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Abstract 

Multiphase drive systems have received a growing interest in recent decades for marine 

propulsion applications, due to their high power density, high reliability and good torque 

performance. Among the multiphase drives, the multi three-phase drive with independent 

neutral points is a popular option for this application, as it allows for the usage of standard 

control and standard power electronics for the individual three-phase systems. In high 

power systems the switching frequency of the power semiconductor is usually limited, 

which results in high frequency current ripple caused by the PWM of the DC/AC converter. 

The ripple affects the performance of the machine in terms of torque.  

This thesis presents a novel mathematical modelling of multi three-phase Permanent 

Magnet Synchronous Machines (PMSMs) fed by voltage source Pulse Width Modulation 

(PWM) converters. It is found that, based on the analytical models of the multi three-phase 

drive, the torque ripple introduced by PWM voltage excitation can be reduced by the shift 

of carrier phase angles among different three-phase inverters. For the torque ripple 

analyzed in this thesis, only the interaction between the armature field, resulting from the 

PWM voltage excitation, and the fundamental component of the permanent magnet field 

is considered. The proposed carrier phase shift angles are obtained for the case studies of 

a sectored triple three-phase PMSM and two dual three-phase PMSMs. Numerical and 

finite element analysis (FEA) and experimental results are presented to validate the 

analytical models of the multi three-phase drives. Additionally, the torque performance 

improvement and the effect on current ripple introduced by the proposed carrier phase 

shifts are presented and validated by means of both simulation and experimental results.   
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Chapter 1 : Introduction  

1.1 Motivation for the project 

The interest in multiphase machines for high power and reliable drives is continuously 

growing, and many control algorithms have already been proposed to improve the torque 

performance of multiphase machines. This thesis presents a new approach to the modelling 

of multi three-phase drives, aiming at the reducing of the torque ripple introduced by PWM 

voltage excitation, by the shift of carrier phase angles among different three-phase inverters.  

1.2 Overview 

Multiphase drives are well known for being a suitable solution for high power systems such 

as ship propulsion, electric vehicles and More Electric Aircraft applications [1]. Multiphase 

drives have received growing interest in recent decades, due to their high power density, 

high reliability and good torque performance [2]. The main advantage of a multiphase 

drive is the significant improvement in terms of flexibility in the design and control of the 

converters, and the reduced power rating requirement of the power electronic components 

[3].  

Among the multiphase drives, the multi three-phase layout offers the possibility to obtain 

a multiphase system by means of commercial three-phase inverters. Furthermore, the multi 

three-phase layout with parallel or independent dc links offers a higher fault tolerance [4]. 

A scheme of a multi three-phase drive is presented in Figure 1-1.  
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Figure 1-1: Multi three-phase drive system 

To achieve high power and high power density drives, one of the main solution is to 

significantly increase the speed of the machine [5]. However, in high power systems the 

power electronics must manage high currents (or voltages) and the switching frequency of 

the power semiconductor is usually limited (below 30 kHz). This results in significant High 

Frequency current ripple caused by the PWM of the DC/AC converter. The ripple affects 

the performance of the machine in terms of machine copper loss and torque [6]. In 

particular, the introduction of HF torque ripple is source of vibrations and noise that are 

undesired, especially for transport applications with high reliability requirements [7]. 

The number of output space vectors of SVM grows rapidly with increasing number of 

phases, which greatly increases the difficulty on the control of multiphase drives. However, 

the control of three-phase drive can be easily extended to multiphase drives with CPWM 
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[8]. Therefore, this thesis is mainly focused on CPWM control of voltage converters in 

multiphase drives.  

In a multi three-phase system, the carrier phase angles in different three-phase subsystems 

is the degrees of freedom in the control, which can be exploited for the cancellation of 

some magnetic field harmonics in the air gap of the electrical machine. As a result, the 

introduction of the carrier shift in the control algorithm may lead to an improvement of the 

torque performance. The vibration and the acoustic noise of the machine can be reduced 

by applying proper carrier phase shift angles in multi three-phase drive systems [9]–[11]. 

Therefore, it is important to analyze the relationship between the PWM related torque 

ripple harmonic components and the carrier phase shift angles in multi three-phase systems. 

This thesis proposes an analytical model of the torque ripple generated in a multi three-

phase machine fed by a PWM control of multi three-phase modular converters. Starting 

from the model, a method for the torque ripple reduction by applying a CPS-PWM 

technique to the multi three-phase inverters is defined. Results of analytical, numerical and 

FEA simulations are presented and validated by experimental tests. 
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1.3 Aims and objectives 

This thesis aims to present mathematical modellings of multi three-phase drives and 

improve the torque performance of multi three-phase PMSM by applying proper carrier 

phase shifts between the three-phase subsystems of the multi three-phase drive. 

The objectives are: 

 Development of a new approach to modelling of multi three-phase PM machine  

 Development of a new approach to modelling of multi three-phase drive with 

modular PWM voltage source converters 

 Proposal of PWM related torque ripple reduction methods on multi three-phase 

drive with the application of carrier phase shift angles 

 Evaluation of the phase currents introduced by the PWM torque ripple reduction 

method 

 Experimental validation of the mathematical models of multi three-phase drive, 

torque ripple reduction method and the effect on phase currents.  
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1.4 Thesis outline and content 

Chapter 2 presents the literature review of the multi three-phase drive system for the 

marine application. The overview of the electric machines and the voltage source 

converters in the multi three-phase drives is presented. The PWM scheme for the control 

of the voltage source converters with the analytical method to determine the PWM 

harmonic components are described. Finally, the effect of the PWM harmonics on the 

machine performance in multi three-phase drives is considered. 

Chapter 3 presents mathematical models of arbitrary multi three-phase PMSM. The 

inductance matrix of arbitrary multi-phase PMSM is analyzed by calculating the flux 

linkage produced by every single coil of the stator winding, which are validated by the 

FEA simulation results. The mathematical modelling of the multi three-phase drive is 

analyzed in both matrix equations and space vector equations.  

Chapter 4 shows the mathematical models of the PWM voltage source converters in the 

multi three-phase drive and the corresponding torque equations based on chapter 3 with the 

consideration of the PWM harmonics. Numerical, FEA simulations and experimental tests 

validate the analytical models of the torque equations. The selective torque harmonic 

elimination method is introduced on a case study of a distributed dual three-phase drive. 

The selective torque harmonic elimination method is validated by simulation and 

experimental results.  

Chapter 5 analyzes the effect on phase currents applying the proposed carrier phase shift 

angles by considering the mutual coupling effect between the subsystems in the multi three-

phase drive. A sectored triple three-phase machine and a distributed dual three-phase 
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machine are analyzed as case studies. Simulation results and experimental results validate 

the analytical models of the phase currents in both cases.  

Chapter 6 draws a conclusion on this thesis. The significance of the proposed method to 

improve the torque performance in the multi three-phase drive is summarized. In addition, 

the future research work including the modelling and the performance improvement on the 

high power drive systems is listed. 
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Chapter 2 : Literature review and background 

2.1 Electric marine propulsion 

There is a growing tendency on using electric ships nowadays. The electric ships have 

several main advantages compared with traditional ships in terms of its good dynamic 

response, flexible design options, and high efficiency. In addition, using electric power is 

known as an environmental-friendly option with reduced emissions [12] [13]. A typical 

integrated electric ship power system is shown in Figure 2-1. The prime mover is powered 

by fuel, which rotates the generator to generate the electric power. The electric power 

drives the main propulsion motor by power converters and offers electric power to other 

ship service loads [14]. 

 

Figure 2-1: Integrated Power system for marine propulsion [15]  
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The history of the application of electric ships is over 100 years. Nevertheless, the most 

popular machinery at that stage was steam turbine propulsion, and it turns to diesel engines 

later on. The prime mover is directly powered by the diesel and there is no need to using 

electricity distribution systems. Therefore, limited amount of electric ships were used at 

the period of using diesel engines. In 1980s, with the development of semiconductor 

switching devices, which enables speed control of the electric machines by using power 

converters [16] 

The speed of the electric machine was not able to be controlled until the switching devices 

such as thyristors and transistors were applied into high power electrification. The speed 

of the electric machine was controlled by varying the input voltage, and later the varying 

of the input frequency became a possible solution. At the first stage, the speed of DC 

electric machine was controlled by thyristor rectifiers. With the development of converters 

controlled by varying frequency, the ac motors became a possible solution to be controlled 

[1]. 

Multiphase drives are well known for being a suitable solution for high power systems such 

as ship propulsion [8]. Multiphase drives have received growing interest in recent decades, 

due to their high power density, high reliability and good torque performance [18]. The 

main advantage of a multiphase drive is the significant improvement in terms of flexibility 

in the design and control of the converters, and the reduced power rating requirement of 

the power electronic components [3].  
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2.2 Electrical machines for propulsion applications 

2.2.1 Overview of electric machines 

DC Machine 

The DC machine is the one of the main types of rotating machines. There is a commutator 

inside a DC machine to change the direction of the dc current under each pole, which 

enables a net positive output torque of the machine. The DC machines have different 

dynamic and steady state performance with different winding connections (e.g. series 

connection, shunt connection and compound connection). The mathematical modelling and 

control algorithm of the DC machines are relatively simple compared with other rotating 

machines. In recent decades, the development of power electronics enables the control of 

AC machines. There is a tendency that the AC machine is taking the placement of the DC 

machine in variety of applications. Nevertheless, the DC machines will continue to be used 

with their flexibility and simple control of drive systems [19][20].  

Induction Machine  

The induction machine is a type of AC machine. Both of its stator and rotor consist of 

windings and the stator windings are connected to the AC power supply. The AC currents 

in the stator windings generates the rotating magnetic field, which produces rotor winding 

currents, and therefore produce the torque of the induction motor[20]. This type of machine 

is called as asynchronous motor, since the speed of the rotor is slower than the magnetic 

field generated by the stator currents. The induction machine can work under a wide speed 

range in field-weakening mode and it has the capability of inherent self-start. The Induction 

machine is easy to manufacture due to the absence of brushes, commutator, and slip ring 
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compared with the DC machine. The induction motor dominates in the market due to its 

ruggedness, reliability,  efficiency and robust [21].  

Permanent Magnet Synchronous Machine 

Besides the induction machine, the PMSM is another typical kind of AC machine. In 

PMSM, the stator consists of windings and it will generate the rotating magnetic field while 

connected to the AC source. The permanent magnet is embedded in the rotor, which rotates 

at the same speed with the stator magnetic field. The interaction of the two magnetic fields 

from stator and the rotor produces the torque of the PM machine [22]. The PM material 

used in PMSM has strong magnetic force, hence the PM machine tends to have large power 

density and torque density compared with the induction machine and the DC machine. The 

PMSM is the regarded as the machine with the high efficiency that is around 93% to 98%, 

since the rotor flux is produced the permanent magnet in the rotor rather than the exciting 

currents (copper loss and iron loss). Compared to the induction machine with the same 

power rating, the efficiency of the PMSM is around 5% to 12% higher than the induction 

machine, and the frame size of the PMSM is 30% smaller than the induction machine 

[20][23]. 

2.2.2 Multiphase machines 

The three-phase machines were universally used at the beginning of the 20th century as it 

has better torque performance compared with the one-phase and the two-phase machines 

that produce the twice pulsating torque ripple. The increasing phase number of the machine 

will not produce the twice-pulsating torque ripple. The development of the power 

electronics in 1980s enables the adoption of the machines with more than three phases. The 
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machine can be connected to the power converters rather than directly connected to the 

three-phase power supply. Therefore, arbitrary phase machine can be used as long as the 

phase number of the machine matches with the phase number of the power converter [8].  

There is a growing concern on multiphase machines after 1990s [23]–[27], especially for 

the application the electric propulsion [29]–[33]. There are several reasons that the 

multiphase machine attracts a wide range of interest in the research community. Firstly, the 

multiphase machine has good fault tolerance performance compared with the conventional 

three-phase machine [34] [35]. Taking a 15-phase machine as an example, the machine can 

be operated at over 90% of the rated power with the breakdown of one phase. Secondly, 

the adoption of multiphase machine greatly reduces the power rating requirement of the 

power electronic components on each phase leg, which offers the feasibility of the 

multiphase machine used in high power applications [17], [36]–[39]. Additionally, the 

flexibility in the design and control of multiphase drive is significantly improved. There 

are more degrees of freedom in the multiphase drive system, which gives the possibility to 

cancel the time-domain harmonics and space-domain harmonics in the drive system. 

Therefore, the efficiency and the torque performance in multiphase is improved compared 

with the conventional three-phase drives [2], [40]–[47].  

Among the multiphase drives, the multi three-phase layout offers the possibility to obtain 

a multiphase system by means of commercial three-phase inverters. Furthermore, the multi 

three-phase layout with parallel or independent dc links offers a higher fault tolerance [34]. 

A scheme of a multi three-phase drive is presented in Figure 1-1. The multi three-phase 

machine with separate neutral points is one of the most popular option among the 

multiphase machines with the advantage of the simplicity to implement fault tolerant 
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control [48]. Besides, commercial three-phase inverters can be directly used to the control 

the multi three-phase machine [41]–[43]. The dual three-phase is one of most commonly 

used multi three-phase drive, and detailed analysis on the dual three-phase drive is 

presented in this thesis. The displacement phase angle between the two sets of the three-

phase stator windings (in electrical radians) is generally 0 or π/6 [49]–[53].  
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2.3 Voltage source converters 

2.3.1 The three-phase full bridge converter 

Figure 2-2 shows a conventional simplified circuit of two-level three-phase voltage source 

inverter. A three-phase full bridge converter consists of six groups of active switches 

(S1~S6), and each switch is paralleled with a free-wheeling diode. The function of the 

inverter is to convert the constant DC link voltage into AC voltage with variable speed and 

variable frequency. The PWM and SVM are the two general schemes used to control the 

two-level three-phase inverter [55].  

 

Figure 2-2：Three-phase full bridge converter for high-power applications (with series 

connected switches) [55] 

The conventional three-phase full bridge can be applied into high power applications with 

the power rating up to a few megawatts [56]. The two-level three-phase converter 

dominates in the market due to its simple control algorithm, high reliability, simple 

capacitor pre-charging circuit and the low manufacturing cost. However, the two-level 
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three-phase full bridge converter has the disadvantage that it has high dv/dt output voltage, 

which may lead to the short circuit machine winding and bearing failure [57]. In addition, 

the switching frequency of the two-level converter for high power applications is low due 

to the limitation of switching devices, which leads to current harmonics in the machine 

stator windings and power loss in the machine.  

2.3.2 Multilevel converters for high power applications 

This section presents a brief overview of typical multilevel converters including neutral-

point clamped inverter, cascaded H-bridge inverter and flying capacitor inverter for high 

power applications. The per-phase diagram of voltage source inverter topologies of the 

two-level inverter and the three types multilevel converters are shown in Figure 2-3 [55].  

 

Figure 2-3: Topologies of phase voltage source inverters [55] 

Neutral-point clamped inverter  
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The neutral-point clamped (NPC) inverter is one of the most commonly used diode-

clamped multilevel inverter in high power medium voltage applications, which is shown 

in Figure 2-3 [58] [59]. The NPC inverter is widely manufactured and dominates the market 

as a commercial product [60]–[63]. An NPC inverter phase leg consists of four switches 

and four antiparallel diodes. There are two capacitors on the dc side, which is split by the 

neutral point connected by the two clamped diodes on the other side. 

Compared to the two-level three-phase converter, the NPC inverter has reduced dv/dt due 

to the increased number of voltage level. Besides, the effective switching frequency is 

doubled compared the two-level converter, resulting in a reduced THD of ac output voltage. 

Additionally, all the switches in the NPC inverter bear the same voltage (half of the dc link) 

and the dynamic voltage is balanced on each switch. Nevertheless, the main disadvantage 

of the NPC inverter is that the complexity on the modulation scheme is increased due to 

the increased number of the ac output voltage levels. Further control algorithm needs to be 

adopted to control the voltage variation on the neutral point. Besides, additional clamped 

diodes are used compared with the two-level converter with the same power rating [64]–

[66]. 

Cascaded H-bridge inverter  

The cascaded H-bridge (CHB) is another widely used multilevel inverter for high power 

medium voltage applications, which is shown in Figure 2-3 [67]–[70]. The H-bridge 

modules in the CHB inverter are the supplied with isolated dc links, and they are connected 

in series on the ac side. The number of the cascaded H-bridge cell in the CHB inverter 

determines the power and voltage capacity of the CHB inverter, and the ac output voltage 

THD. The level of ac output voltage depends on the number of cascaded H-bridge modules. 
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For instance, if there is m H-bridge per leg, then the phase voltage has 2m+1 levels and 

line-to-line voltage has 4m+1 levels.  

Compared with the conventional two-level three-phase converter, the CHB inverter has 

reduced dv/dt due to the increased number of voltage levels. Besides, the effective 

switching frequency is proportional to the level of the ac output voltage, resulting in a 

reduced THD of ac output voltage. Additionally, the CHB inverter is composed of identical 

modular H-bridges, which leads to a lower manufacture cost on each module. Nevertheless, 

the CHB inverter has the disadvantage that it has large number of isolates dc links, hence 

the transformers is employed. Moreover, the CHB inverter has larger number of switching 

devices with anti-parallel diodes compared with the two-level inverter. The increased 

number of the components and the adoption of the transformer increases the size, 

complexity and cost of the CHB inverter [55].  

Flying capacitor inverter 

A three-level flying capacitor topology is shown in Figure 2-3. The difference between the 

two-level inverter and the flying capacitor inverter is that the dc capacitors are inserted to 

the cascaded switches [71][72]. The gate signals of the upper groups of the three switches 

are always the opposite with the lower groups of the three switches, hence three 

independent drive signals are supposed to drive a three-level flying capacitor inverter.  

As a multilevel converter, with the same characteristics of the NPC inverter and the CHB 

inverter, the flying capacitor inverter has reduced dv/dt and THD due to the increased 

number of the output voltage levels. However, the flying capacitor has two main drawbacks. 

Firstly, each of the flying capacitor needs to be pre-charged and maintained at a constant 
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value, and hence each dc capacitor requires a pre-charge circuit. Secondly, the complex 

control algorithm is required to control the voltage variation on each capacitor, as the 

voltage on each capacitors changes with the operating conditions of the converter. The two 

main drawback limits the application of the flying capacitor in the market [73]. 

2.3.3 Parallel converters 

Figure 2-4 show that the parallel converters are used to control the multi single-phase and 

multi three-phase drives respectively. The DC/AC module in Figure 2-4 can either a 2-

level three-phase inverter in Section 2.3.1, or a multilevel inverter in Section 2.3.2. The 

adoption of parallel converters make it possible to control very high power and high speed 

machines with commercial products, since the power requirement on each inverter module 

is reduced. Moreover, this topology has high fault tolerance, as any inverter module is 

independent without any electrical connections to the other modules [34]. Besides, the 

adoption of the parallel converters increase the flexibility of the control algorithm. The 

torque ripple, noise and vibration of the machine, and the dc link voltage ripple are possibly 

to be reduced by applying proper control scheme. However, the increasing number of the 

inverter modules results in a more complex control algorithm. In addition, synchronous 

gate signals are required to drive the parallel converter modules [74] [75].  
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Figure 2-4: a) Multi single-phase drive with parallel converters b) Multi three-phase drive 

with parallel converters [76] 
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2.4  Modulation techniques for voltage source converters 

2.4.1 Space vector modulation 

The space vector modulation (SVM) is one of the most commonly used modulation 

technique for the digital control of the voltage source converters. The form of SVM 

technique was proposed in the mid of 1980s [77]. The working principle of the SVM 

technique is to generate an average output voltage with respect to the reference voltage by 

selecting the potential switching states with their corresponding dwell time. The 

implementation of SVM can be divided into three stages: define the switching states, 

calculate the dwell time and choose the switching sequence. The SVM has the advantage 

that it is inherently digital and it is simple to implement in hardware and software [78][79]. 

In addition, the SVM has better DC link utilization compared with CPWM [80] [81]. 

However, the number of the switching states is related to the phase number of the converter 

and the level of the ac output voltage. Taking an m-phase converter with n-level ac output 

voltage as an example, the total number of the switching states is nm. The increasing 

number of the phase number and the output voltage level will increase the complexity of 

the implementation of the SVM [82] [83]. 

2.4.2 Carrier-based pulse width modulation  

The carrier-based pulse width modulation (CPWM) is known as the earliest and most 

straightforward modulation technique [84]. The working principle of the CPWM is to 

compare the reference modulating signal with the high frequency carrier signal to 

determine the switching states of the converters. If the modulating signal is lower than the 

carrier signal, the lower switch of the converter leg is switched on; if the modulating signal 
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is larger than the carrier signal, the upper switch of the converter leg is switched on. 

Compared with the SVM, the CPWM has lower dc link voltage utilization [85]. This 

drawback can be avoided by the injection of the zero-sequence harmonics [86]. The 

implementation of CPWM is straightforward and it can be extended to the control of the 

multi-phase multi-level converters without greatly increase the complexity of the control 

algorithm.  

Phase-shifted CPWM and level-shifted CPWM are the two main types of CPWM that are 

applied to the control of multilevel converters. Assuming the number of ac output voltage 

level is m, the corresponding number of the required carriers is m-1. As for the phase-

shifted CPWM, the basic working principle of the phase-shifted CPWM is that the phase 

angle difference between any contiguous carriers is set to be 
2𝜋

𝑚−1
. Considering the level-

shifted CPWM, the amplitudes of the carrier signal in phase-shifted CPWM are equally 

divided into m-1 parts, and they are vertically placed to compare with the modulating signal. 

The phase-shifted PWM has the same switching frequency and the same conducting 

periods, while the level-shifted PWM has different switching frequency and conducting 

periods. Therefore, the rotating of switching patterns is required on the level-shifted PWM. 

Due to the uneven power distribution on the power switches of the converter of the phase-

shifted PWM, the carrier-shifted PWM is preferred on the CHB inverter and the flying 

capacitor inverter [69] [87].  
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2.4.3 Double Fourier integral analysis method of pulse 

width modulation 

According to [84], if the function of both 𝑥(𝑡) and 𝑦(𝑡) are periodic functions, the function 

of 𝑓(𝑥, 𝑦) can be represented as the summation of sinusoidal harmonics. Assuming the 

period of both the functions 𝑥(𝑡)  and 𝑦(𝑡)  is 2𝜋 , the function of 𝑓(𝑥, 𝑦)  can be 

represented as: 

𝑓(𝑥, 𝑦) =
𝐴00

2
+ ∑ [𝐴0𝑛

∞
𝑛=1 cos 𝑛𝑦 + 𝐵0𝑛 sin 𝑛𝑦]  

+∑ [𝐴𝑚0
∞
𝑚=1 cos𝑚𝑥 + 𝐵𝑚0 sin𝑚𝑥]  

+∑ ∑ [𝐴𝑚𝑛
∞
𝑛=−∞

∞
𝑚=1 cos(𝑚𝑥 + 𝑛𝑦) + 𝐵𝑚𝑛 sin(𝑚𝑥 + 𝑛𝑦)], 

(2-1) 

with: 

𝐴𝑚𝑛 =
1

2𝜋2
∫ ∫ 𝑓(𝑥, 𝑦) cos(𝑚𝑥 + 𝑛𝑦)

𝜋

−𝜋

𝜋

−𝜋
𝑑𝑥𝑑𝑦, (2-2) 

𝐵𝑚𝑛 =
1

2𝜋2
∫ ∫ 𝑓(𝑥, 𝑦) sin(𝑚𝑥 + 𝑛𝑦)

𝜋

−𝜋

𝜋

−𝜋
𝑑𝑥𝑑𝑦. (2-3) 

where m and n are the positive integer numbers.  

Sine-triangle modulation is one of the most commonly used CPWM. Figure 2-5a shows 

the x-y plane of the sin-triangle modulation, which is presented by the function 𝑓(𝑥, 𝑦). 

The blue area represents the parts when the upper switch of the phase leg is turned on, and 

the white area represents the parts when the lower switch of the phase leg is turned on [88]. 

The x-axis and the y-axis are considered as the time-varying angle of the carrier signal and 

the time-varying angle of the modulating signal respectively. The straight line in Figure 

2-5a shows the function of 𝑦(𝑥). The slope of the function 𝑦(𝑥) is the ratio between the 

modulating signal frequency and the carrier signal frequency. The intersection points 
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between the function 𝑦(𝑥) and the changing boundaries of the function 𝑓(𝑥, 𝑦) are the 

switching time instants of the converter. The corresponding PWM output voltage 

waveform is shown in Figure 2-5b.  

 

 

Figure 2-5: (a) The x-y plane for the sine-triangle modulation (b) The x-y plane for the 

corresponding PWM output voltage [89] 

The time varying modulating signal can be presented as: 

V𝑚(𝑡) = 𝑀𝑐𝑜𝑠𝑦, (2-4) 

where 𝑀 is the modulation index, 𝑦 is the time varying angle of the modulating signal.  

With respect to (2-4), the intersection points in Figure 2-5a can be given as two cases: 

for the function 𝑓(𝑥, 𝑦) changes from −
𝑉𝑑𝑐

2
 to 

𝑉𝑑𝑐

2
, the switching instants happens at: 

𝑥 = 2π𝑝 +
π

2
(1 + 𝑀𝑐𝑜𝑠𝑦), 𝑝 = 0, 1, 2, 3, … (2-5) 

for the function 𝑓(𝑥, 𝑦) changes from 
𝑉𝑑𝑐

2
 to −

𝑉𝑑𝑐

2
, the switching time happens at: 
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𝑥 = 2π𝑝 −
π

2
(1 + 𝑀𝑐𝑜𝑠𝑦), 𝑝 = 0, 1, 2, 3, … (2-6) 

The switching time instants in (2-5) and (2-6) are the upper and the lower integral limits in 

(2-2) and (2-3) respectively. The function of 𝑓(𝑥, 𝑦) =
𝑉𝑑𝑐

2
 between the upper and the 

lower limits. Substituting (2-5) and (2-6) into (2-2) and (2-3), 𝐴𝑚𝑛  and 𝐵𝑚𝑛  can be 

rewritten as: 

𝐴𝑚𝑛 =
1

2𝜋2
∫ ∫

𝑉𝑑𝑐

2
cos(𝑚𝑥 + 𝑛𝑦)

π

2
(1+𝑀𝑐𝑜𝑠𝑦)

−
π

2
(1+𝑀𝑐𝑜𝑠𝑦)

𝜋

−𝜋
𝑑𝑥𝑑𝑦, (2-7) 

𝐵𝑚𝑛 =
1

2𝜋2
∫ ∫

𝑉𝑑𝑐

2
sin(𝑚𝑥 + 𝑛𝑦)

π

2
(1+𝑀𝑐𝑜𝑠𝑦)

−
π

2
(1+𝑀𝑐𝑜𝑠𝑦)

𝜋

−𝜋
𝑑𝑥𝑑𝑦. (2-8) 

Substituting (2-7) and (2-8) into (2-1), and replacing 𝑥 and 𝑦 with 𝜔𝑐𝑡 + 𝜃𝑐 and 𝜔𝑜𝑡 + 𝜃𝑜 

respectively, the function of 𝑓(𝑡) can be expressed as: 

𝑓(𝑡) =
𝑉𝑑𝑐

2⏟
𝐷𝐶 𝑜𝑓𝑓𝑠𝑒𝑡

+
𝑉𝑑𝑐

2
𝑀𝑐𝑜𝑠(𝜔𝑜𝑡 + 𝜃𝑜)⏟            

𝑓𝑢𝑛𝑑𝑎𝑚𝑒𝑛𝑡𝑎𝑙 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡

  

+
4𝑉𝑑𝑐

𝜋
∑

1

𝑚
𝐽0(𝑚

𝜋

2
𝑀)∞

𝑚=1 sin𝑚
𝜋

2
cos (𝑚[𝜔𝑐𝑡 + 𝜃𝑐]⏟                              

𝑐𝑎𝑟𝑟𝑖𝑒𝑟 ℎ𝑎𝑟𝑚𝑜𝑛𝑖𝑐𝑠

)  

+
4𝑉𝑑𝑐

𝜋
∑ ∑

1

𝑚
𝐽𝑛 (𝑚

𝜋

2
𝑀) sin ([𝑚 + 𝑛]

𝜋

2
)∞

𝑛=−∞
∞
𝑚=1 cos (𝑚[𝜔𝑐𝑡 + 𝜃𝑐] + 𝑛[𝜔𝑜𝑡 + 𝜃𝑜]⏟                                                  

𝑠𝑖𝑑𝑒𝑏𝑎𝑛𝑑 ℎ𝑎𝑟𝑚𝑜𝑛𝑖𝑐𝑠

), 

(2-9) 

where 𝜃𝑜 is the initial phase angle of the modulating signal and 𝜃𝑐 is the initial phase angle 

of the carrier signal.  

