
Performance Calculation of

High Speed Solid Rotor

Induction Machine

Luca Papini

Thesis submitted to the University of Nottingham

for the degree of Doctor of Philosophy

July 2017



To my family

To Carmel, Luca, Ale, Savvas, Con

and all the friends and colleagues that supported me

To Prof. Francaviglia



ABSTRACT

Solid rotor induction machines are suitable for applications which require ro-

bustness, reliability and high rotational speed. A literature review of high

speed technologies is initially presented. The current limitation and chal-

lenges are detailed based on a wide collection of data. The multi-physics

aspect related with electrical machines for high speed applications are dis-

cussed providing a summary of the current state of the art. The main aim of

the research was to develop a multi-physic computational environment for the

design and analysis of solid rotor induction machines. The electromagnetic,

thermal, structural and rotor dynamics models have been developed targeting

reduced computational time and accurate predictions. Numerical techniques

are proposed based on the discretisation of the computational domain. The

di�erent disciplines are linked together providing a �exible and powerful tool

for the characterisation of solid rotor induction machine. Another objective

was to investigate the impact of the rotor material on the electromagnetic

performances of the machine. Finite Element simulation are used to account

for the non linear magnetic properties. The impact on the equivalent circuit

parameter is discussed and general criteria for material selection presented.

Three dimensional �nite element calculation are performed targeting the val-

idation of the end region correction factor and select the rotor length. The

performances of a 120 [kW ] − 25000 [rpm] solid rotor machine are compared

with a caged rotor induction machine for waste heat recovery application.
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CHAPTER

ONE

INTRODUCTION

Emission regulations and technological innovations have increased the demand

of high speed electrical machines and direct drive system. The worldwide trend

towards stricter emission standards and high e�ciency drive system have fo-

cused the research of academia and industry into high speed machines for a

wide range of applications. Emission regulations have pushed the automotive,

naval, and aerospace markets towards more electric systems resulting in hybrid

and full electric road-vehicle technology [2], more electric aircraft (MEA), and

full electric aircraft (FEA) [3]. The introduction of wideband SiC and GaN

switching device has lead the growth rate of switching frequency capabilities

in power electronics modules and subsequently the research e�ort in increas-

ing the operative speed of electrical machines [4]. High switching frequency,

mono-directional and regenerative power converters enable the introduction

of high speed drives to replace or complement existing high speed mechanical

systems. Innovation in manufacturing processes and the material technology

research has provided high performing material for both the electromagnetic

and mechanical aspects. The combination of these factors justify the e�ort of

researchers worldwide to increase the rotational speed in electrical machines.

High speed machines are currently used for a wide range of power and speed

ratings [5, 6]. Among all the electrical machines topologies adopted in high

speed drives, the robustness, reliability, low manufacturing cost, and the ca-

1



pability of harsh environment operation make induction machines suitable for

both heavy duty and niche applications [7, 8]. The robustness of the rotat-

ing element in solid rotor induction machines (SRIM) is of particular interest

when the current material technology impose limits to the maximum periph-

eral speed that can be achieved with a laminated rotor structure. An overview

of the machine topologies, technology adopted, applications and materials im-

plemented for high speed applications are presented in the sections below.

1.1 High Speed Technology: Review

High speed technology has gained interest in the industrial and academic en-

vironment for a wide range of applications. The increasing e�ciency, high

power-to-weight ratio as well as power-to-volume ratio required in many envi-

ronments has pushed innovation and focused research on the related issues of

high speed technology. The de�nition of high speed requires the electromag-

netic aspect of electrical machines to be complemented with a combination of

factors that includes rotor dynamics, mechanical, thermal, �uid-dynamics, and

material performances. Various studies have proposed quantitative analysis of

high speed machines [7, 9�11], introduced factors to describe the severity in

achieving power-speed nodes [9, 10, 12], and investigated the main challenges

in high speed electrical machines. The �exibility of the design parameters and

performances of high speed machines identi�es the current trend for di�erent

applications and therefore di�erent power-speed nodes. Industry is increas-

ingly taking advantage of the high speed technology in the low power range

as well as high power. The main limitations in achieving more challenging

power-speed nodes is discussed according to the design parameters, cooling

techniques, bearing technology, and materials selected.

In the last decades, reviews concerning high speed electrical machine technolo-

gies have been published [4,5,7�11,13�20]. In Figure 1.1, the prototyped high

speed machines listed in the above mentioned reviews, in addition with the

most recent data found in literature, are collected together and presented in a

log10(Pm)− log10(ωm) double logarithm chart.
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Figure 1.1: Power (Pm) against speed (ωm) nodes of high speed technology

from literature.

Induction machines (IM) and permanent magnet synchronous machine

(PM) are the most common topology selected for high speed applications

[5, 8, 9]. The mechanical robustness of IM equipped with a solid rotor struc-

ture can achieve high rotational speeds and high operative peripheral speeds.

However, taking advantage of high tensile strength bandage material, the PM

topology achieved challenging rotational speeds (e.g. 1 [Mrpm] [21]). Further-

more, alternative topologies like switched reluctance (SR) and synchronous

reluctance machine (SyRM) are becoming competitive in the market of high

speed drives especially in the range of 10 ÷ 60 [krpm], mainly being driven

by the automotive and aerospace markets. Synchronous generators (SynM)

are dominating the market in the multi-megawatt range (> 5 [MW ]). How-

ever, the induction machine is challenged in the megawatt range by PM ma-

chine technology which is a growing promising alternative. Examples of super-

conductive (HTS) and homopolar (HP) machines can be found as a technology

benchmark presenting interesting results.
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1.2 Application and Industry
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Figure 1.2: Power (Pm) against speed (ωm) nodes and applications ranges.

The interest for high speed machines is spread across a wide power-speed

range as presented in Figure 1.1. The selected operative points and environ-

mental operating conditions are directly related to the application they are

dedicated to. In Figure 1.2, the main applications and the power-speed range

of interest is presented, while the technological applications are detailed below.

Examples of the MW range can be found in the Oil & Gas industry [22�25]

where the high speed generator is directly coupled to gas turbines without

a speed-gear, thus increasing the reliability of the overall system. The di-

rect coupling of gas turbines with high speed generators enables the system

to operate with higher e�ciency in critical environments. High speed elec-

tric compression systems are an appealing oil-free solution for gas storage,

transmission pipelines, and gas injection applications with reduced footprint

and low maintenance. The integration and direct coupling of the motor and

the compressor achieves a compact and e�cient system where the cooling of
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the motor is performed by means of the process gas between each stage of

the compressor [26]. The overall system e�ciency, from the power source to

the compressor, is increased whilst featuring lower maintenance, reduced in-

stallation cost, emission free, and oil free operation. The adoption of active

magnetic bearings (AMB) enables the integration of the motor and the com-

pressor, eliminating the shaft-end sealing system and reducing the auxiliaries

for lube oil and cooling �uid [27].

High speed machines have found applications in energy recovery systems where

the e�ciency of an engine/generation system is increased extracting excess

energy from the circulating �uid of the Organic Rankine Cycle (ORC) [28].

Examples of high speed machines applied to waste heat recovery systems can

be found where high speed generators are coupled to high speed turbines to

extract excess energy from the exhaust gasses (turbo-compounder) [29, 30].

Exhaust gas recirculation systems, aiming to reduce NOx emission, can take

advantage of a compressor driven by a high speed machine to overcome the

problem arising from the di�erential pressure between inlet and outlet. In

an internal combustion engine, high speed machines can be integrated in an

electrically assisted turbocharger and used as generators during shaft speed

control at high loads and as a motor in the starting condition to achieve the

require operative speed. The �exibility of the system is therefore increased

whilst also enhancing the e�ciency.

The impact of mass and volume reduction that can be achieved by increasing

the rotational speed is of particular interest in the automotive, railway and

aerospace markets where fuel saving and emission reduction are key targets.

The industrial interest in direct drive systems as a solution to enhance the

power-to-weight ratio as well as the reliability and the e�ciency, has pushed

the increase of high speed machines in the automotive and aerospace indus-

try [31,32]. Turbocharger, turbo-compound, and micro-turbines [33] for auto-

motive applications became an e�ective solution to increase the �exibility of

the system and the e�ciency. Some studies have also shown that a high speed

�ywheel can achieve comparable or even superior performance with respect to

the battery technology for energy storage systems [19]. The high speed ma-
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chine market has expanded to being the main propulsion system in the railway

industry [34], including levitating systems. Both linear and rotatory induction

machines currently dominate the market but research on novel topologies is

driven by the growing need from the high speed railway industry.

Emission regulations are a�ecting the aerospace industry. The MEA concept

has pushed aerospace companies to look into alternative technologies and dif-

ferent system arrangements to meet emission regulations for future transporta-

tion [35]. The concept of distributed power generation and energy storage on

modern aircraft has identi�ed high speed machines as the most suitable for such

applications [36]. The advantage of high power-to-weight ratios, gear-less cou-

pling, and oil free characteristics are pushing the research towards high speed

generators, that can be directly coupled or integrated with thrust engines [37].

The increase in reliability is improving with more �exible power management

thus increasing the overall system e�ciency. The mechanical challenges that

arise from the high peripheral speed that machines are required to withstand is

combined with the critical thermal management problem in such applications.

In the low power range (Pm < 10 [kW ]), high speed machines �nd their applica-

tion mainly in micro-turbines and nano-turbines [19], spindles machines [8,38]

and niche application such as air-knives. Spindles have been the pioneering

applications for high speed machines and drives. The high rotational speed

required to cut materials combined with the �exibility of variable speed drives

has made high speed machines attractive for such applications. In order to

increase high material removal rates, limit the cutting tool temperature rise,

increase the accuracy, the quality and the e�ciency of the work-piece manufac-

turing process and improve the stability of the rotating cutting tool, the spindle

market has moved towards increased rotational speed power nodes. The com-

pactness of high speed drives has opened the market to portable power genera-

tion systems where micro-turbines and nano-turbines are directly coupled with

high speed generators [21]. The high power density and the �exibility to run on

a variety of fuels make this technology very attractive in a constrained environ-

ment with limited available space. Particular manufacturing processes such as

solar cells, dye chemicals, and semiconductors as well as in mass spectroscopy
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applications, CD, DVD, and hard disk production [39] requires clear, high

vacuum environments which are often created with turbo-molecular pumps.

The high rotational speed required to create and maintain the vacuum can be

achieved by means of direct coupling the pump stage with the high speed elec-

trical machine. Magnetic bearing technology is often adopted to achieve the

operative speed and to satisfy the oil-free requirement of some applications [40].

1.3 High Speed Technology

The Γ1 = ωm ·
√
Pm factor has been proposed in [12] as a �gure of merit

for high speed machines, summarising the main challenges in achieving the

power-speed node considered, including mechanical stresses, rotor-dynamic,

and thermal management issues. In Figure 1.1 the corresponding lines to cer-

tain Γ1 levels are presented. In [5], di�erent machine topologies are classi�ed

with respect to the maximum value of rpm
√
kW that can be achieved. The

Γ2 = ωm · Pm index has been introduced in [9] with the aim to classify high

speed machines and de�nes trends concluding that for ωm < 10-20 [krpm], the

Γ2 factor is almost independent with respect to ωm. In the range of higher

rotational speed, Γ2 is de�ned as a function of v3m/ω2
m. The reason is found

in the thermal limitation imposed. The reduction of the machine size lead

to a limited surface that can be used to dissipate the generated losses that

are strongly dependent on the rotational speed. The mechanical aspects alone

are not representative of the overall challenges in high speed machines. High

speed electrical machines result from a complex multi-physics system, where

the interaction of the phenomena from di�erent disciplines a�ect each other.

The multi-physics approach at the design stage is nowadays necessary in or-

der to achieve high performance and exploit all the bene�ts of increasing the

rotational speed. Furthermore, the co-design of power electronics and con-

trol strategies with the electrical machine is becoming an important aspect to

maximise the system e�ciency [4,41]. Qualitative analysis [10] has shown that

the loss management drastically impacts the performance of high speed drives.
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The combination of the above considerations lead to the identi�cation of lim-

its and trends for high speed technologies. Di�erent authors have proposed

curves to de�ne the limits of existing high speed technologies. [10] and [42]

presented formulations based on a combination of qualitative considerations

on high speed machines and de�ned ΓBS and ΓM as the limit and trend for the

technology, respectively. According to the data presented in Figure 1.1, the

technology trends and challenge limit can be expressed in a general form by

introducing the challenge factor Γc. The technological limits can be de�ned

for each machine topology. It is proposed in a mathematical form as in (1.1)

Γc =
Γc,0

ñ∑
h=1

[
1 + (fh ωm)γh

] (1.1)

where Γc,0 is the max power gain, ñ is the maximum number of critical nodes

required, fh is the challenge level cut-o� speed while γh is the speed-power

trend coe�cient, which de�nes the challenge level slope.
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Figure 1.3: Power against speed nodes: technology limits for di�erent ma-

chine topologies used in high speed applications.
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In Figure 1.3 the limits de�ned according to (1.1) are presented from the

data in Figure 1.1. The limits ΓBS, ΓM , Γ1 = 1 [Mrpm
√
kW ] and Γ2 =

100 [MrpmkW ] are proposed as matter of comparison. According to the lim-

its de�ned, the overall power-speed range can be divided into three main parts:

the high power-low speed range, the medium power-medium speed range and

the low power-high speed range. The chart presented highlights the actual lim-

itations of high speed technology. The thermal challenges in the high power

range become important and impose a strong limitation to the maximum power

that can be achieved in electrical machines featuring high rotational speeds,

because the extraction of the losses in the rotating part is a technological chal-

lenge. On the other hand, the mechanical aspects and rotor dynamics are an

important factor in the limits that can be found in the high rotational speed

range. The material of the rotating parts are pushed to their mechanical lim-

its, which imposes a boundary on the rotor diameter and peripheral speed that

can be achieved. A good balance between the above mentioned aspects can be

found in the medium power-medium speed range where a compromise between

the thermal and mechanical factors in combination with a good electromag-

netic design challenges the state of the art machines.

According to the above, the peripheral speed for high speed machines is con-

sidered indicator of the rotor structure challenge. In Figure 1.4 the power

against peripheral speed for the machines presented in Figure 1.1 are shown.

The considered machine topologies clearly present a di�erent peripheral speed

limit mainly related with the rotor structure as reported in [5]. Induction

machines, in particular solid rotor induction machines (SRIM) take advantage

of the mechanically robust rotor to achieve the top tip-speed amongst all the

other machines.
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1.4 High Speed Induction Machines

Among the di�erent electrical machines topologies that are used for high speed

applications, induction machines (IMs) are widely adopted for various power-

speed operative nodes. Di�erent technological solutions have been found in

order to enable higher rotational speeds for higher power levels. Induction

machines are among the most suitable topology for high speed applications

thanks to their robustness and capabilities to operate in harsh environments.

All the bene�ts that arise from increasing the rotor speed comes along with

challenges. The current limits of the high speed technologies are related with

a conjunction of engineering aspects that arise from the combination of the

electromagnetic performance, the thermal management, the rotor-dynamic as-

pects, and the mechanical stresses in the components of the machine. Various

rotor structures for IMs can be found in literature as the current state of the

art solution chosen for certain power-speed levels and related with speci�c high

speed applications. Figure 1.5 presents the IMs that industry and academia

have produced and prototyped according to the data presented in Figure 1.1.
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Figure 1.5: Power (Pm) against speed (ωm) nodes: Induction Machines tech-

nology. The di�erent markers highlight the di�erent topologies

of IMs used.

Di�erent rotor topologies are distinguished by means of di�erent markers

to highlight the trends and technologies selected. Laminated rotor induction

machines (LR) are the most common topology utilised and produced at present

for a wide variety of applications and power-speed ranges. Their reliability and

low cost make them suitable for specialised applications as well as for more

conventional ones.

The rotor structure of a conventional induction machines consist of a high con-

ductivity cage placed in dedicated slots machined in the rotor core as proposed

in the sketch of Figure 1.6. The shape of the rotor bars is often optimised to

�t the speci�cations of certain application requirements [43]. Laminated caged

IMs con�gurations present limitations at high rotational speeds due to the ten-

dency of the rotor bar to overstress the laminations slot opening (Figure 1.6-a).

Alternative rotor structures and rotor bar shapes have been proposed to im-

prove the electromagnetic performances and to withstand higher mechanical

stresses [30].
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a) open slot b) closed slot

c) axial rotor view

Figure 1.6: Laminated Rotor Induction Machines.

Closed rotor bar slot designs (Figure 1.6-b) resulted as an e�ective solu-

tion to enhance the achievable rotational speed [44,45]. Moreover, caged rotor

structures are equipped with a high conductivity end ring (Figure 1.6-c) in or-

der to minimise the path closure of the rotor current. The component design

and assembly requires detailed investigation for rotors rated at high operational

speeds. The mechanical stresses, the sti�ness of the rotor, and the operational

temperature of the material are important factors to account for. In [46], the

detailed design of the end-ring designed for high speed traction applications is

presented, where the multi-physics approach has been implemented to achieve

a reliable and e�ective solution.

Solid rotor induction machine topologies were �rst studied in the 1920s [43].

The low production cost, simple manufacturing, and the robust structure have

been the main attractive characteristics and have pushed researchers and in-

dustries to consider this topology as a viable alternative to the laminated rotor

for harsh environment applications as well as for high speed. However, the sim-

ple and robust structure comes with lower e�ciency and lower power factor

compared to cage rotor IMs. The smooth solid rotor topology (Figure 1.7-a)

is the most simple, cheap, and robust among all the di�erent alternatives that

can be found in literature. The rotor material is used as the media for both

the magnetic and electrical �elds. The rotor eddy current induced tends to
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circulate in the outer part of the rotor due to the skin e�ect at the rated fre-

quency, thus leading to �eld shielding e�ects, which generate a considerable

amount of surface loss. The magnetic �eld penetration in the rotor is a critical

parameter that a�ects the machine performance.

a) smooth

e) caged + coated

c) slittedb) coated

d) caged

Figure 1.7: Solid Rotor Induction Machines. Cross section of di�erent rotor

topologies.

In smooth solid rotor topologies, the relatively low electrical conductivity

and the magnetic properties of the iron core results in a low power factor and a

reduced rated e�ciency. The air gap magnetic �eld space harmonics strongly

a�ect the rotor losses in smooth solid rotors as they generate high frequency

harmonic losses on the rotor surface. However, despite the space harmonic

e�ect, the characteristic of IM equipped with a solid ferromagnetic rotor can

be improved by selecting proper solid rotor material, using composite (coated)

structures, applying slits/grooves [47, 48] to create a preferred path for the

electric and magnetic �elds and applying additional cage winding [43]. High

conductivity materials have been adopted as rotor coatings (Figure 1.7-b) to

concentrate the electrical �elds and currents in the thin coating layer thus en-

abling the magnetic �eld to penetrate the rotor core while screening the �ux

density high harmonic components. The mechanical adhesion of the coating

and the manufacturing complexity of such structures pushed towards alterna-

tive solutions to enhance the performances of SRIMs. Slitted rotor structures
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(Figure 1.7-c) have been proposed as an alternative to the coated rotor so-

lution to enhance the magnetic �eld penetration in the rotor whilst reducing

the surface losses due to the induced eddy currents. The higher friction losses

and the reduced robustness of the rotor structure limits the application of this

topology for high rotational speeds. Hybrid solutions propose the combination

of the above presented alternatives, by introducing rotor bars in the solid core

(open or closed slot) (Figure 1.7-d). Furthermore, more complicated structures

have been investigated including anisotropic rotor structures [49], skewed-slit,

spiral copper coated and shell-composite structure [50].

