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ABSTRACT

Yes-associated protein (YAP) is a transcription regulator with a highly sig-
nificant role in a wide variety of cancers. When YAP is transported into the
cell nucleus, it activates a programme of genes which promote cell prolifer-
ation and confer resistance to regulatory signals that normally limit tissue
growth. YAP has been shown to promote malignancy and metastasis in
tumours and is thus the object of much current biological and medical re-
search. The aim of this thesis is to investigate quantitatively the factors
which cause excessive nuclear accumulation of YAP in cancer-associated fi-
broblasts. To this end, we utilise data from two common experimental tech-
niques, fluorescence recovery after photobleaching (FRAP) and fluorescence
loss in photobleaching (FLIP).

We develop the theory of FRAP, deriving several new (to our knowledge)
approximation formulas. We establish conditions to ensure the viability
of parameter estimation and propose a fitting protocol which can theoreti-
cally produce, at the very least, estimates of the ratio of bound to unbound
molecules at chemical equilibrium. We implement a numerical cell simula-
tion which we then fit to empirical FRAP data from fibroblast nuclei.

FLIP can be used to estimate the rate of shuttling between the nucleus
and cytoplasm. This process depends on the 3D geometry of the nuclear
membrane, yet often only 2D imaging data are available. We propose a
simple ODE model which can account for 3D effects when only 2D data are
available. We also implement a numerical FLIP model which incorporates
active transport across the nuclear membrane and cell motion during the
experiment. Using both the ODE and PDE FLIP models, we are able to
investigate quantitatively YAP nucleocytoplasmic shuttling, and the ratio of

bound to unbound YAP molecules at equilibrium in fibroblast cytoplasm.
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Combing FRAP and FLIP results, we quantify the differences in YAP reg-
ulation between normal fibroblasts (NFs) and cancer-associated fibroblasts
(CAFs). We find that, in order of importance, increased nuclear import,
reduced nuclear export, weaker binding reactions in the cytoplasm and
stronger binding reactions in the nucleus all contribute to the localisation
of YAP to the nucleus in CAFs. Though YAP is the immediate focus of the
thesis, the methodology we develop could be applied to a wide variety of

other proteins.
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INTRODUCTION

Yes-associated protein 1 (hereafter referred to as YAP) is the focus of in-
tense interest given its remarkable biological properties in development, tis-
sue homeostasis and cancer. When localised to the nucleus, YAP activates
a programme of genes which boost cell growth, mitosis, and resistance to
apoptosis [1-4]. It also possesses the ability to un-differentiate cells [5-7].
YAP is essential in embryonic development, organ growth and wound heal-
ing [5,8-10]. Yet its ability to promote tissue growth is potentially fatal when
activated errantly. Elevated YAP activity has been identi ed in dozens of
different solid cancers [8,9]. In tumours, YAP promotes malignancy and
metastasis [L1-13], and is associated with poor clinical outcomes [ 14, 15].
As such, YAP is an appealing therapeutic target in cancer and regenerative
medicine [9,12].

Most pertinently to this project, elevated nuclear localisation of YAP may
cause broblasts (cells which possess the ability to remodel surrounding tis-
sue) to adopt a “cancer-associated' phenotype. Cancer-associated broblasts
(CAFs) promote tumour progression and metastasis and have been identi-
ed in many types of solid tumour [ 16,17]. In some cases, they partially
dissolve the extra-cellular matrix (ECM), creating tracks that enable subse-
quent cancer cell invasion [17]. Furthermore, neighbouring broblasts can,
via mechanosensing, detect remodelling of the ECM by CAFs, increasing

YAP activity in response [ 18]. This process may establish a potent feedback
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loop where CAFs recruit nearby broblasts, while simultaneously promot-
ing tumour growth and metastasis [ 18§].

The objective of this thesis is to investigate the elevated YAP activity in
cancer-associated broblasts. Current literature (summarised in 1.6.8) sug-
gests that YAP is proximally regulated by four processes: binding reactions
in the cytoplasm, binding reactions in the nucleus, nuclear import and nu-
clear export.

To investigate protein dynamics and localisation within living cells, re-
searchers often utilise uorescence microscopy techniques; in particular u-
orescence recovery after photobleaching (FRAP) and uorescence loss in
photobleaching (FLIP). FRAP can be used to investigate protein diffusion
and binding reactions within cellular compartments (such as the cytoplasm
or nucleus), while FLIP can be used to investigate transfer between compart-
ments. This is accomplished by tting mathematical models to empirical
data, with the model parameter values thereby obtained representing rates
of reaction and translocation.

The question naturally arises: under which circumstances can binding
kinetics be accurately dissected using quantitative FRAP analysis? This the-
sis is essentially split between this theoretical problem, and the empirical
problem of YAP dynamics in broblasts.

The remainder of this chapter is a literature review concerned with mathe-
matical modelling of FRAP and FLIP, parameter estimation and the biology
of YAP. In chapter 2 we derive conditions which guarantee the viability of
parameter estimation in FRAP. In chapter 3 we test our predictions numeri-
cally and go on to propose a general parameter tting scheme. We then turn
to the empirical YAP problem in chapter 4, applying a pixel-based compu-
tational model to investigate binding kinetics in the nucleus. Finally, in
chapter 5 we use a FLIP modelling approach to investigate binding kinetics

in the cytoplasm and transfer across the nuclear membrane.
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1.1 fluorescence recovery after photobleaching

The development of live cell uorescence microscopy has revolutionised
molecular cell research. Much modern uorescence microscopy depends
upon the use of the green uorescence protein (GFP) and its variants. GFP,
rst isolated from the jelly sh  Aequorea Victoriahas the ability to absorb
energy from light in the ultra violet to blue wavelength range, which is then
released by radiating green light [ 19]. By modifying cells to express a fusion
of GFP with a particular target protein (tagging or labelling), researchers are
able to study gene expression and protein localisation within the living cell
[20]. This is done by illuminating the target cell with light of an appropriate
wavelength and detecting the uorescent emission.

GFP and other uorescent proteins have a nite uorescent lifetime, so
the uorescent emission will decline given continued exposure to high in-
tensity light (this process is known as photobleaching). FRAP is a deliberate
exploitation of photobleaching to measure the mobility of molecules in liv-
ing cells.

In typical FRAP experiments, a short sequence of images is acquired prior
to photobleaching. These serve to document the initial spatial distribution
of the uorescent molecule. The next step is photobleaching: a small de-
ned region of interest is brie y illuminated with high intensity light, usu-
ally delivered by a laser. This creates a high concentration of photobleached
(or simply bleached) protein molecules within the region of interest. Next,
the laser intensity is attenuated in order to acquire a longer sequence of im-
ages, ideally with minimal photobleaching. During this period, the motion
of both non-bleached and bleached GFP molecules will lead to the spatial
re-distribution of the uorescent signal. Passive transport processes, such
as Brownian motion, will create a net transfer of bleached molecules out of
(and a net transfer of unbleached molecules into) the region of interest, caus-
ing a relaxation towards equilibrium. This is referred to as the uorescence

recovery. The speed of the uorescence recovery is a measure of the mobil-
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ity of the target species. The average intensity of uorescent emission from
the region of interest is recorded against time to construct the uorescence

recovery curve [21-24].

Figure 1: Normalised intensity during a simulated FRAP experiment. Prior to photo-
bleaching it is assumed the intensity is 1. The intensity drops during the bleach-
ing phase, although this could not be observed experimentally due to the high
light intensity required for photobleaching. After photobleaching, the recovery,
following equation ( 7), may be observed. In this example, the recovery curve

approaches 80% of its pre-bleach value because 20% of the protein is immobile.

An idealised example of FRAP data is presented in gure 1 which rep-
resents the average intensity of the uorescent emission from within the
bleach region. Photobleaching causes a sharp decline in intensity, followed
by the uorescence recovery. The cell does not necessarily fully recover to
the pre-bleach equilibrium as some of the protein may be immobile.

The early development of FRAP was quite highly collaborative and decen-
tralised [ 28]. Poo and Cone pioneered the use of photobleaching to measure
the mobility of the light sensitive receptor protein, rhodopsin, in the pho-
toreceptor membranes of rod cells [31-33]. Peterset al. subsequently stud-

ied the motion of uorescence-labelled proteins in erythrocyte membranes
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using a static laser with photo-multiplier tube as a detector [ 34]. FRAP has
since been widely adopted by researchers; over the past decade, FRAP has
featured in over 150 studies per year [44]. Although numerous improve-
ments have been made to FRAP procedure since it was rst introduced, the

fundamental idea has not changed [25].

1.1.1 Laser intensity pro le

Let 1(x,t) be the intensity of the laser light at coordinate x and time t. We
refer to | as the intensity pro le. The intensity pro le is given a solution of

the Fraunhofer diffraction equation. For a circular aperture, this is the Airy

Figure 2: Example intensity prole, 1(r,t), given by formula ( 1), normalised so that the
maximum intensity is 1. Also plotted is the best- t Gaussian function, which is
clearly a good approximation for small r, yet the approximation breaks down

for larger r due to the presence of high order diffraction rings.

pattern [ 26],

Fo(t)pa® 2% (2par/ (I 2
I(x,t) = I(r,t) = o|<2>zga 1§ppa?/r(|(z)20)) |

where r is the distance in the focal plane from the centre of the beam. Addi-

@)

tionally, Fq(t) is the radiant ux admitted by the aperture (which is depen-

dent on t due to variations in laser power), ais the radius of the aperture, |
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is the wavelength of light and zg is the image distance. Here J; is a rst or-
der Bessel function of the rst kind. An example intensity pro le is plotted

in gure 2. For the purposes of uorescence imaging, the intensity pro le,
I, can also be thought of as the point spread function (PSF) of the imaging

system, which we discuss further in section 1.1.4.

1.1.2 Photobleaching

In this subsection we provide a more detailed physical description of the
process of photobleaching. Prior to photobleaching, the vast majority of
molecules exist in a ground energy singlet state, in which all electrons are
paired [44]. Let Sy be the singlet ground energy state. Irradiated by light
of wavelength n, the uorophore has a probability to absorb the photon
energy, E, given by the Planck-Einstein relation, E = hn, which causes it to
transition into an excitation singlet state, S;. The excess energy is rapidly
dissipated (the lifetime of the excitation state is of the order of 10 ° seconds)
in one of a variety of ways; signi cantly, by uorescent emission, or by
transition into a triplet state, T 1 in which there are two unpaired electrons
[44]. The triplet state has a far greater characteristic decay time than S,
typically of the order of 10 ®to 10 3 seconds, which is suf cient time for the
uorophore to react chemically with other excited molecules or free oxygen
in the environment [ 44)]. In that event, the reaction induces conformational
change in the uorophore, yielding a non- uorescent product, which is the
main mechanism by which photobleaching occurs [ 44]. In a well-mixed
system, this process can be described by the system of ordinary differential

equations,

I = 5] kalS ke[S, (2

t
d[T,]

8
2 = alS+ kS kT,
-E = kalS] KT,
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where [Sy] is the concentration of uorophore molecules in the ground en-
ergy singlet state, [S;] is the concentration of molecules in the excited singlet
state, and [T,] is the concentration of molecules in the triplet state. The rate

k1 is proportional to light intensity,
kl = k| [

where | is the excitation light intensity, given by formula ( 1), and k; is
a constant of proportionality. Given the average lifetime of the excitation
states, k, must be of the order of 102 s 1 to 10° s 1, while k, and ks must
be of the order of 10° s 1 [44]. In the limit | ! ¥, the system of equations
(2) will rapidly approach equilibrium, so we may make a quasi-steady state
assumption. If we assume that [S)] +[S;]+[T,] = 1 (in which case, S, $;
and T; are the fractions of molecules in the ground, excitation and triplet

states respectively) then the steady state of @) is

AR ke
1 ka(ka+ kg) + Ka(kot+ k)
As |! ¥ ki! ¥, therefore [T;]! ka/ (k3+ ka).

3)

If we assume that the availability of free oxygen and other excited molecules
is much greater than the availability of T ; molecules, then the extent to
which they are depleted by reaction with T ; is effectively negligible. In
this case, the rate of reaction is approximately proportional to [T,;]. Re-
calling that it is these reactions between T, and other molecules which are
responsible for photobleaching, then the rate of photobleaching per unit con-
centration of uorophore molecules is approximately — Rpjeach[T1], for some
constant, Rpeach- Hence it follow from equation ( 3) that, as | ! ¥, the
rate of photobleaching per unit concentration asymptotically approaches
RoleachKa/ (K3 + Ka).

Let w(x,t) be the concentration of uorescent (i.e. not yet photobleached)

molecules at position x and time t. Assume, for the moment, that these
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molecules are immobile and non-reactive. The rate of photobleaching, 1V

ﬂ_’
is
T = RocanlTalx HW(x,0). @
Substituting (3) into (4) yields,
fw _ ail(x,t)
ot T al(xt)+ asw(x,t), ©)

where a; = Rpeachks, a2 = ki(ks + kg)k;, and as = ka(k + k3). The rate of
photobleaching is a saturating function of laser intensity, . If | az/ ap,

then it is clear from ( 5) that

w

T al(x,t)w(x,t), (6)

where a = a;/ as.

1.1.3 Static laser FRAP

The earliest FRAP experiments were performed with a static laser beam
[29,30]. In static laser FRAP, both bleaching and imaging are typically per-
formed with the same laser. At the end of the photobleaching phase of the
experiment, the laser intensity is attenuated so the uorescence recovery
can be observed. Observation of the sample requires continual exposure
to light, because the delay between a uorophore absorbing energy from
a photon and re-radiating that energy is typically a few milliseconds long
(see sectionl.1.2 or [44]). Ideally this exposure will causes minimal further
photobleaching.

Let w(x,y,t) be the local concentration of uorescent molecules at co-
ordinate (x,y) and time t. For a static laser FRAP experiment, the observed
uorescent light intensity across the bleach region, F, is given by

7
F)=a  wOEyinIoaylndxys W)
where qis the quantum yield of the uorophore and F is also known as the

uorescence recovery curve [ 29, 30].
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In some cases, a fraction of the protein of interest may be stably bound
to a cellular structure, rendering it immobile. In this case, there will be an
incomplete uorescence recovery. Figure 1 includes a theoretical example
in which 20% of the protein is immobile. If there is an immobile fraction,

the recovery curve can be normalised as follows,

F(t)= F(OM¢+(1 M) (8)

where F(t) is the uorescence recovery curve supposing complete recovery,

M¢ 2 [0, 1] is the mobile fraction and F is the initial post-bleach recovery.

1.1.4 Scanning laser FRAP

Perhaps the single most signi cant development in FRAP protocol was the
adoption of the confocal scanning laser microscope (CSLM). In scanning
FRAP, the beam is scanned repeatedly across the sample under observation
in a raster pattern. Whereas conventional static FRAP can only provide
temporal information as indicated by equation ( 7), scanning FRAP vyields
spatio-temporal information, producing a series of images (frames) of the
entire sample region under observation [ 3943]. The observed uorescence
intensity, f is the product convolution of the uorophore concentration, w

with the PSF [27),

7
f(x,y, 1) = wix,y, )~ 1(x,y)=a _wx x%y you1(x%y9dxdy® (9)

R2
Bleaching with a CSLM

The CSLM can also be used for photobleaching. As the laser scans across
the sample, an acousto-optical modulator (AOM) dynamically varies the
intensity of the beam based on its position so that the beam has intensity
B(x,y) at position (x,y) [286.
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Figure 3: (A) A raster scan pattern and an Airy disk-type intensity distribution. Solid
lines indicate that the beam is on, while dashed lines indicate it is off. (B) Raster
bleaching of a square bleach region after a single scan. The pro le does not
perfectly conform to the geometry of the bleach region, but is slightly rounded,
due to the effect of convolution with the PSF. It is assumed that the pre-bleach
intensity is 1. (C) Raster bleaching of a square bleach region after a single scan.
The scan lines have been set too far apart so that visible gaps emerge. (D)
Concurrent bleaching and diffusion. The effect of 20 scans (i.e. lasting 1 second)
over a sample with diffusivity D = 1nm?s 1. Repeated scanning causes a much

greater drop in intensity than is observed in (B) or (C).

The effective bleaching pro le (functionally equivalent to intensity), K(x,y),

is the convolution of the beam intensity, B with the PSF, I, [6]]
7

K(x,y)= B~ 1= RZB(xO,y‘bl(x X%y y9dxUy° (10)

10
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The unbleached uorophore concentration is [ 61]

Wixy = aK(xywixy,b. 1y

Figure 4: (A) A user-de ned image mask. (B-D) Photobleaching at three different times
after the beginning of photobleaching, as indicated where FPS = 20s 1. (B)
One third of the way through a complete scan. (C) Two thirds of the way

through a complete scan. (D) Immediately after a single complete scan.

Two gures are included which were produced by numerical simulation
of scanning FRAP. Figure 3A illustrates the PSF and the raster scan. The
beam traces horizontally from left to right until it reached the end of the
right boundary of the imaged region. Then the laser intensity is set to 0

and the beam retraces diagonally to the next scan line. This process repeats,

11
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forming a sawtooth wave, until the beam reaches the bottom right, from
where it retraces back to the top left diagonally and repeats. In gure 3B
we can observe the effect of scanning photobleaching. When the beam is
outside of the de ned bleach region, the laser intensity is set to 0. The
resulting bleaching pro le is not perfectly square, but slightly rounded due
to the effect of the convolution with the PSF, as indicated by formula ( 10).
Figure 3C is similar, except that the distance between the scan lines is greater
than the diameter of the beam, leaving gaps in the post-bleach prole. In
gure 3D, despite the fact that the bleach region is square, diffusion during
photobleaching drives the post-bleach pro le towards circular symmetry.
Figure 4 shows the process of photobleaching according to an arbitrary
image mask during a single scan. The image is produced by varying the
laser intensity as it scans across the sample, based on position. Whenever
the beam is centred on a point at which the image mask 4A is white, the
intensity is set to 0. This means that only the black pixels in 4A are “written'
into the sample. This shows how photobleaching of an arbitrary image may
be conducted, as well as the distortion of the image by convolution with the

PSF (gure 4B-D) as predicted by equation (10).

1.2 frap mathematical analysis

The earliest FRAP experiments involved the use of a static laser beam to
investigate the lateral diffusion of proteins in biological membranes [ 32-3§].
Naturally, the earliest quantitative FRAP studies were based on models of
diffusion in 2D domains. With time, however, both FRAP experimental
practice and FRAP modelling grew in scope and complexity. The introduc-
tion of the confocal scanning laser microscope in FRAP enabled the use of
spatio-temporal information, while early studies had used only temporal
information. Whereas early experiments had been focused on at mem-
branes, the application of FRAP to voluminous cellular compartments, such

as the cytoplasm and the nucleus, necessitated the development of new 3D

12
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FRAP models. Additionally, models were developed to incorporate other
processes, such as binding kinetics. In this section we review the origin of
quantitative FRAP modelling, and its subsequent development, with refer-

ence to a collection of signi cant examples.

1.2.1 Diffusion

To begin, we will consider models of "Fickian' diffusion. It is assumed that
protein mobility is solely due to diffusion, which can be described by Fick's
second law,

Tw

oo 2w. (12)

Axelrodet al., 1976

The earliest quantitative study of FRAP was published by Axelrod et al. in
1976[29]. It assumes the protein is mobile in an in nite 2D plane with radial
symmetry about the origin, hence

w

1
W rﬁ , 13

where r is the distance from the origin. The FRAP experiment is split into

r 2w =

1
r
three phases: a pre-bleach phaset 2 (¥, T), a bleach phase,t 2 [ T,0),
and a post-bleach observation phase|[0,¥ ).

It is assumed that the protein has reached homogeneous equilibrium be-
fore the beginning of the experiment; for t < T, w(r,t) = weq. Itis further

assumed that diffusion during the bleach phase is negligible, so that

w _
ﬁ(r,t) = al(r)w(r,t), (14

13
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fort 2 [ T,0). Although I(r) is strictly speaking an Airy-disk (formula ( 1)),
this results in a system which is not amenable to analysis, so Axelrod et al.

model the intensity distribution as a Gaussian function,

() lge 2107, (15)

A Gaussian function is a reasonably good t to the real intensity distribu-
tion (see gure 2); however, for several reasons, the nominal radius of the
Gaussian beam,r, is greater than the optical resolution of the microscope.
First, the light contained within the high order diffraction rings causes more
photobleaching far from the origin than a Gaussian function would predict.
Secondly, saturation effects (see equation b)) result in less bleaching close
to the origin. The combination of these two factors have the effect of atten-
ing the best- t Gaussian pro le [ 64,66]. Additionally, membrane curvature
tends to expose more bleachable surface area, creating a larger effective
bleach region [99]. Becauser, is hard to predict, it is best to take it as a
tting parameter.

Solving (14) with a Gaussian laser pro le ( 15) implies that
w(r,0) = wegexp( al(r)T) = weqgexp  Ke 2% v} (16)

where K = aTlg is considered to be the bleaching depth. Next comes the re-
covery phase for t 2 [0,¥ ) during which it is assumed that photobleaching
is negligible so uorescent protein dynamics can be modelled by Fick's law
(12). It is assumed that the domain has in nite spatial extent, so that the far

eld conditions,

lim, w(r,t) = weq, 8t2R, 17

apply, which closes the model. This assumption is clearly appropriate
if the membrane is much larger than the bleach spot, but not otherwise.
Axelrod et al. then solve the diffusion equation ( 12) subject to the far- eld

condition (17) and the initial condition ( 16). The solution, w(x,y,t) is given

14
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by the product convolution of the initial condition with the Green's function

for 2D radially symmetrical diffusion,

Zy Zy
w(x,y,t) = . ¥W(xo,yo,O)

1 (x x9%+(y y9? 0
4pDt P 4Dt dxy’
(19

Axelrod et al. evaluate (18) to obtain and expression for w. The uores-
cence recovery curve is then the product convolution of w with the laser
intensity, according to ( 7). Of course, the intensity, |, is assumed to be Gaus-
sain, in accordance with (15). The resulting recovery curve may be written

as a series,

¥ ( K)n

AR = A i 2 o))

(19)

where iy = limy y F(t) and

2
r
tp = =N,
SEVTH

The authors also considered a uniform circular disk model of laser intensity,

8
214
olf r rp,
(= (20
- 0ifr> rp.

In this case, they obtained another series solution,

FH Rh_y tTDexp 2o lo 2o + 1 2o (21)
s ( D'(2n+ 2)!(n+ 1)!(tp/ t)"*?2

vea (n)2[(n + 2)1]2 ’

where iy = F(0), and Iy and |, are modi ed Bessel functions of the rst

R R

kind. Note that ( 19) is semi-normalised (it asymptotically approaches 1 as
t! ¥)while (21) is fully normalised (it both approaches 1 and equals to O
att = 0).

By tting the recovery formulas ( 19) or (21) to empirical data, estimates of

the diffusivity, D, can be obtained from which inferences about molecular

15
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mobility may be made. Naturally, the model of Axelrod et al. has some
limitations. Due to the assumption of an in nite domain, it works only for
bleach spots much smaller than the membranes under investigation. Be-
cause of the assumption of instantaneous photobleaching, it works only for
slow-diffusing proteins. It also fails to account for photobleaching during
the observation phase of the experiment. Nevertheless, it is the seminal
quantitative FRAP study and, as we will see in the remainder of the section,
many of the more sophisticated models which have since been proposed are

in fact generalisations of this original model.

Soumpasis1983

One minor drawback of the analysis of Axelrod et al. is the expression of the
recovery curves in terms of in nite series. Starting from identical assump-
tions, Soumpasis was able to derive an analytically closed expression for the
recovery curve [30]. Assuming a uniform disk laser pro le, (  20), Soumpasis
derived the following expression for the fully normalised recovery curve,

F(t) R 2tp 2tp 2tp

—  _— = — g — +1; — 22
exp 0 1 (22

R R t

where g and |, are modi ed Bessel functions of the rst kind. Formula
(22) is tidier than the in nite series of Axelrod et al. However, in practice,

the asymptotic expansion,

¢ 4 1 (4n? 1)(4n? 9
n(@=Pos 1 gt 21(82)2 o

is necessary to compute F(t) for small values of t, so the problem of using

(23

in nite series is not totally avoided. Much like the model of Axelrod et al,

generalisations of (22) are featured in much subsequent model analysis.

16
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1.2.2 Scanning FRAP

In section 1.1.4 we discussed how scanning FRAP differs from conventional
static FRAP in that the laser scans repeatedly across the target sample.
This process of repeated scanning typically takes several seconds, during
which time there may be non-negligible diffusion. Applying the conven-
tional FRAP models of Axelrod et al. and Soumpasis, both of which assume
no concurrent bleaching and diffusion, to scanning FRAP yields underes-
timates of D, with the degree of the underestimation dependent upon the
bleach spot size and scan time 35-47].

Strictly, it is necessary to solve the combined bleaching-diffusion equation,

%V(HF Dr 2w(r,t)  al(rw(r,t), (24)

but this has no known analytic solutions for general 1(r). To apply conven-
tional FRAP theory to scanning FRAP, it is therefore required to make some

phenomenological assumptions.

Kanget al., 2009

One method, provided by Kang et al.[48], is a modi cation of the conven-
tional theory of Axelrod et al. All model assumptions are identical except
that, to account for diffusion during the bleaching phase, the model as-
sumes that the sample is instantaneously bleached by a laser of radius re,

the effective radius,
lerr(r) = loe 2777%. (29
The initial conditions of the recovery phase are then

w(r,0) = weqexp Kee 27T (26)

The approach from this point is similar to Axelrod et al The diffusion equa-
tion (12) is solved subject to initial conditions ( 26) and far eld condition

(17). This amounts to an experiment in which the sample is bleached with a

17
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laser of radius re and then imaged with a laser of radius ry, as per (15). The
resulting recovery curve is

FO - 3 L

F na:IO ni(1+ n[(rn/ re)+ 8Dt/ rg])’ (27)

Satisfyingly, (27) exactly coincides with the series solution of Axelrod et al.

