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Abstract

Cardiovascular diseases are closely related to atherosclerosis, a medical con-
dition that consists of a local narrowing of the artery diameter due to the
thickening of the artery wall. This narrowing, also known as stenosis, is
caused by an accumulation of fatty substances, also known as plaque, in the
intima layer of the artery. One of the biggest risks is the rupture of the
plaque cap, which may lead to the formation of a blood clot. If this clot
moves into the circulation, it can potentially block the blood supply to key
organs in the human body, leading to life-threatening conditions. Typical
locations where plaque may appear are the carotid arteries in the neck, the
coronary arteries in the heart, and renal arteries in the kidneys.

The main objective of this thesis is to shed light on the plaque rupture
process using numerical simulations. Specifically, as stated in the title, the
goal is to study the fluid and solid mechanics of atherosclerotic plaques using
fluid-structure interaction. In order to do this, several models of idealised,
atherosclerotic arteries are presented. The blood flow is modelled as steady,
incompressible and Newtonian, whereas both linear elastic and hyperelastic
behaviours are used to model the artery wall and the plaque.

The results are divided into three main chapters. First, an axisymmetric,
thin-wall artery model is analysed. The primary aim is to provide an overview

of the main physics that are present in this configuration. Second, a similar



atherosclerotic artery is studied, including the modelling of the plaque. The
stress distributions along the geometry are analysed in order to determine
how the different parameters affect the stress distributions and, potentially,
the location of the rupture. Finally, an eccentric, three-dimensional model
is introduced. A subsequent parametric analysis is performed, including the
comparison to the previous axisymmetric models. In order to perform the
simulations, the commercial software COMSOL Multiphysics has been used.

Among the main conclusions, it should be highlighted that a variation
of the stiffness of certain components of the plaque may change the stress
distribution significantly. This can have an effect on the location of the stress
peaks, hence impacting the potential location of a rupture. Other common
features of a plaque, such as positive remodelling, also affect the overall levels
of stress, suggesting that certain plaques are more vulnerable than those that
do not present remodelling. The comparison of the three-dimensional to the
axisymmetric models showed that there are general features that can be
observed with the simpler, axisymmetric models. However, some particular
traits of the eccentric plaques were only observed in the three-dimensional

configurations.
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Chapter 1

Introduction

1.1 Aims and objectives

The objective of this thesis is to shed some light on the initiation of a pro-
cess called plague rupture in atherosclerosis. The novelty of the approach
exposed here is that the potential axial locations of the rupture are predicted
by analysing the stress elds along an atherosclerotic vessel. Speci cally, the
axial distribution of stress will be investigated in detail by carrying out several
parametric analyses, starting with simple, two-dimensional models before in-
troducing more complex geometries. The aim will be to identify how di erent
mechanical features and geometric con gurations can impact the location of
the rupture. In order to do this, numerical simulations of blood ow through
idealised geometries will be performed in the following chapters. Ultimately,
identifying which features a ect the location of the rupture using idealised
models could be a useful tool and help diagnosing patient-speci ¢ plagues.

This thesis is organised in three main parts.

First, the introduction to this work is presented in Chapter 1, along with a

literature review showing the studies that have been published in the area of



atherosclerosis and plaque rupture. Chapter 2 starts with an introduction to
the nite element method, which is the numerical technique used to perform
the simulations; alternative methods are mentioned afterwards, followed by
a formal presentation of the uid-structure interaction framework and the
governing equations used in the present thesis.

The second part includes the presentation and discussion of the results
from the numerical simulations. Speci cally, the analysis of a thin, elastic
wall with steady ow conditions through an axisymmetric geometry is pre-
sented in Chapter 3. A parametric study is performed and several features
of the ow and of the solid are analysed. The model is further re ned in
Chapter 4, with the introduction of the plaque; in particular, the stenotic
region of the artery wall includes a lipid core and a brous cap to improve
the model of an atherosclerotic plaque. The axial distribution of rst princi-
pal stress along the wall is analysed in order to investigate potential sites of
plaque rupture. Finally, Chapter 5 extends the results obtained in Chapter
4 to a three-dimensional space. Specically, a fully three-dimensional, ec-
centric plaque model is analysed and compared to the two-dimensional cases
studied previously.

The last part, following the results observed in the current simulations,
introduces the proposal of the future work. This is presented in Chapter
6, where some research options that may be of interest as a next step are
discussed, including the modelling of a more complex geometry and a further
analysis of the results. This could be considered as an extension of the work

presented in this thesis and a logical next step.



1.2 Literature review

1.2.1 Atherosclerosis and plaque rupture

Atherosclerosis is a disease that occurs when fatty substances, known as
plaque build up in the intima layer of an artery [1, 2]. The deposition of
macrophage cells in the subendothelial region is one of the early symptons
of the disease, along with an accumulation of extracellular lipids that leads
to the formation of a lipid or necrotic core [3, 4]. This provokes a narrow-
ing of the a ected vessel, creating a constriction of the artery, as shown in
the diagram depicted in gure 1.1. The narrowing of the arterial lumen is
called astenosis a term that derives from the Ancient Greek wordstenwsic,
\narrowing" [5].

The plaque may grow to the point of blocking the blood ow through
the artery. However, this is not the most important complication; the worst-
case scenario is the rupture of the covering of the plaque, th®ous cap [1].

In this case, the inner components of the plaque may move into circulation
creating a blood clot, or thrombus. The clot may eventually block the ow
through the artery and stop the blood supply to vital organs [7], such as the
heart, the kidneys or the brain. This in turn can result in life-threatening
conditions such as coronary artery disease, renal infarction or stroke [8{10],
depending on the location of the occlusion.

The focus of this work is to study atherosclerosis in one particular loca-
tion: the human carotid artery. This vessel is responsible for supplying the
head and neck with blood [11]. The human body has two carotid vessels,
located on each side of the neck. Each artery bifurcates into the external and
the internal carotid arteries. The external branch supplies mainly the face

and the neck, while the internal vessel is responsible for supplying the brain



Fig. 1.1:. Atherosclerosis diagram. (A) shows a normal artery; (B) shows the
narrowing of an artery due to the accumulation of plague. Source: National
Heart, Lung, and Blood Institute; National Institutes of Health; U.S. Department

of Health and Human Services [6]. The image is in the public domain.



with blood. A graphic representation of the arteries is shown in gure 1.2,
which presents one of Gray's drawings [11].

The mechanisms behind disease initiation, progression and rupture are
diverse. For example, genetic factors such as elevated levels of lipoproteins,
elevated blood pressure, gender or family history play a role in atheroscle-
rosis. Other environmental factors such as diet, lack of exercise or smoking
are also associated with this phenomenon [1]. In addition, cellular interac-
tions are important in atherogenesis (disease initiation) as well, especially
elements like platelets and macrophages [10], which have higher probabil-
ity of deposition in stenotic regions [12]. On the other hand, it has been
suggested that lipid-rich plagues may more easily detach from the wall [3,
13], so the composition of the plague is also important when considering the
vulnerability. In summary, there are several factors of di erent nature that
a ect the apparition of atherosclerosis, and in uence the development and
possible rupture of the plaque. Some of those are not within the scope of
this study, as this work is focused on the mechanical aspects that a ect the
rupture of the plaque.

Finally, as to why it is relevant to study this problem, it should be noted
that atherosclerosis' most common manifestations are cardiovascular diseases
[14, 15], which were the leading cause of death in the world in 2015 [16].
According to the same report, compiled by the World Health Organization,
cardiovascular diseases accounted for more than a quarter of the 56.4 million
deaths globally during that year. In particular, coronary heart disease and
stroke were reported as the leading causes of death every year from the year
2000 to 2015.

A similar pattern is observed by looking at the European Union only.

Eurostat, the statistical o ce of the European Union, reported that cardio-



Fig. 1.2: Graphical representation of the right human carotid artery [11]. The

image is in the public domain.



vascular diseases were the leading cause of death in 2014 among the twenty-
eight EU member states [17], accounting for 1.8 million deaths out of a total
of almost ve million. Putting that in context, the second largest cause of
death was cancer, which accounted for 1.3 million deaths, while the third
cause were diseases related to the respiratory system.

In summary, plaque rupture is a process closely related to cardiovascular
diseases that still are the most common cause of death. Understanding the
mechanisms of plaque rupture could prove to be a very important aspect at
the time of diagnosis: some plagues may require surgery, while others may
be less prone to rupture and therefore may not pose a risk to the health of

the individual.

1.2.2 Fluid dynamics simulations

As it was explained in the previous section, apart from environmental or
biochemical factors, the uid dynamics of the blood ow, also known as
hemodynamics, can play an important role in the early stages of a cardio-
vascular disease. To further investigate this topic, some studies have looked
at the local velocity distributions and the shear stresses as important factors
to consider in atherosclerosis [18].

The need for blood ow simulations arose as it was di cult to obtain
detailed information about the ow patterns using non-invasive techniques,
and thus numerical simulations were required. For instance, Ku performed
unsteady blood ow simulations in order to study the biological response to
unusual ow conditions [19]. Among other results, it was suggested that the
local nature of the arterial diseases was caused by local factors, and therefore
there was a great interest in studying in detail the local ow distributions.

In addition, when analysing the uid velocity pro les, he considered the use



of the Womersley number, , which gives an idea of the relationship between
the unsteady and the viscous forces within the ow [20]. In particular, =
(D:2)Io 1=, where D denotes the artery diameter,! de nes the angular
frequency of the unsteady ow, and is the kinematic viscosity of the blood.

The study of the blood ow is a broad eld, with a wide range of works,
from vertebral arteries simulation [21] to control optimisation [22]. In the
following, several blood- ow-related works from di erent backgrounds will
be presented in order to summarise some of the existing state of this research
area.

