 2.19: Flux density distribution in three consecutive stator at rated current operating condition

can be assumed as proportional to the square value of the flux density in the considered

volume (Piron ' B2).

Therefore, the comparison on the iron losses for the two designs can be analysed from the

value of the term:

∑
B2
Asymm −

∑
B2
Symm∑

B2
Symm

. (2.26)
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Table 2.2: Flux densities and torque at rated current

Parameters Symmetrical Asymmetrical

BT1,peak [T] 1.38 1.19
BT2,peak [T] 1.09 1.19
BT3,peak [T] 1.09 1.19∑

B2
T [T] 4.21 4.18

Average Torque [Nm] 65.00 65.09
Ripple Torque [%] 12.68 12.60

From the simulation results, the evaluated iron losses in the teeth are expected to decrease

of 0.71 % by means of an asymmetrical stator design.

In addition, an uniform distribution of flux density in the teeth is not affecting the torque

and torque ripple performance (Fig. 2.20).
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Figure 2.20: Torque ripple at rated working operation with non-linear material

In table 2.2, the comparison between symmetrical and asymmetrical geometry is sum-

marised.
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Table 2.3: Flux densities and torque at overload condition

Parameters Symmetrical Asymmetrical

BT1,peak [T] 1.58 1.39
BT2,peak [T] 1.25 1.35
BT3,peak [T] 1.26 1.35∑

B2
T [T] 5.65 5.68

Average Torque [Nm] 81.13 81.18
Ripple Torque [%] 12.79 12.10
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Figure 2.21: Flux density distribution in three consecutive stator at 125% of rated current operating
condition

B. At overload working condition

In this operating condition the machine works on the saturation knee (Fig. 2.18), corre-

sponding to an overload of 125%, and the simulations results are shown in Fig. 2.21. The

asymmetrical design still presents an almost perfect symmetrical flux density distribution

whereas the original one is asymmetrical as demonstrated in the initial analysis. Consid-

ering that the machine operates with more flux density than the rated scenario and the

working point is not fully saturated, the differences in terms of percentage of iron losses

reduction is slightly higher.
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Indeed, applying (2.26) the iron losses are 1.24 % less for asymmetrical geometry compared

to the original symmetrical one. Also in these working conditions, it is confirmed that an
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Figure 2.22: Torque ripple at overload working operation with non-linear material

even flux density density distribution in the teeth is not significantly affecting the torque

(Fig. 2.22). In table 2.3, the results are summarized. Further analyses on the flux den-

sity distribution for higher overload conditions have been conducted showing that the flux

density peaks will be more uniform for all teeth. However, the advantages of the proposed

geometry are not completely eliminated when the machine saturates, because the asym-

metrical layout allows to minimise the drop of magneto-motive force in the most saturated

areas, allowing for a slight increase of the average output torque.

2.3.2 Multi phase approach: nine-phase winding arrangement

Passing from a classical three-phase distributed winding layout to a multi-phase one, the

flux density in the stator teeth is balanced thanks to the fact that the slots number per

pole and phase is q = 1. Based on the parameters of the proposed SPM machine (table

2.1), the multi-phase winding layout is a triple three-phase asymmetrical configuration with

a shift angle between the phases of the same subsystem of 2π
3 and a shift angle between

the two subsystems of π
9 as it is shown in Fig. 2.23. The analyses is carried out via FEA,
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under assumption of linear material. The stator teeth flux density comparison between the

three-phase winding layout and the triple three-phase one is shown in Fig. 2.24.

π
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Figure 2.23: Asymmetrical 3x3-phase winding configuration
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Figure 2.24: Flux density comparison for three consecutive teeth between 3-phase and 3x3-phase
winding layouts.

From Fig. 2.24 is clear that the flux density is balanced in every tooth of the machine for

the multi-phase configuration and in consequence the iron saturation is the same in each

part of the core. Following the same approach proposed in 2.3.1.1, considering the iron

losses proportional to the squared of peak flux density in the considered tooth Piron ' B2,

it is possible to understand if there are benefits in terms of iron losses reduction with the
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Table 2.4: Flux densities and torque 3P vs 3x3P

Parameters 3-phase 3x3-phase

BT1,peak [T] 2.375 2.212
BT2,peak [T] 2.067 2.212
BT3,peak [T] 2.094 2.212∑

B2
T [T] 14.30 13.48

proposed multi phase approach by: ∑
B2

9P −
∑
B2

3P∑
B2

3P

. (2.27)

The results are summarised in the table 2.4, which shows that the flux density asymmetries

in the stator core does not affect strongly the machine iron losses.

2.4 Conclusion

In this chapter, a detailed investigation of the flux density distribution in the teeth of an

SPM machine has been carried out via analytical and FEA. The results highlight that in a

three-phase machine with distributed winding the flux density distribution is not symmet-

rical when the number of slots per pole and per phase is higher than one (q > 1). This

aspect can be taken into account in the early stage of the machine design, when simplified

analytical models are used to predict the initial electrical machine geometrical parameters.

In particular, the presented model can be used to predict the effects of these parameters

on the asymmetrical distribution of iron losses and saturation, which are related to the

tooth flux density. The behaviour, expected by the simplified analytical model, has been

validated against FEA results for two examples of SPM machines with different numbers of

slots per pole and per phase: q = 3 and q = 1. It is found that the flux density in different
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teeth is asymmetrical for a machine with q = 3, while it is symmetrical for a machine with

q = 1. The proposed analytical model cannot predict in an accurate way the flux density

distribution when the machine is working on the B-H curve knee or in the saturation zone.

Based on the flux density analysis in the stator teeth, a novel asymmetrical design approach

is proposed. The method aims to improve the efficiency of electrical machines, reducing

their energy losses and obtaining the same saturation in each machine stator tooth. The

stator can be modified accordingly in order to balance the flux densities and reduce the

magneto-motive force drop in the stator iron. The FEA results confirmed that with the new

asymmetrical geometry it is possible to reduce slightly the iron losses without affecting the

output torque and the torque ripple. From a manufacturing point of view the conventional

methodology can be used because the bidimensional sheet does not change in comparison

to the traditional one with the same tolerances and constrains on the fittings. However,

the geometry modifications are very small so that the differences could be within the sheet

cutting tolerances. Moreover, the proposed analytical method for obtaining a balanced flux

density in the stator teeth, proposing an asymmetrical geometry, calculates the optimum

parameters for a selected operation point of the B-H curve. It means that if the machine

current changes for any reasons, the stator flux density balancing cannot be guaranteed.

Finally, the multi phase approach is proposed in order to balance the flux density asym-

metries in the stator teeth which deals with a homogenous saturation in every parts of the

core. It can be obtained without modifying the machine geometry.
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Chapter 3

Torque Analysis for Three and

Multi Three-Phase Distributed

Windings

This chapter highlights the advantages of the multi phase concept in terms of ripple and

average torque. Indeed, the torque is due by an interaction between the Magneto-Motive

Force generated by stator (MMFS) (i.e., by the current flowing in the phases) and the

MMF generated by rotor (MMFR). In addition, the space harmonic spectra is analysed for

different temporal harmonic of currents for understanding its behaviour for different phase

configurations.
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3.1 Magneto-motive force analysis for three and multi three-

phase windings

In this chapter, it is reported the MMFs generated by a symmetrical multi phase system

composed by m phases which are fed by a symmetrical set of currents
∑m

x=1 ix = 0 and

shifted each other by an angle of 2πp
m with p the pole pairs number. The MMFs can be

calculated as in 3.1:

MMFS(~i, λ) = ~N(λ)T~i, (3.1)

where ~N is a vector which represents the winding functions for each phase and λ is the

spatial coordinate in the static reference frame. The winding function and current vectors

are expressed in 3.2 and 3.3 respectively.

~N(λ) =


...∑∞

ρ=0Nρcos(ρpλ− 2πpρ
m x− λ)]

...

 (3.2)

~i(λ) =


...∑∞

τ=0 Iτ cos(τωelt−
2πpρ
m x− ψ)]

...

 (3.3)

Substituting 3.2 and 3.3 in 3.1:

MMFS(~i, λ) =

m∑
x=1

∞∑
ρ=0

∞∑
τ=0

NρIτ{cos(npλ−
2πpρ

m
x− λ)

cos(qωelt−
2πpρ

m
x− λ)}

(3.4)

Using the Eulero’s formula (3.5):

cos(A)cos(B) =
cos(A+B) + cos(A−B)

2
(3.5)
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the 3.4 can be rearranged in the following way:

MMFS(~i, λ) =
m∑
x=1

∞∑
ρ=0

∞∑
τ=0

NρIτ
2
{

cos(npλ+ ωeltτ −
2πpρ

m
x− 2πpτ

m
x− λ− ψ)+

cos(npλ+ ωeltτ −
2πpρ

m
x+

2πpτ

m
x− λ+ ψ)}

(3.6)

MMFS(~i, λ) =
m∑
x=1

∞∑
ρ=0

∞∑
τ=0

NρIτ
2
{

cos(npλ+ ωeltτ −
2πp(h+ τ)

m
x− λ− ψ)+

cos(npλ− ωeltτ −
2πp(h− τ)

m
x− λ− ψ)}

(3.7)

MMFS(~i, λ) =
∞∑
ρ=0

∞∑
τ=0

NρIτ
2

Re{

e(npλ+ωeltτ+λρ−ψ)
m∑
x=1

e−j
2πp(ρ+τ)

m
x+

e(npλ−ωeltτ−λρ+ψ)
m∑
x=1

e−j
2πp(ρ−τ)

m
x}

(3.8)

From the previous equations, it is possible to notice that for each current temporal harmonic

τ there is a spectra of spatial harmonics ρ. With this formulations, it is possible to calculate

analytically which harmonics order will be present in different winding configurations (three

or multi-phase) for different injected temporal current harmonic components. Some spatial

harmonics present the same rotating direction of the fundamental component (direct) while

others the opposite direction (inverse).

In Table 3.1 are summarized the inverse and direct MMFs spatial harmonics until the 19th

and the current temporal harmonics until the 13th for a classical three-phase system.

The six-phase arrangement is obtained as a sum of two 3-phase subsystems, with a shift of
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Table 3.1: Magneto-motive force spatial harmonics spectrum generated by different temporal current
harmonics for a three-phase system

- τ = 1 τ = 3 τ = 5 τ = 7 τ = 9 τ = 11 τ = 13

ρ = 1 ωelt 0 −5ωelt 7ωelt 0 −11ωelt 13ωelt
ρ = 3 0 3ωelt and −3ωelt 0 0 9ωelt and −9ωelt 0 0
ρ = 5 −ωelt 0 5ωelt −7ωelt 0 11ωelt −13ωelt
ρ = 7 ωelt 0 −5ωelt 7ωelt 0 −11ωelt 13ωelt
ρ = 9 0 3ωelt and −3ωelt 0 0 9ωelt and −9ωelt 0 0
ρ = 11 −ωelt 0 5ωelt −7ωelt 0 11ωelt −13ωelt
ρ = 13 ωelt 0 −5ωelt 7ωelt 0 −11ωelt 13ωelt
ρ = 15 0 3ωelt and −3ωelt 0 0 9ωelt and −9ωelt 0 0
ρ = 17 −ωelt 0 5ωelt −7ωelt 0 11ωelt −13ωelt
ρ = 19 ωelt 0 −5ωelt 7ωelt 0 −11ωelt 13ωelt

π
6 radians between them:

~i1(λ) =


...∑∞

τ=0 Iτ cos(τωelt−
2πpρ
m x− ψ)]

...

 (3.9)

~i2(λ) =


...∑∞

τ=0 Iτ cos(τωelt−
2πpρ
m x+ π

6 − ψ)]
...

 (3.10)

Therefore, the (3.8) can be re-written as following:

MMFS(~i, λ) =

∞∑
ρ=0

∞∑
τ=0

NρIτ
2

Re{

e(npλ+ωeltτ+λρ−ψ)
3∑

x=1

e−j
2πp(ρ+τ)

3
x +

3∑
x=1

e−j(
2πp(ρ+τ)

3
+π

6
)x

e(npλ−ωeltτ−λρ+ψ)
3∑

x=1

e−j
2πp(ρ−τ)

3
x +

3∑
x=1

e−j(
2πp(ρ−τ)

3
+π

6
)x}

(3.11)
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Table 3.2: Magneto-motive force spatial harmonics spectra generated by different temporal current
harmonics for a dual three-phase system

- τ = 1 τ = 3 τ = 5 τ = 7 τ = 9 τ = 11 τ = 13

ρ = 1 ωelt 0 0 0 0 −11ωelt 13ωelt
ρ = 3 0 3ωelt 0 0 −9ωelt 0 0
ρ = 5 0 0 5ωelt −7ωelt 0 0 0
ρ = 7 0 0 −5ωelt 7ωelt 0 0 0
ρ = 9 0 −3ωelt 0 0 9ωelt 0 0
ρ = 11 −ωelt 0 0 0 0 11ωelt −13ωelt
ρ = 13 ωelt 0 0 0 0 −11ωelt 13ωelt
ρ = 15 0 3ωelt 0 0 −9ωelt 0 0
ρ = 17 −ωelt 0 5ωelt −7ωelt 0 0 0
ρ = 19 ωelt 0 −5ωelt 7ωelt 0 0 0

The harmonic spectra for this configuration is shown in Table 3.2.

The MMFs harmonic spectra for a triple three-phase system is displayed in Table 3.3.

Analysing the proposed results, it is possible to notice that the MMFs presents more spatial

components when the machine is arranged with the classical three-phase winding layout with

respect to the multi-phase ones for each current temporal harmonic. In particular, higher

is the number of phases, lower are the spatial components in the harmonic spectra. This

behaviour has repercussions on the ripple torque as it will be shown in the next section.
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Table 3.3: Magneto-motive force spatial harmonics generated by different temporal current harmonics
for a nine-phase system

- τ = 1 τ = 3 τ = 5 τ = 7 τ = 9 τ = 11 τ = 13

ρ = 1 ωelt 0 0 0 0 0 0
ρ = 3 0 3ωelt 0 0 0 0 0
ρ = 5 0 0 5ωelt 0 0 0 −13ωelt
ρ = 7 0 0 0 7ωelt 0 −11ωelt 0
ρ = 9 0 0 0 0 9ωelt and −9ωelt 0 0
ρ = 11 0 0 0 −7ωelt 0 11ωelt 0
ρ = 13 0 0 −5ωelt 0 0 0 13ωelt
ρ = 15 0 −3ωelt 0 0 0 0 0
ρ = 17 −ωelt 0 0 0 0 0 0
ρ = 19 ωelt 0 0 0 0 0 0

3.2 Torque Ripple Analysis

The torque of an electrical machine is produced by the interaction between the magneto-

motive force spatial harmonics of stator and rotor. When the same spatial harmonic presents

the same speed, the harmonic interaction generates DC torque (average) whereas if the speed

is different the interaction generates an AC torque (ripple).