(19) in the case wherere = r,. Further, (27) can be rewritten more concisely

as
F(t)  z
R ﬁg(z,K), (29)
where
1
Z= 2t o ra’
ot 2
and
Zy

g(z,K) = x? le Xdx,
0

is the incomplete gamma function.

The main advantage of this model is that it is a conceptually simple gen-
eralisation of established theory. The effective radius, re, can easily be deter-
mined by tting ( 28) to the rst post-bleach frame, using spatial information
provided by the CSLM. Although spatial information is available (and, in-
deed, required to t rg), it is not utilised for the purposes of tting the
diffusion coefcient, D, as the recovery curve formula (27) involves only
temporal data. It is arguably a disadvantage of the method of Kang et al.

that it under-utilises data in this way.

Jonassoet al., 2008

An alternative approach, which does utilise spatio-temporal information, is
the model of Jonassonet al.[49]. The authors make no assumptions about
the shape of post-bleach prole. Instead, they reason that diffusion will
eventually blur the distribution of unbleached molecules until a Gaussian

concentration pro le develops. Let the time at which this occurs be t =0

18
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and suppose that the concentration pro le at that time is wg, a Gaussian
function of radius rg, i.e.
!
r2

a
wo(r) = & r—iexp = 29
0 0

where ay, & and rg must be obtained by tting ( 29) to data. Solving the
diffusion equation ( 12) with initial conditions ( 29) yields,

|
q r2

—————eXp 30
rd+ 4Dt P rd+ 4Dt =9

w(r,t) = ag

Fitting ( 30) to data yields an estimate of the diffusivity coef cient, D. This
method has its own disadvantages, however. Most signi cantly, information
before t = 0 is discarded, which is a problem because early time data are
actually more characteristic of a diffusive recovery [ 48] so we might expect

this method to produce less accurate estimates of D than other methods.

123 3D FRAP

Over time, researchers became increasingly interested in the use of FRAP to
investigate protein mobility in cellular compartments such as the cytoplasm
[50-53], the nucleus [51-54], and also extracellular media [ 55-59]. Within
these media, unlike membranes, proteins have genuine three dimensional
mobility, and so three dimensional FRAP models were required. One of
the problems of adapting FRAP modelling to three dimensional space is
to describe mathematically the three dimensional intensity pro le of the
confocal laser. If the optical equipment has large numerical aperture, out of
focus light above and below the focal plane forms a conical shape which is
dif cult to deal with analytically [ 60], and to our knowledge, no modellers
have attempted to do so.

There are two common methods to approximate the 3D intensity pro le,
given a small numerical aperture. The rst method assumes that the light

is highly columnar, so that the beam has approximately uniform intensity
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throughout the depth of the sample. If this is the case, the intensity distri-
bution is approximately cylindrical and totally penetrates the sample in the
axial direction. Hence the concentration gradient of bleached molecules is
entirely radial, and there is no net axial transport of uorescent material, so
a 2D model is applicable [61,62)].

In the second case, it is assumed that the high intensity light is somewhat
constrained to the focal plane, so that photobleaching creates a concentra-
tion gradient of uorescent material in the axial direction (as well as the
radial direction). In this case, there is genuine 3D diffusion. It is common
practice to model the intensity distribution phemonologically as radially
and axially Gaussian [43,61], so that

2 2

4+
Rz

I(r,z) = lpexp 2 (31

To be clear, the Gaussian function (31) is used mainly for reasons of analytic

convenience.

Blonket al., 1993

An early example of a three dimensional FRAP model (as well as the earliest
scanning FRAP model) is Blonk et al.[43]. Despite seeking to describe scan-
ning FRAP, this model actually assumes that the bleaching beam is static
and that diffusion during the bleaching phase is negligible. Hence the post-
bleach pro le is

r2 2

w(r,z,0) = weqexp( aTl(r,z)) = weqexp Kexp 2 E-F :—%
(32
It remains to solve the diffusion equation ( 12) subject to initial conditions
(32). This model utilises spatio-temporal data, so it is required to take the
product convolution of the concentration, w(r,z,t) and the point spread

function, 1(r,2z).
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The authors assume that the uorescent emission is observed via a de-
tector with a cylindrical space window centred in the focal plane, of total
height 2Dzy and radius rg. Note that ro and Dzy are not the same asr,, and
zn in general, as the laser and the imaging apparatus may have different

optical resolutions. The visible uorescent light intensity is given by

Z ro Z 2p z Dz,
f(r,zt) = 1(rOw(r %z Zt)rUrYglL (33
0 0 Dzo
Blonk et al. obtained explicitly an expression for f, but it is omitted here
for the sake of space. The expression readily simpli es, however, in the limit

ro,Dzg! ¥, which is valid in the case of a fully open aperture,

f(r,zt) _ ¥ ( K)Me 2ng2/ (Zam) e 2mr?/ (r2bpm) a9
f ) ma:.O m! Pa bm ’
where
2t 72
an=1+m 1+ = , t,= -,
" t, ' 27 4D
and

2t
bm= 1+ 1+ — |, tp= -,
m m o TS

While this is a signi cant early example of scanning FRAP modelling, the
assumption of a static bleaching beam in scanning FRAP is highly unrealis-

tic.
Braeckmanst al., 2003

A subsequent model by Braeckmans et al. explicitly incorporates CSLM
scanning effects in both bleaching and imaging [ 61]. The model assumes
that the extent of diffusion during photobleaching is insigni cant. Braeck-
mans et al. began by considering a single line scan, then extended their

analysis to show that, in general, the post-bleach pro le is

a
wW(X,Y,0) = WeqgeXp ﬁK(x,y,Z) , (35

21



1.2 frap mathematical analysis

where c is the scanning speed and Dy is the spacing between scan lines.
The bleaching function, K(x,y, z), is the product convolution of the bleach
region geometry B(X,y) with the laser intensity,
ZZ
Kxy.z)= B~ 1= BOOY)I(x x0y yizdxUy’ (36
R
Recall that B(x,y) is the pre-programmed intensity of the beam at position

(x,y). The authors assume thatB is a uniform disk of radius ry,

8
21ifr Mo

B(r) = 37)
= 0ifr>ry.

If ry rh then the laser can be considered to have negligible radius, in

which case it is approximated by the Dirac delta function,

1(x,y,2) = lod(x,y)e 2%, (38)

By the sifting property of the Dirac delta function it follows that

8
e ZAifr 1y,
K(r,z) = S (39
- 0ifr > ry.
The bleaching depth, Ky is de ned as

alg

Ko= —. 4
Dy (40)

In the case of a fully open aperture, the uorescence recovery curve is

F(t) s ( Ko™ to 2tp 2tp 2tp
—2 =1+ S pr- 1 Zexp — 1y =/ +1; =2 ,
¢ nil m!" am P t 0 1
(41)
where
2t 72
=1+m 1+ — = -0
am tz ) tZ 4D

The similarity to Soumpasis model (the term involving zeroth and rst

order modi ed Bessel functions of the rstkind, Igand I;)is aconsequence
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of the similar assumption of bleaching a uniform disk. The assumption of a
Dirac delta PSF simpli es the analysis, yet the approximation is valid only
if the radius of the bleach spot is at least 10 times greater than optical reso-
lution [ 44]. However, the model assumes that space is in nitely expansive
So it requires the bleach spot to be much smaller than the object being in-
vestigated. Consequently, the range of length scales over which the model

is valid may be rather limited.

1.2.4 Multi-photon excitation

We have seen models that incorporate 3D protein mobility, but so far they
have all been concerned with 2D bleaching and imaging, which is a lim-
itation of single photon excitation FRAP. Genuine 3D imaging is possible
using multi-photon excitation. Multi-photon excitation is similar in prin-
ciple to single photon excitation except that the uorophore must absorb
the energy of two or more photons, potentially of different wavelengths, to
enter an excitation state [67,68].

In single photon excitation there is always substantial bleaching above
and below the focal plane. In multi-photon excitation, the volume of exci-
tation (hence of photobleaching and uorescent emission) is more closely
con ned to the focal plane [ 60]. In this section we review some examples of
fully three dimensional FRAP modelling which utilise multi-photon excita-

tion.

Mazzaet al. 2008

We begin with the multi-photon excitation model of Mazza et al.[63]. As-
suming that a uorophore must absorb the energy of n photons simultane-
ously to enter an excitation state, then the local rate of photobleaching is
not proportional to the local intensity, 1, but rather the n-th power of the

intensity, 1.

23



1.2 frap mathematical analysis

Mazza et al. allow for the possibility that the laser light is pulsed, but they
assume that photobleaching is effectively instantaneous compared with dif-
fusion. Under these assumptions, the rate of photobleaching is proportional
to the time average of |I" during the bleach phase,

140
hi"(r,2)i = T o 1"(r, z, t)dt.

It remains to determine the functional form of the time average n-photon
intensity, hi"i. Empirical studies suggest that hi"i is well-approximated by
a Gaussian function, even for a system with large numerical aperture [ 60].

Hence we can set

. . r2 2z
hi"(r,2)i = higiexp 2 —+ & (42
ren Zen

where ren = ref P nand zen= z/ P n are the effective radial and axial resolu-
tion of the n-photon beam.

As with the model of Braeckmans et al, we suppose that radius of the
bleach spot radius is much greater than the optical resolution of the micro-
scope, so that the point spread function has effectively negligible radius and
can therefore be approximated by the Dirac delta function. In this case, we
have

h"(r,2)i = higid(x,y)e 2 %n, 43

The post-bleach intensity is given by,
_ an
W(X,Y,2,0) = WeqeXp —nchK(x,y, z) (44

where a, is the n-photon sensitivity of the uorophore and K(x,y, z) is the
bleaching function. Note that ( 44) is a generalisation of the initial conditions
of Braeckmans et al. (equation (35)). The bleaching function K(x,y, z) is the
convolution of the bleaching geometry B(x,y) and the average intensity

hi"(x,y,z1t)i (i.e.the Dirac delta function as in ( 43)),

Yy
K(x,y,z) = B~ hi"i = 2B(xo,y()hlr‘(x xOy vy 2)idxly® (45
R
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Mazza et al. assume that B is a uniform disk of radius ry, as in (37). The

bleaching depth parameter is

_ @n

Suppose uorescence recovery is observed using m-photon excitation.
The m-photon intensity prole, |™M, is assumed to be Gaussian with radial
and axial resolution rg,, and zy,, respectively. Note that these are differ-
ent because intensity saturation effects tend to atten the bleaching laser
intensity [ 62-64]. The observed uorescence intensity may be written in

cylindrical coordinates as,

. #
f(r,zt) s ( Kb)  Zen iz2
— 77 =1 1 L — ex 2——— 4
fy a7 Z+sbt P “zZ,% 8Dt 40
Z 0
1 2 T T Q2 re
—ewm e milg — drd
2Dt 0 ° 2Dt

Equation (47) can be used to predict the uorescent concentration at each
point (r,z), although this does require numerically approximating the in-
tegral, which cannot be evaluated exactly. It is also possible to derive a

uorescence recovery curve for this model, which is

( Kion) Zen 2tp 2tp 2tp
il ZzZ,+ 8iDt

1 et 1, 2P 4+, £B
0 X T

(43

Deschoutet al., 2010

All of the models we have so far considered require radially symmetric
bleach geometries. The model of Deschoutet al. is distinct in that it requires
a rectangular bleach region. It is also an example of a confocal model which
does not assume Dirac delta PSF, and so it remains a good approximation

for bleach regions of smaller length scale than previous models [ 65].

25



1.2 frap mathematical analysis

The bleaching function, K(x,y,z) is de ned identically to equation ( 45),
the product convolution of the intensity prole  hi"(x,y,z)i and and image
mask B(x,y), a rectangle of dimensions Iy ly,

8

210 (x,y) 2 [ 1./2, 1/2 /2, 1,12

B(x,y) = (x,y) 2 [ Ix 2] [ y y ] (49
>
- 0 otherwise.

The PSF is once again assumed to be radially and axially Gaussian as in
(42). For simplicity Deschout et al. assume photobleaching to be a linear (as

opposed to exponential) process, so that the post-bleach pro le is

W(X,y,2,0) = weq 1

ncD K(x,y,z) . (50
Equation (50) is the linearisation (i.e. the Taylor expansion truncated to
rst order) of ( 44) which is a valid approximation if the amount of photo-
bleaching is fairly limited.
Observations are made with m-photon excitation. The image of the sam-
ple is the product convolution of the uorescent concentration and a Gaus-
sian function with radial and axial resolution, ry and z4. The resolutions of

the multi-photon PSF are ryy, = rqy/ P m and zgy, = zg/ P m. The bleaching

depth is
Ko= P20 pneo,0,0i "¢ ° (51)
0~ 2ncDy n -
It is convenient to de ne the quantities,
2 2 2 2
2 - Tam* Ten > _ Zim* Zn
m,n 2 ’ m,n 2 -

The uorescence intensity is given by

f(x,y,z,1) _ _, Koz 1 z°

P T E()Fx(Y),
fy 2Pz vt P zovapr W)
(52
where 5 0 1 0 13
X+ 14/2 X 1x/2
Fu(X)= derf@g—— X A  erf@g—_X= A5, 53
ran+ 4Dt ran + 4Dt
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and 2 0 1 0 13
+ 1y/2 Iy/2
Fy(y) = 4erf @q YT A ef@ql Y A5 (54)
ra,+ 4Dt ran+ 4Dt

The error function, erf (x), is de ned as

2 Z x @
erf(x) = p— e X dx°
p o
Equation (52) can also be reduced to two dimensional FRAP. In this case,
there would be single photon excitation so m = n = 1. Also, z = 0 and
Ze! ¥, leaving

f(x,y,z,t) _ Ko
ST =1 PROF). (55)

This model has many appealing features: being pixel-based it allows t-
ting with spatio-temporal information, it works even for small bleach re-
gions close to the optical resolution limit, and it is analytically closed. Ar-
guably the most signi cant disadvantage is the assumption of instantaneous
photobleaching. In gure 3D, we saw the post-bleach pro le after bleach-
ing material with diffusivity D = 1 nms ! for 1 second was almost entirely
radially symmetric and could in no way be tted by a rectangular function
(50). Yet GFP in cytosol has a much greater diffusivity of approximately 30
mms 1[70]. This suggests that the rectangular bleach region model is appro-

priate only for very short bleaching times or for slow-diffusing molecules.

1.2.5 Reaction-diffusion

FRAP is not limited to pure diffusion problems, it can also be used to study
protein reaction kinetics. The simplest and most widely considered case is
that of a single reversible reaction in which a protein, A, associates tran-

siently with a binding partner, B, to form a complex C,

A+B)E C.
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The law of mass action implies that, in a well-mixed system, the concen-

trations of A, B and C evolve according to

2= nIBl+ K (C]
©= KIAlB+ K [C], (56)
- dlel -+ [AlB] k [C].
Suppose that protein A is tagged with a uorophore. Let u be the concen-

tration of unbleached A, which has diffusivity D, and v the concentration

of unbleached C with diffusivity Dy. Then, for u and v we have,

21{#: ktu+ k v+ Dyr 2u,
(57)

>
"=+ ktu Kk v+ Dyr 2y,

where k* = k* [B]. Note that, since B is not tagged, it contributes nothing

to the uorescence recovery and so does not appear in equation (57) except
as a factor of k" . Equation (57) has appeared widely in many FRAP studies,
some of which consider the binding partners to be immobile ( Dy, = 0) [69-

74] and others that allow D, > 0 [75-78]. The total uorescence is given by
W= u+v, (58)

while the equilibrium concentrations are

+

Ueq = Wweq, Veq = Wweq- (59

Spragueet al., 2004

One of the most widely cited studies of reversible binding kinetics isa 2004
paper by Sprague et al.[70]. The authors assume that the protein complexes,

C, are immobile, hence D, = 0. Analytically closed solutions to ( 57) are not
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available, but a possible approach is to take the Laplace transform, which is
de ned by

Zy
Lfgg=  g(t)e S'dt, (60)
0

for a function g. It is assumed that there is a uniform bleach spot of radius

rh, hence the post-bleach conditions are

8
21ifr M,

w(r,0) = S (61
- 0ifr>rq,

along with u(r,0) = ueqw(r,0) and v(r,0) = veqw(r,0). This approach di-
rectly yields the fully normalised recovery curve F (t) which satis es F(0) =

O and limy y IE(t) = 1. The Laplace transform of Fis

L Fa9= & Yk (rap(9) 1(rp(9)] 1+ 5 Veq
g(s) = s s irnp 1(rnp st K 1+ Kk
(62
where
S
k+

This model has several limiting assumptions, most obviously instanta-
neous photobleaching. Additionally, the model works only for bleach spots
of radius much greater than optical resolution due to the absence of convo-
lution with the PSF.

Kanget al. 2010

Kang et al. also published a reaction diffusion model which was a gener-
alisation of earlier work on pure diffusion [ 76]. It makes several technical
improvements on the model of Sprague et al: it allows for protein redistri-

bution during photobleaching and includes mobile binding sites. As with
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the pure diffusion model of Kang et al. (2009) 48] it is assumed that the

post-bleach pro le is
(63)

w(r,0) = wegexp Ke "%

where K and r¢ are taken to be tting parameters. The authors have derived

the following uorescence recovery curve,
(64)

+ t
F(t) = Uege K 'F (Dut) + vege K 'F (Dut) + ————1I (1).
Dy Dy
The various functions and constants included in ( 64) are de ned as fol-

Pk
(Fu(s t) + R(s t))F (st)ds,

lows:
Zp,dt st
(= K-+ K
I_kJ“DV k Dy m_k+ k
- Dy Dy ' Dy DY
S S ! p !
2t k*k ,(Dy 9s)(s Dy)

s Dy Dy s
st)= k + k |
R(s1) D, s s D, D, Dv

p !
P 2 Kk (Ds 9(s Dy
F2(S,t)— 2 ktk Ig D, Dv

The function F is the solution to the pure diffusion problem with diffu-

sivity s,
¥ n

F(st)= & :
(s) n{::10 n!(1+ n[(rn/ re)2+ 8st/ rl])
Quite apparently, the major disadvantages of this model are its complex-

ity and lack of analytic closure.

1.2.6 Reaction-diffusion approximations

Due to the complexity of the reaction-diffusion model, it is often prefer-
able to consider simplifying limiting cases, which have been provided by
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Spragueet al.[70]. Note that the time scale of diffusion of unbound molecules
across the bleach region istp, = r2/ (4D,). Similarly the average time be-

tween binding reactions is t,+ = 1/ k*. Therefore the dimensionless ratio,

Dy
h= 4,
ktr2

is a measure of the mobility. The larger h, the greater the distance a protein

(66)

can be expected to travel between binding events. Simplifying approxima-

tions may be applied if h is either extremely large or extremely small.

Reaction limited recovery

In the limit h ! ¥ the unbound protein is highly mobile so that the un-
bound fraction of protein (of concentration u) reaches equilibrium quasi-

instantaneously. Hence (57) becomes

8
2y= Ueg;
S (67)
) 11-[[—\':/: k+u€q k VvV = k (Veq V)
System (67) can readily be solved to obtain
F
% =1 vege © L (69)

We will give this simple exponential model greater consideration in sec-

tion 1.2.7.

Effective diffusion recovery

In the opposing case, h ! 0, reactions occur far more rapidly than diffu-
sion, hence the system rapidly converges to local chemical equilibrium at
each point in space so thatu(x,y,z,y) = UeqW(X,Yy,zt) and v(X,y,z,y) =

VeqW(X,Y,2,t). Taking the sum, 1¢ + I = ¥ yields

w
1‘1ﬂ_t = UegDul W+ VeqDyl' 2w = Degg 2w. (69
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According to ( 69), the system closely resembles a pure diffusion model with

effective diffusivity,

k" Dy+ k Dy

kt + k ’
which is a generalisation of the notion of effective diffusivity derived by
Crank [274].

Deg = (70

1.2.7 Exponential models

Arguably the simplest recovery curve models are the simple exponential
model [79]

F(1)
R
where A is a constant andt is the time scale of the recovery (both of which

=1 Ae (7)

can be determined by tting). The exponential model can be generalised
to [80]

FO - aAe“ti

F¥ i=1

where A; is a constant which determines the size of the contribution of

(72)

mode i to the recovery and t; is the time scale of the recovery of mode i.
Though useful, analytical FRAP models can be somewhat complicated
and tend to have rather speci c assumptions. It is perhaps not surprising
that experimentalists have often preferred simply to analyse their data with
the exponential formula [ 81-89]. As we saw in section 1.2.6, the exponen-
tial model is a perfectly reasonable approximation to a reaction-diffusion
system with rapid diffusion, yet it is often applied to pure diffusion sys-
tems [90]. It is not obvious that this practice is theoretically justi ed, as
the exponential formula (72) is not the solution to the equations which
model pure diffusion uorescence recoveries. Furthermore, it is common

to assume that the number of exponential components required to t the
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recovery curve is the number of modes contributing to the uorescence re-
covery [91-95] even though this is not necessarily the case and in fact it is
not strictly speaking possible to t a purely diffusive recovery (which would
have only a single mode) with any nite number of exponentials [ 99].
Nevertheless, Taylor et al. [90] have provided a mathematical basis for
the use of exponential formulas to model pure diffusion. If the diffusion

eqguation is solved on a disk of radius ry, using initial conditions,

8
2 Oifr<rp,

w(r,0) = (73
) Weq |f r= 1,

and Dirichlet boundary conditions

w(1,t) = Weg, (74)
then the radially symmetric concentration pro le can be written as an in -
nite series,

wirt) -, & 2b(@n) 2o

Weq me 1 @mrnJi(amrn)

, (75

where an, are the solutions to Jy(rnam) = 0. Integrating over the disk yields

the recove ry curve.

F(t) -1 3 4 e a,ant_

R rgl(amrn)z

Truncating (76) to N terms yields the multi-exponential recovery curve ( 72).

(76)

1.2.8 Numerical model analysis

One of the weaknesses of the analytical approach is the lack of solutions
to the bleaching-diffusion equation, which makes it technically impossi-
ble to account for diffusion during photobleaching and forces modellers

to make potentially unphysical assumptions about the post-bleach pro le.
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Furthermore, analytical models typically do not directly account for unin-
tended photobleaching caused by imaging during the recovery phase. A
workaround is to normalise the recovery curve prior to analysis which can
be approached in several ways. One way is to perform preliminary control
experiments [73,96], imaging a sample without any prior photobleaching,
then recording the loss of uorescence. Alternatively, one can measure the
intensity drop in an external control region during the main experiment[ 61].
In either case, the recovery curve is normalised by the control intensity
to account for passive photobleaching, though neither method is perfect.
The former method fails to account for intensity uctuations during the
main FRAP experiment, while the latter method may introduce additional
stochastic noise. Further, due to the potential presence of an immobile frac-
tion, one cannot reliably make simple linear adjustments to the recovery
curve, complicating the normalisation process [ 97].

Another signi cant, though unavoidable, limitation is the assumption of
in nite space. This is essential because otherwise the exact solution cannot
be derived from the product convolution of the initial post-bleach conditions
with the Green's function. However, an in nite model necessarily fails to
take into account cell geometry and boundary effects, which can introduce
signi cant errors in parameter estimation [ 98,99].

Numerical methods do not suffer from these limitations. For example,
Braga et al. proposed a model of FRAP in the cell nucleus; a reaction-
diffusion model which approximated the nucleus as a circular domain with
homogeneous Neumann boundary conditions [ 75] (even this quite simple
system cannot be solved analytically). Furthermore, numerical models can
theoretically attain any level of biological realism (albeit with concomitant
computational cost). Numerical models have been proposed which can
handle anisotropic diffusion [ 100, inhomogeneous distribution of binding
sites [72], simultaneous bleaching and diffusion [ 101, 102 and arbitrary

photobleaching pro les [ 104. Numerical software, such as Virtual Cell or
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PyFRAP, can handle arbitrary cellular geometry [ 106, including tortuous
effects exerted by obstacles 109.

A very comprehensive model for the raster scan motion of the laser dur-
ing bleaching and imaging was published by Erdel and Rippe [ 103 in 2012
However, their approach requires computation times of several days for a
single parameter set. More recently, a 3D computational FRAP model that
incorporates particle diffusion, cell boundary effects, and the optical proper-
ties of the scanning confocal microscope, and which utilises general purpose
computing on graphics processing units to reduce run time, was proposed
by Kingsley et al.[99]. Besides deterministic FRAP models, there also exist
stochastic approaches that track the diffusion and interactions of individual
molecules and can be “solved' using Monte Carlo methods [107,109.

While the advantages of numerical models are clear, disadvantages in-
clude the increased computational cost of parameter tting and the require-

ment of dedicated programming to implement numerical methods.

1.2.9 Integral transform methods

It is not always necessary to compute solutions to the diffusion equation
explicitly. Numerous FRAP parameter tting protocols exist which use in-

tegral transform methods, such as the Fourier transform [ 110, the Hankel
transform [ 111], or the Laplace transform [ 70]. Taking the Fourier transform

of the diffusion equation results in [ 110

dw ~
Gr(Pat = 4p7D(p"+ d)W(p.q 1), (77
where p and q are the spatial frequencies. Being a linear ordinary differen-

tial equation, (77) is straightforward to solve,

W(p,gt) = W(p,g0)exp 4p?D(p*+ )t . (78)
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Equation (78) can be rearranged in terms of D to give

— In(W(p, q’tZ)/ W(p1 qytl))
dp2(p?+ @) (t2  ta)
for any times t; and ty, t, > t;. The Fourier transform is a rather sim-

(79)

ple and elegant method to obtain an explicit formula for D which has the
highly desirable quality of being independent of the initial post-bleach dis-
tribution of uorophores. Although it is necessary to measure empirically
the distribution of uorescent protein at two or more separate time points,
formula ( 79) does not depend on an exact (or approximate) mathematical
description of the post-bleach pro le. The method is therefore compatible
with arbitrary bleaching geometry, regardless of the extent of diffusion dur-
ing the bleaching phase. However, the authors note that the Fourier method
requires higher signal-to-noise ratio to achieve acceptable precision.
Additionally, the Fourier transform can also be used in numerical mod-
els. Rdding et al. have recently published a reaction-diffusion (with im-
mobile binding sites, Dy = 0) numerical model which is compatible with
arbitrary bleach region geometry using spectral methods [ 117. Spectral
methods generally have exceptional convergence properties compared with

more conventional methods such as nite differences [ 113.

