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Abstract

Driven by economic, environmental and ergonomic concerns, porous composites are increasingly
being adopted by the aeronautical and structural engineering communities for their improved
physical and mechanical properties. Such materials often possess highly heterogeneous material
descriptions and tessellated /complex geometries. Deploying commercially viable porous composite
structures necessitates numerical methods that are capable of accurately and efficiently handling
these complexities within the prescribed design iterations. Classical numerical methods, such as
the Finite Element Method (FEM), while extremely versatile, incur large computational costs
when accounting for heterogeneous inclusions and high frequency waves. This often renders the
problem prohibitively expensive, even with the advent of modern high performance computing
facilities.

Multiscale Finite Element Methods (MsFEM) is an order reduction strategy specifically devel-
oped to address such issues. This is done by introducing meshes at different scales. All underlying
physics and material descriptions are explicitly resolved at the fine scale. This information is then
mapped onto the coarse scale through a set of numerically evaluated multiscale basis functions.
The problems are then solved at the coarse scale at a significantly reduced cost and mapped back
to the fine scale using the same multiscale shape functions. To this point, the MsFEM has been
developed exclusively with quadrilateral /hexahedral coarse and fine elements. This proves highly
inefficient when encountering complex coarse scale geometries and fine scale inclusions. A more
flexible meshing scheme at all scales is essential for ensuring optimal simulation runtimes.

The Virtual Element Method (VEM) is a relatively recent development within the compu-
tational mechanics community aimed at handling arbitrary polygonal (potentially non-convex)
elements. In this thesis, novel VEM formulations for poromechanical problems (consolidation and
vibroacoustics) are developed. This is then integrated at the fine scale into the multiscale proce-
dure to enable versatile meshing possibilities. Further, this enhanced capability is also extended
to the coarse scale to allow for efficient macroscale discretizations of complex structures.

The resulting Multiscale Virtual Element Method (MsVEM) is originally applied to problems
in elastostatics, consolidation and vibroacoustics in porous media to successfully drive down com-
putational run times without significantly affecting accuracy. Following this, a parametric Model
Order Reduction scheme for coupled problems is introduced for the first time at the fine scale to
obtain a Reduced Basis Multiscale Virtual Element Method. This is used to augment the rate of
multiscale basis function evaluation in spectral acoustics problems. The accuracy of all the above
novel contributions are investigated in relation to standard numerical methods, i.e., the FEM and
MsFEM, analytical solutions and experimental data. The associated efficiency is quantified in
terms of computational run-times, complexity analyses and speed-up metrics.

Several extended applications of the VEM and the MsVEM are briefly visited, e.g., VEM
phase field Methods for brittle fracture, structural and acoustical topology optimization, random
vibrations and stochastic dynamics, and structural vibroacoustics.
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T specific weight of pore-fluid kg -m=2 .52
G Shear modulus N-m™2
AQ,R,S Biot coefficients N - m™2
k permeability m?
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Chapter 1

Introduction

1.1 Motivation and Problem Statement

The aeronautical industry is driven by a major societal challenge, i.e., that of reducing emissions
by minimizing or even eliminating oil dependency while increasing the safety of passengers and
cargo, see, e.g., [1]. The Strategic Research and Innovation Agenda (SRIA) stipulates a 50% reduc-
tion in fuel consumption within the transport sector through the upcoming years [2]. A reduction
in structural weight can address these concerns by minimizing engine load; thereby bringing down
fuel consumption, reducing resulting emissions and significantly driving down operating costs.

Composite materials are a well studied alternative to conventional metallic ones as they exhibit
superior structural characteristics, e.g., high stiffness and strength to weight ratios. Hence, the
aerospace industry finds itself steadily employing an increasing percentage of such composite
materials in its structures. Unfortunately, composites also come with mechanical limitations that,
to this point, prevent their widespread uptake in the aerospace industry.

Due to their greater thickness and reduced weight, such composite structures allow for an
increased number of acoustic waves to propagate within them. Consequently, poorer vibration
and acoustic isolation are offered, at least when compared against their metallic counterparts [3}4].
This is undesirable as such isolation is essential for the safety and comfort of passengers and cargo.
Furthermore, this is critical in reducing fatigue damage in sensitive equipment and load bearing
structures.

These shortcomings are often overcome by adding appropriate mechanical damping/dissipa-
tion and acoustic noise cancellation technologies collectively known as sound packages [5]. The
sound packages if non-optimally designed, can add significant weight to the structure, thereby
compromising the weight saving benefits gained by employing composite structures in the first
place. There is thus an urgent need to design optimal lightweight sound packages for commercial
deployment.

The study of multifunctional composites is a discipline aimed at developing composite materi-
als that exhibit optimal structural properties while at the same time offering good vibroacoustic
isolation characteristics. Sandwich materials are not a new concept to material science. These are
multilayered composites developed specifically to augment certain desirable traits and minimize
undesirable ones (see Fig. [1.1)). It has been shown in [6] that having metallic foams as an inclu-

6
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sion layer significantly improves sound absorption at low frequencies, comparable to active noise
cancellation technologies. In addition to this, the viscous dissipation properties offered by such
sandwich materials having porous inclusions also improves vibrational damping. The porosity of
such foams helps in keeping the weight of the structure minimal and can also be manufactured to
show satisfactory load bearing capabilities.

Figure 1.1: A schematic depicting the propagation of acoustic and elastic waves through a multi-
layer composite system with a poroelastic core.

While such strategies do offer promising solutions for multifunctional silent and lightweight
structures, the complexity of the materials involved implies a radical increase in design variables.
These include the number, thickness and material properties of each layer. Multiple optimiza-
tion objectives are adopted pertaining to relevant design criteria, such as compliance, weight,
vibroacoustic performance and manufacturability.

Furthermore, obtaining accurate mesoscale descriptions of the materials involve resolving all
inclusions with distinct discretization methods. The heterogeneous inclusions often assume highly
complex morphologies. If inefficiently discretized, the resulting numerical model could typically
contain several million Degrees of Freedom (DoF). Using classical solution procedures such as the
Finite Element Method (FEM), proves computationally prohibitive for iterative algorithms like
design optimization, even with the advent of high performance computing (HPC).

There are currently no accurate and efficient simulation tools available that consider all the
above design criteria and render optimal designs relevant to specific industrial applications. The
overarching aim of this research is to develop novel and efficient numerical multiscale methods ca-
pable of accurately simulating the mechanical and vibroacoustic behaviour of highly heterogeneous
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poroelastic domains in general and porous composite structures in particular.

Figure 1.2: A wedge (modeled using double porosity theory) with solid inclusions. The talon-base
contains functionally graded definitions for mesoscale pores. The triangular segment contains
arbitrarily distributed mesoscale pores and solid inclusions. Inspired by [7].

1.2 Project Scope

Multiscale Finite Element Methods (MsFEM) [§] have been recently introduced in composite
modelling by means of optimizing the trade-off between simulation accuracy and computational
efficiency. Unlike FE? [9] and computational homogenization [10] approaches, these methods
do not rely on periodicity or scale separation. Hence, they lend themselves naturally to the
description of complex mechanical and vibroacoustic behaviour of highly heterogeneous domains.
Representative Volume Elements (RVEs) along with a corresponding fine-mesh are defined to
account for the constituents of the composite material. Fine-scale morphologies and RVE shapes
can often be quite complex, necessitating the use of optimal flexible meshing capabilities at the
fine scale to ensure efficiency and accuracy. This motivates the investigation of numerical schemes
that can handle such flexible element shapes, within a multiscale context. The Virtual Element
Method (VEM) [11] is a relatively new development in the computational mechanics community;
and has been specifically designed to address polygonal (potentially non-convex) discretizations
and non-conforming interfaces.

The scope of this work involves developing a novel computational theory incorporating these
methods explicitly with a purpose to efficiently and accurately resolve elastostatic and porome-
chanical behaviour (consolidation and vibroacoustics) over complex and highly heterogeneous
material domains.

1.3 Aim and Research Objectives
Given this aim, the following research objectives (ROs) are identified.

e RO.1: To deliver a novel numerical approach for poromechanics and vibroacoustics har-
nessing the meshing power of the virtual element method.
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Figure 1.3: Original applications of the novel Multiscale Virtual Element method developed in
this work.

e RO.2: To deploy a generalized multiscale scheme for elastostatic problems harnessing the
the meshing flexibility of the VEM. Point of departure is the MsFEM that is also originally
introduced in this research within the context of porous vibroacoustics.

e RO.3: To extend the VEM inspired multiscale method into the time domain, to account
for coupled poroelastic consolidation.

e RO.4: To provide a procedure by which flexible polygonal (possibly non-convex shapes) are
employed at all scales.

e RO.5: To implement a multiscale scheme using the FEM and VEM at the fine scale to
describe the vibroacoustics of poroelastic materials in the frequency regime.

e RO.6: To further accelerate the frequency domain multiscale method at the fine scale using
Proper Orthogonal Decomposition, to yield a reduced basis formulation.

The resulting Multiscale Virtual Element Method (MsVEM) is custom fit to applications in
elastostatics, poromechanics and porous vibroacoustics as described in Fig. [1.3
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1.4 Methodology

To achieve these Research Objectives, the methodology adopted has been organized into seven
Work Packages (WPs) as illustrated in Fig. [1.4 All implementations were initially developed in
Matlab. A portion of this code has been translated into Fortran to benefit from computational
acceleration. These Work Packages are elaborated below:

Figure 1.4: Methodology and Work Flow.

1. WP.1 Macroscopic phenomenological models: A review of Terzaghi and Biot poroe-
lasticity within a consolidation and vibroacoustics framework is conducted. This includes
an overview of semi-phenomenological models popularly used in these equations.

2. WP.2 VEM for elastostatics: Points of departure from the classical FEM is observed.
A suitable polygonal mesher is incorporated into the solver. A VEM for Laplace/Poisson
equations and linear elasticity is implemented.

3. WP.3 MsVEM for elastostatics: Points of departure of the MsFEM from classical FE?
and computational homogenization methods is discussed. The VEM is incorporated into
the method, with flexible meshing at the fine scale to resolve heterogeneities. Convergence,
acceleration and accuracy of the MsVEM are demonstrated.

4. WP.4 VEM for poromechanics: Nuances involving mixed formulations necessary in cou-
pled field problems are studied. An arbitrary order VEM discretization for Biot consolidation
is developed. The numerical behaviour of this method is investigated.
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5. WP.5 Coupled MsVEM for poromechanics: The VEM for poromechanics above is
integrated within a coupled multiscale framework. Extensions to account for flexible RVE
shapes are made. Influence of different boundary conditions on the accuracy of the method
are shown.

6. WP.6 VEM for porous vibroacoustics: A VEM formulation for the fully dynamic Biot
mixed displacement pressure formulation in the frequency domain, is proposed. Ability
to accommodate different fluid structure couplings and non-conforming discretizations are
provided.

7. WP.7 Coupled MSsFEM and MsVEM for porous vibroacoustics: The ability of
the method to resolve high frequency waves is investigated. Further computational gains
pertaining to computing multiscale properties, using a reduced basis method is proposed.

1.5 Original Contributions

The novel contributions in this work are summarized below

1. The VEM schema derived for elastic wave propagation in poroelastic media (see Section
. The Biot mixed u — p formulation for wave-propagation is discretized using implicitly
defined basis functions. Projection operators are derived from first principles and used to
formulate the state matrices. Different stabilisation strategies are explored. Novel advan-
tages concerning convergence rates and resolving non-conforming interfaces are highlighted

in Examples |3.6.1 respectively.

2. The multiscale virtual element method for elastostatics as developed in Section [5.2] Multi-
scale basis functions are calculated using the VEM at the fine scale. Original applications
demonstrating the need for flexible meshing at the RVE scale are shown in Example

3. The coupled multiscale virtual element method for Biot consolidation explained in Section
Multiscale basis functions are separately calculated for the solid and fluid phase by solv-
ing decoupled cell-problems with the VEM. Significant computational gains over a standard
approach without upscaling are established in Example [5.5.2]

4. Flexible polygonal (potentially non-convex) elements at all scales as developed in Section
5.4.1l Benefits achieved using this approach in resolving complex global domains is illustrated
in Example [5.5.3]

5. Oscillatory boundary conditions for polygonal RVEs as an alternative to linear or periodic
boundary conditions (see Section . Instead of imposing a displacement or pressure
profile over an RVE boundary, these profiles are numerically obtained through a reduced
form of the cell-problem, over the relevant RVE edge. Improvements in accuracy within a
highly heterogeneous material description are given in Example [5.5.2]

6. The multiscale finite element method for vibroacoustics of poroelastic media, as derived in
Section [4.4] The governing equations are upscaled and solved at the coarse scale for all
desired frequency steps. Novel applications to tortuous porous composite structures are
provided in Examples [4.5.3
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7. The multiscale virtual element method for vibroacoustics of poroelastic media given in Sec-
tion [5.6] Advantages of flexible meshing capabilities are provided in Example [5.9.3]

8. A reduced basis multiscale method using Proper Orthogonal decomposition at the fine scale
(see Section . A POD basis is obtained using the Singular Value Decomposition of a
snapshot matrix. The cell-problems are then projected onto the POD basis and solved over
the frequency spectra at an accelerated pace. Accelerations in spectral computations of
multiscale basis functions are discussed in Example [5.9.4
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1.7 Layout

This thesis is divided into four parts. Part I contains the theoretical background. This comprises
an overview discussing the state of the art physical modelling strategies used in poromechanics
(Chapter. This chapter also covers the relevant finite element method solution procedures. Part
IT describes fine-scale methods. Here, Chapter [3| discusses the fundamental postulates underlying
the Virtual Element Method. This is applied to elastostatics and coupled-field porous phenomena.
Part III concerns Multiscale methodologies. The Multiscale Finite Element Method is developed
from first principles for elastostatic problems in Chapter [l This is then extended to the coupled
porous media problems as well. The VEM is incorporated at the fine scale to obtain the MsVEM
in Chapter Alternate complexity reduction strategies are also discussed here. In Part IV,
Chapter [6] summarizes the work with concluding remarks, limitations and future stakes.



Chapter 2

Computational Poroelasticity

In this Chapter, the mixed displacement-pressure formulations for Biot poromechanics, i.e.,
consolidation and vibroacoustics are derived from first principles. This is then discretized using
a coupled finite element method procedure, with additional focus on Robin boundary conditions
and different interface coupling constraints. The resulting numerical schemes are then verified
against analytical solutions in the case of consolidation, i.e., the Terzaghi consolidation test, and
experimental solutions in the case of wave propagation, i.e., the Sound Absorption Coefficient
curve (SAC) for an anechoic wedge.

2.1 Overview on Poroelasticity Formulations

Figure 2.1: A poro-elastic domain €2 subjected to acoustic and mechanical excitations.

Within the context of porous materials with elastic frames, the skeleton deformations are
negligible for large acoustical frequency bandwidths. This is often the case when rigid backing

15
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supports are used (see Fig. [2.1p). In such situations, one can safely employ the equivalent fluid
descriptions for porous media with rigid and motionless skeletons shown in |12]. However, there
are certain resonance effects manifesting due to the elastic deformability of the skeleton, that
cannot be captured with this model. This is especially true for elastic sandwich materials with
poroelastic cores, where the elastic vibrations of the plate excite the skeleton, and vice-versa [13]
(see Fig.[2.1b). In such cases, waves propagate in a coupled fashion through both the solid skeleton
and pore-fluid phases.

A theory describing poroelasticity was first developed within a consolidation environment by
Terzaghi in [14,[15]. In this approach, the solid and fluid phases were assumed to be incompressible.
Further, the model was valid solely for uniaxial environments. These assumptions were relaxed
by Biot in |16] and further extended to anisotropic elastic skeletons in [17]. A dynamic model
governing wave propagation in poroelastic materials was derived in [18}|19).

The classical Biot theory provides a phenomenological description based on the following phys-
ical assumptions.

1. The characteristic size of the micro-scale, e.g., pore radius, is significantly smaller in com-
parison to the wavelengths of the propagating waves. This is necessary for a macroscopic
continuum description to be valid.

2. The medium is a two phase system. The porous network is interconnected, continuous and
fully saturated by a single Newtonian fluid. The solid skeleton comprises solid grain from a
single material.

3. All phases undergo small deformations. This ensures that no geometric non-linearities are
encountered.

4. Waves are dissipated exclusively due to viscous effects in the pore-fluid. Thermal dissipation
is ignored. The skeleton is assumed to be homogeneous and isotropic. Structural dissipation
is ignored.

Several attempts have successfully been made to relax some of these assumptions. The modi-
fied Biot formulation [20] adapts the formalism for anisotropic materials as well. This is further
extended to inhomogeneous media in [21]. The model has been generalized to partially saturated
porous media in [22] and to multi-phase problems in [23]. Further improvements and general-
izations expanding the description to soil mechanics, geometric and material non-linearities etc.
were developed in [24-30]. The ability to introduce different visco-thermal dissipation mechanisms
into the governing equations, such as the three-parameter Delany-Bazley-Miki model [31], or the
six-parameter Johnson-Champoux-Allard-Lafarge model [32/34], was developed in [35].

There exist multiple formalisms of Biot poroelasticity. The original, as developed for consol-
idation in [16] and wave propagation in [18,/19] is a u — U formulation, where u and U denote
macroscopic solid skeleton and pore-fluid displacements, respectively. The modified Biot formu-
lation for anisotropic materials in [20] is a u — w formulation, where w = ¢(U — u) denotes
the fluid flow relative to the skeleton. The effective porosity is represented by ¢. This is further
extended to inhomogeneous poroelastic media through a u — u,, in [21], where u,, corresponds to
the volume averaged microscopic pore fluid displacements. A u — p formulation was developed
in [36] where p denotes pore-fluid pressures. This is restricted to isotropic materials, but offers
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the advantage of requiring only 3 DoFs (4 DoFs in 3-D) when compared with 4 DoFs (6 DoF's in
3-D) required by the other formalisms. The merits and bottlenecks of each formulation is studied
within a consolidation context in [37].

The transfer matrix method (TMM) [38-41] is a semi analytical approach used to solve these
governing equations. It is especially used widely to predict the vibroacoustic behaviour of mul-
tilayered panels. Matrices are used to describe the wave propagation through each medium; and
coupling constraints are introduced at the interfaces. Each layer is assumed to be homogeneous
with planar surfaces and infinite lateral dimensions. The lateral dimension requirement is removed
in [42]. The planar face requirement is relaxed in [7] by applying dual porosity theory [43-46].
However, this is still limited to periodically repeating structures. Heterogeneities are incorporated
by considering inclusions in [47] and tortuous porous composites in [48]. However, all these ap-
proaches are custom fit to particular applications. Obtaining a generalized model that takes these
extensions into consideration remains an open question. To this end, it is instructive to adopt
numerical techniques like the FEM, which are not bound by any such physical considerations.

In this Chapter, the u — p formulation is derived from the u — U. Constitutive and continuity
relations are defined and developed in Sections|2.242.3] The Biot coefficients are derived in Section
The u — p formulation for consolidation is presented in Section [2.5| Finally the u — p
formulation for wave-propagation is provided in Section [2.6| The finite element discretization for
these equations are described in detail in Section [2.7]

2.2 Constitutive Relations

The ensuing derivations are a summary of [49]. The bulk volume V} of a poroelastic sample
can be expressed in terms of its constituent phases

Vo =Vi+ Vi, (2.1)
where the volume of the saturating fluid V; and elastic frame V; are
Vi=o¢V, Vi=(1-9¢)V, (2.2)

and the effective porosity ¢ is defined as

Vo

= —. 2.3
o= (2.3)
The symbol V4 denotes the volume of the interconnected pore network contained within the
representative domain. Since the original Biot theory ( [18]/19]) requires that the porous network

be fully saturated with a single fluid, one has V, = V4.

Under the assumption of small deformation, the infinitesimal strain tensors €5 and e for the
solid and fluid phases respectively, are provided

1
& = 5(Vu+ Vi), (2.4)
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1
g = 5(VU +vTiu). (2.5)

0
ox; "
symmetric, i.e., €,;; = €5 ;; and €5;; = €. The total stress tensor over a bulk cubic element, o,

The symbol V(-) denotes the gradient operator and read V; = The tensors €5 and & are

is defined as

oy =05+ o4l (2.6)

where o is a symmetric tensor. The quantity o denotes the contribution of o, to the fluid phase,

where the pore-fluid pressure p is positive under compression. Since this is assumed to be a
Newtonian fluid, it does not accommodate shear stresses. The term o, represents the contribution
of o; to the solid frame,

o, =—0—(1—¢)pl. (2.8)

The intergranular stresses & are also positive under compression. Inserting Eqgs. (2.7 and (2.8))

into Eq. (2.6)) yields
o, =—0 —pl. (2.9)

Within the isotropic limit, four unique coefficients A, @, R and G are sufficient to describe the
constitutive relations between stresses and strains for both phases of the porous medium

0si5 = 2Ges i + (Aes + Qeg)dij, (2.10)

Uf:Q€5+REf, (2.11)

where €, and €7 denote volumetric strains, e, = €54 and €5 = ek, respectively. The corre-
sponding volumetric stress for the solid frame is 6 = %5%. The constants A, () and R are related
to physical parameters like the shear modulus G, bulk modulus of the porous medium K, bulk
modulus of the solid grain K, bulk modulus of the fluid K; and porosity ¢. This is done in [50]
through gendanken experiments that investigate volume effects induced by pore-fluid pressure and

solid-grain stresses. These effects include the bulk compressibility and solid compressibility.

Unjacketed tests (see Fig. isolate the influence of fluid pressure by fully saturating a porous
sample with water and imposing a change in confining pressure dP,.. The pore-fluid pressure p
also changes by the same amount dp = dP,., whereas the intergranular stresses remain constant
do; = 0,47 = 1,2,3. Since the variation in fluid pressure is uniform everywhere, the porosity
remains unchanged as well d¢ = 0. As a result, the compressibility of the bulk medium and solid
grain at constant solid-grain stress, are equal

dVi/Vy _dVy/Ve 1 2.12)
dp dp K,

Jacketed tests (see Fig. isolate the influence of intergranular stresses. This is done by
jacketing a fully drained sample and submerging it in water subject to a confining pressure dP..
The porous network is connected to external air and maintains constant pressure dp = 0. In this
case, solid grain stresses change by the same amount do; = dP., 7 = 1,2,3. Consequently, there
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Pe P, P P.

(a) (b)
Figure 2.2: Unjacketed and jacketed compressibility tests.

Unjacketed Jacketed
configuration configuration
Effect Pore-fluid pressure  Solid-grain stress
Pore-fluid pressure dp = dP, dp=20
. . doy; = 0, doy; = dF,
Solid-grain stress i=1.2.3 i=1.2.3
Bulk compressibility % = —KLS %gv” = —Kib
Porosity Z—‘é’ =0 94— — 1K;j> _ KL)
Solid compressibility % = — 1; dvgé_vs = — (17;) o

Table 2.1: Volumetric response of a poroelastic material when subjected to a change in isotropic
compression dP..

is also a change in porosity. The compressibility of the bulk medium and solid grain at constant
pore-fluid pressure read

dVy /s 1
b_ _ 2.1
do K’ (2.13)
dVi/Vs 1
R Ty (2.14)

These relations are summarized in Table 2.11

The total relative change in bulk volume % is now expressed using a combination of both

effects, i.e., the pore-fluid pressure and solid-grain stress

1 1
20 gy — —db. 2.1
v K- do (2.15)
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Observing that dey = deg ki, = W Eq. (2.15]) is integrated to obtain

Vi ?

K
— &= Kye, + sz. (2.16)

Eq. (2.16) does not yet include shear deformation. This is incorporated using classical linear
elasticity constitutive theory since the pore-fluid exhibits zero shear restoring force.

2 K
Oij = (Kb - —G>5s5z‘j + 2Geg 5 + —bp5ij- (2.17)
R 3 B —— Ks

-~

. deviatoric
volumetric

2.3 Continuity Relations

Further derivations are now necessary to obtain the coefficients A, @ and R. To this end, the
Euler continuity equation is used to describe fluid mass balance
) .
% +div(ppsU) =0, (2.18)
where my = psVy = ¢psV, represents the fluid mass saturating the porous network, and py
contains the fluid density. This is simplified to read

¢ :

Ipy - _
¢W + Zrn + ¢pydiv(U) = 0. (2.19)

Given that the fluid compressibility Ky can be expressed as follows

vV L (2.20)
3p K f ’ '
one can exploit the conservation of fluid mass 1y = W = 0 to obtain the relation
vy _ _9ps (2.21)
Vi Ps

Inserting Eq. (2.21) into Eq. (2.20) and differentiating with respect to time, the following
constitutive relation is derived for the fluid phase

Ipy Ip
Ki— =p,—. 2.22
Now, the simplified form of the Euler continuity equation for the solid phase is given
9ps d¢ oy
1-— — Ps— 1-— <d =0. 2.23
(1= 0) 05— 50+ (1 = G)pudiv() (223)

Following a similar argument as shown for the fluid phase, the final form of the constitutive
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relation is provided
Ips dp | ps 0o
K, = ps— —. 2.24
o o T1- g0 (224)

Substituting the constitutive relations Eqgs. (2.22)) and (2.24)) into the relevant continuity equa-
tions Egs. (2.19) and ([2.23)) yields

¢ dp 09 B
EE + En + qble(U) =0, (2.25)

1—¢op 1 0 0¢ oy
K a-%za—a‘f‘(l_@b)dw(u)—o‘ (2.26)

Adding Eqgs. (2.25)) and (2.26]) yields

1—¢ o¢\dp 1 do
( 7 4 E)E + FE + (1 — ¢)div(a) + gbdlv( )=0. (2.27)

Eq. (2.27)) is the storage equation and denotes the conservation of fluid mass in a fully saturated
porous media [24]. This will be used in Section to develop governing equations for consolidation
problems.

2.4 Computing Biot coefficients

Using Egs. (2.16) and (2.27)), the term & is eliminated. Further, recalling the relation ¢4 =

div(a), one obtains

(¢ +=t (1 6 —)> ‘z)j + ¢K,div(n) — qbK,c%dlv(U) —0, (2.28)
and
( (1 - —)) ZI; + Kf(l o %)dw( ) + 6K ;div(U) = 0. (2.29)

Finally, combining Egs. and -, Egs. (2.17)) and -, and comparing with Eqs.

and (| -, the Biot coefﬁ(nents can now be ertten out

o Ky
A=K, — 26+ Kflfl oo R (2.30)
Poeri(e i)
o K
_ Mif(l 0 k) (2.31)
o+32(1-0- 1)
R= 0K (2.32)

o+it(1-0-1%)
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The solid skeleton stresses o in Eq. (2.10) is a function of both the solid skeleton and pore-fluid
displacements, i.e., o5(u, U). For Sections and , it is useful to decouple these effects. To

this end, Eqgs. (2.10) and (2.11]) are combined to read

2
o,(u,U) = (A - %)div(u)ﬂ +2Ge, — qs%pﬂ. (2.33)
An effective stress tensor o5(u) dependent only on solid skeleton displacements is introduced such

that )
&, (u) = (A - %)div(u)ﬂ +2Ge,. (2.34)

The quantity Eq. (2.34) is more explicitly defined using the expressions for A, @), R as provided in
Egs. (2.30), (2.31)), (2.32) [51]

2
— Og4j = (Kb - §G> €50i5 + 2Ges 5. (2.35)
Exploiting the symmetries in Eq. (2.35)), one can re-express this in convenient Voigt notation
— o = Deg, (2.36)

where D denotes the linear elastic constitutive tensor. The bulk and shear modulii K} and G are
expressed in terms of the more familiar quantities, i.e., the Young’s modulus £ and Poisson’s ratio
v

E E
Ky = T G = Tl (2.37)

Using the above relation, the tensor D assumes the form

FE
D= 1— . 2.
(1+ V)(l — 2v) g 0 Y 192u ( 38)

Eq. (2.33) now simplifies to

os(u,U) =0a,(u) — gbﬁp]l. (2.39)
Inserting this expression for o into Eq. (2.6]) yields
. Q
————

c

where ¢ is a constant parameter (not to be confused with the speed of sound in a medium).
Inserting the expressions for @, R into Eq. (2.40) yields

o, =6, — agpl, (2.41)
where the Biot coefficient ooz has the form

ap=1- . (2.42)
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This is called the principle of effective stress [52].

2.5 Consolidation

The consolidation phenomena described by the Biot theory is a slow process. The pore-fluid
transport is described by the static Darcy law
k
q=——Vp, (2.43)
vr
where k and vy = prg denote the permeability and specific weight of the pore-fluid, respectively.
The specific discharge q describes the amount of fluid content entering or exiting the bulk volume

It is now recalled that u = ‘9;;. Further, using the expression for o derived in Eq. (2.16)), and the
discharge in Eq. (2.44)), the storage expression in Eq. (2.27)) is simplified
Kb 853 1 Kb 1 1 8p .
1——) —(1——) (———) P . 2.4
< K)ot * (Ks )P\ Tk ) e T @ (2.45)

To be consistent with soil mechanics literature [53], the storativity coefficient S, is defined

S, = ?(—B + qs(KLf - Ki) (2.46)

Egs. (2.42)) and (2.46]) are inserted into Eq. (2.45)) along with the Darcy law (Eq. (2.43)) to

yield the following form for the storage equation

Ogs op . rk
OZBW + SEE = le(ﬂy—pr) (247)

The equilibrium equation for the solid phase is written out in a straightforward way
div(e;) + b =0, (2.48)

where b contains a generalized body force. Using the principle of effective stress (Eq. (2.41))), this
is recast as

div(es) + b = div(agpl), (2.49)
where the linear-elastic constitutive relation in Eq. (2.36]) holds for &.

Egs. (2.49) and ([2.47)) are collected and summarized below as the coupled strong form for the
Biot u — p formulation for consolidation
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div(es) + b = div(appl), (2.50)
Oes op . rk
a5, = Sga — d1v<7—pr>. (2.51)

2.6 Vibroacoustics

While the consolidation phenomena discussed in Section [2.5is a slow process, the Lagrangian
formalism originally introduced in [18,/19] adopts a more generalized approach by accommodating
acceleration effects as well. These effects are significant at large acoustical frequencies and cannot
be reasonably neglected. This introduces inertial forces arising due to the relative motion between
the solid-skeleton and pore-fluid. The associated kinetic energy of the system is

1 ) L 1 .
Ex = 5011|1l|2 + pppu- U+ 5,022|U|27 (2.52)

where p1o, p11 and poy are apparent densities accounting for the geometry of the frame and porous
network, which assume the following form [13]

P12 = —Gbpf(aoo - 1)7 (2'53)
P11 = (1 - ¢),03 — P12, (2-54)

and
P22 = Gpy — P12, (2.55)

respectively. The inertial force components of the solid and fluid phases, respectively, are obtained
by applying the Euler-Lagrange equations

0 (0F -
I _ v _K _ .
FS = ot < I ) P11+ ,012U, (256)
and 0 (0F
I _ K _ .. -
Ff = _at (—8 g ) L1210 + pQQU. (257)

These inertial forces occur even in the presence of a non-viscous fluid. However, for the material
to truly be dissipative, the following dissipated energy is introduced

Ep = %b(u _U) (-1, (2.58)

where b is a dissipation parameter, accounting for viscous interaction. The (%) denotes the
complex-valued nature of its argument, and its dependence on the excitation angular frequency
w. The corresponding forces on either phase are

FP =p(a - U), (2.59)
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and

F? =—b(a— ). (2.60)

The inertial forces F! and F} from Eqgs. (2.56), (2.57) and the dissipative forces F? and F?
from Egs. (2.59)) and (2.60)) are used to derive the equilibrium equations for Biot wave propagation

diV(O’S) = pnﬁ + plgﬂ + B(u — U), (261)

and

Egs. (2.61]) and (2.62) are the Biot u — U formulation for wave propagation in poroelastic media.
Applying the Fourier transform, this is expressed in the frequency domain

div(o,) = —w?pyiu — w?p1, U + (jw)b(u — U), (2.63)

and
div(os) = —w?prau — w?pe U — (jw)b(u — U), (2.64)

There are two significant drawbacks of the u — U formulation from a computational perspective.
The first is that for a three-dimensional problem, there are six degrees of freedom associated
with each discretized node in a standard FE mesh. These include three displacement components
for the solid and fluid phases, respectively. The second is that the stress tensor o is frequency
dependent. These features create major bottlenecks during the assembly and solution of detailed
FE models in spectral analysis. These difficulties are addressed in [36] by developing a mixed
displacement-pressure formalism (u — p).

To this end, the effective densities p11, pa2 and pio are introduced such that

_ b
P11 = P11+ T’ (2.65)
N b
P22 = pa2 + e (2.66)
_ b
p12 = p12 + o (2.67)

Recalling Eq. (2.7), Egs. (2.63)) and (2.64)) are now provided in a simplified form
div(e), — w?pnu+ w?pU = 0, (2.68)

and
— VD + w?prau + w?peU = 0. (2.69)

The fluid displacement U can be expressed in terms of the pore-fluid pressure p and solid-skeleton
displacements u by rearranging Eq. (2.69)

1
vp — 22, (2.70)

U= —
W2 Peg P22
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Eliminating U from Egs. (2.68]) and (2.69), the following equation is derived

div(os) + w?pu + gb%Vp =0, (2.71)

where the solid-skeleton effective density p has the form

~ N2
by — P2 (2.72)
P22
Recalling o3 = o5(u, U), a frequency dependent analogue of Eq. (2.39) is employed
. Q
o,(u,U) =0a,(u) — gbﬁpﬂ. (2.73)
where the solid skeleton constitutive relation reads

&, = De,(u). (2.74)

The elastic constitutive tensor D depends on the modified Young’s modulus E and the Poisson’s
ratio v,

D = D(E, v). (2.75)

The modified Young’s modulus E in Eq. (2.75) is expressed as

E =E(1+ jns(w)), (2.76)

where E and 74(w) are the Young’s modulus and the structural loss factor, respectively.

The Biot coefficients A, Q, R and G are replaced with frequency-dependent counterparts A, Q, R
and G. The complex shear modulus G accounts for structural dissipation. The fluid bulk modulus
Ky in Egs. (2.30)-(2.32)) is replaced by
Keq

: 2.77
5 (2.77)

where R’eq is the equivalent bulk modulus characterizing thermal dissipation.

Inserting Eq. (2.73) into Eq. (2.71) reads

K; =

div(6s(u)) + pw?u = —3Vp, (2.78)
where the coupling coefficient 7 is .
- P12 Q)
— (22 _ X)), 2.79
gl ¢><p22 7 (2.79)

The corresponding equilibrium equation is derived by considering the divergence of Eq. (2.69)
and re-arranging into the following expression

— PAD + w?pradiv(n) + w?peediv(U) = 0. (2.80)

Using the constitutive relation in Eq. (2.11)), the term div(U) is eliminated from Eq. (2.80]) to
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yield
2 2

—Ap + =w’p = —w?Fdiv(u). (2.81)
P22 R
For most acoustical poroelastic materials ¢ — 1 and K ¢ << K. Under these assumptions, the

following relations hold [35]

™

22

Peq = F’ (2.82)
. R
Koy = et (2.83)
Using these relations, Eq. (2.81)) is finally written as
A
I w*ydiv(u). (2.84)
Peq eq

The coefficients peq and f(eq are the dynamic mass density and bulk modulus. They encode
visco-inertial and thermal effects, respectively, at the micro-scale. These coefficients are computed

through semi-phenomenological models, such as the six-parameter Johnson-Champoux-Allard-
Lafarge (JCAL) model [32-34]

_ Qoo 0 o 4aZ npow
= 1 14 j—=0 2.
Peq(w) P [ + jOJPOOéoo\/ +J o2A2¢2 | (2.85)
and .

Kog(w) = 1Ho/é . (2.86)

. 0K AR Cypow

—(y=1) |1 =y 1 4 j— 2P

7= =1 T o\ T eAng

The macroscopic material parameters oo, o, 7, A, A, v, Fy, kj, C, and s denote the high
frequency limit of dynamic tortuosity, static airflow resistivity, dynamic viscosity, viscous and
thermal characteristic lengths, adiabatic index, atmospheric pressure, static thermal permeability,
specific heat at constant pressure and thermal conductivity. A concise list of the expressions for
all semi-phenomenological models is provided in [12] .

The mixed u — p formulation, Eqs. (2.78)), (2.84)) is collected and summarized below

div(é,(n)) + pw?u = —3Vp, (2.87)
A
P 2P = 25div(u). (2.88)
peq eq

This formalism alleviates the difficulties associated with the u — U formulation, by requiring
only four degrees of freedom per FE node. These include three displacement components for the
solid phase and a pressure field for the fluid phase. Further, recall from Eq. that unlike
o, 05 is frequency independent. Consequently, the corresponding state matrices do not require
repeated assembly during spectral analyses.
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2.7 Finite Element Formulation

2.7.1 Elastostatics

Strong form

X

Figure 2.3: Schematic representation of a two dimensional domain 2 with boundary I". Essential
and natural boundaries @ and t are prescribed on I'y and I'; respectively.

The case of a domain  C R? is considered herein, subjected to plane stress or plane strain
conditions. The domain is subjected to a body force b, and is prescribed a displacement and
traction u and t over the boundaries I'y and TI'; respectively. The displacement and traction
boundaries are defined to be non-intersecting, i.e., I', N[’y = (). This is illustrated in Fig.[2.3] The
corresponding equilibrium, constitutive, and compatibility equations are defined in Eqgs. ,

(2.89b)), and (2.89¢]), respectively as

div(o) + b =0, (2.89a)
o = De(u), (2.89Db)
e(u) = w, (2.89¢)

subject to generalized inhomogeneous displacement and traction boundaries defined as follows

u=uonl,, —enforced boundary conditions, (2.90a)

oc-n=t=tonIly —natural boundary conditions, (2.90b)

where the displacement and traction boundary values are specified by @ and t, respectively.
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Weak form

Eq. (2.89) is cast into its appropriate weak form

Find u € V* := [H'(Q)]? such that (2.01)
a®(u,du)p = f'(du) Voue V*, .
where a®(+,-)p and () are bilinear and linear functionals, respectively defined as
a€(u, ou)p = /e(u)]D)e(éu) dq, (2.92a)
Q
f*(du) = /t coudl + /b - ou dS2. (2.92b)
I Q

Discretization

The displacement field is approximated through the following finite dimensional approximation,
ie.,

up, duy € V! C VY, (2.93)
where uy, and duy, are the discretized trial and test functions, respectively; these are defined over

a finite-dimensional subspace V.

Inserting the discretized form in Eq. (2.93)) into Eq. (2.91)) yields the discretized abstract weak

form

Find u;, € Vy such that
(2.94)
ag(uh, (511}1)]@ = f“((Suh) Vou € Vﬁ .
The domain €2, is the discretized approximation of the original domain geometry, i.e.,
o= K=~q (2.95)
K¢€Qh
where the terms IC;, i = 1, ..., nq denote non-intersecting quadrilateral sub-domains as shown in

Fig. [2.4. This corresponds with standard element discretizations as used in conventional FEM.
The parameter h is understood as the maximum diameter of all elements contained in €2;,. The
discretized boundaries I'y,,, I'ys, I'np and I'y, are also obtained in the same fashion.

The bilinear and linear functional forms used in Eq. (2.112) can now be computed through
additively assembling local element-wise operators as shown below

el

a% (uy, duy)p = Z ag, (uy,, duy)p, (2.96a)
i=1
Tel

P (0up) = Y £ (Suy). (2.96D)

i=1
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Figure 2.4: Discretized domain €2, decomposed into ne quadrilateral elements.

The element-wise components in Eq. (2.96]) are expressed

ag, (up, dup)p = /s(uh)]D)e(éuh) dQ, (2.97a)
Ki
£ (Suy) = / £ ouy dT + / b du, d. (2.97b)
FKi Ki

ht

In the FEM, the globally continuous displacement uy, field and its corresponding weight function
duy, are discretized into piece-wise continuous functions over each element K; according to the
following expressions

u, = [®"] "a, du, = [@Y] Tou, (2.98)
~~ ~~
(ng,e%x2) (ng,6%x2)

where @ and du denote vectors containing element-wise trial and test nodal displacement values,
respectively. The quantity nj4.; denote the number of DoFs for V}(K).

The arrays [®*] contain the canonical basis functions that span V}*. The conventional Bubnov-
Galerkin FEM definition for these spaces for a k;;, order method is provided below

Vi =Wt d =2, (2.99a)
Wh ={v € [H'(Q) N C°()], v|x € VN(K), VK € Qu}, (2.99b)

where VI (K) has the following definition

VEK) ={v e [H'(K)NCUK)] : vilx € Lp(K), fori=1,...,d}. (2.100)

The canonical basis function possess the classical properties

@?(XJ) = 51']', 1= 1, ce ,ngof, (2101)
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and partition of unity properties
D dp(xy) =1, (2.102)

over V}(K). The term L (K) in Eq. (2.100) denotes k¢, order Lagrange interpolating polynomials
defined over an element domain K. These polynomials spanning the FEM space are explicitly
defined and fully dependent on the element geometry.

