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Abstract 

 

Voltage regulation has always been considered as the most important fundamental 

regulating functionalities in low voltage electrical power systems. The continuing trend 

toward heavier load and high penetration of distributed generation units in low voltage 

rural distribution feeders requires power electronic-based solution alternatives for voltage 

regulation purposes. The size of the power electronics is proportional to their power 

rating. The power rating of converters used for feeder voltage regulation is mainly based 

on substation voltage and feeder current which is influenced by load models.  

This thesis presents a powerful analysis based on probabilistic structure in order to find 

the required optimised power rating of the power electronics. This thesis also introduces 

a power electronic solution, known as a hybrid substation for voltage regulation purposes. 

The hybrid substation comprises fractionally rated power electronic four-leg voltage 

source converters with a conventional low frequency distribution transformer. An 

approach to minimise the compensated injection voltage of the hybrid substation using 

symmetrical components estimation has been presented.  

In this work, a comprehensive simulation study using MATLAB is carried out to analyse 

the optimum power rating of low voltage distribution power electronics based on statistics 

and probabilities. A simulation study using PLECS has been used to investigate the hybrid 

substation control performance. Furthermore, an experimental prototype has been built to 

validate the control algorithm.  
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1.1 Introduction 

The first electric power station at Pearl Street Electric Power Station in New York City 

went into operation in 1882 [1]. The electric utility industry grew very quickly and 

generation, transmission and distribution networks have spread broadly across the entire 

globe in respect to the energy demand. The electric power systems are considered to be 

the largest and the most expensive man-made industry in the world [2]. The general 

structure of an electric power system can be divided into three main sectors: generation, 

transmission and distribution, as presented in Figure 1.1. The electrical energy produced 

by generating stations flows through the transmission lines and the transition from 

transmission to distribution happens in distribution substations.   

Quality of the power delivered by the electric utilities to the end-user customers plays 

an important role in the modern power systems [3-5]. Electric power quality can be 

defined as ‘‘the goodness of the electric power quality supply in terms of its voltage wave 

shape, its current wave shape, its frequency, its voltage regulation, as well as level of 

impulses, noise and the absence of momentary outages’’ [1, 4, 5]. Any disturbance in 

power quality can have an economic influence on both the utility suppliers and the end-

user customers. Furthermore, the common term for describing the power quality in most 
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electrical books and references is equivalent to the voltage quality [3]. Thus, the aim in 

electric power quality matter is to keep the voltage at permitted levels for the end-user 

customers [3, 4]. 

 

 

In the UK, the central network takes the electrical power from 132kV substations and 

distributes it to the customers by a network including 132kV, 66kV, 11kV, 6.6kV and 

400/230V substations [6]. Distribution networks in the UK have no voltage regulation 

downstream of  the 11kV primary substation [7]. The electric utility suppliers are required 

to supply the Low Voltage (LV) end-user customers within the voltage range defined in 

EN50160 [7, 8], which is 230V ±10% in the EU and 230V +10%, -6% in the UK.  

The high influence of Distributed Generation (DG) units, increasing numbers of plug 

in electric vehicles and continuing trend toward heavier load in LV rural distribution 

feeders necessitate redefining the requirements of the design and control of the LV 

networks. Penetrations of DG, especially in the form of Photovoltaic (PV), causes 

network voltages to rise above the statutory limits by injecting power (inversion power) 

Figure 1.1: General structure of electric power system. 
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into the feeders and causing incorrect operation on the substation equipment. The 

inversion of power flow occurs when the base load is low and the amount of DG is at its 

greatest [9, 10]. However, voltage rise problems of DGs can be solved by implementing 

appropriate DGs reactive power controllers, setting a limit for maximum generator 

capacity and reducing substation voltage [11]. 

The quality of the voltage has the most impact on the power quality in AC distribution 

systems and any significant disturbances or changes in the voltage magnitude, frequency 

or purity can cause a serious power quality problem for the LV end-users customers [3]. 

The continued growth in electrical energy consumption in both AC and DC systems has 

affected the voltage profile in LV networks. Therefore, studies concerning performance 

of the distribution systems and the quality of the service in terms of power quality and 

satisfactory voltage level have gained more consideration.  

In order to keep the distribution voltages within the permitted levels, several solutions 

for voltage quality problems have been seriously considered with the development of 

power electronic semiconductors since 1970 [12]. The advancement in integration of 

power electronic devices, such as Insulated Gate Bipolar (IGBT), Metal Oxide 

Semiconductor Field Effect Transistor (MOSFET), Diode, etc. [13], are now providing 

major enhancement in power reliability, voltage regulation, load balancing, efficiency 

and cost effectiveness of electrical systems [14, 15]. Design of an effective voltage control 

is essential. As a result, the focus has shifted to power electronic-based solution 

alternatives. 

Due to the large range and unpredicted behaviour of the load data, selecting the right 

kVA power rating of the power electronics used in LV network is a challenging task. For 

an LV distribution substation, a higher power electronics capacity can be designed to 

compensate the power quality of the system. However, this solution brings some inherent 

disadvantages, such as a higher kVA rating leading to higher losses, larger equipment 

size, and an increase in the price of the whole system, turning it into an unpopular choice.  

Distribution substations are designed based on the electrical load data gathered 

historically [1]. As a result, the effect and importance of load characteristics have a direct 

effect on their distribution. Load pattern is highly dependent upon the momentary activity 

profiles of consumers [16]. Therefore, a comprehensive study and analysis within a 

probability distribution of loads provided by a feeder/substation are required. By properly 

selecting a desired substation voltage based on statistics and probabilities, load voltages 
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may be kept within permissible limits for end-users at most times and this reduces the 

power electronics kVA power rating, loss, cost and size. 

In this thesis, a smart configuration, which is named hybrid substation is introduced. 

The main component of a hybrid substation is a Hybrid Transformer (HT) [17, 18], which 

comprises fractionally rated power electronic four-leg Voltage Source Converters (VSCs) 

with a conventional low frequency distribution transformer. The hybrid substation is 

designed for voltage regulation purposes and injects voltage by sequence analysis based 

controller. The output voltage of the prototype and the kVA rating of the proposed VSCs 

are based on an iterative optimisation algorithm. This configuration could be retrofitted 

to the existing LV substations. Figure 1.2 represents a hybrid substation connected to the 

LV networks. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Hybrid Substation 

Figure 1.2: General configuration of hybrid substation connected to LV end-user customers. 

Partially Power 

Rated VSCs 

Ordinary Distribution 

Transformer 
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1.2 Research Objectives  

This PhD research project is aimed at investigating the power electronic-based 

solutions for voltage regulation purposes under the optimal conditions. The main 

objectives of the thesis are: 

 

 Studying a meaningful set of probabilistic data concerning the time evolution 

of any type of load for any duration of time 

 Optimising the substation voltage for any number of feeders based on the load 

probability 

 Optimising the power rating of power electronics used in the LV distribution 

system for voltage regulation based on probability 

 Research on power electronic-based solution for voltage regulation in LV 

distribution feeders and the substations  

 Simulating the proposed hybrid substation for LV distribution network to 

investigate its voltage regulation performance 

 Constructing the proposed power converter to validate the proposed voltage 

regulation approach 

 

 

 

1.3 Thesis Outlines 

The remainder of this thesis is divided into the following Chapters: 

Chapter 2 provides a review to common electric power quality problems in LV 

distribution networks. Popular grid-connected power electronic voltage controllers are 

described in this chapter. This chapter also presents the hybrid substation. 

Chapter 3 presents a powerful probabilistic analysis method to estimate probabilistic 

characterisation of the load pattern. A study has been carried out to estimate the optimised 

substation voltage. A new method has been introduced to find an optimal power rating of 
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the proposed power electronic VSCs in order to minimise the injection voltage, cost and 

size of the system. 

Chapter 4 gives a review of the state of the art, three-phase four-leg power electronic 

converters. This chapter presents a guideline for designing resonant controllers used in 

the grid-connected VSCs in addition to a detailed description of a 3-dimentional space 

vector modulation technique. 

Chapter 5 presents an approach to calculate the required injection voltage of a hybrid 

substation based on the symmetrical components control algorithm. Simulation results of 

the effectiveness of the proposed controller for the hybrid substation are presented in this 

chapter. 

Chapter 6 provides details for the power electronic converter design and its construction. 

A series-connected four-leg VSC is constructed to validate the voltage regulation 

capabilities of the power converter. The detailed structure of the control platform and its 

digital implementation are presented in this chapter. 

Chapter 7 reports the results obtained from experimental power converter. The results are 

compared with simulation outcomes to verify the proposed control algorithm.   

Chapter 8 presents the conclusion of the research and summarises the main contributions 

of the work followed by recommendations for future work in this field. 
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CHAPTER 2 : Voltage Regulation in 

Low Voltage Distribution Systems 

 

 

 

 

 

 

Summary: This chapter provides a background to electric power quality problems in the 

distribution networks. It focuses on power electronic-based solution alternatives for voltage 

regulation purposes and introduces a power electronic solution, known as a hybrid substation.  

 

 

 

 

 

2.1 Introduction 

Distribution systems performance and power quality are measured in terms of lack of 

restrictions from interruption, and maintenance of satisfactory voltage levels with a 

desired frequency, amplitude and phase at the customer’s permitted voltage limits [12, 

19]. The utilities’ aim is to continuously provide their customer voltage within limits in 

distribution systems. In the UK, the utility suppliers are required to supply low voltage 

end-user customers within the voltage range which is 230V +10%, -6% [7]. However, 

due to power system variations under different load conditions and existence of 
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unavoidable faults, utility suppliers do not guarantee to provide load voltage at an 

acceptable range.  

The distribution voltages have to be within the restricted levels. Hence, since 1970 

several alternative solutions for voltage quality issues have been considered [12]. There 

are numerous ways to keep distribution voltages within the desired levels. Some of the 

conventional possible solutions are [1]: 

 Utilisation of generator voltage regulator 

 Increasing the feeder conductor size 

 Transferring loads to other substations and feeders 

 Changing feeder sections from single phase to multi-phase 

 Installing new substations, tap changers, autotransformers on primary feeders 

 

The selection of a technique or techniques depend on the specific system requirements. 

However, the continued growth trend toward heavier load and high penetration of 

distribution generation units in low voltage rural distribution feeders may require power 

electronic-based solution alternatives, such as Voltage Source Converters (VSCs) for 

voltage regulation purposes. The advancements in integration of power electronics VSCs 

are now enabling major improvement in power reliability, compensation voltage range, 

load balancing, energy efficiency and cost effectiveness of electrical systems in 

distribution and generation networks [14, 15]. Some of the popular voltage regulation 

solutions based on power electronics for distribution substations are: Distribution Static 

Compensator (DSTATCOM) [20, 21], Dynamic Voltage Restorer (DVR) [22-24], 

Unified Power Quality Conditioner (UPFC) [25, 26], Interline Power Flow Controller 

(IPFC) [27], on-load tap changers [28] and the Solid State Transformer (SST) [29, 30]. 

This chapter presents a review of voltage control strategies for voltage regulation 

purposes in LV networks. The main focus of the chapter is on a novel power electronic 

solution called Hybrid Substation, which is based on a Hybrid Transformer (HT)  [18, 

31] used in multi-feeder LV systems. 
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2.2 Electric Power Quality 

In general, there is no a standard definition for the term of ‘electric power quality’ that 

is acceptable by every electrical scholars. But referring to Heydt [5], electric power 

quality can be well-defined as ‘‘the goodness of the electric power quality supply in terms 

of its voltage wave shape, its current wave shape, its frequency, its voltage regulation, as 

well as level of impulses, noise and the absence of momentary outages’’. Power quality, 

like quality in other subjects and services, is difficult to evaluate. Nevertheless, end-user 

residential customers may define the power quality in terms of absence of any power 

quality disturbances, which may lead to unsatisfactory operation of end-user residential 

customers’ equipment [1]. 

The power quality has a direct economic influence on consumers. Nowadays, 

automation systems and modern equipment used in industrial areas are much more 

sensitive to any disturbances or deviations in supply voltage. Thus, minor disturbances in 

the provided supply voltage can be costly for industrial customers. The electric power 

utilities are also concerned about power quality issues. It is important to exceed customer 

expectations and maintain the power quality at desired values. In recent years, the electric 

power utilities effort for providing good power quality is more important than ever; the 

loss of  unhappy customers have a significant financial impact on utility companies. 

In electrical engineering, power is the rate of energy transfer and depends on the 

voltage and current. In general, power suppliers can only control the voltage quality, and 

there is no control over the currents that particular loads might draw; thus for most power 

suppliers, the aim in the electric power quality area is to keep the voltage at permissible 

levels for end-user customers [3].  

The common expression for defining the power quality in most electrical books and 

references is equivalent to voltage quality [3]. In the opinion of the author, the quality of 

the voltage has the most influence on power quality distribution systems and any 

significant disturbances or variations in voltage level, frequency or purity can cause a 

serious power quality problems for end-users customers. Therefore, it is necessary to have 

voltage controller for voltage regulation purposes. A brief description of possible 

common voltage disturbances in LV distribution systems will be described in the next 

section. 
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2.2.1 Voltage Sag 

Referring to IEEE recommended practice for monitoring electric power quality [4], a 

voltage sag or dip can be considered as ‘‘a short-duration voltage variation category and 

is defined as a decrease between 0.1 to 0.9 per unit (p.u) in RMS voltage at the power 

frequency with a duration from 0.5 cycle to 1 minute”. Voltage sags or dips are usually 

related to system faults, but can also be caused by energization of heavy loads, starting 

large induction motors (which can draw six to ten times its full load current), and short-

circuit faults in the distribution system [3]. Figure 2.1 (a) shows the simulation result of 

a 30% voltage sag; in this event the RMS voltage level decreases by 30% to 0.7 p.u. 

2.2.2 Voltage Swell 

A voltage swell is considered as a short-duration voltage variation category, and can 

be defined as ‘‘an increase of 1.1 to 1.8 p.u in RMS voltage at the power frequency for 

durations of 0.5 cycle to 1 minute” [4]. Similar to voltage sags, voltage swells usually 

arise because of system fault conditions, but they are not as common as voltage sags. 

Voltage swell can be caused by a temporary voltage rise on the un-faulted phases when a 

single line-to-ground fault occurs in one phase. Voltage swells can also be caused by 

switching off a large load, energising a large capacitor bank, unexpected load reduction 

insulation breakdown [3] or using  heavy distribution generation sources in the 

distribution network. Figure 2.1 (b) illustrates the simulation result of a 30% voltage swell 

that might happen in LV distribution network. 

The term short-duration overvoltage or momentary overvoltage as used by many 

researchers has the same meaning as the term voltage swell. 

2.2.3 Voltage Interruptions 

A voltage interruption occurs when the supply voltage decreases to less than 0.1 p.u 

and in the European standard EN 50160 [32] two definitions are used:  

 Long interruptions: voltage interruptions longer than three minutes 
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 Short interruptions: voltage interruptions of up to three minutes 

Voltage interruption can be classified into pre-arranged and unexpected (accidental) 

interruptions. Pre-arranged voltage interruptions happen in order to allow for the 

execution of scheduled work on the distribution system, when end-user customers are 

informed in advance. Unexpected or accidental interruption is caused by permanent (long 

interruption) or transient (short interruption) faults, mostly related to external events, 

equipment failures or interference [32]. Figure 2.1 (c) shows the simulation result of a 

short interruption at which the voltage drops to zero for 60ms. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

+ + = 

Figure 2.1: Simulation results of possible common voltage disturbances in LV networks, (a): voltage 

sag, (b): voltage swell, (c): voltage interruption, (d): voltage harmonics, (e): voltage unbalance. 
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2.2.4 Voltage Harmonics  

Voltage harmonics are sinusoidal voltages having frequencies that are integer 

multiples of the fundamental frequency. Intermittently distorted signals can be 

decomposed into a sum of fundamental frequency and the harmonics. Voltage harmonic 

distortions usually come from non-linear characteristics of devices and loads in LV 

distribution systems [3]. Voltage distortion 𝑣𝑑𝑖𝑠 can be expressed by summation of the 

harmonic components 𝑣ℎ, according to: 

𝑣𝑑𝑖𝑠 = √∑𝑣ℎ
2

∞

ℎ=2

                                                              (2.1) 

and for a fundamental phase voltage 𝑣𝑖  for 𝑖 = 𝑎, 𝑏, 𝑐 , the total harmonic distortion 

(THD) in percent can be calculated by: 

 

%𝑣𝑇𝐻𝐷 =
𝑣𝑑𝑖𝑠
𝑣𝑖
× 100                                                         (2.2) 

    

Figure 2.1 (d) illustrates the simulation result of a distorted voltage waveform that 

might occur when non-linear load systems are presented in LV distribution network. 

 

2.2.5 Voltage Unbalance  

Voltage unbalance is a condition where the RMS value of the phase voltages or the 

phase angles between consecutive phases in three-phase system are not equal. This mostly 

happens when an unbalanced three-phase load is present in an LV distribution system. 

An unbalanced load can be caused by unevenly distributed single-phase loads or by a 

balanced three-phase load with a fault condition, such as a short-circuit fault. An 

unbalanced load might draw currents with positive, negative and zero sequences and this 

causes the undesired neutral current (zero sequence) to be circulated in the system. A 

solution to harness the neutral current will be explained in Chapter 4.  
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The voltage unbalance (sometimes called imbalance) can also be defined as the ratio 

of the magnitude of the negative sequence component to the magnitude of the positive 

sequence component, as shown below: 

%𝑉𝑢𝑛𝑏𝑎𝑙𝑎𝑛𝑐𝑒 =
|𝑥𝑛𝑒𝑔|

|𝑥𝑝𝑜𝑠|
× 100                                               (2.3) 

where for a phase group of variables in the 𝑎𝑏𝑐 frame 𝑥𝑎 , 𝑥𝑏 , 𝑥𝑐 (voltage or current), the 

positive, negative and zero sequences can be expressed as [33]: 

 

[

𝑥𝑎
+

𝑥𝑏
+

𝑥𝑐
+

] =
1

3
[

1     𝑎    𝑎2

𝑎2   1   𝑎  

𝑎   𝑎2   1 

] [

𝑥𝑎

𝑥𝑏

𝑥𝑐

]                                          (2.4)  

[

𝑥𝑎
−

𝑥𝑏
−

𝑥𝑐
−

] =
1

3
[

1   𝑎2   𝑎 

𝑎   1    𝑎2

 𝑎2   𝑎    1  

]  [

𝑥𝑎

𝑥𝑏

𝑥𝑐

]                                         (2.5)  

[

𝑥𝑎
0

𝑥𝑏
0

𝑥𝑐
0

] =
1

3
[
1     1     1
1     1     1
1     1     1

] [

𝑥𝑎

𝑥𝑏

𝑥𝑐

]                                           (2.6)  

 

where 𝑎 = 𝑒𝑗
2𝜋

3  and 𝑎2 = 𝑒𝑗
4𝜋

3 .  Typically the voltage unbalance of a three-phase service 

for 95% of the week is less than 3% , the current unbalance is usually higher especially 

when single phase loads are present in LV networks [32]. Figure 2.1 (e) shows the 

simulation result of a voltage unbalance situation where each phase voltage comprises 

positive, negative and zero sequences. 

Although there are other voltage quality problems such as voltage spikes, noise, 

fluctuations, etc. [3], the mentioned short-duration voltage variations are the most 

common types of power quality problems in the LV distribution network.  
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2.3 Grid-Connected Voltage Controllers in LV Networks 

Figure 2.2 shows a simple radial arrangement of a distribution network. Distribution 

substations deliver electric power from High Voltage (HV) to Medium Voltage (MV) 

primary substations and then from MV to LV secondary substations for LV customers. 

The voltage problems described previously might occur in distribution networks. These 

problems are the major concerns for both customers and utility power suppliers.  

There are numerous types of voltage compensators that mitigate the undesired effects 

on both supplies and loads. As shown in Figure 2.3, there are two general groups of 

voltage compensators for LV networks. The most popular group of voltage compensators 

are electromagnetic devices based on a conventional transformer with mechanical or 

electronic tap changers. This method has been used for many years and voltage regulation 

typically depends on the action of the HV/MV primary substation tap changer transformer 

in addition to the appropriate transformer tap position of the MV/LV secondary substation 

[21]. Moreover, fixed tap positions are much more common in conventional LV 

distribution networks and to change the output voltage, the load should be disconnected 

from the network. Thus, this technique is not able to generate continuous output voltage 

and it has poor response to rapid voltage changes in LV networks [34, 35]. 

Another group of voltage compensators considered for improvement of voltage profile 

in LV feeders is based on power electronics and can be divided into four general 

categories: Mid-Feeder Compensator (MFC), Point of Load Compensator (POLC), 

Feeder Compensator (FC) and Power Electronic Substation (PES). Figure 2.4 shows the 

possible arrangements of power electronics used for voltage regulation in LV feeders. 

Figure 2.4 (a) can be used as a feeder regulator at the specific section of the feeder. POLC 

can regulate the voltage at affected customers independently as shown in Figure 2.4 (b). 

Fully electronic substation and FC can be illustrate in Figure 2.4 (c) and (d) respectively. 

Figure 2.4 (e) shows a feeder regulator in conjunction with a point of load compensator 

in order to regulate the voltage in both feeder and load. A more complete configuration 

of voltage regulator in LV networks can be found in Figure 2.4 (f) where a hybrid 

substation along with a POLC has been used. More details about hybrid substations will 

be explained in the following section of this chapter. 
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Figure 2.2: Simple arrangement of radial distribution network with normally open point for 

safety reasons. 
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Figure 2.3: Various types of voltage compensators in LV networks. 
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Figure 2.4: Power electronics voltage compensators in LV distribution networks, (a): mid-feeder 

compensator, (b): point of load compensator, (c): fully electronic substation, (d) feeder 

compensator, (e): feeder regulator with point of load compensator, (f): hybrid substation with 

point of load compensator. 
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The possible main elements of power electronic voltage controllers depicted in Figure 

2.4 can be voltage source converters, which are the most common power electronic 

converters that are widely used for different applications, such as grid connected 

converters for voltage regulation purposes [7, 23-25], electric drives [26, 27], 

photovoltaic applications [28, 29], aerospace applications [30], matrix converters [30-32], 

etc. Figure 2.5 shows the standard two-level three-leg VSC which have been the subject 

of intensive research during the past decades. The basic operation and modulation 

strategies of the two-level three/four-leg VSCs will be explained in Chapter 4 of this 

thesis. 

 

 

 

 

 

 

 

 

 

 

2.4 Power Electronic Voltage Compensators  

Voltage regulation at distribution feeders can be effectively controlled by power 

electronic voltage controllers [34]. Power electronic based systems can enhance 

controllability and increase power transfer capability of the network [34, 36]. Flexible 

AC Transmission Systems (FACTS) [37] are based on power electronics and for voltage 

regulation purposes, this system can be classified into three independent sections: shunt-

connected (Figure 2.6), series-connected (Figure 2.7) and shunt-series connected (Figure 

2.8) voltage controllers.   

Figure 2.5: A standard two-level three-leg voltage source converter. 
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2.4.1 Shunt Voltage Controllers 

The concept of a shunt-connected VSC [12, 20, 21, 38-40] is to filter current 

harmonics, compensate reactive power and cancel small voltage fluctuations. A shunt-

connected VSC can only compensate small voltage dips or swells, which can be 

controlled by injecting reactive power. In this case, the device has to inject current to the 

grid to change the voltage amplitude at the Point of Common Coupling (PCC). The ability 

to control the voltage depends on the impedance seen by the shunt-connected VSC and 

the power factor of the load [38]. If any high rating fault such as unsymmetrical faults 

occur, the impedance seen by VSC becomes very small and as the result of the device 

being in parallel with the system, a large current needs to be injected by the VSC to 

compensate the voltage [38]. This leads to having a high current rating device and a large 

energy storage. Therefore, this is not an ideal solution for a fully control voltage 

regulation purpose.  

Distribution Static Compensators (DSTATCOMs) are the most common shunt-

connected power electronics-based device that are used in distribution systems [41]. A 

DSTATCOM comprises a VSC, a DC energy storage device and a coupling transformer 

connected in shunt to the LV network. The basic configuration of DSTATCOM is shown 

in Figure 2.6.  

However, not all shunt-connected voltage controllers are suitable for voltage 

regulation in LV feeders as the voltage drop changes over reactive power changes is 

proportional to line reactance  (
𝑑∆𝑉𝑑

𝑑𝑄⁄ ∝ 𝐿𝑠) [7]. For example, DSTATCOMs and 

reactive compensators are appropriate to use in high voltage networks where the ratio of 

𝐿𝑠
𝑅𝑠
⁄ is high (≥ 3). Nevertheless, this ratio is low in LV networks [7] and small changes 

in voltage can require a large reactive power, leading  to  an inefficient and expensive 

device in LV systems.  
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2.4.2 Series Voltage Controllers 

A series-connected voltage controller [22, 23, 38, 42] consists of a VSC connected in 

series with distribution feeder by an injection transformer, as shown in Figure 2.7. The 

basic concept is to inject a voltage of desired amplitude, phase and frequency in order to 

regulate the load voltage. The most common series-connected VSCs are the Dynamic 

Voltage Restorer (DVR) [22-24] and the Static Synchronous Series Compensator (SSSC) 

[43, 44]. The main components of a series voltage controller are: a VSC, the filter, the 

injection transformer, and energy storage. 

The device can inject desired voltage into the distribution feeder, therefore restoring 

the load voltage at the desired value 𝑣𝑙𝑖 for 𝑖 = 𝑎, 𝑏, 𝑐 during voltage disturbances. The 

series-connected VSC is connected to a DC energy storage element to convert DC voltage 

to controllable AC voltage. A voltage injection transformer is used to inject the voltage 

in addition to acting as a passive filter to improve harmonic voltage content generated by 

VSC. The voltage regulation capability of this device is based on the rating of the energy 

storage, the kVA rating of the VSC and injection transformer. 

 

 

 

Figure 2.6: single-line diagram of DSTATCOM. 
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2.4.3 Shunt-Series Voltage Controllers 

A very flexible device can be obtained by combining the above-mentioned series and 

shunt-connected VSC controllers with a common DC link. UPS, UPFC and IPFC are the 

most popular shunt-series configurations [25, 26, 38, 45]. A shunt-series voltage 

controller, such as UPFC and IPFC is one of the most popular power electronic solutions 

that is used for mid feeder voltage regulation. The shunt-series VSC controller has the 

capability of regulating the voltage, as well as power factor correction and harmonic 

compensation in LV systems. Figure 2.8 illustrates the single-line diagram of shunt-series 

VSC controller. 

The key features of this device are as follows: 

 Two VSCs are connected with a common DC-link (energy storage), one 

connected in parallel and the other connected in series 

 The main purpose of a shunt-connected VSC is to reduce harmonics by 

injecting current. The coupling isolation transformer is used to isolate the VSC 

from the network 

 The main reason of having a series-connected VSC is to inject voltage to keep 

the load voltage, 𝑣𝑙𝑖 for 𝑖 = 𝑎, 𝑏, 𝑐 at the desired value 

 A Low-Pass Filter (LPF) is used to eliminate high frequency ripples on the 

generated series-connected VSC output voltage 

 

Figure 2.7: Single-line diagram of series-connected VSC (DVR). 
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2.5 Power Electronic Substation in LV Networks 

The Power Electronic Substation (PES) for voltage regulation purposes has received a 

great attention globally in recent years [7, 18]. The main advantage of a PES is the ability 

to continually generate the desired output voltage for each feeder individually. The PES 

is appropriate for the LV distribution network and can be divided into two main 

categories: 

 Fully electronic substations which are based on Solid State Transformer (SST) 

 A combination of a line frequency transformer and a fractionally rated power 

electronic converter which together form a hybrid substation  

The hybrid substation topology is the main subject of investigation for this thesis. 

2.5.1 Fully Electronic Substation 

Fully electronic substations and the electronic transformer for use in LV networks have 

received a great attention recently [7, 46, 47]. Figure 2.9 shows the general configuration. 

The key element of a fully electronic substation is the SST.  

In recent years, the SST concept has generated a great deal of interest and has been 

investigated extensively for applications in power distribution systems. As shown in 

Figure 2.10, an SST comprises a high frequency transformer and provides with AC-AC 

Figure 2.8: Single-line diagram of shunt-series connected VSC 

𝑖𝑐𝑜𝑛
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conversion. Conversion between different systems is also possible, such as AC-DC, DC-

DC, DC-AC and AC-AC with any appropriate frequency [46, 47]. 

The basic motivation of SST technology is to increase the voltage controllability in the 

network. This technology with three additional conversions can step the voltage down by 

a high frequency transformer and provide an acceptable performance and significantly 

decrease weight. The other main features are: 

 Instantaneous voltage regulation for both AC and DC loads 

 Maintaining unity power factor under reactive load condition 

 Harmonic filtering 

 Protection against unbalanced load 

 Galvanic isolation 

 Bidirectional power flow  

However, the SST has some inherent drawbacks which has prevented the market 

penetration of this technology. Firstly, it is too costly in comparison to other technologies, 

thus it is a suitable option for specific fields and it is not a good solution to re-modify the 

technology of existing substations. Secondly, the total kVA rating of the power electronic 

switches is significantly high (fully rated power electronic converter), which leads to 

more losses in the system. Thirdly, usage of silicon devices and DC capacitors reduces 

reliability and life expectancy of such devices, making them an undesired option for some 

applications [18, 48, 49]. Finally, if an SST ceases functioning for any reason, it causes 

the serious problem of power transmission loss from the substation to the feeders.  

 

 

 

 

 

 

 

 

 

Figure 2.9: General configuration of fully electronic substation. 



Chapter 2: Voltage Regulation in Low Voltage Distribution Systems 

 

23 

 

 

 

 

 

 

 

 

 

 

 

2.5.2 Hybrid Substation in LV Networks 

 The main component of a hybrid substation is a Hybrid Transformer [17, 18] which 

comprises fractionally rated power electronic VSCs with a conventional low frequency 

distribution transformer. The next section discusses possible arrangements for the hybrid 

transformer and its use in a hybrid substation.   

 

2.5.2.1 Hybrid Transformer 

 The main concept of the distribution hybrid transformer was introduced by Aeloiza 

et.al [17] in 2003 and several alternative configurations have been presented by Bala et.al 

in [18]. The hybrid transformer is formed by augmenting a regular transformer with a 

fractionally rated power electronic VSC giving additional voltage control capabilities. 

The hybrid distribution transformer is able to continue functioning without the power 

electronic element and this configuration can be used for voltage regulation purposes in 

LV networks. In contrast, expensive SSTs are fully electronic and any failure in the 

silicon devices or gate drives, for example, can stop power transferring from the 

substation to the feeders and reduce the reliability of the system. 

Figure 2.10: Circuit diagram of solid state transformer (SST) [18]. 
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The fractionally rated power electronic converter allows the hybrid transformer to have 

various control capabilities depending on the configuration and operational requirements 

as shown in Figure 2.11. Selecting the ideal size of the fractionally rated power electronic 

VSC is based on the system requirements and load models. An optimised algorithm for 

finding the optimal power rating of the VSC [50, 51] will be described in Chapter 3 of 

this thesis. 

 As shown in Figure 2.11, similar to FACTS devices, the power electronic VSC can 

be connected in shunt, series and shunt-series with a conventional transformer. Not only 

can this smart configuration reduce the cost and overall size of the system, but it can also 

enhance the voltage regulation that can be retrofitted to existing LV substations. A key 

feature of the hybrid transformer is that the fractionally rated power electronic VSC can 

be completely bypassed in case of failure within the converter. In this case the transformer 

acts like an ordinary distribution transformer.    

Each configuration of Figure 2.11 has its own merits. In configurations (A) and (B) a 

current can be injected into the HV or LV side of the transformer by using a shunt-

connected VSC. As a result, these topologies have the ability to filter the unwanted 

harmonics and operate as a Power Factor Corrector (PFC). Configuration (A) also has an 

isolated DC-link which can be used as an energy store for DC loads. Alternatively, a 

voltage can be altered on the HV or LV side of the transformer with a series-connected 

VSC using configurations (C) and (D).  Based on system requirement, the series injection 

transformer can adjust the power rating needed of the VSC (configuration (D)). For 

example, as the power losses in the IGBTs can be defined as a function of current [52, 

53], adding a series injection transformer would contribute to reducing the total current 

rating of the VSC, as a result, the converter has lower power losses. The drawback of 

configurations (A), (B), (C) and (D) is that an extra energy storage is required. 

