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ABSTRACT

Zero-crossing analysis is an old problem, with various attempts to tackle it not yet having
led to a universally applicable solution. This is especially true for non-Gaussian stable
processes, whose heavy-tails result in problematic statistical properties such as undefined
autocorrelation. In this thesis we investigate the need for the coherence (as opposed to the
ill-defined autocorrelation) and its applicability in predicting the zero-crossing statistics of
non-Gaussian stable processes. This requires us to address the innate issues surrounding
estimating the heavy-tailed index for empirical data sets within the stable regime. This
includes a review of the ubiquitous Hill estimator, and a comparison of it with a proposed
method based on characteristic function analysis by testing them on synthetic and real-
world data. The theoretical framework of the thesis is then tested on synthetic data, using
a novel method to generate non-Gaussian stable noises. From this it is concluded that

coherence offers a means to predict the zero-crossing statistics of stable processes.
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INTRODUCTION AND BACKGROUND

1.1 BACKGROUND

The analysis of extreme fluctuations has long been of interest to mathematicians. Whilst
extreme events, such as market crashes and natural disasters, are often rare and widely
interspersed, their effects often account for huge damages when compared with commonly
observed behaviour. Such a result makes their mathematical investigation of great impor-

tance.

The quantitative analyses of the financial world is dominated by the Gaussian distribu-
tion. Its self-similarity and analytical properties, together with its role in the Central Limit
Theorem, has made its use prevalent. For example, the famous Black-Scholes model to
calculate the European put and call options of stocks is reliant on it [1]. Extreme economic
events display a particular vulnerability to such assumptions, however. The events of Black
Monday in 1987 [2] saw the values of stock markets around the plummet at rates hitherto
unseen. If the financial markets behaved according to Gaussian models, then such a crash
would have been expected to occur just once in a time period 10 times that of the age of
the universe. Whilst Black Monday is the most famous example of an extreme financial
event, the regularity of which similar crashes (and booms) occur prompts a need to both

recognise and introduce means of quantifying such behaviour.

A potential means to model extremal behaviour is through heavy-tails, where the asymp-

totic tail of the density function is a power-law of the form ~ x~(14%) These heavy-tails
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often model large fluctuations more accurately than other common-place distributions, such
as the Gaussian and exponential distributions. A particularly important set of heavy-tailed
distributions is the set of non-Gaussian stable distributions, due to their self-similarity and
role in the generalised Central Limit Theorem. Because of this, Mandelbrot proposed mod-
elling cotton prices with them in 1963 [3]. They have subsequently been used to model a

number of financial objects [4].

A key aspect of the probability distribution of the stable distributions (alongside the self-
similarity property) is the exponent of the heavy-tail. For non-Gaussian stable distributions,
the tail of the density function is ~ x~(1+%) where & € (0,2). This results in statistical
properties that make their study particularly interesting. Specifically, the variance (and
sometimes mean) of a non-Gaussian stable random variable is undefined. This means the
covariance between stable random variables is also undefined, making quantifying their

dependency problematic.

Despite the potential pitfalls, there is undeniable use and applicability of stable distribu-
tions. Aside from the financial world, they have been used in spectroscopy [5], and to model
sandpiles [6] and solar flare waiting times [7]. More generally, heavy-tailed distributions are

also widely used in a variety of contexts [8] [9], [10], [11], [12].

An unsolved problem in the study of stochastic processes is a complete mathematical de-
scription of zero-crossings and return-times. Zero-crossings occur when a signal crosses
the x-axis, and the ‘return-times’ correspond to the intervals between subsequent crossings.
Zero-crossings offer an alternative means of investigating extreme events by considering
the time intervals between events and their subsequent distributions. The central aim of
zero-crossing analysis is to determine the probability distribution(s) of the interval lengths
between crossings. Since the initial work into zero-crossings by Kac [13] and Rice [14], this
problem still remains (generally) unsolved. Zero-crossings are themselves applicable in a
number of areas. There is extensive literature on such applications [15] including a review

by Blake and Lindsey in [16].
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Unlike non-Gaussian stable processes, the zero-crossings of Gaussian processes have previ-
ously been investigated in-depth. In 1945, Rice [14] showed that the mean zero-crossing
rate for Gaussian processes is a function of the process’ autocorrelation function by g =
\/Tm)/rc where a is the autocorrelation function. Rice was able to use this to approx-
imate the zero-crossings pdf for small interval times. McFadden then used Rice’s work to

calculate the zero-crossings pdf under certain conditions [17], [18].

The result of McFadden’s work was that zero-crossing events and the resulting statistical
properties were directly related to the autocorrelation function of the underlying process.
Such a conclusion made investigating the set of non-Gaussian stable processes problematic,
as the heavy-tails resulted in an undefined autocorrelation. To analyse the zero-crossings of
non-Gaussian stable processes, an alternative formulation was therefore required. This was
done directly by Hopcraft and Jakeman in [19]. In their paper they proposed a new form of
dependency structure termed the coherence. This was formulated and defined in terms of
a joint characteristic function and calculated through the existence of fractional moments.
The theoretical implications of this work were tested in [I5], with a particular emphasis
on the effect the coherence function’s form had on zero-crossing statistics. The main aim
of this thesis is to test the claims of [15] and [19] by testing the proposed methods on

empirical stable processes.

Investigating non-Gaussian stable processes is itself problematic for several reasons. For a
heavy-tailed process there is a need to be accurate in analysing the heavy-tail index, a, to
determine whether or not a process is asymptotically stable. If not, then autocorrelation
suffices as a means of quantifying the dependency structure, and the work into coherence
need not be consulted. Additionally, for processes that are (asymptotically) stable, the

proposals to estimate the underlying coherence require an accurate estimate of «.

The problem of calculating the heavy-tail index is itself an old one, with much literature and
investigation into the topic. A review of a number of means of identifying the heavy-tail
index can be found in [20]. The most obvious method of calculating the index, through

graphical analysis, is error prone [21]. A number of alternatives, including Hill's estimator
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[22] and quantile matching [23] have been put forward as potential means to estimate
the index with accuracy. Despite a plethora of options, the most popular estimator re-
mains Hill's estimator [25]. Parameter fitting methods specifically constructed for stable
processes also exist, such as characteristic function analysis [26] which calculates (amongst

other parameters) the heavy-tail index of stable processes.

Analysing the zero-crossing statistics of non-Gaussian stable processes therefore has the
potential to be an extremely complicated task. In this thesis we attempt to do exactly that,
through a number of steps. We first investigate tail estimation methods, with a specific
focus on their applicability to non-Gaussian stable processes. This information is then
used to motivate a need to generate synthetic stable processes with memory and a known
distribution. The empirical crossing statistics of the synthetic data is then compared with
the theoretical predictions calculated by using coherence. This allows us to comment on

the applicability of coherence as a means of quantifying dependency in stable processes.

1.2 PROBABILITY THEORY

Before proceeding with the specifics of this thesis, it is useful to introduce basic probability
theory, as well as the relevant nomenclature required for it. This is described in this chapter,

and can be found in most introductory probability theory textbooks such as [27] and [28].

1.2.1 Random variables

Probability space

Fundamentally probability theory concerns itself with some experiment whose outcome is
randomly decided. We therefore describe the mathematical framework in terms of such
an experiment. To do so, we first introduce the probability space by defining three key
properties: the sample space (), the set of events F and the probability function IP. The
sample space () is defined as the set of all possible outcomes of the experiment. The set
of events F is defined as the collection of all subsets of ) (including the empty set and

Q) itself). The probability function IP is defined as some function P : F — [0,1] that
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assigns every possible event with a probability of its occurence. Let E be an event such
that E € F. Then the probability of E occuring is IP(E) where IP(E) = 0 would signify
that E had no chance of occuring and P(E) = 1 would signify E would occur almost
surely. We then say that the experiment is defined in terms of these three features, which

we term the probability space (Q, F,P).

For example, consider flipping a fair coin and recording its outcome. By denoting H =
Heads and T = Tails we can describe the relevant probability space. The sample space
would be ) = {H, T}, the set of events F = {{},{H},{T}, {H, T}} and the probability
function IP({}) = 0 (as the coin flip must have an outcome), P({H}) =P({T}) = 0.5

(as the coin flip is fair), P({H, T}) = 1 (as the coin flip must have an outcome).

Random variables

In order to add mathematical rigour to the probability space we now introduce random
variables. Let (Q), F,IP) be a probability space. Then a random variable (rv) is a measur-
able function X : () — A where A C R. Let E C A. Then the probability that X € E is
P(w € O : X(w) € E). For convenience, we can write this as IP(X € E).

Random variables can be split into two distinct categories: discrete random variables and
continuous random variables. Let X be a random variable. Then X is a discrete random
variable if and only if (iff) X can take on a countable number of possible outcomes. Con-
versely, X is continuous iff it can take on an uncountable number of values. For example,
a coin toss would be represented by a discrete random variable, whilst a person’s height a

continuous random variable.

In this investigation it is important we discuss probabilistic concepts in terms of both dis-
crete and continuous random variables. When considering empirical problems, it is often
the case we use continuous random variables to model large discrete systems. Conversely,
when investigating continuous random variables computationally we must use discrete sam-

ples.
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Distribution functions

To quantify the relative frequency of outcomes of random variables we now introduce a
series of distribution functions, defined in terms of the probability measure IP. Let X be a
random variable. The cumulative distribution function (cdf) of X is defined as the function
Fx : R — [0,1] such that

Fx(x) :=P(X < x)

where x € R. The complementary cdf (ccdf) is defined as the function Fx(x) :=
1 — Fx(x). It follows that Fx(b) — Fx(a) = P(a < X < b) and Fx(x) = P(X > x).

The cdf describes the cumulative probability of a random variable, but does not quantify
the relative probability of individual outcomes or intervals. To do this, we introduce the
probability mass function and probability density function. Let X : ) — A be a discrete
random variable, where A C IR is a countable set. Then the probability mass function

(pmf) of X is defined as the function px : A — [0, 1] such that

forx € A.

We now consider the quantity analagous to the pmf for continuous random variables, the
probability density function (pdf). To do so, we must first introduce absolutely continuous
random variables. Let X be a continuous random variable. Then X is absolutely continuous
iff its cdf is absolutely continuous with respect to the Lebesque measure. To understand
this definition, a thorough knowledge of measure theory beyond the scope of this thesis
is required. For the purposes of our work it suffices to understand that to admit a pdf, a
random variable must be absolutely continuous. This is true for the majority of work into
continuous random variables, but there are notable examples where it is not; for example
Cantor random variables. In this thesis, we shall work with continuous random variables
under the assumption they are also absolutely continuous. Let X be a(n absolutely) contin-
uous random variable. Then its probability density function (pdf) is defined as the function

fx : R — [0,00) that satisfies

Fx(b) — Fx(a) = /abfx(x) dx
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for all a,b € R where Fx is its cdf.

Expected values and moments

Another means of quantifying a random variable’s properties and the relative frequencies
of its outcomes is by expected values and moments. Examples of these include mean and
standard deviation which are used to quantify the average location and dispersion of a

random variable.

Let X : O — A be a random variable. Then we define the expected value of X by the
Lebesque integral
(X) = / X(w) P(dw).
we)
We can generalise the idea of the expected value such that we can take the expected value
of some function of a random variable. Let g : A — IR be a measurable function. Then

the expected value of g(X) is defined as the Lebesque integral

() = [ g(X(w)) P(dw).
we)
The definitions for expected values can be used to produce expressions in terms of a rv's

pmf or pdf. Let X : (O — A be a discrete random variable with pmf px. Then the

expected value of X is

(X) =) xpx(x).

x€A
Let ¢ : A — R be a measurable function. Then the expected value of ¢(X) is

(g(X)) =} 8(x) px(x).

x€eA

Now, let X : ) — R be an absolutely continuous random variable with pdf fx. Then the

expected value of X is
(X) = /IRfo(x) dx.
Let ¢ : R — R be a measurable function. Then the expected value of ¢(X) is
(X)) = [ g(x) fc(x) .

An important family of expected values is the integer moments. Let X be a random variable.

Then the nth raw moment of X is defined as

pn = (XT)
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for n € IN. The mean y of a random variable is defined as its 1st raw moment y := p; =

(X). The nth central moment of X is defined as

o = (X =p)")

for n € IN. The variance 02 of a random variable is defined as its 2nd central moment

02 := 0y. The nth standardised moment is defined as
;. On
Hyp = 07

for n € IN. Skewness and kurtosis are defined as the 3rd and 4th standardised moment
respectively. Whilst the moments are traditionally considered just in terms of integer values,

they may also be evaluated for fractional values. The nth fractional moment is defined as

iin = (IX[")

for n € Q.

Characteristic functions

An alternative means of describing the probabilistic behaviour of a random variable is
through its characteristic function. Let X be a random variable. Then the characteristic

function (cf) of X is defined as the function ¢ : R — C such that

$(t) := (exp(itX)) (1.2.1)

where i is the imaginary unit and t € IR. Whilst cf’s are intuitively more complicated than
cdf’s, pmf’s and pdf’s, they have a number of properties that make their use advantageous
in certain circumstances. Crucially, the characteristic function is well-defined for all real-
valued random variables and can be calculated for any analytical pdf. Furthermore we can
define random variables that do not have an analytical pdf in terms of an analytical cf (an
example of this is the set of stable random variables). Additionally, the cf is bounded by
|p(t)| < 1 and is unity at the origin. If a random variable’s raw moments exist and are

finite then its characteristic function can be expressed as a power series

o 1 . 1 1.
(P(t) = Z P Zn,untn =141yt — E‘uztz — 81‘1/[31'3 + ..

n=0

by defining 19 = 1 for convenience.
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1.2.2  Joint distributions

Multivariate random variables

The ideas introduced to describe single random variables can be generalised to consider
multivariate random variables (also called random vectors). These multivariate random
variables can describe random experiments where more than one outcome is measured, or
where multiple measurements are taken. We formalise multivariate random variables by
again considering the probability space. Let Xy, ..., X;; : QO — A C R be random
variables on the probability space (Q), F,R). Then we can define X = (Xy, ..., Xj) as
an n-dimensional multivariate rv, or an n-dimensional random vector. We say a multivariate
rv is discrete if its components are all discrete rv's, and continuous if its components are all
continuous rv's. Additionally, we can say it is a mixed multivariate rv if some components

are discrete and some are continuous.

Multivariate distribution functions

The definition of a multivariate rv can be used to introduce generalisations of the distribu-
tion functions. Let X = (X3, ..., X;) be an n-dimensional multivariate rv. Then the joint
cumulative distribution function (joint cdf) of X is defined as the function Fx : R" — [0, 1]
such that

Fx(x) =P(X <x)=P(X; <x1, ..., Xn <xp)

where x = (x1, ..., x,) € R". Similarly, the joint complementary cdf (joint ccdf) is

defined as Fx(x) := 1 — Fx(x).

As was the case with univariate random variables, we may now describe the relative fre-
quencies of the individual outcomes and intervals of multivariate random variables using
joint pmf’s and joint pdf's. Let X be an n-dimensional discrete multivariate rv such that
each component Xj, ..., X, : QO — A, where A C IR" is a countable set. Then the
joint probability mass function (joint pmf) of X is defined as the function px : A — [0, 1]
such that

px(x) =P(X=x)=P(X; =x1, ..., Xn = xn)
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where x = (x1, ..., X,) € A.

As per the case for univariate rv's; we first clarify that to admit a joint pdf a multivariate
continuous rv's components must also be absolutely continuous. In the context of this
investigation we shall assume that multivariate continuous rv's are made up of absolutely
continuous rv's, unless stated otherwise. Let X be an n-dimensional multivariate contin-
uous rv such that each component X7, ..., X, : O — R is an absolutely continuous rv.
Then the joint probability density function (joint pdf) of X is defined as the measurable

function fx : R" — [0, 00) that satisfies

P(X € E) = /EfX(x) dx

for all E C R™.

It is worth noting we can define a combination of joint pmf's and joint pdf’s for mixed
multivariate random variables. Such a generalisation follows simply from the above defini-

tions, and is not required in the context of this thesis.

A key concept when investigating multivariate rv's is dependence. Dependence refers
to how random variables affect one another and how they are linked. This is described
mathematically by the joint pmf or pdf. We say a set of random variables are independent
if their behaviour does not affect one another. Let X = {Xj, ..., X,} be a multivariate

discrete rv with joint pmf px. Then Xi, ..., X, are independent iff

px(x) = px;(x1) px,(x2) -~ px, (xn)

for all x € A where Px; is the pmf of X;. Let X = {X1, ..., X,} be a multivariate

absolutely continuous rv with joint pdf fx. Then Xj, ..., X, are independent iff

fx(x) = fx;(x1) fxy (x2) -+ fx, (xn)

for all x € IR where fX], is the pdf of X;. A set of rv's are dependent iff they are not

independent.

10
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Expected values

By introducing joint pmf’'s and joint pdf's we can now introduce expected values for
multivariate rv's. Let X be a multivariate discrete random variable with joint pmf px :
A — [0,1] where A C R" is countable. Let g be some function ¢ : A — R. Then the
expected value of g(X) is

(g(X)) == ) g(x) px(x).

x€A

Let X be a multivariate absolutely continuous rv with joint pdf fx : R" — [0,00). Let g

be some function g : R” — R. Then the expected value of g(X) is
(X)) = [ gx) fx(@) d.

Covariance and correlation

Expected values for multivariate rv's can be used to introduce the ideas of covariance and
correlation. For a bivariate random variable (2-dimensional multivariate rv) covariance and
correlation can quantify the relationship between those random variables. Let X and Y

2 2

be random variables with means px, py, and variances 0%, oy respectively. Then the

covariance between X and Y is defined as

cov(X,Y) = (X = ux)(Y = py))-

Correlation can broadly be used to describe any statistical relationship between random
variables, but is usually formally defined by the Pearson correlation coefficient. The Pearson
correlation coefficient p quantifies the linear relationship between two random random

variables by the normalising the covariance, and is defined as

p(X,Y) = cov(X,Y).

ox0y

It follows that p is bounded such that —1 < p < 1, where p = 1 signifies that X and
Y have a perfectly positive linear relationship, p = —1 signifies a perfectly negative linear
relationship and p = 0 signifies no linear relationship. Unless stated otherwise, ‘correlation’

henceforth refers to the Pearson correlation coefficient.

11
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It is worth noting that p = 0 does not imply that two random variables are independent.
For example, consider two random variables X = sin(Z) and Y = cos(Z), where Z ~
U[0,27), such that {X,Y} correspond to the Cartesian coordinates drawn from random
on the unit circle. Then there is no linear relationship between X and Y and p(X,Y) =0,

but they are clearly not independent.

Marginal distributions

For multivariate random variables, we are able to describe the behaviour of just one of its
components via marginal distribution functions. For the purposes of this investigation it
suffices to initially describe marginal distribution functions in terms of bivariate rv's. Let
X = (X1, Xp) be a discrete bivariate rv where X7, X5 : Q) — A with joint pmf px. Then
the marginal pmf of Xj is
px, (x1) = Z px(x1,x2).
Xo€EA

Equivalently, let X = (X3, X») be an absolutely continuous bivariate rv where X;, X5 :

) — R with a joint pdf fx. Then the marginal pdf of Xj is

fx,(x1) = /]fo(xl, x2) dxs.

These can be generalised to n-dimensional multivariate rv's, where the summation (for the
joint pmf) or integration (for the joint pdf) is taken over all the random variable components
apart from X;. From this it is clear that for a multivariate random variable with a known
joint pmf (or joint pdf) the marginal pmf’s (or pdf’s) of its individual components can all
be calculated. The converse is not true, however. Specifically, a set of marginal pmf's (or

marginal pdf's) do not imply a unique joint pmf (or joint pdf).

1.2.3  Stochastic processes

Discrete-time and continuous-time processes

The ideas of multivariate rv's are now used to introduce stochastic processes. Stochastic
processes are used to describe random systems that evolve through time, and are therefore

defined as time-ordered sets of random variables. From now on, we make no reference to

12
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whether the random variables are themselves discrete or continuous, but only whether they

are discrete or continuous in time.

A discrete-time process {X;} is defined as a time-ordered set of random variables defined

at countably many points in time, such that

(X} = {X1, Xo, ...}

where t € T and T C IN. Similarly a continuous-time process {X;} is defined as a
time-ordered set of random variables defined at uncountably many points on a given time
interval, such that t € T where T C R is a continuous interval. An important class of
continuous-time stochastic processes is the sample-continuous stochastic processes. Let
{X:} be a continuous-time stochastic process defined on t € T where T C IR, and on the

probability space (QQ, F,IP). Then {X;} is a sample-continuous process iff
P (a] € O:lim X (w) — Xs(w)| = O) =1
s—t

almost surely for all t € T. This ensures that its sample paths (discussed subsequently)
are continuous. For convenience, we can refer to stochastic processes simply as ‘processes’
and sample-continuous stochastic processes simply as ‘continuous stochastic processes’ or

‘continuous processes’.

Stationarity, autocovariance and autocorrelation

Stationarity is an important concept when investigating stochastic processes, as it al-
lows us a framework in which past behaviour can be used to predict future behaviour.
Let {X;} be a stochastic process. We denote its cdf at times t+ = t1, ..., t, by
Fx(xt, -+ ,xt,). Then {X;} is stationary iff its cdf does not change in time, such that
Fx(xt, -+ ,xt,) = Fx(Xt,47,- -+ ,Xt,47) forall n, T, t1, ..., t, € R. This results in
ideal properties for the study of stochastic processes such that its statistical properties -

such as mean, variance and marginal distributions - are consistent in time.

For a stochastic process {X;}, the concept of covariance between a pair of rv's can be

generalised to measure the covariance between all elements in a process. Because this
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1.2 PROBABILITY THEORY

describes the covariance between elements in a single process, this is called the autocovari-
ance. The autocovariance of a process at times f1, tp is acov(ty,tp) := cov(Xy,, Xt,) =
((Xt; — 11) (X, — p2)) where pg = (X)), po = (X4,). Let ty =t th =t + 7. If {X;}
is stationary, it follows that u; = up = p and ((X¢ — ) (Xs4r — p)) is independent of
choice of t. It follows that the autocovariance of a stationary process can be expressed

solely as a function of the time lag T = |t; — f1| > 0 only, such that

acov(7) = (Xt — ) (Xr4r — 1)) (1.2.2)

for all T > 0. Similarly, correlation can be generalised for a stochastic process to consider
the correlations between its various elements. For a stochastic process {X;}, the auto-
correlation function (acf) at times tq, t is a(t1,t2) := p(Xt,, Xt,). As per the case for
autocovariance, the acf of a stationary process can be expressed solely as a function of the
time lag T > 0 such that

a(t) = % acov(7) (1.2.3)

for all T > 0, where 02 is the variance of {X;}. A weaker form of stationarity is wide-
sense stationarity. Let {X;} be a stochastic process. Then {X;} is wide-sense stationary

(wss) iff its mean, variance and autocorrelation are consistent in time, such that its auto-

covariance and autocorrelation are equal to|Equation 1.2.2|and [Equation 1.2.3|respectively.

In the same way that correlation quantifies the linear dependence between two random
variables, the autocorrelation function quantifies the dependence in a process as a function
of time lag. In this way, it is used to quantify the ‘memory’ inherent in a process. We
shall see later that, despite its ubiquity in measuring memory in time-series data, the
autocorrelation function has significant deficiencies in certain circumstances. A process

with an acf a(T) = do ¢, where ; ; is the Kronecker-delta function, is said to be d-correlated.

Stochastic noise

We now introduce the concept of stochastic noise as a means to differentiate between a
process whose elements are independent and a process whose elements are dependent. Let
{X;} be a stationary stochastic process defined on t € T. Then {X;} is a white noise iff

(Xt) = 0, (X?) < o0, and its elements are independent rv's for all t € T. Because a white

14



1.2 PROBABILITY THEORY

noise is a sequence of independent rv's, its power-spectrum has equal intensity across all
frequencies. It is from this that the name white noise is derived, as an analogy to white

light which contains the entire spectrum of visible light.

Let {X;} be a stationary stochastic process defined on t € T. Then {X;} is a coloured
noise iff u = (X;) = 0, 0> = (X?) < oo for all t € T, and it is not a white noise. In
other words, in contrast to white noise, coloured noise is a process whose elements have
some form of dependency structure. This results in a power-spectrum that does not have

equal intensity across all frequencies (analogous to coloured light).

For the purposes of this thesis, we shall assume that a white (or coloured) noise refers to a
process whose elements are identically distributed. We also relax the assumption that the
mean is necessarily y = 0.

Kolmogorov's extension theorem

In this thesis we often move between using discrete-time stochastic processes and continuous-
time stochastic processes. The theory surrounding the zero-crossing statistics is based on
continuous-time processes, whereas the business of investigating them numerically requires
the use of discrete-time processes as representations. It is therefore important to introduce

the framework that allows us to do this - the Kolmogorov extension theorem [29].

Let T C IR be some time interval, and let t1, ..., fy € T be a discrete number of time
points on T such that k € IN. Let py, ... s, be a probability measure on R"™. Suppose

Pty t, satisfies the conditions:

1. for all permutations 7t on {1, ..., k} and measurable sets F; C R",
ptl/"'/tk(Fl X X Pk) = ptr{(l)/"'/tr{(k) (Fn(l) XX Fﬂ(k));
2. for all measurable sets F; C R", and m € IN,

Py b (B XF) = Py ey, b (FLXC - XCFOCIRY)™),
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1.2 PROBABILITY THEORY

Then the Kolmogorov extension theorem states that there exists a probability space (Q), F,IP)

and a stochastic process {X;} on Q) where X; : Q) — R" such that
ptll"',tk(Fl X e X Fk) = ]P(th el ..., th S Fk)

for all t; € T, k € IN and measurable sets F; C IR".

Kolmogorov's extension theorem ensures that a stochastic process can be constructed in
terms of finite-dimensional distributions, as long as those finite-dimensional distributions
satisfy the two conditions. In the context of this thesis, it is sufficient to understand that
Kolmogorov's extension theorem allows us to use the probability distributions of a process
evaluated at discrete-time points to construct a continuous-time stochastic process. We
shall henceforth assume that the processes we work with satisfy the two required conditions

to apply Kolmogorov's extension theorem.

Sample statistics

Until now we have described the mathematical framework exclusively in terms of stochastics
and randomness with no reference to observed outcomes. When investigating stochastic
processes, we gauge the success of the theory by comparing its predictions with observed
statistics. It is therefore important we introduce the nomenclature used to discuss the

realisations of stochastic processes.

Let (Q), F,IP) be a probability space. Then a sample point is an element of the sample
space w € Q. Let X : O — A be a random variable. Then X(w) is a sample ran-
dom variable and a possible outcome of X. Let {X;} be a stochastic process such that
X;:Q— Afort € T. Then {X;(w)} is a sample path for t € T, and is a single possible
path of {X;}. When we observe a sample random variable (or a sample path) through
computational generation or in empirical data, we call the resultant data a realisation of

the random variable (or process).
We also make explicit the difference between the above concepts and sample statistics.