Substituting Eqs. (2.98)) into the element-wise integrals for the solid phase in Eqs. (2.97)), yields
an elastic stiffness term

ag, (uy, Suy) = 60’ / B*"DB*dQ|q, (2.103)
N ’CZ 7

where B" = g,(®"). An elastic load is also obtained

fi (6uy) = da” / ®u Tt dl' + / ®"Tb dQ|. (2.104)

Ki K
D¢ ‘
NS g

The local state matrices and vectors are assembled, over the entire domain 2, using a direct
approach to obtain their global counterparts

K = /_xl Ky, f'= ,/_i'l £ (2.105)
One now obtains the global matrix form for Eq. (2.94))
K = f. (2.106)

Eq. (2.106) is solved in a straightforward way using classical procedures like Preconditioned Con-

jugate Gradients (PCG) or Generalized Minimial Residual Method (GMRES).

2.7.2 Consolidation

Strong form

The case of an arbitrary continuous two-dimensional porous domain  C R? with a domain
boundary I is considered as shown in Fig. [2.5] In addition to the constraints specified in Fig. [2.3
the domain is further subjected to a set of enforced pressures p on I',, applied volume fluxes q on
I'y such that I', NIy = 0 and T, NT'y = 0. The domain is also subjected to a source/sink term Q.
The strong form of the governing equations as provided in Eqs. - are supplemented by
the following set of initial and boundary conditions

u = uy, P=7Dy, inQ —initial conditions, (2.107a)
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Figure 2.5: Schematic representation of a two dimensional domain €2 with boundary 0f2. Essential
and natural boundaries for the solid phase u and t are prescribed on I', and I'; respectively.
Similarly, the relevant boundaries for the fluid phase p and q are applied on I', and I'; respectively.

u=uonl,, p=p, onl, — enforced boundary conditions, (2.107b)
t=tonly, q=q, only — natural boundary conditions, (2.107c)

where uy and p, denote the initial displacement and pressure distributions over the domain at
time ¢ = 0. The Dirichlet boundary values for the fluid phase is represented by p. The Neumann
flux boundary values are contained in q.

Weak form

The weak form of the governing Egs. (2.50)-(2.51]) is derived accordingly as

Find (u,p) € V* x VP := [H'(Q)]* x [H'(Q2)] such that
a®(u, 0u)p — al®0 (p, du)qym = f*(du) Vdéu € V¢ (2.108)
al&0 (i, 0p)apmr + b (D, 0p)s. +bY (P, p)ijy, = (9p)  Vp € VP,

where a®), b") and f*) are bilinear and linear functional operators and dp denotes test functions
such that p,dp € VP. The space VP denote the space of admissible pressures. This assumes a
standard one-dimensional H!(Q) Hilbert Space. The individual operators are defined as follows
for the fluid phase

b (p, 0p)k/, = /V V((Sp) dQ, (2.109a)

b2 (p, 0p)s. = pS: dpde2, (2.109b)
Q

f*(6p) = — /q ~op dl’ +/Q5p dq, (2.109¢)

Lq
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and coupling phase

a®%(p, 0u)aym = /e(éu) apmpdS, (2.110a)
Q
a®°(1t, 6p)aymr = % e(u) apm” 6pdQ. (2.110b)
Q

Discretization

Similar to Eq. (2.93)), the discretized pressure field trial p, and test dp, functions are defined

accordingly as
P, 0py, € VP C VP, (2.111)

over the finite-dimensional subspace V.

Using the discrete approximations introduced in Eqgs. (2.93) and (2.111)), the abstract formula-
tion of the discretized weak form is expressed

Find (up,py) € V¢ x Y} such that :
o (D)o — 2 (py, By = (Bur) VO, € Vi (2112)
a©0 (i, 6py)aym + b’ (Dn, Ibn)s. + bV (Dn, 0Dy i/ = £(0py)  Vop, € Vi

The functional forms used in Eq. (2.94) for the solid phase have already been additively as-
sembled from local contributions in Eq. (2.96]). The operators corresponding to the fluid phase
assume the following form

Nel

b (ph75ph k/vy — ZbK phufsph)k/'yf; (21133)
Mel
b’ (py, 5bp)s. Zbic (Phs 0Ps)s.., (2.113b)
1=1
Tel
P (6p,) = Zf (6p;,). (2.113c)

Finally, the operators corresponding to phase coupling become

Tel

a0 Dy, 0un)apm = D a” (D1, O pm, (2.114a)
i=1
Trel
3(670) (flh, 5ph)o¢BmT - Z a uh7 5ph apmT - (2114b)
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The element-wise components in Eqs. (2.113]) - (2.114]) are expressed for the fluid phase

k
bv(pha(sph)k/’yf = /V(ph) 7— V(dpy,) d2, (2.115a)
Ki /
i d
b (by, Opy)s. = a/ph Se opy, dS2, (2.115b)
Ki
f(0py) = — / dn - 0py, I + /Qéph de, (2.115¢)
F’:i K:i
and coupling terms
a®°(py, (W) apm = /6(511h) apmpy, d€2, (2.116a)
Ki
d
a®° (W, 0Py ) apmr = E/duh) agm?’ §p, dQ. (2.116b)
K

The fields p,, and dp,, are discretized into piecewise continuous functions analogous to Eq. (2.98))

p,= [®] "p, op, = [®"] Top, (2.117)
~—~ N~
(ngof X 1) (ngof>< 1)

where p and 5i) are vectors containing element-wise trial and test nodal pressure values, respec-
tively. The number of DoF's pertaining to V}'(K) is contained within n}j ;. The array [®”] represents
canonical basis functions spanning V;. This space is defined as follows

Vi =WiY, d=1, (2.118)

where in Wj, is defined in Eq. (2.99b]). [®P?] also possesses the properties shown in Eqgs. (2.101)-
@2.102)
CD?(X]') :52‘3‘, 1= 1,...,nﬁof, (2119)

and
ngof
D dl(x;) =1, (2.120)
i=1
over V} (K).
Inserting Eqs. (2.117)) into Eqgs. (2.115)) yields the fluid kinetic term

b, (Ph: ), = 0P" P, (2.121)

Vr

-~

Hy,

/ vor’ k V&P AN
i

J/

where BY = V®? is often used as a convenient shorthand. Next, one obtains the compressibility
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term
d
b, (Dns OD)s. = EéﬁT /‘PpT S. ®”dQ| p, (2.122)
Ki
ng
and the fluid phase forcing term

f%@m)zﬁfl—/}WT%dF+/ﬁWWQM4. (2.123)

Ff(; Ki

i

7

The discretized coupling terms are derived by substituting Egs. (2.98]) and (2.117)) into Eqgs. (2.116))

a,(éi’o)(ph,éuh)%m = 6p7 /B“TaBm PP dQ |1, (2.124)
K )
ax,
and
d
a,(a’o)(lih,dph)%m: aéf)T /@pTaBmTB“dQ u. (2.125)

ICi

N J/

TV
T
Qf.

The local state matrices and vectors are assembled, over the entire domain €2, is a similar

manner to Eq. (2.105))

Nel Nel

H=AHc S=A8c, Q=4Qq P=Af (2.126)

The global matrix form of the governing equations are now elaborated in accordance with

Eqs. | ;
5 S0l 4= o2

Solution procedure

Eq. (2.127)) is a system of first order differential/ algebraic equations with respect to time of
the following generic form
AX+BX=F, (2.128)

where X = {ﬂ f)}T. The quantities A, B and F can be obtained from Eq. (2.127]) by inspection.

In this Chapter, a theta rule time discretization scheme is employed to obtain solution states
at each time step. Assuming that the time domain is discretized into a finite number of N; + 1
points, ie., tg <ty < t, <tpy1 < --- < ty, the solution vector X and it’s time derivative X
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are defined as

Xn+0 - (]_ - Q)Xn + QXH+1, (2129)
and X %
X, g = oot S 21
+6 At ) ( 30)

respectively, where At is the time increment and @ is the implicitness parameter 0 < # < 1. The
vectors X,, and X, denote the state vectors at time t, and t,,1, respectively.

Substituting Eqs. (2.129) and (2.130)) into Eq. (2.128)) gives rise to the following time marching

scheme

AX, 1 = BX, + AtF, .4, (2.131)

where A and B are the effective state matrices, which after the necessary algebraic manipulation
assume the following form, i.e.,

- [0K  -0Q
A= [QT S + AtQH} o (2.132)
e O-UK (-0
- [(0-1K 1-60)Q
B= { QT S —(1— Q)AtH} o (2.133)

respectively and the discretized forcing vector F, g = {f“ i }T.

A central difference scheme, 6 = %

should exercise caution in choosing appropriate spatial and temporal time discretization steps.

is adopted. Since such a scheme is conditionally stable, one

Alternatively, an unconditionally stable implicit scheme may be chosen.

Validation

The numerical schemes proposed above are verified using the Terzaghi consolidation test [15].
A soil column of height A = 7 m and width D = 1 m is fully saturated with water and subjected
to a uniaxial compressional load ¢ = 1 kPa at the top. The top is exposed to air and consequently
has a pore-fluid pressure p = 0 Pa. The lateral sides are provided with roller supports and the
bottom is fully clamped. No-flow conditions are imposed over all boundaries, i.e., Vp-n = 0, where
n denotes the corresponding outward facing surface normal. These conditions are illustrated in
Fig. [2.6]

Further, initial conditions u(t = 0) = 0 and p(t = 0) = ¢ are given. The soil has a Young’s
modulus £ = 8 MPa, Poisson’s Ratio v = 0.3 and permeability 10®m - s=!. The specific weight

of the pore-fluid (water) is 74 = 9.81 x 10°kg - m~2 - s72.
The time evolution of pore-fluid pressure is obtained by solving the equation

op _ . O

ot = Cvﬁ, (2134)

where 2z denotes the elevation in the soil column. The consolidation coefficient ¢, has the form

k ! (14 0)(1 —2)
o oy = _ _ 2.135
“ Semy T K TG E(l—v) (2.135)
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Figure 2.6: Schematic for Terzaghi’s uniaxial consolidation test.

The term m,, indicated the Terzaghi compressibility coefficient. This equation is solved analytically
in [54]

o0 i—1 2

t 4 _1 J . T eyt
ol Iy G el e

Jj=1

The deformation of the soil column is evaluated by integrating the corresponding strains

h h
Ah; = /edz = —mvhq—l-mv/pw dz. (2.137)

o 0

The numerical solution is calculated by solving Eq. with 700 quadrilateral finite el-
ements. The analytical and numerical distribution of pressures within the soil column at time
instants t1 = 100 s, t5 = 1,300 s, t3 = 4,300 s, t, = 13,300 s, t5 = 23,300 s, tg = 43,300 s are
provided in Fig. [2.7al The deformations at the top surface z = h are compared in Fig. [2.7b] Near
perfect agreements are observed in all cases.

The pore-fluid pressure contours are provided at these six time instants in Fig. for com-
pleteness. This example demonstrates the ability of the FE model described above to accurately
simulate consolidation behaviour in poroelastic media.

2.7.3 Vibroacoustics
Transfer Matrix Method

The Transfer Matrix Method (TMM) is a semi-analytical approach used to forecast acoustical
indicators such as the Sound Absorption Coefficient (SAC) and Sound Transmission Loss Coef-
ficient (STL) in flat multi-layered systems. The method is used as a verification tool for several
vibroacoustic applications presented in this thesis.

A medium of thickness H is subject to an acoustical plane-wave excitation impinging at an
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(a) (b)

Figure 2.7: @ Distribution of pore water pressures in the soil column at six different time in-
stances, @ Evolution of soil settlement at the top surface z = h with time. Analytical solutions
are provided in dotted black lines.

angle of incidence #. Two points, A and B are arbitrarily chosen close to the incidence and rear
faces, respectively. This is illustrated in Fig. [2.9]

A matrix T can be formulated to describe wave propagation in the medium, such that
V(A) =TV (B), (2.138)

where the vector V(A) contains quantities describing the acoustic field at A in the medium. The
transfer matrix T depends on the thickness H and the material parameters characterizing the
medium.

For a fluid, V(A) has the form
VI(A) = [p(A), v(A)], (2.139)

where p(A) and v, (A) denote the fluid pressure and velocity in the x-direction at point A. In the
case of a solid (elastic) medium, it is to be noted that the variables constituting V(-) need not be
unique. Following [13,39], four independent quantities are chosen

VI(A) = [5(A), v5(A). 0%, (4). 03, (A, (240)
where v;(A) and vy (A) denote x and y-direction velocities at point A, respectively. Normal and
shear stresses are respectively indicated by the terms o3,(A4) and o3, (A). In a poroelastic medium,
the vectors for both phases are combined to yield

Vp(A) = [US<A)7 U;(A), Ug]cc(A)’ o, (A)v o, (A)v ol

Tx Ty Tx

(A" (2.141)

For a detailed derivation of the expression for the relevant transfer matrix operators T/, T* and
TP, the reader is referred to [13].
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(a) 1 =100s  (b) ta = 1,300 (c) t3 = 4,300 (d) (e) t5 = 23,300 (f) tg = 43,300
s S ty = 13,300 s S S

Figure 2.8: Water pressure contours at six different time instances.

air

X

Figure 2.9: A medium of thickness H subject to a plane wave acoustic excitation at an angle of
incidence 6.

Strong form

A generalized continuous two-dimensional poroelastic domain Q € R?, d = 2 with a boundary
I' is shown in Fig. [2.10[ The domain €2 is surrounded by arbitrary neighbours €2 and 5. These
neighbouring domains may be elastic (solid), acoustic (fluid) or porous domains. Similar Dirichlet
and Neumann boundary conditions to Section are considered. Additionally, an impedance-
type Robin boundary is also provided over T,.

The mixed displacement-pressure u — p formulation, Egs. (2.87)-(2.88) is subjected to the
following set of essential
u=tonl,, p=pe? ™ onTl,, (2.142)

natural
t=tonl;, g=qonl, (2.143)
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Figure 2.10: A poro-elastic domain €2 subjected to acoustic and mechanical excitations.

and impedance boundary conditions
2(0)Vp - n+ jwpep = gon Iy, (2.144)

respectively. For a time-harmonic acoustic excitation of amplitude p incident at an angle 6, the
vector valued wave number is represented by k = [kcos(f), ksin(#)], where k = w/c,i;. The vector
x = [z, y]" denotes the coordinates of a point on the incident face T'y. A Robin-type boundary value
g is specified over I', where z denotes an impedance constant z(0) = z,;;/cos(f). The parameters

Cair aNd Zair = PoCair denote the speed of sound in air and impedance of air, respectively. For our
purposes, we take g = 0 [55].

Weak form

The weak form of Egs. (2.87)-(2.88) is derived by multiplying each expression with the relevant
test functions du and dp and integrating over the entire domain

Find (u,p) € V* x VP := [HY(Q)]? x [H*(Q)],d = 2, such that

Solid phase
/as(u) L e,(6u)dQ — w? /ﬁu ~oudQ — /’pr -oudQ
J J J (2.145)
—/<0'5~n> oudl’=0 Voue VY,
Iy

J/

-~

I
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and

Fluidphase

1 1
/~—Vp-Véde—w2/~—p6de—w2/’yV6p-udQ

peq Keq
@ . @ @ (2.146)
+w2/(iu-n— 5= Vp-n)5de:O Vop € VP

2 W= Peq

J

~~

Ip)

Using Eq. (2.40]), the boundary integral I; in Eq. (2.145) is modified to

L —/ (Ut-n—i—cp]l-n) -oudl. (2.147)

ry

Similarly, the boundary integral I in Eq. (2.146|) is decomposed into the relevant Neumann and
Robin contributions according to the identity I' = I'y U T',: I = I; “ + I, where, employing
Eq. (2.70) the following expression is eventually established

L= —u? / (cu ‘n+ Wn> opdl, (2.148)

Ty

where w,, = ¢(U — u) - n is the normal component of the fluid displacement relative to the solid
skeleton. This is measured in volume per unit area of the bulk medium [20,21]. Using Eq. (2.144)),

a simplified expression for I3 is obtained

no_ Jw
L' =25 / spdr. (2.149)

Iy

Is it to be noted that the solid skeleton normal displacements are not defined over I',.

When subject to acoustic excitation, variations in dp are zero. To ensure continuities, one
requires o - n = —pl - n. Using the result for classical sound absorbing materials, i.e., ¢ ~ 1 [56],
I = I, = 0. The acoustic wave is simply imposed on the incident face as a pressure Dirichlet
boundary (Eq. ) Considering roller or fully clamped supports, variations in du are zero.
Further, u - n and w, are zero as well. Consequently, once again, Iy = [, = 0. Given an
impedance-type anechoic termination, I; = 0, I, = I,". These integral conditions are tabulated
in Table 2.2

The coupling conditions encountered at the interface between Q and 2}, Q2 etc. need to be taken

into account. They are critical to generating accurate predictive models of porous composites.
This is illustrated in Fig. 2.11]

1. Poroelastic-elastic coupling: The traction obtained at the interface I' of the elastic medium
t = 0. - (—n) is incorporated into the boundary integral I

11:/(a't-n+cp]l-n—0'e-n) <oudr. (2.150)

T
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Boundary Boundary
Condition Integrals
Acoustic I, =0

Excitation IL,=0

Roller =0
Support IL,=0
Clamped =0
Support IL,=0
Anechoic =0

Termination 12 = zj(e) Jpopdl

T

Table 2.2: Boundary integrals.

The fluid phase term [5 remains the same

I, = —w2/ (cu ‘n+ wn) opdl. (2.151)
r

The coupling conditions are now specified over T according to [56]

w, =0, (2.152)

u = Ug,

where the first condition introduces continuity of traction. The second equation ensures zero
relative mass flux across the interface by requiring that no relative motion exists between the
the solid and fluid phase of the poroelastic material. The third equation enforces continuity

of solid displacements for both media. Inserting Egs. (2.152)) into Eqs. (2.150) and ([2.151))
yields

L = / (cpI-m) - dudr, (2.153)
r
and
L =-w’ / (cu-n)dpdr. (2.154)
r

Eqgs. (2.153)) and (2.154) resemble classical fluid-structure coupling matrices and naturally
couple poroelastic fluid pressures with elastic solid displacements. Finally the kinematic
constraint u = u, is explicitly imposed.

. Poroelastic-acoustic coupling condition

The weak formulations of the poroelastic and acoustic media are combined

I :/ (og-n%—cp]l-n) -oudl, (2.155)
r
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Figure 2.11: A schematic illustrating the different kinds of interfaces encountered in Biot poroe-
lasticity.

and .
I, = —w2/ (cu ‘n+w, — ——Vp, n>6p dr. (2.156)
J w=pPo

Here, the coupling conditions over I' are provided

o,-n=—-p,J-n
(1=¢)u+¢U) -n=5-Vp,-n=u-n+w, (2.157)
P = Pa>

where, as in the previous case, the relations express the continuity of traction, relative mass

fluxes and pressures, respectively. Substituting Eqgs. (2.157) into Egs. (2.155) and ([2.156))

read
L = /(c —Dp, I -n-dudl, (2.158)
r
and
I = —w? /(c —1)éu-ndp,drl. (2.159)
r

Within the context of classical sound absorbing materials, since ¢ ~ 1, the resulting integrals
I, and [, are zero. Consequently, only the kinematic relation p = p, need be explicitly
imposed.
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3. Poroelastic-poroelastic coupling The weak form for two poroelastic materials, labelled 1 and
2 are combined below

I, = / (O't,1 -n+cpl- n) ou dlN — / (crt’2 ‘n + cp,l - n> - duy dr, (2.160)

r r

and

A [ / (Cu1 n+ wn71>(5p1 dr — / (Cu2 n+ wn72> 5Dy dr] . (2.161)
r T

Continuity conditions on traction, mass flux, displacement and pressure are established

across the interface as follows
01 NN =021
W,1 =W,
5 2 (2.162)
u; = Uy
P1 = Pa-
Inserting Eqgs. (2.162) into Egs. (2.160|) - (2.161)) and using the relation ¢ ~ 1, once again,
the integrals I; = I, = 0. In this case, the displacement and pressure continuity conditions

are explicitly imposed at the boundary.

4. Acoustic-Elastic coupling

The coupling matrices involved at the interface of an acoustic and elastic domain resemble

Eos. (2159 (2159

I = /(paﬂ ‘n) - ou dl, (2.163)
T
I = —u? /(u6 -n)op, drl. (2.164)
T

The above considerations illustrate the potential advantages offered by the u — p formulation
over the u—U in terms of simplicity of boundary and interface conditions. The boundary integrals
I; and I, are either zero, or assume familiar fluid-structure coupling forms. Normal components of
solid displacements and acoustic pressures are naturally coupled. Kinematic relations concerning
displacements and pressures are easily imposed. These conditions are summarized in Table
For a more detailed discussion of the boundary conditions involved, see [56].

Discretization

Substituting the discrete approximations introduced in Eqgs. (2.93) and (2.111)) in the weak
form and collecting terms gives rise to the following abstract weak formulation, i.e.,

Find (up, py,) € V¥ x V) such that

af (uy, duy,) — w?a®(uy, duy); — aV:O(p, du); — a®(py,, duy). = 0 Vouy, € Vi,

b (Ph 0P1)1 /g — @ 00 (Ph 01 )1 i, — w0 @V 0 (8D, wn )5 — @ (
\jWbOF(pha(sph)ﬁ =0, Vép, € V},

(2.165)
Up, 5ph)6+
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Primary Neighbour Boundary
Domain Domain Integrals
Poroelastic ~ Acoustic Li=0
I, = 0
= — f (pI - n) - dudl
Poroelastic Elastic I — —w2 f cu-nopdl
Poroelastic ~ Poroelastic Il =0
I, =0

Table 2.3: Interface coupling integrals.

Figure 2.12: Discretized domain €2, decomposed into n. quadrilateral elements.

where a®)(-, )y and b)(+, -)( represent bilinear functional operators, which assume the following

for the solid phase

a®(uy, duy) = /as(uh) : g5(0uy) dQ,

Qp

ao(uh, 5uh)p~ = /ﬁuh . 5uh dQ,

and the fluid phase

Qp

ch

b (b ) 1 — / L 9, Vop, da,

bO(Pm 5Ph) =

b (bn, Op4) =

and for phase coupling

eq

1
= - op, d§2,
/K Pr 0Py,

[s1
o,

1
s =/mph5phdf,

Chr

¥ (p,, dup); = /’prh - duy, d€2,

Qp

(2.166a)

(2.166b)

(2.167a)

(2.167D)

(2.167¢)

(2.168a)
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a® (py,, oup)e = / c(p,l - m) - buy, dr. (2.168b)

Ty

The fluid phase contribution a°" (uy,, dp;,). from Eq. is evaluated as shown in Eq. .
However, the integration is performed over I';,. Additionally, it is to be noted that the boundary
forms "' (p,,, duy,). and b (p,,, 6p;,) are obtained as generalizations of the boundary and interface
conditions provided in Tables 2.3]

In Eqgs. (2.166|)-(2.168)), the domain 2, is the discretized approximation of the original domain
geometry, with non-intersecting quadrilateral sub-domains as shown in Fig. [2.12] As before, the
discretized boundaries I'y,,, I'nt, I'np, I'ng and 'y, are also obtained in a similar way.

Using Eq. (2.95)), the bilinear forms of Egs. (2.166al)-(2.168b)) can be additively assembled from
elemental contributions for the solid phase, i.e.,

Mel

af (uy, 6uy) = ag, (uy, 6uy), (2.169a)
i=1
Tlel
a’ (up,0up); ZQ’C up, ouy); (2.169b)
for the fluid phase
Nel
bY (Py, dpp) L = szi (Pr, OPR) 1, (2.170a)
Peq 1 Peq
Tlel
(P, 8p) 1 = Zb?ci (Pr 6P1) 1 (2.170b)
Tel
bOF (pha 5ph 1 Z bOF ph, (5ph)1 (2170C)
i=1
and for phase coupling
Tlel
V0 (py,, Sup)s Za (bp, un)s (2.171a)
Mel
" (D, Sun ). Z A, (Pp, Oup). (2.171D)

The elemental contributions in Egs. (2.169) - (2.171]) assume the following forms for the solid

phase

CLOIC uh,éuh uy - 511th, (2172b)

ag, (up, ouy,) = /0' (up) : e5(duy) A9, (2.172a)
-/

(3
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fluid phase
1
Peq 4 Peq
1
b, (Pr 0Pp) 1 = / ——Dy, 0Py, d2, (2.173b)
Keq Keq
Ki
1
or _ [
bic. (Pr> 0Pn) 1 = / 2P oPn (2.173¢c)
Tht
and coupling terms
(V,0) _
ai,” (Pp, 0un)y = /VVph -ouy, dS2, (2.174a)
Ks
a%;(ph, oup)e = / c(ppl-n) - duy,dl. (2.174b)
i

ht

The discretized field variables in Eq. (2.98) are now inserted into the elemental integral forms
for the solid phase in Egs. (2.169)) to yield an elastic stiffness term

ag,(uy, ouy) = oa” / B*"DB"dQ | u. (2.175)
An elastic mass term is also retrieved
ao,ci (uh, (5uh),3 = 5ﬁT / QUT ,6 o dQ | u. (2176)
e

Similarly, expressions for the fluid phase are established by substituting Eq. (2.117) into
Eqgs. (2.170]). The fluid kinetic terms assumes the form

1

bEi(ph,éph)i = op’ /V@’Tﬁ—vqﬂ”dﬁ D, (2.177)
Ki «d
1,

and the fluid compressibility term

b, (P> ODp) 1 = 0P p. (2.178)

1
Keq
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Finally, following the same procedure, the phase coupling term Eq. (2.171]) reads

ay " (py, 6wy )5 = 5pT / ver’y & dQ | . (2.179)
ICi
&r,

K3

The local state matrices are assembled into their global forms as before, using a direct approach
as done in earlier sections

K: AQIIKKN M:.‘EM/CN I:I:.éeIII:I/Cw Q:.el

=

Qr,, C= A Cp. (2.180)

The boundary terms in Eqgs. (2.173c|) and (2.174b|) are also computed in a similar fashion to
yield the following matrices

. 1
Ag= | —@".®"dr 2.181
E , (2181a)
Ffr
Si = /c<¢p~n> .U dr, (2.181b)
F}C

ht

where A denotes a local admittance matrix encountered over Robin boundary I'f (see Eq. ([2-173d)).
Matrix Sk denotes a local fluid-structure coupling matrix encountered at an interface (see Eq. ([2-174D)).
Similar to Eq. , these integrals are assembled over the relevant boundaries I'y,., I'ng, I'ng to
yield global boundary matrices

A=AAxy, S=ASku. (2.182)

The discretized version of the weak form in Eqs. (2.145])-(2.146)) is written as a coupled system

of linear equations in matrix form

K — w?M ~(¢+8) {u} _ {f“] | (2.183)

_u? (éT n ST) H+ jwA —w2Q| D f?
N /v v
‘Z’ X F

where £ and f? are load terms for either phase. It has already been shown in Section that
all coupling and support conditions yield either zero-value boundary integrals or forms that are
bilinear in nature, (see Tables . Furthermore, since only acoustic excitations are considered
for this work, it is reasonable to allow f* = 0 and f? = 0. These excitations are imposed as
Dirichlet pressures.

It is worth noting that despite Eq. (2.183]) being linear in &1 and p, it exhibits an explicit
parametric non-linearity with respect to w. Implicit material non-linearities are encountered in
the global state matrices through their complex frequency-dependent material parameters, see,

e.g, Egs. (2.85)-(2.86|) for the JCAL model.
Owing to the spectral nature of the problem, multiple solutions to Eq. (2.183) are required
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over a desired frequency bandwidth to sufficiently characterize the vibroacoustic behaviour of the
system. It is possible to significantly reduce the assembly time by exploiting the affine nature of
the governing equations. This is done by assembling the global state matrices only once without
the implicit frequency-dependent content; this can be post-multiplied during the solution stage.

2.7.4 Computing acoustic indicators

The complex valued surface impedance at the incident face normalized with respect to the
impedance of air z(6) is computed

pin

Zonrclw,0) = (B5) /2(0) (2.184)
Vi Uit

where pi¢ and vI". denote inlet pressures and normal component of fluid velocities over the el-

ementary incident face T'%,. This quantity is now used to obtain the elementary coefficient of

reflection

an;c(w,e) — 1
an,g(w,Q) —|— 1

Ri(w,0) = (2.185)
As the FEM computes only resultant quantities (the net incident and reflected waves), one
requires R (w, ) to obtain purely incident pressures and normal fluid velocities over T';
inc p}gc
y o Vpk = .
2(0)

e — ‘ P (2.186)

P = T Re(w, 0)

K
Fh]

The time averaged powers are evaluated according to Eqgs. (2.187)) below

in 1 in in * _ 1 in in *
W (w, 0) = §%</p V), dF) = 53“%(2 Px() * VnKk (i) dF), (2.187a)

7

Fhl Ffl(l)

Winc( 9) o 1 inc inc Al = 1 Z inc inc % dl
Thr t e

Wl (w, 0) = W™ (w, §) — W"(w, 0), (2.187c¢)
1 1

trans _ out out * _ out out *
WS (w, ) = 59%( / p* v, dF) = 53?(2 / PK() * Vak(i) dF), (2.187d)
T'ho LK)

hO

where Wit Wine Wref and W' represent inlet, incident, reflected and transmitted powers,
respectively. The operator R(-) extracts real valued data, Complex conjugation is denoted by (x).

Outlet fluid pressures and normal components of fluid velocity p%“(ti) and vfl‘;ct(i) are evaluated over

an elementary outlet face ng). The SAC and STL are finally derived for a plane wave incident

at an angle # with a driving angular frequency of w

Wref(w, 0)
Winc<w7 9) )

Winc(w, 9)

=1 - I E——
a<w’ 6) Wtrans(w’ @)

T (w,0) = 10log (2.188)



50 Chapter 2. Computational Poroelasticity

For a detailed report investigating the post-processing procedures involved in structural and porous
vibroacoustics, see, e.g., [57], [13].

Experimental validation

The following example is provided to validate the implementation of the numerical models
detailed in this chapter. An anechoic wedge constituted of melamine foam is placed within an
impedance tube. The macroscopic material parameters are provided as Material ID III in Ta-
ble 3.71 The JCAL model (see Eqgs. (2.85)-(2.86)) is used to obtain the equivalent dynamic bulk
modulus and mass density.

The geometry is parametrised by the length of the wedge proper L = 630 mm, the heel H = 380
mm, and a width of D = 300 mm. The wedge is backed by an air plenum of thickness P = 100
mm. This configuration is illustrated in Fig. [2.13]

Figure 2.13: A schematic of an anechoic wedge placed within an impedance tube with air backing.
L =630 mm, H =380 m, P =100 mm, D = 300 mm.

The lateral edges are provided with roller supports. The setup is subject to a plane wave
acoustical excitation impinging at normal incidence. The frequency bandwidth of the excitation
is f = [20,500] Hz.

The entire geometry is modelled using 5000 quadrilateral plane strain elements. Assuming
a deformable elastic skeleton, Egs. is solved to obtain displacements and pressures at
50 frequency steps. These steps are equally spaced between 20 and 500 Hz. Next, the SAC is
evaluated as shown in Section [2.7.4] The resulting curve is compared against an experimentally
measured result (obtained from [7]) in Fig. [2.14]

The curves obtained agree very well across the entire bandwidth. This shows that the FE
model described in this Chapter can describe the vibroacoustic behaviour of poroelastic materials
with sufficient accuracy.

2.8 Summary

In this Chapter, a motivation to study poroelasticity was established along with a review of
different physical and mathematical models. The governing equations for porous consolidation and
wave propagation were developed from first principles. Finally, the FEM procedure was provided
in detail for elastostatics, consolidation and vibroacoustics. Caveats with respect to boundary
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Figure 2.14: Sound Absorption Coefficients calculated for a poroelastic anechoic wedge with air
backing.

conditions and interface coupling constraints were discussed. In the next chapter, the limitations
of the FEM will be discussed. Several competing element formulations will be reviewed and the
Virtual Element Method procedure will be applied to the governing equations derived herein.
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Chapter 3

Virtual Element Methods

In this Chapter, a novel Virtual Element Method (VEM) is developed to resolve the mixed
Biot displacement pressure formulation governing wave propagation in porous media. Within this
setting, the weak form of the governing equations is discretized using implicitly defined canoni-
cal basis functions and the resulting integral forms are computed using appropriate polynomial
projections. The projection operator accounting for the solid, fluid, and coupling phases of the
problem are presented. Different boundary, interface and excitation conditions are accounted for.
The convergence behaviour, accuracy, and efficiency of the method is examined through a set of
illustrative examples. A node insertion strategy is proposed to resolve non-conforming interfaces
that naturally arise in multilayered systems. Finally the power of the VEM is exploited to examine
the acoustic response of composite materials with periodic and non-periodic inclusions of complex
geometries.

3.1 Overview on Element Formulations

Solving the aforementioned equations using classical finite-element techniques involves mesh-
ing the domain with quadrilateral or triangular elements. Using such elements to resolve com-
plex shaped mesoscale heterogeneous morphologies necessitate fine resolutions, thus rendering the
problem expensive. Optimal mesh discretizations would aid in augmenting the efficiency of the
method. This motivates the investigation of numerical techniques that can handle flexible element
geometries.

Polygonal finite elements PFEM [58-60] are used in a wide range of applications where one
encounters complicated interface and inclusion geometries as in the case of e.g., topology and shape
optimization [61,/62], fracture and damage modelling [63-65], contact mechanics [66], and fluid-
structure interaction problems [67]. Defining shape functions over arbitrary polygonal domains is
an active field of research and encompasses a large family of approaches. These include Wachspress
[68,69], natural neighbour [70}71], mean-value coordinate |72}/73] and maximum entropy |74} 75|
shape functions. A detailed summary collating advances in these polygonal shape functions is
provided in [76]. The method involves treating these typically non-polynomial functions with
special numerical schemes [77], or standard quadrature rules over sub-triangulated domains. Sub-
optimal convergence rates are observed due to the errors arising from numerical integration of
complicated non-polynomial functions. Employing higher quadrature rules to minimize this error

33
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can significantly drive up computational costs, especially in problems where iterative solutions
are necessary, e.g., spectral problems, time domain analysis, topology optimization etc. The
Virtual Element Method (VEM) [11,78-83| is a relatively recent technique introduced into the
computational mechanics community to specifically address these shortcomings.

The method naturally emerged from advances in Mimetic Finite Difference (MFD) methods
[84-89]. MFDs, when used in conjunction with the Finite Element Method, seek to model trial
and test functions spaces without resorting to explicit representations of basis functions over
the element interior. When extended to non-standard element geometries, the accuracy of the
method is improved by enriching the function spaces with possibly non-polynomial expressions.
The basis functions, which are allowed to assume complex non-polynomial forms, are implicitly
defined through carefully chosen degrees of freedom. This implicit representation does away with
the problem of analytically or numerically deriving basis functions over complex element domains.
A significant point of departure of the VEM from MFDs lies in VEM’s attempt to preserve
polynomial accuracy over element boundaries [11]. This allows for extension to more generalized
inter-element continuity and conformity requirements [90].Extensions to curved geometries is a
new development [91-93]. This method is being applied extensively in fracture mechanics [94}-
96], modelling of structures [97-99], topology and shape optimization [62], different problems
in elasticity [100-104], contact and micro-mechanics [105}/106], composite materials [107], sound
propagation in solid or fluid, i.e., uncoupled, domains [108,/109] and very recently in electro-
magneto-mechanical couplings [110]. The VEM has been used in [111] to treat solid domains
for reservoir modelling, considering also the case of fracture propagation [112] using a combined
Discrete Element-Virtual Element approach. With regards to fluid domains, the case of Darcy and
Brinkman flow has been addressed using the VEM in [113,/114]. Other miscellaneous applications
have been addressed in [115-122].

Mixed VEM formulations have emerged over the past years to address elliptic problems [79,/123,
124]. This paved the way for extended applications in poromechanics such as mixed finite-volume
discretizations [125] and three field formulations for the Biot consolidation equations [126/127].
Very recently, multiphase problems pertaining to miscible fluids have been treated in [12§]. A
hybridised MFD-VEM has been developed for a similar application in [129] considering the case
of Darcy flow in elastic domains under quasi-static loading conditions. Further to the current
state-of-the-art, in this work the power of the VEM is harnessed vis-a-vis its ability to resolve
complex geometries and examine the case of wave propagation in poroelastic domains considering
all the pertinent inertial and viscous terms arising from the solid to fluid couplings; this is a
direction not yet explored in the literature.

Several competing approaches exist, such as the Scaled Boundary Finite Element Method
(SBFEM) |130-{135], where a local polar coordinate system is introduced. The field under con-
sideration is only discretized along the tangential boundary; an analytical expression is provided
over the radial direction. This reduces the dimensionality of the problem by one. The method
imposes a star-convexity constraint on the element. It has found several applications in crack
propagation [136-140] and acoustics [141}142].

The advent of Partition of Unity methods (PUM) [143-146] allows for an enrichment of the solu-
tion space, to induce higher convergence rates. This has found significant application in acoustics
in the form the Partition of Unity Finite Element Method (PUFEM) [147-150], where each stan-
dard Lagrange polynomial shape function is expanded into a linear combination of plane waves.
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Conversely, the ability to use the PU functions for local enrichment has driven its applications
in fracture in the form of eXtended Finite Element Methods (XFEM) [151H156] and Generalised
Finite Element Methods (GFEM) [143,/157,/158]. For a more detailed review on the PUFEM,
XFEM and GFEM, the reader is referred to the review publications [138,159-163] .

Within the context of exterior acoustic problems, the Boundary Element Method (BEM) [164-
168| is used almost ubiquitously within the vibroacoustics community to obtain efficient solution
procedures. The weak form of the governing equations are moved to the domain boundary, as
the name suggests, with the help of fundamental solutions, also known as Green’s functions. This
helps reduce the physical dimensionality of the problem by one, thereby reducing the complexity of
the problem. However, when dealing with geometries that move beyond classical shapes, a larger
number of boundary elements are required to achieve accurate representations, e.g., a curved
exterior.

Modern techniques like Isogeometric Analysis (IGA) [169-171] have paved the way for exact
boundary representations by replacing traditional polynomial shape functions with flexible alter-
natives derived from Computer Aided Design, such as Bézier curves, Non Uniform Rational B-
Splines, T-Splines etc. Mesh dependent and mesh-free techniques, such as the Galerkin |[172-174]
and Collocation [175H177] IGA have been successfully coupled with the BEM to achieve efficient
discretizations in complex structures. The IGA-BEM has found applications in other fields such
as transport and flow problems [178-181] and shape optimization [182}{185] as well.

In this Chapter, the fundamentals of the VEM are laid out in Section This is then applied
as a first step to elastostatics in Section [3.3] Details concerning projectors, consistency and
stability matrices etc. are discussed here. This is further extended to consolidation in Section
Distinctions between computing H; and Ly projectors are made here. Next, the VEM
discretization is originally formulated for vibroacoustics in Section [3.5] Finally, this is applied to
industry relevant numerical examples in Section |3.6]

3.2 Virtual Element Spaces

Figure 3.1: Discretized domain €2, decomposed into n. arbitrary potentially non-convex polygonal
elements. An example chicken element with N, = 51 edges adapted from [62] is shown. The jth
edge e; connects vertex nodes x; and x;1;. A single edge node X5y 1s also illustrated.

Contrary to the discretization provided in Eq. (2.95)), here, KC;, i = 1,...,nq correspond to
non-intersecting polygonal sub-domains, i.e., virtual elements as shown in Fig. 3.1} An arbitrary
element is also shown in Fig. 3.1 with polynomial order k£ > 1. The vertex coordinates are given



56 Chapter 3. Virtual Element Methods

by x;, j =1,...,N,, where N, is the number of edges; this equals the number of vertices. Each
edge e;, 7 =1,..., N, connects vertices x; and x;; and contains k — 1 internal nodes per edge.
These internal nodes are labelled x€.

To accommodate element domains IC; of arbitrary shapes, the VEM seeks to avoid explicit
definitions of these basis functions. To facilitate this, certain restricting assumptions on the
approximating subspace VI(K) need to be relaxed. This is done by enlarging the space to allow
for potentially non-polynomial function definitions over the element interior. The associated
enrichments provide desirable stabilisation properties and correctly capture the relevant kinematic
modes of the element. Within this setting, the space V(K) is defined as

VM) = {v e [HY(K)NCYUK)] :vile € Prle) Ve € OK ; Av,|x € Pr_o(K), fori=1,...,d},
(3.1)
where P, (K) denotes a ky, order polynomial space, which is spanned by appropriately defined
monomials, and d denotes the physical dimensionality of the problem. The subspaces [P (K)]?
and [Px(K)] are spanned by vector and scalar valued scaled monomials belonging to [M,(K)]* and
[M(K)], respectively. The members of these monomial spaces are provided in Table [3.1]

Polynomial
order

k=0 Mo(K) = {1} o ={ {3} {7}
arbitrary Mk(’C)Z{Mk—l(/C), &, {0} {gk—ln} {o }

order k elp nk}

M, (KC) (M (K]

Table 3.1: Generalized scalar and vector valued monomials for M (K) and [M},(K)]?, respectively.