A general torque relation can be written as:

T = −∂W
∂∆

, (3.12)

where W is the magnetic field energy at the air-gap and ∆ is the periphery angle in radians,

circumscribed by the rotor with respect to the stator. Under hypothesis of an uniform air-

gap the torque can be written as:

T = − lδ

2µ0

∂

∂∆

∫ 2π

0
[B(λ, t)]2dλ. (3.13)
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The magnetic flux density can be written as:

B(λ, t) =
µ0

δ
F (λ, t) (3.14)

where F (λ, t) = MMFS(λ, t) + MMFR(λ, t) is the magneto-motive force at the air-gap

given by the sum of stator and rotor contributions.

Substituting 3.14 in 3.13, the torque can be re-written as:

T = − lδ

2µ0

∂

∂∆

∫ 2π

0
[
µ0

δ
(MMFS(λ, t) +MMFR(λ, t))]2dλ (3.15)

Based on the rotor layout, different MMFR amplitudes and spatial spectra are generated.

The hypothesis is that a generic rotor generates the following MMFR spatial components:

1st 3rd, 5th, 7th, 9th, 11th, 13th 15th 17th 19th. In the following part of this section, the

three-phase, dual three-phase and triple three-phase winding arrangements supplied with a

fundamental current only, taking into the account the spatial harmonics until the 19th, are

analysed. The analysis shows which harmonics interaction generates DC torque and which

AC torque without to take into the account their amplitudes.

In the classical three-phase winding configuration, supplied with the only fundamental cur-

rent component, the AC torque presents the sixth, twelfth and eighteenth harmonics as

shown below:

• 1st rotor harmonic + 1st stator harmonic → ωelt - ωelt → T1 (Constant)

• 5th rotor harmonic + 5st stator harmonic → 5ωelt + ωelt → T6

• 7th rotor harmonic + 7st stator harmonic → 7ωelt - ωelt → T6
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• 11th rotor harmonic + 11st stator harmonic → 11ωelt + ωelt → T12

• 13th rotor harmonic + 13st stator harmonic → 13ωelt - ωelt → T12

• 17th rotor harmonic + 17st stator harmonic → 17ωelt + ωelt → T18

• 19th rotor harmonic + 19st stator harmonic → 19ωelt - ωelt → T18

In contrast, the dual three-phase configuration, in the same current conditions, does not

present the sixth harmonic of torque because it does not generates the fifth and seventh

magneto-motive force harmonics by stator. Therefore, the torque components are:

• 1st rotor harmonic + 1st stator harmonic → ωelt - ωelt → T1 (Constant)

• 11th rotor harmonic + 11st stator harmonic → 11ωelt + ωelt → T12

• 13th rotor harmonic + 13st stator harmonic → 13ωelt - ωelt → T12

• 17th rotor harmonic + 17st stator harmonic → 17ωelt + ωelt → T18

• 19th rotor harmonic + 19st stator harmonic → 19ωelt - ωelt → T18
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Finally, the nine phase (i.e., triple three-phase) configuration is investigated. From the

following analysis, it is clear that only the eighteenth AC torque component is present due

to the MMFs and MMFR interaction of the seventeen and nineteen harmonics.

• 1st rotor harmonic + 1st stator harmonic → ωelt - ωelt → T1 (Constant)

• 17th rotor harmonic + 17st stator harmonic → 17ωelt + ωelt → T18

• 19th rotor harmonic + 19st stator harmonic → 19ωelt - ωelt → T18

3.3 Advantages of multi-phase systems in terms of improved

torque performance

This section presents a case study of machine analysis, aiming at highlighting the enhance-

ment in the performance that can be reached transitioning from a three-phase system to a

multiple three-phase one. The electrical machine adopted in this system is a 4 pole pairs

IPM machine with a V-Shape rotor layout, as shown in Fig. 3.1. The main advantages of

this machine are high torque density and an extended power range capability over the base

speed (namely flux weakening region). A summary of the machine parameters is given in

Table 3.4. The following analysis is mainly focused on torque and efficiency performance

considering two different winding layouts: a conventional three-phase distributed winding

and a dual three-phase one.

In order to simulate the machine with a FEA software, a work of reverse engineering is

adopted, measuring the machine parameters from the prototype available in the electrical
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Figure 3.1: V-shape IPM machine sketch.

machines laboratory. In particular, the geometrical parameters are measured by a caliper

and the magnet flux by a flux meter. In order to validate the FEA model obtained from the

measured parameters, the obtained BEMF is compared with the experimental one, showing

good accuracy (Fig. 3.2).
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Figure 3.2: Back Electro-Motive Force (BEMF) comparison between finite element and experimental
analyses at 1500 rpm for the proposed V-Shape IPM machine.

The experimental BEMF has been obtained to drive the IPM machine at 1500 rpm by an

induction machine coupled with it.
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Table 3.4: Machine parameters

Parameters Values Units

Pole pairs (p) 4 -
Slots number (Q) 48 -

Winding turns (nc) 8 -
Length steak (Lstk) 110.0 mm

Outer stator diameter (OD) 203.0 mm
Inner stator diameter (ID) 138.0 mm

Slot height (hs) 25.07 mm
Back iron height (hy) 33.1 mm

Tooth width (tw) 5.2 mm
Airgap (g) 0.7 mm

Magnet length (lm) 20.0 mm
Magnet height (hm) 4.0 mm

The IPM machine prototype under study presents a skewed rotor of a quarter slot (1.875

mechanical degrees). In order to take this aspect under consideration, two different 2D

FEA simulations are carried out. The first one is set with the rotor shifted by -1.875

mechanical degrees with respect to the phase A whereas the second one with a shift of

+1.875 mechanical degrees. The final BEMF waveform is obtained by the combination of

these two waveforms.

3.3.1 Torque analysis

A multi-phase design can give significant benefits in terms of ripple and average torque.

Indeed, the control strategy of a multi-phase machine can be extended to the control of

some high order space harmonics of the airgap magnetic field [?]. In addition, the winding

factor is higher compared to a three-phase winding [51], leading to a higher average torque.
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In this section, both torque and torque ripple have been carried out by means of finite

element analysis simulations, maintaining the same machine’s overall volume and supply

conditions. In Fig. 3.3 the torque ripple resulting from a different winding arrangement is

shown for three-phase and dual three-phase distribution, respectively. The results highlight
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Figure 3.3: IPM machine torque comparison between three-phase and dual three-phase winding ar-
rangements.

that the dual three-phase machine features an average torque of 81.1 Nm with respect to

the 78.4 Nm of the three-phase machine, with an overall increment of +3.40%. The multi-

three-phase layout reduces the torque ripple as well, confirming the analysis carried out

in section 3.2. In the three-phase winding layout case the peak to peak torque ripple is

25.58%, whereas it is 13.65% for the dual three-phase one, leading to an overall reduction

of the oscillations by 11.93%, with respect to the three-phase machine.

3.3.2 Losses analysis

In literature, many researchers have been working on the estimation of the iron losses with

analytical and FEA models. In [52], an accurate prediction of iron losses for various frequen-
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cies and magnetic flux densities, considering the influence of higher order time harmonics

and minor loops, is presented. In [53], an improved model of the iron losses for an induction

machine based on a comparison of different equations has been developed. The influence

of the pulse width modulation (PWM) generated by inverter on machine iron losses is also

described in [54]. In order to have a preliminary indication of the iron losses in the machine,

the classical Steinmetz method is considered with the hypothesis of sinusoidal flux in the

iron. This is used as a quantitative method for a comparative estimation of the iron losses

expressed with the following equation:

Piron = B2
peak(khyfp + kedf

α
p ) (3.16)

where Bpeak is the maximum value of flux density in the iron, khy and ked are the hysteresis

and eddy current coefficients, respectively, fp is the fundamental frequency and α is the

Steinmetz coefficient.

However, considering a unique value of Bpeak in the stator core does not permit to consider

the asymmetrical flux density behaviour. In fact, for a three-phase machine presenting a

number of slots/poles per phase q > 1, the flux density is not symmetrical due to high

harmonic order fields generated by currents as shown in chapter 2 . In this case, another

advantage introduced by the dual three-phase winding is that the number of slots/poles per

phase is q = 1 so that the flux density results symmetrical in all stator core parts. The ap-

proach proposed takes into the account these asymmetries allowing for a better comparison

between the two considered winding layouts. The iron losses in the two consecutive teeth

and on two consecutive yokes at the top of each area are calculated as follows:

Ptooth1 = ktPspec,iron( Bt1
Bref

)2(khy(
fp
f ) + ked(

fp
f )α)wt

Ptooth2 = ktPspec,iron( Bt2
Bref

)2(khy(
fp
f ) + ked(

fp
f )α)wt

Pyoke1 = kyPspec,iron(
By1

Bref
)2(khy(

fp
f ) + ked(

fp
f )α)wy

Pyoke2 = kyPspec,iron(
By2

Bref
)2(khy(

fp
f ) + ked(

fp
f )α)wy

(3.17)
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where Pspec,iron takes into the account the specific iron losses in the core, while kt, ky, Bt,

By, wt and wy are the correction coefficients, peak flux density values and weights related

to the teeth and the volumes of back iron around the slots, respectively; f is the reference

frequency (50 Hz) and Bref is the reference flux density (1 T) for the iron losses calculation.

The weight of a single tooth wt is calculated as:

wt = γironhstwLstk, (3.18)

where γiron = 7800kg/m3 is the specific weight of the used iron.

The weight of one part of the considered back iron wy is calculated as:

wy = γironπ(OD − hbi)hbiLstk, (3.19)

where hbi = OD/2− ID/2− hs.

Table 3.5 lists the parameters used for the FEA simulations.

Finally, it is possible to obtain the total iron losses in the stator by applying the following

equation:

Piron,stator =
Qs

2
(Ptooth1 + Ptooth2 + Pyoke1 + Pyoke2), (3.20)

where Qs is the total number of teeth of the machine.

Table 3.6 summaries the results obtained from the comparison of the two different winding

arrangements. It is worth to highlight that, albeit the local saturation in the teeth of the

dual three-phase machine is more balanced, the overall stator iron losses are not significantly

affected by the winding configuration.
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Table 3.5: Simulation parameters used for the iron losses analysis

Parameters Value

Pspec,iron [W/kg] 2.30
khy 0.70
ked 0.30
f [Hz] 50
Bref [T ] 1
fp[Hz] 100
α 2
kt 2
ky 1.5
wt 0.12
wy 0.08

3.3.3 Efficiency

The mechanical and rotor losses are neglected for simplicity in this qualitative evaluation

exercise, as their contribution will only add an equal offset in the quantities of both anal-

ysed machines. The Joule losses have been calculated implementing the classical equation,

considering the DC component only due to the low frequency of the system, function of the

resistance R and phase current IRMS squared. Therefore, after the mentioned hypothesis,

the efficiency can be calculated as:

η =
Tavgωm

Tavgωm + Piron,stator + Pj
, (3.21)

where Tavg is the average torque and ωm is the rotor mechanical pulsation corresponding

to the machine rated speed.
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Table 3.6: Iron losses comparison results

Parameters 3-phase 2x3-phase

Bt1 [T] 1.77 1.77
Bt2 [T] 1.75 1.77
By1 [T] 1.94 1.88
By2 [T] 1.84 1.88

Piron,stator [W] 337 338

Table 3.7: Winding configurations comparative analysis

Parameters 3-phase 2x3-phase Units

Ipeak 71.25 71.25 A
Pj 39.10 39.10 W

Piron,stator 337 338 W
Ptot 365 364 W
ωm 157.08 157.08 rad/s
Tavg 78.4 81.1 Nm
Pout 12.32 12.74 kW
η 97.12% 97.22% -

3.3.4 Results comparison

In this subsection, a summary of the compared results between three-phase and dual three-

phase systems is given, as reported in Table 3.7. It is worth to highlight that for the same

current loading in the machine slots, the mechanical output power is higher with a multi-

phase configuration (+3.4%), and consequently showing an improved torque capability. If

the application is demanding a minimization of the volume, the machine can produce the

same torque with the same current load and reduced volume.
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Indeed, the torque is proportional to the stack length of the machine, consequently the

active stack length for the multi-phase machine can be reduced from l3P = 110.0mm (the

active stack length of the three-phase machine) to l2x3P = 106.3mm. This can lead to a

weight reduction from 32.3 kg to 31.2 kg if a multi-phase winding is adopted. Therefore,

for the same phase current and output torque, the multi-phase machine will result 1.10 kg

lighter (about 3.4%). Furthermore, also the efficiency results to be slightly increased (about

0.10%) compared to the three-phase winding solution.

3.4 Conclusion

In this chapter, analytical MMFs and torque ripple investigation, considering a generic

rotor which produces the only odd harmonics until the 19th, are carried out for different

distributed winding arrangements (three-phase, dual three-phase and triple three-phase).

From the analysis, it is clear that the multi phase approach gives benefits in terms of torque

ripple with respect to the classical three-phase one due to the fact that some magneto-motive

force non-fundamental spatial harmonics are not generated. In addition, the multi-phase

approach gives better performance in terms of average torque also. It is shown for an IPM

machine with a V-shape rotor configuration which passing from the classical three-phase

system to the dual three-phase one presents an improved torque by 3.40% thanks to an

improved fundamental winding factor which passes from 0.9659 to 1. For the proposed

machine, the torque ripple is lower by 11.93% for the multi-phase system with respect to

the three-phase one.

Alternatively, keeping the same average torque and passing from a three-phase arrangement

to a dual three-phase one, it is possible to reduce the machine overall volume (i.e., machine

weight) or the input RMS current (i.e, machine Joule losses).

55



The main drawback of the multi-phase machines is the increased amount of power electronic

components in the electric drive. It means that the system presents higher fault probability.