The above use of ‘sample’ refers to a single possible outcome of stochastic objects. When

working with realisations we may then calculate statistical information about the data. We
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1.3 OUTLINE OF THESIS

refer to this information as the sample statistics. For example, consider a set of data
points {Xy, ..., X,}. Then the value X = (X7 + -+ X;)/n is referred to as the
sample mean. To test the theoretical framework of stochastic processes we can compare
the theoretical statistics resulting from stochastic models to the sample statistics observed

in the empirical data.

1.2.4  Summary

The work in offers a quick introduction to the probabilistic concepts required
to understand the novel aspects of this thesis. Many of the concepts are only touched
upon briefly in order to be able to use them later. For more information on the theoretical

background, the referenced material offer a more in-depth discussion [27], [28], [29].

For the rest of the thesis, it suffices to understand the topics we have introduced, and to
especially have an intuitive grasp of stochastic processes and the ability to move between

continuous-time processes and discrete-time representations (and realisations).

We also note that after we discuss stochastic processes exclusively in terms
of its evolution through time for a single sample. It is therefore notationally convenient
to write the stochastic process as a function of time only, and not of the sample space.
Therefore, we henceforth change the notation for a stochastic process from {X;(w)} to
{X(t)}forwe O, t € T. Weuse X = {Xj, ..., X} to instead denote a set of discrete

realisatons or samples.

1.3 OUTLINE OF THESIS

In this chapter we have discussed the motivations and background information for the rest
of this thesis. The basic probabilistic and statistical nomenclature and ideas have been dis-
cussed and introduced. This acts as the framework for the more complicated mathematical

theory used subsequently.
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1.3 OUTLINE OF THESIS

In a series of key concepts required to investigate empirical stable processes are
discussed. Hill's estimator is introduced as a tool for identifying the index of heavy-tailed
distributions. The set of stable distributions is defined and the consequential failure of
assigning an autocorrelation function to non-Gaussian stable processes is explained. Co-
herence is put forward as a non-trivial alternative measure of depency in a process to
the autocorrelation for the set of stable distributions. Methods to generate non-stable
processes with valid autocorrelation functions are introduced, with caveats of the meth-
ods explained. Established theory into the zero-crossings of Gaussian processes (a unique
class of stable processes) is introduced, with McFadden's formula, Van-Vleck's theorem and

Rice's formula all defined, and their role in calculating the zero-crossing statistics explained.

In we discuss the problematic issue of identifying the heavy-tail index, and why
it is particularly important when investigating stable processes. We review Hill's estimator,
and discuss the situations in which it is and isn't accurate. Specifically we investigate the
difficulty in choosing the threshold value for heavy-tailed processes, the effect of autocorre-
lation on its error and its ineffectiveness for stable processes with indices close to the stable
threshold. As an alternative, we introduce characteristic function methods. Using existing
theory on stable parameter estimation, we consequently introduce a novel characteristic
function method for estimating the heavy-tail index. All three methods (Hill's estimator,
the stable characteristic function method and the general characteristic function method)
are then tested on synthetic data and compared, allowing us to comment on optimum
means for identifying the heavy-tail index. They are then used to investigate a real-world

data set that is purpoted to be well modelled by a non-Gaussian stable distribution.

In a novel method for generating stable processes with memory is described. By
extending a simple and ubiquitous method of generating a Cauchy random variable we
are able to produce a Cauchy process with a non-trivial joint pdf. This is proposed as a
candidate for generating Cauchy processes with memory. The empirical properties of the
generated processes are investigated, and we show that coherence (as proposed in [19])

can quantify the resulting dependency.
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1.3 OUTLINE OF THESIS

In we directly approach the problem of investigating the zero-crossing statistics
of stable processes. The theory used to investigate Gaussian stable processes is gener-
alised to allow for the investigation of non-Gaussian stable processes. Generalised forms of
Van-Vleck's theorem and Rice's formula are introduced, and defined in terms of coherence.

This theory is then tested by comparing its predictions to empirical results produced by

synthetic data, generated by the methods described in in [chapter 4]

In we summarise the work of the thesis and highlight potential future avenues for
research. This allows us to comment on the applicability of the coherence as a model for
measuring dependency in stable processes and its use in predicting zero-crossing statistics,

as proposed in [19)].
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EXISTING WORK

2.1 HILL'S ESTIMATOR

The work in this thesis is based around the tail-behaviour of random variables - its most
extreme fluctuations. We are specifically interested in heavy-tailed random variables. The
term ‘heavy-tailed’ can refer to a number of distributions and is often used interchangably
with ‘fat-tailed’ or ‘long-tailed’. In the context of this investigation, we define heavy-tailed

as below. A random variable X is right heavy-tailed iff
Fx(x) ~ |2~

as x — oo where & > 0 and ~ denotes asymptotic equivalence [31] up to some positive
constant. Similarly, a random variable is left heavy tailed iff Fx(x) ~ |x|™* as x — —o0
where & > 0. A random variable is (strictly) heavy-tailed iff it is both right and left heavy-
tailed. The exponent & is henceforth called the heavy-tail index or a-tail index. It follows

that a heavy-tailed random variable has pdf
F(x) A ()

as |x| — oo. Heavy-tailed random variables only have a finite number of integer moments.

This can be shown by noting that, for some a > 0,
0]
/ x*dx < oo
a

iff k > 1. Therefore, for a heavy-tailed process with heavy-tail index «, the nth integer
moment iy, is finite iff « > n. For example, the third integer moment (skewness) is finite

only when the heavy-tailed index « > 3. This is true for central integer moments too.

20



2.1 HILL’S ESTIMATOR

Equivalently, a heavy-tailed random variable will have [a] — 1 integer moments, where [ -]

is the ceiling function.

A heavy-tailed distribution can be easily identified by considering its complementary distri-

bution function on a logarithmic scale. It is clear that
log Fx(x) — —alog|x|+C (2.1.1)

as x — oo where C > 0 is some constant. Therefore a linear relationship would be ob-
served with gradient —a. It is therefore sufficient to say that we can propose a random
variable is heavy-tailed if, for sufficiently large x, its cumulative distribution function is

linear on a log-log plot. This also highlights a potential method to estimate the value of

the heavy-tail index a. By fitting a linear model to [Equation 2.1.1] (through least-squares

regression or otherwise), the heavy-tail index a can be estimated from the gradient. This is
referred to as the ‘graphical method’ using Log-Log Complementary Distribution (LLCD)
plots [32]. The graphical method is problematic because for limited data sets volatility in
the tail has an exaggerated effect on a logarithmic scale whilst errors in the central values
are more difficult to scrutinise. It is sufficient for this method to be labelled too erronous

for the purposes of this investigation.

In the context of this investigation, there is a need to be sufficiently accurate in estimating
«. Firstly, it is important to clarify whether or not a heavy-tailed distribution is within
the stable regime such that & € (0,2). If it is in this range, then & is also required to
quantify memory inherent in the process (in the form of the coherence function). Both of

these points are expanded upon and subsequently explained in [section 2.20 If & > 2, an

autocorrelation function exists and customary methods can be employed.
A popular method for accurately estimating the heavy-tail index was introduced by Hill in

1975 [22]. It assumes the tail of the distribution of the process is Pareto and fits a model

to the data using Maximum Likelihood Estimation [3].
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2.1 HILL’S ESTIMATOR

The derivation of Hill's estimator follows. Consider a set of n sample statistics X = { X3,
X3, ..., Xy} drawn from iid random variables with a Pareto pdf
kx—(1+e) if x > xo,

fx(x) = (2.1.2)

0 if x < xp,

where & > 0 is the heavy-tail index, k > 0 is a normalising constant and xy > 0 is some

threshold value. We denote the order statistics of X by {X(1), ..., X(,)} such that

Xy 2 - = Xy To fit the Pareto pdf in |Equation 2.1.2| to the sample statistics, we

set the threshold value to the first order statistic xp = Xy resulting in the normalising

constant k = aXf,. The log-likelihood function of & for {X(y), ..., X(,} with pdf

[Equation 2.1.2]is

o L X(j)
=nlog| —— | —(1+a)) log (—]> . (2.1.3)
(Xu)) Z% X()

The optimal estimate for « is the Hill estimate & for the heavy-tail index and occurs when

[Equation 2.1.3|is maximised. This occurs when £'(&y) = 0, such that

n X.
Lay) =2 —Ylog [ 29 ) =0
=5 g(Xu)

j=1

-1
(2.1.4)

It can be shown that for a set of n realisations drawn from a set of iid rv's with a Pareto
pdf &y — « as n — oo almost surely [33]. Whilst the derivation of Hill's estimator is
based upon a Pareto pdf, its use as an estimator for heavy-tailed processes is implemented
by considering upper order statistics such that & is based on sample statistics that behave
according to the Pareto pdf. The methodology of selecting the upper order statistics is
discussed later in [section 3.1 and ensures Hill's estimator is therefore prevalent in the study
of tail behaviour, such as in [32], [34].
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2.2 STABLE PROCESSES AND THE COHERENCE FUNCTION

2.2 STABLE PROCESSES AND THE COHERENCE FUNCTION
2.2.1 The set of stable distributions

The role of heavy-tailed distributions and the subsequent failure of integer moments
prompts the need to introduce and define the set of stable distributions. A random variable
is defined as stable iff the sum of independent copies of it has the same distribution as the
random variable (up to scale and location parameters) [35]. Equivalently; a random variable
X with independent and identical copies X7, Xo is stable iff Va,b >0, 3¢ >0, d € R
such that

aXi1+bXo L X +d (2.2.1)

where = indicates equivalence in distribution. The set of distributions that satisfy |[Equa-

tion 2.2.1{can not be expressed analytically in terms of a distribution function or pdf (except

for a limited number of examples). It can, however, be represented analytically in terms of

the characteristic function

o(t;a, B, v, 1) = exp [ty — |yt|* (1 —iBsgn(t)ip(t))] (2.2.2)

where
tan 5 ifa #1,

p(t) =
—2 Jog |t| ifa=1,

i is the imaginary unit, « € (0,2] is the stability parameter, B € [—1,1] is the skewness
parameter, 7y > O is the scale parameter and 4 € R is the location parameter. We denote a

stable distribution by S(«, B, v, 1) such that a random variable X ~ S(a, B, v, ) iff X has

the characteristic function in [Equation 2.2.2| In our investigation it suffices to investigate

symmetric stable random variables which are defined in terms of the characteristic function

¢(t) = ¢(t;4,0,7,0) = exp (—[71]"). (2:2.3)

We denote a symmetric stable distribution by S(w, ) such that a random variable X ~

S(a,v) = S(a,0,7,0) iff X has the characteristic function in [Equation 2.2.3|
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2.2 STABLE PROCESSES AND THE COHERENCE FUNCTION

There are a limited number of examples of stable random variables whose distribution
functions can be expressed analytically. This includes the set of Gaussian random variables
N(u,0%) = 8(2,0,0/+/2, 1), the set of Cauchy random variables C(1,v) = S(1,0,7, 1)
and the set of Lévy random variables Léevy(y,y) = S (1/2,1, 7, u) with pdf's
_ 1 (x—n)?
fxln) = ——exp (U210,

270

_ 1 7
"&&)_5§{W—uﬁ+74’

) =3 e (o)

respectively. Despite stable distributions not necessarily having analytic expressions univer-

sally, their tail behaviour can be expressed analytically. For the set of non-Gaussian stable

distributions (i.e. « € (0,2)), the pdf is

fx(x) ~ ary"sin (%) T(a)r Y (1 + B)|x|~(1H®)

as |x| — oo where I' is the Gamma function [36]. Similarly, the complementary distribution
is

Fx(x) & 9 sin (55 T@) (1 + B)]x|~

as x — oo. As discussed in this affects the integer moments. For all non-
Gaussian stable random variables, the variance 0 = ((X — p1)?) is undefined. For stable
random variables with @ < 1 (such as the Cauchy distribution), the mean y; = (X) is also
undefined. By similar arguments, the autocovariance and autocorrelation of a non-Gaussian
stable process are also undefined. This is problematic as it means a stable process’ memory

can not be expressed in terms of these traditional functions.

The prevalence and importance of the stable distributions arise from their self-similarity (as

defined in [Equation 2.2.1)) and their role in the Central Limit Theorem (CLT), described

subsequently. Let X;, Xp, ... beiid random variables with finite mean p and finite variance
o?. Define

Sui=X1+Xo 4+ X,
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2.2 STABLE PROCESSES AND THE COHERENCE FUNCTION

and A, := S, /n. Then the (standard) Central Limit Theorem states that as n — oo,
Sn ~ N (nu,no?) approximately and A, ~ N (u,0?/n) approximately. This is equivalent
to
S M4 z(0,0%),
Vn
(An = )V 5 N(0,0%)

as n — oo, where 4 denotes convergence in distribution. This form of the CLT breaks
down however when considering heavy-tailed random variables within the stable regime
- those whose heavy-tailed exponent is in the range « € (0,2). In these instances, the
variance (and sometimes mean) is undefined. The Generalised Central Limit Theorem
(GCLT) states that for some set of iid random variables with heavy-tails fx(x) ~ |x|~(1+%),

Sn and A, (as defined previously) converge such that

Sp,—nu 4
nnl—/txy — S(DC,O,')’,O),

(A, — y)n(“_l)/“ i> S(«,0,7,0)

d C e . . .
as n — co, where — denotes convergence in distribution and y is the location parameter,

which is equal to the mean iff & > 1 [37].

2.2.2 Coherence

Due to their heavy-tails, the autocorrelation of non-Gaussian stable processes is undefined
and therefore an inappropriate measure of their dependency structures. An alternative
is therefore required, and such a candidate is proposed in [19]. It constructs a joint

characteristic function for a simple symmetric stable process of the form

(P(tl, tz) = exp <1 (’tl + rt2|“ + ‘rtl -+ tz’“)) (224)

+r®

where A > 0 is some scaling constant (having the same role as -y in |[Equation 2.2.2), « €

(0,2] is the stability index and r € [—1, 1] is some parameter that quantifies the dependence
(in a role similar to the autocorrelation). The parameter r is termed the coherence and is
proposed as a means to quantify memory for a stable process. To calculate the coherence

for some time lag T, it is first noted that although the integer moments of stable processes
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2.2 STABLE PROCESSES AND THE COHERENCE FUNCTION

do not exist (except the mean in some cases), a range of fractional moments do exist.

Let {X(t)} be a non-Gaussian stable process with the joint characteristic function in

[Equation 2.2.4/ st « € (0,2). Then the quantity (|X(¢)|7) is finite for —1 < 7 < a.

Furthermore, the structure function is defined by
Sy (1) = (|X(t) = X(t+171)|7) (2.2.5)

and is again finite for —1 < 7 < a. It is shown in [19] that for a symmetric stable process

with the joint characteristic function in [Equation 2.2.4| the normalised structure function

S,
(0= k()

(2.2.6)

is related to the coherence r by

— e v/
s4(T) = (%) . (2.2.7)

This means the coherence can be calculated for any time lag T for some empirical process

by calculating [Equation 2.2.6| and inverting [Equation 2.2.7, It is important to recognise

how [Equation 2.2.4] generalises for the Gaussian case to get an intuitive understanding of

the coherence, especially in the context of autocorrelation. For & = 2 the stable process

is Gaussian, and [Equation 2.2.4| reduces to

2r
¢(t1, ) = exp (—A {t% + 1542 (W) t1t2}>

which is equal to the joint characteristic function of a Gaussian process with correlation

2r
1+72

p:

We therefore see that coherence quantifies the memory in a similar manner to autocorrela-

tion, but is not equal to it. Let {X(#)} be a stationary stable process st X(t) ~ S(a, ).

Suppose that {X(f)} has the joint characteristic function in|Equation 2.2.4] Then {X(#)}

is a set of iid rv's iff r = 0 and a set of dependent rv's if ¥ # 0. For Gaussian and non-stable
processes, we could describe the dependency structures by ‘white noise’ or ‘coloured noise’.
Unlike those processes, non-Gaussian stable processes have an undefined autocorrelation
which result in an undefined power-spectrum. Because of this, it becomes important to

introduce a new term to distinguish non-Gaussian stable processes.
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Let {X;} be a stationary non-Gaussian stable process with identically distributed random
variables. Then {X(t)} is a coherent noise iff its elements are not independent. For
convenience, if the elements of {X(t)} are independent, then it may be called a non-

Gaussian stable iid noise.

2.3 FOURIER FILTERING TO GENERATE CORRELATED PROCESSES
2.3.1 The Fourier Filtering Method (FFM)

In order to properly investigate stochastic processes and test heavy-tail estimation methods,
we introduce a means to generate stochastic processes with certain input properties. It

is first shown how to generate a Gaussian coloured noise (set of correlated Gaussian rv's)

using the Fourier Filtering Method (FFM) [38], [39]. Let
X ={Xy, Xo, ..., X} (2.3.1)

be a set of n iid Gaussian random variables. Let a(T) be the input autocorrelation to be
evaluated at non-negative integer time lags T =0, 1, ..., n — 1. The evaluation of the

autocorrelations is expressed as an n-dimensional vector such that
A={A, Ay, ..., Ay} ={a(0), a(1), ..., a(n—1)}.

The Fourier-transforms of X and A are denoted X* = F[X]| = {X], ..., X;;} and
A" = F[A] ={A], ..., A:}. A new quantity Y* is defined

Y= X" /|A¥| (2.3.2)

such that Y* = {¥f, ..., Y;} and Y7 = X ‘A;‘

. Through the inverse Fourier-

transform of [Equation 2.3.2, we define

Y := Fly7. (2.3.3)

Then Y is a process with distribution approximately Gaussian and autocorrelation approx-
imately a(7). If the sample autocorrelation function is denoted ay(7) and the sample
distribution function Fy(x), then it can be shown that Fy(x) — Fx(x) and ay(7) — a(t)

as n — oo. This is tested with an input autocorrelation function

a(t) = exp(—kt?)
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2.3 FOURIER FILTERING TO GENERATE CORRELATED PROCESSES

with k = 1073. The distribution of the input white noise X is compared with the distri-
bution of the output coloured noise Y for different sample sizes n in [Figure 2.3.1] The
sample autocorrelations ay(T) are plotted alongside the theoretical autocorrelation input
a(t) for different sample sizes n in . These plots successfully display evidence
for the empirical convergence of both the distribution and autocorrelation as n — oo. It is
noted that statistical tests (such as the Kolmogorov-Smirnov test) could also be used for

affirmation.

It is accepted that the FFM is an effective means of generating a Gaussian coloured noise
with a desired autocorrelation (provided the sample size is sufficiently large). The FFM
does not work for non-Gaussian coloured noises, however. To show this, two non-Gaussian
distribution functions are introduced
1 if x € 10,1],
fx(x) = (2.3.4)

0 otherwise;

fx(x) = 2011 x2)2 ~ X (2.3.5)

[Equation 2.3.4] is the distribution of a uniform random variable X ~ #/[0,1] and
is an example of a heavy-tailed distribution outside the stable regime (i.e. one

with a defined autocorrelation function). Sufficiently large realisations (n = 2!8) of iid ran-

dom variables with the aforementioned distributions are used as the generating processes

instead of Gaussian white noises in [Equation 2.3.1l The FFM is then used to generate

coloured noises. The resultant process’ sample distribution function is plotted alongside
the input distribution and a Gaussian fit in [Figure 2.3.3] Whilst the FFM provides a means
to generate a Gaussian coloured noise with some input autocorrelation function, it fails
to produce satisfactory results when the input distribution function is non-Gaussian and,

instead, produces another Gaussian coloured noise.

2.3.2  The iterative Fourier Filtering Method (iFFM)

To counter this, surrogate data methods and the consequential generation methods are in-

troduced. Surrogate data testing is a means to test for non-linearity in empirical processes
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GENERATE CORRELATED PROCESSES

2.3 FOURIER FILTERING TO

Figure 2.3.1.: Distribution functions of realisations of Gaussian coloured noise Y (red) com-
pared with distribution of input of Gaussian white noise X (blue), for dif-

ferent sample sizes n. Generated with autocorrelation function a(t) =

exp(—107372).
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Figure 2.3.2.: Autocorrelation functions of realisations of Gaussian coloured noise Y (red)
compared with input autocorrelation function a(t) = exp(—107372), for

different sample sizes n.
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a) Uniform b) Heavy-tailed
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Figure 2.3.3.: Comparison between input and sample distributions for non-Gaussian pro-

cesses using the FFM. Plotted for a) a uniform process (on [0,1]) with pdf

[Equation 2.3.4, and b) a heavy-tailed process with pdf [Equation 2.3.5 In

both cases, the sample distribution (red) is not equal to the input distribu-
tion (blue), and is instead Gaussian (green). For the uniform case, the input

distribution is out of sight.
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2.3 FOURIER FILTERING TO GENERATE CORRELATED PROCESSES

[40]. The key tool to testing for non-linearity is the generation of pseudorandom copies of
the original process to be tested (called surrogate data). This surrogate data maintains
the original distribution and an approximate of its memory (autocorrelation function) and

is produced using the Amplitude Adjusted Fourier Transform (AAFT) method [40].

The AAFT method works as follows. Let X = {Xj, ..., X, } be an empirical data set
to be ‘copied’. We first define the rank of X by R(X) := {rank(Xj), ..., rank(X,)}
such that rank(X;) = k € IN denotes that X; is the kth largest element in X. A new
data set Y is drawn from a set of n iid Gaussian random variables and ordered such that
R(Y) = R(X). Then Y is a Gaussian process that ‘follows’ X in its evolution. This
therefore means we can create a surrogate data set of Y. To do so, we define its Fourier
transform by Y* := F[Y] = {Y{, ..., Y;'}. The phases of Y* are randomised such
that Y* — Yy, = {|Y]|exp(i6}), ..., |Y;|exp(i6},)} where 6; ~ /[0,27]. Then the
resultant process Ypew = F 1[Y%.,] is a random copy of Y with matching distribution
and power-spectrum. Finally the elements of X are rearranged to form some new process
Xhew such that R(Xnew) = R(Ynew). Then the above procedure from X — X is the

AAFT method for creating a surrogate data set.

The AAFT method works asymptotically as n — oo but can experience problems for smaller
data sets. Whilst the resultant process will preserve the distribution by construction, the
resultant process can have a different power-spectrum due to the rank-replacement stage.
This can render the resulting autocorrelation significantly different from the original. To
remedy this, the iterative Amplitude Adjusted Fourier Transform (IAAFT) method is intro-
duced [41].

For the iIAAFT method we again let X = {X3, ..., X} be an empirical data set to be
‘copied’, and denote its Fourier transform X* := F[X] = {X}, ..., X}:}. The power-
spectrum of X is stored by S := {|X7[%, ..., | X}:|*}. We define X () as a random shuffle
of X and denote its respective Fourier-transform X?‘O). The iIAAFT is based on two main

iterative steps:

32



2.3 FOURIER FILTERING TO GENERATE CORRELATED PROCESSES

1. The correct power-spectrum is enforced by X?j) — X>(kj+1) = X?j) \/§/|Xz‘j)]. De-

fine X’<].+1) = F1 (+1))

2. The correct distribution is enforced by rank-replacing the elements of X/(j+1) with
those of X, and defining the resultant process X(jt1)- Equivalently, X(js1) s the
!/

rearrangement of X such that R(X ;1)) = R(X(].H)).

By cycling through these steps from X(j) = X(j+1) 2 pseudorandom copy of X is created

with matching distribution and convergent power-spectrum as j — oo.

Whilst the iIAAFT method is constructed specifically to generate surrogate data sets from
an empirical data set in order to investigate non-linearity, its methodology can be adapted to
generate a realisation of a process with some target distribution and target autocorrelation,

in the form of the iterative Fourier Filtering Method (iFFM) [42], which we describe below.

We first generate a realisation of a Gaussian coloured noise X = {X3, ..., X} with the
desired autocorrelation a(T) using the Fourier Filtering Method (or otherwise). Its Fourier
transform is denoted X* := F[X] = {X], ..., X} and its power-spectrum is stored by
S:={|X{|% ..., |X}|*}. A set of realisations drawn from a set of iid random variables
with the desired distribution is generated and denoted Y = {Y3, ..., Yyi}. Let Y (o) := Y.

The iFFM is based on two main iterative steps:

1. Let Y?j) i= F[Y(j]. Then Y ;) is brought to the correct power-spectrum by Yz‘]-) —

Y{jp) = Y(; VS/ Y.

2. Let Y/(j+1) = F I Z}H)]. Then the correct distribution is enforced by rank-
replacing the elements of Y2j+1) with those of Y, and defining the resultant set ¥ q).

Equivalently, ¥ j, 1) is the rearrangement of Y such that R(Y ;1)) = R( /(j+1))'

By repeating the above steps, the resultant data set Y has the distribution of Y whilst

its autocorrelation converges to a(T) as j — oo, as required.

The success of the iIFFM can be determined by testing it empirically. To do so, the iFFM

is used to generate a realisation with autocorrelation function a(t) = exp(—k,7?) with
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a) Uniform b) Heavy-tailed
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Figure 2.3.4.: Sample autocorrelations of non-Gaussian coloured noise produced by the

iFFM. Several iterations plotted for realisations of processes with a) a uniform

pdf (Equation 2.3.4)), and b) a heavy-tailed pdf (Equation 2.3.5). In both

cases, a single iteration is satisfactory, but repeated iterations do improve

the results.

k, = log(2)/100% and a uniform distribution and heavy-tailed distribution as used pre-

viously (seen in [Equation 2.3.4| and [Equation 2.3.5| respectively). It is noted that during

each loop of the iFFM, step 2 imprints the precise distribution function onto the output
realisation through rank-replacement of the original generating realisation. The result is
that the output realisation’s distribution function is equal to the input distribution func-
tion, and its convergence is therefore a trivial measure of success. Instead, the determining
factor of the success of the iFFM is the accuracy of the output’s autocorrelation function.

The method is tested on realisations with 7 = 218 elements and looped j=1, 2, 5 times,

with the results plotted in [Figure 2.3.4]

From the results, it is clear that the iFFM is an effective method. In both example distri-
butions, it is arguable that a single loop is enough to produce a data set with sufficient
properties - although it is important to note that subsequent iterations do offer improve-
ments. The requirement for the iteration is discussed in [42], where the iterations are

particularly important (and effective) in converging the output sample path’s autocorrela-
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2.4 ZERO-CROSSING STATISTICS OF GAUSSIAN PROCESSES

tion to the desired long-term correlations. It is important to note that there must exist
some point of saturation that will eventually be reached. At this point, bringing the re-
sultant realisation to the original power-spectrum will not perturb the system enough to
enforce a change in rank of the variables. When this point is reached, there will be no
more iterative progress by the algorithm. In the context of this investigation, it suffices to

understand the iFFM and its viability for a limited number of iterations.

Before concluding, it is worth acknowledging a clear shortcoming in Fourier Filtering for
non-Gaussian processes. Whilst the joint density function for correlated Gaussian random
variables is fully encompassed by the marginal density functions and correlation, this is not
true for non-Gaussian random variables. For non-Gaussian processes, an autocorrelation
function and a marginal pdf do not uniquely characterise the joint density of the process.
Hence the methods discussed in this chapter allow us to generate processes with a desired
marginal density function and autocorrelation, but do not guarantee the form of the joint
density function. Whilst this does not affect the validity of the testing in this investigation,

it is still a point of consideration when using the iFFM.