By using the double Fourier integral method, the time-varying phase leg voltage of 𝑓(𝑡) 

can be expressed with all the harmonics components in (2-9).  
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2.5 The PWM harmonic effect on the machine performance 

The pulse width modulation (PWM) technique for the control of the power converters is 

one of the main factors that leads to the machine torque ripple [90]–[94]. The PWM related 

torque ripple harmonic components are the source of vibration, acoustic noise [95]–[97] 

and affect machine power loss [98], [99]. Taking a dual three-phase system as an example, 

the carrier phase angle difference between the two three-phase subsystems is a degree of 

freedom in the control, which can be exploited for the cancellation of some magnetic field 

harmonics in the air gap of the electrical machine. As a result, the introduction of the carrier 

shift in the control algorithm may lead to an improvement of the torque performance [49]. 

The vibration and the acoustic noise of the machine can be reduced by applying proper 

carrier phase shift angles in dual three-phase drive systems [11] [100]. 

In [11], for a dual three-phase drive system without phase displacement, the vibration of 

the system is effectively improved when the carrier phase shift angle π is applied between 

the two subsystems in the dual three-phase drive at the PWM switching frequency of 4 

kHz. Figure 2-6 shows the experimental results that the vibration harmonics around 4 kHz 

(once the PWM frequency) and 12 kHz (three times the PWM frequency) are effectively 

eliminated with the proposed carrier phase shift method. It is demonstrates in [100] that 

the acoustic noise amplitude is decreased by 15.43% with the proposed carrier phase shift 

angle in a dual three-phase system. Xu (2019) shows that, for a dual three-phase drive with 

the phase displacement of 
𝜋

6
, the torque ripple harmonic components at the second order of 

the PWM switching frequency are effectively be eliminated with applying carrier phase 

angle of 
𝜋

4
 between the two subsystems [54].  
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Figure 2-6: The vibration signal waveforms and their corresponding FFT spectra a) 

without the proposed carrier phase shift b) with the proposed carrier phase shift [11] 

Therefore, it is important to analyze the relationship between the PWM related torque 

ripple harmonic components and the carrier phase shift angles in multi three-phase systems. 

An analytical model of the torque ripple generated in a multi three-phase machine fed by a 
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PWM control of multi three-phase modular converters is analyzed in this thesis. Starting 

from the model, a method for the torque ripple reduction by applying a CPS-PWM 

technique to the multi three-phase inverters is defined. Taking a dual three-phase drive as 

an example, this work presents how the PWM related torque ripple harmonic components 

can be eliminated by applying CPS-PWM in the drive system with arbitrary phase angle 

displacement. Two dual three-phase PMSM with phase displacement of 0 and π/6, 

considering as two case studies, are considered with their respective CPS-PWM.  
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Chapter 3 : Modelling of multi three-phase machines 

3.1 Inductance analysis of arbitrary phase PMSM 

There are two main ways to analyze inductance, including the permeance of magnetic 

circuit analysis method and the magnetic field analysis method [21]. In this thesis, the 

permeance analysis method is discussed. In the analysis process of this section, the effect 

of iron saturation is neglected, which means that the reluctance of magnetic circuit is a 

constant value and it does not vary with the flux density. Additionally, the effect of some 

secondary factors such as the hysteresis and eddy-current are neglected. Besides that, the 

effect on slot harmonics and iron reluctance is not considered for simplicity’s sake.  

The flux-linkages produced by loop currents in AC machines can be divided into two main 

parts, including the air-gap flux linkage and the leakage flux linkage. The air-gap flux 

linkage is the main part which links the stator and the rotor through the air gap. The 

inductance produced by leakage flux including two parts, one is the inductance produced 

by slot leakage flux and the other is the inductance produced by the end region leakage 

flux. With regard to the inductance produced by slot leakage flux, the mutual inductance 

produced by the slot leakage flux exists only between the coil bars in the same slot. For the 

inductance produced by end region leakage flux, it is very difficult to calculate exactly the 

inductance produced by end region leakage flux.  

The inductance is analyzed with a single coil as a minimum unit in this thesis, thus it can 

be extended to arbitrary phase machines with different winding configurations. In this 

thesis, only the air-gap flux linkage produced by stator coils is considered, and all of the 

leakage flux linkage is neglected.  
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3.1.1 Air-gap MMF produced by single coil current 

The rectangular MMF caused by the electric current passes through stator coil AA’ is 

shown in Figure 3-1.  

 

Figure 3-1: Air-gap MMF produced by the current of stator coil AA’ 

In Figure 3-1, Ϝ(θ) represents the MMF produced by a single coil. θ is the horizontal axis, 

which represents the mechanical angle of the electric machine. y is the vertical axis, which 

is the centreline of coil AA’, and represents the MMF generated by the coil AA’. According 

to Kirchhoff’s first law, the average value of Ϝ(θ) over one period (-π, π) is 0. Hence there 

is no dc component of function Ϝ(θ). y is the centreline of coil AA’, which means the 

Ϝ(θ)=Ϝ(-θ). Therefore Ϝ(θ) is an even function with only cosine components and without 

dc component. The function Ϝ(θ) can be written as:  

𝐹(𝜃) = ∑ 𝑎𝑛 cos 𝑛𝜃𝑛 ,         𝑛 = 1,2,3, …  (3-1) 

with: 

𝑎𝑛 =
1

𝜋
∫ 𝐹(𝜃) cos 𝑛𝜃
𝜋

−𝜋
𝑑𝜃 =

2

𝑛𝜋
𝑖𝑁 sin

𝑛𝛽𝜋

2𝑃
. (3-2) 

javascript:;
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where P is pole-pair number; β is ratio of actual pitch to full pitch; N is the turn number of 

the coil.  

3.1.2 Self-inductance of a single coil  

For a non-salient machine, the air-gap permeance coefficient λ can be assumed to be a 

constant value. 𝐹𝑛 represents the nth harmonic of MMF produced by the current of single 

coil AA’. The nth harmonic flux density 𝐵𝑛 produced by the corresponding MMF 𝐹𝑛 can 

be obtained as: 

𝐵𝑛 = 𝐹𝑛 × 𝜆. (3-3) 

The nth self flux-linkage of coil AA’ can be obtained as follows: 

𝛹𝑛 = 𝑁∫ 𝐵𝑛
𝑆2

𝑆1
𝑑𝑠, (3-4) 

where R is the stator inner radius; l is the stator iron length; θ is the mechanical angle of 

the electric machine. Since 𝑑𝑠 = 𝑑(𝜃𝑅𝑙) = 𝑅𝑙𝑑𝜃, the nth self flux-linkage of coil AA’ 𝛹𝑛 

can be rewritten as: 

𝛹𝑛 = 𝑁𝑅𝑙 ∫ 𝐵𝑛
𝜃2

𝜃1
𝑑𝜃. (3-5) 

As shown in Figure 3-1, for coil AA’, θ1 = −
𝛽𝜋

2𝑃
 and θ2 = 

𝛽𝜋

2𝑃
 respectively. Substituting the 

values of θ1 and θ2 into (3-5), the nth self flux-linkage of coil AA’ 𝛹𝑛 can be rewritten as: 

𝛹𝑛 = 𝑁𝑅𝑙 ∫ 𝐵𝑛

𝛽𝜋

2𝑃

−
𝛽𝜋

2𝑃

𝑑𝜃 = 𝑁𝑅𝑙 ∫ 𝜆𝑎𝑛 cos 𝑛𝜃
𝛽𝜋

2𝑃

−
𝛽𝜋

2𝑃

𝑑𝜃 =
4𝑖𝑁2𝜆𝑅𝑙

𝑛2𝜋
(sin

𝑛𝛽𝜋

2𝑃
)2. (3-6) 

The self inductance 𝐿 of the coil AA’ produced by the total air-gap magnetic flux linkage 

𝛹 is represented as: 
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𝐿 =
𝛹

𝑖
=
∑𝛹𝑛

𝑖
=
4𝑁2𝜆𝑅𝑙

𝜋
∑

(sin
𝑛𝛽𝜋

2𝑃
)2

𝑛2𝑛     𝑛 = 1,2,3, …  (3-7) 

3.1.3 Mutual inductance between two coils 

The process to calculate the mutual inductance between stator winding coils is similar with 

the process to calculate the self inductance of a single coil which is shown in Section 3.1.2. 

While considering the mutual inductance between coils, an additional variable α (the space 

shift angle of the two coils), is taken into account. As it is shown in  

Figure 3-2, the centerline of coil BB’ leads the centerline of AA’ by α (mechanical angle). 

In this case, the lower limit and the upper limit of the integral are 𝛼 −
𝛽𝜋

2𝑃
 and 𝛼 +

𝛽𝜋

2𝑃
 

respectively.  

 

Figure 3-2: Stator coil AA’ and stator coil BB’ 

The nth mutual flux linkage between coil AA’ and coil BB’ can be represented as: 

𝛹𝐴𝐵𝑛 = 𝑁𝑅𝑙 ∫ 𝐵𝑛
𝛼+

𝛽𝜋

2𝑃

𝛼−
𝛽𝜋

2𝑃
 

𝑑𝜃 =
4𝑖𝑁2𝜆𝑅𝑙

𝑛2𝜋
(sin

𝑛𝛽𝜋

2𝑃
)2 cos 𝑛𝛼. (3-8) 

The mutual inductance between coil AA’ and coil BB’ caused by total air-gap flux linkage 

is written as: 
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𝑀𝐴𝐵 =
𝛹𝐴𝐵

𝑖
=
∑𝛹𝐴𝐵𝑛

𝑖
=
4𝑁2𝜆𝑅𝑙

𝜋
∑

(sin
𝑛𝛽𝜋

2𝑃
)2

𝑛2
cos 𝑛𝛼𝑛     𝑛 = 1,2,3, …  (3-9) 

3.1.4 Self-inductance of two single coils  

The self inductance of any two single coils can be obtained based on the calculation of self 

inductance on single coil in Section 3.1.2. As it is shown in Figure 3-3, the coil A2A2’ leads 

A1A1’ by ε (mechanical angle). The self-inductance of the two single coils can be obtained 

through the total flux linkage produced the two single coils. For coil A1A1’, the flux linkage 

is calculated through the integration of the flux density with the lower limit and upper limit 

is −
𝛽𝜋

2𝑃
 and +

𝛽𝜋

2𝑃
 respectively. For coil A2A2’, the flux linkage is calculated through the 

integration of the flux density with the lower limit and the upper limit of the integral 𝜀 −

𝛽𝜋

2𝑃
 and 𝜀 +

𝛽𝜋

2𝑃
 respectively. 

 

Figure 3-3: Air-gap MMF produced by the current of stator coil A1A1’ and A2A2’ 

 Ϝ1(θ) represents the MMF produced by the single coil A1A1’, and the function Ϝ1(θ) can 

be written as: 

𝐹1(𝜃) = ∑ 𝑎𝑛 cos 𝑛𝜃𝑛 ,         𝑛 = 1,2,3, …  (3-10) 
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Ϝ2(θ) represents the MMF produced by the single coil A2A2’. Ϝ2(θ) is the function Ϝ1(θ) 

translate through horizontal axis by ε, and the function Ϝ2(θ) can be written as: 

𝐹2(𝜃) = ∑ 𝑎𝑛 cos 𝑛(𝜃 + 𝜀)𝑛 ,         𝑛 = 1,2,3…  (3-11) 

Ϝ(θ) represents the total MMF produced by coil A1A1’ and A2A2’, which can be written as: 

𝐹(𝜃) = 𝐹1(𝜃) + 𝐹2(𝜃) = ∑ 𝑎𝑛 [cos 𝑛𝜃 +cos 𝑛(𝜃 + 𝜀)]𝑛     𝑛 = 1,2,3, …  (3-12) 

The nth harmonic flux density produced by the nth MMF can be obtained as: 

𝐵𝑛 = 𝐹𝑛 × 𝜆 = (𝐹1𝑛(𝜃) + 𝐹2𝑛(𝜃)) × 𝜆. (3-13) 

The total flux-linkage of coil A1A1’ can be obtained as follows: 

𝛹1𝑛 = 𝑁∫ 𝐵𝑛
𝑆2

𝑆1
𝑑𝑠 = 𝑁𝑅𝑙 ∫ 𝐵𝑛

𝛽𝜋

2𝑃

−
𝛽𝜋

2𝑃
 

𝑑𝜃 =
4𝑖𝑁2𝜆𝑅𝑙

𝑛2𝜋
(sin

𝑛𝛽𝜋

2𝑃
)2(1 + cos 𝑛𝜀). (3-14) 

The total flux-linkage of coil A2A2’ can be obtained as follows: 

𝛹2𝑛 = 𝑁∫ 𝐵𝑛
𝑆2

𝑆1
𝑑𝑠 = 𝑁𝑅𝑙 ∫ 𝐵𝑛

𝜀+
𝛽𝜋

2𝑃

𝜀−
𝛽𝜋

2𝑃
 

𝑑𝜃 =
4𝑖𝑁2𝜆𝑅𝑙

𝑛2𝜋
(sin

𝑛𝛽𝜋

2𝑃
)2(1 + cos 𝑛𝜀). (3-15) 

The total flux-linkage of coil A1A1’ and A2A2’ can be obtained as follows: 

𝛹𝑛 = 𝛹1𝑛 +𝛹2𝑛 =
8𝑖𝑁2𝜆𝑅𝑙

𝑛2𝜋
(sin

𝑛𝛽𝜋

2𝑃
)2(1 + cos 𝑛𝜀). (3-16) 

The total self inductance of the coil A1A1’ and A2A2’ produced by total air-gap magnetic 

flux linkage is: 

𝐿 =
𝛹1+𝛹2

𝑖
=
∑(𝛹1𝑛+𝛹2𝑛)

𝑖
=
8𝑁2𝜆𝑅𝑙

𝜋
∑

(sin
𝑛𝛽𝜋

2𝑃
)2

𝑛2𝑛 (1 + cos 𝑛𝜀)      𝑛 = 1,2,3, …  (3-17) 
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3.2 Analytical matrix torque equations of multi three-phase 

machines 

3.2.1 Matrix inductance table of multi three-phase 

machines 

While considering the self-inductance and mutual inductance of the inductance matrix table, 

the effect of iron saturation is not taken into account, which means that the inductance 

value does not vary with the flux density. Assuming the self-inductance value on each 

stator phase a1, b1, c1, …, a𝑁, b𝑁, c𝑁 are represented by 𝐿a1a1 , 𝐿b1b1 , 𝐿c1c1 , …, 𝐿a𝑁a𝑁 , 

𝐿b𝑁b𝑁, 𝐿c𝑁c𝑁 respectively. Assuming the mutual-inductance value between phase a1, b1, 

c1, …, a𝑁, b𝑁, c𝑁 are represented by 𝑀𝑎1b1 , 𝑀a1c1, …, 𝑀c𝑁𝑎𝑁, 𝑀c𝑁𝑏𝑁 respectively. The 

matrix inductance table is a 3𝑁 × 3𝑁 matrix table, which can be represented by  𝑳: 

𝑳 =

[
 
 
 
 
 
 
 
𝐿a1a1 𝑀a1b1 𝑀a1c1
𝑀b1a1 𝐿b1b1 𝑀b1c1
𝑀c1a1 𝑀c1b1 𝐿c1c1

⋯

𝑀a1a𝑁 𝑀a1b𝑁 𝑀a1c𝑁
𝑀b1a𝑁 𝑀b1b𝑁 𝑀b1c𝑁
𝑀c1a𝑁 𝑀c1b𝑁 𝑀c1c𝑁

⋮ ⋱ ⋮
𝑀a𝑁a1 𝑀a𝑁b1 𝑀a𝑁c1
𝑀b𝑁a1 𝑀b𝑁b1 𝑀b𝑁c1
𝑀c𝑁a1 𝑀c𝑁b1 𝑀c𝑁c1

⋯

𝐿a𝑁a𝑁 𝑀a𝑁b𝑁 𝑀a𝑁c𝑁
𝑀b𝑁a𝑁 𝐿b𝑁b𝑁 𝑀b𝑁c𝑁
𝑀c𝑁a𝑁 𝑀c𝑁b𝑁 𝐿c𝑁c𝑁 ]

 
 
 
 
 
 
 

. 

Assuming 𝑖 and 𝑗 represent the ith row and the jth column of matrix 𝑳 respectively. Due to 

the mutual inductance theory, 𝑀𝑖𝑗 = 𝑀𝑗𝑖 , so Matrix 𝑳 is a real symmetric matrix. The 

Matrix 𝑳  is strictly diagonally dominant matrix where 𝐿𝑖𝑖 > ∑ |𝑀𝑖𝑗|
3𝑁
𝑗=1,𝑗≠𝑖  and 𝐿𝑖𝑖 >0, 

Therefore, the inverse of matrix 𝑳 can be written as 𝑳−1, and the determinant of matrix 𝑳 

can be represented by |𝑳|, and |𝑳| > 0 [101]. 
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3.2.2 The relationship between phase currents and phase 

voltages in multi three-phase machines 

This section is focused on analyzing the relationship between phase currents and phase 

voltages of multi three-phase machines without phase displacements among different sub 

three-phase systems, which is shown in Figure 3-4. The relationship between phase 

currents and phase voltages with arbitrary phase displacements among different sub three-

phase systems is analyzed in Section 3.3.  

 

Figure 3-4: N three-phase drive system without phase displacements among different sub 

three-phase systems 

The phase voltage is voltage drop between terminals a1 , b1 , c1 , …, a𝑁 , b𝑁 , c𝑁  and 

terminal o1 , …, o𝑁 which can be represented by 𝑢a1 , 𝑢b1 , 𝑢c1 , …, 𝑢a𝑁 , 𝑢b𝑁 , 𝑢c𝑁 

respectively. The phase current is the current flowing through phase a1, b1, c1, …, a𝑁, b𝑁, 
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c𝑁, which can be represented by 𝑖a1, 𝑖b1, 𝑖c1, …, 𝑖a𝑁, 𝑖b𝑁, 𝑖c𝑁 respectively. The back-emf 

generated on each phase is represented by 𝑒a1 , 𝑒b1 , 𝑒c1 , …, 𝑒a𝑁 , 𝑒b𝑁 , 𝑒c𝑁  respectively. 

According to the electric principle, the phase voltage matrix is represented by (3-18): 

[
 
 
 
 
 
 
𝑢a1
𝑢b1
𝑢c1
⋮
𝑢a𝑁
𝑢b𝑁
𝑢c𝑁 ]

 
 
 
 
 
 

=

[
 
 
 
 
 
 
 
𝐿a1a1 𝑀a1b1 𝑀a1c1
𝑀b1a1 𝐿b1b1 𝑀b1c1
𝑀c1a1 𝑀c1b1 𝐿c1c1

⋯

𝑀a1a𝑁 𝑀a1b𝑁 𝑀a1c𝑁
𝑀b1a𝑁 𝑀b1b𝑁 𝑀b1c𝑁
𝑀c1a𝑁 𝑀c1b𝑁 𝑀c1c𝑁

⋮ ⋱ ⋮
𝑀a𝑁a1 𝑀a𝑁b1 𝑀a𝑁c1
𝑀b𝑁a1 𝑀b𝑁b1 𝑀b𝑁c1
𝑀c𝑁a1 𝑀c𝑁b1 𝑀c𝑁c1

⋯

𝐿a𝑁a𝑁 𝑀a𝑁b𝑁 𝑀a𝑁c𝑁
𝑀b𝑁a𝑁 𝐿b𝑁b𝑁 𝑀b𝑁c𝑁
𝑀c𝑁a𝑁 𝑀c𝑁b𝑁 𝐿c𝑁c𝑁 ]

 
 
 
 
 
 
 

𝑑

𝑑𝑡

[
 
 
 
 
 
 
 
𝑖a1
𝑖b1
𝑖c1
⋮
𝑖a𝑁
𝑖b𝑁
𝑖c𝑁 ]
 
 
 
 
 
 
 

+ 𝑅

[
 
 
 
 
 
 
 
𝑖a1
𝑖b1
𝑖c1
⋮
𝑖a𝑁
𝑖b𝑁
𝑖c𝑁 ]
 
 
 
 
 
 
 

+

[
 
 
 
 
 
 
𝑒a1
𝑒b1
𝑒c1
⋮
𝑒a𝑁
𝑒b𝑁
𝑒c𝑁 ]
 
 
 
 
 
 

, 

 (3-18) 

simplified as:   

𝑼 = 𝑳
𝑑 𝑰

𝑑𝑡
+ 𝑅𝑰 + 𝑬  (3-19) 

with: 

𝑼 =

[
 
 
 
 
 
 
𝑢a1
𝑢b1
𝑢c1
⋮
𝑢a𝑁
𝑢b𝑁
𝑢c𝑁 ]

 
 
 
 
 
 

, 𝑰 =

[
 
 
 
 
 
 
 
𝑖a1
𝑖b1
𝑖c1
⋮
𝑖a𝑁
𝑖b𝑁
𝑖c𝑁 ]
 
 
 
 
 
 
 

, 𝑬 =

[
 
 
 
 
 
 
𝑒a1
𝑒b1
𝑒c1
⋮
𝑒a𝑁
𝑒b𝑁
𝑒c𝑁 ]
 
 
 
 
 
 

. 

Due to the symmetrical design principle of machine winding configurations, the matrix 

inductance table among multi three-phase systems a1, b1, c1, …, a𝑁, b𝑁, c𝑁 are identical, 

which means the inductance matrix 𝑳𝑝𝑝 = 𝑳𝑁𝑁 , 𝑴𝑝𝑞 = 𝑴𝑝+1,𝑞+1 ,  𝑴𝑁,𝑞 = 𝑴1,𝑞+1 , 

where  𝑝 ≠ 𝑞, 𝑝, 𝑞 ∈ {1,2, … ,𝑁}, and:  

𝑳𝑝𝑝 = [

𝐿a𝑝a𝑝 𝑀a𝑝b𝑝 𝑀a𝑝c𝑝
𝑀b𝑝a𝑝 𝐿b𝑝b𝑝 𝑀b𝑝c𝑝
𝑀c𝑝a𝑝 𝑀c𝑝b𝑝 𝐿c𝑝c𝑝

] , 𝑴𝑝𝑞 = [

𝑀a𝑝a𝑞 𝑀a𝑝b𝑞 𝑀a𝑝c𝑞
𝑀b𝑝a𝑞 𝑀b𝑝b𝑞 𝑀b𝑝c𝑞
𝑀c𝑝a𝑞 𝑀c𝑝b𝑞 𝑀c𝑝c𝑞

]. 
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Additionally, in this section, there is no phase displacements among different three-phase 

subsystems. Therefore, the back-EMFs generated on each phase are identical with the same 

magnitudes and phases, which means the back-EMF matrixes𝑬𝑝 = 𝑬N , where  𝑝 ∈

{1,2, … ,𝑁}, and:  

𝑬𝑝 = [

𝑒a𝑝
𝑒b𝑝
𝑒c𝑝

], 𝑬𝑁 = [

𝑒a𝑁
𝑒b𝑁
𝑒c𝑁

].  

According to operational properties of matrices, (3-18) can be rewritten as: 

[

𝑢a,T
𝑢b,T
𝑢c,T

] = [

𝐿aa,T 𝑀ab,T 𝑀ac,T
𝑀ba,T 𝐿bb,T 𝑀bc,T
𝑀ca,T 𝑀cb,T 𝐿cc,T

]
𝑑

𝑑𝑡
[

𝑖a,T
𝑖b,T
𝑖c,T

] + 𝑅 [

𝑖a,T
𝑖b,T
𝑖c,T

] + [

𝑒a,T
𝑒b,T
𝑒c,T

], (3-20) 

simplified as:  

𝑼T = 𝑳T
𝑑 𝑰𝑻

𝑑𝑡
+ 𝑅𝑰T + 𝑬T， (3-21) 

with:  

𝑼T = [

𝑢a,T
𝑢b,T
𝑢c,T

] , 𝑳T = [

𝐿aa,T 𝑀ab,T 𝑀ac,T
𝑀ba,T 𝐿bb,T 𝑀bc,T
𝑀ca,T 𝑀cb,T 𝐿cc,T

] , 𝑰T = [

𝑖a,T
𝑖b,T
𝑖c,T

] , 𝑬T = [

𝑒a,T
𝑒b,T
𝑒c,T

]. 

where 𝑼T is the total equivalent voltage; 𝑰T is the total equivalent current; 𝑬T is the total 

equivalent back-emf; 𝑳T is the total equivalent inductance. 

According to (3-21), by using Laplace formula, neglecting the initial conditions, 𝑼T can 

be represented as:  

𝑼T = (𝑠𝑳T + 𝑅)𝑰T + 𝑬T (3-22) 
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Neglecting the harmonics caused by cogging effect and the shape permanent magnet, the 

back-EMF is considered to be ideal sinusoidal. Therefore, for 𝑼T  and 𝑰T , only the 

fundamental component, and the harmonic components which are generated by PWM 

modulation effect are considered. According to (3-22), the total equivalent fundamental 

voltage 𝑼f , the total equivalent fundamental current 𝑰f , the total equivalent harmonic 

voltage 𝑼h and the total equivalent harmonic current 𝑰h can be represented as: 

𝑼T = 𝑼f + 𝑼h 
𝑰T = 𝑰f + 𝑰h

𝑼f = (𝑠𝑳T + 𝑅)𝑰f + 𝑬T
𝑼h = (𝑠𝑳T + 𝑅)𝑰h

}    , (3-23) 

with: 

𝑼f = [

𝑢a,f
𝑢b,f
𝑢c,f
], 𝑰f = [

𝑖a,f
𝑖b,f
𝑖c,f

], 𝑼h = [

𝑢a,h
𝑢b,h
𝑢c,h

], 𝑰f = [

𝑖a,h
𝑖b,h
𝑖c,h

]. 

According to (3-23), by using Laplace formula, neglecting the initial conditions, 𝑼h can 

be represented as:  

𝑼h = 𝑨(𝑠)𝑰h,  (3-24) 

with: 

𝑨(𝑠) = (𝑠𝑳T + 𝑅) = [

𝑠𝐿aa,T + 𝑅 𝑠𝑀ab,T 𝑠𝑀ac,T
𝑠𝑀ba,T 𝑠𝐿bb,T + 𝑅 𝑠𝑀bc,T
𝑠𝑀ca,T 𝑠𝑀cb,T 𝑠𝐿cc,T + 𝑅

]. (3-25) 

According to (3-23), 𝑰h can be represented as:  

𝑰h = 𝑩(𝑠)𝑼h, (3-26) 
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where 𝑩(𝑠) is the inverse of matrix 𝑨(𝑠), and 𝑩(𝑠) can be represented as: 

𝑩(𝑠) =
1

|𝑨(𝑠)|
𝑎𝑑𝑗(𝑨(𝑠)), (3-27) 

with: 

|𝑨(𝑠)| = (𝑠𝐿aa,T + 𝑅)(𝑠𝐿bb,T + 𝑅)(𝑠𝐿cc,T + 𝑅) − 𝑠
2(𝑠𝐿aa,T + 𝑅)𝑀bc,T

2  

−𝑠2(𝑠𝐿bb,T + 𝑅)𝑀ac,T
2 − 𝑠2(𝑠𝐿cc,T + 𝑅)𝑀ab,T

2 + 2𝑠3𝑀ab,T𝑀ac,T𝑀bc,T, 

𝑎𝑑𝑗(𝑨(𝑠))

= [

(𝑠𝐿bb,T + 𝑅)(𝑠𝐿cc,T + 𝑅) − 𝑠
2𝑀bc,T

2 −𝑠(𝑠𝐿cc,T + 𝑅)𝑀ab,T + 𝑠
2𝑀ac,T𝑀bc,T −𝑠(𝑠𝐿bb,T + 𝑅)𝑀ac,T + 𝑠

2𝑀ab,T𝑀bc,T

−𝑠(𝑠𝐿cc,T + 𝑅)𝑀ab,T + 𝑠
2𝑀ac,T𝑀bc,T (𝑠𝐿aa,T + 𝑅)(𝑠𝐿cc,T + 𝑅) − 𝑠

2𝑀ac,T
2 −𝑠(𝑠𝐿aa,T + 𝑅)𝑀bc,T + 𝑠

2𝑀ab,T𝑀ac,T

−𝑠(𝑠𝐿bb,T + 𝑅)𝑀ac,T + 𝑠
2𝑀ab,T𝑀bc,T −𝑠(𝑠𝐿aa,T + 𝑅)𝑀bc,T + 𝑠

2𝑀ab,T𝑀ac,T (𝑠𝐿aa,T + 𝑅)(𝑠𝐿bb,T + 𝑅) − 𝑠
2𝑀ab,T

2

]. 

