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Résumé de la Thése (English version below)

Dans cette thése nous explorons les aspects de la gravité d’Einstein qui sont propres
a la dimension quatre. L’une des propriétés surprenantes liées a cette dimension est la
possibilité de formuler la gravité de maniére 'Chirale’. Dans ce type de reformulations,
typiquement, la métrique perd son role centrale. La correspondance entre espace-temps
et espace des twisteurs est un autre aspect propre a la dimension quatre. Ces formula-
tions, Chirale et Twistorielle, semblent trés différentes. Dans la premiére partie de cette
thése nous montrons qu’elles sont en fait intimement liées: en particulier nous proposons
une nouvelle preuve du ‘théoréme du graviton non-linéaire’, due & Penrose, dont le coeur
est la géométrie des SU(2)-connections (plutdt qu’une métrique). Dans la seconde partie
de cette thése nous montrons que la gravité en trois et quatre dimensions est liée a des
théories d’une nature complétement différentes en dimension six et sept. Ces théories,
due & Hitchin, sont des théories de trois-formes différentielles invariantes sous difféomor-
phismes. En dimensions sept, nous rencontrons seulement un succés partiel puisque la
théorie 4D qui en résulte est une version modifiée de la gravité. Cependant nous prou-
vons au passage que les solutions d’une déformation particuliére de la gravité ont, en 7D,
linterprétation de variétés avec holonomies G2. Par contre, en réduisant la théorie de
six a trois dimensions nous obtenons précisément la gravité 3D. Nous présentons aussi
de nouvelles fonctionnelles pour les formes différentielles en six dimensions. Toutes sont
invariantes sous difféomorphismes et deux d’entre elles sont topologiques

Summary of the Thesis

In this thesis we take Einstein theory in dimension four seriously, and explore the
special aspects of gravity in this number of dimension. Among the many surprising
features in dimension four, one of them is the possibility of ‘Chiral formulations of gravity’
- they are surprising as they typically do not rely on a metric. Another is the existence of
the Twistor correspondence. The Chiral and Twistor formulations might seems different in
nature. In the first part of this thesis we demonstrate that they are in fact closely related.
In particular we give a new proof for Penrose’s ‘non-linear graviton theorem’ that relies
on the geometry of SU(2)-connections only (rather than on metric). In the second part of
this thesis we describe partial results towards encoding the full GR in the total space of
some fibre bundle over space-time. We indeed show that gravity theory in three and four
dimensions can be related to theories of a completely different nature in six and seven
dimension respectively. This theories, first advertised by Hitchin, are diffeomorphism
invariant theories of differential three-forms. Starting with seven dimensions, we are
only partially succesfull: the resulting theory is some deformed version of gravity. We
however found that solutions to a particular gravity theory in four dimension have a
seven dimensional interpretation as G2 holonomy manifold. On the other hand by going
from six to three dimension we do recover three dimensional gravity. As a bonus, we
describe new diffeomorphism invariant functionnals for differential forms in six dimension
and prove that two of them are topological.
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Introduction

Name the problem: Quantum Gravity

The essential field equations of the general theory of relativity |Einstein, 1915] are now
more than one hundred years old. Less than a year after the celebration of this centenary,
the LIGO cooperation offered the theory its most triumphal confirmation with the first
detection of gravitational waves [Abbott et al., 2016]. The other pillar of contemporary
physics, quantum field theory, emerged through a longer and more chaotic development
but finally attained an impressive maturity. The most salient evidence for this surely was
the detection of the Higgs boson in 2012 that crowned the standard model [Chatrchyan
et al., 2012, Aad et al., 2012]. This is however only the tree that hides the forest of
succeeding high precision tests and large range of application from particles to condensed
matter physics. Established on such firm basis, general relativity (GR) and quantum
mechanics (QM) altogether form the bedrock of contemporary physics.

There is a sense in which the overall paradigm of quantum mechanics is, for now, our
fundamental theory of dynamics. It tells us what sort of evolution our theories should
predict: with the quantum revolution that take place at the beginning of the 20th century
- and propagated since then- the very meaning of ‘determinism’ changed. Physicists
progressively evolved from an all-mighty dream where they could hope to predict the
past and future -were they given precise enough initial data- to a more humble position
where evolution is probabilistic. In its trail the quantum revolution however triggered a
wave of questions about the respective status of observers and observables which are still
unsettled. What is a state?” What do we mean by ‘probing’ it 7

On the other hand, general relativity might just appear as our fundamental kinematical
theory. The essential message of the theory is indeed that physics is intrinsically relational.
In the framework of general relativity, ‘observables’ only make sense with respect to each
others. Put abruptly it just gives a precise sense to the obvious fact that one never
measures space or time : One measures correlations between events, e.g between the
ticking of a clock, a ruler and the positions of a falling stone. In technical jargon, this is
implemented by the diffeomorphism invariance of the theory.

It is already fair to say that the above discussion, as for what parts of QM or GR
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are fundamental aspects of nature, surely is a polemical one and that many would have
argued differently. It is also easy to come to the conclusion that these types of discussions
are ‘just words’, i.e words to which one cannot give a precise content, and there would
definitely be some truth in this. In our opinion however, just because the discussion cannot
be settled by words - but rather will have to wait for the experimental confirmation of
an hypothetical unifying framework for both QM and GR - it does not make it idle.
The different answers to this question - what aspects of QM and GR are fundamental
principles and what are artefacts of a particular theory? - indeed organise the work of
the community towards a theory of quantum gravity.

The mere discrepancy in the description of the world that both theories give might
indeed be a sufficient motivation for trying to develop an unifying framework: From the
QM perspective, matter fields are quantised and there is a subtle distinction between
observers and states. From the GR one, the gravity field is a field just like the others and
observables are of relational types. There is certainly a tension between these different
statements and it leads to problematic questions - What is quantum space-time? What
does it mean to observe it? It is hard not to think that solving this tension will have drastic
implications as for our understanding of nature. From a more pragmatic perspective, the
different infinities (or singularities) that plague both theories are another motivation:
singularities seems to be ubiquitous to GR [Penrose, 1965, Hawking and Penrose, 1970]
and even though in QFT most infinities were tamed during the tortuous development
of the standard model, when it is applied to gravity they proliferate to the point of
making the theory non-predictive at high energy (or non-renormalisable, see [Goroff and
Sagnotti, 1985, van de Ven, 1992| for the traditional result, |Bern et al., 2015] for a modern
perspective). What is more, it is unclear whether the standard model itself makes any
sense beyond perturbation theory.

One could argue that ‘quantum gravity already exists’ in the form of an effective field
theory. From this perspective, non-renormalizability, is just the statement that we do
not understand the high-energy behaviour of the theory. Accordingly the problem of
‘quantum gravity’ is to be taken in a broader sense: this is a way to point to the fact
that GR and QFT are partly inconsistent. In particular, both singularities in classical
GR and the non-renormalisability of its QFT version signal that there is something we
are missing at a fundamental level.

In fact, nearly as old as GR was the task to quantize gravity: Einstein himself indeed
thought in his paper on gravitational waves [Einstein, 1918] that gravity should be modi-
fied by quantum effects. The history of quantum gravity [Rovelli, 2000, Carlip et al., 2015]
is long and painful for many technical problems were to be overcome. Many approaches
have been developed (see [Woodard, 2009, Nicolai, 2014] for reviews) with more or less
partial success.

Gravity, Quantum and a Matter of attitude

Even though not directly tied up to quantum gravity the work presented in this thesis
took its motivation from this problem and we thus wish to take some more time to consider
the different possible attitudes towards it.



One of the few essential aspects they all agree on is that something new should happen
at a fundamental length scale, the so-called ‘Planck length’ [, ~ 1073"m. The relevance
of the Planck length for quantum gravity can be motivated by an elementary argument:
Let’s consider a lump of matter of mass m. For any usual values of mass the Compton
wavelength A\c = i/ (cm) is much larger then the Schwarzschild radius r¢ = Gm/c* and
thus quantum mechanical effects will massively predominate on any gravitational ones.
As we increase the mass, however, the two lengths evolve towards another and eventually
gravitational effects must end up to be of the same order of magnitude than the quantum
ones. This is realised for the Planck mass m, = /hc/G. At this scale, both the Compton
wavelength and the Schwarzschild radius equal the Planck length Ip = \/Gh/c3. Infinities
proliferating both in GR and QFT are thought to be the result of our assumption that
space-time is continuous and the related description of matter as point-like objects. The
hope is therefore that they will disappear once the new physics popping in around this
Planck scale is taken into account.

The history of physics has seen many situations where different theoretical or empiri-
cal frameworks were contradicting each others and lead to conceptual revolutions. The
solutions always came from a mixture of conservatism -aspects of the preceding theories
where preserved and raised to the status of fundamental principles- and a revolutionary
attitude -some aspects that were though to be carved in stones were dismissed as artefact
given by a limiting procedure.

Accordingly, special relativity was born from the tension between Galilean invariance
and Maxwell equations. In the resulting theory both were reconciled but at the cost
of loosing an absolute notion of time that had been unquestioned for centuries. General
relativity emerged from the contradiction between special relativity and Newton theory at
the price of a definitive disappearance of the space-time fabric for a completely relational
description of physics. Finally quantum mechanics appeared as a mean to solve the
incompatibility of classical electrodynamics with the new theory of matter. What it took
to overcome this contradiction, the introduction by Bohr of discrete orbits for the electron
of the hydrogen atoms, cannot possibly be overstated. Not only, physicists, had to learn
to deal with discreteness, but they also had to renounce to the, century old, notions of
point particles and trajectories. Surprisingly, however, the framework of Hamiltonian
and Lagrangian mechanics that were developed in the preceding century turned up to be
crucial insights for developing the newborn theory.

Any succeeding theory of quantum gravity is likely to see the same phenomenon appear.
With some aspects of quantum theory and gravity to be preserved and other dismissed.
It is enlightening to have a look at the different approach to quantum gravity in fashion
today from this perspective.

In this respect the asymptotic safety scenario for gravity [Weinberg, 1980, Niedermaier,
2007] certainly takes the most conservative approach. In this approach it is suggested that
despite its non-renormalizability the QFT version of GR might be a consistent theory at
all energies after all. Accordingly the renormalization group flow of perturbative GR could
have a UV fixed point which would allow to make sense of the theory at any scale. What
is more, if this space of ‘asymptotically safe’ theories is small enough -and if one assumes
that our world is described by such a theory- only a finite number of measurement might
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be enough to know the theory at any scale. In fact this is probably the only approach
to quantum gravity were essentially nothing particular happens at the Planck scale. In
some sense the hidden radical implication here is that all high energy physics is already
contained at low energy. This might sounds a bit disappointing but it also has its own
charm.

Next in line, as far as conservatism is concerned, is Loop Quantum Gravity [Rovelli,
2004, Thiemann, 2008]. Here, only the perturbative framework tied up with QFT is re-
jected. It is indeed advocated that trying to quantize gravity as a perturbation around
Minkowski space is inherently in contradiction with its relational nature and that this is
responsible for the non-renormalisability of the theory. Apart from this, both the empha-
sise on general covariance and on canonical quantization are in line with the fundamentals
of GR and QM and makes it a ‘narrow path to quantum gravity’. That it is so constrained
is probably one of the most appealing feature of this approach.

String theory [Green et al., 1988, Polchinski, 2007|, which trades point particles for
extended objects, is in some sense the smallest possible modification of QFT that makes it
UV finite. The motivation for this modification is that, just like the non-renomalizability
of Fermi’s theory of the weak interaction pointed towards the Weinberg-Salam model of
electroweak interaction, the non-renormalizability of GR is a sign that it is not a fun-
damental theory. The beauty of the string theory lies in the fact that such a small
modification -considering QFT of extended objects- has tremendous and unexpected im-
plications: gravity seems to be built-in and, in order for the theory to make sense, is
inevitably tied up with other interactions and particles (via super-symmetry) and higher
dimensional geometry. In string theory the fundamental aspects pertaining to gravity
(its field equations, diffecomorphism invariance but also the mere idea of space-time) are
taken as secondary or ‘emergent’ just as the Navier-Stokes equation can be derived from
a microscopic description of fluids. In that respect String theory definitely sides with QM
against GR.

A third attitude, most vividly propounded py Penrose [Penrose, 1999, Penrose, 2014]
sides with GR against QM. This is made clear by the slogan ‘gravitization of quantum
mechanics’, versus the more usual ‘quantization of gravity’. It is here advocated that
quantum mechanics is not a complete theory and needs to be modified in order to fit with
gravity. This was the original aim of twistor theory to provide a description of gravity
that would suggest how to do this.

Each of these approaches! faces its own problems. Penrose’s twistor program could not
overcome the ‘googly problem’ i.e describing the two polarisations of gravity in twistorial
terms; one still doesn’t know if there exists a limit where loop quantum gravity can
describe ordinary space-time; and this is still unclear whether or not string theory can
describe our world (the standard model) nor what the theory really is beyond many
of its perturbative versions -related by various non-perturbative dualities. Finally the
asymptotic safety of gravity is still an open -interesting- problem. As for now -and once

!There are certainly more approaches to quantum gravity than those we discussed here e.g Causal
Sets, Dynamical Triangulation, Non-Commutative geometry, Relative Locality etc. We are obviously
biased by our taste and work. This is however an enjoyable (but polemical as it turned out) game to try
to decide for any strategy towards quantum gravity what is taken as fundamental principles both in GR
and QM and what is played down. We urge the reader to play this game with his favourite theory.



again- ‘Quantum gravity’ is therefore less the name of a theory to come than the name of
a problem.

Following Penrose and Hitchin: Geometry as a guiding
line

This thesis is not about quantum gravity. Rather, its most obvious unifying theme
is the description of classical® gravity in terms of unusual geometrical structures. The
motivation for looking for and studying such alternative descriptions of gravity however
takes its root in the ‘Penrose’s approach’ to quantum gravity presented above. The hope
is that, in the same spirit that the Hamiltonian formulation of classical mechanics first
appeared as a technical trick but turned out to give significant insights in developing
the quantum theory, the change of perspective on gravity suggested in this thesis might
contribute to the collective task of quantizing gravity (or maybe gravitazing quantum
mechanics). We however make no claim that significant steps have been achieved in this
respect.

Another encouragement for considering geometrical reformulation of gravity is the
example of twistor theory itself. Twistor theory proposed a radical change of perspective
on space-time and, even thought it felt far apart from its original aim of providing a
complete framework for quantizing gravity, proved to be very fruitful both on the physical
and mathematical sides (see [Atiyah et al., 2017| for an overview).

In the Lorentzian signature context and for flat space-time, the twistor space T can
be thought as the space of null lines in Minkowski space M. On the one hand, lines in
Minkowski space corresponds to points in twistor space. On the other hand, a point in
space-time can be equivalently described by its null cone. In the twistor space, the set of
null lines forming this cone will trace a (projective complex) line. This is the essence of
the twistor correspondence: lines correspond to points and reciprocally. Another crucial
fact here is that the flat twistor space has a natural complex structure T ~ C*.

In broader terms, twistor theory relates physical objects on some space-time M to
geometrical holomorphic structure on its associated twistor space T(M). As far as gravity
is concerned, the main result of the theory is the non-linear-graviton theorem |Penrose,
1976, Ward, 1980|. This theorem demonstrates an equivalence between self-dual Einstein
space-times and integrable complex structures on the associated twistor space. This is
a deep theorem as it describe complicated solutions to differential equations on space-
time as essentially free data on the twistor-space. However, the only Lorentzian self-dual
Einstein space-times is Minkowski space so that, as far as physics is involved, this does
not really helps. The problem of describing full gravity in twistorial term turned to be
one of the main stumbling block for twistor theory and is commonly referred to as the
‘googly problem’.

A second unifying theme of this thesis is the emphasis on special geometry appearing
in low dimension. Accordingly this thesis is made up of three parts respectively dealing
with dimension four, six and seven.

2i.e non-quantum
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Four dimensional space-times (we here consider complexified space-time for more gene-
rality) are specials in many respects. First this is the lowest dimension for which Einstein
equations do not completely constrain the local form of the metric but rather leaves pro-
pagating degrees of freedom. Second in four dimension the local isometry group is not
simple

SO(4,C) = (SL(2,C) x SL(2,C)) /Z*. (1)

This is the only dimension where such a phenomenon appear and it has some interesting
applications. The main one is the existence of chiral formulations of four-dimensional
gravity, i.e formulation making use of only one half of (1). In the physics community,
these formulations are usually associated to Ashtekar’s ‘new variables’ [Ashtekar, 1986].
Associated with these chiral formulations is a natural family of chiral deformations of GR,
that were first studied by Bensgtsson (see e.g [Bengtsson, 1991|) and dubbed ‘neighbours
of GR’. We prefer the term ‘chiral deformations of gravity’ to emphasis the following
facts: all those theories describe spin-2 particles with only 2 propagating degrees of free-
dom [Krasnov, 2008] and they differ from GR in a chiral way. All ‘chiral deformations of
GR’ indeed share the anti-self-dual sector of gravity (i.e , very schematically, the sector
where the first half of the decomposition (1) is turned off) but they differ when incorpo-
rating the self-dual sector. Both chiral formulations of gravity and their associated chiral
deformations are reviewed in the first chapter of this thesis and will serve as a life-line all
along this thesis.

Now, the identity (1) is just one of the many exceptional isomorphism of Lie group
that happens in four dimensions. Another interesting one is

Conf(4,C) = SO(6,C) = SL(4, C). 2)

The existence of this isomorphism is the starting point of twistor theory that associates
with the conformal compactification of Minkowski space-time M an auxiliary space, the
twistor space T ~ C*, on which the (complexified) conformal group, SL(4, C), acts linearly.
In Lorentzian signature, the representation of the conformal group on the twistor space
means that null lines are sent to null lines under conformal transformations which, by
itself, is a beautiful consequence of the correspondence. In Euclidean signature, the null
line interpretation disappears and the twistor correspondence is less drastic (the twistor
space is then a fibre bundle over space-time). However the above isomorphism of Lie
group persist in an Euclideanized version. What’s more this isomorphism then has a
beautiful interpretation in terms of quaternions. This makes it all clear that the twistor
correspondence have to do with the magic of the geometry in low dimensions.

The twistor correspondence and non-linear graviton theorem are well-known and rig-
htfully celebrated results. It is however not always realised that twistor theory has a very
nice interplay with chiral formulations of gravity. The main point of Part 1 of this thesis
is to clarify this fact. In particular we present a new-proof of the non-linear graviton
theorem with a strong ‘chiral’ flavour. In some sense this version of the theorem allows
to think of twistor theory as a far reaching consequence of chiral formulations of gravity.

The material of this Part is mainly taken from [Herfray, 2016] as well as from [Herfray
et al., 2015, Herfray and Krasnov, 2015, Fine et al., 2015].



Six and seven dimensions are also special but for a very different reason. In any
even-number of dimensions there is a well known notion of non-degeneracy for two-forms.
A global choice of such two-form then restrict the structure group of the manifold to
Sp(2n,R). In dimensions six and seven one can define a similar notion for three-forms.
Such three-forms are then called stable after Hitchin [Hitchin, 2000, Hitchin, 2001]. Just as
for two-forms, a global choice of stable 3-forms reduces the structure group: to SL(3,C) x
SL(3,C) in 6D and the special group G5 in 7D. In [Hitchin, 2000|, Hitchin proposed
variational principle for these three-forms in six and seven dimension.

In Euclidean signature, the twistor space of a Riemannian manifold is a two-sphere
bundle. That self-dual gravity is so nicely described in these terms, by Penrose’s theorem,
suggests that also the full GR might be encoded into fields on the total space of bundles
over space-time. This is our motivations for considering dimensional reduction of Hitchin
theory from six to three and seven to four dimension. Accordingly we will consider fibre
bundle over 3D and 4D manifold such that the total space is a 6D or 7D manifold.

In the second part of this thesis we show that the dimensional reduction of 6D Hitchin
theory from 6D to 3D is 3D gravity(coupled with a constant scalar field). We also propose
new variational principles for two and three forms in 6D and show that two of them are
topological theories. These results were originally described in [Herfray et al., 2016a,
Herfray and Krasnov, 2017].

In the third part of this thesis we turn to the 7D case. We first show that solutions
to a certain chiral deformation of GR in 4D are associated with G5 holonomy manifold
in 7D. This is however not a dimensional reduction but rather a lift of some 4D theory
to a 7D one. When we consider the dimensional reduction per se we are less successful:
Starting with a particular theory of 3-forms in 7D the 4D resulting theory turns out to
be some sort of scalar-tensor theory based on one of the chiral deformations of gravity -
rather than usual GR. The original material of this part can be found in [Herfray et al.,
2016b] and [Krasnov, 2016, Krasnov, 2017|.

Finally, a striking example of geometrical structures that only exist in low dimension
are division algebra i.e complex numbers, quaternions and octonions, see [Baez, 2002 for
a beautiful review. They will follow us all along this thesis and form another, somewhat
hidden, unifying theme. Complex numbers and quaternion are indeed closely tied up
with the Euclidean version of twistor theory. Three forms in six dimensions manifold
defines almost complex structure and the G, structure appearing in seven dimension is
best thought as the group of automorphism of octonions.
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Introduction to Part 1:
Chiral and Twistor Formulations
of Four Dimensional Gravity

It is well known that gravity can be given ‘chiral formulations’ 3, i.e formulations where
the full local isometry group

SO(4,C) = SL(2,C) x SL(2,C) /Z? (1)

loses its central role for one of the ‘chiral’ (left or right) subgroup SL(2,C). Note that,
for generality, we here consider complexified gravity: in Lorentzian signature the two
SL(2,C) groups are complex conjugated while in Euclidean signature they are replaced
by two independent SU(2) groups.

This shift in the local symmetries corresponds to a shift in the hierarchy of fields:
in ‘chiral formulations’ of GR the role of the metric is usually played down for other
alternative variables with natural SL(2,C) internal symmetries. Typically, the metric
appears as a derived object and its associated local isometry group SO(4,C) comes as an
‘auxiliary symmetry’ that was somewhat hidden in the first place.

It’s probably safe to say that the interest of the physics community for such refor-
mulations started with Ashtekar ‘new’ variables [Ashtekar, 1986] and the appealing form
of the related diffeomorphism constraints. In subsequent works [Jacobson and Smolin,
1988], |Capovilla et al., 1991b| it was understood that the (ten year older!) Plebanski’s
action [Plebanski, 1977] gave a covariant description of Ashtekar variables. In Pleban-
ski’s pioneering work the metric completely disappears for SL(2, C)-valued fields. In both
points of view, canonical and covariant, SL(2, C)-connections play a crucial role.

That SL(2, C)-connections appear is no surprise: In the more traditional metric per-
spective, the Levi-Civita connection comes as an SO(4, C)-connection. The decomposition
of Lie group (1) then corresponds to a splitting of the Levi-Civita connection into Left(or
self-dual) and Right(or anti-self-dual) SL(2, C)-connections, which are in some sense the
most natural ‘chiral’ objects one can construct from the metric. The ‘chiral formulations’
of GR essentially reverse this construction: they take SL(2,C) fields (e.g connections) as
a building block for the metric. This culminates in the so called ‘pure connection of GR’
pursued in [Capovilla et al., 1991a| and finally achieved in [Krasnov, 2011¢| where the
only field that appears in the Lagrangian is an SL(2, C)-connection. Chiral formulations
of GR will be reviewed from a general perspective in Chapter 1.

On the other hand, it is not always apparent that twistor theory, at least in its original
Penrose’s program directed towards gravity |Penrose, 1999|, has a nice interplay with
these reformulations and is in fact part of ‘chiral formulations’ of GR in a broad sense.
This is more clearly seen by taking a closer look at the main result of twistor theory on
the gravity side, the ‘non-linear graviton theorem’ [Penrose, 1976], [Ward, 1980].

The ‘non-linear graviton theorem’ takes as a starting point an eight dimensional real
manifold (the twistor space) equipped with an almost complex structure. This reduces

3For the most striking ones see [Plebanski, 1977], [Jacobson and Smolin, 1988], [Krasnov, 2011c]. See
also section 1.3.2 for a review of chiral Lagrangians for gravity
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Introduction to Part 1

the group of local symmetries to SL(4, C) which is also the 4d (complex)conformal group
SO(6,C) ~ SL(4,C)/Z* and indeed the first half of the non-linear graviton theorem
asserts that, under some generic conditions, integrability of this almost complex structure
is equivalent to a 4d complexified conformal anti-self-dual space-time (i.e such that self-
dual part of Weyl curvature vanishes). That this theorem only describes anti-self-dual
space-times clearly points in the direction of the intrinsic chirality of twistor theory, but
there is more.

The second half of the theorem requires additional data on twistor space in the form
of a complex one-form up to scale, usually denoted as 7. This is essentially equivalent
to a 4d real distribution® at every point (the kernel of 7). This one-form is taken to be
‘compatible’ with the almost complex structure so that its kernel is in turn almost complex
and identifies with C?. The restriction of the symmetry group SL(4, C) to this distribution
thus brings us down to the ‘chiral’ group SL(2,C): In fact such a one-form is naturally
associated with a ‘chiral’ SL(2, C)-connection on space-time (This is especially clear in
the Euclidean context and we will come back to this in what follows). As connections are
not conformally invariant, it fixes a scale in the conformal space-time. The second part of
the Non-Linear-Graviton Theorem then essentially asserts that this scale is such that the
resulting metric is anti-self-dual Einstein if one is given a ‘good enough’ (holomorphic)
one-form.

The usual approach to twistor theory generally emphasizes the metric aspect of the
theorem and tend to overlook the fact that this one-form, which crucially fixes the scaling
to give Einstein equations, is directly related to a SL(2, C)-chiral connection thus putting
twistor theory in the general framework of ‘chiral formulations of gravity’. In Chapter
IT we will review the basics of the curved twistor construction with an emphasis on the
relation between the chiral connection and the O(2)-valued one-form on twistor space 7.

It is in fact well known to specialists that there is an interplay between, for example,
Plebanski formulation of GR and twistor theory as can be seen from the introduction
of twistor variables in some recent spin-foam models [Livine et al., 2012, Speziale and
Wieland, 2012] or in the conjoint use of Plebanski action and twistor theory [Mason and
Skinner, 2010| to investigate the structure of MHV gravity amplitudes. However, it is
possible that not all consequences have been drawn from this overlapping.

Now, one of the ‘most radical’ chiral formulations of GR is the pure connection for-
mulation where only a SL(2,C)-connection is considered to be a fundamental field, the
metric being a derived object. In this context Einstein equations take the form of second
order field equations on the connection.

In the first part of this thesis we wish to emphasize the change of perspective on
twistor theory that this extreme chiral reformulation of gravity suggests: We already
stated that, on twistor space, the equivalent of this chiral connection on space-time is a
complex one-form, 7. In usual twistor theory this is just taken to be some additional data
that complements the almost complex structure, the latter being fundamental. However
the pure connection formulation of GR suggests that it is the one-form 7 ( loosely related
again to the chiral connection) that should be taken as the starting point, with the almost
complex structure (related the conformal structure) arising as a derived objects.

4In order to describe space-times with non-zero cosmological constant, which is our main concerned
in this paper, this distribution should also be non-integrable 7 A dr # 0.
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We demonstrate in chapter II that, at least in the Euclidean signature context, it is
a valuable point of view and that it allows to reproduce nicely the results from the non-
linear-graviton theorem while putting twistor theory firmly into the ‘chiral formulations’
framework of gravity:

For a Riemannian manifold M (i.e equipped with a metric of Euclidean signature)
the associated twistor space T(M) is simply taken to be the 2-spinor bundle®. Then an
SU(2)-connection, A4 5 € su(2), allows to define the one-form on T(M):

T = Ta (dﬂ'A/ + A(Jf)A/B/WB/)

related to the preceding discussion.
We first show that this is enough to construct a Hermitian structure on PT(M), thus
making contact with usual Euclidean twistor theory:

Proposition 1. Almost Hermitian structure on PT(M)
If A is a definite connection (see below for a clarification of this notion) then PT(M)
can be given an almost Hermitian structure, i.e a compatible triplet (Ja,wa, ga) of almost
complex structure, two-form, and a Riemannian metric.

In general this triplet is neither Hermitian (Ja is not integrable) nor almost Kdhler
(wa is non degenerate but generically not closed). In fact integrability of Ja is equivalent
to the statement that A is the self-dual connection of a self-dual Finstein metric with non
zero cosmological constant. The metric on twistor space can be made Kdihler if and only
if A is the self-dual connection of a self-dual Einstein metric with positive cosmological
constant (ie if the definite connection is of ‘positive sign’ ).

Further more, the integrability condition is equivalent to 7 N dt N dr = 0.

The main difference with the traditional results from [Atiyah et al., 1978| is that
integrability is not only related to anti-self-duality but is irremediably linked to Einstein’s
equations. This is because in the construction described in [Atiyah et al., 1978] one is only
interested in a conformal class of metrics while here the use of connections automatically
fixes the ‘right scaling’ that gives Einstein equations.

The fact that the connection needs to be ‘definite’ refers to a natural non-degeneracy
condition. Such connection can be assigned a sign. This terminology first appeared in
[Fine and Panov, 2008| and we will review it in chapter I. The possibility of associating a
symplectic structure on PT(M) with a definite SU(2)-connection on M was already poin-
ted out in [Fine and Panov, 2008]. However, only in the integrable case does the symplectic
structure described in this reference coincides with our wy. SL(2,C)-connections which
are the self-dual connection of a self-dual Einstein metric with non zero cosmological con-
stant were called ‘perfect’ in [Fine, 2011] and are the one such that their curvature verify
F' A F7 o §%. This well known (see e.g [Capovilla et al., 1990]) description of Einstein
anti-self-dual metric in terms of connection will also be reviewed in chapter I.

On the other hand, starting with a certain 6D manifold P7T, the projective twistor
space, together with a one-form valued in a certain line bundle 7, we have a variant of
the non linear graviton theorem:

5(mas,z) will be coordinates adapted to the fibre bundle structure C? — T(M) — M.

13
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Proposition 2. Pure connection Non-Linear Graviton Theorem
If 7 is a definite one-form then PT can be given an almost complex structure J..
Together with some compatible conjugation operation on PT this is enough to give PT

the structure of a fibre bundle over a 4d manifold M: CP' — PT — M.
Integrability of J. is then equivalent to the possibility of writing T as

T=Tu (dﬂ'A/ + AA/B/WB/>

with A the self-dual connection of a Finstein anti-Self-Dual metric on M with non zero
cosmological constant.
What is more the integrability condition reads T A dr A dr = 0.

Bits and pieces of this last proposition were already known and developed in [Mason,
2005],|Wolf, 2007] and [Adamo and Mason, 2014| as part of a strategy to obtain twistor
actions for conformal gravity, anti-self-dual gravity and gravity (the latter being still
missing). However, we here give a new proof that emphasises the role of the connection
as a fundamental object and we hope that by framing them in the general perspective
of chiral approaches to gravity they will appear in a new light, i.e as more than just
clever trick to construct twistor action. In particular we hope to make it clear that
one can effectively think of the (euclidean)non-linear-graviton theorem as a far reaching
generalisation of the description of Einstein anti-self-dual metric in terms of connections.

Our long term view in developing what could be called a ‘connection approach’ to
twistor theory, with the one-form 7 being the main field instead of the almost complex
structure, was to open new strategies to construct twistor action for gravity. However one
faces difficulties that we could not overcome. We briefly explain in section I1.3 our work
in this direction and why it does not seem to offer a way to a twistor action for gravity.

In this whole part we stick to the Euclidean signature. This is for coherence with our
results concerning twistor theory which only apply to this signature.

This part is organised as follows: In the beginning of chapter I, see section 1.1, we
review chiral formulations of gravity with an emphasis on the general geometric setting
underlying any formulation of this type rather than on a particular Lagrangian. In section
[.2, we especially stress how to write equations for self-dual gravity (i.e Einstein anti-
self-dual metric) in this framework and review the pure connection field equations for
Einstein metrics. This will serve as a model for our ‘connection version’ of the non-linear-
graviton theorem. At the end of this chapter, see section 1.3 we take some time to discuss
‘chiral deformations of GR’. This is an infinite family of spin-two theories with only two
propagating degrees of freedom which is naturally related with chiral formulations of
gravity. This lies somewhat out of the main line of development of this part but will
be useful for Part 3. We also describe variational principles associated with these ‘chiral
deformations’ and their relation with GR. This is in part a review of the existent literature
but we also discuss some original results.

In chapter IT we come to twistors. We first review the construction of the flat twistor
space, its ‘curved’ version and some essential results of the theory. This is done in Eucli-
dean signature (see [Atiyah et al., 1978|, [Woodhouse, 1985] for Euclidean twistor theory)

14



for coherence with the rest of the part but also because most physics literature logically
emphasises the Lorentzian case and we believed the Euclidean twistor construction, with
its beautiful relation to quaternions, deserves more attention. In section I1.2 we come
back on the ‘curved’ twistor theory, again in Euclidean signature but from an unusual
connection perspective, i.e we take a SU(2)-connection to be the main field instead of a
metric. From this data only we show how to construct very natural structures on twistor
space, namely the one-form 7, some associated connection on O(n) bundle and the tri-
plet (J,w, g) of compatible almost complex structure, two-form and Euclidean metric on
twistor space of Prop 1. We also review, from [Fine and Panov, 2008|, some symplectic
structure that is naturally constructed from the connection. Finally we investigate the
condition for integrability of the almost complex structure as well as the condition for
which the triplet (J,w,g) is Kéhler. These cases turn out to be given by the self-dual-
gravity equations and therefore make contact with the usual Kéhler structure on twistor
space constructed from an instanton (i.e an anti-self-dual Einstein metric).

We then state and give a new proof for the non linear graviton theorem from a pure
connection point of view (cf Prop 2).

Finally in section I1.3 we explain how ideas from the previous sections suggest new
ansitze for constructing twistor action for gravity. However this section will remain
inconclusive and ideas described there should be seen as a few more elements on the chase
(cf [Mason, 2005], [Adamo and Mason, 2014], [Mason and Wolf, 2009|, and [Adamo, 2013])
for this elusive (if existing) action.

15
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Chiral Gravity

In this chapter we review ‘chiral formulations of gravity’. In section 1.1, we tried to
adopt a broad perspective and describe the conceptual elements that are common to all
these formulations rather than describe a particular Lagrangian. We also tried to avoid
hiding the simplicity of the geometrical concepts involved under a debauchery of indices.
We however provide appendix B.1 for the reader interested in the massive display of tensor
indices that are sometimes required for precise calculations and proofs.

The main objective of this chapter is to introduce in a natural way the description
of self-dual gravity in terms of SU(2)-connections and the related notion of definite con-
nections. This is achieved at the end of section [.2. We also review how to write Einstein
equations in terms of SU(2)-connections only.

Naturally associated with these ‘chiral formulations’ there is an infinite family of ‘chiral
deformations of GR’, which are spin-two theories with only two propagating degrees of
freedom. Even thought they are not directly relevant for the rest of this part, they are so
much interwoven with the ‘chiral formulations’ that we thought it was best to describe
them here, see section 1.3. These chiral deformations will be a central theme of part 3.

I.1 Chiral Formulations of Gravity : Geometrical Foun-
dations

Chiral formulations of gravity exploit the fact that Einstein equations can be stated
using only ‘one half’ of the decomposition SO(4,C) = SL(2,C) x SL(2,C)/Z?. We here
briefly review why this is possible.

The whole discussion in this section could be treated in complexified terms but for
clarity and coherence with the other sections we will restrict to the real form SO(4,R) =
SU(2) x SU(2)/Z?, i.e Euclidean signature.

I1.1.1 Chiral decomposition of the curvature tensor

Let us consider a Riemannian manifold (M, g). We note {61}160“3 an orthonormal
frame and {e;},., 5 @ dual co-frame, they are defined up to SO(4) transformations. In
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1.1. CHIRAL FORMULATIONS OF GRAVITY : GEOMETRICAL FOUNDATIONS

order to see that Einstein equations can be stated using only one half of the decomposition
SO(4) = SU(2) x SU(2)/Z?, the quickest way is to split the Riemann curvature tensor
into self-dual/anti-self-dual pieces. This is classically done in spinor notation (see e.g
[Penrose and Rindler, 1985]) or more directly as in [Atiyah et al., 1978]. We here make a
presentation along the line of the second reference with an emphasise on the necessity of
using a torsion-free connection in order for chiral formulations of gravity to be possible.
See also [Capovilla et al., 1991b, Krasnov, 2011b| for pedagogical expositions.

As a starting, point let us consider a 2n-dimensional manifold. A crucial remark is
that the hodge duality *: QF(M) — Q2"~*(M) sends n-forms on n-forms. Self-dual (resp
anti-self-dual) n-forms are then eigenvectors with eigenvalues +1 (resp —1) for the hodge
duality!. The case 2n = 4 it thus the only situation where two-forms can be decomposed
in self-dual Q' and anti-seld-dual Q" two-forms. This is a happy accident that has several
implications.

By using the metric, two-forms at a point x € M can be identified with anti-self-adjoint
transformations of Q(M), and thus with so(2n):

el Ne’
2

bry eP(M), =~ bilfe®e’ €End(Q) =~ beso(2n) (I.1.1)

Where b[J = b[KgKJ.
The ‘accidental’ split of Lie algebra
s0(4) = su(2) ® su(2) (I.1.2)

then directly corresponds to the decomposition of two-forms into self-dual and anti-self-
dual two-forms,

P=0e0%. (1.1.3)

Another accident is that curvature forms are two-forms. In four dimensions curvatures
can thus be decomposed into smaller elementary bits. This is useful both for Yang-Mills
type theories but also for gravity. We now turn to the decomposition of the Riemann
tensor:

Consider a connection V on the tangent bundle compatible with the metric, this is
a SO(4)-connection (Note that, at this stage, we do not assume that the torsion of this
connection vanishes). It splits into two SU(2)-connections D and D,

V=D+D. (1.1.4)

They naturally act as connections on the bundle of self-dual two-forms and anti-self-dual
two-forms respectively.
As a consequence of (I.1.4) the curvature V2 two-form can be rewritten

V2 = D>+ D%, (1.1.5)

'In fact for a generic dimension and signature the eigenvalues are either +1 or +i. Here we already
have in mind the application to Euclidean four dimension.
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CHAPTER 1. CHIRAL GRAVITY

At this point we only made use of the first ‘accident’, the Lie algebra split (I1.1.2). We
can now make use of the second ‘accident’ the two-form decomposition (I.1.3): As we
already pointed out, the curvature-forms D2, D? are indeed su(2)-valued two-forms or
equivalently QF (resp £27) -valued two-forms,

D*€ Q* (M,su(2)) ~ Q* (M,Q%),  D?e€Q*(M,su(2)) ~Q*(M,Q2).

It follows from the decomposition, Q? = Q2 @ Q2 that we can write them as bloc
matrices:

D? = (F G), D? = (é, ﬁ) (1.1.6)
where F € End (Q2), G € Hom (0%,92), F € End (92), G € Hom (92,92).
Putting this altogether, the curvature of V can be written as a bloc matrix:

V? = ( g g ) € 0* (M,s0(4)) ~ End (%) (1.1.7)

It is also convenient to introduce the self-dual and anti-self-dual part of the Weyl tensor:
1 ~ ~ 1 ~
U =F-— gtrF I, U =F— gtrF I. (I.1.8)

Without any further assumptions this is as far as we can get. However, in the special
case of the Levi-Civita connection, i.e if one assumes that the connection is torsion-free,
we get a simpler picture: V2: Q? — O? is then the usual Riemann curvature tensor and
has some further symmetries. The torsion-free condition indeed implies that V? has to
be symmetric, i.e _ o

G'=G, U=V U =0 (1.1.9)
What is more, for the torsion-free connection trf = trF. Using coordinates, one can
indeed immediately see that this last identity is equivalent to the first Bianchi identity.
See Appendix B.1 for more details.

From these considerations, we obtain the celebrated decomposition of the Riemann
tensor into irreducible components:

) T 0 0 G U0
Vi=1trF (0 ]1>+ (Gt ol T 1o ) (1.1.10)

N

TV TV
Scalar Curvature  Ricci Traceless  Weyl Curvature

Let us now turn to Einstein equations. From the above decomposition it stems that,
g is Einstein if and only if G =0 (L.1.11)

and then the scalar curvature is 4A = 4trF.

In particular one sees from D? = F + G that Einstein equations can be stated in term
of D only: The metric is Einstein if and only if D is a self-dual gauge connection, i.e if
D? is a self-dual su(2)-valued two-form.
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1.1. CHIRAL FORMULATIONS OF GRAVITY : GEOMETRICAL FOUNDATIONS

Note however that, in order to achieve this ‘chiral formulation’, the symmetries (I.1.9)
were crucial. In case one does not assume the connection to be torsion-free the Riemann
tensor does not enjoy the symmetries (I1.1.9) and Einstein equations look much more
complicated:

trF + trF B

G:—ét, Ul =, \Tft:\i, and 5

cst = A. (I.1.12)
See Appendix B.1 for a derivation in coordinates.

As opposed to (I.1.11) this last set of equations involve the whole of the Riemann
tensor and are therefore not ‘chiral’ at all. One easily checks however that equations
(I.1.12) together with the symmetries (I.1.9) give back the chiral formulation of Einstein
equations (I.1.11), as it should.

From this presentation we hope to make it clear that the general phenomenon allowing
for chiral formulations of Einstein equations stems from the internal symmetries of the
Riemann tensor, related to torsion-freeness, and not from a particular choice of signature.

1.1.2 Urbantke metric

In the above, we explained how Einstein equations can be stated in an essentially
chiral way, i.e in terms of su(2)-valued fields. This general principle underlies any chiral
formulation of gravity. However this was still very classical in spirit as we considered
the metric as the fundamental field. We now describe an essential observation due to
Urbantke [Urbantke, 1984| that allows to obtain a metric as a derived object from chiral
(i.e su(2)-valued) fields.

Suppose that we have a su(2)-valued two-forms B, using a basis of su(2), (0);c; 53,

such that B = B'o;

there is a unique conformal structure

this gives us a triplet of real two-form (Bi)iel 937

Now, given such a triplet of two-forms (Bi>z’€1 03
that makes the triplet (B*, B2, B%) self-dual. We will refer to this conformal structure as
the Urbantke metric associated with B and write it as gy. There is even a way to make

this conformal structure explicit through Urbantke formula [Urbantke, 1984|,

Urbanke metric: Iy = — %Eafﬁ”‘seijkBiWBjygBkw. (I.1.13)
Obviously, if the B’s do not span a 3 dimensional vector-space this cannot hold. In fact
the ‘metric’ (I.1.13) will then be degenerated in the sense that it will not be invertible. A
more precise statement, again from [Urbantke, 1984], is the following: given the triplet of
two forms (B', B?, B%), defines the conformal ‘internal metric’ X = B' A\ B /d*z then
Urbantke metric g, is invertible if and only if X is. When Urbantke metric is invertible
X is just the metric on the space of self-dual two-forms given by wedge product.2.

As we started with a triplet (Bi)iem’3 of real two-forms, the associated Urbantke
metric (I1.1.13) is also real. One the other hand, its signature is undefined: self-dual
two-forms in Lorentzian signature are complex so this signature is excluded but without

2As a side remark, on self-dual two-forms the ‘wedge’ internal product B* A B /d*z coincide to the
‘metric’ internal product B A xB7 /d*z
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CHAPTER 1. CHIRAL GRAVITY

further restriction it can still be either Euclidean or Kleinian. The signature of the internal
metric X however is enough information to fix this ambiguity: for an Euclidean conformal
metric § the metric X on self-dual two-forms given by wedge product is Euclidean while
for a Kleinian signature it would be Lorentzian.

Thus if we start with a triplet (B’)Z 13 of real two-form such that the internal metric

X = BiA BJ /d*z is definite, we are then assured that the associated Urbantke metric,
G is non degenerate (invertible) and of Euclidean signature. This suggests to introduce
the following definition:

Definition 1.1. Definite Triplet of two-forms
A triplet (B!, B B?) of real two-forms is called definite if the conformal metric con-

structed from the wedge product X% = B’ A B/ /d*x is definite.
As we just explained this is a useful definition because of the following:

Proposition I.2. Urbantke metric
The Urbantke metric (1.1.13) associated with a definite triplet of two-forms is non dege-
nerate and of Fuclidean signature.

Proof. The equivalence between the non-degeneracy of g, and the non-degeneracy of
X can be found in [Urbantke, 1984]. This reference also shows that the B’s are self-dual
for G- As already discussed above the 3D wedge product metric on self-dual two-forms
X can only be real definite for a (conformal) Euclidean four dimensional metric. O

In this section we made two distinct but complementary observations, first Einstein
equations can be stated in a chiral way (cf equation (I.1.11)) ie using su(2)-valued fields,
second a (definite) su(2)-valued two-form is enough to define a metric. Lagrangians that
realise ‘chiral formulations’ of GR all rely on some mixture of these two facts each with
its own flavour and fields. See section 1.3.2 for some explicit variational principles.