2.4 ZERO-CROSSING STATISTICS OF GAUSSIAN PROCESSES

The central aim of this thesis is to investigate the zero-crossing statistics of coherent stable
noises. Whilst this is a novel concept for non-Gaussian stable processes, there has been
considerable work on the crossing statistics of Gaussian coloured noises. Here we describe
the key work into these processes, which is later generalised to investigate the crossing
statistics of non-Gaussian stable processes. Zero-crossings are an important mathematical
concept, as they describe the excursions of a random signal from its origin. Special impor-
tance is attached to understanding the probability that a signal will return to zero within

a certain time interval.
It is first important to define zero-crossings. Let {X(#)} be a stationary continuous stochas-

tic process. Then X(fg) is a zero-crossing with crossing time t iff {X(f)} changes sign

at t = tg. Let X(#1), X(t2) denote successive zero-crossings of {X(t)} at times fq,
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Zero-crossings visualisation

[ I I
- {1
-8 1>
——T =1 —1

Figure 2.4.1.: A visualisation of a continuous stochastic process with its zero-crossing in-

formation highlighted.

tr. Then the return time between these events is T = t, — t;. The zero-crossings of a
process are visualised in [Figure 2.4.1] Although the mathematical framework regarding
zero-crossings is based upon continuous stochastic processes, any empirical investigation
into stochastic processes is limited to considering discrete data sets. We therefore also de-
fine zero-crossings in terms of discrete-time stochastic processes and their realisations. Let
X ={Xy, ..., X;;} be a discrete-time stochastic process. Then X; is a zero-crossing with
crossing-time t iff sgn(X;) # sgn(X;_1). Similarly; if X;,, X;, are successive zero-crossings

then the return-time between these events is T = t, — 1.

2.4.1 McFadden’s formula

Let {X(¢)} be a differentiable stationary stochastic process with zero mean. In order
to investigate the zero-crossings and return-times of {X(#)}, we introduce the clipped
function T(t), defined by
1 X(t) >0,
T(t) :=
-1 X(t) <O.
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2.4 ZERO-CROSSING STATISTICS OF GAUSSIAN PROCESSES

The clipped function is useful as, whilst it loses a lot of information about the original pro-
cess {X(t)}, it has the same zero-crossings. The precise relevance of its use becomes clear
in due course. Clearly, as T(t) is bounded on [—1,1], its autocorrelation is well-defined
regardless of the underlying probability distribution of X(#). We can therefore define the
autocorrelation function of T as R(t) := (T(t)T(t+ 7)). This is referred to as the

clipped autocorrelation of {X(t)}.

Let p(n,T) describe the probability of finding exactly n zeros in the interval (¢, ¢+ T).
As T(t) € {—1,1}, it follows that the product T(t)T (¢t + T) is 1 if there are an even
number of zero-crossings in (t,t 4+ T), and —1 if there are an odd number of crossings
in that interval. It follows that the expected value of T(#)T(f + T), and therefore the

autocorrelation of the clipped function, can be expressed in terms of p(n, T) by

[ee]

R(t) =(T(HT(t+ 1)) = Y (-1)" p(n, 1), (2.4.1)

n=0
as first introduced by Rice [14]. The central aim of zero-crossing analysis is to describe

the probability of a zero-crossing occuring in a prescribed epoch and the distribution of the
intervals between these zero-crossings. To formalise this, let T be an absolutely continuous
random variable, denoting the time between two successive zero-crossings. We denote the
probability density function of the zero-crossing of T as Py(T), such that the probability

that the return-time occurs between |11, ) is

P(p<t<m)= / ZP()(T)dT.

T

Similarly P,(7), forn =1, 2, ..., are defined as the probability density functions of cross-
ing intervals between the mth and (m + n + 1)th zeros for m = 1, 2, .... Equivalently,
P,(7)dt is the probability that the (n 4 1)th zero after time t occurs between (t + T)
and (t+ T+ d7).

Let B = 1/(t) denote the mean crossing-rate. Then McFadden [17] showed that p(n, T)

could be related to P,(T) via the recursion relationships

p"(0,7) = BPy(7), (2.4.2)
p"(1,7) = B[P(T) — 2Py(7)], (2.4.3)
p"(n,t) = B[Py(T) — 2P, _1(T) + Py2(7)], n > 2, (2.4.4)
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2.4 ZERO-CROSSING STATISTICS OF GAUSSIAN PROCESSES

where p”'(n, T) denotes the 2nd derivative of p(n, T) with respect to T. By taking the 2nd

derivative of [Equation 2.4.1| with respect to T and substituting the recursion relationships

in [Equation 2.4.2] [Equation 2.4.3| and [Equation 2.4.4] the autocorrelation of the clipped

function is related to P,(T) by

%;T) _ i (—1)" Pu(7). (2.4.5)

n=0

This is referred to as McFadden’s formula. From [Equation 2.4.5| it is concluded that to

accurately analyse the zero-crossings, and to analyse the zero-crossing density Py(T), both
the mean crossing-rate B and the clipped autocorrelation function R(T) are required, in
addition to some model that connects P,(T) to Py(T), or some assumptions about the

nature of P,(T) forn > 1.

In order to solve [Equation 2.4.5|and calculate Py(7), McFadden used Laplace transforms.

Let hi(t) be some function. Then the Laplace transform of h(t) is defined

H(s) = L[h(t)] = /0°° exp(—st) h(t) dt (2.4.6)

where s is the Laplace transform variable. Similarly, the inverse Laplace transform of H(s)

is some function h(t) = L71[H(s)] that satisfies [Equation 2.4.6, By taking the Laplace

transform of [Equation 2.4.5, we introduce the quantities

g(s) = £ [ﬂ—ﬂ ,

p(s) = L[Pa(7)],

so that [Equation 2.4.5|is

o0

g(s) =} (=1)"puls).

n=0
One advantage in using Laplace transforms comes when assuming that successive zero-

crossing intervals are independent. By assuming independence, the probability density of
the time between the mth and m 4 n 4 1th zero-crossing is equal to the probability density
of (n+1)t. It follows that P, = Py e Py where "+ indicates the convolution operation
repeated n + 1 times. By the properties of Laplace transforms L[P, "t Py] = L[Py]*H!
and therefore the nth probability density in Laplace space can be expressed in terms of the

n+1

Oth probability density by p,,(s) = py™ " (s). It follows that

8(s) = po(s) — p(s) + pa(s) — - = po(s)(1 — &(s)) (2.4.7)

38
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and therefore

po(s) = 15(—;5)- (2.4.8)

It follows that the probability density function of T can be calculated via the inverse Laplace

transform

Po(7) = £ [%1 . (2.4.9)

Whilst it is based on the assumption of independence of succesive crossings, [Equation 2.4.9|

offers a means to calculate Py(T). In order to use [Equation 2.4.9| to analyse the zero-

crossings, we need to be able to calculate the clipped autocorrelation function R(t) and

the mean crossing rate 8. How we do this is discussed subsequently.

2.4.2 Van Vleck’s theorem and Rice’s formula

In order to solve [Equation 2.4.9| for a Gaussian coloured noise we introduce Van Vleck's

theorem and Rice's formula. Let {X(t)} be a stationary Gaussian process with autocorre-

lation function a(7). Van Vleck's theorem [43] is derived in |Appendix Bfand shows that
the clipped autocorrelation function of {X(#)} is

R(7) = % sin la(1). (2.4.10)

This is also referred to as the arcsine law formula. Rice’s formula [14] is derived in

and shows that the mean crossing-rate of {X(t)} is

p=—/-a"(0). (24.11)

It follows that the pdf of the zero-crossings Py(7) is directly related to the autocorrelation
a(T) via McFadden's formula, Van Vleck's theorem and Rice's formula. At this point
it suffices to just introduce the theoretical work into zero-crossings of Gaussian stable

processes, with sufficient testing into empirical results covered in previous theses [15].

2.4.3  The persistence parameter

The final quantity defined to describe the zero-crossing properties is the persistence pa-

rameter. This quantifies the tail behaviour of the zero-crossings pdf. To do so, consider
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[Equation 2.4.8) where there exists a pole at g(s) = 1. Because 0 < g(s) < 1/2fors >0,

it follows that the pole can only exist for s < 0. For convenience, we denote 6 > 0 the
persistence parameter, such that g(—6) = 1. The series expansion of ¢(s) about s = —0
is

3(s) = g(~0) +g'(~0)(s +0) +O ((s+6)?)

such that

g(s) —1
T3 (010 (24.12)

for s ~ 0. The Laplace transform of an exponential decay function is

£lexp(—ko)) = -~

for t > 0. By inverting [Equation 2.4.12| and by understanding the poles of the Laplace

transform correspond to tail-behaviour, the asymptotic behaviour of the zero-crossing pdf
is

Py(1) ~ exp(—67)
where 6 > 0 as T — co. This implies the zero-crossings pdf has an exponential tail if there

exists a persistence parameter 0 > 0 that satisfies g¢(—6) = 1.

2.9 SUMMARY

In this chapter we have introduced a number of key concepts required to investigate the
zero-crossings of stable processes. We initially looked at fundamental ideas to investigate
empirical heavy-tailed and non-Gaussian stable random variables. Hill's estimator has been
introduced as a fundamental tool in empirical heavy-tail analysis, and the set of stable
distributions have been defined. We have seen that the set of non-Gaussian stable random
variables have heavy-tails that result in an undefined autocorrelation. Because of this,
coherence has been introduced as a potential means of quantifying the dependency between
stable random variables. A means of calculating the coherence for empirical data sets
using structure functions has been described. We then introduced established means of
generating coloured noise with a target marginal distribution and autocorrelation. This

was done through Fourier Filtering Methods. It was shown that the methods are successful
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provided sufficiently large samples are used. This allowed us to generate non-stable heavy-
tailed random processes with prescribed autocorrelation functions. Finally we introduced
the established methods used to calculate the zero-crossing statistics of Gaussian coloured
noises. This included McFadden's formula, Van-Vleck’'s theorem and Rice's formula. The
work in this chapter gives us the framework to test the efficiency of Hill's estimator in

chapter 3| as we investigate the effect of correlations on heavy-tail estimation methods.
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HEAVY-TAIL INDEX ESTIMATORS

3.1 CRITICISM OF HILL’S ESTIMATOR

The prevalence of Hill's estimator as a means to estimate the heavy-tail index is testiment
to its suitability in many scenarios [25]. Whilst there has been work into improving and
optimising its use [44], [45], it suffices to consider the original formulation. In order to
understand its strengths as well as possible weaknesses, we can test its behaviour in spe-

cific situations. It is therefore pertinent to be reminded of the definition of Hill's estimator

(from section 2.1)) as well as introducing certain other aspects and nomenclature.

Firstly, let us consider a set of realisations X = {X;, Xp, ..., X} sampled from n

iid heavy-tailed random variables and denote X(j) its jth order statistic. The original

formulation of Hill's estimator in [Equation 2.1.4] is constructed for a sample that has

a Pareto distribution, but this is not generally true for heavy-tailed processes. Because
heavy-tails are only asymptotically Pareto, Hill's estimate is reformulated in terms of the k
upper statistics, such that

1
fy = [% ilog (M” . (3.1.1)

X(n-k+1)

For a random sample drawn from a heavy-tailed process, the Hill estimate & is an asymp-
totically correct estimate for the heavy-tail index a such that &4y — « as n — oo and
k/n — 0 [33]. For convenience X, i1 is labelled the threshold value, k the threshold

number and # := k/n the threshold ratio.
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3.1 CRITICISM OF HILL’S ESTIMATOR

In order to test the validity of Hill's estimator on empirical data, it is first tested on samples

of iid random variables with the Pareto pdf

ax—(@+1) if x > 1,
fx(x) = (3.1.2)
0 otherwise.
The heavy-tail index is chosen as &« = 3 and the convergence of Hill's estimate to the
theoretical value is tested for different sample sizes n = 26, 28, 212, These samples rep-
resent a relatively large number of data points in the tail in the context of many practical
applications. The results are plotted in as a function of threshold ratio 7. It
is clear that for each sample set, the accuracy of the estimate &y tends to increase as
larger k (and 77) is considered. It is also clear that for any chosen threshold ratio 7, the
accuracy of &y increases as sample size n increases. From this it is concluded that Hill’s
estimator is efficient for sets of iid random variables with a Pareto distribution, and its
accuracy increases with sample size and threshold ratio. Nevertheless, large data sets are

required to achieve good accuracy.

Hill's estimator (and the testing in [Figure 3.1.1)) is based on a Pareto distribution. The

definition of a heavy-tail does not require this, however. Instead it is defined in terms of its
asymptotic behaviour and, indeed, this is the reality for nearly all practical manifestations of
heavy-tailed distributions. This inherently offers a problem with Hill's estimator in choosing
the appropriate threshold value X, ;). If a smaller threshold is chosen there is more
data in the tail and the accuracy of Hill's estimator will increase for a process with a perfect

power-law distribution - it will be less influenced by random fluctuations as seen by testing

on processes with pdf [Equation 3.1.2| For a heavy-tailed process with an asymptotic power-

law distribution, however, choosing a smaller threshold will mean including values whose
behaviour is not significantly influenced by the tail-behaviour, and not well modelled by it.
To investigate this two heavy-tailed distributions with asymptotic power-law behaviour are

introduced. The pdf's are defined as

fx(x) = m LY, (3.1.3)
gx(x) = — Y2y (514)
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3.1 CRITICISM OF HILL’S ESTIMATOR

Hill's estimator for different sample sizes

4 T T T
—n =26
—pn =28
3.57 n:2127

Hill estimate &y
[68)

25

0O 01 02 03 04 05 06 07 08 09 1
Threshold ratio 7

Figure 3.1.1.: Hill's estimator tested on 3 samples of white noise (of different sample size),

each distributed according to the Pareto pdf in[Equation 3.1.2|with heavy-tail

exponent & = 3. The Hill estimate is plotted as a function of the threshold
ratio 7 = k/n, where k is the number of upper-order statistics used to

generate the Hill estimate.
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3.1 CRITICISM OF HILL’S ESTIMATOR

where x € IR, such that their heavy-tailed exponents are both &« = 3. It is clear that
gx — x~ % faster than fx, and that the functions behave differently around the origin.
Hill's estimator is tested on samples of white noise with the pdf's fx and gx for different

sample sizes n = 210, 214, 218 yp to a threshold ratio 7 = 0.1 (10%) (as discussed in

[46]). The results are plotted as a function of the threshold ratio in |Figure 3.1.2|

There are several conclusions to draw from these plots. Firstly; the difficulty in choosing
the threshold number k can be seen. It can clearly be seen that choosing too small a
value will result in an unreliable estimate. Conversely, choosing too large a value will see
the estimate influenced by non-tail values resulting in a systematic under-estimate of «.
Secondly; it is noted that the speed of convergence to the tail affects the accuracy. Whilst
both fx and gx represent heavy-tailed distributions with the same heavy-tail index, there
is a clear difference in the accuracy of Hill's estimator at different threshold ratios. Finally;
the total sample size n has a clear effect on the accuracy when considering identical distri-
butions and identical threshold ratios, as shown by comparisons in [Figure 3.1.2] Through
any combination of these considerations, Hill's estimator is ultimately unreliable if it does

not measure enough values that are overwhelmingly influenced by the heavy-tail behaviour.

A key question arising from this is the optimal means of selectioning the threshold value
X(n—k+1) (and consequently the optimum number of tail values k and threshold ratio
#). An accepted means by which to select this is through analysing the Hill plot (where
the Hill estimate is plotted as a function of threshold ratio). By considering a sample’s
Hill plot up to a certain maximum threshold ratio (0.1 is an often accepted upper limit
[46]), the point at which the Hill estimate ceases to be too varied can be estimated. For

sufficiently large sample sizes, there is a clear convergence around a value - such as the reali-

sation with distribution gx of size n = 218 in[Figure 3.1.2]in the region # € (0.005,0.025).

Whilst Hill's estimator has been shown to be relatively efficient on two general heavy-tailed
random variables, it is pertinent to test it on stable processes. It is of particular interest to

question how the efficiency of Hill's estimator is affected by the stablility-parameter «.

45



3.1 CRITICISM OF HILL’S ESTIMATOR
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Figure 3.1.2.: Hill's estimator on samples with pdf's a) fx (Equation 3.1.3) and b) gx

(Equation 3.1.4) and n = 210, 214, 218 elements. Plotted against threshold

ratio 7.
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To do this, the Hill plots of specific cases are investigated. The stability parameter is varied
using « = 1.0, 1.5, 1.8, 1.9. It is of no interest to consider the special case « = 2.0 as
the resulting process is Gaussian and will not exhibit heavy-tailed characteristics. For each
case the sample sizes n = 210, 214 218 gre used. The results are plotted in
as functions of the threshold ratio #. It is clear that Hill's estimator offers an accurate
estimate under certain conditions. For smaller & and larger sample size n, the Hill plot
is often non-volatile for a certain threshold ratio, which can allow us to make a relatively
accurate estimate for . As & — 2, however, it is clear that Hill's estimator struggles.
Even for large sample sizes (n = 2!8) Hill's estimator often estimates that the heavy-tail

index is well outside the stable regime.

3.1.1 Selecting the optimum threshold value

Whilst the effect of variability in the threshold value and the resultant Hill estimate has
been shown, means to decide the optimum value have not been discussed. As shown pre-
viously in this chapter, optimum threshold values (and ratios) vary depending on sample
size, distribution function and heavy-tail parameter. Several methods to choose the opti-
mal threshold value are discussed in [47], including the graphical method [48], described

below.

The graphical method involves creating a Hill plot as described previously, and identifying
a horizontol region in the plot. This region represents a threshold that allows sufficient
data to ensure the variance of the estimate is sufficiently small, but that the addition of
smaller and more ‘central’ values do not significantly influence the estimate. Furthermore,
it is useful to plot the threshold number logarithmically to identify the appropriate region
[49]. When the region is identified, a number of methods may be used to decide which
estimate to take (although it may be argued this aspect is trivial anyway as a relatively
non-volatile region is considered). Let the Hill estimate using the threshold value X;) be
denoted as a function &y (X;)). For an identified horizontal region with threshold numbers
k=ki, ..., ky and threshold values X, 1) = X(4s1-ky)s -+ X(n+1-k,), the median

threshold is X(,, 1 1_[4/21)- The equivalent Hill estimate &1 (X, 41-[r/2])) is labelled the
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a)a=1.0
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Figure 3.1.3.: Hill plots of sample stable processes with n = 219 (blue), 21 (red) 28
(green) elements. Plotted for heavy-tail indices a) & = 1.0, b) &« = 1.5, ¢)
a«=18andd) a =109.
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Hill plot where &« = 1.4
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Hill estimate &y

1.2 n
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Threshold number k for threshold value Xy

Figure 3.1.4.: Hill's estimator on stable process with &« = 1.4. Plotting on a logarithmic
scale helps to identify the region to optimise (red). The resultant estimate

is &y = 1.4176.

median Hill estimate. Another possible measure is to take the mean average of all inputs
. e . . ~ n+1—kh . .
on the identified non-volatile region <“H(X(]'))>j:n+1—k1' This is labelled the mean Hill

estimate.

To display this optimisation process, we can investigate a sample of a stable process with
a = 1.4 and n = 2'°. Using a Hill-plot (with logarithmic abscissa), a horizontal region is
identified with threshold numbers k = 200, ..., 450 in[Figure 3.1.4] From this region, the
median Hill estimate is &y = 1.4143 and the mean Hill estimate is &y = 1.4176. In this
case, both optimised methods produce an extremely accurate estimate for the underlying
heavy-tail index &« = 1.4. It suffices to proceed using just the mean Hill estimate as the

preferred optimisation method. Despite the ability to optimise it, it can be observed from

Figure 3.1.3|that Hill's estimator still struggles under certain conditions.
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3.2 STABLE CHARACTERISTIC FUNCTION METHOD

3.2 STABLE CHARACTERISTIC FUNCTION METHOD

The criticisms of Hill's estimator for processes with a stability parameter near the stable
threshold « = 2 prompts a need to introduce and investigate an alternative approach
for stable processes. Whilst stable random variables do not (in general) have analytical
distribution functions, they can be expressed analytically in terms of their characteristic

function. This allows us to introduce the Stable Characteristic Function (SCF) method

[26]. The characteristic function ¢(t) for a random variable is defined in [Equation 1.2.1]

Then for a set of realisations X = {X3, ..., X, } the empirical characteristic function is
- 1 &
P(t) = - Y exp (itX;).
j=1
It is shown in ?? that for a set of n realisations drawn from iid rv's with the characteristic
function ¢(t), the empirical characteristic function converges such that ¢(t) — ¢(t)

almost surely as n — oo0. As in [section 2.2| the set of stable distributions may be defined

in terms of the characteristic function

¢(t) = exp [itp — |yt[* (1 —iBsgn(t)y(t))] .
Then the square of the modulus of the characteristic function is

2

p(1)]7 = exp (— [71*)” = exp (—2[71]%)

where v > 0 and a € (0,2]. It follows that

log (—log [¢(1)|) = log (21") +a log (Jt]).

The stable characteristic function method proposes estimating the heavy-tail index « by us-
ing regression to fit a linear relationship between log(— log |¢(¢)|?) against log(|t|) using
the empirical characteristic function. The gradient is estimated as the stablility parameter
«. This method is advantageous for stable processes as the relationship is true generally
as opposed to just in the tail of the density function. Characteristic function methods can
be used to identify the other parameters (location parameter y, scale parameter 7 and

skewness parameter ) to fit a complete stable model to an empirical data set if required.
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3.3 GENERAL CHARACTERISTIC FUNCTION METHOD

Whilst there is a finite number of elements in the sample X that the empirical characteristic
function ¢(t) is calculated from, ¢(t) itself can be evaluated for any choice t. It is shown
in [26] that the mean-square error in the estimation of a varies very little with the exact
choice of locations of t. What does have an effect is the size of region of t's. The proposed
choices of f to evaluate the empirical characteristic function are taken from [26] as = t;

where

tk
tk:g

andk =1, ..., K. The optimal value of K is dependent on a and grows smaller as & — 2.
Choosing the region upon which to regress is therefore discretionary, and should be chosen

where there exists sufficient evidence for a linear region (when scaled logarithmically).

3.3 GENERAL CHARACTERISTIC FUNCTION METHOD

The Stable CF method takes advantage of the analytical form of the characteristic function
of a stable random variable, but does not consider more general heavy-tailed random
variables. To remedy this, the characteristic function of a general heavy-tailed random
variable and a possible means of using it to calculate the heavy-tail index is investigated.
This allows us to comment on the viability of characteristic function analysis as a general
tool to estimate the heavy-tail index, especially in comparison to Hill's estimator. A more
general heavy-tailed distribution is introduced, and defined by the pdf

— A a )~ (1+a)
fX(X) T (52 4 x2>(1+“)/2 ~ |X| (331)

for x € R where A > 0 is a normalising constant, § > 0 is a scale parameter and & > 0

is the heavy-tail index (not necessarily in the stable regime). The characteristic function

of a random variable with pdf [Equation 3.3.1f can be calculated using the definition

S(t) = (exp(itX)) = /°° Aexplity) ;. (33.2)

—o0 (52 + xz)(1+0<)/2

Using Euler's formula, and because the pdf [Equation 3.3.1] is even, it follows that
can be simplified to

®  Acos(tx)
o(t) = / N dx. (3.3.3)
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3.3 GENERAL CHARACTERISTIC FUNCTION METHOD

By computing [Equation 3.3.3|(and the normalising constant A), the characteristic function

of a random variable with general heavy-tail pdf in [Equation 3.3.1|is

1-4
“”_?Qﬂ&P““&D (3.3.4)

where K, is the modified Bessel K function of the second kind [50]. For non-integer values

of n, K;; can be expressed as the power-series

2—(n+3)
4 | 42n —(n+1) . . 2 4
Kn(t) =t [t {2 F(=n)+ =g T (o) ¢ +O(t>}

+ {2”—1 T (n)— 2n_31 r(n) 2+0(#) H .

n_

and therefore [Equation 3.3.4| can be expressed as

o) - [?(—J [tw {zw r(-4) 3 r (8 #vo (#)}

&
2

3

+ {231 r (%) - &22__ r (%) 240 <t4)}] . (3.35)

2

The characteristic function expressed in [Equation 3.3.5| can be relabelled and simplified to

emphasise the importance of the exponents, such that

£ = [t 2 LIt + ) ki lt7
j=0 j=0

where l]-, k]- are coefficients of the series which may be calculated from |Equation 3.3.5|. The

characteristic function can be considered up to O(t*) such that, for sufficiently small ¢,

o) ~ I [H]" + Y Ko [ (3.3.6)

j=0

where m = [a/2] — 1. The jth raw moment of a random variable j1; = (X/) exists iff

j < «. When considering the expansion for the characteristic function in [Equation 3.3.6]

the coefficients of the integer power-series can be deduced by considering the raw moments.

Specifically

L i
(2))!

where i is the imaginary unit. It follows that [Equation 3.3.6] can be rewritten

1t
~ I |H* + }: WJ (3.3.7)
j=0
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3.3 GENERAL CHARACTERISTIC FUNCTION METHOD

for t ~ 0 where p; is the jth raw moment and m = [a /2] — 1. Whilst the above is derived

from an even pdf (in [Equation 3.3.1)) such that the characteristic function is completely

real, non-zero odd moments (such as mean and skewness) can be accounted for too. In

these instances, [Equation 3.3.7| can be adjusted to

m i)/
wj (it)
o(t) = Dot + ) H (3.3.8)
j=0 7
where m = [a] — 1. The approximations therefore only include terms that can be calcu-

lated empirically through raw integer moments.

3.3.1 Proposed characteristic function algorithm

The approximation in [Equation 3.3.8| suggests a possible method to estimate the heavy-

tail index « for the general heavy-tailed pdf in [Equation 3.3.1] Consider a process with

empirical characteristic function ¢(t). Define the kth truncated empirical characteristic

function

Pr(t) = P(t) — i (M> v (3.3.9)

=N

where k is a non-negative integer and i is the imaginary unit. It follows that if « < k then

i) ~ [¢]"
whilst, if & > k, then
Ge(t) ~ |t
and consequently
log |¢x(t)| = Ag + min (k,a) log |¢| (3.3.10)

for sufficiently small f, where Ag is some constant. With this relationship in mind, the

following algorithm is proposed:

1. Let k =0.

2. Using linear regression and |[Equation 3.3.10} calculate the slope of log |§x(t)| against

log |t|, and denote this &.
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3.3 GENERAL CHARACTERISTIC FUNCTION METHOD

0 9(t)
1.0 | 14 0.50#> — 1.00]¢|10
1.4 | 14 0.83t — 1.25]¢|14
1.8 | 1+42.50t> — 2.84]t|18
2.2 | 1—250t% + 2.22|t*2
2.6 | 1—0.83t2 +0.61]t*°

Table 3.3.1.: Table of expansions of characteristic function derived from general heavy-tail

in [Equation 3.3.4| with varying « and 6 = 1. Expanded up to third order.

3. If &g = k, it follows that the leading term is k and & > k. Therefore the kth moment
1 = (X) exists and the coefficient of the leading term |t|k can be calculated. Let

k =k + 1 and repeat Step 2 and Step 3 until &g # k.
4. If &g # k, then &g is the estimate for the heavy-tail index «.

