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Chapter 1
Introduction

In this thesis we will study some mathematical properties related to the micro-
magnetics of thin films. Micromagnetics is the study of ferromagnetic materials
at length scales large enough so that we can ignore the atomic structure of the
material (and so the quantum effects) but small enough (typically at the level
of sub-micrometers) that interesting patterns and microstructures arise. The
behaviour of a ferromagnetic body w C R? is described by a 3-dimensional unit
vector field m : w — S?, called the magnetization, whose stable states correspond
to the local minima of the following energy functional, called the micromagnetic

enerqgy:

E (m) :d2/|Vm|2dx+/Rg|VU|2dx—|—Q/go(m)dx—/m-hextdx. (L.1)

1. The first term is the exchange energy, which penalizes spatial variations of
the magnetization on the length scale of the exchange constant d. This is
an intrinsic parameter of the material, of the order of nanometres. This
energy term models the tendency of electron spins to align in a constant

direction.
2. The second term is the stray-field energy (also called the magnetostatic
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energy) and it is the energy of the magnetic field generated by the magne-
tization m in the whole space. The stray-field potential U : R® — R is a

solution to the static Maxwell equation:

V- (VU +ml,)=0 in R (1.2)

We can express this in a different way saying that the stray field —VU
is the L? Helmholtz projection onto the gradient fields of the magnetiza-
tion (extended by 0 outside of w). The magnetostatic equation favours
divergence-free magnetizations: indeed, if m minimizes the magnetostatic
energy this implies that the corresponding stray-field potential is harmonic.
Now equation (1.2) implies that m is divergence-free. We furthermore
notice that this term is non-local, which adds further complexity to the
problem, compared to the case of the Ginzburg-Landau energy, which is

local.

3. The anisotropy energy @ fw ¢ (m) dx models the tendency of the magne-
tization to align along special directions which depend on the crystalline
structure of the material. The latter is described by the function ¢ (which
is usually polynomial and whose zeroes represent the favoured directions
for the magnetization, called, depending on the dimension of the zero set,
easy axes or easy planes). Its strength relative to the the other energy
terms is controlled by the quality factor (). We distinguish between soft
(Q < 1) and hard (Q > 1) materials.

4. The last term is the Zeeman energy, which comes from the presence of an
external magnetic field h.,;. It models the tendency of the magnetization

to align with such field.

The energy functional of micromagnetics was first introduced by Landau and
Lifshitz [39] in 1935, even though the roots of micromagnetics as a proper field

of enquiry are to trace back to William Fuller Brown with the publication of his
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book ‘Micromagnetics’ in 1963 [10]. For a good introduction to micromagnetics
from a physical point of view we refer for instance to Arrott [4], which is very
thorough and displays a wealth of figures and graphs. Although the study of
micromagnetics from the point of view of physics dates back to more than 80

years ago, its mathematical treatment is much more recent.

The first analytical approaches to this subject where principally based on
finding solutions by minimizing the energy over a suitable class of ansatz fields:
as noted in [31], the classic example for this approach is the Stoner-Wohlfarth
theory of magnetic switching [50]. Another line of studies has approached the
subject from a computational point of view, which has been very successful in
its own way (we can recall for example the simulations of [24]). Both these
approaches have their advantages, but also their limitations: for example the
approach via an ansatz is limited by the correctness of such ansatz, and some of
the solutions obtained in this way have turned out later to be wrong (albeit still
informative on the behaviour of minimizers), as pointed out in [31|. The already
mentioned Stoner-Wohlfarth theory matches the experiments only in a very lim-
ited range, for very small particles. Numerical simulation can help overcome
some of the difficulties that the ansatz based approach presents, and has in fact
turned out to be a valuable instrument to answer a variety of specific questions
on patterns and microstructures. However, this also is limited in that it does
not provide a way to understand these phenomena: for instance it is not helpful
if we want to explain why such a variety of microstructure arises in different
regimes, for example why in some regimes we only have boundary vortices, and
no inner ones, or why in some other regimes we observe the formation of domain
walls. Therefore an analytical approach is needed to gain a deeper understand-
ing of some of the questions that the other approaches leave unanswered, and to
complement their findings. Sometimes the numerical simulation can give some
hints that can be confirmed through analytical means: this will be the content of

Chapter 6 where we prove rigorously the result that for a specific regime of thin-



film micromagnetics the so-called S state has lower energy than the so-called C
state, thus confirming the numerical experiments of Kohn and Slastikov [32]. An
interesting field of study in micromagnetics comes from the analysis of so-called
micromagnetic microstructures: these include vortices (both in the interior and
on the boundary), domain walls (see for example Kurzke et al. [38], Wang et al.
[56], Lund and Muratov [42] or Lund et al. [43]) and skyrmions (see for example

Troncoso and Nunez [54] and Walton [55]), to give some examples.

In this thesis we will focus on thin-films, that is we will consider domains
of the form w := w x (0,¢), where w C R? has diameter diam (w) = [ and ¢ is
very small (we will make this more precise below by specifying which asymp-
totic regime we will consider, see (1.10)). We see that, in its full version, our
problem is non-local (due to the stray-field energy), non-convex (due to the unit
length constraint on the magnetization) and it depends on four parameters, two
intrinsic, which are given by the material (the exchange length and the quality
factor), and two eztrinsic, which are determined by the shape of the sample (the
thickness and the diameter of the cross-section). In our study we will neglect
the effect due to anisotropy (i.e. we will assume ¢ = 0) and to the presence of

an external field (i.e. we will assume h,,; = 0).

Since we study thin films, a natural attempt is to try to reduce the full three-
dimensional model to a two-dimensional one, considering the limit in which
the thickness tends to 0 (for a brief introduction to some dimension-reduction
problems, see for example the excellent book by Braides [9, Chapter 14|, which
also provides a very good introduction to I'-convergence). We are neglecting
the effects due to anisotropy, therefore our problem is characterized by three
parameters, all of which have the dimension of a length: the in-plane diameter
[, the thickness ¢ and the exchange length d. We rescale with respect to the

diameter of the cross section to get the following two dimensionless parameters:



t d
h:= 7 (aspect ratio), n:= 7 (normalized exchange length). (1.3)

We also introduce the following new parameter £, which represents the core size

of a boundary vortex!:

,',/2

© 7 hflogh|

We then nondimensionalize with respect to the base diameter [, i.e. we consider

(1.4)

the new quantity x := ¥, where

X € Qy:=0x(0,h) CR (1.5)

C R? (by definition, this has diameter one), along with my, (X) =

where 2 = %

m (x), Uy, (x) = ;U (x). We then renormalize the energy as follows:

1

E =
() d*t|log ¢|

E(m). (1.6)

From now on, since we will only work with this energy, we will drop the hat for

simplicity and we will therefore consider the energy:

1

E -
n (my,) hllogel| Jq,

|Vmy, |2dx + (VUL dx, (1.7)

Phlloge] Jes
where the new quantities that we have introduced still satisfy all the relevant

properties, i.e.:

my:Q, — S AU, =V - (mylg,) in R’ (1.8)

It is the multi-scale nature of the problem, combined with its non-convex and

non-local character, which makes it so rich and interesting, since it exhibits a

LA boundary vortex is a small region of the boundary where the magnetization undergoes

a change from being almost parallel to being almost antiparallel to the tangent vector field.
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variety of patterns, according to the mutual relationships between these param-
eters. Because we are studying thin films, it is natural to consider regimes in

which h < 1.

e The first rigorous mathematical study of thin-films was conducted by Gioia
and James [21] in the regime in which h — 0 and 7 stays fixed (see also
Kreisbeck [33]). In this case the I'-limit is somewhat degenerate, because
it is minimized by all constant and in-plane magnetizations, so it does
not give much useful information, and also does not take into account the
shape of the sample.

e The regime h — 0 and 1? < @ has been studied by De Simone, Kohn,
Miiller and Otto [16]. Their main result is the I-convergence of the suitably
rescaled three-dimensional functionals to some two-dimensional reduced
energy, in the presence of a specified external field. This aims to reproduce
the gross features observed in experiments, where the magnetization does
not depend on the thickness direction, has no out-of-plane component and
is divergence free in the absence of an external field. They seek a reduced
theory with a single length scale. This approach is analogous to what we

will do in this thesis.

e Kohn and Slastikov [32|, drawing on work by Carbou [13], studied the two
cases where 2 > h|log h| and 1* ~ h|log h|, which correspond to very small

(soft) films and slightly larger ones respectively, with no applied magnetic
field.

In the former case the exchange energy is dominant and the resulting limit
magnetization is constant and in-plane. The magnetostatic energy reduces

to a local contribution on the boundary, given by |, a0 (M- 1/)2.

In the latter case the exchange and the magnetostatic energies compete

and the I'-limit functional is given by



1
E%g ::a/|Vm|2+—/ (m-v)?, (1.9)
0 27 Joo

/0

where o = limy,_,g #Zh\’ subject to the constraints mz = 0 and |m| = 1. In
this case, unlike in the work of Carbou [13] and Gioia and James [21], the
optimal m does not have to be constant, but the asymptotic contribution

of the magnetostatic energy is still given by a constant times |, a0 (M- 1/)2.

e The limit case for &« — 0 of LE% ¢ was studied by Kurzke [35]: the au-
thor shows the formation of boundary vortices and proves convergence of
minimizers. The fact that we observe the formation of boundary vortices
is due to the fact that there is no m € H'(€,S') such that m - v = 0
on 0f) if € is simply connected. The leading order term in the energy
expansion is related to the number of vortices. The author also shows that
the first non-singular term of the energy is given by a renormalized energy
which depends only on the position of the vortices and their degrees, and
describes the interaction of the vortices. The gradient flow corresponding

to this energy was studied by the same author in [37].

e The regime 7> = O (h) was studied by Moser [44, 45]. The author studies
convergence of minimizers in suitable spaces and finds an explicit represen-
tation for the limit function with boundary vortices, and provides equations
satisfied by the limit. In [45] he also studies the dynamics of such vortices,

i.e. he studies solutions of the corresponding Landau-Lifshitz equation.

e In a paper soon to appear, Ignat and Kurzke [25] proved rigorously the
connection between micromagnetics and the model studied by Kurzke [35]
in the regime in which n,h < 1 and h < n* < h|log h| for a C*! domain.

In this thesis we will prove the same results for rectangular domains.

In this thesis we will work in the same regime considered by Ignat and Kurzke [25]
of thin-films (i.e. in which h < 1), where we expect the energy to concentrate

around boundary vortices. More precisely we consider the following regime:



1
h 1 d — 1 1.10
n,h < an Tog Le k1, (1.10)

where 7 = n(h) and € = ¢ (h) are defined as in (1.3) and (1.4). Multiplying
by hl|logh| we see that the second relation in (1.10) is equivalent to h < n? <
h|log h|, from which we can conclude that |log h| ~ |logn|. We can then rewrite

the regime in terms of the new parameters ¢ and 7 as:

1
n<l and — <KLk (1.11)
[log 7|

1.1 Overview of results

The main focus of this thesis is the study of micromagnetic properties of rectan-
gular thin-films. We will study the regime for the parameters defined in (1.10)
and show that the full energy (1.1), which is vector-valued, non-local, and defined
on a three-dimensional domain (the thin-film) can be replaced by a scalar-valued,
local energy defined on a two-dimensional domain (the base of the thin-film),
namely the energy studied by Kurzke in his PhD thesis [34]. We consider a family
m, of magnetizations of bounded energy, i.e. for which lim sup,,_,, E (my) < 0.
In Chapter 2 we show that we can reduce our three-dimensional model to a local
model in two-dimensions, by averaging the magnetization in the out-of-plane
direction, in a way that does not increase the energy asymptotically. More pre-
cisely, we introduce a new so-called reduced energy E), and we show that the
reduced energy of the averaged magnetization (which we denote by my,) and the
micromagnetic energy of the original family of magnetizations are close asymp-
totically, or in other words Ej, (my,) > E}, (m},)—o(1) as h — 0. The key element
in this proof is to replace the non-local magnetostatic energy with a local one
which does not depend on the out-of-plane component of the magnetization and

which has the form:
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! (/Qi(l—\mh\?fdywL (mh-y)zdﬂl).

llog €| n? 21e Joq
In the Chapter 3 we then proceed to show that we can replace the averaged
magnetization (or more precisely the in-plane component thereof) by a unit
length vector M}, again in a way that does not increase the energy asymptot-
ically (here we do not need to introduce any new energy, we just compare the
reduced energies of the averaged magnetizations and the corresponding unit-
length vectors). This makes the first term in the reduced magnetostatic energy

vanish and leaves us with (modulo a multiplicative factor of |log¢|):

1 _ 2
2me a0 (mh V) H

By considering now functions u. such that M), = e and ¢ such that the

tangent vector 7 can be written as 7 = €9 we can rewrite this term as:

1 9
— i . —g)dH!
2€8sm(u g)dH’,

and we recover the functionals that have been studied before by Kurzke in his
PhD thesis [34] and subsequent articles (see for instance [35], [37], which we go
on to study in Chapters 5, 6 and 7. We first prove lower and upper bounds for
the energy of minimizers in rectangles in Chapter 5, which we use in Chapter 6 to
prove convergence of minimizers to harmonic functions with boundary jumps in
the corners. In the same chapter we also prove an energy expansion for such limit
functions and prove that a certain limit configuration (the so-called S state) has
minimal energy: we do this by proving an explicit expression for the energy in
the different configurations, which we can then compare. In Chapter 7 we prove
second order lower bounds for the energy: to do this the crucial result needed
is a uniqueness theorem for solutions to the Euler-Lagrange equation (properly

rescaled) in a neighbourhood of a corner. The rescaled equation in a quadrant
Q:={z,y >0} is

11



Au=20 in @

g—“:lSmQu on =20
v 2

9u — _Llgin2y on y=0
ov 2 y ="V

We know a particular solution of this, namely the function

y+1
= arct .
u (z,y) := arctan (:E—I— 1)

Our uniqueness result says that given some suitable conditions (more about this
in Chapter 4) this solution is unique. These conditions appear naturally in
Chapter 7 where we apply this uniqueness result, and so are entirely reasonable
to assume. This is the main result of Chapter 4, where we also prove an energy
expansion for such a solution. At the end of Chapter 7 we then return to the
full model in three-dimension and prove lower bounds for the full micromagnetic
energy. For a sequence m; with uniformly bounded energy (i.e. such that

lim sup;,_,o £, (my) < C) we have the lower bound

liminf £, (my,) > 27.
h—0

We can also prove a second order lower bound in the more restrictive regime (see
Chapter 7 for more about this), in terms of a finite dimensional renormalized
energy. We then construct suitable recovery sequences that allow us to formulate
a ['-convergence result for the full energy. More precisely we can construct a
sequence My, € H' (Q,;S') such that

lim Eh (Mh) = 27.

h—0
With this we conclude our analysis of micromagnetics in rectangular thin
films. In the last chapter — unrelated to the rest of the thesis — we prove a single
multiplicity result for boundary vortices for the scalar functionals studied by

Kurzke [35]. In his work he proved that the degree of vortices for minimizers

12



can only be +1. We prove that, under the assumption of a logarithmic upper
bound for the energy, the same result holds true for critical points which are not

minimizers.

1.2 Examples

In order to better understand interior and boundary vortices and to see why we
expect that in the case that we consider there will only be boundary vortices,
we will now give a brief illustration of what these microstructures typically look

like and what their energy contribution is.

1.2.1 Interior vortex

The typical example of an interior vortex is given by a vector field

m = (m,ms) : Q — S? (1.12)

which minimizes the reduced energy on the unit disk Q = {(z;, 1) € R? :

12 4+ 23 < 1}, subject to the boundary condition m = 7 on 9Q:

1 1 1
E, (m) = Vdem—l——/ 1—|m|?) de + — m-deHl).
\ (m) |1Og{_:|(/g| o+ [ (=)ot o [ ) ‘).
1.1

In this case, because of the boundary condition, the energy becomes

Ej (m) = @ </Q|Vm|2dx + % /Q (1—|m[?) dx) : (1.14)

The boundary condition means that the magnetization turns in-plane at the
boundary and therefore it carries a topological degree deg(m,0€)) = 1. At
the center of the disk we witness the formation of a localized region, the core
of the vortex, at which center the magnetization becomes vertical, i.e. m =

(0,m3), and it carries a polarity +1, depending on the sign of m3. The rescaled
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reduced energy can be compared to the Ginzburg-Landau energy Egy (defined
as Eqr, (u) = [, [\VUP +5(1- |u|2)2} dr) as follows:

— 1
lloge|Ep (m) = /|Vm|2dx+ —2/ (1—|m[?) dx
Q " Ja

/ (1.15)
> /]Vm[gda: + —2/ (1- ]m\2)2 dx = Egr, (m),
Q " Ja

where we used that [Vm|? > |[Vm|? and 1—|m|? > (1 — |m[?)*. For a minimizer
we have that this inequality is indeed an equality up to an additive constant
which does not depend on 77 — 0 (see Ignat and Otto [28|) and so we can express

the minimal energy using Ginzburg-Landau theory as:

— _ 2m[logn| ( 1

= — 0. 1.16
m=1onos) “Og 8‘ |10g €| ) as &0 ( )

Observe that in our regime we have [loge| < |logn|, so an interior vortex will
asymptotically have infinite energy. For sequences of magnetizations with uni-
formly bounded energy as those we will consider, this indicates that we do not

expect to have interior vortices.

1.2.2 Boundary vortex

An example of a typical boundary vortex is given by an S'-valued vector field
m on the unit disk € (i.e. a magnetization m for which we have m3 = 0) that
minimizes the reduced energy (1.13), which in this case, due to the unit length

constraint, becomes

E) (m) = @ (/Q|Vm|2da: N (m - y)2d7-£1) . (1.17)

2me 90
This problem has been studied by Kurzke [35, 36] and Moser [44]: the mini-
mizer is a harmonic function which has two boundary vortices of degree 1/2,

diametrically opposed. A boundary vortex is given by region of size ¢ where the
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Figure 1.1: A pair of boundary vortices in the disk.

magnetization transitions in-plane from —7 to 7. If we consider a lift u of m (i.e.
a function u such that m = e™, then this means that u there changes rapidly,
with a jump that asymptotically is —m. The energy cost of such a transition is

given by:

~E,(m)=7+0 (L) (1.18)

so that the total energy is

— 1
min _ Ep,(m)=214+0——.]. (1.19)
meH(Q,S1) llog €|

Thus a family of magnetizations with uniformly bounded energy can have bound-

ary vortices in our regime. The study of boundary vortices in this case has been

conducted by Ignat and Kurzke [25, 26].

1.3 Outlook

In this thesis we have generalized the results of Ignat and Kurzke [25] to the
case of rectangles. It remains an interesting open question to study the problem

for general convex polygons, or more generally for arbitrary bounded Lipschitz
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domains. Some of the results which we used for rectangles can be carried over to
general polygons, but some crucial estimates in this thesis are proved using the
assumption that we are dealing with a rectangle: one example of this is Lemma
2.8 which gives an important estimate for the reduction to the full energy to the
local model. However, since the key part in that proof is that the Euclidean
distance between two boundary points and the distance along the boundary are
comparable, we expect that it should be possible to generalize it to polygons. On
the other hand, some of the results in our analysis crucially depend on having a
rectangle: one example is the uniqueness result for solution in Chapter 4, where
our whole proof relies on having an angle of 7/2. This is then further used to
construct a recovery sequence which matches the lower bound for the energy in
Chapter 7. It is not clear to us how to generalize this construction in the case
of a general polygon, even though we think it should be possible. The case of a
general Lipschitz domain remains unexplored and is likely even more difficult to
tackle.

1.4 Notation

We gather here some elementary notation that is used throughout the thesis:

e We use a bold font to denote subsets of R3 and a normal font for subsets

of R%. For example we will write Q C R3 and Q C R2.

e m; denotes the magnetization, m; denotes the averaged magnetization

and M), the S'-valued replacement of the averaged magnetization.
e The Sobolev space WP (Q) for p > 1,s > 0 and (2 is defined as

WP = {u e [P (Q) : u € WEP(Q) such that sup [D%]
laf=Ls]

s—|s],p,Q2 < OO}

where [-], denotes the Gagliardo-Slobodeckij seminorm defined for 0 €
(0,1) as:

16
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We use the notation H? () for the Sobolev space W?P (Q), for p > 1.

The full micromagnetic energy is defined for m € H! (w;S?) as

E (m) :d2/|Vm\2dx+/Rg|VU|2dx+Q/go(m)dx—/m.hmdx.

The rescaled micromagnetic energy for a thin film of aspect ratio A is given
by:

Ey (my,) = / | Vmy, |2dx + VU, |?dx.

h|log5\ n?h|loge| Jgs

The reduced energy corresponding to the average magnetization is defined
for m;, € H' (Q;§2> (the unit disk in R?) as

B () = —— (/Q (lehF - % (1- Imhl2)> ot o (T ”)Qd#) ’

[log ¢| 27e

It can be extended to all of H' (Q;R?) by setting E}, (m) = +oo if |m| > 1

on a set of positive measure.

The energy E., is defined for u € H' (2;R?) as

/|Vu| dx+—/ 1— |uf?) dx+ ( v dH.
2me
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Chapter 2

Reduction from the full to the local

model

In this chapter, following Ignat and Kurzke [25|, we show how, not only for
CY! domains as they do, but also for rectangles, we can replace the full micro-
magnetic energy with a local energy defined on a 2-dimensional domain which
asymptotically does not change, replacing the magnetization with its average in
the out-of-plane direction. In the next chapter we will show that we can further
replace the averaged magnetization with a unit length vector, so that in the end

we will be able to fully reduce the model (up to a rescaling) to the functionals

1
E. (u) = +— [ sin®(u—g)dH" 2.1
() = [ Va4 o | sin? (u—g)an (2.1)

The first step is to perform a dimension reduction by averaging the magne-

tization in the out-of-plane direction': for any thickness h > 0 we define the

!The intuition behind this is that since we consider thin films, the magnetization will not
vary much in the out-of-plane direction, since this would cost a lot of energy. So we can replace
it with its average without affecting the energy too much, provided we introduce a suitable

replacement for the energy. In this chapter we will prove this rigorously.
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averaged magnetization my, : Q — R3 as:

w5, (z) = % /Q my, (2, 73) das. (2.2)

for every x € 2. We observe that the averaging convexifies the unit-length
constraints, i.e. |my| < 1 so that my, = (M, Mps3) : Q@ — B’ (where B’ is the
closed ball in R?). We introduce the following reduced energy corresponding to

the average magnetization:

B, (my,) = “0—;8’ (/Q (|th|2 + % (1- |mh|2)) dz + ﬁ » (T, - 1/)2617'[1) :
(2.3)
where v is the exterior normal vector field on 02, and where the parameters
are defined as in the introduction. We can extend the definition of E; to the
whole of H' (£;R3) by setting E}, (m) = +oo if [m| > 1 on a set of positive
measure. We see that this energy penalizes spatial variations and pushes the

average magnetization to be in-plane and tangential at the boundary.

In this chapter we will show that this substitution does not increase the en-
ergy asymptotically, in our regime. This has been done by Ignat and Kurzke

[25] for domains with a C*! boundary. We will extend their result for rectangles.

The second step (which we will carry out in the next chapter) consists in
showing that we can replace the averaged magnetization mj, (which satisfies
|lmy|| < 1) with a unit length magnetization Mj,. Also in this case we will show
that this does not change the energy much asymptotically, in our regime. The
effect of this is to get rid of the second term in (2.3) (since the length of the

vector m is now 1). So for this new family of magnetizations the energy will be:

1
llog £|E. (M) = /\VMhP b [ a0 (2.4)
Q T Jon
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Now, by considering a lift u. of the magnetization (which exists thanks to [8,

Lemma 4|), such that M, = €™ we obtain that the energy can be written as

1
,_ 2 C2 1
E. (u.) = /Q|Vu| +5 . sin® (u — g) dH", (2.5)

which is how we retrieve the functionals which are the object of our study. In the
next two chapters we will explain how to do this. We start by reducing the model
for the full energy to a 2-dimensional model. This — along with the reduction
to S'-valued maps presented in the next section — shows how we go from the
full micromagnetic energy to the scalar functionals that we investigate. We
will consider, following [25], the following rescaled version of the micromagnetic

energy, where we neglect the anisotropy term and assume there is no external

field:

1 1
E = 2dx + — U, |? 2.6
n () hllog¢| (/nhwmhl Xt n? /st g ) (2:6)

The main result of this chapter is the following theorem:

Theorem 2.1. Let the energies Ej, and E), be defined as in (2.6) and (2.3)
respectively. For a family my, of magnetizations of uniformly bounded energy

(i.e. limsup,_,, By (my) < 00) we have the following estimate for the energy:

Ey (my) >E;, (my,) — <Eh (1) + Ey, (my,)

log e

) O(A(h)),  (27)

where A (h) is defined as

A = (10% +1> (2.8)

P\ [logel

The constants that are implied in the big-O notation only depend on the
domain Q2. We have that in our regime A (h) < 1.
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Before we prove the theorem (this will be done at the end of the chapter) we
will need a few preliminary results. For now we show that A (h) < 1. By the

definition of our regime (1.10) we have that

1
. _ 2.9
Tog 7| <e (2.9)
Now, since a < b < 1 implies a|loga| < b|logh| < 1 ? we get that

log|log h|
llog h|

Now we can compute from the definition of A (h) and e:

Ah—h log% .
<)_772 |10g€|Jr

< ellogel. (2.10)

_ 1 (log(eflogh|) + [loge]| (2.11)
ellog h llog €|
1 loge +logl|log h| + |log |
~ ¢ellog A log ¢ '
Now for h < 1 in the regime (1.10) we also have ¢ < 1 and so loge = —|log¢]

therefore for h small enough we can rewrite the last expression as:

1 loge +logllogh|+|loge|] 1 log|loghl
~ ¢ellog A llog ¢| ~ ¢elloge| |logh| ’

A(h) (2.12)

and now the conclusion that A (h) < 1 follows from (2.10). In order to show
the estimate in (2.1) we compare the corresponding parts of the energy, i.e.
the exchange energy and the stray-field energy, for the two energies. For the

exchange energy we have by using Jensen’s inequality that:

2We have that

a

alloga| _ a[log§ + logb| 1 a log &
b

a
bllogh| ~ b [logh]  ~ [logb| b Ty

which tends to 0 since a < b < 1.
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1
Vi, *dz < — [ |[Vmy|?dx. (2.13)
Qp h Qy,

To estimate the stray field energies we follow the strategy used by Ignat and
Kurzke [25], which was in turn inspired by Kohn and Slastikov [32]. We first
show that the stray-field energy for the magnetization mj, can be replaced by
the corresponding term for the averaged magnetization my, without changing the
energy too much. As a preliminary result we show that in the expression of the
reduced energy (2.3) we can replace the second term with a different one, which
is close to it asymptotically. We have the following lemma, which shows that

the averaged magnetization is asymptotically close to the unit sphere:

Lemma 2.2. Let my;, and my, be defined as above and satisfy the same assump-
tions of Theorem 2.1, i.e assume that limsup,_,o E, (my) < oco. Then we have

the following estimate:

< - 1—7712dx—/m2 dx)z h—O(—> 2.14
Plloge] (/( ) dz = | 7 loge) O i) @19

Proof. The proof is carried out in the same way as in 25|, and only uses the
Cauchy-Schwarz and Poincaré-Wirtinger inequalities. We repeat it here for the
convenience of the reader: by Cauchy-Schwarz inequality we have that for 1 <
Jj<3:

h 1/2
]m,zm- (x,23) — mfm ()] < 2@/ dx (/ |my,; (x, x3) — M (x)|2d373) )
Q 0
(2.15)

Qp,
Now using the Poincaré-Wirtinger inequality we have that
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h 1/2
. |mi7j (x,23) — miﬁj (2)] < 2\/E/Q dx (/ |mpj (x, x3) — M (m)|2dx3)
h 0

h 1/2
< Ch3/2 / dx (/ ’aac3mh7j ([E, (L‘3>|2d1’3)
Q 0

1/2
smﬂﬂj|%mm@Wﬁ).
Qp
(2.16)

Now summing over j and using the fact that my, has length 1 we can deduce
that

3
_ 1 _
Au—mmwng;Lm@@mwm%wl
j=17

< Ch(|loge|Ey (my)) 2.

(2.17)

We now get the conclusion observing that 0 < 1—[mp|* = (1 — [m,]*) =}, 5.

]

2.1 Asymptotic comparison for the stray-field en-

ergy

Lemma 2.3. We have that

1 — Ch Eh (mh)
_ VUL IPdx — | |VU,Pdx| < — [ ———22 2.18
PRloge] | g UH X = f VU < S ioge] (218

Proof. This follows as in [25], which in turn uses a strategy by Kohn and Slastikov
[32, Lemma 3]. The main ingredients are the Helmholtz projection and again

the Poincaré-Wirtinger inequality. We have
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IVUL|Pdx < | |my|*dx < Ch,
R3

Qp

/ VU, Pdx < | |m,[*dx < Ch, (2.19)
R3

Qy,

VU, — VU, *dx < [ |my, —m,’dx < Ch* [ |0,,my|?,
R3 Qp Qp

Using the inequality |||a|[2 = ||b]|2] < (2]|la — b||? (||a]|? + ||b]|2))"/* we get that:

1 _ Ch 1 1/2
_ UplPdx — | |VU,|*d <——/ax 2
n?h|loge| /st rl /RS| rl ~ n?[loge] (h ﬂh| o

Ch | Ej (mj)
llog 2|
(2.20)
(]

This result shows that we can focus on the stray-field energy corresponding

to the average magnetization my. The next step is to compare this with the

quantity

/mhgdl’—l- — | (- v)?dH (2.21)
0N
We have:

Proposition 2.4. We have the following estimate:

1 1
|VUh|2dX - = / M, gda — — (T - v)* dHY| <
llogel|n2h 2me Jo (2.22)
2.22
h logﬁ —
C= |1 L) E), (m
Uk ( " Joge] (),

for a constant C' > 0 only depending on 2.