However, for the most of this part, we won’t be interested by a particular action
but rather by how the general framework that we just describe intersects with twistor
theory. Our main guide will be the description of anti-self-dual Einstein metric in terms
of connections.

Before we come to this it is useful to introduce two new tensors.

1.1.3 Two useful tensors: the sigma two-forms

We already made the remark that a metric allows to identify the Lie algebra so(4)
with the space of two-forms 2. We denote by

®:s0(4) =su(2) dsu(2) > =07 Q2 (1.1.14)

this isomorphism.
We choose a basis (o,5")
and such that

ie10.3 Of s0(4) = su(2) @ su(2) adapted to the decomposition

[ai,a]} = eIk gk, [51',5]} = ¢ikgk, [ai,ﬁj] =0. (I.1.15)
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1.1. CHIRAL FORMULATIONS OF GRAVITY : GEOMETRICAL FOUNDATIONS

Then one can define the sigma two-forms:

1, . 1~. .
i=o(d),  E-e(d). 111
5 o 5 o (I.1.16)
Thus (EZ) (resp (iz) ) form a basis of self-dual two-forms Q3 (resp anti-self-
i€1,2,3 i€1,2,3

dual two-forms Q?). This basis is also defined (up to SU(2) transformations) by the
orthogonality relations

SIAY = —SIAS = 26UVol,, XA =0. (1.1.17)

The awkward factor of one half in the definition is there for it to fit with the definition
in terms of a tetrad that frequently appears in the literature:

. ok
¥'=—e /\61—76]/\6 : Y'=e /\eZ—TeJAe . (L.1.18)
i€1,2,3 i€1,2,3

The sigma two-forms are naturally su(2)*-valued two-forms or, using the Killing metric
on su(2), su(2)-valued two-forms:*

Y=Y €0 (Msu?2), Z=35¢c0(Msu(?). (1.1.19)
Importantly they are compatible with the connections D =d+ A , D=d+ ;i, in the
following sense:

Proposition I.3.

Let 3 (resp X) be the su(2)-valued self-dual (resp anti-self-dual) two-forms constructed
from a metric as (1.1.18), let D = d+ A be the self-dual part of the Levi-Civita connection
associated with this metric. Then D is the SU(2) connection satisfying

da (z) —dS+[AS] =0, dj (i) —dS +[A, 3] =0. (1.1.20)
Proof. See Appendix B.1 for a direct proof in coordinates. ]

This compatibility relations are important as they can be used as alternative definition
for the chiral connection D and D.

Finally we can write the Einstein equations in terms of those two-forms. If D =d+ A
is the ‘left’ or ‘self-dual’ connection and D? = F its curvature, then we can rewrite the
first half of the bloc decomposition (1.1.10) as

D*=Fig = (F”Ej + Gijij) o' (1.1.21)
Then, as we already discussed, the self-dual part of Weyl curvature is
U = F %trFéij : (1.1.22)
the scalar curvature is 4A = 4trF and

g is Binstein if and only if D? = MY o' (I.1.23)

3In this thesis bold notation will indicate su(2)-valued objects.
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CHAPTER 1. CHIRAL GRAVITY

I.2 Definite Connections and Gravity

We review here how to write equations for Einstein-anti-self-dual metric in terms of
connections. This is a well known construction (cf [Capovilla et al., 1990]) and we here use
the terminology of [Fine and Panov, 2008|,[Fine, 2011]. We also briefly recall how to write
equations for full Einstein gravity in terms of connections from [Krasnov, 2011c|,|Fine
et al., 2014].

We now take A = A’c" to be the potential in a trivialisation of a SU(2)-connection
D=d+ A and D> = F = I ¢ its curvature.

1.2.1 Definite Connections

We mainly consider definite connections, i.e connections such that the curvature two-
form is a definite triplet:

Definition 1.4. Definite Connections )
A SU(2)-connection D = d + A'c’, is called definite if the conformal metric, X% =
Fi A FJ [d*z, constructed from its curvature, D? = F ¢, is definite.

For any SU(2)-connection with potential A’c’, there is a unique conformal class of
metric g, such that the curvature F* o’ is self-dual. The definiteness of the connection
then ensures that this conformal metric is invertible and of Euclidean signature (cf Def
I[.1 and Prop .2 ). Thus definite connections are associated with a ‘good’ metric.

A definite connections also defines a notion of orientation. It is done by restricting
to volume form gy such that X% = F' A FJ/u, is positive definite. In the following
whenever there is a need for an orientation, we will always take this one.

We can also assign a sign to a connection as follows: We consider co-frame (eI ) 1c0.37
orthonormal with respect to the Urbantke metric and oriented with the convention that
we just described. They are defined up to Lorentz transformations and rescaling by a
positive function. From this tetrad we can construct a basis of self-dual two-form (Ei)iel,Q,S

through the relation (1.1.18). Again (¥7),_

rescalings by positive functions. By construction, the curvature D? = F'¢' is self-dual
for the associated Urbantke metric and we can thus write

is defined up to SU(2) transformations and

D?=Figl= Mg (1.2.1)

The sign of the connection is then defined as s = sign (det (M)) Note that this notion
of sign makes sense as a result of {FZ} being defined up to SU(2) transformations

and {Ei}z’a,w

We now have two SU(2) transformations independently acting on (Fi)iel,2,3 and
(Ei)i&m, the first as a result of changing the trivialisation of the SU(2) principal bundle
of whom D = d+ A is a connection, the second as a result of changing the trivialisation of
the bundle of self-dual two-forms associated with the Urbantke metric. Those two bundles
can be identified (at least locally) by requiring M* to be a definite symmetric matrix.
Finally we also have two scaling transformations, one acting on X and the other one on
3, we identify them by requiring that F' A FJ = X 328 A TF,

i€1,2,3
being defined up to SU(2) transformations and positive rescaling.
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1.2. DEFINITE CONNECTIONS AND GRAVITY

In what follows these identifications will always be assumed unless we explicitly specify
otherwise. B

As a result of X¥ being definite we can make sense of its square root. In fact there is
a slight ambiguity in this definition: we fix it by requiring v/X to be positive definite, i.e
we take the positive square root.

With these choices of square root and identifications, we have

Fi=sVX'sI & Si=sVX R Viel,23 (1.2.2)

I1.2.2 Anti-self-dual gravity and Perfect Connections

A metric is said to be ‘anti-self-dual’ if the self-dual part of its Weyl curvature vanishes
ie, if W, = 0in (I.1.10). As Weyl curvature is conformally invariant, this is a property of
the conformal class of the metric rather than from the metric itself.

A metric is Einstein-anti-self-dual if it is Einstein and anti-self-dual, ie if W, = 0 ,
G = 01in (1.1.10). Alternatively, using (1.1.21), if

Fi=oF, Wiel23 (1.2.3)
(then 4A is the scalar curvature). Note in particular that for A # 0, F* A F7 /d*z o §%.
This motivates the following definition,

Definition 1.5. Perfect Connections
A definite connection is perfect if F* A FJ = 5”'%.

The relevance of this definition comes from the following:

Proposition I.6.
The Urbantke conformal metric associated with a perfect connection is anti-self-dual.
What is more the representative with volume form %F’“ A F* is anti-self-dual-Einstein

with cosmological constant s |A|, where s is the sign of the connection.

Proof.
Consider the Urbantke metric with volume form p = %F’“ A F*. Tt is associated with a

orthonormal basis of two-form {Z"}iél 55 asin (L.1.18). By construction, they are such

that X' A X7 = 26 pu. Together with our identification of the scaling transformations,
FiNFT = X358 ASF it gives
F'AFI=2X%9,.

Now by hypotheses,
2

) ] 5 A
F'ANFI = ?F’“ AFF = 25”?%

from which we read X% = %25’7' and

Fi=sVX'9i =5 ’%'2 (1.2.4)
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CHAPTER 1. CHIRAL GRAVITY

From this last relation we see that Bianchi identity, daF = 0, is now equivalent to
daX¥ = d¥+[A, Y] = 0 which is the defining equation (I.1.20) of the self-dual connection.
It follows that D = d + A is the self-dual connection of the Urbantke metric with volume
form p = 535 F¥AF*. With this observation (1.2.4) are just the field equations for Einstein
anti-self-dual gravity (1.2.3) with cosmological constant s |A|. O

1.2.3 Pure connection formulation of Einstein equations

At this point it is hard to resist writing down the pure connection formulation of Ein-
stein equations.

Consider a definite SU(2)-connection D = d+ A with curvature F = F'¢". As already
explained, it is associated with an orientation, a sign s and conformal class of metric §,.

We again denote F* A F9 = X¥d*z and define the following volume form,
1 2 1 =\ 2
" <Tr\/F A F) =55 (Tr\/}) d'z. (1.2.5)
This is a well defined expression as a result of the following facts: the definiteness of the
connection together with the orientation make X" positive definite and thus we can take
its square root, what is more <Tr\/§ )2 being homogeneous degree one in X the overall

expression does not depends on the representative of the density X.

However there are signs ambiguity in this choice of square root. They amount to the
choice of signature of the conformal metric v X Y. We will always take this choice of
square root such that det (\/7) > (, then the only signatures that remains are (+,+, +)
and (4, —, —). We thus need to make a choice for our definition of square root once and
for all: either we stick with the ‘definite square root’ or with the ‘indefinite square root’.

Definition 1.7. Finstein Connections
If A’ is a definite connection, define X% by the relation

. 4 1 2
FINF = 2XY (Tr\/F A F) . (1.2.6)

Then we will call it Einstein if
-1 .
da ((\/X) ”FJ) — 0. (1.2.7)

Again, the two square roots in this definition need to be taken with the same con-
vention, ie such that the resulting matrices have the same signature: either (+,+,+) (
‘definite square root’) or indefinite (+, —, —) (‘indefinite square root’). Note that for per-
fect connections, X% = 6”%2, as a result of which perfect connections are special case of
Einstein connections with the ‘definite square root’ convention (note that perfect connecti-

-1
ons are not Einstein connections for the ‘indefinite square root” as d 4 <<\/X> b FJ) #0

for VX = diag (1, -1, —1)).
The Definition 1.7 is motivated by the following,

25



1.2. DEFINITE CONNECTIONS AND GRAVITY

Proposition 1.8. Krasnov [Krasnov, 2011¢|

2
For an Finstein connection, the Urbantke metric with volume form ﬁ (Tr\/F A F) 15
Finstein with cosmological constant |A|Sign <s TrvE N F> What is more such a con-

nection coincides with the self-dual Levi-Civita connection of the metric.

Proof.
2
The metric in Urbantke conformal class with volume form v = # (TT\/ FA F) is

associated with an orthonormal basis of self-dual two-form {Zi}iel g DAY =209

It is defined up to SU(2) transformation. By definition, {Fi}iel,Q,S is a basis of self-dual
two-forms for Urbantke metric and F* = M%Y37 Vi € {1,2,3}.

As was already pointed out, a priori F' and X are valued in two different associated
SU(2) bundle: D = d+ A is a SU(2) connection on a SU(2) principal bundle P and
the curvature naturally takes value in the adjoint bundle P X gy () su(2), on the other
hand {E"}iel , 5 Is a trivialisation of the bundle of self-dual two-forms associated with the
Urbantke metric.

We now come again to the subtle question of identifying the two: this can be done
(at least locally) by requiring M* to be a symmetric matrix. Once this is done, however
there is still the possibility of acting with the diagonal transformation (X!, %% %) —
(!, —X2,—%3) and we thus have two possible identifications. We call them the ‘definite
identification’ and the ‘indefinite identification’ depending whether or not the resulting
matrix M¥ is definite or not.

As a rule, we now take the identification corresponding to the square root that we
chose, ie if one chooses the ‘definite square root’, we take the ‘definite identification’; on
the other hand, if one takes the ‘indefinite square root’ one should use the ‘indefinite
identification’. N

Finally, just as in the case of perfect connections, we identify rescaling of X and
rescaling of ¥ by imposing that FIAF7 = X% $3FAXF. Together with the choice of volume
form, ¥ A X7 = 20%v, this completely fixes all the scaling freedom: F* A FV = 2XYp.
Note that this gives the same result as in definition 1.7.

As a consequence of these different choices we have

Fi=sVX'Y o  Si=sVX Wp (1.2.8)

The field equations (1.2.7) now read da¥X = 0 which are just the the defining equations
(I.1.20) of the self-dual connection. It follows that D = d + A is the self-dual connection

of the Urbantke metric with volume form v. Having this in mind, F* = sV X g5 , are
Einstein equations (I.1.23) with cosmological constant sT'r (\/Y) . Finally, from (1.2.6),

one gets |T'r (\/Y) | =|Al. O

Note that one of the weakness of this formulation is that a particular choices of square
root (ie ‘definite’ or ‘indefinite’) can only describe a particular subspace of Einstein metric,
those such that the self-dual Weyl curvature F'/ is respectively definite or indefinite.
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2

Interestingly, the integral of the volume form # (Tr\/F N F ) also gives the correct
variational principle for Einstein connections. This is the pure connection action for GR
[Krasnov, 2011¢|. It can be obtained by integrating fields successively from the Plebanski

action, see also next section.

I.3 Chiral Deformations of Gravity

While chiral formulations of GR described above are certainly known to differential ge-
ometers specialising in Finstein manifolds, the related ‘chiral deformations’ of the Einstein
theory are almost completely unknown to the community. It is however an interesting
fact that the four-dimensional Einstein condition can be non-trivially deformed in a chiral
way.

On the one hand, it is well-known that GR can be modified, the simplest example of
such a modification being the R? gravity, of relevance, e.g., as a good model of inflation
[Starobinsky, 1980, Ade et al., 2016|. However, this model is equivalent to GR coupled to
an additional scalar field, and so propagates not just the two polarisations of the graviton,
as in GR, but also a scalar. One can then consider more involved modifications of GR
with higher powers of the curvature added to the Lagrangian. However, one can quickly
convince oneself that, because of the higher derivatives present in these modified theories,
they all propagate more degrees of freedom than does GR. Following this logic, if one
insists on second-order field equations then GR is the unique theory of metric, at least in
four dimensions. This is the content of several GR uniqueness theorems available in the
literature.

Consequently, it comes as a big surprise that it is indeed possible to modify GR without
adding extra degrees of freedom if one starts from one of its chiral descriptions. The
resulting chiral deformations of GR continue to have second-order field equations and
a count of the number of degrees of freedom by the Hamiltonian analysis shows that
they just describe the two propagating polarisations of the graviton. What is more and as
will be reviewed below, there is an infinite-parametric class of such chiral modified gravity
theories, in which GR is just a special member. The reason why it does not contradict the
above discussion is that these theories, when rewritten in metric terms, exhibit an infinite
number of higher derivative terms with precise coefficients. Each of these terms taken
individually would lead to extra degrees of freedom, but taken altogether they ‘conspire’
to forbid these extra propagating modes.

We should also stress that the type of modifications of gravity we are interested in here
is unique in the following sense: One can inspect the proofs of the GR uniqueness, notably
the modern proofs that deal with the scattering amplitudes, and note the particular
assumptions in those proofs that are violated by these chiral deformations. Removing
those assumptions, one can see that there results a new ‘uniqueness’ theorem stating
that these chiral modifications are the only ones that describe propagating gravitons with
second-order field equations; see [Krasnov, 2015].

In this section, we first review the description of this infinite family of gravity theories
in 4D can be described in terms of SU(2)-connections. This description will be useful in
Part 2 of this thesis. The material discussed here is mainly from [Krasnov, 2011a, Krasnov,
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2011c], see also [Fine et al., 2014] for a more mathematical exposition. We then describe
alternative action principles for these chiral deformations. Some of them appeared in the
literature in the last ten years |[Krasnov, 2009b, Krasnov, 2009a, Krasnov, 2011a| but
some of them are related to more recent work, see [Herfray and Krasnov, 2015, Herfray
et al., 2015] and [Herfray, 2016].

1.3.1 Chiral Deformations of Gravity

We here describe chiral deformations of gravity in their most concise form, the pure
connection formulation. It generalises the pure connection formulation of Einstein equa-
tions described above (see 1.2.3).

Pure connection formulation of the Chiral Deformations of GR

Let again A = A'c" be a definite SU(2)-connection for a SU(2) principal bundle over
a 4-dimensional manifold M,

SU(2) = P—- M (I.3.1)

and F = Fo’ be its curvature two-form. The definiteness of the connection, as defined
in 1.2.1, amounts to the definiteness of X% € M3 (R) defined by

FINFI = XUd's. (1.3.2)

A choice of chiral deformation of GR now amounts to a choice of SU(2)-invariant
function

fi Ms(R) x QM) — Q4(M). (1.3.3)
We can indeed evaluate such function on (1.3.2) to get a volume form

FAF— f(FAF)QY M), (1.3.4)

integrating this form against our manifold we obtain a functional:
S, [A] = / F(FAF). (1.3.5)
M

Let us call the above functions ‘deformation function’, for practical purpose the follo-
wing (equivalent) definition is more convenient:

Definition I.9. Deformation function A deformation function is a SU(2)-invariant function
f from three by three symmetric matrices to real numbers satisfying the following pro-
perties:

1. gauge invariance f(OXOT) = f(X), where O € SO(3),

2. homogeneity of degree one, f(aX) = af(X) for any « € R .
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By construction any deformation function gives a functional for connections, see (I1.3.5):
the two above property ensure that it is gauge invariant and well defined.

Clearly, there are many deformation functions. As a count one can diagonalise the
matrix X, deformations functions are then homogeneity degree one function of the eigen-
values. There are as many such functions as functions of two variables. We already saw

that GR is given by
2
Ser[A] = / (Tr ( FA F>> (1.3.6)
M

see however 1.2.3 for a discussion on the precise choice involved in taking the square root.
Critical points of (1.3.5) are SU(2)-connections satisfying the following second order

PDE’s

Note that the matrix of derivatives of the function f with respect to X is homogeneity
degree zero in X, and is hence well-defined even though X is really volume-form valued.

Discussion

The anti-self-dual sector: Instanton solutions In general, solutions to (I1.3.7)
strongly depend on the theory. There is however a sector which is shared by all Chi-
ral deformations, mainly the anti-self-dual sector of gravity i.e anti-self dual Einstein
metrics:

As we already discussed in 1.2.2 perfect connection i.e satisfying X% ~ §% give rise to
metrics that are self-dual Einstein.

It can be checked that, for any f, these connections are extremal points of (I.3.5),
i.e satisfy (1.3.7). For perfect connection the field equations (1.3.7) indeed reduce to the
Bianchi identity for the curvature and are thus automatically satisfied.

As a result anti-self-dual Einstein metrics, which correspond to perfect connections,
are solutions of (I.3.7) for any f.

Accordingly all this theories coincide on the anti-self-dual sector of gravity and only
differ when the self-dual sector is ‘turned on’. Thus the name ‘chiral deformations of GR’.
In particular the De Sitter solution, which is arguably the simplest anti-self-dual Einstein
solution, is shared by all the chiral deformations.

Metric interpretation. As already discussed in Proposition 1.2, a SU(2)-connection
that satisfies the rather weak requirement of being definite defines a conformal Riemannian
metric on M. As already discussed, the triple of curvature two-forms is anti-self-dual with
respect to this (conformal) metric and this property defines it uniquely.

A choice of deformation function (1.9) defines a volume form (1.3.4). We can make use
of this volume to fix the conformal freedom of Urbantke metric. When the connection
satisfies (1.3.7), the metric defined by A is constrained. We already saw Einstein connecti-
ons can be obtained by a proper choice of f cf section 1.2.3 and in particular Proposition
[.8. In this case the Urbantke metric with volume form (1.3.4) is Einstein and its self-dual
connection is A.
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In general however the metric interpretation of (1.3.7) is unclear. In particular, A has
no reasons to be the self-dual connection of Urbantke metric and nothing forces us to take
(I.3.4) as the volume of the Urbantke metric. There are indeed many other volume forms

at hand e.g TrF' A F.
Note that on the ‘anti-self-dual’ sector,

Tr (F A F)

Tr (F/\F)> — £(5) ; (13.8)

f(FAF>=f(6 .

so that it does not really matter which volume form we choose we consider.

More general solutions and propagating degrees of freedom. FEven though we
are far from understanding all Einstein metrics on 4-manifolds, some intuition as to how
many solutions exist comes from the Lorentzian version of the theory. Indeed, GR with
Lorentzian signature is a theory with local degrees of freedom, and so the space of solutions
is infinite-dimensional. For example, solutions can be obtained by evolving initial data.

A similar description is also possible in the Riemannian context, in particular in the
setting of asymptotically hyperbolic metrics. As is well known from [Fefferman and Gra-
ham, 1985|, one can indeed solve for asymptotically hyperbolic Einstein metrics in the
form of an expansion in powers of the ‘radial’ coordinate. The free data for this expansion
are a conformal class of metric on the boundary (modulo boundary diffeomorphisms), to-
gether with a symmetric traceless transverse tensor. This second piece appears as free
data in some higher order of the expansion. There are 2 + 2 free functions on the boun-
dary as free data, and this is the Riemannian analogue of the statement that GR has 2
propagating degrees of freedom.

We developed a similar expansion in the language of connections in [Fine et al., 2015].
One outcome of the analysis of this paper is that the expansion is universal for the whole
class of theories (1.3.5) i.e whatever the function f is. Only the details of the expansion
at sufficiently high order in the radial coordinate start to depend on f. In the first few
orders, the expansion is completely independent of f. In particular, the count of free data
that seeds the expansion is f-independent. This means that the free data to be prescribed
to get an asymptotically hyperbolic solution of theory (1.3.5) (locally near the boundary)
are 2 + 2 free functions on the 3-dimensional asymptotic boundary. This illustrates the
statement that the theory (I.3.5) has as many solutions as GR.

Lorentzian signature and the physical significance of these deformations. Once
GR gets embedded into an infinitely large class of gravity theories all with similar proper-
ties, one is forced to ask a number of questions: What makes GR unique as compared to
all these other theories? In fact, as all the chiral deformations of GR approximately look
the same around DeSitter space could it be that the world we live is only approximately
described by GR? The very fact that such chiral modified gravity theories exist forces us
to understand them.

Isotropic cosmological solutions are anti-self dual Einstein solutions and, as such shared
by all the chiral deformations of GR. In the other hand, anisotropic cosmological solutions
will depend on the particular theories considered. In [Herfray et al., 2015] we considered
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the influence of simple modification terms on the cosmological singularity of ‘Kasner’
cosmological model. This is interesting because such solutions are believed to encode the
behaviour of a generic space-like singularity. We considered a simple type of deformation
with the following property: as long as the Weyl curvature is small in Planck units
solutions essentially behave like GR. Typically, there is then a regime ‘far away in time’
from the would-be singularity where the solutions all look the same and approximate the
Kasner solutions. As the Weyl curvature increase, the modification start to show up and
the deformed solutions run further and further away from GR. In simple case it is easy to
choose these modifications in such a way that there is no singularity at all. Then ‘far away
in time’ before the would-be singularity the solution again approximate another Kasner
solution.

In general, however, one faces the following difficulty. In the Euclidean case, the use
of definite SU(2)-connections ensured the existence of an Fuclidean Urbantke metric.
On the other hand, when dealing with Lorentzian metric one should rather consider
SL(2, C)-valued connection, i.e complex valued field. One then needs appropriate ‘reality
conditions’ to ensure the reality of the associated Urbantke metric. When considering
GR, this procedure is (reasonably) well understood. In the case of chiral modifications of
GR this is however not understood how to modify these ‘reality conditions’. In a sense,
since the connection is the central field in these formulations and the metric interpretation
of the field equation is generically obscure, one could take the position that whether or
not the derived metric is real does not matter. Weather or not this attitude makes sense
can only be decided by coupling those deformed theories with matter, which, as far as we
are aware as never been seriously probed.

Whatever the attitude one takes, this is clear that finding reality conditions for SL(2, C)-
connection that adapted to a generic chiral deformation as such that the resulting Ur-
bantke metric is real with Lorentzian signature is an open question.

Having said that, we should also remark that there are many situations where the chiral
deformations behave perfectly sensibly and admit the usual interpretation in terms of a
real-valued space-time Lorentzian metric. This is typically the case when one considered
solutions with particular symmetries, see for spherically symmetric solutions [Krasnov
and Shtanov, 2008| and |[Herfray et al., 2015] for anisotropic cosmological solutions. In
these situations the physical effects of the modification can be studied unambiguously,
and have been studied, in particular in a paper [Herfray et al., 2015] including the author
of this thesis. We refrained from describing the results of this paper here because it would
take us too far from the main line of development of this thesis

1.3.2 Variational Principles

In the above we gave a pure connection formulation of the Chiral deformation of GR
(I.3.5). This deformations where parametrised by a choice of deformation-function f, GR
itself being given by a particular representative (1.3.6). We chose this presentation as it
is the most compact one but many other descriptions of these chiral deformation exists.
In fact, there are just as many way of describing these deformations as there are chiral
formulations of GR. We now take some time to describe these formulations.

These different actions are easily seen to be equivalent to the above pure connection
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action by integrating the relevant fields. As for for the GR ones, having the tools from
section I.1 and section 1.2 in hand it should be easy to the reader to convince himself
that they indeed describe GR metrics. For more details, see however the reference given
below.

Plebanski-like actions, S[A, ¥, B|:

The most basic way to describe these chiral deformations is in terms of the following
Lagragian

S[A, B, V] = /Bi ANF'— (\Iﬂ - @5”’) %Bi A B (1.3.9)

It is not a very economical action as is contains a lot of fields: a SU(2)-connection A
(which does not need to be a definite connection at this stage), a su(2)-valued two-form
B (again we do not need to require this triplet of two-forms to be a definite triplet) and
a symmetric traceless field: W) = @¥,

Here A (V) is any function of W, it parametrise the chiral deformations.

In this form GR is simply the special case where A = cst. One then obtain the
Plebanski action for General Relativity see [Plebanski, 1977], [Capovilla et al., 1991b] for
the original references.

Despite the large number of fields involved, this formulation of the chiral deformation
of GR is however interesting for the intuitive picture it gives of these otherwise unintuitive
theories: For solutions to the Plebanski’s action, i.e A = cst, U¥ is just the self-dual part
of the curvature of the Einstein metric and A its cosmological constant. Accordingly one
can think of chiral deformations as theories where the cosmological constant in not a
constant any more but rather a function of the Weyl curvature. This also makes it clear
that any of these ‘chiral deformations’ will behave as GR in the regime of not too high
Weyl curvatures. In this regime one can indeed expand the function lambda of psi and
keep only the constant part. This shows that the chiral deformations are UV modifications
of GR that keep the number of its propagating DOF unchanged.

Intermediate actions of the type S[A, V] :

Starting from the Plebanski-like action (1.3.9), the most direct way to see the equiva-
lence with the pure connection action (I.3.5) is to integrat out B and V¥ in this order.
The resulting intermediate action is

S[A, V] = %/ ((\If + @5)_1>H F'N\FI (1.3.10)

Here again A (¥) parametrise the deformation and GR is recovered for A = cst.
As an interesting variant, that was first described in [Herfray et al., 2015], one can use
a Lagrange multiplier u € Q*(M):

S[A, pu, M] = /MijFi ANFI + g (M”) (1.3.11)
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Each constraint g (M%) = 0 will give a different theory. In particular, one can recover
GR by considering
g(U)=Tr (M™') = A. (1.3.12)

Where A is a constant. Interestingly one can easily describe ‘anti-self-dual gravity’ in this
formulation. Taking as a constraint g (¢) = TrM, one indeed finds that the field equation
for M forces the connection to be perfect.

At this point, the equations obtained by varying M and p can formally be solved by
taking M = f(FAF) and p = f'(F A F) where f and f" are some functions that can
in principle be computed from g (M). The resulting volume is of the form f”(F A F)
where f” is some function that can in principle be computed from the above action and
parametrizes the family of chiral deformations.

Intermediate actions of the type S[A, B|

There is a longer, but just as interesting, way to obtain the pure connection formulation
of chiral deformations from (1.3.9). Instead of integrating out B one can indeed try to
integrate out W. The equations obtained by varying ¥ can indeed be formally solved as
U = f (B A B), where f is some function constructed from A (¢) that we leave implicit.
The resulting action then is of the form

S[A, B :/Tr(B/\F)+V(B/\B). (1.3.13)

This action reads like a ‘BF plus potential’ type of action. Once again the ‘potential’
V (B A B) is a free function parametrising the possible chiral deformations of GR. This
action was first discussed in [Krasnov, 2009a].

The particular potential necessary to describe GR is however not so easy to derive
from the Plebanski-like action and was rather guessed and first discussed in [Herfray and
Krasnov, 2015|(see however [Celada et al., 2016| for a derivation from a more complicated
Lagrangian):

. . — A1 2 . .
Sar[A, B] = /BZ A4S —3 (Tr\/B A B) - %B’ A B (1.3.14)

For generic € and A this action describes Einstein metrics with scalar curvature 4A. As
described in [Herfray and Krasnov, 2015], this action also has the following nice property:
for e = 0 one recovers again anti-self-dual gravity. Thus full gravity can be obtained from
self-dual gravity by the addition of the simple B A B term.

By formally integrating out the B field one recovers the pure connection formulation
of chiral deformations of GR. There is however an interesting intermediary step that is
worth considering.

It is indeed convenient to parametrise the B field in terms of the tetrad (el )Ie0..3 aSSOCi-
ated with its Urbantke metric 75 and symmetric traceless square-matrix M = MV o, ® 0j
such that

B= (MJ v 5iﬂ'> S (e) o (1.3.15)
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where
: - gk
Yie)=—e"Ne — 76] A e (1.3.16)
i€1,2,3

Note that there was an overall scaling freedom in the choice of the metric that we fixed

by taking the factor in front of the delta function to be one. (One can always choose \/ﬂv
to be symmetric as it amounts to a particular identification of the SU(2)-bundle with the
bundle of self-dual two-forms for gg).

With this parametrisation, the above action reads,

S [A, M, e} - /Ei(e) AFi MUSIAFI 4V (M) Vol(e). (1.3.17)

The self-dual Palatini-like action S[A, ¢

In order to integrate out M from (I.3.17), it is convenient to introduce the following
parametrisation for the curvature F(A),

F= (\/7]21' n G"@J) o (1.3.18)

Where X is again a square-matrix X = X%o; @ o;. Inserting this definition into (1.3.17)
we obtain,

S [A, M, e} - /zi(e) AF' 4+ Ty ((JTJ\/?) +V (1\7)) Vol(e). (1.3.19)

Varying with respect to M , one obtains a set of equations that can be formally solved as
M=f (X ) Vol(e), where again f is some function left implicit. The resulting action is
of the general form

S|A, ] = / Z(e) A F + A (X) Vol(e) (1.3.20)
where A()? ) is the free function parametrising the chiral deformations of GR. For A = cst
one recovers the self-dual Palatini action for GR with cosmological constant A. The
self-dual Palatini action (or Ashtekar action) really is the covariant side of the canonical
description of gravity in terms of Ashtekar variables (see [Jacobson and Smolin, 1988],
[Peldan, 1994] for a precise derivation of the constraints).

From this formulation, one again recovers the interpretation that chiral deformation
of GR morally correspond to allowing the cosmological constant to be a function of the
(self-dual) weyl curvature.

Integrating out the tetrad gives the pure connection formulation. One the other hand,
integrating out A from (I1.3.20) gives a pure metric formulation of the chiral deformations.
This last formulation was discussed in [Krasnov, 2010]. In the case of GR this is however
easy and one obtains the usual Einstein Hilbert action.
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Intermediate action of type S[A, M|

Starting back at (I.3.17) one can instead integrate out the metric. The resulting field
equations say that e is a tetrad for the Urbantke metric gg constructed from the curvature

and with volume form <Trm>2:
5 [A, JTﬂ - /Mij S AFI 4V (JTI) (Tr F A F>2 . (1.3.21)
GR can be obtained as

— —_— . . — 2
S[A, M] = /M” i A I % Tr(M) <Tr FA F> . (1.3.22)

For € # 0 this action describes gravity. In the case where ¢ = 0 this action describes
anti-self-dual gravity. See section 11.3.3 for a direct proof that this action indeed describe
gravity.
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Twistors

In this chapter, we wish to clarify that twistor theory is closely related to the above
chiral formulations of GR. In particular, the description of self-dual Einstein metrics
in terms of SU(2)-connections has a very nice twistor counterpart in the form of the
Non-Linear-Graviton theorem. This perspective leads to a new proof on the FEuclidean
version of this theorem. In turn this suggests new (though unsuccessful) approaches to
constructing a twistor action for GR. We first review the Euclidean Twistor space of a
Riemannian four dimensional manifold. This is done from a rather traditional ‘metric’
perspective. We then come back on these results and reinterpret them from a ‘connection’
point of view. Finally we close this chapter with a discussion on the still on-going chase
for a twistor action for full GR.

The twistor/space-time correspondence is usually presented in complexified terms, we
here decided to stick with the Euclidean signature. One the one hand this is coherent
with the preceding chapter where we saw that chiral description of GR accommodate most
easily this signature: then the relatively simple notion of definite connection (see definition
[.4) was enough to construct Euclidean metric. On the other hand, the Euclidean Twistor
space naturally has the structure of fibre bundle with structure group SU(2) and thus is
most suited to a description in terms of SU(2) connections.

II.1 Euclidean Twistor Space: Traditional Approach

We now review the geometry of the Twistor space T(M) associated with a Riemannian
manifold (M, g). In this Euclidean signature setting, this is just the primed spinor bundle
over M:

74— T(M) 5 M. (11.1.1)

The correspondence between space-time points and twistor-space points is then just a
projection: To any space-time z point corresponds a complex line P~!(z) ~ C? (parame-
trised by a spinor 74/) but a twistor-space point z is sent by the projection on a unique
space-time point x = P(z). This is as opposed to the complexified case where a point in
twistor-space was associated to a two-dimensional surface in (complexified)space-time. In
some sense the Euclidean perspective weaken the non-locality of the twistor construction.
This is unsatisfactory as non-locality was the most prominent feature of the theory. On

37
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the other hand the twistor-space of a general complexified space-time only exists for anti-
self-dual metric while Euclidean twistor space always makes sense. It is then natural to
start building up one’s intuition with the Euclidean case with the hope that new insight
obtained here can be generalised to other signatures.

What is more there is some beauty of its own to twistor theory in the Euclidean setting
(see e.g [Atiyah et al., 1978], [Woodhouse, 1985|, [Lebrun, 2004| for nice expositions). First
in the (conformally) flat case, it is tightly tied up to the geometry of quaternions via the
Hopf bundle construction,

H— H? ~T — HP' ~ §* (11.1.2)

Second, the Euclidean twistor space can be understood as the bundle of all possible (metric
compatible) almost complex structures on M. This leads to the possibility of constructing
a complex structure on T(M). We now briefly review how this works.

11.1.1 The Flat Case from Quaternions

We first describe the flat twistor space i.e the twistor space T associated with the
conformal compactification §* of the four dimensional Euclidean space. In the flat case,
the twistor space has a beautiful interpretation in terms of quaternion geometry that we
Nnow review.

Our presentation will be non-standard in the following sense: In the usual (complexi-
fied) approach to twistor theory (see e.g [Huggett and Tod, 1986], [Penrose and Rindler,
1986], [Ward and Wells, 1990], [Mason and Woodhouse, 1991]) one usually goes as follows:
starting with a four dimensional complex vector space T ~ C*, ‘the twistor space’, one
construct the compactified (complex) space-time Mc¢ as the space of two-planes in T. This
gives the twistor correspondence where points in M¢ are planes in T and points in T are
a planes in Mc. Only then does one usually introduce a reality structure that picks up
a particular signature: in the Fuclidean case this is an anti-involution ~: T — T with
no fixed points. Euclidean space-time points [E are then taken to be planes in T that are
left invariant by this anti-involution. It turns out that through any point z in T passes
a unique such plane (this is the plane going through the origine, z an 2) which therefore
gives a projection P: T — E.

As opposed to this approach, we here take (T, ) as our starting point and interpret
~ as a quaternionic structure on T. Practically it allows to identify T with H?, then
the four-sphere is directly constructed by taking a quotient §* ~ HP!. This approach
culminates in the explicit realisation of the exceptional isomorphisms

Conf (8*) ~PSL(2,H), Isom (S*)~Sp(2)/{£I}. (I1.1.3)

Even though the material here is known from experts, the presentation is somewhat
original in the sense that we are not aware that it appears anywhere as such in the
traditional literature on the subject (e.g [Atiyah et al., 1978], [Woodhouse, 1985]). See
however [Baez, 2002| for a general discussion on the division algebras and their relation
to exceptional isomorphisms.
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Quaternion Geometry

They are many descriptions of a quaternions H (also called Hamilton’s numbers) : in
terms of matrix, spinors, or in more abstract terms. The most common starting point is
to describe quaternions as hyper-complex numbers:

=@ +tig+jet+kegeH (11.1.4)

Here (qo,q1,q2,q3) € R* while j,k are generalisations of the unit imaginary number i,
satisfying the algebra j> = k? = —1, ijk = —1 and anti-commuting which each others.
The quaternion algebra is synthesized in Table II.1 and Figure II.1.

1 i j k
1 1 i j k
i i -1 kA
i ok 1 i
k k j 4 -1

Table II.1: Multiplication Rules for Quaternions. (This table reads from left to right. e.g:

ij=k.)

Figure I1.1: A picture mnemonic for the multiplication of unit quaternions. E.g ij = k,
jk =1, etc.

An alternative useful point of view is to think of quaternions H as a complexification
of complex numbers C (by the same procedure octonions @ can be obtained as complexi-
fication of H). A practical way of doing the identification H ~ C? is to rewrite (II.1.4) as

g=a+jif,  (a,8)=(q0+iq,q—ig)eC. (IL.1.5)

One can define a conjugation operation (i.e an involution on H) as

i=q—-iq—j@—kg=a"—jp (I1.1.6)

For any p, ¢ € H, it satisfies pg = ¢p and gives a metric structure on quaternions through?
1

{p.a) = 5 (@p + Pa) = pogo + P11 + P2dz + P3ds- (I1.1.8)

'In particular, sy e . ) )
lal” = g5 +ai + a3 + a5 = |a|” +[B]". (IL.1.7)

and it follows that ¢~! = q/|q|* = %
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As opposed to complex numbers, quaternions are non-commutative. They, however
preserve associativity (contrary to octonions) this allows for a matrix representation as
the matrix group U(2,C): In terms of the notation (II.1.5), this is easily done as

q::(% ‘Zf) e U(2,C). (IL.1.9)

What is more, the isomorphism (II.1.9) also identifies unit quaternions U(1,H) (i.e such
that gg = 1) with SU(2,C) matrices,

U(1,H) ~ SU(2,C). (I1.1.10)

It is also easy to see that the action of SU(2) x SU(2) ~ U(1,H) x U(1,H) on qua-
ternions defined by

(u,v).q =uqu, (u,v) € U(1,H) x U(1,H) (IT.1.11)

preserves the metric (I1.1.8) thus giving a concrete realisation of the isomorphism SO(4) ~
(SU(2) x SU(2)) /+I

One the other hand, if one restricts oneself to the left SU(2) action only, quaternions
can be identified with 2-spinors and their natural SU(2) action:

g~ (ﬁ) e C. (IL.1.12)

This is then clear that the ‘hat operation’, defined by
G=qj=p"—ja (11.1.13)

is preserved by this action. Clearly the hat operation is an anti-involution.

Because we restricted ourselves to left SU(2) transformations there must be an invariant
hermitian metric. This is constructed as follows. First we define a skew-symmetric ‘dot
product’ on quaternions

2
o= C (I1.1.14)
(z,y) = zy
by the relation
Ty=z9y+ jry Yo,y € H. (I1.1.15)
In practical terms, if
r=a+jpf and y=a+jb (I1.1.16)
then
r.y =—y.x =ab— Pa. (IT.1.17)

Finally, combining the dot product with the hat operation we obtain the Hermitian

metric on quaternions
.y = o’ a+ 5. (I1.1.18)
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Quaternionic Structure

In most situations we will not be working directly with quaternions but rather with
vector spaces equipped with a quaternion structure.

A quaternionic structure on a complex vector space V ~ C?" is given by an operator J
on V which is both anti-linear, J(Av) = A\*J(v), VA € C and an anti-involution J? = —1.
This is also common, and essentially equivalent, to describe a quaternionic structure
on a real vector space V ~ R* in terms of two almost complex structures I and J,
I? = J? = —1, which anti-commute I.J = —JI. There is then a whole 2-sphere of almost
complex structure as any tensor of the form

@I +yJ + zJI, such that 22 + y> + 22 = 1

indeed squares to minus identity. We will however here stick to the first point of view.
One can always choose a basis on V' ~ C?" such that the action of .J is

aq 5f
Io —o]
X=|..]1eC” — J(X) = e C?™, (H.1.19)
an B
6n —Oé;:

(compare with (I1.1.13)) In effect it realises the identification V ~ C?" ~ H",

a1
b1 1 a4+ j5
X=|.]leC" » [|..|= e H" (11.1.20)
ay, T an + J0n
B

(compare with (II.1.5)). This identification really is defined up to the subgroup of
GL(2n,C) preserving J and is clearly isomorphic to GL(n,H). The action of J in the H"
representation is just a left multiplication by j, JX ~ Xj.

As a result a complex vector space V ~ C?" equipped with a quaternionic structure
has both a GL(n, H)-action on the left and a H-action on the right.

Let us now consider more structure in the form of a compatible skew-symmetric
complex-bilinear form on V ~ C?* w € A*(V). This bilinear product is said to be
compatible with the quaternionic structure J if

w(J(),J() = (w(.,.)". (I1.1.21)

This is a useful condition because then

90, ) = w(J(),.) (I1.1.22)

is a Hermitian product on V ~ C?". In general it will not be definite. Through the iden-
tification V ~ C?" ~ H" the compatible metric g then becomes an Hermitian structure
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on H". By a proper choice of basis one can always put this metric in the canonical form
diag(si...sn), si € {—1,0,1}. Practically, in this basis 2,

g(X,)Y) = ZSZ' (afa; + Bib;) € C (I1.1.23)
i=1
then B
i=1
and altogether
gXY)+jw(X,Y) =) s Ty € H. (I1.1.25)
i=1

The subgroup of GL(2n, C) preserving both a two-form and a hermitian metric is USp(2n,C) =
U(2n,C)NSp(2n,C). From the discussion above it is clearly isomorphic to U(n, H). This
group is more commonly referred to as Sp(n):

Sp(n) =~ U(n,H) ~ U(2n,C) N Sp(2n, C).

Example: Euclidean Spinors The simplest example of quaternion structure is that
of a two dimensional complex vector space S ~ C? together with an anti-linear, anti-
involutive operator J. It is best to think of S as the space of spinors w® € S. In this
context we will write J = ~. Choosing an adapted basis identifies S with H as

S~C* - H
A (a) e atis (IL.1.26)
g
Then the hat operator is just quaternionic multiplication by j on the right,
S — H
A (_ﬁa) G (I1.1.27)

Transformations preserving J form the group GL(1,H) ~ C x SU(2,C).
If one makes a choice of compatible two-form € ® we obtain a hermitian product:

e(@,w)=dwt =afa+ B =0w. (I1.1.28)

’Here,

ai

by Y a; +j b1

Y=|.|eC” ~ ] = € H»

anp Yn an + ] bn

bn
3We raise and lower spinor indices according to the usual rules wy = wBepa, wA = eABypg.

42



CHAPTER II. TWISTORS

Here the compatibility condition (IT.1.21) reads
eap € My (R) (I1.1.29)

i.e is equivalent to € having real coordinates.

As already discussed the subgroup of GL(1,H) preserving the hermitian metric is
Sp(l) ~U(1,H) =~ SU(2,C).

We will come back rapidly to the next simplest case C* ~ H? as it is just the structure
of the twistor space of the four-sphere S*. Before that, it is best to introduce the last
piece of the puzzle and make a short detour to describe Hopf bundles.

Hopf Bundles

The Hopf bundles are fibre bundles made up of spheres only i.e of the form S? —
S? — S”. It turns out that the only possible cases are

St 8§35 §2
S3 < 8§ 84
ST 8§ 5 88

If one defines S° to be the set of two points {—1,1} one could also add to this list
SY— §'— S!

but this is a bit of a singular case and we won’t consider it here.

The first of these Hopf bundles, the fibration of 2 by circles S! certainly is the most
famous and is pictured in Figure 11.2.

That these Hopf bundles exist in finite numbers and for very special dimensions might
seem miraculous at first sight. The miracle will seem however less surprising once one
realises that it is directly related to the existence of complex number C, quaternions H
and octonions O respectively. Indeed Hopf bundles are easily seen to be consequences of
the ‘tautological bundles’ above the following projective spaces

C—C?>cCcpP!
H «— H? — HP!
0 — 0? - OP".

