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ABSTRACT

The problem of studying special bases in irreducible representations of Lie
groups has already attracted a lot of attention. Algebraic and geometric
structures arising from these bases are of great importance due to numerous
applications in various areas of modern mathematics and physics.

This thesis is devoted to detailed study of Gelfand-Tsetlin patterns ap-
pearing in explicit formulas for certain special functions on classical groups.
Originally Gelfand-Tsetlin patterns appeared in parametrization of basis of
finite-dimensional representations. Remarkably the same patterns (in the
form of Givental-GLO graphs) appear in integral representations of Whit-
taker functions related to principal series (infinite-dimensional) representa-
tions of Lie groups. We study basic properties of Gelfand-Tsetlin patterns
appearing both for finite-dimensional and infinite-dimensional representa-

tions and uncover relations between them.
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NOTATIONS

Lie algebras and root systems:

e g — complex semisimple or reductive Lie algebra;

h C g — Cartan subalgebra;

e 5;; — Kronecker delta: §;j = 1if i = jand §;; = 0if i # .
e (-,-) — pairing between vectors and dual vectors of in h and h*;
e (-,-) —inner product in h*;

o &, —root system of rank n in h*;

e ®, — subset of positive roots in ®,;

e a; € d;f —simple roots of Oy;

e ® — coroot system dual to ®,;

e 0V € ®) — coroots;

e « — simple coroots in @,/;

e WP — Weyl group of the root system ®;

e s, € W® —reflection corresponding to the root «;

e s; — simple reflection;

e w; — fundamental weights;

e M® — Cartan matrix of the root system ®,;

e hj, e, fi — a set of Chevalley generators of Lie algebra;
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e p — half-sum of the positive roots or sum of fundamental weights;
e &, —a group of permutations of n elements;

Patterns and polytopes:
o Py —set of Gelfand-Tsetlin patterns for the weight A;

o Pf” — set of Gelfand-Tsetlin orthogonal patterns for the weight A(odd
rank);

e P," —set of Zhelobenko patterns for the weight A;
7DZVl—split

o P} — set of 2n-split orthogonal patterns for the weight A;

o PAD” — set of Gelfand-Tsetlin orthogonal patterns for the weight A(even

rank);
. Pf Zn _ et of Berenstein-Zelevinsky patterns for the weight A;

e 0(x) — Heaviside step-function, such that 8(x) = 1 for x > 0 and
6(x) =0 for x < 0;

e @4 (p) — a characteristic function for polytope defined by Gelfand-

Tsetlin patterns;

e OB (p) - a characteristic function for polytope defined by 2n-split or-

thogonal patterns;

e ©% (p) - a characteristic function for polytope defined by Zhelobenko

patterns;

e @Pn(p) — a characteristic function for polytope defined by Berenstein-

Zelevinsky orthogonal patterns;
Functions on the maximal torus:

° S;D”(x) — character of the Lie algebra defined by the root system ®,
for the highest weight A;
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ZPr (A, Aulxy, . xn) - equivariant volume of G/P, x € h, Pis a

minimal parabolic subgroup;

T?n (x) — gl,,.1-Whittaker function, x € b;
Tﬁ” (x) — 509, +1-Whittaker function, x € b;
Tgn (x) — sp,,-Whittaker function, x € b;

‘I’f "(x) — s0p,-Whittaker function, x € b;



INTRODUCTION

1.1 OVERVIEW

The notion of classical groups was introduced by Weyl [48]. These groups
play important role in various areas of mathematics and physics.

Finite dimensional representations of classical groups have several re-
markable properties. One of them was discovered by Gelfand and Tsetlin
in their works [17, [16]. They provided a way to construct a canonical ba-
sis in irreducible representations using restriction of it on a subgroup of a
lower rank. It appears that the basis can be described in terms of sets of
(half-)integer numbers which we now call Gelfand-Tsetlin patterns. How-
ever, they only considered the case of general linear and orthogonal groups.
The case of symplectic groups was a bit more special and was treated later
by Zhelobenko in [49]. Zhelobenko described patterns which are called
symplectic, or Zhelobenko patterns. Later Proctor in [39] showed that for
each classical group one can write down a character of finite dimensional
irreducible representation as a sum over appropriate patterns. Proctor, and
independently Berenstein and Zelevinsky in [3]], introduced alternative pat-
terns for orthogonal groups which were more convenient to use in character
formula. Proctor also described a correspondence among different realisa-
tions of patterns and Young tableaux. For more details on patterns and

character formulas see [2, 14} |15, 16| [17, 18} 34, 37, 27, 138, 39, 145, 49, |50].



1.1 OVERVIEW

The construction of Gelfand-Tsetlin basis stimulated progress in studying
infinite-dimensional representations of Lie groups done by Cherednik[13],
Vinberg[47], Molev[35], Gerasimov et al[20]. In particular, new integral rep-
resentations of Archimedean Whittaker functions were proposed in [19] and
[20], which use Gelfand-Tsetlin patterns with real-valued entries. There is
an important problem of uncovering geometrical meaning of the Gelfand-
Tsetlin construction and its relations to the Kashiwara-Lusztig theory of
crystal bases.

In the paper [21] Gerasimov and Lebedev proposed an original way to
study geometry of Gelfand-Tsetlin patterns using special functions called
equivariant volumes Z(A|x) of flag manifolds G/P. Equivariant volumes
are simpler objects than other special functions like characters or Whittaker
functions. In particular, they have simpler geometrical meaning, see [1} 4,
32, 146].

It was stated in [21] that equivariant volumes can be obtained from non-
Archemedean Whittaker functions ¥ by taking a formal limit p — 1. The
Whittaker functions of Lie groups over Qy are identified with characters of
irreducible (finite-dimensional) representations of Langlands dual complex
groups due to Shintani-Casselman-Shalika formula which was introduced
in [43] and [12]. This formula provides an explicit formulation of the Lang-
lands duality. More on special functions on p-adic groups and Langlands
duality can be found in [7, 8, 9| [10} 11, 25, 26, 33, |41, 142, l40].

The relation between characters of finite dimensional representations and
equivariant volumes has deep meaning. According to Kirillov in [28, 31](see
also [29, 30]), characters of finite dimensional representations of Lie groups
have representations as integrals over coajoint orbits. These integral repre-
sentations allow a natural limit to equivariant volumes of flag varieties.

It was also stated in [21] that the equivariant volumes of G/P are degen-
erate versions of Whittaker functions over R. One can identify the G(R)-
Whittaker functions with equivariant volumes of infinite-dimensional space

of holomorphic maps of a two-dimensional disk into G/P, see [23]. By
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1.2 MAIN RESULTS

taking a limit where the disc degenerates to a point we get an equivariant
volume of the finite-dimensional space itself. For details on Archimedean
Whittaker functions and integral representations related to Gelfand-Tsetlin
patterns see [19), 23, 21, |22} 36].

It all can be visualised by the following diagram

/\

Z(Alx)

where Y7 is the g-deformed Whittaker function which interpolates between
the Archimedean and non-Archimedean types of Whittaker functions, see
[21, 22].

It is evident that equivariant volumes of G/ P incorporate both combinato-
rial structure from roots systems and analytic properties from the Whittaker

functions over R. In this thesis we are interested in the lower half of the di-

agram ().
1.2 MAIN RESULTS

The main goal of this work is to study several fundamental properties of
Schur functions originated from Gelfand-Tsetlin construction. Namely, we
derive and study the analogous properties of equivariant volumes and iden-
tify with the corresponding properties of Archimedean Whittaker functions.
We expect that our results will allow to discover new deep properties of

G(R)-Whittaker functions for classical groups.
RECURSION.  Gelfand-Tsetlin patterns provide a recurrent structure for

equivariant volumes of G/P where G is a classical Lie group. Namely, we

have

11



1.2 MAIN RESULTS
Theorem. The following relation holds

Z%n(\|x) = / Dp ©@%1 (A, p)ef xAp), (2)
RI®H |
Here @, is one of the root systems A, B, C;, D;;. As a corollary we have

a recurrent relation:

2% (\x) = [ Dp@g: (A p)Z® (ply). 6

SURGERY OF GIVENTAL-GLO GRAPHS.  We show explicitly how equiv-
ariant volumes are obtained from the Whittaker functions over R for each
classical Lie algebra. Integral representations of Whittaker functions can be
described in terms of Givental graphs as it was shown in [19]. We show how
they correspond to the respective Gelfand-Tsetlin polytopes of equivariant
volumes of G/P when P C G is a minimal parabolic subgroup.

The case when P is not minimal is treated separately. We show how
the polytopes look in this case and how the Givental graphs should be

transformed according to the correspondence.

OKADA FORMULAS.  We show that due to connection between charac-
ters and equivariant volumes there are relations analogous to Okada formu-

las for equivariant volumes:

Zm (17,07 |x, ) /HdA @A, ) - Z (177, A ) 241 (£ = X y),

Rm = 1

4)

ZEmsm (40, ) /HdA Om(A, t) - ZEH (", M) ZE (Aly),  (5)

]lel

m
Dn m n - m
Zpr (T, £t x, y,0) = /Hd)\i@m()t,t)-zﬁ (£, A x) ZB (Aly),

Rm =

(6)

12



1.3 PLAN OF THESIS
Amtn— Amtn—
Z (87,07 x) - Zin (1,0 x) =
m
_ / [TdAi©u(A, s, 8) Z/ o (A, 77,5+ £ — A'|) (7)
o =1

ZBr(s"|x) - 2B (")) = /ﬁd/\i Om(A,25) - ZB (A +t—s|x). (8

R i=1

n
Z60(5" ) 25 () = 27 [ [T Ou(A,25)- 22+t 5. (9)
R” i=1

1.3 PLAN OF THESIS

The plan of this text is as follows.

In Chapter [2| we describe the original Gelfand-Tsetlin patterns for gen-
eral linear and orthogonal groups, as well as patterns for symplectic groups
discovered by Zhelobenko and alternative patterns for orthogonal groups
provided by Proctor and Berenstein and Zelevinsky. In each case there is a
character formula as a sum over the corresponding patterns. We also show
that these patterns define a certain polytopes called Gelfand-Tsetlin poly-
topes. Then we take a limit of characters and show that the patterns provide
representations of equivariant volumes of G/P as integrals over polytopes.
It follows that equivariant volumes inherit the recurrent structure of the
respective polytopes.

In Chapter |3l we review the formulas for G(Q,)-Whittaker functions and
their correspondence to the functions on Langlands dual complex groups,
see [7, 12, l40]. We see that they are closely related to characters of complex
groups and Demazure operators.

In Chapter |4 we prove for the case of P being minimal parabolic subgroup
that the limit of g-Whittaker functions gives equivariant volumes for four
classical series. The integral representation of Whittaker functions allows a

description via Givental graphs as it was shown in [19]. We show that there

13



1.3 PLAN OF THESIS

is a correspondence between these graphs and Gelfand-Tsetlin polytopes,
equivalently, Gelfand-Tsetlin patterns for each root system.

In Chapter [5| we consider the case when the weight has a non-trivial sta-
bilizer, which refers to the equivariant volumes of G/P when the parabolic
subgroup P is not minimal. The Whittaker functions for certain cases of gl
were described in [36], we show that a limit similar to the one in chapter @
takes place. There is again a correspondence between Givental graphs and
Gelfand-Tsetlin polytopes. We also write explicitly the similar cases for the
other groups, but for them there is no such description of Whittaker func-
tions yet. In the end we show that Okada formulas, which were given for
characters with the highest weight having a stabilizer, can be translated to
similar formulas for the equivariant volumes by taking the limit.

In Appendix |A| we provide some basic information on the root systems
and root data for the four classical series A;,, B, C;, D, corresponding to
the Lie algebras gl,,, 1, 502,41, $Po,,, 502,.

In Appendix [B| we provide canonical formulas for characters given by
Weyl and Demazure, combinatorial formulas using tableaux and relations

between characters including Okada formulas.

14



GELFAND-TSETLIN PATTERNS

2.1 GELFAND-TSETLIN METHOD

Gelfand and Tsetlin in their paper [17] described a method to construct a
canonical basis for irreducible representations of groups GL(n + 1). The

method was based on the following key points:

e a finite dimensional irreducible representation is defined by the high-

est weight A = (Aq,...,A,41), an integer-valued vector;

e a restriction of the representation to the subgroup GL(n) C GL(n+1)

can be decomposed into a sum of irreducible representations of GL(n):

Resgigz;ﬂ) = P wt, (10)
H

each irreducible representation in the sum has multiplicity one, and
the highest weights u = (y1,..., un) satisfy the conditions A; > p; >

Aigpfori=1,...,n.

One can continue the process of decomposition for GL(n) and so on down
to GL(1), which is an abelian group and all its irreducible representations
are of dimension 1. Thus we have a decomposition of the representation

of GL(n + 1) into a direct sum of one-dimensional spaces. We can choose

15



2.2 ORTHOGONAL GELFAND-TSETLIN PATTERNS

one vector in each of these spaces and they form a canonical basis in our

representation. They can be labeled by sets of integers

Pn+11 Pn+1,2 Tt Pn+1,n+1

Pn Pn2 -+ Pnn

P11

such that the top row is fixed and equals highest weight of the representa-

tion, p,4+1; = A;, and for the other rows the conditions are

Pit1j > Pij = Pistjer,  i=1...m,  j=1,..,i (12)
Definition 2.1.1. The set of integers is called a Gelfand-Tsetlin pattern

for group GL(n +1).

EXAMPLE.  For the case of GL(3) and the highest weight A = (2,1,0) the

set of patterns is as follows:

> 1 0o [2 1 o [2 1 o [2 1 o0
> 1 |, > 1 |, 2 o |, 2 0
T T e - T R U
> 1 o] 2 1 o [2 1 o [2 1 o0
> o0 |, 11 |, 10 |, 1 0
S R T Y

(13)

2.2 ORTHOGONAL GELFAND-TSETLIN PATTERNS

In paper [16] Gelfand and Tsetlin described similar basis and patterns for
groups of orthogonal matrices. Proctor in [39] used these patterns for a char-
acter formula of irreducible representations of the group Spin(N) which is

a double covering of SO(N). We separate odd and even case of N.

16



2.2 ORTHOGONAL GELFAND-TSETLIN PATTERNS

Definition 2.2.1. 2n-orthogonal Gelfand-Tsetlin patterns for a weight A =

(A1,...,Ay) are sets of numbers

Pan1

P2n—-1,1

Pan,2

P2n-2,1

P2n—1,2

P2nn

P2n—2n-1

P21

P2n—1,n

P11

(14)

which are all integers or all half-integers and satisfy the following relations:

P2i+1,j = P2i,j = P2it1,j+1,

P2ij 2 P2i-1,j = P2ij+1s

P2ii > |pai-iil,

P2ii > |Pait1,iti|,

Pan,i = Ais
i=1,..n-1, j=1,..,i
i=1,. i=1,...,i-1;
M
i=1,...,n—1

(15)
(16)

(17)
(18)

(19)

Definition 2.2.2. (2n — 1)-orthogonal Gelfand-Tsetlin patterns for a weight

A= (M.

Pan-1,1

P2n-2,1

P2n—1,2

., An) are sets of numbers

P2n—2,2

P2n—2n-1

P21

P2n—1,n

P11

(20)

which are all integers or all half-integers and satisfy the following relations:

P2i+1,j = P2ij = P2i+1,j+1/

P2ij 2 P2i-1,j = P2ij+1s

P2ii > |Pai-1,i

P2ii > |pait1itil,

Pan-1,i = Ais
i=1..n—-1, j=
i=1,...n-1, j=1,.
, i=1,...,n—1;
i=1,...,n—1

17
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2.2 ORTHOGONAL GELFAND-TSETLIN PATTERNS

EXAMPLES.  For the weight A = (2,1) the 4-orthogonal Gelfand-Tsetlin

patterns are:

P T T T N I S T I R T
2 1 2 1 2 1 2 1
2 | 2 | 2 | 2 '
_ 2| | 1| o] | -1
> o1 ] 21 ] 2] 21 ]
21 2 1 2 1 2 1
2 ' 1 |’ 1|’ 1 '
_ 2| | 1| o] | 1)
P R N U T R - T
2 0 2 0 2 0 2 0
2 | 2 | 2 | 2 '
_ 2| | il | o] | -1
> 1 ] 2 o1 ] 2 1] 2 1]
2 0 2 0 2 0 2 0
2 ' 1 |’ 1 |’ 1 '
_ 2| | 1| | o] | 1)
> o1 o1 ] 2o ] 21 ]
2 0 2 2 1 2
o | 2 ' 2 ' 2 '
_ o] | 2| | 1] | 0 |
I e R T R b S T N R T
2 1 2 2 1 2
2 ' 2 ' 1 ' 1 '
_ -1 | 2| | 1] | 0 |

18



2.2 ORTHOGONAL GELFAND-TSETLIN PATTERNS

1] 2 1] 2 1] 2 1]
2 1 11 11 11
1 ' 1 |’ 1| 1 '
1] | 1] | o] | -1
1] 2 1] 2 01 ] 2 1]
1 0 1 0 10 1 0
1| 1|’ 1 ' o |’
1] | o] | -1 | 0]
> 1 ] 21 ] 21 ]
Lo I - 06
1 1 1
i 1] o] | -1

3 1] [z <] [3 -] [3 —1
3 , 3 , 3 , 3 ,
_ 3| | 2| | 1| 0 |
3 —1| [3 < [3 <] [3 -1
3 , 3 , 3 , 2 ,
o] | 2| | 3] | 2 |
3 1] [z <] [3 -1l [3 -1
2 , 2 , 2 , 2 ,
_ 1 0 1 2
3 1 3 1 3 1
1 , 1 , 1 : (27)
1 0 1

19



2.3 SYMPLECTIC PATTERNS

2.3 SYMPLECTIC PATTERNS

For symplectic group Sp(2n) the patterns and basis were described by Zh-

elobenko in [49].

Definition 2.3.1. Sympletic patterns, or Zhelobenko patterns, for a weight

A= (Mq,...,Ay) are sets of numbers

Pan1

P2n—-1,1

Pan,2

P2n-2,1

which are all integers and satisfy the following relations:

P2i+1,j = P2ij = P2i+1,j+1/

P2ij 2 P2i-1,j = P2ij+1s

p2n,n
P2n—1,2 Pan—1n
P2n—2n-1
P21
P11 |
Poni = Ais
i=1...n-1, j=1,...,5
i=1,... j=1...,i—1;

p2ii = P2i-1,i = 0,

i=1,...,n.

(28)

(29)
(30)
(31)
(32)

Remark 2.3.1. It was noted in [49] that, unlike general linear and orthogonal

cases, here one should restrict the representation of Sp(2n) to Sp(2n — 2) of

the rank lower by 2. It follows from the fact that the group of rank 2n — 1

between them is not reductive.

20



2.4 ALTERNATIVE PATTERNS FOR ORTHOGONAL GROUPS

EXAMPLE.  For the case of n = 2 and the weight A = (2,1) the symplectic

patterns are the following set:

> 1 2 o1t 2 1] 2 1]
2 1 2 1 2 1 2 1
2 | 2 | 2 | 1|’
_ 2] | 1| o] | 1
P T I T R I S T I B T
2 1 2 0 2 0 2 0
1 |’ 2 | 2 | 2 |
_ o] | 2] | 1| 0
P T R N I S T B B T
2 0 2 0 2 0 11
1 |’ 1|’ o | 1|
_ 1| | o] | o] | 1
> 1] 2 1] 2 1] 2 1]
11 1 0 1 0 1 0
1|’ 1|’ 1|’ o | 5
_ o] | 1| | o] | 0

2.4 ALTERNATIVE PATTERNS FOR ORTHOGONAL GROUPS

For further purposes it is more convenient to use alternative patterns for
orthogonal case. They can be found in [39] and were introduced by Proctor
for a character formula of irreducible representations of Spin(2n + 1) and

by Berenstein and Zelevinsky for Spin(2n).