Indeed, the intrinsic benefit in terms of fault-tolerance due to the multi-phase winding

layouts clashes with the sensibility of the electronic components which present statistically

higher probability to have failures with respect to the electromechanical devices. However,

with suitable control algorithms, the drive probability fault can be often reduced (e.g., open

phase faults with fault tolerant control algorithms).
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Chapter 4

Harmonic Injection Technique to

Keep the Peak Current Constant

for Surface Permanent Magnet

Machines

In this chapter, the multi-phase approach and current harmonic injection technique are pro-

posed for a dual rotor SPM machine. In particular, the study focuses on how the third

current harmonic injection technique, at peak current constant, can influence the perfor-

mance of a dual rotor machine with fractional slots and Halbach array for E-Bike [55]

which was originally designed with a classical three-phase winding arrangement.
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4.1 Preliminary analyses and current harmonic injection equa-

tions

4.1.1 Dual rotor machine characteristics

The dual rotor machine under investigation presents a Halbach configuration rotor and a

stator with Fractional Slots Concentrated Windings (FSCW). The main machine parameters

are: 24 slots, 14 pole pairs and a fundamental frequency of 2100 Hz. The geometry is shown

in Fig. 4.1. The multi phase winding layout is designed in order to allow a phase shift current

control for improving the torque capability.
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Figure 4.1: Dual rotor machine sketch and winding configuration.
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4.1.2 BEMF at base angular speed

In this work, the asymmetrical dual three-phase solution with a shift of 30 electrical degrees

between the two different sets is adopted. This solution increases the machine torque

capability, provided that the currents of both sets are controlled properly.

In Fig. 4.2, a BEMFs comparison, carried out by means of Finite Element Analysis, between

three-phase and multi-phase configurations with linear material is given. The choice to set

linear materials for the simulation is due to get the BEMF waveforms generated by PM

oriented with a Halbach layout avoiding the saturation effects.
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Figure 4.2: SPM dual rotor: back electro-motive forces for 3-phase and 2x3-phase with linear material
by FEA.
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In order to have a complete BEMFs analysis, the waveforms with non-linear material are

carried out and proposed in Fig. 4.2 for both winding configurations.
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Figure 4.3: SPM dual rotor: back electro-motive forces for 3-phase and 2x3-phase with no-linear
material by FEA.

From the results, It is possible to see that in non-linear material configuration the BEMFs

are not perfectly sinusoidal due to the core saturation.

The linear BEMFs are taking into the account for the calculation of the third harmonic

amplitude for the injection whereas the torque comparison with and without injection will

be presented for the no-linear material.
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The BEMFs for dual three-phase system shows the 30 electrical degrees shift between the

same phase for the two different set of windings. In this motor, the Maximum Torque

Per Ampere (MTPA) is achieved when the phase currents are aligned with the respective

BEMFs because the d-axis reactance is equal to the q-axis one (Xd = Xq). This corresponds

to have both the three-phase subsystems operating with only their quadrature component

of the currents. Thus, the currents have to be injected without shift with respect to the

their own phase BEMF. Fig. 4.4 shows the current vector diagram for this configuration.

It is worth noticing that for the dual three-phase configuration, the BEMF amplitude is

half compared to three-phase one for the same number of turns per coil.

π

6
A1

A2

B1

B2

C1

C2

Figure 4.4: Asymmetrical 2x3-phase winding configuration.

4.1.3 Third current harmonic injection

The third current harmonic generated by the inverter can be used to improve the average

torque output. The proposed dual rotor with Halbach permanent magnet array presents

a sinusoidal BEMFs (theoretically, considering linear material) so that the third harmonic

component is not present as shown in Fig. 4.5.

In [26], it is shown how to increase the torque performance by injecting the third harmonic
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Figure 4.5: One phase FFT back electro-motive force of the dual three-phase arrangement considering
linear material.

without the third harmonic BEMF presence and working on the inverter only. The third

current harmonic injection allows to reduce the current peak by 15%, with respect to the

fundamental only. Thus, it is possible to increase the current value, without exceeding the

inverter current limit (Fig. 4.6). In this way, the peak current is constant but its RMS

value is higher, therefore it leads to higher thermal loading.
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Figure 4.6: SPM dual rotor: phase current waveforms with and without 3rd current harmonic injec-
tion.

To have a more general understanding of the injection technique, the evaluation of the

machine behaviour is carried out neglecting the non-linear behaviour of the ferromagnetic
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materials.

4.1.4 Equations

This subsection shows the main equations for the third harmonic injection for a dual three-

phase machine. The equations are derived in [26] and reported below.

The machine fundamental current is expressed as:

iθ = Ipsin(pθ), (4.1)

considering the third harmonic injection the current becomes:

iθ = Inew[sin(pθ) +A3sin(3pθ)], (4.2)

where Ip is the peak phase current, Inew is the new peak phase current of the first harmonic

component once the third harmonic is injected and A3 is the amplitude of the third harmonic

with respect to the fundamental one. The peak current can be calculated equating to zero

the derivative of i(θ) with respect to θ:

diθ
dθ

= Ipp[cos(pθ) + 3A3cos(3pθ)] = 0, (4.3)

The optimum current amplitude can be obtained in two conditions:cos(pθ) = 0, 0 < A3 ≤ 1
9

cos(pθ) =
√

9A3−1
12A3

, A3 >
1
9

(4.4)

The phase current can be explicit:Ip = Inew(1−A3), 0 < A3 ≤ 1
9

Ip = Inew8A3(1+3A3
12A3

)1.5, A3 >
1
9

(4.5)
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The new current Inew(θ) can be calculated as:Inew =
Ip

1−A3
, 0 < A3 ≤ 1

9

Inew = 1
8A3

(1+3A3
12A3

)−1.5Ip, A3 >
1
9

(4.6)

The torque for a general dual-three phase machine, once the third current harmonic is

injected, can be written as:

T = 6RlN [B1kw1inew +A3B3kw3inew], (4.7)

with m phases number, R inner stator radius, l active machine stack length, N turns num-

ber per phase, B1 and B3 the flux density amplitudes for the first and third harmonic,

respectively. kw1 and kw3 are the winding factors for the first and third harmonic, respec-

tively.

1) For the case 0 < A3 ≤ 1
9 the torque (4.7) can be re-arranged in the following way:

T = 6RlN
Ip

1−A3
[B1kw1 +A3B3kw3], (4.8)

the maximum torque value is determined when the third harmonic current amplitude, with

respect to the fundamental one, is:

A3 =
1

9
, (4.9)

Therefore, the new current becomes:

Inew = Ip
9

8
. (4.10)

2) For the case A3 >
1
9 it is possible to get the best amplitude coefficient in order to increase

the torque (4.7) applying Lagrange:

dL(Inew, A3)

dInew
= 0;

dL(Inew, A3)

dA3
= 0. (4.11)
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The new current and amplitude third harmonic coefficient with respect to the fundamental

one for A3 >
1
9 are:

A3 =
1

6− 3E3
E1

. (4.12)

Inew =
6− 3B3

B1

kw3
kw1

8
(
3− B3

B1

kw3
kw1

4
)−1.5Ip. (4.13)

where E1 and E3 are the first and the third harmonic BEMF amplitudes, respectively.

In the proposed case of study, the BEMFs ratio E3
E1

is almost zero.

Therefore, the optimum amplitude of third harmonic component of current is 1
6 with respect

to the fundamental one. This amplitude is applied also for the three-phase machine analyses.

4.2 Finite Element Analyses
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Figure 4.7: SPM dual rotor: phase currents for the three-phase arrangement with and without
injection and its Common Mode Current (CMC).

In this section, a comparison of the machine performance between three-phase and dual

three-phase, with and without third current harmonic injection, is carried out by means

of FEA simulations. While subsection 4.1 is based on the assumption of linear material

behaviour, the FEA results section takes into the account the non-linearities of the ferro-

magnetic materials (i.e., the iron saturation).
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Figure 4.8: SPM dual rotor: phase currents for the dual three-phase arrangement with and without
injection and its Common Mode Current (CMC).

The optimum amplitude of the third current harmonic for the proposed machine, considering

non-saturation in the material, is 1/6 of the fundamental because the third harmonic BEMF

is not present (see equation (4.12)).

The phase current waveforms, with and without harmonic injection, are displayed in Fig.

4.7 and Fig. 4.8, where also the common mode currents (CMC) of both three-phase and

dual three-phase systems are highlighted, respectively.

4.2.1 Analysis with only fundamental current component

1. Torque

In Fig. 4.9, the torque is shown for both three-phase and dual three-phase systems. The

average torque is higher for the multi-phase solution due to an improved winding factor as

mentioned in chapter 3-section 3.3.1, already.

The dual three-phase system gives an important benefit also in terms of torque ripple which

decreases from 4.5 % to 0.84 %. Indeed, the dual three-phase arrangement does not generate

the torque sixth harmonic component and the first harmonic component higher than the
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fundamental is the twelfth.
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Figure 4.9: SPM dual rotor: torque ripple waveforms for 3-phase and 2x3-phase arrangement and
corresponding FFT.

2. Efficiency

For the same configurations, the efficiency is calculated at the base angular speed ωm with
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the following formula:

η =
Poutput

Poutput+ Losses
100 =

Tωm
Tωm + Losses

100, (4.14)

where T is the average torque and ωm is the angular base speed in expressed rad/s. Table

4.2 summarises the losses and machine efficiency obtained from the FEA results. The losses

are similar for the two systems so that the efficiency results higher for dual three-phase

configuration due to an higher output power.

4.2.2 Analysis with third current temporal harmonic component

1. Torque

Fig. 4.10 shows the torque for both systems when the third current harmonic injection is

applied. Both configurations present a higher torque compared to the control technique

without third current harmonic injection due to higher current flowing into the machine.

In this operating condition, the ripple is slightly higher compared to the solution without

third current harmonic injection. Actually, the ripple is higher by 0.51 % for the three-phase

arrangement whereas by 0.30 % for the dual three-phase one. This phenomenon is due to

the fact that the three-phase MMFs harmonic spectra presents more components than the

dual three-phase one. This is true even more in presence of third current harmonic injection

(Table 3.1 and Table 3.2). While, the average torque presents a similar improvement for

both winding solutions.

2. Efficiency

The Joule losses AC component is taken into the account for a better understanding of the

third harmonic injection impact in the machine. The iron losses are slightly higher with

respect to the solution without third current injection whereas the Joule losses are increased
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Figure 4.10: SPM dual rotor: torque ripple waveforms for 3-phase and 2x3-phase arrangement with
harmonic injection and corresponding FFT.

significantly. In large part, it is due to the fact that more current is fed to the machine

(Table 4.2). However, the efficiency results similar due to the higher output torque and

considering the hypothesis that the machine is continuing to work at rated speed. This

can be a good solution when an overload drive capability is required without exceeding the

inverter current limit.
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Table 4.1: Torque ripple and current

Parameters 3-phase 2x3-phase

Input RMS current [A] 224.55 224.55
Input peak current [A] 318.18 318.18
Average torque [Nm] 307.85 319.05

Torque ripple [%] 4.16 0.84

3-phase + 3rd 2x3-phase + 3rd

Input RMS current [A] 262.65 262.65
Input peak current [A] 318.18 318.18
Average torque [Nm] 342.4 349.6

Torque ripple [%] 4.67 1.14

Table 4.2: Performance comparison between 3-phase and 2x3-phase arrangement with and without
current harmonic injection

Parameters 3-phase 2x3-phase

Iron losses [W] 1427 1420
Joule losses [W] 3857 3857

Average torque [Nm] 307.85 319.05
Efficiency [%] 98.21 98.60

3-phase + 3rd 2x3-phase + 3rd

Iron losses [W] 1460 1476
Joule losses [W] 5358 5358

Average torque [Nm] 342.4 349.6
Efficiency [%] 97.94 97.97
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4.2.3 Torque comparison for the three-phase and dual three-phase sys-

tems with and without injection

The torque improvements due to the third current harmonic injection which are studied

in the previous section 4.2.2 are summarised in this one, proposing the comparison of the

two different winding layouts and studying them with and without injection. The torques

with and without injection for the three-phase machine is shown in Fig. 4.11 whereas in

Fig. 4.12 for the dual three-phase system. Analysing the mentioned Figs., it is possible to

see a torque increment by 1.22% passing from 307.85 Nm to 342.4 Nm for the three-phase

machine and by 9.57% passing from 319.05 Nm to 349.6 Nm for the dual three-phase one.

Regarding the torque ripple, both configurations show that the current harmonic injection

does not affect strongly this value, showing an increment due to the injection by 0.55%

passing from 4.09% to 4.64% for the three-phase machine and by 0.34% passing from 0.80%

to 1.14% for the dual three-phase one.
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Figure 4.11: SPM dual rotor: torque comparison for the three-phase machine with and without 3rd
current harmonic injection.
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4.3 Conclusion

This chapter 4 analyses the torque performance and efficiency of a dual rotor E-bike ma-

chine in a three-phase and dual three-phase winding configurations with and without third

harmonic injection. The aim is to identify ways of improving the torque capability. The

finite element analyses show that the multi-phase system gives significant benefits in terms

of both average torque and torque ripple. Actually, the average torque improves by 3.64%

whereas the torque ripple decreses by 3.32%. For the proposed dual rotor machine, the

third harmonic current injection can increase the average torque. In this way, it is possible

to feed the machine with more current without exceeding the inverter current limit. In

this operating condition, the output torque is improved. Actually, the three-phase system

increases the output torque by 11.22% with third harmonic injection with respect to the

solution with only fundamental current component whereas the same comparison for the

dual three-phase arrangement shows that it presents an improved output torque by 9.57%.

Considering the significant torque increment that the third current harmonic injection at

constant peak current gives to the machine, it is plausible to imagine its applicability when

the E-bike requires more torque whereas the machine should work without third current
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harmonic in large part of the time to reduce the Joule losses. When the third current

harmonic component is injected into the machine, it presents the common mode currents

(CMC). This requires the availability of the neutral points.
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Chapter 5

Permanent Magnet Reduction by

Harmonics Injection Technique to

Keep the RMS Constant for

Multi-Phase SPM Machines with

Distributed Winding

The surface permanent magnet machines are commonly used in the applications where high

torque per volume is required such as aerospace, automotive and transport applications

[56], [57]. For high power/torque performance, it is well known that the use of rare earth

materials, such as NdFeB and SmCo, is considered the state of the art, thanks to their high

magnetic coercivity and excellent temperature behaviour. However, because their high

costs, it is mandatory to reduce their use in many applications.
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In literature, many authors presented possible alternatives to the rare earth, including

different permanent magnet topologies [58], [59]. In [60], a possible solution to replace

the rare earth with ferrite for an interior permanent magnet machine is evaluated. A

comparison between rare earth and rare earth-free solutions is investigated in [61]. An

hybrid PM material is designed and analysed in [62].