25



Proof. Since smooth functions are dense in H' (Q,§3> by the Meyers-Serrin
theorem and since everything in (2.22) is continuous with respect to strong H*
convergence, it is enough to prove our result for smooth® mj. For such vector

fields we can express the stray-field energy in the following way

/ VT 2dx L [ VT, - madx

- " o B (2.23)

:—/ UhV'mh—i‘/ Uh(ﬁh-u)dHQ(x),
(978 oy,

where v is the outer normal on 9€2, and for (1) we have used Maxwell’s equation
and in (%) we used integration by parts. By Proposition 25 in [25] we can express

the stray-field energy in the following way:

47TUh(X):—/Q ! — V- mh()dy+/ ! (0, - v) (y) dH? (y),

L X =yl o, X — Y]

where in the first term we can write V - my, (y) instead of V -y, (y) because

my, by definition does not depend on the third component of y, but only on y € €.
Now we can express the stray-field energy for the averaged magnetization as:

T | |VUL|’dx = A+ 2B +C, (2.24)
R3

where

o A is the "bulk-bulk term":

A= //// v m"y|2 V( m_h( )zdxdy, (2.25)

Y3)

3This assumptions allows us to not worry about the well-definedness of some integrals, but

it might not be necessary to assume this. The estimate we prove holds for all H' functions.
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e 3 is the "bulk-boundary term":

B= Vo (@) (W0 2) () g (2.26)
@, J o9y, x -y
e C is the "boundary-boundary term":
c= / / (- 1) ) (W) (¥) e (2.27)
oy, J osy, |X yl

2.1.1 Estimates for A and B

This follows verbatim as in the case of smooth domains: to estimate A and B we
can use the generalized Young inequality (see [32, Lemma 1]) and the estimate

given in [32, Lemma 2|* respectively:

|A|<h2//|V mn ()] |V - (y )|dxdy

[z =yl (2.28)
< 0h2/|v T Pdz < Ch2|log £[ By (B0,)
Q

For B we first notice that the integrals corresponding to the top and bottom

boundary 0€2;, cancel out after integration, and we are left with

4An alternative short proof of this result can be found in [25]. We report it here.
Let f € L*(Q) and g € L*(99Q): for y € 0Q define F(y) = [, |$(”) Then Holder’s
inequality implies that F?(y) < [, de Jo mdz and so [0 F? (y)dH' (y) <
c(Q) ”fH%Z(Q) SUP,ca [o0 Wd?—[l (y) < C(Q) ||fH%2(Q). Then the claim of [32, Lemma

2] follows using the Cauchy-Schwarz inequality.
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V mh mh . I/) (y)

dxdy

89 yl2 (73 — y3)°

9 - ) ()
/ /m = 229

< ORIV -1l 2o 1705 - | 2200

< Ch%eY?|loge|E), (M)

2.1.2 Estimate for C

To estimate C we write first C = C; + Cy where

01—47Th//mh3 My s (y) Un (z — y) dedy

C, — / / / (my, - v) (x) (Mg, - v) (y>dxdy,
a0 J oQ |X yl

where T}, is defined for all x € R? as:

(2.30)

Iy (x) L L ! (2.31)
) =— | —— — )

" 2nh \ |z| /|22 + A2

The estimate for C; works for a rectangle in the same as it does for a C'™!

domain, and the proof is carried out as in [25]. Namely we have:

Lemma 2.5. We have the following estimate for Cy:

47Th / mh 3

Proof. The proof is the same as in [25]. Since diam (2) = 1 we can use the fact
that 'y, () = ﬁph (|z]) for x € B> C R where pj, is defined for 7 > 0 as

1
Plloge|

log e

< ch (1 8% +1> E,(m)  (2.32)

r

r+Vr2+h?) Vr2 + h?

lo<r<1 (1),

Ph (T‘) = (
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where 1 denotes the characteristic function. We observe that p, is bounded in
L' (R?). Indeed we have (observing that pj, (r) < 35 1o<p<1 (1) = 5=Lo<r<i (1)

and using polar coordinates):

[ entlalydz <.
RQ

For every 0 < R < 1 we can compute

/ r (a:)dx—h/R dr
BR(0) " o (r+Vr2+h?)Vr?+h?

R

—/h ds —1- ! <1
0o (s+Vs2+1)Vs2+1 Ry 1+(%)2_

In particular we get, for 0 < R < 1, that

h
0<1-— / [y () de < —. (2.33)
Br(0) R

We now define, for all » < rg, where ro > 0 is fixed and small, the set {2, of
points that have distance less than r from the boundary (whose complement is

a rectangle) as

Q. ={z € Q:dist (z,009) <r}.

For x,y € ) we can write

23 () Maz (Y) = M3 ()° + M3 (y)* - (M3 (T) — M3 (y))*.
We can now rewrite C; as

Cr=—-&E+ &,

where
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—oe [ [ Ol Tus O oy vy

—yl?
E = 47Th/ / My 5 (2) Ty (|2 — y|) deday,
and where we have used that T'y, (x) = th (|]).

Let T: H' () — H' (R?) be a bounded linear extension operator, which exists

since (2 is Lipschitz. Then we can estimate &; as follows:

2
m m
0<81—h2// = ‘x_y‘g?’(y)) pr (|z = y|) dzdy
2

T (mn3)) (z + s (y — )| pn (|2 — yl) dedyds

R2 JR2

<MJw0mmnwﬁ%ww
< cn? ( / VTins (2)[2dz +m,2173) < Ch¥|log e|En (1) ,
Q

where we used mj; < 1 — [mal>,n < 1 to estimate mj; < .5 (1— [mal?).
Furthermore we have obtained the estimate (f) as follows (and using the fact

that both factors in the integrand are positive):

2

T (mn3)] (x4 s (y — x))| pu(|z —y|) dedyds

R2 JR2

2

pn (|2]) dxdsdz

Yy—r==z

<

T (Mmp3)] (x + s2)
R2 JR2

= Q/RQPh |2) [RQ
2&@mw4ywmmw>

from which the desired conclusion follows — notice that in (%) we have used the
2

ds =

2
T (mp3)] (x4 s2)

dsdx} dz

2

dydz,

1
mean value theorem to write, for each fixed z, LL ’V [T (Mp3)] (x + s2)

30



2

V[T (mp3)] (x + s,2)| , for s, € (0,1), from which the conclusion follows, since

2 2

o = o[V 7,20 1)
Now to the estimate of &. Since n — 0 we can assume that (in our regime (1.10))
2h < n* < % we have, by decomposing the domain as Q = Q;, U (Q,2 \ Q) U
(Q\ ©Q,2) and using the fact that 7, 4 < 1 — [m,[* < 1:

_/mh3 ( /QFh(|x—y|dy)> dx
T h h
1d:c+/ .—d:c+_/ L — [ 12 (1)) d
/Qh QnQ\Qh dist (1’789) 7]2 Q\an( ’ h’ ( ))

" dr -
h

2
< Ch (log% + |10g5|) Ey (7))

for all fixed z we have [, |V [T (Th3)] (z + 5.2)

52 /m dx
47Th Q h.3

IA

where C' only depends on €2 and where in the inequality marked with { we have
used (2.33) along with the fact that 1— [, ', (Jz — y|) dy < 1_fB(0,dist(x,aQ)) Iy (]2]) dz
for 2 € Q2 \ Qy and that 1 — [ Th(lz —yl)dy < 1= [g4,2 Ta(lz])dz for
r € Q\ Qp. We have also used he fact that E), (M) > 2r —o(h) as h — 0,
see Lemma 2.11 below, to estimate 1 < E, (my,) in the first term and so in

particular we get Ch < Chlloge|E), (m},). Now from the estimate for £ we get

£
m e I ChE), (my,) and from that for & we get Qllogd L — [ M} gda
lo, 7 -
% <1§g’;| + 1) Ey, (my,), from which we get the conclusion. O

It remains to estimate Cy. In this case the proof in [25] does not work, because
it uses in a crucial way the hypothesis that the domain is C*'. We can still prove
an analogous result for the rectangle but we have to replace some steps of the

proof. We state the result as

Lemma 2.6. We have the following estimate for Co:
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1
[log e

& 1 N
_ )2 d
dmn?h  2me /39 (- v)” dH

We need some preliminary results before we can prove this. The approach is

h—

the same as in [25]|, where we split Cy as

Cy G116
4rn?hlloge|  4An

, (2.35)

where

- — h m . 2 —_
G = ozl /aQ /BQ (my, - v)" () Ky (z — y) dady

__hor (min - v) (&) (M- v) (2) — (T - v) (y))
Gy = ,72|10gg|/0 /0 /m/m \/‘x—y\2+h2(s_t)2 P2 dedydsdt,

(2.36)

and K, is defined for all z € R? as follows:

1,1 1
Ky (z) = /o /o \/|Z|2 . t)zdsdt. (2.37)

We then estimate 4g_71r —

2wsﬁog_g| Joq, (1, - v)* dH" and G, separately.
Estimate for G,
We have the following result:

Lemma 2.7. We have the following estimate for G:

g1 1

— 2 a1
—_— v) dH
Ar  2melloge| Jan (7 - )

Ch— __
< FEh (mh) . (238)
Proof. We have:
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g1 1

_ 2 19,1
- )2 d
Ar 2melloge| Jan (. - v)” dH
1 _ 2 1 1
S——— | (mp-v)dH|2- Ky (z—y)dy
dre|logel| Joq llog h| Jaq Loo(892)
C — h —
< E, (m —FEy (my,) .
= |log A () < n? w (1m0
O
In the proof we have used the following result:
Lemma 2.8. We have, for all h < hg, for some hg > 0:
L [ K@ —y)d 2’ < (2.39)
sup | —— x— — —_— :
veval oghl Jog " T P T E logh

Proof. We follow the proof in [25, Lemma 7]. We have that (see [25] for the
proof) by a calculation that

2 x—
Kﬂx—wdHZE/‘f(lhyod% (2.40)
o0 G
where
f (t) := arsinh (1> ! t>0 (2.41)
= arsi - - . :
13 t+ V1412

We list a few properties of f that will be useful:

1. f(t)>0and f'(t) <0 forallt >0, ie. fis positive and decreasing.

2. We have the following asymptotic behaviour of f at 0 and +oo respectively:

: t 1
15%1{;;3 =1 and ‘f(t)——’

< — ast— oo. (2.42)
I 2t
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3. We have that

log t
ds—ﬁ < Cast— oo (2.43)

To compute the integral on the right-hand side of (2.40) for a given z € 9N
we follow a similar approach to Ignat and Kurzke, although the presence of the
corner makes things harder to compute. We choose a £ > 0 small enough (and
in any case such that 2k < min{a, b} where a and b are the side-lengths. We take
an arc-length parametrization ¢ : [0,2 (a + b)) — 08 of 99 such that ¢ (0) =

Then we split the integral in two as

2 e—yl\ , 2 (" (le(s) — x| 2 (Ao (s) — a
LR =g [ (B e s [ (B

-~ ~~ -~

I(h,z) I (h,x) Iz (h,x)

To estimate I, we observe f is positive so we obviously have I, > 0 and fur-
thermore using that f is monotone decreasing and that |y (s) — x| > x/v/2 for
s € (k,2(a+b) — k) we get

<[220 (s () <

when h < hg for some hy € (0,1). This holds since ¢f (£) — 1 as ¢t — oo, and

so [tf(t)] < C, for some C' > 0 when t > t,, for some ¢, > 0. It remains to

estimate [ (z, h), for all x € 9Q. We distinguish two different cases:

e Consider first the case where the distance of x from any vertex is greater

than x, or when x is one of the vertices. Then we have:

%/_&(W)d_h/ d3_4/f (2.45)
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and we have from (2.43) that this can be bounded as

2og h| — C < 4/h F(#)dt < 2[logh| + C, (2.46)
0
where C' is a constant that only depends on k.

Consider now the case in which z is not one of the vertices, but its distance
from one of the vertices is less than k. Without loss of generality we can
assume that all the points ¢ (s) for s € (—k,0) lie on one side of the

rectangle, and we can handle this case as previously, obtaining:

0

2
logh| —C < —
fogh| - < [

—K

f (W) ds < [log h| + C. (2.47)
To compute % foﬁ f (%) ds we proceed as follows. It is clear that this can

be rewritten as (where by a slight abuse of notation we denote by z the

distance of = from the vertex)

IRl O EE I RIOLE T A C s I

(2.48)
We will obtain the desired estimate if we can show that
1 [ Va2 + 52 1 [* S 1 /" S
— —|d — —)ds — = —)ds| <
’h/o f( D ) 3+h/0f<h> s h/0f<h> =6
(2.49)

for all h € (0,1) and all z € [0, k], for a constant independent of x and
h. This is obviously true when = € {0, x}, because in that case the LHS
is 0. So in the following we can assume that z € (0,x). We do this by
showing that for all choices of x and h small enough (e.g. z,h € (0,1)) we
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can bound the expression in (2.49) by a constant which does not depend

on x or h, but only on x. We distinguish two cases:

— We first assume that x > h. We introduce the following notation to

make the proof easier to follow:

h
1 [* /s 1 (" /s
B-z/o f(ﬁ)fls—z/() £(5) s
We observe that A > 0 and B < 0. We first show the proof under the

assumption that A + B > 0. We are looking for an upper bound for
|A+ B| = A+ B. The term A can be estimated by

A= 1 /Nxf <—”952+82> ds,
0 (2.50)

A<C-— %log x. (2.51)

Indeed we observe that for f the following estimate holds (we only need
it for an argument > 1 because that is always the case when we apply it
below):

1
f(z) < 2 for all z > 1. (2.52)

We give the proof in the following lemma:

Lemma 2.9. For z > 1 we have:

1
f(Z)Si

Proof. We prove this showing that the inequality is true for z = 1, that

the function f (z) — 5- is strictly increasing and that lim,_,. f (2) — 5> = 0.
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The latter is true because of the second part of (2.42). We have f (1)—3 =
: 1
arsinh (].) — m

increasing. We compute the derivative and we get:

—1 < 0. So we only need to show that f (z)— 5 is strictly

2 z 222 222

1y VI+22 1 222222241+ 1
e —1- YT
It is thus enough to prove that

222 —22v/224141>0.

We have from the inequality 1+ a < (1 + %)2 that:

1+1< 1+ LY
22 222 ) 7

from which we get

Jie <yt
22 222"

If we multiply both sides by 22% we get 22v/1 + 22 < 22? + 1, from which
it follows that 22?2 — 2zv/22 + 1+ 1 > 0 for all 2. This concludes the proof
of (2.52).

We can now continue the proof of Lemma 2.8 and estimate as follows®:

®Here we use the fact that the function g (s) := log (v/s> + 22 + s) is a primitive of \/ﬁ,
as can be verified easily by a simple calculation, computing the derivative of g with respect to

S.
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/le h d
—————ds
0o 2vVs2+ a2
1
log< (/<a—:1:)2+:c2—|—/<o—a:>—§logx.

(2.53)

= =

Let ¢ (x) := log (k—2)* + 2%+ 5 — x> and observe that ¢ is a contin-
uous function on [0, k] and that ¢ (0) = log (2k),q (k) = log k. Thus ¢ is
bounded on [0, ], since it is a continuous function on a compact set. From

this we obtain (2.51).

For B we use the estimate (2.43) to conclude that for functions C; (h)
and C5 (h) - note that Cy depends on our choice of x, but this is not an
issue, since k is fixed - which are uniformly bounded in A (since = > h, so

x/h > 1, and since & is fixed) we have:

il @ag [ G- [ [ron
zélog%—l—CH(h)— (%10g%+02(h)>

1 T
=—log—+C(h
5 08—+ (h),

(2.54)

where C'(h) is uniformly bounded in h. Putting everything together we
obtain that for a constant C' > 0:

1 1 T 1 1
A4+ Bl <C—-=1 —log — = — log —. 2.
A+ B|<C 20g(x>+20g,<; C’—|—2ogl€ (2.55)
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Now we assume that A+ B <0, so that |A+ B| = —A — B. For —B the
estimate is done exactly as before, only the sign will now be reversed. To
find an upper bound on —A — B is then enough to find an upper bound
on —A. We observe that there exists a constant C' > 0 such that:

1 C
—f(z)+§—§<0forallz21. (2.56)

In fact we have from (2.42) that there exists zop > 0 and a constant Cy > 0
such that for all z > z;

1 Co
- < = 2.
- g (2.57)
Since we have f(z) < o for all z > 0, we derive that for all z > z:
1 Gy
- — —— <0 2.58

We now want to observe that (by making C' large if necessary) this in-
equality holds for all z > 1. Let (for a C' to be chosen later)

1 C
g(z)=—f (z)+§ ~ (2.59)
Then we have that
1 3C
g (2)=—f(2) - o2t (2.60)

Now notice that —f’(z) > 0 and that —55 + 3¢ > 0 if = < V/6C, which
is true on [1, z] if we choose v/6C > 2. So for C' chosen large enough we
conclude that ¢ is an increasing function, so g (2) < g (zo) for all z € [1, z).
This, combined with (2.58) (which remains true if we increase Cyy) we obtain

the desired estimate for f. Now we can proceed to estimate — A as follows
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(where we use that x > h to get that the argument of f in the integral is

greater that 1, so that we can apply our estimate):

K—X ) 2 1 K—T 1 h K—T h3
0 h hiJo  2vs?4a? hiJo (224 s2)

1 1
:—510g< (m—x)2+x2+/£—x)+§logx
Cr? [ 1

—dy
2 o (1)

g—%log< (/{—:E)2+x2+/f—x>+%logx
+C’/oo;dy

0o (142"
g%loga:—l—C

(2.61)

Now we get the estimate for —A — B in the same way as above.

e We now assume that £ < h. In this case we need different estimates. We
estimate + [ f (£) ds using (2.43) as

%/jf(%)ds:/oif(s)dsg/olf(s)ds:C. (2.62)

For the remaining terms we have

SRS

SRS

[ )i oG

[ ()i [ -3 (555 o

~
D
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We can estimate D in the following way, where we use that f is positive

and decreasing and that x < h:

\D|=%/N;f(—' w2h+32> dsgl/;f(%>ds§%

(2.63)

and this is clearly uniform in z. It remains to estimate the remaining

terms. We have

from which we can conclude that

) Qe o

and from this and the estimate on D we obtain:

R x? + s2 1 (% /s 1 [ /s
(T a1 <c
‘h/o f( 7 >S+h/0fh s=q ) I\p)ds| =0
(2.65)
in the case in which z < h.
Putting together the cases x < h and x > h we conclude the proof. ]
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Estimate for G,
We have the following result:

Lemma 2.10. We have the following estimate for Gs:

h
|Ga| < %Eh (my,) . (2.66)

Proof. We have

|!(mh-v)(x)—(mh-u)(y)ldxdy
n llogé‘! o0 Joo [z —yl

e oy (o [ 2) (@) = (- ) W)
Smmw%;LL}h ) @) drdy,

lz — |

1Gs| < ——

|(mn - v) (@)

(2.67)

where S;,7 = 1....,4 are the sides of the rectangle. We distinguish three cases:

e i—j#*1 mod4ori—j#*3 mod 4, ie. the sides are not adjacent: then
we use |x — y| > min{a, b} (where a and b denotes the sides’ lengths) and
the fact that ||772,]] < 1 to estimate:

(T, - v) (z) — (M - v) (y)]
m%d//mmh” )| Ty ey

max{a?, bQ}< Ch —
17 \loge\ min{a, b} n?|log |

(mh) )
where we have used the fact that liminf), ,q £}, (mj) > 27, which we show

below in Lemma 2.11.

e i = 7, i.e. both sides are the same. Then the normal component is equal to
either +my,; or £y, 2, according to the side, and each of these functions

is in H' (). Since the domain © is Lipschitz we have that their traces
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are in H'/2? (0Q) and that the trace operator is a bounded operator from
H'(Q) to H?(09Q) (see [17]). For the corresponding seminorms we have
the following inequality, for a constant C' > 0:

[Tl 12 (00) < ClIVITR| L2(0)-

Then can be seen easily as follows: let m be the average of my; on €
and notice that ||my — m/||gr200) = Ml /20y Now we can use the
continuity of the trace operator and the Poincaré-Wirtinger inequality to

obtain the conclusion.

Therefore we can estimate as follows:

) ) @)= ) W)
n2||1oge||/&/si'( vev) (@)l Py ey
Ch

< m”mh'wﬂm(&) Ml 1725, 1S3 2

< L||mh~V'HL2 N|m :

= n?[loge] dllL2(S;) 1R k1 F1/2(902) (2.68)
<i|‘mh.y.H sl ol - .

= n2|loge| I L2(S) 1T eh kN H(Q)

<i||mh.y.|h2 Ml

= n?[loge] A L2(S) TR 1 ()

< N [elog B ) log e[y ().

~ n|loge|

We now can write
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> e [ ) @ =T Wl g,

z —y|
4

Ch
<SS - villecs
B zzl 2log | [mn - vill L2 (s [l 2 @)

4Ch — —
< nzuogg’\/suogswh () og <[ En (ma)

ACh/F—
772

(2.69)

< n (M) -

e i —j =1 mod 4: in this case we use again that ||7,|| < 1 and estimate

the integral as follows:

h ) @)~ e )],
Plloge /si/sj'( v ) @) =] ey

(2.70)
dsar < Sl bR

- 2h /a/b 1
~ n*llogel Jo Jo Vs F 12 ~ n?lloge|

To conclude the proof we need to show that Ej, (mj) > C > 0, which we

have used above. This follows from Lemma 2.11 below. ]

Lemma 2.11. Let my € H' (;R?) be a sequence such that |my| < 1. Then

liminf E}, (my,) > 2. (2.71)
h—0

Proof. Without loss of generality we can assume that m; = (my,0) (because
this does not increase the energy) and that limsup;, ., ) (my,) < C (because
this does not affect the lower bound). We then observe that since |my| < 1 we

have:

1
E >_— R , 2.72
n(my) > Tog ] 2= (mn) (2.72)



that we have equality for unit-length vectors. Then we can apply the results in
Chapter 3 to show that there exists M} € S such that

1

Togd] Eey (M) —0(1). 2.73)

E. >
N (mh) = |10g8|

Let us show this: we have that E., (m;) < Clloge| for € < ¢ for some ¢y > 0

(since limsup,,_,, B (my,) < O), and so thanks to Theorem 3.7 we can find
M, € S! such that

Eeyy (My) < Evy (mp) + O (E () + +/E- <mh>) |

Now we can divide by |loge| both sides and get

E., (M) _ E.,(mp) 5 Een (mh) 1 E., (mp,)
< . (2.74)
llog €| llog €| llog €| V/[loge| |10g5

Now using that E. , (m) < Clloge| we get

3 E]6 (mh) 1 E (mh)
CnP 7 + =o0(1).
K ( |log | V/|log el \logg @

From this and (2.74) we then get (2.73). Now if p. € H' (Q) is a lift of M, i.e.
such that M = ¥ (see Bethuel-Zheng [8, Lemma 4] for the existence of such
a lift) we obtain that

1 1
|10g€| Ee,n (Mh) — 0 (1) = @Ea (905) —0 (1) . (275)

Now we estimate the energy from below by the energy of a minimizer %. and the

use the lower bound for the energy in Theorem 5.16:

lim inf E}, (my,) > lim inf (LEE (pe) — 0 (1))

h—0 e—0 [log e
2.76
/B (i) (2.76)
> liminf —o(l) | = 2m.
e—0 llog ¢|
[
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We can then prove Lemma 2.6:

Proof. (of Lemma 2.6) From Lemma 2.7 we get that:

Ch=
< FEh (mh) .

g1 1

— 2 1,1
—_—— -v) dH
Ar  2melloge| Jaa (7 - v)

From Lemma 2.10 we have:

Ch—
1Go| < U_Eh (my,) .

Then putting these two together we have using (2.35) that:

Co 1 Ch—
— dH'| < —FE
drn?hlloge|  2mel|logel| Joq (- v)” i 2" ()
which concludes the proof. O]

We can finally give the proof of Proposition 2.4 and hence of Theorem 2.1.

Proof of Proposition 2.4. We need to estimate the following quantity:

1
Jloge]

1 2 1 — 2 101
Qh/ VU, dx——/mh3 5 aﬂ(mh-y) dH'|.

We can rewrite this using (2.24) as

1
[loge]

1
47r772h

—_— . 2 1
(A+2B+C) — /mh3dx py—- (mh v) dH"|.

(2.77)

We now have the following estimates, which we obtain from (2.28) and (2.29):

| A < Ch¥|loge|E), (mj,) < Ch—

—F 2.78
dr|logeln*h —  Admlloge|n?h T n? p (B00) (278)
2.1/2 T (m 12
| B| < Ch*eY?|loge|E), (my,) < Che E) (70,) (2.79)
Ar|loge|n?h — Ar|log e|n?h —on?

We now have to estimate the quantity
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1
log e

(2.80)

— M. . 2 1
47”7% /mh3daz /69 (my, - v) dH|.

We write C = C; 4+ Cy, where C; and Cy are defined as in (2.30). Then we can

use Lemma 2.5 to get

1
n*|log |

h logﬁ -
< C? ( b 1) By (my,) (2.81)

Cy .
. d
4mh /Q M (x) d llog £|

and Lemma 2.6 to get

1
log e

Cz 1 — 2 1
_ )2 d
dmn?h  2me /89 (7, - v)" dH

Now if we combine (2.81) and (2.82) we get the following estimate for the quantity
n (2.80)

h— ,__
<CoEym). (282

2
1 9 h ( log™ -
do— [ Pant| <l h+1)E :
|log gl 47rn2h / mh3 T one 59 (7 - v)" dH) < n? \ |loge] + n (0)
(2.83)
Now by combining the estimates in (2.78), (2.79) and (2.83) we get the conclu-
sion. ]

Proof of Theorem 2.1. We need to compare the two energies energies (1.7) and

(2.3). Using (2.13) we we can compare the Dirichlet energies as follows:
1
(Vi |2de < — [ |Vmy,[*dx. (2.84)
Q hJa,

Then we can estimate the difference between the remaining terms of the energy

as follows:
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1
B 27T€|10g 5| 90

1
n*hllogel Jga n°|log el

Q
< 2 _ T7. 12
< 2h|10g8| /‘|VUh| dx /|VUh] dx

0 |10g6| (/ e / (1= fml%) dx)‘

L N
2h/ VU, |2dx /mh3 o o (- v)"dH

VU, |dx — (1 — |mn|?) dx (T - v)* dH?

|10g el
(2.85)

Now the conclusion of Theorem 2.1 follows combining the estimate (2.84) and the
results of Lemma 2.3, Lemma 2.2 and Proposition 2.4, which we use to estimate

the right-hand side in (2.85) and get:

1 ) 1 . 1 1
2h|10g6| RJVUM X lloge] / (1 — [m)?) da e o (T - v)* dH

By ( Ch By ( U
n (M) n (M) log B, ()
llog €| oge| \loge\

<Eh (m5) + E—‘“) O (A(h))),

|log £
from which the conclusion of Theorem 2.1 follows. O
We conclude the chapter with the following result:

Theorem 2.12. Under the same assumptions of Theorem 2.1 we have that

Ey, (my) >E, (m;) —o(1)  ash — 0. (2.86)

L. . log|log A . .
In the more restrictive regime Oﬁlg% | < & we have the improved estimate:

Ep (my) >y (107) — o (“O;d) as h = 0, (2.87)
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Proof. The proof is analogous to [25, Theorem 1|: since lim sup,,_,, £, (my,) < oo
we can find K > 0 such that Ej, (my) < K for all h < hy for some hy > 0. From
Theorem 2.1 we get that

K

By (my) > By, (07) — (E (m57) + m) 0 (A (1)), (2.88)

where A (h) is defined as in Theorem 2.1. We have that in our regime A (h) =

0(1) as e — 0, as was shown on page 22. We conclude that

limsup £, (my,) < K, (2.89)
h—0

and from this we can easily conclude that £, (my,) > E, (my) — o(1), since we

have the estimate

— K
Ey (my) > Ej, (Mmy) — (K + |logs|> O (A(h))). (2.90)
In the more restrictive regime loﬁlﬁi‘h‘ < € we have from (2.12) that
log|log h| 1
A(h) = 2.91
(h) elloge|llogh| — |loge|’ (2.91)
and so we obtain that
—_ 1
E, (mh) > Fy (mh) —0 (@) as h — 0. (292)
This concludes the proof.
[
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Chapter 3
Reduction to S!-valued maps

In this chapter we employ the strategy devised by Ignat and Kurzke [26] to show
that we can replace the (in-plane component of the) averaged magnetization my,
with a unit length magnetization M) which takes values in S!, without increasing
the energy asymptotically. This is important to complete the reduction from the

full micromagnetic energy to the scalar energy functionals

E. (u) := /|Vu|2dx + i/ sin? (u — g) dH". (3.1)
Q 2¢ Joo

Indeed we prove that maps m = m. : Q@ — R? with energy of order E., (m) <
Cllog | — where E. ,, was defined in Chapter 1 - can be approximated by suitable
St-valued maps M = M, : Q — S! in the regime [loge| < [logn| (see in
particular (37) in [26, Theorem 3.1|, which we prove below in Theorem 3.7).
The proof follows several steps: we give a brief overview, before delving into the
details. The idea is to subdivide the domain into small cells, and define a new
function on a subdomain of the rectangle, via solving a minimization problem for
the Ginzburg-Landau energy on each cell and putting everything together. We
will be able to construct from this a unit-length vector on the same set. Then
we will extend the definition of this function on the whole rectangle and show

that this is close in energy to the original function.
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3.1 Construction of the grid

Assume without loss of generality that our domain is the rectangle @ = (—a, a) X
(=b,b), for a,b > 0, and let u = b/a. As a first step, we construct a grid in the
domain which shifts by R, R along the x and y axes respectively, for R € (0, n® ),
for 8 € (0,1). Our construction is similar to that of Ignat and Kurzke [26], who
work with a disc. To construct a grid which is homothetic to the whole domain
(this will be important later) we slightly modify their construction. For every
R e (0, n® ) define a set which consists of lines parallel to the y axis (i.e. where

the shift is in the z direction) as

Vi i={(£r,y)€Q:x>0and x € (nﬁ,a),xER mod 7°}.

We can define analogously a net V, as

Vi ={(z,+y) €Q: |yl € (u’,b) ,y=pR mod 1un’}.

Let Ry the largest rectangle symmetrical with respect to the coordinate axes
and whose boundary is contained in V3 U V2. Define Gg := Rz N (VA UVZ).
Then Gp is a rectangular grid, and the area enclosed in it is a rectangle similar
to @@, whose boundary is Rr. Another equivalent way of defining Gg is to set
Xonar = max{|z| : (z,y) € VA}, Viar := max{|y| : (z,y) € V2} and define
Gr = {(z,y) € VAUVE : |2| < Xpas, [Y] < Vinaz}. By using Fubini’s theorem

we can estimate the integral of the bulk term as follows:

[esmar= " r@an
Q

0

where e, (m) is the Ginzburg-Landau energy density

1 2
ey (m) = [9m* + — (1= [m[*)?, (3.2)
and the function f : (0, 775) — R, is defined as
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r) = [ etmyan

Now using the mean value theorem we establish the existence of a shift R €
(O,nﬁ) such that

/0" F() =nPf (R).

So in the end we conclude that

! /Qen(m)dxz/ e, (m) dH".

775 Or

So we have obtained a rectangular grid Gg such that

/ ey (m)dH' < iﬁ/ e, (m)dr < E‘En—ﬁ(m) (3.3)
Or nJq n

We observe that all the cells have size ~ 7725 . For any cell C C Gr we define
as int (C) the 2-dimensional region bounded by C. If we consider the union of
all the cells we obtain a rectangular region Gg such that int (Gg) is contained
in int (Q) at a distance less than Cn® from the boundary 9Q, for a constant C

which only depends on p.

