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Abstract

This thesis presents a detailed study of the interpretability of hierarchical fuzzy systems
(HFSs). It focuses on the development of a design guidelines framework for interpretable
HFSs. This thesis aims to fill some of the gaps in the body of knowledge. Several research
questions are raised, including: “How can the interpretability of HFSs be measured with
indices?”, “How can complexity be comprehensively measured in HFSs?”, “How can user
perception on the interpretability and complexity of HFSs be captured?” and “How can
interpretable HFSs be designed?” Thus, to study the interpretability of HFSs, this thesis
includes the following methodology discussed in different chapters.

First, measures of interpretability are investigated, and an index measuring interpretability
specifically in HFSs is introduced. The best way to know about interpretability is by
learning how to measure it. Although many researchers have suggested indices to measure
interpretability, none of them try to measure the interpretability of HFSs. Indeed, all of them
only focus on measuring the interpretability of fuzzy logic systems (FLSs). This is due to
the HFSs’ architecture, i.e., multiple subsystems, layers, and topologies, and this presents a
significant challenge to measure the interpretability of HFSs. Based on this investigation, this
study successfully introduces an initial index for measuring the interpretability of HFSs. The
initial index is built based on the challenges arising from the structure of HFSs mentioned.

Due to the subjective nature of the interpretability, the best way to validate the proposed
measurements of interpretability of HFSs is by asking the users. However, it is not an easy
task to get the user perception, particularly on the interpretability, and there is a lack of
research on this issue. Therefore, the second focus of this thesis presents research on a new
method of capturing user perceptions of the interpretability and also complexity of HFSs.
This is the first time that user study has been used to obtain and assess both qualities in HFSs.
Based on this, a new analysis of the relationship between interpretability and complexity
of HFSs is presented, and this provides insights into the process of developing measures of
interpretability of HFSs.

However, rather than just using the user study to evaluate the measurements directly, this
study also uses input from the user study to ‘guide’ the measurement of interpretability of
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HFSs in what is known as a participatory design approach. The participatory design approach
enables the subjective views of a range of users to be taken into account in shaping the
measurement of interpretability of HFSs. Thus, the use of the participatory design approach
to configure the resulting measurement of interpretability of HFSs is also evaluated.

Complexity is seen as an essential component in determining interpretability. In FLSs,
complexity is expressed by the number of rules, variables, and fuzzy terms, called rule-based
complexity. Several studies have used indicators (for example, the number of rules) to
measure the complexity of FLSs. However, none of the studies considered the structure of
HFSs, i.e., multiple subsystems, layers and varied topologies, which may also affect the
complexity of HFSs. In addition, the user study revealed different perceptions of complexity
in HFSs. Therefore, research is then presented on improving the complexity measurement in
HFSs. The measurement is based on combining rule-based complexity with the structural
complexity.

Designing an interpretable HFS is a challenging task because of the need to define the
interpretability of the architecture of the HFS (the subsystems, the input variables of each
subsystem, and the interactions between subsystem), as well as the rules of each subsystem.
To assist with this, a design guidelines framework for interpretable HFSs is produced. The
framework is based on the measurement index of interpretability and complexity that is
presented earlier. The framework consists of five guidelines for building interpretable HFSs.

Finally, to demonstrate a design guidelines framework for interpretable HFSs on the real-
world example, a design for an interpretable HFS for a neonatal intensive care unit (NICU)
is produced. It is aimed to provide understandable decision support model to clinicians. In
the medical context, it is essential for people to understand the importance of the system
features. The HFSs is then practically illustrated by using real physiological data at NICU
and compared with a flat FLS system. The results show that the design guidelines framework
can offer the ability to design an interpretable HFS in practice efficiently.
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Chapter 1

Introduction

1.1 Background and Motivation

Interpretability is often known as a synonym for comprehensibility, intelligibility, or trans-

parency [1], which is a desirable property for all kinds of applications such as knowledge

extraction and decision support [2, 3]. As reported in [4], a model can be de�ned as inter-

pretable if its behaviour isintelligible, i.e. it can be easily perceived and understood by a

user. Interpretability has a more cognitive aspect, and its study penetrates several disciplines,

including machine learning [5]. In mathematical logic, interpretability is a relation between

formal theories that expresses the possibility of interpreting or translating one into the other

[6]. Thus, interpretability is closely connected with the ability of users to understand the

model. The concept of interpretability is considered in various �elds such as education,

medicine, computer science, engineering, physics and social sciences, which show a universal

interest in interpretability. For instance, the concept of interpretability in medical domains is

essential, that is, allowing physicians to understand why predictions or decisions are made,

giving reasons behind the decision to further accept or overcome model output [7].

Fuzzy logic systems (FLSs) are one of the currently used techniques for modelling non-

linear, uncertain and complex systems. An essential characteristic of FLSs is the partitioning

of the space of system variables into fuzzy regions using fuzzy sets [8]. In each region,

the characteristics of the system can be described merely using a rule. Generally, an FLS

consists of a rule base with rules associated to particular regions, where the information

available is transparent and easily readable. This characteristic of fuzzy systems has been

employed in many �elds including medical [9], engineering [10], decision support [11],

pattern recognition [12], and others.
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One of the strengths of FLSs is their interpretability [13]. In contrast, neural networks

are viewed as black boxes because mathematical formulae set the mapping between inputs

and outputs. Black-box modelling can simulate a real-world system reliably and precisely,

but the model structure and parameters usually give no explicit explanation about the system

behaviour [14]. Conversely, FLSs can be seen as grey boxes in the sense that every element of

the whole system can be checked for plausibility [15], in which relationships between input

and output variables are established in terms of a fuzzy logic-based descriptive language. In

addition, FLSs consist of linguistic variables [16] and linguistic rules [17] which are easy to

interpret by the user [18, 19] because they are quite close to expert natural language. Also,

interpretable FLSs produce a model that not only performs good global prediction, but also

generates a parsimonious and understandable rule base, and as according to the principle of

Occam's razor: “The simplest hypothesis or theory agreeing with the facts is the best one”

[20]. Hence, the “unique selling point” of FLSs is usually related to a capability in producing

simple rule-based solutions using simple terms [21].

Interpretability indicates how easily an FLS can be understood by human beings [22].

In recent years, the interest of researchers in obtaining more interpretable fuzzy models has

increased. It is usually assumed that the interpretability of FLSs is automatically related

directly to the number of linguistic rules [14]. However, other factors should also be

considered to measure the interpretability of FLSs, such as the number of conditions, number

of membership functions (MFs), number of features, consistency of rules, transparency of

rule structure, completeness or coverage of MFs and so on [23]. Due to the large number of

factors involved and subjective nature of interpretability (e.g. it depends on the background

of the person who makes the assessment), the choice of an appropriate interpretability

measure is still an open discussion. Thus, substantial research on interpretability measures

[14, 23, 21, 15, 24–28] proposes interpretability indices for FLSs. Additionally, complexity

is an essential component to determine the interpretability of FLSs. Thus far, complexity

has often been used as an indirect measurement of the interpretability of FLSs. Several

researchers claim that reduction of complexity in a system will lead to better interpretability

of the fuzzy systems [22, 29, 30].

At present, a fundamental issue in FLSs is thecurse of dimensionality; that is, the number

of fuzzy rules required increases exponentially with the dimensionality of the input space

[31]. Suppose there aren input variables andmmembership function for each input variables,

thenmn rules are needed to construct a complete fuzzy system. This problem of rules

explosion increases complexity and reduces transparency and interpretability, which is then

a major disadvantage [32]. To address this problem, several methods have been proposed
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for optimizing the size of the rule-base such as rule selection [33–37], feature selection [38],

rule interpolation [39, 40], singular-value decomposition-QR [41], evolutionary algorithm

[42], fuzzy similarity measure [22] and rule learning [14]. Most of these techniques involve

the modi�cation of the original input variables of fuzzy systems, which can cause the loss of

the original meaning of variables [2] and also reduce the model interpretability. Nevertheless,

one effective way to deal with this problem is through the use of a special type of FLS,

namely hierarchical fuzzy systems (HFSs), which reduce the number of rules while retaining

the original meaning of variables [43–45].

Raju et al. [43] �rst introduced HFSs as a valuable approach to overcome the curse

of dimensionality. The idea of HFSs is to put the input variables into a collection of

low-dimensional fuzzy logic systems connected hierarchically, instead of creating a single

high-dimensional rule base for a fuzzy logic system. Implementing this approach provides a

way to deal with this problem of rule explosion, thus minimising complexity, and improving

model interpretability. HFSs have an essential property that the total number of rules increase

linearly rather than exponentially as in conventional fuzzy systems [46, 43, 44, 47]. In HFSs,

if we consider two input variables per low-dimensional fuzzy system and de�nem fuzzy sets

for each variable, then each low-dimensional fuzzy system consists ofm2 rules; therefore, the

total number of rules is(n� 1)m2, which is a linear function of the number of input variables

n [47]. Thus, the total number of rules in HFSs will always be equal to or lower than that of

the `equivalent' FLS. However, the main challenge with HFSs is to address a problem of loss

of physical meaning at the intermediate output variable which may make them dif�cult to

design. This problem can also present a drawback concerning their interpretability. Therefore,

several researchers [48, 46, 49–53] have proposed a new approach in designing HFSs in an

attempt to tackle the issue of lack of physical meaning of intermediate output in HFSs.

According to Benítez and Casillas [54], an HFS may improve the interpretability as

“(i) the hierarchical structure generates a lower number of variables, (ii) the algorithm does

not generate arti�cial linking variables, and so, all of the variables are interpretable because

they belong to the system, and (iii) the rules are simpler because the number of variables

per module is lower. At the same time, the accuracy is maintained or improved”. Despite

the fact that several researchers have claimed that HFSs can reduce complexity and thus

improve the interpretability in FLSs, the remaining issue is: “How can the interpretability of

HFSs be measured?” To date, there has been no attempt to extend interpretability indices

created for ordinary (non-hierarchical) FLSs, such that there is no formal measurement for

the interpretability of HFSs which includes issues such as their topological structure, the

number of layers, or the meaning of intermediate variables.
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Intuitively, the fewer the number of rules in HFSs the more complexity is reduced. This

can give an advantage to the interpretability of HFSs, as stated in [55], “ interpretability

maximisation is often handled as complexity minimisation”. Also, Alcala et al. [56], stated

that reducing the model complexity is a way to improve the system readability, i.e., a system

with a minor number of rules requires a minor effort to be interpreted. Thus, complexity is

often used as an indirect measurement of interpretability in FLSs. However, questions arise

such as: “Does the reduction of the complexity in HFSs improve their interpretability?” and

“How can the complexity of HFSs be measured, taking into account its structure?” These

issues are still unclear since there is no formal measurement for complexity in HFSs that

considers the structure of multiple subsystems, layers and different topologies.

Torra in [57] has claimed that building an HFS is a challenging task because of the

need to de�ne the architecture of the HFS (the subsystems, the input variables of each

subsystem, and the interactions between each subsystem), as well as the rules of each

subsystem. Also, the fundamental issue with HFSs is how to handle the loss of physical

meaning of the intermediate output variables and consequently they are dif�cult to design.

Several researchers [48, 46, 49–53] have proposed a new approach in designing HFSs as

they tried to tackle the issue of the lack of physical meaning of intermediate output in HFS.

However, it still not clear whether these design approaches can really improve the model

interpretability and minimise the model complexity. This is due to the fact that to fully

understand the concept of interpretability and complexity in HFSs is a challenge and remains

uncertain.

This thesis aims to �ll these research gaps.

1.2 Aims and Objectives

The main aim of this thesis is to develop a design guidelines framework for building inter-

pretable hierarchical fuzzy systems.

Several research questions and hypotheses underlying the overall work were identi�ed at

the beginning of this thesis. This knowledge gap has led to the formulation of the following

research questions:

• Is there a way to measure the interpretability of HFSs?

• What is the best way to obtain users' perception of the interpretability?

• How can a measure of interpretability be validated?
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• How can the complexity of an HFSs' structure be measured?

• How can interpretable HFSs be designed?

In order to achieve the aims stated above and to answer the research questions, the

following objectives were identi�ed:

1. To investigate the assessment of interpretability of HFSs.

2. To establish standard methodologies for capturing perceptions of the interpretability

and complexity of HFSs from users.

3. To guide the measurement of interpretability of HFSs.

4. To explore the measurement of complexity in HFSs.

5. To build a design guidelines framework for interpretable HFSs.

6. To demonstrate the design guidelines framework for interpretable HFSs in a real-world

example.

The �rst objective is discussed in Chapter 3; the second is presented in Chapter 4; the third

is given in Chapter 5; the fourth is addressed in Chapter 6. Finally, the last two objectives are

described in Chapter 7.