As mentioned before, this work is focused on the mechanical factors
around the plaque rupture process. In particular, special attention is given
to the structural mechanics (e.g. stiness) of the artery and the plaque it-
self due to the forces that the blood ow induces around it. From a uid
dynamics point of view, the plaque in the artery can be seen as an obstacle
that reduces the cross-sectional area available for the ow, as shown in gure
1.1. As a simpli cation, the problem can basically be described as a uid
(in this practical case, blood), owing through a pipe (the artery) that has
a constriction at some point (the stenosis). This is usually called stenotic
ow, and it is a wide subject that has been extensively studied in the uid
dynamics community [23{29]. The size of the lesion is usually described by
the stenosis severitywhich is a parameter that de nes the reduction in cross-
sectional area. Other expressions that refer to the same concept are degree
of stenosis or area occlusion.

Usually, the geometries were considered axisymmetric and the walls were
considered rigid. For instance, in 2005, Sherwin and Blackburn focused on the
ow instabilities and transition to turbulence in a three-dimensional stenosis

with a 75% area occlusion [24]. They localised regions of strong turbulence



related to high shear stress gradients, which are believed to play a role in
the onset of vascular diseases. The topic of the in uence of the wall shear
stress on atherosclerosis has been a matter of discussion, as it is also con-
sidered that low, oscillatory shear stresses happen at vulnerable locations
[23]. \ktel et al. also studied the transition to turbulence using a similar
axisymmetric geometry, but from an experimental point of view [30]. In par-
ticular, the latter authors reported that the degree of asymmetry of the ow
increased when the Reynolds increased, and observed non-stationary e ects
for Reynolds higher than 400. Others have dealt with optimal boundary per-
turbations to the steady ow, illustrating that signi cant transient energy
growth is induced when the perturbation was convected downstream by the
ow [31]. The stability of the ow was also analysed in similar axisymmetric
geometries; for instance, Loh and Blackburn analysed the ow through a
corrugated pipe, imposing a sinusoidal variation on the diameter along the
axial direction [32]. They found separation when the Reynolds number or
the height of the axial corrugation increased.

Varghese et al. also performed three-dimensional fully resolved direct nu-
merical simulations of steady ows through a tube with a 75 % area reduction
[25]. They studied a range of Reynolds numbers, from 500 to 1000, intro-
ducing a geometric perturbation with the aim of studying the ow transition
from a laminar to a turbulent regime. For the axisymmetric con guration,
their simulations predicted a laminar ow eld downstream the constriction
for all Reynolds numbers. On the contrary, the inclusion of a certain degree
of eccentricity led to localised transition to turbulence when the Reynolds
increased to 1000. A second part of their work focused on pulsatile ow,
which introduced time-dependent analyses [26]. Again, the results showed

a laminar ow eld downstream the stenosis, and a periodic transition to



turbulence when the eccentricity was included.

Other groups have also studied the e ects of small asymmetries on the
OwW con guration, again by means of a stenosis eccentricity. In particular,
Grith et al. compared the di erences observed among experimental and
numerical studies [28]. They suggested that the presence of asymmetries
is inevitable within an experimental setup and therefore steady asymmet-
ric ow is obtained even in axisymmetric geometries (which explained the
results observed by \etel et al. [30]). On the other hand, there are no ge-
ometrical imperfections on numerical simulations (provided that the mesh
does not introduce any asymmetries), therefore an axisymmetric steady ow
was expected when studying axisymmetric geometries for a certain range of
Reynolds numbers. A similar numerical study of a stenosis with a steady
in ow was performed by Samuelsson et al. a few years later, where the intro-
duction of a perturbation in the geometry lowered the ow critical transition
Reynolds number [29]. Speci cally, increasing the eccentricity of the steno-
sis constriction to just a 3% of the inlet diameter halved the transition
Reynolds number.

Besides the eccentricty, the in uence of the shape of the stenosis itself
has been considered as well, by varying the geometry of an idealised plaque.
A guantitative study on the di erent geometric aspects of a coronary plaque
of multiple patients was performed by Ledru et al. [33]. Among other nd-
ings, they reported that the steepness of the out ow stenosis angle as one
important factor that predicted later infarctions. Flow separation increased
when the out ow angle was more abrupt, suggesting that this could lead
to wall vibration. On the other hand, the inlet angles did not a ect the
results. Lorenzini and Casalena also investigated the ow velocity pro les

for di erent plague shapes: a triangle, a semi-ellipse and a trapezium [34].
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They found the recirculation region to be greatly a ected by the slope of the
plaque contour in the stenosis region of a rigid artery. They identi ed the
trapezium shape to be the most severe case, being related to higher peak
velocities and strains.

Another interesting point was the in uence of a smooth or irregular sur-
face. Stroud et al. analysed the e ect of the stenosis shape and irregularities
on the ow through a rigid stenosis [35]. They found that the degree of
stenosis did not fully de ne the ow, since two arteries with equal stenosis
severity but di erent plaque morphology could lead to di erent shear stress
distributions. They also reported a higher wall shear stress when the surface
irregularity was included, and a signi cant change in the spatial wall shear
distribution for cratered vessels that modelled ulceration. Others have varied
the height and the width of a smooth, two-dimensional stenosis to study the
geometric e ect of a plaque [36]. They found that the height of the plaque,
i.e. the stenosis severity, was the most important of those two variables,
showing higher wall shear stress distributions and gradients, while the wall
normal stresses increased only downstream the plague. On the other hand,
the e ect of stenosis length and the gap in a double stenosis was analysed by
Nandakumar and Anand by performing simulations of a rigid-walled channel
at a relatively high Reynolds Re = 4000) [37]. They reported an increase
of the wall shear stress peak for larger stenosis lengths, and that this e ect
had more in uence than the gap between stenoses.

As a nal note, the biomechanics community has mainly considered more
realistic geometries than those mentioned in stenotic ow studies. The reason
for this is that the focus of the biomechanical studies is on the features and
e ects that are directly related to the biological problem (the ow through

the artery), rather than analysing the pure nature of the ow as in the uid
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dynamics studies. It is a fairly common practice to consider geometries re-
constructed from medical images. For example, Stroud et al. analysed the
two-dimensional ow through a carotid bifurcation modelled after a patient-
speci ¢ geometry [38]. They tested several Reynolds number regimes and
reported, among other observations, high wall shear stresses and high shear
gradients. Another representative example is the work carried out by John-
ston et al. [39]. Instead of focusing on an idealised axisymmetric pipe,
numerical simulations were performed for four types of three-dimensional
arteries, which had been reconstructed from medical images. Using a pul-
satile in ow, they studied the in uence of di erent viscosity models, including
non-Newtonian ones. They concluded that the Newtonian model was a good
choice overall; the non-Newtonian e ects were found to be signi cant only
when the blood ow was slow. The importance of the blood viscosity model
used was also analysed in later studies, which considered the time-dependent
ow through an axisymmetric artery [40]. In addition, Soulis et al. employed
non-Newtonian viscosity models for the blood owing through a realistic ar-
terial geometry, concluding that the most accurate models were based on the

Power Law models [41].

1.2.3 Inuence of the elasticity of the wall

Most of the studies mentioned so far focused on the blood ow simulations
through rigid artery models. However, it is essential to compute the stresses
on the vessel wall when analysing the plague rupture, and these stresses
depend on the vessel elasticity; if the wall is elastic, the stresses on it due to
the ow will actually deform the wall. Therefore, the whole situation becomes

a uid-structure interaction problem. In the following, the abbreviation FSI

will be used to refer to this kind of study.

12



There are two di erent approaches to this con guration [42]. The rstone
is known as one-way coupling, which applies when the solid displacements
are relatively small. In this case, the solid is deformed by the stress caused
by the ow, but the wall deformation is not considered to modify the ow,
which remains unchanged. Therefore, mesh deformation is not taken into
account in the ow simulations, if the one-way coupling approach is adopted.
The second approach is the two-way coupling, which accounts for larger
wall displacements that, at the same time, are allowed to have an e ect on
the ow. Plaque rupture is by de nition a process where relatively large
deformation occurs. As the nal goal of this research is to shed light on the
rupture process, wall deformation needs to be introduced, and thus two-way
coupling is considered before making any other assumptions.

There have been a few FSI studies in the literature regarding elastic-
walled pipes. One of the rst to consider the elasticity of the wall were Luo
and Pedley, who studied both steady and unsteady ows through a two-
dimensional collapsible channel [43, 44]. Speci cally, one of the walls was
rigid while the other had a portion made of a nite-length elastic membrane.
The membrane was deformed due to the pressure di erence between the
internal and the external areas. The authors performed numerical simula-
tions based on the nite-element method using three control parameters: the
dimensionless ow rate, the pressure di erence and the tension in the mem-
brane. By implementing an iterative approach, they solved the ow problem
and the wall motion separately, but taking into account the interface bound-
ary condition in every time step. They reported that it was di cult to achieve
convergence when the membrane tension was reduced, i.e. when the mem-
brane was more exible. In addition, they analysed the stability of the ow

by imposing some disturbances on the steady solution. It was observed that
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the unsteady solution approached the steady one (i.e. the steady solution
was stable) for any tension of the membrane when the Reynolds number was
under a certain threshold, typically smaller than 100. When the Reynolds

increased, the solution remained stable only if the tension was large enough.

A similar con guration was analysed in later studies, but considering
a three-dimensional collapsible tube rather than a two-dimensional channel
[45, 46]. In particular, Heil and Jensen reviewed the main works in the eld,
from the one-dimensional approach to a fully three-dimensional problem,
where the collapsible tube was modelled using a thin-walled elastic shell,
and a linear stress-strain relation [45]. They found some di erences between
the tubes simulations and the two-dimensional cases, such as the apparition
of two ow branches around the most deformed part of the tube near the
centre-line, and concluded that there are features that cannot be reproduced
with lower-dimensional models.

Tang et al. performed FSI simulations of an axisymmetric stenotic tube
with a thin, elastic wall [47]. Among other observations, they reported a
negative stress at the throat of the stenosis, which meant that the wall at
the maximum constriction section was compressed. Later on, they followed
the investigations with three-dimensional simulations and introducing asym-
metry, modelling both a thin-wall and a thick-wall stenosis [48, 49]. In the
case of the thin-wall model, they reported that the stenosis severity had a
great e ect on wall stresses, showing a signi cant increase when the con-
striction area was smaller [49]. For the thick-wall model, they observed that
the ow features were similar to those observed in the thin-wall case [48].
The stenosis severity seemed to a ect the deformation and the wall stresses,
as the stiness of the model was a ected when varying the area occlusion.