So that there is only one miracle, the existence of division algebras. The existence of the
preceding bundles is also responsible for the existence of numerous ‘accidental isomor-
phisms’ of Lie groups in low dimensions. Of particular importance for us are:

The first and most famous Hopf bundle

St §% 5 §2

5This nice piece of art is due to Niles Johnson and can be found on the Wikipedia page untitled "Hopf
fibration".
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Figure I1.2: A pictural representation®of the simplest Hopf fibration: the three-sphere 3
is thought as a three-ball where all the points on the boundary are identified (i.e this is
essentially a variant of the stereographic projection). It is fibred by circles of different
colours. The two-sphere in the bottom-right corner represents the base space.

is thus related to complex numbers and its geometry can be nicely described in spinor
notation as we will soon recall. This is the simplest example and it is often illuminating
to keep it in mind when considering its higher dimensional counterpart. The second Hopf
bundle

S?— 8" §4

is essentially the Euclidean twistor space over the four-sphere and is tied up with quater-
nions and will be our main interest. We will not touch to the last Hopf bundle (over the
eight-sphere).

Example: Euclidean Spinors and the Riemann Sphere As a baby example, let
us briefly consider the simplest case C — C? — CP!. The idea is to construct a metric
(resp a conformal metric) on the quotient space CP! such that the action of the isometry
group SU(2,C) (resp the conformal group PSL(2,C)) acts linearly on the total space C2.
It will serve as a warming up exercise as essentially the same methods will be used in the
slightly less trivial twistor construction.

44



CHAPTER II. TWISTORS

Action on 8" n= 2 n=4
Conformal group SO(3,1) ~ PSL(2,C) SO(5,1) ~ PSL(2,H)
Isometry group = SO(3) = SU(2,C)/11 SO(5) ~ Sp(2)/11 =U(2,H)/ 11

Here again we take S ~ C? to be a two dimensional complex vector space that we think
of as the space of unprimed spinors. Thus let w* be coordinates on S. The particular
dimension of S allows to use a skew-symmetric tensor €45 (defined up to a global factor)
to raise and lower indices. We can then construct the following metric (defined up to a
global scaling).®

1
Jop = 5Wh dw™ ® wp dw®. (11.1.30)
This metric vanishes in the Euler directions (that generates complex rescaling)
0 2 \"
— ,A * A

and what is more the Lie derivative along this directions just rescale the metric. One
therefore obtains a conformal metric on CP!, in fact it is conformally equivalent to the
round metric, see below. The subgroup of GL(2, C) preserving €45 is SL(2,C) ~ Sp(2, C).
As aresult, the action of SL(2, C) on spinors preserves the metric (I1.1.30) and thus realises
the isomorphism PSL(2,C) ~ Conf(S?) ~ SO(3,1).

We now suppose that S is equipped with a quaternionic structure ~: S — S and take
eap to be real so that the two structures are compatible. We then have a hermitian
product on S, (w,w) = Waw? = &.w. Now consider

s Wa d? ® wp dw®
2 (G.w)?

As compare to (I1.1.30), the Lie derivative of this metric in the Euler directions (I1.1.31)
vanishes and it therefore descends to the round metric on CP'. Note that it does not
depend on the precise scaling of . The precise numerical factor in front of this expression
has been chosen so that the radius of S§? is R.

Again Sp(1) = U(1,H) ~ SU(2) preserves the hermitian structure on S ~ H. This
thus realises

(11.1.32)

gcpr = 4R

Sp(1)/41 = SO(3). (11.1.33)
One could also have directly started with the metric on S ~ H
1 1
gs = 5w © dw = 5dwa © dw?. (T1.1.34)

playing with indices” this can be rewritten in a form that fit with the bunlde structure
C—C?—CP!
Oadw? © wpdd®  Dadd? © wpdw?
2 w.w 2 w.w
i.e the first term is a metric along the fibre while the second is proportional to Fubini-Study
metric (I1.1.32) on CPL.

5Here and thereafter A B=A® B+ B® A.
TAll one needs is the identity 645 &.w = w?

gs = (I1.1.35)

LOB — (:)AwB.

45



II.1. EUCLIDEAN TWISTOR SPACE: TRADITIONAL APPROACH

The Twistor space of S*

We now come to the twistor space of the four-sphere S*. This is just the total space
of the Hopf bundle
H — H?> — S* ~ HP". (I1.1.36)

Just as in the above example we want to construct a metric (resp a conformal metric)
on HP' such that the isometry group Sp(2) (resp the conformal group SL(2,H)) acts
linearly.

As a starting point, we take the ‘flat twistor space’ T ~ C* to be a four dimensional
complex vector space. What is more, we take T to be equipped with a quaternionic
structure in the form of an anti-linear, anti-involutive, ‘hat’ operator

~:T = T. (I1.1.37)

As previously described, it allows us to identifies T with H? up to an action of GL(2,H) on
the left. We thus introduce quaternionic coordinates on T as (7,w) € H2 We will move
freely from complex coordinates Z* € T ~ C* to quaternionic ones (m,w) € T ~ H?. The
quaternionic structure also allows us to define a quaternion multiplication on the right:

Za * Za
Vg=a+jpeH, VZ*eT, Zoq ' = O;—+f = (mq¢ " wg™') . (I11.1.38)
af? + (5|
Quotienting by this action we obtain points on S* ~ HP!. They are best written in terms
of homogeneous coordinates [Z%] = [, w].

Conformal Structure on S* The four-sphere can now be given a conformally flat me-
tric as follows. Making use of the four dimensional skew-symmetric tensor €,5.5 (defined
up to a scale), we introduce a metric (also defined up to a global rescaling) on T as

st = €apye227Pd 27 @ dZ°. (11.1.39)

Now this metric has four degenerate directions

0 50 0 54 0 0
Z° 70—, 7° Z—. 11.1.4
VA 0z 0z’ oz (IL.1.40)

These vector fields generate the action on the right of H on T (cf eq (I1.1.38)). What is
more it can be checked that the Lie derivative of (I1.1.39) along the two first vector fields
of (II.1.40) just rescale the metric while the Lie derivative along the last two is zero. As
a result this metric descends to a non degenerate conformal metric on S* ~ HP!.

This is clear that the GL(2,H) action on H? preserves this conformal metric. We will
see shortly that it is in fact the usual conformally flat metric on S*. It follows that the
action of PSL(2,H) on HP! ~ S* is just the action of the conformal group of the four
sphere Conf(4) ~ SO(5,1), thus realizing the exceptional isomorphisms

PSL(2,H) ~ SO(5,1). (I1.1.41)
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It is now convenient to introduce stereographic coordinates on S* ~ HP'. Let us
choose a point I* € HP!, and take a properly adapted quaternionic coordinate system
such that I* = [0,1]. We can then write any point of HP'\{I} as [r,w] = [1, X]. Here
X € H are the stereographic coordinates on HP'\{I} ~ R*. By construction, we have
the euclidean version of the incidence relation:

w=Xm. (I1.1.42)

The incidence relation relates point ‘space-time’ with points of the twistor space. Ma-
king use of this coordinates and restricting (I1.1.39) to m = cst, one indeed obtains the
conformally flat metric on S*,

ds* oc dX © dX. (I1.1.43)

Infinity Twistor If, on top of the quaternionic structure, one is given an ‘infinity
twistor’ i.e a compatible complex-bilinear form on T, I € A%(T) such that I(V,Z) =
(I(Y,Z))" one obtains an hermitian structure g(X,Y) = I(X,Y) on T. In a suitable
basis,

9(Z,2) = 1,32°7° = 7m + A Gw. (I1.1.44)

Here A € R is a parameter whose sign characterises the signature of the metric.
As a general rule we will write the contraction by the infinity twistor with a dot
product:
ZW = Z2W°Is, ~ VZ,WeT. (11.1.45)

We can use the infinity twistor to fix the conformal scaling in (II.1.39)

Eaﬁv(;ZAaZBdZA'Y ® dZé

(2.2)2

This is indeed straightforward to check that the Lie derivative of this metric along the four
directions (I1.1.40) vanishes. In other terms this metric is invariant under quaternionic
multiplication and therefore gives a proper metric on HLP!. In stereographic coordinates,

(IL.1.46)

gss = 12

dX © dX
gt = 12 © (I1.1.47)

2(1+A|X[2)*

Here the precise numerical factor has been chosen such that the scalar curvature is con-
stant with value 4A.

Tn general the metric (I1.1.46) is only well defined where Z.Z # 0. Points on HP' such
that Z.Z = 0 are then ‘at infinity’, thus the name of the infinity twistor. There are three
different possibilities:

For A = 0, the infinity twistor is degenerate and therefore factorises I, = f[alﬁ].
There is a unique point at infinity written [/*] and the metric (I1.1.46) is the flat metric
on R* ~ HP'\{I}.

For A < 0, the infinity twistor has signature (1,1) and there are "null directions". The
metric (I1.1.46) is the hyperbolic metric on the four-dimensionnal Poincarré ‘four-ball’.
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Then the action of U (1, 1; H) on H? preserves this metric and it follows that U (1,1, H) /4
is the group of isometry of the hyperbolic space H?, i.e U (1,1, H) /i3 =~ SO(4, 1).

For A > 0, (I1.1.44) is the usual hermitian metric on H? and the metric (I1.1.46) is the
round metric on the four-sphere with radius R? = 3/A. The action of Sp(2) = U(2, H)
on T preserves this structure and thus the metric (I1.1.46). It follows that the action of
Sp(2)/+1 on HP! ~ §* are isometries of S*, thus realising the exceptional isomorphism

Sp(2) /41 = SO(5). (I1.1.48)

Note the very nice relationship between the sign of the curvature of the base space metric
(I1.1.47) and the signature of the quaternionic metric on the total space (II.1.44). Inte-
restingly this says that the twistor space above H* naturally comes with a metric of split
signature (4,4).

Finally the ‘infinity twistor’ allows to define a metric on T,

gr = Iap dZ% ® dZP = d7 © dr + A do © dw. (I1.1.49)
In order to make sense of this metric, let us consider the patch
H— T~{Z st Z = (0,w)} — HP\{I} (T1.1.50)

together with the following trivialisation

T{ZstZ=(0,w)} — HxHP~\{I}

¢ _ (I.1.51)
Za:\/TA—XP(X?T) — (m, X)

Then we can put the above metric in a form adapted to the fibre bundle structure,®

AdX ©dX
2 (1+ A|X]2)*

1
gz = 5D7 © D + (I1.1.52)

Accordingly, the first term is just the flat metric on the fibre and the second term is the
conformally flat metric on the base with scalar curvature sgn (A) 4 x 12. When A > 0
this is the round metric with radius R* = 1/4.° Note that the signature of (I1.1.52) is
coherent with the signature of (II1.1.49) as it should.

Projective Twistor Space

We just described the essential geometry of the twistor space T ~ H? of §*. One
crucial feature here is that T ~ C* naturally is a four dimensional complex manifold.

Even more interesting is the projective Twistor space of S*, the space of complex lines of
T ~ C*ie PT ~ CP3.

8Here D7 = drm + iA7 where A = %% is the self-dual part of the Levi-Civita connection.

%In general, the radius R? of the n-sphere is related to its scalar curvature through S = n(n —1)/R2.
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The Fubini-Study metric gpr on CP? is defined from (I1.1.49) as follows:

2426747

o A (ZZ) ger (IL.1.53)

gr

This expression has the following interpretation, the twistor space T is the total space of
a complex line bundle over PT,

C — T — PT. (I1.1.54)

The metric on T (II.1.53) accordingly split into a fibre metric and a base part.
Because we have a quaternionic structure, PT ~ CP? itself is fibre bundle

CP'— CP?> — §* (T1.1.55)
and the Fubiny-Study metric on PT can be refined into

Zd7 & ZdZ A

O2E 1 g (I1.1.56)
Q(Z.Z)

geT =

With the second term given by (I1.1.46). In stereographic coordinates:

7.Dr ® #.D7 N ANdX ©dX
2 (m.7)? 2(1+ A|X|2)2'

gpT = (I1.1.57)

In the following, this metric will serve as a model for our curved twistor space con-
structions.

I1.1.2 4D Euclidean Space-Time, Complex structure and Spinor
Conventions

We now consider a general 4D Riemannian manifold (M, g). Let (61)16012’3 be a
orthonormal co-frame and (er);cq; 53 be a dual orthonormal frame. Everywh7e7re Latin
indices are raised and lowered with the Euclidean metric n;; = diag (1,1,1,1).

One here wishes to establish the following point: A choice of spinor 74/ at a point x on
M amounts to a choice of almost complex structure on the tangent space at this point.
This will serve as a motivation for introducing, in the next section the twistor space T(M)
associated with M as the total space of the primed spinor bundle 74 — T(M) — M.
Indeed the twistor space can then be understood as the bundle of all possible almost
complex structure.

In our way to prove this (rather elementary) fact we will review the spinor notation
and elements of complex geometry, essentially with a view of fixing our conventions.
See for example [Penrose and Rindler, 1985] for more on spinors in four dimensions and
[Huygbrechts, 2005, Wells, 2008| for the geometry of complex manifolds.
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Spinor notation

We already described in the previous sections how the isomorphism SO (4) ~ SU(2) x
SU(2)/41 can be made explicit by using identification H ~ R*. Then SU(2) actions
are just multiplications by unitary quaternions on the right and left respectively. It is
sometimes convenient to use this isomorphism in the most explicit way possible i.e in a
tensorial notation. This is the role of spinors.

Let V' be a vector field on M

V =Ve. (T1.1.58)

. . . . . . /
In order to convert space-time indices into spinor ones let us introduce the tensor es4

defined by the convention:

;1 (—ivor Ve vy
Vier” = iv/2 ( VIgiv? iy - v3> ' (I1.1.59)

As we already discussed, the action of the orthogonal group on vector indices V! amounts
to an action of SU(2) x SU(2)/41 respectively acting on primed and unprimed indices.
Spinors indices are lowered and raised with the skew symmetric tensor

B A (_01 é) (T1.1.60)
according to the usual convention:
as =aPegs, ot = Pag. (I1.1.61)
(with similar convention for primed spinors)
Altogether, this is such that
V2=V, = VAV 4. (I1.1.62)
Contraction of primed and unprimed spinors are treated on an equal footing,
af=axBY,  af=asbt (11.1.63)
(o, B) = auf* =a.8 >0, (o, B) =GB = 6.5 > 0. (I1.1.64)
Now, let V44" be in M, (C). In general,
V=V"e, 0 € TcM (I1.1.65)

will describes a vector of the complezified tangent bundle. It will be of the form (I1.1.59)
and thus describe a real tangent vector if and only if for any 74" € S’ there exists w? € S
such that

! 1 ! ’
e — (wAfrA - @)ATFA> . (IL.1.66)

T

Accordingly a choice of primed spinor 74" € S’ at a point x € M defines an almost
complex structure on 7'M, in the form of an identification of T M, with S ~ C2:

TM, — S

Vo A, (I1.1.67)
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Almost Complex Structure

We here very briefly recap some standard results of complex geometry that we will
need in the following.

Definition II.1. An almost complex structure on a differentiable manifold M is a diffe-
rentiable endomorphism in the tangent bundle, J: TM — TM, such that J* = —Id.

A differentiable manifold with some fixed almost complex structure is called an almost
complex manifold.

We can extend J to the complexification of T'M, TcM and define the holomorphic
tangent bundle and anti-holomorphic tangent bundle as the eingenspaces of eigenvalues
+7 and —:

T ={V eTcM | JV =iV} , TOY ={V eTcM | JV = —iV}.
An almost complex structure is thus equivalent to a decomposition:
TeM =T @ 7% (I11.1.68)

It also induces a decomposition of k-forms on M : QEM = @ QP4 M.
p+qg=k
We will note 77 the projection QXM — QP9M (here p + g = k), most of the time we
will simply write this projection with a bar e.g if o € Q*(M),
al,, =17 (a). (I1.1.69)
This is useful to define the Dolbeault operators:

Definition I1.2. Dolbeault operators
O = qPtla o d: QPIN s QptLaps and 9 := P9t o d : QPIM — QPatL)S.

What is essential here is that we only used the almost complex structure to make
sense of these definitions. In particular we did not suppose that M has the structure of
a complex manifold. There are a priori no holomorphic coordinates. Of course if M is a
complex manifold with holomorphic coordinates {z'} then

0 0
1007 017 _ 1,0 _ I 0,1 _ I
T°M {821}’ T M {821}’ O (M) {dz}, 0> (M) {dz}
but not every almost complex manifold is a complex manifold.

Definition II.3. An almost complex manifold is called integrable if it is induced by a
complex structure.

The Newlander-Nirenberg theorem tells us when an almost complex structure is inte-
grable:

Theorem I1.4. Newlander-Nirenberg
The following statements are equivalent:
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The almost complex manifold M s integrable

[TOIM, T M) C T M, i.e TO' M is integrable as a distribution
e 9>=0

da=0a+0a ,YaecA' k#+0

o doo=0a+0a ,Vac A
e ™20da=0,VacA%

One easily shows that the last five points are equivalent (cf e.g [Huygbrechts, 2005]),
but the highly non trivial part is to prove that they imply the existence of a complex
structure.

Almost complex structure on a Riemannian manifold

We are now interested in the almost complex structures on a Riemannian manifold
that are compatible with the metric structure.

Definition I1.5. An almost complex structure J is said to be compatible with a metric
g if for any vector fields X,Y

g (JO0). JY)) = g (X,Y). (I1.1.70)
As J* = —Id, this is equivalent to
w(X,Y) =g (J(X) ,Y) (I1.1.71)
being a two-form, g (J(X),Y) = — (J(Y), X).
In this thesis we will use the following terminology. It is essentially standard but there
seem to be fluctuations.

Definition II.6.

e A differentiable manifold with a compatible triplet (J, g, w) of almost complex struc-
ture, metric and two-forms will be called and almost Hermitian manifold.

e An almost hermitian manifold with integrable complex structure will be called Her-
mitian.

e An almost hermitian manifold with a closed (symplectic) two-forms w will be called
almost Kahler.

e Finally a Kdhler manifold is an almost hermitian manifold with both integrable
complex structure and a closed two-form.
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As any two-form in four dimension, w can be decomposed in terms of the self-dual and
anti-self-dual basis (see Appendix eq (B.1.2)):
w= 'S + g% (I1.1.72)
It just takes a direct calculation using the algebra of the sigma matrices (again given in
Appendix see eq(B.1.6)) to see that J> = —Id is equivalent to
w=a'Y with afai=1 or w=p#% with A8 =1. (I1.1.73)

We will call the first a ‘self-dual almost complex structures’ and the second ‘anti-self-dual
almost complex structures’.

We now concentrate on self-dual almost complex structures, these are the one which
preserve the orientation. The above shows that the space Z of almost complex structures
compatible with both the metric and orientation is isomorphic to the two-sphere S

S? = AT > Z

mt —> Ty > 7Y el @ ey
Alternatively, Z ~ S? ~ CP!. We can make this even more explicit: Using spinor
notation every euclidean real two-form w can be written as:'°

. eAA" A BB
w == (o) eas + Buby exn) — (IL.1.75)
(I1.1.76)
= axap SYP 4 BB 24P (I1.1.77)
So that the isomorphism CP! ~ Z can be rewritten as
CP' AT > Z (T1.1.78)
[Tar] — 20 LfiBl sAB iWAIﬁB/ A @ eap + 'ﬁAﬂiB/ A @ eap.

T T T
It is then clear from (II1.1.78) that the set of (1,0)-vectors associated with a point
S CPl is: (ﬁ'AIGA/A> .
A€0,1

This is coherent with what we already saw above, see eq (I1.1.67)), a choice of primed

spinors 74" at a point € M decomposes the tangent space!'® :

TcM, = TYOM, & T M,
(I1.1.79)

AA! AA_ #E AA &~ B

\% €aa = \% A ﬁeAB’ -V A EGAB’-
10Tn particular in our conventions
A’ cB’
’ ’ /\

pAB - o R (I1.1.74)

2

This is such that it coincides with our convention for the ¥ matrices of the first chapter (see eq (B.1.3))
when one converts spinor indices according to the rule given in appendix (see eq (B.2.1)). This convention
also naturally allows to interpret self-dual two-forms as representation of su(2) see in the appendix eq
(A.2.3) and below.

1 This comes again from the identity 64’ 5 = L (ﬁ'A/WB’ - 7TA/¢B’>-
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The bundle over (M, g) of almost complex structures compatible both with the metric
and the orientation is called the projective Twistor bundle and its total space PT(M) is
called the projective Twistor space of M. As we just saw it is isomorphic to the bundle
of projective primed spinors.

11.1.3 The Twistor Space of a General Riemannian 4-manifold;
essential results

We are now in a position to describe the essential structure of the twistor space of a
Riemannian manifold. See [Woodhouse, 1985], [Atiyah et al., 1978| and reference therein
for the original results. We however presents these results in a way that is suitable for
our ‘pure connection’ generalisation.

The Twistor Space of a Riemannian manifold

Given a Riemannian manifold (M, g) the Twistor space of M, T(M), is the total space
of the primed bundle, i.e locally T(M) ~ S" x M. The associated projective Twistor space
PT(M) is just T(M) with projectivised fibres, locally PT(M) ~ CP! x M.

The discussion from the previous section gives a more geometrical interpretation of the
projective twistor space of a Riemannian manifold as the bundle of the self-dual almost
complex structures over M. In particular a section of PT(M) is the same as a choice of
almost complex structure on M. Somehow working with PT (M) means that we are not
choosing and that we are considering all the possible almost complex structures on M at
the same time.

Because the space of almost complex structure at a point is itself a complex manifold,
CP!, it is no surprise that T(M) can be given an almost complex structure. Let us see
schematically how it can be done:

The self-dual part of the Levi-Civita connection, being a SU(2)-connection, induces a
connection on twistor space. Suppose we are at a point Z = (z,74/) € T, the Levi-Civita
connection then splits the tangent space T T in it’s vertical part V;, naturally isomorphic
to T,S" ~ C?, and its horizontal part H, isomorphic to T, M:

T,;T =V, & Hy ~T,5 & T,M (11.1.80)

We can now choose for TS’ ~ C? its canonical almost complex structure and for T, M
the almost complex structure associated with 7 (I1.1.79), all in all it defines an almost
complex on T(M). PT(M) naturally inherits this almost complex structure.

This almost complex structure turns out to be conformally invariant. What is more it
is integrable if and only if the base manifold is a anti-self-dual i.e if the self-dual part of
the Weyl tensor vanishes: V4 pcp = 0 (or, in the notations of the first section, Ui = 0).

Before we come back to this construction in some more details, it is good to take some
time to describe the SU(2)-geometry of the twistor space.

SU(2)-Connection and the Geometry of the Twistor Space

We here emphasise the geometry induced on T(M) by a SU(2)-connection only. It will
serve as a starting point for our ‘connection approach’ to Twistor theory.
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Accordingly, we now take ‘space-time’ to be a SU(2)-principal bundle
SU(2) - P —M (I1.1.81)
over a four dimensional manifold M equipped with a SU(2)-connection
D=d+A. (I1.1.82)

We will describe this connection by its potential in a trivialisation, A = A’ o".
The associated ‘twistor space’ T(M) is simply the spinor bundle over M, this is an
associated vector bundle for our SU(2)-principal bundle:

C?* — T(M) — M. (I1.1.83)

We will use adapted local coordinates (x* m4/) to describe this bundle. As always, we
raise and lower spinor indices with the anti-symmetric tensor €4 g (Here this is simply
the metric volume form preserved by the SU(2) action). Having SU(2) structure group,
the C? fibres of this bundle come equipped with a hermitian metric we represent by an
anti-linear, anti-involutive map,

2 2
~ { ¢ =C (I1.1.84)
TA > Ta
such that
a, € C? (a, B) = dua Y (11.1.85)

We already discussed the interpretation of the hat operator as a quaternionic structure
in the previous sections.

Making use of the fundamental representation of SU(2), the SU(2)-connection D =
d + A naturally acts as a connection on twistor space :

if
s { M= T(M) (11.1.86)
T = Ta (%)
is a section of T(M) then its covariant derivative with respect to A is
VTFA/ = dﬂ'A/ — AB/A/ Tp, AA,B/ € 5u(2). (11187)

Now we can also re-interpret this last equality in terms of forms: We define the one-forms
Dra € Q' (T(M)) on the full space of the bundle T(M) as

DT{'A/ = dﬂ'A/ — ABIA/ 7TBI E Ql (T(M)) . (11188)

These are in fact the coordinates of a projection operator, the projection operator on the
vertical tangent space to T(M):

Proj = Dry ® ai € End (IT'T(M)) . (I1.1.89)
A
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The kernel of this operator is the horizontal distribution associated with the connection
D =d+ A. Thus (I1.1.87), (I1.1.88) corresponds to the usual dual points of view on con-
nections: either as a differential operators acting on sections or as a horizontal distribution
on the total space of the bundle.

The associated ‘projective twistor space’ PT(M) is the projectivised version of T (M),
with fibres isomorphic to CP*:

CP' — PT(M) — M. (11.1.90)

We will most frequently use homogeneous coordinates (93“, [WA/]) to describe this bundle.
The main advantage with this notation is that section of O(n, m)-bundle over CP! (and
by extension over PT(M)) are equivalent to functions f(z,74) with homogeneity n in
w4 and min w4 12

Similarly k-forms on PT(M) with values in O(n,m) are uniquely represented by k-
forms on PT(M) with homogeneity n in w4, m in T4 which vanishes on F = Tar 22—

O 417
T~ 0 .
B = TA G
o € QF (PT, O(n, m))
& (11.1.91)

a€QF(T) st Eix=0 FEix=0 Lgpa=na, Lza=ma.

Here FE and E the ‘Euler vectors’, they generate the vertical tangent space of the complex
line bundle C — T (M) — PT(M).
As a concrete example,
7= mu D (I1.1.92)

represents a O(2)-valued one-form on PT(M) but %4 Dn? does not represent a well
defined object on PT(M) as it does not vanish on Span (E,E)

We can use this fact to define a connection on the O(n,m) bundles. For suppose
f(x,mar) represents a section of the O(n,m) bundle, Lrf =nf, L = mf. Then we can
define its covariant derivative as

A~ !/ ~ A’
7TA/D7TA 7TA/D7TA

.

T
It is a simple exercise to verify that £.d, m)f = 0, EJd(n’m)f =0, Ledmm) [ =ndnmf,
Lsdmm) f =m dnm f and thus that d(, ., f indeed represents a O(n, m)-valued one-form
on PT(M).

This connection also preserves the following Hermitian metric on the O(n, m)-bundles:

a, € O(n,m), (a, fy =a B (mt) " ™. (I1.1.94)

A simple calculation indeed shows that d, ) (7.7)" = 0. In particular, when restricted
to each CP! this connection is the natural Chern-connection on O(n) bundle induced by
the Kéhler structure.

2The O (n,m) bundles are ‘natural’ complex line bundle over CP'. Here one can take as a defini-
tion representations of their sections in terms of functions f (7, %) on C? with homogeneity n and m
respectively in m and 7. See however appendix C.1 for more details.
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This connection on O(n, m) bundle over PT(M) extends to a connection on O(n,m)-
valued k-forms in the usual way. It is for example instructive to check that,

!

doyt = F¥ . (I1.1.95)

We thus see that the SU(2)-connection that we started with induces two natural
geometric objects on PT(M): a O(2)-valued one-form 7 = w4 Dn? and a covariant
derivative d(, ) on the O(n, m)-bundle over PT(M).

The Almost Complex Structure on T(M)

We now come back to a metric context. We take (M, g) to be a Riemannian manifold
and T(M) the associated twistor space. As we already explained the self-dual part of the
Levi-Civita connection gives a O(2)-valued one-form on PT(M) and a connection on the
O(n, m)-bundle over PT(M).

The almost complex structure on PT(M) can then be defined by the O(4)-valued
(3,0)-form

Q30 = 10 DTV AN ePrp A e (I1.1.96)

In fact there is another natural almost complex structures on T(M).

1

(m.7)*

QB,O —

(fr W DFY A B 1 A elC’wC,> (I1.1.97)

We will respectively refer to these almost complex structures as ‘the integrable almost
complex structure of T(M)" and ‘the non-integrable almost complex structure of T(M)’
because the first one can be integrable under certain conditions (cf Proposition I1.7) while
the second never is. In this section we will only consider the first one, see however the
end of section TV.2 for a discussion on the ‘non-integrable’ one.

As we already explained, in the presence of almost complex structure we can define
the projection Q" — Q@9 (here p+q = r). For practical purpose, we will write this map
as o+ a} ) For example,

~A' ~B’ A B
A'B’ _ ™ A'B e T
> (2,0) — 2w (m.7)2" 2 02) — LT (7). (I1.1.98)
(A’ ~B")
A'B _ LT
2 {(171) = 2277 —(W.ﬁ)Q ,

(In order to lighten notations here and thereafter Ymm stands for YAB s etc).
Let us now turn to integrability. A direct calculation gives

d <eAA’7rA,> oo =0 (I1.1.99)

A A

YT

(m.7)2’

d7’|072 = F7T7T‘072 = Urnnm (I1.1.100)

so that we have the following
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Proposition I1.7. The almost complex strucutre defined by the (3,0)-form (I1.1.96) is
integrable if and only if the metric on the base manifold is anti-self-dual i.e is the self dual
part of the Weyl tensor vanishes ¥AB'C'P" = (.

It turns out that this almost complex structure is conformally invariant. Because the
Weyl tensor is a conformal invariant the integrability condition of Prop (IL.7) also is,
which is reassuring.

The Contact Structure on T(M)

In the context of an almost complex manifold, it is natural to introduce Dolbeault
operators on the space 79 [n, m] of O (n, m)-valued (p, ¢)-forms as

QP4 n,m] —  QPFLe[p m) P4 n,m] — QP p m)
0: L0
a = (d(”’m)a) ’(p+1,q) @ — (d(”’m)a) {(p,q+1)
(I1.1.101)
Then
=~ ~ Zﬂ'ﬁ' ""AB
or = =2 VUnnnq CEE + 717G ap X (I1.1.102)
.7

so that we have the following

Proposition I1.8. The O(2)-valued (1,0)-form T = 7w Dr?" is holomorphic if and only
if the metric on the base is anti-self-dual Einstein.

Note that while the almost complex structure on PT(M) was conformally invariant, 7
which is directly related to the self-dual part of the Levi-Civita connection is not. This
is in line with the fact that the Einstein condition on metric is not conformally invariant.

The Kéhler Structure on T(M)

Let us now consider the following hermitian structure on PT(M) (compare with the
flat case (I1.1.52))

g= 4R2WA'D7TA/ ap DR 1 .

+ —€ @ e ’
2 (m.7t)° 2 A
D A’ A ,DAB’ AB' '~
_yppTA PN DT PR €Ty O ea Tior (I1.1.103)
2 (m.7) .7
and
4iR? 7TA/D7TA/ /\7ATB/D7ATB/ .eAB/ﬂ'B/ /\eAC,ﬁ'C/
w =4 — _
2 (m.7)? T
A/ ~ "Bl B/c/ ~
.52 7TA/D7T /\7TB/D7T 1 X TR T

A direct calculation shows the following

Proposition I1.9. The Kdhler form w on PT(M) is closed if and only if the metric on
the base is anti-self-dual Einstein with cosmological constant %.
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Example: PT(S?) ~ CP? As we already saw, in the flat case the projective twistor

space is the projective space CP3. The above proposition just says that the Fubini-Study

metric (I1.1.57) is Kéhler. We here recall the form of this metric for convenience

m.DR O #.Dr dXA © dXan
2 (m.7)? 2(1'+‘)(P)2 '

gpr = (I1.1.105)

Here the radii of both the 3-sphere (the fibre) and the 4-sphere (the base) is R = 1/2.
Accordingly, the scalar curvature of the base manifold has value 4 x 12.

11.1.4 The Non-Linear Graviton Theorem

In its original form, see [Penrose, 1999|, the aim of twistor theory was to realise solu-
tions of complicated differential equations on space-time in terms of simpler, essentially
free, geometrical data on the associated Twistor space. The key insight was holomorphi-
city. The original success of twistor theory takes the form of three theorems, each of these
being an equivalence, between

e solutions to the zero rest mass equations on Minkowski space and some cohomology
group on the associated twistor space (this is the ‘Penrose Transform’, see [Penrose,
1969])

e solutions to self-dual Yang Mills equations on Minkowski space and holomorphic
fibre bundle on twistor space (this is the ‘Ward transform’; see [Ward, 1977])

e solutions to self-dual Einstein equations and deformations of the complex structure
of the twistor space (this is the ‘non-linear graviton theorem’, see [Penrose, 1976|
and [Ward, 1980]).

In its original form, this program could not overcome the ‘googly problem’ i.e the difficulty
of describing anti-self-dual fields. However, taken in a broader sense, twistor theory have
proved a very fruitful framework, both for physicist and mathematicians, see [Atiyah
et al., 2017] for an overview of its achievement over the last fifty years.

In this thesis we will be mainly concerned with the non-linear gravitons theorem for
anti-self-dual space-time with non-zero scalar curvature.

Theorem I1.10. Non-Linear Graviton Theorem [Penrose, 1976],/Ward, 1980]

e There is a natural one-to-one correspondence between holomorphic conformal struc-
tures [g] on some four-dimensional (complex) manifold M whose self-dual Weyl
curvature vanishes, and three-dimensional complexr manifolds PT (the twistor space)
containing a rational curve (a CP') with normal bundle N = O(1) ® O(1).

o The existence of a conformal scale for which the trace-free Ricci tensor vanishes,
but for which the scalar curvature is non-vanishing, is equivalent to PT admitting a
holomorphic O(2)-valued one-form T such that T A dr # 0.

o What is more, there is a real Euclidean slice in M if and only if there exists an
anti-holomorphic involution ~: PT — PT with no fized points.
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The topological requirements of the first point can typically be realised by small (but
finite) deformations of the complex structure of the flat twistor space.
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I1.2 Euclidean Twistor Theory Revisited: a Connection
Point of View

We now come back on some of the preceding results but from an unusual ‘connection
point of view’, the presentation and results from this section are taken from [Herfray,
2016].

Accordingly, we now take ‘space-time’ to be a SU(2)-principal bundle

SU(2) - P —-M (I1.2.1)
over a four dimensional manifold M equipped with a SU(2)-connection
D=d+ A (11.2.2)

We will describe this connection by its potential in a trivialisation, A = A’ o".

The associated ‘twistor space’” T(M) is simply the spinor bundle over M. In the
preceding section we already saw that this is enough to define both a O(2)-valued one-
form 7 = 4 D7 and a connection d,,,, on the O (n,m) line bundle.

I1.2.1 Symplectic and Almost Hermitian Structure on PT()) from
a Definite Connection

~ We now restrict ourselves to the case of definite connections (I.4), ie the case where
X = F* N\ FI/ g, is a definite 3x3 conformal metric. This is in fact equivalent to the
requirement that no real 3-vector (v’)z 19,3 is such that v* F" is a simple two-form:
A is a definite connection & Vol € R, o' F' AV FI = v'd X9 d e #£ 0.
A definite connection on PT(M) naturally gives a symplectic structure:

Proposition I1.11. Symplectic structure on PT(M) (Fine and Panov [Fine and Panov,
2008])

If A is a definite connection then ws = (n — m)_1 (d(nﬁm))Q ., no# m, 1s a symplectic
structure on PT(M).

Proof.
As d( ) is a covariant derivative on a line bundle, its curvature two-form

~ oD A /DAA’
o o a0 =)

T

is automatically closed. A direct computation shows that,

/ N A 4 A
7TA/D7TA /\7TB/D7TB FA/B/WA/TI'B/

(7?.7%)2 T

(11.2.3)

Wg =

and therefore wy is independent of n and m. From this last expression one also sees that
non degeneracy is equivalent to the definiteness of the connection. O]
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We also have an almost Hermitian structure obtained by a modification of the classical
one described in the previous section and due to [Atiyah et al., 1978],[Woodhouse, 1985]:

Proposition I1.12. Almost Hermitian structure on PT(M)

If A is a definite connection then PT(M) can be given an almost Hermitian structure, i.e a
compatible triplet (Ja,wa, ga) of almost complex structure, two-form, and a Riemannian
metric. In general this triplet is neither Hermitian (Ja is not integrable) nor almost
Kihler (w4 is non degenerate but generically not closed).

Proof.

We first describe how to construct the almost complex structure J4 on PT(M) from a
definite connection: Because the connection is definite, one can make sense of the square
root (we take the positive square root) and inverse of X. Define ¥ = X 2% Fi. By
construction ¥ A Y7 oc 67, It implies that ¥, = 24P m7mp is simple, ¥, A 32, = 0.
We now define the almost complex structure by the requirement that 24 = 7 A X, be a
(3,0)-form. It makes sense as its kernel, {X st X Q4 = 0}, is 3 dimensional and thus
can be identified with the (0, 1)-distribution:

X eT"PT(M) < XJ7A%,=0. (I11.2.4)

This construction has a simple metric interpretation: We already explained how to
construct a conformal, non degenerate, Euclidean metric from a definite connection. We
will note e?4" the associated null tetrad. It is then easy to see that the construction
leading to X' is in fact just an alternative way of constructing Y45 = 1e4'C A ec?
( or equivalently (I.1.18), see Appendix B.2 for our conventions on spinors). Then the

(3,0)-form

QY = ALY rymp = ma DRV A MmN et Py (IL.2.5)

is of the same form as in the metric case (I11.1.96).

One now comes to the compatible metric on PT(M). From the definite connection we
have a conformal metric. One fixes the scaling freedom by requiring the volume form to
be %F’“ A F*. We will note e the associated null tetrad. This gives a metric on the
horizontal tangent space (as defined by A), on the other hand the vertical tangent space

comes equipped with a metric and altogether this gives the following metric on PT (M)
13.

’ ~ ~ R/
7TA/D7TA @’ﬂ‘B/Dﬂ'B 1 AA!
—e

= 4R? ® ean
94 2 (m7) 2 A4
- 4 TaPrC Oy DT ¢y © xR (12
2 (m.7) T

We leave R, the radius of the fibres, as a parameter but we will see that the Ké&hler
condition will relate it uniquely with A.

BHere A B=A®B+B®A
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From this, one readily sees that the two-form,

/ ~ ~ R/ Iali ~
.52 7TA/D7TA /\7TB/D7TB 1 ZBCﬂ'B/ﬂ'Cl
wa = 2iR _—

(m.7)? R qa
/D A//\/‘ /DAB/ AB/ //\ C/,\ ,
—gpr AT DTBTR 8 T DA Te (11.2.7)
2 (m.m) T
the metric (I11.2.6) and the almost complex structure (11.2.4) are compatible.
This is clear as (I11.2.5),(11.2.6),(I1.2.7) are already in the canonical form

O =d' Nd2 AP, ga=hgdd ©dF,  wa=ihgdd AdF. (11.2.8)

[

Essentially this construction is a variation of the one described in the previous section.
As compared to the classical construction from [Atiyah et al., 1978] there are however
small differences:

First the conformal structure is obtained from the connection.

Second one does not use the notion of horizontality associated with the (Levi-Civita con-
nection of the) conformal structure but the one given by our original SU(2)-connection.
In general those two connections differ. The special case where they coincide in fact
corresponds to the Einstein case, i.e the base metric is Einstein.

For clarity, we expand a little bit on this last point even though this is more related
to the pure connection formulation of Einstein equations (that we reviewed in (1.8)) and
somewhat lies out of the main line of development: Suppose that, A, the SU(2)-connection
that we took as starting point coincide with A,, the (Left-chiral or ‘self-dual’ part of the)
Levi-Civita connection, then their curvature also coincide: F' = F,. Now by construction
Urbantke metric is such that it makes F' self-dual. Therefore Fj is self-dual and this is
just the chiral way of stating Einstein equations (Cf first part of section 2).

A natural question is then to ask when the almost Hermitian structure introduced in
Prop I1.12 is Hermitian, i.e J4 is integrable.

Proposition I1.13.

& Ja s integrable

S 0r=0

& dn) is compatible with Jyu, ie (d(n))2 }(0 2 = 0
S TAdTANdTr =0 7

& A'is perfect : F' A\ FI o< 69d*x.

It follows that under this conditions the O(n)-bundles are holomorphic with Hermitian
metric (11.1.94) and d, is the associated Chern connection.

We recall that by proposition (I.6) a perfect connections is the connection of an anti-
self-dual Einstein metric. In particular, under the assumption of proposition 11.13:

3
The Urbantke metric with volume form WFk A F* is anti-self-dual Einstein.
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Proof.

We now prove that each point taken separately is equivalent to perfectness of the
connection.

It is easy to check that TAdTAdT = TAFA B AFCP 1w pmemp and thus TAdT AdT =
0 is directly equivalent to the perfectness of the connection.

In the previous chapter, we saw that [ = s/ X757, Thus we can write
FAB — gAB 00 \(2)2AP with @ABOD — gABCD), (I1.2.9)

It was also explained in the previous chapter that the self-dual Einstein equations, i.e
perfectness of the connection, are equivalent to ¥ = 0. Then our choice of volume form
p=25" A= S FR A FF gives M) = s|Al.

Taking (I1.1.95) and (I1.2.3) together with (I1.1.98), (I1.1.101) and (I1.2.9) one easily
shows that

Wigis -
or = VUnnnr

(dxy7) |0,2 = Urrrm (r.7)2 (r.7)2

and ] $aa
2 Y s
o (dw)) ’(0,2) = Urrnn (r.7)2

=0, 0r =0 and (d(n))Q ‘(072) = 0 are separately equivalent to ¥ = 0,

Therefore d(g)T‘(Om
i.e to the perfectness of the connection.

Finally, all is left to show is that integrability of J4 is equivalent to the perfectness
of the connection. However integrability is equivalent to having both dT‘(O’Q) = 0 and
d <€AA,7TA/> ’(072) and thus imply perfectness of the connection. On the other hand, if the
connection is perfect then

A( 7)oy = (Aae”) | ooy + ¢ A D

_ BB’
0,2) — (dAe ) ‘(0,2)7”3'

holds identically as a result of A being the self-dual connection associated with the tetrad.
O

The main difference with the traditional results from [Atiyah et al., 1978] (that we
described in the previous section cf Prop II1.7 and Prop I1.8) is that integrability is not
only related to the anti-self-duality but is irremediably linked to Einstein equations. This
is because in the construction described in [Atiyah et al., 1978] one is only interested in
a conformal class of metric while here the use of the connection automatically fixes the
‘right scaling’ that gives Einstein equations.

It is also natural to ask under which condition the almost hermitian structure is almost
Kéhler and Kéahler. In fact those two situations necessarily come together but depends
on the sign of the connection:

Proposition I1.14.

ga 18 Kahler

& Jy is integrable, s =1 and R? = %
& wya is closed (an thus sympleptic)
S wy = 2iR?% w,
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Proof.
wa = 2iR* w, is easily shown to be equivalent to F* = 2% This is only possible if the
connection is perfect with positive sign. The same is true for the closeness of wy, ie direct
computations shows the equivalence of the last two point with F* = 237,

Now, from proposition I1.13 perfectness of the connection is equivalent to integrability.
Incidentally one sees from F' = %Ei that the metric associated with the connection is

self-dual Einstein with cosmological constant A = %. O]

When the connection is perfect, the Hermitian structure that we described restrict to
the usual Hermitian structure on twistor space constructed from an Instanton cf Prop
I1.9. The discussion on the sign of the connection parallel the well known fact that this
Hermitian structure can be made Kihler only if the cosmological constant is positive.

11.2.2 The Mason-Wolf Action for Self-Dual Gravity

In [Mason and Wolf, 2009|, L.Mason and M.Wolf described a twistor action for self-
dual gravity. It is an action for an O(2)-valued one-form 7 and a O(—6)-valued one-form
b on some 6d real manifold, the ‘projective twistor space’. It essentially used a new
version of the non linear graviton theorem relying on the equation 7 A d7 A d7 = 0.
This equation was understood as a sufficient condition for the integrability of a certain
almost complex structure and thus, relying on Penrose-Ward Non-Linear-Graviton theo-
rem [Penrose, 1976] [Ward, 1980], as describing some Einstein anti-self-dual space-time.
The Mason-Wolf action implements this constraint with a Lagrange multiplier:

S|, b = / bATAdT NdT. (I1.2.10)
PT

Even thought the logic that lead to this Lagrangian was somehow different, in retrospect
one sees that this Lagrangian could have been guessed from the description of self-dual
gravity in terms of perfect connections. Indeed, as already explained in section 2, in
terms of SU(2)-connections the equations for self-dual gravity read F(4'B" A FC'P) = (
and therefore we can easily obtain an action for self-dual gravity by implementing this
constraint by a Lagrange multiplier:

S[B, A] = / Buapcp FAE A FCY (T1.2.11)
M

where the B field is completely symmetric, BA'F'¢'P" = pABCD),

Now, as discussed before the natural ‘Penrose transform’ of a SU(2)-connection is the
O(2)-valued one-form on PT (M),

T =Tar <d7TAI + AA/B/’]TB/> . (11212)
We also take the Penrose transform of B to be

BA/B/C/D/ _ / 7TA/7TB/7TC/7TD/ b AT (11213)
cp?
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with b a O(—6) valued (0,1)-form on PT(M). This is just the usual Penrose transform
for massless fields, see eg [Woodhouse, 1985|. We recall from the previous discussion that

T AdT Ndr =1 NFAB g4 7B A pOP 2 gl (I1.2.14)

From this one readily sees that the Mason-Wolf action (I1.2.10) is the immediate ge-
neralisation of (I1.2.11).