According to (3-25), 𝑩(𝑠) can be alternatively represented as: 

𝑩(𝑠) = [

𝐵1(𝑠) 𝐵2(𝑠) 𝐵3(𝑠)
𝐵2(𝑠) 𝐵4(𝑠) 𝐵5(𝑠)
𝐵3(𝑠) 𝐵5(𝑠) 𝐵6(𝑠)

], 

with: 

𝐵1(𝑠) =
(𝑠𝐿bb,T+𝑅)(𝑠𝐿cc,T+𝑅)−𝑠

2𝑀bc,T
2

|𝑨(𝑠)|
, 

𝐵2(𝑠) =
−𝑠(𝑠𝐿cc,T+𝑅)𝑀ab,T+𝑠

2𝑀ac,T𝑀bc,T

|𝑨(𝑠)|
, 

𝐵3(𝑠) =
−𝑠(𝑠𝐿bb,T+𝑅)𝑀ac,T+𝑠

2𝑀ab,T𝑀bc,T

|𝑨(𝑠)|
, 

𝐵4(𝑠) =
(𝑠𝐿aa,T+𝑅)(𝑠𝐿cc,T+𝑅)−𝑠

2𝑀ac,T
2

|𝑨(𝑠)|
, 

𝐵5(𝑠) =
−𝑠(𝑠𝐿aa,T+𝑅)𝑀bc,T+𝑠

2𝑀ab,T𝑀ac,T

|𝑨(𝑠)|
, 
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𝐵6(𝑠) =
(𝑠𝐿aa,T+𝑅)(𝑠𝐿bb,T+𝑅)−𝑠

2𝑀ab,T
2

|𝑨(𝑠)|
, 

|𝑨(𝑠)| = (𝑠𝐿aa,T + 𝑅)(𝑠𝐿bb,T + 𝑅)(𝑠𝐿cc,T + 𝑅) − 𝑠
2(𝑠𝐿aa,T + 𝑅)𝑀bc,T

2 − 

𝑠2(𝑠𝐿bb,T + 𝑅)𝑀ac,T
2 − 𝑠2(𝑠𝐿cc,T + 𝑅)𝑀ab,T

2 + 2𝑠3𝑀ab,T𝑀ac,T𝑀bc,T. 

It can be seen that the all the elements in the matrix 𝑩(𝑠) including 𝐵1(𝑠), 𝐵2(𝑠), 𝐵3(𝑠), 

𝐵4(𝑠), 𝐵5(𝑠), 𝐵6(𝑠) can be represented by 𝐵𝑙(𝑠): 

𝐵𝑙(𝑠) =
𝐶1𝑙𝑠

2+𝐶2𝑙𝑠+𝐶3𝑙

𝐶4𝑙𝑠
3+𝐶5𝑙𝑠

2+𝐶6𝑙𝑠+𝐶7𝑙
 , 

where  𝑙 ∈ {1,2,3,4,5,6}; 𝐶1𝑙, 𝐶2𝑙 , 𝐶3𝑙, 𝐶4𝑙 , 𝐶5𝑙, 𝐶6𝑙, 𝐶7𝑙  are constants for any value of 𝑙 . 

Therefore, referring to the formula of 𝐵𝑙(𝑠), it can be seen that 𝐵1(𝑠), 𝐵2(𝑠), 𝐵3(𝑠), 𝐵4(𝑠), 

𝐵5(𝑠), 𝐵6(𝑠) are low-pass filters.  

According to the (3-25), the relationship between the total equivalent harmonic current 

𝑖a,h, 𝑖b,h, 𝑖c,h and the total equivalent harmonic voltage 𝑢a,h, 𝑢b,h, 𝑢c,h can be represented as:  

[

𝑖a,h
𝑖b,h
𝑖c,h

] = [

𝐵1(𝑠) 𝐵2(𝑠) 𝐵3(𝑠)
𝐵2(𝑠) 𝐵4(𝑠) 𝐵5(𝑠)
𝐵3(𝑠) 𝐵5(𝑠) 𝐵6(𝑠)

] [

𝑢a,h
𝑢b,h
𝑢c,h

]  (3-28) 

Referring to the operational properties of matrix, hence 𝑖a,h, 𝑖b,h,  𝑖c,h can be represented 

as: 

{

𝑖a,h = 𝐵1(𝑠)𝑢a,h + 𝐵2(𝑠)𝑢b,h + 𝐵3(𝑠)𝑢c,h
𝑖b,h = 𝐵2(𝑠)𝑢a,h + 𝐵4(𝑠)𝑢b,h + 𝐵5(𝑠)𝑢c,h
𝑖c,h = 𝐵3(𝑠)𝑢a,h + 𝐵5(𝑠)𝑢b,h + 𝐵6(𝑠)𝑢c,h

. (3-29) 

According to (3-29), the total equivalent harmonic currents 𝑖a,h, 𝑖b,h,  𝑖c,h are considered to 

be generated by the total equivalent harmonic voltages 𝑢a,h, 𝑢b,h, 𝑢c,h through low-pass 
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filters (i.e. the resistance-inductance network 𝐵𝑙(𝑠)). The cancellation of phase voltage 

harmonic components may result in the cancellation of phase current harmonic components. 

The next sub-chapter will show that the major torque ripple is caused by the total equivalent 

harmonic currents. Thus, the working principle of the proposed torque ripple reduction 

method is based on the cancellation of total equivalent harmonic voltage harmonic voltages. 

Considering the low pass filter effect of the relationship between total equivalent harmonic 

voltage and current, and more harmfulness of lower order harmonics in electric machine 

systems, the lower order harmonic voltage is of first importance to be eliminated. 

3.2.3 Analytical matrix torque equations in multi three-

phase machines 

The electromagnetic torque can be represented by: 

𝑇e =
1

𝜔m
𝑰𝐓 ∙ 𝑬 =

1

𝜔m
[𝑖a1 𝑖b1 𝑖c1⋯𝑖a𝑁 𝑖b𝑁 𝑖c𝑁]

[
 
 
 
 
 
 
𝑒a1
𝑒b1
𝑒c1
⋮
𝑒a𝑁
𝑒b𝑁
𝑒c𝑁 ]
 
 
 
 
 
 

, (3-30) 

where 𝜔m is the mechanical speed of the machine. 

Since 𝑬𝑝 = 𝑬N for  𝑝 ∈ {1,2, … ,𝑁}, (3-30) can be rewritten as: 

𝑇e =
1

𝜔m
[𝑖a,T 𝑖b,T 𝑖c,T] [

𝑒a𝑁
𝑒b𝑁
𝑒c𝑁

]. (3-31) 

According to (3-31), the electromagnetic torque ripple can be represented as: 
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𝑇e,h =
1

𝜔m
[𝑖a,h 𝑖b,h 𝑖c,h] [

𝑒a𝑁
𝑒b𝑁
𝑒c𝑁

] (3-32) 

According to (3-32), as only the fundamental component of the back-EMF is considered, 

the torque ripple is related to the total equivalent harmonic current 𝑖a,h, 𝑖b,h, 𝑖c,h. As it has 

been discussed in the Section 3.2.2 that the cancellation of phase voltage harmonic 

components may result in the cancellation of current harmonic components. Therefore, the 

working principle of the proposed torque ripple reduction method is based on the 

cancellation of total equivalent harmonic voltages. 
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3.3 Analytical torque equations of multi three-phase 

machines by voltage and current space vectors 

This section is focused on analyzing the torque ripple equations of multi three-phase 

machines with arbitrary phase displacements among different sub three-phase systems by 

using current and voltage space vectors, which is shown in Figure 3-5.  

 

Figure 3-5: N three-phase drive system without phase displacements among different sub 

three-phase systems [102] 

As it is shown in Figure 3-5, in a equivalent 2-pole space winding structure of the 𝑁 three-

phase systems, the space shift angles between 𝑝𝑡ℎ, 𝑝 ∈ {1, . . , 𝑁} three-phase system and 

the stator reference frame are represented by 𝛼1, …, 𝛼𝑁 respectively. The phase voltage is 

the voltage drop between the terminals a1, b1, c1, …, a𝑁, b𝑁, c𝑁 and the terminals o1, …, 
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o𝑁, and are named as 𝑢a1, 𝑢b1, 𝑢c1, …, 𝑢a𝑁 , 𝑢b𝑁, 𝑢c𝑁 respectively. The equivalent phase 

voltage space vector of the 𝑝𝑡ℎ  (𝑝 ∈ {1, . . , 𝑁} ) three-phase subsystem 𝑢⃗ 𝑝(𝑡)  can be 

represented as: 

𝑢⃗ 𝑝(𝑡) =
2

3
[𝑢a𝑝(𝑡)𝑒

𝑗𝛼𝑝 + 𝑢b𝑝(𝑡)𝑒
𝑗(𝛼𝑝+

2

3
𝜋) + 𝑢c𝑝(𝑡)𝑒

𝑗(𝛼𝑝−
2

3
𝜋)], (3-33) 

where 𝛼𝑝  is the space phase shift angle between the 𝑝𝑡ℎ  three-phase system and the 

reference frame. The total equivalent phase space vector of N three-phase subsystems 

𝑢⃗ total(𝑡) can be represented as: 

𝑢⃗ total(𝑡) =
1

𝑁
[𝑢⃗ 1(𝑡)𝑒

𝑗𝛼1 + 𝑢⃗ 2(𝑡)𝑒
𝑗𝛼2 + 𝑢⃗ 3(𝑡)𝑒

𝑗𝛼3 +⋯+ 𝑢⃗ 𝑁(𝑡)𝑒
𝑗𝛼𝑁]. (3-34) 

Substituting (3-33) into (3-34), the total equivalent phase voltage space vector 𝑢⃗ total(𝑡) 

can be represented as: 

𝑢⃗ total(𝑡) =
2

3𝑁
∑ [𝑢a𝑝(𝑡)𝑒

𝑗𝛼𝑝𝑁
𝑝=1 + 𝑢b𝑝(𝑡)𝑒

𝑗(𝛼𝑝+
2

3
𝜋) + 𝑢c𝑝(𝑡)𝑒

𝑗(𝛼𝑝−
2

3
𝜋)]. (3-35) 

The back-EMFs generated on each phase are represented by 𝑒a1, 𝑒b1, 𝑒c1, …, 𝑒a𝑁, 𝑒b𝑁, 𝑒c𝑁 

respectively. Similarly, the total equivalent back-EMF space vector 𝑒 total(𝑡) of N three-

phase subsystems can be represented as: 

𝑒 total(𝑡) =
2

3𝑁
∑ [𝑒a𝑝(𝑡)𝑒

𝑗𝛼𝑝𝑁
𝑝=1 + 𝑒b𝑝(𝑡)𝑒

𝑗(𝛼𝑝+
2

3
𝜋) + 𝑒c𝑝(𝑡)𝑒

𝑗(𝛼𝑝−
2

3
𝜋)]. (3-36) 

The phase current is the current flowing through phase A1, B1, C1, …, A𝑁, B𝑁, C𝑁, which 

are represented by 𝑖a1 , 𝑖b1 , 𝑖c1 , …, 𝑖a𝑁 , 𝑖b𝑁 , 𝑖c𝑁  respectively. The total equivalent phase 

current space vector of 𝑁 three-phase systems 𝑖 𝑡𝑜𝑡𝑎𝑙(𝑡) can be represented as: 

𝑖 total(𝑡) =
2

3𝑁
∑ [𝑖a𝑝(𝑡)𝑒

𝑗𝛼𝑝𝑁
𝑝=1 + 𝑖b𝑝(𝑡)𝑒

𝑗(𝛼𝑝+
2

3
𝜋) + 𝑖c𝑝(𝑡)𝑒

𝑗(𝛼𝑝−
2

3
𝜋)]. (3-37) 
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The instantaneous electromagnetic torque generated by the 𝑝𝑡ℎ three-phase subsystem can 

be written as: 

𝑇𝑝(𝑡) =
1

𝜔𝑚
[𝑖a𝑝(𝑡)𝑒a𝑝(𝑡) + 𝑖b𝑝(𝑡)𝑒b𝑝(𝑡) + 𝑖c𝑝(𝑡)𝑒c𝑝(𝑡)] 

=  
3

2𝜔𝑚
[ 𝑖 𝑝(𝑡) ∙ 𝑒 𝑝(𝑡)], 

(3-38) 

where 𝜔𝑚 is the mechanical speed of the machine. 

The total instantaneous electromagnetic torque generated by 𝑁 three-phase subsystems can 

be written as: 

𝑇𝑡𝑜𝑡𝑎𝑙(𝑡) =   
3𝑁

2𝜔𝑚
[ 𝑖 𝑡𝑜𝑡𝑎𝑙(𝑡) ∙ 𝑒 𝑡𝑜𝑡𝑎𝑙(𝑡)]. (3-39) 
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3.4 The machines in this thesis 

This work aimed at designing a novel drive system for marine application. The proposed 

machine designed for marine propulsion is shown in Section 3.5. It is a 48-slot, 8-pole non-

salient PMSM with the rated power of 2MW and rated speed of 20000rpm. The parameters 

of the 2MW PMSM are listed in Table 3-1. There are two potential winding configurations 

of the 2MW PMSM with either configured as an eight three-phase distributed machine or 

an eight three-phase sectored machine, which are shown in Figure 3-7 and Figure 3-8. The 

analytical inductance values of distributed and sectored configurations are presented and 

validated by FEA results in Section 3.5. 

Due to the challenges of building a 2MW drive system directly, different scaled-down 

machines are built to validate the machine performance and the control algorithms 

respectively. Firstly, a scaled-down dual three-phase PMSM with the rated power of 

160kW and rated speed of 20000rpm was realized, to validate the feasibility of the 

proposed machine to reach the maximum speed (20000rpm). The parameters of the 160kW 

PMSM are listed in Table 4-3. The mathematical model of the relevant drive system is 

validated by simulation results in PLECS in Section 4.4.1.  

Secondly, a scaled-down sectored triple three-phase PMSM with the rated power of 1.5kW, 

and a distributed dual three-phase PMSM with rated power of 18kW have been used to test 

the proposed control algorithm of multi three-phase drive. The simulation results of the 

sectored triple three-phase PMSM are shown in Section 4.4.1 and Section 5.3.1, which are 

validated by the experimental results in Section 4.5.1 and Section 5.4.1. The simulation 
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results of the distributed dual three-phase PMSM are shown in Section 4.4.2 and Section 

5.3.2, which are validated by the experimental results in Section 4.5.2 and Section 5.4.2.  
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3.5 Simulation results 

This section shows the simulation results of machine inductances from FEA (Finite 

Element Analysis) model in Maxwell and analytical models shown in Section 3.2.1. Figure 

3-6 shows a 2MW non-salient PMSM machine model in Maxwell which is designed for 

the marine propulsion. It is a 48-slot, 8-pole double layer non-salient PMSM with rated 

speed of 20000rpm. The parameters of the machine are listed in Table 3-1.  

 

Figure 3-6: 2MW machine model in Maxwell 

Figure 3-7 and Figure 3-8 show the machine windings of distributed construction and 

sectored configuration respectively. Both constructions have 8 three-phase subsystems. 

Distributed construction has the advantage of balanced mutual effect among three phases 

in each subsystem, while it has strong mutual coupling effect among different three-phase 

subsystems. Sectored construction has the advantage of weak mutual coupling effect 

among different three-phase subsystems, while it has unbalanced mutual effect in each 
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subsystem. Therefore, it is of importance to compare the mutual coupling effect between 

distributed construction and sectored construction.  

Parameter 
Value 

DC link Voltage  500 [V] 

Fundamental frequency  1333.33 [Hz] 

Pole pair number  4 

Rated phase current (RMS) 550 [A] 

Phase resistance 0.9 [mΩ] 

Back-EMF coefficient  0.073 (Phase rms back-EMF is 

152.26V at 1333.33Hz) 

Pitch factor  5/6 

Number of turns per phase  2 

Stator length  0.233 [m] 

Stator inner radius  0.137 [m] 

Air gap length  0.033 [m] 

Self inductance of phase A1, B1, C1,…, A8, 

B8, C8 

𝐿a1  = 𝐿b1  = 𝐿c1  = … = 𝐿a8  = 𝐿b8  = 

𝐿c8 =12µH 

Table 3-1: Parameters of 2MW PMSM for Marine propulsion  
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Figure 3-7: 2MW machine of distributed winding construction  

 

Figure 3-8: 2MW machine of sectored winding construction 
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Table 3-2 and Table 3-4 show the inductance matrixes of FEA (Finite Element Analysis) 

results based on the Maxwell machine model shown in Figure 3-6 in distributed winding 

construction (Figure 3-7) and sectored winding construction (Figure 3-8) respectively. The 

Maxwell machine model is working at rated power (RMS phase current at 550A and speed 

at 20000rpm). Table 3-3 and Table 3-5 show the inductance matrices of analytical results 

based on (3-9) and (3-17) with machine parameters shown in Table 3-1 in distributed 

winding construction (Figure 3-7) and sectored winding construction (Figure 3-8) 

respectively. The corresponding MATLAB code to generate the analytical inductance 

matrix values are shown in Appendix A.  

Comparing Table 3-2 (Table 3-4) with Table 3-3 (Table 3-5), the analytical results matches 

with the FEA results in general. The differences between values in Table 3-2 (Table 3-4) 

and Table 3-3 (Table 3-5) are mainly due to two reasons. The first reason is the parameter 

uncertainties in the model, related to uncertainties in the machine parameters including the 

changes of them with working operation because of saturations and non-linear effects. 

Secondly, as it has been mentioned in Section 3.1, the analytical inductance values are 

obtained by the air-gap flux linkage, which means the self and mutual flux leakage are not 

considered in the analytical equations, which will also result in the difference between 

analytical result and FEA result.  

Comparing Table 3-3 and Table 3-5, distributed winding construction and sectored 

winding construction have different mutual coupling effects. For the distributed winding 

construction, the machine is 𝑀𝑎1b1= 𝑀a1c1= … = 𝑀c𝑁𝑎𝑁=𝑀c𝑁𝑏𝑁=1.3µH. Therefore, the 

machine has balanced mutual coupling effect in each three-phase subsystem. For the 

sectored winding construction, the machine has weak mutual coupling effect with the other 
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three-phase subsystems. For example, the subsystems A1B1C1 and A2B2C2 have weak 

mutual coupling with the subsystems A1B1C1, A2B2C2, A3B3C3, A4B4C4, A5B5C5, A6B6C6. 

Therefore, the sectored winding construction has less effect on other subsystems while 

different control techniques applied to different subsystems (i.e. different PWM carrier 

phase angles is applied to different subsystems). 

It is of importance to analyze the different mutual coupling effect between the distributed 

and the sectored winding configurations, as the two winding configurations have different 

advantages with different applications. The effects on the current ripple introduced by the 

PWM related torque ripple reduction method, is analyzed with two case studies of one 

triple three-phase sectored machine and one distributed dual three-phase machine in 

Chapter 5.  
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  A1 A2 A3 A4 A5 A6 A7 A8 B1 B2 B3 B4 B5 B6 B7 B8 C1 C2 C3 C4 C5 C6 C7 C8 

A1 12.1 1.9 -0.7 0.7 -0.7 0.7 -0.7 1.9 -0.7 0.7 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 0.7 

A2 1.9 12.1 1.9 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 

A3 -0.7 1.9 12.1 1.9 -0.7 0.7 -0.7 0.7 -0.5 0.7 -0.7 0.7 -0.7 0.7 -0.7 -3.5 -0.7 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 

A4 0.7 -0.7 1.9 12.1 1.9 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.5 -3.5 -0.7 

A5 -0.7 0.7 -0.7 1.9 12.1 1.9 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.5 -3.5 

A6 0.7 -0.7 0.7 -0.7 1.9 12.1 1.9 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.7 -3.5 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.5 

A7 -0.7 0.7 -0.7 0.7 -0.7 1.9 12.1 1.9 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 0.7 -0.7 0.7 

A8 1.9 -0.7 0.7 -0.7 0.7 -0.7 1.9 12.1 0.7 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 0.7 -0.7 

B1 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 0.7 12.1 1.9 -0.7 0.7 -0.7 0.7 -0.7 1.9 -0.7 0.7 -0.7 0.7 -0.7 -3.5 -0.5 0.7 

B2 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 1.9 12.1 1.9 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.7 -3.5 -0.5 

B3 -0.7 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 1.9 12.1 1.9 -0.7 0.7 -0.7 0.7 -0.5 0.7 -0.7 0.7 -0.7 0.7 -0.7 -3.5 

B4 0.7 -0.7 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 1.9 12.1 1.9 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.7 0.7 -0.7 

B5 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 1.9 12.1 1.9 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.7 0.7 

B6 -3.5 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.5 0.7 -0.7 0.7 -0.7 1.9 12.1 1.9 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.7 

B7 -0.5 -3.5 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.7 1.9 12.1 1.9 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 

B8 0.7 -0.5 -3.5 -0.7 0.7 -0.7 0.7 -0.7 1.9 -0.7 0.7 -0.7 0.7 -0.7 1.9 12.1 0.7 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 

C1 -0.7 0.7 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 0.7 12.1 1.9 -0.7 0.7 -0.7 0.7 -0.7 1.9 

C2 0.7 -0.7 0.7 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 1.9 12.1 1.9 -0.7 0.7 -0.7 0.7 -0.7 

C3 -0.5 0.7 -0.7 0.7 -0.7 0.7 -0.7 -3.5 -0.7 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 1.9 12.1 1.9 -0.7 0.7 -0.7 0.7 

C4 -3.5 -0.5 0.7 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 1.9 12.1 1.9 -0.7 0.7 -0.7 

C5 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 1.9 12.1 1.9 -0.7 0.7 

C6 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.7 -3.5 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.5 0.7 -0.7 0.7 -0.7 1.9 12.1 1.9 -0.7 

C7 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.7 1.9 12.0 1.9 

C8 0.7 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 0.7 -0.7 1.9 -0.7 0.7 -0.7 0.7 -0.7 1.9 12.1 

Table 3-2: Inductance (µH) matrix of FEA (Maxwell) result in distributed winding construction  
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 A1 A2 A3 A4 A5 A6 A7 A8 B1 B2 B3 B4 B5 B6 B7 B8 C1 C2 C3 C4 C5 C6 C7 C8 

A1 10.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 

A2 1.3 10.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 

A3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 1.3 1.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 -6.4 -1.3 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 

A4 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 1.2 -6.4 -1.3 

A5 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 1.2 -6.4 

A6 1.3 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 -1.3 -6.4 -1.3 1.3 -1.3 1.3 -1.3 1.3 1.2 

A7 -1.3 1.3 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 -1.3 1.3 

A8 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 -1.3 

B1 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 

B2 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 -6.4 1.2 

B3 -1.3 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 1.3 1.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 -6.4 

B4 1.3 -1.3 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 

B5 -1.3 1.3 -1.3 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 -1.3 1.3 

B6 -6.4 -1.3 1.3 -1.3 1.3 -1.3 1.3 1.2 1.3 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 -1.3 

B7 1.2 -6.4 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 

B8 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 

C1 -1.3 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 

C2 1.3 -1.3 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 

C3 1.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 -6.4 -1.3 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 1.3 

C4 -6.4 1.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 

C5 -1.3 -6.4 1.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 

C6 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 -1.3 -6.4 -1.3 1.3 -1.3 1.3 -1.3 1.3 1.2 1.3 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 

C7 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 10.2 1.3 

C8 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 10.2 

Table 3-3: Inductance (µH) matrix of analytical result in distributed winding construction 
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  A1 A2 A3 A4 A5 A6 A7 A8 B1 B2 B3 B4 B5 B6 B7 B8 C1 C2 C3 C4 C5 C6 C7 C8 

A1 12.1 1.9 -0.7 0.7 -0.7 0.7 -0.7 1.9 -0.5 0.7 -0.7 0.7 -0.7 0.7 -0.7 -3.5 -3.5 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.5 

A2 1.9 12.1 1.9 -0.7 0.7 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.7 0.7 -0.7 -0.5 -3.5 -0.7 0.7 -0.7 0.7 -0.7 0.7 

A3 -0.7 1.9 12.1 1.9 -0.7 0.7 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.7 0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 0.7 -0.7 

A4 0.7 -0.7 1.9 12.1 1.9 -0.7 0.7 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 0.7 

A5 -0.7 0.7 -0.7 1.9 12.1 1.9 -0.7 0.7 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 

A6 0.7 -0.7 0.7 -0.7 1.9 12.1 1.9 -0.7 0.7 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 -0.7 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 

A7 -0.7 0.7 -0.7 0.7 -0.7 1.9 12.1 1.9 -0.7 0.7 -0.7 0.7 -0.7 -3.5 -0.5 0.7 0.7 -0.7 0.7 -0.7 0.7 -0.5 -3.5 -0.7 

A8 1.9 -0.7 0.7 -0.7 0.7 -0.7 1.9 12.1 0.7 -0.7 0.7 -0.7 0.7 -0.7 -3.5 -0.5 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.5 -3.5 

B1 -0.5 -3.5 -0.7 0.7 -0.7 0.7 -0.7 0.7 12.1 1.9 -0.7 0.7 -0.7 0.7 -0.7 1.9 -3.5 -0.5 0.7 -0.7 0.7 -0.7 0.7 -0.7 

B2 0.7 -0.5 -3.5 -0.7 0.7 -0.7 0.7 -0.7 1.9 12.1 1.9 -0.7 0.7 -0.7 0.7 -0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.7 0.7 

B3 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 0.7 -0.7 1.9 12.1 1.9 -0.7 0.7 -0.7 0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.7 

B4 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 0.7 -0.7 1.9 12.1 1.9 -0.7 0.7 -0.7 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 

B5 -0.7 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 0.7 -0.7 1.9 12.1 1.9 -0.7 0.7 0.7 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 

B6 0.7 -0.7 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 0.7 -0.7 1.9 12.1 1.9 -0.7 -0.7 0.7 -0.7 0.7 -0.7 -3.5 -0.5 0.7 

B7 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 0.7 -0.7 1.9 12.1 1.9 0.7 -0.7 0.7 -0.7 0.7 -0.7 -3.5 -0.5 

B8 -3.5 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.5 1.9 -0.7 0.7 -0.7 0.7 -0.7 1.9 12.1 -0.5 0.7 -0.7 0.7 -0.7 0.7 -0.7 -3.5 

C1 -3.5 -0.5 0.7 -0.7 0.7 -0.7 0.7 -0.7 -3.5 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.5 12.1 1.9 -0.7 0.7 -0.7 0.7 -0.7 1.9 

C2 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 0.7 -0.7 0.7 1.9 12.1 1.9 -0.7 0.7 -0.7 0.7 -0.7 

C3 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 0.7 -0.7 -0.7 1.9 12.1 1.9 -0.7 0.7 -0.7 0.7 

C4 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 0.7 0.7 -0.7 1.9 12.0 1.9 -0.7 0.7 -0.7 

C5 0.7 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 -0.7 -0.7 0.7 -0.7 1.9 12.1 1.9 -0.7 0.7 

C6 -0.7 0.7 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.7 0.7 -0.5 -3.5 -0.7 0.7 0.7 -0.7 0.7 -0.7 1.9 12.1 1.9 -0.7 

C7 0.7 -0.7 0.7 -0.7 0.7 -0.7 -3.5 -0.5 0.7 -0.7 0.7 -0.7 0.7 -0.5 -3.5 -0.7 -0.7 0.7 -0.7 0.7 -0.7 1.9 12.1 1.9 

C8 -0.5 0.7 -0.7 0.7 -0.7 0.7 -0.7 -3.5 -0.7 0.7 -0.7 0.7 -0.7 0.7 -0.5 -3.5 1.9 -0.7 0.7 -0.7 0.7 -0.7 1.9 12.1 

Table 3-4: Inductance (µH) matrix of FEA (Maxwell) result in sectored winding construction 
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  A1 A2 A3 A4 A5 A6 A7 A8 B1 B2 B3 B4 B5 B6 B7 B8 C1 C2 C3 C4 C5 C6 C7 C8 

A1 10.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 1.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 -6.4 -6.4 -1.3 1.3 -1.3 1.3 -1.3 1.3 1.2 

A2 1.3 10.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 -1.3 1.3 

A3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 -1.3 1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 -1.3 

A4 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 -1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 

A5 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 

A6 1.3 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 -1.3 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 

A7 -1.3 1.3 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 1.3 -1.3 1.3 -1.3 1.3 1.2 -6.4 -1.3 

A8 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 -6.4 1.2 -1.3 1.3 -1.3 1.3 -1.3 1.3 1.2 -6.4 

B1 1.2 -6.4 -1.3 1.3 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 -6.4 1.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 

B2 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 -1.3 1.3 

B3 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 -1.3 

B4 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 

B5 -1.3 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 

B6 1.3 -1.3 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 -1.3 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 

B7 -1.3 1.3 -1.3 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 -1.3 1.3 10.2 1.3 1.3 -1.3 1.3 -1.3 1.3 -1.3 -6.4 1.2 

B8 -6.4 -1.3 1.3 -1.3 1.3 -1.3 1.3 1.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 10.2 1.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 -6.4 

C1 -6.4 1.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 -6.4 -1.3 1.3 -1.3 1.3 -1.3 1.3 1.2 10.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 

C2 -1.3 -6.4 1.2 1.3 -1.3 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 -1.3 1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 

C3 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 -1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 1.3 

C4 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 -1.3 

C5 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 -1.3 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 1.3 

C6 -1.3 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 -1.3 1.3 1.2 -6.4 -1.3 1.3 1.3 -1.3 1.3 -1.3 1.3 10.2 1.3 -1.3 

C7 1.3 -1.3 1.3 -1.3 1.3 -1.3 -6.4 1.2 1.3 -1.3 1.3 -1.3 1.3 1.2 -6.4 -1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 10.2 1.3 

C8 1.2 1.3 -1.3 1.3 -1.3 1.3 -1.3 -6.4 -1.3 1.3 -1.3 1.3 -1.3 1.3 1.2 -6.4 1.3 -1.3 1.3 -1.3 1.3 -1.3 1.3 10.2 

Table 3-5: Inductance (µH) matrix of analytical result in sectored winding construction
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3.6 Conclusion 

This chapter presents mathematical models of arbitrary multi three-phase PMSM. In 

Section 3.1, the inductance matrix of arbitrary multi-phase PMSM is analyzed by 

calculating the flux linkage produced by every single coil of the stator winding. Section 

3.2 derives the mathematical matrix torque equations of arbitrary multi three-phase 

machines, with detailed analysis on the relationship between phase current and phase 

voltage by using the multi three-phase inductance matrix. Section 3.3 describes the torque 

equations of multi three-phase machine with voltage and current space vectors. Section 3.4 

shows an overview of different machines used in this thesis.  