21



2.4 ALTERNATIVE PATTERNS FOR ORTHOGONAL GROUPS

Definition 2.4.1. A 2n-split orthogonal pattern for a weight A = (A4, ...

is a set of numbers

Pan,1 Pan,2 T P2nn
Pan—-11 Pan—12 - Pan—1n
p— P2n-21 " Pan-2,n-1
P21
L P11 |

which satisfy the following conditions:

Pani = Ai;
p21'+1,]' 2 P2i,j Z p2i+1,j+lr l = 1,. ..n— 1, ] = 1,. . .,i;
P2ij > P2i-1j = P2ij+1,  i=1...m, j=1...,i-1

P2ui > P2i-1; >0, i=1,...,n

(34)

(35)
(36)
(37)
(38)

All entries here except py;_1, fori =1,...,n are simultaneously integers or

half-integers. The entries py;_1; for i = 1,...,n are integers or half-integers

independently.

Definition 2.4.2. A Berenstein-Zelevinsky orthogonal pattern (BZ-pattern)

for a weight A = (Aq,...,A,) is a set of numbers

Pan-1,1 P2n—-1,2 Tt Pon—1,n

P2n—-2,1 P2n—22 - Paun—2n-1

P21

P11

22
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2.4 ALTERNATIVE PATTERNS FOR ORTHOGONAL GROUPS

which are all integers or all half-integers simultaneously and satisfy the

following conditions:

Pan—1,i = Ai; (40)

Pai+1j = P2ij = Pai+1rj+1,  i=L..n=1 j=1...,5;  (41)

P2ij 2 P2i-1, = P2ij+1s i=2,..n-1, j=1,...,i—1; (42)

P2ii > P2i-1is  i=1...,n—1, (43)

pait1j+ Paiv1j+1 t P2ic1j = Paij,  i=1...,n=1 j=1,...,i, (44)
P2i-1,j—-1 + P2i+1,j+1 T P2i-1,j = P2ijs i=2,...,n=1, j=2,...,i.

(45)

Remark 2.4.1. The inequalities for BZ-patterns can be simplified. Note that

since we have

P2it1,j + P2i41,j+1 + P2im1j = P2ije P2itlj = P2ij (46)
P2i-1,j-1 + P2i+1,j+1 + P2i-1,j = P2ijs P2i-1,j-1 = P2ijs (47)

the additional conditions and are applied only when pa; 1 ; + pa; j <

0. One can also notice that
P2i-1,j-1 + P2i+1,j+1 + P2i-1,j = P2ij
P2ij > Paitij+ = p2i—1,j-1 = |p2i-1j| >0, (48)
P2i-1,j-1 2 P2ij = P2i-1,]
which implies that all the entries except the row ends pyr_1 x and por_2x_1

are non-negative. It means the additional conditions and only

matter for the row ends, so the set of inequalities can be rewritten as

Pan—1,i = Ai; (49)
P2it1,j = P2ij = P2it1,j+1/ i=1...n-1, j=1,...,i (50)

P2ij = P2i-1j = P2ij+1, i1=2..n-1 j=1...,i-1  (51)

p2i,i Z PZi—l,i/ i = 11 N (e 1/ (52)
P2i+1,i T P2it1,it1 + P2i-1,i = P2iis i=1,...,.n—1, (53)
P2i—1,i—1 T P2i+1,i+1 T P2i—1,i = P2iis i=2,...,n—1 (54)
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EXAMPLES.  For the weight A = (2,1) one has the following set of 4-split

orthogonal patterns:

24
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2 1 1 1 1
2
! 2 1 2.
T -
2 1 1 1 1
2
i 0 1 : 0]
T
2 : } }
2
i 2 ; 1 2
T
2 ; 2 2
2
i 0] 1 : 0
T : :
2 0 0 0 0
2
! 2 1] 2.
T -
2 0 0 0 0
2
i 0 1 : 0]
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N[—

2

1
2

NI—

N[—
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2.5 CHARACTER FORMULA

2.5 CHARACTER FORMULA

One of the main applications which is going to be used in this work is
the character formula. The Gelfand-Tsetlin method provides a basis for
irreducible representation, so naturally the character can be written as a

sum over all patterns for a given highest weight. These results can be found
in [39]-

Theorem 2.5.1 (Proctor). The character of a finite dimensional irreducible repre-
sentation of GL(n + 1) of the highest weight A = (Ay,...,Ay11) is given by the

formula

A
S (a1, 1) = Y T (57)
PePf"

where P, is a set of all Gelfand-Tsetlin patterns for the highest weight A and
i i~1
pi = ZPi,j—ZPi—l,j, i=2,...,n+1, (58)
j=1 j=1

P1 = P11- (59)

Theorem 2.5.2 (Proctor). The character of a finite dimensional irreducible repre-

sentation of Sp(2n) of the highest weight A = (Aq, ..., Ay) is given by the formula

Sg”(xl,. ce X)) = Z xfl coexbm (60)
PePf”

where Pf” is a set of all Gelfand-Tsetlin patterns for the highest weight A and

i i i1

pi=Y P2uj—2) Pai-1;+ Y Pri-2js i=2,...,n, (61)
=1 i=1 =1

P1 = P21 —2p1,1- (62)

Theorem 2.5.3 (Proctor). The character of a finite dimensional irreducible repre-
sentation of Spin(2n + 1) of the highest weight A = (Aq,...,Ay) is given by the
formula

Sf\g”(xp.n/xn) — Z xll?l o xZn’ (63)
PePf"
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2.5 CHARACTER FORMULA

where Pf " is a set of all 2n-orthogonal Gelfand-Tsetlin patterns for the highest
weight A and

pi = sign(pai— 11)81811 P2i-3,i—1 <Z|P21 1]|_22|P21 2]|+Z‘P2z 3]|)

(64)

1i=2,...,1,

P1 = P11 (65)

Theorem 2.5.4 (Proctor). The character of a finite dimensional irreducible repre-
sentation of Spin(2n + 1) of the highest weight A = (A1, ..., Ay) is given by the
formula

B
Sy (xr,.,x) = Y, xteeex, (66)
Pepin—split

where 772” P s g set of all 2n-split orthogonal patterns for the highest
weight A and

i i i1
pi=Y P2uj—2) Pai-1;+ Y Pri-2js i=2,...,m, (67)
=1 =1 =1
p1= P21 —2p11- (68)

Theorem 2.5.5 (Proctor). The character of a finite dimensional irreducible rep-
resentation of Spin(2n) of the highest weight A = (Aq,...,Ay) is given by the
formula

SV (x1, ..., xn) = Y aeeadn, (69)
PEPD”

where Pf " is a set of all (2n-1)-orthogonal Gelfand-Tsetlin patterns for the
highest weight A and

pz—SIgn(p21 11)51gn P2i—3,i—1 <Z|p21 1]’_22“721 2]|+Z‘p21 3}’)

(70)
P1 = P11 (71)
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2.5 CHARACTER FORMULA

Theorem 2.5.6 (Berenstein-Zelevinsky). The character of a finite dimensional ir-

reducible representation of Spin(2n) of the highest weight A is given by the formula

D
Do) = -
Pepyn

where P)lf “n s g set of all Berenstein-Zelevinsky patterns for the highest weight
A and

i i~1 i~1
Pi=)_ Poi-1j—2) Pai—aj+ Y. Poi-zji=2,...,1, (73)
j=1 j=1 j=1
p1 = P11 (74)
EXAMPLES.  Using the examples of patterns from previous sections one

can write down characters for the corresponding cases. For the patterns

we have
A 2 2 2
So1,0) (X1, X2, X3) = x1X + X137 + X1X3 + X1XpX3+

—|—x%x3 + x1x2x3 + x1x§ + xzxg. (75)

For the patterns (33):
S(CZZ,U (x1,%2) = 2725 L+ o U+ o a2 a2+ xR+
txo+ X+ x Hx Fa a x FaG Fxg Hx. (76)

For the patterns (55):
S%’l)(xl,xg) = %x A ar g ag tagag  adag t  a g 2
a2 a2 xra F T g A+ agag  +
x5t 4 x1x5 T xy2x + X T + X X0 + X+
b T4 x 4+ as a1 x +x gt

+x7 -|—x1x2+x1_1x§ + x5+ x1x3 4 x3. (77)

For the patterns (56):
582,1)(’51'952) = x5x5 a2 + xpx, 0+ xd +xpag x? + xxo+

+1+ xflxgl + x5+ x;lxz + x;z + x;lxg + x;zxg + x;3x2. (78)
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2.6 RECURSION OVER THE RANK

Gelfand-Tsetlin method relies on the decomposition of the representation of
the group into a sum of representations of its subgroups of lower rank. In
terms of characters this means that the character of irreducible representa-
tion can be represented as a sum over characters of lower rank. The next
statements can be easily derived from the character formulas in the previous

section, see also [39].

Proposition 2.6.1. The following relation holds

n+1 n

A ;1 /\i_gl Hi A 1
SV, X)) =Y, xS (e, ) (79)
AiZpi>Ai
i=1,...n+1
where
A €Z, i=1,...,n+1, (80)
Hi€Z, j=1,...,n (81)

Proposition 2.6.2. The following relation holds

n n n—1
c 421 Ai—2 21 it '21 Y o
i= i= = _
S/\n(xlr---;xn) = an ! S)" 1(x11---/xn—1)r (82)
uv

where the sum is taken over y and v satisfying the following conditions:

Az pi 2 Ay, i=1,...,n-1, (83)
Au >ty >0, (84)
M]ZV]Z)M]+1/ ]leln_]'/ (85)

and Aj, w;j and vy are all integers or half-integers simultaneously for i,j =1,...,n

andk=1,...,n—1.

Proposition 2.6.3. The following relation holds
n n n—1
LA-2) wit L v

Sﬁ”(xl,...,xn) :infl = 55"71(x1,---,xn—1), (86)
TEY
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2.7 EQUIVARIANT VOLUMES
where the sum is taken over y and v satisfying the following conditions:

AiZViZAH—l/ Z':1/---/11_1/
/\le,ul’l ZOI

]4]21/12}4]4—1/ j:1/"'1n_1/

and Aj, pj and vy are all integers or half-integers simultaneously fori =1,...

and jk=1,...,n—1,and y, € Z/2.
Proposition 2.6.4. The following relation holds

n n—1 n—1
b ‘21 Ai—2 '21 it '21 Vi 5
i= i= = -1
Sy (X1, x0) = Y Xy Sy (X1, ., X))
Hv

where the sum is taken over y and v satisfying the following conditions:

Ai > Ui > A, i=1,...,n—1,
Wi > Vi > Wi, j=1,...,n=-2,
Hn—1 2 Vn—1,
A1+ A+ Vi1 > a1,

Vp—2 + Ay +Vy_1 > Up—1,

and A;, w; and vy are all integers or half-integers simultaneously fori =1,...

and j,k=1,...,n—1.

2.7 EQUIVARIANT VOLUMES

(87)
(88)

(89)

(90)

(91)
(92)
(93)
(94)
(95)

The characters of a group G can be viewed as functions on its maximal torus

H C G (see B.1). Here we consider another kind of functions on torus. If

B C G is a Borel subgroup, then the homogeneous space G/B is called a

tull flag manifold (see [14, 30]). There is a connection between cohomology

theory of flag spaces and representation theory of G due to Borel-Weil-Bott

theorem (see [21, 32, 146]). In particular, functions Z®" called equivariant

volumes of G/ B [21] have a certain relation to characters of G.

30



2.7 EQUIVARIANT VOLUMES

Let b be a Cartan subalgebra of the Lie algebra g, ®;, corresponding root
system, a; € ®; simple roots, s; € W® corresponding simple reflections
and wy € WP the element of maximal length. Let also (A, ) > 0 for all
simple coroots «’. Then, according to [21], we have the following formula
for Z®n:

ZP1(Alx) = Auwy () (x). (96)

Here Ay, is a BGG operator for wg defined by . We define Z®» only for

the domain

(Al >0, i=1,...,n. (97)
The cases where (A, a)) = 0 for some i are going to be considered in Chap-

ter [5}

Proposition 2.7.1 (see [21]). Let O, be a root system and Sf"(x) its character
for the highest weight A satisfying the condition (97). Then the following relation
holds

lim el®nl . g%
e—0 ol

Ln(es"l,...,e‘”‘”) = Zq’"()\l,. co Anlxt, e, x). (98)

Proof. Apply Demazure character formula (603) on the left-hand side and

use Proposition (B.2.1):

. A
lim e Do (¢4 (e2) = Auy () (x) = Z% (M) (99)
[
Corollary 2.7.1 (see [21]). The following relation holds
_1)we<w)\,x>
Z%(Alx) =Y (— (100)
weW®n O(GI})VT <06, x>
Proof. The Weyl character formula (591)) can be written as
y (_1)we<w2\+wp,x>
D, X1 Xn) — wew
Syt(e, ..., e™) o T (1= e (o)’ (101)
aed;;
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2.7 EQUIVARIANT VOLUMES

where p is a half-sum of positive roots. Apply it to the left-hand side in

Proposition (2.7.1)):

y (_1)we(w)\+swp,x>
£X1 EXn) _ 13 || weW _
)‘T”(e ,oo., €M) lg%e o) ] (1 e o)

aed;;

. O @
lim &/ @7 | -Sh”

e—0 e 1

(_1)we<w)\,x>
L

B IT (& x)
wEWSn oce@;," '

= Zq’”(/\l,...,)\n|x1,...,xn). (102)

O

Corollary 2.7.2 (see [21]). Consider the coroot system ®,/, then the following

relation holds

T[T (ax) Z% (A1, .o Anlxa, . ) =

ned,;
=TI Ana”)z®(x1,.. xulAr, e, An). (103)
V(DY)
Proof. Straightforward check using (100). O

For the root systems A, B,, C;, and D, the formula gives:

(_1)we(wA,x)

ZA"(Al,...,A T1lx1, . x001) = — (104)
" ! ZUG%H H‘(xi o x])
i<j
AL > > Ay (105)
-1 we<uJ/\,x>
ZBi(A, . Aulxg, . xn) = Y. (=1) ——, (106)
i<j i=1
A > > A, > 0. (107)
-1 we(w)\,x)
ZC"(Al,...,/\n\xl,...,xn): Z ( ) ” ,
we(Z/22)" %6 [T (x; — xj)(x; + x;) TT 2x;
i<j i=1
(108)
A > > A, > 0. (109)
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2.7 EQUIVARIANT VOLUMES

(_1)we<uu\,x)

ZPr (A, X, xn) = Y , (110)
we(Z/2Z) -1 %6, Ej(xi — xj) (x; + x§)
Ay > > A > Ay (111)
Remark 2.7.1. Note that
ZB"()\l,...,/\n|x1,...,xn) = Z”ZC”(/\l,...,An|x1,...,xn). (112)

It follows from the fact that the root systems B, and C, are dual and have

the same Weyl group W8 = W& = (Z/27)" x &,,.

In the previous section, characters of classical groups were represented
as sums over corresponding patterns. One can apply the idea of taking the
limit in theorem to these sums, which will give an integral represen-
tation of equivariant volumes. This is the continuous analogue of sums over

patterns for characters.

Theorem 2.7.1 (see [21]]). The equivariant volume for the root system A, has the

following integral representation:

ZA”(/\l, .. .,/\n+1\x1, .. -/xn+1) =
n+1 i i—1
no_i xpu+ X Xi(,E pij— L Pi—1,j>
= / [ 11 1dpij@" (p)-e =N = , (113)
R(n+1)n/2 i=1j=1
where p, 11, = Ajfori=1,...,n+1, and @ (p) defines the domain:
n 1

@4 (p) = 0(piv1,; — pij)0(pij — Pis1,j+1)- (114)
11

~.

Here 6(x) =1ifx > 0and 6(x) =0if x <O0.

Proof. Consider the limit (2.7.1) and use the representation of the character
as a sum over patterns (57):

n+1 i
xpu+ L X ( L pij— Z Pi1j>

DF P L5 ,
g‘ wl . SL171 (esxl,. . an — 5‘ § e i=2 j=1 , (115)

An
R Pij
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2.7 EQUIVARIANT VOLUMES

where the sum is taken over all sets of p;; satisfying the following condi-

tions:

Piv1j = Pij = Pirrjrt, i=1...m, j=1,...i (116)

pij € €Z. (117)

Taking Ap; ; = € one can rewrite it as

. n+1 i i—1
noi xipu+ L x| X opij— L Pi-1,
YT ane 2 VAR, (118
piji=1j=1
Then the limit gives
) +
lim el @i 1. g (e, et) =
e—0 4,..58
nil <i iil >
xiput X Xi| X Pij— L Pi-1,
S Tape ™5 VA
pz]Z 1]
n+1 i i—1
xiput X x| X opij— X pic1j
= / [Tl Tapy e " =TSR, (119)

i=1j=
The domain C is defined by the inequalities for Gelfand-Tsetlin patterns (12).
This is identical to defining it with (114)). O

Theorem 2.7.2. The equivariant volume for the root system B, has the following

integral representation:

n i

ZBH()\l,...,)\n|X1,...,xn) =

dp21 I]HHdPZI] an

, i=1j=1 i=1 j=1

\

Rl’l

n i i i-1
x1(pn—2p11)+ L x; < Y p2ij—2 X pai-1jt L Pziz,j)
iz \j=1 =1 =1
xe , (120)

where pa,; = A; fori=1,...,n, and @P(p) defines the domain:

n—1 1

©%(p) = T TT16(p2i+1j — P2i)0(p2ij — Paisrjs1) X
i=1 j=1
n i—1 n
X 0(paij — Pai-1,1)0(p2i-1,j — P2ij+1) | [ 0(p2i-1,)0(p2iji — Pai1,i)-
i=2 =1 i=1

(121)

Here 6(x) =1ifx > 0and 6(x) =0if x <O0.
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2.7 EQUIVARIANT VOLUMES

Theorem 2.7.3. The equivariant volume for the root system C, has the following

integral representation:

n i

ZC"()&l,...,/\n|X1,..., = / dez 1]HHd]921]

R i=1j=1 i=1j=1

n i i i—1
x1(p21 —2P11)+,Zz X <'21 Paij—2 .Zl Pai—1,+ '21 P2i2,j>
=2 \j= j= j=

xe , (122)

where pa,; = A; fori =1,...,n, and @ (p) defines the domain:

n—1 1
O (p) = [T 10(pais1j — P2i))0(paij — Pais1,j+1) %
i=1 j=1
n i—1 n
X 111—!9(7921',]' — p2i—1,j)0(p2i-1,j — P2ij+1) HQ(PZil,i)H(PZi,i — P2i-1,i)-
1=z ]= 1=

(123)

Here 6(x) =1ifx > 0and 6(x) =0if x < 0.

Theorem 2.7.4. The equivariant volume for the root system D, has the following

integral representation:

ZD”(Al,...,)\n|x1,..., / HHdel 1,]HHdp21,] ”

IRnnlzl] i=1 j=1

X1P11+.Z X; <‘Z Pai-1,;—2 ‘Z Pzpz,jfZ Pz:‘a,;‘)
i=2 j=1 j=1 j=1

X e ’ (124)

where pa,_1; = A; fori=1,...,n, and @Pn(p) defines the domain:

n—1 i

OP(p) = 11 16(pai+1j — P2i))0(paij — Pais,j+1) X
i1 =1

n

—1i-1 n—1
X [T110(p2ij — p2i-1,)0(p2i-1,j — P2ij+1) [ [ 0(p2ii — pai-1,) %
i=1

i=2j=1
n—1
X H 0(p2it1,i + P2it1iv1 + P2im1i — P2ii) ¥
i=1
n—1
X [T 0(pai1,i—1 + Pait1iv1 + Paic1i — P2ii)- (125)
i=2

Here 0(x) = 1ifx > 0and 6(x) =0if x < 0.
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2.7 EQUIVARIANT VOLUMES

The proofs for the cases B, C,;, D, are similar to Aj.