This team also observed that the asymmetry of a stenotic model led to an
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increase of the compressive stress in the vessel wall [50]. A similar analysis
of an idealised stenosis had been performed by Bathe and Kamm as well,
who reported an increase of the circumferential wall stress downstream the
stenosis during peak ow [51]. Finally, it is worth mentioning another anal-
ysis that studied the plaque stress in an axisymmetric stenosis [52]. They
found the maximum plaque stress at the inlet and at the outlet sections of
the stenosis. However, as they point out in the discussion, the lipid core
of the plaque was not included in their model, so the stress eld should be
analysed with caution.

The in uence of an elastic wall on the ow through a stenosis geometry
was also considered by Moayeri et al. [53]. They performed time-dependent
FSI simulations of an axisymmetric stenosis, analysing the e ects of an elastic
vessel on the wall displacements and stresses. In particular, they related the
deformability of the wall to a decrease of the wall shear stresses, and to an
increase of the time-averaged pressure drop. A subsequent study of an elastic
renal artery stenosis concluded that the displacements of the wall were driven
by the uid pressure [54]. In addition, the latter authors concluded that the
displacement was lower for stenotic geometries than for healthy non-stenotic
arteries, due to the di erences in sti ness. However, this analysis did not take
into account the modelling of the lipid core, which may impact the results. An
experimental approach was followed by Usmani and Muralidhar, comparing
the ow through a rigid and an elastic model [55]. They found a decrease of
the size of the vortex in the recirculation region when the Womersley number
increased, that is, when the period of the pulsatile ow was smaller. They
also reported lower values of the wall shear stress for the compliant model
than for the rigid one, in agreement with previously published results [53].

Another FSI study analysed the e ect of surface irregularities in a stenosis
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from a mathematical point of view [56]. They compared velocity pro les and
wall shear stresses for smooth and irregular geometries, reporting signi cant
di erences in magnitude, depending on the location and on the time instant
during the period. Although they implemented a viscoelastic model for the
solid, they did not analyse the stress inside the wall (other than the shear
stress at the wall surface). Liu et al. studied the e ect of the location of the
narrowest section of the stenosis [57]. For the same severity, they varied the
axial position of the section of maximum constriction and analysed the stress
and ow elds. They found that the plaque was more vulnerable when the
maximum constriction was located proximally (i.e. closer to the upstream
end of the stenosis) due to a higher stress value. If the maximum constriction
was located distally (i.e. closer to the downstream end of the stenosis), they
identi ed a higher risk of thrombus formation, due to high shear rates and

large recirculation regions.

1.2.4 Cross-sectional structural analyses

From a biomechanics perspective, rather than focusing on the ow dynamics,
it is important to consider the stresses that the uid pressure induces on the
vessel wall. The main goal is the analysis of the plague rupture, rather than
the initiation or progression of atherosclerosis. Therefore, the rst works on
this subject were structural analyses.

The rst detailed study of the stress distributions and their in uence in
plaque rupture was performed by Richardson et al. [58], who investigated
the rupture locations in coronary arteries. They studied 71 cross-sectional
samples, 67 of which had an eccentric lipid pool. They found that 63 % of the
eccentric plaques fractured at the junction of the cap with the adjacent layer

of the artery, while the rest presented fractures at the middle of the cap. For
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the remaining samples the lipid pool was concentric, So no speci ¢ rupture lo-
cation could be indicated. A diagram showing the di erent rupture locations

is shown in gure 1.3. Other authors that investigated this con guration
found results consistent with these ndings [59{61]. Loree et al. performed
two-dimensional nite element simulations of di erent artery cross-sections,
with and without lipid core [59]. They found that the maximum stress on the
plague increased when the brous cap thickness decreased. It was suggested
as well that the plaque rupture site may be at the same location where the
peak stresses were observed. However, other factors such as local variations
of the material properties may in uence the rupture location as well [60]. In

a later study they also reported that sti er lipid cores decreased the peak
stresses on the plaque [62]. These ndings were further investigated by Li
et al., who carried out a study where the artery geometry was subjected to
pulse pressure loading [63]. Apart from the absolute values of sti ness, they
noticed that the ratio of the sti ness of the brous cap to the sti ness of the
lipid core played an important role as well. Speci cally, the stress on the
plague increased when the relative sti ness increased.

Summarising, the majority of the ruptures are not always found at the
same locations. For example, Virmani et al. found that the rupture took
place most often at the central region rather than at the junction of the cap
with the adjacent layer of the artery [64]. They refer to this junction as the
plague shouldersa term that is commonly used in the literature [61, 63, 65].
For clari cation, a rupture found at the plaque shoulders of a cross-section
of an artery would correspond to the location indicated by the red arrow in
gure 1.3A.

Among other structural analyses, Huang et al. studied the in uence of

calci cation in plagues, concluding that it did not result in an increase of the
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Fig. 1.3: Cross-section diagrams of an atherosclerotic artery. The red arrow
denotes the rupture site. (A) Rupture of an eccentric plaque at the junction of
the cap with the adjacent layer of the artery; (B) rupture of an eccentric plaque

through the centre of the cap; (C) rupture of a concentric plaque.

brous cap stresses [66]. They modelled several artery cross-sections based on
coronary arteries obtained from 20 patients. They applied a constant internal
pressure and found that the stability of the plaque was more dependent on
the lipid core rather than on the calcied parts of the plague. Similarly,

in other analyses assessing plague vulnerability, the lipid- lled plagues were
found to more likely to rupture than calci ed plaques, which were expected

to remain stable [67].

On the other hand, Li et al. identi ed the di erences in stress patterns
between symptomatic and asymptomatic plaques [65]. It was reported that
symptomatic plagues presented higher stress concentrations, and therefore
they may be more vulnerable than asymptomatic plaques. As plaques are
subjected to cyclical loading due to the pulsatile nature of the blood ow,
other group analysed the crack propagation process in a attempt to predict
fatigue life [68]. They found that the main factors a ecting fatigue in coro-
nary arteries were the blood pressure and the lipid core stiness. Finally,

Creane et al. used three-dimensional patient-speci ¢ geometries and intro-
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duced a new index to provide an indication of plaque vulnerability [69]. This
index was related to the lumen curvature in the cross-section of the vessel,

and it was usually higher at the plaque shoulders.

1.2.5 Plaque stress along the axial direction

The studies reviewed in the previous section are mostly nite element sim-
ulations of di erent artery models subjected to a speci c internal pressure.
In addition, the usual approach is to investigate the rupture site of plaque in
the vessel cross-section [58, 63]. But, what about the axial direction?

Due to the complex nature of the plaque geometry in the axial, or longi-
tudinal, direction, it could be considered that the location of the rupture has
not been precisely identi ed. Back in 1992, Falk stated that the rupture of
stenotic plaques could take place upstream, downstream or at the point of the
maximum narrowing [3]. For carotid arteries in particular, he reported that
some studies found ruptures mostly in the upstream region of the stenosis,
while others reported that they took place at the constriction, or minimum
lumen section. A few years later, it was suggested that the di erence in com-
position between the upstream and downstream regions of the stenosis could
impact the location of the rupture [70]. Speci cally, the upstream region was
considered to be the most vulnerable part, evidenced by a larger macrophage
presence in the region. On the other hand, more smooth muscle cells were
found in the downstream part, something that could explain a slow growth
of the plaque. Lovett and Rothwell found that the upstream region was also
more prone to ulceration [71], i.e. a irregularity on the surface of the arterial
lumen that exposes a portion of the plaque to the blood ow [72]. They
related this to the higher shear stresses found upstream the stenosis.

A structural-only analysis was performed by Imoto et al., studying an ax-
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isymmetric plaque subjected to a uniform internal pressure [73]. The location
of the maximum stress was usually found where the thickness of the brous
cap was smallest, in agreement with previously published observations of two-
dimensional models [59]. In addition, they reported that a larger core did
not in uence the stress should the cap thickness remain constant. However,
this last result was further discussed by Ohayon et al. around three years
later, who published a two-dimensional study of the in uence of the lipid
core thickness on the plaque stresses [74]. By modelling several atheroscle-
rotic artery cross-sections, they analysed the stress eld for di erent shapes
of the lipid core. They showed that a larger lipid core thickness, i.e. a larger
lipid core, led to a signi cant increase of the stress on the brous cap when
its thickness remained constant. This result was contrary to the observa-
tions reported by Imoto et al. [73]. The explanation for this di erence was
that the conclusions reported by Imoto et al. for an axisymmetric model
were not applicable to the eccentric con gurations analysed by Ohayon et
al, who indicated that the size of the lipid core is a key factor regarding the

vulnerability of plaques [74].

1.2.6 Considerations about the modelling of the artery

When performing the aforementioned studies (either in the cross-sectional
or in the longitudinal direction), one important aspect to consider is the
modelling of the artery itself. A human vessel like the carotid artery is a
soft tissue; hence, its behaviour is more complex to model than that of a
metallic structure [75], due to diverse factors. First, two constituents, elastin
and collagen, are believed to play a key role in the characterisation of the
mechanical behaviour of these materials [76, 77]. Second, soft tissues are non-

homogeneous and present anisotropy (i.e. the mechanical properties vary
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Fig. 1.4: Representation of the micro-structure of an artery showing the three
layers: tunica intima, tunica media and tunica adventitia (externa). Image by
the Blausen.com sta licensed under CC BY 3.0 [81].

depending on the direction of the stress) due to its bre-reinforced structure
[76]. And nally, the mechanical properties can be a ected by a large number
of diverse factors, such as age, temperature and pH, among others [76].
The structure of an artery can be described by three concentric layers, or
tunicae [11]: theintima, which is the innermost layer of the artery; themedia,
which is the thickest; and theadventitia (also known asexterna), which the
outermost layer [78]. These layers present di erent material properties [79];
in particular, the tunica intima and media have been found to be stier
than the tunica adventitia [76, 80]. An idealised representation of an artery

showing the multi-layer structure is shown in gure 1.4.
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Regarding the size, it is worth noting that the carotid arteries in particular
vary depending on the individual. For instance, Krejza et al. reported that
they are typically smaller in women, even after scaling with the size of the
body and the neck [82]. The total thickness can also vary betweerb@nm
and 15 mm approximately [83{85].

