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Abstract

This thesis considers the development of efficient MCMC sampling methods for

Bayesian models used for the pairwise alignment of two unlabelled configura-

tions. We introduce ideas from differential geometry along with other recent

developments in unlabelled shape analysis as a means of creating novel and more

efficient MCMC sampling methods for such models. For example, we have im-

proved the performance of the sampler for the model of Green and Mardia (2006)

by sampling rotation, A ∈ SO(3), and matching matrix using geodesic Monte

Carlo (MCMC defined on manifold) and Forbes and Lauritzen (2014) matching

sampler, developed for finger print matching problem, respectively.

We also propose a new Bayesian model, together with implementation methods,

motivated by the desire for further improvement. The model and its implemen-

tation methods proposed exploit the continuous nature of the parameter space

of our Bayesian model and thus move around easily in this continuous space,

providing highly efficient convergence and exploration of the target posterior

distribution. The proposed Bayesian model and its implementation methods

provide generalizations of the existing two models, Bayesian Hierarchical and re-

gression models, introduced by Green and Mardia (2006) and Taylor, Mardia and

Kent (2003) respectively, and resolve many shortcomings of existing implemen-

tation methods; slow convergence, traps in local mode and dependence on initial

starting values when sampling from high dimensional and multi-modal posterior

distributions. We illustrate our model and its implementation methods on the

alignment of two proteins and two gels, and we find that the performance of

proposed implementation methods under proposed model is better than current

implementation techniques of existing models in both real and simulated data

sets.
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Chapter 1

Introduction

In this Chapter we will mainly focus on the content of this PhD thesis and give

a general picture about how this PhD thesis is organized. This PhD thesis is

closely related to two areas of applied statistics: (i) Bayesian statistics and (ii)

Statistical Shape Analysis. In addition to these two areas it also uses some tools

from differential geometry. We organize this Chapter as follows: In section 1 we

introduce Bayesian Statistics and discuss some of its terminology in detail where

it is used directly in this thesis, while an introduction of Statistical Shape Anal-

ysis with various applied problems and how it is linked with Bayesian Statistics

are covered in section 2.

Section 3 discusses some ideas from differential geometry which are helpful to

understand some of the parts (especially Chapter 4) of this PhD thesis. We

haven’t gone through on these terminology in depth as this is not the focus of

this thesis but we emphasize on understanding the contents which have been

used in this thesis.

The final section of this Chapter narrate how this PhD thesis is organized.

1



1.1 The Bayesian Paradigm

Suppose we have the observed data y = (y1, y2, · · · , yn) from some population

with unknown parameter θ = (θ1, θ2, · · · , θd), and our aim is to know about the

unknown parameter θ based on this observed sample y. Both frequentist and

Bayesian approaches are based on specifying a probability distribution for each

of the observed data y given θ, say π(yi | θ). Based on the independent identical

distribution (IID) assumptions, we can construct the likelihood function π(y | θ)

which is in fact the product of n probability densities of y i.e.
∏n

i=1 π(yi | θ).

In the frequentist approach, the unknown parameter θ is considered as fixed

quantity and can be estimated by directly using the likelihood function. For

example, maximum likelihood estimates of θ can be obtained by maximizing

π(y | θ) with respect to θ.

On the other hand, in the Bayesian approach, θ is considered as a random

variable which has a probability distribution π(θ) known as prior distribution in

Bayesian literature. Using Bayes’ theorem both the information from observed

data and prior distribution are combined, resulting in the following posterior

distribution π(θ | y), which is the basis for any inference regarding θ:

π(θ | y) =
π(y | θ)π(θ)∫

Ω
π(y | θ) π(θ) dθ

, (1.1)

where Ω denotes the parameter space of θ. The quantity c(y) =
∫

Ω
π(y | θ) π(θ) dθ

in the denominator of equation (1.1) normalizes the posterior density π(θ | y),

and is known as the marginal distribution of the observed data. For any function

h(θ), a function of θ, we can define the following integral

I =

∫
Ω

h(θ) π(θ | y) dθ, (1.2)

which is simply the posterior expectation of h(θ), Eπ(θ|y)

[
h(θ)

]
, and calculat-
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ing the expectation of function h(θ) with respect to the posterior distribution

is essentially the same as evaluating the integral defined in equation (1.2). We

could evaluate this integral numerically by using quadrature method which of-

fers a great accuracy in lower dimension, but accuracy decreases rapidly with

the dimensionality of the problem. Therefore, for a high dimensional statistical

model there is little use of the quadrature method, and Monte Carlo methods

which require samples from π(θ | y) (see subsection 1.1.1) are an effective way

to evaluate this integral (Metropolis and Ulam (1949)).

For most complex statistical models, π(θ | y) defined in (1.1) has no closed form

because of the unavailability of a normalizing constant c(y). For example, con-

sider a Bayesian posterior for the variance parameter σ2 of a normal distribution

with known mean parameter µ. Then according to equation (1.1), the posterior

for σ2 is

π(σ2 | y, µ) =
π(y | µ, σ2) π(σ2)∫∞

0
π(y | µ, σ2) π(σ2) dσ2 . (1.3)

Suppose we consider a non-conjugate prior for σ2 which has the following distri-

butional form

π(σ2) =
1

σ2 τ0

√
2π

exp
{
− (lnσ2 − θ0)2

2τ 2
0

}
. (1.4)

The distribution defined in equation (1.4) is known as log-normal distribution

with parameters θ0 and τ0
2. Now the product of the likelihood and prior,

π(y | µ, σ2) π(σ2), is

π(y | µ, σ2) π(σ2) =
1

σ
√

2π
exp

{
− (y − µ)2

2σ2

} 1

σ2 τ0

√
2π

exp
{
− (lnσ2 − θ0)2

2τ 2
0

}

∝ 1

σ3
exp

{
− (y − µ)2

2σ2

}
exp

{
− (lnσ2 − θ0)2

2τ 2
0

}
.
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The posterior defined in equation (1.3) can’t be evaluated explicitly as the inte-

gral
∫∞

0
π(y | µ, σ2) π(σ2) dσ2 involved in the denominator of its right hand side

is algebraically intractable. An enormous literature in computational statistics

is available to tackle this issue i.e. how to sample from these types of posterior

distributions and evaluate the normalizing constant which involves a high dimen-

sional integral problem. Markov Chain Monte Carlo (MCMC) methods can be

an effective method to simulate from such high dimensional posterior distribu-

tions, which don’t require knowledge of the normalizing constant of the posterior

distribution. This is discussed further in subsection 1.1.2.

1.1.1 Monte Carlo Integration

Suppose we want to evaluate the following integral defined in equation (1.2)

I =

∫
Ω

h(θ) π(θ | y) dθ,

where θ is our d dimensional random variable with pdf π(θ | y). We also suppose

that here we can generate samples from π(θ | y) easily for the sake of illustrating

Monte Carlo integration clearly, and θ (i) = (θi1, θi2, · · · , θid) consists of a sample

of size n from π(θ | y) where i = 1, 2, · · · , n. Then we can approximate the

above integral I by defining a Monte Carlo estimator Î as

Î =
1

n

n∑
i=1

h(θ (i)). (1.5)

The above estimator Î is an unbiased estimator of I and converges to the true in-

tegral almost surely (proofs are omitted here). In addition to these properties, ac-

cording to the central limit theorem Î follows N (I, σ
2

n
), where σ2 = Var( ˆh(θ (i)))

and can be estimated as follows
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σ̂2 =
1

n− 1

n∑
i=1

(
h(θ (i))− Î

)2
. (1.6)

The advantage of using Monte Carlo Integration to estimate I is the covergence

speed of Î does not depend on the dimension of I provided that the samples are

independent. However, generating independent samples from a high dimensional

and strongly correlated probability distribution is a tricky task and we will dis-

cuss one MCMC technique called Hamiltonian Monte Carlo in chapter 4 to draw

samples from such distributions which are minimally correlated.

Illustrative Example

Suppose we wish to evaluate the integral I =
∫ π/2

0
(sin θ + cos θ) dθ using Monte

Carlo method. Here we consider θ which is one dimensional to simply explain the

implementation of Monte Carlo integration. To evaluate I using Monte Carlo

integration at first we need to write down I in the form of an expectation of

some function h(θ) of a random variable θ with pdf π(θ) i.e.

I =

∫ π/2

0

π

2
(sin θ + cos θ)

2

π
dθ =

∫ π/2

0

h(θ)π(θ) dθ, (1.7)

where h(θ) = π
2

(sin θ + cos θ) and π(θ) = 2
π
. In the second step a sample of size

n is required to draw from π(θ) = 2
π
which is uniform (0, π/2), and suppose we

have a samples (θ1, θ2, · · · , θn) in our hand from this distribution. Finally, we can

estimate I by defining Monte Carlo estimator Î which uses generated samples

directly as follows

Î =
h(θ1) + h(θ2) + · · ·+ h(θn)

n
. (1.8)

The true value of the integral I defined in equation (1.7) is 2, and the Monte
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Carlo estimates of I based on the sample sizes n = 100, 1000 and 10000 are

2.0018, 1.9983 and 2.0025, respectively.

1.1.2 Markov Chain Monte Carlo Methods

Before we begin the main discussion about MCMC, we first review some key

facts about Markov chains which are helpful to understand MCMC.

Markov chain. Suppose we have two countable sets; one for state space S =

{1, 2, · · · , r} and other for time space T = {1, 2, · · · , t, · · · , n}. Then a discrete

time and discrete state space Markov chain is a sequence X1, X2, · · · , Xn−1, Xn

of random variables taking values in S at time T which follows the following

Markov property

Pr(Xn ∈ S | X1 = x1, · · · , Xn−1 = xn−1) = Pr(Xn ∈ S | Xn−1 = xn−1), (1.9)

i.e. the probability of moving to the next state only depends on its immediate

past state and not the other previous states. If the state space S is continuous

then we call the above Markov chain discrete time continuous state space Markov

chain. The state space S can be discrete or continuous or mix of both.

Transition function. Transition function, also known as transition kernel char-

acterizes the dynamics of the Markov chain. In other words, it is the conditional

probability of Markov chain moving to a new state from a given initial state. For

example, suppose the Markov chain is in currently at θ, then the probability of

moving to new state θ? from the initial state θ is given by the transition function

Q(θ?|θ) with the following form

Q(θ?|θ) = fXn|Xn−1(θ
?|θ), (1.10)
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where f is a some function defined on f : Rd → R, and we will discuss its math-

ematical form in the MCMC discussion section. This Q(θ?|θ) plays the same

role as the transition probability matrix in discrete time and discrete state space

Markov chain.

Irreducible Markov chain. A Markov chain is said to be irreducible if it can

move from any given state to any other state in a finite number of steps. For

example, suppose the Markov chain is in at state x at time t, then there exist a

w ∈ N such that Pr(Xt+w ∈ S | Xt = x) > 0.

Periodicity of Markov chain. If a Markov chain is currently at state Xt = x

at time t and suppose that it returns to the same state after w steps, where

w ∈ N, then the period of this state can be defined as

k = gcd{w > 0 : Pr(Xt+w = x | Xt = x}, (1.11)

where "gcd" is the greatest common divisor of (t, t+w). Period of any state can

be defined only when (1.11) is defined i.e. the set is not empty. For example,

suppose w = {6, 9, 12, 18} i.e. state xt returns to xt again after 6, 9, 12 and 18

time steps then period of xt is 3 as the greatest common divisor of these number

is k=3. If the value of k is greater than 1 then the period of this state is called

periodic otherwise it is called aperiodic. All states of a Markov chain need to

be aperiodic state to be an aperiodic Markov chain while an irreducible Markov

chain only needs one aperiodic state (implying all states are aperiodic) to be an

aperiodic Markov chain. Suppose we have the Markov chain with state space

S = {a, b, c} and transition matrix P given below:
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P =


a b c

a 0 1/3 2/3

b 0 0 1

c 1 0 0

,

where the states a, b and c communicate each other, and hence this chain be-

comes an irreducible Markov chain. All states of this irreducible Markov chain

belong to one communicating class and have the same period (all states in the

same communicating class have the same period). Therefore, aperodicity of any

state of irreducible Markov chain implies the aperodicity of the remaing states.

For example, the period of state a of this Markov chain is the "gcd" of 2 and 3

which is 1, aperiodic, as state a can be reached after starting from state a again

after 2 and 3 steps respectively. As the states a, b and c belong to the same class

and the state a is aperiodic, so the states b and c are also aperiodic.

Introduction of MCMC

In this section, we will cover some important theoretical methodology of MCMC

and some of the most commonly used MCMC techniques in Bayesian Statistics

like Metropolis-Hastings and Gibbs Sampling algorithms. In addition, MCMC

implementing issues are discussed, which plays an important role for inference

procedure.

Metropolis, N., Rosenbluth, A. W., Rosenbluth, M. N., Teller, A. H., and Teller,

E. (1953) first used the Markov chain to simulate samples from an arbitrary prob-

ability distribution (which need only be known up to a normalizing constant),

and the samples produced by this Markov chain are essentially the correlated

samples from the target density we are interested in. As the Markov chain pro-

duces correlated samples which affects the variance of our Monte Carlo estimator,

the dependence of samples needs to be properly accounted for in a valid infer-

ence. Therefore, our aim is to use a Markov chain Monte Carlo method that
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reduces this dependence as much as possible.

MCMC starts working by firstly defining a proposal density T (. | .) by which

the Markov chain explores the parameter space, and the efficiency of most of the

Markov chain is determined by how efficiently the proposal density explores the

parameter space. Therefore, to make an efficient MCMC algorithm our aim is to

choose a proposal density which proposes new parameter values sufficiently far

from the current parameter values with high probability of acceptance, achiev-

ing quick convergence and less correlated samples (explained in Figure 1.1). The

Metropolis-Hastings (MH) algorithm which gives us a mechanism to construct

the transition function Q(. | .) is defined as follows The above algorithm is

Algorithm 1: Standard Metropolis-Hastings (MH) Algorithm
Data: Current value of θ.

Result: Simulated value from the target density π(θ).

begin

1: Propose new state θ? from the proposal density T (θ? | θ)

2: Calculate the (MH) acceptance ratio

α(θ? | θ) = min

[
1,
π(θ?)T (θ | θ?)
π(θ)T (θ? | θ)

]
3: begin

3a: Start accept reject steps

3b: Draw U ∼ Uniform
[
0, 1
]

3c: if U < α(θ? | θ) then

θ ← θ?

else

θ ← θ

3d: Stop accept reject steps

known as the generalized version of the original Metropolis algorithm, proposed

by Metropolis et al. (1953), in which the proposal density is required to be

symmetric. But this generalized version made by W. Hastings (1970) allows any
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normalized probability density function as a proposal density T (. | .). Indeed, W.

Hastings (1970) was the first person who described the above algorithm from a

statistical point of view i.e. in terms of a Markov chain to simulate samples from

an arbitrary probability distribution which needs to be known up to normalizing

constant, although its application conducted by physicists had been seen firstly

in statistical mechanics.

We can now show that the chain produced by the above MH algorithm does

converge to the required stationary distribution (target density we are interested

in) with the following transition function Q(θ?|θ) defined in (1.10) where

Q(θ?|θ) = T (θ? | θ)α(θ? | θ), (1.12)

and α(θ? | θ) is defined in Algorithm 1. The above equation can be seen as

the product of two probabilities; (i) probability of proposing a point θ? from

T (θ? | θ) and (ii) the probability of accepting the proposed θ? as a new state.

To converge, a Markov chain requires the following conditions hold (Robert and

Casella (2004)):

π(θ?) =

∫
Ω

π(θ)Q(θ?|θ) dθ, ∀ θ?. (1.13)

To understand the meaning of equation (1.13) let’s explain first its right hand

side which is simply the average probability of moving to a new point θ? from

any initial point θ in the parameter space. Therefore we can say a Markov chain

has converged when the average probability of moving to a new point θ? from

any initial point θ is equal to the probability of θ? itself. Apart from equation

(1.13), the convergence of a Markov chain can also be explained under the fol-

lowing, more restrictive, condition known as detailed balance equation
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π(θ)Q(θ?|θ) = π(θ?)Q(θ|θ?). (1.14)

The detailed balance equation defined in equation (1.14) says the probability of

moving to point θ? from θ is equal to the probability of moving to point θ from

θ?, and the chains that satisfy this symmetry constraint are called reversible

Markov chains. We can obtain equation (1.13) from equation (1.14) by integrat-

ing both sides of equation (1.14) with respect to θ i.e. assuming detailed balance

can guarantee equation (1.13) holds

∫
π(θ)Q(θ?|θ) dθ =

∫
π(θ?)Q(θ|θ?) dθ

= π(θ?)

∫
Q(θ|θ?) dθ

= π(θ?)× 1

= π(θ?). (1.15)

In the above calculation
∫
Q(θ|θ?) dθ is equal to 1 as Q(θ|θ?) is a normalized

probability density function of random variable θ. The detailed balance equation

clearly holds when θ = θ?, and in the following we will show that it also holds

when θ 6= θ?:

Case 1:
π(θ?)T (θ | θ?)
π(θ)T (θ? | θ)

≤ 1

Assuming π(θ?)T (θ | θ?) ≤ π(θ)T (θ? | θ) gives us α(θ? | θ) = π(θ?)T (θ |

θ?)/π(θ)T (θ? | θ) while α(θ | θ?)=1 when π(θ)T (θ? | θ) ≥ π(θ?)T (θ | θ?).

11



Now we have

π(θ)Q(θ?|θ) = π(θ)T (θ? | θ)α(θ? | θ)

= π(θ)T (θ? | θ)
π(θ?)T (θ | θ?)
π(θ)T (θ? | θ)

= π(θ?)T (θ | θ?)

= π(θ?)T (θ | θ?)α(θ | θ?)
[
asα(θ | θ?) = 1

]
= π(θ?)Q(θ | θ?) (1.16)

Case 2:
π(θ?)T (θ | θ?)
π(θ)T (θ? | θ)

≥ 1

Like as previous case assuming π(θ?)T (θ | θ?) ≥ π(θ)T (θ? | θ) gives us

α(θ? | θ) = 1 while α(θ | θ?) = π(θ)T (θ? | θ)/π(θ?)T (θ | θ?) when π(θ)T (θ? |

θ) ≤ π(θ?)T (θ | θ?). Now we have

π(θ?)Q(θ|θ?) = π(θ?)T (θ | θ?)α(θ | θ?)

= π(θ?)T (θ | θ?) π(θ)T (θ? | θ)

π(θ?)T (θ | θ?)

= π(θ)T (θ? | θ)

= π(θ)T (θ? | θ)α(θ? | θ)
[
asα(θ? | θ) = 1

]
= π(θ)Q(θ? | θ) (1.17)

Apart from satisfying these conditions a Markov chain also needs to be irreducible

and aperiodic to achieve convergence (Robert and Casella (2004)), which means

that there is a non-zero probability of reaching any state of a Markov chain in

parameter space from any other state within a finite number of steps, and that

the chain does not get stuck in any loops such that it repeatedly visits the same

location. Consider a Markov chain with the following transition matrix
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P =


a b

a 0 1

b 1 0

,

where a and b are the two states of this Markov chain which is irreducible and

periodic. Clearly the periodic behvaiour of this Markov chain will interfere the

convergence to an equilibrium distribution as

Pr (Xt = b|X0 = b) =

 1 for even values of t,

0 for odd values of t,

which implies that the probability cann’t converge to any single value as t→∞.

Gibbs Sampler

One of the best known MCMC algorithms in Bayesian computational literature is

the Gibbs sampler which was invented by Geman and Geman (1984). The main

idea in the Gibbs sampler is to simulate from the distribution of each parameter

in turn conditioned on the remaining parameters and the data, known as the

full conditional distribution. In most complex situations, sampling from the

overall high dimensional target density (posterior density) is quite challenging

(sometimes even impossible) because of its intractable form. Fortunately, for

these type of target densities full conditionals distributions can often be derived

easily and easy to sample from them in most of the cases which altogether make

this method so popular.

Suppose our aim is to simulate from π(θ | y) where θ = (θ1, θ2, · · · , θd) is a d

dimensional parameter vector and y is our observed data. In some situations the

parameter vector θ may contain the missing variable as well, and we will see this

type of scenario in our proposed model in chapter 4. The basic schemes of the

Gibbs sampler to simulate from any target density π(θ | y) are given as follows:
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Gibbs Sampling Algorithm

1. Start from an arbitrary point θ (0) = (θ
(0)
1 , θ

(0)
2 , · · · , θ (0)

d ) and set i=0

2. Generate θ (i+1) = (θ
(i+1)
1 , · · · , θ (i+1)

d ) given θ (i) = (θ
(i)
1 , · · · , θ (i)

d ) as follows:

• Generate θ (i+1)
1 from π(θ1|θ (i)

2 , θ
(i)
3 , · · · , θ (i)

d )

• Generate θ (i+1)
2 from π(θ2|θ (i+1)

1 , θ
(i)
3 , · · · , θ (i)

d )

• Generate θ (i+1)
3 from π(θ3|θ (i+1)

1 , θ
(i+1)
2 , θ

(i)
4 , · · · , θ (i)

d )
...

• Generate θ (i+1)
(d−1) from π(θ(d−1)|θ (i+1)

1 , θ
(i+1)
2 , θ

(i+1)
3 , · · · , θ (i+1)

d−2 , θ
(i)
d )

• Generate θ (i+1)
d from π(θd|θ (i+1)

1 , θ
(i+1)
2 , θ

(i+1)
3 , · · · , θ (i+1)

d−1 )

3. Set i = i+ 1 and go back to step 2

Repeat the above cycle N times and all the {θ(i); i = 1, 2, · · · , N} values are

the required samples from our target density π(θ | y). As the successive values

of θ are correlated, special care needs to be taken before using these samples

for inference, which is discussed in the section on MCMC implementing isssues.

When direct generation from each full conditional distribution is available, Gibbs

sampler is quite fast and easy to implement, otherwise MH algorithm can be used

to simulate from the full conditional distributions for which direct generation is

not directly available. Sometimes MH algorithm can be used to simulate from

any distribution although direct generation from it is available in order to achieve

better proposals and mixing, which is shown in the following example:

Illustrative Example

Suppose we wish to sample from a bivariate normal distribution which has the

following form

π(X;µ,Σ) =
1√

(2π)2|Σ|
exp{−1

2
(X − µ)TΣ−1(X − µ)},
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where µ = (0, 0)T , Σ =
(

1 ρ
ρ 1

)
with ρ = 0.98, and |Σ| is the determinant of Σ.

Under Bayesian settings, we can use the Gibbs sampler to sample from the above

density by directly sample from the follwing full conditional distributions of X1

and X2 where X = (X1, X2):

π(X1|X2) ∼ N(ρX2, (1− ρ2))

π(X2|X1) ∼ N(ρX1, (1− ρ2)).

We can also use the Metropolis-Hastings based sampler to draw samples from

these full conditional distributions instead of direct generation using the Gibbs

sampler in order to bring better proposal and good mixing, as shown in Figure

1.1. The first row of Figure 1.1 shows the first 50 iterations of MCMC output

of Gibbs and Hamiltonian Monte Carlo (HMC), Metropolis-Hastings based sam-

pler, which is discussed in chapter 4 in detail. From this row we can see that

HMC has explored the target density very quickly, even in first 50 iterations,

while Gibbs sampler hasn’t explored yet. From the plot of first 500 iterations,

it is obvious that Gibbs sampler has explored slowly the parameter space of the

target density, which is shown by the second row of Figure 1.1. The ACF plots,

shown in third row of Figure 1.1, show the quality of MCMC output of both the

samplers, and from these plots it is obvious that the quality of MCMC output

based on HMC is less correlated compared to the output of MCMC output based

on Gibbs sampler.

In this example, as the target distribution is highly correlated the Gibbs sampler

faces difficulty to explore its most constrained direction, whilst HMC explores

the most constraint direction efficiently, proposing a new state far from the cur-

rent state based on first order geometric information. The proposed state then

accepted or rejected based on Metropolis-Hastings acceptance probability. Moti-

vated by this problem we will use Metropolish Hastings based sampler to generate
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samples from the full conditional distributions of rotation and matching matrix

in chapter 4 although direct generation from each of the full conditional distri-

bution is available.

MCMC Implementing Issues

The invention of MCMC method not only revolutionized statistical analysis but

made Bayesian method applicable in more challenging and complex problems.

However, this method has several limitations along with some implementing is-

sues that need to be accounted for properly before making any inference based on

MCMC outputs. Here we discuss some of the important issues regarding MCMC

and their possible remedy.

Dependent Samples. Samples produced by Markov chain are no longer in-

dependent as successive observations are correlated which needs to take into

account for making any valid inference. Suppose the Markov chain produces the

samples θ(1),θ(2), · · · ,θ(P ),θ(P+1),θ(P+2), · · · ,θ(N) where N is the sample size,

and it is also assumed that the chain is converged after P iterations. Here P

is known as burn in period, samples up to P point are discarded. The Monte

Carlo estimator based on θ(P+1),θ(P+2), · · · ,θ(N) is still an unbiased estimator,

and to get an an accurate estimate N should be large enough as Markov chain

moves slowly when successive values are correlated. However, the variance of the

Monte Carlo estimator can’t be calculated using standard methods as samples

are not independent. As a possible remedy of successive correlation, samples are

thinned, retaining only every kth observation, so that resulting samples are close

to independent. Then standard methods can be used to calculate the variance

of Monte Carlo estimator. Hamiltonian Monte Carlo proposed by Neal (2011),

discussed in Chapter 4 in detail, is another way to get less correlated samples

(close to independent) compared to samples produced by usual MCMC methods.

Global Convergence. When the target density is multimodal, very common
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Figure 1.1: MCMC output based on the Gibbs and the MH based samplers; the

left panel (black) and the right panel (red) of Figure 1.1 are used to represent the

MCMC output obtained under the Gibbs and MH based sampler respectively
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in protein matching problems considered in this thesis, exploring all modes with

correct frequency (probability) from any random starting point is quite chal-

lenging as chain may get stuck in one particular mode. One of our aims is to

use an efficient sampler that can visit all modes with correct frequency without

becoming stuck in one particular mode. As a possible solution it is often useful

to use parallel tempering proposed by Geyer (1991); Liu (2008) which helps the

Markov chain to explore all modes with correct frequencies by introducing some

tempered distributions of target density. Suppose π(θ) is our target distribution,

then a heated version of this target distribution is [π(θ)]1/R, tempered distribu-

tions of target distributions, where R (R ≥ 1) is called the temperature of the

chain. The greater the value of R the flatter the target density. The idea behind

introducing R in the target distribution is that a heated chain can readily move

parameter space as the density is flattened relative to the cold (R=1) chain and

attempts swapping states between the chains. Therefore, the cold chain will

successfully swap states with a heated chain occasionally that may be exploring

another mode in the sample space. This allows the cold chain to effectively move

one mode to another mode.

For example, suppose the target density π(θ) (considered one dimensional for

the sake of explanation) has the following form which is proportional to

π(θ) ∝ exp {−16 (θ2 − 1)2}; −2 ≤ θ ≤ 2.

This distribution is bimodal and its two modes occur at θ = −1 and θ = +1.

The role of introducing R in π(θ), known as temepred distributions of target

density, is best illustrated through Figure 1.2, where the unnormalized densities

of [π(θ)]1/R are plotted for 6 different values of R = 1, 2, 4, 8, 12, 16. Tempered

distribution with R = 1 is the same as our target density. From Figure 1.2, we

can see that as temperatures are increased; the shape of the tempered distribu-
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tions become relatively flat compare to the distribution with R = 1. Here we

restrict the range of temperatures to R ≥ 1 as we don’t want to sample from the

distribution which is more peaked than the target density defined in above.

We used Metropolis-Hastings algorithm to sample from this tempered distribu-

tion for 6 different values of R, and the MCMC output for these 6 sampler are

shown in Figure 1.3. From these Figures we can see that MH sampler gets stuck

at one mode when the distribution is highly peaked (when R is 1 and 2) while

the sampler can easily explore the two modes when the distribution becomes

more flatter (when R is 4, 8, 12 and 16) compared to the tempered distributions

with R = 1 and 2. To sample from the target density, tempered distribution

with R =1, we introduce pararell tempering within the MH sampler which is

summarised as follows: Figure 1.4 shows the MCMC output of MH sampler

with parallel tempering, where 6 chains are considered. From this Figure we can

see that sampler explore the two modes successesfully of the target distribution

although there is a scope to improve the mixing which depends on the number

of chains chosen in parallel temering and effective proposal density of MH sam-

pler. We haven’t covered this mixing issue here as our aim is to explain only the

algorithm of parallel tempering.

Choice of Proposal. The success of MCMC algorithm depends a lot how

proposal density is chosen. A good MCMC algorithm should have a proposal

density which helps the Markov chain to explore the parameter space quickly

with a good acceptance rate. However, having a Markov chain which possess

these two criteria together is quite challenging, and most of the time a trade

- off is made between these two criteria. For example, a Markov chain with a

proposal density where large proposals (big jump from current point) are made

in order to explore the parameter space quickly may finally have low acceptance

rate because of rejection of too many proposals, and the resulting chain often

stays in the same place. On the other hand, a Markov chain with a proposal
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Figure 1.2: Density plots of tempered distribution for 6 different values of R
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Figure 1.3: MCMC output of MH sampler for 6 different values of R
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values of R (6 chains)
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Algorithm 2: Parallel Tempering Algorithm
Data: Current value of θ for all the chains R (R =1, 2, · · · , n).

Result: Simulated value from the target density π(θ).

begin

for R = 1, 2, · · · , n do

1: Propose new state θ? from the proposal density T (θ? | θ)

2: Calculate the (MH) acceptance ratio

α(θ? | θ) = min

[
1,
π(θ?)T (θ | θ?)
π(θ)T (θ? | θ)

]
3: begin

3a: Start accept reject steps

3b: Draw U ∼ Uniform
[
0, 1
]

3c: if U < α(θ? | θ) then

θ ← θ?

else

θ ← θ

3d: Stop accept reject steps

4: begin

4a: Start the step of swapping states

4b: Select two chains randomly, and suppose jth and kth chains

are selected

4c: Attempt to swap the states θj ⇒ θk and θk ⇒ θj

4d: Calculate Pswap=
[π(θk)]

1/Rj [π(θj)]
1/Rk

[π(θj)]1/Rj [π(θk)]1/Rk

4e: Draw U ∼ Uniform
[
0, 1
]

4f: if U < Pswap then

accept the swapping

else

stay at previous states

4g: Stop accept reject steps

5: The chain with R=1 gives the required sample
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density where small proposals (small jumps from the current point) are made in

order to maintain good acceptance rate may explore the parameter space very

slowly although proposals are accepted frequently (high acceptance rate).

Assessing MCMC Performance. An MCMC algorithm might explore an

unimportant part of the parameter space for a long time before achieving con-

vergence, resulting in a slow convergence to the target density. For example, from

the first and second rows of Figure 1.1, it is clear that the chain has converged to

the true posterior distrubution quickly under Hamiltonian Monte Carlo (HMC)

based Metropolis-Hastings sampler compared to the Gibbs sampling framework.

In the MCMC literature this criterion (how many iterations a Markov chain re-

quires as a burn in period) is used to assess the performance of a Markov chain.

In Chapter 5, we will use this criterion to compare the performances of different

MCMC algorithms. In addition to this criterion, there are several other criteria

namely mixing qualilty, acceptance rate, and randomness of the simulated val-

ues of parameter are simultaneousely used to assess the performance of a Markov

chain. From Figure 1.4, we have seen that although the Markov chain explores

the two modes correctly but not mixing well. This situation can arise especially

in multimodal case. The acceptance rate of any parameter updates under any

Metropolis-Hastings step of a Markov chain should also be in a desirable range,

and we will monitor this acceptance rate along with the randomness property of

simulated values of parameter using the ACF plot when we compare the perfor-

mances of different MCMC alogorithms in Chapter 5.

1.2 Introduction to Statistical Shape Analysis

In every day life, we are surrounded by a lot of natural and man made objects,

and we often are interested to know about these objects. For example, in a

medical study medical images (scans) are used to determine a disease like the
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way faces are recognized by analyzing image in automated face recognition field.

Statistical shape analysis is an analysis of the geometric properties of some given

shape by statistical methods. Before discussing in detail about statistical shape

analysis we briefly discuss some of the important terminology used in statistical

shape analysis which are considered helpful to understand this area, and we have

used the text book Dryden and Mardia (1998) to prepare these terminologies.

Shape. The word ’shape’ usually means the appearance of an object in everyday

language. However, in statistical shape analysis it has some intuitive meaning.

According to Kendall (1997), the geometric information of an object which is

invariant under euclidean similarity transformations of translation, rotation and

scaling is called shape. Two objects are considered as same shape objects if they

can be matched exactly by translating, rotating and rescaling to each other. For

example, in Figure 1.5, triangles A and B have the same shape as they can be

matched perfectly on each other when translation, rotation and rescaling are

performed on them while the shape of triangle D is different than the shape of

A and B (no transformation is suitable to match D on them or vice versa).