Remark 2.7.2. Note that the integral representations for Z5 and Z% are
essentially the same, which is not a surprise since Zhelobenko patterns and
2n-split orthogonal patterns are very similar. The only difference is that
the ends of the odd rows for Zhelobenko patterns are integers, while for
orthogonal patterns they are half-integers. This difference gives the factor 2"

in the formula for Z%7, because in the proof one should take Apy;_1; = €/2.

The variables of integration can be separated in each case. This means
that the equivariant volumes of rank n can be represented as integrals of
the volumes of rank n — 1, so we have recurrent relations just like we had

for characters. Note that the polytopes can be represented as follows:
® _ TTo®
" = H@cpl’;l, (126)
where @g; := @%1 and @, is one of the root systems of classical type. Thus
we have the following

Corollary 2.7.3 (Recurrent formulas). For n > 1 the following relation holds

ZA”(Al,. . .,/\n+1|x1,. . -/xn+1) =

n+1 n
2 Pn+1,j— Z Pn,j
j=1 =1 X

n A xn+1<
_ /Hdpn,j@Azl(p)e

Rr /=1
XZAnfl(Pn,lz- . -/pn,n‘xlr- . 'lxn)l (127)
where
A n
®A271(p) = HO(PH+1,j - pn,j)g(Pn,j - pn—i—l,j—i—l)r (128)
j=1
ZM(Aq]x1) = e, (129)
Pn+1i = Ai, i=1,...,n+1 (130)
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2.7 EQUIVARIANT VOLUMES

For n > 2 the following relation holds

ZB"(Alz oA le, - X / HdPZn 1,]Hp2n —2,jX
R2n—1 ]

B (Zl Pzn]*Z Z P2n— 1]Jr Z P2n— 2])
xOp' (p)e V X

X ZPrt (A, oo Apa|x, e X)), (131)

where

®ng1 (P) = 9(P2n71,n)9(p2n,n - Panl,n) X

X [T10(p2n-1,— Pon—2))0(P2n—2j = P2u-1,11) X
=1
n—1
X [10(panj — pan-1,)0(P2n-1, — Ponjs1), (132)
=1

Pani = A, i=1,...,n. (133)

For n > 2 the following relation holds

ZC"()\lr---/)\n’xlr---/ / Hdp2n 1]HP2n 2,j X
R2n— 1J=

—1
C <le2n] ZZPZn 1]+Z Pan— 2]>
xOc (p)e V X

XZE (A, Apet|x, . X)), (134)

where

@ngl(P) = 0(p2n—1,n)0(P2nn — P2n—1n) X

X [ T0(p2n-1,j — P2n—2,)0(Pan—2j — Pan-1,j4+1) X
=1
n—1
X [ 10(pan; — p2n—1,)0(P2n—1, — Panjs1), (135)
=1

pZn,i = /\ZI l - 1/ cee, N (136)
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For n > 2 the following relation holds

n—1
ZDn (/\1, e ,An ]xl, ey xn) = / H dp271*3/]'dp2”*2/]'®gz,1 (]9) X
R2n—2 j=1

n n n—1
Xn| X Pan-1j=2 X Pan—2j+ L Pan-3;

x ZDn-1 (PZn—S,lz <o Pm—3n-1 X1, ..., X01), (137)
where
D n—1
®DZ,1(P) = H Q(Pzn—l,j - Pzn—z,j)Q(Pzn—z,j - P2n—1,j+1) X
j=1
n—2
X [ T0(pan—2 — P2n—3,)0(Pan—3j — Pan—2,j+1) X
=1
XO(P2n—1n-1+ P2n—1n + P2n—3,1—1 — P2n—21—1) X
XO(p2n—3n—2 + Pon—1n + P2n—31-1 — P2n—21-1) X
n—1
x [ T0(p2n—2n-1— P2n—3n-1), (138)
=1
PZn—l,i - )\il i = 1/ cee n. (139)

2.8 GELFAND-TSETLIN POLYTOPES

The characteristic functions @%(p) in the previous section define a finite
region of integration in each case by restricting the values with inequalities.
They can also be used in the character formula to define the summation

region, so the character of GL(n + 1) would look as follows:

Sf”(xl,. CXpg1) =Y e xZTf@A”(p), (140)
Pi,]'GZ
1<j<i<n+1
where

Pn+1i = Ai, i=1,...,n+1, (141)

i i—1
pi = Z pij— 2 Pi-1,s i=2,...,n+1, (142)

j=1 j=1
p1 = p11 (143)
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For the group Sp(2n) one has

S)(i”(ﬁq,.--,xn) = Z @Cn(p)xfl ...xZn/

P2i-1,j,P2i €Z

where
p2n,i:/\i/ izl,...,n,
i i i—1
pi = Z Paij — 2 2 P2i-1,j + Z P2i-2,js i=2,...,mn,
j=1 j=1 j=1
pP1 = P21 —2p10;

For the group Spin(2n + 1) and A; € Z one has

Sf”(xl,...,xn) = Y. o P (p)xta,
P2i-1,j:P2i,j €L
P2i-1,i€2Z/2

where

p21’l,i:/\i/ i:]-/"-/n/
i i i—1
pi = Z Paij — 2 Z p2i-1,j + Z P2i—2,js i=2,...,mn,
j=1 j=1 j=1

p1 = p21 — 2p11-

If for the weight A; € Z + % then

Sf”(xl, ce Xp) = Z ®B”(p)xf1 coexbm

Pai—1jP2i €2+
P2i-1,€Z/2

where

PZn,i:)\i/ Z':1/'”/”/

i

i i1
pi = Z P2ij — 2 Z p2i-1,j + Z P2i—2,js i=2,...,n,
j=1 j=1

=1
p1 = p21 — 2p11-

For the group Spin(2n) with A; € Z one has

Sf”(xl,...,xn) = Z @D"(p)xfl---xﬁ”,

P2i—1,j:P2i,j €L

39

(144)

(145)

(146)

(147)

(148)

(149)

(150)

(151)

(152)

(153)

(154)

(155)

(156)



2.8 GELFAND-TSETLIN POLYTOPES

where

Pon—1i=Ai, i=1...,m, (157)
i i-1 i-1
pi=) p2i-1,j — 2 )3 P2i-2,j + )3 pi-3jl=2,...,m, (158)
j=1 j=1 j=1
P1 = P11- (159)

If for the highest weight A; € Z + % then

Sf"(xl,...,xn) = Z @D”(p)xf1 coexbm (160)
P2i—1,j/p2i,jez+%

where

P2n—1,i = A i=1,...,n, (161)
i i1 i1
pi=Y Pai-1j—2Y Paiajt+ Y Pa-spi=2...,m, (162)
=1 =1 =1
P1 = P11- (163)

The functions @%" (p) restrict the summation to the finite number of points
on the polytopes in RI®|, defined by the respective inequalities. These
polytopes provide a basic structure for the functions on maximal torus and

have the following properties:

RECURRENT STRUCTURE. For each characteristic function one can write

% (p) = OF"_(p)©*1(p). (164)

Here ®$:71 (p) is defined by the inequalities between the first two rows in
case of A, and the first three rows in other cases. It follows that the func-

tions S®* and Z®" have recurrent formulas described in previous sections.
INVARIANCE UNDER THE LIMIT.  The limit (2.7.1) provides connection

between functions on torus. Both are defined by the same polytope, and the

limit preserves it up to scaling.
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2.8 GELFAND-TSETLIN POLYTOPES

SPECIALIZATION TO IDENTITY. Consider an element (e1,...,e*) of
maximal torus H C G. One can take x; — 0, in which case the character
gives

st (1 Z@‘Dn (165)

On the left-hand side we have the d1rnens10n of the space of representation
V). On the right-hand side one has the total number of points satisfying
@1 (p) and belonging to the polytope, which is also the total number of
patterns for the weight A:

dim V, = Z@‘Pn = [P (166)
Now take x; — 0 in the integral formula for the equivariant volume. It gives
7®1(A[0) = / Hdp, LO%(p (167)

So Z%1(A|0) is actually a volume of the polytope with the characteristic
function @®(p).
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NON-ARCHIMEDEAN WHITTAKER FUNCTIONS

In this chapter we review G(Q,)-Whittaker functions and their connection

to characters of Langlands dual groups following [7, 12, 40].

3.1 WHITTAKER MODELS

Consider the field of p-adic rational numbers Q,. Throughout the chapter
let

e G be an algebraic connected reductive group over Qy;

B be a minimal parabolic subgroup of G;

e K = G(Z,) be a maximal compact subgroup in G;

J be an Iwahori subgroup — the inverse image of B(Z,/pZ,) in K;
e T be a maximal split torusin G,so T C B C G;

e X(T) be a group of characters of T;

®, C X(T) be the root system of G with respect to torus T;

e N = [B, B] be the unipotent radical in B corresponding to the subset

of positive roots @} C P,;

N, be a subgroup in N generated by « € ®,;
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3.1 WHITTAKER MODELS

e Pp be the parabolic subgroup corresponding to the subset of simple

roots A in ®,;

e ) be a modulus character of B such that for every element b = mn,
m € M, n € N, itis defined as | det Ad,(m)|, where n is a Lie algebra

of N and Ad,(m) is an adjoint action of m on n;

e CZ°(G) be the space of locally constant functions with compact support

on G.

Definition 3.1.1. For each simple root «; define a smooth complex character

P; of N,,, which is not trivial for all i. Then the product
n
p=11w (168)
i=1
defines a character of N. Such character is called principal.

For each simple root #; there is a subgroup G, isomorphic to SLy, and Nj,
is its unipotent subgroup generated by a;. Then an element of N,, can be

represented as a corresponding unipotent matrix in SLj:

1 X
) € Ng,, xi € Qp. (169)

Definition 3.1.2. If ¢; are trivial for x; € Z, but not trivial for x; € p‘lzp

then the charater ¢ is called unramified.

Definition 3.1.3. Let (p, V) be a smooth representation of N. Define the

quotient space
Vyn =V /{p(n)o —¢p(n)v|ne N, v eV} (170)

Then N acts on Vi y by 9. The space Vy n is called a Jacquet space of the

twisted representation 7w @ 1.

Let Ind$; (1) be the induced representation of this character, so that Ind$; (1)

is a space of functions f: G — C such that

f(ng) =v(n)f(g), VneEN,gEG, (171)
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3.2 SHINTANI-CASSELMAN-SHALIKA FORMULA

and there exists an open subgroup K in G such that

f(gk)=f(g), VkeK geG. (172)

Definition 3.1.4. Let (77, V) be an admissible representation of G. Then the
G-embedding of V into Ind% (1) is called a Whittaker model of V.

Proposition 3.1.1 (see [12]). By Frobenius reciprocity there is an isomorphism:
Homg (V,Ind$ (1)) ~ Homge (Vy,n, C). (173)

The isomorphism is induced by the map Q: Ind$(1) — C such that
Q: fr= f(1). (174)
3.2 SHINTANI-CASSELMAN-SHALIKA FORMULA
Definition 3.2.1. Let x be a complex character on a maximal torus T. It is

called unramified if it is trivial on T N K.

Definition 3.2.2. One can extend the character on a torus x to a complex
character on B. The induced representation Ind$ (x) is called a principal

series representation.
If 4 is a modulus character on B then we have
f(bg) = x(b)6"2(b)f(g),  f € Ind§(x). (175)

For an unramified character x consider the induced representation Indg (x)-

Let P, be a projection from C®(G) to Ind§ (x) defined by

Pef(s) = [ X' (0)82(b)f (bg)a, (176)

where the measure is a left Haar measure on B. Let i be an unramified
principal character on N. Then Proposition (3.1.1) tells us that there is a
map Ind§ (x) — Vy,n — C defined by the following
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3.2 SHINTANI-CASSELMAN-SHALIKA FORMULA

Proposition 3.2.1 (see [12]). Let wq be the element of maximal length in W and

x be its representative in Ng(T). The functional

Qu(Pf) = [ Puf ey (n) (177)
N

is defined for all f € C®(BwoB) and is a unique N-morphism from Ind$§ (x) to C

up to multiplication by a scalar.

Proposition 3.2.2 (see [12]). The function Q, (P, f) is holomorphic with respect
to x forall f € C2(G).

Let (Ind$(x))X be a subspace of K-fixed vectors. It is spanned by the
characteristic function ¢x = Py(chK) of the compact subgroup K. Due
to proposition ib we have the G-embedding F: Ind$(x) — Ind$(y)

corresponding to the functional Q, such that

F(f)(8) = Qu(RePyf),  fe€Indi(y), (178)
where Rq is the right action of the group G.

Definition 3.2.3. The unramified Whittaker function corresponding to the

character yx is the image of ¢x under the embedding map

Wy (g) = Qx(Reok), (179)
which satisfies the condition
Wy (ngk) = p(n)Wy(g), Vne N, keK, geG. (180)

Proposition 3.2.3 (see [7, 12, 43]). 1. The function W, is defined by its values

onT.

2. If for some simple root a we have ||a(t)||, > 1 then W, (t) = 0 for t € T.

Proof. The first statement follows from the fact that the group G has the
decomposition G = NTK.

For the second statement write

Wy (t) = Wy(tn) = Wy(tnt-t71),  ne NNK. (181)
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3.2 SHINTANI-CASSELMAN-SHALIKA FORMULA

Since [|a(t)||, > 1 for some simple root «, then we have 9, (tnt~1) # 1 for

some 1 in Ny N K, so W, (t) = 0. O

Let @)/ be the dual root system and G¥ and TV C GY be the Langlands
dual complex group and its maximal torus. Let Ay be the weight lattice of

G". Then we have the isomorphism
Aw ~T/(TNK). (182)

Since the torus T is split, it is isomorphic to (Q,)". So for each weight A we

have the representative of coset T/ (T N K) in torus:

pt = . (183)

Due to proposition (3.2.3) the Whittaker function W) is defined by its values
on T/(TNK). Then property 2 in proposition (3.2.3) means that W, (p*) =0

if A is not dominant.

Theorem 3.2.1 (Shintani-Casselman-Shalaika formula, see [12]). The follow-

ing relation holds

Y (-0% T x(p*) ' wx(ph)

weW oze(l),t
Wy(ph) = 2(x) - 82(p) TR (184)
acd;;
Here
We(1) =2(x) = JT @-p (")) (185)
aed;

Due to duality one may put x(p*) = e®*) € TV(C). So on the right hand

side we have the Weyl character formula (591).

Remark 3.2.1. Taking the formal limit p — 1 in this formula is equivalent to

the limit in proposition (2.7.1).

As an example, let us look at the case G = GL(n). The formula for GL(n)

was originally proved by Shintani in [43] for a bit different normalization:
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3.3 CASSELMAN BASIS

Theorem 3.2.2 (Shintani). For G = GL(n) the following relation holds

n Ai+n—i
¥ (i-n)r; det |||
W (pt) = pimt : ] Ay > o> AL
(ph)=p M=) 1> > Ay (186)
i<j
For Ay = -+ = Ay = 0 we have Wy (p) = 1.

3.3 CASSELMAN BASIS

Let | be an Iwahori subgroup, defined as inverse image of B(Z,/pZ,) in
G(Z,). Let I(x) = Ind$ (x) and let I(x)! be the subspace of Iwahori-fixed
vectors. The dimension of this space is dim I(x)/ = |[W®n|. For the group
G we have the decomposition (see [10, 11])

G= || BwJ, (187)

weWen

where on the right-hand side there is a disjoint union of double cosets. Thus
there is a standard basis of characteristic functions ¢, = Py (ch Jw]) in I(x)/.

More explicitly

N2 x(b), w=uw

0, w # W,
where w,w’ € W®, b € B, x € J. For each w € W® there is a unique

intertwining operator 7Ty,: I(x) — I(wy) such that
TofW = [ flawn, (189)
(wNw~INN)\N

where x € K is a representative of w. This operator takes I(x)/ to I(wy)/
and I(x)X to I(wx)®. There are simple formulas for the action of the inter-

twining operator on the bases. Define rational functions c,(x) as follows

for each root:

1—p ()
calX) = . (190)
N R
For each w € W% put
cw(x) = [T (). (191)
aed;
waed,;
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3.3 CASSELMAN BASIS

Theorem 3.3.1 (Casselman, see [11]). The following relation holds
To(Px) = co(X)Px- (192)
For the standard basis there is

Theorem 3.3.2 (Casselman, see [11]). For a simple root a; € ®, and w such

that {(w;w) > £(w) we have

T (Pw) = (ca(X) = Dw + P-19ww, (193)
Ty ($row) = o+ (ca(X) = P~ ) Prvseo- (194)

Let L,, be functionals on I(x)/ defined as follows:
Lo(9) = Tu(9) (1), (195)

These functionals form a basis in the dual space of I(x)/.
Definition 3.3.1. The basis f;, in I(x)/ dual to Ly, in other words,
Lo(fw) =1, w=uw, (196)
Lo(fw) =0, w#w, (197)
is called Casselman basis of Iwahori-fixed vectors.

Proposition 3.3.1 (Casselman, see [11]). The following relation holds

Pk = Z cw(X) fo- (198)

weWen

Reeder in [42] provided an algorithm which recursively calculates the

coefficients of the Casselmann basis in the standard one.

Theorem 3.3.3 (Reeder). We have

fw = Z s, (X) Pro- (199)
seW®n
The coefficients as 4, are defined by the following conditions:
Aw,w = 1, (200)
asw =0, l(s) < Ll(w), (201)
Ass,w + (Co — 1)asp = CaC—nSals,sw, 0(sqs (s), (202)

) >/
Ass,w + (Cuc - 1)‘15,10 = Sals,s,w, K(Sas) E(s), (203)

where x € ®,,.
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3.3 CASSELMAN BASIS

Let nggs be the images of f,, under the embedding map I(x) — Ind$(v),

so that
W;S,‘ZUSS (8) = Qx(Rgfw)- (204)
Proposition 3.3.2 (Reeder, see [40]). The following relation holds
1—p-1 oV
e (p) = 82 TT S2 A an(ph). (aop
wed; 1- X(p )
waed;;

Let us introduce one more basis in I(x)’. Take the following vectors:

(]Sw = Z Ps. (206)
seWon
L(s)>L(w)
Explicitly
1/2 /
i (bls) {cs O, L) = tw) o
0, L(w') < l(w).

Note that for w = 1 we have ¢, = ¢g. Take the image of these functions

under the embedding map I(x) — Ind% (psi):

Wyw(8) = Qx(Rgfu). (208)
Theorem 3.3.4 (see [7]). For a dominant weight A the following relation holds
Wiw(ph) =62 (p") Prw(e®, ph). (209)

Here
o ¢ = diag(e,...,e") € TV corresponding to x;
e P, is a polynomial in p~1 and a rational function of e¥;
e Py o(e¥,0) = D! el@xA) where

o*) — plxa)) £(pwx
i) = €)= e

) , (210)
and D}, = ‘/"X D;Xc ifw=sy...5¢
o for the element of maximal length wqy we have
Wiy (p*) = 81/2(p*)elo ™). (211)

Note that the operators are Demazure operators for the roots

— .
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ARCHIMEDEAN WHITTAKER FUNCTIONS

In this chapter we prove that the limit of classical Whittaker functions are
equivariant volumes of flag manifolds. In the process we see how the Given-
tal and GLO graphs (see [19, 24]) and Gelfand-Tsetlin polytopes are related

to each case.

4.1 gl, -WHITTAKER FUNCTION

Theorem 4.1.1 (see [19]). The gl,, . 1-Whittaker function has the following integral

representation
A i F(x,A
¥ e ) = [TTTTdrie” o, (212)
where
n+1 i i—1
Flx,A)=1) x Aig— Y Aicg | —
i=1 k=1 k=1
noi
_ Z Z (e/\i,k—)\z‘+1,k + e)‘i+1,k+1_/\i,k> , (213)
i=1k=1
Apg1i = Ai, i=1,...,n+1 (214)

and the domain C is a slight deformation of RU"+1)"/2 providing the convergence

of the integral.