Henceforth, the above shall be referred to as the General Characteristic Function (GCF)

method.

3.3.2 GCF method near the stable threshold

Whilst the GCF method does not have a limit on the value of the heavy-tail index it can
be used to estimate, it is timely to recall its intended use. We are specifically interested
in how its use might improve on estimating the index for heavy-tailed random variables
that may or may not be asymptotically stable. We therefore consider the GCF method,
and the behaviour of the characteristic function in general, as the tail index of a heavy-
tailed random variable approaches, and passes through, the stable threshold & = 2. This
will allow us to comment on the method’s viability as an alternative candidate to Hill's

estimator, as well as the Stable CF method.
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3.3 GENERAL CHARACTERISTIC FUNCTION METHOD

Consider the characteristic function of the general heavy-tailed random variable in
tion 3.3.4] For convenience, the scale parameter is set to d = 1. The resulting power-series

expansion in [Equation 3.3.5|is evaluated up to the third order (either |t|* or t?) such that

Po(t) =1+ Kk t? + 1o |t (3.3.11)
1
=1 2
Iy R T Y
and tabulated for several choices of a € [1,3) in[Table 3.3.1} For & < 2 and sufficiently

small t the characteristic function will be primarily dominated by the [t|* term, whilst

for « > 2 it will be primarily affected by the #> term. There must therefore exist some
crossover as &« — 2. This highlights a possible problem for the proposed method as the
heavy-tail index approaches the stable threshold. The limiting behaviour as & — 2 can be

calculated by

o . 2 a—2
§(t) =1+ lim ¢ @1+mu| )

1 2 T(-%)|t|*?
=1+ -1 22 |- 3.3.12
"1 fﬁ(z—a+ r@)‘z (3.3.12)
The Taylor-series expansions of the terms in [Equation 3.3.12| are
« A
1“<—§> =5, t(rE-1)+0(a-2),
0 . 1 2
r(3)=1-5m@-2)+0((x-27),
! v =1+ (x—2)lo ! +0 <(oc—2)2)
2| T 8|2 ’

where vp & 0.577 is the Euler-Mascheroni constant. It also follows that, because (1 —
x)~1 =1+ x+O(x?) about x = 0,

o

r() =14 @210 (@-2?).

Hence

1 2 —2 1
¢(t):1+1t201li_>n%(2_a+ {2_“‘1‘(713—1)] {1+§75(1x—2)}

-ou-2)

{1 + (« —2)log

which, when evaluated gives the limit function

$(t) :1+31t2 (Z'yg—l-l—log‘%‘) . (3.3.13)
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3.3 GENERAL CHARACTERISTIC FUNCTION METHOD

The interpretation of the limit (apart from the analytical result) is that the leading power
term exhibits less ‘dominance’ over the 2nd power term as the heavy-tail index approaches
the stable threshold and actually approaches a logarithmic relationship. Such departure
from the single-term approximation behaviour will have an effect on its efficiency and
viability. It is therefore important to clarify how quickly the single-term approximation
becomes less accurate. To do this, the characteristic function is now expressed in terms
of both t and the heavy-tail index a: ¢(t,&). This is compared to the 2-term approxima-
tion P(t, &) = 1+ Ip|t|* + kit? and the 1-term approximation {(t,a) = 1+ [o|t|* (for
a < 2), or {(t,a) = 1+ kq|t|? (for 2 < a < 3), where Iy and ky are the coefficients in

[Equation 3.3.11] The characteristic function and its approximations are compared for four

specific values of the heavy-tail index « = 1.0, 1.5, 1.9, 2.5. The results are plotted in
[Figure 3.3.1] Additionally, the complementary characteristic functions (and its approxima-
tions) are defined ¢(t,a) =1 — ¢(t, &), P(t,a) =1 —P(t,a) and {(t,a) =1 —{(t, a).
The complementary functions are plotted on a logarithmic scale in [Figure 3.3.2]

From the plots on a linear scale, it is clear that the 1-term approximation becomes less
accurate as @ — 2, unlike the 2-term approximation which models the characteristic func-
tion closely. From the logarithmic plots, it is clear that (with the exception of & = 1.9)

the 1-term approximation is appropriate on the interval [1072,1071].

It is convenient to see how these models compare to empirically observed characteristic
functions. To do so, realisations of the process with the general heavy-tail pdf in
are generated. The empirical characteristic function is evaluated for certain t
and plotted against the theoretical value and the 1-term approximation. The results are
plotted for different sample sizes in [Figure 3.3.3] From these plots, it is clear the empirical
characteristic function converges to the theoretical characteristic function as the sample
size increases (as expected). Similarly the empirical complementary characteristic functions

are plotted for different sample sizes in |[Figure 3.3.4L From these plots, the variance and

uncertainty for smaller sample sizes is clearer for small t.
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Figure 3.3.1.: Characteristic function of general heavy-tail random variable ¢(t) (blue), 2-
term approximation (t) = 1+ kqt? +y|t|* (red) and 1-term approximation
Z(t) = 1+ Io|t|* (for & < 2), or Z(t) = 1+ kyt? (for @ > 2) (green) for
different heavy-tail indices « = 1.0, 1.5, 1.9, 2.5.
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Figure 3.3.2.: Complementary characteristic function of general heavy-tail random vari-
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1 —(t) (red) and complementary 1-term approximation {(t) = 1 — ()
(green) for different heavy-tail indices « = 1.0, 1.5, 1.9, 2.5.
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sizes n = 219, 214 218 3nd heavy-tail indices « = 1.0, 1.5, 1.9, 2.5.
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3.3 GENERAL CHARACTERISTIC FUNCTION METHOD

From the plots in [Figure 3.3.4] it is clear there is a need to be careful on selecting the
region in which to use linear regression to estimate a. As discussed in and [26],
it is not neccesarily important the the number of time points ¢ (or the increments) upon

which ¢(t) is evaluated, but more important that the total size of the region is appropriate.

It is therefore proposed that in implementing the method, regularly spaced time intervals

are used with t > 1072, For example, an appropriate spacing might be
tk

for k =1, ..., K. For this spacing choice, K = 30 would be approximately equivalent
to the interval [1072,1071] - a seemingly appropriate interval given the plotted empirical
complementary characteristic functions. To optimise the general characteristic function
method, it is therefore proposed that the empirical characteristic function is regressed on
an interval chosen by the user, such that the region appears to be linear. Justification of

linearity can be discretionary.

3.3.3 SCF method on general heavy-tailed distributions

Whilst both the Stable CF and General CF method take advantage of the behaviour of
the characteristic function and its relationship with the heavy-tail index, the quantities
that are compared (and subsequently upon which « is fitted and estimated) are different.
Specifically, the GCF method uses the logarithm of the empirical characteristic function
log |p(t) — 1| whilst the SCF method uses the quantity log(— log |¢(t)|?). It is of interest
to show that both methods should still estimate the heavy-tail parameter of both stable
and general heavy-tailed random variables (for &« < 2). First, consider a stable random

variable. Then the modulus of the characteristic function is

[p(t)] = exp (—[7]") -

Using Taylor-series expansion about ¢ = 0, the stable characteristic function is

¢(t) =1 —|yt|*

and therefore the logarithm of the truncated characteristic function is

log |¢o(t)| = log|¢(t) — 1| ~ log |— |7t|*| = log (v*) + alog |¢|.
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It follows that regression as per the GCF method will predict the heavy-tail index of a non-
Gaussian stable random variable. Now consider a random variable with a general heavy-
tailed characteristic function such that for ¢(t) ~ 1+ Io|t|*. It follows that |¢(t)]* ~

1+ 2Ip|t|*. Using Taylor-series about t = 0, it follows that
log |¢(t)[* ~ log |1+ 2Io |t|*| ~ 2o |¢]*.
For o < 2, it is known that [y < 0 and therefore

log (—log |¢(t)|2> ~ log |2lp| + alog|t|.

It follows that the regression method proposed by the SCF method will work for the general

heavy-tailed distribution (for & < 2) for sufficiently small t.

3.4 TESTING ESTIMATION METHODS

We have introduced three methods that can be used to estimate the heavy-tail index: Hill's
estimator, the Stable Characteristic Function (SCF) method and the General Characteristic
Function (GCF) method. In order to comment on the viability of each of these methods,
we now compare them directly by testing them on realisations of different processes. The
methods are tested on three distinct types of processes: sets of iid stable random variables,
heavy-tailed white noises and heavy-tailed coloured noises. For each sample process, the
resulting estimates are labelled &y (Hill's estimate), &g (SCF method estimate) and &g

(GCF method estimate). The chosen value for & is selected using the optimised method

described in [subsection 3.1.1] The characteristic function methods are calculated using

linear regression on the empirical characteristic function evaluated at points t = k7t /300

for k=1, ..., 10. This is approximately equal to the interval [0.01,0.10].

The results for samples of iid stable rv's are plotted in [Figure 3.4.1| for sample sizes

n = 210 21 218 The results clearly show that Hill's estimator provides a sufficient
estimate of the heavy-tail index of stable processes if & is not near the stable threshold,
and provided the sample size is large enough. When both conditions are not met however,
the results can be misleading. For example, for & = 1.8 and n = 24 (a relatively large

data set), Hill's estimator predicts a value well outside the stable range, &y = 2.35. Such a
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3.4 TESTING ESTIMATION METHODS

prediction would lead us to erroneously believe that the autocorrelation was an appropriate
measure of memory. These results indicate the relative success of characteristic function
analysis and the relative failure of Hill's estimator. It is noteworthy to highlight that in
many cases the General Characteristic Function method performs similarly to the Stable
Characteristic Function method, and better than Hill's estimator, despite it being derived

from a general heavy-tailed random distribution. This is in accordance with the analysis in

lsubsection 3.3.3] This provides strong motivation and evidence for the use of characteristic

function methods to estimate the heavy-tail index.

The methods are subsequently tested on samples of iid heavy-tailed random variables with

the pdf

A
fx(x) = T3 ) 72 (3.4.1)

where A is a normalising factor and @ > 0. To test the methods both within and out-

side the stable regime, the heavy-tail index is varied on the interval @ € [1,3]. Whilst
previously there was only a requirement to consider the 1st-order General CF method, for
o > 2 the 2nd-order General CF method is considered. For the 2nd-order General CF
method, the sample variance is subtracted from the empirical characteristic function in or-
der to estimate the heavy-tail index. The resulting method is labelled &(;. The 4 estimates
(&H, &s, &g, &) are plotted for single realisations with varying input « with different
samples n = 210, 214 218 The results are plotted in [Figure 3.4.2L Within the stable
regime (o« < 2), both the characteristic function methods and Hill's estimator appear
to be relatively successful. This is in contrast to the tests on stable processes in which
Hill's estimator diverges as @ — 2. Around the stable threshold a ~ 2, the characteris-
tic function methods underestimate the heavy-tail index. This is because the single-term

approximation becomes less accurate, and the resultant empirical characteristic function

behaves more logarithimically, as described in [Equation 3.3.13]

Outside the stable regime, Hill's estimator appears sufficient providing the sample size is
large enough. As expected, the Stable CF method and 1st-order General CF method sat-

urate at « = 2. The 2nd-order General CF method struggles and only outperforms Hill's
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heavy-tail index a.

64



3.4 TESTING ESTIMATION METHODS

a) n =210
T T N T T T T T . T T v
(]
+ ¢ ¢
[g¥] [ L3 -
g 3
= . Rt
o .- e
< ¢ ¢ _,—" [ ]
[} "—‘ ) [ )
e 2t * PR T SR BB B RSB
£ B-- °
= .- o o o
= K )
3 _-¥
< _--"3
S B e e
g 1.8 2 8 u
=
| | | | | | | | |
1 12 14 16 18 2 22 24 26 28 3
Input heavy-tail index
b) n = 214
T T T T T T T T & 1 @ |
s ¢
] [ * _ =
g [ ',—"’ [ ]
@ ‘. e .0 e ©®
) ¢ ¢ e
E 2¢ o . ¢ o ?/‘_,:—' 5 B ®m  wBHR
= ’_—‘.' n B ——Hill &y
3 -%0 N
> a- " —=— Stable CF &g
> P ~
& 1p-" ——1st order GCF &g ||
T —+—2nd order GCF &,
| | | | | - - - -
1 12 14 16 18 2 22 24 26 28 3
Input heavy-tail index
c)n =218
T T T T T T T T T
o .
e 3t . L. ey
= 4 ¢ _,6".‘ PS ¢
o ¢ o /,”'0
<I>§ . ,,.”;"
T 24 4 4 o ¢ e T p BB @B
= - S pm B
— .8 n B
I "‘,. [ ]
= a0
S por.
o 1e- i
T
| | | | | | | | |
1 12 14 16 18 2 22 24 26 28 3

Input heavy-tail index

Figure 3.4.2.: Heavy-tail index estimates for samples of coloured noises with varying heavy-

tail index «.
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3.4 TESTING ESTIMATION METHODS

estimator on a few occasions. It is noticeably less consistent. Such results suggest a need

to investigate the 2nd-order General CF method further.

Finally, the effect of memory on estimation methods is tested. As discussed in [section 2.2}
the autocorrelation for processes within the stable regime is an inappropriate measure of
memory, and therefore only processes outside the stable regime can be considered at this

point. A potential solution to consider stable processes is introduced and discussed later,

in [chapter 4] To test the effect of memory, we consider processes with pdf's

A
fral) = iy for x € R, (342)
A—f for x > 0,
fxp(x)=4¢ 7% (3.4.3)

0 otherwise.

The iterative Fourier Filtering Method (iFFM) described in [subsection 2.3.2| is used to

generate realisations of heavy-tailed coloured noises with autocorrelation

a(t) = exp (—kﬂ2>

where k, is some scale factor. As described previously, the iFFM works by iteratively rear-
ranging a set of iid random variables such that their order ensures the target autocorrelation
function is replicated. Hill's estimator is independent of the order of elements however. It
therefore follows that in order to test the effect of memory on a heavy-tailed coloured noise
of size n, the iFFM must be used to generate a coloured noise of size m, such that m > n.
The Hill estimator is then tested on an ordered subsequence of size n. This replicates the
behaviour we wish to test: how memory exaggerates certain fluctuation sizes. To test this,
the iFFM generates a process with m = 21© elements and a subsequence with n = 212

elements is used for testing purposes.

The iIFFM is repeated to produce 500 samples. The average error between Hill's esti-
mate and the underlying heavy-tail index is calculated over all the samples, such that

€ = (|&y — «| /a). The errors are plotted as a function of threshold ratio 7 for different

autocorrelation scale constants k, = log(2)/13s in [Figure 3.4.3] From these plots, it

is clear that autocorrelation and its scaling constant have a considerable impact on the
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3.5 IMPROVING THE 2ND-ORDER GCF METHOD

average errors. This is true for both the heavy-tailed distribution fx 1 in [Equation 3.4.2|

and the Pareto distribution fx > in|Equation 3.4.3|

In order to display how these errors would manifest themselves in real-world data sets, we
compare the Hill plots of single realisations of white noises and coloured noises. 5 reali-

sations of white noises, and 5 realisations of coloured noises with 7 = 212 elements and

the Pareto distribution in [Equation 3.4.3|are produced. The coloured noises are simulated

with a Gaussian autocorrelation with a scaling parameter 1p5 = 8. The resultant Hill plots
are shown in [Figure 3.4.4] Despite 195 = 8 representing a relatively modest value in the
context of the average errors investigated, it has a noticeable effect on the spread of the

Hill plots when compared to those of the white noises.

It is possible to mitigate the effects of short-term correlations by using larger sample sizes
to ensure the long-term correlations are increasingly negligible. This can be shown by
comparing the average error of Hill's estimator for coloured noises with identical auto-

correlation but different sample sizes. Realisations of coloured noises are simulated with

n =212, 213, 214 elements, the pdf fx  in[Equation 3.4.3/and a Gaussian autocorrelation

with scaling parameter 195 = 8, 16 . The average errors for each of these coloured noises
is plotted in and confirms that considering larger sample sizes reduces the error
of local non-negligible memory. It is noted that the inner scaling constant is effectively
proportional to the sample size when it comes to considering average error. For example,

the average error plot for 95 = 8, n = 212 is approximately equal to 195 = 16, n = 213.

3.5 IMPROVING THE 2ND-ORDER GCF METHOD

In the theoretical framework surrounding the General Characteristic Function
method was introduced. It was seen in[section 3.4|that the method was generally successful
for & < 2, but less so for & > 2. Whilst some of the error can be attributed to the limiting
logarithmic behaviour, the extent to which higher orders of the GCF method struggled

requires addressing. The GCF method says that, for 2 < a < 3,

1 w
(t) ~1— E<X2>t2 + 1o |¢]
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Figure 3.4.3.:

3.5 IMPROVING THE 2ND-ORDER GCF METHOD
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Effect of memory on average error of Hill's estimator for coloured noises.

Tested on processes with a) a heavy-tailed pdf fx 1 (Equation 3.4.2) and b)

a Pareto pdf fxo (Equation 3.4.3)) .

68



3.5 IMPROVING THE 2ND-ORDER GCF METHOD

a) White noise
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Figure 3.4.4.: Hill plots for 5 realisations of heavy-tailed processes. Tested on a) white

noises and b) coloured noises with Gaussian autocorrelation with 795 = 8.
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Effect of sample size and memory on Hill's estimate
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Figure 3.4.5.: Average error of Hill's estimator for coloured noises with scaling constants

T05 = 8, 16 and sample sizes n = 2!2, 213, 214,

and therefore

log <43(t) — (1 — %<X2>t2)> ~ log(lp) + alog |t|. (3.5.1)

In [section 3.3||[Equation 3.5.1] is computed for t = t, = 7k/300 for k = 1, ..., 10.

This is approximately equal to the interval [0.01,0.10]. This was chosen as previous tests
suggested for t < 102 the complementary characteristic function was noisy for smaller «
and smaller data sets. This is not necessarily true, however, for all . This can be observed
in[Figure 3.3.4lwhere, for « = 1.0, 1.5 the empirical complementary characteristic functions
are very noisy - unlike for « = 2.5. However, because a consistent time interval was sought
for all cases, t > 102 was used. To investigate further, we look at a realisation with

n = 218 elements drawn from iid random variables with the pdf

A
(1+ xz)(1+a)/

fx(x) =

a —(1+«
5 A [x|~0H) (35.2)

where A is a normalising constant and & = 2.5. We then calculate [Equation 3.5.1|for differ-

ent values of f. For consistency, we look at a single realisation. We initially look at the the

evaluation points = 0.01, ..., 0.10 (as per the original testing). The resulting points
are plotted in [Figure 3.5.1] on both a linear and logarithmic scale. Using least-squares
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3.5 IMPROVING THE 2ND-ORDER GCF METHOD

regression on a logarithmic scale, the prediction for the heavy-tail index is &g = 3.33.
From the plot, the relative variations suggest the power-law fit might not be appropriate.
To investigate further, we repeat the method but on a larger range of evaluation points,
t =0.001, ..., 1.00. A power-law function with the desired exponent & = 2.5 is then fit-
ted to the data to see whether this could describe the empirical behaviour. The behaviour is
plotted in [Figure 3.5.2 on both a linear and logarithmic scale. On the linear scale it is clear
that the power-law function is accurate for a much larger range than previously postulated.
Conversely, the logarithmic scale shows that there is a cusp around t =~ 0.05 where the
empirical characteristic function deviates significantly from the fitted power-law function.
This would explain the large error in the initial estimate of 4. We therefore test the linear
regression on another region t = 0.1, ..., 1.0. The resulting estimate is &;; = 2.62.
This result is far more accurate than originally encountered. Whilst we have shown that

considering too small value t will see the method fail, it is clear that we can't consider

too large t. It is clear that ¢ (t) ~ t2 as t — co (where ¢ (t) is defined in|[Equation 3.3.9b.

This new information prompts us to retest the 2nd-order general characteristic function

method over the range « € (1,3). To do so, we generate a realisation with n = 218

elements drawn from iid random variables with the pdf in [Equation 3.5.2| and alter the

heavy-tail index from &« = 2.1, ..., 2.9. The heavy-tail index is estimated on two regions:
R1 = [0.01,0.10] (as done originally), and R, = [0.10,1.00] (prompted by the work here).
The results are plotted in From these plots, it is clear that this new region
of consideration has considerably improved the estimates. It is worth noting that these

regions were used regardless of any visual clues as to where the optimal region might be.

Whilst we have shown how improvements of the General Stable Characteristic Function
method can be made, there is still work required to establish how this would be practically
implemented. It appears likely that there is a unique optimal region to fit a power-law func-
tion for each heavy-tail index. Importantly, the trade off between the limiting behaviours
has to be understood. The iterated characteristic function ¢ (t) ~ t2 as t — oo whilst

the estimate becomes noisy as t — 0.
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Figure 3.5.1.: Empirical characteristic function of heavy-tailed process with index a« = 2.5.
The empirical characteristic function is computed for t = 0.01, ..., 0.10.
A linear function is fitted on the logarithmic scale, resulting in a power-law

fit Ga(t) ~ K|t>3.
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a) Linear scale
0.7 T T T T T T T T T
—— Empirical
—— Power-law fit

0.5

e
N
T

o
—_
I

s | | | | | | |
0 01 02 03 04 05 06 07 08 09 1
t

b) Logarithmic scale

T T T 717 T T T 717

107! | | — Empirical
— Power-law fit

L1 L1 L 111

1073 102 101 109

Figure 3.5.2.: Empirical characteristic function of heavy-tailed process with index & = 2.5.
The empirical characteristic function is computed for t = 0.001, ..., 1.00.
A power-law function with the underlying heavy-tail index is fitted to the

empirical process.

73



3.6 THE IBM STOCK

Comparison of regions for GCF method
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Figure 3.5.3.: Comparison of General Characteristic Function analysis on two regions,
R1 = [0.01,0.10], R, = [0.1,1.0]. Fitting on R; clearly gives an improved

estimate.

3.6 THE IBM STOCK

We have so far only discussed the use of tail estimation methods on synthetic data. This
has allowed us to compare empirical estimates of the heavy-tail index with the known un-
derlying value, and comment on the efficiency of the estimators. It is useful, however, to
give an example of its implementation on empirical data that is (purpoted to be) a non-
Gaussian stable process. The use of stable distributions as a model for financial objects
is not uncommon, having first been used as such by Mandelbrot when modelling cotton
prices [3]. The motivation for doing so stems from the desire for self-similar models that

could describe larger fluctuations more accurately than the Gaussian distribution.
An example of a stable model being used is Nolan's investigation of the IBM stock [51].

Nolan looked at the daily log-returns of the IBM stock over a 10-year period, from
01/01/2003 - 31/12/2012 [52]. We have taken the same data and investigated the tail
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3.6 THE IBM STOCK

behaviour using the methods discussed in this chapter. The log-returns of the IBM stock
are defined as

X; = log 1
j= og Cj_l

where {Cj} is the set of adjusted daily close prices. The adjusted close prices and log-

returns are plotted in [Figure 3.6.1] and [Figure 3.6.2| respectively. By using the Augmented

Dickey-Fuller Test [53] in MATLAB, the set of log-returns is determined to be stationary
to a 5% significance level. Nolan subsequently fitted a non-Gaussian stable distribution
and a Gaussian distribution to the data using numerical likelihood estimation. The stable
model had parameters & = 1.614873, B = 0.00000, v = 0.007331, 6 = 0.000499 and
the Gaussian model had y = 0.000400, ¢ = 0.000192. The sample pdf of the data
is plotted alongside the model pdf’s in [Figure 3.6.3] From the plot it is clear that the
stable distribution generally models the behaviour well, especially when compared to the
Gaussian distribution. This is in itself is a useful conclusion, that if a self-similar model of
the stock’s behaviour is required then the non-Gaussian stable model offers a considerable

improvement on the standard Gaussian.

It is not certain from this initial fitting, however, that the daily-returns are asymptotically
stable. We therefore use the same data and apply our tail estimation methods to comment
on the viability of the stable model in the tail. If the underlying behaviour is asymptotically
stable, then the process will have those properties that we wish to investigate, such as
undefined variance and autocovariance. Consequently, the IBM daily-returns (and similar

data sets) could be used to test the coherence function as a means to quantify memory, as

discussed in [subsection 2.2.2| A Hill plot of the daily-returns is plotted in [Figure 3.6.4, The

heavy-tail index according to Nolan's stable model, & ~ 1.61 is also plotted for comparison.
The Hill plot shows no convergent ‘horizontal’ region from which the optimal Hill estimate
might be taken, and any chosen threshold ratio (less than 10%) would give a heavy-tail
estimate outside the stable regime. The data is also investigated using characteristic func-
tion analysis. The empirical characteristic function of the data, ¢ () is constructed for

t € [—500,500] and plotted in [Figure 3.6.5 alongside 1 — 02t?/2 where o2 is the sample

variance. The complementary characteristic function ¢(t) = 1 — ¢(¢) is plotted on a log-

arithmic scale in |Figure 3.6.6| alongside 02t? /2. Both of the characteristic function plots
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IBM stock 2003-2012
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Figure 3.6.1.: Adjusted close price of the IBM stock from 2003-2012 from [52].

show that the small t behaviour is accurately described by ~ #2. This corroborates Hill's

estimator that the process is not asymptotically stable.

To further validate this conclusion, the complementary cdf is plotted on a logartihmic
scale in [Figure 3.6.7] It is clear that the tail is heavier than the Gaussian model, but not
as heavy as the stable model. This confirms the predictions of both Hill's estimate and
characteristic function analysis that both the stable and Gaussian models are erroneous in
the tail. We now use both Hill's estimator and characteristic function analysis to determine
if it is heavy-tailed in general and, if so, what the heavy-tail exponent is. To do so we
first use the Hill plot and choose threshold ratios of # = 0.01, 0.05, 0.08. The resulting
estimates for the heavy-tail index are oy = 4.04, 2.77, 2.55 respectively. The tail models
are plotted against the empirical complementary cdf in [Figure 3.6.8l There appears to be
no convergence, with the latter two estimates clearly failing to adequately model the tail
behaviour. The threshold ratio of # = 0.01 shows the best estimate for tail (as expected)

but corresponds to only 26 data points and is therefore a relatively volatile estimate. We
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Daily returns of IBM stock 2003-2012
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Figure 3.6.2.: The daily returns of the IBM stock from 2003-2012, calculated by X; =
log(C;/C;_1) where {C;} is the adjusted close prices.
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Figure 3.6.3.: Sample pdf of the daily returns, along with the stable and Gaussian models.
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Hill estimate of tail index of IBM stock
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Figure 3.6.4.: Hill plot of the daily log-returns of the IBM daily returns up to a maximum
threshold ratio of 10%.
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Figure 3.6.5.: Empirical characteristic function of daily returns of IBM stock. Also plotted
the Taylor expansion using the sample variance. Imaginary components of

the characteristic function not plotted.
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Complementary cf of IBM stock
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Figure 3.6.6.: Empirical complementary characteristic function of daily returns of IBM
stock, plotted on a logarithmic scale. Displays that the behaviour for small

t corresponds to the sample variance term with exponent ~ #2.

now consider characteristic function analysis. The 2nd moment is subtracted from the

empirical characteristic function to give the iterated empirical characteristic function
~ 1 2 2
¢2(t) = qb(t) —(1-— E(T .