3.2 Construction of an S'-valued function

Now that we have constructed the grid we can define the required S!'-valued
replacement. In the interior of any cell C we define a new function that co-
incides with the original one on the boundary of the cell and that minimizes
the Ginzburg-Landau energy. This means that we define a function w = w, €
H' (int (C) ,R?) to be a solution of

min / e, (w) dz. (3.4)
int(C)

w=m on C
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This defines w on the whole of int (Gg). The next important step is to show
that as € tends to 0 the absolute value of function w. approaches 1, uniformly.
We do this using a result employed also in [26] (see Proposition 3.2), which was

obtained by Ignat, Kurzke and Lamy [27, Corollary 4]:

Proposition 3.1 (|26, 27]). For a sequence/family n — 0 let Q := (0,7°) x
(0,7°) C R? with 8 € (0,1),9, € H' (09) and let w, € H' (Q,R?) be a mini-

mizer of

min /Q e (1), (3.5)

w=gy on 0N

where e, is the Ginzburg-Landau energy density defined in (3.2). Let k = k() <
llogn| as n — 0. Assume that

1 K
/ 16,9412 + — (1- |9n|2)2 ML < — and / ey (wy) dr < k. (3.6)
o0 Y n Q

Then there exists 0 < B < % such that for the terms w, in the sequence with

n <mno (no depends only on Q):

sgpllwnl2 -1 <ar, (3.7)
where C' > 0 depends only on Q. In particular w, has degree 0 on O€).

Applying this result to w = w, defined in (3.4) with k = |loge| < |logn|
(from E., (m) < C|loge| and (3.3) we have that (3.6) holds) we obtain that
there exists 3 € (O, %) such that for some C > 0:

sup ||lw2 — 1] < Cn® =6 < 1. (3.8)
int(gR)

This in particular means that for small € (and therefore for small ) we have
lw| > % on Gg and deg (w,C) = 0 on each cell C. Thus we can define a unit

length function as:
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M= " in int (Gr) - (3.9)

|w]

Notice that |w|?|VM|? < |[Vw|? and so, for small £ > 0, we deduce that:

/ VM |2dz < (1+25)/ \Vw|*dzx
int(gR) int(gR)

< (14 26) e, (w) dzx
/i““g’*) (3.10)

—~

;
< (1+25)/ e, (m) dzx
int(gR)

N

<(1+ 2(5)/ e, (m)dx,

Q

where in () we used the fact that w is a minimizer of the energy by (3.4).

3.3 Construction of the function on all of ()

We have defined the function on int (Ggr): the next step is to extend it to
the whole of ). This is easily done by noticing that the two domains are
similar, i.e. related by a homothetic transformation. Indeed we have that
Q= (1+0 (n?)) int (Gg). We can then define a function M on @ as follows :

M (z) = M (%), (3.11)
where 2 = (1+7%) & for all # € int (Gg).
Our goal is then to show that the energy does not change asymptotically if

we replace m with the new function M which we have constructed. The first step

is to show an estimate for the Dirichlet energy. We have the following lemma

Lwe assume for simplicity that Q = (1 +nP ) int (Ggr): in the general case the argument is

carried out in the same way, but the notation becomes more cumbersome.
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Lemma 3.2. For the function M defined as above we have the following esti-

mate:

/]VM]de <(1+ 25)/ e, (m) dzx. (3.12)
Q Q
Proof. The proof is a simple calculation, namely

a o ()
/|VM|2dm < / IVM* < (1 +25)/ e, (m) dx, (3.13)
Q int(Gr) Q

where the inequality (f) follows from (3.10). O
The next important step is to estimate the L? distance between m and M,
which will be relevant to estimating the second term in the reduced energy

(2.3). We start first by proving the estimate for m — M in int (Gz). We have the

following result:

Lemma 3.3. For M and m in int(Gr) we have that

/ |M —m|?de < 7725/ e, (m) dz. (3.14)
int(gR) Q

Proof. By the Poincaré-Wirtinger inequality we have that on each cell C C Gg

Lol 12
int(C) c

2
dzr < 7]26/ |V M |2da (3.15)
int(C)

and

2
dzr < nzﬁ/ |Vm|*dx (3.16)
int(C)

Juo ™= 17
int(C) ¢

where f, denotes the average over the cell C. We recall that |m| > 1 on Gg we
can set v := ﬁ on Gg and we have clearly that |v| = 1. Therefore we have that

v = M on Gx and Jensen’s inequality yields
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2

dx

2
dx = /
int(C)

<8 ][ (1— |m|)? dH!
<y /C (1— m|?)* aw?

< P / e, (m) dH'.
C

/int(C)

]£<M—m> dH"

F 0= olmpy

c

(3.17)

Adding these inequalities and using (3.3) and (3.10) we obtain the conclusion
(observe that n**2% < n? since n < 1). O

We now use the result of Lemma 3.3 to obtain an L?-estimate on M —m on

. We summarize this in the following lemma:

Lemma 3.4. With M and m as above we have that
/|M —m|?dr < 7725/ e, (m)dz. (3.18)
Q Q
Proof. From Lemma 3.3 we have that

/|M — m|?de = / |M — m|*dz =< n%/ e, (m) dz, (3.19)
Q int(Gr) Q

where m is defined on @ as m (x) = m (2), where & = ﬁx for all x € Q). So it
is enough to show that the same estimate holds for m — m as well. This is done
by a easy calculation that can be found in |26, Theorem 3.1, Step 6]; we will not
repeat it here.

O

3.4 Bounds on the boundary terms

To complete the estimate of the energy we need to obtain bounds for the bound-

ary term. We will show that the following holds:

o7



Lemma 3.5. The boundary term satisfies

1 1
— (M -v)?dH' < — (m - v)> dH +
2me aQ 2me aQ 9

enp/?

/Q e)(m).  (3.20)

Proof. We have that (using that a® < b*+ 2|a —b|,Va € [-1,1],b € R — see |26]
on page 26)

1 1 1
— | (M -v)PaH' < — | (m-v)’dH'+ = | |(M —m)-v|dH
2me aQ 2me aQ e aQ
1 2 1 C
< — . d —||M — 2
< 2 (m-v)"di + —|M = ml1200).
(3.21)

Hence what we need to complete the proof is to show the appropriate bound for
the right hand side. The conclusion then follows from the following Lemma 3.6.
O

In the previous Lemma 3.5 we used the following result:

Lemma 3.6. On the boundary 0Q we have the following L*-estimate for M —m:

/ |M — m|*dH' < nﬁ/ e, (m)dx. (3.22)
oQ Q

Proof. Let A € (0,1) be the largest number such that 0Q, C Gg, where @, :=

AQ. By our assumption we have chosen A = ﬁ. We have that

m (%) — M (2)

To obtain an estimate on this integral, we estimate separately the two quantities

/|M—m|2d7-l1 and /
aQ)\ 8Q>\

o8

|M (z) —m (z)]?dH" (z) = (1+1°) / dH' (7). (3.23)
oQ IQx

2

dH' (z).

X

n(5)-mio




For the first term, since M = v on G and |v| = 1 and m = |m|v on Gg, we have:

/ |M—m|d7—l1:/ (1 —|m|)* dH’
oQ 0Qx

§n2/gR6n(m)§772_ﬁ/Q€n(m)-

As regards the second term we have

(3.24)

dH' (z) =X | |m () —m (y)]*d (y) dH" (y)
%9 ) (3.25)

:)\/8Q </}\1y-Vm(ty)dt> dH'.

By Jensen’s inequality this can be estimated as follows:

T

n() e

2

)\/8Q (/:y-vm(ty)dt) dH?

—A/aQ(l—)\f(ﬁ/jy-Vm(ty)dt) dH! .
< A(l—A)/@Q/:ryVm@y)de

St [ VmPde S [ e m)de.
Q\Qx Q

Since B € (0,1), and so 2 — 3 > 3, and n < 1 we can conclude n*~? < n”, and
we get the conclusion combining the estimates in (3.24) and (3.26).

[

We can now prove the main result of this chapter, namely that by replacing
m with the unit-length version M we do not increase the energy in the limit.
We state this as:
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Theorem 3.7. The energies of m and M satisfy, for a constant

By (M) < Ezy (m) + Cof (E (m) + /B <m>) e

Proof. The conclusion follows by combining the results of Lemma 3.10, Lemma
3.4 and and Lemma 3.5. When applying Lemma 3.5 we observe that since
lloge| < |logn| and f > 1/2 we can choose gy > 0 such that Z’i—ﬂ < ¢ for every
€ < go. This concludes the proof. n
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Chapter 4
Solutions in a corner

In the next chapters we want to prove some ['-convergence results for minimizers
in a rectangle. This should help us prove more rigorously some results on C'
and S states whose proof was sketched in the final chapter of [34]. These are
micromagnetic states known from numerical experiments (see for example Rave
and Hubert [24]). They correspond to local minimizers of the energy whose

boundary conditions tend in the limit to the following configuration respectively!:

T 0

NI
SIE]
NE
SIE]

Figure 4.1: Limit boundary conditions for C and S states

These are values for the phase u that correspond to a magnetization m = e

vector which is tangent along the sides (we observe that these configurations will

'We have two different kind of C state, which depend on whether the two sides where we

have the same boundary values are the shorter or the longer ones.
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have infinite energy, since the magnetization, or equivalently the phase, has a

jump in the corners).

The energy functionals that we will study in this section have the form

4
1
/Q]Vu]2d$+22—m/L sin® (u — ay,) dH", (4.1)
k=1 g

where Ly, k = 1,...,4 denote the sides of the rectangle, a; € {m7 : m € Z} and
where |oy —a;| = 5 if K —j =1 mod 4. If 7 is the tangent vector to L then

e = 1.

We start with an observation: given a function u € H' () which is bounded,
we can obtain a new function u* € H' (Q) and such that 0 < u* < 7 in a way
that does not increase the energy. This is done by 'reflecting’ the function across
its level sets u = km: this does not increase the energy (since this reflection is
analogous to taking the absolute value, and this does not change the value of the
penalty term - since it is an even function) and does not increase the value of the
Dirichlet energy, since the weak gradient satisfies V|u| = (sgn (u) Vu) x{uzoy- By
repeating this a finite number of times (which we can do because u is bounded)

we obtain the desired conclusion.

In particular this tells us that for any minimizer we can find another min-
imizer which lies between 0 and w. This of course does not imply that any
minimizer must satisfy this property, since we have no uniqueness result for
minimizers. In Chapter 7 we will see that near a corner we can in the same way
assume that any minimizer lies between 0 and 7. This justifies the assumptions

that we will make in this chapter.
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Iy

4.1 Uniqueness of minimizer in a right angle

In this section we consider an explicit solution of the blown-up Euler-Lagrange
equation near a corner, and show that it is the unique solution to the equation
with given boundary conditions. We will later use this result to prove an energy
expansion of first and second order for minimizers. In particular this shows that
it is the unique minimizer with respect to its boundary conditions (this is one
of the main results in [12] which is used in [25] to compute a second order lower

bound for the energy)

Let u = u (z,y) be a function defined on Q = {(z,y) € R* : z,y > 0} be
defined as

u(z,y) == arctan (y i 1) . (4.2)

z+1

We start by introducing some notation: first we define B}, to be B N Q. Set
Iy == {(z,0) : 2 > 0} and 'y =: {(0,y) : y > 0}. Similarly for R > 0 we
define Ff = I'y, N Bg and Ff = Iy N Bg. We finally set Iy := I'y UT', and
[h={(z,y) € Q:|(z,y)| = R}.
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Then we have the following result:

Theorem 4.1. The function u defined by (4.2) satisfies the following equation:

Au=0 n Q
% = %sin 2u on T, (4.3)
% = —%sinQu on Iy,

where v denotes the outward normal.

Proof. We have by a direct calculation:

2aurctan (y+ 1> = f+ ! 5 (4.4)
y r+1)  (z+1)7+(y+1)
garctan (y—l— 1) = — z+1 5 (4.5)
Ox r+1 (z+1)°+(y+1)

Furthermore we have that

1 1 1 1
—sin 2 arctan <y+ ) = (x+2)(y+ ) 3 (4.6)
2 r+1 (y—}—l) —i—(:L‘—}—l)
The conclusion follows easily from this.
O

Before we continue we recall the definition of a local minimizer from [12] (see
Definition 1.1):

Definition 4.2 (Local minimizer). Let R > 0 and let E : H' (Bf;) — R be an
energy functional. A function u € H'! (BE) satisfying 0 < u < 5 s called a local

mainimaizer if

E(u) < E(u+ ), (4.7)

for all functions ¢ with compact support in Bj, UT'% such that 0 < u + ¢ < 5
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Our next step is to show that the function u defined above is a local minimizer
of the energy: we will follow a similar approach to Cabré and Sola-Morales [12]
(see Lemma 3.5 there for the analogous result), using a sliding method to prove
uniqueness of a solution given certain boundary conditions. It must be noted
that in their paper [12] Cabré and Sola-Morales show the local minimality for
any layer solution, i.e. any solution which is monotone in the direction parallel
to the boundary. In our case it could be an interesting result to define a similar
notion of layer solution and then show uniqueness of such layer solutions, which
we will not do here. We will instead prove the uniqueness result for the function
u alone. The limits for u in the two directions are 0 and 7, so local minimality of
u amounts will follow if we can show that, for all R > 0 w, is the unique solution

w to the following equation:

Aw =0 in Bf

0<w<7/2 in B,

9w — lsin2w  on QN {z=0}NBg (4.8)
v — —lsin2w on 9QN{y=0}NBx

w=1u on 0B N Q.

We will show this by a sliding argument as in |12, Lemma 3.1|, adapted to our
case, which will require some modifications due to the presence of the angle. As
preliminary results to our main result we will study the regularity of problem
(4.8). These will be needed in the proof, but are of independent interest. Our

main result is

Theorem 4.3 (Uniqueness). Let u be defined as in (4.2). Then, for every R > 0,
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u 18 the unique weak solution of the problem

(

Aw =10 m BE

0<w<m7/2 mn B_E

fu—Lsin2w  on 0QN{x=0}NBg (4.9)
du

5:—%sin2w on 0QN{y=0}NBg

\

We need some regularity result for solutions of (4.3). More precisely we want
to study, for all R > 0 the regularity of weak solutions u € H' (Q N Bg (0)) in
the quadrant @ := {(x,y) : x,y > 0}, i.e solutions of

1
/Vu-Vgodx——/
Q 2 Jr

for all ¢ € C* (Q) which satisfy suppp C BrN @, where x = (z,y), and T,

and ', are the y and x half-axes respectively. These exist since they arise as

(sin 2u) @dH"' + % / (sin 2u) pdH* = 0, (4.10)

y T

blow-up in a corner of solutions of the Euler-Lagrange equation for a variational
problem in a rectangle. By a result of Cabré and Sola-Morales [12| and by
interior regularity for harmonic functions we can show that any weak solution
of this problem belongs to C* (@ \ {0}). If we consider a rectangle of the form
R.p = (0,a) x (0,b) we can prove using a result by Jerison and Kenig [29] that
a solution w is in H%? (R,;), which in particular implies that w € C%'/? (R,;).

Define a function v for z,y > 0 as:

v(z,y) = /O /wa (s,t) dtds. (4.11)

We clearly have that

v (x,y) = /Oyu(x,t) dt and wv,(z,y) = /ju(s,y) ds, (4.12)

and consequently, using integration by parts, we have that
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y y o y
Vg (2, y) = / Uy (z,t) dt = / / Ugz (8, 1) dsdt + / ug (0,t) dt (4.13)
0 o Jo 0

and

T x Py T
Vyy (2,y) = /0 Uy (x,t) dt = /0 /0 Uyy (S, 1) dtds +/0 uy (s,0)ds.  (4.14)

Adding the last two equations and using the fact that u is harmonic, we obtain

y x
Av (z,y) = / ug (0,1) dt + / uy (s,0)ds
0 0

, . (4.15)

1. 1.

=— | =sin2u(0,t)dt+ [ =sin2u(s,0)ds.
0 2 0 2

We can now easily compute that (Av),, = 0 and (Av),, = cos2u (z,0) u, (z,0).
It can be easily seen that u is smooth away from the corners, and hence Vu is
well defined at any point of the boundary which is not a corner, for any rectangle
R with a vertex in the origin and sides parallel to the coordinate axes, and is
point-wise bounded through its non-tangential maximal function. Then we can
apply Theorem 2 in [29] to conclude that the gradient is in L? (OR), hence in
particular we conclude that (Av), € L?(R). In the same way we conclude that
(Av),, € L*(R). This means that Av € H* (R).

Now consider a smooth cut-off function ¢ with support in R, that is equal

to 1 on a ball of radius (e.g.) ;min{a,b} centred at 0: we can conclude from
Hell and Ostermann [23, Proposition 1] (which we report below for the ease of
the reader as Theorem 4.4 below) that v € H* (m) Hence we conclude that
w € H? (Bl/4min{a,b} (O)) Since we can do this for all a,b we conclude that

w € H? (Bg(0)) for all R > 0.

Theorem 4.4. [Hell and Ostermann [23, Proposition 1] Let Q be a rectangle,
k> 1. For a function f € C(Q) and j € {1,...,k} we set
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J
ij _ Z (_1>z+1 aij—%a;i—Qf'

i=1

We then define the compatibility conditions to be:
ij‘V:O forallj=1,... k, (4.16)
where V' denotes the set consisting of the four vertices. Then we have that for a

given f € H?* (Q) the solution to the problem

Au=f inQ
u=0 on 0f)

(4.17)

is in H?**2(Q) if and only if the compatibility conditions (4.16) hold.

Remark 1. Observe that for & = 1 the compatibility conditions amount to f

being 0 in all corners.

We can then say that any weak solution is a strong solution to:

Au=0 in Q@
—% = % = %sin 2u on I, (4.18)
_ Ou ou

=% — _lgin2y on T,.

dy — v 2

Before we proceed we show that indeed 0 < w < 7 in Q N Bi. Assume that
w (9, y0) € {0, %} for some (z9,y0) € @ N Bg. By the maximum principle this
cannot happen in the interior @ N Bg. Furthermore, since w = u on I'f;, and
0 < u < %, we also have that (zg,y0) ¢ T';. If (x0,90) is on the boundary
but not in the origin, we conclude from the boundary condition that the normal
derivative must vanish, but this is impossible for the Hopf boundary lemma.
So the only possibility is that (xg,y0) = (0,0). At such a point we need a
different strategy: define a function w in the upper-half space, via a conformal

transformation, as:
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W (2* — y?, 2zy) == w(z,y). (4.19)

Then w satisfies the following PDE:

A =0 in R%
) (4.20)
90 _ SENT gin %p (z,0) on JR?.

el
Now, since w is locally in every Holder space with exponent in (0,1/2) we
conclude that its normal derivative must be in every LP (R), and we conclude
with the help of the Hilbert transform? that w & T/Vl};f, hence locally in C*
for all @« € (0,1). So we conclude that the normal derivative is in C7 for all
v € (0,1/2): then (see for example [40, Theorem 2|) we have that w € C'7 for

some 4 € (0,1/2). In the interior we have C? (indeed C*°) regularity, so we can

apply Hopf’s lemma to conclude that w < 01if u(0,0) = 0 (or % > 0 if

1 (0,0) = 7/2). We will get a contradiction if we can show that this derivative is
equal to 0. For brevity let f (z) = sin2w (z,0) and g = %f (). The function

||

g is Holder continuous, so the limit lim, o ¢ () must exists on both sides and be
equal, call it L. If L > 0 we have a contradiction considering the limit from the
left side, since there the function is always non-positive, because f > 0. Anal-

ogously we conclude that L cannot be negative. Hence L = 0, which implies

w = 0, which is a contradiction to the Hopf Lemma. Hence we conclude

that « (0,0) ¢ {0, 7/2}.

As next step we prove that all inwardly-pointing derivatives exist at the origin

and we give an explicit expression for them:

Theorem 4.5. Let s = (s1, 82) be an inwardly pointing direction, i.e. s1, 89 > 0,

0u(0,0)
ds

and let u be a solution of (4.18). Then the directional derivative exists

2This is done observing that the boundary value problem ‘g—f = f is equivalent to H (wg) =
f, where H is the Hilbert transform. The Hilbert transform is a bounded linear operator on
LP for 1 < p < oo and its inverse is —H. Then we see that we = H (f) € L? (R)) if f € L” (R))
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and satisfies:

0u (0,0)

1. 1,
5 = (—5 sin 2u (0,0) , 5 8in 2u (0, 0)) - (81, 592). (4.21)

Proof. We will show this by expressing a solution of (4.18) by means of Green’s
functions. Consider a positive radius R < 1/2 (this only for convenience later,
any R > 0 would work as fine) and let ¢ be a smooth cutoff function which is
equal to 1 in the ball Bg (0), and equal to 0 outside the ball Byg (0). Then the

function v = up has compact support, is smooth in ) and its Laplacian satisfies:

Av=0 in B
Av =2Vu- -V +uly in B \ By (4.22)
Av =0 in Q\ Bjp.

By the product rule we get % = %g& + ug—“" and so

v

% = g—:j in B},
b= e tusg, W Bjp\B; (4.23)
=0 in Q\ Biy.

From this, and using the Neumann boundary conditions for u we conclude that
v satisfies a boundary value problem with Neumann boundary conditions, such
that the Neumann boundary condition on each half-axis is a C* function (for all
a € (0,1)) with compact support. We will prove the result for v, which obviously
will imply it for u, since they coincide in a neighbourhood of the origin. Consider
the function o = v + 3 sin2u (0,0) (z — y) ¢. Then the conclusion will be proved
if we can show that Vo (z,y) — 0 for (x,y) — (0,0) in Q. Let G (z,y,&,n) be
the Green function for the Neumann problem in the quarter-space @: from [46]
(see 1.1 on page 2) we have that such Green function has the form (modulo a

multiplicative constant which doesn’t play any role for us):
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G (,,€m) =5108 (6~ 2)° + (1~ 1)®) + 5 log (€ + ) + (5 — )

S tog (6= 0) + (+1)2) + 2log (€ + 2% + (0 +)?)

2 2
(4.24)
This function satisfies (see |46, Theorem 1]) the following conditions:
0G (r.0,0.1) _ 0G (1,5,60) o)

0& an

By Green’s theorem we get then that v can be expressed in term of the Green’s

function as follows (where &,1 > 0):

% 9 9
@(S,n)z/o a—Z(O,y)G(07y,€,n)dy+/o a—Z(ﬂc70)G(x70,§,n)daf o0
s Gl i ey dedy
Bz \Bf;

By the properties of u and the definition of © we have that for all « € (0,1):

ov ov

W <Clz|]*, |5~ < Cly|*. 4.2

0| < clal, |5 0] <l (4.27)
We now will show that g—g (&,m) — 0 for (£,m7) — (0,0). The proof for g—z is

analogous and is left to the reader. Without loss of generality we can assume
that €2 + 7% < 1. We have:

O [0 9G (0,y,&,1m) > b 0G (x,0,¢, 1)
8—5(5777)— ; 5(0,1/)—65 dy+/0 5(%0) ¢ dx
G (z,y,§m) 4 -
+ /B+ - TAU (x,y) dzdy.
(4.28)

The last term is easily seen to converge to 0 as (£,n7) — (0,0), by dominated
convergence and the properties of G. So we need to show that the other two

terms converge to 0. We have that
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0G(x,0.6m) _ 2(E-2)  2(¢+7) (4.29)

0¢ 2+ (E—2)’ 2+ (E+a)
and
oG (0,y,&,m) 28 28
¢ T ety etmiy (430

We have, by (4.23):

> 00(0,y)0G (0,y,&m) , 91 (0,y) 1 1
[ =5 ¢ dy‘/o25 o (§2+<n—y>2+§2+<n+y>2>dy'

We now have

/gavoy( PTE— 52+<717+y>2>dy‘

) . (4.31)
S/ 2&;“( + )dy
0 E+m-y°* E+Mn+y)’
Now choose o = 1/2, so the right-hand side becomes
E+n+y° 1144 o
25/ VY dy = v/ & — inarctan 2
E@+m-v?)(E@+m+y)’) 22 £—in
1—i
11— — 7
—3 \/_Z V& + inarctan ( z fm>
15‘*‘”]\/ —zfarctan( L , )
n—18
1 § —n , 1
ST it 'r;—i—zfarctan( - i£>'

Here we observe that the argument of the square root always belongs to the set

C\ R\ (R, which means that we can choose a branch cut for the square root
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along the negative real axis. We then have that the value of the square root can
never be on the imaginary axis (and neither can therefore its inverse), so we can
choose a branch cut for the arctan along such axis, e.g {it : [t| > 1}. Then all

the functions are well-defined and single-valued for &, 7 > 0.

We now can conclude that this tends to 0 for (§,7) — 0 observing that for
= 1. The

§—in
n+i§

first identity follows from the identity arctan (1/w) = arccot (w) and the fact

complex w we have lim,, o w arctan (1/w) = 0 and that fvf—iz =

that lim,, o arccot (w) = 7/2.

For the other term we obtain again from (4.23) that

00 (x,0)0G (,0,&,m) , L 00 (z,0) E—ux E4x
/0 55 o da:—/o B (n2+<§_x)2+n2+(€+x)2)dx.

We now have

1817(:E,0)< E—x E+x >
5 5 | dx
o Ov ”?+E-z)° P+ (E+2)

1
S/x“
0

(4.33)

E—x E+x
dx.
(772+(€—a7)2+772+(€+93)2)‘ !

Again choose oo = 1/2, so the right-hand side becomes (we computed the integrals

with the help of Mathematica):
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' |62+ 7? — 2?| 1 : ( 1 )
dr = —=+/—& —inarctan | ————
25/0 \/5(7724—(5—1’)2) (N R A W

—i—l E—1 arctan( ! )
AN N

- %\/ —£& 4 inarctan (ﬁ)

1 1
+ = + ¢n arctan = .
Ve (\/ €+ m)
(4.34)
We then conclude since lim,, o w arctan (1/w) = 0 for w € C. We can now show
the conclusion easily: take an inwardly pointing direction s: we want to show
that the derivative 2 (and consequently the same derivative for u) exists and is

ds
0, so that for u we will have that

0u (0,0)
ou

Let I = [0,1] and define a function f on I as

= (—% sin 2u (0,0), % sin 2u (0, 0)) (81, 52) - (4.35)

0 itt=0
Ft) = (4.36)
Vo (ts)-s otherwise.
This is seen to be continuous on I, since Vo (ts) — 0 for ¢ — 0. Now by this

and the mean value theorem we have that for a & € (0, ?):

0 (ts) — v (0)
t
Now the right hand side tends to 0 when ¢ (and hence &;) tends to 0, since f is

= J(&)- (4.37)

continuous at 0. This shows that the limit of difference quotients at 0 exists and

is 0, which yields the conclusion.

]
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We can now prove Theorem 4.3: we will do this by sliding the explicit solution
u along the two coordinate axes and then using arguments very similar to those
in [12, Lemma 3.1|. For this we need to study what happens to a solution when
we slide. We will show that according to the direction in which we slide, we will

obtain sub-/supersolutions. We have the following result:

Proposition 4.6. Let u be defined as in (4.2). Fort > 0, define u; to be the
sliding of u in the x direction, i.e. uy (z,y) = u (z +t,y). Analogously we define

vy as the sliding in the y direction. Then u, and vy satisfy the following equations:

Auy =0 forz,y >0

% = —% sin2u; on {y =0} (4.38)
% = 1+rt (% sin 2ut) on {x =0}

Avy =0 forz,y>0

9u — L (3sin20) on {y=0} (4.39)
9u — LIsin2v, on {z=0}.

Proof. We present only the proof for w;, since the proof for v; is similar. We

have by a direct calculation

1 1
9 arctan ( yt ) = vttt (4.40)

dy c4+1+t) (z+1+40°+@y+1)*

0 1 1

— arctan (L) = — y—2|— 5 (4.41)
Ox r+ 1+t (x4+1+t)7"+(y+1)

Furthermore we have that

1 1 1 1+t
—sin 2 arctan ( v ) = RRIChE R 2 (4.42)
2 r+t+1 (y+ 1))+ (x+1+1)

The conclusion follows easily from this. ]
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We can express the conclusion of Proposition 4.6 in terms of the original

equation (4.3), showing that we obtain super-/subsolutions:

Corollary 4.7. Let u; and v be defined as in Proposition 4.6 above. Then they

satisfy the following differential inequalities:

(

Aug =0 forxz,y>0
X % +3sin2u, =0 on {y=0} (4.43)
Out 1

|5 —3sin2u; >0 on {z =0}

.
Avy, =0 forx,y>0

9u + Isin2v, <0 on {y=0} (4.44)
\%—%smm:o on {x =0}

Proof. Again, we only present the proof for u;, since the proof for v; follows in
a completely analogous fashion. We have on {x = 0}, adding %sin 2u; to both

sides of the equation

0 1
%+§Sin2ut:—§sin2ut'1—H+§Sin2ut
1. 1
= 5sin 2u (1 — 11 (4.45)
t 1 ¢ t+1 1
:—-—SiHQUt: : <+2)(y+ )2 )
t+1 2 t+1 t+1D)"+(@y+1)

which concludes the proof.

We are now ready to prove Theorem 4.3.

Proof of Theorem 4.3. Let w be a solution of
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Aw =0 in QNB~E
0<w<m/2 in QN Bg
Qu—1lsin2w  on 9QN{x=0}NBr:=T, (4.46)

%:—%sian on 0QN{y=0}NBr:=T,

(w=u on dBRNQ :=T7.

Let us consider now u;: from its definition it is clear that ||ul|z=@nBy(,0) — 0
as x tends to oo, which means that u; tends to 0 uniformly on QN Br as t — oo.
Since 0 < w < 7 and w is a continuous function on the compact set QN Bg,
its minimum there will be strictly positive. Hence, for ¢ large enough we have
that w > u;. We now want to prove that this inequality holds for all ¢ > 0. We
observe that if the inequality holds for some ¢, then it also trivially holds for all

t > tg, since t — u; (z,y) is decreasing in t.

Suppose, by contradiction, that

s:=inf{t >0:w>u in QNBgr}>0.

We clearly have that w > u, in @ N Br. On 'L we have that w = u > s, since
s > 0, so in particular we see that w # u,. Now, by the definition of s as infi-
mum there exists a point (29, y9) € Q N Br\T'}; such that w (zg, y0) = u* (w0, o).
That is we have that w — us > 0 and that (w — us) (2o, yo) = 0.

The function w — u, is harmonic, so by maximum principle we can exclude
that (zo,y0) € Q N Bgr. If zg > 0,yp = 0 we have that % (x0,Y0) = 0, since
they both satisfy the same boundary condition, and they are equal at (xg, yo).
But by Hopf’s boundary lemma the normal derivative at such point must be
strictly negative, which leads to a contradiction. If xqg = 0 and yg > 0 we have

that with f (¢) = sin2¢ that
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0 (w — uy) 1 s Ous Oug

ov :f(w)_f(us)s—l-—lzS+1f<us):S%:_88x

> 0.

But again by the Hopf boundary lemma we have that % < 0, which is a
contradiction. Hence the only possibility left is that (xg,y0) = (0,0). We now
want to show that also this cannot be the case. This will give us the desired
contradiction, which proves that s = 0. Hence w > wu. Sliding in the y direction

shows analogously that w < u, thus u = w.