The part
_ i i (e)‘i,k*Ai+1,k+eM+1,k+1*M,k)
e i=lk=1 (215)
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4.1 gl,, 1-WHITTAKER FUNCTION

visually can be represented as the following Givental diagram

Ant11 (216)
Anl—=Aus12

A ——=App1p—>" " —Ays1in

A A2 i A

)\n+1,n+1

where each arrow x ——1y corresponds to the factor e~

ey
is the product of these factors.

" and the result

Proposition 4.1.1 (see [21]). Let Ay > - > A, 41. The following relation holds

lim 811(7’1-1—1)/2 . \IIAn

£50 €X1,0e/EXp 41 (5_1)‘1/ ceey S_lAn+1) =
:ZA"(Al,...,/\n|zx1,...,1xn). (217)
Proof. Note that
€ 1.X
lime™® 6(x). (218)
e—0
Then we have

n 1

—y ¥ <e)‘i,k_/\i+1,k+e)‘i+1,k+1_Ai,k> nooi
e i=lk=1

itk — Aik)O(Aik — Aig1ps1)-
i1 k=1

(219)
The function on the right-hand side is ®47(\), so the limit takes the follow-

ing form:

: n(n+1)/2 A -1 -1 _
ll_i%s ( )/ 'Tsxﬁ,...,exnﬂ (5 M, E AnJrl) -

] n+1 i i1
n 1 1 Z x( Z )‘i,k_ Z Ai*l,k)
H H dA;k @4 (A)-e =t k=1 =
R(n+Dn/2 =1k=1

(220)

We got the integral representation l) of ZA4n(Ay, ..., Aulixy, ..., 1x,). O
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4.2 $03,11-WHITTAKER FUNCTION

Theorem 4.2.1 (see [19]). s0y,41-Whittaker function has the following integral

representation

n—1 i n i
‘I’ff” (Apt,eee A —/ d/\Z,kHdezke AdtioX) (221)
i=1 k=1 i=1 k=1

where
f(A/ I/l/ x) - —ZX1(2}111 - All)_

n k k k-1
—1 Z Xk <Z Aki+ 24y — 2 Z Hk,i + Z Ak—1i— 21In(eM1 + e)‘klrl)> —

k=2 i=1 i=2 i=1
n
— Z elkl — Z Z )‘k 1i~ Mk, _|_e/\k,i—ﬂk,i)_
k=1 i=1 k=i+1
n n n
— Z (eluk,i_)\kfl,ifl 4+ el/‘k,i_/\k,ifl) — Z Mk Hek (222)
i=2 k=i

and the domain C is a slight deformation of R"* providing the convergence of the

integral.

Like for gl,,,-Whittaker function, here we can introduce the Givental

diagram
0 (223)
o Hn Ani
N A A
| |
o 111 AMi . . Unn Ann

_eV—

where each x ——y corresponds to the factor e=® "~ and each o ——x

corresponds to e 2",
Theorem 4.2.2. Let Ay > --- > A, > 0. The following relation holds
lim (e)" ¥ B (—e Ay, ..., —e A =

EX EX
8%0 17e-s84n

— ZC”(/\l,...,An\le,...,zxn). (224)
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4.2 §09,11-WHITTAKER FUNCTION
Proof. Take the function on the left-hand side:

(e)n Tg?l sxn(_e_l/\n 11---1_5_1)\;1,;1) =
n—1

= /HHdAZkHdelke —e A~ pex) (225)
=1k

c i i=1k=

After taking the limit using (218) for the exponents we have
P (CeT A e ) O(A, u) -exp{ixs(2u11 — A1)+

" k k k-1
+1) X (Z Aki+2H1 —2 ) i+ Y Akt — Zmin()\k,1,)\k—1,1)> }

k=2 i=1 i=2 i=1
(226)

where

O\ u) = H P‘kl)H H O(Ax—1,i — M) O (Aki — M) X

i=1 k=i+1

n n n
X Ilgg(l/‘k,i — Ak—1,i—1)0(pii — Aki-1) IH O(Akk — Hik)- (227)

The function ©(A, i) defines the domain such that, in particular,

min(Ag 1, Ak—1,1) > pr1 >0, k=2,...,n, (228)

A1 = pn 2 0. (229)
So we can change the variables the following way:

Hr1 — min(Ag 1, Ag_11) — i1, k=2,...,n, (230)

p11 — A1 — H11-

After the changing the domain, and so the function ®(A, jt), remains the

same. So in the end we have

hm( ) ‘PBH o €Xn (_8_1)\11,1/ ceey _s_lAn,n) =

e—0 Xt
n—1 i n i
— [ TTTTaAu T TTT dmis @) x
R™ 57 k=1 i=1k=1

n k K k-1
(A1 —2p11)+ L xk(): Ai=2 ¥ prit T /\kfl,i)
k=2 \i=1 iz i=1 _

Xe (231)
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4.2 §09,11-WHITTAKER FUNCTION

Now put
Ai = Apt1—i = Ponnt1—is i=1,...,n,
Mi= Pakk+1—ir k=1,...,n=1, i=1,...k
Mki = P2k—1k+1—is k=1,...,n, i=1,...,k,
so that @(A, 1) = @% (p) which is given by (123). The right-hand side is

then the integral representation of ZCn (A, oo Aplixg, .. 1xp). O

Remark 4.2.1. One can use the change of variables (230) directly in the inte-

gral representation of the Whittaker function. It takes the following form

there:
Akl Ak-11) =
Hr1 — In(ee1 4 e 11) — gy q, k=2,...,n, (232)
M1 — A1 — g1
Then one has
el —s M1 Mkl 4 pMe-117 Pk (233)
Ak1—Hk1 Ak—11— M Hia
eMA ML M1 Ly ek, (234)
el — At (235)
My phn (236)

so the Givental diagram remains the same, which is in agreement with the
invariance of polytop ©(A, ). Thus we get the following representation of

the Whittaker function:

n—1 i n i
Tgf,,,,,xn (Alfl,ll cecy /\n,n) - / J dAi,k ] dl’ll’,k ef (/\IM,X)/ (237)
C
where

F'(Au,x) = —1x1 (A1 — 2p11) —

n k k k—1
—1) [ YAk —2Y kit Y Mo | —
k=2 i=1 i=1 i=1
n

-1
B S - HZ: i (e?lk—u*lik,i i e/\k,i*ﬂk,i)_

k=1 i=1 k=i+1
n n n
_ Z Z(eﬂk,i—)\k—l,i—1 i er,i_/\k,i—l) — Z oMk~ Hik (238)
i=2k=i k=1
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4.3 5Pp,-WHITTAKER FUNCTION

Theorem 4.3.1 (see [19]). sp,,-Whittaker function has the following integral rep-

resentation
c n—1 1 n i F
Vi o (Antseee Aun) = / | dAjk dy; e” ), (239)
C
where

F(A, V,x) = 1X1U11—

n k K k=1
—1) X (Z Aki— i1 —2 Y mei+ Y A1 — In(eMt + eAk1/1)> —
k=2 \i=l

i=2 i=1

n n—=1 n

— 2 e ii Z 2 (e/\k—l,i*VkJ‘ + e/\k,i*Plk,i) — phuitAn
i=1 i=1 k=i+1

n

n n
— Z (e/\k—1,1+ﬂk,1 i e)‘k,1+yk,1) — Z Z(eﬂk,i—/\k—l,i—l + e}”k,i_)\k,i—l), (240)
k=2 i=2k=i

and the domain C is a slight deformation of R"* providing the convergence of the

integral.

The diagram for this case is as follows:

Ana (241)
|

X

e s —X— l/ln/l > )\n/l

L

)\11 —X— .. .= )\n,n—l

. |

]/111 )\11 e e ]/ln,n /\n,n

where each x ——y corresponds to the factor e~ and each x —x—y

_ Xty
corresponds to e™¢ .

Theorem 4.3.2. Let Ay > --- > A, > 0. The following relation holds
. 2 _ _
g%(g)" Tecayl,...,exn(_s 1)&;1, cees € 1)‘1) =

— ZB"()\l,. co Anlixg, o 1xg). (242)
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4.3 §Po,~-WHITTAKER FUNCTION

Proof. Take the function on the left-hand side:
( ) ‘ngl sxn(_sil)\n 1reeey _571)\n,n) =

- / f[HdAlkHHdu,ke ) 43
i=1k

i=1k=

After taking the limit using (218) for the exponents we have

T (A ) L @(A, ) - exp {x i +

n k k k-1
+1) 0 xg (Z Aki— M1 —2 Y i+ Y A1 — miH(Ak,Mk—1,1)> b (244)
k= \i=1 i—2 i=1
where

n

O(A, 1) =011 + A1) [ [0k + pic1)0(Ak—11 + Hr) X
=2

><H9 Ak — Hik) H H O(AMk—1,i — i )0 (Agi — p,i) X

i=1 k=i+1

X l—g—[(’(ﬂkﬂ' — Aj—1,i—1)0(pii — Akio1)- (245)

The function ©(A, i) defines a domain such that

min()\k,ll Ak*l,l) > |,uk,1 |I k = 2/ e n, (246)

M1 2> |paal, (247)

so we can use the following change of variables:

Hka — 2“uk11 - min(/\k,lr/\kfl,l)/ k=2,...,n, (248)

Hi1 — A1 — 2u11.

For the domain then we have

0(p11 + A11)0(A11 — p11) — 0(p11)0 (A1 — p11), (249)
O(Ak1 + 1) 0(Ak—1,1 + pi1)0(Ak1 — 1) 0(Ak—11 — pxa) —
— 0(pi1)0( A1 — pic1)0(Ak—11 — pa1), k=2,...,m, (250)
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4.3 §Po,~-WHITTAKER FUNCTION

@(A y)—>®’)ty HQ Hk1 H9 Akk_,ukk
n—1
x]] H O(Ak—1i — Mii)O(Agi — pii) X
i=1 k=it1

n n
X TTTT0(ki — M—1,i-1)0(bii — Aiz1), (251)

i=2 k=i
and the integral gets additional factor (2") from the measure. Gathering

everything together:

lim ()" 2 Co e, (€ A, —e A ,) =

ex
e—0 Ls

/Hndmnnduzk@' e

2zlk i=1k=

n
(A1 —2p11)+1 T xk(z Agi—2 Z Hiit Z Akfl,i)
k=2 \i=1 i=1 i=1 )

X e (252)

Now put
)Ln,i = An—i—l—i = Ponn+1—is i=1,...,n,
/\k,iZPZk,kJrlfi/ kzl,...,n—l, izll"'lkl
‘uk’i = ka—l,k+1—i/ k= 1,...,1’[, 1= 1,...,k,

so that @(A, u) = @%(p) = @P(p) which is given by (123). The right-hand
side is then the integral representation of ZBi(Ay, ..., Aulixy, ..., 1xy).
O

Remark 4.3.1. The variables change (248) can be applied to the Whittaker

function itself in the following form:
Mkl — 2Ug1 — In(eM1 + eM11), k=2,...,n, (253)
H11 — A1 — 2pn. (254)
Then one has
M= | ARk 4 Mtk g Mtk (255)

N (e/\kfl,l_yk,l 4+ e/\k,l—Plk,l)z + (eﬂk,1)2,

eM1—H1L + eMiTHIL (62\11*#11)2 4+ (6”11)2.
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4.4 502;,-WHITTAKER FUNCTION

The integral representation of the Whittaker function takes the following

form:
c n—1 i n i i
¥t Ana) = 2" [ TTTTdAu T Tduiwe™ 9, (as6)
o i=lk=1 i=1k=1
where

k-1
F' (A, x) = 1x1(A11 — 2p11) _lzxk (ZAk1_22Vk1+ZAk 11)

k=2 i=1 i=1 i=1

—1

_ i e Hii nz i (e/\kfl,i_ﬂk,i + e)\k,i_ﬂk,i) _ (67\11—7411)2 _ (67411)2_
=2 =2 k=i+1

n n

n
_ Z ((eM-—117He1 4 M1 =Hk1)2 L (pk1) Z Z(eﬂk,i_)\kfl,i—l + etki~Mi-1),
k=2 i=2 k=i

(257)

As we can see, this form looks very different from the one that allows visual
representation via the Givental diagram. Nevertheless, it does not pose any

problem when taking the limit because
—e1x —e 1y
lime " = lime™® =0(x). (258)
e—0 e—0

4.4 $02y,-WHITTAKER FUNCTION

Theorem 4.4.1 (see [19]]). sop,-Whittaker function has the following integral rep-

resentation
D n—1 i n—1 i Fr
Txff...,x,, (Vn,lr SR .u?l,ﬂ) = / H dAl k H dy k€ y,x)/ (259)
o i=1k=1 i=1 k=
where

F (A p,x) = 1x1p11—

n k k—1 k—1
—1 ) X (2 Wi —2 Y  Aj_1i+ Y -1 — 2In(efer + e”"“)) -

k=2 i=1 i=1 i=1
n—2 n—1
— Z eMhrLkr1 =Mk Z Z (eMik+1~ Aik L pHit1k+1— /\zk)
k=1 k=1i=k+1
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4.4 502;,-WHITTAKER FUNCTION

n—1
_ Z (e/\i,lfﬂi,l i el Hit1 + it 4 elit +Hz‘+1,1)_
i=1
n—1n-1
_ Z Z (e/\i,k—ﬂi,k + e)\i,k_ﬂi+1,k), (260)
k=2 i=k
and the domain C is a slight deformation of R*"~) providing the convergence of

the integral.

The diagram is similar to C,, case and looks as follows:

Ap—1,1 —%— Mn,1 (261)
b
/\11 —X— ... oo Unn—1
Co |
H11 A1 e A—1pn—1—> Hnn

where each x ——y corresponds to the factor e " and each x —x—y
corresponds to e,
To prove the limit of the Whittaker function is an equivariant volume one

should consider the cases of even and odd n separately.

Theorem 4.4.2. Let py > -+ > py_q1 > |uy| and n = 2N. Then the following

relation holds

lim ()" B (€ e ) =

= ZP" (1, pnlixy, 1), (262)
Proof. Take the function on the left-hand side:

(E)ZN(ZN_l)‘YgéIX..,sxzw(_8_17/‘21\7,1' T _8_1V2N'2N) -

2N-1 i 2N-1 i P
= [TTT TT#ns T TLdmiaee™ 200 ey
o =1 k=1

i=1 k=1

After taking the limit the exponent in the integral should look like this:

oF (e A e pex) OA, w)EA, p, x) (264)
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4.4 502;,-WHITTAKER FUNCTION

where
IN-1
O ) = T 0(pis1h+1 — Akk) X
k=1
2N-2 2N—1
< TT TT 0ijes1 — Aig) (i1 iesn — Aig) X
k=1 ick+1
IN-1
x [T 0(Aig — pin)0(Aig — piza,1)0(Aix + pin)0(Aig + pig11) ¥
i1
2N-12N-1
x TT TT 0(Aix — mi)0(Aix — pisap), (265)
k=2 ik

EA, u,x) =exp{—1x1p11+

2N k k—1 k-1
o) x| Yo pki—2 ) Ak—ri Y Hr—1i — 2min(py, pe-11) |3 (266)
1 1

k=2 i=1 i= i=

Let us separate the even and odd parts in the exponent, since they are going

to behave differently:
E(A p,x) = exp{—txipn+

N 2k %1 %1
1) x| Yook —2 Y Aok—1it Y Mokt — 2min(por, pok—1,1) | +
k=1 i=1 i=1 i—1

1

N-1 2%k+1 2% 2%
+1 ) Xopq1 Moks1i —2 ) Agki+ Y ok — 2min(poks11, k) |}
k=1 =1 i=1 i=1

(267)

Take the following change of variables:

Adk—11 — Agk—11 + Mok—11 — min(pox 1, Hok—11), k=1,...,N, (268)

Agk1 — Aok + Mokt11 — Min(poks11, Hok1), k=1,...,N—1. (269)

For the exponential part then we have the following;:
EAu,x) = E'(A u,x) = exp{—1x1p11+
N 2k 2k—1 2k—1
1) o | Yook —2 Y Avk—rit Y, Hok—1i— Hok—1a | +
k=1 i=1 i=1 i=2

N-1 2kt 1 2%k 2%
+1 ) woppr | Y Mokt —2 ) Aski+ Y Hoki — Haks11 | } (270)
=1 i=2 i=1 i=1
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4.4 502;,-WHITTAKER FUNCTION

For the step-functions of Ay_1; we have

O(pak2 — Aok—11) = O(Hako — Aok—11 — Hok—1,1 +min(pok1, Hok—11)) =

= O(par2 — Aak—1,1)0 Mok — Aok—11 — Hok—11 + Hok1), (271)

O(pok—12 — Aok—11) = O(Mak—12 — Aok—11 — Hok—1,1 + min(pok1, Hok—11)) =

= O(pak—12 — Aok—1,1)0(M2k—12 — Aok—11 — Hok—1,1 + H2k1), (272)

O(Aok—11 — Hok—1,1)0(Aok—11 — Hok1) —
— 0(Aok—1,1 — min(pox 1, Hok—1,1)) X
X0(Agk—1,1 + Mok—1,1 — min(pok 1, Hok—1,1) — Hok1) =

= 0(Aok—11 — Hok1) (273)

O(Aok—1,1 + pok—1,1)0(Aok—11 + pok1) —
— 0(Agk—11 + 2H2k—11 — min(pok 1, Pok—11)) X
X 0(Ag—1,1 + Mok—1,1 — Min(pok 1, Hok—1,1) + Hok1) =

= 0(Aog—11 + Hok—11)- (274)

For the step-functions of Ay ; we have

O(Hok+12 — A1) = O(Mokt12 — Aok — Mok, + min(pokr11, Pok1)) =

O(pok+12 — A1) (Hoks12 — Aok — Hok+11 + Hoka)s (275)

O(pok2 — Aok1) — O(Moko — Aoka — Hokt1,1 + min(poky1,1, Hok1)) =

= O0(pok2 — Aak1)0(Mak2 — Aok1 — Hok+11 + Hok1), (276)

0(Aok1 — Mok1)0(Aok1 — Moks11) —
- 9<A2k,1 + Uokt11 — min(ﬂ2k+1,1, Vzk,l) - .”Zk,l) X
X 0(Agk,1 — min(pogi1,1, pok1)) =

= 9(/\2k,1 - P‘Zk,1), (277)
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4.4 502;,-WHITTAKER FUNCTION

0(Aak + a1 )0( Aok + pokia,n) —
— 0(Agk1 + Hokr1,1 — min(pokr1,1, Pok1) + Haka) X
X0 (Ag1 + 2pokr1,1 — min(porr1,1, Pk ) =
= 0(A2k1 + poki1,1)- (278)
Gathering them all up we have get the following characteristic function of

the domain:

2N-1

O, 1) = O (A, u) = TT 0(ks1pr1 — Ark) X
k=1
2N-22N-1
x TT TT 0iker — Aig)0(pis1pr1 — Aig) X
k=1 i=kf1
N-1
X [T 0(pars12 — Aoka — paks11 + Hok) X
k=1
N-1
X [T 0(mar2 — Aok1 — Haks1,1 + Hak1) X
k=1
N
X | [ 0(H2r2 — Aok—1,1 — Pok—1,1 + Hok1) X
k=1

N
X [ T0(nar—12 — Aak—11 — Hok—1,1 + Hok1) X

k=2
N-1
x [T 0(Aak1 — par1)0(Aok1 + poxs1,1) X
k=1
N
X | 10(Aak—11 — pak1)0(Aok—1,1 + Mak—1,1) X
k=1
IN-12N-1
< IT IT 0k — min)0(Aik — pizap)- (279)
k=2 i=k

Now use another change of variables:

Hok—11 — —Hok—11, k=1,...,N. (280)

62



4.4 502;,-WHITTAKER FUNCTION

Then for the exponent we have
E'(Au,x) = E"(Au,x) = exp{ixypn+

N 2%k %1 %1
1) xop <2 Moki —2 Y Agk—1it+ Y VZk—Li) +
k=1 i=1

i—1 i=1
N-1 2k+1
+1 ) Xopq1 Z Hok+1,i —229\21“ + kaz =
k=1
LX1H +12gx (Zu 2k21/\ +Zu )
— 1711 = k k,i— k—1,i k—1,i (281)
And for the characteristic function:
IN—1
O' (A u) = 0" (Au) =TT 0ttt — Aek) X
k=1
2N—2 2N-1
X H TT ik — Ai)0(pisaern — Aig) X
=1 i=k+1
IN-1
X H O(Mrr12 — M1 + P11 + 1) X

k=1
IN-1

X H 0(pr2 — A1 + Hip1,1 + Hia) X

k=2
OIN—12N-1
x TT TT 0(Aix — mig)0(Aix — pisap)- (282)

k=1 i=k

Gathering everything together we get the following result of taking the
limit:

lim(g)n(n_l)TsszlI,\]...,sxn (_8_1]411,1/ ceey _g_l,un,n) =

e—0
2N—-1 i 2N-1 i

_ / [T ITdr TT TTdwix®" (A, p)x

ronin-n) =1 k=1 i=1 k=1

2N k k=1 k=1
1X1p11+1 3 xk(z Hei—2 Y Ap—1it X kau)
X e k=1 \i=l i=1 i=1 . (283)

To see what we need one can put

Hni = Pon—tnt1—i = Pnp1-i,  i=1,...,1, (284)
,uk,i = p2k71,k+17i/ k = 1,...,11—1, = 1,...,k, (285)
/\k,i = P2k k+1—ir kZl,...,?’l—l, i = 1,...,k, (286)
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4.5 CONNECTION TO GELFAND-TSETLIN POLYTOPES

so that the function on the right-hand side looks exactly like the integral
representation 1' of the equivariant volume ZD2n (U1, .- Hnlixg, ... 1xn)
and the function ®” (A, u) is actually the BZ-polytope characteristic function

(125). O

Theorem 4.4.3. Let piy > -+ > pp_1 > |pu| and n = 2N + 1. Then the
following relation holds
li_l%(s)n(nil)‘ygcq,...,sxn (871,‘””/ _Siluuﬂ—lf R _Sillul) =

= ZP(uq, .. iy, .. 1), (287)

Proof. The proof follows the same steps as for the case n = 2N. O

4.5 CONNECTION TO GELFAND-TSETLIN POLYTOPES

The limit translates the exponential factor e~ in the integral rep-
resentation of the Whittaker function to step-function, which is a part of
characteristic function. On the other hand, there is a visual representation
of the exponential factors in a form of Givental diagram, or Givental graph.