Moreover, the intrinsic three-dimensional �eld distribution in SRIM requires

the investigation of the phenomena in the rotor end region. In high speed

applications, the rotors axial structure has a big impact in the rotor-dynamic

behaviour, in the rotor robustness and both the electromagnetic and mechan-

ical losses distribution.

a) smooth - no end rings

e) caged - end ring

c) coated - no end ring

b) smooth - end ring 

d) coated - end ring

Figure 1.8: Solid Rotor Induction Machines. Axial cross section of di�erent

end region arrangements.

The �eld distribution in solid rotor topologies require an over-length rotat-

ing element to ensure that the closure path for the induced current in the rotor

does not reduce the active length of the machine. Figure 1.8 presents some of

the solutions for SRIM. High conductivity end-rings (Figure 1.8-b, Figure 1.8-

d and Figure 1.8-e) reduces the axial length of the rotor structure while also
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reducing the robustness and increasing the complexity of the structure with

respect to the simple over-length solution (Figure 1.8-a and Figure 1.8-c). The

manufacturing and assembly of end rings for high speed applications could

prove a di�cult task as the material adhesion and the thermal aspects need

to be accounted for. The performances of SRIM are mainly a�ected by the

electromagnetic design according to the selected materials.

1.4.1 Electromagnetic analysis of SRIM

The design of SRIMs requires the calculation of the electromagnetic �eld within

the solid ferromagnetic rotor. The calculation techniques employed for lami-

nated caged IMs have been found ine�ective for assessing the performance of

SRIMs as the rotor equivalent impedance is highly dependent on the saturation

level of the material, the skin e�ect on the conductive components, the space

harmonic of the air-gap �eld, and the operative slip of the machine. In the

last century, researchers and engineers have developed alternative analytical

and computational models, taking advantage of the increased computational

power available thanks to �nite element analysis (FEA) software. The intrin-

sic three-dimensional �eld distribution within the rotor core suggests using

a three-dimensional FEA. Despite the accuracy, the computational e�ort re-

quired has lead towards bi-dimensional analysis methods that result in more

suitable design and analysis. tools The introduction of equivalent electromag-

netic rotor material properties enables bi-dimensional analysis and accounts

for the losses and magnetic �eld distribution occurring in the rotor end region.

The non-linearities of the rotor materials are accounted for in FEA, which re-

lies on the accuracy of such rotor material models implemented. Time-domain

(TD) FEA is the most accurate technique adopted for performance prediction

of SRIM [51]. However, FEA-TD results in high computational e�ort required

due to the large rotor electromagnetic time-constant. The steady-state con-

dition for the electromagnetic �eld is necessary to achieve a reliable solution.

Alternatively, time-harmonic (TH) solutions can be computed by means of

FEA resulting in a drastic reduction of the computational time, however it

requires an equivalent harmonic material model to be computed and imple-
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mented. The accuracy of the solution considering FEA-TH is dependent on

the magnetic model of the ferromagnetic materials as well as on the stabil-

ity of the solver and its capability of computing non-linear solutions. As the

single-phase steady state equivalent circuit (EC) is among the most popular

modelling technique for IMs, FEA are usually used to estimate and investigate

the non-linear dependencies of the lumped parameter of ECs [52]. The no load

test and locked rotor test are simulated in the FE environment by means of

static simulations (FE-ST) and either FEA-TD or FEA-TH, respectively.

Furthermore, analytical models based on electromagnetic �eld theories can

evaluate the magnetic �ux density and current density distribution within the

solid rotor core [53]. Modi�ed equivalent circuits have been adopted and the

parameters evaluated through power balance or electromagnetic �eld consider-

ations [26]. Numerical techniques, focused on �nite element [54] (FE) and �nite

di�erence (FD) methods have also been investigated in order to minimise the

computational time required for the calculation of the �eld distribution [55],

and to account for space harmonics e�ects. The Multi-Layer-Transfer-Matrix

(MLTM) has been proposed [56, 57] as a numerical technique that results in

a good compromise between the computational time and the detail of the de-

scription. However, the method requires the initialization of electromagnetic

quantities which needs to be accurately estimated in order not to a�ect the �nal

solution. Equivalent model of materials have been introduced to account for

the three-dimensional �eld distribution as well as the material non-linearities.

1.5 The Multi-Physics Aspects

Given the considerations described in the previous sections, the detailed anal-

ysis of the phenomena that occur in high speed machines involves di�erent

disciplines and their interaction. It suggests that the design of high speed ma-

chines in general, and of SRIM in particular, requires the attention of engineers

at the design stage for the thermal, mechanical and rotor-dynamic aspects in

combination with the material properties. The characterisation of the electro-

magnetic, thermal and mechanical properties of high speed machines is a key
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aspect when it comes to enhancing the power density and rotational speed.

The rotor electromagnetic �eld distribution and losses are a�ected by the elec-

tromagnetic material properties and the operational conditions. In order to

assess the impact of the cooling technique on the performance of the machine,

the heat extraction from the rotor and its dissipation requires detailed inves-

tigation. Furthermore, the integrity of the rotor structure is dependent on

the operative conditions as well as on the temperature of the rotor materials.

The above considerations are summarised in Figure 1.9 where the conceptual

multi-physics loop is depicted. In the following sections an introduction to

the main aspects that need to be accounted for in the di�erent disciplines are

presented.
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Figure 1.9: Multi-Physics Loop for high speed machine design

1.5.1 Mechanical Aspects

The mechanical challenge is gaining more importance due to pushing the pe-

ripheral speed of electrical machines towards the limits imposed by the current

material characteristics. The peripheral speed of the rotor surface is identi-

�ed as a limiting factor of the maximum allowed rotational speed [58]. In

particular, the mechanical limits are imposed by the materials and the rotor
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structure [59]. The impact of the mechanical properties of the material can

be determined by simply considering the solutions of the di�erential equations

that govern the stress distribution in a rotating cylinder [59]. The radial and

tangential strain components enable an approximation of the maximum stress

in the rotor element of electrical machines. The peripheral speed is de�ned as

the product of the shaft angular speed ωm [rad/s] and the rotor external radius

rR [m] (1.2).

vm = ωm rR (1.2)

Considering a parametric material featuring an arbitrary tensile strength

σT [MPa], the maximum achievable peripheral speed can be expressed accord-

ing to (1.3) de�ning δ [kg/m3] as the mass density and ν [pu] as the Poisson

ratio.

vMax =

√
σt
δ
F (ν) (1.3)

The factor F (ν) is dependent on the rotor structure and its formulation can

be found in [59].
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Figure 1.10: Rotor radius (rR) against the angular speed (ωm). The rotor

radius related with a given maximum peripheral speed is high-

lighted with the dashed line.

High speed machines are developed considering di�erent topologies and
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therefore di�erent rotor structures. In Figure 1.10, the selected rotor radius

against angular speed for the machine found in literature are presented, high-

lighting the peripheral speed achieved by means of the di�erent rotor topolo-

gies. The design aspects concerning the retraining sleeve [60, 61] and copper

coating sleeve [62] in PMSMs has gained lot of interest as the technological ele-

ment which enables the reduction in the rotor losses and increases the rotating

speed of the machines without compromising the integrity. The design of the

multi-layer structure and copper coated rotor for high speed SRIMs requires

detailed mechanical analysis in order to account for the mechanical integrity

of the structure operating at high peripheral speeds. The stresses on the rotor

element combined with the thermal e�ect due to the losses are critical aspects

to be accounted for at the design stage. Furthermore, the mechanical design

of the end-ring for IMs is of equal interest as it results in a critical compo-

nent for high speed applications [63]. The soldering-braising of the end-ring

with the rotor bars or the coating structure becomes critical for the machine

integrity and relevant for the performances of the machine [33]. Moreover, the

mechanical aspects and limitations impact on the output power. In literature,

many sizing equations for electrical machines relating the output power with

the geometry, material property, operative conditions and performances of the

device can be found [64, 65]. The torque required for a �xed power level is

inversely proportional to the rotational speed (Tem ∝ 1/ωm) and dependent

on both rotor radius and active length of the machine. As the output power

is proportional to the rotor volume, the rotor diameter limitations imposed

by the mechanical aspects impact on the performance and capabilities of the

machine.
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Figure 1.11: Rotor radius (rR) against the power level (Pm). The rotor ra-

dius selected lays between the dashed lines that highlight the

boundaries.

The rotor radius selected for the high speed machine in the review section

are presented in Figure 1.11. The induction machine takes advantage of the ro-

tor robustness in the low power range (high speed) where bigger rotor radii are

selected with respect to one of the PMSM topologies. Furthermore, the rotor

volume is de�ned at the design stage in relation to the rotor losses while the

capabilities of loss extraction are strictly related with the cooling techniques

selected.

1.5.2 Rotor-Dynamic Aspects

The rotor diameter a�ects the electromagnetic and thermal conditions of the

SRIM. The axial length is another critical parameter which plays an important

role in the above mentioned disciplines as well as a�ecting the rotor-dynamic

aspect. The rotor diameter and length in combination with the rotational

speed a�ects the rotor-dynamic performances of electrical machines in terms

of the vibration level, mechanical stability, reliability and noise level [66]. The

tendency towards high speed machines and integrated drives is enhancing the
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importance of good rotor-dynamic analysis and monitoring to achieve reliable

operative conditions. The critical speed of the drive-shaft can be de�ned as

the angular speed that excites the natural frequency of a rotating component

causing a drastic increase in the system vibrations. The natural frequency

of the rotor is strongly dependent on the sti�ness of the shaft and its sup-

ports, the total mass and the geometry of drive-shaft, the unbalance of the

mass with respect to the axis of rotation and the damping capabilities of the

system. The rotor structure should be accurately designed in order to avoid

dangerous vibration levels and operation in proximity of the critical speeds [22].

Megawatt generators and pipeline compressors feature articulated drive-trains

that are required to cope with the high rotational speed and the external

excitation forces on the shaft generated by the turbine/compressor and the

generator [22, 67, 68]. Spindle machines are required to withstand axial load

at high rotational speed [69]. The application and the mounting conditions in

which the machines are required to operate impose additional excitation com-

ponent such as inertial, radial and axial forces arising from gyroscopic e�ect or

external disturbances. The reduction of the radial force component generated

in electrical machines due to the interaction of the high frequency component

of the air-gap magnetic �ux density is necessary to avoid over-stress on the

support element. Furthermore, the balancing of rotor for high speed operation

requires �ne tolerances and good accuracy in order to avoid forced responses

that could damage the machine [70,71].

Simpli�ed formulations can be found to roughly evaluate the natural fre-

quency of shafts [15, 72]. Considering the axial length of the shaft between

the bearing location as `b = α `A (`A is the active length of the machine), the

critical frequencies can be predicted according to the geometry and mechanical

properties of the rotor and the sti�ness of the supports [72, 73]. Simple for-

mulations can be found for homogeneous rigid rotor. Complex rotor structure

as well as �exible rotor one requires more accurate calculations to predict the

critical frequency and the vibrations for certain operative conditions. Based on

the state model of the rotor structure, the Campbell diagram enables to iden-

tify the critical frequencies of rotors. The advantage of self-centring operation
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comes along with the problem of the high vibrations arising while crossing

the critical frequency [72]. The core axial length has direct consequences on

the rotor-dynamics of high speed machines as well as on the e�ciency of IM.

Another element which impacts the natural frequency of the drive shaft is the

bearing technology implemented, in terms of their sti�ness and damping e�ect

as discussed in the following section.

1.5.3 Bearing Technology

The mechanical issues arising from the stresses on the rotating component

have to be combined at �rst instance with the rotor-dynamics of the drive

shaft. The prediction of critical speed and vibrations enables designs of the

rotor structure and its rotating support (bearing) to safely operate the machine

at high rotational speed. The application requirements as well as the above

mentioned considerations are the main factors in the bearing choice for high

speed applications. In Figure 1.12 the bearing technologies applied to the

di�erent power-speed nodes presented in Figure 1.1 are depicted.
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Figure 1.12: Power(Pm) against speed (ωm) nodes: bearing technology re-

view.
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The rotor supports for high speed machines needs to be selected to with-

stand the mechanical stresses arising from the rotational speed and comply

with the low loss, high reliability requirement of most applications. Moreover,

the bearings are required to withstand the torque load, provide the neces-

sary damping and sti�ness to achieve good rotor-dynamic performance at high

speed. In Table 1.1 the bearing technologies adopted for high speed appli-

cations are collected and quantitatively compared according to manufacturer

data and from [7,74].

Table 1.1: Bearing technology summary.

Material BB OB MB AB HB

ND [mm/min] 1e6 2.5e6 4.5e6 4e6 4e6

Max Speed [m/s] 160 105 200 225 225

Max Temperature [◦C] 230 90 540 650+ /

Min Temperature [◦C] −30 30 −180 −180 /

Damping −− − +/− ++ +

Misalignment Tolerance −− − ++ +/− +

Sti�ness [kN/µm] 7 10 − − −
Friction −− − ++ +/− +

Weight − −− +/− + −
Stability Passive Passive Active Passive Active

Fault Tolerance None None Good None None

Ball bearing (BB) technology is widely used for most commercial products.

However, the choice of bearing for high speed applications requires considera-

tion concerning the limits of the materials, operative temperature and the spe-

ci�c application requirement to achieve high sti�ness and low friction losses.

Ball bearing, oil sleeve bearings (OB), and magnetic bearings (MB) are the

most popular technologies for bearings in high speed machines [7,15]. Air foil

bearings [38], air bearings [75] (AB) and recently proposed hybrid bearings

(HB) technologies [76] are gaining interest in the high speed range as depicted

in Figure 1.12 for niche applications to overcome the limitations of other bear-
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ing technologies and achieve high system integration.

The mechanical and thermal properties of the rolling balls are the main lim-

iting factor in ball bearing technologies. The maximum operative speed of

bearing ωMAX [rpm] is an important factor in the bearing selection. However,

the bearing lifetime is strongly dependant on the bearing peripheral speed,

therefore proportional to the rotor shaft diameter. The "speed factor" ND is

the parameter considered for bearing selection in high speed applications [69].

Magnetic bearing (MB) technology is often considered as a reliable, e�cient

and oil free solution for many applications alternatively to ball bearing [77].

The capability to operate in harsh environment (−180 [◦C] to 540 [◦C] [7])

and the �exibility given by the active control of the system rotor-dynamic

behaviour are characteristics which lead MB to be applied in high speed elec-

trical machines and turbo-machinery applications. Passive (PMB) and Active

(AMB) magnetic bearing are designed to achieve radial and/or axial control of

the rotor shaft. The modulation of the magnetic �eld in the air-gap enables the

system to generate the levitating forces which are directly proportional to r2
R

according to the Maxwell Stress Tensor (MST). The magnetic �eld is required

to penetrate the rotor structure and therefore magnetically permeable mate-

rial needs to be adopted. The limitation arising from the mechanical stresses

due to the rotational speed and the losses generated by the induced eddy cur-

rent in the rotor have to be accounted at the design stage to achieve e�cient

design. AMBs can achieve ND values which are roughly twice the limiting

factor of advanced contact bearing de�ned at ND ≈ 2 · 106 [78]. Furthermore,

the MB technology requires auxiliary power electronics and advanced control

techniques to achieve high performance as well as special features to enable

fault tolerance operative conditions. Tuning procedures are required thus in-

creasing the cost and limiting the mass production of this bearing topology.

On the other hand, OB, AB and HB require auxiliary elements to guarantee

the rated supply of cooling and lubricants necessary for the operation.

Hydrostatic (micro-nozzle bearing) and hydrodynamic (foil bearing) air bear-

ing (AB) technologies use a thin �lm of pressurized air to support the rotating

element avoiding any contact between the solid element of the machine. The
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force transmission is achieved through the pressurization of the air in the bear-

ing area created by external means (hydrostatic air bearing) or by the bearing

rotation itself (hydrodynamic air bearing). The oil free characteristic, com-

bined with the wide operative temperature range of such technology, comes

together with the drawback that usually a custom design is required. The low

sti�ness that can be achieved with such technology is limiting the application

range to rotating speed ωm < 100 [krpm] [79].

1.5.4 Thermal Management

The high rotational speed allows a reduction in the rotor size for a given power.

The high e�ciency requirements imposed by the applications have a strong im-

pact on the electromagnetic design and material selection to achieve minimum

losses. However, despite minimised, losses still generate heat that must be

extracted from the machine. The increased power-to-volume ratio achieved

by increasing the rotational speed comes with the drawback of reducing the

heat dissipation surface. More aggressive cooling techniques have to be put in

place in order to maintain the material within their safe operative temperature

range. On the other hand, the loss distribution within the machine structure

is becoming an important aspect to account in order to maximise the e�ect of

the cooling technique.

In Figure 1.13 the main cooling techniques applied to di�erent power-speed

nodes are proposed. In the MW range, the thermal management has a big

impact on the limitations imposed to the achievable output. The extraction

of the rotor losses has pushed investigation towards cooling techniques for the

rotating element e.g. �ooded design [43], liquid cooling system [80�82] or tar-

geting design with minimum rotor losses. The physical distance between the

heat source and the cooling media is the main challenge in the heat dissipa-

tion through the stator outer bore [43]. Cooling channels in the stator struc-

ture [83], high thermal conductivity paths inbuilt in the winding structure as

well as �ooded cooling arrangements [84] have been proposed to overcome the

above mentioned problem. Di�erent cooling techniques have been proposed,

implemented and are currently state of the art for high speed applications.
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Figure 1.13: Power(Pm) against speed (ωm) nodes: thermal management re-

view.

The e�ciency η is a per-unit value that de�nes the losses that take place

in the power conversion process of a system. The location of the losses, with

respect to the system and the environmental conditions, is an important fac-

tor when it comes to their management and extraction. Qualitative analyses

have been proposed [9,10,85] to assess the impact of high rotational speed on

the losses in electrical machines. The operative temperature of the machine

is the result of the balance between the heat generated and the heat removed

(neglecting the thermal capacity). The losses in electrical machines can be di-

vided according to the heat source location and type. The computation of the

losses, their impact on the material properties and the e�ciency of the heat

extraction techniques adopted is a challenging task which requires expertise in

computational �uid dynamics (CFD), thermodynamics and electromagnetism.

The coupling among the disciplines has gained a lot of interest aiming to im-

prove e�ciency and push the boundaries in high speed applications [43, 86].

The prediction of the temperature distribution within electrical machines is

achieved adopting equivalent thermal circuit models [87], lumped parameters

network [88, 89], �nite di�erence or �nite element analysis (CFD). To achieve

26



good accuracy, the geometry and the properties of the material adopted need

to be accurately modelled as well as their dependency with respect the thermal

and electromagnetic operative condition of the machine. The main challenge

in loss management for electrical machines is the heat extraction from the rotor

structure and the heat dissipation through the heat exchange surfaces which

are strongly dependant on the heat transfer coe�cient that characterises the

overall structure. Analytical formulations and CFD analysis, supported by ex-

perimental validations, provide tools that enable the prediction of the impact

of di�erent cooling techniques.

In high speed SRIM, the rotor losses are a critical aspect to be accounted

for. The minimization of the losses has been investigated by optimising the

rotor copper coating thickness [90] or by reducing the air gap harmonic com-

ponents by means of semi-magnetic wedges on the stator slot openings [57].