By combining both shunt and series-connected VSC (configurations (E), (F), (G) and 

(H)), the above-mentioned advantages with extra phase shifting and voltage regulation 

controllability can be achieved. The shunt and series VSC are connected back-to-back to 

the same DC-link and the VSC can be energised by the secondary winding of the 

conventional transformer. As can be seen, configurations (E) and (F) have no injection 

transformer, therefore these two topologies deal with higher losses in comparison to 

configurations (G) and (H). In addition, configuration (F) might deal with higher current 
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and voltage in comparison to configurations (E) as it is connected directly to the main 

output of the transformer (winding 𝑁2).  

It seems configurations (G) and (H) are the most promising options in terms of voltage 

regulation capabilities and total kVA rating. Configuration (H) has an advantage over (G) 

as the VSC of arrangement (H) is supplied from a separate winding 𝑁3  of the 

conventional transformer, leading to a VSC based on the required voltage range 

capabilities, limits and kVA rating. Moreover, if the secondary winding 𝑁3  of 

configuration (H) is protected separately from the conventional transformer, the VSC is 

isolated from the main output of the conventional transformer and if the converter stops 

working for any reason, it will not affect the main output voltage. A detailed description 

to find the optimum kVA rating of this configuration will be discussed in Chapter 3 of 

this thesis. The main notable features of arrangement (H) are summarised as follows: 

 It has the most voltage regulation capabilities as it has a back-to-back VSC to 

generate instantaneous voltage with desired amplitude, frequency and phase 

for AC loads 

 It has the ability to supply DC voltage from the DC-link for LV DC end-user 

customers especially for new and trending plug in electric vehicles by using 

the common DC-link 

 It is supplied from a separate power source, secondary winding of the 

conventional transformer. If the secondary winding is separately protected, the 

VSC is isolated from the main output of the transformer  

 This configuration has a series injection transformer to adjust the 

semiconductor ratings 

 It has the ability to filter harmonics and operate as a power factor corrector 

 It can operate properly for balanced, unbalanced, linear and non-linear load 

conditions if a suitable VSC such as a 4-leg VSCs are used 
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 Figure 2.11: Different configuration of hybrid transformer. 
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2.5.3 Hybrid Substation 

Figure 2.12 shows the general configuration of a hybrid substation. The principal 

component of the hybrid substation is the hybrid transformer (Figure 2.11 (H)). The 

hybrid transformer is connected to a multi-feeder network and each feeder at the 

substation-end (feeder starting point) comprises a DC-AC power converter (VSC𝑓𝑗, 𝑗 is 

the number of feeder,   𝑗 = 1, 2, … , 𝔫) in series with the feeder in order to compensate the 

voltage for any voltage disturbances in LV the network.  

The hybrid transformer has a primary side (high voltage side) to receive input line-to-

line voltage from a source 𝑉𝑙,𝑖  for 𝑖 = 𝑎, 𝑏, 𝑐  and a secondary side providing output 

voltage for LV distribution networks. The secondary side of the proposed transformer has 

two separate windings. The primary winding is the main source of the feeders 𝑉𝑥𝑖 for 𝑖 =

𝑎, 𝑏, 𝑐 and the secondary winding is the source of the AC-DC VSC 𝑉𝑦𝑖 for 𝑖 = 𝑎, 𝑏, 𝑐 of 

the hybrid transformer. A DC bus is created by an AC-DC converter and connected in 

parallel with all other VSCs attached to the feeders.  

The proposed VSC for the hybrid transformer and feeders is a two-level four-leg 

converter (Figure 4.1 (b)). A four-leg VSC can effectively provide an extra connection 

(by fourth leg) and the neutral current in a three-phase system if the feeder is connected 

to unbalanced or non-linear load. The concept of the four-leg VSC and a complete review 

of its most important features such as modulation schemes and arrangement of switching 

patterns will be discussed on in Chapter 4 of this thesis.  
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From Figure 2.12 the phase voltages of the secondary winding of the conventional 

transformer can be expressed as: 

𝑉𝑥𝑖 =
𝑉𝑙,𝑖𝑁2

√3𝑁1
                                                                      (2.7) 

𝑉𝑦𝑖 =
𝑉𝑙,𝑖𝑁3

√3𝑁1
                                                                      (2.8) 

where  𝑁1, 𝑁2 and 𝑁3 are the turn ratio for primary and two separate secondary windings 

of the conventional transformer, respectively.  The AC-DC VSC of the hybrid transformer 

is energised from 𝑉𝑦𝑖 and the output voltage of the DC-AC converter can be given by 

Figure 2.12: Configuration of multi-feeder hybrid substation. 



Chapter 2: Voltage Regulation in Low Voltage Distribution Systems 

 

29 

 

𝜆𝑉𝑥𝑖, where 𝜆 is a controllable voltage range. For simlpicity it is assumed that 𝜆 and  𝑉𝑥𝑖 

are in phase and both represent the magnituude, 𝜆 = |𝜆|𝑒0𝑗and 𝑉𝑥𝑖 = |𝑉𝑥𝑖|𝑒
0𝑗. 

The injection voltage of the hybrid transfomer can be written as: 

 

𝑉ℎ𝑡
𝑖 = ±𝜆

𝑉𝑥𝑖𝑁𝑠2
𝑁𝑠1

                                                              (2.9) 

where 𝑁𝑠1  and 𝑁𝑠2  are the turns ratio of the injection transformer used in hybrid 

transformer. Now the output phase voltage of the hybrid transformer can be given by: 

 

𝑉𝑜
𝑖 = 𝑉𝑥𝑖 ± 𝑉ℎ𝑡

𝑖 = 𝑉𝑥𝑖 (1 ± 𝜆
𝑁𝑠2
𝑁𝑠1
)                                      (2.10) 

 

From Figure 2.12, the output phase voltage of feeder 1 can be expressed as: 

 

𝑉𝑓1
𝑖 = 𝑉𝑜

𝑖 ± 𝑣𝑓1
𝑖 = 𝑉𝑥𝑖 (1 ± 𝜆

𝑁𝑠1
𝑁𝑠2

± 𝜏
𝑁𝑓2

𝑁𝑓1
)                                      (2.11)  

 

where  𝑁𝑓1 and 𝑁𝑓2 are the turns ratio of injection transfomer used in feeders and 𝜏 is a 

controllable votage range and  it is in phase with 𝜆 . If 𝑁𝑠1 = 𝑁𝑠2 and 𝑁𝑓1 = 𝑁𝑓2 

the total voltage controllability 𝑉𝑐𝑜𝑛𝑡𝑟𝑜𝑙 capability of the proposed system can be stated 

as: 

 

{

𝑉𝑐𝑜𝑛𝑡𝑟𝑜𝑙 = 𝑉𝑥𝑖(1 ± 𝜆)                   Hybrid transformer

𝑉𝑐𝑜𝑛𝑡𝑟𝑜𝑙 = 𝑉𝑥𝑖(1 ± 𝜏)                            Feeders
′ VSCs  

𝑉𝑐𝑜𝑛𝑡𝑟𝑜𝑙 = 𝑉𝑥𝑖(1 ± 𝜆 ± 𝜏)               Hybrid substaion

                  (2.12) 

 

As both back-to-back AC-AC converter and feeder DC-AC VSC𝑓𝑗  for 𝑗 = 1,2, … , 𝔫 

are connected together, they have the ability to inject voltage at the same time 

(𝑉𝑥𝑖(1 ± 𝜆 ± 𝜏)). The way that the converters interact with each other, in addition to the 

amount of  voltage required to be injected is totally dependant on a specific scenario 
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which will be discussed in the next chapter. A powerful approach to minimising the 

injection voltage based on symmetrical components will be introduced in Chapter 5. 

Choosing a suitable value of 𝜆 and 𝜏 is proportional to the size, cost and total kVA 

rating of the VSCs used in a  hybrid substaion. Selecting  appropriate values of  𝜆 and 𝜏 

is quite a complex and difficult task as the design of VSCs is based on load models with 

no certain pattern or predicted behaviour. The next chapter of this thesis will introduce a 

novel iterative optimisation algorithm to identify a powerful probability model in order 

to find an optimum kVA rating of proposed VSCs in hybrid substation (optimum value 

of 𝜆 and 𝜏). 

2.6 Conclusion 

Any voltage disturbances may lead to unacceptable operation and can be costly for 

both end-user customer and electrical utility in LV distribution systems. Therefore, it is 

necessary to maintain the voltage at satisfactory levels. In order to keep distribution load 

voltages within permissible levels, power electronic-based solution alternatives such as 

power electronic substations have gained attention for voltage regulation purposes.  

The hybrid distribution transformer has the potential to be retrofitted to existing LV 

substations and so can be upgraded to meet the demand of the future electrical distribution 

grid. Each possible configuration of hybrid transformer (Figure 2.11) has its own merits, 

but using shunt-series connected VSC (Figure 2.11 (H)) could provide the greatest 

flexibility and robustness to faults. An important feature of the hybrid transformer is that 

the fractionally rated power electronic VSC can be completely bypassed in case of a fault 

within the converter; in this case the transformer acts like an ordinary distribution 

transformer. The hybrid transformer can be connected to a multi-feeder network where 

each feeder has a VSC with a common DC-link with hybrid transformer. This smart 

configuration which is named ‘hybrid substation’, can increase instantaneous voltage 

injection controllability and at the same time can reduce the switching losses and overall 

cost of the power electronic substation in comparison with fully electronic substations 

(SST).
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CHAPTER 3 : Power Rating of Power 

Converters Based on Load Probability 

in LV Networks 

 

 

 

Summary: This Chapter presents a powerful analysis method based on probabilistic statistics to 

evaluate the probabilistic load data concerning the time-evolution of any type of distribution load 

for any duration of time. In addition, a detailed description to find the required distribution power 

rating of power electronics under optimal conditions is provided. 

 

 

 

 

3.1 Introduction  

 

 Distribution system planning is essential to assure that the growing demand for 

electricity can be satisfied in an optimum way by using additional distribution substations.  

Distribution substations are designed based on the electrical utility data gathered 

historically [1]. As a result, the effect and importance of load characteristics have a direct 

influence on their distribution. The characterisation of load models is the main aspect in 

the distribution planning [1]. In recent years, the progress of load models has shifted the 

focus of electricity usage to the importance of evaluating the time-evolution of electricity 

utilisation [54]. The time-evolution estimation of different loads is a challenging task 
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because the pattern is highly dependent upon the momentary activity profiles of 

consumers [55]. 

The size and cost of power electronics is proportional to their power rating. The power 

rating of converters used for the feeder voltage regulation is mainly based on the 

substation voltage and the feeder current which is influenced by the load models. The 

load models have no certain pattern or predicted behaviour due to the large range of data 

and changes in the energy consumption. The simplistic approach of summing up all 

potential loads would result in a massive over-sizing of the system. Therefore, in order to 

find the required distribution kVA rating of power electronics under optimal conditions, 

a powerful load analysis based on a probabilistic structure is required. 

Several researches have been carried out to model the loads through different 

probability distributions. Walker et al. [56] have used the bottom-up method which is 

based on psychological considerations, electrical demographic and technical changes. 

The bottom-up method uses probabilistic procedures to combine the load profile of 

customers, for example, for each residence the load on an appliance is calculated during 

a specific period and the loads for all appliances are added together at the end. However, 

the data are selected for one day and it is not an appropriate method for the small/medium 

scale investigations because a successful social data analysis is mostly based on a larger 

scale of population. 

In [16] the time-evolution of the aggregated residential load for a different number of 

customers is compared by various probability distributions. It is concluded that Gamma, 

Log-Normal and the Gaussian distributions are the most suitable methods for load 

modelling although the study was based on the data selected for one day only. 

The Monte Carlo simulation is used in [55] and a detailed statistical study has been 

performed. The results show that the aggregated load data can be modelled by using a 

Gamma distribution with the best goodness-of-fit. However, one specific hour of a day is 

selected for this specific study. [57] introduces a method to estimate the customer load 

confidence intervals. The method was verified with the hourly load measurement data 

from the Finnish Load Research project and the author uses the Log-Normal distribution. 

Singh et al. [58] concluded that there is no unique probability distribution technique to 

model the load. However, the Gaussian distribution seems to be a powerful method for 

modelling due to its simplicity as can be described by two parameters, mean and variance. 
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Other studies have been made to model the loads through various probability distributions 

[59-61]. 

Due to the complexity of the load profile, most electric distribution system planners 

used one specific day or hour of the year (in winter or summer) to obtain a comprehensive 

estimate of the load patterns for the aggregations of different types of loads. It seems the 

Gaussian distribution is useful for load modelling, but the single Gaussian distribution is 

not an effective method to model all type of loads due to its inherent limitations, such as 

its inaccurately and uncertainty for a larger data [58]. Different types of data distributions 

can be properly and accurately represented as a convex combination of several single 

Gaussian distributions with respective means and variances by the Gaussian Mixture 

Model (GMM) [58, 62-66]. In the opinion of the author, for a tested load profile, GMM 

can be used for the load modelling due to its powerful and accurate modelling.  

The unknown mixture components such as weight, mean and variance of GMM can 

be estimated by a distribution parameter estimation algorithm, known as Expectation 

Maximisation (EM) [50, 65, 67]. This chapter introduces a new method to evaluate the 

probabilistic data concerning the time-evolution of any duration and comprises the 

following three main sections. The first section focuses on the mathematical procedures 

of estimating the parameters of GMM by applying the EM algorithm using an example 

of the EM algorithm for GMM fitting. In the second section, an overall load probability 

distribution curve for a generated load data over a year is simulated based on the 

mathematical methodology described in the first section. Third section introduces a new 

method to find an optimal hybrid substation voltage for a distribution system based on 

load statistics and probabilities in order to minimise the kVA power rating of the power 

electronics used for voltage regulation purposes in the LV distribution network. 

3.2 Load Data 

In the past, collecting the load data needed to evaluate the load pattern was a 

challenging task. Nowadays, due to the smart real-time metering, the real load patterns 

are available and all the data can be gathered for comparative assessments [3]. Utility 

companies supply electricity to a large number of consumers. These companies need to 

have an accurate prediction of electricity demand. Therefore, the load patterns of different 
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type of consumers can be obtained from load measurements and this information can be 

used for distribution planning processes 

For the purpose of this chapter,  the yearly set of data based on CREST load model 

[68] for residential houses is used. Figure 3.1 provides an overview of the load data for 

100 residential houses for the duration of one year. Each dot represents the total load 

demand for all 100 houses per minute. As can be seen, there is a large spread in values at 

each minute. This is due to changes in energy load consumption of the customers. The 

resolution of time scale of Figure 3.1 is in minute thus for one year, 525,600 dense data 

exist for the tested load profile. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 3.1: Yearly load profile of 100 residential houses (525,600 minutes). 

time (minute) 

L
o

ad
 (

k
W

) 

k
W

 

time (m) 



Chapter 3: Power Rating of Power Converters Based on Load Probability in LV Networks 

 

35 

 

3.3 Analysis Methodology 

This section presents a powerful approach to the iterative computation of maximum-

likelihood estimates when the observations can be noticed as a large set of data. Table 3.1 

represents the key notation summary of the parameters used in the proposed algorithm. 

 

 

                              

       Table 3.1: Notation summary. 

Symbol Description 

𝒳 Random variable 

𝑃(𝒳|℧𝒾) Probability density of 𝒳 given ℧𝒾 

℧𝒾 Parameters to be estimated of  𝒾𝑡ℎ Gaussian component 

𝒳 ∈ 𝑅𝑑 𝑑-dimensional random variable 

𝑇 Threshold, considered as 0.001 in simulation 

℧𝒾
(𝑚) 𝑚𝑡ℎ estimate of ℧𝒾 

𝛿𝒾 Standard deviation of 𝒾𝑡ℎ Gaussian component 

∑𝒾 Covariance of 𝒾𝑡ℎ Gaussian component 

𝜇𝒾 Mean of 𝒾𝑡ℎ Gaussian component 

𝑤𝒾 Weight (size) of 𝒾𝑡ℎ Gaussian component 

𝛿𝒾
2 Variance of 𝒾𝑡ℎ Gaussian component 
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3.3.1 Gaussian Mixture Model 

GMM is one of the most powerful probability models and has been widely used in the 

fields of pattern recognition, information processing, tracking objects, image processing 

data mining, error correction codes, etc. [69]. GMM has the functionality to show a model 

representing one or several clusters, with each cluster being different from each other. 

The data points within the same cluster can be fitted properly by a Gaussian distribution 

[70, 71]. GMM is a beneficial technique that allows different types of load distributions 

to be presented as a combination of several Gaussian distributions with respective means 

and variances. 

If samples 𝒳1, 𝒳2, … ,𝒳𝒿 ∈ 𝑅
𝑑  and random variable 𝒳 is Gaussian, the 𝒾𝑡ℎ Gaussian 

probability function can be defined as follows: 

 

𝑃𝒾(𝒳|℧𝒾) =
𝑤𝒾

(2𝜋)𝑑/2|∑𝒾|1/2
𝑒(−

1
2
(𝒳− 𝜇𝒾)

𝑇(∑𝒾)
−1(𝒳−𝜇𝒾))                    (3.1) 

 

For a GMM with 𝒩  mixture components, the Gaussian probability function can be 

defined by making each of the 𝒾𝑡ℎ  component a Gaussian density with mean 𝜇𝒾  and 

covariance ∑𝒾 , as expressed by equation (3.2): 

 

𝑃(𝒳|℧𝒾) =∑𝑤𝒾𝑃(𝒳| 𝜇𝒾, ∑𝒾)                                              (3

𝒩

𝒾=1

. 2) 

 

where ℧𝒾 = {(𝑤𝒾, ∑𝒾, 𝜇𝒾)}𝒾=1
𝒩  and  𝑤𝒾 is the weight (size) of the 𝒾𝑡ℎ Gaussian component 

and ranges from 0 to 1, and their sum is equal to 1, 0≤ 𝑤𝒾 ≤ 1,  ∑ 𝑤𝒾
𝒩
𝒾=1 = 1.  

 It is worth noting that, covariance refers to the measure of how two random variables 

change and is used to calculate the correlation between variables, while variance refers to 

the spread of the data in relation to the mean. If a single continuous probability curve 

consisting of multiple Gaussian is the main concern, covariance is considered exactly the 

same as variance and 𝑑 should be set to 1 in equation (3.1). By referring to equations (3.1) 
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and (3.2), the one-dimensional Probability Density Function (PDF) for a single and 𝒩 

Gaussian components in respect to variance, mean and weight can be given by (3.3) and 

(3.4) respectively: 

PDF for a single Gaussian: 

 

      𝑃(𝒳|𝛿2, 𝜇) =
1

√2𝜋𝛿2
𝑒
−
(𝒳−𝜇)2

2𝛿2                                                 (3.3) 

PDF for 𝒩 Gaussian: 

 

𝑃(𝒳|𝛿𝒾
2, 𝜇𝒾, 𝑤𝒾) =∑

𝑤𝒾

√2𝜋𝛿𝒾
2
𝑒
−
(𝒳−𝜇𝒾)

2

2𝛿𝒾
2
                                         (3.4)

𝒩

𝒾=1

 

 

However, the probability parameters such as weight, mean and variance (covariance) of 

GMM are unknown and difficult to find for a large spread of data. The next section will 

introduce an iterative method to find the maximum likelihood estimates of parameters in 

GMMs.  

3.3.2 Expectation Maximisation Algorithm 

The problem of estimating the parameters, such as mean 𝜇 and variance 𝛿2 for a set of 

random data like load that determines a mixture density, has been the subject of research 

for many years [67]. The Expectation Maximisation (EM) algorithm is one of the most 

complex and powerful methods of finding the maximum-likelihood estimate of the 

parameters of an underlying distribution from a given data set when the data is incomplete 

or has missing values [65, 72]. The EM algorithm has been widely used in genetics [67, 

73] where the observed data is a function of the unknown gene pattern, econometric [74], 

signal processing [75] and sociological studies [76] in which unknown factors affect the 

outcomes. A complete list can be found in [67].  
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The EM algorithm consists of two major steps: an expectation step, followed by a 

maximisation step. The expectation step is with regard to the unknown parameters, using 

the current estimate of the parameters. The maximisation step is responsible for a new 

estimate of the parameters to update the model. More details about the EM algorithm can 

be found in [67, 72, 77, 78]. 

Estimating parameters for the Gaussian mixture model by using the EM algorithm can be 

summarised in 4 main steps as follows [65]: 

Step 1: Initialization 

The algorithm starts from some initial estimates of ℧𝒾
(𝑚)

 (e.g. random) where 𝑚𝑡ℎ 

iteration happens at the 𝒾 th Gaussian component. For example, the initial estimates 

of 𝑤𝒾
(0)

, 𝜇𝒾
(0)
, ∑𝒾

(0)
 are chosen and for 𝒿𝑡ℎsample fitted to 𝒾th Gaussian component, the 

initial log-likelihood can be calculated by using equation (3.5): 

 

ℓ(0) =
1

𝓃
∑log (∑𝑤𝒾

(0)
𝑃(𝒳𝒾|𝜇𝒾

(0)
, ∑𝒾

(0)
)                                       (3.5)

𝒩

𝒾=1

𝓃

𝒿=1

 

 

Step 2: E-step 

Computing 𝛾𝑖𝒿
(𝑚)

 which is the guess at the 𝑚𝑡ℎ  iteration of the probability that the 𝒿th 

sample belongs to the 𝒾th Gaussian component. 𝛾𝑖𝒿
(𝑚)
 is the probability that belongs to the 

cluster 𝒾 for all data points 𝒳𝒿, 1 < 𝒿 < 𝓃 and all mixture components 1 < 𝒾 < 𝒩: 

 

𝛾 𝒾𝒿
(𝑚)

=
𝑤 𝒾
(𝑚)
𝑃(𝑥𝒿|𝜇 𝒾

(𝑚)
, ∑ 𝒾

(𝑚)
)

∑𝑙=1
𝒩 𝑤𝑙

(𝑚)𝑃(𝑥𝒿|𝜇𝑙
(𝑚), ∑𝑙

(𝑚))
                                               (3.6) 
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Step 3: M-step 

For each cluster𝒾 , the mixture parameters are updated by using an estimate of the 

probabilities 𝛾𝑖𝒿
(𝑚)

(E step). Let us assume that the 𝓃𝑖
(𝑚)
 is the total number of guesses of 

cluster 𝒾 at the 𝑚𝑡ℎ iteration: 

𝓃𝑖
(𝑚)

=∑𝛾𝒿 𝒾
(𝑚)

𝓃

𝒿=1

                                                            (3.7) 

 

Now the weight (size) of the average data can be expressed by (3.8) as follows: 

 

𝑤𝒾
(𝑚+1)

=
𝓃𝑖
(𝑚)

𝓃
 ,     𝒾 = 1, … ,𝒩                                      (3.8) 

 

Equation (3.8) is the new weight data point probabilities that is assigned to cluster 𝒾. The 

weighted mean which is the average of the data can be expressed by: 

 

𝜇𝒾
(𝑚+1)

=
1

𝓃𝑖
(𝑚)
∑𝛾𝒿 𝒾

(𝑚)

𝓃

𝒿=1

𝒳𝒿 , 𝒾 = 1,… ,𝒩                    (3.9) 

The new weighted covariance that is assigned to cluster 𝒾 can be given by: 

∑𝒾
(𝑚+1)

=
1

𝓃𝑖
(𝑚)
∑𝛾𝒿 𝒾

(𝑚)

𝓃

𝒿=1

(𝒳𝒿 − 𝜇𝒾
(𝑚+1))

𝑇
(𝒳𝒿 − 𝜇𝒾

(𝑚+1)) , 𝒾 = 1,… ,𝒩        (3.10) 

 

where 𝑤𝒾
(𝑚+1)

, 𝜇𝒾
(𝑚+1)

 and ∑𝒾
(𝑚+1)

 are the weight (size), mean and covariance of 𝒾𝑡ℎ 

Gaussian component at the (𝑚 + 1) iteration, respectively. 

Step 4: Convergence Check 

By referring to equation (3.5) the new log-likelihood can be given by: 

𝐿(𝑚+1) =
1

𝓃
∑log (∑𝑤𝒾

(𝑚+1)𝑃(𝒳𝒾|𝜇𝒾
(𝑚+1), ∑𝒾

(𝑚+1))

𝒩

𝒾=1

)

𝓃

𝒿=1

                       (3.11) 
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And then if |𝐿(𝑚+1)| > |𝐿(𝑚)| , the procedures return to step 2 otherwise the algorithm 

ends.  

Figure 3.2 represents the general flowchart diagram of the described EM algorithm. By 

using EM algorithm, the unknown parameters of GMM for a real load data can be 

identified.  More details about mathematics calculations and derivations of EM steps can 

be found in Appendix A. 

 

 

 

 

 

 

 

 

 

 

 

 

 

   

 

 

 

 

 

 

Step 1: Initialization 

The algorithm starts from the initial estimates 

Step 2: E-step 

The probability estimation of the 

distinctive iterations of Gaussian parameters 

Step 3: M-step 

Computing of the new Gaussian 

parameters such as mean, variance and weight 

Step 4: Convergence 

Does the algorithm reach the maximum 

number of iteration? 

Algorithm ends 

True 

False 

m=m+1 

Figure 3.2: Flowchart diagram of EM algorithm steps. 
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3.4 EM Algorithm Estimating GMM Parameters  

3.4.1 Simulation Study on Probability of Distribution Loads 

    To gain a better understanding of the EM algorithm for estimating the GMM 

parameters, a randomly synthetic dataset has been generated as shown in Figure 3.3 (a). 

This example shows how to create GMM from a mixture data set by using the EM 

algorithm. As discussed above, EM algorithm gets the parameters of the Gaussian 

distribution by creating sampling from the given set of data. Figure 3.3 (b) shows the 

estimated probability density contours obtained from EM steps. As can be seen, there are 

four general clusters (Gaussian distributions) A, B, C, D and each cluster represents a 

single Gaussian distribution containing several contours. As can be observed, the biggest 

cluster consists of two merged clusters, B and C due to the adjacent spread of the data. 

The centre of the smallest contour is the corresponding mixture component 𝜇𝒾 (peak of 

the Gaussian distribution curve), and the length of the largest contour of each cluster is 

approximately equal to 6𝛿𝒾 where 𝛿𝒾 is the standard deviation. EM algorithm can identify 

the clusters and calculate 𝑤𝒾, 𝛿𝒾  and 𝜇𝒾  of each cluster and create PDFs of individual 

Gaussian and GMM by using EM steps and then referring to equations (3.1)-(3.4), as 

stated before. 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.3: Synthetic dataset in which data are grouped in four clusters, a) synthetic dataset, b) 

estimated probability density contours. 
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Once the mixture components of the random data points are identified, the 

corresponded PDF of data can be obtained. In this case Figure 3.4 gives an overview of 

PDFs of individual and mixture Gaussians (GMM) of the data points obtained from 

previous steps shown in Figure 3.3. The one-dimensional density function curves of x-

axis variable 𝑃(x|℧𝒾) and y-axis variable  𝑃(y|℧𝒾) are shown in Figure 3.4 (a) and (b), 

respectively. Figure 3.4 (c) shows the two-dimensional density function of the proposed 

data set.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Now let us refer to the yearly load profile of 100 residential houses (Figure 3.1). This 

section applies the same methodology described in previous sections but in a larger data 

spread. The study is carried out in two main stages:  first the data points per minute of the 

load are extracted (Figure 3.1). In the second stage, the data extracted is then used in 

fitting GMM by the EM algorithm as described in subsection 3.3.2, to achieve the results 

shown in Figure 3.5. Figure 3.5 shows the estimated probability density clusters of the 

demand load over a year. Simulations use 200 clusters, which are extracted from the EM 

steps. Each cluster shown in Figure 3.5 contains several contours (similar to Figure 3.3 

30 

0 30 

0 

Figure 3.4: PDFs of individual and mixture Gaussian of the generated data. 
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(b)) based on the density and propagation of the load data, which indicates the 

corresponding mixture components’ mean  𝜇𝒾 , variance 𝛿𝒾
2

 and weight 𝑤𝒾  ( 𝒾 =

1, … ,200). Now by having distribution parameters of each Gaussian component and 

referring to equations (3.1)-(3.4), the total load PDFs of the individual Gaussian and 

mixture Gaussian can be acquired and the result can be seen in Figure 3.6. and Figure 3.7. 

Figure 3.6 shows the total GMM PDF of 100 residential houses over a year. The result 

presented is beneficial for showing a realistic set of probabilistic data, including time-

evolution of load profile of one year. For example, load range of 20-27 kW has the highest 

weight and a small standard deviation. The small standard deviation means that the data 

points tend to be close to the mean. This means that the load demand is mostly happening 

around 23kW, which might represent the load demand from midnight to early morning at 

a specific time of the year for instance at autumn and winter. Figure 3.7 is the two-

dimensional form of Figure 3.6. This Figure illustrates the probability distribution of 

various mixture components for the tested load data. Each surface is an overall density 

component comprises several component densities (200 Gaussian distributions in total). 
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Figure 3.5: Estimated probability density clusters (200 clusters) of the load for 100 residential 

houses for one year 
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Figure 3.7: Two-dimensional GMM PDFs of 100 residential houses yearly load demand by 200 

single Gaussian distribution. 
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Figure 3.6: GMM PDFs of 100 residential houses yearly load demand by 200 single Gaussian 

distribution. 
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3.4.2 Optimum Hybrid Substation Voltage Based on the Yearly Load 

Profile  

As mentioned before, the size of the power electronics is mainly proportional to their 

power rating. The power rating of converters used for the feeder voltage regulation is 

mainly based on substation voltage and feeder current which is influenced by load 

models. The described method for load probabilities can be applied for estimating the 

optimum power rating of the VSCs used in the hybrid substations.  

    Figure 3.8 shows the basic configuration of the tested system. The hybrid substation is 

connected to 100 residential houses by feeder 1 through a 300m long and 300mm2 cable. 

It is worth noting that the DC-AC VSC of the feeder has a common DC-link with the 

back-to-back AC-AC VSC of the hybrid transformer. The aim of using power electronics 

is to keep the load phase voltage 𝑣𝐿1,𝑖 at the desired value, 230V, by injecting the lowest 

possible compensating voltage in series with the supply and feeder to regulate the load 

terminal voltage during voltage disturbances, such as sag and swell. 
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Figure 3.8: Schematic diagram of distribution hybrid substation connected to 100 residential 

houses. 