The simulation results of machine inductances from FEA (Finite Element Analysis) model 

in Maxwell and analytical models in Section 3.1 are shown in Section 3.5. It shows that 

the analytical results matches with the FEA results generally. Besides, the distributed 

winding construction and sectored winding construction have different mutual coupling 

effects. The distributed winding construction has balanced mutual coupling effect in each 

three-phase subsystem, while the sectored winding construction has weaker mutual 

coupling effect with other subsystems. The numerical, FEA and experimental results will 

be presented in Chapter 5 and Chapter 6 to validate the analytical torque equations in 

Section 3.2 and 3.3. 
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Chapter 4 : Analysis of PWM related torque ripple 

reduction method in multi three-phase drives 

4.1 Modelling of multi three-phase PWM voltage 

converters  

For double-edge naturally sampled pulse width modulation, the harmonic components of 

the PWM voltage waveform of each converter leg, and the resulting phase voltage, can be 

evaluated by using the double Fourier integration [84]. The voltage difference between the 

terminals a1, b1, c1, …, a𝑁, b𝑁, c𝑁 and the middle point of the DC link (z in Figure 3-5) is 

referred to as 𝑢𝑘𝑝z. Its time-varying expression 𝑢𝑘𝑝z(𝑡) can be represented by (4-1): 

𝑢𝑘𝑝z(𝑡) =
𝑉dc
2
𝑀cos[𝑦(𝑡) − 𝛼𝑝] 

+∑ ∑ 𝐴𝑚𝑛cos {𝑚𝑥𝑝(𝑡) + 𝑛[𝑦(𝑡) − 𝛼𝑝]}
∞
𝑛=−∞

∞
𝑚=1 ,  

(4-1) 

With:  

𝐴𝑚𝑛 =
2𝑉dc

𝑚π
𝐽𝑛 (𝑚

π

2
𝑀) sin [(𝑚 + 𝑛)

π

2
], (4-2) 

𝑥𝑝(𝑡) = 𝜔c𝑡 + 𝜃c,𝑝, (4-3) 

𝑦(𝑡) = 𝜔o𝑡 + 𝜃o, (4-4) 

where 𝑘 ∈ {𝑎, 𝑏, 𝑐} and 𝑝 ∈ {1, . . . , 𝑁}. 𝛼𝑝 is the space phase shift angle between the 𝑝𝑡ℎ 

three-phase system and the stator reference frame (resulting from the machine current 

control of the multiphase machine). 𝑉dc is the DC link supply voltage of each independent 

converter module. 𝑀 is the modulation index, (𝑀 ∈ [0,1]). 𝑚 and 𝑛 are the carrier and 
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modulating signal index respectively. 𝑥𝑝(𝑡) is the time-varying angle of the carrier signal 

in the 𝑝𝑡ℎ three-phase system [rad]. 𝑦(𝑡) is time-varying angle of the fundamental phase 

voltage (modulating signal) of the first three-phase system [rad]. 𝐴𝑚𝑛 is the amplitude of 

the harmonic component. 𝜔c  is the frequency of the carrier signal in rad/s (𝑓c  is the 

frequency of the carrier signal in Hz). 𝜔o is the frequency of the modulating signal in rad/s 

(𝑓o is the frequency of the modulating signal in Hz). 𝜃c,𝑝 is the phase angle of the carrier 

signal of the 𝑝𝑡ℎ three-phase system. 𝜃𝑜is the phase angle of the modulating signal of the 

first three-phase system. According to (4-1) (4-2) (4-3) and (4-4), setting 𝑉dc = 60 V, 𝑀 =

0.8, 𝑓o = 50 Hz, 𝑓c =2 kHz, the time-varying phase leg voltage waveform and its FFT 

spectrum are shown in Figure 4-1.  

 

Figure 4-1: Phase leg voltage a) time varying phase leg voltage b) the corresponding FFT 

spectrum of the phase leg voltage waveform 
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According to (4-1), the phase leg voltage of the 𝑝𝑡ℎ, 𝑝 ∈ {1, . . , 𝑁} three-phase subsystem 

𝑢a𝑝z, 𝑢b𝑝z and 𝑢c𝑝z are represented as:  

𝑢𝑎𝑝z(𝑡) =
𝑉dc
2
𝑀cos[𝑦a(𝑡) − 𝛼𝑝] 

+∑ ∑ 𝐴𝑚𝑛cos {𝑚𝑥𝑝(𝑡) + 𝑛[𝑦a(𝑡) − 𝛼𝑝]}
∞
𝑛=−∞

∞
𝑚=1 ,  

(4-5) 

𝑢𝑏𝑝z(𝑡) =
𝑉dc
2
𝑀cos[𝑦a(𝑡) −

2

3
𝜋 − 𝛼𝑝] 

+∑ ∑ 𝐴𝑚𝑛cos {𝑚𝑥𝑝(𝑡) + 𝑛[𝑦a(𝑡) −
2

3
𝜋 − 𝛼𝑝]}

∞
𝑛=−∞

∞
𝑚=1 ,  

(4-6) 

𝑢𝑐𝑝z(𝑡) =
𝑉dc
2
𝑀cos[𝑦a(𝑡) +

2

3
𝜋 − 𝛼𝑝] 

+∑ ∑ 𝐴𝑚𝑛cos {𝑚𝑥𝑝(𝑡) + 𝑛[𝑦a(𝑡) +
2

3
𝜋 − 𝛼𝑝]}

∞
𝑛=−∞

∞
𝑚=1 ,  

(4-7) 

with: 

𝑦a(𝑡) = 𝜔o𝑡 + 𝜃o,a, (4-8) 

where 𝑦a(𝑡) is time-varying angle of the fundamental phase A voltage (modulating signal) 

of the first three-phase system [rad]. 

According to Euler’s formula: 

cos(𝛾) =
𝑒𝑗𝛾+𝑒−𝑗𝛾

2
, (4-9) 

Substituting (4-9) into (4-5), (4-6) and (4-7): 

𝑢𝑎𝑝z(𝑡) =
𝑉dc
4
𝑀{𝑒𝑗(𝑦a(𝑡)−𝛼𝑝) + 𝑒−𝑗(𝑦a(𝑡)−𝛼𝑝)} 

+
1

2
∑ ∑ 𝐴𝑚𝑛 {𝑒

𝑗[𝑚𝑥𝑝(𝑡)+𝑛(𝑦a(𝑡)−𝛼𝑝)] + 𝑒−𝑗[𝑚𝑥𝑝(𝑡)+𝑛(𝑦a(𝑡)−𝛼𝑝)]}∞
𝑛=−∞

∞
𝑚=1 ,  

(4-10) 

𝑢𝑏𝑝z(𝑡) =
𝑉dc
4
𝑀{𝑒𝑗(𝑦a

(𝑡)−
2
3
𝜋−𝛼𝑝) + 𝑒−𝑗(𝑦a

(𝑡)−
2
3
𝜋−𝛼𝑝)} (4-11) 
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+
1

2
∑ ∑ 𝐴𝑚𝑛 {𝑒

𝑗[𝑚𝑥𝑝(𝑡)+𝑛(𝑦a(𝑡)−
2

3
𝜋−𝛼𝑝)] + 𝑒−𝑗[𝑚𝑥𝑝

(𝑡)+𝑛(𝑦a(𝑡)−
2

3
𝜋−𝛼𝑝)]}∞

𝑛=−∞
∞
𝑚=1 ,  

𝑢𝑐𝑝z(𝑡) =
𝑉dc
4
𝑀{𝑒𝑗(𝑦a

(𝑡)+
2
3
𝜋−𝛼𝑝) + 𝑒−𝑗(𝑦a

(𝑡)+
2
3
𝜋−𝛼𝑝)} 

+
1

2
∑ ∑ 𝐴𝑚𝑛 {𝑒

𝑗[𝑚𝑥𝑝(𝑡)+𝑛(𝑦a(𝑡)+
2

3
𝜋−𝛼𝑝)] + 𝑒−𝑗[𝑚𝑥𝑝

(𝑡)+𝑛(𝑦a(𝑡)+
2

3
𝜋−𝛼𝑝)]}∞

𝑛=−∞
∞
𝑚=1 .  

(4-12) 

The phase voltage is the voltage drop between the terminals a1, b1, c1, …, a𝑁, b𝑁, c𝑁 and 

the terminals o1, …, o𝑁, and are named as 𝑢A1, 𝑢B1, 𝑢C1, …, 𝑢A𝑁, 𝑢B𝑁 , 𝑢C𝑁 respectively. 

The phase voltage space vector of the 𝑝𝑡ℎ , 𝑝 ∈ {1, . . , 𝑁}  three-phase subsystem is 

represented in (3-33). The voltage difference between o𝑝  and z , is referred to as the 

common mode voltage 𝑢o𝑝z. Since each three-phase system is star connected, according to 

Kirchhoff’s law, the common mode voltage will not generate any zero sequence current. 

Therefore, the common mode voltage will not lead to torque ripple, and its effects are not 

considered in this thesis. Removing all the common mode voltage components from the 

phase leg voltages in (4-10), (4-11) and (4-12), the 𝑝𝑡ℎ  voltage space vector can be 

obtained by substituting (4-10), (4-11) and (4-12) into (3-33), which can represented as: 

𝑢⃗ 𝑝(𝑡) =
𝑉dc

2
𝑀𝑒𝑗[𝑦a(𝑡)−𝛼𝑝]+ 

1

3
𝐴𝑚𝑛 ∑ ∑  𝑒

𝑗[𝑚𝑥𝑝(𝑡)+𝑛(𝑦a(𝑡)−𝛼𝑝)] + 𝑒𝑗[𝑚𝑥𝑝
(𝑡)+𝑛(𝑦a(𝑡)−

2

3
𝜋−𝛼𝑝)] + 𝑒𝑗[𝑚𝑥𝑝

(𝑡)+𝑛(𝑦a(𝑡)+
2

3
𝜋−𝛼𝑝)]

⏞                                                
positive sequence 

𝑒−𝑗[𝑚𝑥𝑝(𝑡)+𝑛(𝑦a(𝑡)−𝛼𝑝)] + 𝑒−𝑗[𝑚𝑥𝑝
(𝑡)+𝑛(𝑦a(𝑡)−

2

3
𝜋−𝛼𝑝)]𝑒−𝑗[𝑚𝑥𝑝

(𝑡)+𝑛(𝑦a(𝑡)+
2

3
𝜋−𝛼𝑝)]⏟                                                

negative sequence

∞
𝑛=−∞

∞
𝑚=1 , 

 (4-13) 

simplified as:  
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𝑢⃗ 𝑝(𝑡) =
𝑉dc

2
𝑀𝑒𝑗[𝑦a(𝑡)−𝛼𝑝] +

𝐴𝑚𝑛 ∑ ∑ {
𝑒𝑗[𝑚𝑥𝑝(𝑡)+𝑛(𝑦a(𝑡)−𝛼𝑝)] , 𝑛 = 3𝑙 + 1

𝑒−𝑗[𝑚𝑥𝑝(𝑡)+𝑛(𝑦a(𝑡)−𝛼𝑝)] , 𝑛 = 3𝑙 − 1
∞
𝑛=−∞

∞
𝑚=1   

(4-14) 

where 𝑙 is an integer number. The voltage space vector 𝑢⃗ 𝑝(𝑡) contains the fundamental 

component 
𝑉dc

2
𝑀𝑒𝑗[𝑦a(𝑡)−𝛼𝑝] and the harmonic components which are caused by the PWM. 

The harmonic components include both positive sequence components: 

∑ ∑ 𝐴𝑚𝑛 𝑒
𝑗[𝑚𝑥𝑝(𝑡)+𝑛(𝑦a(𝑡)−𝛼𝑝)]∞

𝑛=−∞
∞
𝑚=1 , 

and negative sequence components: 

∑ ∑ 𝐴𝑚𝑛 𝑒
−𝑗[𝑚𝑥𝑝(𝑡)+𝑛(𝑦a(𝑡)−𝛼𝑝)]∞

𝑛=−∞
∞
𝑚=1 . 

 

Considering an N three-phase PMSM with arbitrary phase shifts referring to the reference 

frame, its effective two-pole stator winding construction is shown in Figure 4-2. The total 

voltage space vector fed by modular three-phase converters to control the N multi three-

phase PMSM are represented in (3-34). The total voltage space vector with all harmonic 

contributions can be obtained by substituting (3-34) into (4-14): 

𝑢⃗ 𝑡𝑜𝑡𝑎𝑙(𝑡) =
𝑉dc

2
𝑀𝑒𝑗𝑦a(𝑡) +

1

𝑁
𝐴𝑚𝑛 ∑ ∑ ∑ {

𝑒𝑗[𝑚𝑥𝑝(𝑡)+𝑛(𝑦a(𝑡)−𝛼𝑝)+𝛼𝑝] , 𝑛 = 3𝑙 + 1

𝑒−𝑗[𝑚𝑥𝑝(𝑡)+𝑛(𝑦a(𝑡)−𝛼𝑝)−𝛼𝑝] , 𝑛 = 3𝑙 − 1

∞
𝑛=−∞

∞
𝑚=1

𝑁
𝑝=1   

(4-15) 

The voltage space vector 𝑢⃗ 𝑡𝑜𝑡𝑎𝑙(𝑡) contains the fundamental component 
𝑉dc

2
𝑀𝑒𝑗𝑦(𝑡) and 

the harmonic components which are caused by the PWM. The harmonic components 

include both positive sequence components: 
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1

𝑁
𝐴𝑚𝑛 ∑ ∑ ∑ 𝑒∞

𝑛=−∞
∞
𝑚=1

𝑁
𝑝=1

𝑗[𝑚𝑥𝑝(𝑡)+𝑛(𝑦a(𝑡)−𝛼𝑝)+𝛼𝑝]
, 

and negative sequence components: 

1

𝑁
𝐴𝑚𝑛 ∑ ∑ ∑ 𝑒∞

𝑛=−∞
∞
𝑚=1

𝑁
𝑝=1

−𝑗[𝑚𝑥𝑝(𝑡)+𝑛(𝑦a(𝑡)−𝛼𝑝)−𝛼𝑝)]
. 

 

Figure 4-2: Effective two-pole N three-phase winding construction  

According to (4-15), the total harmonic voltage space vector can be eliminated by applying 

different values of carrier phase angle (𝜃c ) into different three-phase subsystems. For 

example, for a N three-phase PMSM without any space phase shifts among different 

subsystems (𝛼𝑝 = 0, for 𝑝 ∈ {1, . . . , 𝑁}). When 𝑥𝑝 = 𝜔c𝑡 +
2𝜋(𝑝−1)

𝑁
 , all of the harmonics 

are cancelled out except the groups of the harmonics around 𝑁𝑚𝜔c. The total voltage space 

vector ( 𝑢⃗ 𝑡𝑜𝑡𝑎𝑙 ) FFT spectra with applying 
2𝜋(𝑝−1)

𝑁
  to each three-phase subsystem are 

shown in Figure 4-3, Figure 4-4 and Figure 4-5. Figure 4-3, Figure 4-4 and Figure 4-5 show 

that the PWM voltage harmonic components can be effectively eliminated by applying the 
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proposed CPS-PWM. There is more degrees of freedom to eliminate the voltage harmonic 

components with increasing number of multi three-phase subsystems (N). As the 

fundamental voltage of a N three-phase drive is a constant despite the value of N, the 

voltage components without CPS-PWM are always the same as the voltage components of 

N=1. All the voltage harmonic groups less than 10𝑓𝑐 are eliminated when N=10 applying 

the proposed CPS-PWM. In addition, comparing Figure 4-3, Figure 4-4 and Figure 4-5, 

the fundamental voltage are proportional to the modulation index M due to the term 

𝑉dc

2
𝑀𝑒𝑗𝑦a(𝑡) in (4-15). The amplitude of each PWM harmonic component changes under 

different modulation index (M). The modulation index is one of the main factor affecting 

the amplitudes of the harmonics. 

 

Figure 4-3: Total voltage space vector FFT spectra without and with applying CPS-PWM 

under M=0.9 
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Figure 4-4: Total voltage space vector FFT spectra without and with applying CPS-PWM 

under M=0.5 

 

Figure 4-5: Total voltage space vector FFT spectra without and with applying CPS-PWM 

under M=0.1  
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4.2 Analytical PWM related torque equations in multi 

three-phase drives 

The main torque ripple caused by the PWM is due to the interaction of the high order 

winding field harmonics with the fundamental component of the permanent magnet field. 

The torque ripple caused by the interaction of the high order harmonics (5th, 7th, 11th, 13th…) 

of back-EMF is neglected in this analysis. Thus, only the fundamental component of the 

total back-EMF space vector 𝑒 total,f(𝑡)  is considered while modelling the total phase 

current space vector 𝑖 total(𝑡). The relationship between phase voltages and phase currents 

is shown in (3-18). Since the three phases in each subsystem are star-connected, the sum 

of three-phase currents is zero in any subsystem leading to the following constraint: 

𝑖a𝑝 + 𝑖b𝑝 + 𝑖c𝑝 = 0, (4-16) 

where for 𝑝 ∈ {1, . . . , 𝑁}. According to (3-18), (4-15) and (4-16), the total current space 

vector 𝑖 total(𝑡) can be represented as: 

𝑖 𝑡𝑜𝑡𝑎𝑙(𝑡) = 𝐼f𝑒
𝑗𝑦′(𝑡) +

1

𝑁

𝐴𝑚𝑛

𝑍(𝜔𝑚𝑛)
∑ ∑ 𝐴𝑚𝑛 {

𝑒𝑗[𝑚𝑥𝑝(𝑡)+𝑛(𝑦a(𝑡)−𝛼𝑝)+𝛼𝑝] , 𝑛 = 3𝑙 + 1

𝑒−𝑗[𝑚𝑥𝑝(𝑡)+𝑛(𝑦a(𝑡)−𝛼𝑝)−𝛼𝑝] , 𝑛 = 3𝑙 − 1

∞
𝑛=−∞

∞
𝑚=1 , 

(4-17) 

with: 

𝐼f𝑒
𝑗𝑦′(𝑡) =

1

𝑍(𝜔𝑜)
[
𝑉dc

2
𝑀𝑒𝑗𝑦(𝑡) − 𝑒 total,f(𝑡)], (4-18) 

𝑦′(𝑡) = 𝜔o𝑡 + 𝜃o
′ , (4-19) 

𝜔𝑚𝑛 = 𝑛𝜔o +𝑚𝜔c, (4-20) 
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where 𝜔𝑚𝑛 is the frequency of the harmonic component with m carrier signal index and n 

modulating signal index. 𝑍(𝜔𝑚𝑛)  is the impedance of the harmonic component at 

frequency 𝜔𝑚𝑛 .  𝑍(𝜔𝑜) is the impedance of the fundamental component, and 𝜃o
′  is the 

phase angle of the fundamental component of phase current of the first three-phase system. 

Under the assumption of considering for only the fundamental component of the total back-

EMF space vector 𝑒 total,f(𝑡), the instantaneous electromagnetic torque can be represented 

by: 

𝑇total,PWM(𝑡) =
3𝑁

2𝜔𝑚
[𝑖 total(𝑡) ∙ 𝑒 total,f(𝑡)]. (4-21) 

It results from (4-21) that the average torque is produced by controlling the fundamental 

component 𝐼f of the total current space vector 𝑖 total(𝑡), whereas the main torque ripple 

caused by the PWM is generated by the harmonic components in the total current space 

vector 𝑖 total(𝑡). Therefore, the minimization of the harmonic components of the total 

current space vector 𝑖 total(𝑡) corresponds to the minimization of the related torque ripple. 

As it is expressed in (4-17), there are 𝑁 degrees of freedom to change the carrier phase 

angle 𝜃c,𝑝 of each sub three-phase system. Thus, different optimized carrier phase angles 

𝜃c,𝑝 can be found for multi three-phase drives with different values of three-phase systems 

𝑁 and related phase shift angles 𝛼𝑝. 

As a case study, an 18 slots and 6 poles triple three-phase PMSM is shown in Figure 4-6. 

The machine has three sectors, sector 1, sector 2 and sector 3 respectively. Each sector has 

three phases (phase A, phase B, phase C) with an independent floating neutral point. 

Therefore, the three-phase back-EMFs generated in each sector are supposed to have no 

electrical degree phase shift with respect to other sectors. 
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Figure 4-6: Cross section of the 18 slots – 6 poles 3 sectored PM machine [102] 

For the mathematical model of the total current space vector 𝑖 total(𝑡) shown in (4-17), the 

number of three-phase systems is 3 (𝑁 = 3) and the equivalent space phase shift angle is 

0 for all of the three sectors (𝛼𝑝 = 0, 𝑝 ∈ {1, 2, 3}).  

The effect of the carrier phase angle of the 𝑝𝑡ℎ three-phase system 𝜃c,𝑝 (𝑥𝑝(𝑡) = 𝜔c𝑡 +

𝜃c,𝑝) is analyzed through the voltage and current total space vector equations in (4-15) and 

(4-17). It is found that when the carrier phase shift angles are 𝜃c,1 = 0, 𝜃c,2 =
2π

3
 and 

 𝜃c,3 =
4π

3
 for sector 1, sector 2 and sector 3 respectively, all of the harmonic components 

of the current space vector are cancelled out except the groups of harmonics around the 

frequency of 3𝑚𝑓c  (𝑚 ∈ {1, 2, … ,∞} ). According to (4-21), the corresponding FFT 

spectrum of the normalized torque without and with applying the proposed carrier phase 

shift angles under different modulation index (𝑀) is shown in Figure 4-7. In Figure 4-7,  
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Figure 4-7: FFT spectrum of the normalized torque a) without applying carrier phase shift 

method b) with applying the proposed carrier phase shift method [102]. 
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the x-axis refers to the frequency of the groups of harmonic components at 𝑚𝑓c  (𝑚 ∈

{1, 2, … ,∞}; 𝑓c is the carrier frequency), and the y-axis refer to the modulation index 𝑀.  

As it is shown in (4-2) and (4-17), the amplitude of each PWM harmonic component 

changes under different moduation index (𝑀). The modulation index is one of the main 

factor affecting the amplitudes of the harmonics. As it is shown in (4-2), the modulation 

index 𝑀 affects the amplitudes of the PWM harmonic components with the term of the 

Bessel functions 𝐽𝑛 (𝑚
π

2
𝑀)  (𝑚, 𝑛 ∈ {1, 2, 3… } ). The Bessel functions 𝐽𝑛(𝜉)  for 𝑛 =

0,1, … ,6  are shown in Figure 4-8, which shows that 𝐽𝑛(𝜉)  tends to decease with the 

increase of 𝜉.  

 

Figure 4-8: Bessel functions 𝐽𝑛(𝜉) for 𝑛 = 0,1, … ,6 [84] 
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4.3 Selective torque harmonic elimination method on dual 

three-phase drives 

This Section presents a model of dual three-phase drives with arbitrary phase 

displacements. Torque ripple harmonic components can be selectively eliminated by 

applying a proper carrier phase shift between the two three-phase subsystems of a dual 

three-phase drive. This section presents how the PWM related torque ripple harmonic 

components can be eliminated by applying Carrier Phase Shift Pulse Width Modulation 

(CPS-PWM) in a dual three-phase system with arbitrary phase angle displacement. The 

displacement phase angle between the two sets of the three-phase stator windings (in 

electrical radians) is generally 0 or π/6 [41]–[43], [49]–[54]. Therefore, two dual three-

phase Permanent Magnet Synchronous Machines (PMSM) with phase displacement of 0 

and π/6, considering as two case studies, are considered with their respective CPS-PWM. 

4.3.1 Dual three-phase drive system 

Figure 4-9 shows a dual three-phase drive system fed by two independent modular three-

phase converters. The voltage differences between terminals a1 , b1 , c1 , a2 , b2 , c2  and 

terminals o1, o2 are considered as phase voltages, which are represented by 𝑢a1, 𝑢b1, 𝑢c1, 

𝑢a2, 𝑢b2, 𝑢c2 respectively. Similarly, the phase currents are represented by 𝑖a1, 𝑖b1, 𝑖c1, 𝑖a2, 

𝑖b2, 𝑖c2, and the back-EMFs generated on each phase by the rotor flux (permanent magnets) 

can be defined as 𝑒a1 , 𝑒b1 , 𝑒c1 , 𝑒a2 , 𝑒b2 , 𝑒c2  respectively. In the considered dual three-

phase drive system it is possible to introduce a total voltage space vector 𝑢⃗ total, current 
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space vector 𝑖 total and the back-EMF space vector 𝑒 total by means of the transformation 

(4-22):  

𝑔 total =
1

3
 {[𝑔a1(𝑡) + 𝑔b1(𝑡)𝑒

𝑗
2
3
𝜋 + 𝑔c1(𝑡)𝑒

−𝑗
2
3
𝜋]⏟                        

𝑔⃗ 1

 

+ [𝑔a2(𝑡) + 𝑔b2(𝑡)𝑒
𝑗(
2

3
𝜋) + 𝑔c2(𝑡)𝑒

𝑗(−
2

3
𝜋)]⏟                          

𝑔⃗ 2

𝑒𝑗𝛼}, 

(4-22) 

where 𝑔 ∈ {𝑢, 𝑖, 𝑒}; 𝑔 1 and 𝑔 2 are the voltage (current, back-EMF) space vectors of the 

first and the second three-phase subsystems respectively. 

 

Figure 4-9: Dual three-phase drive system 

The main PWM related torque ripple is caused by the interaction of the fundamental 

component of the rotor field with the high frequency harmonic components of the stator 

field. The torque ripple caused by the interaction of the high order rotor field harmonics 

such as 5th, 7th, 11th, 13th… are neglected in this analysis. Thus, only the fundamental 

component of the total back-EMF space vector 𝑒 total,f is considered. Therefore, the main 

electromagnetic torque ripple caused by the PWM current distortion 𝑇em,PWM  can be 

represented by (4-23): 
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𝑇total,PWM =
3

𝜔𝑚
[𝑖 total,PWM ∙  𝑒 total,f]  

=
3

𝜔𝑚
[
𝑢⃗⃗ total,PWM

𝑍(𝜔ℎ)
∙  𝑒 total,f], 

(4-23) 

 

where 𝑖 total,PWM includes all the PWM related harmonic components of the total current 

space vector 𝑖 total , as 𝑢⃗ total,PWM  the PWM related harmonic components of the total 

voltage space vector 𝑢⃗ total. The main torque ripple caused by the PWM is generated by the 

voltage space vector 𝑢⃗ total,PWM. Thus, the elimination of the harmonic components in the 

voltage space vector 𝑢⃗ total,PWM  is related to the elimination of the corresponding 

harmonics in the torque ripple.  