Here, £ = % and n = y;g’c denote scaled monomials in each parametric direction. The

number of terms 1n |Ml an k are ny = (k+ +2) and n;, = ~———-—=, respectively.
ber of in [M;,(K)]? and [M,(K 4= (k+1)(k+2) and nf) = EHER) ivel

A significant point of departure from the FEM consists in a two-fold observation of Eq. .
First, the VEM space VX (K) no longer requires its members to have exclusively polynomial def-
initions over the element interior. Second, the members are implicitly defined through carefully
chosen DoF's, as defined in Table The total number of DoFs for each VEM space is
nie = 2N,k + k(k — 1) and nf, , = N,k + k(k — 1)/2, respectively. This is illustrated in Fig. 3.2
for an element with N, = 7 edges.

From Eq. , it is to be noted that these generalized non-polynomial functions assume
continuous kg, order polynomial expressions over the element boundary. These polynomials can
be uniquely determined through the corner and edge DoF's. This behaviour is consistent with the
classical FEM definition provided in Eq. . The behaviour of the functions remain unknown
within the element interior, except through a condition on its Laplacian, as defined in the area
moment DoFs. Owing to the C° conforming nature of the method induced by the governing
equations, it is sufficient to retain the Laplacian operator, as originally defined for elliptic problems
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Figure 3.2: VEM DoFs illustrated for a k = 2 element with N, = 7. The centroid and element
diameter are denoted by xx and hy, respectively. This element contains n4.; = 30 and n} ; = 15
displacement and pressure DoF's, respectively.

DoF . “
Type Location Vi
Number o .
of DoFs Description
: u uh(xj>7
Corner vertices of K N¢ = 2N, i=1.. N,
internal boundary uy,(x5),
Edge points on each ~ Np =2N,(k—1) j=1,...,k—1
edge of IC for each edge
. . .
Area p(?mt lylng in ey T [uy,-mdK
M ¢ interior of Nj =25 K )
omen domain K Vm € [My_2(K)]

Table 3.2: Degrees of Freedom for Vi*(K). For Area moment, the monomials belong to [My_5(K)]%.

in [11]. Stricter conformity requirements, as encountered in higher order problems require different
conditions within the element interior [99).

This approach solves the difficulty of providing explicit expressions for element basis functions.
This implicit definition justifies the terminology wirtual elements and virtual spaces. These bases
are numerically evaluated and visualized in Fig. for the heptagonal element defined in Fig.|3.2
They are computed through a sub-scale boundary value problem over the element domain with
appropriate kinematic constraints.

3.3 Elastostatics

3.3.1 Virtual approximants at the element level

Following the discretization introduced in Egs. (2.98)), the displacement fields is split into its
polynomial and non-polynomial components
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DoF . D
Type Location Vi,
Number . L.
of DoFs Description
: P __ ph(Xj)a
Corner vertices of IC N& = N, =1, ..N,
internal boundary pr(X5),
Edge points on each  Np=N,(k—1) j=1,...,k—1
edge of I for each edge
. . .
Area pgmt lylng in T i [P -mdK
N ¢ interior of Ny =—5— K
omen domain K Vm € Mj_»(K)

Table 3.3: Degrees of Freedom for V' (K). For Area moment, the monomials belong to Mj,_»(K).

u, = uy + (u, —uj), duy, = dup, + (duy, — duy). (3.2)

This decomposition is illustrated in Fig. 3.4 The index 7 in Egs. (3.2) denotes the polynomial
component of the respective field. The polynomial components contain the consistent kinematic
modes exhibited by the element.These comprise rigid body and deformation modes.

Inserting Eqs. (3.2) into the definition for the local bilinear operator in Eq. (2.97a)), the following
relation is obtained

ag(up, duy) = P(ag) + NP (ay), (3.3)

where P(a%) contains the polynomial and NP (aj.) the non-polynomial component of the operator,
ie.,

Ixa§)::a%(n§umlﬁﬁuh), (3.4)
NP(aZ) = a5 ((uh ~IEwy), (Suy — H;(suh)). (3.5)

In Eq. 8.4), II; : V/(K) — [P4(K)]* denotes an unknown projection operator mapping the
unknown field u;, onto the polynomial space [P(K)]%. This projection operator arises from the
fact that the operator e4(-) cannot directly interact with the unknown displacement field as the
latter is not explicitly defined.

Naturally, this introduces additional error into the formulation. To minimize this error, the
projection operators are computed on the basis of the following orthogonality conditions, i.e.,

I = a%(u;, — 5w, m) = 0, € [P (K)]% (3.6)
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() 2%, (b) @L (c) B2,

Figure 3.3: Canonical VEM basis functions defined over a heptagonal domain in Fig. for @
a vertex DoF, @ an edge DoF and an interior DoF. The non-zero quadratic forms recovered
on edges e; and e for % and edge e; for (I)ii are uniquely defined exclusively through
the relevant edge and vertex DoF's.

Number of
Elements

IRIUER G R B

Operator Label Contents

)
=
~—

7~

™
—~
A

I (D
ag(-,")  K™(K) {0} 0
() K™(K) 1} 1
() K™K) {0} 0

Table 3.4: Definition of operator kernels.

Remark 1 One would expect four terms in the r.h.s of Eqs. (3.3)). However, two terms contribute
zero energy due to the energetic orthogonality conditions defined in FEqs. (3.6). The polynomial
terms in these expressions are called consistency terms as they comprise the consistent kinematic
modes defined earlier.

In the monomial spaces involved, there exist members contributing zero energy to ai(-,-) and
b (), e.g., es([1,0]7) = [0,0,0]7. V(1) = [0,0]T. These zero energy modes are operator specific
and collected in K*(K) and KV?(K). They are called the kernel of the relevant operator. These
operator-specific kernels are provided in Table [3.4 The contents of these kernels can be derived
using kinematical decomposition relations mentioned in [124]. The zero-energy modes contained
in K¢(KC) can be understood as rigid body motions, i.e., two translations and one rotation in 2-D
physical space.

The projector is computed without the kernel, to avoid spurious results arising from ill condi-
tioned matrices. To this end, Eqgs. (3.6]) is redefined as
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Figure 3.4: A discretized solution field and its polynomial components visualized over a polygonal
element. A planar cross-section illustrates that u; and uj vary within the element interior, but
coincide at the boundary.

e = ai(uy — [Euy,m) = 0, Vu, € VI(K), m e M (K)?\K(K).  (3.7)

The optimality criteria used above ensure that the energies associated with the bilinear op-

erators P(-) are still computed exactly. This property is called polynomial k-consistency, see,
e.g., [11].

3.3.2 Computing the projectors

Using the definition in Eq. (3.7)), the H; projector, i.e., II; is expanded as follows

nk73
fw = mysd, (3.8)
=1

where ¢ is a (1 x nj) vector of the unknown expansion coeflicients. Each entry in the expansion
vector corresponds to a canonical basis function describing uy, contained in ®* (see Eq. (2.98).

Eq. (3.8) can be conveniently cast in matrix form as

iuh = I\I’lf/ CE ) (39)

(2xn{=3) (n¥—3xnY )

where the matrix m€ holds the appropriate monomial bases and ¢€is an arrays whose i, row
holds the vectors of expansion coefficients (.
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3.3.3 Computing the projector lIj

Inserting the expansion of Eq. (3.8) into the orthogonality condition Eq. (3.7) and performing
the necessary algebra the following system of equations is established with respect to the unknown
expansion coefficients, i.e.,

€ € _ €
G ¢c= B , (3.10)
(nj—3xny—3) (nj—=3xny ;)
where G€ is an array with elements
G5 :/es(mi+3)TUs(mj+3)d/C, (3.11)
K
and B€ is an array whose j,, row is a vector
Bf = /es(uh)Tas(mj+3) dK. (3.12)

The term G;; in Egs. is computable using numerical integration since &4(-) can be directly
performed on the explicitly defined monomials (Table . A standard Gauss-Legendre quadrature
is sufficient as the integrands are composed wholly of polynomial-type terms. For k = 1, this is
trivial as the integrand is a constant whereas for k£ > 2, numerical integration over sub-triangulated
domains is required.

Conversely, the term Bj cannot be evaluated in its current form as explicit definitions for
the terms uy over the element domain interior do not exist. Performing integration by parts in

Eq. (3.12)) results in

Bf = Bf; + B, (3.13)
where
BS =Y [ (olmpws) w @) e (3.14)
ecok )
and
BS =~ [ wi (div(o,(mye) dK. (515
K\OK

respectively, where n€ (e) collects the boundary direction cosines n, (e) and n, (e) and is expressed
as

n, (e) 0 n, (e)

n° (e) = [ 0 (3.16)

Since uy, is known over the boundary through the definitions of the corner and edge DoFs
(Table , the boundary integral of Eq. (3.14)) can be evaluated with a Gauss-Lobatto quadrature
giving rise to the following expression
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Ng = N&+ Ng Ny
€ e
Bg = |j’Bbj,1 e Bb‘],N}é 0 e Oi| (317)

Conversely, the area moment DoFs within the element interior (see Table , Fig. are
exploited to evaluate the interior domain integral Bg;. As there are no interior DoFs for k = 1
methods, these integrals vanish. For order k£ > 2, the Laplacian condition defined in Eq.
is exploited. To this end, the term div(es(m;43)) in Eq. is expanded over the [M_5(K)]?
basis giving rise to the following expression

u
N2

div(o,(myis)) = > dSmg,  Vmyg € [M_o(K)), (3.18)
=1

where the expansion coefficients d;:ﬁ are obtained through inspection [186]. Substituting Eq. (3.18])
in Eq. (3.15) the following expression is eventually established

N _o
Bf = —|K| Y ddofapn, +5(un) = —|K[d®, (3.19)
5—1

where the dof function denotes the evaluation of its argument at the indexed degree of freedom
(see Eq. (3.26), and N

—— ~ %
de — [o o0 | a8 e S J (3.20)

j(n%72)

Combining Eqgs. (3.17) and (3.19) and substituting in Eq. (3.13) provides the computed form

of matrix B®. Hence, Eq. (3.10)) can be solved for the array of the expansion coefficients (€.
Substituting in Eq. (3.9)) the following expression is eventually derived for the projection operator
Ilillh

[Eu, = m®[GE]'BE. (3.21)

3.3.4 Consistency terms

Using Eq. (2.97a)), the polynomial term in Eq. (3.3) gives rise to an elastic consistency term

ag(up, duy) = /0'8 (Hiuh> € (Hiéuh> dK. (3.22)
K

Substituting the projector approximation from Eq. (3.21) in Eq. (3.22) and performing the
necessary algebraic manipulations, the following expression is eventually retrieved for the elastic
stiffness consistency term

K¢ = ¢ [GEI¢7, (3.23)

where G¢ is provided in Eq. (3.11). The consistency term is not coercive over the complete
polynomial space as the monomials from the operator kernel have been omitted.
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3.3.5 Stability terms

The second part of the r.h.s. in Egs. cures this rank-deficiency. However, as this contains
a non-polynomial integrand without an explicit definition over the element interior, the relevant
integral cannot be computed analytically. Further, numerical integration requires higher order
quadrature rules to achieve reasonable accuracy. To alleviate this, the non-polynomial contribu-
tions are approximated by user defined bilinear forms called Stability terms.

These terms are chosen to satisfy basic stability and coercivity properties. They are also
designed to reduce to zero over polynomial subspaces as in, e.g., the boundaries of an element.
This is necessary as consistency terms exactly account for the entire energy here. These stability
terms also provide additional stiffness to higher order modes, thus preventing the entry of spurious
higher order hourglass modes. For this reason, the stability terms can also be interpreted as a
form of hourglass control [187].

The non-polynomial integrands, u, is known only in terms of the canonical bases ®*. Con-
versely, owing to the kinematic decomposition used in Eqs. , the polynomial projections uj is
also present alongside the non-polynomial term. This quantities is known in terms of the mono-
mial bases [Mj(K)]?. To facilitate interaction between these two components, as is necessary here,
one needs to express uj in terms of ®*. This is done by re-expressing the monomial bases in
terms of the canonical bases as follows

‘u, = m°¢t =[] DT (f, (3.24)

(ng exni—3)
where the matrix D¢ collects the monomials evaluated at the VEM DoFs. It has the form
dOfl (ml) Ce dOfl (mnz,g)
D¢ — : . :
dOfngof(th) . dOfnétof(mnz,:g)
VYm e M (K)]* \ K& (K),

(3.25)

The quantity dof;(m;) is evaluated according to the following expressions (see Table

dof;(m;) = ﬁkfmj -mgdK (3.26)
Vmg € [M;_2(K)]?, > 2kN,.

Since the projector has so far been computed only for non-kernel monomials, it is now necessary
to have a similar counterpart for the kernel components. This ensures the completeness of the
polynomial spaces involved and restores coercivity to the entire formulation. The change-of-basis
transformation matrix D% contains kernel monomials evaluated at all DoF's, similar to Eq.

dof;(m;) ... dof;(myg)
D¢ = : : . Vm e K&(K), (3.27)

dofu (my) ... dofyu (ms3)
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where dof;(m;) denotes the jy, monomial evaluated at the 4y, DoF.

The quantity (g is now computed in a straightforward way
¢s =G5BS, (3.28)
where G§ = BEDE. The term B¢ is specially defined using relations derived in [90,/186]
1/N, 0 1/N, 0

B¢=1| 0 1/N, 0 1/N, : (3.29)
nxi) —&(x1) nlx2) —&(x2)

These relations are obtained for BE by imposing equality of two mean translations and a single
rotation between uy, and uj. It is to be noted that since Eq. (3.29) is defined only at vertex DoF's,
columns resulting from edge and area DoF's encountered in £ > 2 methods are set to zero.

The complete stability specific projection operators are finally expressed in the canonical bases

as follows
e, = D¢® + DECE. (3.30)

Driven by the work of [188] on elastostatics, the following stability term approximants are intro-
duced for the non-polynomial terms

NP(a%) = S¥(uyp, duy) = [@Y]7 K [@Y]. (3.31)
The elastic stability stiffness matrix is now defined

K% = (Hu - Htit) 6% (Hu - Hfsot) (3-32)

In Egs. (3.32), L, is an identity matrix of size (nj,; x ni,). The stabilization parameters Sk is
defined using the D-recipe stabilization (originally proposed in |189]) below

tr(D
Pk = 7k K] D)
tr

DD (3.33)

In Eq. (3.33)), the constant 7k, denotes a scaling parameter. In the numerical tests conducted in
this work, it is observed that vk = 1 provides accurate and well behaved results in all cases.

3.3.6 State matrices

Employing the consistency and stability term definitions introduced in Egs. (3.23]) and (3.32)),
respectively, the virtual element state matrices are eventually defined according to the following
expressions, i.e.,

Consistency Stability
[ (3.34)
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This is then assembled into the global elastic stiffness matrix using Eq. . It is to be
noted that as stated in Section one recovers from the VEM, a classical Lagrange polynomial
based interpolation over the element boundaries. As a result, the boundary terms mentioned in
Eq. can be computed in a straightforward way without resorting to deriving projectors
exclusive to these forms.

Algorithm [T summarizes the steps taken to evaluate the elastic stiffness matrix using the VEM.

Algorithm 1: Elastic stiffness matrix evaluation schema.

Data: Define mesh and material properties
foreach micro element i do
Compute: IIE, TIE, (see Eqs. (3.21)), (3.30)) ;
Compute: K¢, Kg, and Ky (see Eq. (3.34)) ;
Assemble to K (see Eq. (2.107));

3.4 Consolidation

3.4.1 Virtual approximants at the element level

Using the discretization provided in Eq. (2.117)), the pressure field is split in a similar manner

to Eq. (3.2)

pr = Pp + (Pr, — Ph); 0py, = 6pj, + (0, — 0py). (3.35)

Inserting Eqgs. (3.35]) into the fluid phase specific operators of Egs. (2.115a)) and (2.115b]) results

in the following splits
b (Pn: 0pp)s. = P(bic) + NP (by). (3.37)

where the corresponding polynomial and non-polynomial arguments become

P(bY) = Y (1Y 7ppe TP, (3.38)

NP(bE) = bZ ((ph - Hkvpph)7 (5Ph - Hkvpfsph)> ) (3-39)
and

P(bi) = bx (Hzpph, H2p5ph) g (3.40)

£
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NP() = W (s — IPpy). (9p, — 170p,)) (3.41)

€

respectively. The projection operators II} 7 : VP(K) — Px(K) and TI? : VP(K) — Px(K) arise from
the action of V(-) and () onto the unknown pressure field.

Similar to Eq. (3.6), the following orthogonality conditions are defined for the fluid phase
projection operators

" := by (p, — I} "ppy, m)i/s, = 0 (3.42a)
17 = bY-(p), — I)Pp,, m)s, =0 (3.42b)

Vp, € VI(K), m € Py(K),

Finally, inserting Eqs. (3.2)) and (3.35]) into the coupling operator of Eq. (2.116a)), the following

expressions are derived, i.e.,

a” = P(ag”) + NP(a?”), (3.43)
with
P = & (H,Ypph, HOuauh) , (3.44)
apm
NP(a&?) = o&” ((ph — II%p,), (Suy — Hﬂuauh)) . (3.45)
apm

To avoid poor conditioning, the projectors in Eq. (3.42)) are redefined without the kernel mem-
bers.

{ I, = B P~ 1Py m)is, = 0, Yy, € V(K), m € My(ONKT(K) o

17 := b%(p), — II,"pj,, m)s, = 0 Vp, € VI(K), m € My(K) \ K%(K).

It is to be noted that b%(-,-) contains an empty kernel as it has no zero emergy modes, i.e.,

K% (K) = 0.

3.4.2 Computing the projectors

Following the revised definition of the projectors in Eq. (3.46)), the projected functions are
expanded in terms of the appropriate monomial bases. The remaining unknown ' projector, i.e.,

HkVp is expanded as

P
np—1

I"py, = Z mi G, (3.47)

=1
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Here, Civ Pis a (1 x nfl;) vector with each entry corresponding to a canonical basis function p,,

contained in ®? (see Eq. (2.117)).
Eq. (3.47) is cast in matrix form similar to Eq. ({3.8])

I "p,= m"?  ¢V7 . (3.48)
(Ixnf=1) (nP —1xn? )

Similarly, the £2 projector, i.e., ng is expanded as

P

g
0 0
LPp, = > m”, (3.49)
i=1
where ¢” is a (1 x nf;) vector.
Eq. (3.49) is also cast in its corresponding matrix form, i.e.,

m'p, = m” (¥ (3.50)

P
(1xng) (nf xnk o)

where the matrices m% hold the monomial bases and ¢ is the corresponding array of the expan-
sion coefficients.

3.4.3 Computing the projector Hkvp

The procedure developed in Section is followed. Inserting Eq. (3.47)) into the first of
Egs. (3.46)), the following equation is established

Vp Vp _ Vp
G ("= B , (3.51)
(nzflxnzfl) (nzflxngof)

where I
GZP = /(Vmi+1)T7 ij+1 dIC, (352)

i f

and I
B = / (vph)TV—f Vi, dK. (3.53)
K

Using quadratures, Eq. (3.53) becomes
BY” = B,” + B}, (3.54)

where

k
Bbvjp = Z /ph : (7—fij+1 -nY (6)) de, (3.55)
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and
k

By — — / Dy - (v—fAij) dx, (3.56)
K\OK

respectively, where the array nV (e) is defined here as
T
nY (e) = [n,(e) ny(e)] . (3.57)

The boundary integral in Eq. (3.54)) is evaluated using Gauss-Lobatto quadratures in a similar
manner to Eq. (3.17)).

To evaluate the corresponding domain integral, the terms Am;, in Eq. (3.56) is expanded over
the Mj,_»(K) basis

Kk nj_o
V—fAij =) djfmp,  VYmy € My _o(K), (3.58)
B=1

where the coefficients dXBp are also obtained through inspection and substituting in Eq. (3.56))

”272
By = —IK| Y djfdofin,+5(p) = —[K[d"”, (3.59)
B=1
where
NP, N7,

dv =10 - 0 | d&F - &P ) (3.60)

Similar to Eq. (3.21)), the projection operator HkVp Py, is now evaluated according to the following
expression
IY7p, = m"7[GY?] " 'B"”. (3.61)

. . 0
3.4.4 Computing the projector II,”

Within this consolidation setting, an £? projector emerges. To evaluate these, Eq. (3.49) is
inserted into Eq. (3.46]) to obtain

G»® ¢ = B” | (3.62)
(ngxni) (nixnﬁof)

where the term G is an arrays with elements

Qo = / @»T% m; dK. (3.63)

e
e q

The quantity B is an array, whose j;;, row is

1
BY = / (pp) = m; dK. (3.64)
K Keq

Computing G?Jp in Eq. (3.63) is straightforward. The term B?p in Eq. (3.64) however, is not
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computable solely through the DoFs of p,. This is because the interior DoF's are defined for
m € My_»(K). To alleviate this, the procedure shown in [90,190] is employed.

Hence, this integral is computed through the existing DoF's of V7' (K) when the current monomial
has a degree lesser than or equal to k£ — 2. Conversely, the integral is evaluated using Hkvp when
the order of the monomial under consideration is larger than k£ — 2.

Following this procedure, B?p assumes the following form
B, if1<j<ni,

B = (3.65)

BY

oy if np_, <j<n.

A prima-facie notion might be that additional error is introduced through using H! projectors
here. However, it is proved in [78,(90] that this is not the case. In fact, it is shown that one can
replace p;, here with enhanced stand-in functions z, € Z7(K) where

Z)(K) =A{zn € V,If(IC), b,OC(zh — vazh,mj) 1 =0,

Red (3.66)
Np_y < J < i}

With the additional condition requiring the orthogonality of the H! projection error with respect
to the £2 bilinear operators, it is seen that no additional error is introduced through this procedure.

Using the definitions for VEM DoF's in Table , B%’ can be evaluated as follows

1
BY = || — dof(p,) = K|}, (3.67)
eq
where
N%, Ny
0 1 /" % ~
de:~_[0 ) l 0 -~ 1 - 0]. (3.68)
Keq ——

Using the monomial expansion for IIYp, from Eq. (3.49) with running index 3 instead of i to
avoid confusion, the term Bg? is now collected and computed

BY= H (™ (3.69)
(nf—1xnj—1)
where )
Y, = /(m5+l>TK—mj A, B=1,....n0 — 1. (3.70)

¢
X q

The coefficient arrays ¢V? has already been derived. The quantity Hg ; can be computed using
numerical integration over sub-triangulated domains.

Using Eqgs. (3.67)) and (3.69), B% is eventually expressed as

B” = [BY | BY|" (3.71)
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All terms in Eq. (3.62)) are now rendered computable.

Solving Eqs. (3.62)) for the expansion coefficients and substituting in Eq. (3.50)), the following
approximations for the £y projection operator is eventually derived, i.e.,

I1p, = m?[G] !B, (3.72)

3.4.5 Consistency terms

Substituting Eqgs. (2.115a)), (2.115b)), and (2.116a)) in the polynomial terms of Eqgs. (3.36]), (3.37)),

and (3.43)), respectively results in the following expressions for the fluid kinetic consistency term

k
b (p, 6Dy )icfry = / 7V(Hprh) v (11Y%6p,,) dK, (3.73)
e f
the fluid compressibility consistency term

B (b, 5py)s. = / S.11%p,, - 1128, K. (3.74)
K

and the coupling consistency term

a'®0 (py,, 0up)apm = /O‘B E(H€5Uh> -mI1"p,, dK, (3.75)
K

respectively.

Hence, the fluid kinetic consistency matrix assumes the following form
H{ = ¢ [GY7CY, (3.76)
where GV? is evaluated in Eq. and the fluid compressibility matrix becomes
Sg = ¢ [G)¢™, (3.77)

where G% is provided in Egs. (3.63)).

Finally, the phase coupling consistency term assumes the following form
Qg =¢ (G ¢, (3.78)
N——
(nP—1xn¥)
where G is an array with elements

(a™™), :/aBs<mi+1>cmmjdfc, i=1...mg=3 j=1...n. (379
K

This integral can be computed in a straightforward way using the sub-triangulation approach.
The consistency terms are not coercive over the complete polynomial space as the monomials
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from the operator kernel have been omitted.

3.4.6 Stability terms

As done in Section [3.3.5] the fluid phase specific projectors, originally defined in the monomial
bases, are now re-expressed in the canonical bases

U, = m7¢% = (@7 DY (™, (3.50)
(ngorxmi—1)

1p, = m%¢” = @7 DY ¢, (3.81)
(o)

where the matrices DV? and D% have the forms

dofy(m;) ... dOfl(mng_ﬂ
DVP = : - :
' ' ' ’ 3.82
dOf”gof (ml) c. dofngof (mnz_l) ( a)
Vm € Mi(K) \ KY(K)
dOfl (ml) . dOfI(mng)
Dop _ . . .
' ’ .82b
dofyr (my) ... dof,r (mg») (3.82b)
Vm € M (K).

The quantity and dof;(m;) is evaluated for the fluid phase

dof;(m;) = ﬁ [ m;-mgdK, (3.83)

To ensure coercivity, the fluid-phase projectors need to have kernel specific projectors. It is
of interest to note that the Lo projector already achieves a complete polynomial projection as
the respective operator kernel is empty (see Table . To this end, it is sufficient to define the
kernel-specific projector Cgp along with the relevant change-of-basis transformation matrix Dgp

d0f1 (ml)
Dy’ = : , ¥Ym e KY?P(K), (3.84)
dof,» (my)
dof

The quantity ¢3” is now obtained

§' =[G 'BYY, (3.85)



72 Chapter 3. Virtual Element Methods

where Gy* = BY"Dy”. The array BY” is again, specially defined using relations derived in [90,186]
By =[1/N, 1/N, ..]. (3.86)

ng is obtained through imposing equality of mean pore-fluid pressures between p, and pj.

The polynomial complete stability projection operators are expressed in the canonical bases as
follows

IT, = DYP¢YP + DEP¢S? (3.87a)
ITi, = D¢, (3.87b)

Analogous to Section [3.3.5] the follow stability term approximants are used for the fluid phase

NP(bY) ~ S"(p,,, dp;,) = [®")7 H [@7], (3.88a)
NP(bY-) ~ 8°(py, op,) = (7] QL [®7), (3.88b)

and the coupling term
NP(a{&”) ~ 8%(p,, bu,) = [®]7 Q5 (7], (3.89)

respectively.

The fluid kinetic, fluid compressibility and coupling stability stiffness matrices, i.e., Hg, Sg,
and QY are defined according to the following expressions

H{ = (I, — II}?) By (T, — T17) (3.90a)
SS = (Hp - Hggt) 58 (Hp - H(t)gt) (3-9Ob)
Qi = (I, — II%,) Bolg (I, — IILR). (3.90c)

In Egs. (3.90), I, are identity matrices of sizes (nf; x nf ;). The array Ic = [I,,I,]* is used to
ensure compatible matrix multiplication. The stabilization parameters Sy, Ss and Sq are defined
using the D-recipe stabilization adapted to a porous media context in [127] below

k/v¢ S tr(apm)

= K = IC
Bs = s | ’tr , Ba =1q] ‘tr

(DU D7) w0

— vy | ——L
/BH ’VH ‘ |tr(DvaDvp)7

In Eq. (3.91), the constants yqg = 75 = 7q = 1 yield accurate and well behaved results in all cases.

3.4.7 State matrices

Employing the consistency and stability term definitions introduced in Egs. (3.76)-(3.78]) and
Egs. (3.90]), respectively, the virtual element state matrices are eventually defined according to
the following expressions, i.e.,
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Consistency Stability

I (3.92)
Qr ~ Q¢ + QR

The local state matrices defined in Eq. (3.92)) are assembled over the entire domain €2, using a
direct approach as done in Eq. (2.126). It is to be noted that for reasons stated in Section [3.3.6]

the terms mentioned in Eqgs. (2.173c|) and (2.174b]) can be computed using a FEM based approach.

Algorithm [2] summarizes the steps taken to evaluate the consolidation stiffness matrices H, S
and Q using the VEM.

Algorithm 2: Consolidation state matrices evaluation schema.
Data: Define mesh and material properties

foreach micro element ¢ do
Compute: TIY? TIY? (see Eqs. (3.61)), (3.874)) ;
L ILY TIY, (see Eqs. (.72), (B87H)) ;
Compute: Hc, Hg, and Hy(;) (see Eq. (3.92)) ;
. SC, Ss, and SIC(z‘) )
0 Qc, Qs, and Qs ;
Assemble to H, S and Q (see Eq. (2.126));

3.5 Vibro-acoustics

3.5.1 Virtual approximants at the element level
Observing the abstract weak formulation in Eqs. ([2.165)), it can be seen that one requires the
H, projectors TI£, HkVp and the £, operators T10", Hzp :

Egs. (3.2]) are inserted into the solid phase local bilinear operators of Egs. (2.172a)) and (2.172b))

to retrieve

ag(up, duy) = P(ay) + NP (ay), (3.93)
ay-(up, 0uy); = P(ag) + NP(ay), (3.94)

where
P(aS) = ai. (H;uh, H;(suh), (3.95)

NP(ay) = ax ((uh — Iuy), (Ouy — Hi5uh)>a (3.96)
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and

P(ad) = a (nguh, ngcsuh) , (3.97)

NP(aR) = af ((w, = Tw), (S, — T“0u) ) | (3.98)

respectively.

In Eq. (3.95), the projector Il has already been evaluated in Eq. (3.21)). However, the Lo
projector TI%" is at present, unknown. As before, this is defined using the following orthogonality
criterion

" := ay-(uy, — MY*u,, m); = 0, (3.99a)

Yu, € V#(/C), m € [Pk(lC)]Q

Similarly, Eqgs. (3.35]) are inserted into the fluid phase operators of Eqs. (2.173al) and (2.173b))

to yield

b (Pr: 0P1) 1 = P(0Y) + NP(bY), (3.100)

b (Dr, 0pp) 1 = P(bR) + NP(by), (3.101)

1
Keq

with the respective arguments

P(by) = b (Hkvpph, Hkvp5ph> L (3.102)
NP(by) = b ((ph —I1"py,), (0py, — Hkvp5ph)> L (3.103)
and
P(bx) = bx (ngPmH%DCSPh) = (3.104)
Req
NP(t) = b (b, — T7py). (0, — T0p,)) | (3.105)
Req
respectively.

Both the fluid phase specific projectors Hkvp and ng have already been evaluated in Eqgs. (3.61)
and (3.72)), respectively.

Egs. (3.2) and ({3.35]) are now substituted into the coupling operator in Eq. (2.174a)) to derive

the expression

a’(CV,O) _ P(aI(CV,O)> 4 NP(CL,(CV’O)), (3.106)
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with
Plag™") = ol (11", 10y (3.107)
ol
NP(a?) = """ ((ph — I1"p,,), (6uy, — HOuduh)> . (3.108)
Y

To compute the L, projector I, an intermediate fifth projector IIY* := V¥(K) — [P (K)]? is
required [90]. This is a projector specific to the solid phase and is defined here for completeness

" = ay (), — I "y, m)s = 0, Vu, € VE(K), m € [M(K)]* \ KV*(K), (3.109)

where KV* denotes the kernel of ay (-, -). This operator is defined as follows

aZ(uh, 5uh)5* = /5*V11h : V(Suh dIC, (3110)
K

where the material parameter 0* is an arbitrarily chosen scalar real valued number. The need for
this additional projector is dealt with in greater detail in Section |3.5.4

3.5.2 Computing the projectors

As done earlier, he projected functions are expanded in terms of the appropriate monomial
bases. The H* projector, i.e., [ is expanded as

u__
np—2

Y%y, = Z m, oYY, (3.111)

i=1
where ¢Y" is a (1 x n¥;) vector of the unknown expansion coefficients.

Eq. (3.111]) is expressed in matrix form as

my*w, = m" ¢V | (3.112)

(2xnj—2) (nj—=2xnY )

where the matrix mV* holds the relevant monomial basis and ¢V* is an array whose i, row holds
the vectors of expansion coefficients Y%

The unknown £? projector, II% is expanded as
ny

M, = m™, (3.113)
i—1

where ¢ is a (1 x n4,) vector.
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The corresponding matrix for Eq. (3.113)) is

ma, = m®™ ¢ | (3.114)
(2xny) (niExny ;)

Ou

where the matrix m® contains the monomial basis and ¢% is the associated array of expansion

coeflicients.

3.5.3 Computing the projectors I

As done in earlier sections, imposing the orthogonality condition Eq. (3.109) on Eq. (3.111]),
the following equation is established for the expansion coefficients of the projector TTY*

Vu Vu __ Vu
G ¢""= B , (3.115)
(nj—2xn}—2) (nj—2xnY ;)
where the matrices GV*, BV* are defined as
Gy = / (Vm;5)"6*Vm,,, dK, (3.116)
K
and
iju = /(Vllh)Té*ij+2 d’C, (3117)
K
respectively.

The integral GZ” in Eq. (3.116]) is computable using numerical quadrature rules. On the other
hand, ijp cannot be evaluated in its current form as uy, is not explicitly defined over the element
domain interior. Eq. (3.117)) is split into its boundary and domain contributions

BY" = By" + By", (3.118)
where
By = Z /uh - (0*Vm; o nY) de, (3.119)
ccok ”,
and
BY" = — / - (5*Amy ) dK, (3.120)
KK\OK

respectively. The boundary integral in Eq. (3.118]) is evaluated with a Gauss-Lobatto quadrature
similar to Eqgs. (3.17)) and ([3.54)).

To evaluate the corresponding domain integrals, the terms Am;, 5 in Eq. (3.120)) is expanded
over the [My_5(K)]?* basis

u
Ng—2

FAmy, =Y diims,  Vmg € [My_(K). (3.121)
B=1
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Inserting Eq. (3.121]) in Eq. (3.120]) the following expression is derived

N o
By = —|K| ) djj'dofin, 4s(u) = —|K|dV", (3.122)
B=1
where
a =0 - 0 | ay e ay ] (3.123)
The projector IIY* is now computed
Y "“u, = mV*[GVY]"'BV, (3.124)

3.5.4 Computing the projectors I1)"

Within this vibroacoustics setting, an additional unknown £? projector, i.e., [13* emerges. This
is evaluated in a similar to manner to II}” as done in Section [3.4.4, Eq. (3.113) is substituted into

Eq. (3.99) to obtain

GY ¢ = B%™ | (3.125)
=<~ =<~
(npxn}) (nixny )
where G% has the definition
G = /(mi)Tﬁmj dK, . (3.126a)
K
The array B% has the j,;, row
B = / (u,)" pm; dK, (3.127)
K

As explained in Section , G?j“ is computable through sub-triangulation, however, B?;‘ is
not. This integral is computed through the existing DoFs of V}*(K) when the current monomial
has a degree lesser than or equal to k — 2. Conversely, the integral is evaluated using I “when
the order of the monomial under consideration is larger than k — 2.

To this end, Bg“ assumes the following form

B, if 1 <j <nj,
B = (3.128)

BOu

o it ny oy < j <mnp,

Using Table , BYY now reads

B = |K| pdof(uy) = |K|d}" (3.129)

7
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where
N Ny
=50 - 0 | 0 - 1 - 0] (3.130)
W

Using the monomial expansion for I} “u;, Eq. 3.113JWith running index [ instead of ¢ to avoid
confusion, Bg;? is now evaluated

Ou __ u Vu
B, = l{/ ¢V, (3.131)
(n—2xn}—2)
where
Hi; = /(mﬁ+2)Tﬁmj dK, B=1,...,n} = 2. (3.132)
K

Hj; and ng is computable using sub-triangulation.

Using Eqgs. (3.129) and (3.131]), B is cast in the following form

B™=[B® | B . (3.133)

Eq. (3.125)) is solved for the expansion coefficients and inserted into Eq. (3.114) to yield

" u;, = m™[G"]'B%. (3.134)

3.5.5 Consistency terms

Using Eqgs. (2.172a]) and (2.172b)), the solid phase polynomial terms in Eq. (3.93)) and Eq. (3.94))

give rise to an elastic consistency term

ai(up, ouy) = /0'S (Hiuh> D€, <H25Uh> dKC, (3.135)
K
and a mass consistency term

ao,c(uh, 511h),5 = /ﬁnguh : Hg“(Suh d’C, (3136)
K

respectively. Similarly, substituting Eqs. (2.173a)), (2.173b]), and (2.174a)) in the polynomial terms
of Egs. (3.100)), (3.101)), and (3.106), respectively results in the following expressions for the fluid

kinetic consistency term

o) o, = [ V(1) -9 (1%, ) ak. (3.137)

Peq
the fluid compressibility consistency term

1
b (P, py) = /K_ k ph'ngéph dKc, (3.138)
K
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and the coupling consistency term

oA (HVpph) %6y, dKC, (3.139)

Q
<
=)

o
T
(o)
=1
Z
S
I
A—

respectively.

Substituting the projector approximation from Eq. (3.21) in Eq. (3.135) and performing the
necessary algebraic manipulations, the following expression is eventually retrieved for the elastic

stiffness consistency term .
% el €
Ky = ¢° [GF|¢7, (3.140)

where G*¢ is provided in Eq. (3.11)).
Similarly, substituting the projector approximation of Eq. (3.134)) into Eq. (3.136|) the following

expression for the mass consistency term is retrieved
~C
My = ¢™ [G™]¢™, (3.141)

where G% is provided in Eq. (3.126a)).
The expressions for the fluid phase consistency terms are established by substituting Egs. (3.61))
and (3.72)) into Egs. (3.137)) and (3.138)), respectively. Hence, the fluid kinetic consistency term

assumes the following form .
He = ¢ G, (3.142)

where GVP is evaluated in Eq. (3.52) and the fluid compressibility term becomes
Qe = ¢*" [G7]¢™, (3.143)

where G is provided in Eqgs. (3.63).
Finally, the phase coupling consistency term in Eq. (3.139) assumes the following form

Cre = ¢ @jﬂc% (3.144)

(nf—1xn¥)

where where GVP% in Eq. (3.144) is an array with elements

<va0u>i]‘ - \//?v(mi-i-l) mydK =1, g -1, =1 (3.145)
K

3.5.6 Stability terms

As done in Egs. (3.81)), the projectors expressed in terms of the monomials are mapped onto a
space spanned by the canonical bases

nguh — mOucOu — [@u]T DOu COu’ (3146)

(n’ldLof X ”%)
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where D% has the form

d0f1 (ml) Ce dOfl(mn}:)
D% — : - :
' ' ‘ ’ (3.147)
dofngof(ml) e dOfngof(mnlkt>
Vm e [Mk(IC)]2
The complete stability relevant operator is now provided in the canonical basis
I = D¢ (3.148)

The following stability term approximants are introduced for the non-polynomial components
of the solid phase

NP(a5) ~ 8% (up, ou,) = [@4]7 K5 [@Y] (3.149a)
NP(a%) ~ SM(uy, duy) = [®Y)7 MY [@Y], (3.149b)
the fluid phase
NP(bY) = 8" (py,, dp;,) = [97]" H [$7] (3.150a)
NP(b) ~ 8%py, 0py) = [@7]" QR [®7], (3.150b)
and the coupling term
NP(al"”) ~ 8%(p,, duy) = [®*]" CL [®Y), (3.151)

respectively.

In Egs. (3.149a)-(3.151), K¥, MY, HY, QF, and C{ denote the elastic, mass, fluid kinetic, fluid
compressibility and coupling stability stiffness matrices, respectively. These are defined according

to the following expressions

K{ = (I, — TIE,) Bk (I, — TIE,), (3.152a)
My = (L, — T1%%) B (I, — TIE), (3.152b)
HY = (I, — TIY) Bu (T, — TIEY), (3.152¢)
Qg = (I, — I Bq (I, — TI%,), (3.152d)
Cy = (I, — ITYY) Bele (L, — TI%y,). (3.152¢)
where I = [I,,I,] is used to ensure compatible matrix multiplication. The stabilization pa-

rameters Sk, Bu, Bu, Bq and [c are defined using the D-recipe stabilization as used earlier for
consolidation
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tr(D) p
G G G G
= K|l ———— = Kl——————
Bk =K | ’tr(DE;TDE) A =il |tr(D0“TDO“)
1//3e 1/Ke

G _ .G q G _ G| /Tea 3.153

BH =TH "C’tr(DvaDvp) ﬁQ =7Q |K’tr(D0pTD0p) ( )
G _ G ;5/

where, setting ¢ = 1§ =15 = ”yg =& =1 yield good results in all cases.

However, it has been reported in [111], that the stabilization parameter for the elastic stiffness
matrix, while stable with regards to uniform/isotropic scaling, is unstable with respect to the
aspect ratio of the element. Such unstable ratios can often be encountered, e.g., in the case of
non-conforming interfaces. To remedy this, an alternate choice for the elastic stiffness stabilization
parameter is proposed in [111]

Br =& |KJex(D) tr([DS D)), (3.154)

The value 7§ = % has been suggested in [111]. For a more detailed study on the influence of mesh

quality on the VEM, the reader is referred to [191].

