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xviii



Abstract

A dual porosity damage model is developed with the intention for the

e�cient solving of complex hydrofracture problems. The model is devel-

oped by utilising two pre-existing methodologies and adapting them for the

purpose of solving hydrofracture problems. The damage model uses a Neo-

Hookean �nite deformation elastic constitutive model to calculate internally

stored elastic energy. The constitutive model is derived from the three strain

invariants so that with volume change, mechanical behaviour maintains con-

sistency, a property that will be discussed in the literature, important to the

development of both fracture and hydrofracture framework.

The energy required for material breakage is derived from the material

property: fracture strength. The two energy values are calculated over the

considered model domain and are used with the energy minimisation tech-

nique to �nd the global minimum energy that contains the sum of the two

aforementioned energy types. While calculating the domain con�guration

which has the lowest energy sum, fracture behaviour can be deduced from

the required energy releases from the system to achieve the global energy

minimum.

This fracture methodology is combined with a dual porosity methodol-

ogy that is derived by considering the �uid interface between interconnected

porous and fractured domains. Mass balance and e�ective stress concepts

have been utilised to derive partial di�erential equations which model �uid

�ow through these two domains in an interconnected manner. This aspect of

the model is used to model the �uid transfers that occur in hydrofractures.

The set of equations that govern the coupled porous �ow are solved using

the �nite element method. The Galerkin method of the spatial discretisation

is applied and solved using a Eularian scheme to iterate the solution of the

governing linearised equations utilising the Newton Raphson approach.
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The plastic behaviour of rock like materials has been described utilising

Mohr Coulomb plastic model through the application of the Hencky strain

conversion to apply the in�nitesimal framework to the hydrofracture frame-

work.

A continuum damage model (CDM) method relying on the energy min-

imisation theory has been applied in a �nite deformation context.

The variable minimised within the considered domain is mechanical energy,

in doing so fracture behaviour can be captured through the energy exchanges

required to maintain a global minimum.

Several methodologies from geomechanics and fracture mechanics have

been considered to create a model that can simulate post fracture behaviour

in terms of strength and �uid �ow. Combining two pre-existing concepts one

for fracture problem and another for �uid �ow modelling, a simple practi-

cal computational framework for hydrofracture is produced. The developed

minimisation methodology is proven suitable for modelling complex fracture

behaviour, by comparing numerical outputs against experimental and numer-

ical fracture paths. The minimisation approach produced is computationally

inexpensive, �exible and simple to implement within existing framework.

Section 5.2 and 5.2.1 also showed how leakage from fractures to the sur-

rounding porous system dictate pressure changes within the continuum and

the resultant mechanical changes further proving that leakage is an impor-

tant consideration mechanically as well as environmentally. Section: 5.1 also

showed that the developed methodology can capture geotechnical behaviour.

All whilst maintaining fracture/ hydrofracture capability and suitability. The

dual porosity coupling can be used to capture the �ow properties of hydro

fractures. The use of which has the potential to reduce the number of re-

quired variables.
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In Section 5.2 and 5.2.1 the issue of two dimensional consolidation in closely

con�ned thin horizontal fractures that inhibit hydrofracture progress are clas-

si�ed. The considered thin fractures or "penny cracks" within a large domain

are shown in section: 5.3, further verifying this behaviour trend.
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1 Introduction

Cracks occur constantly in nature, yet they are not fully understood in

respect to their behaviour [24], furthermore their interaction with �uid is less

understood especially within many required applications.

Fracking, pressurising cracks with �uid is often used to improve the per-

meability of rock like materials and aids in the application of shale gas ex-

traction [124]. This research aims to create practical models which can deal

with versatile rock and stress conditions while requiring minimal material

constants and therefore minimal laboratory work.

Hydrofracture models are needed for improved resource mining such as in

the extraction of shale gas for better control of the mining process. Shale

gas extraction used to be deemed uneconomical but with the introduction

of more e�cient fracking techniques and other resources becoming less cost

e�ective, previously untapped natural gas resources have become relatively

more viable [124]. Shale gas extraction is constantly increasing in popular-

ity, pro�t margins increasing due to the supply from traditional methods

decreasing [70]. Therefore, companies have become more interested recently

in cheaply evaluating whether a fracking venture is worth it, this requires

overall better prediction models that are computationally cheap [6], simple

to use and require minimal laboratory work for �nding input variables.

Shale gas is naturally stored in porous rocks due to the formation process,

better gas yields typically come from rocks with higher porosity, with an

impermeable layer above to stop the gas from leaking and escaping [88].

Containing shale rock may have low porosity and poor interconnection [94]

between its pores hence pumping gas directly does not produce high yields

of shale gas. To solve this issue fracking is used to break apart pores within

the rock, improving pore connectivity and permeability.

The fracking process starts with a hole drilled into the ground to the depth

where shale gas is present or where extraction is most convenient [126]. Holes
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drilled in the 1990 - 2000's consisted heavily of vertical drilling methods in-

stead of the far more e�cient method of horizontal drilling. The reason for

the new prevalence in horizontal drilling is due to the ease it brings to the

hydrofracture procedure; in vertical drilling the �uid must overcome verti-

cal e�ective stresses as opposed to the naturally lower horizontal pressures

created during horizontal drilling [36].

A two way pump is inserted, building high pressure to break apart the

pore structure, increasing permeability. Once the hydrofractured zone grows

and pressure can no longer build su�ciently for further hydrofracture the

pump is reversed and shale gas is extracted through the additional newly

created and previously existing pore channels, the gas sometimes being dis-

placed by water or carbon dioxide [79].

During hydrofracture additives are usually used to accommodate the pro-

cess using proppants helping to hold fractures open [33]. These additives

typically are adsorbed by the rock, these additives can however potentially

leak if an error is made during the fracking process.

Leakage to local aquifers is a recurring problem in fracking, di�cult to

remedy if any contaminate should leak. The best removal methods being;

plugging, extraction pumps, complete excavation and foam pumping, costly

and time consuming and interfering with ground conditions making further

shale gas extraction more di�cult [158]. Fluid leakage tarnishes the repu-

tation of fracking, leading to further di�culties in the planning process for

even unrelated fracking plans. This shows the importance of prediction tools

to extract correctly on the �rst attempt in shale gas extraction. Tools which

can predict how each stage of hydrofracture occur while still being usable by

engineers practically [134].

The three main challenges in modelling hydrofracture in geomaterials are,

describing: how �uid pressures change within the continuum, how the frac-

ture progresses and how said progress further in�uences the domain's be-

haviour post fracking. Integrating mathematical models which describe these
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three processes into a single model is essential to predict hydraulic fractur-

ing and is a challenging task requiring complex solutions that are di�cult to

apply practically in practice.

An aim of this study is to compare several modelling methods and apply

one with constitutive modelling and cracking criteria to model the e�ects of

hydraulic crack propagation, supporting the theories and concepts used with

critically analysed literature.

Parts of other constitutive models will be combined together to model the

variations in the yield surface and pore pressure.

The interaction of these properties will be analysed in rocks and the be-

haviour will be studied to build a robust, capable model.

Limitations of the created model will be quanti�ed and tested against

other existing model's numerical/analytical hydrofracture experiments and

some practical hydrofracture experiments.

The aim is to produce a highly capable simple hydrofracture model with

low computational demand so that it may be possible to scale up the model

to represent large fracking operations in the future.

The derived model will veri�ed for relevant geotechnical and fracture be-

haviour through various veri�cations under various conditions against refer-

ence numerical and experimental tests, found in the literature.

Fluid pressure evolution is completely di�erent within a fracture compared

to porous �ow because of the large change in pore inter-connectivity and �uid

pressure, a standard permeability model can be used to describe the e�ect

of having di�erent permeability for each media but in doing so behaviour

is assumed constant and any exchange between both mediums would be

neglected [95]. A double permeability model is most suitable for this reason,

3



not only is it generally more capable but it has greater potential to treat

each �ow scenario di�erently as should be the case. The double permeability

model considers two domains within the whole continuum, a porous and a

fractured medium [58].

This thesis documents the theory used in the double permeability concept

followed by the fracture propagation modelling used for this thesis.

The second chapter introduces the relevant literature on current methods

used to model hydrofractures and the associated phenomena. The third

chapter introduces the key theory for fracture prediction using the energy

minimisation approach, this is accompanied by a veri�cation example on

experimental data that analyse slit orientation e�ects fracture propagation

in a rectangular sample. The fourth chapter introduces the utilised porous

�ow coupling to the previously introduced fracture methodology. The �fth

chapter uses the newly developed hydrofracture methodology to analyses

hydrofracture examples from the literature to test each aspect of the model

in terms of fracture and �uid behaviour prediction capabilities. The sixth

chapter develops the methodology to account for the e�ects of plasticity,

going on to revaluating the two more complex veri�cations examples from the

third and �fth chapters. The �nal chapters are the conclusions and references

and future proposals for the discussed and developed methodology.
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2 Literature review

This chapter begins with a comparison of current hydrofracture mod-

els under development available in the literature; their strengths and weak-

nesses summarised. The latter part of this chapter introduces key concepts

used throughout the study of hydrofracture and, in particular, the developed

model created during this study, the associated novelty of modelling the ef-

fects of a growing fracture network and the resulting e�ect on �ow through

a fractured media.

2.1 Hydrofracture

With the increasing rise in costs of energy, shale gas extraction through

fracking is becoming economically viable [126]. The increase in fracking activ-

ity has been controversial with the potential for pollution, land degradation

and subsidence due to fracking still not fully understood [44].