1.2.10 Other uses of FRAP

Active transport models

Active transport has been incorporated into various models of bio-molecular
transport, including neuro lament transport along axons in neurons [ 115
116 motor-driven particles [ 117] and transport in microtubule networks
[118. Nevertheless, it has received far less attention in FRAP studies than
passive transport by diffusion. Nevertheless, an early example of a directed
transport model, concerned with electrophoresis in membranes, was pro-

posed by Axelrod et al. (1976). The model includes simulataneous diffusion
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and directed transport so that the concentration distribution of uorescent
protein, w(Xx,y,t) is
Tw Tw

—_ = 2 J—
= DrAwr Ve (80)

where V is the transport velocity. Assuming quasi-instantaneous bleaching
and an in nite spatial domain, the authors derived the following equation

for the uorescence recovery curve,

F(t) _ g ( K)Mexp 2t% tZm(1+ m(1+ 2t/ tp))
Ry e 0 mi(1+ m(1+ 2t/ tp)) ’

(81)

where ty = rp/ V.

More recently, Ciocanel et al.[119 considered a slightly different model in
which the molecules under investigation switch between an active transport
state and a passive transport state. The dynamics are modelled by a system

of partial differential equations,

8
2 Mu_ylu |+

T = Vﬂy kfu+ k v, 62
?1111—‘{: Dr 2v+ kfu kv,

which is solved numerically.

Anomalous diffusion

We have so far considered only models of normal diffusion. A characteristic
of normal diffusion is that the mean square displacement of the distribution

of particles, has a linear relationship with time,

MSD p t. (83

In reality the macro-molecular cellular environment is crowded and het-
erogeneous [127, which tends to obstruct diffusion. Molecules also undergo
transient immobilisation due to binding events [ 127,128 and hydropho-
bic/electrostatic interactions [ 129 130(. For these reasons, it may be more

appropriate to model protein transport with anomalous diffusion. There is a
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consensus that in anomalous diffusion the MSD scales with time according

to a power law [ 120-125

MSD p t?, 89

which can be achieved if the diffusivity itself is time dependent,

D(t) = Gt 2. (85)

It is worth noting that distinguishing anomalous from normal diffusion
is very dif cult without prior knowledge since in both cases the recovery
curves have similar shape [120 131]. Nevertheless, several FRAP models of
anomalous diffusion have been proposed over the years.

One deterministic approach, which was taken by Lubelski and Klafter
[137, is to use a fractional diffusion equation which is consistent with
the power law (84). There are also stochastic models of anomalous diffu-
sion, which can be implemented computationally using Monte Carlo meth-
ods [133. Another approach, taken by Kang et al.[135 is to make no as-
sumptions about the precise nature of the time dependence of the diffusivity
coef cient, and instead to model D as an unknown function of time. Adapt-
ing a simpli ed equation to extract diffusion coef cient from FRAP data
derived in previous work [ 134, the authors show that the time-dependent

anomalous diffusivity equation is approximately

_Tetr KA (R F(0)
e IO L

where ry is the nominal radius of the Gaussian bleaching prole and reis

(86)

the effective radius of the post-bleach pro le which must be determined by
parameter tting, and F{t) can be determined by numerical differentiation
of the recovery curve. In this way, assumptions about the time-dependence

of the diffusivity are avoided.

38



1.3 fluorescence loss in photobleaching

1.2.11 Complications

Having considered the theoretical aspects of FRAP, we will conclude this
review by brie y discussing the effects which can complicate the procedure
in practice. To begin with, emitted light will be attenuated as it passes
through biological material above the focal plane before it can reach the
detector apparatus. This is especially true if the emission wavelength of
the uorophore is close to its optimal absorption wavelength, since then
photons emitted from urophores within the focal plane will be absorbed
by urophores outside of the focal plane. Even if this leads to subsequent
photon emission, the emitted light will be out of focus. This effect, known as
inner ltering, is a well-document complication in uorescence microscopy
[136,137).

Reversible photobleaching is another complication. The energy absorbed
from a photon causes a uorophore to enter an excitation state in which
it can react chemically with other molecules in its surroundings. These re-
actions, which are the cause of photobleaching, may actually be reversible
[138 139. In this case reversible photobleaching will accelerate the uores-
cence recovery, causing overestimation of the mobility of the molecule under
investigation. Conversely, the tagged protein of interest may oligomerise to
form larger molecules. GFP and several other uorescent proteins have
been demonstrated to oligomerise at high concentrations [140. As dimers
and oligmers have greater mass than monomers, this process reduces the

observed mobility of proteins in FRAP.

1.3 fluorescence loss in photobleaching
Fluorescence loss in photobleaching (FLIP) is a uorescence microscopy

technique which is distinct from, though closely related to FRAP. FLIP can

also be performed with a CSLM, and FLIP and FRAP are often used in con-
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junction [ 141-143. In FLIP, a target region is photobleached repeatedly, and
the loss of uorescence in a separate reporting region located elsewhere in
the cell is monitored [ 141, 144,145. Bleaching in one cellular compartment
(for example, the nucleus, the cytoplasm or an organelle) causes a loss of
intensity in one or more adjacent compartments, which is evidence of trans-

port of the target protein between them [ 21,144 146.

Figure 5: An idealised example a FLIP experiment showing the total intensity of uores-

cent emission in the bleached compartment and the adjacent compartment.

In gure 5 we have included an idealised example of a FLIP experiment.
The uorescence intensity initially declines in the bleached compartment.
This forces the gradient of bleached/unbleached molecules across the sep-
arating membrane between the compartments out of equilibrium, creating
a net transfer of unbleached molecules into the bleached compartment, and
bleached particles out of the bleached compartment. The greater the rate
of uorescence loss in the adjacent compartment, the greater the continuity

across the separating membrane.
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Figure 6: A simpli ed two compartment conception of a cell used in FLIP modelling. The
main compartments are the nucleus, Wy, and the cytoplasm, Wc. The nuclear
membrane, Gy, is denoted by a dotted line, as it is partially permeable. The cell

membrane, G is a solid line, as it is assumed to be impermeable.

1.4 flip mathematical analysis

Compared with FRAP, FLIP has received relatively little attention from
mathematical modellers. Only a handful of FLIP models have been pro-
posed, which can be split into two categories: ODEs [147-149 and PDEs
[150-152. In this section, we consider examples of both of these approaches.
We assume that the cell is formed of two compartments, the cytoplasm and
the nucleus (although FLIP studies of other structures, such as the endoplas-
mic reticulum, exist [ 147)).

Let Wz and Wy represent the cytoplasm and the nucleus respectively.
Further, let Gy be the boundary between the cytoplasm and the nucleus (i.e.
the nuclear membrane) and G- be the outer boundary of the cytoplasm ( i.e.
the cell membrane). By assumption, there is protein ux across Gy, but not
across & which is presumed impermeable. Of course, in reality there may
be transfer of protein between adjacent cells, or perhaps between cells and
extracellular media. These processes could potentially be investigated with

a kind of generalised FLIP experiment; bleaching one cell and monitoring

41



1.4 flip mathematical analysis

the decline of uorescence intensity in its neighbours, but they are neglected
here.

The FLIP model is represented schematically in gure 6. Let w¢(x,t) be
the uorescent concentration at position x and time t in W, and wp(x,t) be
likewise for W,. We can also de ne the total masses of uorescent protein
in each compartment as follows:

4 4
We(t) = " we(x, t)dV,  Wp(t) = w wn(x,t)dV.

n

141 ODE modelling

The simplest FLIP model involves linear ordinary differential equations.
This approach assumes that the transfer of molecules between cellular com-
partments will generally evolve over a much slower time scale than molecu-
lar redistribution within compartments. Hence the redistributive dynamics
within compartments can be neglected and the total concentrations, W(t)

and W, (t), will evolve according to a system of ODEs [ 148 149

8
AWe = We+ k (Wh  ko(t)We,

(87)

>
T ah = kW k (W,

where k; and k ;1 are the aggregate cross-membrane transport rates and
ko(t) is the time-dependent rate of bleaching. The simplicity of this model
is both its most signi cant strength and weakness, in different respects. It is
straightforward and computationally economical to t (  87) with experimen-
tal data to obtain estimates of k; and k ;. Yet these transport rates give only
a general idea of inter-compartmental continuity, and reveal nothing about

the mechanisms which underpin cross-membrane transport.
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1.4.2 PDE modelling

Systems of partial differential equations (PDEs) can model FLIP in greater
detail than ODEs [150-1527. Here we consider a recent example published
by Hansen et al. [157. It is supposed that the protein is temporarily im-
mobilised by transient binding reactions in both compartments, hence the

equations for the entire cell are

8

W= (DEru)+ KV k (u al(xtu, (89)

7 L=k (u k (v al(xt)v,
where 1(x,t) is the effective laser intensity at position x and time t, u(x,t) is
the concentration of mobile protein and v(x,t) is the concentration of bound
immobile protein. The diffusivity, D, and the reaction rates, k* and k , are
spatially dependent because they vary between the nucleus and cytoplasm.
While equation (88) is effectively identical to the reaction-diffusion models
sometimes used in FRAP, the difference is that, in the FLIP model, there is
an internal interface which represents the nuclear membrane, Gy.

The nuclear membrane is modelled as a semi-permeable membrane, across
which there is ux of material dependent on the concentration difference of

free protein, J= p(u”

u )A, where p is the permeability and f is the
unit outward normal vector of the nucleus. Transport across the nuclear

membrane is modelled by a Robin boundary condition at Gy,

(Dr u) Ajg = pu* u), (Oru) ( A)ig = pu u*), (89

where a + superscript indicates that one is approaching Gy from within
the nucleus and a  superscript likewise from the cytoplasm. In addition,
it is assumed that there is no transport of protein into or out of the cell,
so a homogeneous Neumann boundary condition is imposed at the cell
membrane, G,

(r u A)jg = 0. 90)
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It is also assumed that bound protein is unable to cross any membranes,
hence
(rv A)je=(rv A)jg, = 0. 91)
Hansen et al. numerically solved the model equations using a Galerkin
method implemented in FEnIiCS. Naturally, the PDE model provides more
detailed insight in exchange for greater computational cost and more de-
grees of freedom in parameter tting. The ODE model, ( 87), is an asymp-

totic limit of the PDE model which we will derive explicitly in chapter 5.

15 parameter estimation / non -linear optimisation

The purpose of FRAP modelling is to obtain parameter estimates which
reveal some biophysical information about the system under investigation.

In this section we review a collection of common parameter tting methods.

15.1 Nonlinear least squares

The most conventional parameter estimation method is the method of least
squares. We begin by de ning an objective function, f, which represents the
distance between some empirical FRAP data and the output of a theoretical
model. Let q be a vector of model parameter values, then for continuous
time data
Zy

fl@=  (Ftd) Fuaa(®)"dt (92
where F(t;q) is a uorescence recovery curve generated by the model with
parameters g, and Fyaa(t) is an empirical recovery curve. Similarly, for
discrete time data we can de ne the objective function as the residual sum
of squares,

Nt

f()= & (Ftc® Fuaa(t)® (93)
k=1
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For spatio-temporal data, we have

Pspacld) = = (T(xy.t0) foaa(X, Y, 1)) *dxdy dt,  (94)

where f(X,y,t;q) is the uorescence intensity at position (x,y) and time t
generated by the model with parameters q, and fpaia(X,y,t) is the empiri-
cally observed uorescence intensity. Likewise for discrete data,

ne Ny ny

f_space(Q) = é é é. (f(xi, Y}t Q) fData(Xiyyj’tk))Z- (99
k=1j=1i=1

The minimum of the objective function can be found algorithmically,
for example using the well-known Nelder-Mead algorithm [ 278 279. The
method of non-linear least squares is the most conceptually rudimentary,

but also most adaptable tting method.

1.5.2 Maximum likelihood

A closely related alternative to the least squares method is maximisation of
the log-likelihood [ 49],

ne Ny ny

M 1 3 Q8
I(q) = 7I09 (2ps) sz a a a (fox Yt  faaa(Xi, Y, t))?, (96)
k=1j=1i=1

where M = nynyn; is the total number of data points and s is the standard
deviation of the noise. Itis clear from ( 96) that, in practice, the log-likelihood
method is functionally equivalent to the least squares tting routine. How-
ever, it has the advantage that it readily yields an error estimate of the tted
parameters in terms of the Fisher information matrix, which we give greater

consideration in section 1.5.5.
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1.5.3 Variance methods

Kubitscheck et al. have argued that the statistical properties of diffusion
can be used to estimate the diffusivity coef cient [ 39]. The central second

moment, my (equivalently, the variance) of the bleached molecules is
27
m(t) =+ Y (Weq  wlx,y, 1)) dxdy, (97)

where (weq  W(X,Y,t)) is the concentration distribution of bleached molecules.

Kubitscheck et al. showed that the variance follows a linear relationship,
mh(t) = 4M;Dt + hx3i + hyZi, (99)

where

ZZ ZZ
hgi = wixy 0x%dxdy, hygi=  w(xy,0)y’dxdy.
R R

Fitting the variance of the spatial distribution of bleached material with a
straight line, the gradient of which is precisely 4 M¢D, returns an estimate
of D. The variance method is a signi cant advantage that it will work for
any radially symmetric initial post-bleach pro le, although only for pure

diffusion systems.

1.5.4 Maximum entropy methods

So far we have only considered models with one or two diffusivity coef -
cients. However, a biological molecule may exist in multiple states with dif-
ferent diffusive properties. That is, it may be stably incorporated into many
different complex molecules of different diffusivities. Supposing that there
is negligible conversion between the different diffusive states on the time
scale of the FRAP experiment, there will arise a heterogeneous uorescence
recovery which is the weighted sum of several pure diffusion uorescence

recoveries. Let
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1 f(x,y,t;D;,1)

be the normalised uorescence intensity at point (Xx,y) and time t for a pure
diffusion system with diffusivity  D; and bleach region radius r;. The general

heterogeneous diffusive recovery can be written as

f(y0=1 & kf(xy.tDpn), (99)
i=1

where np is the number of diffusive states. It is possible to attemptto t( 99)
to empirical data using a conventional least-squares method. However, the
quality of the data required to achieve a reliable t increases substantially
with np [154. Furthermore, it would require extensive model selection to
determine the optimal value of np. An alternative approach is to assume
that np is large and then attempt to nd the optimal probability, k;, that
a molecule has diffusivity D;j, 8i. To give an example, Xiong et al. [153
have taken this approach, employing a maximum entropy method. The
principle of maximum entropy states that the probability distribution which
best represents a system is the one which maximises the Shannon-Claude

entropy [ 159,

n
S= & klogk;. (100
i=1
The entropy, S is maximised subject to the least squares constraintc? = M,

where M is the total number of data points. The test statistic c? is given by

2 o g g (f(xiayj’tk) fdata(xiyyj,tk))2
k=1j=1i=1 s(xi,Yj, tk)?

: (101)

where fqaa IS empirical uorescence microscopy data, f is the simulated
data given by formula ( 99) and s? is the corresponding variance. The max-
imum entropy method ensures that the nal distribution does not contain

more features than statistically warranted by the data [ 156]. Deriving a prob-

ability distribution of diffusivities is far less limiting than estimating a small
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number of parameter values. However, the maximum entropy method has
greater computational cost than conventional least squares which may force
the user to model f(x,y,t) analytically (Xiong et al. chose the rectangular
FRAP model of Deschout et al.[65]). Consequently, this method cannot real-
istically bene t from accurate descriptions of photobleaching, cell geometry,
boundary conditions and other attractive features which are exclusive to

numerical models.

155 Fisher information and parameter estimability

Parameter estimability can be predicted using the Fisher information matrix.
Suppose we are given data collected at a set of time points, t;. Let Dt =
ti+1 tj, for all i, be the time step, so that 1/Dt is the frame rate of the
imaging process; let Y; be the uorescence recovery curve data values at
the sample times t;; and F(q) = F(t;;q), with q being the vector of model
parameters. Assuming the fundamental accuracy of the model, empirical
data may be described by the sum of the output of the mathematical model

and a stochastic variable such that,

Yi = R(9)+ six, (102
where the x; are normally distributed random variables and s; the standard
deviations which account for the scale of the observational uncertainty. The
objective function may be de ned as

2
f(q) — é.. (Fl(qgs2 YI)

, (103
|
where the factor of 2 is purely for notational convenience. The global min-
imum of the objective function, q , corresponds to a maximum likelihood
estimate of model parameters [157]. The Fisher information matrix is the
Hessian matrix of the objective function [ 158 159,
12

I = , 10
A X (109
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where mand n are parameter indices. Substituting (103) into (104) gives

2
Imn:f(;lii FﬂFI Y-E :éi EE+ T°F
! i

s?Tgn Moy Mo T s? TanTan TonTon

(F Y

If the system is well-described by the model, then F(q ) = Y;, so the term
involving second derivatives vanishes and the FIM simpli es to

é_iﬁﬁ
. s? TomTon

|mn—

(109

If an eigenvector of the FIM has a large corresponding eigenvalue, then
the combination of parameters given by the eigenvector is identi able [ 160.
Models containing a mixture of identi able and non-identi able parameters
(for which the eigenvalues of the FIM are spread across a logarithmic scale)
are said to be sloppy [157]. Sloppy models characteristically include certain
parameters, or combinations of parameters, in which even substantial vari-
ations do not signi cantly affect the behaviour of the dependent variables.
In geometric terms, there is a manifold within the space of model param-
eters which is approximately a at minimum of the objective function so
that the unique exact global minimum cannot be easily located. Numer-
ous sloppy models have been identi ed within the mathematical biology

literature, usually those with large numbers of parameters [ 160-163.

1.6 yap biology

Since the discovery of YAP by Sudol [193, research on YAP has turned into
a burgeoning eld [ 169 170. The objective of this section is to review the
literature on YAP, with a particular focus on its role in cancer and its regula-
tion. We introduce the topic with a general discussion of certain biological
phenomena: protein localisation, contact inhibition of proliferation and the

related topic of mechanotransduction.
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1.6.1 Protein localisation

Localisation refers to the distribution of protein molecules within a cell. Pro-
teins may have different functions in different cellular compartments such
as the cytoplasm, the nucleus, or various organelles. The same protein may
serve different purposes depending on whether it is localised to the nucleus
or the cytoplasm, for example. Hence protein localisation provides cells
with an economical method to achieve functional diversity [ 166. Aberrant
protein localisation is associated with an array of human pathologies, cru-

cially including a variety of cancers [ 167,16§|.

1.6.2 Contact inhibition of proliferation and mechanotransduction

Cells possess the ability to detect the presence of adjacent cells and mechani-
cal forces in their microenvironment. Sensing neighbouring cells is essential
for tissue integrity. For example, contact inhibition of proliferation (cell—cell
contact-induced arrest of cell growth) underlies homeostatic control of cell
density and organ size [194,195. One of the characteristics of cancerous
cells is their resistance to contact inhibition [ 164].

Many eukaryotic cells also possess the ability to convert local external
mechanical cues into chemical signals which regulate cell behaviour [ 165.
These cues include three closely related factors; cell shape, internal cel-
lular isometric tension and the stiffness of the extracellular matrix (ECM)
[243-245. The ECM is a collection of interstitial molecules which provide
structural support to tissue. Its structural and mechanical properties are
largely dependent upon three components; elastic bres, collagen bres,
and proteoglycans. Elastic bres endow tissue with extensibility, while col-
lagen bres provide material strength and increase the stiffness of the ECM.
Proteoglycans have net negative electrostatic charge, attracting positively

charged sodium ions and in turn attracting water via osmosis, ensuring
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that the ECM and resident cells remain extensively hydrated, thereby con-
tributing to the compressive stiffness of connective tissue [ 183.

Cells are in constant isometric tension with the ECM. The equilibrium
of forces in the tissue microenvironment controls the shape and volume
of cells while also regulating their function via mechanosensing [ 224, 225.
It has been suggested that cells probe the external resisting forces of the
ECM and neighbouring cells by developing internal forces of increasing
magnitude [ 228-23(0. On a larger scale, regulation of cells by mechanical
cues maintains organ functionality, while changes in the mechanical bal-
ance between the cells and the surrounding environment result in tissue
malfunctioning or malignant transformation. Mechanical properties of tu-
mours differ substantially from normal cells and tissues. Changes in stiff-
ness or elasticity regulate pro-metastatic behaviours of cancer cells [226,227).
Localisation of YAP has been revealed as one of the central components in

the regulation of contact inhibition and mechanotransduction [ 194,196 197).

1.6.3 YAP at the roots of cancer

YAP is a transcription co-regulator which, when localised to the nucleus, in-
teracts with the TEAD family of transcription factors [ 4,171] to regulate gene
transcription [ 3,205-207]. Speci cally, YAP regulates a coherent gene pro-
gramme involved in proliferation, DNA replication and repair, nucleotide
metabolism, and mitosis [ 1-3], while inhibiting apoptotic genes [ 4]. YAP
promotes various processes which require cell proliferation. It is essen-
tial for embryonic development, organ growth and wound healing [ 5,8-10].
YAP also regulates angiogenesis (the formation of new blood vessels by the
extension of existing vasculature) and heart development [ 201-204].

Given its role in promoting tissue growth, it is not surprising that YAP
dysregulation causes a variety of pathologies linked with hyperprolifera-
tion [1,196 197,200. The forced expression of YAP leads to organ over-

growth and, almost invariably, to the development of cancer [ 8,9]. Indeed,
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there is evidence that YAP is speci cally required for proliferation and sur-
vival of tumour cells [ 8,9]. Aberrant expression or localisation of YAP has
been identi ed in a broad range of aggressive human solid cancers [ 11-13].
Furthermore YAP overexpression is associated with poor prognosis in can-
cer patients [14, 15 and is thought to confer resistance to targeted thera-
pies [15].

Aside from promoting cell growth and inhibiting apoptosis, YAP also
regulates the expression of genes that drive cell migration, potentially en-
hancing the risk of metastasis in cancer [3,208. Additionally, YAP possesses
the ability to ‘reprogram’ mature differentiated cells into their correspond-
ing less-differentiated progenitors, possibly leading to the creation of cancer
stem cells [5-7]. There is a compelling case for targeting YAP for therapeu-
tic intervention, and the search for small-molecule drugs that are able to

modulate YAP activity is an active eld of research [ 9,12

1.6.4 YAP and contact inhibition

The Hippo pathway

YAP is a well-documented target of the Hippo signalling pathway [ 174].
Hippo is a highly evolutionarily conserved pathway which controls organ
size and functions as a tumour-suppressor [172. The upstream regulators of
YAP include various kinases (proteins capable of phosphorylating other pro-
teins [173) involved in the Hippo pathway, including MST 1/ 2, MOB1A/B
and LATS1/ 2. MSTY 2 and phosphorylated WW 45 bind to form an ac-
tive enzyme which phosphorylates LATS 1/ 2. Phosphorylated LATS1/ 2 in
turn binds with MOB 1A/B to form a complex capable of phosphorylating
YAP [8,170,174,209.

Phosphorylated YAP is marked for degradation by proteasomes [ 176.
Additionally, phosphorylation creates binding sites for regulatory  14-3-3

proteins which form an anchor sequestering YAP in the cytoplasm [ 179,
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though this effect alone is not suf cient fully to prevent YAP transport into
the nucleus [177].

The suppression of YAP by the Hippo pathway is one of the cell regu-
latory mechanisms responsible for contact inhibition of proliferation [ 187.
The clearest link between YAP-mediated contact inhibition and Hippo is
Merlin, a tumour-suppressor protein [ 178 and known upstream regulator
of Hippo [ 8,180,209. At low cell density, MST-LATS kinase complexes are
inactive, and unphosphorylated YAP is free to enter the nucleus [ 288. In
con uent cell cultures, Merlin is preferentially located near to the tight junc-
tions between adjacent cells, where it forms protein scaffolds [ 179 which
promote the phosphorylation of LATS by MST/WW 45 complexes. [180.
There is also evidence that Merlin negatively regulates YAP target gene

expression by promoting the export of YAP from the nucleus [ 181].

aE-catenin

Another signi cant contact inhibition mechanism is the regulation of YAP
by aE-catenin at adherens junctions (AJs). AJs are macromolecular com-
plexes that mediate adhesion between cells [219 220. They are formed of
various proteins, though the most relevant for our purposes is aE-catenin,
a linking protein between AJs and the cell cytoskeleton, which has been
identi ed as a mechanosensor at AJs [222 223 essential for contact inhibi-
tion [ 194,21Q.

Several studies have revealed important roles of AJ components in YAP
regulation [ 194, 210,216-218, and there is evidence that aE-catenin exerts
tumour-suppressing functions by inactivating YAP [ 194,210-213. Cells pos-
sess the ability to sense mechanical stretching at AJs 214]. At high, but not
low, cell density, YAP forms a tripartite complex with  aE-catenin and 14-3-3
proteins [210. Disengagement of cell-cell adhesions is suf cient to unleash
YAP activity [ 215. Similarly in aE-catenin-null cells, YAP has elevated nu-
clear concentration [194], which amounts to compelling evidence of YAP

regulation by aE-catenin at AJs.
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1.6.5 Mechanotransduction and the ECM

Many cells possess the ability to detect various physical signals in their
surrounding environment, including mechanical forcing and ECM stiffness
[242. Under conditions of high ECM stiffness, cells tend to favour prolif-
eration over apoptosis and experience reduced sensitivity to contact inhi-
bition [ 187]. Softer substrates and cell crowding both act to diminish cell
proliferation [ 243-245|.