Size-and-shape. Sometimes scale (size) information is retained along with

shape information of an object, and in this case a joint analysis of size and

shape is required which is also known as form analysis in statistical shape lit-

erature. Two objects are considered have same size-and-shape if they can be

matched exactly by translating and rotating (rigid body transformation) to each

other. Triangles A and C in Figure 1.5 have the same size-and-shape as they can

be matched perfectly on each other when translation and rotation are performed

on them.

Landmarks. An object can be described by locating a finite number of points

(m) on it, known as landmarks, in d dimension (m > d) and thus the object

can be represented mathematically as m × d point configuration. All triangles

in Figure 1.5 are reduced to 3-point configurations as only three landmarks are
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triangles A, B and C but its label can be permutated to give the same unlabelled

shape. Triangle D has a completely different shape compared to triangles A, B,

C and E.
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used to describe their shapes respectively. Usually three basic types of land-

marks are commonly seen in most of applications: scientific, mathematical and

pseudo-landmarks.

A landmark on an object is called a scientific landmark when it is assigned

by an expert on the basis of some scientific background which is also known as

anatomical landmarks in biological applications. For example, the corner of an

eye or the meeting of two sutures on a skull are assigned based on some biolog-

ical background. We can also see the use of scientific landmarks in the protein

matching problem, discussed in Chapter 5 in detail, where α-carbon (cα) atom

of an amino acid on a protein backbone is located based on the structure of

chemical bond of the corresponding protein which determines the shape of that

protein.

When points on an object are defined according to some mathematical or ge-

ometrical property of the figure then these points are called mathematical

landmarks. For example, shapes of all triangles in Figure 1.5 are described

by positioning landmarks on the vertices (points at which sides of an angle

meet). On the other hand points constructed either around the outline or in

between anatomical or mathematical landmarks of an object are called pseudo

landmarks which is particularly useful in matching surfaces.

Label. Landmarks on an object are named using different numbers or names,

called labels, with the aim of identifying which pairs of landmarks correspond

when comparing two objects. Landmarks associated with labels are called la-

belled landmarks. For example, landmarks of all triangles in Figure 1.5 are

named using labels 1, 2 and 3.

Labelled shape. In labelled shape one-to-one correspondence between the la-

belled landmarks on two objects is made in some meaningful way as labelling

is done for both objects according to some criteria, and the correspondence is

known when two objects are compared. For example, in Figure 1.5, landmark 1
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of triangles A, B and C is located where a right angle is formed while landmarks

2 and 3 are located at the meeting points of adjacent and hypotenuse and oppo-

site and hypotenuse respectively. Thus the triangles A and C are the same size

and same labelled shape while triangle B has same labelled shape as A and B

but larger in size with correspondences 1↔ 1, 2↔ 2 and 3↔ 3 in both cases.

Unlabelled shape. In unlabelled shape one-to-one correspondence between the

labelled landmarks on two objects is unknown as the labelling is arbitrary. For

example, in Figure 1.5, the way labelling is set in triangles A, B and C the same

rules are not applied to label triangles A and E. Therefore, it’s not sensible to

consider 1 ↔ 1, 2 ↔ 2 and 3 ↔ 3 correspondences in triangles A and E like

triangles A, B and C when they are compared. Unknown correspondence from

all possible combinations of labelling, 1 ↔ 1, 1 ↔ 2 and 1 ↔ 3, 2 ↔ 1, 2 ↔ 2

and 2 ↔ 3 and 3 ↔ 1, 3 ↔ 2 and 3 ↔ 3, along with translation, rotation and

scaling need to be considered (estimated) to match triangles A and E. In this

case triangles A and E have different label size-shape but they are considered as

same unlabelled size-shape when labellings are ignored.

We will consider two practical problems of unlabelled shape from bioinformat-

ics, gel and protein matching problems, in Chapter 5 where landmarks in each

protein are labelled arbitrarily and the number of landmarks in each protein is

not equal to each other in protein data. The aim is to match these proteins and

gels, and to do this we need to estimate the unknown one to one correspondence

along with translation and rotation (rigid body transformation). In this thesis

we are interested only in the unlabelled shape problem.

1.2.1 Statistical Models for the Unlabelled Size-and-Shape

Applications of shape matching (unlabelled) are quite common in Bioinformatics

and Image Analysis. In the following some important applications of unlabelled

size-and-shape analysis in different fields are mentioned:

• Match proteins to determine their shape in Bioinformatics with the as-
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sumptions that their biological function will be the same if they are similar

shaped objects (Eid-hammaer et al, 2004; Green & Mardia, 2006; Mardia,

Taylor & Westhead, 2003).

• Match images such as houses from different views in Object Recognition

(Cross & Hancock, 1998; Glasbey & Mardia, 2001).

• Match location of stars in galaxies to identify resemblances and differences

between their shape in Astronomy (Valdarnini, 2001).

• Match different boreholes in a mining study to identify the fractures line

and map in Earth Science (Mardia et al., 2007).

To solve such matching problems, statistical models can be used along with some

non-parametric methods (some distance based shape measure), and in this sec-

tion we review two existing statistical models in detail proposed by Green and

Mardia (2006)) and Taylor, Mardia and Kent (2003). These two models will play

a building block role in deriving our proposed model and its inference technique

presented in Chapter 3 and 4 respectively. A general set up for both of the mod-

els is outlined below:

In statistical shape analysis, objects are often represented by a set of points,

known as landmarks, in d dimensions and thus can be represented as m × d

point configurations, where m is the number of landmarks. Suppose we have

one such configuration of points X ; the points on X are xj, j = 1, 2, . . . ,m ,

where xj ∈ Rd are the rows of X , with each row therefore giving the coordinates

of point xj. Here the aim is to align one configuration, such as X above, with

another configuration, say, Y , where the rows of Y are yk ∈ Rd, k = 1, 2, . . . , n,

giving the coordinates of point yk like before, under pairwise alignment problem,

to compare the shapes of X and Y .

Labelled shape analysis assumes a known, one-to-one correspondence between

the points on X and Y , labelled such that xj matches with one point of Y , say,
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yα, j = 1, 2, . . . ,m and α ∈
{

1, 2, . . . , n
}
. In labelled shape analysis the number

of landmarks in both configurations is the same i.e. m = n. Therefore, in case

of labelled shape analysis, one needs to only find the optimal transformation

(translation, rotation and scaling) between X and Y to align them.

A much more challenging problem, which has been the subject of recent re-

search interest, is that of unlabelled shape analysis, where the correspondence

between landmarks is not known. For instance, any point of X , say, xj, could

be matched with any point of Y , say, yk and m 6= n in general. A matching

matrixM (mjk) is introduced to denote the correspondence between landmarks,

where mjk=1 if xj is matched to yk and 0 otherwise. Thus, in the unlabelled

case, one needs to simultaneously estimate the matching matrix M as well as

to solve the alignment problem mentioned above for the labelled case. Multiple

matches are not usually allowed, so there is at most one non zero entry in each

row and in each column of M i.e.
∑

jmjk ≤ 1 for all k and
∑

kmjk ≤ 1 for all

j. The total number of matched pairs,
∑

jkmjk = L, is not known, and varies

between 0 ≤ L ≤ min(m,n). Thus, even for relatively small m and n, the

number of possible matchings given by M is large, which makes the problem

very challenging. Therefore, searching over all possible M and optimizing over

transformation parameters to find a global solution is not computationally fea-

sible.

Green and Mardia (2006) Model

For a pair of configurations of points in d dimensions, say, X and Y , where

X consists of m points and Y of n points which can be expressed as m × d

and n × d matrices, respectively, then Green and Mardia (2006) assumed both

observed configurations, X and Y , are noisy realisations from a true point con-

figuration, µ, in some space V of volume v to develop their model . Under the

above settings, it is also considered that the true location {µi} is in the X -

space, and configuration Y is transformed (using translation τ ∈ Rd and d× d
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matrix A which can be a rotation or any non-singular matrix) to bring into the

X - space. The mapping between the observed locations xj and yk with true

location {µi} is indexed by labelings ψ and η respectively; xj and yk are con-

sidered as a match pair when both are generated by the same point of µ, and it

occurs when ψj = ηk. Mathematically, it can be expressed as

xj = µψj
+ ε1j, (1.18)

Ayk + τ = µηk + ε2k, (1.19)

where ε1j and ε2j represent the errors in the true points configurations and

have the probability densities f1 and f2, respectively, for j = 1, 2, . . . ,m, and

k = 1, 2, . . . , n. All ε1j and ε2j are independent of each other, and independent

of the µi. The unknown mapping between xj and yk is one of the parameters

of interest about which to draw inference, and can be represented by a m × n

matching matrixM with elements mjk = I(ψj = ηk), where I(.) is the indicator

function. In this case multiple matches are excluded i.e. each point on X may

be matched to at most one point on Y and vice versa. Therefore, each row and

column of M may contain at most one non-zero entry. Note that when M is

known, the unlabelled shape problem simply becomes the labelled shape prob-

lem.

Formulating Prior for M Using Poisson Process

Green and Mardia (2006) assumed a homogeneous Poisson process for the true

point locations {µi} which occurs over a region V ⊂ Rd of volume ν with rate

λ, and considered exactly N points are realised in this region. Among these N

points, assumed only L points give rise to both X and Y points, (m−L) points

give rise to only X but not Y , (n − L) points give rise to only Y but not X

and {N − (m−L)− (n−L)−L} points give rise for none of the X or Y points

independently with probabilities ρpxpy, px, py, 1− px − py − ρpxpy respectively,

where ρ is a prior probability for points to be matched here, i.e. the Poisson
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process with parameter λ for the true point locations {µi} is thinned (split) into

four independent Poisson processes with parameters λ ν ρpxpy, λ ν px, λ ν py,

λ ν (1−px−py−ρpxpy) respectively. Observed configurations X and Y become

dependent because of this random thinning but they are independent from point

to point. Given m and n, the prior probability distribution of L is therefore

proportional to

e−λ ν px(λ ν px)m−L

(m− L)!
×

e−λ νpy(λ ν py)n−L

(n− L)!
×

e−λ ν ρpx py(λ ν ρpx py)L

(L)!

so that

π(L) ∝ (ρ/λ ν)L

(m− L)! (n− L)! L!
, (1.20)

for L = 0, 1, 2, . . . min(m, n). As multiple matches are ruled out so there is at

most one 1 in each row and in each column of M i.e.
∑

jmjk ≤ 1 for all k

and
∑

kmjk ≤ 1 for all j. It is also noted that total number of matches is L i.e.∑
jkmjk = L. Since the number of ways of selecting L from m and n are

(
m
L

)
and

(
n
L

)
respectively, and there are L! different ways to arrange L, for a given L

there are L!
(
m
L

) (
n
L

)
different M matrices which are equally likely i.e. M is a

priori uniform distribution with the following form:

π(M |L) =
1

L!
(
m
L

) (
n
L

) (1.21)

The joint density ofM and L, denoted as π(M), can be obtained by combining

the equations (1.20) and (1.21) which is written as follows:

π(M ) = π(L) π(M |L)

∝ (ρ/λν)L

(m− L)!(n− L)!L!

{
L!

(
m

L

)(
n

L

)}−1

∝ (ρ/λν)L (1.22)
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Likelihood of the data

From (1.18) and (1.19), the densities of xj and yk, conditional on A, τ , µi, ψj

and ηk, are f1(xj − µψj
) and |A|f2(Ayk + τ − µηk), where |A| is the determi-

nant of matrix A. The edge effects can be ignored by assuming that v is large

enough relative to the support of f1 and f2. As hidden point locations {µi} are

integrated out, considering {µi} without subscripts in the following calculations

is the same as considering {µi} with subscripts. In the following calculations, we

ignore the subscripts of {µi}. Then the likelihood contribution of the (m − L)

unmatched X points is, say l1

l1 =
∏

j:mjk=0 ∀k

ν−1

∫
V

f1(xj − µ) dµ ≈ ν−(m−L).

Similarly, the contribution of the n−L unmatched Y and L matched points are,

say l2 and l3 respectively

l2 =
∏

k:mjk=0 ∀j

ν−1

∫
V

|A| f2(Ayk + τ − µ) dµ ≈ ν−(n−L)|A|(n−L),

and

l3 =
∏

j,k:mjk=1

ν−1

∫
V

f1(xj − µ) |A| f2(Ayk + τ − µ) dµ

= ν−L|A|L
∏

j,k:mjk=1

∫
V

f1(xj − µ) f2(Ayk + τ − µ) dµ

= ν−L|A|L
∏

j,k:mjk=1

∫
V

f1{(xj −Ayk − τ ) + (Ayk + τ − µ)} f2(Ayk + τ − µ) dµ

≈ ν−L|A|LE1,

where E1 =
∏

j,k:mjk=1

∫
V
f1{(xj−Ayk−τ )+(Ayk+τ−µ)} f2(Ayk+τ−µ) dµ

can be simplified as
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E1 =
∏

j,k:mjk=1

∫
V

f1{(xj −Ayk − τ ) + (Ayk + τ − µ)} f2(Ayk + τ − µ) dµ

=

∫
V

f1(z + u) f2(u) dµ
[
z = (xj −Ayk − τ ) andu = (Ayk + τ − µ)

]
= g(z)

[
Using convolution formula

]
= g(xj −Ayk − τ )

= g(ε1j − ε2k).

Assuming f1 ∼ Nd(0, σ
2Id) and f2 ∼ Nd(0, σ

2Id) lead to xj ∼ Nd(µψj
, σ2Id) and Ayk+

τ ∼ Nd(µηk , σ
2Id). After doing some algebraic simplification the density of

(xj −Ayk − τ ), g(xj −Ayk − τ ), can be written as

g(xj −Ayk − τ ) =
1

(σ
√

2)d
φ{(xj −Ayk − τ )/(σ

√
2)},

where φ denotes the standard normal density in Rd. Now combining l1, l2 and

l3 the complete data likelihood, π(X, Y ;M , A, τ , σ), is

π(X,Y ;M ,A, τ , σ) = ν−(m+n)+L |A|n
∏

j,k:mjk=1

φ{(xj −Ayk − τ )/(σ
√

2)}
(σ
√

2)d

(1.23)

1.2.2 Prior distributions for Unknown Parameters

We have already seen π(M ) ∝
(

ρ
λ ν

)L
, prior probability of M , under the set-

tings in which true µ form a homogeneous Poisson process with rate λ over the

region V of volume v. Here larger values of ρ/λ give a stronger prior preference

to larger numbers of matched points. Substituting the prior distributions π(M),
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π(A), π(τ ) and π(σ) for unknown parametersM , A, τ and σ in equation (1.23),

Green and Mardia (2006) derived the following posterior distribution of unknown

parameters M , A, τ and σ

π(M ,A, τ , σ;X,Y ) ∝ ν−(m+n)+L |A|n π(A)π(τ ) π(σ)
∏

j,k:mjk=1

ρ φ{(xj −Ayk − τ )/(σ
√

2)}
λ ν(σ

√
2)d

= ν−(m+n) |A|n π(A) π(τ ) π(σ)
∏

j,k:mjk=1

ρ φ{(xj −Ayk − τ )/(σ
√

2)}
λ(σ
√

2)d

∝ |A|n π(A) π(τ ) π(σ)
∏

j,k:mjk=1

ρ φ{(xj −Ayk − τ )/(σ
√

2)}
λ(σ)d

(1.24)

Green and Mardia (2006) considered a normal prior for the translation param-

eter vector τ i.e. τ ∼ Nd (µτ , σ
2
τ Id), where µτ is a mean vector and σ2

τ Id a

covariance matrix, with Id the d × d identity matrix while the noise parameter

σ, they assumed σ−2 ∼ Γ(α, β), where π(σ−2) ∝ σ−2(α−1) exp (− β
σ2 ).

The matrix Fisher distribution was chosen as a prior distribution for rotation

parameter matrix A, where π(A) ∝ exp
{

tr(F 0
TA)

}
and the parameter F 0 is a

d× d matrix. Choosing F 0 as the d× d matrix of zeroes means giving a uniform

prior on A. Their implementation was only limited to a rigid body transforma-

tion (see subsection 1.2.4 for detail) although their settings can be extended for

similarity transformation as well which was shown by Mardia et. al. (2013).

1.2.3 MCMC Updates for all Unknown Variables

Green and Mardia (2006) implemented a Markov chain Monte Carlo sampler to

draw samples from the posterior distribution defined in (1.26). They used Gibbs

updates for τ and σ2, Metropolis-Hastings updates for matching matrixM , and

Metropolis sampler for the matrix Fisher distribution for updating A in a 3-D
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case. To make inference, firstly they derived the full conditional distributions for

variables τ , σ2 and A from (1.24) and then describe a sampling algorithm for

each full conditional distribution.

The full conditional distribution of τ givenM ,A and σ2, denoted as π(τ |M ,A, σ, X,Y ),

is proportional to

π(τ |M ,A, σ, X,Y ) ∝ π(τ )
∏

j,k:mjk=1

φ{(xj −Ayk − τ )/(σ
√

2)}

= π(τ )× E2, (1.25)

where E2 =
∏

j,k:mjk=1

φ{(xj −Ayk − τ )/(σ
√

2)}. Simplifying E2 we have

E2 =
∏

j,k:mjk=1

exp
{
− 1

4σ2
× {(xj −Ayk − τ )}T{(xj −Ayk − τ )}

}

= exp
[
− 1

4σ2

∑
j,k:mjk=1

{
{(xj −Ayk − τ )}T{(xj −Ayk − τ )}

}]

∝ exp
[
− 1

4σ2

∑
j,k:mjk=1

{
− xjTτ + (Ayk)

Tτ − τTxj + τT(Ayk) + τTτ
}]
.

Similarly simplifying π(τ ) gives

π(τ ) ∝ exp
{
− 1

2
(τ − µτ )T(σ 2

τ I)−1(τ − µτ )
}

= exp
{
− 1

2σ 2
τ

(τ − µτ )T(τ − µτ )
}

∝ exp
{
− 1

2σ 2
τ

(τTτ − τTµτ − µTτ τ )
}
.

Plugging the π(τ ) and E2 values in equation (1.27) yields the full conditional
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distribution of τ , π(τ |M ,A, σ, X,Y ), which is proportional to

π(τ |M ,A, σ, X,Y ) ∝ exp
{
− 1

2

(
e1 τ

Tτ − e2 τ
T − e3 τ

)}
,

where e3 is the transpose of e2 and all three have the following expressions re-

spectively:

e1 =
(
1/σ 2

τ + L/2σ2
)

e2 =
(
µτ/σ

2
τ +

∑
j,k:mjk=1

(xj −Ayk)/2σ2
)

e3 =
(
µT
τ /σ

2
τ +

∑
j,k:mjk=1

(
xj −Ayk)T/2σ2

)
.

Simplifying further gives

π(τ |M ,A, σ, X,Y ) ∝ exp
{
− e1

2

(
τTτ − e2

e1

τT − e3

e1

τ
)}

∝ Nd

(
µ∗, σ2∗I

)
,

where

µ∗ =
e2

e1

=

(
µτ/σ

2
τ +

∑
j,k:mjk=1

(xj −Ayk)/2σ2
)

(1/σ 2
τ +

∑
j,k:mjk=1

1/2σ2)

σ2∗ =
1

e1

=
1

(1/σ 2
τ +

∑
j,k:mjk=1

1/2σ2)
.
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The full conditional distribution of τ follows a d dimensional Multivariate normal

distribution with mean vector µ∗ and variance-covariance matrix σ2∗I. Green

and Mardia (2006) draw samples for τ from its d dimensional Multivariate nor-

mal distribution directly using Gibbs updates.

Similarly the full conditional distribution of σ−2 given M , τ and A, denoted as

π(σ−2 |M ,A, τ , X,Y ), is proportional to

π(σ−2 |M ,A, τ , X,Y ) ∝ π(σ−2)
∏

j,k:mjk=1

{φ{(xj −Ayk − τ )/(σ
√

2)}
(σ
√

2)d

}

= (σ−2)(α−1) exp {−β/σ2} × E3, (1.26)

where E3 =
∏

j,k:mjk=1

{φ{(xj −Ayk − τ )/(σ
√

2)}
(σ
√

2)d

}
, simplifying E3 further gives

E3 ∝ exp

{
−

∑
j,k:mjk=1

{(xj −Ayk − τ )}T{(xj −Ayk − τ )}

4σ2

}(
σ−2
)(dL)/2

=
(
σ−2
)(dL)/2

exp

{
−

∑
j,k:mjk=1

‖(xj −Ayk − τ )‖2

4σ2

}
.

Plugging the E3 value in the equation (1.26) we have the full conditional distri-

bution of σ−2, which is proportional to
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π(σ−2 |M ,A, τ , X,Y ) ∝
(
σ−2
)[α+(dL)/2−1

]

× exp

[
−

{
β +

∑
j,k:mjk=1

‖(xj −Ayk − τ )‖2

4

}
σ−2

]

∝ Γ(α∗, β∗),

where

α∗ = α +
(
dL
)
/2

β∗ =

{
β +

∑
j,k:mjk=1

‖(xj −Ayk − τ )‖2

4

}
.

The full conditional distribution of σ−2 also follows a gamma distribution, with

shape parameter α∗ and rate parameter β∗. Like τ , Green and Mardia (2006)

draw samples for σ−2 from its full conditional distribution directly in Gibbs style

fashion.

Green and Mardia (2006) considered A as an unknown parameter in their appli-

cation, and application was limited to 2 and 3 dimension cases. They also consid-

ered A a rotation matrix in 2 and 3 dimension cases i.e. |A| =1. The full condi-

tional distribution ofA givenM ,σ−2 and τ , denoted as π(A |M , τ , σ−2,X,Y ),

is proportional to

π(A |M , τ , σ−2,X,Y ) ∝ π(A)
∏

j,k:mjk=1

{
φ{(xj −Ayk − τ )/(σ

√
2)}
}

= exp {tr(F T
0A)} × E4, (1.27)
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where E4 =
∏

j,k:mjk=1

{
φ{(xj − Ayk − τ )/(σ

√
2)}
}
, and simplifying E4 further

gives

E4 =
∏

j,k:mjk=1

exp
{
− 1

4σ2
× {(xj −Ayk − τ )}T{(xj −Ayk − τ )}

}

=
∏

j,k:mjk=1

exp
{
− 1

4σ2
× {(xj −Ayk − τ )}T{(xj −Ayk − τ )}

}

= exp
[
− 1

4σ2

∑
j,k:mjk=1

tr
{
{(xj −Ayk − τ )}T{(xj −Ayk − τ)}

}]
[
as {(xj −Ayk − τ )}T{(xj −Ayk − τ )} is a scalar

]
= exp

[
− 1

4σ2

∑
j,k:mjk=1

tr
{
{(xj − τ )−Ayk}T{(xj − τ )−Ayk}

}]

∝ exp
[
− 1

4σ2

∑
j,k:mjk=1

tr
{
− (xj − τ )TAyk − yTkAT(xj − τ ) + yTk yk

}]
[
as ATA = I and (Ayk)

T = yTk A
T]

∝ exp
[
− 1

4σ2

∑
j,k:mjk=1

tr
{
− (xj − τ )TAyk − yTkAT(xj − τ )

}]

= exp
[
− 1

4σ2

∑
j,k:mjk=1

{
− tr{(xj − τ )TAyk} − tr{yTk AT(xj − τ )}

}]

= exp
[
− 1

4σ2

∑
j,k:mjk=1

{
− tr{yk (xj − τ )TA} − tr{(xj − τ )TAyk}

}]
[
as tr(A+B) = tr(A) + tr(B), tr(AB) = tr(BA) and tr(AT) = tr(A)

]
= exp

[
− 1

4σ2

∑
j,k:mjk=1

{
− tr{yk (xj − τ )TA} − tr{yk (xj − τ )TA}

}]
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E4 = exp
[
− 1

4σ2

∑
j,k:mjk=1

{
− tr{yk (xj − τ )TA} − tr{yk (xj − τ )TA}

}]

= exp
[
− 1

4σ2

∑
j,k:mjk=1

{
− tr{2yk (xj − τ )TA}

}]

= exp
[

tr
{ 1

2σ2

∑
j,k:mjk=1

yk (xj − τ )TA
}]

Plugging the E4 value in equation (1.27) we have the full conditional distribution

of A, which is proportional to

π(A |M , τ , σX,Y ) ∝ exp {tr(F T
0A)} exp

[
tr
{ 1

2σ2

∑
j,k:mjk=1

yk (xj − τ )TA
}]

= exp
[

tr(F T
0A) + tr

{ 1

2σ2

∑
j,k:mjk=1

yk (xj − τ )TA
}]

= exp
[

tr
{
F T

0 +
1

2σ2

∑
j,k:mjk=1

yk (xj − τ )T
}
A
]

= exp
[

tr
{
F TA

}]
,

where

F = F 0 +
1

2σ2

∑
j,k:mjk=1

(xj − τ )yTk . (1.28)

The conditional distribution of A also follows a matrix Fisher distribution, with

matrix parameter F . For 2 and 3 dimensional cases, Green and Mardia (2006)

used the following algorithms to update A:

Updating A in 2-d Case. In 2 dimension case they parametrized the rotation

matrix A by an angle θ as
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A =

 cos θ − sin θ

sin θ cos θ

 ,

and the von Mises distribution with respect to the Lebesgue measure on (0, 2π)

was considered for θ. In general , the von Mises distribution for θ, with concen-

tration parameter κ and location parameter v, has the following form

π(θ) ∝ exp{κ cos(θ − v)}

= exp{κ cos v cos θ + κ sin v sin θ }. (1.29)

Indeed the form of π(θ) defined in equation (1.31) and form of matrix Fisher

distribution defined in section 1.2.2, π(A) ∝ exp {tr(F T
0A)}, are the same func-

tional form when F 0 has the following form

F 0 = κ/2

 cos ν − sin ν

sin ν cos ν

 .

Thus, assuming von Mises as a prior distribution for θ, which covers uniform

case when concentration parameter is zero, the full conditional distribution of θ

also has the same von Mises form with updated parameters, say, κ∗ and v∗ i.e.

π(θ) ∝ exp{κ∗ cos(θ − v∗)}

= exp{κ∗ cos v∗ cos θ + κ∗ sin v∗ sin θ }. (1.30)

The updated parameters κ∗ and v∗ can be determined by equating von Mises

distribution with updated parameters defined in (1.30) and matrix Fisher distri-

bution with updated parameter F (updated according to equation 1.28) which
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has the following form

π(A) ∝ exp {(κ cos v + S11 + S22) cos θ + (κ sin v − S12 + S21) sin θ}, (1.31)

where Si j, i, j={1, 2}, are the element of 2×2 matrix S = 1/(2σ2)
∑

j,k:Mjk=1(xj−

τ )yTk . Equating equations (1.32) and (1.33) gives

κ∗ =
√
a2 + b2 (1.32)

v∗ = tan−1(b/a), (1.33)

where a = (κ cos v+S11 +S22) and b = (κ sin v−S12 +S21). An efficient rejection

method developed by Best, D. J. and Fisher, N. I. (1997), was used to sample

from the full conditional distribution of θ.

Updating A in 3-d Case. In 3 dimension case they parametrized the rotation

matrix in terms of 3 Eulerian angles, namely, θ12, θ13, θ23 according to Raffenetti

and Ruedenberg (1970) and Khatri and Mardia (1977) as

A = A12(θ12)A13(θ13)A23(θ23), (1.34)

where for i < j, i, j ={1, 2, 3}, Aij(θij) is the matrix with elements mii = mjj =

cos θij, -mij = mji = sin θij, mrr = 1 for r 6= i, j and other entries are equal to

0. For example, for A12(θ12) i= 1 and j = 2, so its all elements are; m11 = m22 =

cos θ12, -m12 = m21 = sin θ12, m33 = 1 and m13 = m23 = m31 = m32 = 0. After

substituting allAij(θij) values in equation (1.34) the form of rotationA becomes

A =


cos θ12 − sin θ12 0

sin θ12 cos θ12 0

0 0 1




cos θ13 0 − sin θ13

0 1 0

sin θ13 0 cos θ13




1 0 0

0 cos θ23 − sin θ23

0 sin θ23 cos θ23

 .
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The rotation A is treated as uniformly distributed on SO(3) as we don’t have

any specific prior information about A. The uniform distribution on SO(3) is

determined by defining a probability measure on it which is invariant under any

group transformation. Under the above setting, the form of the uniform distri-

bution on SO(3) is equal to 1 with respect to 1
8π2 cos θ13 dθ12 dθ13 dθ23 (see Khatri

and Mardia (1977)). As A is parametrized in terms of Eulerian angles, the

form of uniform distribution with respect to Lebesgue measure (with respect to

dθ12 dθ13 dθ23) is 1
8π2 cos θ13. Therefore, the joint full conditional density of the

Euler angles is proportional to

exp {tr(F TA)} cos θ13, (1.35)

where θ12, θ23 ∈ (−π, π) and θ13 ∈ (−π/2, π/2). After substituting the value of

A in equation (1.37) the term tr(F TA) can be written variously as

tr(F TA) = a12 cos θ12 + b12 sin θ12 + c12

= a13 cos θ13 + b13 sin θ13 + c13

= a23 cos θ23 + b23 sin θ23 + c23,

where

a12 =
(
F22 − F13 sin θ13

)
cos θ23 +

(
− F23 − F12 sin θ13

)
sin θ23 + F11 cos θ13

b12 =
(
− F12 − F23 sin θ13

)
cos θ23 +

(
F13 − F22 sin θ13

)
sin θ23 + F21 cos θ13

a13 = F11 cos θ12 + F21 sin θ12 + F32 sin θ23 + F33 cos θ23

b13 = F31 −
(
F12 sin θ23 + F13 cos θ23

)
cos θ12 −

(
F22 sin θ23 + F23 cos θ23

)
sin θ23

a23 =
(
F22 − F13 sin θ13

)
cos θ12 +

(
− F12 − F23 sin θ13

)
sin θ12 + F33 cos θ13

b23 =
(
− F23 − F12 sin θ13

)
cos θ12 +

(
F13 − F22 sin θ13

)
sin θ12 + F32 cos θ13,
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and the quantities c12, c13 and c23 are all constants and can be combined into

the normalising constants. Now each of the Euler angles can be updated in turn

by conditioning on other two angles and other variables from equation (1.37).

Thus, the full conditionals for θ12 and θ23 have the following von Mises form

π(θ12|θ23, θ13) ∝ exp
(
a12 cos θ12 + b12 sin θ12

)
(1.36)

π(θ23|θ12, θ13) ∝ exp
(
a23 cos θ23 + b12 sin θ23

)
, (1.37)

and Gibbs update can be made for θ12 and θ23 using Best and Fisher algorithm.

On the other hand, the full conditional distribution for θ13 is proportional to

π(θ13|θ12, θ23) ∝ exp
(
a13 cos θ13 + b13 sin θ13

)
cos θ13. (1.38)

Green and Mardia (2006) used a random walk Metropolis update for this variable,

with a perturbation uniformly distributed on [-a, a], where a ∈ R and they chose

a = 0.1.

Apart from Green and Mardia (2006) method for updating rotation A in 3-d

case, we will use three existing methods for updating A in 3-d case proposed

by Kent and Ganeiber (2012), Habeck’s (2009) and Byrne and Girolami (2013)

respectively in this thesis in the results and discussion chapter.

Updating Matching Matrix M To update the matching matrix M , Green

and Mardia (2006) used Metropolis-Hastings moves that only propose changes

to a few entries. Under their setting the number of current matches can only

increase or decrease by 1 or stay the same. The detail algorithm for updating

M according to them is defined as follows:
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(1) Select one point randomly from all (m+n) data points x1, · · · ,xm, y1, · · · ,yn.

Suppose without loss of generality selected point from X and, say, xj, j ∈

{1, 2, . . . ,m} is selected. The following steps are analogous if a point came

from Y because of the symmetry of the model.

(2) Check either selected xj in step 1 is matched or unmatched. Suppose

this point is matched with yk, k ∈ {1, 2, . . . , n}. Now with probability p∗

they proposed deleting this match and with probability (1− p∗) proposed

switching this match with one randomly selected unmatched yk′ if there is

any. After proposing a move (i.e. deletion or switching) determine their

acceptability on the basis of Metropolis Hastings acceptance probability.

Accepting deletion decreases L (current match points) by one while L re-

mains the same under switching.

(3) If xj is unmatched in step (2) then they proposed adding this xj with one

randomly selected unmatched yk if there is any. Based on Metropolis Hast-

ings acceptance probability this proposal is accepted or not. The number

of current matches L is increased by 1 if move is accepted.