The process of fracking starts when natural gas is �rst prospected, then

the setup for a large drill pad is built. The drill pad is often accommodated

with proppant storage facilitates, pumps, monitoring stations and drill [124].

The drill digs a narrow hole that can vary in depth, typically depending

on the depth of the shale rock. Once shale rock strata layer is reached, the

drill is turned horizontally, parallel to the layer of shale. Drilling horizontally

through the shale allows ease of access to the layer of rock in terms of fracking

as shown in Figure 1.
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Figure 1: Typical fracking set up in industry [120]

The drilled hole is lined with an impermeable steel tube to reduce ground-

water pollution risks and any undesired �uid leakage. At this point a fracking

�uid with a mixture of soluble and insoluble additions are pumped at high

pressures, up to 62 MPa in some cases. Fracking �uid builds pressure and

eventually creating multiple fractures but more importantly additional �ow

options for both the injected �uid and shale gas [124]. Several pumping

stages may occur before the injected �uid is pumped back out, the cyclic ap-

plication of pumping liquid allows fractures to close at the end of one cycle

partially. Pressure can then be built up more readily elsewhere in the strata

to create further fracturing maximising shale gas extraction [156].

As �uid is pumped in, it becomes progressively more di�cult to build

�uid pressure as fracking persists to create new fractures as there is a higher

surface to maintain the pressure over i.e. more energy is required [8].

Once fracking is complete, natural gas is extracted by displacing the nat-

ural gas with water, then carbon dioxide, usually succeeding in yielding up

to 80 % of the natural gas. Additives used in the initial pumping �uid help

to keep fractures open, lubricate the fracture surface aiding natural gas ex-
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traction [42].

Fractures and pores have di�erent properties regarding their reaction to

�uid pressure; pore pressure exclusively pushes/sucks internally from the

pores, swelling or dilating the soil. Pore pressure exerts a net pressure

throughout a considered continuum. Internal fracture pressure pushes against

fracture walls assuming low permeability; opening the fracture and increasing

stress concentrations at the crack tips.

The hydrofracture process puts surrounding rock under high stress condi-

tions; causing cracks and large movements within the continuum [73]. These

changes a�ect how �uid �ows through the continuum due to internal �ow

routes changes and large �uid pressure variations. The changes in �ow routes

are an important attribute to capture when modelling hydrofracture.

Rock strata at great depths are constantly under high con�ning stress,

this con�nement acts to close all voids and fractures; either pre-existing

or newly created [19]. A resistance to fracture closure during the process

itself is the �uid pressure (assuming the crack is su�ciently long to negate

material strength at tips), and how much traction that �uid has on the

boundary layer [43]. For example, a closed 2 dimensional thin fracture "penny

crack" with incompressible �uid and impermeable boundaries remain open

whereas a similar penny crack with permeable boundaries will leak all of

its �uid and pressure into the surrounding medium, closing. Therefore, the

threshold ground pressure must be surpassed by the �uid pressure to allow

crack propagation. This threshold pressure is dependent on the surrounding

ground pressure, here shown as� 0, in Figure 2.
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Figure 2: Hydrofracture tip [21]

Figure 2 shows a simpli�ed hydrofracture under ground where an in�ow of

�uid, q is building pressurepf . The �uid pressure is maintaining the crack's

opening, opposing the vertical/surrounding ground stress� 0. Figure 2 shows

that the �uid pressure, pf must exceed the vertical earth pressure,� 0 at a

minimum to induce tension at the fracture tip, otherwise the total force acts

to shorten the crack [21].

Permeability has been found to increase in dilative cases opening up cracks,

creating greater crack inter-connectivity, leading to an increase in permeabil-

ity overall. These e�ects start to decrease after some time, [69] giving rise to

a logarithmic trend, due to other internal e�ects such as viscosity and pore

wall friction taking over, i.e. more cracks mean more surface area and drag.

Modelling the permeability of fractured pore systems is di�cult in prac-

tice due to the large variation of scenarios the �uid systems can undergo,

be it di�erent �ow paths or large open voids of stationary �uid [55]. The

complexity of the calculating the permeability of fractured media has in the

past couple decades met with equally complex solutions.

Biot's �ow has been applied in several cases to the hydrofracture prob-

lem with varying degrees of success. However due to the assumption that

�ow in a Biot system is far greater than deformation rate of the containing
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continuum modelling �ow in a crack becomes an issue due to the high local

strains involved in crack tip deformation. Furthermore, in the formulation

of the theory, other assumptions include linear elasticity [13]. Cracks require

non-linear elastic models to remain accurate during the large strains pro-

duced during fracture propagation which will be commented on in the �nite

deformation section in this thesis.

Use of Navier-stokes is problematic due to solver issues, the constantly

changing boundary conditions due to crack propagation, increasing solving

process complexity, especially in 3D simulations [80]. For this reason, there

is little literature on the practical use of Navier-stokes in hydrofracture mod-

elling [91]. In most cases, Navier-stokes equations have been used for the

simulation of a simpli�ed channel �ow down a single crack [62] and [53] . No

multi fracture applications have been sourced in the literature review using

the Navier-Stokes equations.

Research has found agreement with the idea of crack density and it's re-

lation to permeability/�ow. This can be used to arrive to a reasonable solu-

tion with some merits of validation [97]. [73] has suggested how the pressure

evolves in relation to the permeability. They have suggested that in order

to model micro cracks reasonably well the aperture must be considered to

change according to low pressure volume strain and shear sliding.

Poiseuille's law has been applied to simplify theoretical models predicting

permeability change with fracture propagation [137]. More simplistic models

have been created that are empirical and prove e�ective, however they again

need unique parameters that are not naturally procured during triaxial tests

and have no theoretical basis of which to rely on.

Flow speed through a porous medium is dictated heavily by the medium's

permeability, this behaviour is captured by Darcy �ow assuming laminar

�ow, typically described as shown in equation 1.
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q =
k
� f

� p (1)

where q is �uid �ow rate, k is permeability, � f is the dynamic viscosity

(8:9:10� 4m2=s for water) and � p is the pressure di�erence.

Research on high pressure �ow in porous media has found that �ow pre-

diction from Darcy's laws are less accurate as �uid gains momentum and

becomes more energy dense, because Darcy equations do not contain any

momentum terms assuming laminar �ow [14]. Once higher energy �ows are

considered Biot's �ow or Navier-Stokes equations become more practical in

theory for accuracy due to their consideration of turbulent �ow.

Darcy �ow on its own assumes a homogeneous continuous �ow, as demon-

strated previously. This is not strictly true in the case of hydrofracture [125].

Intertwining fractures complicate the evaluation of permeability and more

sophisticated approaches are required, such as the pore network modelling

method which account for varying �ow paths.

Permeability depends on, several factors including but not limited to:

chemical composition, charge, pore wall roughness [19], pore volume fraction,

pore interconnectivity and pore size distribution; the latter proven vital to

describe �uid �ow using pore network modelling.

Pore network modelling has shown that the inter-connectivity of pores

heavily in�uences the permeability [145]. When a fracture occurs locally, the

permeability will naturally increase due to extra connections created.

The creation of pore networks are typically created using ultrasonic imag-

ing techniques with many slices of a small rock/soil sample or any other

imaging techniques allowing for the 3D pore network to be captured [139].

The many slices are then input into a rendering program to identify pore

spaces and material grains, this 3D model can then be used to simulate per-

meability at the correct con�ning pressures which are di�cult to recreate

in a laboratory specimen. In pore network models, pores are modelled as
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�uid storing nodes and connected by throats as channels for the pores/nodes

to transfer �uid, simplifying the modelling process, an example is shown in

Figure 3c, 3d showcasing a pore network interpreted from 3D imaged rock

samples seen in 3.

Higher permeability is also attributed to either a coordination value, in

that the pores are well connected and/or high void fraction so that �uid

�ow can occur more freely inside a porous medium. In application, this adds

additional complexity to models and the required amount of laboratory work,

reducing practicality but does improve accuracy of predictions in terms of

�uid �ow prediction [139]. Pore network modelling gives an insight to the

e�ect of fractures on permeability that laboratory experiments cannot. This

is due to both the con�ning pressure being di�cult to model, the other

reason is due to sample deterioration caused by sample extraction and the

cost associated with laboratory testing. When a sample of rock is removed

at 500m the sudden change or reduction in con�ning pressure creates micro

fractures in the rock changing the permeability of the sample, however at a

microscopic scale some areas of the sample can be considered un-fractured.
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Figure 3: Micro-tomography extraction of two sand packs (a) and (b) to
conversion to equivalent pore network models (c) and (b) [138]

Figure 3 shows several stages of pore network modelling in the following

stages, sub �gures a) and b) show an initial micro-tomography extraction of

two sand packs. Sub �gures (b) and (c) demonstrate equivalent networks of

both sand packs.

Connectivity and porosity can be used alone to empirically estimate per-

meability. However, in the case of a crack where sensitive local changes are

needed to be recorded, full pore network simulations of samples loaded in

di�erent scenarios are required. The connectivity of fractures or void space

is a big impact factor on material permeability at both the micro and macro

scales as previously mentioned [3]. Therefore, computational models used

in the prediction must be able to count for multiple fractures with varying

degrees of interaction, in order to calculate hydrofracture behaviour. It has

also been shown experimentally that with longer cracks, pressure variations
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are unpredictable due to accumulative errors [128], pore networking models

can predict the pressure variation to some accuracy, however after su�cient

crack length the number of input variables required substantially increases.

