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ABSTRACT

In this thesis we study relativistic effects on quantum systems. Quantum
physics in curved spacetime is reviewed in a first place, with a focus on
continuous variables formalism, quantum metrology techniques, and the
relativistic treatment of polarised photons. Then, three topics of interest are
studied. The first one is the phononic gravitational wave detector, where
resonant mode-mixing and particle creation are triggered in a Bose-Einstein
condensate by the passing of a gravitational wave, which can then be mea-
sured thanks to quantum metrology techniques. The theory for the phonons’
transformation is developed in details in different resonance scenarios and
some sources of noise are considered, like shaking of the cavity where the
condensate is trapped and thermal noise. The second topic adressed is
quantum communication and metrology in space. In this part, we describe
quantum experiments involving communications between Earth and satel-
lites using frequency modes of photons. The propagated and measured pho-
tons encode parameters of the spacetime background that can be measured
using quantum metrology. Several satellite schemes are discussed, such as
satellite to satellite radial communications in Kerr spacetime or Earth to
satellite communications in Schwarzschild spacetime. The last topic of this
thesis is the evolution of helicity states of photons in a relativistic picture.
Two experiments are considered: one where the photons propagate between
Earth and satellites through the curved spacetime background surrounding
the Earth. The other experiment looks at quantum states of polarised pho-
tons as seen by centrifuged observers. For each of these parts, we provide
the theory for novel experimental proposals, within the frameworks of ei-
ther (or both) quantum communications and quantum metrology, that, we
believe, would lead to a better understanding in the overlap of quantum

mechanics and the relativity theories.
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INTRODUCTION

General relativity and quantum physics are the two fundamental theories
of modern physics that have been widely proven correct since their creation.
The former predicts how length and duration change with respect to mov-
ing observers and by the presence of mass-energy, while the latter describes
microphysics where concepts such as localisation and particles become hazy.
Their respective mathematical foundations are very different: general rela-
tivity is based on Riemannian geometry while the quantum theotry works
on Hilbert spaces. In quantum theory, time and space are absolute, while
in relativity these are relative concepts. These and many other fundamental
differences explain why the search for a theory encompassing both general
relativity and quantum physics has been so challenging.

Each of these two theories has been proven extensively successful, and
they keep being proven correct through new experiments. An anomaly of
Newton’s mechanics, the perihelion precession of Mercury noticed in 1859,
has only been explained when general relativity was completed [6], which
gave credit to the theory even before dedicated experimental demonstra-
tion. Still, a wide range of experimental tests in different regimes have
been passed since then, from the deflection of light by the sun measured
by Eddington in 1919 [7] to the measurement of gravitational waves from a
binary black hole merger in 2016 [8]. Quantum theory was also introduced
thanks to the failure of previous theories to explain a physical system that,

it seemed, should have belonged to classical physics. It’s only thanks to the



INTRODUCTION

introduction of the quantum of energy by Planck [9] that the black body ra-
diation could be understood. The other quantum features that we are now
familliar with have been witnessed later on, like the wave-particle nature of
electrons which has been measured in 1928 [10], and the Bell experiments
that have now definitely proven the non local-realistic nature of the theory
[, 12].

It is generally believed that the quantum and relativity theories are rele-
vant only at very distinct scales: quantum physics is interesting to study mi-
croscopic systems, while general relativity acts on macroscopic scales. How-
ever, there are already many examples of physical situations where special
relativity and quantum physics overlap, for example in particle accelerators
[13] or in quantum chemistry where the behaviour of heavy elements cannot
be explained without taking relativistic effects into account [14]. The over-
lap between general relativity and quantum physics is also investigated, de-
spite the widespread belief of the mismatch of their domains of applicability.
Recent examples include the alteration of wave functions due to spacetime
curvature changes along the arms of an optical interferometer [15] and a
test of the equivalence principle using quantum superpositions [16]. Small
scale general relativistic experiments such as the measurement of time di-
lation of clocks separated by a few tens of centimeters [17] together with
the observation of quantumness at a macroscopic scale [18] and for large
molecules [19] also indicate the need to find a way to use the features of
both theories together. There is now a large variety of modern quantum ex-
periments where relativistic effects play a role that cannot be ignored, that
could be tested in the lab [20] or using satellites [21].

Satellite experiments are very promising for the exploration of relativis-
tic effects on quantum states. Communications with satellites permit to
propagate quantum states over large distances, where changes caused by
the curved spacetime background are important. Quantum communication
has already been established in a first place with schemes using satellites

with retroreflectors [22} 23} 24, 25]. The loss of quantum coherence of laser
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signals sent from a geostationary satellite, due to both the Earth’s gravity
and atmosphere, was measured and characterised in [26]. Within the last
couple of years, a lot happened in the field of quantum experiments with
satellites. Correlated pairs of photons were generated aboard a nanosatellite
in 2016 [27] and entangled ones in 2017 [28]. An example of practical im-
plementation of a quantum scheme necessitating satellites are quantum key
distritribution (QKD) protocols. Such protocols would in principle enable
secure communications thanks to the use of quantum features. A feasibility
study for such protocols was carried out in [29] and a review on the progress
made was published last year [30]. Last year has also seen the first QKD pro-
tocol between space and Earth [31] being established thanks to the Chinese
satellite Micius. The Chinese group lead by Jian-Wei Pan also successfully
established quantum teleportation [32] and entanglement distribution [32]
protocols. They also established the first intercontinental quantum network
[33], between China and Austria, at the end of last year. These recent suc-
cesses show how relevant is the search for a theory that deals with both
quantum features and relativistic effects at the same time: we are entering
the era of large scale quantum communications, which means that space-
time curvature effects can no longer be ignored from the usual quantum
communication theory. A proper theoretical description of these relativistic
effects will be required in order to compensate for them, such that the usual
protocols of quantum communications keep working properly.

These technological advances bring as well the possibility to use satellite
communications for fundamental research purposes, i.e. to probe the ef-
fects of curved spacetime and motion of observers on the measurement of
quantum systems [34]. Some proposals are aiming in the direction of taking
advantage of these effects, for example for metrology purposes [35, 1]. Such
schemes are developed in this thesis, in chapters [ and [ Other proposals
are also considering space quantum experiments yet outside of the scope of
communications, e.g. a test of the weak equivalence principle using atom

interferometers in space [36]], or a measurement of entanglement between
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two Bose Einstein condensates (BEC) in satellites when they change their
orbits around the Earth [37].

The overlap between quantum and relativistic theories is also sought the-
oretically in the extreme cases of cosmological [38] and black hole spacetime
singularities [39], but these require a complete theory of quantum gravity
where the notions of spacetime and quantum become very closely inter-
twined. In our work, we are not interested in such regimes, we rather
focus our attention on possible relativistic deviations from known results of
(Galilean) quantum physics. To do so, we use the framework of the semi-
classical theory that incorporates both the quantum and relativity theories:
Quantum Field Theory (QFT) in Curved Spacetime (QFTCS) [30].

Within this framework was proposed a new experimental scheme to de-
tect gravitational waves: squeezed states of phonons in a BEC resonate with
the gravitational wave and undergo strong alterations due to the passing of
the wave [41]. Contrarily to the setup that lead the spectacular direct mea-
surement of gravitational waves two years ago [8], such a scheme would be
much more compact, movable and cheap. The theory between this proposal
is developed in chapter[4} and some possible sources of noise are studied in
chapter

Whether with the phononic gravitational wave detector or with the satel-
lite communications considered in chapters[6|and 7 the quantum states con-
sidered are frequency modes of phonons and photons respectively. Phonons
are spinless particles, but what about the photons’ helicity? In the last part
of this thesis, we address other quantum experiments but now focusing
on the polarisation degree of freedom of light: in chapter [§ we develop the
theory for a quantum experiment proposal using again satellite communica-
tion links, but here exchanging wavepackets of momentum-helicity states of
photons between Earth and satellites. This is motivated by the extensive use
of polarisation states of light in satellite experiments [31| 32, 42, 33} 22, [29],
mainly because of their stronger resilience to noise, in particular caused by

the atmosphere. Motivated by the recent experiment [43] using polarised
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light to proble the entanglement of photons in a centrifuge, we worked out
the theory for a similar experimental proposal in chapter [of However, we
consider different helicity states than in [43], which should enable a measur-
able effect to arise at measurement by the centrifuged observer.

To sum up, the structure of the thesis is as follows:

In part |, we introduce frameworks required to carry out the computa-
tions performed in this thesis. First, we briefly review quantum physics
in curved spacetime in chapter [2| After a brief review of the fundamental
concepts of quantum physics in we introduce general relativity in
and provide the mathematical treatment for observers and light rays in the
Schwarzschild and Kerr spacetimes. Then we give a brief summary of quan-
tum field theory in curved spacetime in The following chapter [3/aims at
introducing some more advanced formalisms that will be used throughout
the thesis: the covariance matrix formalism introduced in will be the
framework we will use to describe frequency modes of phonons and pho-
tons, quantum metrology tools given in [3.2| will help us evaluate possible
quantum experiments in space, and finally the polarisation rotation of light
and its induced photonic Wigner phase are described in

In part [Il, we study the proposal for a phononic gravitational wave de-
tector. The theory for the transformation of the phononic field due to the
presence of a gravitational wave is reviewed and extended in chapter
Characterisation of the effects of shaking and thermal noises on the phonon
tield is carried out in chapter

In part we look at quantum communication and quantum metrol-
ogy schemes between Earth and satellites using frequency modes of pho-
tons. Previous results are extended in chapter [ by taking into account
the Earth’s rotation, special relativistic effects, and by considering quantum
communications between satellites. General quantum communications in
Schwarzschild spacetime are considered in chapter [7, together with the pro-
posal for a quantum experiment beating the state-of-the-art precision for the

measurement of the Earth’s Schwarzschild radius.
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In part we investigate relativistic effects on helicity states of photons.
In chapter |8, such effects are investigated within the scope of satellite quan-
tum communications with the Earth. Similar effects are discussed within
the picture of a centrifuge experiment in chapter @

Finally, we conclude on the results of the thesis in chapter



1.1 NOTATIONS

1.1 NOTATIONS

We employ geometrical units where the gravitational constant G = 1 and
the speed of light in the vacuum ¢ = 1. We also sometimes set the reduced
Planck constant /i to unity as well. Constants are restored when required
for the sake of clarity.

Quantum operators are denoted with a hat: for example, the Hamiltonian
operator is A.

The Einstein summation convention is implied for repeated indices, i.e.
Yrk, = i Yrk, = % Y*k" gy, where gy, are the components of the
metric ter;i;(;)r g. "

Vectors, matrices, and in general tensors expressed in spacetime coordi-

nates are denoted in bold characters. Vectors are written using the usual

differential geometry notation [44], namely
X = (X, X", X, X?) = X139, = X"y + X" 9, + X% 9p + X? 0.

The notation O(e") designates a term of order n in the parameter €.

Functions appearing with a prime denote the function derived with re-
spect to its single variable, i.e. f'(x) = %(xx). Time or affine parameter
derivatives are denoted by a dot above the quantity derived: % = X.

The Pauli matrices are denoted by: 0y = o1 = (1), 0y = 02 = (¢ Bi)
and o; = o3 = (§ ).

The identity is denoted by 1 in general, and the identity matrix of dimen-

sion n by 1.



1.2 TABLE OF SYMBOLS AND STANDARD VALUES

1.2 TABLE OF SYMBOLS AND STANDARD VALUES

Quantity Symbol Value (S.I. u.) Value (natural u.)
Newton’s gravitational constant G 6.67408 x 1071 m3kg~1.s72 1
Speed of light in the vacuum c 299792458 m/s 1
Reduced Planck constant h 1.054571800 x 10734 J.s /
Average radius of the Earth Rg 6371 km /
Average equatorial radius of the Earth ra 6378 km /
Mass of the Earth M 5.97 x 10%* kg 443 x 103 m

Schwarzschild radius of the Earth rg 887 x 103 m /
Kerr parameter of the Earth a 3.26 m /

Angular velocity of the Earth wa 7.29 x 107° rad/s 243 x 10713 rad/m

Table 1.: Quantities used throughout the thesis with their symbols and stan-

dard values (in S.I. and natural units).
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Preliminary considerations and

formalisms



QUANTUM PHYSICS IN CURVED SPACETIME

In this chapter we introduce all the basic formalisms and mathematical tools
we will employ to describe the physical situtations we will encounter. In
general, we will need to characterise the behaviour of quantum systems

evolving on curved spacetime and as seen by observers in motion.

2.1 QUANTUM PHYSICS

In this section, we provide a brief review of the basic theory for the descrip-
tion of quantum states. The quantum theory is only Galilean relativistic,
i.e. the quantum states are assumed to evolve in Euclidean space and abso-
lute time, which is the same for the different observers at different locations
and with different motions, keeps track of this evolution. The underlying
Galilean symmetry of the theory is therefore incompatible with the relativis-
tic theories (in the Einsteinian sense) which are constructed upon Lorentz
invariance, and that will be introduced in the next section. In a subsequent
section, we will provide a theory that manages to combine these relativistic

theories with the quantum theory presented in the current section.
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2.1 QUANTUM PHYSICS

2.1.1  Quantum systems

States and observables

The information of a quantum system is contained in a quantum state.
When this state can be written as a vector |¢) belonging to a Hilbert space
H, the state is said pure. The vector space structure of the Hilbert space
ensures that superpositions of quantum states remain in the Hilbert space,
namely a |¢) + b |@) = |ap + bp) € H for (a,b) € C?. For any state vectors
), |¢) € H and respective dual vectors (|, (p| € H* = L(H,C), there is
a Hermitian product (¢|¢) = (¢, ¢) € C. Quantum states are normalised to
unity, namely (i, ) = 1, such that we can give them a statistical interpreta-
tion. Then, the product (i, ¢) represents the overlap of the two states and
the modulus square | (i, ¢) |> gives the probability of transition amplitude
from one state to the other.

In general, the quantum state is in a statistical mixture of pure states. We
know the state vectors that could possibly represent the system but we lack
knowledge to determine which one it actually is. We say that the quantum
state is mixed and it is defined by a density operator: p = Y p; [¢;) (¢;]
where the p; are the probabilities for the quantum state to be ]in the pure

state [¢;), thus }_ p; = 1. The density operator is Hermitian, has trace equal
j

to one, and is positive semi-definite, i.e. (¢|p |¢) > 0, for any |¢) € H.
Physical quantities are represented by Hermitian operators, called observ-
ables. A Hermitian operator satisfies O = O, where the dagger operation
transposes and complex conjugates the operator. The value of the physical
quantity represented by the observable O is given by ((A)>|¢> = (p|Olyp) for
a pure state and by tr(pO) for a mixed state. A quantum system is there-
fore characterized by a Hilbert space of states together with an algebra of

Hermitian operators describing the physical quantities.

11



2.1 QUANTUM PHYSICS

Measurements

Measurements are described by a familly of operators {M,},en. If my

is the outcome of measurement M, on the pure state |¢), the probability

to get this outcome is g, = (¢| MIM, |¢), with g, = 1 and therefore
n

ZM};MH = ly. Immediately after the measurement, the quantum state is

n
changed: |¢/) = \/1(17]\71,1 |¢). For a mixed state, these relations read: g, =

T ANt A — MnﬁM; i
tr(M, p M;,) and p' = (W p M) The measurement mechanism therefore
makes the quantum state evolve discontinuously.

The Heisenberg uncertainty relations give bounds for the precision one
can achieve for simultaneous measurements of conjugate quantities. For

example, the position-momentum uncertainty relation is:

N s+

A% APy > (1)

where AO = \/ (OZ)M - <O>|2¢,> is the variance of the operator O. This
relation is purely quantum since the precisions can be arbitrary in the i — 0
limit. This inequality arises from the non-commutativity of the conjugate

operators £ and py: [£, px] = ifily. In general, for any two operators O; and

p
02, we have AO1 805 = 1 |{[01,0a]) |

2.1.2 Entanglement

A quantum state in H = @ H, is separable if [)) = & [¢;) for a pure state
j j

and if p = %Pk ® ﬁ;‘ for a mixed state. When the state is not separable,
]

then it said to be entangled. Entanglement is a quantum feature that has no
classical equivalent.
Pure states

There are several ways to characterise the entanglement of a quantum state.
In order to introduce measures of entanglement we need to first define the

von Neumann entropy, which measures the mixedness of a state: S(p) =

12



2.1 QUANTUM PHYSICS

—tr(0Inp) = — YL AjInA;, where the A; are the eigenvalues of p. A pure
state has eigenvajlues 0 or 1, which means that its von Neumann entropy
vanishes. A pure and bipartite quantum state |i) € Hap = Ha @ Hp with
dim(#H ap) < oo has Schmidt decomposition |¢) = 'il o |1[J].A> \gb]B ), where
aj > 0 for all j, Z? zx]z =1, and n = min(dim?—lA,]dimHB). The {|1/J].A>},
{]zpf)} form an orthonormal basis for # 4 and Hpg, respectively. The reduced

n
density operators for the two subsystems then read: p4 = ) 04]2 ’l/J]A> (1ij|
j=1

and pp = i csz- |l/J]B> <l[J]B]. These reduced states are diagonal and they share
the same é;lectrum of eigenvalues. Thanks to this feature we will be able
to use one or the other reduced state indistinctively. Now, the argument
goes as follows: If only one of the Schmidt coefficients «; is non zero, say
for j = jo, it implies that aj, = 1 and thus p4 = [¢*) (| is pure. This
also implies that |¢p) is separable. Therefore, the entanglement of the state
|¢) is quantified by the mixedness of its reduced state. We can thus define
our first measure of entanglement, the entropy of entanglement, as the von

Neumann entropy of the reduced states:
n
E(|y)) =S(pa) = S(pp) = _Z“]Zm“]% (2)
]

The state |ip) is entangled if 0 < E(|¢)) < Inn, and separable if E(|p)) =0

Mixed states

There is no Schmidt decomposition for mixed or tripartite states, we can
therefore not use the same argument. Yet there is another way for mixed
states, using the partial transpose negativity criterion [45]. To begin, let’s

take the separable state p = }_ w; p]‘-“ ® ,ﬁf with p € Hap = Ha @ Hp, p* €
j

H, and pB € Hp. Let us now define the partial transposed state:
t
Pt =Y (pf) ©pf 3)
J
Since (pA)" = (p2)" is non-negative and with uni it is also a den-
pA) = (p)" is non-negative and with unit trace, it is also a den

sity operator. Therefore, pP' has only non-negative eigenvalues. By con-
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2.1 QUANTUM PHYSICS

traposition, we obtain the partial transpose negativity criterion: if the par-
tial transpose of the state has negative eigenvalues, then the state is en-
tangled. When dimH, < 2 and dim#Hp < 3 (or the other way round),
the criterion is also sufficient, which means that the criterion becomes an
equivalence instead of a simple implication. The equivalence is not true
in general, there are entangled states that have partial transposed states
with positive eigenvalues. To quantify the entanglement, we define a norm:
1Pt = try/(pP)? = CIAjl = %A; — ;/\l_, where the Aj, A" and A are
the partial transpose’s ]eigenvalues, the positive ones and the negative ones,

respectively. We define the negativity of the state g as:

~ . JIePY =1 OPt|| — tr pPt _
Ny = L0y, @
k

The more the partial transpose has negative eigenvalues of large amplitudes,

the more the state ¢ is entangled and the larger is the negativity. Another
related measure of entanglement is the logarithmic negativity Ex(p) =

In[pP*]].

2.1.3 Time evolution

Schrodinger first introduced the time evolution description of a quantum
system, where quantum states are time dependent but observables aren’t.

For a pure state, the equation that bears his name reads:

i ls(6)) = His [ps (1)) )
where it was assumed that the quantum system is an isolated system (which
we will assume in general). For a system that is only closed, the Hamilto-
nian Hs(t) evolves in time, which is not convenient in this representation.
One could then prefer the Heisenberg picture, where the quantum states
are time independent but not the observables. In this representation, an

observable O (t) evolves in time according to the Heisenberg equation:

d . A 90w (1)

ih—On(t) = [Hu(t), On(t)] + ih—

(6)
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2.2 RELATIVITY

Nonetheless, both evolution equations are only invariant under Galilean
transformations. We are however interested in regimes with possible de-
viations from this classical quantum physics models. In order to establish
such a relativistic formalism (in the sense of Lorentz symmetries), we will

introduce the relativity theories in the next section.

2.2 RELATIVITY

In this section we introduce the concepts of general relativity that are im-
portant for the calculations performed in this thesis. Most aspects of special
relativity are also introduced within the general relativistic framework. Spe-
cial relativity introduced new concepts by working out the implications of
the constancy of the speed of light in the vacuum: spacetime as a single
entity, duration dilation and contraction of distances as seen by observers in
motion, a new definition for the notion of simultaneity, and thus the relativ-
ity of the notions of time and space. General relativity enables to describe
gravity in a completely novel framework. Newtonian mechanics was built
in the same framework as the quantum theory described in the previous
section: it is Galilean relativistic, it describes particles and observers evolv-
ing on Euclidean space and in absolute time due to the gravitational field
of massive objects. General relativity took the reverse picture: the space-
time background itself is the gravitational field. In general relativity, the
spacetime is a non-trivial field, it is in general dynamic, and it is shaped
by the mass and energy distribution of the objects living in it. These latter
objects then evolve according to the curvature of the spacetime. The present
section will define explicitly curved spacetime backgrounds describing the
neighbourhood of the Earth (i.e. the space around the Earth and far enough
from other mass-energy objects). From there we can work out the relativis-
tic trajectories of observers and of light rays in such curved backgrounds.
This will enable us to describe in the next section the evolution of quantum

states in curved spacetime backgrounds according to observers in motion.

15



2.2 RELATIVITY

2.2.1 Spacetime

The notions of spacetime and curvature

The theories of relativity established by Einstein at the beginning of the
twentieth century brought a complete change of paradigm with respect to
previous theories in physics. Special relativity showed in a first place that
space and time are notions that become intertwined and cannot be sepa-
rated in various situations. For example, the frequency of particles of light
(photons) is different depending on the motion of the observer measuring it.
Ten years later, general relativity achieved to push this conclusion even fur-
ther: not only spacetime should be regarded as a single entity, but it is also
a dynamic field. The equations of general relativity show how the space-
time curves under the presence of a mass-energy density, like the Earth for
example. In the illustration with the light’s frequency, this also leads to a
new effect: two observers with the same motion, say two static observers
for example, will measure the frequency of photons to be different at two
different spacetime points in general. Such changes are very important for
example for the quantum communications using photons that are studied in
this thesis. In the next paragraph, we show how the non relativistic picture
of Euclidean space and linear time are replaced by a dynamic Riemannian

spacetime in order to account for this relativistic physics picture.

The spacetime and its metric

In the relativity theories, the spacetime can be defined as a differentiable
manifold of dimension 4 embedded with a Lorentzian metric g, that is a
symmetric non-degenerate bilinear form with signature (—,+,+,+). The
metric defines a scalar product g(X,Y) = g, X*Y" = X"Y}, where X and
Y are arbitrary 4-vectors, and in particular a line element ds? = g, dx/dx",

where dx is the infinitesimal 4-distance in the spacetime coordinates.
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2.2 RELATIVITY

The special case of flat spacetime is given by the Minkowski metric, which
has a matrix representation in the usual Cartesian coordinates of the simple
form g = 5 = diag(—1,1,1,1). Locally (within infinitesimal distances),
neighbourhoods of points on the manifold of a curved spacetime can be

mapped to such a Minkowski flat picture.

2.2.2  Curves in spacetime

Vectors and curves

Contrarily to the Euclidean space where the distances are positive, the space-
time’s metric tensor yields a scalar product that is not positive definite due
to the Lorentzian signature of the spacetime. Vectors are then classifield in
three different categories depending on the sign of their norm squared. If
g(X,X) < 0, the vector X is timelike, if g(X,X) = 0 it is null (also some-
times named lightlike), and if g(X,X) > 0 it is spacelike. A curve y(A)
in the spacetime is said to be timelike, null or spacelike when its tangent
vector 7/ (1) = % is timelike, null or spacelike along the whole curve
parametrised by A, respectively. Timelike curves are the curves followed by
massive particles while massless particles follow null curves. Timelike and
null curves are called causal curves. Spacelike curves are the non causal

curves. The length of a spacelike curve, also called proper length, is the

curved generalisation of the usual concept of distance in Euclidean space.

Geodesic curves

The principle of stationary action applied to the arc length

dxH dxv
S:/ds:/ axtax g, )
L, V8 I
dx(\)

where =51 is the tangent vector at each point y(A) along the curve, yields

the following geodesic equations:

d?xt o dxP dx©

ey = ®
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2.2 RELATIVITY

with the Christophel symbols:

1 aga ag ag log
oo T oua P ao TSP
Por=7¢8 (8x‘7+8x9 8x“>' ©)

and A the chosen affine parameter along the geodesic. A common choice of

affine parameter for a timelike curve 7; is the proper time:
T= | —ds2 (10)
T

The proper time is the time as seen by an observer following the timelike
curve. Proper time is the relativistic generalisation of the classical concept

of time for massive particles (and thus for physical observers).

Killing fields

Killing fields are fields of vectors or tensors that can be found in spacetimes
that have some symmetry. A tensor K of order two is a Killing tensor if
V,uKyp + ViKpy + VKyy = 0, with V the covariant derivative associated to
the spacetime’s metric, namely Vg = 0. Similarly, a Killing vector field K
obeys VK, + VK, = 0. The Lie derivative of the metric tensor vanishes
along the curves followed by the Killing vector fields: the Killing vector field
is an isometry for the metric.

Timelike Killing vector fields are necessary to define the notion of parti-
cles in curved spacetime. Such vector fields enable to split the positive and
negative frequencies, and therefore to have a well defined tracking of the
particles’ time evolution. In a general spacetime, there is no guarantee of
having such a vector field. Nevertheless, in the stationary spacetimes we
are interested in and which we will introduce starting in the following para-
graph, there is always the { = d; timelike Killing vector field to preserve a

well defined notion of particles.

2.2.3 Schwarzschild spacetime around the static Earth

The Schwarzschild metric can be used to model the spacetime background

of the vacuum surrounding the Earth if we assume our planet to be a static
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2.2 RELATIVITY

spherical mass distribution, namely without any asperity or angular mo-
mentum. There are more refined spacetime metrics like the Hartle-Thorne
metric [46]], or the Kerr metric [47] that we'll introduce later on, that can
take into account such features, at the price of a significant increase in
the complexity of the analytical computations. In the usual Schwarzschild
(i.e., asymptotically spherical) coordinates (t,7,0,¢) € Rx|2M, oo[x |0, 77] X

[0,27t[, the matrix representation of the Schwarzschild metric reads:

g = diag (— (1 — 2?) , _1M,r2,r2 sin® 9) . (11)
T

We adopt the following convention for the polar angle (latitude): 6 = 0

and 6 = 7 indicate the Earth’s North and South poles respectively, and
we therefore have the equatorial plane placed at 6 = /2. Notice that
this latter convention, which is widely used in physics, is different from the
geographic convention used for coordinates on our globe, where the latitude
zero is given by the equator. Note that the only parameter in the metric is
the mass of the Earth M. In the natural units G = ¢ = 1 we are using, the
Earth’s mass M has the dimension of a length. The quantities of the form
M /r have a value of GM /7 ¢? in SI units, and for all the cases considered in
our calculations this quantity will be very small. That is because all the radii
we consider are larger than the Earth’s radius Rg. Values r ~ O(M) are only
relevant for the study of very compact objects like black holes. We remain
very far from these regimes, that means that we do not need to worry about
the changes and singularities that can occur when r < 2M.

Because the metric does not depend on the time and azimuthal angle
(longitude) coordinates t and ¢, the spacetime has two Killing vector fields
d¢ and dp. This feature provides the photons and the observers with two
conserved quantities, related to their energy and azimuthal angular mo-
mentum respectively. Due to the spherical symmetry of the Schwarzschild
spacetime, the metric has two other spacelike Killing vector fields: sin ¢ dg +
cot 0 cos ¢ dp and cos ¢ dg — cot ' sin ¢ d, which with the already mentioned
dy are the generators of the SO(3) rotations. The spherical symmetry pro-
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2.2 RELATIVITY

vides us with a third conserved quantity that is linked to the square of the
total angular momentum. More details will be given on these conserved

quantities when we will define explicitely the null vectors later on.