3.5.7 State matrices

As before, the virtual element state matrices are now defined according to the expressions below

Consistency Stability

Mg ~ M¢ + M
I : o (3.155)
A ~ HS  + HS
Qc ~ Qf +  Qf
Cx =~ Cg +  Ci

The local state matrices are then assembled into the relevant global state matrices according
to Eqgs. (2.180).
It is to be noted that as stated earlier in Section [3.3.6, that the boundary terms mentioned in

Eqgs. (2.173c]) and (2.174b|) can be computed in a straightforward way without resorting to deriving
projectors exclusive to these forms, as done in Eqgs. (2.181)).

3.6 Numerical examples

In this section, the accuracy of the VEM through four numerical examples is investigated. A
first order method £ = 1 is used. The accuracy of the displacements and pressures achieved by
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the method is measured through relative L error norms

[ (@) — v (@), =

1 ni (i) (@) = Wity (@) Wiy (@) = uit s (@) (3.156)
nQel i=1 <u7"Qef(z) (w)7 uT%f(Z) ((A})) ’

1P (@) = Py (@)lle, =

1 Z (Pi (@) = Py () - PRy () = Py (@) (3.157)
nNou -3 <p7~Qef(i) (w), prgef(i) (w)) 7

where u,? (w), p,?(w), where u2 (W), pTQe +(w) denote numerically computed and reference displace-

ments and pressures at an excitation frequency w, respectively. The quantities are interpolated
over a query mesh Q with ng elements. The reference solutions uif and prgef are obtained us-
ing finely discretized FEM solutions. The stabilization scaling parameters used throughout the
examples correspond to Eq. , unless explicitly stated otherwise.

Useful acoustic indicators like the Sound Absorption Coefficient (SAC) and the Sound Transmis-
sion Loss Coefficient (STL) are provided according to Section m For comparisons, a reference
SAC or STL curve is generated with the finely discretized post-processed FEM results or the
semi-analytical Transfer Matrix Method (TMM) [13].

3.6.1 Square poroelastic domain

The convergence behaviour of the method is investigated herein. A square poroelastic domain
with a side b = 57 mm is considered. This domain is given impedance tube constraints, i.e. a
roller support on the lateral sides and a rigid impervious backing at the rear. It is excited by an
acoustic plane wave at normal incidence. This configuration is illustrated in Fig. [3.5]

Figure 3.5: A poroelastic domain in impedance tube configuration subject to plane-wave acoustical
excitation p at normal incidence.

The material used is a poroelastic melamine foam. The macroscopic material parameters are



3.6. Numerical examples 83

provided as Material ID III in Table[3.7] Since the governing equations are linear in pressures, the
solutions can be appropriately scaled with the excitation. For the sake of brevity, an amplitude
of 1 Pa is considered.

The VEM solution procedure is performed using a structured quadrilateral grid (QUAD) and
unstructured Centroidal Voronoi Tesselation grid (CVT) over an excitation frequency range f €
[20Hz, 5500Hz]. Results were found to converge at a discretization of 10 x 10 QUAD elements
and 100 polygonal CVT elements. The converged displacement contours ||ul| for both meshes are
shown in Fig. [3.6|at 20 Hz and 1500 Hz. Similarly, the converged pressure contours p are provided
in Fig. [3.7] for the same frequencies.

(a) QUAD mesh 20 Hz (b) QUAD mesh 1500 Hz (¢) CVT mesh 20 Hz (d) CVT mesh 1500 Hz

Figure 3.6: Converged ||u|| displacement contours at excitation frequencies 20 Hz and 1500 Hz
for QUAD and CVT type meshes.

(a) QUAD mesh 20 Hz (b) QUAD mesh 1500 Hz (c) CVT mesh 20 Hz (d) CVT mesh 1500 Hz

Figure 3.7: Converged p pressure contours at excitation frequencies 20 Hz and 1500 Hz for QUAD
and CVT type meshes.

The contours obtained by the VEM for both meshes are practically identical with a linear
variation in displacements and a uniform pressure profile across the domain being retrieved. As
anticipated, the method converges to a solution that is independent of the type of the underlying
discretization.

Next, a convergence study is performed through an a posteriori error- based mesh sensitivity
analysis. Five QUAD and five CVT meshes are chosen for this purpose. The details of these
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Label QUAD CVT
Nodes Elements Nodes Elements
I 36 5 x5 52 25
II 121 10 x 10 202 100
IT1 676 25 x 25 1251 625
v 2601 50 x 50 4993 2500

\Y 10,201 100 x 100 19,968 10,000

Table 3.5: Discretization used for the error-based mesh sensitivity analysis.

discretizations are provided in Table A finely discretized FEM solution with a structured
250 x 250 QUAD mesh is used as a reference.

The relative displacement errors in £ norm for both mesh types are shown at frequencies
f =20 Hz, f =750 Hz and f = 1500 Hz in Fig. Variations with respect to the number of
degrees of freedom and the average element size are shown on the bottom and top horizontal axes,
respectively. Near comparable behaviour is obtained by both meshes. The CVT mesh is shown
to achieve smaller errors at higher discretizations than the QUAD mesh. This is expected as the
number of nodes and hence degrees of freedom associated with the former practically doubles as
shown in Table hence resulting in considerably more flexible numerical domains.

(a) QUAD mesh (b) CVT mesh

Figure 3.8: Convergence of relative errors in displacements at excitation frequencies 20 Hz, 750
Hz and 1500 Hz.

The relative pressure errors in £, norm are displayed in Fig. 3.9, Once again comparable
behaviour is noticed across both meshes. The displacement and pressure fields are approximated
in descending accuracy across the excitation frequency spectrum in Figs. and 3.9 This is due
to the fact that the same spatial resolution is employed across the entire frequency range; yet the
higher the frequency becomes the finer mesh discretization is required to accurately resolve the
corresponding wave lengths.

First order methods of this nature are expected a priori to converge at h? with respect to
mesh size in the £5 norm. This theoretical slope is provided as "ref: h?” in Figs. and
Graphically it can be seen that near optimal convergence rates for errors in displacements and
pressures are obtained by the method across both mesh-types. This suggests that the stability
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(a) QUAD mesh (b) CVT mesh

Figure 3.9: Convergence of relative errors in pressures at excitation frequencies 20 Hz, 750 Hz and
1500 Hz.

approximations chosen using the D-recipe stabilization procedure, and the enhancing conditions
introduced in computing £, projectors do not generate sub-optimal convergence properties.

It is of interest to note that a larger spread is observed for errors in pressure in Fig. [3.9 when
compared to errors in displacements in Fig. [3.8] This potentially highlights the requirement for
a different order of approximation specifically for the pressure field. Such aspects are beyond the
scope of this work.

A remark on VEM mesh refinement

To achieve accurate high frequency solutions, several alternatives to standard h-refinement
have been proposed in the literature; p refinement or h — p refinement strategies using classi-
cal polynomial-driven finite elements do offer a viable route. Alternatives based on enrichment
strategies such as generalized finite element methods [192], discontinuity enriched methods [193].
Amongst these, the Spectral Element Method (SEM) [194] has been shown to provide well be-
haved solutions across the frequency spectrum. These higher order methods are motivated by the
creation of more flexible domains without having to decrease element sizes. This criterion can be
met using the Virtual Element Method as well.

To examine this, a relatively coarse discretization of 4 x4 QUAD elements is shown in Fig.
1, 2 and 3 nodes are inserted per element edge to obtain the 8, 12, and 16 noded element dis-

cretizations shown in Figs. |3.10b] [3.10c|, and [3.10d}, respectively. These elements are parametrised

using pe, which corresponds to the number of subdivisions per edge.

In classical finite element methods, Figs. |3.10b} [3.10c¢| and |3.10d| are generally interpreted as

serendipity elements and support quadratic, cubic and quartic interpolations, respectively and
pe would correspond to the order of approximation. While these higher order interpolations are
certainly achievable through the VEM, an alternate route harnessing the ability of a virtual element
to have multiple edges is proposed here. A first order VEM (k=1) interprets p.=1, p.=2, p.=3 and
pe=4 as 4-sided, 8-sided, 12-sided and 16-sided elements, respectively. Hence, linear polynomials
living on each edge can uniquely be defined through adjacent vertex degrees of freedom. This
argument is summarized in Table |3.06]
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(8) pe=1 (b) pe=2 (c) pe=3 (d) QUAD mesh

Figure 3.10: p. refined virtual element meshes.

subdivisions nodes

total nodes FEM VEM
per edge per element

edges order edges order

pe =1 4 25 4 1 4 1
Pe =2 8 65 4 2 8 1
pe =3 12 105 4 3 12 1
Pe =4 16 145 4 4 16 1

Table 3.6: Alternate parametrization of higher order elements using a first order VEM.

Since the elements employed remain linear, an h-refinement based error convergence analysis
would continue to yield a relative error convergence rate of h? in £2 norm. One should not expect
the hP<*! rates more commonly associated with higher order methods.

Remark 2 [t is to be noted that the number of quadrature points required for accurate polynomial
integration directly scales with the order of the classical polynomial based higher order methods,
such as FEM and SEM. Conversely, on the edge refinement method examined herein, the number
of quadrature points will vary only as a function of the sub-triangulation required for integration
over the domain interior. It is to be noted that for first order VEM methods, this sub-triangulation
is required only for bilinear operators containing Lo-type projectors, i.e., ay, by and a,(CV’O). For
the purely H,-type operators, i.e. a% and by, numerical integration is moved to the boundary and
exactly and uniquely computed through 2 Gauss Lobatto quadrature points per edge, located at the
relevant vertex nodes.

The influence of this procedure on the solution accuracy is illustrated through the SAC. This
determines the absorption behaviour of a system and is computed in post-processing (see Section
2.7.4)).

The reference SAC is computed through the semi-analytic Transfer Matrix Method (TMM).
Although the TMM assumes an infinite lateral dimension, the solution is still valid for the purpose
of this example due to the normal plane wave incidence and lateral sliding condition.

The SAC curves computed for the four discretizations described above are compared against
the TMM curve in Fig. [3.11} The SAC computed through the VEM agrees with the TMM curve
from 20 Hz to ~ 1500 Hz. Beyond this limit, deviations are noticed, especially for the p.=1 mesh.
On the contrary, a near exact correspondence is achieved with p.=4.
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To illustrate gains in computational cost, a second-order serendipity finite element method is
used to perform the computations over the p,=2 mesh. Total computational times are recorded
over 1000 runs to obtain meaningful comparisons. The VEM achieves a time of 0.42 hours, whereas
the FEM takes a total time of 0.6 hours. Hence, the order 1 virtual element method achieves in
providing accurate results without significantly increasing the computational complexity of the
discretized domain.

(a) SAC

Figure 3.11: Convergence of SAC with p, refinement.

3.6.2 Multilayer systems

Poroelastic materials generally exhibit reduced sound absorption properties at low excitation
frequencies. This is due to a mismatch between the sample thickness and large wavelengths en-
countered at these frequencies. Multilayer systems are often deployed to improve the low frequency
behaviour. Similarly, multilayer configurations are also designed to improve sound transmission
properties as well.

This example is chosen to demonstrate the ability of the VEM to account for wave propagation
through different types of materials. Varied interface coupling constraints, boundary conditions
and acoustic excitation types are considered. A multilayer system comprising three layers, i.e.,
(I) a melamine foam (poroelastic), (II) an elastic plasterboard (solid) and (III) non-dissipative
air (fluid) is taken up for analysis. Each layer is 10 mm thick and has a lateral dimension of
2m. This exaggerated height is used to simulate the infinite diameter assumption used by the
Transfer Matrix Method for impedance tube simulations. Contrary to the previous example, here
this requirement is necessary owing to the presence of oblique excitations. To avoid spurious
reflections at the lateral boundaries due to the fully reflecting zero normal fluid velocity Neumann
conditions, Floquet-Bloch type conditions [195] are typically employed to mimic periodic material
behaviour in the vertical direction. Alternatively, absorbing/non-reflecting boundaries are also
implemented using Infinite Elements [196], Perfectly Matched Layers [197] or doubly asymptotic
approximations |198]. Since these possibilities lie outside the scope of our work, we instead choose
to model an exaggerated height of 2m to eliminate the possibility of spurious reflections at these
lateral boundaries.
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The material properties for each layer is summarized in Table [3.7]

Figure 3.12: Multilayer configuration with roller supports on lateral edges. Material configuration
provided in Table [£.1 Each layer is 10 mm thick. Plane wave normal incidence excitation
with a fully clamped backing considered for Section [5.5.2. Diffuse field excitation with anechoic
termination considered for Section .

Remark 3 [t is to be mentioned that creating multilayer configurations that improve acoustic
properties is a matter of engineering judgement and is not our objective here. Qur choice of
materials for the multilayered system is motivated purely by computational reasons. Layer II is
chosen as a solid elastic layer to demonstrate the ability of the VEM to accurately compute the
admittance matrix necessary for coupling pressure degrees of freedom of layer I and layer I1I with
the displacement degrees of freedom of layer II at the respective interfaces. This corresponds to

a’ (py,, 0wy, defined in Eq. [2.168b) and Table [2.9

The lateral edges are subjected to sliding conditions with roller supports. A polygonal dis-
cretization of 30 CV'T elements per smallest wavelength is considered to accurately resolve high
frequency wave propagation. The smallest wavelength is chosen to be the minimum wavelength of
the three Biot waves (P1, P2, S) propagating through a poroelastic media, and the corresponding
structural and acoustic waves propagating through elastic and fluid media [57]. The interfaces
are appropriately seeded to allow the CVT to accurately capture the geometry. The ability of the
VEM to account for potentially non-conforming interfaces is illustrated in Fig. [3.13]

These non-conforming interfaces are converted into conforming ones by exploiting the power of
the VEM to accommodate elements with several edges. Nodes that are conventionally treated as
"hanging nodes” are detected and added to the relevant interface element to create new corners
and edges; it is not necessary to incorporate weak coupling techniques like the Mortar method [199)
or the Nitsche method [200] here.

The node-insertion technique may result in elements with non-standard aspect ratios, thereby
leading to an unstable aspect ratio as discussed in Section|3.5.6l In this case, the elements may not
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Figure 3.13: Converting a non-conforming interface into a conforming one by adding nodes and
edges to each interface element as required.

be amenable to standard isotropic scaling of the elastic stiffness stability terms. To examine this,
the alternate elastic stabilization parameter of Eq. is also used herein and the stability of
the results is examined. A heat map illustrating ”diff”’, i.e., the relative differences between the
element-wise elastic stiffness matrix as computed using Eqgs. and is provided in
Fig. [3.14. The relative difference is evaluated for the i*" element as

Figure 3.14: Relative differences (in %) in the element-wise elastic stiffness matrix with respect

to different stabilization parameter choices (Eqgs. (3.153]) and ([3.154])).

diff; = ||

KG
H r , (3.158)

where K,Cé(i) and K%(i) indicate the element elastic stiffness matrix as computed using the VEM,

with stabilization parameters 3¢ and 3%, respectively (see Eqs. (3.153) and (3.154))). The differ-
ences are observed to be mostly negligible except from the interface elements where node insertion

has taken place.

The behaviour of the method for two problems is examined: (1) an absorption problem subject
to plane wave excitation and (2) a transmission problem subject to diffuse field excitation.
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ID Name o O Qs A AN E v Ns P
N-s-m™ - - m m N-m2 - - kg-m™3
Melamine 4 9.8x 1.96x  1.6x
I foam 10 0.99 1.01 105 10-4 109 044 0.1 8
Plaster- 3%
IT board - - - - - 10° 0.3 0.08 700
I11 Air - - - - - - - - 1.197

Table 3.7: Macroscopic material parameters corresponding to the relevant material 1D.

(a) VEM at 100 Hz (b) VEM at 4000 Hz (c) FEM at 4000 Hz

Figure 3.15: w, (in [m]) contours at low and high frequencies, respectively. High frequency FEM
contours are also provided for comparison.

Normal incidence plane wave excitation absorption problem

A plane acoustic wave at normal incidence excites the left face of layer I. The right face of layer
[T is subject to a rigid backing, i.e., bonded/clamped supports. The response of the system to an
excitation frequency spectra of f = [100,4000] Hz is evaluated. The displacement and pressure
contours u,, u, and p obtained by the VEM at low and high excitation frequencies 100 Hz and
4000 Hz are shown in Figs. and [3.16] respectively. The corresponding contours obtained by
the FEM at 4000 Hz is also shown for comparison. All contours are interpolated over a structured
query rectangular grid containing 50 x 50 QUAD elements to make the comparisons fair.

As expected in this normal incidence case, the elastic wave is propagating along the the x-
direction as shown in Fig. [3.15]. The high frequency contours obtained by the VEM and FEM are
practically identical. It is evident from Figs. that the elastic wave does not propagate through
the fluid/air layer. The acoustic wave in Fig. propagates only through the poroelastic and
fluid layers and is fully horizontal. Once again, the high frequency FEM and VEM contours are
practically equivalent, and the pressure wave has nearly been damped out in the fluid layer.

The SAC is evaluated by the FEM and the VEM for 30 frequency steps and is shown in
Fig. 3.17. The SAC as computed through the semi-analytic Transfer Matrix Method (TMM) is
used as a reference. It is clear that all three methods offer coinciding absorption curve results.

The relative differences in the displacement (Eq. (3.156)) and pressure (Eq. (3.157)) values at
the interfaces, as obtained by the VEM using the stabilization parameter choices 5% and 8% are
displayed across the frequency spectrum in Figs. and Fig. [3.18D] respectively. It can be
seen from these figures that the differences have small upper bounds of 1.6 x 1072 and 1.5 x 10~
These are generally prevalent at high frequencies. While they do not affect the quality of the
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(a) VEM at 100 Hz (b) VEM at 4000 Hz (c) FEM at 4000 Hz

Figure 3.16: p (in [Pa]) contours at low and high frequencies, respectively. High frequency FEM
contours are also provided for comparison.

Figure 3.17: SAC computed by VEM, FEM and TMM for the multilayer absorption problem.

(a) Displacements (b) Pressures

Figure 3.18: Relative differences in spectral solutions generated by the VEM at the interfaces
using stabilization parameter choices Eqgs. (3.153) and (3.154)

computed SAC in this example, it is still possible that appreciable deviations may be observed in
cases where mesh distortion is more severe. Hence, when encountering meshes with potentially
non-standard aspect ratios, 3% is recommended over 3.
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Diffuse field transmission loss

A sound transmission problem is studied here for the same multilayer configuration. The right
face has an anechoic termination, i.e., a Robin type impedance boundary condition. This cor-
responds to the term 0% (p,,, 6p;,) defined in Eq. and Table . A diffuse field acoustic
excitation is incident on the left face of the domain. The excitation consists of several oblique
incidence plane waves with angles of incidence 6 € [0, 75°]. A total of N = 20 samples were com-
putationally determined to be sufficiently representative of the entire diffuse field. The response of
the system to an excitation frequency spectra of f = [100,4000] Hz is evaluated. The associated
Uz, uy and p VEM contours for § = 0° and 6 = 75° are shown in Figs. [3.19] [3.20] and [3.2] for 100
Hz and 4000 Hz respectively.

The elastic wave contours u, and u, are only computed over the melamine foam and plaster-
board domains. Similarly, the acoustic wave contours are evaluated only over the melamine foam
and terminating air layers.

There is a good correspondence between the 4000 Hz u,, u, and p contours as computed by
the FEM and VEM for both the cases of normal and oblique incidence. A fully horizontal contour
is observed for the elastic wave in x-direction in Figs. [3.19al [3.19b] 3.19¢, Oblique contours
are retrieved in Figs. [3.19d, 3.19d] and [3.19¢, Contrary to the normal incidence case, waves are
propagating along the y direction in the 75° case and are shown in Fig. [3.20a], [3.200] and [3.20d
The high frequency excitations have been almost entirely dissipated by the time they enter the

plasterboard layer.

The pressures from the acoustic wave are nearly uniformly distributed over each of the two
layers at normal incidence, as seen in Figs. and [3.21c, Excepting minor oscillations,
the high frequency acoustic wave at oblique incidence has almost died down by the time it has
reached the rear air layer in Figs. [3.21¢ and [3.21f, The oblique excitation contours encountered
in Figs. [3.19€] [3.191] [3.20b] [3.20d}, [3.21€| and [3.21f are reminiscent of evanescent waves rather than
propagating waves.

The sound transmission loss factor (STL) is computed for the diffuse field excitation according

to Eq. (3.159)

f T (w, 0) sin(0) cos(6) db
Tas(w) = —10logy, <0° — ) ’
| sin(6) cos(#) d6

OO

(3.159)

where T (w, ) denotes the STL computed for a single plane wave at incidence 6 (see Appendix
2.7.4). The STL evaluated by the FEM, the VEM, and the TMM is shown in Fig. The
associated STL curves at normal incidence and oblique incidence # = 75° are provided for clarity

in Figs. and [3.22b| respectively.

The STL curve at normal incidence (Fig. shows good correlations between all methods.
Both the FEM and VEM correctly estimate the coincidence frequency at 75° oblique incidence
correctly in Fig. Similarly, both methods accurately predict the critical frequency for the
diffuse field excitation as well in Fig. [3.22d However, slight deviations at the peaks of both curves
are observed. This is attributed to the following reasoning: the TMM assumes an infinite lateral
dimension and as a result does not account for reflections occurring off of the lateral boundaries.
This effect is captured by the FEM and VEM and is especially prevalent at large angles of oblique
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(a) VEM at 100 Hz, 0° incident an- (b) VEM at 4000 Hz, 0° incident (c¢) FEM at 4000 Hz, 0° incident an-
gle angle gle

(d) VEM at 100 Hz, 75° incident (e) VEM at 4000 Hz, 75° incident (f) FEM at 4000 Hz, 75° incident
angle angle angle

Figure 3.19: w, (in [m]) contours at low and high frequencies and angles of incidence, respectively.
High frequency FEM contours are also provided for comparison.

(a) VEM at 100 Hz, 75° incident (b) VEM at 4000 Hz, 75° incident (c¢) FEM at 4000 Hz, 75° incident
angle angle angle

Figure 3.20: u, (in [m]) contours at low and high frequencies and high angle of incidence, respec-
tively. High frequency FEM contours are also provided for comparison.
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(a) VEM at 100 Hz, 0° incident an- (b) VEM at 4000 Hz, 0° incident (c) FEM at 4000 Hz, 0° incident an-
gle angle gle

(d) VEM at 100 Hz, 75° incident (e) VEM at 4000 Hz, 75° incident (f) FEM at 4000 Hz, 75° incident
angle angle angle

Figure 3.21: p (in [Pa]) contours at low and high frequencies and angles of incidence, respectively.
High frequency FEM contours are also provided for comparison.

incidence.

3.6.3 Porous composite with tortuous inclusion

This example is adapted from [48] to demonstrate the ability of the VEM to accurately model
the acoustic behaviour of a rigid porous composite material. This medium has a tortuous mesoscale
inclusion (material II) embedded within the host material (material I). The client material is
more permeable than the host. The macroscopic parameters are summarized in Table [3.8, The
configuration is provided with a fully clamped backing (often called rigid backing in acoustical
literature) and is subjected to a normal incidence plane wave excitation as shown in Fig. |3.23|

Name o ) Qoo A N
N.s-m™ - - m m
I (Host) 106 1.00 1 12x107% 12 x 1076

II (Client) 1.15x10* 0.96 1.01 108 x 1075 138 x 1076

Table 3.8: Macroscopic material parameters corresponding to the relevant material ID.

Contrary to the previous examples, here the preceding air column contained in the impedance
tube also needs to be modeled to account for reflection, scattering, dispersion and edge effects
introduced by the heterogeneous interface. The relevant inlet and incident quantities are accord-
ingly computed at the extreme left end. Consequently, along with the 45 mm air column, the
entire domain is discretized with 2592 CV'T elements - following the 20 elements per minimum
wavelength rule. This discretization is illustrated in Fig. [3.24]
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(a) STL at incident angle 0° (b) STL at incident angle 75° (¢c) STL at diffused field excitation

Figure 3.22: Sound Transmission Loss curves computed for the multilayer diffuse field transmission
loss problem through the VEM, FEM and TMM.

Figure 3.23: Schematic diagram of a 45 mm thick rigid skeleton porous material with a second
rigid porous material as a tortuous inclusion. Roller and clamped supports are provided at lateral

boundaries and the rear, respectively. The macroscopic parameters of the matrix and inclusion
are provided in Table .

Remark 4 This is an axisymmetric domain and hence the plane-strain assumption is not expected
to hold, especially in high-frequencies. However, this test case is opted for as it provides insight
on the capability of the VEM in efficiently treating tortuous geometries. For this purpose, the
accuracy of the method is compared against the TMM and also an axisymmetric FEM.

Figure 3.24: The domain along with an equally thick air layer is discretized using 2592 CVT
elements, following the 20 elements per minimum wavelength discretization schema.

It is evident from Fig. that the interfaces between (a) air and the sample, (b) host and
client material are not perfectly enforced. This is deliberately done to investigate the influence of
imperfect interfaces on the final result. The problem is solved over equally distributed frequency
steps ranging from 20 Hz to 5000 Hz. The pressure contours at low (100 Hz) and high (5000 Hz)
as computed by the VEM are displayed in Figs. [3.25a] and [3.25d, respectively.
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(a) VEM at 100 Hz (b) FEM at 100 Hz

(¢) VEM at 5000 Hz (d) FEM at 5000 Hz

Figure 3.25: p (in [Pa]) FEM and VEM contours at low and high frequencies at normal incidence
plane wave excitation.

The corresponding contours as evaluated by the FEM are shown in Figs. [3.25b] and [3.25d]
respectively. The results are practically identical. The imperfect interfaces does not affect the

solutions significantly.

The SACs as computed by the VEM and the axisymmetric FEM are compared with the TMM
porous composite model with pressure diffusion effect [48] in Fig. . Good agreement between
the three methods is observed until ~ 3000 Hz. Beyond this limit, a slight deviation is noticed.
This is attributed to two reasons. First, due to the plane strain assumption that cannot account
for the domain axisymmetry. Second, the equivalent model theory [48|, on which the porous
composite model is based, is no longer perfectly valid as scale separation breaks down here. The
acoustic wavelength is now smaller than the characteristic mesoscopic size of the inclusion.

3.6.4 Mesoscale inclusions

It has already been mentioned in Section that porous materials do not offer desirable
absorption properties at low frequencies. This is traditionally remedied by deploying multilayered
systems, as shown in Section [3.6.4 Alternative solutions are explored in the form of double
porosity materials [46], porous composites [48] and embedded inclusions [47]. An example of a
tortuous porous composite is provided in Section [3.6.3] In this example, the ability of embedded
rigid inclusions to improve absorption at lower frequencies is shown. The cases concerning one and
two periodic inclusions per unit cell are directly adapted from [47]. All cases are subjected to plane
wave normal incidence excitation and a rigid backing. The porous material involved is a foam
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Figure 3.26: SAC computed by the VEM, axisymmetric FEM and TMM for the rigid porous
composite material.

with rigid motionless skeleton modelled as an equivalent fluid. The exact material parameters are
provided in Table [3.9

o O Qs A N

N-s-m™* - m m

8900 0.95 1.42 180 x 107% 360 x 1076

Table 3.9: Macroscopic material parameters corresponding to the relevant material ID.

The inclusions are treated as infinitely rigid cylindrical tubes. This means that the inclusion
domain interiors need not be meshed. Additionally, the Neumann boundaries at the inclusion
interfaces are zero (zero normal-velocity).

One Inclusion in periodic unit cell

A periodically repeating square unit cell of size 2 cm is taken up. A single cylindrical inclusion
centered at (1 ¢cm, 1 cm) of radius 0.75 cm is embedded. The unit cell is repeated ten times in
the vertical direction to simulate an infinite lateral dimension. The total vertical dimension is 20
cm. This configuration is illustrated in Fig. [3.27] The domain has been discretized with uniform
CVT elements resulting in a polygonal mesh with 7000 elements and 13,961 nodes. The SAC
computed over the frequency range 100 Hz-10kHz with the VEM for this configuration is shown in
Fig.|3.28, The curve is validated against the analytic mode-matching technique developed in [47].
Additionally, the SAC for the same porous domain without the inclusions is also provided for
comparison. It is evident that the configuration with inclusions exhibits an improved absorption
behaviour in the 1800 Hz - 3800 Hz frequency range. A near-unity peak is observed at ~ 3000 Hz.
The pressure contours computed by the method at 100 Hz and 10 kHz are shown in Fig. |3.29

Two Inclusions in periodic unit cell

A second configuration, comprising two cylindrical inclusions of different sizes within the unit
cell is shown in Fig.|3.30, The unit cell is rectangular (3.5cm x 2cm) with a period of 2 cm. The
first inclusion is centered at (2.5 ¢cm, lem) with radius 0.75 cm. The second inclusion is of radius
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L

20 cm

7.5 mm

-
2 cm

Figure 3.27: A 2 c¢m thick domain with a single infinitely rigid circular inclusion of radius 7.5 mm,
per unit cell. Unit cell repeats periodically in the vertical direction with period 2 cm.

Figure 3.28: SAC computed by the VEM for the domain with and without inclusion. A reference
curve using the analytic mode-matching technique from [47] is provided for comparison.

0.5 cm and is centered at (1.5 cm, 2.5—4/(3)). The domain is discretized with 7000 uniform CVT
elements resulting in 13,990 nodes. The SAC computed over the frequency range 100 Hz-10kHz by
the VEM for the configurations with and without inclusions are shown in Fig. [3.31] Improvements
in absorption behaviour are exhibited by the configuration with inclusions across two frequency
bands: 1600 Hz - 2200 Hz, 3700 Hz - 5000 Hz. These low frequency absorption peaks in both
cases are primarily due to the tortuosity added by the solid inclusions.

Complex inclusion geometries

The ability of the VEM to easily model more complex non-periodic inclusions is demonstrated
here. The first example is a 5 cm X 15 ¢m rectangular domain with irregular infinitely rigid inclu-
sions in the shape of alphabets V-E-M. This domain is discretized with a CV'T mesh containing
2500 elements and 5030 nodes. The pressure contours at 100 Hz and 10 kHz are shown in Fig. |3.33
The second example increases the inclusion complexity even further by embedding inclusions in
the shape of a bat, spider and pacman in a 6 cm X 18 cm rectangular domain. The discretization
involved contains 5000 CVT elements with 10,054 nodes. The low and high frequency pressure
contours are provided in Fig. Both examples use the same equivalent fluid porous foam
described in Section and and employ the same boundary conditions.
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(a) 100 Hz (b) 10
kHz

Figure 3.29: p (in [Pa]) contours computed by VEM at low and high frequencies at normal
incidence plane wave excitation.

e

20 cm

5 mm

7.5 mm

35cm

Figure 3.30: A 3.5 cm thick domain with two infinitely rigid circular inclusion of radius 7.5 mm
and 5 mm respectively, per unit cell. Unit cell repeats periodically in the vertical direction with
period 2 cm.

The discretizations used for these different inclusion-types are summarized in Table [3.10

3.7 Summary

The VEM is developed for elastostatics and poromechanics. A novel VEM discretization has
been proposed for studying the vibroacoustic behaviour of fluid, elastic and poroelastic materials
in the frequency domain. The novelty of the method lies in employing the flexible meshing
capabilities of the VEM to reduce computational cost and accurately capture complex interfaces.
Implicitly defined basis functions are used to evaluate elementary state matrices through employing
appropriately defined operator-specific projectors. The final matrix form of equations are non-
linear in w, and are repeatedly solved over the desired frequency spectrum. The solution is
post-processed to obtain acoustic indicators like SAC and STL.

The method was shown to exhibit near-optimal convergence rates for different element types
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Figure 3.31: SAC computed by the VEM for the domain with and without inclusions.

(a) 100 Hz (b) 10 kHz

Figure 3.32: p (in [Pa]) contours computed by VEM at low and high frequencies at normal
incidence plane wave excitation.

in Example |3.6.1] This illustrates that the VEM can accurately handle versatile mesh configura-
tions at different frequencies. Furthermore, the computational gains achieved are discussed and
evidenced by comparisons with the FEM. The ability of the method to handle different types of
materials (fluid, elastic, poroelastic) and the resulting interface coupling conditions are provided in
Example|3.6.2] This section also shows that the VEM can be used to easily resolve non-conforming
interfaces using appropriate node-insertion algorithms. In this context, the accuracy of two dif-
ferent stabilization parameter choices was explored; although the differences were negligible, the
non-isotropic stabilisation procedure seems to provide more well-behaved solutions at the higher
frequency spectrum. Different excitations (plane waves at normal and oblique incidence, diffuse-
fields) and constraints (rigid backing, anechoic termination) were considered and the accuracy of

Mesh Nodes Elements

One inclusion 13,961 7000
Two inclusions 13,990 7000
V-E-M 5030 2500
Superhero 10,054 5000

Table 3.10: Discretizations for the four inclusion-types used in Section W
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(a) 100 Hz (b) 10 kHz

Figure 3.33: p contours computed by the VEM at low and high frequencies at normal incidence
plane wave excitation.

(a) 100 Hz (b) 10 kHz

Figure 3.34: p contours computed by the VEM at low and high frequencies at normal incidence
plane wave excitation.

the method was verified in each case against the TMM.

Example [3.6.3| concerns tortuous rigid porous composites and shows that the VEM can be used
to study the influence of imperfectly defined interfaces. Example |3.6.4] illustrates the power of
the VEM in handling complex periodic and non-periodic mesoscale inclusions across a reasonably
large frequency bandwidth. Examples [3.6.3] and [3.6.4] show the potential of using the VEM as
a simulation tool in investigating the absorption behaviour of porous composites, in contrast to

more classical multilayer systems, as shown in Example [3.6.2]

The method is currently limited by its confinement to exclusively 2-D domains. Extending the
method to 3-D polyhedral or 2-D axisymmetric discretizations is currently a work in progress.

The next Chapter deals with upscaling methodologies, with a focus on Multiscale Finite Ele-
ment Methods. The VEM will then be integrated into the MsFEM to obtain a novel Multiscale
Virtual Element Method (MsVEM) in Chapter [f]
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Chapter 4

Multiscale Finite Element Methods

In this Chapter, the Multiscale Finite Element Method (MsFEM) is derived for elastostatics
and coupled field poromechanical problems, i.e., consolidation and vibro-acoustics. The MsFEM
framework is originally applied to the Biot theory of elastic wave propagation in air-saturated
porous media. The resulting numerical scheme allows inclusions of air and other potential sources
of heterogeneity at the mesoscopic scale. The upscaling procedure and the associated compu-
tation of the multiscale basis functions is discussed. Its advantages pertaining to accuracy and
computational acceleration are highlighted with industrially relevant benchmark examples.

4.1 Overview on Multiscale Methods

It is often in nature that physics evolve across highly heterogeneous, geometrically complex,
and multiscale deformable domains; examples pertain to sound absorption and transmission in
foams and fibrous materials |35,/48,[201,[202] and fracture analysis of composite components [203].
Advances in automated manufacturing and in particular additive manufacturing have led to the
wide-spread application of components possessing complex and fit-for-purpose material layouts
in the construction, acrospace and automotive industries [204]. Additively manufactured func-
tionally graded composites and foams can be tailored to increased mechanical properties when
compared to traditional layered composites or metals, e.g., higher strength to weight ratios and
higher damping to weight ratios [8]. However, the corresponding manufacturing processes can be
extensive, are prone to errors and necessitate several design iterations before a desirable layout
is finally produced. This motivates the development of computational methods that can lead to
augmenting desirable mechanical traits while reducing undesirable ones while still at the design
stage.

Yet, the flexibility provided by manufacturing poses a series of challenges vis-a-vis the numerical
simulation of structural components with exotic material layouts. The distribution of material
heterogeneities at the micro- or mesoscale significantly affects the overall mechanical response
of the component. Hence, both from a physical and a computational perspective, the problem
of assessing the mechanical performance of a component becomes a multiscale one. Numerical
simulation of physics across multiple length scales can, in principle, be done with the standard
finite-element approach [205]. However, this would necessitate the use of extremely fine mesh
discretizations to resolve the corresponding heterogeneities, hence leading to high computational

103



104 Chapter 4. Multiscale Finite Element Methods

Figure 4.1: Motivation for multiscale approaches.

costs [206].

Multiscale modelling methods [207-209] have been developed over the years to accurately treat
heterogeneous material distributions across scales while reducing computational costs using the
robust mathematical framework of homogenisation [210213]. These include volume averaging
and analytical homogenization [214-H216], computational homogenization approaches [10,217-220],
see, also, FE? methods [9,221-225], variational multiscale methods [226-229], mortar multiscale
methods [230-234], heterogeneous multiscale methods [235-238] and other miscellaneous tech-
niques [239-245].

Homogenization theory relies on the assumptions of scale separation and periodicity. However
such assumptions do not necessarily hold for the case of highly heterogeneous domains. Hence,
alternative methods that do not rely on this assumption have been developed, such as multiscale
finite volume [246-249] and multiscale finite element methods (MsFEM) [8,250]. A comparison
between different multiscale approaches in the context of elliptic problems was performed in [251].

The MsSFEM relies on the notion of nested computational domains and the evaluation of a
numerical basis that maps quantities, i.e., displacements, from the one to the other. Contrary
to FE? (see, e.g., in [9]) methods where a micro-scale finite element mesh is attached to each
coarse scale integration point, in the MsFEM the coarse scale is fully spanned by the fine scale.
Hence, the MSFEM is more suited to highly heterogeneous domains where scales cannot be fully
separated. The MsFEM was based on the pioneering work of [252] for a single-dimensional case
(later extended to multi-dimensional problems in [253]) and was further developed by, e.g., [254]
to resolve flows in highly heterogencous media. Although the method has been widely employed
in such flow problems [255,256], the method does not account for the Poisson effect, i.e., the bulk
contraction/expansion of the medium under consideration. This prevents the application of the
method to structural engineering problems. The Enhanced/Extended Multiscale Finite Element
Method (EMsFEM) has been introduced by [257] to address this shortcoming. This is done
through considering additional coupling terms for interpolation at the fine scale level. Since the
EMsFEM has now become an accepted standard method; from here on, the labels MsFEM and
EMSFEM are used interchangeably to denote the Enhanced /Extended Multiscale Finite Element
Method.
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The Coupling Multiscale Finite Element Method (CMsFEM) [258] was developed to resolve the
coupled field fully saturated porous media consolidation problem using a two-scale (meso-macro)
approach. Mesoscale heterogeneities are mapped to the macroscopic scale using numerically com-
puted multiscale basis functions. A thorough discussion on the computational gains of the MsFEM
and the CMsFEM is provided in [254,258,1259]. A more specific comparison of different multi-
scale finite element approaches for composites and porous media flows was done in [260]. A
monograph [261] documents the methods listed above.

In this Chapter, the MsFEM framework is laid out in detail, first for elastostatics in Section
An illustrative example for constructing multiscale basis functions is provided in Section
The upscaling procedure is detailed in Section [£.2.2] The solution procedure and associated
downscaling, to recover fine scale information, is provided in Section [£.2.3] Next, this method
is extended to coupled field problems by addressing Consolidation in Section [4.3] This is time-
domain problem and the relevant solution and downscaling procedures are given in Section |4.3.3
Finally, we derive, for the first time, the MsFEM framework for the vibroacoustics of poroelastic
media in Section [£.4] This is applied to three numerical benchmark examples in Section [4.5} where
the accuracy and efficiency of the MsFEM, in relation to the FEM and the TMM are established.

4.2 Elastostatics

Figure 4.2: Multiscale mesh with 9 coarse quadrilateral elements and 81 quadrilateral fine-
elements.

To this point, the MsFEM has been developed to treat regular heterogeneous domains as shown
in Fig. 4.2 where each rectangular coarse element clusters its own representative portion of the
underlying fine mesh. The fine mesh is designed to resolve all mesoscale heterogeneities. These
are upscaled to the coarse level, where the solution is obtained at reduced computational cost.

To achieve this, the FEM is employed to accurately and efficiently resolve the heterogeneities
at the fine scale. The heterogeneous domain is coarsely discretized into Kyiy, o = 1...100:,,
coarse elements, where nyy, is the number of coarse elements. Each coarse element clusters its

own set of Ky, 1= 1...1ny, micro-elements where ny,, is the number of micro-elements in the

el

ICM(a) .
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For each type of coarse element, a set of multiscale basis functions is evaluated using the
standard FEM. These basis functions are then employed to map the fine scale onto the coarse
scale where the solution of the governing equations is performed. Since the solution procedure is
performed at a coarser discretization, the MsFEM promises to drive down the computational costs
pertinent to matrix factorizations and back-substitutions. The accuracy of the method compared
to the fine resolution is retained as the information of the micro-scale is propagated to the coarse
scale through the mapping. The MsFEM procedure is schematically depicted in Fig. [£.3]

Multiscale domain Coarse/ Solution domain
My3 Mi4 M5 Mi6 .M13 .M14 .M15 - Mig
Miz oMo o P gV
Mg Ms Mg M7 Mg
B L L B
1
| I
y |
I
! B 2 i |
L, s M4 RVE domain M1 Mz M3 My
x RVE

M Mg

Cluster and evaluate Map RVE

to the coarse domain

basis functions

My Mz

/—

Figure 4.3: Schematic of the MsFEM upscaling procedure. The case of linear boundary conditions
for the evaluation of multiscale basis functions is considered.