The aim of the next sub-section is to make the relation between the Mason-Wolf
action and the connection description of Einstein self-dual connections even more precise
by giving a new proof of the non-linear graviton theorem that emphasises this relation.

Our proof will indeed make it clear that this version of the non linear graviton theorem
has a strong ‘connection’ flavour. It might therefore suggest new types of generalisation
to full gravity. We discuss some of those in the next section where we will described
strategies towards a twistor action for full gravity.

11.2.3 The Non-Linear-Graviton Theorem Revisited

Up to now we constructed different geometrical structure on PT(M) from a definite
connection. In particular we saw that PT(M) can be given a Kéhler structure when
TANdTr ANdt =0, with 7 = 7y (dﬂ'A/ + AA,B/WB/).

We are now interested in the reverse problem: We take ‘projective twistor space’ PT to
be an oriented manifold diffeomorphic to R* x S? together with a one-form 7 € QL [PT, L]
with values in a line bundle L over P7T. We suppose this line bundle to be such that
its restriction to each S? has Chern class 2. This is enough to define an almost complex

structure J, on P7T as we now describe.!*

The almost complex structure J.
We first introduce the 4-dimensional ‘horizontal distribution’ H C TrP7T defined as the
kernel of 7, H = Ker (7).

We then determine A € C°(PT) as

T AT A (Mr +d7)? = 0. (11.2.15)

This is a quadratic equation for A\. We then construct a, a connection on the L bundle,
defined modulo the addition of multiple of 7 and 7 by requiring,

TA(d7 + A (dr +anT))’ =0 (I1.2.16)

This is in fact linear in a and has the right number of components to determine a modulo
7 and 7. From all this we define the complex three-form,

Q=7A(dF+ Nd,T). (11.2.17)

4We thank L.Mason for important discussions and suggestions that greatly contributed to this pre-
sentation.
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This three-form in turn defines an almost complex structure, J,: We just define the
holomorphic tangent space to be the kernel of €,

def

X eTHOPT X0 =0.

From (I1.2.16) we see that the Kernel of © indeed is 3-dimensional as required for an
almost complex structure. Note that this definition of J; is equivalent to requiring that
2 is (0,3). In particular its complex conjugate Q is (3,0).

Spacetime from J.
Having constructed an almost complex structure, J, on P7T we are now in a similar
situation as in [Mason, 2005] where the almost complex structure is taken as a starting
point.

Following the same steps as in this reference we can construct a Fuclidean ‘space-time’
M from (PT,J;). Then PT has the structure of a fibre bundle over M : CP! — PT —
M. Twistor space T is taken as the total space of a special line bundle over PT. We here
recall how this works for completeness.

We first introduce a conjugation ~: PT — PT, ~% = 1, that reverses J,, i.e ~*J, =
—J,. We also assume that this conjugation has no fixed points. This is a common in
twistor theory and will lead to a Euclidean Space-time, the other alternative (existence
of fixed points for ~) would lead to Lorentzian signature.

We now take as ‘complexified space-time’ M the moduli space of pseudo-holomorphic
rational curves in P7T, ie the space of embedded S? in PT in the same topological class
as the S? factors in PT ~ R* x S? such that J, leaves the tangent space invariant and
thus inducing a complex structure on these embedded two-spheres. Theorems in McDuff
and Salamon |[McDuff, 2004| imply that M exists and is 8-dimensional if J. is close to
the standard complex structure on a neighbourhood of a line in CP3. We assume this
condition to be satisfied. This can be done by requiring that our one-form 7 is close to
the standard holomorphic one-form with values in O(2) on CP3.

The conjugation ~ induces a conjugation on M, ~: PT — PT and we define our
Euclidean space-time M as the 4-dimensional fixed point set of ~ on M. There is then a
natural projection P: PT — M as a consequence of the fact that from our assumption
that there will be a unique rational curves in P7T through Z and Z. By construction our
projective twistor space P7T now is the total space of a fibre bundle over M with fibre
cP: cP'— PT & M.

We will also assume that J; is such that the canonical bundle Q*° has Chern class —4
on each S? in PT. This will be the case if we construct 7 by a small deformation of the
standard holomorphic one-form with values in O(2) on CP3.

We then define the associated twistor space 7 to be the fourth root of the canonical

bundle. Tt is thus a complex line bundle over PT, C — T L PT. We denote the

complex line bundle (93’0)_% by O(n). When restricted to each CP! fibres in PT, these
bundles will restrict to the usual O(n) holomorphic bundle on CP' and thus the notation
is coherent. We can now think of 7 as a complex rank two vector bundle over M with

structure group SU(2), C? — T 5 M.
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A non linear graviton theorem

We now give a new proof of the (euclidean) non-linear-graviton theorem. As explained in
introduction, the essential result of this theorem already appeared in [Mason and Wolf,
2009] but the presentation that we make here is original.

Introduce coordinates that form a trivialisation of T, {z* 7w }. ma with A’ € {0, 1}

are linear coordinates on the fibres of C2 — 7 25 M and 2 are local space-time
coordinates on the base.
Then,

Proposition I1.15.

(i) J; is integrable

(ii)) < TANdrANdT=0

(1)) < 1= <7TA/d7TA/ + A(I)A/B/WB/WA/) with v € C* (PT) and AY g a perfect con-
nection on M.

Proof.

We now prove (i) = (1) = (4it) = (i).

(i) = (i)

By construction, 7 A (dT + Xd;ﬁ)z = QA (dT + S\d;ﬁ') = (0, integrability means that
QAdr =0 and thus A Q A d;7 = 0. It follows that either A = 0 or ddﬂ(O,Q) =0.IfA=0

then 7 A dr A dr = 0. Suppose dﬁﬂ(oz) = (, integrability implies that d@ﬂ(z,o) = 0 and
therefore d,7 € QU!. It follows that both d,;7 € Qb and d,7 € QY'. However this is in
contradiction with 7 A (d,7 4+ A\d;7) € Q3°.

If 7 Adr A dr = 0 then by construction 7 A dr € Q3°. We now take ¢ to be coordinates
on CP!, Oz is the anti-holomorphic vertical tangent vector. It follows that Oz.d7 o 7.
Using coordinates adapted to the trivialisation we can write 7 = A (d( + A#dx“) and
7 A (udr = 0 implies 9zA, = 0. A, being O(2) valued this last relations implies, by a
generalisation of Liouville’s theorem, A = A(JJ)A,B/WBIWA/. Now I1.13 implies that A4 g
is perfect.

Starting with a perfect connection A, we have from Proposition I1.13 that 7 AdT Adr = 0.
From the definition of the almost complex structure, this implies TAdr = TAFrm € QG0
For a perfect connection, F* = s %Ei, and the almost complex structure is therefore the
same as in proposition I1.12. Finally, by proposition II.13 perfectness of the connection
implies integrability. O]

From this point of view, the ‘non-linear graviton theorem’, with central equation 7 A
dr AN dr = 0, can therefore be understood as a deep generalisation of the description of
self-dual gravity in terms of perfect connections F' A F/ = %F’“ A F* cf (1.6). As we
already reviewed, full gravity can be described in terms of SU(2)-connection only (cf Prop
(I.8)) and this is therefore suggestive of a twistor description of full gravity in terms of
the one-form 7 only.
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I11.3 Discussion on the would be ‘Twistor action for Ein-
stein gravity’

In [Mason, 2005] two new variational principles for Yang-Mills theory and conformal
gravity based on fields living on twistor space were presented. The fact that the fields
which appear in this action live on a 6d manifold (‘projective twistor space’) is compensa-
ted by new symmetries of the action and the propagating degrees of freedom thus remain
the same as in the usual Yang-Mills or Conformal gravity action as expected. One of
the nice features of these actions is that they give a natural explanation for why there
is a MHV formalism (see for the original paper [Cachazo et al., 2004]) for Yang-Mills
and Conformal gravity. Because of the extra symmetries that these actions enjoys (as
compared to the space-time actions) they allow to choose a special gauge ( referred to
as CSW gauge) that makes a MHV formalism manifest (cf [Jiang, 2008|, [Adamo, 2013],
[Adamo et al., 2011] and [Adamo and Mason, 2014]). If such an action existed for GR
one could expect the same phenomenon and it could serve as a proof for the existence (or
the obstruction to the existence) of a MHV formalism for GR.

As already described in section I1.2.2 a twistor action for self-dual gravity was presented
in [Mason and Wolf, 2009]. Then, in [Adamo and Mason, 2014] a conjectured twistor
action for full gravity was proposed. However, in spite of the many interesting features of
this conjectured twistor action, some geometrical understanding is lacking, mainly because
it is formulated around a fixed background, and this makes it unclear whether it actually
describe GR or not.

Both the twistor action for Yang-Mills and Conformal gravity where obtained by a
generalisation of the respective space-time action. We very briefly sketch how this works
for Yang-Mills, but refer the reader to [Mason, 2005] for details on the construction. This
is of interest for us because we will see that, together with the description of metric in
terms of connection described in section I.1 it has an immediate generalisation to gravity.
The discussion given here already appeared in |[Herfray, 2016].

I1.3.1 The Twistor action for Yang-Mills from the Chalmer-Siegel
action

In [Mason, 2005], the Chalmer-Siegel [Chalmers and Siegel, 1996] action for Yang-Mills
was taken as a starting point on the way to a twistor action:

S[A, B] = /MTr (B/\F— %B/\B) (11.3.1)

where B is taken to be a lie algebra valued self-dual two-form, ie B = By X4 Here
S4B’ is a basis of self-dual two-forms associated with a fixed background flat metric and
constructed as in (I.1.18). As already described, the Euclidean twistor space is the total
space of the primed spinor bundle over M, the almost complex structure on PT is given
by taking the (3,0)-form on PT to be Q = 7 A X4 10715 = 7odr® A XY 7 p7p.
For coherence with the previous sections, we also introduce the O(2)-valued (1,0)-form
7 = 1adr® on PT.
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An interesting feature of this action is that for ¢ = 0 we are left with an action for
self-dual Yang-Mills. This is a key point to make contact with twistor theory as self-
dual Yang-Mills solutions are fully understood in terms of geometry of the twistor space
through the Ward transform [Ward, 1977|.

If we take the Penrose transform of By g to be'®

BA’B’ = / TA TR bAT (1132)
(07 243

(where b is a Lie algebra valued (0, 1)-form on PT with values in O(—4)) and plug it into
the action, we see that it is suggestive of the twistor action for Yang-Mills [Mason, 2005]:

S[a,b]:/ TT(b/\f/\Q)—E/ Tr <b1/\7’1/\b2/\7’2 (7T1A/7T2A/)2)
PT 2 MxCPlxCP!

(I1.3.3)
Where now a is taken to be a (0,1) SU(N)-connection of a Yang-Mills bundle over PT
and f € Q% (PT) its curvature. For ¢ = 0 varying the action with respect to b gives
f = 0 and thus gives this bundle the structure of a holomorphic bundle over PT. By a
theorem from Ward [Ward, 1977|, this is equivalent to self-dual Yang-Mills equations see
also [Woodhouse, 1985] for Euclidean methods in twistor theory. What is more, it turns
out that this action describes full Yang-Mills for € # 0. Again, the aim here is just to
sketch how this action is constructed and refer to [Mason, 2005| for a proper discussion.

11.3.2 A first twistor ansatz... and why it fails

We now would like to take as starting point the following space-time action

S[A, U] = %/ ((\1/ + %5) 1)ij F' N\ F. (11.3.4)

This is an action for gravity and can be obtained from Plebanski’s action by integrating
out the B field (see section 1.3.2). It is interesting to consider what happens if one expand
the first term in series. Then, up to a global rescaling and a topological term we obtain

) k1 . 4
S[A, 0] = /\IN FIAF +3 (%) (\Ifk+2) "R R (I1.3.5)
k=0

This action, which does not seem to have attracted much attention up to now, has the
following interesting interpretation: in the limit where A goes to infinity we recover an
action for anti-self-dual gravity. For a finite A however this action describe full GR as an
interacting theory around the anti-self-dual background with the cosmological constant
playing the role of coupling constant. This parallels the Chalmers-Siegel action for Yang-
Mills.

15Tn order to make sense of the integral of a lie algebra valued form this is here implicit that one should
take an holomorphic frame for the associated bundle. By Liouville theorem, holomorphicity on a compact
manifold ensure that this choice of frame is unique up to a global ‘rotation’.
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It suggests the following twistor ansatz,

Srv] = / AT ANdT NdT (I1.3.6)
PT
o) 3 k+1 kAR , ,
—+ Z (K) /¢1 AN e A dTl A 1/)2 A T2 A dTg (\I/) A'B C'D’ 7TlC 7TlD TioA' T2 B!
k=0

MxCPl1xCP1

where 7 is a O(2)-valued one-form on P7. As we already described in I1.2.3 such a one-
form is enough to construct an almost complex structure J, on P7T and to give it a fibre
bundle structure over some space-time M, CP! «— PT — M.

This action also contains ¥ € Q& ® O (—6) a one-form on PT with values in O(—6),
its Penrose transform is W(2)4'" ¢ p:

\VJ (x) A/B’C/D/ = 1/} NT 7TA/7TB/7TC/7TD/ (1137)
cP!
where CP}! = P~1(z) is the fibre above z € M.

Interestingly, when A goes to infinity one recovers the Mason-Wolf action for self-dual
gravity described in section I1.2.2. What is more, truncating the infinite sum to the
first term one recovers an action that looks like a background independent version of the
twistor action conjecture in [Adamo and Mason, 2014].

Unfortunately, despite those encouraging features, one cannot prove that this twistor
action is related to gravity. To do so one would hope that varying this action with respect
to 1 would give enough field equations to recover a SU(2)-connection from 7 as was the
case in our proof of the non-linear graviton theorem 11.2.3. However this does not seem
to be the case here. We are thus unable to make contact with a space-time counter part
of this action and the interpretation of the fields equations remains obscure.

I1.3.3 A new action for Gravity as a background invariant gene-
ralisation of the Chalmers-Siegel action.

Let us now come back to the Chalmer-Siegel action and consider the special case of a
SU (2)-connection:

S[A, B] = / Blyp S A F - %BQ,B/BiC,D,zA’B’ AP (11.3.8)
M
Here ©4'7' is a basis of self-dual two-forms associated with a fixed background flat metric
and constructed as in (I.1.18). This action has obviously nothing to do with an action for
gravity as a background metric is present.
However, as explained in section 1.1, a definite SU(2)-connection is enough to define a
conformal class of metric. If we now choose a representative in the conformal class, and

use it to parametrise the ¥’s, ¥4 = 3(g4) = X(A), the action (I1.3.8) becomes background
independent:

S[A" BY] = /BijZ"A AFI— %B“Bik S IA
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If we take B% to be unconstrained, the action ends up to be topological. However if we
take BY to be traceless with the good choice of volume form then the action happens to
describe gravity in the pure connection formulation (in fact, we already encounter this
action at the very end of section 1.3.2 see (1.3.22)):

Proposition I1.16.
The action

S[A*, BY] = /B"J’zf4 A FI — %Biij > ASk, (11.3.9)
with XYy the basis of orthonormal self-dual two-form associated with Urbantke metric with

2 .
volume # (tr\/F A F) and BY a traceless matriz, describes the vacuum solution of

FEinstein equations with non zero cosmological constant. What is more for ¢ = 0 this
action describes anti-self-dual gravity.

Proof. By construction the Y 4’s are such that,
Fi= MY%J,. (I1.3.10)
Our choice of volume form,

1 . . 1 2
STAT = o (m/F A F> : (I1.3.11)

is such that TrM = A is a constant.

Now, varying the action with respect to B, we get

MY = eBY (I11.3.12)

trace— free
which is equivalent to
) A )
F' = <€B” + 552j> Y. (11313)

For € = 0, these are the equations for self-dual gravity in terms of connection. For € # 0
we can solve for B, plugging this back into the action we obtain

S[A] = l/lFi AF - é (tr\/m>2. (I1.3.14)

€ 2

Up to a topological term, this is just the pure connection action for gravity [Krasnov,
2011¢]. m

11.3.4 Discussion on a second ansatz

The action in Proposition (I1.16) looks like a promising starting point to construct
ansatz for twistor action for gravity. It indeed has many appealing features. First it
explicitly separates the self-dual sector (¢ = 0) of the theory from the full theory (e #
0). Second it superficially looks like the space-time counterpart of the twistor action
conjectured in [Adamo and Mason, 2014]. Finally, as explained in the previous section
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the SU(2)-connection on M can naturally be lifted as a one-form 7 on P7. Starting with
an action of this type would again allow to use the machinery described in section I1.2.

However as to now, despite many attempts from the author of this paper, none of the
ansatz that are suggested by this action seem to lead to an interesting gravity action. We
describe here one attempt that seemed at some point the most promising to the author.
We will see that it can indeed eventually lead to a certain variational principle in twistor
space but at the expense both of technical complications and the addition of an unnatural
constraint. Thus the result seems both too complicated to be directly useful (let say for
computing scattering amplitudes) and to anaesthetic to be otherwise appealing. However,
on the way the interested reader should get some glimpses on the type of difficulties that
one faces when one tries to construct such a variational principle in twistor space.

The essential idea here is it that we now would like to construct an action of the type
S [r,9] on PT, some real 6d manifold. First using the results from section II.2, one can
construct an almost complex structure J. which in turn allows to construct some space
time M, giving PT a fibre bundle structure CP* — PT 5 M. A look at the action
I1.16 then suggests the following ‘twistor ansatz’:

Srl= | vATAdTAS, + gBA’B’ A Bag (I1.3.15)
PT

where Y. should be constructed from 7 only,
P € Q. ® O(—6) (11.3.16)

and
B(x)"E = / B Yy AT NS, (I1.3.17)
cPL

Where in this last line one should integrate over 7—!(z) ~ CP".

An appealing feature of actions of this type is that, linearising around a given back-
ground (let say describing flat space-time) we obtain 0y € H%' (PT,0(—6)) and 07 €
HO! (737', 0(2)) which are then naturally interpreted as the Penrose transform of a pro-
pagating self-dual ¥ 4 g/ p and anti-self-dual ¥ 450p gravitons.

The difficult part now is to make sense of ;. We propose the following. In section
I1.2 we partly defined a connection a on O(2), through the relation

FA(dT 4 d,7)° =0

however as for now it is only defined up to multiple of 7, 7. If we require as some non-
degeneracy condition that 7 does not vanish on the CP! that fibres P7T, we can then
completely fix a by requiring that the O(2)-connection that is induces on each CP? fibres
is the Levi-Civita connection of the Kahler metric on CP!. Now that a is completely
defined we have access to its curvature (d,)>.

Consider the following triple of two-forms: (daT, d,T, (da)2> . Generically it spans

a 3d subspace of the two-forms of each horizontal space and thus allows us to defines
a conformal metric (the associated Urbantke metric cf section 1.1) on each horizontal
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tangent spaces. Let us see how it works explicitly:

Deﬁne A/ B/ /\A/ ~ B/ (A/ A B/)
BAP = T dr T dr + T (da)’ (I1.3.18)
(m.7) (m.7) .7
and
B! =o'y 5 BYP (I1.3.19)

This last object should be understood as an su2-valued two-form. From this we can
follow the same procedure as in the first section and construct X:

S (x,)=X"29B) gAP = gAY (I1.3.20)

such that Y*AYJ o< 6¥. Tt is associated with a conformal class of metric on each horizontal
space e (z, ), BB = Ay NP4,

Importantly at this point the tetrad on the horizontal tangent space e
the fibre e44" = 44" (2, 7).

In the end we define the O(2)-valued two-form on PT:

/ .
44" varies along

So(x,m) =S (@, Mmam =00 A0, with 04 = ey, (I1.3.21)

This construction is not as arbitrary as it might seem at first sight: in the particular
case where there is an underlying SU(2)-connection such that 7 = 74 (dr? + AA/B/ﬂ'B,>,

it precisely coincides with the construction from proposition I1.12. The connection a on
O(2) then coincides with the connection described at the beginning of section I1.2 and
the restriction of the triplet

(daT, d,7, (da)Z) (11.3.22)

to the horizontal tangent space then indeed is just

/

!
(FAB 7TA’7TB/7FAB

rn/

/ﬁ'A/fTB/,F B 7TA’7%B’) . (H323)
Note that we did not need to assume the connection to be perfect. It can then be checked
that, under such conditions, the twistor action (I1.3.15) coincides with the original space-
time action from proposition (I1.16).

Therefore we could hope that with this definition for ¥, the action (I1.3.15) would
describe gravity: all we need are the field equations for ¢/ to imply the existence of an
SU(2) connection such that 7 = 74 (d?TA/ + AAIB/WB/>.

At this point however, it seems that we are out of luck. Varying (I1.3.15) with respect
to ¢ we obtain

TAdTAY. +er AY. ABYP rymg = 0. (I1.3.24)

For simplicity let us consider the case ¢ = 0. Then the action in proposition I1.16 is an
action for self-dual gravity and we thus would like to interpret,

TAAT ANE, =0 (I1.3.25)

as implying the integrability of some almost complex structure and/or as the perfectness
of some SU(2) connection arising on the way.
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However, on the one hand, due to the important non linearities involved in constructing
3., it seems very complicated to interpret this field equations in terms of the almost
complex structure from section 11.2.3. On the other hand, one could be tempted to
consider as another almost complex structure: the one that makes 7 A X, a (3,0)-form,
then the field equations (I11.3.25) just read dT‘O’2 = 0.

At this point, to obtain self-dual gravity, it would be enough to be able to conclude
that there exists a SU(2) connection such that 7 = 74 (drn? + AY g8

This is however not the case: generically 7 can be written 7 = d( + A,dz" with
A, €I'(O(2)). From this is follows that

!

Oeadr =0 & 0 (A,)det =0 (I1.3.26)
would indeed imply that A, = AYB' o mg. On the other hand
O (dry,) =0 & O (A)dar],, =0 (11.3.27)

are just not enough field equations to conclude that 52 (Au) = 0. In this last case one
indeed misses one half of the necessary field equations:

O <d7‘1,1> = 0. (I1.3.28)

In principle, this missing set of equations could be implemented as a constraint in our
twistor ansatz (I1.3.15): this would at last gives a twistor action for gravity. However, on
top of definitely spoiling any remaining geometric aesthetics, it would also add another
layer of complexity to our already complicated construction, making it more than unlikely
to be useful.
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Introduction to Part 2:
Hitchin Theory and Six Dimensions

In the preceding part we saw that, solutions of self-dual gravity are naturally described
in the following terms. Start with a SU(2)-principal bundle

SU(2) — PT — M* (1)

together with a connection A. Then, construct a certain almost complex structure J4 on
the associated bundle

S? < PT(M) — M*, PT(M) == (S* x P") /SU(2). (2)

Solutions to self-dual gravity are then equivalent to integrability of J,4, see Proposition
II.13.

When we turn to full GR things gets more complicated: On the one hand we know
that Einstein equations can be stated in terms of A only, see Proposition (I.8). On the
other hand, writing up a twistor formalism for Einstein equations seems nearly as hard
as in the metric formalism. We face the ‘googly problem’ once again. This is despite the
fact that our connection approach suggests some natural new ansatz, see section II.3.

It might however be that sticking to complex geometry in six dimension is too re-
strictive. In fact, from our connection perspective, the total space of (1) seems just as
natural as the associated bundle (2).

This is our motivation for investigating the relationship between certain theories of
differential forms due to Hitchin, hereafter ‘Hitchin’s theories’ (see [Hitchin, 2000, Hitchin,
2001, Hitchin, 2002]), and gravity.

Hitchin’s theories are action functionals for stable forms. Both the notion of stability
for differential forms and Hitchin theories will be reviewed in general terms, i.e indepen-
dently of the choice of a particular dimension, in Chapter III.

For two-forms there is a well known notion of non-degeneracy. In [Hitchin, 2000],
Hitchin defined stable k-forms in dimension n as k-forms such that their orbit under the
action of GL(n) is open. Stable two-forms correspond to the non-degenerate ones and
therefore ‘stability’ generalise ‘non-degeneracy’ to any form.

‘Stability” of differential forms is in fact is quite a stringent condition and the only
interesting cases for three-forms arise in dimension six and seven. In fact stable k-forms
for k bigger than two are scarce see below.

Apart for the first chapter of this part (Chapter III of this thesis), we will restrict
ourselves to the six dimensional case, leaving the seven dimensions case for part 3.

The first aspect of this part is to consider ‘variations’ around Hitchin theories. In
particular we propose new diffeomorphism invariant actions for two and three forms in
six dimensions and demonstrate that some of them are topological. In this thesis a
‘topological theory’ means a theory with no propagating degrees of freedom. In particular
the phase space of a diffeomorphism-invariant topological theory (on a compact manifold)
is at most finite dimensional. Let us briefly describe these action functionals.

We take as a starting point for our action functionals for differential forms the kine-
matical term

Cy AdCy_p 1, (3)
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where C), € Q7 (M") are p-forms on a n-dimensional manifold. Theories of the form
(3) are very well-known see [Schwarz, 1978|, [Schwarz, 1979] and we will refer to these
as ‘Schwarz type’ theories. These are obviously diffeomorphism invariant and they are
known to be topological. The partition function of Schwarz type theories is a variant of
Ray-Singer analytic torsion of a manifold.

Accordingly, in our six dimensional context, we consider a theory of two- and three-
forms

Be (MY,  Ce 3 (MO (4)

with kinematical term,

B AdC. (5)

We then consider the Hitchin volumes - written @ and to be reviewed in the rest of this
part- for two- and three-forms,
o[B], ®C], (6)

as potential terms that can be added to (5). With these potential terms the resulting
theories are diffeomorphism invariant and we demonstrate that they remain topological.

The reason why this is not so surprising is that these theories are closely related
to Hitchin’s. In Hitchin’s original perspective [Hitchin, 2000, Hitchin, 2001], each of
the functionals (6) where meant to be evaluated on closed forms and varied inside a
cohomology class. The reason for this prescription is that (6) are constructed algebraically
from B or C and therefore need some other constraints to give interesting differential
equations. In the theories we consider, the kinematical term (5) effectively implements
the constraint that one of the form must be closed. Therefore they only differ from
Hitchin’s prescription because the forms do not have to stay in a given cohomology class.
As Hitchin’s theories are believed to be topological, this is not surprising that these other
theories are topological as well. Here these can however be explicitly checked.

An interesting question is to consider what happens if one adds both terms (6) at
the same time to (5). The resulting theory turns out to describe so-called nearly Kihler
structure on our six dimensional manifold. These structure are more natural in the context
of holonomy of a Riemannian manifold. See section VII.2 for more. This is another nice
‘variation’ on Hitchin theories in six dimensions as nearly Kahler manifold had already
been obtained in [Hitchin, 2002] but from a different functional. This theory is however
most likely not topological.

The end chapter (Chapter V) of this part describes our main results as far as six
dimensions is concerned: We demonstrate that the SU(2) reduction of Hitchin theory
in six dimensions is just three dimensional gravity together with a constant scalar field.
More precisely

Proposition 1. Let SU(2) acts freely on a siz dimensional manifold PS. In particular
PS has the structure of a principal bundle

SU(2) < P% — M3 (7)

Let us consider the Hitchin volume ®[C| evaluated on a closed SU(2)-invariant three-form
C. The resulting theory on M3 is (Euclidean) 8D gravity with non-zero cosmological
constant coupled to a (constant) scalar field.
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In particular, the Hitchin functional is then simply related to the pure connection action
of 8D gravity as

G[Cloc [ (14 M%) v[w] (8)
foeer],

Here w and p respectively are a SU(2) connection and a scalar field that parametrize the
closed, SU(2)-invariant, three-form Q. Varying with respect to the scalar field one obtains

p =0 and the resulling action
/ v [w] (9)
M3

is the pure connection action for 3D gravity.
What is more the sign of the cosmological constant corresponds to the sign of the orbit
of the corresponding stable three-form.

The ‘sign of the orbit’ appearing in this proposition refers to the following: In six
dimensions, real stable three-forms can only live in one of the two possible orbits of
GL(6,R), these orbits being characterised by a sign.

We will try to convey here why the above proposition can happen, see chapter V for
a proof. For a three-forms ( living in the positive orbit, its stabiliser Stabg, C GL(6) is
SL(3,R) x SL(3,R) while in the negative case this is SL(3,C). A choice of such a stable
three-forms accordingly reduces the structure group to one of the above. In particular,
in the first case it defines two three-dimensional real distributions on P% D and D such
that

D* @ D® ~ TPS. (10)

at every point of the six dimensional manifold P°%. In the negative case, it defines two
complex-conjugated three-dimensional complexified distributions

D@D’ ~ TP (11)

When PS is taken to be a SU(2) principal bundle, it turns out that the above tangent
space decomposition can be identified with the following Lie algebras

su(2) @ su(2) ~ TP° (12)

and
sl(2,C) ~ TPS. (13)

So that at the infinitesimal level, a three-form Q allows to identify P° with the Lie group
SU(2) x SU(2) or SL(2,C). When € is taken to be SU(2)-invariant this identification ‘fits’
with the SU(2) action in such a way that

TPV ~ su(2) ®su(2)/su(2) or sl(2,C)/su(2) (14)

where V' ~ su(2) is the vertical tangent space as defined by the structure of SU(2)-
principal bundle.
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The field equations of Hitchin theory then make this identification local'¢ i.e
P®/SU(2) ~ SU(2) x SU(2)/SU(2) or SL(2,C)/SU(2). (15)

Which is just the statement that the base manifold M? = P®/SU(2) has the structure of
Euclidean 3D gravity with positive or negative cosmological constant. Again, this is only
the essential idea of the proof that will be detailed in Chapter V.

This part is organised as follows. In chapter III we review the concept of stable forms
and their associated Hitchin functionals in a way that is agnostic of a particular dimension.
We then discuss different action functionals for differential forms in six dimensions. This
first chapter is intended to provide the minimum set of tools and concepts to navigate in
the rest of the thesis.

In the second chapter (chapter IV) we specialise to six dimensions. We first review
in details the geometry of stable three-forms. In particular we describe how to construct
explicitly the functionals for two- forms and three-forms presented in general terms in
the preceding chapter. We then come to the situation where two- forms and three-forms
interact to give hermitian structure on a six dimensional manifold and present a new
functional for nearly Kahler structure. We make a brief review of nearly-Kéhler manifold.
As a bridge with Part 1, we also describe the nearly-Kéhler structure on the Twistor space
of a self-dual Riemannian four manifold.

Finally, in chapter V, we show that the SU(2) reduction of Hitchin theory in six
dimensions gives 3D gravity. This is done in two steps. First we show that 3D gravity
can be naturally embedded into this theory, in particular we review the pure connection
formulation of 3D gravity and show that it coincides with the Hitchin functional. Then,
we consider the SU(2)-reduction of the theory.

6By local, we mean that for any point p € P this identification holds on an open subspace containing
.
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The aim of this chapter is two-fold. One the one hand we review after [Hitchin,
2000, Hitchin, 2001, Hitchin, 2002| the notion of stability for differential forms and the
related geometrical construction, in particular Hitchin’s volume and functional. On the
other hand we make use of these notions to introduce action functionals for differential
forms in six dimensions that will be further discussed in the next sections.

III.1 Geometry of Stable Forms

I11.1.1 Stable Forms

The notion of ‘stability’ of a skew-linear form is, in essence, a purely algebraic concept.
It is thus simpler to start at a linear algebra level before considering generalisation to
differential geometry. Accordingly, everywhere in this section, let E be a n-dimensional
vector space. Stability of skew linear form is a generalised version of the notion of ‘non-
degeneracy’ of two-forms that we first recall.

Non-degenerate two-forms

For any skew-bilinear forms oo € A2E* there is a well-known notion of non-degeneracy.
Consider the endomorphism ta: F — E* defined by the interior product,

Lxa= (X, .). (III.1.1)

One says then that « is non-degenerate (or pre-symplectic) if the kernel of t« is trivial.
However, from linear algebra considerations, the rank of a skew-linear endomorphism must
always be even. It follows that a two-forms in odd dimension cannot be non-degenerate.
Thus, it is convenient to introduce the following definition

Definition III.1. A 2 form a € A?E* in dimension n is said to be mazimally non-

degenerate if the rank of ta: F — E* is maximal i.e rank(ta) = n if n is even, rank(1a)) =
n —1if nis odd.
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Action of the General Linear Group on Forms

Let us now consider the group of linear isomorphisms End(E) ~ GL(n) on E. Its
natural action on E extends to k-skew-linear form: Let a € A*E*, then for any ¢ €
End (F) ~ GL(n) we define

ga (X1, ., Xp) =a(g(X1),...9(Xy)), V(Xi,...,X,) € EF. (I11.1.2)
For any o € A*E*, we can define its orbit O, C A*E* under GL(n) as

Definition III1.2.

O = (/3 eNE*|3g € End(E) st = g.a) (IT1.1.3)

Finally we can also define the stabiliser of a as the subset of End(E) which leaves «
invariant:

Definition ITI.3.
Stab, = (9 € End(E) | 3 g.o0. = ) (I11.1.4)

One can in particular consider the action (II1.1.2) of GL(n) on 2-skew-linear forms.
When n is even, the subgroup of GL(n) that stabilise a given non-degenerate 2-skew-linear
forms « is the ‘classical group’ Stab, ~ Sp(n,R). A two-form on an even-dimensional
differential manifold which is non-degenerate has at every point is ‘pre-symplectic’!, it is
‘symplectic’ if it closed everywhere.

Stable forms

One might wonder if there is a way of generalising these notions to any k-form. In
[Hitchin, 2000]|, [Hitchin, 2002] Hitchin considered the following

Definition III.4. A k-skew-linear form of F is said to be stable if and only if O, is an
open subset of AFE*

Stable 2-skew-linear forms coincide with the maximally non-degenerate ones. Therefore
stability of k-forms extends the notion of "degeneracy" of forms. Practically, starting with
a stable k-form o € A*E* we can reach any other ‘nearby’ k-form by the action of End(E).
What is more

O, ~ End(E)/Stab,. (II1.1.5)

This implies, however that stable forms are in fact very rare. The space of endomorphism
of E should indeed be big enough to satisfy the following inequality:

dim (/\kE> < dim (End(E)) (LIL.1.6)
But the dimension of End(E) grows quadratically dim(End(F)) = n? while the dimension
of A*E* grows in general much faster dim(A*E*) = #k'),k, ~ nk. It follows that, in

general, the inequality (III.1.6) cannot be satisfied for large n and that, apart for the
peculiar case k = 2 stable forms can only exist in low dimensions.
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n k  Stabiliser (over C) Stabiliser (over R)
for all n 1 GIl(C) GIU(R)
n=2m, n=2m+1 2 Sp(2m, C) Sp(2m,R)
n—6 3 SL(3,C) x SL(3,C) SI(3,C) or SI(3,R) x SI(3,R)
n="7 3 G5 (C) one of the real form of G,
n==8 3 PSL(3,C) SU(3) or SU(2,1) or SL(3,R)

In fact, in n dimensions, the only interesting case of ‘ stable k-forms ” are the following:

Importantly, because in n dimensions any non-zero n-bivector A" E is stable, it follows,
by the isomorphism A*E*®@ A"E ~ A""FE* that if k-forms can be stable in n dimensions,
then (n — k)-forms can also be stable. E.g in n = 2m dimensions there is a notion of
stable (2m — 2)-form but it really is just dual to stable two-forms and this is the reason
why it is not included above. Practically, a (2m — 2)-form « in 2m dimensions is stable
if and only if there exists a stable 2-form w such that o = w™ 1.

I111.1.2 Hitchin Functionals
Definition

We now take (k,n) € N? such that k-forms exist in n dimensions. Let p be any stable
k-form and take O, its orbit. By definition, this is an open subset O, C AFE*. Looking
at the list (III.1.1) one sees that all stabilisers are subgroups of SL(n) and thus preserve
a volume form. For any p there is thus an associated volume form ®(p) constructed from
p: The ‘Hitchin volumes’ ® are then the G L(n)-equivariant maps:

O AEF - ATER (I11.1.7)

In the following we will see in concrete situation how to construct these volumes explicitly.
For now it is enough to see that they are generalisations of Liouville form for pre-symplectic
two-form in 2m dimensions:

Hitchin functional for stable 2 form Let w € A2E* be a stable form in dimension

n= 2m. Then ]
d(w) = m. (IT1.1.8)

= —w
m!

As a slightly less trivial example, one can look at the dual case i.e (2m — 2)-forms:

Hitchin functional for stable 2m — 2-forms Let p € A" 2E* be stable. As already
discussed this implies that p = (mil)!wm*1 with w a stable 2 form. Then Hitchin functional
is again the Liouville form for w (II1.1.8).

This can be constructed directly from p as follows. First we make use of the isomor-

phism A*E* ~ A"*E® A" E* to obtain p A2 E ® A*™E*, see appendix A.1. Then, taking

'In fact this is not a completely fixed terminology. For certain author, pre-symplectic is reserved to
closed (but not necessarily non-degenerate) two-forms.
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m times the wedge product of 5 one obtains a tensor of the type A*"E ® (A*™E*)™ and
contracting this form with itself and taking its (m —1)-square-root one obtains the Hitchin
functional for stable 2m — 2 forms:

1

P [P] — (ﬁal@'--ﬁan_1a2m§a1a2...a2m_1a2m) m—1 (11119)
One can check directly that, for p = mwmfl, it coincides with (I11.1.8).

The ‘hat’ operator on stable forms

The differential of ® at p is
b € (/\kE> ® ATE* ~ AFE @ AE* (IIL.1.10)

Using again the canonical isomorphisms AFE @ A"E* ~ A""*E* one can thus define
an operator
~ AREF o ATRER (II1.1.11)
such that
0®[p] = p A dp. (II1.1.12)

By equivariance of ®, acting with scalar matrices M, € Gl(n) on ®[p] gives ® [(AL,).p] =
(AL,).® [p] or in other term ® [Afp] = A"® [p], i.e the Hitchin volumes are homogeneous
degree n/k:

d (Ap) = A5 (p) (T11.1.13)
Differentiating (II1.1.13), making use of (II1.1.12) and taking A = 1 one obtains

k
D(p) = Eﬁ A p. (III.1.14)

For two-form in n = 2m dimensions, varying the Liouville action directly gives w =

mwm_l. On the other hand, starting with a stable (2m — 2)-form p = (mil)!wm_l

gives p = w.

Critical Points

Let us now consider a n dimensional manifold M™. We say that p € QF(M™) is a stable
k-form on M™ if it is globally defined and stable at each point. In particular, it reduces
the structure group of the tangent space to the Stab, C GL(n).

We can now make use of Hitchin volumes to set up a variational principle for the
following functional on stable forms:

o S(p) = /A e[ ek (IT1.1.15)

It is well defined because stable forms have open orbits under Gi(n).

In principle we could directly look at critical points of Hitchin functionals, however
the resulting field equation would be p = 0 which is much to strong. Hitchin volumes
are indeed algebraic functions of p. The strategy followed in [Hitchin, 2000] to obtain
interesting field equations is to take p to be closed and restrict variations to a given
cohomology class.
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Theorem II1.5. (Hitchin [Hitchin, 2001] p7) Let p € QF(M™) be a stable k-form such
that dp = 0 (closedness condition). It is a critical point of ® [p| in its cohomology class if
and only if dp =0 (field equations).

This theorem comes directly from the remark that 6® = p A dp together with the fact
that, because we restrict variation to a given cohomology class, dw = da.

For a closed stable 2-forms w in dimension 2m the equations dw = d (wm_l) = 0 are
automatically satisfied by closeness. On the other hand, if one start with a closed stable

2m-2 form, p = ——w™ ' then dp = 0 implies dw = 0.

—1)!
In the following, we will refer to this variational principle has ‘Hitchin Theory’.

I11.1.3 On the ‘Background independence’ of Hitchin Theories

A subtle point in ‘Hitchin theory’ is the prescription of varying inside a cohomology
class. Tt means that one must first choose a cohomology class [po] and only then vary the
form. Practically this often implies to write the form as

p=po+dB. (III.1.16)

Then py will effectively play the role of a background: That is it reflects the fact that we
must make a choice of cohomology class in order to make sense of the theory.

From a physicists point of view this looks quite unsatisfactory to be forced to make
such a choice beforehand. On the other hand, in the context of dimensional reduction
-that we will consider in the next sections- such an attitude turns out to be very painful
as the background fields of the p, type proliferate and tend to make the geometrical
interpretation obscure. See for example [Herfray et al., 2016a].

Accordingly we will favour in this thesis a slight variation on Hitchin theory: Instead
of considering the Hitchin functional

pH/b@) (IT1.1.17)

together with the prescription of ‘varying inside a cohomology class’ we simply constrain
the form p to be closed. This approach, even tough closely related to Hitchin’s, has the
advantage of avoiding making any choice of ‘background’ cohomology class.

From now-one we will refer to this approach as Background Independent Hitchin The-
ory.

It can also be given an explicit Lagrangian formulation by implementing the closeness
constraint with a Lagrange multiplier.

/db/\p—CI)(p). (II1.1.18)

The first term then effectively plays the role of a kinematic term. In general, by as-
sembling this kinematical term together with Hitchin volumes one can obtain different
diffeomorphism invariant theories of differential forms, see below.

Varying (IT1.1.18) with respect to p gives

p = db. (II1.1.19)
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So that altogether the field equations for the background independent Hitchin theory are
dp =0, p = db. (IT1.1.20)

By going from one theory to the other we slightly weaken the constraint on p, allowing
to vary between different cohomology class. As a result for the ‘background independent’
version we obtain slightly stronger field equations than for Hitchin theory (IIL.5). Indeed
here not only should p be closed but also exact.

I11.2 New Actions for 2- and 3-Forms in 6d

II1.2.1 ‘Background Independent’ Hitchin theories in Six Dimen-
sions

In the setting of a 6-dimensional manifold let’s consider the following topological the-
ory:

S[B,C) = / BAdC  BeQ*M®, CeQP(M°. (I1L.2.1)
M6

As was already pointed out in the introduction to this part, this is a particular example
of Schwarz theory [Schwarz, 1978], [Schwarz, 1979] that are genealogically of the type

S[Cp, Crp] = Cy NdChy—pp—1 (T11.2.2)

Mn

where C, € QP(M") are p-forms on an n-dimensional manifold M™. These theories
are obviously diffeomorphism invariant and what is more are known to be topological
field theories: Their partition function is a variant of Ray-Singer analytic torsion of the
manifold.

In [Herfray and Krasnov, 2017] we pointed out that this obviously topological the-
ory admits modifications that keep its topological character unchanged. They are just
‘background independent’ Hitchin theories discussed in the above.

In six dimensions, the ‘background independent’ Hitchin theory for two-forms is

S[B,C] :/ BdC + ® (B) (IIL.2.3)
p6
Indeed, the simplest ‘potential’ for the kinematical term (II1.2.1) is the Liouville form

for B, which is also the Hitchin volume for two-forms in 6D,

1
Py = §B3. (I11.2.4)

Assuming that B is stable (non-degenerate), this top form is non-zero. The Euler-
Lagrange equations that follow by extremising this action functional are

dB=0, dC=-BAB. (111.2.5)
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The three-form field C plays the role of the Lagrange multiplier imposing the condition
that B is closed. Critical points of this theory are therefore symplectic manifolds, with
the additional constraint that B A B is exact.

We note that the numerical coefficient that could have been put in front of the second
term in (II1.2.3) can be absorbed by the simultaneous redefinition of the B and C' fields.

Thus the ‘background independent’ Hitchin theory for two-forms (II1.2.3) just amounts
to adding B? to (IT1.2.1). Tt is natural to wonder if we can repeat the same construction
with C, i.e adding a top form constructed from C. The most straightforward attempt
does not however give anything as the wedge product C' A C' vanishes. Nevertheless, we
can turn to the ‘background independent’ Hitchin theory for three-forms

S[B,C] = / BdC + & (C) (IIL.2.6)

Just as for (II1.2.3), any parameter that may have been put in front of the second term
can be absorbed by a field rescaling. The Hitchin volumes ® [C] for three-forms in six
dimensions is a highly non-linear algebraic function of C. We will discuss this functional
it in more detail in the next chapter. We however already see that it can always be written
as

1 -
e =5CNC. (I11.2.7)

Where C is a three-form constructed from C' in an algebraic but non-trivial way.