Relevant observers in Schwarzschild spacetime

In the communication schemes considered in this thesis, two families of ob-
servers are of particular interest: the observers standing on Earth’s surface,
who are static and therefore accelerated in Schwarzschild spacetime, and
the circularly and geodesically orbiting satellites. The motion of this first

family of observers, the static observers, is given by the 4-velocity:

1
VF = —— 0. (12)
1— 2M
T

Such observers only evolve in time. Being at a fixed point in space, these

observers are accelerated due to the presence of the gravitational field of

_2M

1
2 M
»*) 725 9r. Let us now

the Earth. Their 4-acceleration reads: a(vg) = (1
turn to the circularly orbiting observers. Such observers have a 4-velocity
of the form vs = I'(9; + wdg + {dp) and they can be either accelerated
or geodesic. Note that the static observer is a particular case of circularly
orbiting observer, simply with vanishing angular velocities w = ¢ = 0.
ThenT = (1— @) E for the static case is obtained thanks to the constraint
g(vs,v5) = —1 for the velocity that is an affinely parametrised timelike vec-

tor. Using this latter constraint for the general circularly orbiting observer,

we obtain:

1
\/1 —2M _42(w2 4+ 725in?0)

(0 +wdg+0y) - (13)

Vs =

If we require the satellite to follow a geodesic, which means that the satellite
doesn’t need to use any fuel to remain on its orbit, the angular coordinate

velocities for the satellite must have the following values:
M sin? o M sina
w=€u\| z\|1— == =€\l 33, 1
“V 3 sinZ 0 ¢ ¢ 3 sinZ 0 (14)
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2.2 RELATIVITY

The angle « € [0, 7] indicates the inclination of the satellite’s plane of or-
bit with respect to the Earth’s polar axis. For all the values taken by the
satellite’s polar coordinate 6 during its orbit, we thus always have a < 6.
The constants €, = 1 and €; = +1 give the sign of the satellite’s angular
velocities. Notice that we recover the usual Keplerian frequency v/M/r3
for the 0 and ¢ motions when considering polar (« = 0 [7r]) and equatorial

(x = 0 = 7/2) orbits, respectively.

Null vectors in Schwarzschild spacetime

The trajectory followed by photons that propagate in the Schwarzschild
spacetime can be represented by a classical light ray to a very good ap-
proximation. This light ray follows a null geodesic curve, which is defined
by the field of null vectors tangent to it. In the Schwarzschild spacetime, at

each point along this curve a light ray has a null vector of the form:

1 / lé—i—K € K—%CO’CZG Iy
k= Ep (f(]’) at + € 1-— f(i’) 2 ar + 7 772 89 + 7}/2 Sinz 0 84, ,

(15)

with f(r) = 1—2¥ and ¢, = +1 and ¢y = =+1 giving the sign of the
radial and polar components of the null vector, respectively. Thanks to the
staticity and spherical symmetry of the Schwarzschild spacetime, we have
three constants of motion for each geodesic. The first one is E,, which is
the energy of the photon as it would be measured by an inertial observer
at space infinity. In (15), we introduced the rescaled angular momentum
and Carter constants Iy = Ly/E, and x = K/ E2, in order to factor out the
energy constant of the photon E,. These two rescaled constants I/, and «
are independent on the energy of the photon. The constants Ly and K > 0
are the azimuthal angular momentum and the Carter constant -a quantity
related to the square of the total angular momentum [48] of the photon-,
respectively, as seen by an inertial observer at spatial infinity. Notice that
from we can see that x > l(% cot? > 0. The energy constant of motion

E, > 0 can be expressed in terms of the photon’s frequency () measured by
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2.2 RELATIVITY

an observer with velocity v through the relation () = —k - v. For the static

observer on Earth, we thus have:
Ep =hQgpy[1— 22, (16)

with the frequency of the photon () measured by a static observer on
Earth’s surface r = Rg. Unfortunately, the two angular constants of mo-
tion I, and x cannot be obtained explicitly that easily. However there are
some special cases where one can obtain at least a simple relation between
them: for a trajectory constrained to the equatorial plane we have x = 0,
and for any radial light ray namely with 6 = cst. and ¢ = cst., we have
lp = x = 0. For a trajectory with a constant azimuthal angle ¢ but vary-
ing polar angle 6, [ = 0 and ¥ > 0. The general procedure to obtain the

dr _ d d¢

constants I, and « is the integration of the relations 7 = k—g and i—g = %

respectively. From (15), these constraints are respectively:

p! dr 62 4o

er/ 2 269/9 / 2 24 (17)
r _
1 rz\/l B ( B ¥) szlzp 1 K l¢c0t 0

b2 dao

691 :4)2—4)1EA(P,
’ 61 sin?0, /K — lécotzé

where the spatial coordinates (71,601, $1) and (r2, 02, ¢») denote the start and

(18)

the end of the null geodesic, respectively. These coupled integral equations
are not easily solvable analyticaly. To solve them requires either to make

some approximation or to do it numerically.

2.2.4 Kerr spacetime around the rotating Earth

If the Earth’s rotation about its polar axis is taken into account, the space-
time background surrounding the Earth is different from the Schwarzschild
spacetime considered previously. The rotation of the mass distribution of
the Earth actually drags the spacetime around it, which thus rotates as well.
Such a spacetime is not static anymore but it is still stationary. Mathe-

matically, this spacetime is implemented through the Kerr metric [47]. In
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Boyer-Lindquist coordinates (¢,7,6,¢), which are asymptotically spherical
coordinates, the line element for the Kerr spacetime reads:
2Mr 2
2 2 2 2
— (1 === =
ds ( )dt +r2 dre 4+ 2do

AdMra

2
+ (r2 +a® + ZM% sin’ 9) sin? 0 d¢? — sin@dtdp,  (19)

where & =12 + a?cos?f and A = 1 — @ + ’:—; The Kerr parameter 4 is the
Earth’s self rotation angular momentum divided by its mass M, also called
specific angular momentum. The Kerr solution reduces to the Schwarzschild
one when taking the static limit 2 — 0. The Kerr metric admits two
Killing vector fields d; and dy, which arise respectively due to the met-
ric’s stationarity and axial symmetry. Also, the metric is invariant under
the reflection (t,¢) — (—t, —¢). We broke the Schwarzschild spacetime’s
spherical symmetry by introducing the Earth’s rotation, which means that
we have lost the two other spacelike Killing vectors. However, there is a
Killing tensor in Kerr spacetime which also provides a conserved quantity,
the Carter constant. As in the Schwarzschild case, we will work at radii
large enough to ignore all the issues arising from coordinate and physi-
cal singularities, that are relevant only for objects with considerably higher
mass-energy densities than the Earth has.

In this thesis we will focus on the equatorial plane 6 = 7 when consider-
ing the Kerr spacetime, in order to work with simpler analytical formulas.

The reduced metric in the Boyer-Lindquist coordinates (¢,7,¢) then reads:

2
2Ma )d<p2 _AMa dg. (20)

dSZ:—<1—¥>dt2+%d72+(72—|—a2+7 -

Relevant observers in Kerr spacetime

In the Kerr spacetime, the observer on Earth’s surface is not a static observer
anymore: the Earth’s rotation makes it follow a circular path of the form:

1
\/1 — (2sin?0(r2 + a?) — M (1 — agysin? 0)2

VE =

(at + o 84,) , (21)
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where (p = aM/I is the Earth’s (azimuthal) angular coordinate velocity
about its axis, with I the Earth’s moment of inertia. In the Schwarzschild
limit @ — 0, the velocity reduces to the one of the static observer (12).
Like the static observers, our Earth observer is accelerated. Another
observer of interest is the geodesic satellite orbiting circularly in the Earth’s

equatorial plane. Its g4-velocity reads:
1

V1= 302 +a2) — (1 —ag,)2

-1
with {5 = [a +erVrd/ M] and ¢; = =1 for co-rotating and counter-

Os —

(8t+CS a¢) ’ (22)

rotating orbits, respectively.

Null vectors in Kerr spacetime

In Kerr spacetime, the null vectors are given by [49]:

Kt = Ep [—a <a sin? 6 — 14,) + ria (r2 +a®— alq,)} , (23a)

p r2A
E
K= erfp (r2+a2—a lfp)2 —12A (k4 (Ip — a)?), (23b)
2
Ep lq;
ke =€9g—= .| K— 29 —— — a2 ’ 2
05 cos (sinz 7 ) (23¢)
E [ 2Mr —al
A B ¢
=3 Linz 6 A ”} ' (239)

The conserved quantities are here defined in the same way as they were

already in the Schwarzschild spacetime.

2.3 QUANTUM FIELDS ON CURVED SPACETIME

After having given the description of quantum physics on one side and of
the relativity theory on the other side, we would like to incorporate the
two together in order to look at the evolution of quantum systems on a
curved spacetime background and as seen by observers in motion. This is
achieved within the framework of Quantum Field Theory (QFT) on Curved
Spacetimes (QFTCS) [40] which we describe in the present section.
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2.3.1  Quantum fields

In QFT, we study quantum fields whose excitations are the usual quantum
particles. For example, photons propagating in curved spacetime are here
viewed as excitations of a bosonic (or scalar, when we ignore the polari-
sation degree of freedom) field defined upon the spacetime’s metric field.
In order to describe a field of quantum particles, we first derive the field
equations for the classical field ¢, which will be quantised later on. Using
Hamilton’s variational principle on the Lagrangian density £(¢,d¢) of the
field, namely 6S = 6 { [ L (¢(x),d¢(x)) dx} = 0, where 9¢ is the field’s

conjugate variable, we obtain the Euler-Lagrange equation:

oL oL
ap o (a(aw)) =0 (24)

From there, we can specialise to a particular field in order to obtain explicit

tield equations. In what follows we will take the example of the simplest

possible field: the scalar field, also called Klein-Gordon field.

2.3.2  Quantisation in curved spacetime

Free real scalar field in Minkowski spacetime

The Lagrangian density for a free (real) scalar field in flat spacetime is £ =
3 (7" (3,) (9v) + m2¢?), where m is the mass of the field’s elementary
particles. The Euler-Lagrange equation then reads:

"9, — m*p = (0 — m*)p = 0. (25)

This equation is called Klein-Gordon equation and it admits a simple set of

solutions, the plane waves:

1 i(E.ffwkt)
. - - 6
uk(:r) 2 )% > ke (26)

with wp = VK24 m2. Since we are in flat spacetime, the particles are

defined on the whole Minkowski spacetime thanks to the global timelike
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Killing vector field ¢ = d;. This set of solutions are eigenfunctions of the
timelike Killing vector field: diu; = —iwyuz. Antiparticles are given by
the complex conjugate of the particles” mode functions, and we thus have:
atug = ia)ku%. Therefore, it is as if the antiparticles were particles with op-
posite frequency (and thus energy). We can define a scalar product for this

space of solutions:

(41, 02) = =i | d% ($1(2193) — @91)03). 27)

where ¥ is a spacelike hypersurface of simultaneity at time t. With this
scalar product, the mode functions are orthogonal: (uﬁ’uﬁz) =90 (El — k).
The antiparticles” mode function have opposite norm to the particles” one:
(u%l, uzz) = —6(ky — k). Furthermore, particles and antiparticles modes are
orthogonal (uﬂ’ uiz) = 0, they therefore form together a basis for the field.

Free real scalar field in curved spacetime
The Lagrangian density for the free (real) scalar field in curved spacetime is

given by:

£ =2/181 (8" @) 2p) + (2 + 7R)P) (28)

where ¢ = detg, R is the spacetime’s Ricci scalar, and <y is the coupling
constant between the scalar field and the spacetime. Using again the Euler-
Lagrange equation together with the Lagrangian density above yields

the Klein-Gordon equation in curved spacetime:

(O—m?*—=~9R)p =0 (29)

with the d’Alembertian differential operator in curved spacetime:

1

O=—2 "9,). (30)
\/‘g—| H(\/@g ) 30

In this thesis, we will always work in the minimally coupled case v = 0
and with massless particles. The Klein-Gordon equation then simplifies to

a simple wave equation in curved spacetime [L1¢ = 0. The field solutions
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can then be obtained in the same fashion as in the flat case, with more or
less difficulty depending on the complexity of the spacetime considered. We

then define a scalar product on the space of these solutions:

(91, ¢2) = —i/ZdZVV x| (910,05 — (0up1)3) , (31)

where d¥} = n#d¥, and n is a future-directed unit vector orthogonal to
the spacelike hypersurface . gy is the metric on this hypersurface and gx.

denotes its determinant.

Quantisation

In order to proceed with the quantisation of the field, we need to introduce
the structure that plays the role of the Hilbert space of particles in QFT: the
Fock space. For a definite type of particle, for example the spinless particles
associated to our free (real) scalar field, the Fock space is defined as the

direct sum of the n particles Hilbert spaces:

o0

FH)=PSH)""=CeHBSHONH)BS(HOHOH)S... (32)
n=0

The operator S either symmetrises or antisymmetrises the tensor products of
individual particle’s quantum states, for bosons and fermions respectively.
The need for defining such new structure comes from the change of pic-
ture QFT brings about: particles are not absolute entities anymore, they are
merely excitations of a quantum field that can be created and annihilated.
The Fock space provides the relevant structure for a quantum state of sev-
eral particles with a changing particle content. The free scalar particles and
antiparticles that we found earlier on form together a complete orthonormal

basis for our free (real) scalar field, which we can thus decompose:
Gx) = [ dR [1p(x) i+ (x) ] 63)

where 4; and ﬁ% are respectively the annihilation operator and its Hermitian
conjugate the creation operator for particles of the mode k. If the particles

it ] = ok —

are bosons, these operators fulfil the commutation relation [4; , 4>
2

ky’
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k), together with [ﬁﬁl'ﬁﬁz] = [ﬁ%l %2] = 0. This guarantees the following

commutation relations for the field ¢ and its canonical conjugate momen-
tum 7 [p(x1), p(x2)] = [ (x1), 7 (x2)] = 0 and [P(x1), A (x2)] = i6(%1 — Xa).
If the particles are fermions, one needs to change the commutators for an-
ticommutators instead. To give the action of such operators on a general
Fock state, we need to first define a vacuum state, which is a Fock state that
is empty of particles. A vacuum state |0) is defined thanks to the action of
the annihilation operator: d;|0) = 0. From this empty state, one can create
it at at |0).

a state with arbitrary particle content, for example |1k 25, ) = i i

In general, the action of the creation and annihilation operators is glven by:

dg \nr() = /Tz |”E —1) and ﬁ% |nE> = /nr( 1 |nE +1).
2.3.3 Bogolyubov transformations

A Bogolyubov transformation is a change of basis in the Fock space. It is
a unitary transformation that maps a Fock state to another Fock state but
with a change in the particle content of the quantum state.

The quantum field can be decomposed in two different bases:
B(x) = [ dF [up() a+ui(x) af], (34)
(x) = / dk [Uy(x) Ag + U (x) A1) (35)

The field modes and the annihilation and creation operators from each basis

are related as follows:

Uy = / K’ {"‘W”El + 5@%”%/} , (36)
A= [ R { e, — Bt} (37)
g :/dﬁ' {(X%,EUE, — Bz E,}, (38)
i = [k {agp Az + ByeAL ). (39)
where the az; = (Uk,,u ) and Bur = (Uk,, uq) are the Bogolyubov coef-

ticients. Note that the former maps annihilation operators to annihilation
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operators and creation operators to creation operators from one basis to
the other, it is called mode-mixing coefficient. The B coefficient however
maps annihilation (resp. creation) operators of one basis to creation (resp.
annihilation) operators of the other basis. It is therefore called particle cre-
ation coefficient as it is responsible for the change in the particle content
of the field. This implies that in general the vacuum state differs in each
different basis, which has important consequences for the physics of quan-
tum fields. Note that the bosonic commutation relations (or fermionic using
an anticommutator instead) hold from one basis i, ﬁ% to the other AE' A%

thanks to the unitarity of the transformation:

I * * . — d)
/ dak {"‘W"‘W - /3@"/3@/} =d(k—Kk), (40)
/dk// {IXEI_(’//,B%/E// - ,Bj{'%//a%/j{'u} =0. (41)

In practice, such a change of basis can be motivated by different reasons.
It can be for mathematical convenience, for example in order to diagonalise
a Hamiltonian operator. It can also be in order to characterise the time
evolution of a quantum field in a dynamical spacetime. This is done for ex-
ample in cosmology where the field’s modes at the spacetime’s past infinity
are compared with those at future infinity using a Bogolyubov transforma-
tion. One can also use a Bogolyubov transformation in order to implement
a change in the motion of the observer. This is for example the case of the
calculation of the Unruh effect: initially, an inertial observer in Minkowski
spacetime sees a quantum field in the vacuum state, but when it starts to
accelerate the field becomes populated by thermal particles. There, the Bo-
golyubov transformation enables to compute the change in the particle con-
tent of the field when changing from the inertial observer’s picture to the

accelerated one.
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Particle creation occurs due to the presence of non vanishing B coeffi-
cients. This can be seen from the vacuum state already: the action of the

new annihilation operator on the vacuum state in the initial basis is:
~ —»\/ N At —»/
Azl0y = / aR { iy, — B, }10) = — / KB, 42

which is non zero unless all the B;,; coefficients are zero. Therefore the two
bases do not share the same vacuum state, a vacuum state in one basis can
be populated by field excitations in the other basis. This leads to the particle
creation effects like in the Unruh and Hawking effects. We introduce the
number operator N% = A%AT{ for the mode k here in the new basis. If the
mode was initially empty of particles, the number of particles created in
this mode in the new basis is given by (0|N:|0) = [ dK’ |Buzl?.

Note that since the Bogolyubov transformations are unitary transforma-
tions, they transform a pure quantum state into another pure state. This
is in particular true for the vacuum state. The thermalisation experienced
by the field in the Unruh effect is due to the causal structure of the Rindler
spacetime, which is the spacetime seen by an initially inertial observer in
Minkowski spacetime who starts to accelerate: a part of the spacetime be-
comes causally disconnected from the observer as he starts to accelerate.

This leads to a loss of information on the field and thus turns the quantum

state of the field to a mixed state.
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In this chapter we describe the covariance matrix formalism, quantum metrol-
ogy and the polarisation rotation of light. These three formalism are used
in this thesis together with the quantum field theory in curved spacetime

that we gave in the previous chapter.

3.1 COVARIANCE MATRIX FORMALISM

The covariance matrix formalism is a powerful framework which can be
used for Gaussian quantum states. In this section, we will consider Gaus-
sian states of bosonic fields only. Unpolarised photons can for example be

represented by such Gaussian states.

3.1.1  Continuous variables quantum formalism

Symplectic geometry

Let us consider a bosonic field with a number of modes N. Each mode has a

At oA At A
ajJra] a]. a;

position and a momentum operator, £; = 5 and p; =i 7 respectively,

which enables to give a phase space representation. For Gaussian states, all
the information is encoded into the first and the second moments. These are
respectively the displacement vector d and the covariance matrix I'. Their

components are given in terms of the position and momentum operators:
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di = (Xj) and Ty = (X;Xi + X X;j) — 2(X;) (Xi), where we gathered the
operators in a single vector X = (%1, p1,..., %N, pn)! for simplicity. From
the usual commutation relations [£;, p] = idj, we have that [Xj, X] = iQ
with Q = kEI\él w the symplectic form and w = ( % ).

Covariance matrix

The first moments encoded in the displacement vector can be changed ar-
bitrarily by the action of unitary displacement operators [50]. Such unitary
operations do change the state of our system but not its correlations: these
are encoded in the covariance matrix. When working with measures of en-
tanglement we can therefore set the displacement vector d = 0 without loss
of generality.

The covariance matrix fulfils z'(T +iQ)z > 0, for any z € C*N. The pu-
rity of the state can be estimated thanks to the determinant of the covariance
matrix det(I') > 1, where the equality is reached for pure states. The covari-
ance matrix encodes information about the N modes of the state. When one
can only work with n < N modes of the field, it is easy to trace out the
N — n inaccessible modes: to do so, it suffices to simply remove the compo-
nents of these N — n modes from the covariance matrix. This procedure can

be repeated at will as it preserves the Gaussian nature of the states.

Symplectic transformations

The action of unitary operators on the quantum state, usually performed
on the density operator as p' = UtpU, is given in the continuous variables
formalism by d’ = Sd and I'” = STS!, where § is the symplectic matrix that
is the analogue of the unitary operator U in the covariance matrix formal-
ism. Only unitary transformations at most quadratic in the mode operators
preserve the Gaussian nature of the state, we therefore restrict ourselves to
such transformations in the present formalism. A real symplectic matrix

verifies the symplectic identity SQS' = Q, with Q the symplectic form that
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3.1 COVARIANCE MATRIX FORMALISM

we have defined previously. These real symplectic matrices are square ma-
trices of dimension (2N)? that form the group Sp(2N,R). They are block
matrices with square blocks of dimension 4. From the symplectic identity,
we clearly see that det(S) = +1. Using the Pfaffian together with the sym-
plectic identity, we have Pf(Q)) = Pf(SQS') = det(S)Pf(Q)), and therefore
actually det(S) = +1.

3.1.2  Other representations

Several respresentations are used in the covariance matrix formalism. In

this subsection we describe the quadrature and complex representations.

Quadrature representation

By simply changing the order of the basis vector’s components, we can
switch to the quadrature representation. The new basis vector is then given
by Y = (R, .-, 2N, P1, -, PN)E = L(q)X'. This choice is particularly con-
venient as the symplectic matrices and the symplectic form take a square

block matrix form, where each block is a square matrix of dimension N2:
Stg) =Lig)SLy = (€5). (43)
0 1
Q) Z(—nN oN)f (44)
and the symplectic matrix” blocks obey the following relations: BA' = AB/,
DC! = CD! and AD! — BC! = 1y.
Complex representation

Another representation of interest is the complex representation which can

be obtained by taking the new basis vector 7 = (a1,...,4N, ﬁ{, .. .,ﬁ;r\])t =
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L(C))A(, with L) = \%(%z _i:l.l]llVN). In this representation, the symplectic

matrices and the symplectic form take another block matrix form:

— t _(«B
S =LoSwli = (ﬁ* w*>1 (45)

O = —iK=—i("y 9.). (46)

This representation is very convenient for computations and the symplectic
matrices’ blocks fulfil some familiar relations: aat — BB = 1y and af’ =
Ba!. These relations have the exact same form as the Bogolyubov identities,
the latter can therefore be very naturaly implemented in this formalism by

using the complex representation.

3.1.3 Symplectic transformations from unitary operators

As we have seen, in the complex representation the symplectic transforma-
tions take the form of Bogolyubov transformations, i.e. unitary transforma-
tions. This is of course not coincidental, and we will now see how to link
a unitary transformation in the usual Hilbert space formalism to its associ-
ated symplectic transformation. An arbitrary unitary transformation takes
the form U = ¢! ftdt/H(t/), where H is the interaction Hamiltonian which is
taken to be at most quadratic in the mode operators in order to preserve
the gaussianity of the states. One can express this Hamiltonian in terms of
its symplectic representation thanks to the relation: H = 2" H.-Z The
symplectic Hamiltonian takes the block form H = (4 2.), with A and
B two square blocks of dimension N2 which verify AT = A and B! = B,
and we therefore have H' = H. Under a unitary transformation, the state
vector evolves as: UTZU = S(C)Z Applying Hadamard’s lemma e AZeh =
Z—[A,Z)+ 3 [A [A Z]] +... to the whole vector Z, with A = iftdt’ﬁl(t’)
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and using that [H,Z] = KHZ (and assuming that the Hamiltonian com-

mutes with itself at different times), we obtain:

t

t t
uzi=2z- [i dt’H(t/),Z} +% [1/ at"H ("), [z/ dt/H(t’),ZH +...

= Z—z’/t dt' [H(t'), Z] +Z/t/tdt’dt” [A(t"), [H(),Z]] + ...

N

e 1/ ?
Iy —iK dt’H(t’)+2!<—zK/ dt/H(t’)> +...

— ¢ K[ arH{E) 7. (47)

We therefore have § — ¢—iK J'dt'H(¥)

3.1.4 Entanglement

In order to quantify the entanglement of a quantum state in the covariance
matrix formalism, we first need to introduce the Williamson theorem which
states that for any square positive-definite matrix T' of dimension (2N)?,
there is a unique real symplectic matrix S such that I' takes the Williamson

normal form:
N
I = s'7s, ﬁz@(%‘&). (48)
k=1

In the quadrature and complex representations, it reads instead I'(,) =
qu) (59)S(g) and Ty = Szrc) (&9)S(c respectively, where we collected the
N symplectic eigenvalues v > 1 in the symplectic spectrum matrix v =
diag(v1,...,vn). One can also obtain these eigenvalues using the more prac-
tical formula v = Eig, (iQI), where Eig_, stands for the diagonal matrix
gathering the positive eigenvalues of iQI". This latter formula works for the
three different representations. Now that we have a diagonal expression for
the covariance matrix, we can express the purity relation in terms of the
symplectic eigenvalues: det(T') = IN[ v2 > 1.

We now proceed to define somlé:rlneasures of entanglement for bipartite
Gaussian states. Just like it was previously shown in the Hilbert space

description, the entanglement of a pure bipartite state can be quantified
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thanks to the entropy of entanglement, i.e. the von Neumann entropy of its

reduced state. The von Neumann entropy of a Gaussian state is given by:

= L[S m () -t m () w

The entanglement of a pure bipartite quantum state I' 4 is then measured
by the entropy of entanglement E(Tag) = S(Ta) = S(I'p), with Ty =
trpglap and I'p = tryIap the reduced states of I'yp. For mixed bipartite
Gaussian states, we can use the negativity as in the Hilbert space picture.

The partially transposed state here reads:
. ' 1000
IP' = PIP, with P — (gggg,) (50)
0100

The partial transposing matrix P was here given in its complex representa-
tion. In the real representation it reads P = 1, ® o3, while in the quadrature

representation it has the form P = 1, @ 0. The negativity is then given by:
1 1-7
N(T) = Zmax {TV,O} , (51)

with 7 = min {Eig (TP") } the smallest symplectic eigenvalue of the partially
transposed covariance matrix. Another measure of entanglement related to

the negativity is the logarithmic negativity £x/(I') = max {—In(7),0}.

3.1.5 Examples of quantum states

Coherent state

A single coherent state is a Gaussian state that is an eigenvector of the anni-
hilation operator: ay |ax) = ay |ax), with a; € C the coherence parameter. It
is a displaced vacuum state: |ax) = Dy (ay)|0) where Dy(ay) = oMol g
the Weyl displacement operator. Thus, the vacuum state is a coherent state
with & = 0. Another feature of the coherent states is that they minimise
the position-momentum Heisenberg uncertainty relation, i.e. AZAp, = 1.

A single mode coherent state |a) has first and second moments given by:
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d = v/2(Re(a),Im(a)) and T = 1. The covariance matrix is independent
of the coherence parameter «, therefore it is the same for any coherent state

and equal to the vacuum’s.

Two modes squeezed state

Another quantum state of interest is the two modes squeezed state. Such a
state is obtained by the squeezing of a two modes coherent state. The two
modes squeezing Hamiltonian is H = 2is(ata} — 4142), with s > 0. The sym-
plectic representation for this Hamiltonian is then given by: H = is ( _?71 o > .

We can then obtain the expression for the symplectic transformation:

S — efiKH __ [ coshs1; sinhs oy
o — \ sinhsoq coshsl, /°

(52)

To obtain two modes squeezed state, we use the symplectic transformation
above on a two mode coherent state |a1,ap) = D(a;)D(a2)|0) which has

covariance matrix I = 14. We obtain:
__ [ cosh2s1; sinh2s o
I"(s) - (sinth ai cosh 2s ]l;) (53)
The two modes squeezed state is a pure bipartite state, we can therefore
use the entropy of entanglement to quantify its entanglement. The reduced
states of our two modes squeezed state read: I'1 = I = cosh2s1;. The

reduced states therefore have a single eigenvalue v = cosh 2s. The entropy

of entanglement E(T') = S(T';) = S(I') is thus:

_ cosh2s +1 In <cosh25 + 1) _ cosh2s — 1 In (coshZS — 1)
B 2 2 2 2

= 2cosh?sIncosh s — 2sinh? s Insinhss. (54)

E(T)

The two modes squeezed state’s entropy of entanglement vanishes when
the squeezing parameter s goes to zero, grows linearly for 0 < s < 17, and
vanishes again in the s — oo limit. Let us now compute the negativity of
the two modes squeezed state. The partially transposed covariance matrix
for our state is I'P' = (g 2) with ¢ = (¢9sh2s sinh2s ) The eigenvalues are
then easily found: v = 2. Since we took the squeezing parameter s to be
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positive, the smallest eigenvalue is v_ and the negativity of the two modes

-1
2

squeezed states is therefore N (I'(s)) = . We also have the logarithmic
negativity: € (I(s)) = 2s. Like the entropy of entanglement, the negativity
measures vanish in the s — 0 limit. However, contrarily to the former, the

negativity measures diverge when s — oo.