Naturally, the graph has connection to the patterns and polytopes.

TYPE A,.  We can see that the Gelfand-Tsetlin patterns, defining the poly-
top ®47, and the Givental diagram are in very close relation. Namely, each
arrow x — vy in the Givental diagram corresponds to inequality x > y
from or to the step-function 6(x — y) in the characteristic function of
the Gelfand-Tsetlin polytope.

TYPE B,.  The graph here consists of two types of arrows. Each x —y

in the graph after taking the limit corresponds to the inequality v > x.
Each o ——y originally gave the factor e~2¢", but for each such node x
one has two arrows with o, so each pair gives e~*". After taking the limit it

gives the step-functions 6(x), or equally the inequalities x > 0. So there is
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4.5 CONNECTION TO GELFAND-TSETLIN POLYTOPES

again a one-to-one correspondence between the Givental graph and 2n-split

patterns and the polytope @5 (p).

TYPE C,.  The graph here consists again of two types of arrows. Again,
each arrow x ——y in the graph after taking the limit corresponds
to the inequality y > x and the step-function 6(y — x). On the other hand
x —x—Y gives the inequalities y > —x, which with the normal arrows gives
y > |x|. Note that in the proof we had to change the variables like (248).

One can check that they transform the inequalities the following way
y> x| —y>x>0. (288)
Which gives us the proper symplectic patterns and the corresponding poly-

tope @% (p).

TYPE D,.  The graph of type D, is a graph of type C, without the top

row. So we have the same initial translation:

(x—=y)— y=>x 0(y—x), (289)
(x—>—y)—  y=>-x 0(y+x). (290)

After that one needs to take a specific change of variables (268) which trans-
forms the polytope given by (265) into the polytope ®""(p) corresponding
to the BZ-patterns (39).
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EQUIVARIANT VOLUMES OF G/ Py

5.1 STABILIZER OF A

Let h be a Cartan subalgebra of the Lie algebra g, ®, corresponding root
system, a; € ®; simple roots, s; € W® corresponding simple reflections
and wy € W? the element of maximal length. Consider the case when
condition is not satisfied, so for some oc}; € ®/,k=1,...,m we have
<A, ocivk> = 0. This means A € h* has non-trivial stabilizer in W®» and

Ai(e")(x) =0, (291)
where A;, is defined by (6o4). Denote the stabilizer Stabyy(A). It is a sub-
group in W and is generated by simple reflections s; € W where j € | =
{ir,...,im}, JC{1,...,n}, ] ={1,...,n} \ J. Then for the element of maxi-
mal length in )V one can write a decomposition

wy = wé . w(]) , (292)

where wg is the element of maximal length in Stabyy(A) and w(]) is the longest
element in W/ Stabyy(A). According to [4], this corresponds to the case
of degenerate flag manifold G/P;, where P; C G is a parabolic subgroup
generated by Lie algebra

p)= b@ga, n €D UwéCID,T, (293)
4
and formula for the equivariant volume of G/ Pj holds

Z8(Ax) = A (M) (x). (204)

0
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5.2 ROOT SYSTEM Ay
Define the subset of positive roots
o ={xe | wha € @5 ). (295)
Proposition 5.1.1. If A has a non-trivial stabilizer, the following relation holds

lim ¢! -Sﬁz L (651, ) = Z}P”(/\L...,An|x1,...,xn)- (296)

e—0 PN AP

Proof. The Demazure character formula (603) gives

Sy (e*,...,e) =D ;- D (e")(x) = D, (e})(x), (297)

) Wy Wy

since D;(e") = e* if s;A = A. The rest of the proof is similar to the proof of

(2.7.1). O

Corollary 5.1.1. The following relation holds

® e(wA,x)
T R, TP
wen thCI)f
Proof. The proof is similar to the proof of Corollary (2.7.1). O

5.2 ROOT SYSTEM Ay

Let A have a non-trivial stabilizer, which means that A; = A; 4 for j € J.
Consider Gelfand-Tsetlin patterns with such top row. Then certain parts
of patterns are fixed due to inequalities (12), and effectively we have lower
number of variables. The polytope defined by characteristic function is
degenerate and has lower dimension. Let us take a look at certain particular

cases.

5.2.1 Case A = (A4,0,...,0)

The stabilizer here is

Stabg,,,(A) = (s2,...,54) = Gp. (299)
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5.2 ROOT SYSTEM Ay

The reduced word then
w(]) = S$;S;_1...51 (300)

and the equivariant volume can be calculated using BGG operators
Zf”()\\x) = Ay A, ... AN, (301)

The explicit formula looks as follows
n+1 e)\lx,-

Zi(Alx) = )

= I(xi—x) (502)

Gelfand-Tsetlin patterns are reduced to the following string of inequalities:

M= Pu11 = Pn1 = - > p21 > p11 = 0. (303)

This corresponds to the polytope with the characteristic function

07" (p) = 6(p11) HQ(PHM = pin)- (304)

The character formula gives

S}?n( ) Z@An p) xpll prll pi- 11 (305)
7n

Using the proposition (5 we obtain the following integral representation
n+1
ZA” (A]x) = /Hdpz : @An (p) - X1P1,1+i§2 xz(Pz,l—Pzﬂ,l). (306)
R = 1
The polytope here corresponds to the following Givental diagram for Whit-

taker functions

Auiia Aun e A1 A1 0 (307)

It corresponds to the case of the Grassmannian (1,7 + 1) in [23, 36], so we

have the integral representation for the Whittaker function:
Theorem 5.2.1 (see [23, 36]). For the Gry ,.1-Whittaker function the following
relation holds

n
0L 00,0, 0) = [TTdAg et (308)
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5.2 ROOT SYSTEM Ay

where
" A S Ai—A
Fane) (A, x) =mxdn+1 ) xi(Ajg = Aiqp) —e 1t =) el i

(309)
and the domain C is a slight deformation of R" in C" providing the convergence of

the integral.

Proposition 5.2.1 (see [21]). The following relation holds

lime" - ¥ ) (€7'41,0,...,0) = Z{"(A1,0,...,0lexy, ..., 1%, 1) (310)

€X1,...,£X
e 178t n+1

Proof. Straighforward calculation using (218). O

5.2.2 Case A = (Ak, 017K

For convenience let us put k < n 41 —k, because the case k > n+1 —k
is very similar. The stabilizer for this case is generated by every simple

reflection except sj:

Stabg,,,(A) = (s1,--+,5k—1) X (Skt1,+--,5n) = S X Spyq_¢- (311)

This is the most degenerate case of G/Pj;, when P; is a maximal proper
parabolic subgroup in G, and G/ Pj is actually a Grassmannian Gry .1 (see
[30]). The element of the maximal length in stabilizer is a product of the

respective elements of & and &,,,1_x:

w(]) = 515251535251 - . - Sk_15k—2 - - - 51 * SnSy—15n - - - Sk+15k42 - - - Sn- (312)

Then one has

O~

wé =wy-w) = (sp...51)~ (313)

The reduced decomposition for this word looks as follows:

w(]) = (Sy—kg1---Sn) (Sp—g---Sn—1) - (51-.-5k). (314)

Using BGG operators one can write

ZM(Alx) = (Apoggr - An) -+ (Ar . Apel™, (315)
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5.2 ROOT SYSTEM Ay

The explicit formula from Corollary (5.1.1) gives

M 'lew(i)
Ap S
Zha= L R
wES,11/ Stabg, , (A) IT II (xw(i) - xw(j))
i=1 j=k+1

Let us see what happens to the characteristic function (114) and what the
integral representation of Zf” looks like. The Gelfand-Tsetlin patterns

with a top row A are described by the following set of inequalities

M = Pui1) 2 Prti—k1s (317)

Prx = 0, (318)

pi+j—k,j > Pi+j—k—1,j/ = k+1,...,1’l, ] = 1,...,k, (319)

pl'Jr]',k,]' > Pz‘+j—k+1,j+1 = k,. .., n, ] =1,.. .,k -1 (320)

The total number of variables is k(n + 1 — k) forming a rectangular pattern

of dimensions k x (1 + 1 — k). The polytope characteristic function then can

be written as follows:

n—k k
O (p) = 0(pus11 — Pus1—k1)0(pi) [T 10(pivsj — picj—1,j) ¥
i=1j=1
il kk-1
IT T10pitvj-1j— pisije1)- (321)
i—1 =1

The character formula gives

k
k sz] zpi—l,jn+1fk L (pij—pi-1))

an (x) _ Z @An( P11 fo 1 H x;-:1 <

k(n+1—k) i=k+1
k
n M+ Z Pii Zk P ;
j=i—n+ j=i—n+k— 1~ FPnk
< 1T = e (522
i=n+2—k
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5.2 ROOT SYSTEM Ay

Using Proposition (5.1.1) we obtain the following integral representation for

equivariant volume

k n+j—k

Rk(n+1-k) ]:1 =

n k i i—1
X exp {X1P1,1 + M 2 X+ in (Z Pij — Z Pz’l,j) +
i=n+2—k i=1 j=1 j=1
n+1—k k
+ ), xi ) (pij—pio1j)t
i=k+1  j=1
n k k
+ Z X; Z Pij — Z Pi-1j | — Xn+1Pnk ( - (323)
i=n+2—k j=i—n+k j=i—n+k—1

The polytope here corresponds to the following Givental diagram for Whit-

taker functions

Ant11 (324)

Appl—k1 —= —= Ay

!
|

M1 o Ak 0

This is exactly the diagram for Gry ,;1-Whittaker function in [36] for k <
n+1—k. One can take the integral representation of this function and

show that its limit is the equivariant volume Zf” (Alx).

Theorem 5.2.2 (Oblezin, see [36]). Let k < n+1 — k. For the Gry ,,1-Whittaker

function the following relation holds

k
kn+1
Tg‘lffxnll (/\714—1,1/ 0/ sy O) = /H 1 1 d/\irj ef(k,n-H) ()L,X) (325)
C
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5.3 ROOT SYSTEM C,

where
k n+1—k min(7,k)
f(k,n—l—l)(/\/ x) = ZZ Xpt1—k+itn+1,1 +1 Z — Xiy1) Z AZ]_'_

i=1 i=1

k—1 k N N N

1) (X 1oki — Xng2—kii) ) M 1—ktij— € 0k — etk ALl —
i=1 j=i+1
k n—k n+1—kk—1
_ Z Z eNivj-1i— it Z Z it i1, (326)

i=1j=1 i=1 j=1

and the domain C is a slight deformation of RK("+17K) iy CK+1-K) providing the

convergence of the integral.

Theorem 5.2.3. The following relation holds

. - knt1 -
11_1;% Sk(n+1 k) ' Tgxft,szcnﬂ (8 1)\1/ O/ ceey O) -
:Zf‘”(a\l_,...,Al,O,...,0|x1,...,xn+1). (327)
k
Proof. The proof is similar to the proof of (217). O

5.3 ROOT SYSTEM Cj,

The highest weight A = (A4,...,A,) satisfies the relations
M>2A > 2 A >0, (328)

For the general rank it is hard to cover all cases of stabilizers. Thus we are

going to look into the case when

A=Ak 0"F) = (Aq,...,A4,0,...,0). (329)
Y
g

Just like in previous section, it corresponds to the most degenerate case of
G/Pj, when P is a maximal proper parabolic subgroup in G. The Weyl

group W© is generated by {s1,...s,_1,&,} and the longest element there is

Wy = €1...84, (330)
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5.3 ROOT SYSTEM C,

where ¢; = s;...5,_1€45,-1...5;. The stabilizer of A is a product of two

groups:
Stabyyc, (A) = (81, -+, 5k-1) X (Skp1, -+, Sn_1,€n) = S x WEk (331)

The element of the maximal length in stabilizer is a product of respective

elements of the factors:

w(]) = 51(5251)(535251) -+ - (Sk_1---51) * €kt1 - - - En- (332)

The positive roots from CID}L C @,/ are those which are mapped by w(]) to

negative roots, so we have

i=k+1,...,
o = {e= €j}§:1i,,k "U{ei + € h<icj<k (333)
k(k+1
@] = 2k(n — k) + LD, (534

The equivariant volume is given by the formula

Z5m (A x) =
e/\l Zi'(=1 Xw(i)
=L T (335)
wew Xw(i) — Xw(j Xw(i +xw i Xw(i +xw j
iljljzlgl( (i) ~ *w(j)) (Fu(i) <]>)1§gj§k( (i) T *a(j))

where W = W% / Stab,,c, (7).
The symplectic patterns for the weight A have a certain number of

variables with fixed values and are defined by the following inequalities:

M 2 Pan—kas (336)
]91'_|_]'_1,]' > Pi—l—]’,]'—l—l/ i:k,...,Zn—k, j: 1,...,k—1, (337)
Pitj—1,j > Pitj—2,jr i=k+1,...,2n—k, ] =1,...,k (338)

Pitj-1j 2 Pisjjrr,  i=2.. k=1 j=1...i-1 (339
Pi+j-1, > Pi+j—2,jr i=2,...,k ] =1,...,i—1, (340)
pri_1; >0, i=1,...k (341)

The effective number of variables is

k(k —1)
2

k(2n —2k+1) + = 2k(n —k) + = |®]]. (342)
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5.3 ROOT SYSTEM C,

The characteristic function for the polytope defined by these inequalities can

be written as

2n—k k—1
@]C"(P) = 0(M — pan—k1) 11 119 Piti-1j = Pitjj+1) X
1= ]:
2n—k k k—1i-1
< T T10isj—1 = pivj—2 ) T TTTOPij1 = Pinjjs1) %
i=k+1j=1 i=2j=1
k i1 k
Xl—!ﬂ9(Pi+j1,j— Pitj-2, ]_{9 P2i-1,i) (343)
1= ]: 1=

The character formula provides the following if k is odd:

i i—1
k ; P2ij—2 ¥ p2i-1,;+ X Pai-2

SCn Z @Cn fz,l H j=1 =1 %

Z|<I>+| =2

k
(2n—k—1)/2 ¥ (p2ij—2p2i-1j+P2i-2)

X H xﬁ.zl X

A1+§ P2ij— -2 2 P2i— 1]+2 P2i-2
X <x(2n—k+1)/2> = X

k k k
p2ij—2 L pa-1j+ L Pai-2,j

n r ,
j=2i—2n+k+1 j=2i—2n+k j=2i—2n+k-1
X | | X; . (344)

i= 2n—k+3
- 2

If k is even then

i -1
k ZPZI] ZZPZI 1]+ZP21 2,j

Sg”(x) _ Z @]Cn P21 2P11H j=1 %

k
(2n-k)/2 L (pZz] 2p2i—1,j+pai- 2])
i=

xHxlf X

i=k
k k k
n r P2j—2 L pa-1;+ L P2i-2,j
j=2i-2n+k+1 j=2i—2n-+k j=2i—2n+k—1
x [T = : (345)

i= 2n—k+2
- 2

Using the proposition (5.1.1) we can get the integral representation of the

equivariant volume:

N 2n—k k k—1 i (oA
Z n(Mx / Hdpz—i-] 1,j HHde-] 1] (P) KpAx) (346)
]RM’}H i=k j=1 i=1j=1
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5.3 ROOT SYSTEM C,

where for odd k

Fi(p, A x) = x1(p21 — 2p11)+

k i i i—1
+ Z X (Z Paij — 2 Z p2i-1,j + Z pZiZJ’) +
i=2 =1 j=1 j=1

@n—k-1)/2
+ Y x ) (paij—2paic1j+ Paiaj)+
L —~

k k k
TX(2n—k+1)/2 (Al Y P2 —2) a1ty Pziz,j> +
j=2 j=1 j=1
n

k k k
+ ) 9@( ) Prij—2 Y, pai-ij+t ) P2i—2,j>

j—2n 2k+3 j=2i—2n+k+1 j=2i—2n+k j=2i—-2n+k-1
(347)
and for even k
Fr(p, A, x) = x1 (P21 — 2p11) +
k i i -1
+Zx1 Z 211—222921 1]+ZP21 2, +
i=2 j=1 j=1 j=
(2n—k)/2 k
+ Y x5 ) (paij—2pai-1j+ pai-oj)+
i=k j=1
n k k k
+ Y Y. pj—2 ), paiit Y. paiai]-
T 5 j=2i—2n+k+1 j=2i—2n+k j=2i—2n+k—1
(348)
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5.4 EXAMPLE: ROOT SYSTEM ()

The polytope @IC" (p) corresponds to the following Givental graph of type

Cn in variables p; ;:

M (349)
Pon—k1 — P2n—k+1,2 e Pan—1k
Pon—k—11 — P2n—k2 e Pon—2k
Pka cee Pok—2k—1 = P2k—1,k — % P2k k
J i
Pk-1.1 . P2k—3k—1 —>— P2k—2,k—1
| T
l |
1
P21 P32 x P42
i

X

P11

In the next sections we are going to look into the low rank cases n = 2,3.

It is easy to derive formulas for equivariant volumes for each k explicitly

and there is a connection to Zf”.

5.4 EXAMPLE: ROOT SYSTEM ()

The root system C; has only two simple roots:

ap = €1 — €, ay = 26, (350)

with the corresponding generators of the Weyl group s; € &, and €;: €5 —
—e€3. The element of the maximal length here is wy = s1e251€p = €251€757.
The highest weight A = (A1, Ay) satisfies the condition Ay > Ay > 0. There

are two cases when the stabilizer is not trivial:
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5.4 EXAMPLE: ROOT SYSTEM ()
1. Ay #0and Ay =0;

2. )\1:/\2750.