There is abundant evidence implicating YAP in mechanosensing. If YAP
is knocked down, cells grown on a stiff substrate exhibit a phenotype similar
to that of cells grown on soft substrate. On the other hand, overexpression
of YAP in cells grown on a soft substrate causes cells to behave as if they
were on a stiff substrate [177].

The regulation of YAP by mechanical forcing is dependent on the forma-
tion of actin stress bres [ 239 243. Actins are a family of proteins that form
micro laments, and are a constituent of the cytoskeleton [ 233. In response
to mechanical forcing F-actin is polymerised to form stress bres[ 18]. These
stress bres transmit forces to focal adhesions [231], structures which link
the cell with the ECM [ 229,232 234. Stress bre formation is dependent on
several proteins: the Rho family of GTPases, Rho-associated kinase enzymes
(ROCK) and myosin light chain kinase [ 235-237]. Inhibition of any of these
proteins prevents stress bre formation and converts the cell to a state of
low tensile forces [235-237] and also inactivates YAP [177,238. Conversely,
F-actin polymerization results in increased activity of YAP [ 241].

In response to stress bre formation, YAP is recruited to focal adhe-
sions [189 where it is phosphorylated by Src family kinases. YAP which
has been phosphorylated by Src is marked for translocation into the nu-
cleus (note that phosphorylation by Src and phosphorylation by Hippo ki-
nases occur at different locations on the YAP molecule, producing different
effects) [186. Src increases the association of YAP with TEAD and decreases

its association with 14-3-3 proteins even where Hippo signalling remains ac-
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tive [187. A lower af nity for 14-3-3 proteins frees up a greater number
of YAP molecules for translocation into the nucleus, while a greater af n-
ity for TEAD anchors YAP molecules to chromatin in the nucleus, reducing
the number of molecules available for export to the cytoplasm [ 149. Some
studies have suggested that Src has an inhibitory effect on LATS, which
might decrease the inhibitory phosphorylation of YAP by the Hippo path-
way [184,24Q.

There is another important mechanism by which mechanical forcing, me-
diated by focal adhesions, activates YAP, dependent upon connections be-
tween focal adhesions and the nucleus. There are actomyosin bres running
from focal adhesions to the apical surface of the nucleus [246. Contractile
force generated by actomyosin activity attens the nucleus and opens up
nuclear pores. Such an opening increases the rate of YAP import without af-
fecting the export rate [ 247]. To be clear, if YAP diffused passively across the
nuclear membrane, opening nuclear pores would equally increase both the
import and export rate. However, YAP, like other large proteins, is actively
transported between the nucleus and cytoplasm using energy [ 302. This
process of stretching nuclear pores therefore increases the rate at which
the cell is able to selectively import YAP into the nucleus, rather than in-
creasing the rate of bidirectional passive transport between the nucleus and

cytoplasm.

1.6.6 Wnt signalling and heat shock factors

Whnts are a family of growth factors involved in cell proliferation, stem cell
expansion, regeneration, and tumorigenesis [254,255. The core of the Wnt
pathway is the regulation of its nuclear transducer b-catenin by a cytoplas-
mic destruction complex, consisting of other proteins. The arrival of a Wnt
ligand causes functional inactivation of the destruction complex, resulting

into b-catenin accumulation [254. YAP is a component of the b-catenin
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destruction complex. Thus, whenever Wnt signalling is inactive, YAP is
sequestered in the cytoplasm in the destruction complex [ 198 199.

Recent research has revealed Wnt signalling as a link between YAP and
heat shock factor 1 (HSF1) [258. HSF1 is a regulatory protein that enhances
cellular survival in the face of heat stress. In tumours, HSF 1 promotes can-
cer cell survival and metastasis [256,257]. HSF1 targets genes that promotes

malignant behaviour in cancer by activating YAP via Wnt signalling [ 25§

1.6.7 YAP feedback loop in broblasts

While YAP is a target of various mechanisms including the Hippo path-
way and mechanical forces, it also has the power to regulate these mech-
anisms, creating a feedback loop. YAP also controls the expression of up-
stream regulators of the Hippo pathway [ 248-25( and of the cytoskeletal
machinery [18,251-253. YAP transcriptionally controls FA formation and
cytoskeleton stability, in turn determining cell mechanics and the degree of
cell adhesion to the ECM [25]].

YAP feedback mechanisms are highly signi cantin broblasts, cells which
possess the ability to remodel the ECM [16]. Fibroblasts respond to in-
creases in ECM stiffness by increasing proliferation and suppressing apop-
tosis, but also by increasing collagen synthesis, thickening and strengthen-
ing the ECM [ 260,261]. YAP knockdown reverses these outcomes, reverting
cells to a state more indicative of a pliant ECM. [ 262 263.

Consequently, there may arise a potent positive feedback loop whereby
ECM rigidity activates YAP target gene transcription in broblasts, which in
turn increases ECM rigidity [ 18]. "Cancer-associated’ broblasts, in which
YAP is transcriptionally active, are found in many solid tumours, and are
known to remodel the ECM to create conditions more favourable to metas-
tasis [16,17]. In some cases, they partially dissolve the ECM, creating tracks

that enable subsequent cancer cell invasion [17].
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1.6.8 Summary of YAP biology

The Hippo signalling pathway promotes the association between YAP and
14-3-3 anchoring proteins, sequestering YAP in the cytoplasm [ 170,175 177].
Src, activated downstream of stress bre formation in response to mechan-
ical forcing, possibly suppresses Hippo signalling to some extent and re-
duces the af nity between YAP and 14-3-3 proteins even if Hippo remains
active. [184,240. YAP is involved in b-catenin destruction complexes. The
presence of Wnt ligand releases YAP from these complexes, potentiating
entry into the nucleus [ 198 199. In crowded environments, YAP forms a
complex with aE-catenin, another route to cytoplasmic sequestration [194,
210-213.

Figure 7: Schematic summary of YAP regulation.

There are connections between the apical surface of the nucleus and the
cell outer membrane. External tension is transferred to the nucleus, pulling

open nuclear pore complexes and facilitating YAP entry into the nucleus
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[247). Conversely, nuclear localised Merlin promotes the expulsion of YAP
from the nucleus by active transport [ 181].

Src promotes interactions between YAP and TEAD, which by extension
increases TEAD-mediated interactions between YAP and chromatin in the
nucleus [187. YAP binding with chromatin reduces the total rate of nuclear
export just as binding with anchor proteins in the cytoplasm reduces the
rate of nuclear import [ 149.

We notice that the direct regulation of YAP entry into the nucleus (and
hence transcriptional activity) is in uenced by four factors: binding reac-
tions in the cytoplasm, nuclear export, binding reactions in the nucleus and
nuclear import. The remainder of this thesis is dedicated to investigating
these mechanisms quantitatively, in both cancer-associated and normal -

broblasts, using FRAP and FLIP empirical data.
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MATHEMATICAL ANALYSIS OF FLUORESCENCE
RECOVERY AFTER PHOTOBLEACHING

The focus of this chapter is the mathematical analysis of uorescence recov-
ery after photobleaching (FRAP). Many mathematical studies of FRAP have
been published, mainly on pure diffusion models of FRAP, or two-species
models with a single reversible binding reaction (reviewed in chapter 1).
Analytically closed expressions for the uorescence recovery curve have
been derived for pure diffusion models, but it is not possible to do so in
the case of two species models, though several approximations have been
derived in limit cases. Although these well known approximation formulas
are correct, to our knowledge they have never been formally mathematically
derived. Furthermore, the precise form of the approximations, as they are
commonly presented, may give the impression that fewer model parameters
are estimable, in certain circumstance, than is actually the case.

In this chapter, we both re-derive established asymptotic formulas and
derive new generalisations using using formal asymptotic methods. Us-
ing Fisher Information, we then use our new extended formulas to derive
suf cient conditions under which every parameter of a two species reaction-
diffusion FRAP model may be estimated from empirical data. We will apply
this analysis both to the conventional analysis of FRAP recovery curves, and
to confocal scanning FRAP.

Next we turn our attention to more general FRAP models. We derive

several new limiting case approximations of multi-species FRAP models.
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We also show that FRAP analysis can theoretically be used, not only to
quantify model parameters, but also to deduce qualitative results, such as
the order of reaction with systems with more than two interacting chemical

species.

2.1 mathematical model

In its most general form, the FRAP model is based on a reaction-transport

equation,

fu

ﬁ: f(u,x,t) r  (J(u,x,t)), (106
where u(x,t) = (ui(x,t),...,un(x,t)) T is the vector of concentrations of

each of species,u; at spatial position x 2 R™ (m = 1,2,3) and time t 2
R. The vector-valued function f : R RM™ R I R" gives the rates of
conversion between each species due to chemical reaction. The ux term, J:
R"™ RM™ R ! R"determines the type of transport to which the chemical

species,u;, are subjected.

To begin with, we consider the single reversible reaction,
A+B)* C

though we consider more general problems in in sections 2.3, 2.4 and 2.5.
The law of mass action implies that, in a well-mixed system, the concentra-

tions of A, B and C evolve according to

8
:9 = AIBl+ K (C]
; Bl = i [Al[Bl + k [Cl, (107)

t
7 dC = K alBl K [C,

where [X] denotes the concentration of X. In FRAP, a protein under in-
vestigation is tagged with a uorescent probe. We assume that the sys-

tem reaches steady state before the beginning of the experiment, so that
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[A] = [A] ., [B] =[B], [C] =[C] . Photobleaching does not degrade any
protein and so does not perturb the concentrations [A], [B] or [C], which
remain in equilibrium. Let u be the concentration of the uorescent (not
photobleached) protein A, and v be the concentration of uorescent C (a
complex which contains uorescent A). The equations arising from FRAP
on protein A, which model there free and bound protein fractions ( u and v

respectively), are then

(108

where k¥ = k*[B] = k*[B] ([B] = [B] because the system is in equilib-

rium).

2.1.1 The FRAP forward reaction rate

It is important to note that the rate of reaction in the FRAP equation ( 108),
k*, is distinct from the rate of reaction per unit concentration in the mass
action equation (107), k*. The forward reaction rate constant, k*, is de-
pendent upon the equilibrium concentration of unoccupied binding sites at
chemical equilibrium, [B] , and hence on the total concentration of protein,
At = [A] +[C] (the greater the total concentration of protein, the greater
the fraction of occupied binding sites at equilibrium). To make this relation-
ship explicit, let Bt = [B] + [ C] be the total binding site concentration. The

steady state of (107) can be re-written as

8 —_
(AL B] =k [C],
E[A] +[C] = Ar, (109

- [B] +[C] = Br.
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We can expresskt = Kt [B] interms of At by solving (109 for [B] . Setting
b=k +k"(Ar Br), (109 reduces to a quadratic,

k*[B] + bB k'Br=0,

which has solution,

q —
b+ b2+ 4k*k Bt

k+ = > . (11@

The second solution of the quadratic is discarded as it always yields a neg-
ative value of k*, which is unphysical.

Suppose we were to increase the total é)rotein concentration, At. As
Ar! ¥ ,b! ¥. Likewise,asb ! ¥, b2+ 4k*k Br! b in which
case (110 implies that k™ ! 0.

As the total concentration of protein increases, the concentration of un-
occupied binding sites at chemical equilibrium decreases hence, all other
factors being equal, the association rate,k™, also decreases. This result must
be taken into consideration when comparing FRAP data from different cells
(as in chapter 4). For example, suppose we were comparing measurements
of k* in the nuclei of two different cells. The total concentration of a pro-
tein in the nucleus is affected by various factors, including nuclear import
and export rates, and the total level of expression of the protein by the cell.
Hence, k* is not a pure measure of the chemical properties of the protein
(as k* would be); rather, it is somewhat confounded by other factors not

directly related to the chemical reaction under investigation.

2.2 two -species reaction -diffusion model

In this section we will analyse the common [ 69-78] two species FRAP model.
We assume that a diffusible molecular species, A, associates reversibly with

a binding partner, B, to form a complex, C, according to

A+B)* C
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We further assume that B is homogeneously distributed. Under the as-
sumption of mass action, the concentrations of A, B and C are governed
by

8
2T = KCIAIBI+ k [C]+ Dar 2],

T8 = k*[A][B]+ k [C]+ Dgr 2B, (119

& = K'[AlB] K [C]+ Der 2[C],
where [X] denotes the concentration of X. In the course of the FRAP exper-
iment, the concentrations [A], [B] and [C] are assumed not to change. The
reaction is assumed to have reached equilibrium before the start of the ex-
periment and, since FRAP does not eliminate any of the existing molecules,
this equilibrium is unperturbed.

Let u(x,t) be the concentration of speciesA at point x and time t that is
uorescent (not photobleached), and Dy = Da be the diffusivity of A (note
that photobleaching is assumed not to alter the diffusivity or reactivity of
the molecules). Likewise, let v(x,t) be the concentration of the uorescent

C species andDy = D¢ be its diffusivity. The resulting FRAP model is

Bxt) = Kuxt)+ k v(xt)+ Dur 2u(x,t) al(x,tu(xt), 112
>
Tat) =+ kK'u(x,t)  k v(x,t)+ Dyr 2v(x,t) al(x,t)v(x,1),
where 1(x,t) is the intensity pro le of the laser acting upon the sample, and
a is the sensitivity of the uorescent tag to photobleaching. For convenience
we measure uorescence in units such that Ueq+ Veq = 1, where Ueq and Veq
are the pre-bleach homogeneous steady states,
k K*

R 419

Due to conservation of mass, the concentration of bleached A is Upjeach =

Ueg U and that of bleached C is Vpjeach = Veq V.
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2.2.1 Radial symmetry

For analytic purposes, we assume the system @54) to be radially symmetric.
P——— : . : :

Letr = = x2+ y2, and non-dimensionalise by setting r®= r/ r,, where r,

is the radius of the bleach region of interest and t° = k*t. The resulting

equations (setting | = 0) are

8
o= vtk o 14
>

$o=u kv+ dhhdy o0
where
d= Dy/ Dy, k=k /k*, h= Dy (k'r2), (115

are positive dimensionless numbers. We solve the initial value problem for

(114 on an in nite spatial domain with far eld conditions

im u(r®t9 = ueg, lim v(r°t9 = veq, 11
r0!¥((§ eqrq¥(% eq (116

and initial conditions
u(r%0) = Uog(r% = uegH(r® 1), v(r,0) = Vo(r9 = veqH(r® 1), (117)

where H is the Heaviside step function. Initial conditions ( 117) are appro-
priate if all available material inside the region of interest is bleached instan-
taneously.

We will show that the orders of magnitude of the dimensionless param-
eters h, k and d determine whether the model parameters, D, Dy, k¥ and

k are estimable. The region of interest, ROI, is a disk of radius ry,

ROI=frjr rng= fr%r% 1g. (118

Let w(r,t) = u(r,t)+ v(r,t). Strictly, the uorescence intensity that would
be observed with a scanning laser microscope is the convolution of w with

the optical point spread function, as in equation ( 9) of section 1.1.4 (chapter
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1). However, we assume that the point spread function is the Dirac delta
function, so that the observed uorescence is exactly w [61,63]. Similarly,

the recovery curve, F, is simply
Z

1
F(t) = p_r% ROIW(r,t)dr. (119

It is also useful at this stage to introduce the following function,

Fs(2) = e “(lo(2) + 11(2)), (120

where |g and I, are modi ed Bessel functions of the rst kind. The function,
F s, is the recovery curve of a single species pure diffusion system,
w 2~
— = Dr “w,
fit "
with step function initial conditions and far- eld conditions, the recovery
curve is [30]
8
(2 E%R W(r,t)drift> 0
- 0ift=0.
Note that Fg(0) = 1, aslg(0) = 1 and 14(0) = 0. Also, the well known large

limit asymptotic expansion of 1,(z) [267),

€
In(Z) p:,
2pz
implies that
r—
€ € 2
e “(lo(2) + 14(z e’ p—+p—oo = —.
(lo(2) + 11(2)) Pz Papz 0z
The small and large argument limits of F g are then
lz'!moFS: 1. lelrrgé Fs=0, 122

which justi es the imposition of Fg(r2/ (2Dt))ji=o = 0 and implies that
limy y Fg(rd/ (2Dt)) = 1.

The full reaction-diffusion equation ( 114) does not have closed form ana-
lytic solutions, however approximations are possible in asymptotic limiting

cases of the dimensionless parametersh and k.
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2.2.2 Asymptotic analysis

In the following subsections, we will derive approximation formulas in sev-
eral limiting cases of the FRAP model. We will make repeated use of the
asymptotic series expansion,

2u(r,t) = ug(r,t) + euy(r,t) + ux(r,t)+ ...,

(123

->v(r,t) = vo(r,t) + evy(r,t)+ €Avo(r,t) + ...,

where e is a dimensionless variable which will be de ned as appropriate.

2.2.3 Rapid equilibrationly 1)

The larger the dimensionless parameter h, the more rapidly the unbound
protein equilibrates across the bleach region. Suppose thath ! ¥ and
the product hd converges to a nite limit (lim 1 ¥ (dh) 2 [0,¥)), then the
uorescence recovery curve reduces to:
k ra K*

2
FS + — rn
k* + k 2Dt k* + k

1 ekt 1F
S 2Dyt

F(t) =

(124

Proof. To derive formula ( 124) we used used matched asymptotics, splitting
the problem over a long time scale and a short time scale.
Long time scale

We begin by setting e = 1/ h. Substituting expansion (123 into the non-

dimensional system (114) yields

8
2 el = e(kvo ug)+ r Pug+ er Buy+ O(e?),

>

"I+ eld=(uo kvo)+ e(ur kvp)+ Ir Bvg+ dr Bvy+ der Bvp+ O(e€?),
(129

where O(e?) denotes all terms of order e and higher. As e! 0, clearly we

are left with r @ug = 0. By the radial symmetry assumption,

@ 179 ollUo

roqro0 rW =0
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which can be integrated to give

ro% = ¢ (19,

for some function ¢;(t9. Further integration yields,

uo(r%t9 = c1(t9 log (r) + co(19.

However, this would imply lim o quo(r%t9 = ¥, which is physically im-

possible, soc; = 0 and we are left with

uo(r%t9) = (9.
We are able to solve for ¢, by applying the far- eld condition to  ug,

Ueg= lim ug= Iim ¢ = c.
ed ra ¥ 0 ra ¥

Hence ug = ueq, @ constant. Our assumption that dh = d/ e converges to
a nite value is important; if d/ e were divergent, then we would also have
r @vo = 0, which would imply that vg = Veg. In this case, the concentration
of uorescent material would be constant to rst order, yielding a practically
imperceptible uorescence recovery for large h. With the constraint that the

limit of d/ eis nite,as e! 0, (125 reduces to

Vo

— @
0~ e

kvg + gr Vo, (126

where we have used the fact that up = ueq. Noting that k* Ueg = K Veq and
making the substitution vo(r,t) = veq V(r,t), we arrive at
w _

- k ¥+ Dyr 27, (127

where we should note that ( 127) has been restored to dimensional form. The
solution to (127) subject to Dirac delta initial conditions is [ 264

1 r2

. _ K
v(r,t) 2p Dyt exp t exp Dt

(128
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The general solution of (127) is the product convolution of the initial con-

dition with the Green's function,

Yy

CAZ R C O 0+ (P v

4Dt

o

K
apDyt P t

dxdy,
(129
which can be translated to polar coordinates by setting x = rcosq, y =
ysing, x°= r%osq® and y°= r%osq’to give
4 2p Zy

o0 exp( kt) 0 r@+ r2  2rr9%os(q® q) 0
V(rot) = Dt o o ¥(r® 0) exp 2Dt rrg
ol kY o ¥(r® 0) ex S ex rrocos(” ) dq® r%r®
T TapDyt o (\0USP Tp , OF 2Dt g '
(130

Since cosxPis a 2p -periodic function,

%2 oxp ToCOS(d @) o Z 2 exp ToCOS(A) o0

o P 2Dt T 0 TP o

z 0
p

0 2th
At this stage we can introduce the following integral de nition of the Bessel
function 1g [268,

140
lo(2) = b o exp(zcos(q))da. (132
Now (131) and (132 may be applied to (130), yielding
Z
oo exp( kt)T¥ o r®+ r2 rr© 0
U(r,t) = B o ¥(r®0) exp i ' 21 rdr (133
We may make further progress by use of the integral identities [ 265
Zx 22eds= - a?+ b? ab
Jn(as)Jn(bs) exp( r<s’)sds= pexp 2z 52 (139
where J, is an order n Bessel function of the rst kind, and [ 266
z M 0 0 1 Z Sy n
rQo(sr)drl= zJo(2)dz = 23 (rns). (135
0 S© 0 S
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By applying (134) to (133 with a=r, b= r%r2= Dyt,n= 0 we get
Zy Z,
U(r,t) = vegexp( k t) Jo(r%)rr® Jo(rs) exp( Dyts?)sds
0 0

Zy
= Vegrnexp( k t) . Jo(rs) i (rns) exp( Dyts?)ds. (136)

At this point we de ne the normalised integral ~ V (t) =
by which (136) becomes,

VdA 1 (pr?),

rr

Z Z
~ 2pVegrnexp( k t) =¥ n
V(t) = PVeq npr'f( ) Jo(rs)dr Ji(rns) exp( Dts?)ds.
n
Then with further application of ( 135 we obtain

Zy
V(t) = 2veqexp( k t) é\]%(rns) exp( Dyts?)ds.
0

Setting z = rpS,
- ¥, Dut
V(t) exp(k t) = 2veq EJl(z) exp r—z dz. (137
0

2
n

It is possible to reduce (137) to a much simpler expression by differentiating

both sides with respect to t,

Z

d .~ ¥D Dyt

a(v(t) exp(k 1)) =  2veq , r—z"Jf(z) exp r—‘z'z2 zdz.
n n

Now ( 134) is once again applicable with a= b= 1,r2= Dt/ r?,and n= 1.
Z Z 2 2
d ~ t1 r r
—(V(t k t9)dt= = N, " dtd
0 dto( (%exp( ())d Veq 0 tOeXp 2th0 1 2th0 d
Firstly, de ne the characteristic diffusion time of the bound fraction as
ty = r2/ (4Dy). Next make the substitution z = 2t%/t% which implies

that dt9 t°= dz/ z, hence
. . Zy q
V(t)exp(k t) V(0) = Veq Eexp( z)11(z)dz (138
218/t
It is possible to make progress with (138 rstly by simply noticing that
\7(0) = Veq. Secondly, motivated by an appropriate identity [ 269, we can

see that 2

%e “11(2)dz= e *(lo(z) + 11(2)) + c. (139

69



2.2 two -species reaction -diffusion model

The well known asymptotic large limit expansion of 1,(z) [267],

€

In(Z) p:,

2pz

implies that

r—
€ 3 2
e “(lo(2) + 14(z e’ p—+p—os = —,
(Io(2) + 11(2)) Pz Pz T b2

for large real values of z. Itis then obvious thatas z! ¥

lim e “(Io(2) + 11(2)) = 0. (140

With formula ( 139 and limit ( 140), (138 becomes

~ 2t Y 2ty 2t Y
equivalently,
~ 2t Y 2t Y 2t Y
V(t) = vegexp( k t) 1 exp TD lo TD + 14 TD

The contribution to the uorescence recovery due to Vg is
R ~
R(t)= " vo(r,t)dA / (prd) = veq V(1). Finally, we arrive at
v 2t ¥ 2t Y
Recalling our de nition of Fg and substituting t} = r2/ (4D,), we are left

with,
ra

F(t)= Veq Veqe K' 1 F
v(t) eq Veq SZDV'[

(141)

Short time scale
The above approximation breaks down over the short time scale, t9 =
O(e), so it is helpful to introduce the re-scaling t%= et, under which the

asymptotic expansion (125 becomes

8

2 % + e% = e(kvg Ug) + r Pug+ er Buy + O(€?), (142
>

' %+ e% = e(up kvg) + dr Cvp+ der ®vy+ O(€?),
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2.2 two -species reaction -diffusion model

which reduces to

fluo _ @, Tvo_
=" %o o0=0 (143

ase! 0. The dynamics of ug are governed purely by diffusion, implying

that, if we de ne F, analogously to F, such that

r

Z 2p z n
uo(r,t)drdq, (144
0

1
Fu(t) = P2 o

we conclude that
2
r
Ru(t) = UegFs == . 14
Noting that the total uorescence recovery curve is given by F(t) = F(t) +
R (t), we have
A
2Dt

2
rn

F(t) = UegFs 2Dt

+Veq1 ektlFS

(146

Finally, substituting ueq = k / (k¥ + k ), veq= K™/ (k¥ + k ), we arrive at

k r K* r2
n 1 ef'"1Fg 2°

FO= 5 s ot "ok 2Dt

(147
O

In physical terms, the uorescence recovery in this case is bi-phasic, which
can be observed in gure 8. Over the short time scale, there is a brief,
diffusion-driven equilibration of the unbound protein. Over a longer time
scale, the uorescence recovery is limited by the rate at which protein dis-
sociates from binding sites.