The terminologies ”Coarse-Element” and ”Representative Volume Element (RVE)” are used
interchangeably here. This is to remain consistent with the literature. A coarse-element, as
employed in this work, is not truly representative of the entire domain, and should therefore
not be confused with the classical notion of the RVE found in homogenization theory with scale
separation.

The multiscale basis functions required for the upscaling procedure are evaluated through the
solution of a homogeneous version of Eq. (2.94) over the a'® coarse element domain Kai(a), i-e.,

{Find u, € VY (Kyi(a) such that (4.1)

af(uh, 6uh)]]]) =0 V(Sllh € V}?(/CM(O()).

These homogeneous equations are subjected to kinematical constraints that account for het-
erogeneities and the deformability of the boundary. They are imposed over the RVE in the form
of linear or periodic boundaries.

Linear boundaries are the easiest to implement but are less accurate for highly heterogeneous
domains when compared with periodic boundaries. This is because linear boundaries produce
stiffer elements. Such elements cannot account for oscillatory material coefficients. Periodic
boundaries on the other hand, relax this restriction.
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Periodic boundaries involve creating periodic pairs on opposite sides of the RVE coarse element
and imposing constraints on these pairs. This is normally done employing penalty parameters or
Lagrange multipliers. This approach is ideal when considering RVEs that do exhibit some form
of periodicity. The procedure for such enforcements are discussed in [8] and will not be detailed
here. The choice of the coarse element boundary conditions plays an important role vis-a-vis the
accuracy of the method.

Resonance errors may occur when the coarse-element length scale approaches the fine-element
scale, i.e., a large number of coarse elements are employed to mesh the domain. This is primarily
observed over highly heterogeneous domains. Such errors can be overcome by an oversampling
strategy [257].

To give a physical interpretation to these multiscale basis functions, one must compare the
features of the multiscale coarse element against the classical finite element. The possible static
modes of a four-node plane quadrilateral finite element are the standard bilinear Lagrange poly-
nomials. On the other hand, a multiscale quadrilateral coarse-element can be viewed as a more
flexible alternative. Despite having only four nodes, it can exhibit more flexible static modes.
This renders such elements an ideal choice for capturing variations in element behaviour driven
by underlying heterogeneities. Such variations may be impossible to capture with rigid classical
finite elements. For a square domain with an independently, identically distributed random elas-
tic modulus field, sampled from a normal distribution, snapshots of the associated deformation
modes are shown in Fig. [£.4] Similar comparisons maybe be drawn up in 3D, between classical

Figure 4.4: Visualizing multiscale basis functions for a heterogeneous domain.

hexahedral finite elements and multiscale hexahedral elements.

The bilinear form defined over the coarse element domain Kyi(o) in Eq. (4.1)) is evaluated from
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individual fine element contributions

o

as (uh, 51111)@ = Z a,%m (uh, (511}1)]@. (42)

i=1

The fine scale element stiffness matrix K 1s derived from Eq. m ) using the finite element
method. This is assembled into the RVE stlffness matrix K¢ by the same assembly procedure
followed in Egs. (2.105). Similarly, the fine scale element load vector f;&l)’o‘ is defined on the basis
of Eq. . This is assembled into the coarse element specific RVE load vector ff\ldf;).

4.2.1 Constructing multiscale basis functions

In the multiscale finite element framework utilized herein, the micro-displacement components
of the fine mesh are mapped to the macro-displacement nodal components of the corresponding
coarse-element according to Eq. (4.3

nn nng
urnxi = Z NR]XXUMX J + Z Nﬁ]xyuMy,J
= (4.3)

anI

Umy,i = Z NlJyxuMX J+ Z NlJyyuMy,J7

where Uy ; and Uy, i =1,...,1n, are the displacement components of the iy, micro-node, ny, is
the number of micro-nodes within the coarse-element and ny,) = 4 is the number of macro-nodes
of the a'® coarse-element.

Moreover, upy,j and uwmy,y are the macro-displacement components defined at the Jy, macro-
node of the coarse-element; Njjxx, Nijyy, Nijxy and Njjyx correspond to the micro-basis interpolation
functions. Egs. hold if and only if the micro-basis interpolation functions satisfy the following
conditions

Z NIJxx =1 Z NIny
It , I=1...ny (4.4)
Z Nijyx =0 E Nijyy =

At the fine-element scale, this mapping assumes the following form

(67

Uiy = NipyUni(a) (4.5)

where ug ) s the displacement vector for the i fine-element in the o' RVE. The array Nr“n(i)
denotes the multiscale basis functions mapping the associated coarse-nodal displacements in uyg(q)
to the current fine-element.

Collecting Eqgs. (4.5)) for all micro-elements within the coarse-element, the following equation
is established

m

ud = Nr”nuM(a), (46)
where ug comprises the nodal displacement of the fine-mesh contained within coarse-element o.

A set of interpolation functions satisfying Eqs. (4.4) (hence Eqgs. (4.3) also) can be established
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by solving the following boundary value problem derived from Eq. (4.1

{Kiu& =0 oK (4.7)

ug = uyy on 8/CM(01)7

where ug is the vector of boundary micro-nodal displacements and @ are the the prescribed
displacements obtained from imposing linear, periodic or oversampling boundary conditions over
the coarse-element /RVE boundary ,. Each solution derived for a prescribed set of boundary
conditions uiyy corresponds to a column of the multiscale basis function matrix N} .

15

G
M,

[l

y ;
£y
M, M,
1 2 3 4
X

Figure 4.5: RVE with 9 quadrilateral elements. The number of fine-elements and fine-nodes in
the RVE are n,,, = 9 and n,, = 16 respectively.

As an example, Eq. (4.5)) assumes the following form for the case of the RVE shown in Fig.
and the micro-element i = 6

u}n(6) = Ny unma), (4.8)

where the vector of nodal displacements for fine-element #6 is

T
1 _
um(6) - [umx,7 umy,7 Umx,8 U‘my,8 Umx,12 U‘my,12 Umx,11 umy,ll :| ) (49)

the coarse-element nodal displacement vector is

T
Uupa) = [qu,l UMy,1 UMx,2 UMy2 UMx,6 UMy,6 UMx,5 uMy,5} ) (4-10)

and the corresponding multiscale basis function matrix is expressed as

u u u u u u u u
xx7,1 xy7,1 NXXS,I ny8,1 Nxx12,1 ny12,1 Nxxll,l nyll,l

u u u u u u u u
ny7,1 Nyy7,1 nyS,l Nyy8,1 ny12,1 Nyy12,1 nyll,l Nyyll,l
u u u u u u u u
Nxx7,2 ny7,2 NXXS,Q ny8,2 Nxx12,2 ny12,2 xx11,2 ny11,2
u u u u u u u u
NU ny7,2 Nyy7,2 ny8,2 Nyy8,2 ny12,2 Nyy12,2 xyl11,2 Nyy11,2 4.11
m(6) u ) .

u u u u u u u u

xXy7,3 Nyy7,3 ny8,3 Nyy8,3 ny12,3 Nyy12,3 xy11,3 Nyy11,3

u u u u u u

Nxx7,4 ny7,4 Nxx8,4 ny8,4 Nxx12,4 ny12,4
u u u u u

_ny7,4 N ny8,4 N N

u
yy7,4 yy8,4 xyl12,4 Nyy12,4

u u
xx11,4 ny11,4
u u
xyl11,4 Nyy11,4_

N
N
u u u u NU u N u
xx7,3 xy7,3 xx8,3 xy8,3 xx12,3 xy12,3 xx11,3 xy11,3
N
N
N
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respectively.

For the RVE shown in Fig. u; is a 32 x 1 vector. Furthermore, N} is the coarse-element
matrix of multiscale basis functions; for the case of Fig. this is a 32 x 8 matrix. Each column j
of N! corresponds to the deformed configuration of the RVE when the j*™ coarse degree of freedom
is equal to 1 whereas all other coarse degrees of freedom are equal to zero.

4.2.2 Governing multiscale equilibrium equations

Having evaluated the micro-basis functions, the following procedure is established to upscale
the RVE properties at the coarse scale. The element-wise equilibrium equations at the fine-scale
of the RVE under consideration are

el,a u® uela
Koo us, = ) (4.12)

Substituting Eq. (4.5)) into Eq. (4.12]) results in the following expression

el,a nJu _ gpuela
Ko Nin() UM(a) = fm(i) :

Pre-multiplying this by Nu T , the following relation is obtained
el u el
K (a),m(i) UM(ar) = f M(a),m(i)> (413)

where Ki}[(a) m(i) corresponds to the fine-element stiffness matrix that is however, defined at the
coarse nodes

el uT el,a
KN(@)m@ = N Ky,
———

NG, (4.14)

2nM(a) X210M (a)

and ff/[(eé) m(i) 18 the corresponding vector of nodal forces

it mm = Napinh™ (4.15)

respectively.

The reduced order coarse element equilibrium equation can be established in the following form

K (o) Uni(a) = i, (4.16)

a)7

where Ki}[(a) and ff/[fcly) are the coarse element stiffness matrix and load vector respectively. These
quantities are a priori unknown but can be derived on the basis of strain energy equivalence
between the coarse element and its underlying fine scale mesh.

The overall strain energy E;,; of the coarse element can be, in principle, established as
Eing = / 51\T/[0'M dK = ul\T/I(a)Ki}[(a)uM(Q), (4.17)
KM(a)

where € and o correspond to the strain and stress fields defined over the RVE.

However, the RVE strain energy can also be considered to be additively decomposed into the
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contributions of the associated fine-scale elements, i.e.,

Nmg;

Ein = Z / y A = Z ug K us ). (4.18)

Comparing Eq. (4.17) to Eq. (4.18)), the following expression is established

Nm gy

el,a a
uM(a)KM yUM(a) = Zu Km(l m(i)" (4.19)

i=1

Substituting Eq. (4.5)) into Eq. (4.19)) results in the following expression

Nmg

T el T u T gerel,a nJu
) Kt o) UMi() = Uiy ) (Nmﬁ)Km(i)Nm(D)uM(‘“)' (4.20)

i=1

Eq. (4.20) holds if and only if
Ko = Z KSi(a (4.21)

Similarly, the following expression must hold for the RVE reduced order nodal load vector, i.e.,

Nm gy

fu el u el
Biay = Zf )m(i)- (4.22)

The reduced order RVE stiffness and nodal load matrices defined in Eqgs. and -
can be assembled using a direct stiffness method to eventually derive the reduced order global
equilibrium equation

Kyvuy = )y, (4.23)

where
nM, nyp
Ku= A K £ = aA o), (4.24)

and A denotes a standard direct stiffness assembly operator.

4.2.3 Solution at the coarse scale and downscaling

Having computed K" the multiscale basis functions can be evaluated by assembling K and

m(i)’

solving Eq. (4.7). The global system of equations at the coarse-scale has already been established

in Eq. (4.23)

Kyuy = £y, (4.25)

where Ky and fy; denote the 2ny; x 2ny; global coarse stiffness matrix and 2ny; x 1 global coarse
load vector respectively. The global coarse stiffness is assembled from its local coarse stiffness
contributions as shown in Eq. (4.24)). The global coarse load vector is evaluated from the local
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coarse element load contributions. Finally, the MsFEM solution is performed for the ny; coarse-
scale nodes wuy;.

The micro-displacements can be evaluated from the solution of the reduced order solution of
Eq. using the following down-scaling procedure. The coarse element-wise displacements are
first extracted from uy and stored in the vector of macro-element nodal displacements uy), @ =
1...ny,. The displacements associated with the i* fine-element in the o' coarse-element / RVE
is computed using Eq. . The strains and stresses associated with these fine-scale displacements
can be computed as follows

Em@i) = Bun)s = Ceqni)s (4.26)

m(l

where B is the term provided in Eq. (2.103)).

4.3 Consolidation

The standard Coupled Multiscale Finite Element Method (CMsFEM) seeks to compute mul-
tiscale basis functions that sufficiently capture all significant static modes of the coarse element
under consideration. In coupled porous consolidation problems, this is equivalent to capturing de-

formation modes of the solid skeleton and pressure gradient modes of the pore-fluid, as elaborated
in Chapter [2]

Within this setting, two sets of multiscale basis functions are computed. One set describes the
solid skeleton displacements and the other captures the pore-fluid pressure. For these evaluations,
both phases are assumed to be decoupled from each other. The basis functions for the displacement
field are already evaluated in Eq. .

Similarly, the fluid phase multiscale basis functions are evaluated as

{Find P € Vi (Kwi(a)) such that (4.27)

bY (Dy, 6Pk )i/ =0V 0py, € VE(Kniw))-

These equations are subjected to Dirichlet constraints, which are imposed at the coarse element
boundary, in a manner similar to Section

The bilinear form defined over the coarse-element domain KCyiq) in Eq. (4.27)), respectively can
be assembled from individual fine element contributions as done in Eq. (4.2))

bY (Py> 0Py) = Zbic Ph: 0Py)- (4.28)

(60(

The corresponding decompositions for b’(py,, wy) and a uy, wy,) are derived in a similar manner

and are omitted for brevity.

The element-wise state matrices are now obtained from Egs. (4.28) using the FEM on the
basis of Eqs. (2.121)-([2.125)). They are then assembled into their RVE specific counterparts HS,,
S and Qm, respectively. Similarly, the relevant fine-element flux vector, ff;(el.l) is obtained from

Eq. (2:123), and assembled into £5 .
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4.3.1 Constructing multiscale basis functions

The micro-nodal field variables u® and p% are now mapped to the associated coarse-nodes.
This has already been done for displacements in Eq. (4.3). The corresponding relations for fluid
pressures are

nyp
Pini = Z NPy (4.29)
J=1

(67

@ is the pressure component of the i micro-node, belonging to the at"

where pp;, 1 =1...n
coarse element. The term py; ; denotes the pressure component at the J™ macro-node of the

a™ coarse-element. The multiscale basis functions N interpolate the fine-scale pressures. The

relation in Eq. (4.29)) holds only if

>N =1 (4.30)

The RVE specific fine-element nodal pressures pf, are associated with the corresponding coarse-
element field variables through the following equation, i.e.,

pﬁl(i) = an(i)PM(a), (4.31)
where P denotes pressure vector for the i'" fine-element in the a'® element. The array an(i)
represents the multiscale basis functions mapping the a'" coarse-element nodal pressures PM(a) tO
the fine-scale.

Collecting the contributions from each fine-element, Eq. (4.31]) can be expressed over the entire
RVE:

P = NLPM(a): (4.32)

where NP corresponds to the coarse element multi-scale basis functions for the pressure field. Each
column of these arrays corresponds to a possible static pressure mode of the RVE. To compute

these snapshots of the system in a manner consistent with Eqs. (4.29)) and (4.30)), the discretized
matrix forms of the boundary value sub-problems in Eq. (4.27)) are solved over the RVE domain,

similar to Eq. (4.7))

{Hglp% =0 oK (4.33)

Ps = Pu , on aK;M(a)’

In the CMsFEM, the prescribed pressures ps at the RVE boundary are assigned linear or
periodic kinematical constraints p.

4.3.2 Governing multiscale equilibrium equations

The multiscale basis functions evaluated above are now used to upscale the RVE properties at
the coarse scale. The element-wise governing equations introduced in Eq. (2.112)) are expressed in
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Kel a el 0 0 ca fu el «
[ m () I_ﬁna( )] { a m() } + [ el,aT Sel,a ugl(l) fp el al - (434)
0 me) ] (Poo ) [Que Swe] [Pro in(i

Substituting the micro to macro mapping Egs. (4.5) and (4.31) into Eq. (4.34) and pre-
multiplying the first row-set of equations by N7 and the second row-set by NPT the following

matrix form as

equation is obtained

el el . el
Kii(a),ma) —Q ),m( Un () N 0 0 UM(a) | fl\l/l(a),m(i) (4.35)
0 He el T sl ; fpe ’ '
M(a),m(i) PM(a) M(a),m(i) PM(a)m() | (PM(a) (o), m(i)

where the elastic stiffness matrix and load vector of the 7 micro element mapped at the coarse
element nodes, i.e., K M(a)m(i) and fM(a) . are defined in Egs. , respectively. The
corresponding coupling, permeability and compress1b1hty matrlces are expressed as

el el,a \TP
M(e).m() = Ninty Quuy Ningiy (4.36)

el P T el a NTP

el pT gel,a nyP
SM(a), i = Nig) Sm N - (4.38)

Finally, the flux term assumes the following form
p el - pT ¢gpela

fM(a)m(i) - Nm(i)fm(i) : (4.39)

In principle, the coarse-element equilibrium equations could be expressed in a form analogous

to Eq. (4.34)), i.e.,

0 HM(a) Pi(a) QM(a) Stie) | Paa) fl&(a

where K$; M(a)» Q Hi}[(a), Sl‘i}[ denote the coarse-element state matrices and f}; ff/fza denote

the coarse- element load vectors, respectwely Due to the heterogeneous materlal dlstr1bution at

, (4.40)

the fine scale, explicit expressmns for these matrices do not exist. Relations for KM and fu
have been derived in Eqs. (4.21] - Similarly, the remaining quantities can be evaluated on
the basis of energy equivalence between the coarse element domain Egs. (4.40) and the upscaled

fine-element components Eqs. (4.36])-(4.39).

Considering Eq. (4.40)), the internal energy associated with each operator is defined as

Ex = / prg am ey dK = pM QM(a Un (o (4.41a)
Km(a)
k el
Ein = Vbu ; Vpy dK = pM o) Hi(a)PM(a) (4.41Db)

ICl\/I(a)
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Elsnt = / pﬁ Se py A = p{A(a)Si}[(Q)PM(Q) (4.41c)
’CM(OL)
where e\ and py; correspond to the strain and pressure fields defined over the coarse element
domain.

The internal energy of the RVE is also additively decomposed into the contributions of its
underlying fine-elements, i.e.,

Dmg) Nm )
ela «
El?lt = Z / pm(l) QBIN €y (i) dK = Z pm(l m(i)um(i) (442&)
i=1
’Cm(l)
Nmg) k Nmg)
o ela o
Ef =D / VPing) = VPm(y 4K = Zp THSS o) (4.42b)
i=1
’Crﬂ(l)
g Me)
S a T el 04 a
Eint - Z / Pm i) Se pm( ) dK = Z S m( ) (4420)
i=1
’Cm(l)

Equating Eqgs. (4.41b)) and (4.42b|) the following expression is derived

nmel
T el T T el,a

Pii(o)Ha(a)PM(a) = Phi(a) Z (N&(i)Hm(i)N&(i)>pM(a)7 (4.43)

i=1

that holds if and only if

Nmg;

HM o = Hi}l a),m(i)- (444)
(@) ; (cr),m(i)

MM () XM ()

Hence, Eq. (4.44]) provides the reduced order permeability matrix of the coarse element that
however comprises stiffness contributions from the underlying micro-elements.

The upscaled expressions for the coupling, and compressibility matrices are derived in a similar

manner as

2”M(a) XN\ (a)
and

n el
SM a - SK}[ a),m(i)? (446)
(@) ; (@),m(i)

MM (a) XM (o)

respectively.

Finally, the upscaled outflow vector is (see, also, [258]):

p el - p el
flr) = Z £\t () .m()- (4.47)
i=1
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The coarse element state and load matrices defined in Eqs. (4.44)-(4.47) can then be assembled
using a direct assembly approach to derive the reduced order structure matrices and corresponding
forcing vectors

nl\/lel nMel
QM = aél Qi}[(a), HM = aél Hi}[(a), (4483)

M) e

nM,,
o el o el
Sw= A S, fh= A (4.48b)

o=

Hence, the upscaled governing equations assume the following form

Sl Lo s ot -]

{0 Hy | Py Qu Su by i 449)
The unknown field variables uy; and py represent the global coarse-nodal displacements and
vectors, respectively.

The coarse scale equations in Eq. (4.49) are solved following the procedure detailed in Section
.72

The algorithmic implementation of the method vis-a-vis the assembly of the discretized gov-
erning equations at the coarse scale is summarized in Algorithm

Algorithm 3: Upscaling procedure performed for solid and fluid phases

Result: Global coarse scale stiffness matrices Ky, Hy and load vectors £y, £y
for Qpn), 1 <a < ny, do

1. Compute RVE stiffnesses,
Nmy)
3 . a : a el,a
(a) Solid phase: K¢ with K& = i:§ 1 K

Nm,g)

. . «a : a ella |
(b) Fluid phase: H® with HY = Z H G

i=1

2. Compute multiscale basis functions using kinematic constraints with
(a) Solid phase: N2 : K%u® = 0, where u, = N! ,
(b) Fluid phase: NP : H% pS = 0, where pg = NP ;

3. Compute multiscale contributions with
: . el _ u T yeel,a ngu u,el _ uT puela
(a) Solid phase: Ky, i = N Koy Ny and 0 o) = Nogfng
(b) Fluid phase: HS,

- pT el,a P p,el o p,T epel,a .
(@).m() = Ny Hum() Ny a4 £ me) = Nagpfag

4. Assemble coarse-element stiffnesses with

' . nnlcl . , 1 nmcl i 1
(a) Solid phase: Kl\lﬂa) = 1=Z1 Kl\}l(a),m(i)’ and fﬁ(ea) = 1221 fhl;lfa),m(i)’
Nm,;

. . . o8 el
(b) Fluid phase: Hl\lﬂa) = 1221 Hl\}[(a),m(iy and fﬁ(a) = 1221 fl\I;I(a),m(i)’

end

Assemble global coarse stiffness matrix and load vector with
() Solid phase: Ky = Ay K§) ) and ff = AN f11)

(b) Fluid phase: Hy = A HSj ) and £, = A2 57
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4.3.3 Downscaling

The fine-scale displacements and pressures at each time-step can be evaluated from the solu-
tion of Eq. by employing the following down-scaling procedure. The coarse element-wise
displacements and pressures are first extracted at the desired time steps from {uy}, and {pm}n,
respectively. These values are now stored in the vectors of coarse-nodal displacements uyyq) and
pressures pui(a), @ = 1...10y,, respectively. The displacements and pressures associated with the
i*h fine-element in the a'" coarse-element / RVE can be evaluated using Egs. and (4.31)).
Derivative quantities, like strains and stresses associated with the fine-scale elements can now
be computed using Eq. . Similarly, the derivative quantities for the fluid phase, i.e., the
pressure flux and specific discharge, can be evaluated

@ @ @ k «a
me(i) = vam(i)7 qm(i) = - me(]) (450)

w

An expression for BY is provided under Eq. (2.121)).

4.4 Vibro-acoustics

4.4.1 Evaluation of multiscale basis functions

Similar to the procedure followed in Section [4.3] a set of multiscale basis function are evaluated
for the solid and fluid phases. The point of departure here is, they are iteratively evaluated for

each frequency step wi, kK =1,.. ., Nfeq, Where ngeq denotes the number of frequency steps. These
are obtained by solving the following set of homogeneous cell problems over each coarse element
domain Qyya), @ = 1,...my, for the solid phase
Find u, € V¥ (Kym(a h that
ind uy € VY (Kwmay) such tha (4.51)
as(uh, 5uh)® =0 VYou € fo(ICM(a)),
and fluid phase
Find p, € V} (Kw(a)) such that (452)
bY (py, 0py) 1 =0V dpy € Vi (Kni(a))- |

The bilinear forms in Egs. — are decomposed into their fine element contributions
analogous to Eqgs. and . The associated fine element stiffness matrices Kig) and I:Ii(oz‘)
are obtained from Eq. and , respectively, and assembled into the RVE state matrices
K% and ﬂfn. Consequently, the discretized matrix forms of Eqgs. — are now expressed

for the solid phase

,Izl...nM,le,...ndim,kzl...nfreq, (453)
ug = ayy , on OK(a)

{Ki(wk)u?n ={0} . on K
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and fluid phase

H® c =10} . on Kua
{ ()P = {0} MO o e T =1, i, k=1 e, (4.54)

Ps = Pu , on OK\i(a)

where ngi,, = 2 or 3, depending on the dimension of the problem. The remaining element-wise
matrices Mflll’g), Qif‘ and Ci}{(i are similarly obtained from Egs. and assembled

i)

into their RVE specific counterparts, M QO‘ and Ca respectlvely

4.4.2 Upscaling procedure

Using Eq. (2.183)), without the boundary and interface coupling matrices, the governing equa-
tions at each frequency wy are expressed for each micro-element as

(el el,a ~el,a a u el,a
Km(Z) <wk) _elc;)kM (@ )(wk> el,a - () (Quikzla um(l) = fg(ezzi)a ) (455)
_wkcm(i)( ) Hm(@)( ) kan{(i) (Wk) p%(i) fm(ij
Substituting the micro to macro mapping relations from Egs. (4.5)) and (4.31)) into Eq. (4.55),
and multiplying the first row-set of equations by N*7 and second row-set of equations by NP7
the following equation is obtained

el el el u el
K (el B ITMM(a) m(i) ~Ciraym 1(6) {“Mwm(i)} — ff){g@ m@ | (4.56)
~wEClrla) mai) HS (01, ~ “E Qs @) LPM@ .m0 £ mo
where Ki}l(a),m(i), Mi}[(a),m(i)’ I:Iﬁ(a),m(i), Qi}{(a),m(i)v and C$t (a)m(i) correspond to the fine-element

state matrices mapped onto the coarse element nodes and assume the following form
Kcl Nu T Kfrll(a) Nu
ul el « u
MM(a) miy = Nonty My NGy

el p T fyel,a nyP
) 0).m() = Nongy Honth) Ny

ﬁ(a) NpTl QUONE o
1 u T el cx P

(i)~ "m(i)"

(4.57)

In Egs. (4.56) and (4.57) the dependence of the state matrices on (wy) is omitted for brevity.
Similarly, the forcing terms assume the following form

By ) = Nt Fmiy (4.58)
fl\‘j[f;) = NP o fof el @ (4.59)

for the nodal forces and outflows, respectively.

The equilibrium relation in Eq. (4.55)) is re-expressed at the coarse scale for each coarse-element

el 2 1 ~el u el
Kfio) — 1M§A(Q) - _CMSLI {UM(a)} _ fl;fg(f‘) , (4.60)
—wkCe T Hﬁ/[(a) - kai/[(a) PM(e) fM(a)

as
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Currently, the coarse element state matrices and vectors, i.e. Kf\}[(a) fl\r;[(e ) are unknown. These
are determined on the basis of the principle of energy equivalence across scales, as done in Sections

[4.2.2] and [4.3.2]

Kfi(a) = Z K (4.61a)

n el
el o ~rel
MM(a) - Z MM(a),m(i) (4.61b)

HY) (o) = Z HS) (4.61c)

the) = Z Qs (4.61d)

nmel

~el o ~el
CM(oc) - Z CM(a),m(i) (4.61e)
i=1
B Z vl (4.61f)
nmel
pel __ p el
fM(a) - Z fM(a),m(i)~ (4.61g)

i=1

The local coarse element state matrices and vectors shown in Eqs. (4.61]) can be assembled over
the coarse domain using standard assembly operations. Hence, the upscaled global equivalent of
Eq. (4.60) assume the following form

A —winJ HM — wzQM Py f}\} ’
ZVM XM Fu

where the unknown field vectors u,; and p,, denote the coarse-nodal displacements and pressures,
respectively. These quantities can then be downscaled to obtain detailed fine scale contours at all
desired frequency steps, using the procedure outlined in Section [4.3.3]

4.5 Numerical examples

Three test cases are provided to examine the validity of the proposed multiscale solution pro-
cedure for a) equivalent fluid rigid motionless skeleton models and b) elastically deformable Biot
solid skeleton models.

The Sound Absorption Coefficient (SAC) of these configurations are computed through the
MsFEM over the frequency range 20Hz < f < 5500Hz. These results are compared to the corre-
sponding analytical TMM computations [262].

The macroscopic parameters used for all materials in the following examples are summarized

in Table [4.1]
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ID o O Qs A AN Ky E v Ns 1

N-s-m™ - - m m m? N-m2 - - kg-m~

I 100 099 1.01 ?(ffé 11‘8(_55 413?;( 112? 044 0.1 8
6x  2.77X 7.4%
106 104 107

3

IT 217400  0.98 1.28 116400 0.43 0.11 26

m 23 T e i - i
v 10 11 113_><6 11356 ; ] - ]
V11500 0.96 1.01 13856 5’0556 . i S ]
VI oes sl S % e - i
VII 20 032 141 OX, o 1h8ax S ]

1073 1073 1077

Table 4.1: Macroscopic material parameters corresponding to the relevant material ID.

ID Name

I Melamine Foam
II 2437-9B

IIT  Dissipative Air
IV Host Material 1
V  Client Material 1
VI  Host Material 2
VII Client Material 2

Table 4.2: Material names.

The materials associated with the material IDs described in Table[4.1]are mentioned in Table[4.2]
for completeness.

All configurations are modelled in 2-D and 3-D. The 2-D geometry is discretized with [60 x
12] coarse quadrilateral elements with each coarse element clustering an underlying [2 x 2] fine
quadrilateral mesh. The 3-D geometry is discretized with [60 x 12 x 12] coarse hexahedral elements
with each coarse element clustering an underlying [2 x 2 x 2| fine hexahedral mesh.

Unless explicitly stated otherwise, the boundary conditions correspond to standard impedance
tube constraints, i.e., the rear (right) side is provided with clamped supports. The lateral bound-
aries are given roller supports. The Neumann boundaries are all zero valued. This translates to
zero tractions and fluid velocities normal to the surface under consideration. The configurations
are excited on the incident face (left) by an acoustic plane wave at normal incidence.

Owing to the symmetry of the excitation and the geometrical and material layouts, the lateral
boundary conditions, i.e., roller supports and zero normal velocity conditions, are collectively
labelled ”periodic boundaries”. It is to be noted that this is a special case recovered from the
more general Floquet-Bloch periodic conditions [195]. These are defined for completeness. Given
a pair of faces I'y and I'y respecting y-periodicity, i.e., exhibiting periodically repeating behaviour
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along the vertical y-axis, the following relations are observed

p|F1 = p|1—‘267ky‘y|7 (463&)

Vylr, = vylr,e M, (4.63b)

where p|r,, p|r, and v,|r,, v,|r, denote acoustic pressures and normal velocities on the two periodic
faces, respectively. The distance between both faces is represented by |y| = |yr, —yr,|.- The acoustic
wave number along the y-direction is contained in &,. Since the Neumann conditions over these
surfaces are zero, Eq. is a tautology. Further, since only normal incidence excitations are
dealt with in the following examples, it follows that there are no waves propagating the y-direction,
ie., k, = 0. Inserting this result into Eq. yields the simpler expression p|r, = p|r,. For
perfectly symmetric configurations, this condition is naturally achieved, and need not be explicitly
imposed.

The efficiency of the MSFEM is measured by comparing its performance against the correspond-
ing FEM. The FEM operates over the associated global fine mesh. Computational times taken to
(A) evaluate the multiscale basis functions and (B) perform the solution procedure are recorded
and averaged over three runs. Assembly and upscaling of state matrices are included within (A).
Similarly, the downscaling operations are included within (B). The acceleration provided by the
MsFEM is demonstrated through computing speedup

trEM

speedup = (4.64)

)
IMsFEM

where tpgy and tyspeym denote the total times taken by each method, respectively.

4.5.1 Melamine Foam

A standard aero-melamine foam is placed inside an impedance tube of diameter 80 mm in
three different configurations. A rigid motionless skeleton assumption is used. This entails using
an equivalent fluid constitutive model. The macroscopic material parameters for the melamine
foam are provided by Material I in Table 4.1 Non-dissipative air is used in all cases.

Foam with rigid backing
An 80 mm thick foam layer is considered. The full impedance tube geometry is shown here for

the sake of completeness by including a 320 mm column of air. A schematic of the 2-D domain
with coarse-scale discretization is shown in Fig. 4.6

Figure 4.6: Schematic of a melamine foam placed against a rigid backing with coarse mesh.
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(a) 2-D mesh (b) 3-D mesh

Figure 4.7: Coarse-scale meshes @ 8 x 8 quadrilateral coarse-elements with 2 x 2 quadrilateral
fine-elements per coarse-element and @ 8 X 8 x 8 hexahedral coarse-elements with 2 x 2 x 2
hexahedral fine-elements per coarse-element.

However, as non-dissipative air is being used, it is not necessary to explicitly account for the
air column within the MSFEM model. To this, the reduced model are presented in Fig. [£.7] for
clarity.

The sound absorption coeflicients as evaluated by the MsFEM for the 2-D and 3-D discretiza-
tions, and by the TMM are shown in Fig. [4.§|

Figure 4.8: Sound absorption coefficient (SAC) curves as a function of the frequency (in Hz) for
the geometry of Fig. [1.6]

The curves computed in the three instances appear identical. The averaged computational times
and speedup offered by the MsFEM over the FEM in the case of the elastic skeleton assumption
is provided in Table [1.3] A significant speedup of 15.66 is obtained for the 3-D discretizations.
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MS Basis Solving and .
Computation times Downscaling times Total time  Speedup
FEM 0.20 16.82 17.01
2D \sFEM 0.87 4.45 5.32 319
FEM 4.08 803.67 807.73
3D \FEM 8.93 42.66 51.59 15.06

Table 4.3: Computation time taken (in seconds) and speedup offered by the MSFEM over FEM
for a melamine foam with rigid backing.

Foam with air backing

A 40 mm thick foam layer with an air-column backing of 40 mm is placed inside the impedance
tube. This example is provided to examine the accuracy of porous-fluid coupling. A schematic of
the 2-D domain with coarse-scale discretization is shown in Fig. [4.9|

Figure 4.9: Schematic of a melamine foam backed with a 40 mm air activity with coarse mesh.

Once again, accounting for the air column within the MsFEM model is unnecessary, The
resultant reduced coarse mesh is provided in Fig. for clarity.

(a) 2-D mesh (b) 3-D mesh

Figure 4.10: Coarse-scale meshes @ 10 x 10 quadrilateral coarse-elements with 2 x 2 quadrilateral
fine-elements per coarse-element and @ 10 x 10 x 10 hexahedral coarse-elements with 2 x 2 x 2
hexahedral fine-elements per coarse-element.

The sound absorption coefficients as evaluated by the MsFEM for the 2-D and 3-D discretiza-
tions, and by the TMM are shown in Fig. [4.13]
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MS Basis Solving and .
Computation times Downscaling times Total time  Speedup
FEM 0.35 16.53 16.89
2D \sFEM 1.82 5.40 7.23 254
FEM 14.46 1592.07 1606.52
3D\ FEM 27.46 56.89 84.36 19.04

Table 4.4: Computation time taken (in seconds) and speedup offered by the MSFEM over FEM
for a melamine foam with air backing.

Figure 4.11: Sound absorption coefficient (SAC) curves as a function of the frequency (in Hz) for
the geometry of Fig. 1.9

A near exact correspondence between the MsFEM and TMM results are observed. The averaged
computational times and speedup offered by the MsFEM over the FEM in the case of the elastic
skeleton assumption is provided in Table [£.4] A significant speedup of 19.04 is obtained for the
3-D discretizations.

Foam with mesoscale perforation

An 80 mm foam layer with a square mesoscale through-perforation of side 40 mm is placed
inside the impedance tube. This example is provided to demonstrate the ability of the MsFEM to
handle double-porosity materials. Contrary to the previous examples, here the preceding 320 mm
air-column is required to account for reflection, scattering, dispersions and edge effects introduced
by the the mesoscale perforation. The meshes used for the 2-D and 3-D domain with coarse-scale
discretization is shown in Fig. [4.12]

The sound absorption coefficients as evaluated by the MsFEM and TMM are shown in Fig.
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(a) 2-D mesh (b) 3-D mesh

Figure 4.12: Coarse-scale meshes @ 40 x 8 quadrilateral coarse-elements with 2 x 2 quadrilateral
fine-elements per coarse-element and @ 40 x 8 x 8 hexahedral coarse-elements with 2 x 2 x 2
hexahedral fine-elements per coarse-element.

Figure 4.13: Sound absorption coefficient (SAC) curves as a function of the frequency (in Hz) for
the geometry of Fig. [1.12}

where the legend labels are summarized in Table [4.5

Label ON OFF
rc - Radiation Correction 1 0
(Dynamic)
pd - Pressure Diffusion 1 0

ML - Mixing Law - -

Table 4.5: Legend Labels used in Fig. 4.13]

The 3-D MsFEM computation is found to agree with the TMM-rclpd0O porous composite
model [48], accounting for dynamic radiation correction, while neglecting the pressure diffusion
effect.

In the context of linear acoustics of porous media, pressure diffusion is a dissipation effect
prevalent in porous composites where large permeability contrasts exist between the host and
client media. At low frequencies, a duct typically appears longer than it actually is to acoustic
waves. Radiation correction is a length correction scheme accounting for this apparent effect [263]
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MS Basis Solving and .
Computation times Downscaling times Total time  Speedup
FEM 1.29 51.81 53.10
2D \sFEM 5.20 13.96 19.16 322
FEM 28.28 14,118.37 14,146.65
3D \FEM 106.88 381.89 488.77 28.94

Table 4.6: Computation time taken (in seconds) and speedup offered by the MSFEM over FEM
for a melamine foam with mesoscale perforation.

While the MsFEM naturally accounts for any such effects, these need to be explicitly handled
by the TMM-PC to obtain reliable results. The 2-D MsFEM computation is compared against
the TMM mixing law (TMM-ML). These represent different volume averaging and analytical
homogenization techniques described in [48|. While the trend is replicated correctly, the MsFEM
is found to slightly overestimate the SAC. This can be attributed to differences in cross-sectional
geometry. The 3-D MsFEM and TMM result can be recovered from the ML procedure when
the mesoscale porosity is computed for a 3-D cross-section, i.e., ¢,, = % = 0.25. However, to
facilitate ML comparisons with the 2-D MsFEM model, a 2-D cross-section is considered, resulting
in a mesoscale porosity ¢, = % =0.5.

The averaged computational times and speedup offered by the MsFEM over the FEM is pro-
vided in Table [£.6] The FEM procedure in case of 3-D discretizations in the elastic skeleton
assumption, proves very expensive, as illustrated by the total times. The MsFEM proves invalu-
able in accelerating computations here, offering a speedup of 28.94.

4.5.2 Highly dissipative material: 2437-9B

The following set of examples are provided to demonstrated the ability of the MsFEM to
handle highly resistive materials. Such materials are expected to be more sensitive to different
types of boundary conditions and offer more pronounced instances of the double porosity effect.
An example material ”2437-9B” is placed inside an impedance tube of diameter 15 mm in three
different configurations. The materials parameters for 72437-9B” are provided by Material II in
Table 4.1 The same discretization scheme is employed in these examples. Non-dissipative air is
used.

Layer with rigid backing

A 15 mm thick layer is placed in side the impedance tube. The full impedance tube geometry is
modelled here for completeness by including a 60 mm column of air. The full elastically deformable
skeleton assumption is considered. Consequently, the Biot-Helmholtz model is used. A schematic
of the 2-D domain with coarse-scale discretization is shown in Fig. [£.14]
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Figure 4.14: Schematic of a dissipative material with rigid backing.

The sound absorption coefficients as evaluated by the MsFEM for the 2-D and 3-D discretiza-
tions, and by the TMM are shown in Fig. [4.15]

Figure 4.15: Sound absorption coefficient (SAC) curves as a function of the frequency (in Hz) for
the geometry of Fig. .14}

The SAC curves obtained in all three instances are identical.

Layer with air backing

An 7.5 mm thick foam layer with an air-column backing of 7.5 mm is placed inside the
impedance tube. This example is provided to examine the accuracy of porous-fluid coupling
in highly resistive materials. Elastically deformable solid skeletons are considered. A schematic
of the 2-D domain with coarse-scale discretization is shown in Fig. [4.16|

Figure 4.16: Schematic of a dissipative material with air backing.

The sound absorption coefficients as computed by the MSFEM and TMM are shown in Fig.
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Figure 4.17: Sound absorption coefficient (SAC) curves as a function of the frequency (in Hz) for
the geometry of Fig. [1.16]

Once again, the results obtained across all methods are practically identical.

Layer with mesoscale perforation

This example is provided to illustrated the ability of the method to adequately handle mesoscale
perforations in highly resistive materials. A 15 mm thick layer with a square perforation of side
7.5 mm is placed inside the impedance tube. An equivalent fluid rigid skeleton assumption is
used for this example. A schematic of the 2-D domain with coarse-scale discretization is shown in

Fig.

Figure 4.18: Schematic of a dissipative material with mesoscale perforation.

The SAC curves computed through the MSFEM and TMM are provided in Fig. [£.19]
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Figure 4.19: Sound absorption coefficient (SAC) curves as a function of the frequency (in Hz) for
the geometry of Fig. [1.18§|

Following the intuition developed from the results of the double porosity Melamine foam exam-
ple in Section [4.5.1] the pressure diffusion effect is neglected in the TMM calculations. The 3-D
MSFEM result agrees more closely with the TMM with dynamic radiation correction (TMM-rcl),
although the SAC is overestimated slightly around the peak.

There is an appreciable deviation between the results offered by the 2-D MsFEM results and
the TMM-ML. This can be attributed to the differences in cross-section as before. Moreover, the
TMM-ML can only be used to provide reliable comparisons in the case of low-resistive materials.