The thermal dissipation of the rotor losses depends on the convection ther-

mal resistance of the air gap that requires the evaluation of the heat transfer

coe�cient hg. The estimation of the air-gap heat convection coe�cient has

been the subject of many studies [91, 92] and empirical formulae have been

experimentally validated providing e�ective tools to predict the thermal man-

agement capabilities. In Figure 1.14, the dependency of the air gap convection

heat transfer coe�cient against the rotor speed and the air gap thickness εg

is presented according to [91]. The selection of the physical clearance between

rotor and stator is an important aspect as impacts not only on the cooling

e�ciency as highlighted in Figure 1.14, but also on the electromagnetic per-

formances as well as on the mechanical losses generated by means of the �uid

�ow generated by the rotating element. Analytical formulation can be found

in literature [65, 85] to select the air gap thickness with respect to the output

power and main rotor dimension.
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Figure 1.14: Contour of air gap convection heat transfer coe�cient

(hg [W/(mK)]) against air gap thickness (εg [mm]) and rotor

speed (ωm [krpm]). The calculations are performed consider-

ing a rotor radius of rR = 45 [mm], kinematic viscosity of µ =

2.1e−5 [m2/sec] and thermal conductivity of k = 0.025 [W/(mK)]

1.6 Materials for High Speed Applications

The push towards high performance drives, higher e�ciency and targeting

higher rotational speed is challenging material engineers. The properties and

performances of the materials currently used are required to achieve accurate

models and performing devices. That results in a challenging task when it

comes to detail and to model the losses in materials excited by means of the

time varying �eld, and to also account for the variation in their properties with

respect to their mechanical and thermal operative conditions.

High performance laminations are currently available and they enable a drastic

reduction in the eddy current losses in electrical steel resulting in higher e�-

ciency machines. Innovation in the manufacturing process of electrical steel,

variations in the silicon content of SiFe laminations and the thickness reduc-

tion are just examples of the material trend among the currently available

in the market. Amorphous material and soft ferromagnetic powder cores are

rapidly gaining interest for high speed application as they feature signi�cantly
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reduced mass density and low losses at high frequency while featuring an in-

creasing saturation �ux density level within the last years. Furthermore, the

conductive elements of the machine are important and should be carefully se-

lected in order to obtain e�cient and robust rotor structures. Copper alloys

(CuCrZi and CuBrZi) became commercially available for the manufacture of

end rings and rotor bars that are capable of withstanding the high stresses in

the rotor at high speed. In Figure 1.15 a review on the best performing high

conductivity materials are presented, highlighting the trends achieved consid-

ering various doping elements (e.g. Si, Cr, Ni, Zn) in di�erent quantities. The

electrical conductivity is presented in per unit with respect to the one of the

pure copper (% IACS = 100).
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Figure 1.15: Conductive material literature review: tensile strength (σt)

against electrical resistivity related to copper (% IACS).

High tensile strength laminations have been developed, providing an ad-

vanced material that has found application in the rotor construction of high

speed electrical machines [5, 93]. However, solid materials for SRIM and the

performances of such topologies are very sensible to the mechanical and elec-

tromagnetic material characteristics. The characterisation of the magneti-

sation curve of solid materials as well as their electrical conductivity is re-
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quired to achieve accurate prediction of the machines performance at the de-

sign stage [5, 93].
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Materials for solid rotor applications are selected based on a trade o� of

magnetic permeability, electric resistivity and high mechanical performances

[1,43]. The frequency of the time-varying �eld in the rotor structure is related

to the fundamental frequency by the slip. The material characterisation of

their magnetic properties as well as losses requires low frequency excitation

and various models have been developed which enable material loss predic-

tion [94].

In Figure 1.16 and Figure 1.17, the solid material commonly used for SRIM

are presented and their mechanical characteristic are presented against the

magnetic (saturation �ux density) and electrical (electrical conductivity) char-

acteristics, respectively. High carbon content materials feature mechanical

characteristics that enable high peripheral speed.
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Figure 1.18: Rotor radius (rR) contour plot against rotor material tensile

strength (σt) and angular speed (ωm). The calculations are per-

formed for δr = 8000 [kg/m3] and ν = 0.3 with a safety factor

κσ = 2.

According to (1.3) in combination with the peripheral speed de�nition, the

maximum rotor radius for a given structure can be calculated. A safety factor

is introduced to guarantee a margin for errors in the calculations. The con-

tour plot presented in Figure 1.18 presents the trend of the maximum rotor
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radius for di�erent rotor angular speed and material tensile strength. The

case of a smooth rotating cylinder is considered in (1.3) as representative of

the smooth solid rotor structure and enables to achieve the rotational speed

that are prohibitive the other rotor topologies. However, the poor electromag-

netic properties of carbon based materials result in low e�ciency machines

at high rotational speed. The metal industry is becoming aware of the in-

creasing demands of high performance solid materials, and novel materials are

being developed in order to achieve enhanced mechanical and electromagnetic

performances.

1.7 Thesis Outline

The calculations of the performances of solid rotor induction machines is pre-

sented in the following part of the document.

The performance of SRIM is strongly a�ected by the electromagnetic �eld dis-

tribution in the rotor structure. In Chapter 2, the solution of the Maxwell's

equations in the rotor domain is presented. The discrete domain method

(DDM) is proposed as an analytical model developed to account high space

harmonic and non homogeneous rotor structures, enabling to compute the per-

formance of multi-layer structure and copper coated solid rotor.

P.1 [95] L. Papini and C. Gerada, "Analytical-Numerical Modelling of Solid

Rotor Induction Machine," ELECTRIMACS 2014, 19th-22ndMay 2014, Va-

lencia, Spain.

The importance of the multi-physics approach in the analysis and design of

high speed machines highlighted in the literature review (Chapter 1) is further

considered and discussed in Chapter 3. The multi-physics design aspects are

presented and the thermal, mechanical and rotor-dynamic models are sepa-

rately described. Furthermore, the �exibility and capabilities of the proposed

modelling techniques are applied to assess the impact of the thermal manage-

ment and temperature distribution prediction on the performances of SRIM.

P.2 [96] L. Papini and C. Gerada, "Thermal-electromagnetic analysis of solid
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rotor induction machine," 7th IET International Conference on Power Elec-

tronics, Machines and Drives (PEMD 2014), Manchester, 2014, pp. 1-6. doi:

10.1049/cp.2014.0462

P.3 [97] L. Papini, C. Gerada, D. Gerada and A. Mebarki, "High speed solid

rotor induction machine: Analysis and performances," 2014 17th International

Conference on Electrical Machines and Systems (ICEMS), Hangzhou, 2014,

pp. 2759-2765. doi: 10.1109/ICEMS.2014.7013968

The parametrised material is introduced in Chapter 4 as a �ctitious ro-

tor material. The electromagnetic characteristics of the material has been

fully parametrised and the impact of the saturation �ux density Bs, relative

magnetic permeability µR,r and electrical resistivity ρr on the equivalent cir-

cuit parameters of smooth solid rotor induction machine is discussed. The

selection of suitable material for SRIM is detailed providing measurement of

magnetisation curve for construction steel.

P.4 [98] L. Papini and C. Gerada, "Sensitivity analysis of magnetizing induc-

tance in solid rotor induction machine," 2016 19th International Conference

on Electrical Machines and Systems (ICEMS), Chiba, 2016, pp. 1-6.

P.5 [99] L. Papini and C. Gerada, "Sensitivity analysis of rotor parameters

in solid rotor induction machine," 2017 International Electric Machines and

Drives Conference (IEMDC), Miami, 2017.

Before summarising the main aspect discussed in the thesis and recaping

the relevant results in the conclusion in Chapter 6, the performances of SRIM

for a waste heat recovery (WHR) application are presented in Chapter 5. The

FE three dimensional analysis is performed in order to validate the electromag-

netic calculations of the previous chapters. Furthermore, the performances of

SRIM are compared with an induction machine featuring a laminated caged

rotor characterised by closed rotor slots. The details of the case study machine

are presented below. The rotor dynamic aspects of the SRIM are discussed

and compared with experimental measurements.

P.6 [30] L. Papini, D. Gerada and C. Gerada, "Development and testing as-

33



pects of high speed induction machines," 2016 19th International Conference

on Electrical Machines and Systems (ICEMS), Chiba, 2016, pp. 1-6.

1.7.1 Case Study Induction Machine

A three-phase 120[kW ]-25[krpm] induction machine for waste heat recovery

(WHR) application is considered as a case study. The cross section of the

machine is presented in Figure 1.19.

Table 1.2: Case Study Machine Data

Parameter Symbol Value

Pole Pair p 1

Mechanical Power Pm 120[kW ]

Maximum Speed ωm,M 32[krpm]

Rated Speed ωm 25[krpm]

Rated Torque Te 45.8[Nm]

Rated Voltage Vs 400[V ]

Power Density Pm/V 30[MW/m3]

Peripheral speed vm 210[m/s]

Ambient Temperature T 300[◦C]
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Figure 1.19: Cross section cut view of the case study caged rotor IM consid-

ered.

Closed slot rotor structure is selected in order to achieve the required me-

chanical robustness at high rotational speed [30]. The rotor bar shape is op-

timised in order to maximise the e�ciency. The parameters of the IM are

listed in Table 1.2. The caged rotor is replaced with a smooth solid rotor

structure while the stator structure, comprehensive of the three-phase winding

structure, remains unvaried. The analytical, thermal, mechanical and rotor

dynamic modelling of the solid rotor induction machine (SRIM) are discussed

in order to create a �exible tool that enables rapid performance computation.

The performances of the caged rotor induction machine (CRIM) are compared

with the SRIM designed for the same power-speed node.
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CHAPTER

TWO

ELECTROMAGNETIC MODEL

The design and analysis of solid rotor induction machines requires the compu-

tation of the electromagnetic �eld distribution in the structure. The electro-

magnetic performances are strongly a�ected by the the magnetic �eld pene-

tration, the induced eddy currents and, consequently, the power losses distri-

bution in the rotor media. The e�ects of the intrinsic three-dimensional �eld

distribution in solid rotor structure are not negligible.

y

xz

(a) x− y cross section

y

zx

(b) z − y cross section

Figure 2.1: SRIM schematic cross section representation

Bi-dimensional approximated model are widely adopted and correction fac-

36



tors have been introduced to account for the rotor end region e�ects. The

computation of the �eld distribution is solid rotor induction machine with

homogeneous and multi-layer structure is introduced and calculations are pre-

sented considering a SRIM which is schematically represented in Figure 2.1.

The x−y and z−y cross sections are presented to highlight the main geometry

modelled in the following section.

2.1 The Solid Rotor Induction Machine

The SRIM, as most electro-magneto-mechanic devices, consist of a group of

(mechanically connected) solid rigid bodies in relative motion in an electro-

magnetic �eld. Both mechanical and electromagnetic models are required in

order to achieve a full description of the device. The graphical representation

of the general model considered is presented in Figure 2.2.

S

M

nM

nE

`T

Figure 2.2: Idealised machine

Let's consider the physical space occupied by the device D as a �nite subset

of the euclidean measure space Σ
′ ⊂ R3 where the dot product is de�ned.

An inertial reference frame Co = (Oo,
oE) is assigned by means of the or-

thonormal base oE ∈ R3 : oE = [oẽ1
oẽ2

oẽ3] de�ned as the space and it's Oo

center of observation. Considering a coordinate system de�ned by means of

the orthonormal base, the position of the generic point of the space P ∈ Σ
′

for a time instant t ∈ R is described by means of the algebraic position vector
op̄(t) : R 7→ R3.
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The rigid body approximation allows the deformation to be neglected and

therefore the distance between two points of the same body is time-invariant

in amplitude. Let's de�ne the continuous function mass density % : R3 7→ R+.

The mass of a rigid body is de�ned as the integration of the volume of the

mass density of all the material points which belong to it. The mechanical

status and motion of rigid bodies is completely described by means of the law

of motion of a representative material. An equivalent formulation is applied to

the center of the mass of each body [100]. The solid bodies in which the device

D consist of are classi�ed with respect to their mechanical status and motion

with respect to the inertial reference frame. The static body S consists of all

the material points of the space that are de�ned by the time-invariant position

vectors with respect to Co. Consequently, the set of the material points of the

space that constitute the rigid body in relative motion with respect to the

static parts are referred to as the moving bodyM. The absolute complement

of the static and rotating bodies in the space Σ
′
is de�ned as the �uid gap

G = Σ
′ \ (M∪S) and therefore D = S ∪M∪ G.

Considering an inner rotor-outer stator SRIM as in Figure 2.2, the static

bodies consist of the magnetic stator core and the stator phase winding while

the moving bodies are identi�ed as the solid rotor element. The following

analysis is based on SRIM structures which feature the characteristics listed

below [101]:

(E.1) right cylindrical shape extruded rotor geometry;

(E.2) right hollow-cylindrical shape extruded stator core geometry;

(E.3) stator core and rotor axial extrusion length larger than the external

transversal size;

(E.4) coaxial rotor and stator components physically separated by a hollow-

cylindrical shape air gap region;

(E.5) constrained relative position between the static and rotating structure

by means of bearings which apply reaction forces enabling the procession,

nutation and linear motion to be neglected;
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(E.6) cylindrical rotor structure featuring length `R, radius rR, and consisting

of an isotropic conductive soft ferromagnetic material;

(E.7) stator phase windings composed of a conductive material located in the

stator core slots with a geometrically closed shape;

(E.8) hollow cylindrical stator core structure featuring length `S, inner ra-

dius rS and outer radius rT consisting of isotropic non conductive soft

ferromagnetic material;

(E.9) stator magnetic core featuring straight slots parallel to the extrusion

direction with small openings facing the main air gap.

These assumptions lead to interesting conclusions and enable a radical sim-

pli�cation of the model. Let's de�ne s ∈ N as the number of bodies which the

static solid rigid body amounts to. A local inertial reference frame Cs = (Os,
sE)

is assigned by means of the orthonormal base sE ∈ R3 and the center of the

reference frame Os, de�ned as the center of the mass of the static body. The

Galilean transformation de�nes its motion with respect to Co in order to ac-

count for inertial forces acting on the system, which are neglected here. Let's

de�nem ∈ N as the number of bodies that the moving solid rigid body consists

of. The number of the mechanical degrees of freedom nM ∈ N of the device in

the inertial reference frame Co results as

nM =

[
6 s−

nI∑
i=1

(6− fi)

]
+

[
6m−

nJ∑
j=1

(6− fj)

]
(2.1)

where nI ∈ N de�nes the number of inertial constraints applied to the static

body S each featuring fi ∈ N : fi ≤ 6 ∀i ∈ [1, ..., nI ] degrees of freedom. More-

over, nJ ∈ N joints are de�ned as the constraints related with the mechanical

contact between the bodies. Each joint features fj ∈ N : fj ≤ 6∀j ∈ [1, ..., nJ ]

degrees of freedom. The contribution of the static body and inertial con-

straint in (2.1) is neglected as the system is considered �xed to the inertial

reference frame. Moreover, the hypothesis [(E.5)] depicts a scenario where∑
j(6 − fj) = 5 which, substituted in (2.1), results in a single degree of free-

dom nM = 1 de�ned for the system. According to the previous considerations,
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Lagrangian mechanics [100] here is preferred as the description of the mechan-

ical state and the motion of the rigid bodies by introducing the vector of the

generalised positions χ̄(t) : R 7→ RnM . The description of the motion of a rigid

body requires the de�nition of a reference frame Cm(t) = (Om(t),mE(t)) �xed

with the moving body and centred in the center of the mass of the moving

body [100].

ΣE−F,s
ΣC,s

ΣE−R,s

sẽz ≡ s,mẽa

sẽr

sẽθ

`E
`C

`E

Os

(a) Idealised static component

mẽz ≡ s,mẽa

ΣE−F,m
ΣC,m

ΣE−R,m

mẽr

mẽθ(t)
`E

`C
`E

Om(t)

(b) Idealised moving component

Figure 2.3: Static and moving component idealised representation

In Figure 2.3a and Figure 2.3b a representation of the static and moving

component is presented according to the assumptions introduced above. The

cylindrical nature of the rigid bodies [(E.1)]-[(E.2)] implies that the axes of
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rotational symmetry, de�ned as sẽs and
mẽs(t) for the static and the moving

axes, respectively are coincident with their principal axes of rotation, sẽz and
mẽz(t) [100]. The concentric nature of the moving and static bodies [(E.4)] in

combination with the motion constraint [(E.5)] de�nes the alignment condi-

tions and the alignment axis, s,mẽa which is equivalent to the axis of rotation

for the moving body.

The center of the mass of the static and moving bodies is de�ned coinci-

dent by means of the alignment condition and results in an identical center

of all the reference frames de�ned, where Oo ≡ Os ≡ Or. The axes of ro-

tational symmetry and the principal inertial axes for both static and mov-

ing elements and one direction of the inertial reference frame Co are paral-

lel to each other; they are also de�ned coincident with the alignment axis
mẽz (≡ mẽs) ≡ sẽz (≡ sẽs) ≡ oẽ3 ≡ s,mẽa. The center of the mass and the

principal axis of rotation for the moving body is time-invariant according to

the hypothesis [(E.5)].

Having de�ned one direction for all the reference frames to be coincident, the

couple of orthonormal vectors that complete their bases have to be selected.

While the choice is arbitrary for what concerns the static reference frames, a

preferable choice for Cr(t) is identi�ed. According to the de�nition of the rigid

body, in combination with Euler's rotation theorem, the reference frame is se-

lected in order to achieve the description of the rotational motion by means of

a single time varying coordinate in the reference frame. The orthonormal base

is identi�ed and a cylindrical coordinate system is de�ned. The unit vector

corresponding to the same direction is considered, superimposed at the initial

time instant mẽr(t0) ≡ sẽr ≡ oẽ1 and mẽθ(t0) ≡ sẽθ ≡ oẽ2.

According to the above assumption, the computational domain Σ ⊂ Σ
′
is

restricted to the �nite subset of the space featuring a cylindrical shape, which

encloses all the components of the device.

In SRIMs, as for many electrical machines, the structure of the front and

rear part of the device, arbitrarily de�ned according to the reference system de-

�ned, look signi�cantly di�erent from the central region. De�ning the length of

the cylindrical computational domain Σ as `T as in Figure 2.2 and according to
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the above considerations, the domain is divided in three di�erent regions along

the direction sẽz. The subset ΣC of length `C is de�ned as the central region

of the machine. The remaining part ΣE = Σ\ΣC of length `E = 1/2(`T − `C) is

de�ned as the end region consisting of the rear ΣE−R and front ΣE−F domain,

in symbols ΣE = ΣE−R ∪ ΣE−F .

Along with the axial division, the coaxial nature of the structures allows the

division of the domain with respect to the radial direction. Since the cylin-

drical rotor structure is coaxial with the air gap and stator hollow-cylindrical

regions, it is possible to identify a �nite subset, which encloses the elements of

each structure, Σr, Σg and Σs, respectively. The subsets extend for the entire

axial length `T . The combination of the aforementioned division achieves a

division of the device based on its structure as presented in Figure 2.3a and

Figure 2.3b. The axial development of the stator's magnetic core is consid-

ered by de�ning a central region. Therefore, since `S = `C the central region

is expressed as ΣC = ΣC,r ∪ ΣC,g ∪ ΣC,s. The stator end region ΣE,s is the

location of the end-closure of the stator phase winding, which is considered

to be developing mainly in the tangential direction. Both the rear and front

stator end regions are generally characterised by the absence of ferromagnetic

material. Similarly in other electrical machines that feature a rotor winding

structure, for example, a cage-rotor IM, or a �eld wound synchronous motor,

the rotor end region ΣE,r is the location of the phase winding conducting ele-

ments enabling a closure path for the �owing current. In SRIMs the electric

and magnetic �eld share the same electromagnetic media and therefore the

rotor end-region is (full or partially) �lled with conductive (sometimes ferro-

magnetic) material as a continuous axial extension of the rotor structure itself

or as solid end-rings. This enables the rotor current density �eld to �nd its

natural closure path and localises this e�ect outside the central region of the

device.