So the only thing which is left to prove is that (z¢,y) cannot be the origin.
Assume it is, then from the conditions (w — u,) (0,0) = 0 and w — us > 0 we
conclude that % > 0 for any inwardly pointing direction v. Our aim is to
show that in fact there exists one of such directions for which such derivative is
strictly negative, thus giving a contradiction. By Theorem 4.5 we have that for
any direction v = (vy,vs) , vy, v > 0:

w - <% (— sin 2w (0, 0) , sin 2w (0, 0)) ,v> — \(=1,1)),
with A := £ sin 2w (0,0) > 0, since 0 < w (0,0) < 7/2. Even though the gradient
at 0 might not exist, with a slight abuse of notation we denote by Vw (0,0) the
vector 1 (— sin2w (0,0),sin 2w (0,0)).

Let now v := (vy,v9), v; > 0 be an inwardly pointing direction. We want to

choose v in such a way as to have % (0,0) < 0. We have

Vw (0,0) = A(—1,1)

and

Vu, (0,0) = (=1,1+s). (4.47)

1+ (1+s)
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From this we can see that choosing v = (1, 1) we obtain

s
1+ (1+5)?

which gives a contradiction. Hence s = 0. This shows that w > u. The opposite

(Vw (0,0) — Vugy (0,0),0v) = <0, (4.48)

inequality is proved by sliding in the y direction.
O

4.2 The energy of the explicit solution

In this section, as a preparation for the energy expansion results of Chapter 7,
we compute the energy of the known explicit solution u in a quarter-ball B}, of

radius R, where u is defined as above as:

y+1
= t 4.49
u(z,y) = arctan (x—l—l) (4.49)

and B} := Bp N Q. We have the following result:

Theorem 4.8. Let u be defined as in (4.49). Then u has the following energy

expansion in B}:

log R
Vul?de = glogR+glog2+G+O ( Oi ) : (4.50)

+
BR

where G s Catalan’s constant, for the Dirichlet part and

1/RsinQu(:E O)dx—i—l/RcosQu(O )d =Z40 1 (4.51)
2 0 ) 2 0 Y y—2 R '

for the penalty term. The constant G is defined as G :== > " %, and its

numerical value approximately equals 0.916.

Proof. For the Dirichlet part we have
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1
|Vu\2dx:/ 5 sdx
B} Bt (x+1) "+ (y+1)

+
R

_/, : (4.52)
Bh+(1,1) x? 4y

This integrand is invariant with respect to the symmetry (x,y) — (y, ), so we

can rewrite it as

1 1
/ 77_3:2/‘ o (4.53)
B+, 7Y Bi+(1,)n{a<y} T° T Y

We want to use polar coordinates to find the expansion of this integral as R —
+o00. For a fixed R > 0 we can describe the domain of integration in polar

coordinates as (see Figure 4.2):

Dp = {(r, 6):6 ¢ (arctan (HLR) Z) e (r(6),r2(0)) } (4.54)

The angle 6 can vary between arctan (HLR) and 7 /4, while for every value of 0
the radial variable assumes values in an interval (r; (6),r2 (6)), where ry is the
distance between the origin and the point where the line y = tan fx intersects
y = 1 and ry the distance between the origin and the point where the same line
intersects the set {z,y > 1,(z — 1) + (y — 1) = R?}. To find r1 (§) we notice
that ry is the length of the hypotenuse of a right triangle whose other sides are

1 and ry cosf. This gives then the following equation for 7y := r (0)

r? =1+ricos’0, (4.55)

from which we deduce easily (by using r; > 0 by definition and sinf > 0 since
0 € (0,Z)) that

r(0) = —. (4.56)




Figure 4.2: The construction of vy and ry

To find ry we write a point on y = tan 6z as ry (0) (cos #, sin #) and we impose
the condition that it lies on the prescribed arc of circumference. Thus we get

the following equation for ry := 15 (6):

(rycosf —1)* + (rysinf — 1)°> = R2. (4.57)

Expanding and grouping terms with the same degree we can rewrite this as

73 —2(sin® + cosf)ry +2 — R* = 0. (4.58)

This is a quadratic equation with coefficients a = 1,b = —2 (sind + cos#), ¢ =
2 — R2?. Since we are interested in the expansion for R — oo, we can assume
without restrictions that ¢ < 0. Since 0 € (0,7/4) we have furthermore that
b < 0. We have that the discriminant A satisfies:

A
T R? — 1 +sin26 > 0, (4.59)

hence the equation has two distinct real solutions. Since we have a > 0,b <
0,c < 0 by Descartes’ rule we deduce that one solution is positive and the other
is negative. We discard the negative solution, since ro > 0 by definition, so in

the end we conclude that

79 (0) = cosf + sinf + vV R2 — 1 + sin 20. (4.60)

So we have that the integral that we need to compute is
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T cos 0+sin O+ R2—1+sin 20 1
/ |Vu|> = 2/ / —drdf. (4.61)
B; a r

rctan( ﬁ ) L

sin 0

We have
T cos 0+sin ++/R2—1+sin 20 1
/ / —drdf
1 1 r
arctan(—l+R> PRyl

Jus

:/a4 )log[(cose—l—sinﬁ—l—\/W) sin@}

rctan(ﬁ
i 1
= / log (cos 0 +sinf +VR2—1+sin 20) — / log sin 0d6.
arctan( 1+R) arctan( 1+R)
Let
[(R) = / ’ log fr (6) 6 (4.62)
arctan(ﬁ
where
fr(0) = cosf +sinh + VR — 1+ sin 26. (4.63)

Recall that sinf, cosf > 0 and sin26 > 0 (since 0 € (0,7/4)), so

VR? —1< fr(0) <2+R, (4.64)

and since the logarithm is an increasing function we get that

I 1 I
/ 5 log (R*—1)df < I(R) < / log (2+ R)df,  (4.65)

rctan(ﬁ) arctan(

r)

which means

% G — arctan (HLR)) log (R* —1) < I (R)

s 1
(Z — arctan (H—R)) log (R+2).

IN
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We now observe that the two functions on the side differ by O (%) as R — oo,

and that the same is true for their difference with (2 — arctan (11z - R)) log (R), s
we have I (R) = 7 log (R) + O (IOgR) For the remaining term we have:

i i log R
—/ 1ogsin9d9:—/ logsin9d9+0(og )
arctan(L) 0 R

1+R
s 1 log R
:—l —
1 0g2—|—2G+O( I ),

(4.66)

where G is Catalan’s constant and we used the expression for [* log sin #df in
p 0

the book by Gradshteyn and Ryzhik [22, 4.224,(2)]. We also have estimated the

arctan( 1-&R )

integral [,

arctan( ﬁ) arctan
/ log sin 9d9’ / |log sin 0|d6
0 0
arctan B 1 arctan( 1+7R> 9
/ log —df < —/ log —d6f
sin 0 2

(bg( )- 1)EMM -0 ().

(4.67)

log sin df for R large enough as:

where we have used that for § small enough (which is true for R large enough)

we have log = —log ¢ 5- This completes the proof of the first part.

sinf —

For the boundary term we have that

1o, 1, 1
= sin“u (x,0)dr = = sin” arctan dx
2./ 2/, 7+ 1

1
= arctan(R + 1) — arctan(1l) = Z +0 (E) .

The same also holds for the integral on the y axis, from which we obtain the

(4.68)

conclusion. O
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Chapter 5

First order lower bounds in

rectangles

In this chapter we will prove some results for critical points in a rectangle; we
will focus on minimizers and critical points which have the same energy as mini-
mizers up to a constant. This is needed to justify rigorously some results on the
energy of C' and S states whose proof was sketched in the final chapter of [34]

and which we will more closely examine in Chapter 6.

The energy functionals that we will study in this section assume the form

/|Vu] d:E+—Z/ sin? (u — ay) dH*, (5.1)
Ly

where as before Ly, k = 1,...,4 denote the sides of the rectangle, a; € {m7 :
m € Z} and where |ay —oy] = 5 if k—j =1 mod 4. If 7, is the tangent
vector to Ly then e = 7. We recall a useful observation we made on page 62:
given a function u € H' () which is bounded, we can obtain a new function
u* € H' (Q) such that 0 < u* < 7 in a way that doesn’t increase the energy. In

particular if we start with a minimizer we obtain another minimizer.
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Figure 5.1: The quarter-annulus D, g.

5.1 First order lower bounds for the energy

In this section we will derive lower bounds for the energy of critical points of
(5.1): we do this by adapting the method used by Struwe [51] and Kurzke
[35]: the latter proved lower bounds for the energy on a domain with a smooth
boundary (see also [34]). Our first result is the following lemma, which gives a

lower bound for the energy of critical points on quarter-annuli:

Lemma 5.1. Let 0 < p < R < Ry for some Ry > 0 small enough. Let d € 7Z
and 0 < 6 < 7. Consider the portion of annulus D, g around a corner (w.l.o.g.
assumed to be 0) contained in Q with radit p and R, i.e. D,p = {(r,0) :
r € (p,R),0 € (0,2)}. Let 0; = j2,d; = jd for j € {0,1} and assume
that |u (rei) — 6; — d;jm| < 6 for all v € (p,R). Then there exists a constant
C depending only on Ry and d such that for every function u satisfying these
hypotheses the enerqgy is bounded below by

2
2(z +d
E.(u; D, ) > 2(5+dm) log & — c\/g (5.2)

™ p p

Proof. For ease of notation let u; () :=u (rei(’f). To estimate the Dirichlet part
of the energy we use polar coordinates and disregard the radial derivative to get,

by means of Holder’s inequality:
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/ |Vul*dz > d@dr
Dy

2 R Y
2/_</ de)%%/ (w—w)®
p T 0 T T J, r

We can write u; —ug as A — B where A := 5 +dn and B :=ug —uy + 5 +dn

o (5.3)

00

and using the fact that sin® (u; — 0, — d;m) > c(u; — 0; — d;m)* for a constant
depending on §. Then we can write the following lower bound for the energy
(where on the penalty term we use the inequality a? + b* > % (a+ b)2 for a = ug

and b= § +dm — u1) and where we denote v = 5

R 2 2
(A— B) C o / A
E. (u; D > ——— 4+ —B“ | dr —F=d
(U PvR) /pv < yr + ¢ ry + 265 r

-1
2
2 R 2
:/ At / ( A QE_A_) (5.4)
p r p 7”74‘? r
2 R 2
p

v p cy?r? 4 2evyr
where in the inequality in the first line we used the inequality o (A — B )2—1— pB? >
ff r, with a = % and 8 = 5. To obtain the conclusion we need to estimate
B
the last term. We observe that we want a lower bound and that the integrand

function is positive, hence we need to find an upper bound for it. We have:

/ R 2A% i < / R 2A% p
P N ar 2t Var
p \CYAr? 4 2ver —J, \ey*r?+2yep

arctan (K R) — arctan (Kp)‘

< 2A% (5.5)
2ny Ep
2w A%e \/7 \/7
V2eydep /23
where K =, /5 Cap. This concludes the proof. ]
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Remark 2. To make the proof easier to follow we have proved this Lemma for
0; = jZ,d; = jd for j € {0,1} and assumed that |u (re’) —6; — d;w| < § for all
r € (p, R). It is then easy to see that we can analogously show the same lower
bound if we assume |u (re’) —a; —k;x| < 6 for a; € 6;+7Z and k; € Z and set
d so that § +dm = ay + ki — ap — ko, since we can easily bring back this case
to the one in the Lemma by subtracting an integer multiple of 7 (i.e. ag+ ko)

from the function u, which does not change the energy.

5.1.1 Covering of the approximate vortex set

In the case of a smooth domain the approzimate vortex set S, of a function wu.

is defined as

Se = {x € 09 : sin” (u. (z) — g (x)) > i},
where g is a lift of the tangent vector field 7, i.e. a function g : 92 — R such
that (if we identify R? and C) we have 7 = ¢%. In a rectangle observe that
g can be chosen constant equal to o on each side with a jump of £7 in each
corner. In the case of a rectangle we define S. analogously but we make a slight
modification: since we have some special points, namely the corners, where the
function ¢ has a jump, we include them by default in the set, and we say that
a point which is not a corner is in the approximate vortex set precisely when it
satisfies the condition in (5.6) So if w;,i = 1,...4 denote the corners of {2 we

define the set S. for a rectangle () as

S = {wi}t, | {:c € 00\ {wi}iz, : sin® (ue (2) — g (2)) > i} (5-6)

where g is constant and equal to ay on each side Ly. By the definition of S, we

have this obvious corollary:

Corollary 5.2. If a point x is not in S; then we have that x lies on one side
L; (i.e. it is not a corner) and satisfies sin® (u. (x) — o;) < +. Therefore there

exist constants 0 < 6 < §,¢ > 0 such that for each x ¢ S, there exists a unique
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k* € 7 such that |u. (z) — a; — mk®| < § and sin® (v, — o) > c|u. — a; — kT |2

We also have that k¥ is constant on each connected component of O\ Sk.

Proof. The fact that x lies on one side L; and that sin® (u. (z) — a;) < 1 follows
from the definition of S., since we included the corner points in the set S..
The second claim follows from this inequality and the properties of the function
sin® (- — a;) near its zeroes. The uniqueness of k2 is obvious. The continuity
of u. (see Lemma 5.3 below) then implies that k? is constant on any connected

component of 90 \ S.. O

Lemma 5.3. Let u be a critical point of E.. Then u is continuous on . There-

fore u is bounded on Q. Furthermore we have that w € H? (€2).

Proof. Continuity away from the corners is easy to show by standard methods
using the boundary condition (for example we can use [12, Lemma 2.3] for the
locally rescaled equation — indeed this can be used to show C? smoothness up to
the boundary away from corners); in the corner we can prove continuity as we
did in the proof of Theorem 4.3, just before (4.11): the argument is the same,
since in the corner the equation satisfied by a critical point is a rescaled version
of the one there (in that context we also had upper and lower bounds, and a
Dirichlet condition, but they are only used in the proof of uniqueness and play
no role in the proof of continuity /regularity, which can therefore be carried out
in the same way in this case too). Fix now p > 0 small enough; then outside
of 4 balls of radius p centred in the corners we can use interior regularity and
difference quotients near the boundary to prove H*-regularity (in the same way
as in [34, Proposition 2.5]). In each ball B} (z;) around a corner z, we can
use the same arguments we employed just before Theorem 4.4 to conclude that

u € H? (B;r (z])) Putting everything together we get the conclusion. ]

We now show that the approximate vortex set S. can be covered by a finite
number of € balls, whose number is uniformly bounded in e. We know this for a

sufficiently smooth domain (say C?, as shown in [34, 35]), and the proof is very
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similar, however we will have to slightly adapt that construction to account for
the corners. We first observe that by doubling the radius if necessary we can

cover the boundary with balls of only two kinds:

e Balls centred at a boundary point which is not a corner and whose inter-

section with the rectangle is a half-disk;
e Balls centred in a corner.

We need an equivalent of [35, Proposition 3.5| for corner points:

Proposition 5.4. Let p < min{a, b}, where a,b are the side-lengths, and let z,
be a corner. Then for I', := 0Q N B, (2) and for any stationary point u of E.

we have:
1
[ sin?(u— ) dH < Acuna (0). (5.7)
25 r,
where
Aewes @)= [ v [ sin? (u— g)dH'.  (5.8)
QNAB,(z0) € JoanaB, ()

Proof. Without loss of generality we can assume zy = 0. We follow the proof
given by [35, Proposition 3.5]. We need to choose a smooth vector field Z which
is tangential along the sides: we can simply take Z = 2. We can follow the
same calculations in that proof to get, using Pohozhaev identity (where we set
w, = QN B, and denote by I'fj and I'{ the part of the two sides contained in B,
(soT, =THuUTIY) and B, := 9B, N
%/&)p(z-u)|Vu|2:/awp%z-Vu:/pru-V(z-Vu). (5.9)
We then get

1
5/ (= 0) IVu = 2 [ [Vufan, (5.10)
ow, Bp
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and

] dul? 0
/ —uz-Vu:p/ oz +/ X VudH. (5.11)
awp a]j ﬂp al/ FSUFT al/
Using that z - Vu = (2 - 7) % and the fact that u, being a critical point, solves
the Euler-Lagrange equation we get:
ou 1 ou
—z-Vudle——/ sin2 (v — g) — (2 - 7) dH* 5.12
/FSUFT ov 2e A/gurq ( )8T< ) ( )

We choose as tangent vector Z the vector z, so that z-7 = |z|, and we parametrize

I', with an arc-length parametrization ¢ such that ¢ (0) = 0. Then we have

d

that 2o = sgn(s) & (s), so that the integral becomes (where @, are defined

accordingly):

/ " sin2 (@ (s) — §(5)) d‘;is) sgn (s) [s|ds. (5.13)

Splitting the integral on the intervals (—p,0) and (0, p), and noticing that on

both sides dg/ds = 0, we can rewrite this as (notice that sgn (s) |s| = s):

1 0 d(u—g p du—g
5 (/_p sin 2 (i — §) %sds +/0 sin 2 (i — §) (uTg)sds) . (5.14)
We observe that on both intervals the function ¢ is absolutely continuous and
that sin 2 (@ — g) @ € L', so we can integrate by parts and obtain that this

is equal to:

1 0 |
— o= [ssin® (@ — g) (S)]_p+ P sin® (@ — §) ds

215 126 {_p (5.15)
~ 5% [ssin® (@ — ) (s)]g + 2_5/0 sin? (@ — §) ds.
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We observe that the integral evaluation in the integration by parts at 0 is 0
independently of how we choose to define g at such point, so we can finally

conclude that this is equal to:

i sin? (u — g) dH° + %/ sin® (u — g) dH* (5.16)

2e oQNdB, r,

Combining what we have obtained so far we get that:

1 sin? (u — g) dH' = ﬁ/ sin? (u — g) dH" + L |Vul?dH*
2¢ Jreure 2¢ Jaanag, 2 Js,
—p / @ 2d7—[1
8,1 OV
< A(p).
(5.17)
This concludes the proof. O

By arguing in the same way (indeed with an easier proof because now we do

not have to worry about the jump of ¢ in the corner) we can obtain the following

Proposition 5.5. Let zy be a point on a side Ly and let p > 0 be such that
I, :=0QNB, (%) lies entirely on the side L. Then for for any stationary point

u of E. we have:

1
— [ sin® (u—g)dH' < Acus, (p), (5.18)
28 l"p Ehat}
where
A ) =p [ wup+? | sin? (u - g) dH.  (5.19)
QNOB,(20) € JoanaB,(z0)

We now need an equivalent of |35, Lemma 3.7|, both on flat parts and in the
corners: this is proved in the same way as it is done there. For the convenience

of the reader we report the statement and the (easy) proof:
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Lemma 5.6. Let u. be a sequence of stationary points, satisfying the energy
bound E. (u.) < M|loge|. Then, for every zy € 02 which is either a corner or
a point on a side at a distance of at least €2 from the vertices, the function A

defined in (5.8) satisfies for every 0 < 0y < 67 < 1

12 oM
. f A < E€ €4 Q BE 0 S . 2
6915992 (0) < lloge| 01 — 6y (ue; N Beo; (20)) 0, — 0, (5.20)
Proof. We have
02
1 1 /2 4
Mlog = > E. (us; QN B, (20)) > _/ Alp)
€ 2 J.o p

1. 1 0y — 0 1

> élanlog e 1Ogg'
U]

We now show a result similar to [35, Proposition 3.6] which will be needed

in the proof of Proposition 5.8 below:

Proposition 5.7. There is a constant v > 0 depending on €2 such that for every
20 € 00, e > 0,p < /* such that I', (z0) lies entirely on one side Ly, and every
stationary points u of E. satisfying A (p) <y, there holds:
. o 1
sup sin® (u — o) < = (5.21)
r',/2(20) 4
Then we also have that there exists a constant C' > 0 depending only on £ such

that

1 sin? (u — ap) dH' < C (5.22)
22 Jry(z0)

Proof. We follow the proof of |35, Proposition 3.6]. We notice that if v as above
exists, then (5.22) will follow by Proposition 5.5 and the bound A (p) < 7.
Assume then by contradiction that no such v exists such that (5.21) is satisfied:
then for all values of 7,9 > 0 there exists zg € 99, € > 0 and p < £3/* such that

I', (2o) lies entirely on one side Lj and a stationary point such that A, , ., (p) <7
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and supp () sin® (u — ay) > 1 (notice that by continuity of u this supremum is

in fact a maximum). Then there exists z € I, such that sin® (u (z) — ay) > 1.

We can estimate the C%'/2 seminorm of u on I, as in [35, Proposition 3.6], using

Sobolev embedding in one dimension as:

2
Ou <0 (M + 12/ sin? (u — ak)d?-[1>
P =T, (5.23)

ar

[U]éo,l/z(pp) S /
rp

<2C’V
€

)

where in the inequality (1) we use the inequality (3.9) in [35] (which we can apply
since u € H* () by Lemma 5.3). So we get from this that sin® (u (2/) — ay) > &
for all 2’ such that [z — 2| < &, where the right-hand side is > 5 if we choose

v small enough. Then we can estimate the penalty term on I', as follows:

1

1 1 1
-2 -2
— sin (u—ak)>—/ sin® (u —ag) > —-e-—-=—. (5.24)
22 Jr( Te/a(z0) 2 8

16

20)

On the other hand we have by the assumption A, ., (p) < v and Proposition 5.5
that

1

— sin? (u — ay) dH < 7. (5.25)
2e Iy

20)

From (5.24) and (5.25) we get that v > 1/16. Since we have obtained this for
an arbitrary v, we get a contradiction. This concludes the proof.

O

We can now prove the main result of this subsection:

Proposition 5.8. Let u. be a sequence of stationary points satisfying the loga-
rithmic energy bound E. (u:) < M log % Then the approximate vortex set S. can
be covered by finitely many balls of radius €, such that the corresponding balls of

radius €/5 are disjoint. The number of these balls in uniformly bounded in .
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Proof. We follow the proof in [35, Proposition 3.9]. Before we delve into the
details of the proof, let us present an outline of it: we first will show that we can
cover the set S. with larger balls, in such a way that the penalty term is bounded
there. Then we show that the number of these balls is uniformly bounded in
e. We then turn our attention to balls of radius € and show that if such a ball
contains points in the set S. the penalty term there is bounded from below by
a constant. We also prove that each such ball is contained in one of the finitely
many (larger) balls of our first collection. Therefore also the balls of radius e
that cover S, will have to be uniformly bounded in number. We now present the
full details:

Step 1 We start by proving that we can cover S. with finitely many (larger) balls

of radius 5¢%/6

, whose number is uniformly bounded in . We cover the corners
w;,i =1,...,4 with balls centred there of radius 5¢°/%, i.e. Bs_s/s (w;). We then
cover S. \ U Bs.s/s (w;) via a collection of balls UxeSg\U;-*:lBSEg,/G (wn) Bsesre ().
Using Vitali’s covering lemma we can then find a new cover, which contains the
previous cover, which consists of balls B s/6 (2;), 2; € S \Ui_; Bs.s/6 (wi), j € Jz,
such that the balls B.s/s (z;) are disjoint. We choose radii a; € [¢%/7,£%6] so
that the energy in these balls satisfies

84

@EE (Ua, an Ba5/6 (Z])) Z Aa,u&zj (Oé]) Z Y, (526)

where 7 is defined as in Proposition 5.7: we can apply this, since the centres of
these balls are further than 5%/ away from corners. The existence of radii o
as above follows from Lemma 5.6. Since these balls are disjoint and combining
the lower bound (5.26) with the upper bound FE. (u.) < Mlog% on the energy

we can conclude that the number of such balls is bounded by

|Jo| < —. (5.27)
T
Now for those z;’s which are further away than 5¢*/° from a corner using again
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Lemma 5.6 we pick radii p; € [5¢°/%,5¢%/°] such that:

Acu2; (pj) < 60M. (5.28)

For those (finitely many, uniformly in €) points z; who are closer to a corner w;,

4/5

we group them in a ball of radius 10¢*° centred in the corner. We then choose

thanks to Lemma 5.6 four radii p;,7 = 1,...,4 € [10e*/%,10%] such that

Ac oo, (115) < 40M. (5.29)

Then we have that there exists a constant C' such that for all z; in our collection
of points we have that (from the bound (5.7)) and denoting by 7, either p; or p;

depending on the case:

1

— sin? (u, — g)dH' < C, (5.30)
2¢e Trp (

£
where we observe that r;, > . We also denote by A :={w;,i =1,...,4}U{z;:
J € J}.

Step 2 Using the previous step, we now prove that we can cover S. with
finitely many e-balls, whose number is uniformly bounded in €. We take four
e-balls B (w;),i =1,...,4 centred in the corners. Using again Vitali’s covering
lemma we cover S, \ Ui, B (w;) with balls B. (px) ,pr € S-\ Ui, B (w;), k € P.
such that the balls B, /5 (px) are disjoint. We can now estimate the Holder semi-
norm of u, as follows, for a constant which depends only on €2 and the constant
M in the logarithmic estimate E. (u.) < M log *:

[ue]co,l/Q(ka) < % (5.31)

We prove this in a similar way as we did in (5.23). We now show, both for balls

centred in a corner and balls that lie entirely one side that:
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(*) 2
[u;—:]éo,1/2 r < 3“5 < C A (Tk) + —/ Sin2 (U€ — Oék)
( Tk) Frk 87— T}g 9 Frk* (5 32)
(1) (%)
2Cum €Y
£ £

which gives the desired estimate (5.31). For a ball B, that lies entirely on one
side the inequality (x) is easy to prove from |ue (z) — u. (y)| < [Y|Ou./O7|dt

using Holder’s inequality (in this case the factor 4 is not necessary): this gives

[us]co,l/z(r,,) < (frp’%lf ‘2) v and squaring we get (x). Consider now a ball B, in
the corner (w.l.o.g. assume the corner is 0) and let I', = I, UT",, where I',, ', are
the parts of I', that lie on the x and y axes respectively. Notice first that using the
boundary condition we have [,,|%%[* < co. Now from [35, Lemma 3.3], which
we can use since u. € H? () by Lemma 5.3, we get that [, [9%|? < co. Arguing
as we did in the flat case we obtain an estimate for the C/? seminorm on T',,, T',,.
Then by an easy direct computation we can show the desired inequality (x): to
do this we write |u. (z,0)—u. (0,y)| < |ue (2,0)—u. (0,0)|+]|ue (0,y)—ue (0,0)] <
(frz|%|2> v V] + (fryl%P) 2 /]y[. We then obtain the conclusion using
that frm|%|2 < fFJ%P (and the same for the integral on I'y) and using that
Ve 4+ /Tyl < 23/22 + 42 = 2|(x,0) — (0,)[/2. Observe also that in inequality
(t) we have used the bound for the penalty term given by Proposition 5.4 and
Proposition 5.5 in a corner or on one side respectively, and the fact that r, > ¢
(to get i < 2 in (1)). Then we use the bounds for A for our chose radii r;, given
by (5.28) and (5.29) to prove inequality (%) and thus we conclude the proof of
(5.32).

Since p; € S., we have that sin® (u. — g) (px) > 1 and using the Hélder
estimate (5.31) we can see using the same argument as we did for the second

inequality in (5.24) that there is a constant ¢ > 0 such that

1

> sin? (u; — g) dH' > ¢ > 0. (5.33)

BE/S(pk)
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Observe that — by construction — any e-ball in our collection is contained in the
union of the balls of radius r; which we constructed in Step 1. Indeed if the ball
is entirely contained in one of the corner balls of radius j; then there’s nothing
to prove. If it is not, then it is further away than 5¢*/° > 5%/ from the corner,

and hence it is contained in the union of the balls of radius p;. Thus we have:

| P.| < Z / sin? (u. — g) dH'

keP. Be/s(pk)

5.34)
84 M (
<Z / sin? )d?—[1<0(4—|——),

zj EA v
which concludes the proof. O]

From this we can derive the following useful result:

Proposition 5.9. There is a constant C' > 0 such that if u. is a sequence of
critical points of the energy satisfying the logarithmic energy bound E. (u.) <
M log % Then for the oscillation of u. there holds:
lim sup oscu, < C. (5.35)
e—0 Q
In particular by adding to u. a suitable sequence t. € 277 we can assume that

the functions u. are bounded in L™ (Q).

Proof. The proof is the same as in |35, Proposition 5.1| (see also |34, Proposition
5.1]) and uses the fact that outside the (finitely many) e-balls given by Propo-
sition 5.8 the oscillation of wu. is bounded by the definition of S;, since there we
have [sin (u. — oy)| < 3. Inside the balls B (af) we can use the Hélder estimate
(5.31) — which holds both for balls in the corners and for balls on the flat part
as noted there — to get that the oscillation is bounded there as well: we can do
this since each ball B. (a)) is contained in one of the balls B,, (2;) constructed
in Step 1 of Proposition 5.8. By the maximum principle then we conclude that
the oscillation is bounded on €2 by a constant independent of € and from this we

get (5.35). The second claim then follows immediately. O
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We also have the following result, which will be useful later:

Lemma 5.10. We can cover the set S. with a uniformly (in €) bounded number
of balls By (a5),i = 1,...,ng, for some 0 > 0,ny € N, where ai € I (which
can be chosen such that a5 € S.), such that these balls are disjoint and for i # j

we have |ai — a5| > e.

Proof. We cover S. with balls B. (af) thanks to Proposition 5.8, so that a € S..
Consider first sequences of points af,7 = 1,..., N which lie on one side of the
rectangle and that converge to the corner 0 (w.l.o.g. we can assume the corner
is in the origin and the points we consider lie on the z axis): let now C; € [0, 0]
be defined as

|7

C; := liminf %l (5.36)

e—0 g

By choosing subsequences finitely many times we can assume that for all ¢ the

corresponding sequences converge to the liminf, that is:

Ch o tim 192 (5.37)

e—0 €

Define § := {i : C; < oo}, i.e. the set of indices corresponding to the points
which have asymptotically a distance of order ¢ from the corner and set C' :=
max{C; : i € S}. Then for some gy > 0 we can assume that for all ¢ < ¢y and

for i € S we have

B. (a;) € Byc+1): (0), (5.38)

so we replace these balls with Bycy1). (0). Consider now points a; such that

i ¢ S and the corresponding balls B. (a$). By the same process as above (i.e.

o5 —a|

considering for each ¢ the limits lim._,q for j ¢ S,7 # i) we can group

3
these in new balls with centre in one of the af,i ¢ S and radius oe for some
o > 0 (which does not depend on ¢), such that these balls are disjoint and have

asymptotic distance much larger than ¢ to each other. The proof for sequences
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a; which converge to a point which is not a corner is also carried out in the same

way. This concludes the proof. m

We introduce the following definition:

Definition 5.11 (Degree of transition). Let the set S. be covered by disjoint
balls By (a5),i = 1,...,N (this is possible thanks to Lemma 5.10), for some
fited N € N. By definition, on 0Q \ U, B,. (a5) we have sin® (u — ay) < 1 on
each side Ly. Consider a point a; which is not a corner and the two connected
components T T, of 00\ U, B,. (a5) which lie on the two side of the ball
B, (af): let Ki, K} € Z be such that ay + K}W 15 the nearest-point projection
onto oy, + L of u. on I';, 5 = 1,2 (this is unique by Corollary 5.2). Then we
call d; = Ki — Ki the degree of the transition around the point a. For the a

corner point we can define the degree of the transition in a similar way (in this

case the degree will be in % +7Z).