4.5.3 Porous composites

The following examples are obtained from [48] to directly validate the method’s ability to
handle alternate materials, porous inclusions and tortuous inclusion paths. The TMM-porous
composite (TMM-PC) theory is used to facilitate comparisons. Dissipative air is used in all cases
to accurately capture relevant pressure diffusion effects. The material parameters for dissipative
air are provided by Material III in Table

The FEM validations in [48] were done using an in-house axisymmetric code. Consequently,
all mesoscale perforations and inclusions are cylindrical in nature, i.e., they have a circular cross
section. Owing to limitations encountered with hexahedral meshing using our own in-house MAT-
LAB multiscale mesher, simplified square cross sections were considered instead.

Rigid frame double porosity medium

A cylindrical perforation of diameter 10 mm is considered in a 20 mm highly resistive porous
material with rigid frame. This configuration in placed inside an impedance tube of diameter
20 mm. The macroscopic parameters of this material corresponds to Material IV in Table
A schematic depicting the 2-D approximation of this domain with coarse-scale discretization is

shown in Fig. .20
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Figure 4.20: Schematic of a rigid frame double porosity medium.

The previous examples considering double porosity media with Melamine Foam and ”2437-
9B” show that only 3-D discretizations yield meaningful comparisons with the TMM-PC model.
Conversely, 2-D comparisons can only be done with TMM-ML results in the case of low-resistive
materials. As the host material under consideration in this example is a highly resistive one, the

sound absorption curves are only provided for 3-D MsFEM and TMM-PC in Fig. [£.21]

Figure 4.21: Sound absorption coefficient (SAC) curves as a function of the frequency (in Hz) for
the geometry of Fig. 4.20

The TMM-PC considers the pressure diffusion effect here. Near exact correspondence except
at high frequencies is observed. These deviations at high frequencies (greater than 3 kHz) may be
attributed to differences in perforation cross section and a non-compliance with scale separation
[48]. This means that at these frequencies, the acoustic wavelength is no longer significantly larger
than the characteristic mesoscopic perforation size. Consequently, the TMM porous composite
model loses accuracy at these instances.

Simple rigid porous composite

A rigid composite porous media is examined here. The same configuration from the previous
example is used. The perforation is filled with a low-resistive client material, (Material V in
Table [4.1)). A schematic of the 2-D domain with coarse-scale discretization is shown in Fig. |4.22]
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Figure 4.22: Schematic of a rigid frame porous material with porous inclusion.

The sound absorption coefficient evaluated by the 3-D MsFEM and TMM-PC with pressure
diffusion effect are shown in Fig. [4.23|

Figure 4.23: Sound absorption coefficient (SAC) curves as a function of the frequency (in Hz) for
the geometry of Fig. .22}

The results are found to agree well. Once again the deviation from mid to high frequencies are
attributed to differences in cross-section considered and the non-compliance with scale separation.

Tortuous rigid frame porous composite

A rigid porous composite with a tortuous inclusion is considered in this example. The host
and client materials are provided by Materials VI and VII, respectively in Table £.1] The 2-D
geometry for this configuration is provided in Fig. |4.24

Figure 4.24: Schematic of a rigid frame porous material with tortuous porous inclusion.
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The sound absorption coefficients computed through the 3-D MsFEM and TMM-PC with
pressure diffusion effect are shown in Fig. .25

Figure 4.25: Sound absorption coefficient (SAC) curves as a function of the frequency (in Hz) for

the geometry of Fig. .24}

Good correspondence between both methods is observed till 3000 Hz. Minor deviations beyond
this frequency limit is once again, attributed to disagreement in the cross sections used and the

non-compliance of scale separation. It is to be reiterated here that this is a shortcoming of the
TMM-PC model, and not the MsFEM.

4.6 Summary

In this Chapter, a motivation to investigate the MSFEM as an upscaling tool was established.
Other competing upscaling techniques were reviewed in detail. The MsFEM procedure is devel-
oped for elastostatics and poromechanics, i.e., consolidation and vibroacoustics. The MsFEM
for vibro-acoustics is a novel contribution. Consequently, the method was applied to different
industrially relevant acoustical problems and is shown to significantly drive down computational
costs while retaining the fidelity of the standard FEM. Three benchmark examples are examined
to establish the validity of the proposed methodology in its application to coupled multilayered
porous segments and porous composite materials. However, the MsFEM is limited by its inability
to efficiently resolve more complex geometric and material layouts. To this end, the VEM as
explained in Chapter |3|is integrated into the MsFEM framework in the next Chapter [5[to obtain
a new Multiscale Virtual Element Method (MsVEM).



Chapter 5

Multiscale Virtual Element Methods

In this Chapter, the Virtual Element Method (VEM) is originally incorporated into the fine scale
of the MsFEM to obtain a novel Multiscale Virtual Element Method (MsVEM). This introduces
versatile meshing capabilities at the fine scale. The flexibility offered by the VEM is carried over
to the coarse scale, where the MsVEM is generalized to account for polygonal, non-convex coarse
elements as well. Oscillatory boundary conditions are developed for the first time in polygonal
coarse elements to handle highly heterogeneous material descriptions. The ensuing numerical
scheme is successfully applied to elastostatics and coupled poromechanical problems (consolidation
and vibroacoustics) to obtain accurate simulations at reduced computational cost. To further
accelerate repeated evaluations of multiscale basis functions over a frequency spectrum in porous
vibroacoustics problems, a parametric Model Order Reduction technique is originally integrated
into the fine scale. Several benchmark examples are provided to demonstrate the validity and
efficiency of the proposed method.

5.1 Overview

The standard MsFEM accounts for rectangular elements in the coarse scale and quadrilaterals in
the fine scale as shown in Fig. this limits the applicability of the method especially for the case
of inclusions or voids of an arbitrary and typically non-convex geometry. In principle, one would
be able to account for such heterogeneities via a very fine finite element discretization; this would
considerably increase the number of elements to be resolved at the micro-scale hence countering
the computational advantages of the multiscale procedure. Optimization of the underlying mesh
could thus prove critical to improving the performance of the method. Mesh optimization requires,
as a prerequisite, numerical methods that allow for more flexible mesh generation capabilities. To
achieve this, the VEM is employed to accurately and efficiently resolve the heterogeneities at the
fine scale.

In the case of vibroacoustics, repeated evaluation of the multiscale basis functions at each
frequency step can still prove expensive, especially when encountering a finely discretized RVE.
Other methods such as the mixed multiscale FEM [264], and multiscale finite volume method [256]
also suffer from such a limitation. This drawback is addressed in [265] for parametrized elliptic
problems through a Multiscale Reduced Basis Method (MsRBM). This is done by introducing RB
methods [266272] at the fine scale to accelerate computations of the multiscale basis functions.

133
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This is a projection based Model Order Reduction (MOR) technique wherein a reduced order
basis is generated offline at the RVE level from a collection of high-fidelity solutions (often called
snapshots). Next, the Full Order Model (FOM), i.e., the discretized cell problems are projected
onto this reduced basis. Finally, the Reduced Order Model (ROM) is simulated online to obtain
the multiscale basis functions at a reduced cost. To this point, the MsRBM has been developed
exclusively for single phase elliptic problems.

MOR strategies have been successfully applied to structural mechanics problems [273-284],
multibody dynamics [285-291], fluid mechanics and aerodynamics [278,[292-297], vibroacous-
tics [298-300] and coupled field thermal problems [271,301-307]. These include modal approaches
as well [308-312]. The order of non-linear problems were reduced using Proper Orthogonal De-
composition (POD) techniques in [278,[313H317]. A detailed overview of different applications of
the method can be found in [318319).

There are significant difficulties experienced in applying MOR techniques to poroelastic mate-
rials [320]. Owing to the strong coupling between the solid-skeleton and pore-fluid phases, and
a low stiffness to weight ratio, a high modal density is experienced in the low frequency range.
Consequently, modal-based MOR strategies as applied for the U —u formulation in [321}322] show
that a large number of modes are required to retain accuracy. This effectively compromises the
efficacy of the method [323]. A second bottleneck involves a treatment of the non-linear eigen-
value problems encountered when computing the reduced basis. A complex modal approach was
proposed in [324], using a costly linearization strategy.

The above limitations in applying modal based MOR are addressed using a parametric model
order reduction (pMOR) strategy for the u—p formulation in [325]. This involves the identification
of an optimal parametric manifold, wherein the optimal reduced basis varies in relation to the
parameter under consideration (in this case, frequency) [326]. A POD scheme is applied offline to
extract this basis from the above mentioned snapshot matrix.

The pMOR strategy is originally employed by us in this work, at the fine scale in conjunction
with the VEM to obtain a novel Coupled Multiscale Reduced Basis Virtual Method (CMsRB-
VEM). This is done with an aim to evaluate multiscale basis functions for the coupled vibroacous-
tics problem at a reduced computational cost; thereby accelerating the entire procedure.

In this Chapter, the VEM is introduced into the MsFEM in an elastostatics context, to obtain
a novel MsVEM for elastostatics in Section A set of numerical examples are provided to
examine the validity and advantages of the method in Section [5.3] This is extended to the
coupled poromechanics consolidation environment in Section to obtain a novel CMsVEM.
Generalizations to polygonal RVEs and oscillatory boundary conditions are discussed in Section
Numerical examples demonstrating the accuracy and computational gains of the method
are illustrated in Section[5.5 Next, this CMsVEM is extended to the frequency regime to describe
vibroacoustical problems in Section [5.6, The pMOR technique is introduced at the fine scale to
derive a novel CMsRBVEM in Section [5.7, A collection of relevant benchmark examples are
provided in Section [5.9]
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5.2 Elastostatics

Similar to the MsFEM, the heterogeneous domain is discretized into Kyi), o = 1...0yp,,
coarse quadrilateral elements, where ny;, is the number of coarse elements. Each coarse element
clusters its own set of Ky, i = 1...1ny, micro-elements where ny,, is the number of micro-
elements in the Kyyo). However, these elements at the fine scale are no longer restricted to
quadrilateral shapes; conversely any polygonal (possible non-convex) shape may be assumed, as
illustrated in Fig. |5.1}

Figure 5.1: Multiscale mesh with 9 coarse quadrilateral elements and 81 polygonal (possibly non-
convex) fine-elements.

To evaluate multiscale basis functions for upscaling, the cell boundary value problem in Eq. (4.7)
subject to kinematical constraints is solved over an RVE. For the RVE shown in Fig. [5.22a] u is
a 34 x 1 vector and N is a 34 x 8 matrix.

Figure 5.2: RVE with 9 generalized (possibly non-convex) polygonal elements. The number of
fine-elements and fine-nodes in the RVE are n,,, = 9 and n,, = 17 respectively.

However, the RVE elastic stiffness matrix K¢, is assembled from fine scale element stiffness
matrices Kill(CZ) that are now defined on the basis of the VEM, according to Eq. (3.34]). Local
projection operators II;™, specific to the fine element under consideration are derived in accordance
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with Section Algorithm {4] summarizes the procedural steps required for the evaluation of
the multiscale basis functions.

Algorithm 4: Multiscale basis function evaluation schema.

Data: Define coarse mesh and fine mesh/micromesh and material properties
foreach coarse element o do
foreach micro element ¢ do

Compute: TI7™ (see Eq. (3:21)) ;

Compute: K¢, Kg, and Kflll(ol‘) (see Eq. (3.34)) ;

Assemble to K2 (see Eq. (2.105)) ;

foreach macro-node I =1,...4 do
foreach macro degree of freedom J = 1,2 do
Define: uyy ;

Kguy =0
Solve:

(see Eq. (4.7);

us = uyy

The ensuing upscaling procedure mapping the fine scale information onto the coarse scale is
identical to the MSFEM procedure (see Section [4.2.2)), as illustrated in Fig. [5.3]

Figure 5.3: Schematic of the MsVEM upscaling procedure. The case of linear boundary conditions
for the evaluation of multiscale basis functions is considered.

The solution procedure is then performed at the coarse scale. Fine scale displacements are
obtained using Eq. (4.5) as detailed in Section The strains and stresses associated with
these fine-scale displacements can be computed as follows

(07 [ a7

€m(@) = B Uiy, 0'31(1) = Celiys (5.1)

where B¢ is the term provided in Section These strains and stresses are uniform over the



5.3. Numerical examples 137

i'" fine-element domain. To allow for compatibility with traditional post-processing routines, the
element is decomposed into sub-triangles. The evaluated stresses and strains are then associated

with desired quadrature integration points.

The process flow of the EMsVEM is graphically shown in Fig. [5.4]

Figure 5.4: Process flow of the Multiscale Virtual Element procedure.

5.3 Numerical examples

The MsVEM is verified by comparing against the standard VEM and analytical solutions. A
first order VEM (k=1), is used in all cases. In the following, the four different element-types
illustrated in Fig. are used for the verification. The Centroidal Voronoi Tessellations (CVT)
shown in Fig. WWere generated by Lloyd’s algorithm [327] with the generated seeds being forced
to coincide with the associated centroid of each polygon. The Random Voronoi Elements (RAND)
shown in Fig. were created by a random set of seeds. The polygonal meshes were generated
using PolyMesher [32§].

To investigate the fidelity of the proposed method, the £5 norm and the H; semi-norm are
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employed for the displacement and stress/strain approximations, respectively.

nl\/Iel
1 (g — Ungiy,exs UM(E) — UM() ex)
[lanv — Uexml]z, = ’ : (5.2a)
: ol 121: <U—M(i),exu uM(i),ex>
nMel
1 €(Um() — UM(i)ex), O (UM(3G) — UM(),ex
|uh,M _uex,M|H1 = Z < ( 0 S ) ( B J )>7 (52b)

Ve (e(Uni(i)),ex)> T (Uni(i)ex))

where (-,-), upy and ue v denotes the scalar product, the numerically evaluated coarse-nodal
displacements and the reference solution at the coarse-nodes, respectively.

(a) (b) () (d)

Figure 5.5: Element types @ Quadrilateral @ Centroidal Voronoi Tessellations Triangle @
Random Voronoi.

5.3.1 Square plate under tension

The case of the homogeneous square plate shown in Fig. |5.6al is considered herein. The plate
is fully clamped at the bottom and subjected to a traction vector t = [0 1O]T at the top edge as
shown in Fig. [5.6l The vertical sides are left unconstrained. The material has a Young modulus
E = 107 N/m? and a Poisson’s ratio v = 0.3. A mesh discretization of 40 x 40 quadrilateral plane

(a) (b)
Figure 5.6: Geometry and boundary conditions Multiscale mesh.
stress elements with full integration is employed for the FEM and VEM as shown. The EMsFEM

and EMsVEM solutions are derived considering a coarse mesh consisting of 5 x 5 quadrilateral
coarse-elements. This is illustrated by the coarse-grid in Fig. [5.6bl Each coarse-element contains
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8 x 8 quadrilateral fine-elements. The case of rectangular elements only is considered in this case
for comparisons between the virtual element and finite element based methods to be meaningful.
Linear boundary conditions are used to derive the multiscale basis functions for this example.

The Lo-norm of the errors between the FEM and the EMsFEM is 5.7 x 1073, The corresponding
norm for the VEM to EMsVEM comparison is practically the same, i.e., 5.5 x 1072, A convergence
study is also performed by retaining the same number of coarse-elements as shown in Fig. [5.6b
and increasing the number of fine-scale elements.

Figure 5.7: Relative error plots: EMsFEM and EMsVEM evaluated displacements compared
against FEM and VEM displacements respectively, at coarse-nodes. A reference slope is provided
for comparison.

The evolution of the Lo-norm as a function of the number of elements is provided in Fig.
where the EMsFEM and EMsVEM behave in an identical fashion. A reference slope is also shown
for comparison of error convergence rates. Near optimal rates are observed for both methods.

5.3.2 Cantilever beam subjected to parabolic traction

The cantilever structure shown in Fig. [5.8is fully clamped at the left and is subjected to a
parabolic traction at its free end. The domain has a length L, = 8 m, height D = 4 m and thickness
t = 1m. The material has a Young’s modulus E = 10" N/m? and a Poisson’s ratio v = 0.3. The
parabolic traction at the free end assumes the following form

_ p(D2/4 -v%) (5.3)

tXZO, ty_Ta

where p = —1000 N is the total load applied and I = tD3/12.

The displacements are evaluated analytically on the basis of plane strain assumptions [329]
according to Egs. (5.4al) and (5.4b]) for the horizontal and vertical component, respectively

2

Uy = —% ((6L —3x)x + (2+ P)y* — %(1 + p)) (5.4a)
Uy = % (317y2(L —x)+ (3L — X)X2>, (5.4b)
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Figure 5.8: Schematic diagram of a cantilever beam subject to parabolic tractions.

where E = £ and 7 = .
1—v 1—v

Three different geometries of micro-structure elements are considered; these are summarized
in Table [5.I] The problem is also solved with the EMsFEM for the case of quadrilateral micro-
elements.

Element Type Abbreviation EMsFEM EMsVEM
Quadrilateral QUAD OJ O
Centroidal Voronoi Tessellations CVT - *
Random RAND - *

Table 5.1: Convergence behaviour of EMsFEM and EMsVEM are studied with respect to different
element types.

The convergence behaviour of the EMsFEM and the EMsVEM with respect to different element-
types specified in Table is investigated in the form of relative £, and H; error convergence
plots shown in Fig. and Fig. |5.10, The evolution of the errors are studied as a function of
the number of coarse-elements, for 5 micro-structure configurations. At low discretizations (Figs.
a, b, a and b), the EMSFEM solution provides the best accuracy. However,
for finer micro-structure configurations (Figs. e and e), the CVT , RAND and QUAD
element meshes used by the EMsVEM offer accuracies approaching the QUAD EMsFEM method,
over all coarse-element mesh discretizations.

The convergence rates are provided in Table 5.2] and Table [5.3] These are found to nearly
coincide with the expected theoretical slopes of -2 in the £, and -1 in the H; relative error norms,
respectively. The theoretical convergence rates are derived in [330]. One can conclude that near-
optimal convergence rates are obtained by the method over all coarse-element discretizations.
This suggests that the EMsVEM is a viable alternative to the EMsFEM when a flexible mesh
generation is required to account for fine-scale heterogeneities.

The primary advantage offered by the EMsVEM over the EMsFEM lies in its ability to handle
any kind of micro-structure configuration. This is illustrated by computing displacements with the
EMsVEM for a 10 x 10 coarse-element discretization with an arbitrarily chosen micro-structure
definition described in Table[5.4. The contour plots of the resulting total displacements are shown
in Fig. p.11]

Figs. and illustrate the method’s ability to sufficiently handle widely varying micro-
structural configurations within a single problem. The corresponding y-displacements obtained
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(a) 4 micro-elements

(¢) 100 micro-elements

(b) 16 micro-elements

(d) 625 micro-elements

(e) 2500 micro-elements

Figure 5.9: Relative L5 error convergence plots for 5 micro-structure configurations.

No. of micro-elements CVT RAND QUAD EMsFEM
4 -1.8868 -1.9303 -1.9012 -1.9244
16 -1.9547 -1.8829  -1.9255 -1.9325
100 -1.9635 -1.9200 -1.9343 -1.9355
625 -1.8931 -1.9358 -1.9358 -1.9359
2500 -1.9799 -1.9359 -1.9359 -1.9360

Table 5.2: Convergence rates of the £y relative error norm.

for the free end of the neutral axis of the structure are compared against the analytical solution

in Table B.5
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(a) 4 micro-elements

(¢) 100 micro-elements

(b) 16 micro-elements

(d) 625 micro-elements

(e) 2500 micro-elements

Figure 5.10: Relative H; error convergence plots for 5 micro-structure configurations.

No. of micro-elements CVT RAND QUAD EMsFEM
4 -0.9681 -0.9724  -0.9695 -0.9750
16 -0.9781 -0.9709  -0.9752 -0.9773
100 -0.9809 -0.9765 -0.9780 -0.9784
625 -0.9742  -0.9785  -0.9785 -0.9786
2500 -0.9829 -0.9786  -0.9786 -0.9786

Table 5.3: Convergence rates of the H; relative error norm.

5.3.3 Cantilever beam with a periodic microstructure

In this example, a cantilever beam with periodically repeating circular inclusions is considered.
A 30 x 6 coarse grid is created over this domain as shown in Fig. 5.12h. The micro-structure
enclosed within each coarse element contains a circular inclusion as illustrated in Fig.[5.12p. The
material properties considered are E,, = 1GPa, v, = 0.3 and E; = 10GPa, v, = 0.3 for the matrix
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No. Element Type No. of Elements

1 TRI 64
2 QUAD 25
3 RAND 36
4 CVT 100

Table 5.4: Arbitrarily chosen micro-structural definition assigned periodically to each unit-cell.

%107

0 2 4 6 8

x [m]

%107

x [m]

(b) uy: Displacements in y-direction
Figure 5.11: Total displacement contours for the arbitrarily chosen micro-structure defined in

Table - Units are in m.

Numerical solution Analytical solution

—291 x 102 m —2.96 x 1072 m

Table 5.5: Neutral axis free end displacements in the y-direction computed using EMsVEM and
analytical solution.

m and the inclusion i, respectively.
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Figure 5.12: Cantilever with a periodic micro-structure: Geometry and boundary conditions.

This example is provided to establish the EMsVEM as a useful tool in the analysis of compos-
ites for driving down computational costs. To prove this claim, attention is drawn to the relaxed
conformity requirements on polygonal meshes when compared with conventional quadrilateral fi-
nite element meshes. This flexibility is exploited to minimize the number of nodes involved in
the micro-structural discretization while still retaining satisfactory accuracy. In particular, the
microstructure is discretized using three approaches, i.e, uniform quadrilateral elements, uniform
polygonal CVT elements, and an adaptively refined mesh as shown in Fig.[5.13] Mesh 1, schemat-
ically depicted in Fig. [5.13a], comprises 10,116 uniform quadrilateral elements and is treated as a
reference solution. Mesh 2, contains 5000 uniform CVT elements and is shown in Fig. [5.13b] Mesh
3 (Fig. |p.13¢) is adapted from [106], wherein efficient polygonal discretizations are exploited for
performing a non-linear analysis on fiber composites. The properties of each mesh are summarized
in Table [5.6l Periodic boundary conditions are used to derive the multiscale basis functions, for
all cases.

Label  Element-Type No. of Elements No. of Nodes Description
Mesh 1 QUAD 10116 10299 Reference Solution
Mesh 2 CVT 5000 7278 Uniform mesh
Mesh 3 POLY 1441 2452 Adaptive mesh

Table 5.6: Meshes used to discretize the micro-structure.

The L5 and H; error norms obtained by Mesh 2 and Mesh 3 are summarized in Table
It is observed that both meshes achieve comparable accuracy despite the fact that Mesh 2 has a
considerably larger number of DoFs. The computational time for all cases, averaged over 5 runs is
shown in Table This result illustrates appreciable benefits attainable through the EMsVEM
by using more flexible mesh generation capabilities.

Ly error norm H; error norm Analysis time [sec]

Mesh 1 - - 3870
Mesh 2 0.0062 0.047 1015
Mesh 3 0.0056 0.050 215

Table 5.7: L5 and H; error norms for Mesh 2 and Mesh 3 using Mesh 1 as a reference solution
and computational times.

Contour plots of the total displacements are shown in Fig. and Fig. for the
EMsVEM-P model with Mesh 3 and the standard VEM, respectively. The corresponding von-
Mises stresses oy are provided in Fig. and Fig. for the EMsVEM and the VEM,
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(c)

Figure 5.13: Element types Uniform Quadrilateral, Centroidal Voronoi Tessellations
Specially designed polygonal mesh.

respectively. Both methods provide practically identical results, as also manifested by the £, and
H; norms shown in Table [5.7]

5.3.4 Cantilever beam with a highly heterogeneous material distribu-
tion subjected to parabolic traction

The case of the cantilever beam examined in Section [5.3.2] and shown in Fig. [5.8|is considered
here also. In this case, the effect of the material heterogeneity on the performance of the proposed
EMsVEM is investigated both in terms of accuracy and computational efficiency. The results
obtained from the EMsVEM are compared against the standard VEM. Comparisons are also
provided against the standard FEM and the EMsFEM for the case of quadrilateral elements. To
investigate the effect of the assumed boundary conditions for the evaluation of the multiscale
basis functions, two variants are considered, i.e., linear and periodic boundary conditions. The
abbreviations of the multiscale methods used in this example are shown in Table [5.8]

Three cases are considered vis-a-vis the geometry of the fine-scale, i.e., with heterogeneities hav-
ing (a) QUAD, (b) CVT and (c) RAND shapes. Furthermore, two discretizations are examined
per case, to assess the the effect of the scale separation on the accuracy of the EMsVEM. The mod-
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(a) Evaluated using the EMsVEM-P

o1 %1072
: 2.5
0.1
2
0.08
= 1.5
2. 0.06
- 1
0.04
0.02 0.5
0
0 0.1 0.2 0.3 0.4 0.5 0.6
X [m]

(b) Evaluated using VEM

Figure 5.14: Total displacement contours - Units are in m.

Abbreviation Method/ Boundary conditions
EMsFEM-L Multiscale Finite Element Method/ Linear
EMsFEM-P Multiscale Finite Element Method/ Periodic
EMsVEM-L Multiscale Virtual Element Method/ Linear
EMsVEM-P Multiscale Virtual Element Method/ Periodic

Table 5.8: Multiscale method labeling based on the boundary conditions used to evaluate the
multiscale basis functions.

els employed along with their corresponding coarse and fine-scale discretizations are summarized
in Table 5.9

Each micro-element in both discretization schemes is randomly assigned a Young’s modulus
generated by a uniform distribution. The lower and upper bounds of the Young’s modulus are
considered to be E; = 1 GPa and E, = 100 GPa, respectively. The material distribution associated
with discretization scheme B is illustrated in Fig. [5.16l This material distribution within the
coarse-element is assumed to repeat periodically over the entire domain. The Poisson’s ratio is
0.3 in all cases.

The profile of the vertical displacements along the neutral axis (y = 0) of the structure are
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(a) Evaluated using the EMsVEM-P

150

100

x [m]
(b) Evaluated using VEM

Figure 5.15: Von Mises stress contours - Units are in MPa.

shown for all the cases in Fig. [5.17] For discretization scheme A, shown in Figs.
and a significant deviation in the displacements obtained through FEM and VEM and
the multiscale solutions is observed. The methods using periodic boundaries, i.e., EMsFEM-P
and EMsVEM-P are found to approximate the complete solutions better than EMsFEM-L and
EMsVEM-L.

On the other hand, in the case of the finer discretization scheme B, as shown in Figs.
[5.17d and [5.171, all methods provide practically identical results. The relative error of the
EMsVEM to the VEM solution for linear and periodic boundary conditions is shown in Table |5.10
These are practically identical to the relative errors of the EMsFEM to FEM solution which are
also shown in Table for completeness.

Discretization A Discretization B
Full Mesh Multiscale Mesh Full Mesh Multiscale Mesh
-] Macro  Micro -] Macro  Micro
Quad 720 15x3 16 72000 50x12 144
CVT 720 15x3 16 72000 50x12 144
RAND 720 15x3 16 72000 50x12 144

Table 5.9: Number of elements considered in each run. The discretization scheme B is illustrated

in Fig. [5.16}
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()

Figure 5.16: Snapshots of randomly distributed Young’s modulus in a typical coarse-element with
@ 144 QUAD fine-elements @ 144 CVT fine-elements 144 RAND fine-elements - Units are
in GPa.

The horizontal displacements (u,) obtained for the micro-structure using RAND elements and
the discretization scheme B are indicatively shown in Fig. and Fig. for the VEM and
EMsVEM-P, respectively. The Von-Mises stress distribution (ovy) obtained for all cases using
the discretization scheme B, are shown in Fig. [5.19|
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(a) Discretization Scheme A with QUAD  (b) Discretization Scheme B with QUAD
elements elements

(¢) Discretization Scheme A with CVT (d) Discretization Scheme B with CVT
elements elements

(e) Discretization Scheme with RAND el-  (f) Discretization Scheme B with RAND
ements elements

Figure 5.17: Vertical displacement along the neutral axis of the cantilever.

Discretization A Discretization B

Quad CVT RAND Quad CVT RAND
EMsFEM-L 0.2246 - - 0.0562 - -
EMsFEM-P 0.1402 - 0.0072 -

EMsVEM-L 0.2256 0.1953 0.242  0.061 0.0807  0.12
EMsVEM-P 0.1440 0.1111 0.1618 0.0076 0.0144 0.0233

Table 5.10: Relative Ly errors between standard solutions and multiscale solutions computed at
coarse-nodes.

Discussion on computational gains

To assess the computational effectiveness of the EMsVEM, the time required for the assembly
and inversion of the global state matrices is recorded for all the methods employed. The average



150 Chapter 5. Multiscale Virtual Element Methods

2 2

L 002
Eo 0 Eo 0
- e

-1 -0.02 -1 -0.02

-2 ! -2

0 2 4 6 8 0 2 4 6 8
x [m] x [m]
(a) Evaluated using the VEM with RAND elements  (b) Evaluated using EMsVEM-P with RAND ele-
ments

Figure 5.18: Visualization of u, (x-displacement) distributions for RAND elements with discretiza-
tion scheme B.
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(a) Evaluated using VEM with QUAD elements (b) Evaluated using EMsVEM-P with QUAD ele-
ments
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(c) Evaluated using VEM with CVT elements (d) Evaluated using EMsVEM-P with CVT elements
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(e) Evaluated using VEM with RAND elements (f) Evaluated using EMsVEM-P with RAND ele-
ments

Figure 5.19: Visualization of vy (Von-Mises stress) distributions for all element cases with
discretization scheme B.
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times over five runs are shown in Fig. [5.20l There is an appreciable reduction in the time taken
for assembly and matrix inversion when using multiscale methods, as evidenced by Fig. and
Fig. This is to be expected as the number of nodes involved in the multiscale assembly and
solution procedures are significantly reduced when compared to the standard FEM and VEM.

Furthermore, the time required in the EMsVEM is significantly lower when compared to the
EMsFEM. This is attributed to the fact that there are no iterative evaluations over quadrature in-
tegration points done in the case of first order EMsVEM as opposed to the EMsFEM. In Fig.
post-processing times are also compared for all methods. This is to account for the effect potential
overheads might have on the computational efficiency of the methods, especially within an incre-
mental/ iterative solution scheme. The time required for the multiscale methods to downscale the
coarse-solution is also captured here.

(a) Time required to assemble global stiffness matrix  (b) Time required to solve the linear system of equa-
tions

(¢) Time required for post-processing (d) Total analysis time

Figure 5.20: Comparing the time taken at critical points during solving.

While it is clear from Fig. that post-processing is a significant factor for the multiscale
methods, Fig. reveals that this is indeed lower than in the corresponding fine scale imple-
mentations. This is due to the fact that down-scaling is performed per coarse element, hence
implicitly vectorizing the corresponding strain and stress computation loops.
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5.4 Consolidation

The flexibility of the VEM at the fine scale is exploited to generalize the MsVEM to accom-
modate more complex and arbitrarily shaped domains at the coarse scale as well. To this end,
generalize polygonal (possible non-convex) coarse elements are allowed as well. Each polygonal
coarse-element Kyi), @ = 1...ny,, clusters its own underlying fine-scale virtual element mesh
comprising micro-elements Kp,;), 1=1...n7 , as illustrated in Fig. [5.21]

Figure 5.21: Multiscale mesh with ny = 22 coarse nodes and nyr,, = 9 polygonal coarse elements,
each clustering its own fine polygonal mesh.

5.4.1 Oscillatory boundary conditions

Two sets of multiscale basis functions, N and N? need to be evaluated for the upscaling pro-
cedure, from Egs. and . These equations are subjected to Dirichlet constraints, which
are imposed at the coarse element boundary. The prescribed displacements ug and pressures pg
at the RVE boundary are assigned linear or periodic kinematical constraints u and p. For gener-
alized polygonal RVEs (Fig. , assigning periodic constraints is not possible. Alternatively,
oscillatory boundaries [331] are used, i.e., reduced versions of Eq. and Eq. are solved
over the required edges of the RVE.

In comparison to prescribing linear constraints (Fig. , oscillatory conditions allow for a
less rigid enforcement of displacement and pressure profiles along the RVE boundaries (Fig. [5.22b)).
Furthermore, the effect of material heterogeneities along the boundaries naturally emerges in the
evaluation of the of the corresponding displacement profiles hence providing a physically rigorous
approach to the evaluation of the multiscale basis functions.

For the RVE (a = 2) shown in Fig. [5.22b| and the micro-element i = 9, Eqgs. (4.5) and (4.31))
assume the following form

u?n({)) = Ni(9) Um(2) (5.5a)
12x12

p12n(9) = Npm(g) PM(2), (5.5b)
——



5.4. Consolidation 153

(a) (b)

Figure 5.22: An example 6-noded coarse element (o = 2) clustering n,, =9 fine elements and
n, = 21 fine nodes. @ Linear kinematical constraints are prescribed over edges I'yi,m, and
IBYRYA @ Oscillatory kinematical constraints are prescribed over edges I'vi,a, and 'y, -

where the fine nodal displacement ufn(g) and pressure pfn(g) vectors are

2
um(g) = [umx,ﬁ Umy,6 Umx,7 Umy,7 Umx,13 Umy,13

T
Umx,12 Umy,12 Umx,11 Umy,11 Umx,10 umy,lO] ) (56)
and
s T
Pm9) = [pm,ﬁ Pm,7 Pm,13 Pm,12 Pm11 Pm,m} ) (5.7)
respectively. Similarly, the corresponding nodal vectors at the coarse scale are
Uunm(2) = [qu,z UMy,2 UMx,3 UMy,3 UMx,9 UMy,9
T
UmMx,8 UMy,8 Umx,7 Umy,7 Umx,6 umy,ﬁ] ) (58)
and
T
PM(2) = [pM,Q Pm,3 Pmo Pmg Pwm7 pM,G} ) (5~9)

for the displacements and pressures, respectively.

For the RVE (o = 2) shown in Fig. [5.22D] the arrays of multiscale basis function arrays N2
and NP are 42 x 12 and 21 x 6 matrices, respectively. To compute the kinematical constraints
for Ny ¢ and Nlli/l,fi as illustrated in Fig. [5.22b, the edge boundaries are grouped into opposite and
adjacent edges as shown in Table Kinematical constraints are then assigned to the RVE as
follows:

u
e To compute Ny, ¢

1. Solve reduced version of Eq. (4.7)) for Gy over I'aq;:

—8% : (Eaaf?) = 0on Dy, Tl(agy) = 1, () =0 (5.10a)
—(% : (E%ZX> =0on Pygyy,  W(évg) = 1, Ux(én,) = 0. (5.10b)
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2. Assign 1, to x—DoFs on adjacent edges: 1‘1X|1~adj = U.

3. Assign sliding conditions to y—DoFs on adjacent edges: ty|r,, = 0.

4. Assign fully clamped conditions on opposite edges: u|r,,, = 0.
e To compute Ny g

1. Solve reduced version of Eq. (4.7) for G, over I'sg;:

—8%. ( %ig) —0on Tyt Tyl(6aty) = 1, y(6uss) = 0 (5.11a)
_% : < %?) =0on FM6M27 ﬁ}’<€M6) = 17 ﬁY(£M2> =0. (511b)

2. Assign 1y to y—DoF's on adjacent edges: ty|r,, = Uy.
3. Assign sliding conditions to z—DoF's on adjacent edges: ty|r,, = 0.

4. Assign fully clamped conditions on opposite edges: u|r,,, = 0.
e To compute Ny ¢:

1. Solve reduced version of Eq. (4.33)) for p over I'aq;:

-
—a% . (%g—fg’) —0on T D) = 1, Bléwy) =0 (5.120)
2 %

2. Assign p on adjacent edges: plr,,; = D-

3. Assign zero conditions on opposite edges: p|r,,, = 0.

Edges Nodes
Opposite
(Opp) <FM2M3’ FMSMQ? FM9M87 FMgM7> (17 27 3, 8, 15, 18, 21, 207 19)
Adjacent
(Adi) (st Do) (1917, 16, 9. 4, 1)

Table 5.11: Opposite and adjacent boundary edges and nodes used for computing multiscale basis
functions

The fine scale pressures are calculated using Eq. (4.31)). Derivative quantities for the fluid
phase, i.e., the pressure flux and specific discharge, are computed
k

VDo), (5.13)
S Pm)

Vpam = BV pha, o =

where the VEM based expression for BV? is provided under Eq. ([3.53)).
The process flow of the CMsVEM is graphically shown in Fig. [5.23]
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Figure 5.23: Process flow of the Coupled Multiscale Virtual Element procedure.

5.5 Numerical examples

In the following, the performance of the CMsVEM in terms of accuracy and computational
efficiency is examined through three numerical examples. A first-order VEM (k = 1) is used in all
cases. The accuracy of the displacement and stress/strain approximations is quantified through
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the relative L5 norm and the H; semi-norm, respectively as follows

Q9. Q Q Q Q
1 <uh(z‘) — Weery Wn) — uref(z’)>
||u}? - ugef||ﬁ2 - Z 6} o (5.14a)
no, i=1 <uref(i)’ uref(i)>
nQel Q Q Q Q
1 ey, n) — U e ), O\ Uy y) — o0,
g =, = | 3 0] 7 o) Ty ) 7o) (5.14b)

Qel i=1 <€<uref(z))7 o-(urgef(z)>>

Similarly, the accuracy of the pressure and the pressure flux/specific discharge approximations is
quantified as

nQy (9 o) Q Q
1 <ph(¢) = Presi)y Prp) — pref(i)>
17 = Pglle, = | — D I (5.15a)
Qe j—1 pref(i)’ pref(i)
no, Q Q Q Q
192 = p2 1w, = 1| — U (VP = VPres 9Pigy) — aPres) S
ph prefHHl - Z o) o) . ( . )
Qe i=1 <vPref(i)’ q(pref(i))>

To enable fair comparisons the relative £, and H; error norms are computed over a query mesh
with ng_, elements unless stated otherwise. The terms u,?, p,?, urQef and pTQef denote the numeri-
cally evaluated and reference displacements and pressures, interpolated at the nodes of the query
mesh Q, respectively. The operator (-, -) represents the scalar product. All reference solutions uy,
and py, are obtained through finely discretized VEM solutions. All solutions were performed using
our in-house source codes developed in Matlab.

5.5.1 Porous domain with cavity

Figure 5.24: Geometry and boundary conditions of a porous domain with circular cavity.

A rectangular porous domain with dimensions 10m x 4m is considered, with a cavity of radius
R = 1m as shown in Fig. Only half the domain is analysed due to symmetry. The boundary
conditions are also shown in Fig. The right edge is exposed to air and maintains a pressure
p = 0. Null flow conditions are imposed at all boundaries, i.e., Vp-n = 0. A compressive load
denoted by t = [ta;, O}T, where ¢, = 75 kN/m is incrementally applied on the right edge of the
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Parameter E v Ve K, K¢ g Ps Pt n ag
[MPa] [/] [Pa-s] [Pa] [Pa] [m-s?] kg-m™ kg-m™ [/] [/]
Value 5 0.2 102 3x10* 10* 0 103 103 02 1

Table 5.12: Homogeneous material parameters used

domain. The loading history is shown in Fig. [5.25] A homogeneous material is assumed over the

Figure 5.25: Compressive loading history.

entire domain and the corresponding material parameters used are summarized in Table |5.12]

Three discretization schemes are used as shown in Fig. [5.26] and summarized in Table [5.13
Mesh 1 (Fig. 5.264)) is a pure VEM mesh of CVT elements with an average diameter h = 0.1076m.
Mesh 2 (Fig. is a multiscale mesh comprising 50 coarse CVT elements of average diameter
h = 0.7880m. Each coarse element clusters 50 fine CVT elements. Mesh 3 (Fig. is also a
multiscale mesh consisting of 250 coarse CVT elements of average diameter h = 0.5543m. Here,
each coarse element clusters 10 fine CVT elements.

(a) (b) (c)
Figure 5.26: [(a)| Mesh 1, [(b)] Mesh 2, [(c)| Mesh 3.

Field contours

In all cases, the maximum pore-fluid pressures occur at t; = 6.83 hours, ¢ = 42; these are shown
in Fig. [5.27] The corresponding displacement contours u, and u, are shown in Figs. and
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Label Full Mesh Multiscale Mesh

] Macro Micro
Mesh 1 ng = 2500 - -
Mesh 2 ng =2500 mny, =50 mny,, =50
Mesh 3 ng = 2500 ny, =250 ny,, =10

Table 5.13: Discretization scheme specifications.

(a) Mesh 1 (b) Mesh 2 (c) Mesh 3

Figure 5.27: p: pressures of pore fluid at ¢; = 6.83 hours, ¢ = 42.

respectively. The pressures computed by the method over Mesh 2 and Mesh 3 are nearly identical
to the reference VEM solution, as illustrated in Fig. [5.27 Similarly, the displacements u, and
u, evaluated over Meshes 2 and 3 are found to be equivalent to the associated Mesh 1 contours.
This can be seen from Figs. and respectively. It can be concluded from this that the
CMsVEM procedure over Mesh 2 proves sufficient for computing primary quantities, while offering
stark reductions in computational complexity.