1.3 Contributions to Knowledge

This thesis makes a number of contributions to the �eld of interpretability of fuzzy systems,

particularly for HFSs, as detailed below:

1. An interpretability assessment of HFSs is introduced. This is the �rst work that

undertakes a formal assessment to measure the interpretability of HFSs, which has

been built based on the challenges arising from the structure of HFSs, including their

multiple subsystems, layers and varied topologies. Therefore, this thesis makes a major

contribution to the knowledge of interpretability assessment.

2. A novel study to capture users' perception on the interpretability and complexity of

HFSs is presented. Due to the subjective nature of interpretability, it is not an easy

task to obtain users' perceptions, particularly of interpretability, and there exists a lack

of research addressing this issue in fuzzy systems. Thus, this method of designing
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the user study is a signi�cant contribution to the knowledge of interpretability in this

context.

3. Novel analysis of interpretability and complexity of HFSs based on the user study

is undertaken. This is the �rst time that such a user study has been used to assess

the relationship between interpretability and complexity in HFSs. This analysis adds

insight and new knowledge into this relationship, particularly in HFSs from the user's

perspective.

4. The development of an interpretability measurement of HFSs using a participatory

design approach is proposed. The participatory design approach is utilised to guide

the measurement of interpretability. This approach enables the subjective views of a

range of users to be taken into account in shaping the measurement of interpretability

of HFSs.

5. This thesis contributes to the current debate of complexity measurement with the

introduction of a combined rule-based and structural complexity index, in order to

establish a comprehensive measurement of complexity in HFSs.

6. A novel design guidelines framework for interpretable HFSs is proposed. The frame-

work is based on the measurement index of interpretability and complexity of HFSs

consisting of �ve key design guidelines for building interpretable HFS.

7. The design of an interpretable HFS for supporting decision-making in oxygenation

levels to be administered with a neonatal intensive care unit (NICU) is detailed, consti-

tuting a demonstration of the proposed design framework in creating an interpretable

HFS for a real-world application.

This research work has led to several refereed papers —- one journal paper (under review)

and three conference papers. A complete list of publications is reported in Section 8.5.

1.4 Thesis Outline

The thesis is presented in eight chapters, as follows:

Chapter 1. Introduction: This chapter presents an introduction to the scope of research in

this thesis. This chapter outlines a discussion on the background, motivation, research

questions, research objectives and also contributions of this research.
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Chapter 2. Literature Review: In this chapter, some of the related studies conducted by

previous researchers are reviewed. The key research areas include the state of the art

of the fuzzy logic systems, hierarchical fuzzy systems, interpretability, complexity and

the case study of neonatal monitoring.

Chapter 3. An Initial Approach to Measuring Interpretability of Hierarchical Fuzzy Systems:

This chapter describes the interpretability measurement for fuzzy systems and consider

two essential aspects, namely complexity-based interpretability and semantic-based

interpretability. However, both aspects of measurement do not take into account the

structure of fuzzy systems, i.e., when it is hierarchical (HFS). Therefore, this chapter

investigates the measurement of interpretability of HFSs that have multiple subsystems,

layers and varied topologies. At the end of this chapter, an initial index for measuring

the interpretability of HFSs is presented.

Chapter 4. An Exploratory User Study on Perception of Interpretability in Hierarchical

Fuzzy Systems: This chapter presents an exploration user study on perception of

interpretability in HFSs. The use of user study as a means to obtain and assess the

interpretability and also complexity in HFSs is the highlight of this chapter. This is

due to the fact such study has never been researched previously. Later, this chapter

elaborates on the analysis of the relationship between interpretability and complexity

of HFSs, including the descriptive analysis of the survey data, analysis of individual

differences in perceived interpretability and complexity, and statistical analysis of the

interpretability and complexity.

Chapter 5. Participatory Design Approach to Guide the Measurement of Interpretability in

Hierarchical Fuzzy Systems: In this chapter, a participatory design approach is utilised

to guide the measurement of interpretability that presented in Chapter 3. This approach

enables the subjective views of a range of users to be taken into account in shaping the

measurement of interpretability of HFSs. At the end of the chapter, a demonstration

and evaluation using the participatory design approach to con�gure the measurement

interpretability for HFSs is presented.

Chapter 6. An Improved Complexity Measure in Hierarchical Fuzzy Systems: Complexity

is an essential component in interpretability. Therefore, this thesis looks in detail at

the complexity of fuzzy systems, particularly HFSs. In FLSs, complexity is expressed

by the number of rules, variables, and fuzzy terms – rule-based complexity. Several

studies have used indices, e.g., the number of rules, to measure the complexity of
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FLSs. However, none of the studies consider the structure of HFSs, i.e., multiple

subsystems, layers and varied topologies which may also affect the complexity of

HFSs. Therefore, this chapter introduces an approach to obtain a comprehensive

measurement of complexity in HFSs by combining the rule-base complexity with the

structural complexity.

Chapter 7. A Framework for Guiding the Design of Interpretable Hierarchical Fuzzy Sys-

tems: This chapter presented a design guidelines framework for interpretable HFSs.

The framework is built based on the measurement index of interpretability and com-

plexity that presented in Chapter 5 and 6 respectively. The framework consists of

�ve key design guidelines for building interpretable HFS. Finally, a demonstration

of the framework to guide the designing of an interpretable HFS on real-world is

presented. Speci�cally, the demonstration focuses on the design an interpretable HFS

for a neonatal intensive care unit (NICU).

Chapter 8. Conclusions: This chapter discusses the contributions and the limitations of the

thesis. The recommendations for future research are also discussed in this chapter. A

list of publications and oral presentations derived from this work is also reported.



Chapter 2

Literature Review

2.1 Introduction

This chapter presents relevant background information on the research subjects in order to

identify gaps in the body of knowledge. The key research areas include the state of the art

of FLSs, HFSs, interpretability, complexity, and a case study of neonatal monitoring. As

stated in Chapter 1, the aim of this thesis is to develop a design guidelines framework for

interpretable hierarchical fuzzy systems. The literature review begins with Section 2.2 which

provides a brief overview of the components in FLSs including fuzzy sets, membership func-

tions, linguistic variables, rule bases and an overview of designing FLSs. The introduction

of HFSs is discussed in Section 2.3. This section includes an overview of the de�nition

and structure of HFSs, related work on current HFSs, and the advantages and disadvantages

of HFSs. Section 2.4 presents the state of the art research on the interpretability of FLSs

including de�nition, assessment and current issues. Section 2.5 presents a summary of the

complexity of FLSs as a subcomponent of interpretability. This also includes complexity mea-

surement in other �elds such as psychology, science and circuit design. Section 2.6 presents

a case study on neonatal monitoring including the existing work on neonatal monitoring in

the literature using FLSs. Finally, a summary of this chapter is presented Section 2.7.

2.2 Fuzzy Logic Systems

FLSs were �rst introduced by Lot� Zadeh [8] in 1965 who was a Professor at the University

of California, Berkeley. He introduced the notion of fuzzy sets to handle such uncertain

environments and vagueness in information, and which now forms the basis for modern
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control theory. For more than �fty years, FLSs provided the basis for a successful method

of modelling uncertainty, vagueness and imprecision particularly in consumer products and

control applications [58].

The �eld of FLSs has been making rapid progress in recent years. There has been an

increasing number of works in many areas such as science, manufacturing, business and

also in the medical domain for decision making. Many researchers [9–11, 59–61] have

used fuzzy systems as a tool for controlling and modeling in many �elds, proving it to be a

useful technology. This is mainly due to the �exibility and ease of which knowledge can be

expressed by means of fuzzy rules as well as some theoretical results in these �elds [8].

Additionally, FLSs are becoming an acceptable methodology for designing robust con-

trollers that can overcome uncertainty and imprecision [42],[62]. FLSs have been used

in many problems and have proven capable in generating more robust and cost-effective

solutions in the face of uncertainties. Moreover, it is often said that fuzzy solutions are more

humanistic, because they offer modelling and processing of linguistic variables and rules that

are easy to understand [63]. This is why one of the strengths of FLSs is their interpretability

[13], particularly in applications such as knowledge extraction and decision support [2, 3].

This thesis is concerned with the concept of interpretability of FLSs and will further discuss

this topic in Chapters 3, 4 and 5.

The remainder of this section presents the background and properties of FLSs including

fuzzy sets, membership functions, linguistic variables, rules and an overview of designing

FLSs.

2.2.1 Fuzzy Sets and Membership Functions

Fuzzy sets can be considered as an extension of classical or `crisp' set theory. In classical

set theory, an elementx is either a member or non-member of setA. Thus, the membership

mA(x) of x into A is given by [64]:

mA(x) =

(
1; if x 2 A

0; if x =2 A
(2.1)

Considertall men, as an example. One might say that “a height more than 190 cm is atall

man”. This statement can be represented in the form of a classical set astall = f xjx � 190g

and the membership function characterising this set is shown in Fig. 2.1.
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Fig. 2.1 The membership function for the crisp sets of tall men. Adapted from [65].

In contrast to classical set theory, the fuzzy set methodology introduced the concept of

degreeto the notion of membership. More formally, a fuzzy setA of a universe of discourse

X (the range over which the variable spans) is characterised by amembership function

mA(x) : X ! [0;1] which associates with each elementx of X a numbermA(x) in the interval

[0;1], with mA(x) representing thegrade of membershipof x in A. The precise meaning of

the membership grade is not rigidly de�ned, but is supposed to capture the `compatibility' of

an element to the notion of the set.

By using the above example again, the statement “a height more than 190 cm is atall

man” can be represented in the form of the fuzzy set shown in Fig. 2.2. In comparison with a

classical set in which only sharp boundaries are permitted, the concept of membership degree

in fuzzy sets allows fuzzy or blurred boundaries to be de�ned. In Fig. 2.2, it can be seen that

a height of 188 cm can also be considered astall but with a lesser degree of membership than

for 190 cm (i.e.,mtall (x = 188) = 0:90 ); whereas in a classical set the degree of membership

is zero (i.e., a height of 188 cm does not belong to the set oftall at all). Fuzzy sets provide

the tools to represent problems in everyday language, and it is this property that provides a

problem solving technique that mimics the characteristics of human reasoning and decision

making.
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Fig. 2.2 The membership function for the fuzzy sets oftall men. Adapted from [65].

The membership function, usually given the designation ofm, is the principle of fuzzy

sets. A membership function de�nes how each point in the universe of discourse is mapped

to a degree of membership usually taken as a real number in the interval[0;1]. For example,

Figs. 2.3, 2.4, 2.5 and 2.6 show some of the membership functions that are commonly be

used for the fuzzy sets. Note that, in this example, the membership functions were generated

using the Fuzzy Toolbox found in the R programming language [66].
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Fig. 2.3 Triangular MF Fig. 2.4 Trapezoidal MF

Fig. 2.5 Gaussian MF Fig. 2.6 Generalized Bell MF

2.2.2 Linguistic Variables, Values and Rules

The term `linguistic variable' was introduced by Zadeh [16] to refer to a variable whose

values are in the form of “linguistic expressions” rather than numerical values. In the example

shown in Fig. 2.2, `height' is a linguistic variable with a linguistic value `tall'.

Other possible linguistic values for the linguistic variable `height' could include terms

such ass̀hort' and `medium'. Each linguistic value is represented by a fuzzy set (membership

function) in which the characteristic of each fuzzy set is dependent on the context of the

particular problem. Although these linguistic terms are very subjective, they might be

interpreted as for example in Fig. 2.7.
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Fig. 2.7 Membership functions for the linguistic variable `height'

As shown in Fig. 2.7, the `height' is partitioned into three fuzzy sets –short, mediumand

tall. These fuzzy sets are partially overlapping. Hence, it can be seen that the height of 155

cm has partial membership in both the fuzzy setshortand the fuzzy setmedium, where

mshort(x = 155) = 0:35;

mmedium(x = 155) = 0:65

Fuzzy sets in the form of linguistic expressions can then be connected using IF-THEN

statement(s), to form a series of fuzzy rules. Fuzzy rules are represented in the form:

IF antecedent(s) THEN consequent(s)

Interpreting an if-then rule involves two distinct parts: �rst evaluating the antecedent,

which involves fuzzifying the input, and second applying that result to the consequent known

as implication. This is known as fuzzy reasoning [67]. Moreover, as discussed in Mendel

et al. [68], a fuzzy rule hasp inputsx1 2 X1; : : : ;xp 2 Xp, and one outputy 2 Y, and is

characterized byM rules, where thel th rule has the form

Rl : IF x1 is F l
1 and: : :and xp is F l

p;

THEN y is Gl ; l = 1; : : :M:
(2.2)

The rule represents a fuzzy relation between the input spaceX1 � � � � � Xp and the output

space,Y, of an FLS. On the subject of rule structure, Mamdani rules [69] (whose conclusion
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is a fuzzy set) are universally acknowledged as the more interpretable kind of rules. As

discussed in [15], from the interpretability point of view, Mamdani rules are preferred because

they are linguistic rules of the form:

Rule premises are made up of tuples (input variable, fuzzy sets). For instance,xp is

the name of the input variable andF l
p represents the fuzzy sets (or linguistic term) for that

variable. Notice that the absence of an input in a rule means that variable is not considered

when �ring that rule. Besides Mamdani rules, there are many other rule formats. One of the

commonly used rules is the well-known Takagi–Sugeno rules [70], where the conclusion is a

linear combination of the input values. However, only the Mamdani rules structure is used in

this thesis because of its increased interpretability, which is a goal of the design guidelines

this thesis will produce.