4.3.2 Analysis of PWM Related Torque Ripple 

Reduction Method 

As it has been mentioned in Section 4.3.1, the PWM torque ripple can be reduced by 

eliminating the corresponding PWM harmonic components of the total voltage space 

vector. Therefore, for the sake of simplicity, the focus of the analysis for the torque ripple 

reduction is on the PWM voltage space vectors rather than on the torque. 

The phase leg voltages are the voltage differences between the terminals a1, b1, c1, a2, b2, 

c2  and the middle point of the DC link (z in Figure 4-9). Considering a double-edge 

naturally sampled PWM, the complete PWM harmonic content of the phase leg voltage is 

solved by using the double Fourier integration method [84] [89]. Thus, the PWM harmonic 

voltage space vectors of the first three-phase subsystem 𝑢⃗ 1,PWM and the second three-phase 



73 

 

subsystem with respect to the first three-phase subsystem 𝑢⃗ 2,PWM
′  (𝑢⃗ 2,PWM𝑒

𝑗𝛼 ) can be 

represented by (4-24) and (4-25) respectively:  

𝑢⃗ 1,PWM =
1

2
𝐴𝑚𝑛  

∑ ∑ {
𝑒𝑗[(𝑚𝜔c+𝑛𝜔o)𝑡+(𝑚𝜃c1+𝑛𝜃o)], 𝑛 = 3𝑘 + 1

𝑒−𝑗[(𝑚𝜔c+𝑛𝜔o)𝑡+(𝑚𝜃c1+𝑛𝜃o)], 𝑛 = 3𝑘 − 1
𝑛=∞
𝑛=−∞

∞
𝑚=1 ,  

(4-24) 

𝑢⃗ 2,PWM
′ =

1

2
𝐴𝑚𝑛  

∑ ∑ {
𝑒𝑗[(𝑚𝜔c+𝑛𝜔o)𝑡+(𝑚𝜃c2+𝑛𝜃o−𝑛𝛼)+𝛼], 𝑛 = 3𝑘 + 1

𝑒−𝑗[(𝑚𝜔c+𝑛𝜔o)𝑡+(𝑚𝜃c2+𝑛𝜃o−𝑛𝛼)−𝛼], 𝑛 = 3𝑘 − 1
𝑛=∞
𝑛=−∞

∞
𝑚=1 , 

(4-25) 

with: 

𝐴𝑚𝑛 =
2𝑉dc

𝑚π
𝐽𝑛 (𝑚

π

2
𝑀) sin [(𝑚 + 𝑛)

π

2
],  (4-26) 

where 𝑘 is an integer number. In (4-25), 𝛼 contributes to the phase of the space vector 

𝑢⃗ 2,PWM
′  with two terms: 

 the term 𝑒±𝑗[𝑛𝜃o−𝑛𝛼] introduced by the control algorithm of the dual three-phase 

machine, which aims to maximize the performance of the drive according to the 

desired Field Oriented Control (FOC) strategy; 

 the term 𝑒𝑗𝛼which results from the definition of the total space vector according to 

the transformation (4-22). 

Comparing (4-24) and (4-25), the amplitudes of the harmonic components are the same at 

the frequency of 𝜔𝑚𝑛 with any value of 𝑚 and 𝑛 (the amplitudes of the PWM harmonics 

are 
1

2
𝐴𝑚𝑛 in both (4-24) and (4-25)). As it is shown in (4-22), the total PWM harmonic 

voltage space vector 𝑢⃗ total,PWM is the sum of 𝑢⃗ 1,PWM and 𝑢⃗ 2,PWM
′ . Therefore, in order to 

cancel out the PWM harmonic component at the frequency of 𝜔𝑚𝑛 of the total voltage 
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space vector 𝑢⃗ total,PWM, an appropriate carrier phase angles 𝜃c1in (4-24) and 𝜃c2 in (4-25) 

can be chosen. In particular, the harmonic components (at the frequency of 𝜔𝑚𝑛) in (4-24) 

and (4-25) are eliminated if a phase shift of π is applied, which means that the harmonic 

contributions of the two converters to 𝑢⃗ total,PWM (at the frequency of 𝜔𝑚𝑛) needs to be out 

of phase. 

The PWM harmonic phase angles of the two three-phase subsystem voltage space vectors 

(𝑢⃗ 1,PWM(0) and 𝑢⃗ 2,PWM
′ (0)) are shown in Table 4-1. Considering the low-pass filter effect 

of the relationship between the total voltage space vector and the total current space vector, 

and aware of the similarity of the transfer function related to the mechanical load, the lower 

order harmonics are more harmful in electrical machine systems. It results that the lower 

order PWM harmonic components in voltage space vectors are of first importance in the 

selective ripple elimination methodology. Thus, the maximum harmonic frequency in 

Table 4-1 is considered around 6𝜔𝑐  (𝑚 ≤ 6). Due to the attenuation of higher order 

sidebands, 8 sidebands are taken into account in Table 4-1 (𝑛 ≤ 8) [84]. According to (4-24) 

and (4-25), the initial phase angles of all the existing PWM harmonic components with 

𝑚 ≤ 6  and 𝑛 ≤ 8  are listed in Table 4-1. In order to eliminate specific harmonic 

components of 𝑢⃗ total,PWM  (i.e., imposing 𝑢⃗ 1,PWM  and 𝑢⃗ 2,PWM
′  out of phase), the carrier 

phase shift (𝜃c2 − 𝜃c1) remains a possible degree of freedom in the control of the drive, 

which can be exploited in order to optimize the performance of the two three-phase 

subsystems operation.  

The two cases of winding layouts with 𝛼 = 0 and 𝛼 =
π

6
 are taken into consideration for 

the following analyses, as significant examples. The corresponding phase angle differences 
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between the PWM harmonic of the voltage space vector of the two three-phase subsystems 

with and without applying the proposed the CPS-PWM are shown in Table 4-2 for both 

𝛼 = 0 and 𝛼 =
π

6
. As it is shown in Table 4-2, for 𝛼 = 0, all the harmonic components 

around 𝜔𝑐 , 3𝜔𝑐 , 5𝜔𝑐  in the two three-phase subsystems are out of phase (π), while a 

carrier shift π ( 𝜃c2 − 𝜃c1 = π ) is applied to the dual three-phase system. In lieu, for a dual 

three-phase winding with 𝛼 =
π

6
, applying the carrier shift 

π

2
 and −

π

2
 ( 𝜃c2 − 𝜃c1 =

π

2
 and 

𝜃c2 − 𝜃c1 = −
π

2
) lead to different sets of harmonic components out of phase (π) in the two 

subsystems which are listed in Table 4-2 respectively. The corresponding FFT spectra of 

the real part of the total voltage space vectors with the modulation index M = 0.8 are 

shown in Figure 4-10. 

Controlling the dual three-phase machine with different 𝜃c2 − 𝜃c1 shift angles results in 

the elimination of different PWM harmonic components. As displayed in Table 4-1, it is 

possible to command an appropriate value of 𝜃c2 − 𝜃c1  to eliminate specific undesired 

PWM harmonic components in the total voltage space vector, the total current space vector, 

and the torque ripple.
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The Sub 

Three-

phase 

System 

PWM Harmonic Phase Angles under Different Frequencies (different values of m and n) 

Harmonics Around 𝜔𝑐 (𝑚 = 1 ) 

𝜔𝑐 + 2𝜔𝑜 

(𝑛 = 2) 

𝜔𝑐 − 2𝜔𝑜 

(𝑛 = −2) 

𝜔𝑐 + 4𝜔𝑜 

(𝑛 = 4) 

𝜔𝑐 − 4𝜔𝑜 

(𝑛 = −4) 

𝜔𝑐 + 8𝜔𝑜 

(𝑛 = 8) 

𝜔𝑐 − 8𝜔𝑜 

(𝑛 = −8) 

1st −𝜃c1 − 2𝜃o 𝜃c1 − 2𝜃o 𝜃c1 + 4𝜃o −𝜃c1 + 4𝜃o −𝜃c1 − 8𝜃o 𝜃c1 − 8𝜃o
 

2nd −𝜃c2 + 3𝛼 − 2𝜃o 𝜃c2 + 3𝛼 − 2𝜃o 𝜃c2 − 3𝛼 + 4𝜃o −𝜃c2 − 3𝛼 + 4𝜃o −𝜃c2 + 9𝛼 − 8𝜃o 𝜃c2 + 9𝛼 − 8𝜃o 

 

Harmonics Around 2𝜔𝑐 (𝑚 = 2 ) 

2𝜔𝑐 +𝜔𝑜 

(𝑛 = 1) 

2𝜔𝑐 −𝜔𝑜 

(𝑛 = −1) 

2𝜔𝑐 + 5𝜔𝑜 

(𝑛 = 5) 

2𝜔𝑐 − 5𝜔𝑜 

(𝑛 = −5) 

2𝜔𝑐 + 7𝜔𝑜 

(𝑛 = 7) 

2𝜔𝑐 − 7𝜔𝑜 

(𝑛 = −7) 

1st 2𝜃c1 + 𝜃o −2𝜃c1 + 𝜃o −2𝜃c1 − 5𝜃o 2𝜃c1 − 5𝜃o 2𝜃c1 + 7𝜃o −2𝜃c1 + 7𝜃o 

2nd 2𝜃c2 + 𝜃o −2𝜃c2 + 𝜃o −2𝜃c2 + 6𝛼 − 5𝜃o 2𝜃c2 + 6𝛼 − 5𝜃o 2𝜃c2 − 6𝛼 + 7𝜃o 2𝜃c2 − 6𝛼 + 7𝜃o 

 Harmonics Around 3𝜔𝑐 (𝑚 = 3 ) 

 
3𝜔𝑐 + 2𝜔𝑜 

(𝑛 = 2) 

3𝜔𝑐 − 2𝜔𝑜 

(𝑛 = −2) 

3𝜔𝑐 + 4𝜔𝑜 

(𝑛 = 4) 

3𝜔𝑐 − 4𝜔𝑜 

(𝑛 = −4) 

3𝜔𝑐 + 8𝜔𝑜 

(𝑛 = 8) 

3𝜔𝑐 − 8𝜔𝑜 

(𝑛 = −8) 

1st −3𝜃c1 − 2𝜃o 3𝜃c1 − 2𝜃o 3𝜃c1 + 4𝜃o −3𝜃c1 + 4𝜃o −3𝜃c1 − 8𝜃o 3𝜃c1 − 8𝜃o 

2nd −3𝜃c2 + 3𝛼 − 2𝜃o 3𝜃c2 + 3𝛼 − 2𝜃o 3𝜃c2 − 3𝛼 + 4𝜃o −3𝜃c2 − 3𝛼 + 4𝜃o −3𝜃c2 + 9𝛼 − 8𝜃o 3𝜃c2 + 9𝛼 − 8𝜃o 
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 Harmonics Around 4𝜔𝑐 (𝑚 = 4 ) 

 
4𝜔𝑐 +𝜔𝑜 

(𝑛 = 1) 

4𝜔𝑐 −𝜔𝑜 

(𝑛 = −1) 

4𝜔𝑐 + 5𝜔𝑜 

(𝑛 = 5) 

4𝜔𝑐 − 5𝜔𝑜 

(𝑛 = −5) 

4𝜔𝑐 + 7𝜔𝑜 

(𝑛 = 7) 

4𝜔𝑐 − 7𝜔𝑜 

(𝑛 = −7) 

1st 4𝜃c1 + 𝜃o −4𝜃c1 + 𝜃o −4𝜃c1 − 5𝜃o 4𝜃c1 − 5𝜃o 4𝜃c1 + 7𝜃o −4𝜃c1 + 7𝜃o 

2nd 4𝜃c2 + 𝜃o −4𝜃c2 + 𝜃o −4𝜃c2 + 6𝛼 − 5𝜃o 4𝜃c2 + 6𝛼 − 5𝜃o 4𝜃c2 − 6𝛼 + 7𝜃o 4𝜃c2 − 6𝛼 + 7𝜃o 

 Harmonics Around 5𝜔𝑐 (𝑚 = 5 ) 

 

5𝜔𝑐 + 2𝜔𝑜 

(𝑛 = 2) 

5𝜔𝑐 − 2𝜔𝑜 

(𝑛 = −2) 

5𝜔𝑐 + 4𝜔𝑜 

(𝑛 = 4) 

5𝜔𝑐 − 4𝜔𝑜 

(𝑛 = −4) 

5𝜔𝑐 + 8𝜔𝑜 

(𝑛 = 8) 

5𝜔𝑐 − 8𝜔𝑜 

(𝑛 = −8) 

1st −5𝜃c1 − 2𝜃o 5𝜃c1 − 2𝜃o 5𝜃c1 + 4𝜃o −5𝜃c1 + 4𝜃o −5𝜃c1 − 8𝜃o 5𝜃c1 − 8𝜃o 

2nd −5𝜃c2 + 3𝛼 − 2𝜃o 5𝜃c2 + 3𝛼 − 2𝜃o 5𝜃c2 − 3𝛼 + 4𝜃o −5𝜃c2 − 3𝛼 + 4𝜃o −5𝜃c2 + 9𝛼 − 8𝜃o 5𝜃c2 + 9𝛼 − 8𝜃o 

 Harmonics Around 6𝜔𝑐 (𝑚 = 6 ) 

 

6𝜔𝑐 +𝜔𝑜 

(𝑛 = 1) 

6𝜔𝑐 −𝜔𝑜 

(𝑛 = −1) 

6𝜔𝑐 + 5𝜔𝑜 

(𝑛 = 5) 

6𝜔𝑐 − 5𝜔𝑜 

(𝑛 = −5) 

6𝜔𝑐 + 7𝜔𝑜 

(𝑛 = 7) 

6𝜔𝑐 − 7𝜔𝑜 

(𝑛 = −7) 

1st 6𝜃c1 + 𝜃o −6𝜃c1 + 𝜃o −6𝜃c1 − 5𝜃o 6𝜃c1 − 5𝜃o 6𝜃c1 + 7𝜃o −6𝜃c1 + 7𝜃o 

2nd 6𝜃c2 + 𝜃o −6𝜃c2 + 𝜃o −6𝜃c2 + 6𝛼 − 5𝜃o 6𝜃c2 + 6𝛼 − 5𝜃o 6𝜃c2 − 6𝛼 + 7𝜃o 6𝜃c2 − 6𝛼 + 7𝜃o 

Table 4-1: PWM harmonic phase angles (In Radian) of the two three-phase subsystem voltage space vectors ( 𝑢⃗ 1,PWM(0) and 

𝑢⃗ 2,PWM
′ (0)) 
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PWM Harmonic Phase Angles under Different Frequencies (different values of m and n) 

Harmonics Around 𝜔𝑐 (𝑚 = 1 ) 

𝜔𝑐 + 2𝜔𝑜 

(𝑛 = 2) 

𝜔𝑐 − 2𝜔𝑜 

(𝑛 = −2) 

𝜔𝑐 + 4𝜔𝑜 

(𝑛 = 4) 

𝜔𝑐 − 4𝜔𝑜 

(𝑛 = −4) 

𝜔𝑐 + 8𝜔𝑜 

(𝑛 = 8) 

𝜔𝑐 − 8𝜔𝑜 

(𝑛 = −8) 

𝛼=0 
𝜃c2-𝜃c1= 0 0 0 0 0 0 0 

𝜃c2-𝜃c1= 𝜋 𝜋 𝜋  𝜋 𝜋 𝜋 𝜋 

𝛼=
𝜋

6
 

𝜃c2-𝜃c1= 0 
𝜋

2
  

𝜋

2
  −

𝜋

2
  −

𝜋

2
  −

𝜋

2
  −

𝜋

2
  

𝜃c2-𝜃c1= 
𝜋

2
 0 𝜋 0 𝜋 𝜋 0 

𝜃c2-𝜃c1=−
𝜋

2
  𝜋 0 𝜋 0 0 𝜋 

  Harmonics Around 2𝜔𝑐 (𝑚 = 2 ) 

  
2𝜔𝑐 +𝜔𝑜 

(𝑛 = 1) 

2𝜔𝑐 −𝜔𝑜 

(𝑛 = −1) 

2𝜔𝑐 + 5𝜔𝑜 

(𝑛 = 5) 

2𝜔𝑐 − 5𝜔𝑜 

(𝑛 = −5) 

2𝜔𝑐 + 7𝜔𝑜 

(𝑛 = 7) 

2𝜔𝑐 − 7𝜔𝑜 

(𝑛 = −7) 

𝛼=0 
𝜃c2-𝜃c1= 0 0 0 0 0 0 0 

𝜃c2-𝜃c1= 𝜋 0 0 0 0 0 0 

𝛼=
𝜋

6
 

𝜃c2-𝜃c1= 0 0 0 𝜋 𝜋 𝜋 𝜋 

𝜃c2-𝜃c1= 
𝜋

2
 𝜋 𝜋 0 0 0 0 

𝜃c2-𝜃c1=−
𝜋

2
 𝜋 𝜋 0 0 0 0 
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  Harmonics Around 3𝜔𝑐 (𝑚 = 3 ) 

  
3𝜔𝑐 + 2𝜔𝑜 

(𝑛 = 2) 

3𝜔𝑐 − 2𝜔𝑜 

(𝑛 = −2) 

3𝜔𝑐 + 4𝜔𝑜 

(𝑛 = 4) 

3𝜔𝑐 − 4𝜔𝑜 

(𝑛 = −4) 

3𝜔𝑐 + 8𝜔𝑜 

(𝑛 = 8) 

3𝜔𝑐 − 8𝜔𝑜 

(𝑛 = −8) 

𝛼=0 
𝜃c2-𝜃c1= 0 0 0 0 0 0 0 

𝜃c2-𝜃c1= 𝜋 𝜋 𝜋 𝜋 𝜋 𝜋 𝜋 

𝛼=
𝜋

6
 

𝜃c2-𝜃c1= 0 
𝜋

2
  

𝜋

2
  −

𝜋

2
  −

𝜋

2
  −

𝜋

2
  −

𝜋

2
  

𝜃c2-𝜃c1= 
𝜋

2
 𝜋 0 𝜋 0 0 𝜋 

𝜃c2-𝜃c1=−
𝜋

2
 0 𝜋 0 𝜋 𝜋 0 

  Harmonics Around 4𝜔𝑐 (𝑚 = 4 ) 

  
4𝜔𝑐 +𝜔𝑜 

(𝑛 = 1) 

4𝜔𝑐 −𝜔𝑜 

(𝑛 = −1) 

4𝜔𝑐 + 5𝜔𝑜 

(𝑛 = 5) 

4𝜔𝑐 − 5𝜔𝑜 

(𝑛 = −5) 

4𝜔𝑐 + 7𝜔𝑜 

(𝑛 = 7) 

4𝜔𝑐 − 7𝜔𝑜 

(𝑛 = −7) 

𝛼=0 
𝜃c2-𝜃c1= 0 0 0 0 0 0 0 

𝜃c2-𝜃c1= 𝜋 0 0 0 0 0 0 

𝛼=
𝜋

6
 

𝜃c2-𝜃c1= 0 0 0 𝜋 𝜋 𝜋 𝜋 

𝜃c2-𝜃c1= 
𝜋

2
 0 0 𝜋 𝜋 𝜋 𝜋 

𝜃c2-𝜃c1=−
𝜋

2
 0 0 𝜋 𝜋 𝜋 𝜋 

  Harmonics Around 5𝜔𝑐 (𝑚 = 5 ) 
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5𝜔𝑐 + 2𝜔𝑜 

(𝑛 = 2) 

5𝜔𝑐 − 2𝜔𝑜 

(𝑛 = −2) 

5𝜔𝑐 + 4𝜔𝑜 

(𝑛 = 4) 

5𝜔𝑐 − 4𝜔𝑜 

(𝑛 = −4) 

5𝜔𝑐 + 8𝜔𝑜 

(𝑛 = 8) 

5𝜔𝑐 − 8𝜔𝑜 

(𝑛 = −8) 

𝛼=0 
𝜃c2-𝜃c1= 0 0 0 0 0 0 0 

𝜃c2-𝜃c1= 𝜋 𝜋 𝜋 𝜋 𝜋 𝜋 𝜋 

𝛼=
𝜋

6
 

𝜃c2-𝜃c1= 0 
𝜋

2
  

𝜋

2
  −

𝜋

2
  −

𝜋

2
  −

𝜋

2
  −

𝜋

2
  

𝜃c2-𝜃c1= 
𝜋

2
 0 𝜋 0 𝜋 𝜋 0 

𝜃c2-𝜃c1=−
𝜋

2
 𝜋 0 𝜋 0 0 𝜋 

  Harmonics Around 6𝜔𝑐 (𝑚 = 6 ) 

  
6𝜔𝑐 +𝜔𝑜 

(𝑛 = 1) 

6𝜔𝑐 −𝜔𝑜 

(𝑛 = −1) 

6𝜔𝑐 + 5𝜔𝑜 

(𝑛 = 5) 

6𝜔𝑐 − 5𝜔𝑜 

(𝑛 = −5) 

6𝜔𝑐 + 7𝜔𝑜 

(𝑛 = 7) 

6𝜔𝑐 − 7𝜔𝑜 

(𝑛 = −7) 

𝛼=0 
𝜃c2-𝜃c1= 0 0 0 0 0 0 0 

𝜃c2-𝜃c1= 𝜋 0 0 0 0 0 0 

𝛼=
𝜋

6
 

𝜃c2-𝜃c1= 0 0 0 𝜋 𝜋 𝜋 𝜋 

𝜃c2-𝜃c1= 
𝜋

2
 𝜋 𝜋 0 0 0 0 

𝜃c2-𝜃c1=−
𝜋

2
 𝜋 𝜋 0 0 0 0 

Table 4-2: PWM harmonic voltage space vector phase angle differences (In Radian) between the two three-phase subsystems (the 

difference between the phase angle of  𝑢⃗ 1,PWM and the phase angle of 𝑢⃗ 2,PWM
′ ) 
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Figure 4-10：  The FFT spectrums of the real part of the total voltage space vectors a) 

𝛼 = 0 and 𝜃c2 − 𝜃c1 = 0 b) 𝛼 = 0 and 𝜃c2 − 𝜃c1 = π c) 𝛼 =
π

6
 and 𝜃c2 − 𝜃c1 = 0 d) 

𝛼 =
π

6
 and 𝜃c2 − 𝜃c1 =

π

2
 e) 𝛼 =

π

6
 and 𝜃c2 − 𝜃c1 = −

π

2
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4.4 Simulation results 

4.4.1 Analytical, numerical and FEA results of the multi 

three-phase drive 

A. Distributed dual three-phase drive 

Analytical, numerical simulations have been obtained based on a distributed dual three-

phase machine drive with the converter and machine paratermeters shown in Table 4-3. 

Analytical results are obtained using the time-varying equations (4-17) and (4-21) in 

MATLAB, which is shown in Appendix B. The numerical results are obtained by using 

variable-step simulations in PLECS. The numerical results are obtained at full load 

condition. The machine is operated at rated power of 160kW and rated speed of 20000rpm. 

The numerical results are used to validate the analytical model described by (4-17) and 

(4-21). 

Figure 4-11, Figure 4-12 and Figure 4-13 show the phase voltage, phase current and 

electromagnetic torque waveforms and their corresponding FFT spectra of the dual three-

phase machine in both analytical and numerical results. According to Figure 4-11, Figure 

4-12 and Figure 4-13, the analytical results match with numerical results in general. The 

phase voltage waveforms of Figure 4-11a and Figure 4-11b are slightly different, as the 

numerical result is obtained with infinite number of carrier signal index m and infinite 

number of modulating signal index n. However, the analytical result is obtained with 

limited number of carrier signal index m (m=10) and limited number of modulating signal 

index n (n=10) in MATLAB. This means that the higher order phase voltage harmonic 
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components are not considered in the analytical results. The lower order phase voltage 

harmonic components in the analytical result match with harmonic components in the 

numerical result, which is shown in Figure 4-11c and Figure 4-11d. There is no obvious 

difference between Figure 4-12a (Figure 4-13a) and Figure 4-12b (Figure 4-13b), as the 

phase currents (electromagnetic torque) are generated by phase voltages through low pass 

filters, mentioned in Section 3.2.2, which indicates that the higher order phase voltage 

harmonic components have less effect on the phase currents and electromagnetic torque.  

 

 

 

 

 

 

 
 

Parameter Value 

DC link voltage (Vdc) 500 [V] 

Switching frequency (𝑓c) 20 [kHz] 

Modulating frequency (𝑓o) 1 [kHz] 

Rated power 160 [kW] 

Rated current  280 [A] 

Pole pair number 3 

Phase resistance (𝑅) 11.47 [mΩ] 

mechanical speed (𝜔𝑚) 20000 [rpm] 

stator phase inductance 25 [µH] 

back-EMF coefficient (𝐾𝐸) 0.12 (phase peak back-EMF  

is 248V at 1000Hz) 

Table 4-3: Converter and machine parameters  
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Figure 4-11:  a) & b) Phase voltage waveform a) analytical result b) numerical result c) & 

d) Phase voltage spectra c) analytical result d) numerical result  
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Figure 4-12:  a) & b) Phase current waveform a) analytical result b) numerical result c) & 

d) Phase current spectra c) analytical result d) numerical result  
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Figure 4-13:  a) & b) Electromagnetic torque waveform a) analytical result b) numerical 

result c) & d) Electromagnetic torque spectra c) analytical result d) numerical result 
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B. Sectored triple three-phase drive 

Analytical, numerical and FEA simulations have been carried based on a sectored triple 

three-phase machine drive with the converter and machine parameters shown in Table 4-4. 

The cross section of the triple three-phase PM machine is shown in Figure 4-6. Analytical 

results are obtained using the time-varying equations (4-17) and (4-21) in MATLAB, 

which is shown in Appendix C. The numerical results are obtained by using variable-step 

simulations in PLECS, which is shown in Appendix D. The operating condition concerning 

the numerical results is no load condition. There is no external load on the machine and the 

machine operating power is to overcome the mechanical (friction) power loss and the 

electromagnetic power loss of the machine itself. FEA results are finally realized by 

Magnet with the triple three-phase machine model (Figure 4-14) excited by the currents 

resulting from the PLECS simulation. The numerical and FEA results are used to validate 

the analytical model described by (4-17) and (4-21), and quantify the phase current and 

torque ripple with and without CPS-PWM. The proposed carrier phase angles used in this 

case are 𝜃c,1 = 0, 𝜃c,2 =
2π

3
 and  𝜃c,3 =

4π

3
 for sector 1, sector 2 and sector 3 respectively.  
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Figure 4-14: Sectored triple three-phase PM machine model in Magnet 

Parameter Value 

DC voltage (Vdc) 60 [V] 

Switching frequency (𝑓c) 2 [kHz] 

Modulating frequency (𝑓o) 50 [Hz] 

Pole pair number 3 

Power rating of the machine 1.5 [kW] 

Rated torque of the machine 5 [Nm] 

Rated current of the machine 11.5 [Apk] 

Rated voltage of the machine 28.5 [Vpk] 

Phase resistance (𝑅) 0.08 [Ω] 

Stator inductance matrix(𝑳)  𝐿=0.31; 𝑀1= 0.087; 𝑀2= 0.03; 𝑀3= 0.029 [mH] 

Mechanical speed (𝜔𝑚) 104.72 [rad/s] (1000rpm) 

Back-EMF coefficient (𝐾𝐸) 0.085 (phase peak back-EMF is 8.9V at 50Hz) 

Table 4-4: Converter and Machine Parameters [102] 
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Figure 4-15 shows the block diagram for the control of the nine-phase machine fed by its 

three independent PWM converters. The CPS-PWM method is applied to the three three-

phase systems with carrier phase shift angles 𝜃c,1, 𝜃c,2, and 𝜃c,3 respectively. The machine 

in the PLECS simulations (numerical results) is controlled in speed, by a simple 

proportional-integral (PI) controller which provides the same current reference (iq) as input 

to the internal current PI regulator of each three-phase system. 