Pore networks can further be enhanced to account for additional criteria

such as throat shape [145] and roughness [75]. Roughness can have such

an e�ect that dry throats have a vastly di�erent hydraulic conductivity to

their wet counterpart [131]. Furthermore, pore systems with larger speci�c

areas (total area of pores and throats) will experience more �uid adsorption.

At higher con�ning pressures pores and throat channels decrease, decreasing

�ow capabilities of a porous medium.

In order to simulate permeability accurately, these must all be consid-

ered, which requires many experimental tests such as macro-pore scanning.

Furthermore, the computational e�orts required by pore network modelling

are impractically large; often the permeability is analysed for a small sample

and scaled up in a multi-scale model approach.

Pore network modelling is computationally demanding because every in-

dividual throat, connection and void space [55] is modelled by an equivalent

pipe in a discrete manner. Demands are too high to allow practical modelling

of large pore networks or to allow the coupling of other behaviour types such

as fractures [3].

Dual porosity modelling considers �uid channels not as individual pipes,

but instead as a set of overlapping partial di�erential equations [26] [95].

The dual porosity model thus separates the hydrofracture problem into a

pore �ow and fracture �ow problem. The models currently developed have a

di�erent permeability, pressure head and porosity associated with each zone

citeref204, [95].

Solving two coupled partial di�erential equations increases the method's

e�ciency [72] over that of the equivalent pore network model approach [3].

To achieve this, the dual porosity approach requires that the fractures are

represented and discretised with su�cient �delity [72]. Dual porosity models
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have been shown to even replicate the expansion and contraction of �ow

channels in fracture networks with the corresponding change in permeability

[34].

Jianjun Ma uses the dual porosity approach to replicate hydrofracture

phenomena, speci�cally within the context of wellbores [95]. This speci�c

application of the dual porosity model overlays two networks: porous and

fractured, in doing this the in�uence of fractures are homogenised and the

directionality of hydrofractures is lost.

Figure 4: Contour Damage map example of dual porosity model [95]

Figure 4 plots damage incurred by a pressured borehole, Figure 5 shows

building pressure over time as this hydrofractures develop within the model.
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Figure 5: Pressure in well-bore overtime modelled using dual porosity
model [95]

Figure 5 compares pressure pro�les against Papanastasiou's numerical

experiments [115], achieving a more brittle response. This is due to the

di�erence in approach, Ma uses a continuum approach where �uid pressures

are spread over considered damaged elements whereas Papanastasiou uses

lubrication theory, as a result �uid pressure is more concentrated leading to

more concentrated loading and a more brittle response. Figures 4 and 5 show

that the key principles of hydrofractures are modelled reasonably by the dual

porosity approach. The pressure is built within the well-bore until fracture

propagation begins, from this point on, the �uid pressure is lost to newly

created fractures.

Furthermore, as fractures propagate, rebuilding pressure becomes more

di�cult due to the increasing pore pressure of which the fracture pressure is

leaking into.

The dual porosity methodology demonstrated in Figures 4 and 5 assumes

that fracture and porous �ow coexist within the same space, similar to the

example presented in Figure 6.

15



Figure 6: Dual porosity model principles

Figure 6 shows a typical dual porosity setup, consisting of two compo-

nents, a fractured and porous zone which interact via internal �ow and leak-

age.

Where k2 and � 2 are the permeability and porosity for the fractured

domain, k1 and � 1 are the permeability for the porous domain. The �uid

transfer shown in Figure 6 describes �ow between the two zone types utilised

in the dual porosity methodology.

It is clear that hydrofracture models should account for both fracture and

porous �ow separately as shown in Figure 6. What is not clear is the interac-

tion between the two, to capture the exchange of �uid, a leakage parameter

is considered to couple the �uid �ow in two media

The leakage parameter acts to equalise the pressure between both medi-

ums, once achieved the �uid driving aspect of the fracture �uid vanishes.

The same can be said when there is excess pressure in the porous medium

e�ectively closing the fractures [106]. The leakage parameter also dictates

the rate of pressure build up in a crack, if �uid �ows out of a fracture quicker

than intake, the considered fracture will not be able to build up pressure for

�uid driven fracture propagation.
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The dual porosity model has also been shown to be e�ective [71], [95] in

practical uses due to associated low computational costs.

The leakage parameter in the work of [95] describes the leakage parameter

acting constant across the whole domain, where a porous and fracture pres-

sure coexist constantly throughout the continuum. In other work it is seen

applied bridging two permeable mediums together. This allows the pres-

sure di�erence to contribute to fracture propagation as a step change in the

pressure gradient can be more easily achieved.

The dual porosity's ability to model the permeability of fractured porous

systems is apparent as seen in countless examples of literature: [48] [49] [58]

and [123].

However, the dual porosity model cannot predict the growth of fractures

and/or hydrofracture growth alone [49] A fracture methodology, speci�cally

one that can be integrated into the dual porosity model is required. The-

oretically; if the growth of fracture can be represented accurately and the

associated fracture and porous zones are updated with hydro-fracture growth

then the evolving permeability could be potentially captured.

2.2 Fracture mechanics

Fracture mechanics is a topic in mechanical science that alludes the use

of simple theoretical basis and modelling. Accurate models are di�cult for

the simple fact that each created crack heavily in�uences the onset of other

cracks [164].

Gri�th crack criterion The �rst real breakthrough in fracture mechan-

ics came shortly after the realisation that the fracture strength for inter-

molecular glass bonds was far higher than regular sized glass samples [52].

This led to Gri�th formulating a new relationship dependent on surface en-

ergy, explaining why fracture strength is not wholly dependent on molecular

strength, but on sample size and geometry [67]. This led to the discovery

17



of the minimal energy concept, founded with a classical example of fracture

mechanics; the slit in a thin plate under plane stress conditions shown in

Figure 7.

This classic example stems from one of Gri�th's conclusions, "The break-

ing load of a thin plate of glass having in it a su�ciently long straight crack

normal to the applied stress, is inversely proportional to the square root of

the length of the crack", here shown in equation 2 [52] under the assumption

of an in�nite continuum containing the crack. Equation 2 is demonstrated

in Figure 7.

K I = �
p

�a (2)

This relationship was later extrapolated and became the �rst of many

intensi�cation factor equations. Solutions would become more versatile yet

more complicated. A unit thickness is assumed in 2D.

Figure 7: Classical Gri�th crack

wherea is the crack half-length andK I is the stress intensity value and

� is stress as shown in Figure 7. The stress intensity value can be related to

the strain rate in plane mechanics.

When the critical value is exceeded the energy dissipation rate is used to

determine how the strain �elds are altered. The strain rateG is shown in

equation 3 for a simple crack in plane stress conditions [121].
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G =
K 2

1

E
(3)

whereG is the strain energy release rate,E is the Young's Modulus and

K 1 can be interchanged with fracture toughness and represents whether a

certain material will resist fracture.

The reader may have noticed that there are several problems with this

solution for fracture. First, this solution is not a boundary value problem

and while it can be applied to bounded problems, as the aperture approaches

the edge, solutions become less accurate.

Second the crack path is prede�ned, this is impossible to know ahead

of time even with simple geometric brittle materials and the resulting crack

paths can be di�cult to predict.

The rate of a crack's growth found by Gri�th can be more generally de�ned

in terms of energy and crack area as shown in equation 4 [77].

G =
dW
dA

(4)

wheredW is the work done per unit area on material anddA is the area

in the crack front.

According to equations 3 and 4, when there is su�cient energy concen-

trated in a small enough area that exceeds the material's excepted strain

growth rate, a fracture will grow or initiate.

Crack initiation

When crack initiation is considered the usual way to describe the crack

is through three failure modes, here demonstrated in Figure 8.
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Figure 8: Di�erent crack modes for various load cases [76]

Figure 8 shows the various mode of fracture possible: Mode 1 is a tension

crack, mode 2 is through shear and mode 3 through torsional e�ects [77].

Less work has been done on branching cracks [98] but they should be

considered in certain cases to resolve omni-directional force cases, such as a

highly pressurised nozzle in a hole exerting load in all directions.

Crack branching occurs when the splitting of a fracture is required to

maintain equilibrium of force direction. This becomes more likely as higher

energies are considered as there is typically more fracture to resolve. Multiple

cracks provide several energy paths complicating many fracture prediction

methodologies.

Branching is why standard equilibrium methods are unsuitable as the

method makes it di�cult to di�erentiate between creating one long crack or

two short cracks.

2.3 Existing fracture models and current gaps in exist-

ing methods

The following section will compare existing fracture models developed for

hydrofracture. Each section will showcase the relative strengths, weaknesses

and existing challenges of each methodology type.

2.3.1 Continuum damage model

The continuum damage model (CDM) method uses a damage variable to

model fractures. A damage variable is used to model material degradation,

often associated with the occurrence of micro voids/fractures that reduces

both the remaining strength and sti�ness. The damage variable can be linked
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to other phenomena such as permeability or conductivity with the correct

modelling approaches if required.

Damage is not truly quanti�able in that no experiment can be used to

measure damage directly, instead decrease in sti�ness is commonly used as

a supplementary measure. Typically, a damage variable varies from one to

zero; one representing fully intact and zero fully deteriorated.