Using equation (1.24) the acceptance probabilities for the above three moves can

be derived easily as in each step the proposed new matching matrix say M ′ is

only slightly different from current matching matrix M , so there are only few

factors in the ratio

R =
π(M ′, τ , σ,A;X,Y )

π(M , τ , σ,A;X,Y )
. (1.39)

We call this ratio, R, the relative probability of M ′ compare to M and defini-

tion of this relative probability will be used in Chapter 2. In case of proposal

of adding a match (j, k), R and proposal ratio, PR = T (M |M ′)/T (M ′|M ), are
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R =
ρ φ{(xj −Ayk − τ )/(σ

√
2)}

λ(σ
√

2)d

PR =
p∗

nu−1
,

where nu is the number of unmatchedX points inM . Therefore, the acceptance

probability for adding a match (j, k) is

min

[
1,
ρ φ{(xj −Ayk − τ )/(σ

√
2)} p∗nu

λ(σ
√

2)d

]
. (1.40)

Similarly, in the case of proposing to delete a match (j, k), R and PR, are

R =
λ(σ
√

2)d

ρ φ{(xj −Ayk − τ )/(σ
√

2)}

PR =
(n′u)

−1

p∗
,

where n′u = nu + 1 is the number of unmatched X points in M ′. Therefore, the

acceptance probability for deleting a match (j, k) is

min

[
1,

λ(σ
√

2)d

ρ φ{(xj −Ayk − τ )/(σ
√

2)} p∗n′u

]
. (1.41)

Finally for a proposal of switching (j, k) point to (j, k′) point R and PR, are

R =
φ{(xj −Ayk′ − τ )/(σ

√
2)}

φ{(xj −Ayk − τ )/(σ
√

2)}

PR =
(1− p∗)
(1− p∗)

= 1,
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Therefore, the acceptance probability for switching the match of xj from yk to

yk′ is

min

[
1,
φ{(xj −Ayk′ − τ )/(σ

√
2)}

φ{(xj −Ayk − τ )/(σ
√

2)}

]
. (1.42)

In a single update this sampler has a very modest effect on M ′ (small moves

because of single pair change), resulting in a slow mixing into the parameter

space. To speed up the mixing, they considered several updates to M along

with just single update to the other parameters per sweep. In Chapter 2, we will

introduce a new sampler forM proposed by Forbes and Lauritzen (2014) which

considers bigger moves in a single update, and hence improve the mixing rate.

Taylor, Mardia and Kent (2003) Model

Given two configurations X(m × d) and Y (n × d), Taylor, Mardia and Kent

(2003) developed a model to match X and Y , where X comes from a suitable

distribution with parameter depending on Y . Under their settings their model

consists the three main components which are discussed below:

Transformation Groups. As parameters of the distribution of X depend on

Y , so a group of transformations, say, F is applied on (a subset of landmarks

of) Y to bring it close to (a subset of landmarks of) X. Some common choices

of F are:

(1) The identity group F0 where f(Y ) = Y .

(2) The translation group Ftr where f(Y ) = Y + b, for some b ∈ Rd.

(3) The group of rigid body transformations Frigid where f(Y ) = AY + b,

where A is d× d rotation matrix.

(4) The group of similarity transformations Fsim where f(Y ) = AY +b, where

A is c times a rotation matrix and c > 0 is a scale factor.
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(5) The group of affine transformations Faff where f(Y ) = AY + b, where A

is d× d non-singular matrix.

Labelling. All statistical models for the matching problem work according to

a rule by which points in X are matched with points in Y , and labelling is

such a rule which tells which elements of X correspond to which elements of

Y . Mathematically, labelling can be seen as a mapping γ : {1, 2, . . . ,m} →

{1, 2, . . . , n, (n+ 1)} with γ(j) = k, which indicates the corresponding landmark,

yk, in Y for each landmark of xj in X. When correspondence for any landmark

in X is not found then it matches with state (n+1), which is called "coffin bin".

Taylor, Mardia and Kent (2003) considered two different labelling approches

namely injective and free cases when they derived their statistical model for

matching configurations X and Y :

InjectiveCase. Under this case each point in X is only allowed to match at

most one point in Y . Mathematically, for any two different j, say, j1 and j2 in

X and γ(j1), γ(j2) 6= (n+ 1), then γ(j1) 6= γ(j2). As γ(j1) = k imples γ(j2) 6= k

∀ j2 6= j1 and k 6= (n+ 1), so there is a dependencies between mapping γ and

the observations xj, j = 1, 2, · · · ,m.

FreeCase. In case of free labelling, each point in X is allowed to match more

than one point in Y . Under this framework , mapping γ and the observations

xj, j = 1, 2, · · · ,m are independent as two different xj points can be matched

with one yk, k = 1, 2, · · · , n, point.

A distribution of γ(j) over both injective and free labelling cases is required when

a statistical model is fitted for matching problem, and they chose two differenent

distributions for γ(j) for the free and injective cases.

When the labelling γ(j) contains a coffin bin, state (n + 1), and N0 landmarks

in X goes to coffin bin, then N0 follows a binomial distribution with parameter

θ(n+1) i.e.

N0 ∼ Bin(θ(n+1)),
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where θ(n+1) = Pr
(
γ(j) = (n+ 1)

)
is the probability that xj, j = 1, 2, · · · ,m,

matches with coffin bin and assumed to be the same for each j and independent

over j. Under free labelling case, Taylor, Mardia and Kent (2003) considered the

following distribution for mapping γ(j)

Pr
(
γ(j) = k

)
= θk, with

(n+1)∑
k=1

θk = 1, (1.43)

and the above form is same for all j and independent over j which facilitates the

fitting of statistical models.

On the other hand, γ(j) is not independent over j in injective labelling case.

When N0 landmarks of X are sent to the coffin bin then (m − N0) landmarks

of X and (m − N0) landmarks of Y match together as m ≤ n assumed here,

and they can be chosen from m and n landmarks in
(

m
m−N0

)
and

(
n

m−N0

)
ways

respectively. These two sets of indices match to each other in (m−N0)! different

ways. Therefore they considered discrete uniform distribution for labelling γ

over
(

m
m−N0

)
×
(

n
m−N0

)
× (m−N0)! elements.

The distribution of γ(j) considered above both for the free and injective cases

contains the coffin bin, and the case of without coffin bin can be accommodated

under this setting by considering θ(n+1) = 0 and hence N0 = 0.

Error Distribution. It is necessary to model how close the corresponding ele-

ment of X and Y will be to one another under a given transformation f on Y

and a labelling γ. Taylor, Mardia and Kent (2003) considered the following form

for xj given f and γ
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gk(xj) =


Nd(Ayk + τ , σ2Id), for γ(j) = k, and k ∈ {1, 2, . . . , n}
1

|Ω|
, for γ(j) = k, and k = {(n+ 1)},

which has the following equivalent form:

gk(xj) =


φ{(xj −Ayk − τ )/σ}

σ d
, for γ(j) = k, and k ∈ {1, 2, . . . , n}

1

|Ω|
, for γ(j) = k, and k = {(n+ 1)},

where φ denotes the standard normal density in Rd and j = 1, 2, . . . ,m. Here

gk(xj) denotes the conditional pdf of xj given f and γ(j). Ω denotes some region

in Rd containing all the xj values, which plays the role of a parameter of a broad

nonlocalized distribution of landmarks associated with the coffin bin.

Link between Green and Mardia and Taylor et al. Models. Green and

Mardia (2006) model is developed under the assumption that both the config-

urations have Gaussian perturbations from an underlying Poisson process while

Taylor, Mardia and Kent (2003) model assumed configuration X is perturbed

from configuration Y in a one sided fashion. However, the form of the likelihood

of Green and Mardia (2006) model is actually of the same form as the likelihood

of Taylor, Mardia and Kent (2003) model but the variance parameter is doubled.

Although the form of the likelihoods under two models is the same form, they are

conceptually different. Green and Mardia (2006) model is considered as symmet-

rical in the sense that xj and yk are both generated by the same hidden point

location of µ (common space), and are considered as a matched pair where X

is in the true space µ and Y is transformed (using geometric transformation)

to bring into the µ space. On the other hand, Taylor, Mardia and Kent (2003)

model is considered as asymmetrical in the sense that one of them (Y ) is taken

as the population and the remaining one (X) is trated as a random sample from
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this population after an unknown transformation. Therefore, the matching prob-

abilities between xj and yk will not be same if the positions of X and Y are

treated on the other way around.

Model for the Injective Labelling Case. Under the injective labelling case

the labelling γ has a discrete set of parameters which can be represented as

m × (n + 1) matching matrix M = [mjk]m×(n+1). If γ(j) = k and k =

1, 2, · · · , n, (n+ 1), then mjk = 1 otherwise mjk = 0. Thus the matching matrix

M satisfies the following constraints

mjk ∈ {0, 1},
(n+1)∑
k=1

mjk = 1 ∀j and
m∑
j=1

mjk ≤ 1 ∀k.

When the transformation f is known, common in simple case, along with known

background parameters σ2 and |Ω|, the only task is to estimate the labelling γ(j).

Taylor, Mardia and Kent (2003) developed the following likelihood for γ(j)

L(γ) =
m∏
j=1

(n+1)∏
k=1

[
gk(xj)

]mjk

l(γ) =
m∑
j=1

(n+1)∑
k=1

mjk log
[
gk(xj)

]
, (1.44)

where l(γ) = logL(γ). Using a well known integer programming method the

maximum likelihood estimates of γ can be determined from the likelihood de-

fined in (1.44). This simple strategy is not available in more complicated cases

where transformation f is not known. However, methodology used to derive the

likelihood (1.44) can still be used as a building block for methodology based on

free model which can handle more complicated case.

Model for the Free Labelling Case. In the free labelling case the distribution
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of labelling γ, defined in (1.45), is a continuous distribution, and the labelling

γ and observations xj are independent over j. Thus the joint likelihood derived

by Taylor, Mardia and Kent (2003) for free labelling case is

L(X, γ) =
m∏
j=1

(n+1)∏
k=1

[
θk
]I [ γ(j)=k] [

gk(xj)
]I [ γ(j)=k]

l(X, γ) =
m∑
j=1

(n+1)∑
k=1

I [ γ(j) = k]
(

log
[
θk
]

+ log
[
gk(xj)

])
,

where l(X, γ) = logL(X, γ) and I [ γ(j) = k] is an indicator variable which

takes value 1 when γ(j) = k and k = 1, 2, · · · , n, (n+ 1) otherwise I [γ(j) = k]

takes 0. For notational convenience we use γjk = I [ γ(j) = k], so the above joint

likelihood can be rewritten as

l(X, γ) =
m∑
j=1

(n+1)∑
k=1

γjk

(
log
[
θk
]

+ log
[
gk(xj)

])
, (1.45)

where γjk ∈ {0, 1} like mjk in the injective labelling case, and the prior prob-

abilities of mixing proportions θ = (θ1, θ2, · · · , θ(n+1)), A, τ , σ2 and Ω are the

parameters of the above model. Among all parameters, they considered σ2 as

a fixed tuning parameter as estimating it along with other parameters can be

numerically unstable, while |Ω| is considered the size of the rectangular region

which contains all the data.

Inference for the Free Model. Taylor, Mardia and Kent (2003) used the EM

algorithm to carry out the inference for the above model. The mapping infor-

mation γ(j) is not available i.e. unobserved. They considered averaging γ(j)

over all k, k = 1, 2, · · · , n, (n+ 1), which yielded the following mixture model

for each xj, j = 1, 2, · · · ,m, with density
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g(xj) =
n+1∑
k=1

θk gk(xj), (1.46)

where θk are the mixing proportions of the mixture density g(xj). As the

mapping information γ(j) is missing, so in the E step unobserved mappings

γjk = I [γ(j) = k] are replaced by their expected values under the current pa-

rameter estimates and the data, and expectation are

θ
(e)
jk = E

[
I [γ(j) = k] = 1

]
= E

[
γjk = 1

]
=
θk gk(xj)

g(xj)
,

here θ(e)
jk are the probabilities of matching between xj and yk. Finally in the M

step, the following expected likelihood is optimized over θ, A and τ , to get their

estimates:

m∑
j=1

(n+1)∑
k=1

θ
(e)
jk

(
log
[
θk
]

+ log
[
gk(xj)

])
.

These two steps need to be repeated until convergence is achieved. Under the

above settings, the probabilities of matching between xj and yk, θ
(e)
jk , is not

directly used in the model as an unknown but these fixed quantities are used

to calculate an updated estimates of mixing proportion θ = (θ1, θ2, · · · , θ(n+1)).

In Chapter 3, we have proposed a fully Bayesian model which has the sim-

ilarity with Taylor, Mardia and Kent (2003) but this matching probabilities

θj = (θj1, θj2, · · · , θj(n+1)), j = 1, 2, · · · , m, are directly modeled as an un-

known. By introducing a Dirichlet prior for each θj, sample can be obtained

from each full conditional distribution of θj using Gibbs sampling.
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1.3 Introduction to Differential Geometry

Using the Metropolis-Hastings based sampler to simulate from any complicated

target distribution instead of using the Gibbs sampler (provided that direction

generation are available) sometime produces good proposals and mixing com-

pared to the samples obtained by direct generation from this target density un-

der Bayesian settings, which is discussed in the MCMC section. In the context

of our problem, we will need to simulate from the high dimensional posterior dis-

tribution in Chapter 4, which involves 4 unknowns (τ , σ,A,θ). Although direct

generation is available for all the full conditional distributions but motivated by

the previous example we will use Metropolis-Hastings based sampler to simu-

late from the full conditional distributions of A and θ respectively (MH within

Gibbs) in order to get better proposal and good mixing. In addition, A and θ

can also be sampled together from their joint full conditional distribution using

Metropolis-Hastings based sampler.

The rotation A has a natural geometric structure which is on SO(3). Simi-

larly, the matching probabilities θj, j = 1, 2, · · · ,m, also have a natural geomet-

ric structure which is on an n dimensional probability simplex. Implementing

Metropolis-Hastings algorithm to simulate from these full conditional distribu-

tions which are defined on a manifold requires knowledge of differential geometry.

Therefore, in this section we introduce some important ideas from differential ge-

ometry. We have used the text books Amari and Nagaoka (2000) and Schutz,

Bernard F (1980) to prepare the following overview of the differential geometry

required.

Neighborhood. Suppose q is a point in Rd. Then a set of points whose dis-

tance is less than r (> 0) from point q is called the neighborhood of radius r of

point q, and it is denoted by Nr(q). Graph A of Figure 1.6 illustrates the idea
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of neighborhood of point q in R2, where interior disc bounded by the circle of

radius r forms the neighborhood of q but point on the circle is not included in

the Nr(q).

Open Set. Let U be a set in Rd and if every point q in U has a neighborhood

entirely contained in U , then U is called an open set. For example, all points

q ∈ R1 for which a < q < b for some a, b is simply an open set in R1.

Mapping. A mapping ϕ : M → S is a rule by which for each element p in

space M , a unique element q = ϕ(p) is found in space S (shown in graph B

of Figure 1.6). For example, an ordinary real-valued function defined on R1 is

simple example of mapping, where ϕ takes a point p in R1 and yields a value

q = ϕ(p) in R1 also. From this example, it is clear that both the spaces M and

S need not be distinct. However, in general they could be completely different

from each other.

Under a mapping for each p in M there is a unique q = ϕ(p) in S, but not

necessarily a unique p for every ϕ(p) which is shown in graph C of Figure 1.6.

In this Figure, it is clear that both p0 and p1 are mapped into the same value

q = ϕ(p0) = ϕ(p1) in S and this type of mapping is known as many-to-one

mapping. Under a many-to-one mapping, the inverse image for a single value,

say, q in S is not a single point in M , so there is no map ϕ−1 from S to M as

under any map there should be an unique image. So, in general, ϕ−1(q) is not

treated as the image of q under a map ϕ−1 but simply a set. On the hand hand,

when for each ϕ(p) there is unique image point inM , then the mapping is called

one-to-one mapping.

A mapping ϕ : M → S is called M into S if it is defined for all points of M , and

if every point of S, ϕ−1 exits, not necessarily an unique value, then it is calledM
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onto N . A mapping which is both one-to-one and onto is called bijection. When

there are two mappings ϕ : M → S and ψ : S → W , then another mapping

ψ ◦ ϕ : M → W is defined using the composition of ϕ and ψ which maps from

M to W .

Coordinate System. Let ϕ : S → Rd denote a coordinate system for a mani-

fold S (for manifold definition see the last part of this discussion). Then for each

point p in S, ϕ maps p to in Rd (shown in graph A of Figure 1.7). Mathemati-

cally it can be written as

ϕ(p) = [q1(p), q2(p), · · · , qd(p)] (1.47)

= [q1, q2, · · · , qd] (1.48)

= q, (1.49)

where the point q = [q1, q2, · · · , qd] are called the coordinates of point p. From

equations (1.49) and (1.50), it is obvious that each qi, 1, 2, · · · , d, works as a

function which maps a point p to its ith coordinate i.e. qi : p → R1, and

called them as coordinate functions. Usually the above coordinate system can

be written as ϕ = [q1, q2, · · · , qd] = [qi], and we will also follow this convention

in this thesis.

Local and Global Coordinate Systems. When every point of manifold S

can be mapped to Rd under one coordinate system then ϕ = [qi] is called a

global coordinate system. In other words, when ϕ has S as its domain then

it is called global coordinate system. However, in general, global coordinate

system is not available for all manifolds. For example, the surface of a sphere

and torus do not have global coordinate system. Manifolds that don’t have

global coordinate system only have local coordinate systems, and using these

local coordinate systems all points in S can be mapped to Rd in the following

way:
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(1) Consider an open subset U of S which has a coordinate system ϕ such that

ϕ : U → Rd.

(2) Select a point not contained in U but in another subset V which has a

another coordinate system ψ such that ψ : V → Rd.

(3) Continue the process of choosing new subset until the whole S is covered,

and hence every point in S is contained in at least in one subset which has

a coordinate system.

How a point in S can be mapped in Rd under local and global coordinate systems

is shown by graph A and C of Figure 1.7 respectively.

Coordinate Transformation. Suppose a point p in S can be mapped to Rd

under two different coordinate system ϕ = [q i] and ψ = [y j] respectively. The

coordinates [y j] can be obtained from coordinates [q i] using the following trans-

formation

ψ ◦ ϕ−1 : [q1, q2, · · · , qd]→ [y1, y2, · · · , yd], (1.50)

and this transformation is known as coordinate transformation. Similarly, the

coordinates [q i] can be obtained from coordinates [y j] using the transformation

ϕ ◦ ψ−1 : [y1, y2, · · · , yd] → [q1, q2, · · · , qd]. Differential geometry uses differ-

ential operators to analyze the objects geometry with respect to different coor-

dinates systems (functions), and it would be problematic if these operators are

not invariant under these coordinate systems. Therefore, the necessity of smooth

transformation between one coordinate to another coordinate is confirmed in dif-

ferential geometry. The idea of coordinate transformation is displayed in graph

B and D of Figure 1.7 under both global and local coordinate systems.
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Figure 1.6: Pictorial representation of Nr(q), mapping and curve of manifold;

Nr(q), mapping, many to one mapping and definition of curve in manifold are

shown by the graphs A, B, C and D of this Figure respectively.
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Figure 1.7: Pictorial representation of coordinate system, coordinate transfor-

mation and function on a manifold: Graph A shows the coordinate system from

S to Rd both for global and local coordinate system; coordinate transformations

between two coordinate systems under both global and local coordinate systems

are explained by graphs D and B respectively; graph C explains how a function

f defined on S works.

Manifold. To define a manifold a global coordinate system is considered

here. However, this assumption does not affect the generality of the analysis

as only local theory of the manifold is discussed in the later part of this thesis.

Suppose S is a set, and for this set S a set of coordinates systems A exists. Then

S is said to be a C∞ manifold or simply manifold if the following two conditions

hold:

(1) One-to-one mapping from S to some open subset of Rd is available for each

ϕ ∈ A.

(2) For any two ϕ, ψ ∈ A both ϕ ◦ ψ−1 and ψ ◦ ϕ−1 are defined and infinitely

many times differentiable. This condition is also called C∞ diffeomorphism.
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Equation (1.50) and conditions (1) and (2) of manifold definition combined im-

ply the existence of partial derivative of the functions yi = yi(q1, q2, · · · , qd) and

qi = qi(y1, y2, · · · , yd) with respect to their variable arguments respectively as

many times as needed.

Suppose U is a subset of manifold S, and for any coordinate system ϕ in S,

ϕ(U) is open subset in Rd; then U is called an open subset of S. Condition 2

of manifold definition makes this property invariant to the choice of coordinate

system ϕ. Now by restricting the domain of ϕ (whole S) to U , a coordinate

system ϕ : U → Rd can be defined and thus obtained a coordinate system for U

(ϕ|U). Hence U becomes a manifold whose dimension is the same as that of S.

Function on the Manifold. Consider f : S → R be a function on a mani-

fold S, which yields a real number f(p) for a point p in S. Under a coordinate

system ϕ = [q i], f can also be rewritten as a function of the coordinates i.e.

f(p) = f̄(q1, q2, · · · , qd) where f̄ = f ◦ϕ−1. Here f̄ is also a real valued function

whose domain is ϕ(S), a open subset in Rd. How the function f works on man-

ifold S and under a coordinate system ϕ is illustrated by graph C of Figure 1.7.

The partial derivative ∂f̄
∂qi

works as a function on ϕ(S) when partial derivative of

f̄ is defined for all points in ϕ(S). By transforming the domain back to S the

partial derivatives of f with respect to qi can be defined as

∂f

∂qi

def
=

∂f̄

∂qi
◦ ϕ : S → R, (1.51)

where
(
∂f
∂qi

)
p
denotes the value of this function at point p. f is called a C∞

function on S when f̄ is differentiable an unbounded number of times with re-

spect to its arguments, and it is invariant to the choice of coordinate system ϕ.

Under two coordinate systems [q i] and [y j], both are C∞ functions, the partial

derivatives ∂qi
∂yj

and ∂yj
∂qi

exist and satisfy
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d∑
j=1

∂qi
∂yj

∂yj
∂qk

=
d∑
j=1

∂yi
∂qj

∂qj
∂yk

= δik, (1.52)

where δik is 1 if k = i, and 0 otherwise. In addition, for any C∞ function f the

following two conditions hold:

∂f

∂yj
=

d∑
j=1

∂qi
∂yj

∂f

∂qi
and

∂f

∂qi
=

d∑
j=1

∂yj
∂qi

∂f

∂yj
. (1.53)

Curve on the Manifold. For some I ⊂ R, suppose a one-to-one function γ :

I → S maps from I to manifold S. Then by defining γi(t)
def
= qi(γ(t)), the point

γ(t), t ∈ I, can be expressed using coordinates as γ̃(t) = [γ1(t), γ2(t), · · · , γd(t)].

Now γ is called a C∞ curve on S if γ̃(t) is a C∞ for t ∈ I, and this is independent

of coordinate system [qi]. This idea is graphically shown in Figure 1.6 (graph

D).

Tangent Vectors and Tangent Spaces. Suppose γ is a curve on the manifold

S, and γ(t) = p be a particular point in S for t ∈ I. Now if S is simply an open

subset of Rd or embedded in some higher dimensional space Rl (l > d), then the

derivative of γ is simply known as tangent vector, and defined as

dγ

dt
= γ̇ = lim

h→0

γ(t+ h)− γ(t)

h
. (1.54)

In general, the definition of tangent vector defined in (1.54) is not meaningful

when the surface is not flat (derivative is not defined). In this case, applying a

C∞ function f on γ(t) makes it flat, and hence defines valid derivative, d
dt
f(γ(t)).

The derivative d
dt
f(γ(t)) can be expressed in terms of coordinates as

62



d

dt
f(γ(t)) =

d

dt
f̄(γ̃(t))

=
d∑
i=1

( ∂f̄
∂qi

)
γ̃(t)

dγi(t)

dt

=
d∑
i=1

( ∂f
∂qi

)
γ(t)

dγi(t)

dt
. (1.55)

Equation (1.55) is known as directional derivative of function f along the curve

γ, and this directional derivative can be expressed as tangent vector using an

operator which maps f to
d

dt
f(γ(t)) and simply define

(
dγ
dt

)
p

= γ̇(t). Hence the

equation (1.56) can be written as

(dγ
dt

)
p

= γ̇(t) =
d∑
i=1

γ̇i(t)
( ∂

∂qi

)
p
, (1.56)

where γ̇i(t) = dγi(t)
dt

and
(

∂
∂qi

)
p
is an operator which maps : f →

(
∂f
∂qi

)
p
. This

definition of tangent vector as an operator can be seen as a generalization of the

tangent vector defined in (1.54). The operator
(

∂
∂qi

)
p
is called the tangent vector

at point p of the ith coordinate curve as partial derivative is simply a directional

derivative along a coordinate axis. Suppose Tp(S) is the set which contains all

the curves which pass through the point p, then equation (1.56) can be rewritten

in terms of Tp(S) as

Tp(S) =
d∑
i=1

ci

( ∂

∂qi

)
p
, (1.57)

where [c1, c2, · · · , cd] ∈ Rd and is a linear space formed by the natural basis(
∂
∂qi

)
p
of the coordinate system [qi] (as

(
∂
∂qi

)
p
are linearly independent). Then

this Tp(S) and its elements are called tangent space and tangent vectors of man-

ifold S at point p.
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Vector Fields. Suppose a mapping, X : p → Xp, maps each point p from

manifold S to a tangent space Tp(S), then this mapping is called a vector field.

For example, ∂
∂qi

: p →
(

∂
∂qi

)
p
, i = 1, 2, · · · , d, define d vector fields under a

coordinate system [qi]. In general, for a vector field X, for each point p, Xp can

be uniquely expressed as

Xp =
d∑
i=1

Xp i

( ∂

∂qi

)
p
, (1.58)

where Xp 1, Xp 2, · · · , Xp d are the d real numbers obtained according to the

function Xi : p → Xp i. These d functions X1, X2, · · · , Xd are called the com-

ponents of X with respect to a coordinate system [qi]. If
∑d

i=1 Xi

(
∂
∂qi

)
and∑d

j=1 X̃j

(
∂
∂yj

)
be the two components expressions of X under a two coordinate

systems [qi] and [yj], then the following two conditions hold:

X̃j =
d∑
j=1

Xi
∂yj
∂qi

and Xi =
d∑
j=1

X̃j
∂qi
∂yj

. (1.59)

The components are said to be C∞ with respect to any other when they are C∞

with respect to some coordinate system.

Submanifolds. Suppose S and M be two manifolds with dimension d and m

respectively (d > m), where M is a subset of S. Let [qi] and [yj] be the two

coordinate systems associated with S and M respectively. Then M is said to be

a submanifold of S if the following three conditions hold:

(1) qi|M(restricting the domain of qi to M), qi : M → R, is a C∞ function on

M .

(2) Suppose B i
j

def
=

(∂qi|M
∂yj

)
p
and Bj = [B 1

j , B
2
j , · · · , B d

j ] ∈ Rd. Then

B1, B2, · · · , Bm are linearly independent for each point p in M .

(3) For any open subset W of M , there exist another open subset U of S, such

that W = M ∩ U .
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The choice of coordinate systems [qi] and [yj] does not affect the above three

conditions i.e they are independent of choice of coordinate systems. The curve

γ : t → γ(t) in M is also considered a curve in S if M is a submanifold of S.

Hence the tangent vector
(dγ
dt

)
p
of curve γ at point p belongs to both Tp(M)

and Tp(S). Using equation (1.55),
(dγ
dt

)
p
of curve γ under the two coordinate

systems [qi] and [yj] can be written as

∑
i

γ̇i(t)
( ∂

∂qi

)
p
∈ Tp(S) (1.60)

and ∑
j

γ̇j(t)
( ∂

∂yj

)
p
∈ Tp(M), (1.61)

where γi(t)
def
= qi(γ(t)) and γj(t)

def
= yj(γ(t)) and the following condition holds

(using equation 1.58)

(dγi
dt

)
p

=
d∑
j=1

∂qi
∂yj

(dγj
dt

)
p

(1.62)

Riemannian Manifold. A Riemannian manifold (M) is a differentiable mani-

fold in which an inner product for the tangent space at each point p in manifold

M is defined via a metric tensor. A metric tensor is a real valued function which

takes two tangent vectors, say v1 and v2, from the tangent space at some point p

as its arguments and yields a real number. Mathematically it can be expressed as

G(p) : Tp(M)× Tp(M)→ R, (1.63)

where G(p) is a metric tensor at point p on the manifold M . To calculate the

lengths of individual vectors and the angles between two vectors, metric tensor

function defined in equation (1.62) can be used. For example, the square length

65



of a tangent vector v1 ∈ Tp(M) is determined as

||v1||2G(p) = 〈v1,v2〉p = v1
TG(p)v1, (1.64)

where v1
T is the transpose of vector v1. Under a coordinate system [qi], the

components gij, i, j = 1, 2, · · · , d, of metric tensor G are determined by

gij =
〈 ∂

∂qi
,
∂

∂qj

〉
(1.65)

which works as a C∞ function by mapping each point p in M to gij(p) =(〈(
∂
∂qi

)
p
,
(

∂
∂qj

)
p

〉)
p
.

Embedding. In this section we will discuss the concept of embedding as this is

key to understanding the sampling procedures of rotationA and matching proba-

bilities θ from their full conditional distributions, respectively, (which are defined

on the sphere and the simplex respectively) using the Metropolis-Hastings based

sampler in Chapter 4.

A smooth map f :M→ N between manifoldsM of dimension m and N of di-

mension n is an embedding if it is diffeomorphism onto its range, and the range,

f(M), is a submanifold of N . In the following explicit embedding expressions

both for sphere and simplex are provided:

Embedding of Sphere. The explicit embedding expression of an 2 dimensional

sphere, S2, of radius r in 3 dimensional Euclidean space is well known which can
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be written as

x1 = r sinα1 sinα2,

x2 = r sinα1 cosα2,

x3 = r cosα1,

where −π/2 ≤ α1 ≤ π/2 and 0 ≤ α2 ≤ 2π be the angular coordinate system, and∑3
i=1 x

2
i = r2. By extending this expression we can obtain the explicit embedding

expression of an (n− 1) dimensional sphere, S(n−1), of radius r in n dimensional

Euclidean space

x1 = r sinα1 sinα2 sinα3 · · · · · · sinαn−2 sinαn−1,

x2 = r sinα1 sinα2 sinα3 · · · · · · sinαn−2 cosαn−1,

x3 = r sinα1 sinα2 sinα3 · · · · · · sinαn−3 cosαn−2,

...

xn−1 = r sinα1 cosα2,

xn = r cosα1,

where α ∈ (0, 2π)× (0, π)n−2 and
∑n

i=1 x
2
i = r2.

Embedding of Simplex. A n dimensional probability simplex is a (n + 1)

dimensional Euclidean surface in which a distribution of the (n+ 1) events lies.

Each component of any random point in a simplex is non-negative and all (n+1)

components sum to 1. Mathematically we can express an n dimensional proba-

bility simplex, 4n, as

4n =

{
θ ∈ Rn+1 : θk ≥ 0,

n+1∑
k=1

θk = 1

}
,

which is a n dimensional manifold embedded in Rn+1.

Geodesics, Great Circle and Great Circle Distance. In Euclidean space,
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Figure 1.8: Illustration of a great circle and great circle distance. The distance

between two points on a sphere, P and Q is the great-circle distance marked in

red, whilst u and v are the the two antipodal points.

the distance between two points is the length of a straight line between them while

in non euclidean geometry, geodesics are the equivalent of straight line. Geodesics

on the sphere are the great circles, circles on the sphere whose centers and radii

coincide with the center and radius of the sphere. The shortest distance between

two distinct non-antipodal points (not directly opposite each other, P and Q in

Figure 1.8) along the surface is on the unique great circle which includes the two

points. The two points separate the great circle into two arcs, and the length of

the shorter arc is known as great circle distance, marked by red colour in Figure

1.8. The relevant formulas of geodesic under different manifolds considered in

this thesis are presented in Chapter 4 (section 4.2).
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1.4 Description of the Data Sets

Firstly, we discuss the protein data in 3-dimensions, which was also used by

Green and Mardia (2006), to illustrate their Bayesian model in bioinformatics

for the unlabelled shape problem. A sequence of twenty different types of amino

acids, organic compounds involving amine (−NH2) and carboxyl (−COOH) func-

tional groups along with a side chain (−R) are connected together by an amide

bond called a "peptide bond" to make a protein. The function of these proteins

depends on their structures, a 3d configuration of atoms determined by the se-

quence of their building blocks (amino acids). Most importantly, some key atoms

like α-carbon atoms in each amino acid, and some other secondary structure fea-

tures such as α-helices and β-sheets, play an important role in determining the

structure of a protein. Predicting protein structure is considered one of the grand

challenges in modern day science.

This particular protein data set contains a pair of proteins which are available

as PDB codes 1a27 and 1cyd respectively in PDB data bank. Biologically, the

first protein 1a27 is known as Human Type I 17-Beta Hydroxysteroid Dehydro-

genase and related to the process of oestrogen synthesis while the second one is

a Mouse lung carbonyl reductase which works for metabolism of carbonyl com-

pounds. This particular pair of proteins contain 63 (1a27) and 40 (1cyd) points

respectively which are the active sites, regions where two molecules fit together

to interact, for each protein. The corresponding coordinates of these points rep-

resent the centres of gravity of the amino acids that make up the common ligand

nicotinamide adenine dinucleotide phosphate (NADP) binding sites of two pro-

tein which finally acts the basis of finding matched points.