 

Figure 4-15: Block diagram of simulation model [102]  

Figure 4-16 shows the comparison of the analytical and numerical models in terms of phase 

current (phase A1 is considered). Figure 4-16a and Figure 4-16c show the analytical and 

numerical results without applying CPS-PWM method. Figure 4-16b and Figure 4-16d 

show the same while applying the CPS-PWM method. Figure 4-16d shows that there is 

slightly difference between the analytical and numerical results at the groups of harmonics 

around 2 kHz, 4 kHz, 8 kHz, 10 kHz, 14 kHz and 16 kHz. The reason is that the analytical  
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Figure 4-16 a) & b) Analytical and numerical results of phase A1 current waveform a) 

without CPS-PWM b) with CPS-PWM c) & d) Analytical and numerical results of phase 

A1 current FFT spectrum c) without CPS-PWM d) with CPS-PWM [102].  
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model is based on a simplification of the system considering the equations in electrical 

degrees for phase A𝑝, B𝑝 and C𝑝 ( 𝑝 ∈ {1, 2, 3}) independent from the sector where they 

are placed. In this machine, due to the sectored stator winding structure, applying CPS-

PWM in numerical model will lead to small harmonic phase current difference among 

phase A𝑝, B𝑝 and C𝑝 in each sector, which is explained in Chapter 5. 

Figure 4-17 shows the comparison of analytical, numerical and FEA models in terms of 

the machine electromagnetic torque. Figure 4-17(a-d) show that the analytical results 

match with the numerical results for both without and with applying CPS-PWM. Figure 

4-17(a-b) show that the FEA results match with the analytical and numerical results with a 

good approximation considering for the analyzed ripple. Figure 4-17(c-d) show that there 

are low order harmonics (6th at 300Hz，12th at 600Hz) in FEA results, which are not shown 

in analytical and numerical results. One reason is that only fundamental component of 

back-EMF is considered in analytical and numerical models, which has been mentioned in 

Section 4.2. In the FEA machine model, the interaction between the fundamental 

component of winding field and the 5th, 7th, 11th, 13th…permanent magnet harmonics 

results in the 6th, 12th…harmonics of the torque ripple. The other reason is that the machine 

model in Magnet is a 6 poles, 18 slots PMSM, and the interaction between the permanent 

magnet rotor and stator slots generate 6th, 12th…harmonics in the torque caused by the 

cogging effect. In addition, Figure 4-17 (c-d) show that the FEA result presents slightly 

higher amplitudes compared with analytical and numerical results, this is due to machine 

parameter uncertainties in the model, for example the changes of them with working 

operation due to saturations and non-linear effects.  
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Figure 4-17: a) & b) Analytical, numerical and FEA results of torque waveform a) without 

CPS-PWM b) with CPS-PWM c) & d) Analytical, numerical and FEA results of torque 

FFT spectrum c) without CPS-PWM d) with CPS-PWM [102]. 
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Comparing the torque waveform with and without CPS-PWM, Figure 4-17 (a-b) show that 

the peak-to-peak torque are reduced by 79.5%, 78.5% and 63.8% with applying CPS-PWM  

in analytical, numerical and FEA results respectively. Figure 4-17s (c-d) show that the 

harmonic components of the torque FFT spectrum around 2 kHz, 4 kHz, 8 kHz, 10 kHz, 

14 kHz and 16 kHz obtained by applying CPS-PWM are effectively cancelled out in 

analytical, numerical and FEA results. 
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4.4.2 Selective torque harmonic elimination method 

validation by numerical results 

In order to validate the effect of applying different carrier phase shift angles to the dual 

three-phase drives to eliminate the selective torque harmonics, simulation models of the 

PM machine with two different stator winding configurations (𝛼 = 0  and 𝛼 =
π

6
 ) are 

established in PLECS. The machine stator winding configuration is changed by the external 

connection box shown in Figure 4-26. The stator winding layout of the dual three-phase 

PMSM is shown in Appendix E. The connection circuits of 𝛼 = 0 and 𝛼 =
π

6
 are shown in 

Figure 4-18a and Figure 4-18b respectively. The machine parameters under the two 

different winding configurations (𝛼 = 0 and =
π

6
 ) are shown in Table 4-5. 

 

 

Figure 4-18: Connection circuits of dual three-phase PM machines 
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Parameter Value 

Rated power (𝛼=0 and 𝛼= 
π

6
) 18 [kw] 

Rated current (𝛼=0 and 𝛼= 
π

6
) 71 [Apk] 

Rated voltage (𝛼=0 and 𝛼= 
π

6
) 312 [Vpk] 

Rated speed (𝛼=0 and 𝛼= 
π

6
) 3000 [rpm] 

Pole pair number (𝛼=0 and 𝛼= 
π

6
) 4 

Phase resistance (𝛼=0 and 𝛼= 
π

6
) 8.5 [mΩ] 

Back-EMF coefficient 𝐾𝐸 (𝛼=0) 0.2506 (phase peak back-EMF is 

9.84V at 25Hz) 

Back-EMF coefficient 𝐾𝐸 (𝛼= 
π

6
) 0.1846 (phase peak back-EMF is 

7.25V at 25Hz) 

Stator inductance matrix 𝑳 (𝛼=0) 𝐿 =0.248; 𝑀0 = -0.099;  𝑀1 = -

0.099; 𝑀2= 0.032; 𝑀3= 0.032 [mH]  

Stator inductance matrix 𝑳 (𝛼= 
π

6
) 𝐿 =0.166; 𝑀0 = -0.066;  𝑀1 = 

0.066; 𝑀2= -0.066; 𝑀3= 0 [mH] 

Table 4-5: Parameters of the two machines 

 

Figure 4-19: Block diagram of simulation model/experimental set-up. 
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The simulation model in PLECS is a voltage open loop control used for validating the 

proposed control technique without interfering with the use of current PI regulators, which 

might affect the voltage and current waveforms. The corresponding control block diagram 

is shown Figure 4-19. The carrier phase shift angles 𝜃c1 and 𝜃c2 are applied to the first and 

the second three-phase systems respectively. The switching frequency of each converter is 

𝑓𝑐=1 kHz. The machine speed of the two winding configurations (𝛼 = 0 and =
π

6
 ) is fixed 

to 375 rpm (i.e., a fundamental frequency 𝑓𝑜= 25 Hz) by keeping the product of the DC 

link voltage and the modulation index (𝑉dc and  𝑀) as a constant. The simulated condition 

is a low load operation of the motor at 6Nm output torque.  

As it is expressed in (4-26), the modulation index (𝑀) affects the amplitudes of PWM 

harmonic components, which means the improvement of torque performance with CPS-

PWM varies with the modulation index. Figure 4-20 shows the peak to peak torque ripple 

reduction obtained with the proposed CPS-PWM under different modulation indexes of 

both winding configurations (𝛼 = 0 and 𝛼 =
π

6
). The peak to peak torque ripple with the 

proposed CPS-PWM (𝜃c2 − 𝜃c1 = π) is reduced by 67% under the modulation index M=1 

for winding configuration 1 (𝛼 = 0). The peak to peak torque ripple applying the proposed 

CPS-PWM (𝜃c2 − 𝜃c1 = ±
π

2
) is reduced by 65% under the modulation index M=0.6.  

Figure 4-21 shows the torque waveforms and their corresponding FFT spectra with 

winding configuration 𝛼 = 0 and modulation index M=0.8. Comparing Figure 4-21c and 

Figure 4-21d, the torque harmonic groups around 1 kHz, 3 kHz, 5 kHz are effectively 

cancelled out using the CPS-PWM. Comparing Figure 4-21a and Figure 4-21b, the peak to 

peak torque ripple is reduced by 49% applying CPS-PWM. 



97 

 

 

Figure 4-20: Peak to peak torque ripple reduction with applying the proposed CPS-PWM 

under different modulation index of winding configurations 𝛼 = 0 and 𝛼 =
π

6
. 

Figure 4-22 shows the torque waveforms and their corresponding FFT spectra for the same 

simulation of with winding configuration 𝛼 =
π

6
 and modulation index M=0.3. Comparing 

Figure 4-22d and Figure 4-22e, the harmonic components at 0.925 kHz, 2 kHz, 3.075 kHz, 

and 4.925 kHz are effectively eliminated applying the CPS-PWM ( 𝜃c2 − 𝜃c1 =
π

2
). 

Comparing Figure 4-22d and Figure 4-22f, the harmonic components at 1.075 kHz, 2 kHz, 

2.925 kHz, and 5.075 kHz are effectively eliminated applying the CPS-PWM (𝜃c2 − 𝜃c1 =

−
π

2
). Comparing Figure 4-22a, Figure 4-22b and Figure 4-22c, the peak to peak torque 

ripple is reduced by 56% applying the CPS-PWM (𝜃c2 − 𝜃c1 = ±
π

2
). 
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Figure 4-21: a) & b) Simulation results of torque waveforms of winding configuration 𝛼 =

0  a) without CPS-PWM, 𝜃c2 − 𝜃c1 = 0  b) with CPS-PWM, 𝜃c2 − 𝜃c1 = π  c) & d) 

Simulation results of torque FFT spectrums of winding configuration 𝛼 = 0 c) without 

CPS-PWM, 𝜃c2 − 𝜃c1 = 0 d) with CPS-PWM, 𝜃c2 − 𝜃c1 = π 
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Figure 4-22: a) & b) & c) Simulation results of torque waveforms of winding 

configuration 𝛼 =
π

6
 a) without CPS-PWM, 𝜃c2 − 𝜃c1 = 0 b) with CPS-PWM, 𝜃c2 −

𝜃c1 =
π

2
 c) with CPS-PWM, 𝜃c2 − 𝜃c1 = −

π

2
 d) & e) & f) Simulation results of torque 

FFT spectrums of winding configuration 𝛼 =
π

6
 d) without CPS-PWM, 𝜃c2 − 𝜃c1 = 0 e) 

with CPS-PWM, 𝜃c2 − 𝜃c1 = 
π

2
 f) with CPS-PWM, 𝜃c2 − 𝜃c1 = −

π

2
.   
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4.5 Experimental results 

4.5.1 Experimental of results of the triple three-phase 

drive 

In order to validate the analytical model and the simulation results for the sectored triple 

three-phase drive, experimental tests have been carried out by means of the platform shown 

in Figure 4-23. The parameters and the control algorithm used in the experimental platform 

is the one explained in Section 4.4.1. The operating condition concerning the experimental 

results (same as the numerical results) is no load condition. There is no external load and 

the machine operating power is to overcome the mechanical (friction) power loss and the 

electromagnetic power loss of the machine itself. The experimental setup consists of triple 

three-phase inverters with standard IGBT modules, a sectored triple three-phase PMSM 

with its cross section shown in Figure 4-6, and a centralized controller (uCube [103]). 

Optical fiber is used to communicate between the power module gate drives and the uCube.  

Only the fundamental component of the back-EMF while calculating the equivalent 

electromagnetic torque through phase current is considered. The main torque ripple 

analyzed in this case is due to the interaction of the high order winding field harmonics 

with the fundamental component of the permanent magnet field. The torque ripple caused 

by the interaction of the high order harmonics (5th, 7th, 11th, 13th …) is neglected. In the 

FEA model, the back-EMF with the fundamental component and all its harmonic 

components are considered to obtain the electromagnetic torque. In the analytical and the 

numerical models, only the fundamental component of the back-EMF is considered to 

obtain the electromagnetic 
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Figure 4-23: Triple three-phase machine drive system experimental set-up [102]. 

torque. Therefore, the effect of considering only the fundamental component can be seen 

by comparing the analytical results (numerical results) with the FEA results. As it is shown 

in Figure 4-17, the FEA results match with the analytical results (numerical results) with a 

good approximation. Figure 4-17(c-d) show that there are some low order harmonic 

components in the FEA results, and the amplitudes of the high order harmonic components 

in the FEA results are slightly different with the numerical results (analytical results). 

Further research work needs to be done with more accurate models to obtain the match of 

the electromagnetic torque in the analytical, numerical and experimental results. 

The equivalent electromagnetic torque are calculated through measuring the phase currents 

from current probes. The torque waveforms are not directly measured through torque 

meters, due to the bandwidth limitation of commercial torque meters. In this case, the 
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torque waveforms are analyzed with high frequencies (up to 20 kHz), which means a very 

high resolution torque meter with wide bandwidth is required if we want to measure the 

torque waveform directly. However, even wide bandwidth commercial torque meters 

cannot meet the bandwidth requirement of 20 kHz. Therefore, an alternative approach of 

measuring the phase currents using current probes is adopted. The equivalent 

electromagnetic torque is calculated by the experimental phase currents based on (4-17) 

and (4-21). The results of torque waveforms among analytical, numerical and FEA results 

in Figure 4-17 have validated the feasibility of using this method to obtain the equivalent 

electromagnetic torque waveform. 

The equivalent electromagnetic torque waveforms and their corresponding FFT spectrum 

with and without CPS-PWM, are shown in Figure 4-24. Comparing the torque waveform 

with and without CPS-PWM, Figure 4-24a shows that the peak-to-peak torque is reduced 

by 58.3% with applying CPS-PWM. The experimental torque ripple reduction of 58.3% is 

smaller than the analytical (numerical, FEA) results, but it still represents a major 

improvement compared to the control without CPS-PWM. Figure 4-24b shows that the 

harmonic components of the torque FFT spectrum around 2 kHz, 4 kHz, 8 kHz, 10 kHz, 

14 kHz obtained by applying CPS-PWM are effectively cancelled out. 

The experimental torque reduction of 58.3% is smaller than the analytical torque ripple 

reduction of 79.5%, the numerical torque ripple reduction of 78.5% and the FEA torque 

ripple reduction of 63.8%. There are mainly six reasons for these differences: 
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Figure 4-24: Experimental results of equivalent electromagnetic torque waveform with and 

without CPS-PWM b) FFT spectrum of equivalent electromagnetic torque waveform with 

and without CPS- PWM [102]. 

 

Figure 4-25: Experimental results (With low-pass filter) of equivalent electromagnetic 

torque waveform with and without CPS-PWM 

 

: 
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 For the numerical, the analytical and the FEA results, the commutation noise of the 

inverters is not considered. For the experimental results, the commutation noise 

generates the torque peaks. This is confirmed when there is a weak low-pass filter 

(the cutoff frequency of the low-pass filter is 100 kHz, 50 times higher than the 

switching frequency, so that it only affects the switching noise but does not change 

the shape of the current) applied to the experimental phase currents, the situation of 

the corresponding electromagnetic torque ripple reduction is improved. Figure 

4-24a and Figure 4-25 show the electromagnetic torque waveform without and with 

adding the low-pass filter respectively. Figure 4-24a shows that the peak-to-peak 

torque (without low-pass filter) is reduced by 58.3% with applying CPS-PWM. 

Figure 4-25 shows that the peak-to-peak torque (with low-pass filter) is reduced by 

62.9% with applying CPS-PWM. 

 For the analytical and numerical results, the main torque ripple caused by the PWM 

is due to the interaction of the high order winding field harmonics with the 

fundamental component of the permanent magnet field. For the FEA and the 

experimental results, besides the fundamental component of the permanent magnet 

field, the torque ripple is influenced by the high order harmonics (back-EMF 

distortion). Though the equivalent electromagnetic torque in the experimental 

results are the calculated with considering only the fundamental component of the 

back-EMF, the back-EMF distortion influence the experimental phase currents. 

 For the analytical and the numerical results, the machine is modelled without 

considering the interaction between the permanent magnet rotor and the stator slots 

(cogging effect). For the FEA and the experimental results, the interaction between 
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the permanent magnet rotor and the stator slots (cogging effect) generate 6th, 

12th…harmonics in the torque. 

 For the analytical and the numerical results, the machine is modelled with constant 

machine parameters. For the FEA and the experimental results, there is machine 

parameter uncertainties, for example the changes of the machine parameters with 

working operation due to saturations and non-linear effects. 

 For the analytical and numerical results, the inverters are analyzed with linear 

mathematical models. The FEA results are realized with the machine model excited 

by the currents resulting from the PLECS simulation (numerical results), therefore 

the inverters are analysed with linear mathematical models for the FEA results. For 

the experimental results, the inverters’ non-linearity affects the experimental results. 

 The analytical results, the numerical results and the FEA results are realized without 

the consideration of the dead time effect. The experimental results are effected by 

the dead time effect.  

In summary, the experimental torque ripple reduction of 58.3% is smaller than the 

analytical (numerical, FEA) results due to the commutation noise, the back-EMF distortion, 

the cogging effect, the machine parameter uncertainties, the inverter non-linearity and the 

dead time effect. However, even in the worst scenario with all the effects, the experimental 

results with the torque ripple reduction of 58.3% has validated the significance of applying 

the proposed carrier phase shift PWM method.   



106 

 

4.5.2 Selective torque harmonic elimination method 

validation by experimental results 

In order to validate the proposed CPS-PWM technique to eliminate selective torque 

harmonics for dual three-phase drives, experimental results were carried out using the test 

rig shown in Figure 4-26. The control algorithm, operating condition and the parameters 

are the same as the simulations, presented in Section 4.4.2. The experimental test rig 

consists of two modular three-phase inverters, a multiphase PMSM with external 

connection box, and a PLECS RT box operating as a controller to output the desired PWM 

signals to the modular converters. 

 

Figure 4-26: Dual three-phase drive systems (𝛼=0 and 𝛼=
π

6
) experimental test rig. 
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The equivalent electromagnetic torque is calculated from the experimental phase currents 

referring to (4-23). Figure 4-27 shows the equivalent electromagnetic torque waveforms 

and their corresponding FFT spectra with winding configuration 𝛼 = 0 and modulation 

index M=0.8. Comparing Figure 4-27c and Figure 4-27d, the torque harmonic groups 

around 1 kHz, 3 kHz, 5 kHz are effectively cancelled out using the CPS-PWM. Comparing 

Figure 4-27a and Figure 4-27b, and peak to peak torque ripple is reduced by 36% 

employing CPS-PWM. 

Figure 4-28 shows the equivalent electromagnetic torque waveforms and their 

corresponding FFT spectra with winding configuration 𝛼 =
π

6
 and modulation index 

M=0.3. Comparing Figure 4-28d and Figure 4-28e, the harmonic components at 0.925 kHz, 

2 kHz, 3.075 kHz, and 4.925 kHz are effectively eliminated by the CPS-PWM (𝜃c2 −

𝜃c1 =
π

2
). Comparing Figure 4-28d and Figure 4-28f, the harmonic components at 1.075 

kHz, 2 kHz, 2.925 kHz, and 5.075 kHz are effectively eliminated applying the CPS-PWM 

(𝜃c2 − 𝜃c1 = −
π

2
). Finally, from Figure 4-28a, Figure 4-28b and Figure 4-28c, it can be 

deduced that the peak to peak torque ripple is reduced by 35% and 48% employing the 

CPS-PWM of 𝜃c2 − 𝜃c1 =
π

2
 and 𝜃c2 − 𝜃c1 = −

π

2
 respectively.  
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Figure 4-27: a) & b) Experimental results of equivalent electromagnetic torque waveforms 

of winding configuration 𝛼 = 0 a) without CPS-PWM, 𝜃c2 − 𝜃c1 = 0 b) with CPS-PWM, 

𝜃c2 − 𝜃c1 = π c) & d) Experimental results of equivalent electromagnetic torque FFT 

spectrums of winding configuration 𝛼 = 0 c) without CPS-PWM, 𝜃c2 − 𝜃c1 = 0 d) with 

CPS-PWM, 𝜃c2 − 𝜃c1 = π. 
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Figure 4-28: a) & b) & c) Experimental results of equivalent electromagnetic torque 

waveforms of winding configuration 𝛼 =
π

6
 a) without CPS-PWM, 𝜃c2 − 𝜃c1 = 0 b) with 

CPS-PWM, 𝜃c2 − 𝜃c1 =
π

2
 c) with CPS-PWM, 𝜃c2 − 𝜃c1 = −

π

2
 d) & e) & f) Experimental 

results of equivalent electromagnetic torque FFT spectrums of winding configuration 𝛼 =

π

6
 d) without CPS-PWM, 𝜃c2 − 𝜃c1 = 0 d) with CPS-PWM, 𝜃c2 − 𝜃c1 =  

π

2
 f) with CPS-

PWM, 𝜃c2 − 𝜃c1 = −
π

2
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4.6 Conclusion 

Section 4.1 proposes a mathematical modelling of multi three-phase PWM converters. 

Section 4.2 presents mathematical torque equations of multi three-phase drives based on 

Section 4.1. Section 4.3 proposes the use of carrier phase shift approach, CPS-PWM, to 

mitigate the torque harmonic components in dual three-phase drives introduced by the 

PWM modulation. The proper carrier phase angles can be obtained by Table 4-1 for 

different dual three-phase drive systems. The most significant cases of dual three-phase 

systems, with 𝛼 = 0 and =
π

6
 , are analyzed in depth. 

Numerical, FEA simulations and experimental tests validate the analytical model (Section 

4.2) shown in Section 4.4.1 and Section 4.5.1. The carrier phase shift angles obtained by 

the developed theory are applied on a case study of a sectored triple three-phase machine. 

The peak-to-peak values of the torque waveforms obtained by applying CPS-PWM are 

reduced by 79.5%, 78.5%, 63.8% and 58.3% compared with those obtained by not applying 

CPS-PWM in analytical, numerical, FEA and experimental results respectively. The PWM 

related harmonic components of the torque FFT spectrum obtained by applying CPS-PWM 

are effectively cancelled out.  

The simulation results and experimental results to eliminate selective torque harmonic 

components are shown in Section 4.4.2 and 4.5.2 respectively. For 𝛼 = 0, applying the 

proposed carrier phase angle (𝜃c2 − 𝜃c1 = π), the main torque harmonic components at the 

groups of 1 kHz, 3 kHz, and 5 kHz are effectively eliminated in both simulation and 

experimental results, and the peak to peak torque ripple is reduced by 49% and 36% in 

simulation and experimental results respectively. For 𝛼 =
π

6
, applying the proposed carrier 
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phase shift angle (𝜃c2 − 𝜃c1 =
π

2
), the main torque harmonic components at the 0.925 kHz, 

2 kHz, 3.075 kHz, and 4.925 kHz are effectively eliminated in both simulation and 

experimental results, and the peak to peak torque ripple is reduced by 56% and 35% in 

simulation and experimental results respectively. For 𝛼 =
π

6
, using the proposed carrier 

phase shift angle (𝜃c2 − 𝜃c1 = −
π

2
), the torque harmonic components at the 1.075 kHz, 2 

kHz, 2.925 kHz, and 5.075 kHz are effectively eliminated in both simulation and 

experimental results, and the peak to peak torque ripple is reduced by 56% and 48% in 

simulation and experimental results respectively. 

Therefore, applying CPS-PWM method to multi three-phase drives can effectively 

improve the torque performance of the machine, guaranteeing major benefits in terms of 

current and torque ripple without additional computational burden.  
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Chapter 5  Analysis of current ripple introduced by 

PWM related torque ripple reduction method 

5.1 Analysis of current ripple in sectored triple three-phase 

drive introduced by PWM related torque ripple reduction 

method 

As a case study, an 18 slots and 6 poles triple three-phase PMSM is shown in Figure 4-6. 

The machine has three sectors, sector 1, sector 2 and sector 3 respectively. Each sector has 

three phases (phase A, phase B, phase C) with an independent floating neutral point. The 

cross section of the considered machine is shown in Figure 4-6. The self-inductance of 

each stator phase A1, B1, C1, A2, B2, C2, A3, B3, C3 are represented by 𝐿A1, 𝐿B1, 𝐿C1, 𝐿A2, 

𝐿B2, 𝐿C2, 𝐿A3, 𝐿B3, 𝐿C3, respectively. The mutual inductance between the phases A1, B1, 

C1 ,  A2 , B2 , C2 ,  A3 , B3 , C3  are represented by 𝑀A1B1 , 𝑀A1C1 , …, 𝑀C3A3 , 𝑀C3B3 

respectively. Due to the symmetrical design of the winding configuration in Figure 4-6, the 

matrix inductance table 𝑳 of the machine can be represented by: 

𝑳 =

[
 
 
 
 
 
 
 
 
𝐿 −𝑀1 −𝑀1
−𝑀1 𝐿 𝑀2
−𝑀1 𝑀2 𝐿

−𝑀3 𝑀3 𝑀3
𝑀3 −𝑀3 −𝑀3
𝑀3 −𝑀3 −𝑀3

−𝑀3 𝑀3 𝑀3
𝑀3 −𝑀3 −𝑀3
𝑀3 −𝑀3 −𝑀3

−𝑀3 𝑀3 𝑀3
𝑀3 −𝑀3 −𝑀3
𝑀3 −𝑀3 −𝑀3

𝐿 −𝑀1 −𝑀1
−𝑀1 𝐿 𝑀2
−𝑀1 𝑀2 𝐿

−𝑀3 𝑀3 𝑀3
𝑀3 −𝑀3 −𝑀3
𝑀3 −𝑀3 −𝑀3

−𝑀3 𝑀3 𝑀3
𝑀3 −𝑀3 −𝑀3
𝑀3 −𝑀3 −𝑀3

−𝑀3 𝑀3 𝑀3
𝑀3 −𝑀3 −𝑀3
𝑀3 −𝑀3 −𝑀3

𝐿 −𝑀1 −𝑀1
−𝑀1 𝐿 𝑀2
−𝑀1 𝑀2 𝐿 ]
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where: 𝐿 = 𝐿𝑘𝑝 , 𝑘 ∈ {A, B, C} , , 𝑝 ∈ {1, 2, 3} ; 𝑀A𝑝𝑘𝑝
1 = 𝑀𝑘𝑝

1A𝑝
= 𝑀1 ,  𝑘1 ∈ {B, C} ; 

𝑀B𝑝C𝑝 = 𝑀C𝑝B𝑝 = 𝑀2; 𝑀𝑘𝑝𝑘𝑝′
′ = 𝑀3, 𝑘, 𝑘′ ∈ {A, B, C}, 𝑝, 𝑝′ ∈ {1, 2, 3}, 𝑝 ≠ 𝑝′. 

The PWM related phase voltage harmonics and phase current harmonics of the 𝑝𝑡ℎ three-

phase system can be represented by 𝑢𝑘𝑝,h and 𝑖𝑘𝑝,h (𝑝 ∈ {1, 2, 3}) respectively. Since the 

three phases in each sector are star-connected, the sum of three-phase currents is zero in 

any sector, leading to the following constraint: 

𝑖A𝑝,h + 𝑖B𝑝,h + 𝑖C𝑝,h = 0,  (5-1) 

According to the electric principle, the corresponding 𝑝𝑡ℎphase voltage harmonic 𝑢A𝑝,h, 

𝑢B𝑝,h, 𝑢C𝑝,h can be represented by (5-2), (5-3) and (5-4) respectively: 

𝑢A𝑝,h = 𝑅𝑖A𝑝,h + (𝐿 +𝑀1)
d

d𝑡
𝑖A𝑝,h − (2𝑀3)

d

d𝑡
(𝑖A

𝑝′
,h  + 𝑖A

𝑝′′
,h) , (5-2) 

𝑢B𝑝,h = 𝑅𝑖B𝑝,h + (𝐿 +𝑀1)
d

d𝑡
𝑖B𝑝,h + (𝑀1 +𝑀2)

d

d𝑡
𝑖C𝑝,h 

−(2𝑀3)
d

d𝑡
(𝑖B

𝑝′
,h + 𝑖B

𝑝′′
,h) − (2𝑀3)

d

d𝑡
(𝑖C

𝑝′
,h + 𝑖C

𝑝′′
,h),  

(5-3) 

𝑢C𝑝,h = 𝑅𝑖C𝑝,h + (𝐿 +𝑀1)
d

d𝑡
𝑖C𝑝,h + (𝑀1 +𝑀2)

d

d𝑡
𝑖B𝑝,h 

−(2𝑀3)
d

d𝑡
(𝑖C

𝑝′
,h + 𝑖C

𝑝′′
,h) − (2𝑀3)

d

d𝑡
(𝑖B

𝑝′
,h + 𝑖B

𝑝′′
,h). 