𝐼𝑓1
𝑖  

𝜆𝑉𝑥𝑖 

𝜏𝑉𝑥𝑖 



Chapter 3: Power Rating of Power Converters Based on Load Probability in LV Networks 

 

46 

 

By referring to Figure 3.8 and knowing that  𝑉𝑜
𝑖 = |𝑉𝑜

𝑖|𝑒𝑗𝜃𝑜
𝑖
, 𝑉𝑓1

𝑖 = |𝑉𝑓1
𝑖 |𝑒𝑗𝜃𝑓1

𝑖

 , 𝑉ℎ𝑡
𝑖 =

|𝑉ℎ𝑡
𝑖 |𝑒𝑗𝜃ℎ𝑡

𝑖
  𝑣𝐿1,𝑖 = |𝑉𝐿1,𝑖|𝑒

𝑗𝜃𝐿1,𝑖   and 𝑆 = 𝑉𝐼∗ the power flow calculations of the hybrid 

transformer can be given by (substation impedance is neglected): 

 

𝑆ℎ𝑡
𝑖 = 𝑆𝑜

𝑖 − 𝑆𝑥
𝑖                                                    

= 𝑉𝑜
𝑖. (

𝑉𝑜
𝑖 − 𝑣𝐿1

𝑖

𝑅𝑓1
𝑖 + 𝑗𝑋𝑓1

𝑖
)

∗

− 𝑉𝑥𝑖. (
𝑉𝑥𝑖 − 𝑣𝐿1

𝑖

𝑅𝑓1
𝑖 + 𝑗𝑋𝑓1

𝑖
)

∗

                    (3.12) 

 

And the power flow of the series VSC of the feeder can be expressed as: 

𝑆𝑓1
𝑖 = 𝑆𝐹1

𝑖 − 𝑆𝑜
𝑖                                                    

= 𝑉𝑓1
𝑖 . (

𝑉𝑓1
𝑖 − 𝑣𝐿1,𝑖

𝑅𝑓1
𝑖 + 𝑗𝑋𝑓1

𝑖
)

∗

− 𝑉𝑜
𝑖 . (

𝑉𝑜
𝑖 − 𝑣𝐿1

𝑖

𝑅𝑓1
𝑖 + 𝑗𝑋𝑓1

𝑖
)

∗

                (3.13) 

 

It is preferred to have a power converter to be switched off most of the time to minimise 

the power rating, losses and size of the power electronics. In order to approach this, the 

hybrid transformer voltage 𝑉𝑜
𝑖 should be kept at the optimum value. As a result, it is 

assumed that the feeder VSC is bypassed and 𝑉𝑜
𝑖  = 𝑉𝑓1

𝑖  . Thus, by referring to equation 

(3.12), the hybrid substation power flow and the voltage of feeder 1 can be written by 

(3.14) and (3.16), respectively: 

𝑆𝑜
𝑖 = 𝑆𝐿 + (𝑅𝑓1

𝑖 + 𝑗𝑋𝑓1
𝑖 ). (𝐼𝑓1

𝑖 )2                                           (3.14) 

 

and  

𝑉𝑜
𝑖 = 𝑣𝐿1,𝑖 + (𝑅𝑓1

𝑖 + 𝑗𝑋𝑓1
𝑖 ). 𝐼𝑓1

𝑖                                        (3.15) 

 

where 𝐼𝑓1
𝑖 =

(𝑆𝐿1
𝑖 )∗

𝑣𝐿1,𝑖
, the hybrid substation voltage can be re-written as: 

𝑉𝑜
𝑖 = 𝑣𝐿1,𝑖 + (𝑅𝑓1

𝑖 + 𝑗𝑋𝑓1
𝑖 )
(𝑆𝐿1
𝑖 )∗

𝑣𝐿1,𝑖
                                        (3.16) 
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For carrying out the simulation, the yearly 100 residential load data mentioned on 

previous subsection is used, and the feeder reactance is neglected (reactance is neglected 

to reduce the complexity of calculations). The resolution of time scale is in minutes thus, 

for one year the tested load profile consists of 525,600 data points. It is assumed that for 

this load profile, the hybrid substation phase voltage ( 𝑉𝑜
𝑖)  could have a range 

230V<  𝑉𝑜,𝒦
𝑖  < 270V with 𝒦=1,…, 525600. Subsequently, for every minute of load 

demand in a whole year, one value of 𝑉𝑜,𝒦
𝑖  is applied and the voltages at the load side of 

the feeder 1, 𝑣𝐿1,𝑖
𝒦    are calculated using equation (3.16). The results can be seen in Table 

3.2. Table 3.2 has 525,600×525,600 total set of data of which each column represents the 

load voltage values of a specific substation phase voltage at 𝑉𝑜,𝒦
𝑖 . As can be seen in Table 

3.2, load voltage for each substation voltage varies every minute without any certain 

pattern. This can be due to a consumer dependant load type, their lifestyle, their family 

composition, number/type of electrical appliances, etc. 

 

 Table 3.2: Results of load phase voltages for every minute of load demand per different substation 

phase voltage (525,600×525,600).        

 

 

𝑽𝒐,𝒊
𝒌  

𝑽𝑳𝟏,𝒊
𝒌  
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.  .  . 
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.  .  . 

𝑽𝒐,𝟑𝟎𝟎𝟎𝟎𝟎
𝒊  

252 (V) 
.  .  . 

𝑽𝒐,𝟓𝟐𝟓𝟔𝟎𝟎
𝒊  

270 (V) 

𝒗𝑳𝟏,𝒊
𝟏  226 . . . 221.5 . . . 222.8 . . . 216.6 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

𝒗𝑳𝟏,𝒊
𝟏𝟓𝟎𝟎𝟎𝟎 216 .  .  . 227.5 .  .  . 231.6 .  .  . 228.7 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

𝒗𝑳𝟏,𝒊
𝟑𝟎𝟎𝟎𝟎𝟎 222 .  .  . 232.8 .  .  . 246.3 .  .  . 240.8 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

𝒗𝑳𝟏,𝒊
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To gain a better understating of the EM algorithm for estimating GMM parameters, 

one random 𝑉𝑜,𝒦
𝑖  at 239V (𝑉𝑜,150000

𝑖 ) has been used. The unknown GMM parameters of 

load voltages of the 150,000th column in Table 3.2 are obtained by using the EM 

algorithm.  As discussed above, the EM algorithm receives the parameters of the Gaussian 

distribution by creating sampling from the given set of data. Figure 3.9 shows the 

estimated probability density cluster obtained from the EM steps when the substation 

phase voltage is selected to be 239V. 

The scattered data points of Figure 3.9 represent the load phase voltage for every 

minute when substation voltage is selected at 239V. As can be seen, there is a set of load 

voltage data (scatter data) per cluster and each cluster represents a single Gaussian 

distribution containing several contours. The centre of the smallest contour of each cluster 

is the corresponding mixture component 𝜇𝑖 (peak of the Gaussian distribution curve), and 

the length of the largest contour of each cluster is approximately equal to 6𝛿𝑖.  
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Figure 3.9: Estimated probability density clusters of yearly load voltages for 𝑉𝑜
𝑖 = 239 𝑉.   
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Now by having distribution parameters of each Gaussian component and referring to 

equations (3.1)-(3.4), the 2-dimentional and 1-dimensional load voltage PDFs of 

individual Gaussians and mixture Gaussians of the substation at 239V for the whole year 

can be acquired, and the result can be seen in Figure 3.10. 
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Figure 3.10: GMM PDFs of yearly load phase voltages for 𝑉𝑜
𝑖 = 239 𝑉. a) 2-dimensional GMM 

PDFs, b) 1-dimensional GMM PDFs.   
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    Each surface of Figure 3.10 (a) represents an overall density component consisting 

of several component densities (200 Gaussian distributions in total). In addition, at each 

selected substation voltage (𝑉𝑜,𝒦
𝑖 ), for the duration of the whole year, the load voltage 

might have a PDF value at 230V, which in this thesis is referred to as 𝑃𝐷𝐹230  (230V is 

the desired load voltage). For example, as shown in Figure 3.10 (b), when the substation 

voltage is selected at 239V, the overall GMM of load voltages has a PDF value at 230 V. 

Now by creating the PDF graphs of each individual Gaussian and GMM of each 

column of Table 3.2, 525,600 GMM PDFs (similar to Figure 3.10) for all hybrid 

substation voltages (𝑉𝑜,𝒦
𝑖 ) can be made. This leads to finding the 𝑃𝐷𝐹230 value of every 

column of Table 3.2 (if available). The final result of all  𝑃𝐷𝐹230   values per 

corresponding available 𝑉𝑜,𝒦
𝑖  figures can be seen in Figure 3.11. The most probable range 

for 𝑃𝐷𝐹230 for this type of load is 232V < 𝑉𝑜,𝒦
𝑖 < 257V with the most optimum point 

being at 242.5V. Outside of this range, there is no probability for the load voltage to be 

at 230V. This finding leads to the conclusion that for a feeder attached to 100 residential 

houses with a 300m and 300 mm2  cable, if the substation voltage is selected to be 

𝑉𝑜,𝑜𝑝𝑡𝑖𝑚𝑢𝑚
𝑖 = 242.5 𝑉 (𝑉𝑜,164000

𝑖 ), the load phase voltage will be kept at the optimum 

voltage of  230V most of the time. In this case, it is assumed that the substation is 

connected to one feeder only (feeder 1), hence 𝑉𝑜,𝑜𝑝𝑡𝑖𝑚𝑢𝑚
𝑖 = 𝑉𝑓1

𝑖 . This leads lower kVA 

power rating of the power converters used for the voltage regulation in LV networks, 

which is explained in the next section of this chapter. 
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Figure 3.11: Calculated 𝑃𝐷𝐹230 for different substation phase voltages, 𝑉𝑜,𝑜𝑝𝑡𝑖𝑚𝑢𝑚
𝑖 = 242.5𝑉.                                                              
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3.4.3 The Optimum Voltage Source Converter Power Rating for One 

Feeder 

In order to assess the feasibility of the previous section, the chosen 𝑉𝑜,𝑜𝑝𝑡𝑖𝑚𝑢𝑚
𝑖  

(242.5V) is used for the system to determine the probability density of the converter 

power rating based on the tested load. The maximum power rating of the power electronic 

converters is given as the maximum active power demand of the series power converter, 

[79, 80], therefore 𝑆ℎ𝑡
𝑖 = max|𝑃ℎ𝑡

𝑖 | . By referring to equation (3.12) and with the 

assumption that the feeder and the converter current is equal and no power is injected by 

the feeder VSC, the power injected by the series-connected power converter of the hybrid 

transformer into the system per substation voltage, can be expressed as: 

𝑃ℎ𝑡,𝒦
𝑖 = 𝑃𝐹1,𝒦

𝑖 − 𝑃𝑥,𝒦
𝑖            

= Re(𝑉𝑓1,𝒦
𝑖 . 𝐼𝑓1,𝒦

𝑖 ) − Re(𝑉𝑜,𝒦
𝑖 . 𝐼𝑓1,𝒦

𝑖 )                     (3.17) 

 

where 𝑃ℎ𝑡,𝒦
𝑖  is the required injected power for every minute (𝒦 = 1, 2,… , 525600 ) to 

keep each individual feeder phase of 𝑖 = 𝑎, 𝑏, 𝑐 load voltage at 230V. 

The total injected power of the converter for the whole year of the tested feeder can be 

written as: 

𝑃ℎ𝑡
𝑖 (𝑡𝑜𝑡𝑎𝑙) = ∑  𝑃ℎ𝑡,𝒦

𝑖                                            (3.18)

525600

 𝒦=1

 

 

By using equation (3.18), the results of the power converter injection for 10 random 

substation voltages including the optimum voltage (𝑉𝑜,𝑜𝑝𝑡𝑖𝑚𝑢𝑚
𝑖 ) can be given in Table 

3.3. Table 3.3 shows that the selected optimum hybrid substation voltage (𝑉𝑜,𝑜𝑝𝑡𝑖𝑚𝑢𝑚
𝑖 =

242.5 𝑉) has the lowest amount of total injected power for the whole year. Consequently, 

for the tested 100 residential houses, choosing 𝑉𝑜
𝑖  at 242.5V allows the converter to 

operate at its lowest average power rating at which it produces the most efficient power 

electronic design with lower losses and size. 
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Table 3.3: Total power injection of hybrid transformer VSC per different 𝑉𝑜,𝒦
𝑖  for the whole year 

 

 

 

The PDF and Cumulative Distribution Function (CDF)  of the power converter with 

respect to the optimum substation voltage for 100 residential houses with 300 m, 

300 𝑚𝑚2 cable over a year can be found and the results are plotted Figure 3.12. As can 

be observed in Figure 3.12 (a), the mode of the converter’s power rating is around 1kVA 

(peak value of the PDF plot). In the statistical concept, the mode of set of data values is 

the value that happens most often.  As a result, 1kVA is the value that the power converter 

is operating for the most of the year. It is worth noting that 1kVA is not the average power 

rating of the converter, and for this specific example the average kVA rating for the whole 

year is around 2.5kVA. Furthermore, as can be seen in Figure 3.12 (b), a power converter 

with 4.6kVA power rating can satisfy the load voltage to be kept at 230V at 90% of the 

time in a year, and a power converter with 6.5kVA power rating can guarantee the load 

voltage satisfaction for 99% of the time.  

It is worth noting that the calculations are based on the assumption that the load voltage 

is kept exactly at 230V. However, as discussed earlier, in the UK, the regulatory voltage 

levels are 230V, +10%-6%. Therefore, even a lower kVA rating can be chosen for the 
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converter. Furthermore, some variables such as population growth, geographical factors, 

community development plans and substation fault, might affect the total power rating of 

the converters. As a result, the power network planner should take the mentioned variable 

factors into account by increasing the total kVA rating of the power converters by 

considering a suitable safety factor.  

 

 

 

 

3.4.4 The Optimum Voltage Source Converter Power Rating for Multi-

Feeder Network 

In this section, more complex test scenarios will be investigated. It is assumed that the 

hybrid substation is connected to three, three-phase feeders with a different demand, as 

shown in Figure 3.13. Similar to the previous section, a yearly load profile has been used 

for each feeder. The tested feeders for simulation is chosen to be a 300m and 300 𝑚𝑚2 

cable with 100 residential houses for feeder 1, 500m and 185 𝑚𝑚2  cable with 30 

Figure 3.12: PDF and CDF of converter kVA rating at 𝑉𝑜,𝑜𝑝𝑡𝑖𝑚𝑢𝑚
𝑖 = 242.5𝑉 for 100 residential 

houses. 

Average kVA 
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residential houses for feeder 2, and 600 m and 300 𝑚𝑚2 cable with 120 residential houses 

for feeder 3. 

The previously described analysis methodology has been used and the final results of 

all 𝑃𝐷𝐹230 values per different hybrid substation voltage 𝑉𝑜,𝑖
𝑘  for all three feeders can be 

seen in Figure 3.14. In general, the overall optimum substation voltage 𝑉𝑜,𝑜𝑝𝑡𝑖𝑚𝑢𝑚
𝑖  for j-

feeder network can be given by: 

 

𝑉𝑜,𝑜𝑝𝑡𝑖𝑚𝑢𝑚
𝑖 =

∑(𝑃𝐷𝐹230
𝑗
× 𝑉𝑜,𝑜𝑝𝑡𝑖𝑚𝑢𝑚

𝑖,𝑗
) 

∑𝑃𝐷𝐹230
𝑗

                                        (3.19) 

 

where 𝑃𝐷𝐹230
𝑗

 is the load voltage PDF value of feeder j at 230V and 𝑉𝑜,𝑜𝑝𝑡𝑖𝑚𝑢𝑚
𝑖,𝑗

 is the 

optimum substation voltage for feeder j. For the proposed 3-feeder system the overall 

optimum substation voltage should be kept at 244 V. 
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Figure 3.13: Schematic diagram of distribution hybrid substation connected to 3 different feeders 
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The overview flow chart of the whole process discussed in this chapter is shown in Figure 

3.15. In the proposed case study, choosing 𝑉𝑜,𝑜𝑝𝑡𝑖𝑚𝑢𝑚
𝑖  for the hybrid substation can result 

to obtain the maximum injection voltage at 25V. As a result, the value of the controllable 

voltage range of 𝜆  and 𝜏  can be set to ±10%. In addition to the amount of voltage 

injection, there are three possible scenarios for the hybrid substation’s power converters 

to interact with each other as follows: 

Back-to-back VSC of hybrid transformer operates only 

This is a suitable option if the substation is connected to a multi-feeder network with a 

similar load diversity factor. Load diversity factor is the ratio of the sum of the individual 

maximum demands to the coincident maximum demand [1]. A good example can be 

given by Figure 3.13, where the feeders are connected to residential houses and the 

maximum demand of loads occur at the same interval time. In this case, 𝜆𝑉𝑥𝑖 is injected 

to the system to keep the output voltage at 𝑉𝑜,𝑜𝑝𝑡𝑖𝑚𝑢𝑚
𝑖   and the total voltage controllability 

is 𝑉𝑥𝑖(1 ± 𝜆) for 𝜆 = ±10%. 

 

 

𝑃
𝐷
𝐹
2
3
0
 

Hybrid substation phase voltage 

242.5 V 

238 V 

247.5 V 

Figure 3.14: Calculated 𝑃𝐷𝐹230 for different substation phase voltages for 3 feeders with 

different load demand. 
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DC-AC VSCs of feeders operate only  

This is an appropriate solution if the substation is connected to a multi-feeder network 

with different load diversity factors. For example, one feeder is connected to a heavy load 

with significant voltage drop and the other feeder is attached to a heavy DG load with 

voltage rise. Alternatively, one feeder is supplying residential houses while the other is 

connected to industrial applications. In this case, each phase of the VSCs can compensate 

the feeder voltage and the total voltage controllability is 𝑉𝑥𝑖(1 ± 𝜏) for  𝜏 = ±10%. 

 

Back-to-back VSC and feeders VSCs operate together  

A more complete configuration can be given by combining the AC-AC VSC of hybrid 

transformers and DC-AC VSCs of the feeders. This configuration can satisfy all 

scenarios. For instance, if the substation is connected to a multi-feeder network with a 

similar load diversity factor, only the AC-AC VSC will be operating and if any 

unexpected voltage demand is required, the corresponding DC-AC VSC of the affected 

feeder will compensate the voltage along with the hybrid transformer. In addition, if the 

substation is connected to a multi-feeder network with different load diversity factors, the 

back-to-back hybrid transformer VSC keeps the output voltage at the optimum value 

𝑉𝑜,𝑜𝑝𝑡𝑖𝑚𝑢𝑚
𝑖  and if needed, the DC-AC VSC will inject the required voltage. Moreover, if 

any fault happens at the low or high voltage side of the conventional transformer, the AC-

AC VSC will compensate it and the feeders’ VSCs will operate normally. In this case, 

the total voltage controllability is 𝑉𝑥𝑖(1 ± 𝜆 ± 𝜏) for 𝜏 = 𝜆 = ±10%.  

The kVA value of the VSCs are found from the optimum substation output voltage, 

but it is important to note that for long-term planning, a great number of variables such 

as the optimum substation location, the optimum substation transformer sizes, ideal 

feeder routes and sizes, population growth, geographical factors, community 

development plans, etc. are involved. Therefore, there can be a number of feasible 

alternative plans along with optimum substation voltage variations.  

Finding the most efficient and cost-effective plan for a distribution system with several 

variables can be a challenging undertaking for the power distribution planning engineers. 

However, estimation of the optimum kVA rating of the power electronics used in LV 

networks that are based on load demand forecasting and probabilities can be a great 

achievement and have an influence on such decisions in the remaining variables. In 
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addition to the optimum power converter kVA rating selection, a powerful approach to 

minimise the converter injection voltage will be introduced in Chapter 5 of this thesis.   

 

 

 

 

 

 

 

 

Figure 3.15: overview flow chart of the whole process. 
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3.5 Conclusion 

    In real life, load model does not have any certain pattern or a predicted behaviour. 

Thus, most studies use a specific day or hour of the year to estimate load patterns and 

probabilities. For this Chapter a comprehensive novel study has been carried out to 

evaluate probabilistic load data, concerning the time-evolution of any type of load for any 

time duration. 

GMM is a powerful probability model that has been widely used in many scientific 

fields. It is a beneficial technique that utilises EM algorithms and as a result, allows 

different types of load distributions to be presented as a combination of several Gaussian 

distributions with respective means and variances. 

Substation voltage optimisation plays an essential role in the power system in terms of 

load voltage quality, network losses, power system safety, etc. A new method has been 

introduced to find an optimal substation voltage for the distribution system based on 

statistics and probabilities. This finding points to the conclusion that for a system with a 

series set up of power converter (for voltage regulation purposes), choosing 𝑉𝑜,𝑜𝑝𝑡𝑖𝑚𝑢𝑚
𝑖  

leads to the lowest amount of total injected power, power rating of the power electronics. 

The explained method can be used in any probabilistic-based power system analysis for 

any time duration, including distribution planning, probabilistic load flow, load 

forecasting, load management, distribution automation, etc. 
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CHAPTER 4 : Control of Grid-Connected 

Four-Leg Voltage Source Converter 

 

 

 

 

 

Summary: This Chapter provides a review of four-wire power converters. It presents the general 

control strategies for the shunt and series VSCs. This chapter also provides a guideline for 

designing resonant current and voltage controllers used in grid-connected four-leg power 

converters. In addition, a detailed description of the Space Vector Modulation (SVM) technique 

implemented in two-level four-leg converters is given. 

 

 

 

 

 

4.1 Introduction  

As explained earlier in Chapter 2, a hybrid substation comprising both shunt-connected 

and series-connected four-leg VSCs with a common DC-link, can be used to increase the 

voltage regulating capabilities in LV distribution feeders. Three-phase four-wire Voltage 

Source Converters (VSCs) have been used extensively in a wide range of  industrial and 

information technology applications [81]. The four-wire VSC was introduced early in 

[82] to support commutation for a current-fed thyristor inverter by adding an extra neutral 

load wire in the late 1970s. They become more popular for voltage regulation purposes, 
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motor-driven applications and harmonic distortion mitigation in the presence of 

unbalanced and non-linear loads in the late 1980s and throughout 1990s [45, 83-85].   

In several low voltage applications, unbalanced or non-linear loads might draw 

currents with positive, negative and zero sequences, which cause a neutral current to be 

circulated in the system; therefore a four-wire VSC is required to handle the neutral 

current using an extra wire or leg [86]. There are two common ways to provide the neutral 

connection: a three-leg converter structure with split DC-link capacitors to provide the 

fourth wire or a three-leg converter with an additional leg acting as a fourth leg.  Figure 

4.1 shows the two main topologies of four-wire converters known as the two-level three-

leg four-wire converter and the two-level four-leg converter.  

By referring to Figure 4.1, the main advantages of four-leg converters over three-leg 

four-wire converters can be expressed as follows: 

 Three-leg four-wire converters operate well when the level of non-linear or 

unbalance load is low. As loads become more non-linear or unbalanced then 

the neutral current can become large. Since the load is connected to the mid-

point of the DC-link, the capacitors must usually be very large in order to 

handle the high current ripple [87] 

 The split capacitors of Figure 4.1(a) create a serious problem when the 

voltages are not equally distributed among the capacitors, and this may affect 

the performance of the VSC as the peak-to-peak amplitude of the VSC output 

voltage is shifted from the central position 

 The maximum phase voltage (voltage between each phase and DC-link mid-

point) of Figure 4.1(a) is limited 𝑉𝑑𝑐 2⁄ . Therefore, the three-leg four-wire 

converter only uses half of DC-link voltage. However a four-leg converter 

utilises the full DC-link voltage for modulation. Moreover, by implementing 

an appropriate modulation method, the output phase voltage increases 

providing  an approximate 15% advantage in DC voltage utilisation [88, 89] 

 A three-phase four-leg converter provides three different phase voltage levels 

Vdc, 0 and -Vdc, but a three-phase four-wire converter only has two voltage 

levels +𝑉𝑑𝑐/2 and -𝑉𝑑𝑐/2 [90]. Therefore, the output voltage of a three-phase 

four-wire converter has higher harmonic content in comparison to a four-leg 

converter 
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Four-leg converters are considered to be the best candidate to provide neutral 

connection to single phase or three-phase balanced, unbalanced, linear and non-linear 

loads. The four-leg converter is a promising solution for most low voltage applications 

such as: Dynamic Voltage Restorers (DVRs) [42, 91, 92], grid connected converters [93-

95], uninterruptible power supplies (UPSs) [45, 96] , four-leg matrix and multilevel 

converters for different  applications [86, 97-99], active power filtering [100-102], etc. 

Due to the benefits of four-leg converters, a four-leg power converter is proposed as the 

main conversion element in this thesis. 

As discussed earlier in Chapter 2, the main purpose of the shunt-connected VSC is to 

generate a common DC-link voltage from the secondary winding of the conventional 

transformer to feed all series-connected VSCs. Moreover, the shunt-connected VSC can 

act as an active power filter and inject the required current to compensate the grid current 

harmonic components generated by non-linear loads. However, as discussed in Chapter 

3, the series converter injection range is typically ±10% of the rated voltage, it is evident 

that the shunt converter will be similarly partially rated with respect to the feeder current. 

As a result, the shunt-connected VSC of the hybrid substation could compensate only a 

limited range of grid current harmonics. The series-connected VSCs of the hybrid 

substation can control the magnitude, frequency and phase of the injected voltage. The 

control structures for both the shunt and series VSCs of the hybrid substation are provided 

in this chapter. 

A four-leg VSC, in comparison with a three-phase three-wire VSC, needs a more 

complex control algorithm for the modulation of the output voltages to control the neutral 

current circulation. The control of  four-leg converters can be implemented using several 

methods [103-109], the most common modulation schemes for four-leg VSCs being:  

carrier-based Pulse Width Modulation (PWM)  [107, 109-111] and three-dimensional 

Space Vector Modulation (SVM) in 𝑎𝑏𝑐 and 𝛼𝛽𝛾 coordinate frames [108, 109, 112-114]. 

The three-dimensional SVM in 𝛼𝛽𝛾 coordinate frames is recognised to have benefits 

such as lower output phase voltage harmonic distortion, less switching and conduction 

losses and more output phase voltage levels in comparison to other modulation strategies 

[108], hence this method is used in the work reported in this thesis. 
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4.2 Control of Grid-Connected Four-Leg VSC  

Figure 4.2 shows the three-phase schematic diagram of a hybrid substation connected 

to a three-phase feeder(s) (extended schematic diagram of Figure 2.12). As can be 

observed from Figure 4.2 (a) and (b), the power electronic topology used the in the hybrid 

substation connected to a three-phase feeder and two three-phase feeders are a 12-leg and 

a 16-leg VSC, respectively. In general, the converter topology of the hybrid substation 

has 4(2 + 𝔫) legs, where 𝔫 is the number of feeders of the system.  

The shunt-connected VSC creates a common DC-link for the system and may inject a 

limited current to do grid current harmonic compensation. The series VSCs inject voltage 

with appropriate magnitude and phase angle to keep the load voltages or hybrid 

transformer output voltages balanced at a predetermined value. The fourth-leg of the 

series VSC controls the zero sequence when the load or supply is unbalanced. The series-

Figure 4.1: Schematic diagram of (a) two-level four-wire converter (b) two-level four-leg converter. 
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connected VSC has an LC-filter at its output to remove switching related harmonics. The 

design of the LC-filter will be explained in Chapter 6. Series injection transformers are 

used for isolation and to match the voltage/current to values appropriate for the IGBT 

converter. The power rating of these transformers is determined by the current flowing in 

the feeders and by the maximum voltage to be injected.  

There are several control structures for grid-connected VSCs [33]. The most common 

control strategies are: Synchronous Reference Frame (SRF) control or 𝑑𝑞  control, 

stationary reference frame control or 𝛼𝛽 control, and 𝑎𝑏𝑐 frame control. The 𝑑𝑞 control 

structure is normally associated with Proportional Integral (PI) controllers as they have a 

satisfactory behaviour when regulating DC variables. However, the compensation 

capabilities of PI controllers for low-order harmonics is poor leading to a major drawback 

in grid-connected VSCs systems [115].  

Proportional Resonant (PR) controllers [116-118] have gained attention in the last 

decade due to their capability to eliminate the steady-state error when tracking sinusoidal 

signals, unlike PI controllers which are not capable of compensating low-order harmonics 

and cannot remove steady-state error when tracking sinusoidal signals [119]. The 

proportional resonant controller is accordingly considered for this thesis. The general 

form of a PR controller can be expressed as: 

𝐺𝑃𝑅(𝑠) = 𝐾𝑝
𝑃𝑅 +

2𝐾𝑖
𝑃𝑅𝑠

𝑠2 + 𝜔0
2                                              (4.1) 

where 𝐾𝑝
𝑃𝑅  and 𝐾𝑖

𝑃𝑅  are proportional and integral gains, respectively and 𝜔0  is the 

resonance frequency.  

Blaabjerg et.al. [115], Teodorescu et.al. [33] and [119] have evaluated different types 

of control structures for grid-connected VSCs and concluded that each control structure 

has its own merits. However, in LV distribution systems, the stationary frame control (𝛼𝛽 

control structure) associated with PR controllers and 𝑎𝑏𝑐  frame control with PR or 

deadbeat controllers [33, 120] have superior results in dynamic performance for grid-

connected VSCs. As a result, in this thesis, an 𝛼𝛽 control structure with a PR controller 

is implemented to control the shunt-connected VSC and an 𝑎𝑏𝑐 frame control structure 

with a PR controller is applied to control the series-connected VSCs.  
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a) 

Figure 4.2: Three-phase schematic diagram of a hybrid substation,  a) one-feeder system, b) two-

feeder system. 

b) 
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4.3 Control of Shunt-Connected VSC 

The proposed control structure for stationary reference frame control of a three-phase, 

four-leg shunt-connected VSC with RL-filter is shown in Figure 4.3. The voltage across 

the common DC-link capacitor can be kept at constant value by controlling the power 

flow on AC side of the secondary winding of the conventional transformer. 

As can be seen, the shunt VSC has two controller loops: an outer DC voltage loop and 

a fast internal current loop. The outer DC voltage loop is based on a PI controller to 

achieve the optimum regulation and stability for balancing the power flow and controlling 

DC-link voltage. The fast internal current loop is based on a PR controller. A Phase-

Locked Loop (PLL) algorithm has been used to synchronise with the grid voltages and 

currents. In addition, a 3-dimensional SVPWM algorithm is used to synthesise the 

voltages demanded by the control loops at the output of the power converter. 

4.3.1 Phase-Locked Loop 

A phased-locked loop [119, 121-123] is a closed-loop system which enables an output 

signal to be synchronised  with a reference input signal in frequency and phase.  The PLL 

technique has been broadly used in the fields of communications, computers, modern 

electronics, etc. In grid-connected VSC applications, the PLL provides information on 

phase, frequency and the RMS value of the grid voltage and also the current for the main 

control loops. The PLL is based on a PI controller and regulates the quadrature supply 

voltage component 𝑉𝑦𝑞, to zero in order to synchronise the d-axis of the synchronous 

reference frame (direct component) to the supply voltage. Figure 4.4 shows the typical 

block diagram of a three-phase PLL for grid monitoring. The PLL has three main blocks, 

as follows: 

 The Phase Detector (PD) block generates an output signal proportional to the 

phase difference between the input signal and the signal generated by PLL 

  A Loop Filter (LF), which is based on a first order low-pass filter or a PI 

controller 

 The Voltage-Controlled Oscillator (VCO) generates the output AC signal with 

a shifted frequency with respect to 𝜔𝑐 
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Figure 4.3: Proposed control structure for stationary reference frame of a shunt-connected VSC. 
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4.3.2 Current Controller of Shunt-Connected VSC 

By referring to Figure 4.3 and applying Kirchhoff’s law, the following differential 

equations for the three-phase shunt-connected VSC can be obtained [124]: 

𝑣𝑠
𝑖(𝑡) − 𝑉𝑦𝑖(𝑡) − 𝑅𝑦𝑖𝑦𝑖(𝑡) − 𝐿𝑦

𝑑

𝑑𝑡
𝑖𝑦𝑖(𝑡) = 0                                    (4.2) 

where 𝑖 ∈ (𝑎, 𝑏, 𝑐).  

Variables in an 𝑎𝑏𝑐  frame can be transformed into 𝛼𝛽 coordinates by using Clarke 

transformation (see subsection 4.5.1.1), the equation (4.2) can be re-written as: 

 

𝑣𝑠
(𝛼𝛽)(𝑡) − 𝑉𝑦

(𝛼𝛽)(𝑡) − 𝑅𝑦𝑖𝑦
(𝛼𝛽)(𝑡) − 𝐿𝑦

𝑑

𝑑𝑡
𝑖𝑦
(𝛼𝛽)(𝑡) = 0                        (4.3) 

 

Taking Laplace transforms of the equation (4.3) and neglecting the feed forward terms 

𝑉𝑦
(𝛼𝛽)(𝑡), the transfer function of the plant for the current controller is given by (4.4): 

 

𝑎𝑏𝑐 
𝛼𝛽 

𝑉𝑦𝑎 

𝑉𝑦𝑏 

𝑉𝑦𝑐 

𝑉𝑦𝛼 

𝑉𝑦𝛽 

𝛼𝛽 

𝑑𝑞 𝐾𝑝
𝑝𝑙𝑙
(1 +

1

𝑇𝑖𝑆
) 

 𝑉𝑦𝛼
2 + 𝑉𝑦𝛽

2

√2
 

𝑉𝑅𝑀𝑆 

𝑉𝑦𝑑 

𝑉𝑦𝑞 

𝜔𝑐 

1

𝑠
 

𝜃𝑝𝑙𝑙 

Figure 4.4: Block diagram of a three-phase PLL used for shunt-connected VSC for grid monitoring. 
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𝐺𝑐𝑐
𝑠ℎ(𝑠) =

𝑖𝑦
(𝛼𝛽)(𝑠)

𝑣𝑠
(𝛼𝛽)(𝑠)

=
1

𝑠𝐿𝑦 + 𝑅𝑦
                                                      (4.4) 

The schematic diagram of current controller loop is shown in Figure 4.5. 