Before we can prove Proposition 5.13 we show that for a sequence of critical
points u. satisfying the logarithmic bound and for € small enough, away from
the vortices we have that the number k. defined in Corollary 5.2 is the same for

all functions u. (possibly by choosing a subsequence). More precisely we have:

Lemma 5.12. Let u. be a sequence of critical points of the enerqy E. satisfying
the logarithmic energy bound E. (u.) < Mlog% and let the set S. be covered by
finitely many disjoint balls Bye (a5),i = 1,..., N thanks to Lemma 5.10. By
choosing a subsequence we can assume by compactness of the boundary 0S) that
a5 — a) € 0Q (observe that for i # j we can still have aj = a). Call ay,. .., ay
the distinct limit points. Fiz p > 0 small enough so that the balls B, (a;) are
disjoint and let €9 > 0 be such that for all ¢ < ey and for alli =1,..., N we
have By (a5) C B, (a?). Let zg € 02\ U, B, (a;) and R > 0 small enough so
that the half-ball Byy (20) is contained in Q and Tog N (U7, B, (a;)) = 0. Then
we have that for € small enough (say for all e < g1 < gg) the number k. defined

in Corollary 5.2 is constant on I'r and is the same for all ¢ < €1, possibly by
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choosing a subsequence. Then we get that it is constant (and independent of ¢)

on the connected component of 0\ U, B, (a;) that contains I'g.

Proof. Each u,. is continuous up to the boundary by Lemma 5.3, which implies
that k7 is the same for all z € I'yp, since it is a subset of a connected component of
OO\ S.. We can then use the local H* and H? bounds given in [35, Proposition 5.2
and 5.7| to conclude that the sequence u. (possibly by adding a term t., t. € Z so
that ||u.|| L is bounded as in Lemma 5.9) converges weakly in H? (B};) to a limit
function u,. We have that u, is constant a.e. on I'g thanks to the convergence
of the penalty term given by [35, Proposition 5.8]. In particular we have L?
convergence on 'z, which implies pointwise convergence almost everywhere for
a subsequence. Then we see that for such a subsequence k. has to be the same

for all €, for € small enough. The last claim then follows by Corollary 5.2. [

5.1.2 Lower bound for the energy in a corner

We are now ready to show the lower bound in a corner using the aforementioned
method by Struwe [51, 52| employed also by Kurzke [34, 35|. Consider a vortex
placed in a corner, w.l.o.g. in the origin, and we consider the points aj, ..., a%
converging to it as ¢ — 0. Let R > 0 be such that no other are contained in Bp.
By considering € small enough we can actually assume that all such points are

contained in Bg/s.

Proposition 5.13. Let u. be a sequence of critical points of the energy E. satis-
fying the logarithmic energy bound E. (u.) < M logé and let the set S. be covered
by finitely many disjoint balls Bye (a),i=1,..., N thanks to Lemma 5.10. Let
20 be a corner point: assume that R > 0 is small enough so that for all ¢ < gy
(for a certain ey > 0) there is no other limit point of the a5 contained in B} (o)
other than the corner, and that on I'r \ I'r/s the nearest-point projections on
each side onto oy + wZ of the values of u. differ by 5 4 dm for all € < gy (we

can assume this by Lemma 5.12 and because all ai are eventually in B;g/2 (20))-
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Then we have the following local lower bound for the energy in a ball of radius

R around the corner z:

R
E. (u.; Bp) > glog - (5.39)

for a constant C' > 0.

Proof. We can cover the approximate vortex set S, with a uniformly bounded
number of oge-balls B, (af) that are disjoint and whose centres are at an asymp-
totic distance > ¢ (i.e. |aj — a5| > ¢ for i # j), thanks to Lemma 5.10. Four of

)

these are in the corners, the rest are on the sides.

Step 1 We first prove that the degree of the transition (see Definition 5.11)
around each of the balls on the side is 1. We will do this by considering blow-
ups of the Euler-Lagrange equation around such points. Consider first points
(on the same side) ai — 0 (as above we assume w.l.o.g. that the corner is the
origin and we are working on the positive z axis): from Lemma 5.10 we have
that [af| > ¢ and |af — a§| > € (w.l.o.g we can assume that these points are
as,i = 1,...,n and that a; < a;11). To apply our blow-up argument we first
need to show some gradient bounds: fix ¢ > 0 and R > 0 and consider the
ball Byg. (a5), such that |ai| > 4Re (for € small enough this is always possible,

since |a$| > . By blow-up of the equation on scale £ around a5 we get that the

blown-up function w, (z) = u. (ex + af) satisfies the equation

Aw, =0 in B}, (0
ir (0) (5.40)
Que — —1gin(2(w. — ax)) on Lyp.

We can then use |12, Lemma 2.3] to obtain a bound on the gradient in B}, which

only depends on R and an upper bound for ||w,||~: more precisely we have that
vaeHLO@(B;) < C, (541)
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where C' > 0 is a constant which only depends on R and an upper bound ||we||c-
Since the L* norm of w. is bounded uniformly in & (since that of u. is thanks
to Proposition 5.9), we obtain a uniform gradient bound for the functions w,
in any ball Bg (0) for any fixed R > 0, since we can find eg > 0 such that
for all € < e we have |ai| > 4Re for all 7. This is true because for we have
|ag

;‘ = oo. Let I' denote the positive x axis and consider for some

liminf, g
Ry > 0 small enough (so that the ball Bg, (0) does not contain any limit points
of the centres of the balls covering the bad set other than the origin) the set
['N By, (0) \ (Bye (0) U, By (a5)). This is a union of intervals which we call

[';, for i =1,...n, defined as:

I'y = [og,a] — o€
Iy = [af + oe,a5, —oe] fori=2,...,n—1 (5.42)
Iy = [a;, + oe, Ro).

By definition of S, on each I'; we have that sin® (v — ;) < 1 and so for some

0 < 0 < 7 small enough we have that for all ¢ there exists K; € Z such that

|ue — K;m — | < § on Iy, Our goal is now to show that for alli =1,...,n

Define the blow-ups w. as above: for every R > 0 we then get a sequence of
functions defined on B}, which are uniformly bounded in £ and whose gradients
are also uniformly bounded in e, thanks to (5.41). We can then apply the
Arzela-Ascoli theorem to get locally uniform convergence (for a subsequence) to
a function w defined in R2. We also get locally weak convergence in H' thanks
to the boundedness of w, and the gradient bound (5.41). The limit function is

easily seen to satisfy the equation:

Aw =0 in R%
) (5.44)
= —%sin(Z (w—ay)) on IRZ.
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The solutions of this equation have been classified by Toland [53], see also [35,
Theorem 6.1]. They can either be constant (such that sin (2 (w — ay)) = 0),
periodic, or of the form

+a

(z,y) = & arctan ~— & 4 7p + L
u\x = ¢ arctan ™ —
7y y+1 27

for some n € Z,a € R and a sign ¢ € {—1,+1}. The periodic solution can be
excluded since it contradicts the fact that we can cover S. by — uniformly in ¢ —
finitely many oe-balls. Since sin® (w. — o) > 1 at 0 (and so w, (0) is bounded
away from oy + jm,j € Z), and we have local uniform convergence, we can ex-
clude that the limit function is constant equal to oy + jm, 7 € Z. It remains the
possibility that it may be constant equal to oy + j3: this however cannot be,
since we have that |w. (20) — oy, — k.| < 6 for some fixed 0 < § < § for some
k., and so at such a point the value of w. is at a distance from a3, + j5 which
is bounded from below by a positive constant. Hence w, cannot converge to a
constant. The only possible solution is then one shaped like an arctan function
which has limits at +oco that differ by £x. By rescaling back we see that this
proves (5.43) for points a$ which are not corner points but converge to a corner
point. The proof for points a; which converge to a point on the sides is done in

the same way, so we will not repeat it.

Step 2 For each of the oe-balls on the sides, we take a symmetric one on
the other side, i.e. if we have B, (¢5,0) we add B, (0,¢5) and viceversa: if the
reflected ball intersects a ball which is already on that side (or if it is at a distance
of order € from it) we merge them together: by Lemma 5.10 this can happen at
most with one ball since the centres satisfy |af — a5| > ¢,i # j. Observe that
the balls we obtain in this way are still disjoint and their centres have a distance

> ¢. So our new cover will have the form (where [bf — b5| > ¢ for i # j):
S: N Bg (0,0) C Bye (0,0) U|J Boe (b5,0) U Boe (0,5) .
We then get that, being Ir = Bg NI, we can write I \ U, Bo- (b;,0) as a finite
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union of intervals I,, := [pm, Rm], m = 1,..., M (the same is true for intervals
Jm on I'y, where .J,,, is symmetric to I,,, w.r.t = y). We observe that we have
Ry = R, and p; = oc. We further observe that there is a constant K > 0 such
that p,1 < KR, (since p,,41 and R, differ by 20¢ and p,,11, R, > €). For
each m the intervals I,,, and .J,,, are outside of the set S., so the values of u, on I,,
and J,, are close to respective wells of the corresponding sin? (- — ay) function

(more precisely on each interval on the side Ly we have |u. — 7Tj7(7]1€) —ag| <6 for

some j,g]f) € Z and 0 < § < w/4), that are /2 + k,,,m apart (more precisely, their
unique nearest-point projections on ay+7Z differ by = /2+k,, 7 for some k,,, € Z).
Let the jump in the corner — i.e. the transition around the ball B,. (0,0), which
we notice is equal to 7/2 + kym — be 7/2 + Tdeorner and let d;, d;- be the degrees
of the transitions around (bj , 0) and (0, bj) respectively. By our assumption on
the values on I'p \ I'g/2 we see that m/2+nd = Zj 0 (dj + d;) + (/2 + Tdeorner),
where by Step 1 dj, d; € {£1,0}! for all j. This implies that |deorner| < d + No
for an upper bound Ny € N on the number of vortices, which is uniformly
bounded in £ by Proposition 5.8. We get that all k,, are bounded uniformly
in & — since we easily see from d;, d; € {£1,0} that |k, — knq1| < 2, we have
|k1| = |deorner] < d 4+ Ny and there are finitely many numbers k,,. Consider
now the disjoint quarter-annuli D, g . (0,0) as defined in Lemma 5.1. We can
now estimate the energy on Bg (z) N 2 from below using Lemma 5.1 (see also

Remark 2) and the fact that all D, g, are pairwise disjoint as follows, where

Tt is &1 if the ball already existed on that side, i.e., if it covers a portion of the set S, —
this ball may have been merged with the symmetric one of a ball on other side but this does
not change the degree. If the ball only comes from a reflection from the other side then the
blow up converges to a constant, and there is indeed no part of the bad set contained in there

and the degree is 0.
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all C,, are uniformly bounded from above in € — as they depend only on k,,:

M
E. (u;; B (0,0) N Q) > Y " E. (us; Dy, 1,

> f:%(g-l—k:mW)Qlog&—Cm

=1 Pm (5.45)
Orel R
> — ) log—= —~CM
2 mz::l Pm
() - -
> Z1ogE — (legU+CM> > zlogE - C,
2 € 2 2 €

where in (f) we used? Lemma 5.1, in (%) we used that all C,, are bounded
from above uniformly in € and in (x*) we used that p,+1 < KR, for all m =

1,..., M — 1 This completes the proof. O

Remark 3. We observe that the lower bound in the above result is clearly not
optimal in the case of a general critical point which is not a minimizer, but since
we only want to show a lower bound on the energy of minimizers (and hence of

all other functions) this is enough for our purposes.

5.2 Energy bounds for minimizers

We now focus on minimizers u. of the energy in a rectangle, and critical points
which have an energy that differs by that of minimizers by a constant. We want
to use Proposition 5.13 to get a global lower bound for the energy of minimizers

(and hence for all functions) of the form
1
E. (us) > 2mlog o C, (5.46)

for a constant C' > 0. We also want to prove that for a sequence of minimizers

the set S. can be covered by only 4 balls of radius oe centred at the corners, for

2Observe that by the discussion above the hypotheses of Lemma 5.1 are satisfied, see also
Remark 2.
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some o > 0. We start by observing that we have the following upper bound for

minimizers:

Proposition 5.14. There exists a constant ¢ = ¢ (2) such that for any sequence

of minimizers of E. we have:
1
E. (u.) <2mlog— +c. (5.47)
€

Proof. The proof is the same as in [34, Theorem 4.5] and involves constructing
appropriate comparison functions for which we can prove the upper bound: of
course this upper bound will hold a fortiori for minimizers. The comparison
functions are constructed in disjoint balls of radius R near each corner z; and
give local upper bounds of the form
s R

These are then combined with a function defined on the rest of the domain with
bounded energy. We will not repeat the proof here, we refer the reader to [34]

for more details. ]

We can now show that for minimizers (as well as for critical points which
have the same energy as minimizers up to a constant, i.e. that satisfy E. (u.) <
2m log% + C for a constant C' > 0) the approximate vortex set can be covered
with four balls of radius oe (for some ¢ > 0) centred in the corners, and that
the degree of the transition in a corner is j:%. If the approximate vortex set is
covered by 4 corner balls the jump at each corner must be &7 because of the
lower bounds in corners given in Lemma 5.1 (seel also Remark 2) combined with
the upper bound given by Proposition 5.14, since a jump of &7 already makes up
the singular part of the energy. We then only need to show that the approximate

vortex set can be covered by only four balls in the corners. We have:

Proposition 5.15. For a sequence of minimizer (or critical points whose energy

is the same as that of minimizers, up to a constant) there exists a constant o > 0
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such that the approximate vorter set can be covered by 4 balls centred at the

corners with radius oe, for all € < &g, for some gy > 0.

Proof. As we showed in Lemma 5.10 we can cover the set S. with finitely many
(disjoint) oe balls B,. (a5) for some o > 0, such that the points a converge to
a? € 99 (if necessary by taking a subsequence). Assume by contradiction that
the conclusion of the present proposition is not true, i.e. there is a subsequence
£, — 0 (in the following we write ¢ for ¢, for simplicity since we are only working
with this subsequence) there is a ball B,. (afo) which contains points in S, and
such that the distance of a7 from all corners is > ¢. We have that a; — ag € 99
and assume first that ag is not a corner point: we can combine the lower bound
in corners given by Proposition 5.13 with the lower bound for the energy near
a;, given in [35] at the end of page 13, to get a contradiction, since the lower
bounds in the corners already add up to a global lower bound for the energy of
the form 27 log% — C (for a constant C' > 0 only depending on the sequence )
and the energy of u. near a, goes to +00 as € — 0. Therefore we can assume
in the rest of the proof that the only limit points ag are the corners. Let a,b
denote the side lengths and let 0 < R < %min{a, b}. Assume w.lo.g. that the
corner we are considering is 0 and all points aj that converge to 0 are contained
in Br (0). As in the proof of Proposition 5.13 we can make the cover inside this
ball symmetric with respect to the line x = y, by adding some extra oe balls
if necessary. Our cover can then be written as follows for some M € N, and
0<a; <aj.:
M
Bye (0) U (Boe (5,0) U By (0, 45)) -
i=1

By the way we constructed them we have also that for all i = 1,..., M

a; > e,
a; — as| > e for i # j.
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Define ag = 0, apr+1 = R for ease of notation. Now choose radii s;,i =1,..., M

satisfying
1
e < si < gmin{aj, |aj —aj_y|,|aj — af[}- (5.49)
Define, for all i = 1,..., M, t5 := min{|a$ — a_,|, a5 — a5,;|}. Then we have
that:

Btf/3 (af,O) N Bt;/S (a§70) = () for i 7é j>

Bsf ((I?, 0) C Btf/g (&f, O) s
and the corresponding inclusions are obviously true for the balls with centres
(0,a5) by symmetry. Consider the quarter-annuli (defined as in Lemma 5.1, see
also Figure 5.1) Dy a5 (0,0), D%IJFS;Z,R (0,0) and for i = 1, M —1 the quarter-

annuli Des e o (0,0). Then we can estimate the energy from below on the

15
union of these annuli as follows (in the same way as in Proposition 5.13, since they
are disjoint and since there is a constant K > 0 such that a + s < K (a§ — s5),

where we use that s < af):

M-1
T R
Be | te; Dae,a‘i—s‘i (O’ 0) U D“M€+5A7157R (0’ O) U Da§+sf,af+1—sf+l (07 0) = 5 log E_Ola
i=1
(5.50)

for a constant C'; > 0. We are now ready to show that the set S. can be covered
just with ge-ball in the corners. This will mean that we need to show that in fact
we do not have any of the balls with centres (a$,0) or (0,a5) for ¢ = 1,..., M.
We have assumed by contradiction that the balls on the sides exist, in particular
that we have some point (a5,0) (w.l.o.g we can assume this point to be on the
x axis, the proof in the case in which it is on the y axis is identical) such that

there exist K, Kg € Z with® |K;, — Kg| = 1 so that for all ge < r < s¢

3That the transition must be %1 follows from Step 1 in the proof of Proposition 5.13, since

we are on a side of the rectangle.
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lue (a5 —1,0) — Kpm| < 4,
lue (a5 +1r,0) — Kgm| < 0.

We can do this because for such values of r the points we consider lie outside of
S.. Then we can use the lower bound for the energy in half-annuli given by [34,

Proposition 4.17] on the half-annulus D, (a5, 0) to obtain the lower bound:

B (tte; Dye st (a5,0)) > wlog =& — Cy, (5.51)
' €
for some constant Cy > 0. Observe that this half-annulus is disjoint from the

quarter-annuli considered above. We can then estimate the energy from below

as follows

M~
EE Ue; Dasa —s7 (0 0) U Da JrsE R 0 0 U as+ss,a5, 185, (07 O) U Dae,sf (afa 0)

M-
T
(__) E& ua;Dasa —s7 (0 0) UDa 5% R O O U ag+s5,a5, =S5y (an)

+ E. (tue; Dye sz (a5, 0))
() 7 R Si T i i

> —log——Ci+mlog— —Cy==log— +mlog— —C,
2 € € 2 € €

(5.52)

for C = Cy + Cy, where in (%) we have used (5.50) and (5.51), and where in
(1) we have used the fact that the two sets we are splitting over are disjoint.
In the other corners we can use the (possibly less accurate) lower bound given
by Proposition 5.13 to get that there we can bound the energy from below by
glogg — (), for a constant C' > 0 that is fixed once we choose the sequence.
Then, adding up the lower bounds in the four corners, we get the global lower

bound for the energy:
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1 €
E. (u.) > 2mlog - +27r10gR+mog% — 0, (5.53)
for a constant C; > 0. Combining the lower bound in (5.53) and the upper
bound in (5.47) we obtain that:

£

Wlog% <Cr+¢(2) —2mlog R < 0.
On the other hand we have that s; > ¢ and so as ¢ — 0 we have
€
7 log gz — 400,
which gives a contradiction. Hence we conclude that we cannot have any balls
on the side, and so that S. can be covered by 4 balls of radius oe centred in the

corners. This concludes the proof.
O

From the previous result and from Proposition 5.13 we can in particular
conclude that we have the following lower bound for minimizers (and hence for

all functions in H' on the rectangle):

Theorem 5.16. Let u. be a sequence of minimizers for the energy E. on the

rectangle €. Then there exists a constant C' > 0 such that:

E (us) > 27 logé - C. (5.54)

Proof. From Proposition 5.15 we can cover the set S, with 4 balls of radius
oe centred in the corners. The degree of a transition in each corner (which is
independent of €) has to be :I:% (i.e. the function has a jump of £7), otherwise
we could use the lower bounds in Lemma 5.1 (see also Remark 2) to get a
contradiction. Then the conclusion follows immediately by either adding up the
lower bound given by Proposition 5.13 in each corner or alternatively applying
Lemma 5.1 for quarter-annuli D, r for some radius R > 0 in each corner and

adding up the lower bounds. ]
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Chapter 6

Energy expansion for limit

functions

In this chapter we will present some results on the convergence of minimizers
and critical points which have an energy that is the same of minimizers up to
a constant: we show that sequences of minimizers (and critical point as above)

on a rectangle converge to a limit function which is harmonic in the interior and

constant on the sides, where it takes values in {0, 7,7} and it jumps by 7 in the
corners. There are essentially 3 different possible configurations (where two are
essentially the same, as we will see below). We will examine the energy of these
limit configurations and study which of them has the lowest energy, proving rig-
orously some results that were analysed numerically by Rave and Hubert [24]

and whose proof was sketched in the final chapter of [34].

Some of the results that we need have been proved by Kurzke [34] in the final
chapter of his PhD thesis. We report them here for the ease of the reader and
to provide the necessary prerequisites for the rest of the chapter. Let 2 be a
simply connected plane domain whose boundary consists of the union of some
C? Jordan arcs that meet at points a; € 99,7 = 1,..., K, such that at this

points there is an exterior angle «; € (—m, ).
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Proposition 6.1 ([34], Proposition 8.1). There exists a minimizer (k;) to the

following problem:

where we set a; =0 fori > K.

Theorem 6.2 ([34], Theorem 8.2). For a sequence of minimizers u. of E., we
have the bound

1
E. (u:) <M (ay,...,ak)log -+ C, (6.2)
€
for some constant C' > 0.

We have the following convergence result for sequences of critical points sat-

isfying the same energy bound as minimizers':

Theorem 6.3 (|34], Theorem 8.3). Let (u.) be a sequence of critical points
satisfying the energy bound:

1
E. (u) < M (ag,...,ak) logg+C, (6.3)

for some C > 0. Then there exists a subsequence and finitely many points

P1,...,pN € OQ such that for every Q' with O C Q\ {p1,...,pn} we have:

Q,|Vu€]2 <C(). (6.4)

For all p < 2 we have the following bound

/Q V.l < C(p.9). (6.5)

!The necessary prerequisites have been proved in previous chapters, and the proof is es-
sentially the same as in the case of a smooth boundary, and is sketched in [34]. We will not

repeat it here.
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In particular, after adding a sequence z. € 2nZ if necessary we have for a sub-
sequence the convergence u. — u, in H' () for Q' as above and u. — u, in
WP (Q) for allp < 2. The limit u, is a harmonic function such that u—g € 77
is constant on the sides, and jumps at the points p;. The choice of points and

Jump height corresponds to the minimization of (6.1).

We conclude this series of results with the following observation:

Remark 4 (Remark 8.5 in [34]). If Q is a convex domain, the minimizer of (6.1)
is given by two vortices in the most acute interior angles. For a rectangle we
then have two possibilities: either the two vortices are on the same side (which
is called a “C” state) or they are opposite along a diagonal (which is called an “S”

state) - see for example [4, Fig. 5.19(a)-(b)] for the C and S states in a rectangle.

In the rest of the chapter we will prove an energy expansion for limit configu-
ration and give a rigorous and quantitative proof that the S state is minimizing:
this will involve looking at the second order term in the energy expansion, since

both states have the same leading order term.

6.1 Renormalized energy in half-plane

As a preparatory result we compute the following energy expansion in the half-
plane for a sum of weighted argument functions around finitely many points on

the boundary:

Proposition 6.4. Let v(z) := 3, dparg(z — by) be defined on RZ \ b; for
dr, € R and points b; € ORZ and let py, < %mini¢j|bi — bj| be such that p, — 0.
Let R > max{|b;|, pr}. Then there exist py, Ro,C1,Co > 0 such that for every
R > Ry, p < po we have that

2Here we notice that the argument function is multivalued. We choose the branch which is
equal to0on z > 0,y =0 and to m on « < 0,y = 0, for z = = + iy € C, with a branch cut in
the half-plane y < 0.
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2
Vol — | =7 ) dilogp, + 7 ( dk> log R+ W (b, di)
/BE\Uk BPk(bk) ; Z

k

log R
R

< Clzpkbgpwr(?z

where W (b, di) = —m 3, d;d; log [b; — by].

Proof. We observe that since v is harmonic, we can consider its harmonic con-

jugate, which in this case will be the function u defined as:

= dilog|z — Bl (6.6)
k=1

and we observe that by definition of harmonic conjugate the integral of |Vuvl|?
will be equal to that of |Vu|?> so we turn to computing the latter. Since u is

harmonic we get:

u ou
/ Vul* = / um+ Z/ ue [ un
Bi\Uy, By, (Br) rUBE OV o Jo, ov
For the first two terms we can compute the energy expansion as in [34, Propo-
sition 3.12|, to get

ou / ou
u—-+ U— = —T d2 log pe+W (Br, di)+ > O (prlog pr) -
[P 20 31 I e 2
(6.7)
The idea of the proof is to write u near each point by as the sum of a singular
term log|z — bx| and a smooth function S (z): then the conclusion follows from

a quick computation. Thus we only need to expand the integral on C'z. We first

notice that the gradient of u is equal to

z = B
de|z—ﬁk|2 (6.8)
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Then the integral is equal to:

ou /
U— = diloglz — Bi] | (Vu-v)
Cr ov Cr ;

z
= di log|z — 3 dp—— - —
[ (S ) (S )

|z — By
di log|z| + di log
[, (32t - =)

1 Z—ﬁk z 1)
dp— d ==,
(Z EAPD ’“<\z—ﬁkr|z\ 2] )

Now we have that:

2—B =z I (z—0)-2—|z— B

2= Bil2 2| |2 2|z — Bil?
_=B8)2—(=B) (- B)
— ‘z||z—ﬁi|2 (6.9)
_ (z=Bi) (2 — 2+ B) _ Bi- (2 — pi)
|2]|z — Bi]? 1z|]z = Bil*

So what we need to compute is (using |z| = R):

/(delogMdelog' )(de +Zd’f|zuzz_ﬁﬁ|?>'

(6.10)
Expanding the product on the right hand side we get:
L <de> S /Zd e e
A



Now, observe that all points ) are contained in a ball of fixed radius C' (by
Lemma 8.7), so |8x| < C. For large |z| we clearly have that |z — 8| ~ |z|. By

triangle inequality we have that

|2 < |z = Bil + 16i] and [z — Gi < [2] + |Bi], (6.12)

from which we conclude that

2] = |z = Bil| <184l (6.13)

The first integral in (6.11) is equal to:

/C (de> biR:w(de) log R. (6.14)

For the second integral we estimate as:

5
[, St e

R kg

65112 = 5
<§:/‘|Hz—&PI%R

We now use the trivial estimate |z — §;| > 1R to estimate this from above as

(6.15)

5, N
531;||V—ﬁrzbg3
5 |
E:ﬂ;|nz—ﬂP1%R
8,
<QCZ/ ‘ZHZJ_@ log R

log R log R
<2C .
[ <o
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The third integral in (6.11) can be computed using the Taylor expansion for

log (1 + z): we have 22l — 1 — EZl2=81 a11q yse (6.13) to get the estimate:
|2 ||
d-|z—gl|_C
| B < T (6.17)

< (/ dedj% (%)) +0 (1/R?) (6.18)

|z =Bl B;- (2 —f;)
drd; 1 .
l;Ejkjog ERREEEE

o (6.19)
|z — Byl |31 '
< dkd-/ log . .
20 [ s | B 5
Since for |z| large enough we have + < ‘Zl;f il < %, we can estimate
'log |2 |_Z|ﬁk| <Oy, (6.20)

and so obtain the following estimate for the integral, with a constant C' > 0:

|2 — Byl

||

155

dkd/ .

;j ? ey z||z — Bj]
<de~c/ L—0(1)
a k,j H Cr R? R,
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Combining all the estimates in (6.7),(6.14), (6.16), (6.18) and (6.21) we get the
conclusion.

]

6.2 Conformal transformation to the half-plane

Consider a rectangle R in R? (which in the following we identify with the complex

plane C if convenient) given by

R={€C:|R(2)| <a,0<S(z) < bl,

for a,b > 0. We denote by z;, i = 1,...,4 the vertices of the rectangle in the
following way: z; = —a + ib, 25 = —a, 23 = a,z4 = a + ib. We want to find the
energy expansion for a harmonic function with boundary value which is constant

on each side of the rectangle in the set

4

R,:=R\|JB,(z).

i=1
To find the energy expansion in a rectangle we first conformally transform the
rectangle R to the upper half-plane H := {z € C : &(2) > 0}. This has
the advantage that here we can explicitly solve the boundary problem, and the
solution is given by a sum of argument functions. This will allow us to compute
the desired energy expansion, using the conformal invariance of the Dirichlet
integral. For the transformation we employ the inverse Schwarz-Christoffel map
which maps the upper half-plane to the rectangle. Let 0 < k£ < 1 (where k
depends on the dimensions of the rectangle R) and let w;,i = 1,...,4 be the
points given by
1 1

wlz—E,wgz—l,wgzl,UM:E- (6.22)

Then the Schwarz-Christoffel map is given by
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F 21 24

w; W2 W3 Wy 22 z3

w dt
F(w) = /O VTt (6.23)

This map satisfies F' (w;) = z; for i = 1,...,4 and maps the upper half-plane H
to the interior of the rectangle. The map is conformal in H and on the boundary
away from the points w;. The integral in (6.23) is known as the incomplete elliptic
integral of the first kind. The inverse function of F' is Jacobi’s elliptic function
sn, also known as elliptic sine or sinus amplitudinis from its Latin name. For an
introduction to elliptic function we refer to Chapter VI of Zeev Nehari’s book
[47] or Neville’s book [48]. A useful list of identities and properties can also be
found on the website of the NIST Digital Library of Mathematical Functions
(https://dlmf.nist.gov/)

To be able to compute the energy in the half-plane we then need to under-
stand how the balls around the vertices z; transform through sn. Let p > 0 be
small and consider Fﬁ, = 0B, (z;) N R. We want to study how I', is transformed
under sn, so that we can understand how the image of R, looks like. To do this
we first find a Taylor expansion for snz in a neighbourhood of each point z;:
in the corners, we have sn’ (z;) = 0: (see https://dlmf .nist.gov/22.5 for the
values of the derivative of sn at the corners of the rectangle). We can also use
the following identities to get the values of the derivatives, using the fact that
cn(K)=0=dn (K +iK'):

sn (z)
dz
Here cn and dn are the Jacobi elliptic cosine (or cosinus amplitudinis) and delta

=cn(z)dn(z). (6.24)

amplitude (or delta amplitudinis) respectively.
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Hence, near a point z;, we can express the function sn using its Taylor ex-

pansion as:

1d?sn
2 dz?
To find the values of the second derivative we use a second-order differential

sn(z) =sn(z;)+ (z) (2= 2)" +0 (2 — z)°. (6.25)

equation which is satisfied by y = snz (see https://dlmf.nist.gov/22.13#

iii), namely

d?y
dz?