P (t) is plotted against pgt*/4! where uy = 1.26 x 1078 is the sample raw kurtosis in
and on a logarithmically scaled plot in [Figure 3.6.10 From it
is observed that the characteristic function has a relatively large spread. This is also re-
flected in the small values of the integer moments (including kurtosis). The result is that
pgtt/4l < 1 for t < 94.4 and small t behaviour for ¢ (t) is observed for a relatively
large range of t. It is clear that for small ¢ behaviour the truncated empirical character-
istic function is behaving according to ~ t*. The cusp around t ~ 4 is a result of the
resolution limit of the empirical characteristic funtion, as discussed in [section 3.5 This
suggests that the 4th moment exists and, if the process is heavy-tailed, the heavy-tail
index is greater than 4. By collaborating the results from Hill's estimator and the charac-

teristic function method, it is concluded that there is insufficient evidence to classify the
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Complementary cdf of IBM daily-returns
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Figure 3.6.7.: Complementary cdf of IBM daily-returns, plotted against those predicted by

Gaussian and Stable models.

process as heavy-tailed and, if it is, then the heavy-tail index is greater than (or equal to) 4.

The results again highlight the difficulty in correctly identifying and classifying heavy-tailed
random variables. Whilst the stable distribution is a valid model for the IBM log-returns for
central values, and is useful because of its self-similarity, it would be erroneous to investigate
the tail properties of stable processes with them. It therefore remains an important facet of

the investigation to identify empirical correlated stable data sets which can be investigated.

Although not applicable for investigating the coherence, we can calculate the autocorrela-
tion function of the IBM stock which will be well-defined as {X;} is not asymptotically
stable. Additionally, we calculate the autocorrelation of the absolute daily-returns, {Xabs/]-}
defined by X,ps; := |X;[. The results are plotted in . We see that whilst { X}
is d-correlated, {Xabs,j} displays significant correlations. This phenomenon is referred to
as ‘volatility clustering’ and suggests that large fluctuations are likely to be surrounded by
more large fluctuations, and small fluctuations are likely to be surrounded by more small
fluctuations. The lack of autocorrelation in the raw log-returns {X]} however, means

that there is no correlation in the sign of the fluctuations. For example, a large positive
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Hill heavy-tail models
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Figure 3.6.8.: Complementary cdf of IBM daily-returns, plotted with heavy-tail models cal-

culated by Hill's estimator for 3 different threshold ratios.
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Figure 3.6.9.: 2nd iterated characteristic function of IBM daily-returns ¢o(t) = ¢(t) —
(1 —¢?t?/2). Plotted against uyt*/4! where 14 is the sample kurtosis.

81



3.7 SUMMARY
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Figure 3.6.10.: 2nd iterated characteristic function of IBM daily-returns ¢y () = ¢(t) —
(1 — 0?t2/2). Plotted against pyt*/4! where 4 is the sample kurtosis on

a logarithmic scale.

realisation is just as likely to be followed by a large negative realisation as a large positive
realisation. This ensures there is no opportunity to predict if the IBM stock value is likely

to increase or decrease (more than average) based on its previous realisation.

3.7 SUMMARY

Estimating the heavy-tail index of a heavy-tailed process is problematic. In this chapter two
established identification methods (Hill's estimator and the Stable Characteristic Function

method) have been discussed.

By extending the methodology of the Stable Characteristic Function method, a General
Characteristic Function method for heavy-tailed random variables has been introduced. It
was shown that there exist potential uses and applications for these ideas, with the ability
to investigate heavy-tail indices outside the stable regime. It was shown that the method

has considerable practical problems, however. As the heavy-tail index approaches integer
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Autocorrelation of IBM log-returns
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Figure 3.6.11.: Sample autocorrelation functions of the log-returns of the IBM stock and
the absolute value of the log-returns. Plotted up to time lag T = 30 days ~

1 month

moments (we specifically investigated the stable threshold & = 2), it was shown that the
leading-term approximations become less appropriate, and the limiting behaviour is loga-
rithmic. Such a result has an adverse effect on the accuracy of the heavy-tail estimate
when testing. Furthermore, there were clear problems when considering higher-powers.
Specifically, as integer moments are removed from the characteristic function, the leading-
term approximation becomes more noisy. In general however, the adapted method showed
value. It performed similarly to the Stable Characteristic Function method in our tests, and
outperformed Hill's estimator when considering stable processes near the stable threshold

n=2.

The effect of memory on extracting the heavy-tail index was also investigated. With no
means (yet) introduced to generate coherent stable noise, the effect of the autocorrelation
on Hill's estimator was tested. It was shown that the size of the autocorrelation function
could vastly alter the success and reliability of Hill's estimator. The practical interpreta-

tion of this is that when considering empirical samples, certain fluctuations are emphasised
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when there is significant autocorrelation (e.g. larger fluctuations will be clumped resulting
in the tail appearing ‘heavier’). The relationship between expected errors and sample size
was shown, as well as the resultant expectations for individual realisations of both white

noises and coloured noises.

Whilst the potential pitfalls and problems in attempting to estimate the heavy-tail index
have been shown, it is useful to summarise what is known to reduce errors from certain
sources. We also note that the investigation is restricted to stationary processes. When
handling empirical data, it should be established whether or not the data is stationary. This
can be done through a variety of methods, including the Augmented Dickey-Fuller Test
[53]. By considering the below, it allows a methodology to optimise estimation techniques

depending on what is known about the process.

1. Sample size: Regardless of identification method or underlying distribution function,
larger sample sizes result in more accurate estimates. When looking at empirical
data, knowledge of the sample size can be used in conjunction with the results from

this chapter to ascertain how accurate the estimation methods might be.

2. Heavy-tail estimate method: Hill's estimator offers a good first estimate of the heavy-
tail index. If it suggests the heavy-tail index is sufficiently below the stable threshold
« = 2, then the tail is sufficiently heavy that Hill's estimator is appropriate. Charac-
teristic function methods can then be used to interrogate this initial estimate. If Hill's
estimate is close to the stable threshold (or above it), then characteristic function
methods should be used (especially if it is known that the underlying distribution
is stable). If characteristic function methods suggest the variance exists, then Hill's
estimator can be used as the most appropriate method. If characteristic function
methods suggest the heavy-tail index is within the stable regime, then these can be
taken as the heavy-tail index estimate. It should be noted that both methods can
be used alongside each other. As noted in our tests, the success of methods is not

consistent, and can be dependent on the underlying distribution function.

3. Memory: If the heavy-tail index is outside the stable regime, then the autocorrelation

function represents an appropriate measure of memory for the process. This can then
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be used to investigate the return-times and zero-crossing properties. If the heavy-
tail index is within the stable regime, then the coherence function should be used.
In these cases, an accurate estimate for & must be used to extract the underlying
coherence function. When memory properties are known, this can be used to further

comment on the apparent accuracy of the initial heavy-tail index estimate.

When dealing with heavy-tailed processes, there is an innate difficulty and uncertainty in
estimating the heavy-tail index. For nearly all empirical and practical data sets, the amount
of data in the tail is limited. These difficulties are amplified when considering processes with
a dependency structure (e.g. coloured noises). Characteristic function analysis has clear
advantages over Hill's estimator in certain circumstances - especially regarding heavy-tailed
processes near the stable threshold. It has been shown that general characteristic function
analysis has a theoretical grounding to investigate general heavy-tailed processes and not
just stable processes. The result is that whilst characteristic function analysis can not be
declared as an altogether better tool for estimating the heavy-tail index for all processes,
there certainly exists enough evidence for it to be considered a useful addition. There also
exists clear scope to continue investigations into how characteristic function methods can

be optimised and improved.

Both Hill's estimator and the characteristic function methods were used to investigate the
IBM daily-returns in [section 3.6] We saw that whilst a stable model was generally suc-
cessful in characterising the behaviour, both methods concluded that it was asymptotically
non-stable. Such a result is a cautionary tale for using stable models. Even if the behaviour
is stable in the central region of the distribution, the non-stable tail means many of the

interesting properties such as undefined variance and autocorrelation do not hold.

The clear conclusion to draw from the work into the heavy-tail identification methods is
the difficulty in accurately measuring the heavy-tail index for real-world empirical data sets.
In these real-world data sets, we would expect to be working with limited set sizes with
potentially significant memory. This is a clear problem in this investigation for several
reasons. Firstly, the heavy-tail index is required to be able to categorise whether or not the

process is (asymptotically) stable. This effects whether or not autocorrelation or coherence
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3.7 SUMMARY

is an appropriate tool for quantifying memory. Secondly, if a process is stable, the means
to calculate the coherence from an empirical data requires « - both directly and indirectly
in choosing an appropriate structure constant 7. The result is that if we want to test
the validity of the coherence function as a means to predict zero-crossing statistics, it is
strongly advisable that any initial investigation is based on processes whose heavy-tail index

and underlying distribution is known.
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GENERATING COHERENT STABLE NOISES

4.1 GENERATING A CAUCHY RANDOM VARIABLE

It was shown in that there are methods for generating heavy-tailed coloured
noises whose exponent is outside the stable regime. In these cases, the memory inherent in
the process is sufficiently characterised by the autocorrelation function. When considering
heavy-tailed processes within the stable regime, however, the autocorrelation is undefined.

An alternative means of describing the dependency between stable random variables is the

coherence, as described in[subsection 2.2.2| In order to test the validity of coherence and its

ability to predict zero-crossing statistics we therefore introduce a means to generate stable
random variables with a non-trivial joint pdf. To do so, we first describe a well-known
method to generate a Cauchy random variable through the ratio of two Gaussian random
variables [54]. Let X,Y ~ N(0,1) then U := X/Y ~ C(0,1) such that its pdf is
fu(u) = ﬁ

To prove this, we introduce the Change of Variable theorem [55] (in 2 dimensions). Let
the random variables {X, Y} have joint pdf fx y(x,y), and let {U, V} be some function
of {X,Y}. Then the joint pdf of {U,V} is

fuy(u,0) = ]| fxy(x(u,),y(u,0)) (4.1.1)
where | is the Jacobian matrix
o ox
j=0y) _ | o oo
a(u,v) dy
ou dv
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4.2 GENERATING A CAUCHY COHERENT NOISE

Let X, Y be independent Gaussian random variables with joint pdf fx y(x,y). Define the
change of coordinate system from (x,y) — (u,v) by the functions u = x/y and v =y
(and therefore x(u,v) = uv and y(u,v) = v). Thus, the random variable U is the result

of the quotient of X and Y. Consequently, the determinant of the Jacobian is

v ou
|J| = ) = |v|. (4.1.2)

The random variables X, Y are independent and therefore fxy(x,y) = fx(x) fy(y).

Using independence with [Equation 4.1.1| and [Equation 4.1.2| the joint pdf of U,V is

fuv(u,0) = [o| fx(uv) fy (v).

Both X,Y ~ AN(0,1) and therefore

fuv ) = ol o (5) e ()
B %eXp (M) - (4.13)

The pdf of U can be calculated by integrating the joint pdf in |[Equation 4.1.3| over v

fu(u) = /_o:o fuv(u,v)do. (4.1.4)

By noting that fi; v (u,0) is even about v = 0 and and defining k = (1 + 1u?)/2,
becomes

fu(u) = (—21—k7r) /OOO(—ZkU) exp (—ka> dv

1

it (4.1.5)

Then U has a Cauchy pdf and is a Cauchy random variable. Therefore the ratio of two

Gaussian random variables is a Cauchy random variable.

4.2 GENERATING A CAUCHY COHERENT NOISE
4.2.1 The ratio method

The methodology behind generating a Cauchy random variable can be extended to consider

generating a Cauchy coherent noise. Let {X(¢)}, {Y(t)} be continuous-time Gaussian
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4.2 GENERATING A CAUCHY COHERENT NOISE

processes for t > 0, both with the identical autocorrelation function a(t). Let {X(¢)}
and {Y ()} be independent of one another. A new process {U(t)} is defined by

U(t) = %

for t > 0. This new process {U(t)} is considered at times f1, t5 such that T = |t; — t;|

and a(t) = p. The sets of pairs of random variables at these times are denoted X =

{X(t1), X(R2)}, Y = {Y (1), Y(£2) }, U = {U(t1), U(t2) }.

The general bivariate Gaussian distribution of two random variables X7, X, with mean

1 =0, variance ¢ = 1 and correlation p is

1

fxi,x,(x1,%2) = 2= exp {2(1 —

The two processes X,Y are independent of one another. It follows that the joint pdf of

) {x% + x5 — 2px1x2}] . (4.2.1)

the two processes at fq, 7 is

fxy(x,y) = fx(x)fr(y) (4.2.2)

where x = {x1, %2}, ¥y = {y1, 2} and fx, fy are the joint pdfs of X, Y respectively, with

bivariate Gaussian distributions as defined in [Equation 4.2.1] Using |[Equation 4.2.1| and
[Equation 4.2.2| the joint pdf of {X,Y} is

1 -1
Forls) = i = P 3

oy
R+ 20(an ) | (423)

A change of coordinate system is introduced (x,y) — (u,v), or, (x1,X2,Y1,Y2) —
(u1,up,v1,07) via the equations uy; = x1/y1, Uy = X/Y2, V1 = Y1, V2 = Yp. The
inverse relationships are therefore x;(u1, u2,v1,v2) = ujv; and y;(uy, uz,v1,v2) = v}, for
j =1,2. This represents new random variables U(#;), U(t,) being generated through the

ratio of two Gaussian random variables at times tq, 5, respectively. Then the joint pdf in

the (x,y) coordinate system, fx y (in [Equation 4.2.3)), is transformed to the joint pdf in

the (u,v) coordinate system such that

fuv(uy, uz,v1,02) = |J| fx vy (U101, U202, v1, 02) (4.2.4)
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4.2 GENERATING A CAUCHY COHERENT NOISE

where the determinant of the Jacobian is

]| = [v102].

Then the resultant joint pdf from [Equation 4.2.4]is

_ |0 —1 2 2
fuy(u1,uz,v1,02) = 22(1— 07) exp 21— ) {vl (1 +u1>

403 (1 + u%) — 20v102(1 + uluz)}] : (4.2.5)

We can calculate the joint pdf of fi; by integrating |[Equation 4.2.5| over all vy, vp, such

that
fu(ul, le) = /_ /_ fulv(ul, Up, 01, Z)z)d?}ldvz. (4.2.6)

This will give the joint pdf of the random variables U(#;), U(t), that were generated by
the ratio of correlated Gaussian random variables. It is important to note that both U(#;)

and U(ty) are still Cauchy random variables from the proof for the single variable case. A

breakdown of the methods to solve [Equation 4.2.6]is in |[Appendix D} with result

_(1-p% p(L+uguz) g [p(1+ujup)
fuu, ) = ~— 2> {1 + sztan ! [sz]} (4.2.7)

where

A=A(p,uy,up) = (1 + u%) <1 + u%) — 0% (1 +uquz)?. (4.2.8)

The derivation for [Equation 4.2.7| makes no assumption on the value of p (other than

p € [—1,1]) or lag T. It follows that the lag may be evaluated for any T > 0 and

[Equation 4.2.7| is the joint pdf of {U(t)}, where the correlation p is now equal to the

autocorrelation function of the Gaussian processes. Using this pdf, the special case of
p =0Vt >0 (aset of iid Cauchy random variables produced by the two iid Gaussian

processes) can be evaluated. The resultant joint pdf is

1 1
fulin,uz) = { 7(1+12) } { 7(1+12) }

= fu, (u1) fu,(u1)

where U7, Uy are clearly Cauchy random variables. This checks the standard result - that
the ratio of two Gaussian random variables is a Cauchy random variable - still holds. It

is therefore concluded that a novel means of generating a Cauchy process with non-trivial
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4.2 GENERATING A CAUCHY COHERENT NOISE

memory (in terms of an analytical joint pdf shown in [Equation 4.2.7)) has been produced.

We call this the ratio method for generating a Cauchy coherent noise.

To comment on the validity of the ratio method as a viable candidate to investigate the
zero-crossing statistics of stable processes, a single realisation is investigated. Whilst the
ratio method is derived in terms of continuous-time stochastic processes, it is important
to clarify that generating them computationally is done using discrete-time processes. Let
X ={Xy, Xp, ..., Xu}, Y ={Y1, Ya, ..., Y,,} be discrete-time Gaussian processes

with autocorrelation function a(T). Then the Cauchy process produced by the ratio method

Y1° Yo Yy,

This discrete-time process U is analagous to the continuous-time Cauchy process {U(t)}.

is

A single realisation of U is generated with n = 2'® elements by the ratio of two Gaussian
realisations with identical autocorrelation functions a(t) = exp(—k2t?) where k, =

10g(2)/64. The result is plotted in |[Figure 4.2.1, with a continuous plot fitted to the

individual realisations. It is also plotted alongside the Gaussian realisations X and Y in

Figure 4.2.2|

From these plots, it is clear that there is a discrepency between what might be expected
from real-world data sets and the realisation produced. Specifically, there are relatively
regular zero-crossings where the Cauchy realisation is significantly far away from O that
it would be considered surprising in a real-world data set. The reason for this can be
explained by inspecting [Figure 4.2.2] Whilst the regular zero-crossings of U correspond
to the zero-crossings of X, there are also zero-crossings located at the zero-crossings of
Y that cause discontinuities in U. We can explain why this occurs by considering the
original continuous-time processes. As the denominator process Y(t) — 0 the Cauchy
process |U(t)| — oo. Consequently, the zero-crossings of {Y ()} correspond to poles
of {U(t)} such that there is a sign change and a discontinuity. This is problematic as
the resultant Cauchy process has zero-crossings that correspond to discontinuities whilst
we want to investigate processes whose zero-crossings are not the result of such extreme

switches. This motivates us to modify the ratio method to alleviate these issues.
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Figure 4.2.1.:

uxy

Figure 4.2.2.:

4.2 GENERATING A CAUCHY COHERENT NOISE

Ratio method realisation
10 T T T T T T T T Q7

100

Cauchy realisation generated by the ratio method. Although used to generate
a discrete-time realisation (circled), a continuous model using interpolation

is plotted to further illustrate its behaviour.

Ratio method realisation

1,\ Q \/\3: |
OF-¢®-%v AP R S (A

_2 | | | | | |
0 10 20 30 40 50 60 70 80 90 100

Cauchy realisation U and its generating Gaussian realisations X, Y using the
ratio method. The zero-crossings of all 3 realisations are highlighted, where

the crossings of U correspond to the crossings of both X and Y.
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4.2 GENERATING A CAUCHY COHERENT NOISE

2nd ratio method realisation

I ITT

70 80

Figure 4.2.3.: Cauchy realisation generated by the 2nd ratio method. Plotted alongside
the generating Gaussian realisations X, Y where U = X/|Y|. The zero-
crossings of all 3 realisations are highlighted, where the zero-crossings of U

correspond to the zero-crossings of X only.

4.2.2 The 2nd ratio method

A modification of the ratio method is to consider the modulus of Y (#), such that U(t) :=
X(t)/|Y(t)| and its discrete-time equivalent is

X, X X, }
Uu=<¢{—, —, ..., — ;. 429
{|Y1| FAKRRAIA (4.29)

This is designed to ensure the discontinuities in the process do not correspond to zero-
crossings. Because X;, Y; are symmetric about 0 it follows that sgn(X) £ sgn(X;)/ sgn(Y;)
where £ denotes equivalence in distribution. Therefore X;/|Y;| = sgn(X;) |X;/ Y]] 4
(sgn(X;)/sgn(Y;)) |X;/Yj| = X;/Y;. Therefore U(t) is still Cauchy by the proof in
lsection 4.1l An example of a realisation is plotted in alongside the Gaussian
realisations that generate it. This alleviates a problem with the original ratio method, as
the zero-crossings of {Y ()} no longer correspond to poles of {U(t)} that register as zero-
crossings, and instead just appear as discontinuities. To calculate the joint density function

of the resultant process, we introduce the folded Gaussian distribution. Let X ~ N '(p, 0?)
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4.2 GENERATING A CAUCHY COHERENT NOISE

and define a new random variable Y := |X|. Then Y is a folded Gaussian random variable

with pdf

_ 1 —(y—w? 1 —(y+n)?
fr(y) = — exp ( 552 ) + \/Wexp ( 572 > (4.2.10)

for y > 0, and 0 otherwise. We may denote this by Y ~ N¢(y, 0?). An example of

[Equation 4.2.10[ with # = 0> = 1 is plotted in [Figure 4.2.4, In this investigation, it

suffices to consider the simple case Y ~ N (0,1) such that the density function of Y is

fr(y) = \EexP (_Tyz) (4.2.11)

for y > 0, and O otherwise. The mean and variance of Y are not equal to those of

X and, using |Equation 4.2.11|, can be calculated as uy = +/2/7m and (7% =1-2/m

respectively. The folded Gaussian pdf can be generalised to the bivariate folded Gaussian
pdf, as described in [56]. Let X1, X, ~ A(0,1) be random variables with correlation pq
and define Y7 := | X1, Y2 := |Xa| such that Y7, Y2 ~ N¢(0,1). Then the joint density

function of Y7, Y; is the (simple) folded bivariate Gaussian pdf

1 1
frin (W, y2) = ——=1exp | = (Vi + 3 — 2010112
i /1 02 2(1 p%)(l 2 )

+ exp —2(1 —p%

) (y% + 13 +2p1y1yz)” (4.2.12)

for y1,y2 > 0, and O otherwise. The marginal pdf's of [Equation 4.2.12| are equal to

[Equation 4.2.11} ensuring [Equation 4.2.12| represents a joint pdf of the bivariate folded

Gaussian random variables. It is noted that this is the folded form of [Equation 4.2.1} and

therefore the correlation between Y7, Y, is not equal to p;. Using the joint density in

[Equation 4.2.12| the correlation between Y7, Y5 is

1 o0 o0
oy = —2/ / (y1 — my) (2 — py) fr(y1, y2)dyadyz
oz Jo Jo

_ 2 2 -1 £1
=— \/1—p7—1+pjtan —\/i . (4.2.13)
P1

In the context of this investigation, it suffices to use the relationship in this form, as we

have not yet produced an analytical inverse solution of [Equation 4.2.13| such that p; is

expressed as a function of py.

94



4.2 GENERATING A CAUCHY COHERENT NOISE

This information can be used to calculate the joint pdf of the Cauchy process described

by [Equation 4.2.9| Let {X(¢)}, {X(t)} be continuous-time Gaussian processes for t > 0,

both with identical autocorrelation function a(t). Let {X(¢)} and {X(t)} be independent
of one another. Define a new positive Gaussian process {Y ()} by Y(t) := |X(t)]. A
new process {U(f)} is defined by U(t) := X(t)/Y(t) for t > 0. We consider the
processes at times t1, fp, and denote the pairs of random variables X = {X(t1), X(f2)},
Y = {Y(t1),Y(t2)}, U = {U(t1),U(t2)}. As X, Y are independent of one another,
their joint pdf is

gX,y(xl,leyL]/z) = gx(xl,xz)gy(yl,yz)

where gx is the bivarate Gaussian density function in[Equation 4.2.1] and gy is the bivariate

positive Gaussian density function in [Equation 4.2.12| For convenience we denote px = p.

Therefore the joint pdf is

( _ 1 -1 2. .2 o
gx,y(x1,%2,¥1,Y2) =522 (1—02) 11— 2 exp —2(1 — 57 X+ x5 — 20x1x2

+yi 5 — 20y1y2>] +exp {m (x% + 3

—20x100 + Y7 + 15 + 2py1yz) } } (4.2.14)

for x1,x2 € R, y1,y2 > 0, and O otherwise. We introduce a change of variables via
uj = x;/yj, vj = yj, such that |J| = |vjvz|. Then the joint pdf in the new coordinate

system is

V10 —1
su,v (Ui, up,v1,02) = ﬁ {exp {m (u%v% + u%v% — 20U U010
+0% + 05 — 2p0102)} + exp {2_—% (u%v% + usv?

1

—20UqUp0107 + U% + U% + 2,001’02) :| } (4.2.15)

for u1,ur € R, v1,v2 > 0, and 0 otherwise. Then by integrating [Equation 4.2.15| over v

the joint pdf of U is

1 ¢’ {P(1+M1u2) (n VA e {p(Hum)D

2712 A3/2 2 " o(1+4 uqup) VA

_p(1—wup) (z VB {MD } (42.16)

gu(ulfuz) =

VB
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Pdf of folded Gaussian with y = 2 =1
0.5 \ \

04|

03|

Pdf fX (X)

0.2+

0.1}

-1 -05 0 05 1 15 2 25 3 35 4

0

Figure 4.2.4.. The folded Gaussian pdf for a random variable Y = |X| where X ~ N'(1,1).
Plotted alongside the pdfs for X and —X (for x > 0 only). Clearly fy =

fx+ f-x-
where

A= Alp,ur,uz) = (1+uf)(1+u3) — p*(1 + uu)?,
B = B(p,u1,uz) = (1+ui)(1+u3) — p*(1 — uyuz)?

for u1,up € R. Then gy in [Equation 4.2.16/ is the joint pdf of U. We call this the 2nd

ratio method for producing a Cauchy coherent noise.

4.2.3 The 3rd ratio method

For the 2nd ratio method described in [subsection 4.2.2| the denominator process {Y(¢)}

is produced by taking the element-wise modulus of a Gaussian coloured noise. Aside from
the benefit of removing the zero-crossings corresponding to discontinuities, this method

is useful as the joint density function of {Y(#)} is then the folded Gaussian density func-

tion in [Equation 4.2.12| Therefore the joint density function of the resulting Cauchy

process {U(t)} may be calculated. The empirical properties of the resulting realisations

are not necessarily ideal, however, because the denominator process is not differentiable
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as Y(t) — 0. This results in poles that, whilst not corresponding to zero-crossings, are
nevertheless present. It follows that realisations produced by the 2nd ratio method are not

everywhere differentiable as might be expected for models of physical systems.

We therefore introduced a further adaptation which we dub the 3rd ratio method for gener-

ating Cauchy coherent noise. We first recall the iterative Fourier Filtering Method (iFFM)

from |subsection 2.3.2l Let Y, be a realisation of a Gaussian coloured noise with autocor-

relation function a(T), and let Y; be a realisation of a set of iid random variables with
distribution d. Then recall the iFFM produces a new realisation Z with distribution d and

autocorrelation a(T). For convenience, we write this as Z = iFFM(Y,, Y;).

Let {X(t)} be a Gaussian coloured noise with autocorrelation function a(7), and let
{Z(t)} be a positive Gaussian coloured noise also with autocorrelation function a(t) such
that both X(t) and Z(t) are differentiable V t > 0. Then the 3rd ratio method defines
a new Cauchy process {U(t)} by U(t) := X(t)/Z(t). To generate a discrete-time
realisation representitive of this, let X be a discrete-time realisation of {X(#)} as described
previously. Let Y, be a realisation of a Gaussian coloured noise with autocorrelation
a(T), Y4 be a set of realisations of a set of iid positive Gaussian random variables, and

Z = iFFM(Y,, Y ) such that Z is the discrete-time analogy to {Z(t)}. Then

o Xl X;fl
AT

is the discrete-time realisation of the 3rd ratio method.