Figure 9 gives a sense of the shape of the objective function in this case. It
is clear that the objective function attains its minimum value on a manifold,
which is approximately a one dimensional straight line parallel to the Dy
axis. In practical terms, this suggests that recovery curves with different
values of k*, k and D, would be easily distinguishable. However, recovery
curves with different values of Dy, all other parameters being equal, will

be almost identical. This result suggests that estimation of all parameters
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2.2 two -species reaction -diffusion model

Figure 8: Numerically simulated uorescence recovery curve with h 1. (A) Long time
scale recovery compared with the exponential model ( 149). (B) Short time scale

recovery compared with a pure diffusion recovery with diffusivity = Dy,.

except Dy will be practicable. We will revisit this issue in section 2.2.5where
we derive the Fisher information matrix.
It is possible to derive a further sub-approximation of ( 147). The limits

(122 state thatlimz y Fg(z) = Oand limy oFs(z) = 1. Therefore,

2 2
r r
lim F n =0, and lim F =1, 8t>0.
r2/ Dy! ¥ S 2Dyt r2/ Dy! O S 2Dt

Equivalently, if the slow diffusion time scale is suf ciently long (  r2/ Dy 1)
and the time scale of rapid diffusion is suf ciently short (  r2/ D, 1), then
(124 reduces to the well known formula [ 70,270,271,273 282 for “reaction
limited' dynamics,

Fy= e K et oy K ok 14
W= ok T ek © 7 e’ (99
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2.2 two -species reaction -diffusion model

Figure 9: Logarithm of the numerically constructed objective function, log (f), in the
rapid equilibration (reaction limited) regime. Colour indicates the size of
the sum of square errors between a single simulated uorescence recovery
curve spanning 15 seconds (L024data points) generated with parameter values
Dy = 20.00m?s 1 D, = 0.000m3s 1, k* = 2.0066 L,k = 1.006s 1, and a sec-
ondary simulated recovery curve generated with indicated parameter values.
Each subplot displays variation in one of the six possible pairs of parameters,

with the remaining two parameters held at the correct value in each case.
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2.2 two -species reaction -diffusion model

or equivalently,

F()= 1 vege K. (149

2.2.4 Intermediate equilibrationn(= O(1))

No known approximations describe the dynamics of the intermediate case
in which h = O(1), but this does not mean that analysis is impossible.
In order to derive formula ( 148 we introduced an asymptotic expansion
in terms of a small parameter e = 1/ h to produce an approximation which
holds whenever h is large. By extending this expansion to rst order, we are
able to produce an approximation which is accurate for somewhat smaller
values of h and so gives some insight into the behaviour of the system as it

approachesh = O(1). The rst-order extension of formula ( 148) is

k + k 3Dy, k* + k ’
which holds for r2/ D, 1landt e

F(t) = 1 (150

Proof. We begin by taking the expansion (125 to rst order, eliminating
the “zeroth' order terms, which we have already balanced, and cancelling
e throughout. Then, once again considering the limit d,e! 0, we are left
with 8
2, @, =
1= Up kvo,
(151

Z vy = de @
) ﬁo - +( Ul kV1)+ ér V]_.

Since,ug and vg entirely satisfy the far eld conditions ( 116), for consistency
we impose

: 00, — ; 040, —

lim, uy(r 19=0 limy va(r 19 = 0. (152
When r% 1, we have vo(r9t9 = veq, hencer ®@u; = ueq  kveq = 0, which
taken together with ( 152) implies that u;(r%t9 = 0for r® 1. Imposing the

continuity condition uq(1 ,t9 = 0, we then solve for u; on r® 1 to get
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2.2 two -species reaction -diffusion model

Figure 10: Logarithm of the numerically constructed objective function, log (f), in the
intermediate equilibration regime. Colour indicates the size of the sum of
square errors between a single simulated uorescence recovery curve span-
ning 15 seconds (024 data points) generated with parameter values D, =
18.1mm?s 1,D, = 0.0718m?%s 1, k* = 38.3 1,k = 68.2, and a secondary
simulated recovery curve generated with indicated parameter values. Each
subplot displays variation in one of the six possible pairs of parameters, with

the remaining two parameters held at the correct value in each case.

L9 ol

0
oq0 (g0 = Uea kveq(1 € ¥ = ugge K° (153
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which implies that
1
uy(rot9) = Jueqe K ® 1), (154

where we have used the symmetry condition %& = 0. Further analytic
=0

progress is possible in the limiting case d/ e! 0. Multiplying through ( 151)
with the integrating factor € yields

étom\:3+ kv, = ﬂto(vlekto) —ueq(r 1). (155

Taking v1(r® 0) = 0 as the initial condition, we are left with
1
vi(r0t9 = 21ueq(ro’- 1) 1% (156

We may precisely express the asymptotic expansion as follows
8

2U(r,1) = Ueq+ eluege X(r® 1)+ O(e?),

(157)
TV 1) = Veg(1 €49+ eluggt® K(r® 1)+ O(e?).
In dimensional form and truncated to rst order, we have
8
2U(rt) = Ueg 1+ K e ktr2 r2)
€q 4D n (158)
Zv(r,t) = Veg 1 €X'+ j5-k te K1(r2 r3)
We are now able to evaluate the integral,
1 ZapZy
F()= — (u(r t) + v(r,t))drdt, (159
Prs o
to obtain the uorescence recovery function,
ko K kg
F(t) = 1 veqe e “'Y(1+k t), (160
3Dy
O

In contrast with formula ( 149, D, appears explicitly in ( 150), which im-
plies that it could be estimated if the other model parameters were known.
The full signi cance of this result will be discussed in section 2.2.7.

By contrasting gures 9 and 10, it can be seen quite clearly how reducing
the value of the dimensionless parameter h changes the shape of the objec-

tive function. In particular, in the subplots that involve Dy (gure 10B,D,
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2.2 two -species reaction -diffusion model

and F), there is a clear unique local minimum of the objective function - in
contrast with the manifold in gure 9B,D and F - which tends to support
the prediction that Dy is estimable when h = O(1) (at least when other

parameters are known).

2.25 Slow equilibrationf 1)

Inthe limit h! 0O, we de ne the small parameter by e = h. The uorescence

recovery approximation is simply

é

F(t)= F : 16
(t) S 2Dt (167
where D¢, the effective diffusivity, is
k" Dy+ k Dy
Proof. Sete = h so that (114) becomes
8
2 fug — kv, @
= o Ug™t er “uo,
v (163
: %8 = ug kvo+ der QVO
Short time scale
In the limit e! 0 (163 becomes
8
2 Tug — kv
- 0 u01
o~ (164
Z fvg

: o = Up kVo.

Note that wg = ug + vg IS time-invariant, as “T";’g = %8 + ’%g = 0. Further,

we have ug ! kwo/ (1+ k),vo! wo/ (1+ k) ast0! ¥ .
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Long time scale

The time-invariant approximation of wq fails over suf ciently long time
scales (0 = O(1/e)), which we may investigate by re-scaling time such

that we have t9= t/ efor t = O(1). Under this re-scaling (163 becomes
8

2 ﬂuO(r t/e)= kvo(rCt/e) up(rt/e)+ er Cug(rlt/ e), 169

ﬂ"O(rot/ e) = up(rot/e) kvo(rlt/ e)+ der Bvy(rot/ e).

Adding the two equations in system ( 165 neutralises the zeroth order terms

fluo | fivo 0 @ 0
ﬂ_t+ﬂ—t_r @ug(rOt/ €) + dr By, (10t / ), (169

where we have cancelled e throughout. As e! ¥ ,t91 ¥ leaving ug =

kwo/ (1+ k),vp = wg/ (1+ k). Therefore, (166) becomes

ﬂW(): k + d @
It 1+k 1+Kk

Wo. (16D

At this point it is convenient to re-dimensionalise, nally yielding

T[WO_ k Du+ k+Dvr 2

Tt = K+ K Wo = Degl 2W(), (168)

hence the total uorescence concentration recapitulates the behaviour of a
pure diffusion system and the uorescence recovery function is
r2

F(t) = Fs (169

]

As the recovery curve (161) depends only on D¢, this is the only es-
timable combination of parameters. As h ! 0, a manifold within the pa-
rameter space, de ned by (162), emerges upon which the value of the objec-
tive function is approximately zero, which is clearly visible in any subplot
of gure 11. No pair of parameters could be estimated even if the values of
the other two were known. It would be necessary to determine three of the

parameters to determine the fourth. If the diffusivities, D, and Dy, could
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Figure 11: Logarithm of the numerically constructed objective function, log (f), in the
slow equilibration (effective diffusion) regime. Colour indicates the size of the
sum of square errors between a single simulated uorescence recovery curve
spanning 15seconds (L024data points) generated with parameter values D, =
15.0mm?s 1, Dy = 0.374m?s 1 k* = 1006 1,k = 5000, and a secondary
simulated recovery curve generated with indicated parameter values. Each
subplot displays variation in one of the six possible pairs of parameters, with

the remaining two parameters held at the correct value in each case.

be independently determined, then at most the ratio of the reaction rates,

k = k / k* could be estimated.
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Like the rapid equilibration case, the slow equilibration recovery is bi-
phasic. The early phase consists of a rapid convergence to local chemical
equilibrium between the bound and unbound species ( v and u respectively)
which is imperceptible because it does not alter the total concentration of

uorescent protein, w.

Dissimilar reaction ratesk 1)

If we take k! ¥, we ndthat ueq = k/(1+ k) ! 1, so almost all avail-
able material will be in the unbound state, and the system will be closely

approximated by pure diffusion. The recovery curve is

2
r
F(t)= F ¢ 17
(t) S 2Dt (170
Since,
_ Dyt kDy
Def‘f - W: (171)

itis clearthat D! Dy ask! ¥ . Ineffect,the k 1 case coincides with
the h 1 case, except thatk = k / k™ could not be estimated in the k 1

case even ifDy and Dy could be independently measured.

Dissimilar reaction ratesk 1)
As k! 0 almost all available molecules are in a bound state, such that the
recovery curve can be approximated by

?
2Dyt

F(t) = Fs 172

and Dy is the only measurable parameter. Ask! 0,Det! Dy, So this case

coincides with the h 1 case, except thatk itself is always inestimable.
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Fisher information and parameter estimation

In this section we derive the Fisher information matrix from the ( h 1)
asymptotic formula ( 124). Recalling the de nition given in section 1.5.5, the

Fisher information matrix is
g L R IR
. 87 Monflon

where F = F(t;) (Fis dened in ( 124), and gn and g, are model parame-

|mn—

173

ters. The eigenvalues of the Fisher information matrix ( 173 derived from
formula (124 are plotted in gure 12 (see below for a derivation). One of
the eigenvalues (gure 12A) is many orders of magnitude smaller than the
other three. On this basis we expect that there will be a manifold within the

parameter space which represents a at minimum of the objective function,

f(a)= & (Fti0) Foaalt)? (174
i
Dt D (175

Returning brie y to gure  12A, it is quite clear that the magnitude of the
smallest eigenvalue is increased asDt decreases andr,, increases. Interest-
ingly, two other eigenvalues (gure 12C and D) visibly decline, for xed
Dt, asry, increases. Nonetheless, it is clear that every model parameter is

estimable in this case provided condition ( 175 holds.

Derivation of the FIM

We begin by differentiating the function

Fs(2) = e “(lo(2) + 11(2)),

using the identities,

102 = 14(2) a79
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Figure 12 Logarithm of the eigenvalues, log (I ;), of the Fisher information matrix com-
puted from formula ( 124) for different values of the r, and Dt. Each subplot

corresponds to one of the four eigenvalues, (A) | 1, (B)I 2, (C) I 3 and (D) | 4.

and
Da@= 1222+ @) @ =10+ Tu@). a7
From (176) and (177) it follows that

dFs e Zl4(2)
dz z

178

Then, taking z = (r2)(2Dt) ! it remains to apply to chain rule to conclude

that
q r2 e z%%tll %
s ot T D 79
It follows that ,
IF _ Kk e %“tll 2|r3%ut (180
Du kt + k Dy ’

82



2.2 two -species reaction -diffusion model

and

2
o r2
F k* e vl 55,
F _ + o Kt Dt (181)
ﬂDV k + k DV

It follows from the quotient rule that

2 2
ﬂF kektFS 2|5th +é(tF3%nuté(t 1

K (k* + k )2 ’ (182

and

gE Ke U Fg b (L+kn+ et (KHk)Fs i &t 1

w® (k" + k )2
(183

Now that we have explicitly derived the partial derivatives of  F with respect

to each of the four model parameters, we can de ne the matrix

0 1
IE I 1 fF JF  F TF
Dy Dy Dy~ 1Dy k™ 9Dy Tk
1k F 1F 2 I 1= Ik IF
— B 1Du 1Dy iDv Dy Ik* Dy Tk
li = ti). 18
' FIF IFIE IFE 2 9F 9F (t) (184
Dy Tk 1Dy TK* Tk k™ Tk

i, (185

2.2.6 Parameter identi ability in static laser FRAP

Here we summarise the conditions which guarantee parameter identi abil-
ity in static laser FRAP modelling. Suppose we have a theoretical recovery
curve based on the solution to a mathematical model F(t;q) for parameter
values g, and some recovery curve data Fpaa(t). Recall that in static laser
FRAP the only observable quantity is the convolution of uorescent protein

concentration, w, and laser intensity. Under our assumptions this is simply

1 Z

F(t) =
(t) or? R

w(r,t)dr.
ol

83



2.2 two -species reaction -diffusion model

The objective function, f, is then de ned as the residual sum of squared

errors,
f(a)= & (F(tid) Foaa(t))? (186

The model includes four physical parameters that are unknown, q =
(Dy, Dy, k" ,k ) and two experimental parameters: r,, the radius of the
bleach region of interest and Dt = tj+, tj, the time interval between data
points.

All model parameters are estimable if h 1, when condition (175 holds.
This means that we require the following conditions on the physical param-
eters

k

o = O, Dv Dy, (187)

and the following conditions on the experimental parameters
Dy r2
— 1 Dt L
ktr2 Dy

These results imply that smaller bleach region radius and higher frame

(189

rate data acquisition are generally preferable in principle. However, this is
not necessarily practical; r, cannot be reduced arbitrarily as the resolution

of an optical system is limited by diffraction.

2.2.7 Parameter identi ability scanning laser FRAP

Scanning laser FRAP, unlike static laser FRAP, may yield a detailed record-
ing of an entire cell. In this case, we may attempt to t the total uorescence
w(x,t), not just the recovery curve F(t). Under the assumption of radial

symmetry, let

w(r,t;q) = u(r,t;q) + v(r,t;q), (189
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for some parameter values, g, and let wpaa(r,t) be some appropriate uo-

rescence microscopy data. The objective function in this case is de ned as

f space(d) = é. é.(WData(rj’ti) W(rjyti))z- (190
]

It has already been observed that the process of averaging across the
bleach region of interest to compute the recovery curve effectively destroys
a signi cant amount of information [ 41,275, so we expect that it will be
advantageous to de ne the objective function as in ( 190). Here we will pro-
pose simple conditions to ensure parameter estimability in confocal scan-
ning FRAP.

Once again, we have four physical parameters, q = ( Dy, Dy, k" ,k ), though
this time we have three experimental parameters: Dr, the length scale of a
pixel of the micrograph, Dt, the duration of one frame, and L, the length
scale of the whole eld of view.

We could, in principle, construct a recovery curve, F, of radius ry so
that h = Dy/ (k' rp) 1 provided that Dr < rj (clearly we cannot have a
recovery curve radius smaller than one pixel),

F(t;)= & (Wpa(rj ti)  w(rj, t))?
fijrj rng
As we saw in section 2.2.3, we could use this recovery curve to estimate
k*, k and Dy, but not necessarily D, except for very high frame rate data.
Likewise, we could construct a second recovery curve, R, of radius rQ so
that h°= D,/ (k*rQ) = O(1) provided that L > r0.
R = & Wpaalrj,t) w(rj,t))?2
fijr; rig
From the results of section 2.2.4 (formula (150) we know that D, will be
estimable if h%= O(1) or greater, as long as the other model parameters are
known, but this is certainly the case because estimates can be obtained from
the rst recovery curve of radius r,. However, certainly all the information
contained within F, and F, is contained within w (indeed, w contains in-

formation about the uorescence recovery on all length scales between Dr
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and L). Therefore, tting w by minimising f space Will produce accurate es-
timates of all desired parameters. In summation, we expect that all model

parameters will be estimable as long as

K =o@, b, D, (199

and
Dy 1 Dy
k* Dr2 ToktL? T
There is also an extremely weak implicit constraint on Dt, that the frame rate

1. (192)

is not so low that the uorescence recovery is totally imperceptible. These

theoretical predictions are tested numerically in chapter 3.

2.3 general results for multi -species model

In the next sections, 2.4 and 2.5, we will consider some special cases of
multi-species FRAP models. We will make repeated use of a handful of
general results which we will discuss in detail here and then reference later

on to avoid repetition. We begin with the n species linear reaction-diffusion

system
u
M wu+Dr 2u, (193
1t
where u = (uy,...,un)" is the vector of concentrations, K isann n matrix

of rank n 1 and D is a diagonal matrix. Here K contains all the reaction
rates, and D contains all the diffusivities. There is a unique homogeneous
steady state of (193, Ueq = (( Ueg)1, - - - ,(Ueg)n) T Which satis es

g

Kueqg= 0, @ (Ueg)j = 1.

=1

Equation (193 is subject to the initial conditions
uj(r,0) = (ueq)jH(r rn), 8j2f1,...,ng,

where H is the Heaviside step function, and far- eld conditions

rl!ingé uj(r,0) = (ueq)j, 8j2f1,...,ng. (199
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The four general notions which can be invoked to derive approximation
formulas for multi-species systems are as follows, and are discussed in de-

tail in the following sections.

Linearity - the uorescence recovery curve is the sum of the partial

recovery curves for each species.

Similar reaction rates - all reaction terms must be of a similar order
of magnitude (equivalently, all reactions must occur of a similar time
scale) or else the concentration of at least one of the species will be

negligibly small.

High mobility - any species which diffuses rapidly relative to the rate

of reaction approximately obeys a pure diffusion equation.

Effective diffusion - if the rate of reaction is much greater than the rate
of diffusion of each species across the bleach region, the entire sys-
tem will resemble a pure diffusion system with an effective diffusivity

which can be explicitly calculated.

2.3.1 Linearity

The recovery curve is the average of the total uorescent material across the

bleach region
!

; 14
F()= Avg g u(r,t) = — a ui(r,t)rdrdq
i=1 Pry ROIZ;
n 1 z n
= a4 — _ u(r,thrdrdg= g Avg (ui(r,1)).
i:lprn ROI i=1

In a decoupled system, it suf ces to solve for each species individually. The
general solution is a linear combination of the solutions of each individual

species.
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2.3.2 Balanced reaction rates

Consider a reaction which converts between two species, u; and uj,

ki

)

U.)k“_ uj.
ij

We can de ne a dimensionless parameter kj; = kij/ klj For all i,], ki;
O(1). At steady state, each reaction must be in equilibrium, so ki’lf (Ueq)i =
kﬁ (Ueg)j, Which means that (Ueq)i = kij(Ueg)j. Due to the condition

éjnzl(ueq)j = 1, we must have 0 (Ueq)] 1. Since (Ueq)j is upper-
bounded by 1, in the limit as kj; ! 0, (Ueq)i = kij(Ueq)j ! 0. Recall
that u;(r,t) = (ueq); in the pre-photobleached state. Clearly the concen-
tration of uorescent protein can never exceed the pre-bleach concentration,
soui(r,t)  (ueq)i 8r,t, which implies that u;(r,t) ! 0 as(ueq)i! 0. One
can follow a similar argument to show that wu;(r,t) ! Oask; ! ¥. We
must have k; = O(1) 8i,j or else the concentration of one or more of the

species is approximately 0 and the order of the system is thereby reduced.

2.3.3 High mobility

Assume that the balanced reaction rates property (section 2.3.2) is satis ed.
The general equations (193 can be rewritten as follows,

ui

0 é.(KijUj)"' Dur 2ui= & (Kiju) ( Ki)ui+ Dyr %ui. (195

j j6i
The rate of change of concentration of speciesi is the sum of all reactions
which convert species j to speciesi 8] minus the sum of the rates of all the
reactions which consume speciesi, plus diffusion. Let k; = K; and intro-
duce dimensionless parameters, %t so thatr = r,r® t = tY (k;). Equation
(195 becomes

ﬂu' 1 o
WI) = E a (Kij Uj) uj + hir @Ui, (196
i i6i
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where h; = Dy, / (kir?). The speciesu; is highly mobile in the limiting case
where h; ! ¥ . Now consider a second speciesup,

um

1,
0 = Ea(ijuj)+ dihir Zum, (197)
|

j

where dyi = Dy,/ Dy,. The dynamics of uy depend on the product dy;h;. If
dnihy ! ¥, then both uy, and u; are highly mobile. However, if as hj ! ¥,
we allow d,;! 0 in such a way that the product d,;h; converges to a nite
value, then uy, is not highly mobile. Set h; = 1/ e and (196) becomes

i_ 1o 1 o ® a

<0 = Eija@_i(Kijuj) uj + Eir u)r “uj+ O(e)= 0. (198
As g ! 0, we are left with r ®u; = 0. To be consistent with the far- eld

conditions (194), we must have u; = (Ueq);. Hence, (197) becomes

ﬂu 1 o 1 o
10 = i & (Kimj(Ue))) + 1= @ (Kmju) + dihir “um, (199
' 2R I j2R

where R f 1,...,ngis the set of highly mobile species. If we re-scale (198
by setting t = et , we get

% = r @y + O(e). (200
Over a short time scale t = O(e), the highly mobile species follow inde-
pendent, pure diffusion dynamics. Over the long time scale t = O(1), the
high mobility species reach equilibrium and thus their concentrations are

constants in the remaining equations for the low mobility species. By linear-
ity, the recovery curve, is the sum of the concentration averages of the high

mobility species and the remaining low mobility species,
!

F()= & Ag(u)+ Ag § u . (202
i2R i2R

Since the high mobility species obey pure diffusion, ( 201) can be re-written

as !
_ ra o

F(t)= a Fs +Ag au . (202
i2R 2Dyt i2R
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2.3 general results for multi -species model

In summary, in systems with high mobility species, the solution can be
found by setting all of the highly mobile species to their equilibrium values,
Ui = ((Ueq)i, Solving the remaining system, then adding in the contributions

to the recovery curve from the highly mobile species at the end.

2.3.4 Effective diffusion

Without loss of generality, let u; be the species with the highest diffusivity,
Dy,

= maxj=1, pf Dy, 9. Recall the non-dimensionalised rate equation for

an arbitrary species, uy, (which may be u;),

u 1,
“ﬂ—tg‘ = i & (Kmjuj) + dibir ®um, (203
b

where dyi = Dy,,/ Dy, 2 [0,1]. Ifwe sete= h; and take e! 0, (203 reduces
to

1,
Tm = 2 8 (K. (204

o kS
Ast! ¥, (204 must converge to equilibrium at each point in space.
g
lim i = (Ueg)m & 0 = ( Ueq)w, (209
! =1

where w = éjnzl uj. Now, set t%= t/ e and (203 becomes

u 1,
eﬂﬂ_tm = Ea (ijUj)+ Omier @Um. (206
b

If we add each instance of (206 for m = 1,...,n, the reaction terms will

cancel. We can then cancele, leaving
4 4
A = & (Dur %um), (207)

where we have returned to dimensional units. However, evaluating ( 207) in

the limit case (205) yields

n
ﬂ_vtv = é ((Ueq)iDy))r 2Wi,
i=1
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24 multi -species sequential reactions

which is equivalent to a pure diffusion system with effective diffusivity

n
Dett = é. ((ueq)iDy;).
i=1

24 multi -species sequential reactions

In this section we consider the interactions between ve molecules, A, B, C,
D and E. A binds reversibly with B to form a complex C, which is stabilised

by a further reversible reaction with D to form a second complex, E.

A+B) “ ¢
K
%
C+D) E.
k2
Assuming mass action kinetics, the governing equations are

8

&= KAl + K [C]+ Dar 2],

el = i [AI[B]+ k, [C]+ Der 2[B],

“[C] = K'[A][B] k,[C] K;[C][D]+ k,[E]+ Dgr 2[C], (208

% = K5 [CIID] + k,; [E]+ Dor 2[D],

8 = K5 [ClD] K, [E]+ Der Z[E].

Suppose that species A is tagged, and a FRAP experiment is conducted.
Only molecules that contain uorescent A will be perceptible. Let u, v and
w be the uorescent fractions of A, B, and C respectively. The resulting

FRAP system is

kiu+ k, v+ Dyr 2u,

=2 =
I

kKiu (kg + K3)v+ kyw+ Dyr 2y, (209

VWA AW 00
—=
c
I

=]

W
t

kv k, + Dyl 2w,

=a

where the forward rates of reaction are given by

k' = k'[B], kb = Kk[D].
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24 multi -species sequential reactions
System (209 has a homogeneous steady state which satis es
Ki Ueq = K; Veq, K5 Veq = K, Weq, Ueq+ Veq+ Weq = 1,

which can be rearranged to give

 kike ~ Ky B 1
Uea = 1o+ 1V kot ko 1V kor v 20

where the dimensionless parameters k; and k, are de ned as

Kk k

k]_ =
By the principle of effective diffusivity, if the reactive time scale of ( 209 is
much faster than the diffusive time scale, the system will appear indistin-

guishable from a single species pure diffusion system with diffusivity,

k1k2Du + kzDv"' I:)v

Deft = UeqDu + VeqDy *+ WeqDw = kiko + ko + 1

(211)

The system of equations (209 has no closed form solutions, however
much like the two species model, we are able to derive approximation for-
mulas in several limiting cases. In section 2.4.1 we consider the case where
u is highly diffusive, w is immobile and v has some non-zero intermediate
diffusivity. In section 2.4.2 we consider the case in which u and v are highly
mobile but w is immobile, then in section 2.4.3 we consider the case where
u is highly mobile but v and w are immobile. Having solutions in these par-
ticular cases is potentially useful as it theoretically enables us to determine
the order of reaction when two proteins interact mutually dependently with

an immobile binding partner, as explained in section 2.4.4.