Having de�ned the domain of analysis, the geometry of the motion of the bod-

ies of the device, the characteristic of the electromagnetic �eld in SRIM is now

discussed. The state variable model is commonly adopted to characterise the

behaviour of the machine. A set of electromagnetic state variables ī ∈ RnE is
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selected and highlighted in Figure 2.2. The state variables are usually selected

as the currents �owing in the stator winding structure. The electromagnetic

state of the machine is however determined by the state functions �ux linkages

de�ned as ϕ̄(̄i, χ̄) : RnE×nM 7→ RnE and determined according to the Faraday-

Lentz Law [102]. The magnetic �eld distribution within the computational

domain Σ is required in order to accurately estimate the electromagnetic state

of the device and to achieve a quantitative description of the machine's be-

haviour. The Maxwell equation [103] governs the distribution of the electrical

and magnetic vector �elds at each point P ∈ Σ ∀t ∈ R and their solution is

therefore required. According to the Helmholtz Theorem, the magnetic vector

potential �eld ~A(sp̄, t) : (Σ ∪ R) 7→ R3 is de�ned as the vector �eld which

describes the electromagnetic status of the device ∀ sp̄ ∈ Σ and t ∈ R [104],

where sp̄ is the vector of the coordinate of a generic point of the domain.

~A(sp̄, t) = Ar(
sp̄, t) sẽr + Aθ(

sp̄, t) sẽθ + Az(
sp̄, t) sẽz (2.2)

2.1.1 The 2-D Field Approximation

According to the shape and distribution of the active sides of the coils, the

homogeneous characteristic of the constitutive material in combination with

the geometry of the magnetic cores, the vector potential distribution in a sig-

ni�cant part of the domain Σ of the machine features only the sẽz component.

Moreover, the energy transformation phenomena that take place in electri-

cal machines are mainly concentrated in the main air gap region, Σg and in

particular in the subset ΣC,g [101]. Combining the above consideration, an

equivalent active computational domain ΣA ⊂ Σ is usually implemented for

the evaluation of the performance of electrical machine. The �ctitious domain

is characterised by an electromagnetic �eld distribution which does not vary

along the z-coordinate and can be approximated as bi-dimensional in nature.
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ΣA,s ΩA

(a) 2-D model approximation

oẽ ≡ sẽ

mẽ(t)
rR

sθ

α(t)

O

P

mθ(t)

rS

Γr/g Γg/s

(b) 2-D reference frame

Figure 2.4: Model reduction: 3-D → 2-D approximation

In Figure 2.4a the active part of the idealised machine model is presented.

Within the de�ned region, the magnetic vector potential is considered featuring

only the axial component.

~A(sp̄, t) ≈ Az(
sr, sθ, t) sẽz ∀ sr, sθ, sz ∈ ΣA ∨ t ∈ R (2.3)

According to the Maxwell equations, the assumption of a bi-dimensional �eld

distribution implies that the magnetic vector �eld function ~B(sp̄, t) and the

magnetic strength vector �eld function ~H(sp̄, t) feature only radial and tan-

gential components. Furthermore, the electric vector �eld function ~E(sp̄, t) and

current density vector �eld ~J(sp̄, t) feature instead only the axial component.

The domain ΣA where the above assumptions are valid consist of the stator,

air gap and rotor subregion, de�ned as ΣA,s, ΣA,g and ΣA,r, respectively, high-

lighted in Figure 2.4a. The active stator region considered consists of a soft

ferromagnetic region and the stator winding conducting elements. Thin lam-

inations are adopted for the stator's magnetic core in order to minimise the

eddy currents induced, which can be neglected. Applying Ampere's law [104]

with the assumption of a high relative permeability and a negligible hysteresis

e�ect of the stator soft ferromagnetic core materials, the magneto-motive-force

(m.m.f.) drop related with the �eld lines inside the aforementioned core results

negligible. The region of interest for the electromagnetic �eld distribution is
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therefore limited to Σ̃A = ΣA,g ∪ ΣA,r. However, the conductors of the sta-

tor phase winding, which de�nes the path of the electrical currents density

�eld imposed, are located in dedicated slots in the stator core. In the cen-

tral region of the device, the active sides of the winding structure as well as

the stator slots geometry, runs parallel to the direction of the axial develop-

ment of the structure. Let's de�ne the equivalent stator current density as

the in�nitesimal current sheet imposed on the interface's cylindrical surface

Ωs/g : F 7→ R2 := ∂ ΣA,s ∩ ∂ΣA,g with F ⊂ R2. It is considered featur-

ing only the axial component and is constant along the z-coordinate, therefore
~JS(sp̄, t) , JS(sθ, t) sẽz and is representative of the e�ect that the current �ow-

ing on the conductor of the stator phase winding has on the �eld distribution.

The e�ect of the opening of the stator slot on the side facing the main air gap

are accounted for in this equivalent model and therefore, the stator structure

can be simpli�ed further by considering an idealised magnetic core featuring a

smooth cylindrical surface Ωs/g facing the main air gap. The assumption of the

bi-dimensional constant �eld along the axial coordinate allows a generic cross

section ΩA ∈ R2 orthogonal to the axial development of the machine within its

central region as the computational domain represented in Figure 2.4a. The

surface ΩA is considered as the generatrix of the domain Σ̃A ∈ R3 by means of

extrusion along the direction sẽz.

In Figure 2.4b, the reference frame's relative position for a generic time

instant t ∈ R is de�ned by means of the angular coordinate α(t) = sθ− mθ(t).

The position of the generic point that belongs to the domain P ∈ ΩA is repre-

sented by its coordinates expressed either with respect to the mover reference

frame (mr,mθ(t)) or the stator one (sr, sθ). The Galilean transformation is

therefore de�ned as

V̄s,m ∈ R3 : (sp̄, t) 7→ (mp̄− V̄s,m t, t) ⇒ V̄s,m = [ 0 α(t) 0 ]T (2.4)

The active length `A is de�ned as the axial development of ΣA such as the

energetic transformation e�ects are identical to the one that occurs in the real

device [101]. An equivalent macroscopic description of the phenomena taking

place in the non-active region ΣNA = Σ\ΣA is required in order to increase the

accuracy of the calculations. The e�ect of the closure path of the stator and
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rotor winding structures is often included in the models while not modelled

in terms of punctual �eld distribution. The above approximation has been

widely adopted and validated for the analysis of various types of machine [65]

featuring `A/`C ≈ (1÷ 0.9).

The rotor �eld distributions have an intrinsic three-dimensional nature in

SRIMs. The e�ect in the end region of the rotor structure has quite a signi�-

cant impact on the performance and can not be neglected. The bi-dimensional

approximation is widely adopted, however particular attention is dedicated to

the inclusion of the rotor end region e�ect within the domain ΩA and is dis-

cussed later in the chapter.

2.1.2 The 2-D Eddy-Current problem

rS

rR

ĴS

Γg/s

Γr/g

εg

Figure 2.5: Smooth solid rotor model for 2-D eddy-current problem

The bi-dimensional computational domain considered is formed of the union

of the air gap and the rotor subset ΩA = ΩA,r ∪ ΩA,g and is considered as an

idealised cross section of the machine orthogonal to the direction sẽz. Figure 2.5

presents the schematic of the bi-dimensional domain. The rotor subset ΩA,r

is limited by the closed continuous curve Γr/g : I 7→ R := ∂ΩA,r ∩ ∂ΩA,g with

I ⊂ R. The cylindrical nature of the structures considered uniquely identi�es

the curve Γr/g with its radius, namely the rotor outer bore radius rR > 0.

The air gap subset is instead de�ned as the region of the space R2 limited by
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Γr/g and Γg/s : I 7→ R := ∂ΩA,g ∩ ∂ΩA,s. Similarly, the curve Γg/s is uniquely

identi�ed by the stator inner bore radius rS > rR > 0. The main air gap

thickness results εg = rS − rR. The �nite computational domain are therefore

de�ned as (2.5) and (2.6) ∀ − `A/2 < z < `A/2

Σ
′

A,g :=
{

(r, θ) ∈ R2
∣∣∣ 0 < θ < 2 π , rR < r < rS

}
(2.5)

Σ
′

A,r :=
{

(r, θ) ∈ R2
∣∣∣ 0 < θ < 2π , 0 < r ≤ rR

}
(2.6)

The electromagnetic characteristics of the materials in the di�erent domains

strongly a�ect the �eld distribution and the phenomena that take place.

The main air gap considered is �lled with an isotropic homogeneous medium

which features a constant permeability (µg ≈ µ0) and is non-conductive (σg =

0), having de�ned µ0 = 4π · 10−7 [H/m]. Let us de�ne the air gap vector po-

tential function in ΩA,g as ~Ag(
sp̄, t) , Ag,z(

sp̄, t) sẽz. According to Maxwell's

equations, the second order elliptic partial di�erential equation (PDE) which

governs the �eld distribution in ΩA,g takes the form of the scalar Laplace equa-

tion (2.7) [102]

∇2Ag,z(
sp̄, t) = 0 ∀P ∈ ΩA,g (2.7)

The rotor domain ΩA,r considered constitutes a non-homogeneous isotropic

material which results conductive and features a linear magnetic behaviour

µr(
sp̄, t) = µr,R(sp̄, t)µ0. The relative permeability of the rotor material

µr,R(sp̄, t) and its electric conductivity σr(
sp̄, t) 6= 0 are considered as function

of the spatial coordinates and time at �rst instance. De�ning ~Ar(
sp̄, t) ,

Ar,z(
sp̄, t) ẽz as the rotor vector potential function in the rotor domain ΩA,r, the

electromagnetic problem is de�ned by the second order elliptic PDE (2.8) [102]

∇2Ar,z(
sp̄, t) = µr(

sp̄, t)σr(
sp̄, t)

∂ Ar,z(
sp̄, t)

∂ t
∀P ∈ ΩA,m (2.8)

The dependency of the rotor material parameters upon the spatial coordinates

and the time enables the solution for the homogeneous smooth SR case to

be extended to a multitude of cases. Di�erent rotor structures are able to

be investigate such as copper coated SRIM and in general concentric multi-

layered structures. The temperature distribution, magnetic loading, mechan-

ical stresses, operative frequency in general have an impact on the material
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performances which can be adjusted accordingly. Finally, the formalisation of

the problem enables to extend the problem de�ning an "ah hoc" discretisa-

tion, in order to increase the accuracy of the calculation or account for di�erent

material properties. It is important to note that the magnetic �eld distribu-

tion problem in ΩA,r degenerates to (2.7) for a time-invariant magnetic vector

potential.

2.1.3 The Harmonic Decomposition

The problem of the eddy current in the time domain is de�ned by (2.7) and

(2.8). The calculation of the steady state solution is required. A subset of the

possible solutions is investigated as signi�cant for this study. Two additional

assumptions have to be considered:

(E.9) periodic time-varying nature of the electromagnetic �eld quantities fea-

tures a constant fundamental angular frequency ωe;

(E.10) constant mechanical angular velocity ~ωm = ωm
mẽz of the rotor body.

The axisymmetric nature of the domain Σ
′
A in combination with the hypothe-

sis [(E.9)] depicts a scenario in which the electromagnetic function is periodic

with respect to both the angular coordinate sθ and the time variable. Any

periodic real function may be written as a series of sinusoidal terms, also

called Fourier series. Euler's formula de�nes the Fourier series in the com-

plex domain C which present an equivalent harmonic representation of the

electromagnetic �elds de�ned in the domain ΩA. The magnetic vector poten-

tial in the air gap region ΩA,g and mover region ΩA,m are therefore expressed

as (2.9a) and (2.9b) respectively.

Ag,z(
sr, sθ, t) = <

{∑
ς∈Z

∑
ν∈Z

νς
Âg,z(

sr) e νωet e− ς p sθ

}
∀P ∈ ΩA,g (2.9a)

Ar,z(
sr, sθ, t) = <

{∑
ς∈Z

∑
ν∈Z

νς
Âr,z(

sr) e νωet e− ς p sθ

}
∀P ∈ ΩA,m (2.9b)

where < denotes the real part of the complex number and  =
√
−1. The

periodicity of the electromagnetic functions in the cylindrical domain ΩA with
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respect to the tangential coordinates sθ and mθ(t) is de�ned by the number of

pole pairs p ∈ N introduced in (2.9a) and (2.9b). ν ∈ Z and ς ∈ Z are the

harmonic orders in the time and spatial domain, respectively and the notation
∧ is introduced to identify quantities de�ned in the complex domain. The

space harmonic order considered is directly related with the number of inner

stator bore slot openings featured [90,105].

A reference frame synchronous with respect to the stator's fundamental

electrical quantities of frequency ωe is de�ned by eẽ(t). Moreover, the hy-

pothesis [(E.10)] identi�es the subset of all the possible mechanical operative

conditions discussed here. The relative motion of the static and moving bodies

and consequently of their reference frames is considered to happen at a con-

stant angular speed. According to Figure 2.4b, the reference frame motion is

described by the relation α(t) = α̇ t + α(t0) where α(t0) = 0 and α̇ = ωm.

An additional reference frame rẽ(t) is introduced as rotating at a constant

electrical angular speed, ωr = p ωm. The steady state, constant speed opera-

tive condition of IMs is therefore de�ned by χ(t) = eθ(t) − rθ(t) according to

Figure 2.6.

oẽ ≡ sẽ

rR

O

P

rS

Γr/g Γg/s

eẽ(t)

rẽ(t)

rθ(t)

χ(t)

eθ(t)

mẽ(t)

Figure 2.6: Moving reference frames representation for time harmonic 2-D

eddy current problem

Substituting the previous transformation in the above relation, the funda-

mental slip, 's' parameter is introduced as the per-unit measure of the funda-

mental angular speed di�erence between the stator's and rotor's electromag-
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netic �eld with respect to the stator �eld's fundamental angular speed.

s =
ωr
ωe

=
ωe − p ωm

ωe
(2.10)

The Galilean transformation, which links the stator reference frame to the

rotor reference frame, is therefore de�ned as V̄s,r = [ 0 − (1 − s)ωe t 0 ]T .

The above considerations group the exponential of the harmonic decomposed

form of the rotor vector potential and de�nes the harmonic slip

ν ςs = ν − pς (1− s) (2.11)

The stator slotting and more complex rotor structures introduce space-harmonics

in the magnetic �eld, which are important to be considered in order to correctly

estimate the behaviour of the device. Furthermore, the time varying nature of

the �elds is considered. Power electronic devices are currently widely adopted

in variable speed drives and for high speed applications [4], thus leading to

their current and voltage waveforms to exhibit a harmonic content that im-

pacts on the main characteristic of the machine. The rotor considered in the

analysis features a multi-layered structure and therefore the rotor material is

de�ned as isotropic, time-invariant and non-homogeneous but only in the ra-

dial distribution of the material properties, resulting in µr(
sp̄, t) ≈ µr(

sr) and

σr(
sp̄, t) ≈ σr(

sr). The harmonic formulation of the vector potential (2.9b)

with respect to the rotor reference frame therefore results in (2.12)

A
′

r,z(
mr,mθ(t), t) = <

{∑
ς∈Z

∑
ν∈Z

νς
Â
′

r,z(
mr) e

νςω t e− ς p mθ(t)

}
(2.12)

having de�ned νςω = νςs ωe. The governing equation of the �eld distribution

in the main air gap (2.7) and rotor structure (2.8) can be written in their

complex form as (2.13a) and (2.13b) for the stator and rotor reference frame,

respectively.

∇2 νς
Âg,z(

sr) = 0 (2.13a)

∇2 νς
Â
′

r,z(
mr) =  νςω µr(

mr)σr(
mr)

νς
Â
′

r,z(
mr) (2.13b)

The solution of (2.13b) in a closed form is possible in the case of a constant

rotor magnetic relative permeability and electrical resistivity.
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The non-linear nature of the problem induces an inaccurate prediction when

the saturation has a relevant e�ect on the �eld distribution. Di�erent meth-

ods have been proposed to account for the magnetic saturation on the �eld

di�usion in solid ferromagnetic cores. In literature, various methods can be

found which attempt to include non-linear e�ects in the modelling. The Agar-

wal [106] approximation is commonly used to account for the saturation curve

of the material in electromagnetic �eld calculations; Barth considered a com-

plex Fourier decomposition of the electromagnetic �eld in solid iron where the

coe�cient may be calculated by way of harmonic analysis of the measured,

static hysteresis loops. Wood [107] develop an approximated analytical model

based on [106] having considered high saturated rotor media. Furthermore,

the impact of the hysteresis losses in a SRIM could signi�cantly a�ect the

power balance calculation and accurate models have been proposed to account

for this e�ect. O'Kelly [108] presented a solution of the electromagnetic �eld

distribution including both hysteresis and eddy currents e�ects by consider-

ing only the fundamental harmonics and having the hysteresis modelled as

an idealised elliptical magnetisation curve. Di�erent loss models are proposed

in [109] based on modelling the electromagnetic properties of the soft ferro-

magnetic material. The complex permeability is introduced as an alternative

analytical method to account for the hysteresis losses and saturation e�ects in

the �eld distributions within a solid ferromagnetic material [110]. The de�ni-

tion of the complex relative permeability for solid ferromagnetic steel (2.14) is

discussed and experimentally validated in [26,110].

µ̂r = µr,R(µ
′ −  µ′′) = µr,R

(
αR αX − 

[
α2
R − α2

X

2

])
(2.14)

Gieras in [110] proposes αR = 1.45 and αX = 0.85 as reasonable values for a

solid material thus leading to |µ̂r| = 1.4125 and ∠µ̂r = −29.24◦. The equations

(2.13a) and (2.13b) have been de�ned considering a complex rotor permeability

leading to interesting conclusions and accurate predictions presented in [26].

The above techniques leads to approximated solution. Non-linear FEA meth-

ods are capable of tackling the problem of soft iron material saturation,however

requiring their correct description results in a non-trivial task and increased
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computational time.

2.1.4 Discrete Domain Method (DDM)

The accuracy of the computation highly depends on the quality of the prob-

lems description and formalisation. The penetration depth of the time-space

harmonics couple (ν, ς) strongly impacts the �eld distribution calculation as

well as the computational domain geometry [111]. The e�ect of the rotor cur-

vature impacts the result of the electromagnetic calculation especially for low

harmonic orders. The geometrical nature of the structure is accounted for by

solving the PDE in a cylindrical coordinate system as de�ned in the model

presented in Figure 2.7a. The accuracy of the numerical solution of the vec-

tor potential is increased by means of considering the equations de�ned with

respect to a Cartesian (high harmonic order) coordinate system, depicted in

Figure 2.7b.

The above considerations allow a more stable solution of the �eld distribu-

tion. In order to improve the accuracy, the domain subdivision is also consid-

ered [95,96,105]. In general, the layer thickness distribution can be arbitrarily

chosen to improve the solution quality or to reduce the computational time.

As the penetration depth of the �eld in the rotor media is variable with re-

spect to the slip frequency and the spatial harmonic order considered, a high

spatial order leads to low penetration depth values and therefore the accuracy

of the mesh in the outer region of the rotor media is required to achieve high

computational accuracy. The extension of the governing equations (2.13a) and

(2.13b) assumes that the variation of the vector potential within each layer is

negligible [112,113]. The considerations about the full solid structure are still

valid if a concentric multi-layer model is considered.
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(b) Cartesian model (high order space harmonics)

Figure 2.7: Multi-layer model for time harmonic 2-D eddy current problem

Let's de�ne L ∈ N as the total number of layers in which the rotor struc-

ture is divided. The computational domain results from the union of all the

concentric sub-domains ΩA,r =
⋃L
h=1 Ωh. The h

th sub-domain is de�ned as the

region of the space ΩA,r limited by means of Γh and Γh+1 characterised by the

radii rh and rh+1, respectively. The inner and outer rotor radii therefore results

in rI = r0 and rR = rL+1, respectively. Each domain is characterised by its

electromagnetic, thermal, and mechanical characteristics which are assumed to

be constant. According to the previous considerations, (2.13b) can be de�ned

as the governing equation for the hth layer characterised by means of a relative

magnetic permeability µh and conductivity σh. De�ning
νς
Â
′

h as the complex
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form of the (ν, ς) harmonic component of the magnetic vector potential, (2.15)

is considered as the fundamental equation for the magnetic �eld distribution

within the hth layer.