Then a simple calculation shows that

= — (L+K) y+ 2K (6.26)

d2
d—;;(a):k2—1<o

d2

d—Z(—a):1—k2>o

P o . (6.27)
d—;g(a+ib):E—k>O
d?y , 1

From this we have that in the Taylor expansion in (6.25) the second derivative is

we find

. . . 2
never zero for the points we consider. Therefore with C; := %dd;?n (z:)

that for a suitable constant ¢; > 0 and for p > 0 small enough

sn (I') C (Boyp2tepn \ Boipr—cpn) N H. (6.28)

So can estimate the energy on sn (R,) of & = u o F' as follows:

E (ﬂ, H \ U BCiPQ+C¢P3 <w1)> <FE (ﬁ” sn (RP>) <FE (ﬂ’ H \ U BCiPQ—Cz‘PB (wl)) :

i=1 i=1
We can now compute explicitly the two energies on the sides to get an estimate

of the energy in between. We recall Theorem 6.4. In our case we have ), d; = 0,
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so taking the limit for R — oo we can conclude that for every » > 0 small enough

we have:

E <€L, H\ U B, (wl)) = —WZdi logr + W (wyg,di) + O (rlogr). (6.29)

k=1
We now use this to compute the energies E (@, H \ U?Zl Beip2 e (W) and

E (ﬁ, H\ U?:l Beip2—cip8 (w1>)

We apply Proposition 6.4 with radii p, = Cyp® £ cp® and obtain

E <1~L, H \ U BCkaickpS (wk)>

i=k
=— WZdi log (Crp” £ crp®) — WZd'd' loglsn (z;) —sn (z;)| +o(p)

7 (6.30)
=— 27er2logp—7erklog (

T ) 4o
- Z d;djloglsn (z;) —sn(z;)| + o (p).
1#]

This allows us to conclude that

1|d?sn

E (a, —QWZdQIOg——WZdzlog( (z))
—7 Z did;loglsn (z;) — sn (z)] + o (p)
]

(6.31)

and by the conformal invariance of the Dirichlet integral we can finally conclude
that
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d? sn

1 1
E(u,R,) —QWdelog; WZdZIOg( 72 (zk))
A (6.32)
> dudloglsn (1) — 50 (25)] + 0 o).
i#]
so that the renormalized energy for the rectangle is
) d2 sn
W (zg, di) = —Wde log|sn (2;) — sn (z;)] —’/TZd log e (zr)] ) -
1#£] k=1
We can summarize this in the following way:
Proposition 6.5. Let R be the rectangle
R={z€C:|R(2)] <a,0<I(2) < b}, (6.33)
and denote by z;,1 = 1,...,4 be its vertices. Let u be a harmonic function that

has constant values on each side and jumps by d;im = 57 at z; - where s; € Z.
Let 0 < p < min{a, 2} and let R, := R\ U, B, (z;). Then the energy of u on

R, has the following expansion:

4

1
E(u,R,) = QWZdi log; + W (zk,di) +0(p)
k=l (6.34)

4
m 1 A
= §Zsi10g; + W (2, s6) +0(p)
k=1

where

T ).

(6.35)

W (zk, Sk) = ——Zs s;log|sn (z) Zsk log(

1<j
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6.3 Energy comparison for different configurations

Using the results of the previous section we can now compare the energies of the
different configurations (corresponding to the possible boundary values for the
limit) in which the jump between the values on adjacent sides is £7. Modulo

symmetries there are three possibilities, which are the following:

0 T 0

oy
NIE
SIE]
NIE
SIE
|
e

Figure 6.1: Possible configurations

We observe that the second and third configuration are essentially the same
(they have the same value on two opposite sides, and values differing by = on
the other two), while the first is essentially different. We say that the first is the
S state, while the other two are example of the C state: the difference is that
they correspond to different shapes of the rectangles (depending on the value of
k € (0,1)), where the pair of sides with the same boundary value is on the short
or the long side respectively - in a square they are exactly the same. We have

that these configurations correspond to the following choices for s;:

S1 82 83 84
1 -1 1 -1
-1 -1 1 1
1 -1 -1 1

We can now use Proposition 6.5 to compute the energy for each of these
configurations. The leading term in the energy is the same, so the comparison
will involve only the renormalized energy. We can also see that the second part

in the renormalized energy W in (6.35) is equal to
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; ) = rlog2 — log (1 —kg) + glogk‘,

for all three configurations. Thus, in order to compare them, it is enough to
consider the first part of TW. This can be written by a direct calculation and

using that the values of sn in the corners are known:

m
) Zsisj log|sn (z;) —sn (z;)]

i<j
= —g [log (1 — k) (s152 + s354) + log (1 + k) (5183 + S254) (6.36)

-+ 10g2 (8184 + 8283) — IOgl{? (8182 + 8384 + S1S3 + S2S4 + 8184) ] .

For the three configurations we can now compute the energy

1.
g[mogu — k) — 2log (1 + k) +210g2—logk‘]. (6.37)

2.
g[-?log(l—k)—|—210g(1+k‘)+210g2—10gk‘] (6.38)

3.
g[?log(l—l{:)+210g(1+k)—210g2—310gk]. (6.39)

Subtracting (6.38) from (6.37) we obtain that the difference is equal to

1+Ek

since }jr—’,z € (0,1). This shows that (6.37) < (6.38), that is the first configuration

is energetically favourable compared to the second one.

g[mog (1—k) —4log(1+k) | = 2nlog <0, (6.40)

In the same way we compare the first and third configurations and obtain

that the difference of the renormalized energies (6.37)-(6.39) is equal to
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2Vk
g[—éllog(l—i-k)—|—410g2+210gk] :27r10g1+k <0, (6.41)

where we use that 2vk < 14k for k > 0. This shows that the first configuration
is energetically favourable even compared to the third one. Thus we have that
the S state is minimizing, as was hinted in the last chapter of [34]. We can

summarize this in the following graph:

[ 2
20
10 |-\
oL
-10L
F 3
—20L 1
0.0 0.2 0.4 0.6 0.8 1.0

Figure 6.2: Comparison of the energy of the three configurations as a function of
the elliptic modulus k. The intersection point between the yellow and the green
line correspond to a square, in which those two configurations are exactly the

same.

In the following graph we compare the first and second configuration:
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C state
20+

0.8 1.0
_10+

S state

-20

Figure 6.3: Comparison of the energy of the C and S states as a function of the

elliptic modulus k.

As we have seen, composing a solution in the upper-half plane with the
elliptic function sn (z, k) we obtain a solution of the boundary value problem in
the rectangle R. Since u is linked to the magnetization M as M = (cos u,sinu)
we can plot the magnetization in a rectangle with different boundary conditions,

b

depending on the dimensions of the rectangle, which we parametrize by 7= .

We plot the streamlines for the vector-field M for different values of 7. We

start with 7 = 2, which corresponds to a square:
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Figure 6.4: (a) The S state in a square. (b) The C state in a square.

We now plot the streamlines for some other values of 7:

E -2

(a) (b)

Figure 6.5: (a) The S state for 7 = 0.5. (b) The C state for 7 = 0.5.

2

: A ‘: NS
—=— i)
) T7/////?¢?;:f// 7/ B ; b
N s
Wy ———
(a) (b)

Figure 6.6: (a) The S state for 7 = 1. (b) The C state for 7 = 1.
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Chapter 7

Second order lower bounds for the

energy

7.1 Second order lower bounds for scalar func-

tionals

In this section we are going to prove second order lower bounds for the energy.
We start with the following lemma — which will be relevant later — that establishes
the existence of two limits, shows that they are equal and computes the value of

the limit:

Lemma 7.1. Let ¢* (z,y) := arg(x +iy) and ¢* (z,y) = arg (x + 1y + (1 + 1))
for (z,y) € Q. Setting T, := {(¢,0) : t € [0,7)}U{(0,¢) : t € [0,r)} = IB}\ 0B,
forr >0, we define

.= lim inf inf B (4:BY) — Slog - 7.1
7 = limin (w—w nf (5 B) — 5 log - (7.1)
and
Vo := lim lim inf inf E. (¢;B}) — zlogz . (7.2)
r=0 =0 \y=gr onoBf\L, 2 €
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Then y1 = 72 = Y = 5log2e + G = 7 (log2+ 1) + G, where G is Catalan’s
constant defined in Chapter 4.

Proof. Before we start the proof we remark that in the definition of ~; it is pos-
sible to scale out r by replacing r by 1 and € by ¢/r without changing the result,
so in fact the limit does not depend on r. This is because by linear scaling the
energy scales in the right way and the boundary condition in unchanged, since

©* is constant on radial directions.

Step 1 We show that 73 = 5. In order to do that we construct comparison
functions ¢. on the annulus B
+
aBr(l—i—r

interpolation functions the following

:F(HT) \ B for some r > 0 that equal ¢* on

) \ I'r(14r) and equal ¢ on OB \ I';. For example we can choose as

r2

VEtyor r) , (7.3)

¢ (z,y) == arg (ar+iy+(1+i)€

for (z,y) € B;L(HT)\BT.

We can now verify that the energy of these comparison functions is small on

the annulus. More precisely we verify that (by dominated convergence) we have

e—0

lim V. |*drvdy = / \V* |*dxdy
+

B'r(1+r)\Br

5 r(1+r) 1
:/ / Zdsdf = “log (1 +1),
0 r S 2

which tends to 0 as r — 0. Furthermore for the penalty term we have for

te(r,r(l+r)):

BB,

N2
sin . (¢,0) <sin*@, (r(14+7),0) <C <—> :
T

The same estimate is seen to hold for sin? (gpe (0,t) — g) by using the identity
sin® (- (0,¢) — 3) = sin® ¢, (¢,0), which follows from the fact that ¢. (y,z) =
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/2 — ¢ (x,y). This last thing can be seen by a simple calculation.

Let’s now show that the estimate is indeed true. Let us first notice that the

2

argument of sin® only takes values between 0 and 7/2, and so we can use the

fact that sin? is increasing on that interval.

We have from (7.3) that:

N b= N b=
npg(t,O):arg(t—i-(l—i-z)e > )zarg(l—l—(l—i—%)e = ),

since arg is invariant by radial rescaling. To find an upper bound on the quantity

sin® . (¢,0) for t € (r,7 (1 + 7)) we then just need to find an upper bound for
the argument. We are looking at complex numbers on a line starting at 1 and at
an angle m/4 from the positive z axis. We can see that the further along we go
on that line the greater the argument becomes, and it can be seen easily that the

maximum is taken when ¢ = r (r + 1), since the derivative of % in t is positive.

So we get (using in (f) again the invariance by radial rescaling)

L~ t—=r\ M , ,
arg <1+(1+Z)€ = ) <arg(r(l+r)+(1+i)e) =arg (r*+r+e+ic).

Now we observe that in the first quadrant (where we are) the argument function
is decreasing in the x variable, so we can make it larger by keeping y fixed and

decreasing x which for our case means that we have

arg (12 + 1+ £ + ie) < arg(r + iz) = arctan(~).
.

Now using the identity sin? (arctan (x)) = 11% and putting everything together

we can conclude that

15
sin? ¢, (t,0) < sin® (arctan <§)> < —rr <
1
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Consider now an arbitrary function ¢ in B;" which is equal to ¢* on 9B \ T,
and extend it to a function ¢. defined on B:T(l +,y as described in (7.3), so that

pe =z on OB, )\ Trasn).

E. (gps; B7~+(r+1)> = E. (¢; B) + E. (%; B:F(TH) \ Bj) .

As we have shown above the term FE. ((pg; B:F(T +1) \ Bf > tends to 0 in the limit
for e — 0 and r — 0 (in this order). We have (in the equality (1) we use that
@ = on B):

7, r(l+r) T

=k, (806; B:r) 9 Ogg

+ E. (%; B:'r(r—‘rl) \ Bj) - glog (1+7)

) nty Tyt
=B (i B)) = 5 log

.t + T
+ B (055 By \ B ) = S log (1+7)

We now take the infimum on all ¢ such that ¢ = ¢* on 9B \ I, on both

sides and we get:

1
inf E. <¢; B;r(r+1)> _r log M
TZJ:SOZ on aB;‘—(r_'.l)\Fr(l-&-r) 2 €
(1) 1
< in B. (9 Bl 1)) — = log r(1+7)
e defined as in (7.3) from @=¢* on OB\ 2 €

(*) m r s
. .+ " T . Rt +)
< - olr?gB,f\rr E. ((p, B ) 5 log 5 + E. (cpg, Bl \ B, > 5 log(1+71),

where in () we use the fact that for ¢ defined as in (7.3) we have that
{¢e : ¢ defined as in (7.3) from ¢ = ¢p* on OB \T'.} C {¢ = ¢’ on 8B;r(r+1) \
I'v(14r)} and thus the infimum is larger on the smaller set, and in (*) we use that
there (. is univocally defined from ¢, and so we can replace the infimum over

e by that over ¢, p = ¢* on OB\ T,.
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Now letting first ¢ — 0 and then » — 0 we get that 75 < 7. The opposite

inequality follows from a similar interpolation argument.

Step 2 We compute the value of v. To do this we will use the uniqueness
result in Chapter 4. We observe that near a corner we can replace any function
with one that does not increase the energy and lies between 0 and 7/2: we have
already observed on page 62 that we can replace any function with one that
lies between 0 and 7 and that does not increase the energy. Near a corner we
consider the set A = {r/2 < u < 7}NB;: on such set we redefine u as m—u: this
gives us a function which is still in H' and for which the Dirichlet energy does
not increase. Furthermore we notice that sin® (7 —u — 7/2) = sin?® (u — 7/2)
and in the same way sin® (7 — u) = sin® (u), so the penalty terms are also left
unchanged. Finally, we observe that if we start from a function that is equal
to ¢ on OB} \ I, this condition will still be true, since we do not change the
function on that set (since 0 < ¢* < 7/2 there). In particular if we start from a
minimizer, we obtain a minimizer, call it v, that lies between 0 and 7/2. Then
we can use the uniqueness of a solution with the given boundary conditions
and bounds 0 and 7/2 proved in Chapter 4 to see that this minimizer has to
be ¢!: as a minimizer it has to satisfy the Euler-Lagrange equation with the
given boundary condition. If we rescale this as 1 (2) := v (ez) we have that v
is a solution of (4.8) for a radius r/e — the Dirichlet condition on 0B, ;. N Q is
satisfied since v is obtained rescaling ¢! in the same way and v is equal to ¢ on
OB} \ T',. Then we get that v = u by uniqueness (see Theorem 4.3). Rescaling
back we obtain that the minimizer is ¢*. Now we have — using the (rescaled)

energy expansion in (4.50) and (4.51) — that we can express the minimal energy

as:
log ~
Eg(goz;Bj):Elogf+ﬁlog2+G+Z+O % (7.4)
2 e 2 2 z
and taking the limit first in € and then in r we obtain that v, = 7p. [
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We can now prove the main result of this section, analogous to that proved

by Ignat and Kurzke |26, Proposition 4.16] *, whose proof we follow in ours:

Proposition 7.2. Let u. be a sequence of minimizers (or critical points whose
enerqy is that of minimizers up to a constant) of the energy E. in Q. Let p > 0 be
small enough (say less than half of the shortest side-length): then around a corner
(which w.l.o.g. we assume to be 0) we have that u. — arg(-) in L' (B, N Q)

and we have the following second-order lower bound for the energy:

liren_jglf (EE (ue; B;r) — glog g) > 7o. (7.5)
Proof. From Theorem 6.3 we have W P-covergence in the rectangle  to a func-
tion that is constant on the sides and jumps by £7 in the corners - and therefore
whose boundary trace near a corner is the (rotated/reflected) argument function.
Then W'P-convergence implies by the compactness of the trace operator in Lip-
schitz domains (see for example |19, Theorem 2.1]) that we have (in particular)
L' convergence on the boundary to the trace of u, (as observed above, this
is equal to the boundary trace of the argument function in the corner). This
proves the convergence claim. For the lower bound we follow closely the proof
of Proposition 4.16 in [26]. We start by noticing that the estimate is invariant
with respect to rescaling p, so it is enough to prove it for p = 1. In the following
we will denote by C; positive constants which do not depend on €, u. or . We

can assume that there exists a constant Cy > 0 such that

™

2

e—0

1
lim inf <EE (ue; BY) log —) < 59 + Co, (7.6)
£

since if this is not true then the conclusion of the theorem holds trivially. By

considering a subsequence converging to the limit inferior (which always exists)

"'We only prove it for minimizers — and critical points as in the statement — of the energy,
while the proof in [26] is more general. However, since we are only interested in applying this

result to minimizers (and minimizers as in the statement), it is enough for our purposes.
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we can therefore assume without loss of generality? that there exists a constant
C7 > 0 such we have for all terms in the sequence (if necessary we discard finitely

many terms at the start of the sequence):

1
E. (us; Bf) < glog ~+%0+Ch. (7.7)

The main idea of the proof (as in [26]) is to find a suitable radius where our
function is close to the limit function, and to use an interpolation argument to

compare their energies.

Step 1: We want to find a radius p. such that u. (p*ew) has similar properties
to the limit function 6.

By Proposition 5.15 we can cover the set S. with four balls in the corners
of radius oe for some o > 0, outside of which we have on each side L that
|ue — ap — dpm| < 5 for some 0 < & < T.di, € Z. Then we can use Lemma 5.1 to

get the lower bound (see also Remark 2 after Lemma 5.1)

lim inf (EE (ue; B:FO) — glog %) > _(C, (7.8)

e—0
for every rqy € (0’8, %) Observe that the constant in Lemma 5.1 only depends

on the of square of jump % + d (for a minimizer — or a critical point as those

considered here — this is always equal to :l:%,

Theorem 5.16) and a term (—C\/% ) which is bounded from below independently

as we remarked in the proof of

of pif e < p < Ry for a fixed Ry, from which we can conclude that the constant C
in (7.8) can be chosen independently of r € (6, %) Combining the two estimates
(7.7) and (7.8) we obtain that for a constant Cy > 0 independent of 7:

1
limsup E. (u.; Bf \ B}) < glog — + Ch. (7.9)
To

e—0

Let us show this. From (7.7) we can derive the following inequality

2Focusing on such a subsequence is not restrictive, as here our goal is to prove a lower

bound for the limit inferior.
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1

lim sup (E‘E (ug;

e—0
B;") we can write:

Using E. (ue; BY \ BY) = E. (
_r

1 1
ogr—0 = E. (us; BY") 5 logg — <E(E (ue; BY) — glog %)

T
E. (usi Bf \ Bf)) =51
Taking the lim sup on both sides and using (7.8) and (7.10) along with the fact

that for a sequence x,, it holds lim sup,,_, . (—z,) = — liminf,,_, =, we then get

1 ~
lim sup Ea(ua;Bf\B;r)—zlog— <Ci+v+C,
e—0 2 T
from which (7.9) follows with Cy := C; + v 4+ C. Reducing the domain of
\ B,\ (the reason for this will be clear later in the proof) and

integration to B /2
1
(7.11)

_l’_
writing C5 := Cy — %log% > (0 we have the following estimate for the energy:
: . pt\ pt 7T
lim sup E. (ua, B% \ Bm) < 5 log ST + Cs.

e—0
Now define for s > 0 the function f. as follows, i.e. as the energy restricted to a

quarter-circle of radius s:
7r)) (7.12)

1
/ \Vu2dH' + — (sin2 u (s,0) + sin? (ue (0, s)
9BsNQ 2re

fe(s) =
so that we have:
E. (us;; BYY) = /0 f- (s)ds. (7.13)
We also define the following sets (where ¢ > 0 will be chosen later):
2t 5}, (7.14)

{se(o,%):ﬂ(s)g :
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1 s 1
G. = {s € (0, 5) e (5.0)] + fue (0,5) = 51 < Z}' (7.15)
We now fix rg such that

1
o =To (5) S 567%,

and from now on we consider € < ry, without loss of generality.
According to our choice of ry we have that:

1
§log — > 2C;.
2’/”0

The goal is to show that

[7’0, %] NA.NG: # 0. (7.16)

To this aim we first estimate the measure of A, N [O, %] . We will show that this
is bounded from below by a positive constant; since |Ge| = 3 —rg as e — 0 we
will deduce the conclusion from Fatou’s lemma. Let a. := |A. N [0, %] |. Then

we can estimate a. as follows: since the function s — i is decreasing for s > 0

we have
Elog——i—Cg,> fe (s)dSZ/ fe (s)ds
2 2TO ro I:TO,%:I\AE
x )
> / 3t 6ds > <z + 5) / 1ds (7.17)
[TO’%]\AE s 2 ro+ae S
m 1
(2 * ) Og2(r0+a£)

(7.18)



This allows us to finally estimate, for all € (O, %)

2c3

a. > 1o <e§+5 — 1) = Csrg > 0. (7.19)

Now choosing a sequence ¢, — 0 we have |G, N [ro, %]] — % — 19, so from

Fatou’s lemma we conclude that

[TO, %] Nlimsup (4., NGe,)

n—o0

> 0. (7.20)

This shows that there is a radius p, € [ro, %] that lies in infinitely many A. NG, .

In particular we have that p, > €.
Step 2: We show that u. (p.e™) is close to u* (pse) := 0 in L* (0B, N Q).

Define w, to be be the difference between these two functions, i.e.

w. (0) := u. (p.e”) — 0. (7.21)

sin s

Since p, € G. we have that |w. (0)|, |w. (3)| < 1. Since s — ®22 js decreasing

in (O 1) we have for all § € (0 7r):

4 ' 2

4 4 272
w. (0)] < —lsinwe| < — /T = Cry /= (7.22)
sin 7 sin 7 Px Dx

for 6 € {0,%}. Here we have used that since p, € A. we have that [sinw,.|* <

2mefo (ps) < 271'8% < 2’;—35.

So we can estimate the L? norm of angular derivative of w, as follows

1
1

/ * 10w, (0)2d6 — / " (19 (p.) P — 20pue (p.c®) + 1) d6
0 0

™

— /2 (|89u5 (p*ei0)|2 — 20w (p*ew) — 1) do
0

=2 (w6 (0) — w, (g)) + /0g (|0pus (poe”)> — 1) db.
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We can estimate the first term from above by 4C7, /;—* by (7.22). For the second

we use the following estimate:

/2 (|0puc (pue”) > — 1) db = /2|89u€ (ps€”)[?do — g
0 0

By g e
0

df — —
Ds
T
Sp*f(ﬂ*)—§ <o.

So in conclusion we have

/2 |Bpw. (0)|2d0 < § + 4Cr, /pi. (7.23)
0 *

Now we can show that w, is small in L2. For a suitably chosen constant Cg we

have

2

/oglwaﬁde < /0 (we (0) + /09 o= (9] d@) W= (H \/PE) o

Step 3: We estimate the energy of an interpolation between u. and u* on a

small annulus close to 0B, N Q.

Consider the annulus B, 4, \ B,., for some 7 > 0 to be chosen at a later
stage: we define an interpolating function 4. so that @, (ps, 0) = u. (p*ew) and

Ue (p* 4+ n,0) = 0 as follows:

p* + 77 - T
n
We now want to show that for a suitably chosen 7 (such that n — 0 as 6 — 0)

i (1, 0) = 0 + w. (0), for 1 € (pu, pe + 1) and 6 € <0, g) . (7.25)

the energy of the interpolating function vanishes in the limit. We can write the

energy in polar coordinates as
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Wl

Pxt+1 1
E. (i B}, \B}) = / (/ (ﬁagaa + afag) rd9>
P 0
1 .o (Pt Lo pxtN—T T
+ - (sm ( p W (0)) + sin p We <2> dr
px+1n % 1 p* + /,7 —7r 2 r
:/ / - (1 + —agwa) + —|we]? | df
Px 0 r n n
1

Since p, € A. we can estimate the part involving the penalty term using the
way this set is defined. We have that |w. (0)[, |w: (3)| < & and so we can use the
fact that sin? is increasing in (0,7/2) and that sin?® (z) = sin® (|z]) to estimate

the two terms as:

sin? <ww6 (0)) < sin® w; (0)
n

Gin? (&w (Z)) < sin’ (E) |
i 2 2

since 0 < % < 1. We can now use the definition of the set A, and the fact

that p. € A. to estimate the integral as (recall that |sinw.|* < 2wef. (p.) for
0 €{0,5}):

[ (o (o) et (200 () )
< —

< nfe (p«) (2 + 5)

The second term in (7.26) can be estimated using the previous estimate (7.24)

on the L? norm of w. and the fact that we can estimate the integral in r as
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pxt+n 1 2 9 . .
/ T = 2200y P
o1 2 7 n

It now only remains to estimate the first term, which can be done as follows:

] 1
/ / < 2(ps+ 1= )agwg + - (@9w5)2> dOdr
N r
pr+n
< Zlog (1+i) +/ 210 (0) — w (5 )1+ (5+4c7‘/i) dr (7.27)
2 Px P r Px
<log (1+£) (24—807,/&—1-5) ,
P 2 P

where we have used (7.22) and (7.23). Now we can combine these estimates with

the inequality log (1 +¢) <t for ¢t > 0 to get an estimate on the energy:

{ ) < T (X /€y
B (15,0 \ By.) log(1+0*) (2+807 p*>+p*5
+Cy <5+,/ )(p*+1)+7r—77.

Letting ¢ — 0 and choosing n = ﬁp* we get that:

(7.28)

limsup E. (&.; B/, \ B}) < glog (14 6Y%) + 6% + Cs (5 + 5%> + 7.
e—0
(7.29)

Observe that the right hand side tends to 0 as 6 — 0. If we extend u. to

+
p*(1+61/4

using the definition of v; in Lemma 7.1, since @, = ¢* on B},

/4
the definition of 4. in (7.25)). We have (using log _'D*(”‘s )

) by setting 4. := u. in B;‘* we can estimate the energy of 4. from below

i \ [piy (recall

=log 2 + 05 (1)):

o n T P
lim inf (E (ug, B (1+61/4)) — §log ?) > v — 05 (1). (7.30)

e—0
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Now using the fact that the energy of the interpolating function tends to 0 on
the outer annulus B, |, \ B} as § — 0 thanks to (7.29) and that 4. = u. on

B:{* we obtain that:

lim inf (Es (ue; B ) — glog &) > v — 05 (1) (7.31)
€

e—0

Step 4: we derive an optimal lower bound in the outer annulus By \ B;:.
Consider the set
s 1
S. = {r € lpu 1) ¢ Jue (r,0)] + fue (0,7) = 7| < 1}‘ (7.32)
Since u. — u, in L' (B, N0Q), it is clear that |S.| — 1 — p, as e — 0.

Using Holder’s inequality we can derive the following estimate for the L2

norm of the angular derivative, for r € (0, 1):

e (0,7) — g (r, 0)] < / * Bu. (re™)|d6
0

< (/ww) ()"

We can now use this to estimate f. from below as follows:

2 1
fe(r) > — (u: (0,7r) — u. (r, O))2 + — (sin2 ue (1,0) + sin? <u‘E 0,7) — z)) )
r 2me 2
By the definition of S, there exists a constant Cy > 0 such that for all r € S, we

have:

™ ™

sin? u, (r, 0) + sin? (ua (0,7) — §> > 2Cy (Ua (7, 0)2 + (ug (0,7) = 5)2)

> Cy (5~ e (0.0) + . (r,O))Q.



From this it follows that:

fe(r) > inf {2—52 + (JQM}. (7.33)

seR Ly 2me
Computing the infimum on the right we conclude that f. is bounded from below
by

m 1
€ >_—7
fe(r) 2 2r+ Che

for a constant Cjy > 0. Thus we can estimate the energy on this annulus as

(7.34)

T 1

E.(us;BFf\B')> | =————d
(u; 1\ p*)_/S€2T+ClogT 735
>W/1'—L—d ™ g — - C10° e
— T = — 10 .
-2 1-18. T + 0105 2 & 1-— |S&‘| + 0106
Since |S;| = 1 — p. as € — we obtain that:
liminf B, (u; B \ BY) — Tlog — > 0 7.36
HEHJ(? a(ua7 1\ p*)_§0g_*_ . ( )
Combining this with (7.31) we obtain that
liminf ( E. (us; BY) — T log1 > 0 — 05 (1) (7.37)
c2s0 € ey 21 9 c S (0] .
and the conclusion follows letting 6 — 0. O]

7.2 Second order lower bounds for the full energy

We can now use the results in the previous section to find a second-order lower
bound for the full micromagnetic energy (we also include a first order lower

bound, coming from our results in Chapter 5):

Theorem 7.3. Assume that h — 0 and n — 0 satisfy the regime
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1 n>
Tog I L€ Hlog 7 < (7.38)

Assume my, is a sequence of magnetizations such that limsup,_,, B, (my,) < C

and define the averaged magnetizations as

h
my, (z) == %/0 m (x,x3) dxs. (7.39)

Then we have:

1. First order lower bound. The energy satisfies:

liminf £, (my) > 27. (7.40)

h—0

2. Second order energy bound. If we are in the more restrictive regime

% < € and the following condition is satisfied

lim sup (|log | (Ep, (myp) — 27)) < C, (7.41)

h—0

then we have the finer energy expansion

lirhn iglf (loge| (B (my,) — 27)) > W (2k, di) + 470, (7.42)
—

where o = 1is the constant defined in Lemma 7.1 and Wg s the renormal-

1zed energy for the S state in the rectangle defined in Chapter 6.