(5-4) 

where 𝑝, 𝑝′, 𝑝′′ ∈ {1, 2, 3}, 𝑝 ≠ 𝑝′ ≠ 𝑝′′. The fundamental components of phase currents 

and phase voltages are not defined by (5-2), (5-3) and (5-4) as the back-EMFs are not 

included. As it is mentioned above, for this case study, the electrical phase shift among the 

various three-phase systems is zero.( 𝛼𝑝 = 0, 𝑝 ∈ {1, 2, 3}). Therefore, without CPS-PWM 

method (𝜃c,1 = 𝜃c,2 = 𝜃c,3 = 0), the phase current harmonics of each sector are the same 
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(𝑖𝑘𝑝,h = 𝑖𝑘𝑝′,h = 𝑖𝑘𝑝′′,h, 𝑘 ∈ {A, B, C}). By properly manipulating (5-2), (5-3) and (5-4), the 

corresponding 𝑝𝑡ℎ  phase voltage harmonic 𝑢A𝑝,h , 𝑢B𝑝,h , 𝑢C𝑝,h  without applying CPS-

PWM can be respectively rewritten as: 

𝑢A𝑝,h = 𝑅𝑖A𝑝,h + (𝐿+𝑀1 − 4𝑀3)
d

d𝑡
𝑖A𝑝,h, (5-5) 

𝑢B𝑝,h = 𝑅𝑖B𝑝,h + (𝐿+𝑀1 − 4𝑀3)
d

d𝑡
𝑖B𝑝,h + (𝑀1 +𝑀2 − 4𝑀3)

d

d𝑡
𝑖C𝑝,h, (5-6) 

𝑢C𝑝,h = 𝑅𝑖C𝑝,h + (𝐿+𝑀1 − 4𝑀3)
d

d𝑡
𝑖C𝑝,h + (𝑀1 +𝑀2 − 4𝑀3)

d

d𝑡
𝑖B𝑝,h. (5-7) 

Whereas, by applying the proposed CPS-PWM method (𝜃c,1 = 0,  𝜃c,2 =
2π

3
,  𝜃c,3 =

4π

3
), 

there are two conditions of phase current harmonics according to (4-17). First, for the 

harmonic components of the total current space vector which cannot be cancelled out by 

the CPS-PWM method (around the frequency of 3𝑧𝑓c, z ∈ {1, 2, … ,∞}), the relevant phase 

current harmonics of each sector are the same ( 𝑖𝑘1,h = 𝑖𝑘2,h = 𝑖𝑘3,h , 𝑘 ∈ {A, B, C} ). 

Therefore, the corresponding 𝑝𝑡ℎ  phase voltage harmonics 𝑢A𝑝,h , 𝑢B𝑝,h , 𝑢C𝑝,h  with 

applying CPS-PWM can be represented by (5-5), (5-6) and (5-7) respectively. Secondly, 

for the harmonic components of the total current space vector which can be cancelled out 

by the CPS-PWM method (around the frequency of 𝑧𝑓c and 2𝑧𝑓c, z ∈ {1, 2, … ,∞}), the 

sum of phase current harmonics from different sectors is equal to 0, which can be 

represented by (5-8): 

𝑖𝑘,h = ∑ 𝑖𝑘𝑝,h
𝑁
𝑝=1 = 𝑖𝑘1,h + 𝑖𝑘2,h + 𝑖𝑘3,h = 0, (5-8) 

where 𝑘 ∈ {A, B, C}. It results that the corresponding 𝑝𝑡ℎ  phase voltage harmonic 𝑢A𝑝,h, 

𝑢B𝑝,h , 𝑢C𝑝,h  with applying CPS-PWM can be represented by (5-9), (5-10) and (5-11) 

respectively: 
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𝑢A𝑝,h = 𝑅𝑖A𝑝,h + (𝐿 +𝑀1 + 2𝑀3)
d

d𝑡
𝑖A𝑝,h, (5-9) 

𝑢B𝑝,h = 𝑅𝑖B𝑝,h + (𝐿 +𝑀1 + 2𝑀3)
d

d𝑡
𝑖B𝑝,h + (𝑀1 +𝑀2 + 2𝑀3)

d

d𝑡
𝑖C𝑝,h, (5-10) 

𝑢C𝑝,h = 𝑅𝑖C𝑝,h + (𝐿+𝑀1 + 2𝑀3)
d

d𝑡
𝑖C𝑝,h + (𝑀1 +𝑀2 + 2𝑀3)

d

d𝑡
𝑖B𝑝,h. (5-11) 

 

For phase A in each sector, the effective inductance (𝐿+𝑀1 − 4𝑀3) in (5-5) is smaller than 

the effective inductance (𝐿 +𝑀1 + 2𝑀3) in (5-9). For phase B and C in each sector, the 

effective self-inductance (𝐿+𝑀1 − 4𝑀3) in (5-6) and (5-7) is smaller than the effective 

self-inductance(𝐿 + 𝑀1 + 2𝑀3)  in (5-10) and (5-11); the effective mutual inductance 

between phase B and C (𝑀1 +𝑀2 − 4𝑀3) in (5-6) and (5-7) is smaller than the effective 

mutual inductance (𝑀1 +𝑀2 + 2𝑀3) in (5-10) and (5-11). Overall, for the considered 

sectored machine, the effective inductance without applying CPS-PWM method is smaller 

than the effective inductance with applying CPS-PWM. The amplitudes of phase voltage 

harmonics with and without CPS-PWM are the same [84]. Therefore, the amplitudes of 

phase current harmonics with applying CPS-PWM method are smaller than the ones 

obtained without the CPS-PWM method. The numerical results obtained in PLECS of the 

normalized phase current FFT spectrum with and without CPS-PWM under different 

modulation index ( 𝑀 = 0.3, 𝑀 = 0.6 and 𝑀 = 0.9 ) is shown in Figure 5-1.  
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Figure 5-1: Numerical result of phase current FFT spectrum without and with CPS-PWM 

a) current phase A with  𝑀 = 0.3 b) current phase A with 𝑀 = 0.6  c) current phase A 

with 𝑀 = 0.9  d) current phase B&C with 𝑀 = 0.3 e) current phase B&C with 𝑀 = 0.6 

f) current phase B&C with 𝑀 = 0.9 [102]. 
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5.2 Analysis of current ripple in distributed dual three-

phase drives introduced by PWM related torque ripple 

reduction method 

According to the symmetrical design principle of distributed winding machines, the 

inductance matrix of a dual three-phase PMSM machine can be represented by 𝑳: 

𝑳 =

[
 
 
 
 
 
𝐿 𝑀0 𝑀0
𝑀0 𝐿 𝑀0
𝑀0 𝑀0 𝐿

𝑀1 𝑀2 𝑀3
𝑀3 𝑀1 𝑀2
𝑀2 𝑀3 𝑀1

𝑀1 𝑀3 𝑀2
𝑀2 𝑀1 𝑀3
𝑀3 𝑀2 𝑀1

𝐿 𝑀0 𝑀0
𝑀0 𝐿 𝑀0
𝑀0 𝑀0 𝐿 ]

 
 
 
 
 

 

where 𝐿 is the self-inductance of each phase. |𝑀0| is the mutual inductance between phase 

A𝑝, B𝑝 and C𝑝 for 𝑝 ∈ {1, 2}.  |𝑀1| is the mutual inductance between phase 𝑘𝑝 and 𝑘𝑝′, for 

𝑘 ∈ {A, B, C}, 𝑝, 𝑝′ ∈ {1, 2} and 𝑝 ≠ 𝑝′. |𝑀2| is the mutual inductance between phase 𝐴𝑝 

and 𝐵𝑝′, or phase 𝐵𝑝 and 𝐶𝑝′. |𝑀3| is the mutual inductance between phase 𝐴𝑝 and 𝐶𝑝′. 𝑀, 

𝑀1 , 𝑀2  and 𝑀3  can be positive or negative values depending on the position and the 

current direction between the corresponding two phases. In addition, due to the 

symmetrical design of the dual three-phase machine, the relationship between 𝑀1, 𝑀2, 𝑀3 

and 𝛼 (the phase shift angle in electrical radians between the two three-phase subsystems) 

can be represented by (5-12): 

𝑀1 +𝑀2𝑒
−𝑗

2

3
𝜋 +𝑀3𝑒

𝑗
2

3
𝜋 = 𝑀′𝑒𝑗𝛼, (5-12) 

where 𝑀′ is a real value.  
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For the dual three-phase drive system in Figure 4-9, the voltage differences between 

terminals a1 , b1 , c1 , a2 , b2 , c2  and terminals o1 , o2  are considered as phase voltages, 

which are represented by 𝑢a1 , 𝑢b1 , 𝑢c1 , 𝑢a2 , 𝑢b2 , 𝑢c2  respectively. Similarly, the phase 

currents are represented by 𝑖a1, 𝑖b1, 𝑖c1, 𝑖a2, 𝑖b2, 𝑖c2, and the back-EMFs generated on each 

phase by the rotor flux (permanent magnets) can be defined as 𝑒a1, 𝑒b1, 𝑒c1, 𝑒a2, 𝑒b2, 𝑒c2 

respectively. According to the electric principle, the phase voltage matrix is represented by: 

 

(5-13) 

 

According to (5-13), the phase voltages of the first three-phase subsystem 𝑉𝑎1, 𝑉𝑏1 and 𝑉𝑐1 

can be represented by (5-14), (5-15) and (5-16) respectively: 

𝑉𝑎1 = 𝐿𝑖𝑎1 +𝑀𝑖𝑏1 +𝑀𝑖𝑐1 +𝑀1𝑖𝑎2 +𝑀2𝑖𝑏2 +𝑀3𝑖𝑐2 (5-14) 

𝑉𝑏1 = 𝑀𝑖𝑎1 + 𝐿𝑖𝑏1 +𝑀𝑖𝑐1 +𝑀3𝑖𝑎2 +𝑀1𝑖𝑏2 +𝑀2𝑖𝑐2 (5-15) 

𝑉𝑐1 = 𝑀𝑖𝑎1 +𝑀𝑖𝑏1 + 𝐿𝑖𝑐1 +𝑀2𝑖𝑎2 +𝑀3𝑖𝑏2 +𝑀1𝑖𝑐2 (5-16) 

The voltage space vector and the current space vector of the first three-phase subsystem 𝑉⃗ 1 

and 𝑖 1 can be represented as: 

𝑉⃗ 1 = 𝑉𝑎1 + 𝑉𝑏1𝑒
𝑗
2

3
𝜋 + 𝑉𝑐1𝑒

−𝑗
2

3
𝜋

, (5-17) 

𝑖 1 = 𝑖𝑎1 + 𝑖𝑏1𝑒
𝑗
2
3
𝜋 + 𝑖𝑐1𝑒

−𝑗
2
3
𝜋

 (5-18) 

Since each subsystem is star connected, thus: 
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𝑖𝑎1 + 𝑖𝑏1 + 𝑖𝑐1 = 0 (5-19) 

Substituting (5-14) (5-15) (5-16) and (5-19)into (5-17), 𝑉⃗ 1 can be represented as:  

𝑉⃗ 1 = (𝐿 −𝑀)
d

d𝑡
𝑖 1(𝑡) + (𝑀1 +𝑀2𝑒

−𝑗
2

3
𝜋 +𝑀3𝑒

𝑗
2

3
𝜋)

d

d𝑡
𝑖 2(𝑡) + 𝑅𝑖 1(𝑡) + 𝑒 1, (5-20) 

Similarly, 𝑉⃗ 2 can be represented as: 

𝑉⃗ 2 = (𝐿 −𝑀)
d

d𝑡
𝑖 2(𝑡) + (𝑀1 +𝑀2𝑒

−𝑗
2

3
𝜋 +𝑀3𝑒

𝑗
2

3
𝜋)

d

d𝑡
𝑖 1(𝑡) + 𝑅𝑖 2(𝑡) + 𝑒 2, (5-21) 

While considering the relationship between the PWM harmonic voltage and the related 

PWM harmonic current (it is implicit that they are high frequency components), the effect 

of the voltage drop on the phase resistance and the back-EMF distortion at the same 

frequency are neglected. Substituting the (5-12) into (5-20) and (5-21), the relationship 

between the PWM harmonic phase voltage space vector 𝑢⃗ 𝑝,PWM and the PWM harmonic 

phase current space vector 𝑖 𝑝,PWM of each three-phase subsystem can be represented by 

(5-22): 

𝑢⃗ 𝑝,PWM = (𝐿 −𝑀0)
𝑑

𝑑𝑡
𝑖 𝑝,PWM +𝑀

′𝑒𝑗𝛼
𝑑

𝑑𝑡
𝑖 𝑝′,PWM, (5-22) 

where 𝑝, 𝑝′ ∈ {1, 2} and 𝑝 ≠ 𝑝′. 

As in Section III, the analysis proceeds taking into consideration the two winding layouts 

with 𝛼 = 0 and 𝛼 =
π

6
, as examples. According to Table 4-2, there are four significant 

values of the voltage space vector phase angle differences between the two three-phase 

subsystems, which are 0, π, 
π

2
 and −

π

2
. While the phase angle difference is 0 (𝑢⃗ 1,PWM = 

𝑢⃗ 2,PWM
′ ), the relationship between 𝑢⃗ 𝑝,PWM and 𝑖 𝑝,PWM can be represented by (5-23): 

𝑢⃗ 𝑝,PWM = (𝐿 −𝑀0 +𝑀
′)𝑖 𝑝,PWM. (5-23) 
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While the angle difference is π (𝑢⃗ 1,PWM = −𝑢⃗ 2,PWM
′ ), the relationship between the 𝑢⃗ 𝑝,PWM 

and 𝑖 𝑝,PWM can be represented by (5-24): 

𝑢⃗ 𝑝,PWM = (𝐿 −𝑀0 −𝑀
′)𝑖 𝑝,PWM. (5-24) 

While the angle difference is ±
π

2
 (𝑢⃗ 1,PWM = 𝑢⃗ 2,PWM

′ 𝑒±𝑗
π

2
𝑡
), the relationship between the 

𝑢⃗ 𝑝,PWM and 𝑖 𝑝,PWM can be represented by (5-25): 

𝑢⃗ 𝑝,PWM = (𝐿 −𝑀0)𝑖 𝑝,PWM. (5-25) 

If 𝑀′ is a positive value, the effective impedances 𝑍  in (5-23), (5-24) and (5-25) are 

𝑍(5-23)> 𝑍(5-25) > 𝑍(5-24). According to (4-24) and (4-25), the amplitudes of the PWM 

voltage space vector are the same despite the values of 𝛼, 𝜃c1, and 𝜃c2, so the amplitudes 

of the PWM current space vector 𝐼 in (5-23), (5-24) and (5-25) are 𝐼(5-24)> 𝐼(5-25) > 

𝐼(5-23). If 𝑀′is a negative value, the effective impedances in (5-23), (5-24) and (5-25) are 

𝑍(5-23)< 𝑍(5-25) < 𝑍(5-24), and the amplitudes of the PWM current space vector in 

(5-23), (5-24) and (5-25) are 𝐼(5-24)< 𝐼(5-25) < 𝐼(5-23). Therefore, whether the amplitude 

of each phase current harmonic component with CPS-PWM changes or not (increases, 

decreases, maintains the same value) can be addressed by referring to the voltage space 

vector phase angle differences in Table 4-2.  

It is important to observe that, as a result of this study, if a time harmonic of the total current 

vector is selectively eliminated, imposing a defined shift of the carriers, the current ripple 

at the selected frequency can either increase or decrease according to the change in the 

equivalent impedance of each three-phase subsystem. For example, it is possible that the 

CPS-PWM makes the two windings increase their current distortion at the selected 
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frequency, even if the related torque ripple is eliminated, because the torque ripple is 

produced by the sum of the current contributions of the two three-phase windings which 

are out of phase (eliminating each other). 
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5.3 Simulation results 

5.3.1 Simulation results of phase currents in the sectored 

triple three-phase drive 

The simulation model and parameters used in this Section are the same with the one in 

Section 4.4.1. The simulation results of phase currents based on a sectored triple three-

phase machine drive with the converter and machine paratermeters shown in Table 4-4 are 

carried out in this PLECS. The cross section of the triple three-phase PM machine is shown 

in Figure 4-6. The operating condition concerning the numerical results is no load condition. 

There is no external load on the machine and the machine operating power is to overcome 

the mechanical (friction) power loss and the electromagnetic power loss of the machine 

itself. The block diagram for the control of the nine-phase machine fed by its three 

independent PWM converters is shown in Figure 4-15. The CPS-PWM method is applied 

to the three three-phase systems with carrier phase shift angles 𝜃c,1 , 𝜃c,2 , and 𝜃c,3 

respectively. The simulation results of phase currents with and without CPS-PWM are 

shown in this section. The proposed carrier phase angles used in this case are 𝜃c,1 =

0, 𝜃c,2 =
2π

3
 and  𝜃c,3 =

4π

3
 for sector 1, sector 2 and sector 3 respectively. 

Figure 5-2 shows the numerical current results of phase A1, A2 and A3 with and without 

applying CPS-PWM. Figure 5-2b and Figure 5-2d are the zoom of the waveform in 

between the cursor ranges of Figure 5-2a and Figure 5-2c respectively. Comparing Figure 

5-2b and Figure 5-2d, the phase current harmonics in different sectors are effectively 

shifted with applying the CPS-PWM method. Comparing Figure 5-2a and Figure 5-2c, the 
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amplitudes of phase current harmonics obtained by applying CPS-PWM are reduced 

compared with those obtained by not applying the CPS-PWM. The corresponding FFT 

spectrum of Figure 5-2a and Figure 5-2c are shown in Figure 4-16c and Figure 4-16d 

respectively. For all of the harmonic components except the harmonics around 6 kHz and 

12 kHz in Figure 4-16c and Figure 4-16d (numerical result), their amplitudes in Figure 

4-16d are reduced by 45.18% compared with the ones in Figure 4-16c.  
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Figure 5-2:  a) & b) Numerical results of current waveform of phase A1 A2 & A3 

without CPS-PWM a) One period range of fundamental signal b) Two periods range of 

carrier signal c) & d) Numerical results of current waveform of phase A1 A2 & A3 with 

CPS-PWM c) One period range of fundamental signal d) Two periods range of carrier 

signal [102]. 
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5.3.2 Simulation results of phase currents in the 

distributed dual three-phase drive 

The simulation model and parameters used in this Section are the same with the one in 

Section 4.4.2. In order to validate the effect on phase currents while different carrier phase 

shift angles are applied to the dual three-phase drives to eliminate the selective torque 

harmonics, simulation models of the PM machine with two different stator winding 

configurations (𝛼 = 0 and 𝛼 =
π

6
 ) are established in PLECS. The machine stator winding 

configuration is changed by the external connection box shown in Figure 4-26. The stator 

winding layout of the dual three-phase PMSM is shown in Appendix E. The connection 

circuits of 𝛼 = 0 and 𝛼 =
π

6
 are shown in Figure 4-18a and Figure 4-18b respectively. The 

machine parameters under the two different winding configurations (𝛼 = 0 and =
π

6
 ) are 

shown in Table 4-5. 

The simulation model in PLECS is a voltage open loop control used for validating the 

proposed control technique without interfering with the use of current PI regulators, which 

might affect the voltage and current waveforms. The corresponding control block diagram 

is shown Figure 4-19. The carrier phase shift angles 𝜃c1 and 𝜃c2 are applied to the first and 

the second three-phase systems respectively. The switching frequency of each converter is 

𝑓𝑐=1 kHz. The machine speed of the two winding configurations (𝛼 = 0 and =
π

6
 ) is fixed 

to 375 rpm (i.e., a fundamental frequency 𝑓𝑜= 25 Hz) by keeping the product of the DC 

link voltage and the modulation index (𝑉dc and  𝑀) as a constant. The simulated condition 

is a low load operation of the motor at 6Nm output torque.  
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For the winding configuration 𝛼 = 0, according to (5-12) and the inductance values of 𝑀1, 

𝑀2 and 𝑀3 in Table 4-5, 𝑀′ is a negative value: 𝑀′= −0.131mH. According to Table 4-2, 

if 𝛼 = 0 the voltage phase angle difference between the two three-phase subsystems of the 

harmonic groups around 1 kHz, 3 kHz, 5 kHz changes from 0 to π with the CPS-PWM, 

while it remains zero for the other frequencies in the analyzed range. Therefore, 

conforming to (5-23) and (5-24), for harmonic groups around 1 kHz, 3 kHz and 5 kHz, the 

effective impedances are increased and the amplitudes of the related current harmonic 

components are decreased employing the CPS-PWM. Figure 5-3 shows the phase current 

waveforms and their corresponding FFT spectra with and without CPS-PWM of winding 

configuration 𝛼 = 0  under the modulation index M=0.8. Comparing Figure 5-3c and 

Figure 5-3d, the amplitudes of current harmonic groups around 1 kHz, 3 kHz and 5 kHz 

are reduced by 55% applying the CPS-PWM technique.  

For the winding configuration of 𝛼 =
π

6
, according to (5-12) and the inductance values of 

𝑀1, 𝑀2 and 𝑀3 in Table 4-5, 𝑀′ is a positive value: 𝑀′= 0.114 mH. Figure 5-4 shows that 

the phase current waveforms and their corresponding FFT spectra with and without CPS-

PWM of winding configuration 𝛼 =
π

6
 under the modulation index M=0.3. Comparing 

Figure 5-4d, Figure 5-4f and Figure 5-4e, the amplitudes of current harmonic 

reduction/increase percentage with applying 𝜃c2 − 𝜃c1 = ±
π

2
 can be analyzed. Comparing 

Figure 5-4d and Figure 5-4f, with apply CPS-PWM (𝜃c2 − 𝜃c1 =
π

2
), the amplitudes of 

current harmonics at 0.95 kHz, 3.05 kHz and 4.95 kHz are increased by 39%; The 

amplitudes of current harmonics at 1.975 kHz, 2.025 kHz, 5.975 kHz and 6.025 kHz are 

increased by 430% ；The amplitudes of current harmonics at 1.05 kHz, 2.95 kHz, 5.05 
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kHz are decreased by 74%. Comparing Figure 5-4e and Figure 5-4f, applying CPS-PWM 

(𝜃c2 − 𝜃c1 = −
π

2
) the amplitudes of current harmonics at 1.05 kHz, 1.975 kHz, 2.025 kHz 

are increased by 39%; the amplitudes of current harmonics at 1.975 kHz, 2.025 kHz, 5.975 

kHz and 6.025 kHz are increased by 430%; the amplitudes of current harmonics at 0.95 

kHz, 3.05 kHz and 4.95 kHz are decreased by 74%. The comparison of the results is 

summarized in Table 5-1. Referring to Table 4-2, the reduction or increase trend of the 

current harmonic amplitudes shown in Table 5-1 conforms to (5-23), (5-24) and (5-25) in 

Section 5.3.2. 

 

 

 

Carrier Phase 

Shift Angle 

Frequency [kHz] 

0.95 1.05 1.975 2.025 

𝜋

2
  ↑39% ↓74% ↑430% ↑430% 

−
𝜋

2
  ↓74% ↑39% ↑430% ↑430% 

 2.95 3.05 3.975 4.025 

𝜋

2
  ↓74% ↑39% 0% 0% 

−
𝜋

2
  ↑39% ↓74% 0% 0% 

 4.95 5.05 5.975 6.025 

𝜋

2
  ↑39% ↓74% ↑430% ↑430% 

−
𝜋

2
  ↓74% ↑39% ↑430% ↑430% 

Table 5-1: Amplitudes of phase current harmonic reduction/increase with CPS-PWM of 

winding configuration 𝛼=
𝜋

6
 (simulation results) 
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Figure 5-3:  a) & b) Simulation results of phase current waveforms of winding 

configuration 𝛼 = 0 a) without CPS-PWM, 𝜃c2 − 𝜃c1 = 0 b) with CPS-PWM, 𝜃c2 −

𝜃c1 = π c) & d) Simulation results of phase current FFT spectrums of winding 

configuration 𝛼 = 0 c) without CPS-PWM, 𝜃c2 − 𝜃c1 = 0 d) with CPS-PWM, 𝜃c2 −

𝜃c1 = π 
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Figure 5-4:  a) & b) & c) Simulation results of phase current waveforms of winding 

configuration 𝛼 =
π

6
 a) without CPS-PWM, 𝜃c2 − 𝜃c1 = 0 b) with CPS-PWM, 𝜃c2 −

𝜃c1 =
π

2
 c) with CPS-PWM, 𝜃c2 − 𝜃c1 = −

π

2
 d) & e) & f) Simulation results of phase 

current FFT spectrums of winding configuration 𝛼 =
π

6
 d) without CPS-PWM, 𝜃c2 −

𝜃c1 = 0 e) with CPS-PWM, 𝜃c2 − 𝜃c1 = 
π

2
 f) with CPS-PWM, 𝜃c2 − 𝜃c1 = −

π

2
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5.4 Experimental results 

5.4.1 Experimental results of phase currents in the 

sectored triple three-phase drive 

The parameters used in this Section are the same with the one in Section 4.5.1. In order to 

validate the simulation results of the phase currents in the sectored triple three-phase drive, 

experimental tests have been carried out by means of the platform shown in Figure 4-23. 

The parameters and the control algorithm used in the experimental platform is the one 

explained in Section 5.3.1 (Section 4.4.1). The operating condition concerning the 

experimental results (same as the numerical result) is no load condition. There is no 

external load and the machine operating power is to overcome the mechanical (friction) 

power loss and the electromagnetic power loss of the machine itself. The experimental 

setup consists of triple three-phase inverters with standard IGBT modules, a sectored triple 

three-phase PMSM with its cross section shown in Figure 4-6, and a centralized controller 

(uCube [103]). Optical fiber is used to communicate between the power module gate drives 

and the uCube.  

Figure 5-5 shows the experimental current results of phase A1, A2 and A3 with and without 

applying CPS-PWM. Figure 5-5b and Figure 5-5d are the zoom of the waveform in 

between the cursor ranges of Figure 5-5a and Figure 5-5c respectively. Comparing Figure 

5-5b and Figure 5-5d, the phase current harmonics in different sectors are effectively 

shifted with applying the CPS-PWM method. Comparing Figure 5-5a and Figure 5-5c, the 

amplitudes of the phase current harmonics obtained by applying CPS-PWM are reduced 

compared with those obtained by not applying CPS-PWM. The corresponding FFT 



131 

 

spectrum of Figure 5-5a and Figure 5-5c are shown in Figure 5-5e, which shows that the 

amplitudes of harmonic components around 2 kHz, 4 kHz, 8 kHz, 10 kHz, 14 kHz and 16 

kHz obtained by applying CPS-PWM are reduced by about 36.1% 38.4%, 36.1%, 34.7%, 

34.1%, 29.5% respectively compared with those obtained by not applying CPS-PWM. The 

improvement achieved with CPS-PWM in the experimental results is reduced compared 

with the improvement in the numerical results, due to the back-EMF distortion, the 

machine parameter uncertainties, the inverter non-linearity and the dead time effect. 

Another effect is the switching noise that causes current spikes during the commutations, 

as visible in Figure 5-5b and Figure 5-5d, that accounts for 4.6% of torque ripple increase 

(evaluated by numerically removing the switching noise).  

The improvement achieved with CPS-PWM is sensibly reduced in the experimental results 

compared with the simulation results. According to Figure 4-16c and Figure 4-16d 

(numerical results), for all of the harmonic components except the harmonics around 6 kHz 

and 12 kHz, their amplitudes in Figure 4-16d (with CPS-PWM) are reduced by 45.18% 

compared with the ones in Figure 4-16c (without CPS-PWM). According to Figure 5-5e 

(experimental result), the amplitudes of harmonic components around 2 kHz, 4 kHz, 8 kHz, 

10 kHz, 14 kHz and 16 kHz (all of the harmonics except the harmonics around 6 kHz and 

12 kHz) obtained by applying CPS-PWM are reduced by about 36.1% 38.4%, 36.1%, 

34.7%, 34.1%, 29.5% respectively compared with those obtained by not applying CPS-

PWM. As can been seen, the improvement achieved with CPS-PWM is sensibly reduced 

in the experiment result, and there is more reduction for the higher frequencies. There are 

mainly four reasons for this point: 
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 For the numerical results, the phase currents are analyzed with only the fundamental 

component of the back-EMF considered. For the experimental results, the phase 

currents are effected by the back-EMF harmonics.  

 For the numerical results, the machine is modelled with constant machine 

parameters. For the experimental results, there is machine parameter uncertainties, 

for example the changes of the machine parameters with working operation due to 

saturations and non-linear effects. 

 For the numerical results, the inverters are analyzed with linear mathematical 

models. For the experimental results, the inverters’ non-linearity affects the 

experimental results. 

 The numerical results are realized without the consideration of the dead time effect. 

The experimental results are effected by the dead time effect. 

In summary, the improvement achieved with CPS-PWM is reduced in the experimental 

results due to the back-EMF distortion, the machine parameter uncertainties, the inverter 

non-linearity, the dead time effect. Therefore, further research work needs to be done with 

more accurate mathematical model to improve the consistency between the numerical 

results and the experimental results. 
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Figure 5-5: a) & b) Experimental result of current waveform of phase A1 A2 & A3 

without CPS-PWM a) One period range of fundamental signal b) Two periods range of 

carrier signal c) & d) Experimental results of current waveform of phase A1 A2 & A3 

with CPS-PWM c) One period range of fundamental signal d) Two periods range of 

carrier signal e) Experimental result of phase A1 current FFT spectrum without and with 

CPS-PWM [102].  
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5.4.2 Experimental results of phase currents in the 

distributed dual three-phase drive 

The parameters used in this Section are the same with the one in Section 4.5.2. In order to 

validate effect on phase currents while the proposed CPS-PWM technique is applied to 

eliminate selective torque harmonics for dual three-phase drives, experimental results were 

carried out using the test rig shown in Figure 4-26. The control algorithm, operating 

condition and the parameters are the same as the simulations, presented in Section 5.3.2 

(Section 4.4.2). The experimental test rig consists of two modular three-phase inverters, a 

multiphase PMSM with external connection box, and a PLECS RT box operating as a 

controller to output the desired PWM signals to the modular converters. 