 

 

 

 

 

 

 

 

Resonant controller of (4.1) can be adjusted by three degrees of freedom, as follows [86, 

125]: 

𝐺𝑃𝑅
𝑠ℎ(𝑠) = 𝐾𝑝,𝑐𝑐

𝑠ℎ
𝑠2 + 𝑎𝑠ℎ𝑠 + 𝑏𝑠ℎ

𝑠2 + 𝜔0
2                                              (4.5) 

where 𝐾𝑝,𝑐𝑐
𝑠ℎ , 𝑎𝑠ℎ and 𝑏𝑠ℎ are the resonant current controller parameters that need to be 

designed. To obtain a good closed-loop response and achieve the unrestricted allocation 

of the zeros of the resonant controller, equation (4.5) has been used.  Hence, the equivalent 

closed-loop transfer function of the proposed current controller (Figure 4.5) can be 

expressed as: 

 

𝑖𝑦
(𝛼𝛽)(𝑠)

𝑖𝑦
(𝛼𝛽)∗(𝑠)

=

𝐾𝑝,𝑐𝑐
𝑠ℎ

𝐿𝑦
(𝑠2 + 𝑎𝑠ℎ𝑠 + 𝑏𝑠ℎ)

𝑠(𝑠2 + 𝜔0
2) +

𝑅𝑦
𝐿𝑦
(𝑠2 + 𝜔0

2) +
𝐾𝑝,𝑐𝑐
𝑠ℎ

𝐿𝑦
(𝑠2 + 𝑎𝑠ℎ𝑠 + 𝑏𝑠ℎ)

           (4.6) 

 

The values of the current resonant controller are obtained through root locus analysis, 

as shown Figure 4.6 (a). The closed-loop poles have been placed to get an optimum 

damping ratio of = 0.707 . As can be seen from Figure 4.6 (b), a fast and stable system 

with overshoot of 𝑀𝑝 = 4.3% and settling time of 𝑡𝑠 = 4.5ms has been obtained. The 

PR 

Current Controller 

1

𝑠𝐿𝑦 + 𝑅𝑦
 

𝑃𝑙𝑎𝑛𝑡 

𝑖𝑦
(𝛼𝛽)∗

(𝑠) 𝑖𝑦
(𝛼𝛽)

(𝑠) 𝑣𝑠
(𝛼𝛽)

(𝑠) 

Figure 4.5: Schematic diagram of current controller loop for shunt-connected VSC. 
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resonance frequency is set to  𝜔0 = 100𝜋 𝑅𝑎𝑑/𝑠  with RL-filter of   𝑅𝑦 = 1Ω , 𝐿𝑦 =

2mH. The filtering parameters estimation for grid-connected shunt VSC can be found in 

[126]. 

 

 

Figure 4.6: Plots of : a) root-locus of the resonant current controller, b): time domain step response 

of the resonant current controller for shunt VSC, 𝐾𝑝,𝑐𝑐
𝑠ℎ = 4.6 , 𝑎𝑠ℎ = 1450,  𝑏𝑠ℎ = 708000. 
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Figure 4.7 (a) shows the frequency response of the proposed resonant current 

controller which has very high gain at the resonant frequency 𝜔0 = 100𝜋 𝑅𝑎𝑑/𝑠. Figure 

4.7 (b) presents the closed-loop frequency response of the system. As can be seen, 

excellent reference tracking at the fundamental frequency 𝑓𝑐 = 50 𝐻𝑧 (314 𝑅𝑎𝑑/𝑠) can 

be achieved. The resonant closed-loop controller has 0.001 𝑑𝐵 gain and −0.002° phase 

shift at the supply frequency 𝜔0 and this allows the resonant controller to track the signal 

excellently. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 Figure 4.7: Bode plots of: a) resonant current controller, b): closed-loop response of the current 

controller for shunt VSC.  

a) 

b) 



Chapter 4: Control of Grid-Connected Four-Leg Voltage Source Converter 

 

71 

 

4.3.3 Voltage Controller of Shunt-Connected VSC 

The voltage control loop is responsible for generating the reference signal,  𝑖𝑑
∗  for the 

current controller ( 𝑖𝑞
∗  =0 for unity displacement factor). DC-link voltage control is 

normally associated with a simple PI controller due to its satisfactory behaviour for 

tracking DC quantities [33, 120]. A standard transfer function of the DC-link plant can 

be written as [120]: 

𝐺𝑃𝐼
𝑑𝑐(𝑠) =

𝑉𝑑𝑐
𝑖𝑑
∗ =

1

𝑠𝐶𝑑𝑐 
                                                       (4.7) 

 

The schematic diagram of the DC-link voltage controller loop is shown in Figure 4.8. The 

transfer function of the closed-loop system can be calculated as: 

 

𝐺𝑃𝐼𝐺𝑃𝐼
𝑑𝑐

1 + 𝐺𝑃𝐼𝐺𝑃𝐼
𝑑𝑐 =

𝑠
𝐾𝑝,𝑣𝑐
𝑝𝑖

𝐶𝑑𝑐 
+
𝐾𝑖,𝑣𝑐
𝑝𝑖

𝐶𝑑𝑐 

𝑠2 + 𝑠
𝐾𝑝,𝑣𝑐
𝑝𝑖

𝐶𝑑𝑐 
+
𝐾𝑖,𝑣𝑐
𝑝𝑖

𝐶𝑑𝑐 

                                       (4.8) 

 

The transfer function of equation (4.8) can be presented in characteristic polynomial form 

as:𝑠2 + 2𝜉𝜔𝑛𝑎𝑡𝑠 + 𝜔𝑛𝑎𝑡
2 . Thus, the tuning parameters of the DC-link voltage controller 

can be given by: 

𝐾𝑝,𝑣𝑐
𝑝𝑖 = 2𝐶𝑑𝑐 𝜉𝜔𝑛𝑎𝑡                                                           (4.9) 

𝐾𝑖,𝑣𝑐
𝑝𝑖 = 𝐶𝑑𝑐 𝜔𝑛𝑎𝑡

2                                                             (4.10) 

 

 

 

 

 

 

𝐺𝑃𝐼 

𝐾𝑝,𝑣𝑐
𝑝𝑖 +

𝐾𝑖,𝑣𝑐
𝑝𝑖

𝑠
 

1

𝑠𝐶𝑑𝑐 
 

𝐺𝑃𝐼
𝑑𝑐 

𝑉𝑑𝑐
∗  𝑉𝑑𝑐 

Figure 4.8: Schematic diagram of DC-link voltage controller loop for shunt-connected VSC. 
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The tuning of DC-link controller parameters can be done assuming that the outer loop 

DC-link voltage controller is slower than the inner loop resonant current controller [125]. 

The natural frequency of the voltage controller of the shunt VSC should be at least 3 times 

less than the natural frequency of the current controller [124]. The closed-loop poles of 

the DC-link voltage controller have been located to get a damping ratio of 𝜉 = 0.707 

with natural frequency of 𝜔𝑛𝑎𝑡 = 20 Hz, the root-locus plot can be given in Figure 4.9. 

DC-link capacitor 𝐶𝑑𝑐 value is chosen to be 1mF and the method to choose the required 

DC-link capacitor 𝐶𝑑𝑐 value will be explained in Chapter 6. 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.9: Root-locus plot of a PI voltage controller, 𝐾𝑝,𝑣𝑐
𝑝𝑖

= 0.25,𝐾𝑖,𝑣𝑐
𝑝𝑖
= 15.77 

Closed-Loop Poles 

 

Controller zero:−𝐾𝑖,𝑣𝑐
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Controller and plant 

poles, 𝑠 = 0 
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4.4 Control of Series-Connected VSC 

As mentioned earlier, the control structure in the 𝑎𝑏𝑐 frame is one of the most popular 

structures used for grid-connected VSCs applications. This control structure is 

implemented in series-connected VSC of the hybrid transformer and feeders’ VSCs of 

the hybrid substation. Figure 4.10 shows the general control structure in 𝑎𝑏𝑐 frame of the 

series-connected VSC, where the DC-link voltage is created and controlled by the shunt-

connected VSC described in previous section. Each phase of the system is controlled 

individually by a multi-loop PR controller with an inner current loop and an outer voltage 

loop to generate the injected voltages (Figure 4.15). The reference injected voltages 𝑣𝑟𝑒𝑓
𝑎 , 

𝑣𝑟𝑒𝑓
𝑏  and 𝑣𝑟𝑒𝑓

𝑐  are determined by a symmetrical sequence components method for 

controlling the VSCs of the hybrid substation which will be presented in Chapter 5. A 3-

dimensional SVPWM algorithm is used to synthesise the voltages demanded by the 

control loops at the output of the power converter. 

4.4.1 Current Controller of Series-Connected VSC 

For the derivation of current controller of series VSC, KVL is applied to the LC filter in 

Figure 4.10, and the following differential equation for each phase can be obtained: 

𝑣𝑠𝑒
𝑖 (𝑡) − 𝑣𝑐𝑎𝑝

𝑖 (𝑡) − 𝐿𝑥
𝑑

𝑑𝑡
𝑖𝑐𝑜𝑛
𝑖 (𝑡) = 0                                    (4.11) 

where 𝑖 ∈ (𝑎, 𝑏, 𝑐).  

It is assumed that the inductor’s resistance has a small value and so is neglected. Similar 

to current controller of shunt VSC, taking Laplace transforms of (4.11) and neglecting 

feed forward terms, the transfer function of the plant for current controller is given by 

[124]:     

𝐺𝑐𝑐
𝑠𝑒(𝑠) =

𝑖𝑐𝑜𝑛
𝑖 (𝑠)

𝑣𝑠𝑒
𝑖 (𝑠)

=
1

𝑠𝐿𝑥
                                         (4.12) 

 

The schematic diagram of current controller of series VSC can be shown in Figure 4.11. 
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Figure 4.10: Proposed general control structure of the series-connected VSCs. 
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Similar to current controller of shunt-connected VSC, the inner current controller 

needs to be tuned first. The control design of the current controller is similar to the shunt-

connected VSC explained in the previous section.  The resonant current controller of the 

series-connected VSC can be adjusted by three parameters, as follows: 

 

𝐺𝑃𝑅,𝑐𝑐
𝑠𝑒 (𝑠) = 𝐾𝑝,𝑐𝑐

𝑠𝑒
𝑠2 + 𝑎𝑐𝑐

𝑠𝑒𝑠 + 𝑏𝑐𝑐
𝑠𝑒

𝑠2 + 𝜔0
2                                                     (4.13) 

 

where 𝐾𝑝,𝑐𝑐
𝑠𝑒 , 𝑎𝑐𝑐

𝑠𝑒  and 𝑏𝑐𝑐
𝑠𝑒  are the resonant controller gain parameters of the current 

controller and needs to be designed. The series VSC has an inductor of 𝐿𝑥 = 10mH, and 

this value has been used for both simulation and experimental work. The method to 

choose the rating value of the inductor will be explained in Chapter 6. The values of the 

current controller parameters 𝐾𝑝,𝑐𝑐
𝑠𝑒 , 𝑎𝑐𝑐

𝑠𝑒 and 𝑏𝑐𝑐
𝑠𝑒 are obtained through root-locus analysis 

in order to have a fast and stable system. Figure 4.13 shows the closed-loop frequency 

response of the system with 0.004 𝑑𝐵  gain and −0.01°  phase shift of the resonant 

controller at the main frequency, 𝜔0, which results in a reasonable signal tracking. 

 

 

 

PR 

Current Controller 
1

𝑠𝐿𝑥
 

𝑃𝑙𝑎𝑛𝑡 

𝑖𝑐𝑜𝑛
𝑖∗ (𝑠) 𝑖𝑐𝑜𝑛

𝑖 (𝑠) 𝑣𝑠𝑒
𝑖 (𝑠) 

Figure 4.11: Schematic diagram of current controller loop for series-connected VSC. 
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Figure 4.12: Root-locus plot of resonant current controller of series-connected VSC, 𝐾𝑝,𝑐𝑐
𝑠𝑒 =

13.7, 𝑎𝑐𝑐
𝑠𝑒 = 566, 𝑏𝑐𝑐

𝑠𝑒 = 137000  

Figure 4.13: Closed-loop bode diagrams of current controller for series-connected VSC. 
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4.4.2 Voltage Controller of Series-Connected VSC 

By referring to Figure (4.10) and applying Kirchhoff’s Current Law (KCL) to the LC-

filter of the series-connected VSC, the following equation can be obtained [124]: 

  

𝑖𝑐𝑜𝑛
𝑖 (𝑡) = 𝐶𝑐𝑎𝑝

𝑑

𝑑𝑡
𝑣𝑐𝑎𝑝
𝑖 (𝑡) + 𝑖𝑔

𝑖 (𝑡)                                      (4.14) 

 

By neglecting the feed forward terms and taking Laplace transformation, the transfer 

function of the plant for voltage controller can be given in (4.15): 

𝑑

𝑑𝑡
𝑣𝑐𝑎𝑝
𝑖 (𝑡) −

1

𝐶𝑐𝑎𝑝
𝑖𝑐𝑜𝑛
𝑖 (𝑡) = 0 

= 𝐺𝑣𝑐
𝑠𝑒(𝑠) =

𝑣𝑐𝑎𝑝
𝑖 (𝑠)

𝑖𝑐𝑜𝑛
𝑖 (𝑠)

=
1

𝑠𝐶𝑐𝑎𝑝
                                         (4.15) 

The schematic diagram of voltage controller of series-connected VSC is shown in 4.14. 

Similar to previous section, the resonant voltage controller of the series-connected VSC 

can be adjusted by three parameters as follows: 

 

𝐺𝑃𝑅,𝑣𝑐
𝑠𝑒 (𝑠) = 𝐾𝑝,𝑣𝑐

𝑠𝑒
𝑠2 + 𝑎𝑣𝑐

𝑠𝑒𝑠 + 𝑏𝑣𝑐
𝑠𝑒

𝑠2 + 𝜔0
2                                                 (4.16) 

where 𝐾𝑝,𝑣𝑐
𝑠𝑒 , 𝑎𝑣𝑐

𝑠𝑒  and 𝑏𝑣𝑐
𝑠𝑒  are the resonant controller gain parameters of the resonant 

voltage controller for series VSC. 
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Voltage Controller 
1

𝑠𝐶𝑐𝑎𝑝
 

𝑃𝑙𝑎𝑛𝑡 

𝑣𝑟𝑒𝑓
𝑖∗ (𝑠) 𝑣𝑐𝑎𝑝

𝑖 (𝑠) 𝑖𝑐𝑜𝑛
𝑖 (𝑠) 

Figure 4.14: Schematic diagram of voltage controller loop for series-connected VSC. 
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The voltage controller is designed with the inner current loop closed. The block 

diagram of multi-loop PR controllers for series VSC is shown in Figure 4.15.  Figure 4.16 

shows the closed-loop root-locus plot of the multi-loop PR controllers of Figure 4.15 for 

the series-connected VSC. As shown in Figure 4.16, the closed-loop transfer function of 

the current controller has three poles (two complex poles, one real pole) and two complex 

zeros. As mentioned before, the closed-loop poles of current controller are placed to 

obtain a damping ratio of 𝜉 = 0.707.  The complex imaginary poles of voltage controller 

can cause oscillatory response in closed-loop transfer function of Figure 4.15, but placing 

the unrestricted allocation of the zeros of the resonant voltage controller in correct 

locations can cancel the oscillatory response of the complex poles. To achieve this, the 

equation (4.16) can be re-written as [86]: 

𝐺𝑃𝑅,𝑣𝑐
𝑠𝑒 (𝑠) = 𝐾𝑝,𝑣𝑐

𝑠𝑒
𝑠2 + 2𝜉𝜔𝑛𝑎𝑡𝑠 + 𝜔𝑛𝑎𝑡

2

𝑠2 + 𝜔0
2                                              (4.17) 

where  𝐾𝑝,𝑣𝑐
𝑠𝑒  is the gain parameter of the resonant controller and 𝜔𝑛𝑎𝑡  is the natural 

frequency and it is much slower than the resonant current controller. As closed-loop 

transfer function of Figure 4.15 has 6th order, it is impossible to obtain an optimum 

damping ratio of 𝜉 = 0.707  for all closed-loop poles of the proposed multi-loop PR 

controllers. If  𝜉 = 0.707 is selected for voltage controller, the zeros of voltage controller 

are far from its complex poles and they are close to the zeros of the current controller, 

and may lead to an increase in the oscillation of transient response and instability for the 

entire system. For the voltage controller of 4.17, choosing 𝜉 = 0.58 and 𝐾𝑝,𝑣𝑐
𝑠𝑒 = 0.0025 

can give a very good dynamic response with desired signal tracing for the multi-loop PR 

controllers. Figure 4.17 shows the closed-loop frequency response of the multi-loop PR 

controllers proposed in series-connected VSC. As can be seen, the response has a gain at  

≈ 0 𝑑𝐵 and ≈ 0° phase shift resulting into an excellent signal tracking for the multi-loop 

PR controllers. 

 

 

 

Figure 4.15: The block diagram of multi-loop PR controllers for series-connected VSC. 

𝑖𝑐𝑜𝑛
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Figure 4.16: Root-locus of multi-loop PR controllers of series-connected VSC.  

Figure 4.17: Closed-loop bode diagram of multi-loop PR controllers of series-connected VSC. 
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4.5 Space Vector Modulation 

This section presents a 3-dimensional Space Vector Pulse Width modulation (3-D 

SVPWM) technique for the four-leg VSCs. In order to gain a better understating of 

modulation technique for the four-leg converters, the basic concept of space vector 

modulation of two-level three-leg VSC is explained first. Figure 2.5 or Figure 4.1 (a) 

without the extra neutral wire can be considered as a standard two-level three-leg VSC. 

4.5.1 Two-Dimensional Space Vector Modulation  

With improvement of digital microprocessors, space vector modulation has become 

one of the most important PWM methods for three-phase power electronic converters 

[127, 128]. This technique has several advantages over the carrier-based PWM [110, 129] 

methods such as: inherent injection of “common mode components” or “triple harmonic 

components”, implementing both in transient and steady-state operating condition, less 

output current and voltage ripple, computation of the zero sequence voltage, applying 

different switching sequence patterns, less switching harmonic spectrum, and less 

switching losses [90, 128, 130]. 

There are four main steps to implement SVM as follow: 

 The reference signal of each phase should be transformed to 𝛼𝛽 coordinate 

 The non-zero and zero switching vectors are selected to synthesise the 

reference vector �⃗� 𝑟𝑒𝑓 for one switching cycle 

 The time durations of all selected switching vectors are calculated 

 The switching vectors are sequenced and sent to VSC 

Since the switching scheme is implemented in two-dimensional 𝛼𝛽  coordinate, this 

method is known as two-dimensional (2-D) space vector PWM. 

4.5.1.1 Clarke Transformation 

The sum of any balanced three-phase group of variables in 𝑎𝑏𝑐 frame 𝑥𝑎, 𝑥𝑏 , 𝑥𝑐 should 

be equal to zero (𝑥𝑎 + 𝑥𝑏 , +𝑥𝑐 = 0). To simplify the analysis of three-phase variables, 
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the set of variables in 𝑎𝑏𝑐  frame can be transformed into 𝛼𝛽 coordinate by a 

mathematical transformation known as Clarke transformation: 

 

[𝑥𝛼  𝑥𝛽] = 𝑇
𝛼𝛽 . [𝑥𝑎 𝑥𝑏 𝑥𝑐  ]                                                      (4.18) 

where 𝑇𝛼𝛽 is the transformation matrix and can be expressed as: 

 

𝑇𝛼𝛽 =
2

3
[
 
 
 1     −

1

2
        −

1

2

  0        
√3

2
    −

√3

2
 ]
 
 
 

                                                      (4.19) 

 

Three-phase (𝑎𝑏𝑐) frame and two-phase stationary frame (𝛼𝛽 frame) is shown in Figure 

4.18. 

 

 

 

 

 

 

 

 

 

4.5.1.2 Space Vectors  

The space vector modulation is quite a different method compared to carrier-based 

PWM techniques. As shown in Figure 4.19, the switching scheme for two-level three-leg 

VSC is based on a total of eight possible switching states, where for each leg, ‘p’ denotes 

that the upper switch is closed, and ‘n’ represents that the lower switch is closed. Table 

4.1 shows the line-to-neutral voltage 𝑣𝑖 , for 𝑖 = 𝑎, 𝑏, 𝑐  for all eight switching 

𝑗𝛽 

𝑥𝑎 

𝑥𝛼 

𝑥𝛽 

𝑥𝑏 

𝑥𝑐 

Figure 4.18: Three-phase 𝑎𝑏𝑐 and 𝛼𝛽 frames. 

𝛼 
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combinations in 𝑎𝑏𝑐 frame. By applying equation (4.18) to [𝑣𝑎  𝑣𝑏 𝑣𝑐 ], listed in Table 

4.1, the line-to-neutral voltages of two-level three-leg VSC in 𝛼𝛽 orthogonal coordinate 

can be generated. The results are shown in Table 4.2.  

Transforming switching states from 𝑎𝑏𝑐 frame to 𝛼𝛽 coordinate can create six non-

zero switching vectors 𝑉1⃗⃗  ⃗ − 𝑉6⃗⃗  ⃗ on the corners of hexagon and two zero switching vectors 

𝑉0⃗⃗  ⃗ and 𝑉7⃗⃗  ⃗ on the origin of hexagon as shown in Figure 4.20. The six non-zero vectors 

𝑉1⃗⃗  ⃗ − 𝑉6⃗⃗  ⃗  are also known as active vectors, and are located symmetrically every 600 , 

producing voltage in the four different quadrant of 𝛼𝛽 plane dividing the hexagon into 

six different sectors.  

 

 

 

Table 4.1: Switching combinations and line-to-neutral voltage in 𝑎𝑏𝑐 frame. 

 

 

 

Table 4.2: Switching combinations and line-to-neutral voltage in αβ frame 

 

 

 

 𝑛𝑛𝑛 𝑝𝑛𝑛 𝑝𝑝𝑛 𝑛𝑝𝑛 𝑛𝑝𝑝 𝑛𝑛𝑝 𝑝𝑛𝑝 𝑝𝑝𝑝 

𝑉𝑐 −
1

2
𝑉𝑑𝑐 

1

2
𝑉𝑑𝑐 

1

2
𝑉𝑑𝑐 −

1

2
𝑉𝑑𝑐 −

1

2
𝑉𝑑𝑐 −

1

2
𝑉𝑑𝑐 

1

2
𝑉𝑑𝑐 

1

2
𝑉𝑑𝑐 

𝑉𝑏 −
1

2
𝑉𝑑𝑐 −

1

2
𝑉𝑑𝑐 

1

2
𝑉𝑑𝑐 

1

2
𝑉𝑑𝑐 

1

2
𝑉𝑑𝑐 −

1

2
𝑉𝑑𝑐 −

1

2
𝑉𝑑𝑐 

1

2
𝑉𝑑𝑐 

𝑉𝑎 −
1

2
𝑉𝑑𝑐 −

1

2
𝑉𝑑𝑐 −

1

2
𝑉𝑑𝑐 −

1

2
𝑉𝑑𝑐 

1

2
𝑉𝑑𝑐 

1

2
𝑉𝑑𝑐 

1

2
𝑉𝑑𝑐 

1

2
𝑉𝑑𝑐 

 𝑛𝑛𝑛 𝑝𝑛𝑛 𝑝𝑝𝑛 𝑛𝑝𝑛 𝑛𝑝𝑝 𝑛𝑛𝑝 𝑝𝑛𝑝 𝑝𝑝𝑝 

𝑉𝛼 0 
2

3
𝑉𝑑𝑐 

1

3
𝑉𝑑𝑐 −

1

3
𝑉𝑑𝑐 −

2

3
𝑉𝑑𝑐 −

1

3
𝑉𝑑𝑐 

1

3
𝑉𝑑𝑐 0 

𝑉𝛽 0 0 
1

√3
𝑉𝑑𝑐 

1

√3
𝑉𝑑𝑐 0 −

1

√3
𝑉𝑑𝑐 −

1

√3
𝑉𝑑𝑐 0 
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𝑉0⃗⃗⃗⃗ : 𝑛𝑛𝑛  𝑉1⃗⃗⃗⃗ : 𝑝𝑛𝑛  𝑉2⃗⃗⃗⃗ : 𝑝𝑝𝑛  𝑉3⃗⃗⃗⃗ : 𝑛𝑝𝑛  

𝑉4⃗⃗⃗⃗ : 𝑛𝑝𝑝  𝑉5⃗⃗⃗⃗ : 𝑛𝑛𝑝  𝑉6⃗⃗⃗⃗ : 𝑝𝑛𝑝  𝑉7⃗⃗⃗⃗ : 𝑝𝑝𝑝  

Figure 4.19: Switching states of two-level three-leg VSC. 

Figure 4.20: The two-dimensional space vector representation. 
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The objective of the SVM technique is to synthesise the reference vector �⃗� 𝑟𝑒𝑓 using the 

available switching vectors [13]. �⃗� 𝑟𝑒𝑓  can be obtained by transforming three-phase 

references in 𝑎𝑏𝑐 frame to 𝛼𝛽 plane as shown in Figure 4.20. �⃗� 𝑟𝑒𝑓 is laying between two 

adjacent active vectors �⃗� 𝑘 and �⃗� 𝑘+1, and rotates around a circle at the frequency of 𝜔. 

The reference voltage vector is given by: 

 

�⃗� 𝑟𝑒𝑓 = 𝑣𝛼
∗ + 𝑗𝑣𝛽

∗                                                                (4.20) 

∡�⃗� 𝑟𝑒𝑓 = 𝜃 = 𝜔𝑡 = 𝑎𝑡𝑎𝑛 (𝑣𝛽
∗/𝑣𝛼

∗)                                (4.21) 

 

4.5.1.3 Time Duration of Switching Vectors 

The reference vector �⃗� 𝑟𝑒𝑓 is determined by time averaging of the available switching 

vectors. The reference vector is sampled over a cycle and the interval of each sample is 

defined as 𝑇𝑠  ( 𝑇𝑠 =
1
𝐹𝑠
⁄ , 𝐹𝑠  is switching frequency). By referring to Figure 4.20, for 

sector I, equation (4.20) this can be re-written as: 

 

�⃗� 𝑟𝑒𝑓 =   
𝑑1. 𝑉1⃗⃗  ⃗ +  𝑑2. 𝑉2⃗⃗  ⃗ + 𝑑0. �⃗� 0

𝑇𝑠
                                  (4.22) 

 

where 𝑑0 is the duty ratio of zero switching vector and 𝑑1,𝑑2 are duty ratios of non-zero 

switching vectors.). The time duration of each vector of sector I can be expressed as: 

 

𝑑1 =
𝑇𝑠√3|�⃗� 𝑟𝑒𝑓|

𝑉𝐷𝐶
sin (

𝜋

3
− 𝜃)                                              (4.23) 

𝑑2 =
𝑇𝑠√3|�⃗� 𝑟𝑒𝑓|

𝑉𝐷𝐶
sin(𝜃)                                                       (4.24) 

𝑑0 = 𝑇𝑠 − 𝑑1 − 𝑑2                                                                 (4.25) 
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4.5.1.4 Switching Sequence Schemes of Two-Dimensional Space Vector Modulation 

After selecting the reference vector, switching vectors and their respective time 

durations, a well-defined sequence needs to be set for these vectors. However, the 

switching sequence is not unique and there are several ways to sequence the switching 

vectors. [112] has proved that symmetrically aligned switching scheme using two zero 

vectors has the lowest harmonic distortion and switching loss in comparison to other 

switching  sequencing schemes. The symmetrically aligned switching sequence scheme 

is shown in Figure 4.21. More details about switching sequence schemes of space vector 

modulation can be found in [112, 127, 131, 132]. 

 

 

 

 

 

 

 

 

 

Figure 4.21: Symmetrically aligned switching sequencing scheme using two zero vectors for 2-

D SVPWM. 
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4.5.2 Three-Dimensional Space Vector Modulation 

Now consider an unbalanced three-phase group of variables in 𝑎𝑏𝑐 frame 𝑥𝑎 , 𝑥𝑏 , 𝑥𝑐. 

The sum of these unbalanced three-phase variables is not equal to zero anymore: 

 

𝑥𝑎 + 𝑥𝑏 , +𝑥𝑐 ≠ 0                                                      (4.26)   

 

 These three variables can be voltage or current and they are independent of each other 

and two-dimensional SVM does not have enough degrees of freedom to be able to 

describe them fully. Therefore, for an unbalanced system, the explained two-dimensional 

space vector modulation is not valid. As a result, in this case the neutral current is equal 

to the sum of three-phase currents as given by: 

 

𝑖𝑎 + 𝑖𝑏 + 𝑖𝑐 = 𝑖𝑛 ≠ 0                                                     (4.27) 

 

The presence of the fourth leg for the four-leg VSC requires a more complex control 

algorithm for the modulation of the output voltages in comparison to the two-level three-

leg VSC leading to a three-dimensional SVM to be introduced.  

The concept of three- dimensional SVM in 𝛼𝛽𝛾 coordinates frame was introduced by 

Zhang et. al. in 1997 [108, 112]. This method is the extension of two-dimensional SVM 

technique which was explained in section 4.5.1. Next section of this chapter will present 

the three-dimensional SVM in 𝛼𝛽𝛾  coordinates frame in more detail. The three-

dimensional space vector in 𝛼𝛽𝛾  reference frame is the most promising modulation 

strategy for the four-leg applications [112]; as a result, it will be used as the main 

modulation technique in this thesis. 
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4.5.2.1 Space Vectors of SVM in 𝜶𝜷𝜸 Frame 

In three-dimensional SVM in 𝛼𝛽𝛾 coordinate frames method, the zero sequence of the 

converter is represented by a third coordinate known as  𝛾 . Therefore, for a set of 

unbalanced variables 𝑥𝑎 , 𝑥𝑏 , 𝑥𝑐  in the 𝑎𝑏𝑐  frame, equations (4.18) and (4.19) can be 

extended to: 

 

[𝑥𝛼  𝑥𝛽 𝑥𝛾] = 𝑇
𝛼𝛽𝛾. [𝑥𝑎 𝑥𝑏 𝑥𝑐  ]                                                      (4.28) 

 

where 𝑇𝛼𝛽𝛾 is the transformation matrix and can be expressed as: 

 

𝑇𝛼𝛽𝛾 =
2

3

[
 
 
 
 
 1     −

1

2
        −

1

2

  0        
√3

2
    −

√3

2
 

1

2
          

1

2
           

1

2 ]
 
 
 
 
 

                                                      (4.29) 

 

As mentioned before, a standard two-level three-leg VSC has eight (23 ) possible 

switching arrangements. By adding a fourth neutral leg the total number of switching 

combinations increases to sixteen (24) as shown in Figure 4.22. For each leg of this four-

leg VSC, ‘p’ indicates that the upper switch is closed and ‘n’ represents that the lower 

switch is closed.  