The idea is to reduce the PM content in the machine by injecting the odd harmonics from

the first to the thirteenth in a triple three-phase machine. A similar approach has been

used in [32], where a nine-phase SPM machine is studied via FEA for different PM span

to increase the torque performance by harmonic injection. However, the investigation is

based on the injection until the seventh harmonic. The analysis is organised as follows:

First, the flux density at the air-gap and back electromotive force, as a function of the PM

percentage on the rotor, are carried out in a triple three-phase SPM machine for different

spatial harmonics. Then, the equations for deriving the injection current amplitudes of

each temporal harmonics are presented. The technique is proposed to improve the average

torque, keeping the RMS constant. In the same section, the torque comparison between

the machine with and without harmonics injection is carried out as a function of the rotor

surface PM percentage. The analytical model results are validated via FEA. The comparison

in terms of phase voltage, phase current and torque is carried out for two triple three-phase

SPM machines with different PM content.

5.1 Analytical model

A simple analytical derivation is here derived for the evaluation of the machine flux density,

BEMF and torque. A set of equations is also included to define the current amplitudes to

maximise the torque for the same RMS value. The model works under the assumptions of

linear materials and radial flux density at the airgap. The analytical model takes into the
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account all odd harmonics from the fundamental to the 13th. The harmonics with orders

above 13th have not been considered because it has been seen that their amplitudes are low

and do not have a significant impact on the torque improvement. The torque increment by

current harmonic injection for SPM machines is based on the BEMF amplitudes; the higher

is the ratio between the considered harmonic and the fundamental, the higher is the torque

increment.

5.1.1 Flux Density and Back Electro-Motive Force
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Figure 5.1: Analytical flux density evaluation at the air-gap with respect to the magnets span on the
rotor surface of a SPM machine.

An electrical machine generates the torque through the interaction between rotor and stator

magnetic fields. For a SPM machine, the rotor magnetic field contribution is due to the

permanent magnets. The magnetic field at the air-gap generated by the rotor, in an SPM

machine for ρth spatial harmonics, can be written as:

H̄PM,ρ =
4BrδPM
µPMπδ

sin(ρ∆PM/2)

ρ
ejρϑr , (5.1)

where Br is the remanence flux density, δPM the magnet thickness, µPM the magnet per-

meability, ∆PM the permanent magnet span on the rotor surface, δ the magnetic air-gap
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and θr the rotor position in electrical radians. Considering the air magnetic permeability

µ0, it is possible to get the flux density at the air-gap from (5.1) as:

B̄PM,ρ = µ0H̄PM,ρ. (5.2)

When the machine rotates with a generic speed, the flux generated by the PMs is linked to

the stator windings. In no load conditions (i.e., no-current in the machine), it is possible to

estimate the variation of the flux in the time by means BEMF eρ.

The BEMF amplitude can be expressed also as a function of the machine geometrical

parameters as:

ēρ = 2RlncωmBPM,ρkw,ρ, (5.3)

where R is the stator inner radius, l is the stack length, nc is the turns per phase number,

ωm is the mechanical pulsation and kw,ρ is the winding factor.

The winding factor can be written as:

kw,ρ =

∑Nc
y=1 sin(ρ

∆ψy
2 )ejρψy

pq
, (5.4)

where ψy is the angular shift from the magnetic axis of the y-th coil and the magnetic axis

of the relative phase, Nc is the coils number and q the number per pole per phase.

Fig. 5.1 shows the flux density at the air-gap with respect to the PM span on the rotor

∆PM for the following spatial harmonics: 1st, 3rd, 5th, 7th, 9th, 11th, 13th. The values used

for the computation of the parameters are summarised in Table 5.1.

The BEMF evaluation is shown in Fig. 5.2. It is worth to notice that the BEMF has

different signs, for some harmonics, with respect to the airgap flux density. Indeed, the

winding factor, for the proposed triple three-phase machine arrangement, alternates the

values 1 and −1 for the different considered harmonics.

From Fig. 5.2, it is clear that the BEMF ratio, between a generic spatial harmonic and the

fundamental one, changes with the PM span ∆PM . For maximising the torque increment
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Figure 5.2: Analytical BEMF evaluation with respect to the magnets span on the rotor surface of a
SPM machine.

by current harmonic injection is important to choose the maximum ratio between the har-

monics that are selected for the injection and the fundamental one. Therefore, each rotor

configuration has a different optimal harmonic for increasing the torque by injection.

5.1.2 Equations for current harmonics injection

It has been shown how the machine average torque can be increased by injecting current

temporal harmonics higher than the fundamental, creating an interaction with the spatial

harmonics of higher order, generated by rotor PMs [26]- [27].

The analytical calculation of the optimum third harmonic current amplitude to maximise

the torque, keeping constant the RMS current, is derived as:

a3 =
e3

e1
, (5.5)

I∗ =
1√

1 + ( e3e1 )2
Ip, (5.6)

where a3 is the optimum third harmonic amplitude with respect to the fundamental, which

is calculated as the ratio between the 3rd and the 1st BEMF harmonics. In equation (5.6)
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Table 5.1: Machine parameters

Parameters Values Units

Br 1.2 T
δPM 3 mm
µ0 4π ∗ 10−7 H/m
µr 1 H/m
µPM 4π ∗ 10−7 H/m
δ 4 mm
g 1 mm
ωm 157.07 rad/s
R 70 mm
l 220 mm
p 2 -
N 1 -

the I∗ is the new phase current considering the injection and Ip is the phase current without

injection.

In this work, the analytical equation for the current harmonic injection, keeping the same

RMS, is generalised for infinite harmonics. The optimum injection current amplitude and

the phase current (I∗) equations can be expressed for a generic harmonic order as:

ai =
ei
e1
, i = 3, 5, 7, ...,∞ (5.7)

I∗ =
Ip√

1 +
∑∞

i=3 a
2
i

, (5.8)

Therefore, the amplitude current of each harmonics is:

I1 = I∗ (5.9)

Ii = I∗ai, i = 3, 5, 7, ...,∞ (5.10)

If the torque is expressed as a function of the BEMF, it is possible to know its correlation

with the ∆PM variation.
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The electromagnetic torque for a triple three-phase system without current harmonics in-

jection can be written as:

T =
9

2

Ipe1

ωm
. (5.11)

When the harmonics are injected, the torque can be calculated considering each contribution

independently:

T1 =
9

2

I1e1

ωm
(5.12)

Ti =
9

2

Iiei
ωm

, i = 3, 5, 7, ...,∞ (5.13)

By combining each torque contribution, the total torque can be defined as:

Tnew = T1 +

∞∑
i=3

Ti (5.14)

The temporal harmonics for the current injection technique are the ones of odd order z

= 2k + 1, where k = 1, 2, 3,..., ∞. In this case, the maximum order considered is 13th,

neglecting the higher order harmonics.

Fig. 5.3 shows the trend of torque as a function of ∆PM for both fundamental only and

with the injection of all considered harmonics. The phase current amplitude is Ip = 683.7A.

It is worth to notice that the torque increment, given by the injection, is higher for all PM

span ∆PM . In Table 5.2, a summary of the torque increment with respect to supplying the

machine with fundamental only is reported. The results are obtained analysing different

points of Fig. 5.3. Even if for some cases the potential torque increment is considerable, for

example when ∆PM is 20% and 40% the torque can be +52.7% and +16.9% higher, these

are not considered to be applicable in industrial applications. Fortunately, good torque

improvements can be obtained also for high PM rotor covering. Moreover, thanks to the

harmonics injection technique, it is also possible to deliver a specific torque value with a

reduced amount of PMs.

Table 5.3 shows the PM reduction for different PM span percentage for a fixed torque. It

is possible to get these values from Fig. 5.3 directly moving on the x axis.
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Table 5.2: Torque increment by current injection

∆PM Torque increment

20% +52.7%
40% +16.9%
60% +4.9%
80% +3.6%
100% +9.4%

Table 5.3: PM reduction by current injection

T average PM reduction

67 Nm −11%
128 Nm −10%
175 Nm −6%
207 Nm −6%
217 Nm −19%
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Figure 5.3: Analytical torque evaluation with and without harmonics injection with respect to the
magnets span on the surface rotor of a SPM machine.

In order to have a complete understanding of the machine behaviour under the harmon-

ics injection technique, for the same RMS current, additional analyses to investigate its

influence are carried out on both current and voltage phase (section 5.2.2).

5.2 Finite Element Validation

Based on the findings shown in the previous section, the following analysis aims at demon-

strating the benefits of the current injection with different harmonic components. In order

to validate the analytical model, a FEA is carried out for two machines, named M1 and

M2, with the same geometry and two different permanent magnet span. The ∆PM in M1

is 82% while in M2 88%, which corresponds to a reduction of PM volume of 6% in M1

with respect to M2. First M1 is analysed with and without harmonics injection to show

the torque increment while keeping the same RMS current. Then, this is compared against

the torque performance of M2, which has higher content of PM, supplying with only the

fundamental current component.
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ΔPM

Figure 5.4: Sketch of the SPM machine under analysis.

The analyses are carried out considering linear materials. The proposed SPM machine

geometry is shown in Fig. 5.4, highlighting the parameter ∆PM .

5.2.1 Torque analysis

Fig. 5.5 shows the torque comparison derived by means of FEA and with the analytical

formulation. Fig. 5.5(a) presents the FEA results only. For M1, it is possible to notice

that the harmonics injection permits an average torque increment by 3.2% with respect to

the case of fundamental current only. This is slightly higher, by 1%, with respect to the

torque delivered by M2 without harmonic injection, even if the permanent magnet content

is reduced by 6%. The same analysis has been carried out using the analytical model. The

results are shown in Fig. 5.5(b). In this case, for M1, thanks to the harmonic injection,

there is an improved torque by 3.7%. It is higher for M1, when the considered harmonics

are injected, compared to M2 without injection, in accordance to the trends resulting from

the FEA (5.5(a)). The increment in this case is by 1.4 %. For a clearer understanding of

torque increments due to the injections, their averages are plotted separately with respect
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Figure 5.5: (a) FE torque comparison between the machine 1 with and without harmonics injection
and the machine 2 with only the fundamental.- (b) Analytical torque comparison between the machine
1 with and without harmonics injection and the machine 2 with only the fundamental.

to the ripple in Fig. 5.6(a) and 5.6(b). It is worth to notice that the average torque values

estimated analytically are slightly higher compared to the FEA ones.

It can be due to the fact that the proposed analytical model does not take into the account

the slotting effect and the airgap flux density is assumed radial.

From Fig. 5.5(a), it can be highlighted that the current harmonic injection is slightly

affecting the torque ripple. For M1, when the harmonics are injected, the ripple is increasing

from 10.8% to 12.2%. However, with respect to machine M2 there is a reduction of 1.8%,

from 14% to 12.2%. Focusing on the analytical model results (5.5(b)), it is possible to see
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Figure 5.6: (a) FE torque comparison between the machine 1 with and without harmonics injection
and the machine 2 with only the fundamental.- (b) Analytical torque comparison between the machine
1 with and without harmonics injection and the machine 2 with only the fundamental.

that the machine M1 presents a ripple without injection by 5.9% and with injection by 7.9%

whereas the machine M2, studied only without injection, a ripple by 4.1%.

This is also showing that the combination of permanent magnet span and current harmonic

injection can be refined in order to minimise the torque ripple in the machine. It is different

with respect to other torque ripple minimisation techniques reported in literature, where

the injection of harmonics is not used to increase the torque but to eliminate some harmonic

components to reduce its ripple [63].

5.2.2 Current and voltage validation

From a physical point of view, it is not always obvious to understand how the injection of

currents, with higher order harmonic with respect to the fundamental, can affect the peak

currents and voltages. In this subsection, these aspects are investigated for both machines

configurations, M1 and M2. The expression of the currents which flow into the machine

windings, with and without current harmonics injection technique, can be represented as
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Figure 5.7: Phase current comparison between the machine 1 with and without harmonics injection
and the machine 2 with only the fundamental for both analytical and FEA.

follows:

i(t) = Ipsin(ωt), (5.15)

i(t) =

13∑
i=1

Iisin(iωt), (5.16)

with i = 1, 3, 5, 7, 9, 11, 13.

The phase current calculated both analytically and by means of FEA is compared in Fig.

5.7. From the graph, it is difficult to appreciate any difference. The RMS current values

are the same with and without harmonic injection. More in detail, the FEA shows that

the peak current, with harmonics injection is 16.3% lower with respect to the fundamental

peak without current injection. The same waveform from the analytical model is plotted,

highlighted in dashed line, showing a good match with the FEA results. This means that

even in case of harmonic injection, for the case under study, the inverter switches do not

need to be oversized, thanks to the lower peak current.

The phase current with the harmonics injection is based on the BEMF ratios. The BEMF

amplitudes comparison is shown in Fig. 5.8 between analytical and FEA for M1.
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Figure 5.8: BEMF comparison between analytical model and FE analysis for the machine with the
82% of PM span (M1).

The analytical voltage for the phase x (A2) is calculated as:

vx = rix + Lx
dix
dt

+

9∑
y=1,y 6=x

Mxy
diy
dt

+ ex, (5.17)

where r is the phase resistance, Lx is the auto-inductance for the phase x (A2), Mxy are

the mutual-inductances for the phase x (A2) due to the other stator phases y and ex is the

BEMF for the phase x. The phase resistance and the inductances values, with nc = 1, are

shown in table 5.4 for the phase x (A2).

The phase voltage waveforms, for both analytical model and FEA, are shown in Fig. 5.9(a)

and Fig. 5.9(b), respectively. Both analyses show that the injection, for the proposed PM

span ∆PM configuration, does not increase the peak voltage significantly. Indeed, for the

FEA, the peak voltage for M1 with the injection is higher by 8.3% compared to M1 and by

5.5% with respect to M2 without injection. The analytical model presents a peak voltage,

for M1 with injection, higher by 6.8% with respect to both M1 and M2 without injection.
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Figure 5.9: (a) FE phase voltage comparison between the machine 1 with and without harmonics
injection and the machine 2 with only the fundamental.- (b) Analytical phase voltage comparison
between the machine 1 with and without harmonics injection and the machine 2 with only the fun-
damental. For the analytical voltage calculation 1000 spatial harmonics are taken into the account

5.2.3 Results analyses summary

A summary results for both analytical and FEA are shown in Table 5.5. It is possible to

notice that there is a slight displacement between the analytical and FEA torque analyses.