5.4.1 Case A = (A1,0)

The stabilizer of A in the Weyl group is generated by ¢, so it is easy to see

that

w(f) = S1€7S71. (351)

The equivariant volume is given by the expression

Z]C2 (Alx) = A1 Ay At =

eMx1 eMx2
- 2x1(x1 — x2) (%1 + x2) + 2x5(xp — x1) (%1 + x2)
e—Mx2 e—Mx1
+2x2(x1 + x2)(x1 — x7) + 2x1(x1 + x2)(x2 — x1) (352)
The symplectic patterns are reduced to the string of inequalities:
M =pa1 2 p31 = p21 = p1a = 0. (353)

They define the polytope with the characteristic function

O72(p) = 0(ps1 — p31)0(p31 — p21)0(p21 — P11)0(p11).  (354)

Using it one can write the character formula as well as the integral repre-

sentation of the equivariant volume:

C C -2 —2p31+
SA2 (x) _ Z ®] b3 (p)fol P14 x§4,1 P31 P2,1’ (355)
73
Z52(alx) = [ dpsdpaadpy OF (p)e 22 a2 (356)
]R3

The Givental diagram of type C;, corresponding to this polytope:

A2o 122 A1 Hi1—x—A11 (357)
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5.4 EXAMPLE: ROOT SYSTEM ()

Note that it looks very similar to the case of A = (A1,0,0,0) for Az. Take the

corresponding equivariant volume:

eMY1

_|_
y1—y2)(y1 —y3)(y1 — Ya)
eMy2 eMY3

- (2 —y1) (2 —y3)(y2 — va) - (3 —y1) (s —y2) (Y3 — ya) -
g)‘1]/4

Ya—y1)(ya —y2)(ya —ys)
Now change the variables the following way:

Z3°(A1,0,0,00y1, 2, y3,y4) = (

+( (358)
1 =X, Yr = —Xq, /Y3 = X2, Yg = —Xo. (359)
Then

Z?\g ()\1/ O/ 0/ 0|x11 —X1,X2, _xZ) =

eMX1 e~ MX1

= +
2x1(x1 — x2) (1 +x2)  2x1(x1 + x2) (%2 — x7)
e)‘lx2 e_/\lxz

+
2xp(xp — x1) (1 +x2)  2x2(x1 + x2) (%7 — x2)

= Z72(A1,0]x1, %) (360)

5.4.2 Case A = (A1, A1)

The stabilizer of A in the Weyl group is generated by s;, so we have
w{) = £51€7. (361)
The equivariant volume is given by the expression

ZP(Mx) = Ay Ay Apet) =

eM(x1+x2) eM(x1—x2) eM(x2—x1) eM(=x1—x2)

— + _ )
dx1xp(x1 + x2)  4xpxp(xp —x1)  4dxixo(xg —x2)  4xqpxp(xg + xp)
(362)

The symplectic patterns are reduced to the following set of inequalities:

Al = Ppa1 > P21, (363)
P21 = p32 =0, (364)
p21 = p11 = 0. (365)
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5.5 EXAMPLE: ROOT SYSTEM C3

They define the polytope with the characteristic function

O (p) = 0(pas — p2,1)0(p21 — P32)0(p21 — p11)0(p11)0(p32).  (366)

Using it one can write the character formula as well as the integral repre-
sentation of the equivariant volume:
SiE(x) = L O (p)ayt i, (367)
73
Z]CZ (Ax) = /dp3,2d;’)2,1d]91,1 @?2(p)ex1(P2,1—2P1,1)+x2(/\1—2P3,2+P2,1) (368)
R3

The Givental diagram of type C, corresponding to the polytope:

A2 A1 M1 (369)
|

X

Ho1 —x— A1

Take again the equivariant volume (5.4.1) and substitute the following:

Y1 = x1+ x2, Y2 = —X1 — X2, ,Y3 = X1 — X2, Y4 = X2 — X1.

(370)

Then

Z}L}3(/\1,0,0,0\x1 + Xp, —X1 — X2, X] — X2, X3 — X1) =

eM(x1+x2) eM(—x1—x2) eM(x1—x2) eM(x2—x1)
8x1x2(x1 +x2)  8xyxp(x1+x2)  8xyxp(xp —x1)  8xyxp(x1 — x2)
1
= EZ]CZ (/\1, /\1|X1,X2). (371)

5.5 EXAMPLE: ROOT SYSTEM C3

The root system of type Cs has three simple roots:

K] = €1 — €y, Ky = € — €3, K3 = 2€3. (372)
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5.5 EXAMPLE: ROOT SYSTEM C3

The corresponding generators of the Weyl group and the element of maxi-

mal length are:

S1: €1 > €2, (373)
Sp: € <> €3, (374)
€3: €3 = —€3, (375)
Wo = $152€3525152€352€3. (376)

The highest weight A = (A1, A2, A3) satisfies the condition Ay > Ay > A3 >0,

so there are three cases with non-trivial stabilizer:
1. M #0, A = A3 =0;
2. )\1:/\2#0,)\3:0;

3. )\1:/\2:)L37£0.

5.5.1 Case A = (A1,0,0)

The stabilizer Stab,,c;(A) here is a subgroup W2 generated by s, and e3.

The longest element in the stabilizer is w{) = spe3sp¢e3, so for the longest

element in the factor W / Stab,c; (A) one has

W) = 5152635251 (377)
The equivariant volume is then given by the following expression:

ZG(AJx) = A Ay As Ag Are) =

eMX1

- 2x1 (x1 — XQ) (X1 — X3)(X1 + XZ)(Xl + X3)
e)‘lx2

2X2(X2 — xl)(xz — X3)(X1 + xZ)(X2 + X3)

8o



5.5 EXAMPLE: ROOT SYSTEM C3

eMX3

2x3(x3 — x1)(x3 — x2) (x1 + x3) (x2 + x3)
e—/\p{g

_2x3(x1 + x3) (%2 + x3) (21 — x3) (x2 — x3)
e~ Mx2

_2x2(x1 + x2) (X2 + x3) (x1 — x2) (x3 — x2)
eiAlxl

2x1 (21 4+ x2) (31 + x3) (31 — x3) (31 — x3) (378)

The symplectic patterns are reduced to the following string of inequalities:

M = P61 = P51 = Pag = P31 = P21 = P11 = 0. (379)

The corresponding characteristic function of the polytope is

©7°(p) = 0(pe1 — ps1)0(ps1 — Paj) X
x0(pa1 — p31)0(pa1 — p2,1)0(p21 — p1,1)0(p11)- (380)

Then for the character one has

3 _ Cs P21—P11 . P41—2P31tP21 M —2ps51+P4an
S (x) = ) 0, (p)x] xh x5 .
(P1,1,P2,1,P31,P41,P51) EZD

(381)

If now one use the (5.1.1) to take the limits, it should give the following

representation for the equivariant volume:

ZP(Ax) = /dPl,ldpz,ldm,ldm,ldps,l@%(P)><
RS
w X1 (P21=P11)+%2(Pa1—2p3,1+p2,1) +x3(A—2p51+pas) (382)

The Givental diagram of type C3, corresponding to this polytope:

A33 33 A2 M2 A1 Hi1—x— Mg (383)
Note that just like in the case (A1,0) for C; the following relation holds

Z;}5 (Alr O/ O/ 0/ O/ O‘xll —X1,X2, —X2,X3, _x3) — Z]'C3 (/\1/ 0/ O|x1/ X2, x3)' (384)
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5.5 EXAMPLE: ROOT SYSTEM C3

5.5.2 Case A = (Aq,A1,0)

The stabilizer of A in WS is generated by s; and e3, which commute, so one

has the following reduced word:

wh = s2€3575152€352. (385)
The equivariant volume then is given by the following expression:

Z]CS(Mx) = A2A3A2«41A2A3A26<A’x> _

eM(xitx)

- 4x1x2(x1 — X3)(X2 — X3)(X1 —+ XZ)(Xl + X3)(XZ + X3)
eM(x1+x3)

49(?19(3(3(1 — X2)(X3 — xz)(xl + xz)(xl + X3)(X2 + JC3)
eM(x1—x3)

4x1x3(x1 — x2)(x1 — x3) (%2 — x3) (%2 + x3) (%1 + x2)
eM (x2—x3)

4xyx3(xp — x1)(x2 — x3) (27 — x3) (%1 + x3) (%1 + x2)
eM (x2+x3)

dxox3(xp — x1)(x3 — xl)(xz + x3)(x1 + x3) (%1 + x2)
eM(—x2)

4XZX3(X3 — xl)(X3 — XQ)(Xl — XZ)(Xl + X3)(X1 + XZ)
eM(x3—x1)

4X1X3(X3 — X2)( X3 — xl)(X2 — xl)(xz + X3)(X1 + X2)
eM(—x1—x3)

dx1x3(x1 — x2) (22 — x3) (x1 + x2) (X2 + x3) (%1 + x3)
eM(—x2—x3)

+
dxpx3(xo — x1) (21 — x3) (%1 + x2) (x1 + x3) (%2 + x3)
eM(—x1—x2)
4x1xp(x1 — x3) (x3 — x2) (%1 + x2) (x2 + x3) (%1 + x3)
eM(x1—x2)
4x1x2(x1 — X3)(X1 — XQ)(X3 — XZ)(XZ + X3)(X1 + X3)

eM(x2—x1)

4x122 (22 — x3) (31 — x3) (x1 — x2) (02 + x3) (31 + x3) (386)
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5.5 EXAMPLE: ROOT SYSTEM C3

The symplectic patterns are defined by the following relations:

M 2> P41, Pa1 > P52, Pag = P3i, (387)
P52 = Pa2, P31 2> P42, Pa2 = P32 (388)
P31 > P21 > P32 P32 >0, (389)

P21 = p11 = 0. (390)

Then characteristic function is as follows:

©7°(p) = 0(A1 — p11)0(pas — p52)0(pas — pan) %
x0(ps2 = pa2)0(p31 — pa2)0(paz — p32)0(p31 — p21)
x0(p21 — p3,2)0(p2,1 — P1,1)0(p32)0(p11)- (391)
The character formula using this polytope gives

C _ C P21—P11  P41tPa2—2pP31—2p3 2+ P21 Pai+Pa2—2pPs52
Sy (x) = Z@]B(P)’ﬁ X X3 . (392)

Z7
Taking the limit 1' of this character gives the following equivariant vol-

ume:

Z]CS(/\lx) = /dP1,1dpz,ldpa,ldp3,2dp4,1di?4,2dp5,2 ®]C3(P)><
R7
w eX1(P21=P11) +%2(pa1+Pa2—2P31—2P32+P2,1) +X3(Pa1+Pap—2ps2) (393)

The Givental diagram of type C3 corresponding to this polytope:

A33 Ao U2 AMa M1 (394)

R

U3 Azl Ho1 —*— A1
|

X

|
A1

5.5.3 Case A = (A1, A1, Aq)

The stabilizer in this case is &3 generated by s; and s,. The longest word in

stabilizer is w(]) = $15251 so we have

w(]) = €35751€352€3. (395)
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5.5 EXAMPLE: ROOT SYSTEM C3
For the equivariant volume we have the following;:

258 00) = As s A s A A —

eM (x1+x24x3) eM (x1+x2—x3)

= +
8x1x2x3(x1 + x2) (x1 + x3) (X2 + x3)  8x1x2x3(x1 + x2) (%1 — x3) (x5 — x2)
eM(x1+x3—12) eM(x1—x3—x2)

+ +
8x1x0x3(x1 + x3)(x1 — x2) (x2 — x3)  8x1x0x3(x1 — x3) (%2 — x1) (%2 + x3)
eM(x2—x3—x1) eM(x3—x2—x1)

- -
8x1x2x3(xp — x3) (217 — x2) (X1 + x3)  8x1x2x3(x3 — x2) (%1 — x3) (X1 + x2)
eM(—x3—x2—x1) eM(x2t+x3—x7)

+ .
SX1X2X3(3C2 + X3)(X1 + X3)(X1 + X2) 8x1x2x3(x2 + X3)(X2 — xl)(xl - X3)

(396)
The symplectic patterns are defined by the following relations:
M 2 P31, P31 = Pa2 P31 2 P (397)
Pap > ps3 >0, pap>psp >0, (398)
P21 2 P32, P21 2 p1a 2 0. (399)

The characteristic function of the polytope:

©7°(p) = 0(A1 — p31)0(p31 — pa2)0(pa1 — pan) %
x0(ps2 — p53)0(paz — p32)0(p21 — p32)0(p21 — p1,1)0(ps,3)0(p32)0(pra)-

(400)
The character formula using the polytope gives
C C -2 M+pap—2p31—2p32+ -2
Sf(x) — Z@]s(P) xiﬂm P1,1x21 P42—2P3174P3,2 P2,1xg4,2 P53 (401)
706
Taking the limit (5.1.1) gives
C
Z7(Mx) = /dpl,ldpz,ldps,ldp3,2dp4,2dp5,3 0,%(p) x
RO
x e¥1(P21=2p11) +x2(AM1+pap—=2p31=2p32+P21) +¥3(Pa2—2p53) (402)
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5.6 ROOT SYSTEM D,

The Givental diagram of type C3 corresponding to the polytope looks as

follows:

A33 122 M 111 (403)

]

Apg ——H21 —x— A1

|

Ha1 —x— A1

5.6 ROOT SYSTEM D,

The Weyl group WP is generated by {si,...,s, 1,8, }. The element of the

maximal length is

Wo = €1+ En—1ns (404)
€in = Si---Sn_1EnSn—2..-Si, (405)
t(wo) = n(n —1). (406)

The highest weight A satisfies the relations
A > > Al > A (407)

We are interested in the following case of non-trivial stabilizer of the weight:

A= (Aq,...,A,0,...,0), (408)
Y T
e

which again corresponds to the most degenerate case of the flag space G/ P;.

The stabilizer of A is a product of two groups:
Stabyyp, (A) = (51,---,5k-1) X (Sk41,---,Sn—1,En) = Sk X WPk (4009)

The element of the maximal length here is a product of the respective ele-

ments of the factors:

w(]] =51(5251) .- (5k—151) * €411 - - - En—1n- (410)
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5.6 ROOT SYSTEM D,

The subset of positive roots ®; C @

i=k-+1,...,
CI);r = {61' + €j}£:1i.,k " U {61' + 6j}1§i<j§kr (411)
K(k—1)

@ | = 2k(n —k) + — (412)

Then one has the following formula for the equivariant volume:

Z7" (A, x) =
k
M L Xu(i)
e i=1
=L T a (413)
wew Xw(i) = Xw(i)) Xw(i) T Xw(j Xo(iy + Xgo(i
T T (o) = %) (%) T (o) + X))

where W = WP / Stabyp, (A).
The BZ-patterns for the weight A have some of the variables fixed, so
the effective number of variables is lower. The patterns are defined by the

inequalities:

M > Pon—1-k1s (414)

Pitj-1j = Pitjj+1s i=k....2n—-1-k, j=1,...,k—1, (415)
Pivj-1j = Pitj—2,s i=k+1,....2n—-1—-k, j=1,...,k (416)
Pivi-1j = Pitjj+1s i=2,...,k—=1, j=1,...,i—1, (417)
Pitj-1j = Pi+j—2,s i=2,...,k j=1,...,i—1, (418)
P2i—1;+ P2it1it1 + Paivti = P2iie  i=1,...,k=1, (419)
P2i—1,i T P2it1,i+1 T P2i-1,i—1 = P2iis i=2,...,k—-1, (420)
Pak—1k + P2k+1k = P2kjs (421)

Pok—1k + P2k—1k—1 = P2k k- (422)

The effective number of variables is

k(k—1)
2

k(k—1)

k(2n — 2k) + = 2k(n — k) + =@/ (423)
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5.6 ROOT SYSTEM D,

The characteristic function of the polytope defined by the inequalities above

is
2n—1—-kk—1
@ (p) = 6(A1 — pan—1-x1) 11 1—!9 Pitj—1j = Pitjj+1) ¥
ik i
-1k k k—1i-1
X H HG(Pijl,j_PH]—Z,]) 9(P1+J 1j — Pi+j,j+1)><
i=kf1 j=1 =2 =1
ki1
x [TI16(pivj1j— Pivj2j)x
i=2 j=1
k-1

x ] 0(pai—1i + Pait1,i+1 + Pait1i — P2ii)0(P2i—1i + Pait1it1 + Paim1,i—1 — P2ii) X

I
N

XO(P2i—1,i + Pai+1i+1 + Pait1i — P2ii) ¥

O(Pok—1k + Pok+1k — P2ick)0(Pok—1k + P2k—1k—1 — P2kk)- (424)

Just like for the type Cj, the character formula is a bit different for the cases

of even and odd k. For odd k we have

D D k ZPZI 1;—221721 2j+2p21 3,j
Sy (x) :;@I” “Hx X

k
(2n—k—1)/2 Z(PZI 1,j—2p2i-2,j+P2i— 3])
j=1

X sz X

i=k
k
/\1"'2 Pan—k,;j— —2 Z P2n—k— 1]+Z P2n—k-2,j
X (x(2n7k+1)/2> = X
k k k
n L Ppu-1j=2 X piojt X Pai-s
j=2i—2n+k+1 j=2i—2n+k j=2i—-2n+k-1
x [ « : (425)
i= 2n—k+3
=7
For even k we have
i i-1 i-1
Z P2i-1j=2 ¥ Pai-2;+ L P2i-3

S)l?n (x) = Z 11 Hx j=1 j=1 X

k
(2n—k)/2 'Zl(Pzi—l,j_szi—Z,j+P2i—3,j)

X Hxi.: X

i=k
k k k
n )y P2i-1j—2 L pa-2jt L P2i-3,j
j=2i—2n+k+1 j=2i"2n+k j=2i—2n+k—1 6
X || X; . (426)
i_2n7k+2
="
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5.6 ROOT SYSTEM D,

@ | el 1
In both cases C = Z™ ifAiEZandC:<Z—|——) it A, € Z+ 5.
Applying the proposition (5 we get the integral representation of the

equivariant volume:

D 2n—1—k k k—1 i Fi(pa
2 = [T TTdpisjoa TP O ()PP 27
i=k i=1j=1

|<1>+|

where for odd k we have
Fre(p, A x) = x11p11+

k i i—1 i—1
+ Z X; (Z p2i-1j —2 Z P2i-2,j + 2 Pzi—3,j> +
i—2  \j=1 j=1 j=1

Qn—k-1)/2 &
+ Y x) (pric1j—2paioj+ Poioz)+

i=k =1
k k k
FXn—kt1)/2 | M+ Y Pankj — 2 Y Pank—1, + ) Pon—k—2j | +
j=2 =1 =1
n k k k
+ )Y Y pic1j—2 ). paioit Y, poi-sj
=2k \j=2i-2n+k+1 j=2i—2n-+k j=2i—2n+k—1
(428)
and for even k we have
Fie(p A x) = x11p11+
k
+le (ZPZZ 1, _ZZPZz 2, T ZPZZ 3]>
i=2
(2n—k)/2 k
+ 2 Xi Y (pai-1,j — 2P2i-2j + P2i-3,)+
i=k j=1
n k k
+ Z X; Z Pac1,;—2 Y, Pa-ajt+ Y, P23
j— 2nkt2 j=2i—2n+k+1 j=2i—2n+k j=2i—2n+k—1
(429)

Using the correspondence between the BZ-patterns and the Givental graphs

of type D, from the previous chapter one can derive the conjectural graph
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5.7 EXAMPLE: ROOT SYSTEM D)

for @ID "(p) in variables p; ;. It is the same graph as for C, but without one

top row:
M (430)
Pon—k—11 —— P2n—k2 o, Pon—2k
Pon—k—11 — P2n—k22 e Pan—2k
Pk .- Pok—2k—1 — P2k—1k — > P2kk
l ]
Prk—11 . P2k—3k—1 —X— P2k—2,k—1
| T
l |
X
I
P21 P32 X [2%)
i
P11 X P21

Like for C, before, we are going to look into the low rank cases n = 2,3
to show explicit formulas for each k. There is an additional relation to A,

due to isomorphism Az ~ Dj3 described in

5.7 EXAMPLE: ROOT SYSTEM D>

The root system is generated by two simple roots:
w =€ —€, M =E€+E. (431)

These roots are orthogonal, so we have the isomorphism D, ~ A; x Ay. The

corresponding simple reflections for these roots:

S1: €1 <7 ey, (432)

E) = €251€2: €] <> —en. (433)
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5.7 EXAMPLE: ROOT SYSTEM D)

The Weyl group is a direct product of two Weyl groups of A;:
Wb = 6, x &,. (434)
The longest element is
Wo = €281 = 5182 = $1€251€2 = €251€281. (435)

The highest weight A = (A1, A,) satisfies the condition Ay > |Ay|. Thus we

have two following cases of non-trivial stabilizer of the weight:

1. M = Ay #0;

2. )Ll = —)Lz 75 0.