When the damage variable is zero it is typical to assume some residual

strength or that the considered damage element ceases in that the considered

element no longer has any impact on the simulation. These considerations

prevent numerical problems that could arise with unrealistically low material

sti�ness [95].

The damage variable is controlled by a damage law that can be in�uenced

by energy, stress or strain concentrations [64]. Di�erent damage laws are

required for varying materials, rock/glass/brittle materials lose all strength

shortly after failure, however asphalt/rubber/ductile materials have a less

dramatic decrease in sti�ness, both requiring di�erent damage laws. These

are often derived from theory or experiments that test the decrease in sti�ness

under various failure mode/processes.

A damage model requires two key components; a damage evolution law

as mentioned prior. The second key component is a set of equations that

impact material degradation. The change in sti�ness can be described by a

step change or a curve �tted to pre-existing experimental data. Damage is

considered to occur when a user de�ned damage criterion is surpassed. There

are two methods used favourably in the literature; energy or stress based.

An energy based methodology can be based on thermodynamic principles to

ensure conservation of energy in terms of elastically stored energy and energy

released via the breakage of material bonds [66]. The method attempts to

calculate how much internal energy a material can sustain. This can be

calculated by the area under a stress-strain graph of the considered material,

requiring prior testing. A damage criterion can also be de�ned similarly to

a yield surface in terms of principal stresses [64] [27] [163].

With damage calculated, the in�uence of the new damage must be found.

This stage of the calculation is usually heavy on the use of empirical equations
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to assess changes in material sti�ness. Empirical equations can be modi�ed

to assimilate whichever mathematical trend is best suited to the considered

material, such as step changes for brittle and logarithmic or power laws for

more ductile materials [38].

Mechanical degradation is usually a result of micro-cracks within the con-

tinuum too small to consider individually with reasonable computational

e�ort, therefore a broader approach is needed [3]. If each micro crack was

considered and included within calculations, the computational time would

become unfeasible for large scale simulations [84].

Francfort and Marigo [16] formulated several theoretical equations to pre-

dict mechanical energy stored which in turn can be used to predict a de-

velopment towards fracture. The theoretical basis with an experimentally

calculated fracture energy term aids the description of a damage evolution

law that can both describe crack initiation and propagation [45].

The methodology allows multi cracks to be predicted; in this case due to

two forces pulling in separate directions as shown in Figure 9.
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Figure 9: Branched crack predicted via minimisation damage model [16]

Figure 9 shows a continuum damage model where the fractured region is

modelled by the 0 damage value [16]. The model captures the in�uence of

large local deformations in�uencing regions outside of modelled fracture, see

gray area surrounding the fracture in �gure. This phenomena; process zone,

is later discussed in further detail in this thesis.

Continuous damage mechanics assumes that the area of resisting material

represented here bys, is acting to the carry load,Fm . The available resisting

area,s is reduced by micro cracks thus stress also increases when micro cracks

occur [85] this is represented in equations 5 - 7.

Fm

s
=

� 0

1 � D
(5)

Hence the damage variable can be described by the reduction of resisting

material.

D =
s � s1

s
(6)

23



thus

� d =
� 0

1 � D
(7)

whereFm is the load,s is the internal resisting area,s1 the initial internal

resisting area,� 0 is true stress,D is damage and� d is stress accounting for

damage e�ects.

2.3.2 Extended �nite element models

The extended �nite element method (Xfem) was developed in 1999 by

Ted Belytschk and colleagues [18]. The method's main advantage is lack of

re-meshing required, reducing computational e�orts. The main drawback is

that tying the method to constitutive models often pose both mathematical

solver and coding di�culties due to the nonlinearity introduced [18]. The dif-

�culty arising from the step function used to discern both sides of a fracture,

separating behaviour to the correct nodes.

The method works by splitting a continuous domain usually denoted
 into

two sub-domains denoted
 � and 
 + on either side of a fracture. The fracture

or discontinuity is de�ned geometrically by � . When the displacement is

considered constant across the discontinuity but however if there is a change

in stress then it is considered as a weak discontinuity [77]. If the discontinuity

is de�ned by two geometric lines and the displacement varies between the two

lines, where the discontinuity is considered strong.

Enrichment is used to modify the behaviour of elements with varying cir-

cumstances a�ecting the global or local systems [106] where required by

adding extra degrees of freedom to model �uid �ow or heat transfer problems.

The discontinuity is usually modelled with the aid of the Heaviside function

but other functions describing step changes such as the Dirac delta function

can be used [107]. When implemented it prevents elements from being able
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to transmit forces in the direction perpendicular to the direction of the crack

through the elements when required.

Solving the imposed nonlinear constitutive models are a signi�cant draw-

back in the Xfem methodology, as the computational cost to solve the com-

plex systems of equations is vast.

Complexity and computational demand further increase with extra frac-

tures or adding behaviours captured such as heat transfer or �ow. Ensuring

material behaviour remains consistent in and around a crack is challenging,

to ensure stability and convergence with all possible crack scenarios, it is

easy to see why the methodology is di�cult to implement e�ciently.

When a crack is created in Xfem, both crack tips (or a single tip if edge

crack) start to intensify the stresses locally due to sudden changes in struc-

ture. Stress intensi�cation is modelled as asymptotic towards the crack

tip [165]. This increase in stress is assumed up to the crack tip, the im-

plemented asymptotic behaviour can exaggerate stress in certain cases [132].

Each of the stress intensi�cation factors (SIF) considers di�erent crack prop-

agation combinations of tensile, shear and compression.

Figure 10: Enrichment function across domain, representing fracture [109]

Figure 10 shows an enrichment function used to help a model di�erentiate

the two sides of a fracture, using a scalar operator ranging from -1 to 1 so
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pressure �elds, sti�ness matrices, etc can account for fractures and their

behaviour.

An example of when a local enrichment is needed would be a crack as two

discrete elements can no longer transmit forces and thus model behaviour

must be modi�ed [78].

Enrichment is a large component of X-fem [109] particularly along with

other modelling methods, an enrichment �eld considered could be sourced

from the Laplace equation, allowing the Heaviside functions to interact co-

hesively within an element as shown by Duarte and Kim [78].

Interaction integrals are used to calculate the total energy available to a

fracture. Interaction integrals are another means to use energy in fracture

mechanics, used frequently and can be accurate, but only look at one crack

per interaction integral. Multiple interaction integrals are needed for branch-

ing cracks, increasing computational demands. Branch fractures complicate

the interaction-integrals because their interaction must also be accounted

for [25].

While calculating the interaction integrals, Rice's formula is a favourite

among extended �nite element researchers [154], also known as the J-integral,

shown in equation 8 and Figure 11.

G =
Z

�
Wi � ni � ij F (8)

where � is the crack boundary,Wi strain energy density,ni is the nor-

mal of the considered stress in relation to the crack, where the deforma-

tion's distribution relates strain energy to the deformation gradient and stress

throughout the considered element and eventually the entire domain.� i is

the Cauchy stress andF is the deformation gradient describing how defor-

mation occurs relative to a�xed nodes within a certain element, as shown in

Figure 11.
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Figure 11: Interaction-integral example 2D, [113]

Figure 11 shows typical considerations when applying the interaction-

integral methodology,

The formula is applicable to 2D and 3D examples the only di�erence is

that describing the integral in a 3D manner is both more complicated and

naturally more computationally demanding [113].

3D does improve the accuracy of predictions as the scenario is more realistic

[30] but in a lot of cases it is simply better to focus on constitutive model

development, the enrichment or some other section of the modelling process

for more e�cient allocation of resources when aspiring for accuracy [157].

Plastic energy accumulated can be stored in the interaction-integral [154]

by manipulating the strain energy accordingly.

Studies have been done on cracking in plastic situations and have shown

that the interaction-integral is not only path dependent but when the sample

becomes small, the crack becomes heavily dependent on sample geometry

[140]. That is that the boundary conditions play a more important role on a

crack's path. The same paper mentions that the crack geometry will always

be dependent on the whole domain in some way regardless of size.

2.3.3 Cohesive model

Cohesive models are dictated by speci�c strain dependent strength be-

haviour along element boundaries, showcasing typically a hardening regime
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followed by softening, similar to the function shown in Figure 12. Damage

associate excess strains with a decrease in cohesion [96].

More realistic crack models have been achieved by making the traction

forces dependent on a potential function [118].

Figure 12: Cohesive energy graph [118]

where` is aperture size,̀ 0 is the initial aperture size, is energy and 0

is energy required to split.

Figure 12 shows a potential function used to model the process zone for

each fracture. As the fracture lengthens as shown on the x axis the resistance

varies, peaking at point of fracture.

2.3.4 Discrete element modelling

By considering individual particles or bonds in a solid it becomes possible

to account for unseen behaviour traits in fracture mechanics, provided the

initial set up is correct. Discrete element modelling has high accuracy yet

large computational costs. This method can uncover macroscopic behaviours

that other fracture frameworks cannot pickup on such as how strain rate can

depend on stochastic characteristics of used particles [161].

This technique has shown that the size of the plastic zone, is fully depen-

dent on particle size as shown in Figure 13 [140].
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Figure 13: Discrete element modelling of process zone (Red-fracture zone,
Blue-plastic zone) [140]

Figure 13 shows a discrete element model of a fracture, the red shows

material breakage and the blue shows plastic deformation due to the large

local deformations that occur during fracture propagation.

In the work presented by [140], metal materials where particles are con-

siderably smaller than soil particles and the bonds are relatively small and

hence found that the process zones are considerably smaller as a result.