This could be due to the fact that the magnetic air-gap δ is enough large for the considered

machine (4mm). Therefore, the flux density at the air-gap is not total radial but it presents a

not negligible tangential component and the proposed analytical model cannot take into the

account that. However, the simplified analytical model results can be considered acceptable
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Table 5.4: Phase resistance and inductances values for the phase x (A2)

Parameters Values Units

r 2.6410−4 Ω
Lx 9.1510−6 H
Mx1 5.5210−6 H
Mx3 5.5210−6 H
Mx4 −7.8810−7 H
Mx5 −2.3610−6 H
Mx6 −3.9410−6 H
Mx7 −3.9410−6 H
Mx8 −2.3610−6 H
Mx9 −7.8810−7 H

for understanding the main phenomenon of the machine under harmonics injection and

which PM span configuration could be more suitable for the proposed harmonics injection

technique linked with a possible PM reduction. Actually, for the case under study, the 6%

of PM reduction is translated in a lighter machine by 0.12 kg. Indeed, the PM mass into

the machine passes from 1.85 kg to 1.82 kg, considering a PM density of 7500 kg/m3. The

efficiency of a generic machine with injection should not change in a significant way with

respect to the control with a sinusoidal current. Indeed, for an improved torque would

correspond a slight decrement in terms of machine speed, giving in output a similar power

(with assumption of similar losses).
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Table 5.5: Comparison analysis

- M1 Analytical M1 FE

I peak no inj [A] 683.7 683.7
V peak no inj [V] 11.8 13.8

T no inj [Nm] 208 195
I peak with inj [A] 588 582
V peak with inj [V] 12.6 14.8

T with inj [Nm] 216 201
T inc. [%] 3.7 3.2

Ripple no inj [%] 5.9 10.8
Ripple with inj [%] 7.9 12.2

- M2 Analytical M2 FE

I peak no inj [A] 683.7 683.7
V peak no inj [V] 11.8 14.0

T no inj [Nm] 213 199
I peak with inj [A] - -
V peak with inj [V] - -

T with inj [Nm] - -
T inc. [%] - -

Ripple no inj [%] 4.1 14.0
Ripple with inj [%] - -
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5.3 Current harmonic injection in the flux weakening region:

considerations

In the previous sections, the analysis to increase the output torque is proposed at MTPA

operation point. In this one, the fifth current harmonic injection applied in flux weakening

region for a SPM machine with 60% of the rotor surface PM span is considered. This PM

span has been selected to maximise the fifth harmonic of the BEMF and in the same time to

have a good value of the first one (see Fig. 5.2). In order to get the optimum fifth harmonic

amplitude for the injection, the BEMF harmonics fifth and first are considered using the

following equation:

n5 =
E5

E1
. (5.18)

From the BEMF FFT which is shown in Fig. 5.10, it is possible to calculate n5 = 0.23.
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Figure 5.10: BEMF FFT for the SPM machine with 60% of PM span on the rotor surface.

Working in flux weakening region means to increment the rotational speed over the rated

operational point. The increment of the rotor speed is linked to an increased voltage ampli-

tude. Therefore, to respect the machine power limit, a reduction of the flux is applied by a

phase current decrement. Therefore, an increased speed correspond to a torque decrement.
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The idea is to investigate on the possibility to increase the torque in the flux weakening

region, respecting the voltage limit of the proposed SPM machine.

As well known in literature, the MTPA for SPM machines in obtained for an angle α1 = 90o

of the fundamental current. It means iq = I and Id = 0. Changing α1, it is possible to

decrease the flux and in consequence to work with an higher speed, increasing the voltage

and respecting its limit. The following current angles, expressed in electrical degrees, are

considered in the analysis: 100o, 110o, 120o, 130o, 140o, 150o, 160o, 170o and 180o. The

torques and powers for both current controls with and without injection, in the flux weaken-

ing region, are shown in Fig. 5.11. It can be noticed that for each increment of torque given
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Figure 5.11: Power-Torque curves against Speed in the flux weakening region for the SPM machine
with 60% of PM span on the rotor surface.

by the injection, there is a corresponding speed decrement. This leads to a smaller speed

range and a limitation to further increasing of the machine speed. Black arrows highlight

the torque increment for each point considered. This behaviour, it is in conflictual with the

original target of increasing the machine speed thanks to the flux weakening. Therefore, it

suggests that applying the current harmonic injection technique for speed above the MTPA

operation point does not lead to performance improvements.
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5.4 Conclusion

This work investigates on the PM reduction, without affecting the torque performance and

Joule losses, for SPM machines. First of all, an analytical model is carried out showing

how the no-load flux density, for different spatial harmonics, changes with the ∆PM vari-

ation. Then, the same analysis is carried out for the BEMF spatial harmonics studying a

triple three-phase winding arrangement. In addition, equations for the optimum harmonic

injection amplitudes to maximise the torque, while keeping constant the RMS current with

respect to the current control with the only fundamental component, are presented. The

current amplitude of each injected harmonics depends of the BEMF ratios. The proposed

current harmonics injection technique takes into the account the following temporal har-

monics: 3rd, 5th, 7th, 9th, 11th, 13th. The analytical torque comparison between the current

control with and without harmonics injection is shown as a function of the ∆PM variation,

highlighting the torque increment once the harmonics injection is applied. The analytical

model is validated via FEA which compares a SPM machine with 82% of PM span (M1),

with and without harmonics injection, and a SPM machine with 88% of PM span (M2),

feeding with only the fundamental current component. The analysis shows, for the case

under study, that it is possible to reduce the PM content of the 6%, once that the con-

sidered current harmonics are injected, without affecting torque performance, peak current

and peak voltage. The slight displacement between analytical and FEA can be justified

by the fact that the flux at the airgap is not total radial and the analytical model cannot

take into the account that. However, the simplified analytical approach can give important

information on which PM percentage on the rotor surface is better than others for injecting

high current temporal harmonic components in order to increase the torque or to reduce the

PM content, keeping the same RMS current value of the current control without injection,

thus the same Joule losses.

At the end of this chapter, it has been shown that the application of the current harmonic
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injection technique, for improving the torque in the flux weakening region, is not suitable

without a machine speed reduction which contrasts to work over the rated speed.
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Chapter 6

On Current Harmonic Injection to

Maximise the Torque Capability

for both Isotropic and Anisotropic

Electrical Machines

In this chapter, a comparison between three different methods for improving the torque by

fifth harmonic current injection is carried out for SPM and IPM machines. In partic-

ular, the fifth harmonic is injected based on amplitudes and angles derived from BEMF

(CHIB), load voltage (CHIV) and the optimum solution obtained by FEA (CHIO), re-

spectively. Firstly, the harmonic spectra of no load and load voltages are investigated and

validated via FEA for both machine topologies. From the analysis, the values to apply for

the fifth harmonic injection are obtained. Secondly, the optimum technique for the current

fifth harmonic injection, in order to maximise the torque, is carried out via FEA. Thirdly,
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a comparison of the proposed three different techniques is reported on both machine topolo-

gies, showing the torque improvements and highlighting their advantages and disadvantages.

Finally, the concept is validated via experimental test on a dual three-phase IPM machine

with a V-Shape rotor array.

6.1 Analytical Model

In this section, an analytical study of no load BEMF and load voltage is carried out for

the spaces 1 and 5 in the ρth complex plan (space) αρ-βρ, applying the Space Vector De-

composition (SVD) theory. Considering a dual three-phase winding layout, which can be

represented by the sum of two three-phase subsystems shifted each other of π
6 radians, the

voltage equation for a generic x-th phase can be written as:

vx = vR,x +
dψl,x
dt

+
dψg,x
dt

(6.1)

where vR,x is the resistive voltage drop,
dψl,x
dt represents the leakage self inductance in the

slot and
dψg,x
dt takes into the account for all the not leakage flux linked with the x-th phase,

sum of stator and rotor contributions; The Clarke transformation for the proposed dual

three-phase system is reported below:

ȳρ =
2

6
(xA1 + xB1e

jρ 4π
6 + xC1e

jρ 8π
6 )+

+
2

6
(xA2e

jρπ
6 + xB2e

jρ 5π
6 + xC2e

jρ 9π
6 )

, ρ = 0, 1, ...,∞. (6.2)

where j is the unity imaginary number, ȳρ is the Space Vector in the ρth complex plan

αρ-βρ. Therefore, the ρ-th space vector of the phase voltages can be written as:

v̄ρ = v̄R,ρ +
dψ̄l,ρ
dt

+
dψ̄g,ρ
dt

, ρ = 0, 1, ...,∞. (6.3)

Considering only the rotor contribution, the generic phase voltage x-th is the no load BEMF,

which is renamed as ex below:

vx = ex =
dψg,x
dt

(6.4)
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Therefore, the phase voltage in the space represented in (6.3), can be re-written as:

ēρ =
dψ̄g,ρ
dt

(6.5)

Leading to:

v̄ρ = ēρ. (6.6)

Supplying the machine with a current which presents the only fundamental component, and

considering the only spaces ρ = 1, 5, the voltages for an SPM machine can be written with

good approximation as:

v̄1 = Rī1 + L1
dī1
dt

+ ē1 (6.7)

v̄5 = Rī5 + L5
dī5
dt

+ ē5 (6.8)

Under the hypothesis of fundamental current component the space current vectors are

ī1 = īref and ī5 = 0. Therefore, the fifth space vector voltage is equal the no load BEMF

of the same space:

v̄5(i5 = 0, i1 6= 0) = ē5 (6.9)

However, the equation (6.9) is true only for machines which present an isotropic magnetic

circuit (i.e SPM machines, when not heavily saturated). The next section, a FEA is carried

out to identify and demonstrate that there is a displacement between v̄5 and ē5 for machines

with anisotropic behaviour (i.e IPM machines), thus:

v̄5(i5 = 0, i1 6= 0) 6= ē5 (6.10)

Therefore, the subspaces 1 and 5 are not decoupled.
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Table 6.1: IPM Machine parameters

Parameters Values Units

Poles number 8 -
Slots Number 48 -
Turns per coil 8 -
Length steak 110.0 mm

Outer stator diameter 203.0 mm
Inner stator diameter 138.0 mm

Slogt height 25.07 mm
Back iron height 33.1 mm

Tooth width 5.2 mm
Slot opening width 2.5 mm
Slot opening height 0.6 mm

Wedge height 0.6 mm
Airgap 0.7 mm

Outer rotor diameter 136.6 mm
Magnet length 20.0 mm
Magnet height 4.0 mm

Cooling natural convection
Magnets material rare earth (NdFeB) -

6.2 Analytical Model Validation and Search Optimum Cur-

rent Injection

6.2.1 Finite Element Validation of the Analytical Model

In this subsection, the equations presented in section 6.1 are validated via FEA on both

dual three-phase SPM and IPM machines in order to highlight the differences in terms of

voltage space 5. Fig. 6.1 shows the layouts of the machines under study.
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(a) (b)

Figure 6.1: Machine analysed: (a) SPM - (b) IPM V-Shape.
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Figure 6.2: SPM machine BEMF waveforms at 1500 rpm.

The two machines feature the same stator, as well as the same winding layout. The main

machine parameters of the IPM topology are listed in Table 6.1. The SPM magnets are

made by ferrite to avoid the iron saturation and permit a pure isotropic machine behaviour

for an appropriate study and comparison with respect to anisotropic machines such as the

proposed IPM which presents rare earth (NdFeB) permanent magnets.

Under hypothesis of a fundamental phase current amplitude I = 71.25A, the no load BEMFs

and load phase voltages are shown in Figs 6.2, 6.3 for the SPM machine and in Figs. 6.4,
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Figure 6.3: SPM machine waveform voltages when the machine is supplied by a fundamental current
of I=71.25A.

6.5 for the IPM one.
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Figure 6.4: IPM machine BEMF waveforms at 1500 rpm.

Studying the space 1 and 5 in separate way (Figs. 6.6 and 6.7), it is possible to appreciate

that the no load BEMF for the spatial harmonic ρ5 are almost equal with respect to the

same harmonic in load voltage conditions for the SPM machine whereas they are different

for the IPM machine in accordance with the equations (6.9) and (6.10).

Table 6.2 summaries the amplitudes and angles of the spatial harmonics ρ1 and ρ5, also
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Figure 6.5: IPM machine waveform voltages when the machine is supplied by a fundamental current
of I=71.25A.

Table 6.2: no load and load voltages for the spatial harmonics ρ1 and ρ5

Machine E1 [V] E5 [V] γE1 γE5

SPM 24.3 5.51 91.8 -81.0
IPM 69.6 8.3 92.0 -79.9

Machine V1 [V] V5 [V] γV 1 γV 5

SPM 37.5 5.49 141.6 -81.3
IPM 73.0 13.7 142.5 -160.0

displayed in Figs. 6.6 and 6.7.

6.2.2 Optimum of injection for the fifth harmonic of current

In this subsection, the optimum injection of the fifth current harmonic to maximise the

torque, keeping the RMS current constant, is carried out via FEA on both machines under

study. At the first stage, the machine is supplied by a fundamental peak phase current

I = 71.25A, to get the MTPA angle αopt,1 for both machine topologies (Fig. 6.8).
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Figure 6.6: (a) SPM machine no load BEMFs spaces 1 (orange) and 5 (grey) - (b) SPM machine
load voltages spaces 1 and 5

It has been obtained to change the fundamental current angle αopt,1 to keep constant the

amplitude I = 71.25A for the initial rotor position. It is defined as the rotor d-axis aligned

with the phase A1.

Under the hypothesis of fundamental current harmonic injection only, for the proposed dual

three-phase SPM machine, the torque can be written as:

Ti =
6

2

1

ωm
IE1, (6.11)

where ωm is the mechanical pulsation expressed in rad/s. Injecting the fifth harmonic of
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Figure 6.7: (a) IPM machine no load BEMFs spaces 1 (orange) and 5 (grey) - (b) IPM machine
load voltages spaces 1 and 5

current, the torque becomes:

Tf =
6

2

1

ωm
(I1E1 + I5E5) (6.12)

Forcing the system to keep the current RMS constant, with the constrain equation written

below:

I∗2 + n2I∗2 = I2, (6.13)

The equation (6.12) can be re-written as:

Tf =
6

2

1

ωm
(

I√
1 + n2

E1 + n
I√

1 + n2
E5) (6.14)
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Figure 6.8: MTPA comparison when the machines are supplied by a fundamental current of
I=71.25A.