∇2 νς
Â
′

h(
mr) =  νςω µ̂h σh

νς
Â
′

h(
mr) (2.15)

The di�erent penetration depths νςδ of the electromagnetic �eld for a set (ν, ς)

of time-spatial harmonics lead to a non-accurate solution if νςδ � (rR−rI)/L.

Adaptive discretization can be used to increase the solution for each harmonic

order by de�ning the inner diameter of the computational domain as a func-

tion of the penetration depth for the time-space harmonic considered. Linear

distribution of the nodes can also be considered. Alternatively, the Legendre-

Gauss-Lobatto node distribution based on the zeros of the Chebychev poly-

nomials is considered as the solution of the Helmholtz equation [114]. The

radial position of the node distribution can be de�ned by the layer thickness.

However, high resolution is required on the outer bore of the rotor whereas the

�eld distribution in the center of the rotating element is not of interest.
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Figure 2.8: Legendre-Gauss-Lobatto and linear equispaced node distribution

for L = 40, rc = 5 [mm] and rR = 50 [mm]

The Legendre-Gauss-Lobatto can therefore be modi�ed to enhance the res-

olution only in proximity of the outer rotor region. The exponential node

distribution can also be considered and can be tuned to achieve the node
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distribution that minimises the computational error. The exponential distri-

bution can be de�ned as function of a parameter k which enables the tuning

of the curve. A comparison of the radial distribution against the node index

is proposed in Figure 2.8. The calculations of the �eld distributions presented

in the following sections are proposed for a continuous distribution and can

be extended to the layered computational domain. The �exibility of the single

mesh model proposed can be exploited to account for the material property

variation such as the saturation or the dependency of the resistivity on the tem-

perature. Extending the concept, the proposed modelling tool enables analysis

of di�erent rotor topologies (smooth solid rotor, coated solid rotor, compos-

ite solid rotor) as in general it is possible to account for inhomogeneous rotor

structures. Moreover, focusing on the multi-physics approach to analyse the

device, a unique mesh is adopted enabling the transfer of the computed quan-

tities between the di�erent physics models, therefore, increasing the accuracy

and e�ciency of the calculation.

2.1.5 Cylindrical coordinate system solution

The solution of (2.13a) and (2.15) considering a cylindrical reference system

as presented in Figure 2.7a is required to account for the geometry of the

structure. The layered model is considered as a general case, which includes

the solution for a smooth solid rotor with constant rotor parameters. The

source term is represented with a current sheet distribution over the inner

stator radius rS.

~J = <

{∑
ς∈Z

∑
ν∈Z

ν,ς
ĴS,z(rS) e

νςω t e− ς p sθ

}
êz (2.16)

The (ν, ς) harmonic component of the current sheet distribution is de�ned

to account for the slotting e�ect and conductor distributions by means of

the harmonic winding factor ςκW for the νI time harmonic component of the

supplied current.
ν,ς
ĴS,z(rS) = ςκW

3Nph

√
2 νI

π rS
(2.17)
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having de�ned ςκW = ςκC
ςκP

ςκS as the connection factor, short pitch connec-

tion factor and slotting factor [115], respectively. Let's de�ne the separation

constant
νς
λ̂2
h =  νςω µ̂r(r̃h)σr(r̃h) where r̃h is the mid-radius of the hth layer

(r̃h = 1/2[rh + rh+1]). (2.13a) and (2.15) can be therefore expressed as the

following:
∂2 νςÂg,z(

sr)

∂ r2
+

1

r

∂ Âg,z(
sr)

∂ r
−

(ς p)2

r2
Âg,z(

sr) = 0 (2.18)

∂2 νςÂ
′

h(
mr)

∂ r2
+

1

r

∂
νς
Â
′

h(
mr)

∂ r
−
(
νς
λ̂2
h +

(ς p)2

r2

)
νς
Â
′

h(
mr) = 0 (2.19)

The general solution of the (ν, ς) time harmonic of the vector potential distri-

bution in the rotor and air gap domain are (2.20) and (2.21), respectively.

νς
Âg,z(r) =

{
νςA1,g r

ς p + νςA2,g r
−ς p ς 6= 0

A1,g ln(r) +A2,g ς = 0
(2.20)

νς
Â
′

h(r) = νςB1,h I(ς p)

(
r
νς
λ̂h

)
+ νςB2,hK(ς p)

(
r
νς
λ̂h

)
(2.21)

where νςA1,g and
νςA2,g are the air gap integration constants, νςB1,h and

νςB2,h

are the hth layer integration constants. I(ς p) and K(ς p) are the modi�ed Bessel

functions of the �rst and second orders, respectively [116].

2.1.6 Cartesian coordinate system

Similarly to the cylindrical coordinate system case, the solution of Cartesian

system is considered. The vector potential can be expressed in its harmonic

decomposition form as (2.22a) for the main air gap, and (2.22b) for the rotor

structure.

Ag,z(
sx, sy, t) = <

{∑
ν∈Z

∑
ς∈Z

νς
Âg,z(

sy) e ν ωe t e− ς ξ
sx

}
(2.22a)

A
′

r,z(
mx,my, t) = <

{∑
ν∈Z

∑
ς∈Z

νς
Â
′

r,z(
my) e ν

νςω t e− ς ξ
mx

}
(2.22b)

where ξ = p/rS is the base wave-number [56]. The separation constant is de�ned

as νςγ̂2
h =

νς
λ̂2
h + (ς ξ)2. The governing equations of the �eld distribution in
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the domains reported below are obtained combining (2.22a) and (2.22b) with

(2.7) and (2.8), respectively.

∂2 νςÂg,z(
sy)

∂ y2
− (ς ξ)2 νς

Âg,z(
sy) = 0 (2.23)

∂2 νςÂ
′

h(
my)

∂ y2
−
[
(ς ξ)2 +

νς
λ̂2
h

]
νς
Â
′

h(
my) = 0 (2.24)

The general solution of the (ν, ς) time-space harmonics of the vector potential

distribution in the rotor and air gap domain are (2.25) and (2.26), respectively.

νς
Âg,z(y) =

{
νςA1,g e

ς ξ y + νςA2,g e
−ς ξ y ς 6= 0

νςA1,g y + νςA2,g ς = 0
(2.25)

νς
Â
′

h(y) = νςB1,r e
νςγ̂h y + νςB2,r e

− νςγ̂h y (2.26)

2.1.7 Boundary Conditions

The calculation of the solution for each single space-time harmonic of the vec-

tor potential requires a consistent set of boundary conditions to be imposed on

the computational domain. The de�nition of the vector potential and the con-

stitutive equation enables the evaluation of the �ux density and �eld strength,

respectively. Considering a model featuring L̃ : L̃ > L sub-domains (including

the main air gap), the boundary conditions are de�ned for all the interfaces

between each layer and di�erent sub-domains in order to achieve a consis-

tent set of linear equations. The boundary conditions at the interface Γi with

i ∈ {1 ÷ L̃} are de�ned as (2.27)~n ·
(
~Bi − ~Bi+1

)
= 0

~n ×
(
~Hi − ~Hi+1

)
= ~J

(2.27)

The complex form of (2.27) imposes a consistent set of conditions that result in

a system of linear equations. The matrix
νς

M̂ can be generated by collecting all

the coe�cients of the linear system and the vector of the integration constant
νςˆ̄c is calculated according to (2.28)

νςˆ̄c =
νς

M̂−1
νς ˆ̄f (2.28)
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where
νς ˆ̄f is the vector of the known terms resulting from (2.27). The condi-

tions in (2.27) can be expressed in a simpli�ed form as presented in (2.29)

∀i ∈ N : 0 < i < L̃, respectively considering their harmonic form as

~n ·
(
νς~Bi −

νς~Bi+1

)
= 0 and ~n ×

(
νς ~Hh −

νς ~Hh+1

)
=

νς ~Jh,z.

νς
Âi(r)

∣∣∣
ri

=
νς
Âi+1(r)

∣∣∣
ri

(2.29a)


∂
νς
Âi(r)

∂ r

∣∣∣
ri

=
µ̂r,i
µ̂r,i+1

∂
νς
Âi+1(r)

∂ r

∣∣∣
ri

if @ Ĵz,i ∈ Γi

∂
νς
Âi(r)

∂ r

∣∣∣
ri

=
µ̂r,i
µ̂r,i+1

∂
νς
Âi+1(r)

∂ r

∣∣∣
ri

+µ̂r,i
νς
Ĵi,z if ∃ Ĵz,i ∈ Γi

(2.29b)

The resulting system of linear equations have to be solved ∀ ν ∈ Z and ∀ ς ∈ Z.
However, the matrix

νς
M̂ is ill-conditioned for high harmonic order and there-

fore the accuracy of the calculation drastically decreases. Pre-conditioning and

ah hoc techniques (e.g. pseudo-inverse) can be applied to increase the accuracy

of the inverse matrix calculation [117].

The electromagnetic �eld in a �ctitious stator structure [118] consisting of

a solid ring of magnetically permeable material (µr,s 6= +∞) can be easily

included in the calculation. The governing equation of the magnetic �eld

distribution results as (2.7) thus featuring a generic solution as proposed in

(2.20)-(2.25). The boundary condition at the outer stator bore is therefore

required and results in (2.30)

~n ·
νς~BS(re) = ~0 ⇒

νς
ÂS(r)

∣∣∣
re

= 0 (2.30)

where re is the external stator radius and the right subscript, S in the magnetic

�eld and vector potential is referred to as the stator region. The rotor structure,

featuring an inner bore de�ned by Γ0 is characterised by rI = r0 6= 0 requires

a boundary condition identical to (2.30) to be imposed as the vector potential

must vanish outside the computational domain. The analysis of the matrix
νς

M̂ gives important information about the accuracy of the solution calculated.

The condition number mc as well as the determinant and the study of the

eigenvalues of the matrix identify the peculiarities of the problem de�ned and

the accuracy of the solution.
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2.1.8 Power and Torque

Conservation of energy allows the power balance equation for the device to be

determined. The generic power �ow is represented in Figure 2.9. The power

transformation that takes place in the electro-magneto-mechanical device can

be quantitatively described considering the electrical and mechanical ports,

nE and nM , respectively. The e�ciency parameter [119] is commonly used to

describe the capability of a device to transform electrical power into mechanical

(or vice-versa) with respect to the other power generated during the process

(referred as power losses).

PE

QE

Pg

Qg Qr

Pr PM

PL−M,b

PL−E,r

PL−M,g

PL−E,s

PL−E,J−s

PL−E,fe−s

PL−E,r−h

PL

QE,r−h

QE,g

QE,r

Stator Air gap Rotor ShaftElectrical

terminals Γg/s Γr/g

QE,s

ΓIΓe

Figure 2.9: Power balance sankey diagram
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The mechanical power as well as the loss components are important to

be computed and correctly located within the structure of the device. This

enables appropriate cooling techniques to be put in place and for the material

properties and structure geometry to be chosen to maximise the e�ciency. The

consideration on the power �ow and losses calculation relies on an additional

assumption for the model

(E.11) the materials operate at their steady state temperature and the factor

κτ,∗(T∗) is de�ned to account for the temperature dependency.

The steady state temperature can be known or computed with thermal calcula-

tions. The subscript ∗ in (E.11) is de�ned and relates to the main temperature

varying material of the device.

There are three main energy storage elements in the device. The electromag-

netic energy is stored in the magnetic �eld, the mechanical energy is stored

in the rotating inertia, and the thermal energy is stored in the heat capacity

of the elements. The active and reactive electrical powers associated with the

electrical ports are written as the sum of the product of the terminal voltages

and the currents �owing in the stator winding of the machine. The apparent

power under a balanced sinusoidal supply can be computed as

ŴE =
nE
2

{∑
ν∈Z

ν
V̂S

ν
Î∗S

}
= PE + QE (2.31)

The power �ow from the phase winding terminals to the output shaft can be

followed and the loss components identi�ed as depicted in Figure 2.9. The

currents �owing in the nE phases generate an electromagnetic �eld within the

structure of the machine. The power which �ows in the main air gap from the

stator structure results in Pg = PE − PL−E,s, where the electromagnetic losses

of the stator are consistent of the two main components, namely the iron and

conductors losses, PL−E,fe−s and PL−E,J−s, respectively. The stator iron losses

mainly consist of the eddy current and hysteresis losses. The computation of

the iron losses in the soft ferromagnetic material is a non-trivial task [120].

Empirical formulas have been proposed as well as equivalent models for the
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electromagnetic characteristic of the material. Experimental curves are con-

sidered for di�erent saturation levels and operational frequencies. However,

the electromagnetic �eld polarisation in the stator core has to be accounted

for as well as local saturation, which makes the computation of the total iron

losses a very di�cult task.

The resistive losses in the stator winding structure can be computed according

to Ohm's Law.

PL−E,J−s = nE κac(fs)κτ,s(Tsw)Rph I
2
rms (2.32)

where Rph is the DC phase resistance evaluated at the temperature Tsw,0,

κτ,s(Tsw) = 1 +αs[Tsw − Tsw,0] is the temperature correction factor and Irms is

the rms current �owing in the electrical wires. In high speed applications, the

high electrical frequency of the currents �owing in the conductors is a critical

factor. The DC resistance Rph of the single phase can be easily computed

and measured, however, the skin and proximity e�ects are relevant when the

frequency of the electrical quantities increase and then have to be accounted for

[121]. Litz wires are the technological solution commonly adopted to minimise

the AC resistance Rac [122]. The skin e�ect and proximity e�ect correction

factors κac(fs) are de�ned as the AC to DC resistance ratio as a function of

the electrical frequency fs [121,122].

The main parts of the �ux lines of the electromagnetic �eld generated in the

stator cross the main air gap to link with the rotor structure. Due to the

geometry and the material properties, part of the �ux lines, especially around

the slot opening area, do not cross the air gap but they close around the

stator structure itself. The electromagnetic energy associated with these �ux

tubes results in a leakage �ux, which is required to be balanced with the total

input reactive power, QE. The reactive power that crosses the main air gap

can be computed as Qg = QE − QE,s. According to Gauss's theorem it is

possible to �nd the relation of the average apparent power Ŵ = P + Q

�owing inwards or outwards in a given closed volume V as presented in (2.33).

The Poynting theorem when applied to the computational domain computes

the active and reactive power of the region and therefore determines the �ow
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between the domains. The integration surface ∂V is considered to be the

boundary that de�nes the volume V . The computation of the total power

crossing the computation surface can be calculated and using Stokes theorem

[104] the Poynting theorem can be written as

Ŵ = −
y

V

∇ · ~S dv = −
{

∂V

~S · ~dA (2.33)

having ~S = ~E × ~H as the Poynting vector and ~dA is the unitary surface

of integration. The bi-dimensional �eld approximation in combination with

Maxwell's equations can simplify the power calculations. Levering on the har-

monic decomposition, the complex number representative of the time averaged

volumetric apparent power density associated to each couple of time-space har-

monics can be computed as

νς
~̂S =

1

2

{ νς
~̂E ×

νς
~̂H∗
}

(2.34)

The total power which enters the main air gap can be computed by applying

(2.33) to the layered model proposed in Figure 2.7. The equivalent current

sheet is considered and applying the boundary condition (2.29) [123], the ap-

parent power results as

Ŵg = − π rS `A

{∑
ν∈Z

∑
ς∈Z

ν ωe
νς
Âg,z(rS)

νς
Ĵ∗S,z

}
(2.35)

The main air gap is de�ned as the physical clearance between the stator and the

rotating structure, it is �lled with a medium (generally air). The air gap region

is the location of the device where most of the magnetic energy is stored. The

reactive power balance is de�ned according to Figure 2.9 as Qr = Qg − QE,g

where QE,g is related to the magnetising inductance conventionally de�ned in

IMs. The active power balance for the air gap region results in Pr = Pg−PL−M,g

where PL−M,g are the air gap power losses. The impact of the motion of

the rotor on the �uid generates �uid �ow in the region. The geometry and

the rotational speed a�ect the type of �uid movement and consequently the

power losses developed. Empiric and experimental formulation of the windage

62



losses can be found in literature. However, the air gap region is immersed

in the electromagnetic �eld and the �ux tubes which cross �nd their closure

path in the rotor region. The description of the phenomena which occurs

in the air gap is important. The �ltering e�ect of the clearance enables a

reduction in the high space harmonic components entering the rotor structure

and associated generated losses. The losses that are generated by air friction,

bearing losses, and additional stray losses are not included in this section. The

power calculation performed on the surface in the air gap is de�ned at the

radius r−S close to the stator inner bore, which enables the computation of

the input power in the air gap. If the surface in the main air gap de�ned by

r+
R (in�nitesimally bigger than the rotor outer bore radius) is considered, the

�lter e�ect of the air gap clearance is accounted for. The total complex power

therefore results as

Ŵ+
r = 

π r+
R `A
µg

ωe

{∑
ν∈Z

∑
ς∈Z

ν
νς
Âg,z(r

+
R)
∂
νς
Â∗g,z(r)

∂ r

∣∣∣
r=r+R

}
(2.36)

Including the tensor notation and according to Gauss's theorem, the volumetric

force density results in ~f = ∇ · T [100]. The total force ~F is computed as the

integral of the Maxwell Stress Tensor (MST) over the border of the volume

that de�nes the moving body. According to Gauss's theorem, in combination

with (2.38), the vector of the force ~F is expressed as

~F =
y

V

~f dv =
y

V

∇ · T dv =
{

∂V

T · ên dS (2.37)

where ên is the unit vector normal to the surface ∂V of integration. The MST

T is introduced and its components (independent from the coordinate system

considered) are de�ned as (2.38) [100,104]

νςTg,(i,k) = µg
νςHg,i

νςHg,k −
µg
2
δi,k

∑
n

νςH2
g,n (2.38)

where δi,k is the Kronecker delta 1 with i, k spanning the coordinates consid-

ered. According to the de�nition of the Moment of the force ~F on a generic

1δi,k =

{
1 if i = k

0 if i 6= k

63



point de�ned by the position vector ~r, it is possible to write the torque act-

ing on the rotor as ~T = ~r × ~F. The mechanical output power is computed as

PM = ~Ω·(~r×~F). It is important to note that the output torque calculations can

be performed at di�erent radii and a particular generic integration path in the

main air gap (the mid-air gap surface de�ned by rg is mostly adopted [124])

can be de�ned to improve the accuracy of the computation [125, 126]. Ac-

cording to (2.10) the rotor reference frame's angular speed can be written as

p ωm = ωe(1− s) and the time averaged mechanical power is written as (2.39)

with the complex term being derived by (2.38).

PM = −π r
+
R `A
µg

ωe=

{∑
ν∈Z

∑
ς∈Z

ς (1− s)
νς
Âg,z(r

+
R)
∂
νς
Â∗g,z(r)

∂ r

∣∣∣
r=r+R

}
(2.39)

The power balance of the system computed at the air gap therefore de�nes the

reactive power Qg = ={Ŵg} and the electromagnetic losses PE,L = <{Ŵg} −
PM which can be written in the compact form as

PE,L =
π r+

R `A
µg

ωe=

{∑
ν∈Z

∑
ς∈Z

νςs
νς
Âg,z(r

+
R)
∂
νς
Â∗g,z(r)

∂ r

∣∣∣
r=r+R

}
(2.40)

which includes the rotor iron hysteresis and eddy current loss components.