2.4 Rock properties

Rocks have many unique mechanical properties which make them di�cult

to model realistically; properties that vary signi�cantly with the stress state

and condition of the rock [50].

Rock formations take millions of years to form, in the years of formations

the rock's stress state can vary signi�cantly, causing the creation of rock

fabrics and internal faults [28]. The rock fabrics can be formed due to a

temperature change, atmospheric change or change in deposit type/process.

Rock fabric contributes to anisotropic behaviour in the rock as each layer
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can have varying strength or sti�ness and cause stress to distribute unevenly

with loading [28]. Rock faults dictate the strength and pore �ow, as there

is a region of reduced sti�ness and excess void space. The impact that rock

faults have on material properties is dependent on the rock fault's orientation,

roughness and face pressure [11].

In mining engineering, the e�ect of con�ning pressure has to be taken into

account as rock material behaviour is heavily dictated by con�ning pressure

as shown in Figure 13 [63] [12]. Fracking operations occur at similar depths;

therefore, it is important that numerical models developed can account for

the di�erence in behaviour exhibited by rock at great depths.

Figure 14: Stress-strain curves for various con�ning pressures on rock [63]

Figure 13 shows stress scenarios that are only relevant for shear frac-

tures. During hydrofracture tensile failure of rock is typical. As discussed

previously, in order for this to occur compressive con�nement and cohesive

strength must be overcome [152]. Hydrofractures take the path of least re-

sistance pushing cracks open, perpendicular to major stress of compression

in rock strata, propagating in the principal stress direction.
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Tensile fractures, of which are the primary failure mode incurred during

hydrofracture are often brittle and energetic, as shown in �gure 15 [12].

Figure 15: Stress-strain curves for rock in tensile failure [12]

Loss of tensile strength is important to account for post fracture as the

change in structure can have large rami�cations on future hydrofractures [12].

2.5 Plasticity

Plasticity is de�ned as non-linear irrecoverable deformation, irrecoverable

in the fact that if unstressed the original position is lost [155]. Plasticity does

not occur until a material is stressed past the yield point [95]. At the point of

yield, particles slide over each other, into a di�erent rearrangement, whether

the newer particle arrangement is stronger depends on both the nature of

the material and loading. In geomechanics soil/ rock can temporarily sti�en

due to dilatancy.

Dilatancy [83], is caused when particles cannot move through each other

as they must be raised so that particles may slide over others as shown later

in Figure 20.

Additional movement of the particles requires additional energy as the

extra internal movements come with greater energy requirements. The ef-

fect of dilatancy is more evident in geomaterials under con�ning stress, the

con�ned stress must be overcome in order for particles to move [152].
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The e�ect of this temporary increase in resistance is only in e�ect when

particles are moving from their initial orientation. Once movement becomes

steady the only resistance becomes purely frictional. The increase in resis-

tance due to strains is often associated with the term strain-hardening or

hardening regime, whereas the loss of cohesion and normalisation of parti-

cle sliding is denoted as strain-softening or hardening regime [92]. For this

reason, plasticity behaviour is a specialist subject and has countless papers

published in its study.

Plasticity behaviour is typically described using a yield surface, �ow rule

and consistency equation. The yield surface is plotted in true stress space;

that it can be represented in terms of principal stresses. Yield surfaces are

usually mathematically described as geometrical surfaces. The inside of the

yield surface is known as the elastic region and the boundary or outside the

plastic region [96]. When the boundary is reached a yield is declared and

the corresponding plastic strain is calculated from the later discussed �ow

rule. Yield surfaces are dependent on stress in such a way that an increase

in con�ning stress delays the onset of yield as shown in Figure 16.

Figure 16: Mohr-Coulomb yield Criterion [143]

Figure 16 shows the Mohr-Coulomb yield criterion, here de�ned by the
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three principle stresses.

This models the resistance of particle sliding phenomenon mentioned prior,

which is modelled by a proposed �ow function developed and described later

in chapter 6.

Flow functions are termed associated or non-associated, the term de-

scribes the relation between the yield function and the �ow function [96].

The derivative of the �ow rule with regards to stress describes plastic de-

formation, change in sti�ness and plastic strain, the consistency equation

is fundamentally the same for all sets of plasticity equations, based on the

Drucker-Prager's postulate.

The �ow rule and consistency equation contribute to modelling hardening

and softening behaviour of di�erent materials [59]. Di�erent rocks and soils

have di�ering particle arrangements and characteristics, and thus far there

is no general description for all hardening/softening regimes hence diligence

is required when selecting constitutive plasticity equations for a model.

2.5.1 Plasticity in fracture

Plasticity is a material property that absorbs excess energy [54]. There-

fore, it comes as no surprise that ductile materials are more fracture resistant

and unpredictable in regards to fracture growth.

However as discussed above, hydrofractures cause rocks to fail through

mostly mode 1 fractures: tensile failure. As such prescribed equations used

to model plasticity must account for tensile fracture [117]. Due to the simpler

interaction of bonds during tensile failure so too are the required governing

equations [89].

At a crack tip, large deformations form due to crack propagation, the large

local deformations in a ductile material cause early onset of plasticity and

changing the conditions that the crack front must travel through. Strain

hardening increases the amount of energy required for further fracture [116].
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Large deformation capable models are hence important in predicting frac-

ture behaviour as the loss of sti�ness in the region leads to dramatic structure

changes [144]. As the number of signi�cant fractures required for modelling

grows, so too does the need for models that can interpret the resulting stress

redistribution.

2.5.2 The process zone

When a fracture propagates, signi�cant mechanical movement occurs

around the tip, in e�ect expanding the surrounding region, this region is

often denoted as the process zone [56]. The process zone acts to help the me-

chanical energy to dissipate in the region; a process zone often occurs as an

initial means to absorb energy, [135]. When as is often the case the process

zone cannot dissipate enough energy, a fracture occurs to alleviate the energy

build up as described by equation 4 [41]. There are several factors that e�ect

the size and shape of the process zone including; energy contained within the

crack to be dissipated, sample size in relation to crack size [140], [46], material

sti�ness [57] and to some extent the grain size of the material. In cracking,

the zone around a crack tip has three theoretically de�ned sections, these

vary in how much energy they consume through various amounts of plastic-

ity as shown in Figure 17. The fracture process zone is dictated by material

breakage in the region close to the fracture tip, the plastic zone where the

deformation is signi�cant enough to create plastic deformation and the total

zone in the rest of the continuum [140]. The shape of the process zone is

typically balloon shaped if not impaired by sample size [149] as shown in

Figure 17.
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Figure 17: Di�erent crack zones in energy distribution for a typical fracture
[140]: showing the fracture zone and plastic zone

Figure 17 shows the typical energy used up in the crack zone is usu-

ally higher nearer the centre of the crack tip, as the majority of the energy

is dissipated through high local plastic strains and internal damage [129].

The development of the process zone with the crack disrupts a materials

homogeneity by leaving varying amounts of damage/plasticity in the cracks'

wake [31], therefore it is imperative to capture these changes to predict post

fracture behaviour [135].

Numerical models capture the e�ect of the process zone by utilising the

cohesive zone model; in a typical �nite element model when a fracture occurs,

the surrounding zone is enriched with cohesive element with the material

strength akin to that described by Figure 12, a temporary sharp increase in

sti�ness followed by a steady decrease in sti�ness and strength [57] [46].

The increase in sti�ness allows the process zone to better dissipate energy

across a wider area, this explains why higher sti�ness materials exhibit larger

process zones, although higher sti�ness materials generally have greater frac-

ture toughness values [148]. Furthermore, with the restriction of sample size

it is clear how energy dissipated in the process zone becomes impeded with

smaller samples [51].
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The process zone is di�cult to visualise and/or capture in experimental

situations during fracture propagation. [141] Leona Vavroa et al performed

a three point bending test on a cylindrical specimen 29mm diameter by

120mm next to an X-ray source. Using radiography, both the fracture path

and process zone, are captured as observed in Figure 18 [141].

Figure 18: Process zone of progressing (left to right) fracture captured with
X ray with accompanying force (N ) vs time (s) plot on sample [141]

Figure 18 shows eight time stamps taken with accompanying X-ray snap-

shots from left to right of a fracture propagating. As the fracture propagates,

material either side of the fracture compresses, increasing in density. This

increase in density is captured by X-ray, hence the process zone can be cap-

tured in real time as the fracture propagates. The fracture is not as distinct
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as one would imagine. Figure 18 shows a more spread out crack with many

paths. The time of fracture initiation is shortly before the second snapshot

is taken. The darker regions in snapshots seven and eight show an increase

in material density around the crack, this is what is meant by the process

zone. [141] further illustrated that the process zone is restricted by sample

size, here compressing at the outer boundaries.

Large deformations are expected near crack tips. In classical plasticity

this becomes an issue as they are based on the principles of in�nitesimal

strain. [68] found that during indentation modelling, these assumptions led

to inaccurate results, in�nitesimal strain based models are unable to main-

tain accurate results at high strains. [99] showed that with the application of

deformation gradients within constitutive models, the distribution of stresses

increased and had a signi�cant e�ect on the both the process zone and re-

sulting fracture behaviour.

2.6 Energy

Gri�th successfully associated energy concentration with crack propaga-

tion. Hence it comes as no surprise that energy is heavily involved in many

fracture frameworks, energy conservation is key during formulating these

frameworks.