Proof. The proof of the first part follows combining Theorem 2.12 and Lemma
2.11. For the second claim we have that (where my, is the magnetization, my,
the average, M) a unit vector chosen as in Chapter 3 and u. a lift of M, i.e
M, = €'), thanks to Theorem 2.12 and the results of Chapter 3 (we use the
energy estimate of Theorem 3.7) and where z;, denote the vertices of the rectangle
Q:
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_ 1
. . _ > : : I - _—
lu}rln_}élﬂlog el (B (my) —2m) > h?_}élf“Ogd (Eh (M) —o <|log 5|> QW)

= 1i%1jélf‘10g el (B, (my,) — 2m)
(1)
> lim iglf (E.,, (mp) — 2|logel)

E—
*)
2 (E (M) — 2lloge)
> i Ay
> lngn_}glf (E: (4.) — 2m|logel) ,

where in (1) we used (2.72) (which holds for any vector field of length < 1).
In (%) we use the inequality (3.27) and the fact that the error term in that
inequality goes to 0 — this can be seen from the fact that by what we have
said after (2.73) we have E., (7)) < Cl|loge| (since from the assumption that
lim sup;,_,o £ (my,) < C we can derive the same kind of bound for the reduced
energy, see (2.89) and from this we get the bound for E. , (7)) and by using the
estimate |loge| < logllogn| which we can immediately derive from our regime
(1.11). We now estimate E. (i.) from below by the energy of a minimizer u. and

So we get:

liminf (E. (u.) — 27|loge|)

e—0

> liminf (£, (us) — 2m|logel)

e—0

D Jim lim inf < ( (ue; By (21) N Q) — i log B)
€

p—0 -0 — 2

— o log ! + E. (ue; Q\ Up_y B, (21)) > (743)

TP
> ll)l_I)I[l) llraIl_gglf (EE (ue; B, (2) N Q) — 3 log E)

p—0 e—0

1
+ lim lim inf (—27r log = + E. (us; 2\ Up_, B, (zk))) )
p
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Notice that to obtain the equality (f) we have split the domain into the balls
of radius p in the corners and the rest: since the whole expression does not in
fact depend on p (since it is equal to (E. (u.) — 27|loge|)) we can add the limit
for p — 0 in front of it without changing anything. Now letting first ¢ tend to 0
and using the convergence results of Chapter 6 and then letting p tend to 0 we
can estimate the first term using Proposition 7.2 to estimate the first term and
the energy expansion in Chapter 6 to estimate the second term. More precisely
we have from Theorem 6.3 that u. — w, in WP (Q) for all 1 < p < 2; observe
also that in a corner we have that the boundary trace of u, conicides with that
of the (rotated, reflected) argument function. For fixed p > 0 we also have
(for a subsequence) H? weak convergence on Q\ Ui_, B, (z1), i.e. uz — u, in
H?*(Q\ U{_;B, (z)). This implies that u. — u, in H' (Q\ Ut_; B, (1)), since
H?*(Q\ Ui_; B, (2;)) compactly embeds into H* (2 \ U;_, B, (2;)). We get then
that fQ\Ué:1BP(Zk)|VuE|2dx — fQ\Uzlep(Zk)\Vu*de. Away from the vortices (i.e.
the corners) we have that the penalty term tends to 0 as ¢ — 0: indeed we can use
the PDE and the H? weak convergence (which implies strong L? convergence of
the normal derivatives of u. to the normal derivative of u, on the boundary away
from the corners) to conclude that on any any compact set K on the boundary

which is at a positive distance from the corners (since there sin® (u. — g) < 1):

1/ sin? (v, — g) Sg/ sin? (u. — g) cos? (ug—g)zg/ (sin2 (ue — g))
€ JK € JK € JK
:ce/ n2lv = 9) 2<Cs/ Ol
K 9 - K ov ’

where g = «y, on the side Ly. Then we have that E. (us;Q\ Ui_, B, (1)) —

fQ\U4 By |Vu,|?dz. We then have from the energy expansion in Proposition
w=1Bp(2k)

6.5 that:

1
lim |Vu,|*dz — 27 log = = Wy (21, d) - (7.44)
p

0
PO J\UL_, Bp(zk)

148



The renormalized energy is that for an S state, since that is minimizing. The
WhP_convergence of u. to u, implies by the compactness of the trace operator
in Lipschitz domains (see for example |19, Theorem 2.1|) that we have L' con-
vergence on the boundary to the trace of u, (as observed above, this is equal to
the boundary trace of the argument function in the corner). Since the u. are
minimizers we can apply Proposition 7.2 to estimate the energy in each ball of

radius p around the corners. We have for all £ =1,...,4 that:

liminf E, (u., B, () N ) — glog £ Yo- (7.45)
£

e—0
We therefore conclude putting together (7.44) and (7.45) — for each corner — that
the last expression in (7.43) must be greater or equal to 4yy + W (dy, 2x), which
completes the proof. O

Now constructing a function which near each vertex in ball of a small radius
r > 0 is chosen as a rescaling in ¢ of the explicit solution in a corner of Chapter
4 and as u, (the limit function) in the remaining part of the domain, we can

construct functions 4. which satisfy the equality:

1
lim sup <E€ (Ge) — 27 log g> =W (d, zr) + 4. (7.46)
e—0

This can be seen by a simple calculation which is nearly identical to that in the

previous theorem. Hence if we define M, = (e, 0) we get the following:

Theorem 7.4. We can construct a sequence My, € H* (,;S*) such that

lim E, (M) = 2, (7.47)

h—0

and for which in the more restrictive regime we have the following energy expan-

SLon:

1 1
E, (M) =2 _— 4 4
h( h) T+ \loge\ (WS (dk, Zk) + ")/o) +o (|log8|) , (7 8)
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where Wy is the renormalized energy of the S state. We can also do the same
thing for the C' state.
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Chapter 8

Multiplicity results for critical

points

Kurzke [35] proved that the vortices for minimizers of the functionals (8.1) in-
troduced below are isolated. We will show that under the appropriate energy
bound we can extend this result to critical points that are not necessarily mini-
mizers, but still satisfy a logarithmic bound on the energy. For technical reasons
we also assume that the penalty term is bounded in £ (i.e. in (8.1) we have
% Joa sin® (u. — g) dH! < C for some C' > 0). This assumption is true for min-
imizers (see for instance [34] on p. 37) and we have reason to believe that it is
unnecessary and can be proved for general critical points, but do not pursue this
here. It is not needed for vortices on flat parts of the boundary. The strategy we
follow, by grouping the vortex points in clusters according to their asymptotic
distance, is inspired by a paper by Comte and Mironescu [14]: we will first flatten
the boundary, and then through successive blow-ups at different length scales
reduce the problem to studying the equilibrium of charges on a line, showing
that critical points for the energy lead to critical point of a renormalized energy
in the upper half-plane. Using a result by Espin (to be published in a joint paper
with the author of this thesis and Kurzke [5]) we will be able to show that in

each cluster we only have a single point, thereby proving the single multiplicity
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results.

8.1 Basics

Before we address the results in this chapter we have to introduce some funda-
mental concepts that we will employ later. Let €2 be a simply connected domain
in R? with a C* boundary', and define the functionals F. : H' (Q) — R, as

E. (u) := /\Vu|2dx + 1 sin® (u — g) dH", (8.1)
Q 2¢ Joa

where g : 02 — R is a lift of the tangent vector 7, i.e. a function such that
e = 7, where we identify R? with C. These functionals were studied by Kurzke
[34, 35] and we refer the reader to these works for more details. Here we will
only give the necessary definitions and results. It is easy to show that these
functionals do indeed attain their minimum (|35, Proposition 2.1]) and from the
functional we can derive the Euler-Lagrange equation satisfied by critical points
(|35, Proposition 2.2|):

Proposition 8.1. Stationary points of (8.1) satisfy the following equation:

/QVU~V¢+2i/msin(2(u—g))90:O (8.2)

3

for every ¢ € H'(Q). Any solution of (8.2) is in H*(Q)) and it is a strong

solution of

Au=0 1in
a 1 (8.3)
S = —5:8in(2(u—g)) on Q.

We now introduce the concept of vortices and recall some basic properties
and results shown in [35] (we refer the reader to that paper for more details).
We consider a sequence of critical points of E. that satisfy an energy bound of

the form:

IThis assumption works, but it might be possible to relax it. To assume that the boundary

is C®* might be enough, but we will not investigate this further.
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1
E. (u.) < Mlog —. (8.4)
£

That this bound is reasonable follows from [35, Proposition 3.1|, where it is
shown that a sequence (u.) of minimizers of E. satisfies a bound of this kind.

We define the approzximate vortex set S, as

1
Se = {m € 09 : sin? (u (z) — g (z)) > 4_1} (8.5)
In [35, Section 3| the author shows that for a sequence of critical points satisfying
the energy bound (8.4), the approximate vortex set can be covered by e-balls,
whose number is uniformly bounded in €. In other words there exists Ny such
that for any € > 0 there is N. € N, N. < Ny and points af,...,an. € 02 such

that

S. c UN B, (af). (8.6)

By choosing a subsequence we can assume that /V, is constant and equal to some
n € N and by compactness of 02 we can assume (passing to a further subse-

quence if necessary) that a5 — af € 9Q as € — 0. Note that these limit points
0 _

need not be distinct in principle (i.e. a; = a? for ¢ # j cannot be excluded a
priori): that the points are distinct for minimizer was shown by Kurzke [35]: we

will show that this remains true for critical points satisfying (8.4).

As we will see we can enlarge these balls (with a radius still of order compara-
ble to €) so that in these larger balls the value of a critical point u. varies rapidly,
transitioning from one well of sin? to another. These small regions are also called
the vortices. In the same paper the author also shows some convergence results
for sequences of minimizers, and an energy expansion for minimizers, in terms
of a singular term which depends on the number of vortices and a renormalized
energy which depends on the position of the (limit) vortices. In [35, Theorem

4.2] the author shows that the “jump” near a vortex is of +m, i.e. the vortices
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are isolated. The analogous result for general critical points satisfying the log-
arithmic energy bound (8.4) will be the object of this chapter. In Section 8 of
the same paper the author shows that critical points of E. correspond to critical
points of the renormalized energy. We will show a similar result which we will
combine with a result by Espin (see [5]) on the equilibrium of +1 charges on a
line to conclude that vortices must be separated also in this case (i.e. they can

only have single multiplicity).

The main idea of our proof is the following: we will proceed by contradiction,
assuming that our vortices are not isolated: then by performing a blow-up of
the equation on different length scales (corresponding to the mutual distances
between the vortices) we obtain several half-space problems, which leads to limit
functions with boundary jumps of +1 whose position is determined by a renor-
malized energy in half-space. Then we show that the position of this jumps is a
critical point of such a renormalized energy. By a result obtained by Tim Espin
on the equilibrium of charges on a line, this turns out to be impossible if we have
more than one jump. This will show that on each level we can only have a single

point, thus proving that there is a single point overall, which is our claim.

8.2 Some preliminary results

We want to show that the set S. can be covered by cge-balls (for some o > 0
independent of €) that are mutually disjoint, have distance > ¢ and such that
there is a fixed 0 < 0 < 7 such that u — g outside of each of this balls is close (at
distance < 0) to two multiples of 7 that differ by 7. Consider a sequence of
critical points of the energy E. that satisfy the energy bound E. (u.) < M|loge|.
We know from the results in [35] that S. can be covered by finitely many balls
B. (a5) for points a; € 02, where i = 1,..., N. where N. < Ny for some Nj.
Then, choosing a subsequence if necessary, we can assume that N. = N < N, for

all . Since the boundary 02 is compact, by further considering a subsequence
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we can assume that all of these points converge to some limits aq,...,as € 0S).

We first show the following gradient bound which will be important later:

Proposition 8.2. For a family of critical points u. of the energy E. satisfying
the energy bound E. (u.) < M|loge| we have the following gradient bound, for a
constant C' > 0 independent of €:

C
€
Proof. As this will be needed in the proof let us recall that we can assume
(by adding a sequence t. € 27Z if necessary, see [35, Proposition 5.1]|) that
||tte|| Lo (@) is bounded uniformly in €. Consider for each point 2 € 0 the ball
B. (z). Then |J, 5q B- () is a cover of Q2 and the distance from 9 of every
point in Q\ {J,c9q B: () is > €. For such interior points we can use interior
gradient estimates (see for example [18, Theorem 7|) for harmonic functions to
conclude that for every z € € such that d (z,0) > ¢ the gradient satisfies
C
£

Ve (2)] < —, (8.8)

for a constant C' > 0 independent of ¢, since ||uc|| () is uniformly bounded in
€. We now need then to prove a bound of the same kind near the boundary. Let
p € 022 and let I' be a compact and connected subset of 9€2 which is at a positive
distance from p: for p > 0 small enough we can define I' := 9Q \ B, (p). By
the Riemann mapping theorem there exists a biholomorphic mapping ® from
the upper half-plane to €2 that sends oo to p, and so that &' (z) # 0 on the
boundary of the half-plane. This last thing can be shown by constructing ® as

a composition of the map 7T (z) := j—+§ from the upper half-plane H to the unit
disc (notice that the boundary maps to the boundary and the derivative of T is
never 0 there) with a conformal transformation S from the unit disc to Q. We
can the use Theorem 3.5 in [49] to show that the derivative of S is never zero on

the boundary, and so the same is true for ® = SoT : H — ). Here we observe
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that we can extend the derivatives of ® continuously to the boundary: for 7'
this is obvious, and for S we can use apply the Kellogg-Warschawski theorem
(see [49, Theorem 3.6]). Let now ¥ be the inverse of ®: we observe that ¥ can
be also extended continuously to the boundary along with its derivatives away
from p and so in particular on I'. Here we can use for example [6, Theorem
A]) to show that S~! extends smoothly to the boundary and then use the fact
that T—! also extends smoothly away from T (c0) = S~! (p). Since I is compact
and connected, so is ¥ (I') C R, hence it is a compact interval [a,b]. Let Ir :=
[a—1,b+1]. Then on Ir the function ® is continuous and bounded, and so
are its derivatives (up to order two in particular). We will prove the bound
(8.8) for all points z € Uyer B (y). Then, by covering the remaining part with
another set and considering a different conformal transformation we obtain the
bound for all remaining points. Observe here that there exists B > 0 such
that W (QNUyerB: (y)) C B (0). In B} define a function w. = (u. — G) o ®

(where G is a bounded harmonic extension of g to @ (BE), which has bounded
derivatives up to order 2): this satisfies the following for all smooth test functions

¢ with compact support in BE UT's:

1
/ Vw, - Vo + / a <— sin 2w, + h> v =0, (8.9)
B}; FR 28

where @ = |®’| and h := % o ®. By what we said we can assume? that a,a’, h, b’
are all bounded on Ir; in the following we will write |||z~ for the L* norm of
any of these functions on Ir. Consider a point zg € ¥ (I')*: we want to show
that for every @ € Bg. (29) we have a gradient bound for w of the form:

C

[V, ()] < = (8.10)

2Notice here that since ® # 0 we have that a is smooth on the boundary, as a real function

from R — R.
30bserve here that there exists R > 0 such that every ball B (y),y € ' is contained in

® (Bpre (20)) for the point zg = ¥ (y), and this R can be chosen independently from y € T,
since the maps ® and ¥ are locally bi-Lipschitz.

156



for a constant C' > 0 that does not depend on the point zy or e. We define a
rescaled function v, (z) = w. (ex + ) on Byg (0)* and so we get the equation
for v. on Byr (0)":

VUE-Vgo—l—/

1
Qe (— sin 2v, + 8h5> 0 =0, (8.11)
Iyr 2

Bl
where a. (x) = a (2 + ez) and h. (z) = h(zy + ex). Observe that since a and h
are bounded we have that a. and h. are bounded independently of ¢, for all ¢
small enough. Observe also that a and h are Lipschitz, and therefore so are a.
and h. with a Lipschitz constant independent of €. The equation (8.11) can also

be stated saying that v is a weak solution of:

Av. =0 in BJ (0)

e

ov

(8.12)
= —%sin2v. —each.  on I'yp.
We will prove a gradient bound |Vv.| < C (for a constant independent of ¢),
which will give the desired bound for w., and hence for u,., as we will explain at
the end of the proof. To prove the bound for v. we use the same approach of

Lemma 2.3 in [12]|. Define a function ¢. as

¢ (z,y) = /Oy v (,t) dt. (8.13)

Then ¢. satisfies (Ag.) , = 0, which implies that Ag. is a function of z only, hence
it is enough to compute it on y = 0. There we have that Ag. = (g.),, = (v:),,-

Hence ¢. is a weak solution of

Aq. (z,y) = =22 gin 20, (1,0) — ca. (x) he (z)  in B,
o (ny) = =i (0 e ()b () B

4 = 0 on F4R-

By extending the function via an odd reflection with respect to y = 0 we
can then get that — since the right-hand side in the first line of (8.14) is in
L> (B{) (indeed we have ||Ag.| ~ < K for some K > 0 independent of €) —

157



we have inner WP regularity for the extended function and hence W?2? bound-
ary regularity for the problem (8.14) (this is done exactly as in [12, Lemma 2.3|,
see also |20, Lemma 9.12] for this boundary regularity result). We have that
g- € WP (Bfp) c C** (B_;“R> for 3 € (0,1), provided we choose p large enough

(for any fixed 3). Now, since (¢.), = v. we get that v. € W*'? (Bip) Cc CP (B_;R)

and

HUsHCﬁ(Bi;R) < 07 (815)

where C' > 0 only depends on R, 3 and an upper bound for ||v.|| ~ (R, [ are
fixed and ||ve||= is bounded uniformly in ¢ how we noted at the beginning of
the proof, hence the constant is independent on ¢ or the point zy, since an upper
bound for HUE”LOO(BIR) is given by ||uc||p~(q)). To get a C¥ estimate for v,
following [12, Lemma 2.3] we need to prove an upper bound for the C* norm of
the right-hand side of the equation (8.14) — we also prove that this bound does

not depend on €. We have:

la. (x) sin 2v. (z,0) + 2ea. (z) he () — ac (y) sin 2v. (y,0) — 2ca. (y) he (y)|
< lae (z) sin 2v, (z,0) — ac (y) sin 2v. (y, 0)[ + 2¢lac () he (2) — ac (y) he (y)]-
(8.16)

The second term can be estimated as
2€|a/€ (ZE) hs (‘7;) — Qg (y> hs (y)‘ S C€|x _y|57 (817)

since the function ah is Lipschitz (and so is a-h.) - and therefore Holder continu-
ous for all exponents 3 € (0, 1) -, where the constant C' > 0 does not depend on
€. So it only remains to show the estimate for the first term on the right-hand

side of (8.16), which we can rewrite as:

|la. (z) sin 2v. (z,0)—a. (z) sin 2v. (y, 0)|+]|ae (x) sin 20, (y, 0)—a. (y) sin 20 (y, 0)].
(8.18)
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For the first term we have

|la. (z) sin 2v. (z,0) — a. (x) sin 2v. (y,0)| < ||ac||p=|sin 20, (x,0) — sin 2v. (y,0)],
(8.19)
and so we can conclude that (using the fact that v, is Holder continuous and its

norm satisfies the bound 8.15)

|ac (x) sin 2v: (2, 0) — ac () sin 20 (y,0)] < flac||z=[Jvellslz — yI”  (8.20)

For the other term we have that for any 8 € (0, 1) there exists some constant
C" > 0 such that:

|ac () sin 20 (y, 0) — ac (y) sin 2ve (y,0)] < laz (2) — ac (y)| < C'lx —y|”, (8.21)

since a. is Lipschitz continuous (with constant independent of ¢) and so Holder
continuous for any exponent 5 € (0,1). Now, we can conclude from (8.17),

(8.20), (8.21) and (8.15)) and the bound ||Ag.||L~ < K (for K independent of ¢

as we noticed above) that:
I8¢l cs < 1A= + Ce + [lall < [[vcllos + C" < C, (8.22)

where C' > 0 is a constant that only depends on R, 3 (recall that here R and
( are fixed) and an upper bound on ||v.|cs — and hence is independent of e
thanks to (8.15); observe that the upper bound in (8.15) only depends on R, 3
and an upper bound for ||ve|| = and therefore we get that this upper bound is
also independent of the point zy € ¥ (I'). From this we get using boundary
regularity for (8.14) (see for example [20, Theorem 4.11]) that ¢ € C%# (B_;R)

and hence that v € C19 (B_;“R> We have that

Hve“Cl,B(B;rR) < 07 (823)

for some constant C' > 0 depending only on R, an upper bound for ||v. e,

| 'l <, [|a]| Lo, ||@']| L, hence independent of e. Since ||vellr~ < ||ue|lL= by
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construction we see that this bound also does not depend on the point z, € ¥ (I")
around which we did the blow-up. Hence we get the gradient bound for v. for a
constant C' independent of € and zy € ¥ (I'). By scaling we then get the bound
(8.10) for the function w, in each ball Bg. (z),z € ¥ (I'). To show that the same
bound holds for u. in Uyer B (y) we recall as we observe above that there exists
R > 0 such that every ball B. (y),y € I' is contained in ® (Bg. (z)),z = ¥ (y)

and we observe that since w = (u — G) o ® we have

Vw (z) = (Vu—VG) (P (z)) d (x), (8.24)

and we conclude from the fact that ®" # 0 everywhere (and so on a compact
set like B, () its modulus its bounded away from 0), and from the fact that
|IVG| < C' for a constant C" > 0. Thus we have obtained the bound for all
points in Uyer B (y). Now by covering the remaining part of the boundary oS
with another set IV we can obtain the same bound for all points in Uyer B: (y),

which concludes the proof. O

We can now prove that the set S. can be covered by oe-balls which are

disjoint and whose centres are at a distance asymptotically much larger than e.

Lemma 8.3. The set S. can be covered by balls Bye (a5),i = 1,..., Ny for a

constant Ny € N, such that for i # j we have By (a5) N By (a5) = 0 and
a5 — a5| > . Furthermore we have that the degree of transition around a point
a; is =1 for all v.

Proof. Thanks to [35, Proposition 3.9] we can cover S. with balls B, (af),i =

1,..., N for a constant N € N. For each ¢ we can consider all indices j such that

o5 |

lim inf,_,q

—- < +00 and by choosing subsequence we can (in a similar way
as we did in the proof of Lemma 5.10) group these balls in larger balls centred at
some of points a$ (for a subset of the indices i = 1,..., N) of radius oe for some
o > 0). By construction then these balls are disjoint and their centres will be

at a distance > e. It remains to prove that the degree of a transition (defined
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analogously as in Definition 5.11, the only difference here is that instead of oy
we use g, which is not constant) is £1 around the points ai. We can assume
(by passing to a subsequence if necessary) that each of these points converge to
a limit. Consider all the a;’s that converge to the same limit ay. Define blow-
ups on a scale £ around some af as w; (z) := (u. — G) o ® (a + ex), where P
is a conformal transformation from the half-plane to ) to flatten the boundary
chosen so that ® (0) = ag and ¢’ (0) = 1. Then for all R > 0 these functions

satisfy the equation

Vv~Vg0+/

1
a. <— sin 2v + h€> v =0, (8.25)
Tr 2

Bj;
where a. (z) = a(a$ +ex) and h. (z) = eh (a5 + ex); we have that a. — 1 and
h. — 0 locally uniformly. From Proposition 8.7 we get that the gradient Vw,
satisfies |[Vw,| < C for a constant C'. Since by |35, Proposition 5.1| the functions
u. and hence the functions w, can be assumed to be bounded uniformly in £ we
can get local uniform convergence for a subsequence by the theorem of Arzela-
Ascoli. We also see that we have boundedness of w, in H! (BE) for all R > 0,
which implies weak convergence in H' on each ball to a function w,: this is

defined in half-space and it is seen easily to be a bounded solution of

ou __ 1 _ 2
Ef—ism2u on RfﬁRJr.

The solutions of this equation have been classified by Toland (see theorem 8.4
below). In the same way as we did in the proof of Proposition 5.13, since a§ € S,
by the uniform convergence we can exclude that w. converges to a constant, and
because we have covered S. by finitely many (uniformly in ¢) balls, we can also
exclude that the limit solution is periodic. Hence there exist n € Z and a € R

and a sign o € {—1,+1} such that

(z,y) arctan — — + n + —
u(x,y) = oarctan ™m+ —.
Y y+1 2
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From this and rescaling we get that the degree of the transition around a; has
to be *1. O

Theorem 8.4 (Toland). Let u be a bounded solution of

Au=0 in RZ
ou __ J — 2
2 = —5ysin2u on R=0JR%.

Then u has to satisfy one of the following
1. u is constant;
2. w is periodic;

3. There existn € Z and a € R and a sign o € {—1,+1} such that

+a

(z,7) tan — 4 7n + =
u (x,y) = o arctan ™+ —.
Y y+1 2
Remark 5. Notice that the only solutions that have limits at 400 are either

constant or monotone.

Consider now a point zy which is the limit of vortex points (i.e. the centres
a; of the e-balls we used to cover the approximate vortex set), and consider a
radius Ry > 0 small enough so that the ball Bg, (29) only contains those points
a; such that af — z,. We flatten the boundary locally near 2z, via a conformal

transformation.

Let H : {(x,y) € R? : y > 0} be the upper-half plane. Let ® from a set
B,, (20) N H — Q be a bijective conformal transformation such that ® (0) = z
and @' (0) = 1 and such that QN Bg (z) C ® (B,, (0) N H). Define a function

v as

ve = (u. — G) o P, (8.26)
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where G is a bounded harmonic extension of g to B;f 1. Since u. is a critical
point of E., it follows that v. satisfies the following equation in every ball of

radius 7: °:

1
- Vv -V + / a(x) <2—6 sin 2v + h> v =0, (8.27)

for all ¢ € H'(B') which vanish near 9B,, where a(z) = |®' ()| satisfies
a(0) =1and |a(z) — 1| < C|z|, and where h := 2% 0 & is C*.

£

The vortex points ai will correspond to points of € 0H such that ¢ (af) = af.

We relabel the points of, ..., a5, € R if necessary such that af < af,, for all

1=1,...,n— 1. To simplify the notation in what follows we set:

e {ag, a5} == 0B) N{xy = 0}, where ay < a1 are the preimages of the
two points in 9Q N OBg (29). Then we clearly have that of < af,, for all

1=0,...,n;

o Wecall 5 := (af + 0,05, —o¢) fori=1,...,n—1, I := (ap, a0y — 0¢),
I'e = (o, + o€, apq1) the parts of the flat boundary comprised between two

successive points of and o ;

o We call 55 := 0B,. (a5) NR2 the small half-circles of radius oe around the

points o in the upper half-plane.
o We call 8, := 0B, (20) NR% the big outer half-circle around zo;

e We denote by df; := |aj — a5/ the distance between points af and o, for
i #J.

we note that since g is C1®, by regularity (see [20]) we have G is C1'* near every point

4

on I',.
to make the proof easier to read we drop the subscript ¢ from v, and the function w.

defined below)
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Figure 8.1: The points «;

e In particular we denote by 7 := d7, , the distance between two successive

points.

To make things easier to read we drop the index ¢ in the following when this
causes no confusion, e.g. we write [; instead of 55 (see e.g. Figure 8.2)
Observe that if [; ~ [7,,, then we also have that l;;; ~ d;, 5, ~ ;. We now
prove a couple of technical results which we will need later on. We start with
the following estimate for solutions of the Euler-Lagrange equation away from

the bad set, which is similar to [35, Proposition 5.2

Lemma 8.5. Let u € H'(B},) satisfying |u| < arcsin1/2 on T'g be a solution of:

Vu~V<p+/

r

1
a <— sin 2u + h) v =0, (8.28)
L, \2¢

+
BR

for all ¢ € HY(B}) vanishing near OBg, where a : Tr — R is a function
satisfying 0 < ¢ < a < C. Then for any 0 < 1 we have that for a constant
K which is independent of u and R and a constant K' which depends on upper

J

bounds for a and h:

1
|Vul? + 2_5/ u* < K+ K'R. (8.29)
Tor

+
OR
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Proof. The proof is similar to the proof of [35, Proposition 5.2]. We test the

equation with un?, where 7 is a test function to be chosen later. We have
1
0= / n*|Vul|? +/ 2nuVu - Vn + —/ a (sin 2u) un? ~|—/ ahn*u,
B}, B, 2e Jry T

from which we get by Young’s inequality that for every a > 0

1 1
/ 7)2|Vu|2+—/ a (sin 2u) un®? ga/ |Vu|27]2+—/ u2|V7]|2+/ lahn?ul,
B} 2¢ Jry B} @ JB} Tr

and choosing o < 1 we get (using ausin2u > m|ul?, which follows from the
hypotheses on a and the fact that |u| < arcsin 1/2) that:

1
(1-— a)/ n?|Vul* + ﬂ/ wn? < (1 — 04)/ n?|Vul* + —/ a (sin 2u) un?
Bt 28 Tr Bt 28 Tr

R R

1
<o [ P+ [ ot
& Jpt r

R R
Now, choosing 7 to be a cut-off function satisfying 7 = 1 in Byr and vanishing

outside Bg with |Vn| < ﬁ, we get the conclusion. O

We can now prove a second order bound which will be useful later:

Proposition 8.6. Let w. be a solution of

Vwa-VgO—l—/

1
Qe (— sin 2w, + h€> 0 =0, (8.30)
I'n 2e

+
BR

% on I'r. Then for every 6 < 1 we have

1
[ et
B € Jror

Proof. We differentiate the equation and test it with the the function n%0,w,

such that sin® w. <

2

Ol o, R).

or

+
OR

where 7 is a test function to be chosen later, to get the following equation:
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Vow -V (7]281w) + /

in2
o) (asm 4 ah) 20w = 0. (8.31)
Tr €

+
BR

Computing the derivatives, we can write this as:

Voyw (20Vndyw + 112V ow) + / Gasin2w oy

T'r €

2 cos 2wd
+/ o Co8 S 2oy w (8.32)
Tr €

+
BR

+ / (Or1ah + O1ha) n*01w = 0.
T'r

We can estimate some of the terms using Young’s inequality, namely for any

a, f,7>0:

1
/ 27)V7781wv&1w‘ < a/ n’|Vowl* + — |V Vwl|?
By Bj; @

/ O1a sin 2wn?01w
Tr €

1 11
‘ < ﬁ—/ n*l0w|? + == |01a sin 2w |*n?
€ I'r 66 I'r

1 1
/ (Ovah + a0y h) nzﬁlw‘ < 7—/ n?|0yw|* + —/ (Oyah + a@lh)Q .
T'r € T'r f}/ T'r

(8.33)

Now, using that 2cos2w = 2(1 — 2sin?w) > 1, and the fact that a is bounded

from below by a positive constant and using the estimates above we can write

that (choosing «, f and « small enough), by choosing 1 to be a cut-off function

that is 0 outside of Bf, equal to 1 in By, and whose gradient satisfies |Vn| <
c_ .

R(1-0)
1 11
[ vowk+ £ [ ol <2 [ (9uPIvl+ 52 [ jorasin2ufy?
B} € Jry @ JB} Be Tr
1
+—/ (d1ah + adyh)’ 1.
T'r

5
(8.34)
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We now get the conclusion by Lemma 8.5.

8.3 Critical points have single jumps

We are now ready to begin the proof of the main result of this chapter, namely
that vortices are isolated, expressed by Theorem 8.15 below. This says that
vortices are isolated for critical points satisfying the energy bound (8.4) and
it extends the analogous result for minimizers by Kurzke [35]. The proof we
give combines the results and techniques already known for the isolated vortices
case with blow-up techniques inspired by those of Comte and Mironescu [14]
and with a crucial result for charges on a line, namely Theorem 8.21. Let u.
be a sequence of critical points of E. satisfying the logarithmic energy bound
E. (u.) < Mlloge|. We know that the approximate vortex set S. can be covered
by finitely many disjoint oe-balls (see [35, Corollary 6.3]), which means that we
have, for points a; € 002, = 1,..., N, that

Ne
S. €| Boe (af),
=1

where N, is uniformly bounded in ¢ (see [35, Corollary 6.3]). The centres a5
of these balls converge to points a?. We call {ay,...,as} C 99 the set of the
distinet limit points (note that, if ¢ # j, the sequences a5 and a5 can in principle
0 _

converge to the same limit, i.e. a; = a?: the results in this chapter will show that
this is indeed not the case for critical points satisfying the prescribed logarithmic
energy bound). Let zy be one of such limit points and let w.l.o.g. {a5,...,a5}
be the set of points in {a5, i =1,..., N.} that converge to zp, and of be defined

as above as their preimages under the conformal map ®. Set A := {1,... n}.