2.2.3 Overview of Designing Fuzzy Logic Systems

Fig. 2.8 shows the �ve interconnected components of a fuzzy system. The fuzzi�cation

component computes the membership grade for each crisp input variable based on the

membership functions de�ned. The inference engine then conducts the fuzzy reasoning

process as de�ned by a set of fuzzy rules, by applying the appropriate fuzzy operators in order

to obtain the fuzzy sets to be accumulated in the output variable. The defuzzi�er transforms

the output fuzzy set to a crisp output by applying a speci�c defuzzi�cation method.
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Fig. 2.8 Components of Fuzzy Logic Systems.

In general, the main steps as shown in Fig. 2.8 performed in the FLS are as follows:

• Analyse and understand the problem in consideration.

• Determine the linguistic variables (the inputs and outputs). For each linguistic variable,

identify the linguistic values and de�ne the fuzzy sets (membership functions).

• Identify and de�ne the fuzzy rule set.

• Choose the appropriate methods for fuzzi�cation, fuzzy inference and defuzzi�cation.

• Evaluate the system.

Recently, as discussed earlier, the �eld of FLS research has been making rapid progress

in many areas such as science, manufacturing, business and also the medical domain for

decision making. This thesis is concerned with FLSs particularly in the medical domain, and

therefore, this is reviewed in the following section.

2.2.4 Fuzzy Logic in Medical Domains

Real world knowledge is characterised by incompleteness, inaccuracy and inconsistency.

Fuzzy set theory introduced by Zadeh [8] makes it possible to de�ne inexact medical

entities. It provides an excellent approach in approximating medical concepts. Furthermore,

fuzzy logic also provides reasoning methods to approximate inference [71], easiness of

understanding, low computational costs, and the ability to be incorporated into systems that

the human experts use. These attributes make this approach an extremely interesting option

to represent medical models [72].
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Fuzzy logic has been successfully applied in many medical domains such as Breast

Cancer [73–75], Heart Disease [76–78], Lung cancer [79–81], Liver [82–84], Diabetes [85–

87], and Newborn infants [72, 88, 89]. From the published literature , it may be concluded

that fuzzy logic has proven reliable and effective in many medical domains since it can

address the speci�c problem of disease classi�cation in the presence of uncertain or vague

knowledge of a linguistic nature [90]. However, as discussed in [43, 47, 57], the conventional

FLS is rather limited, suffering from so-called “rule explosion” (discussed below) which can

lead to a long execution time in computing the output for a complex system. In addition, as

reported in Gacto et al. [23], researchers have usually focused on the improvement of the

accuracy of the FLS models obtained without paying special attention to the interpretability.

Therefore, it is worth emphasising that, a hierarchical fuzzy system for neonatal care

is essential in order to overcome the limitation of conventional FLS whilst improving the

interpretability of the model. One of the outputs of this thesis is such an FLS, speci�cally a

novel HFS that addresses these issues.

2.2.5 The Curse of Dimensionality

As mentioned earlier, FLSs have been successfully applied in many areas, especially those

that require the handling of uncertainty and imprecise information. However, a fundamental

issue of FLSs is that as the number of variables increases, the number of rules increases

exponentially [45]. Thus, the complexity of an FLS also increases exponentially with the

number of variables involved. This phenomenon was referred to by Bellman [91] as the c̀urse

of dimensionality'. Zeng and Keane in their study [92] viewed the curse of dimensionality

from three perspectives.

• Rule dimensionality

The total number of rules in the fuzzy rule base increases exponentially with the

number of input variables.

• Parameter dimensionality

The total number of parameters in the mathematical formulas of fuzzy systems in-

creases exponentially with the number of input variables.

• Data or information dimensionality

The number of data or knowledge sets required to identify fuzzy systems increases

exponentially with the number of input variables.
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To address this problem, several methods have been proposed for optimizing the size

of the rule base such as rule selection [33–37], feature selection [38], rule interpolation [39,

40], singular-value decomposition-QR [41], evolutionary algorithms [42], fuzzy similarity

measures [22] and rule learning [14]. Most of these techniques involve the modi�cation of

the original input variables of fuzzy systems that can cause the loss of the original meaning

of variables [2] and also reduce the model interpretability. Nevertheless, one effective way to

deal with this problem is through the use of a special type of FLS, namely hierarchical fuzzy

systems (HFSs), that will reduce the number of rules while retaining the original meaning of

variables [43–45].

2.3 Hierarchical Fuzzy Systems

2.3.1 Introduction

As introduced earlier, FLSs have successfully been used in various �elds of study involving

handling uncertainties and imprecise information. However, as problems have rapidly become

more complex, requiring larger sets of input variables, the conventional FLS has encountered

limitations with the increased number of rules concerning leading to increased times taken

for fuzzy inference [43],[44].

At present, the important issues in the conventional FLS are reducing the number of rules

involved and their corresponding computation requirement [48, 46, 93]. One effective way

to deal with this problem is through the use of a special type of FLS, namely hierarchical

fuzzy systems (HFSs) [43–45, 47, 94, 95].

HFSs were �rst introduced by Raju et al. [43],[44] and are an important approach to

overcome this problem. The Iris dataset [96] is used as an example to provide a formal

de�nition of HFSs. The Iris Dataset consists of four input parameters, which aresepal length

(SL), sepal width (SW), petal length (PL), petal width (PW)and one output variable which is

Flower;Setosa, Versicolor, andVirginica.

HFSs are characterized by composing the input variables into a collection of low-

dimensional FLSs—fuzzy logic subsystems [43],[44]. HFSs can be illustrated as a cascade

structure where the output of each layer, called intermediate output, is considered as an input

to the following layer. For example, Figs. 2.9 and 2.10 show the topology of FLS and HFS

for iris classi�cation respectively. The HFS for iris classi�cation is obtained by decomposing

the input variables of the FLS as shown in Fig. 2.9 into a collection of subsystems, namely
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FLS1, FLS2 and FLS3 as shown in Fig. 2.10. In addition, the intermediate outputsSepal (S)

andSepal_Petal (S_P)are produced in this HFS.

Fig. 2.9 FLS: Iris classi�cation

Fig. 2.10 Serial HFS: Iris classi�cation

HFSs can be viewed as a functional decomposition of FLSs [97]. For instance, the

FLS and HFS for iris classi�cation as shown in Fig. 2.9 and Fig. 2.10 respectively can be

presented, from a functional point of view as

Flower= F(SL;SW;PL;PW) =) Flower= f3( f1(SL;SW); f2(PL;PW)) :
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An FLS that goes from one layer as shown in Fig. 2.9 to two layers as in Fig. 2.10 has

a smaller number of rules when considering a fully speci�ed rule base. The most extreme

reduction of rules will be if the structure of the HFS has two input variables for each low

dimensional FLS and has (n� 1) layers [43], wheren is the total number of input variables

as can be seen in Fig. 2.10. If we consider two input variables per low-dimensional FLS

and de�nem fuzzy sets for each input variable, including the intermediate output variables

y1; :::;yn� 2, the total number of rules (RHFS) is a linear function [45] of the number of input

variablesn and can be expressed as:

RHFS = ( n� 1)m2: (2.3)

Note that equation (2.3) only valid for HFS structures that consists of two input variable

per FLS subsystem in a serial structural form, for example as in Fig. 2.10. Conversely, in

conventional FLSs, the number of rules increases exponentially with the number of input

variables [46, 43]. Suppose there aren input variables andm fuzzy sets for each input

variable, then the number of rules (RFLS) needed to construct a complete fuzzy system with

fully speci�ed rule base (using the “AND" logical connective) can be expressed as:

RFLS = mn (2.4)

From these equations (2.3) and (2.4), it is clear that the total number of rules in the

FLSs (RFLS) is always greater than or equal to the equivalent HFSs (RHFS). For example,

Fig. 2.9 and Fig. 2.10 show an FLS and HFS with 4 input variables (n = 4) and, assuming

that 3 fuzzy sets (m = 3) are de�ned for each input variable, the total number of rules

for this FLS isRFLS = mn = 34 = 81 whereas for the HFS, the total number of rules is

RHFS = ( n� 1)m2 = ( 4� 1)32 = 27.
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Fig. 2.11 Example of rules in FLS and HFS

Fig. 2.11 shows an example of the rule structure in FLS and HFS for iris classi�cation.

Rules in HFSs are decomposed from FLSs into small rules in multiple subsystems, namely

FLS1, FLS2 and FLS3. By doing this, the rules structure in HFSs are reducing the rule length

since it creates a smaller rule for each subsystem. Thus, rules in HFSs are simpler than those

in FLSs because the number of variables per subsystem is lower [54]. Consequently, this

may improve the human readability of rule base in HFSs [4].

2.3.2 Structure of Hierarchical Fuzzy Systems

As presented earlier, an HFS is a special type of FLSs, which has the structure of multiple

subsystems, layers and different topologies. In the following subsection, the structure of

HFSs is reviewed.

2.3.2.1 Multiple Subsystems

HFSs are characterized by having several subsystems that contribute to the computation of

the �nal solution. Each subsystem will have a small number of inputs and outputs, a smaller

rulebase, and serve a single purpose [98]. Then, these subsystems are linked in such a way

that the output of a subsystem is the input of subsequent ones. For example, in Fig. 2.12,

subsystem FLS1 has input variablessepal lengthandsepal width, andSepaloutput. This

system has its own task which is to determine theSepalclassi�cation. Also, it contains a

small rule base which can be illustrated as follows:

• IF sepal lengthis smallAND sepal widthis smallTHEN Sepalis small
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• IF sepal lengthis smallAND sepal widthis mediumTHEN Sepalis small

• IF sepal lengthis smallAND sepal widthis largeTHEN Sepalis medium

• IF sepal lengthis mediumAND sepal widthis smallTHEN Sepalis small

• IF sepal lengthis mediumAND sepal widthis mediumTHEN Sepalis medium

• IF sepal lengthis mediumAND sepal widthis largeTHEN Sepalis large

• IF sepal lengthis largeAND sepal widthis smallTHEN Sepalis medium

• IF sepal lengthis largeAND sepal widthis mediumTHEN Sepalis large

• IF sepal lengthis largeAND sepal widthis largeTHEN Sepalis large

2.3.2.2 Layers and Topologies

Also, as mentioned earlier, HFSs are produced by decomposing the input variables in FLSs

into multiple low-dimensional FLSs. By doing this, severallayersare produced in HFSs.

Based on the same input variables, HFSs may be produced using different topologies, e.g.,

serial and parallel [54]. The parallel HFS can have more than one low-dimensional FLS per

layer, while serial HFSs use strictly one FLS per layer as shown in Fig. 2.12 and Fig. 2.10

respectively. Thus, these topologies commonly have a different number of layers. For

example, Fig. 2.12 and Fig. 2.10 show two different HFS topologies using the same four

input variables. Both HFS topologies use the same number of subsystems, but with different

numbers of layers in their structure.

Fig. 2.12 Parallel HFS: : Iris classi�cation
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Note that, Campello and Caradori do Amaral have claimed that, for a topology with two

input variables, when they are put into a fuzzy system of which the output is combined with

another input variable into the second fuzzy system, and this procedure continues until all

input variables are used, this topology will lead to the most parsimonious models [95]. Raju

et al. [43, 44] have further claimed that the most in�uential input variables should be chosen

as the system variables in the �rst layer, the next most important variables should be chosen

in the second level, and so forth. However, there is an argument on this issue. Wang et al.

[47] show in their study that there is no general conclusion about which inputs are more

in�uential to the system output.

2.3.3 Approaches to Building Hierarchical Fuzzy Systems

Torra [57] has claimed that building an HFS is a challenging task because of the need to

de�ne the architecture of the HFS (the subsystems, the input variables of each subsystem, and

the interactions between subsystems), as well as the rules of each subsystem. Also the funda-

mental issue with HFSs is that they must handle more abstract values in linguistic variables

produced as intermediate outputs, and are consequently more dif�cult to design. Additionally,

a study conducted by Cross and Sudkamp [53] concluded that decomposition of an HFS

cannot reproduce the same result to the original FLS but rather generate approximations with

fewer fuzzy rules.

Despite these issues, several researchers [48, 46, 49–53] have proposed a new approach

in designing HFSs. Therefore, the approaches to building HFSs will be discussed in detail in

the following subsections.

2.3.3.1 Structured-Hierarchical Fuzzy System (S-HFS)

In the conventional HFS, the outputs of FLSs in the �rst layer which are called intermediate

outputs are used as input variables of the next layer. However, these intermediate outputs are

more abstract and possess less meaning in the real-world model they are trying to represent.