5.7.1 Case A = (A1, Aq)

The stabilizer Stab,,,n, (1) is generated by s1, so one has the following longest
element in the factor WP2/ Stab,,,n, (A):

w{) = £351€2 = &2. (436)

The equivariant volume is as follows:

A1(x14x2) AM(=x1—x2)
e e
ZIDZ(M?C) = Apelt) = xtx  x+x = ZM(Ay, —M|x1, —x2).

(437)
The BZ-patterns are defined by the following simple inequalities:

M =p312p11 = —p3 (438)
So the polytope has the following characteristic function:

©72(p) = 0(p31 — p11)0(p31 + p11)- (439)

The character and equivariant volume formulas using patterns give simple

expressions:
SP(x) = Y 0(M — pr1)8(M + pra)atiag, (440)
pueZ
272 (Mx) = /dp1,1 6(A1 — p11)0(A1 + prp)eltlr, (441)
R
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5.8 EXAMPLE: ROOT SYSTEM D3

The Givental diagram of type D, corresponding to the polytope:

Hop — M1 —X— U2 (442)

5.7.2 Case A = (A1, —Aq)

The stabilizer here is generated by &, so one has

Wy = 81. (443)

The equivariant volume then

eMxi—x2)  pAi(x2—xq)
272 (Alx) = Arett) = o 24 (A, =M fx1, x2). (444)

The BZ-patterns are defined by the following inequalities:
P31 =M 2> P21 2> P32 = —M, (445)
P21 = P11 2 P21 — P31 — P32 = P21 = P11 = P21 (446)
The corresponding polytope is given by the characteristic function
@?Z(P) =0(p31 — p2,1)0(p31 + p2,1)- (447)

The character of equivariant volume has the similar form as in the previous

case:
SV2(x) = Y (A — pa1)0(M + pag)xfia, T, (448)
p21€Z
272 (Ax) = /dpz,l 0(A1 — p2,1)0(A1 + pap e P2, (449)
IR

The corresponding Givental diagram of type D, is the same as in the previ-

ous case:

Hop — P11 —x— H22 (450)

5.8 EXAMPLE: ROOT SYSTEM D3

The root system of type D3 has three simple roots:

ap = €1 — €, ay = €2 — €3, a3 = €2 + €3. (451)
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5.8 EXAMPLE: ROOT SYSTEM D3

These roots provide the following simple reflections:

511 €1 > €2, (452)
Sp: €y <> €3, (453)
£3 = €352€3: €2 <> —€3. (454)

The element of maximal length:

Wy = $25152€35152. (455)

The highest weight A = (A1, Ay, A3) satisfies the condition Ay > Ay > |A3] so

we have three cases of non-trivial stabilizer:
1. M #0, A, = A3 =0;
2. )\1 = /\2 = /\3,‘

3. )\1 = /\2 = —/\3.

58.1 Case A = (11,0,0)

The stabilizer of A in WP is generated by commuting simple reflections s,
and £3. The element of maximal length in the stabilizer is w(]) = S$pE3, SO wWe

have
J _

Wy = $1528351 = 51839281. (456)
The equivariant volume is given by

272 (A, x) = Ay Ap Az A =

eMX1

(v — x2) (21 — x3) (x1 4 x2) (%1 + x3)
e)\lxz

(x2 — x1)(x2 — x3) (%1 + x2) (x2 + x3)
€A1x3

(x3 — x1)(x3 — x2) (x1 + x3) (x2 + x3)

_|_
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5.8 EXAMPLE: ROOT SYSTEM D3

e~ MX2

(%1 + x2)(x3 — x2) (x1 — x2) (x2 + x3)
e—/\lxl

(x1 + x2)(x3 — x1) (2 — x7) (%1 + x3)
e—A1x3

+ .
(o1 33 (2 — 1) (51— 39) (32 + ) (457
The BZ-patterns are defined by the following inequalities:
M =ps51 > pag > P31 > P21 > P11 (458)
P11 2= P21 — P31, P21 = 0. (459)
The corresponding characteristic function of the polytope is
©7(p) = 0(A1 — pa1)6(pas — p31)0(p31 — pa1) X
x0(p21 — P1,1)0(p2,1)0(pr1 + P31 — p21)- (460)
The character formula gives
S)l?g, (x) = Z @?3 (p) xfm x§3,1—2P2,1 +p11 x;‘l ~2pantrsy (461)
74

Taking the limit of this character gives the following representation of the

equivariant volume

Z?3()\|x) = / dpl,ldPZ,ldp3,1dp4,l @?3(]9) X
R4
w 1P+ (P31 =2p21+p11) +x3(AM —2ps1+p31) (462)

The Givental graph of type D3 corresponding to the polytope looks as fol-

lows:

U33 Ao 1% A1 M1 —x—A11 (463)
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5.8 EXAMPLE: ROOT SYSTEM D3

One can use the identification of D3 and Aj from the section (A.6) to show

that
Z]DS ()\1/ O/ 0|xl/ X2, x3) -
e%(yﬁyz—ys—m)
= +
(y2 —y3)(y1 —v3) (Y1 — ya) (2 — Ya)
e 3 1=y +y3—y)

+ -
(y3 —y2) (1 —y2)(y1 — ya) (y3 — va)
e%(—y1+yz+y3—y4)

+ -
(y3 —y1) (2 —y1) (2 — ya) (y3 — va)
e%(—y1+yz—y3+y4)

+ +
(y1 —ya) (2 —y1)(y2 — y3) (Y3 — ya)
o3 (—y1—v2+ya+y)

+ -
(1 —ya) (s —y1)(ys — y2) (v2 — va)
g%(yl_yz_y3+y4)

_|_ —
(y2 —ya)(y1 —y2)(y1 — v3) (Y3 — ya)

= Z7° (A1, Ay A5 Aslyn v, 3, va), (464)
where
(MM M A
)\‘_<2/2/ 2/ 2)' (465)

5.8.2 Case A = (A1, A1, Aq)

The stabilizer of A is generated by the subgroup G3 generated by s; and s;.

The element of maximal length in this subgroup is wg = 515251, SO we have
w(I) = 575183 (466)
and for the equivariant volume the following holds

Z]D3 (Ax) = A2A1A36</\’x> =

eM(x1+x2+13) eM(x1—x2—x3)
= + +
(x1+x2) (21 +x3)(x2+x3) (37 —x3) (22— x1)(x2 + x3)
eM(x2—x1—x3) eM(x3—x1—x2)

(467)

(02— x3)(x1 — x2) (31 - 73) (3 — x2) (x1 — x3) (31 + x2)”
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5.8 EXAMPLE: ROOT SYSTEM D3
The BZ-patterns are defined by the following relations:

A 2 paa1 = p3p > —M, (468)
P21 2 P11 = P21 — P32 — M. (469)

The corresponding characteristic function of the polytope is as follows:

©7(p) = 0(A1 — p21)6(p21 — p32)6(p3a + A1) %

x0(p21 = p11)0(p11+ P32+ A = p21). (470)
The character is given by the sum over finite number of points on polytope:

Z@D3 P11 )\1+P32 2p21tp1,1 Psz‘ (471)

Taking the limits (5.1.1) gives the following expression for the equivariant

volume:

Ds (Alx) = /dp1,1dpz,1dp3,z®?3(p) eX1P11+X2(A1+p3p+p11—2p2,1) +X3p32 (472)
R3

The Givental graph of type D3 corresponding to the polytope looks as fol-

lows:
133 A1 11 (473)
!
|
M21 —*x—A11

The identification of D3 and Az gives the following:

2?3()L1,)\1,/\1\x1,x2,x3) =

o2 (1 +y2+y3-3y4) o3 (y1+y2-3y3-+ys)
= + +
)~y (s —ya) (1 — ys) (3 —y2)(y3 —ya)
"L (yi+ys—3y2tua) e B (=3y1+yatystys)
+ + =
(1 —y2)(y2—v3) (2 —ys)  (y2—y1)(y1 —y3)(y1 — ya)
— Z;/ls ( ,2/ /\é/ /\ZL ‘]/1/ Y2,Y3, ]/4)r (474)
where
p_ (MM A 3M
A‘(z’z’z’ > ) (475)
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5.8 EXAMPLE: ROOT SYSTEM D3

5.8.3 Case A = (A, A1, —Aq)

The stabilizer of A in this case is another subgroup &3 in WP? generated by

s1 and &3. The element of maximal length is w(]; = 518351 and we have
w) = E35152. (476)

Then the equivariant volume is given by

27 (Ax) = AsArAye™ ) =

eM(x1+x2—x3) eM(x1+x3—12)
= +
(x1+x2)(x2 — x3) (%1 —x3)  (x1+x3)(x3 — x22) (%1 — x2)
eM (x2+x3—x1) eM(=x1—x2—x3)
+ — — — - (477)
(2 +x3)(x3 —x1)(x2 —x1) (%24 x3)(x1 + x2) (31 + x3)
The BZ-patterns are defined by the following relations:
A > P21 > pap > — My, (478)
P21 2 P11 2 P21 — AL — P32 (479)
The corresponding characteristic function of the polytope:
©7(p) = 6(A1 — P21)0(p21 — p32)0(p32 + A1) X
x0(p21 — p1,1)0(P1,1 + A+ P32 — paa)- (480)
The character formula gives
Z@D3 P11 )\1+P32 2p2a+pia Psz (481)

Taking the limit (5.1.1) gives the following integral representation for the

equivariant volume:

2?3 (Ax) = /dpl,ldpz,ﬁpa,z@%(p) eX1P X2 (A+p32—2p21+P11) +X3p32 (482)
R3
The Givental graph of type D3 corresponding to the polytope is the same as

in previous case:

U3z A1 Hi1 (483)
!
|
P21 —x— A1



5.0 OKADA FORMULAS
The identification of D3 and A3 gives the following:

D
Zy3 (M, A, —Mxg, xo, x3) =
A A
o7 Byi—y2—y3—va) e 7 (—1+3y2—y3—va)

N )+ (yz—yzx)(yz—m)(yz—ys)Jr

(1 —ya) (1 —v2) (1 — v3
e/\Tl(_yl_]/2+3]/3_y4) e%(_yl_yZ_y3+3y4)
_|_ J— —_—
(Y3 —ya) (s —vy1) (W3 —y2)  (¥3 —ya) (Y1 — ya)(y2 — ya)

:Z;/ls( /1/ IZ/Aé/AZL‘y‘l/yZ/y:}/y‘l)/ (484)

where

3\ A A A
A= (T' TS5 Ty —71> : (485)

5.9 OKADA FORMULAS

Okada formulas for characters (see Appendix can be translated to the

similar formulas for equivariant volumes with non-trivial stabilizer of A.

Theorem 5.9.1. Let n > m, n,m € IN. The following relations hold

1.

ZA”+’"‘1(t t,0 0]x Xn, Y Ym) =

i AR AAR 17ec-rrn/ Yls---rYm

n m
- A
— /Hd)LiG)m()\,t)-Zh”‘l(t,...,t,)\l,...,/\m\xl,...,xn)x
R™ n—m
XZAm (b= Ao b= MY, Ym) (486)

2.

Cn m
Z] + (tﬁ..,t|x1,...,xn,y1,...,ym) =

n—+m
m
_ /Ed)ti(@m(/\,t)-Zﬁ”(&...,t,)\l,...,/\m|x1,...,xn)><
R™ n—m
XZ (AL, Ay, - Ym). (487)
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5.0 OKADA FORMULAS

D}’l m
Z] + “(t,...,j,j:t|x1,...,xn,yl,...,ym,O) =

n+m
_ /Hd)\ O (A, ) an( SEAL - A X
]le n m
XZBm(AL, . Ay, Ym). (488)
In all three cases

m—1
Oum(A, 1) = 0(t = A1)0(Am) - [T 0(Ai — Aiga). (489)

i=1

Theorem 5.9.2. 1. Let n > m. Then we have

Z}qm+n71(slc../S/O/-../0|x) ‘Z}qm+n71(t""/tlol"'/o‘x) =
1 N __/h.——/ 2 ——
n m

m
:/HdA@mAst
Rm =1

XZ}qn1+n_l(A1/-.-/)LI’I”Ht/-.-/t/S+t_Aml"'ls+t_Allx) (490)
N——

n—m
where
m—1
Om(A,s,t) =0(s+t—A1)0(Ay, —5)0(Ay — 1) - H O(A; — A1) (491)
i=1

2. For t > s we have

J J

n n

ZBn(s, s, xn) - 200k X, x) =
N—— N——

n
:/Hd/\i(am(/\,Zs)-ZB"(Al+t—s,...,An+t—s|x1,...,xn).

(492)
3. For t > s we have
Z]C”(s,...,5|x1,...,xn)-Z]C”(i...,t]xl,...,xn) =
n n
n
:2”-/Hd)\i-®m(/\,25)-ZC”(/\1—|—t—s,...,/\n—|—t—s]x1,...,xn).
Rn =1
(493)
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5.0 OKADA FORMULAS

Proof. The statements can be proved just by using the proposition (5.1.1) on
both sides of the formulas in theorems (B.6.1) and (B.6.2). O
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ROOT SYSTEMS

A.1 DEFINITIONS

Here we provide the set of definitions and notations related to root systems,

which can be found in [6] and [14].

Definition A.1.1. Take a real space h* = R"” equipped with an inner product
(+,+). The root system is a finite set of vectors ®,, € R" with the following

properties:
o d, spans h*;

o if v € &, then —a € P, and no other multiples of that root are in the

system;

e Fach root defines a reflection

sa(B) =B — 2((5 ’:‘))(x (494)

with respect to the hyperplane orthogonal to it, and these reflections

map P, to itself;

2(Ba)

(au)

e for any a, B € ®, the number is an integer.

Definition A.1.2. For the space h* one can take a dual space h with the dual

root system @,/ and coroots &V € @)/ defined as

(Ba’y:=a"(B) = 26.%) B e Dy (495)

()
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A.1 DEFINITIONS

The inner product provides then the identification

2«
v
a’ (@a) (496)
and the reflections can be written as
se(B) =B — (B a’)u. (497)

Definition A.1.3. The reflections of the root system form a group W

called Weyl group.

Definition A.1.4. One can choose a direction in h* defined by a vector B &

b*, so that the set of root can be represented as a disjoint union

o, =0 UD,. (498)

where
O ={aeP,: (a,p) >0}, (499)
o, =, \ ;. (500)

The roots from the subset @, are called positive roots, the roots from the

subset @, are called negative roots.

Definition A.1.5. The positive root is called simple if it cannot be repre-
sented as a sum of 2 other positive roots. The number of simple roots is
called a rank of the root system. We denote them as a; € &, fori =1,...,n.
The reflections defined by simple roots are called simple reflections s; €

WP and are generators of the Weyl group.

Definition A.1.6. The fundamental weights are defined as vectors w; € h*

such that
(win)) =06y ii=1m, (s01)
where §;j =1ifi =jand §;; = 0if i # .

Definition A.1.7. The fundamental weights w; generate a Z-lattice called

weight lattice Ay C h*. Each w € Ay is called a weight.
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A2 A, DATA

Definition A.1.8. The Cartan matrix for the root system ®,, is a n x n matrix

defined as

MO = (aaf) || (502)

Definition A.1.9 (see also [44]). The Chevalley basis for a Lie algebra with
the root system ®,, is a set of generators h;,¢;, f;, i = 1,...,n, defined by the

following relations:

hi:ocly, i=1,...,m (503)

[h,-,hj] =0, i,j=1,...,nm (504)

[hiej] = e]-M?fl.
[hi,f]-]:—ijﬁ":—jfj<ocj,oc;/>, Lj=1,...,m (506)

[el‘,f]‘] = hiéi,]‘, i,j = 1, ..o, n, (507)

1 :e]'<0(]',061v>, z',j:l,...,n; (505)

eive) = [fu fil=0, M =0; (508)

lei, [ei ef]] = [fis fi 1] =0, MP"=-1; (509)

lei, [ei, [ei, ef]]] = [fi, Lfi [fi filll = O, M,?}" = -2 (510)

lei, lei, lei, lew e)1]) = Ui, Ufis Ufis LR ] = 0, M= =3, (511)

The Chevalley basis is defined by the roots and relations between them
and allows us to reconstruct the Lie algebra from its root system. The space

b spanned by #; is the Cartan subalgebra of the Lie algebra.

A.2 A, DATA

Take the real space R"*! spanned by its basis vectors €;,i = 1,...,1n+ 1 and

the inner product defined by
(€i,€j) = i (512)
It is convenient to take the base space as a factor

h* =R /(e1+---+€n1 =0). (513)

102



A2 A, DATA
The roots are taken as
X =€ —€j, i,j=1,...,.n+1, i#]j. (514)

One can see that the coroots from the identification are equal to the
roots, so the dual system is A, system itself. Positive roots can be chosen as

follows

n =€ —€j, ,j=1...,n+1, 1<j. (515)

For the simple roots then we have

N =€ — €41, i=1,...,n, (516)

(aj,aiy1) = —1, (wjya) =2, i=1,...,n (517)
The fundamental weights
w;=€1+---+e¢€, i=1,...,n. (518)
The Weyl group is generated by simple reflections
Si: € <> €j11, i=1,...,n, (519)
so we have just a permutation group:
WA =&, 1. (520)
The Cartan matrix for the A, system takes the following form:

2 -1 0
-1 2 -1

o -1 2 ...
M4 = . (521)

The root system A, corresponds to the Lie algebra sl,, 1. We prefer to use

the algebra gl, ,; which can be represented as

gl = sl ®C. (522)
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A.3 B, DATA

This means that the root system A, defines the structure of gl, ., as well
and all relations above work there except one should add the fundamental
weight

Wpy1 = €1+ -+ €x11. (523)

A.3 B, DATA

Let h* be a real space IR" spanned by its basis vectors €;,i = 1,...,n and the

inner product defined by
(61’,6]') = 51',]'. (524)
The root system B, is defined as follows
O, = {€; —€j}tizjU{xei T ejticiU{xei}izt, n- (525)
Using the identification (496)) one can check that the dual root system is
CDX = {Gi — 6]},#] U {:|:€,' + €j}i§]’. (526)

This is the root system C, which will be defined further, so we have the

duality B, <> C,. The positive roots can be chosen as

O = {e; —€ticjU{ei+e€jticiU{€i}izt, - (527)

Then for the simple roots we have:

K = €; — €41, i=1,...,n—1, (528)

0y = €. (529)

(i, i41) = —1, (aj,a) =2, i=1,...,n—1, (530)
(an, an) = 1. (531)

The fundamental weights

wi=€e1+---+e, i=1...,n-1, (532)
1
wy = §(€1+"'+€n)- (533)

104



A4 C, DATA

The Weyl group is generated by the following simple reflections:

Si: € <> €j11, i=1,...,n—1, (534)
Ent €p — —€p, (535)
so we have a semidirect product of permutations of basis vectors and invert-
ing axes:

Whn = (Z./2Z)" x &, (536)

The Cartan matrix for the B, system takes the following form:
2 -1 0
-1 2 -1

5 0o -1 2 ...
M"r = : (537)

The root system B, corresponds to the Lie algebra so0,,.