Differentiating (3.12) and (3.15) with respect to n and equalising it to zero, it is possible to

get the maximum torque:

d(Tf − Ti)
dn

=
6

2

I

ωm
(n

E5√
1 + n2

+ E1(n
1−
√

1 + n2

√
1 + n2

) = 0 (6.15)

From (6.15), it is possible to get the optimum amplitude for the fifth harmonic:

n =
E5

E1
(6.16)

The new fundamental and the fifth harmonics of current can be written, respectively as:

I1 =
I√

1 + n2
(6.17)

I5 =
I√

1 + n2
n (6.18)

In order to determine the optimum angle of injection to maximise the torque, an analysis

for different fifth harmonic current angles α5 is shown in Fig. 6.9 and 6.10 for both SPM

and IPM machines, respectively.

The average torque is obtained for each α5 value. From the analysis of both figures, it is

shown that the optimum fifth harmonic injection angle for SPM machines is αopt = −90o
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Figure 6.9: SPM machine: Average torque for different α5 and phase current amplitudes

whereas it is αopt = −170o for the proposed IPM V-Shape machine. In order to get the

optimum fifth harmonic amplitude, differential constant torques for the fundamental and

fifth spatial harmonics which are calculated as:

zT1 =
dT

di1
=
T ′max − Tmax

di1
(6.19)

zT5 =
dT

di5
=
T ′′max − Tmax

di1
(6.20)

where Tmax is the maximum average torque when the machine is supplied with the currents

resulting by solving (6.18) and (6.17), T ′max is the maximum average torque when the

machine is supplied with I1 = I1 + 1A and I5 = I5, T ′′max is the maximum average torque

when the machine is supplied with I1 = I1 and I5 = I5 + 1A. The results are included in

Figs. 6.9 and 6.10 for the two different machines, respectively. At this point, it is possible

to calculate the optimum amplitude nopt5 for the injection as:

nopt5 =
zT5

zT1

(6.21)

Table 6.3 summaries the torque results obtained and shown in Figs. 6.9 and 6.10 with the

optimum amplitude nopt5 and angle a5,opt values for both machine topologies.
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Figure 6.10: IPM machine: Average torque for different α5 and phase current amplitudes.

As expected, The FEA results show that the optimum amplitude is in accordance with the

equation (6.16) for the SPM with a fifth harmonic amplitude nE5=n5,opt = 0.23 as well

as the optimum angle which is similar to the expected one αE5=−81o and α5,opt=−90o.

On the other hand, the load voltage analysis presents results with a similar match on the

injection angle, but with a higher discrepancy in terms of magnitude, with nV 5 = 0.15 and

αV 5=−81.3o. Regarding the IPM machine, the analysis shows that the optimum amplitude

n5,opt = 0.15 and angle α5,opt=−170o present an important displacement with respect to

the BEMF values nE5 = 0.12 and αE5=−79.9o. In contrast, they are close to the voltage

values, in particular for the angle with αV 5=−160o, while the magnitude is nE5 = 0.19.

The analysis suggests that the proposed CHIV can be applied for both machines with a

good accuracy, indifferently.
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Table 6.3: Optimum amplitude n5,opt and angle α5,opt for the injection

Values SPM IPM

Tmax 33.8704 Nm 98.9774 Nm
T ′max 33.9282 Nm 99.1566 Nm
T ′′max 33.8835 Nm 99.0050 Nm
nopt5 0.226 0.154
α5,opt −90.00o −170.00o

6.3 Current harmonic injection techniques comparison

In this section, the proposed CHIV is compared with respect to CHIB and CHIO obtained

via FEA, which is considered as benchmark. The injection values, which are obtained in

subsections 6.2.1 and 6.2.2, are reported in table 6.4. The comparisons are shown in Fig.

6.11 for the SPM and in Fig. 6.12 for the IPM machines.

From Fig. 6.11, it is possible to appreciate a torque improvement by current fifth harmonic

injection with respect to supplying the machine with only fundamental component for all

three proposed techniques.

Table 6.4: Amplitudes and angles of the proposed three different injection techniques

Values SPM IPM

nE5 0.23 0.12
nV 5 0.15 0.19
nopt5 0.23 0.15
αE5 −81.00o −79.90o

αV 5 −81.30o −160.00o

αopt5 −90.00o −170.00o
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Figure 6.11: SPM machine torque comparison with and without injection for the proposed three
different techniques - ripple represented with markers only, average represented with markers and
full line.

In particular, the CHIV improves the torque by 2.2% whereas the CHIB, which matches

with the CHIO, by 2.4%. It means that for the isotropic SPM machines the technique based

on the BEMF values is slightly more accurate than the one based on the voltage. However,

the two techniques can be considered comparable in terms of performance. Fig. 6.12 shows

a torque increment by 1.13% for the IPM machine due to the CHIV which presents the

same result of the CHIO. In contrast, the CHIB shows a lower torque with respect the case

without fifth harmonic injection by -0.73%. It can be due to the reluctance effects which

are introduced when the machine is supplied by a load current. These effects are take into

the account by the CHIV which features ad increases of torque performance comparable

with the one obtained with the optimal control parameters.

In Figs. 6.13 and 6.14, the torque harmonic spectra for the control with and without

current harmonic injection is shown for all proposed three techniques on both SPM and IPM

machines, respectively. As might be expected, the 12th harmonic is the first with an order

higher than the fundamental due to the proposed dual three-phase winding configurations.

It is possible to appreciate that the harmonic injection does not significantly affect the torque

ripple in the SPM machine and it is slightly lower once the current harmonic injection is
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Figure 6.12: IPM machine: Torque comparison with and without injection for three different tech-
niques - ripple represented with markers only, average represented with markers and full line.

applied to the IPM one.

The CHIB can be applied only for isotropic machines, knowing in advance the values and

loading the data offline as well as the CHIO with the difference that it can be applied on

both machine topologies, ensuring high accuracy.

The proposed CHIV is the unique between them that can be applied online and for both

machine topologies ensuring a good accuracy and for that it can be considered model-free.

It is possible because once the machine is supplied with a generic current I, the values

for the harmonic injection can be measured on the controller, directly. The limit of this

technique is mainly on the magnitude of the harmonics to be injected. In fact, the results

reported in Table 6.4 show that the injection ratio is nV 5 = 0.15 and nopt5 = 0.23 for the

SPM machine and nV 5 = 0.19 and nopt5 = 0.15 for the IPM one. However, it does not

strongly affect the torque improvement with respect to the optimum technique because the

injection angle is enough accurate (αV 5 = −81.3o and αopt5 = −90.0o for the SPM machine

and αV 5 = −160.00o and αopt5 = −170.00o for the IPM one).

109



0 5 10 15 20 25 30

Harmonic order

0

1

2

3

T
 [

N
m

]

Only fundamental

1
st

+5
th

 CHIB

1
st

+5
th

 CHIV

1
st

+5
th

 CHIO

Figure 6.13: SPM machine: FFT torque comparison with and without injection for the proposed
three different techniques

0 5 10 15 20 25 30

Harmonic order

0

5

10

15

20

T
 [

N
m

]

Only fundamental

1
st

+5
th

 CHIB

1
st

+5
th

 CHIV

1
st

+5
th

 CHIO

Figure 6.14: IPM machine: FFT torque comparison with and without injection for three different
techniques

110



6.4 Experimental Validation of the Analytical Voltage Anal-

ysis

In this section, an experimental test is carried out in order to validate the approach proposed

in section 6.1 and 6.2.1. The test rig is shown in Fig. 6.15, where the IPM machine under

study, the induction motor (load), the two 3-levels inverters, and the control platform are

highlighted. The IPM V-Shape machine under study is presented in Fig. 6.1-(b) and its

main parameters are listed in TABLE 6.1. The switching frequency of the inverter switches

is 20 kHz and the measured results are acquired at the same frequency from the control

board, directly.

IPM machine Induction machine

Power supply

Inverter 1

Inverter 2 Controller

Figure 6.15: Rig for the experimental test.

The inverter current limit is set at I = 15A. The experimental phase BEMF waveforms

are shown in Fig. 6.16 when the machine is rotating at 1500 rpm thanks to the coupled

induction motor. The BEMF waveforms present a slight difference with respect to the FEA
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Table 6.5: Experimental no load and load voltages for the spatial harmonics 1 and 5

I [A] E1 [V] E5 [V] γE1 γE5

NO LOAD 57.5 6.2 -108.5 12.7

I [A] V1 [V] V5 [V] γV 1 γV 5

7.5 64.8 5.0 -99.0 -9.0
10 66.3 4.9 -96.0 -18.0

12.5 67.8 4.6 -92.3 -19.6
15 69.6 4.6 -89.9 -28.0

results presented in Fig. 6.4 due to the rotor skewing of the real machine. Fig. 6.17 shows

the voltage waveforms for the phase A1 with load currents of 7.5A, 10 A, 12.5 A and 15

A, while the machine is rotating at 1500 rpm and the induction motor works as break. All

fundamental currents are injected with an angle α1 = −105oel (the control coding presents

opposite angles with respect to the usual conventions).

Applying the Clarke transformation (6.2) to the obtained voltage waveforms, it is possible

to get amplitudes and angles for their space 5, respectively. In table 6.5 are summarised the

amplitudes and angles of the no load BEMF and load voltages for the spatial harmonics ρ1

and ρ5, which are shown in Fig. 6.18.

Analysing the captured data and focusing on the spatial harmonic ρ5, it is clear that there

is a displacement between amplitudes and angles in no load and load conditions, in ac-

cordance with sections 6.1 and 6.2.1. In addition, it is possible to appreciate that the

displacement between the angle γE5 and γV 5 becomes larger increasing the load current

(i.e. the anisotropic behaviour of the machine).

The same back electro-motive force and load voltage analyses are proposed also by FEA,

studying the machine in the same load current conditions of the experimental test. The
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Figure 6.16: IPM machine experimental BEMF waveforms at 1500 rpm: measured from the con-
troller directly

rotor skewing, a slot quarter, of the real machine is taken under consideration simulating

for two rotor positions the same load operation point. The final voltage waveform is the

combination of the two simulations. Applying the Clarke transformation on the final voltage

waveform, it is possible to have the subspace 1 and 5, separately also for the FEA.

In Fig. 6.19, the voltage amplitudes and angles for the mentioned subspaces are analysed

in a qualitative way, and it is possible to consider that the BEMF and load voltage space

5 trends are confirmed. Indeed, it shows a larger displacement between the BEMF and

load voltage when higher is the load current (i.e., higher machine reluctance). This is more

evident for the angles. The quantitative comparison of the subspace 5 between experimental

(Fig. 6.18) and FEA (Fig. 6.19) of the voltages shows that there is a maximum amplitude

error of 4 % and a maximum angle error of 14 %.
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Figure 6.18: IPM machine experimental spatial harmonics 1 and 5 for different load conditions

114



0 5 10 15
0

20

40

60

V
o

lt
ag

e 
[V

]

0 5 10 15

Harmonic order

-100

-50

0

A
n

g
le

s 
in

 d
eg

re
es

No load

I = 7.5A

I = 10A

I = 12.5A

I = 15A

Figure 6.19: IPM machine FEA spatial harmonics 1 and 5 for different load conditions
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6.5 Conclusion

This work proposes a novel model-free current harmonic injection technique to maximise

the machine torque capability, based on the machine voltage amplitudes and angles (CHIV).

FEA simulations are carried out in order to study the differences in terms of voltage wave-

forms between isotropic and anisotropic machines, showing how these differences affects the

performance of the machine under fifth current harmonic injection. The no load BEMF and

load voltage for the fifth harmonic are the same for isotropic machines (i.e SPM machines,

when not heavily saturated) where there is not reluctance effects. In contrast, the machines

with an anisotropic magnetic circuit (i.e IPM) show a displacement in the voltage mapped

in the fifth subspace in no load and load conditions due to the reluctance effects, which are

introduced when the machine is supplied by a current. The proposed concept is validated on

an IPM V-Shape machine, experimentally. Based on this concept, the proposed technique is

compared with one based on the BEMF values (CHIB) and the optimum one (CHIO), which

is considered as benchmark, in FEA. The FEA shows that the proposed CHIV is similar

to the CHIO for both isotropic and anisotropic machines in terms of torque improvement.

Therefore, the proposed CHIV can be used with a good accuracy on both isotropic and

anisotropic machines, indifferently. On the contrary, the CHIB can be applied on isotropic

machines only. In addition, the proposed CHIV can be applied without the prior knowledge

of magnitude and phase angle for the injection of the current fifth harmonic, because it

uses the indirect measurement of the phase voltages required by the controller to keep the

currents at their reference values. Therefore, the proposed approach could be considered

model-free.
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Chapter 7

Rotor Optimization to Maximise

the Torque in Dual Three-Phase

IPM V-Shape Machines Under

Current Fifth Harmonic Injection

Based on the analysis proposed in chapter 6, it is clear that the IPM V-Shape machine

available in laboratory is not adapt to increase the torque capability by current harmonic

injection. It is due to the fact that the ratio between the voltage spatial harmonic 5 and 1

is low.

This chapter proposes sensitivity analyses in order to find the optimum rotor configuration,

keeping the V-shape concept, to increase the torque by fifth harmonic injection.

In addition, the analyses can help designers and researchers to reduce the PM content in
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the machine, without affecting the torque performance and Joule losses.

7.1 FEA: Computational Process

In this section is reported the computational process to get the ripple torque, average torque

and the ratio nV 5 for different angles of the IPM V-Shape and rib next to the airgap. These

two parameters are highlighted in Fig.7.1.

ang_rib

ang_V

ang_rib

Figure 7.1: IPM V-Shape: highlighting of the V and rib angles.

The stator and the other parameters are the same of the original machine (Table 6.1) which

presents a V angle of 16.6o. In order to save computational time, the hole into the rotor

has been removed because its electromagnetic influence can be neglected for the proposed

sensitivity analyses.
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The computational procedure starts to draw one pole of the machine. The second step

analyses the MTPA for the set rotor configuration parameters, changing the current angle

while the rotor is blocked in one position, with the d axis of the d-q reference frame aligned

with the phase A1 of the machine. The machine is supplied with a fundamental phase

current amplitude of I = 71.25A, which corresponds to a slot current of I = 570A (nc=8

conductors per slot) and a slot current density of J = 4.55A/mm2. At this point, feeding

the machine with the obtained MTPA for the considered current amplitude, the simulations

can be implemented for different rotor positions in order to get the average torque, torque

ripple and the phase fluxes for one electrical period. Based on the phase fluxes, it is possible

to calculate the phase voltages as:

vx =
dφx
dt

, (7.1)

where x is the generic phase and φ is the flux in load conditions. The phase voltages are

calculated for a machine rotational speed of ωm = 1500rpm.