Thus, when the outputs act as input variables for the next layer, the next fuzzy rule will be

even more abstract and consequently be more dif�cult to design. This problem becomes

more crucial when the HFS grows larger.
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Fig. 2.13 Structured Hierarchical Fuzzy System. Adapted from [48].

Joo and Lee [48] proposed the structured-HFS (S-HFS) to overcome this problem as

shown in Fig. 2.13. In the �rst layer of a S-HFS, all input variables (x1;x2;x3;x4) can be

used as antecedent linguistic variables whereas in the second layer of a S-HFS, the outputs

of previous layers are not used as antecedent linguistic variables because they have a more

abstract meaning. However, they are used in the THEN-parts of fuzzy rules in this layer. The

antecedent linguistic variables of the next layer may be chosen from the input variables of

previous layers that have physical meaning. Therefore, only input variables with concrete

meaning are used in IF-parts of fuzzy rule and consequently the fuzzy rules are easier to

design.

2.3.3.2 Limpid-Hierarchical Fuzzy System (L-HFS)

Lee et al. [46] have also proposed a new method to overcome the issue of intermediate

outputs which do not possess physical meaning in the middle layer. From the study of S-HFSs

in Joo and Lee [48], they introduced a new mapping rule base called a Limpid-Heirarchical

Fuzzy System (L-HFS) in order to obtain the HFS rule base. To illustrate this method, an

HFS as in Fig. 2.14, is used that consists of three input variables:x1, x2 andx3. F1 and F2 are

subsystems for this HFS at layer 1 and layer 2, respectively.
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Fig. 2.14 Conventional HFS.x1;x2;x3 are the input whiley1 andy are the intermediate output
and output respectively.

By de�ning each variable using three linguistic terms, whereN is negative,Z is zero and

P is positive, the complete rules for a �at FLS consists of 27(3� 3� 3 = 27) rules, as shown

in Table 2.1. From these complete rules, Algorithm 1 is then applied to the mapping rule for

subsystems F1 and F2 of the HFS.

Algorithm 1 L-HFS
Step 1: Determine the form of HFS and label the subsystem namely; F1 and F2 as shown in
Fig. 2.14.

Step 2: From Fig. 2.14, �x the input variablesx1,x2 and use the sorting process to
the subsystem F1, in order to obtain the new output mapping variables.

Step 3: Repeat Step 2 up to and including the penultimate layer.

Step 4: In the �nal layer (in this example is layer 2), tabulate the �nal subsystem
(F2) rules from the involved linguistic outputs (y1) of the previous layer's mapping variables.
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Table 2.1 The rule by random access. P, Z, N are linguistic terms for each input variable.

x3

x1

P Z N

x2 x2 x2

P Z N P Z N P Z N

P P N Z N P N N Z N

Z Z N P N P N N P N

N P P Z P Z N N Z N

# # # # # # # # #

A B C B D E E C E

By implementing Algorithm 1 (as in Step 2), �ve new mapping variables (A, B, C, D

and E) are obtained for intermediate outputy1; the process of sorting is shown in Fig. 2.15.

Tables 2.2 and 2.3 show the rules obtained using Algorithm 1 and the total number of rules

for this HFS is 24 rules (9 in F1 and 15 in F2). The detailed process of Algorithm 1 can be

seen in [46].

Fig. 2.15 The sorting process in L-HFS. Adapted from [46].
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Table 2.2 The rules for F1

x2 x1

P Z N

P A B E

Z B D C

N C E E

Table 2.3 The rules for F2

y1 x3

P Z N

A P Z P

B N N P

C Z P Z

D P P Z

E N N N

Lee et al. [46] claimed that, by implementing a L-HFS, a smaller rule base is achievable

with the same input-output model as in the original FLS. Furthermore, the design of the

fuzzy rules involved in this approach is easier than in a conventional HFS. The method was

further investigated by Masmoudi et al. [51]. In their study, an HFS was applied to compute

the optimal control strategies of discrete large-scale nonlinear systems. They implemented

an L-HFS algorithm to obtain the rule base of their system and proved that this approach is

easy for designing the fuzzy rules involved .

2.3.3.3 Two-Layer Hierarchical Fuzzy Systems

Joo and Sudkamp [49] proposed a method for converting a multidimensional FLS to a

two-layer hierarchical FLS that reduces the number of rules and also improves the run-time

ef�ciency. For the �rst layer, they used linearly dependent rule (m2) and for the second layer

the applied the Takagi-Sugeno-Kang method to produce the rules (m(n� 2)) as shown in Fig.

2.16. In their research, they also proposed a solution such that optimal number of input

variables should be selected for the �rst layer.
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Fig. 2.16 Two-layer Hierarchical Fuzzy System. Adapted from [49].

For their experiment, the ball and beam example in [99] was applied. It was concluded

that their method does not only give fewer fuzzy rules, but also gives equivalent results to the

original system. However, the similarities between the result obtained from their proposed

HFS and conventional FLS were not justi�ed in their work.

2.3.3.4 Hierarchical Fuzzy Associative Memory (HIFAM)

Fuzzy Associative Memories (FAM) form a lattice partition of the input space which yields a

very intuitive set of if-then-rules. Yet, this approach cannot be used for problems with many

input dimensions because the number of possible rules grows exponentially with the number

of inputs.

A new method of rule generation for hierarchical fuzzy systems (Hierarchical Fuzzy

Associative Memory, (HIFAM)) was introduced by Holve [50] to overcome the problem

with many input dimensions. A HIFAM is structured as a binary tree and overcomes the

exponential growth of the rulebases when the number of inputs increases and is suited for

approximation and classi�cation problems as shown in Fig. 2.17.
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Fig. 2.17 HIFAM withn inputsxn, one outputy and n-1 rule baseRBn� 1 (adapted from [50]).

The presented approach is an ef�cient method for automatic generation of fuzzy rules

for hierarchical fuzzy systems. It is well suited for classi�cation problems as well as for

regression tasks and competes well with existing classi�cation and regression techniques like

neural networks or decision trees.

However, among the proposed approaches, none of them has explained whether their

approach can also improve the interpretability of HFSs. Several aspects should be considered

in capturing interpretability of HFSs such as semantic interpretability, meaningful fuzzy sets,

and intermediate variables of HFSs. For example, if the layers in HFSs have meaning, they

can be useful for interpretability.

2.3.4 Advantages of Hierarchical Fuzzy Systems

In the most of the cases, the underlying idea behind the construction of HFSs is to cope with

the complexity of problems. Here are some other advantages of the implementation of the

HFS.
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2.3.4.1 Rule reduction

A very undesirable problem may arise when the number of system inputs is large, causing

the total number of rules to grow exponentially [50], [47]. This also enormously increases

the computational complexity of the rule base as well as the dif�culty in building a fuzzy

system. This phenomenon is known as thecurse of dimensionality, which may be overcome

by hierarchically restructuring the fuzzy subsystems, thus resulting in the number of rules to

linearly increase and this will reduce the computational complexity [100],[95]. Also, Brown

and Harris suggest in [101] to use a hierarchical structure of fuzzy rule bases to cause the

number of rules to grow linearly.

It can be concluded that one of the main purposes of using HFSs is to minimize the

computational complexity and the size of rule base, which in turn may reduce the need of

large system memory and speed up the processing time [100].

2.3.4.2 Improving the Interpretability

Recently, the interpretability of HFSs has been the subject of numerous researchers. As

mentioned earlier, the main objective of HFSs is to minimize the computational complexity

and the size of rule base. Thus, reducing the model complexity is also a way to improve

the system interpretability, i.e., a system with only a few rules requires a minor effort to

be interpreted [56]. Also, Salgado and Cunha in [102] claimed that the small number of

rules of each fuzzy sub-system can help to avoid this problem, without degrading global

model accuracy. In some cases, it is assumed that the linguistic terms and their membership

functions of such input variables are the same in each fuzzy sub-system. The purpose of this

assumption is to keep interpretation consistency and for simpli�cation [92].

According to Benítez and Casillas [54], the interpretability of HFSs is good due to several

reasons: “(1) the hierarchical structure generates a lower number of variables in each

subsystem, (2) the algorithm does not generate arti�cial linking variables, and so, all of

the variables are interpretable because they belong to the system, (3) the rules are simpler

because the number of variables per subsystem is lower. At the same time, the accuracy is

maintained or improved”. However, it should be noted that this statement is only valid in the

context of their application, and it cannot be generalised.

2.3.4.3 Trade-off between Accuracy and Interpretability

Shukla and Tripathi in their survey [103] claimed that HFSs are one of the methods to

maintain a good trade-off in the design of complex fuzzy systems related to rules, rule bases,
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membership functions, and fuzzy partitions. Also, Delgado et al. in [104] have shown that

HFSs can be adjusted not only to improve the model's performance (accuracy), but also to

guarantee the interpretability of the resulting fuzzy models. In addition, linguistic modeling

using a hierarchical knowledge base can be regarded as a search for a decomposition of a

non-linear system that gives a desired balance between the interpretability and the accuracy

of the model [105].

However, the choice between how interpretable and how accurate the model must be

usually depends on the user's needs for a speci�c problem and will condition the kind of

FLSs selected to model it [106].

2.3.4.4 Universal approximation

Zeng and Keane [92] investigated the approximation capabilities of hierarchical fuzzy sys-

tems. This analysis shows that, compared to standard fuzzy approximation, hierarchical fuzzy

approximation can signi�cantly reduce both the number of rules and parameters required to

achieve a desired degree of accuracy. Wang proved that a certain class of HFS can serve as a

universal approximator to any real continuous function on a compact set [45],[47], and this

was again proven by Joon and Lee [93].

2.3.5 Issues of the interpretability in Hierarchical Fuzzy Systems

Despite its success in handling the explosion of the number of rule bases, there are some

issues in relation to HFSs that must be addressed in order to investigate the interpretability of

HFSs.

2.3.5.1 Interpretability assessment

As mentioned earlier, none of the researchers have investigated how interpretability can simi-

larly be measured using indices in HFSs. Up to now, no speci�c interpretability assessment

has been introduced to measure interpretability of HFSs. The measurement of interpretability

is important for HFSs in order to:

(i) understand the concept of interpretability in HFSs, i.e., the effect of HFS architecture

on interpretability.

(ii) measure interpretability of HFSs, i.e., to select the most interpretable HFS topologies,

e.g. parallel or serial.
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(iii) compare the interpretability between FLSs and HFSs, i.e., to show that HFSs are more

interpretable than FLSs.

In this thesis, the issue of measuring the interpretability of HFSs is explored. Thus, a

measure of assessing interpretability of HFSs is proposed as presented in Chapter 3 and

further developed in Chapter 5.

2.3.5.2 Intermediate Outputs do not Possess Physical Meaning

In the conventional HFS, the outputs of FLSs in the �rst layer, which are called intermediate

outputs, are used as the input linguistic variables of the next layer. However, these intermedi-

ate outputs do not possess physical meaning, i.e. are abstract and bear little meaning to the

real world. Thus, when the outputs act as input variables for the next layer, the subsequent

fuzzy rule will have less physical meaning and consequently is dif�cult to design. Further-

more, this problem will become more crucial when the HFS grows larger [46],[93],[95].

Thus, the problem of intermediate outputs with little to no physical meaning will reduce the

interpretability of HFSs [93].

Many researchers have proposed different types of HFS [48], [46],[51], [52] to tackle

these issues. However, none of these methods has acknowledged or described the advantages

of interpretability.

Note that this issue is very important to HFSs. However, at the moment, this thesis is

not focussing on solving this issue as it is a challenging concept and this will be a suitable

recommendation for future work. Consequently, only the HFS examples that already have a

clear semantic meaning for all input, intermediate output and output variables are used in this

thesis. For instance, the meaningful intermediate output in HFSs are obtained by involving

human experts such as doctors and nurses, as discussed in Chapter 7.

2.3.5.3 The Structure of HFSs

As discussed earlier, in Section 2.3.2, the questions arise on the following issues:

(i) Which topology of HFSs can offer better interpretability?

(ii) What is the optimum number of layers when designing an interpretable HFS?

(iii) Which aggregation function should be used to aggregate multiple interpretability values

of subsystems in HFSs?

(iv) How can the rule bases for each subsystem be designed?
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The primary challenge to build interpretable HFSs is due to their structures. To tackle this

issue, in this thesis, a design guidelines framework to build interpretable HFSs is proposed

and discussed in Chapter 7.

2.3.5.4 Input Variables Selection in Each Subsystem

As discussed in [43, 44], it is claimed that in a hierarchical structure, typically, the most

in�uential input variables are chosen as the system variables in the �rst layer, the next most

important variables are chosen in the second layer, and so forth. However, a question arose:

How are the most in�uential variables selected?

There is no general conclusion as to which inputs to the hierarchical fuzzy system are more

in�uential to the output, although rough observations were drawn for some particular fuzzy

systems [47].