Understanding how a certain material can absorb energy internally is crit-

ical in the determination of fracture models. Rocks have several stages to

their strength through loading, highlighted in a typical stress-strain plot of

rock shown in Figure 19. The various stages each impact how well a rock

sample can absorb energy.
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Figure 19: General Stress-Strain graph from Figure 14: classes 1-3 of rock
deformation sectioned o� from left to right

Figure 20: Particle rearrangement associated with the various classes of
rock loading

In mechanical models the only source of energy which is input is from

loading, this is converted by the continuum to kinetic energy, internal energy,

mechanical work and heat generated from mechanical work, according to the

�rst law of thermodynamics.
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Which rock class the rock is in changes how energy is stored or dissipated.

In class 1 all elastic energy is stored, and all energy can be theoretically

reclaimed. Class 1 exists until the yield point is reached when inner particles

can no longer keep their arrangement, at this point class 2 begins with plastic

�ow, dissipating excess energy [10]. Once all possible plastic rearrangements

are complete the only way for further energy to be dissipated is through

breakage and acceleration of particle bonds [114], represented by class 3. A

decrease in material sti�ness accommodates class 3, the decrease continues

until the material has no other means to resist deformation than by internal

friction of broken rock. During the transition from class 2 to 3 some elastic

energy is redistributed into fractured fragments through kinematic means;

this is later designatedKE D [150]. Ignoring heat created the conservation

of energy is shown in equation 9.

E i + KE + KE D = W (9)

whereE i is internal energy,KE is kinetic energy of the continuum,KE D

is kinetic energy of fractured masses andW represents mechanical work

done on the continuum through loading. Kinetic energyKE can be cal-

culated from deformation rates and continuum mass, internal energies can

be calculated in terms of elastic and plastic energy, calculated from current

deformation on a continuum as shown in equation 10.

E i = Ee + Ep (10)

where Ee is limited by how much recoverable deformation is possible,

hence how much energy is stored elastically, this is represented by class 1

as shown in �gure 20.Ep accounts for the energy dissipated through plastic

�ow through the material, represented by class 2 in Figure 19. These internal

energy limits are found experimentally through stress-strain tests [142], [31].

If the material's internally stored energy surpasses the fracture energy

threshold for the apparent mode of failure then a failure is declared and

energy storage capacity of said material decreases, the decline in rock strength

regime in stress-strain plots are usually de�ned as the class 3 stage of rock
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loading as shown in Figures 14 and 20.

In constitutive models, the peak dilation angle of rock represents when the

material cannot continue to absorb energy through pure plastic means within

the material bonds or �ow of particles [122]. The energy need for mode one

failure is denoted asR0, previously discussed in the damage section. Other

failure modes are possible, similarly calculated from ultimate tensile and

torsion tests.

Energy used during plastic deformation can be calculated by equation 11

[54]:

W p =
Z

� p � e (11)

2.7 Finite strain

The hydrofracture process uses high pressure to break apart the rock

strata to access natural gas. During the fracture process, large strains are

expected locally along the �uid driven fractures [5]. When modelling these

fractures, normal in�nitesimal assumptions breakdown, mass is not preserved

and material properties are in�uenced by said volume change. For this rea-

son, constitutive models must be de�ned in terms of �nite strains to model

fracture behaviour accurately [60].

The �nite strain methodology was proposed originally to model vulcanised

rubber [61], rubber when loaded exhibits large deformations and in�nitesimal

models were found to breakdown in large strains [39].

In�nitesimal strains are incapable of assessing the in�uence of translations

in mechanical calculation. This issue is solved with the consideration of

deformation gradients which are based on the relative position of nodes, not

their translations [100] and therefore are independent of translations as shown

in Figure 21.
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Figure 21: Finite strain principle [15]

where X 1, X 2 and X 3 are the global coordinates andx1, x2 and x3 are

local coordinates.

Figure 21 shows that even though the global coordinates of the cube have

change signi�cantly, the local coordinates have not. The key distinction is

that the large strain methodology focuses on these local deformations to

better replicate material behaviour.
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2.8 Summary

The need for applicable hydrofractures solutions is clear, however the pri-

mary di�culty of utilising hydrofracture methodology is the required com-

putational resources for accounting for both fractures and �uid. Therefore

in order to account for large models for fracking, an e�cient computational

methodology is required.

Hydrofractures involve many phenomena that are important to account

for such mechanical models which can realistically predict fracture and �ow

models for the associated �uid pressure. The problem of hydrofracture con-

sists of a �uid �ow and fracture problem, both research �elds in their own

respect as shown in the literature review.

A broad case of fracture methodologies were explored and compared on

terms of accuracy, complexity of implementation and most importantly use

of computational resources. A simple damage model utilising a minimisation

algorithm was utilised so that the energy transitions within the considered

system could be represented accurately, which highlighted by Fracfort and

Marigo [52] is an important aspect of fracture mechanics.

Pore network models were reviewed and noted for their high accuracy,

however the large number of equations required to solve for each considered

fracture is not feasible in practical scenarios. However dual porosity models

have been shown capable of modelling multiple fractures to a reasonable

degree by modelling sets of fractures as damage �elds di�erentiating where

porous �uid or fracture �uid interactions occur.
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No models currently exist which fully utilise a damage methodology within

a dual porosity model for the �ow characteristics within a hydrofracture.

Therefore, the dual porosity model developed by Jianjun Ma [95] will be

further developed to use a damage model to distinguish porous media from

fractured so the di�erent behaviour of the two can be captured with the pro-

gression of �uid driven fractures while maintaining fracture/hydrofracture

directionality.

Furthermore, the �nite deformation framework will be utilised as typical

fracture mechanic problems. A model will be created and validated in the

remainder of the thesis with appropriate veri�cation examples.
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3 Fracture prediction using the energy minimi-

sation Technique

The process of evaluating crack progression can become daunting when

more geometric and mechanical variables are introduced. Francfort and

Marigo [16] have developed the minimisation technique from the Mumford-

Shah functional, originally intended for computer vision scenarios to segment

images. Francfort and Marigo applied the idea to segment a �eld of energy

into segments of fractured and intact material whilst maintaining the low-

est energy feasible within the model. Francfort and Marigo re-purposed the

segmenting nature of the Mumford-Shah functional's capability to analyse

branch cracks and overcome the issues of the Gri�th crack regarding crack

initiation. Accounting for multiple branched cracks simultaneously whilst re-

ducing computational resource demand. The minimisation method considers

�elds of potential energy paths and solves for the minimal energy path of

action in the system. This results in a multi-crack capable model where the

number of cracks does not signi�cantly in�uence compute times [45].

The main driving force of the minimisation method is utilised by inducing

the minimal change in energy throughout a sample globally to ensure a stable

solution to fracture problems. The minimal energy concept is accepted as

an alternative to standard equilibrium solving mechanisms [39] for fracture

prediction. The methodology is particularly useful as the same equations

are used for crack initiation and propagation, reducing both the number of

variables and equations used, simplifying the modelling process and reducing

computational resource demand [45].

In this chapter the minimisation methodology utilised in this thesis will

be explained followed by a �nite deformation constitutive model and how

fractures are in turn predicted.

The constitutive model utilised in this thesis is derived for compressible

materials; equations 12-14 summarise the free energy function used to calcu-
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late the total bulk energy in the considered system.

[15]

dE =
1
2

� (I c � 3) (12)

Trace of Cauchy green stain, isolating shear components [15]: described in
terms of deformation gradient

I c = trace
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d� =
1
2

�log (J ) � �log (J ) (13)

where� is the Lame constant,I c the trace of the left Cauchy-green strain

tensor, � is the shear modulus,d� is shear energy andJ is volume change.

The total energy in the system is calculated using equation 14. Total

energy, consisting of the bulk and shear components described above [35]

W = d� + dE (14)

whereW is work done.

The minimisation concept evaluates two possible energy paths, those being

de�ned in equation 15's second and third terms; bulk energy and fracture

energy respectively. The minimisation algorithm evaluates the best crack

path in order to minimise the total energy contained within the domain.

A crack's energy expenditure is modelled by surface energy and mechanical

elastically stored energy is described here as bulk energy. The exchange of

the two considered energy types are further described in equation 15 [35].
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E(F (x ) ; D) = min (
Z



W(F (x ))(D 2 + ke)d
 + R0

Z



H N � 1(D)) (15)

whereE is the total energy,ke is an in�nitesimal integration term, F (x )

is a function describing deformation in the space ofx, D is damage variable,


 is the simulation domain andH N � 1 is the Hausdor� measure of fractures.

Two forms of energy are primarily considered in this study; bulk energy

and surface energy. Bulk energy is stored elastic energy whether due to

compressive or tension. The energy stored becomes comparable in magnitude

to fracture energy when the energy may be converted into surface energy as

previously discussed. Surface energy represents the breakage of bonds within

a material. In this study both the surface energy expended and the weakening

due to such fractures is represented by a damage model that assumes micro

cracks distributed through the material during fracture.

Solving equation 15 for damage and deformation simultaneously is com-

plex, therefore to simplify the process the damage and deformations, solved

separately, iterating between the two. The general approach is as follows:

initially all material parameters, model geometry and loads are de�ned. If a

crack is in the initial model, then that would be replicated in the model by a

set of element's damage variable at 0.1. Forces are prescribed and deforma-

tions are calculated from the incurred deformations, the resulting mechanical

energyW is then calculated and equation 16 is used to discern where in the

continuum fractures occur due to excess energy in elements.