This is schematically constructed as follows. As will be explicitly described in the next
chapter (see in particular sectionIV.1), a stable three-forms in six dimensions defines a
linear operator on the tangent space Jo: TM® — TM® such that J& = +I. The exact
sign in this expression depends on the three-forms considered. Whatever the sign, Cis
obtained by acting on the three indices of C' with J¢,

C () =C(Jc(), (), Jol) (II1.2.8)

The Euler-Lagrange equations that describe extrema of this functional are

A

dC =0, dB = C. (I11.2.9)
In particular the second equation implies that
dC =0, (111.2.10)

and thus the three-form is closed and "co-closed" in the sense of the Hitchin story. These
are the field equations for the ‘background independent’ Hitchin theory. Once again,
these equations are stronger than those of Hitchin theory because the second equation in
(II1.2.9) says that the three-form C' is exact, not just closed.

For three-forms in the ‘negative orbit of GL(6)” we have J2 = —I and therefore such
forms define an almost complex structure. The above field equations then are equivalent
to the integrability of this almost complex structure together with the closeness of a
certain (3,0)-form. See next chapter for more on this.

In [Herfray and Krasnov, 2017| we were mostly interested by the following question:
does the theory (II1.2.1) starts to have any local degrees of freedom after deformation by
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a given ‘potential term’? We proved for both theories (II1.2.3) and (II1.2.6) that this is
not the case. Both theories are therefore diffeomorphism invariant topological theories
i.e. there are no propagating degrees of freedom. Naively a good reason for this is that
these really are the ‘background independent’ versions of Hitchin theory for two-forms in
six dimensions and that Hitchin theory itself is believed to be topological.

The ‘background independent’ Hitchin theory for three-forms is particularly interesting
because its dimensional reduction to three dimensions gives 3D gravity, see below. This
is coherent with the above statement as a 6D diffeomorphism invariant topological gets
reduced to a 3D diffeomorphism invariant topological theory.

I11.2.2 A New Action Functional for Nearly-Kahler Manifolds

In the above we successively added to the kinetic term (II1.2.1) the Hitchin volume for
two-forms and the Hitchin volume for three-forms. We obtained diffeomorphism invariant
topological theories that we coined ‘background invariant’ Hitchin Theories.

At this point it is natural to put the two Hitchin volumes together and consider

1 . 1
S[B, (] :/B/\dC+§C/\C'+§B/\B/\B. (II1.2.11)

The numerical coefficients that could have been put in front of the second and third terms
can be absorbed by a field redefinition of B and C' up to multiplying the action by an
overall constant. Consequently, the only parameter in the above theory is the coefficient in
front of the action, or, in physics terminology, the Planck constant. This parameter only
matters in the quantum theory, where the partition function of the theory will depend on
it. The Euler-Lagrange equations that describe the extrema of the functional (I11.2.11)
are

dC=—-BAB, dB=C. (I11.2.12)

Which are just the field equations of nearly Kdahler manifolds, see next chapter for a
geometrical discussion. See also section VII.2 where this structure is put in its natural
context which is holonomy on Riemannian manifolds. In particular neither the two-form
or the three-form are closed.

On the one hand, stable two-forms are the non-degenerate two-forms, on the other
hand (negative)stable three-forms define almost complex structure. It turns out that
the above field equations make those structure compatible, again see section IV.2 for a
proof. As a result we obtain an almost hermitian structure (Jg, B, g) on M, where J¢,
B and g are respectively an almost complex structure, a two-form and a metric which are
compatible with each others, i.e such that

g(X,Y) = B (Jo(X),Y). (I11.2.13)

For the field equation (I11.2.12), this metric, whose construction uses both B and C
then gives M the structure of a nearly-Kéhler manifolds.

Nearly Kahler manifolds, which is a concept that only exists in six dimensions, have
special properties. They are Einstein manifolds of positive scalar curvature. They also
admit a spin structure and admit real Killing spinors. In fact the Einstein property follows
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directly from the fact that such manifolds admit Killing spinors. A useful reference on
nearly Kéhler manifolds (and much more) is [Alexandrov et al., 2005|, see in particular
section 4.2 and references therein. See also section VII.2 where they appear in the context
of holonomy of a Riemannian manifold.

Therefore, the field equations for the theory (I11.2.11) imply that the metric con-
structed from B, (' is Einstein, and in this sense it can be viewed as a gravity theory.
This theory is however unlikely to be topological, see [Herfray and Krasnov, 2017|.

Remarks

Tn [Hitchin, 2003] Hitchin described a generalisation of the volume functional C'AC' to
all odd or even polyforms in 6D. There is thus a generalisation of all 3 theories (I11.2.3),
(II1.2.6) and (II1.2.11) to polyforms, necessarily involving forms of all degree. It would
be interesting to study these theories, and characterise them in terms of the degrees of
freedom they propagate as well as their dimensional reduction. We leave this to future
work.
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Hitchin Theories in Six Dimensions

In this chapter we look into the geometrical details of different constructions related
to stable forms in six dimensions. The aim is to allow to understand the content of
the theories described at the end of the preceding chapter and give a precise sense to
the different statements that were made. Accordingly we first review the geometry of
stable three-forms in six dimensions. Then we discuss how to obtain SU(3)(or almost
hermitian) structures in six dimensions from stable forms and the equations for nearly
Kéhler manifolds.

IV.1 Geometry of Stable 3-Forms in Six Dimensions

This section is a review of the geometry of stable forms in six dimensions. In particular
we recall how to explicitly construct Hitchin volumes. See [Hitchin, 2000, Hitchin, 2001]
for the modern references.

IV.1.1 Stable three-forms in Six Dimensions
Stable three-forms over C

A stable three-form in six dimensions is a form that lies in an open GL(6) orbit. For
complex three-forms, there is a single open orbit. On the other hand for real three-forms
there are two distinct orbits that can be distinguished by a sign. It is thus easier to start
with the description of the situation over C and later specialise to the real case.

For a stable three-forms over complex numbers, the component of the stabiliser con-
nected to the identity is the group

SL(3,C) x SL(3,C) ¢ GL(6,C). (IV.1.1)

Accordingly, if M is a six-dimensional manifold, a choice of stable complex three-forms C
on M will define two three-dimensional complex distributions D C TecM and D C TeM
on M. Each of the factor of the stabiliser groups SL(3,C) x SL(3,C) naturally acts on
each of this distribution.

Practically, we have the following proposition:
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Proposition IV.1. Hitchin [Hitchin, 2000]
A three-form C € Q3 (M6) 1s stable if and only if it is the sum of two decomposable
three-forms,

C=a'Na* AN+ AB2A B3, AN ANGANBYABEABEADO. (IV.1.2)

While each of the sets of forms (o/)ie{1 2.3)" (,Bi)ie{l 2.3 AT€ only defined up to an action

of the stabiliser group SL(3,C) x SL(3,C) -with the obvious action of each SL(3,C) on
each family of forms- the following distributions are invariantly defined:

D = Ker (ozl) N Ker (a2) N Ker (a3) , D = Ker (51) N Ker (52) N Ker (63) . (IV.1.3)

The condition o' A a? A a3 A BY A B2 A B2 # 0 means that the set of one-forms
(ai,5i>¢e{1 2.3) is a basis of T¥M. As a consequence, the distributions they define span
the whole tangent space:

TeM =D& D. (IV.1.4)

The decomposable three-forms a! A o? A o® and B A 32 A 82 are unique but in general
we cannot distinguish between the two: in what follows a’s and (’s will always play
symmetric roles.

Let us now describe how to concretely obtain the distributions (IV.1.3) in terms of C.
This will be done by constructing at every point € M an endomorphism ‘up to scale’

Ko TeM — TeM @ Q% (M) (IV.1.5)

and noticing that D C T M and DcC Te M, are eingenspaces of [?C of opposite eigenva-
lues.

Let ¢ € TcM, be a vector field. One first produce a five-form by using a proper
combination of interior derivative and wedge product

1eCANC e QL(M), (IV.1.6)

and then uses the isomorphism Q2 (M) ~ Te M ® Q& (M) (cf eq(A.1.5) of Appendix A.1)
to obtain B
Re(€) € TeM @ Q2(M). (IV.1.7)

In tensorial notation, taking (€q),c(; g @ frame on T'M and (e”) ., g & co-frame,

~ 1
Ke = ECO‘NIMCu:suwsgulm“wwsg €a & e’ @ (61 A 66) . (IV.1.8)

This last expression might look reassuring (or not), but is essentially useless in most
situations. Rather, making use of the decomposition (IV.1.2) and taking a basis of tangent
vector (&, Gi)ieqr 0y dual to (o, Bi)ie{l 23} this endomorphism can be rewritten

I?C:(ai@@&—ﬁ"@Q)@ At NP AN ABYABEA B (IV.1.9)
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So that, in general, D and D can be characterised as the eingenspaces of I?C with opposite
eigenvalues:

teD o Ko@)=¢® 0  dceQ (M) (IV.1.10)
(€D & Ko(Q)=-C® ¢

Now, clearly [N(% is a multiple of the identity operator
K2 =1® (®c)*. (IV.1.11)
Taking the trace, we have
1~
JTi(ie) € (Q5(M))? (IV.1.12)

This defines a maps
O(M) — (Q5(M))?
(IV.1.13)
C e IT(KE) = (D)
which is clearly equivariant under the action of GL(6). For complex three-forms this
object is such that it is everywhere non-zero if and only if C' is stable. This last statement
is directly related to proposition IV.1, see [Hitchin, 2000].

Here, ®¢ cries out to become the Hitchin volume. However one needs to take a square
root of (IV.1.12) which leads to a sign ambiguity at every points on M. A related problem
is that in general there is no way to make a distinction between D and D, e.g eq (IV.1.9)
is symmetric under permutation of a’s and (’s. Therefore there is no way to choose
between one of the two possible ‘square roots’ & and —®¢ in (IV.1.10). In what follows
we will however consider real three-forms where this ambiguity simplifies to a choice of
orientation.

Before coming to real three-forms, let us describe a constructive way of obtaining the
decomposable three-forms a' A a? A a® and 8 A 82 A B3. First, define the operator

1 ~

Ko = q)—Kc € QM) TM. (IV.1.14)
c

This is a genuine operator (however only defined up to a sign, due to the above discussion)

as the density weight! of ®¢ and Ko compensate each others. It has eigenvalues 1 and

thus squares to the identity. The distributions D and D correspond to the eingenspaces

of eigenvalues one and minus one respectively. Note that changing ®¢ by a sign exchange
the role of D and D.
We can then make use of (IV.1.14) to construct the decomposable forms

20NN =C+C, 28ABPAB=C-C, (IV.1.15)

where C is the result of the action of K¢ on all three form-indices of C,

A

Cl.,.,.)=C(Ke(),Ko(),Ke() € QL (M. (IV.1.16)

!Here both ®¢ and IN(C are volume-form-valued object so that dividing one by the other results in a
proper scalar.
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Not surprisingly the overall sign ambiguity in the definition of ®¢ (and thus K¢)
translates into an ambiguity between o’s and [’s.
A look at equations (IV.1.10) and (IV.1.9) then shows that

Po=a' N> AP ABYABEA B (IV.1.17)

(again exchanging the role of a and (s is equivalent to changing ® by a sign). With this
in hand and once the decomposable three-form factors (IV.1.15) of C' have been obtained,
one easily gets that

D = %C AC. (IV.1.18)

Finally one can check from (IV.1.17) that 6®&c = C' A 6C so that the notation of this
chapter is coherent with the previous one.

As we emphasised all along, in the complex case there is a systematic sign ambiguity
everywhere that cannot be fixed. We now consider real three-forms where this ambiguity
is less drastic.

Stable forms over R

There are exactly two GL(6,R) stable orbits of three-forms, characterised by the sign
of

%Tr(f(g) e (25(M))*. (IV.1.19)

Note that, despite the fact that (IV.1.19) is not really a number but rather a section of

(Q8(M ))2, its sign is invariantly defined as follows. Take any volume form v € Q°(M)
then the sign of (IV.1.19) is the sign of A as defined by the expression

%Tr(ff%) — ) (). (IV.1.20)

Clearly this sign does not depend on the choice of v ( in particular it does not depend on
a choice of orientation).

In what follows three-forms C' such that %Tr([?%) > 0 will be said to be in the positive
orbit while those with $Tr(KZ) < 0 will be said to be in the negative orbit. When
+Tr(K2) =0, C is simply not stable.

Stable forms over R, case A\(C) >0

Let us first consider the ‘positive orbit’. This sign corresponds to stable forms with
stabiliser
SL(3,R) x SL(3,R) (IV.1.21)

Then the three-form C has the canonical form (IV.1.2) with (%) e 2310 (8%)aeqi 2 Teal
one-forms and the distributions they define (cf eq(IV.1.3)) are real.
We now want to define the Hitchin volume as

b=+ éTr(f?g). (TV.1.22)
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As already discussed, because a square root is involved there is a sign ambiguity in this
definition. However this is less problematic than in the complex case as fixing this am-
biguity is now equivalent to picking an orientation on M. We suppose that such a choice

has been made and choose ®¢ such that it is oriented accordingly.
Practically, if v is an oriented volume form we can write

P =V,

Where A is defined by (IV.1.20).

(IV.1.23)

Integrating this volume form we get the Hitchin functional for the positive orbit

S[C] ::/MCDC ER.

The operator

1 ~
Ko = —Ke € Q(M)®TM
0%

is now real with eigenvalues +1 and thus squares to the identity,
K2 =Ty

This is sometimes called a para-complex structure.
Just as in the complex case,

~

C:=Kc(0) € Q*(M).

and the decomposable forms are obtained as

208 N2 A =C+C € Q*(M), 288 ANBPABE=C—C e (M)

The only difference is that all the forms are now real.
Finally, the Hitchin volume can expressed as

1 4
<I>c:EC/\C':ozl/\aQ/\oz3/\51/\ﬁ2/\53EQG(M).

Stable forms over R, case \(C) <0

The negative orbit,

1 ~

is more interesting. In this case, the stabiliser group is
SL(3,C)
and the canonical form for C' is

C=ad'rNa2 N +a e A ad, alAnEaEanat @i aad £ 0,

(IV.1.24)

(IV.1.25)

(IV.1.26)

(IV.1.27)

(IV.1.28)

(IV.1.29)

(IV.1.30)

(IV.1.31)

(IV.1.32)
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where (ai>ie{172,3} are now complex-valued one-forms, and (ai)ie{l,Q,S} are the complex

conjugate forms. The distributions D and D they define are therefore complex conjugated
to each others. Here again there is an ambiguity between o’s and @’s. As in the positive
sign case solving this ambiguity amounts to making a choice of orientation.

We now define the Hitchin volume as

1~
O =+ —éTr(K%) (IV.1.33)
Integrating this form we obtain the Hitchin functional for the negative orbit
S[C] = / b €R. (IV.1.34)
M

As a result,

1 ~
C

is real with eigenvalues £¢ and thus is an almost-complex structure on M
J2 =~y (IV.1.36)

The distributions D, D are now invariantly defined as the eigenspaces of eigenvalues i
and —i respectively. Accordingly, we still have

~

C:=Jc(C) €Q*(M). (IV.1.37)
but now
20 NP ANa? =C +iC € QL (M) (IV.1.38)
Finally,
1 -
Po = 5C/\C: —iar AP AP At AR AT (TV.1.39)

IV.1.2 Hitchin Theory for 3 forms in 6d
Hitchin Functional
Let us consider a three-form C' on M. We formally write the Hitchin functional as
(M) - C

o (IV.1.40)
C — fM P

Because of the sign ambiguity for &+ at each points of the manifold this does not really
make sense for complex forms. For real forms however and as already explained it is well
defined once an orientation for M is given. For now we just take (IV.1.40) as a formal
way for treating both real orbits at the same time.
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Critical Points

We can now consider ‘Hitchin Theory’ i.e variations of the three-form C' staying within
a fixed cohomology class. As stated in Theorem (II1.5), the resulting critical points are
three-forms C' such that

dC' =0, dC=0. (IV.1.41)

Making use of (IV.1.28) this is equivalent to
d(a' Na® Aa®) =0, d(B*AB* NS =0. (TV.1.42)

In turns this implies that each distribution D and D are separately integrable. Taking
the exterior derivative of

ad'ANatANaP AP =0 Vi€ {l,2,3} (TV.1.43)

one indeed obtains
da' Nat NaP Ao =0 Vie{1,2,3} (TV.1.44)

which is just the integrability condition for the distribution defined by the kernel of the
a’s. The same obviously holds for 3’s.

In the particular case where C' is in the negative orbit, C = 2 Re (o’ Aa? A ) it
defines an almost complex structure together with a globally defined (3,0)-form a! A a? A
a3. The critical points of Hitchin theory are therefore integrable almost complex structure
with a holomorphic (3,0)-form. This result is synthesised by the following theorem.

Theorem IV.2. Hitchin [Hitchin, 2000]
Let M be a compact complex 3-manifold with trivial canonical bundle and C the real part
of a non-vanishing holomorphic three-form. Then C' is a critical point of the functional
O restricted to the cohomology class C € H3(M,R).

Conversely, if C' is a critical point of ® on a cohomology class of an oriented closed
6- manifold M and ®c < 0 everywhere, then it defines on M the structure of a complex
manifold such that it is the real part of a non-vanishing holomorphic three-form.

IV.2 Stable forms, Hermitian structure and Nearly Kahler
Manifold

In the preceding section we saw how a negative stable three-form in six dimensions
C' defines an almost complex structure Jo. Recall, that stable two-forms B are the
non-degenerate ones. We now come to the case where the two structures interact to
give an (almost) hermitian structure, i.e a compatible triplet (J¢, B, g) We then discuss
variational principle for nearly Kahler manifold. This is again essentially reviewed from
[Hitchin, 2001] and [Hitchin, 2002].
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IV.2.1 SU(3) Structure in six dimensions from Stable Forms

In previous sections we saw that the only stable forms in 6D are two-forms and three-
forms (In fact four-forms can also be stable but are dual to two-forms in six dimensions).

Let C' € Q3 (M) be a stable three-form and B € Q* (M®) be a stable two-form. In
this section we will everywhere assume that C' is in the negative orbit. Then C' and B
respectively define an almost complex structure Jo and a non-degenerate two-from. In
other terms, they respectively reduce the structure group to SL (3,C) and Sp (6, R).

In order for (J¢, B) to be an almost hermitian structure i.e reduce the structure group
to SU(3) = SL(3,C) N Sp (6, R), one needs a further compatibility condition:

B(X,Y) =B (Jo(X),Jo(Y)). (IV.2.1)
This is conveniently rewritten in terms of C' and B as
CANB=0. (IV.2.2)

The two conditions are in fact equivalent to w being a (1, 1)-form for the almost complex
structure defined by C. Indeed, recall that when C' is in the negative orbit it can be
rewritten

C=ad'Na’ AP +a' AN A (IV.2.3)
where o' A a? A a? is a (3,0)-form for Jo (accordingly @' A @? A@® is a (0, 3)-form). Tt
follows that (IV.2.2) is equivalent to

dANPANPAB=0, aA@PA@PAB=0 (IV.2.4)

which in turn implies that B is (1,1). The equivalence with (IV.2.1) is classical (see e.g
|[Huygbrechts, 2005]) and can be obtained directly by expanding B in terms of the a’s
and a’s.

As a consequence (IV.2.2) gives an almost hermitian structure, i.e a compatible triplet
(Jo, B, g) of almost complex structure, pre-symplectic two-form and metric.

Generically however, the hermitian product defined as

g(X,Y) =B (Jo(X),Y) (IV.2.5)

does not have to be definite. In what follows we will always suppose that this is the case

and that (IV.2.5) is a genuine Hermitian metric. This is obviously an open condition.
There is however more to the doublet (C, B) than an hermitian structure (J¢, B, g):

suppose that (IV.2.2) is verified and take (o) a basis of (1,0)-form adapted with

the hermitian structure i.e?

i€1,2,3

B=ia Ad, g=a' oa. (IV.2.6)
This basis is unique up to a U(3) action. Then there exists A € C* (MG, C) such that

C=Xa'Na* AP+ a Aa® Aad, (IV.2.7)

2We recall that our notation it that A® B:=A® B+ B® A.
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Using the U(3) freedom we can take A to be real positive, A € C*® (]R*, MG). This choice
reduces the freedom in choosing the a’s to a SU(3) action. One sees that there is however
a remaining scalar field so that in general the pair of stable forms (C, B) together with the
compatibility condition (IV.2.2) is slightly more than just a hermitian structure (J¢, B, g).
Accordingly without further constraints the two Hitchin functionals,

1 1.
P [B] = §B3, P[O] = FCNC, (IV.2.8)

are distinct volume-forms:

A®

Therefore in order for (C, B) to describe a hermitian structure only one should impose on
top of (IV.2.2) that the two Hitchin functionals are proportional

U [B] = eV [C] (IV.2.10)

where ¢ is a constant.

Calabi-Yau manifold
Let B and C respectively be two-forms and three-forms satisfying the compatibility
equations (IV.2.2) and (IV.2.10) and satisfying the necessary open conditions for

(Je, B, g) (IV.2.11)

to be a good almost hermitian structure. L.e such that Js is an almost complex structure
and g is definite.
Let us further suppose that they satisfy

dB=0, dC=0, dC=0. (IV.2.12)

The first equation means that V' is a symplectic form, making the triplet (IV.2.11) an
almost Kéhler structure. As discussed in the previous chapter, the last two equations
implies that the almost complex structure is integrable Jo and that the (3, 0)-form C +iC
is holomorphic. This respectively makes (IV.2.11) Kahler and Calabi-Yau.

IV.2.2 Nearly Kahler Manifold

At the end of chapter IIT we considered the following variational principle
S[C B = / BAC +®(B) +&(C), Ce (M%), Be (M. (IV.2.13)
M

The resulting field equations are (after rescaling the fields)

dC =B?,  dB=C. (IV.2.14)
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A crucial point is that these equations imply the compatibility equations (IV.2.2) and
(IV.2.10) for
BANC=BAdB=d(B*) =dC=0. (IV.2.15)
As already discussed, this implies that B is (1, 1) for the almost complex structure defined
by C. In particular B A C' = 0. This is useful to show that the two Hitchin functionals
are proportional:

3@(3):33:3/\dé:d<3/\é)—dBAé:éAC:M)(C). (IV.2.16)

The set of equations (IV.2.14) define a nearly Kdhler manifold (or weak holonomy
SU(3), a terminology that we shall not use here).

Constrained Hitchin functional As a point of comparison, we briefly described how
nearly Kéhler manifold were obtained in [Hitchin, 2001].
Let, C' be a stable ezact three-form, and let p be a stable exact 4-form

C=da, p=B*=dp. (IV.2.17)

In [Hitchin, 2001], Hitchin considered a constrained variational principle. Mainly he
looked for the critical points (in a cohomology class) of

1 14
/ Op|+P[C] = / -B*+ -CC (IV.2.18)
M6 M6 3 3
lying on the constraints surface
/ aANdf = cst. (IV.2.19)
M6

The resulting field equations are just (IV.2.14) (up to rescaling the fields).

Note however that, even though superficially similar, this is quite different from the
variational principle (IV.2.13) described above. In particular in (IV.2.13) there are no
extra constraint to be added to the variational principle.

Example: The nearly Kéhler structure of PT()M*) on Instantons

As a neat example of nearly Kahler structure, and in order to relate this part with the
first one, we briefly describe here the nearly Kéahler structure on the twistor space of an
anti-self-dual Einstein metric.

In the first part of this thesis we considered a first almost hermitian structure on
PT(M*?)

Q3’0 = 7TA/D7TA, VAN GOB/ﬂ'B/ VAN 610,71'0/ (IV220)
92 7TA/D7TA/ /\ﬁ'B/Dﬁ'B, _GAB/ﬂ'B/ /\€AC/7ATC/
w=44R 5 —1 -
2 (m.m) T
D N g DRB 1 25 rpide
—gipr | AZT DTEYR = TRTC (IV.2.21)
(7.7) R? T
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see eqs (11.1.96),(11.1.103),(I1.1.104).

We dubbed it the integrable almost hermitian structure as it is indeed integrable on
anti-self-dual manifolds see Proposition I1.7 and is in fact Kéhler on anti-self-dual Einstein
manifolds with cosmological constant A = %, see Proposition 11.9. In particular on CP?
this gives the Fubini-Study metric (which is indeed known to be Kéhler-Einstein)

However we here wish to now consider the alternative ‘non-integrable’ almost hermitian

structure:

C=0+0 (IV.2.22)

with 1
Q= —— 7u DY AP 7 Al Re (TV.2.23)

.7

D N apDFB 1 YF o
B = 2iR? (“ T ATeST o2 TEe (IV.2.24)

(m.7)° R 7

Proposition IV.3.
The almost Hermitian complex structure given by (C,B) on PT(M) is almost nearly

Kibhler, i.e satisfies X B

dB =k C, dC =k BAB, (IV.2.25)
if and only if the base manifold is anti-self-dual Einstein with cosmological constant A =
%. Then k =3 andk:%.
Proof. This proposition can be checked by a direct computation. O

In particular this gives another ‘squashed’ Einstein metric on CP3: starting with the
Fubini-Study metric on CP? this other Einstein metric is just obtained by squashing
radius R of the two-sphere S? of the twistor fibration §? — CP3 — §*.
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Three Dimensional Gravity as a Dimensional
Reduction of Hitchin Theory in Six Dimensions

In this chapter, we want to establish that SU(2) reduction of the ‘background indepen-
dent’ version of Hitchin theory is 3D gravity coupled with a constant scalar field. We first
show how 3D gravity can be naturally understood from a 6D point of view and, what is
more, is a subset of solutions to Hitchin theory. Once this is done, we consider the SU(2)
reduction of the full theory.

V.1 3D Gravity in Terms of 3-Forms on the Principal
Bundle of Frames

There are several alternative ways of writing the canonical form of C'. We already

considered
C=a'"ANa*Na®+ B AB*A B (V.1.1)

Which is given by the proposition IV.1.
Yet another way of writing C' arises if we set

o =Wi+VAE, =W _-VAE, Vie{l,23} (V.1.2)
where (V[/i)z.e{1 2.3} and (Ei)ie{1 2.3y AT€ real one-forms and v/A € C. We get
0:63 WiAWI AW+ A €% Wi A BT A B (V.1.3)

This suggests the following interpretation. We take our six-dimensional manifold P°
to be a SU(2) principal bundle over a 3D manifold M3,

SU(2) — P® — M®. (V.1.4)

Then if M? is a Riemannian manifold one can relate W and E respectively with the
Levi-Civita connection and the frame field. We now recall how this is done.
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V.1.1 Lift from 3D gravity to 6D

We now recall the relationship between the Riemannian geometry of a base manifold
M3 with that of the total space P® of the related SU(2) principal bundle. Our notations
for 3D gravity are standard ones so we don’t feel that it is necessary to detail them in the
main body of this thesis. See however appendix D for a brief review of these conventions.
In particular we use Lie algebra valued forms to describe the frame field e and the potential
of a SU(2)-connection w (when the field equations are satisfied, of course this is just the
potential of the Levi-Civita connection). The reader unfamiliar with this notation can
again report to the appendix. As a convention, all Lie algebra valued field are from now-on
written in bold notation.

Connection forms and forms on a principal SU(2) bundle

Thus, we want to establish the classical relation between the potential one-form w of
a SU(2) connection on M? and a more geometrical description in terms of Lie algebra
valued one-forms on the total space P% of the principal bundle.

Consider the total space P% of the principal SU(2) bundle over M3,

SU(2) — P® 5 M°. (V.1.5)

We work locally and choose a local trivialisation of this bundle so that every fiber is
identified with a copy of the group. Let p be a point in P% and U, C P° be an open
subset containing p. Let z = m(p) and V, = 7(U,) be their respective projection on M?3.
Then a local trivialisation ¢y is a map identifying U, with SU(2) x V,,

U, C PS — SU(2)x (V, C M?)

du p e (g,2)

(V.1.6)

A local trivialisation thus gives local coordinates adapted to the bundle structure. We
will use the notation ~ whenever we need to identify geometrical objects on P% with their
expression in a trivialisation e.g

p=~(g,7) € SU(?2) x M°. (V.1.7)

A choice of trivialisation ¢: U, — SU(2) x V, is equivalent to choosing a section
s4: Vy — U, such that

V., C M? — SU(2)x7V,
905y x = s(z) ~ (e, x) (V.18)
Accordingly, if we choose another trivialisation s, the two are related by
Yoss: VpyC M — SU(2) x V, (V.1.9)

x = syp(z) = (R (2), 2)

where h is a section h € I’ [M 3 SU(2)]. Therefore, a change of trivialisation amounts to
a change of coordinate described by the following diagram.
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SU(2) x V,

% (9.7) €
UP

[gog

S (U
\ SU(2) x V,

(hY(z).9,2) €

The take-home message of this diagram is that change of coordinates associated with a
change of trivialisation act on the left.

Related to this observation is that any principal bundle comes with a global right
action. In a given trivialisation, the action of any h € SU(2) on p € P° reads,

p.h =~ (g.h,x). (V.1.10)

Clearly this definition does not depend on the choice of trivialisation.

Change of trivialisation are directly related to gauge transformations, which are defined
as the automorphisms® of P% that preserves each fibres: change of trivialisation and gauge
transformations are the two faces (passive/active point of view) of the same coin. We here
adopt a passive point of view so that for us ‘gauge transformation’ and ‘gauge invariance’
will simply mean ‘change of trivialisation’ and ‘well-defined’. In fact this terminology is
often misleading and we will refrain to talk about ‘gauge’ in the following.

For example, the Maurer Cartan frame associated with a trivialisation

m =g 'dg (V.1.11)

is not a meaningful geometrical object because it is defined by a particular trivialisation
2 and will look completely different in any other.

The same is true for the potential of the SU(2)-connection, w. In geometrical terms
w is a one-form on M? taking values in sections of the associated bundle P° X gy ) su(2)
so that its exact representation depends on the trivialisation. Changes of trivialisation
correspond to ‘gauge transformations’ of w.

However, while both m and w depend on the trivialisation chosen, the connection
one-form?

W =g 'dg+g 'wg € QP°) xsu(2). (V.1.12)

does not. Accordingly, this is a geometrically simple object on P% - a Lie-algebra valued
one-form.

In general terms a connection one-form is a Lie-algebra valued one-form in the total
space of the bundle, whose kernel defines the notion of horizontal vector fields. Impor-
tantly it reduces to the Maurer Cartan frame when restricted to vertical vector fields and
is equivariant under the right action,

RIW = Ady—1 (W). (V.1.13)

'In particular this is a subgroup of the diffeomorphisms of PS.

20ne could say that it is not ‘gauge invariant’ but really this is more misleading than anything else,
the unique meaningful point here is that this form is tied up with a trivialisation.

3In this expression we abuse notation as w really stands for the pull-back of the potential by the
projection operator m*w. We will systematically make this abuse of notation as this considerably lighten
the notation and there is generally no ambiguity.
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These are in fact the two defining properties for a connection form.
An easy calculations gives the curvature of the connection

F=dW +WAW (V.1.14)
=g '(dw+wAw)g =g 'fg, (V.1.15)

which is a su(2)-valued basic two-form, i.e it is zero on vertical vector fields. It is also
equivariant Rf F' = Ad,-1 (F'). Again, these are the two defining properties for su(2)-
valued forms coming from forms on M? with values in sections of P Xgy ) su(2).

We will also need the su(2)-valued one-form on P® defined by the frame field e

E=g"'eqg €QP° xsu(2). (V.1.16)

One easily checked that it is basic and equivariant as well, as it should be.

Chern-Simons Connection forms and Hitchin Equations

A standard approach to 3d gravity is in terms of the so called Chern-Simons formula-
tion. See appendix D for conventions.

Let @ .= w + VAE and @ .= w — VAE be the potential of the Chern-Simons con-
nections. Here v/A is a mnemonic standing for \/W for A > 0 and z\/m for A < 0. In
the first case (positive A) a and a are two independent real-valued object, in the second
situation (negative A) they are conjugated complex forms. Chern-Simons connections are
useful because the flatness of both connections is equivalent to the field equations for 3D
gravity.

We can now introduce the lift of the Chern-Simons connections as

A=W+VAE=g¢g'd9+g 'ay. (V.1.17)

AV::W—\/KE:g’ldg+gf1 ag.

This should be understood as follows. When A > 0 then A and A are two su(2)-valued
one-forms, while when A < 0 then A and A are two complex conjugated s[(2, C)-valued
one-forms. The proper geometrical interpretation of these objects is in term of Cartan
connections, see section V.2.1, but we won’t need it here. It will however be useful when
we come to consider SU(2) reduction of Hitchin theory.

Instead of going in that direction let us consider the following three-form on P° as
(matrix multiplication implied)

T o o~ o~
0:—2§(AAAAA+AAAAA) (V.1.18)

Introducing a coordinate notation rather than a matrix notation®

A=A, A=A (V.1.19)

4See Appendix (A.2.1) for our conventions on the basis ¢;. In particular with these conventions

2 2 ik
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this three-form can be rewritten as
C=A"NA2NA® + AV N A2 A AR, (V.1.20)

Which is just of the form (IV.1.2) and thus C is stable. What is more, the sign of its
orbit corresponds to the sign of A!

Indeed when A is positive both families (Ai)el 55 and (217> are real forms which
= €1,2,3

implies that (V.1.20) is in the positive orbit. On the other hand, when A is negative they
are complex conjugated and (V.1.20) is then in the negative orbit.
In fact in order for the three-form (V.1.20) to be stable one also need to check that

<Ai,f~li)' . is a basis of one-form. This obviously requires A # 0. When A # 0,
11,2,
<Ai,gi)i€123 is a basis if and only if (W’ Ei)¢e1,2,3 is. The last three forms are basic
(they vanish on vertical tangent vectors) while the first three are not so that one only
need to check that separately each of the set of W’s and E’ are made up of independent
forms. Because the Maurer-Cartan frame g~'dgm‘o; is a basis and (V.1.12), the one-forms
(Wi)i€1,2,3 are always independent. Therefore the stability of (V.1.20) is equivalent to
the non-degeneracy of the triad (ei)i61,2,3' We will always suppose that this is the case
from now on.

Now we saw in section IV.1.2 that critical points of Hitchin theory are stable three-
forms

C=a'Na? AN+ B AB2 A B2, (V.1.21)

such that X
dC =0 and dC =0 (V.1.22)

or equivalently
(d0) na' na?na? =0 and () NS NGRS =0 Viel23  (V123)

This last equations implies that the distribution D and D defined by the kernel of the o’s
and (’s (cf (IV.1.3)) are integrable.

Now in our SU(2) principal bundle setting (V.1.20), A and A are connection forms and
integrability of the distribution they define is equivalent to vanishing of their curvature:

1
D = Ker (A)is integrable <« F =dA+ 3 [ANA]=0 (V.1.24)

As a result Hitchin equations implies 3d gravity! In fact a closer look at the equations
shows that this is an equivalence:

Proposition V.1.
For three-forms on P® constructed from a frame field on M3 and a SU(2)-connection as
in (V.1.18) and (V.1.17), the following system of equations are equivalent

1. dC =0, dC =0 ‘Hitchin’s Equations’

2. F =0, F=0 ‘Chern-Simons connections are flat’
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3. dwE =0, Fyw+AENE=0 ‘3D gravity’.

Note that we here both need E to be a non-degenerate frame and A # 0 in order for C to
be stable.

This is a nice interplay between the field equations of 3D gravity and Hitchin Theory
but what about the variational principle? At this point it is indeed natural to wonder
whether the Hitchin functional (IV.1.39) has any interpretation in terms of 3D gravity.
In fact, there is. However, perhaps surprisingly the resulting variational principle is the
pure connection action for 3D gravity. This is a slightly non-standard description of 3D
gravity and we will briefly review it before moving on to the Hitchin functional.

V.1.2 The pure connection formulation of 3D gravity

In this section we review the pure connection description of 3D gravity. It seems
that the pure connection formulation of 3D gravity was first worked out in [Peldan, 1992],
starting from the Hamiltonian point of view. A simpler description, directly at the level of
the Lagrangian, appears in Section 3.4 of [Peldan, 1994]. We here only give the Lagrangian
description.

The essential idea is to start with the first-order Einstein-Cartan action,

S[e,w]:—/MTr (e/\f—k%e/\e/\e), (V.1.25)

solve the equation of motion f —1—% [e A e] = 0 for e as a function of f and finally substitute
the result back into the action.

To describe the solution, we introduce the notion of definiteness and sign of a con-
nection. For now they will only have 3D interpretation but we will soon see that these
notions can in fact be related to those of stability and the sign of a certain® three-form
on P!

Definite SU(2)-connections in 3D

For now let us consider again a SU(2)-principal bundle P® on a 3-manifold M?. Let w
be the potential of a SU(2)-connection. Let f = dw + w A w be its curvature two-form.
[t is convenient to see the curvature as a map from bi-vectors to su(2):

F: N> TM — su(2) (V.1.26)

In three dimensions, bi-vectors form a three dimensional vector space. We will say that a
connection w is definite if its curvature is non-degenerate when understood as the map
above. Now, the Lie algebra su(2) has a natural orientation given by the Lie group
product, i.e a basis of su(2) (a, b, c), is positively oriented if ©

—2Tr (a[b,c]) > 0. (V.1.27)

®In fact the ‘Chern-Simons’ three-form.
SHere we think of su(2) element as two by two hermitian matrix, see Appendix A.2.1 for our convention.
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Bi-vectors also have a natural orientation: introducing a metric to raise and lower indices
one can indeed define a bracket

[, B]" = a5 — a® B (V.1.28)
and take (o, 8,7) to be an oriented basis of bi-vectors if and only if
[, 81" Yap > 0 (V.1.29)

Because any two metrics can be continuously deformed into another this choice of orien-
tation does not depend on the choice of metric.

An alternative way to know if a basis («, 3,7) of bivectors is oriented according to
this rule is as follows. We first use the isomorphism Q*(M?) ~ T (M?) @ Q3(M?) (see
appendix A.1)

a € N°T(M?) — aeT (M) ®Q*(M°). (V.1.30)

to construct a triplet <&, B, :y) of volume-form-valued tangent vector.

Then taking the wedge products of these tangent vectors we obtain
anBAFeENT(M)® <Q3 (M3)>3 ~ (¥(M?))* (V.1.31)
The sign of (V.1.31) is well defined. For any volume form v,
GABAT=-A)?, AER (V.1.32)

Then («, ,7) is oriented according to the above rules if and only if A > 0. Note the minus
sign necessary here. That the two orientations then coincide can be checked explicitly
using coordinates and our conventions given in AppendixA.l and the algebra of epsilon
symbol given in AppendixA.2.2 :

Qb (5“%[7 - /yacﬁcb> = <€aci€cbj - Eaciecbj) 51’?]
— <_6ijk€abk> Eigyj
_ oeiihgh i,

Therefore, if w is a definite connection their are two possibilities: either its curvature
sends oriented basis of bi-vectors into oriented basis of su(2) or not. We call definite
positive the first case and definite negative the second case. This defines the sign of a
definite 3D connection.

For practical purpose, this sign is directly computed as follows: We first apply the
isomorphism Q*(M?3) ~ T (M?) @ Q3(M?) to f

fe? (M) osu@2) — FfeT (M) o0 (M®) @su(2) (V.1.33)
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Then the connection is definite if and only if
31 (F[7.4]) e @ar)y (V134
is non-zero and the sign of (V.1.34) is the sign of the connection. Explicitly:
(@) g (7 [F. 7)) g, 0.mo,
Rk

6
N\ (Hp
= — (dx3)3 det (ff) : O ® 0, ®0,

6
= — (da*)" det (F).

= — (da) v f0.,20,0,

So that the sign of the connection is the sign of det (ff)

If we choose an orientation on M3, one can then take the square root of (V.1.34) and
obtain a volume form:

Liny (f[fﬂ)‘ (V.1.35)

Uf = g
vy =4/ |det (ﬁ“) | d*z (V.1.36)

where d®z is any oriented volume form.

or

The pure connection formulation
Consider a definite connection w with sign A = 1. The pure connection formulation
gravity action is just the total volume

SGR[’LU] =—-A / Vy. (V137)

M3

An interesting property of definite connections with sign A = £1 is that they define a
frame field ey € Q' (M?) ® su(2) such that

f+A%[efAef] = (V.1.38)

The above triad is obtained via the following construction. One first construct the
densitized triad,

~ 11+
ér =1 [fJf] e QLM% @ BP(M?) ® su(2) (V.1.39)
where _ is the interior derivative. More explicitly,
I
e= §e”kf’”fkm, dz’ @ (d*z) ® o;. (V.1.40)
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One then fixes the scaling by dividing by the volume form (V.1.35).

11~
er=3 o] fos (V.1.41)
. -1
e=3 eijkf“jfkuy ( |det <]?;“> |) dz" ® o;. (V.1.42)
The frame ey defines the metric dsQf = —2Tr(ey ® eg), which is of Riemannian

signature. One can check that with these definitions, ey is such that
2
Vy = —gTr(ef/\ef/\ef), (V143)

i.e (V.1.35) is the volume form of the metric. In particular this frame is non-degenerate
if and only if vy # 0 i.e if and only if w is definite (which is, of course, the whole point of
the definition).

Note that the action (V.1.37) is just the value of the first-order action (V.1.25) on the
solution (V.1.41) of (V.1.38).

The first variation and Euler-Lagrange equations
The expression (V.1.43) makes it clear that the first variation of the pure connection
action (V.1.37) is given by

5Shﬂ::—A~/nTﬂéqﬂVquf):-—AQ/}H(&equﬂAef):L/qkwaef) (V.1.44)

This shows that the critical points of the pure connection action are connections satisfying
the following second-order PDE

dwey = dey + [w, ef] (V.1.45)
:def—l—w/\ef—i—ef/\'w (V146)
= 0.

This equation says that the connection w is the unique torsion-free connection compatible
with the frame eg. The equation (V.1.38) that defines ey then becomes the statement
that the metric constructed from ey is of constant negative curvature. This shows that
(V.1.37) is indeed the pure connection formulation of 3D gravity (non -zero cosmological
constant A).

V.1.3 Hitchin Functional, the Chern-Simons three-form and the
Pure Connection Formulation of 3D Grayvity

Let us now come back to the 6D notations. We consider again the three-form (V.1.18)
which we rewrite here for convenience.

T -~ .
Ch}ag(AAAAA+AAAAA) (V.1.47)
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Our initial question was What is ‘Hitchin Theory’ for this particular three-form? By
‘Hitchin Theory’ we really mean a variational principle on stable closed three-form in 6D.”
The three-form (V.1.47) is generically (i.e for A # 0) stable but not closed. Therefore
before considering Hitchin functional one needs to impose that the exterior derivative of
(V.1.47) vanishes.

Closing C
In order to get a geometric interpretation of the constraints dC' = 0 it is best to open
up again the Chern-Simons connections in terms of connection and triad:

A=W+ VAE=g"'dg+g ' agy (V.1.48)
A=W -—VAE=g'dg+q¢ ' ay. (V.1.49)

Rewriting (V.1.47) in terms of (V.1.48) we get
1
C:—4Tr(§W/\W/\W+AW/\E/\E). (V.1.50)

A direct computation shows that
dC=-4ATt ( WAWA(Fw+AEANE)) —2ATr (W Adw [EAE]). (V.1.51)

It follows that
dC =0 & Fw+AEANE =0. (V.1.52)

This is indeed obtained by evaluating the above equation on two vertical vector field. Note
that the second term in (V.1.51) does not give more equations as it vanishes identically
once the first term does (due to Bianchi identity).

We thus obtain the ‘second half’ of the equations for 3D gravity that we recall here
for convenience:

A
dwE=0,  Fw+[ENE]=0. (V.1.53)

This result is not really surprising because we know from Proposition (V.1) that al-
together dC' = 0 and dC = 0 are fully equivalent to 3D gravity. This was however
not completely obvious in the first place. In (V.1.51) equations coming from the term
proportional to W

dw (ENE)=0 (V.1.54)

could have been an independent equation but ‘miraculously’ turns out to be a consequence
of the equations coming from the term proportional to W A W. In fact if instead of
starting with the closeness of C' we had looked at dC = 0 we would not have obtained the
first half of (V.1.53) only. Rather we would have found some additional equations that
are necessary condition of the second half of (V.1.53) (i.e equation of the type (V.1.54)).

The essential result following from (V.1.52) is that imposing the closeness of C' amounts
to solving the triad E in terms of the connection W. In the previous section we precisely
saw how this can be done. Then the sign of the connection encodes the information about

"That is what we referred above as ‘background independent’ Hitchin theory.
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the sign of A. Once the constraints (V.1.52) are satisfied we have a theory of a SU(2)
connection only!