Whist the joint density function of the denominator process in the 2nd ratio method is
known, the iFFM only enforces a certain marginal density function. It is therefore not

certain the form of the joint density function of the denominator process for the 3rd ratio

method. We therefore use the folded Gaussian distribution in|[Equation 4.2.12|to construct a

model with the correct autocorrelation and marginal distribution. Let X = {X(#1), X(t2)}
be a pair of correlated Gaussian random variables and Y = {Y (1), Y (¢2)} be a pair of
correlated positive Gaussian random variables. Let X, Y have matching correlation p. As

X, Y are independent of one another, their joint density function satisfies

hx y(x1, %2, y1,Yy2) = hx(x1, x2)hy (Y1, ¥2).
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where hy is equal to [Equation 4.2.1| and hy is equal to [Equation 4.2.12| with correlation

coefficient p; satisfying [Equation 4.2.13] As we have set X and Y to have identical

autocorrelation functions, it follows that px = py = p. Therefore
1 exp [—_1
27r2\/(1 —p3)(1—p?) 2(1—-p?)

hx y(x1,%2,y1,Y2) =

(x% + x% _ 2px1x2>] {exp [2(1_—;@ (]/% +]/% - 2P1y1y2>]

TP T

(}/% +i5+ 2p1y1yz)] } : (4.2.17)

for x1,x2 € R, y1,y2 > 0, and O otherwise. As we have not been able to produce an

inverse of [Equation 4.2.13| we are not able to simplify [Equation 4.2.17| to a function of a

single correlation parameter. We again introduce a change of coordinates using u; = x;/y;,

vj = y;. Then the joint pdf in the new coordinate system is

0102

272\ /(1 - p3)(1 - p?)

-1 2,2
o [z g (4

huv (uq,up,01,02) =

+u§v§ — 2pu1u20102>] {exp [m (v% + v% — Zplvlvz)]
1

+ exp

2, .2
21— ) (vl + 05 + 2,017)102)] } (4.2.18)

for uy,uy € R, v1,v9 > 0, and 0 otherwise. Then by integrating [Equation 4.2.18| over v,

the joint pdf of U is

hu(u1,uz)=/0 /0 hu v (uy, up, v1,v2)dvidoy

Cmy /(A =p2)(1-p3)
N 2772

{p1 + mpuquy (n n VC 4+ tan-1 [m + mpuwﬂ)

(4.2.19)

C3/2 2 V/C

2 p1+mpuquy
(p1 — mpuquy) m vD tan-l | P1 MU
D3/2 VD

2 01 — MPUUy
for uq,upy € R, where
C = C(p, p1,u1,u2) = (1 + mui)(1+mu3) — (p1 + mpuiuy)?,

D = D(p, pr,u1,u2) = (14 mid) (1 + misd) — (p1 — mpuyuz)?
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and

1— 2
= o) = =5

Then [Equation 4.2.19is a model for the joint density function of the 3rd ratio method for

generating a Cauchy coherent noise. The steps for calculating fi7, gu and hy are discussed

in more detail in |[Appendix D|

4.2.4  Comparison of the ratio methods

We have proposed three ratio methods for generating a Cauchy coherent noise. It is useful
for us to summarise all three methods, before comparing them. This will allow us to decide

the best candidate to investigate the zero-crossing statistics of stable coherent noises. The

original (or 1st) ratio method is introduced in [subsection 4.2.1} the 2nd ratio method in

lsubsection 4.2.2] and the 3rd ratio method in [subsection 4.2.3|

Let X = {Xy, ..., Xu}, Y={Yy, ..., Y,,} be realisations of Gaussian coloured noises

with the identical autocorrelation function a(t). Then

(X X,
w8,

is a realisation of a Cauchy coherent noise produced via the 1st ratio method, with the

resulting joint density function fir in [Equation 4.2.7|

Let X = {Xy, ..., Xu}, Y ={Y1, ..., Yy} be realisations of Gaussian coloured noises

with the identical autocorrelation function a(7). Then

Xl Xn}
u,=< —, ..., —
? {|Y1| |Yal

is a realisation of a Cauchy coherent noise produced via the 2nd ratio method, with the

resulting joint density function gy in [Equation 4.2.16]

Let X = {Xy, ..., Xu}, ¥ = {Yq, ..., Yy} be realisations of Gaussian coloured
noises with the identical autocorrelation function a(t), and let Y; = {Y;1, ..., Y;,}

be a realisaton of iid random variables with a positive Gaussian distribution. Using the
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iFFM described in [subsection 2.3.2| we can produce a realisation Z = iFFM(Y,Y,) =

{Zy, ..., Zy} of a coloured noise with a positive Gaussian distribution and autocorrelation

a(T), as well as being differentiable everywhere. Then

Xl Xn
Us=<¢—, ..., —
i {Zl Zn}

is a realisation of a Cauchy coherent noise produced via the 3rd ratio method, with a model

joint density function hyy in [Equation 4.2.19]

The first means of comparing the three ratio methods is by inspecting some example
realisations directly. Using each method, three realisations are produced with n = 218
elements. For each method, the numerator process X has the autocorrelation function
a(t) = exp(—k27?) where k, = /log(2)/64. The results of the first 1000 realisations
are plotted in [Figure 4.2.5] The plots show that the resulting realisations display the char-
acteristics we expect from each one. Specifically the 1st method has discontinuities that
result in the signal changing sign (and therefore registering as a zero-crossing), the 2nd
method has discontinuities that do not change sign and the 3rd method is continuous ev-
erywhere. This highlights the advantage of the 3rd method as a suitable model for physical

systems.

The other aspect of the ratio methods to examine is how well the analytical joint density
functions predict their empirical behaviour. This can be done by comparing the sample
structure functions calculated directly from the realisations to the computed structure
functions predicted by the analytical joint density functions. Let U = {U]-};Zzl be the
realisation produced by the ratio method. Then the sample structure function is calculated
by

Ss(T) =

1 n—Tt y
P Zl Ujer — Uj|
]:

fort =0,1, ..., n—1, where 7 is the structure constant such that —1 < ¢ < 1.

Similarly, let fu(p;u1,uz) be the joint density function of U, where p is the correlation

parameter in the pdf's. Then the computed structure function is

Se(1) = (Upgr — U™y = /_ /_ lur — | fu(p;ur, up) duy duy
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fort=0,1,..., n—1, where =1 < ¢ < 1, and p = a(7) = exp(—k27?) is the corre-
lation parameter at lag T. It is worth noting that for the 3rd ratio method, the joint pdf has
two correlation parameters, p and p1, and the latter is calculated from the former via
ftion 4.2.13] For each method, both the sample structure function and computed structure
function are calculated with a structure constant of v = 0.5. The results are plotted in

Figure 4.2.6| It is clear from these plots that the joint density functions describe the under-

lying behaviour of the Cauchy coherent noises generated via the 1st and 2nd ratio methods.

The joint density function is less successful, however, for the 3rd ratio method. This is a
result of the iFFM perturbing the joint density function of the denominator process { Y (¢)}.
When we use the iFFM to enforce the desired properties onto the realisations (namely con-
tinuity and differentiability), the joint density function of {Y(#)} changes such that it is
not equal to [Equation 4.2.12| This means that, whilst {Y(#)} and {U(t)} have known

marginal density functions, we do not know their precise joint density functions.
tion 4.2.19| is therefore a (relatively accurate) model for the underlying behaviour, but is

not precise.

From these results, we have seen that the different methods offer various advantages and
disadvantages. Most notably, there is a trade-off between desirable empirical properties
and knowledge of the joint density function. The 1st ratio method produces a process with
a simplistic joint pdf and realisations with discontinuities that register as zero-crossings.
The 2nd ratio method produces a process with a more complicated joint pdf (but one that
is still correct), and realisations with discontinuities that do not affect the zero-crossings.
The 3rd ratio method produces a process with a complicated joint pdf that can be used
to model the underlying behaviour but is not precise, and realisations that are smooth and
continuous everywhere. For the subsequent work into Cauchy coherent noises, we concern
ourselves with the processes that most accurately model physical systems. It is therefore
concluded that the 3rd ratio method offers us the best means of generating realisations of

Cauchy coherent noises for these purposes.
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1st ratio method
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2nd ratio method
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t

Figure 4.2.5.: Realisations of Cauchy coherent noises using the three ratio methods.
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1st ratio method

O
wn
(]
E
5 —o—Sample S,(7)
$ 05 — Computed S.(7) |
0(} | | | | | | | | |
10 20 30 40 50 60 70 80 90 100
T
2nd ratio method
2
—~ 1.57
=
)
1
3 / —o—Sample S;(7)
»h 050 — Computed S.(T) |
0(} | | | | | | | | |
0O 10 20 30 40 50 60 70 80 90 100
T
3rd ratio method
2
—~ 1.57
=
wn
> s —o—Sample Sq(7)
D 05|/ — Computed S.(7) |
O
0(} | | | | | | | | |
0O 10 20 30 40 50 60 70 80 90 100

Figure 4.2.6.: Comparison of sample structure functions with those predicted computation-

ally by the analytic joint pdf for the ratio methods.
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4.3 EMPIRICAL PROPERTIES OF A CAUCHY COHERENT NOISE

It was concluded in [subsection 4.2.4| that the best means of generating a Cauchy coherent

noise is by the 3rd ratio method (henceforth referred to simply as the ratio method for con-
venience). It is of interest to briefly investigate the properties of the resultant realisations.
Specifically, we look at its sample probability distribution (both centrally and in the tail),

its sample autocorrelation function and its sample coherence function.

A realisation of a Cauchy process is produced by the ratio method such that the generating
Gaussian process X = {X3, ..., X} and positive Gaussian process Y = {Y7, ..., Y}
have identical autocorrelation function a(t) = exp(—k272), where k, = /log(2)/105.
We investigate a single realisation with 795 = 64 and n = 22* elements and denote it
U = {Uy, ..., U,}. The generating realisations of X, Y are plotted alongside the
resultant Cauchy realisation U in [Figure 4.3.1] As discussed in [subsection 4.2.4 U is

sufficiently smooth and displays large excursions away from 0 as expected.

We can ensure that U is indeed Cauchy by plotting its probability distribution. Its sample
pdf is plotted alongside the theoretical Cauchy pdf in|Figure 4.3.2 It is clear from this plot
that the process is Cauchy for central (non-tail) values. In order to determine whether this

is also true in the tail, the sample complementary cdf is plotted alongside the theoretical

Cauchy complementary cdf on a logarithmic scale in [Figure 4.3.3] From this plot it is

similarly concluded that the resultant process is Cauchy in the tail too.

The sample autocorrelations of X, Y and U are plotted in [Figure 4.3.4] From this plot it
is clear that the sample autocorrelation of the resultant Cauchy process is approximately J-

correlated, especially in comparison to the autocorrelations of the input Gaussian processes.

We can now see if the memory inherent in U can be characterised by the coherence function,

as introduced in [subsection 2.2.2| The use of the sample structure function is important

as it is theorised by [19] that it can be used to extract the coherence function, through the
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4.3 EMPIRICAL PROPERTIES OF A CAUCHY COHERENT NOISE

Cauchy process generated by ratio method
3 I I I I

Figure 4.3.1.: Cauchy realisation U generated by the ratio method. Plotted alongside the
generating Gaussian realisation X and positive Gaussian realisation Y where

u=Xx/y.

Ratio method pdf
0.35 ‘ ] : :
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<0.15
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Figure 4.3.2.: Sample pdf of process U, where U is generated by the ratio method. Shows

that the process is Cauchy for central values.
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Ratio method complementary distribution
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Figure 4.3.3.: Sample complementary cdf of process U, where U is generated by the ratio

method. Plotted on a logarithmic scale, displaying the process is Cauchy in

the tail.
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Figure 4.3.4.: Sample autocorrelation function of process U, where U is generated by
the ratio method. As expected, U is approximately J-correlated, especially

compared to the input autocorrelation of X and Y.
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existence of fractional moments. Recall from [Equation 2.2.5| that the structure function

for U is

$9(7) = (|Ure — Uy[") (4.3.1)

where —1 < 7 < a. We henceforth make explicit the difference between the sample
coherence function and underlying coherence function (or just coherence function). The
(underlying) coherence 7 is a function of time lag T only, and appears in the joint charac-

teristic function for the stable process according to

1+

$(r;t1, 1) = exp { (|t1 +rta|* + |t + rt1|"‘)} (4.3.2)

where A is some scale constant and « is the stability index. Conversely, the sample
coherence function r is a function of both the structure constant y and time lag T and is

defined in terms of the structure function, such that it satisfies

S, 2(1— 72"
— = (4.3.3)
([U:[7) L+r3

where —1 < ¢ < a. Itis clear from the definition of the sample coherence in[Equation 4.3.3]

the need to distinguish it from the underlying coherence. As an example, if v = 0, then

[Equation 4.3.3|can be satisfied by any coherence . It is posited in [19] that the coherence

r satisfies |Equation 4.3.3| To test this, |Equation 4.3.3| can be inverted for the Cauchy case

where &« = 1, such that
2 — 51/7

1/

= — (4.3.4)
2+ Sy

Ty
where
S
S’)/ == 7’)/ .
(1)
The sample coherence 1., is plotted for different choices of 7y in|Figure 4.3.5| This is done
for y = —0.5, 0.01, 0.5, 0.9. From this plot, it is clear that the the sample coherence

quantifies the memory in the process. As v — —1, the resultant coherence becomes
more pronounced, whilst as v — 1 the coherence resembles a J-correlation. The output
sample coherence functions are relatively close, but there are non-negligible differences. It
is important to emphasise that the range of r, outputs does not mean there is a range
of underlying coherences r that satisfy the joint characteristic function. It is not yet clear

which of the sample coherences correctly identify and model the underlying coherence in
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Sample coherences of Cauchy process
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Figure 4.3.5.: Sample coherences r, plotted for v = —0.5, 0.01, 0.5, 0.9 for a correlated

Cauchy process.

[Equation 4.3.2] For now, it suffices to accept that the sample coherence can describe

the memory of a Cauchy coherent noise generated by the ratio method. For convenience,
we henceforth choose to investigate the coherence function with the structure constant

v = 0.5, which is sufficently far from the limiting cases |y| — 1 and the trivial case

v =0.

4.3.1 An analytical model for the coherence function

It has been shown that the memory inherent in a Cauchy coherent noise can be quantified
by the sample coherence function. In this section we show that the sample coherence
can be modelled with an exponential function for v = 0.5. This serves to show how
we might model coherence functions in general. The sample coherence function of the
Cauchy coherent noise U is plotted in [Figure 4.3.6| on both a linear and logarithmic scale.
By observing that the logarithmic plot is approximately linear, it is proposed the coherence
can be modelled by an exponential function. An exponential function is fitted by assuming

a model of the form r(t) = exp(—k,7) such that r(0) = 1 as required. The scaling
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4.3 EMPIRICAL PROPERTIES OF A CAUCHY COHERENT NOISE

constant k, is calculated such that the exponential model is equal to the sample coherence
when 7(7) = 0.1 (a point within the observed exponential range). For the initial case,
the resulting scale constant is calculated as k, = 0.0317. The exponential fits are also
plotted alongside the sample coherence in [Figure 4.3.6] It is concluded from this that the
exponential fit is a satisfactory model. The discrepencies occur at large enough T (and

small enough r) that they are not concerning.

By adopting the exponential function as a model for the coherence, the scale constant of the
coherence can be related to the scale constant of the autocorrelation function of the input
Gaussian processes. This is done by equating the lag T. We first remind ourselves that the
autocorrelation function of the input Gaussian processes X and Y is a(t) = exp(—k37?).

It follows that

5 = k—%log(a) >0
-1

T=—1log(r) >0
ky

and therefore

r = exp Uz— - log(a)} . (4.3.5)

Whilst [Equation 4.3.5might seem a trivial result, it is important to note that the derivation

of the joint pdfs makes no assumption on the form of the input autocorrelation. The result

is that [Equation 4.3.5|is valid for any autocorrelation function a(7) and structure constant

v = 0.5 and not just for Gaussian autocorrelations. Consequently, by altering the autocor-

relation of the Gaussian processes used in the ratio method, the resulting Cauchy process’

coherence will change according to [Equation 4.3.5] It follows that the required autocorre-

lation for a desired output coherence function can be estimated by inverting [Equation 4.3.5

It also follows that the ratio k, /k, is constant and the input autocorrelation scale constant
k, and the output coherence scale constant k, are related by some linear relationship k, =

vk,. To verify this, the ratio method is repeated for different values of k, = 0.1, ..., 0.5.

109



4.3 EMPIRICAL PROPERTIES OF A CAUCHY COHERENT NOISE
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Figure 4.3.6.: Empirical coherence function of generated Cauchy process U plotted against
an exponential fit 7(7) = exp(—0.03177). Plotted on linear and logarithmic

scale.
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Scatter plot of (kg k;) pairs
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Figure 4.3.7.: Scatter plot of (k;, k;), where k, is the scale constant of the input autocor-
relation function, and k, is the scale constant of the modelled exponential

coherence. Fitted with a linear function k, = vk, where v = 0.244.

By choosing k, such that the sample coherence and exponential model have matching
r(T) = 0.1 an estimate for k; is calculated for each realisation. A scatter plot of the pairs

of (ka,k;) is shown in [Figure 4.3.7| and displays a strong linear relationship. Using linear

regression, the scaling constant between k, and k, is calculated as v = k, /k, = 0.244.

4.4 THE RANK-REPLACEMENT METHOD

It is concluded that the testing validates the proposed means of generating a Cauchy
coherent noise with a non-trivial coherence function. This only offers a specific (albeit very
notable) example of a stable process. It is now shown that the methods introduced can be
used to generate a realisation with any stable distribution and some non-trivial coherence.
A realisation of a Cauchy coherent noise U = {Uy, Uy, ..., Uy} is generated via the
ratio method. Additionally, a realisation of 7 iid stable random variables is generated and
considered in terms of its order statistics S = {S(1), S(2), ..., S(n)} where S(1) < Sy <
+++ < S()- The rank of each element of U is noted, such that ranky (U;) = k € Z says
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45 HEAVY-TAIL ESTIMATORS ON COHERENT NOISE

that Uj is the kth largest element of U. Then a new realisation V.= {Vy, V,, ..., V,}
is generated such that

V]' = S(ranku(u]'))

where S(k) = Sy for notational convenience. This is equivalent to defining V as the
shuffling of S such that its rank is equal to the rank of U. This is described as the rank-

replacement method for generating a stable coherent noise.

The initial realisation of the Cauchy coherent noise is generated by Gaussian processes with
autocorrelation function a(t) = exp(—log(2)t?/64%). The rank-replacement method
is then used to generate realisations of stable coherent noises with stability parameters

« =02, 04, ..., 2.0. The resulting sample coherence functions are calculated for struc-

ture constant v = a/2 and plotted in [Figure 4.4.1}

As & — 0 (and the tail gets heavier), the memory (in the form of coherence function)
becomes shorter, but retains the decay shape seen in the Cauchy generation method. It
is concluded that this method allows us to generate a realisation of a process with any
desired marginal stable distribution, that also that exhibits memory in the form of a non-

trivial coherence function.

4.5 HEAVY-TAIL ESTIMATORS ON COHERENT NOISE

In [section 3.4]the effect of memory on Hill’s estimator was demonstrated by comparing Hill
plots for different autocorrelation functions. At that point, commenting on whether this
trend would be consistent when investigating non-Gaussian stable processes was difficult,
as a means to generate stable coherent noises hadn’t yet been introduced. With the work
in this chapter, this is now possible. To do so, realisations of stable coherent noises are
generated by the methods described in [section 4.4l Estimates of the stability index can
then be compared to the underlying value for both Hill's estimator and the characteristic
function method estimator. To characterise the size of the memory and dependency inher-

ent in the stable coherent noises, we use the ‘half-life’ of the coherence. This is the value

112



45 HEAVY-TAIL ESTIMATORS ON COHERENT NOISE
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Figure 4.4.1.: Coherence functions of stable coherent noises generated by the rank-
replacement method. Plotted for different stability parameters a with

vy=ua/2.

Tp.5 such that the coherence r(Tp5) = 0.5 (to the closest integer value).

To quantify the error in Hill's estimator, the average Hill estimator error € = (|ag — &)/«

is calculated using 1000 samples, each with n = 212 elements, for stability indices & =

1.0, 1.5, 1.9. The results are plotted for different threshold ratios in [Figure 4.5.1]

lure 4.5.2 and [Figure 4.5.3] These plots confirm expectations that memory continues to

affect the viability of tail estimation using Hill's method, despite the autocorrelation be-
ing o-correlated. The plots also quantify how Hill's estimator becomes more erroneous as

o — 2 (regardless of coherence).

It has been shown previously that characteristic function methods are better tools for es-
timating the heavy-tail index a of stable processes, especially as & — 2. It is therefore
important to clarify whether the characteristic function methods are anymore robust to

memory in a stable process. To test this, the stable characteristic function method, as

described in [section 3.2} is used on points evaluated at f; = k7t/300 for k =1, ..., K
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Figure 4.5.1.:

Error €

Figure 4.5.2.:

45 HEAVY-TAIL ESTIMATORS ON COHERENT NOISE
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Hill plots for stable coherent noises with heavy-tail index &« = 1.0. Plotted

for different scales of coherence function.
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Hill plots for stable coherent noises with heavy-tail index &« = 1.5. Plotted

for different scales of coherence function.
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Figure 4.5.3.: Hill plots for stable coherent noises with heavy-tail index & = 1.9. Plotted

for different scales of coherence function.

for K =15, 10, 20. This is done for realisations of stable coherent noise with 1 = 212 ele-

ments and the average error € = (|&g — «|) /« is taken over 1000 samples. The results are

plotted in [Figure 4.5.4} [Figure 4.5.5and [Figure 4.5.6] The results show that memory does

have an effect on the accuracy of the estimation methods. For heavier-tails (x# — 0) this
becomes more pronounced. Near the upper limit & ~ 2 the stable characteristic function
method is more robust to the effect of memory. The results can be directly compared to
the plots from Hill's estimator. For & = 1.0, there is not a great deal of disparity between
the validity of the estimators when memory is smaller. It is noted, however, that as memory
becomes more sigificant, the stable characteristic function method is more robust. Similar
conclusions can be drawn when comparing the results for « = 1.5. It is clear that memory
size has less of an effect on the average error. For &« = 1.9, the stable characteristic func-
tion method is significantly better regardless of memory. In fact, the stable characteristic
function method error appears to be consistent, regardless of the scaling properties of the

coherence function.
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Figure 4.5.4.: Average errors € = (|&s — a|) /a for stable characteristic function method
estimate &g. Plotted as a function of different sample intervals t, = k7t /300,

k=1, ..., Kwith a =1.0.
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Figure 4.5.5.: Average errors € = (|&s — «|) /a for stable characteristic function method
estimate &g. Plotted as a function of different sample intervals t, = k7t /300,

k=1, ..., Kwitha =1.5.
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Figure 4.5.6.: Average errors € = (|&s — «|) /a for stable characteristic function method
estimate &g. Plotted as a function of different sample intervals t, = k7t /300,

k=1, ..., Kwitha =109.

The testing on stable coherent noises lends credence to the use of characteristic function
methods over Hill's estimator. Whilst it is known that Hill's estimator is not accurate for
stable processes as « — 2, it was not known the extent to which memory would further
affect it. It has now been shown that it does make a significant difference. Conversely, the
stable characteristic function method is not only more accurate for sets of iid stable random
variables, but is more robust for stable coherent noise. Such a result further supports the
use of characteristic function methods for identifying the stability index near the stable

threshold o = 2.

46 SUMMARY

In this chapter we have introduced a novel means of producing stable coherent noises.
This has been done via the ratio methods, which initially generate realisations of Cauchy
coherent noises. We have shown that the calculated joint pdf's of the 1st and 2nd ra-

tio methods reflect the observed behaviour precisely and offer a model for the 3rd ratio
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method. The empirical properties of the realisations produced by the 3rd ratio method
have been investigated, by calculating the probability distribution, structure function and
coherence function. As expected, the resultant realisations are J-correlated, but do exhibit
dependency that can be quantified by the coherence function. This lends credence to the

use of the coherence function in general as a means to measure memory for stable processes.

The resulting sample coherence function has been modelled accurately by an exponential
decay function when using the structure constant v = 0.5. This also allowed us to relate
the scale constant of the input autocorrelation function to the scale constant of the output
coherence function. Such a result means Cauchy coherent noises can be generated with

some target coherence function (not necessarily exponential).

We have shown that rank-replacing the elements of the realisation of a Cauchy coherent
noise with those from a realisation of iid general stable random variables will conserve the
memory whilst imprinting the desired distribution onto the process. The method is flawed
in its ability to calculate the subsequent pdf, but still offers an adequate tool to generate

a process with desired empirical properties.

The synthetic Cauchy coherent noises have then been used to investigate how memory
affects tail-estimation methods for stable coherent noises. The methods described allowed
us to complete the investigation from which was not possible without stable
coherent noise. It was shown that memory does have an effect on the ability to measure
the stability index using both Hill's estimator and characteristic function methods. It was
observed, however, that characteristic function methods are more robust to the effect of

memory.

The results from this chapter allow us to test the proposed theory to predict the zero-
crossing statistics of stable coherent noise. Whilst we saw in that estimating
the stability index accurately for stable processes is highly problematic, by generating the

stable processes synthetically we can know the value innately. This is invaluable as it

ensures testing of the theory in is optimal in choices for & and 7.
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ZERO-CROSSINGS

Established work into the zero-crossing statistics of a Gaussian coloured noise was discussed

in [section 2.4 We saw McFadden's formula (Equation 2.4.5) could be solved for a Gaus-

sian coloured noise by using Van Vleck's theorem ([Equation 2.4.10) and Rice’s formula

(Equation 2.4.11)). In this chapter, we will build on the precepts of Hopcraft and Jakeman

in [19] and introduce generalisations of Van Vleck's theorem and Rice's formula for a sta-
ble coherent noise as functions of coherence. These will then be used to investigate the
technically more problematic case of predicting the zero-crossing statistics of non-Gaussian

stable processes.

We first restate McFadden's formula. Let {X(t)} be a stationary continuous stochastic
process with zero mean. Then the zero-crossing pdf's P,(T) are related to the clipped

autocorrelation function R(7) and the mean crossing-rate B by

R'(D) _ & yip (e
i _n;)( 1)" Py (7). (5.0.1)

Here P,(T) is the pdf of the crossing intervals between the mth and (m + n + 1)th zeros

form =1, 2, .... Asdiscussed in[subsection 2.4.1] by assuming independence of intervals,

Py(T) can be solved via the inverse Laplace transform

Po(t) = L7 [%} (5.0.2)

where

R"(T)]

s = £ |55
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5.1 GENERALISING VAN VLECK’S THEOREM AND RICE’S FORMULA

We saw in [subsection 2.4.2| that [Equation 5.0.2| can be solved for a Gaussian process using

Van Vleck’s theorem and Rice's formula, both of which are functions of the Gaussian

process’ autocorrelation function.