Table 4.3 shows the line-to-neutral voltage 𝑣𝑖, for 𝑖 = 𝑎, 𝑏, 𝑐 in 𝑎𝑏𝑐 frame, and also 

the corresponding line-to-neutral voltages in 𝛼𝛽𝛾 orthogonal coordinate frames for all 

sixteen switching combinations. It should be noted that 𝑣𝛾  is the zero sequence 

component and is associated to neutral current. There are four main steps to implement 

SVM: 

 The reference signal of each phase should be transformed to 𝛼𝛽𝛾 coordinate 

 Prisms and corresponded tetrahedrons need to be identified and then non-zero 

and zero switching vectors are selected to synthesise reference vector �⃗� 𝛼𝛽𝛾
∗

   for 

one switching cycle 
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 The time durations of all selected switching vectors are calculated 

 The switching vectors are sequenced and sent to VSC 

 

 

 

 

 

 

 

 

 

Figure 4.22: Switching states of two-level four-leg VSC. 
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Table 4.3: Switching vectors and corresponded line-to- neutral voltages of four-leg VSC in 𝛼𝛽𝛾 

coordinates frame. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Vectors 𝑺𝒂 𝑺𝒃 𝑺𝒄 𝑺𝒏 𝒗𝒂 𝒗𝒃 𝒗𝒄 𝒗𝜸 𝒗𝜶 𝒗𝜷 

�⃗� 9 𝑛  𝑛  𝑛  𝑝 −𝑉𝑑𝑐 −𝑉𝑑𝑐 −𝑉𝑑𝑐 −𝑉𝑑𝑐 0 0 

�⃗� 10 𝑛  𝑛  𝑝  𝑝 −𝑉𝑑𝑐 −𝑉𝑑𝑐 0 

−
2

3
𝑉𝑑𝑐 

−
1

3
𝑉𝑑𝑐 −

1

√3
𝑉𝑑𝑐 

�⃗� 11 𝑛  𝑝  𝑛  𝑝 −𝑉𝑑𝑐 0 −𝑉𝑑𝑐 −
1

3
𝑉𝑑𝑐 +

1

√3
𝑉𝑑𝑐 

�⃗� 13 𝑝  𝑛  𝑛  𝑝 0 −𝑉𝑑𝑐 −𝑉𝑑𝑐 +
2

3
𝑉𝑑𝑐 0 

�⃗� 12 𝑛  𝑝  𝑝  𝑝 −𝑉𝑑𝑐 0 0 

−
1

3
𝑉𝑑𝑐 

−
2

3
𝑉𝑑𝑐 0 

�⃗� 14 𝑝  𝑛  𝑝  𝑝 0 −𝑉𝑑𝑐 0 +
1

3
𝑉𝑑𝑐 −

1

√3
𝑉𝑑𝑐 

�⃗� 15 𝑝  𝑝  𝑛  𝑝 0 0 −𝑉𝑑𝑐 +
1

3
𝑉𝑑𝑐 +

1

√3
𝑉𝑑𝑐 

�⃗� 16 𝑛  𝑛  𝑛  𝑛 0 0 0 0 0 0 

�⃗� 1 𝑝  𝑝  𝑝  𝑝 0 0 0 0 0 0 

�⃗� 2 𝑛  𝑛  𝑝  𝑛 0 0 +𝑉𝑑𝑐 

+
1

3
𝑉𝑑𝑐 

−
1

3
𝑉𝑑𝑐 −

1

√3
𝑉𝑑𝑐 

�⃗� 3 𝑛  𝑝  𝑛  𝑛 0 +𝑉𝑑𝑐 0 −
1

3
𝑉𝑑𝑐 +

1

√3
𝑉𝑑𝑐 

�⃗� 5 𝑝  𝑛  𝑛  𝑛 +𝑉𝑑𝑐 0 0 +
2

3
𝑉𝑑𝑐 0 

�⃗� 4 𝑛  𝑝  𝑝  𝑛 0 +𝑉𝑑𝑐 +𝑉𝑑𝑐 

+
2

3
𝑉𝑑𝑐 

−
2

3
𝑉𝑑𝑐 0 

�⃗� 6 𝑝  𝑛  𝑝  𝑛 +𝑉𝑑𝑐 0 +𝑉𝑑𝑐 +
1

3
𝑉𝑑𝑐 −

1

√3
𝑉𝑑𝑐 

�⃗� 7 𝑝  𝑝  𝑛  𝑛 +𝑉𝑑𝑐 +𝑉𝑑𝑐 0 +
1

3
𝑉𝑑𝑐 +

1

√3
𝑉𝑑𝑐 

�⃗� 8 𝑝  𝑝  𝑝  𝑛 +𝑉𝑑𝑐 +𝑉𝑑𝑐 +𝑉𝑑𝑐 +𝑉𝑑𝑐 0 0 
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Figure 4.23 shows the space of vectors for all possible sixteen switching vectors �⃗� 1 − �⃗� 16 

in three-dimensional space. These vectors create a hexagonal prism with fourteen non-

zero or active vectors �⃗� 2 − �⃗� 15 spread in allowable space in addition to two zero vectors 

�⃗� 1 and �⃗� 16, which are placed at the origin of 𝛼𝛽𝛾 coordinate frame. The hexagonal prism 

is divided into seven different layers, where each layer 𝑣𝛾 (zero sequence) has a voltage 

level of [−1,−
2

3
 , −

1

3
, 0, +

1

3
+
2

3
 , +1] . 𝑉𝑑𝑐 as presented in Table 4.3.  Furthermore, each 

layer is a hexagon in the 𝛼𝛽 plane which is divided into six sectors where each sector can 

be stretched in 𝛾 axis creating a triangular prism in space. There are six sectors in a 

hexagon resulting into six prisms in total with each prism rotating 60° from the previous 

Figure 4.23: Control region of hexagonal prism with switching vectors for four-leg VSC in 𝛼𝛽𝛾 

coordinate frames. 
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prism. Each prism can be subdivided into four tetrahedrons in 𝛼𝛽𝛾 space. The prisms 

corresponding to each sector and four tetrahedrons of prism I are shown in Figure 4.24 

and Figure 4.25, respectively. Each tetrahedron has three active voltage vectors and two 

zero voltage vectors. In three-dimensional SVM, the reference voltage vector �⃗� 𝛼𝛽𝛾
∗

  is 

formed from three adjacent active voltage vectors and the two zero voltage vectors. The 

reference voltage in 𝛼𝛽𝛾 frame can be obtained from equation (4.28) and the adjacent 

vectors can be identified by two steps: prism identification followed by determining the 

corresponding tetrahedron.  

  

 

Figure 4.24: Triangular prisms of four-leg VSC in 𝛼𝛽𝛾 coordinate frames. 
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4.5.2.2 Prism and Tetrahedron Identification 

Using the projection of the reference vector in the 𝛼𝛽 plane, prism identification is 

straightforward and is similar to 2-D SVM with tetrahedron identification being the main 

complexity of three-dimensional SVM in the 𝛼𝛽𝛾 frame. The prism can be determined 

by several methods with one method being similar to subsection 4.5.1.2 where the sectors 

of the reference vectors  𝑣𝛼𝛽
∗  can be obtained based on angle of the reference vector 𝜃 

(equation (4.21) ): 

{
 
 

 
 𝑃𝑟𝑖𝑠𝑚 𝐼: 0 ≤ 𝜃 <

𝜋

3
 , 𝑃𝑟𝑖𝑠𝑚 𝐼𝐼:

𝜋

3
≤ 𝜃 <

2𝜋

3
     

𝑃𝑟𝑖𝑠𝑚 𝐼𝐼𝐼:
2𝜋

3
≤ 𝜃 < 𝜋 , 𝑃𝑟𝑖𝑠𝑚 𝐼𝑉: 𝜋 ≤ 𝜃 <

4𝜋

3

𝑃𝑟𝑖𝑠𝑚 𝑉:
4𝜋

3
≤ 𝜃 <

5𝜋

3
 , 𝑃𝑟𝑖𝑠𝑚 𝐼𝑉:

5𝜋

3
≤ 𝜃 < 0

              (4.30)       

Figure 4.25: Presentations of tetrahedrons for triangular prism I in 𝛼𝛽𝛾 coordinate frames. 
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The other method for prism identification is the algorithm presented in Figure 4.26. The 

reference voltages in 𝑎𝑏𝑐 frame 𝑣𝑖
∗ for 𝑖 = 𝑎, 𝑏, 𝑐 are transformed to 𝛼𝛽 coordinate by 

applying equation (4.18) without considering the 𝛾 axis. 

Once the prisms have been identified, the corresponded tetrahedrons for each prism 

are required to be determined. As mentioned before, each prism has four tetrahedrons. As 

a result, there are twenty four possible tetrahedrons in the overall hexagonal prism. To 

avoid complex tetrahedron determination in three-dimensional space, a simple 

comparison look-up table as shown in Table 4.4 has been used. When the prisms are 

identified, the polarity of the reference voltages 𝑣𝑖
∗ for 𝑖 = 𝑎, 𝑏, 𝑐 in the 𝑎𝑏𝑐 frame are 

compared. This allows the corresponded tetrahedrons of each prism to be found easily. 

For instance, let us consider that the reference vector is located in prism I and the 

polarities of reference voltages in 𝑎𝑏𝑐  frame are [+,+,−] , from Figure 4.25, only 

tetrahedron 2 with active vectors �⃗� 5, �⃗� 7 and �⃗� 15 can satisfy the demanded voltages. Table 

4.4 presents the corresponded active vectors and polarity of the reference voltages for all 

twenty four possible tetrahedrons. 

 

Figure 4.26: Flowchart diagram for prism identification, three-dimensional SVM in 𝛼𝛽𝛾 

coordinate frames. 



Chapter 4: Control of Grid-Connected Four-Leg Voltage Source Converter 

 

94 

 

  

Table 4.4: Tetrahedron and active vectors look-up table for 3-D SVM in αβγ frame. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Prism Tetrahedron Active Vectors 𝒗𝒂
∗   𝒗𝒃

∗   𝒗𝒄
∗ 

Prism I 

1 �⃗� 5 − �⃗� 13 − �⃗� 15 + − − 

2 �⃗� 5 − �⃗� 7 − �⃗� 15 + + − 

3 �⃗� 5 − �⃗� 7 − �⃗� 8 + + + 

4 �⃗� 13 − �⃗� 15 − �⃗� 9 − − − 

Prism II 

1 �⃗� 7 − �⃗� 15 − �⃗� 3 + + − 

2 �⃗� 15 − �⃗� 3 − �⃗� 11 − + − 

3 �⃗� 7 − �⃗� 3 − �⃗� 8 + + + 

4 �⃗� 15 − �⃗� 11 − �⃗� 9 − − − 

Prism III 

1 �⃗� 3 − �⃗� 11 − �⃗� 12 − + − 

2 �⃗� 3 − �⃗� 4 − �⃗� 12 − + + 

3 �⃗� 3 − �⃗� 4 − �⃗� 8 + + + 

4 �⃗� 11 − �⃗� 12 − �⃗� 9 − − − 

Prism IV 

1 �⃗� 4 − �⃗� 12 − �⃗� 2 − + + 

2 �⃗� 12 − �⃗� 2 − �⃗� 10 − − + 

3 �⃗� 4 − �⃗� 2 − �⃗� 8 + + + 

4 �⃗� 12 − �⃗� 10 − �⃗� 9 − − − 

Prism V 

1 �⃗� 2 − �⃗� 10 − �⃗� 14 − − + 

2 �⃗� 2 − �⃗� 6 − �⃗� 14 + − + 

3 �⃗� 2 − �⃗� 6 − �⃗� 8 + + + 

4 �⃗� 10 − �⃗� 14 − �⃗� 9 − − − 

Prism VI 

1 �⃗� 14 − �⃗� 5 − �⃗� 13 + − − 

2 �⃗� 6 − �⃗� 14 − �⃗� 5 + − + 

3 �⃗� 6 − �⃗� 5 − �⃗� 8 + + + 

4 �⃗� 14 − �⃗� 13 − �⃗� 9 − − − 
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4.5.2.3 Time Durations of Switching Vectors 

Once the active vectors of each tetrahedron are obtained, the related time durations of 

each applied switching vector are required to be calculated. The reference vector �⃗� 𝛼𝛽𝛾
∗  is 

obtained by time averaging of available active switching vectors over a cycle with interval 

of  𝑇𝑠  ( 𝑇𝑠 =
1
𝐹𝑠
⁄ , 𝐹𝑠  is switching frequency). The time duration of each selected 

switching vector can be calculated by projecting the reference vector on the switching 

vectors for corresponding tetrahedron and prism [112]. For instance, let us assume that 

vector �⃗� 𝛼𝛽𝛾
∗   is located in Prism I tetrahedron 2; the �⃗� 𝛼𝛽𝛾

∗  can be expressed as: 

 

�⃗� 𝛼𝛽𝛾
∗ . 𝑇𝑠 = 𝑑1�⃗� 5 + 𝑑2�⃗� 7 + 𝑑3�⃗� 15                                             (4.31) 

 

Time duration calculations of the selected switching vectors can be given by [112]: 

[
 
 
 
 
 
𝑑1

𝑑2

𝑑3]
 
 
 
 
 

=
𝑇𝑠
𝑉𝑑𝑐

[𝐺] 

[
 
 
 
 
 
𝑣𝛼
∗

𝑣𝛽
∗

𝑣𝛾
∗
]
 
 
 
 
 

                                                         (4.32) 

 

𝑑0 = 𝑇𝑠 − 𝑑1 − 𝑑2 − 𝑑3                                                     (4.33) 

 

where 𝑑0  and  𝑑1 − 𝑑3  are time durations for zero vectors and non-zero vectors, 

respectively and 𝐺 is the matrix needed to compute the duty ration. A complete look-up 

table of matrix 𝐺 for all possible 24 tetrahedrons is summarised in Appendix B. 
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4.5.2.4 Switching Sequence Schemes of Three-Dimensional SVM in 𝜶𝜷𝜸 frame 

The switching sequence scheme is similar to two-dimensional SVM explained in 

subsection 4.5.1.3, but instead of having two active (none-zero) vectors, three active 

vectors have been used. From several possible switching sequence schemes, 

symmetrically sequence pattern with two zero vectors is a suitable option to minimise 

harmonic distortion and switching losses [112]. Figure 4.27 shows the proposed 

symmetrically aligned sequence schemes with two zero vectors for prism I and 

tetrahedron 1 used in this thesis. The switching scheme initiates with zero vector 

�⃗� 16(𝑛𝑛𝑛𝑛) and nine sequences at each sampling time 𝑇𝑠.  More details about switching 

sequence schemes of 3-D SVPWM can be found in [112].  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.27: Symmetrically aligned switching sequence scheme for four-leg VSCs. 
𝑇𝑠 
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4.6 Conclusion 

The control structure of the grid-connected VSCs is important as it defines the voltage 

controllability and dynamic response. The advantages of PR controller is the possibility 

of tuning the desired resonant frequency for precise fundamental reference tracking of the 

voltage/current for grid-connected VSCs. 

A four-leg VSC is a distinctive topology because of the existence of the fourth leg 

when compared to a three-phase three-wire VSC. Consequently, it needs a more complex 

control algorithm for the modulation of the output voltages in order to control the neutral 

current circulation. Three-dimensional SVM methods in the 𝛼𝛽𝛾  frame is the most 

flexible modulation technique that satisfies all the features of four-leg VSC. The 

advantages of the three-dimensional SVM method in the 𝛼𝛽𝛾 frame can be summarised 

as follows: 

 The modulation region of four-leg VSC in the 𝛼𝛽𝛾 frame is an extension of the 

standard two-dimensional SVM in three-dimensional space. This allows having 

several switching sequence schemes and selective harmonic elimination for 

different applications requirements 

 The complex calculations can be calculated only once and presented as pre-set 

look-up tables for ease of referral 

 This method is feasible for converters with several switches, such as a multilevel 

converters 

Due to advantages of three-dimensional SVM in the 𝛼𝛽𝛾  coordinate frame, this 

modulation technique will be used for the proposed four-leg VSC in this thesis. 
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CHAPTER 5 : Control of Hybrid Substation 

 

 

 

Summary: This Chapter introduces a robust control algorithm to control the compensated 

injection voltage of the hybrid substation using symmetrical components estimation. In addition, 

this chapter presents the performance of the hybrid substation under different case studies. 

Simulation studies carried out by PLECS software and results show the robustness and fast 

response of the proposed hybrid substation. The presented controller works effectively for all test 

cases considered, such as voltage sags, swells and unbalanced. 

 

 

 

5.1 Introduction 

 

The main objective of the hybrid substation is to balance and regulate the load voltages 

at the reference value. This can be achieved by maintaining the positive sequence 

components at a pre-determined value (reference value), in addition to reducing both the 

negative and zero sequences (disturbance signals), at the time when the substation is 

connected to an unbalanced system. Figure 5.1 shows the general configuration of the 

hybrid substation connected to a two-feeder network (the simplified version of Figure 

4.2).  

Compensation for grid voltage disturbances can be achieved in various ways. The most 

popular approach is to use PLL in order to synchronise the injected voltages with the grid 
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voltages [133, 134]. In this method, PLL computes the phase angle and the magnitude of 

the grid voltage to generate the required injection voltage when a fault occurs. However, 

this technique is suitable for symmetric voltage sag and swell and it has an unsatisfactory 

performance under asymmetric voltage disturbances as undesired negative and zero 

sequence components are created [135-137]. The lack of negative and zero sequence 

detection by this method can create phase oscillation when there is an unbalanced fault. 

The negative sequence components can create 2nd, 5th , 8th and 11th harmonic contents and 

zero sequence components can produce 3rd ,6th and 9th harmonics [138]. The harmonics 

can create difficulty in voltage disturbance detection, leading to an increase in the 

required injection voltage and the size of DC-link [137]. Therefore, a robust technique is 

needed to extract instantaneous positive, negative and zero sequence components 

(symmetrical components) in order to minimise the amount of the injection voltage under 

various grid voltage disturbances. It is vital to extract symmetrical components not only 

for controlling the hybrid substation, but also for detecting and assessing the 

instantaneous power quality of the system. 

This chapter introduces an approach for controlling the hybrid substation based on 

symmetrical components estimation. This chapter also presents the simulation results that 

validate the effectiveness of the proposed control algorithm for the control of hybrid 

substation. Simulation have been carried out using the PLECS simulation program. The 

proposed method has been implemented in the experimental work (Chapter 7) of this 

thesis. 

 

 

 

 

 

 

 

 

 

 

𝑉𝑜
𝑖 

𝑉𝑓1
𝑖  

𝑉𝑓2
𝑖  

𝑣𝐿1
𝑖  

𝑣𝐿2
𝑖  

𝐼𝑓1
𝑖  

𝐼𝑓2
𝑖  

𝑍𝑓1
𝑖  

𝑍𝑓2
𝑖  

Figure 5.1: General configuration of the hybrid substation connected to a two-feeder system. 
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5.2 Hybrid Substation Control Strategy 

Let us refer to 5.1 (or Figure 4.2 (a)), during normal operation, the output voltage of 

the hybrid transformer is set to the optimum value, 𝑉𝑜
𝑖 = 𝑉𝑜,𝑜𝑝𝑡𝑖𝑚𝑢𝑚

𝑖  for 𝑖 = 𝑎, 𝑏, 𝑐. If any 

fault occurs and changes the pre-defined optimum voltage value, the hybrid transformer 

injects the required voltage to keep its output voltage at a pre-determined value which 

is 𝑉𝑜,𝑜𝑝𝑡𝑖𝑚𝑢𝑚
𝑖 . The proposed hybrid substation can instantaneously receive the flowing 

currents of the feeder (𝐼𝑓𝑗
𝑎 , 𝐼𝑓𝑗

𝑏 , 𝐼𝑓𝑗
𝑐 ) and substation-end voltages (𝑉𝑓𝑗

𝑎 , 𝑉𝑓𝑗
𝑏 , 𝑉𝑓𝑗

𝑐 ). The hybrid 

substation has the information on feeder impedances for each phase (𝑍𝑓𝑗
𝑎 , 𝑍𝑓𝑗

𝑏 , 𝑍𝑓𝑗
𝑐 ) and as 

a result, the voltage at the load terminals can be estimated by hybrid substation as follows: 

 

𝑣𝐿𝑗
𝑖 = 𝑉𝑓𝑗

𝑖  − 𝑍𝑓𝑗
𝑖 𝐼𝑓𝑗

𝑖                                                            (5.1) 

where 𝑖 = 𝑎, 𝑏, 𝑐 and 𝑗 = 1,… , 𝔫.  

As discussed in Chapter 3, while the hybrid transformer keeps its output voltage at the 

optimum value (𝑉𝑜,𝑜𝑝𝑡𝑖𝑚𝑢𝑚
𝑖 ), if any feeder voltage disturbances occur, the feeders’ VSCs 

of hybrid substation compensates the feeder and keeps the load balanced at the reference 

value.  

To calculate the required injection voltage, the positive and negative sequences should be 

extracted. Let us refer to equations (2.4), (2.5) and (4.18), the positive and negative 

sequence components of 𝑥𝑎𝑏𝑐  can be expressed in the 𝛼𝛽  reference frame by using 

Clarke’s transformation as follows: 

 

{
𝑥𝛼𝛽
+ = [𝑇𝛼𝛽]. 𝑥𝑎𝑏𝑐

+

𝑥𝛼𝛽
− = [𝑇𝛼𝛽]. 𝑥𝑎𝑏𝑐

−
                                                            (5.2) 

where 𝑇𝛼𝛽 is the Clarke transformation matrix and expressed in (4.18). Using (2.4) and 

(2.5), the positive and negative sequence components can be given by: 

 

{
𝑥𝛼𝛽
+ = [𝑇𝛼𝛽]. [𝑇+]. 𝑥𝑎𝑏𝑐 

𝑥𝛼𝛽
− = [𝑇𝛼𝛽]. [𝑇−]. 𝑥𝑎𝑏𝑐

                                                 (5.3) 
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where 𝑇+ and 𝑇− are the transformation matrices of (2.4) and (2.5) respectively. Now by 

applying inverse transformation, the equation (5.3) can be re-written as: 

 

{
𝑥𝛼𝛽
+ = [𝑇𝛼𝛽]. [𝑇+]. [𝑇𝛼𝛽]

−1
. 𝑥𝛼𝛽 

𝑥𝛼𝛽
− = [𝑇𝛼𝛽]. [𝑇−]. [𝑇𝛼𝛽]

−1
. 𝑥𝛼𝛽

                                        (5.4)  

 

Consequently, three-phase group of variables 𝑥𝑎 , 𝑥𝑏 , 𝑥𝑐 in 𝑎𝑏𝑐 frame, can be expressed 

in positive and negative 𝛼𝛽 reference frame as follows [33]: 

 

𝑥𝛼𝛽
+ =

1

2
[    1         −𝑒

−𝑗
𝜋
2

 𝑒−𝑗
𝜋
2              1   

] . [
𝑥𝛼

𝑥𝛽
]                                          (5.5) 

𝑥𝛼𝛽
− =

1

2
[   1                𝑒

−𝑗
𝜋
2

−𝑒−𝑗
𝜋
2              1   

] . [
𝑥𝛼

𝑥𝛽
]                                         (5.6) 

where 𝑒−𝑗
𝜋

2  is a 90° lagging phase-shifting operator applied on the time domain to obtain 

a quadrature version of the input signals. The overview of the symmetrical component 

model and its associated comparison with the conventional injection method (PLL) can 

be found in Appendix C. 

The hybrid substation can balance and regulate load voltage by keeping the positive 

sequence component at the reference value in addition to considering both the negative 

and zero sequence components. To achieve that, the magnitude and phase angle of the 

positive and negative sequence voltage in synchronous reference frame should be 

calculated [139]. The magnitude and the angle of the positive sequence voltage can be 

expressed by: 

 

{
 
 

 
 |𝑉+| =  (𝑉𝑑

+)2 + (𝑉𝑞
+)2

𝜃+ = tan−1 (
𝑉𝑞
+

𝑉𝑑
+)         

                                              (5.7) 
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and the negative sequence voltage can be presented as: 

 

{
 
 

 
 |𝑉−| =  (𝑉𝑑

−)2 + (𝑉𝑞−)2

𝜃− = tan−1 (
𝑉𝑞
−

𝑉𝑑
−)         

                                                  (5.8) 

 

Figure 5.2 shows the proposed control algorithm for both the hybrid transformer 

(Figure 5.2 (a)) and feeders’ VSCs (Figure 5.2 (b)). As can be seen from Figure (5.2), the 

magnitude of positive sequence voltage |𝑉+| and its corresponding angle 𝜃+ is compared 

to the desired reference voltage (𝑉𝑜,𝑜𝑝𝑡𝑖𝑚𝑢𝑚 for the hybrid transformer voltage and 𝑣𝐿,𝑟𝑒𝑓 

for the load voltage) and the result, 𝑉𝑒∠𝜃
+ is converted to instantaneous positive values 

in 𝑎𝑏𝑐 frame𝑣𝑎
+, 𝑣𝑏

+, 𝑣𝑐
+. Furthermore, the reference injection voltages, 𝑣𝑟𝑒𝑓

𝑎 , 𝑣𝑟𝑒𝑓
𝑏 , 𝑣𝑟𝑒𝑓

𝑐 , 

can be generated by subtracting the zero sequence (equation (2.6)) and the instantaneous 

negative sequence component in 𝑎𝑏𝑐  frame 𝑣𝑎
−, 𝑣𝑏

−, 𝑣𝑐
−  from the positive sequence 

regulating component of each phase. Consequently, the reference injection voltages can 

be created and sent to the multi-loop PR controllers of the four-leg VSCs as follows: 

 

𝑣𝑟𝑒𝑓
𝑖 = 𝑣𝑖

+∠𝜃+ − 𝑣𝑖
−∠𝜃− − 𝑣0                                                 (5.9) 

 

where 𝑖 = 𝑎, 𝑏, 𝑐.  The proposed control algorithm determines the maximum possible 

positive sequence injection to achieve balanced voltage conditions at the load terminals. 

The advantage of this method (sequence component based controller) is that under 

unbalanced/balanced voltage sag or swell, the series-connected VSC is able to inject 

voltage as minimum as possible to compensate for both the substation voltage and the 

voltage at load terminals.  
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The structure of the proposed sequence detection can be shown in Figure 5.3 where a 

Quadrature Signal Generator (QSG) based on dual Second Order Generalized Integrator 

(SOGI) [33] provides the input signals on the 𝛼𝛽 reference frame in positive and negative 

sequences. As can be seen, two SOGI-QSGs are in charge of generating the direct and 

quadrature signals for 𝛼𝛽 components, 𝑣𝛼
′ , 𝑣𝛽

′ , 𝑞𝑣𝛼
′  and 𝑞𝑣𝛽

′ . These signals are delivered 

as inputs to a positive and negative sequence calculations. Moreover, the positive and 

negative sequences are transformed in synchronous reference frame to compute the 

𝑉𝑑
+ 

𝑉𝑞
+ 

𝑉𝑑
− 

𝑉𝑞
− 

𝑉𝑜
𝑎 

𝑉𝑜
𝑏 

𝑉𝑜
𝑐 

𝑉𝑜,𝑜𝑝𝑡𝑖𝑚𝑢𝑚 

𝑣0 

𝑣𝑎
− 

𝑣𝑏
− 

𝑣𝑐
− 

𝑣𝑏
+ 𝑣𝑎

+ 𝑣𝑐
+ 

𝒗𝒓𝒆𝒇
𝒂  

𝒗𝒓𝒆𝒇
𝒃  

|𝑉+| 

∠𝜃+ 

|𝑉−| 

∠𝜃− 

𝑎𝑏𝑐 

|𝑉𝑒| 
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𝑉𝑒 

𝑉𝑑
+ 

𝑉𝑞
+ 
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− 
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𝒗𝒓𝒆𝒇
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∠𝜃+ 
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Figure 5.2: Control algorithm for hybrid substation, a) control algorithm for hybrid transformer, 

b) control algorithm for feeders’ VSCs. 
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signals in 𝑑𝑞 frame where 𝑥𝑑
+ and  𝑥𝑞

+ are the positive sequences, and 𝑥𝑑
− and  𝑥𝑞

− are the 

negative sequences in the SRF. The positive and negative sequence components in 𝑑𝑞 

frame (𝑥𝑑𝑞
+,−

) are extracted with the help from moving average filter. It is worth noting 

that variables 𝑥𝑎, 𝑥𝑏 , 𝑥𝑐 can be a voltage or current of the system. 

 

 

 

 

 

Figure 5.3: Positive and negative sequence calculation based on SOGI-QSG. 
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5.3 Hybrid Substation Simulation Results 

To show the versatility of the proposed hybrid substation performance, the system is 

tested for the following case studies:  

 Case 1: Voltage sag and swell mitigation for a three-phase feeder connected 

to an unbalanced three-phase load (Figure 4.2 (a)) 

 Case 2: Voltage sag and swell mitigation when grid voltages are phase 

unbalanced. The substation is connected to an unbalanced three-phase linear 

load (Figure 4.2 (a)) 

 Case 3: Voltage sag and swell mitigation for two three-phase feeders 

connected to an unbalanced and balanced loads (Figure 4.2 (b)) 

 

Figure 5.4 shows the general configuration of the hybrid substation considered in the 

simulation. The simulation parameters are shown in Table 5.1. In the simulation, it is 

assumed that the hybrid transformer VSC is identical to the feeders’ VSCs. In addition, 

as discussed earlier, the back-to-back VSC of the hybrid transformer keeps 𝑉𝑜
𝑖  at the 

optimum value 𝑉𝑜,𝑜𝑝𝑡𝑖𝑚𝑢𝑚
𝑖  , and if any unexpected voltage demand is required, the 

corresponded DC-AC series-connected VSC of the affected feeder will compensate the 

voltage along with hybrid transformer with the total voltage controllability range of 

𝑉𝑥𝑖(1 ± 𝜆 ± 𝜏);  𝜆 = 𝜏 = ±10%. The simulation have been carried out using the PLECS 

simulation program. 

 Unbalanced loads are considered in this simulation. A symmetrically aligned switching 

sequence scheme with two zero vectors (subsection 4.5.2.4) is used for the proposed four-

leg VSCs of the hybrid substation. The line-to-line voltage of the primary winding of the 

conventional transformer 𝑉𝑙,𝑖  (see Figure 2.12) is set to  5kV . In addition, the shunt-

connected VSC of HT generates a constant 300 V DC voltage to supply other series-

connected VSCs. Figure 5.5 shows the DC-link voltage response in stand-alone mode 

using the PI controller explained in subsection 4.3.3.  
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            Table 5.1: Parameters of simulated hybrid substation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

System 

Supply Voltage (Phase Voltage) 
𝑉𝑥𝑖 = 300 𝑉, 𝑉𝑦𝑖 = 120 𝑉 (𝑖 = 𝑎, 𝑏, 𝑐)  

𝑉𝑜,𝑜𝑝𝑡𝑖𝑚𝑢𝑚 = 245 𝑉 

Line Impedance 𝑍𝑓 = (1 + 𝑗0)Ω 

Load Parameters 
𝑍𝑎 = (18 + 𝑗0.3)Ω, 𝑍𝑏 = (15 + 𝑗0.6)Ω, 

 𝑍𝑐 = (12 + 𝑗0.9)Ω 

Switching Frequency 10 𝑘𝐻𝑧 

System Fundamental Frequency 50𝐻𝑧 

Shunt-Connected  VSC 

Filtering parameters 𝑅𝑦 = 1 Ω      𝐿𝑦 = 2 𝑚𝐻 

Series-Connected VSCs 

Maximum Voltage injection 0.1𝑉𝑥𝑖 ≈ 30 𝑉 

Filtering Parameters 𝐶𝑐𝑎𝑝 = 5 𝜇𝐹, 𝐿𝑥 = 10 𝑚𝐻 

Injection transformer turns ratio 1:4.6 

DC-Link 

Capacitor 𝐶𝑑𝑐 = 1000 𝜇𝐹 

Voltage 300 𝑉 

Figure 5.5: DC-link voltage response of the shunt-connected VSC. 
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5.3.1 Case 1: Asymmetric Voltage Dip and Swell  

In this case, an unbalanced three-phase linear load has been considered. A linear load 

can be defined as a linear relationship between voltage across and current through the 

load. The supply line-to-neutral voltages 𝑉𝑥𝑖 for 𝑖 = 𝑎, 𝑏, 𝑐 can be expressed as follows: 

 

{
 

 
𝑉𝑥𝑎 = 300 sin(100𝜋𝑡)            

𝑉𝑥𝑏 = 300 sin (100𝜋𝑡 −
2𝜋

3
)

𝑉𝑥𝑐 = 300 sin (100𝜋𝑡 +
2𝜋

3
)

                                                         (5.10) 

 

In the simulation, phase 𝑎, phase 𝑏 and phase 𝑐  voltages/currents are presented in 

green, red and blue colours, respectively. As shown in Figure 5.6 (a), the supply voltages 

𝑉𝑥𝑖 are balanced and kept at the desired magnitude and frequency up to 𝑡 = 0.15s. As the 

hybrid substation output voltage is set to the optimum value, during normal conditions, 

VSC of hybrid transformer (HT) inject no voltage or low voltage to the system. At 𝑡 =

0.15s, a fault occurs on supply voltages for phase 𝑎 and phase 𝑏.  

As can be seen from Figure 5.6 (a), supply voltage of phase 𝑎 drops by 10% and supply 

voltage of phase 𝑏 increases to 10%, while supply voltage of phase 𝑐 remains constant at 

the previous value. The VSC of HT detects the voltage drop and swell immediately and 

inject the required voltages to keep the output voltage of HT at the predetermined 

value 𝑉𝑜,𝑜𝑝𝑡𝑖𝑚𝑢𝑚
𝑖 = 245 𝑉. In addition, an unbalanced voltage dip and swell occurs once 

more at 𝑡 = 0.30 𝑠  for all three supply voltages. The series-connected VSC of HT 

compensates the voltages and keeps its output voltage at the optimum value. The results 

are shown in Figure 5.6 (b) and (c). 

Meanwhile, the VSC of HT is operating to clear the fault, the series-connected VSC 

of the feeder injects the required voltages regardless of any disturbance happening at the 

supply side (Figure 5.6 (d)). This happens in order to keep the load voltages balanced at 

the reference 230V, the results are shown in Figure 5.6 (e). Moreover, at 𝑡 = 0.45s, the 

phases 𝑎 and 𝑐 of the three-phase unbalanced load require new demands and this causes 

voltage dropping in the feeder. As soon as the feeder’s series-connected VSC detects the 

voltage drop by using symmetrical components’ control algorithm, it injects the accurate 
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magnitude and phase angle to keep the voltages balanced at a predetermined value at load 

terminals.  