3.2 QUANTUM METROLOGY

Quantum metrology is a theory that provides tools to estimate parameters
encoded in quantum states [51]. Any physical transformation can encode
parameters in a quantum state, for example time, temperature, or a small
perturbation induced by changes in the spacetime curvature [52, 53] can
perturb an initialy prepared quantum state. The state then encodes some
information about the perturbating parameter, and it can be measured in
order to extract some of this information. The precision that can be achieved
on such a measurement is bounded by the laws of quantum mechanics, the

input state and the chosen measurement [51].

3.2.1  Quantum fidelity

A first way to characterise the change in a quantum state due to a pertur-
bation, for example induced by the presence of a curved spacetime back-
ground, is the fidelity F (g, 0c) between the altered and unaltered states, pe
and po respectively, where € denotes the small perturbation. The fidelity is a
quantity measuring the distance between two states in the Hilbert space of
states. For two mixed states, the fidelity is given explicitely by F(p1,02) =
<tr V102 \/E)z The fidelity has several properties worth mentioning:
as one could expect it is symmetric, namely F(p1,02) = F(p2,01). It is
bounded: 0 < F(p1,02) < 1, and unity is reached when the two states
are identical F(p,p) = 1. The fidelity tends to zero when the states be-

38



3.2 QUANTUM METROLOGY

come increasingly distinguishable. For pure states, the general expression
for the fidelity simplifies to the modulus square of the two states” overlap:

F([¥1),[¥2) = | (¥1]¥2) |

3.2.2  Quantum fidelity of Gaussian states

If one works with Gaussian states within the framework of continuous vari-
ables described previously, one has explicit formulas for the computation of
the fidelity between two states. We recall here that in the continuous vari-
ables formalism a Gaussian state p in the Hilbert space can be represented
in the phase space by its first and second moments, the displacement vec-
tor d and the covariance matrix o, respectively. For single mode Gaussian

states, the fidelity then explicitely reads [54]:

exp (—%(5d)t- (o1+02)7 ! -(5d>

F(p1,02) =

Ay = 4det <01+ w | det (aﬁ Zw) >0, (56)

2
A = det(oy + 02) > 1, (57)

where dd = di — d and the symplectic form for one mode reduces to w =

( _01 (1)) in the real representation. For two-mode states, we have [54]:

exp (—%((5d)t (o1 +0p)7 ! -(5d>

F(p1,02) = ’ (58)
VT2 + VR =\ (VA2 + VA2 -

A> =16det <01 + %Q) det (0’2 + %Q) >0, (59)

I'» =16det ((Q-U’ﬂ-(ﬂ-(fz)—%]ﬁ) > A, (60)

where () = w @ w is the two-mode symplectic form.
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3.2.3  Quantum Fisher information and Cramer-Rao bound

From the fidelity one can define another quantity related to the distinguisha-
bility of quantum states that are perturbed by a common parameter. This
quantity is called the Quantum Fisher Information (QFI) and it reads:

T 1-— ]:(ﬁe,ﬁeere)
AO=ime e o

that is, it is defined with respect to the fidelity between two neighbouring
states in the Hilbert space that are parametrised by the same parameter e:
pe and pPe. 4e. The QFI quantifies the infinitesimal displacement of the state
in the Hilbert space due the infinitesimal change de. The fidelity between

two such states can be expanded perturbatively:

1
F(Perfetde) =1— 5 FPde? +O(de?), (62)
where we used that F(1) = %Lje:o = 0, which holds as long as € is
the only varying parameter. Then we have
0> F (e, Petde)
_ 272 _ PesPe+de
H(E) 4F 4 8(d€)2 |d€:0' (63)

One can see this quantity as the "acceleration” in the change of the quantum
state with respect to the change in the parameter encoded by the physical
transformation. In other words, it is the state’s sensitivity to the pertur-
bation. This quantity bounds the precision Ae on the measurement of the

encoded parameter € through the Cramer-Rao bound:

|Ae| > (64)

NH(e)’
where N is the number of input probes [55]. This inequality provides the
bound for the precision of the single parameter estimation of €, for the
optimal measurement on the state. It is therefore an ideal measure, in the
sense that one will never be able to perform exactly this ideal measurement.
However, depending on the choice of the measurement that we make, one

can approach very close to this value. The Fisher information can be used to
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compute the equivalent measure as the QFI but for a specific measurement
process. This was used for example in the study of the thermal noise in
a BEC used as a gravitational wave detector [4]. By picking a particular
measurement scheme, it was shown that for the choice that was made the
Fisher information was very similar to the ideal value given by the QFI
[4]. This is however not true in general. Yet, the QFI provides a way to
give a first green light for promising schemes when the precision bound
that it gives is good enough. More refined computations with the Fisher
information for a chosen measurement need to be considered in order to
provide a definite experiment proposal.

When the parameter € that we chose to parametrise the changes of the
state contains several parameters of interest to be estimated, say € and e,
then we can use the cascade derivative rule to find a bound for the mea-

NH(e)) and

surement of each of these parameters: |Ae;| > 1/ (
Aea| > 1/

form the measurement on €; (resp. €2) we know the value of €; (resp. €1)

9€
a€1

e
ae‘z

N H(e)> These expressions assume that when we per-

with infinite precision. One can drop this latter assumption and work out
a multi-parameter estimation, which we won't detail in this thesis, but for
which the theory was given for single modes in [56] and generalised in [57].
Such multi-parameter estimation scheme turns out to be in general bene-
ficial for the estimation, leading to increased precision compared to single
parameter estimations [58].

The QFI is a quantity that can be quite involved to compute. A sim-
pler way to obtain a bound for the quantum measurement of a perturbative
parameter € is to compute only the zeroth order of the QFI, H(®). If the
latter is non zero, it can be used as a first approximation instead of the
full QFI in (64). Of course this only makes sense if € is a small param-
eter that does not perturb the state too much. The procedure to obtain
H( is much simpler than for the complete expression of the QFI since we
only need the fidelity between an infinitesimaly altered state and a totally

unaltered state. The latter has a similar expression than the former but
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with de = 0. The fidelity between these two quantum states is F(po, f4c)-
We can then obtain the expression for the € = 0 contribution of the QFI:
HO = limy, 8 fL‘(iLZ‘))’me» = 482]5((53@“) |lse—o- This is in general eas-
ily calculated with the help of a perturbative expansion on the altered quan-

tum state and its fidelity with the unaltered one, up to second order in the

infinitesimal change de.

3.3 LIGHT’'S POLARISATION ROTATION AND WIGNER PHASES

In previous sections, the photons were generally taken to be unpolarised
in order to have a simple description as excitations of a scalar field, or as
Gaussian states in order to be able to work within the framework of the co-
variance matrix formalism. However, one might be interested in the study
of the evolution of the light’s polarisation, due to a curved spacetime back-
ground and as seen by moving observers. In particular, we look at how
quantum states of polarised photons are affected by the curved spacetime
background of the Earth in chapter |8, and how they evolve as seen by cen-
trifuged observers in chapter (gl In the present section, we first show how the
polarisation is defined with respect to the observer’s chosen reference frame,
and how it evolves as the light propagates in curved spacetime. From the
change of the polarisation we can deduce the change in the photon’s quan-
tum state, which comes in the form of a Wigner phase. We also discuss
which kind of quantum states would experience an increased effect, and

conversely which states are preserved from this alteration.

3.3.1 Reference frames and tetrads

An observer defines mathematically its reference frame by a tetrad e, with

tetrad elements ¢," [59]. The tetrad relates physical quantities from their

expression in the global coordinates of the spacetime (¢,7,6,¢) to the local
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3.3 LIGHT'S POLARISATION ROTATION AND WIGNER PHASES

Cartesian frame of the observer. In other words, in this local frame the
observer sees the spacetime as if it was flat, with the metric of Minkowski
spacetime 5 = diag(—1,1,1,1). The domain of validity of this frame is the
portion of spacetime surrounding the observer where the effects of curva-
ture can be neglected. In the observer’s local frame, a passing light ray
with polarisation 4-vector ¢ will be seen with components ¢? = W‘eﬁy =
1/7"(35"17’21’ guv- Hatted indices denote that the quantity is viewed in the ob-
server’s local frame, by opposition to quantities with Greek indices which
are components of the usual vectors in the global spacetime coordinates. In
what follows, we will need to track the evolution of the static observer’s
frame along the path followed by the light rays. In order to do so, we will
define a tetrad field e(A) along the light’s null geodesic parametrised by the
affine parameter A.

The tetrad components are defined as follows: first, the timelike compo-
nent ey is set to equal the observer’s velocity. Then, the triad of spacelike
components ej, e5, e; of the tetrad are obtained thanks to the orthonormal-
isation relations e," e;"8uv = 1 Each of the three triad components are
vectors that have four elements themselves, and these twelve elements are
constrained by only nine orthonormalisation relations. There is therefore
some gauge freedom in the choice of the triad, and thus of the tetrad. This
mathematical gauge represents the observer’s freedom of choice of the ref-
erence frame. In what follows we will adapt our observer’s tetrad to the
light’s null vector, which will simplify the polarisation rotation computa-
tions. To do so we will need to set, say, the third component of the triad
e; in a particular way that depends on the trajectory of the light ray. This
procedure will be explicitly described in the next subsection. After having
adapted the tetrad to the light’s null vector, there are then only eight tetrad
elements ¢ ﬁy left to be determined and seven orthonormalisation equations,
therefore all the gauge freedom that is left is encoded in one single tetrad
element (and two =+ signs that are due to the second order nature of the two

remaining normalisation relations). Extending this procedure to the whole
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null geodesic followed by the light ray, we obtain the tetrad field for our

static observers.

3.3.2 Adapted frames and polarisation rotation of light

Now that we have defined the observers’ frames, we will here implement
the formalism required to describe the light’s polarisation and its rotation

due to curved spacetime backgrounds and observers in relativistic motion.

Polarisation vectors and adapted frames

The light’s polarisation vector is a spacelike vector orthogonal to the light’s
null vector, namely ¥k, = gbf’kﬁ = 0. Because k is null, namely k*k, = 0,
there exist gauge transformations of the polarisation vector that leave the

orthogonality relation invariant:
p — ¢ +Ck, (65)

where C is an arbitrary real constant. The light’s polarisation vector is there-
fore not uniquely defined by its orthogonality with the light’s null vector.
This could cause some gauge freedom in our computations, however there
is a way to prevent it. We can construct the observer’s tetrad in a way such
that the polarisation measured in this particular frame will have two of its
four components that remain gauge invariant under transformations (65).
This procedure amounts to adapting the frame to the null vector of the light

ray considered. To do so, we make the simple choice [60]:

k
€3 = @ — €y, (66)
where k0 = k?‘eoy = —kMv, = h ), with Q) the photon’s frequency as mea-

sured by the chosen observer. Physically, this choice amounts to aligning
the third component e of our observer’s tetrad with the light’s propagation
direction. In mathematical terms, that means that we have k' = k2 = 0and

k3 = k0 in the adapted frame. With this choice for the third component of

44



3.3 LIGHT'S POLARISATION ROTATION AND WIGNER PHASES

the triad, the polarisation components in the observer’s adapted frame 1,01

and y? are gauge invariant under transformations (65).

Polarisation rotation in curved spacetime

In the adapted frames that we have just defined, the polarisation rotation

equations take a simple form [60]:

d;l)/\A + u”wy Bth =0. (67)
Capital letters A, B € {1,2} denote the indices of the polarisation’s gauge
free components. We defined the rescaled null vector u = k/ KO = d 1, where
x(A) is the photon’s position at affine parameter A on the null geodesic.
In (67), the quantity we need to compute in order to obtain the polarisa-

tion’s rotation is the Wigner rotation u“wyAB. This Wigner rotation term is

expressed thanks to the spin-1 connection:

wyAB —=e 8ye Py | I AU L. (68)

In order to compute the Wigner rotation we will thus need to use the expres-
sion of the light’s null vector, the adapted tetrad field e(A) of static observers
along the light’s null geodesic, and the Christoffel symbols defined by the
metric components and their derivatives, see (g). The explicit expressions
for the Christoffel symbols of the Schwarzschild spacetime can be found in
[61] for example. We can simplify slightly the equations by noticing

that w 4 is an antisymmetric tensor:

dy!
ax +¥y? = (69)
dy?
4
STyl = (70)
with the Wigner rotation:
¥ _ 1 _ 2
Y = u”wy 5= —u”wy 1 (71)

In the next subsection, we will describe how the Wigner rotation of the

classical polarisation vector described by the coupled equations and
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3.3 LIGHT'S POLARISATION ROTATION AND WIGNER PHASES

(70) yields a phase in the quantum state of the photons that propagate in

curved spacetime and as seen by observers in relativistic motion.

3.3.3 Photonic wave packets and Wigner phases

A photonic wave packet is made of a continuous superposition of momen-
tum states weighted by a distribution function. For each of these momen-
tum states, the corresponding helicity state is a superposition of plus and
minus helicity eigenstates. If an observer prepares a photon with a balanced
distribution of the helicities for all the momentum states (i.e., it is linearly
polarised), the quantum state can be written as:

M= L [awFpps), 72)
where p = (ko, KL Kk2, 13 ) is the photon’s null vector as seen by the observer
in its chosen reference frame, s is the helicity which can only take values
+1 for photons, the distribution F(p) = F(7) 5(|7|*> — (k%)) 8(k°) with 6
the step function and F is the distribution function of the 3-momenta. This
distribution function is normalised to unity: [ dp |F(7)|*> = 1, i.e. the corre-
sponding annihilation operators @, of the photons have the usual commu-
tation relations [ﬁﬁysuﬁ%z,sz] = 0(P1 — P2)0s;s,-

Now let’s assume that the photon has been prepared by the source
of the emitter and p thus represents the photon’s momentum as seen by the
emitter at the emission event, which is taking place at the affine parameter
Ae on the null geodesic. We are interested in knowing the expression for
the quantum state of the photon that will be observed at reception, at affine
parameter A,. We will give a simple procedure for the computation, but
more details can be found in [62]. Let us introduce U as the operator that
encodes the propagation of the photons from the beginning to the end of
a geodesic segment, denoted by affine parameters A; and A, respectively,
with here A; = A, and in general A, < A; < Ay < A,. The paths we

consider for the photons” propagation between emission and observation
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3.3 LIGHT'S POLARISATION ROTATION AND WIGNER PHASES

might be divided in several of such null geodesic segments, for example
due to mirrors or any other quantum optical device that would alter the
light’s trajectory.

Each momentum-helicity eigenstate that constitutes the photon aquires a
different Wigner phase factor because of its dependence on both the pho-

ton’s propagation direction 7 = 5/k" and helicity s [60]:

Ulp,s) =t |ps), (73)

where the prime denotes evaluation at the endpoint of the null geodesic
considered. Since every momentum-helicity eigenstate picks up a different
phase factor, this phase is not global and it does modify the quantum state.
In (73) appears the Wigner phase ¥ (i) that is obtained by integration of the
Wigner rotation along the photon’s null geodesic:

Ay
Yy — Y. (74)
M

Applying the propagator U to the initial state and using equation (73),

we obtain:

1 W=
)= 75 & [ ape TRp) ' (p)vs). 75)

Between the affine parameters A; and A,, the photons have followed a sin-
gle null geodesic. This means that the null vectors p’ and p have the same
constants of motion and therefore a similar expression but evaluated at dif-
ferent spacetime coordinates. In that sense, p’ is a function of the initial
momentum p.

Notice that the initial state we chose can be written as a tensor prod-
uct |yp) ® |,) of a momentum state |y,) = [ dpF(p) |p) and helicity state
lve) = (|+1) + |=1))/+/2, it is therefore a separable state. This is not true
anymore for the observed state at reception (75). Because the Wigner phase
factor depends both on the photon’s propagation direction and helicity, it
causes the momentum and helicity states in the wavepacket to appear en-

tangled after propagation in the curved spacetime.
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3.3 LIGHT'S POLARISATION ROTATION AND WIGNER PHASES

3.3.4 Helicity states

We can provide a reference channel where no Wigner phase is acquired
by using wavepackets with helicities distributed as a Bell state of the type
(J+p—p) £ |—p+p))/ V2, instead of the simple |y,) superposition we consid-
ered previously. Indeed, in such a Bell state each helicity eigenstate in the
tensor products gives a phase opposite to the one given by the other state
of the product. The products and therefore the total state remain invariant
under the rotation of the polarisation in curved spacetime [63) |64]].

On the contrary, one can increase the effect we are looking at by using
helicity states distributed as GHZ states (|+,)“" £ |—,)*")/v2. In that
case, the tensor product of the +1 helicity eigenstates acquires m times the
Wigner phase ¥, while the negative helicities tensor product picks up a total
phase of —m¥. The total differential phase of the superposition is therefore

2mY, in other words we obtain an amplification of the phase by a factor m.
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GRAVITATIONAL WAVE INTERACTION WITH A BEC

In this chapter we describe the theory behind the experiment proposal for
a compact gravitational wave detector using a Bose-Einstein condensate.
Gravitational waves are one of the last predictions of general relativity to
have been confirmed by experiment [8]. A first indication of the existence
of gravitational waves was given by the measurement of the decay of the
Hulse-Taylor binary’s orbit [65], that followed precisely the rate given by
the emission of gravitational waves predicted by general relativity. Recently,
several direct measurements of gravitational waves were achieved by the
Laser Interferometer Gravitational-Wave Observatory [8], mostly gravita-
tional waves emitted by colliding black hole pairs, but also by an inspiralling
neutron star pair that could be confirmed by optical detection [66]. How-
ever such interferometric schemes require huge infrastructure and can only
detect gravitational waves received from a specific direction. More refined,
compact and versatile detectors will thus be required in order for the field
of gravitational waves astronomy to develop substantially in the future, as

a new way to observe the Cosmos.

4.1 DESCRIPTION OF THE DETECTOR
Contrarily to the first scheme to have detected gravitational waves, that is

LIGO [8], the gravitational wave detector we present here is not an inter-

ferometric scheme, but is based on the resonance of a phononic field in a
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BEC. This permits a much more compact device than the 4km long interom-
eter used in LIGO. Also, the shape and the orientation of the BEC could
be changed rather easily in order to detect gravitational waves coming from
different directions, which is not achievable with the current interferometric
schemes. In some sense, such a detector would be a quantum version of the
Weber experiment where large metal bars were expected to resonate with
gravitational waves [67].

Gravitational waves can create particles in cavities, as was found in [68].
In [41] it was shown that a gravitational wave propagating in a trapped BEC
creates phonons. When some of the phononic modes in the BEC enter in
resonance with the gravitational wave, the mode-mixing and the creation of
phonons become large enough to yield a measurable change in the quan-
tum state. The BEC can then be used as a gravitational wave detector. One
can tune the parameters of the BEC such as its size, its pressure and den-
sity and therefore the speed of sound in the condensate, in order to obtain
mode frequencies of phonons that match the resonance condition with the

gravitational wave.

4.2 EFFECTIVE BACKGROUND FOR THE PHONONS IN THE CONDENSATE
4.2.1  Gravitational wave spacetime

The spacetime of a gravitational wave satisfies the linearised Einstein’s equa-
tions. This means that the change in the spacetime curvature due to a pass-
ing gravitational wave is very small and it can be seen as a perturbation on
top of the spacetime background. For a gravitational wave propagating on
a flat spacetime background, the metric tensor is given by: g = 5 + h, with
n = diag(—1,1,1,1) the Minkowski metric and the components of the per-
turbation are 1, < 1. We work in the transverse traceless gauge, namely
with 9,h"" = 0, hg, = 0 and W u = 0. In this gauge, we can describe a

monochromatic gravitational plane wave that is elliptically polarised and
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4.2 EFFECTIVE BACKGROUND FOR THE PHONONS IN THE CONDENSATE

propagating along the z direction. The perturbation h has hyy = —hy, = hy
and hy, = hyx = hx as only non-zero components. The % and h perturba-
tions only depend on (t — z) and the 4+ and X indices refer to the different
polarisations of the wave. In this chapter we will work in 1 4 1 dimensions,
namely the BEC has only one spatial dimension. Such a BEC will only feel
the h; perturbation, and the spacetime’s reduced line element along the

1-dimensional BEC reads ds? = —dt? + (1 + hy )dx?.

4.2.2  Effective metric in the Bose-Einstein condensate

Now that we have given the mathematical description of the curved space-
time background, we are interested in defining the effective metric on which
the phonons propagate. Such a metric is the equivalent for phonons in the
BEC to the spacetime’s metric for photons. A BEC can be described by a
classical mean field ¥ with a small quantum perturbation I'l, which is the
phononic field propagating on the BEC’s surface in a similar way as ripples
evolve on a stretch of water. The phononic field verifies a wave equation
OIT = 0 with the d’Alembert operator [1 = ﬁay(\/—_ggwav). The met-

ric components of the effective background perceived by the phonons is

[69, [70]:

2 .—1 2
_nfeg o
G = 225 (g + (1= 5) VW), 70

where we restore the speed of light c for clarity. The metric tensor g is the
spacetime’s metric as if there was no BEC, the speed of sound is given by
cs = ¢+/9p(p)/9p where p and p are the pressure and energy density of
the BEC respectively, and V is the flows’ velocity. The other parameters of
the conformal factor, 1y, po and po are respectively the density, the pres-
sure and the energy density of the bulk of the BEC, namely of the mean
classical background field ¥. Let us work in the comoving frame of the
BEC’s flows, i.e. with V¥ = ¢§"0. If we further assume a flat spacetime

background prior to the gravitational wave’s perturbation, we then have an
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4.3 PHONON CREATION AND MODE-MIXING

2 -1
effective BEC metric of the form G = ggfpo diag(—c2,1,1,1). The phonons

therefore propagate on the BEC with an effective metric that resembles very

much the Minkowski spacetime metric where photons propagate, the only
differences being the conformal factor and the speed of the field’s excita-
tions: the speed of light is here replaced by the speed of sound in the BEC.
When the gravitational wave hits the BEC, the BEC’s effective metric reads:

2. -1 /—¢c2 0 0 0

_ 7l0 Cg < 0 1+hy hy 0) (77)
0 hy 14+hi0
Po+ Po 0 0 0 1

For the 1-dimensional BEC that we consider, we have the effective metric:
n3c;! )
G = —" _diag(—c5,1+hy). 8
00 + po g( s +) (78)

The wave equation is conformaly invariant in 1+1 dimensions, in practice

we will therefore be able to use the simple metric G = diag(—c2,1+ h).

4.3 PHONON CREATION AND MODE-MIXING

In this section we describe how the phonon field evolves due to the pres-
ence of the gravitational wave. We first define the phonons as excitations
of the quantised massless scalar field of the BEC, which evolve upon the
background given in (78). We then compare the phononic field before and
during the passing of the gravitational wave thanks to the associated Bo-

golyubov transformation.

4.3.1  Quantised phononic field

Before the passage of the gravitational wave through the BEC, the quantum
field of the phonons can be decomposed in the usual way:
1(t,x) = Y ¢u(t x) e + ¢ (t, x) af, (79)
keIN*
with 4 and 4} respectively the annihilation and creation operators on the

flat effective BEC metric. We consider a BEC in a trap of length L = xg — xp,
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4.3 PHONON CREATION AND MODE-MIXING

with x; and xg the positions of the left and right ends of the trap, respec-
tively. Imposing vanishing boundary conditions on the edges of the trap,

we obtain the following field modes:

sin (krrx — xL) e Wit (80)

1
Pe(t, x) = N I
with the dispersion relation wy = k=, which is valid as long as fik; < mg cs,
where ki = k7t/L and my are respectively the wave number of mode k and

the mass of the atoms in the BEC.

4.3.2 Discrete Bogolyubov transformation

The passing of the gravitational wave can be seen as a change in the basis
of the field modes, i.e. a Bogolyubov transformation. To simplify the com-
putation of such a transformation, we first assume that the change in the
spacetime’s metric happens in a discrete manner: h; = € = cst. < 1. The
BEC'’s effective metric then reads G = diag(—c2,1 + €). We work up to first
order in € since the amplitude of the gravitational wave is expected to be
very small. First, we expand the phonon field in a new basis corresponding
to the presence of the wave: T1(t,x) = Y ®k(t,x) Ay + P (t,x) Af, where
the mode functions and mode operatorkse?;e denoted in capital letters in the
new basis. In order to find the expression of the field modes during the

passage of the gravitational wave, we perform a change of coordinates such

that the metric becomes conformally flat:
ds? = —c2dn® + (1 +e)dx® = (1 +¢€)(—c2dt* +dx?), (81)

where dt = di/+/1 + €. The metric we obtain is therefore conformal to the
flat metric. The wave equation (JIT = 0 is conformally invariant in 1+1
dimensions, we thus recover the same expression for the field modes as in
the flat case, yet with new coordinates for the boundaries:

<k7rx —x.V1+e€
Lv1+€

1
D (t,x) = —sin

vk

.
)e e (82)
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Now that we have the field modes before and after the discrete change
due to the gravitational wave, we should be able to compute the discrete Bo-
golyubov coefficients of the transformation: gajx(€) = (Pj, x) and oBjx(€) =
—(cD]-, cplf) We use the inner product and obtain, up to first order in €,

the following discrete Bogolyubov coefficients:

(14 (=1)/*%) /jk

otx]-k(e) = — 4(] — k) € (] 7é k)/ (83)
1)Ky L/
0Bjk(e) = 0+ (4 (].13: k)) e, (84)

and oajj(€) = 1+ O(e?). Here we made the assumptions of a box that
expands and contracts symmetricaly, with center placed at x = 0 and there-
fore boundaries initially at x; ;g = FL/2. Other assumptions, like a box
with x; = 0 and xg = L, lead to different Bogolyubov coefficients. This
can be easily understood: in the case we are looking at, the center of the
cavity is unaffected by the gravitational wave, while in the latter example
it is the left boundary of the cavity that remains fixed. These are obviously
two different physical situations, that should lead to different changes in the
phononic field. Although we will work in the symmetric case, for the sake
of generality we provide below the expression of the discrete Bogolyubov

coefficients up to first order in € for an arbitrary boundary choice:

(xp — (=1L +x1)) /7K

lejk(e) = 2L(] _ k) € (] 7é k)/ (85)
— (—1)jt+k i
0Bji(e) = — (e = 12);]85]:; *1) \/]_ke, (86)

and gajj(€) = 1+ O(e?) remains unchanged.

4.3.3 Validity of the discrete Bogolyubov transformation

The discrete Bogolyubov coefficients derived in the previous subsection are
tulfiling the Bogolyubov identities up to first order in €. This is not an
obvious fact: the inner product was constructed for a continuous Bo-

golyubov transformation, where the spacelike surface of integration is the
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same before and after the transformation. For the discrete change in the met-
ric considered here, the spacelike surface at t = 0~ and the one at t = 0% are

different. If we take the case where € > 0 for example, see Figure [1} prior to

e>0

Xuf(1+¢) X f(1+2)

XL XR

Figure 1.: Discrete cavity expansion

the transformation the field lives on a spacelike hypersurface that is smaller
than the one where the field evolves to. This is in principle fine because if
we choose the spacelike surface ¥ = {x € [x1,xg]}, which corresponds to
the spatial extent of the cavity at t = 07, no portion of the field is lost in
the transformation since the future surface is larger than the past one. At
t = 0T the field still lies on ¥, which ensures that the discrete transforma-
tion at t = 0 is reversible. For t > 0 however, some of the field will evolve
to the regions x;vV14+e < x<uxrand xg < x < xgV1 +e.

For the contraction case, namely when € < 0, it is in a first place not
so clear whether our calculation is fine or not: in that case the hypersurface
where the field lives is larger prior to the transformation. Therefore, it seems

that some of the field, that at ¢t < 0 lived in the regions x; < x < xpv1+€

56



4.3 PHONON CREATION AND MODE-MIXING

and xgv1+e€ < x < xg, might leak out of the cavity at t > 0, see Figure

In order to assert the rightness of our computation, we need to compare

Xuf(14¢) Xeyf(1+€)

XL XR

Figure 2.: Discrete cavity contraction

the value for the inner product with integration on the past surface %,

as we previously did, with an integration on the future hypersurface e =

{x € [x2v1+¢€,xrV1+¢€]}. We denote such inner products by (®}, ¢x)x
and (®;, ¢x)x, respectively. We do not need to further check for the inner
products of the form (P}, ¢;) since the spatial part of the mode functions,

that is relevant for the present inquiry, is real valued. We find:

(D, ¢x)x — (D), Pr)z. = O(e%), (87)

which confirms that the discrete Bogolyubov coefficients we obtain are fine
up to second order in the amplitude of the gravitational wave €, and there-

fore to the order at which we carry out our computations.
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4.3.4 Continuous Bogolyubov transformation

To obtain the continuous Bogolyubov coefficients for the transformation ex-
perienced by the phonons during the whole passing of the gravitational
wave, one has to integrate the discrete Bogolyubov coefficients we obtained
in and (84). This procedure was introduced in [71] for small accelera-
tions. The same formalism can be applied to small changes in the curved
spacetime, e.g. by a gravitational wave. In [41] this was used in order to
compute the continuous Bogolyubov transformation induced by the passing
gravitational waves on the states of the BEC. However, the formulas in [71]
cannot be exactly used in our computation: in order to obtain the first order
continuous Bogolyubov coefficients, it is assumed in [71] that the modes’ fre-
quencies only change at the second order in the acceleration perturbation.
This is however not the case in our calculation since the frequency of the
phononic modes change already at first order in €. More general equations
thus need to be derived. We follow the same procedure as in [71], but we
take into account this change at first order in the modes’ frequencies due to
the presence of the gravitational wave.