Some models have been considered to represent the complex micro-struc-
ture of the arterial tissues. For instance, the one proposed by Holzapfel et al.
characterised an idealised artery by two concentric layers: the media and the
adventitia [86]. They did not include the mechanical e ect of the intima, as
it was the thinnest layer and its mechanical properties were not as relevant as
those of the media and adventitia for healthy, young arteries. Still, it should
be noted that the intima plays an important role in atherosclerosis, as this
is the place where the rst signs of atherosclerosis are found, with the accu-
mulation of lipoprotein particles that can eventually develop into a plaque
[1]. However, the multi-layer structure and the anisotropic behaviour of the
carotid tissue make it di cult to implement a solid model when analysing
the blood ow through arteries. Therefore, it is not uncommon to consider
some simpli cations such as the one presented by Belzacq et al. [87]. By
using a modi ed version of the model proposed by Holzapfel et al., they con-
sidered weighted averages in order to combine the material properties of the
media and the adventitia. Therefore, the authors e ectively ended up with
a single-layer model that would make the uid-structure calculation simpler.

There are still some di culties present when modelling an artery, such
as the correct representation of the layers and the whole tissue. To further
simplify the model, one of the approaches commonly used in the literature
is the consideration of the vessel as an homogeneous, isotropic material (i.e.

the material properties are considered to be the same in all directions) and as
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a single-layer structure. This is a strategy widely used in the literature when
modelling uid-structure interaction con gurations [52, 88{92], as shown in
Section 1.2.7.

Another issue that arises when modelling an artery is the measure of
the values of the mechanical properties. Indeed, there is some disparity in
the literature regarding the material properties of the vessels, which may be
explained by the diculty of measuring those values. Some authors have
reported that the sti ness of the artery as a whole, described by the Young's
modulus, E, was in the order of the hundreds of kilopascals. For instance,
Riley et al. reported a signi cant increase of the Young's modulus of the
common carotid artery with age for both male and female subjects [93]. The
authors found that the average Young's modulus was 701 kPa for female pa-
tients in their forties, whereas said value increased to 965kPa for women
in their sixties. Similar results were observed for male patients, with the
Young's modulus increasing with age from an average of 771 kPa to 983 kPa.
In general, the average value was around 850kPa. In the case of the ma-
terial properties of animals, the results seemed to be within the same order
of magnitude. For example, Bergel reported values of 640kPa for the left
common carotid artery of dogs [94], as did Patel and Janicki, who found a
Young's modulus of 970 kPa [95].

When performing uid-structure simulations, some groups have used ma-
terial properties similar to those proposed by Riley et al. For instance, Gao
et al. considered a one-layered model of an aorta with a Young's modulus
of 840kPa [96]. Li et al. on the other hand described the artery by using a
softer model for the healthy part of the wall E = 400 kPa) and a sti er one
for the diseased regionE = 1:6 MPa) [52]. Higher values of sti ness how-

ever were reported by Mortazavinia et al., who de ned a Young's modulus of
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4:66 MPa [54]. As a side note, a direct comparison to the works of Holzapfel
et al. is not simple as the latter authors de ned two set of parameters: one
describing the isotropic behaviour of the artery, and other that modelled the
anisotropic part [86].

Another way to describe the material properties of a vessel is by de ning
the bulk modulus, K, which can be easily related to the Young's modulus for
homogeneous, isotropic materials. Indeel, = 3K (1 2 ) = 9KG=(3K + G),
where G denotes the shear modulus and is the Poisson ratio. Some works
that have used this notation have indirectly de ned a di erent value of the
Young's modulus which was signi cantly larger that the one reported by
Riley et al. Among them, Li et al. reported a value of 1600 MPa foK
[63, 65]. Assuming a Poisson ratio of:49 (a typical value used to describe
the material as nearly incompressible [87, 97]), the Young's modulus was
96 MPa. A similar value of 1500 MPa was used for the bulk modulus by
Rotman et al. in a experimental study [98]. Kock et al. also reported
values in the order of several MPa: speci cally, they usel = 600 MPa
and G = 6 MPa [90], therefore the equivalent Young's modulus was around
18 MPa. In summary, there appears to be a signi cant variability around the
elastic material properties of the carotid artery.

In addition, it should be taken into account that the material properties
of both the brous cap and the lipid core di er from those corresponding to
a healthy vessel. In general, the brous cap has been reported to be stier
than the nondiseased artery [99], whereas the lipid core has been consistently
considered to be around two orders of magnitude less sti than the artery
wall [62, 89].
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1.2.7 Fluid-structure interaction simulations

Once the modelling of the artery has been de ned, uid-structure interaction
simulations are usually considered in order to analyse the maximum stresses
on the artery wall. The methodology is similar to the one followed by the
studies reported in section 1.2.3, though the aim is signi cantly di erent.

In particular, the main objective of the works reported in section 1.2.3 was
the study of the ow eld, and the in uence of the elasticity of the wall on

di erent ow features. From a biomechanical point of view, however, the
main goal is to analyse the stresses exerted on the vessel wall due to the
blood ow, rather than the e ects on the ow itself. It is, in summary, a way

of approaching the same problem from another perspective and focusing on
other system features.

Following their initial works on the interaction between the ow and the
elastic wall [47{50], Tang et al. group incorporated the modelling of a lipid
core within the plaque, with di erent material properties to those of the
artery wall [88]. They considered an idealised, three-dimensional, asymmetric
stenosis, where the plaque contained a lipid core that was around one hundred
times softer than the vessel wall. The authors varied the size of the lipid
core, as well as varying the thickness of the brous cap. Since the in uence
of the cap thickness on the plague stresses is a key factor [59], it was not
straightforward to conclude how the lipid core size a ected the stress eld.
In general, they found that a smaller lipid pool lowered the stresses on the
wall, while a thinner brous cap increased them. The topic of the brous
cap thickness was further investigated by Li et al. [100]. They modelled
an eccentric stenosis and performed an FSI simulation while varying the
thickness of the cap and the stenosis severity. Their results were in agreement

with those presented by Tang et al. [88], reporting an increase of the stress
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levels when the thickness of the brous cap decreased. In addition, they
showed that similar levels of stress could be achieved for very di erent degrees
of stenosis, as the in uence of the thickness was much more important. They
highlighted that the most vulnerable plaques were those that presented a thin
cap and a severe stenosis. More recently, Yuan et al. analysed the e ects of
the material properties on the stress levels of a three-dimensional, idealised
model of an eccentric plaque [101]. They reported that a softer media layer
of the wall would result in higher stress in the cross-sectional shoulder of
the plaque, but highlighted that those ndings were largely a ected by the
thickness of the brous cap.

It is also worth mentioning other works that have studied the shape of
the stenosis as a main factor a ecting the stress eld along the vessel. For
example, Belzacq et al. found that a short stenosis was more vulnerable than
a long one, due to a change of the stress distribution that led to a particular
deformation eld along the plaque [87]. The same group further investigated
the geometry of a stenosis model, including shape irregularities, by modelling
evenly-spaced bumps along the vessel wall [102]. They reported an increase
of the plaque stresses if the stenosis wall presented those irregularities.

In 2004, Tang et al. introduced the modelling of patient-speci ¢ geome-
tries based on magnetic resonance imaging (MRI) [89, 103]. In line with
previous results, they found that large lipid cores and thin brous caps were
signs of high stresses on the plaque [89]. Similar results were observed in a
subsequent work, where they also reported an increase of the peak stresses
when the sti ness of the lipid core was halved [103]. Kock et al. performed
two-dimensional FSI simulations of a geometry based an vivo (\within
the living organism" [104]) MRI and found the highest stresses at the inlet

and outlet of the stenosis region [90]. On closer inspection, those locations
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seemed to be the ones where the brous cap was thinnest for that specic
geometry. They also stated that the wall shear stresses had been linked to
plaque growth rather than rupture, and they were several orders of magni-
tude lower than the wall principal stresses, which were linked to the plague
rupture. Similar results regarding the in uence of the plaque stress (specif-
ically, the maximum principal stress) rather than the ow shear stress were
reported later [105]. The link between high wall stresses and thin brous
caps was also reported in studies that focused on three-dimensional geome-
tries reconstructed fromin vivo MRI [91]. On the other hand, additional
studies reported that in half of the cases the maximum stress was located
upstream the stenosis, where the cap was thinnest [106], especially for severe
plaques [107].

As a general remark, MRI patient-speci ¢ models o er the advantage of
showing real plague con gurations, that may allow to predict the exact loca-
tion and magnitude of the peak stresses. This o ers valuable information for
the treatment and classi cation of plaques for each speci c case. One short-
coming, however, is the lack of generalisation due to the unique nature of
each geometry. In particular, it may be di cult to obtain general conclusions
from a complex, patient-speci ¢ model, and apply those conclusions to other
cases. That is where idealised geometries come into play, where the simpler
model may o er more generic results about the ow and structural elds and
may help stratifying which plaques are more likely to rupture based on the
stress distributions. This kind of model should be considered complementary
to the complex geometry simulations, as both o er insights about the plaque
rupture process. An idealised model allows a parametric analysis, where the
in uence of di erent features can be studied under a user-controlled envi-

ronment. The conclusions obtained from these simulations may be general
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results that could be applied later for patient-speci ¢ cases.

The aim of this thesis is to shed some light on the plaque rupture process.
The novelty of the work presented here lies on the approach taken to study
the problem. In particular, this thesis is focused on nding the potential
location of the rupture by considering the axial stress distributions on the
vessel. The results obtained in this work could prove to be valuable on
later research, as they may help in situations dealing with patient-speci c
geometries. For instance, based on the results found for analyses of idealised
models, some geometrical features observed in a subject-speci ¢ plaque could
point to a certain vulnerable region, or even help di erentiating plaques that
need surgical intervention from those which do not.