Figure 5.7 shows the positive, negative, zero sequence voltages and their corresponded 

phase angles for both series-connected VSCs of the hybrid substation. As can be seen 

from Figure 5.7 (a) and (b), the proposed control algorithm detects the voltage drop/swell 

quickly and compensates the positive and negative sequence voltages with appropriate 

phase angle less than 20ms. Moreover, as the supply voltages are balanced up to 𝑡 =

0.15s, the hybrid transformer negative sequence voltage 𝑉𝐻𝑇
−  (|𝑉−| of Figure 5.2 (a)) and 

zero sequence voltage 𝑉𝐻𝑇
0  (𝑣0 of Figure 5.2 (a)) have zero values. In Contrast, as an 

unbalanced load has been used, the feeder’s VSC negative sequence voltage 𝑉𝐹𝑒𝑒𝑑𝑒𝑟 
– (|𝑉−| 

of Figure 5.2 (b)) and zero sequence voltage 𝑉𝐹𝑒𝑒𝑑𝑒𝑟
0  (𝑣0 of Figure 5.2 (b)) have non-zero 

values all the time.  

Positive and negative phase angles of hybrid substation VSC and feeder’s VSC are 

shown in Figure 5.7 (d) and (e). As can be observed, the phase angles changes every 

100ms and that is due to the length of the averaging period of the moving average filter. 

The moving average filter [140], averages a continuous input signal over a specific 

averaging time (100ms for this case).  The proposed averaging method is suitable for the 

control algorithm as it smooths the signals with fast calculations. 
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Figure 5.6: Simulation results for Case 1: a) supply voltage 𝑉𝑥𝑖, b) injection voltages of HT c) HT 

output voltages, 𝑉𝑜,𝑜𝑝𝑡𝑖𝑚𝑢𝑚
𝑖 , d) injection voltages of feeder’s VSC, e) load voltages. 
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𝑉𝐻𝑇
+  

𝑉𝐹𝑒𝑒𝑑𝑒𝑟
+  

𝑉𝐻𝑇
−  

𝑉𝐹𝑒𝑒𝑑𝑒𝑟
−  

𝑉𝐹𝑒𝑒𝑑𝑒𝑟
0  

𝑉𝐻𝑇
0  

𝜃𝐻𝑇
+  

𝜃𝐹𝑒𝑒𝑑𝑒𝑟
+  

𝜃𝐻𝑇
−  

𝜃𝐹𝑒𝑒𝑑𝑒𝑟
−  

Figure 5.7: Simulation results for Case 1: a) positive sequence voltages, b) negative sequence 

voltages, c) zero sequence voltages, d) positive phase angles, e) negative phase angles of HT and 

feeder’s VSC. 

20ms 
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5.3.2 Case 2: Phase Unbalanced Grid Voltage for Unbalanced loads  

Phase unbalanced grid voltage is normally caused by faults on the bulk power 

transmission systems with a large block of load being disconnected, or a large source of 

generation going off line [4]. Consequently, when the supply voltages are not 120°phase 

shifted from each other, the feeder’s current and voltage, as well as the voltages at load, 

are not 120°phase shifted leading to harmonics in the system.  

 This case can be defined as voltage unbalanced (or imbalanced).  For this case study, 

the grid supply voltages are not identical with 120°phase shifted between them. The 

supply voltages are presented as follows:  

 

{
 
 

 
 
𝑉𝑥𝑎 = 280 sin(100𝜋𝑡)            

𝑉𝑥𝑏 = 300 sin (100𝜋𝑡 −
2𝜋

3
)

𝑉𝑥𝑐 = 320 sin (100𝜋𝑡 +
2𝜋

3
)

                 0 < 𝑡 < 0.15                  (5.11)  

and:  

{
 
 

 
 𝑉𝑥𝑎 = 300 sin (100𝜋𝑡 +

𝜋

18
)            

 𝑉𝑥𝑏 = 290 sin (100𝜋𝑡 −
𝜋

2
)             

𝑉𝑥𝑐 = 320 sin (100𝜋𝑡 +
5𝜋

9
)         

     0.15 < 𝑡 < 0.5              (5.12)   

 

In this case, while the supply voltage is unbalanced, and phase shifted, there is a new 

load demand for phase 𝑎, 𝑏, 𝑐 at 𝑡 = 0.25s, 𝑡 = 0.35s and 𝑡 = 0.4s, respectively. Grid 

voltages (equations (5.11) and (5.12)) can be seen in Figure 5.8 (a). As can be observed 

from 5.7 (b), the HT series-connected VSC injects the required voltage to keep the HT 

output voltage balanced at the optimum value of 245 V (Figure 5.8 (c)). As can be seen 

from Figure 5.8 (d), the load currents change as the load demands change. While the 

output of the HT is balanced at the reference value, the VSC of the feeder can deal with 

loads by injecting the lowest voltage value to maintain the voltages at load terminal at 

230V. The results are shown in Figure 5.8 (e) and (f). The estimated sequence 

components of the proposed controller is shown in Figure 5.9. As can be observed, for 

each individual fault, the positive, negative and zero sequences change accordingly.  
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Figure 5.8: Simulation results for Case 2: a) supply voltage 𝑉𝑥𝑖, b) injection voltages of HT c) HT 

output voltages 𝑉𝑜,𝑜𝑝𝑡𝑖𝑚𝑢𝑚
𝑖 , d) load currents, e) injection voltages of feeder’s VSC, f) load 

voltages. 
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𝑉𝐻𝑇
+  

𝑉𝐹𝑒𝑒𝑑𝑒𝑟
+  

𝑉𝐻𝑇
−  

𝑉𝐹𝑒𝑒𝑑𝑒𝑟
−  

𝑉𝐹𝑒𝑒𝑑𝑒𝑟
0  

𝑉𝐻𝑇
0  

𝜃𝐻𝑇
+  

𝜃𝐹𝑒𝑒𝑑𝑒𝑟
+  

𝜃𝐻𝑇
−  

𝜃𝐹𝑒𝑒𝑑𝑒𝑟
−  

Figure 5.9: Simulation results for Case 2: a) positive sequence voltages, b) negative sequence 

voltages, c) zero sequence voltages, d) positive phase angles, e) negative phase angles of HT and 

feeder’s VSC. 
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5.3.3 Case 3: Voltage Sag and Swell for Multi-Feeder System 

The general configuration of this case study is shown in Figure 5.10 (similar to Figure 

4.2 (b)). In this case, the hybrid substation is connected to two feeders with different load 

demands. Feeder 1 is connected to a balanced three-phase linear load, and feeder 2 is 

connected to an unbalanced three-phase linear load. Table 5.2 presents the simulation 

specifications for this case study. This is the worst-case scenario at which the unbalanced 

and phase shifted supply voltages are occurring along with different load demands. 

Three different faults that occur are as follows: first fault is related to the supply grid 

and it happens at 𝑡 = 0.15s; second and third faults are associated with change of load 

demands of the two feeders which occur at 𝑡 = 0.25s and 𝑡 = 0.4s. Figure 5.11 presents 

the system performance when the hybrid substation is not operating. As can be seen, the 

load voltages of feeder 1 and 2 are unbalanced and phase shifted after the fault, leading 

to have an undesired system. Figure 5.12 shows the simulation results for Case 3 when 

the hybrid substation is operating. As can be observed from Figure 5.12 (b), the VSC of 

HT is in the standby mode operation during normal conditions. As soon as fault occurs, 

and grid voltages become unbalanced in phase and magnitude (𝑡 = 0.15s), the VSC of 

HT injects the required voltage in order to keep the output voltage of HT balanced at the 

optimum value. The series-connected VSCs of both feeder 1 and 2 operate individually 

and based on load demands, they inject the desired voltage to keep their load voltages 

balanced at the reference value.  

Figure 5.13 shows the sequence values obtained from the proposed control algorithm to 

generate the required injection voltage. As can be seen, the positive, negative and zero 

sequence voltages along with their corresponding phase angle respond to the fault quickly 

to generate the required voltage. The oscillations of positive and negative sequences are 

due to the severe unbalanced condition and moving average filter’s performance.  

 

Figure 5.10: General configuration for case 3. 
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 Table 5.2: Simulation parameters for Case 3. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 Phase 𝑎 Phase 𝑏 Phase 𝑐 time 

Supply 

Voltage 

300 sin(100𝜋𝑡)             300 sin (100𝜋𝑡 −
2𝜋

3
) 300 sin (100𝜋𝑡 +

2𝜋

3
) 0 < 𝑡 < 0.15 

300 sin (100𝜋𝑡 +
𝜋

18
) 290 sin (100𝜋𝑡 −

𝜋

2
) 320 sin (100𝜋𝑡 +

5𝜋

9
) 0.15 < 𝑡 < 0.55 

Load 

Feeder1 

(18 + 𝑗0.3)Ω (18 + 𝑗0.3)Ω (18 + 𝑗0.3)Ω 0 < 𝑡 < 0.25 

(12 + 𝑗0.3)Ω (12 + 𝑗0.3)Ω (12 + 𝑗0.3)Ω 0.25 < 𝑡 < 0.55 

Load 

Feeder2 

(18 + 𝑗0.3)Ω (15 + 𝑗0.6)Ω (12 + 𝑗0.9)Ω 0 < 𝑡 < 0.4 

(9 + 𝑗0.3)Ω (30 + 𝑗0.6)Ω (24 + 𝑗0.9)Ω 0.4 < 𝑡 < 0.55 

Figure 5.11: Simulation results for Case 3: a) HT output voltage, b) load voltages of feeder 1, c) 

load voltages of feeder 2 when hybrid substation is not operating. 

First fault at 𝑡 = 0.15𝑠 

Second fault at 𝑡 = 0.25𝑠 

Third fault at 𝑡 = 0.4𝑠 
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Figure 5.12: Simulation results for Case 3: a) supply voltage 𝑉𝑥𝑖, b) injection voltages of HT c) 

injection voltages of feeder 1 VSC, d) injection voltages of feeder 2 VSC, e) load voltages of 

feeder 1, f) load voltages of feeder 2. 
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Figure 5.13: Simulation results for Case 3: a) positive sequence voltages, b) negative sequence 

voltages, c) zero sequence voltages, d) positive phase angles, e) negative phase angles of HT and 

VSCs of feeder1 and2. 
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5.4 Conclusion  

A robust control algorithm based on sequence component for the hybrid substation has 

been presented. It is important to extract symmetrical components not only for controlling 

the hybrid substation, but also for observing and evaluating the instantaneous power 

quality of the system. The simulation results are presented to show the performance of 

the hybrid substation under different case studies. The hybrid substation uses a robust 

algorithm based on positive, negative and zero sequences to inject the required voltage to 

the system and to keep the voltage balanced at a reference value. The simulation results 

show a fast response, accurate tracking and robustness of the proposed control system. 

It is worth noting that the power quality problems, such as interruption and 

fundamental frequency variations can be compensated by a hybrid substation. However, 

as discussed in Chapter 3, the voltage range controllability is set to ±10% of the rated 

voltage, thus in this case the system requires a higher voltage range controllability and a 

larger DC-link to inject the required voltage into the system.  
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CHAPTER 6 : Experimental Rig 

 

Summary: This Chapter describes the design and construction of the series-connected four-leg 

VSC to be used in experimental work. Firstly, this chapter focuses on the power converter 

structure which is then followed by description of the digital control implementation. In addition, 

3-dimensional SVPWM and resonant controllers have been implemented to verify the power 

converter’s performance.   

 

 

 

 

 

 

6.1 Introduction  

After evaluating the control performance of the hybrid substation discussed in Chapter 

5, it is important to experimentally validate the simulation results and the proposed 

controllers. The overall block diagram of the entire rig and a photograph of the 

experimental prototype are shown in Figure 6.1 and 6.2, respectively.  The control 

platform comprises a Digital Signal Processor (DSP) board and a Field Programmable 

Gate Array (FPGA) board. The DSP is the central processing unit that executes all control 

functions and modulation calculations and is programmed by C language. The FPGA is 

programmed with an interface between the DSP and the power converter and would be 

able to receive data from voltage/current transducers in order to perform Analogue-to-

Digital (A/D) conversion. Subsequently, the FPGA produces the switching signals for the 

gate drives in respect to the modulation scheme from DSP.  A Host Port Interface (HPI) 

daughter card provides a bi-directional data transfer between the host PC and the DSP 
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without interrupting the central processor unit. More details about the digital control 

platform will be discussed in this chapter. 

This chapter comprises four main sections. The first section focuses on the details of 

the construction of the four-leg VSC and its various circuits and components, including 

gate drives in addition to current and voltage transducers. This section is followed by 

detailed design of a protection circuit (for safety and protection of the experimental rig) 

and an input filter. In the second section, the control platform and digital control of the 

proposed four-leg VSC are described. The implementation of resonant controllers and 

SOGI-QSG in the digital system are described in the third section. Finally, the fourth 

section investigates the performance of 3-dimensional SVPWM and resonant controllers 

to ensure the proper operation of the power converter.  

 

6.2 Series-Connected VSC Implementation 

For this experimental test, a two layer 1.6mm Printed Circuit Board (PCB) of the four-

leg VSC has been designed, as shown in Figure 6.3. A two layer PCB was designed to 

obtain a compact circuit board and separate the positive DC voltage (top layer) and 

negative DC voltage (bottom layer). The PCB board of the power converter has four main 

segments, as follows: switching devices known as IGBTs, gate drives, measurement 

circuits (current and voltage transducers) and DC-link capacitors. The PCB layout of a 

four-leg VSC can be found in Appendix D. 
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Filtering 

Injection  

Transformer 

 

Relay Switch 

Circuit  

Control Platform 

4-leg VSC Measurement Circuits Line impedance 

Figure 6.2: A photograph of the experimental system. 

Figure 6.1: Overall block diagram of the entire rig and digital control unit. 
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6.2.1 Switching Devices  

Each leg of the four-leg VSC has a 1200V, 12A, back-to-back IGBT switch (8 IGBTs 

in total) from Infineon IRGB5B120KDPBF (Figure 6.4). Each IGBT is associated with 

an anti-parallel diode in order to obtain a fast reverse recovery and reduce leakage current. 

The recommended switching frequency of these devices is from 8 kHz to 30 kHz. 

Switching frequency of 𝑓𝑠=10 kHz with 1𝜇𝑠 dead time is chosen. Switching frequency of 

10 kHz is chosen to ensure that the time taken to execute the interrupt routine is less than 

sampling period (1/𝑓𝑠). Dead time is needed to avoid risk of damage from short circuit 

across the DC-link, thus the upper and lower switches of each leg must not be turned on 

simultaneously.  The back-to-back IGBTs of each leg are directly mounted onto the PCB, 

attaching to a high power extruded heat sink (6400BG TO220) to disperse heat away from 

the switching devices.  

 

 

 

 

 Figure 6.4: IGBT with anti-parallel recovery diode. 

DC-link Voltage Transducer Current Transducers B2B IGBTs 

Heat Sink 

Fibre Optic 

Receiver 
Gate Drive 

DC-link 

Capacitors 

Figure 6.3: Proposed four-leg VSC implemented in practical work. 

Phase a Phase b Phase c Phase n 
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6.2.2 Thermal Design  

A heat sink is a heat exchanger which is used to move away the heat generated by the 

switching devices. The heat sink is used to ensure that the temperature of the 

semiconductor device is kept within its defined temperature limits. The maximum 

allowable junction temperature is 𝑇𝑗𝑚𝑎𝑥 and is defined by the manufacturer. Table 6.1 

shows the thermal resistance specifications of the proposed IGBT switching devices 

(IRGB5B120KDPBF). 

                                                    

                             Table 6.1: Thermal resistance parameters of IRGB5B120KDPBF. 

 

 

 

 

 

 

A typical equation used for calculation of heat sink thermal resistance  

𝑅𝑡ℎ can be given in (6.1) as follows [141]: 

 

𝑅𝑡ℎ =
𝑇𝑗𝑚𝑎𝑥 − 𝑇𝐴

𝑃𝐷
− (𝑅𝑡ℎ(𝑗−𝑐)

𝐼𝐺𝐵𝑇 + 𝑅𝑡ℎ(𝑗−𝑐)
𝐷𝑖𝑜𝑑𝑒 + 𝑅𝑡ℎ(𝑐−𝑠))                         (6.1) 

where 𝑇𝐴 and 𝑃𝐷 are the ambient temperature (25℃) and power dissipation, respectively. 

𝑃𝐷 can be obtained from the power dissipation graph of IGBT datasheet.  The calculated 

heat sink thermal resistance 𝑅𝑡ℎ is 9.8 ℃/W and as each leg has two IGBTs connecting 

back-to-back to a heat sink, 𝑅𝑡ℎ is considered as 4.9 ℃/W. 

 A heat sink with a thermal resistance of 2.7 ℃/W 6400BG TO220 (see Figure 6.3) is 

used for this work.   

 Description value Unit 

𝑅𝑡ℎ(𝑗−𝑐)
𝐼𝐺𝐵𝑇  Junction to case  IGBT 1.4 

℃/W 𝑅𝑡ℎ(𝑗−𝑐)
𝐷𝑖𝑜𝑑𝑒  Junction to case  diode 2.8 

𝑅𝑡ℎ(𝑐−𝑠) Case to sink 0.5 
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6.2.3 Gate Drive Circuit 

The main function of the gate drive is to convert the low power FPGA signal (5V) to 

the voltage and current necessary for the IGBTs to be turned on/off besides providing 

galvanic isolation between control circuit and power circuit. The schematic diagram of 

the gate drive circuits is shown in Figure 6.5. The logic switching signals generated by 

FPGA are sent by fibre optic transmitters (HFBR-1521Z) and received by the fibre optic 

receivers (HFBR-2521Z) of the four-leg VSC.  

The fibre optic receiver inverts the FPGA signal and a single Schmitt inverter 𝑈1 

(SN74LVC1G14DBVR) is added to the circuit to invert the signal, and supply the 

required current for the opto-coupler as well as reducing the input signal noise. The output 

of the inverting logic gate 𝑈1 is used to drive the gate drive opto-coupler (HCPL 3120). 

The opto-coupler provides a galvanic isolation between the main power circuit and the 

emitter of the IGBT in addition to the DSP/controller platform. Each opto-coupler is 

supplied by an isolated ±15V power supply provided by a 12V to ±15V DC-DC 

converter (MGJ2D121509SC). Moreover, on the other side of the opto-coupler, a gate 

resistor of 𝑅𝐺 = 15Ω (recommended by the manufacturer) is used to limit the maximum 

current of the opt-coupler and the internal gate resistor of the IGBT. The pull-down 

resistor, 𝑅𝐺𝐸 = 5𝑘Ω, is connected between the gate-emitter connections to prevent the 

IGBT from being damaged by discharging the gate capacitance if the opto-coupler fails 

in operation. 

6.2.4 Measurement Circuits 

Voltage and current measurement circuits are necessary for controllers. The output 

currents and the DC-link voltage of the four-leg VSC are measured for the feedback of 

current controller and 3- dimensional SVPWM algorithm, respectively. These transducers 

are directly mounted on the PCB circuit of the four-leg VSC (see Figure 6.3).  In addition, 

the converter filtering capacitor voltages (voltage controller feedback), and grid voltages 

are measured on separate measurement circuits (see Figure 6.2). There are four LEM LA 

25-NP current transducers and seven LEM LV 25-P voltage transducers. These 
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transducers are Hall effect closed-loop types with high accuracy, good linearity, wide 

frequency bandwidth and an optimised response time [142, 143] 

 

6.2.4.1 Current Transducer 

The schematic diagram of current transducer LEM LA 25-NP is shown in Figure 6.6. 

The output of the proposed current transducer is in form of current to be sent to the FPGA 

A/D control unit. To have a good accuracy, the current transducer needs to operate around 

the nominal operation condition. As a result,  𝑅𝑀 which is known as the burden resistor 

is needed to generate a voltage signal, as each A/D channel of the FPGA has an input 

signal within the range of ±5V.  

The primary and secondary side nominal RMS current of LEM LA 25-NP is 𝐼𝑃𝑁 =

25A and 𝐼𝑆𝑁 = 25𝑚A, respectively. However, the converter operating currents range 

from -5A to 5A. Hence, by referring to LA 25-NP datasheet, a suitable connection 

configuration (see Figure 6.6) has been implemented on the PCB board. The conversion 

ratio of the proposed connection is 3:1000, thus the secondary current can be written as: 

𝐼𝑆 =
3𝐼𝑃
1000

                                                                  (6.2) 

Figure 6.5: Schematic diagram of gate drive circuit.  

𝑅𝐺 
𝑅𝐺𝐸 

𝑈1 
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To prevent the saturation of the A/D conversion step, the voltage across the burden 

resistor, 𝑅𝑀 , should be less than the voltage of the A/D conversion circuit board, which 

is 5V.  As a result, the burden resistor can be expressed as: 

 

𝑅𝑀 <
5

𝐼𝑆
=

5

3 × 5𝑚𝐴
= 333Ω                                                       (6.3) 

 

A 320Ω burden resistor has been used for current transducers. 

  

 

 

 

 

 

 

 

 

 

 

6.2.4.2 Voltage Transducer 

The schematic diagram of the voltage measurement circuit is shown in Figure 6.7.  

Voltage transducer LEM LV 25-P is based on the same principle as the current LEM LA 

25-NP. 𝑉𝑀 is the voltage to be measured, which in doing so, a primary resistor, 𝑅𝑃 is 

required to generate the primary current, 𝐼𝑃.  

By referring to voltage transducer data sheet [143], the measuring range of the primary 

current 𝐼𝑃 is from −14 𝑚𝐴 to  14 𝑚𝐴. Thus, 𝑅𝑃 is selected to ensure the primary current 

𝐼𝑃 to be within the range as expressed below: 

𝐼𝑃 

𝐼𝑆 𝑅𝑀 

Figure 6.6: Connection diagram of current transducer LA 25-NP. 
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𝐼𝑝 >
𝑉𝑀(max)

𝑅𝑃
     

= 𝑅𝑝 >
𝑉𝑀(max)

𝐼𝑃
                                                    (6.4) 

where 𝑉𝑀(max) is the maximum possible value of 𝑉𝑀, and 𝐼𝑃 is equal to14 𝑚𝐴. In this 

work, the maximum value of the DC-link voltage and grid voltage are 300V and 240V, 

respectively. As a result, 25kΩ  and 20kΩ  primary thick film resistors, 𝑅𝑃  have been 

selected for the DC-link voltage and the grid voltage transducers accordingly. The thick 

film resistors have high power density and low inductive behaviour. 

Similar to LEM LA 25-NP current transducer, the burden resistor is selected that the 

voltage across the 𝑅𝑀 should be less than the voltage of the A/D conversion circuit board 

(FPGA board). In addition, the primary and secondary side nominal RMS currents of 

LEM LV 25-P are 𝐼𝑃𝑁 = 10𝑚A and 𝐼𝑆𝑁 = 25𝑚A, respectively. Therefore, since 𝐼𝑆 =

2.5𝐼𝑃, the burden resistor of the voltage transducer can be expressed as: 

 

5𝑉 >
2.5 × 𝑉𝑀(max)

𝑅𝑃
 𝑅𝑀                                                (6.5) 

An 𝑅𝑀 of  160Ω is chosen for this work. The measurement burden resistors are soldered 

on the FPGA board. 

 

.  

 

 

 

 

 𝐼𝑃 

𝑅𝑃 

𝑉𝑀 

𝑅𝑀 𝐼𝑆 

Figure 6.7: Schematic diagram of voltage transducer LV 25-P. 

𝑅𝑃 
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6.2.5 DC-Link Voltage and Capacitors 

The maximum voltage injection capability of the four-leg VSC is 25V. As the turn 

ratio of the injection transformer is 1:4.6, the maximum line-to-neutral voltage 𝑣𝑚𝑎𝑥
𝑖  on 

the converter’s side is 115V. The required DC-link voltage can be given by [138]: 

 

𝑉𝐷𝐶 = 𝑣𝑚𝑎𝑥
𝑖 . √2. √3 = 280𝑉                                          (6.6) 

 

Under an unbalanced system, the negative sequence current requires a higher negative 

sequence voltage control [138]. As a result, the VSC needs a higher DC-link voltage, thus 

300V is used as the DC-link voltage. In addition, the negative sequence current has a 

significant impact on the ripple of the DC-link capacitors [138]. Therefore, to design the 

minimum DC-link capacitors, 100% negative sequence unbalanced factor of equation 

(2.3) is considered. In this case, it is assumed that the load current of one phase has the 

maximum value, while the other two phases have zero current values. As a result, the 

minimum DC-link capacitance value needed to handle the 100% negative sequence 

unbalanced load current, can be expressed by (6.7) [138]: 

 

𝐶𝐷𝐶−𝑚𝑖𝑛 =
3. 𝑣𝑚𝑎𝑥

𝑖 . 𝐼𝑛
𝑚𝑎𝑥

4. 𝑉𝐷𝐶 . 𝜔𝑐. Δ𝑉𝐷𝐶
                                                   (6.7) 

 

where 𝐼𝑛
𝑚𝑎𝑥 , 𝜔𝑐 and Δ𝑉𝐷𝐶 are peak of the maximum negative sequence current, system 

frequency (100𝜋)  and capacitor voltage ripple (2% of the rated DC-link voltage), 

respectively. Referring to equation (6.6) results into having a minimum 650𝜇𝐹 DC-link 

capacitor. However a larger value of 1000𝜇𝐹 is chosen to make sure that it satisfies the 

system requirements for higher current applications.  

In this work, EPCOS 1000𝜇𝐹, 400V electrolytic snap in the capacitor has been chosen. 

As shown in Figure 6.3, four EPCOS capacitors are selected, two in series and two in 

parallel, with total equivalent of 1000𝜇𝐹 and 800V DC bus in an effort to make the VSC 

usable for higher voltage/current applications. 
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6.2.6 Relay Switch Protection Circuit 

As the four-leg VSC is connected in series with the grid, if the VSC stops working for 

any reason, the voltage across each injection transformer is equal to the grid voltage. In 

this case, the filtering capacitor voltage increases to grid voltage×transfomer turn ratio 

and the converter acts as a rectifier (only anti-parallel diodes are active) where the DC-

link capacitors and the DC power supply behave like a load. This increases the voltage 

on the DC side which can lead to damaging the entire system.  

A 9kW, 4 pole, 230V ABB contactor has been implemented to disconnect the grid 

from the rig if any fault happens. This contactor is energised by a relay switch circuit, as 

shown in Figure 6.8. An ordinary transistor switch can drive the relay coil by providing 

fast on/off (1/0 signal) switching control, which comes from the FPGA. 

 The proposed circuit takes the output from a fibre optic receiver and sends it to the 

transistor in order to drive the coil of a 5V relay (PE014005). When the input signal is 

high (or 1), the transistor is on and a current flow through the relay coil leading to drive 

the coil. When the input signal is low (or 0), the current flowing through the relay coil 

drops and relay coil is disconnected.  

A flywheel diode has been used to prevent damaging the transistor while the relay coil 

is disconnected as the coil inductor has some stored energy. The advantage of using the 

relay is that it takes only a small amount of power to operate the relay coil and can be 

connected to the same 5V power circuit of the VSC. Consequently, the 5V relay coil can 

be connected/disconnect from the coil of the 4 pole 230V contactor. As a result, if any 

unwanted fault happens and the VSC stops operating, the FPGA sends a fast low signal 

(or 0) to the fibre optic receiver to cut off the contactor coil (by 5V relay coil) which leads 

to the grid getting disconnected from the experimental rig.  
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6.2.7 Output Filter 

As stated earlier, the four-leg VSC has an LC-filter at the output of the converter to 

reduce the ripple harmonics of both current and voltage generated by SVPWM and 

produce sinusoidal output signals. The mathematical model and design of the LC-filter 

can be found in several books and papers [144-147]. The inductor ripple of the current 

generated by modulation and the switching frequency, are the main parameters to be 

Relay 

Switch Relay Circuit 

b) 

Contactor Fibre Optic Receiver 

Figure 6.8: Switch relay circuit, a) schematic diagram, b) implemented circuit board. 

NC=Normally Close, NO=Normally Open, C=Common. 

Grid Voltage phase a 

Grid Voltage phase b 

Grid Voltage phase c 

Neutral 

a) 



Chapter 6: Experimental Rig 

 

132 

 

considered for inductor value. Typically, the ripple current can be chosen as 15%-25% of 

the rated current [145]. In this work, the inductor of the series-connected VSC (𝐿𝑥) is 

chosen to have a ripple current of 20% of the rated current, the inductor value is given 

by: 

 

𝐿𝑥 =
𝑉𝐷𝐶

𝐼𝑟𝑖𝑝𝑝𝑙𝑒
𝑝𝑘 . 𝑓𝑠𝑤

|𝐷|. (1 − |𝐷|)                                       (6.8) 

where 𝐼𝑟𝑖𝑝𝑝𝑙𝑒
𝑝𝑘

 and 𝑓𝑠𝑤 are the peak value of the current ripple and switching frequency 

(10kHz), respectively.  𝐷 is the duty ratio and can be expressed as [138]: 

𝐷 =
𝑣𝑚𝑎𝑥
𝑖

𝑉𝐷𝐶
sin(𝜔𝑡)                                                         (6.9) 

where 𝑣𝑚𝑎𝑥
𝑖  is the peak value of the line-to-neutral voltage.  In this study, an output 

filtering inductor of 10𝑚𝐻 is selected. The inductors used in the experimental rig are 

manufactured by JMS Transformers [148]. A photograph of three-phase inductors is 

shown in Figure 6.9. 

 

 

 

 

 

 

 

 

 

 

 

 

In LC-filter structures, it is important to determine the resonant frequency 𝜔𝑟𝑒𝑠. 

Resonance happens when in LC circuit, the inductive and capacitive reactances are equal 

in magnitude. The resonant frequency can be given by: 

 

𝜔𝑟𝑒𝑠 =
1

2𝜋√𝐿𝑥𝐶𝑐𝑎𝑝
                                                      (6.10) 

 

Figure 6.9: Photograph of three-phase inductors. 
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The resonant frequency 𝜔𝑟𝑒𝑠 of the LC-filter is chosen to be smaller than half of the 

switching frequency 𝑓𝑠𝑤 , and adequately higher than the fundamental frequency 𝑓𝑐 [149]. 

The resonant frequency, 𝜔𝑟𝑒𝑠 , is selected to be 700Hz and the filter capacitor value can 

then be easily calculated according to the equation (6.10). Therefore, three Vishay 5𝜇𝐹 

capacitors (MKP386M) are chosen, as shown in Figure 6.10. 

 

 

 

 

 

 

 

 

 

 

 

 

 

6.2.8 Injection Transformer 

As discussed earlier in Chapter 2, the main purpose of injection transformers is to 

provide a galvanic isolation between the four-leg VSC and the main feeder and inject the 

desired voltage into the system. In addition, as the power losses in the IGBTs is defined as 

a function of current [52], adding a series injection transformer would contribute to reducing 

the total rating of the  VSC current resulting into the converter having lower power losses.  

Several types of transformer can be used for the proposed system. In this work the 

500VA toroidal transformer is used as the main injection component. The core of the 

toroidal transformer looks like a circular ring and due to its symmetry shape, it has a lower 

leakage flux, less Electromagnetic Interference (EMI), smaller size/weight and higher 

Figure 6.10: Photograph of three-phase capacitors. 
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efficiency in comparison to the other low frequency 500VA transformers [150]. The 

proposed injection transformer is shown in Figure 6.11.  

The transformer has two secondary windings and can be connected in series or parallel. 

In this study, the secondary winding is connected in series with a turn ratio of 1:4.6. The 

high voltage, low current (primary side) are connected to the converter side and the low 

voltage, high current (secondary side) are attached to the feeder side. As mentioned 

before, the maximum voltage injection range is ±25V. Therefore, this is the maximum 

allowable injection voltage at the secondary side of the transformer. Moreover, ±115V is 

the maximum limit of the voltage at the primary side (converter side).  

 

6.3 Control Platform  

As shown in Figure 6.12, the control platform consists of three main parts: a DSP 

board, an FPGA custom designed board and an HPI daughter card board. Due to the 

complexity of the mathematical calculations of 3-dimensional SVPWM and symmetrical 

component algorithm/controller, a fast processor is required. For this experimental work, 

the TMS320C6713 (C6713) DSP operating at 225MHz is used. This DSP is widely used 

within the University of Nottingham PEMC research group.  