In summary, HFSs has been claimed as a useful method to overcome the problem of the

curse of dimensionality in FLSs, thus reducing the model complexity and improving model

interpretability. However, the interpretability is very problematic to understand since it is

of a subjective nature. This thesis intends to understand the concept of interpretability of

HFSs. In doing so, in the next section, the state of the art of research into the interpretability

of FLSs is presented.

2.4 Interpretability

2.4.1 State of The Art

In the literature, interpretability is often known as a synonymous to comprehensibility,

intelligibility, transparency, understandability, readability, etc. But it is still dif�cult for

us to answer the questions “What does interpretability actually mean?” and “What are

the de�nitions of intelligibility, transparency, understandability, readability?" Indeed, it is

dif�cult to �nd a formal de�nition in the literature about interpretability and others synonyms

due to inherent subjectivity of the topics [14],[107].

For an informal approach to obtain the de�nition of interpretability and synonyms, the

de�nitions were retrieved from online dictionaries, namelyDictionary.com1 andMerriam-

Webster2, that can be seen in Table 2.4.

1http://www.dictionary.com/
2https://www.merriam-webster.com/
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Table 2.4 De�nitions of various terms related to interpretability from online dictionaries

Term Dictionary.com Merriam-Webster

Interpretability to give or provide the meaning of;

explain; explicate; elucidate.

to explain or tell the meaning of:

present in understandable terms.

Comprehensibility capable of being comprehended or

understood; intelligible.

capable of being comprehended:

intelligible.

Understandability capable of being understood;

comprehensible.

to have understanding: have the

power of comprehension.

Intelligibility the quality or condition of being

intelligible; capability of being

understood.

capable of being understood or

comprehended.

Transparency easily seen through, recognized, or

detected.

readily understood.

Readability capable of being read; legible. able to be read easily.

Table 2.4 shows the relationship of the meaning between various terms related to inter-

pretability obtained fromDictionary.comandMeriam-Webster. From these, it is apparent

that interpretabilty is closely related to the ability to understanding something, e.g. a system.

This view is con�rmed by a study by [108] that also de�ned interpretability as referring to

the capability to express the behaviour of the real system understandably.

The concept of interpretability is considered in various �elds such as education, medicine,

computer science, engineering, physics, social sciences, etc which shows a universal interest

for interpretability. In Mathematical Logic, interpretability is de�ned as a relation between

formal theories that expresses the possibility of interpreting or translating one into the other

[109]. For example, in [110], they applied the concept of interpretability to examine a

statistical result returned by root-mean-square error (RMSE), the R-square, average absolute

error (AAE) and relative average absolute error (RAAE). Two classi�ers were introduced for

interpretability of statistical results in terms of prediction accuracy. The results were either:

(i) interpretable; or (ii) not interpretable without context.

In Psychology, it has been shown that there are many factors in�uencing people's inter-

pretation due to their subjective views of the world around them. Cultural values, needs,

beliefs, experiences, expectations, involvement, self-concept, and other personal in�uences

all have tremendous bearing on how we interpret stimuli in our environment [111]. A study

in [112] attempted to assess the effect of limited experience with the road signs used in
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United States on their interpretability. They measured the interpretability score by evaluating

the percentage of correct matching. That is, an interpretation was scored as correct if the

three experts independently assessed �ve responses and conveyed the same meaning as

the European sign meanings. The results showed that signs which are dif�cult to interpret

generally use abstract, unfamiliar symbols or include ambiguous cues.

In Machine Learning, interpretability is also taken as meaning there is some degree of

capability to be understood. This implies that a model constructed to map the feature space

(predictors) into the output space (dependent variables) has more chance to be understandable

if it contains some human-accessible explicit representation of the mapping, as in decision

trees [113]. Also, James et al. [114] claimed that decision trees are easier to explain to people

than linear regression since they mirror more closely the human decision-making process

than other predictive models. Nevertheless, they may suffer from fundamental issues, such

as over�tting and variance.

Interpretability is acknowledged as one of the most appreciated advantages of fuzzy

systems [115] in many applications, particularly in those with high human interaction where

it actually becomes a strong requirement [107]. Fuzzy systems use fuzzy sets to describe

domains of values of certain variables. Similarly to human thinking, linguistic terms can be

used for this purpose. This property makes fuzzy systems rather unique among modeling

systems because while maintaining some intuitive conditions about the collection of fuzzy

sets, they possess the ability to be easily interpreted, i.e. easily understandable even for

laymen users [116]. However, the interpretability of FLSs is a subjective property that

depends on several factors, mainly the model structure, the number of input variables, the

number of fuzzy rules, the number of linguistic terms, the shape of the fuzzy sets and so

on [108]. Also, it depends on the person who makes the assessment [15]. To date, the study

of interpretability in FLS is still an open discussion.

This thesis is concerned with how interpretability is affected in FLSs when it is hierarchi-

cal, featuring various subsystems, layers and topologies. As far as the literature is concerned,

no attempt has been made in this area. The next section provides the discussion on the

interpretability assessment of FLSs.

2.4.2 Taxonomy to Analyse Interpretability of Fuzzy Systems

In recent years, the enthusiasm of researchers in obtaining more interpretable fuzzy models

has increased. Assessing the interpretability of fuzzy systems still remains an open and

challenging problem. De�ning a good index is extremely dif�cult mainly due to the inherently
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subjective nature of interpretability [117]. It strongly depends on the background of the

person who makes the assessment according to their own knowledge, but also takes into

account their previous experience and preferences [117]. Furthermore, interpretability is

dif�cult to quantify because it is very subjective [118],[119]. Due to the subjectivity of the

concept the choice of appropriate interpretability measures is still an open problem [23].

Some researchers [14, 23] have suggested taxonomy as a way of exploring the inter-

pretability of FLSs. That is, it could help give a better understanding of which aspects that

should be considered and be taken into account when measuring the interpretability of FLSs.

Zhou and Gan [14] proposed a taxonomy of fuzzy model interpretability and categorise it

into low-levelinterpretability andhigh-levelinterpretability as can be seen in Fig. 2.18. The

low-level interpretability of fuzzy models is achieved on the fuzzy set level by optimising

speci�c criteria, such as optimising MFs, and the high-level interpretability is obtained on

the fuzzy rule level by conducting overall complexity reduction in relation to other criteria,

such as a moderate number of variables and rules and consistency of rules.

Fig. 2.18 A taxonomy of interpretability of fuzzy systems (adapted from [14]).

The criteria of low-level interpretability and high-level interpretability are then explained

as follow:

1. Criteria for low-level interpretability

• Distinguishability

Distinguishability is an important criterion, because, in the input partition space
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to achieve an interpretable FLS, the fuzzy sets should clearly de�ne the unique

ranges in the universe of discourse of a variable, and each MF must be different

from each other. Representing a linguistic term with a clear semantic meaning is

essential. Fig. 2.19 shows that certain distinguishability of fuzzy sets may be lost,

and will result in dif�culties in assigning different linguistic labels and semantic

meaning to these fuzzy sets.

Fig. 2.19 Fuzzy sets without distinguishability. Adapted from [14].

• Moderate number of MFs

Based on a study in cognitive psychology [120], the number of different entities

ef�ciently stored in the short-term memory should not exceed the limit of7� 2.

Therefore, the number of variable MFs should not be arbitrary but must be

compatible with the number of human conceptual entities that can be ef�ciently

handled and occur during inferential activities.

• Coverage or completeness of partition of input variable

The entire universe of discourse of a variable must be covered by MFs generated,

and each data point should belong to at least one of the fuzzy sets and have a

linguistic representation as shown in Fig. 2.20.
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Fig. 2.20 Example of membership function ofservicethat shows complete coverage.

• Normalisation

Each MF of a variable is expected to represent a linguistic label with clear

semantic meaning. Thus, at least one data point in the universe of discourse

should have a membership value equal to one, that is, MFs of a variable should

be normal. An example of this normalization can be seen in Fig. 2.21.

Fig. 2.21 Example of normal fuzzy set (a) and subnormal fuzzy set (b).

• Complementarity

The sum of all its membership values should be equal to one for each element of

the universe of discourse. This ensures a uniform distribution of meaning among

the elements.

2. Criteria for high-level interpretability

• Rule base parsimony and simplicity

According to the principle of Occam's razor,
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“The best model is the simplest one �tting the system behaviours well”.

Hence, in order to preserve the model performance at a satis�ed level, the set of

fuzzy rules must be as small as possible. This is because a large rule base would

lead to a lack of global understanding of the system.

• Readability of single rule

As discussed earlier, the number of conceptual entities a human being can ef�-

ciently handle should not exceed the limit of7� 2. Hence, to improve readability,

the number of conditions in the premise part of the rule should not exceed the

limit of 7 � 2 distinct conditions.

• Consistency of rules

This criterion indicates uniformity in the rule base in the sense that rules with

similar premise parts should have similar consequent parts.

• Completeness of rules

To prevent the fuzzy system from breaking inference, at least one rule should be

�red for any possible input vector.

• Transparency of rule structure

A fuzzy rule should characterise human knowledge or system behaviours in a

clear way.

Another taxonomy by Gacto et al. [23], introduced the combination of; (i) complexity

versus semantic interpretability; and (ii) rule base (RB) versus fuzzy partition; as the guideline

that should be taken into account to measure the interpretability of FLSs. Complexity-based

interpretability is devoted to decreasing the complexity of the obtained model (usually

measured as the number of rules, variables, labels per rule, and other factors as shown

in Table 2.5). Meanwhile, semantics-based interpretability is dedicated to preserving the

semantics associated with the MFs. Approaches trying to ensure semantic integrity may

impose constraints on the MFs or consider factors such as distinguishability, or coverage.

Table 2.5 presents a matrix between complexity versus semantic interpretability and rule

base versus fuzzy partition.
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Table 2.5 A taxonomy to analyze the interpretability of FLSs. Adapted from [23].

Rule base level Fuzzy partition level

Complexity-based interpretability

G1 G2

number of rules number of membership functions

number of conditions number of features

Semantic-based interpretability

G3 G4

consistency of rules completeness or coverage

rules �red at the same time normalisation

transparency of rules structure distinguishability

cointension complementarity

relative measure

As shown in Table 2.5, the taxonomy has four groups which focus on speci�c criteria

to measure the interpretability of FLSs. The description of each group can be explained as

follow:

G1 Complexity at the rule base level

This group is concerned with the criteria to reduce or to control the complexity of the

rule base. The �rst criterion is thenumber of rules. To improve the model interpretability,

the set of fuzzy rules must be as small as possible under conditions in which the model

performance is preserved. The second criterion is thenumber of conditions. The

number of conditions in the antecedent of a rule must not exceed the limit of7 � 2

distinct conditions. This is due to the number of conceptual entities a human being can

handle [120]. Therefore, the number of conditions should be as small as possible in

order to ease the readability of the rules.

G2 Complexity at the level of fuzzy partitions

The criteria for this group emphasise controlling the complexity at the level of fuzzy

partitions. The �rst criterion is thenumber of features or variables, which need to

be reduced to improve the readability of the knowledge base. This can reduce the

dimensionality in high dimensional problems. The second criterion is thenumber of

MFs. Similarly with the number of conditions in G1, the number of MFs should not

exceed the limit of 7� 2 distinct MFs [120].

G3 Semantics at the rule base level

This group contains criteria for controlling the semantic interpretability at the rule base

(RB) level. The �rst criterion is theconsistency of the RBwhich indicates that the rules
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with similar premise parts should have similar consequent parts. The second criterion

is thenumber of rules �red at the same time. This criterion favours of minimising the

number of rules �ring that are activated for a given input.

G4 Semantics at the fuzzy partition level

According to Gacto et al. [23], a complex fuzzy partition that has high overlap among

MFs reduces the global semantic interpretability as shown in Fig. 2.22. Thus, the criteria

for this group (G4) involve maintaining semantic interpretability at the fuzzy partition

level. The �rst criterion iscompleteness or coverage, indicates that the universe of

discourse of a variable should be covered by the MFs, and every data point should belong

to at least one of the fuzzy sets and have a linguistic representation. The second criterion

is normalisation, which indicates that each MF of a variable is supposed to describe a

linguistic label with clear semantic meaning; consequently, at least one data point in the

universe of discourse should have a membership value equivalent to one, that is, MFs of

a variable should be normal, although this principle has been contested by Garibaldi et

al. [121]. The third criterion,distinguishability, indicates that the MFs should represent a

linguistic term with clear semantic meaning and should be easily distinguished from the

rest of the MFs of the same variable. The �nal criterion is thecomplementarity, which

indicates for each element of the universe of discourse, the sum of all membership values

should approach one. This is to ensure a uniform distribution of the meaning among the

elements.

Fig. 2.22 Fuzzy partition with a poor semantic interpretability. Adapted from [23].
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2.4.3 Measuring Interpretability using Interpretability Indices

The introduction of these taxonomies provides pathways for researchers to understand the

criteria that should be considered for measuring the interpretability of FLSs. Consequently,

substantial research on interpretability measures has proposed a range of alternative inter-

pretability indices for FLSs.