Coming back to the three-forms (V.1.50), it can now be rewritten (just making use of
(V.1.52))

1
C=4Tr (—§W/\W/\W+W/\FW) (V.1.55)

or equivalently
2
C=-2CS (W) ::4Tr<W/\dW+§W/\W/\W>. (V.1.56)

Which is the Chern-Simon three-form on P® associated with w. Note that despite the
fact that the usual Chern-Simon three-form on M3

2
CS(w) :=-2Tr (w/\d'w—l— g'w/\w/\w> (V.1.57)

is not gauge invariant this three-form on P% is well defined i.e (V.1.56) makes sense
independently of any choice of trivialisation.

Now, on the one hand we have a theory of a SU(2) connection w and the associated
notions of definiteness and sign of a connection. On the other hand we have theory of
three-forms C' in 6D and the associated notions of stability and sign of an orbit. The
three-form C' being related to the connection w by (V.1.56).

It is reassuring that the different notions involved are, in that particular case, equiva-
lent:

Proposition V.2.
Stability of the Chern-Simon three-form CS (W) is equivalent to the definiteness of w.
When this is satisfied, the sign of the orbit of C'S (W) and the sign of w coincide.

The proof of the right-to-left implication is more or less already contained in a scattered
way in the previous sections. In section V.1.2 we saw that the curvature of a SU(2)
connection defines a frame-field E such that

F+AENE=0. (V.1.58)

Then the Chern-Simons three-form (V.1.56) can be rewritten in terms of W and E as
(V.1.50). Then, as we already discussed (see the discussion around eq (V.1.20)), stability
of the three-form is equivalent to the non-degeneracy of the frame field which is in turn
equivalent to the definiteness of the connection. Finally introducing the Chern-Simons
connections (V.1.17) it can in turn be rewritten as (V.1.20) from which one directly sees
that the sign corresponds. O]

All that remains to be seen is that the Hitchin functional for the Chern-Simon three-
form C'S (W) coincide with the pure connection action Spc [w].
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Hitchin Functionnal and The Pure Connection Action
We now compute the Hitchin’s action (IV.1.40),(IV.1.18) on our three-form 2. We use
the expressions (IV.1.28),(IV.1.38) and rewrite (2

C*——Q(\/K>3%<A/\A/\A—AVAAV/\AV). (V.1.59)

Note that here and thereafter A € (1, —1) and /A € (1,14).
In terms of W and E, we have

. A
O:—4Tr(§E/\E/\E+W/\W/\E)) (V.1.60)
and
1
C':—4Tr(§W/\W/\W+AW/\E/\E). (V.1.61)
This gives
e 1 3 1 3 2 2
FCNC==8A | STr (W) Te(E°) + Tr (WE?) Tr (W?E) | , (V.1.62)

where we omitted the wedge product signs. We can now replace W here by the Maurer-
Cartan form m = g ldg, as the part of W that is a one-form on the base does not
contribute. We can also rewrite the last term here as a multiple of the first, using some
simple properties of the Lie algebra generators o*

Tr (WE?) Tr (W’E) = %Tr(W?’)Tr(E3). (V.1.63)
Thus, overall
@[C]:%C’/\Czél(\/x)g %TrAAAAAA%TrAAZAZ (V.1.64)
= —8A (-%Tr(m?’)) <—§Tr(e§z)) (V.1.65)
=38 (—%Tr(m?’)) A (—Avg), (V.1.66)

where the volume form on the base vy is given by (V.1.35).
We thus have the following proposition

Proposition V.3. Let SU(2) € P® — M3 be a SU(2) principal bundle over a 3D manifold
M3. Let w be the potential of the a SU(2) connection on P® and W the associated
connection one-form.

The Hithin functional S|C| (see (IV.1.40)) evaluated on the Chern-Simons three-form
C=CS (W) (see (V.1.56) ) is proportional to the pure connection action to 3D Gravity
Scr[w] (see (V.1.37)):
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/Pﬁ ®[CS(W)] =8 (/SU(Q) —%Tr(m?’)) X Sar [w] (V.1.67)

Equivalently, if e is a su(2)-valued one-form on M3, the above action is obtained
by evaluating the Hitchin functional on the three-form C (e,w) given by (V.1.17) and
(V.1.18) together with the constraint dC = 0. Solving this constraint then amounts to
solving e as a function of w (see (V.1.41)).

V.2 SU(2) Reduction from 6d to 3d

In this section we dimensionaly reduce Hitchin from 6D to 3D by an SU(2) action.
Practically we suppose that SU(2) acts freely on P°® such that it has the structure of a
principal bundle. We note M3 the resulting quotient manifold.

SU(2) < P°® — P°/SU(2) ~ M® (V.2.1)

We then consider Hitchin theory for three-forms C' on P° that are invariant under the
SU(2) action
RC=C. (V.2.2)

The resulting theory turns out to be 3d gravity coupled with a (constant) scalar field.
This can be seen in different ways but we believe that the most convincing proof is by using
concept from Cartan Geometry. Cartan geometry is a beautiful framework generalising
both Klein geometry, i.e the geometry of homogeneous spaces and the essential idea of
Riemannian geometry which is the make the geometry local. This is however slightly
out of fashion today and not so well known, at least from the physicist community.
Therefore before we conduct the reduction of Hitchin theory we review the basics of
Cartan-Geometry. This presentation is essentially taken from the beautiful book [Sharpe,
1997].

V.2.1 A Very Brief Introduction to Cartan Geometry

Cartan geometry is a generalisation both of Riemannian geometry and Klein geometry.
In Riemannian geometry a d-dimensional manifold can be infinitesimally identified with
R?. This is indeed the role of the metric. The Riemann curvature tensor is then the
obstruction to make this identification local, we won’t discussed global aspects here.

On the other hand Klein geometry is the geometry of homogeneous spaces. If G is
a n-dimensional Lie group and H a subgroup of dimension n — d then the homogeneous
space G/H is a d-dimensional manifold. In particular, associated with this homogeneous
space we have a principal H bundle

H—G—G/H. (V.2.3)

Cartan geometry applies the essential idea of Riemannian geometry, make the geome-
try infinitesimal to the geometry of homogeneous space. Accordingly a Cartan geometry
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modelled on (G, H) makes a infinitesimal identification, i.e an identification at the level
of the tangent space, of a manifold with some fixed homogeneous space the model G/H.
Doing this identification is the role of the Cartan connection, the curvature of the con-
nection then is the obstruction to making this identification local (i.e in an open subset).
Again, we won’t really consider global problem here. The following results are crucial to
understand how this is done.

Non Abelian Generalisation of the Fundamental Theorem of Calculus

Let G be a lie group, g its Lie algebra. We note mg the Maurer-Cartan form on G.
We take M to be a smooth manifold.

If f: M — G is a smooth map we can define its ‘Darboux derivative’ wy, a g-valued
one-form on M, as

Reciprocally we will refer to f as the primitive of wy.
Just as for the usual primitive of a function from R to R, the primitive (if it exists) is
defined up to an integration constant (cf [Sharpe, 1997| p115):
if wy, = wy, then there must exists C' € G the ‘integration constant’ such that f; = C. fs.
One can always find a primitive (‘integrate’) a g-valued one-form, w, along a path o
in M. The result is a path ¢ in G, referred to as the ‘development of w along ¢’. This
procedure is essentially unique up to the choice of a "starting point" for o:

Theorem V.4. "Development of w along a path"

Let w be a g-valued one-form on M and o: [0,1] — M is a smooth path in M. Then there
exists a unique smooth map o: [0,1] — G satisfying c(0) = g and 0*(w) = c*(m¢). This
map 1$ called the development of w along o starting at g.

Proof. For a proof see [Sharpe, 1997| p120. ]

However in general the endpoint of a development (1) will depend not just on the
endpoints of the path ¢(0) and (1) but on the details of the path. This is related to the
fact that not all g-valued one-form are Darboux derivatives.

From the definition, it is clear that a necessary condition for w to be a Darboux
derivative i.e w = wy, is that it must satisfy the Maurer-Cartan (or "structural") equation:

1
dwf+§[wf,wf] = 0 (V25)
It turns out that locally this is the only obstruction:
Theorem V.5. "Local generalisation of the fundamental theorem of calculus"” (E.Cartan).
Let w be a g-valued one-form on M satisfying the structual equation, dw + %[w, w] = 0.

Then, for each point p € M, there is a neighborhood U of p and a smooth map f: U — G
such that w}U = wy.

A related theorem is
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Theorem V.6. "Monodromy representation of w”
Let p and q be two point in M. Let o be a path in M starting at p and ending at q. If
w verifies the structural equation then the endpoint o (1) of its development starting at g
along o only depends on the homotopy class of o. In particular this gives a well defined
map

P, : 7T1(M,p) -G

called the "monodromy representation of w’.

Practically the monodromy representation encodes the global obstruction for w to have
a primitive:

Theorem V.7. "Generalisation of the fundamental theorem of calculus”
Let w be g-valued one-form on M then

w 1s the Darboux derivative of some map M — G
54
w wverifies the structural equation and the monodromy representation

O, m(M,p) - G
15 trivial.
Proof. For a proof of the theorems above, see [Sharpe, 1997] p116, p121 and p124. ]

Let us briefly sum up what we’ve just learned. Any g-valued one-form on M identifies
‘infinitesimally’ M with G. Development realises this identification along a path. It can
be made local, in an open subset, if and only if the one form satisfy the Maurer-Cartan
equation. Thus in some sense dw + %[w, w] plays the same role as the Riemannian tensor.

This is a first step but this is only part of the road to Cartan geometry as the aim
of Cartan geometry is to identify a manifold M not with a Lie group G but with an
homogeneous space G/ H. This will require a little bit more structure on the manifold.

Cartan Geometry and the Tractor Connection

Let M be a d dimensional manifold and let H < P — M be a principal H bundle.

In general the topology of M (respectively P) will be very different from the topology
of G/H (respectively G). However one can follow the philosophy of Riemannian geometry
and try to make an infinitesimal identification of

H—P—M (V.2.6)

with our model space
H<— G- G/H. (V.2.7)

From the description we just gave of "the generalisation of the fundamental theorem of
calculus" one can already infer a strategy to do just that: A g-valued one-form w on P
indeed allows to "infinitesimally" identify P with G.
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We also already encounter the only obstruction to make this identification local, i.e
the structural equation. However generically this local identification P ~ G will not be
compatible with the H-bundle structure. A related problem is that in general w has no
geometrical interpretation from the point of view of the base manifold M = P/H. One
thus need to ‘tie up’ w with the H-action on P to fix these problems.

The Flat Case
Before we get to the full fledge definition of Cartan geometry it is good to take some
times to look at the flat model:

H—P=G—M=G/H. (V.2.8)

Accordingly G is though of as the total space of a H bundle over G/H.

On G we have the Maurer-Cartan one-form mg. It’s fundamental geometrical meaning
is to identify each tangent space to G with the Lie algebra g. It is related to the H-bundle
structure by the following properties

Rime = Ad(h)me VheH (V.2.9)
me (Xe) =€ vEeDh

where X is the vector field induced on G by the differentiation of the right action of H.
This is this property that we want to generalise to the curved case.

A second important remark is that one can use the left action of H on G to construct
a principal G bundle over G/H,

G — P — G/H. (V.2.10)

Then (V.2.8), seen as a principal bundle, is naturally included in (V.2.10). It turns out
that there is a unique principal G-connection on P’, the tractor connection, such that its
connection one-form

weQ (P g) (V.2.11)

coincides with mg when restricted to G i.e
@, =me. (V.2.12)

Therefore the Maurer-Cartan one-form on G descends on G/H as a principal G con-
nection. This connection is the ‘tractor connection on G/H’.

General Cartan Geometry
The generalisation to curved (non-flat) homogeneous space is now straightforward.

Let M be a d-dimensional manifold. A Cartan geometry on M modelled on (G, H),
where G is a Lie group of dimension n and H a subgroup of dimension n — d, consists of
the following data:

A principal H bundle over M

H— P — M, (V.2.13)
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together with a g-valued one-form on P, that we will write
weQ (P g) (V.2.14)

and refer to as "the Cartan connection".
What is more the Cartan connection must verify (V.2.9), i.e

Definition V.8. Cartan Connection
A cartan connection on a principal bundle H < P — M is a g-valued one-form on P
such that

l. Rw=Ad(h""Y)w VheH
2.w(X§):§ VEeh
3. w: T,P — g is an isometry for any p € P

The two first properties are familiar. This is the third property of Cartan connections
that makes them differ from more usual Ehresmann connections. An Ehresmann con-
nection is not an isometry on the tangent bundle and indeed its kernel gives the horizon-
tal tangent vectors. On the contrary the role of a Cartan connection is to infinitesimally
identify each tangent space of P with the Lie algebra g.

We now want to interpret the Cartan connection from the base manifold point of view.
The resulting object is the tractor connection.

Just as in the flat case, one can use the left action of H on G to construct a G-bundle
on M,

G — P' — M. (V.2.15)

Then H — P — G/H is naturally included in G — P' — G/H.
Cartan connection on P are uniquely identified with principal G-connection on P’
whose kernel is not tangent to P in P’

Theorem V.9. "Cartan connection and Tractor connection”
Let P and P’ be principal H and G bundles, respectively, over a manifold M. Assume
dim G = dim P and that ¢: P — P’ is an H bundle map. Then the correspondence

Principal G connection on P’

3 .
whose kernel do not meet ., (T'(P)) } — Cartan connections on P

15 a bijection.
Proof. For a proof see [Sharpe, 1997| p365. O

Thus, associated with each Cartan connection on P there is a unique principal G-
connection on P’ we will refer to this connection as the ‘Iractor connection’. This is a
‘connection’ in the usual sense (a Ehresmann connection) and descends on M as usual.
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Curvature

One can now define the curvature of a Cartan connection as
1
Q =dw + é[w, w] (V.2.16)

or equivalently as the curvature of the tractor connection. The two being related by
restriction from P’ to P. The generalised version of the fundamental theorem of calculus
asserts that when the curvature vanish, P can locally be identified with GG. Then, as we
expect the conditions (V.2.9) are enough to locally identify M with G/H.

Theorem V.10. Let M be a flat effective Cartan geometry modeled on (G, H). Then each
point of M has a neighbourhood U which is canonically isomorphic as a Cartan geometry
to an open subset of the model geometry G/H.

Proof. Cf |Sharpe, 1997| p212. ]

Here "effective" means that (G, H) must be such that H contains no normal subgroup
in G. Starting with any homogeneous space GG/H, one can always make the geometry
effective. Let K be the largest subgroup of H that is normal in G. Then (G/K, H/K) is
effective and (G/K) / (H/K) ~ G/H. Cf |[Sharpe, 1997] p151.

A canonical example: 3d gravity

Gravity in three dimensions has no propagating degrees of freedom and Einstein’s
equations are just the statement that locally M3 is an homogeneous space. This is ex-
actly what Cartan connections are good for! Depending on the sign of the cosmological
constant all we need to do is find a Cartan connection associated with the model spaces
(SU(2) x SU(2)) /SU(2) or SL(2,C)/SU(2) then 3d gravity is just the vanishing of its
curvature. In fact this just lead to a reinterpretation of the "Chern-Simons" connections.
In some sense it explains why this is such a fruitful point of view: this is really not a trick,
this is something deep about the geometry of 3d gravity.

If e is a frame on M3 (here thought as an su(2)-valued one-form) and w the potential
of a SU(2) connection on M? then let us introduce the following Tractor connection:

A= (a,a) = (w +vVAe, w— \/Ke) ) (V.2.17)

This gives a Cartan geometry modelled on (SU(2) x SU(2), SU(2)) or, depending on
the sign of the cosmological constant, (SL(2,C), SU(2)). Note that what makes this
object different from a usual SU(2) x SU(2) (or SL(2,C) ) principal connection is that
the gauge transformations are only SU(2) gauge transforms. As discussed above this is
the interplay between G-valued objects and H-actions that gives Cartan connections their
particular flavour. In particular this implies that it can be lifted to the SU(2) principal
bundle to obtain the Cartan connection form on PS:

w= (A,A“) - (W YVAE, W — \/XE> (V.2.18)
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Now, theorems from the preceding sections asserts that the field equations of 3d gravity
are just the vanishing of the curvature of this Cartan connection,

Q= (Fﬁ) ~0 (V.2.19)

Of course, this is in line with what we know from the Chern-Simons formulation of 3D
gravity.

V.2.2 3D Gravity as SU(2) Reduction of 6D Hitchin Theory

We here would like to show that having the Cartan point of view on geometry in mind
drastically simplifies the proof given in |[Herfray et al., 2016a] that the general SU(2)
reduction of Hitchin theory is 3D gravity.

6d Hitchin theory

As we have already seen in section IV.1, in six dimensions a general complex stable
three-form C' € T'¢(P%) is equivalent to two independent triples of complex-valued one-

forms (AQ@) defined up to SL(3,C) x SL(3,C) gauge transformations, where

i€1,2,3
each SL(3,C) transform acts on one of the two triples only. These two triples have to be

independent in the sense that altogether the six one-forms form a basis. Then C' can be
parametrized as
ijk
6
When C' is taken to be real, there are two distinct cases. In the ‘positive orbit’ case,
both A and A are taken to be real and defined up to SL(3,R) x SL(3,R) transformations.
In the ‘negative orbit’ case, A is taken to be the complex conjugate of A and both are
defined up to the obvious SL(3,C) action.

€

C= (A" ANATNAF 4 AT A /\Z’“). (V.2.20)

SU(2) reduction of 6d Hitchin field equations

We now consider the case where we have a free SU(2) action on P°. We note M? the
3d quotient manifold M = P%/SU(2). In particular the infinitesimal version of this action
gives us an identification of the Lie algebra su(2) with vertical right invariant vector fields:

R.:su(2)—TI [TP°]. (V.2.21)

Taking a canonical basis of SU(2) (Ji)iemg such that [ai, aj} = €10 allows us to define
a vertical basis of right-invariant vector fields:

As the basis <Oi)z‘el,2,3 is defined up to Adgy (o) action only, (Xi)z‘el,z,B is only defined
up to a global SU(2) action.

We now fix the SL(3,C) x SL(3,C) freedom in the definition of the A’s and A’s by
requiring
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This dramatically reduces the local SL(3,C) x SL(3,C) freedom to a global SU(2)

action. It is then convenient to rescale A’s and A’s such that the preceding equations are
equalities. To keep track of the remaining degrees of freedoms we introduce two complex
scalars o and . Then

ijk

C:

<04Ai/\Aj/\Ak—|— &?V’/\ZV’AZ’“). (V.2.24)

Once this gauge fixing is done this is legitimate to think of A and A as lie algebra
valued forms. For concreteness

A=A, A=A (V.2.25)
Then
Tr SO
02—2?<&A/\A/\A+QA/\A/\A> (V.2.26)
With this new parametrisation the Hitchin field equations read,
d

Tr(dAAAAA+3—O‘AAAAAA>:o, (V.2.27)

o

-~ ~ ~ da ~ ~ ~

Tr(dA/\A/\A—Irg—CjAA/\A/\A):O. (V.2.28)

a

Up to now we only used the principal bundle structure of P® to parametrize a general
stable three-form.

One now restrict to invariant three-forms. The invariance of C' under the SU(2) action
implies that A and A have to be equivariant

R*A = Ad(A). (V.2.29)

This is because A can be completely defined in term of its kernel and its action on the
X’s. Now, on the one hand, the action on X’s is fixed by the condition (V.2.23), what is
more this is an SU(2)-equivariant condition. On the other hand if C' is SU(2) invariant,
the kernel of the A’s has to be SU(2) invariant because it can be defined as eingenspaces
of Jo which is. Finally requiring SU(2) invariance of C' implies that o and & are constant
along the fibres (and thus scalars functions on M).

One cannot get any further in the complex case, however in the real cases we have a
nice geometrical interpretation. In the real cases with positive type, we can now indeed

think of w = (A, A) as a SU(2)-equivariant su(2) & su(2)-valued one-form. This makes

(M? = PS/SU(2),w) (V.2.30)

a Cartan geometry modelled on (SU(2) x SU(2),SU(2)). In the negative case A is an
SU(2)-equivariant sl(2, C)-valued one-form and (V.2.30) is a Cartan geometry modelled
on (SL(2,C),SU(2)).

The field equations (V.2.27) then implies that these Cartan geometries are flat,

Q= <dA + % (A, A] , dA + % [Z, Z]) = 0. (V.2.31)
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This is because, being curvature forms, each of the two-forms in this bracket have to
be basic (i.e they vanish when evaluated on any vertical tangent vector) and are thus zero

if and only if they vanish on Ker(A) or Ker(A). Evaluating (V.2.27) on any two vectors
in Ker(A) or Ker(A) then allows to conclude that Q2 = 0.
By construction, the curvature of a Cartan connection is the obstruction to M being

locally isomorphic to one of the homogeneous model space
S§%=(SU(2) x SU(2)) /SU(2)  or  H?=SL(2,C)/SU(2) (V.2.32)

These are thus equations for 3d gravity.
On top of this flatness conditions we have field equations for v and a:

abc abc - .
da A (EG A% A Ab A AC> — 0, da A (66 A7 N Ab A AC> —0.  (V.2.33)

Because C' is SU(2) invariant o and & must be constant along the fibre, i.e X; da = 0,
X;uda = 0 for all i € 1,2,3. Equation (V.2.33) then implies that a and & are constants
on PS.

SU(2) reduction of Hitchin Theory

We just saw how the SU(2) reduction of a three-form C' together with the field equations
dC' = 0, dC = 0 is just 3d-gravity. We now want to consider the associated variational
principle. We again consider a SU(2) invariant three-form

T o
C’z—2§(aA/\A/\A+aA/\A/\A). (V.2.34)

As we just explained, SU(2) invariance of C' implies that a and & are constant along the
fibre X;.da = 0, X;uda = 0, i.e functions on M. In the positive orbit case they are two
real functions, in the negative case they are conjugated complex functions. On the other
hand SU(2) invariance allows us to think of w = ( A, j) as a Cartan connection modelled
on (SU(2) x SU(2),SU(2)) or (SL(2,C),SU(2)) depending on the sign of the orbit. We
denote by A the sign of the orbit and by convention v/—1 = 1.

We then parametrize this Cartan connection as

A=W +VAE, A=W —VAE. (V.2.35)

where E is an equivariant su(2)-valued one-form on P® and therefore can be understood
as a frame field on M3,

E =g 'ege Q' (P° su(2)) (V.2.36)

and W is a connection one-form for the SU(2) principal bundle PS. We denote by w the
associated potential on M3,
W =g 'dg + g 'wy. (V.2.37)

This is the natural parametrisation for 3D gravity, see section V.1.
Hitchin (‘background invariant’) theory consists of the following steps: first we impose
closeness of C' and then we compute the Hitchin functional on the resulting three-form.
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Closing C

The above variables are the most natural. With this parametrisation, this is however
not straightforward to interpret the closeness of C. Rather, it turns out to be useful to
repackage o and o and parametrise them in terms of two scalar fields £ and p:

a= g (1 + \/Kp) . a= g (1 - \/Xp) (V.2.38)

and shift W
W' =W + pVAE. (V.2.39)

So that the Cartan connection now reads
A=W +VA(1-pE, A=W —VA(1+))E. (V.2.40)

This is convenient as C' now takes the following form

1 1
C=-2kTr (§W’AW’/\W’+AW’AE/\E+/)\/K(1—3A)§EAEAE).

(V.2.41)
In order to see why this is a useful parametrisation one should compare equation (V.2.41)
with the situation in pure 3D gravity, see (V.1.50). The only difference is in the basic,
TrE?, term and the overall scaling k.

Accordingly, by going from the the pure 3D gravity case discussed in section V.1 to a
general SU(2) reduction of a three-form, two scalar degrees of freedom appear: the first,
k, as an overall scalar factor and second p as the coordinates of a basic three-form TrE3.

This point of view is useful to interpret the closure condition dC' = 0. A bit of though
or a direct calculation indeed shows that the last term is always closed. This is because
k, p are supposed to be constant along the SU(2) fibres and that there are no basic
four-forms.

Thus asking for dC' = 0 amounts to imposing the closeness of the first part of the
three-form. We however already did this computation in the pure 3D gravity case, see
(V.1.51):

dC = (V.2.42)

%C—i—kTr(—ZW’/\W’/\(F{,V,+AEAE)—AW//\(dW/[E/\E]))

From the above, one easily reads off the constraints as
, A

Note that, here again, the third term in the expression above vanishes identically when
the second term does.

The meaning of the closeness of C' is now straightforward: as explained in section
V.1.2 we can solve E in terms of W’ and just as in section V.1.3 we get a theory of a
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SU(2) connections. As opposed to the situation in the pure gravity case there is however
a remaining real scalar field p.
Making use of the constraints (V.2.43) we can rewrite (V.2.41) as

C=k (—CS (W) = 2pV/A (1 - 3A) %E ANE N E) (V.2.44)

It is instructive to compare again with section V.1.3 where only 3D gravity was in-
volved. See eq (V.1.56) as compared to eq (V.2.44). As we already stressed, the only
difference is a term proportional to E® both in(V.2.41) and (V.2.44). In effect, it imple-
ments a coupling of the SU(2) connection with a scalar field.

Hitchin Functional and The Pure Connection Action, again.
We now turn to the Hitchin functional.

d[Cl=4aa <\/K>3%Tr(A/\A/\A)/\%Tr (ﬁ/\ﬁ/\ﬁ) (V.2.45)

We essentially already did this computation in (V.1.64). The end result is

P[C] = —8A aa (—%Tr(W%) (—%Tr(E},)) (V.2.46)

= —8A (%2 (1—-A p2)> <—§Tr(m3)) (—%Tr(ei},)) : (V.2.47)

So that the Hitchin functional is

S[w',p] = /P [C] (V.2.48)

o () (e an)

Varying this action with respect to p gives p = 0. Varying (V.2.46) with respect to w’
then gives the missing equations for 3D gravity.

We conclude that the SU(2) reduction of Hitchin Theory is 3D gravity in the pure
connection formulation coupled with a constant scalar field.
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Variations on Hitchin Theory
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Introduction to Part 3:
Hitchin Theory and Seven Dimensions

In the first part of this thesis, quaternion geometry and its consequences played a
major role. First, because of the identification R* ~ H and the isomorphism

SO(4) ~ U(1, H) x U(1, H) (1)

that was the starting point for chiral formulations of gravity. Second because of the
twistor bundle H «— H? — HP' ~ §%, realising the isomorphism

Conf(4) ~ SO(5,1) ~ PSL(2, H). (2)

In the second part, complex (respectively para-complex) structures played a central role
as a negative (resp positive) stable three-form in six dimensions reduces the structure
group to

SL(2,C) <resp SL(3,R)x§£(3,R)). (3)

Equivalently, it defines two three-dimensional distributions D & D = TPS. Then reducing
the theory by a SU(2) action, in essence, amounts to choosing a diagonal embedding of
SU(2) into one of these structure group.

We now turn to the seven dimensional case and mimic this discussion to see what one
can expect. In seven dimensions, the geometry of octonions O or rather imaginary ImQ
will play a pivotal role. As will be discussed in chapter VI the stabiliser of a positive stable
three-form in seven dimension is the exceptional group G5 which is also the automorphism
group of octonions. As it stabilises the identity element of octonions it indeed naturally
acts on the imaginary part ImQ ~ R". Therefore a global choice of such a stable forms
allows to identify the tangent space to a seven dimensional manifold P” to imaginary
octonions

TP" ~ ImQ. (4)

Starting with a stable three-form C', this can be done explicitly. One first constructs a 7D
metric we from the three-form (see below for details) and then makes use of this metric
to lift one of the indices of the three form. The resulting operator

C%.: TP" x TP" — TP" (5)

then gives a product on TP7 that can be thought of as a product on imaginary octonions.
In fact, this is only one of the two possible orbits for a three-form in seven dimensions.
The other orbit has stabiliser G, which is the automorphism group of split-octonions.

The essential reason why a stable three-form C in 7D defines a metric gq is because
Gy (reps GY) is a subgroup of SO(7) (resp SO(3,4)). Then critical points in Hitchin
theory have the following metric interpretation: Three-forms that are solutions of the
seven-dimensional Hitchin theory then give metric with holonomy Gs (see below for a
general discussion on holonomy in Riemannian geometry).

This has the following important consequences. When considering a SU(2)-principal
bundle SU(2) < P7 — M* together with a SU(2)-invariant three-form we automatically
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obtain a SU(2)-invariant metric. It follows that SU(2)-invariant three-forms give a four
dimensional metric together with a SU(2)-connection.

A natural questions is to wonder whether GR can be written in these terms. This
turns out not to be so simple, at least we could not achieve it. However we found that
in this context, a particular "Chiral deformations of gravity" (see section 1.3) appears
naturally and is associated with G5 holonomy metric in eight dimensions:

Proposition 1. [Herfray et al., 2016b] Let A be a connection on a SU(2)-principal bundle
over a four dimensional manifold M*. Then solutions to the four dimensional theory

S[A] = / (detF A F)'? (6)

can be lifted to metric with Gy holonomy on the SU(2) associated vector bundle R3 —
B — M*.

As will be made more precise in chapter VI, the above result is essentially an embed-
ding of a certain chiral deformation of GR, defined by (6) into Hitchin theory in seven
dimensions. Note however that the seven dimensional manifold here is not a principal
bundle but rather some associated bundle.

The full dimensional reduction of the theory turns out not to be as interesting. The
essential reason is that SU(2)-principal bundle over self-dual Einstein manifold do not
easily yield Go-holonomy manifold. In particular there is no known G5 holonomy metric
on the seven sphere. Instead let us consider the following ‘variations’, one can add a
kinetic term of the form C' A dC' the potential term & [C] of Hitchin theory.

S[C}:/WCAdC—?;(I)[C]. (7)

Note that is not what we referred previously as ‘background independent Hitchin theory’
but rather some theory that only is possible in this peculiar dimension. This action was
first discussed in [Krasnov, 2016, Krasnov, 2017|. The reason why this is interesting is that
field equations give ‘nearly parallel Go structures’ and that SU(2) principal bundle over
self-dual Einstein manifold have these in abundance. In particular there are nearly parallel
(G5 structure on the seven sphere. Nearly (G5 structure are weaker version of manifold with
constant holonomy, (they are also called weak holonomy Gy in some reference). Again,
see below for a general overview on holonomy in Riemannian geometry.

Surprisingly its SU(2) reduction is of BF plus potential type. It however does not yield
GR either but rather some tensor-scalar theory involving another ‘chiral deformations
of gravity’. Interestingly, however, there is a regime around self-dual Einstein solutions
where GR appears as an approximative case see [Krasnov, 2016, Krasnov, 2017]. While the
author of this thesis was not directly involved in those works, some of the aspects will be
reviewed here, in order to present as complete a picture as possible. Most details, however,
will be left aside and the interested reader should consult [Krasnov, 2016, Krasnov, 2017|.

This last part of the thesis is organised as follows. In the first chapter, we review some
elementary geometry of (split-)octonions. With this in hand, we describe Hitchin theory
of three-forms in seven dimensions. Finally, we prove Proposition 1.
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In the second chapter, we briefly describe the action for nearly Gy manifold (7). We
then take some time to give an overview of holonomy in Riemannian geometry which
realtes different object that we encounter up to now: nearly Kahler, nearly parallel G,
structure etc. Finally we consider the dimensional reduction of the action (7).
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In this chapter we first review the geometry of stable three-form in seven dimensions:
A globally defined stable positive three-form in seven dimensions gives a Gy structure.
Just like almost complex structure identified the tangent space of a real, 2n-dimensional,
manifold with C", a G5 structure identifies the tangent space of seven dimensional mani-
fold with the imaginary octonions Im@. The parallel of integrable complex structure are
then (G5 holonomy metric. Before discussing stable forms in seven dimensions we therefore
briefly review the geometry of Octonions.

Finally we describe the seven dimensional interpretation of a certain ‘chiral deformation
of GR’ as G5 holonomy metric which is the main result of this chapter.

VI.1 Octonions Geometry

VI.1.1 Octonions

We take octonions O to be the algebra defined by the basis {1, ey, eq, €3, €4, €5, €6, €7}
and the multiplication table VI.1.
For X € O we will write,

7
X=) X,  withe:=1. (VL.1.1)

0

The identity element of octonions plays somewhat of a special role and it will be useful
to consider imaginary octonions that is to say octonions X € ImQ such that X° = 0.
In particular, the multiplication table VI.1 restricted to ImQ is skew-symmetric but
for the diagonal part : elements of the basis {e;...e;} anti-commute with each others.
Octonions are not associative which makes them somewhat unintuitive e.g

(e4e1) €2 = —esea = e7  but eq (e169) = ege3 = —er. (VI.1.2)

However they are alternative, i.e any sub-algebra generated by two elements is associative.
Using this fact together with the ‘Fano plane’ (see figure VI.1) makes it easier to deal
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€1 €9 €3 €4 €5 €6 €7
1 1 €1 €9 €3 €4 €x €6 (4
€1 €1 -1 €3 -€9 €5 -4 -€7 (o153
€9 €9 -€3 -1 €1 (& €7 -€4 -€5
e3 ez e -e1 -1 e; -es e -ey
€4 €4 -e5 -eg -e; -1 e ey e3
es e5 e4 -e;r e -1 -1 -e3 ey
€6 €6 €7 €4 -5 -€o €3 -1 -€1
€7 -€7 -€g €5 €4 =g | =€ €1 -1

Table VI.1: Multiplication Rules for Octonions. ( This table reads from left to right. e.g:
erea = e3.)

Figure VI.1: A mnemonic for the multiplication of unit octonions: The Fano plane.
(Each of the lines or circle of the plane form an associative sub-algebra e.g e;(ese5) =
(e1e4)es — 1.)
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with the multiplication rule. Each line or circle on the Fano plane defines a sub-algebra
generated by two element.
E.g
exeq = €g, (VI.1.3)

By alternativity, each of these sub-algebras is associative. Then, making use of the anti-
commutativity of unit quaternions and the fact that they each square to —1 one easily
gets all the other multiplication rules.
E.g
eseq = €, €cey = €4, ete (VI.1.4)

Elements of the basis {e;...er} all square to minus one, however if i # j then e;e; is
never proportional to 1. This allows to define a cross product on imaginary octonions:

XXY::%(XY—YX), X,Y € ImQO. (VI.1.5)
Octonions also have a metric structure. Let X € O,
X=X"1+X' ie{l,..,7} (VI.1.6)
Define the conjugation operation
X=X"1-X'¢ ie{l,., 7} (VI.1.7)
then
1 (e, — o
(X,Y) =5 (XY + YX) - ; Xy (VL.1.8)

The metric and the cross product are all that is needed to recover the product on
imaginary octonions (and thus on octonions):

XY =(X,Y)+ X xY, X,Y €ImO. (VL.1.9)

Now let ¢ and j take different values. This is convenient to introduce the tensor
notation:

€;€j ‘= Xkij Ck- (VIllO)
Multiplying on both side by e, we obtain,
(eiej) €k = — Xkij (VIlll)

By alternativity we can get rid of the parenthesis and making use of anti-commutativity
of unit quaternions, one sees that the tensor x is completely anti-symmetric X5 = Xgji-
Consequently we can define the following three-form on ImQ:

QX,Y, Z) = (X xY,Z) = xij,, X'YIZF X,Y, 7 € ImO. (VI.1.12)
Let {e!,...,e"} be a dual basis of {ej, ..., er}, then
i/\ j/\ k
Q= Xi % (VL.1.13)

In what follows we will need its explicit expression:

0= el/\e2/\e?’—i-el/\(e4/\e5 —66/\67>+€2/\(64/\e6 —67/\65)+63/\(€4/\67 —e /\66)
(VI.1.14)
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1 €1 €9 €3 €4 €5 €6 er
1 1 €1 (&) €3 €4 €5 (& €7
€1 €1 -1 €3 -6 €5 -€4 -€7 (o153
€9 €9 -€3 -1 €1 (& €7 -€4 -€5
es e3 ey -e1 -1 e; -eg e -ey
€4 €4 -6 -€g -€7 1 =& | =€y | =CX
€5 €y €4 -€7 €g (€5 1 ©3 -C9
€6 €6 €7 €4 -5 €9 -€3 1 @1
€r -€7 -€g €5 €4 €3 €9 =& 1

Table VI.2: Split Octonion Multiplication Rules. The elements of the table that differ
from the usual octonion multiplication rule from table VI.1 have been highlighted in red.

Figure VI.2: A modified version of the Fano plane that encodes the multiplication of unit
split-octonions: as compare to the standard octonions a minus sign should be added when
multiplying two red quaternions.

VI.1.2 Split-Octonion

Similarly to Octonions, Split Octonions Q' are defined by a basis {1, e1, €2, €3, €4, €5, €6, €7}
but with a different multiplication rule see table V1.2, see also figure VI.2 for the associated
Fano plane.

An essential difference is the diagonal part of the table: half of the unit split-octonions
square to minus one. Consequently the metric on split-octonion has split signature (4,4):

3 7
1 /— _ o o
(X,Y) =5 (XY+YX) =Y Xy =Y Xy (VL.1.15)
=0 i=4

Just as for octonions, the different element of the basis {e; ... e7} anti-commute with each
others and we can define a cross product on imaginary split octonions. What is more
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alternativity still holds which means that we can define a three-form on split-octonions
just as we did for octonions. It however takes a different form

= el/\ez/\e?’—el/\(e4 Aed—eb A 67) —e*A (64 AeS—el A 65) —eAA (64 Ael—e’ A 66)
(VI.1.16)
This reflects the fact that the multiplication rules are different as we now briefly discuss.
Just as for octonions, each line or circle on the Fano plane (figure VI.2) gives a sub-
algebra generated by two elements.
E.g
€2€4 = €. (VI.1.17)

Once again, by alternativity, each of these sub-algebras is associative. The structure of
the Fano plane for split-octonions is the same as for usual octonions which relates to the
fact that split-octonions multiplication algebra only differ by signs from the multiplication
rule for octonions.

The precise multiplication rules can be obtained for each sub-algebras by making use
of anti-commutativity of unit octonions and the fact that they all square to —1 or 1. The
presence of unit octonions that square to 1 will lead to signs discrepancy:

E.g

er6 = —E€g, e = €4, etc. (VI.1.18)

This is encapsulated in the Fano plane of figure VI.2 by the presence of coloured (red)
node: any time one multiply two coloured (red) node one should add a minus sign to the
usual multiplication rule. Note that the coloured octonions are just the one that square
to one.

VI.1.3 The exceptional group G,

The exceptional group G5 is a Lie group with dimension 14. It is best thought as the
automorphism group of octonions, i.e ¢ € G if and only if ¢ € End(Q) and is such that
forall XY € O

P(XY)=0(X)p(Y). (VI.1.19)

In particular ¢ must stabilise the identity. Now because
XY =—(XY) 1+ X xY, (VI.1.20)

¢ has to preserve both the metric and the cross product. An immediate consequence is
that ¢ leaves () invariant:

Q(ng(X),qb(Y),ng(Z)) =Q(X,Y, 7). (VI.1.21)

Now it turns out that the converse is also true: Let 2 be a three-form on a seven
dimensional vector space such that it can be written in the form (VI.1.14). Then G, can
de defined as the subgroup of GL(7) stabilising . Cf [Bryant, 1987 for a proof. In fact,
this has been known for more than a century. In particular Engel mentioned this property
in 1900 as an elegant definition of G, see [Agricola, 2008] for more on the history of the
group Gy. Note that Go C SO(7) as it preserves the octonions metric.
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In fact the complex Lie algebra g5 has two real forms, the compact one g, generates
the automorphism group of octonions, the other one called ‘split’ g/, generates the auto-
morphism group of split octonions G, consequently it leaves invariant three forms of the
type (VI.1.16). Note that G, C SO(3,4) as it preserves the split-metric on octonions.

VI.2 Geometry of Stable 3-Forms in Seven Dimensions

VI1.2.1 Stable 3-Forms in Seven Dimensions

Following |Hitchin, 2000| we here apply the methods from III.1 to seven dimensions.
Let E be a seven dimensional vector space. A three-form ) € A3E* is called stable if it
lies in a open orbit under the action of GL(7).

For real three-forms, there are exactly two distinct open orbits of stable forms, each
of which is related to one of the real form of GS. Let o = 41 be the sign of the orbit.
According to a theorem from [Hitchin, 2000], for every such € there exists a set e, ... €’
of one-forms such that 2 can expanded in the following canonical form:

Q=c' A2 N +oe! NS+ 0e® AD2 406’ ADP, (VI.2.1)
where
St A —efne’, S2=etAef—eT A, TP=¢lne’ —e® Ae (VI1.2.2)

Note that this is the same form as in (VI1.1.14),(VI.1.16). Here the particular combinations
s are the same anti-self-dual two-forms that appeared in four dimension, compare with
the formula (B.1.3) given in Appendix. They are related to the embedding of SO(3) into
SO(4) C G,. The relation to anti-self-dual two-forms in 4 dimensions will be central in
the construction below. Note however that there is nothing deep about the appearance
of anti-self-dual two-forms rather than their self-dual counter part for e; — —ey sends
¥ — X (see eq (B.1.3)) and that this corresponds to a GL(7) action: consequently the
three-form

Q=ce' NN’ +oe! AS +0e® AX? 4 e’ AT, (VI.2.3)

is in the same orbit as (V1.2.1). It just happens that the three-form (VI.2.1) appears more
naturally from the ‘usual’” algebra for Octonions, see table VI.1.

It also follows from this discussion that the space of positive stable three-forms is the
homogeneous group manifold GL(7)/Gs.

One then generalise the notion of stable forms to three-forms on a 7-dimensional diffe-
rentiable manifold M. Stable differential forms then are differential forms that are stable
at every points.

Therefore a positive (resp negative) stable three-forms in seven dimensions effectively
identify, at each points x € M, the tangent space T, M with the imaginary (resp split)
octonions Im@. This idea can be made even more precise by explicitly constructing a
cross product on T, M. This is done in two times: first we construct a metric go from the
three-form €2, second we ‘raise’ an indices of €.
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The metric and Hitchin volume form

A basic fact about stable three-forms on a 7-dimensional manifold M is that they
naturally define a metric on M. For positive three-forms this metric is definite and of
signature (3,4) for negative ones. Of course none of this comes as a surprise if one has in
mind the preceding discussion on octonions.

This metric can in fact be explicitly constructed as follows. First one construct a
volume-form-valued metric go € T**M x Q7(M) as

1
ga(&,n) = — QAN L QANQ e Q' (M). (V1.2.4)

Here 1c denotes the operation of insertion of a vector into a form.
It is then a simple computation that, for a three-form taking the canonical form
(VI.1.14) (i.e in the positive orbit) the arising metric is

7
Go = Zei@)ei e N NET, (VI.2.5)
i=1
and for the other orbit (VI.1.16)
3 7
o = Zei®ei—26i®ei e N A€ (VI1.2.6)
i=1 i=4

Now, one can define a volume form, the Hitchin functionnal, out of this metric: Taking
its determinant we obtain det (gq) € (97(M))9 All is left is then to take the ninth square
root to obtain the Hitchin volume form:

Uq = (det (gg))l/g.

(VI.2.7)
Note that, contrary to what happened in six dimensions, there is no sign ambiguity here.
Accordingly, a stable three-form in seven dimension defines an orientation.

With this volume form in hand, one can define a proper metric gq as

By construction, this metric is such that its volume form coincide with the Hitchin volume.
The two possible orbits for {2 are then distinguished by the sign of det (ggq).

The counting of components shows that three-forms contain more information than
just that of a metric. Indeed, to specify a metric in 7 dimensions, we need 7 x 8/2 = 28
numbers, while the dimension of the space of three-forms is 35. Thus, there are 7 more
components in a three-form. These correspond to components of a unit spinor. This is
not really going to be a useful perspective for us here but see [Witt, 2009, Agricola et al.,
2015| for more details.
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The Hat Operator

Having a metric in hand one can consider (2, the hodge dual of 2. This is a stable
four-form. Taking, €2 of the form (VI.1.14), it has the following form

1 .., . L~
*Q:e4/\e5/\66/\e7—EEZ]keZ/\ej/\Ek i,j,kel1,2,3 (VI.2.9)
then .
Vg = ?Q ANxQ=e" N Ne. (V1.2.10)
Comparing with the relation (II1.1.14) we get
A 1
(=240 (VL.2.11)
Le ]
g = 3* QA 0. (V1.2.12)

A more direct construction of the functional

Given a stable three-form, we construct the metric and the corresponding Hitchin
volume form as described above. Integrating this volume form over the manifold we get
the functional

S0 = /M o (V1.2.13)

This functional can also be computed explicitly, without computing the metric, via the
following construction. Let €*~%7 be the canonical anti-symmetric tensor density that
exists independently of any metric. Then construct

Qi - - - Qg s QL4 QP-BaQua (V1.2.14)

where 1
Qal...a4 — é’éﬂlmC!?QasaGa? . (V1215)

Then the object (V1.2.14)) is of homogeneity degree 7 in Q2 and has density weight 3. Its
cubic root then is the coordinate of a volume form. A direct computation shows that this
volume form is a multiple of Hitchin’s.