The continuous Bogolyubov coefficients are encoded in the symplectic
matrix § = ( v B ) The Bogolyubov identities in matrix form are given

B«
by the symplectic relation (3} %) = S(3 9 )S". Introducing K = (g;‘; g£>,
which gathers the discrete Bogolyubov coefficients from inertial motion to

perturbed motion, we have:
$ =K 1QKS, (88)

where Q) = diag(Q), —Q) and Q = diag(Qj, Yy, ...) gathers the perturbed
mode frequencies. We will now try to integrate this equation in order to
obtain the explicit expression for the Bogolyubov transformation S caused

by a real (namely, continuous) gravitational wave.
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Gravitational wave

Under the presence of a gravitational wave, up to first order in the ampli-

tude of the gravitational wave € we have:

anwn+0§)€=wn—%€, (89)
ox =T+ &e, (90)
O:B = B €, (91)
K :Il—i—K(l) €. (92)

The first order discrete Bogolyubov coefficients & and f§ are given by
and (84). We look for the continuous Bogolyubov coefficients in the form:

a = w(T—) (1+ A) , (93)
=B, (94)
S =@ —) <11 + S(l)e(t)> , (95)

where @ = diag(w, —w) and w = diag(wi, wy, ...) gathers the unperturbed
modes’ frequencies, and we introduced the time dependent perturbation

e(t) = ef(t). The differential equation then reads explicitly

i@e@(t=) (]1 +sWF() e) + (i@ (t=) (S(l)f(t) + S(l)f(t)> e (96)
= iK 'QKS (97)
— i (]1 KO£ e) <w - % £(b) e) (11 +KWF(H) e) ¢l (t=0) (11 +SWF() e)
=i <w + ([w,KU)} - %) £(b) e> @) (145U f(t)e) (98)
thus
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A solution of is SM(1) = F1(1) ft c(7)f (1) dt, where ¢(t) is the term

in the right hand side of (100). Since [d),K (1)} = ( Jgf}g} {Twﬁ g} >, we have:
- T :
A(Tf, ) = i/ e~ iw(t—0) (w, &] e“"(t_TO) t)dt —1—/ tydt, (101)
T0

Tf

B(Tf, To) =1 /
T

Using that &7 = —& and ﬁtp = B, which holds for the first order terms of

e~ iw(t—1) {w,B} e iw(t=0) e(t) dt. (102)

real Bogolyubov coefficients, we find:

R T . O T
Aji(T5,10) :i(wj—wk)&jk/Tfe“(“’f—“’k)(f—m)e(t) dt—iwk2’k /Tof e(t)dt,

0

(103)
3 - 3, [ emilwitw@d(t-m)
B (17, 10) = i (wj + wk)ﬁjk/T e " e(t)dt. (104)
0
The contribution due to the change in the frequency up to the first order in
the gravitational wave’s amplitude ¢, that is the last term in the right hand
side of (103), occurs for diagonal mode mixing coefficients only. This term

is the only correction to what was used in [41].

Resonances

In this section we look at the effective Bogolyubov transformations happen-
ing to the phononic field when two of the field modes are in resonance
with the gravitational wave. In practice, we can tune the parameters of
the BEC (size, density, pressure) in order to modify its fundamental fre-
quency w; = cs 7t/ L such that two of the phononic modes resonate with
the expected frequency of the gravitational wave to be measured. When
such resonance occurs, the relativistic transformation of the phononic field
becomes important and measurable. Let us denote the resonating modes
by the integers m and n, and the gravitational wave’s frequency by Qgw.
Let us assume that the gravitational wave’s perturbation takes the form of
a simple oscillation €(f) = esinQgwt. Several resonances can be consid-
ered, the most interesting ones being a priori 0, = w;;, + wy, = OQgw and
O_ = wy —wy = Ogw with m > n. For example, in the initial proposal

[41], the choice was made to focus on the particle creation resonance when
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Oy = Qgw. In this section we provide a general account for both mode mix-
ing and particle creation resonances, for gravitational waves with frequen-
cies matching ()4 and ()_. In a first place, we focus on the computation of
the integrals I, /5 = fTTOf e (WiFO) =) gin(Qgwt) dt from the expressions
and respectively. These integrals are where the resonant terms
will appear. For simplicity, we set 7 = 7 and 1o = 0. Let us start with a

BEC with () matching the gravitational wave’s frequency. We find:

e~ =0T ((m 4 1) cos(Qy 1) +i(j — k) sin(Q4 7)) —m —n

bra = (—k+m+n)(—k—m—n)w S
o e~ 1UHROT (1 4 1) cos(QyT) +i(j + k) sin(Qy 7)) —m —n (106)
p = (+k—m—=n)(j+k+m+n)w |

One can notice that we have here two mode mixing resonances but only
one particle creation resonance. They occur respectively for j =k —m —n
and j = k+m+mn,and j = m +n — k. We recalculate I, ,,g assuming such
values before integrating in order to obtain the resonant terms. To make
these resonant terms apparent, we work in the regime w1t > 1, that is
the resonance regime. This regime is necessary in order to accumulate the
effect of the resonance sufficiently and to make the change of the phonons’
state measurable, see [41] for more details on the measurability issues and
the related metrology computations. In the resonant regime, we have the

simplified expressions:

i
I—hﬂé ~ ET (5j+m+n,k - 5j,k+m+n)/ (107)
i
I"‘/ﬁ ~ — ET 5j—|—k,m+n' (108)

Let us now consider the case where ()_ matches the gravitational wave’s

frequency. We find:

e~ =R ((m —n) cos(Q_1) +i(j — k) sin(Q_7)) —m +n
G—k+m—n)(j—k—m+n)w

e~ 1R T (1 — 1) cos(Q_T) +i(j + k) sin(Q_T)) —m +n
(G +k+m—n)(j+k—m+n)w '

I= , (109)

I_g= (110)
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Here we have two mode mixing resonances and two particle creation res-
onances: respectively for j = k—m+n and j = k+m —n, and for j =

n—m—kand j = m —n — k. In the resonance regime w17 > 1, we have:

i

[r~oT (S k—man = Sjktm—n)s (111)
i

I*/,B ~ ET (5j+k,n—m - 5j+k,m—n)- (112)

The extra term from the first order change in the modes’ frequencies,
which we derived in (83), turns out to be negligible: it is a simple oscil-
lation term which does not resonate. In the resonant regime it is there-
fore neglected along with all the other oscillatory terms that we already
neglected. Now that we know the resonant terms, we can write the rele-
vant Bogolyubov coefficients in the resonant regime, depending on which

resonance we are interested in.

Explicit Bogolyubov coefficients

In order to obtain the explicit expression of the transformation experienced
by the phonon field when a gravitational wave passes during a time T,
we now combine the results obtained above together with the discrete Bo-
golyubov coefficients and in the expression for the continuous Bo-
golyubov coefficients and (104). We recall that we have defined the
Bogolyubov matrices as &« = ¢ (1+ A) and B = ¢/“TB. When Q; = Qgw,

we have in the resonant regime w7 > 1:

R 14 (=1)itk -
Ajk(T) ~ wlr%\/]_k (5j+m+n,k - 5j,k+m+n) € (113)
. 14 (=1)i*k
Bir(t) ~ wlr%\/]k Ot kmn € (114)

When () = Qgw instead, we obtain:

. 1+ (1)t~
Aj(T) ~ wﬂ% 7k (6 k—mtn = Ojkym—n) € (115)
. 1+ (1) -
Bjk(T) ~ wlT%\/]—k (5]'+k,mfn - 5j+k,nfm) €. (116)
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4.4 CONCLUSION

The Bogolyubov coefficients that we have obtained all have the same am-
plitude, the only differences in the Bogolyubov matrices being which coeffi-
cients resonate with the gravitational wave. For example, when Q) = Qgw,
the only mode mixing coefficients that resonate are given by the (j, k) that
tulfil either j = k+m +n or k = j+ m + n, while the particle creation
resonance occurs for the j = m +n — k for all positive k < m +n. When
Q_ = Qgw, the non vanishing coefficients appear for other couples of (j, k).
One can note however that all the coefficients for which j + k is an odd num-
ber vanish. This is due to the choice of the symmetric cavity, and it would
not happen for another choice of boundary condition. This can be seen by
comparing the discrete Bogolyubov coefficients and we have used
with the general ones in and (86). Also notice that for both resonances
Q4 = OQgw and Q_ = Qgw there is no couple of non zero integers (j, k)
such that we have both a mode mixing resonance and a particle creation

resonance occuring at the same time.

4.4 CONCLUSION

In this chapter we have introduced the theory of the resonance of phononic
modes in a Bose-Einstein condensate interacting with a gravitational wave.
In a first place, we successfully derived the expression for the Bogolyubov
transformation associated to a discrete change in the spacetime metric back-
ground of the BEC, up to first order in the perturbation. Then we derived
the continuous Bogolyubov coefficients for a realistic, continuous gravita-
tional wave. We then looked at different resonance scenarios and gave the
explicit expression for the appropriate Bogolyubov transformations of the
phononic field.

Based on the results obtained in this chapter, we will be able to look at the
noise induced by the shaking of the cavity in the next chapter, along with

other noise studies e.g. thermality.
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NOISE IN THE PHONONIC GRAVITATIONAL WAVE
DETECTOR

In this chapter, we review some noise sources for the proposed BEC gravita-
tional wave detector described in the previous chapter. Possible sources of
noise include in particular sismic noise, i.e. shaking of the cavity where the
BEC and its phonons are trapped, and the noise due to the temperature of

the BEC, i.e. cause by the thermal agitation of the atoms.

5.1 NOISE DUE TO THE SHAKING OF THE CAVITY

Here we study the influence of small displacements in the position of the
cavity, which could lead to some changes in the field. In general we denote
such displacements by the dimensionless parameter 7, that we will keep up
to order 72 in our computations. The perturbation # will displace the cavity
by a distance L < L, where L is the length of the cavity. In the first sub-
section we look at how such a displacement transforms the phononic field
within a cavity at rest. In the following subsection, this transformation is
combined with the one induced by the gravitational wave in order to esti-
mate how the shaking noise could affect the gravitational wave detection.
We perform all these computations using discrete Bogolyubov transforma-
tions. Not only the computation is simpler so, but also one can expect
that noise displacements actually happen almost discretely, as sudden hops,

which justifies the approximation.
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5.1 NOISE DUE TO THE SHAKING OF THE CAVITY

5.1.1 Shaking cavity

Following a similar procedure as in we here compute the discrete
Bogolyubov transformation experienced by the field modes when the cavity

is slightly displaced in a Minkowski spacetime background (see Figure [3).

n>0

xx+nlL Xe+NL

Figure 3.: Discrete cavity displacement. Here 7 is taken to be positive, the
7 < 0 case is obtained easily by shifting the boundaries x; and xg

after transformation to the left instead.

The modes in the cavity are initially again given by and the ones in
the displaced cavity are:

ch(t/ x) =

sin <k7'cx o q)e_i“’kt. (117)

1
vkt L
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5.1 NOISE DUE TO THE SHAKING OF THE CAVITY

We then obtain the discrete Bogolyubov coefficients for the displacement:

1 — (=1)/*k N .
4j(n) = vk +0r) ( # k), (118)
_ \/'_kl — (=1)y** (3
Bix(n) = —/j H—k’ﬁ' (1°), (119)

and when j = k we have a;i(7) = 1— ”72]2 n* + O(5). Note that gj; van-
ishes identically, and not only perturbatively. This is a consequence of the
invariance of the modes’ frequencies under the displacement of the cavity.
Notice that we find several Bogolyubov coefficients already up to first or-
der in # only. This means that the effect of displacements up to the same
amplitude as the stretching (resp. contracting) of the distances due to the
gravitational wave are relevant and should be taken into account. Note that
in a continuous picture the noise terms shouldn’t resonate and therefore
should be erased by the increased signal.

Here, as in subsection we are also concerned by the validity of the
discrete approximation we are using: there are possible leaks of the field
due to the mismatch between the spacelike hypersurfaces delimited by the
cavity before and after the displacement. Following the same procedure as

before, we find:

(D), )z — (@, i)z, = O(1°), (120)

where X, = {x € [xp + 7L, xg + yL]}. Namely, there is no leak of the field
up to the order of our computation and we can therefore safely use these
discrete Bogolyubov coefficients.

Here the frequencies of the modes do not change after the transformation,
one can directly apply the techniques developed in [71] in order to obtain

the continuous Bogolyubov coefficients. Up to first order in 7, these read:

A(t) =eiwlt=to) (]l + A+ O(172)> , (121)

B(t) =B 1+ O(4?), (122)
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5.1 NOISE DUE TO THE SHAKING OF THE CAVITY

where w = diag(wj, wy, ...) gathers the modes’ frequencies and:

A — i (1) ! —i(w;—wy)(T—tg)
A =i(wj — wk)ocjk e Wm0y (T) d, (123)
to
t
Bjk :i(wj—i—wk)ﬁ](.;)/ e_l(wf+wk)(7_t°)17(T) dr, (124)
fo
where ac]%) and ,B](,? denote the first order discrete Bogolyubov coefficients

found in and (119), respectively. The noise function # is a random
function of time, which frequency spectrum can be obtained by experimen-
tal characterisation. Knowing the frequency spectrum of the noise, one
would then be able to model it through #(7) in order to assert how it affects

the probe states that are to be used in the gravitational wave detector.

5.1.2  Shaking cavity with gravitational wave

We now repeat the computation but including the effects of both the gravi-
tational wave and the shaking of the cavity. We again work up to first order
in €, up to second order in 1 and we keep cross terms O(e#) only. The
mode functions of the phonon field experiencing both effects read:

We can now obtain the Bogolyubov coefficients for the transformation:

D (t,x) = sin (kT(

1+( ]+k ]+k
wjr(e,n) = — \/fkizl(] et 17+Jf €1,
(126)
—1+ (—1)/*k —1—(—1) 1)tk
Bix(e,n) = \/]7‘4(§-+,2)€— \/]7k](+k ]\/7 ]+k en, (127)

for j # k. When j = k, we have a;;(e, 17) =1- ”—2]'2 1% and the particle cre-
ation coefficients simplify B;i(e,17) = 4 €. We will now enquire into possible
leaks of the field during this discrete transformation. See Figures 4] and [5for
the eight different configurations that can occur when both effects happen

jointly.
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5.1 NOISE DUE TO THE SHAKING OF THE CAVITY

‘ ‘ ‘ ‘ Inl <

‘ ‘ X ‘ ‘ X Inl > [el

Figure 4.: Discrete cavity expansion including noise. Transformations 3 and

4 could possibly lead to leaks of the field.

e<0 n>0 n<o

‘ ‘ ‘ ‘ Inl <el

‘ ‘ X ‘ ‘ X Inl > lel

Figure 5.: Discrete cavity contraction including noise. The four transforma-

tions could possibly lead to leaks of the field.
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5.2 NOISE DUE TO THE CONDENSATE’S THERMALITY

One can see that among these eight cases, six of them are potentially
pathologic (from case 3 to 8). In the contracting cavity cases (5 to 8), this
had to be expected as it was already the case even without the shaking
of the cavity. However, the expanding cavity transformation which was
leak free before including the noise can in principle have leaks of the field
when the amplitude of the noise 7| is larger than the amplitude of the
gravitational wave €. Yet, following again the same procedure as in the

previous computations, we find that:

(@), 1)z — (Pj, px)s = O (62/’7316772> , (128)

with the spacelike hypersurface of the cavity immediately after the transfor-
mation ¥’ = {x € [(xp + 7L)v1+¢€, (xg + 7L)v/1+ €]}. Therefore, up to
the order we decided to work we can safely use the discrete Bogolyubov
computation for the eight cases displayed above. These results however
hold only when the noise considered has an amplitude at most of the square-
root of the gravitational wave’s amplitude, i.e. for || < 107!, Stronger

sources of sismic noise would need a more systematic treatment.

5.2 NOISE DUE TO THE CONDENSATE’S THERMALITY

We now would like to find out which is the influence of the BEC’s thermal-
ity on the state of the phonons used to detect the gravitational wave. This
question was addressed in a different way in [4], where the effect of the
states” thermality on the quantum metrology results was characterised. In
this section, we give a simple analysis in order to obtain analytical insights
on the effect of temperature on the quantum state of the phonons. For sim-
plicity, we consider the phononic field to be constituted by only two modes:
m = 2 and n = 1. In reality the phononic field is constituted by many
more, but this approximation will simplify considerably the computations
and won’t change the result to the perturbative order at which we consider

the temperature. The two modes are considered to be the ones resonating
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5.2 NOISE DUE TO THE CONDENSATE’S THERMALITY

with the gravitational wave. We thus have either (), = 3w; = Qgw or

O_ = w; = OQgw. The initial thermal state in the BEC reads:
o = diag(vola, v11,), (129)

where v; = coth(jB/2) and B = fiww1 /kpT. In the limit of small temperatures,

namely when B — oo, we have v; ~ 1+ e /f + O(e"%F). We thus have:
o = g + diag(0,e P 1,) + O(e2F). (130)

If the temperature is negligible in the condensate, the initial state is simply
a vacuum state oy, = 1y, as it was considered to be in the initial proposal
[41]. Therefore, the difference in the initial state compared to the ideal case
is Ao = o, — Ovac = diag(0,e P 1), up to lowest order in the temperature.
One of the key features of the BEC gravitational wave detector is the
squeezing of the two modes resonating with the wave. The resulting squeezed
state is indeed much more sensitive to the perturbation caused by the pass-
ing gravitational wave. Let’s now apply the squeezing operation to the

thermal perturbation:

— inh? 7 1 —sinhrcoshr o
Seq ATSy = e ﬁ( sinh”7 1 ) 131
59 59 —sinh rcoshr oy coshzr]lz ( 3 )

The squeezed initial state of the phononic field inside the BEC before the

passage of the gravitational wave therefore reads

0o = ( (cosh? r+sinh? r) 1, —sinh 2r oy ) + e_ﬁ ( sinh?r1, — Sin;‘zr Oy > . (132)

—sinh 2r o (cosh? r+sinh? r) 1, SIn2r o, cosh? r 1,

To keep analytical insights, we investigate the effect of the transformation
due to a sudden change in the metric, a ‘discrete gravitational wave’ as we
previously saw. One can obtain the exact result by carrying the same com-
putation but with the continuous gravitational wave transformation derived
in the previous chapter, at the expense of the result’s compactness. Using
and (and the expression of ga;; below these), we find the symplectic
matrix associated to the discrete Bogolyubov transformation:
1L, $1

Se = : (133)
L I
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5.3 OUTLOOK AND FURTHER NOISE STUDIES

The state during the passage of the wave o, = SeT00Se therefore reads

(1+2sinh?r) 1, —§ sinh 27 0y §(1+2sinh?r) 1, —sinh 2 o
e = | e - . 2 € i + Ao, (134)
§(14-2sinh” r) 1y —sinh 2r oy (2 cosh”r—1) 1, —% sinh 2r oy

with the thermal perturbation

_ sinh? r 1, — € sinh 27 o € (142sinh? r) 1, — sinh2r o
Aoe =e ﬁ(e( ) oy o) (135)
1

142 sinh? r)1p— %}m ox  cosh®rl,— ¢ sinh 2r oy

We can also rewritte the state as
o, — (%2 L >+ <1+62ﬁ>( ZSinhfrﬂzz—gsinbzrax ;(1+2si2nh2r)12fsinh2mx>.
> —1p $(142sinh”r) 1p—sinh2r oy~ 2 cosh” r I, —§ sinh 2r oy
(136)
In this latter expression the contribution from the condensate’s thermality
appears as a simple perturbation of the state transformed by the gravita-
tional wave. One could use this expression to expand perturbatively quan-
tities of interest, such as for quantum metrology calculations, in order to
obtain analytical expressions for the thermal deviations from the known

results [41].

5.3 OUTLOOK AND FURTHER NOISE STUDIES

In this chapter we provided a theory for the evaluation of the effects from
the shaking of the gravitational wave detector’s cavity where the BEC is
trapped. We derived the Bogolyubov transformation for a discrete displace-
ment of the cavity occuring during the passing of the gravitational wave.
Provided with the noise spectrum obtained experimentaly, we would be
able to integrate these discrete Bogolyubov coefficients in order to charac-
terise the complete transformation on the BEC’s states. The combined effect
of the shaking noise and of the gravitational wave was also characterised.
We then considered the thermal agitation of the atoms, which was ne-
glected in a first place in the initial proposal [41], where the atoms where
considered to have zero temperature. The influence of thermality was al-

ready approached differently in references [4) [5]. In the previous section we
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5.3 OUTLOOK AND FURTHER NOISE STUDIES

provided another different approach yielding an explicit analytic expression
for the quantum state of the two resonant thermal modes of the phononic
tield during the passage of a gravitational wave.

It is worth mentionning that other sources of noise have been investigated
recently in the litterature, like phonon decoherence due to phonon-phonon
interactions [72], and three different damping mechanisms in the BEC have
been discussed in [73]: Landau damping, Beliaev damping and atomic evap-
oration. These correspond respectively to: absorbtion of energy from the
perturbations of the bulk by the thermal bath of excitations, decay of single
phonons to two phonons of lower energies, and interatomic interactions and
thermal fluctuations of the condensate leading to atomic losses.

An analogue gravity approach was also developed in [73]. There the
problem is reversed, the parameters of the BEC are tuned such that the ef-
fective metric for the phonons mimics the spacetime background of a grav-
itational wave, although the actual spacetime background metric is the one
of Minkowski. This would enable to test the features of the BEC gravita-
tional wave detector in the absence of the wave, and therefore to improve it

and prepare it for actual detections.
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Part I1l.

Quantum communication and

metrology in space
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RADIAL QUANTUM COMMUNICATION AND
METROLOGY IN KERR SPACETIME

The field of quantum communications promises several technical improve-
ments to current classical communications. One example is the use of quan-
tum cryptography which would make communications more secure, thanks
to more robust protocols than the classical ones [74]. More fundamental as-
pects can also be studied using quantum communications. For example, the
interplay between quantum physics and relativity can be probed through
quantum communications between moving observers and within schemes
in a curved spacetime background [34]. The results of the measurements
can then be compared with the predictions obtained by theories that were
developed in the overlap of quantum physics and relativity, the most under-
stood of these being quantum field theory in curved spacetime [40].
Knowing quantitatively how quantum communications are affected by
the curved spacetime background would enable to compensate undesirable
relativistic effects in future quantum technologies. Precise values of the
necessary corrections in such quantum communication setups can only be
obtained with an accurate knowledge of the spacetime parameters. We thus
need to employ techniques from the field of quantum metrology, which
aims at exploiting quantum resources, such as entanglement, to estimate
physical parameters [51]. Within a standard estimation protocol, an input
quantum state undergoes a transformation that encodes the parameter to

be estimated. The resulting state of this transformation is then compared,

74



RADIAL QUANTUM COMMUNICATION AND METROLOGY IN KERR SPACETIME

by means of the fidelity, to a neighbouring state which is infinitesimally
close in terms of the parameter. One can define a distance between these
two states that is directly related to the Quantum Fisher Information (QFI),
which in turn is directly related to the maximum precision one can obtain
in an estimation scheme. A final measurement provides an estimation of
the value of the parameter in a single-shot run [51].

Typical applications of quantum metrology range from phase estimation
in quantum optics to estimating the gravitational potential with Bose Ein-
stein Condensates (BECs) [41, 37]. However, when estimating relativistic
parameters, gravity usually appears as an external potential, or a phase
modification, which does not overcome the inherent inconsistency between
quantum physics and relativity [75]. Recently, this gap has been bridged
and quantum field theory in curved spacetime has been employed as the
core framework to compute the ultimate bounds on ultra-precise measure-
ments of relativistic parameters. In particular, it was shown that it is pos-
sible to use the shifting induced on the frequency distribution of single
photons ascending the gravitational potential of a static planet to estimate
with great precision the distance between a user based on Earth and one
on a satellite [34), 35]. In this case, gravity isn’t affecting the quantum state
as the simple addition of a phase. The effects due to curved spacetime
can therefore not be explained by a simple ad hoc implementation of proper
time in a classical quantum mechanics scheme. Furthermore, it was shown
that these effects can have potentially high impact on specific types of quan-
tum key distribution (QKD) protocols [34]. This direction has the potential
of leading towards the development of new relativistic and quantum tech-
nologies aimed at testing the predictions of quantum field theory in curved
spacetime in space-based experiments with satellites.

In this work we extend the analysis carried out in previous works which
investigated quantum estimation techniques in scenarios where photons are
exchanged between Earth and a satellite [35]. There, the Earth was assumed

as static and the effects on the propagation of the photons depend only on
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RADIAL QUANTUM COMMUNICATION AND METROLOGY IN KERR SPACETIME

the Schwarzschild radius of the Earth. Here we consider a rotating planet,
and we model the metric outside the mass distribution by the well known
Kerr metric [47]. The transformation induced by the curvature on the trav-
eling photon reduces to a beam-splitter, a well known linear transformation
in quantum optics [76]. We can therefore restrict ourselves to Gaussian
states and employ the powerful covariance matrix formalism that allows to
achieve analytical insight in scenarios that involve Gaussian states and lin-
ear unitary transformations [54), 50]. In particular, we seek out the effects of
rotation on previously employed entanglement-swapping protocols [34, 35].

We find the error bound on the equatorial angular velocity of the Earth
and compare it with that achieved with cutting edge technology. The rate of
improvement of quantum optical technologies and the rapid increase of the
control over quantum systems suggest that in the near future our scheme
might provide a reliable way to outperform current technologies based on
classical means.

The chapter is organised as follows. In Section [6.1, we present the process
of exchanging photons between Earth and a satellite, we characterise and
model the system, and we give the mathematical formalism that is going to
be relevant for the general relativistic calculations that will follow. In Section
we derive the expression of the frequency shift for the photon travelling
through the Kerr spacetime. Section |6.3| consists of the relativistic quantum
metrology calculations. It introduces the relevant perturbative quantities
that are affecting the states, and derives the Quantum Fisher Information
(QFI) for the system studied, and hence the estimated error bounds for the
spacetime parameters. Section [6.4]introduces the satellite to satellite scheme
and the related precision estimations are computed in the same fashion as
in the Earth to satellite case. Finally, Section |6.5| briefly discusses how the
effects computed in this work can affect a simple QKD protocol, specifically

comparing the magnitude of the effect with what has been found in [34].
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6.1 DESCRIPTION OF THE SCHEME

6.1.1 Description of the experiment

A photon is sent radially, namely with 6 = cst. and ¢ = cst., by Alice from a
laboratory on Earth’s equator to Bob who is in a satellite circularly orbiting
at radius rp in the equatorial plane of the Kerr spacetime. A schematic

representation of the setup can be found in Fig. [|

<{,

& Bob

Figure 6.: Alice on Earth sends a photon (localised around the straight line)
to Bob in the satellite. The photon experiences the effects of the
curvature of spacetime along the whole path while propagating,
which can be seen in the picture by the progressive tightening
and redshifting of the Gaussian wavepacket. The final effect is a

nonlocal and cumulative effect due to travel along the whole path.
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6.1 DESCRIPTION OF THE SCHEME

6.1.2  Wave packet characterisation

In this work we employ photons which are geometrically radial, namely
with vanishing angular velocities ¢, = 0 = 0,. We will see that in Kerr
space-time such photons have a non trivial angular momentum constant of
motion, contrarily to the Schwarzschild case. The evolution of the quantum
tield is thus a 1+1 dimensional problem. Such a photon can be modelled
by a wave packet of frequency distribution F,(w) of monochromatic plane
waves with frequency w and peaked at wy. The annihilation operator asso-

ciated to this photon by an observer (infinitely) far from Earth is:

+oo ,
A, (t) = /0 dw e "'F (W) Ag- (137)

The canonical bosonic commutation relations [d,(t),a%, ()] = 1 for the
bosonic operator at any instant of time follow directly from those for
the sharp frequency operators [d,, 4" ,] = §(w — w') and from the normalisa-
tion of the frequency distribution function F,(w) i.e., [y dw|Fu,(w)[*> = 1.