Figure 5-6 shows the phase current waveforms and their corresponding FFT spectra with 

and without applying CPS-PWM  for the six phase machine winding in configuration 𝛼 =

0  under the modulation index M=0.8. Comparing Figure 5-6c and Figure 5-6d, the 

amplitudes of current harmonic components at 0.95 kHz, 1.05 kHz, 2.95 kHz and 3.05 kHz 

are reduced by 42%, 43%, 57% and 58% respectively employing CPS-PWM, matching 

with the simulation result of 55%. The current harmonic at 0.9 kHz, 1.1 kHz, 2.9 kHz and 

3.1 kHz are reduced by 92%, 97%, 75% and 71% respectively applying CPS-PWM, which 

are larger than the simulation results. This is mainly due to interaction between the stator 

winding field and the higher order harmonic components of the rotor winding field, and 

the presence of converter nonlinear behaviors, which are neglected in the simulation 

models. The inductance mismatch between the simulation models and the test machine is 

another factor that leads to these differences.  
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Figure 5-7 shows that the phase current waveforms and their corresponding FFT spectra 

with and without CPS-PWM of winding configuration 𝛼 =
π

6
 under the modulation index 

M=0.3. Comparing Figure 5-7d and Figure 5-7f, applying CPS-PWM (𝜃c2 − 𝜃c1 =
π

2
), the 

amplitudes of current harmonics at 0.95 kHz, 3.05 kHz and 4.95 kHz are increased by 22%, 

31%, and 30% respectively; the amplitudes of current harmonics at 1.975 kHz, 2.025 kHz, 

5.975 kHz and 6.025 kHz are increased by 630%, 655%, 649% and 623% respectively；

the amplitudes of current harmonics at 1.05 kHz, 2.95 kHz, 5.05 kHz are decreased by 64%, 

71% and 65% respectively. Comparing Figure 5-7e and Figure 5-7f, the CPS-PWM (𝜃c2 −

𝜃c1 = −
π

2
) allows increasing the amplitudes of current harmonics at 1.05 kHz, 1.975 kHz, 

2.025 kHz by 38%, 30% and 28% respectively; the amplitudes of current harmonics at 

1.975 kHz, 2.025 kHz, 5.975 kHz and 6.025 kHz are increased by 631%, 657%, 647% and 

625% respectively; the amplitudes of current harmonics at 0.95 kHz, 3.05 kHz and 4.95 

kHz are decreased by 71%, 68% and 69%. Comparing Figure 5-7d, Figure 5-7f and Figure 

5-7e, applying CPS-PWM ( 𝜃c2 − 𝜃c1 = ±
π

2
), the amplitudes of current harmonics 

reduction/increase percentage are shown in Table 5-2. 
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Carrier Phase 

Shift Angle 

Frequency [kHz] 

0.95 1.05 1.975 2.025 

𝜋

2
  ↑22% ↓64% ↑630% ↑655% 

−
𝜋

2
  ↓71% ↑38% ↑631% ↑657% 

 2.95 3.05 3.975 4.025 

𝜋

2
  ↓71% ↑31% ↑9% ↓24% 

−
𝜋

2
  ↑30% ↓68% ↑8% ↓25% 

 4.95 5.05 5.975 6.025 

𝜋

2
  ↑30% ↓65% ↑649% ↑623% 

−
𝜋

2
  ↓69% ↑28% ↑647% ↑625% 

Table 5-2: Amplitudes of phase current harmonic reduction/increase with CPS-PWM 

of winding configuration 𝛼=
𝜋

6
 (experimental results) 
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Figure 5-6: a) & b) Experimental results of phase current waveforms of winding 

configuration 𝛼 = 0 a) without CPS-PWM, 𝜃c2 − 𝜃c1 = 0 b) with CPS-PWM, 𝜃c2 −

𝜃c1 = π c) & d) Experimental results of phase current FFT spectrums of winding 

configuration 𝛼 = 0 c) without CPS-PWM, 𝜃c2 − 𝜃c1 = 0 d) with CPS-PWM, 𝜃c2 −

𝜃c1 = π 

 



138 

 

 

Figure 5-7: a) & b) & c) Experimental results of phase current waveforms of winding 

configuration 𝛼 =
π

6
 a) without CPS-PWM, 𝜃c2 − 𝜃c1 = 0 b) with CPS-PWM, 𝜃c2 −

𝜃c1 =
π

2
 c) with CPS-PWM, 𝜃c2 − 𝜃c1 = −

π

2
 d) & e) & f) Experimental results of phase 

current FFT spectrums of winding configuration 𝛼 =
π

6
 d) without CPS-PWM, 𝜃c2 −

𝜃c1 = 0 e) with CPS-PWM, 𝜃c2 − 𝜃c1 = 
π

2
 f) with CPS-PWM, 𝜃c2 − 𝜃c1 = −

π

2
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5.5 Conclusion 

This chapter analyzes the effect on phase currents applying the proposed carrier phase shift 

angles on multi three-phase drives with sectored and distributed machine cases. In Section 

5.1, the effect on phase currents are analyzed with applying the proposed carrier phase shift 

angles on a sectored triple three-phase drive to eliminate the torque ripple. In Section 5.2, 

the phase current in the most significant cases of distributed dual three-phase drive, with 

𝛼 = 0 and =
π

6
 , are analyzed, while the proposed carrier phase shift angles are applied to 

eliminate the torque ripple.  

For the case study on the sectored triple three-phase machine, while the CPS-PWM method 

is applied, the amplitudes of PWM related harmonic components of the phase current FFT 

spectrum (except the components around 6 kHz and 12 kHz) are reduced by 45.18% and 

about 35% in simulation results in Section 5.3.1 and experimental results in 5.3.2 

respectively. Therefore, applying CPS-PWM method to the sectored three-phase drives can 

effectively improve the torque performance of the machine, guaranteeing major benefits in 

terms of torque ripple and current. 

For the case study on distributed dual three-phase machine, the amplitudes of the 

corresponding phase current harmonic components are decreased for 𝛼 = 0 in simulation 

results, while the amplitudes of the corresponding current harmonic components are 

increased for 𝛼 =  
π

6
 when the CPS-PWM techniques is implemented in simulation results 

(Section 5.3.2), which are validated in experimental results in Section 5.4.2. This is due to 

the different mutual coupling effect of the two three-phase winding layouts. Therefore, 

applying proper CPS-PWM can effectively eliminate selected torque harmonic 
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components and improve the torque performance of distributed dual three-phase machine, 

and it has either negative or positive effect on phase currents due to different mutual 

coupling effect between the two subsystems. 
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Chapter 6 : Conclusions 

6.1 Conclusion of the work 

This work proposes a novel mathematical modelling of multi three-phase PWM drives. 

Numerical, FEA simulations and experimental tests have been validated the analytical 

mathematical models. The carrier phase shift angles obtained by the developed theory are 

applied on a case study of a sectored triple three-phase machine. The peak-to-peak value 

of the torque waveform obtained by applying CPS-PWM are reduced by 58.3% compared 

with the one without applying CPS-PWM in the experimental result. The PWM related 

harmonic components of the torque FFT spectrum obtained by applying CPS-PWM are 

effectively cancelled out. Selective torque harmonics elimination methods are analyzed on 

a case study of dual three-phase drives under the two most significant phase displacement 

angles with 𝛼 = 0 and 𝛼 =
π

6
. Both simulation and experimental results have validated the 

selective torque harmonics elimination method. The distortion of the phase currents can 

either be increased or decreased with applying the proposed CPS-PWM depending on the 

different mutual coupling effect between the subsystems in the multi three-phase drive. 

 

6.2 Future work 

A few points on future work are derived: 

 All mathematical models of the multi three-phase drives are derived neglecting the 

Back-EMF distortion. More accurate analytical models can be obtained in the 

future work with the consideration of the Back-EMF distortion. 
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 The analytical models are targeted on the multi three-phase drive in this thesis. 

Further work can be done to establish mathematical models on multi n-phase drive 

(n is an arbitrary phase number) with the similar methods in this thesis.  

 The look up table to find the proper carrier phase shift angles for eliminating the 

selective torque harmonic components in dual three-phase drive is shown in this 

thesis. There is potential work to give more look up tables for eliminating the 

selective torque harmonics in multi n-phase drives. 

 The torque ripple is derived from the positive and the negative sequence harmonics 

of the voltage space vectors in the analytical models. The torque ripple is reduced 

by using the degrees of the freedom to change the carrier phase angles among 

different subsystems. Similarly, the common mode voltage is derived from the zero 

sequence harmonics of the voltage space vector. The common voltage can be 

potentially reduced by using the degrees of the freedom to change the carrier phase 

angles.  

 This thesis is focused on the torque ripple reduction method by applying proper 

carrier phase shift angles, which means that the flexibility of the PWM control 

algorithm in multi three-phase is used to improve the load performance. It is also 

worthwhile to use the flexibility of the PWM control algorithm to improve the dc 

supply performance (e.g. decrease the dc capacitor voltage ripple) in the future 

work.  
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Appendix A: MATLAB Code of matrix inductance 

table  

%This is the code for inductance matrix of 2MW machine for marine 

propulsion 
P = 4;  %pole pair number 
B = 5/6;  %beta coil pitch factor  
Wk = 2;  %Turns of coil 
t = pi*0.137/4;  %Pole distance=pi*R/p,R=0.137 
l = 0.233;  %Stator length L=0.233 
lamda = 4*pi*1e-7/0.033;  %u0/airgap_length, air_gap_length=0.033 
sum_L = zeros(1,24); 
sum_M = zeros(24,24);    
Slot_N=[1, 7,13,19,25,31,37,43,... % A1-A8 
       17,23,29,35,41,47,5 ,11,... % B1-B8 
       33,39,45,3, 9, 15,21,27];% C1-C8 slot position number        
sign=[+1,-1,+1,-1,+1,-1,+1,-1,+1,-1,+1,-1,+1,-1,+1,-1,+1,-1,+1,-1,+1,-

1,+1,-1];% current direction of A1-A8 B1-B8 C1-C8 

  
   for m = 1:length(Slot_N) 
       for n = 1:length(Slot_N) %24*24 Matrix table 
          for N = 1:1000 % accuracy determined by user 
       k_yn = sin (N*pi*B/(2*P));w = (k_yn^2)/(N^2); 
       w=w*2*(1+cos(N*pi/24));% each phase eg.A1 has two coils, pi/24 

is the angle shift between two coils 

        
       alpha=(Slot_N(n)-Slot_N(m))*pi/24; %Mechanical Angle Shift (rad) 
       w1 = w*cos(N.*alpha); 
       sum_M(m,n) = sum_M(m,n) + w1; 
       M(m,n) = (4*(Wk^2)*t*l*lamda*P/(pi^2))*sum_M(m,n);%mutual 

inductance 
       M(m,n) = M(m,n)*sign(m)/sign(n);% + - of mutual /current 

direction/ related to Slot_N array 

        

        
       sum_L(n) = sum_L(n) + w; %self inductance 
       L(n) = 

(4*(Wk^2)*t*l*lamda*P/(pi^2))*sum_L(n)/length(Slot_N);%self inductance 
          end 
      end 
   end 
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Appendix B: MATLAB Code of the dual three-phase 

drive analytical models  

tic 
%variables setup 
N=2;%number of three-phase system 
Vdc=500; %DC link voltage  
M=1; % modulation index 
f=1000;% fundamental frequency 
fc=20*f; 
E=248.186;% phase peak back EMF 
theta_c1=0;%radian angle of carrier in phase A 
theta_c2=pi/2; 
theta_01=-78.6/180*pi;%radian angle of modulating signal in phase A 
theta_02=-78.6/180*pi-pi/6; 
phi_v1=-pi/2;% Radian angle of back_emf in phase A 
phi_v2=-pi/2-pi/6;    
p=3; %pole pair number  
Mspeed=2*pi*f/p;% mechaniacal speed  

  

  
%effective impedance  
R=11.47e-3;% phase resistance  
L_end=2.185e-6; 
L=28e-6; % phase inductance %Phase mutual inductance L-M  
M1 =7e-6; 
M2=-7e-6; 
M3=0;%M1 M2 M3 system1 caused by system2 
Z0=R+(L+L_end)*2*pi*f*1i;% impedance at fundamental frequency 
M1_2=M1*exp(1i*(0*pi))+M2*exp(1i*(4/3*pi))+M3*exp(1i*(2/3*pi)); 
M2_1=M1*exp(1i*(0*pi))+M2*exp(1i*(2/3*pi))+M3*exp(1i*(4/3*pi)); 

  
%time setup 
period=2;%how many periods in the plot 
sample=100000*period;%sample number period  times period number  
T=0:sample; 
t=period/f/sample*T;%time array 

  
%x and y 
x1=2*pi*fc*t+theta_c1; 
x2=2*pi*fc*t+theta_c2; 
y1=2*pi*f*t+theta_01; 
y2=2*pi*f*t+theta_02; 

  
%number of m and n 
number_m=10; 
number_n=10; 

  
%back-EMF Space vector 
Evector_a1b1c1=E*exp(1i*(2*pi*f*t+phi_v1));% back-emf vector system1 
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phi_vt1=angle(Evector_a1b1c1);%time varying angle of back-emf space 

vector 

  
Evector_a2b2c2=E*exp(1i*(2*pi*f*t+phi_v2));% back-emf vector system1 
phi_vt2=angle(Evector_a2b2c2);%time varying angle of back-emf space 

vector 

  
%main torque 
%---------------voltagevector1 
vaf1=Vdc/2*M*cos(y1); 
vbf1=Vdc/2*M*cos(y1-2/3*pi); 
vcf1=Vdc/2*M*cos(y1+2/3*pi); 
Vfvector_a1b1c1=2/3*(vaf1+vbf1*exp(1i*(2/3*pi))+vcf1*exp(1i*(-

2/3*pi))); 
phi_11=angle(Evector_a1b1c1); 
%----------------voltagevector2 
vaf2=Vdc/2*M*cos(y2); 
vbf2=Vdc/2*M*cos(y2-2/3*pi); 
vcf2=Vdc/2*M*cos(y2+2/3*pi); 
Vfvector_a2b2c2=2/3*(vaf2+vbf2*exp(1i*(2/3*pi))+vcf2*exp(1i*(-

2/3*pi))); 
phi_22=angle(Evector_a2b2c2); 
%----------------impedance 
Z1_2=M1_2*2*pi*f*1i; 
Z2_1=M2_1*2*pi*f*1i; 
Z_mutual=[Z0 Z1_2;Z2_1 Z0];%Z1_2 means 1 caused by 2 
Z_inverse=inv(Z_mutual); 

  
%----------------currentvector 
currentf=Z_inverse*[Vfvector_a1b1c1-Evector_a1b1c1; Vfvector_a2b2c2-

Evector_a2b2c2]; 
Ifvector_a1b1c1=currentf(1,:); 
Ifvector_a2b2c2=currentf(2,:); 
If1=mean(abs(Ifvector_a1b1c1));%amplitude of fundamental current space 

vector 
phi_it_f1=angle(Ifvector_a1b1c1);%instantaneous angle of fundamental 

current space vector 
If2=mean(abs(Ifvector_a2b2c2));%amplitude of fundamental current space 

vector 
phi_it_f2=angle(Ifvector_a2b2c2);%instantaneous angle of fundamental 

current space vector 
%----------------main torque 
Tmain1=3/2/Mspeed*E*If1*cos(phi_it_f1-phi_vt1);%***main torque1*** 
Tmain2=3/2/Mspeed*E*If2*cos(phi_it_f2-phi_vt2);%***main torque2*** 
Tmain=Tmain1+Tmain2; 

  
%torque ripple 
Vrvector_a1b1c1=0; 
Irvector_a1b1c1=0; 
Tripple1=0; 

  
Vrvector_a2b2c2=0; 
Irvector_a2b2c2=0; 
Tripple2=0; 

  
Tripple=0; 
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% Starting_Currents_Time=toc 
for  m=1:number_m %fc 
for n=-number_n:1:number_n%f 
b=besselj(n,m*M*pi/2); 
Amn=2*Vdc/m/pi*b*sin((m+n)*pi/2);     
%--------------------------------voltagevector1 
va1_rmn=Amn*cos(m*x1+n*y1); 
vb1_rmn=Amn*cos(m*x1+n*(y1-2/3*pi)); 
vc1_rmn=Amn*cos(m*x1+n*(y1+2/3*pi)); 
Vmnvector_a1b1c1 

=2/3*(va1_rmn+vb1_rmn*exp(1i*(2/3*pi))+vc1_rmn*exp(1i*(-2/3*pi))); 
Vrvector_a1b1c1=Vrvector_a1b1c1+Vmnvector_a1b1c1;%****voltage ripple 

space vector1*** 
%--------------------------------voltagevector2 
va2_rmn=Amn*cos(m*x2+n*y2); 
vb2_rmn=Amn*cos(m*x2+n*(y2-2/3*pi)); 
vc2_rmn=Amn*cos(m*x2+n*(y2+2/3*pi)); 
Vmnvector_a2b2c2 

=2/3*(va2_rmn+vb2_rmn*exp(1i*(2/3*pi))+vc2_rmn*exp(1i*(-2/3*pi))); 
Vrvector_a2b2c2=Vrvector_a2b2c2+Vmnvector_a2b2c2;%****voltage ripple 

space vector2*** 
%-----------------------------------Impedance 
fmn=m*fc+n*f; 
if mod(n-1,3)==0 
Zmn=R+(L+L_end)*2*pi*fmn*1i;%Impedance for positive sequence  
Zmn1_2=M1_2*2*pi*fmn*1i; 
Zmn2_1=M2_1*2*pi*fmn*1i; 
Zmn_mutual=[Zmn Zmn1_2;Zmn2_1 Zmn];%Z1_2 means 1 caused by 2 
Zmn_inverse=inv(Zmn_mutual); 
end 

  
if mod(n+1,3)==0 
Zmn=R+(L+L_end)*2*pi*fmn*(-1)*1i; %Imepance for negative sequence 
Zmn1_2=M1_2*2*pi*fmn*(-1)*1i; 
Zmn2_1=M2_1*2*pi*fmn*(-1)*1i; 
Zmn_mutual=[Zmn Zmn1_2;Zmn2_1 Zmn];%Z1_2 means 1 caused by 2 
Zmn_inverse=inv(Zmn_mutual); 
end 
%-----------------------------------currentvector 
currentmn=Zmn_inverse*[Vmnvector_a1b1c1; Vmnvector_a2b2c2]; 
Imnvector_a1b1c1=currentmn(1,:); 
Imnvector_a2b2c2=currentmn(2,:); 
Irvector_a1b1c1=Irvector_a1b1c1+Imnvector_a1b1c1;%***current ripple 

space vector1*** 
Irvector_a2b2c2=Irvector_a2b2c2+Imnvector_a2b2c2;%***current ripple 

space vector2*** 
Imn1=mean(abs(Imnvector_a1b1c1));%amplitude of current ripple space 

vector 
phi_it_mn1=angle(Imnvector_a1b1c1);%instantaneous angle of current 

ripple space vector 
Imn2=mean(abs(Imnvector_a2b2c2));%amplitude of current ripple space 

vector 
phi_it_mn2=angle(Imnvector_a2b2c2);%instantaneous angle of current 

ripple space vector 

  
%-----------------------------------Torque ripple 
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Tripple1_mn=3/2/Mspeed*E*Imn1*cos(phi_vt1-phi_it_mn1);  
Tripple2_mn=3/2/Mspeed*E*Imn2*cos(phi_vt2-phi_it_mn2);  
Tripple1=Tripple1+Tripple1_mn;%***torque ripple*** 
Tripple2=Tripple2+Tripple2_mn;%***torque ripple*** 
Tripple=Tripple+Tripple1_mn+Tripple2_mn; 
end 
end 

  
%%%%%%%see the results%%%%%%%%%%%%%% 
%ripple of Va(t) 
var1=0; 
var2=0; 
for m=1:number_m 
for n=-number_n:1:number_n 
b=besselj(n,m*M*pi/2); 
Amn=2*Vdc/m/pi*b*sin((m+n)*pi/2); 
va1_rmn=Amn*cos(m*x1+n*y1); 
va2_rmn=Amn*cos(m*x2+n*y2); 
var1=var1+va1_rmn; 
var2=var2+va2_rmn; 
end 
end 
%  
Va1=vaf1+var1;% Phase A1 voltage 
Va2=vaf2+var2;% Phase A2 voltage 
Va1_no_common=real(Vrvector_a1b1c1+Vfvector_a1b1c1);%real part of 

voltage space vector1 
Va2_no_common=real(Vrvector_a2b2c2+Vfvector_a2b2c2);%real part of 

voltage space vector2 
Ia1=real(Irvector_a1b1c1+Ifvector_a1b1c1);%Phase A current / real part 

of curent space vector1 
Ia2=real(Irvector_a2b2c2+Ifvector_a2b2c2);%Phase A current / real part 

of curent space vector2 
Torque1=Tmain1+Tripple1; 
Torque2=Tmain2+Tripple2; 
Torque=Tmain+Tripple;%torque 
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Appendix C: MATLAB Code of the triple three-phase 

drive analytical models  

%variables setup 
N=3;%number of three-phase system 
Vdc=60; %DC link voltage  
M=0.3; % modulation index 
f=50;% fundamental frequency 
fc=40*f; 
E=8.922;% phase peak back EMF 
theta_c1=-pi/2;%radian angle of carrier in phase A 
theta_c2=-pi/2+2/3*pi; 
theta_c3=-pi/2-2/3*pi; 
theta_0=(2.109773-0.6-0.4-0.3-0.2-0.1+0.05-0.02)/180*pi-pi/2;%radian 

angle of modulating signal in phase A 
phi_v=-pi/2;% Radian angle of back_emf in phase A 
p=3; %pole pair number  
Mspeed=2*pi*f/p;% mechaniacal speed  

  
%effective impedance  
r=0.0808;% phase resistance  
L=0.31e-3; % phase inductance %Phase mutual inductance L-M  
M1 =0.087e-3; 
M2=0.03e-3; 
M3=0.029e-3;% 

  
%time setup 
period=2;%how many periods in the plot 
sample=100000*period;%sample number period  times period number  
T=0:sample; 
t=period/f/sample*T;%time array 

  
%x and y 
x1=2*pi*fc*t+theta_c1; 
x2=2*pi*fc*t+theta_c2; 
x3=2*pi*fc*t+theta_c3; 
y=2*pi*f*t+theta_0; 

  
%number of m and n 
number_m=10; 
number_n=10; 

  
% voltage @fundamental 
vaf=Vdc/2*M*cos(y); 
vbf=Vdc/2*M*cos(y-2/3*pi); 
vcf=Vdc/2*M*cos(y+2/3*pi); 
vf=[vaf; vbf; vcf; vaf; vbf; vcf;vaf; vbf; vcf]; 
%back-EMF 
ea=E*cos(2*pi*f*t+phi_v); 
eb=E*cos(2*pi*f*t+phi_v-2/3*pi); 
ec=E*cos(2*pi*f*t+phi_v+2/3*pi); 
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e=[ea;eb;ec;ea;eb;ec;ea;eb;ec]; 

  
%impendance  
MM= 1e-3*[0.31  -0.087  -0.087  -0.029  0.029   0.029   -0.029  0.029   

0.029; 
-0.087  0.31    0.03    0.029   -0.029  -0.029  0.029   -0.029  -0.029; 
-0.087  0.03    0.31    0.029   -0.029  -0.029  0.029   -0.029  -0.029 
-0.029  0.029   0.029   0.31    -0.087  -0.087  -0.029  0.029   0.029; 
0.029   -0.029  -0.029  -0.087  0.31    0.03    0.029   -0.029  -0.029; 
0.029   -0.029  -0.029  -0.087  0.03    0.31    0.029   -0.029  -0.029; 
-0.029  0.029   0.029   -0.029  0.029   0.029   0.31    -0.087  -0.087; 
0.029   -0.029  -0.029  0.029   -0.029  -0.029  -0.087  0.31    0.03; 
0.029   -0.029  -0.029  0.029   -0.029  -0.029  -0.087  0.03    0.31]; 

  
R=[r 0 0 0 0 0 0 0 0; 
   0 r 0 0 0 0 0 0 0; 
   0 0 r 0 0 0 0 0 0; 
   0 0 0 r 0 0 0 0 0; 
   0 0 0 0 r 0 0 0 0; 
   0 0 0 0 0 r 0 0 0; 
   0 0 0 0 0 0 r 0 0; 
   0 0 0 0 0 0 0 r 0; 
   0 0 0 0 0 0 0 0 r]; 

  
% current @fundamental 
Z=MM*2*pi*f*1i+R; 
Z_inverse=inv(Z); 
If=Z_inverse*[vf-e]; 

  
%current @ ripple 
var1=0; 
var2=0; 
var3=0; 
Ir=0; 
vr=0; 
for m=1:number_m 
for n=-number_n:1:number_n 
b=besselj(n,m*M*pi/2); 
Amn=2*Vdc/m/pi*b*sin((m+n)*pi/2); 

  
%Va_r 
va1_rmn=Amn*cos(m*x1+n*y); 
va2_rmn=Amn*cos(m*x2+n*y); 
va3_rmn=Amn*cos(m*x3+n*y); 
var1=var1+va1_rmn; 
var2=var2+va2_rmn; 
var3=var3+va3_rmn; 

  
%Vb_r 
vb1_rmn=Amn*cos(m*x1+n*(y-2/3*pi)); 
vb2_rmn=Amn*cos(m*x2+n*(y-2/3*pi)); 
vb3_rmn=Amn*cos(m*x3+n*(y-2/3*pi)); 

  

  
%Vc_r 
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vc1_rmn=Amn*cos(m*x1+n*(y+2/3*pi)); 
vc2_rmn=Amn*cos(m*x2+n*(y+2/3*pi)); 
vc3_rmn=Amn*cos(m*x3+n*(y+2/3*pi)); 

  
vrmn=[va1_rmn;vb1_rmn;vc1_rmn;va2_rmn;vb2_rmn;vc2_rmn;va3_rmn;vb3_rmn;v

c3_rmn]; 
%-----------Impedance 
fmn=m*fc+n*f; 
if mod(n-1,3)==0 
Zmn=MM*2*pi*fmn*1i+R; 
Zmn_inverse=inv(Zmn); 
Irmn=Zmn_inverse*vrmn; 
end 

  
if mod(n+1,3)==0 
Zmn=MM*2*pi*fmn*(-1)*1i+R; 
Zmn_inverse=inv(Zmn); 
Irmn=Zmn_inverse*vrmn; 
end 

  
if mod(n,3)==0 
Irmn=0; 
end 

  
vr=vr+vrmn; 
Ir=Ir+Irmn; 
end 
end 
%%%current  
I=If+Ir; 

  
Ia1n=I(1,:); 
Ib1n=I(2,:); 
Ic1n=I(3,:); 
I1=2/3*(Ia1n+Ib1n*exp(1i*(2/3*pi))+Ic1n*exp(1i*(-2/3*pi)));%I don't 

understand 
Ia1=real(I1); 

  
Ia2n=I(4,:); 
Ib2n=I(5,:); 
Ic2n=I(6,:); 
I2=2/3*(Ia2n+Ib2n*exp(1i*(2/3*pi))+Ic2n*exp(1i*(-2/3*pi))); 
%Ia2=real(I2); 

  
Ia3n=I(7,:); 
Ib3n=I(8,:); 
Ic3n=I(9,:); 
I3=2/3*(Ia3n+Ib3n*exp(1i*(2/3*pi))+Ic3n*exp(1i*(-2/3*pi))); 
%Ia3=real(I3); 

  
II=real(I1+I2+I3); 

  
%%%torque  
Evector_a1b1c1=E*exp(1i*(2*pi*f*t+phi_v));% back-emf vector system1 
phi_vt=angle(Evector_a1b1c1); 
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II1=abs(I1); 
phi1=angle(I1); 

  
II2=abs(I2); 
phi2=angle(I2); 

  
II3=abs(I3); 
phi3=angle(I3); 

  
T=3/2/Mspeed*E*(II1.*cos(phi_vt-phi1)+II2.*cos(phi_vt-

phi2)+II3.*cos(phi_vt-phi3)); 

  



X 

 

Appendix D: PLECS model of the triple three-phase drive 
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Appendix E: Winding layout of a 48-slot 8-pole distributed PM machine 
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