E(F (x ) ; D) = min
Z



W(F (x ))(D 2

0 + ke)d
 + R0

Z



H N � 1(D0) (16)

where D0 is the damage variable, which here remains whilst equation 16 is

solved. The time steps where elements are damaged do not inherently model

the reduction in sti�ness due to fracture. For this reason, the time step
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must be reset with the damage a�ected variables remaining, represented by

equation 17 to better capture fracture behaviour.

E(F (x 0) ; D) = min
Z


 W(F (x 0) )(D 2 + ke)d
 + R0

Z

 H N � 1(D) (17)

where x0 is the initial geometry, which here remains whilst equation 17 is

solved. Equations 17 and 16 are iterated between in order to �nd the minimal

energy in terms of fracture and bulk energy.

The solution of this equation is solved by comparing the bulk energy with

the surface energy plots. The particular function plotted here can be found

in equation 29. The surface energy is calculated using the Poisson equation

as a minimiser as shown in the literature [2] [87].

Figure 22 shows a plot of the extension of a hypothetical single element

bar in terms of energy versus extension. The amount of stored mechanical

potential energy increases with an element's extension as expected. This

statement remains true until the extension reaches 0.085m, the intersection

point. Here the algorithm would assess that a fracture will reduce the stored

bulk energy thus the total of fracture and bulk energy would be reduced.
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Figure 22: Energy plot of 1D bar under tension over time (Red line- Frac-
ture energy threshold, Blue line- Stored energy

This methodology becomes more complex to solve with multiple element

models. With elements depending on each other the total number of energy

paths or possible fracture paths increase and the minimisation in the system

becomes more complicated.

The two equations are solved individually applying deformation and dam-

age in steps, this process is described in the following paragraphs.

By separating a domain into several sections, the points with the high-

est deformations and therefore higher stored potential energy; likely crack

paths become more pronounced and can be determined to fracture. These

determinations can be used to predict fracture behaviour and in this case is

alternated between the damaged calculation and deformation calculation in

order to �nd the minimal total energy in consideration of bulk and fracture

energy from an energy �eld that looks similar to that displayed in Figure 23.
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Figure 23: Energy �eld example showing regions of increasing energy inten-
sity near crack tips

Figure 23 shows the bulk energy calculated by equations 14, there are

three identi�able zones in the plot. The areas directly above and below the

fracture is the region lowest as the area is under compression, unlikely to

fracture in nature due to con�nement. The area close to the domain bound-

aries are above zero but not signi�cant. The fracture tips are where the most

interesting behaviour occurs, here energy has accumulated, unsurprisingly

where the gradient of deformation is most drastic.

The minimisation algorithm aids the damage methodology predicts where

fracture is likely to occur by segmenting the energy plot into two segments

at the fracture tips, for example in this case values above8 � 10� 5 and

below, from this the model can extend the pre-existent fracture and predict

the correct fracture path which will be later shown in this chapter. The

cut o� limit for when segmenting to images can determined via varying the

constants within equation 17. All elements are also checked against fracture

strengths in order to predict fracture initiation times correctly.

With each iteration of the damage model the distribution of damaged

elements grows and the e�ected weak areas begin to change the load paths

within the model. How the minimisation algorithm is applied can dictate how
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changes in failure mode can be accounted for, however smaller segmenting of

damage are only required when model conditions change readily.

The approach of minimisation requires the use of convex energy functions

so that minimal energy solutions can be stable, the free energy function used

in this thesis is shown in equation 29 / Figure 24.

Figure 24: Convex free energy function of Neo-Hookean constitutive model

Figure 24 shows a free energy function plotted for both compression and

tension. Figure 24 also shows that as higher and higher deformations occur,

jumps in the deformation continuum at the expense of surface energy become

preferable to high concentrations of potential energy similar to that shown

in equations 18-19.

W(f ) = W(F ); if W (F ) < R 0 (18)

W(f ) = R0 otherwise (19)
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3.1 Damage model

When micro cracks occur, the reality is that the stress paths though the

continuum are disrupted or in other words the amount of material resisting

load is decreasing. This is approximated for by considering the area of in-

ternal surfaces as shown in equations: 20-22. Continuum damage mechanics

assumes that the area,s is acting to carry the loadFm is reduced by micro

cracks thus stress increases when micro cracks occur [85].

Fm

s
=

T
1 � D

(20)

where Fm is external Force,s is the internal surface area,T is the general

stress andD is damage. Hence the damage variable can be described by the

reduction of resisting material.

D =
s � s1

s
(21)

thus

� d =
� 0

1 � D
(22)

wheres1 is the current surface area of �aws,� d is stress due to damage

and � o is initial stress.

Equations 20-22 showcase the weakening utilised to represent the decline

in material sti�ness with the propagation of fractures.

3.1.1 Finite deformation

Fracture mechanics can lead to large local deformations, especially if in-

clusions are created by a set of cracks. For this reason, it is important that

implemented constitutive equations and applied framework can still be ap-

plied with accuracy following large changes to a model's structure. Here

the distinction is made between �nite and in�nitesimal strains; in�nitesi-

mal strains assumed constant volume and a stationary model, when this is

not the case, theories that are based on these foundations breakdown and
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are no longer applicable [23]. Finite deformation algorithms overcome the

shortcomings that translations bring to in�nitesimal theories by using the

deformation gradient as a primary input. Deformation gradients consider

only the relative movements of nodes in relation to each other as shown in

equation 23 and hence are unperturbed by translations.

[R ][U ] = [ F ] (23)

where the rotation matrix is described as

[R ] =

2

6
4

cos(� ) � sin(� ) � sin(� z)

sin(� ) cos(� ) � sin(� z)

sin(� z) sin(� z) cos(� z)

3

7
5 (24)

where� is the rotation in the x-y plane and� z is the rotation in the x-z

plane, in this thesis will always be 0.

The stretch matrix, whereU is the stretch matrix:

[U ] =

2

6
4

dx
dX 0 0

0 dy
dY 0

0 0 dz
dZ

3

7
5 (25)

R describes the relative rotation of an element andU is the stretch matrix

representing the change in distance between nodes.

A translation example is shown in Figure 25, this would be represented in

the form of equations 23-25 as shown below. The relative position of every

node is unchanged, the corresponding deformation gradient, rotation, stretch

matrices are unchanged.
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Figure 25: Translation of square element

When the deformation created in Figure 25 is used, the energy calculated

by equation 14 also sums to 0J=m2 which is representative of reality.

If a rotation is considered on top of the above translation as shown in

Figure 26 resolves to 0J=m2 as shown below.

Figure 26: Translation and rotation of square element
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When the deformation and rotation created in Figure 26 is used in equa-

tion the energy calculated in equation 14 sums to 0J=m2which is represen-
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tative of reality.

If the two above examples were in a framework where the nodes were

only compared to their previous location, gross errors would be expected

as the translations would be interpreted as strains. Now that strains are

represented with the deformation gradient, usual constitutive models are no

longer applicable as they are typically based on equation 26, where after the

strains become greater than 2 %, the models can become unstable [15].

[U ] =

2

6
4

dux
dx

1
2( dux

dx + duy

dx ) 1
2( dux

dx + duz
dx )

1
2( duy

dx + dux
dy ) duy

dy
1
2( duy

dz + duz
dy )

1
2( duz

dx + dux
dz ) 1

2( duz
dy + duy

dz ) duz
dz

3

7
5 (26)

Elastic �nite strain constitutive models which utilise deformation gradients

for modelling non-linear elasticity behaviour such as the Neo-Hookean com-

pressible hyper elastic material, derived from the strain energy function [15].

3.2 Fracture methodology

The method used to calculate strain energy was the Simon and Pister's

method, comparing the strain energy to the fracture energy found from a

simple notched fracture test, shown in equations 27-29 [15].

dE =
1
2

� (I c � 3) (27)

d� =
1
2

�log (J )2 � �log (J ) (28)

W = d� + dE (29)

The change in strain energy is used to decide how much damage an ele-

ment has undergone. This amount is solved using equations 30 - 31.

2W
Ro

D = 1 (30)
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R0 being the fracture strength de�ned by the ultimate compressive strength

� c and sti�ness as shown in equation 30.

R0 =
2� c

E
(31)

Once the new damage has been calculated it is compared to the old damage

allocation. The irreversibility condition is evoked so that no elements damage

value can increase and undergo healing. A minimum is also used so that an

element cannot be damaged to have null strength and de�ect unrealistically.

3.2.1 Fracture algorithm

A function calculates the current deformation of the mesh using theMat-

lab pdegradtool solving the equation through Gaussian reduction.

Gauss reduction method is a simple algorithm used to solve the linear

equations throughout this research project.

Note: Run time can be prescribed in either number of time-steps/iterations

or with a damage counter to ensure that failure is modelled.
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Algorithm 1 Fracture procedure

1: Specify run time t full

2: j = 0
3: Create model geometry
4: Interpret geometry to mesh using Delaunay triangulation algorithm

[101]
5: Initialise material parameters�; �; �; R 0

6: Initialise damage variable for initial crack
7: while t < t full do . run time of simulation
8: Calculate sti�ness matrix C ijkl = �

J � ij � kl + 2 � � �ln (J )
J � ik � jl

9: Calculate internal forces
10: Form Global matrix and Global Force matrix
11: Solve system of Global equations for� ui

12: Calculate trial deformation gradients
13: Calculate stored elastic energy

W = 1
2 � (I c � 3) + 1

2 �log (J )2 � �log (J )
14: Check for fractureWe > K f ratt

� D j = min( W
R0

; 1)
15: Assign damage variable accordingly
16: Calculate total energy
17: if j = 0 then

E tot
i =total energy, j = j + 1 goto line 6

18: else
19: if E tot

j > = E tot
j � 1 then

20: t = t + 1
21: j = 1
22: Update deformationsU t = U t � 1 + � dU t � 1

23: Update damageD t = D t � 1 � � D i � 1

24: goto line 6
25: else reset deformationsE tot

j =total energy j=j+1
26: goto line 6
27: end
28: end

End while
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The deformation gradient is used to formulate the deformation gradient

tensor then the Cauchy left strain tensor and change in volume.