It is possible to rewrite the annihilation operator of the same photon

as described by Alice or Bob. We then follow [34] and we have:

+oo .
() = [ d0keHREY () iy, (139)

where the index K = A, B refers to observer Alice or Bob respectively. The
quantity Qg is the frequency of the photon as measured locally by the ob-
server K with proper time 7x. We have introduced the peak frequency Qg
of the frequency distribution Ff(li)o’ and the bosonic canonical commutation
relations for each observer read [dq,, &})K] =1

Alice now prepares and sends a wave packet F(()i)o at radius r4 which is

received by Bob on the satellite as a wave packet F(()BB)O at radius rg. Through-
out its journey, the wave packet has changed due to the spacetime being
curved. The relation between the two frequency distributions has been al-

ready found in [34]. We define the frequency shift f through the relation
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6.1 DESCRIPTION OF THE SCHEME

QOp = fQ 4, which will be made explicit later (notice that we are not using

the same definition for f as in [34, 35]). Then one finds:

1 1
Pg()i),O(QB) = ?Pg()li?o (? QB) : (139)

Bob knows that the photon Alice has sent was characterised by F((;i)o. One

way to quantify the change in the state of the photon is to use the fidelity

between the initial state prepared with wave packet P(()i)o

received with wave packet P(()?O. The fidelity F = |@|? for a single photon

and the final state

in a pure state is simply defined through the overlap function between the

two frequency distributions:

+o0 .
0= [ a0 Ey) (Qp)ES,) (). (140)

B,0 0

The fidelity tends to zero for photons traversing regions of spacetime with
sufficiently strong curvature, while it would reach unity in flat spacetime.
A convenient choice of wave packet is a normalised Gaussian wave packet

of width ok and with a frequency distribution of the form:

(Ok—0k)?

ES) (Ok) = LI (141)

We therefore employ (140) and (141)) (also see [34]) to find:

202
0 QB,O

O — 2(1 + 5) 6_4(1+(1+(5)2)0%

T+ (1102 / (142)

the amount of shifting being quantified by the new parameter ¢ defined by('}
0=f-1 (143)

In the following, we will derive the explicit formula for f in terms of the

spacetime parameters.

1 Here we adopt the same convention for the parameter J as in [35] for consistency with this

previous work.
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6.2 FREQUENCY SHIFT IN KERR SPACETIME

6.2 FREQUENCY SHIFT IN KERR SPACETIME
6.2.1 Preliminaries

The general frequency shift formula for a photon emitted from Alice on

Earth and received by Bob in the satellite reads [44) [77]:

0 [k.jcB}|X=XB
f= Qf\ = [k.XA} ’ (144)

Ix=x 1

where X 4 and X are the four-velocities of Alice and Bob respectively, while
k is the tangent vector to the affinely parametrised null geodesic that the
photon follows. For simplicity of the computations, we restrain our study
to a satellite that follows a geodesic circular orbit, i.e. 7 = 0, and which is
constrained to the equatorial plane of the Kerr spacetime, thus 05 = 0. Alice
on the rotating Earth also has 74 = 6,4 = 0. And our photon is geometrically

radial, namely k¥ = k? = 0. We thus have:

kM (X ) =K (tk gut + Px Stg), (145)

where again K = A, B. The velocity of our observers are [49, [78]:

Xa=74(0i+wady), (146)
Xp=78((1+e€awp)ds+€ewpdy), (147)

where € = +1 for direct orbits (i.e., when the satellite co-rotates with the
Earth), and € = —1 for retrogade ones (i.e., the opposite way). The pa-
rameter wy = d¢4/dt, denotes Earth’s angular coordinate velocity at the

equator, while wg = /M/r3 is Bob’s orbit frequency. The factors 7k are ob-

tained through the normalisation relations (Xk)"(Xx)"guw = —1 and read:
2M 2\ 2
20,2 2
’YA=<1—60A(7’A+01)—E(1—010)A) ) , (148)
3M 3
’YBZ(l——+2€ﬂwB> " (149)
B
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6.2 FREQUENCY SHIFT IN KERR SPACETIME

The tangent vector to the photon’s worldline reads:

1
k :EP (1_—2_]\/1 at + ﬁar) , (150)
r
a? 2M 4 M?a?
k=1+5(1+=5) + o (151)

where it has been used that for such a geometrically radial photon we have:

E, 2M
L 52

r

L4,:—a

The constants of motion E, and Ly are respectively the energy and longitudi-
nal angular momentum of the photon as would be measured by an inertial
observer at space infinity. These quantities are conserved along geodesics
thanks to the presence of the Killing fields d; and dy, respectively. After
evaluation at Xp, the explicit form of the numerator in thus reads:

(k" (X8)ul )y, = —Ep 78 (1 - 1_%) . (153)

B

The denominator of (144), after evaluation at X 4, reads:

i 2M aw
[kH(XA)yhXA =—Epya (1 + al — ;_M> . (154)
rA

The A and B subscripts on the quantities A and x denote evaluation at 74
and rp respectively. We now have all the ingredients to compute explicitly

the frequency shift of the photon (144).

6.2.2  Frequency shift formula

Plugging and in (144), we obtain the explicit expression of the
frequency shift for the photon exchanged between Alice on Earth and Bob

in the circularly orbiting satellite. We find:

aw
/ 1+€1—% 1—%(1—awA)2—(a2+ri)wA (155)
— 1
1—1—%1‘1_‘”& 1—%+2€aw3 22
TA
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In the Schwarzschild limit a, w4 — 0, it simplifies to:

(156)

Therefore, equation reduces to the known result for a radial photon
in a static planet spacetime that has been used in [34, 35]. As expected by
the symmetry of the problem in the case of a radial photon propagating
in Schwarzschild spacetime, the result does not depend on the direction of
rotation of the satellite, namely on €. One can also notice that, in this limit,
photons received on satellites orbiting at radius rp = %r A will not experience
any frequency shift. In the Schwarzschild picture, this is the altitude at
which the gravitational effect of the Earth and the special relativistic effect
due to the motion of the satellite compensate each other, and Bob’s clock
rate becomes equal to the clock rate of Alice. Indeed, the satellite’s motion
around the Earth slows down Bob’s proper time, but the higher altitude
of Bob introduces a lower redshift which therefore has also a lower effect
on Bob’s clock rate, as compared to Alice. Special relativistic effects thus
dominate the frequency shift of photons received at altitudes below rg =
314, where photons will actually be received blue-shifted, while the photons
will be received red-shifted at rp > %r A Where the gravitational frequency
shift dominates. A last relevant check is to verify the absence of frequency
shift in flat spacetime. Unsurprisingly, taking the flat limit of (155), namely

M,a,wys — 0, we find that in Minkowski spacetime fyq = 1.

63 QUANTUM ESTIMATION OF ROTATION PARAMETERS OF THE EARTH

In this section, we apply quantum estimation techniques to find the ultimate

bounds on the precision of measurements of parameters of the Earth.
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6.3.1  Summary of spacetime parameters

In our result for the frequency shift of a radial photon traveling from
Earth to space, there are five dimensionless perturbative parameters of in-

terest, for which we give numerical values in the table

Quantity (N. Units) | Quantity (S.I.) Value Orbit
M/ GM/rac> | 695x10710| /

1.05 x 1071 | GEO
529 x 10710 | LEO
a/rx a/ra 5.11 x 10~ /

7.73 x 1078 | GEO
3.89 x 1077 | LEO

rAWp rawal/c 1.55 x 10~ /

M/rg GM/rpc?

a/rp a/rp

Table 2.: Dimensionless perturbative parameters of the frequency shift.

We consider two orbits for satellites, low Earth orbits at rg(LEO) = r4 +

2000km and geostationary ones r5(GEO) = r4 + 35784km.

6.3.2  Quantification of the frequency shift

The amount of change in the photon’s frequency distribution is quantified

by the shift parameter ¢:

_ O
0= Q_A -1, (157)

where Qp/Q 4 has an explicit expression in (155). We proceed by expanding

this expression perturbatively in the parameters from table |2} We obtain:

6= (55 + 5rot + 501 (158)
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where dg is a first order Schwarzschild term, J,,; is the lowest order rotation
term, and we gather all higher order corrections in J.. We give explicit

values of the first two:

L
1 rs 1- 2a
== , 1
S 4VA 1+ % ( 59)
2
(Srot - - —(T’A CZUA) ~ _10_12/ (160)

where we have introduced Earth’s Schwarzschild radius r¢ = 2M and the
distance between Alice and Bob, L = rg — r4. Notice that dg in is
different to the ¢ displayed in the Schwarzschild scenario papers [34, 35].
It comes from the fact that we are expanding the fotal frequency shift
taking into account both special and general relativistic effects, while in [34)
35] the parameter J has been obtained by expanding only the gravitational
frequency shift. With the values used in table [2, we have ds ~ 10710 for
LEO orbits and 65 ~ —10710 for GEO orbits. Lowest order terms from &,
are of order 1072}, we can therefore safely neglect them from now on.

If one assumes that the positions of Alice and Bob are known with suffi-
cient (in principle, infinite) precision, one can employ to express the
precision Ad on measurements on ¢ in terms of the precision Arg on the

Schwarzschild radius of the Earth:

A6 = (55Ar—1;5. (161)
We have used that for the orbits we consider |ds| > |J.| to neglect terms
coming from J.. Yet, as noticed in (156), there is no frequency shift in
Schwarzschild spacetime for orbits at altitude L = r4/2, and consequently
és vanishes for these orbits. Hence, for orbits with L ~ r4 /2 we would need

to take higher order corrections from J, into account, and (161) will have a

more involved expression.
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We are also interested in the precision one can achieve for the measure-
ment of Earth’s equatorial angular velocity. The relation between Aé and
Aw 4 is simply:

AS = 28,0 294 (162)
wA

We will now proceed to employ the quantum estimation techniques neces-
sary to find the ultimate bounds on the measurement errors we have ex-
plicitly found above. In order to achieve this goal, we need to compute
the Quantum Fisher Information H(J) which will allow us to employ the

Cramér-Rao theorem.

6.3.3 Quantum Fisher information and parameter estimation

Following [35], we employ an initial two mode squeezed state and compute
the fidelity F in order to obtain the QFI. For the regime we are interested
in, § K %52 < 1, the fidelity reads:

0F + O3

F=1-—5 2 sinh?(s) do?, (163)

where s denotes the squeezing parameter, o the spread of the frequency
distribution of the photon, and (); denote the peak frequencies of the distri-
bution of each mode, i.e., i = 1,2. From this we compute the QFI as:

_ M+ 03

H 2

sinh?(s). (164)

Finally, we find our desired result using the Cramér-Rao bound:

g

J/N(Q2 + O2) sinh(s)

In the following we specialise equation (165) to different estimations of phys-

|AS| > (165)

ical parameters of the Earth, such as estimation of the Schwarzschild radius

or the equatorial angular velocity of the Earth.
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6.3.4 Optimal bounds for the error on spacetime parameters

In this section we will focus on applying the previous techniques to esti-
mate the ultimate error bounds on the Schwarzschild radius rs and on the
equatorial angular velocity w, of the Earth. We assume absence of losses
and use typical values for the parameters of the setup such as the bandwith
o = 10°Hz, the peak frequencies Q; = Q) = Q) = 7 x 10*Hz and the al-
lowed number of measurements N = 10'°. In practice, these numbers imply
a measurement time of No~! ~ 3hours. Furthermore, we present results
for squeezing s = 2, which is achievable with state-of-the-art technology
[35, [79]. The optimal bound for the error on the measurement of Earth’s
Schwarzschild radius is given by:
|Ars| 1
rs /2N sinh(s)

The rotation terms being negligible, the result is essentially the same bound

o los) ™" (166)

as in [35] for measurements of the Schwarzschild radius, namely we obtain
a relative precision of |Arg/rs| ~ 107> for LEO orbits and |Arg/rs| ~ 107°
for GEO orbits. Yet, these values now take into account special relativistic
effects due to Alice’s and Bob’s motion, which were neglected in [35].

For orbits at altitude around L ~ %A however, the Schwarzschild term
dg in vanishes, we then need to add the lowest order terms from J..
These are several orders of magnitude smaller than Jg, therefore satellites
orbiting at these altitudes are not recommended for the experiments pro-
posed here since the precision they would provide for the measurement of
the Schwarzschild radius is significantly lower. This result is new compared
to the study carried in [35], since it comes from taking into account special
relativistic effects due to the satellite’s motion.

We shift our attention to estimating the bound for the equatorial angular

velocity of the Earth. We get:

|Aw 4| S 1 o

= _‘5rot|_1/ (167)
WA 21/2N sinh(s) (2
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which gives bounds of order |Aw4|/wa ~ 1073. We are five orders of mag-
nitude below the IERS Numerical Standards that give a relative uncertainty
of order 1078 [80], as well as the per billion precision of a recent direct
measurement involving large ring laser gyroscopes [81] and of old interfer-
ometer experiments [82]. However, given the current rate of improvement
in quantum technologies, it is reasonable to assume that, in the near future,
we will be able to employ higher squeezing values and photons of higher en-
ergy. Finally, larger number of measurement probes would also contribute

to enabling us to exceed the state-of-the-art precision.

64 SATELLITE TO SATELLITE COMMUNICATION

Another possible experimental setup would see two parties, Bob and Char-
lie, both following geodesic circular orbits in the equatorial plane of the

Earth, at altitudes rp and r¢ respectively, with rg > rc (see Figure [7).

4.,

Bob #

Figure 7.: Charlie in a LEO satellite exchanges photons with Bob in GEO.
The wave packets experience a similar distortion as in the Earth-

satellite scheme.
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The advantage of this setup is that the channel (i.e., the free space be-
tween the two parties) is free from the noise introduced for example by the
presence of the atmosphere in the case of Alice sending photons from Earth
to Bob’s satellite [29, 22]. Using with Charlie instead of Alice and
for Bob and Charlie, the frequency shift formula for a photon emitted from

Charlie’s device and received later by Bob on a higher satellite reads:

14 298 3M
QB: 1—% 1—?+217awc
Oc 14775 \(1-M 4 2eawp’
rc

(168)

where all the quantities with a C subscript are the same as Bob’s but sub-
stituting rp with ¢ and € with #. Similarly to Bob’s €, # = +1 depending
on which way Charlie’s satellite revolves around the Earth. In this expres-
sion there are four perturbative parameters of interest: the Schwarzschild
parameters M/rp, M/rc, and the Kerr parameters a/rp, a/rc. In order
to obtain the shift quantity 6; = (Qp/Q¢) — 1 that quantifies the shift in
the frequency distribution of the photon, we need to expand perturbatively

(168) with respect to these four parameters. We find:

05 = (SS,S + s rot + 5s,c/ (169)
with:
3 LTS 1 ~10
0o = — ——== ~ =107, 170
1 rs le L3 —23
Bsrot = ~ 30 (1 —) 1) ~-1075,
s, rot 1 7’?: ( + ro ) (171)

where now L = rg —rc > 0. The terms &, are higher order contributions
that are negligible, and we gave numerical values for é; s and & ot for Char-
lie following a LEO and Bob a GEO. Notice that in this scheme where both
observers are geodesic, contrary to the Earth-satellite setup where Alice is

accelerated, there are here no orbits for which the Schwarzschild term J; s
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vanishes. We can now express the error Ad; on our shift parameter J; in

terms of the error on the spacetime parameters. We find:

Ar Ar
Abs = (55,5 + 5s,rot)_s ~ 55,5_5/ (172)
rs rs
Aa Aw
Abs = 25s,rot_ = 255,rot A/ (173)
a w A

where we have used for the last equality that a = 2Iw,4/rs, where I is
Earth’s moment of inertia. For a photon sent from Charlie on a low Earth
orbit (rc ~ 8000km) to Bob on a geostationary one (rp ~ 42000km), we find
the order of magnitude for the precision on the Schwarzschild radius to be
|Ars|/rs ~ 107° and on the rotation parameters |Aa|/a ~ |Awal|/ws > 1.
Therefore, in this satellite to satellite scheme, the rotation parameters mea-
surements are losing several orders of magnitude of precision compared to
the Earth to satellite setup. This is understandable by looking at the nature
of the observer. On Earth, Alice is strongly dragged by Earth’s rotation
while the satellites experience only a slight dragging due to the weak rota-
tion of the spacetime. It is then not surprising that the satellite to satellite
setup, which is made of two geodesic orbiting observers, is less sensitive
to the rotation parameters of the Kerr spacetime. However, the value for
the precision on the measurement of the Schwarzschild radius is similar to
the Earth to satellite scheme, making both setups equally good in theory.
Yet, one has to keep in mind that a satellite to satellite scheme will provide
channels free from any atmospheric noise and should therefore eventually

yield more precise measurements.

65 QUANTUM KEY DISTRIBUTION PROTOCOL IN KERR SPACETIME

In order to complete our analysis of the possible means of detecting these
effects, we can compute the Quantum Bit Error Rate (QBER) for a simple
QKD protocol, following closely what has been done in [34]. The protocol
goes as follows (see also Figure [§ for the diagram of the protocol): Alice

and Bob both have single photon sources, and two memories each: A1, A2
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for Alice and B1, B2 for Bob. Each source sends an optical mode towards
a beamsplitter, and each of the reflected beams is saved in a memory. The
transmitted beams of one user (e.g. Alice’s) are propagated to the other
user (Bob, in this case). The transmitted optical modes from memories Al
and B1 are then entangled at the receiver’s lab through a beamsplitter, and
similarly for A2 and B2. Alice then beam splits A1 and A2 and each output
branch of the beamsplitter is measured by a detector. Bob performs the
same operation with B1 and B2. If each user has one detector clicking, the
protocol has been working successfully. The probability for Alice and Bob
to share the same bit, i.e., the probability for memories A1, Bl and A2, B2 to
have the same state is denoted by p. The QBER is the rate of bits that were
not shared between Alice and Bob, i.e. QBER =1 — p.

We employ the same protocol between Alice and Bob and adapt it to our
new results, which take into account Earth’s rotation and special relativistic

effects. From [34] we have:

52 0?2
BER ~ ——,
Q 8 o2

(174)
in the regime § < %52 < 1. In the Earth to satellite setup, the contribution
of the rotation to J in is negligible for most orbits. We obtain a QBER
of order 10~* for communications to LEO orbits and 10~2 to GEO orbits.
For orbits at radii rg ~ %r 4 however, the rotation term becomes dominant
and the QBER shrinks to ~ 10~8. Hence, these orbits are recommended to
reduce the QBER in Earth to satellite quantum communications.

In the satellite to satellite case, the Schwarzschild part of the shift is al-
ways dominant. The value of the shift between a LEO and a GEO satellite
is similar to the GEO orbits case in the Earth to satellite scheme, hence the
value for the QBER for quantum communications between a LEO and a
GEO satellite is of order 1072. However, taking into account atmospheric

effects in the ground to satellite case would make the satellite to satellite

scheme more accurate than a Earth to GEO QKD protocol.
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Bob in the satellite

m D1B D2B

SPS

SPS — ~ N

curved spacetime

| |

D1A D2A

SPS Alice on Earth SPS

Figure 8.: Diagram of the QKD protocol between Alice and Bob. SPS boxes
denote single photon sources, while boxes A1, A2, B1 and Bz rep-
resent the quantum memories. Beamsplitters are drawn in gray
and mirrors in black. The photons emitted by Alice on Earth to-
wards Bob are redshifted: the initial light beam (in blue) results
after propagation through curved spacetime (indigo rectangle) in
a redshifted beam (in red). This latter beam is then entangled at a
beamsplitter with a mode prepared by Bob. This entangled state
(purple lines) is then mixed with the other mode before detections.

Detectors are displayed as thick black dots.

The errors we have quantified here occur because the wavepackets cor-
responding to the optical modes Al and A2 have changed during their
propagation towards Bob. The reduced overlap between sent and emitted

states translates into errors in the QKD protocol. A significant share of these
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errors can be corrected by perfoming a linear shift in frequencies on the re-
ceived wavepackets in order to align their peak frequency with the emitted
ones, before measurement. However, due to the change in the shape of
the propagated wavepackets, this operation will not completely cancel the

errors induced on the QKD protocol by the relativistic effects.

6.6 ENTANGLEMENT DEGRADATION DUE TO CURVED SPACETIME

After having looked at the errors caused by the curved spacetime back-
ground on a QKD protocol, we here describe how the entanglement of pre-
pared quantum states of photons can be altered by the light’s propagation
in curved spacetime. We take the simple example of a two mode squeezed
state, for which the continuous variables representation alongside with sev-
eral measures of entanglement were given in section This is an enta-
gled state with negativity NV (oini) = est_l To compute the transformation
due to the spacetime, we again need to introduce a fiducial mode for each
of the emitted modes. The initial two-mode squeezed state composed by
modes a and b will be beamsplitted by the curved spacetime background to
modes c and d, respectively. Modes ¢ and d are initially in the vacuum state.
The whole state of the initial system consisting of the two prepared modes
together with the two fiducial modes reads:
cosh2s1; 0 sinh2soy 0
Ttot = <sinh02s o2 0 cosh2s1z 0 )/ (175)
0 0 0 1
and the symplectic transformation associated with the effect of the curved
spacetime background is given by S = « @ «, with:
cosfp 0 sinf, 0
o= (b T ) (179
0 —sinf, 0 cosf

The beamsplitting angles 6,;, = arccos ©,; encode the changes due to the

0

802

curved spacetime, where @, ~ 1 — is the overlap between emitted

and received modes which was given in (142) for mode a and b respectively.
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The received state after propagation in the curved spacetime background of

the Earth o = trcld(SatotSJr) explicitly reads

14202 sinh s 0 0 0,0 sinh 2s

0 14207 sinhs*> ©,0) sinh 2s 0

0 0,0, sinh2s 14202 sinh 52 0 : (177)
0,0 sinh 25 0 0 14207 sinh 52

Following the procedure described in and assuming for simplicity that
both modes have the same frequency distribution, i.e. ), = ), = ), we
find the smallest symplectic eigenvalue of the partial transpose of our re-

ceived state ¢ to be 7 = 1 — ©@?(1 — e?%) and therefore the negativity of

the received state is NV (o) = —— 42?5}112}%;72@2)' Note that if we work with
vacuum states, i.e. with s = 0, the received state remains a vacuum state un-
der relativistic transformations (i.e. is the identity matrix in this case
and the null displacement vector remains null), and therefore 7 = 1 and
N (o) = 0. Recall that 0 < © < 1, the latter limit value occuring in the case
where no relativistic effect comes into play (e.g. for an exchange of photons
between inertial observers with the same velocity in a flat spacetime). When
such effects do kick in, in general ® < 1 and the overlap would tend to 0
only for extreme curvature backgrounds or huge relative velocities between
the observers. Notice that when there is no relativistic effects we recover
N (o) = N (0ini). We can now compute the relative loss of entanglement

due to the relativistic effects arising from the curved spacetime background

and due to the observers’ motion:

N (oini) =N (0) (1 —0?)
AN = — . o
N N (Tini) cosh s + sinh s(1 — 20©2) (178)
In terms of the shift parameter 6, we have © ~ 1 — 62 80722 and therefore:
02
~ 25852
AN~ (179)

which for the values we have used previously gives a loss of negativity of
about 6% for both LEO and GEO orbits. Here again, if the satellite orbits
at altitude L ~ r4/2, the negativity of the entangled state is preserved and

AN — 0. Note that both the exact and the approximate expressions of AN
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above are valid only for s > 0. The non zero value of AN in the case s = 0

is only an artefact of a limit of the form 0/0.

6.7 CONCLUSION

In this chapter we have derived an expression for the general relativistic
frequency shift of a photon travelling through Earth’s rotating surrounding
spacetime. We have specialised to photons travelling with vanishing an-
gular velocities from an equatorial laboratory on Earth towards a satellite
revolving in the equatorial plane of the Kerr spacetime. This study pro-
vides analytical insight and successfully extends previous results obtained
for Schwarzschild spacetime [34, 35]. We have found that including the
rotation of the Earth does not change previous estimates obtained for the
Schwarzschild radius in a quantum metrology scheme. However, we were
able to estimate the precision for the quantum measurement of the equato-
rial angular velocity of the Earth. We find that the error bound predicted
for the equatorial angular velocity of the Earth can exceed the precision ob-
tained with the state of the art when high values of squeezing and a large
number of probe systems (or measurements) are employed. Suitably chosen
signals, such as frequency comb, instead of Gaussian-shaped frequency dis-
tributions, could also improve precision [83}[84]. Taking into account special
relativistic effects, we have also found a specific class of circular orbits where
the frequency of the received photons remains almost unchanged. For quan-
tum metrology purposes these orbits have to be avoided since the quantum
state of the photons is less perturbed, yet they are very useful for minimal
curved spacetime disturbance channels for quantum communication. To
complete our analysis, we have added a study of the error bounds for the
same parameters when communication occurs between two satellites, which
has relevance for practical implementations of many quantum information
schemes, such as proposed implementations of QKD through satellite nodes

[30, 33]. We conclude that recent advances in quantum technologies, which
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include the ability to create larger values of squeezing, show the promising
opportunities of improving the state of the art for measurements of physical

parameters of the Earth.
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QUANTUM COMMUNICATION AND METROLOGY IN
SCHWARZSCHILD SPACETIME

Quantum experiments measuring relativistic effects are now becoming in-
creasingly frequent, whether performed in the lab [20] or using schemes
involving satellites [21]. In the present work, we are especially interested in
the latter. In fact, we aim at completing the work started in [34] where
a theoretical framework for the study of relativistic effects on quantum
states exchanged between Earth and satellites was established. Frequency
modes of light were considered and their evolution in the Schwarzschild
spacetime background was studied in quantum communication and cryp-
tography schemes. This work has been extended in [35] where quantum
metrology techniques were used to estimate the precision for quantum mea-
surements of physical parameters of the Earth. Finally, the effects of the
rotation of the Earth and communications between satellites were looked at
in the previous chapter and these results were published in [1].

The present chapter aims at further extending these studies, that were
only considering radial communications. We use different schemes here,
the link scheme between Earth and satellites that was described in the pre-
vious chapter, but also a reflecting scheme where the photons sent from
Earth are reflected back by the passing satellite. In the latter scheme, the
received photon states measured on Earth have thus not experienced any
gravitational or Doppler shift. The change in their quantum state is mostly

due to the energy kick delivered by the reflection on the moving satellite’s
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mirror. In both schemes, the angularity of the beam gives an effect which
turns out to be larger than the shift in energy experienced by photons in the
schemes considered in previous works [34), 35, 1]. This enables us to obtain
improved metrology results without even using squeezed states.

The structure of the chapter is as follows: in section we provide the
mathematical formalism to describe the light beam and its photons’ states.
In[7.2, we detail both the link and reflecting satellite schemes. We then work
out in [7.3| the expression for the energy shifts altering the quantum states of
light. In section we perform the quantum metrology computations in
order to estimate the precision bounds one can obtain for a quantum mea-
surement on physical parameters encoded in the perturbed photons’ states.
Numerical values of these parameters are then used in to obtain the op-
timal bounds for the measurements of the Earth’s Schwarzschild and mean
radii, and also for the satellite’s height. In|7.5| we compute the quantum bit
error rate for a simple quantum key distribution protocol in the case where
the relativistic effects are not compensated for. Finally, we conclude and

discuss our results in the last section

7.1 LIGHT RAYS AND PHOTONIC STATES

In this section we describe the optical pulses and their propagation in curved
spacetime. Their trajectory in the curved background is given in
where we consider light rays with a small azimuthal angular momentum
but arbitrary polar angular momentum. In we give the description
of the quantum state and show how it is affected by its propagation in the

Schwarzschild spacetime surrounding the Earth.
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7.1.1  Light ray with small azimuthal angular momentum

We consider light rays with a small azimuthal angular momentum, i.e. |ly| <
Vvx. In practice, this means that the azimuthal coordinate ¢ of the photon
varies very slowly during the light’s propagation. This is just a matter of
calculational convenience as with the Schwarzschild spacetime’s spherical
symmetry any plane containing the center of the Earth is equivalent to work

with than any other. For such light rays, the null vector simplifies to:

. 1 K € |« ly 5
k—EP(Mat+€rmar+r 1’286+7’2511’1268¢>+O(l4)), (180)

where we denoted f(r) = 1 — @ to compactify the expression. The con-

straint can now be easily integrated:

ly (% _df 3\ _ . Lo 3
Ap = GQW o SinZ0 +0 (l¢> = egﬁ(cotel —cotby) +0O (l(f,) . (181)

We therefore have:

ly ~ Vx A¢ (182)

| cotf, — cot 0]
This expression is valid for |A¢p| < | cotf, — cot 61| only. Taking now a look
at the other constraint (17), it simplifies to:
& dr |AB| 9
€r / - + O l 7 (183)
1 7,2\/1_(1_¥)r£2 ﬁ (‘P)

with A6 = 6, — 6. Note that the constraint doesn’t depend on I, anymore.