The stress contours o,,, 04y, 04, are illustrated in Figs. [5.30, [0.31], and [5.32], respectively. The
Darcy velocities v, and v, are shown in Figs. and |5.34} respectively. The Darcy velocity is
evaluated through the following expression:

v =q/n, (5.16)

where n denotes the porosity and q is the Darcy flux computed using Eq. (4.50)).

The stresses 04, 04y, 04y and the Darcy velocities v,, v, computed over Mesh 2 show significant
deviations from the reference solution i.e., Mesh 1. Conversely, Mesh 3 offers practically equivalent

(a) Mesh 1 (b) Mesh 2 (¢) Mesh 3

Figure 5.28: u,: x-Displacements of solid skeleton at ¢; = 6.83 hours, ¢ = 42.
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(a) Mesh 1 (b) Mesh 2 (¢) Mesh 3

Figure 5.29: w,: y-Displacements of solid skeleton at ¢; = 6.83 hours, 7 = 42.

(a) Mesh 1 (b) Mesh 2 (¢) Mesh 3

Figure 5.30: o,,: Stresses of solid skeleton at t; = 6.83 hours, i = 42.

(a) Mesh 1 (b) Mesh 2 (c) Mesh 3

Figure 5.31: o0,,: Stresses of solid skeleton at ¢; = 6.83 hours, i = 42.

(a) Mesh 1 (b) Mesh 2 (c) Mesh 3

Figure 5.32: o0,,: Stresses of solid skeleton at ¢; = 6.83 hours, ¢ = 42.
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(a) Mesh 1 (b) Mesh 2 (¢) Mesh 3

Figure 5.33: v,: Darcy velocity of pore fluid at ¢; = 6.83 hours, 7 = 42.

(a) Mesh 1 (b) Mesh 2 (c) Mesh 3

Figure 5.34: v,: Darcy velocity of pore fluid at ¢, = 6.83 hours, i = 42.

results. Hence, Mesh 2 is insufficient in capturing local variations in secondary or derived fields. A
finer coarse discretization, i.e., Mesh 3 is required in such cases. Despite proving more expensive
than Mesh 2, it still offers significant reduction in computational effort compared to Mesh 1. This
trade-off between accuracy and computational effort is studied more rigorously in Section [5.5.1

and [5.5.1], respectively.

Convergence behaviour

To investigate the convergence behaviour of the proposed CMsVEM, six different discretization
schemes are considered at the coarse scale, i.e., with 25, 50, 100, 250, 500 and 1000 polygonal
elements. For each case, the five different micro-structure discretizations shown in Fig. [5.35] are
employed and the relative £, and H; error norms are evaluated. A standard VEM solution with
5000 CVT elements is used as the reference solution.

Figs. [5.36a] and [5.36b| summarize the convergence analysis results for the solid skeleton displace-

ments and stresses, respectively. The error in the solid skeleton quantities reduces for finer coarse
and micro-element discretizations. The case of 250 coarse elements and 25 micro-elements per
coarse element is an upper bound below which all solutions seems to provide identical and well-
behaved results. This is not the case for the fluid phase, where the error is primarily controlled
by the coarse element size rather than the micro-structure resolution as shown in Figs. and
for the pressures and fluxes, respectively. Although this observation hints at the idea of
resolving the two governing equations at different meshes hence further reducing computational
costs, it is important to mention that this example involves a homogeneous domain where such a
convergence response is to be expected.
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(b) CVT10 (c) CVT25

(a) CVT1

(d) CVT50 (e) CVT100

Figure 5.35: 5 microstructures illustrated for an arbitrarily chosen polygonal coarse element.

wn — ||z, [P — Peallz,  [[un — Vel |[Ph — Pea|lr,

CVT1 1.6901 1.8265 0.8993 1.0316
CVT10 2.0504 2.0008 0.9279 1.0121
CVT25 1.8949 2.0470 0.9265 1.0141
CVT50 1.7623 1.6956 0.8926 1.0049
CVT100 2.0117 1.7914 1.1331 0.9780

Table 5.14: Rates of error convergence.

The error convergence rates for both phases are summarized in Table [5.14] These are found
to nearly coincide with the theoretical convergence rates of 2 in the £, and 1 in the H; relative
error norms, respectively. The theoretical convergence rates are provided in [330] for elastostatic
problems. Hence, all microstructural configurations result in near optimal error convergence rates.
This establishes the CMsVEM as an alternative to the CMsFEM when flexible mesh generation
is required.

Discussion on computational effort

To examine the computational toll of the CMsVEM, the time required for preprocessing, anal-
ysis, and downscaling is recorded. These times are averaged over five runs and are illustrated as
a function of the coarse and fine discretizations used in [5.5.1]

The time required to create the coarse elements is displayed in Fig. [5.37al This includes the
evaluation of the multiscale basis functions and the upscaling procedure used to create coarse
element state matrices. A linear front is observed, indicating that the number of operations
required depends on both, the number of coarse and fine elements. This is expected as in this
case the RVEs are non-periodic and the basis-functions are evaluated for each coarse element
individually. In the case of periodically repeated RVEs, basis functions would be evaluated once
for each periodic group and the computational time would be independent of the number of coarse
elements involved.
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(a) Relative error in displacement u (b) Relative error in stress o

(c) Relative error in pressure p (d) Relative error in flux gq

Figure 5.36: Convergence results for 5 microstructure configurations at ¢; = 6.83 hours, ¢ = 42.

The time required for the assembly of the global coarse state matrices K,;, Qar, Has, Sar, and
the solution of global system of linear equations at the coarse scale through finite-differences are
shown in Figs. [5.37D] and [5.37d, respectively. It is evident that these times depend exclusively on
the number of coarse elements. The assembly procedure is of the order of magnitude 1E — 02
seconds and can be considered negligible in comparison to the solve times. This can be accounted
for by the fact that the global state matrices are assembled only once.

The time required for downscaling is provided in Fig. 5.37d] This includes the procedure
described in Section [4.3.3l The computational effort here is a function of the coarse and fine scale

discretizations. Finally, to account for possible overheads in the computation, the total time taken
for the entire CMsVEM is provided in Fig. [5.37¢

5.5.2 Heterogeneous Soil Domain

A fully saturated soil domain of 40 m x 25 m shown in Fig. [5.38| is considered. Two dis-
cretizations are examined, which are summarized in Table [5.15] In the first (see also, Fig. [5.384)
a coarse structured grid containing 40 (8 x 5) quadrilateral elements is considered. FEach coarse
element comprises a micro-mesh of 5 x 5 quadrilateral micro-elements. The total number of micro-
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(e)

Figure 5.37: Computational time (in seconds) for @ Coarse elements creation @ Global coarse
element state matrices assembly Solution at the coarse scale @ Down-scaling @ Total time.
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Label Full Mesh Multiscale Mesh

] Macro Micro
QUAD 40 x 25 8xH DX D
CVT 1000 40 25

Table 5.15: Discretization schemes

elements is 1000. The second discretization, shown in Fig. involves an unstructured coarse
mesh containing 40 uniform CVT elements. In this case, each coarse element clusters 25 CVT
fine elements and the total number of micro-elements is again 1000. A reference discretization of
40 x 25 quadrilateral elements is considered to facilitate comparisons. The domain is subjected to
a compressive load at the top boundary with the loading history shown in Fig. [5.39] The domain
is fully supported at its bottom edge. Sliding conditions are considered in the left and right-most
edges.

(a) (b)

Figure 5.38: Saturated 40 m x 25 m soil domain with 8 X 5 coarse structured quadrilateral
mesh and 40 x 25 fine structured quadrilateral mesh, @ coarse unstructured CV'T polygonal mesh
with 40 elements and fine unstructured CVT polygonal mesh with 1000 elements.

Figure 5.39: Loading history.

To investigate the fidelity of the phase-decoupling hypothesis used in deriving the multiscale
basis functions in Section two heterogeneous descriptions of the domain are examined. To
investigate the influence of the assumed boundary conditions at the coarse element boundary for
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(a) (b)

Figure 5.40: @ Randomly sampled heterogeneous isotropic permeability field, @ Randomly
sampled heterogeneous Young’s modulus.

Parameter v Ve K, Ks g Ps Ps n
[Pa-s] [Pa] [Pa] [m-s7?] [kg-m™] [kg -m™
Value 0.2 1073 10" 2x10° 0 2.8 x 103 103 0.2

Table 5.16: Homogeneous material parameters of the soil domain.

the evaluation of the micro-basis functions two cases are run for each heterogeneous description,
i.e, the case of linear and oscillatory boundary conditions. The methods used are summarized in

Table 517

Case 1 - Heterogeneous permeability k

In this case, isotropic heterogeneous random permeability fields are considered, sampled from
a lognormal distribution of mean p(log(k)) = —12 and standard deviation o(log(k)) = 1.0. The
field has a maximum and minimum value of k =5 x 107°m? and k = 7 x 107! m?, respectively.
A snapshot is provided in Fig. For the solid phase, a homogeneous modulus E = 5 x 10° Pa
is employed. The remaining material parameters are uniformly distributed over the entire domain
and are summarized in Table [5.16] Due to the random distribution of the permeability, multiscale
basis functions are evaluated all coarse elements individually.

Three points of interest, i.e., points A(20, 25), B(10,15), and C(20,10) are considered as shown
in Fig. [5.38] The time evolution of the expectation values of displacements u,, u,, and pressures
p obtained over n, = 5000 samples at these points are illustrated in Fig. [5.41

Due to symmetry the horizontal displacement component u, at Points A and C is practically

Abbreviation Method Mesh-Type  Boundary Conditions
VEM Virtual Element Method Quadrilateral -
MS-QUAD LIN  Multiscale Virtual Element Method Quadrilateral Linear
MS-CVT LIN  Multiscale Virtual Element Method  Polygonal Linear
MS-QUAD OSC Multiscale Virtual Element Method Quadrilateral Oscillatory
MS-CVT OSC  Multiscale Virtual Element Method Polygonal Oscillatory

Table 5.17: Methods investigated.
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(a) ux at A (b) ux at B (c) ux at C
(d) uy at A (e) uy at B (f) uy at C
(g) pat A (h) p at B (i) pat C

Figure 5.41: Time evolution t = 40h of expectation values of horizontal displacement E[uy], vertical
displacement E[uy|, and pore-fluid pressure E[p] at points A, B, and C, obtained for n, = 5000
samples.
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zero as illustrated in Figs. [5.41aland [5.41c] respectively. Minor deviations from zero are attributed
to asymmetric permeability fields sampled from the lognormal distribution. As shown in Figs. [5.41
regardless of the boundary conditions employed, all CMsVEM runs match perfectly the standard
VEM solutions.

Snapshots of the expectation values of the results obtained at t = 40 hours are shown in
Figs. and for the vertical displacement component and the pressures, respectively.

(b) MS-QUAD LIN (¢) MS-CVT LIN

(a) VEM
(d) MS-QUAD OSC (e) MS-CVT OSC

Figure 5.42: E[u,| displacement contours (in [mm]|) at t = 40h obtained for ny = 5000 samples.

(b) MS-QUAD LIN (¢) MS-CVT LIN

(a) VEM
(d) MS-QUAD OSC (¢) MS-CVT OSC

Figure 5.43: E[p] pressure contours (in [Pa]) at t = 40h obtained for ny = 5000 samples.

Case 2 - Heterogeneous permeability k and heterogeneous Young’s modulus E

Here, the heterogeneous permeability k field employed in the previous case is considered
together with a heterogeneous Young’s Modulus E distribution. The heterogeneous random
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Young’s modulus fields are defined with maximum and minimum values of E = 1 x 10'° Pa and
E = 7 x 108 Pa, respectively. A snapshot is provided in Fig.|5.40b. The remaining material param-
eters are uniformly distributed over the entire domain and are summarized in Table [5.16] As in
the previous case, the multiscale basis functions are evaluated for all coarse elements individually.

The resulting time evolution of the expectation values of u,, u,, and p at points A, B and C as
obtained over n, = 5000 samples are shown in Fig. [5.44] Contrary to Case 1, the heterogeneities
in the solid domain increase the granularity between the different methods considered. Although
the accuracy of the predicted displacements is acceptable, the methods using oscillatory boundary
conditions, i.e., MS-QUAD OSC and MS-CVT OSC provide the best match to the standard VEM
solution. The differences are more pronounced in the predicted pressure fields Figs. [5.44] where
MS-QUAD LIN and MS-CVT LIN consistently under-predict pressures at the three points.

The contours of expectation values for the horizontal and the vertical component of the dis-
placement fields at ¢ = 40 hours are shown in Figs. and [5.46] respectively. The corresponding
pressure field is shown in Fig. [5.47]

(a) ux at A (b) ux at B (c) ux at C
(d) uy at A (e) uy at B (f) uy at C
(g) pat A (h) p at B (i) p at C

Figure 5.44: Time evolution t = 40h of expectation values of horizontal displacement E[uy], vertical
displacement E[uy|, and pore-fluid pressure E[p| at points A, B, and C, obtained for ny = 5000
samples.
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(b) MS-QUAD LIN (¢) MS-CVT LIN

(a) VEM
(d) MS-QUAD 0SC (e) MS-CVT OSC

Figure 5.45: E[u,| displacement contours (in [m]) at t = 40h obtained for ng = 5000 samples.

The linear boundary conditions impose a strict constraint on the deformability of the hetero-
geneous micro-structure. This is consistent with the physics of the problem where a nonlinear
displacement profile is to be expected due to the joined permeability and Young’s modulus het-
erogeneity. The choice on the boundary conditions to be employed for the evaluation of the
basis-functions should be driven by the physics. Using a decoupled scheme for the evaluation of
the basis-functions on the other hand does not significantly affect the accuracy of the CMsVEM
while imposing minimum costs on the evaluation of the basis vector. This observation could prove
particularly beneficial in the case of nonlinear problems where a re-evaluation of the basis would
be required. However such aspects are beyond the scope of this work.

To examine whether the oscillatory boundary conditions ensure compatibility of the fine scale
solution across boundaries, contour plots of the total displacement, pressure, strain component
€yy, and stress component oy, obtained at ¢ = 40 hours for a single realization of the heteroge-
neous Young’s modulus and permeability fields using oscillatory boundary conditions are shown
in Figs. In all cases, the downscaled quantities vary smoothly across the coarse element
boundaries, despite the prevalence of significant heterogeneities.

Consistency and continuity properties are investigated in more detail by considering two neigh-
bouring coarse elements, i.e. 16 and 31, as shown in Fig. [5.49] The interface encountered is
non-conforming in nature. These elements are chosen as the underlying material description here
is highly heterogeneous. Consequently, continuity of field variables at this interface should pro-
vide satisfactory guarantees for similar continuous behaviour across other coarse element interfaces
as well. The total displacements ||u|| and strain e, evaluated at the fine-scale interface nodes
belonging to each coarse element are provided in Tables and [5.19

It can be seen from Tables and that ||u|| and €, evaluated at the fine nodes cor-
responding to coarse node Myz, i.e., 1 and 29, and M;g, i.e., 15 and 5 are practically identical.
Despite non-conformity of intermediate edge interface nodes, the quantities appear continuous
here as well.
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(b) MS-QUAD LIN (c) MS-CVT LIN

(a) VEM
(d) MS-QUAD OSC (e) MS-CVT OSC

Figure 5.46: E[uy] displacement contours (in [mm]) at t = 40h obtained for ny = 5000 samples.

Fine
Node

llul|  3.19442 3.05568 2.98009 2.83392 2.70283 2.65383
€y  -0.1645 -0.1645 -0.1646 -0.1647 -0.1647 -0.1648

15 14 13 5 2 1

Table 5.18: Fine-scale ||u|| (in [mm]) and €,,(x1073) along interface for coarse element 16.

Discussion on computational gains

The computational efficiency of the CMsVEM is assessed by recording times for critical proce-
dures for all methods. All times displayed are averaged over five runs.

The time taken for assembling global coarse scale state matrices Kys, Qas, Hys and Sy is shown
in Fig. This includes the computation of multiscale basis functions and upscaling procedures
used to create coarse element state matrices. All multiscale methods practically perform equally
in this regard and offer a speedup of approximately a factor eight (~ 8x) when compared to
the VEM. As using oscillatory boundary conditions when computing multiscale basis functions
does not require more computational effort than the simpler case of linear boundaries, one should
always prefer MS-QUAD OSC and MS-CVT OSC over MS-QUAD LIN and MS-CVT LIN in the
event of highly heterogeneous material definitions.

The time taken for the solution procedure is illustrated in Fig. All multiscale methods

Fine
Node

lul|  3.19442 2.90025 2.82015 2.71886 2.65383
e,  -0.165 -0.1649 -0.1648 -0.1649 -0.1649

5 14 15 28 29

Table 5.19: Fine-scale [|u| (in [mm]) and &,,(x107?) along interface for coarse element 31.
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(b) MS-QUAD LIN (¢) MS-CVT LIN

(a) VEM
(d) MS-QUAD OSC (¢) MS-CVT OSC

Figure 5.47: E[p| pressure contours (in [Pal) at t = 40h obtained for ny = 5000 samples.

again perform equally efficiently and offer a speedup of ~ 200x when compared to the VEM.
This enormous reduction in computational effort is to be expected as the number of nodes in
the multiscale procedures is significantly reduced in comparison to it’s VEM counterparts. Re-
peated matrix inversions in the case of finite-difference time domain solutions further establish
the effectiveness of the CMsVEM.

The postprocessing times are displayed in Fig. [5.51al This involves the downscaling procedure
used to recover fine scale information and evaluating derivative quantities like stresses, strains
and fluxes over fine element domains. Once again, all multiscale methods perform equivalently
and offer a speedup of ~ 2x in comparison to the VEM. This is attributed to the fact that in
the multiscale methods, the downscaling procedure is performed for each coarse element. This
implicitly vectorizes the associated stress and flux computation loops. It is of interest to note that
since the consolidation problem examined is linear, the multiscale basis functions are computed
offline. As a result, no significant overheads are incurred to the overall solution procedure.

It can be seen from Fig. that all multiscale methods offer an appreciable total speedup
of =~ 4x when compared with the VEM. Such speedups prove extremely valuable when obtaining
statistical moments for random field simulations using for e.g. classical Monte-Carlo approaches.
In this example, expectation values for 5000 samples were computed, thus generating an overall
speed up of =~ 20000x when compared to the VEM. A similar comparison between FEM, VEM,
MsFEM and MsVEM is provided in Figs. |5.52[ and |5.53] The VEM and MsVEM are found
to offer quicker assembly and postprocessing computational times than their FEM and MsFEM

counterparts.

5.5.3 Honeycomb structure

The honeycomb structure shown in Fig. is considered herein. The overall dimensions of
the domain are 5m x 5m. This domain consists of 25 periodically repeated heterogeneous unit
cells. Each unit cell comprises a matrix with a Young’s modulus £ = 5 MPa and a stiffer inclusion
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(c) (d)
Figure 5.48: [|ul| (in [m]),|(b)|p (in [Pa]), |(c)| —oy, (in [Pal) and —e,, contours at t = 40

hours for a single realization of the heterogeneous E and k field.

with £ = 500 MPa. The structure is clamped at its bottom. The deflections along the horizontal
are restricted on the left and right edges. No-flow conditions are imposed across all boundaries.
The top maintains a pressure p = 0 and is subject to a progressively applied compressive load

t = [0, ty] . The loading history is shown in Fig.[5.25| The material parameters used are provided
in Table £.20

A multiscale discretization is considered wherein each of the 25 periodically repeating unit
cells comprises 500 CVT elements. This is compared against a reference VEM solution evaluated
over 12,500 CVT elements. All multiscale solutions are evaluated using oscillatory boundary
conditions. Four multi-node coarse-element configurations, MS; to MSy, are designed to examine
the trade-off between accuracy and speedup. These are illustrated in Fig. [5.55]

All CMsVEM models involve the solution of a significantly reduced system of governing equa-
tions when compared to the reference VEM solution. In Fig.[5.56] the order reduction achieved per
coarse element is provided as the ratio of the total number of degrees of freedom of the multiscale
formulation to the degrees of freedom of the standard VEM implementation. Even in the case of
the high-fidelity MS, coarse element, the order of the problem is practically halved.
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Figure 5.49: Microstructures of adjacent coarse elements 16 and 31. The interface joins coarse
nodes M47 and M50.

The maximum pore-fluid pressures are found to occur at ¢; = 6.83 hours, ¢ = 42. Displacement,
pressure, stress and flux contours are provided at this instant for the VEM and multiscale solutions.
The total displacement contours ||u|| are shown in Fig. [5.57| Pressure contours p are provided in
Fig. [5.58

It can be seen from the Figs. and that the total displacement ||u|| and pressure p
contours are practically the same for all cases. Von-Mises stress contours oy, are illustrated in
Fig. 5.59] Total Darcy flux contours ||q|| are displayed in Fig. [5.60}

Fig. reveals that the total flux ||q|| contours is also practically equivalent for all cases.
However, significant variations can be observed in the case of the Von-Mises stresses as shown
in Fig. 5.59 The contours obtained are increasingly accurate moving from MS; to MS,; when
compared against the reference VEM solution. This is to be expected as the coarse element

E v Yf KS Kf Ps Py n ap
[MPa] [/] [Pa-s] [Pa] [Pa] [kg-m™®] [kg-m™®] [/] [/]
Matrix > 02 100 3x10' 10! 10° 10° 02 1

Inclusion 500

Table 5.20: Material parameters used.
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(a) (b)

Figure 5.50: @ Time taken to assemble global coarse element state matrices, @ Time taken to
solve system of linear equations at coarse scale.

(a) (b)

Figure 5.51: @ Time taken to postprocess the solution , Total time taken for assembly, solving
and postprocessing.

described by MS, provides a high-fidelity representation of the original curved boundary. This in
turn ensures more accurate upscale and downscale mappings performed by the multiscale basis
functions.

The time evolution of the relative L5 and H; error norms in u and p are provided in Fig.|5.61. An
appreciable reduction in errors is observed in Figs. [5.61al [5.61b], [5.61c and [5.61d| as the number of
coarse nodes is increasing. This is to be expected as a more detailed account of the RVE geometry

and underlying heterogeneities can prove critical to the fidelity of the upscaling and downscaling
procedures.
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Figure 5.52: @ Time taken to assemble global coarse element state matrices, @ Time taken to
solve system of linear equations at coarse scale.
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Figure 5.53: Time taken to postprocess the solution , Total time taken.

Discussion on computational gains

The computational cost associated with the MS;, MSy, MS3 and MS, is studied here in terms
of the speedup offered. The speedup metric is defined as follows

t ti
speedup(operation) = veM (Operation)

i =1,...4 517
tus, (operation) ’ ! ’ ' ( )

where tygy (operation) and ¢y, (operation) denote the times taken to complete a certain operation,
using the VEM and CMsVEM discretizations, respectively.

The speedup offered by MS; through MS, for (a) assembly of global coarse element state ma-
trices, (b) solving system of linear equations at the coarse scale, (c¢) post-processing the solution to
obtain fine-scale information, and (d) the complete CMsVEM procedure, are shown in Figs.
[5.620] [5.62c and [5.62d], respectively. These operations are as defined in Section
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Figure 5.54: Schematic of a honeycomb structure.

(a) MSy: 24 coarse nodes  (b) MSa: 31 coarse nodes (c¢) MSs: 44 coarse nodes  (d) MSy: 81 coarse nodes

Figure 5.55: The multi-node coarse element configurations.

Near-linear trends in the speedup reduction is observed in Figs. [5.62al, [5.62c and [5.62d] A near-
exponential decreasing trend is observed in the case of the solution procedure at the coarse-scale,
as shown in Fig. [5.62b] The decreasing trends exhibited at all operations is further evidenced by
the decrease in percentage reduction of coarse-scale DoF's, as shown in Fig. [5.56|

5.6 Vibroacoustics

Similar to Section the VEM is introduced at the fine scale to compute multiscale basis
functions for upscaling. These functions are obtained by solving the cell equations in Egs. —
(4.54). The RVE state matrices K% and ﬁfn are assembled from the fine element contributions
Kig) and I:Ii(og) The remaining RVE matrices, i.e., 1\71%, Q% and Cf‘n are evaluated in the same
fashion. The fine element matrices are computed with the VEM using Eqgs. . All subsequent
extensions to the MsFEM, including polygonal coarse elements, oscillatory boundary conditions
etc. are applicable here as well. The upscaling, solution and downscaling procedures followed are

identical to Section [4.4]

The non-linear dependence of all state matrices on the excitation frequency w necessitates that
multiscale basis functions be iteratively evaluated for all frequency steps. This can prove expensive
within the context of very finely discretized microstructures, where repeated solutions are required
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Figure 5.56: Percentage reduction in DoF's offered by each coarse element configuration, in relation
to the complete VEM discretization.

(b) MS, (c) MS,

(a) VEM
(d) MSg (e) MS4

Figure 5.57: ||u| total displacement contours at t; = 6.83h, ¢ = 42.

for all kinematical constraints and at several frequencies. To this end, a model order reduction
scheme is employed at the RVE fine scale to drive down computational costs associated with this
procedure.

5.7 Parametric Model Order Reduction

Standard numerical models like the FEM or VEM employ shape functions that exhibit a re-
markable degree of versatility and robustness when encountering variations in problem definitions,
such as geometries, boundary conditions, excitation, material layouts etc. (it is assumed that all
these variations are in principle, parametrizable.) However, this generality results in a basis set
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(b) MS; (C) MS,
(a) VEM
(d) MS; (e) MSy
Figure 5.58: p pressure contours at t; = 6.83h, ¢ = 42.
(b) MS; (c) MSy
(a) VEM
(d) MSs (e) MSy

Figure 5.59: oy Von-Mises stress contours at t; = 6.83h, ¢ = 42.

that is highly non-optimal with regards to characterizing the behaviour of a system in a particular
parametric configuration.

Standard Model Order Reduction (MOR) techniques seek to identify an optimal manifold
with minimal dimensions, that can accurately describe the behaviour of the system within this
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(b) MS; (C) MS,

(a) VEM
(d) MS; (e) MSy

Figure 5.60: ||q|| total flux contours at t; = 6.83h, i = 42.

particular configuration. This reduced manifold is spanned by a locally optimal basis set; hence the
term Reduced Basis Methods. Owing to the reduced dimensionality of the system, this method
offers significant computational acceleration, without sacrificing the accuracy of the solutions.
However, it is to be noted that this reduced basis set is no longer optimal for other configurations,
i.e., numerical benefits cannot be guaranteed in a global parameter space.

The complexity of the reduced manifold is quantified by the extent of variation in the under-
lying parameter configuration. For small variations, a constant reduced basis can span the entire
manifold with sufficient accuracy. For larger variations, spatially varying reduced bases need to
be constructed [332,[333]. For Eq. (2.183)), it has been shown in [321-323], that a single basis set
is acceptable for performing the MOR.

5.7.1 Affine representations

The following derivations are a summary of [325]. Examining Eq. (2.183)), the frequency-
dependent solution vector X is expanded in terms of an optimal basis set @9, i = 1,...nqor,
where ngor = nlj,; + nfi; denotes the dimension of the manifold under consideration

Ndof

X =Y &¢? = @°%, (5.18)

=1

where ¢; represents frequency-dependent scalar valued coefficients of the linear expansion. The
o) o)
1o ¥ ngof

coefficients, respectively. The entire algebraic system of equations in Eq. (2.183]) is now projected

array ®° = | ] and vector € = [y, ...,Cn,.,]7 collect the optimal basis and expansion
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(a) Relative errors in displacements u (b) Relative errors in pressures p

(c) Relative errors in stresses o (d) Relative errors in flux gq

Figure 5.61: Evolution of errors in displacements and pressures for the four coarse-element con-
figurations MS;, MS,, MS3 and MS;.

onto this basis by pre-multiplying both sides with ®°7. The resulting system of equations read

[@OT Z <I>O]c — 3°7TF. (5.19)
—_——
— FO
70

Now, the affine nature in Section is expanded in greater detail, Observing Eqs. (2.175))-
(2.179)), one can decouple the frequency dependent parameters from the relevant state matrices

K = E(1 + jn,)K, (5.20a)
M = M, (5.20b)
S|
Peq
-1
- _—q 5.20d
Q Kqu ( )
C =7C, (5.20¢)

where K, M, H, Q, C denote the associated frequency invariant state matrices. Omitting the
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() (d)

Figure 5.62: Speedup offered during assembly of global coarse element state matrices,
solving system of linear equations at the coarse scale, postprocessing the solution, @ complete
CMsVEM procedure.

coupling and robin conditions for brevity

Nparam

7= Zifilw), (5.21)
k=1

where nparam = 6 denotes the number of unique affine parametric terms. The frequency invariant

matrices Z;, have the forms
K 0 M 0 0 0
1 {O 0:| ) 2 |: 0 0:| ) 3 |:O H:| ’

0 0 0 C 0 0 (5.22)
e N e
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The corresponding frequency dependent scalar quantities fi(w) have the forms

filw) = E(L+jn,), folw) = —w?p, f3(w)= Ni;

Pea (5.23)

filw) = —w'=—, fo(w) =%, folw)=—-w",

1
Keq
The affine expansion in Eq. (5.21)) is applied to the system of equations in Eq. (5.19) to yield

Nparam

Z° = Y 7P filw). (5.24)

k=1

Eq. shows that the projection of Z onto the optimal bases ®© is an offline procedure. This is
because the projection operation only modifies the frequency invariant matrices Zy. The spectral
quantities fi(w) remain unaffected. This observation is of vital importance in controlling the
computational complexity of the method. This indicates that this projection need be performed
only once, through appropriate sub-structuring. The relevant frequency dependent parameters
are post-multiplied in when needed.

5.7.2 Computing the reduced optimal basis

The bases set ®© is currently unknown. There exist multiple ways to evaluate this. Since
these bases typically constitute orthogonal vectors, a popular choice is the modal approach, where
®° are generated with eigenvectors. A reduced order representation requires a selection criterion,
based on a modal participation factor. Within the context of linear elastodynamics, this involves
eliminating higher frequency modes [334]. However, it has been noted that this approach is not
amenable to poroelastic systems [321],324,1335]. This is because of a higher modal density at low
frequency bandwidths, thereby resulting in a reduced basis of high dimension [325]. Further, due
to the highly dissipative nature of the lossy medium, the frequency response function does not
exhibit clear resonance peaks at these modes [336].

Alternately, the Proper Orthogonal Decomposition (POD) has been successfully used in [325]
to generate this bases. The POD is adopted to compute the reduced basis space in this Chapter.
To do this, one first constructs a snapshot matrix S, i.e., a matrix collecting high-fidelity solutions
S; (also called snapshots), as evaluated by the full order model (FOM) at different frequency steps

S =I[Si,...,Sul, (5.25)

Ndof XMs

where n denotes the number of snapshots taken. The POD basis is now obtained from S using
either a) a Principal Component Analysis (PCA), or b) a Singular Value Decomposition (SVD).

Principal Component Analysis

The PCA [337] seeks to identify a system of generalized coordinates ®© = [, ..., O ] such

7 T Ndof
that all significant dynamics in the dataset S are sufficient captured. To this end, a correlation
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matrix Cg is defined such that
Cs =SS, (5.26)

where () denotes the complex conjugation transpose operation. Now, the following functional is
defined

f(&,&)) = & Cs¢;, (5.27)

where &; and &; denote arbitrary trial vectors of appropriate dimensions. This functional indicates
a projection of Cg onto §; and &;. An optimization objective can now be defined

(P2, (ﬁ;)) = argmax(f(&;,§;)), such that & - §; = J;;. (5.28)

This is a constrained optimization problem with a requirement of orthonormality. A Lagrangian
is written out for this problem

L(&,€),7) = f(&.&)+N\(1—&7¢)). (5.29)
Eq. is extremized with respect to &;
oL

The above equation is an eigenvalue problem with eigenvalues A; and eigenvectors §;. Once ob-
tained, these eigenvectors correspond to the optimal proper orthogonal modes qb;-) for the snapshot
matrix S. The POD basis is now reduced using a truncation criterion. This is done by rearrang-
ing the eigenvalues in a descending order \y > Ay > ... \,.. Depending on the level of accuracy
desired, the first n, reordered basis vectors are chosen to obtained a reduced order model of
dimension n,.

However, this method suffers from a few drawbacks. Constructing the correlation matrix, and
subsequently computing eigenvalues and eigenvectors proves expensive. This can compromise
computational benefits gained by solving a ROM.

Singular Value Decomposition

Further, it has been shown in [325] that the SVD can be used to generate ®° more accurately
and efficiently. This decomposition factorizes the snapshot matrix S into a diagonal matrix 32,
and two orthogonal matrices L and R

S= L > RT, (5.31)

Ndof XMdof Ndof XMs Ns XN s

where X is a rectangular matrix comprising singular values o4, ...0,, along the main diagonal.
The matrices L and R comprise left and right singular vectors, respectively. The optimal POD
basis corresponds to the left singular matrix, i.e., ®° = L. The reduced order POD basis, ®#°M

is obtained by selecting n, << nj left singular vectors from L.

To do this, the singular values are rearranged in descending order, i.e., 01 > 09 >

.On,. The
reduced dimension n, emerges from a truncation tolerance €,. This can be defined such that all
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the left singular vectors corresponding to the following criterion are eliminated

Ji e, (5.32)

01

It is critical that e, be optimally defined to capture all the necessary dynamics of the data
contained in S; and at the same time, significantly reduce the dimensionality of the system.
This is ensured by considering the singular value decay of the problem. This is analogous to a
modal participation factor and indicates the significance of each singular vector, in capturing the
dynamics of the data. A good heuristic for tuning e, is to set it at a value where a sharp reduction
in singular value decay is observed. This indicates that singular vectors from this point contribute
negligible information in relation to the existing singular vectors. This procedure is demonstrated
in Example [5.9.1}

In the case that there is no such observable changes in the rate of singular value decay, this may
indicate that the range of variation in the parameter space is too large to benefit from a POD. In
such cases, the reduced basis technique is either inaccurate, or requires too many POD bases to
warrant deployment [325]326].

5.7.3 Reduced order model

The expansion in Eq. (5.18)) is now approximated with the reduced basis ¢F°P

Ndof

X ~ XPOD _ Z EPOD¢POD _ (I)POD(:POD’ (533)

7 %
=1

Consequently, the basis @9 in Eq. (5.19) is now replaced with the reduced basis ®F°P to
generate a ROM

ZPOD EPOD — ﬁwPOD ) (534)
Ny XNy NpX1 nyXx1
——

This is solved for ¢"OP at the desired frequencies steps at a significantly reduced computational

cost. The full fidelity solution XPOP is recovered from €"°P using Eq. (5.33).

The accuracy of model order reduction depends largely on the quality of the snapshot matrix
S. Generating FOM snapshots is typically the primary bottleneck in the method, since large high
fidelity matrices need to be inverted (or iteratively solved). To this end, sampling strategies play a
vital role in determining computational efficiency. Quasi random sampling (Monte-Carlo or Latin
Hypercube methods) is recommended over brute force tensorial approaches [326,338].

The SVD factorization has a complexity of O(n?3_sn,) and can prove expensive for large snapshot

matrices, especially when ng & ngor. However, in most cases since ng << nqof, the cost of employing
the SVD is justifiable.
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5.8 Coupled Reduced Basis Multiscale Methods

The pMOR scheme developed in Section is now incorporated at the fine-scale of the multi-
scale procedure. For a given set of kinematic constraints over the a* RVE, i.e., ug and pg, a set of
high-fidelity snapshots u® (wx) and p2 (wy) are obtained at a randomly sampled set of frequencies
wk, k =1,...n4 by solving Egs. (£.53))-([4.54)), where the number of snapshots is significantly lesser
than the total number of frequency steps, i.e., ny << ngeq. Relevant snapshot matrices S¢ and
S, are generated.

Truncated POD bases ®%°M and q)IIfOM are obtained for each phase from Si and S, respec-
tively, using the SVD procedure detailed in Section [5.7.2 Now, the size of the sub-problem is
reduced by projecting the system of linear equations onto these reduced manifolds as follows

KoM — @ROMT Ko olIOM, (5.35)

and
H,ROM = ROMT gy oM. (5.36)

The resulting ROM multiscale functions are now evaluated at a reduced cost according to
Section [5.7.3] The procedure is summarized in Algorithm [5]

5.9 Numerical examples

5.9.1 Reduced basis pMOR for a poroelastic square domain

This example investigates the accuracy and efficiency of the reduced basis parametric Model
Order Reduction technique in vibroacoustic simulations of poroelastic materials as described in
Section 5.7 The same physical layout provided in Example [4.5.1]is adopted here, i.e., an 80 mm
x 80 mm Melamine foam with an elastic skeleton description is placed inside an impedance tube
with a clamped backing and roller supports on the lateral surfaces. This setup is subject to a
plane wave acoustic excitation at normal incidence within the frequency range [20,5000] Hz. This
bandwidth is discretized into ngeq = 100 equally spaced frequency steps.

The domain is discretized using 25 x 25 first-order quadrilateral finite elements. This is the
minimum discretization necessary to ensure convergence at all frequency steps. The number of
free DoF's associated with this system is 9™ = 1900.

A set of high-fidelity snapshots are evaluated at n, = 15 frequency steps and collected in a
snapshot matrix S of size (n5OM x n;). These steps are chosen using a Latin Hypercube (stratified
sampling) method, to ensure a good representative sample. This is the most computationally
intensive part of the procedure as highlighted in Section [5.7.3] and costs 0.64 seconds. To avoid
compromising on the speedup offered by the method, a general heuristic of setting 0.1ngeq < 15 <
0.2n4eq is recommended. However, it is to be noted that this heuristic does not guarantee that
the snapshots generated will sufficiently account for all significant system dynamics.

Next, S is factorized into L, 3 and R’ in accordance with the SVD method detailed in
Section [5.7.2] If done inefficiently, this factorization can also proved to be a significant bottleneck
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Algorithm 5: Multiscale basis function evaluation schema using the pMOR.

Data: Define coarse mesh and fine mesh/micromesh and material properties
foreach coarse element o do
Assemble K¢ ;
foreach macro-node I =1,...n%, do
foreach macro degree of freedom J =1,2 do
Define: uyy ;
foreach sampled frequency wy, k=1,...ns do
K, (wr)ug (wi) = 0
Solve: B :
Us = Uujy
Assemble to SY ;

Get ®OM from S (SVD and truncation) ;

foreach remaining frequency step wi, k =1, ... npeqg — ns do
ch,ROJ\/[ w ua,ROM w =0
Solve ROM: m (wieus ™ (we) :
Us = uyy

Get FOM solution: u2 (wy) = ®@FOMT yROM ()

Assemble HY ;
foreach macro-node I =1,...n%, do

foreach macro degree of freedom J =1 do
Define: pyy ;
foreach sampled frequency wi, k=1,...n, do

H{ (wi)pi(wi) = 0
Solve: :
Ps = P1J
Assemble to Sy ;

Get ®HOM from S2 (SVD and truncation) ;

foreach remaining frequency step wi, k =1, ... npeqg — ns do
Ha,ROM w a,ROM w) =0
Solve ROM: " ()i (x) ;
Ps = P1s

Get FOM solution: p2 (wg) = @fOMT pLEOM (45)
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of the method. In this specific problem instance, since n, << niOM  this operation is relatively
inexpensive and costs 0.28 seconds. Conversely, a more economical approach is desired in situations
the full SVD operation can prove costly. When n, < nf9M, as is the case here, this ”economical
SVD” computes only the first ng columns of L. Furthermore, 3 is a ns; x n, diagonal matrix, i.e.,
only the first n, singular values are computed. This approach exhibits a reduced cost of 0.018

seconds.

Although this gain in efficiency is not significant here, the resulting speedup of 15.2 promises
noticeable accelerations in the SVD procedure when encountering larger problems. The ”economi-
cal SVD” holds validity in all pMOR applications of this kind. This is because, the singular values
Ongtly -« 5 OpEOM always remain redundant and irrelevant since only the first n, < n, significant
left singular vectors are chosen to constitute the reduced POD basis.

To construct the reduced basis, a reducibility analysis is carried out through a singular value
decay chart in Fig. [5.63. A sharp change in the decay rate is observed at a singular value ratio

Figure 5.63: Decay of the first ny = 15 singular values computed for the snapshot matrix S. The
horizontal black dashed line indicates the truncation tolerance.

of 10716, Consequently, the truncation tolerance is set at €, = 1071¢ in accordance with Section
m The resultant POD basis ®7OP is a nOM x 10 matrix comprising the first 10 left singular
vectors obtained from the SVD factorization. The total time taken for computing the POD basis
(including snapshot generation and economical SVD factorization) is 0.67 seconds.

Finally the ROM system is solved according to Section [5.7.3] This procedure takes 0.2096
seconds. It is to be noted that the ROM system need be solved only at the remaining ngeq — 75
frequencies. The FOM solution already exist at the sampled frequency steps in the form of the
snapshot matrix S.

The entire pMOR procedure (including POD basis evaluation and ROM solution procedure)
takes a total of 0.88 seconds. Conversely, the FOM procedure takes 3.82 seconds. A speedup of
4.34 is observed.