In order to do this study, works that analysed the stress eld along the
plaque have been summarised in the present review, as the plaque is expected
to rupture at the locations where the wall stresses are high. It is worth point-
ing out that the relationship between high stresses on the plague and rupture
sites had to be challenged at some point, and that analysis on this was car-
ried out by Tang et al. in 2009 [108]. In that article they showed that plaque
ruptures usually took place where the maximum principal stresses were the
highest. Therefore, the focus here is on the mechanical factors related to
the blood ow and the artery wall, even though there are other elements
that could in uence the rupture such as biochemical reactions between the
blood cells and the vessel wall. The main hypothesis that will be introduced
in Chapter 4 is that the lipid core sti ness, along with the geometry, have
a great impact on the stress distribution and, hence, on the location of the
maximum stresses. The objective of this chapter will be to nd potential sites
of rupture based on the axial stress distributions, and analyse how those lo-

cations vary with regards to the di erent parameters considered. For the
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three-dimensional analysis, the hypothesis will be that the sites of rupture
are in uenced by the same factors that a ected the location of the rupture
for two-dimensional plagues. This statement will be tested in Chapter 5,
along with the study of the features that only apply to a three-dimensional
case, such as the distribution of stresses along the cross-sectional direction

of the model.
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Chapter 2

Methods

2.1 The nite element method

2.1.1 Introduction

In general, the uid-structure interaction problem of the blood ow through
an elastic stenosis cannot be solved analytically, unless there are many sim-
pli cations. Therefore, numerical simulations have become the best approach
to analyse this kind of con guration. There are several techniques available
for the numerical solution of uid-structure interaction problems and, among
them, solvers based on the so-called nite element method are perhaps the
most common. Another approach worth mentioning is the spectral element
method [109], which derived from the standard nite element method and is
used within the uid dynamics community.

The nite element method, often abbreviated as FEM, is a numerical
technique that is used to nd the solution to problems where the physics are
described by a system of partial di erential equations [110]. In the beginning,

the rst applications were focused on solving structural mechanics problems
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[111]. Later on it has been applied to a broad number of elds, such as
electromagnetism [112], uid dynamics [113] or heat transfer [114].

The general idea behind the method is the division of a continuous do-
main into several smaller and simpler regions known asite elements. This
process is calledliscretisation. The discretisation leads to a matrix-vector
formulation of the system of equations, which can then be solved numerically.
The solution to the problem is obtained by using polynomial interpolation
at some prescribed points within each element, calletbdal points

One aspect to consider though is that every discretisation of a continuum
problem involves an approximation, which becomes more accurate with an
increasing number of elements [115]. In order to overcome this limitation, a
numerical method such as FEM o ers the exibility of increasing the number
of elements at the user's will, hence minimising the error. However, it should
be taken into account that the improved accuracy of the calculation derived
from increasing the number of elements involves an increase of the computa-
tional cost required to perform the simulation. This is the reason why some
kind of grid convergence criteria must be adopted. For instance, one could
discretise a uid domain with the goal of calculating the velocity eld. A
typical strategy would be to start with large elements and then re ne the
discretisation by gradually increasing the number of elements, i.e. decreas-
ing the size of each element. A user then may require to run the simulations
until the incremental changes of the velocity eld after consecutive iterations
are smaller than a certain value. The number of elements required to solve

the problem would then be imposed by the desired precision.

31



Performing a nite element method analysis requires some steps that can
be outlined as follows [110, 116]:

1. Discretisation of the continuous domain. The rst step involves the par-
tition of the continuous domain, , into a nite number N of smaller
subdomains (elements), .. These subdomains conform the nite el-
ementmesh The discretisation of a domain may be performed using
speci ¢ software or the pre-processing module of a nite element anal-
ysis package. Depending on the type of elements used, the mesh may
be:

Structured: the elements are regularly arranged and are usually
guadrilateral (in two-dimensional domains) or hexaedra (in three-
dimensional spaces). These are usually e cient meshes that con-
verge quicker to the solution. However, they are not very exible
and are not appropriate when meshing relatively complex geome-

tries.

Unstructured: the elements are arbitrarely arranged and may be
triangles (in 2-D) and tetrahedra (in 3-D). Contrary to the struc-
tured grids, the unstructured ones are not that e cient, but on
the other hand they can be used to mesh any kind of irregular

surface.

When the modelling requires any level of geometrical complexity, it
usually involves the use of an unstructured grid. However, the user
may be able to partition the model and separate simpler regions where
a regular structured grid may be of use, improving the convergence

of the simulation. In addition, the mesh may be re ned to improve
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the resolution only at some locations. This is known as local mesh

re nement, and it is done to improve the e ciency of the simulation.

. De nition of the element equations. This is at the core of the nite
element analysis, since the idea behind the method is to solve the equa-
tions by considering the discretised system. This step also includes the
de nition of the element properties. For instance, when de ning the
system of equations of a solid structure, the matrix that relates the
displacements to the loads depends on the material properties of the
structure. In addition, the polynomial interpolation functions need to
be de ned at the nodal points, by using the so-called shape functions.

This will allow to interpolate any eld variables over each element.

. Assembly of the element equations. All the equations de ned for each
local element must be combined, or assembled, in order to obtain a

global system of equations.

. Solution of the global system. Once the global system of equations
has been de ned, boundary conditions are usually imposed. In a solid
structure, this could take the form of an external force that is applied
at a certain boundary; in a ow dynamics problem, it could refer to an
imposed pressure pro le at any domain location. When the boundary
conditions are de ned, the system of equations can be solved numer-
ically using direct or iterative methods, for example. Ultimately, a
solution for each nodal point is computed. The convergence criteria
and the error estimation should be taken into account as well, to make

sure that the problem is solved to the desired degree of precision.

. Post-processing of the solution. The last step involves the calculation of

any other quantities or variables that may be of interest. For example,
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this could include the calculation of the maximum principal stresses in a
loaded structure, right after nding the displacement eld solution with
the nite element method. Alternatively, in a ow dynamics problem,

this step could refer to the calculation of the wall shear stresses.

2.1.2 Formulation example

The following gives a general idea of the formulation required to solve a struc-
tural mechanics problem by using the nite element method. This example
is relevant as the equations presented here are actually part of the governing
equations used in this thesis to model the artery wall, as it will be shown
in Section 2.4. The process to solve any other problem using FEM, such as
uid dynamics, would be analogue, but applied to a di erent set of govern-
ing equations. In this case, the physics are described by the following set of

equations:

First, the equilibrium equation, which derives from Newton's second

law of motion:

r o +f = @ =@ (2.2)

In this expression, denotes the Cauchy stress tensof, is the body
force vector, refers to the density of the solid, denotes the displace-
ment vector andt is the time. In the following, the time-dependent

term @ =@ will be denoted by *, for simplicity.

The second condition is the strain-displacement equation, which is
given by
=D ; (2.2)

where" refers to the deformation of the solid and is a tensor that

de nes the relation between the deformation and the displacements.
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For small deformations, this equation may be dened a§ = D =

r +r T =2.

The last equation required is the constitutive equation, which relates
the stress tensor with the deformations. In general, this equation takes

the form

= () (2.3)

The simplest case would be that of the linear elasticity. In that situa-
tion, the constitutive relation would be = E", whereE refers to the
elasticity tensor. On the other hand, for more complex, hyperelastic
models the relation would take the form = @W=@whereW denotes

the strain energy density function.

Once the governing equations are de ned, the rst step to solve the system
would be to divide the spatial domain into smaller, nite elements. Using
a notation in the same way as previous works found in the literature [117],
this means that the real domain is approximated by a domain de ned by
the user, *, which is equal to the sum of all the nite subdomains. The

mathematical expression would be

X
= e (2.4)

e=1

N

where . de nes the subdomain of each elemer# and N denotes the
total number of elements in which the domain is discretised. The same

discretisation is performed for the boundary, , of the domain: =
P N

e=1 €

Similarly, a generic time-dependent displacement eld(x;t)* is approx-

Ix denotes the position andt the time.
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imated by another vector, " de ned by

(x;t) "= N(x)q(t): (2.5)

In the former expression, the approximated displacement eld is de ned
by using interpolation functions at the nodal points. In particular,N refers
to the matrix of shape functions used to approximate the solution, and are
the time-dependent displacements of the nodal points. The vectoris the
unknown to be determined from the global equation system.

At this moment, the equation 2.2 may be rewritten as

=D DNqg = Baq; (2.6)

where the tensorB = ND has been introduced and de nes the relation

between the deformation eld and the nodal displacements.

2.1.3 Weak form

Before implementing these expressions, it is important to obtain theveak
form (also known as variational form) of the equilibrium equation. The weak
form is a scalar equation obtained by multiplying the system of equations by
an arbitrary function, integrating the resulting expression over the domain
and, nally, setting the result to zero [118].

A common weak form in structure mechanics is obtained when the ar-
bitrary function is a virtual displacement, . In this case, the weak form
is denoted as the virtual work of the system [118]. For an elastic struc-
ture as the one modelled in this example, the virtual work is a derivation of
the Galerkin expression,G. In this case, considering equation 2.1 and the

de nition of virtual work, the Galerkin expression is given by
Z

G= Tr o o+f ¢ d =0 2.7)
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Taken into account the equations de ned previously and using integration

by parts as presented in the literature [118], the former equation becomes
Z Z

G=0= Td + D) d
yA VA (2.8)
Tfd Ttd ¢

t

In this expression there is a new term corresponding to the integration
along the boundary of the domain where stress conditions are applied,

and t denotes the traction force vector at that boundary.

2.1.4 Reformulation of the equations

As it was the case of the domain or the displacement eld, the Galerkin
expression may also be approximated by considering the discretisation of the
domain. Speci cally,

X
G 6=  G.=0; (2.9)
e=1
where G, denotes the approximated Galerkin expression for each ele-

ment e. Now, by combining equations 2.8 and 2.9 and by making use of
the shape functions used to approximate the displacement eld, the approx-

imated Galerkin expressiorG is described by
wo Z z
G= (Ng)" Nad + (DNg)" d
=t S 7z # (2.10)
(Ng)'f d (Ng)"td ; =0:

e te

Rewriting the former:

G= q' NT Nd ¢+ N'DT d
<t S 7 ! (2.11)



Finally, after considering the de nition of tensorB (eq. 2.6), the approx-

imated Galerkin expression is given by
w2 Z
G= g’ NT Nd @+ BT d
=t S z ! (2.12)
NTfd NTtd ; =0:

e te

Since the virtual displacements q are arbitrary, the following system is

obtained:
PG )
! gl —
NT Nd @+ BT d
;1 Z 7 el (2.13)
NTfd + NTtd ;, =0;
f= - {z— " }

b
which may be rewritten in a simpler form by introducing the tensoriJ

P and the vectorb:
Mg+ P( )= b (2.14)

The former is a partial di erential equation system where the new tensors
are de ned as per Zienkiewicz's notation [117].