We have already noticed above that the points a; have an asymptotic distance
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to each other that is large compared % to e, i.e. |af — a5| > ¢ for every i # j.
We recall that we numbered the points {aj, ..., a5} such that a; < ;1 — where
we identify {(z;,75) € R? : o = 0} with R (see Figure 8.2). Define the set
P :={(i,j) € Ax A:i<j}. Then we can define an equivalence relation on P
as follows: (i,7) ~ (¢, ') if and only if |af — o] ~ |af, — a5/|. The following is

the equivalent of |14, Lemma 2|

Lemma 8.7. Let ¢, — 0. Then there exist a subsequence (which we still denote
by €,,) and constants C, N such that there exist sequences \;* — 0,k =1,..., N,
a partition {Lq,...,Ln} of P such that:

o 5, K\ <1 forallk=1,...,N;
o N\ ANy forallk=1,...,N —1;
o (i,7) € Ly if and only if \;" < |a;" — aj"| < CA™.

Proof. The proof is completely analogous to that of [14, Lemma 2|, and relies

on the fact that the number of bad discs is uniformly bounded in ¢. m

For every 7 € A and for any asymptotic distance in the scale determined by
Lemma 8.7 we define as in the proof of |14, Lemma 4| a set of the indices in .4

corresponding to points that have asymptotic distance from a;" which is at most
AL

Lip:={j€A:la]" —a;"| <ONI}.

)

Clearly we have

Lir={iyu{jeA:(i,j)e L, for s<k}.

Our goal is then to show that all of these sets just consist of a single element.

6Notice that the distance between the points remains much larger than € even through the

conformal transformation, since this is bi-Lipschitz.
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Figure 8.2: The points a;

Observe that for all R > 0 large enough the set {a" : j € £;,} is contained
the ball Bgy: (o;") for n sufficiently large (say n > Ny for some Ny € N), and
that no other point aj" is contained in this ball, i.e. Bra: (ai")(Way" : k €
AN\ L1} = 0. Also observe that for all k,j € L£;; we have |af — a5 > c)j,
for some constant ¢ > 0 thanks to the last point in Lemma 8.7, since \; is the

smallest scale.
Let ¢/ = ¢} := ¢/ and define functions w.s in B}, as

wer (2) == v (A[2), (8.35)

where v, (2) = (u. — G) o @ (2 + ;). We get a sequence of harmonic function,

which satisfy the equation

1
/ Vwa, . VQO +/ Qg (—/ sin 2wa’ —+ hal) Y= 0’
B T, 2e

where a. (z) = a (52 4+ ®7 (af)) = a (52 + af) and similarly we define b (z) =
Zh (524 @7 (af)). We have that a- — 1 and he — 0 locally uniformly (recall
that 5 = A{ — 0) — so in particular we have uniform convergence on I', for any

r > 0.
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By [35, Proposition 5.1| we have that the sequence u. can be assumed to be
bounded in L, so the same will hold for v, and hence for w.. Now using Lemma
8.5 we can show that w, is bounded in W' (B}), for every 1 < p < 2, for any
R > 0. This is the statement of Theorem 8.9 below. The proof is the same as
in [35, Theorem 5.4] and follows from the L? estimate for the gradient given by

Lemma 8.5, and needs the following preliminary result:

Proposition 8.8. Let the functions w. be as above. Let o > 0 be such that
the balls B, (55), where 55 = (a5 —a5) /), are mutually disjoint”. Define
BE .= B \ UyB, (B;) and TE = OR2 N Br \ UyB, (85). Then if we define F.

on any set A C@ as

1
F. (u,A) := / \Vul?de + — sin udH?, (8.36)
A & JAnor?

we can estimate the energy of w. on BY, as:

F. (w., BE) < Clog %, (8.37)

for a constant C > 0 that does not depend on .

Proof. The proof is the same as in |35, Proposition 5.3] and relies on covering
the part near the boundary with a number of balls which is logarithmic in o
and using the estimate of Lemma 8.5. In the rest of the domain we use classical
interior gradient bounds to get a bound which is also logarithmic in o, thus

concluding the proof. We refer to the aforementioned proof for more details. [

We can now prove the desired W? bounds:

Theorem 8.9. Let w. be defined as above. Then for all 1 < p < 2 there exists
a constant C' = C (R,p) > 0 such that:

"Such a o exists since by construction we have |35 — B5| > c for a constant c.
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/ V. |P < C. (8.38)
B,

Proof. The proof is the same as in [35, Theorem 4.2|, so we will not repeat it
here, but we remark that it crucially uses the estimate (8.37) and a suitable

decomposition of Bj;. We refer to [35, Theorem 4.2] for more details. O

Now we can prove an important convergence result:

Proposition 8.10. For every R > 0 and every 1 < p < 2 we have that w. — w,
in Wtp (BE), where w, = ). dyarg (z — i) on the boundary, for some dj, € Z.

Proof. We start by remarking that in order for this to work it is necessary that
p is strictly less than 2. Boundedness of w. in TW1? (BE) gives now weak-*
convergence® wy — w, in WP (BE), by taking a subsequence if necessary, to
some w,. Since we can do this for every R > 0, we get that the limit w is a
harmonic function defined in the upper half-plane, i.e. we have that for every
R > 0 the sequence w,, converges weakly in WP (BE) for all p < 2 to a function

w, defined in Ri. We now want to show that this function satisfies:

Aw, =0 in Ri
w, =Y, dyarg (z — 5;9) on JR?,

where ﬂ,(f) = lim._,o (o — a5) /A (passing to a subsequence if necessary) and

dp, € Z. Let 0 > 0 be small enough, say o < %mink¢j|ﬁ,(:) — 6§i)| and let

IY = 0R% N B\ UpB, ( ,(f)>, for R > 0 large enough, say R > 2maxk|5,(j)|,
We start by showing that

g—0 €

1
lim sup —// sin? wy = 0. (8.39)
rg

We have (since sin® w. < § on I'F):

81n this case by reflexivity the notions of weak and weak-* convergence are equivalent.
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1 ) . . 2
- sin? wy < i sin® w, cos® wy = - (sin 2w, )
£ TR S 'R 1S TR

[eg [eg

sin 2w\ 2 4 (ausin2w.\>
—C / 15 - C / £ 15
: /1“33 < e’ ) : /rg;é a? ( 2¢’ ) (8.40)

2
< ¢ / e o) 0,
F? 81/

where we have used that a. — 1, h.s — 0 locally uniformly (and so in particular

Qe > % for ¢’ small enough) and the fact that the H? bounds in Proposition
8.6 imply weak H? convergence away from the vortices (hence on I'?), which in
turn implies L? (and so also L') convergence for the normal derivatives on the
boundary. This implies that the limit function will satisfy sin®w, = 0 on I'Z.
Since outside of balls of radius &’ around /; the functions w.s are close to a unique
number in 77 on each connected component and 6,(:) = lim._,o B; we can see
that the limit does not in fact depend on ¢ and R. Thus the limit function w, is
then given by w, =), dj, arg <z — ,9) on the boundary, for some d; € Z. We
indeed have that this is the expression for the function overall, by uniqueness of
bounded solutions to the Dirichlet problem on a half-plane with step functions

as boundary values. We show this in Proposition 8.11. [

Proposition 8.11. Let v be a bounded harmonic function on the upper half-plane
H whose boundary value is a step function, i.e. a piecewise constant function on
R which jumps at finitely many points by, ..., b, € R by numbers dy,...,d, € R
and is continuous on H \ {by,...,b,}. Then v is uniquely determined by the

points b; and the jumps d;.

Proof. In the following we identify the real plane R? with the complex plane
C. Let v and u be two harmonic functions that satisfy the given boundary
condition, and let w = u—wv. Then w is bounded, harmonic in H and continuous
on H\ {by,...,b,}, and equal to 0 on the boundary {J(z) = 0}. Let w' be a

harmonic conjugate of w on H. Then w' is continuous on H \ {b1,...,b,}.
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Define F' = w + iw'. Extend F to {S(z) < 0} as F(z) = F(Z). By the
Schwarz reflection principle we obtain a bounded function which is holomorphic
in C\{by,...,b,} and whose real part is bounded near the points b;: this implies
that they are removable singularities. Indeed, the only other two possibilities
are that these are poles or essential singularities. In the former case, we can
proceed as follows: if b; is a pole of F', it means it is a zero of G = 1/F and that
G has a removable singularity at b; and is holomorphic in a neighbourhood of it.
Since G is not identically zero and it is an open function (by the Open mapping
theorem), the image of a disk Ds (b;) centred at b; will contain a disk D, (0), i.e.
. Hence for the punctured disk without b; we get

1 | -
(Ds (bs) \ {bs}) = D, (0)\ {0} C\ Dy, (0).

This shows that, near a pole, both the real and imaginary parts must be un-

F (D5 (bi) \ {bi}) = G

bounded. If b; is an essential singularity we get the same conclusion by the
Casorati-Weierstrass theorem. Hence we conclude that the b;’s must be remov-
able singularities, since near those points the real part u is bounded. Hence
F can be extended to a holomorphic function on all of C with bounded real
part. Then e is a bounded holomorphic function, which must be constant by
Liouville’s theorem. Then F' is also constant, and so must therefore be w. Since
w =0 on {&(z) = 0}, we conclude that w = 0 everywhere. This concludes the

proof of uniqueness. ]

Remark 6. We remark that the assumption that the solution is bounded is nec-
essary to obtain uniqueness. Otherwise if u is a solution, then so is w = u + cy

for any c € R.

Our next step is to show that the point 5 := (f1,...,5) is a critical point
for a suitable half-space renormalized energy. We first show an energy expansion

for w, from which we will get the right renormalized energy:
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Proposition 8.12. Let v = ), dyarg(z — i) be defined on @\ {Bi}, for
B; € ORY and let p < $min;4;|8; — B;|. Let R > max{|3i|,p}. Then there exist
po, Ro, C1,Cy > 0 such that for every R > Ry, p < po we have that

2
|VU|2 — —ﬂZdi 10gp—|—7T (Z dk> logR—l— W(ﬂk,dk)
k k

log R
< Ciplogp+ Cylog Oi ,

/B]Jg\Uk BP(Bk)

where W (B, dy) = —7 Zi# d;d;log|B; — B;].
Proof. The proof is the same as in chapter 6, see Proposition 6.4. O

The following theorem shows that critical points of the energy functionals
lead in the limit to a critical point of the half-space renormalized energy after

blow-up:

Theorem 8.13. Let u. be a sequence of critical points of E. satisfying the log-
arithmic energy bound E. (u.) < Mlog% and so that the penalty term satisfies
3 [ogsin® (ue — g) dH' < C for some C > 0. Then the point b = (by) obtained

as above s a critical point for W.

Proof. We follow an approach which is similar to that which Jerrard [30] used
to prove an analogous result for the Ginzburg-Landau functionals (this result
was already shown by Bethuel, Brezis, Hélein in their book [7]). We first show
the result assuming the boundary is already flat: this makes it easier to follow.
Below we then present the proof for a non-flat boundary which we flatten via a
conformal transformation. Let w, be the limit function as above, i.e. wu, (z) =

> pdiarg (z — by). Now define the stress-energy tensor S, as

1
S, = Vu, @ Vu, — §|Vu*\2ld. (8.41)

Fix some index i. Let ¢ be a smooth compactly supported function in @ such
that supp (¢) N {bx}r = {b;}, such that Vy = ¢ in a neighbourhood of b; for a
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constant vector ¢, and such that %f = 0 on ORZ. Observe that this implies that
near b; we have ce; = V, since this is true on the boundary, given that the
normal derivative is zero. We will prove the following identities, which will show

the desired conclusion due to the arbitrariness of ¢:

0= VVp: S, =V -V, W(b). (8.42)

R
To show the first equality we proceed as follows: for € > 0 and for a sequence
of critical points u. converging to u, as before (and which satisfies the usual H?

bounds away from the vortices) define the matrix valued measures:

. 1 1 0\1
S = (m ® Vu, — §|Vu6|2]d) dr? — (o o) v (uc) dH'CR,  (8.43)

where U (t) = %Sin2 t. Define S. as the corresponding stress-energy tensor

1
S, :=Vu. ® Vu, — §|Vu5|2]d. (8.44)

Then we have that divS. = Au.Vu, = 0, since u, is harmonic. Now we get:

R 1
[ VVp: S, = VVep: S, — - / Oz V (ue)
RZ R2 € Jr
1
:—/ Vgp-diVSE—l—/V-SngoqL—/Q%\I/’(ua)(%us
RL ® cJE (8.45)
[ Ou. 1 0p , 1 ,

ou., 1
= —\If’ =
/]R ( ov + c (us)) 81”5901 07

because of the boundary condition satisfied by wu.. This shows that fRT VV :
+
S. = 0. Now we want to show that these integrals converge to fR2 VVip : S,
+
which will imply that this last integral is also equal to zero. We notice that

supp VVy is away from the vortices. Away from the vortices thanks to the
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bounds in Proposition 8.6 we have weak H? convergence of u, to u, — which
implies strong L2-convergence of the gradients, by the Kondrachov embedding
theorem (see |1, Theorem 6.3, Part I]) — and the convergence of the penalty
term to zero, as was shown above in (8.40). This shows the convergence of
f@ VVe : 5. to fRi VVp: S, ase — 0 (here we use the fact that the integral
is in fact only on supp (VVg)), and therefore the claim. So what is left to show

to get the conclusion is that

VVp: S, =aVW,, (b) -V, (8.46)

2
R+

since the arbitrariness of ¢ will show that we obtain a critical point of the
renormalized energy, since the left-hand side is equal to 0. We prove (8.46) in

Proposition 8.14 below.

We now provide the proof in the case in which the domain boundary is not
flat, and so after flattening the boundary via a conformal transformation we

obtain a family of functions in half space satisfying for all R > 0 the equation

Vw. - Vo +/

1
a. () (—/ sin 2w, + haf) ©=0, (8.47)
I'n 2e

+
BR

where ¢’ is defined just before (8.35). We follow the proof we presented above
for the flat case, with some modifications. We define the stress energy tensor in

the same way as in (8.44). We can then compute in the same way and we get:
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. 1
| VVyp: S, = VVp:So—— / Cux ¥V (Wer)
R2 € JRr

2
RY
/R

Vi - div S +/
2 R

1

1
v- SEIVQO + g / QOI\I’, (U}gl) &ng/
R

Owes 10
= / e Tw. - Vi — S0|szr|2 + —,/ 0.V (wer) Opwer
R € Jr

ov 2 v
8w5/ 1
—= —\If/ ’ ’
(G + 3wt ) o

= /R (8505' n E\I,/ (ws,) + ae,h€/> O Wer Py

6,

1—a.
* / /a o’ (w6’> OpWer Py
R 19

- / as’hs’ast’gom
R

The first term vanishes because of the boundary condition satisfied by w.

integration by parts we can then rewrite the right-hand side as:

1 —au al,
_/ / U (wer) 90x1+/ —V (wer) @
R

€ R €

+/ (aa’he’)a; wa’@x+/ae’ha’wa’90xx-
R R

(8.48)

. Using

(8.49)

We can show that the terms involving ¢,, converge to 0 using the H? weak

convergence of w. away from the vortices and the convergence of the penalty

term to 0 on any compact set bounded away from the vortices — as proved in

(8.40) — such as supp (¢uz), along with the locally uniform convergence a. — 1

and ho — 0. We also use the boundedness of w. and ¢, and locally uniform

convergence a., — 1 and h. — 0 to show that the third term also converges

to 0. To show convergence of the second term we use that a., — 0, and the

boundedness of the penalty term on supp (p,): indeed from the boundedness of

the penalty term for the functions ue, i.e. o= [, sin® (u. — g) dH' < C for some
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C > 0, the definition of w. and rescaling we obtain that & [, wpp(en) ¥ (wer) dH! <

CK for some constant K > 0. Hence we have showed that fRfQ VVe: S, — 0.
+

The rest of the proof now is identical as above.

]

Proposition 8.14. We have:
VVe: S, =aVIW,, (b) - V. (8.50)
R
Proof. For a radius 7 > 0, we write R? . := R? \ B, (b;) and R, := R\ B, (b;).
We now have that, for » > 0 small enough so that V¢ is constant in the ball of

radius r around b;:

VV@:S*:—/ Vgo-divS*Jr/ (v-Ss) -V

R% R%, oRY,
~
= V-S*-Vgo—i—/ v-S,) Vo
/T( ) 8Br(bi)ﬂRi( )
N (8.51)
=BT
Ou,
/Rr auv“*'W+/ﬁ;(”'S")'w

:/ (V-S*)~Vg0:c/ (v-S,) e,
By Bi

where in the last equality we have used that Vi = ce; near b;: this derives from
the assumption that Ve is constant near b; and that g—f = 0 on the boundary,
so the component of V¢ in the ey direction is 0 near b;. Observe in particular
that this integral does not depend on r for r small enough, so we can make r
as small as we want. Assume now without loss of generality (and to make our
computation a bit easier to follow) that b; = 0. We write u, = arg(z) + R (z),
where R is a smooth function in a neighbourhood of 0. Let A = VR (0). We
then have, at distance r from 0, that Vu, = Varg (z) + A+ O (r). The integral

we need to compute can now be written as follows (we write 5" for 57') - we leave
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out the terms involving O (r) (since they collectively give a term which tends to

0 with r) to make our calculation easier to read:

/T (v (Varg (2) + A)) (Varg (2) + A) - e1) — % (v-e) [Varg (). (8:52)

The terms involving only A give an O (r) term after integration, and the terms
with |V arg (2)]? vanish due to symmetry. So we are only left to compute the

terms involving cross products. We have:

/T (v A) (Varg(2) 1) — (v-e1) (A- Varg (2)). (8.53)

Using polar coordinates, and observing that v = r(cos,sinf) and Varg =

L (—sind,cosf) we get that this is equal to

/ (A1 cosf + As) (—sinf) — cosf (— Ay sinf + Ay cos ) db
0

= / (—A1 cosfsinf — Ay sin® 0 4+ A; cosfsinf — Ay cos? 0) do (8.54)
0
= —mAy =7V, W (b).

Now by sending r to 0, and remembering that Vo = ce;, we get that, using
(8.51):

VVe: S, = VW, (b)- Vo =nrV,, W (b)c. (8.55)

2
R
O]

We can now prove the main result of this chapter:

Theorem 8.15. Let u. be a sequence of critical points for E. satisfying the
energy bound E. (u.) < Mlloge| and such that the penalty term is bounded, i.e
it satisfies 5= [yosin® (u. — g)dH' < C for some C > 0. Then u. — u, in
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WP (Q), where u, is an harmonic function such that sin (u, — g) = 0 on 9Q

that has boundary jumps at points a;,v = 1,...,n, where it jumps by +m.

Proof. All the results are known from [35, Theorem 8.6], except for the fact that
we can only have single jumps. Recall from Lemma 8.3 that we can cover the
set S; will balls B, (a;),a; € 09 such that |af — a5| > ¢, the degree of the
transition around aj, is 1 and such that for every k£ we have aj, — a;. Assume
that the jump of the limit function wu, for one of these limit point is +dn with
d > 1 for some point a;,,i9 € {1,...,n}. Then there would be at least two
sequences ai, k = 1,..., N which converge to a;,. Let I C {1,..., N} be the set
of all and only the indices for which a; — a;,. Our goal is to show that the set

I consists of a single element. By our construction we have that:

|af —a5| >e  fori,jel,i#j.

As in Lemma 8.7 we can partition the points a5,i € I (and correspondingly
the points a5) according to their asymptotic distance. We then obtain that the
distances are on levels ¢ € \j < --- < \j for some 1 < k < |I|. Let {J!}; be
a partition of I such that for i.j € J{ the distance of af from a5 is at most of
order A\j: we can obtain this considering the equivalence relation according to
which i ~ j if and only if there is a constant such that a5 — af| < C)] for all
e small enough. Reflexivity and symmetry are obvious and transitivity follows
from the triangle inequality. In particular we observe that for ¢, j in different
elements of the partition on scale A\; we have that |aj — a5| > A;. We want
to show that for each such partition the cardinality of each partition element is
1, which will prove our conclusion (observe that {J¥}, = {I}, since all points
have at most a distance of order ;). We do this by finite induction. Start at
level \;. Consider one element J! of the partition. We flatten the boundary
via a conformal transformation — which transforms the points a$ into the points
a5 (recall what we said after (8.27)). We then perform a blow-up around one

()

point of  for some ky € J; (it is not important which for our proof) at scale
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A1 defining a sequence of functions ws as in (8.35). By Proposition 8.10 these

: 1
converge weakly in W, »

(R%) to a harmonic function defined in half-space (as
we saw in Proposition 8.10) which has boundary jumps dy7 at points . for
k=1,..., K. We now show that d € {+1,—1}: thanks to Lemma 8.3 around
each point a; we have a transition of degree =1 and the points a; are at a distance
> ¢. Both of these remain true after flattening the boundary for the transition
around the points ;. Since now we are looking at only those indices which
lie in one partition element J! we have that there exist constants Cy,Cy > 0
such that C1A] < |af — a5 < CyA: the second inequality derives from the
definition of our partition, the first from the way that we defined \j (recall
Lemma 8.7) and the fact that it is the smallest length scale among the distances
between the points. After blow-up on the scale A this means that for the points
Bi = (of —ag ) /A5 we have C) < |Bf — 35| < C,, and around ecach of these
points the degree of the transition is £1 (since it was for the ). Thus we can
conclude that the points f; converge to distinct limits fj (since their distance
is bounded from below by C}) and that the degree dj, is 1. By Theorem 8.13
the point (0, ..., Bk) is a critical point for the half-space renormalized energy
W (bg,dy) = —m >, ,; d;jd;log |b; — bj|, where dy € {—1,+1} thanks to what we
just said. Let P and @) be complex polynomials such that the roots of P are the
points with degree +1 and the roots of () are the points with degree —1, and such
that no root is repeated. By Theorem 8.16 they satisfy Tkachenko’s equation.
Then we can apply the results in Section 8.4 and in particular by Theorem 8.21
we get that since in our case all points lie on a straight line, we cannot have
more than one point. So there is only one point in J! for every s, i.e. every
partition element contains a single point. In particular we have proved that the
centres a5 of the balls B, (a5) in our cover of S. have an asymptotic distance at

g
1

least of order Ay, and around each ball B, (a5) we have a degree of +1 (since we
have a single element in each J!). So now we are in the same situation as at the
start, only now the minimal distance between the a is of order A\;. Since now

Ao is the smallest length scale we see that all the result in this chapter apply to
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blow-ups on scale As. We can then repeat the argument we just carried out to
show that each partition element J? only contains one point. By repeating this
procedure at all scales A\, — where at each step the number of such length scales
is reduced by 1 — we get that for every k each partition element J* contains a
single element. From this, and recalling that {J*}, = {I} (i.e. the partition at
scale k only consists of the set I), we obtain that |I| = 1, which concludes the

proof. O

8.4 Appendix: Equilibrium of charges in the com-

plex plane

In this section we collect some results which we need to prove the single multi-
plicity result of this chapter, which are due to Tim Espin and should be published
as part of a joint paper with me and Matthias Kurzke (see [5]). The main idea
is that we can describe the position of our points as roots of a special kind of
polynomials, which are called Adler-Moser polynomials. Then with the help of
these we can show that if the points lie on a straight line, then there can only be

one, which is what we need to prove the single multiplicity result of this chapter.

If P and () are complex polynomials we say that they satisfy Tkachenko’s

equation if

P'Q+Q"'P=2PQ. (8.56)

We consider some special solutions to this equation, namely the Adler-Moser
(A-M) polynomials: these are a sequence of polynomial solutions to Tkachenko’s
equation with non-repeated roots. They are a convenient way of studying the
equilibrium of charges problem in the whole complex plane. In this section we
recall and prove some results about the positions of their roots in the complex

plane, and also make observations regarding the symmetries of their roots. Our
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main reference for this section is [3].

Given a system of N charges at positions ay, ..., ay € C with charges dy, ..., dy,
the system of N conditions for a critical point in the energy of the system, and

hence an equilibrium is

> 4 =0 (8.57)

for each k = 1,..., N. Throughout, we assume that each d; € {1, —1}. In the

case of n, positive charges at positions zi, ..., z,, and n_ negative charges at

+
positions (i, ..., (,_, the stationarity conditions are

D e B 59
Pl R i O
BFa

forall a =1,...,n,, and

n4 1 n_ 1
= 8.99
; C/\ — Za ; C)\ - CM ( )
HFEX

forall A =1,...n_.

The following is a widely known result, found for instance in [3] and [15].

Theorem 8.16. Let P and Q) be complex polynomials of degrees ny and n_
respectively, with no repeated roots. Suppose the roots of P represent the positions
of ny. positive +1 charges and the roots of () represent the positions of n_ negative

—1 charges. Then the following statements are equivalent:

(i) The system of point charges represented by the N = ny + n_ roots of P

and Q) is in equilibrium;
(i) The polynomials P and Q) satisfy Tkachenko’s equation,
P//Q + Q//P — 2P/Q/ .
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Proof. To prove sufficiency, one can follow the derivation in Section 3 of [3]. The
proof of necessity was given by Tim Espin. For the details we refer to [5]. In

this thesis we only need sufficiency (i.e. that (i) implies (ii).) O

Remark 7. Note that when we balance the highest order terms of P and @) in
Tkachenko’s equation, we obtain the well-known result that the degrees n, and
n_, and therefore the number of positive and negative charges, must be succes-

sive triangular numbers, see for example [15] at the start of Section 4.

In what follows, we assume the Adler-Moser polynomials to be normalized so
that their leading coefficient is 1. We have the following important classification

result:

Proposition 8.17. The Adler-Moser polynomials are the unique (up to constant
of integration) polynomial solutions of Tkachenko’s equation when there are no

repeated roots.
Proof. This is proved by Burchnall and Chaundy in [11]. O

Remark 8. In their paper, Burchnall and Chaudy conjecture that the Adler-
Moser polynomials are the only polynomial solutions to Tkachenko’s equation,
but this is shown to be false by Demina and Kudryashov in [15] when polynomials
with repeated roots are allowed. As stated before, however, we are only interested

in the case with no repeated roots.

It is a known fact that Adler-Moser polynomials can be generated recursively,
see for instance the paper by Adler and Moser [2| where they introduce the
polynomials or that by Loutsenko [41]:

Proposition 8.18. The Adler-Moser polynomials P, can be generated recur-
sively as follows. Let Py(z) := 1 and Py (z) := z. Then the polynomial P,
has degree deg P, = @ (so the degrees of the n-th polynomial is the n-th
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triangular number) and can be found solving the following differential equation:
Pl Py 1— P, Py =(2n+1)P2 (8.60)

At each step a constant of integration is introduced.

We can list some of the first polynomials (this will also be important for the
proof of Proposition 8.19 below): we have (see [41], where t; denotes the constant

of integration we choose at each step):

2) = 2° 4 ty, (8.61)

The following results (Proposition 8.19, Corollary 8.20 and Theorem 8.21)
were proved by Tim Espin and will appear in a joint paper with myself and

Kurzke. We report the results and the proofs here:

Proposition 8.19. The coefficients of the second and third highest order terms

in the Adler-Moser polynomials of degree higher than one are both zero.

Proof. We proceed using proof by strong induction on n > 2. Let S(n) be the
statement that the coefficient of the second and third highest order terms in
the n-th A-M polynomial is zero. The n = 2 and n = 3 cases clearly hold by
(8.61). Suppose S(k — 1) and S(k) hold for some k > 2, and consider S(k + 1).
We compare coefficients in the recurrence relation (8.60) for generating A-M

polynomials. By the inductive hypothesis,

P, = Z(ktk)/Q + Oz(k27k72)/2 + Oz(k27k74)/2 + .

Y

k* —k (k2 —k—2)/2 (k2 —k—4)/2 (k?—k—6)/2
z + 0z + 0z + .

=g
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Py, = ZWHR/2 (R HE=2)/2 4 (W +h-0)/2 |

ey

(2K + 1)P? = (2k + 1)25H 1 07 Hh=2 g 0 Hh=2

’

and
Py = Z(k2+3k+2)/2 + alz(k2+3k)/2 + aQZ(k2+3k72)/2 4.

A3k 42 gegsnp o B 3K s
2 2

k? + 3k — 2Z(k2+3k74)/2
2

where a; and as are undetermined coefficients which we want to show to be zero.

/ p—
Pk:—i—l_

as + ...,

Now,
k? 4+ 3k +2 k% 4 3k k* 43k —2
Pl Py = szuk_l_alek%kq+a2+—zkz2+k—2+“"
2 2 2
P, Py = i kzk2+k +a sz2+k_l +a k2—_kzk2+k_2 + ...

2 b2 279

Thus by comparing the three highest order terms on each side of P, P, —

P! | Piyy = (2k + 1) P?, we have:

K+3k+2 k*—k
2 2

=2k +1,

which is clearly satisfied;

k2 + 3k k2 —k
5 —a 5 =0 = a; =0;

ai

and
k2 +3k—2 K2 —k
2 2

Thus the coefficients of the second and third highest powers of z in Py, are
zero, so the statement S(k+ 1) holds. Therefore S(n) holds by induction for all
n > 2 as required. O]

ag

=0 = ay=0.

Corollary 8.20. Given a particular Adler-Moser polynomial of degree higher
than one, there is no straight line in the complex plane which passes through all

1ts roots.
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Proof. Let n > 2. Suppose the distinct roots of P,(z) are z1, ..., z, € C (since P,
is an Adler-Moser polynomial it has no repeated roots by definition). Assume
for a contradiction that these all lie on a straight line in the complex plane.
P(2) = 2"+ a12" "4 ay2"?+..., where a; = —(21+...4+2,) and ay = 2129+ 2123+
<. 2n_12n. By Proposition 8.19, a; = as = 0, which means that 23 +22+...+22 =
a? — 2as = 0. This implies that not all the roots are real, as they cannot be all
zero. Since a; = 0, the straight line passing through all the roots must also pass
through zero. Therefore there exists an unique non-zero ¢ € (—n/2,7/2] such
that the roots lie on the line §(z) = R(z) tan ¢ in the complex plane if ¢ # 7/2,
and if ¢ = 7/2 the line is the imaginary axis. For j = 1,...,n define the points

y; = e z; € R, and the new complex polynomial R(z) by
R(z) = (2 =y)(z = 92) (2 = yn) = 2" + 012" 022" 2 4

Here, by = e7%a; = 0 and by = e %%ay = 0. This implies y3 +y5 + ... + y2 =0,
and since the y; are all real, we must have y; = ... =y, = 0. Thus, since ¢ # 0,
zj = 0 for all 7, which is a contradiction. Therefore the roots of P, for n > 2

cannot all lie on a straight line. ]

A consequence of this is the next result, which we used in the proof of The-

orem &.15:

Theorem 8.21. If we have a configuration of &1 charges in equilibrium which

all lie on a straight line, then the total number of charges is one.

Proof. Consider a stationary configuration of 1 charges in the complex plane.
By Proposition 8.17 and Remark 7, the positions of the two species are described
by the roots of two successive A-M polynomials. If all the charges lie on the same
straight line, then the roots of each of these polynomials individually must also
lie on the same straight line. By Corollary 8.20, the highest degree polynomial
must have degree no higher than 1. Therefore the two A-M polynomials here
are Py and P;, so there must be only one charge (which may be either positive

or negative) in the plane. O
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