24.1 Three disparate diffusive time scales

It is clear that E must be a larger molecule than C, which must be larger than
A. It is therefore possible that A, C, and E have three disparate diffusive
time scales. We begin by considering the case in which A is highly mobile

(Du/ (kjr3) ! ¥), Eisimmobile D,/ r3! 0 and C has some intermediate
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24 multi -species sequential reactions

mobility. In this case, by the principle of high mobility, we can set U = Ueq
and attempt to solve the remaining system for v and w, which is

8

< % = KjUeq (K + K3)v+ kyw+ Dyr v, (212
?1}1—?: K;v Kk, + Dyl 2w.

We can simplify (212 by making the substitution, v = veq V, W = Weq
W, to give 8
20 -

(ky, + K3)V+ k, W+ Dyr 2V,

§ (213
- KV K, VW

—a  _aa
§|§1 ==

Note that

and

Weg, I Tn,
W(r,0)= Wip= _ I
- 0,r rp.
System (213 does not have a closed form solution, but some analytical

progress is possible by taking the Laplace transform,

V(s) = Lf g, W(s) = LfWg.

The Laplace transform of the time derivative is

v 2y v st st ¥ 2y st
L — (9= —(r,t)e >dt = ve +s ve ~'dt = sV Vp(r),
@ 0= g Ve Sy +s 0 o(r)
and likewise for W. The Laplace transform of (213 is
8
2.y = + 2 ~
sV= (k; + K)V+ Kk, W+ Dyr <V + Vp,
S ) ) (219
- sW= K,V k, W+ Wy.
Clearly,
_ kZV + Wo

s+ k,
which can be substituted into, ( 214), yielding
I
Ky V + W
sV+ (K + KV + kK, 2+—k0 + Dyr 2V + Vo, (215
2
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24 multi -species sequential reactions

Equation (215 can be re-arranged to get
[

+ ) ~
+
ry S 14 ky + Ky + Ky ks -1 o+ ky Wo (216
Dy s+k, s(stk,) Dy s+ K,
We can then make the substitution | |
qzzi +k;+k1+ k1k2 ’ U_i Veq + kZWeq
Dy s+k, s(stk,) Dy s+ kK,
Then, (216) becomes g
’ ) 2 u,r ry,
r<v. qgV-= S (217
- 0,r>rp.
If we make the substitution r = r% g, we end up with
8
2 2 Uy g
o _ v 19V 5 _ @’ n
r*v. v=_—S+ —-—— V<= (218
@ 0q0
r aal 2 0,r > rp.

Forr > rp, (218 is Bessel's differential equation. Forr  rp, the substitution
V = U/q VO reduces (218 to Bessel's equation. Hence,
8

2v =Y aloan.r r
q2 10(q)! ns (219)

z V = axKo(qr),r > rp,
where g and Kg are modi ed Bessel functions of the rst and second kind
respectively. The solution, V, must not depend on Kqy for r  rn, nor on
lo for rp, > r, asKg is divergent at r = 0, and lg is diverges asr ! ¥ .

Continuity implies V and $£ must coincide at r = ry, s0
8

2 aylo(ar) + aKo(arm) = 3,

>
- agli(qrn)  axKq(qgrn) = O.

It follows that
_ UrnKy(arn)
ag= ———=,
q
We know that u+ v+ W = Ugq+ Veq V+ Weq W sinceu is highly mobile.
By assumption Ueq+ Veq+ Weq = 1, thereforeu+ v+ w=1 VvV Ww. The
Laplace transform is
kZV + Wo
s+ k,

nlkE

V. W= \Y,

Lfu+ v+ wg= %
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24 multi -species sequential reactions

so the Laplace transform of the recovery curve is
!

1+ —2 Ag(V) —ed (200

Lf Fg= A Lfu+ v+ =
g= Avg(Lfu+ v+ wg) St K S+ Kk,

1 Kt
S

Now we only require the average of V, which is

1 ZapZy,

Avg (V)= —
9( pré o

U
P ailo(qgr) rdrda.

Using the fact that % = rlgo, we have that

U 24
V== Z(r9). 221)
® rnqQ (' (

Finally, substituting the expression for V (221) into (220, using the de ni-

tion of a,, the Laplace transformed recovery curve is
! !
.+_

k Wegq
1+ —2 1 21(rhq)K4(qr
S+ k2 S+ k2 ( 1(rn@)K1(arm)) s+ k2

1 kg Weg

-(F) = 02Dy

nlE

which can be numerically inverted to yield F(t).

2.4.2 Two highly mobile species

The analysis is considerably simpler if both A and C are highly mobile.
Following the high mobility principle we can set, U= Ueq and v = Veq, then

solve the remaining system, which is simply

2—\1\/ = Ky (Weq W)+ Dyr 2w, (222)

Equation (222 is virtually identical to the problem which was considered

in section 2.2.3, so we can follow a similar procedure to get

F(t) = UegFs % + VegF s % +weq 1 el 1 F g ZISE\INt
(223
If we let r2/ D, ! 0 (hencer2/ Dy! 0 also, asDy > D) we are left with
2
F()= 1 weqe 2 1 F g 2ant (224

95




24 multi -species sequential reactions

Likewise, if r2/ Dy, ! ¥ (w is immobile on the time scale of the experiment)

F() = 1 weqe 2. (225

In this case the recovery curve of the three species system is indistinguish

able from a two-species reaction limited system.

2.4.3 Two immobile species

We now consider the special case in which v and w are immobile (Dy =
Dw = 0), but u is highly mobile ( D,/ (kzrﬁ) I ¥). As u is highly mobile,
we set U = Ueq and attempt to solve the remaining system,

8

S = kveq (K + K+ kW,

(226)

> qw ot
j]'”T—kzv K, W,

where we have used the fact that k Ueq = Kk; Veq. As in section 2.4.1 the

transformation v= veq Vandw = weq W simplies system ( 226) to

8
QW= (K, + KT+ ky W, -
> o ~ ~
% =KV kW,
where 8
o - Veq,r rn,
9(r,0) = Go(r) =
- 0,r  rp,
and 8
2 Weq, I In,
W(I’,O) = Wp = S
- 0,r rp.
The solution of system (227) is
0 1
v
@ A = ¢y(r)e "tvi+ cp(r)e 2vy, (228
W
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24 multi -species sequential reactions

where | 1,1 » and vq, Vv, are respectively the eigenvalues and eigenvectors of

the matrix 0 1

The functions c;(r) and cy(r) are determined by the initial conditions, ¢(r) =

cy(r) forr > rp, 0 1

@vO(r)A = ¢c(r)vy+ c(r)va.
Wo(r)

Though the eigenvalues and eigenvectors of matrix A can be computed in
terms of the reaction rates, the resulting expression is lengthy and does not
readily simplify. Instead, set a = c;vi1+ V1o, b = Covo1 + CV2 Where v

is the jth element of eigenvector v;j,
V+W=ae'1+ be 'z (229

If we take Dy/r2! ¥ ,thenu+ v+ w= u+ Veq V+ Weq W. By linearity,
the recovery curve is then

2
r
F() = UegFs 5=~ + Veg+ Weq ae 't' be 2. (230

2Dt
Taking Dy/ r2! ¥, (230 becomes

F(t)= 1 ae ' be'2, (231)

2.4.4 Determining the order of reaction

Suppose we have two highly mobile proteins, A and B, which interact with
an immobile molecule or cellular structure, D, to form an immobile complex,

ABD,
A+B+D) * ABD.

This system could model the interaction between a transcription factor, a
transcription co-regulator and DNA. The trasnscription factor and transcrip-

tion co-regulator are proteins which interact with DNA to activate or inhibit
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24 multi -species sequential reactions

the expression of certain genes. As the transcription factor and co-regulator
are both proteins localised to the cell nucleus, they are likely to have high
mobility [ 276, 277], while the chromatin (DNA molecule) is totally immo-
bile [2832.

Suppose that it is known that A, B and D interact, but that the order of
reaction is unknown. It may be informative, if it is possible, to determine the
order of reaction by performing separate FRAP experiments on the proteins
A and B.

The rst possibility is that A and B react to form a complex that binds
with D,

A+B) * AB,
AB+D ) * ABD.

If this is the case, then the recovery curve will depend on the mobility
of the complex, AB. If AB is not highly mobile, then both A and B will
fall into the regime with three disparate diffusive timescales discussed in
section 2.4.1. The recovery curves for both A and B will depend on the size
of the bleach region radius, so this regime can be identi ed by repeating the
FRAP experiment with bleach spots of different sizes. If protein complex
AB is itself highly mobile, then both A and B will be highly mobile, which is
the scenario discussed in section2.4.2. FRAP experiments on A and B will
produce single exponent recovery curves with identical dissociation rates
(the rate of dissociation of AB from D).

Alternatively, it may be that A reacts with D to induce some conforma-

tional change which enables B to bind, forming the complex ABD,

A+D) * AD,
B+AD ) * ABD.

In this case, A and B will have different recovery curves; B will obey a
two species model and so its recovery curve will be approximately equal

to a single exponential expression, while A will follow the three species
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24 multi -species sequential reactions

model discussed in section 2.4.3. The recovery curve for A will be composed
of two exponential terms, although the exponents will be eigenvalues, not
dissociation rates. There is also a third case in which B reacts with D rst,

followed by A,

B+D) * BD,
A+BD) * ABD.

However, as A and B are arbitrary labels, there is no need to consider this

case separately.

Figure 13: Numerical simulation of the three species sequential reaction, tted with (A)
a single exponential and (B) a double exponential according to formula ( 232).
The double exponential formula, as expected, provides a better t, which is
visually apparent. The Akaike information critereon (AIC) also has a much
lower value in the case of the double exponential formula which implies a
better t to data.
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25 multi -species parallel reactions

In summary, it is in principle possible to determine the order of reaction
in a three species system with two highly mobile proteins and an immobile
binding partner. It is simply necessary to perform FRAP experiments on

both proteins, then attempt to t the recovery curves with the formula

n
F)= 1 § ae ', (232
i=1

forn=1,2.

The Akaike information criterion [ 159 can be used to determine whether
the single or double exponent model is a better t. If the best t for the
recovery curve is a single exponent for both proteins, A and B, and both
recovery curves have identical dissociation rates, | j, then the proteins react
with each other before binding with D. If this is not the case, then one of
the proteins must bind with D before the other is able to do so. In this case,
one of the recovery curves will be best approximated by a single exponent
model, while the other will be best approximated by a double exponent
model. The protein with the double exponential recovery curve is the rst

to react with the immobile binding partner.

25 multi -species parallel reactions

In this section we consider a molecular species which is subject to n inde-

pendent reversible reactions with n different types of binding site,
K
A+Bij) . GCi.

Assuming mass action kinetics, the governing equations are

% =al, KI[AIB]+k [C] + Dar 2A,
 Bost Kwmge) o0
e kr [Al[B] K [Ci]+ Dgr 2C.

100



25 multi -species parallel reactions

If A is tagged, then the equations governing the FRAP experiment are

QW= an, Ku+k v+ Dyr 2,
N (234
T Wi- Ky ki vi+ Dy 2v;,
where u is the normalised concentration of uorescent A, and v; is the nor-
malised concentration of uorescent C;. The forward reaction rates are ki+ =
Ei* [Bi]. The homogeneous steady states of 234) satisfy k' Ueq = k; (Veq); for
I = 1,...,n. Therefore,
o= s (Ve = o p) 239
eq 1+ é.in:]_ki’ eq/] 1+ éin:lkia
where kj = k' / k; .

If the rate of reaction is much greater than the rate of diffusion across the
bleach region, then (234 resembles a single species pure diffusion system
with effective diffusivity
Dy + éinzlkiDvi

1 + é P: 1 k|

Detf =

251 Rapid equilibration

If uis highly mobile, we can set u = ueq and solve

i

qt
using the fact that ki+ Ueq = Ki Veq. The system is now decoupled, so we can

= ki (Veq Vi)+ DVir 2Vi| (23©

solve for each v; separately following the method in section 2.2.3. By linear-

ity, the recovery curve is the sum of the average of each separate solution,

2 n (2
F(t) = UegF o+ 3 i1 ekt 1 F n
(t) = uegFs 2Dyt 21 (Veg)i € S 2D, t
(237)
As D,/ r2! ¥ and Dy/r2! 0 (237 reduces to
n
F)=1 & (Veghie S, (239

i=1
which has appeared in previous quantitative FRAP studies [ 80.
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2.6 chapter summary

26 chapter summary

In this chapter we used formal asymptotic methods to derive new approx-
imations in limiting cases of of the linear reaction-diffusion FRAP model.
We found that not every parameter even in a two species FRAP model is
estimable in general. Using Fisher information, combined with our new ap-
proximations, we proposed suf cient conditions to ensure that every model

parameter is estimable. For conventional recovery curve analysis, the condi-

tions are
k
k_+ = O(l), Dy Du,
and ,
Du r
—— 1 Dt -
k*r2 Dy

where ry, is the radius of the bleach region and Dt is the regular time inter-
val between data points. In scanning FRAP, the use of spatial information
relaxes the requirement on Dt, so that the model parameters are fully es-

timable whenever
Dy Dy
k* Dr2 " oktL?

where L is the length scale of the imaged region. In the next chapter, we

1,

will numerically test these theoretical predictions.

We also considered the problem of multi-species FRAP modelling. We
derived several approximation formula which can potentially be used to
determine the order of reaction when two proteins interact mutually depen-

dently with an immobile binding partner.
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NUMERICAL ANALYSIS OF FLUORESCENCE RECOVERY
AFTER PHOTOBLEACHING AND A GENERAL
PARAMETER FITTING SCHEME

In chapter 2 we posited conditions that ensure the estimability of FRAP
model parameters in terms of the values of the parameters themselves. In
this chapter, we aim to revisit brie y our earlier predictions, and test them
against numerically simulated synthetic data. In addition, the analysis in
chapter 2 has two limitations. First, it is local to the optimal point and
does not reveal anything about the viability of global parameter tting with
general initial guesses that may be far from the global minimum. Secondly,
it applies only to the idealised case with step function initial conditions. We
will use numerical data to broaden our earlier results and test predictions
in this chapter.

We nd that, consistent with our theoretical predictions, estimability is
determined by the parameter regime; the magnitudes of the dimensionless
constants h and k. There is full parameter estimability only when h 1
and k = O(1). In other regimes, progress is possible only if the diffusion
coef cients Dy and D, are separately measured.

Methodology is discussed in section 3.1 and main results are presented in
sections 3.2 and 3.3. In section 3.4 we present a test to determine the param-
eter regimes; hence, what additional experiments, if any, will be required.
This chapter concludes with section 3.5 in which we propose a simple, yet

general parameter tting algorithm.
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3.1 methodology

3.1 methodology

Our rst aim is to test the feasibility of tting the two species reaction-

diffusion FRAP model to data,
8

2%: kK'u+ k v+ Dyr 2u I(r,t)u(r,t),

>
- %: kK"u Kk v+ Dyr 2v  I(r,t)v(r,t).

(239

Note that we are assuming radial symmetry, hence u (the free protein frac-
tion) and v (the bound protein fraction) depend on r, the distance from the
centre of the bleach region. System @39 is solved numerically with the

laser prole I(r,t) denedfor t2 [ tpeach ¥),

8
E n ).f 2 each»

(1) = >H(r r), if t2 [ tpeach 0) (240
Z0ift2[0,¥%),

where H is the Heaviside step function. We impose zero- ux boundary

conditions on a disk of radius R,

flu_u oy, (241)

W r=0 fir r=R
and likewise for v. The radially symmetric Laplacian is
8
R2fifr=o,
> 1
r

r-u-=

2 (242
fu Téu ;

A w2 if r> 0,

where the result at r = 0 is a consequence of I'Hopital's rule. Using a central

difference approximation of the Laplacian ( 243),

8
2 Hulrj+ 1 ti* U(r(j'rzlvti) 2u(rpt) r =0,

> 4 Tu(riso.ti) u(rj w.t) u(ri+ 1,5+ u(ri 1.t 2u(rit) .
~— 1 j+ 1ob j Ll j+ Lot j Lot joti .
0 2dr * dr2 it r; >0,

(243
where dr is the mesh spacing, we produce a semi-descretised approximation

to (254 to which we apply a stiff ODE solver (MATLAB's ode23s function)

2 -
r ju(rj,ti) =

to obtain numerical solutions Upata(rj.ti), Vpata(rj, ti), which represent the
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3.1 methodology

mobile and bound uorescent fractions at position rj and time t;. We use
the subscript "Data’ to denote (synthetic) experimental data. The total uo-

rescence intensity is

Wpata(j, ti) = Upata(rj, ti) + Vpata(rj ti). (244

For continuous data the recovery curve is

1 Z 2p Z n 2 Z n
Fpata(t) = P2 o o Wpata(r, t)rdrdq = 2, Wpata(r, t)rdr.
n n
Discretising, with rj = jdr, gives
_ 2 9 f 2
Foata(ti) = 2 a Wpata(rj, tj)idre. (249
Nfj2Njr; rng

There is evidence that bleaching a cell multiple times with different bleach
spot radii can improve parameter estimation [ 107. We certainly want to
include this option in our synthetic tests. Suppose we bleach a cell npeach
times, and that the bleaches are indexed by a number, k = 1, ...,npjeach- L€t
rk be the nominal bleach region radius used in experiment k, wk_,. the total

uorescence, and F['§ the recovery curve (note the superscript k is an index

ata
and is not intended to mean ‘raised to the power of k).
For each instance, k, with bleach region radius, rX, we solve (239 nu-
merically to obtain u"(rj,ti) and vk(rj,ti). We de ne the total uorescence
Wk(l‘j,ti) and the uorescence recovery curve Fk(rj,ti) as in (244 and (245

respectively. We de ne the objective functions, f and f gpace as

" #
nbgaach o K K )
f = a a (FData(ti) F (ti)) ) (246)
k=1 i
and " #
nbgeach o o " " 5
fSpace: a aa (WData(rJ'1ti) w (rjiti)) ' (247)
k=1 joi

whose minima we attempt to nd with the Nelder-Mead downhill simplex
algorithm [ 278 279 (using the fminsearch function of MATLAB). Note that
scanning laser FRAP would be required in practice to obtain wpaa. Since

we know the values of the parameters used to generate Wpgaia, We can easily
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measure the accuracy of the tting procedure. Let ¢ be any model param-
eter (Dy, Dy, k", k ) used to generate Wpata, and (i be the tting procedure
output, then the proportional estimation error is
SREL ) (248
Gy
where once more the superscript his an index (the index of the experiment).

The mean error is then simply

1 ncr,un
= a . (249
run ph=1

m:

In each case we taken,,, = 1024. In this way we are able to condense
information about the accuracy of parameter estimation in the various dy-
namic regimes (rapid equilibration, intermediate and so on) into a single
variable. However, we have found that the distribution of parameter esti-
mates may be thick-tailed such that neither the mean nor the median errors
are especially informative. In these cases, the mean error is skewed by a
minority of outliers, while the median error is approximately 0. For this
reason we also recorded the number of instances, n;(m), which returned

values alh such that nf < m The fraction of such cases is simply

fi(m = (M. (250

Nrun

where mhas a chosen value. For example, ifm= 0.01, then f;(m would be

the fraction of instances which returned estimation errors of less than 1%.

3.1.1 Parameter generation

The parameter inputs for each synthetic experiment were generated ran-

domly following a process which is described below.

1. Generate a uniformly distributed positive random value for Dy. We
setD, 50nmm?s 1 to keep the diffusivity in a biologically realistic

range [48].
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2. Pick a random real number A 2 [ 3,3] from a uniform distribution,
and set the dimensionless parameterh = 107. If A 1, we consider
the dynamics to be ‘rapid equilibration’. If 1< A < 1 we consider
the dynamics to be ‘intermediate’. Finally, if A 1 we consider the

dynamics to be “slow equilibration' (effective diffusion).
3. Set the association ratek™ = Dy/ (r2h).

4. Pick a random real number K 2 [ 1, 1] from a uniform distribution,
and set the dimensionless parameter k = 10K. Cases whereR > 1 or

K < 1 are handled separately.
5. Set the dissociation ratek = kk*.
6. Pick a random real number d 2 [0,10 1] from a uniform distribution.
7. Set the slow diffusivity Dy = dDy.

Initial guesses are generated in two different ways. In the rst method,

the “local' method, each initial guess, alk is of the form

g = g1+ p), (251)

where p2 [ 0.5,0.5 is a uniform random variable. This ensures that initial
guesses are within 50% of the correct parameter value in each case. For the
second method, the “global' method, steps 1-7 were repeated to generate

independent random initial guesses.

3.1.2 Procedure summary

It may be helpful at this stage to recap some of the key details of the process
used to produce the aggregate measures of parameter estimation accuracy,
m and f,. Note that there are n,y, separate synthetic experiments included
in each data set (each table in section3.2 is one data set), the experiments

are indexed by h = 1,....,nyn = 1024. Each experiment involves bleaching
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Npieach times with different bleach region radii, indexed by k= 1,...,Npjeach
(Npieach IS varied to investigate the effects of tting multiple uorescence
recoveries on parameter estimation accuracy). The steps involved in the

procedure are outlined below.
1. Generate a set of parameters as described in sectior8.1.1.

2. Simulate a FRAP experiment using Npjeach different bleaches with dif-
ferent bleach region radii, and record the npeach UOrescence recover-
ies (all these synthetic data use the parameters generated in stepl as

inputs).
3. Generate a set of initial guesses as described in sectior8.1.1.

4. Attempt parameter estimation by minimising the objective function

(either f (246) or f gpace (247), as appropriate).

This process is repeatedn,, times for each data set.

3.2 computational results

This section contains the results obtained by the methodology described
in section 3.1, the results being collated in tables. Odd numbered tables
display the mean estimation error, m as de ned in ( 249. These estimates
were obtained using “local' initial guesses, as de ned in section 3.1. Even
numbered tables display the fraction of parameter estimates which were
within 1% of the correct value, f,(0.01) as de ned in ( 250). These estimates
were obtained using "global' initial guesses, as de ned in section 3.1.

We have included tting results for each of the four model parameters,
Dy, Dy, k" and k , as well as D¢gs and veq, de ned as

Dok + Dkt S
K+ Kk T ek

Detsf =
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In chapter 2 we predicted that parameter estimability would be deter-
mined by the parameter ‘regime' which is the magnitude of the dimension-
less constants
h = k?—ru% k = t—+
To investigate the effect of varying h and k on parameter estimation accu-
racy, we have broken down the results by regime.

We investigated the effects of uorescence recovery frame rate and the use
of spatial information. We used two values for the interval between frames,
Dt: Dt = 5 10 2 s(standard frame rate), and Dt = 1 10 4 s (high frame
rate). Where spatial information was utilised, we used f gpace formula (247),
as the objective function. Otherwise, we used f, formula (246. We also
investigated the possibility of tting certain parameters separately and then
using the FRAP experiments only to measure the remaining parameters.
For some of the parameter ts (as indicated), we simply supplied the correct
values of Dy and D, and attempted to estimate only k™ and k . Of course,
in reality, this process of separately determining D, and D, would require

some additional experiments.

Inthe case whenh  1andk = O(1) we predicted that the reaction rates, k™
and k , and the slow diffusivity, Dy would be estimable from either recovery
curve or spatial data. We predicted that the fast diffusivity, Dy, would be
estimable using recovery curve data of suf ciently high frame rate (but not
in general). We further predicted that the use of spatial information would
greatly reduce the frame rate necessary to estimateD accurately.
Computational results, presented in table 1, are consistent with all of our
predictions. Inrow 1, we see that tting a low frame rate recovery curve pro-
duced estimates of Dy, k* and k with mean errors of less than 2%, but the
error was much higher for Dy. Using a high frame rate recovery curve (row

2) reduced the error in the estimate of Dy to a similar level to the other pa-
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Row | Spatial | HFR | Dy, | Dy | k' |k Deff | Veq

1 - - 26.111.15| 0.48| 0.43| 21.4| 0.51
2 - X 151171 0.22| 1.02| 1.59]| 0.63
3 X - 0.00| 0.00| 0.00| 0.00| 0.00| 0.00

Table 1: Mean percentage estimation error, m, generated using local initial guesses, for
the indicated parameters. A checkmark in the "HFR' column indicates that a
high frame rate uorescence recovery was used. A checkmark in the “Spatial'
column indicates that the spatial objective function, f space €quation (247), was
used; otherwise the conventional objective function f equation (246) was used.

Regime: h 1.

rameters. The use of spatial information (row 3) even at conventional frame

rate produced highly accurate estimates of all the parameters, as expected.

Row | hg D, | Dy |kt |k Deff | Veq

1 hg 1 94.0/94.0{ 94.1|/94.0| 94.0| 94.0
2 ho= O(1) | 26.6| 26.6| 29.1| 29.3| 27.3| 28.7
3 hg 1 - - 100 | 100 | 100 | 100

Table 2: Percentage of estimates of the indicated parameters which were accurate to
within 1% of the correct values, f|(0.01). Initial guesses were generated using
the “global' method. The regime of the initial guess is hg. A hyphen (-) in a
cell indicates that the corresponding parameter was not estimated, but was “sep-

arately determined' by supplying the correct value directly. Regime h 1.

Next turning our attention to table 2, we see that, using generic initial
guesses intheh  1regime (row 1), accurate estimates {.e. having an error
of less than 1% of the correct value) of all four model parameters were ob-
tained in 94% of cases. We notice (row?2) that the accuracy fell substantially
when initial guesses were made in the h = O(1) regime. When the initial

guess was far from the correct parameter values, the tting algorithm often

110
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became stuck at a local minimum of the objective function and so never

located the global minimum.

h= 0(1)

We did not make any strong predictions about the feasibility of parameter
estimation in the h = O(1) regime. However, we conjectured that there
would be increasing parameter multiplicity as the value of h declined, that
different combinations of parameters would yield almost identical model
outputs, making it very dif cult in practice to choose the correct parameter
values. Results in table 3 indicate large estimation errors for each of the
four parameters, even when using spatial information and high frame rate
data. An interesting exception is the effective diffusivity, Dgs which was
estimated with a mean error of less than 2%. This is surprising, as we
would not necessarily, on the basis of the results in sections 2.2.4 and 2.2.5

(chapter 2) expect D¢f to be estimable unlessh 1.