In order to obtain a clearer picture of the numerical method, let us assume
that the constitutive equation is governed by a linear elastic model. In that
case, the stresses and the strains are related by the expression E", where
the coe cients of the elasticity matrix E are constant values that depend on
the Lanme parameters. On the other hand, as per equation 2.6 the strain

tensor may be approximated by’ Bq. Therefore, the tensorP = P( ) is
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described by:

X Z Xz
P( )= BT d = BTE"d (2.15)
e=1 e e=1 e
w Z
= B'EBd q=Kaq: (2.16)
f——{z }

K is the linear sti ness matrix, whose components depend on the material
properties of the structure. Taking this result into equation 2.14, the system
becomes

Mg+ Kq=b; (2.17)

which is partial di erential equation system that can be solved numer-
ically by introducing discrete approximations in time. For problems that
were not time-dependent, the former is signi cantly simplied asq = O.

Therefore, the nal expression would be
Kg= b: (2.18)

This is a linear system of equations which may be solved numerically by
employing di erent computational techniques, such as LU decomposition or

iterative methods.

2.1.5 FEM applied to plague rupture analysis

In the previous section, a generic structural analysis example has been used
to introduce the nite element method. As it has already been mentioned,
the FEM is a exible framework and has been applied to di erent types of
problems, including plaque rupture analysis.

The rst simulations involving plagues were two-dimensional structural

analyses that considered cross-section models of the artery and calculated
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the stress distribution along the vessel when certain pressure was applied to
the inner wall (blood pressure). For instance, Loree et al. performed a nite
element analysis of the in uence of the brous cap thickness on the maximum
circumferential stresses for ten di erent artery cross-sections [59]. In order to
improve the accuracy of the simulation, they re ned the mesh in the expected
high-strain regions by considering smaller elements. Regarding their results,
as it was outlined in the previous chapter, they found a signi cant increase
of the stress when the cap thickness decreased. They also mentioned that
plaques may start to rupture at a threshold of 300 kPa.

Simulations of blood ow through a rigid wall stenosis have also been
computed using solvers based on the FEM. In particular, Tu et al. studied
the steady and pulsatile ow through a stenotic artery [119]. They used a
guadratic interpolation for the ow velocities and a linear one for the pressure
eld, and then solved the equations using a variable time step. Among other
ndings, an increase of the pressure drop at the throat of the stenosis was
reported when the frequency of the pulsatile ow increased. Milner et al. also
used a solver based on the nite element method to study the ow through a
carotid bifurcation [120]. They focused their work on the wall shear stresses,
reporting di erences based on the geometry of each con guration.

Finally, there have been applications to uid-structure interaction prob-
lems as well. A fully coupled analysis was performed by Bathe and Kamm,
where they studied the in uence of the stenosis severity on the ow and on
the stress elds [51]. Another group also used a FEM-based solver to study
the ow through an elastic, axisymmetric artery and compared the results
to experimental observations, nding a good correlation overall [121]. Li et
al. used a commercial nite element software, COMSOL Multiphysics [122],

to study the e ect of the brous cap thickness in an idealised model that de-
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picted an elastic plague interacting with a time-dependent blood ow [100].
The same software was used by Kock et al. to calculate the uid-structure
interaction in a two-dimensional model carotid bifurcation model [90]. Over-
all, the nite element method is a popular technique that is still being used

to model this type of simulations.

2.2 Alternative techniques

2.2.1 FEM-based approaches

In the beginning of this chapter it was mentioned that there is also another
method that derives from the FEM: the spectral element method. There are
some open-source solvers that are based on this approach and can be quite
useful for this kind of simulations, so they will be brie y discussed here for
the sake of completion.

The spectral element method (SEM) can be described as another for-
mulation of the nite element method, but using high order interpolation
functions instead [109]. The open-source software NEK5000 is a computa-
tional uid dynamics solver that uses this discretisation [123]. The high order
of the SEM makes this software quite accurate when tackling uid dynamics
simulations. It has been applied to rigid wall stenotic geometries such as
the ones featuring in this thesis, in particular to analyse the transition from
steady to unsteady ow [29]. However, uid-structure interaction was not
fully incorporated into the code, so it did not resulted into the most appro-
priate choice for the kind of simulations as shown in the following chapters.
A similar approach was followed by Cantwell et al. to develop Nektar++
[124]. It is designed to be highly scalable and one of the main applications

is the solution of di erent ow dynamics con gurations. Among them, it is
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worth mentioning that it has been used to study the wall shear stress dis-
tributions caused by the blood ow using a rabbit aorta as the geometric

model [125]. Other applications include, for instance, acoustic perturbations
or cardiac electrophysiology [126]. Again, uid-structure interaction was not

fully implemented into the code, so it was not nally used for the simulations

presented in the coming chapters.

Lastly, it is worth mentioning FreeFem++, which is an open-source nite
element solver of partial di erential equations [127]. One of the advantages
it 0 ers is the opportunity to develop fairly complex systems, given its highly
exible interface. For instance, it is possible to integrate the uid-structure
interaction equations, as all the input must be coded by the user. Speci -
cally, the user is required to write the equations in a variational form. On the
other hand, de ning the geometry is a fairly complex process: each geometri-
cal boundary should be de ned parametrically, with the appropriate bound-
ary conditions speci ed for them. In particular, the software was tested by
simulating the ow through a two-dimensional stenotic elastic channel. This
two-dimensional geometry allowed for a quick analysis as it was simpler than
a three-dimensional one. The expected results were found: in particular, the
ow recirculation regions downstream the constriction of the channel were
well de ned, as was the pressure drop along the domain. Regarding the solid
deformations, they were especially related to the ow pressure. Still, those
results were related to a channel geometry rather than to a stenotic pipe
geometry that would model an artery better. But implementing complex ge-
ometries, especially a three-dimensional one, would be a fairly complicated
task, so after considering these factors it was decided to focus on other soft-

ware packages more suitable for the situation.
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2.2.2 Other methods

There are also other approaches that can be used to model the blood ow
through the human arteries. They are not the focus of this work, but are
still worth mentioning.

One technique created to tackle the uid-structure interaction of living
tissues is the immersed boundary method. First introduced by Peskin in
1972, it was created to study heart valves and the ow around them [128].
It later evolved to a more general approach for uid-structure interaction
problems. In this method, there are two meshes: one is the xed Cartesian
mesh, where the Eulerian variables are de ned; the other is a curvilinear
mesh, where the Lagrangian variables are de ned. This curvilinear mesh can
move with no restrictions through the Cartesian mesh [129]. An application
of this method was, for example, the solution of complex three-dimensional
incompressible ows, with an application solving the ow induced by a hu-
man body in walking motion [130]. Fedosov et al. also used the immersed
boundary method to perform numerical simulation of blood ow, where the
red blood cells were considered as elastic elements within the ow [131]. They
found good agreement with previously published results, suggesting that the
method could become a viable alternative when the cell interactions needed
to be accounted for.

It is also worth mentioning the volume of uid method, formally pre-
sented by Hirt and Nichols in 1981 [132], which was introduced to model the
uid dynamics of free surface con gurations. In particular, this technique
focused on situations where the Eulerian formulation was preferred, due to
the free boundaries experiencing large deformations. One of the shortcom-
ings, however, is that imposing some boundary conditions may be complex.

Recently, Rosti and Brandt used a formulation based on the volume of uid
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method, solving one set of equations over the whole domain, to simulate a
channel ow with high Reynolds (Re = 2800) and a hyperelastic wall [133].
In this work, the authors highlighted the in uence of low values of the wall
elasticity on the turbulent ow, due to the uctuations that appeared at the
uid-solid interface.

As a nal note, in the recent years, a new kind of blood ow analysis
is attracting some interest in the form of multi-scale simulations. It has
been reported that blood ow interactions in the human body occur between
large arteries (part of the macrovascular network), smaller arteries (part of
the mesovascular network) and capillaries (that conform the microvascular
network) [134]. The arterial diameter in the macrovascular network is equal
to or larger than 0:5 mm, while the in the microvasculature the diameter is
a hundred times smaller, being in the order of @gm. Therefore, this can
be considered a multi-scale system, even more so if cellular and biological
processes are also taken into account. A similar point of view was followed in
a previous work that studied cerebral aneurysms, which made use of a uid-
structure interaction framework as well [135]. They investigated how cells
behave within di erent types of ows and their implications on cardiovascular

diseases, and con rmed their results via experimental comparison.

2.3 Fluid-structure interaction in

COMSOL Multiphysics

The results of the numerical simulations presented in this thesis have been
performed using the nite element method through the commercial solver
COMSOL Multiphysics [122]. Fluid-structure interaction simulations of blood

ow through a stenotic artery have been performed, considering the elasticity
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of the plaque and the vessel wall. The governing equations have been solved
for the uid and the solid regions in a coupled manner.

Unless otherwise stated, the two-way FSI coupling is used in this work,
where the uid is in uenced by the solid deformation. In other words, the
blood ow deforms the elastic artery wall, and that leads to a change of the
ow domain. The matching conditions in this case are: rst, the velocity of
the uid at the wall- ow interface is the same as the velocity of the vessel
wall; second, the stress continuity, meaning that the force applied by the
uid on the wall is equal to the negative of the force exerted by the wall on
the uid [122]. When the deformation is small enough so that the e ects
on the ow eld are negligible, one-way coupling is used as well, once it has
been checked that the results are the same as those obtained by running the
two-way coupling mode.