2.4.3.1 Summary of the Current Interpretability Indices

Table 2.6 shows a summary of the current works that propose indices for measuring the

interpretability of FLSs, grouped by authors, year, Gacto's taxonomy group and description

indices.
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Table 2.6 Summary of the current interpretability indices

Authors Year Indices
Gacto's

taxonomy
Description Indices

Nauck [21] 2003 Nauck Index G1, G2
An index is proposed to measure the interpretability of fuzzy

linguistic models, particularly for classi�cation problems.

Guillaume &

Charnomordic [28]
2003 Guillaume Index G1, G2

A method is proposed for generating interpretable fuzzy rules

from data.

Alonso et al. [24] 2006 Fuzzy Index G1, G3

A Fuzzy index is proposed to measure the interpretability of

FLSs, particularly for fuzzy rule-based classi�cation systems. Six

variables are taken as the input of an HFS and combined into

a single index.

Ishibuchi & Nojima [27] 2017 Simple indices G1

An index is proposed to measure the interpretability of

multi-objective fuzzy genetics-based machine learning,

concerning the rule base readability.

Alonso et al. [1] 2008 HILK G1, G3

A methodology for designing Highly Interpretable Linguistic KBs

(HILK) is proposed for classi�cation problems, considering

both expert knowledge and knowledge extracted from data.

Alonso et al. [15] 2009
An experimental approach

and Web Poll
G1, G3

A methodology is proposed to analyse the different indices

measures by using a web poll aimed at determining how

different people assess interpretability by giving priority to

different criteria.

Botta et al. [118] 2009 Novel index G2
An index is proposed using the mean square error which focus

on the readability of fuzzy partitions.

Marquez et al. [122] 2010 Adaptive defuzzi�cation G1

An index is proposed for regression problems with a

mechanism to improve the interpretability in the sense of

complexity for linguistic fuzzy rule-based systems with adaptive

defuzzi�cation.

Alonso & Magdalena [117] 2010
Flexible Index :

Combine user's preference
G1, G3

Several indices are combined to get a measurement that

incorporates the preferences of the user �exibly and

ef�ciently.

Mencar et al. [25] 2011 A cointension based approach G4

An approach for automatically evaluating interpretability of

rule-based fuzzy classi�ers is proposed that exploits the

propositional view of rules as a means to de�ne cointension.

Pancho et al. [123] 2016 Fingrams G3

Interaction between rules is demonstrated at the

inference level graphically regarding co-�red rules, i.e., rules

�red at the same time by a given input.

Pota et al. [124] 2016 Pota Index G1, G3

An index is proposed for quantitatively assessing either

readability or semantic interpretability particularly for fuzzy

classi�cation problem.

Among the indices suggested in Table 2.6, none of the indices propose to measure the

interpretability of FLSs when it is a hierarchical system, featuring multiple subsystems,

layers and different topologies. To date, no one has investigated how interpretability can

similarly be measured using indices when the FLS concerned is hierarchical.

Additionally, the fourth column in Table 2.6 represents Gacto's taxonomy indicating

which group (G1, G2, G3, G4) each proposed index is included in. In this thesis, two

interpretability indices in Table 2.6, namely the Nauck and Fuzzy indices, are used to

investigate how interpretability can similarly be measured in Heirarchical FLSs, as further

discussed in Chapter 3. The Nauck and Fuzzy indices are chosen due to the fact that both are
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common indices which cover several interpretability criteria in the aforementioned Gacto's

taxonomy, namely (G1 and G2) and (G1 and G3), respectively, as shown in Table 2.6. Also,

both indices produce a numerical value in[0;1] for measuring the interpretability of FLSs.

These indices are discussed in the next subsections.

2.4.3.2 Nauck Index

The Nauck index is a numerical index introduced by Nauck [21] in order to measure fuzzy

rule-based classi�cation systems. Hence, it will be used in this thesis as a useful index for

assessing the interpretability of FLSs. It is computed as the product of three terms:

Nauck index= comp� cov� part: (2.5)

• comprepresents the complexity of FLSs measured as the number membership func-

tions (MFs) of output variables divided by the number of input variables in the FLS's

rules. It is computed as

comp= m=
r

å
i= 1

ni ; (2.6)

wherem is the number MFs of output variables,r is the number of rules andni is the

number of input variables used in theith rule.

• cov is the coverage degree of the fuzzy partition. IfXi is the domain ofith input

variable partitioned bypi MFs {m(1)
i ,. . . ,m(pi)

i }, then covis computed as

covi =

R
Xi

ĥi(x) dx

Ni

ĥi(x) =

8
<

:
hi(x) if 0 < hi(x) < 1
pi � hi(x)

pi � 1 ; otherwise

hi(x) =
pi

å
k= 1

m(k)
i (x);

(2.7)

wherehi(x) is the total MFs ofith input variable withNi =
R

Xi
for continuous domains.

The integral in (2.7) is replaced by a sum for discrete �nite domains withNi = jXj. Then,

cov= å r
i= 1covi=ni , denotes the average normalized coverage for all input variables.
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• part stands for the partition index which is computed as the inverse of the number of

MFs minus one for each input variable;

parti =
1

pi � 1
; (2.8)

wherepi is the number of MFs in theith input variable. Then,part = å r
i= 1 parti=ni,

denotes the average normalized partition index for all input variables.

An FLS model is said to be less interpretable when its Nauck index is closer to0 and

more interpretable when Nauck index is closer to1. To illustrate how the interpretability

index is generated by Nauck index, the Waiter-Tipping example [125] which is frequently

used as a benchmark is considered. The rule base of the example is as follows:

IF serviceis poor THEN tip is cheap,

IF serviceis goodTHEN tip is average,

IF serviceis excellentTHEN tip is generous.

TheNauck indexcan be generated as:

comp=
3

1+ 1+ 1
= 1

cov= 1(i.e., as shown in Fig. 2.20)

part =
1

3� 1
(only one input variable is used)

Nauck index= comp� cov� part = 0:5:

Hence, the Nauck index of0:5, indicates the interpretability value for the Waiter-Tipping

example.

2.4.3.3 Fuzzy Index

As discussed in [24], the Fuzzy index, which is inspired by Nauck's index, is a proposed

interpretability assessment. Six variables are taken as the input of a hierarchical fuzzy system

to combine these into a single index. The six variables are: (i) total number of rules (NR);

(ii) total number of premises in all the rules (NP) — in a complete rule-set, this equals the

number of rules multiplied by the number of input variables; (iii) number of rules which

use one input variable (NRi= 1); (iv) number of rules which use two input variables (NRi= 2);

(v) number of rules which use three or more input variables (NRi� 3); and (vi) average number

of linguistic terms de�ned for each input variable (terms). The index also depends on the
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number of classes (NC), also referred to as number of output terms. It should be noted

that although the Fuzzy Index is generated using an HFS, it only focuses on measuring the

interpretability of standard FLSs, and has not previously been applied to HFSs.

The Fuzzy index itself is computed as the result of an aforementioned hierarchical FLS

as shown in Fig. 2.23 which consists of four linked knowledge bases, namely: RB1, RB2,

RB3 and RB4. RB1 gives an estimation of the rule base dimension based on the total number

of rules and input variables. At the same time, the rule base complexity is evaluated at RB2

according to the number of input variables used by the rules. Then, RB3 combines rule base

dimension and complexity, and as a result it yields a rule base interpretability index. Lastly,

RB4 integrates the rule base interpretability index and the average number of linguistic terms

de�ned by then input variables.

Fig. 2.23 Hierarchical fuzzy system for assessing interpretability via Fuzzy index. Adapted
from [24].

Similarly to the Nauck index, a Fuzzy index closer to0 implies that the FLS model is

less interpretable. Meanwhile, a Fuzzy index closer to1 implies higher interpretability. To

show how this index is generated, we use the same Waiter-Tipping example rule base:

IF serviceis poor THEN tip is cheap,

IF serviceis goodTHEN tip is average,

IF serviceis excellentTHEN tip is generous.

The Fuzzy index calculation for Waiter-Tipping example is summarized in Table 2.7.



2.4 Interpretability 47

Table 2.7 Fuzzy index of Waiter-Tipping Example

NR : 3

NP : 3

NRi= 1 : 3

NRi= 2 : 0

NRi� 3 : 0

terms : 3

Fuzzy index : 0.647

Thus, the Fuzzy index of0:647, indicates the interpretability value for the Waiter-Tipping

example.

2.4.4 Measuring Interpretability of Fuzzy Systems Using a User Study

Since interpretability is of a subjective nature, it is essential to assess how people perceive

interpretability in fuzzy systems. This is because assessment of interpretability is strongly

dependent on the background of the person who assesses according to their knowledge, but

also taking into account their previous experience and preferences [117]. A user study is an

excellent way to assess this.

A user study is one of the methods that can be used to convey design research. A user

study allows researchers to identify speci�c variables that are interesting and observe the

impact on the result of varying those factors [126]. Examples of user studies include that

of Balazs and Koczy [116] in which they conducted interviews to ask users to de�ne fuzzy

sets, i.e., to get to know what a user meant by `hot'. Based on the user-de�ned linguistic

terms, fuzzy rules and rule bases can be constructed easily. This was claimed to lead to a

complexity reduction and improvement of interpretability.

Mencar and Fanelli [4] conducted a survey which attempted to provide a complete

presentation of interpretability constraints in the literature. The survey aimed to: (i) give a

homogeneous description of all interpretability constraints; (ii) to provide for a critical review

of such constraints; and (iii) to identify potentially different meanings of interpretability.

Alonso et al. in [15] evaluated the most used interpretability indices with a user study (in the

form of a web poll) to extract useful information regarding interpretability assessment. The

results showed that a fuzzy index was more easily adapted to the context of each problem as

well as the quality criteria of the users.
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A user study is proposed in this thesis to assess how users perceive the interpretability

and complexity of FLSs. The user study is implemented at Fuzz-IEEE 2017 conference

which was held in Naples, Italy. The sample of participants was selected from a range of

academics (from doctoral students to full Professors), with expertise in FLSs. This user study

will be discussed in detail in Chapter 4. As explained earlier, interpretability is a problematic

concept to understand as it is of a subjective nature. In the next section, some of the issues

regarding interpretability that are still open for discussion are presented.

2.4.5 Interpretability Issues in Fuzzy Systems

Interpretability is an ill-posed property, and there are several issues that have been addressed

by researchers over the past 20 years. In other words, those researchers came up with a

number of questions discussing interpretability which have led to the development of a new

�ourishing research direction. In general, the issues and challenges of interpretability can be

grouped into four categories.

2.4.5.1 Interpretability De�nition

Although interpretability issues in fuzzy system and statistical system modelling have re-

ceived much attention in recent years, there is no well-established de�nition about model

interpretability [14],[25],[115],[119],[127]. For that reason, there are still open questions on

this issue; “What does interpretability actually mean?" and “Why is interpretability worth

considering?"

This thesis will not intend to propose a new de�nition to interpretability but will utilise

some of the de�nitions that have already been proposed in the literature [108].

2.4.5.2 Interpretability Assessment

The choice of an appropriate interpretability measure is still an open discussion due to its

subjective nature and the large number of factors involved. Also, according to Alonso et

al. in [15], interpretability is of a subjective nature because it depends on the talent and

background of the end-user. Substantial research on interpretability measures [14, 23, 1,

15, 21, 24, 25, 27, 28, 117, 118, 122, 128–130] proposed interpretability indices for FLSs.

However, questions arise including; “What is the best index to represent interpretability?",

“Do we need to evaluate all criteria when measuring interpretability?" and “ What is the

universal interpretability index that can represent a different types of FLSs i.e., including

HFSs? ". This thesis is concerned with taking interpretability indicies for FLSs and applying
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them to HFSs, which consist of multiple layers, subsystems and varied topologies. To date,

no one has investigated how interpretability in HFSs be measured using indices.

2.4.5.3 Design Interpretable Fuzzy Systems

Model accuracy and interpretability are two con�icting objectives, so preserving interpreta-

tion during adaptation in data-driven fuzzy system modelling is a challenging task, which

has received much attention in the fuzzy system modelling community [14]. Questions

that the literature raises include; “How can interpretable fuzzy systems be designed?” and “

How can interpretability and accuracy be balanced in fuzzy systems?". As reported in [103],

several methods have been introduced to maintain a good trade-off in the design of complex

fuzzy systems. They include Evolutionary Multiobjective Optimization [104],[131], Context

Adaptation (CA) [118], Hierarchical Fuzzy Modeling [93],[106] and many other algorithms

and approaches related to rule bases, membership functions, and fuzzy partitions. Although

HFSs are claimed to be a good design for interpretable fuzzy models, it not an easy task to

design HFSs that having multiple subsystems, layers and meaning of intermediate outputs.

This issue is explored and further discussed in Chapter 7.