5.1 GENERALISING VAN VLECK’S THEOREM AND RICE’S FORMULA

In order to solve McFadden's formula via [Equation 5.0.2| for a stable coherent noise, the

clipped autocorrelation R(T) and the mean crossing-rate B must be determined. Here
we introduce and describe the theoretical framework from Hopcraft and Jakeman in [19].
These equations describe the statistical properties of zero-crossings (and return-times) of

stable coherent noises, taking advantage of the coherence function 7(T) introduced in
Section 2.2.2

For the mean-crossing rate 3, by noting the coherence function has expansion
r(t)=1—-kt+0 <T2>

for T &~ 0, Hopcraft and Jakeman showed that

dka (1 g*t 1+q‘
= | dg. 51.1
B= 0 ) o @ 511

This is a generalisation of Rice’s formula. We can scrutinise the validity of [Equation 5.1.1

by considering what happens for the Gaussian case where « = 2. To do this, we are first
reminded that, for the Gaussian case, the autocorrelation function and coherence function

are related by
2r(7)
a(t) = ——5+—.
(%) 1+ 72(1)
By inserting the expansion of the autocorrelation function,

a(t)=1- @Tz—l—O <T3> ,

(5.1.2)

into [Equation 5.1.2| we see that

r(t)~1—4/—a"(0)t+ 0O <T2>

for T 2 0 and therefore k = \/—a”(0). By inserting this (and & = 2) into|Equation 5.1.1}

the mean-crossing rate is

W
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which corresponds to the Rice's formula, derived directly from the joint pdf in |[Appendix C|
Similarly, Hopcraft and Jakeman showed that the clipped autocorrelation function for a

symmetric stable process is

1|r([)’0‘/ qlx ! ‘1 q‘
R(t) = lo d 513
( ) 7_(2 0 1 ‘7"( )|aq“ g 1 q q ( )

where 7(T) is the coherence function and « is the stability index. As is the case with

[Equation 5.1.1] the integral in [Equation 5.1.3| reduces to Van Vleck’s theorem when we

consider the special Gaussian case. Consequently, we have expressions for both the clipped
autocorrelation function R(T) and the mean-crossing rate f§ for stable coherent noises. Ex-
amples of the generalised forms of Rice's formula and Van Vleck's theorem being evaluated

for several analytical coherence functions can be found in [15].

5.2 THEORETICAL CROSSING STATISTICS OF A CAUCHY PROCESS

5.2.1 Identifying an exponential coherence

To calculate the integral expressions for the generalisations of Rice’s formula in
tion 5.1.1  and Van Vleck’s theorem in [Equation 5.1.3| an analytical coherence function is

required. For the purposes of our investigation, we therefore need to identify an analyti-

cal model for the coherence function of the Cauchy coherent noise produced by the ratio

method described in lsubsection 4.2.3l

To do this, a Cauchy realisation X = {X3, ..., X} ~ C(0,1) is generated using the

ratio method. The input Gaussian processes have identical autocorrelation function
a(7) = exp(—K21?)

where k, is the scaling constant which is defined in terms of the parameter 15 such that
k, = \/bg7(2)/’(0.5 and a(tp5) = 0.5. To ensure there is sufficient statistical information
to make an informed decision regarding the coherence, a large 1y 5 is chosen so that there is
significant memory in the process. Additionally, a large enough 7 is chosen such that there
is a significant amount of total data and the dependency structures are small compared

to the total sample size. Specifically, 95 = 64 and n = 22* ~ 16,800,000 are selected.
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Realisation of Cauchy coloured noise
20 \

10

Xy

—10

—20

0 100 200 300 400 500 600 700 800 900 1,000
t

Figure 5.2.1.: Realisation of a Cauchy coherent noise X = {X;}/_; generated by ratio
method, plotted for t = 1, ..., 1000. Zero-crossings highlighted in red
circles. Note that this only displays a small portion of the entire process,

which has 1 = 224 elements.

The realisation is plotted in [Figure 5.2.1{for t = 1, ..., 1000. The zero-crossings in this

interval are identified and circled.

To identify the coherence function, we remind ourselves that it was proposed in [19] that
the coherence is related to the fractional moments by
(X() =X+ _ f201-n*""
. = (5.2.1)
(X1 147
where 7 is the coherence, « is the stability index and v € (—1, &) is the structure constant.

It was shown in that the choice of o has an effect on the output coherence

when inverting the sample structure function in [Equation 5.2.1]to solve for r. We therefore

express the sample coherence as a function of both T and v, such that r = r, (7). This is

displayed in [Figure 5.2.2, where r,,(7) is plotted for v = —0.5, 0.1, 0.5, 0.9. It is impor-

tant to note that this isn't true for the underlying coherence, which is defined in terms of
the joint characteristic function and makes no reference to 7. It is instead an artifact of

its calculation through fractional moments. The result is that to properly investigate the
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Sample coherence for different structure constants
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Figure 5.2.2.: Sample coherence function 7. (T) plotted for various structure constants .
From this it is clear there is a need to choose an optimal <y that best models

the empirical behaviour.

zero-crossing theories put forward, an optimal v must be selected from the allowed interval

(=1, a).

To do this, we assume the general form of Van Vleck's theorem in[Equation 5.1.3|is correct.

As the underlying distribution is Cauchy, its stability index is « = 1 and the general form

of Van-Vleck's theorem can be simplified to

_Ar(T) (> 1 144
R(t) =3 /0 1+q‘r(T)|log‘ﬂ‘dq. (5.2.2)

Whilst it is difficult to express an analytical inverse function of [Equation 5.2.2| that would

map the clipped autocorrelation R to the equivalent coherence r (to find an analytical
function f~! such that r = f~1(R)), it is possible to approximate it numerically.
can be computed for an arbitrary number of choices for input ¥ € [0,1]. Then
there is a discrete set of mappings from specific coherences to clipped autocorrelations,
and therefore a discrete inverse mapping {rq, ..., 11} < {Ry, ..., R;}. Then for an

arbitrary clipped autocorrelation R(T) on the interval R; < R(T) < Rjy1, it is possible to
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Comparison of sample coherence functions
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Figure 5.2.3.: Sample coherence functions for structure constants v = 0.2, 0.3, 0.4, com-
pared with the coherence s required to produce the empirical clipped auto-

correlation.

approximate r(T) by considering a linear interpolation from (R;,7j) to (Rjy1,7j41)-

Using this linear interpolation, it is possible to therefore identify the coherence required
to compute the sample clipped autocorrelation. Using the generated correlated Cauchy
process X = {Xj, ..., X,} and its subsequent clipped process T = {Ty, ..., Ty}, the

sample clipped autocorrelation is

1 n—t
RS(T) = <TtTt+T> = P 2 T]'Tj-{—*r-
=1

Using the linear interpolation methods with incremental coherence inputs of Ar = 0.01, an
approximation of the coherence that would result in Ry is calculated, and denoted 7. To
determine the optimal -y to calculate the sample coherence 7, 75 is compared directly with
r., for different choices of 7. Specifically we alter 7y in increments of 0.1 from v = —0.9
to v = 0.9. We compare 75 to ., for several specific values of -y in [Figure 5.2.3] From
this it is concluded the optimal structure constant is v = 0.3 (to 1 dp). In order to fit an

analytical model to the optimal sample coherence rg3, it can be plotted on a logarithmic
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Exponential model of empirical coherence
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Figure 5.2.4.: Sample coherence ry3 and exponential fit 7, plotted on a logarithmic scale.

This displays the coherence behaves exponentially.

scale, as seen in [Figure 5.2.4] By doing so, it is apparent that an exponential decay model

offers a good approximation. We denote the exponential model 7, such that
rm(T) = exp(—ki7)

where k1 > 0 is some scaling constant. We choose k; such that r,,(7) = ro3(7) ~ 0.5
occurs at the same lag 7. We see that 7o 3(24) = 0.5042 and therefore choose k1 = 0.0285
such that r,,,(24) = 0.5042 also. The optimal sample coherence r( 3, the desired sample

coherence r; and the exponential coherence model r,, are plotted alongside each other
in [Figure 5.2.50 It is concluded that the resultant Cauchy process produced by the ratio

method has a coherence function that is accurately modelled by an exponential decay model

Ym.

5.2.2  Predicted crossing statistics of a Cauchy process

In [subsection 5.2.1] we saw that the coherence function of a Cauchy coherent noise pro-

duced by the ratio method is well modelled by an exponential function. Because of this, the

theoretical crossing statistic measures introduced in can be calculated explicitly.
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Coherence

Figure 5.2.5.:

Comparison of coherence models
1g T T T T T T T T T
—T03
T
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Lag T

Sample coherence g3, an exponential model r,,, and the sample coherence
required to produce the empirical clipped autocorrelation rs. The exponen-
tial model is 7, (T) = exp(—0.02857). The consistency between all three
shows that the exponential model is an appropriate model for the underlying

coherence.
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We shall henceforth assume r(7) = exp(—k1T) where k1 > 0 is the exponential scale

constant.

The general form of Rice’s formula for the mean crossing-rate of a stable coherent noise is

expressed as an integral expression in [Equation 5.1.1] For a Cauchy process, this can be

simplified by inserting the stability index & = 1 into [Equation 5.1.1] such that
4k 1 1 + q
== 51
2k
2

where k is a scale constant of the linear expansion of the coherence function about the
origin, such that r(t) = 1 — kT + O(7?). Equivalently, k = |#/(0)| (as we know r <
1). This is therefore equal to the exponential model scale constant ki, because #'(7) =
—kyexp(—k1T). It follows that the mean crossing-rate for a Cauchy process with an
exponential coherence is

_ (5.2.3)

where k; is the exponential scale constant.

The general form of Van Vleck's theorem for a stable coherent noise is expressed as an

integral expression in [Equation 5.1.3] For a Cauchy process where & = 1, this simplifies to

4] |/ 1+q'
R(7) d
© 1+q\ g7

By inserting an exponential coherence function, this further simplifies to

4> 1 1+g¢g
R(7) = ?/0 q + exp(kiT) log'l —q

Using the clipped autocorrelation function and mean crossing-rate, we can investigate the

dq. (5.2.4)

pdf of the zero-crossings using McFadden's formula in [Equation 2.4.5| By differentiating

[Equation 5.2.4] twice it follows that

2 00 _
R"(t) = ﬂ exp (k1 T)/ exp(kit) qs logH—_H]‘dq
7 0 (g+expliaT)) 7

which, from [15], is equal to

R//( )

4 (k1 coth(ki7) — 1) . (5.2.5)

2 sinh(k17)
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Therefore (by [Equation 5.2.5 and [Equation 5.2.3))

RH(T) . ki [ kq COth(le) —1
46 2 ( sinh(k;7) )

and

o= [

k% + 82 s ,(8S— k1
mh e () 20

where 1 is the digamma function. The pdf of the zero-crossings can be found through the

k1

2

inverse Laplace transform

Py(t) = L7} [15(—23)} . (5.2.7)

The business of inverting the Laplace transform is a difficult operation to do analyti-
cally but can be done numerically via Talbot's method by assuming an analytical form
of g(s)/(1 — g(s)) (which we have done by approximating using exponential functions).
A mathematical explanation of Talbot's method is discussed in [Appendix E|

The final quantity to calculate is the persistence parameter 6, as described in
tion 2.4.3] We first define a normalised value of 6 by

such that [Equation 5.2.6| becomes

which is clearly no longer dependent on the scale factor ky. In [15] the Newton-Raphson

method [57] is used to solve [Equation 5.2.8|for ¢(8) = 1, with result § ~ 0.256, such that

the persistence parameter is

6 ~ 0.256 k; (5.2.9)

for a Cauchy process. We have therefore presented the theoretical framework to calcu-
late the key crossing-statistics of a Cauchy coherent noise with an exponential coherence

function. These results can subsequently be checked against simulation results.
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5.3 SAMPLE CROSSING STATISTICS OF A CAUCHY PROCESS

The theoretical framework surrounding the zero-crossing statistics of stable coherent noises

is now compared to the sample statistics produced by synthetic Cauchy coherent noises.

To generate the Cauchy processes to be tested, the 3rd ratio method from [subsection 4.2.3|

is used. We repeat the testing methods 6 times on realisations with 7 = 2'8 elements. As
we wish to test the effect of memory on zero-crossings, the scale of the memory is altered
for each realisation by adjusting the autocorrelation of the generating Gaussian processes.
This is quantified by the value Ty 5, such that the autocorrelation function of the generating
Gaussian processes is

a(1) = exp(—k31?) (5.3.1)

where k, = \/log(2)/71p5. The testing methods are repeated for 195 = 4, 8, 16, 32, 64,
128, labelled j =1, ..., 6 respectively for convenience. For each case, a model coherence

function is fitted to the data. This is then used to calculate the theoretical crossing statis-

tics using the methods from [subsection 5.2.1| The raw data is then used to calculate the

sample crossing statistics using the methods from [subsection 5.3.1]

The success of the theory is judged on its accuracy in predicting the clipped autocorrelation
R(7T), mean crossing-rate B, persistence factor 6 and zero-crossing pdf Py(7). Additionally,

the correlation between successive zero-crossing times is calculated as a measure of the

accuracy of McFadden's assumption in [Equation 2.4.7|

5.3.1 Calculating sample crossing statistics

To calculate the sample crossing statistics of a realisation, we now introduce simple means
to compute the zero-crossings of a discrete-time signal. Let X = {Xy, ..., X,} be a
discrete-time signal and T = {Ty, ..., T,} be its equivalent clipped signal. Subsequently,
define a new signal IT = {I1y, ..., I1,} by
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As T; € {—1,1}, it follows that IT; € {—1,1} and, more precisely, IT; = —1 iff there is

a sign change from Tj_1 — T; such that there is a zero-crossing at X;.

The signal IT can be transformed to a string of 0's and 1's by a linear mapping IT — A

where

Then the resulting process A is the identifier signal of X, such that A; = 1 indicates a

zero-crossing at X; and Aj=0 indicates no zero-crossing at X;.

Subsequently, let F denote the find function, such that Fa(m) is the location of the mth
A; = 1inthe signal A, and let F = {FA(1), ..., Fa(m)} be the find signal, where m is
the total number of 1's in A. For the purposes of our investigation, F is calculated using

the inbuilt MATLAB “Find” function [58].

The set of zero-crossing intervals (or return-times) T = {1y,..., Ty,_1} is defined by
T = FA(j+1) = FA(j)-

The pdf of the zero-crossings Py(T) is then calculated directly from 7. The mean return-
time (T) is calculated by the expected value of T, which is then used to calculate the mean
crossing-rate B = 1/(7). The correlation between subsequent crossings can be calculated
by pr = ([1j — (T)][7j+1 — (1)]) /02 where 02 is the variance of T, as a means to test

McFadden's assumption.

To get an intuitive idea about how they are used and calculated, we compute each of the

objects for a small example realisation

X ={04,0.3,-0.2,—-0.1,-0.1,1.6,—0.4, —0.2}.
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Then the subsequent objects to investigate the zero-crossing statistics are

T={11-1,-1,-1,1,—1,—1},
m={1,1,-1,11,-1,-1,1},
A ={0,0,1,0,0,1,1,0},
F={3,67},
T=1{31}.

It is these objects that are henceforth used to calculate the sample statistics of zero-

crossings.

5.3.2 The coherence function

For each Cauchy realisation the coherence is calculated and modelled by an exponential

function r,,(T) = exp(—kiT) using the methods described in [subsection 5.2.1 In each

case, the optimal structure constant <y and resulting scale constant ki are recorded in
[ble 5.3.1] The sample coherences and exponential models for each sample are compared
in[Figure 5.3.1] A comparison between the exponential models on the same axes is plotted
in [Figure 5.3.2] We see that for every case the optimal structure constant is v = 0.3 and

this produces a coherence that is well modelled by an exponential function.

It is observed in[Table 5.3.1]and [Figure 5.3.2|that the scale of the coherence is approximately

inversely proportional to Ty 5 of the input autocorrelation function. This can be understood

further by producing a scatter plot of the pairs (k;, k1) for each realisation, where k; is the

autocorrelation scale constant in [Equation 5.3.1] A linear plot ky = m,k, + ¢, is fitted

and plotted in [Figure 5.3.3] Using least-squares regression analysis, the linear parameters
are determined to be m, = 2.200, ¢, = 0.000 to 3 dp. The relationship between k; and

k, is therefore approximately k1 = 2.200 k,.
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Figure 5.3.1.: Plots of empirical coherence r, calculated by optimal structure constant 7

against the proposed exponential model r,, such that 7, (T) = exp(—k1 7).
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j| Ts5 | v kq

1| 4 [03]458-107!
2| 8 [03[228-10°!
3|16 |03 |1.14-107"
4|32 (03|570-1072
5| 64 |03]285-1072
6128 | 0.3 |1.43-1072

Table 5.3.1.: Record of results of Cauchy coherent noises and their exponential coherence

Coherence r

Figure 5.3.2.:

model. For each realisation, we record the parameter 1p5 of the Gaussian

coloured noise, the optimal structure constant 7y and the exponential model

scale factor k.

Comparison of coherences

1 T T T

0.8}

0.6

0.4

0.2

T T T T T T

0O 20 40 60

80 100 120 140 160 180 200

Lag T

Comparison of exponential models for coherence for j = 1, 2, 3, 4, 5, 6,

with respective scale constants k; = 0.458, 0.228, 0.114, 0.0570, 0.0285,

0.0143.
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Relationship between k; and k;
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ka

Figure 5.3.3.: Scatter plot of pairs (k,, k1) where k, is the scale constant of the input
autocorrelation function a(t) = exp(—k27?) and kj is the scale constant
of the resulting exponential model (7) = exp(—k17). A linear relationship
is fitted, such that k; = myk, + ¢, where m, = 2.200 and ¢, = 0.000 to 3
dp.
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kq Bs B
458-107119.31-1072 | 9.29-102
228-1071 | 4.68-1072 | 4.62-1072
1.14-1071 | 235-1072 | 2.31-1072
570-1072 | 1.17-1072 | 1.16 - 102
2.85-1072 | 5.86-1073 | 5.77-1073
1.43-1072(293-1073 | 290-1073

N | O | =W DN =~

Table 5.3.2.: Record of results of sample crossing-rate B and predicted crossing-rate .

5.3.3 Mean crossing-rate

The first quantity to investigate is the mean crossing-rate 5. For each realisation, the

sample crossing-rate is calculated by Bs = 1/(t). Using the exponential model, the
predicted crossing-rate is
2kq
Pn ="z -

The sample crossing-rate and predicted crossing-rate are recorded for each realisation in
[Table 5.3.2 It is seen that for every realisation the predicted mean crossing-rate is very
close to the sample crossing-rate. The maximum error occurs in the j = 3rd realisation,
which corresponds to an error of just 1.73%. It is therefore concluded that the theory is

successful in predicting the mean crossing-rate.

5.3.4 Clipped autocorrelation

Next, the clipped autocorrelation R(T) is investigated. For each realisation, the sample

clipped autocorrelation function is

1 n—t
RS(T) = <TtTt+T> = I Z TjTj—Q—T
=i

where T = {T1, ..., Ty} is the clipped signal of the realisation X. The predicted

clipped autocorrelation for a Cauchy process with an exponential coherence function is

Ry, (T), as defined in [Equation 5.2.4, A comparison of the sample and predicted clipped
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Pt 05 Om
—151-1072 | 1.24-107! | 1.13-107!
—1.66-1072 | 6.24-1072 | 5.61-1072
—1.72-1072 | 3.14-1072 | 2.80- 1072
—1.32-1072 | 1.52-1072 | 1.40- 1072
~1.86-1072 | 7.85-1073 | 7.01- 1073
~1.87-1072|3.93-1073 | 3.52.1073

(@)Y (6] 15N W N —_ |~

Table 5.3.3.: Record of correlations between succesive return-times for each realisation, and

sample and predicted persistence parameters.

autocorrelations are plotted in for each realisation. For every sample Cauchy
process, the prediction is accurate for small T where coherence is largest. This is significant
as this region displays the most significant correlations and is chiefly responsible for the zero-
crossing behaviour. There are slight errors in the tail of the clipped autocorrelation. This
is a result of minor discrepencies between the exponential coherence model and the sample

coherence in the tail. Such errors are not worrying in the context of this investigation.

5.3.5  Probability density and persistence factor

Using McFadden's formula, the clipped autocorrelation and mean crossing-rate can be used
to calculate the zero-crossings pdf. McFadden's formula is constructed using the assump-

tion that return-times are independent. This is used for the geometric progression equation

in [Equation 5.0.1] Therefore, before solving [Equation 5.2.7| to predict the zero-crossings

pdf, it is useful to calculate the correlations between successive return-times. For each
realisation, the correlations between successive return-times are listed in [Table 5.3.3| It is
clear that the correlations are relatively insignificant, such that |p-| < 0.02 for all cases.

This ensures the approximation in McFadden's formula is appropriate for all the realisations.

By choosing appropriate bin sizes for the set of return-times T the sample zero-crossings

pdf Py is produced. The means of deciding what bin sizes are appropriate is discretionary,
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5.3 SAMPLE CROSSING STATISTICS OF A CAUCHY PROCESS

Figure 5.3.4.: Plots of sample clipped autocorrelation Rs(7) = (T;Ti1r) against the pre-

dicted clipped autocorrelation function R, calculated by |[Equation 5.2.4|

137



54 SUMMARY

but we chose evenly spaced scaled intervals such that the central region is non-volatile for
the linearly scaled axes, and the tail region is non-volatile for the logarithmically scaled axes.
This allows for an accurate comparison between the predicted and observed behaviour. By
plotting Py s logarithmically and choosing an appropriate region upon which to fit an expo-
nential tail, the sample persistence factor 6 is calculated such that Pys(7) ~ exp(—6sT)
as T — oo. The pdf predicted by the exponential model, Py ,, (), is calculated by using
Talbot’s method (described in to solve [Equation 5.2.7l The predicted per-
sistence parameter 6,, is calculated by [Equation 5.2.91 The sample and predicted pdf's,
as well as the fitted exponential tail, are plotted on a linear scale in and on
a logarithmic scale in [Figure 5.3.6] The predicted and sample persistence parameters are
tabulated in [Table 5.3.3

From |Figure 5.3.5 is is clear that the model predicts the empirical behaviour very suc-

cessfully for central values. There are very few discrepencies to address with any serious
concern. In [Figure 5.3.6| we see that the model is also accurate in the tail of the pdf,

which is exponential as predicted in [subsection 2.4.3] There are minor errors between the

predicted and sample persistence factor, but only up to a maximum error of 12.1% for

j = 3. These errors are noticeable, but not overwhelming when inspecting the logarithmi-

cally scaled plots in [Figure 5.3.6|

It is concluded that the novel theory of coherence is successful in predicting the zero-
crossing statistics of Cauchy coherent noises. By choosing an optimal coherence function,
we have managed to produce accurate predictions for the mean crossing-rate B, the clipped
autocorrelation function R(T), the zero-crossings pdf Py(T) and the persistence factor 6.
The results validate the generalisations of Rice's formula and Van-Vleck's theorem for

symmetric stable processes, and the use of McFadden's formula.

54 SUMMARY

In this chapter we investigated the novel problem of predicting the zero-crossing statistics

of a non-Gaussian stable coherent noise. To do this, generalised forms of Rice's formula
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and Van-Vleck's theorem were introduced for symmetric stable processes, as means of solv-

ing McFadden's formula. Both objects were expressed in terms of the coherence function.

These methods were then applied to Cauchy coherent noises produced by the ratio method
from [section 4.2 We were able to model the resultant processes’ coherence function with
an exponential function. By using this analytical model, we were then able to calculate
Rice's formula, Van-Vleck's theorem and the theoretical persistence factor for a Cauchy

coherent noise.

The predictions made by the generalisations of Rice's formula and Van-Vleck's theorem
were compared directly with the sample crossing-rate and clipped autocorrelation in
ftion 5.3| Additionally, they were used in conjunction with McFadden's formula to predict
the zero-crossings pdf, which was then compared with the sample zero-crossings pdf. In
all testing, the theory made accurate predictions of the zero-crossing properties. Such
results validate the work in [19] as a means to encapsulate the memory in symmetric stable

processes.

In summary, the results corroborate the few analytical properties that are known about non-
Gaussian stable zero-crossings. We have shown that there exists a coherence function for
a Cauchy coherent noise which, when combined with the theory of Hopcraft and Jakeman,
and McFadden’s formula, can produce an extremely accurate model of the zero-crossings.
These validate the generalisations of Rice's formula and Van-Vleck's theorem for symmetric

stable processes.
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CONCLUSION

In this thesis we have investigated a proposed method to predict the zero-crossing statistics
of stable coherent noises. Whilst work into the case of Gaussian stable processes is well
established, we looked at the case of non-Gaussian stable processes, and the novel means
of approaching it proposed by Hopcraft and Jakeman in [19]. To do this, we investigated

several distinct areas.

We first introduced the existing work into zero-crossings of heavy-tailed stochastic pro-
cesses, covering several distinct areas, in [chapter 2] As a means to identify the heavy-tail
index of heavy-tailed random variables (and processes) we introduced Hill's estimator based
on upper-order statistics. The set of stable distributions were defined, and coherence was
defined in terms of the joint characteristic function. Fourier Filtering was introduced as a
means of generating (non-stable) heavy-tailed processes with a prescribed target autocor-
relation function. The crossing statistics of Gaussian coloured noises were discussed, with
specific reference to McFadden's formula, Van Vleck's theorem and Rice's formula. These
topics were introduced as the fundamental framework required to investigate the novel case

of non-Gaussian stable processes.

In we looked at the caveats in identifying the heavy-tail index. Hill's estimator
was reviewed under different circumstances, allowing us to understand its flaws. We saw
that whilst it performed well in idealistic settings (for large sets of iid non-stable random
variables), its efficiency could be significantly affected if it wasn't. For stable processes, it
struggled as the stability index approached the stable threshold (as @ — 2). As an alter-

native we introduced the known characteristic function fitting method for stable processes.
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Using this framework, we generalised the work to consider the characteristic function of
non-stable heavy-tailed processes. The resulting work was used to propose an algorithm for
calculating the heavy-tail index of a general heavy-tailed process. The expected behaviour
and the potential pitfalls of the approach were investigated by considering the algorithm

around the stable threshold & ~ 2.

All three methods (Hill's estimator, stable characteristic function methods and general
characteristic function methods) were tested on a range of synthetic data sets with varying
(known) properties, in order to comment on each of the estimator’s viability as a candi-
date to estimate real-world empirical data. It was shown that memory, data set size and
proximity of the heavy-tail index to the stable threshold affected all of the methods with
varying degrees of severity. It was concluded that characteristic function methods and
Hill's estimator should be used in conjunction with each other to accurately estimate the
heavy-tail index of a process, depending on the circumstances. The methods were then
used to investigate the case of the IBM daily return price over a 10-year period, which was
purpotedly well modelled by a stable distribution in [51]. In this case both Hill's estimator
and the characteristic function methods agreed the data was asymptotically non-stable
and that it would not be useful to consider such data sets to investigate zero-crossings of

non-Gaussian stable processes.