From chemical properties of the active sites point of view the size and shape

of the proteins (properties invariant to rigid transformation) are of interest, so

finding geometric transformation (translation and rotation) is the main task to

align these proteins. In this application, correspondence between landmarks in
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two active sites of each protein also needs to be estimated as points are marked

as unlabelled.

On the other hand, the Gel data in 2 dimensions contains two electrophoretic

gels, and each gel consists of the locations of centres of 35 proteins in each. This

data set was also used by Green and Mardia (2006) and available on the web at

http : //www.stats.bris.ac.uk/ mapjg/Align. The objective here is to match

these two gels based on the locations of the centres of 35 proteins on each gel

which are unlabelled; that is the correspondence between the pairs of proteins,

one protein from each gel, is unknown to us. Affine transformation was consid-

ered to align these two gels, where the linear part of this transformation was

estimated based on 10 locations of the centres of proteins (one protein from each

gel) which were identified and labelled by experts (see Horgan et al. (1992)).

The estimate of this linear part is

A =

 0.973 0.0394

−0.0231 0.9040

 . (1.66)

Therefore, only translation τ and unknown matching labels between pairs of pro-

teins need to be estimated to align these gels automatically.

Description of the Simulated Data Set

We have used an artificial data set in 3-dimensions for the purpose of conducting

a simulation study in Chapter 5. To create this artificial data set we have chosen

one protein (PDB code 1UBQ) from the PDB data bank which contains ninty

eight landmarks and treat this protein as our first configuration, say Y . We

then have created our second configuration X using xi = Ayi + τ + εi, i =

1, 2, · · · , 98, where A = A12(0.5235)A13(1.047)A23(1.396), τ = (25, 17, 8)T and

εi ∼ N3(0, 0.012I3). Here all the Eulerian angles are expressed in radians. In
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this setting, it is expected that all the methods considered in this thesis will

determine L = 98 match points with identity matching matrix M along with

the above mentionedA and τ . To introduce unmatched landmarks between these

two configurations we have added five noise terms generated from N3(0, 32I3) in

the last five ponits of the second configuration repectively. Thefore, the last five

points in each configuration are perturbed by independent N3(0, 32I3) errors.

Finally, it is expected that this artificial data set will have ninty three matched

points, the first ninty three of both configurations as we had earlier, and five

unmatched points (the last five points).

1.5 Statistical Software

In this PhD thesis, C++ is used to write the codes as this this work is heavily

reliant on statistical simulations where R is not feasible to use.

1.6 Contribution of this thesis

This thesis has three contribution chapters which are presented in Chapter 2, 3

and 4, followed by results and discussion while Chapter 6 discusses the conclu-

sion and future work. The summaries of all the contribution chapters are given

below:

Chapter 2 Motivated by the problem of Green and Mardia (2006) matching

sampler which has low acceptance rate of M Forbes and Lauritzen (2014) have

developed a new sampler to update a matching matrixM in finger print match-

ing problem. Based on their analysis where both the simulated and real data

sets are used, they have shown that their sampler is more efficient than Green

and Mardia (2006) matching sampler as far as convergence time and acceptance

rate of M are concerned. Motivated by this we have decided to use Forbes and

Lauritzen (2014) matching sampler instead of Green and Mardia (2006) match-
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ing sampler to update M under Green and Mardia (2006) framework to match

two unlabelled configurations in size-and-shape space. Chapter 2 presents the

detail algorithm of Forbes and Lauritzen (2014) matching sampler in the context

of Green and Mardia (2006) framework along with a toy example which explains

how this algorithm works. From our analysis, conducted in Chapter 5, where

both the simulated and real data sets are used, we have observed that Forbes

and Lauritzen (2014) matching sampler performs better than Green and Mardia

(2006) matching sampler as far as convergence time and acceptance rate of M

are concerned. However, Forbes and Lauritzen (2014) matching sampler needs

slightly higher time compared to Green and Mardia (2006) matching sampler to

execute.

Chapter 3 Although using the Forbes and Lauritzen (2014) matching sampler

under Green and Mardia (2006) framework brought some improvement of the

MCMC sampler but there is a much scope for improving the performance of

the MCMC sampler further, which motivated us to consider a change to the

model. In Chapter 3, we have proposed a fully Bayesian model for the alignment

of two unlabelled configurations in size-and-shape space by generalizing Taylor,

Mardia and Kent (2003) model (free labelling case) where matching probabilities

are modelled directly as a random variables. Under the setting of our proposed

model we don’t need to resort Metropolis Hasting algorithm to sample matching

matrix M as the full conditional distributions of matching probabilities (all are

multinomial distributions) are much easier to simulate using Gibbs sampling.

Treating matching probabilities as a random variables in our proposed model

makes the space of M continuous but it increases the dimension of the parame-

ter space of our proposed model compared to both the Green and Mardia (2006)

and Taylor, Mardia and Kent (2003) models.

Chapter 4 In Chapter 4, we have proposed two types of inference techniques
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for matching probabilities θ and rotation A under our proposed model: (1)

Gibbs sampling for all the full conditional distributions of matching probabili-

ties θ while rotation A is sampled using one of the methods proposed by Kent

and Ganeiber (2012) (rejection sampling), Habeck’s (2009) (MCMC) and Byrne

and Girolami (2013) (MCMC on manifold) respectively; (2) Joint update of M

(matching probabilities θ) and A using geodesic Monte Carlo algorithm from

their joint full conditional distribution, which is defined on product manifold

SO(3) ×
m∏
i=1

4i
n. In addition, we also determined rules of thumb for tuning

parameters of geodesic Monte Carlo algorithm for generating samples from the

matrix Fisher distribution (SO(3)) and simplex (4) separately by conducting a

simulation study, which play the role of building blocks of tuning geodesic Monte

Carlo on a product manifold. From our analysis, conducted in Chapter 5 where

both the simulated and real data sets are used, we have observed that proposed

MCMC sampler under our proposed model outperformed than MCMC sampler

of Green and Mardia (2006) model and its variant where Forbes and Lauritzen

(2014) matching sampler is used instead of Green and Mardia (2006) matching

sampler.
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Chapter 2

Efficient Sampler for Matching

matrix M

From the simulation study conducted in Chapter 5, we have seen that MCMC

sampler for Green and Mardia (2006) model can be slow to converge, and one of

the main reasons of this slow convergence is that sampling matching matrix inef-

ficiently using current Metropolis-Hastings sampler, especially where the space of

possible matches is large. In this Chapter, we introduce a new sampler proposed

by Forbes and Lauritzen (2014) for sampling matching matrix, we call it modified

sampler, which is more efficient than Green and Mardia (2006) matching sam-

pler shown in fingerprint analysis problem (Forbes and Lauritzen (2014)), under

Green and Mardia (2006) framework. From our simulation simulation study, we

have seen that the performance of MCMC sampler with Forbes and Lauritzen

(2014) matching sampler is better compared to that of performance of MCMC

sampler with Green and Mardia (2006) matching sampler as far as convergence

time and acceptance rate of matching matrix M are concerned.

The Metropolis-Hastings sampler introduced by Green and Mardia (2006) uses

proposals to sample matching matrix M which create, break or switch a sin-

gle pair randomly chosen at each iteration. Hence the proposed modification of

M is small, local changes, low acceptance rate and the sampler can be slow to

mix (converge) in large problem. In addition, the sampler could be trapped in
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local modes. Instead of creating or breaking a single pair there is in fact much

more information available to us from the data which can be used to form a

new pair or new block. Forbes and Lauritzen (2014) developed a sampler for

fingerprint matching where not only a single entry but also a block change is

allowed. The proposals consider the relative probabilities of matches, defined

in equation (1.39), hence higher probability of acceptance of proposal than uni-

formly chosen points. This can allow large moves with a high probability of being

accepted, which would hopefully improve the performance of the sampler. We

therefore replace Green and Mardia (2006) matching by Forbes and Lauritzen

(2014) matching sampler in the current MCMC sampler for which algorithm is

designed by exploiting ideas from model for fingerprint matching in Forbes and

Lauritzen (2014). This results in a more efficient sampler that appears to con-

verge faster with high acceptance rate than the sampler in Green and Mardia

(2006).

2.1 Why Consider a Relative Probabilistic Ap-

proach?

Our motivation for looking at efficient sampling for each full conditional dis-

tribution, especially for matching matrix M , began with investigating efficient

Bayesian inference over our posterior distribution that is used to solve the unla-

belled shape problem.

Randomly breaking or creating a pair is already employed in many MCMC al-

gorithms to update M . For some instances, especially for small configurations,

this approach may quickly converge to stationary distribution as exploring such

a small M space is not affected too much because of random creation or break

a pair. However, for larger configurations, such an approach explores such a

largeM space very slowly because of random creation or break and single entry

change. On the other hand, breaking or creating a pair based on relative prob-

ability therefore gives us a much better idea of correct block matching which
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Figure 2.1: Comparison of two trace plots of unnormalized log posterior density

of equation (1.24) for the matching simulated data where the two different ap-

proaches are used to updateM . This plot considers every 500th simulated value

to plot.

brings good exploration of M space, resulting in quick convergence. This can

often be seen clearly from the trace plot of log posterior distribution (not normal-

ized) density, as shown in Figure 2.1. From the trace plots of Figure 2.1, we can

see that MCMC sampler with Forbes and Lauritzen (2014) matching sampler

marked in blue requires less number of iterations to converge to the unnormal-

ized log posterior value compared to the MCMC sampler with Green and Mardia

(2006) matching sampler marked in black. A discussion regrading convergence

diagnostic will be given in section 5.1.
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2.2 Modified Sampler for M

In this section, we will discuss the algorithm of our modified sampler for M

which exploits the idea from the sampler developed by Forbes and Lauritzen

(2014) for a finger print matching problem.

Given an initial matching matrix, say, M , the modified sampler starts working

by introducing an auxiliary random variable, say, β. With the help of this aux-

iliary variable β, the modified sampler proposal steps begin by selecting a point

uniformly either from configuration X or Y . The algorithm is the same if β

takes a value uniformly from either X or Y . Without loss of generality, suppose

β takes a value uniformly from Y , say, yβ, β ∈ {1, 2, . . . , n}. There are two pos-

sibilities: either yβ is currently matched with any other xj, j ∈ {1, 2, . . . ,m}, or

not, in that there is no such xj.

If yβ is currently unmatched the modified sampler considers all possible (m+1)

cases as a proposal. That is, all matches between xj, j ∈ {1, 2, . . . ,m}, and yβ si-

multaneously, as well as the current state i.e. yβ is unmatched. In order to select

the next state, the modified sampler computes the relative probabilities for all

possible proposal cases with respect to initialM . Finally, the next state is chosen

by sampling one proposal case among all (m+1) possible proposal cases based

on relative probabilities with respect to initial M . This is different to Green and

Mardia (2006), who choose one randomly selected X point to potentially match

yβ. By selecting the next state based on relative probabilities, modified sampler

provides us extra information like which case has a higher probability to be the

next state. If the xj chosen to match yβ is already matched with any other Y

point then this match is removed.

Similarly, the modified sampler also considers all possible (m+1) cases simulta-

neously as a proposal if yβ is currently matched with any of the X point, say,
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xγ, γ ∈ {1, 2, . . . ,m}. Apart from this current matched pair, (xγ,yβ), it also

considers another (m−1) matched pairs between xj, j ∈ {1, 2, . . . ,m}\{γ} with

yβ, and no match case simultaneously as the possible (m+1) proposal states. Fi-

nally, it uses their relative probabilities computed with respect to initial M to

sample one proposal case as a next state. Before considering a match between

xj, j ∈ {1, 2, . . . ,m} \ {γ} with yβ, delete the current match pair, (xγ,yβ), and

a match between xj and yk, k ∈ {1, 2, . . . , n}, and k 6= β if there is any.

The relative probabilities for the aforementioned five possibilities can be easily

derived under the posterior distribution derived in equation (1.24). Since in each

case the proposed new matching matrixM ′ is only slightly different from current

matching matrixM , so the ratio π(M ′,A, τ , σ|X ,Y )/π(M ,A, τ , σ|X ,Y ) will

have only few factors . In the following we will derive the general expressions for

relative probabilities for each case with explanation by considering a toy exam-

ple.

Suppose we have the following current matching matrixM = (mjk), j ∈ {1, 2, 3, 4}

and k ∈ {1, 2, 3, 4, 5}, where mjk = 1 means xj and yk are matched.

M =



y1 y2 y3 y4 y5

x1 0 1 0 0 0

x2 0 0 0 1 0

x3 0 0 0 0 0

x4 1 0 0 0 0


Case 1: yβ is currently unmatched with all X points and in proposal M ′ this

yβ is considered as a matched pair with xj, which is currently unmatched with

any points of Y .

Illustration: For example, suppose β value is 3 i.e. y3 (yβ) is chosen, which is
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currently unmatched with any X points. Suppose the modified sampler selects

x3 (xj), which has no corresponding matching point currently with Y , for a

match with y3 as a proposal M ′. Then M ′ differs from M by only a pair

(x3,y3) which is marked blue in M ′.

M =



y1 y2 y3 y4 y5

x1 0 1 0 0 0

x2 0 0 0 1 0

x3 0 0 0 0 0

x4 1 0 0 0 0


∣∣∣∣∣M ′ =



y1 y2 y3 y4 y5

x1 0 1 0 0 0

x2 0 0 0 1 0

x3 0 0 1 0 0

x4 1 0 0 0 0



Therefore, only (x3,y3) pair is involved in the calculation of relative probability

of M ′ with respect to M after canceling out the similar terms (pairs), and its

expression is derived as follows

π(M ′,A, τ , σ|X ,Y )

π(M ,A, τ , σ|X ,Y )
=

∏
j,k:m′jk=1

[
ρ φ{(xj −Ayk − τ )/(σ

√
2)}

λ(σ
√

2)d

]
∏

j,k:mjk=1

[
ρ φ{(xj −Ayk − τ )/(σ

√
2)}

λ(σ
√

2)d

]

=
ρ φ{(x3 −Ay3 − τ )/(σ

√
2)}

λ(σ
√

2)d
.

The general form of the above expression is

π(M ′,A, τ , σ|X ,Y )

π(M ,A, τ , σ|X ,Y )
=
ρ φ{(xj −Ayβ − τ )/(σ

√
2)}

λ(σ
√

2)d
, (2.1)

where the matched (xj,yβ) pair creates a difference between M ′ and M .
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Case 2: yβ is currently unmatched with any X points and in proposal M ′ this

yβ is considered as a matched pair with xj, which is currently matched with

other Y point except yβ, say, yb.

Illustration: For example, suppose β value is 3 i.e. y3 (yβ) is chosen, which is

currently unmatched with all X points. Suppose the modified sampler selects

x1 (xj), which is currently matched with y2 (yb), for a match with y3 as a pro-

posal M ′. In this case, modified sampler deletes the current matched pair of

x1 with y2 before adding a match with y3, which are marked as red and blue

respectively in M ′.

M =



y1 y2 y3 y4 y5

x1 0 1 0 0 0

x2 0 0 0 1 0

x3 0 0 0 0 0

x4 1 0 0 0 0


∣∣∣∣∣M ′ =



y1 y2 y3 y4 y5

x1 0 0 1 0 0

x2 0 0 0 1 0

x3 0 0 0 0 0

x4 1 0 0 0 0



Under this situation, the calculation of relative probability ofM ′ with respect to

M takes into account only (x1,y2) and (x1,y3) pairs as rest of the pairs cancel

each other out, and its expression is derived as follows
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π(M ′,A, τ , σ|X ,Y )

π(M ,A, τ , σ|X ,Y )
=

∏
j,k:m′jk=1

[
ρ φ{(xj −Ayk − τ )/(σ

√
2)}

λ(σ
√

2)d

]
∏

j,k:mjk=1

[
ρ φ{(xj −Ayk − τ )/(σ

√
2)}

λ(σ
√

2)d

]

=

ρ φ{(x1 −Ay3 − τ )/(σ
√

2)}
λ(σ
√

2)d

ρ φ{(x1 −Ay2 − τ )/(σ
√

2)}
λ(σ
√

2)d

=

φ{(x1 −Ay3 − τ )/(σ
√

2)}
(σ
√

2)d

φ{(x1 −Ay2 − τ )/(σ
√

2)}
(σ
√

2)d

.

The general form of the above expression is

π(M ′,A, τ , σ|X ,Y )

π(M ,A, τ , σ|X ,Y )
=

φ{(xj −Ayβ − τ )/(σ
√

2)}
(σ
√

2)d

φ{(xj −Ayb − τ )/(σ
√

2)}
(σ
√

2)d

, (2.2)

where the new matched (xj,yβ) and deleted matched (xj,yb) pairs create a dif-

ference between M ′ and M .

Case 3: yβ is currently matched with xγ and in proposal M ′ this yβ is con-

sidered as a matched pair with other X point say xj instead of xγ, which is

currently unmatched with all other Y points.

Illustration: For example, suppose β value is 4 i.e. y4 (yβ) is chosen and is

currently matched with x2 (xγ). Suppose the modified sampler selects x3 (xj),

which has no corresponding matching point currently with Y , for a match with

y4 as a proposalM ′. In this case, modified sampler deletes the current matched
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pair of x2 with y4 before adding a match between x3 and y4, which are marked

as red and blue respectively in M ′.

M =



y1 y2 y3 y4 y5

x1 0 1 0 0 0

x2 0 0 0 1 0

x3 0 0 0 0 0

x4 1 0 0 0 0


∣∣∣∣∣M ′ =



y1 y2 y3 y4 y5

x1 0 1 0 0 0

x2 0 0 0 0 0

x3 0 0 0 1 0

x4 1 0 0 0 0



Under this situation, the calculation of relative probability ofM ′ with respect to

M takes into account only (x2,y4) and (x3,y4) pairs as rest of the pairs cancel

each other out, and its expression is derived as follows

π(M ′,A, τ , σ|X ,Y )

π(M ,A, τ , σ|X ,Y )
=

∏
j,k:m′jk=1

[
ρ φ{(xj −Ayk − τ )/(σ

√
2)}

λ(σ
√

2)d

]
∏

j,k:mjk=1

[
ρ φ{(xj −Ayk − τ )/(σ

√
2)}

λ(σ
√

2)d

]

=

ρ φ{(x3 −Ay4 − τ )/(σ
√

2)}
λ(σ
√

2)d

ρ φ{(x2 −Ay4 − τ )/(σ
√

2)}
λ(σ
√

2)d

=

φ{(x3 −Ay4 − τ )/(σ
√

2)}
(σ
√

2)d

φ{(x2 −Ay4 − τ )/(σ
√

2)}
(σ
√

2)d

.

The general form of the above expression is
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π(M ′,A, τ , σ|X ,Y )

π(M ,A, τ , σ|X ,Y )
=

φ{(xj −Ayβ − τ )/(σ
√

2)}
(σ
√

2)d

φ{(xγ −Ayβ − τ )/(σ
√

2)}
(σ
√

2)d

, (2.3)

where the new matched (xj,yβ) and deleted matched (xγ,yβ) pairs create a

difference between M ′ and M .

Case 4: yβ is currently matched with xγ and in proposal M ′ this yβ is con-

sidered as a matched pair with other X point say xj instead of xγ, which is

currently matched with a different Y point, say, yb.

Illustration: For example, suppose β value is 4 i.e. y4 (yβ) is chosen uni-

formly which is currently matched with x2 (xγ). Suppose modified sampler se-

lects x1 (xj), which is currently matched with y2 (yb), for a match with y4 as

a proposal M ′. In this case, the modified sampler deletes the current matched

pairs of x2 with y4 and x1 with y2 before adding a match between x1 and y4.

Deletion and addition are marked as red and blue respectively in M ′.

M =



y1 y2 y3 y4 y5

x1 0 1 0 0 0

x2 0 0 0 1 0

x3 0 0 0 0 0

x4 1 0 0 0 0


∣∣∣∣∣M ′ =



y1 y2 y3 y4 y5

x1 0 0 0 1 0

x2 0 0 0 0 0

x3 0 0 0 0 0

x4 1 0 0 0 0



Under this situation, the calculation of relative probability of M ′ with respect

to M takes into account only (x2,y4), (x1,y2) and (x1,y4) pairs as rest of the

pairs cancel each other out, and its expression is derived as follows
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π(M ′,A, τ , σ|X ,Y )

π(M ,A, τ , σ|X ,Y )
=

∏
j,k:m′jk=1

[
ρ φ{(xj −Ayk − τ )/(σ

√
2)}

λ(σ
√

2)d

]
∏

j,k:mjk=1

[
ρ φ{(xj −Ayk − τ )/(σ

√
2)}

λ(σ
√

2)d

]

=

ρ φ{(x1 −Ay4 − τ )/(σ
√

2)}
λ(σ
√

2)d

ρ φ{(x2 −Ay4 − τ )/(σ
√

2)}
λ(σ
√

2)d
× ρ φ{(x1 −Ay2 − τ )/(σ

√
2)}

λ(σ
√

2)d

=

λφ{(x1 −Ay4 − τ )/(σ
√

2)}
(σ
√

2)d

ρ φ{(x2 −Ay4 − τ )/(σ
√

2)}
(σ
√

2)d
× φ{(x1 −Ay2 − τ )/(σ

√
2)}

(σ
√

2)d

The general form of the above expression is

π(M ′,A, τ , σ|X ,Y )

π(M ,A, τ , σ|X ,Y )
=

λφ{(xj −Ayβ − τ )/(σ
√

2)}
(σ
√

2)d

ρ φ{(xγ −Ayβ − τ )/(σ
√

2)}
(σ
√

2)d
× φ{(xj −Ayb − τ )/(σ

√
2)}

(σ
√

2)d

,

(2.4)

where the new matched (xj, yβ) and deleted matched (xγ, yβ) and (xj, yb) pairs

create a difference between M ′ and M .

Case 5: yβ is currently matched with xγ and in proposal M ′ this yβ is consid-

ered unmatched with any X points

Illustration: For example, suppose β value is 1 i.e. y1 (yβ) is chosen, which

is currently matched with x4 (xγ). Suppose the modified sampler chooses this

y1 as unmatched with all X points as a proposal M ′. In this case, modified
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sampler simply deletes the current matched pair of x4 with y1, and deletion is

marked as red in M ′.

M =



y1 y2 y3 y4 y5

x1 0 1 0 0 0

x2 0 0 0 1 0

x3 0 0 0 0 0

x4 1 0 0 0 0


∣∣∣∣∣M ′ =



y1 y2 y3 y4 y5

x1 0 1 0 0 0

x2 0 0 0 1 0

x3 0 0 0 0 0

x4 0 0 0 0 0



Therefore, only (x4,y1) pair is involved in the calculation of relative probability

of M ′ with respect to M after canceling out the similar terms (pairs), and its

expression is derived as follows

π(M ′,A, τ , σ|X ,Y )

π(M ,A, τ , σ|X ,Y )
=

∏
j,k:m′jk=1

[
ρ φ{(xj −Ayk − τ )/(σ

√
2)}

λ(σ
√

2)d

]
∏

j,k:mjk=1

[
ρ φ{(xj −Ayk − τ )/(σ

√
2)}

λ(σ
√

2)d

]

=
λ

ρφ{(x4 −Ay1 − τ )/(σ
√

2)}
(σ
√

2)d

.

The general form of the above expression is

π(M ′,A, τ , σ|X ,Y )

π(M ,A, τ , σ|X ,Y )
=

λ

ρφ{(xγ −Ayβ − τ )/(σ
√

2)}
(σ
√

2)d

. (2.5)

where the deleted matched (xγ, yβ) pair creates a difference between M ′ and

M .
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Case 6: Apart from the aforementioned five cases, there is another case where

M andM ′ are the same. In this case the relative probability ofM ′ with respect

to M is 1 as everything is cancel out in the ratio.

2.2.1 Illustrative Example: Updating M Using Modified

Sampler

We return to the simple toy example considered above of deriving the modified

sampler algorithm. In this section, we will narrate all necessary steps of modified

sampler to update M for one iteration in the context of our toy example.

ConsiderM is our initial matching matrix and y3 is selected uniformly from all

Y points by auxiliary random variable β. As y3 is currently unmatched with all

X points, the modified sampler considers this y3 has a match with these four

X points simultaneously as possible proposals. In addition to these four pos-

sible proposals it also considers initial M as its fifth proposal, i.e. y3 remains

unmatched.

After deciding these five possible proposals, modified sampler calculates their

relative probabilities with respect toM . In this problem, Equation (2.2) is used

to calculate the relative probabilities for (x1, y3), (x2, y3) and (x4, y3) matched

pairs while Equation (2.1) is used for (x3, y3) matched pair. In addition, relative

probability ofM as a proposal with respect toM is 1 as proposal has no change

compare to initialM . Finally modified sampler samples one case based on these

relative probabilities, and suppose the case of adding a match between x1 and

y3 is chosen. Then set M = M ′ as an update of M , where

M ′ =



y1 y2 y3 y4 y5

x1 0 0 1 0 0

x2 0 0 0 1 0

x3 0 0 0 0 0

x4 1 0 0 0 0


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For a currently matched Y point, say y1, which is selected uniformly from all Y

points by auxiliary random variable β, the modified sampler considers another

3 matched pairs between y1 and x1, y1 and x2, and y1 and x3 simultaneously

as possible proposals apart from this current match pair (x4,y1). In addition to

these four possible proposals it also considers y1 has no match point with any of

the X points i.e. y1 is unmatched as its fifth possible proposal.

After deciding these five possible proposals, the modified sampler calculates their

relative probabilities with respect toM . In this problem, Equation (2.4) is used

to calculate the relative probabilities for (x1, y1) and (x2, y1) matched pairs

while Equation (2.3) is used for (x3, y3) matched pair. Furthermore, Equation

(2.5) is used to calculate the relative probability for its fifth proposal while rela-

tive probability ofM as a proposal, stays same as initial matching, with respect

to M is 1 as proposal has no change compare to initial M . Finally modified

sampler samples one case based on these relative probabilities, and suppose the

case of adding a match between x1 and y1 is chosen. Then set M = M ′ as an

update of M , where

M ′ =



y1 y2 y3 y4 y5

x1 1 0 0 0 0

x2 0 0 0 1 0

x3 0 0 0 0 0

x4 0 0 0 0 0



Using Forbes and Lauritzen (2014) sampler in the current MCMC for Green and

Mardia (2006) model, we have achieved some improvements as far as convergence

time and acceptance rate are concerned (shown in Chapter 5), but still there is a

scope to improve the overall performance of sampler of Green and Mardia (2006),

which motivates a proposed modification to the model, described in Chapter 3.
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If the discrete parameter space of the matching matrix in Green and Mardia

(2006) model can be reparametrized as a continuous space, by expressing match-

ing between xj and yk in terms of probabilities, and sample these probabilities

in Bayesian way like the other parameters by introducing prior for probabilities

vectors, then MCMC sampler plausibly can move around this space easily and

hence could bring quick convergence without depending initial starting values.

Using this idea, we will develop a fully Bayesian model in the next Chapter.

Algorithm 3: Forbes and Lauritzen (2014) Matching Sampler
Data: Current matching matrix M .

Result: Proposed matching matrix M ′.

begin

1: Sample β value uniformly over Y points

2: Determine if yβ is currently matched with any X point or not

3: if unmatched then
3a: Determine different M by considering yβ has a match with

any X points simultaneously and consider all cases including

initial M are the possible proposals

3b: Calculate the relative probabilities of these proposals with

respect to initial M

3c: Sample one proposal M ′ based on these relative probabilities

and set M = M ′ as an update

else
3a: Consider this yβ has a match with any X points plus has no

match point X simultaneously and consider all these cases are

possible proposals

3b: Calculate the relative probabilities of these proposals with

respect to initial M

3c: Sample one proposal M ′ based on these relative probabilities

and set M = M ′ as an update
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Chapter 3

Proposed Bayesian Model for

Unlabeled Size and Shape

In the previous Chapter, we showed some improvement of MCMC sampler for

Green and Mardia (2006) model can be gained using Forbes and Lauritzen (2014)

matching sampler instead of using Green and Mardia (2006) Metropolis - Hasting

based matching sampler. Here we consider a change to the model : we propose

a fully Bayesian model by modifying the Taylor, Mardia and Kent (2003) model

where matching probabilities are modelled directly as a random variable, which

makes the parameter space continuous. The motivation behind this idea is that

MCMC sampler should be able to move around more easily in this continuous

space compared to discrete space and hence improve mixing and convergence.

3.1 The Proposed Model

Consider a pair of configurations of points in d dimensions, say, X and Y , where

X consists of m points and Y of n points. The configurations X and Y can be

represented by m× d and n× d matrices, respectively, where the rows of X are

xj ∈ Rd, j = 1, 2, . . . ,m, and the rows of Y are yk ∈ Rd, k = 1, 2, . . . , n. Like

the Taylor, Mardia and Kent (2003) regression based model, we also consider

that X comes from a suitable distribution with parameters depending on Y .
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Mathematically, it takes the following form :

gk(xj) =


φ{(xj −Ayk − τ )/(σ

√
2)}

(σ
√

2)d
, for γ(j) = k, and k ∈ {1, 2, . . . , n}

1

|Ω|
, for γ(j) = k, and k = {(n+ 1)},

for j = 1, 2, . . . ,m. Here we consider σ = σ
√

2 to keep the mathematical ex-

pression simillar like we had earlier for Green and Mardia (2006) model. The

mapping γ : {1, 2, . . . ,m} → {1, 2, . . . , n, (n+ 1)}, with γ(j) = k denotes the

matching between (xj,yk) pair, and state (n+1) represents a "coffin bin" for

those landmarks xj which have no corresponding match point in Y . There-

fore, I [ γ(j) = k] is an indicator variable which takes value 1 when γ(j) = k

and k = 1, 2, · · · , n, (n+ 1) otherwise I [γ(j) = k] takes 0. For notational con-

venience, we rename I [ γ(j) = k] = γjk, which will be used throughout this

chapter. Here Ω denotes some region in Rd containing all the xj values, which

plays the role of a parameter of a broad nonlocalized distribution of landmarks

associated with the coffin bin.

To develop a likelihood function we considered free mapping approach, as our aim

is to parameterize the matching matrix as a continuous state space (in terms of

matching probabilities). Under injective mapping approach, it is not possible as

each point inX is only allowed to match at most one point in Y . In free mapping,

any xj can be matched with any of yk i.e. this framework allows two different xj

points to be matched with one yk point. Under free mapping, we assume the inde-

pendence of all γ(j) over j i.e. any j can be matched with any k which facilitates

the fitting of statistical model, with Pr
[
I [γ(j) = k] = 1

]
= Pr [γjk = 1] = θjk,

say, with
∑(n+1)

k=1 θjk = 1, ∀j, i.e. the matrix θ = [θjk]m×(n+1), which is one of

the parameters of interest about which to draw inference. The matrix θ has

m number of rows where its jth row is a vector of length n + 1, denoted by

θj = (θj1, θj2, · · · , θj(n+1)). In this case all mappings γ(j) and the observations

xj are independent over j, so the joint likelihood of observed data xj and unob-
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served (unknown) mappings γ(j), given the parameters, is

π(xj, γ(j) |A, τ , σ,θj,Ω) = π(γ(j) |θj)× π(xj | γ(j),A, τ , σ,Ω,θj), where

γ(j) ∼ Multinomial(n+1)(θj), with π(γ(j) ; θj) ∝
(n+1)∏
k=1

[
θjk
]γjk , and

π(xj | γ(j),A, τ , σ,Ω) ∝
(n+1)∏
k=1

[
gk(xj)

]γjk .
Therefore, the complete data likelihood is

m∏
j=1

[
π(xj, γ(j) |A, τ , σ,θj,Ω)

]
∝

m∏
j=1

(n+1)∏
k=1

[
θjk
]γjk[gk(xj)]γjk (3.1)

To develop the above likelihod dependence between points of a configuration is

not considered like the Green and Mardia (2006) hidden point model where in-

dependence Poisson assumption is considered. They justified their assumption

by refering the findings of an unpublished work by K. V. Mardia, V. Nyirongo

and D. R. Westhead where dependence assumption was considered. Green and

Mardia (2006) mentioned in their paper that the ability of their method to de-

tect matched pairs is little affected by the K. V. Mardia, V. Nyirongo and D. R.

Westhead method, which required a substantially modified formulation and im-

plementation technique because of considering dependence assumption. For the

same reason, we have ignored the dependence between points of a configuration

here to develop the likelihood 3.1.

Considering priors for the parameters A, τ and σ which are of the same form as

in Green and Mardia (2006) while Dirichlet distribution is chosen as a prior
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distribution for each θj, mathematically θj ∼ Dirn+1 (ηk), we derive the pos-

terior distribution of unknowns defined in (3.2). We use a uniform prior on θj,

which is the special case where ηk is vector of length (n + 1) with all elements

equal to 1. As θj are independent over j, therefore prior distribution for θ can

be obtained by multiplying m independent Dirn+1 (ηk) distributions

π(θ) ∝ p(θ1)× p(θ2) . . .× p(θm)

=

(n+1)∏
k=1

[
θ1k

]η1k−1 ×
(n+1)∏
k=1

[
θ2k

]η2k−1 × . . .×
(n+1)∏
k=1

[
θmk
]ηmk−1

π(θ) ∝
m∏
j=1

(n+1)∏
k=1

[
θmk
]ηmk−1

.