These are then used with the trace of the Cauchy strain gradient to

calculate the strain energy density of elements.

Damage is assigned accordingly using the displacements to derive energy

values.

When the damage approaches < 0.2 (User de�ned limit, depending on

material and user case) then the medium is considered fully fractured [108],

having minimal strength of the element being considered as if near void. This

approach will be developed further in Chapter 4 with damage in�uencing

parameters relevant to hydrofracture.
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3.3 Constitutive Equations

In this approach hyper-elastic constitutive equations derived from a free

energy function are used, these are used to the e�ect that material behaviour

is una�ected by rotation or translation, material behaviour that causes in-

accuracy in in�nitesimally based constitutive models in the prediction of

fractures, therefore the constitutive model and free energy function: , must

be wholly dependent on strain invariants as shown in equation 32.

 (I 1; II 2; III 3) (32)

where I, II and III denote the strain invariants as described in equations

33-35.

I 1 = trace(b) (33)

II 2 = trace(bb ) (34)

III 3 = J = det(b) (35)

whereb is the left Cauchy-green strain andJ is volume change.

The Cauchy-green strain gradient is typically used in in�nitesimal strain

model's however here the stress will be converted to the Piola-Kircho� stress,

used for maintaining true stress in large strain frameworks. In doing this

simpli�es the plasticity approach, shown later in chapter 6. In order to

derive the Cauchy stress tensor and Lagrangian elasticity tensor, �rst the

Piola Kircho� stress tensorS must be considered in terms of the deformation

gradient as shown in equations 36-37.

S = S(F (X ); X ) (36)

S(F(X),X) =
d 

dE
(37)
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Furthermore, the work done byS can be de�ned by the free energy func-

tion by considering continuum deformation as shown by equation 38, thus

the only required input is F, the deformation gradient.

 (F (X ); X ) =
Z

E(F (X ); X ) : _F dt (38)

From equation 38 the derivation for Piola-Kircho� stress can be as shown

in equation 39.

S(F(X),X) =
d (F (X ); X )

dF
=

d (F (X ); X )
dE

(39)

With equation 39 considered, the work conjugate12C = E ; equation 40,

can be written.

S(C(X),X) = 2
d 

dC
=

d 

dE
(40)

As previously mentioned, the free energy function and stress measure

must both be invariant of rotation and translation, therefore the stress mea-

sure can be written as shown in equations 41 - 44.

S = 2(
d 

dI 1

dI 1

dC
+

d 

dII 2

dII

dC
+

d 

dII 2

dIII 3

dC
) = 2  I I 2+4 II 2 C +2J 2 III 3 C � 1

(41)

where

dI 1

dC
= I 1 (42)

dII 2

dC
= 2C (43)

dIII 3

dC
= J 2C � 1 (44)

To transfer the Piola-Kircho� to true Cauchy stress, equation 45 is con-

sidered to produce an equation for Cauchy stress; equation 46. This allows

the typically small strain stress Cauchy to be applicable in a large strain
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framework.

� = J � 1F SF T (45)

� = 2J � 1 I b + 4j � 1 II b2 + 2J III 3 I (46)

Equation 46 allows stresses to be derived for any given free energy func-

tion. The particular free energy function is used in this research is shown in

equation 47 .

 =
�
2

(I c � 3) � �ln (J ) +
�
2

(ln(J ))2 (47)

Therefore the derivatives:  I ;  II ;  III in respect to each invariant can

be found in equations 48-50:

 I =
�
2J

(48)

 II = 0 (49)

 III =
�ln (J 2)

2
�

�ln (J 2)
2

= �
�

2J 2
+ �

ln(J )
2J 2

(50)

Finally, the equation for Cauchy stress can be derived from equations:

46, 48, 49 and 50.

� =
�
J

(b � I ) +
�
J

ln(J )I (51)
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3.4 Simple fracture and the e�ect of orientation on crack

path veri�cation

To show the minimisation process in practice and to demonstrate the

previously discussed model's capabilities, a simple crack under a uni-axial

load is modelled using the proposed methodology [74]. The results from [74]

are both numerical and experimental in nature, the fracture paths predicted

by the proposed methodology will be compared against experimental results

and the deformation pro�les compared against the reference numerical result

which achieved reasonable fracture prediction results. Plane stress conditions

are utilised during all veri�cation reported in this thesis.

Figure 27: Schematic for fracture methodology veri�cation

The experiment was performed on a rectangular specimen of concrete

100 by 50 mm as seen in Figure 27. Each specimen had a �aw set in during

the concrete moulding phase by inserting a 4mm by 20mm aluminium case

inside. Once dry, the insert was pulled out to create the slit, causing minimal

initial stresses in the specimen. The aluminium case was held in place via a

screwed mount and secured with a plastic wedge to ensure accurate placing

and consistent slit shape between experiments.
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[74] developed a DEM model to predict the fracture behaviour of various

slit orientation, numerical results of which achieved reasonable agreement,

results that will be used for veri�cation purposes.

All specimens were left to cure 28 days so that the concrete could reach full

maturity. The �aw was expected to initiate a fracture across the sample due

to loading, allowing the impact of notch orientation on fracture propagation/

initiation to be categorised.

Each sample was compressed uni-axially at a rate of 0.05mm=s to avoid

any rate dependent behaviour e�ecting results. In the experiment, the top

and bottom boundaries were free to move in the x direction to grease placed

at both load points in the experimental version of the test. In the numerical

simulation the top and bottom were free to move in the x direction. This

was calibrated in the intact sample testing comparing against the reference

DEM deformation plots.

Table 2: Material properties for single slit experiment

Young's modulus E 50 GPa

Poisson's ratio � 0.25

Fracture strength K F ratt 12:5KJ=m 2

The deformation pro�les, crack path and stress- strain pro�les were cap-

tured during testing and here a comparison will be made using experimental

and reference numerical results to verify the proposed fracture methodology.
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Figure 28: Experimental (gray) and traced experimental (white) fracture
initiations for various angled slit results from reference paper [74]

The key points of comparison to experimental data will be on the stress

strain plots, a qualitative look at crack initiation and crack propagation

through the concrete sample, such as that provided in the reference pa-

per; shown Figure 28. Additional comparisons will be qualitative compared

against the deformation plots generated numerically by the DEM reference

solution.

63



Figure 29: Numerical fracture initiations for various angled slit results from
reference paper [74]

As seen in Figure 29 the numerical results from [74] predicted reasonable

fracture paths that agreed with the observed experimental results, shown in

Figure 32.

The data provided in the reference paper includes stress-strain plots for

slit angles from 0 degrees up to 90 degrees in 30 degree increments. The

deformation pro�les in the principal x direction were recorded in the reference

paper for all notch angles up to 90 degrees in 15 degree increments.

The stress and strain plots for all with comparative data are shown in

Figure 30.
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Figure 30: Stress strain plot for intact and 30 degree slit over time

It can be seen in Figure 30 that the methodology account for the slits

e�ect on the stress strain plots are accurate, achieving agreeable results when

compared to the reference solutions, either numeric or experimental. Achiev-

ing within 8 % of the experimental sti�ness achieved (comparing the lowest

and highest values shown) and 15% below that of the reference Particle

�ow code predicted sti�ness. At failure strain however the strain is the same

across all three; proposed, experiment and reference solutions at point of

failure.
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Figure 31: Stress strain plot for 60 and 90 degree slit over time

The proposed fracture methodology matches the failure of an intact sam-

ple at 22MPa and 25MPa with similar sti�ness in the 60 and 90 degree

experiments respectively. The sti�ness is more closely predicted here, only

disagreements are with3:2%.

The strength in the 90 degree sample over estimates the failure and post

failure behaviour when compared to the reference numerical solution and

observed experimental stress stain plot. This is likely due to the predicted

failure mode predicting the model splitting in two equally, reducing stress

concentrations within the model.
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As seen in Figures 30 and 31 the sti�ness is more accurately captured in

comparison to the reference particle �ow code initially, the early error is likely

due to the slipping condition imposed as the exact friction pro�le at contact

point and how it carried through the experiment is impossible to measure

and replicate.

Figure 32: Experimental fully developed fractures for various angled slit
results from reference paper [74]

The correct crack paths of angled notched in concrete axial compression

tests can be seen in Figure 32, with these the crack path prediction capa-

bilities are veri�ed as shown in Figure 41 and Appendix B. It is seen that

after the notch is orientated at 45 degrees or greater the crack path stops

bifurcating and becomes singular.

For the stress-strain plots, the strain was known ahead of time due to

the displacement driven load however the stress was calculated by taking an

average of stress across the whole model. The stress vs strain plots calculated

by the proposed model, provides a agreement in terms of the sti�ness and

points of failure. However, in the case of post failure behaviour, a more
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