The results from prompted a need to generate synthetic non-Gaussian stable
processes. A means of doing this was introduced and discussed in [chapter 4 We began by
describing the well-known method of generating a Cauchy random variable via the ratio of
two independent Gaussian random variables. This methodology was extended to consider
the case of the ratio of two Gaussian coloured noises (that are themselves independent of
one another). The resulting process was shown to be a Cauchy coherent noise, and the
method for producing it was denoted the ratio method. The empirical properties of the
Cauchy coherent noise were investigated, and it was shown that the presence of disconti-
nuities made its use undesirable. We showed that by considering a positive denominator

process these problems could be overcome.
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The resulting optimal Cauchy process’ empirical properties were then investigated, espe-
cially in the context of Hopcraft and Jakeman's proposed coherence function. We showed
that the resulting process had the key properties expected of a Cauchy process - the correct
sample distribution, a d-correlated sample autocorrelation function and significant excur-
sions from the 0-axis. It was shown that the joint probability density function of the process
could be modelled and used to estimate the sample structure function with accuracy. The
sample coherence function was calculated, and we showed that an exponential decay func-
tion offered an accurate model for it. This allowed us to accurately map the scale of
the memory inherent in the generating Gaussian processes to the memory inherent in the
resultant Cauchy process. We then proposed a means to generalise the ratio method to

generate a stable coherent noise by rank-replacing the elements of a Cauchy coherent noise.

The Cauchy coherent noises were then used to investigate the tail estimation methods from
chapter 3| for non-Gaussian stable coherent noises (as we hadn’t been able to before). As
was the case for non-stable processes, it was shown that memory had a significant effect

on the ability of all of the estimators, as might be expected.

In we considered the problem of predicting the zero-crossing statistics of non-
Gaussian stable processes. It was shown that McFadden's formula could still be used to
estimate the zero-crossings pdf Py, but Van-Vleck's theorem and Rice's formula could not.
To alleviate this, generalisations of both Van-Vleck's theorem and Rice's formula, first
introduced by Hopcraft and Jakeman, were defined. The theoretical framework was then
tested on the synthetic Cauchy processes generated by the ratio method from [chapter 4]
It was shown that by choosing an optimal structure constant, the coherence could be mod-
elled by an exponential decay function (as done previously), and such a function could be
used to accurately predict both the mean crossing-rate and clipped autocorrelation. By
using Talbot's method and McFadden's formula, the predicted zero-crossings pdf's were
compared with the sample zero-crossings pdf's. Here we saw that the theory was successful

in predicting the observed behaviour.
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6.1 FURTHER WORK

It was concluded from the investigation that the theoretical framework introduced by
Hopcraft and Jakeman in [19] could be used to successfully predict the zero-crossing statis-

tics of Cauchy coherent noises. Potential improvements on the investigation and scope for

future work are discussed subsequently in [section 6.1]

6.1 FURTHER WORK

6.1.1 Improving the characteristic function method

The characteristic function methods introduced in have been shown to have
value in their ability to estimate the heavy-tail index of both stable and non-stable heavy-
tailed processes. There remains scope to improve the methods however, especially when
the heavy-tail index is outside the stable regime, such that & > 2 and integer moments are

subtracted from the empirical process.

Whilst in we have shown that choosing an optimal region improves the methods,
we have not yet proposed a method to uniformally select this optimal region. If this can be
done, then the characteristic function method can be investigated with an increased level

of scrutiny in its ability to rival Hill's estimator for non-stable processes.

It is also noted that our investigation often deals with single realisations of the characteristic
function method, and often does not look at the ensemble average of the error compared
to Hill's estimator. By introducing a means to select an optimal region, this could be done

and a more rigorous comparison with Hill's estimator could be achieved.
There are therefore several signficant areas in which the characteristic function method

could be improved and investigated further. This is an avenue of potential future research,

with a more complete picture of the characteristic function method desirable.
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6.1 FURTHER WORK

6.1.2  Calculating the coherence and the role of optimal v

In jsubsection 2.2.2| the coherence between dependent stable random variables is defined as

the quantity r that satisfies the joint characteristic function

ot,t2) = e (1

~ (|t1+rt2|"‘+|rt1+t2|“)> (6.1.1)
where & € (0,2] is the stability index. For the Gaussian case with & = 2 the joint

characteristic function reduces to

P(t1, 1) = exp (—A {t% +85+2 (%) tltz}) : (6.1.2)

It was proposed in [19] that the coherence can be calculated by using fractional moments

and the structure function, by solving
21— )\ _ {(X() — X(t+ 1))
_ . (6.1.3)
1+ (IX(H)[")
where —1 < 7 < a. The value r that solves |[Equation 6.1.3is labelled the sample co-

herence. Contrary to expectations, the sample coherence did not offer a single solution of
the coherence, and instead gave a range of solutions depending on the chosen structure
constant -y. Interestingly though, there was a certain choice of 7 that allowed the sample

coherence to successfully predict the zero-crossing statistics. There is therefore sufficient

evidence that [Equation 6.1.3| encompasses some of the properties of the underlying coher-

ence, but is not sufficiently robust for all choices of . This therefore provides sufficient

motivation and scope to investigate it further.

It is proposed that the reason for this inconsistency is due to the form of the joint character-

istic function in [Equation 6.1.1| used to calculate [Equation 6.1.3] Whilst for the Gaussian

case there is a unique joint characteristic function, as per [Equation 6.1.2] this is not true

for all stable random variables. For an n-dimensional general stable random variable, the

joint characteristic function is

(t) = exp (it 5 / walt - s)A(ds))
S
where § € R" is a location vector, A is a finite measure on the unit sphere S = {x € R" :
|x| =1}, and
we(t) = [¢* (1 +isgn(t) (1))
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6.1 FURTHER WORK

where
tan L% if o #1
2 7
p(t) =
2 Jog |t| if o =1.
This can be simplified to the joint characteristic function of an n-dimensional symmetric

stable random variable

o(6) =exp (= [[It-sn@s)).

It is proposed that the ratio method used to generate the stable processes produces a

process whose joint characteristic function is not exactly equal to the [Equation 6.1.1} and

hence [Equation 6.1.3| does not hold for any choice of —1 < 7 < a. Due to the success

of the coherence in estimating the zero-crossing statistics, it is clear that the joint char-

acteristic function is (at least) very well modelled by [Equation 6.1.1l Why a structure

constant 7y = 0.3 provides the best estimate of the coherence is therefore expected to be
an artifact of the underlying joint characteristic function and the differences between it and

[Equation 6.1.1]

This provides several areas to investigate in the future. Firstly, it becomes important to

clarify the joint characteristic function of the stable process produced by the ratio method.

This will allow us to understand how accurately [Equation 6.1.1|approximates the underlying

joint characteristic function, and why v = 0.3 allows us to extract the correct underlying

coherence.

Secondly, given the success in this thesis in predicting the zero-crossing statistics using

[Equation 6.1.1] there exists an opportunity to generalise the coherence measure for all

dependent stable random variables. By generalising the coherence and the theory in [19],
it may be possible to correctly predict the zero-crossing statistics of all stable coherent

noises.
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6.1.3 Generalising the ratio method

In the ratio method for generating a Cauchy coherent noise was introduced.
Specifically it was shown that for two Gaussian coloured noises {X ()}, {Y(¢)}, the ratio
of the processes, defined by

X(t)

U(t) := Y

will produce a Cauchy coherent noise {U(t)}. In we introduced a means to
produce a realisation of a general stable coherent noise by rank-replacing the elements of
a realisation of a Cauchy coherent noise. This method might be improved, such that a
general stable realisation is produced directly from the ratio method. To do so, we consider
the work into generating stable random variables in [59]. In this, a general stable random
variable is generated by the ratio of two Gaussian random variables. First, let X, Y be

Gaussian random variables with standard deviations o, 0y respectively. Then

X
ulx = |Y|1/lx
has the pdf
1 [ v uly
= — | == d
fUu( ) roxoy Jo Y exp[ (20_% 20_)2( y
such that

as |u| — oo. Note that for « € (0,2) this means the resulting process is asymptotically
stable, (but is not stable in general). In [59] the standard deviations oy, oy are adjusted
such that fi;, has the same tail as the stable distribution to be generated. Then n copies of
the random variable are produced such that Uj is the jth copy, and a new random variable

Z,, is defined by

1 n
nl/lx Zlu]'
=

Then Z,, is a random variable whose distribution converges to the desired stable distribution

Ly =

as 1 — oo (by the general CLT). It is proposed that this method can be adapted to produce

a coherent noise that is (at least asymptotically) stable. To do this we would simply adjust
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the current ratio method. If {X(t)} is a Gaussian coloured noise and {Y(t)} is a positive

Gaussian coloured noise then it would follow that, by defining

for 0 < & < 2, {U(t)} is a(n asymptotically) non-Gaussian stable coherent noise. The
exact nature of the resulting process would be of interest to investigate, especially regarding

the ability to use the method to generate a general stable coherent noise.

6.1.4 Testing on non-Cauchy stable processes

The results in this thesis offer an initial investigation into the zero-crossings of a single
type of stable coherent noises - specifically only Cauchy coherent noises have been tested
empirically. With the ability to simulate general stable coherent noises, there is now an
opportunity to investigate whether or not the theory continues to work for stable processes
with stability parameters throughout the stable regime. It would be interesting to have a
comprehensive review into this, and how a changing stability parameter might affect the
results. Furthermore, it would then be interesting to find out if it could be applicable to

real-world data sets that are purpoted to be non-Gaussian stable coherent noises.
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GLOSSARY

A.1 OPERATORS
Below we list non-standard or potentially confusing mathematical objects and operators.

f(x) ~ g(x) as x — oo: functions f and g are asymptotically equivalent up to some
positive constant, such that limy_,e f(x)/g(x) = k where k > 0 (20).

X ~ D: random variable X has distribution D.

X L Y: random variable X is equal in distribution to random variable Y.

IP(E): probability of event E.

(X): expected value of random variable X.

X — D: random variable X converges in distribution to distribution D.

A.2 TERMS

Below we list uncommon, novel or especially important terms that may require referencing,

along with the page number that first introduces or discusses them.

1st ratio method: see Ratio method.

2nd ratio method: (93).

3rd ratio method: ((96]).
2nd-order General Characteristic Function (GCF) method: (63).

a-tail index: see Heavy-tail index.
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A2 TERMS

Amplitude Adjusted Fourier Transform (AAFT) method: (32).
Augmented Dickey-Fuller (ADF) test: ([75)).

Cauchy coherent noise: see Coherent noise.

Change of Variable theorem: ([87))

Clipped function: ((36))

Coherent noise: (27))

Coloured noise: ([I5)).

Complementary characteristic function: (56)).

Continuous process: see Sample-continuous sample process.
Continuous-time process: ([13).

Discrete-time process: .

Empirical characteristic function: (50]).

Fourier Filtering Method (FFM): (27))

General Characteristic Function (General CF, GCF) method: (54)).
Heavy-tail index: ([20)).

Heavy-tailed: (20]).

Hill's estimator: (221

Iterative Amplitude Adjusted Fourier Transform (IAAFT) method: (32).
lterative Fourier Filtering Method (iFFM): (33)).

Log-Log Complementary Distribution (LLCD) plot:
Noise: see stochastic noise.

Pareto distribution: (22)

Persistence parameter: (39))

Rank-replacement method: ([111)).

Ratio method: ([88)).

Rice's formula: ([39).

Sample statistics: ((16)

Sample path:

Sample-continuous process: ([13).

Stable (distribution, random variable, process etc.): (23)).
Stable Characteristic Function (Stable CF, SCF) method: (50]).
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A.3 ACRONYMS

Stable coherent noise: see Coherent noise.
Stability parameter: ([23).
Stationary: ({13).

Stochastic noise: ([14).
Threshold ratio: (42)).

Truncated empirical characteristic function: (53)).

Van Vleck's theorem: ({39).
White noise: (14).

A.3 ACRONYMS

Below is a list of important acronyms that appear throughout the thesis. Their relevant

page number (if not common and required) are listed above.

AAFT: Amplitude Adjusted Fourier Transform.

acf: autocorrelation function.

ccdf: complementary cumulative distribution function.
cdf: cumulative distribution function.

cf: characteristic function.

FFM: Fourier Filtering Method.

GCF method: General Characteristic Function method.
iAAFT: iterative Amplitude Adjusted Fourier Transform.
iff: if and only if.

iFFM: iterative Fourier Filtering Method.

iid: independent and identically distributed.

LLCD: Log-Log Complementary Distribution.

pdf: probability density function.

pmf: probability mass function.

rv: random variable.

SCF method: Stable Characteristic Function method.
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VAN VLECK'S THEOREM

Here we derive the Van Vleck theorem for a Gaussian coloured noise [43]. Let {X(t)} be a
stationary Gaussian process with autocorrelation function a(7), mean y = 0 and variance
02 = 1. Then the Van Vleck theorem (or arcsine law formula) states that the clipped

autocorrelation function is

R(t) = %sin_1 a(t).

To prove this, let x(t) be the rectified clipped function such that

1 1 T(®) =0,
x(t) =5 (1+1() = (B.0.1)
0 T(t) <O.

where T(t) is the clipped function of X(t). The clipped autocorrelation function is defined
R(t) = (T(t)T(t+ 7)). By stationarity of T(t) it follows R(t) = (T(0)T(7)). Because
the product x(0)x(7) = 1 iff X(0), X(7) > 0 (and is O otherwise), the autocorrelation

function of x(#) can be calculated by

(x(Hx(t+1)) = / / (x,y) dx dy (B.0.2)

where m(x,y) is the joint density function of {X(#)}. The joint density function of a

bivariate Gaussian process with identical mean 1 = 0 and variance 02 =1, and correlation

pis

m(x,y) = ;exp (_(xz Y —2xyp)) . (B.0.3)

27t4/1 — p? 2(1—p?)

Therefore, for a Gaussian process with autocorrelation a(T), (x(#)x(t+ T)) can be eval-

uated by using [Equation B.0.3|in [Equation B.0.2{with p = a(T). The result is

(X(O)x(1)) = § + 5 sin " a(x). (B.0.4)
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By taking the expectation of x(0)x(7)

(X(O)x(1) = 3 + (TOT(V) = 7 + {R(). (B.05)

By equating [Equation B.0.4| and [Equation B.0.5| the clipped autocorrelation is

R(t) = % sin~! a(7) (B.0.6)

as was to be demonstrated.
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RICE'S FORMULA

Here we derive Rice's formula for a Gaussian coloured noise. Let {X(¢)} be a stationary
differentiable Gaussian process with autocorrelation a(T), mean u = 1 and variance 0> = 1.

Then Rice's formula [14] states that the mean crossing-rate of {X(t)} is

=1/ a(0).

s

To prove this, consider the behaviour of {X(t)} over the interval (f1,f; + 7). We may
choose T to be small enough, such that the behaviour of {X()} on this interval can be

sufficiently modelled by a straight line, such that
X(t) =k(t—t)+X(t)

where k is the linear gradient, such that

b= % = X0 _ {x(t1+r) —X(tl)}

dt T

on t € (t1,t1 + T). Suppose a zero-crossing occurs in this interval, such that X(f) = 0.

Then

X
b=t — (f)
X(t)
As we consider t € (t1,11 + T), it follows that
X(t)
t <t — —= <h-+T C.0.1
1<Hh X(5) 1+ ( )

Suppose X(t) > 0 (a positive slope where the signal is crossing from a negative value to

a positive value). Then, using [Equation C.0.1} it follows that

—X(t)dt < X(t1) < 0. (C.0.2)
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RICE’S FORMULA

Let g(X, X) denote the joint pdf of X = X(t;) , X = X(t). Then the probability of X,

X satisyfing [Equation C.0.2|is

© 0 . o« . .
/O dX/_thf(X,X)dX:dt/o XF(0, X)dX (C.0.3)

by assuming sufficiently small dt sucht that X ~ 0. Now suppose X(t) < 0 (a negative

slope where the signal is crossing from a positive value to a negative one). Then using a

similar methodology, the probability of X, X satisfying |[Equation C.0.2is

0
_dt /_ Xq(0, X)dX. (C.0.4)

By combining [Equation C.0.3} [Equation C.0.4} the mean crossing rate is

p= [ |X[q00%)ax. (C05)

This is the general expression for the mean crossing-rate of a continuous and differentiable
process. This formula can be directly applied to a Gaussian process by considering the joint

pdf q. The joint pdf g can be calculated directly from the bivariate Gaussian distribution

m defined in [Equation B.0.3| This is done by considering a sufficiently small time interval.

For convenience, let X = X(t), X = X(t) and Y = X(t+dt). Then for sufficiently

small dt, Y = X + Xdt. Through this, we consider the change of coordinate system
(X,Y) — (X, X). Then the determinant of the Jacobian is

X, Y)|
o(X, X) ' N

m=]

It follows that, if m(X,Y) is the joint density function of X and Y, then the joint density

function of X and X is

g(X,X) =limt m(X, X + Xt). (C.0.6)

t—0

[Equation C.0.6| can be evaluated if the joint density function m(X,Y) is known. For the

Gaussian case, this can be done by considering the bivariate Gaussian pdf in|[Equation B.0.3|

Rice showed that by inserting [Equation C.0.6|into [Equation B.0.3|that

9(X, X) = me’@ (‘% (X2 - %))

and therefore

: 1 X2
7(0,X) = meXp <2a”(0)) . (C.0.7)
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By substituting [Equation C.0.7|into [Equation C.0.5, the mean crossing-rate is

o 2 ‘
'B:—Zﬂ\/iT(O)Z/O Xexp(za),f—@)dX
1

— ——a”(O) (—a"(0))

—a"(0)

A= N

for a Gaussian coloured noise, as was to be demonstrated.
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COMPUTATION OF JOINT PDF OF CAUCHY PROCESS

In this we set out the methods used to produce the joint pdf of a Cauchy process, generated

from the ratio of two Gaussian processes with non-trivial autocorrelation in [section 4.2

D.1 METHOD 1

Method 1 refers to the ratio of two Gaussian coloured noises, as per [subsection 4.2.1] As

per [Equation 4.2.6| the joint pdf fi of the resultant Cauchy process U is calculated by

fu(uy, up) = /_ /_ fuv(uy, up,v1,v)dvidvy (D.1.1)
where
_ 0102 —1 2 2
fU,V(ulr Uun, 01, 02) = mexp m {Ul (1 —+ 1/l1>
+03 (1 + u%) —2pv102(1 + uluz)H : (D.1.2)

To assist with the evaluation of the integral expressions Mathematica was used. To evaluate

[Equation D.1.1] the following simplifications are introduced. For convenience, the region

of integration is denoted () = (—o0,00) X (—00,00). The following subregions, corre-
sponding to the four quarters of the plane, are also introduced: ()3 = (0,00) X (0, c0),
Oy = (—00,0) x (0,00), Q3 = (—00,0) x (—00,0), Qg = (0,00) X (—00,0). For these

subregions it is clear that

4
/ f(vl,vz) dUl d’()z = Z/ f(’()l,’Uz) d01 d’()z
o =17
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D.1 METHOD 1

for any integrable function f on Q). By inspecting |[Equation D.1.2} it is clear that

fuv(ur,uz,v1,v2) = fuv(u, uz, —v1, —v2) and fuy v (uy, uz, —v1,v2) = fuv (1, uz,v1, —02)

for all v1,v, > 0. Therefore

/Q fuv(uy, up,v1,v2)dvidvy = /Q fuv(u, up,v1,v2)dvidvy = I,

1 3

/Q fu,v(uy, up, v1,v2)dvrdoy = /Q fu,v(uq,up,v1,v2)dvrdvy = Ip.
2 4

It follows that
fu(uy,uz) =2(h + b). (D.1.3)

As v1,v5 > 0 on ) it follows that |v1v,| = v1v; and

L :%/()“/(J“vlvzexp [k {o? (1+u2) + 03 (1+13)

—20v10(1 + uluz)}}dvldvz (D.1.4)
where
1
S —
2(1—p?)
Similarly, as v; > 0 > v1 on ) it follows that |v1v;| = —v1v; and

h =% /Ooo /_Ooo(—vwz) exp |~k {0} (1+u) + 3 (1+13)

—20v102(1 + uqup)} } dvidov,

:% /Ooo /Ooo V103 exp [—k{v% (1 +u%> —f—U% (1 +u§)

(D.1.5)
—|—2p7)1?)2(1 + l/lluz)} } dvidv,.

By Mathematica, [Equation D.1.4| and [Equation D.1.5/can be evaluated as

hm gy (1 2L (T [0 )

~ 8kAT? VA 2 JA
I = ﬁ {1 + p(l 4\'/%1”2) (—27'[ +tan~! {—p(l —I\—/%wz)} ) } .

where A = (14 u2)(1+ u3) — p*(1 + uguz)?. Then, from [Equation D.1.3|it follows that

1= g e L ) o1 )
_ 2
= % {1 + p—(l —\i_/%luz) tan~! {—‘0(1 —\i_/%luZ)] } .
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D.2 METHOD 2

Then it is concluded that the joint pdf of Method 1 is

(1A—7£2) {1 L e ‘\i‘/%luz) ! {p(l j%luﬁ} }

fu(uy, uz) =

where

A= A(p,uy,up) = (1 + u%) (1 + u%) — 02 (1 + ugup)*.

D.2 METHOD 2

The 2nd ratio method refers to the ratio of a Gaussian coloured noise process with joint

pdf

_ 1 —1 2, .2
gx(x1,x2) = e exp {2(1 — ) {x1 + x5 2px1x2}] (D.2.1)

for x1, x> € R and a positive Gaussian coloured noise with joint pdf

1 1 (o,
gy(y1y2) = —— — {exp {—2(1 ) (i +13 291/1]/2)}

)
+exp [m (% +yr+ 2py1yz)} }

for y1,y2 > 0, and O otherwise, as per [subsection 4.2.2| Then the joint pdf of the Cauchy

coherent noise is
gu(uy, uz) = /o; /O:Ogu,v(ulfuz,?}llvz)dvldvz
where
guy = % {eXP {2(1_—% (U%(l +ui) + 051+ uj)
—200102(1 + uluz)ﬂ + exp {2(1_—_1102) (v%(l +u?) + v3(1 + u?)
+2pv105(1 — ulug)ﬂ } (D.2.2)

for uy,uy; € R, v1,v2 > 0, and 0 otherwise. It follows that

gu(m,uz):/o /0 Qu,v (U1, Uz, v1,v2)dvrdv;
1

:m(lﬁLb)
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D.2 METHOD 2
where
Y —1 2 2 2 2
Il e /0 /0 0102 eXp [m (Ul(l -+ ul) -+ 02(1 + l/lz)
—20v102(1 4+ uluz))} duvidoy,
00 00 _1
12 = /O [) 0102 eXp [m (U%(l —+ l/l%) —+ U%(l =+ u%)
+2pv10,(1 — u1u2)>] dvydvs,.

Using Mathematica, the integrals I;, I, can be computed to

, — POt )1 - p?)” F . VA 1 [p(l +u1u2)H

t
A3/2 2 p(l + uluz) +tan

[, = —pd—mu)( —p?)? [g VB [P(l — uluz)H

B3/2 2 p(1—uup)

where

A= Alp,ur,uz) = (1+ui) (1 +u3) — p*(1 + uu2)?,

B = B(p,u1,u2) = (1+ui)(1+u3) — p*(1 — uyu)*.

By summing I; and Iy, it follows that

10 [ p(l+uug) (7 VA
gu(uy, uz) = 272 { A3/21 : <E+p(1—|—u1u2)
L [etmu) ] _p(l—wmm) (7 VB
+tan! {T}) - Be/2z (E_{m
1 [p(1 = uquz)
- {TD} (D.2.3)

Then [Equation D.2.3|is the joint density function of the process produced by the 2nd ratio

method.
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D.3 METHOD 3

D.3 METHOD 3

Method 3 refers to the ratio of a Gaussian coloured noise with joint pdf hx(x1,x2) =

¢x(x1,x7) as per [Equation D.2.1{and a positive Gaussian coloured noise with joint pdf

1 —1
hy(y1,12) = ——— {eXp [— YT+ Y5 — 201192 ]
7ty /1 — p? 2(1—p3) ( bz )

2 2 2
s (+v3+ PlylyZ)] }

—i 2 -1 P01
pP=— (w/l p; —1+pitan [\/i]) (D.3.1)
(%1

This ensures that the ay(T) = ax(7). Then the joint pdf of the Cauchy coherent noise is

+ exp

where

hu(uy, up) = /_ /_ hu,v (11, up,v1,02)dv1dv;

where

V10 -1
hU,V(”lz”Z/ Z71,02) = ‘ L 2’ exp [— <”%U%

2m2\[(1-pd)(1-p2) 120 —p?)

2,2 2 2
+U2’02 pu1 u20102> i| {exp [ (1 %) <Ul + '02 pl (%] ’02)]

—1 2 2
i (48 2mm)

+ exp

for uy,uy € R, v1,v2 > 0, and 0 otherwise. It follows that

hu(”lzuZ):/O /o hu,v (11, up, v1, v2)dvrdoy

1
= (h+I2)

272 /(1= p2)(1— )
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D.3 METHOD 3
where
Il = /0 /0 0102 exp |:—§ {m (M%U% + M%U%
1
_2pu1u20102) + W <v% + v% — 2p10102> H duvdov,,
1

I 1 ( 2.2 2.2
2 _/0 /0 V172 exp [ 5 {1 — uv] + U305

1
_Zpuluzvlvz) + W <v% + v% + 2p10102> H dvydv;.
P

Because [Equation D.3.1]is non-invertible, it suffices to leave the integral forms for I, I,

in the above forms. Using Mathematica, I, I> can be evaluated, with results

[ _m+p?) (1 + 1) (o1 + mpu) (7
' C3/2 2
VC i [pl + mpuluz}
— Y= jtan ' [BLETERLRZ ) D.3.2
f1 + mopuup \/E ( )
o _=m( 41+ 1) (o1 —mpuin) (7
o D3/2 2
VD {w} , (0.33)
01 — mpuy Uy VD
where
C = Clp, p1,1,u2) = (1 + muf) (1 +mu3) — (o1 + mpuyuz)?,
D = D(p, 1, t1,u2) = (14 mu7) (1 +mu3) — (o1 — mpuyuz)?,
and ,
1 —
= o) = 121

for uy,up € R.
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TALBOT'S METHOD

Talbot’'s method is a means to solve the inverse Laplace transform and is described in [60].

Since its derivation, improvements have been made to it, including [6I] and [62].

Let f(t) be some function with Laplace transform F(s) = L[f(t)]. Then the challenge of
the inverse Laplace transform is to solve the Laplace transform relationship for an unknown
f(t) and known F(s). We write this as f(t) = £L7![F(s)]. A standard means of solving
the the inverse Laplace transform is via the integral expression

F(s) L[Bexp(st‘) F(s) ds (E.0.1)

- 2711

where B is a vertical path from g — ico to 79 + ico and 7 is a real constant such

that the real components of all singularities of F(s) are less than 7g. B is referred to as

the Bromwich path, and [Equation E.0.1| as the Bromwich integral [63]. Talbot's method

improves upon this by deforming the Bromwich integral into a path described by
B(Q) = 0 + Ut (9 cotf + vti())

where 0 € (—7t,71), 0 € R, pt, v > 0 are chosen such that all singularities of F(s) are to
the left of the Bromwich path B(6). Due to the exponential factor in the inverse Laplace
transform, by defining the Bromwich integral as a contour such that Re(B(6)) — —oo as

|6 — 71, the integrand decays rapidly on B(0) and the integral converges rapidly [64].

Although there exists Talbot inversion software for MATLAB [65], [66], we computed the

results in Mathematica using [67] based on the work in [61].
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