The integration (2.33) can be performed considering the surface, ∂Vr entirely
surrounding only the rotating element with a radius r−R . The total complex

power can be therefore computed similarly to (2.36)

Ŵ−
r =  π r−R `A ωe

{∑
ν∈Z

∑
ς∈Z

ν

µ̂∗R

νς
Â
′

z,r(r
−
R)
∂
νς
Â
′∗
r,z(r)

∂ r

∣∣∣
r=r−R

}
(2.41)

The rotor component as well as the integration surface move in a relative

motion with respect to the stator and therefore it needs to be included in (2.33)

when it is applied to the rotor domain [127]. The total power computed results

are identical but the direct separation of the rotor loss components and the

mechanical power is possible. The total volumetric rotor power density can

be expressed as ~J = σ (~E + ~Ei) with ~Ei = ~v × ~B. After some mathematical

elaboration, the rotor volumetric power density results in

∇ · ~Sr = µ̂r ~Hr ·
∂ ~Hr

∂ t
+ ρR ~Jr · ~Jr − ~Ωm · (~r×~fr) (2.42)
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Poynting's theorem expressed as (2.42) distinguishes between the rotor losses

and the mechanical output power whilst still featuring a total power equivalent

to what is computed using ∂Vr. The �rst element of the equation in (2.42) rep-

resents the energy stored in the magnetic �eld. The volumetric power losses in

the rotor are accounted for in the second term. Combining (2.20) and (2.25)

with Maxwell's equations and the equation for the material, the power loss

density in the rotor layer h [90] is expressed as the volume integral form of

(2.42), P
′
L,J =

t
Vr ρR

~Jr · ~Jr dV . According to the bi-dimensional approxima-

tion and harmonic decomposition, the total eddy current power losses result

in

PL−E,J−r = π `A<

∑
ν∈Z

∑
ς∈Z

νςω2

ρR

rR∫
rI

νς
Â
′

r,z(r)
νς
Â
′∗
r,z(r) r dr

 (2.43)

where ρR has to be considered as a function of the rotor's operative tempera-

ture. The temperature correction coe�cient κτ,R(TR) = 1 + αR [TR − TR,0] is

de�ned and the rotor resistivity results as ρR = ρR,TR,0 κτ,R(TR).

The latter term of (2.42) represents the mechanical output power (see (2.37)).

The rotor iron losses can therefore be calculated with (2.42) as PL−E,fe−r =

<{Ŵr} − PM − PL−E,J−r thanks to the inclusion of the complex permeability.

The MST can also be applied for the rotor integration surface and the results

are identical to the those computed in the main air gap. Considering the DDM

introduced in the above section, the power calculations (2.41), (2.43) and the

MST (2.37)-(2.38) can be applied to each individual layer, which details the

loss distribution and the impact on the output torque of each layer.

2.1.9 Air gap �uid-friction Losses

The �uid that �lls the clearance between the rotor and stator structure is

forced into motion while the rotating elements are revolving. This motion is a

source of losses which become important in high speed applications. Di�erent

empirical formulae can model the �uid-friction losses. The model proposed

in [59] shows good agreement between the measured and predicted �uid-friction

losses and also accounts for the end region e�ects. The friction losses are
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analytically computed according to [59,128,129]. The impact of the the narrow

air gap region on the total windage losses is estimated with (2.44a) while the

end-region contributions are given by (2.44b).

gPM−g =
1

2
κsurf Cf π ρd,g `a r

4
R ω

3
m (2.44a)

erPM−g =
1

2
κsurf Cf,er ρd,g

(
r5
er,o − r5

er,i

)
ω3
m (2.44b)

where κsurf is the surface roughness coe�cient (κsurf = 1 for concentric cylin-

drical structure), ωm [rad/sec] is the rotor angular speed, ρd,g [kg/m3] is the mass

density of the �uid in the air gap, `a [m] is the active stack length of the ma-

chine, rR [m] is the rotor outer radius, rer,i [m], rer,o [m] are the inner and outer

radius of the end region disk, respectively. The dependency of the air gap

�uid density with respect to the temperature Tg can be included in the model

ρd,g(Tg). Cf and Cf,er are the friction coe�cients for the narrow air gap region

and the end-region, respectively. The latter strongly depends on the �uid �ow

regime determined by the Taylor (Ta) [92] and Raynold numbers (Reδ and

Rer for the narrow air gap and end region, respectively) [59] which are func-

tions of the air gap thickness, end region axial length and rotor angular speed.

Analytical-empirical expressions for the friction coe�cient and Ta number can

be found in [59,92,128,130] and below.

Cf =



(
εg
rR

)0.3
0.625

Reδ
if Reδ ≤ 64(

εg
rR

)0.3
0.125

Re0.6
δ

if 64 < Reδ < 500(
εg
rR

)0.3
0.0644

Re0.5
δ

if 500 < Reδ < 104

(
εg
rR

)0.3
0.0041

Re0.2
δ

if Reδ > 104

(2.45)

Cf,er =


(
`cr
rst

)0.1
3.7

Re0.5
r

if Rer < 3 · 105

(
`cr
rst

)0.1
0.0102

Re0.2
r

if Rer > 3 · 105

(2.46)
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where `cr is the axial distance between the rotor end and the housing while rst

is the outer bore radius of the rotor shaft.

2.1.10 The Rotor End-Region Coe�cient

The impact of the rotor over-length on the electromagnetic performance of

SRIMs is an important topic of current research. Di�erent approaches have

been proposed to account for the rotor region that extends over the stator's

axial length when approaching the analysis of SRIM in the bi-dimensional do-

main. In Table 2.1 a summary of the end-region coe�cients that can be found

in literature is reported. The correction factor is a function of the geometry

of the end region and is independent on the magnetic load and other aspects

such as temperature and operative slip [131]. However, in [132], a modi�ed

version of the Russell-Norsworthy coe�cient is presented as a function of the

operative fundamental slip of the machine κer(s); in [133], the Fu end region

factor is proposed as a function of the rotor �eld frequency. The end-region

coe�cient in complex form κ̂er ∈ C has been proposed [134] as a correction

factor for the rotor conductivity in order to account for the e�ect of the rotor

end region also on the reactive power of the machine. The correction factor are

developed mainly focusing in a good agreement of the measured or computed

with three-dimensional FEA machine performances and losses distributions.

The correction factor impacts on both the rotor power losses and power fac-

tor [134]. According to the power analysis previously presented, the rotor eddy

current losses are computed as (2.43). FEA can be used to compute the end-

region coe�cient [97,131] in order to account for the end region's active power

losses in the computation. However, the end region impacts not only the active

power but also the reactive component [134] resulting in the complex correc-

tion factor κ̂
′
er being de�ned. The latter has to be considered as a function

of the operative slip, load current, temperature distribution but only some of

these parameters are important for the calculation.
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Table 2.1: Literature end-region factors κer

Name Factor Ref.

Smooth Solid Rotor

Russell-

Norsworthy
κer = 1− 2

`r

(τp
π

) tanh

[(
π

τp

)
`r
2

]
1 + tanh

[(
π

τp

)
`r
2

] [135]

Gibbs κer = 1 +
2

π

τp
`r

[136]

O'Kelly κer = 1 +
τp
`r

[108]

Yee κer =

(π/τp) `r

(
1 + coth

[(
π

τp

)
`r
2

])
(π/τp) `r

(
1 + coth

[(
π

τp

)
`r
2

])
− 2

[137]

Fu κer =

(
1 +

τp
`r

) %
2 εg +

1

(µr ∆)

λ2 εg +
1

(µr ∆)

 [133]

Aho κer(s) = κer

(
ωasyn
ωsyn

)4

[132]

Coated Solid Rotor

Gieras κer(ft) : ft = 1 +
1.2 (tov − dCu)

dCu
[26]

`r[m]: axial length; Dr[m]: rotor outer diameter; τp[m] = Dr π/P: pole

pitch; % = π/τp; λ = %
√

1 + (τp/`r)2; ∆ =
√

2 ρR/(s ωe µR); dCu[m]:

thickness copper coating; tov[m]: thickness over-length coating; ωov[m]:

rotor axial over-length.
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The correction factor has been proposed to modify the rotor impedance

found in the steady-state single phase equivalent circuit. The rotor impedance

[26, 56, 119] can be expressed as (2.47), and directly computed according to

the electromagnetic �eld distribution considering the bi-dimensional harmonic

approximation.

νς
Ẑ
′

r =

νς
Êr,z(r)

νς
Ĥr,θ(r)

∣∣∣∣∣
r=rR

(2.47)

Considering the formulation of the vector �eld with respect the magnetic vector

potential and than substituting (2.47) in (2.41), the rotor complex power
νς
Ŵr

can be evaluated. Combining (2.47) and (2.49) the rotor impedance accounting

for the end region e�ects results in
νς
Ẑ
′
r,3D = νςκ̂er

νς
Ẑ
′
r.

The general equation for the rotor electric conductivity correction is expressed

as (2.48) where β = 1 is proposed in [97,108,131,135] while β = 2 is in [26,133].

σ
′

R = κβer σR (2.48)

Considering (2.12) and (2.41), the generalised harmonic end region coe�cient
νςκ̂er can be de�ned.

νςκ̂er =

νς
Ŵr,3D
νς
Ŵr

(2.49)

The end-region e�ects are not negligible in SRIMs. Introducing high con-

ductivity end rings could increase the electromagnetic performance with the

consequence of reduced rotor robustness and decreased reliability. The manu-

facturing and assembly of end rings for high speed applications requires spe-

cialised techniques which are often expensive and result in complicated proce-

dures [33].

69



150 160 170 180 190 200 210 220 230 240 250
1

1.2

1.4

1.6

1.8

2

Figure 2.10: End-region e�ect comparison considering rR = 45 [mm], εg =

0.5 [mm], s = 1 [%], ωm = 32 [krpm], µr,R = 500, ρR =

40 [µΩcm]

The values of the end-region e�ects are quite di�erent and feature a de-

creasing trend with respect to the rotor length. However, the Fu coe�cient

remains almost constant while varying the rotor end region length as presented

in Figure 2.10. The loss minimisation and output torque maximisation are the

main objectives in achieving high performance SRIM. The study of the end

region e�ect as well as numerical analyses [138] have shown that the rotor

axial length should be reduced to the minimum. As the �eld distribution in

the bi-dimensional domain of analysis is strongly dependant on the resistivity

correction factor, an accurate selection and characterisation of its dependency

with respect the operative condition and rotor geometry are is required. Due to

the high variation in the above mentioned parameters, full three-dimensional

simulations are performed later in this work targeting the identi�cation of the

end region factor to be selected for the rotor topology considered and its vari-

ability with respect the rotor length and operative slip.

70



2.1.11 The Equivalent Circuit

The calculation of the electromagnetic �eld distribution in the rotor and main

air gap enables the characterisation of the power losses and torque for di�erent

operative points. However, the behaviour of IMs and in particular SRIMs can

be described with the single phase equivalent circuit approach presented in

Figure 2.11. Since the presented circuit is valid only for steady state conditions,

it is considered linear as the rotor lumped parameters are a function of the

operative slip [26].

V̂s

Îs
Rs Lσ,s

Lm

Lσ,r(s)

Rr(s)

Îr

Îm

Figure 2.11: Linear single phase steady state equivalent circuit for smooth

SRIM.

The lumped parameters of the equivalent circuit are required and can be

estimated from the electromagnetic �eld distribution [26]. The power balance

approach is proposed in [127] and [123] in order to evaluate the equivalent

circuit parameters. The resistances are de�ned in order to account for the

active power taking place while the inductance relate to the reactive power

component. Moreover, due to the non-linearities, material properties and the

�eld distribution, the equivalent circuit parameters have to be determined

as a function of the operative conditions of the machine. The limitations

of the analytical models become important when high saturation occurs in

the ferromagnetic material. Furthermore, the non-linear dependency of the

equivalent inductances and resistances against the load current have to be

investigated by means of FEA. The prediction of the SRIM characteristic under

the assumption of linear magnetic material is valid for high speed machines
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that are designed with reduced magnetic load in order to limit the iron losses.

In principle, it is possible to de�ne an equivalent impedance for each layer that

is in the model for the SRIM. According to [26,56], the impedance is computed

as
νς
Ẑ
′

h =

νς
Êh,z(r)

νς
Ĥh,θ(r)

∣∣∣∣∣
r=rh

(2.50)

However, since the input of the equivalent circuit is either a voltage,
ν
V̂s or a

current,
ν
Îs and related with the ν time harmonic component under investi-

gation, the equivalent impedance
ν
Ẑ
′

h results in the combination of the space

harmonic e�ect. The electromagnetic energy stored in the air gap is evaluated

as the di�erence between the reactive component, which �ows in the air gap

and the components that enter the rotor structure. The above is directly re-

lated with the magnetising inductance of the machine that can be calculated.

Furthermore, adopting the same principle, the impedance of a single layer is

de�ned as the di�erence of the consecutive layer impedances.

2.2 Electromagnetic Model: Finite Element val-

idation

The case study considered for the validation of the developed models consist

of a SRIM featuring the stator structure presented in 1.7.1. The cage rotor is

replaced with a solid rotor and the calculation of its performance is performed

with di�erent techniques while the stator structure is unchanged. The geomet-

rical data and characteristics of the machine under investigation are listed in

Table 1.2 and Table 2.2. The analytical-numerical model presented in Section

2.1 is compared with FEA.

72



Figure 2.12: SRIM cross section FE

The SRIM is modelled in the FE environment and the cross section is pre-

sented in Figure 2.12 where the right side is the model solution mesh used,

highlighting the required detailed mesh needed to achieve suitable accuracy in

the �eld distribution calculation. The equivalent resistivity of the rotor struc-

ture is calculated according to (2.48) considering β = 2.

The analytical model is implemented in the Matlab® environment and run

on a standard desktop PC, processor i7 − 960 @ 3.20GHz, 16GB RAM. The

integration constants are computed for ς ∈ {−43 ... 43} assuming a sinusoidal

current supply, ν = 1. The robustness of the calculation is investigated [105].

Both the Cylindrical and Cartesian solution models are implemented and the

matrix condition number is compared for di�erent space harmonics and di�er-

ent slips.
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Table 2.2: Machine Data

Parameter Symbol Value

Pole Pair p 1

Rotor outer radius rr,o 45[mm]

Air gap thickness εg 0.6[mm]

Stator outer radius re 85[mm]

Slot opening width rs,o 0.5[mm]

Active (stator) axial length `a 150[mm]

Rotor axial length `r 160[mm]

Rotor Material Properties

Electrical resistivity ρR 25[µΩcm]

Relative magnetic permeability µR,r 500

Saturation �ux density BR,s 1.6[T ]

Rotor Temperature TR 20[◦C]

Temperature coe�cient αr 6 · 10−3[1/◦C]

The results reported in Figure 2.13 present the condition number mc of

(2.28) computed for the entire slip range for the space harmonic order con-

sidered. The calculations highlight that the curvature e�ect for the harmonic

ς = 1 is negligible and both the Cylindrical and Cartesian model can accu-

rately estimate the performances. However, the Cylindrical model accounts

for the geometry curvature and is therefore preferred.

In Figure 2.14 the ratio of the condition matrix characteristic for the model is

implemented with respect to the operative slip and the space harmonic order

is detailed. Considering ς > 0, the Cartesian model is characterised by a lower

condition number and a more accurate �eld estimation is achieved by having

mc,CAR < mc,CY L. The solution for ς < 0 are more accurate for the Cylin-

drical model. Furthermore, the matrix condition number features a strong

dependency upon the slip as it a�ects the values of the parameter
νς
λ̂ and

consequently the values of the matrix
νς

M̂. However, induction machines are

designed to operate at low slip values and therefore the impact of the slip is
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limited. The model featuring the lowest mc is used for the analysis presented.
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Figure 2.13: Condition number (mc) against slip for the space harmonic index

ς ∈ {−25 ... 25} considering the Cylindrical (red) and Cartesian

(blue) analytical models.
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Figure 2.14: Condition number ratio between the Cylindrical mc,CY L and the

Cartesian mc,CAR against slip for the space harmonic index ς ∈
{−43 ... 43}

The validation of the analytical-numerical predictions are performed by

initially modelling a slot-less equivalent structure. Similarly to the analytical
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model, the air gap which surrounds the rotor structure is bounded by an

equivalent current sheet.
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Figure 2.15: Comparison of analytical-numerical and FE computed real and

imaginary part of electromagnetic �eld distribution. The so-

lution is obtained considering ν = 1, ς = 1, s = 0.8 [%],

Is = 300 [A], µR,r = 500, σR = 2.5 [MS/m]

The calculation of the machine performance is obtained by elaborating

the magnetic vector potential distribution in the rotor and air gap. In Fig-
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ure 2.15a, the �eld distribution solution of the analytical-numerical model is

compared with the FE simulation results. The eddy current losses in the rotor

are a critical aspect in SRIMs that lead to thermal management related issues

and impacts the material properties. The rotor power losses are computed

according to (2.43), which requires the eddy current density distribution in

the rotating element.

 

 

−0.05

−0.04

−0.03

−0.02

−0.01

0

0.01

0.02

0.03

0.04

0.05

(a) Total �eld

(
Ar,z(r, θ) = <

{
26∑
ς=1

ν,ς
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Figure 2.16: Analytical calculation of magnetic vector potential �eld 2-D

distribution. The solution is obtained considering ν = 1,

s = 0.8 [%], ωm = 32 [krpm], Is = 300 [A], µR,r = 500,

σR = 2.5 [MS/m]

In order to validate the power losses calculation, the current density distri-

butions are compared with the FE results in Figure 2.15b. According to the
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harmonic decomposition on which the analytical model is based, the e�ect of

the space harmonics in the �eld distribution can be investigated separately.
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Figure 2.17: Current density �eld 2-D distribution. Comparison of

analytical-numerical model and Magnet® FEA solution consid-

ering s = 0.8 [%], ωm = 32 [krpm], Is = 300 [A], µR,r = 500,

σR = 2.5 [MS/m]

The high electrical frequency of the space harmonics leads the �eld dis-

tribution to focus in the outer part of the rotating element. In Figure 2.16a
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the total �eld distribution of the magnetic vector potential is presented and

calculated as the sum of the harmonics up to ς = 43; the single harmonic

solution using the Cartesian model for ς = 13 is proposed in Figure 2.16b in

order to highlight the penetration depth e�ect. This e�ect leads to a signif-

icant current density distribution on the rotor surface which results in high

power losses and a screening e�ect with respect to the magnetic �eld. The

analytical idealised slot-less model results are compared with the FE analysis

performed on a model which includes the stator structure. The current sheet

is modelled to account for the harmonic e�ect that arises from the slot opening

which characterises the stator's inner bore structure. In Figure 2.17 the total

eddy current density distribution within the rotor calculated by means of the

analytical model is compared with the FE solution. The good agreement in the

�eld distribution validates the analytical prediction concerning the in�uence

of the space harmonic.

The analytical model enables a quick assessment of the impact of the higher

space-time harmonics on the overall performance. The resulting torque and

losses can be separately computed. According to (2.38) and (2.43), the output

torque and rotor power losses in the machine are computed for di�erent op-

erative slips. The e�ect of varying the frequency of the electromagnetic �eld

in the rotating structure is calculated considering a span of operative slips.

The discrepancies in the solutions presented in Figure 2.18 are a result of the

poor matrix conditioning for the high space harmonic orders. Furthermore,

the eddy current rotor losses computed with FE are compared with the an-

alytical prediction. The air-friction losses PL,W and the stator winding joule

losses PL−J,S are presented in Figure 2.19 together with the rotor losses.
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Figure 2.18: Comparison of linear analytical-numerical and linear FE com-

puted torque against slip curve. The solution is obtained consid-

ering ς ∈ {−43 ... 43}, Is = 300 [A], ωm = 32 [krpm], µR,r = 500,

σr = 2.5 [MS/m]
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Figure 2.19: Comparison of linear analytical-numerical and linear FE com-

puted power losses against slip. The solution is obtained consid-
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σr = 2.5 [MS/m]
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According to the considerations detailed in the previous sections concerning

the three-dimensional �eld distribution, the electromagnetic torque considering

the end-region e�ect coe�cient is computed. The majority of the end region

coe�cients are independent with respect to the operative slip and therefore

have a constant impact on the torque and loss characteristic of the machine.