Unfortunately, the radial integral is still not easily integrable, and we will

need to solve it numerically to obtain the values of «.

7.1.2  Wave packets of photons

A photon can be modeled by a wavepacket in superposition of momentum-
helicity states. We prepare our initial quantum state in a balanced distribu-
tion of |+1) and |—1) helicity states (i.e., a linearly polarised state):

[v) = \%S:Zﬂ/dpF(P) lps), (184)
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with the helicity s = +1, the photon’s 4-momenta as measured in the ob-
server’s local reference frame p = (ko, ki, ki, kg), the 4-momenta distribution
function F(p) = F(7) 6(|5)? — (k9)2) 8(k®) with 6 the step function and the
distribution of the 3-momenta F. The distribution F is normalised in the
following way: [ dp |F(7)*> = 1, which also implies the normalisation of F.
As a consequence, the annihilation operators 45, for the photons have the
usual bosonic commutation relations [aﬁ1,51'aﬁ2,sz] = 0(P1 — P2) dsys,-

To simplify the calculations we assume that the observers pick a refer-
ence frame, implemented mathematically by a tetrad with components e,”,
which is adapted to the prepared/received photons such that the local mo-
menta are p = (kO, 0,0, —kO). This is easily achieved and the details of the
procedure can be found in the dedicated section The photon’s energy
as seen in this local adapted frame is K0 = k”eﬁy = —kM'v Vg, = hQ), where
v is the observer’s velocity and () is the photon’s frequency as measured
by the observer. In the emitter’s frame, the wavepackets have therefore the
following expression:

dQF(Q)|Q, 8
1) =5 L [d0r@)as). (185)

In the following section, we will consider schemes where the photons are
exchanged between Earth and a satellite. We are thus interested in knowing
how such propagation of the light would alter the quantum state. When
momentum-helicity states of photons propagate in a curved spacetime, they
pick up the so called Wigner phase Y. If we denote by U the propagator

that encodes such propagation in the curved spacetime, we have [60]:
|Q,s) =¥ |, ), (186)

where the frequency of the propagated state () # () in general in curved
spacetime. We can relate these frequencies by the frequency shift f: Q) =
fQ. In the link scenario, the frequency shift f will be caused by both the
Doppler and gravitational shifts. In the reflection scheme, since the photons

are prepared and measured by static observers at the same altitude, there
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will be no gravitational or Doppler shift. The frequency shift f is in this
case only due to the change in energy at the satellite’s reflection event.

The Wigner phase ¥ does not depend on the frequency of the photons,
however it depends on their direction 7i = p/|p|, as seen in the observer’s
local frame. After propagation, the expression for the photon’s wavepacket

as seen in the receiver’s adapted frame is:

)= [aF@) e ¥ 1. (187)

<11 V2
In this expression we made explicit that the initial photon state which
is separable remains a separable state after propagation as seen in the cho-
sen adapted frames. Note that this is not true in general and this is solely
due to our convenient choice of reference frame. In another reference frame,
one would not be able to model the wavepacket of momenta by a frequency
distribution only, therefore we would not have been able to pull the Wigner
phase factor out of the integral in (187). This means that the momentum and
the helicity states would have appeared entangled due to the propagation
in the curved spacetime. Although the measured state remains separable in
our chosen frame, note that the Wigner phase is not a global phase: it has a

different sign for each of the two helicity states of the superposition.

7.2 EARTH-SATELLITE SCHEMES

We now propose several schemes where photons are sent to a satellite,

which either reflects them back to Earth or measures them aboard.

7.2.1  The reflection scheme

The setup of our first proposed scheme is the following and can be seen in
Figure[gl A station on Earth emits photons towards a satellite equipped with
a mirror, which is judiciously oriented in order to reflect the photons back to

Earth to the same station or to another laboratory (see for example [22} 23]
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for a practical implementation). For the sake of simplicity, we assume that
in the case there are two laboratories on Earth, they are located almost at the
same longitude ¢, although they can be arbitrarily far in terms of latitude

6. Since the photons are prepared and measured by static observers at the

Figure 9.: Schematic representation of the proposed experiment. Photonic
signals are sent from a station on Earth towards a satellite equiped
with a mirror (in grey) and follow null geodesics (red line). They
are reflected by the passing satellite (here placed at LEO) and they
are then received at the same station (dotted line) or at another

laboratory on Earth (thick line).

same altitude, there will be no gravitational or Doppler shift. The frequency

101



7.2 EARTH-SATELLITE SCHEMES

shift f, in this scheme is therefore only due to the change in energy that
occurs at each reflection event on the satellites.

This scheme is interesting in particular because the satellite is here only a
passive object, which doesn’t need to have any quantum source or measur-

ing device on board.

7.2.2 The link scheme

The second proposed scheme is similar to the schemes considered in the
previous chapter and in earlier works [34, 35, @]. It consists in a station on
Earth exchanging photons with a satellite (see Figure [10). However, here
we do not restrain ourselves to radial light rays, and the photons can be
sent from either the station or the satellite. This scheme can therefore be
deployed in either uplink or downlink, and with angular light beams. In
this second scheme there is no reflection, therefore the frequency shift f; for
this setup is made of the gravitational and Doppler shifts only.

The main advantage of this scheme is that the photons need to cross the
atmosphere only once. The atmosphere is a significant source of noise, the

second scheme is therefore more resilient to such noise than the first one.

7.2.3  Orbit configuration

There are many possible orbit configurations for such schemes.

Orb1 The satellite can be in geostationary orbit (GEO), which implies that its

orbit lies in the Earth’s equatorial plane, with inclination & = 65 = 90°.

Orb2 We can also choose a satellite to be located in a low Earth orbit (LEO),
which is an orbit at altitude i < 2000km.

Orb3 The last family of orbits which we will consider are the very low

Earth orbits (VLEO). They have an altitude & < 300km, i.e., low in
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Figure 10.: Schematic representation of the proposed experiment. Photonic
signals are sent from a station on Earth towards a satellite and
follow null geodesics (red line). Alternatively, a downlink can

also be considered (dotted line).

the thermosphere. Such satellites may experience significant atmo-
spheric dragging due to the low altitude. However, the Gravity field
and steady-state Ocean Circulation Explorer (GOCE) satellite orbited
the Earth at 255km for more than four years thanks to its aerodynamic
shape and ion propulsion [85]. Therefore, using satellites at these alti-

tudes is not impossible.
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7.3 FREQUENCY SHIFTS

In this section we describe how the frequencies of the photons are affected
by the curved spacetime in each of the two schemes studied. In the re-
flection scheme, a change of energy is experienced by the photons at the
reflection event. In the link scenario, gravitational redshift occurs gradually,
all along the light’s trajectory, until the detection where an extra Doppler

shift contribution adds up due to the observer’s motion.

7.3.1  Reflection on satellite mirrors

We first describe the change induced at the reflection event occuring in the
scheme described in Both the null vector and the polarisation vector
of a light ray change when it is reflected by the satellite. The change in
polarisation may induce an extra Wigner phase contribution to the one ac-
quired during propagation in (187). Also, the momentum vector changes
both in energy and direction: at the reflection event, some of the kinetic en-
ergy of the satellite is transferred to the photon and the light ray is deviated.
We will see that the change in energy itself depends on how the light ray
is deviated, since it depends on the satellite’s motion and the ray’s incident
angle on the surface of the mirror.

The light ray with an arbitrary incident null vector k of the form
reflected by a moving satellite with velocity v, given in will have a null
vector k’ of the form as well, but with a different energy constant £},
and with new directional parameters €;, €p, l(’p and x’. The expression for
the new energy constant Ej, can be obtained by employing the constraint
k-vs = k’ - vs at the reflection event. We find the reflection shift f, = E;, /Ep

in energy to have the expression

1 — \féang €9,K 14, (158)
1 — \/7(5ang (69/ K/, l’)
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where
2 0
ly sina \/K_lqzCOt O sinZ
R S e P S L

We introduced dang a function encoding the angular parameters €y, x and [
of the light ray. Notice that the change in energy clearly encodes the
change in the direction of the ray, apart from the sign of the radial direction
€r. If the photon’s constants of propagation €g, x and [y have the same value
before and after the reflection, then f, = 1 and there is thus no effect. This
occurs when the mirror’s orientation is parallel to the satellite’s 3-velocity
at the reflection event. This could be used to provide a reference channel
defined as the channel with no effect, which could be used to account for
any noise in the signal in scenarios where there is an effect. Also note that,
as long as the incident light ray is not radial, the effect does not vanish
when the light is reflected back to the initial laboratory. In this case, ¥’ =
but €, = —ep and l;b = —ly. Let us now review how different satellite
configurations affect the energy of the reflected photons.

GEQO. For a reflection by a geostationary satellite, i.e. at polar angle 6; =

« = 71/2, the energy kick (188) reduces to:

lp /M
1—€§R—s Rs
! )
¢ M
=€z R,

This class of satellites only has an azimuthal velocity, which is the reason

fr= (190)

why the energy it can impart to the photons is only a function of the az-
imuthal part of the light’s angular momentum. Since we will assume [y to
be small, the change in energy due to the reflection by a GEO satellite can
be expected to be small as well in the setup we chose.

LEO. Another interesting class of satellites is those with polar orbits.

These satellites pass above both poles during each revolution. Therefore,

105



7.3 FREQUENCY SHIFTS

they are characterised by an inclination # = 0 and are typically found in

LEO. The energy shift for this case is

1+ eweg KRJ? 2
fr= +O0| - |- (191)

!
1+ eu€l,/EM K

Here we considered the approximation of small azimuthal angular momen-

tum for the photons, that lead to expression (182), namely x — lé cot? Bs ~ K,
and therefore g4/ represents the polar angular momentum constant of the
photon. One can then notice the similarity of with (190). Yet, the ef-
fect here can be expected to be significantly higher than for GEO since we

consider non perturbative changes in the polar coordinate 6 of the photons.

7.3.2  Gravitational and Doppler shifts

In the scenario described in[7.2.2} the photons with null vector k emitted
from Earth by the static observer with 4-velocity vg to a satellite with
velocity vs experience a frequency shift f; of the form:

M - &
fi = (1 — Jang (€0,%,1p) Rs> - ﬁ (192)
Rs

For a radial photon, namely when dang vanishes, we recover the expression
of the frequency shift from the previous works in Schwarzschild spacetime
[34,35]. Notice that the angular contribution to the shift comes in VM /R; ~
1075, while the radial contribution comes in M/R; ~ 10710, That is, when
the photons have sufficient angular momentum and thus non negligible
5ang, the main contribution to the shift comes from this angular term. An
interesting fact is that we can relate the frequency shift of the link scenario

to the reflection shift of a light beam reflected radially:

(193)

Let us now study the frequency shifts experienced by photons for specific

classes of satellites orbits.
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GEO. For satellites orbiting in the Earth’s equatorial plane, the frequency

shift reduces to

(194)

Here again, as we consider photons with small azimuthal angular momenta,
this shift is likely to be small.

LEO. For low altitude satellites that we consider to follow polar orbits:

(195)

This frequency shift is expected to be larger than in the GEO case, and than

radial ones considered in the previous chapter and earlier works [34, 35| .

7.4 QUANTUM METROLOGY OF PHYSICAL PARAMETERS OF THE EARTH

In this section we use quantum metrology techniques to derive the optimal
bounds on precision measurements of spacetime parameters of the Earth
encoded in the states received after propagation in one of the schemes
shown above. We first compute a theoretical bound and we then provide
numerical values in order to compare the magnitude with the state of the

art.

7.4.1  Quantum metrology of spacetime parameters

Here we derive the formula for the overlap between the states that have
propagated through one of the paths described in the previous section and
the fiducial emitted states. We then compute the related fidelity and quan-
tum Fisher information. Using the latter, we derive the Cramér-Rao bound
for the estimation of the precision of quantum measurement on physical

parameters of the schemes.
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Owerlap between emitted and measured states

In our study, the initial state of the photons is (185)), while the received
state (187) picked up a Wigner phase ¥ and an energy shift f. The overlap

© = (7]vy’) between the emitted and received states can be easily computed:
® = cos (¥) / dOF* (fQ) F(Q), (196)

which has required us to use the orthonormalisation relations (5|s) = Js
and (Q]fQ) = §(Q — fQ). We consider, as in previous studies [34, 35, 1], a

real Gaussian distribution F of the form

FIQ) = — 1 exp <—%>.

(2o (197)

We are interested in obtaining an explicit expression for the momentum con-
tribution I = [ dQ F* (fQ) F(Q) of the overlap (196). Using together
with (188), we obtain
2 02
~ 1ol 0.2

I ~ exp [— ((Sang (€9, %, 1p) — bang (eg,x ,14,)) 52€ ] ) (198)
In the above expression we have introduced the dimensionless perturbative
parameter € = y/M/R;, and we have assumed that we work in a regime
where 107° ~ € < €2(Q3/0?). In this regime the Wigner phase is small (see
the next chapter or [j3] for values of such phases) and the effects computed
here are significantly larger. Therefore, from now on we will ignore the
contribution from the effects of gravity on the helicity of the photons. Note
that (198) was derived for the reflecting scheme using (188). However,
the expression of the overlap for the link scheme described in is

05

I ~ exp [—(5§ng (€9, 7, 1p) @ez , (199)

Namely, we can actualy use (198) for both schemes provided that we set
dang (eé, K, l</P> = 0 for the link scheme.
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Fidelity of quantum states and quantum Fisher information

We start by computing the fidelity between the received state that encodes
the spacetime’s parameter € = /M/R; and the fiducial emitted one. The
latter has a similar expression than the former but with e = 0. The fidelity
between these two quantum states is simply F(|yo),|ve)) = [©]* ~ I
Let’s now consider two states that have both gone through the path of one
of the schemes described in but that have experienced an energy shift
with an infinitesimal difference de in the parameter € = /M/R;. We use the
fidelity between these two states to define the quantum Fisher information

H(e) as

H(G) — dhmos 1 B \/‘F(|ZZZ’ |’ye+d€>).
€—

(200)

We can then obtain the expression for the € = 0 contribution of the QFI,

HO = limy,_,08 = IL;LZ°>"7d6>), which reads

2()%

2 (201)

H(O) ~ [5ang (€9/ K, l¢) o (Sang <€é’ K/' léb)}

To obtain (201), we used the expression of for an infinitesimal value
de of our parameter €. We could then expand the expression up to lowest
order in de% < 1. Inserting this expression into together with € = 0,
and finally taking the limit de — 0, we obtain the result above. We are now

able to use the Cramér-Rao inequality [55]

1 1
Ae| > R~ ,
Al 2 V/NH(e) +/NHO

where N is the number of probes used in the experiment. We now have all

(202)

the tools required to give the bound on precision of physical measurement

of spacetime parameters of the Earth.

Estimation of physical parameters of the Earth

Our main control parameter € = v/ M/ R; is a function of physically relevant

parameters. For example, we can use it to estimate the bound for the pre-
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cision on the Schwarzschild radius of the Earth rs = 2M, using our input

[AM]  _ _|Ars]

photon states (187). First we note that |Ae| = ; JME. = 23R

, therefore

|Ars| 2v2  [Rs
> =, (203)
rs VNHO) | 7s

The other parameter encoded in € is the satellite’s radius Rs = Rg + h. We

i — _|ARg] M _ __|an] M ‘h oo
find |Ae| = stRp e \/ Re i and |Ae| = sRe 4 \/ Re 7 Which give us

sRel 2 R [R o

Rg ~ +/NHO) Rg V M’ +
|AR| 2 R, /R
> — —.

h —NHgO h VM (205)

We have just derived the theoretical bounds for the precision of quantum

measurements on the Schwarzschild and average local radius of the Earth,
and on the satellite’s altitude /. In what follows, we use experimental values

in order to obtain numerical estimates for these bounds.

7.4.2  Numerical values

We first review which values of the parameters we are able to use, and we
then provide numerical precision bounds for thequantum measurement of

physical parameters of the satellite schemes considered.

Numerical values of the parameters

In the expressions of the energy shifts and (192), there are physical
parameters of the Earth, of the light’s trajectory and of the satellite’s orbit.
The satellite orbits are located at altitude # = Ry — Rg. For LEO orbits,
we choose a polar orbit with inclination parameter « = 0°, and with h =
2000km, namely the highest altitude to be considered as LEO. For the VLEO
ones, we take the parameters of the GOCE satellite, i.e., altitude of h =
255km and inclination of & = 6.7°. In the table 3, we give the values for the
parameters appearing in the expression of the energy shift (188).
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Quantity | Quantity Light ray
Position Value
(natural u.) | (S.I. u.) trajectory
LEO / 5.29 x 10710
M/R; GM/Ryc?
VLEO / 6.69 x 10710
— Lab1 | 1.01x107%
LEO
— Lab2 | -8.99x107°
l /RS l /RS
¢ ¢ 4
— Lab1 | 7.64 x10
VLEO
— Lab2 /
— Lab1 0.
LEO ¥
— Lab2 0.58
x/ Rg x/ Rg
— Lab1 0.88
VLEO
— Lab2 /

Table 3.: Dimensionless physical parameters in the energy shifts.

The numerical values for the rescaled angular constants I/, and x are
obtained through the approximate analytical expression and by nu-
merical integration of the constraint equation (183), respectively. Notice
that in table [3 we give the values of Iy/R, and x/RZ only for downlinks.
For an uplink with the same trajectory, the value of [y only changes sign
while x has exactly the same value. The following numerical values were
used for the parameters appearing in these expressions: we considered
two stations on Earth with angular coordinates (61,¢1) = (37.48°,13.40°)
and (6, ¢,) = (51.88°,13.36°), namely in Berlin (Germany) and Palermo
(Italy) respectively. We denote these stations by Lab1 and Lab2, respec-
tively. The reflection or the measurement aboard the satellite occur at
(6s,¢s) = (15°,13.38°) for LEO orbits or (6s,¢s) = (30°,13.38°) for VLEO
orbits, depending on the orbit considered. Such coordinates guarantee the
validity of the approximate expression for the azimuthal angular mo-

mentum constant /,. Notice that in the case of VLEO orbits, there is no null
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geodesic for the photons that connects the satellite to Lab2. For a scheme

using a VLEO orbit, we will thus only consider communications with Lab1.

Precision bounds results

We are finally able to employ and to give numerical values for
the highest sensitivity attainable for the measurements discussed above. We
use the numerical values given in together with the number of probes
of N = 10', the bandwidth in frequencies of ¢ = 10°Hz and the peak

frequency of (g =7 x 10'4Hz. Table @ contains our final estimates.

Satellite Light
Ai’s/i’s ARE/RE Ah/h
orbit trajectory

Lab1 — Lab1 | 6.06 x1071% | 6.30 x10710 | 1.57 x10~8
VLEO

Sat — Lab1 | 1.21 x107? | 1.26 x107? | 3.15 x1078

Lab1 < Labz2 | 8.50 x10710 | 1.12 x107% | 3.56 x10~°
Lab1 — Lab1 | 8.87 x1071° | 1.17 x107° | 3.71 x10~°
LEO | Lab2 — Lab2 | 8.15 x1071% | 1.0y x107? | 3.41 x10~°

Sat — Lab1 | 1.77 x1077 | 2.33 x1077 | 7.43 x107°
Sat — Lab2 | 1.63 x107 | 2.14 x107° | 6.83 x10~°

Table 4.: Precision bounds obtained through the quantum metrology
scheme described above, for the different possible configurations
of the reflecting and downlink schemes. Results for uplinks are

very similar to those of the downlinks.

In the case of reflecting schemes irrespectively of the orbit and con-
tiguration considered, we obtain a bound for the relative error on the mea-
surement of the Schwarzschild radius of the order Arg/rg ~ 10710, The
state of the art in classical experiments give a value of 2 x 10~ for the pre-
cision of the measurement of the Earth’s Schwarzschild radius [80]. Our
result is therefore one order of magnitude better than the state of the art us-

ing classical measurements. The results obtained for the link scheme
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is a great improvement from previous works considering squeezed states
of photons sent radially from Earth and measured by a satellite, looked at
in the previous chapter and [35, 1]. The precision obtained is now of the
order of magnitude of the state-of-the-art measurement, namely ~ 107°.
Note that we could have used squeezed states in order to improve the result
further. We leave analysis in this direction to future work.

We also find bounds on relative errors for the Earth’s mean radius (over
the area on Earth spanned by the light ray’s propagation above it), which
are of the order ARg/Rg ~ 102 — 10710 for different configurations involv-
ing the LEO polar satellite and VLEO respectively. For a measurement of
the altitude of the satellite, the result is better for the LEO set ups with a
precision bound of Ah/h ~ 10~?, while we have Ah/h ~ 1078 with a VLEO.

Note that for all the configurations considered here in the reflecting scheme,
we have €, = —ep. It is particularly interesting to work with such kind of
configurations since, in this case, the leading terms in the overlap add
up instead of competing. The effect is therefore significantly larger for such
configurations than for set ups with €; = €. Also note that despite the bet-
ter results of the reflecting scheme, the link schemes provide a channel that
crosses the atmosphere only once, while in the reflecting scheme the light
needs to cross it twice. Therefore, one should expect much less atmospheric
noise in the link schemes

Finally we notice that here, contrarily to the scheme studied in the previ-
ous chapter, the result obtained is far better for LEO satellites than for GEO
satellites. There are two reasons for this. The first one is that we considered
schemes where most of the angular momentum of the photon is polar and
not azimuthal, while a GEO satellite only has an azimuthal velocity. This
means that the reflection by a GEO satellite cannot transfer much energy
to the photons in the reflecting scheme. In the link scheme, the change in
energy due to the angular nature of the beam appears through the Doppler
shift occuring because of the satellite’s motion. Because the light’s angu-

lar momentum is mostly polar, and because the GEO satellite only has an

113



7.4 QUANTUM METROLOGY OF PHYSICAL PARAMETERS OF THE EARTH

azimuthal velocity which is also quite slow compared to satellites in LEO,
the resulting Doppler shift is very small when using GEO. Instead, the po-
lar satellites in LEO and almost polar VLEO that we considered see much
larger Doppler shifts, also because of their greater velocities. This happens
only because we decided to set up the scheme in a plane corresponding
to a nearly constant azimuthal angle ¢ value all along the light’s trajectory.
Thanks to the spacetime’s spherical symmetry, one could have chosen any
other plane, and this argument could even be reversed to the advantage of
the GEO by deciding to work in a nearly constant polar angle 6 scheme.
The second reason is due to the very nature of the effect: in the scheme
described in the previous chapter, both gravitational shift and Doppler shift
of frequencies are measured, and the latter effect dominates for a LEO orbit,
but it is reduced in part by the competing gravitational redshift. Further-
more, for photons sent to a GEO satellite, the gravitational redshift largely
dominates, which explains the stronger result than for a LEO orbit in the
radial link scenarios [1]. However, in the schemes we study here, the effect
comes either from the satellite directly communicating its kinetic energy
to the reflected photons in the scheme or mostly from the angularity
of the beam through Doppler shifts in the link schemes Both effects
directly increase in amplitude with the satellite’s velocity, which is larger
for lower orbiting satellites. Therefore, this is the very reason why LEO

satellites are better for the schemes studied here than GEO.
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7.5 QKD PROTOCOL IN SCHWARZSCHILD SPACETIME

In this section we briefly compute the QBER for the simple QKD protocol
described in here implemented in the reflecting and link schemes we
previously introduced in We find the following QBER:

QBER =1 — F(|70) , |7e)) (206)
2 02
~1—exp [— <5ang (€9,%,1p) — bang (€é,1€/, lé))) ﬁ 2] . (207)

for the reflecting schemes For the link schemes equation (207)
holds but with Jang <€/9,K/ , lfP) = 0. Using the parameters given in [7.4.2}

we can compute the QBER for all the configurations for which we obtained
metrology results in table [f We find that the QBER reaches unity for all
of these. Namely, the relativistic effects are so important that without prop-
erly correcting for them one wouldn’t be able to use such configurations for
establishing a working QKD protocol. This happens because the frequency
shifts we have obtained in this study are large enough to severely reduce
the overlap between the emitted and received frequency distributions: the
change in the peak frequency is larger than the bandwidth of the wavepack-
ets. In practice, similar reflecting scenarios do not display such high error
rates [22]. The reason behind this is that the correctable frequency shift was
properly compensated for in the experiment [22]. This is done by perform-
ing a linear shift in frequencies in the received signal until an optimal over-
lap is obtained with the emitted wavepackets. Such compensation reduces
drastically the effects described above. However, it does not completely
cancel them since the shape of the received wavepacket also changed com-
pared to the emitted one, which prevents the two frequency distributions

from overlaping perfectly.
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7.6 CONCLUSION

We performed a quantum metrology procedure on quantum superpositions
of momentum-helicity states of photons in a scheme involving a reflecting
satellite. In the regimes we are working in, we find that the effect from the
Wigner phases acquired by the helicity states are negligible compared to the
changes experienced by the momentum states.

The results we obtain then depend on the scheme considered and on
the orbit of the satellite. In the reflecting scheme, for a reflecting satellite
in geostationary orbit, the photons we considered are almost not affected
by the reflection. On the contrary, with a satellite in low Earth orbit, the
effect due to the kinetic energy of the reflecting satellite is important. In
the link scheme, lower orbits are also to be favoured: the lower the satellite
is, the larger is its velocity and therefore the measured Doppler shift. The
quantum states of the photons are perturbed by the change in energy, and
we find significantly improved quantum metrology results in both schemes:
using such low orbits, we find a precision for the quantum measurement of
the Schwarzschild radius of the Earth that is one order of magnitude better
than the state of the art, which has been obtained thus far by classical means.
We also find good precisions attainable for the quantum measurement of
the Earth’s radius and of the satellite’s altitude. We can imagine improved
schemes that could further enhance the effect, for example by considering
configurations with several reflecting satellites, or by creating a path loop
where the received photons are sent again multiple times. Combining the
link and reflecting schemes could also be interesting, for example sending
a light pulse from Earth to a satellite reflecting it to another satellite. In
this latter case, the three effects would come into play: the Doppler, the
gravitational and the reflection shifts would cumulate.

In this chapter we have provided the theory for a realistic Earth-satellite
scheme that should lead to novel quantum measurements of spacetime pa-

rameters such as the Schwarzschild radius of the Earth. The increased preci-
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sion obtained from the measurement would have an immediate implication
on the development of quantum technologies as measuring devices. A bet-
ter accuracy for the values of the Earth’s physical parameters and of techni-
cal parameters like the altitude of the satellite would have a direct effect on
Global Navigation Satellite Systems (GNSS). Our study shows that the use
of quantum states together with quantum metrology techniques opens the
possibility of improving the current technology. This improvement could
also be taken advantage of in a wide range of other classical experiments
utilising relativistic effects: for example the recent Aeolus experiment [86]
that measures Earth’s winds by analysing the Doppler shift of light pulses
reflected on the atmosphere back to the satellite. This experiment is the
symmetric reverse version of the reflecting scheme we considered here, and
it could obtain improved precisions by using quantum states of light such

as squeezed states.
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HELICITY STATES OF PHOTONS IN SCHWARZSCHILD
SPACETIME

The polarisation rotation of light seen by observers in motion in Minkowski
spacetime and its effect on the quantum state of photons has been widely
investigated: photons” helicity states and the structure of Wigner’s little
group was studied in [87, 188 |64]], the influence of the detector’s motion on
entangled helicity states of light has been worked out in [89| go] and a QFT
formalism for the Einstein-Podolsky-Rosen (EPR) correlations of polarised
photons was established in [91]. Finally, the theory was applied to quantum
communications in [92] and to quantum information in [93} 63].

In this chapter we look at the effect induced on quantum states of pho-
tons by the rotation of the light’s polarisation during propagation in a
Schwarzschild spacetime background. The first inquiry on the rotation
of the light’s polarisation plane due to the presence of a (spinning) mas-
sive body was carried out by Skrotskii [94]. A thorough treatment of the
light’s polarisation rotation can be found in [95] |96], where explicit formu-
las are given for scattering scenarios in the Kerr spacetime, and in [g7]
where the rotation is derived for perturbations due to a massive object
both spinning and in translational motion. Many physical cases of polar-
isation rotation are considered in the literature, the main ones being: ro-
tation of polarisation induced by astrophysical [98] and cosmological grav-
itational waves [99], for example for cosmic microwave background [100]

and quasars’ [101] photons experiencing vector perturbations in the metric,
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gravitational lensing by massive objects passing through the light’s trajec-
tory [102} 97] with relativistic velocities [103) [104], or with spinning angular
momentum [105) 106, 107, [108]], and finally in optical interferometry in a
near-Earth environment [109]. In [109], the polarisation vectors of two light
rays are compared when they recombine after having travelled through two
paths at different altitudes and therefore under different gravitational po-
tentials.