Once the phase voltages are obtained, the best solution would be to apply the Clarke trans-

formation (6.2) in order to get the voltage spatial harmonic 5 and 1, separately. However,

in order to save time in the computational process, the phase voltages are analysed by FFT.

Therefore, the fifth harmonic amplitude nV 5 = V5
V1

is calculated dividing the harmonic 5 and

1 which are obtained via FFT. Section 7.2 will be shown that the results between these two

solutions are comparable.

The proposed computational process is shown in Fig. 7.2 with a workflow chart.

119



Drawing
Geometry

MTPA

Average 
Torque

Phase 
Load Flux

Changing Current Angle 
for One Rotor Position

Changing Rotor Position

Voltages n5=V5/V1
Ripple 
Torque

END

For ang_V = 12:0.1:17.5

FFT

For ang_rib = 2.5:0.05:3.5

Figure 7.2: Workflow chart of the proposed computational process to enhance the voltage fifth har-
monic in a dual three-phase IPM V-Shape machine.

7.2 FEA: Analyses Results Discussion

The proposed sensitivity analyses target is to enhance the ratio between the voltage fifth

and first harmonics in order to maximise the torque, injecting the fifth harmonic of current.

The proposed analyses investigate on the average torque, ripple and nV 5 while the V and rib

angles are changing. The investigation is carried out for the V angles between 12o and 17.5o

with a step of 0.1o whereas the rib angles between 2.5o and 3.5o with a step of 0.05o. The

minimum limit has been chosen at 12 degrees because under this value the torque produced

by the fundamental is too small due to the PM reduction. It is important to notice that

more the V angle is lower, lower is the PM content in the machine. In Fig. 7.3 is shown the

analysis of the average torque for different V and rib angle values. As might be expected,

the average torque trend increases with the V angle increment which is strictly linked to
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Figure 7.3: IPM V-Shape: analysis of average torque for different V and rib angles.

Figure 7.4: IPM V-Shape: analysis of torque ripple for different V and rib angles.

the PM content increment in the machine. It is possible to notice that the rib angle does

not influence the average torque in a strong way.

Fig. 7.4 shows the torque ripple for different V and rib angles. It is interesting to notice

that the lowest ripple is obtained for the V angle around 12o/12.5o and 16o/16.5o. This

time, the rib angle presents a higher influence with respect to the average torque case. For

example, if the V angle is 12o and rib angle 2.5o, the ripple is lower than 30% whereas for

the same value of the V angle and a rib angle of 3.5o it exceed this value.
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Figure 7.5: IPM V-Shape: analysis of the voltage ratio kV 5 for different V and rib angles.

Fig. 7.5 displays the ratio between the voltage fifth and first harmonics nV 5. In this case,

the maximum ratio nV 5 can be obtained for low V angles. In addition, the rib angles can

play a role on the nV 5 increment, for some V angle configurations more than others.

7.3 Optimum V-Shape rotor configurations

In order to maximise the torque under the injection of the current fifth harmonic, which is

based on the voltage fifth and first harmonics, the maximum ratio nV 5 should be choice. In

the same time, the ripple and average torque should be taken into the account given that

their values change strongly for different rotor configurations.

Two possible rotor configurations are considered with the following constrains:

1. Torque ripple < 30%; nV 5 > 0.27.

2. Torque ripple < 35%; nV 5 > 0.22; T average > 93Nm.

The first rotor configuration wants to achieve the target of torque maximisation under cur-
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rent fifth harmonic injection, to keep torque ripple under acceptable values and without

taking into the account average torque when the machine is supplied by the only funda-

mental current component.

The second rotor configuration is thought to get similar torque performance of the original

machine, which presents a V angle of 16.6o and a rib angle of 2.5o, once the current fifth

harmonic is injected. In order to get this achievement a compromise on the ripple min-

imisation and nV 5 maximisation is inevitable. However, this solution can guarantee a PM

content reduction without affecting the torque and Joule losses.

7.3.1 Machine 1

The machine sketch is shown in Fig. 7.6 which presents a V angle of 12o and a rib angle of

2.9o. The stator parameters are exactly the same of the original machine (Table 6.1).

Figure 7.6: IPM V-Shape with a V angle of 12o and a rib angle of 2.9o

First of all, the validation of the computational process carried out in 7.1, where the ratio
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Figure 7.7: Voltage space vector 1 for the machine 1
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Figure 7.8: Voltage space vector 5 for the machine 1

nV 5 was based on the FFT voltage analysis, should be done. It is not always true that

the FFT and SVD analyses give the same results. Therefore, supplying the machine with a

fundamental current and applying the Clarke transformation on the obtained phase voltages,

it is possible to get the different harmonics in their spaces. Fig. 7.7 and 7.8 show the space

vector first and fifth which permit to study the spatial voltage harmonic first and fifth in a

separate way (Fig. 7.9 and 7.10). Analysing the fifth and first spatial voltage harmonics, it

is possible to get a ratio nV 5 = 0.2729 which is in accordance with the ratio obtained with

the FFT analysis that is nV 5 = 0.2785.
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Figure 7.9: Voltage first spatial harmonic for the machine 1
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Figure 7.10: Voltage fifth spatial harmonic for the machine 1

Therefore, it is possible to affirm that the computational validation carried out in 7.1 is

suitable for the proposed analyses.

Supplying the machine with a sinusoidal current amplitude I = 71.25A for the initial rotor

position, where the d axis is aligned with the phase A1, it is possible to get the MTPA

angle which is α1 = 122.5o as shown in Fig. 7.11.

This rotor configuration presents an output average torque of 88.5 Nm and a ripple about

30%, without injection, as shown in Fig. 7.12, in accordance with the 3D graphs shown in
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Figure 7.11: Static torque for getting the MTPA in the machine 1

0 50 100 150 200 250 300 350

Electrical Degrees

75

80

85

90

95

100

105

T
 [

N
m

]

Figure 7.12: Torque ripple for the machine 1 with a sinusoidal current

Fig. 7.3 and Fig. 7.4.

The current fifth harmonic injection technique used is that one based on the voltage values

(CHIV) proposed in chapter 6. Based on the equations 6.17, 6.18 and the obtained ratio

nV 5 = 0.2729 by SVD, the current first and fifth harmonic amplitudes are: I1 = 68.74A

and I5 = 18.76A, respectively.

The supplying current can be expressed as function of time as:

i(t) = I1sin(ωt) + I5sin(5ωt), (7.2)
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where ω is the electrical frequency.

The angle for the harmonic injection can be obtained from the voltage fifth spatial harmonic

(Fig. 7.10) and it is αV 5 = −117.1.

The phase currents comparison between the control with the only fundamental and the

fundamental + fifth harmonics is shown in Fig. 7.13, where it is possible to see that the

RMS value is IRMS = 50.36 the same for both solutions whereas the peak current is higher

by 22.68% for the solution with harmonic injection, passing from 71.25 A without injection

to 87.41 A with current fifth harmonic injection.
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Figure 7.13: Phase current A1 comparison between the control with and without injection for the
machine 1

It is worth to investigate also if the current harmonic injection affects the phase peak voltage.

Fig. 7.14 shows the phase voltage A1 in both cases with and without harmonic injection.

It is possible to notice that the peak is not affect strongly by current harmonic injection,

with a voltage peak value of 98.8 V without injection and 102.5 V with injection. Therefore,

the voltage peak increment with the current harmonic injection is of 3.74%.

Finally, the output torque, when the machine is fed with the proposed current harmonic
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Figure 7.14: Phase voltage A1 comparison between the control with and without injection for the
machine 1
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Figure 7.15: Torque ripple for the machine 1 with fifth current harmonic injection

injection technique, is shown in Fig. 7.15. It presents an average torque of 91.7 Nm and a

ripple of 28.8%.

Therefore, comparing Fig. 7.12 and Fig. 7.15 it is possible to appreciate an average torque

increment by 3.60% and a ripple reduction of 1.20% once the current fifth harmonic is

injected.

128



7.3.2 Machine 2

The rotor parameters for the machine 2 are: V angle of 15.2o and rib angle of 3.45o. This

rotor configuration presents an angle of MTPA of α1 = 130o when the machine is supplied

by a sinusoidal current of I = 71.25A as shown Fig. 7.16.
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Figure 7.16: Static torque for getting the MTPA in the machine 2

Machine 2 should give an average torque about 96.5 Nm, a ripple around 30% and a ratio

nV 5 about 0.22 in accordance with figures 7.3, 7.4 and 7.5. The target is to get similar

output average torque of the original machine with an important reduction of the PM

content, injecting the current fifth harmonic.

Fig. 7.17 shows the two machine sketches, where is clear the PM content reduction for

the machine 2. The original machine presents a PM volume of 148608 mm3 whereas the

machine 2 of 140832 mm3, with a reduction of 5.52%. This PM reduction does not affect

the average torque as shown in Fig. 7.18, where the output torque is around of 98 Nm for

both configurations. In addition, it is possible to appreciate that the torque ripple for the

machine 2 is 27.4% whereas it is 28.8% for the original one, with a reduction of 1.4%. The

current harmonic injection technique does not affect the Joule losses given that the RMS

current does not change as shown in Fig. 7.19. The current peak is slightly higher for the
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Original machine

Machine 2

Figure 7.17: Comparison between the original machine and machine 2 rotor configurations.

control with injection by 16.25% passing from 71.25 A to 82.83 A.

The injection is done with the same formulation expressed in 7.2. In this case, The current

first harmonic amplitude is I1=69.64 A and the fifth one is I5=15.08 A, based on the voltage

ratio nV 5=0.2165 which has been obtained by the SVD applied on the phase voltages (Fig.

7.20 and 7.21). From Fig. 7.21, it is possible to get the injection angle for the current fifth

harmonic which is α5 = −142.5o. The considered voltage space vectors are proposed in Fig.

7.22 and 7.23.

Comparing the voltage ratio obtained by SVD nV 5=0.2165 and by FFT nV 5=0.2223, it is

possible to confirm the computational process validation used in section 7.1.
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Figure 7.18: Comparison between the original machine and machine 2 average torques.
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Figure 7.19: Comparison between the phase current with injection for the machine 2 and without
injection for the original machine.

The phase voltage comparison is shown in Fig. 7.24, where it is possible to notice that the

peaks are practically the same.
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Figure 7.20: Voltage first spatial harmonic for the machine 2
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Figure 7.21: Voltage fifth spatial harmonic for the machine 2
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Figure 7.22: Voltage space vector 1 for the machine 2
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Figure 7.23: Voltage space vector 5 for the machine 2
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Figure 7.24: Comparison between the phase current with injection for the machine 2 and without
injection for the original machine.
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7.4 AC losses considerations

As well known in literature, the skin effect is the propensity of a generic AC current to

be distributed not homogeneously in the conductor. Practically, it means that the current

density is present with high values on the surface only and its value decreases going into

the inner part of it. This phenomenon appears in particular for high frequency currents.

The not uniform distribution in the conductor is linked with higher resistive losses at the

same input current.

Large part of this thesis work focuses on the torque improvement by the injection of the

current harmonics with an order higher than the fundamental (i.e., higher frequencies). In

the major part of the proposed analyses (except in 4), the AC losses are neglected, con-

sidering ideal conductors and taking into the account the low frequencies of the additional

injected harmonics.

In this section, a short explanation to justify the choice to neglect the AC losses is proposed

for this particular case of study of fifth current harmonic injection.

The AC current density can be written as:

J = JSe
−(1+j) d

δ , (7.3)

where J is the current density in a generic conductor, JS is the current density on its surface,

d is the conductor diameter and δ the skin depth. The skin depth δ is defined as the depth

below the surface of a generic conductor which presents a current density value 1
e lower

than the surface current density one. For the frequencies at Hz order, the skin depth δ can

be written as:

δ =

√
2ρ

ωµ
, (7.4)

where ρ is the resistivity of the conductor, ω the angular frequency of the current and µ

the permeability of the conductor.
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Therefore, the skin depth δ depends of the current frequency and material.

The skin depth δ can be re-written as:

δ =
1√
πfµσ

, (7.5)

where σ is the conductivity of the material.

Using eq. (7.5) for copper at 20oC and a current frequency of 50Hz, the value of skin depth

is δ = 9.2mm. This value is much higher with respect to the conductor diameters which

are usually used for wiring the electrical machines (for example 0.250mm). It means that

for low frequencies, the skin effect is marginal and cannot not be taken into the account. It

is true also for the proposed case of fifth current harmonic injection. Indeed, applying eq.

(7.5) for a frequency three times higher than the fundamental f5 = 250Hz, the skin depth

value is δ = 4.1mm, much higher of the conductors used for electrical machines.
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Chapter 8

Synchronous Reluctance Machine

with added Permanent Magnets

This chapter analyses the possibility to insert permanent magnets into a synchronous reluc-

tance machine, which was originally designed with a classical three-phase configuration for

washing machine applications, in order to increase the output torque.

Moreover, voltage analyses are carried out to investigate if the permanent magnets insertion

can give benefits for the control with the current harmonic injection technique proposed in

chapter 6.

Finally, the comparison between the original synchronous reluctance machine, arranged with

a dual three-phase winding layout, and the same machine filled with permanent magnets,

with and without current harmonic injection, is proposed.
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Table 8.1: Synchronous reluctance machine parameters

Parameters Values Units

Pole pairs (p) 2 -
Slots number (N) 24 -

Winding turns (nc) 8 -
Length steak 50 mm

Outer stator diameter 102 mm
Inner stator diameter 60 mm

Slot height 11 mm
Back iron height 10 mm

Tooth width 4.5 mm
Airgap (g) 0.3 mm

8.1 Synchronous Reluctance Machine analysis

The Synchronous Reluctance (SynRel) machine under study has been designed with a three-

phase distributed winding arrangement for washing machine applications, originally. The

geometry is shown in Fig. 8.1 and the main parameters are listed in Table 8.1.

Figure 8.1: Sketch of the proposed synchronous reluctance machine.
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Figure 8.2: Static torque comparison between the dual three-phase winding arrangement and the
three-phase one for the proposed synchronous reluctance machine.

Based on the slots and poles combination, the machine can be re-arranged with a dual three-

phase distributed winding layout which presents the number of slots per pole and phase

q = 1. As usual in order to get an improved winding factor, which deals with increased

torque capability, the two three-phase subsystems are shifted between each other by 30oel.

The static and ripple torque comparison are carried out via FEA on both three-phase and

dual three phase winding arrangements in Fig. 8.2 and 8.3, respectively.