A4 C, DATA

Similar to the case of By, let h* be a real space R" spanned by its basis

vectors €;, i = 1,...,n and the inner product defined by
(€i,€j) = 0i ). (538)
The root system C, is defined as follows
&, = {€; —€j}izjU{Le Te€jtici (539)
Using the identification one can check that the dual root system is
D, = {ei —€}izi U {tei L €}iciU{xeitizt, n- (540)

As expected, the dual root system is B, defined in the previous section, so

again we have the duality B, <+ C,. The positive roots can be chosen as

@, = {ei — €j}icjU{ei +€}ic;. (541)
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A5 D, DATA

Then for the simple roots we have:

K = € — €j4+1, i=1,...,n—1, (542)

&y = 2€y. (543)

(aj,aip1) =1, (ape;) =2, i=1...,n-1, (544)
(an, an) = 4. (545)

The fundamental weights
wj=€1+---+¢€, i=1,...,n. (546)
The Weyl group is generated by the following simple reflections:
Si: € < €j41, i=1,...,n—1, (547)
€n: €n — —€p. (548)

This is exactly the same as in case of the system B,;, so we have a semidirect

product of permutations of basis vectors and inverting axes again:

W = (Z./2Z)" x &, = WP (549)
The Cartan matrix for the C,, system takes the following form:
2 -1 0
-1 2 -1

c 0o -1 2 ...
M- = p (550)

so it is a transposed M?". The root system C, corresponds to the Lie algebra

5P2y-

A5 D, pATA

Again let h* be a real space R" spanned by its basis vectors €;, i = 1,...,n

and the inner product defined by

(€i,€j) = 6ij. (551)
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The root system D, is defined as follows
O, = {e; —€}izjU{Lei L €}icy. (552)

Using the identification (496) one can check that the dual root system is the

D, system itself. The positive roots can be chosen as

O = {e; —€}ticjU{ei +€j}ici. (553)

Then for the simple roots we have:

=€ —¢€y1, i=1...,n-1, (554)
an = €y-1 + En. (555)

(aj,aip1) = —1, i=1,...,n—2, (556)
(ay—1,an) =0, (557)

(aj, ;) =2, i=1,...,n (558)

The fundamental weights

wi=e+--+e€, i=1,...,n—-2, (559)
1
Wy—_1 = 5(61 +---+ €p—1— en)/ (560)
1
Wy = 5(61 +- +ep1+€n). (561)

The Weyl group is generated by the following simple reflections:

Sit € > €j11, i=1,...,n—1, (562)

Ent €y & —€-1- (563)
The last generator can be replaced with ¢, - £,_1 where ¢; is defined by
&L € — —€;. (564)

So we have a semidirect product of permutations of basis vectors and in-

verting an even number of axes:

WPn = (Z/2Z)" ! x &,. (565)
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The Cartan matrix for the D, system takes the following form:

2 -1 0
-1 2 -1
0 -1 2
MPr= | .0 L |- (566)

The root system D, corresponds to the Lie algebra soy,,.

A.6 ISOMORPHISM Aj =~ Dj

Take the space R* with the basis (€], .., €}) and the space R? with the basis

(€1,...,€3). The simple roots for Az in R* are

=€ —€), ab=¢€l—¢€, af=¢€)—¢€, (567)
(a1, 05) = (ag, a3) = —1, (568)
(a3, a3) = 0. (569)

Note that they span the hyperplane R®> C R*. For the system Dj in the

space R® one has

Nl =€ — €, Ky =€ —€3 A3=E€)+E€3 (570)
(aq,00) = (a1, 3) = —1, (571)
(0‘2/ 0‘3) =0. (572)

The Cartan matrices are the same and the root systems are isomorphic. Let
us write the isomorphism map explicitly. Define a linear map R — R* by

identifying the roots:

€+ €3 — eé - €fp (573)
€) — €3 — €’1 - Gé, (574)
€1— € — €) — €5 (575)
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A.6 1ISOMORPHISM A3 ~ Dj

Using linearity we can rewrite it as follows:

1
S T ) (579
1
e (e —ete—e) (577)
1
€3 — E(—e{ + €5+ €5 —€y). (578)

Take the following elements of Cartan subalgebras and dual algebras:

A= (M, A, A5, A%) € b, (579)
A= (M, A2, A3) € b5, (580)
v=(Y1,Y2,¥3,Y4) € ha,, (581)
x = (x1,x2,X3) € bp,. (582)

Then the map gives the following relations between the coordinates of the

vectors:
A= %(M +A2—A3), Ay= %()\1 — A2+ Az), (583)
Ay = %(—)\1 +A2+A3), Ap= %(—/\1 — A2 = A3), (584)
X) = %(]/1 +Y2— Y3 —Va), (585)
Xy = %(m —Y2+Ys—Ya), (586)
X3 = %(—yl + Y2 + Y3 — Ya). (587)
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B.1 WEYL CHARACTER FORMULA

The character of a representation of a group G has the following definition.

Definition B.1.1. Let V be a representation of G. Then the character is a

function on G such that
Sv(g) =Trv g, (588)

where on the right-hand side there is a trace of the element ¢ € G in the

space V.

Let g be Lie algebra of G. For its weight lattice A there is a group ring
Z[A] with basis elements e(A) corresponding to weights A. For the repre-

sentation ring R(g) we can define the following ring homomorphism:
Char: R(g) — Z[A]. (589)

Here each class [V] € R(g) maps to }_) me(A), where m, is the multiplicity
of the weight space V, in V.

Definition B.1.2. The image of [V] in Z[A] is called a formal character of V.
Let H C G be a Cartan subgroup with Lie algebra h C g.

Proposition B.1.1 (see [14]). If Char(V) = Yy mye(A) is the formal character
of Vand exp(x) € H, x € b, then

Try (exp(x)) = ) mpe ). (590)
A
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B.1 WEYL CHARACTER FORMULA

This means that the representation V is defined by a character of its re-
striction to H.
Weyl provided the following canonical formula for characters of irre-

ducible representations of reductive groups.

Theorem B.1.1 (Weyl character formula, see [14]]). Let ®, be roots system,
W®n its Weyl group and p a half-sum of positive roots. The character of the irre-
ducible representation V) of the corresponding Lie algebra g of the highest weight
A is given by the following formula:

Y (—1)welwte)x)

D, W\ WEWPn
S/\ (exll' e ) - Y (_1)we<wp,x>

weWen

(591)

Here (—1)% = (=1)X®), ¢(w) is the length of the element w € W%,

Remark B.1.1. For the denominator one has

Z (_1)we<wp,x> _ H (e<zx,x>/2 _ e—(a,x)/Z) _ e(p,x) H (1 _ e—(zx,x}).

weWwen aed;} aed;

(592)

Corollary B.1.1. The dimension formula of the irreducible representation of the

highest weight A holds

(A+pa)

dimVy = J] Toa¥y (593)

aed;;

Corollary B.1.2. The Weyl character formula can be written explicitly for each
classical Lie algebra. The character of gl,,, for example, is the following determinant

ratio: .
‘x).L,'Jr?ZfZ

A, j
S, ) = (504)
x?_l

which is a well-known definition of Schur symmetric functions, or Schur polynomi-

als. For the character of sp,, we have the following ratio:

)\H—?’l—i—i—l —()Lr‘r?l—i-f—l)
B X - ‘
Sy (X1, Xn) = _(n_l.ﬂ)’ : (595)

n—i+1
X — X
) )
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For the character of 50,41 the formula is almost similar:

j j
Sg"(xl,...,xn) = ) (596)

n—i+3 —(n—i+3
. 2 _x. (n=i+3)
] ]

xAi+nfi+% —(An—it+3)

For the character of soy,, the formula is a bit more complicated:

‘x/.\iJrnfi n x'—()\,‘—i—n—i) Aitn—i _ x‘—(/\,'—&—n—i)

+ |x
n _ 1 J ] ]
Sf (x1, c ey Xn) — . ‘(Tll) . (597)

Xpoo T

B.2 DEMAZURE CHARACTER FORMULA

Let H C G be a maximal torus of the group G. The element of this torus

can be represented as

(e"1,...,e") € H, (x1,...,x1) €D, (598)

where § is a Cartan subalgebra of the Lie algebra g of the group G. Take the
weight lattice Ay generated by the fundamental weights w;. Each element

A € A acts on the torus H as the following homomorphism:
Az (€9, e%) — M) e ¢, (599)

Definition B.z2.1 (see [32]). Let ®, be a root system, a; € @, simple roots,
si € WP corresponding generators of the Weyl group. The Demazure

operator is a Z-linear operator D;: Z[Aw| — Z[Aw] defined as

oh _ pSit—ti
D;(et) = R et € Z|Aw). (600)
Here e*: x — M),
Note that
D? = D;. (601)

For each element w € W® with a (reduced) decomposition w = Siy " Si,
define

Dw — Dsil ct e Dsik. (602)
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Theorem B.2.1 (Demazure character formula, see [32]). Let g be a Lie algebra,
®, - its root system and WP - its Weyl group. Let wy € WP be the element
of the maximal length in the Weyl group VW. Then the character of the irreducible
representation of the highest weight A is given by the following formula:

ST (e, ..., e%) = Dy, (e) (). (603)

Demazure operators defined as act on the group algebra of charac-
ters Z[Aw], where Ay € h* is a weight lattice, and provide the formula
for characters of irreducible representations. There is a connection be-
tween these operators and so called BGG operators which were introduced

in [4] in the context of cohomologies of flag spaces G/P.

Definition B.2.2 (Bernstein, Gelfand, Gelfand, see [4],[32]). Let h be a Cartan
subalgebra of the Lie algebra g, &, corresponding root system, a; € P;
simple roots and s; € W® corresponding simple reflections. Take the group
algebra C[h*]. The BGG operator is an operator A;: C[h*] — C[h*] defined
by the action

Ay = LI e, (604)

Note that
A? = 0. (605)

The definition is given only for simple reflections s;. For every other w € W

with a reduced decomposition w = s;, - - - s;, define the BGG operators as

Aw = A, -+ A, (606)
Proposition B.2.1. The following relation holds
lim eD; (e ) (ex) = A;(e")(x). (607)
e—0

Proof. Straightforward calculation gives

A e(Ax) _ plsid—ea;x) e(Ax) _ plsidx)
€

eD;(ex)(ex) = ¢

1—ecmn (aj, x)
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B.3 YOUNG TABLEAUX

Much like Gelfand-Tsetlin patterns, Young tableaux give a well-known com-
binatorial representation of characters of classical groups. For more details

and tableaux types, see [14, 45, 27, 39, [34].

B.3.1 Partitions and Young tableaux

Definition B.3.1. The set of integers A; > ... > A;; > 0 is called a partition
of the number |[A| = A1 + ... + A,,. The length of partition /(A) is the number

of non-zero parts A;.

Definition B.3.2. To any partition A there is an associated Young diagram

(609)

where the number of boxes in a row i equals to A;.

Definition B.3.3. For each partition A there is a conjugate partition AT with

a Young diagram defined by swapping rows and columns of the diagram A.

Definition B.3.4. The Young tableau of the shape A is a Young diagram A

where boxes are filled with numbers.

Definition B.3.5. The standard Young tableau of shape A is a Young dia-
gram A with boxes filled with numbers from 1 to |A| in strict increasing

from right to left in rows and from up to down in columns:

21314|5 (610)
6|78|9
10|11
12
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Definition B.3.6. The column-strict Young tableau of shape A is a Young di-
agram A with boxes filled with numbers non-decreasing in rows and strictly

increasing in columns:

11212313 (611)
213144

414

5

Definition B.3.7. Let T be a standard Young tableau, &, - the group of
permutations of |A| elements which acts on the numbers in an arbitrary
tableau of the same shape. The Young symmetrizer is an element of the
group algebra C&),| defined as follows:

cr =) sign(w)w- Y u, (612)

weCr UERT

where Cr is a subgroup which preserves columns of T, and Rr is a subgroup

which preserves rows.

Let V be a standard representation of GL,C and e; its basis. Fix standard
tableau T of shape A and consider the space V®I. One can identify the
basis vector e;; @ ... ®e;, with a Young tableaux T’ by putting i, into the
box which has number m in T. The symmetric group &, acts on Ve by

that identification(by permuting the copies of V in tensor product).
Definition B.3.8. The Weyl module W), is the image of cy in VZIAI,

Remark B.3.1. The different choice of T with the same A gives an isomorphic

Weyl module.

Example 1. For the partition A = (1) we have only one standard tableau:

112]|...\n

(613)

The Young symmetrizer takes the form cr =} ,cr, w, so the resulting Weyl

module is Sym" V.
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Example 2. For the partition A = 1,...,1 we also have only one standard

tableau:

(614)

n

The Young symmetrizer takes the form cy = Y_,cc, sign(w)w, so the result-

ing Weyl module is \" V.

Theorem B.3.1 (Schur). The basis in the Weyl module W) of the group GL,C is

the set of column-strict tableaux filled with numbers 1,. .., n.

Theorem B.3.2. Let p(i, T) is the number of entries i in the tableau T and T, ,
is the set of all column-strict Young tableau of shape A and numbers 1, ...,n. The

character of irreducible representation W, of GL,,C is given by the formula

n .
Sf"’l(xl,...,xn): Z pr("T). (615)
TeT) , i=1

B.3.2 Symplectic tableaux

Definition B.3.9. Let A be a partition such that /(A) < n. The symplectic
tableau T is a Young tableau of shape A filled with numbers 1 < 1 < 2 <

2... < n < @1 with two conditions:
1. T is column-strict;
2. all numbers in i-th row are larger or equal to i.

Example 3. For a partition A = (4,3,2) the following tableau is symplectic:

2

(616)

Q| =

2
3

Q| NI =

Theorem B.3.3 (King, El-Sharkaway, see [45]). Let p(i,T) be the number of

entries i in the tableau T and 7;55 is the set of all column-strict Young tableau of

116



B.3 YOUNG TABLEAUX

shape A in numbers 1 < 1 < 2 < 2... < n < 7. The character of irreducible

representation of Sp,, C of the highest weight A is given by the formula:
n , -
S/(\:n (X1,..., %) = Z fo(l,T)—P(l,T). (617)
TEES}U i=1

Remark B.3.2. The polynomials Sp, (x1, ..., x,) can be referred to as symplec-

tic Schur polynomials.

Theorem B.3.4 (Berele, see [45]). The symplectic tableaux of shape A in numbers
1<1<2<2.. <n<iiforma basis in the irreducible representation of Sp,,C
of the highest weight A.

B.3.3 Orthogonal tableaux

Take a diagram of shape A and fill it with symbols 1 <1 <2 <2..<n <

i < oo in such way that
1. the tableaux is column-strict;
2. all numbers in i-th row are larger of equal to i;

3. if i and i are consecutive entries in the same row, then there is i in the

previous row above the 1.

Denote the set of such tableaux 7}50(2”“).

Theorem B.3.5 (King, El-Sharkaway, see [45]). Let T be the tableaux defined as
above and let m(T) be the number of i entries placed above i entries in the first
column and with 1 in the row i for each i = 1,...,n. Let p(i, T) be the number of
entries i in the tableaux. Then the character of the irreducible representation of the

group SO(2n + 1) has the following representation.:

S/Iin (x1/ . xﬂ) — Z om(T) xf(i,T)*P(lT,T)‘ (618)

TeT)\so(an) i=1
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Theorem B.3.6 (King, El-Sharkaway, see [45]). In the definition of tableaux

7}50(2“1) add another condition: if m(T) = 0, then the number of entries i such

that the entry (i,1) is i is even if i = 1 and odd if i = 2. Denote these modified
tableaux as 7;50(2”). Then the character of the irreducible representation of the

group SO(2n) has the following representation:

S)l?" (xll ey xn) _ Z 2r(T) ﬁ x?(i,T)—P(lT,T)I (619)
TETASO(M) pl

where r(T) = m(T) —1if m(T) > 0and r(T) = 0 otherwise.

B.4 JACOBI-TRUDI IDENTITIES

Jacobi-Trudi identities let us calculate arbitrary Schur functions as deter-
minants of matrices det ||a; ;|| where matrix elements 4;; are elementary

symmetric polynomials.

Theorem B.4.1 (Jacobi-Trudi identities, see [45| 14, 34]). For Schur polynomials
the following relations hold

Ay _ An

Sy (X1, Xpg1) = detHS(Ai_iﬂ.)(xl,...,xn+1)’|1§i,j§l()t)r (620)
Ay _ Ay

Sy (X1, Xpg1) = detHSl(A)iT,Hj(xlr---/xn+1)||1§i,j§l()\)- (621)

The same kind of identities can be written for the other groups.

Theorem B.4.2 (Weyl, see [45]]). For the symplectic Schur polynomials one has

the following relation:

SE”(xl,...,xn) =

C

1 C
= EdetHS(A” (/1\1i—i+j)(x1""’x”)Hlﬁl}jﬁl()\)' (622)

Z,_i_].+2)(x1,...,xn) +S

Theorem B.4.3 (Weyl, see [45]). For the orthogonal group SO(2n + 1) one has

the following relation:

By — A2n+1 A2n+1
S/\ (X1,...,xn) = detHS(/\i_i_]-) +S(Ai—i+j)||1§irj§l()\)’ (623)
where 5;12"“ = Sﬁz”“(xl, .. .,xn,xl_l,. Cx ).
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Theorem B.4.4 (Weyl, see [45]). For the orthogonal group SO(2n) one has the

following relation:

" Aoy Aoy
Sx"(x1,- . ) = det |ISG o+ SO h<ijein (624)

A _ _
where $;,°" = S;:h”(xl,. X, Xy 1,...,xn1).

B.5 CAUCHY IDENTITIES

Theorem B.5.1 (Weyl, see [45]]). The following identities called Cauchy identities

hold o
1_1]1} ] _1Xiyj = ;Sf"‘l(xl,...,xn)Sf’”‘l (Y1, Ym), (625)
n=1 n nooq m 1
i=1 ]:m(l ~ ) PR 11 (1—xy) (1 —xy )
- ;anl(xl,...,xn)SE’” (Y1, Ym) (626)
n-1 n n m 1
L= T G = =
= ;Sf“l(xl,. ) .,xn)ng(yl,. e Ym), (627)
n—1 n n_m 1
L @) = s =
= ;Sf”1(x1,...,xn)5§)m(y1,. s Ym) (628)

B.6 OKADA FORMULAS

In his paper [37] Okada proved several formulas for the characters of the
classical groups with a non-trivial stabilizer of the weight. The proof of this
formulas using decomposition of Gelfand-Tsetlin patterns was introduced

in [5].
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Theorem B.6.1 (Okada). Let n > m, n,m € IN. Then the following relations

hold
1.
525",6351(951,---,xn,yl,...,ym) _
- tE?\leAmzo 522:’1”,/\1,...,}\”1)(7() : Sé"glmmt_m(y). (629)
2.
S (X1, X, Y1, ) =
- tZ/‘lZZ‘Z/\mZO Sft”q“‘m,Al,...,Am)(x) : 5%{'1/.“/)\”,)@). (630)
3.

D 1
S(t:’it’&t)(xl,. e X, Y1, Ym, 1) =

B DT €I RE T (I L)) (631)
(201> 2 A >0

Theorem B.6.2 (Okada). 1. Let n > m. Then the following relation holds

Apmyn— Amyn—
S(Smjbn)l (x) : S(tn’J(Sm)l(x) =

I Am+n71
= ). S M A= St Ay osE—Ap) (x). (632)
SHE>A > > Ay >max(s,t)

2. For t > s the following relation holds

Bn B(n — Bn
Sty @) Sy @ = L Sl g (633)

25>A1 > >1,>0

3. For t > s the following relation holds

Cn C(n) _ Cu
S(s”)(x) "S(pm) (x) = - >Z>A >OS()\l—s—t—s,...,)\n—l—t—s)(x)' (634)
S e n=
B 1);622
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