Row | Spatial | HFR | Dy | Dy | k* k Deff | Veq
1 X X 453 | 3730| 1290| 318 | 1.95| 378

Table 3: Mean percentage estimation error, m, generated using local initial guesses, for
the indicated parameters. A checkmark in the 'HFR' column indicates that a
high frame rate uorescence recovery was used. A checkmark in the 'Spatial’
column indicates that the spatial objective function, f space €quation (247), was
used; otherwise the conventional objective function f equation (246) was used.
Regime: h = 0O(1).

One method to circumvent the problem of multiplicity is to determine
certain parameters independently using separate experiments. We investi-
gated the effect of measuring the diffusivities, D, and D, separately. Results
(table 4) imply that accurate estimation of the reaction rates, k* and k , is
possible if Dy and Dy are known, but only if the initial guesses of k* and

k areinthe h = O(1) regime.
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Row | hg Dy | Dy |[K" |k Deff | Veq

1 ho = O(1) | 23.0| 20.1| 20.7| 24.2| 99.6 | 22.3
2 hp 1 - - 19.1119.1)19.1| 19.1
3 ho = O(1) | - - 97.5| 97.5| 98.0| 97.8

Table 4: Percentage of estimates of the indicated parameters which were accurate to
within 1% of the correct values, f;(0.01). Initial guesses were generated using
the “global' method. The regime of the initial guess is hg. A hyphen () in a
cell indicates that the corresponding parameter was not estimated, but was “sep-

arately determined’ by supplying the correct value directly. Regime: h = O(1).

We predicted (in agreement with previous studies [ 70,76]) thatinthe h 1

regime, only the effective diffusion coef cient,

D,k + Dyk*

Def-f: k++k ]

would be estimable.

1 X X 1270| 5130| 3670 | 1110| 0.53| 992
2 - - 2430| 6150| 9730| 1350| 0.34 | 1210

Table 5: Mean percentage estimation error, m, generated using local initial guesses, for
the indicated parameters. A checkmark in the 'HFR' column indicates that a
high frame rate uorescence recovery was used. A checkmark in the 'Spatial
column indicates that the spatial objective function, f gpace €quation (247), was
used; otherwise the conventional objective function f equation (246) was used.

Regime: h 1.

Results (table 5) support this prediction. It is not possible (row 1) to

estimate any parameters accurately, even with high frame rate spatial data,
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3.3 model uncertainty and multiple curve fitting

yet Dqi can be accurately estimated given only low frame rate recovery

curve data (row 2).

ROW ho Du Dv k+ k Deff Veq
1 hp 1|254]0.78|0.59|0.59|98.0| 1.95
2 hp 1]- - 922|922 | 100 | 100

Table 6: Percentage of estimates of the indicated parameters which were accurate to
within 1% of the correct values, f|(0.01). Initial guesses were generated using
the “global' method. The regime of the initial guess is hg. A hyphen (-) in a
cell indicates that the corresponding parameter was not estimated, but was “sep-

arately determined' by supplying the correct value directly. Regime: h 1.

If Dy and D, are known, it ought to be possible to estimate the ratio
k / k™, and hence the bound fraction, Veq. Predictably, veq was estimated
accurately (within 1% of the correct value) in 100% of instances (row 2).
Surprisingly, the individual reaction rates, k* and k , were accurately es-
timated in almost as many instances 92%. Bearing in mind that in these
experiments we allowed 10 2 h 10 1, these results suggest that many
of the instances of the synthetic data were actually closer to the h = O(1)
regime than the true h! 0 limit. This indicates that it requires an extremely
small value of h for data to fall fully intothe h 1 regime, which is of some
biological signi cance. Recalling that h = k% / g—%u Is the ratio of the
reactive timescale to the diffusive timescale across the bleach region of in-
terest, our results imply that “effective diffusion’ will only be encountered

in systems with extremely highly transient chemical interactions.

3.3 model uncertainty and multiple curve fitting

Empirical data similar to the idealised ( i.e. almost noise-free) synthetic data

used in section 3.2 are unlikely to be encountered in reality. In this section
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3.3 model uncertainty and multiple curve fitting

we reproduce the results of the section 3.2, but including explicit uncertainty
in the synthetic data.
Empirical data points, Y; may be described by the sum of the output of

the mathematical model, F and a stochastic variable such that,
Yi = R(g)+ six;, (252

where the x; are normally distributed random variables with mean 0 and
standard deviation 1, and the s; account for the scale of the observational
uncertainty [ 157]. We let x; be independent and identically distributed ran-
dom variables drawn from a normal distribution with zero mean and unit

variance, and s; = s 8i.

Row | s Npleach | Du Dy k* k Veq

1 0.00 |1 100 100 100 100 100

2 0.025| 1 56 (78) | 48(66) | 73(93) | 84 (94) | 92 (99)
3 0.025| 2 54(88) | 66 (79) | 83(95) | 85(95) | 96 (99)
4 100253 70(92) | 74(85) | 92(98) | 96 (99) | 97 (99)
5 005 |1 26 (50) | 35(54) | 46 (72) | 60(80) | 78(90)
6 005 |2 28(56) | 41(63) | 62(83) | 70(88) | 81(93)
7 005 |3 43(66) | 50(75) | 70(94) | 78(93) | 88(97)

Table 7: Percentage of results within 5% of the correct value, f;(0.05 and, in brackets,

percentage of results within 10% of the correct value, f;(0.1).

There are two other important methodological differences between this
section and section 3.2. First, we used multiple start parameter estimation.
We generated a sample of initial guesses, ran separate instances of the pa-
rameter tting algorithm for each, and then selected the output which pro-
duced the lowest value of the objective function. The second important
difference was that, for each instance of the synthetic data with certain pa-
rameter values, we attempted a t using multiple uorescence recoveries

(Npleach = 1, 2, 3) with different bleach region radii.
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3.3 model uncertainty and multiple curve fitting

Fitting results for different values of s and npeach are collated in table
7. Increased uncertainty, s predictably reduced tting reliability. Interest-
ingly, veq turned out to be strongly estimable, more so than either k™ of k

individually.

3.3.1 The value of multiple recovery tting

The quality of the parameter estimation is increased by tting uorescence
recoveries with different bleach region sizes (table 7). With this in mind,
one approach might be to conduct FRAP experiments with different bleach
region sizes on separate cells; however, tting a sample of cells with a single
set of parameters is not ideal, as there is natural variation between cells. For
this reason, we propose bleaching the same cell multiple times, varying the
size of the bleach region. This would, of course, lengthen the duration of ex-
periments which is time-consuming and increase the risk of non-negligible
cell motion during the experiment. We suggest that a reasonable compro-
mise might be to use only two different bleach region radii. The outline of

the FRAP protocol is:

1. Record pre-bleach frames.

2. Bleach using rst user-de ned bleach region radius (radius 1).

3. Record uorescence recovery until the cell reaches equilibrium.

4. Bleach using second user-de ned bleach region radius (radius 2).

5. Record uorescence recovery until the cell reaches equilibrium.

A theoretical example of how a FRAP experiment might look with this

procedure is plotted in gure 14.
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3.4 regime identification

Figure 14: A simulated example of FRAP with double photobleaching. Circular bleach
regions with two different radii, 0.3 nm and 0.7 mm, were used. The biophys-
ical parameters were; Dy = 20mm3s 1,D, = 0,k* = k = 1s 1. (A) The
averaged intensity across the bleach region of interest over time. Intensity
during photobleaching is presented by a dotted line since this would not be
measurable in practice. (B) The two recovery curves, both normalised to begin
at 0 and end at 1, overlaid. Note that the fact that these recovery curves are
almost identical suggests that the recovery curve is well-approximated by the

reaction limited formula ( 149, which would imply that h 1 and Dy = 0.

34 regime identification

We have so far determined that the reliability and accuracy of parameter es-
timation are determined by the parameter regime of the data. However, one
does not automatically know the regime of experimental data. The objective
of this section is therefore to determine the precise boundary between the
regimes and propose a method to determine the regime of arbitrary FRAP

data. To this end, we ran numerical experiments in which we attempted
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3.4 regime identification

tting on synthetic data with procedurally generated parameter inputs, as
described in section 3.1, but precisely controlling the values of the dimen-
sionless quantities, h and k. We consider h in section 3.4.1 and k in section
34.2.

3.4.1 The effect of varying

In order to locate the boundary between the regimes we ran a sample
of parameter tting experiments with h values in a set of intervals, h 2
[107, 10709 with A 2 f..., 0.2, 0.1,0,0.1,0.2, g, and recorded the frac-
tion of output parameter estimates with an error of less than 1% relative
to the correct corresponding parameter input value ( f;(0.01) as de ned in
(250).

Results ( gure 15) indicate that, as expected, the reliability of the t gen-
erally increased with the value of h. When D, and Dy, were known, ts of
the reaction rates, k¥ and k , were consistently accurate forh > 10°4 2.51
(gure 15A). Fitting all four parameters reliably, however, required h >
1047 50.1 (gure 15B).

We would expect that, in the regime where accurate estimation of all
model parameters is possible, the rapid equilibration formula ( 124) ought
to approximate the recovery curve. Accordingly, it is clear in gure  15C
that the error between formula ( 124) and simulated data, f g, decreases as
h increases, and is negligible for h > 10’ Similarly, we would expect the
slow equilibration (effective diffusion) formula ( 161) to be a good approxi-
mation where estimation of k™ and k is not possible. Although the error,
f b, decreases as decreases, as we would expect, it does not appear that the
effective diffusion formula is a good approximation when h = 10°4. This
suggests that for h 1, neither the effective diffusivity Deg, nor k™ and k
individually, are estimable with total accuracy.

We can place data into one of three regimes: rapid equilibration ( h >
1017, intermediate (10%4 h  10%Y), and slow equilibration h < 104, If
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3.4 regime identification

Figure 15: (A) Fraction of parameter estimates within 1% of the correct value ( f,(0.01) as
de ned in ( 250) when attempting to tjust k* and k . Each data point is cal-
culated from nyn = 128 instances of tting with h 2 [hmin, hmax] Where hnin
is indicated and log ;,(hmax) = 10g;5(hmin) + 0.1. (B) identical to (A), except at-
temptingto t Dy, Dy, k* and k . (C) Residual sum of squared errors between
a simulated uorescence recovery curve and recovery curves computed by the
rapid equilibration formula ( 124 (f gr) and the slow equilibration (effective
diffusion) formula ( 161) (f p). Parameters were D, = 30 nm3s 1, D, = 0.01
mm?s 1, r, = 0.5mm, k' = k = Dy/ (r2h) for variable h. The rapid equilibra-
tion error, f g, decreases ash increases, while the effective diffusion error, fp,

increases.

the regime can be determined, then the required course of action is obvi-
ous: in the rapid equilibration regime full parameter tting is possible, in

the intermediate regime the reaction rates can be estimated after separate
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experiments to determine the diffusivities have been conducted, while in
the slow equilibration regime at most the ratio of the reaction rates can be
estimated.

We propose that the regime can be identi ed by attempting separate ts
which are restricted to particular regimes. The best t corresponds to the
correct regime of the data. We measured goodness-of- t with the Akaike

information criterion [ 159,
AIC = 2Nparam + Ndata |Og(f ), (253

where Nparam Is the number of model parameters, Ngaiq is the number of
data points and f is the objective function/residual sum of squared errors.
The model with the smallest AIC is in general the best t with the least
degree of over- tting.

We tested procedurally generated data by tting in the three major model
regimes, as well as by tting with a pure diffusion model. The restricted
parameter estimation was implemented using MATLAB's constrained opti-
misation algorithm, fmincon. We de ne AIC grg as the AIC resulting from a
model t which is limited to the rapid equilibration regime, while AIC  and
AIC g are likewise for the intermediate regime and the slow equilibration
regimes respectively. AICp is the AIC of the pure diffusion model t. Note
that Nparam = 4 for AIC gg, AIC, and AIC gg, while Nparam = 1 for AIC .
For this reason, the pure diffusion model yields a lower AIC than the full
reaction-diffusion model in cases where the residual sum of squared errors,
f, are equal.

Results in table 8 indicate that, for both intermediate and rapid equilibra-
tion, constrained tting in the correct regime produced the best t in all
cases, which strongly supports our contention that this method can be used
for regime identi cation. In a minority of cases, the pure diffusion model
provided a better t than the full model in the slow equilibration regime,
hence a slow equilibration recovery cannot reliably be distinguished from

a purely diffusive recovery. This is to be expected, as the uorescence re-
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X (regime) AICx < AICRe | AICKx <AIC,| | AICx < AICgg | AICx < AICp

Large h (RE) - 100% 100% 100%
Intermediate (1) 100% - 100% 100%

Small h (SE) 100% 100% - 84.4%

Table 8: Regime identi cation with constrained parameter tting tested on a sample of
128 synthetic experiments for each regime. The leftmost row indicates the regime
of the data: rapid equilibration (RE), intermediate (1) and slow equilibration (SE).
Each cell displays the percentage of cases in which the AIC in a regime indicated
by the column was greater than the AIC in the correct regime indicated by the

row.

covery in slow equilibration regime tends to resemble pure diffusion with

effective diffusivity, Deg.

3.4.2 The effect of varying

As with h, we began investigating the effect of varying k on parameter
estimation by locating the boundary between the regimes. Computational
results (gure 16A, B) indicate that parameter estimation deteriorates the
further k deviates from 1 in either direction. We found that 10 99 < k <
10°-53 ensured reliably accurate estimation of all four model parameters.

As k I ¥ the system asymptotically approaches a pure diffusion re-

covery with diffusivity, Dy, and likewise for Dy, ask ! 0. Yet the pure
diffusion model with the appropriate diffusivity is a better approximation

for k = 10 99 than for k = 10°°3 (gure 16C). We believe that this asym-
metry can be explained as follows. Since D, > Dy, the diffusive recovery
with diffusivity Dy is faster, hence there are comparatively fewer data points
available with the uorescence recovery in progress, ultimately leading to

less accurate parameter estimates.
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Figure 16: (A) Fraction of parameter estimates within 1% of the correct value ( f,(0.01)
as de ned in ( 250) when attempting to t Dy, Dy, k¥ and k . Each data
point is calculated from ny, = 128 instances of tting with k 2 [Kmin, Kmax]
where knin is indicated and log ;5(Kmax) = 1094o(Kmin) + 0.1. (B) Similar to (A),
except over a different range of values of kpin. (C) Residual sum of squared
errors between a simulated uorescence recovery curve and recovery curves
computed by the pure diffusion formula with diffusivites Dy (170 (f y) and
Dy (172 (fy). Parameters wereDy, = 8 m?s 1, Dy = 1 nm?s 1, r, = 0.5mm,
k¥ = 1s Yand k = kk* for variable k. The goodness-of- t of pure diffusion
with diffusivity Dy improves as k increases, while the t with diffusivity Dy

improves as k decreases.

Next, we tested whether constrained tting can identify the magnitude of
k, similar to h in section 3.4.1. Again, we computed the Akaike information

criterion of various ts limited to different regimes: AIC  for k > 10°°3,

121



3.4 regime identification

AICy, for k < 10 %9 and AIC for the pure diffusion model. For ts where
k was of intermediate magnitude (10 °° < k < 10°%9), we also imposed
h > 107 (i.e. the rapid equilibration regime considered in section 3.4.1).
We made this imposition because rapid equilibration is the sole regime in
which full parameter estimation is possible, so identifying it is the most

important problem.

X (regime) AICy < AICy | AICx < AICRe | AICx < AICy | AICx < AICp

Large k (U) - 100% 82.0% 95.3%
Intermediate k (RE) 100% - 100% 100%

Small k (V) 89.1% 88.3% - 100%

Table 9: Regime identi cation with constrained parameter tting tested on a sample of
128 synthetic experiments for each regime. The leftmost row indicates the regime
k (RE), and

k < 10 %9 (V). Each cell displays the percentage of cases in which the AIC in a

of the data: k > 10°53 (U), rapid equilibration with intermediate

regime indicated by the column was greater than the AIC in the correct regime

indicated by the row. .

Results (table 9) clearly indicate that the k 1 and k

always be distinguished from one another, nor can they always be distin-

1 regimes cannot

guished from pure diffusion; however this is unavoidable as both regimes
are approximately diffusive.

For rapid equilibration data, the t constrained to the rapid equilibra-
tion regime gave the best tin all cases, which encouragingly suggests that
this regime can be identi ed. On the other hand, for k 1 data, the t
constrained to the rapid equilibration regimes gave a better tin 11.7% of
cases. Judging by goodness-of-t alone, we would erroneously conclude
that these data were rapid equilibration, leading to potentially wildly in-
accurate parameter estimates. However, in all of these instances we had
k 10 %%+ 10 3where Kis the estimated value of k. The algorithm clearly
converged towards a point which was as close as possible to the k 1

regime (the correct regime). We therefore imposed the additional rule that
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a regime is not considered viable if the constrained t in that regime yields
parameter estimates at the boundary between regimes. With the addition
of this rule, in all of our numerical tests we were able to identify the rapid
equilibration regime without any false positives or false negatives.

It is worthwhile noting that, even though the uorescence recovery ap-
proximates pure diffusionas k! ¥ ork! O0O,thek l1andk 1regimes
could not be reliably identi ed with model selection alone. For k 1 and
k 1, we found that AIC rg < AICp in 63.3% and 74.2% of cases respec-
tively. In other words, the reaction-diffusion model produced a better t
than the pure diffusion model in the majority of cases. It is clear, then,
that constrained tting of the reaction-diffusion model is essential for the

purposes of regime identi cation.

3.4.3 The quasi-diffusive regimels, 1,k landk 1

Although the h 1 and h = O(1) regimes can be identi ed, the k 1,
k 1andh 1regimes cannot be differentiated from one another as they
all somewhat resemble diffusive recoveries. However, this is no problem, as
these regimes can easily be identi ed by other means. Suppose that D is
optimum diffusivity obtained from tting the pure diffusion model to data.

If D Dythenk landveqg O,whileif D Dythenk landveq 1.
If it is clear that Dy < D < Dy, then D = D¢y and k can be calculated.
In summary, it is always possible, in principle, to determine the parameter
regime, and by extension, which parameters are estimable and under what

circumstances, of given FRAP data.
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3.5 general fitting algorithm

The results of this chapter naturally lead us towards an idea of a general
FRAP tting algorithm. To conclude, we outline our proposed FRAP tting

procedure in this section (summarised as a ow chartin gure 17).

FRAP on an immobile species

To simulate a FRAP experiment as accurately as possible, it is essential to
know the spatial prole of the bleaching laser - that is, the image mask
which is “written' into the sample by the laser during photobleaching. In
testing we have found that this pro le is surprisingly not well-approximated

by any of the obvious candidate functions. We therefore believe that it will
be advantageous to perform preliminary a photobleaching experiment on
a protein which is known to be immobile. By observing the distribution

of uorescent immobile protein after photobleaching, it is easy to infer the
pro le of the bleaching laser, which can then be used in simulations of the
main FRAP experiments without needing to know its functional form. An
example of this process, using histone H2B, is detailed in chapter 4. Of
course, this procedure requires a small number of additional experiments
(we were able to construct a laser pro le with four separate H2B instances),
but removes a potentially inaccurate assumption and therefore eliminates
one source of avoidable error. If different bleach region sizes are used, sep-

arate preliminary experiments are preferred for each size.

Main FRAP experiments

The FRAP experiments themselves proceed normally, with the only modi-
cation being the use of two different bleach rergion radii per cell, as de-

scribed in section 3.3.1.
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Figure 17: The FRAP parameter tting algorithm. Steps highlighted in blue require direct

actions by experimenters.

125



3.5 general fitting algorithm

Importing data

Data acquisition being complete, the data must be converted into a usable
format. We were given data in the form of a *.Ism le, which we converted
to a series of images using ImageJ. The images were then imported into

MATLAB with the imread function.

Initial regime identi cation

Initial regime identi cation proceeds just as described in section 3.4. Fitting
the FRAP model to data using constrained parameter estimation can sort
the data in one of three categories: the rapid equilibration regime ( h 1
and k = O(1)), the intermediate regime (h = O(1) and k = O(1)) or one of
the quasi-diffusive regimes (h  1andk = O(1),ork 1,ork 1).

The quasi-diffusive regimes cannot reliably be distinguished by this method
of constrained optimisation; however, if the diffusivities, Dy and Dy, are
known, then it is simple to identify which one of these regimes is correct.
It is only necessary to t a pure diffusion model to the data, obtaining an
estimate of the diffusivity, D.IfD Dy,thenk 1;ifD Dy, thenk 1.
Otherwise, if Dy, < D < Dy, then the data are in the effective diffusion

regime (h  1andk = O(1)).

The rapid equilibration regime

In the rapid equilibration regime ( h 1 and k = O(1)) all model parame-
ters, Dy, Dy, k™ and k , can be reliably estimated by tting the FRAP model

to data. No further experiments are required in this case.

Estimating Dy and D.

Outside of the rapid equilibration regime, it is necessary to measure the
diffusivities, Dy and Dy, independently. It may be possible to estimate the
diffusivity of the unbound protein of interest, Dy, with a FRAP experiment

on a physically similar but inert protein (perhaps a binding-de cient mutant

126
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of the protein of interest). The diffusivity of the binding partner molecule,
Dy, might be estimated with FRAP on a protein constituent of the binding
complex. If it is unfeasible to measure one or both diffusivities experimen-

tally, they can be estimated with the Stokes-Einstein relation.

The intermediate regime

In the intermediate regime (h = O(1) and k = O(1)) the reaction rates,
k* and k , can be estimated by tting the FRAP model to data, although

estimates of D, and D, must be supplied.

The quasi-diffusive regimes

There are three quasi-diffusive regimes: slow equilibration (h 1 and k =
0O(1)), fast diffusion (k 1), and slow diffusion ( k 1). In the slow
equilibration regime, the ratio of the reaction rates k / k™ can be estimated
using the formula

D Dy

+
k /k = b D

In the remaining two quasi-diffusive regimes, it is technically possible to

estimate the fraction of bound protein at chemical equilibrium, veq. Simply,
in the fast diffusion regime, veq 0, while in the slow diffusion regime

Veq 1.

3.6 chapter summary

This chapter dealt exclusively with numerically simulated FRAP experi-
ments. We found evidence support our prediction that the feasibility of
parameter estimation depends on the regime of the data, determined by the
dimensionless constants h and k. In regimes where parameter estimation is
not feasible, we found that progress can be made by estimating the diffusiv-
ities, Dy and Dy, with separate experiments. We proposed a simple FRAP

tting protocol which relies on estimating the regime of the data, then per-
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forming parameter estimation and additional experiments (as required) to
maximise the amount of information which can be extracted from FRAP

data.
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APPLYING NUMERICAL PARAMETER FITTING TO
EMPIRICAL FLUORESCENCE RECOVERY AFTER
PHOTOBLEACHING DATA

In chapters 2 and 3 we theoretically established the feasibility of parameter
estimation in FRAP. In this chapter we apply numerical parameter tting (as
discussed in chapter 3) to empirical uorescence microscopy data which has
been supplied by the tumour cell biology laboratory at the Crick Institute.

We have so far considered a rather idealised FRAP model, so we must
slightly modify the FRAP model itself before we can apply it to empirical
data. We must also make some adjustments to the data, for example to
control for passive photobleaching during the recovery phase of the experi-
ment. In section 4.1 we pose the mathematical model of FRAP and outline
the numerical methods used in the model simulation in section 4.2. The
focus of section 4.3 is the methodology we use to obtain an empirically val-
idated numerical description of the laser bleaching pro le. In section 4.4
we explain, with reference to an example, the additional steps required to
utilise this model to practical ends.

In total, we analysed data from 264 individual FRAP experiments, includ-
ing wild type YAP in both normal broblasts (NFs) and cancer-associated
broblasts (CAFs), and wild type TEAD (CAFs and NFs). Also included
are two mutant variants of YAP: 5SA (NFs and CAFs) and S94A (NFs and
CAFs). In addition, we analysed data on enhanced green uorescent protein

(EGFP) which serves as a control. The data are placed in proper biological
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4.1 mathematical model

context in section 4.5. Finally, results are presented in full and their impli-
cations discussed in section 4.6. We consider model limitations in section
4.8.

41 mathematical model

Following previous studies [ 70,71, 76], we assume that a diffusible molec-
ular species, A, associates reversibly with a binding partner, B, to form a
complex, C. Departing from our work in previous chapters, we do not as-
sume that the domain under investigation is in nite, nor do we assume that
binding partner B is homogeneously distributed.