The static torque shows the torque variation when the rotor is aligned with the magnetic

axis of the phase A and A1 respectively and the current angle is changing in order to find

the MTPA. In both cases the MTPA angle is α1 = 57.5oel. The phase current amplitude

is I = 24.6A which has been obtained considering the slot fill factor kfill = 0.45, the

current density in the slot J = 4.65A/mm2 and the number conductor per slot nc = 8.

At the MTPA angle, the torque for the dual three-phase machine is Ts2x3P = 1.55Nm

whereas it is Ts3P = 1.48Nm for the three-phase one. Therefore, the machine presents an

improved torque for the multi-phase machine with respect to the three-phase by 3.38% in

static conditions. Using the MTPA angle α1 = 57.5oel and the phase current amplitude

138



0 50 100 150 200 250 300 350

Electrical Degrees

1.35

1.4

1.45

1.5

1.55

1.6

1.65

T
 [

N
m

]

Ripple 3-phase

Average 3-phase

Ripple 2x3-phase

Average 2x3-phase

Figure 8.3: Ripple and average torque comparison between the dual three-phase winding arrangement
and the three-phase one for the proposed synchronous reluctance machine.

I = 24.6A for an whole rotor electrical period revolution, it is possible to get the ripple

torque and its average. The comparison shows an average torque of T2x3P = 1.52Nm and

a ripple of Trip2x3P = 8.0% for the multi-phase machine whereas the average torque is

T3P = 1.43Nm and the ripple is Trip3P = 10.3% for the three-phase one. Therefore, The

multi-phase machine presents an higher torque by 6.3% and a lower ripple by -2.3%.

The dual three-phase average torque presents an increment due to an improved winding

factor of the fundamental component which passes from 0.9659 to 1. The ripple is reduced

thanks to the fact that the dual three-phase machine does not present the 5th and 7th in

the stator magneto-motive force, so that the 6th of torque is not generated (Fig. 8.4).
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Figure 8.4: FFT torque comparison between the dual three-phase winding arrangement and the three-
phase one for the proposed synchronous reluctance machine.

8.2 Synchronous Reluctance Machine with added Permanent

Magnets analysis

Synchronous Reluctance machines are designed with the idea to use the different reluc-

tances of the d-q axes to generate torque. The independence from magnets permits to

have machines more reliable and less expensive with respect to the PM machines, with the

possibility to reach higher speed.

Filling part of the machine barriers with PM magnets permits to increase some voltage

harmonics to control the machine with high order current harmonics in addition to the

fundamental for an improved torque capability with respect to the PM insertion only. In-

deed, the voltage analysis of the multi-phase SynRel machine shows that the amplitudes of

the harmonics with an order higher than the fundamental are too low to permit a torque

increment by current harmonic injection (Fig. 8.5).

The main constrain for the PM filling barrier is given from the manufacturing point of view.

Indeed, the permanent magnets will be produced by a 3D printer in collaboration with the
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Figure 8.5: FFT voltage analysis of the phase A1 for the proposed dual three-phase synchronous
reluctance machine.

advanced and manufacturing department. Therefore, the unique barrier which can be filled

by PM is the biggest one at the bottom of the rotor (closest part to the shaft).

The following sections investigate the possibility to enhance the torque by current harmonic

injection thanks to the increment of third harmonic voltage in the machine given by the

PM insertion.

8.2.1 FEA: computational process and result discussion

The computational process starts to upload one pole of the machine geometry which presents

the two bottom flux barriers filled with PM as shown in Fig. 8.6.

The PM are made by rare earth (NdFeB) which presents the B-H characteristic shown in

Fig. 8.7.
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2

Figure 8.6: Magnetisation direction of permanent magnets.

From the B-H curve, it is possible to calculate the relative permeance flux as:

µr = tan−1(
Br
Hci

), (8.1)

where Br is the relative flux density and Hci is the coercivity field.

Therefore, the PM permeability can be calculate as:

µPM =
µr
µ0
. (8.2)

Considering that µ0 = 4π ∗ 10−7H/m and µr = 1.8786 ∗ 10−6H/m, the PM permeability is

µPM = 1.495.

At this point, the direction of magnetisation varies through a for cycle. The following pro-

cedure presents the same concept of the computational process presented in the section 7.1.

In this case, the considered voltage harmonic is the third in order to permit a torque im-

provement by the third current harmonic injection. The computational procedure is shown

in Fig. 8.8. The parameter “c” works on the direction of magnetisation, subtracting/adding

its value to the radial direction. Therefore, the PM direction of magnetisation is analysed

between 50oel and 130oel.
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Figure 8.7: B-H curve of the PM available for the 3D printing by advanced manufacturing depart-
ment.

The ratio between the voltage third harmonic and the first one n3 is shown in Fig. 8.9

where it is possible to appreciate that the maximum value of the ratio n3 is for c = −23.

The parameters c = −23 is also the optimum option in terms of average torque for the

proposed machine as shown in Fig. 8.10.

It seems worth to investigate how the ripple can be affected due to the PM insertion. From

Fig. 8.11, it is possible to understand that the ripple is huge with respect to the original

pure SynRel machine. It is understandable given that the original machine was designed

without the permanent magnets. Therefore, a new flux barrier optimization should be done

in order to reduce the ripple of the new machine. However, it is not the target of this thesis.

It seems clear that the optimum solution to increase the average torque and the ratio n3 is

for the parameter c = −23. It means that the magnets have a magnetisation direction of

NdFeB1 = 113o and NdFeB2 = 67o, respectively as shown in Fig. 8.6.
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Figure 8.8: Workflow chart of the proposed computational process to enhance the voltage fifth har-
monic in a dual three-phase IPM V-Shape machine.

In order to find the correct angle for the injection the space vector decomposition (SVD)

theory should be applied to the phase voltages as chapter 6 suggests. Moreover, once the

SVD is applied on the voltages, it is possible to validate the computational process to

match the ratio n3 obtained with the FFT and SVD for the optimum rotor configuration.

Analysing Fig. 8.12, it is possible to see that the angle injection for the third harmonic

is α3 = 173oel and the ratio between the voltage third and fundamental harmonics is

n3 = 0.329. Comparing n3 obtained with the FFT (n3 = 0.327) and SVD, it is possible to

affirm that the results are practically the same, so that the proposed computational process

can be considered validated.

It is worth to notice that in the voltage ratio n3 (see Fig 8.9) and ripple torque (see Fig.

8.11) there is a discontinuity in correspondence to point c = +28. This phenomenon can be

due to the fact that c = +28 is the first point for which the direction of the magnets does

144



-40 -30 -20 -10 0 10 20 30 40

c

0.26

0.28

0.3

0.32

n
3

Figure 8.9: Ratio between the voltage third and first harmonics of the proposed synchronous reluc-
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Figure 8.10: Average torque of the proposed synchronous reluctance machine filled with permanent
magnet.

not cross the second flux barrier (the middle one) (See Fig. 8.13).
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Figure 8.11: Torque ripple of the proposed synchronous reluctance machine filled with permanent
magnet.
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Figure 8.12: Voltage spaces 1 and 5 for the proposed SynRel with PM under a fundamental phase
current I = 24.6A.

2

Figure 8.13: Magnetisation direction of permanent magnets for the value c=+28.
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8.3 Comparison

Analysing the dual three-phase machine, it is possible to notice an average torque im-

provement by 30.3% thanks to PM insertion as shown Fig. 8.14, passing from 1.52Nm to

1.98Nm. From the same figure, it is possible to notice an additional torque improvement

thanks to the current third harmonic injection by 6.06% with respect to the solution with

PM and only fundamental current, passing from 1.98Nm to 2.10Nm. Therefore, the ma-

chine torque capability increment is of 36.36% with respect to the original pure SynRel. As

already mentioned in the subsection 8.2.1, the PM insertion makes the machine without a

real applicability due to the huge ripple.
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Figure 8.14: Torque comparison for the proposed machine with and without PM and with and without
harmonic injection.

The proposed third current harmonic injection technique forces the system to keep constant

the RMS current value (i.e., Joule losses) by the following equations:

I1 =
I√

1 + n2
3

(8.3)

I3 =
I√

1 + n2
3

n3 (8.4)
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where I is the original fundamental current amplitude, I1 the new fundamental current

amplitude, I3 the third harmonic current amplitude and n3 the voltage ratio obtained by

SVD. Therefore, the machine is supplied with the phase current:

i(t) = I1sin(ωt) + I3sin(3ωt), (8.5)

where ω is the electrical frequency.

The d-axis of the d-q reference frame is aligned with the phase A1. The fundamental

current is injected with the MTPA angle α1 = 57.5oel and the third harmonic component

with α3 = 173.1oel which has been obtained applying the SVD on the phase voltages. The

phase current is shown in Fig. 8.15 with and without third current harmonic injection. It

is possible to appreciate that the RMS value is exactly the same Irms = 17.37A whereas

the peak is higher of 25.6% for the control with current harmonic injection passing from

Ipeak = 24.59A to Ipeak = 30.88A. Therefore, the switches of the inverter might need to be

oversized.
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Figure 8.15: phase current A1 with and without third harmonic injection.
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8.4 Conclusions

In this chapter, the possibility to insert PM in part of the barriers of a synchronous re-

luctance machine in order to increase the torque capability by current harmonic injection

is proposed. A PM magnetisation direction sensitivity analysis is carried out to maximise

the average torque and the ratio between the voltage third and fundamental harmonics.

Injecting the third harmonic in the proposed dual three-phase machine, it has been shown

an important increment in terms of machine torque capability. However, the PM inser-

tion affects strongly the machine torque ripple. Therefore, rotor flux barriers optimization

should be carried out in order to make the machine suitable for real applications.
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Chapter 9

Conclusions

This work is focused on the analysis of multi-phase machines and the identification of ways

to improve their torque production capability. A number of motor topologies have been

investigated to assess pros and cons of the current harmonic injection in different rotor

structures.

First of all, the electromagnetic behaviour in terms of flux density distribution in a classical

three-phase distributed winding SPM machine was carried out with a simplified analytical

model. The findings highlight the advantage of the multi-phase machines with respect to

the three-phase ones, which consists in a symmetrical flux density distribution in the stator

core. A possible solution to balance the asymmetrical flux density in three-phase machines

was proposed with an asymmetrical stator teeth geometry. The mentioned solution allows

to get a uniform machine saturation for three-phase machines as well without affecting the

torque average and ripple.

Particular focus has been given to the study of distributed winding V-Shape IPM machines
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where the increment of the average torque and the reduction of the ripple was obtained

by re-configuring the classical three-phase winding arrangement as a dual three-phase one.

The macro improvements are given by an improved winding factor and magneto-motive

force distribution. It has been shown, on the machine under investigation, how the average

torque was increased by about 4%, with a torque ripple reduction of about 11%. In this

analysis is mentioned the possibility to reduce the machine volume passing from 110 mm

to 106.3 mm, getting a lighter machine by 1.10 kg, to keep the same output torque thanks

to the multi-phase re-arrangement. In order to take under considerations the flux density

distribution asymmetries in the three-phase machine, a particular iron losses calculation

approach is proposed which uses the Steinmetz’s equation considering the peak flux density

in the teeth, based on the number of slots per pole and phase q. For example, the case of

study presented q = 2, so that the peak of flux densities in two teeth in a row are considered.

Finally, the total iron losses are calculated with a multiplication which considered the half

slots number.

In addition, a comparison between a classical three-phase and dual three-phase dual ro-

tor fractional slots Halbach array machine was carried out considering the current third

harmonic injection, while maintaining a constant current peak value. In this case, the

state-of-art approach is proposed on a particular machine topology. This led to an im-

proved average torque as a consequence of an increased RMS current injected in the ma-

chine, which translates in higher Joule losses with a partial contribution of the AC losses

component (+38.91%). The comparison shows similar improvements in terms of increased

torque percentage between the two winding configurations by 11.22% and 9.57% for the

three-phase and dual three-phase, respectively.

An important part of this thesis was dedicated to increase the average torque and/or reduce

the PM content, within the rotor structures, on multi-phase SPM machine with a multi-

harmonic current injection (keeping constant the RMS current). The proposed analytical

model has shown a good match with the FEA results, confirming the validity of the model.
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This analysis can give important information to the design engineers whom can select the

best PM percentage on the rotor surface based on the selected harmonics for the control.

For example, if the control is implemented to inject into the machine the fundamental +

fifth harmonics of current, the optimum PM span results 60%. Moreover, for the mentioned

case of study, it has been shown that to apply the current harmonic injection technique

in the flux weakening region is not suitable in which for an improved torque there is a

decrement of speed with a reduction of the its range. Therefore, it contrasts with the target

to operate over the MTPA point, which is to reach higher speed.

A model-free current harmonic injection technique for improving the average torque was

studied and developed. This has shown good performance on both anisotropic and isotropic

machines, and has the potential to be applied on-line. Indeed, the proposed technique was

based on the load voltage vectors for the current harmonic injection, which can be easily

measured from the board directly. An experimental setup has been developed to test and

validate the proposed concept. It has been carried out on a dual three-phase V-Shape IPM

machine available in the Power Electronics, Machines and Control (PEMC) research group.

In addition, the analysis has been shown that the state-of-art solution for the SPM machine

based on the back electro-motive force values cannot be applied on IPM topology ones. Both

mentioned techniques are compared with a benchmark carried out by FEA. However, the

anisotropic machine under study presented a rotor structure not optimal to inject the fifth

harmonic in which this last was too low. Indeed, the proposed IPM machine presented an

improved torque by 1.13% only thanks to the proposed current harmonic injection technique

(same performance of the benchmark).

Therefore, Based on the technique described above, a sensitivity analysis on the possible

rotor configurations to improve the torque density under fifth current harmonic injection on

a V-Shape IPM machine was proposed. Two main configurations are highlighted in detail.

One aims to maximise the torque under fifth harmonic injection, the other one wants to

reduce the PM content in the original machine without affecting the torque performance.
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The first one displayed an output torque increment by 3.60% with respect to the control

without injection. The second one reduced by 5.60% the PM content into the machine,

against the original V-Shape IPM motor, thanks to the injection.

The last part of this thesis was dedicated to study the possibility to fill with additive

material permanent magnets the bottom flux barriers in multi-phase synchronous reluctance

machines. The possibility to have an additional torque improvement thanks to the third

current harmonic injection was proposed. In order to optimise the performance under third

current harmonic injection control, a magnetisation direction sensitivity analysis was carried

out. The final output torque was higher by 36.36% with respect to the original machine.

However, the huge torque ripple due to the PM insertion does not permit to have a real

application without a flux barriers re-designing.
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