2.3 Summary

The calculation of the �eld distribution in solid rotor induction machine is

presented and the discrete domain model is proposed as a �exible and fast

technique to account for variation in the rotor parameters and/or (shell-) com-

posite structures. With respect to the bi/three dimensional FE methods, the

analytical modelling has to be considered a fast method for performance cal-

culation of SRIM. However, the accuracy of the predictions are strongly af-

fected by the parameters selected for the rotor material relative permeability,

including the complex part, and rotor resistivity. The end region correction

factor ampli�es the losses and scales the overall performance of the machine.

Thus, the numerical-analytical model requires a �ne tuning with FE and/or

experimental results to be e�ective. The equivalent circuit is often used as an

alternative technique for the computation of induction machine output power

and losses. The equivalent circuit parameters, estimated by means of the

numerical-analytical method presented, are a�ected by the same uncertainty

of the direct power and losses calculation performed by means of the electro-

magnetic �eld distribution. However, the equivalent circuit parameters can be

estimated by means of a sample of FE simulation and the non linear circuit can

be solved to achieve the output performance of the device as further described

later in the document.
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CHAPTER

THREE

THE MULTI-PHYSICS MODEL

The multi-physics approach for solving engineering problems is gaining popu-

larity in industrial and academic environments as a powerful tool that deter-

mines the interaction between phenomena that occur in systems. The issues

related with increasing the rotational speed in electrical machines, as high-

lighted in Chapter 1, require the assessment of the impact that the temper-

ature distributions have on the electromagnetic performance and mechanical

integrity of the machine. The material properties are strongly a�ected by the

condition (mechanical stress, temperature, magnetic �eld strength) that they

are operated at, and directly impact on the �eld distribution as well on the

resulting losses. Furthermore, the mechanical properties of the material limit

the operative speed of the machine according to the stress distribution that

occurs. Finally, the high rotational speed requires particular attention to the

rotor dynamic attributes at the design stage to guarantee safe operative condi-

tions and to account for the vibrations that the device has to withstand during

operation.

Using multi-physics modelling in electrical machine design is becoming the

state of the art procedure to enhance the performances and reduce the device

weight/size. FEA targeting the multi-physics analysis of complex systems are

commercially available. However, the computational e�ort required to imple-

ment the model and achieve solutions make this approach impractical at the
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design stage. A mid-complexity solution is presented as a trade-o� between

computational e�ort and accuracy, that makes it suitable for the design stage

and analysis. The multi-physics modelling of SRIM proposed aims to provide

a �exible and powerful tool to determine the electromagnetic, thermal, me-

chanical, and rotor dynamic parameters for design or analysis purposes.

The domain description and modelling is based on assumptions that enable

accounting for the main phenomena. The governing equations for the vec-

tor potential, temperature, mechanical stress distribution and rotor dynamic

response are de�ned and solved for an homogeneous structure. The compu-

tational domain is therefore discretised in order to consider variation of the

material properties, provide detailed loss distributions, and to enable the mod-

elling of multi-layer solid rotor structure (i.e. coated solid rotor or shell-type

multilayer topology). The solutions of the partial di�erential equations, the

Helmholtz equation, Fourier equation, Hook's law, and the dynamic equation

are for the electromagnetic, thermal, mechanical and rotor dynamic phenom-

ena, respectively are computed in the device domain. The calculations con-

cerning each physics are independently introduced and presented considering

a SRIM which is schematically represented in Figure 2.1.

3.1 Thermal Model

Thermal management in high power density and high speed machines is crit-

ical in order to achieve safe operation and enhance the performance. High

speed machines are sometimes limited by the capabilities of the cooling sys-

tem to extract the heat losses generated in a very small volume. The stator

losses (iron stator lamination eddy currents and hysteresis losses) as well as

the copper losses are extracted by di�erent cooling techniques. A high ther-

mal conductivity path is embedded in the stator slots in order to enhance the

thermal conductivity towards the stator heat sink [139]. Liquid cooling in an

external jacket is widely used to increase the heat dissipation capabilities at

the stator's outer bore [140, 141]. In the high power range, the loss density

is mainly located in the stator conductors, therefore justifying direct cooling
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as the preferred cooling method. Semi-�ooded structures have been investi-

gated [84] in order to achieve a high thermal convection coe�cient across the

whole stator structure while the rotating components operate in a dry envi-

ronment.

In SRIMs the stator losses are an important factor but the rotor losses can not

be neglected. The analysis of the loss distribution and resulting temperature

distribution is a critical aspect in high speed machines. The materials are re-

quired to operate within their temperature limitations and therefore e�cient

heat extraction has to be implemented. The latter results in an additional

challenge in high speed machines as the tendency towards higher rotational

speeds leads to a signi�cant reduction in size and consequently higher power

loss densities. The size reduction impacts the thermal dissipation capabilities

because the cooling surface available for heat transfer is reduced. In SRIMs,

the eddy current and hysteresis losses that are developed in the rotating ele-

ment are higher than conventional IMs for the same power rating. Thermal

management for SRIMs requires that heat extraction from the rotor is ac-

counted for. In [59] a double stage stator is proposed in order to enhance the

�ow of cooling �uid in the main air gap and to enhance the rotor heat dissi-

pation e�ciency.

In order to account for the aforementioned aspects, the aim of this section is to

investigate the e�ect of the rotor temperature on the SRIM performance and

to provide a �exible tool for the temperature distribution calculation. In liter-

ature, the design of SRIMs mainly focuses on the electromagnetic parameters.

In the previous section, the challenges in the computation of the performance

of SRIMs are highlighted. The electromagnetic model presented enables the

estimation of the rotor eddy current losses as well as the other main losses

components. The rotor resistivity impact on the overall machine performance

is clear considering (2.43) and following Section 2.1.10, where the correction

coe�cient is introduced to account for the end-region e�ect. The electric resis-

tivity of the ferromagnetic materials can be in general expressed as a function

of the temperature ρ → ρ(T ). The resistivity of the rotor in SRIMs is there-

fore strongly linked with the rotor's operative temperature. The computation
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of the electromagnetic performance can be directly coupled with the calcu-

lation of the temperature distribution within the structure achieving a more

realistic representation of the environmental condition [142].

The schematic representation of the SRIM is presented in Figure 2.1 where

the radial and axial cross section are presented in Figure 2.1a and Figure 2.1b,

respectively.
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Figure 3.1: SRIM schematic adopted for thermal modelling.

Taking advantage of the symmetries of the geometrical structure of the

machine and the loss distribution, the thermal problem can be reduced. The

symmetries in the tangential direction considering a generic radial cross section

enable the machine model to be reduced to half a slot pitch, Figure 3.1a and the

main radial heat �ow are represented with red arrows; the axial development

of the device identi�es the drive end (DE) and non-drive end (NDE) which are
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identical and therefore half the structure length can be modelled, Figure 3.1b.

The radial thermal model is located at the mid point of the axial length of the

machine and a lumped parameter resistance network is designed to account

for the axial heat �ow highlighted by the green arrows. The rotor of a high-

speed machine is usually cooled by the air gap �ow. Furthermore, the winding

and core losses in the stator are removed through the end windings and the

external water jacket. In [59] the thermal network for high speed SRIMs

is described in detail. The axial model used is based on the considerations

found in [59,143,144]. In the following section, an alternative solution for the

calculation of the temperature distribution in the cross section orthogonal to

the axial development of the machine is proposed and coupled with the axial

lumped network to achieve a full thermal model of the machine.

3.1.1 Rotor Thermal Model

The modelling of the heat transfer and temperature distribution phenomena

in an isotropic media requires the consideration of Fourier's law (3.1).

∇2Θ(sp̄, t) +
q̇G(sp̄, t)

κth
=
Cp
κth

∂Θ(sp̄, t)

∂ t
(3.1)

where Θ(sp̄, t) is the temperature distribution function, κth is the thermal con-

ductivity expressed in [W/(mK)] and Cp is the speci�c heat capacity of the ma-

terial expressed in [J/(kgK)]. The function q̇G(sp̄, t) [W/(m3)] de�nes the heat

source's volumetric density in the media. The thermal properties of the media

are considered to be constant in all the computational domains and indepen-

dent of the temperature. The bi-dimensional approximation simpli�es the

problem without losing accuracy [96, 145]. Moreover, the symmetrical nature

of the geometrical structure of SRIMs enables only the dependency of the

temperature function Θ with respect to the radius sr and the time t to be con-

sidered. The PDE (3.1) can be further simpli�ed considering the separation of

the variable as Θ(sr, t) = T (sr)G(t). The space component of the steady-state

temperature distribution function is therefore only the function of the radial
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coordinate and can be expressed as (3.2).

∂2 T (r)

∂ r2
+

1

r

∂ T (r)

∂ r
+
q̇G(r)

κth
= 0 (3.2)

The volumetric heat loss density q̇G(r) results in the power losses computed as

(2.43). The analytical solution of (3.2) for a generic loss distribution function

is reported below.

T (r) = A+B ln(r) +
1

κth

[∫
r ln(r) q̇j(r) dr − ln(r)

∫
r q̇G(r) dr

]
(3.3)

The problem with the temperature distribution calculations considering a

generic q̇G(r) is usually solved via numerical methods such as Computation

Fluid Dynamic simulations [146, 147], FEA [147] or Finite Di�erence Method

(FDM) [148, 149]. The latter is selected as a compromise between accuracy,

computational e�ort, and �exibility as it accounts for the stator structure. A

consistent set of boundary conditions is required in order to compute the prob-

lem solution.

The FDM involves a discretisation of the computational domain in a series

of disjointed sub-domain featuring a common boundary. The computational

domain is divided into a discrete number of elements. Considering a node

numbering system, the governing equation can be expressed as a linear com-

bination of terms, relating the temperature of the neighbouring nodes to the

temperature of the node of interest [143,148]. Considering the generic internal

node de�ned by the pair (i, j), thermal resistances are de�ned to connect with

the neighbouring nodes. Applying the principle of energy conservation, (3.2)

can be expressed as

Ti+1,j

θ,jRi,i+1

+
Ti−1,j

θ,jRi−1,i

+
Ti,j+1

r,iRj,j+1

+
Ti,j−1

r,iRj−1,j

− Ti,j

R̃i,j

= −q̇G,(i,j) (3.4)

The equivalent resistance related to the (i, j) node results as

1

R̃i,j

=
1

θ,jRi,i+1

+
1

θ,jRi−1,i

+
1

r,iRj,j+1

+
1

r,iRj−1,j

The thermal resistances for the conduction and convection heat �ow are de�ned

according to the discretisation de�ned for the computational domain and the
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thermal properties of the constitutive material [89, 148]. De�ning the angular

and radial increments between adjacent nodes according to the generic node

scheme presented in Figure 3.2, the radial and tangential thermal resistances

that de�ne the conduction phenomena are calculated.

r,iRj,j+1 =
ln (r̃j+1/r̃j)

κj δz δθi
(3.5a)

θ,jRi,i+1 = r̃j
δθi+1

κi δz δ rj
(3.5b)

(i, j)
(i+ 1, j)

(i− 1, j)

(i, j + 1)

(i, j − 1)

θ,jRi,i+1
θ,jRi−1,i

r,iRj−1,j

r,iRj,j+1

δ rj

δ rj+1

δ θiδ θi+1

r̃j

r̃j+1

r̃j−1

Figure 3.2: Schematic representation of adjacent node geometrical distribu-

tion.

A �nite subset of nodes lay on the boundary of the computational domain.

A consistent set of boundary conditions are applied in order to model the heat

�ow phenomena in a realistic form. Applying the Neumann boundary condi-

tion (constant heat �ux) at the surface where the edge node (i, j) is located

and considering the energy conservation principle, the boundary condition co-

e�cient Di,j can be de�ned. The case of null heat �ux imposed on the surface
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identi�ed by the angular position θB de�ne an adiabatic boundary condition.

∂ T

∂ θ

∣∣∣
θB

= 0 ⇒ Di,j = 0 (3.6)

Furthermore, the Robin boundary condition leads to the de�nition of the con-

vection boundary condition coe�cient Di,j for the edge node identi�ed by rB.

∂ T (r)

∂ r

∣∣∣
rB

= hB

(
T (rR)− T∞

)
⇒ Di,j = −

[
T∞

r,iRB,B+1

+ q̇g,B

]
(3.7)

The heat in the rotor is mainly transmitted to the �uid in the air gap

region by means of convection. According to Figure 2.7, the Robin boundary

condition is applied on on the surface Γr/g where
r/ghc is the air gap to rotor

heat transfer coe�cient and T∞,g is the temperature of the air gap �uid. The

temperature of the air gap �uid T∞,g can be estimated and considered as a

problem input or the e�ects of the physical clearance between rotor and stator

are required to be modelled. However, part of the rotor heat is dissipated in

the end region, transmitted through conduction in the shaft and the housing

by means of the mechanical bearing. Axial thermal networks are often used

to model the aforementioned aspects [59,96,143] and can be coupled with the

presented cross section thermal model.

3.1.2 The Full Thermal Model

Thermal management in high speed electrical machines requires consideration

of the rotor structure and its interaction with the stator and the dedicated

cooling path designed. The air gap region and the stator structure can be dis-

cretised using a grid analogous to the one introduced for the rotor structure.

The �nite di�erence formulation de�ned in the generic node (i, j) of the rotor

structure is valid for every node in the computational domain that does not

belong to the structure's boundary. The coupling between the rotor and stator

model is achieved by the main air gap. The convection heat transfer between

the two structures is considered at the boundary surfaces of the rotor's outer

bore and the stator's inner bore, where (3.7) is the T∞,g becomes the unknown

temperature of the adjacent air gap node. The adiabatic boundary condition
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(3.6) is imposed at the nodes on the tangential edges of the sector, which de-

�nes the limits of the computational domain. The Robin boundary conditions

(3.7) are imposed at the node on the outer bore of the stator structure con-

sidering the bulk temperature of the cooling �uid, Tw. Heat convection occurs

between the stator's back iron and the water jacket in order to enhance the

loss dissipation of the machine [30,150].
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Figure 3.3: Axial thermal resistance network. The convection and convection

thermal resistances are highlighted in red and green, respectively.

To account for the phenomena that occurs in the end regions of the ma-

chine, a simpli�ed 7 node thermal resistance network is designed and presented

in Figure 3.3. This �gure is based on the geometrical arrangement in the end
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region depicted in Figure 1.19. The conduction through the rotor shaft and

housing are modelled considering the geometry of the structure and assuming a

homogeneous material. The convection thermal resistances connect air nodes,

II, III, and V I to the structure. Empirical relations compute the heat trans-

fer coe�cients between the end winding, the middle and the top-end region

(air). The heat transfer coe�cient for the bottom end region air are strongly

a�ected by the angular speed of the rotor [151]. The thermal resistance due

to conduction for a volume in the end region where axial heat �ow occurs is

de�ned as
zR =

`n
κn δθn (r2

n,o − r2
n,i)

(3.8)

where `n is the axial development of the element, δθn is the tangential incre-

ment of the cross section, rn,o and rn,i are the outer and inner radius of the

cross section, respectively. The resistance that de�nes the heat transfer due to

convection is
zR =

1
nh δθn (r2

n,o − r2
n,i)

(3.9)

The coupling between the radial and axial thermal models are described in

[143,144] where Rwzr is introduced to connect each node n of the winding sta-

tor structure to the node I representative of the end-winding connections [144].

De�ning a single index node numbering system, a system of algebraic equa-

tions are achieved that can be represented in a matrix form by de�ning the

matrix thermal conductances, G and the vector of the boundary conditions,

d̄. The temperature distribution in the nodes of the discretised domain can be

computed with

T̄ = G−1 d̄ (3.10)

The volumetric power losses component q̇G,n for a generic node, n have to be

de�ned in order to determine d̄. The stator winding losses, windage losses,

and rotor losses are computed using the relations presented in Section 2.1.8.

Constant loss volumetric density distributions, slq̇G,n are considered in the

winding structure and de�ned according to the discretised geometry considered

slq̇G,n =
PE−J,s

nE Qs p κfill Vsl
(3.11)
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where Vsl is the slot volume, nE is the number of electrical phases, Qs is

the number of slot-pole-phases, κfill is the slot �ll factor, and PE−J,s are the

total rms copper losses in the stator copper windings. The windage losses

are applied to the nodes in the air gap region and considered to be uniformly

distributed.
wq̇G,n =

PM,g

nE Qs p Vg
(3.12)

The volumetric loss density in the rotor structure is directly computed from

the eddy current density distribution.

rq̇G,n =
∑
ν Z

∑
ς Z

ρ
′

R,n

|
νς
Ĵr,n|2

2
(3.13)

3.1.3 Heat Transfer Coe�cient

The assessment of the thermal management capabilities of the system are very

sensible considering the heat transfer coe�cients in the analysis. The conduc-

tion heat transfer coe�cient for the stator and rotor core, and air is selected

according to the material properties [152]. Due to the non-homogeneous na-

ture of the material in the slot, the equivalent conduction heat transfer in the

stator winding region is computed according to [153].

κeq,Cu =
κfill κCu

κfill κres + κCu (1− κfill)
(3.14)

where κfill is the slot �ll factor, κCu is the thermal conductivity of the bare

copper, and κres is the thermal conductivity of the resin. The conductivity

heat transfer coe�cients are considered temperature invariant and the values

that characterise the case study machine are reported in Table 3.1.
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Table 3.1: Convection Heat Transfer Coe�cient

Region Symbol κ [W/(m ·K)]

Stator Core κs 45

Rotor Core κr 45

Resin κres 0.2

Copper Winding κcu 400

Aluminium (housing) κal 200

Equivalent Copper Winding κe,cu 0.65

The heat transfer convection coe�cient implemented in the in the end

region model results from the relations presented in [59, 96, 143, 151]. The

calculation of the convection heat transfer coe�cient for both the air gap

region and water jacket are detailed in the following sections.

Water Jacket Heat Transfer Coe�cient

The water jacket on the external periphery of the stator structure is considered

to be the main heat extraction technique in use. In order to model the e�ect

of the �uid �owing in the dedicated channels, the heat convection coe�cient
whc [W/(mK)] is required [151,154]. The Reynolds number for a channel with

a hydraulic diameter of wDh is de�ned as

Rew =
wDh vw

wµ
(3.15)

where vw [m/sec] is the water velocity in the channel, and wµ [m2/sec] its kinematic

viscosity. The hydraulic diameter of the rectangular channel where Hw and

Ww are it's height and width, respectively, is de�ned as

wDh =
2WwHw

Ww +Hw

(3.16)

The convection heat transfer coe�cient wh can therefore be described by (3.17)

where wκ is the thermal conductivity of water and the Nusselt number is

calculated according to (3.18) where γw = 2 (Ww+Hw) is the peripheral length
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of the channel where the cooling �uid �ows.

whc =
wNu wκ
wDh

(3.17)

wNu = 0.012
(
Re0.87

w − 280
)
wPr0.4

[
1 +

(wDh

γw

) 2
3

]
(3.18)

The properties of water have to be considered as a function of the temperature.

The Prundtl number, the kinematic viscosity, and the thermal conductivity

represented as wPr(Tw), wµ(Tw), and wκ(Tw), respectively are expressed with

polynomials obtained through curve �tting of the �uid characteristic.

Air gap Heat Transfer Coe�cient

The estimation of the air gap heat convection coe�cient has been the subject

of many studies [91, 92]. The high rotational speed with respect to the �xed

stator structure in electrical machines generates air �ow in the main air gap.

Taylor [92] showed that an a-dimensional number, Ta (Taylor number) can

be de�ned to distinguish between the di�erent �ow regimes that can occur.