2.4.5.4 Representation of Fuzzy Systems

As discussed in [119], it is claimed that for very complex problems the use of novel forms of

representation (different from the classical rule-based form) may help in representing complex

relationships in comprehensible ways, thus yielding a valid aid in designing interpretable

fuzzy systems. However, the literature has not yet provided a complete answer as to how

interpretable fuzzy systems should be represented.

In the following subsection, in order to have more understanding of the interpretability of

HFSs, the complexity will be discussed, which is a key component of interpretability.

2.5 Complexity

2.5.1 State of the Art

The complexity of a system is a rather universal concept. The concept of complexity

has recently become a serious challenge for scienti�c research within a multi-disciplinary

context. For example, it is quite common to �nd complex systems in biology, cosmology,

engineering, computing, �nance and other areas [132]. Apparently, there is no consensus
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about just what “complexity” means, but there is a cluster of associated ideas which has

established some common intellectual ground amongst researchers: “system”, “interactions”,

“emergence”, “self-organisation”, “learning and adaptation”, “evolution and coevolution”,

“positive feedbacks”, “networks” and “distributed control” [133].

Johnson in [134] described complexity as characterising the behaviour of a system or

model whose components interact in multiple ways and follow local rules, meaning that

there is no reasonable higher instruction to de�ne the various possible interactions. Also,

complexity has been de�ned by Gegov [132] to be associated with some attributes such

as nonlinearity, uncertainty, dimensionality and structure, leading to a more challenging

management of systems with these attributes.

In the following subsections, the concept of complexity in relation to FLSs and also other

�elds will be discussed.

2.5.2 Complexity in Fuzzy Systems

As discussed earlier in Table 2.5, complexity is an essential component to determine the

interpretability of FLSs. Thus far, complexity has often been used as an indirect measurement

of the interpretability of FLSs. Several researchers claim that the reduction of complexity

in a fuzzy system can lead to better interpretability [22, 29, 30]. This relationship between

complexity and interpretability can be illustrated, as in Fig. 2.24.

Fig. 2.24 A typical relationship between complexity and interpretability of a model. Taken
from [135].

In FLSs, complexity could be related to the speci�c problem described by the fuzzy model.

In other words, from the structural analysis of a knowledge base, we should expect to gain

information concerning the complexity of the underlying problem [25]. The complexity in

FLSs grows exponentially with their input variables [22], which is also known ascomplexity

explosion. Model complexity can have a signi�cant impact on the accuracy, ef�ciency and



2.5 Complexity 51

interpretability of FLSs [136]. Complexity is usually evaluated by a simple measure, mainly

looking at the rule-based complexity.

2.5.2.1 Rule-based Complexity

Rule-based complexity is primarily related to the readability of the knowledge base [137];

that is, the complexity of the rule base can be minimised to improve its readability [25].

Standards which are used to measure rule-based complexity include the number of rules,

variables, and labels per rule, amongst others [55],[138]. Furthermore, a study by [139] has

shown the relationship between the number of inputs, the number of rules and the complexity

in FLSs to be as follows:

" Number of inputs(FLSs); " Number of rules(FLSs) (2.9)

" Number of rules(FLSs); " Complexity(FLSs) (2.10)

where" denotes increasing. The relationships of (2.9) and (2.10), indicate that increasing the

number of inputs in FLSs will increase the number of rules in FLSs and consequently, this

will also increase the complexity of FLSs.

In the related literature, there are several ways to measure the rule-based complexity in

FLSs. For example, Nauck in [21] has de�ned the complexity of an FLS as measurable by

the number of classes (NC) divided by the total number of premises (NP). This complexity

measurement is a part of his proposed interpretability index – Nauck's index. It is computed

as:

Comp=
NC
NP

(2.11)

Another study, by Alonso et al. [15], measured the complexity by one minus theComp

value in (2.11), which can be expressed as follows:

C = 1� Comp

= 1�
�

NC
NP

� (2.12)

According to Alonso et al. [15], an FLS model is more complex when the rule-based

complexityC is close to1 and less complex when the rule-based complexityC is close to0.
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2.5.3 Complexity in Other Fields

As mentioned earlier, the complexity of systems is a universal concept. Thus, it is relevant

to consider how complexity in other �elds is measured or assessed, speci�cally, on how

structural complexity is measured. The measure of structural complexity from the other

�elds will be utilised to the HFS design, as further examined and discussed in Chapter 6.

Therefore, some literature related to the complexity is presented in order to give some

necessary background.

Simon in [140] claimed that complexity takes the form of hierarchy — a complex system

is composed of subsystems that, in turn, have their subsystems, and so on. He said that

the term “hierarchy” has usually been used to refer to a complex system in which each of

the subsystems is subordinated by an authority relating to the system it belongs to. More

exactly, in a formal heirarchical organisation, each system consists of a “boss” and a set

of subordinate subsystems. Each of the subsystems has a “boss” who is the immediate

subordinate of the “boss” and this implies that the heirarchy is exactly three layers deep in

the system. He also claimed thatthe relations among subsystems are more complexthan in

the formal organisational hierarchy.

Commons et al. [141] introduced the notion of the order of hierarchical complexity of

tasks. Hierarchical complexity represents a form of information that is orthogonal to the

traditional information theory form, in which information is coded as bits that rise quantita-

tively with more information. Information in tasks and their subtasks can be characterized by

both hierarchical (vertical) and non-hierarchical (horizontal) complexity. This is due to the

fact that every task has an order of complexity associated with it.

Furthey study by Commons et al. [142] presented the model of hierarchical complexity

which included a framework for scoring reasoning stages in any domain as well as in

any cross cultural setting. The scoring is based not upon the content or the participant

material, but instead on the mathematical complexity of the hierarchical organization of

information. Speci�cally, Commons et al. [142] claimed that hierarchical complexity refers

to the mathematical complexity of the task presented to the participant, but not directly to the

complexity of the participant's performance that will successfully complete the given task.

Most complex systems have an inherently hierarchical organisation and, correspondingly,

the networks behind them also exhibit hierarchical features. Mones et al. [143] developed an

approach and proposed a quantity (measure) which is simple enough to be widely applicable,

reveals a number of universal features of the organization of real-world networks and is

capable of capturing the essential features of the structure and the degree of hierarchy in a

complex network. Complexity arises from either the structure of the interactions between
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Fig. 2.25 One main program M, two subroutines A and B. Adapted from McCabe [145].

very similar units or other speci�c characteristics of those interactions. In both cases, the

abstract representation of a complex system can be achieved by a collection of nodes (units)

and edges (representing interactions between the units) forming a network (or graph).

Overall, from the published literature, one common view of complexity measure is that

it is dependent on the number of structural features contained within an organisation rather

than simply on the number of its basic elements [144]; this idea is also known as structural

complexity, and is examined further in the next section.

2.5.3.1 Structural Complexity

Structural complexity is an attribute of any general type of system. This attribute can be

assessed by different measures, and it is often linked to interaction among systems' properties

such as nodes, edges and networks [132, 143].

McCabe in [145] proposed a graph-theoretic structural complexity measure that measures

and controls the number of paths through a computer program. The complexity measure

developed here is de�ned in terms of basic paths that when taken in combination will generate

every possible path. The cyclomatic numberv(G) of graphG with n vertices,eedges, andp

connected components is

v(G) = e� n+ p (2.13)

The overall strategy involves measuring the complexity of a programme by computing

the number of linearly independent pathsv(G). However, calculating the complexity of a

collection of programmes (p 6= 1 ), particularly a hierarchical nest of subroutines, (2.13)

becomes as follows:

v(G) = e� n+ 2p (2.14)
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For instance, assume a main program M calls two subroutines A and B and has a control

structure as shown in Fig. 2.25. Let us denote the total graph above with 3 connected

components asM [ A[ B. Now, sincep = 3, the complexity can be computed using (2.14)

as follow
v(M [ A[ B) = e� n+ 2p

= 13� 13+ 2� 3

= 6

A graph is more complex when the structural complexityv(G) value is large and less complex

when thev(G) value is small.

In this thesis, the structural complexity in HFSs relating to the interaction amongst the

structure of HFSs, namely multiple subsystems, layers and different topologies will be

assessed. That is examined in detail in Chapter 6.

2.6 Case Study: Neonatal Monitoring

A complex medical problem was selected as a case study to explore the use of HFSs in the

real world, and so the medical background to this case study will now be presented. The

Neonatal Intensive Care Unit (NICU) is where the sickest newborn babies in hospitals are

managed and treated. The NICU has one of the most information sensitive environments

where efforts are made to continuously deliver the optimal healthcare for fragile, critically

ill patients. “These babies that were born prematurely need special medical attention in the

NICU. They need hospital supervision until their systems and organs can function with no

external assistance” [146]. As a result of evolution in clinical practice and equipment in the

NICU, “the gestational age at which 50% of neonates survive decreased from 29 weeks to 24

weeks over the last few decades” [147].

Prematurity is de�ned as babies born before completion of 37 weeks of pregnancy.

“Premature delivery is divided into 3 subcategories based on gestational age: extremely

preterm (less than 28 weeks), very preterm (28-32 weeks), and moderate to late preterm (32

to 37 weeks)” [148]. Infants who are� 37 weeks gestation are classi�ed as term. According

to the World Health Organization, approximately 15 million premature babies are born each

year globally and this number continues to increase. Prematurity accounted for one million

deaths per year and is the leading cause of mortality in children under age of �ve [149]. Data

from the UK Of�ce for National Statistics highlights there are around 60,000 premature

deliveries every year in the UK. In Western Europe, the UK has the second worst neonatal
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mortality rate of 2.1 per 1000 live-births at the early neonatal phase of 0-6 days, 0.7 deaths per

1000 live-births at the late neonatal phase of 7-28 days, and 4.9 deaths per 1000 live-births at

the age of less than �ve years [150].

In the neonatal setting, “the current practice for oxygenation management aims to target

oxygen saturations (SpO2) between 91% and 95%. Increased time outside of this SpO2

range is associated with increased morbidity including retinopathy of prematurity (ROP)

and chronic lung disease (CLD)” [151]. Two clinical trials, BOOST II and SUPPORT, have

provided evidence that SpO2 should be targeted in the 91-95% for preterm infants. “Both

trials conducted their studies in infants born before 28 weeks of gestational age and found

that targeting SpO2 of more than 95% is associated with more ROP and CLD, while targeting

SpO2 less than 91% is associated with increased in mortality rate. In conclusion, keeping the

SpO2 range in 91-95% minimized the risks of signi�cant morbidity and mortality” [152],

[153].The need for prolonged oxygen administration is associated with poor pulmonary

outcomes in childhood life [154].

Better management of SpO2 can be bene�cial in decreasing the mortality and disability

rates among preterm babies. This can be improved with better respiratory practice, avoiding

inappropriate oxygenation and timely intervention before respiratory deterioration. Therefore,

there are opportunities to further improve the neonatal care we deliver that can improve

the overall respiratory outcome of premature infants and potentially reduce the long-term

complications.

Blood pressure, heart rate, respiratory rate, and temperature are also routinely collected

vital signs on the NICU. They are valuable in order to determine a patient's progress during

hospitalization [155]. The pulse oximeter is used as the �fth vital sign to determine oxygen

saturation in paediatrics [156]. Healthcare professionals use vital signs as an important

component of their clinical evaluation when trying to predict deterioration and a number

of studies have identi�ed the vital signs trend is bene�cial as an early warning indicator

of clinical status [157]. In the preterm population, additional events such as the pattern of

desaturations and bradycardias can also help guide the impending clinical deterioration.

2.6.1 Summary of Existing Neonatal Monitoring Systems using Fuzzy

Logic Systems

The literature concerning the use of fuzzy systems in neonatal monitoring is summarised in

Table 2.8.
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Table 2.8 Summary of existing neonatal monitoring systems using Fuzzy Logic Systems

Neonatal Monitoring system Author Results

A knowledge-based system using

fuzzy logic for classifying plethys-

mogram pulses into two categories

either valid or artefact.

Belal et al.

[158]

Able to classify 679 (82%) valid

segments and 543 (93%) dis-

torted segments correctly. The

calculations of the system's per-

formance showed 82% sensi-

tivity, 86% accuracy and 93%

speci�city.

An intelligent system that provides

a tool enabling the user to make the

�nal decision to accept or reject the

advice given for neonatal intensive

care management.

Belal et. al

[159]

The overall percentage of the

agreement between the system

and the clinician was 93%.

A fuzzy expert system to predict the

need for advanced neonatal resuscita-

tion efforts in the delivery room.

Reis et al.

[160]

Result shows sensitivity of

76.5% and speci�city of 94.8%

in the identi�cation of the need

for advanced neonatal resuscita-

tion measures, considering a cut-

off value of 5 on a scale ranging

from 0 to 10. The area under the

receiver operating characteristic

curve was 93%.

Theoretical fuzzy linguistic model to

estimate the risk of neonatal death

based on birth weight and gestational

age.