Perhaps surprisingly, the invariant (VI.2.14) has been known already to Engel in 1900,
see |Agricola, 2008]. This invariant gives a useful stability criterion: a form (2 is stable iff
(VI.2.14) is non-zero. Its sign gives another way to distinguish between the two GL(7)-
orbits for three-forms described above.

VI1.2.2 Hitchin theory for three-forms in seven dimension
Hitchin Functional

We already gave different ways of constructing the Hitchin functional for three-form
in seven dimension:

BMT) — R

I s L (det (30)

1 (V1.2.16)
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As explained above there is no choice involved in this construction, in particular stable
three-forms define an orientation.

Critical Points

As stated in theorem II1.5, varying in a cohomology class, the critical points are three-
forms that satisfy:
d2=0 d2 = 0. (VI.2.17)

Now because here ) oc 2 this is equivalent to
d2=0 d+Q=0. (VI.2.18)

Therefore critical points of Hitchin theory in seven dimensions are three-forms that are
closed and co-closed (for the metric they define).

Holonomy reduction

The fundamental result due to M.Fernandez and A.Gray, [Fernandez and Gray, 1982],
states: Let Q € Q3 (M) be a three-form on a 7-manifold. Then € is parallel with respect
to the Levi-Civita connection of gq iff dQ2 = 0 and d*€2 = 0. In other words, the condition
of Q being parallel with respect to the metric it defines is equivalent to the conditions
of €2 being closed and co-closed, where co-closeness is again with respect to the metric it
defines.

As a result of the holonomy principle (see below and theorem VII.2 for more on holo-
nomy on Riemannian manifolds) if a metric has a parallel positive (reps negative) stable
three-form (2 this implies that the holonomy group is included in the stabiliser of €).
Consequently, the holonomy group has to be included in Gy (reps GY).

Here we will not be concerned whether the holonomy group is all of Gy or is just
contained in it, and will simply refer to 7-manifolds M with three-forms satisfying d€) = 0
and d*() = 0 as Gy-holonomy manifolds. Techniques for proving that the holonomy equals
G5 can be found in [Bryant and Salamon, 1989].

Combining the above characterisation of critical points of Hitchin functionnal, Gray’s
result and this last remark with one get the following theorem:

Theorem VI.1. Hitchin ([Hitchin, 2000])

Let M be a closed 7-manifold with a metric with holonomy G2, with defining three-form
Q. Then Q) is a critical point of the functional (V1.2.16) restricted to the cohomology class
Q] € H3(M,R). Conversely, if Q0 is a critical point on a cohomology class of a closed
oriented 7-manifold M such that € is everywhere positive, then €2 defines on M a metric
with holonomy G.

VI.3 (G5 holonomy manifold from ‘gravity’ in 4D

The history of Go-geometry is almost as old as that of the exceptional Lie group
Go itself, see [Agricola, 2008] for a nice exposition. For a long time the existence of
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metrics of G5 holonomy was an open problem. Their existence was first proven in |[Bryant,
1987]. This paper also gave a construction of the first explicit example. Several more
examples, among them complete, were constructed in [Bryant and Salamon, 1989]. The
first compact examples where obtained in [Joyce, 1996]. More local examples can be
obtained by evolving 6-dimensional SU(3) structures, see [Hitchin, 2000]. These examples,
as well as many other things, are reviewed in [Salamon, 2002]. Metrics of G5 holonomy
are of importance in physics as providing the internal geometries for compactification of
M-theory down to 4 space-time dimensions, while preserving super-symmetry. A nice
mathematical exposition of this aspect of Gy geometry is given in [Witt, 2009].

We here show a result of a different type. We demonstrate that solutions of certain
4D gravity theory can be lifted to Go-holonomy metrics. The gravity theory in question
is not General Relativity, but rather a certain other theory of the ‘Chiral deformation of
GR’ type ( see section 1.3.1 for more on these deformations). The Gy-holonomy lift that
we describe in the following indeed singles out one of them, and it is distinct from GR.
We describe this theory in details below.

A suggestion as to the existence of a link between some theory in 7 dimensions (referred
to as topological M-theory) and theories of gravity in lower dimensions was made in
[Dijkgraaf et al., 2005]. That paper reinterpreted the constructions [Bryant and Salamon,
1989] of 7D metrics of G2 holonomy from constant curvature metrics in 3D and self-
dual Einstein metrics in 4D as giving evidence (among other things) for the existence
of such a link. The construction given here is similar in spirit, but we present a much
stronger evidence linking 4D and 7D structures. Thus, our construction lifts any solution
of a certain 4D gravity theory with local degrees of freedom to a GG metric. The main
difference with the previous examples is that the theory that one is able to lift to 7D is
no longer topological. We find this result to be interesting as it interprets the full-fledged
4D gravity as a subspace of solutions of a theory of differential forms in 7 dimensions so
that very different type of theory are related.

VI.3.1 Bryant—Salamon construction
We now review the construction of [Bryant and Salamon, 1989] using a notation com-
patible with ours.

Ansatz

Let (M, g) be a self-dual Einstein 4-manifold, and let EN]i, i = 1,2,3, be a basis of
anti-self-dual two-forms of the form (B.1.3). They satisfy

SIAST = =269 Al Ae2 A e® (VI1.3.1)

Let A" be the anti-self-dual part of the Levi-Civita connection. This is the SO(3)-
connection that satisfies _
d7x' =0. (V1.3.2)

The self-dual Einstein equations read

Fi=23% (V1.3.3)

144



CHAPTER VI. HITCHIN THEORY IN SEVEN DIMENSIONS

Here the metric has scalar curvature 4A, see Appendix B for more on our conventions.

An arbitrary anti-self-dual two-form can be written as X(y) = X%’ and so the
are the fibre coordinates in the bundle of anti-self-dual two-forms over M. We make the
following ansatz for the calibrating three-form:

1 - . ) .~
Q= Eoz?’e”kclgyZ Adzy' Adzy* +2a8%d 3y A Y (V1.3.4)

where d 3y’ = dy’ + €k Ay is the covariant derivative with respect to A, and o and
are functions of y? = 3y only. In particular this implies
O

i g o .
do = 26_3/2y dy' = 28_y2y dyy (VI1.3.5)

Closing (2

We now require the form € to be closed. When differentiating the first term, we
only need to differentiate the quantities d4y’, as differentiating o would lead to exterior
products of four one-forms from the triple {d Ayi}i€17273, which are zero. In the second
term, we do not need to apply the derivative to X! because it is covariantly closed. We
also do not need to differentiate dy° since this produces a multiple of €% Fiy* AX?, which
is equal to zero due to (VI.3.3). We thus get

1 L~ , ' , o
dQ) = §a3eljk€zlmFlym A d;yﬂ A dgyk + 2 (aBQ)’ <2y’dgyl) A <dgy] A E]) ) (VI.3.6)

We now use (VI.3.3) and decompose the product of two epsilon tensors into products of
Kronecker deltas. We obtain

A ) ) ) .
dQ = |=5a’ +4 (a62)'] (y’dgyz) A (dgy’ A EJ) : (VL3.7)
Thus, we must have
4(ap?) = %ag (V1.3.8)

in order for the form to be closed.

Canonical form

We now compute the metric defined by €2, as well as its Hodge dual. The easiest way
to do this is to write the three-form in the canonical form, so that the metric and the
dual form are immediately written. Thus, let 6%,...,07 be a set of one-forms such that
the three-form €2 is

Q=0"APANP +0 NS+ 02 NS>+ 03 A3, (VI1.3.9)
where

SU=0' A0 —ONGT, S2P=0'AC—0T N0, SP=0'N0T—60° A5 (VL3.10)
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Then the one-forms e are an orthonormal frame for the metric determined by €2
go=(0")+...+ (077", (V1.3.11)

and the Hodge dual *Q of (2 is given by

1. -
*Q=0"NONI°NO - 56”’%92 NP ASF Qg kel 2,3 (V1.3.12)

Calculation of the metric and the dual form

We now put ansatz (V1.3.4) into the canonical form (VI.3.9), and compute the associ-
ated metric and the dual form. The canonical frame is easily seen to be

0 = aday’, 9 = Bv/2¢! [=1,2,34, (V1.3.13)

where {e}1c01.23 is an orthonormal frame on the base manifold. The metric is then
3 2 3 2
go=a’y" (dgyi> +282 Y <ef> , (VL.3.14)
=0

=1

and the dual form is

2 o~ o~ ey 4
Q= LS AT - B0 S A dgyd A dgyt (VI.3.15)

Co-closing 2

We now demand the 4-form (VI.3.15) to be closed as well. The first point to note is
that when we apply the covariant derivative to the factor 5%a? in the second term, we
generate a 5-form proportional to the volume form of the fibre. There is no such term
arising anywhere else, and we must demand

af} = const (VI1.3.16)

in order for (VI.3.15) to be closed. Differentiation of the rest of the terms gives

2 N e = e
dxQ=—2 (8 (20'day') AT AT — 2822 T NS FY Ayt (VLBAT)

We now use (VI.3.1) and (VI.3.3) to get

9 A N~ o~
dxQ=—2 {(54)’ - gﬁ%ﬂ} <2yzdgy’> NS AT (VL.3.18)
and so we must have A
(8Y) = S %, (V1.3.19)
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Determining o and

The overdetermined system of equations (VI.3.8), (VI.3.16) and (VI.3.19) is nevert-
heless compatible. Without loss of generality, we can simplify things and rescale y* (and
therefore o) so that

af=1. (V1.3.20)
With this choice, we have only one remaining equation to solve, which gives
4 Ay
B =k+ 3V (V1.3.21)

where k is an integration constant. We can rescale the base metric to get A/3 =0 = +£1.
We can then further rescale y and 3, keeping af = 1, to set k = +1 at the expense of
multiplying the three-form ) by a constant. After all these rescalings, we get the following
incomplete solutions:

o=1, f=@E-D" >1,

c=—1, B=(1— y2)1/4: 2l (V1.3.22)
as well as a complete solution for the positive scalar curvature:
o=1, B=1+yHY". (V1.3.23)
The two most interesting solutions, the incomplete solution for ¢ = —1 and the complete
solution for ¢ = +1, can be combined together as
B=(1+oy’)"". (V1.3.24)

VI1.3.2 A ‘natural’ alternative to Einstein gravity

At the end of the first chapter of this thesis, see section 1.3, we described a family
of modified theories of gravity that we referred to as ‘chiral deformations of GR’. This
infinite family of theories was parametrised by a function f, see 1.3.1. Even though there
exists freedom in choosing this function, there exists a mathematically natural choice
(which is not GR) as we now describe. When lifted to seven dimension, solutions to this
particular theory will have the interpretation of (G2 holonomy manifold.

As we already described in 1.1.2, the Urbantke metric can be defined as

gr (X,Y) =Tr (F A [Fx A Fy]) € Q' (M*) (V1.3.25)

from this definition the Urbantke metric is a volume-form-valued metric. Starting with
this object, we can easily construct a volume form: After taking its determinant we indeed
obtain

det (§r) € (4 (M))°, (V1.3.26)

and the sixth square root of this determinant then gives a proper volume form

vp = (det (Gr))® € Q*(M). (V1.3.27)
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It gives a most natural functional:

SNatural (A) = / vp €R. (VI328)

M

Now, there is in fact a sign ambiguity for vg due to the sixth square root which makes
this functional ill-defined. However, as we already described in section I.2.1, a definite
connection provides an orientation (in which X = F' A F' is positive definite). In turn
this orientation allows us to make a choice of square root (I.e we take vp to be in the
orientation class defined by the connection). With the resulting choice of volume form,
the functional (VI.3.28) is well defined.

We now have the following proposition,

Proposition V1.2. Let A be a definite SU(2)-connection and let X be defined by the
relation F' N F7 = X%d*xz. Then
] A\ 1/3
vP =5 (det (X)) d*z (V1.3.29)

Proof. In order to prove the proposition above we will need the following

Lemma VI1.3. If {Zi}ielzﬁ

is an orthonormal basis of self-dual two-forms i.e X' = ¥¢ Vi

¥R A XE
vy = 2 . (V1.3.30)
In fact, if g is the Urbantke metric with volume % then
1 Sk ATF
6 Tr (E A[Ex A ZY]) = 5 g(X,Y) (VI1.3.31)

from which (V1.3.30) follows.

This lemma can be directly obtained in coordinates by making use of the algebra
(B.1.6) and (B.1.8).

We now come to the proof of proposition VI.2:
The Urbantke metric allows to define the bundle of self-dual two-forms. In section 1.2.1
we explained how one can identify this bundle with an associated bundle (with structure
group given by our original SU(2)-bundle). Tt was also explained that, once this identifi-
cation is properly made and once we chose the ‘positive’ square root for X , we have the
relation

) —=ij
Fl=oVX % (V1.3.32)

where o is the sign of the connection and {Zi}iel , 5 18 an orthonormal basis of self-dual

two-forms. This implies in particular

. ‘ ~. SEATE
"N F) = XY 5 (VI1.3.33)
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With this in hand (VI.3.25) can be rewritten
gr (X,Y) = o det <\/)~() Tr (ZA[Zx AZy]) (V1.3.34)

Then, because of the lemma above:

4
=\ 6 T2k A 2F
vp = det <\/ X) /6\ (VI1.3.35)

which proves the proposition. O

The field equations associated with the functional (VI.3.29) are

A3 <,
d (detX) XF| =o0. (V1.3.36)

Note that the expression under the covariant derivative is homogeneity degree zero in X
and does not depend on a particular representative.

VI1.3.3 New local example of G5 manifolds from a ‘gravity theory’

We now give details of our generalisation of the Bryant-Salamon construction. The
construction presented here is a local one. Global aspects will not be discussed here.
Ansatz and closure

We parametrise the three-form by an SO(3) connection in an R? bundle over M*:
Q= 6043623dey2 Adayf Nday® 4 20a8%day' A FY (VI1.3.37)

where the factor o = +1 is the sign of the definite connection (see 1.2.1). It is introduced
in the ansatz so that (VI.3.37) reduces to (VI1.3.4) for instantons (VI.3.3). It is then easy
to see, using the Bianchi identity d4F* = 0, that the condition of closure of (VI.3.37) is
unmodified and is still given by (VI.3.8).

The canonical form and the metric

We now put (VL.3.37) into the canonical form (VI.3.9). To this end, we use the
parametrisation (VI.3.32) of the curvature,

F'=oX9y7 (VI1.3.38)
Up to this point we do not have to choose any scale i.e

, , LYk A TR .
FIAFI = X”+ = Xid'y (V1.3.39)

but d*z is some volume form which is left unspecified.
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It is then clear that the one-forms 6**% are some multiples of av/ X Yd 447, The correct
factors are easily found. We have

6 = (det X) Va (ﬁ)J dyyi,  i€1,2,3
(V1.3.40)
g+ = B2 (det X) 2l 1€0,1,2,3

-----

Note that because the particular homogeneity (with respect to X ) of the different terms,
the precise choice of d*z does not matter.
The metric determined by (VI.3.37) is then

3
L . 2
go = o (det X) P day’ X9 d a1y + 258 (det X)V© Z (el) : (VI.3.41)
=0
The dual form and the co-closure
The dual form reads
* Q) = —554 (det X)"* (XT'F)' A F'— o%a® (det X)Y3 (XT'F)" €7F Nday’ Aday”,
(V1.3.42)

where again we expressed all anti-self-dual two-forms on the base in terms of the curvature
two-forms using (VI.3.38). Note that, in both terms, the curvature appears either as itself,

or in the combination (det X)l/3 (X_lF)Z. It is now easy to see that the same steps we
followed in the Bryant-Salamon case can be repeated provided

da [(det )V (X71F)'] = 0. (V1.3.43)

G2 holonomy and ‘gravity’

It follows from the above considerations that, starting from

1 . . . . .
=01+ oy?) AR Ay A day’ A day® + 20(1 + oy?)iday' AF. (V1.3.44)

we have the following
Theorem V1.4. If A is a definite connection of sign o which is a critical point of

1/3

1
vF =3 (det (F A F)) (VL.3.45)
i.e satisfying the second order PDE:
ds [(det X)13 (X‘IF)I} ~0, (VL.3.46)

then the three-form (V1.3.44) is stable, in the positive orbit, closed (d2 = 0) and co-closed
(d*Q = 0), and hence defines a metric of Gy holonomy. The metric is complete (in the
fibre direction) for o = +1.
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Complete indefinite G5 metrics for 0 = —1

We can modify our construction by not putting the sign ¢ in front of the second term
in (VI.3.37). Then all of the construction goes unchanged except that o does not appear
either in Q or in #€2. The differential equations for a and /3 then give 8 = (1+y2)/4, and
the metric is then complete in the fibre direction for either sign. But the price one pays
in this case is that sign of the orbit of €2 is not necessarily positive any-more but rather
coincide with the sign of the connection ¢. The main consequence is that for o = —1, the
second term in (VI.3.41) will appear with a minus sign. This will give a complete (in the
fibre direction) metric of Gy holonomy, but of signature (3,4) rather than a Riemannian
metric.

Metric induced on the base

The three-form (VI.3.37) defines the metric (VI.3.41) on the total space of the bundle.
The metric induced on the base is of Urbantke type i.e it that makes the curvature two-
forms I anti-self-dual. Its exact form can be read off from (VI.3.41). The corresponding
volume form is

vo =4 (1 + oy?) (det X)'/* d*z. (V1.3.47)

Thus the induced metric is a multiple of the metric that we encountered in the context
of diffeomorphism-invariant SU(2) gauge theory, see section VI.3.2.

An interesting remark is that, in the context of the above SU(2) gauge theory (and
more generally for any chiral deformations of GR), the metric interpretation is possible,
but nothing forces us to introduce this metric, as the theory itself is about gauge fields.
The metric is a secondary object and there is no clear interpretation of the field equations
(VI.3.36) in metric terms. However, after embedding the theory (VI.3.29) into 7D, we
see that the connection is a field that parametrises the closed three-form (VI.3.44) and
that it naturally defines a metric in the total space of the bundle. In facts it defines a G
structure which is more. The field equation have a 7D metric interpretation as forcing the
metric to have G2 holonomy. This is as opposed to the four dimensional case where there
are typically no metric interpretation of the field equations for the chiral deformation
of GR. Consequently, in the context of 7D theory, the metric arises more naturally and
unavoidably. Since this 7D metric induces a metric on the base, the 7D construction can
be seen as an explanation for why the metric should also be considered in the context of
4D chiral deformations.

Relation between the 7D and 4D action functionals

As we already discussed in VI1.2.2, the co-closure condition d*€) is naturally obtained
as the equations for Hitchin theory: critical point of the Hitchin functional are closed and
co-closed.

For practical purpose, this functional is just the volume of the 7D manifold compu-
ted using the metric defined by Q. For our ansatz (VI.3.37)), the metric is given by
(VI.3.41). The fibre part gives the volume element o?(dy)3, while the base part gives
48% (det X)'* d*a.
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Thus the Hitchin functional evaluated on our ansatz (VI.3.37) is
S[Q)] :4/d3y (1+0y2)1/4/ (det X)"/3 d*z . (V1.3.48)
M

This is proportional to the action (VI.3.29) of the SO(3) gauge theory on the base. In the
incomplete case 0 = —1, the integral over the fibre (from y = 0 to y = 1) is finite. We get

In either case, the volume functional for the three-form (V1.3.37)) in 7 dimensions is a
multiple of the volume functional for the SO(3) connection in 4D. Thus, there is a relation
not only between solutions of the two theories, but also between the action functionals.

Let us note that we can also get relation (VI.3.49) to work in the case o0 = +1 at the
expense of making the 7D metric indefinite of signature (3,4). This is achieved just by
putting the minus sign in front of the second term in (VI.3.37)) also for the 0 = +1 case.
The 7D metric is then indefinite, but induces a Riemannian signature metric on the base.
In this case, the function § = (1 — y2)1/4, and so we get an incomplete metric in the fibre
direction, and a finite multiple relation (V1.3.49) between the volumes.

/ (det X)3 d'z . (V1.3.49)
M

152



Some more Variations on Hitchin Theory in 7d

In this final chapter we describe a new functional for three-forms in seven dimensions
describing nearly parallel G5 structures and consider its reduction to four dimensions.
The resulting theory is some scalar-tensor gravity in BF' type formulation. These results
were originally presented in |Krasnov, 2016, Krasnov, 2017]. Note that the author of this
thesis was not directly involved in this work. It is reviewed here to give a more complete
picture. We also review general facts on special holonomy on Riemannian manifold that
will serve as a conceptual unifying tool between this part and the previous one.

VII.1 New functionals in seven dimensions

VII.1.1 5 and weak holonomy (G5 functionals

In section II1.2 we considered functionals of the type (II1.1.18) that we referred to as
‘background independent Hitchin theory’. In seven dimensions and four three-forms it
reads

S[B,C] :/ BAdC —30[C] (VIL1.1)

Where B € Q* (M7) and C' € Q3 (M") are three forms in M". Here the B field just
implements the constraint that C'is closed, on the other hand the field equations for C
say that C' is exact:

N

dB =C. (VIL1.2)

In the previous chapter we saw (see (VI.2.11)) that for three-forms in seven dimension,
C = %*C. Here the hodge dual is given by the metric go constructed from the three-form
as in (VI.2.4), (VL.2.8). Altogether the field equations for (VIL.1.1) are

dC' =0, «C =dB. (VIL1.3)

In particular this implies that the solutions describe G5 holonomy metric see Theorem
VI.1.
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Now in seven dimension the Lagrange multiplier B is a three-form as well. It is thus
just as natural to consider the functional

SKH:/‘%CAMﬁﬁkéwy (VIL1.4)

Here k is a parameter that can always be put to one, up to adding an overall factor in front
of the action, by a field redefinition. There is no constraint any-more and the resulting

field equations are
dC =k« C. (VIL.1.5)

These are known as the field equations for nearly parallel Gy structures, see below for a
discussion on these structures in the natural context of holonomy on Riemannian manifold.
The resulting seven dimensional metric is known to be Einstein. What is more it is
known that one can construct a cone over solutions to the above equations such that the
resulting eight dimensional metric has Spin(7) holonomy. Once again, see below for more
on holonomy on a Riemannian manifold.

VII.1.2 Example: The weak holonomy G, structure of the spin
bundle over Instantons

We now give a nice example of solutions to the above equations related to construction
discussed in the second chapter. This can be thought as a variant of the twistor con-
struction. Let us consider the SU(2)(spin) bundle over a four dimensional manifold M*

SU(2) — PT — M*. (VIL.1.6)

We take e € Q' (P7,su(2)) to be the connection-form of the (self-dual part of) the Levi
Cevita connection. As we already discussed in the 6D context (see section V.1), this
is an SU(2)-equivariant one-form which, when restricted to each SU(2) fibre is just the
Maurer-Cartan frame. This can also be related to the spinor notation of section II.1 as'

AP # (fr(A'DWB') - w“"DﬁB’)) . (VIL1.8)
The curvature of the connection is.
F:de+%k£] (VILL.9)
We can now consider
C=k> (R3 % eRet Ned NeF + R el A ZZ) (VIL.1.10)

Tmplicit in this notation is that SU(2) ~ S3 is embedded into C2. Taking R? = 7.# one can indeed
check that the flat metric on C? can be rewritten

1 ’ ’ ’
5D © DY = (dR)’ + R? ¢*'P ©eqp. (VIL1.7)

so that eA'B’ is a frame field for the three-sphere.
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as three-form on P7. Here R is the radius of the three-sphere bundle that we leave as a
parameter. With this notation the three-form is already in the canonical form (VI.2.1) so
that

~ 1 . . ijk A
«C =k <azl AY + R? %ez A€l A 25) (VIL.1.11)
On the other hand,
f [k - .
dC =k | RFAY 4 [ e/ A ek (P;‘FZ + RE’) (VIL1.12)

It follows that dC = k(' if and only if the base manifold is an instanton F' = %E. What
is more one needs,

9RA = k/k,  RA/3+R=k/k R? (VIL.1.13)
eliminating k/E in the second equations, this system is easily seen to be equivalent to

Rk= kg R?A = 3/5. (VIL.1.14)

One can geometrically interpret these equations as follows. Looking at (VII.1.10) one sees
that changing k amounts to a rescaling of the seven dimensional metric. Making use of the
first equation to solve k£ as a function of R means that we parametrize the global scaling
of the metric in terms of the radius R of the three-sphere fibres. The second equation is
the true equation as it relates uniquely this radius to the curvature of the base manifold
R*A = 3/5.

Note that for the round metric on S” the relation between the fibre radius and the base
curvature is R2A = 3. The resulting metric here is thus some sort of ‘squashed metric’
on S7 i.e it is obtained from the round metric on S” by squashing the fibre. Because
it gives the manifold a nearly G, parallel structure, in particular this squashed metric is
Einstein. It is known that it can be obtained as the natural metric on the homogeneous
space Spin(7)/Ga, see e.g [Salamon, 1989).

The above construction can be thought of as some sort of variant of the Bryant Salamon
construction but for nearly parallel G5 manifold instead of G5 manifold.

VII.2 Looking back: holonomy as a unifying theme

In the preceding chapters, we respectively encountered nearly Kahler structures, Go
holonomy manifolds and nearly parallel Gy structures. All these structures are natural in
the context of holonomy on a Riemannian manifold that we now review.

The material described in this subsection is standard see for example [Hitchin, 2002],
[Besse, 1987] or [Salamon, 1989].
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VII.2.1 Holonomy on a Riemannian manifold

Associated with any Riemannian manifold (M, g) we have a unique torsionless con-
nection, the Livi-Civita connection V. By means of this connection one can define parallel
transport as follows: Let ~: [0,1] — M be a path connecting two points 2o = (0) and
x1 = v(1). The pull-back connection v*D is necessarily flat over the image of the path
and can therefore be trivialised by flat sections. In other terms, for any vy € T, M there
is a unique vector field v(t) € T, )M such that v*Dv = 0 and v(0) = vo. This defines an
isomorphism, the parallel transport along the path ~:

P TyM — T, M
vo +—  v(1)

For any x € M the holonomy group Hol,(M,g) is the group of all parallel transports
P, along closed paths ~: [0,1] — M with v(0) = v(1) = «. If  and y can be connected
then by a path 7 the holonomy group are conjugate, Hol,(M, g) = P,o Hol,(M, g)o PV_I,
and thus isomorphic. A further subtlety appears if M is not simply connected. One then
make a difference between the holonomy group at x and the restricted holonomy group at
x, Hol?(M,g) C Hol,(M,g), of parallel transport P, along contractible path ~. In the
following we will assume that M is simply connected.

Now, because the Levi-Civita connection is compatible with the metric Vg = 0, the
holonomy group at x of a Riemannian manifold is a subgroup of O(7,,M) (Cf Proposition
VIIL.2). Finally one can define the holonomy group of a (connected, simply connected)
Riemannian manifold Hol(M, g) as a subgroup of O(n) up to conjugation.

A natural question in this context is: What groups Hol(M,g) C O(m) can arise?
For non-symmetric spaces (symmetric spaces are a special case of homogeneous spaces)
there is a classification theorem due to Berger. Because the holonomy a of product
(M, g) = (M, g1) X (Ms, g2) is the product Hol(M;, g1) x Hol(Ma, g2), this classification
is only possible when (M, g) is irreducible , i.e cannot locally be written as a product.

Theorem VII.1. ‘Berger’s List’ c.f [Berger, 1955]

Let (M, g) be a simply connected, irreducible Riemannian manifold of dimension n, furt-
her assume that (M, g) is not locally symmetric. Then the holonomy group Hol(M,g) is
1somorphic to one of the following list :

Dimension  Hol C SO(n)  Geometry

n SO(n) generic
2m U(m) Kahler manifold
2m, m > 3 SU(m) Calabi-Yau manifold
im Sp(m) hyperKdahler manifolds
4m, m >2 Sp(m) x Sp(1) quaternionic Kahler
7 G exceptional
8 Spin(7) exceptional

VII.2.2 Fundamental Principle of holonomy

Consider £ — M a tensor or spinor bundle. We have a natural action of the Livi-Cevita
connection V on this bundle. We define invariant section (i.e under parallel transport)
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as sections « such that for every loop v : [0,1] — M, v(0) = v(1) = =, Pya = o(z). By
definition it means that the group of holonomy stabilises oy € E,. Taking the problem
the other way round let us now suppose that hol,(m,g) stabilises oy € E,. One can
then define an invariant section as a(y) = Py 1y, where « is any path starting at x and
finishing at y. The precise choice of path does not matter precisely because oy was taken
to be invariant under the holonomy group.

In principle invariant sections could differ from covariantly constant sections which
are the sections a such that Va = 0. In fact, the two notions are equivalent. This is the
essential content of the holonomy principle:

Theorem VII1.2. ‘Holonomy principle’ cf Besse p282
The following three properties are equivalent

1. there exists a tensor a, € E, which is invariant under hol, (M, g)
2. there exists a an invariant section by parallel transport Pya = « for all path vy
3. there exists a a covariantly constant section Va =0

Looking back at Berger’s list (VII.1) one can characterise each of the entry by the
tensors that it stabilises:

SO(n) holonomy and orientability This is the simplest application of the holonomy
principle. If a manifold (M, g) is orientable then there exists a globally defined nowhere-
zero volume form. By properly rescaling this volume-form one obtains a covariantly
constant section. From the holonomy principle it follows that Hol(g) stabilises a volume
form i.e Hol(g) C SO(n). Starting with a metric whose holonomy group is a subgroup of
SO(n) one can construct a global nowhere-vanishing volume-form by parallel transport
and the manifold is thus orientable.

U(m) and SU(m) holonomy: Kihler and Calabi-Yau manifold The case where
Hol(g) € U(m) C O(2n) corresponds to having a covariantly constant almost complex
structure J, compatible with the metric, i.e such that g = ¢g(J,J). It follows that the
Kéhler form w = g¢(J.,.) is covariantly constant and thus closed. Finally one can show
(see [Huygbrechts, 2005] p215) that this is enough to imply integrability. Thus metric
with holonomy U(m) are just Kdhler metric. On the other hand metrics with holonomy
SU(m) should also admit a covariantly constant top-form. Altogether this is the definition
of Calabi-Yau manifold.

SP(m) holonomy: hyperkihler manifold We have Sp(m) C SU(2m) C SO(4m) so
a metric with holonomy Sp(m) is in particular Calabi-Yau. However one can show that
a metric has holonomy Sp(m) if and only if it admits two covariantly constant almost
complex structure I, .J such that IJ = —JI. It follows that K = IJ is also a parallel
almost complex structure. In fact for any (z,y, 2) such that 22 +y?+22 = 1, 2l +yJ + 2K
is a parallel almost complex structure so that we have a whole S? of them. As the nota-
tion suggest, Hyperkédhler manifolds are related to the geometry of quaternions (see our
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discussion on quaternionic structure in section I1.1.1) | i.e there is as sense in which they
are ‘quaternion manifolds’. This turns out however not to be as useful a concept as the
one of complex manifolds.

The remaining holonomies of Berger’s list are less traditional. The Sp(m) x Sp(1)
case is usually refer to as ‘quaternion Kahler’. This can be thought as an analogue of
the Hyperkéhler manifold but with non-zero scalar curvature. We won’t consider it here.
Finally,

G5 and Spin(7) holonomy sometimes dubbed ‘exceptional holonomy’ and are specific
to seven and eight dimensions. They respectively stabilise particular three-forms (see
(VI.1.14)) and 4-forms. We already encountered such G5 holonomy metrics in the context
of Hitchin theory and we saw that G5 structure essentially identifies the tangent space to
seven dimensional manifold of imaginary octonions.

VII.2.3 Parallel and Killing Spinors

It is also natural to look for Manifolds admitting covariantly constant spinors V¥ = 0.
The question then arises: When does a Riemannian manifold admits such spinors 7 By the
holonomy principle such manifolds must have a non-generic holonomy group and should
thus appear as a sub-case of Berger’s List. We indeed have the following result:

Theorem VII.3. Wang [Wang, 1989|
Irreducible, simply connected manifolds admitting parallel spinors VU = 0 are those with
one the following holonomy group:

1. SU(m), n=2m, m >3 : Calabi-Yau
2. Sp(m), n=4m : hyperkahler

3. Go, n="7 : exceptional

4. Spin(7), n=8 : exceptional.

Related to the existence of parallel spinors is the fact that all metrics listed above have
vanishing Ricci tensor.

An even more interesting concept for us is that of Killing spinors, spinors ¥ which
verify VxW = AX. U for A € C. There is also a classification of metric admitting Killing
spinors as displayed in Table VII.1. One sees that in this list appear the already familiar
nearly Kdhler structures and nearly parallel Gy structures.

Metrics admitting Killing spinors are Einstein with positive scalar curvature. Such
metric are closely tied up to special (i.s non-generic) holonomy by the following: In [Bar,
1993] it was shown that Killing spinors on a manifold M extend to become parallel spinors
on the n+1 dimensional cone over M. Thus Killing spinors in dimension n are related to
special holonomies in n + 1 dimensions.
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Table VII.1: Metric admitting Killing spinors

Dimension Geometry Cone Geometry
n round sphere flat
4m-1 3-Sasaki hyperKé&hler
4m + 1  Sasaki-Einstein Calabi-Yau
6 nearly Kéhler G5 holonomy
7 nearly parallel Gy Spin(7) holonomy

VII.3 Reduction form 7D to 4D

VII.3.1 Reduction of the three-form

We now briefly consider the SU(2)-reduction of (VII.1.4), see [Krasnov, 2016, Krasnov,
2017| for details.

We take P7 to be a seven dimensional manifold and, just as in section V.1, we suppose
that SU(2) acts freely on P7 such that P7 has the structure of a principal bundle with
base M* = P7/SU(2):

SU(2) — P" — M™. (VIL3.1)

What is more, we restrict ourselves to considering three-forms that are invariant under
this action, R*C' = (. This necessarily implies that C' can be interpreted in terms of
fields on M*.

In order to have an idea of this field content, let us consider the following reasoning.
As we already discussed several times, a stable three-form C' in seven dimensions gives a
G structure, in particular it defines a seven dimensional metric go. See (V1.2.4), (VI.2.8)
for the explicit construction. Requiring the SU(2) invariance of C' necessarily means the
SU(2) invariance of the metric. It implies that the field content of the SU(2)-invariant
three-form should contain a four-dimensional metric g4, a SU(2)-connection W and a
SU(2)-metric gs:

g3 w
go = . (VH.3.2)
w! g4

In fact a Gq structure is more than a seven dimensional metric (rather it is equivalent to
a seven dimensional metric plus a 7D unit spinor see [Witt, 2009, Agricola et al., 2015])
so that we will in fact use a different parametrisation for C. The above reasoning will
however serve as a motivation for introducing a SU(2)-connection to help parametrizing

C.
Let us thus introduce a SU(2)-connection on the principal bundle P" — M* and let

W e Q' (P7) x su(2) (VIL3.3)
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be the associated connection-form. It can also be written in terms of its potential w, the
two being related by
W =g 'dg+ g 'wy. (VIL.3.4)
see section V.1 for our principal bundle notations.
Introducing this connection-form is useful for one can now decompose C' as (we do not
need to assume invariance of C for now)

C=Tr(¢WAWAW+WAWANA+W AB)+c (VIL.3.5)
Where ¢ € QY (P7) is a scalar function and
A Q' (P") xsu2), BeQ(P7)xsu(2), ceP) (VIL3.6)

are basic forms, i.e they vanish on vertical vectors. There is no loss of generality with this
parametrisation: we are just choosing to use a connection as a parameter. Had we start
from another connection, this would just have shifted the connection-form W — W + a
by a SU(2)-equivariant, su(2)-valued one-form a € Q' (P7) x su(2) (then all other forms
should be shifted accordingly).

Let us now suppose that C' is SU(2)-equivariant. This implies that A, B are re-
spectively equivariant basic su(2)-valued one- and two-forms. In particular, they are
uniquely associated with one- and two- forms on the base M*, a € Q! (]\/[4,5u(2)) and
b € Q% (M*, su(2)) taking values in section the associated bundle (P7 x su(2)) /SU(2).
For concreteness

A =g lag, B =g 'bg. (VIL.3.7)

(again see section V.1 for our principal bundle notations). What is more equivariance
of C' implies that ¢ and c respectively are the pull back by the projection operator of a
scalar field and a three-form on M*.

One then easily sees that, by making an appropriate shift of the connection-form, one
can always suppose that the second term W’/ A W’ A A is absent. Let now W be the
connection-form achieving this:

C=Tr(¢ WAWAW +W AB) +c. (VIL.3.8)

The above parametrisation shows that the field content of the SU(2)-reduced theory is: a
scalar field ¢ € Q° (M4), a SU(2) connection (with potential w) on the principal bunlde,
a su(2)-valued two-form b € Q' (M* 5u(2)) and a three form ¢ € Q* (M*).

In the following it will actually be more convenient to parametrize C as

3
C:—2Tr<%W/\W/\W+¢W/\B>—I—c. (VIIL.3.9)

VIIL.3.2 Reduction of the Action
Evaluating the kinematic term of (VII.1.4) on (VII.3.9), we obtain?

— 2
/ L edc = / —2Tr(m3) x/ —2Tr ( ¢* BF + =~ BAB | + ¢* dc
pP7 2 SU(2) 3 M4 2
(VIL.3.10)

2Here, m = g~ 'dg is the Maurer-Cartan frame on SU(2).
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Which is just a BF theory! Field equations reads,
dp=0, dc=0 and ¢*F =—B. (VIL3.11)

We now come to the potential term, it is proportional Hitchin’s volume

1/9

® [C] = (det (gc)) (VIL.3.12)

In order to evaluate (VI1.3.12) on (VII.3.9) one first needs to compute the seven dimen-
sional metric in terms of (VIL.3.9).

In order to do so, it will be convenient to introduce a conformal metric on the base
manifold M*. The natural motivation for this is that, as we already discussed, SU(2)-
invariant three-forms define a four dimensional metric (VIL.3.2).

Following the strategy exposed at the beginning of this thesis, see section 1.1, a (con-
formal) metric gg can be directly constructed from a SU(2)-valued two-form B through

Urbantke formula (see eq (1.1.13)). Let (613)160.”3 be a conformal tetrad for the Urbantke

metric gp. Let 3 = Yig; be the su(2)-valued basis of orthogonal two-form constructed
as in (B.1.3). Here gp has density weight —1/2, ep has density weight —1/4 and 3 has
density weight —1/2.

Then

B-— (\/Y] iﬂ‘) o; (VIL3.13)
where X has density weight 1. Here
BAB=-2Volg (X”) 01 ® 0 (VIL3.14)

and o
Volg = —6 X" A X' (VIL.3.15)

is a four-form with density weight —1.
It is also convenient to parametrise the three-form ¢ € 3 (M 4) in terms of gg and a
vector field v as
c=-2 (det(X))l/4 L, Vols, (VII.3.16)

The pre-factor here is for future convenience. With these definitions, v has density weight
—1/4. Tt follows that |V|?> = gp (v,v) has density weight 0 and is therefore a proper
scalar.

A direct calculation of the seven dimensional conformal metric using (VI.2.4) then
gives the following matrix form for g¢,

'5/2)vVX 0 I 2\ [05/2vVX 0
0 ¢ (det(X)) ep ) \wZ T 0 ¢/2 (det(X)) ep )

(VIL.3.17)
Under this form it is easy to compute the determinant,
I X2
det <LUZ ; ) =1—|v]? (VIL.3.18)
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and

¢5/2)vX 0 e 3
det( 0 2 ( det(X>)1/4€B>—¢> (det(X))" det (9B) (VIL.3.19)

so that (here and in what follows we take k =1 in (VII.1.4))

/p7 sel=s </SU<2) _gTr (W3)> /M4 o (1= o) ((det(X»l/g VOZE) '

(VII.3.20)
Few remarks are in order, first all density weight compensate each others here so that the

integrand is a proper volume form. Second the last term (det(X))l/3 Vols, looks just like
(VI.3.29).

Combining the kinematic term (VIL.3.10) and the potential term (VII.3.20) and fac-
toring out by the volume of SU(2) the reduction of (VII.1.4) is

S[W,B,¢,v| =

Jys —2Tr <¢4BF + (¢%*/2) B B) + 6¢ (det( X))1/4 (v18,0) Vols (VIL.3.21)
—36% (1—|v)?)"? ((det(X))1/3 vozz).

VIIL.3.3 Interpretation

A first point is that if one takes ¢ = cst, the above action is a particular chiral defor-
mation of GR of the general form BF plus potential V(BB) (see (1.3.13) and [Krasnov,
2009a]). This therefore describes two propagating degrees of freedom of gravity type (spin
two).

Another interesting feature of the above equation is that for ¢ = const the value of
the effective 4D cosmological constant is determined by ¢. Moreover, one can show that
for values ¢ =~ 1 the 4D cosmological constant is arbitrarily small and the deviations from
General Relativity for curvatures smaller than Planckian are negligible. See below for
more on this.

In [Krasnov, 2010], it was explained how these BF-type gravity theories can be expli-
citly recast into metric form. See also section 1.3.2. As already discussed, the result is a
gravitational Lagrangians starting with the Einstein-Hilbert term, but corrected with an
infinite number of higher powers of the curvature terms, see [Krasnov, 2010| for details.

Now in the full action (VII.3.21) (i.e when one does not froze ¢ = cst and v = 0) there
is also a scalar field on top of B and W. Following the same steps as in [Krasnov, 2010]
one can envisage eliminating from the Lagrangian all fields apart from the metric and the
scalar field ¢, and obtaining a scalar-tensor theory of a specific type.

Prior to eliminating any fields, the action (VII.3.21) is first-order in derivatives. Now,
the Euler-Lagrange equation for v# that follows from (VII.3.21) are an algebraic equations
for v in terms of the derivatives d¢. Solving this equation, while difficult explicitly, is
possible in principle. In that sense, the vector field v is an auxiliary field needed to put the
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second-order scalar field Lagrangian into a first-order form. Eliminating v in this fashion,
one obtains the Lagrangian for ¢ of the type

L= K(¢*0.0°?). (VIL.3.22)

This type of scalar theories has been studied under the name of "K-essence" in [Armendariz-
Picon et al., 1999].

Let us now briefly show that there is a regime, where this theory is close to GR. Essen-
tially, we consider the Lagrangian (VIL.3.21) around an anti-self-dual Einstein background
i.e around

. . . B*A B
v =0, ¢ = cst, B'AN B =§Y 5 (VII.3.23)
Remember that with our definition
B'AB = -2 X" Volg (VIL.3.24)

where the volume Volg was left undetermined. We now take this volume to be such that
Trv X = 3. Practically this amounts to taking

Volg = % (Tr (m))Q. (VIL3.25)

We can then parametrise X as -
VX7 = §9 4 0 (VIL.3.26)

where U¥ is traceless. We now take ¥ to be small in Planck units, ¥ < 1.
Then

2/3
(det(X))"* = (det ((W‘ + \Irﬂ)> ~ 14 O(¥?) (VIL.3.27)
so that to first order in ¥ and taking ¢ = cst, v = 0 the action (VII.3.21) can be rewritten
-2
S [W, B] x / —2Tr (B NF + %B A B> -3 ¢ ' Volg. (VII.3.28)
M4
or
2
Tr (VB A B) .
P L ( ' " ) o B'AD
S[W,B] x B'ANF'— -¢ +¢ (VIL.3.29)
it 3 2 2
which is just of the form (I1.3.14) with
5 e—A ¢t
. = VIIL.3.30
=, o2 (VIL.3.30)
and therefore describes usual GR with cosmological constant
o—1
A= (VIL.3.31)
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(see [Herfray and Krasnov, 2015] for a proof).

In particular a very nice feature of this is that for SU(2)-fibre of Planck size ¢ ~ 1 the
cosmological constant is small in Planck units. This is both interesting and surprising
as it is exactly what one would like to have for the relation between the size of compact
dimensions and the value of the cosmological constant.
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Conclusion

All the approaches developed in this thesis were aspects of a search for a new per-
spective on gravity. On the one hand, we reconsidered the twistor formulation of (Eu-
clidean) four dimensional GR and clarified that it fits in the broader scheme of chiral
formulations of gravity. On the other hand, we proposed a new point of view on GR.
We showed that three and four dimensional gravity theories can be obtained as SU(2)-
reduction of Hitchin’s theories of differential forms in six and seven dimensions.