The COMSOL simulations are based on an arbitrary Lagrangian-Eulerian
formulation. The Lagrangian formulation considers that the physical vari-
ables of the problem are linked to certain materials, or pieces of matter [136].
In the context of FSI simulations, the solid mechanics follow a Lagrangian
description while the ow eld is described by an Eulerian formulation. This
means that the solid quantities are de ned as functions of the time and of
the material element of the solid (material coordinate system). On the other
hand, the ow quantities are de ned as functions of time and position in
space as in the Eulerian description (spatial coordinate system).

It is worth noting that COMSOL has been previously used and validated
in the context of blood ow simulations [34], as well as in uid-structure
interaction studies of ow through elastic arteries using idealised geometries
[87, 100, 137] and patient-speci ¢ models [90, 106].

In summary, COMSOL Multiphysics combines the solid mechanics and
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the uid dynamics to model the interaction between the two media. The
ow is described by the conservation of mass and conservation of momentum
equations, while the solid is governed by the constitutive equation, the strain-
displacement equation and the equilibrium equation, as it will be shown in
the next section. Finally, boundary conditions for the solid and the uid must
be applied in order to solve the model, along with the matching condition at

the interface between the ow and the solid domains.

2.4 Governing equations

The blood is modelled as a Newtonian, incompressible uid. The equations
that describe the ow eld are the continuity (conservation of mass) and the

Navier-Stokes (conservation of momentum) equations:

r u= O; (219)
@ 2

—+ uru=r p+r

@t

whereu is the uid velocity vector, t the time, p the pressure, the uid

u; (2.20)

density and the dynamic viscosity.
On the other hand, the artery wall is described by the equilibrium and

the constitutive equations, as in the example described in section 2.1.2:

(2.21)
= ("): (2.22)

The variables are de ned in the same way as it was described in section
2.1.2: is the Cauchy stress tensorf de nes the body force vector, o

denotes the density of the solid, refers to the displacement vector and is

the time. In the second equatiori’ denotes the deformation tensor, which for
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small deformations is described by the following mathematical expression:
"=D = r +r T =2

Equations 2.19 to 2.22 are implemented in COMSOL Multiphysics, and
are computed using a built-in FEM-based solver. However, the governing
equations would not be complete without the de nition of the appropriate
boundary conditions: for the blood ow, for the artery wall and for the
uid-structure interface. But since the boundary conditions are dependent
of the problem being solved, they are presented in the coming chapters, where
the exact con guration of the simulations will be introduced for each case. A
similar point should be made regarding the de nition of equation 2.22, which
de nes the solid model used when performing the simulations. In particular,
two models will be presented in the following chapters: the linear elastic and

the hyperelastic descriptions.
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Chapter 3

Thin-wall simulations

3.1 Introduction

As stated in the rst chapter of this thesis, the main objective of this work
is to analyse the initiation of the rupture of an atherosclerotic plaque from a
mechanical point of view. In order to do so, this chapter starts by presenting
some results related to the ow through an idealised stenosis geometry with a
thin, elastic wall. The main goal of this part is to provide a general overview
of the uid-structure interaction of the problem. The way in which the
sti ness of the artery in uences the ow will be studied alongside the e ect
of the ow on the stress values on the wall. In order to do this, a simple,
idealised model of an elastic stenosis is used.

In the following, the stiness, or elasticity of the wall, is analysed by
means of the Young's modulus of the vessel. In addition, another parameter
will be varied: the Reynolds number, which is an important ow dynamics
guantity. Several aspects are analysed, some of them ow-related quantities
(such as the length of the recirculation region downstream the constriction,

the wall shear stress distribution and the uid pressure), and some are solid-
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Fig. 3.1: Idealised axisymmetric stenosis geometry showing both the uid and
the solid domains. The origin, O, is located at the centre line of the throat. The

thickness of the artery wall is D=10, beingD the diameter of the uid domain.

related variables (the radial displacement and the rst principal stress at the
inner wall of the vessel).

Once the underlying dynamics are clear, the next step will be to proceed
with more complex models that will make it possible to further investigate

potential plague rupture sites.

3.2 Geometry

The selected geometry is an idealised, axisymmetric pipe con guration adapted
from previous studies [24, 25, 28, 29]. This pipe includes a constriction which
simulates the stenosis region, as shown in gure 3.1. In order to further under-
stand the blood ow through a stenotic elastic artery, a good rst approach
is to focus on an idealised geometry and perform a parametric analysis. One
can study patient-speci c arteries directly obtained by medical observation,
but the use of this model is justi ed as the aim here is to capture general
patterns and distribution changes rather than speci c peak values.

In order to properly work with this con guration, a system of coordinates
needs to be de ned. In this case, the originQ, is located at the intersection

of the section of minimum cross-sectional area with the centre-line of the
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artery lumen. Since this problem involves an axisymmetric geometry, only
two coordinates are required to de ne any given positioniz in the axial
direction andr in the radial direction.

The reference length unit used in this model is the inlet diameter of the
lumen, D. In this case, the diameter is set td = 7 mm, which is based
on the typical dimensions of a human carotid artery [23, 38, 97, 120, 138].
The inlet section is located atz = 6D, while the outlet section is located
at z = 16D. This domain length was proven to be long enough to avoid
any perturbations due to the wall boundary condition at the inlet and outlet
sections, as further described in the next section. The wall thickness is
constant along the axial direction and equal td=10 [139].

In order to allow an easy coupling between the ow dynamics and the
structural mechanics, the numerical simulations are performed using this di-
mensional formulation. The only non-dimensional parameter considered is
the Reynolds number,Re, which de nes the ow regime and will be intro-
duced in the next section. The results are also presented in a dimensional
form, which is a typical representation in the biomechanics eld, especially
when showing stress or pressure values [40, 87, 90]. The only variables that
have been made non-dimensional are the lengths. In particular, any spatial
coordinate is presented in terms of the diameter, as it allows for an easier
interpretation. Similarly, the wall displacements are given in terms of diam-
eters rather than in absolute magnitudes. The rest of the variables are all
expressed in the corresponding dimensional form.

The inner wall radius is constant and equal td=2 for all z, except for

the stenotic region. For D z D, the radius is de ned as
D 1 22
= — R + N : .
r(z) > 1 > 1+cos 3 ; (3.1

whereL = 2D is the length of the stenosis and is the ratio of the
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minimum diameter to the inlet diameter. For this model, the minimum
diameterD i, IS D=2 and is located atz = 0, hence = D.,y,=D =0:5. This
50 % reduction in diameter leads to a 75 % area constriction (also known as
stenosis severity,S), which is a typical value among previous stenotic ow
studies [24, 25, 31]. The 75% occlusion is also signi cant from a medical
point of view, as it indicates when surgery may be recommended [19].

The radius de ned for this geometry is interesting as well because it
provides a smooth transition from the non-stenotic region to the constriction.

Indeed, the derivative of the expression is given by

dr(z) _ D1 2 . 2z
@z - 2 2 LS T[T (3-2)

so the wall slope becomes zero at the beginning of the stenogis( L=2)

and at the end of the stenosiszZ = L=2).

3.3 Models and boundary conditions

3.3.1 Flow eld

The study of blood ow through an elastic artery implies that the uid and
solid mechanics are coupled. This means that boundary conditions are not
only needed for the ow eld but also for the solid. And nally, additional
matching conditions at the uid-structure interface boundary must be de ned
as well.

The governing equations for the blood ow are the ones described in the
previous chapter, section 2.4: the conservation of mass and the conservation
of momentum. In this case, the ow parameters used are = 1000 kg=m?
and =4 10 *Pa s, which are based on average values used in previous

works [50, 139{141]. In addition, in order to simplify some parameters of the
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simulations, the ow is considered Newtonian. The Reynolds numbeReg, is
de ned as the ratio of inertial forces to viscous forces. It is based on the inlet
diameter, thereforeRe = UD= . For the base model, the Reynolds number
is set to Re = 300, which is a physiologically representative value and used
also in previous studies of carotid arteries [12, 97].

The boundary conditions are the standard ones for a pipe ow con g-
uration. First, at the inlet section, a steady, parabolic velocity proleu is

de ned in the axial direction z, by the expression

2
u=2U 1 4% : (3.3)

where U is the cross-sectional average velocity at the inlet and it is de-
ned by the Reynolds number. On the other hand, a simple pressure out ow
condition, poyt, IS prescribed at the outlet. In this casepy,s = 100 mmHg =
1333 kPa, which is an average value within the range of those used in pre-
vious works [87, 140, 142, 143]. This pressure value is prescribed by means
of a normal stress condition: pl+ ru+ru’ n= pyn. Thisex-
pression is the typical stress-free out ow condition applied in uid dynamics

simulations whenp,,; = 0 [24, 29].

3.3.2 Solid eld

As mentioned earlier, apart from the ow eld, this problem also deals with
the solid deformation of the artery wall, so the vessel must be modelled as
well by another set of equations.

It was shown in Chapter 1 that the structure of the artery wall is complex
and that it presents non-homogeneous, anisotropic behaviour; in addition, it
is characterised by three layers with di erent material properties. Consider-

ing these features would increase the complexity of the simulation. Therefore,
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since the goal here is to model an idealised, thin-wall artery, the following
simpli cations will be taken into account. First, the wall is modelled as an
homogeneous, isotropic material (that is, it presents the same mechanical
properties in all directions). Second, a single-layer structure is considered,
which allows for a more straightforward de nition and analysis of the model.
Finally, the wall is considered as a linear elastic material, which serves as a
rst simple approximation to the elastic behaviour of the vessel. Therefore,
equation 2.22 becomes

=2G" + tr(")I; (3.4)

where denotes the stress tensor inside the solid, de nes the strain
tensor, tr(") refers to the trace of the strain tensor and is the identity
tensor. The strain tensor is a function of the displacements eld,. It is

de ned by the stress-displacement relation:

NI =

ro+r T (3.5)

Finally, G and are the Lane parameters, which are de ned as a func-
tion of other material properties that are usually used to de ne a material
behaviour. In particular, G and are dependent on the Young's modulus,

E, and the Poisson ratio of the solid, . The mathematical relation is de ned

as
— E .
T @+ )@ 2) (3.6)
— E -
G= A+ ) (3.7)

In the following, E and will be used to characterise the material prop-
erties.
As shown in the literature review in Chapter 1, there is some variabil-

ity regarding the material properties of the vessels. Whereas Riley et al.
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reported that the Young's modulus of the artery,E, was in the order of
hundreds of kilopascals [93, 96], others have set an equivalent Young's mod-
ulus in the order of the megapascals [54, 63]. For this model, a mean value
E = 1 MPa has been used; in addition, the Poisson ratio is set to = 0:49,

in order to consider the vessel as a nearly incompressible material. Finally,
the density of the solid is considered to bes = 900 kg=m3, as in previous
studies [90].