For the translation parameter vector τ , we use a normal prior i.e. τ ∼ Nd (µτ , σ
2
τ Id),

where µτ is a mean vector and σ2
τ Id a covariance matrix, with Id the d × d

identity matrix. For the noise parameter σ, we have σ−2 ∼ Γ(α, β), where

π(σ−2) ∝ σ−2(α−1) exp (− β
σ2 ).

We consider the matrix Fisher distribution as a prior distribution for rotation

parameter matrix A, where π(A) ∝ exp
{

tr(F 0
TA)

}
and the parameter F 0 is

a d × d matrix. We use a uniform prior on A, which is the special case where

F 0 is the d× d matrix of zeroes. Combining these prior distributions with (3.1),

we have the following posterior distribution for the unknown mapping γ and

unknown parameters A, τ , σ and θ given the data X and Y

π(γ(j) ,θ,A, τ , σ |X,Y )
]
∝

m∏
j=1

(n+1)∏
k=1

[
θjk
]γjk[gk(xj)]γjk[θjk]ηjk−1

π(σ−2) π(τ ) π(A)

(3.2)

Our proposed model has the similarity with the Taylor, Mardia and Kent (2003)
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model: uses regression approach to align configurations X and Y ; assumes free

mapping assumption. Our proposed model is different from the Taylor, Mardia

and Kent (2003) model in the sense that we directly modelled the probability of

matching between xj and yk as an unknown parameter while the Taylor, Mar-

dia and Kent (2003) model consists of mixing proportions in their model, and

matching probabilities were used in the E-step to replace the unknown mapping.

3.2 MCMC updates for all Unknowns

We perform inference by generating samples from the posterior distribution (3.2)

using MCMC. To make inference, firstly we derive the full conditional distribu-

tions for each variable from (3.2) and then give a detailed sampling algorithm

for each full conditional distribution.

From (3.2), as π(σ−2), π(τ ) and π(A) are all independent of γ(j), therefore the

full conditional distribution of mapping γ(j), π(γ(j) | θA, τ , σX,Y ), is

π(γ(j) | θ,A, τ , σX,Y ) ∝
m∏
j=1

(n+1)∏
k=1

[
θjk
]γjk[gk(xj)]γjk

=
m∏
j=1

(n+1)∏
k=1

[
θjk gk(xj)

]γjk

=

(
(n+1)∏
k=1

[
θ1k × gk(x1)

]γ1k)× . . .×((n+1)∏
k=1

[
θmk × gk(xm)

]γmk

)
.

The full conditional distribution of γ(j) is a product of m independent Multi-

nomial distributions with updated unnormalized parameters
[
θjk × gk(xj)

]
, j =

1, 2, . . . ,m, respectively. Therefore, drawing samples simultaneously from these

m independent Multinomial distributions eventually yields the samples for the
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full conditional distribution of γ(j). To draw samples from each of these Multino-

mial distributions, we don’t need their normalized version as most of the statis-

tical packages like C + + make them normalized by taking the relative weight of

each parameter components before generating samples. However, we transform

each of the above unnormalized Multinomial distributions to their corresponding

normalized version to ensure identifiability. An unnormalized Multinomial distri-

bution can be transformed to its normalized form just by dividing its parameter

components by their total.

To illustarte the identifiability issue, consider that we have two unnormalized

Multinomial distributions with parameter vectors α = (4, 8, 12) and α? = (1,

2, 3) respectively. From here we can easily show that one Multinomial distri-

bution is some constant time the other one which is the case of nonidentifiable

i.e. for two different unnormalized parameter vectors eventually the form of the

two distributions is the same. On the other hand, there is no identifiability issue

when Multinomial distribution is normalized. To prove this, we consider one of

the Multinomial distributions from the right hand side of the full conditional

distribution of γ(j), say γ(1) which has the following normalised form:

π(γ(1);α1, α2, · · · , αk) ∝
(n+1)∏
k=1

αk
γ1k ,

where αk = θ1k gk(x1)/
∑(n+1)

k=1 θ1k gk(x1) and
∑(n+1)

k=1 αk =1. Now for the two

parameter vectors α = (α1, α2, · · · , αk) and α? = (α?1, α
?
2, · · · , ααk ) we can tell
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π(γ(1);α) = π(γ(1);α?) only if

π(γ(1);α)− π(γ(1);α?) = 0

=⇒
(n+1)∏
k=1

αk
γ1k −

(n+1)∏
k=1

α?k
γ1k = 0

=⇒
(n+1)∑
k=1

γ1k log
(αk
α?k

)
= 0

The left hand of the above expression is equal to zero for all γ1k only when all

its coefficients are equal to zero, which is only possible when |αk| = |α?k|. So we

conclude that the multinomial model with normalized parameter vector is iden-

tifiable, and hence the full conditional distribution of γ(j) is also identifiable.

Similarly from (3.2), as π(σ−2), π(τ ) and π(A) do not involve any θ, therefore

the full conditional distribution of θ, denoted as π(θ | γ(j),A, τ , σX,Y ), is

π(θ | γ(j),A, τ , σX,Y ) ∝
m∏
j=1

(n+1)∏
k=1

[
θjk
]γjk[θjk]ηjk−1

=
m∏
j=1

(n+1)∏
k=1

[
θjk
](γjk+ηjk−1

)

=

(
(n+1)∏
k=1

[
θ1k

]γ1k+η1k−1

)
× . . .×

(
(n+1)∏
k=1

[
θmk
]γmk+ηmk−1

)
.

This full conditional distribution is a product of m independent Dirichlet dis-

tributions with updated parameters
(
γjk + ηjk

)
, j = 1, 2, . . . ,m, respectively.

Therefore, we can draw samples for these parametersθ = (θ1,θ2, . . . ,θm) simul-

taneously from their corresponding Dirichlet distributions in Gibbs style fashion.

Similarly from (3.2), as τ is only involved in π(τ ) and gk(xj), j = 1, 2, . . . ,m

95



and k = 1, 2, . . . , n, therefore the full conditional distribution of τ , denoted as

π(τ | γ(j),A,θ, σX,Y ), is

π(τ | γ(j),A,θ, σX,Y ) ∝ π(τ )×

[
m∏
j=1

n∏
k=1

[
gk(xj)

]γjk]

= π(τ )×
m∏
j=1

n∏
k=1

{φ{(xj −Ayk − τ )/(σ
√

2)}
(σ
√

2)d

}γjk

∝ π(τ )×
m∏
j=1

n∏
k=1

{
φ{(xj −Ayk − τ )/(σ

√
2)}
}γjk

= π(τ )× E5,

where E5 =
m∏
j=1

n∏
k=1

{
φ{(xj −Ayk − τ )/(σ

√
2)}
}γjk

. Simplifying E5 we have

E5 =
m∏
j=1

n∏
k=1

[
exp

{
− 1

4σ2
× {(xj −Ayk − τ )}T{(xj −Ayk − τ )}

}]γjk

=
m∏
j=1

n∏
k=1

[
exp

{
− 1

4σ2
× γjk × {(xj −Ayk − τ )}T{(xj −Ayk − τ )}

}]

= exp
[
− 1

4σ2

m∑
j=1

n∑
k=1

{
γjk × {(xj −Ayk − τ )}T{(xj −Ayk − τ )}

}]

∝ exp
[
− 1

4σ2

m∑
j=1

n∑
k=1

γjk

{
− xjTτ + (Ayk)

Tτ − τTxj + τT(Ayk) + τTτ
}]

= exp
[
− 1

4σ2

m∑
j=1

n∑
k=1

{
− γjkxjTτ + γjk(Ayk)

Tτ − γjkτTxj + γjkτ
T(Ayk)

+ γjkτ
Tτ
}]
.

Similarly from π(τ ) we have

96



π(τ ) ∝ exp
{
− 1

2
(τ − µτ )TτT(σ 2

τ I)−1(τ − µτ )
}

= exp
{
− 1

2σ 2
τ

(τ − µτ )T(τ − µτ )
}

∝ exp
{
− 1

2σ 2
τ

(τTτ − τTµτ − µTτ τ )
}

plugging the π(τ ) and E5 values in the above expression we have the full condi-

tional distribution of τ , π(τ | γ(j),A,θ, σX,Y ), which is

π(τ | γ(j),A,θ, σX,Y ) ∝ exp
{
− 1

2

(
e1 τ

Tτ − e2 τ
T − e3 τ

)}
,

where e3 is the transpose of e2 and all three have the following expressions re-

spectively:

e1 =
(
1/σ 2

τ +
m∑
j=1

n∑
k=1

γjk/2σ
2
)

e2 =
(
µτ/σ

2
τ +

m∑
j=1

n∑
k=1

γjk (xj −Ayk)/2σ2
)

e3 =
(
µTτ /σ

2
τ +

m∑
j=1

n∑
k=1

γjk
(
xj −Ayk)T/2σ2

)
.

Simplifying further gives

π(τ | γ(j),A,θ, σX,Y ) ∝ exp
{
− e1

2

(
τTτ − e2

e1

τT − e3

e1

τ
)}

∝ Nd

(
µ∗, σ2∗I

)
,

where
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µ∗ =
e2

e1

=

(
µτ/σ

2
τ +

m∑
j=1

n∑
k=1

γjk (xj −Ayk)/2σ2
)

(1/σ 2
τ +

m∑
j=1

n∑
k=1

γjk/2σ
2)

σ2∗ =
1

e1

=
1

(1/σ 2
τ +

m∑
j=1

n∑
k=1

γjk/2σ
2)

.

The full conditional distribution of τ follows a d dimensional Multivariate normal

distribution with mean vector µ∗ and variance-covariance matrix σ2∗I. Green

and Mardia (2006) draw samples for τ from its d dimensional Multivariate nor-

mal distribution directly using Gibbs updates.

Similarly from (3.2), as σ−2 is only involved in π(σ−2) and gk(xj), j = 1, 2, . . . ,m

and k = 1, 2, . . . , n, therefore the full conditional distribution of σ−2, denoted as

π(σ−2 | γ(j),A,θ, τ X,Y ), is

π(σ−2 | γ(j),A,θ, τ X,Y ) ∝ p(σ−2)×

[
m∏
j=1

n∏
k=1

[
gk(xj)

]γjk]

= π(σ−2)×
m∏
j=1

n∏
k=1

{φ{(xj −Ayk − τ )/(σ
√

2)}
(σ
√

2)d

}γjk
= (σ−2)(α−1) exp {−β/σ2} × E6 ,

where E6 =
m∏
j=1

n∏
k=1

{φ{(xj −Ayk − τ )/(σ
√

2)}
(σ
√

2)d

}γjk
. Simplifying E6 we have
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E6 ∝ exp

{
−

m∑
j=1

n∑
k=1

γjk{(xj −Ayk − τ )}T{(xj −Ayk − τ )}

4σ2

}

×
(
σ−2
)(d× m∑

j=1

n∑
k=1

γjk

)
/2

=
(
σ−2
)(d× m∑

j=1

n∑
k=1

γjk

)
/2

× exp

{
−

m∑
j=1

n∑
k=1

γjk‖(xj −Ayk − τ )‖2

4σ2

}
.

Plugging the E6 value in the above expression we have the full conditional dis-

tribution of σ−2, which is proportional to

π(σ−2 | γ(j),A,θ, τ X,Y ) ∝
(
σ−2
)[α +

(
d

m∑
j=1

n∑
k=1

γjk

)
/2− 1

]

× exp

[
−

{
β +

m∑
j=1

n∑
k=1

γjk‖(xj −Ayk − τ )‖2

4

}
σ−2

]

∝ Γ(α∗, β∗), where

α∗ =
[
α +

(
d

m∑
j=1

n∑
k=1

γjk

)
/2
]
,

and β∗ =

{
β +

m∑
j=1

n∑
k=1

γjk‖(xj −Ayk − τ )‖2

4

}
.

The full conditional distribution of σ−2 also follows also a gamma distribution,

with shape parameter α∗ and rate parameter β∗. Therefore, we can draw samples
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for σ−2 from this gamma distribution directly in Gibbs style fashion.

Similarly from (3.2), as A is only involved in π(A) and gk(xj), j = 1, 2, . . . ,m

and k = 1, 2, . . . , n, therefore the full conditional distribution of A, denoted as

π(A | γ(j), σ−2,θ, τ X,Y ), is

π(A | γ(j), τ ,θ, σX,Y ) ∝ π(A)×

[
m∏
j=1

n∏
k=1

[
gk(xj)

]γjk]

= π(A)×
m∏
j=1

n∏
k=1

{φ{(xj −Ayk − τ )/(σ
√

2)}
(σ
√

2)d

}γjk

∝ π(A)×
m∏
j=1

n∏
k=1

{
φ{(xj −Ayk − τ )/(σ

√
2)}
}γjk

= exp{tr(F T
0A)} × E7,

100



where E7 =
m∏
j=1

n∏
k=1

{
φ{(xj −Ayk − τ )/(σ

√
2)}
}γjk

. Simplifying E7 we have

E7 =
m∏
j=1

n∏
k=1

[
exp

{
− 1

4σ2
× {(xj −Ayk − τ )}T{(xj −Ayk − τ )}

}]γjk

=
m∏
j=1

n∏
k=1

[
exp

{
− 1

4σ2
× γjk × {(xj −Ayk − τ )}T{(xj −Ayk − τ )}

}]

= exp
[
− 1

4σ2

m∑
j=1

n∑
k=1

γjk tr
{
{(xj −Ayk − τ )}T{(xj −Ayk − τ )}

}]
[
as {(xj −Ayk − τ )}T{(xj −Ayk − τ )} is a scalar

]
= exp

[
− 1

4σ2

m∑
j=1

n∑
k=1

γjk tr
{
{(xj − τ )−Ayk}T{(xj − τ )−Ayk}

}]

∝ exp
[
− 1

4σ2

m∑
j=1

n∑
k=1

γjk tr
{
− (xj − τ )TAyk − yTkAT(xj − τ ) + yTk yk

}]
[
as ATA = I and (Ayk)

T = yTk A
T]

∝ exp
[
− 1

4σ2

m∑
j=1

n∑
k=1

γjk tr
{
− (xj − τ )TAyk − yTkAT(xj − τ )

}]
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E7 ∝ exp
[
− 1

4σ2

m∑
j=1

n∑
k=1

γjk
{
− tr{(xj − τ )TAyk} − tr{yTk AT(xj − τ )}

}]

= exp
[
− 1

4σ2

m∑
j=1

n∑
k=1

γjk
{
− tr{yk (xj − τ )TA} − tr{(xj − τ )TAyk}

}]
[
as tr(A+B) = tr(A) + tr(B), tr(AB) = tr(BA) and tr(AT) = tr(A)

]
= exp

[
− 1

4σ2

m∑
j=1

n∑
k=1

γjk
{
− tr{yk (xj − τ )TA} − tr{yk (xj − τ )TA}

}]

= exp
[
− 1

4σ2

m∑
j=1

n∑
k=1

γjk
{
− tr{2yk (xj − τ )TA}

}]

= exp
[

tr
{ 1

2σ2

m∑
j=1

n∑
k=1

γjk yk (xj − τ )TA
}]

Plugging the E7 value in the above expression we have the full conditional dis-

tribution of A, which is proportional to

π(A | γ(j), τ ,θ, σX,Y ) ∝ exp{tr(F T
0A)} exp

[
tr
{ 1

2σ2

m∑
j=1

n∑
k=1

γjk yk (xj − τ )TA
}]

= exp
[

tr(F T
0A) + tr

{ 1

2σ2

m∑
j=1

n∑
k=1

γjk yk (xj − τ )TA
}]

= exp
[

tr
{
F T

0 +
1

2σ2

m∑
j=1

n∑
k=1

γjk yk (xj − τ )T
}
A
]

= exp
[

tr
{
F TA

}]
,where

F = F 0 +
1

2σ2

m∑
j=1

n∑
k=1

γjk (xj − τ )yTk .
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Full conditional distribution of A also follows a matrix Fisher distribution,

with matrix parameter F . Apart from using Green and Mardia (2006) method

(MCMC) to generate sample from the matrix Fisher distribution in 3-d case,

we use another three existing methods proposed by Kent and Ganeiber (2012)

(rejection sampling), Habeck’s (2009) (MCMC) and Byrne and Girolami (2013)

(MCMC on manifold) respectively in this thesis.

In this chapter, we have derived a fully Bayesian model in which the match-

ing probabilities are modeled directly. We have also shown how each of the

full conditional distribution is of a form which can be sampled from, and hence

we can implement a Gibbs sampler to simulate from the joint distribution of

all unknowns. Modeling the matching probabilities directly makes the space of

matching more continuous, and hence plausibly easier to move around in. We

explore the performance of sampler under this model in Chapter 5.

Overall performance of the MCMC sampler both for Green and Mardia (2006)

and our proposed Bayesian models not only depends on efficient sampling of

matching matrix but also an efficient sampling from the full conditional distri-

bution of rotation A. In the next chapter, we will discuss a method to sample

matching probabilities θ and A together (not in Gibbs style) using geodesic

Monte Carlo, with the aim to achieve good proposal for θ and A and less corre-

lated sample.

In this chapter we have discussed an alternative method for unlabelled size and

shape analysis by modifying the Taylor, Mardia and Kent (2003) model, where

matching probabilities are modelled directly as a random variable. To estimate

the parameters, (τ ,A,θ, σ), of this alternative model using MCMC we will use

two approaches; (i) τ , θ and σ are updated using Gibbs sampler while A is

updated using one of the methods proposed by Kent and Ganeiber (2012) (re-
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jection sampling), Habeck’s (2009) (MCMC) and Byrne and Girolami (2013)

(MCMC on manifold) respectively; (ii) τ and σ are updated using the Gibbs

sampler while joint update of θ and A is made using geodesic Monte Carlo algo-

rithm from their joint full conditional distribution, which is defined on product

manifold SO(3)×
m∏
i=1

4i
n.
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Chapter 4

Joint Update of Rotation and

Matching Probabilities

Effective simulation methods for probability distributions defined on manifolds

have drawn attention to the statistical community, as many advanced statistical

models have been proposed based on these distributions in recent years. For ex-

ample, the matrix Fisher distribution for random 3× 3 rotation matrices, which

is on SO(3), was used by Green and Mardia (2006) in their Bayesian model to

align two unlabelled configurations of points in R3. As an another example we

have seen in the previous chapter that the space of matching probabilities θ in

our proposed Bayesian model is the product of m independent Dirichlet distribu-

tions, each of dimension (n+1) (which is in fact product of m simplex (4), each

of dimension n). In this chapter, we describe how Monte Carlo methods can be

extended to manifolds, and illustrate them in the particular cases of interest to

us.

Byrne and Girolami (2013) developed the geodesic Monte Carlo algorithm (differ-

ential geometric basis MCMC) to simulate from probability distributions defined

on a manifold embedded in Euclidean space. This can be extended to sample

from more than one probability distribution simultaneously based on the product

of each constituent manifold. In this Chapter, we develop an algorithm for sam-

pling independently both rotation and matching probabilities together (i.e, not
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in Gibbs style) based on product manifold, SO(3)×
m∏
i=1

4i
n, where the geodesic

Monte Carlo approach for simulating matrix Fisher and simplex separately play

the role of building blocks. The motivation behind this idea is that proposed

geodesic Monte Carlo sampler should be able to propose good proposal both for

rotation and matching probabilities (less correlated samples) and hence improve

mixing and convergence.

The presentation of this chapter is organized in several sections. In Section 4.1

we introduce the Hamiltonian Monte Carlo (HMC) approach in detail from a

statistical view point, with an illustrative example. Section 4.2 shows how HMC

is defined on different manifolds such as Riemannian and embedded manifolds,

also called geodesic Monte Carlo, although here we are interested only on the

latter. We choose the von Mises distribution to explain the geodesic Monte Carlo

algorithm on an embedded manifold.

In the penultimate section we discuss the geodesic Monte Carlo technique to

simulate from matrix Fisher and simplex separately, the building blocks in our

proposed method, with an example for each respectively. Although Byrne and

Girolami’s algorithm can generate samples from the matrix Fisher distribution

for any concentration parameter F , consideration of different concentration lev-

els of F requires extensive tuning, and it is one of the purposes of this chapter

to address this problem. A similar type of tuning adjustment is necessary to

simulate samples from the simplex, and hence it is also covered in this chapter as

well. We have conducted a simulation study which is presented in this chapter

to address this issue.

Finally, our proposed algorithm for independent update of rotation and matching

probabilities together based on product manifold, SO(3) ×
m∏
i=1

4i
n, is discussed

with an example.

106



4.1 Hamiltonian Monte Carlo (HMC)

Most of the Markov chain Monte Carlo algorithms based on random proposals

explore a high dimensional target stationary distribution inefficiently, resulting in

slow convergence. To achieve faster convergence, Markov chain needs to explore

its space efficiently i.e. move in the right direction, and this is exactly what

HMC does by effectively reducing the amount of random walk with the help of

first order geometric information of target density (Neal (2011)).

4.1.1 Hamiltonian Dynamics

Before introducing HMC algorithm, firstly we need to know its building block

called Hamiltonian dynamics which originated from the physics literature. These

dynamics describe an object’s movement throughout a system mathematically.

According to the Hamiltonian dynamics, an object’s motion depends on its d

dimensional location vector q and momentum vector (defined as object’s mass

times its velocity) p at some time t in a particular system. The object has an

associated potential energy U(q) and an associated kinetic energy K(p) for each

location and momentum vector respectively, and the constant total energy of

the system is the sum of these two energies, known as the Hamiltonian function

H(q, p):

H(q, p) = U(q) + K(p)

The partial derivatives of the Hamiltonian function known as Hamilton’s equa-

tions describe how q and p change over time t, and are defined as follows:

dqi
dt

=
∂H
∂pi

=
∂K(p)

∂pi

dpi
dt

= −∂H
∂qi

= −∂U(q)

∂qi
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for i = 1, 2, . . . , d. Given an initial position vector q0 and momentum vector

p0 at time t0, new position and momentum vectors at time t = (t0 + s) can be

determined by solving the above equations for a duration s.

To simulate Hamiltonian dynamics numerically on a computer, Hamilton’s equa-

tions need to be approximated by discretizing time, and it can be done by split-

ting the time duration s up into a series of smaller step size ε. To get a better

approximation it is desirable to make ε small enough. Euler’s, modified Euler’s

and Leapfrog methods are commonly available methods in the literature for dis-

cretizing time but Leapfrog method offers better results than the other methods,

particularly for use in MCMC (Neal, 2011). The detail algorithm of the Leapfrog

method is given below:

To simulate dynamics over (W × ε) units of time, the above algorithm needs to

Algorithm 4: Algorithm of Leapfrog Method
Data: q and p values at time t.

Result: q and p values at time (t+ ε).

begin
1: Update p over ε/2 time step using

pi(t+ ε/2) = pi(t)− (ε/2)
[ ∂U

∂qi(t)

]
2: Update q over ε time step using qi(t+ ε) = qi(t) + ε

[ ∂K

∂pi(t+ ε/2)

]
3: Update p for remaining half step using

pi(t+ ε) = pi(t+ ε/2)− ε/2
[ ∂U

∂qi(t+ ε)

]

run for W steps.

4.1.2 Constructing MCMC using Hamiltonian Dynamics

To construct a non physical Markov chain Monte Carlo method using the idea

of Hamiltonian Dynamics, a Hamiltonian function H(q, p) can be viewed in

terms of the probability distribution π(q) from which samples need to be drawn.
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This can be done by relating π(q) to a potential energy function U(q) via the

concept of canonical distribution adopted from statistical mechanics. A canonical

distribution corresponding to a given energy function E(λ) over a set of variables

λ is defined as follows:

π(λ) ∝ exp
{
− E(λ)

}
In the context of Bayesian statistics, we are interested in a posterior distribution

of model parameters, and hence the position vector q plays the role of model

parameters. The posterior distribution of model parameters is defined as follows:

π(q|D) = L(q | D)× π(q)

where π(q) is the prior distribution of q, and L(q | D) denotes the likelihood

given data D. As the Hamiltonian function H(q, p) defined above represents the

energy function of two variables q and p, so joint canonical distribution (q, p)

is defined as follows:

π(q, p) ∝ exp
{
−H(q, p)

}
= exp

{
− U(q)

}
× exp

{
−K(p)

}
= π(q)× π(p),

where π(q) = exp
{
− U(q)

}
and π(p) = exp

{
− K(p)

}
are the canonical

distributions for q and p respectively and these two are independent of each

other as their joint canonical distribution is factorized. This means that sampling

from π(q) is equivalent to sampling from π(q, p) if the contribution of π(p) is

ignored at the end. Using π(q, p) instead of using only π(q) allows us to use

Hamiltonian Dynamics to sample from π(q), and without introducing p this

scope is unavailable. Constructing MCMC using Hamiltonian Dynamics in this

way can be seen as an example of introducing auxiliary variable to facilitate the

Markov Chain path. For practical implementation, the canonical distribution

of p can be chosen independently as π(p) and π(q) are independent, and the

standard normal distribution is the common choice for π(p).
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4.1.3 Hamiltonian Monte Carlo Algorithm

Hamiltonian Monte Carlo works in a two step procedure. In the first step, HMC

uses Hamiltonian dynamics to generate proposals for the Markov chain rather

than simply using any probability distribution to explore the target distribution

π(q) = exp
{
− U(q)

}
efficiently. From a given initial state

(
q0, p0

)
, new pro-

posal state
(
q∗, p∗

)
is obtained by simulating Hamiltonian dynamics for a short

time period s using the Leapfrog method. This proposed new state
(
q∗, p∗

)
is

accepted as the next state of the Markov chain with probability
π
(
q∗,p∗

)
π
(
q0,p0

) . If(
q∗, p∗

)
is rejected as a next state of the Markov Chain then the next state is

the same as the current state π
(
q0, p0

)
.

4.1.4 Illustrative Example

Suppose we wish to draw samples from a probability density function (pdf) π(q)

using HMC. In addition to π(q) be the pdf on Rd, we also consider that the

partial derivatives of log π(q) exist. In order to simulate from π(q), firstly we

need to define the Hamiltonian function using the canonical distributions π(q)

and π(p), where π(p) is chosen independently and isMVN (0,Σ). Now we can

define the following potential and kinetic energy functions for π(q) and π(p)

respectively:

U(q) = − log π(q)

= − log
[
L(q | D)× P(q)

]
and

K(p) = − log π(p)

=
1

2
log
{
|2πΣ|

}
+

1

2
pTΣ−1p.

Therefore, the corresponding Hamiltonian function is
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H(q, p) = − log π(q) +
1

2
log
{
|2πΣ|

}
+

1

2
pTΣ−1p.

The partial derivatives of the above Hamiltonian function are:

dq

dt
= q̇ =

∂H
∂p

= Σ−1p, (4.1)

dp

dt
= −∂H

∂q
= −∇q log π(q). (4.2)

Now we can calculate π
(
q0, p0

)
= exp

{
− H(q0, p0)

}
at initial state

(
q0, p0

)
before running the Leapfrog algorithm for duration s to obtain a proposed state(
q∗, p∗

)
. After having a new state

(
q∗, p∗

)
, calculate π

(
q∗, p∗

)
= exp

{
−

H(q∗, p∗)
}
, and make the decision either to accept the proposed state or not,

based on the following Metropolis acceptance probability and a random number

u from Unif (0, 1) :

Paccep =
exp

{
−H(q∗, p∗)

}
exp

{
−H(q0, p0)

}

If u is less than Paccep, then we accept the proposed state as our new state. We

can summarize the Hamiltonian Monte Carlo algorithm briefly as follows:

4.2 HMC on Riemannian and embedded mani-

folds

HMC that we defined in section 4.1 can be extended in a more general form on

a Riemannian manifold, which allows HMC method to explore local geometric

structure of target density efficiently. In order to define HMC on the Riemannian

manifold we need to define π(q) and π(p) by taking into account the effect of
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Algorithm 5: Algorithm of Hamiltonian Monte Carlo
Data: q0 and p0 values at time t.

Result: q and p values at time (t+ s).

begin
1: Sample initial momentum variables p0 from π(p), independent of

the values of position variables q0

2: Propose new state
(
q∗, p∗

)
by simulating Hamiltonian dynamics

for W steps using Leapfrog method with a step size ε (s = W × ε)

3: Calculate Paccep=exp{-U(q∗) +U(q0) -K(p∗) +K(p0)}

4: begin

4a: Start accept reject steps

4b: Draw U ∼ Uniform
[
0, 1
]

4c: if U < Paccep then

qnew ← q?

else

qnew ← q0

4d: Stop accept reject steps
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the geometry of the Riemannian manifold.

From equation 4.1, we see that momentum variable p = Σ (dqdt ) = Σ q̇, where Σ

and q̇ stand for some metric tensor and velocity (tangent vector) respectively.

The position specific metric tensor G(q) plays the role of Σ to define p which is

considered as a family of probability distributions {π(.|G(q)) : G(q) ∈ Θ}. This

family of probability distributions can be viewed as a Riemannian manifold, and

according to equation (1.64) the squared distance of tangent vector q̇ in terms

of p can be written in the following way:

‖q̇‖2
G(q) = q̇TG(q)q̇

=
{
G(q) q̇

}T
G(q)−1{G(q) q̇

}
= pTG(q)−1p (4.3)

Using a position specific inverse metric tensor we can define the kinetic energy

term for the Hamiltonian function (Chang and Calin, 2005). We need to add a

normalizing constant to equation (4.3) if we want to see it as an expression of

the negative log of some Gaussian distribution, as we did in the original HMC,

which is known as Kinetic energy. Finally, according to Girolami and Calder-

head (2011), we can define HMC on the Riemannian manifold to simulate from

π(q) ∼MVN (0,Σ) as :

H(q, p) = − log π(q) +
1

2
log
{
|2πG(q)|

}
+

1

2
pTG(q)−1p, (4.4)

where π(q) is the target density with respect to the Lebesgue measure in some

coordinate system [qi], i = 1, 2, . . . , d. So their joint canonical distribution with

respect to the Lebesgue measure is
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π(q, p) ∝ exp
{
−H(q, p)

}
= π(q)× π(p | q), (4.5)

where π(q) = exp
{

log π(q)
}
and π(p | q) = MVN (p | 0, G(q)). As the joint

canonical distribution π(q, p) is not factorized in equation (4.5), the Hamiltonian

isn’t separable as in the previous case for original HMC. Therefore the standard

leapfrog method is not applicable to approximate the Hamiltonian dynamics in

this case.

By combining the first two terms of equation (4.4) into the negative log of the

target density with respect to the Hausdorff measure of the manifold, the Hamil-

tonian function can be written as follows (Byrne and Girolami, 2013) :

H(q, p) = − log πH(q) +
1

2
pTG(q)−1p. (4.6)

Now the Hamiltonian equations for this Hamiltonian function are

dqi
dt

=
∂H
∂pi

=
[
G(q)−1p

]
i
, (4.7)

dpi
dt

= −∂H
∂qi

= ∇qi

[
log πH(q)− 1

2
pTG(q)−1p

]
. (4.8)

Approximating these Hamiltonian equations by discretizing time is not straight

forward anymore as in original HMC because of non separable Hamiltonian func-

tion. Generalized Leapfrog method proposed by Girolami and Calderhead (2011)

can be used to approximate these dynamics which requires some numerical tech-

niques as some of its steps are defined implicitly. In addition to the burden of

using numerical techniques it also needs to calculate both the inverse and deriva-

tive of the metric tensor which is highly computationally expensive for high
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dimensional case. Finally, a global coordinate system assumption is required by

this method which may be violated for manifolds for which none exists, such as

the sphere.

Another approach named geodesic integrator, developed by Byrne and Girolami

(2013), can be used to approximate the above dynamics. We will describe here

in detail how the geodesic integrator works as it is used in Geodesic HMC later,

which is our main interest. The main idea of constructing the geodesic integra-

tor is to consider each term of equation (4.6) as a separate Hamiltonian function

and alternate simulating between the exact solutions. By considering each term

of equation (4.6) as a separate Hamiltonian function we have the following two

different Hamiltonian functions denoted by H [1](q, p) and H [2](q, p) respectively:

H [1](q, p) = − log πH(q), (4.9)

H [2](q, p) =
1

2
pTG(q)−1p. (4.10)

The Hamiltonian equations for equation (4.9), which consist of only a potential

term, are given as

dqi
dt

=
∂H [1]

∂pi
= 0 (4.11)

dpi
dt

= −∂H
[1]

∂qi
= ∇qi

[
log πH(q)

]
. (4.12)

We can write the above two equations in vector form in the following way:

q̇ = 0 (4.13)

ṗ = ∇q
[

log πH(q)
]
. (4.14)
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Solving the differential equations (4.13) and (4.14) with initial condition (q(0),

p(0)) gives us the following exact solution (q(t), p(t))

∫
dq
dt

= 0

q(t) = c1

[
c1 is a integration constant

]

Using initial condition we have c1 = q(0), so

q(t) = q(0).