We suppose that the domain under investigation may be represented by
the setW RZ2. Let u(x,t) be the concentration of speciesA at point x 2 R?
and time t 2 [0,¥ ) that is uorescent (not yet photobleached), and Dy be
the diffusivity of free protein, A. Likewise, let v(x,t) be the concentration of

the uorescent bound protein, C, and Dy, its diffusivity. The resulting FRAP

model is
8
I = k(U )+ K v(xt)+ Dur 2u(x,t)  al(xu(x,t),
W) =+ K QUOGY K V(D + Dr 2v(x 1) al(x, )v(x.),

(259
where I(x,t) is the intensity prole of the laser acting upon the sample,
and a is the sensitivity of the uorophore to photobleaching. Note that
u and v are not separately measurable. Only the total uorescent protein
concentration w,

w(x,t) = u(x,t) + v(x,t), (255

can be measured empirically
We assume that, over the time scale of the FRAP experiment, minimal

transfer of material takes place between cellular compartments (such as the
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4.1 mathematical model

cell nucleus and cytoplasm), so we impose homogeneous Neumann bound-
ary conditions

rg Ajew=10, rv Ajgy= 0, (256
Jgw Jgw

where W is the boundary of the domain W and fi is the unit outward
normal vector.
We assume that prior to photobleaching the cellular compartment has

already reached equilibrium. This leads to the initial conditions
u(x,0) = Ueq, V(X,0) = veq(x,0), (257

where Ueq and veq are the non-trivial steady states of system (254 when
| = 0 (note that we have allowed veq to be heterogeneous, but not ueq for
reasons we will explain presently). Boundary conditions ( 256) and initial
conditions (257 close the model (254) if 1(x,t) is de ned. Also, the total

pre-bleach protein concentration, Weg, is simply

W(X,0) = Weq(X) = Ueq+ Veq(X). (259

In principle, formula ( 258) gives a constraint on the pre-bleach uorescent
protein concentration, ueq. Since there cannot be negative amounts of bound

protein at any point, it is clear that

Ueq r)gi\?v(weq(x)) , (259

yet in practice (259 does not strictly hold due to the stochasticity of experi-
mental data.

If the binding partner, B, is diffusible, then it is distributed homoge-
neously throughout the cellular compartment at equilibrium, in which case
k™ is spatially invariant and there is a homogeneous steady state, Ueg, Veg;
satisfying

K" Ueg = K Vegq. (260

However, if the binding partner B is non-diffusible, then it may be heteroge-

neously distributed. In this case k* is a non-uniform function of x and not a
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4.1 mathematical model

model parameter. Therefore, for the purposes of parameter tting, we shall
instead consider the steady state value ueq, Which is necessarily a constant.

To prove this, we simply substitute Ueq and veq into (254),
8
2Wea(x) = 0= K" (Q)Ueq(X) + K Veq(X) + Dur 2Ueq(X), 061

> e
7 a0 = 0=+ K* (eq(X) K Veg(X)+ Dyl eg(x).

Adding both equations, the reaction terms cancel to give
Dur 2Ueq(X) + Dyl 2veq(x) = 0. 262
Since Dy = 0 in this case, 262 reduces to Laplace's equation
I 2Ueq = O, 263
Multiplying the boundary condition at equation ( 256) by ueq gives
Ueg(l Ueq N) jqw= (Uegl Ueq) f jqw= O. (264)
Let Jbe de ned as the integral
|
J= (Uegl Ueq) NAS= 0. (265
w
Then, by the divergence theorem,
Z Z Z
J=  r (Uegf Ueg)dV =  (F Ugg I Ueg)dV +  Ueql 2UegdV. (26
W ( eq eq) W( eq eq) W eq eq ( 6)
SinceJ= 0 and r 2ueq = 0,
4 Z

J=  (r Ueq T Ueq)dV =  Kr uegk®dV = 0. (267)
W W

As kr uegk is non-negative, in order to have the integral ( 267) evaluate to
zero we must have kr uegq(x)k = 08x 2 W, which implies that r ueq= O or,

equivalently, that ueq is uniform, as required.

4.1.1 The bleaching/imaging lase(X, t)

To solve (254 numerically, we require a mathematical description of the

bleaching laser, 1(x,t). Let tpeach be the duration of the bleach phase.
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4.1 mathematical model

Although many conventional FRAP studies assume that tpeach = 0, In
confocal scanning FRAP the laser scans the sample repeatedly to achieve
photobleaching, which typically takes several seconds [76]. At t = tpeach
the bleaching phase ends and the recovery phase begins, which lasts until
t = teng; the duration of the recovery phase is then teng  tpieach-
The laser intensity, I, is given by

8

2 lpre(x) if £ 2 [0, thieach),

7 lpost(t)  if t 2 [tojeach tend].

We nd that neither Ipre NOr Ipest can be easily described by common math-

1(x,1) = (268

ematical functions, and we instead derive numerical approximations from

data. We discuss Ipre in detail in section 4.3, and Ipest in section 4.4.2.

4.1.2 Parameter estimation

Here we brie y summarise the parameter estimation problem arising from
system (254). The independent variables are the spatial coordinates, x 2 W,
and time elapsed since the start of photobleaching t 2 [0,tgng]. The only
empirically measurable dependent variable is the total concentration of u-
orescent protein, w(x,t) = u(x,t)+ v(x,t). The unknown model parameters

are:
Dy 2 [0,¥) - the diffusivity of the unbound protein.
Dy 2 [0,¥) - the diffusivity of the bound protein complex.

k 2 [0,¥) - the reverse reaction rate, the rate of dissociation of pro-

tein from the complex.

Ueq 2 [0, maxcow(Weq(X))] - the initial pre-bleach concentration of un-

bound protein (note that this is a partial relaxation of constraint ( 259)).
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4.2 numerical methods

a 2 [0,¥) - the sensitivity of the uorophore to photobleaching. It is
possible that a could be determined in a separate experiment, but we

will not assume so.

The association rate,k™ (x), is not included in the above list because it is
a function of space, rather than a parameter. Once uegq and k are known,
k™ (x) can be inferred from weq(x).
Let Wpata(X, t) be empirical uorescence microscopy dataand q= ( Dy, Dy,K ,Ueq, @)
be the vector of tting parameters. The objective function f (q) is de ned as
tend

f(q) = (W(X,t;0)  Wpata(X,1))%dVdt. (269

thieach X

Note that only data from the recovery phase, t 2 (tpeach tend], Mmay be used
to calculate f; no data are collected during the bleaching phase. Similar
to various prior studies [ 72,104-106], we approximate system (254) numer-
ically in order to compute the objective function ( 269), thereby enabling us
to produce a maximum likelihood estimate of the values of the model pa-
rameters [157]. There are, however, several preliminary steps which we will

rst discuss in detail in the following section.

42 numerical methods

The FRAP model must be simulated numerically, which is accomplished
using a nite difference method. First, the active domain, W, is decomposed

into a set of grid points, Xx;, indexed by i. We begin with the regular grid,
G = f(jDx,kDy)jj, k2 Zg,

which has horizontal spacing Dx and vertical spacing Dy. The discrete active
domain of the simulation, W, is just the grid points which are contained
within W,

W= W\ G.
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4.3 the bleaching laser  Ipre(X)

Having established the discrete domain, we de ne variables at each grid

point equal to the value of the corresponding function at that point,

ui(t) = u(xi,t), vi(t) = v(x,t), K =Kk (x), 1i(t)= 1(x),

for x; 2 W.

It remains to de ne the discrete Laplacian,

1 o 1 9
r i2Ui = D2 a (uy w+— a (U u,
j2nny(i) j2nny(i)

where nn(i) is the set of nearest neighbours (grid points adjacent to X;)
which are vertically aligned with  x;, and likewise nn (i) is the set of nearest
neighbours which are horizontally aligned with  x;. It is then simple to

reduce the full FRAP PDE model (254) to the semi-discrete model,
8

AUty = K u(t) + Kk vi(t)+ Dyr 2ui(t)  ali(tui(t),

>

(279
T = Kui(t) kv ali(t)vi(t).

The solution to the system of equations, (270), can be approximated with
an appropriate ODE solver. We chose MATLAB's variable order stiff solver,
odel5s, as this method is numerically stable even for relatively large time
step sizes, although it is required to compute the Jacobian. However, since
(270 is linear, the Jacobian may be computed explicitly and supplied di-

rectly to the solver, so ODE15s is an ef cient solver for our purposes.

43 the bleaching laser  lpre(X)

Quantitative studies of FRAP often assume that the intensity pro le of the
bleaching laser, lye(X), is given by a standard function, such as a Gaus-
sian function [ 29,48, 74, 76,280, or circular [ 30, 70] or square-shaped [65]
step functions. However, since we have been supplied with uorescence
microscopy data from an immobile protein (histone H2B) we are able to ob-

tain an empirical description of the bleaching laser intensity prole, lpre(X),
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4.3 the bleaching laser  Ipre(X)

Figure 18: (A-C) H2B uorescence intensity distributions in three separate cells at pre-
bleach equilibrium. (D-F) The same three cells immediately after photobleach-
ing. (G) Averaged H2B uorescence intensity across the regions of interest in
two sets of cells. The intensity recovers only to a minuscule extent during the
experiment, which suggests that H2B has suf ciently low mobility that it can

be used to infer the bleaching laser intensity distribution.

which we introduced in section 4.1.1. We can then use this laser pro le in
all subsequent instances of the FRAP simulation.

Suppose that an inert, non-diffusible molecule has a concentration q(x,t),
which is scaled so that its sensitivity to photobleaching, a = 1 (we are able
to make this assumption because the photobleaching sensitivity is taken to

be a tting parameter in the analysis of the main proteins of interest, such
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4.3 the bleaching laser  Ipre(X)

as YAP and TEAD). The governing equation of qduring the bleaching phase
is simply

MW ty= | t 27

ﬁ(x’ ) - pre(X)Q(X’ )’ ( 1)
which has solution

d(x,t) = d(x, 0)e et (272

for t 2 [0,theach]- INversion of (272) att = tyeach reveals that the bleaching

laser pro le is

Q(X’ tbleach)
O - -7
tbleach J q(X7 0)

lpre(X) =

@273

It is thus possible to infer Ipe(x) from a pre-bleach frame, g(x, 0), and the
rst post-bleach frame, q(X, tpieach)-

To measure Ipre(x), we used FRAP data from histone H2B, a protein con-
stituent of chromatin [ 281]. In gure 18, the pre-bleach (A-C) and post-
bleach (D-F) frames from two different cells are shown. From the “recovery'
curves (gure 18, G) it is clear that H2B is immobile over the time scale of
the experiment. Hence H2B can be used to estimate reliably the bleach laser
pro le.

Laser pro les derived from H2B data using formula ( 273 are shown in
gure 19. Figure 19A displays the average of a sample of laser pro les
re-centred on the same point, indicated by the red x. All available FRAP
experiments on H2B had been photobleached using the largest bleach re-
gion size, the 17 17 pixel region; however, in the experiments on wild
type YAP, two smaller bleach region sizes were used, the intermediate re-
gion size, 14 14 pixels, and the smallest region size, 11 11 pixels (where
each pixel had a side length of 0.128 m). In the absence of H2B data using
these bleach region sizes, the smaller bleach region sizes were obtained by

a linear re-scaling of the 17 17 region (gure 19B, C).
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4.3 the bleaching laser  Ipre(X)

Figure 19: Laser pro les. The centre of the laser is in each case shown with a red x. (A)
Laser pro le for the 17 17 bleach spot, directly inferred from H2B data. (B)
Laser prole for the 14 14 bleach spot, obtained by re-scaling the 17 17

prole. (C) Laser prole forthe 11 11 bleach spot, obtained by re-scaling the
17 17 prole.

Previous quantitative studies of FRAP have commonly assumed that the
bleaching laser pro le is well-approximated by a simple mathematical func-

tion; such as a circular step function [ 30,70]

8
21 ifr21[0,rn]

|pre(X) = S (274
-0 ifr>rp,

or a Gaussian function [29,48,74,76,28(

N

r
2 2
n

lpre(X) = €, (279
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4.3 the bleaching laser  Ipre(X)

where r = kxk. Interestingly, our empirically-derived pro les do not re-
semble either of these functions. First, we notice that the shape of the laser
pro le is not perfectly symmetrical, but appears to be slightly elongated
in the horizontal direction. We therefore also considered a more general

Gaussian function, with mixed length scales x, and yjp,

Figure 20: (A) Post-bleach H2B uorescence intensity tted with simulated post-bleach
pro les generated using step function intensity ( 274), Gaussian intensity (275),
and mixed Gaussian intensity (276). (B) Post-bleach H2B uorescence inten-
sity on a line through the centre of the bleach region which is parallel to the
x-axis, tted with the mixed Gaussian intensity ( 276) post-bleach prole. (C)

Same as(B) for the y-axis.

N
N

Ie(X) = € - , 279

ENe
+
< “<

SN
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4.4 fitting preliminaries

where x = ( X,y). Yet this also appears to be a poor tto data (gure 20B, C).
The Gaussian function underestimates the true extent of the photobleaching
far from the centre of the region of interest.

We can only speculate about the reasons why the bleach prole is so
unusual. In confocal scanning FRAP, the bleach pro le is formed by mod-
ulated the intensity of the laser as it scans across the sample, so it can
potentially take any shape [286. As far as we are aware, the laser micro-
scope was programmed to bleach a Gaussian prole. As we discussed in
section 1.1 of chapter 1, at high light intensities the rate of photobleach-
ing varies sub-linearly with intensity, which tends to atten the bleach pro-
le [ 62-64]. Consequently, the Gaussian model relatively overestimates the
extent of bleaching close to the centre of the bleach region and relatively un-
derestimates the extent of the bleaching at the periphery. We are unable to
prove that this is the explanation, given the available data, but it is certainly
consistent with our observations.

The asymmetry of the leach pro le might also be explained as follows:
as the laser scans across each raster line, it has high horizontal velocity and
zero vertical velocity. If the rate of dynamic variation of laser intensity is not
much larger than the horizontal scan rate, then the bleach pro le may be
stretched in the horizontal direction. Regardless of the reasons, the failure
of typical mathematical models of the bleach pro le to conform to data is
clear. 1t would certainly be interesting to nd out whether this phenomenon
is common and, if so, how it has affected parameter estimation in studies

which assume Gaussian or step function bleach pro les.

4.4 fitting preliminaries

There are a few simple processes which must be applied to FRAP data in
each instance prior to parameter tting. First, it is necessary to determine
the active domain, W, on which to run the numerical FRAP model (section

4.4.1). Next, we must determine the intensity of the light which causes

140



4.4 fitting preliminaries

bleaching during the recovery phase, lpost(t) (section 4.4.2). Additionally,
we must prescribe the initial condition of the numerical model, weq(X) (sec-
tion 4.4.3). Once these steps are completed, the FRAP model 254) is closed

and we may proceed with the parameter tting simulation.

4.4.1 Identifying the active domain

For all the data we consider in this chapter, the active domain under con-
sideration, W, is the cell nucleus (note that we will investigate translocation
between the nucleus and the cytoplasm in chapter 5). For each assay, we are
given a recording of a cell comprising 250 frames from which we seek to
determine the precise geometry of W. As there is substantial noise in each
individual frame, we begin by blending all of these frames into a single
image by taking an average (gure 21A).

The proteins of interest, YAP and TEAD, associate with chromatin bind-
ing sites which are inhomogeneously distributed throughout the nucleus.
Therefore YAP and TEAD themselves are inhomogeneously distributed at
chemical equilibrium. Given the inhomogeneity of protein of interest con-
centration within the nucleus, as well as the complexity of nuclear boundary
(speci cally, the presence of internal obstructions), we found that edge de-
tection algorithms such as the Sobel method were not consistently effective
at identifying the geometry of the nucleus. For this reason, a GUI was im-
plemented in MATLAB to allow the user to draw around the nucleus (or
other relevant structure as the case may be) by selecting a sample of points
(gure 21B). By interpolating between this points with a polynomial spline,
a continuous closed curve is drawn. This curve is taken to be the nuclear
boundary and all exterior points are excluded from the active domain ( g-
ure 21B,C).

In the example presented in gure 21 the cell nucleus is quite clear, an
approximately elliptical region of relatively low YAP concentration. We also

notice that there are a handful of dark regions inside the nucleus where the
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Figure 21: An illustration of the process of identifying the active domain for the simula-
tion. (A) All 250frames of uorescence microscopy imaging of a cell during a
FRAP experiment averaged to form a single image. (B) The cell nucleus is iso-
lated by tracing its boundary with a closed curve shown inred. (C) The region
outside the nucleus is excluded. Obstructions are isolated by tracing around
them with closed curves shown inred. (D) The obstructions are excluded. The

remaining region is taken to be the active domain for the simulation.

concentration of the protein of interest (YAP in this case) is much lower than
elsewhere. It is possible that these dark regions are impermeable obstruc-
tions, such as nucleoli [287] or dense regions of DNA. We identify the dark
regions as we identi ed the nuclear boundary, and then exclude them from
the active domain (gure 21C,D).

It is possible that there could be diffusion across these dark, protein-
de cient regions. We must bear in mind that we are posing a two-dimensional

model of a three-dimensional structure and that there may well be diffusion
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above and below the obstructions within the nucleus, which would resem-
ble diffusion across the obstructed regions in the 2D plane. In this case it
would be a mistake to exclude them form the active domain. For a sample
of cells, we tested parameter tting in both cases; including the chromatin
de cient regions in W, and excluding them. We found that changing our
assumptions about the chromatin-de cient regions had only a small effect
on the tting output. We believe that this is because the proteins we are
investigating are highly mobile. They are able to diffuse around obstacles
almost as quickly as they could diffuse through the space occupied by the
obstacles. We expect that the precise details of cellular geometry would be
more important if the proteins under investigation were less mobile, but

have no available data to test this claim.

4.4.2 Passive bleachingdst(x)

In practice, the imaging laser causes a small amount of unintentional pho-
tobleaching during the recording of the uorescence recovery, so that the

total amount of uorescent protein inside the nucleus,

Z
W(t) = w(x,t)dV, 277
w
will decay over time. It follows that
Z
dw _ Tw
F T Wﬁ(x,t)dv. (278
Since,w(x,t) = u(x,t) + v(x,t),
dw _ £ fu.

at w ﬁ-l-ﬁ dv, (279

Substituting equation ( 254) yields

aw _
W
By the divergence theorem
Z I
Dur 2udV = Dur u AdS= 0, (281)
W w
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due to the zero- ux boundary condition (  256). Likewise,

Z I
Dyr 2vdV = Dyr v AdS= 0. 282
W w
Therefore

dw _ “ z
W = alpost(t)u alpost(t)v dV = alpost(t) (U + V)dV (283)
w W

In conclusion,

gt = aleest(HW(R) = a()w(t). (284)

Figure 22: The decay of the total quantity of uorescent material, W, inside the cell nu-
cleus compared with two simulations. In the rst simulation, the bleaching
rate, a(t), was variable as de ned by formula ( 285). In the second simulation,
a was assumed to be a constant which was determined by minimising the

residual sum of squared errors.

The total uorescence, W(t) is measured empirically. A moving average
lter is then applied to produce the smoothed function \W/(t) the derivative
of which, WYt), is then computed numerically. Finally, we are left with

_ WAy

a(t) = WO (285
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We might expect the passive bleaching function a(t) to be a constant, yet
surprisingly in experiments the rate of passive phototbleaching turns out to
be unsteady, as shown in gure 22, with a constant bleaching rate model

giving a poor t to data, possibly due to laser intensity uctuations [ 44].

443 The initial condition, wq(x)

In section 4.3 we saw that the protein binding partner, chromatin, is both
immobile and imhomogeneously distributed. Since the distribution of chro-
matin varies from cell to cell, it will be necessary to determine the precise
distribution in each case.

In principle, we could simply record the cell at pre-bleach steady state,
but the data are noisy and we were provided with only three frames of
pre-bleach recording. In this section we will outline in detail the process
used to estimate the initial distribution of the protein of interest (YAP or
TEAD) at pre-bleach equilibrium, weq(x). Since the spatial structure of the
cell is somewhat obscured by stochastic effects in any individual frame, it
iS necessary, as in section4.4.1, to obtain a static image of the cell by aver-
aging many frames. However, each recording includes only three frames of
the cell pre-bleach, which is inadequate ( gure 23C). If we simply average
every frame of the recording we will obviously under-estimate the equilib-
rium concentration of protein (and hence chromatin) near to the bleach spot
(gure 23A) because of photobleaching. We therefore wish to average only
those frames for which the cell is close to chemical equilibrium.

It can be observed (for example in the recovery curves depicted in gure
22A) that the cells under investigation typically reach post-bleach equilib-
rium midway through the recording. Therefore, in each cell we identi ed
a threshold time, which is the point at which the smoothed recovery curve
attains 99% of its asymptotic limit, beyond which we assumed the cell to be
in post-bleach equilibrium. We then simply averaged all the frames taken

after the threshold time (gure 23C) as a form of noise reduction. One nal
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Figure 23 (A) An average of the frames before the cutoff time at which the cell has
reached post-bleach equilibrium. Notice that there is a dark spot near the cen-
tre of the nucleus due to photobleaching. (B) An average of the frames after
the cutoff time at which the cell has reached post-bleach equilibrium. Notice
the absence of the dark spot near the centre of the nucleus since the cell has
reached equilibrium. (C) The average of the three pre-bleach frames. This
image is particularly noisy. (D) The estimate of the pre-bleach equilibrium
which will be used in the cell simulation, created by linearly re-scaling the in-
tensity of the post-bleach equilibrium to match the intensity of the pre-bleach

equilibrium.

remaining problem is that the total quantity of protein at post-bleach equi-
librium is signi cantly lower than at pre-bleach equilibrium. To resolve this

we simply re-scale the post-bleach average intensity linearly to minimise
the error between the post-bleach average intensity (gure 23B) and the em-

pirical pre-bleach average (gure 23C) to produce the best t of the noisy
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pre-bleach pro le with the relatively smooth, averaged post-bleach intensity

pro le. The output of this process can be seen in gure 23D.

45 biological context and experimental data

Before we discuss the model tting results, let us brie y revisit the relevant
biological background (discussed in greater detail in chapter 1). Recall that
we are primarily interested in two interacting proteins, YAP and TEAD. YAP
(yes-associated protein) is a transcription co-regulator which regulates vari-
ous genes that promote cell growth and inhibit apoptosis [ 288 289. When
YAP is aberrantly localised to the cell nucleus, it interacts with TEAD and
chromatin (DNA) to cause tumorigenesis by promoting uncontrolled cell
proliferation [ 9,29(. The tumorigenic activity of YAP is dependent upon its
interactions TEAD transcription factors [ 206, 291].

Under normal circumstances, YAP is regulated by the Hippo signalling
pathway [ 10,170. Hippo phosphorylates YAP, which inhibits its interactions
with chromatin by a number of different mechanisms. Phosphorylated YAP
is anchored in the cytoplasm by regulatory proteins [ 175, while its rate
of degradation by proteasomes [176 and its rate of export from the cell
nucleus [292 293 are both increased.

We analysed data on the following proteins:

Wild type YAP (WT YAP) - the typical form of the transcription co-
regulator, YAP, as it appears in nature. Some WT YAP data are pre-
sented in gure 24 (NFs) and 25 (CAFs). The YAP concentration is
visibly greater outside the nucleus in NFs, due to regulation by Hippo.
Sample size: 30 NFs and 30 CAFs.

Wild type TEAD (TEAD) - the typical form of the transcription factor
and functional partner of YAP, TEAD, as it appears in nature. Some

TEAD data are presented in gure 26 (NFs) and 27 (CAFs). Interest-
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45 biological context and experimental data

Figure 24: wild type YAP, normal broblasts. (A-F) Images of six randomly selected cells
obtained by averaging three pre-bleach frames. (G) Averaged, normalised
uorescence recovery curves from three different sets of experiments with

different sizes of bleach region.
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45 biological context and experimental data

Figure 25: wild type YAP, cancer-associated broblasts. (A-F) Images of six randomly
selected cells obtained by averaging three pre-bleach frames. (G) Averaged,
normalised uorescence recovery curves from three different sets of experi-

ments with different sizes of bleach region.

149



45 biological context and experimental data

Figure 26:. TEAD, normal broblasts. (A-F) Images of six randomly selected cells ob-
tained by averaging three pre-bleach frames. (G) Averaged, normalised uo-
rescence recovery curves from three different sets of experiments. These dif-
ferent experiments used an identical bleach region radius (17 17). For this
reason, the curves are unlabelled as the difference between the experiment
sets is meaningless out of context. Note that, since the experiments used a
single bleach region radius, the differences between the recovery curves are a

product of variation between cells.
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45 biological context and experimental data

Figure 27: TEAD, cancer-associated broblasts. (A-F) Images of six randomly selected
cells obtained by averaging three pre-bleach frames. (G) Averaged, normalised
uorescence recovery curves from three different sets of experiments. These
different experiments used an identical bleach region radius (17  17). For this
reason, the curves are unlabelled as the difference between the experiment
sets is meaningless out of context. Note that, since the experiments used a
single bleach region radius, the differences between the recovery curves are a

product of variation between cells.
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45 biological context and experimental data

Figure 28: 5SA YAP, normal broblasts. (A-F) Images of six randomly selected cells ob-
tained by averaging three pre-bleach frames. (G) Averaged, normalised uo-
rescence recovery curves from three different sets of experiments. These dif-
ferent experiments used an identical bleach region radius (17 17). For this
reason, the curves are unlabelled as the difference between the experiment sets
is meaningless out of context. Note that, since the experiments used a single
bleach region radius, the differences between the recovery curves a product of

variation between cells.
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45 biological context and experimental data

Figure 29: 5SA YAP, cancer-associated broblasts. (A-F) Images of six randomly selected
cells obtained by averaging three pre-bleach frames. (G) Averaged, normalised
uorescence recovery curves from three different sets of experiments. These
different experiments used an identical bleach region radius (17  17). For this
reason, the curves are unlabelled as the difference between the experiment sets
is meaningless out of context. Note that, since the experiments used a single
bleach region radius, the differences between the recovery curves a product of

variation between cells.
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45 biological context and experimental data

Figure 30: S94A YAP, normal broblasts. (A-F) Images of six randomly selected cells
obtained by averaging three pre-bleach frames. (G) Averaged, normalised
uorescence recovery curves from three different sets of experiments. These
different experiments used an identical bleach region radius (17  17). For this
reason, the curves are unlabelled as the difference between the experiment sets
is meaningless out of context. Note that, since the experiments used a single
bleach region radius, the differences between the recovery curves a product of
variation between cells.Also note that S94A has a lower signal-to-noise ratio
than other proteins. This is simply because the concentration of S94A in the

nucleus is lower than of other proteins.
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