This latter scheme is the closest to what we want to achieve in the sense
that it is a controllable near-Earth experiment. However, here we study in-
stead the evolution of the photons” helicity quantum states sent to satellites
and reflected back to Earth. The present work is intended to extend previ-
ous computations focusing on frequency modes of photons that were devel-
oped in the earlier work [34] to the light’s polarisation degree of freedom.
In this chapter, we mostly work with the general formalism that has been
derived in [60, 62], which provides the description for the rotation of the
light’s polarisation in curved spacetime together with the link between this
effect and the Wigner phase acquired by the quantum state of the photons.

The structure of the chapter is as follows: in section we provide the
mathematical description for the light’s propagation in the curved space-
time surrounding the Earth. Section proceeds to compute explicitly
the Wigner rotation for the considered light rays, observers and reference
frames, which then enable us to compute the Wigner phase acquired by
helicity states along the null geodesics. In section we present the two
operational schemes that we consider, where the light rays travel through
a closed path consisting in several null geodesic segments between Earth
and the satellite(s). We then give the total Wigner phase picked up by the
photons” helicity states along the closed path. We then use numerical values
in section 8.4/ to give the amplitude of the acquired Wigner phases for each
of the configurations that we have considered. Finally, we conclude and

discuss our results in section
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8.1 NULL VECTOR WITH CONSTANT AZIMUTHAL COORDINATE gb

In order to simplify the computation and to provide simple analytical for-
mulas for the Wigner phases, we will assume that the light rays can be sent
with a constant azimuthal angle ¢, namely that I, = 0 in (15). For Iy = 0,

the null vector takes the following simplified expression:

1 2MN\ « € |k
k:Ep<@at+€r\/1_<l_T)r_287+7 r—zag) (208)

Because the light rays are confined to ¢ = cst. planes, xk now plays the role

of the square of the polar (i.e. related to the 6 angle) angular momentum as
seen by an inertial observer at space infinity. Mathematically, the constant
€9/ is here equivalent to the I, constant of motion of a null vector (15)
confined to the equatorial plane 6 = 71/2. Note that due to the spacetime’s
spherical symmetry, we could have worked equivalently in any other plane
containing the center of the Earth. We chose to work in a ¢ = cst. plane for
simplicity, but also because the calculations for this configuration would be
easier to extend to the case of the rotating Earth, since most of the rotation
effects would be orthogonal to this plane. Yet, we still need to use the
general procedure to obtain the value of x, which means to integrate and
solve the relation dr/k" = d8/k?. Employing (208), we obtain:

. /72 dr . A6 (200)
— €=
rrl 1,2\/1_(1_#)1 ﬁ

72

where A6 = 0, — 67, and the indices 1 and 2 denote evaluation at initial and
ending points of the null geodesic respectively. Now, even in this special
case where [y = 0 it is not easy to obtain a simple analytical formula for
k unless we make some approximation. In general it will be required to
solve this equation numerically if we require the value of x for an arbitrary
propagation of the ray. To get physical insights on the behaviour of x, we

can use an expansion up to first order in x/7? in order to solve (209). We
2

always at least have x < r-. , with ryin = min{ry, 72}, which can be seen
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from the expression of the radial component of the null vector in (15). In

the constrained case k¥ < r2.._, we obtain:

min”’

K~ —L 2 Ap? (210)

This approximate expression is valid provided that |Af| < % = A6,
with rmax = max{rq,72}. The critical angular difference A8, is quite small
in most realistic cases, which is why in general one has to solve nu-
merically instead of using the simple expression given in (210). However
one can use (210) in some cases, for example when a light ray is exchanged

between a lab close to the equator towards a geostationary satellite.

8.2 LIGHT'S POLARISATION ROTATION AND WIGNER PHASES

We here compute the Wigner rotation experienced by the light’s polarisation
vector between two static observers at different events. We are then able to
calculate the associated Wigner phase that will affect the quantum states of

the photons propagating in the curved spacetime around the Earth.

8.2.1 Polarisation rotation for static observers

The tetrad field associated to the family of static observers along the light’s
null geodesic has zeroth component ey(A) = vg (r(A)), where r(A) stands
for the radial coordinate of the photon at affine parameter A, and vg was
given in (12). We then follow the adaptation procedure (66), in a first place
by considering the expression of a general null vector (15). We have K0 =
k- e 1700 = —k-vg = E,/+/1—2M/r, and we obtain the expression of the

third triad component:
[ — 12 cot? 6 !
e; = 1-— ‘o ? do+—203,), (211
( r2 *T t2sinZg ? (211)

where we again defined f(r) = 1 — @ for compactness. The remaining

tirst and second triad components e; and es are then obtained using the or-
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8.2 LIGHT’'S POLARISATION ROTATION AND WIGNER PHASES

thonormalisation relations of the tetrad, as explained in We give their
cumbersome expressions in appendix The computation of the Wigner
rotation ¥ for the general null vector and for the general adapted frame
is very involved.

In order to simplify the computation, let us now consider light rays con-
strained to a ¢ = cst. plane, with null vector (208). To obtain a convenient
result we also make a simplifying choice for the reference frame: we take
the value eg =B = % 1 — 5 for the free component of the tetrad displayed
in appendix Making this choice, the expression of the Wigner rotation
vanishes in the flat spacetime limit M — 0. To finish fixing the reference
frame, we set the signs 177 = 172 = +1. The triad associated to this choice of
reference frame is displayed in appendix We now proceed to calculate
the Wigner rotation using (68), and (208). Expanding up to lowest
order in the small dimensionless parameter € = \/M/Rg, where M and R
are again the Earth’s mass and average radius respectively, we find:

2
For a null geodesic with a vanishing constant «, there is no Wigner rotation
as seen in the chosen frame. Here, since we already have l, = 0, such
trajectories would correspond to radial light rays where both angles 6 and
¢ remain constant along the null geodesic. Notice that the Wigner rotation
is independent on the energy of the photons which is encoded in Ey,
as it should be [87]. This will remain of course true for the Wigner phase

that will be computed in the next subsection.
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8.2.2  Wigner phase between static observers

Using (74) and (212), we compute the Wigner phase acquired by the momentum-
helicity states of photons travelling in the Schwarzschild spacetime from

r(A1) = Ry to r(A2) = Ry. We obtain:

Y = ‘I’ﬂ
Rq

REK dr+O<

wﬁ T [)eo

We can notice here again that for static observers and for the frame choice
we have made, there is no Wigner phase for a light ray with a purely radial
trajectory, namely with [, = x = 0.

In the next section we apply the result obtained in to schemes
where quantum optical signals are exchanged between laboratories on Earth

through reflecting satellites nodes.

83 POLARISED PHOTONIC SIGNALS IN EARTH-SATELLITE SCHEMES

The schemes described in this section consist in a station on Earth emitting
polarised photonic signals to a satellite, which in turn reflects these signals
either to another satellite or to another laboratory on Earth. The signal is
then communicated back to the emitter’s lab to form a closed path. We are
interested in schemes where light travels closed paths (thanks to judiciously
positioned mirrors) because we can compare polarisation states in a natural
way only when the associated light rays have parallel null vectors [60]. This
is because the polarisation vector is always defined by its orthogonality to
the light’s null vector: k - ¢p = 0. Therefore, to talk about polarisation with-
out specifying the corresponding null vector (or momentum) is meaningless.

One can thus only compare polarisations associated to parallel null vectors.
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In curved spacetime this is not easily achieved in general, unless in the case
of a stationary spacetime background (like in the present study) when the
light ray comes back to the same space location it was emitted from and
with the same initial propagation direction. To align the received light ray
with the emitted one, it suffices to have a mirror at the reception location,
oriented in such a way that the light ray would take the same propagation
direction that it had when it was emitted. Placing the detection device very
close to the emitting source after this last reflection would thus enable to

measure photons which null vectors are parallel to the emitted ones.

8.3.1 Earth-satellite schemes

We consider schemes where the light rays have trajectories with a constant
azimuthal angle ¢, for which we have obtained the explicit expression of the
Wigner phase (213). We therefore need to choose a configuration where the
labs on Earth and the satellite reflection events are all at the same azimuthal
angle ¢. The satellites themselves are not constrained to orbit in the ¢ = cst.
plane and can have an arbitrary motion as long as they are at the azimuthal
coordinate ¢ when they reflect the light rays. Note that in practice, due
to the Earth’s rotation the signals reflected by the satellites would need to
be received at a slightly different azimuthal coordinate to be at the same
longitude on Earth’s surface. However, this is ignored in our calculation
since we assume the Earth to be static by using the Schwarzschild metric
for the spacetime around the Earth. Because of the short time the light

takes to propagate in the loop, it is a fair assumption to make.

One reflecting satellite

The first scheme (see Fig. consists in two neighbouring laboratories on
Earth at the same longitude, but at different latitudes. The optical signals

are emitted from one station to a passing satellite that reflects them (in the
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same fashion as in the satellite experiments [22} 23]]) to the other lab, which
in turn sends them back to the emitter’s laboratory. We cannot simply
reflect the light rays back from the satellite to the emitter’s lab, because this
would yield no effect. In this scheme we will consider different satellite

orbits, from very low Earth orbits (VLEO) to geostationary ones (GEO).

Figure 11.: Depiction of the first scheme: Quantum optical signals (the red
line) are emitted from a station on Earth to a satellite which re-
flects them back to Earth, to another lab. On Earth, they are
reflected to the initial laboratory in order to close the path loop.

The picture’s plane is a ¢ = cst. plane.
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Two reflecting satellites

Figure 12.: Depiction of the second scheme: The light ray (the red line) is
sent from Earth to a first satellite that reflects it to another satel-
lite, which then reflects it back to Earth either directly to the
emitting station (dotted line), or to another laboratory (continu-
ous line). In this latter case, the signals are then finally sent back
to the initial lab to form a closed path. Here again, the picture’s

plane is a ¢ = cst. plane for consistency with our calculations.

Another scheme (see Fig. we can consider consists in a station on
Earth emitting photonic signals to a satellite, which then reflects them to an-
other satellite, with the second satellite then reflecting the signals back to the
emitter’s laboratory. Alternatively, the downlink from the second satellite
to Earth could also reach another station that would then send the photons

back to the emitter’s lab, as shown in Fig. Since the light ray’s radial
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coordinate stays approximately constant along the null geodesic in such an
extra Earth-Earth segment, there is no Wigner phase contribution from
it, and the two variants for this second scheme are equivalent mathemati-
cally. In practice, we consider this scheme in a configuration using a low

Earth orbit (LEO) and a GEO satellite.

8.3.2  Wigner phase

After having described the physical implementation of the two schemes in
the previous subsection, we here give the explicit expression for the total
Wigner phase accrued along these closed paths. Making use of for

each geodesic segment of the closed trajectory, we find for the first scheme:
\/R>E K K N K K
R; RZ—x RZ —«' R% —«! R% —«

and R; denotes the satellite’s radius. The last segment of the light’s prop-

Y, =2

e+0(e),
(

214)

agation, from the receiver’s laboratory back to the emitter’s station, does
not contribute to the phase since its endpoints are at the same altitude: the
Wigner phase vanishes in this case. Notice that if the receiver’s labo-
ratory was at the same location as the emitter’s one, we would have «’ = «
and ¥; would therefore vanish. This is the reason why we need the emitter
and the receiver at different locations, i.e. at different latitudes.

To obtain some extra physical insights, we can expand the expression of
the phase in x() < R2, in the same fashion as we previously did to
obtain the approximate expression of the rescaled Carter constant in

the special case of small angular deviations. We then have:

3
- (1)
Y1~ V2(]A8] |A9|)1—RSE€+O(€3)- (215)
T Rs
From this simple explicit formula, we can notice that if |A0’| = |Af], then

there is no Wigner phase for this scheme. This feature is due to the symme-

try of the spacetime, and it is merely a more explicit way of saying that
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vanishes for x = «’. The expression is however not a good approxi-
mation in most realistic cases, for which one should preferably use (214).
Equation can be used with a decent accuracy when the two labs are
close to the equator and exchange signals with a geostationary satellite.
Now turning to the second scheme, we obtain a sum of three contribu-

tions for the total Wigner phase:

& K/ B K//
Rs, RZ —« RZ —«"

e+ 0(e), (216)

¥, =v2

where R, and R, denote the radii of the first and second satellite to reflect
the light pulses, respectively. Here, we do not expand this expression as it is
not likely to find extra physical insights that have not been already seen in
(215). It is also more difficult to find an interesting configuration with two
satellites that fulfils the validity condition at each path segment contributing
to the Wigner phase (216).

Both total phases and do not seem to vanish in general, which
can be seen even more explicitly in the approximate formula (215). This
seems to contradict the statement found in the literature that the total Wigner
phase acquired along a closed path in Schwarzschild spacetime would al-
ways vanish regardless of the gauge convention [96} 95].

The latter statement was a consequence of the general claim made by the
authors, that the Wigner phase remains gauge invariant under changes of
reference frames along closed trajectories. In Schwarzschild spacetime, if
one works within the Newton gauge, there is no rotation of polarisation
along arbitrary null geodesics. The authors concluded that this absence of
effect would remain along closed paths for any choice of reference frame.
Yet, we have just shown in our derivation that a different choice of frame

does not necessarily yield a zero result along a closed trajectory. One can
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argue that the claim in [96, 95] should hold only for closed paths in phase
space, which is a much stronger restriction. The paths we consider are not
closed in phase space, although they form a closed trajectory in position
space. In [109] the authors first say that the geodetic effects of gravity on
polarisation rotation are zero along a closed trajectory. However, in the
same work they also say that this is true for closed phase space trajecto-
ries. From our result, it seems that the geodetic effects vanish for closed
paths in phase space only. An example of such paths would be given by
photons following circular geodesics on the photon sphere of a black hole
at rps = 3Mypy,. In this case, the path is closed in both position and mo-
mentum spaces. One can expect the absence of Wigner phases for such
configurations in Schwarzschild spacetime. However, if the path is closed
by judiciously positioned mirrors, like in this work, then the claim made in
[96, 5] does not seem to hold. This occurs because the mirrors change the
light’s null vector in a discontinuous way, which therefore opens the path
in momentum space. The arguments made by the authors in those works
can no longer be applied, and the gauge-invariance is lost even if the pho-
tons are measured at the same location by the same observer who initially
emitted them. This supports our nonzero result.

In the next section we will give the numerical values for the pa-
rameters appearing in and in order to estimate the amplitude
of the total Wigner phases obtained here for the two schemes. Before that,
let us review the effects due to the reflections by the satellites in the next

subsection.

8.3.3 Changes due to reflections on mirrors

In the schemes described in the propagating light pulses are reflected
by the satellite(s), and prior to measurement by the static observer on Earth
in order to align the received light rays with the emitted ones. This last

reflection doesn’t change the energy of the received photons as seen by the
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static observer that will perform the measurement, because the mirror is
static itself and located at the same radius. It solely changes the directional
parameters €,, €g and «x of the null vector back to the initial values that
the emitted light rays had.

Yet, the orbiting satellite does communicate some of its energy to the
photons at the reflection event, which changes the value of E, for the new
geodesic segment(s) after the reflection. The Wigner phases are however
energy independent, therefore the helicity states are not affected by such
energy shifts, only the momentum states are.

The light ray’s reflections on the mirrors change its direction, and as a
consequence, its polarisation vector. This may induce extra Wigner phases,
although we here ignore these effect because of the considerations in [109],
where it was found that the relativistic corrections on the polarisation vector
due to reflections on the mirrors are one order higher in the relativistic
perturbation than the polarisation rotation due to propagation in the curved

spacetime which we are studying here.

8.4 TOTAL WIGNER PHASE

Here we give numerical values for the parameters that appear in the expres-
sion of the Wigner phase (213), in order to give the phase’s value for the
different configurations described in8.3.1}

8.4.1 DParameters

The Wigner phases and encode physical parameters of the Earth
and some parameters of the light’s trajectory. We consider three orbits for
the satellites: a GEO i.e. at R;(GEO) = Rg + 35784km, a LEO at R;(LEO) =
R + 2000km, which is the highest orbit to be considered as LEO, and a
VLEO at Rs(VLEO) = Rp + 255km, which is the radius at which the Gravity
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tield and steady-state Ocean Circulation Explorer (GOCE) satellite orbited
the Earth.

Quantity | Quantity Light ray
Position Value
(natural u.) | (S.I. u.) trajectory
M/Rg e Earth / 6.95 x 1071
GEO / 1.05 x 10710
M/ R oM LEO / 5.29 x 10710
VLEO / 6.69 x 10710

Earth — GEO | 2.73 x10'3m?
GEO — Earth | 2.66 x10®m?
Earth — LEO | 3.75 x103m?
LEO — Earth | 3.80 x103m?
Earth — VLEO | 4.03 x10¥m?
VLEO — Earth | 4.46 x10%m?
GEO — LEO | 6.98 x103m?
LEO — GEO | 6.98 x103m?

Table 5.: Physical parameters in the Wigner phase’s expression.

In the table |5, we give the numerical values of the quantities appearing
in the expressions of the Wigner phases. We compute the values for the
rescaled Carter constant x by integrating numerically the constraint equa-
tion (209). We used the parameters given in the previous paragraph together
with the latitudes 6, = 42° and 6, = 43° respectively for the emitting and re-
ceiving stations on Earth, 6;(VLEO) = 30° and 65(LEO) = 15° respectively
for the reflecting VLEO and LEO satellites, and the GEO satellite lies in the
equatorial plane 6;(GEO) = 90°.

Notice that the rescaled Carter constants in the table above have the same
value when the light propagates in one way or in the opposite way. This

doesn’t seem to be true a priori for the Earth-satellite exchanges in the table
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above, yet this difference in value is only due to our set up choice of having

the receiver’s lab at a slightly different latitude than the emitter’s station.

8.4.2  Wigner phases

We now have all the numerical values required to evaluate the Wigner
phases and (216). We give their amplitudes for the different schemes

and satellites” configurations in the table |6 below:

Scheme | Satellites” orbits Y (rad)

VLEO 1.97 x 1074
1 LEO 1.32 x 107>
GEO —2.09 x 107

LEO — GEO | —5.56 x 10~
GEO — LEO 5.67 x 104

Table 6.: Wigner phase for different satellite configurations in both schemes.

Unsurprisingly, the magnitude of the effect is larger in the second scheme,
where the light pulses propagate along larger distances in the curved space-
time surrounding the Earth. Yet we can notice that for the first scheme,
higher values are obtained for lower orbits. This is due to the angular con-
stants x having larger values when the photons are sent to such low orbits,
because their 6(A) angular coordinate varies faster along the ray.

As explained in we can facilitate the detection of such phases by
using more refined helicity states like GHZ states. Nevertheless, the values
we obtained for the Wigner phases are larger than what one finds in the
litterature for other scenarios studying light’s rotation of polarisation, see
for example [103}, 104, 106, |98]. This result also seems to invalidate the
statement that there would be no Wigner phase for a closed trajectory in
Schwarzschild spacetime [95] (96| [T09], even when it is due to judiciously

positioned mirrors and not because of initial conditions [96].
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8.5 CONCLUSION

We have considered beams of polarised light that travel closed paths in the
Schwarzschild spacetime around the Earth, and we found that the photon
helicity states pick up a non zero Wigner phase. For the configurations
we looked at, the amplitudes of the Wigner phases we found are, to our
knowledge, larger than what can be found in the litterature for different
scenarios probing the light’s polarisation rotation. Our result also questions
the statement found in the litterature that there is no Wigner phase accrued
by photons propagating along a closed path in the Schwarzschild spacetime.

We presented a theory for realistic schemes involving reflecting satellites
in the near Earth environment. This proposal should lead to new quantum
measurements of general relativistic effects induced on polarised photons.
We find that the amplitude of the effect is higher when considering lower
orbits for schemes with a single satellite. With multiple reflecting satellites,
the configurations with longer path length together with greater angular
differences between path segments would provide the largest effect. The
effect can also be enhanced by using more refined helicity states, such as
GHZ states.

The experiment we propose in this chapter is achievable with current
technology. The measurement of the phase we predict would help deepen
our understanding of the influence of the polarisation rotation in curved
spacetime on the quantum state of photons, and therefore of the interplay

between quantum physics and relativity.
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HELICITY STATES OF PHOTONS IN A CENTRIFUGE

Entangled states of photons have been used extensively to show how exact
were the predictions made by quantum theory. Bell test experiments using
polarisation entangled photons [12] are a striking example. On another side,
the theory of relativity has been necessary to explain effects due to accelera-
tion, such as in particle accelerators, where the lifetime of created particles
is longer due to the time dilation induced by the particles’ relativistic veloc-
ities [13]. The question we address in this chapter is the following: How
shall we describe the quantum state of polarised light, that is the helicity
states of photons, as seen by accelerated observers?

There are several motivations for looking at the influence of observers’
acceleration on the outcome of a usual quantum optics experiment: the first
one would be that both relativity and quantum theory give an important, yet
different role to the observer regarding the outcome of an experiment. Seek-
ing for observer dependent effects arising from both theories should help
get new insights on the interplay between these theories. Another reason is
that despite a wide range of relativistic tests in different regimes, relativistic
effects directly related to acceleration of motion haven’t been tested much
on quantum states. However, a recent experiment by Fink et al. [43] gave
bounds for the invariance of a (rotationally invariant) Bell state of photons
under uniform acceleration in a centrifuge. We explore the theory to find
different configurations where this invariance could break down and give

a possibly measurable effect, in particular by making other choices for the
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type of acceleration and for the quantum state to be probed. Finally, quan-
tum technologies will indubitably be increasingly used in the future, for ex-
ample in space in order to provide better services and security. Whether in
the case of quantum experiments in space or for future all day life quantum
technologies, resilience under acceleration seems to be an essential feature.
In general, knowing the impact of relativistic effects on quantum properties
is very important as quantum technology will develop to be increasingly
elaborate and therefore sensitive to such effects.

In this chapter we will look at different configurations where polarised
photons propagate between centrifuged observers. Relativistic treatments of
light’s polarisation in Minkowski spacetime has been carried out in several
works [89, 87, 91, 90, 92, 88| 93} |63, 64]. In the present work, we mainly
use the theory developed in [60, 62] to investigate the possible effects of the
observers’ acceleration on photonic quantum helicity states. The structure
of the chapter is as follows: in section we introduce the mathematical
tools necessary to describe the observers and the light rays in the centrifuge.
In section 9.2 we calculate the Wigner phase factors acquired by the helicity
states, first for photons propagating radially, then for photons with angular
momentum. Section proposes an experimental scheme to measure such
Wigner phases. In section we discuss the results we have obtained and
we compare them with the outcome of the experiment [43]. Finally, we

conclude in our results in section [9.5]

9.1 MATHEMATICAL FORMALISM
9.1.1 Centrifuged observers
In this chapter, the spacetime background is considered to be the Minkowski

spacetime in cylindrical (actually polar) coordinates (t,7,6,z = 0). The

matrix representation of the spacetime’s metric is g = diag(—1,1,7%,1).
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At event (t,7,6,z = 0), an observer rigidly attached to the arm of a cen-

trifuge has 4-velocity [49]:

v="(t7) (9 +w(t) ), (217)

with w(t) = % the coordinate angular velocity of the centrifuge and y(t,7) =
(1— rzw(t)z)’%. The emitter, the receiver and the quantum optical tools
(like the mirrors) are all rigidly attached to the centrifuge and therefore
have a velocity of the form (217).

We introduce the tetrad e that will translate the expressions of physical
quantities from the global polar Minkowski coordinates to local Cartesian
coordinates adapted to our accelerating observer. A tetrad field for the
familly of centrifuged observers will be defined at each point along the
geodesic followed by the light beam from emission to reception (or reflec-
tion to another geodesic segment). This will allow us to track the change in
the light’s polarisation as measured by our accelerating observers. Follow-
ing the procedure described previously, we set the timelike component of
the tetrad as e; = v at each event along the path of the light ray. As in the
previous chapter, the remaining tetrad components are obtained using the

adaptation procedure and the orthonormalisation relations.

9.1.2 The light’s null vector

We consider beams of light propagating in the polar plane of a centrifuge
between two accelerating observers (see figure[13). A light ray propagating

in the (r,0) polar plane in Minkowski spacetime has null vector [49]:

/ K2 K
k:Ep (at+77r 1—r—23r—|—r—zag>, (218)

where 77, = sign(k”) = %1, E, = Q) > 0 is the photon’s energy as measured
by an inertial observer and x = K/E,, with K = r?>(d6/dA) the photon’s

constant polar angular momentum as seen by an inertial observer.
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Figure 13.: The centrifuge’s arm rotates with angular velocity w and is rep-
resented here by the greyed rectangle. Within the arm of the
centrifuge, a polarised light beam (in red on the figure) prop-

agates between the source and the detector that are located at

r1 = re and rp = r,, respectively.

We can relate the photon’s timelike constant of motion E, to the photon’s

frequency (), as measured by an accelerated observer, using that [49]:

hQyee = —kM'vy = Epy(t,r) (1 —xw(t)). (219)
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Similarly, we can obtain an explicit expression for x, for example by inte-
grating k? /k" = df/dr. We get:
1o 11 sin Af

\/r%+r%—2rzr1cosA9

K= (220)

where Af = 0, — 6 denotes the angular coordinate’s deflection between the
two endpoints of the null geodesic followed by the light ray. Combining
these two expressions, we obtain the following explicit expression:

,Y_l (tl r) hQﬂCC

1— w(t) ry 11 sin AG
\/r%—&-r%—Zrz r1 cos A6

E, = , (221)

which holds for any event along the null geodesic between the endpoints
(t1,71,01) and (tp,12,602). All our formulas are now expressed in terms of
known quantities that are measured either at the beginning or at the end of

the light’s null geodesic.

9.2 POLARISATION ROTATION OF LIGHT AND WIGNER PHASE
In this section, we compute the Wigner rotation experienced by the light’s
polarisation vector when the photons propagate. We first consider light

pulses propagating radially, then photons with an arbitrary propagation

direction within the polar plane of the centrifuge.

9.2.1 Radial photons

Radial light rays, namely null geodesics with 68; = 6,, have tangent null

vectors that reduce to k = E, (0; +1,9,), with E, = YLt ) BQyee. The
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tetrad field for our accelerated observers, once adapted to radial photons, is

given by e; = v and:

e; = —mnpV1—r?B? (rw(t)(;yr dt + 9;) + % 89> + 117Bo; (222)

ey = r2w(t)B( 9t +1,0;) + By + 721,\/1 — r2B2 9, (223)
ey =v(t, 1) (—r?'a)(t)2 o + 11, (1 —r*w(t)?) 9, — w(t) 89> . (224)

where B = eﬁg is a free tetrad component encoding most of the gauge free-
dom from the choice of the frame, with also 71,2 = £1 encoding the rest
of the gauge. Notice that the parameter B is not completely arbitrary since
it needs to have the dimension of the inverse of a distance. It also needs to
obey some constraints, for example in this radial case |B| < r~! so that all
the tetrad components remain real valued.
Computing explicitly the Wigner rotation while keeping the gauge quan-
tities free, we obtain:
¥=- 771172B o <%_lj i ﬂr%if) : (225)
v(t,r)v/1 —12B2

The Wigner phase for a radial path from r; to r; is then:
Ay g
Y = / YdA = / —dr (226)
)Ll 1 u?’

%) B+r<aa_lj+17raa_ltg)

Y= — dr. 22
mn , Ny (227)

This phase is clearly independent of the parameters of the centrifuge. It is a

purely gauge phase due to the choice of the frame, it encodes no information
from the accelerating nature of our observers. One can pick a frame where
such a trivial phase vanishes, by setting B = Cy/r, with Cy € [—1,1]. Notice
that despite the presence of an apparent singularity in the expressions
and when we make the choice B = £1/r, which amounts to use the
tetrad components e; = 41,0, and e5 = Lrw(t)(0 + 1, 9,) & 1 9y, this
choice gives an identically zero Wigner rotation as well.