Similarly we have

∫
dp =

∫
∇q log πH(q) dt

p(t) = t∇q log πH(q) + c2

The value of integration constant c2 = p(0), at t = 0, so we have

p(t) = p(0) + t∇q log πH(q).

Finally we can write the exact solution of H [1] as

(
q(t), p(t)

)
=
(
q(0), p(0) + t∇q log πH(q)

)
. (4.15)

The Hamiltonian, defined in equation (4.10), which involves only a kinetic term,
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has an intuitive meaning in a physical point of view. Before solving Hamilto-

nian equations for this Hamiltonian we need to be familiarized with Newton’s

first law. In a flat surface, a particle moving in a straight line will continue to

move in a straight line subject to no external forces according to Newton’s first

law. Such a motion is described by the Hamiltonian defined as H = 1
2
pT Σ−1 p

where Σ denotes some metric tensor i.e. a Hamiltonian solely defined in terms of

kinetic energy. This idea is exactly the same for a moving particle on a curved

surface but needs to incorporate the metric tensor G(q) to define kinetic energy.

Under this condition geodesic flow becomes a Hamiltonian flow (Abraham and

Marsden, 1978). Hamiltonian equations for (4.10) can then be written as

dqi
dt

=
∂H [2]

∂pi
=
[
G(q)−1p

]
i
, (4.16)

dpi
dt

= −∂H
[2]

∂qi
= −1

2
pTG(q)−1 G(q)

∂qi
G(q)−1p. (4.17)

Solution of these Hamiltonian equations is known as geodesic flow as this Hamil-

tonian consists of only kinetic energy, and when exact geodesic flow is known to

us we can construct the geodesic integrator by alternating simulation from the

dynamics H [1] and H [2] for some time step ε. Starting at state (q, p) the geodesic

integrator for a single step works as follows:

(i) Firstly update state (q, p) for a time step ε/2 according to the solution to

H [1] which gives just a linear update of momentum variable p by setting

p← p+ ε/2∇q log πH(q).

(ii) Then according to geodesic flow under H [2], do another update for a period

of ε starting at (q, p) obtained from step (i).

(iii) Finally update once again according to H [1] for a period of ε/2. The whole

procedure should be repeated for W times to generate a new state (q, p).
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Byrne and Girolami (2013) also defined the above HMC algorithm (on the Rie-

mannian manifold) in terms of embedding coordinates by applying an isomet-

ric embedding transformation. The advantages of applying this transformation

are; (i) we don’t need to compute the metric tensor and its inverse (ii) we don’t

require the assumption that a global coordinate system exists.

Under an isometric embedding, ξ : M → Rn, suppose we have a new path

x(t) = ξ
(
q(t)

)
. Then according to equation (1.62) in Chapter 1, we can write

dxi(t)
dt

=
d∑
j=1

∂xi
∂qj

dqj(t)
dt

(4.18)

ẋi(t) =
d∑
j=1

∂xi
∂qj

q̇j(t) (4.19)

Using equation (4.19) we can write down the square distance of ẋ in terms of

square distance of q̇

ẋTẋ = q̇TG(q)q̇, (4.20)

where G(q) =
[
Gi j

]
d x d with Gi j =

n∑
l=1

∂xl
∂qi

∂xl
∂qj

. Therefore the embedded phase

space (x, v) can be obtained from the phase space (q, p), where p = G(q) q̇, in

the following way

v = ẋ

= D q̇

[
D = [Dij] n x d with Dij =

∂xi
∂qj

]
= D [G(q)]−1p (4.21)

The matrix product DTD is equal to the metric tensor G(q) which is shown in
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the following

DTD =



∂x1

∂q1

∂x2

∂q1

· · · ∂xn
∂q1

∂x1

∂q2

∂x2

∂q2

· · · ∂xn
∂q2...

...
...

∂x1

∂qd

∂x2

∂qd
· · · ∂xn

∂qd





∂x1

∂q1

∂x1

∂q2

· · · ∂x1

∂qd

∂x2

∂q1

∂x2

∂q2

· · · ∂x2

∂qd...
...

...
∂xn
∂q1

∂xn
∂q2

· · · ∂xn
∂qd



DTD =



n∑
l=1

∂xl
∂q1

∂xl
∂q1

n∑
l=1

∂xl
∂q1

∂xl
∂q2

· · ·
n∑
l=1

∂xl
∂q1

∂xl
∂qd

n∑
l=1

∂xl
∂q2

∂xl
∂q1

n∑
l=1

∂xl
∂q2

∂xl
∂q2

· · ·
n∑
l=1

∂xl
∂q2

∂xl
∂qd

...
...

...
n∑
l=1

∂xl
∂qd

∂xl
∂q1

n∑
l=1

∂xl
∂qd

∂xl
∂q2

· · ·
n∑
l=1

∂xl
∂qd

∂xl
∂qd

.



DTD = G(q) (4.22)

Replaccing G(q) by DTD in equation (4.21) we can write v in terms of D and

p

v = D [DTD]
−1
p (4.23)

Again as 1
2
vTv is equal to the second term of equation (4.6), shown below, we

can write down equation (4.6) in terms of embedding coordinates by plugging
1
2
vTv instead of 1

2
pTG(q)−1p ;
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1

2
vTv =

1

2

[
D [DTD]

−1
p
]T[
D [DTD]

−1
p
]

=
1

2

[
pT [DTD]

−1
DT
][
D [DTD]

−1
p
]

=
1

2
pT [DTD]

−1
[DTD] [DTD]

−1
p

=
1

2
pT [DTD]

−1
p

=
1

2
pT [G(q)]−1p

[
using equation (4.22)

]

and

H(x, v) = − log πH(x) +
1

2
vTv. (4.24)

The target density in equation (4.24) is now written as πH(x) instead of πH(q)

because under isometric embedding the surface measure of sphere Hd is invari-

ant (as length is preserved under isometric embedding). The solution to H [1] in

(4.15) can be rewritten in the context of equation (4.24) i.e. in terms of embed-

ding coordinates. Like q(t), x(t) remains constant i.e. x(t) = x(0) while a linear

update is made for velocity v(t). From equation (4.19), we have the change of

variables of operator ∇q = DT∇x, then taking into account this effect along

with equation (4.23) we can update v(t) linearly as follows:

v(t) = v(0) + t D [DTD]
−1
DT︸ ︷︷ ︸ ∇x log πH(x). (4.25)

The underlined linear quantity D [DTD]
−1
DT in equation (4.25) is known as

the ’hat matrix’ in ordinary linear regression (OLS) literature, which is used for

an orthogonal projection of arbitrary vector onto the column space of D (the
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span of the columns of D). In the context of our problem, we can also consider

this an orthogonal projection onto the tangent space to the embedded manifold.

Although the OLS method is available to compute this projection matrix, this

method can be prone to numerical instability at the boundary of the coordinate

system, plus there is a burden of computational cost, especially in high dimen-

sional case. Fortunately, we can completely avoid this OLS method to compute

this orthogonal projection as the closed form of orthogonal projection is calcu-

lated for all the manifolds (Spheres) that are considered in this project, using

their known explicit form of orthonormal basis, N , of normal to the tangent

space. The dimension of orthonormal basis N depends on what type of mani-

fold it is. Then the orthogonal projection, ⊥Tx , onto the tangent space to the

embedded manifold at x is given by the simple formula

⊥Tx = I −N (x)N (x)T. (4.26)

Therefore we can rewrite equation (4.25) using ⊥Tx .

v(t) = v(0) + t
(
I −N (x)N (x)T

)
∇x log πH(x). (4.27)

From (4.23), we have v∼MVN
(
0, D [DTD]

−1
DT) =MVN

(
0, I−N (x)N (x)T

)
as P ∼ MVN

(
0, DTD

)
. Therefore, we can draw initial velocity v0 from

MVN
(
0, I −N(x)N (x)T

)
, and we don’t need any Cholesky decomposition

as
(
I −N (x)N (x)T

)
is an idempotent matrix. All we need is to draw a sample

z fromMVN
(
0, I

)
and project v0 =

(
I −N (x)N (x)T

)
z to get the necessary

sample. The above discussion regarding geodesic Monte Carlo is presented as a

general algorithm in Algorithm 4. To implement the geodesic Monte Carlo on

an embedded manifold M ⊆ Rn, the following three ingredients are needed to

compute at each x ∈M:
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• the target log density log πH(x), and its gradients;

• the orthogonal projection from Rn onto the tangent space TxM;

• the geodesic flow associated with any initial velocity v ∈ TxM.

In this thesis, we consider only sphere (manifold) for which the form of orthonor-

mal basis N (x) is x itself at x, so the form of equation (4.26) becomes

⊥Tx = I − xxT. (4.28)

A standard result in differential geometry is that the geodesics of the n sphere

are rotation about the origin, known as great circles. The geodesics flows are

then (Byrne and Girolami (2013))

x(t)

υ(t)

 =

x(0) cos(αt) + α−1υ(0) sin(αt)

−αx(0) sin(αt) + υ(0) cos(αt)

 , (4.29)

where x(0) ∈ Sn denotes the initial position, υ(0) denotes the initial velocity in

the tangent space and α = ‖υ(0)‖ is the constant angular velocity.

4.3 Illustrative Example: Implementing Geodesic

Monte Carlo

In this section we show how the geodesic Monte Carlo is implemented on an em-

bedded manifold, and for this we consider the following von Mises distribution

defined on the unit circle with respect to Lebesgue measure by

π(θ) ∝ exp{κ cos(θ − µ)},
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Algorithm 6: Geodesic Monte Carlo on Embedded Manifold
Data: Initial value x where x ∼ πH(x) defined on manifold M.

Result: Simulated value from the target embedded density πH(x).

begin

1: v ∼MVN
(
0, I

)
2: v ← v −N (x)N (x)Tv

3: h← − log πH(x) + 1
2
vTv

4: x0 ← x

5: for j = 1, 2, · · · , W do

5a: v ← v + ε
2
∇x log πH(x)

5b: v ← v −N (x)N (x)Tv

5c: Update (x, v) along the geodesic flow for a ε time by (x∗,v)

5d: Set x = x∗

5e: v ← v + ε
2
∇x log πH(x)

5f: v ← v −N (x)N (x)Tv

6: h∗ ← − log πH(x) + 1
2
vTv

7: begin

7a: Start accept reject steps

7b: Draw U ∼ Uniform
[
0, 1
]

7c: if U < exp(h∗ − h) then

xnew ← x?

else

xnew ← x0

7d: Stop accept reject steps
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where θ ∈ [0, 2π), κ ≥ 0 and ‖µ‖ = 1. Under an embedding transformation,

x = (cos θ, sin θ)T, the above density with respect to one dimensional Hausdorff

measure becomes

πH(x) ∝ exp{κ cos θ cosµ+ κ sin θ sinµ}

= exp{(κ cosµ, κ sinµ) (cos θ, sin θ)T}

= exp{cTx},
[
where c = (κ cosµ, κ sinµ)T

]

since the metric-based volume element,
√
|G(θ)|, is unity as follows: Using equa-

tion (4.22), we can write

G(θ) = DTD =

(
∂x1

∂θ

∂x2

∂θ

)
∂x1

∂θ

∂x2

∂θ



G(θ) = DTD =
(
− sin θ cos θ

)− sin θ

cos θ

 = sin2 θ + cos2 θ = 1.

Now we need to calculate log πH(x) and its gradient which are cTx and c re-

spectively. Then according to equation (4.28), orthogonal projection onto the

tangent space to the embedded manifold at x can be calculated as

⊥Tx = I − xxT.

Finally we need to have geodesic flow in hand before running Algorithm4 which

can be calculated according to equation (4.29) as

[
x(t),v(t)

]
=
[
x(0) cos(α t) +

v(0) sin(α t)

α
, −αx(0) sin(α t) + v(0) cos(α t)

]
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4.4 Simulating A and θ using Geodesic approach

Before discussing the sampling procedure for A and θ using geodesic approach,

firstly we briefly discuss some of the common distributions which arise in Di-

rectional Statistics. Consider SO(3) =
{
A ∈ R3x3 : ATA = I3×3, |A| = 1

}
the

space of all 3 × 3 rotation matrices. A parametric distribution on this space

is matrix Fisher distribution, denotes as mF, which has the following density

function

π(A;F ) =
{

0
F1(

d

2
;
1

4
F TF )

}−1

exp
{

tr (F TA)
}

= CmF exp
{

tr (F TA)
}
, (4.30)

with respect to [dA], geometric measure scaled to unity. Here CmF is the

parameter-dependent normalizing constant which involves the hypergeometric

function 0F1, and F denotes the 3× 3 parameter matrix. The parameter matrix

F can be expressed as the following singular value decomposition form to under-

stand the concentration properties of this distribution

F = U∆V T , (4.31)

where U and V are the rotation matrices and the elements of diagonal matrix

∆ = diag (δ1, δ2, δ3) satisfy δ1 ≥ δ2 ≥ |δ3|. Under the above parameterization

(4.30) can be written as

π(A;U ,∆,V ) ∝ exp
{

tr{V∆TUTA}
}

= exp
{

tr{∆T UTAV }
}

= exp
{

tr{∆TA?}
}

(4.32)
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where A? = UTAV ∈ SO(3) ∼ mF(∆) as uniform measure is invariant under

the rotation transformation. If U and V both are chosen as 3× 3 identity ma-

trices then π(A;F ) becomes π(A; ∆).

A 3× 3 rotation matrix A can be obtained from an unsigned vector ±x which

lies on unit sphere S3 embedded in R4 by applying the following quadratic map-

ping, A = µ(±x), (Wood (1993), Mardia and Jupp (2000))

A =


x2

1 + x2
2 − x2

3 − x2
4 −2(x1x4 − x2x3) 2(x1x3 + x2x4)

2(x1x4 + x2x3) x2
1 + x2

3 − x2
2 − x2

4 −2(x1x2 − x3x4)

−2(x1x3 − x2x4) 2(x1x2 + x3x4) x2
1 + x2

4 − x2
2 − x2

3

 (4.33)

To model such an unsigned direction (±x) it is helpful to use the Bingham

distribution (Bingham; 1974; Mardia and Jupp; 2000) which has the following

density function with respect to the uniform measure on Sq−1

π(x;B) =
exp(−xTBx)

c(B)
, xTx = 1 and x ∈ Rq, (4.34)

where B is a q×q parameter matrix and c(B) is a parameter-dependent normal-

izing constant. If the Bingham parameterB is expressed as singular value decom-

position formB = ΓΛΓT, where Γ is orthogonal matrix and Λ = diag(λ1, λ2, · · · λq),

then Kume and Walker (2006) showed that if x is drawn from f(x; Λ), the trans-

formation xTΓ eventually produces a sample from f(x;B). So, without loss of

generality, we consider B = Λ = diag(λ1, λ2, · · · λq). Therefore, the above den-

sity becomes

π(x; Λ) =

exp
{
−

q∑
i=1

λix
2
i

}
c(Λ)

, xTx = 1 and x ∈ Rq. (4.35)

As f(x; Λ) and π(x; Λ + l) give the same Bingham distribution for any l ∈ R
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because of constraint xTx = 1, we assume λ1 = 0 ≤ λ2 ≤ · · · ≤ λq to ensure

identifiability. In the context of our problem the value of q is 4. Furthermore,

Prentice(1986) has shown that A = µ(±x) follows a matrix Fisher distribution

if and only if the unsigned unit vector ±x in R4 follows a Bingham distribution,

and the relationship between the parameterization of these two distributions is

also established. For a given ∆ = diag (δ1, δ2, δ3), there exist scalar l ∈ R and

λ1 = 0 ≤ λ2 ≤ λ3 ≤ λ4 such that

tr(∆TA) = −xT(Λ + l)x

= −
[
lx2

1 + (l + λ2)x2
2 + (l + λ3)x2

3 + (l + λ4)x2
4

]
(4.36)

If (4.36) holds then the matrix Fisher distribution with parameter matrix ∆ is

equivalent to Bingham distribution with parameter matrix Λ. Now using equa-

tion (4.33) the left hand of equation (4.36) can be expressed as

tr(∆TA) = δ1(x2
1 + x2

2 − x2
3 − x2

4) + δ2(x2
1 + x2

3 − x2
2 − x2

4) + δ3(x2
1 + x2

4 − x2
2 − x2

3)

= (δ1 + δ2 + δ3)x2
1 + (δ1 − δ2 − δ3)x2

2 + (−δ1 + δ2 − δ3)x2
3 + (−δ1 − δ2 + δ3)x2

4

(4.37)

Comparing equations (4.37) and (4.38) we can finally establish the relationship

between the parameters of these distributions

λ2 = 2(δ2 + δ3), λ3 = 2(δ1 + δ3), λ4 = 2(δ1 + δ2). (4.38)

4.4.1 Simulation Techniques

To simulate samples from the matrix Fisher distribution for a given parameter

matrix F , currently there are some good methods available in the existing liter-

ature. For example, Kent and Ganeiber (2012) developed a method to generate
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a Bingham sample in R4 using Angular Central Gaussian (ACG) distribution as

an envelope within a rejection framework, and then transform this to a matrix

Fisher sample according to the relation between matrix Fisher and Bingham dis-

tributions (discussed in the previous section). In the context of our problem,

we need to simulate from the matrix Fisher distribution, the full conditional

distribution of A, which depends not only on F but also on θ, τ and σ. In

other words sampling rotation correctly is influenced by other variables as well,

especially by matching probabilities θ. This is why we are interested to de-

velop a new approach which takes into account this issue to simulate rotation

instead of using existing method directly. We can tackle this issue by developing

a sampling scheme which allows us to sample both rotation (A) and matching

probabilities (θ) together (not in Gibbs style), and geodesic Monte Carlo within

product manifold framework gives us such opportunity (see the results of the

simulation study).

We have seen in Chapter 3 that the full conditional distributions both for rotation

(A) and matching probabilities (θ) are defined on manifolds namely SO(3) and
m∏
i=1

4i
n respectively, which allows us to define geodesic Monte Carlo for sampling

these two together under the product of their constituent manifold (product man-

ifold). Sampling rotation and matching probability separately based on SO(3)

and
m∏
i=1

4i
n respectively using geodesic Monte Carlo are the building blocks for

defining geodesic Monte Carlo on their product manifold. Therefore, in the fol-

lowing two sections we discuss geodesic Monte Carlo technique to simulate from

matrix Fisher distribution and simplex separately before implementing geodesic

technique to simulate from their joint density based on the product manifold.

4.4.2 Simulation from matrix Fisher distribution using Geodesic

Monte Carlo Approach

To simulate from the matrix Fisher distribution using geodesic Monte Carlo, we

use here Kent and Ganeiber (2012) method but in a slightly modified way.
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From the literature review, we have already seen that there is an another distri-

bution defined on S(q−1) proposed by Paine, Preston, Tsagris and Wood (2017)

called the elliptically symmetric angular Gaussian distribution (ESAG). This

ESAG distribution is a subfamily of the angular Gaussian distribution closely

analogous to the Kent subfamily of the general Fisher–Bingham distribution.

Like the Kent distribution it also offers modelling rotational asymmetry about

the mean direction because of its ellipse-like contours. Morover, it has some addi-

tional advantages compared to the Kent model. For the ESAG distribution there

exists a very simple and fast simulation technique which does not require rejec-

tion methods like the Fisher–Bingham family. In addition to this, the likelihood

of this distribution can be computed quickly and exactly as the density is free of

awkward normalising constants. Because of these advantages modelling rotation

using the ESAG is beneficial for computationally intensive statistical methods.

However, we are currently not using this distribution to modeling rotation but

we have a plan to use this distribution in future and compare its performance

over the other methods currently used in this thesis.

Kent and Ganeiber’s Modified Approach

We already have discussed the link between the matrix Fisher distribution on

SO(3) and the Bingham distribution on S3 embedded in R4 in section 4.1. Recall

that Kent and Ganeiber (2012) used this relationship to sample from the matrix

Fisher distribution, using Bingham samples generated via ACG as an envelope

distribution within a rejection framework. To simulate from the matrix Fisher

distribution using geodesic Monte Carlo approach we use the same idea of Kent

and Ganeiber (2012), but Bingham samples are generated using geodesic Monte

Carlo approach instead of rejection sampling. Therefore, the task of simulating

from the matrix Fisher distribution using the geodesic Monte Carlo approach

simply boils down to simulating from Bingham samples using geodesic Monte
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Carlo approach. The idea is that, in some situations, this could produce good

proposals when used in conjunction with updates to other parameters, rather

than directly sampling from the full conditional in a Gibbs sampler (see the re-

sults of the simulation study in section 5.1).

As the Bingham distribution defined in (4.35) is on S3 embedded in R4, we can

consider it our target embedded density from which we want to draw samples

and it can be written as

πH(x) ∝ exp
{
− xTΛx

}
, xTx = 1 and x ∈ R4. (4.39)

Before running Algorithm 4 to draw a Bingham sample, we need to have in our

hand log πH(x) and its gradient which are −xTΛx and −2 Λx respectively. In

addition, we also need to have an orthogonal projection onto the tangent space

to the embedded manifold at x and geodesic flow which can be calculated by

equations (4.28) and (4.29) respectively. Finally, we can summarize the whole

simulation procedure of simulating a matrix Fisher sample as follows:

1. For a general F , decompose F = U∆V T using equation (4.31);

2. Calculate Λ = diag (λ1, λ2, λ3, λ4) according to equation (4.38);

3. Run Algorithm 6 to draw Bingham sample, x, for parameter Λ;

4. Calculate the corresponding rotation matrix A = µ(x) using (4.33);

5. Calculate UAV T which returns a matrix Fisher sample for parameter F .

Illustrative Example

Suppose we want to draw a sample from the matrix Fisher distribution for the

following parameter matrix
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F =


1.1 0.2 4.1

3.1 0.5 0.7

8.1 1.1 2.5

 .

In order to draw a sample first express F = U∆V T in the following singular

value decomposition form

F =


−0.27 0.95 −0.06

−0.33 −0.15 −0.92

−0.90 −0.23 0.36




9.44 0 0

0 3.50 0

0 0 0.07



−0.91 −0.38 −0.13

−0.12 −0.04 0.99

−0.38 0.92 −0.01

 .

In above det(U) = +1 and det(V ) = −1, so we flip the sign of the last column

of V matrix to make it a rotation matrix. In addition we also need to multiply

δ3 = 0.07 by (-1) as det(F ) < 0. We don’t need this type of adjustment when

det(F ) > 0. Finally the above form can be written as

F =


−0.27 0.95 −0.06

−0.33 −0.15 −0.92

−0.90 −0.23 0.36




9.44 0 0

0 3.50 0

0 0 −0.07



−0.91 −0.38 0.13

−0.12 −0.04 −0.99

0.38 −0.92 0.01

 .

Using the diagonal element of ∆ = diag (9.44, 3.50, 0.07), calculate the diago-

nal elements of the Bingham parameter Λ = diag (λ1, λ2, λ3, λ4) where λ1 = 0,

λ2 = 6.86, λ3 = 18.74 and λ3 = 25.88.

Suppose we have x = (−0.514, 0.799, 0.214, 0.222) after running Algorithm 6

which is the Bingham sample corresponding to Λ. Now transform this Bingham

sample x, using equation (4.33), to give the following rotation matrix
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µ(x) =


0.808 0.572 0.134

0.114 −0.377 0.918

0.576 −0.727 −0.371

 .

Finally, calculate the quantity Uµ(x)V T which gives the following matrix Fisher

sample corresponding to F


0.530 −0.725 0.439

0.743 0.149 −0.651

0.406 0.672 0.618

 .

4.4.3 Simulation from Simplex using Geodesic Monte Carlo

Approach

Before discussing the simulation technique from the simplex using geodesic Monte

Carlo, firstly we briefly discuss the simplex. A n dimensional probability simplex

is a (n + 1) dimensional euclidean surface which a distribution over the (n + 1)

events lies on. Each component of any random point in a simplex is non-negative,

and all (n + 1) components sum to be 1. Mathematically we can express a n

dimensional probability simplex, 4n, as

4n =

{
θ ∈ Rn+1 : θk ≥ 0,

n+1∑
k=1

θk = 1

}
, (4.40)

which is a n dimensional manifold embedded in Rn+1. For example, a Dirichlet

distribution with respect to Lebesgue measure, considered a natural prior dis-

tribution for (n + 1) dimensional multinomial data, defined on n dimensional
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simplex is:

π(θ;α) =
1

B(α)

(n+1)∏
k=1

θαk−1
k 0 ≤ θk ≤ 1 and

n+1∑
k=1

θk = 1, (4.41)

where αk ∈ R+ and B is the Beta function. Many real world phenomena, espe-

cially analyzing compositional data, can be modeled by using Dirichlet distribu-

tion because of its constrained support. However, this constrained support not

only makes it widely applicable in many situations but also hinders practical im-

plementations, especially those applying MCMC techniques (Betancourt, 2013).

For example, a sample from the Dirichlet distribution proposed by a Markov

chain can fall outside of the simplex with probability 1 if the constraint is not

taken into account by a Markov chain. As a result, the chain will not be able

to move beyond this sample point. Taking into account this constraint means

parameterizing the simplex directly which helps the Markov chain to explore the

full support of Dirichlet distribution but real difficulties start when the boundary

of the simplex is considered. For example, integration paths (W× ε) of geodesic

Monte Carlo on a simplex directly may violate the positivity constraints, which

needs reflection of this path to satisfy constraints, and frequent reflections re-

quires additional computational cost.

Byrne et. al (2013) proposed a square root transformation from n dimensional

simplex 4n to the positive orthant of the sphere Sn to simplify the structure

of simplex, which is more amenable as far as efficient MCMC is concerned. As

MCMC proposals can fall outside the positive orthant of the sphere, so distribu-

tion defined only on positive orthant needs to be extended to the whole sphere

to tackle this issue. Extending this distribution to the whole sphere can be done

by reflecting the axes which makes the original distribution 2(n+1) times larger,

but we can ignore this quantity as we only need to know the distribution up to

proportionality. The main advantage of this transformation is that the surface
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is now smooth and without boundaries, so proposal outside the positive orthant

is not the issue anymore. This motivates us to use this transformation to sample

from Dirichlet distribution (simplex) instead of parameterizing the simplex di-

rectly. The element-wise square root transformation yk =
√
θk with the following

form of partial derivatives

∂yl
∂θk

=


1
2
θ
−1/2
k if k = l < (n+ 1),

0 if k 6= l < (n+ 1),

1
2

(
1−

∑n
k=1 θk

)−1/2 if k = l = (n+ 1),

yields the n dimensional Jacobian

1

2n

(n+1)∏
k=1

θ
−1/2
k . (4.42)

Now under square root map the Dirichlet distribution defined in (4.41) can be

written as

πH(y) =

∏(n+1)
k=1 (y2

k)
αk−1

B(α)
× 2n∏(n+1)

k=1 (y2
k)
−1/2

=

∏(n+1)
k=1 (yk)

2αk−2

B(α)
× 2n∏(n+1)

k=1 (yk)−1

=
2n

B(α)

(n+1)∏
k=1

(yk)
2αk−1. (4.43)

Distribution defined in (4.43) becomes uniform when αk =1/2, whereas αk =1

gives the uniform distribution for (4.41). Taking the log of both sides of equation

(4.43) gives us logπH(y) which is

logπH(y) =

(n+1)∑
k=1

(2αk − 1) log yk + constant. (4.44)
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Finally, from equation (4.44), the (n + 1) dimensional vector ∇y log πH(y) can

be written as

∇y log πH(y) =

{
(2α1 − 1)

y1

,
(2α2 − 1)

y2

, · · · ,
(2α(n+1) − 1)

y(n+1)

}
. (4.45)

Now we have everything in our hand to run Algorithm 4 for πH(y) defined

in (4.43) to generate a sample from simplex, 4n, defined in (4.41), which is

illustrated in the following example.

Illustrative Example

Suppose we want to draw a sample from a Dirichlet distribution with parameter

α = (5, 7, 11), which is on unit 2-simplex 42. In other words, we want to draw

a sample from the following probability distribution

π(θ;α) =
1

B(α)

3∏
k=1

θαk−1
k 0 ≤ θk ≤ 1 and

3∑
k=1

θk = 1, (4.46)

where α = (α1, α2, α3) = (5, 7, 11). Consider we have an initial Dirichlet sample

θ = (1/3, 1/3, 1/3) on the simplex 42. In general, we can choose this initial

value of θ by drawing a sample of size 3 from uniform distribution and then

normalize it.

According to the discussion in section 4.4.3, instead of using directly this initial

θ = (1/3, 1/3, 1/3) value on simplex 42 we use y =
√
θ = (1/

√
3, 1/
√

3, 1/
√

3)

which is on the sphere S2, to propose a new θ value via a new y. Now using equa-

tion (4.43), the corresponding distribution of equation (4.46) due to the square

root transformation is

πH(y) =
22

B(α)

3∏
k=1

(yk)
2αk−1. (4.47)
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Suppose running Algorithm 6 with initial y = (1/
√

3, 1/
√

3, 1/
√

3) to generate

a sample from πH(y) defined in (4.47) gives us a new y = (0.498, 0.582, 0.641)

value. Transforming back this y = (0.498, 0.582, 0.641) to θ = (0.249, 0.340, 0.411),

using y2 = θ, gives us the required sample from equation (4.46). On the other

hand, if the Algorithm 4 returns the value which is same as initial y then θ new

will be the same as its initial value. The whole procedure needs to be repeated

r number of times to obtain a sample of size r.

4.5 Geodesic Monte Carlo on Product Manifold

We have already seen in sections 4.4.2 and 4.4.3 how geodesic Monte Carlo is

implemented to generate samples separately from matrix Fisher and Dirichlet dis-

tributions which are defined on SO(3) and 4n respectively. In this section, we

will discuss a geodesic Monte Carlo algorithm to generate samples jointly from a

matrix Fisher andm Dirichlet distributions of dimension (n+1) (product of a ma-

trix Fisher and m Dirichlet distributions) defined on SO(3)×4n
1 ×4n

2 · · · × 4n
m︸ ︷︷ ︸

using product manifold.

Let’s briefly discuss here product manifolds before explaining the algorithm of

geodesic Monte Carlo on a product manifold. A compound topological space

composed by a set of constituent manifolds (topological space) is called a prod-

uct manifold. In other words, suppose if we have s manifolds M1,M2, · · · ,Ms,

then their Cartesian productM1×M2×· · ·×Ms is also a manifold, called product

manifold, as product manifold topology is equivalent to the constituent manifold

topology. Mathematically, we can define the product manifold as

M = M1 ×M2 × · · · ×Ms

=
{

(x1, x2, · · · , xs) : x1 ∈M1, x2 ∈M2, · · · , xs ∈Ms

}
,
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where × represents the Cartesian product and xs is an element of the constituent

manifold Ms. Product manifolds play a vital role in statistics as many statis-

tical problems can be defined on product manifold. For example, Singh et al.,

(2002) used the product of two von Mises distributions defined on S×S to model

molecular angles. As an another example, we have seen in the previous chap-

ter that the joint density of A and θ is the product of a matrix Fisher and m

independent Dirichlet distributions which are defined on the product manifold

SO(3)×4n
1 ×4n

2 · · · × 4n
m︸ ︷︷ ︸.

The product of geodesics in M1,M2, · · · ,Ms form the geodesic in product mani-

fold (Lui, Y. M. (1998) and Byrne et al., (2013)), and are of the form (δ1, δ2, · · · , δs) =

δ, where δ is the geodesic on a product manifold and δs is the geodesic on the

constituent manifold Ms. Similarly, (v1,v2, · · · ,vs) = v represents the tan-

gent vector where v is the tangent vector to a product manifold and vs is the

tangent to the constituent manifold Ms. Therefore, the form of orthogonal pro-

jection onto the tangent space for an arbitrary vector (u1,u2, · · · ,us) = u is{(
I−N 1N 1

T)u1,
(
I−N 2N 2

T)u2, · · ·
(
I−N sN s

T)us} =
(
I−NNT)u where

N s is the orthogonal basis of constituent manifold Ms and N is the orthogonal

basis of product manifold M.

Given s embedded densities π1
H(x1), π2

H(x2), · · · , πsH(xs) defined on s constituent

manifolds M1,M2, · · · ,Ms respectively, embedded density πH(x) on product

manifold M is simply the product of these s embedded densities, and can be

written as

πH(x) = π1
H(x1)× π2

H(x2)× · · · × πsH(xs), (4.48)

where πsH(xs) is the embedded density of the sth constituent manifold. Taking

the log of both sides of equation (4.48) gives us logπH(x) which is
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log πH(x) = log π1
H(x1) + · · ·+ log πsH(xs), (4.49)

and differentiation of equation (4.49) gives the s dimensional vector∇x log πH(x)

which can be written as

∇x log πH(x) =

{
∇x1 log πH(x),∇x2 log πH(x), · · · ,∇xs log πH(x)

}
, (4.50)

where ∇xs log πH(x) is the derivative of log πH(x) with respect to the element

of the sth constituent manifold. Orthogonal projection and geodesic update on

a product manifold can be determined by calculating the orthogonal projection

and geodesic update of each constituent manifold at the same time in parallel.