The C6713 is a high speed 32-bit External Memory Interface (EMIF) floating point 

processor and can be programmed in C language, using the Code Composer Studio from 

Texas Instruments.  The C6713 has three main tasks, as follows: 

Figure 6.11: Toroidal injection transformer.  
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 Initialisation and peripheral setup to initialise the main variables and FPGA 

set-up  

 Execute the main controller, including resonant controllers and the 

symmetrical components estimation algorithm 

 Perform all the calculations for the 3-dimensional SVPWM 

 

Due to complexity of the switching sequences of 3- dimensional SVPWM algorithm, 

and short timing of each switching sequence, an FPGA is required to connect the DSP to 

the gate drive circuits. The FPGA board was originally developed by the PEMC group at 

the University of Nottingham [151]. The FPGA is attached to the memory map of the 

DSP and communicates with the DSP board by EMIF. The FPGA chip used is ACTEL 

ProASIC3 A3P400 with ten 12 bit A/D channels. The main functions of the FPGA can 

be summarised, as follows: 

 A/D conversion: The A/D channels receive the analogue data from the 

voltage/current transducers and convert them into digital data and pass the 

information to the DSP board for processing 

 A FIFO (First in First Out) memory register: This memory register holds the 

PWM vector information for each interrupt cycle. The FPGA creates an 

interrupt in respect to the switching frequency. The process is implemented 

every interrupt cycle of 100𝜇𝑠 , which works in respect to the switching 

frequency of 10 kHz 

 Generate modulation: The FPGA performs the timing of each vector and send 

the 3-dimensional SVPWM switching signals to the gate drive by the fibre 

optic transmitters in respect to the demands from DSP 

 Fault trip: The FPGA uses comparators for over-current or overvoltage 

protection. For instance, if currents or voltages rise above a certain value, all 

the switches are turned off and the VSC stops working    

 Watchdog timer: A trip is generated in the event of a communications failure 

between FPGA and DSP. For example, if the DSP program crashes or does not 

execute appropriately the power converter is turned off. This signal is sent at 

the beginning of every interrupt routine 
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The interrupt routine is driven by an interrupt signal generated by FPGA and executes 

the A/D channels reading, space vector modulation and control algorithm. The entire 

control program should run within an interrupt cycle of 100𝜇𝑠  (1 𝑓𝑠𝑤⁄ ). During the 

testing, it has been observed that the interrupt routine takes 80𝜇𝑠 to complete, which is 

within the sampling period of 100𝜇𝑠. Furthermore, the FPGA board has a 50 MHz clock, 

leading to a clock period of 0.02𝜇𝑠. Therefore, all the switching time generated need to 

be multiples of this clock period. The block diagram of DSP and FPGA structure is shown 

in Figure 6.13. 

The HPI daughter card is needed to provide a bi-directional data transfer between the 

host PC and the DSP without interrupting the central processor unit. The 16 bit HPI board 

is mapped on the DSP board and allows the control program to be loaded into DSP and 

to download sample variables. The HPI board is connected to the PC by a USB 

connection.  

 

 

 

 

 

 

 

 

 

 

 

HPI Daughter Card 

FPGA Board 

FPGA Chip 

Actel ProASIC3 

8 Fibre Optic 

Transmitters Toward 4-leg 

VSC 
Burden Resistors 

A/D Chips 

Analogue Input 

DSP Board 

Fibre Optic Transmitter  

For Switch Relay Circuit 

Figure 6.12: Control platform used for the experimental prototype.  
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6.4 Implementation of Controllers in Digital Systems 

6.4.1 Discretisation of Resonant Controllers 

Resonant controllers have a narrow bandwidth and an infinite gain at resonant 

frequency, 𝜔0 [152]. A slight movement of the resonant poles causes a significant loss 

of performance. As a result, an appropriate discretisation method with satisfactory results 

needs to be used. Several discretisation methods [152-154] can be used for transforming 

the continuous-time domain 𝑋(𝑠) into an equivalent discrete-time domain  𝑋(𝑧). The 

most popular 𝑧-domain methods used in digital control can be summarised, as follows: 

 Forward Euler and Backward Euler methods: These two methods are not 

appropriate for discretising the resonant controllers, as they have a potential 

stability issue [153]. In these two methods, the poles of the resonant controller 

are mapped out of the unitary circumference (stability region of the discrete-

time domain) as shown in Figure 6.14. The discrete transfer functions of PR 

Figure 6.13: The block diagram of DSP and FPGA structure. 
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controller (equation (4.1)) obtained from Forward Euler and Backward Euler 

methods are given in (6.11) and (6.12),  respectively: 

 

𝑋𝐹𝐸(𝑍) = 𝑋(𝑠)|𝑠=𝑧−1
𝑇𝑠

= 𝑇𝑠.
𝑧−1 − 𝑧−2

1 − 2𝑧−1 − 𝑧−2(𝜔0
2𝑇𝑆

2 + 1)
           (6.11) 

 

𝑋𝐵𝐸(𝑍) = 𝑋(𝑠)|𝑠=𝑧−1
𝑧𝑇𝑠

= 𝑇𝑠.
1 − 𝑧−1

(𝜔0
2𝑇𝑆

2 + 1) − 2𝑧−1 + 𝑧−2
              (6.12) 

 

 Tustin method: Unlike Forward Euler and Backward Euler methods, the 

resonant controller poles in Tustin approximation are mapped into the stability 

region of discrete-time domain (unitary circumference). However, this method 

is not recommended for applications at which high frequency should be tracked 

as the steady-state error increases with sampling period and harmonic orders, 

[153] as shown in Figure 6.14. It is worth to note that, this method is acceptable 

for this study as the resonant frequency of the system is set to  𝜔0 =

100𝜋 𝑅𝑎𝑑/𝑠 . The resonant controller discrete transfer function of Tustin 

method can be given by: 

 

𝑋𝑇𝑈(𝑍) = 𝑋(𝑠)|
𝑠=
2(𝑧−1)
𝑇𝑠(𝑧+1)

= 2𝑇𝑠.
1 − 𝑧−2

(𝜔0
2𝑇𝑆

2 + 4) + 𝑧−1(2𝜔0
2𝑇𝑆

2 − 8) + 𝑧−2(𝜔0
2𝑇𝑆

2 + 4)
      (6.13) 

 

 Zero Order Hold (ZOH), [153, 154], impulse invariant, Zero-Pole Matching 

(ZPM) [153] and Tustin with Pre-warping [153, 155] methods: These methods 

provide an accurate location of the resonant peaks, even for high frequencies 

and low sampling time [153] as shown in Figure 6.14. A complete list of 𝑧-

domain transfer functions for resonant controllers can be found in [154] 

 

Figure 6.14 shows the open-loop poles location of different discretisation methods 

used for resonant controllers. To achieve an infinite gain (zero damping ratio), the poles 

should be located on the unitary circumference in 𝑧-plane mapping [156]. This factor is 

not true for Forward Euler and Backward Euler methods, as the poles are out of the 

stability region of the 𝑧-plane mapping. In other words, these two methods map on the 
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right-hand side (unstable region) of 𝑠-plane (continuous-time domain). In addition, as can 

be seen, high order frequencies cannot be tracked properly in Tustin method, while ZOH, 

impulse invariant, ZPM and Tustin with Pre-warping can provide an accurate location of 

the resonant peaks for high order frequencies [153]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Tustin with Pre-warping is an extended method of Tustin approximation. This method 

centred the approximation on the pre-warp frequency 𝜔0 to ensure that the continuous-

time domain and discrete-time domain act approximately similar on this frequency. Due 

to the simplicity and high performance of the Tustin with Pre-warping approximation, 

this method has been used in this work. The discrete transfer functions of PR controller 

of equation (4.1) can be expressed by: 

 

Figure 6.14: Poles location of the discretised resonant controller at 𝑓𝑠 = 10 kHz. 𝑋𝐹𝐸=Forward 

Euler, 𝑋𝐵𝐸=Backward Euler, 𝑋𝑇𝑈=Tustin, 𝑋𝑍,𝑖𝑚,𝑇𝑃=ZOH, ZPM, impulse variant and Tustin with 

pre-warping. 
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𝑋𝑇𝑈𝑃(𝑍) = 𝑋(𝑠)|𝑠= 𝜔0

tan(
𝜔0𝑇𝑠
2
)

𝑧−1
𝑧+1

=
sin(𝜔0𝑇𝑠)

2𝜔0
.

1 − 𝑧−2

1 − 2𝑧−1 cos(𝜔0𝑇𝑠) + 𝑧−2
           (6.14) 

 

The design of the resonant controllers discussed in Chapter 4 is made directly in 𝑧-domain 

in order to obtain an expression that can be implemented in DSP. Using Tustin pre-

warping method and with the assumption that 𝑢(𝑘) and 𝑒(𝑘) are the output and error 

signals, respectively, the resonant controller of (4.1) in 𝑧-domain can be written as: 

 

𝑢(𝑘)

𝑒(𝑘)
=
𝑎0 + 𝑎1𝑧

−1 + 𝑎2𝑧
−2

𝑏0 + 𝑏1𝑧−1 + 𝑏2𝑧−2
                                                    (6.15) 

where: 

 

𝐾𝑇 =
𝜔0

tan(
𝜔0𝑇𝑠
2 )

 

𝑎0 = 𝐾𝑇
2𝐾𝑝

𝑃𝑅 + 𝜔0
2𝐾𝑝

𝑃𝑅 + 2𝐾𝑖
𝑃𝑅𝐾𝑇 

𝑎1 = 2𝜔0
2𝐾𝑝

𝑃𝑅 − 2𝐾𝑇
2𝐾𝑝

𝑃𝑅 

𝑎2 = 𝐾𝑇
2𝐾𝑝

𝑃𝑅 + 𝜔0
2𝐾𝑝

𝑃𝑅 − 2𝐾𝑖
𝑃𝑅𝐾𝑇 

𝑏0 = 𝐾𝑇
2 +𝜔0

2 

𝑏1 = 2𝜔0
2 − 2𝐾𝑇

2 

𝑏2 = 𝐾𝑇
2 +𝜔0

2 

Therefore, the differential equation implemented in DSP can be given by: 

𝑢(𝑘) =
1

𝑏0
(𝑎0𝑒(𝑘) + 𝑎1𝑒(𝑘 − 1) + 𝑎2𝑒(𝑘 − 2) − 𝑏1𝑢(𝑘 − 1) − 𝑏2𝑢(𝑘 − 2))    (6.16) 

6.4.2 Discretisation of SOGI-QSG 

As discussed in Chapter 5, a SOGI-QSG is needed to provide the input signals on 𝛼𝛽 

reference frame in positive and negative sequences. By referring to Figure 5.3, the general 

structure of SOGI can be presented in continuous-time domain, as follows [157]:  
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𝐺𝑆𝑂𝐺𝐼(𝑠) =
𝜔𝑐𝑠

𝑠2 + 𝜔𝑐2
                                                      (6.17) 

 

The closed-loop transfer functions of the SOGI-QSG (𝛼) structure depicted in Figure 

5.3 can be expressed by: 

𝐶𝑐𝑙−𝑎(𝑠) =
𝑣 𝛼
′

𝑥 𝛼
=

𝜔𝑐𝑠

𝑠2 + 𝜔𝑐𝑠 + 𝜔𝑐2
                                     (6.18) 

𝐶𝑐𝑙−𝑞(𝑠) =
𝑞𝑣 𝛼

′

𝑥 𝛼
=

𝜔𝑐
2

𝑠2 + 𝜔𝑐𝑠 + 𝜔𝑐2
                                   (6.19) 

 

The discrete implementation of the SOGI is based on Tustin method. For this method, 

𝑠 is replaced by   2(𝑧 − 1) 𝑇𝑠(𝑧 + 1)⁄ , thus equation (6.18) can be written as: 

 

𝐶𝑐𝑙−𝑎(𝑧) =
2𝜔𝑐𝑇𝑠𝑧

2 − 2𝜔𝑐𝑇𝑠
4(𝑧 − 1)2 + 2𝜔𝑐𝑇𝑠(𝑧2 − 1) + (𝜔𝑐𝑇𝑠)2(𝑧 + 1)2

                 (6.20) 

 

Now let us consider 𝐴 = 2𝜔𝑐𝑇𝑠 and 𝐵 = (𝜔𝑐𝑇𝑠)
2, equation (6.20) can be re-written as: 

 

𝐶𝑐𝑙−𝑎(𝑧) =
(

𝐴
𝐴 + 𝐵 + 4) + (

−𝐴
𝐴 + 𝐵 + 4) 𝑧

−2

1 − (
2(4 − 𝐵)
𝐴 + 𝐵 + 4) 𝑧

−1 − (
𝐴 − 𝐵 − 4
𝐴 + 𝐵 + 4) 𝑧

−2

                  (6.21) 

 

 

Consequently, the discrete form of SOGI_QSG 𝑣𝛼
′  signal can be represented, as follows: 

 

𝐶𝑐𝑙−𝑎(𝑧) =
𝑎0(1 − 𝑧

−2)

1 − 𝑏1𝑧−1 − 𝑏2𝑧−2
                                        (6.22) 

 

where:  
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𝑎0 =
𝐴

𝐴 + 𝐵 + 4
 

𝑏1 =
2(4 − 𝐵)

𝐴 + 𝐵 + 4
 

𝑏2 =
𝐴 − 𝐵 − 4

𝐴 + 𝐵 + 4
 

 

Therefore, the differential equation of the 𝑣𝛼
′  signal implemented in DSP can be given by: 

 

𝑢(𝑘) = 𝑎0𝑒(𝑘) + 𝑎0𝑒(𝑘 − 2) + 𝑏1𝑢(𝑘 − 1) + 𝑏2𝑢(𝑘 − 2)                  (6.23) 

 

The same mathematical procedures have been carried out to obtain 𝑞𝑣𝛼
′  signal of equation 

(6.19) in the discrete form, the result can be found in (6.24) 

 

𝐶𝑐𝑙−𝑞(𝑧) =
𝑎0 + 𝑎1𝑧

−1 + 𝑎2𝑧
−2

1 − 𝑏1𝑧−1 − 𝑏2𝑧−2
                                           (6.24) 

where:  

𝑎0 = 𝑎2 =
𝐵

𝐴 + 𝐵 + 4
 

𝑎1 =
2𝐵

𝐴 + 𝐵 + 4
 

𝑏1 =
2(4 − 𝐵)

𝐴 + 𝐵 + 4
 

𝑏2 =
𝐴 − 𝐵 − 4

𝐴 + 𝐵 + 4
 

Hence, the differential equation of the 𝑞𝑣𝛼
′  signal implemented in DSP can be given 

by: 

 

𝑢(𝑘) = 𝑎0𝑒(𝑘) + 𝑎1𝑒(𝑘 − 1) + 𝑎2𝑒(𝑘 − 2) + 𝑏1𝑢(𝑘 − 1) + 𝑏2𝑢(𝑘 − 2)      (6.25)  
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6.5 Three-Dimensional SVM Assessment  

To verify the performance of the 3- dimensional SVPWM algorithm, two open-loop 

tests have been carried out and the outcomes are compared to the simulation results. For 

the first test, the balanced reference voltages 𝑣𝑖
∗, 𝑖 ∈ 𝑎, 𝑏, 𝑐 have been considered, while 

the unbalanced reference voltages have been used for the second test. As stated in Chapter 

4, a symmetrical sequence pattern with two zero vectors has been considered as the 

switching sequence scheme due to its low harmonic distortion and the switching losses. 

The balanced reference voltages can be given by: 

 

{
  
 

  
 𝑣𝑎

∗ =
𝑉𝐷𝐶

√2. √3
sin(100𝜋𝑡)                                                                                    

𝑣𝑏
∗ =

𝑉𝐷𝐶

√2. √3
sin (100𝜋𝑡 −

2𝜋

3
)                                                         (6.26)  

𝑣𝑐
∗ =

𝑉𝐷𝐶

√2. √3
sin (100𝜋𝑡 +

2𝜋

3
)                                                                       

  

 

In the balanced condition, the reference signals are transformed to 𝛼𝛽  coordinate 

without considering 𝛾 axis, as 𝑣𝛾 = 0. Figure 6.15 (a) shows the reference waveforms 

obtained from equation (6.26). Figure 6.15 (b) presents the corresponded prism and 

tetrahedron of (6.26) captured by the HPI. As can be observed during each sinusoidal 

cycle (1 𝑓𝑐⁄  or 200𝑇𝑠) of the balanced reference voltages, there are six identical prisms 

every 60°(1 6𝑓𝑐⁄ ) where the space vectors are located. In this case, each prism has two 

active tetrahedrons, tetrahedron 1, 2 which are presented in Table 4.4. Therefore, there 

are twelve active tetrahedrons in each sinusoidal cycle of the reference voltages. In 

addition, the voltage active vectors are located in these twelve tetrahedrons, and their 

respective time duration can be easily calculated by referring to Appendix B. Figure 6.16 

shows the close view of the output phase voltages for prisms 1, 2 and tetrahedrons1, 2 

over a 1ms interval. The symmetrical alignment with three active vectors and two zero 

vectors has been clearly identified at each sampling period, 𝑇𝑠. 
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𝑣𝑐
∗ 

𝑣𝑏
∗ 

𝑣𝑎
∗ 

𝑣𝛾 

Figure 6.15: 3-D SVPWM plots of a) reference voltages, b) corresponded prisms and tetrahedron 

of balanced condition captured by HPI. 
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The reference voltages for the second test can be expressed by: 

 

{
  
 

  
 𝑣𝑎

∗ =
−𝑉𝐷𝐶

1.2√2.√3
sin(100𝜋𝑡)                                                                                 

𝑣𝑏
∗ =

𝑉𝐷𝐶

√2. √3
sin (100𝜋𝑡 −

2𝜋

3
)                                                         (6.27)  

𝑣𝑐
∗ =

−𝑉𝐷𝐶

2√2. √3
sin (100𝜋𝑡 +

2𝜋

3
)                                                                    

  

 

 

Figure 6.16: The close view of output phase voltages 𝑣𝑎,𝑣𝑏,𝑣𝑐,𝑣𝑛 for prisms 1, 2 and tetrahedrons 1, 

2. Balanced condition, sampling frequency of 𝑇𝑠 = 10kHz and DC-link voltage of 𝑉𝐷𝐶 = 300V. 

 

𝑇𝑠 𝑇𝑠 𝑇𝑠 𝑇𝑠 𝑇𝑠 𝑇𝑠 𝑇𝑠 𝑇𝑠 
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130 
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𝑣𝑎
∗ 

𝑣𝑏
∗ 

𝑣𝑐
∗ 

𝑣𝛾 

Figure 6.17: 3-D SVPWM plots of a) Reference voltages, b) Corresponded prisms and tetrahedron 

of unbalanced condition captured by HPI. 

In this case, 𝑣𝛾  has a value and is obtained from equation (4.29). As the reference 

voltages are not balanced, the duration of each prism and the corresponding tetrahedrons 

are not equal, as shown in Figure 6.17 (b). Figure 6.18 shows the close view of the output 

phase voltages for prism 4 and tetrahedron 2 over a 1ms interval. Similar to the previous 

section, the symmetrical alignment with the three active vectors and the two zero vectors 

has been considered.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Chapter 6: Experimental Rig 

 

147 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6.5.1 Comparison with Simulation 

A simulation has been run by PLECS software with the same reference voltages used 

in previous section to compare and validate the 3-dimensional SVPWM that was 

implemented in experimental work. The results for the balanced and unbalanced 

conditions are shown in Figure 6.19 and 6.20, respectively. As can be observed, the 

simulation results are very similar to the outcomes captured by HPI, which verifies the 

results obtained from experimental work.  

 

 

𝑇𝑠 𝑇𝑠 𝑇𝑠 𝑇𝑠 𝑇𝑠 𝑇𝑠 𝑇𝑠 𝑇𝑠 
130 

130 

130 

130 

0 

0 

0 

0 

Figure 6.18: The close view of output phase voltages 𝑣𝑎,𝑣𝑏,𝑣𝑐,𝑣𝑛 for prism 4 and tetrahedrons 2. 

Unbalanced condition, sampling frequency 𝑇𝑠 = 10kHz and DC-link voltage 𝑉𝐷𝐶 = 300V. 
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Figure 6.19: Comparison of simulated and experimental output phase voltages under balanced 

condition. a) 𝑣𝑎, b)  𝑣𝑏, c)  𝑣𝑐 ,d)  𝑣𝑛, e) prisms and tetrahedrons 
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Figure 6.20 : Comparison of simulated and experimental output phase voltages under 

unbalanced condition. a) 𝑣𝑎, b)  𝑣𝑏, c)  𝑣𝑐 ,d)  𝑣𝑛, e) Prisms and tetrahedrons 
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6.6 Closed-Loop Resonant Controllers’ Performance 

Figure 6.21 shows the experimental result of the inductor current for phase 𝑎, 𝑖𝑐𝑜𝑛
𝑎 , 

compared with the reference value under unbalanced condition. As can be seen, an 

acceptable reference tracking at the fundamental frequency 𝜔𝑐 = 50Hz can be achieved 

for the closed-loop resonant current controller. The resonant current controller has ≈

0Amp gain deviation with 0.1° phase shift at the main frequency.  

Figure 6.22 shows the experimental results of the output capacitor voltage for 

phase 𝑎, 𝑣𝑐𝑎𝑝
𝑎 , compared with the reference value under an unbalanced condition. As can 

be observed, for the proposed closed-loop multi-loop PR controllers, the output capacitor 

voltage (output of the multi-loop PR controllers) tracks the gain reference with ±1V 

deviation and follows the phase reference with 1.2° phase shift. This results into a very 

good signal tracking. These verifications provide assurance that the VSC can be 

connected to the grid. 

 

Figure 6.21: Current tracking of the PR current controller.  
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6.7 Conclusion  

A series-connected four-leg VSC has been constructed to validate the operation of the 

system discussed in Chapter 5. The power VSC parameters, filtering, measurement 

boards, protection circuit, digital control platform and controller discretisation have been 

described. The proposed three-dimensional SVMPWM presented in Chapter 4 is tested 

and the results match up with the simulated results. This proves that the equations derived 

for calculating the prisms, tetrahedrons, duty cycles and switching states are correct. In 

addition, the theory behind the PR controller design has been proved as the system has an 

Figure 6.22: Voltage tracking of the multi-loop PR controllers.  
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acceptable signal tracking. The following technical issues were significantly important to 

have an effective experimental implementation: 

 The utilisation of hardware protection circuit in addition to software 

overvoltage and overcurrent FPGA protection compensators 

 As the proposed four-leg series-connected VSC is not a commercial prototype, 

it is important to design a compact circuit board with low voltage drop, losses 

and the noise of the system. For this purpose, a two layer PCB was designed in 

addition to reducing the Electromagnetic Interference (EMI). EMI was reduced 

by increasing the PCB’s ground plane within the board total area, using 

decoupling capacitors and avoiding 90° traces’ angles routed on PCB 

 As the DC-link bus is mounted directly on the main PCB circuit board, it is 

vital to select the right thickness of circuit board. A two layer 1.6mm PCB 

board has been used to separate the positive DC voltage (top layer) and 

negative DC voltage (bottom layer). Distance between DC-link buses is close 

and hence parasitic inductance can reduce significantly. Before soldering the 

components, a successful 1kV flashing test was carried out to ensure that PCB 

board can easily tolerate the maximum experimental voltage 

 Selecting cost effective, high efficient and low losses electronic devices of the 

power converter available in the market. This includes gate drive components, 

DC-link capacitors and resistors and voltage/current transducers 

Next Chapter will present the experimental results, validating the designed series-

connected four-leg VSC used for voltage regulation purposes.
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CHAPTER 7 : Experimental Studies 

 

Summary: This chapter presents the results taken from experimental series-connected four-leg 

VSC. The converter prototype has been performed under two different case studies. The 

effectiveness of the proposed controller has been verified and the experimental results validate 

the simulated outcomes.  

 

 

 

 

 

 

 

 

7.1 Introduction  

This chapter presents the results obtained from the experimental system described in 

Chapter 6 to verify the proposed controller algorithm discussed in Chapter 5. In this 

chapter the experimental results for the series-connected four-leg VSC under different 

testing scenarios are presented and compared to the simulation results in order to confirm 

their validity. Due to time restrictions, the investigation has only been focused on one 

series-connected VSC connected to a three-phase feeder. A multi-feeder hybrid 

substation configuration (compromising both shunt and series VSCs) can be a potential 

investigation subject for the future work.  
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7.2 Experimental Assessment  

Figure 7.1 illustrates the general diagram of the experimental set-up. To show the 

versatility of the proposed voltage regulation approach, the system is tested for the 

following case studies: 

 Case 1: Voltage sag and swell mitigation for a three-phase feeder connected to 

a balanced load. This test has been done to ensure that the proposed voltage 

regulation approach can mitigate the unbalanced fault when it is connected to 

a three-phase balanced load 

 Case 2: Voltage sag and swell mitigation for a three-phase feeder connected to 

a phase unbalanced supply voltage and an unbalanced load. This test has been 

carried out to verify the effectiveness of the proposed controller algorithm to 

achieve voltage regulation in an unbalanced three-phase load and grid 

 

The maximum grid supply voltage is 170V RMS and is taken from a Chroma 

programmable AC source 61511 [158], which is connected to the experimental rig. The 

Chroma power supply can generate a very good sinusoidal waveform voltage with low 

THD. As mentioned in Chapter 5, the objective of the series-connected VSC is to balance 

and regulate load voltages by maintaining the positive sequence component at a pre-

determined value. In this experimental work the reference load voltages are set to 160V 

RMS balanced three-phase. The experimental set-up parameters are summarised in Table 

7.1.    
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Figure 7.1: General diagram of experimental set-up.  
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         Table 7.1: Experimental setup parameters. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

System 

Supply Voltage  

𝑉𝑥𝑎 = 170√2 sin(100𝜋𝑡) 

𝑉𝑥𝑏 = 170√2 sin (100𝜋𝑡 −
2𝜋

3
)   

𝑉𝑥𝑐 = 170√2 sin (100𝜋𝑡 +
2𝜋

3
)   

Line Impedance 𝑍𝑓 = 0.5Ω 

Balanced Load Parameters 𝑍𝑎 = 𝑍𝑏 = 𝑍𝑐 = (10 + 𝑗0.3)Ω 

Unbalanced Load Parameters 

𝑍𝑎 = (10 + 𝑗0.3)Ω 

𝑍𝑏 = (12 + 𝑗0.3)Ω 

𝑍𝑐 = (8 + 𝑗0.3)Ω 

Switching Frequency 𝑓𝑠𝑤 = 10 𝑘𝐻𝑧 

System Fundamental Frequency 50𝐻𝑧 

Filtering 

Capacitor 𝐶𝑐𝑎𝑝 = 5 𝜇𝐹 

Inductor 𝐿𝑥 = 10 𝑚𝐻 

Injection Transformer 

Injection Transformer Turns Ratio 1:4.6 

Power Rating 500VA 

DC-Link 

Capacitor 𝐶𝑑𝑐 = 1000 𝜇𝐹, 400𝑉 

Voltage 300 𝑉 
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7.3 Experimental Tests 

7.3.1 Case 1: Asymmetric Voltage Dip and Swell for Balanced Load 

In this case a balanced three-phase linear load has been considered. Similar to the 

simulation section, phase 𝑎 , phase 𝑏 and phase 𝑐 voltages are presented in green, red and 

blue colours, respectively. As shown in Figure 7.2 (a), the supply voltages are balanced 

up to 𝑡 = 0.1s. At 𝑡 = 0.1s, a 10% voltage swell and a 10% voltage dip are observed for 

the grid phase 𝑎 and phase 𝑏 , respectively. Meanwhile, the grid voltage at phase 𝑐 is kept 

constant. The control algorithm detects the voltage sag/swell and compensates the desired 

voltages. The reference injection voltages can be calculated using algorithm explained in 

Chapter 5. Figure 7.2 (b) presents the required voltage for each capacitor to inject the 

desired voltage into the system (injection voltage at the converter side). As can be 

observed from Figure 7.2 (c), the load voltages are kept balanced at the reference value 

of 160V RMS at all times. Figure 7.2 (d) illustrates the Fast Fourier Transformation (FFT) 

spectrum of the load voltage. As can be observed, the load voltages have a peak value of 

160V at fundamental frequency (50Hz) with a very low THD value of 0.2%. The 

proposed control approach boosts the positive sequence to the nominal load voltage 

(160V) without having a considerable negative sequence (2nd, 5th, 8th, 11th harmonics) or 

zero sequence (3rd ,6th, 9th , 12th harmonics) components. 

Figure 7.3 shows the internal performance of the proposed controller captured by HPI. 

As shown in Figure 7.3 (a), the control algorithm has a very quick response to the fault 

and regulates the voltages in less than 20ms. As the system is balanced until 0.1s, the 

negative voltage magnitude |𝑉−| and its phase angle 𝜃− are close to zero. As soon as the 

system becomes unbalanced, the voltage magnitude and its phase angle have a non-zero 

values. The corresponding negative and positive phase angles of the magnitude voltage 

sequences (|𝑉−|,|𝑉+|) of the controller are shown in Figure 7.3 (b). Selecting the right 

phase angle can minimise the injection voltage amount. The oscillations of the positive 

angle is due to the averaging method performance.  Figure 7.3 (c) depicts the 

instantaneous zero voltage sequence. Similar to negative sequence component, during 

balanced condition, zero voltage sequence has a value close to zero. When the supply 

voltages become unbalanced, the instantaneous zero voltage sequence has a non-zero 
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value. Table 7.2 summarises the sequence components of the proposed control algorithm 

for case 1. 

 

 

 

 

 

 

 

 

 

Figure 7.2: Experimental results for Case 1. a) supply voltages, b) injection voltages at converter 

side (capacitor voltage), c) load voltages, d) FFT spectrum of load voltages. 

(d) 

THD 0.2% 



Chapter 7: Experimental Studies  

 

159 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 7.2: Sequence components for case 1. 

 𝑉𝑥𝑎(V) 𝑉𝑥𝑏(V) 𝑉𝑥𝑐(V) 

 

|𝑉+|(V) 

 

 

𝜃+ 

 

 

|𝑉−|(V) 

 

 

𝜃− 

 

𝑣0(V) 

(peak) 

0 < 𝑡 < 0.1 170∠0° 170∠ − 120° 

 

170∠120° 

 

164 −1.8° 0.2 −0.8° 0.2 

0.1 < 𝑡 < 0.2 187∠0° 

 

153∠ − 120° 170∠120° 

 

164.2 −1.7° 15 −62.2° 14.4 

 

Figure 7.3: Experimental results for Case 1. a) positive/negative magnitude of the voltage 

sequences , b) positive/negative phase angle, c) instantaneous zero voltage sequence.  

|𝑉+| 

|𝑉−| 

𝜃+ 

𝜃− 

20ms 

𝑣0
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7.3.1.1 Comparison with Simulation  

A comparison of experimental work with the simulation of the proposed voltage 

regulation approach is shown in Figure 7.4 and Table 7.3. Figure 7.4 shows the 

comparison of the simulated (left) and experimental (right) results obtained for case 1. It 

can be observed that figures from simulation results are very similar to the experimental 

results which verifies the practical work. Figure 7.4 (a) and (b) shows the required 

injection voltage for each capacitors. Both plots have a very similar waveforms, however 

the injection voltage in practical work has some more distortions in comparison to 

simulated result. The injection voltage distortion due to switching is negligible in the 

simulation results, whereas it is apparent in the practical results with a pre-fault THD of 

2.6% and a post-fault THD of 0.8% (Figure 7.6). In the practical work, the modulation 

value, IGBT conduction voltage drop and deadtime can affect the converter performance 

and can increase the THD of the injection voltage. Figure 7.6 shows the FFT spectrum of 

the injection voltages of the experimental work. As can be seen, the injection voltage has 

positive sequence components (fundamental, 4th, 7th, 10th, 13th harmonics), negative 

sequence components (2nd, 5th, 8th, 11th harmonics) and zero sequence components (3rd 

,6th, 9th, 12th harmonics).  