We demonstrated that there is a nice interplay between chiral formulations of gravity
and twistors. This is particularly true of the self-dual sector where ‘perfect connections’,
satisfying F' A F7 o< 6, directly correspond to one-form 7 on the twistor space satisfying
7 Adr ANdr = 0. Both equations were known to describe self-dual Einstein gravity,
see [Capovilla et al., 1990, Mason and Wolf, 2009|, but we clarified the explicit relation
between the two pictures. This culminated in an (Euclidean) version of the non-linear
graviton theorem where perfect connections on space-time are explicitly obtained from
holomorphic data on twistor space.

What is more these results suggest a change of perspective on twistor theory. The
traditional approach to twistor theory emphasises the duality between (conformal) metric
on space-time and complex structure on twistor space. From our presentation it is however
clear that it is just as legitimate to take the duality between self-dual connections on space-
time and one-form on twistor space as fundamental. In the ‘metric’ twistor perspective see
[Penrose, 1976, Ward, 1980] this one-form was understood as ‘additional’ to the complex
structure, in the dual (space-time) picture this corresponded to fixing conformal freedom
by choosing a self-dual connection. In our ‘connection’ twistor perspective, that was first
discussed in [Herfray, 2016|, one-forms are the starting point and complex structures are
derived objects. This parallels the pure connection formulation of gravity where Einstein
metrics are constructed from self-dual connections.

Our original hope was that this change of perspective might lead to new insight on
the googly problem: Perfect connections have twistor interpretation and can be related
to the non-linear graviton theorem. Einstein connections exist, do they have a twistor
interpretation? After all, the pure connection formulation of gravity gives a strikingly
compact description of full gravity in chiral terms. There however does not seems to be
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a simple answer to this question.

This difficulty with obtaining a twistor description of full GR motivated us to look for
a relation between Hitchin’s theories of forms in six and seven dimensions and twistors,
in the hope of finding a realisation of the full GR along these lines. Our first result is a
demonstration that the SU(2) reduction of the six dimensional theory is just 3D gravity
coupled with a (constant) scalar field. The sign of the orbit in the space of three-forms
then corresponds to the sign of the cosmological constant. This result has first been
described in [Herfray et al., 2016a]. The 6D Hitchin theory is topological in the sense
that its one-loop partition function, computed in [Pestun and Witten, 2005|, is a ratio of
holomorphic Ray-Singer torsions. One therefore expects that the dimensional reduction
of this theory will also be topological and this is confirmed by our result. The one-loop
partition function of 3D gravity is also known and is also given by an appropriate Ray-
Singer torsion. It would be interesting to understand the relation between these two
results, but this has not been dealt with in this thesis.

Our work on Hitchin’s theory in six dimensions also led us to introduce new 6D the-
ories of differential forms. Unlike the original case of Hitchin where the Lagrangian only
depends on a three-form field, these are theories of two- and three-form fields. We named
these theories ‘background independent Hitchin theories’. Here ‘background independent’
refers to the fact that one does not pick by hand a particular cohomology class inside which
to vary our forms. Instead, the closedness of the three-form field is now imposed as a
dynamical equation obtained by varying with respect the two-form field. These theories
were explicitly proved to be topological in [Herfray and Krasnov, 2017|, by carrying out
the Hamiltonian analysis and exhibiting the constraints. We also constructed a theory of
two- and three-forms whose critical points are nearly Kédhler manifolds.

An interesting direction for future work is that, in [Hitchin, 2003|, Hitchin described
a generalisation of the volume functional ® [C] to all odd or even polyforms in 6D. There
is thus a generalisation of all the theories described in the second part of this thesis to
polyforms, necessarily involving forms of all degree. It would be interesting to study
these theories, and characterise them in terms of the degrees of freedom they propagate
as well as their dimensional reduction. It would also be very interesting if this theory,
whose dimensional reduction describes three dimensional gravity in six dimensions could
be related to double field theory (see [Hohm et al., 2013] for a review). In this respect
looking for a relationship between some version of eight-dimensional Hitchin theory and
four dimensional gravity would also seem very natural. Such a relationship does not sound
completely impossible but, at this point, is however highly hypothetical.

Finally we remark that, at least for a positive cosmological constant, three dimensional
quantum gravity is reasonably well understood and can be constructed using the Turaev-
Viro state sum model [Reshetikhin and Turaev, 1991]. The gravity partition function is
then the square of the Chern-Simons one, as expected from the action. Our interpretation
of 3D gravity as sitting inside the 6D Hitchin theory suggests that it should also be possible
to construct the 6D quantum theory. It is likely that the case of three-forms of positive
type, which is related to 3D gravity with positive cosmological constant, should be the
simplest starting point. It would be very interesting to attempt to define the quantum
theory by some state sum model in 6D, so that this reduces to the Turaev-Viro model when
the 6D manifold is of the product form P = SU(2) x M. In turn, the 3D understanding
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may help to construct the 6D quantum theory.

Turning to the seven-dimensional version of the Hitchin’s story, we found that a certain
chiral deformation of gravity in four dimensions can naturally be lifted to solutions to
Hitchin’s equations and thus give G5 holonomy manifold. This result had first been
described in [Herfray et al., 2016b]. However, since the critical points of the 7D Hitchin
theory are G2 holonomy manifolds and these are Ricci flat, there is no natural setup
in which this theory would be dimensionally reduced to 4D on a compact manifold and
give rise to a version of 4D gravity. Thus, this theory is not very promising from the
perspective of obtaining a 4D gravity by the dimensional reduction on a compact 3D
manifold.

What turned out to be more promising is the addition of a kinematical term C'dC to the
Hitchin action ® [C]. The resulting action then described nearly parallel G5 structures.
This is more promising because the dimensional reduction of the nearly G2 structure
on the round seven-sphere gives the round metric on the four-sphere. This is just the
7D version of the Hopf fibration that views S7 as the S3 fibre bundle over S4. What is
more the construction naturally extends to SU(2)-principal bundle over self-dual Einstein
solutions.

Considering the SU(2)-reduction of this theory one obtains what can be interpreted
as another chiral deformation of gravity together with a scalar field, see [Krasnov, 2016,
Krasnov, 2017].

The physical interpretation -if any- of this theory however is unclear: There are clearly
no matter degrees of freedom described by this action, definitely no fermionic degrees of
freedom. Thus, if this set of ideas is ever to be developed into a physical theory, one must
define how other known bosonic fields (e.g. gauge fields) and fermions couple to this type
of gravity. The fact that it seems to be possible to describe gravity with differential forms
suggests that one should try to use the same formalism for describing all other building
blocks of Nature. How or if this can be done remain completely open questions.

The other open question is whether the theory under consideration reduces to General
Relativity in some regime. As we already discussed, it is possible to get a 4D theory that
is arbitrarily close to General Relativity by dimensionally reducing the theory on a three
sphere of a fixed size ¢ = cst and tuning this constant appropriately. ‘Physical’ implica-
tion of this type of deformation have already been discussed for spherically symmetric and
anisotropic cosmological solutions, see [Krasnov and Shtanov, 2008] and [Herfray et al.,
2015] respectively. In particular it was found that this type of simple modifications easily
shows ‘singularity resolution’ mechanism. Typically the metric is ill defined or degene-
rate around the GR singularity but the SU(2)-connection, for which we solve the field
equations, is completely smooth.

By considering this theory we however artificially froze the scalar degree of freedom
¢. This is most likely inconsistent. At least this is the case with the more familiar
Kaluza-Klein theories, see e.g. [Duff et al., 1986]. The right approach should be to allow
this field to be dynamical, and let it settle dynamically to some value. However, as was
shown in [Krasnov, 2017|, the natural values are ¢ = 5/6 for the squashed seven sphere
and ¢ = 2 for the round sphere solutions so that none of this is the ¢ = 1 case that
would give an approximately flat 4D base. So, overall, there appears to be no solution
of the reduced theory that approximates General Relativity. This is disappointing but
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maybe not very surprising as this sort of difficulty is shared with the more traditional
Kaluza-Klein theories where explaining what tunes the size of the extra dimensions to a
phenomenologically acceptable value is already problematic.

Finally, one should point that a generic difficulty of the type of reformulations we
discussed is to deal with the Lorentzian signature. As we already already pointed out it
indeed does not seem easy, but may be not impossible, to extend our twistor ‘connection
approach’ to complexified space-time - and indeed such space already appeared naturally
in our version of the non-linear graviton theorem. In fact it might be that this is the way
forward and that the difficulty that we encounter when trying to describe the full GR in
this setting is related to our emphasis on the fibre bundle setup which pertain the the
Euclidean signature. On the other hand the ‘chiral deformations’ that typically appeared
in our SU(2)-reduction reductions of Hitchin theory make perfect sense on complexified
space-time but it is unclear what reality conditions one should pick up to recover the
Lorentzian signature. This is as opposed to the Fuclidean case where, as we emphasised
all along this thesis, the notion of ‘definite connections’ is the good reality condition.

All the results described, while not giving a fully satisfactory higher dimensional per-
spective on 4D General Relativity, do show convincingly that the four-dimensional metric
structure of GR can be encoded by a differential form in a higher-dimensional space, be
that the contact one-form in our twistor story, or the three-form in our version of the
Hitchin’s story. This does suggest a new perspective on 4D GR, as promised in the title
of this thesis. Whether this new perspective will turn out to be useful remains to be
seen. But whatever the future developments may bring, we believe our results show that
there is still a lot of hidden structure in our usual, four-dimensional, non-supersymmetric,
General Relativity.
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General Conventions

A.1 Density and All That

Let Id" € N"T'M & Q"(M) be the invariantly defined tensor given by the identity of
n-vector
Idpagas: A" TM — A"TM. (A.1.1)

Alternatively this is the only tensor Id" € A"T'M ®Q" (M) that gives one when contracted
with itself.
In tensorial notation it reads!

1\? 1\ 2
Id" = (E) dz" gﬂl...llnﬁul AN 6,% = (E) dz™ A .. A dx'unglﬁl---un o (A12)

where dz™ == dz' A ... ANdz™ and 0" = O, A ... N D, € N"TM.

This tensor is useful to give a concrete form to the isomorphism QF (M) ~ TM"*(M)®
Q" (M):

QF(M) — TM*(M)® Q" (M)

(A.1.3)
p > p= Z—,’ 1d™Lp
Using the tensorial notation,
1 231 223 > 1 THL-Pn—k n
p= Hﬂm--.ukdx A oo N dxhk p= mp dz" @ Opy N ... N0y, . (A.1.4)
So that in coordinates, this operation reads:
HLHn—k 1 THn—k+1---Hn H1.--Hn—k A

P = E € Prin_gy1.--in ( '1'5)

1€ and € are completely antisymmetric tensor of weight 1 and -1 respectively.
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A.2. THE LIE ALGEBRA OF SU(2) AND ITS REPRESENTATIONS

The numerical coefficients are chosen such that the inverse operation takes a similar

form:
1

O Eprepn PP (A.1.6)

A.2 The Lie algebra of SU(2) and its representations

Intrinsic definition

su2 is the three dimensional Lie algebra defined by

su2 = Span(o;),i € (1,2,3) and the algebra [0, 07] = €iiko*.

For convenience, everywhere in the text we take the overall factor of the Killing metric
on su(2) to be defined by

K (O'Z‘,O'j) = 51]

Spin 1/2 representation of su(2)

In the fundamental representation, elements of su2 corresponds to hermitian tracefree
matrices. The explicit isomorphism is:

s a

an | (A.2.1)
B/

su2 +—— Hermitian tracefree
T 4
v'o; v'o;

where

T+iy —=z

) . 1 — 3
ot = {x,y72}’ ,Uzo_iAB _ Z < z x Zy)

One can indeed directly check the algebra.:?
S S ciik
ool = [ €AB + 5 ok .

So that, in particular (here matrix multiplication is implied)

|:O—i7 o‘j:| = eijk0k7 —2 Tr (O’iO'j) = 5@] ]

To be clear, the second equation reads,
—QO'Z‘ABO']'BA = 51]
So that we have for any M € su(2):

MAB = MiO'iAB = M = MABO'ABi.

Zspinor indices A,B... are raised and lowered with €45 according to the usual spinor covention.
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Spin 1 representation of su(2)

The adjoint representation of su2 is also the defining representation of the Lie algebra
of SO(3). It corresponds to the 3 x 3 antisymmetric matrices such that:

exp(T*;) 6y exp(T';) = 6;j = Tij + Ty = 0.

The explicit isomorphism now is:

- )

a:{ su2 +—— 3x3 antisymmetric (A.2.2)

v'o; Vo

where

(03) 1 = —€ijn-

Again, one can check that the algebra (matrix multiplication implied) is:

[0i7 Uj] = €ijkOk, —§Tr (O’i, O'j) = 5ij

For clarity the second equation more explicitly reads

1
—§Uiab0jba = 0jj.
So that we have for any M € su(2):
My, = Mio-iab = _Mieiab & M = _%EiabMab-

Self-dual two-forms in 4D as su2 representation

One can also represent su(2) elements by self-dual two-forms in four dimension. The
explicit isomorphism now is:

e (A.2.3)

2

5. su2 +— self-dual two-forms
] it v

where
. gk
D = —eo/\el—Tej/\ek

One can indeed check the algebra,
XSy = =09 g1, + €75

So that in particular

[El,zﬂ] = 2675k, Ty (zl,zﬂ) — §i.
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Self-dual two-forms in 4D and spinor notation.

Let A = Ao’ € su(2), let A'Z" be the associated self-dual two-form.

Depending on the notation (tetras or spinor notation) it can be written

Z”L =Y eA/A N BB/B
A:AZ—ZAA/B/ ZAB :_AA’B’EAB—
2 2
What’s more if M and N are two self-dual two-forms our conventions are such that
the algebra works out properly:

In the standard (tetrad) notation is explicitly the 1/2 ® 0 representation of SO(4):

- i i 7 pad
A —s APZ = piyi,elne

[M,N] — (7*MIN7) I = (M Ny — Nig M) 4

While in a spinor notation, the coefficient of the two-form are again the spin 1/2
representation of su2:

’ ’
eAA N\eBB

A — AA/B/ZA/B/ = Al (—TiA/B/EAB) 5

[M, N] — (MA’C’NC,B/ . NA’C’MC,B/) ZA/B/

This can be checked by a direct computation:
[M,N] = <MA/C/NC/B/ - NA/C/MC/B/> PAB
= (o = T e ) MINT A
— itk o MINT RAB
— (S MNT) 5 =} () DN 2
=1 (D 2K, — S 5K ) MENT Al

= (M N¥ ; — Ny M% ;) €8¢,

It follows from this discussion that the self-dual basis {%Z’ = ZA/B'JQ/B,} can be

thought of as the isomorphism between su2 and self-dual two-forms (which is the 1/2®0
representation of su2):
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1 ) « ) su2 — 02
52 € Q ®5u<2> . { ,U’io.i ’Ui% — 'UA/B/EA/B/-

Alternatively {%El = SAB G, B,} can be thought of as an su2-valued two form :

PINS Q2 ® su2 = ZiO'Z' = ZA/BIQO'A/B/.
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4d Space-Time Conventions

B.1 Decomposition of the Riemann Curvature Tensor
in Coordinates

In this appendix we prove, using coordinates, the different claims made in the first
part of chapter I.

In this appendix we use freely the isomorphism s0(4) ~ Q2 to represent elements of
50(4,R) as two-forms. l.e, we pick up a basis of one-forms, {61}16{0”3} compatible with

the metric, ds? = e/ ® ¢!, and write for b € su(2) as b= by, CI/Q\GJ, with abuse of notation

. The metric allows to raise and lower I, ., K... indices. With this notations, the Lie
bracket reads,

K K el Ne’
a,bc 50(4), [CL, b] = (CL] by — br CLKJ> 5 . (Bll)

Then for any b € su(2) the decomposition s0(4) = su(2) & su(2) reads:

el Ae’ Y ~<§N]i
b — B L B B.1.2
119 5 TP ( )

Where the sigma tensors coincide with the one described at the end of the first chapter,
see section [.1.3. In terms of the tetrad they take the explicit form:

) 0. 4 €k ~ N A
Y'=—e"Ne'— 2ej/\e , Yr=e"Ne' — 2e]/\e .
i€1,2,3 i€1,2,3

(B.1.3)

They form a basis of self-dual and anti-self-dual two-forms respectively. This basis
is orthogonal for the wedge product:

SIAY = —SIAST =209 Ael AP A, SEAY =0. (B.1.4)
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As was already stated in the main part of this thesis, the decomposition of Lie algebra
50(4) = su(2) @ su(2) corresponds to the decomposition Q% = Q2 & Q? of two-forms:

[zi,zj] _ 9ciikyk, [ii}?] — ek, [zi,iﬂ‘] —0. (B.1.5)

In what follows we will make an important use of the tensors, %, i} ; defined by

Yi=3t, elgeJ, S = ENJ’U% They verify the algebra,

Xy = —09gr; + €FEE S SIK ;= —0%g17 + eijkil}cb
(B.1.6)
Ei]KEjKJ = SZIJJ.
Where s% is a tensor with the following symmetries:
sy =0, s =0 (B.1.7)
Note that (anti)-self-duality explicitly reads
' (JIKL . (IKL _

s = SL o = — kL (B.1.8)

2

Decomposition of the Curvature tensor in coordinates

Consider a 4d Riemannian manifold {g, M}, {e’};c¢.4 an orthonormal co-frame. The Levi-
Civita connection, V, then naturally is a SO(4)-connection. We will write its potential
one-form a and curvature two-form f as

e A el
2

aly=aly ge”, fly=dal;+ad'x Na® ;= ks (B.1.9)

Note that the Riemann curvature f here is a so(4)-valued two-form.
Now we can use the decomposition s0(4) = su(2)®su(2), concretely realised as (B.1.2),

to define the chiral connections (D, 5) with potential <A, A) as

il ~f}“
I :Az J Az J
@ 5 T4

(B.1.10)

These connections naturally are SU(2)-connections. In chapter T we stated that these
connections are compatible with X!, 3% in the following sense:

A3 =0,  diXi=0. (B.1.11)

We can prove this by a direct computation:
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Proof.

da%' = Sda (2}Jef A eJ)

1 .
= §dA (Z}J) el ne’
I'A e/ U ‘

el Nel ko R v SR L

=0

where in step 1 we used the torsion freeness of a (i.e d,e! = 0), step 3 is just the decom-
position of the Levi Civita connection into its chiral parts, (i.e, eq(B.1.10)) and at step 4
we made use the algebra (B.1.6). O

As already stated in the main body of this thesis, the relations (B.1.11) can be used
as an alternative way of defining A(resp A) as the unique SU(2)-connection compatible
with 3(resp ¥7).

Proof. Let us suppose that A and A’ = A+ M are are both SU(2)-connections compatible
with X% Tt follows that
dp¥ — d %t = eFMISF =0, (B.1.12)

or equivalently, by making use of the self-duality of >,
Mlixilm — g, (B.1.13)
By multiplying this expression by another sigma symbol we have

_ ijkarivkursl
0= e Mzl
= M MIEY , + €7 M)

il A rkyknu I \iv ijl j
= §MESI, — MIS™, 4 T

where we made use of the algebra (B.1.6) and the identity e®melim = §aigbi — §eigbi,
Anti-symmetrising this last expression in the ¢,/ indices and making use of (B.1.13) we
obtain

0=—MISI, +MI = b M. (B.1.14)

Which conclude the proof that there is a unique connection satisfying (B.1.11). O

In complete parallel with (B.1.10) we define the ‘self-dual part of the Curvature’ F
and the ‘anti-self-dual part of the Curvature’ F' as
yil iuj

J ~.
Fl
2 * 2

fly=F (B.1.15)

179
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and these are naturally su(2)-valued two-forms. In fact we have,

ijk ijk

Fi=dA + %Aﬂ' ANAF P =dA + T/NV' A AR (B.1.16)

as can be seen using the algebra (B.1.6). lL.e, the (anti-)self-dual part of the curvature is
the curvature of the (anti-)self-dual connection.

Now F', F' being (su(2)-valued) two-forms, we can decompose them into self-dual and
anti-self-dual pieces:

Fi— FiyYi 4GSy, Fi= Gy 4+ Fisy (B.1.17)

This is just another way of writing the bloc decomposition (I.1.6). The Riemann curvature
now reads

(Fiﬂ' SN+ G S 4+ G YT S 4 FU S i%) : (B.1.18)

N —

flo=

Again, this is just another version of the bloc decomposition (I.1.7). To get the final form
of this decomposition we write

Fii — %y’j + W Fi — %5” + U (B.1.19)

with W, U some traceless tensors and A = trF, A=trF. Finally, we can write:
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A~ S A .Y
I 3 J i J
==Y + =X
I 3 2 3 2

(. J

Nz
Scalar Part

1 n o s o . . o o e o
+ - (G” SV S G S wi ;o plid) x9 i i) S z”J)

J/

Ricc?rPart
N By - ~'iil
+ pli) Y ; T 4 pl) s 5 J (B.1.20)

[\

s
Weyl Part

This is just a hands-on way of rewriting the bloc decomposition (I.1.7). One can
identify the following elementary brick of the Riemann tensor:

Wiskr = 0@ B4, g is the self-dual part
of the Weyl tensor,

Wiskr = LG 5 Sy is the anti-self-dual part
of the Weyl tensor,

R=2A+2A is the Scalar curvature,

and the traceless Ricci tensor is,

1 . ~. : ~. 1 oAl A ~ra L A~
RIJ — 5 (Gj’L + ng) EZKI E]KJ _5 <\I/[2]} ezgk EkIJ + \Il[lj] ezyk Zklj>

N J/

symetric traceless Ricei anti-symetric Ricci
(B.1.21)
These can be related to the usual definitions
R=f"yp,  Ry=f"g, - ER o'y, with F'; = F' gy, o ;\ &
by contracting indices in (B.1.20) and using the algebra (B.1.6).
Consequently Einstein equations are equivalent to
vl =0, w0l =0, @Y+G"=0. (B.1.22)

As stated in the main body of this paper the torsion freeness of the Levi-Civita con-
nection implies that the Riemann tensor has some internal symmetries (usually called
first Bianchi identity):

0=dadae’ =F';ne! & Flyg =0. (B.1.23)
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Together with the skew symmetries of the Riemann tensor it implies f;jxr = fxrrs. It
leads to further simplifications:

froxe = fxory = W9 =00 §=gW)  Gi =gl (B.1.24)

f[[JKL] =0 < fN[KLENJKL =0 = A= K (B125)

The second relation follows from using the (anti)-self duality (see eq B.1.8) of the sigma
tensors.
With those symmetries, Einstein equations

R[J :Ag]J, (B126)

are equivalent to

Fi= (\IN + %5”‘) ¥ (B.1.27)

(i.e G =0 ) and we therefore need only one half of the Riemann tensor to state them.

B.2 Spinor conventions

B.2.1 Spinors and su(2)

We convert, su(2) lie algebra indices into spinor notations according to the rule:!

V =Vic, e su(2), Vi={xy,z}
=

A (B.2.1)
VO'iB:V B = 3 JJ—i—Zy _. 651((2).

. J

Where the o’s are such that [0, 07] = €¥*¢*. Latin indices are raised and lowered with
the flat metric 0%, spinor indices are raised and lowered as usual using the antisymmetric
¢A'B" This is done according to the conventions from [Penrose and Rindler, 1985, Penrose
and Rindler, 1986]. Primed and unprimed spinor are treated in a completely symmetric

way:?

€AB = EAB = €xp = .gA/B/ _ (_01 é) , (B22)

A_ _AB B A A'B

I
o’ =e"Pap, g = Q' €pa, o apr, ay =aepa.  (B.2.3)

L' A As a convention, we use 0% to convert "spatial indices" i € {1,2,3} into "unprimed spinor
. . — / / . . . . . - . . . .
indices" and 5" B, its complex conjugate, to convert "spatial indices" into "primed spinor indices".
2See however the preceding footnote.
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GCBECA = EAB = 5AB, GABEAB = 2. (B.2.4)

We will also use the following shorthand for contraction of spinors,
a.f = auBY, a.B = asBt. (B.2.5)

In the Fuclidean setting spinors are equipped with a quaternionic structure, i.e an anti-
linear map ~ : S — S that squares to minus one. This is equivalent to equipped spinors
with a Hermitian metric:

(a,8) = anf? =a.8>0, (a,f) = dasp*=a.p>0. (B.2.6)

We go from one type of indices to the other as follows:

VAB = yigAB & Vi=20Y,VA8 (B.2.7)

Finally the ¢ matrices satisfy the following algebra

i _jC oY o k
04c0’" B = ~r€an + 5 0AB (B.2.8)
In particular o
ViUt =280, p. (B.2.9)
This is sometimes also useful to know that
1
0 80,0p = 56(‘40 B p. (B.2.10)

B.2.2 Spinors, space-time indices and two-forms
Null tetrad and spinors

In order to convert space-time indices into spinor ones we use the convention:

/ 1 — —q
Vier® = W2 (a:lij;yz fit _Zy?:) . Vi={tayz) (B.2.11)

With this convention,
VAL — yleAd s vi=el, vAY (B.2.12)

The e’ symbol satisfies the Clifford-like algebra

/

B B'C A'B’

, e e )V = 2€(IA/06J) = g1J€
(B.2.13)

AB A BC A
{er, e} = 2e“cren™ = grye
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In particular:

/

AA BB’ AA
grg = €r €y €EABEA’B — €] EJAA - (B214)

We also define,

/

[6[, €J]AB = 26[]14/616]}30 = _2E[JAB. (B215)

Two-forms and spinors

Let A be a general two-form, in spinor notation:

AA’ A BB’
_ A
A = Apwpp 5"
’ AA’" \ BB’
= (AEEA’B’ €a + A ap €A'B'> i (B.2.16)
A/\ec’B

= — (Awp) e ne®B (Aap) &

2 2

ie,
1 ad 1 A'c B’ = AC! peB _,
A= AA’B’EAB +AABEAB, EAB _ € /;e C’ EAB _ € 2@ ol
(B.2.17)
where
AEE 1 nr A /El
AA’B':_ E2AB7 AAB:_ EQAB-
Converting the AB indices into spatial indices:,
A BC’
~. ~ ) ~ ~. e“cr Ne
N QZAB(T@AB EAB — Ezo_iAB — c 5 ,
one can rewrite this decomposition in a usual tetrad:
I J S
e Ne D~
A=A — N
7779 2 2
This can be taken as a definition for the X%
Y= —ePAet — %ej Aeb  Ti=ed Al — %ej A ek (B.2.18)

3Note that this is coherent with the algebra (B.2.15):

/

ler, €J]AB = 26[['4016(]]5’0 = —QZIJAB.
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The X! span the space of self-dual two forms while the S span the space of self-dual
two forms:

* =% xXi= -3 (B.2.19)

with *A[J = %GIJKLAKL.
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Some more on Twistors and the Riemann sphere

C.1 Geometry of the Riemann sphere

C.1.1 The Riemann sphere and its Fubini-Study metric

The Riemann Sphere is the one dimensional complex projective space CP!, i.e the
projective version of S’ ~ C? (here S’ stands for the space of primed spinors),

CP! = {One dimensional subspaces of S’} :

as such it is at the same time the simplest non trivial Riemann surface and the simplest
complex projective space (in particular it is a K&hler manifold) and is a nice non trivial
starting point into the realm of complex geometry.

As for every projective space it will be very convenient to use the so called "homoge-
neous coordinates" to represent elements of CP!. That is we will use non zero vectors of

S’ to represent the vector space that they generates: [WA/] € CP!. As we are working

in coordinates here, we implicitly assumed that we chose an orthonormal basis of S’. Im-
portantly the notation with a free indices reminds us that there is a natural SU(2) action
on C'P! induced by the unitary transformation of S’. As usual , depending on the point
of view this action can either be though as a "active action” on the Riemann sphere or a
"passive" change of homogeneous coordinates.

Alternatively, we can use the "inhomogeneous coordinates" i.e coordinates of the Rie-
mann sphere as a one dimensional complex manifolds. Consider the charts and mappings'

!The reason for this precise choice of charts, which we take from [Mason and Woodhouse, 1991], is

that then [ra/] = H _ {ﬂ onUNU'.
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C — U= { |:7TA/:| such that 7" # O}
o :

T

C — U= { [WA’] such that 7 0}
¢

¢ - [_1<,

With transition map:
C — C
/—1
¢ o9 { ¢ = (= %

In explicit computations we will mostly use homogeneous coordinates |:7TA,} to emp-

hasize the global nature of the different constructions while we will restrict the open
subspace U C CP! and use the inhomogeneous coordinate ¢ in the rare case when we
want to clarify a how things look like locally from the point of view of the manifold. One

can then freely go from to two the other through the relation [’NA/} = [51] .

Euclidean Conjugation The "Euclidean Conjugation" acts on CP! in an obvious

way, " : [WA/] — [ﬁA'] This is now an involution but importantly it has no fix points.

Its representation in inhomogeneous coordinates makes it clear that this is just antipodal

map: ( = %1

Kahler structure As one dimensional complex projective space, the Riemann sphere
has a natural SU(2)-invariant Kahler structure.

J = idn® 84 —id7* 0y = idCO; — idCo-, (C.1.1)
4iR2 dr g Nd7Y 4iR? dC A dC
w = 22 A — T = 12 C _§2, (C12)
T (1 +CC)
AR? dmy ® da® 4R? d¢ o dC
9= 5= — (C.1.3)
: (1 + gc)
Where L is the scalar curvature. The notation is coherent with the fact that the Rie-

R
mannian metric ¢ is the round metric of a sphere with radius R 2. A direct computation

?Note that its volume is Volg: = [w = [ \/gd?x = 4R* [~ (fﬂ‘j;z = 47 R?, as desired
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shows that p = 4R%log (1 + CZ) acts as a local Kahler potential, w = %85/}. 3,

C.1.2 Holomorphic line bundles over CP!

A holomorphic vector bundle bundle is a complex vector bundle over a complex ma-
nifold such that the total space is a complex manifold and the projection operator is
holomorphic. Practically, this is equivalent to the fact that transition functions between
different trivialisations have to be holomorphic with respect to the complex structure of
the base. Holomorphic line bundles are the most simple vector bundles and arguably the
most simple geometrical structure that one can construct that is compatible with the com-
plex structure. Interestingly the space of of holomorphic line bundle (up to isomorphism)
form a group, the Picard group:

Proposition. The Picard Group*
The tensor product and the dual endow the set of all isomorphism class of Holomorphic
bundles on a complex manifold X with the structure of an abelian group (with product

given by tensor product and inverse given by the dual). This group is the Picard group
Pic(X) of X.

The tensor product L; ® Ly of line bundles and the dual L* of a line bundle being line
bundles all one needs to do to prove this proposition is to see that L* ® L is isomorphic
to the trivial bundle. By considering the transition map of this bundle however one easily
see that they are trivial.

In the special case of the Riemann sphere, holomorphic line bundles up to isomorphisms
happened to be classified by only one topological invariant n € Z, the "Chern number".
The Picard group therefore is isomorphic to group of integers, Pic ((CPl) ~ 7. 'The
equivalence class of holomorphic line bundle over CP! with Chern number n is referred
to as O(n). We have O (n1) ® O (ny) ~ O (ny +ny), O (n)" = O (—n). O(0) beeing the
trivial bundle.

In some way, O(n) bundles are the elementary building blocs of the geometry of the
vector bundles on Riemann sphere. This statement is made precise by

Theorem. "Grothendieck’s lemma'"®

Every holomorphic vector bundle E on CP! is isomorphic to a holomorphic vector bundle
of the form @ O (a;). What’s more the ordered sequence ay > ay > ... > a, is uniquely
determined.

We now describe explicit realisations of the O(n) bundles. The most condensed defi-
nition uses of homogeneous coordinates:

O(n) =S x C/ { (WA’,X> ~ (MA’, )\”X> } .

3Formally we could also write p = 4R?log (7.7). It is then a matter of taste: this is a slightly misleading
as 7.7 really is a section of O (1,1) and taking its logarithm would not make much sense, on the other
hand one could say that the homogeneous notation nicely suggests by itself that the Kahler potential can
only be defined locally.

4See for ex [Huygbrechts, 2005] p69

®see [Huygbrechts, 2005] p244
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Then the projection clearly is

o) — CP!
VL] = [

However the definition "in inhomogneous coordinates" i.e in terms of trivialisation and
transition map is also enlightening and is good to keep in mind:

CxC — YU CxC — 1Y (U
v ¢x) = (_Cl>,x ’ v (¢, (1<,>
CxC — CxC
Yo

€0 = (X = (Bm™).

Practically, a section of O(k) is represented by a function f on S’ with holomorphic
homogeneity degree n, i.e such that: f </\7TA,) =\"f (7TA,>. Then the associated section

is,

CP' — O(n)

7] o | (7)) = partoes ()| = Pt (v e

or using the definition in terms of chart

SfZ

1 CxC = CxC
VIO Y (G o—0) = (Cflo-09) = (LC o).

Holomorphic global sections of O(n) are represented by holomorphic functions on S’.
One can easily show that for n > 0 such holomorphic sections are in fact represented

by symmetric spinors®: f <7T ) = \IfAzl_.A/nﬂAll ...m4%. On the other hand there are no

holomorphic global section of O(n) for n < 0.

Some of these holomorphic line bundles are of particular importance and deserve a
name:
The "tautological bundle", O(—1), is the natural line bundle over CP! such that its total
space identifies with S”:

O(-1) =S
[’NA/,X} = |:)\7TA,,>\_1X] — 1y

SEssentially it suffices to use differentiation n times to get a section of O(0), then holomorphicity
implies that this section has to be a constant map.
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Alternatively, in terms of trivialisation:

b CxC — I 'U)cy " CxC — IIYU)cs
1 CGx) = x(Co—0) @) = X (0—(0)

1 CxC — CxC
VU e e @ = ()

adl

The "hyperplane bundle”, O(1), simply is the dual of the tautological bundle.
Two other important holomorphic bundles are the "holomorphic tangent bundle” T CP! ~
O(2) and the "holomorphic cotangent bundle” T(*Lo)CPl ~ O(—2) (Note that because the
Riemann sphere is a one dimensional complex manifold, the holomorphic cotangent bundle
coincide with the canonical bundle which is the bundle of holomorphic top form). This is
better seen in charts:

v CxC — I (U) " CxC — II'YU)cs
. ) = ’ . (C/7X/) = (C/a_X,aC’)

"y CxC ~ CxC
Y 0 @ = (B e

From this, it is clear how to make a similar construction for T7,CP" = O(-2).

O(n, m)-bundles Up to now we discussed holomorphic line bundles over CP' but one
can also consider non-holomorphic line bundles, in particular we define

O(n,m) =5 xC/ { (ﬂ'AI,X> ~ ()\ﬂ'Al, )\"S\mx>} :
Note that the transition functions are indeed non-holomorphic,

o CxC — CxC
VU 0 e @) = (B

The above discussion straightforwardly generalises to these bundles. Note in particular
that TONCP' =~ 0(0,2) and T ;) CP" ~ O(0, —2)
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Hermitian metric on the O(n) bundles The total space of the O(—1)line bundle
II: 5+ CP! being equipped with an hermitian metric, g = %dWA/ ® dr? it induces a
metric on the fibers. This is done by restricting g to the vertical tangent subspace V:

V = Ker (IT) = Span (E,E) , hi-yy=g9g (E,E) = 7.7,

where we introduced the "Euler vectors" , E = 7404 ,F = . By tensor products
and dual we obtain a hermitian metric h(,) on each O(n) bundle:

h(n) = (1 + CZ)_ . (C.1.4)
Clearly this metric is a section of the O(n,n) bundle.

Covariant derivative on O(n) bundle We now introduce the Chern connection as-
sociated with the Hermitian metric (C.1.4):

Uy = —1 ¢ dc. (C.1.5)

1+¢C
If o/(¢) is any O(n, m)-valued k-form on CP?, then from (C.1.5), we can define its cova-
riant derivative as

doo/ = do’ + apy AN + apmy A (C.1.6)

As we already discussed, T CP! = O(2), and for n = 2 this covariant derivative
coincide with the Levi-Cevita connection of the Fubini-Study (kahler)metric:

V (f0c) = (df + a2 f) Oc.

[t curvature is,

fn=dapy=n dend, _ _n (C.1.7)

(1 +CZ)2 ~ 2"

where w is the Kahler form (C.1.1).

Chern connection The connection (C.1.5) has the following property: it is compatible

with the complex structure, in the sense that a,) o1 = 0. It is also compatible with
T(0,

the Hermitian metric (C.1.4) in the sense that

—n

dohy = d ((1 + gZ) _n> + (a@m) + aw)) (1 1 (Z) =0

This uniquely defines the Chern connection as follows from a standard result of complex
geometry’:

7 see for example [Huygbrechts, 2005| p177
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Proposition. Chern connection
On any hermitian holomorphic bundle over a complex manifold there is a unique con-
nection compatible with both the metric and complex structure. This connection is called

the Chern connection. In local coordinates, if h is the hermitian metric then a = L on.

A direct computation shows that (C.1.5) is indeed of the form (h,) " dh,. Note that
the mere fact that the Levi-Cevita connection and the Chern connection for the holomor-
phic tangent bundle coincide is equivalent to the statement that CP?! is Kahler.

Once we have the Chern connection on a vector bundle, the first Chern class is proporti-
onal to the cohomology class of its curvature.

t100] =[] - [

And the Chern number of the bundle is the integral of the first chern class

/ n
n = —W.
cp? 47TR2

It turns out that the first Chern Class in fact is a topological invariant of the manifold,
here S2.

C.2 The Twistor Space of Complexified Anti-Self-Dual
Space-Times

We here review how to construct the twistor space T(M) of an anti-self-dual complex-
ified space-time (cf [Penrose, 1976|, [Ward, 1980| for the original references, [Ward and
Wells, 1990],[Mason and Woodhouse, 1991] for pedagogical presentations). We especially
emphasise how the self-dual connection D = d + A on space-time gives a O(2)-valued
one-form 7 on the associated twistor space.

We first define the so-called “correspondence space" F(M) as the primed 2-spinor
bundle over M: C? — F(M) = M. We will also make use of its projective version PF(M):
CP' — PF(M) = M. As we take M to be a 4d complex manifold, F(M) naturally is a 6d
complex manifold, PF(M) a 5d complex manifold. We will use coordinates adapted to the
fibre bundle structure, (2, 74/). For PF(M), 74" should be understood as homogeneous
coordinates.

We first consider the following distribution on PF(M), “the distribution of a-planes":

! ! a / 8
Da—pl(me = Span {WA Dya = w (W - WC/AAA/C D/—) } (021)
A€0,1

877' D’

where D), is the horizontal lift of % with respect to the Levi-Cevita connection. A direct
calculation shows that this distribution is integrable if and only if the space-time that we
started with is anti-self-dual. If we assume this to be the case then, at least locally, we can
consider the integral surfaces of this distribution, referred to as a-surfaces. The projective
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twistor space associated with M is then defined as the space of a-surfaces. Importantly
there is only one a-surface that passes through each point in PF(M). Therefore PF(M)
has the structure of a fibre bundle over PT(M). We note II: PF(M) — PT(M) the
projection operator.

We then have the classical double fibration picture:

To define the (non projective) twistor space T(M), we now consider the distribution
(C.2.1) as a distribution on F(M). The integrability condition is unchanged and each of
the resulting integral surfaces now contains the geometrical data of an a-surface in M
together with a particular scaling for 74", This space of integral surfaces in F(M) thus
naturally is a the total space of a complex line bundle over PT(M) referred to as the
twistor space. We finally get the following commutative diagram :

We also refer to the complex line bundle over C — T(M) — PT(M) as O(—1). The
dual of this line bundle will be referred to as O(1). We also define O(n) = O(1)" and
O(—n) = O(—1)" by taking tensor products.

Let p € T(M) be a point in the twistor space, it corresponds to a certain integral
surface in F(M) that we note p (again this is equivalent to an a-surface in M together
with a primed spinor 7TA/). A tangent vector to p then corresponds to a certain vector
field on p that “connects" p to an other infinitesimally close integral surface :

0

X(CL‘) = V(ZL’)AA/DAA/ + ﬁ(ZL‘)B/W

(C.2.2)

Being a “connecting vector field", it is defined up to elements of D,_pgne, i€ yAA
is defined up to A74. On the other hand the “local twistor field" (a?, 8a/) (z) =

(VAA,(JZ>7TA/7 BA/(x)) is well defined. In fact, because (C.2.2) is a connecting vector field,
it has to satisfy

[XAA/,)\BWB/} —0, VAP,
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from which it follows that a and 8 are not independent. One can gather these relations
in the so-called “local twistor transport equations":

/ !
74 VAA/CYB + 557TA Ba =0
’ /
7V anBp + Papapmda® =0

with P, = @4, — Agey and &, the trace-free part of the Ricci tensor.
Now we can define the following one-form on F(M):

T =T (dWAI + AA/B/WB/> (C.2.3)

by construction it annihilates horizontal vectors, 7 (D,) = 0. Contracting this form with
the connecting vector field (C.2.2) we get a scalar field on p,

7(X) = Bam?.
Now 7 defines a one-form on T(M) if and only if this scalar field is constant along p i.e
TV g (r(X)) =0.
Making use of the “local twistor transport equations", we can show that
AV (T(X)) = Papapg aPaV Tl

We thus see that 7 defines a one-form on T(M) if and only if Einstein equations are
verified.

Therefore we see that for complexified anti-self-dual Einstein space-time the “self-
dual part" of the Levi-Cevita connection is directly related to the one-form (C.2.3) the
associated twistor space. As (C.2.3) is homogeneous degree 2 in 74" it descends to a
O(2)-valued one form on PT(M).
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3d Gravity Conventions

In this section, we review some basic facts about 3D gravity. Our notations are stan-
dard for the gravity literature.

D.1 Einstein-Cartan frame formalism in 3D

Let (ei) be orthogonal frame field so that the 3D metric is

i€{1,2,3}
ds® = e' ® e'ny, (D.1.1)

where 7;; = diag(1,1,1). We raise and lower indices with the metric ¢;;, and the spin-
connection is the set of one-forms w* = w!. The anti-symmetry is the statement that
the connection is ¢;; metric compatible. Let f% be the curvature

9 = dw" + w™ A w,?. (D.1.2)

The action for 3D gravity with cosmological constant A is
1 ik Nk
Sle, w] =1/, e'Nf — 3¢ NelNev | €. (D.1.3)

The orientation implied here is that of the three-form e’ A e A €"¢;j,. The minus sign
in front of the action is the usual choice for the all plus signature. We work in units in
which the 3D Newton’s constant satisfies 4rG = 1. Varying this action with respect to w
we get the torsion-free condition

Vee' =de +w'; A el = 0. (D.1.4)

It says that the connection w is the unique e-compatible connection. Substituting this
connection into (D.1.3) we find

Sle, w(e)] = —% /M(R —9A),, (D.15)
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where R is the Ricci scalar of the metric, and the integration is carried out with respect
to the metric volume element v,,.
The connection matrix w” being anti-symmetric, we can write

w = e*iyk (D.1.6)
which defines the new connection one-forms w*. We then have for the curvature

JI=ebph = du et Auk (D.1.7)

D.2 Matrix notations

It is very convenient to get rid of the internal 7, 7, ... indices at the expense of making
all objects su(2)-valued. The Lie algebra generators (O-i)ie{l 0.3 A€ taken such that they
satisfy

1
TT(O'iO'j) = —iéi]’, [O'Z',O'j] = EijkO'k. (D21)
We then form a su(2)-connection
w = w'o;. (D.2.2)

In what follows we will always denote a matrix-valued object by a bold-face letter. The
matrix valued curvature f := f'o; is computed as

f=dw+wAw. (D.2.3)
We also form anti-hermitian frame field one-forms
e = e'o;, (D.2.4)
in terms of which the metric is
ds* = —2Tr(e ® e). (D.2.5)
In terms of the matrix-valued fields the torsion-free condition (D.1.4) takes the form
Ve=de+wANhe+eNw=0. (D.2.6)

The field equations obtained by varying the action (D.1.3) with respect to e takes the
form

f=—Aenre. (D.2.7)

The action itself takes the form

S[e,w]——/Tr(e/\f—i—%e/\e/\e). (D.2.8)
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D.3 Chern-Simons formulation

The two sets of equations Ve = 0, f = e/Ae can be combined as the real and imaginary
parts of a single complex-valued equation by introducing sl(2, C)-valued fields

as =w=+VAe. (D.3.1)

Here and in what follows v/A will stand for iy/]A| when A < 0 so that in this particular
case ay and a_ are complex conjugated. The field equations of 3D gravity then combine
into the statement that the curvature of the two SL(2, C)-connections ay are zero

O=f=da,+a,Na,, O=f_=da_+a_Na_. (D.3.2)
These are the field equations following from the Chern-Simons Lagrangian. Alternatively,
we can write the Einstein-Cartan Lagrangian (D.2.8) (with A = —1), modulo a surface
term, as
A
Sle,w] = —£ CSlay] — CSla_], (D.3.3)
where 5
CSla] :=Tr (a/\da—l— §a/\a/\a) (D.3.4)

is the Chern-Simons three-form for a.
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