Finally, to tune the whole algorithm, it is often useful to choose different ε val-

ues for each of the constituent manifolds, especially when elements in different

manifolds are not on the same scale (Byrne et al., 2013). In the following, we

summarize the detailed procedure of geodesic Monte Carlo implementation in

Algorithm 7. In the light of our problem, the corresponding equation of equa-

tion (4.48) is

πH(A,θ) ∝ exp
{

tr (F TA)
}
×

(n+1)∏
k=1

[
θ1k

]α1k−1 × . . .×
(n+1)∏
k=1

[
θmk
]αmk−1

, (4.51)

where A ∈ SO(3), θi ∈ 4n, i = 1, 2, · · · ,m and αik = (γik + ηik) . Now applying

the relationship between SO(3) and S3 along with square root transformation

from simplex (4n) to sphere Sn on (4.51), we can rewrite the joint density

πH(A,θ) in terms of x and y = (y1,y2, · · · ,ym) as follows, which is defined

on S3 × Sn1 × Sn2 · · · × Snm︸ ︷︷ ︸
πH(x, y) ∝ exp

{
− xTΛx

}
×

(n+1)∏
k=1

[
y1k

]2α1k−1 × . . .×
(n+1)∏
k=1

[
ymk
]2αmk−1

, (4.52)
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Algorithm 7: Geodesic Monte Carlo on Product Manifold
Data: Initial value x = (x1, · · · ,xs) where xi ∼ πiH(xi) defined on

manifold Mi.

Result: Sample from πH(x) = π1
H(x1)× · · · × πsH(xs) defined on

∈M1 × · · · ×Ms.

begin

1 for i = 1, 2, · · · , s do

1a: vi ∼MVN
(
0, I

)
1b: vi ← vi −N i(xi)N i(xi)

Tvi

2: h← − log πH(x) + 1
2

∑s
i=1 v

T
i vi

3: x0 ← x

4: for i = 1, 2, · · · , s do

5: for j = 1, 2, · · · , W do

5a: vi ← vi + εi
2
∇xi

log πH(xi)

5b: vi ← vi −N i(xi)N i(xi)
Tvi

5c: Update (xi, v) along the geodesic flow for a ε time by

(x∗i ,v)

5d: Set xi = x∗
i

5e: vi ← vi + εi
2
∇xi

log πH(xi)

5f: vi ← vi −N i(xi)N i(xi)
Tvi

6: h∗ ← − log πH(x) + 1
2

∑s
i=1 v

T
i vi

7: begin

7a: Start accept reject steps

7b: Draw U ∼ Uniform
[
0, 1
]

7c: if U < exp(h∗ − h) then

xnew ← x?

else

xnew ← x0

7d: Stop accept reject steps
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where x follows a Bingham distribution with parameter Λ, corresponding to

mF(∆), in S3, and distribution of yik, i = 1, 2, · · · ,m, defined on Sni . The mo-

tivation behind redefining joint density (4.51) to (4.52) is to efficiently sample

A and θ together (not in Gibbs style) from the joint density πH(A,θ) using

geodesic Monte Carlo approach. Taking log of both sides of equation (4.52)

gives us logπH(x, y) which is

log πH(x, y) = −xTΛx+

(n+1)∑
k=1

[
2α1k − 1

]
log y1k + · · ·+

(n+1)∑
k=1

[
2αmk − 1

]
log ymk

(4.53)

and differentiation of equation (4.53) w.r.t. x∗ = (x, y) gives the s = (m + 1)

dimensional vector ∇x∗ log πH(x, y), which can be written as

∇x∗ log πH(x∗) =
{
∇x log πH(x∗),∇y1 log πH(x∗), · · · ,∇ym log πH(x∗)

}
=
{
− 2Ax,

2α1k − 1

y1k

,
2α2k − 1

y2k

· · · , 2αmk − 1

ymk

}
(4.54)

Now applying the Algorithm 7 on (4.52) gives us a sample in terms of x and

y. Once we have a sample from the joint density defined in (4.52), we need to

transform it back using the above relations to get a sample from the joint density

defined in (4.51).

4.6 Tuning Geodesic Monte Carlo on a product

manifold

Before discussing tuning the geodesic Monte Carlo algorithm for sampling from

probability distribution defined on manifold or on a product manifold, firstly we
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will discuss here in detail how to tune standard HMC when used for sampling

from probability distribution defined on euclidean space. We will then use this

idea when we tune the geodesic Monte Carlo algorithm.

4.6.1 Tuning HMC Algorithm

The efficiency of HMC algorithm depends on the correct choices of ε and W

values for a particular problem, and the wrong choices of ε and W values can

give completely misleading results. Therefore, choosing ε andW values correctly

is very crucial to run a HMC algorithm successfully for a particular problem.

To illustrate how to choose ε and W values correctly for a particular prob-

lem, we consider here exactly the same example that was considered by Neal

(2012). Suppose we wish to sample from the bi-variate Gaussian distribution

q ∼MVN (0,Σ) using HMC, where elements of diagonal and off-diagonal of Σ

are 1 and 0.95 respectively. To facilitate the sampling procedure, we consider an

auxiliary variable p which isMVN (0, I). Now we can write down the following

Hamiltonian function using these two distributions π(q) and π(p) (see subsec-

tion 4.1.2 for how this is obtained):

H(q, p) = U(q) +K(p)

= log π(q) + log π(p)

=
1

2
qTΣ−1q +

1

2
pTp.

To set ε and W values for a particular problem, Neal (2012) suggested the fol-

lowing guidelines:

• Choose ε andW in such a way that step length, ε×W , is sufficient to move

to a distant point in the distribution.

• For chosen values of ε andW , calculate the Hamiltonian valuesH0 at initial

(q0,p0) and H? at every point after each Leapfrog step.
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• Plot the Hamiltonian energy H0 or the difference of two energies known as

error, (H? − H0), and observe the pattern of this Hamiltonian energy or

the error.

• The pattern of H0 or (H?−H0) should be oscillatory (roughly periodic) if

sample is simulated correctly from the target distribution with some error.

• The values of H0 and (H? − H0) will be constant and zero respectively

if sample is simulated from target distribution without error, which is the

ideal situation.

• Higher values of H0 and (H? −H0) indicate that larger ε value were used

which needs careful attention. In that case, we need to reduce the ε value

by keeping step length same as before, and hence expect to have lower H0

or (H? − H0) value. Simulated values come from the target distribution

with some error as long as H0 or (H? −H0) value is bounded (periodic).

• If the value of H0 or (H? − H0) grows unboundedly which indicates that

we need to reset the values of ε and W .

For the above Hamiltonian function, Leapfrog integrator becomes Figure 4.1

Algorithm 8: Algorithm of Leapfrog Method
Data: q and p values at time t.

Result: q and p values at time (t+ ε).

begin

1: Update p over ε/2 time step using p(t+ ε/2) = p(t)− (ε/2)
[
Σ−1q

]
2: Update q over ε time step using q(t+ ε) = q(t) + ε

[
p
]

3: Update p for remaining half step using

p(t+ ε) = p(t+ ε/2)− ε/2
[
Σ−1q

]

shows the plots of Hamiltonian energy and error for the above Hamiltonian func-

tion for different ε and W values. First row of this figure is plotted for ε = 0.25
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and W = 25 while ε = 0.125 and W = 50 and ε = 0.45 and W = 25 are con-

sidered for the last two rows respectively. From the first row, we have seen that

maximum error is 0.45, and this error is reduced to 0.084 in the second row when

ε is considered ε/2 and W=50. Hamiltonian value (error) grows unboundedly

when ε = 0.45 regardless of number of Leapfrog steps. As long as step size ε

is less than 0.45 Hamiltonian values (error) stays bounded, which guarantees

samples obtained using this ε and W values will be the correct sample from our

targeted bi-variate Gaussian distribution. This is the way one can tune the HMC

algorithm, which can be extended for Hamiltonian defined on manifold.

4.6.2 Tuning Geodesic Monte Carlo Algorithm for sam-

pling from matrix Fisher distribution

The idea of tuning geodesic Monte Carlo is the same as HMC tuning but geodesic

integrator is used to discretize time here instead of Leapfrog integrator (dis-

cussed in section 4.2). In the context of our problem, we have used the geodesic

Monte Carlo algorithm to sample from the joint full conditional distribution

of rotation and matching probabilities defined on a product manifold, SO(3) ×

4n
1 ×4n

2 · · · × 4n
m︸ ︷︷ ︸, under our proposed model. Before discussing tuning geodesic

Monte Carlo on a product manifold, we will discuss here tuning geodesic Monte

Carlo algorithm defined on a single manifold. For example, in our case geodesic

Monte Carlo algorithm can be used to obtain good proposals for rotation and

matching probabilities, which is on SO(3), and matching probabilities θj, j =

1, 2, · · · ,m which is on 4.

We have already explained in section (4.4) how a sample is drawn from the matrix

Fisher distribution via Bingham distribution using geodesic Monte Carlo algo-

rithm. Byrne and Girolami’s algorithm can generate samples from the matrix

Fisher distribution via Bingham distribution for any concentration parameter F ,

but consideration of different concentration levels of F requires extensive tun-

ing, and this situation occurs in our case as at each iteration the matrix Fisher
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Figure 4.1: Illustration of choosing tuning parameters ε andW of HMC algorithm

used for sampling from probability distribution defined on euclidean space.
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parameter F is updated and takes a new value.

For a given matrix Fisher distribution, mF(F ), with parameter matrix F , we

reparametrize F in terms of concentration parameter ∆, mF(∆), using equa-

tions (4.30), (4.31) and (4.32). Now using equations (4.33), (4.34) and (4.35), we

have the corresponding Bingham distribution embedded in R4 of mF(∆). We

will use this embedding density to sample from Bingham distribution, and then

transform this sample to matrix Fisher sample. To tune geodesic Monte Carlo

algorithm to sample from Bingham distribution, we followed the same guideline

like HMC tuning but points 1 to 12 of Algorithm 4 are applied to produce H0

or (H? −H0).

To have the idea about what type of matrix Fisher parameter F (∆) geodesic

Monte Carlo will need to sample from the matrix Fisher distribution for ev-

ery iteration, we have collected different updated F (∆) for every 50th iteration

from the output of MCMC sampler of Green and Mardia (2006) model for pro-

tein data. For each and every F (∆), we then write down the corresponding

embedded Bingham distribution. Now based on simulation study, visualization

of Hamiltonian energy plot or error corresponding to Bingham distribution, we

have constructed the following table for ε and W for a set of ∆ =diag(δ1, δ2, δ3)

values. For any updated F (∆), using the following rules for setting ε and W

guarantees the lack of infinitely growing Hamiltonian value or error. From the

above table, we have seen that with the increasing of value of
∑3

i=1 δi, the value

of ε is decreasing. In addition, we have also investigated that weight proportion

of δi, i = 1, 2, 3, does not affect the above rules but only sum of δi.This tables tells

how one should tune geodesic Monte Carlo algorithm (setting ε and W values)

to simulate sample from matrix Fisher distribution with parameter F (∆) using

geodesic Monte Carlo approach. For a given ∆, one just needs to determine in

which row of the above table
∑3

i=1 δi belongs, and choose corresponding ε and

W values of this row as their respective values. Suppose we wish to sample from

a matrix Fisher distribution with parameter F , mF(F ), using geodesic Monte
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Carlo algorithm where

F =


8.5 7.8 4.3

1.1 3.9 6.4

4.1 6.0 4.8

 ,

and its singular value decomposition, F = U∆V T , has the following form:

F =


−0.74 0.54 −0.38

−0.39 −0.82 −0.40

−0.53 −0.14 0.83




16.16 0 0

0 4.80 0

0 0 0.56



−0.55 0.65 −0.51

−0.65 0.03 0.75

−0.51 −0.75 −0.40

 .

In above det(U ) = +1 and det(V ) = −1, so we flip the sign of the last column

of V matrix to make it a rotation matrix. In addition we also need to multiply

δ3 = 0.56 by (-1) as det(F ) < 0.

F =


−0.74 0.54 −0.38

−0.39 −0.82 −0.40

−0.53 −0.14 0.83




16.16 0 0

0 4.80 0

0 0 −0.56



−0.55 0.65 0.51

−0.65 0.03 −0.75

−0.51 −0.75 0.40

 .

As
∑3

i=1 δi = 20.40 < 60, so we use ε = 0.01 and W=40 in geodesic Monte Carlo

algorithm when sample is drawn from Bingham distribution (corresponding to

mF(∆)). The top plot of Figure 4.2 shows the error plot of Hamiltonian function

corresponding to embedded Bingham distribution for ε = 0.01 and W=40 while

second plot shows the log density of the above matrix Fisher distribution (Bing-

ham samples are converted to matrix Fisher samples) for the simulated values.

The horizontal line indicates the maximum value of this density, which is 20.4.

For the same problem, if we use ε = 0.007 and W=40, then sample will also

be from the same distribution but less representative compared to the sample

obtained under ε = 0.01 and W=40, as error plot is higher than previous one.
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Figure 4.2: Illustration of choosing tuning parameters ε andW of geodesic Monte

Carlo algorithm when used to generate sample from matrix Fisher distribution.
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4.6.3 Tuning Geodesic Monte Carlo Algorithm for sam-

pling from the simplex

The tuning idea is the same as tuning geodesic Monte Carlo algorithm for mF(∆).

In the context of our problem, full conditional distribution of matching proba-

bilities of θ is the product of m independent (n+ 1) dimensional Dirichlet distri-

bution, which are in fact product of m simplex 4, each of dimension n. Recall

that the equation defined in Chapter 3 is

π(θ | γ(j),A, τ , σX,Y ) ∝

(
(n+1)∏
k=1

[
θ1k

]γ1k+η1k−1

)
× . . .×

(
(n+1)∏
k=1

[
θmk
]γmk+ηmk−1

)
.

Now using equations (4.41), (4.42) and (4.43) (square root transformation from

simplex to sphere), we have the following density of jth simplex on the sphere

(from θj to yj)

πH(yj) =

(n+1)∏
k=1

[
yjk
]2(γjk+ηjk)−1

, (4.55)

which is embedded in R(n+1). The parameter, 2× (γjk + ηjk), of this embedded

density takes either value 2 × (n+2)
(n+1)

or 2
(n+1)

at every iteration in our MCMC

sampler as γjk ∈ {0, 1} and ηjk = 1
n+1

. Considering ε = .0001 and W = 40

ensures lack of growth for the Hamiltonian value for the above embedded density

defined in (4.55) in the context of our problem.

Now we discuss here how we have tuned the geodesic Monte Carlo algorithm

when we sampled A and θ together based on a product manifold, SO(3) ×

4n
1 ×4n

2 · · · × 4n
m︸ ︷︷ ︸. Byrne et al. (2013) suggested to choose different ε values

for each constituent manifold when geodesic Monte Carlo on a product manifold

is tuned, which can be helpful when variables have different scales of variation.

In the context of our problem, rotation A and matching probabilities θ have
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different kind of variation, hence different ε values are chosen for SO(3) and 4.

We have used Table 4.1 for SO(3) and ε = .0001 for all 4i (as all simplex has

same scale of variation).
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Table 4.1: Setting ε and W based on simulation study

Condition Values of ε and W

If
3∑

i=1

δi ≤ 60 ε = .01 and W =40

If
3∑

i=1

δi > 60 and
3∑

i=1

δi ≤ 130 ε = .007 and W =40

If
3∑

i=1

δi > 130 and
3∑

i=1

δi ≤ 235 ε = .005 and W =40

If
3∑

i=1

δi > 235 and
3∑

i=1

δi ≤ 301 ε = .004 and W =40

If
3∑

i=1

δi > 301 and
3∑

i=1

δi ≤ 446 ε = .0035 and W =40

If
3∑

i=1

δi > 446 and
3∑

i=1

δi ≤ 582 ε = .003 and W =40

If
3∑

i=1

δi > 582 and
3∑

i=1

δi ≤ 800 ε = .0025 and W =40

If
3∑

i=1

δi > 800 and
3∑

i=1

δi ≤ 1300 ε = .002 and W =40

If
3∑

i=1

δi > 1300 and
3∑

i=1

δi ≤ 3000 ε = .0007 and W =40

If
3∑

i=1

δi > 3000 and
3∑

i=1

δi ≤ 4000 ε = .0006 and W =40

If
3∑

i=1

δi > 4000 and
3∑

i=1

δi ≤ 6000 ε = .0005 and W =40

If
3∑

i=1

δi > 6000 and
3∑

i=1

δi ≤ 8000 ε = .0004 and W =40

If
3∑

i=1

δi > 8000 and
3∑

i=1

δi ≤ 13000 ε = .0003 and W =40

If
3∑

i=1

δi > 13000 ε = .0002 and W =40
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Chapter 5

Results and Discussions

In this chapter we will show the comparison of our proposed method for alterna-

tively modelling matching matrix (PMAMM) with the method of Green and

Mardia (2006) (GM) and its modified version, which we callMVGM, for the un-

labelled size and shape problem. TheMVGM framework is similar to the GM

framework but the sampling procedure for the rotation and matching matrices

are different; Forbes and Lauritzen sampler is used for the matching matrix and

Kent’s rejection method or Habeck’s method or Geodesic Monte Carlo approach

is used for rotation. We use the notations MGM and MGM(.) throughout

this chapter to represent the two cases underMVGM; the former of which only

updates the matching matrix but not rotation while the latter one in addition

to updating matching matrix rotation is also updated. For example,MGM(K)

means theMVGM uses Forbes and Lauritzen sampler for matching matrix and

Kent’s method for rotation.

We use the same notational convention like MVGM for PMAMM as well.

Like MGM and MGM(.) notation, we use the notation PMAMM? and

PMAMM(.) for PMAMM; PMAMM? means only matching matrix is

updated in Gibbs fashion while in PMAMM(.) one of the rotation methods

used in MGM(.) is used for sampling rotation along with the updates for the

matching matrix. Furthermore, we use the notation PMAMM?? to denote the
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situation where both the rotation A and matching probabilities θ are updated

together using a geodesic Monte Carlo approach based on a product manifold.

To show these comparisons, we choose the same problems (gel data in 2 and

protein data in 3 dimensions) from bioinformatics like Green and Mardia (2006)

along with a simulated data set discussed in section 1.4 and apply PMAMM?,

PMAMM(.), PMAMM??, GM andMVGM to these data sets.

We organize this this Chapter as follows: In section 5.1 we present the results of

our simulation study, while analysis of gel and protein data sets are presented in

section 5.2 and 5.3 respectively.

5.1 A Simulation Study

In this section we conduct a simulation study, using the artificial data set de-

scribed in section 1.4, where we know what the true probabilities of matching

along with the true values of translation and rotation parameters are and com-

pare the MCMC algorithms of all methods considered in this thesis to see how

they perform. For this artificial data set, we have ninty three matched and

five unmatched pairs with matching matrix M whose first ninty three diagonal

elements are one and last five diagonal elements are zero. The true values of

rotation and translation parametrs are A = A12(0.5235)A13(1.047)A23(1.396),

τ = (25, 17, 8)T respectively.

The hyperparameters F 0, µτ , στ , α and β are common in both the Green and

Mardia (2006) and PMAMM models. In addition to these hyperparameters,

the PMAMM model contains two more hyperparameters; ηk and |Ω| while

the Green and Mardia (2006) model contains yet one more hyperparameter,
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λ/ρ, by which the prior for the number of matched pairs L is parameterised.

Choosing hyperparameters values is crucial as our analysis depends on their cho-

sen settings. For default analysis, we have considered uniform prior on A by

choosing F 0 to the zero matrix, µτ and στ are the values of difference of two

configurations centres and order of twice the distance between the centres of

two configurations, which are (3.8541, -9.5701, 23.5492) and 50 respectively for

this particular data set. By choosing ηk = (1, 1, · · · , 1) we have also consid-

ered uniform prior on θj while |Ω| = 21000 is chosen accoding to the formula

max
[∏

j

(maxi xij−mini xij),
∏
j

(maxi yij−mini yij)
]
suggested by Taylor, Mar-

dia and Kent (2003).

Furthermore by choosing α = 1, we have considered exponential prior distribu-

tion for σ−2 while various choices of β, which is the inverse of scale parameter

of σ−2, values are considered in this simulation study to check the sensitivity of

this hyperparameter. As β is the inverse scale parameter of σ−2, so with the

increases of β values we expect that σ2 = var(εi) increases too. In this simu-

lation study we have choosen three different values of β which are 18, 36 and

72 respectively. Finally, we discuss the setting off the value of hyperparameter

λ/ρ. Green and Mardia (2006) outlined a guidline how to choose λ/ρ in their

paper. They suggested λ/ρ equal to (m− L̄)(n− L̄)/L̄ν which yields a mode of

the prior distribution of L that is within 1 of L̄. Here L̄ is the prior for L. From

their numerical investigation, it was also showed that the prior expectation and

median are also both equal to L̄ to the nearest integer. Thus knowledge about

λ/ρ can be gained through directly L̄ (prior gauess of L). It is possible to make

a prior guess L̄ as long as ν is known or a representative value is provided which

altogether suggest a reasonable way of specifying λ/ρ. In this simulation study,

we consider two different values of λ/ρ which are 0.00047 and 0.000047.

The Markov chain Monte Carlo samplers described in Chapters 1 and 3 were run
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for 1000,000 sweeps with the settings of the above mentioned hyperparameters

for this artificial data set under GM, MGM(K), MGM(G), PMAMM(K),

PMAMM(G) and PMAMM?? frameworks to get the MCMC output. Per-

formances of the samplers were evaluated based on how quickly (number of steps)

the Markov chain converges to the posterior distribution, acceptance rate of pro-

posed moves of M , computing time, proposal quality and number of successful

runs. We repeated our experiment 50 times with the same parameter settings

but with different random starting points for τ and A, to investigate the multi-

modality of the posterior and compute average estimates of the above quantities.

In the following, we have discussed the results of our simulation study where β =

36 and λ/ρ = 0.00047 are considered. Simulations conducted under the settings

of other combinations of β and λ/ρ values are not presented here as we have seen

that the results obtained under the other settings have a very similar trend like

the trend observed in the presented results. Table 5.1 presents the detail sum-

mary of our simulation study for aligning two artificial objects in size and shape

space using GM,MGM(K),MGM(G), PMAMM(K), PMAMM(G), and

PMAMM?? approaches. First column of Table 5.1 stands for the different

approaches while the other columns stand for the mean convergence iterations,

mean computing time, mean acceptance rate and percentage of successful runs

respectively.

In a single iteration with a single update of τ , A and σ2, we have considered

two different number of update to M respectively in GM approach. Here we

consider one and fifty update to M along with the single update to τ , A and

σ2 respectively. For example, considering fifty update to M in GM approach

means M is updated fifty times along with the single update to τ , A and σ2

in each iteration in a particular MCMC run. Simillarly we consider one θ and

fifty θ out of ninty eight θ to update in a single iteration along with the single
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update to τ , A, and σ2 in PMAMM(K), PMAMM G), and PMAMM??

approaches respectively.

From the second column of Table 5.1, we can tell the mean number of iterations

needs to be required to converge for each of the methods. Here we use a simple

graphical technique for MCMC convergence assessment. For a particular MCMC

algorithm, we run mutiple chains with different starting values, and overlying the

generated values on a common graph of each parameter provided that the simu-

lation process stabilies in some sense. When all the chains traversing the sample

space in the same way provides evidence of convergence. In addition, we also

plot the log posterior (up to normalizing constant) and monitor its value. By

monitoring the log posterior value, we can determine either the chains converge

to any other local solutions.

To illustrate this, we run 50 chains for each GM and MGM(.) methods for

1000,000 sweeps to align these two artificial configurations. We then overlay the

simulated values (MCMC output) on the same graph for each parameter (τ , A

and L) whenever the chains are stabilized in some sense. From our inspection,

we have seen that all the components of τ , Euler’s angles, and number of match

pairs L pass through in the same way which is a clear evidence of convergence.

In this case, the components of τ , Euler’s angles, and L pass through their true

values when they are stabilized, and these are shown in Figure 5.2 and Figure

5.7 respectively. The same conclusion regrading the number of steps required to

acheive convergence can be made based on the plot of unnormalized log posteror

density which is shown in Figure 5.1. From these three figures we can see that

GM (1 update) and MGM(G) approaches require at least four hundred sev-

enty eight thousand and two hundred fourty three thousand iterations as a burn

in period for the safest inference procedure. We have followed this same trick

to determine the convergence for PMAMM(.) and PMAMM?? approaches
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which are shown in Figure 5.3 - Figure 5.7.

From the second column of Table 5.1, we can see thatMGM(G) approach needs

on average 34,444 iterations to converge with 0.57 % mean acceptance rate of

M while GM (one update) approach requires on avaerage 66,809 iterations with

0.077 % mean acceptance rate of M . Considering 50 updates to M in GM

gave quicker convergence compared toMGM (G) approach but acceptance rate

of M reduced to between 0.0004 % and 0.23 % from between 0.08 % and 0.7

%. MGM (G) approach needs almost 3 times higher time compared to GM

(1 update) approach to implement a run with 1000,000 sweeps while both the

approaches require almost same amount of time when 50 updates to M is con-

sidered in GM approach. However, we can ignore this time comparison as it is

not too large to be problematic, and no emphasis has been placed on coding as

efficiently as possible.

Considering the PMAMM (G) approach for aligning and estimation technique

yeilded a very simillar kind of result like the GM approach (GM is slightly better)

as far as mean covergence iterations is concerned in both 1 update and 50 updates

cases but PMAMM (G) requires almost 2.5 and 6 times higher computing time

compared to GM approach for 1 update and 50 updates cases respectively to im-

plement a run with 1000,000 sweeps. However, in the PMAMM(G) approach

there is no need to resort to Metropolis Hastings algorithm to sample matching

matrix M as the full conditional distributions of matching probabilities (all are

multinomial distributions) are much easier to simulate using Gibbs sampling,

and hence there is no issue of acceptance rate of M . Here we also ignore this

time comparison as it is not too large to be problematic, and no emphasis has

been placed on coding as efficiently as possible.

Moving to the PMAMM?? approach from the PMAMM(G) approach for
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aligning and estimation technique where both the rotation A and the matching

probabilities θ are updated jointly using geodesic Monte Carlo method yielded

quick convergence compared to all the methods discussed so far in both 1 up-

date and 50 updates cases. More specifically, from Table 5.1, it is clear that

PMAMM?? requires almost 2.5 and 10 times less number of iterations com-

pared to GM approach to converge for 1 update and 50 updates cases respec-

tively. Furthermore, for the safest inference PMAMM?? needs at least 125,000

and 4308 iterations while it is 478,000 and 88,000 for GM approach for 1 update

and 50 updates cases respectively. However, PMAMM?? requires almost 70

and 140 times higher computing time compared to GM approach for 1 update

and 50 updates cases respectively.

From Table 5.1, we observed that MGM(.) produces quick convergence when

A is updated using geodesic Monte Carlo approach compared to using rejection

method. A simillar pattern can be seen in the PMAMM(.) approach as well

although in 50 θ updates case updating rotation using rejection method yields

slightly quicker convergence. From the last column of Table 5.1, it is observed

that the percentage of successful runs for PMAMM?? are 28% and 40% whilst

it is 22 % and 24 % in GM for 1 update and 50 updates cases respectively. The

percentage of successful runs underMGM() and GM() are very simillar whilst

highest percentage of successful can be seen in PMAMM(K) approach.

The quality of the MCMC outputs obtained under the above mentioned methods

are assessed using the ACF plots which are shown in Figure 5.8. Here we consider

the ACF of unnormalized log posterior values obtained under GM,MGM(G),

PMAMM(G), and PMAMM?? methods. The reason for choosing the ACF

of unnormalized log posterior values is that unnormalized log posterior is a func-

tion of unknown τ , A,M and σ2. From Figure 5.8, it is observed that lag dimin-

ishes very quickly for MGM(G), PMAMM(G), and PMAMM?? methods
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compared to GM method. More specifically, the lag coefficients are significant

up to 2000 lag for GM while forMGM(G), PMAMM(G), and PMAMM??

none of the lag coefficients are significant after 500 lag.

For the unknown parameters τ , A, and M we obtained their point estimate

τ̂ GM τ̂MGM(G), τ̂PMAMM?? , ÂGM, ÂMGM(G) and ÂPMAMM?? by maximizing the

joint posterior i.e. their posterior modes. The posterior mode of τ and A under

GM, MGM (G) and PMAMM?? are τ̂ GM=(24.97, 16.88, 7.80)T, τ̂MGM(G)

= (24.92, 17.30, 8.05)T and τ̂PMAMM?? = (24.90, 17.01, 7.67)T while ÂGM =

A12(0.510)A13(1.040)A23(1.408), ÂMGM(G) = A12(0.554)A13(1.044)A23(1.378)

and ÂPMAMM?? = A12(0.520)A13(1.033)A23(1.400) respectively.

For the unknown number of matched pairs, L, we have found that at L = 93

log posterior is maximized foll all the methods mentioned earlier which is shown

in Figure 5.9. The continuity of stripe of three image plots are the evidence of

the matching matrixM whose first 93 diagonal elements are 1 i.e. all the meth-

ods correctly identify the correct number of matched pairs. To calculate the

matching probabilities of these pairs we take the posterior mean of all matching

matrices M after considering the burn in period for a particular run, and the

matching probabilities of these pairs under GM,MGM(G), and PMAMM??

are presented in Tables 5.2 - Table 5.4 respectively.

Finally, we conclude from this simulation study that PMAMM?? performs

better than all the methods considered in this thesis but, it requires more com-

putational time compared to all other methods.
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Figure 5.1: Output from the MCMC algorithm for matching artificial data using

GM andMGM(G) approaches. The above plot is the value of joint log-posterior

(up to normalizing constant) versus iteration number for GM(1 update) and

MGM(G) approaches where every 100th simulated value is plotted; results ob-

tained using GM approach is shown as solid black line while blue dotted line is

used to show the results forMGM(G) approach respectively.
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Figure 5.2: Output from the MCMC algorithm for matching artificial data using

GM andMGM(G) approaches. First and second columns of Figure 5.2 display

the trace plots of Eulerian angles and τ respectively where every 100th simulated

value is plotted; results obtained using GM (1 update) approach are shown as

solid black line while blue dotted lines is used to show the results forMGM(G)

approaches respectively.
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Figure 5.3: Output from the MCMC algorithm for matching artificial data using

PMAMM(G) (1 θ update) and PMAMM??(1 θ update) approaches. The

above plot is the value of joint log-posterior (up to normalizing constant) versus

iteration number where every 50th simulated value is plotted; results obtained

using PMAMM(G) approach is shown as solid green line while pink dotted

line is used to show the results for PMAMM?? approaches respectively. As the

PMAMM is different compared to GM andMGM, so PMAMM converges

to different log-posterior value compared to GM andMGM.
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Figure 5.4: Output from the MCMC algorithm for matching artificial data using

PMAMM(G) (1 θ update) and PMAMM??(1 θ update) approaches. First

and second columns of Figure 5.4 display the trace plots of Eulerian angles and

τ respectively where every 50th simulated value is plotted; results obtained using

PMAMM(G) approach is shown as solid green line while a pink dotted line is

used to show the results for PMAMM?? approaches respectively.
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Figure 5.5: Output from the MCMC algorithm for matching artificial data using

PMAMM(K) (50 θ update) and PMAMM??(50 θ update) approaches. The

above plot is the value of joint log-posterior (up to normalizing constant) versus

iteration number where every 5th simulated value is plotted; results obtained

using PMAMM(K) approach is shown as solid green line while a pink dotted

line is used to show the results for PMAMM?? approaches respectively.
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Figure 5.6: Output from the MCMC algorithm for matching artificial data using

PMAMM(K) (50 θ update) and PMAMM??(50 θ update) approaches. First

and second columns of Figure 5.6 display the trace plots of Eulerian angles and

τ respectively where every 5th simulated value is plotted; results obtained using

PMAMM(K) approach is shown as solid green line while a pink dotted line is

used to show the results for PMAMM?? approaches respectively.
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Figure 5.7: Output from the MCMC algorithm for matching artificial data using

GM, MGM and PMAMM approaches. The first row of this figure shows

the trace plot of L for GM (1 update) and MGM (G) and GM (10 update)

and MGM(G) respectively where every 500th simulated value is plotted; re-

sults obtained using GM approach is shown as solid black line while blue dotted

line is used to show the results for MGM. The trace plot of L obtained un-

der PMAMM(G)(1 θ update) (green color) and PMAMM??(1 θ update)

(pink color) and PMAMM(K)(50 θ update) and PMAMM??(50 θ update)

is shown by the second row where every 50th and 5th simulated value are ploted

respectively. The horizontal line in each plot is drawn at L=93.
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Figure 5.8: Output from the MCMC algorithm for matching artificial data us-

ing GM,MGM(G), PMAMM(G) and PMAMM?? approaches. The above

plot shows the ACF plots of first 100,000 values (after burn in period) of log-

posterior (up to normalizing constant) for GM,MGM(G), PMAMM(G) and

PMAMM?? approaches; results obtained using GM approach is shown as

solid black line while blue, green and pink lines are used to show the results

forMGM(G), PMAMM(G) and PMAMM?? approaches respectively.
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Figure 5.9: Output from the MCMC algorithm for matching artificial data using

GM,MGM and PMAMM?? approaches. The top, middle and bottom plots

of the above figure plot the matching matrices obtained under GM,MGM and

PMAMM?? approaches respectively. The diagonal line, like a set of stairs, of

each plot shows the matching pairs between X and Y indices; the continuity of

stairs tells us that the first 93 points of X match with the first 93 points of Y

respectively.