It is clear from Figure 7.4 (c)-(f) that the positive, negative sequence components for 

the simulated and experimental results are very similar and respond to the fault at 𝑡 =

0.1s. As can be seen from Table 7.3, there is a minor difference between simulation and 

practical results. In the simulation, the characteristics voltage until 0.1s has the positive 

voltage of 𝑉+ = 162∠0° and negative voltage of 𝑉− = 0∠0°. While in the experimental 

work, the positive voltage has a value of 164∠−1.8°and has a negative voltage value 

of  𝑉− = 0.2∠−0.8°. In the practical work, during the balanced condition (before the fault 

occurs), negative and zero sequence components have a slight value, as a result there is a 

minor unbalanced system. This slight difference is likely due to the fact that in the 

simulation, the components of each phase, such as filtering inductors, capacitors and 

injection transformers are identical, whereas in the practical work they are not. To support 

the previous statement, the simulation results during balanced condition are shown in 

Figure 7.5. As can be seen, when the passive components are identical, the negative 

sequence value and its angle is equal to zero. However, when the non-identical 

components are used, the negative sequence components have non-zero values.  
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Figure 7.4: Comparison of simulated (left) and experimental (right) results for case 1. 
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Table 7.3: Comparison of simulated and experimental results for case 1. 

 Simulation 

0 < 𝑡 < 0.1 

Experimental 

0 < 𝑡 < 0.1  

Simulation 

0.1 < 𝑡 < 0.2 

Experimental 

0.1 < 𝑡 < 0.2 

|𝑉+|(V)   162 164 162.4 164.2 

𝜃+ 0° −1.8° 0.5° −1.7° 

|𝑉−|(V) 0 0.2 13 15 

𝜃− 0° −0.8° −60° −62.2° 

𝑣0(V) 

(peak) 
0 0.2 13 14.4 

THD of injection voltages ≅ 0% 2.6% ≅ 0% 0.8% 

THD of load voltages ≅ 0% 0.2% ≅ 0% 0.2% 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
0.01 0.05 0.07 0.09 0.03 0 

 
0.01 0.05 0.07 0.09 0.03 0 

 
0.01 0.05 0.07 0.09 0.03 0 

(a) (b) 

(c) 

|𝑉+| when the passive components 

are identical 

|𝑉+| when the passive components 

are non-identical 

|𝑉−| when the passive components 

are identical 

|𝑉−| when the passive components 

are non-identical 

𝜃−when the passive components are 

non-identical 

𝜃−when the passive components are 

identical 

Figure 7.5: Simulation results comparison during balanced condition, a) positive sequence 

voltage, b) negative sequence voltage, c) negative angle   
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(a) 

(b) 

Negative Sequence Positive Sequence Zero Sequence 

THD 2.6% 

THD 0.8% 

Figure 7.6: Fast Fourier Transformation (FFT) of injection voltage obtained from 

experimental work. a) pre-fault injection 0.02 < 𝑡 < 0.04 , b) post-fault injection 0.12 <
𝑡 < 0.14. The amplitude is normalised. 

 

Negative Sequence Positive Sequence Zero Sequence 
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7.3.2 Case 2: Phase Unbalanced Grid Voltage for Unbalanced Load 

As stated in Chapter 2, phase unbalanced grid voltage normally happen when a large 

source of generation goes offline or a large block of loads is suddenly disconnected. The 

Chroma programmable AC source has the capability to generate the phase unbalanced 

supply voltage. In this case, the power converter is connected to an unbalanced load with 

initially phase unbalanced grid supply voltages. The schematic diagram of the grid 

voltages for this case is depicted in Figure 7.7.  The sequence components of the proposed 

control algorithm for this case are summarised in Table 7.4. 

 

 

 

 

 

 

 

 

 

 

Table 7.4: Sequence components for case 2. 

 𝑉𝑥𝑎(V) 𝑉𝑥𝑏(V) 𝑉𝑥𝑐(V) 

 

|𝑉+|(V) 

 

 

𝜃+ 

 

 

|𝑉−|(V) 

 

 

𝜃− 

 

𝑣0(V) 

(peak) 

0 < 𝑡 < 0.1 170∠0° 170∠ − 100° 

 

170∠130° 

 

162.5 −0.5° 17.75 −32.2° 15.5 

0.1 < 𝑡 < 0.2 153∠0° 

 

170∠ − 100° 187∠130° 

 

163 −1.2° 30.2 −47.5° 6 

 

 

Balanced Supply Voltage   0 < 𝑡 < 0.1   0.1 < 𝑡 < 0.2 

Figure 7.7: Schematic diagram of supply voltages for Case 2. 

  𝑎 
  𝑎   𝑎 

  𝑏   𝑏   𝑏 

  𝑐   𝑐   𝑐 

130° 130° 

100° 

130° 130° 

100° 

120° 

120° 

120° 
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Figure 7.8 (a) shows the phase unbalanced supply voltages with a sudden step 

reference change at 𝑡 = 0.1s. Similar to the previous section, phase  𝑎  , phase  𝑏  and 

phase 𝑐 voltages are shown in green, red and blue colours, respectively. As can be seen, 

the phase unbalanced grid voltages have the same magnitude up to 𝑡 = 0.1s. In this case, 

phase 𝑏 is kept constant while a 10% voltage dip and a 10% voltage swell are observed 

for the grid phase 𝑎 and phase 𝑐 at 𝑡 = 0.1s, respectively. 

In this case the VSC injects the required voltage (Figure 7.8 (b)) to restore and keep 

the load voltage balanced at a pre-determined value (160V), while there is an unbalanced 

feeder drop. In addition, during the compensation, the feeder current (load current) is 

almost unchanged (Figure 7.8 (c)) as the load voltage is kept balanced and constant at 

160V all the time (Figure 7.8 (d)). As can be seen from Figure 7.8 (e), the load voltages 

have only positive voltage sequence at the nominal value (160V) without having 

considerable zero or negative sequence components which verifies the effectiveness of 

the proposed control algorithm. 

As can be observed from Table 7.4, the characteristics voltage until 0.1s has the 

negative voltage of  𝑉− = 17.75∠−32.2°  and positive voltage of  𝑉+ = 162.5∠−0.5° . 

When the phase unbalanced grid voltage suddenly changes, the negative voltage gets the 

new value of 𝑉− = 30.2∠−47.5°quickly, while the positive voltage is 𝑉+ = 163∠−1.2°. 

Figure 7.9 shows the symmetrical components’ estimations captured by HPI. Figure 7.9 

(a)-(c) illustrates the corresponding positive, negative and zero sequence components in 

order to generate the reference voltage (𝑣𝑟𝑒𝑓
𝑎,𝑏,𝑐

) using the control algorithm depicted in 

Figure 5.2 (or Figure 7.1). The reference voltage is the input of the multi-loop PR 

controllers. 

The results show a high-performance controller algorithm which allows a fast and 

precise characterisation of the injection voltage under the phase unbalanced grid and the 

unbalanced load conditions.  
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Figure 7.8: Experimental results for Case 2. a) phase unbalanced supply voltages, b) injection 

voltages at converter side (capacitor voltage), c) feeder currents, d) load voltages, e) FFT spectrum 

of load voltages.. 

(e)  
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7.3.2.1 Comparison with Simulation 

A comparison of experimental work with the simulation of the proposed voltage 

regulation approach is shown in Table 7.5 and Figure 7.10. Figure 7.10 shows the 

comparison results of simulated (left) and experimental (right) of the injection voltages, 

positive and negative sequence components. As can be seen, the results show similarity 

in behaviour between waveforms as they are almost equal. However, by referring to Table 

7.5, slight differences between experimental work and simulation can be observed. The 

amplitude of voltage sequences of simulation is slightly ( ≈ 0.5 − 3V) less than 

|𝑉+| 

|𝑉−| 

𝜃+ 

𝜃− 

Figure 7.9: Experimental results for Case 2. a) positive/negative magnitude of the voltage 

sequences , b) positive/negative phase angle, c) instantaneous zero voltage sequence 

𝑣0
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experimental work and that can be due to the conduction losses, deadtime and 

current/voltage measurement circuits of the VSC in the practical work. This leads to the 

existence of harmonics in the practical work in comparison to the simulated model. 

Similar to previous section, the slight difference between phase angles is due to the 

performance of the average filter.  

The experimental results are found to be satisfactory to validate the proposed sequence 

component based control algorithm. 

 

 

 

 

Table 7.5: Comparison of simulated and experimental results for case 2. 

 

 

 

 

 

 

 Simulation 

0 < 𝑡 < 0.1 

Experimental 

0 < 𝑡 < 0.1  

Simulation 

0.1 < 𝑡 < 0.2 

Experimental 

0.1 < 𝑡

< 0.2 

|𝑉+|(V) 160 162.5 160.2 163 

𝜃+    0° −0.5° 0.5° −1.2° 

|𝑉−|(V) 18.5 17.75 28 30.2 

𝜃− −30° −32.2° −46° −47.5° 

𝑣0(V) 

(peak) 
16 15.5 10.5 9.5 

THD of injection voltages 0.4% 0.8% 1.5% 2.5% 

THD of load voltages ≅ 0% 0.5% 0.2% 0.9% 
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|𝑉+| 

|𝑉−| |𝑉−| 

|𝑉+| 

𝜃+ 𝜃+ 

𝜃− 𝜃− 

Figure 7.10: Comparison of simulated (left) and experimental (right) results for case 2. 

Simulation Experimental 
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7.4 Conclusion 

This chapter presented the experimental results for the proposed voltage compensation 

approach to validate the controller algorithm under different case studies. The following 

remark summarises the outcomes of this chapter: 

 An evaluation of the system performance under two different case studies has 

been performed. Asymmetric voltage dip and swell for the 

balanced/unbalanced system has been implemented and the power converter 

can compensate the voltage and keep the load voltages balanced at a pre-

determined value. The experimental results have matched up with the 

simulated outcomes. 

The proposed power converter operation is limited as it is not capable to compensate 

the voltage for the highly demanded voltage system as the voltage regulation is limited to 

±10% of the rated voltage. However, the experimental power converter can compensate 

for the voltage sag and swell for the balanced/unbalanced system quickly with a fast 

response, as such it meets the main objective that has been set for this work. 
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CHAPTER 8 : Conclusions 

 

 

 

 

 

 

 

 

 

 

 

This thesis has presented an extensive analysis and discussion of optimised power 

electronic-based solutions for voltage regulation purposes in LV networks. It has been 

demonstrated that Expectation Maximisation (EM) algorithm can compute the maximum 

likelihood estimates from load data to find general load model, optimal substation voltage 

and ideal converter kVA rating through the Gaussian Mixture Models (GMMs). The 

proposed GMM using EM algorithm provides several advantages as follows: 

 Finding the characterisation of the probability distributions of any type of end-

user customers for any time duration supplied from a feeder or substation. The 

characterisation of the load pattern is a primary aspect in studies regarding 

design consideration of distribution substations. The data on the load 

probability can be effectively used for addressing the distribution system 

planning, distribution automation, load forecasting, substation site selection, 

feeder route selection, substation/feeder expansion, power losses, energy 

management and total cost in LV distribution system 

 Finding the optimised substation voltage for any number of feeders based on 

probability. The substation is required to guarantee normal energy supply to 
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end-user customers. The proposed likelihood method leads to the conclusion 

that for a system with a series set up VSCs, keeping the transformer 

substations’ voltage at an optimal results in the lowest amount of the injected 

power of the power electronics 

 Finding the optimised kVA power rating of power electronics used in LV 

networks for voltage regulation purposes. The proposed statistics and 

probability technique benefits to optimise the power electronic components 

size and rating such as: IGBTs, DC-link capacitors, filtering inductors, 

capacitors and injection transformers. This finding points to the conclusion that 

choosing the optimised kVA power rating can bring advantages such as: 

smaller overall size, less losses and less total cost of the power converter 

 

A power electronic solution for voltage regulation purposes named as hybrid 

substation has been introduced. The hybrid substation comprises a three-phase four-leg 

shunt-connected VSC and multiple three-phase four-leg series-connected VSCs. The 

hybrid substation is a power electronic solution that could be retrofitted into the existing 

distribution substations transformers. The hybrid substation is a promising solution for 

instantaneous voltage compensation. 

The main power electronic element of hybrid substation is a four-leg VSC which is 

considered to be the best candidate to provide neutral connection to single-phase or three-

phase balanced, unbalanced, linear and nonlinear loads. The fourth-leg (extra leg) of VSC 

gives more control flexibility, at the same time, it increases the complexity of the control 

algorithm for the modulation of the output voltages. Among the available modulation 

control algorithms, three-dimensional SVM technique in 𝛼𝛽𝛾  coordinate frames is 

dominant due to its reliability and flexibility. This modulation technique has been 

implemented in both simulation and practical work and a satisfactory results have been 

obtained. 

A method based on symmetrical components has been presented. This method 

separates positive, negative and zero sequence components based on SOGI-QSG in order 

to minimise the amount of the injection voltages generated by VSC. Possessing the 

information on sequence components is important for the purpose of grid monitoring 

which indicates the feeder power behaviour.  The simulation results prove that the method 

can rapidly and accurately estimates the symmetrical components and keep the load 
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balanced at a pre-determined value. The simulation results show a fast response, accurate 

tracking and robustness of the proposed control algorithm.  

In order to validate the performance of the VSC proposed controllers’ voltage injection 

capabilities, a three-phase four-leg series-connected VSC were constructed and tested in 

the PEMC lab. The converter was controlled using an FPGA and DSP-based control 

platform. From the study and experimental results presented in Chapter 7, it can be 

concluded that the proposed controller algorithm provides an effective performance of 

power converter under grid faulty condition. The experimental results have matched up 

with the simulated outcomes. However, in the experimental work, the power converter 

operation has been limited to the injection voltage range (±10% of the rated voltage) and 

the injection transformers’ current/voltage restrictions. As a result, the proposed power 

converter is not able to compensate power quality problem such as interruption and 

fundamental frequency variations as the system requires a higher voltage range 

controllability and DC-link bus. To overcome this problem, a larger injection transformer 

with an appropriate turn ratio or connecting multiple winding transformers in series can 

be used. This solution might increase the overall size and cost of the system. Furthermore, 

in this practical work, only four-leg series-connected VSC has been constructed. In order 

to compensate the voltage for highly distorted current system, a four-leg shunt-connected 

VSC with an appropriate kVA power rating is required to clean the current harmonics in 

the system. Nevertheless, the proposed experimental power converter can compensate 

unbalanced voltage sag and swell for unbalanced system quickly and effectively which 

meets the main objective for the experimental part of this PhD thesis.  

8.1 Summary of Main Contributions 

The contributions of the work presented are summarised as follows: 

 A comprehensive novel study has been introduced to evaluate the probabilistic 

data concerning the time-evaluation that can be utilised in power system 

analysis  

 A new method has been introduced to find an optimal substation voltage and 

kVA rating of the series set up power converter used for voltage regulation 

purposes 
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 Research the current trend and technology advances for voltage regulation at 

LV networks 

 Developing aspects, features and advantages of hybrid substation  

 A sequence analysis based control algorithm for hybrid substation has been 

presented 

 Simulating and modelling the hybrid substation to verify the effectiveness of 

the proposed controller 

 An experimental three-phase four-leg series-connected VSC has been 

constructed to validate the operation and control of the proposed power 

converter 

 

8.2 Future Work 

The interesting topics for the future research of the work presented in this thesis 

include: 

 Considering other maximum likelihood estimation methods such as Bayesian 

techniques to compare the results with explained method  

 

 Modelling the hybrid substation and evaluate its performance using four-leg 

multilevel converters. Multilevel converters can produce better voltage 

waveform (lower harmonics). Hybrid substation with multilevel converters 

could be a potential candidate for high/medium voltage distribution 

applications 

 

 The voltage compensation method has been verified for linear loads. Testing 

other types of loads such as, non-linear loads and motor loads to investigate 

the voltage compensation control performance 

 

 Constructing the hybrid substation connecting to multi-feeder system with 

diverse load demand (similar to simulation section, case 3)
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Appendix A 

 

Derivation of EM for GMM Fitting  

 

Samples 𝒳1, 𝒳2, … ,𝒳𝒿 ∈ 𝑅
𝑑 from a GMM with 𝒩components, consider the problem of 

estimating parameter set ℧𝒾 = {(𝑤𝒾, ∑𝒾, 𝜇𝒾)}𝒾=1
𝒩 . Let: 

 

𝜙(𝒳|𝜇, ∑) ≜
1

(2𝜋)𝑑/2|∑|1/2
𝑒(−

1
2
(𝒳− 𝜇)𝑇∑−1(𝒳−𝜇))

 

Defining 𝛾𝑖𝒿
(𝑚)

 which is the guess at the 𝑚𝑡ℎ iteration of the probability that the 𝒿th sample 

belongs to the 𝒾th Gaussian component: 

 

𝛾𝑖𝒿
(𝑚)

≜ 𝑃(𝒵𝒿 = 𝒾|𝓍𝒿 = 𝒳𝒿, ℧
(𝑚)) =

𝑤 𝒾
(𝑚)𝑃(𝑥𝒿|𝜇 𝒾

(𝑚), ∑ 𝒾
(𝑚))

∑𝑙=1
𝒩 𝑤𝑙

(𝑚)
𝑃(𝑥𝒿|𝜇𝑙

(𝑚)
, ∑𝑙

(𝑚)
)
 

 

which satisfies ∑ 𝛾𝒿 𝒾
(𝑚)𝒩

𝒾=1 = 1. First we have: 

 

𝑄𝑗(℧| ℧
(𝑚)) = 𝐸𝒵𝒿|𝒳𝒿,℧(𝑚)[log 𝑃(𝒳𝒿, 𝒵𝒿|℧] 

                         = ∑𝛾𝒿 𝒾
(𝑚)

𝒩

𝒾=1

log 𝑃(𝒳𝒿, 𝒾|℧) 

=∑𝛾𝒿 𝒾
(𝑚)

𝒩

𝒾=1

log𝑤𝒾 𝜙(𝒳𝒿|𝜇𝒾, ∑𝒾) + constant                                    

                       = ∑∑𝛾𝒿 𝒾
(𝑚)

𝒩

𝒾=1

(log𝑤𝒾 −
1

2
log|∑𝒾| −

1

2
(𝒳𝒿 − 𝜇𝒾)

𝑇
∑𝒾
−1(𝒳𝒿 − 𝜇𝒾))               

𝓃

𝒿=1

 

 

Which completes the E step. Let us consider: 
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𝓃𝑖
(𝑚)

=∑𝛾𝒿 𝒾
(𝑚)

𝓃

𝒿=1

 

 

Then we can re-write 𝑄𝑗(℧| ℧
(𝑚)) as: 

 

𝑄𝑗(℧| ℧
(𝑚)) = ∑𝓃𝑖

(𝑚)
(log𝑤𝒾 −

1

2
log|∑𝒾|)

𝒩

𝒾=1

−
1

2
∑∑𝛾𝒿 𝒾

(𝑚)

𝒩

𝒾=1

((𝒳𝒿 − 𝜇𝒾)
𝑇
∑𝒾
−1(𝒳𝒿 − 𝜇𝒾))               

𝓃

𝒿=1

 

 

The M step is to solve maximize of 𝑄𝑗(℧| ℧
(𝑚)). In order to maximize 𝑄𝑗(℧| ℧

(𝑚)), the 

following log-likelihood function can be used: 

 

L(℧) =∑log (∑𝑤𝒾𝜙(𝒳𝒿|𝜇𝒾, ∑𝒾) 

𝒩

𝒾=1

)

𝓃

𝒿=1

 

 

Lagrange multipliers are used in multivariable calculus to find maxima and minima of a 

function subject to constraints (like "find the highest elevation along the given path), thus, 

Lagrangian multipliers theorem can calculate the weight values: 

 

𝐽(𝑤, 𝜆) =∑𝓃𝑖
(𝑚)
log𝑤𝒾 + 𝜆(∑𝑤𝒾

𝒩

𝒾=1

− 1)

𝒩

𝒾=1

                               

From Lagrange method: 

𝜕𝐽

𝜕𝑤𝒾
=
𝓃𝑖
(𝑚)

𝑤𝒾
+ 𝜆 = 0, 𝒾 = 1,… ,𝒩                              

And by referring to above equation and ∑ 𝑤𝒾
𝒩
𝒾=1 = 1 : 

𝑤𝒾
(𝑚+1)

=
𝓃𝑖
(𝑚)

𝓃
               

 

To solve for the means we have 
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𝜕𝑄𝑗(℧| ℧
(𝑚))

𝜕𝜇𝒾
= ∑𝒾

−1(∑𝛾𝒿 𝒾
(𝑚)

𝓃

𝒿=1

𝒳𝒿 − 𝓃𝑖
(𝑚)
𝜇𝒾)                               

Therefore: 

𝜇𝒾
(𝑚+1)

=
1

𝓃𝑖
(𝑚)
∑𝛾𝒿 𝒾

(𝑚)

𝓃

𝒿=1

𝒳𝒿                                                      

And for covariance: 

 

𝜕𝑄𝑗(℧| ℧
(𝑚)

)

𝜕∑𝒾
= −

1

2
𝓃𝑖
(𝑚) 𝜕

𝜕∑𝒾
log|∑𝒾| −

1

2
𝛾𝒿 𝒾
(𝑚) 𝜕

𝜕∑𝒾
(𝒳𝒿 − 𝜇𝒾)

𝑇
∑𝑖
−1(𝒳𝒿 − 𝜇𝒾)  

At the end we get: 

∑𝒾
(𝑚+1)

=
1

𝓃𝑖
(𝑚)
∑𝛾𝒿 𝒾

(𝑚)

𝓃

𝒿=1

(𝒳𝒿 − 𝜇𝒾
(𝑚+1))

𝑇
(𝒳𝒿 − 𝜇𝒾

(𝑚+1))                   
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Appendix B 

 

 

 

 

Matrix for Switching Vector Duty Ratio Computation of 3-D SVPWM 

 Tetrahedron 1 Tetrahedron 2 Tetrahedron 3 Tetrahedron 4 

Prism 

   I 

�⃗� 5 − �⃗� 13 − �⃗� 15 

[

1              0            1

1 2⁄  − √3 2⁄    − 1   

0           √3            0

] 

�⃗� 5 − �⃗� 7 − �⃗� 15 

[

3 2⁄    −√3 2⁄     0

−1 2⁄       √3 2⁄      1   

1 2⁄       √3 2⁄   − 1

] 

�⃗� 5 − �⃗� 7 − �⃗� 8 

[

3 2⁄   −√3 2⁄     0

 0          √3           0

−1 2 ⁄  −√3 2⁄   1

 ] 

�⃗� 13 − �⃗� 15 − �⃗� 9 

[
3 2⁄   −√3 2⁄     0

0          √3           0 
−1         0      − 1

] 

Prism 

  II 

�⃗� 7 − �⃗� 15 − �⃗� 3 

[

1              0            1

1 2⁄   − √3 2⁄    − 1   

−3 2⁄ − √3 2⁄        0     

] 

�⃗� 15 − �⃗� 3 − �⃗� 11 

[
3 2⁄     √3 2⁄    0

−1 2⁄     √3 2⁄   1   
1           0     − 1

] 

�⃗� 7 − �⃗� 3 − �⃗� 8 

[

3 2⁄     √3 2⁄      0

−3 2⁄      √3 2⁄     0   

−1 2 ⁄  −√3 2⁄   1

] 

�⃗� 15 − �⃗� 11 − �⃗� 9 

[

3 2⁄     √3 2⁄      0

−3 2⁄      √3 2⁄     0   

1 2 ⁄  −√3 2⁄  − 1

] 

Prism 

  III 

�⃗� 3 − �⃗� 11 − �⃗� 12 

[

−1 2⁄  −√3 2⁄    1

      1 2 ⁄  √3 2⁄   − 1   

−3 2⁄  −√3 2⁄    0

] 

�⃗� 3 − �⃗� 4 − �⃗� 12 

[
    0         √3         0

−1 2⁄  − √3 2⁄     1   
−1         0      − 1

] 

�⃗� 3 − �⃗� 4 − �⃗� 8 

[
    0         √3         0

−3 2⁄  − √3 2⁄     0   
  1          0            1

] 

�⃗� 11 − �⃗� 12 − �⃗� 9 

[

    0         √3         0

−3 2⁄  − √3 2⁄     0   

1 2⁄   − √3 2⁄  − 1

] 

Prism 

   IV 

�⃗� 4 − �⃗� 12 − �⃗� 2 

[
−1 2⁄   √3 2⁄    1
−1         0      − 1   

0      − √3       0 

] 

�⃗� 12 − �⃗� 2 − �⃗� 10 

[   

−3 2⁄      √3 2⁄       0

−1 2⁄  −√3 2⁄        1   

1 2⁄      −√3 2⁄    − 1

] 

�⃗� 4 − �⃗� 2 − �⃗� 8 

[
−3 2⁄    √3 2⁄    1

0      − √3       0   
  1          0            1

] 

�⃗� 12 − �⃗� 10 − �⃗� 9 

[

−3 2⁄    √3 2⁄    0

      0    − √3         0   

  1 2⁄    √3 2⁄      − 1

] 

Prism 

   V 

�⃗� 2 − �⃗� 10 − �⃗� 14 

[
−1 2⁄   −√3 2⁄    1
    −1         0      − 1   

3 2⁄     −√3 2⁄      0 

] 

�⃗� 2 − �⃗� 6 − �⃗� 14 

[
−3 2⁄   −√3 2⁄    0
      1         0           1   

1 2⁄     −√3 2⁄     − 1 

] 

�⃗� 2 − �⃗� 6 − �⃗� 8 

[

−3 2⁄   −√3 2⁄    0

    3 2⁄   −√3 2⁄     0   

−1 2⁄     √3 2⁄      1 

] 

�⃗� 10 − �⃗� 14 − �⃗� 9 

[

−3 2⁄   −√3 2⁄    0

     3 2⁄   −√3 2⁄     0 

1 2⁄     √3 2⁄     − 1 

] 

Prism 

 VI 

�⃗� 14 − �⃗� 5 − �⃗� 13 

[
0      − √3        0
   1           0            1   

 1 2  ⁄   √3 2⁄    − 1  

] 

�⃗� 6 − �⃗� 14 − �⃗� 5 

[

−1 2⁄   −√3 2⁄    1

     1 2⁄   −√3 2⁄    − 1 

   3 2⁄     √3 2⁄       0 

] 

�⃗� 6 − �⃗� 5 − �⃗� 8 

[

0       − √3      0

 3 2⁄     √3 2⁄     0   

 −1 2  ⁄   √3 2⁄    1  

] 

�⃗� 14 − �⃗� 13 − �⃗� 9 

[
0       − √3      0

 3 2⁄     √3 2⁄     0   
 −1         0      − 1  

] 
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Appendix C 

C.1. Symmetrical Components Model 

 

For any three-phase group of variables 𝑥𝑎, 𝑥𝑏 , 𝑥𝑐, the symmetrical components can be 

given by: 

 

{

𝑥𝑎 = 𝑥𝑎
+ + 𝑥𝑎

− + 𝑥𝑎
0       

𝑥𝑏 = 𝑥𝑏
+ + 𝑥𝑏

− + 𝑥𝑏
0        

𝑥𝑐 = 𝑥𝑐
+ + 𝑥𝑐

− + 𝑥𝑐
0       

                                           (C. 1) 

 

where the super indexes +,- and 0 indicates the positive, negative and zero symmetrical 

sequences, respectively. The equation (C.1) can be re-written as: 

 

{
 
 

 
 
𝑥𝑎 = 𝑋

+ sin(𝜔𝑡 + 𝜃+) + 𝑋− sin(𝜔𝑡 + 𝜃−) + 𝑋0 sin(𝜔𝑡 + 𝜃0)                       

𝑥𝑏 = 𝑋
+ sin (𝜔𝑡 + 𝜃+ −

2𝜋

3
) + 𝑋− sin (𝜔𝑡 + 𝜃− +

2𝜋

3
) + 𝑋0 sin(𝜔𝑡 + 𝜃0)

𝑥𝑐 = 𝑋
+ sin (𝜔𝑡 + 𝜃+ +

2𝜋

3
) + 𝑋− sin (𝜔𝑡 + 𝜃− −

2𝜋

3
) + 𝑋0 sin(𝜔𝑡 + 𝜃0)

     (C. 2)  

 

where 𝑋+, 𝜃+, 𝑋−, 𝜃−, 𝑋0, 𝜃0 are the magnitude and its corresponded phase angle of the 

instantaneous positive sequence component, negative sequence component and zero 

sequence component, respectively.  

Using trigonometric function of sin(𝑎 + 𝑏) = sin(𝑎) cos(𝑏) + cos(𝑎)sin (𝑏), equation 

(C.2) can be re-written as (C.3): 

(C.3): 

𝑥𝑎 = 𝑋
+ cos(𝜃+) sin(𝜔𝑡) + 𝑋+ cos(𝜔𝑡) sin( 𝜃+) + 𝑋− cos(𝜃−) sin(𝜔𝑡)

+ 𝑋− cos(𝜔𝑡) sin( 𝜃−) + 𝑋0 cos(𝜃0) sin(𝜔𝑡) + 𝑋0 cos(𝜔𝑡) sin( 𝜃0)  

𝑥𝑏 = 𝑋
+ cos(𝜃+) sin(𝜔𝑡 −

2𝜋

3
) + 𝑋+ cos (𝜔𝑡 −

2𝜋

3
) sin( 𝜃+) + 𝑋− cos(𝜃−) sin(𝜔𝑡 +

2𝜋

3
)

+ 𝑋− cos (𝜔𝑡 +
2𝜋

3
) sin( 𝜃−) + 𝑋0 cos(𝜃0) sin(𝜔𝑡) + 𝑋0 cos(𝜔𝑡) sin( 𝜃0) 
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𝑥𝑐 = 𝑋
+ cos(𝜃+) sin(𝜔𝑡 +

2𝜋

3
) + 𝑋+ cos (𝜔𝑡 +

2𝜋

3
) sin( 𝜃+) + 𝑋− cos(𝜃−) sin(𝜔𝑡 −

2𝜋

3
)

+ 𝑋− cos (𝜔𝑡 −
2𝜋

3
) sin( 𝜃−) + 𝑋0 cos(𝜃0) sin(𝜔𝑡) + 𝑋0 cos(𝜔𝑡) sin( 𝜃0) 

Consequently, equation (C.3) can be expressed in matrix form as follows: 

 

 

[
 
 
 
 
 
 
 
 
𝑥𝑎

𝑥𝑏

𝑥𝑐 ]
 
 
 
 
 
 
 
 

=

[
 
 
 
 
 
 
 
 sin𝜔𝑡            cos𝜔𝑡         sin(𝜔𝑡 −

2𝜋

3
)        cos(𝜔𝑡 −

2𝜋

3
)        sin(𝜔𝑡 +

2𝜋

3
)       cos(𝜔𝑡 +

2𝜋

3
)   

sin𝜔𝑡          cos𝜔𝑡          sin(𝜔𝑡 +
2𝜋

3
)        cos(𝜔𝑡 +

2𝜋

3
)         sin(𝜔𝑡 −

2𝜋

3
)       cos(𝜔𝑡 −

2𝜋

3
)  

sin𝜔𝑡              cos𝜔𝑡                   sin𝜔𝑡                     cos𝜔𝑡                       sin𝜔𝑡                   cos𝜔𝑡 ]
 
 
 
 
 
 
 
 

.

[
 
 
 
 
 
 
 
 
𝑋+ cos𝜃+

𝑋+ sin𝜃+

𝑋− cos𝜃−

𝑋− sin𝜃−

𝑋0 cos𝜃0

𝑋0 sin𝜃0 ]
 
 
 
 
 
 
 
 

 

 

 

C.1. A Comparison of Symmetrical Component Voltage Injection with 

PLL Voltage Injection Method (Conventional Method) 

 

In both methods, the hybrid substation is connected to a three-phase unbalanced load and 

supply voltage with same parameters (same load, switching frequency, grid voltage, 

impedance, etc.). Both techniques keep the load voltage balanced at a pre-determined 

value. However, as can be seen in Figure C.1, for each phase, the maximum injection 

voltage (peak value) for symmetrical component control algorithm is slightly less than in 

a PLL technique. In addition, the lack of negative and zero sequence detection by PLL 

method, leads to have a distorted injection voltage and load voltage when there is an 

unbalanced system. Figure C.2 shows the voltage conditions at the load terminals 

obtained by proposed two methods. Simulation was carried out by PLECS software.    
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Figure C.1: Injection voltages of a) symmetrical component control algorithm, b) conventional 

method (PLL method).  
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Figure C.2: Load voltages of a) symmetrical component control algorithm, b) conventional 

method (PLL method).  



Appendix D 

 

183 

 

Appendix D 

PCB Layout of a Four-Leg VSC 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                           Top layer PCB layout of a 4-legVSC 
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                         Bottom layer PCB layout of a 4-legVSC  
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