The boundary conditions applied for the solid eld are the following: at
the inlet (z= 6D), the wall is considered to be xed with all components
of the displacement equal to zero (= 0), which is equivalent to consider
the wall clamped at the inlet. On the other hand, at the outlet ¢ = 16D),
only the axial component of the displacement is xed, while the wall can
be deformed in the radial direction. Therefore, it is possible to formulate
this condition as , = 0. These conditions provided a good de nition of
both the in ow and the out ow. In addition, the domain lengths upstream
and downstream the stenosis were varied to ensure that the stenosis region
was not perturbed by the mechanical constrains imposed at the inlet and at
the outlet sections. Speci cally, the distributions of rst principal stress and
wall shear stress along the stenosis region were compared for di erent domain
lengths, and it was observed that they were not a ected by the boundary

conditions imposed at the inlet and at the outlet.

3.3.3 Matching conditions

In the above, the velocities of both uid and solid at the wall are unspeci ed,
so two additional conditions are required to close the coupled system. The
rst condition is the velocity continuity, meaning that velocities of the uid

and the solid at the wall are equal. The velocity of the vessel at the inner wall
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can be de ned as the partial derivative of the displacements with respect
of the time t. On the other hand, as mentioned earlier, the velocity of the
blood is denoted byu. Therefore, the kinematic condition at the uid-solid
interface is de ned as

_ @,
u= @t (3.8)

In addition, a second condition regarding the stress continuity is required
as well. Indeed, the stresses on the solid and uid at the artery wall must be

equal, but opposite in the outward normal direction. Mathematically,
— T 2 .
f=n pl+ ru+ru é(r wl (3.9)

wheref is the body force vector at the solid- uid boundary andh denotes

the outward normal to the boundary.

3.4 Mesh convergence analysis

A mesh convergence analysis was performed in order to justify the chosen
grid discretisation. Several results will be presented in the coming sections.
In particular, two main parameters will be analysed in detail: the Reynolds
number and the sti ness of the arterial wall, via the Young's modulus.

As explained in section 2.3, the results presented in this thesis have been
performed using COMSOL Multiphysics [122]. As stated in the previous
chapter, COMSOL has been used in several studies modelling blood ow,
including rigid walls [34] and uid-structure interaction analysis with elastic
walls [87, 100, 137].

The mesh considered for this model has also been created in COMSOL,
by making use of the available built-in tools. A hybrid approach regarding

the type of discretisation was followed in order to mesh the two-dimensional
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domain. Speci cally, the lumen and the vessel wall along the inlet and outlet
pipes, upstream and downstream the stenosis respectively, were discretised
using a structured grid made of quadrilateral elements. On the other hand,
the stenosis region was discretised using an unstructured grid made of trian-
gular elements, in order to make it easier to accommodate the curved nature
of the domain in this area. A second order discretisation was used for the
blood velocity eld and for the wall displacement eld, while the pressure
eld was solved using a rst order interpolation (P2-P2-P1).

A grid convergence analysis was performed by analysing the axial distri-
bution of rst principal stress and the wall shear stress distribution along
the stenosis region (betweem = D andz = D). The results will be shown
betweenz = 2D and z = 2D to take into account any features that may
be present just upstream or downstream the stenosis. The simulations were
started with a coarse mesh, which was gradually re ned. The number of ele-
ments and degrees of freedom corresponding to each mesh tested are shown
in table 3.1. Speci cally, mesh 4 and mesh 5 were patrticularly re ned in the

stenosis region, where the changes of the system were most signi cant.

Mesh Number of elements Degrees of freedom

1 8085 36051
2 18167 74326
3 42203 182260
4 137184 471715
5 421436 1300770

Table 3.1: Mesh parameters used for the convergence analysis.

The axial distributions of rst principal stress, ;, at the inner wall are

shown in gure 3.2. Each line corresponds to a di erent mesh, as de ned in
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Fig. 3.2: Axial distribution of rst principal stress, 1, at the inner wall for
each mesh considered in the convergence analysis. (A) General proles. (B)

Zoomed-in section aroundz = 0.

table 3.1. Figure 3.2A shows the general plot, where the red-dotted square
denotes the area that is shown with greater detail in gure 3.2B. This second
gure represents a zoomed-in section close to the minimum value gfat z =

0. Increasing the number of elements slightly a ected the stress distribution,
as can be observed in the detail shown in gure 3.2B. In particular, the
change observed in the results for mesh 3 compared to the results for meshes
4 and 5 was less than:6 %.

Figure 3.3A shows the wall shear stress distribution, WSS, along the axial
direction at the interface between the uid and the wall. The peak immedi-
ately prior to the constriction was due to the pressure drop created by the
stenosis. Again, the curves were quite similar for all the meshes considered,
S0 a zoomed-in section is shown in gure 3.3B, showing the values around
the peak. As in the case of the velocity pro les, the results obtained with
mesh number 3 seemed to be accurate: increasing the number of elements
up to an order of magnitude only led to a change of around a3¥6.

All things considered, the mesh 3 was proven to capture both solid and
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Fig. 3.3: Wall shear stress distributions, WSS, for each mesh considered in the
convergence analysis. (A) General pro les. (B) Zoomed-in section close to the

peak value upstream the constriction.

ow features of this particular model to the same degree as the meshes 4 and
5. Therefore, mesh 3 was used to perform the parametric analyses. A general
picture of the mesh is shown in gure 3.4. Two similar structured grids were
used to discretise the inlet and outlet pipes, for a total of 15600 elements.
The domain between the coordinateg = 2D and z = 2D (containing the
stenosis regionL, and the last/ rst portion of the inlet/outlet pipes) was
discretised by means of an unstructured grid with 26603 elements, with a
maximum element size of 17 10 *m, equivalent to D=60. The uid-solid
interface was further re ned (maximum element size oD=100) in order to

better capture the stress distributions along the inner wall.

3.5 Design of the parameter sensitivity study

This section provides an overview of the parameter sensitivity analyses that
have been performed in this chapter. The rst result that will be shown is

a gure depicting the ow and solid elds, which aims to provide a general
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Fig. 3.4: General picture of the mesh, showing part of the inlet and outlet pipes,

and the stenosis region.

idea of the present con guration. Next, the results corresponding to the
parametric study will be presented: in particular, the analysis of the e ect
that the Reynolds number of the ow and the Young's modulus of the wall
have on dierent ow and solid parameters. Here, the Reynolds numbers
tested areRe = 200, 300 and 400. On the other hand, a larger variation
of the Young's modulus was performed, considerirtg = 0:5, 1 and 10 MPa.
This way, both ends of the wall modelling were considered: aless sti material
(E = 0:5MPa), and a very sti one (E = 10 MPa) that may behave like a
rigid-wall model.

The rst parameter considered is the length of the recirculation region.
This region refers to the area downstream the stenosis where the ow sepa-
rates from the wall due to the adverse pressure gradient. The recirculation
region is related to the appearance of ow instability and transition to tur-
bulence [29, 144], which could trigger larger perturbations that may a ect
the stresses on the wall.

The next analysis is focused on the wall shear stress, WSS. This magni-
tude is described by

wss= &Y . (3.10)

@y,
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wherey denotes the distance from the wall, andi; describes the com-
ponent of the velocity tangential to the wall (i.,e. uy = u e¢, where e,
denotes the direction tangential to the wall). The wall shear stress has been
the object of several discussions regarding its role in plaque formation. In
particular, it has been reported that regions where the wall shear stresses are
low and oscillatory are prone to plaque development [12, 19, 26]. More re-
cently, a new variant related to this variable has been introduced in the form
of the transverse wall shear stress [125]. This magnitude is an average over
the cardiac cycle of the wall shear stress components that act in a transverse
direction to the mean WSS vector, and it was found to have good correlation
with lesion prevalence.

The last ow parameter analysed is the uid pressure along the centre-
line, which can provide valuable information about the ow eld. It is also
related to the length of the recirculation region, which appears when the
pressure gradient is adverse.

Finally, two solid parameters (related to the wall behaviour) are studied as
well: rst, the wall displacement in the radial direction; and second, the axial

distribution of the rst principal stress, 1, along the interface boundary.

3.6 Results

3.6.1 Flow and stress elds

Figure 3.5 shows a two-dimensional picture of the whole domain and a
detailed view of the stenosis region for the base moddRg = 300 and
E = 1MPa). In order to allow a more detailed visualisation of this area,
subsequent gures will only show the geometry between the axial coordi-

natesz = 2D and z = 2D. The variables represented are the axial ow
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Fig. 3.5: General representation of the axial velocity,u, of the ow eld and the

rst principal stress along the wall, ;.

velocity, u, and the rst principal stress along the wall, ;. In this kind of
con guration, the stenotic shape of the wall led to a region of high-velocity
ow around the constriction, which is shown in dark red colour in the gure.
In addition, due to the adverse pressure gradient downstream the throat, the
ow separated from the wall and created a recirculation region in the axial
direction (highlighted by the white closed line in the gure).

The acceleration of the ow at the stenosis can be explained since the
ow must satisfy the mass-conservation equation, as mentioned in section
2.4. The shape of the stenosis was also responsible for the pressure drop
around z = 0, as represented in gure 3.6.

The stress distribution along the wall was mainly a ected by the uid
pressure distribution. For this particular geometry, the maximum stress was
located outside the stenosis region. This was due to the pressure being higher

upstream (z < D) and downstream the stenosisz(> D ), as the thickness of
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