171



5.2 Analysis of Gel Data in 2 Dimension Case

In this section we analyze and discuss the output of gel data in 2 dimension

case using the GM,MVGM and PMAMM approaches. As we have already

discussed in section 5.1 about the convergence assessment of a Markov chain and

the number of updates to M and θ, so we will not repeat this explanation in

this section and subsequent sections.

5.2.1 Experimental Results forMVGM and GMApproaches

We now compare the performances of theMGM and GM approaches for align-

ing two gels. For these two approaches, we run the Markov chain Monte Carlo

sampler described in Chapter 1 for 100 000 sweeps with d=2 and A defined in

equation (1.66) to get the MCMC output while prior and hyperprior settings

are kept the same as in Green and Mardia (2006) except µτ = (−36.85, 23.14)T

instead of µτ = (0, 0)T , where the quantity (−36.85, 23.14)T is the value of dif-

ference of two configurations centers. The performance of these two approaches

is evaluated based on how quickly the Markov chain converges to the posterior

distribution, acceptance rate of proposed move ofM and computing time due to

these two samplers. We repeat our experiment 50 times with the same param-

eter settings but with different random starting points for τ to get an average

estimates of the above quantities.

172



Table 5.5: Comparison of MGM and GM(1 update) approaches based on

MCMC output averaged over 50 runs with 100 000 iterations each, mean ac-

ceptance rate is calculated after considering the burn in periods

Sampler Mean Convergence Mean Computing Mean Acceptance

Iterations (min, max) Time in seconds Rate (min, max)

MGM 317 (50, 1000) 2.65 .0340 (.03205, .0356)

GM 3854 (500, 7000) 0.96 .00154 (.00096, .0021)

Table 5.6: Comparison ofMGM and GM(10 update) matching samplers based

on MCMC output averaged over 50 runs with 100 000 iterations each, mean

acceptance rate is calculated after considering the burn in periods

Sampler Mean Convergence Mean Computing Mean Acceptance

Iterations (min, max) Time in seconds Rate (min, max)

MGM 317 (50, 1000) 2.65 .0340 (.03205, .0356)

GM 438 (200, 900) 1.95 .00014 (.00010, .00019)

Figure 5.10 and Table 5.5 are presented here to compare the performances

betweenMGM and GM approaches where only one update toM is made along

with just one of each other parameter update per sweep in GM approaches.

The purpose of creating Figure 5.11 and Table 5.6 is the same as before but

in this case GM approach considers ten (10) update to M along with just one

of each other parameter update per sweep. The first column of Figure 5.10

shows the unnormalised log-posterior values and the traces of first and second

coordinates of τ respectively, obtained with these two samplers where every 500th

simulated value is considered to plot. From these plots (constructed using MCMC
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Figure 5.10: Output from the MCMC algorithm for matching gel data using

MGM and GM(1 update to M) approaches: results obtained using MGM

approach are shown as solid black lines while dotted blue line is used to show the

results for GM approach. First column of Figure 5.10 displays the log-posterior

(up to normalizing constant) and the trace plots of τ respectively where every

500th simulated value is plotted. Plot of acceptance rate based on MCMC output

after burn in period for 50 runs and histograms of burn in periods are shown in

column 2.
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Figure 5.11: Output from the MCMC algorithm for matching gel data using

MGM and GM (10 update to M) approaches: results obtained usingMGM

approach are shown as solid black lines while dotted blue line is used to show

the results for GM approach. The first column of Figure 5.11 displays the log-

posterior (up to normalizing constant) and the trace plots of τ respectively where

every 500th simulated value is plotted. Plot of acceptance rate based on MCMC

output after burn in period for 50 runs and histograms of burn in periods are

shown in column 2.
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output for one particular run), we can see thatMGM approach converges almost

instantaneously and outperforms the GM approach. This pattern remains the

same for all other remaining runs which is shown in the histograms of burn in

periods presented in column 2 of Figure 5.10 and in Table 5.5. It is evident

from these histograms and Table 5.5, constructed on the basis of all 50 runs,

on average MGM approach requires fewer iterations (317), almost 12 times

faster, compared to GM approach (3854) to converge while they need minimum

at least 1000 and 7000 iterations as a burn in period respectively for the safest

inference procedure. For convenient graphical display every 500th simulated value

or thinned value of MCMC output is considered to plot in all the Figures. The

histograms in Figures 5.5 and 5.6 present the frequency distribution of burn in

period of several runs of a particular MCMC method.

Beside the convergence time criteria of the samplers, mean computing time and

mean acceptance rate of proposed M were also taken into account as further

criteria to evaluate the performances of these two approaches. From Table 5.5, we

can see thatMGM approach takes on an average 2.65 seconds to complete a run

with 100 000 sweeps on a 2.3 GHz PC which is almost 3 times higher than GM

approach (0.96 seconds), and we believe this is becauseMGM needs to perform

some additional calculations (relative probabilities for all points) compared to

GM to select one pair instead of choosing randomly one pair like Green and

Mardia matching sampler in GM approach. However, we can ignore this time

comparison as it is not too large to be problematic, and no emphasis has been

placed on coding as efficiently as possible.

Although implementingMGM is a bit expensive it has a much better acceptance

rate ofM compared to GM approach, which is shown by Table 5.5 and top right

plot of Figure 5.10. Table 5.5 shows that mean acceptance rate ofM forMGM

and GM approaches are 3.4 % and 0.0154 % respectively, which is supported by
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the top right plot of Figure 5.10 (acceptance rate versus runs). Therefore, we

can say thatMGM performance is superior compared to GM(1 update) as far

as convergence time and acceptance rate of M criteria are concerned.

When we consider 10 updates ofM along with just one of each other parameter

update per sweep in GM approach, it is plausible that the sampler will converge

about 10 times faster than the case when 1 update to M along with just one

of each other parameter update per sweep is considered. In addition, it is also

expected that sampler (with 10 updates) will require higher computing time

than the sampler (with 1 update) to complete a run as it needs to updateM 10

times along with other parameters single update (if the total number of sweeps

is fixed as before). From Figure 5.11 and Table 5.6, we can see that the GM

approach with 10 updates to M needs on average slightly more iterations (by

120) and almost equal amount of time (1.95 s) asMGM approach to converge

and complete a run respectively i.e. its efficiency is almost as same as theMGM

approach as far as convergence and computing time are concerned. However, the

GM approach with 10 updates still has a lower acceptance rate of .0014 % for

M proposals.

For the unknown parameters τ and M , we have obtained their point estimate

τ̂MGM, τ̂ GM, M̂MGM and M̂GM by maximizing the overall joint posterior i.e.

their posterior modes. The posterior mode of τ is τ̂MGM=(- 35.947, 67.043)

and τ̂ GM = (- 35.983, 67.263) compared to (- 36.08, 66.64) obtained by Dryden

and Mardia (1998) while M̂MGM and M̂GM are displayed by Table 5.7 and

Table 5.8 respectively. From Table 5.7 and 5.8, we see that both the approaches

have reached their posterior maximum at the same point ofM which has L=16

matched pairs but they have different rank order of these matched pairs.
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Table 5.7: Posterior mode ofM for gel data using theMGM approach expressed

in terms of probability of matching landmarks xj and yk, pjk, and presented in

rank order based on probabilities which are calculated after considering a burn

in period of 1000 iterations

Rank xj yk pjk Rank xj yk pjk

1 5 5 0.99606 9 19 19 0.99064

2 8 8 0.99575 10 10 10 0.98917

3 4 4 0.99371 11 6 6 0.98712

4 3 3 0.99364 12 31 30 0.98700

5 2 2 0.99361 13 32 31 0.98615

6 7 7 0.99315 14 1 1 0.98447

7 24 23 0.99192 15 9 9 0.98336

8 15 21 0.99136 16 26 32 0.78918

Table 5.8: Posterior mode of M for gel data using the GM approach expressed

in terms of probability of matching landmarks xj and yk, pjk, and presented in

rank order based on probabilities which are calculated after considering a burn

in period of 7000 iterations

Rank xj yk pjk Rank xj yk pjk

1 15 21 1 9 31 30 0.98943

2 7 7 1 10 24 23 0.98837

3 4 4 1 11 19 19 0.98401

4 2 2 1 12 6 6 0.97849

5 1 1 1 13 3 3 0.97799

6 32 31 0.99733 14 9 9 0.97671

7 8 8 0.99598 15 5 5 0.97376

8 10 10 0.99306 16 26 32 0.78819
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5.2.2 Performance of PMAMM? over MVGM and GM

Approaches

In this subsection we compare the performances of PMAMM? over MVGM

and GM approaches for gel data. For PMAMM?, we run the Markov chain

Monte Carlo sampler for 100 000 sweeps as well with d=2 and A defined in

equation (1.66) to get the MCMC output. The priors for τ and σ are kept the

same as in Green and Mardia (2006) except µτ = (−36.85, 23.14)T instead of

µτ = (0, 0)T , while we use a uniform prior for all θj i.e. ηk= (1, 1, . . . , . . . , 1)

for j = (1, 2, . . . ,m). For this analysis, the coffin bin parameter is set equal to

ten thousands i.e. |Ω|=10000, and we also consider two cases in our proposed

matching sampler; update one (1) and ten (10) θ instead of updating all θ per

iteration which are selected randomly. We repeat our experiment 50 times with

the same parameters settings but with different starting point for τ to get aver-

age estimates of the above quantities.

We have already seen in subsection 5.2.1 thatMGM and GM with 10 updates

to M have the similar performances as far as convergence and computing time

are concerned, althoughMGM has much better acceptance rate ofM compared

to GM irrespective of number of updates of M . Now from Table 5.9, we can

say that our PMAMM? with 10 updates of θ is the fastest among all the cases

which needs on average 103 iterations (at least 3 times faster than MGM ap-

proach) to converge although it needs almost 2 times more computing time (6.50

seconds) than MGM approach. However, this computing time is not so large

to be problematic. The most important thing of our PMAMM? is that there

is no issue about the acceptance rate of M as it doesn’t require any Metropolis

step to update M .

The top plot of Figure 5.12 plots the log-posterior value (up to a normalizing
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constant) for PMAMM? which converges at different value of log-posterior

compare to GM andMGM approaches as PMAMM uses a different model.

From the log-posterior plot, it is evident that PMAMM? with 1 and 10 up-

dates needs a minimum of 1600 and 200 iterations as a burn in period respec-

tively for the safest inference procedure while histograms in the same figure for

PMAMM? with 1 and 10 updates show the frequency distribution of burn in

period for 50 runs.

For the unknown parameters τ and M , we have obtained their point estimate

τ̂PMAMM? and M̂PMAMM? by maximizing the overall joint posterior i.e. their

posterior modes. The posterior mode of τ is τ̂PMAMM?=(−35.968, 66.767)T

compared to τ̂ GM = (−35.983, 67.263)T and (−36.08, 66.64)T obtained by GM

approach and Dryden and Mardia (1998) respectively, while M̂PMAMM? is dis-

played by Table 5.10. From Table 5.10, we see that our PMAMM? have

reached their posterior maximum at the same point of M like GM andMGM

approaches, which have L=16 matched pairs.

Table 5.9: Performance of our PMAMM? based on MCMC outputs for gel

data averaged over 50 runs with 100 000 iterations each

Sampler Mean Convergence Mean Computing

Iterations (min, max) Time in seconds

PMAMM? (1 θ update) 937 (50, 1600) 2.50

PMAMM? (10 θ update) 103 (50, 200) 6.50

GM (1 update) 3854 (500, 7000) 0.96

GM (10 update) 438 (200,900) 1.95

MGM 317 (50, 1000) 2.65
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Figure 5.12: Output from the MCMC algorithm for matching gel data using our

PMAMM?: results obtained using PMAMM? (1 θ update) are shown as

solid black lines while dotted blue line is used to show the results for PMAMM?

approach (10 θ update). The top graph of Figure 5.12 displays the log-posterior

values (up to a normalizing constant) where every 500th simulated value is plotted

and the histograms of burn-in period for PMAMM? using 50 runs.
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Table 5.10: Posterior mode of M for gel data using the PMAMM? approach

expressed in terms of probability of matching landmarks xj and yk, pjk, and pre-

sented in rank order based on probabilities which are calculated after considering

a burn in period of 1600

Rank xj yj pjk Rank xj yj pjk

1 2 2 0.99852 9 8 8 0.98996

2 7 7 0.99726 10 1 1 0.98978

3 3 3 0.99507 11 31 30 0.98907

4 15 21 0.99448 12 19 19 0.98890

5 4 4 0.99392 13 24 23 0.98878

6 32 31 0.99280 14 10 10 0.98438

7 6 6 0.99036 15 9 9 0.98389

8 5 5 0.99035 16 26 32 0.78763

5.3 Analysis of Protein Data in 3 Dimension Case

In this section we analyze and discuss the output of protein data in 3 dimension

case using the GM,MVGM and PMAMM approaches. Markov chain Monte

Carlo needs greater effort to align two proteins in a protein data set than the

problem of aligning two gels in gel data set where A is held fixed, as simulta-

neous inference for the rotation A, matching matrix M , τ and σ are required

to align proteins. In such a case, in addition to an efficient matching sampler is

required an efficient sampler for simulating rotation matrix A to achieve conver-

gence quickly. Furthermore, the more sophisticated Markov chain Monte Carlo

may be required for severe multi-modal posterior distributions, for example when

the full conditional posterior for M and τ given A strongly depends on A.

Habeck (2009) developed an algorithm based on MCMC to generate a three
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dimensional rotation matrix, and its efficiency over Green and Mardia (2006)

and random walk Metropolis approaches for generating three dimensional ro-

tation matrix was shown in a protein structure superposition problem under a

Procrustes setup (labelled shape). Latter in, Kent et al. (2013) developed an

algorithm to generate a three dimensional rotation matrix based on a rejection

scheme which produces independent realizations compared to correlated realiza-

tions produced by any methods based on MCMC algorithms. To the best of our

knowledge there is no study so far regarding how these simulation techniques for

three dimensional rotation perform in unlabelled shape problems where an effi-

cient matching sampler has an impact onA or vice verse. Therefore, to align two

proteins we use GM framework, MGM(.) framework, PMAMM(.) frame-

work and PMAMM?? framework.

5.3.1 Experimental Results forMVGM and GMApproaches

The Markov chain Monte Carlo sampler described in Chapter 1 was run for

1000,000 sweeps with d=3 under both GM andMGM(.) frameworks to get the

MCMC output while prior and hyper prior settings both for GM andMGM(.)

approaches are kept same as in Green and Mardia (2006), except µτ = (33.90, 3.39, 22.33)T

instead of µτ = (0, 0, 0)T , where the quantity (33.90, 3.39, 22.33)T is the value

of difference of two configurations centers . Performances of GM andMGM(.)

approaches were evaluated based on how quickly the Markov chain converges to

the posterior distribution, acceptance rate of proposed moves of M and com-

puting time. We repeated our experiment 100 times with the same parameter

settings but with different random starting points for τ and A, to investigate

the multi-modality of the posterior and compute average estimates of the above

quantities.
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Results for aligning two proteins using GM and MGM(.) frameworks are

presented in Table 5.11 and in Figure 5.13. From Table 5.11, we can see that

on average the MGM(K) framework takes fewer iterations (84,130) compared

toMGM(G),MGM(H) and GM with 1 update approaches, but it is the sec-

ond best as far as mean convergence iterations is concerned when GM approach

with 10 update is considered, which required on average 43,153 iterations to con-

verge. In addition to the mean convergence iterations, on average allMGM (.)

instances have higher acceptance rate of M (around 1.78 %) compared to the

acceptance rate of M for GM framework with 1 and 10 updates (around 0.421

% and 0.566 % respectively), while all MGM(.) approaches took on average

almost two times longer in computing time than the GM approach with 10 up-

dates (23 seconds).

Moreover, the last column of Table 5.11 shows the percentage of successful runs

for each method, which are determined based on how many runs out of 100 runs

the unnormalized log-posteriors converged. From the log-posterior plots of each

method, we have observed that whenever the Markov chains converge they are

converged to the same place (shown in Figure 5.13, main mode of the posterior)

which justify the Markov Chains are not trapped in a local mode of the posterior

and conclude that it is safe to draw inference from these results. GM with 10

update toM has the highest percentage of successful runs, 52 %, while in other

cases it is around 45 %.

The top left plot of Figure 5.13 plots the three log-posteriors forMGM(K) and

GM with one and 10 updates respectively, where only one particular run for

each approach which took maximum number of iterations to converge is consid-

ered. Here we considered only the MGM(K) variant among all three variants

of MGM(.) to plot as it performed better than the other two. From the log-

posterior plot, it is evident thatMGM(K) and GM with 10 and 1 update needed
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Figure 5.13: Output from the MCMC algorithm for matching protein data using

the GM and MGM(.) approaches. The top left plot is the log-posteriors (up

to normalizing constant) values versus iteration number for GM andMGM(.)

approaches where every 500th simulated value is plotted; results obtained using

MGM(K) approach are shown as solid black line while gray two dash and blue

dotted lines are used to show the results for GM approach for 10 update and 1

update respectively. The top right plot shows the histogram of burn-in periods

ofMGM(K) approach while the histograms of burn-in periods of GM approach

are shown by the bottom row of Figure 5.13.
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a minimum of at least 490,000, 260,000 and 550,000 iterations as burn in periods

respectively, while histograms in the same Figure forMGM(K) and GM with

one and 10 update approaches show the distribution of convergence iterations

for 46, 52 and 44 runs respectively.

For the unknown parameters τ , A, and M we obtained their point estimate

τ̂MGM(K), τ̂ GM, ÂMGM(K), ÂGM, M̂MGM(K) and M̂GM by maximizing the

overall joint posterior i.e. their posterior modes. The posterior mode of τ

and A under MGM (K) and GM are τ̂MGM(K)=(31.58, 8.89, 17.44)T, τ̂ GM =

(31.72, 8.93, 17.21)T :

ÂMGM(K) =


0.4318 −0.8620 0.2653

−0.7055 −0.5061 −0.4959

0.5618 0.02693 −0.8268

 , (5.1)

and

ÂGM =


0.4245 −0.8776 0.2226

−0.7151 −0.4758 −0.5120

0.5553 0.05816 −0.8296

 , (5.2)

while M̂MGM(K) and M̂GM are displayed in Table 5.12 and Table 5.13 respec-

tively. From Table 5.12 and 5.13, we see that both the approaches have reached

their posterior maximum at the same pointM , which has L=36 matched pairs.
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Table 5.12: Posterior mode ofM for protein data using theMGM(K) approach

in terms of probability of matching landmarks xj and yk, pjk, and presented as

in rank order based on probabilities which are calculated after considering a burn

in period of 490000.

Rank xj yk pjk Rank xj yk pjk

1 10 9 0.99936 19 16 15 0.99786

2 7 7 0.99905 20 15 14 0.99783

3 18 17 0.99904 21 27 29 0.99765

4 37 51 0.99903 22 9 8 0.99758

5 23 25 0.99882 23 33 47 0.99749

6 35 49 0.99877 24 20 19 0.99727

7 36 50 0.99869 25 2 2 0.99696

8 24 26 0.99862 26 3 3 0.99654

9 6 6 0.99862 27 38 52 0.99653

10 1 1 0.99855 28 22 23 0.99587

11 17 16 0.99847 29 29 34 0.99548

12 4 4 0.99846 30 30 37 0.99400

13 34 48 0.99824 31 31 41 0.99226

14 26 28 0.99823 32 11 10 0.98947

15 25 27 0.99802 33 28 33 0.98754

16 5 5 0.99798 34 14 13 0.98154

17 19 18 0.99795 35 12 11 0.88398

18 32 46 0.99794 36 13 12 0.87264
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Table 5.13: Posterior mode of M for protein data using the GM approach with

one update per sweep in terms of probability of matching landmarks xj and yk,

pjk, and presented in rank order based on probabilities which are calculated after

a burn in of 550000.

Rank xj yk pjk Rank xj yk pjk

1 26 28 0.99964 19 20 19 0.99731

2 1 1 0.99947 20 9 8 0.997086

3 17 16 0.99928 21 27 29 0.99707

4 15 14 0.99925 22 24 26 0.99660

5 34 48 0.99920 23 6 6 0.99618

6 37 51 0.99920 24 29 34 0.99606

7 4 4 0.99900 25 7 7 0.995957

8 23 25 0.99874 26 22 23 0.99570

9 35 49 0.99859 27 33 47 0.99562

10 2 2 0.998427 28 3 3 0.99483

11 19 18 0.99841 29 31 41 0.99369

12 36 50 0.99841 30 38 52 0.99294

13 5 5 0.99830 31 30 37 0.99031

14 25 27 0.99786 32 28 33 0.98908

15 10 9 0.99780 33 11 10 0.98458

16 18 17 0.99754 34 14 13 0.97940

17 16 15 0.99751 35 12 11 0.88983

18 32 46 0.99744 36 13 12 0.88141
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5.3.2 Performance of PMAMM(.) over MVGM and GM

Approaches

For the analysis of protein data using PMAMM(.), we run the Markov chain

Monte Carlo sampler for 1000 000 sweeps with d=3 to get the MCMC out-

put. Prior for τ and σ are kept same as in Green and Mardia (2006) except

µτ = (29.0, 0, 26.30)T instead of µτ = (0, 0, 0)T while we use uniform prior for all

θj i.e. ηj= (1, 1, . . . , . . . , 1) for j = (1, 2, . . . ,m). For this analysis, the coffin bin

parameter |Ω|=10000, and we also consider two cases in our proposed matching

sampler; update one and ten θ instead of updating all θ per iteration, which

are selected randomly. We repeat our experiment 100 times with the same pa-

rameters settings but with different starting points for τ and A to investigate

the multi-modality of the posterior as well as compute estimates of the above

quantities.

Table 5.14 and Figure 5.14 present the results for aligning two proteins using

PMAMM(.), and hence we can see that all earlier results obtained under GM

with 1 and 10 updates and all MGM(.) variants are now superseded by all

PMAMM(.) variants, although all PMAMM(.) variants need more comput-

ing time compared to GM with one and ten updates and allMGM(.) variants

respectively to implement one run. More specifically, PMAMM(.) with one

and ten θ updates needs on average a maximum of 3100 and 24,000 iterations

compared to GM with one and ten updates andMGM(.) approaches which take

on an average 146,079, 43,153 and 134,630 (maximum) iterations respectively to

converge. In addition, all PMAMM(.) variants converge in all 100 runs to

the same value of log-posterior (not trapped) i.e. percentage of successful runs

of PMAMM(.) is 100 % while it is around 50 % for GM with one and ten

updates and MGM(.) approaches. However, all PMAMM(.) variants need

almost 7 times higher computing time compared to GM approaches irrespective

of number of updates while PMAMM(.) with one θ update requires slightly

higher computing time compared toMGM() approaches.
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Figure 5.14: Output from the MCMC algorithm for matching protein data us-

ing PMAMM(K): results obtained using PMAMM(K) (1 θ update) are

shown as solid black lines while dotted blue line is used to show the results for

PMAMM(K) approach (10 θ updates). The top graph of Figure 5.14 displays

the log-posterior values (up to a normalizing constant) where every 500th simu-

lated value is plotted and the histograms of burn-in periods for PMAMM(K)

using 100 runs each of size 1000,000.
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The PMAMM(K), PMAMM(H) and PMAMM(G) have shown very

similar performance both for one and ten θ update cases but PMAMM(G)

needs slightly more computing time (by 15 seconds) than the other two variants,

as updating rotation using geodesic Monte Carlo approach requires computa-

tion of a matrix exponential in the proposal steps, as well as tuning. Although

PMAMM(K), PMAMM(H) and PMAMM(G) have very similar perfor-

mance, we think PMAMM(K) is the best among all 3 variants as it requires

a smaller burn in period compared to other two variants to converge in both

one and ten θ update cases. Therefore, we consider all outputs obtained by

PMAMM(K) to plot Figure 5.14, which has a similar interpretation to Figure

5.13.

For the unknown parameters τ , A and M we obtained their point estimate

τ̂PMAMM(K), ÂPMAMM(K) and M̂PMAMM(K) by maximizing the overall joint

posterior i.e. their posterior modes. The posterior mode of τ and A under

PMAMM(K) are τ̂PMAMM(K) = (31.29, 8.80, 17.28)T and

ÂPMAMM(K) =


0.4463 −0.8370 0.3165

−0.6982 −0.5469 −0.4618

0.5597 −0.0148 −0.8285

 (5.3)

respectively, while M̂PMAMM(K) is displayed by Table 5.15. From Table 5.15,

we see that the PMAMM(K) approach has reached posterior maximum at the

same point ofM as GM andMGM(K) approaches, which have L=36 matched

pairs.
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Table 5.15: Posterior mode of M for protein data using the PMAMM(K)

approach in terms of probability of matching landmarks xj and yk, pjk, and

presented in rank order based on probabilities which are calculated considering

a burn in period of 9505.

Rank xj yk pjk Rank xj yk pjk

1 17 16 0.99805 19 36 50 0.99327

2 1 1 0.99794 20 30 37 0.99272

3 34 48 0.99769 21 27 29 0.992408

4 25 27 0.99735 22 33 47 0.99169

5 26 28 0.9973 23 33 47 0.99749

6 7 7 0.99689 24 15 14 0.99072

7 18 17 0.99677 25 38 52 0.99069

8 19 18 0.99646 26 14 13 0.98961

9 23 25 0.99625 27 31 41 0.98895

10 20 19 0.99621 28 6 6 0.98863

11 35 49 0.99599 29 4 4 0.98797

12 22 23 0.99556 30 11 10 0.98695

13 2 2 0.99540 31 9 8 0.98678

14 24 26 0.99540 32 28 33 0.98373

15 10 9 0.99497 33 3 3 0.97874

16 37 51 0.99496 34 32 46 0.96737

17 16 15 0.99466 35 12 11 0.91458

18 29 34 0.99376 36 13 12 0.60848
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5.3.3 Performances of PMAMM under Product Manifold

Inference Technique

In this section, we will present the results of PMAMM approach for pro-

tein data analysis where both rotation (A) and matching probabilities (θ) are

updated together using a geodesic Monte Carlo approach based on a product

manifold, along with results of PMAMM(.) shown in the previous subsection,

and we use the notation PMAMM?? to denote this.

From Table 5.16, we can see that the PMAMM?? requires slightly more itera-

tions compared to all PMAMM(.) variants to converge, irrespective of number

of updates of θ. More specifically, PMAMM?? needs on average more than

7000 and 1000 iterations compared to all variants of PMAMM(.) in 1 and 10

θ update cases respectively. In addition, PMAMM?? takes on average 16,464

seconds (272 minutes) to execute a run of size 1000,000 compared to 140 seconds

in PMAMM(.) variants (10 θ update case), which is a huge computational

burden for PMAMM??, which comes from the execution step of geodesic up-

dates both for A and each (θ) which need computation of a matrix exponential,

as well as from tuning.

For PMAMM??, we haven’t plotted the unnormalized log-posterior plot here as

PMAMM?? converges to the same posterior value as PMAMM (.), which is

already shown in Figure 5.14. Furthermore, for PMAMM?? we also have very

similar estimated values of τ̂ , Â and M̂ (same matched pairs) as PMAMM(.)

which are also omitted here.

Finally, we can summarize the above results and discussions for both the pro-

tein and gel data analysis as follows: (1.a) For gel data MGM is not only on

average almost 12 times faster than GM with one update to M but also has
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better acceptance rate of M , while both MGM and GM with ten update to

M are equally fast but the latter has low acceptance rate compared toMGM,

(1.b) For the same data set PMAMM? with ten θ updates is on average 3 and

4 times faster than MGM and GM with the same update to M respectively,

although PMAMM? with single θ update is on average 3 times slower than

MGM. In addition, in PMAMM? there is no issue of acceptance rate of M ,

and we ignore here the computing time for all cases as these are not expensive

to compute at all.

(2.a) Similarly for the protein dataMGM(K) is not only on average almost 1.7

times faster than GM with one update to M , but also has better acceptance

rate ofM , while GM with ten update toM is almost 2 times faster thanMGM

(K) but has low acceptance rate compared to MGM (K). (2.b) For the same

data set PMAMM(K) with one θ update is on average 4 and 7 times faster

thanMGM(K) and GM with the same update toM but PMAMM(K) with

ten θ update is on average much faster than bothMGM(K) and GM with the

same update to M (37 and 19 times faster respectively).

(3.a) PMAMM?? is not only slightly slower than all PMAMM(.) variants

but brings huge computational cost irrespective of number of θ update per iter-

ation.

In conclusion, the best methods based on the above results are PMAMM? and

PMAMM(K) for the gel and protein data respectively.
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Chapter 6

Conclusion

In this thesis we have presented a fully Bayesian model for the pairwise align-

ment of two unlabeled configurations in the size-and-shape space, along with

implementation methods. The fully Bayesian model makes the parameter space

more continuous by directly modeling the matching probabilities, which is a key

conceptual difference between our model and other existing models.

We first reviewed Bayesian statistics in section 1 of Chapter 1 followed by a de-

tailed review of two existing models for the pairwise alignment of two unlabelled

configurations in the size-and-shape space. We highlighted there how knowledge

of Bayesian statistics was required to understand the implementation methods

of models developed for shape analysis. We also covered some ideas from differ-

ential geometry that have been used in Chapter 4.

From a review of existing models, we saw in Green and Mardia (2006) model

that the proposed modifications of matching matrixM are small, local changes,

with low acceptance rate under Metropolis-Hastings based MCMC sampler for

sampling matching matrixM , and thus the overall MCMC sampler can be slow

to mix (converge) in large problems. In addition, the sampler could be trapped

in local modes. We then saw in Chapter 2, how the use of a new sampler forM

proposed by Forbes and Lauritzen (2014) within the Green and Mardia (2006)

framework can improve the overall performance as far as convergence time and

198



acceptance rate of M are concerned (shown in Chapter 5). However, there is

much scope for improving the performance of the MCMC sampler further.

On the other hand, the Taylor, Mardia and Kent (2003) regression model con-

verged quickly provided that EM starts from good initial values. However, when

good starting values are not available, MCMC is more effective than EM algo-

rithm. In addition, results obtained using EM don’t provide any confidence mea-

sure of the estimated values as only the maximum of the likelihood is obtained.

Chapter 3 presented our proposed fully Bayesian model, which is developed by

generalising the Taylor, Mardia and Kent (2003) model, where matching prob-

abilities are modelled directly instead of using matching probabilities to replace

the unknown mapping in the E step. We have also shown how these matching

probabilities are sampled from their full conditional distributions using Gibbs

sampling by introducing a conjugate prior, which dramatically improves the per-

formance of the sampler (shown in Chapter 5).

The overall performance of the MCMC sampler not only depends on efficient

sampling of matching matrixM but also an efficient sampling from the full con-

ditional distribution of rotation A. Thus an algorithm was developed in Chapter

4 to sampleM (matching probabilities θ) and A together using geodesic Monte

Carlo algorithm from their joint full conditional distribution, defined on prod-

uct manifold, SO(3) ×
m∏
i=1

4i
n. In addition, we also determined rules of thumb

for tuning parameters of geodesic Monte Carlo algorithm for generating sam-

ples from the matrix Fisher distribution (SO(3)) and simplex (4) separately by

conducting a simulation study, which play the role of building blocks of tuning

geodesic Monte Carlo on a product manifold.

The final chapter presented simulation results and discussion, for gel and protein

data, obtained under different methods considered in this thesis.
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6.1 Future Work and Extensions

From a literature review, we have seen that much work related to statistical

shape analysis is designed for aligning two point configurations or multiple con-

figurations under rigid body or similarity transformations. For example, the two

models discussed in Chapter 1 are designed for aligning two point configurations

under rigid body transformations. Later, Ruffieux and Green (2009) and Mardia,

K. V., Fallaize, C. J., Barbar, S., Jackson, R. M. and Theobold, D. L. (2013)

extended the Green and Mardia (2006) model to develop a fully Bayesian model

for the alignment of multiple configurations (under rigid body transformation)

and pairwise configurations (under similarity transformations) respectively.

Although their generalized models cover pairwise (multiple) configurations un-

der similarity transformations (rigid transformation), they didn’t concentrate on

efficient sampling from the joint posterior. Therefore, incorporating the method-

ology of our proposed Bayesian model discussed in this thesis within their frame-

work could be a natural extension. In addition, sampling matching probabilities

(θ) and rotation A together using geodesic Monte Carlo based on product man-

ifold under our proposed Bayesian model is computationally expensive even for

m = n = 98 landmarks. Therefore, future research could focus on developing

an alternative inference technique, which might turn out to be computation-

ally more efficient than geodesic Monte Carlo, along with investigating how the

performance of the proposed model scale up with the increases of number of

landmarks.
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