Nascimento

and Ortega

[72]

The results were compared with

experts' opinions and the fuzzy

model was able to capture the

expert knowledge with a strong

correlation (r = 0:96).
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A fuzzy controller for the adjustment

of inspired oxygen (FIO2) concentra-

tion in ventilated newborns.

Sun et al.

[161]

This system was able to main-

tain a target oxygen saturation

(SpO2) better than routine man-

ual control and demonstrated the

ability to produce a safe and clin-

ically ef�cacious control system.

An Automated Fuzzy logic based

Skull Stripping (AFSS) in Neonatal

and Infantile Magnetic Resonance

(MR) Images.

Yamaguchi et

al. [162]

The results showed that the pro-

posed method stripped skull well

from any neonatal and infantile

MR images.

A physiology-based fuzzy logic algo-

rithm to assign a con�dence level to

heart rate and respiratory rate time-

series data as they are collected, with

the assumption that neither electro-

cardiogram (ECG) nor respiratory

waveforms are available.

Liu et al.

[163]

Performance in detecting four

types of faults that result in low-

con�dence data points (receiver

operating characteristic areas un-

der the curve ranged from 0.67

(SD 0.04) to 0.83 (SD 0.03),

where mean and SD are mea-

sured over all faults).

Investigation into whether fuzzy

logic could offer an improvement

in cardiotocography (CTG) analysis

over the crisp expert system; and

to investigate whether retrospective

analysis of complete CTG traces

could be automated.

Skinner et al.

[89]

The fuzzy score produced by the

system has good correlation with

both the assessment of clinical

experts and existing crisp sys-

tem.

Theory of fuzzy sets in determining

the severity of acute respiratory dis-

tress of a patient in an intensive care

unit by implementing fuzzy multicri-

teria decision-making.

Velasevic et

al. [164]

The preliminary evaluation of

the approach regarding clinical

practice, on the small sample of

data, has produced encouraging

results: more than 90% of the

diagnoses obtained through the

system con�rmed a physician's

diagnosis.
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From the literature review in Table 2.8, it can be concluded that FLSs have been proven

reliable when implemented in neonatal care with high accuracies of the prediction models.

FLSs may also be concluded as an effective method since they can reason with imprecise

information and also uncertainties [58]. Moreover, interpretability is acknowledged as the

main advantage of the FLSs which is an essential for applications that require high interaction

with humans [15] which is true of neonatal monitoring.

2.6.2 Problems

At the NICU, babies develop their own normal individual behavioural patterns, which

clinicians and parents can identify. When a baby deviates from this pattern, it is often a

sign that the baby is unwell, typically from infection. Identi�cation and prompt treatment of

deterioration are the keys to effective monitoring of babies at the NICU. However, the time

taken to identify deviations from the usual pattern is often experience dependent. That is, a

senior clinician or consultant is likely to determine this before more junior doctors do.

As mentioned earlier, FLSs have been proven reliable when implemented in neonatal

care with high accuracies of the prediction models. However, key challenges remain in

the design of FLSs, such as the fact that the number of rules required commonly increases

exponentially with the number of input variables [31], which is usually high in this �eld.

Therefore, it is worth emphasising that, the introduction of advanced fuzzy systems, namely

heirarchical fuzzy systems (HFSs), for neonatal care is essential to overcome the limitation

of conventional FLSs and improve model interpretability. A design of interpretable HFSs for

NICU which can be easily understood by clinicians is proposed and discussed in Chapter 7.

2.7 Summary

In this chapter, the necessary background of fundamental concepts in the literature for the

presentation and de�nitions of the methodology used in this thesis was provided. The

chapter brie�y discussed a brief overview of the components in FLSs including fuzzy sets,

membership functions, linguistic variables, rule bases and an overview of designing FLSs. In

the next section, the concept of HFSs was introduced. This section included an overview of

the de�nition and structure of HFSs, related work on current HFSs, the advantages of HFSs

and issues in HFSs. This chapter then described the state of the art on the interpretability,

particularly in FLSs, including de�nition, assessment and the current issues. A summary

was then presented of the complexity of FLSs as a subcomponent in the interpretability.
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This also included complexity measurement in other �elds such as psychology, science and

circuit design. In the �nal section, this chapter presented a case study on neonatal monitoring

including the existing works on neonatal monitoring in the literature using FLSs.

In the next chapter, the �rst objective of this thesis, which is to investigate the assessment

of interpretability of HFSs, will be addressed.



Chapter 3

An Initial Approach to Measuring

Interpretability of Hierarchical Fuzzy

Systems

HFSs have been shown to have the potential to improve the interpretability of FLSs. In recent

years, a variety of indices have been proposed to measure the interpretability of FLSs such

as the Nauck index [21] and Fuzzy index [24]. However, interpretability indices associated

with HFSs have not so far been discussed. The structure of HFSs, with multiple layers,

subsystems, and varied topologies, is the main challenge in constructing interpretability

indices for HFSs. As discussed in Chapter 1, the �rst objective of this thesis is to investigate

the assessment of interpretability of HFSs. In doing so, this chapter begins to address these

challenges by introducing extensions to the Nauck and Fuzzy indices to create an initial index

for measuring the interpretability of HFSs. Using the proposed initial index, this chapter

explores the concept of interpretability in relation to the different structures in FLSs and

HFSs. Initial experiments on benchmark datasets show that based on the proposed initial

index, HFSs with equivalent function to FLSs produce higher interpretability values, i.e. are

more interpretable than their corresponding FLSs.

3.1 Introduction

One of the strengths of FLSs is their interpretability [13], particularly in applications such as

knowledge extraction and decision support [2, 3]. However, key challenges remain around

FLS interpretability, including thecurse of dimensionality: the number of required rules
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commonly increases exponentially with the number of input variables [31]. This challenge

is also known as rule explosion and may reduce the transparency and interpretability of

FLSs [32]. One effective way to deal with this problem is through the use of a special type

of FLS, namely HFSs [43–45, 47, 94, 95].

HFSs were introduced by Raju et al. [43] as an approach to overcome thecurse of dimen-

sionalitywhich arises in conventional FLSs. In HFSs, the original FLSs are decomposed into

a series of low-dimensional FLSs — fuzzy logic subsystems (see Chapter 2.3). Moreover,

the rules in HFSs commonly have antecedents with fewer variables than the rules in FLSs

with equivalent function, since the number of input variables of each subsystem is lower

[54, 165]. Thus, HFSs tend to reduce rule explosion, thus minimizing complexity, and im-

proving model interpretability. So far, the potential of HFSs to support good interpretability

in FLSs has not been explored in detail, with only a small number of works considering

it [48, 50, 32, 106, 166].

In this chapter, an extension of the two most common FLS interpretability indices, namely

the Nauck index and Fuzzy index is proposed, to create an initial index for measuring the

interpretability of HFSs, with a speci�c focus on the complex structure of HFSs such as

having multiple layers, subsystems and varied topologies.

The rest of this chapter is organised as follows; Section 3.2 presents a motivation of

this chapter. Section 3.3 introduces an initial index to measuring interpretability of HFSs.

The step-by-step calculation of this initial index to measuring interpretability of HFSs is

presented in Section 3.4. Section 3.5 performs an experiment to this initial index using a

real-world application, namely Seesaw Control Application. Then, the result and discussion

is presented in Section 3.6. Finally, a summary of this chapter is discussed in Section 3.7.

3.2 Motivation

HFSs have been shown to have the potential to improve interpretability of FLSs. However,

interpretability indices associated with HFSs have so far not been discussed. The architecture

of HFSs, with multiple layers, subsystems, and varied topologies, is the main challenge in

constructing interpretability indices for HFSs. This raises questions, such as: “What is the

best aggregation technique across and within layers?", and “How should new interpretability

indices deal with different topologies?". Taking these questions into consideration, an initial

index for measuring the interpretability of HFSs has been proposed.
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3.3 The Proposed Initial Index for HFSs

This chapter begins to extend the Nauck and Fuzzy indices by proposing an initial index

for such indices from FLSs to HFSs and referred as HI . However, a question may arise;

"Why do we need a new aggregation strategy for this initial index, HI?" This is due to the

fact that subsystems in HFSs are commonly located across and within layers. Therefore,

by considering these challenges that arise from HFSs' architecture, an aggregation strategy

capturing the HFS topology withlayer-weighthas been proposed.

In this context, the HI is computed as follows:

HI =
q

å
j= 1

�
l j

sj

å
k= 1

E jk=sj

�
(3.1)

where,

• E jk is the Nauck (N) or Fuzzy (F) index of a subsystemk at layerj,

• l j is the associated weight to the layerj of the HFSs,

• sj is the number of subsystems located at the layerj,

• q is the number of layers.

Note that (3.1) returns the original FLS index when applied to a standard FLS because it has

only one subsystem. Also, it should be noted that only one output variable and no cyclic

connections between internal FLSs is focused on HFSs.

Layer-weights, l j are associated with each subsystem according to their layer. Alayer-

weightingis introduced which has the following properties:

(i)
q

å
j= 1

l j = 1; l j 2 [0;1]

The summation value of alllayer-weightsl j should be equal to 1 regardless of the

number of layersq.

(ii)

l1 > l2 > ::: > lq; j = 1; :::;q:

Thelayer-weights, l j are arranged in descending order. This is because, as discussed in

[43, 44], most HFSs' structure is formed by having the most in�uential input variables
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in the �rst layer of the hierarchy, the next most important inputs in the second layer,

and so on.

In order to achieve the above properties,l j is proposed as:

l j =
2
�

q� j + 1
�

q
�

q+ 1
� ; j = 1; :::;q: (3.2)

An HFS model is less interpretable when theHI is close to 0 and more interpretable whenHI

is close to 1.

3.4 Detail of Process for Measuring Interpretability of HFSs

There are three key steps in order to calculate the interpretability of HFSs using the HI .

Step 1: Calculate Interpretability for each Subsystem

First, the interpretability of each subsystem is calculated using both the Nauck and the

Fuzzy indices. For example, assume the values of the Nauck index calculated for the three

subsystems in a Parallel HFS are N1 = 0:3, N2 = 0:2 and N3 = 0:5.

Step 2: Identify Layer-weights

Next, the values of the layer-weights are computed using layer-weight as in (3.2). For

example, our hypothetical Parallel HFS could have two layers, and the layer weights computer

at each layer could bel1 = 0:667 andl2 = 0:333.

Step 3: Calculate the Overall Interpretability

Finally, the overall interpretability can be calculated using the HI index as given in (3.1). For

instance, the interpretability of our hypothetical Parallel HFS is computed as follows:

HI =
q

å
j= 1

(l j

sj

å
k= 1

E jk=sj )

= l1(N1 + N2)=2+ l2(N3=1)

= 0:667(0:3+ 0:2)=2+ 0:333(0:5)

= 0:333
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3.5 Seesaw Control Application Experiment

As a demonstration, a seesaw control application to solve the problem of balancing a seesaw

has used as an example. Note that the source of this example was initially taken from [46].

They used the example to stimulate and compare the result of balancing a seesaw system

using both conventional single layer FLS and an HFS. Moreover, this example of seesaw

control application was also adopted in other studies such as [167–170], particularly in the

context of control systems.

In this section, to balance the seesaw, the involved parameters are the distance of the cart

from the origin (x = x1), the angle that the wedge makes with the vertical line (q = x2), the

height of the wedge (r1 = x3) and center of mass of the wedge (r2 = x4) as shown in Fig. 3.1.

Fig. 3.1 The Seesaw System. Adapted from [46].

As reported in [46], the the conventional FLS consist of 4 input variables (n = 4) namely

x1, x2, x3 andx4 are modelled with 3 fuzzy sets (m= 3): pb, zeandnb. Figs. 3.2 and 3.3

show the MFs of all input, intermediate output and output variable for seesaw control. A

summary of FLS and both HFSs is presented in Table 3.1. The total number of rules for this

standard FLS of a seesaw control is obtained bymn = 34 = 81 rules and can be illustrated as

follows:

• IF x1 is nbAND x2 is nbAND x3 is nbAND x4 is nbTHEN y is nb,

• IF x1 is nbAND x2 is nbAND x3 is nbAND x4 is zeTHEN y is nb,

• IF x1 is nbAND x2 is nbAND x3 is nbAND x4 is pbTHEN y is nm,

• IF x1 is nbAND x2 is nbAND x3 is zeAND x4 is nbTHEN y is nb,

• IF x1 is nbAND x2 is nbAND x3 is zeAND x4 is zeTHEN y is nm,
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• IF x1 is nbAND x2 is nbAND x3 is zeAND x4 is zeTHEN y is ns,
...

• IF x1 is pbAND x2 is pbAND x3 is pbAND x4 is pbTHEN y is pb.

Fig. 3.2 MFs for all inputsx1, x2, x3, x4 and also intermediate output in HFSs namelyy1 and
y2

Fig. 3.3 MFs for output variable,y for Seesaw control
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