We have just seen that radial photons do not give any interesting phase
when measured by centrifuged observers. In the next subsection, we con-

sider photons with angular momentum in order to obtain a better result.
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9.2 POLARISATION ROTATION OF LIGHT AND WIGNER PHASE

9.2.2 Angular photons

In the case of non radial light beams, we follow the same procedure as in
the previous subsection but now using the complete null vector (218). The
photon’s angular constant of motion x # 0 induces several extra terms, and
B can now be a function of (t,r,0). The tetrad for our accelerating observers
and adapted to the light beam considered here is given in appendix
The obtained Wigner rotation ¥ is rather cumbersome and we display it in
equation in appendix

In order to extract physical insights on the effect of the observer’s accelera-
tion on the measurement of photon states, we seek for an interesting frame
choice that would simplify the expression of the Wigner rotation. Let us
first look for a frame in which the Wigner rotation would vanish in the limit
of radial photons ¥ — 0. This choice is motivated by the lack of physical
meaning the Wigner phase has in the radial case, as we saw in the previ-
ous subsection. Such a frame can be chosen by picking an expression for
B(t,r,0) that solves the differential equation in (225). The solutions can be
written as B(t,r,0) = f(6)/r, where f is for now an arbitrary differentiable
function. Using this family of tetrad frames and after a lengthy computa-
tion we obtain the new expression for the Wigner rotation (in appendix
[C.2). In order to obtain a simple analytical expression, let us look at the case
where the beam is only slightly angular. To do so, we use the explicit ex-
pressions for the constants of motion and (221), and we expand the

Wigner rotation up to first order in A6 = 6, — 01, which gives:

5 rary f(0)r*w'(t) — f(6) 2 22
III_rz—rlfy(t,r)f2 1—f(9)2A9+O(A9 ) =

where we have set 771 = 17, = 1 to further simplify the formula. We have now
an expression simple enough to get some physical insights. First, notice that
the Wigner rotation is independent on the energy of the photons 71(),
as it should [87]. Also notice that f has to be a bounded function: [f(0)| < 1

for all 6, otherwise the Wigner rotation (228) would become imaginary due
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9.2 POLARISATION ROTATION OF LIGHT AND WIGNER PHASE

to some components of the tetrad taking complex values. A simple choice
like f(0) = 0 clearly yields an identically zero Wigner rotation. This is true
in the general case as well, as can be seen by setting B(t,7,6) = 0 in the
general formula (247). Despite the apparent singularity, the simple choice
f(0) = £1 gives a perfectly regular yet vanishing result if it is made before
the derivation of the Wigner rotation. To obtain a non trivial result, namely
a phase which genuinely depends on the rotation of the centrifuge, one thus
needs to make some other frame choice. We can now have a closer look at
the two different regimes for the acceleration of the centrifuge: uniform and

non-uniform acceleration.

Uniform acceleration

If the centrifuge is in uniform acceleration, namely when w(t) = wgy = cst.,

2
only the centripetal acceleration a.(v) = — 11;‘;2}2 or is left. The Wigner
0
phase (228) then simplifies to:
/
- 6
g = 21 f19) _A0+0(A6%), (229)

r2 —r19(r)r2/1— f(6)?
where here y(r) = (1 — rzw%)_%. The choice B = f(6)/r that we made
therefore gives a non zero result in the uniform acceleration case. However
we notice that the Wigner rotation would completely vanish in this uniform
acceleration case if we were to choose f(0) = cst. We can specify a function
f to simplify further. A natural choice seems to be f(6) = cos 6, then:

¥ = grzrz_r P %)07/2 +0(a6%), (230)
where 77y = sign(sin ). Let us consider the case where 77y remains constant

along the beam’s trajectory. The Wigner phase is then easily computed:

Ay
Y = YdAr
M

rpry (21 dr ’
— 176 AB / T Lo
0 = v(f)rzurJrO( ?)

rory (T2 dr 5
= A — A
e 97’2_7’1/r1 72+O( ”)

¥ =11, 179 A0 + O(A6?). (231)
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9.2 POLARISATION ROTATION OF LIGHT AND WIGNER PHASE

This neat expression shows a Wigner phase that only depends on the direc-
tion of the beam. The result is independent of the radial distance covered
by the beam, and more importantly, of the angular velocity wy of the cen-
trifuge. This phase is therefore not directly related to the acceleration, in a
similar way as with the radial photons result (227). Notice that using the
more general expression of would not change this dependence. There-
fore, to find a genuine effect due to acceleration we need to consider non

uniform accelerations.

Non uniform acceleration

Let us now consider a centrifuge accelerating non uniformly. In order to
have a phase due purely to the non uniform nature of the acceleration, let
us choose a frame that would make the phase vanish in the uniform acceler-
ation scenario. From the considerations below , we know that we need
to take f(0) = fo = cst. Furthermore, we know that we need to choose
0 < |fo] < 1 in order to have a real valued and non zero Wigner rotation.
Let us then take an intermediate value: fo = 1/+/2 will turn out to be
convenient. We then obtain a Wigner rotation that vanishes for uniformly
accelerating observers and radial light rays. It reads:

2 w

¥ —
rp — 11 Y(t)

+0(A6?). (232)

The Wigner phase accumulated along the light’s path then reads:

Ay _
Y = YdA
M

rary 2 @'(t)dt 2
_ A8 / L1 o(a0
rp—r1Jy y(t) u (867

:Aeﬂ/ W' (£) dt + O (AB?),
rp —n
1

T (@) () + O(A6?). (233)

We have restored the speed of light c in this last equality for clarity. The
phase we obtain depends on the trajectory of the beam, and it is propor-

tional to the difference in the angular velocities measured by the centrifuged
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emitter and receiver. The phase we obtained is small because of two pertur-
bative quantities: the angular deviation A8 that we chose to be perturbative
for convenience in the calculations (but which doesn’t have to be in prin-
ciple) and the relativistic terms of the form rw/c which are expected to
be small in realistic experiments. In the next section we will propose an

experimental scheme where the light beam travels a closed path.

9.3 PROPOSED SCHEME

The Wigner phases we obtained in (231) and (233) are acquired by the quan-
tum state of the photons when these are prepared and measured in the spe-
cific observer frames that we have defined. The expression of the Wigner
phases we obtained work for a definite angular momentum constant «, i.e.
along a single null geodesic. However, when the light beam eventually en-
counters a mirror or any other device that changes its direction, x then takes
a different value. The phase for the new geodesic segment then needs to be
computed separetely with the new value for x (namely with the new values
for r1, r; and Af). The final result is the sum of the phases acquired along
such portions.

The reflections on mirrors also change the light’s polarisation vector. Such
reflection events may therefore induce extra Wigner phases to the quantum
state. In this chapter we ignore such phases and leave this problem for
further work. However, such phases are relevant for the complete theory
and they would need to be taken into account in a realistic experiment.

We now describe the experimental scheme we consider to be the most
relevant to measure the effect. A closed loop seems to be indicated as the
most interesting path to be followed by the photons, for several reasons:
tirstly, we can compare polarisation states only from light rays with par-
allel null vectors. In a closed path, the null vector at the end of the loop
is reflected such that it takes again the direction it had at emission, which

therefore enables a legitimate comparison of the polarisation states. Sec-
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ondly, the result we have obtained in indicates that the value of the
phase is rather small. A closed path would enable the light to propagate
again and again in the loop and therefore to cumulate phases until the to-
tal phase becomes measurable. Lastly, in [95] [96] it is claimed that one can
obtain a completely gauge-independent phase in a static spacetime (like in
the Minkowski spacetime considered here) by measuring the phase after the
photons have travelled a closed path in space. We will thus be able to probe
this claim by using a closed path propagation of the light.

Let us consider the following closed path scheme (see figure [14): a beam
of polarised light is prepared and emitted along the arm of the centrifuge
with a small angular momentum at event (#,,7.,0). The emission’s radius
re is close to the center of the centrifuge and the beam propagates towards
the end of the centrifuge’s arm. A mirror reflects the light beam at event
(tj,1i,0;) and the photons are finally reflected back to their emission point
without angular momentum from event (ty,7,0) to (t,,7, = 1¢,0) using
another mirror. Just before the measurement takes place at the latter loca-
tion, we reflect one last time the beam in order to close the light’s path in
phase space: this last reflections uses a mirror that we have placed close to
the source and appropriately oriented in order for the measured photons to
have a parallel momentum as the emitted ones. This is a required condition
to compare polarisation states and for the claim made in [95} [96] to hold.

The total Wigner phase acquired is then the sum of the Wigner phases
acquired in each segment of the closed path: ¥ = Y., + ¥, . + ¥Yi .
Assuming the centrifuge is in a non uniformly accelerating motion, these

individual phases read:

Yersi =0 = 5 (@lt) — (k) +O(6}) (234)
¥ = — eﬁ (w(ty) — w(t;)) +O(6?) (235)
Y, =0. (236)
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9.3 PROPOSED SCHEME

Figure 14.: A beam of light (in red solid lines) travels a closed path within
the centrifuge’s arm (greyed rectangle). The centrifuge’s arm

width and the angle 0; have been drawn large for clarity only.

Therefore, the total phase acquired by the helicity states is:

ri + 1o (1 +1e) w(t;) — 1 w(ty) —rew(te) n

Y =0
1’1'/ —1’3 c

o(67), (237)
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where it has been used that r; = r"zﬂ + O(#?). This phase is small, in
particular due to the little change in angular velocity w(t) experienced by
the centrifuge during the photons” propagation between the different ob-
servers and mirrors. However, one can let the light go through the loop
again and again, until it picks up a measurable phase. In the uniformly
accelerating case, the total phase vanishes up to first order in 6;, as can be
seen using (231). According to the results of [95, [96] these phases should
be gauge-independent. However we can see from that there would be
no Wigner rotation for the choice of a frame with f = 0, which seems to
contradict the claim, here again, since with the other frame choice we have
made we obtained the result (237). The scheme we are proposing thus offers
a way to test this prediction, together with providing a way to measure the

effect of (non uniformly) accelerating observers on quantum states.

9.4 DISCUSSION ON RECENT EXPERIMENTAL RESULTS

In the experiment [43], the quantum state that probed the effects of the cen-
trifuge’s acceleration was a rotationally invariant polarisation entangled Bell
state |¥~) = (|H;V5) — |V1Ha)) /+/2. This state is rewritten in terms of he-
licities as [¥~) = (|+1—2) — | —142)) /2. Such a state prevents the effects
described in this chapter: using this state, Wigner phase factors cancel due
to paired particles with same momentum but opposite helicities [64, [63]]:

Uy ) = 2= (¥ ) @™ o) —e ¥ ) 97 142)) = [¥) @39

Such invariant states are therefore recommended for quantum tasks such
as quantum cryptography or quantum teleportation. In order to probe rela-
tivistic effects on quantum systems we however need to use other kinds of

quantum states. An interesting state to select for this purpose would be one
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of the other Bell states of the form |®*) = (|4+1+2) +|—1—2)) /v2. Such

states would cumulate two Wigner phases after propagation:

U|o*) = (eiT [+1) @ e |+2) —e ™ |—) @Y |—2>) : (239)

L
V2
That means that the phase difference in the superposition is actually of 4
times the Wigner phase. One can further increase this factor by using a
N particles GHZ state [GHZ) = |+)*N + |=)®N, which will give a phase
difference of 2NY.

Still, the use of another kind of quantum state in the experiment [43]
would have probably not been enough to find a measurable effect. The
Wigner phases we found have small values, and they would require much
larger path lengths together with non uniform acceleration of the centrifuge
in order to become measurable. In our study, the uniformly accelerating
case probed in [43] seems to give only a gauge phase, which is indepen-
dent on the acceleration of the observers and therefore not relevant for the
present study. The smallness of the Wigner phases we found confirms the
resilience of entangled states of light under acceleration observed in [43].
Yet, our theoretical work offers predictions that haven’t been rulled out by

the results of this experiment.

9.5 CONCLUSION

In this chapter, we first derived the general yet cumbersome expression for
the Wigner rotation of the light’s polarisation vector as seen by accelerating
observers. We have obtained explicit expressions for the Wigner phases ac-
quired by momentum-helicity states of photons after propagation between
accelerating observers in a centrifuge. We found that photons propagating
radially (that is, perpendicularly to the centrifuge’s angular velocity) cannot
pick up any Wigner phase related to the acceleration of the centrifuge. For

photons with angular momentum, we found a Wigner phase which does
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depend on acceleration but only for non uniformly accelerating observers.
Namely, the effect we found appears through changes of acceleration only.
We have then provided the theory for a scheme designed to measure
this effect. In this scheme, the polarised light beam follows a closed path,
for which previous theoretical works [95) |96] predict the gauge invariance
of the total Wigner phase acquired along the loop. The experiment we
propose here gives a way to check this result. But most importantly, it
would enable to probe the changes acceleration induces on quantum states
of light. Such closed path schemes can be implemented in the form of a
cavity experiment where the light propagates for a longer time in order
for the initially small phase to grow larger. Although the phase would
be measurable in such schemes, the smallness of the Wigner phases we
found along short distances seems to indicate in general a strong resilience
of photons’ polarisation states under acceleration. Quantum technologies
based on such quantum features should therefore be robust to acceleration

as long as there is no cumulative effect coming into play.
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CONCLUSION

In this thesis we have studied and given predictions for relativistic effects
induced on quantum states. We have focused on bosonic systems such
as phonons, scalar frequency modes of light, and spin-1 polarised pho-
tons. We have investigated relativistic effects arising from both the prop-
agation of these quantum fields and the motion of the observers measur-
ing them in curved spacetimes. We worked in a variety of spacetimes
such as the Minkowski, gravitational waves, Schwarzschild and Kerr space-
times. Within each of these spacetimes, we have considered several type
of observers, such as static, circularly geodesic and centrifuged observers.
The various configurations lead to different effects that can in principle be
probed using current or near-future technologies.

Phonon creation by gravitational waves in a Bose-Einstein condensate is
the first relativistic effect on a quantum system that we thoroughly dis-
cussed in this thesis, in part|[ll. We began by reviewing the theory developed
in the initial proposal [41] in order to then refine it and derive new results.
We obtained the Bogolyubov transformation for a discrete step in the met-
ric for an arbitrary boundary condition of the cavity. We then reviewed the
validity of such a discrete transformation by checking if it would lead to a
leak of the quantum field of the cavity, and we found that to the order of the
computation no such problem arises. Working in the symmetric case (with
the center of the cavity unaltered by the gravitational wave), we derived the

explicit Bogolyubov coefficients for the phonon field under the presence of a
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continuous gravitational wave, including the contribution from the change
in the mode frequencies that was neglected in the earlier derivation. We
then characterised four different resonance scenarios, three of them for the
tirst time, where, in each, different pairs of modes resonate with the gravi-
tational wave either by a mode-mixing or a particle creation resonance.

In the following chapter we looked at the influence of noise in the Bose-
Einstein condensate where the effect induced by the gravitational wave is to
be measured. We have obtained the Bogolyubov transformation induced on
the phonon field due to the shaking of the cavity where the Bose-Einstein
condensate is trapped. Provided with the noise spectrum obtained experi-
mentally, one would be able to plug it in the latter Bogolyubov transforma-
tion and therefore characterise the influence of such noise on the phonon
field and thus on the measurement outcome. Then, we carried out the com-
putation for the discrete Bogolyubov transformation due to both a discrete
change in the metric and a displacement of the cavity caused by noise. We
could then characterise up to which point such a noisy displacement com-
petes with the gravitational wave’s distortion of the metric. Another noise
study we regarded was thermal noise. In a simplified model, we analysed
how two phonon modes become altered in the presence of thermal noise,
whether during the passage of a gravitational wave or not. All these stud-
ies refined the model initially proposed in [41] in order to make the theory
more acute and to characterise undesirable effects that will inevitably show
up in the actual experiment.

In the next part of the thesis, part [lll, we developed the theory for quan-
tum measurements of spacetime parameters using satellites around the
Earth within quantum communcation schemes. We followed the theory
initially developed in [34, 35], here again in order to refine and extend it.
The first chapter of this part of the thesis accounts for the new results we
have published in [1]. We first extended the theory from [34, 35] devel-
oped in the Schwarzschild spacetime to a Kerr spacetime picture, that is we

took into account the Earth’s rotation about its axis. We were therefore able
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to provide an estimation of the precision bound one can attain on a quan-
tum measurement of the Earth’s angular velocity. Another improvement
from the earlier computations was to take into account special relativistic
effects. The purely gravitational frequency shift turns out to compete with
the Doppler shift caused by the observers” motion. This observation lead to
the finding of a special family of orbits on which gravitational and special
relativistic effects exactly compensate. For quantum metrology purposes,
schemes with satellites orbiting at such altitudes should be proscribed since
they would yield very low precisions on the measurement of spacetime pa-
rameters. However, such orbits provide communication channels with Earth
that are free from any relativistic noise, they are therefore very relevant for
quantum tasks such as quantum communication, quantum key distribution
or quantum teleportation. A last feature that we introduced in this chapter
is the transposition of the already described Earth to satellite scheme to a
satellite to satellite scheme. In such schemes, we found results close to the
previous ones, but which are free from the problematic atmospheric noise
present in the Earth to satellite case.

The following chapter went back to the Schwarzschild picture, but gen-
eralising the schemes considered in [34, 35]. In this chapter, the observer
was assumed to stand anywhere on Earth and was allowed to communi-
cate with any satellite circularly orbiting around the Earth. Furthermore,
two different families of schemes were considered: the first one, the link
communications, includes uplinks studied in the previous chapter, but also
downlinks where optical pulses are sent from the satellites towards a sta-
tion on Earth. The other family of schemes we considered are reflection
schemes, where the photons emitted from Earth are reflected by a passing
satellite equipped with a mirror. The photons received back on Earth then
encode parameters from the velocity of the satellite, which itself encodes
physical parameters such as the mass of the Earth and the altitude of the
orbit. We then performed metrology techniques on some chosen configu-

rations of these schemes and we found results much improved compared
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to earlier ones [35, @]. Our theoretical results now even outbound the cur-
rent state of the art precision on the Schwarzschild radius that was obtained
through classical measurements. We also demonstrated that in such config-
urations quantum communications and therefore other quantum tasks such
as quantum key distribution protocols would be extremely noisy due to rela-
tivistic effects if these are not properly corrected. The results of this chapter
showed why relativity and quantum physics are relevant to each other for
quantum experiments using satellites: we found that relativistic effects can-
not be neglected in general in quantum communication. We also discovered
a way to outperform classical measurements of physical quantities like the
mass of the Earth by using quantum states. This is a very exciting result
that should renew the interest of taking advantage of both quantum and
relativistic features in order to improve the current technology.

In the previous parts of the thesis we mostly focused on scalar fields,
whether with phonon fields or frequency modes of photons. In part [V} we
shifted our attention to the spin degree of freedom of photons. We first
looked at schemes similar to the reflecting satellite schemes developed in
the previous chapter in the Schwarzschild spacetime. Using communication
channels linking Earth to a satellite, with optical pulses propagating back
to the emission point on Earth through satellite and Earth station nodes, we
found that helicity states of photons acquire Wigner phases in such closed
paths. This result questions previous claims which can be found in the litter-
ature [95) |96]. Also, the Wigner phases we found have larger values than, to
our knowledge, what can be found in the litterature for other schemes. We
showed that a measurement of general relativistic effects on spin features of
light is at reach with current technology in space.

The subsequent chapter applies the same theoretical framework, but within
a centrifuge in Minkowski spactime. The motivation for this research was
the measurement of the invariance of polarisation entangled states of light
as measured by accelerating observers made in [43]. What we found is that

there are many reasons to account for this absence of observed effect. The
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tirst one is the use of a rotationally invariant polarisation entangled Bell
state as a quantum probe. We showed how such state cannot acquire any
Wigner phase due to acceleration. Considering another quantum state that
is not invariant under the effect at play we found further results: there is
no effect for a light beam propagating radially in the centrifuge. There is
also no effect when the centrifuge accelerates uniformly, which was the case
in the experiment [43]. In other words, to find an effect one needs to shoot
photons with some angular momentum in a non-uniformly accelerating cen-
trifuge. However, even so, the amplitude of the Wigner phase we predicted
is rather small. In order to find a measurable effect, we suggested to im-
plement a cavity scheme where the light propagates within a path loop for
a finite amount of time. We predict that by following such directions one
would be able to measure a relativistic effect due to acceleration on the
quantum state of polarised photons.

In this thesis we developed the theory for new experimental proposals
and we improved existing ones. We refined the theory for the phononic
gravitational wave detector by taking into account the changes in the fre-
quency modes, by considering new resonances and by checking the effects
of both sismic and thermal noise. We then extended a theory for quan-
tum communications and quantum metrology with satellites by including
the Earth’s rotation and special relativistic effects. We then proposed new
schemes such as satellite to satellite communications, and satellites retrore-
flecting towards the Earth. We found configurations for which quantum
measurement techniques outbound optimal classical results. Finally, we de-
veloped a theory to study relativistic effects on helicity states of photons,
due to acceleration in a centrifuge and due to the curved spacetime sur-
rounding our planet. All these studies combine relativistic effects and quan-
tum features, and they have no classical equivalent (classical can here mean
either non relativistic or non quantum). Therefore, experiments based on
the effects described in this thesis should lead to new insights in the inter-

play between the quantum and the relativity theories.
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GENERAL FREQUENCY SHIFTS

A.1 IN KERR SPACETIME

In chapter|6 in order to keep workable formulas we designed a scheme with
radial quantum optical communication channels restricted to the equatorial
plane of the Earth. Here we derive frequency shift formulas that relax these

constraints.

A.1.1  Earth-satellite schemes

In this section, we still consider the satellite to be confined within the equa-
torial plane in order to keep working with a circular geodesic orbit [110].
However, we consider an arbitrary position for the station on Earth, which
means that we do not restrict the communication to radial channels any-
more and this provides a much wider range of possible configurations. Fur-
thermore, instead of considering only uplinks from the Earth to the satellite
we now leave free the choice of either up or down link communication chan-
nels. The 4-velocity of the observer on Earth is given in (21)), the 4-velocity of
the equatorial satellite in (22), and the general null vector in Kerr spacetime
was displayed in (23). From that we can follow the same procedure as in

section |6.2[in order to derive the frequency shift f = Qg /4 for this config-
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uration where photons are exchanged between an almost arbitrary station

on Earth (we need a line of sight!) and a circular equatorial geodesic:

1 aly /M |1_ a?M?(a>+R%)sin® 0 2MRE(12—a>Msin® §)?
f +é Rs Rs 2 I2(R2+42 cos? 0) (240)
== (0]
1- M 1-3M 4 op a [M i
I R CRs\/ Rs

where we used that the Earth’s longitudinal coordinate velocity (o = aM /1,

with [ the Earth’s moment of inertia about its axis.

A.1.2  Satellite-satellite schemes

In the satellite to satellite scheme, we here still consider the geodesic cir-
cularly orbiting satellites confined within the equatorial plane. However,
we relax the radial assumption to consider any possible trajectory for the
light rays between the two communicating satellites. The frequency shift

fsat = Qp/ Q¢ in Kerr spacetime between two of such satellites reads:
a=ly M 3M a /M
; T+ep= /0 |15 t26cicy/ic (241
sat = . 241
a—ly [m 3M a M
IHecsmyve N1 =3 T 26850/

We can note that the non radial contribution is very simple: the light’s

azimuthal angular momentum , is simply subtracted to the specific angular

momentum of the Earth in the first quotient term.

A2 IN SCHWARZSCHILD SPACETIME

In the Schwarzschild picture, where the Earth is static, we can relax most of
the assumptions: we here consider an observer on Earth standing anywhere
on the planet that exchanges photons with the satellite in any direction,
provided that there is a line of sight. The satellites are again in geodesic
circular orbit but here in any of the planes containing the center of the
Earth. Because of the spherical symmetry of the Schwarzschild spacetime,

any of these planes are equivalent.
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A.2.1  Earth-satellite scheme

In this general Schwarzschild picture, the frequency shift between an ob-

server on Earth and an observer comoving with the orbiting satellite reads:

ly |M sina \/M(K— 15 cot? 6;) sin® a
=[1—€-=14/— €p € 1— —— | fraqa- (242
f gRS R 0Cw Rg’ fad (4)

s sin? 6; sin? 6,

_2M

We labeled f..q = 1—?7’;} the frequency shift for radial rays that was al-
T Rs

ready given in (156). Notice that the angular contribution scales in v/ M/R;,
i.e. when the angular parameters I, and x are not negligible then the per-

turbative terms in the parenthesis are the largest contributions to the shift.

A.2.2 Satellite-satellite schemes

Here each of the two satellites follow a geodesic circular path. The fre-

quency shift between the two observers then reads:

ly /M sina M(x—1 cot? 62) sin? ay
1 GCZ RsZ RsZ SiI‘l2 952 69 ewz R?Z 1 Sinz 952
f sac’{/ (243)

1 — € li MM —ene ]\/I(K*l(%CO'L'2 951) 1 . sin2 aq ra
¢1Rqa V Ry sin? 051 0 fwl Rg’l sin? 6

fsat -

1—3M
with the radial shift fsar = 4/ 1%, which is the Schwarzschild limit of the
rad "Ry

radial frequency shift in Kerr spacetime displayed in (168]).
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ADAPTED TETRAD FOR STATIC OBSERVERS IN
SCHWARZSCHILD SPACETIME

B.1 GENERAL TETRAD

We give here the general first and second triad components for a static
observer (12), adapted to an arbitrary null vector (15). Using the expressions
of the zeroth e; = v and third tetrad components, together with the

orthonormalisation relations, we have et = el = 0 and:

1 2
k412 [k—I2 cot?§ ;
.  IpB—1peg\/1— f(r) rﬁ’\/ 00 JQ - B2 sin?0
ek = — & f(r)sin0 5 , (2a40)
— 2B26in2 0
o \Jo-rpsinte
e (244b)
5 —12 cot2§
¢ rBsin’ 6 1*f(T)KjT¢+’72€9f(T)I$ £ ¢r§0t \/m e
ex =1 _ , 244¢
! rsin® Q
12 _12 29
) €grBsin? 6 1—f(r)"j2¢\/" ¢r§°t +,721$\/m
62 = —€r f(r) Q , (244d)
l¢ K*léCOtZQ K+l42) B0 w2
o —C0rBf(N7 T 11— f(r)— \/m
= rQ : (244€)

where we defined Q = (1— f (r)K—:—;‘%) sin? 6 + iiz’ f(r) for compactness, and
we denoted again f(r) =1 — @ The quantity B = eﬁe is the gauge compo-
nent of the tetrad. Like the gauge signs 71 = +1 and 1, = =£1, the tetrad
component B is arbitrary, provided that it is of dimension [r~!] and fulfils
Q — r?B?sin?6 > 0. These three parameters encode all the gauge from the

freedom of choice of our adapted frame.
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B.2 CHOSEN TETRAD

B.2 CHOSEN TETRAD

In we focused on light rays with vanishing azimuthal angular momen-
tum Iy, and we fixed the gauge parameters B = 1, /1 — zandn =1 = +1
in order to simplify the expression of the Wigner rotation. Plugging these
values in (244), we obtain the triad:

1_x
Kk [2M r 1 /2Mxk cscl 2
e; =€r€g M f) oy — — 5 0o + ’ dgp, (245a)
SN TR AN
Kk [1_x 2Mix
2 2 1 K csc 3
ey = —erepf(r) Y= ~ o, + 1 meet — T3y, (245b)
—f(r)% 1—f(r)
K € |k
es = /1) (enfL- £ 50+ [0 (2459
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ADAPTED TETRAD FOR CENTRIFUGED OBSERVERS IN
MINKOWSKI SPACETIME

C.1 GENERAL TETRAD

We display here the expression for the triad of an accelerating observer

in a centrifuge, as obtained from the orthonormalisation relations after the

adapting procedure. The adapted e; = kko — e is obtained with e5 = v given

. g . . 0 _
in (217). The gauge quantities are again the triad component ey = B(t,r,0)
and the arbitrary signs 71 = £1 and 7, = £1. The triad reads:

rw(t) o+ qrmmff 0, + %89
V1= 1—xwlt
ey = — ity 1_Kw6 V@+UﬂBlij@ (246a)
T2

rw(t)—%
es =r*w(t)Bo; + 1y rB\/Lzr 0y + B dg + 1217, 1QK2 9; (246b)
- Vi-%
T

,/1fﬁ _K
(L) ra(t) (rew(t) = %) 0+ 0r — 'y(t,r)% g (2460
= 1—xw(t) ’ 245¢

where we dropped the (t,7,0) dependence of the gauge term B and we

introduced Q =1 — ’;—; — r2B% (1 — x w(t))? in order to ease the reading.
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C.2 WIGNER ROTATION FORMULAS

C.2 WIGNER ROTATION FORMULAS

We give here the general formula for the Wigner rotation ¥ using the gen-

eral tetrad adapted to a centrifuged observer (246):

2
172’:— /(¢ 3 75 5
B(t,r,0) (\/1_% - ’7r1K_r;idw((t))> + WrrTIf + "\/@TE + Wr%a%

Yt 1 -5 — (1 - k(b)) 12B(L,1,6)?

Y= —mm (247)

To remove the radial part of the phase, we can specify the following con-

straint on the free tetrad component: B(t,r,0) = f(0)/r, with f a differ-
entiable function verifying |f(6)| < 1 for all 8. The Wigner rotation then
slightly simplifies to:

k]

K rZw/
( — +17r1m§8>> f(0) —n:f'(6)
n1m2

Tl 1-5 - F(02 (1 - kw(t))

~ | ®

(248)
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