The accuracy of the ROM solutions are now investigated. To aid with illustration, a low
fidelity (Lo-Fi) FE model comprising 12 DoF's is also provided for comparison. This is done to
demonstrate the accuracy of the 10 DoF ROM in relation to a FOM of comparable complexity.
The x-displacement u, contours are displayed for the FOM, ROM and Lo-Fi solutions at 20 Hz
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in Fig. .64 and 5000 Hz in Fig. [5.65| respectively.

(a) FOM (b) ROM (c) Lo-Fi

Figure 5.64: u, x-displacement contours at 20 Hz as computed by @ the 1900 DoFs FOM, @
the 10 DoFs ROM, a Lo-Fi 12 DoF's FE model.

(a) FOM (b) ROM (c) Lo-Fi

Figure 5.65: u, x-displacement contours at 5000 Hz as computed by @ the 1900 DoFs FOM, @
the 10 DoFs ROM, a lo-Fi 12 DoFs FE model.

The ROM displacement contours at 20 Hz and 5000 Hz appear practically identical to the
FOM solutions, as can be seen in Figs. 5.64b| and Figs. 5.65al, respectively. However,
the Lo-Fi solution offers a marginally differing contour at 20 Hz in Fig. and a significantly
different one at 5000 Hz (see Fig. [5.65).

Similarly, the pressure contours p are displayed for the three cases at 20 Hz in Fig. |5.66, and
5000 Hz in Fig. |5.67] respectively.

Once again, the FOM and ROM are found to offer practically identical pressure contours at

both frequencies (see Figs. 5.66b| and Figs. 5.67b|). The Lo-Fi model exhibits small
deviations at 20 Hz (Fig. |5.66¢)) and non-negligible ones at 5000 Hz (Fig. |5.67¢)).

This difference in accuracies between the ROM and Lo-Fi model of comparable complexity
illustrates the need for optimizing the choice of basis functions, i.e., a POD basis can capture a
fuller range of dynamic behaviour of a particular configuration in comparison to a standard FE
basis.

The Sound Absorption Coefficient (SAC) as evaluated by the three scenarios are shown in
Fig. A reference Transfer Matrix Method (TMM) result is provided for verification.
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(a) FOM (b) ROM (c) Lo-Fi

Figure 5.66: p pressure contours at 20 Hz as computed by the 1900 DoFs FOM, @ the 10
DoFs ROM, a Lo-Fi 12 DoF's FE model.

(a) FOM (b) ROM (c) Lo-Fi

Figure 5.67: p pressure contours at 5000 Hz as computed by the 1900 DoFs FOM, @ the 10
DoFs ROM, a lo-Fi 12 DoFs FE model.

It is observed that the ROM SAC curve is identical to that of the FOM and TMM. The Lo-Fi
model exhibits a reasonable accuracy only upto 1200 Hz. Beyond this, the results offered are
unacceptable. This result is consistent with the discussion on displacement and pressure contours
mentioned above. Large discrepancies of the Lo-Fi model at higher frequencies is because of the
inability of the shape functions to resolve the underlying propagating waves with sufficient clarity.

Now, the ROM solution accuracy is more rigorously quantified with relative £, error norms
between the FOM and ROM. The errors in real and imaginary components of the displacements
and pressures are given in Fig. and Fig. [5.69D] respectively. The discontinuities in the
graphs correspond to the randomly sampled snapshot frequencies. The ROM solution need not
be evaluated at these frequency steps as the FOM solution is already available in the form of the
snapshot matrix S. Consequently, the error achieved at these points are identically zero. The
errors are very small and do not affect the accuracy of the solution, as evidence by the SAC and
solution contours.

Hence, the pMOR offers a means to appreciably speed-up spectral computations in poroelastic
materials without compromising on accuracy.
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Figure 5.68: Sound Absorption Coefficients as computed by the FOM, ROM and the Lo-Fi model.

(a) Displacements (b) Pressures

Figure 5.69: Relative errors in L5 norm for real (Re) and imaginary (Im) components between
the ROM and FOM solutions for @ displacements and @ pressures.

5.9.2 Convergence behaviour of the MsVEM for vibroacoustics

The convergence behaviour of the MsVEM in the frequency domain is investigated in this ex-
ample. Two kinds of coarse-scale meshes are considered, i.e., quadrilateral (QUAD) and polygonal
(CVT). Four coarse discretizations are chosen for each type. These are summarized in Table

Each coarse-element is subsequently meshed at the fine-scale with the same element type. Four
fine-scale discretizations are chosen. These are illustrated in Table [5.22

Treating a very finely discretized FE solution as a reference (20,000 Nodes), the relative Lo
error norms in displacements as evaluated by the MsVEM are provided for both mesh types at
distinct frequencies in Fig. [5.70] The evolution of these errors is studied as a function of the
coarse element discretization. Each figure contains the errors obtained for all microstructural
configurations described in Table [5.22] Figs. [5.70a] and [5.70d] are the QUAD and CVT errors
pertaining to a low frequency step, i.e., f = 775 Hz. Although an increasing trend can be

observed between accuracy and microstructure discretization, this is fairly minimal. The errors
achieved by the method over both meshes are comparable in quantity. Similarly, Figs. and
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Label No. of Coarse Elements No. of Coarse Nodes

QUAD CVT
1 120 164 241
2 480 567 959
3 1920 2093 3836
4 7680 8025 9234

Table 5.21: Coarse scale discretizations for QUAD and CVT meshes.

Label No. of Fine Elements

RVE-1 1
RVE-2 9
RVE-3 100
RVE-4 2500

Table 5.22: Number of QUAD/CVT elements contained in each micro-structure.

depict the errors at an intermediate frequency step, i.e., f = 2700 Hz. Again, while these
two figures are practically identical to each other, there is a noticeable decrease in overall accuracy
when compared to its low frequency counterparts, i.e., Figs. [5.70a] and [5.70d], respectively. This

is because the f = 2700 Hz excitation contains a larger wave number. There is thus a need for
a higher resolution in this case. Finally, Figs. [5.70d and [5.701f show the error convergence for a

high frequency step of f = 5500 Hz. Once again, excluding insignificant deviations, both figures
are nearly equivalent. However, there is a further reduction in accuracy compared to the low and
intermediate frequency counterparts, for the same reason described above.

The relative L5 error norms in pressures are provided at the same frequency steps for both
meshes in Fig.[5.72] Once again, similar behaviour is observed across meshes at the same frequency
step. Further, the same reduction in accuracy is seen with increasing excitation frequencies.

The relative L5 error norms have a theoretical upper bound

||uh - uex||£2 < Cuhsuy

) (5.37)
||ph - pe:c||£2 S Cph 7,

where (), and C, denote appropriately chosen arbitrary scalar valued constants; h denotes the
coarse-element diameter and s, s, indicate the orders of convergence. In this case the theoretical
values are s, = s, = 2. The h? reference line is also provided in all figures for comparing the rates
of convergence.

The magnitude of the numerically obtained rates of convergence are illustrated at all three
frequencies for displacements in Fig. and for pressures in Fig. [5.72b] It is observed in all
cases that the choice of microstructure does not significantly affect any convergence rate trends.
A slightly reduced average rate of 1.8 is yielded for displacements in the case of QUAD and CVT
meshes at f = 775 Hz. Optimal or near-optimal rates are noticed in all other cases.



192 Chapter 5. Multiscale Virtual Element Methods

(a) QUAD mesh 775 Hz (b) QUAD mesh 2700 Hz (¢) QUAD mesh 5500 Hz

(d) CVT mesh 775 Hz (e) CVT mesh 2700 Hz (f) CVT mesh 5500 Hz

Figure 5.70: Convergence of relative errors in displacements as computed by the MsVEM at
excitation frequencies 775 Hz, 2700 Hz and 5500 Hz.

5.9.3 Periodically repeating inclusions

The example provided in Section is directly adapted here. The MsVEM is applied with
the objective of driving down computational costs. A square unit cell, i.e., a 2 cm X 2 ¢cm domain
with a circular mesoscale inclusion of radius 7.5 mm is selected for the upscaling procedure. This
is illustrated in Fig. [5.73(1I).

This RVE is periodic in the vertical direction with a period of 2 cm. The associated subdomain
is discretized with 625 CV'T fine elements and the corresponding coarse unit cell comprises 4
coarse nodes. The SAC as computed by the method for multiscale discretization is shown as curve
"RVEI1-0” in Fig. [5.75a] One can see that while the curve represents the trend of the reference
solution "ref” correctly up to 6000 Hz, there are still noticeable deviations. More specifically, the
peak at about 3000 Hz is overestimated by " RVE1-0”. Moreover, beyond 6000 Hz, the predictions
offered are unreliable.

This is expected. It is shown in [104,(127] that the microstructural discretization is critical in
capturing fine scale information about heterogeneities and inclusion morphologies. However, the
convergence behaviour of the MsVEM is ultimately determined by the coarse scale discretization.
The error convergence behaviour of the method is not very sensitive to fine scale discretizations,
especially in the case of homogeneous problems such as this. This result is established in Example

0.9.2)

Simulating the behaviour of more classical composites using this unit cell yields more reliable
results (see e.g. Example as the unit cell is periodic in both the horizontal and vertical
directions. This results in a sufficiently large number of coarse DoFs. The application of this 4-
noded unit cell to this problem on the other hand, only results in 10 coarse elements and 22 coarse



5.9. Numerical examples 193

(a) QUAD mesh 775 Hz (b) QUAD mesh 2700 Hz (¢) QUAD mesh 5500 Hz

(d) CVT mesh 775 Hz (e) CVT mesh 2700 Hz (f) CVT mesh 5500 Hz

Figure 5.71: Convergence of relative errors in pressures at excitation frequencies 775 Hz, 2700 Hz
and 5500 Hz.

DoF's (see "RVE1-0" in Tables and [5.24]). It is evident that this multiscale discretization only
yields reasonably correct results up to 6000 Hz. To improve mid-high frequency predictions, one
requires finer coarse scale discretizations.

However, one cannot simply do a classical h-refinement at the coarse scale as is traditionally
done. This is because the periodic nature of the underlying domain does not naturally allow for
arbitrarily small periodic unit cells. In such cases, one opts for p-refinement inspired strategies
instead, analogous to Example [3.6.1] Using the same edge refinement/node insertion strategy
proposed there, unit cells of the same geometry are generated, having 2, 5 and 10 subdivisions per
edge. These correspond to 8, 20 and 40 coarse nodes per unit cell as summarized in Table [5.23
The SAC curves obtained for the unit cells are represented by curves "RVE1-1”7, "RVE1-2” and
"RVE1-3” in Fig. [5.75al Appreciable improvement over the "RVE1-0” is noticed, in ascending
order of number of subdivisions per edge. The peak at 3000 Hz is progressively represented more
accurately and more realistic behaviour at mid-high frequencies > 6000 Hz is seen.

The SACs obtained by "RVE1-2” and "RVE1-3” in Fig. are practically equivalent. This
reveals that the method has converged for this particular choice of RVE. It is reasonable to
assume that no further appreciable improvement in behaviours at frequencies above 6000 Hz can
be expected with further edge refinement. The high frequency (10 kHz) downscaled pressure
contours associated with "RVE1-3" are shown in Fig. The contours obtained over a single
unit cell is also shown here for further clarity. The coarse nodes are denoted in bold. As expected,
appreciable deviations are observed when compared with the corresponding reference solution in

Fig. b.744]
The ability of the method to accommodate flexible, potentially non-convex RVE shapes is now
exploited. The current square unit cell is split horizontally into two as shown in Fig. [5.73(1I). It
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Label Periodic Type Coarse Nodes/ Fine Elements/ Unit Cell
Unit Cells RVE RVE Description
RVE1-0 1 I 4 2,500
RVE1-1 1 I 8 2,500 Convex
RVE1-2 1 I 20 2,500 Quadrilateral
RVE1-3 1 I 40 2,500
RVE2-0 2 I1 40 2,500
RVE2-1 2 IT 112 2,500 Non-Convex
RVE2-2 2 II 190 2,500 Polygon
RVE2-3 2 IT 272 2,500
RVE3-0 4 I11 60 2,500
RVE3-1 4 11 212 2,500 Non-Convex
RVE3-2 4 11 295 2,500 Polygon
RVE3-3 4 I11 373 2,500
Table 5.23: Unit cell configurations.
Label Total Coarse Total Coarse Total Fine Total Fine
Nodes Elements Nodes Elements

RVE1-0 22 10 49,644 25,000

RVE1-1 53 10 49,644 25,000

RVE1-2 146 10 49,644 25,000

RVE1-3 301 10 49,644 25,000

RVE2-0 333 20 49,644 25,000

RVE2-1 951 20 49,644 25,000

RVE2-2 1601 20 49,644 25,000

RVE2-3 2381 20 49,644 25,000

RVE3-0 493 40 49,644 25,000

RVE3-1 1695 40 49,644 25,000

RVE3-2 2478 40 49,644 25,000

RVE3-3 3194 40 49,644 25,000

Table 5.24: Global mesh information for the six unit cell configurations.



5.9. Numerical examples 195

(a) QUAD mesh 775 Hz (b) QUAD mesh 2700 Hz

Figure 5.72: Convergence of relative errors in pressures at excitation frequencies 775 Hz, 2700 Hz
and 5500 Hz.

Figure 5.73: Coarse elements chosen and proposed as future extensions.

is to be noted that here the unit cell shape implicitly accounts for the rigid inclusion. Owing to
the prevalence of curved boundaries for these elements, one needs multiple coarse nodes per edge
even at a low fidelity setting to faithfully capture the coarse element geometry. The number of
coarse nodes per unit cell involved are shown in Table |5.23[ under Labels "RVE2-07, "RVE2-17,
"RVE2-2” and "RVE2-3”. The associated SAC contours are provided in Fig.

A significant improvement in the SAC computation is observed here. The peak at 3000 Hz
is more accurately captured and the high-frequency responses are predicted more realistically.
The curves "RVE2-1", "RVE2-2" and "RVE2-3” correctly capture the peak at 3000 Hz and also
replicate the increasing trend beyond 6000 Hz. However, the sound absorption is still under-
predicted at higher frequencies. The similarities in "RVE2-2" and "RVE2-3” reveal the solutions
have converged for this RVE choice. No further improvements in the solution can be reasonably
expected with increasing the number of coarse nodes. The pressure contour offered by "RVE2-
3”7 at 10 kHz is provided in Fig. [5.74d Once again, the deviations from the reference contour

(Fig. |5.74al) is noticeable.

To achieve further improvements in accuracy, one seeks to augment the coarse scale discretiza-
tion even further by splitting the two unit cells vertically to obtain 4 periodically repeating coarse
elements. This is illustrated in Fig. [5.73(I1I). As before, four fidelity schemes are considered.
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(b) MS-QUAD LIN

(a) VEM

(¢) MS-CVT LIN

(d) MS-QUAD 0OSC

Figure 5.74: Pressure contours at f = 10 kHz.
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(a) QUAD mesh 775 Hz (b) QUAD mesh 2700 Hz (¢) QUAD mesh 2700 Hz

Figure 5.75: Convergence of relative errors in pressures at excitation frequencies 775 Hz, 2700 Hz
and 5500 Hz.

These are detailed as "RVE3-0”, "RVE3-17, "RVE3-2” and "RVE3-3” in Tables and
The relevant SACs are shown in Fig. [5.75d Here, a near perfect fit with the reference solution is
obtained at all frequencies using "RVE3-3". The pressure contour at 10 kHz as generated using
"RVE3-3” is given in Fig. [5.74dl The contour is practically identical to Fig. [5.744]

5.9.4 Highly heterogeneous poroelastic domain

Manufacturing limitations can introduce uncertainties in the underlying material configuration
of a porous material. Such heterogeneities can play a significant role in affecting its absorption or
transmission behaviour. This example investigates the ability of the MsVEM and reduced basis
MsVEM to provide accurate and efficient simulations of such materials.

Figure 5.76: A poroelastic domain with an anechoic backing subject to plane-wave acoustical
excitation p at normal incidence.

A rectangular poroelastic domain of dimensions 57 mm x 57 mm is subjected to a plane
wave acoustic excitation at normal incidence. The lateral edges are given roller supports and an
anechoic termination is provided at the rear. This setup is illustrated in Fig. 100 equally
space frequency steps are considered within the range [20,5000] Hz for the excitation.

The Young’s modulus and static airflow resistivity are treated as random fields. This example
illustrates the performance of the above mentioned methods for a single realization. The cor-
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responding fields are respectively shown in Fig. |5.77. The remaining material parameters are
homogeneously distributed and summarized in Table [5.25]

(a) (b)

Figure 5.77: @ Randomly sampled heterogeneous Young’s modulus field, @ Randomly sampled
heterogeneous resistivity.

¢ [675%) A N v Ns P

m m - - kg-m™

0.99 1.01 98x107° 1.96x 10—4 0.44 0.1 8

Table 5.25: Homogeneous macroscopic material parameters

The domain is resolved with two meshes, detailed in Table Mesh A contains 22,500
CVT elements. The multiscale mesh (Mesh B) comprises 100 coarse CVT elements. Each coarse
element subsequently clusters 225 fine CV'T elements within its interior.

The displacement contours as evaluated by the VEM over Mesh A and the MsVEM (with
oscillatory boundary conditions) over Mesh B are displayed in Figs. [5.78a] and |5.78b|, respectively.
The contours as calculated by the Reduced Basis MsVEM (RBMsVEM) are also provided in
Fig. [5.78c Similarly, the corresponding pressure contours are provided in Fig. [5.79, A good
agreement is observed between all methods.

The Sound Transmission Loss (STL) coefficient obtained across the spectrum is provided in
Fig. [5.80f The STL curve corresponding to the MsVEM and RBMsVEM are observed to be
practically identical to the VEM STL curve.

The computational run times incurred at critical bottlenecks by the three methods are provided
in Fig. [5.81] The data provided herein has been averaged over three runs. The total time taken by
each method is given in Fig. [5.81al This is divided into preprocessing, solving and postprocessing

Full Mesh (Mesh A) Multiscale Mesh (Mesh B)
- - Macro Micro
Elements Nodes Elements Nodes Elements Nodes
22500 44918 100 201 225 449

Table 5.26: Number of elements and nodes contained in each mesh.
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(a) VEM (b) MsVEM (¢) RBMsVEM

Figure 5.78: Net displacement contours ||u|| at 5000 Hz.

(a) VEM (b) MsVEM (¢) RBMsVEM

Figure 5.79: Pressure contours, i.e., textp at 5000 Hz.

phases. The time taken for different operations in the preprocessing phase is highlighted in
Fig.[5.81b] This comprises entirely of assembling operations for the VEM. The multiscale methods
consist of an additional operation where multiscale basis functions are evaluated. The upscaling
procedure is included within the assembly times here. Finally, the time required by the RBMsVEM
to calculate the high-fidelity snapshot matrix, perform the SVD and obtain the POD basis is
accounted for in the label ”POD Basis”.

It can be seen from Fig. that the total pre-processing time taken by the MsVEM and
RBMsVEM is significantly lower than the VEM. The reduced basis procedure proves to be rela-
tively inexpensive, and noticeably accelerates computation of multiscale bases. The upscaling and
assembly procedure costs incurred by both multiscale methods are comparable.

Fig. shows that the spectral solution procedure is the primary bottleneck in fine-scale
methods. This costs incurred at this phase by the multiscale methods is nearly negligible (1.46
s and 1.59 s for the MsVEM and RBMsVEM, respectively). The downscaling phase, where fine
scale information is retrieved, is comparable in both multiscale methods, as evidenced by the
postprocessing times. This operation is non-existent in the VEM, where acoustic indicators can
directly be computed after solving.

The MsVEM and RBMsVEM offer speedups of 7.75 and 11.97, respectively, over the VEM
solution. Further, the RBMsVEM offers a speed of 1.55 over the MsVEM.
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Figure 5.80: Sound Transmission Loss coefficient as calculated with the VEM, MsVEM and
RBMsVEM for the heterogeneous realization shown in Fig. [5.77]

(a) (b)
Figure 5.81: m Total time taken, |(b)| Time taken for preprocessing.

5.10 Summary

The MsVEM is introduced as a novel alternative to the MsFEM. The VEM as developed
in Chapter |3| is introduced into the fine scale of the MsFEM to allow for flexible meshing op-
portunities. The optimal convergence behaviour of the method with respect to elastostatic and
poromechanical problems is first demonstrated in Examples [5.3.1}, [5.5.1| and [5.9.2] The ability of

the method to handle different fine scale mesh types for homogeneous and heterogeneous problems
are verified in Examples [5.3.2] and [5.3.4, This flexibility is further exploited in Example to
significantly drive down costs in relation to the MsFEM.

Relaxed meshing options are translated across all scales by extending the method in Section
to account for coarse-scale polygonal (non-convex) discretizations as well. The new coarse-
scale flexibility is applied to complicated geometries to drive down computational complexity
in Examples [5.5.3| and [5.9.3] Oscillatory boundary conditions are introduced as an alternative to

linear, periodic and oversampling strategies to compute multiscale basis functions in Section [5.4.1
The accuracy and efficiency of this development over the other standard boundary conditions is
demonstrated in Example [5.5.2]
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A Parametric Model Order Reduction (pMOR) scheme based on the POD is introduced at
the fine scale for the first time in Section to develop a novel Reduced Basis Multiscale Vir-
tual Element Method (RBMsVEM). This is used to further accelerate multiscale basis function
computations for coupled spectral problems in Examples [5.9.1] and [5.9.4]

The MsVEM is currently restricted to 2-D domains. Extensions to account for 3-D geometries
is a work in progress.
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Chapter 6

Conclusions and Future Research

6.1 Conclusions

Figure 6.1: A fidget-spinner shaped poroelastic domain with a highly heterogeneous material
definition. (a) Coarse-scale CVT mesh, (b) Example coarse-clement defining an RVE with a
fine-scale CVT mesh, (¢) Example fine-element contained within the RVE.

A novel computational method, i.e., the Multiscale Virtual Element Method (MsVEM) is de-
veloped in this thesis to describe mechanical and vibroacoustical phenomena in poroelastic media.
A schematic of the method is provided in Fig. [6.1]

In this setting, the Virtual Element Method (VEM) is employed at the fine scale as an alter-
native to classical Finite Element Methods (FEM). The resulting meshing versatility allows for
enhanced efficiency with respect to resolving complex inclusions, boundaries, interfaces and waves.
Further advantages such as robustness to mesh distortion, ability to naturally accommodate non-
conforming domain interfaces and a reduced number of quadrature points, make the VEM a very
attractive alternative to conventional discretization approaches.

The proposed method is originally developed initially for elastostatics. Mesh sensitivity analyses
show that the method converges at an optimal rate for different fine-mesh types, even in the
presence of large heterogeneities. An intelligently chosen fine-scale polygonal discretization is
chosen to exploit the power of the VEM to significantly drive down costs associated with computing
multiscale basis functions, without affecting the accuracy of the results.

Following this, a mixed-VEM schema was proposed for discretizing the Biot consolidation equa-

203
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tions. The multiscale framework is extended to account for two-phase coupled phenomena. The
mixed-VEM is inserted into the fine scale. Fine-scale mesh flexibility induces flexible coarse-scale
element geometries as well. The method is generalized to accommodate polygonal (potentially
non-convex) elements at all scales, for the first time. Optimal convergence rates are observed
for the coupled MsVEM, even in the context of non-standard global geometries. The influence
of kinematical constraints on the accuracy of numerically evaluated multiscale basis function is
investigated by comparing linear, periodic and oscillatory conditions. Periodic boundaries offer
greater accuracies than linear boundary conditions when geometrical periodicity is available. In
the case of the unstructured coarse domains, periodic constraints are not possible to implement.
In homogeneous cases, oscillatory conditions reduce to linear constraints. In the case of heteroge-
neous problems, the oscillatory boundaries are shown to provide superior accuracy, at a marginally
higher cost.

Next, a mixed-VEM scheme is originally developed to treat wave propagation in poroelastic
materials. The method is observed to converge optimally at low, mid and high frequencies. The
reduced quadrature requirements mentioned earlier are exploited to mimic p-refinement strategies
commonly use in computational acoustics to resolve high frequency waves. The subsequent cost
advantages are highlighted. The enhance mesh flexibility is used to resolve non-conforming inter-
faces through a node-insertion algorithm. The classical isotropic VEM stabilization scheme may
not scale appropriately in the presence of elements with non-standard aspect ratios. An alternate
non-isotropic VEM stabilisation scheme is investigated and comparisons are made. Although the
differences are not highly significant, such deviations may become prevalent in more extreme cases
of mesh distortion.

The coupled multiscale framework is now extended to the frequency domain through a Fourier
transform, to obtain a novel MsFEM for wave propagation in porous media. Accelerations achieved
in comparison to the FEM are given in the context of porous composites. Further, the mixed-
VEM for wave propagation is incorporated into the fine scale. The resulting MsVEM is found
to converge at optimal rates across the frequency bandwidth. The convergence behaviour is
primarily dependent on the coarse scale discretization. Conversely, the fine-scale discretization is
found to not play a significant role in affecting absolute errors or error convergence rates in the
case of homogeneous problems. The flexibility of the method is exploited in accurately simulating
the vibroacoustic response of a porous material with rigid inclusions, at significantly reduced
computational run times.

Owing to the non-linear dependence of the governing equations on frequency, the multiscale
basis functions need to be repeatedly evaluated at all frequency steps. A Singular Value De-
composition (SVD) based Proper Orthogonal Decomposition (POD) approach is used at the fine
scale to speed up this procedure. Computational benefits resulting from the novel Reduced Basis
Multiscale Virtual Element Method is shown for a heterogeneous porous material. An economical
variant of the SVD is used to control bottlenecks associated with computing the POD bases.

6.2 Limitations and extensions

The following are some research directions that can further improve the work discussed in this
thesis:
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1. 3-D extensions: The MsVEM discussed herein is current applicable only to 2-D scenarios.
This is because, the state of the art VEM literature primarily deals with employing this
method in novel 2-D applications. The 3-D counterparts are relatively sparse [100}|189].
The limitation is further augmented by the unavailability of robust polyhedral meshing
algorithms. However, such a mesher has been made available very recently in [339]. This
will prove invaluable in developing the method to handle more complex problem instances.

2. Constitutive Modelling

e Pore-fluid: The Biot u — p formulations used throughout this thesis for characteriz-
ing poromechanics and wave propagation is restricted to a two-phase medium, i.e., an
elastic skeleton composed of a single grain, fully saturated by a single pore-fluid. While
consolidation problems admit different pore-fluids, e.g., air, water etc., the material
models used for acoustic wave propagation currently only admit air. This is reflected
in the macroscopic mechanics through a weak coupling, i.e., a one way influence of
the skeleton on the pore-fluid. The weak-coupling hypothesis does not necessarily
hold when describing other pore-fluids. Relaxing this assumption within the numerical
scheme can prove useful in studying wave propagation through water saturated me-
dia. Further generalizations to partial saturated materials, multiphase media [22}23] is
another interesting future task.

e Solid skeleton: All composite materials discussed in this work are isotropic. This is
because of a fundamental limitation of the u — p coupled framework in accounting for
anisotropies. Generalizing the MsVEM to work with alternate formulations, such as
the u — U or u — w will help remedy this shortcoming.

e Material and geometric non-linearities: The materials used in the elastostatics
and consolidation problem assume a constant small-strain linear-elastic constitutive
law. This is restrictive, and not realistic when considering large deformation problems.
Extensions of the MSFEM to non-linear problems have already been done in [8]. Time
varying porous material parameters depending on an evolving microstructure has been
developed in [340,341]. These developments can be used in the future within an MsVEM
framework to widen the scope of applications.

3. Locking: Shear and volumetric locking is a well documented phenomena in low order
poroelastic finite elements [342]. This thesis does not address these effects as they are
not prevalent in the kinds of applications considered herein, as evidenced by the numerous
examples presented. However, it is important that the a locking free VEM, as done in
[343-345], be integrated into the MsVEM for further extensions.

4. Boundary Conditions: The TMM is used throughout this thesis as a verification tool
for vibroacoustic applications. It assumes an infinite lateral dimension. This is currently
reproduced in a numerical methods context by considering a very large lateral dimension. A
more computationally efficient way to do this is a Floquet-Bloch periodic boundary condition
[195] (see Section [4.5|for a detailed explanation). Further, all acoustic excitations considered
here fall within the regime of plane waves. More general cases such as point excitations
and spherical wavefronts cannot be handled at present. This is because, the Robin-type
impedance boundary conditions, employed at the rear face in transmission loss problems,

can employ only monochromatic angles of incidence (see Eq. (2.144))). This is addressed by
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implementing absorbing/non-reflecting boundaries at the rear, such as the Infinite Element
Method (IEM) or Perfectly Matched Layers (PML) [3514355]. These technologies
admit polychromatic angles of incidence and mimic anechoic termination. The IEM achieves
this by integrating Sommerfeld far field radiation conditions REF into semi-infinite boundary
elements. The PML achieves this by artificially introducing anisotropic dissipation into the
absorbing layer. This dissipation is gradually varied so as to not cause numerical wave
reflection due to any impedance mismatches (hence the label ”Perfectly matched”). The
PML has already bee implemented. The IEM is currently a work under progress.

5. Reduced Basis POD: The POD employed at the fine scale (see Section has signif-
icant scope for improvement. It is currently limited to material distributions with a low
Kolmogorov width, i.e., relatively low parametric manifold complexity. Using the Reduced
Basis MsVEM in the case of materials with significantly higher oscillations in the underlying
morphology requires more sophisticated approaches, e.g., ,. This is a useful future
avenue for exploration.

6. Methodological Limitations:

e Virtual Element Methods: The VEM, while able to accurately resolve singularities
and strong discontinuities induced by crack propagation, still requires very fine dis-
cretizations to handle asymptotic fields and stress intensity factors generated at crack
tips. This is handled more efficiently by XFEM/PUFEM through crack tip enrichment,
and by SBFEM through exploiting analytic expressions along the radial direction [356].
Another limitation posed by the method pertains to its reliance on stability approxima-
tions. Appropriate scaling and dependence on material and geometric parameters are
normally estimated a posteriori through engineering judgment. Establishing rigorous
theoretical a priori bounds remains a topic of active research. Consequently, this has
become a significant point of debate between the VEM community on the one hand
and the PFEM and SBFEM community on the other.

e Multiscale Finite Element Methods: The MsFEM does not provide locally conser-
vative solutions . As a result, they cannot be directly applied to solve multiphase
porous media transport problems . Alternate methods such as the Mixed Multi-
scale Finite Element Method , the Variational Multiscale Method and the
Multiscale Finite Volume Method have been developed to address this shortcom-
ing.

6.3 Future applications

The following contains several interesting future applications of the MsVEM that are not im-
mediately related to the contents of this thesis:

6.3.1 Topology Optimization

Designing optimal shapes and layouts for engineering structures have traditionally been done
through informed judgement. This includes expert intuition, trial-error and improvements based
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on previous design iterations. The advent of numerical techniques and powerful computational
resources have led to more efficient methods, that can yield superior designs. One such method, i.e.,
structural topology /shape optimization, originally introduced in [361}362], involves searching for a
topology that extremizes a desired performance indicator. This is numerically done by identifying
an optimal material/void distribution in the underlying finite element structure. However, the
complexity of the problem can quickly render most exact optimization techniques prohibitively
expensive.

Heuristic approaches address this problem by delivering solutions sufficiently close to the global
optima within a reasonable time. It is to be noted that these techniques do not guarantee global
optima. Two universally used heuristic approaches in topology optimization are the Solid Isotropic
Material with Penalisation (SIMP) [363-366], and Level Set Methods (LSM) [367-369]. The SIMP
employs a penalty based interpolation scheme to describe intermediate properties between the
chosen materials and void. Further, gradient based strategies such as the Method of Moving
Asymptotes (MMA) [370] is used to achieve near-optimal designs. The LSM deploys a scalar
valued field describing the design domain. The boundaries of the topology are determined by iso-
contours of this field. New topologies are initiated through hole-nucleation techniques. The scalar
field is subsequently optimized to yield improved designs. These methods while very powerful, are
nevertheless highly dependent on the initial configuration. As these approaches rely on gradient
based techniques, it is quite likely that the final converged topology might be constrained to a
local optimum. Traditionally, this shortcoming is mitigated by performing the optimization for a
large family of randomly sampled initial configurations.

An alternate family of topology optimization techniques, collectively called evolutionary topol-
ogy optimization, addresses this limitation by using gradient-free methods, e.g., genetic algo-
rithms [371},372], Covariance Matrix Adaptation Evolution Strategies (CMA-ES) [373,374], dif-
ferential evolution [375,376], tabu search [377,]378| etc.

Classical structural topology optimization applications have revolved around compliance mini-
mization problems [379-382]. Extended applications to other relevant engineering problems have
been reviewed in [383,1384]. Acoustic topology optimization is an emerging field [385-398] and
primarily uses the SIMP and LSM. Evolutionary optimization techniques are virtually unexplored
in this domain (see e.g., [399]).

Different gradient-based and gradient-free algorithms are novelly applied to a multi-layer acous-
tic optimization problem in [400] and propose design solutions with regards to maximizing sound
absorption. Next, these techniques are applied to an acoustic topology framework in [401], to
study the quality and efficiency of the solutions delivered by each method.

There exists a large scope for reducing the size of the problem. The MsFEM with 4-noded
quadrilateral and 8-node hexahdedral coarse elements have been used to accelerate structural
topology optimization problems in [402-404]. The MsFEM with multi-noded coarse-elements has
been deployed within a SIMP and LSM framework in [405]. The parallelisability of the MsFEM
makes it a highly attractive choice for efficient topology optimization procedures.

The advantages of flexible unstructured meshes over structured quadrilateral meshes has been
extensively demonstrated in [62},406,407]. To this end, work is currently being done to apply the
multi-node MsVEM to SIMP and LSM frameworks for treated compliance minimisation problems.
Extending the method to acoustic topology optimization is a valuable future stake.
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6.3.2 Condensed models for vibroacoustics of multi-layered structures

As pointed out in Example [3.6.2] multi-layered systems offer improved weight, stiffness and
dissipation properties, thereby augmenting noise and vibration isolation behaviours. A large
number of theoretical frameworks have developed to simulate the dynamic response of such ma-
terials [408-414}414-416]. Among these, condensed plate models (alternative called equivalent
models) [417-422] replace the entire multilayer system with a single layer comprising equivalent
dynamic properties, namely the dynamic bending stiffness Doq(w) and dynamic mass density
Peq(w). This provides definitive cost related advantages when implemented within a numerical
scheme [423] .

Up to this point, all condensed plate models employ plate elements to describe the mechanics
of the single equivalent layer. These include the Love-Kirchhoff theory [424,425] for thin plates
and Reissner-Mindlin theory [408,409,/426| for thick plates. Since these theories assume a constant
normal displacement, they account only for anti-symmetric modes, i.e., bending and shear. Mem-
brane modes are relatively insignificant in flat structures; although, these modes can, in principle,
be captured by deploying shell elements instead of plates. None of these models can describe
symmetric motion, i.e., compressional or dilational modes. This is undesirable as such modes
can be excited even at low frequencies, especially in double-walled partition windows in building
applications. This drawback is addressed in [427] through a novel theoretical condensed model.

A condensed finite element scheme is proposed for the first time in [428], using the equivalent
properties developed in [427], to accurately simulate all relevant dynamic modes of symmetric
multilayered systems. These include symmetric and antisymmetric modes. The equivalent layer
is modelled using two degenerate MITC4+ Reissner-Mindlin shell layers [429,430]. The two shells
are appropriately coupled to each other using Lagrange Multipliers. In addition to accurately
forecasting the vibroacoustic behaviour of the system, significant reductions in computational
time. when compared with 3-D hexahedral discretizations, are also demonstrated.

The numerical scheme developed by us in [428] is currently applicable only to symmetric, flat
multi-layered structures. Extending the approach to account for asymmetric configurations with
curved geometries is an important future development. The extension is currently not straight-
forward as curvature introduces coupling between symmetric and anti-symmetric behaviours.

6.3.3 Random vibroacoustics in porous media

All sound propagation problems addressed in this thesis concern monochromatic stationary
excitations. Consequently, solving these problems in the frequency domain proves very simple and
efficient. However, there are several applications that are not amenable to a frequency domain
treatment. These include polychromatic excitations such as ambient noise [431,432], random
vibroacoustics [433-435], characterisation for medical purposes through inverse problems [436,437]
and scenarios involving transient wave propagation, e.g., earthquake [438]/439], wind [440,441] and
ocean engineering [442,1443]. A time-domain approach is necessary for studying these phenomena
in detail.

Mapping the relevant frequency domain equations to the time domain via an inverse Fourier
transform poses some interesting challenges. The parameters characterizing the medium of prop-
agation are almost universally known only in the frequency domain [12]. This is attributed to
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historical reasons and the relative ease of modelling dissipation with respect to frequencies. Con-
sequently, the ensuing time domain equations also contain frequency dependent content. This
is widely encountered in soils, fluids etc. [444-449]. The dissipation models can range from
quite simple, e.g. Kelvin Voigt, Maxwell models [450,451] to highly complicated functions of
frequency [12,17,[452]. Solving time-domain equations containing such frequency-dependent state
matrices is not possible.

This limitation is addressed in the signal-processing literature by employing digital filters [453-
460]. The response Power Spectral Density (PSD) is approximated by a cascade of linear filters.
These filters contain frequency-invariant state-matrices. As a result, the filter approximation can
be mapped to the time-domain and readily solved in a straightforward manner. The cascade filter
approximation technique is currently being applied to treat the case of rigid skeleton porous media
subject to stochastic excitations, e.g., white-noise and solving the resulting frequency-invariant
time domain equations with an augmented state-space approach [461].

An alternate powerful approach concerning fractional derivatives [462-465] has been applied to
describe the damping behaviour of viscoelastic materials [466,467] and of transient wave propa-
gation in porous materials [468-472]. The porous media fractional derivative models only address
low frequency and high frequency asymptotic limits for ease of presentation. However, this is
insufficient for uniform PSD stochastic excitations such as Gaussian white-noise. At present, this
knowledge gap is being addressed by developing a generalized fractional calculus model capable
of describing transient wave propagation in rigid skeleton porous media. This model is intended
to hold validity over the entire excitation spectrum.

Both the filter state space approach and the generalized fractional calculus approach are current
restricted only to porous media with rigid skeleton assumptions. Extensions to poroelastic media
is an important future area of research. Further, both methods prove very expensive in the case
of systems with large number of DoF's. This is because the augmented state space representation
drastically increases the number of unknowns by adding additional states. Furthermore, the
finite difference scheme used to solve fractional stochastic differential equations is recursive in
nature, and proves expensive at fine discretizations [473,/474]. For these reasons, it is currently
not possible to quantify the response of materials with more complex layouts, i.e., inclusions,
interfaces, heterogeneities etc. to random excitations. The MsVEM developed in this thesis is
expected to function as a valuable model order reduction tool to significantly dive down these
computational costs.

6.3.4 Fractures in composite materials with mesoscale inclusions

Particle reinforced composite materials are broadly deployed in modern aerospace, automo-
tive, and construction applications [475-477|. This is due to their proven superior mechanical
properties over conventional materials. A drawback of composites is their typically complex and
in cases tessellated geometry at the mesoscale; this gives rise to combined damage mechanisms,
e.g., matrix cracking, particle fracture, debonding that deviate from the typical “high strength
and ductile metal” paradigm. However, if harnessed, this complexity can result in components
of tailored properties, e.g., of increased fracture toughness and pseudo-ductile post fracture re-
sponse. Additive manufacturing nowadays provides the means for generating exotic designs. Yet,
the flexibility provided by manufacturing also poses a series of challenges vis-a-vis the numerical
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simulation of material layouts. Accounting for complex morphologies of the heterogeneities en-
compassed by a representative volume element (RVE) using traditional element geometries, e.g.,
quadrilateral and triangular elements, may necessitate quite fine and difficult to generate meso-
scopic mesh discretizations, thus driving up the corresponding analysis costs. Allowing for more
flexible, even non-convex, element topologies can significantly alleviate this shortcoming.

The application of the VEM to resolve fractures propagating in particle composites with
mesoscale inclusions of arbitrary geometries is currently being explored. To this end, a phase
field model is employed to robustly model fracture. The accuracy and efficiency of polygonal
elements against the standard finite element method is being examined by conducting a series
of numerical experiments on randomly generated RVEs. Providing a generic description also ac-
counting for cohesive failure at interfaces is a work in progress. Applying the MsVEM as an
acceleration tool is also a useful future avenue of work.

6.3.5 Data driven modelling

Obtaining optimal multilayer configurations and topologies for an absorption problem as done
by us [400,401] is an expensive procedure. The complexity of the multilayer problem is significantly
reduced by employing our condensed model as proposed in [428]. However, this condensed model
is currently restricted to physically symmetric configurations only. To further accelerate such
iterative procedures without these restrictive assumptions, one can train a surrogate model to
generate near instantaneous solutions.

Training the model is a major bottleneck, as significantly large number of high-fidelity solutions
are required as a training set. All model reduction strategies proposed in this thesis, such as the
MsVEM and reduced basis methods are currently being investigated as potential solutions to
alleviate the costs associated with this operation.
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