Courette �ow, turbulent, and turbulent �ow with vortices regimes have been

considered and subsequent studies proposed analytical models to calculate the

heat transfer coe�cient. The rotor radius, rR and air gap thickness, εg impact

the regime of the �uid in the clearance between the rotating and static machine

components. De�ning the geometrical factor, Fg [91] and the mean air gap

radius, rm = rR + εg/2, Taylor [92] identi�ed thresholds for the possible �ow

regimes. The correlation between the �ow regime and the heat convection

coe�cient has been the topic of experiments and calculations for almost a

century and various empirical relations have been found [155]. Considering a

narrow gap and a stationary outer cylinder, the critical Taylor number that

de�nes the limit of the Courette �ow model in a small annuli is found to be

Tam,cr = 41.19Fg. With this the critical rotor radius can be evaluated using

(3.19).

rg,cr =

(
Tam,cr

gµFg
ωm ε1.5

g

)2

− εg
2

(3.19)
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According to Taylor's number theory, the heat convection coe�cient can be

estimated through the Nusselt number gNu [91]. The thermal dissipation of

the rotor losses depends on the convection thermal resistance of the air gap

requiring the evaluation of the heat transfer coe�cient, r/ghc, which is depen-

dent on the Nu number. Various empirical relations between the gNu number

and the �ow regime parameter, Λ = Ta2/F 2
g have been de�ned according to

calculations and experimental data [155�157]. Having gγ = εg/rm, the thermal

resistance of the air gap can be expressed as (3.20)

r/ghc =
gκ gNu
gDh

=



2 gκ gγ
gDh ln(1 + gγ)

if Λ < 1700

0.064
gκΛ0.367

gDh

if 1700 < Λ < 104

0.2045
gκΛ0.241

gDh

if 104 < Λ < 107

(3.20)

where gDh = 2 εg is the hydraulic equivalent diameter, gµ is the kinematic

viscosity of the �uid [92], and gκ is the thermal conductivity. The properties

of the air gap �uid have to be considered as a function of the temperature.

The kinematic viscosity and the thermal conductivity, gµ(Tg) and gκ(Tg), re-

spectively, are expressed by polynomials obtained through curve �tting of the

�uid characteristic.

3.1.4 Model Validation

The half slot discretised domain of the case study SRIM is calculated consid-

ering an exponential node distribution in the rotor characterised by rNr = 100

nodes. The number of radial nodes in the air gap, winding and back iron is

selected as rNg = 2, rNg = 12 and rNbi = 6, respectively. The grid computed

is presented in Figure 3.4.
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Figure 3.4: FDM node distribution selected for the analysis of SRIM. The

adiabatic surfaces are highlighted in blue while the surfaces where

heat transfer convective phenomena take place are presented in

red.

The FE software FEMM is used to validate the model. Since it does not

allow the implementation of additional resistance networks to account for the

axial thermal e�ects, the radial FDM is validated considering a structure where

the �xed temperature boundary condition is imposed at the rotor's inner bore

rI 6= 0. Moreover, the linear rotor node distribution is used for the FE package

to reduce the time for the mesh generation without which would result in an

high computational task. The heat transfer coe�cient adopted in the radial

model and in the end region are listed in Table 3.2 resulting from the relations

presented in the previous section.

A constant heat source in both the rotor and stator winding elements is im-

posed PL−E,J−r = 1.4 [kW ] and PL−E,J−s = 2 [kW ], respectively. The inner

node temperature is de�ned as TI = 80 [◦C] and the bulk jacket �uid coolant

(water) temperature is Tw = 120 [◦C]. The FDM temperature distribution is

compared with the FE solution in Figure 3.5 and good agreement is demon-

strated [96].
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Table 3.2: Convection Heat Transfer Coe�cient

Region Symbol h [W/(m2 ·K)]

Radial Model

Water Jacket wh 2180

Main air gap gh 210

End Region Model

Bottom Winding wb1h 75

Rotor rah 140

Bottom Housing ahh 67

Front Winding wfh 35

Top Winding wth 10.5

(a) FDM solution

(b) FE solution computed with FEMM software package

Figure 3.5: Temperature distribution comparison for the 2−d radial temper-

ature distribution.
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The �xed temperature boundary condition e�ectively becomes a drain for

the rotor heat which does not need to signi�cantly force heat �ux through the

main air gap. The water jacket cooling results are very e�ective at extracting

the heat from the stator structure, and maintaining the operative temperature

below the critical values.

The FDM has been proven reliable in the prediction of temperature in high

speed machines [96,143,148]. The axial resistance network is coupled with the

radial thermal model and the rotor is considered to be a full cylinder (rI = 0).

The temperature distribution within the structure is computed assuming an

identical input with respect to the previous case. The equilibrium of the in-

ner node is a�ected by both the radial and axial heat �ow. The rotor losses

density distribution is computed according to the electromagnetic �eld dis-

tribution. The total rotor losses are assumed to be uniformly distributed in

the rotor structure or the actual radial losses distribution can be considered

directly as an input for the thermal model. Comparison of the temperature

distribution computed assuming uniform rotor loss density is shown in Fig-

ure 3.5a and Figure 3.6a, where the result are presented for a �xed inner rotor

temperature and a fully coupled model with the axial thermal network, respec-

tively. The variation in the peak values and distribution achieved is mainly

related to the reduced heat extraction capabilities from the rotor center when

the axial phenomena are considered. The temperature tends to become uni-

form across the rotor as can be seen by imposing zero heat �ux in the rotor

singularity and �xed air temperature as computed by the FDM in (3.3).

The high power loss density in proximity of the air gap reduces the e�ective-

ness of the rotor's heat dissipation phenomena that occurs in the end region;

furthermore, the heat components which are transferred from rotor to stator

are less a�ected by the cooling provided by the water jacket. This leads to an

increased peak rotor temperature which will impact on the rotor's resistivity

and consequently the performance.
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(b) FDM solution for radial rotor power losses distribution determined by means

of DDM

Figure 3.6: Temperature distribution comparison for the 2−d radial temper-

ature distribution.

The rotor losses computed by the analytical model presented in the previous

section and depicted in Figure 2.19 are used as the input of the thermal model.

The thermal management technique considered enables the stator winding

peak temperature to be maintained within safe operative limits. However,

in Figure 3.7 the dependency of the rotor temperature on the rotor slip is

presented. The radial distribution of the losses is considered.
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Figure 3.7: Rotor temperature TR and winding temperature Tsw against

slip. The current amplitude, therefore the related stator winding

losses, are constant while the rotor losses are strongly dependant

on the operative slip.

The resistivity of the rotor material can therefore be computed for each

node of the rotor grid and for each operative condition. The temperature dis-

tribution is here considered as the parameter which links the electromagnetic

and thermal models.

3.2 The Mechanical Stress Model

The mechanical stress applied to the rotor due to centrifugal forces, temper-

ature distribution, and pressure need to be accounted for at the design stage

to guarantee the mechanical integrity of the rotating element. In order to

obtain the fundamental physical behaviour, the stress distribution within the

solid rotor structure is required. The rotor structure is modelled as a full or

hollow cylinder rotating along it's axis of rotation. Considering a cylindri-

cal coordinate system, the main stress components result in a solution of the

stress equation that is derived using the congruence equations, and equilibrium

equations [72, 158, 159]. The bi-dimensional approximation of the problem is

justi�ed by means of the external load acting on the rotor, resulting mainly

in the radial and tangential direction. In the plane theory of elasticity, two
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general types of problems are de�ned, the plane stress and plane stain. The ax-

isymmetric nature of the geometry and the de�nition of the coordinate system

in correspondence with the principal axis enables only the principal stress to

be considered. Assuming an in�nitesimal element of the structure as depicted

in Figure 3.8, the equilibrium equation for the structure in rotation along its

principal axes of inertia results in a PDE function of the radial and tangential

stresses, σr(r) and σθ(r), respectively.

σθ(r)

σθ(r)

σr(r)

σr(r + dr)

dfc
r

dr

dθ

ur(r)

dr
′

ur(r + dr)

Figure 3.8: In�nitesimal rotor volume

By neglecting the high order terms, the equilibrium equation can be ex-

pressed as

r
∂ σr(r)

∂ r
+ σr(r)− σθ(r) = −ρω2

m r
2 (3.21)

where ρ [kg/m3] is the mass density of the rotor material and ωm [rad/sec] is the

rotational angular speed.

The plane stress problem is de�ned as the the state of stress when the stress

normal to the bi-dimensional computational domain is assumed to be zero

(σz = 0). The state of stress where the strain normal to the computational

domain is assumed to be zero (εz = 0) is de�ned as plane strain. The solution

for the plane stress is discussed here as it is suitable for the length-to-diameter
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ratio of the structure considered. The generalised Hook's law in cylindrical

coordinates for the plane stress problems can be expressed as

εr(r) =
∂ ur(r)

∂ r
=

1

E

[
σr(r)− ν σθ(r)

]
+ αr ∆T (r)

εθ(r) =
ur(r)

r
=

1

E

[
σθ(r)− ν σr(r)

]
+ αθ ∆T (r)

εz(r) = − ν
E

[
σr(r) + σθ(r)

]
+ αz ∆T (r)

(3.22)

where ur(r) and ∆T (r) are the functions that de�ne the radial displacement

and temperature distribution, respectively. αr, αθ, and αz are the expansion

coe�cients in the radial, tangential and axial directions, respectively. Com-

bining (3.21) and (3.22), the PDE that de�nes the mechanical stress problem

results in (3.23) where the Young's modulus E [MPa] and Poisson's ratio

ν [pu] are material constants [159�161].

r
∂2 σr(r)

∂ r2
+ 3

∂ σr(r)

∂ r
+ (3 + ν) ρ r ω2

m + αE
d

dr
∆T (r) = 0 (3.23)

The radial stress function is split into its components directly related with

the temperature distribution τσr, angular rotational speed ωσr, and contact

pressure pσr [73]

σr(r) = τσr(r) + ωσr(r) + pσr(r) (3.24)

Each component is computed considering the e�ect of a single excitation

quantity. The general solution for each of the radial stresses is reported in

(3.25a),(3.25b), and (3.25c).

ωσr(r) = σr(r)
∣∣∣
p=0,∆T=0

= A+
B

r2
− ρ

8
(3 + ν) r2 ω2

m (3.25a)

τσr(r) = σr(r)
∣∣∣
p=0,ωm=0

= A+
B

r2
− αE r τ(r) (3.25b)

pσr(r) = σr(r)
∣∣∣
ωm=0,∆T=0

= A+
B

r2
(3.25c)

The tangential component of the stress results in σθ(r) = τσθ(r) + ωσθ(r) +
pσθ(r) after substituting (3.25a),(3.25b) and (3.25c) into (3.21). The solution
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of the plain strain problem enables the computation of the radial deformation

of the structure as presented in (3.26) [73].

ur(r) = Ar +
B

r
− (1− ν2)

8E
ρ r3 ω2

m + (1 + ν)
α

r

∫
∆T (r) r dr (3.26)

According to (3.22), the radial displacement function is split into the temper-

ature, rotational speed, and pressure components, τur,
ωu and pu, respectively.

A consistent set of boundary conditions have to be de�ned in order to compute

the solution of the stress distribution. In [158] the radial and tangential stress

distribution solutions are determined for a hollow cylinder, full cylinder and

for a layered structure. Considering the general solution (3.25a), the integra-

tion constant, B is zero for the case of a full solid cylinder because the stress

at the center of the structure has to be �nite or in other terms, the radial

displacement imposed has to be null. The boundary conditions for the smooth

solid cylinder are presented in (3.27).
ωur(r)

∣∣∣
r=0
6=∞

ωσr(r)|r=rR = 0

(3.27)

The integration constant for the hollow cylinder case are computed impos-

ing null radial stress at the inner (rI) and outer bore (rR) of the cylinder as

expressed in (3.28). 
ωσr(r)|r=rI = 0

ωσr(r)|r=rR = 0

(3.28)

Analogous considerations lead to the boundary conditions for (3.25b) and

(3.25c). The function τ(r) introduced in (3.25b) is obtained by substitut-

ing the function ∆T (r) into (3.23) and computing the solution [161]. In [160]

the problem is solved for a linear temperature distribution. The boundary

conditions required for (3.25c) are of particular interest if a layered structure

is considered, e.g. shaft-to-laminations interference calculation [162], rotor

sleeve dimensioning [73,160], and a multi-layer structure interference �t calcu-

lation [158].
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The theories of material failures (Von Mises [163], Tresca [73]) de�nes the ref-

erence stresses to guarantee safe operation of the rotor before elastic failures

occur. The equivalent stress has to be kept lower than the yield strength, σY of

the constitutive rotor material. Considering Von Mises yield criterion, (3.29)

is de�ned

σeq(r) =
√
σ2
r(r) + σ2

θ(r)− σr(r)σθ(r) (3.29)

The safety factor κσ is introduced to account for a margin of error in the

calculations resulting in

max
{
σeq(r)

}
= σ̃eq <

σY
κσ

(3.30)

In Figure 3.9 the radial and tangential stresses for a smooth solid rotor with

characteristics according to Table 2.2 are presented.
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Figure 3.9: Radial σr(r), tangential σθ(r) and equivalent σeq(r) stress distri-

bution for a rotor structure featuring rR = 45 [mm] considering

ρ = 8000 [kg/m3], ν = 0.3, ωm = 32 [krpm]

The hollow and full cylinder cases are considered. According to (3.25a),

the maximum stress component occurs at the inner radius bore rI for what

concerns both radial and tangential stress in a full cylinder. Hollow cylinders

are instead characterised by a maximum tangential component at the inner

bore while the radial stress feature its maximum value at r̃ =
√
rI rR [158].

The maximum equivalent stress occurs in the inner bore region and in the
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center of the structure for the hollow and full cylinder, respectively. The re-

sults presented in Figure 3.9 suggests that the shaft in a SRIM is preferably

manufactured from the rotor material itself in order to simplify the manufac-

turing process and to reduce the stresses on the material. In this case, the

equivalent stress equals the tangential stress component. The maximum value

of the equivalent stress is therefore the tangential stress component computed

at the inner radius of the structure.

fσ̃eq = fσeq(r = 0) =
(3 + ν)

8
ρ r2

R ω
2
m (3.31)

hσ̃eq = hσeq(r = rI) =
ρω2

m

4

[
(1− ν) r2

I + (3 + ν) r2
R

]
(3.32)

where fσ̃eq and
hσ̃eq are referred to the full cylinder and hollow cylinder case,

respectively.
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Figure 3.10: Maximum peripheral speed against the yield strength of rotor

material for a smooth solid rotor structure for both full and

hollow cylindrical cases. The yield strength of commercially

available materials are highlighted.

Combining (3.30) with (3.31) and (3.32) after having de�ned the peripheral

speed as vp = rR ωm, the maximum peripheral speed for both full and hollow
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cylinder is estimated as

f ṽp <

√
8σY

κσ ρ (3 + ν)
(3.33)

hṽp <

√
4σY

κσ ρ (3 + ν)
− (1− ν)

(3 + ν)
r2
I ω

2
m (3.34)

According to the previous relations, it is possible to conclude that f ṽp ≈
√

2 hṽp

as presented in Figure 3.10.

However, the discretised approach adopted for the electromagnetic calcula-

tion (DDM) and the temperature distribution (FDM) can be extended for the

mechanical stresses calculations and is presented in the following section.

3.2.1 The Multi-Layer Structure Stress Calculation

According to the selected node distributions for the DDM and FDM of the

rotor structure as presented in Figure 2.7a, for each layer, identical considera-

tions have to be made regarding displacement, equilibrium, stress, and strain

as presented above. (3.23) and (3.26) are de�ned in each layer and their so-

lution depends on the boundary conditions de�ned at the interfaces between

adjacent layers. Currently, additive manufacturing and iron powder technol-

ogy enables solid bulk of material featuring graded electromagnetic, mechan-

ical and thermal properties to be produced requiring more accurate models

to be needed. Furthermore, SRIMs that feature copper coating and layered

composite structures are preferred for high speed applications due to their

superior performances compared to smooth SR structures. The manufactur-

ing of layered structures for high speed applications requires the study of the

assembly procedure. Shrink-�t, positive gradient shrinkage, adhesive connec-

tion, hot isostatic pressing, explosion technique, dedicated geometry design,

and electro-deposition are just some of the technologies available to assemble

multi-layer structures. The impact of the rotational speed ωm, temperature

distribution, ∆T , and assembly pressure p on the stress and radial displace-

ment of each layer is a critical aspect to be accounted for.

The integrity of the structures in static conditions relies on the static pressure
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applied during the assembly procedure. Let's de�ne r
′

o,h and r
′

i,h the outer

and inner radius of the pre-assembled generic layer, respectively, as presented

in Figure 3.11a. A static stress condition on the structure is imposed by the

layers deformation after the assembly. The assembled rotor layers feature a

common interface, Γh at the radius, rh as presented in Figure 3.11b. Let's

de�ne the static interference �t as [162,164]

pδh = pur,h − pur,h+1 = r
′

i,h − r
′

o,h+1 (3.35)

r
′

o,h

r
′

i,h+1

pδh

(a) Pre-assembly layer structures

pur,h+1

rh

pur,h

pe,h

pi,h+1

Γh

pi,h

(b) Assembled layer structures

Figure 3.11: Pre-stressed multi-layer structure: detail of the pre-stress inter-

ference �t and resulting assembled structure.

The resulting radial pσr and tangential pσθ stresses can be calculated ac-

cording to (3.25c) [161,162] by imposing consistent boundary conditions. Fur-

thermore, the radial and tangential stress resulting from the angular speed and

temperature distribution on the layer are computed according to (3.25a) and

(3.25b). The validity of the proposed formulation lies under the assumption

that the radial stress is transmitted between consecutive layers. The conti-

nuity of the radial stress at the interface, in combination with the boundary

conditions de�ned describes the radial displacement of the layer bore that has
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to be imposed at each interface Γh of the inner layers of the structure.σr,h(rh) = σr,h+1(rh)

r
′

i,h+1 + ur,h(r
′

i,h+1) = r
′

o,h + ur,h(r
′

o,h)
∀h ∈ {2÷ L− 1} (3.36)

The boundary condition for the inner bore of the structure can be written as

(3.27) and (3.28) for a full and hollow cylinder, respectively. The radial stress

must vanish at the rotor outer bore and therefore, σr,L(rR) = 0 is the boundary

condition of the outer interface. Similarly to the discretised domain solution

of the electromagnetic and thermal problem, the set of conditions previously

presented de�nes 2L linear equations. Let's de�ne S as the matrix of the

boundary conditions coe�cient and p̄ as the vector of the known terms. The

integration constant vector b̄ is computed by means solving the algebraic linear

system de�ned and therefore leading to

b̄ = S−1 p̄ (3.37)

The loss of contact is considered a mechanical failure condition for the rotor

structure and therefore a negative radial stress has to be guaranteed for all ro-

tational speeds and temperature distributions in which the machine is required

to operate. Furthermore, the condition (3.30) from the material failure theory

has to be considered and directly translates to safe operative conditions which

needs to be veri�ed and are computed as below
σr(rh) < 0

max{σeq,h(r)} <
σY,h
κσ

(3.38)

3.3 Rotor-dynamics Analysis

The rotor-dynamic analysis of the high speed machine consists of the evalua-

tion of the critical frequencies, dynamic response, vibrations and stresses on

the bearing. The overall shaft needs to be take into account as the dynamic

response is a�ected by all the element of which the drive-train consists. The

drive-train of high speed IM integrated with compressors and turbines presents
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the rotor of the electrical machine directly coupled with the high performance

stages of the compressor/turbine supported by bearings. The e�ect of the

additional vibrations introduced are required to be accounted for in order to

de�ne the safe operative condition of the drive-train. The calculation of the

rotation speed at which the natural frequency of the system coincides with the

frequency of the excitation forces is an important aspect to be accounted for in

the design of a rotor for high speed applications. The operation in proximity of

the critical speed may induce excessive vibrations level and in the worst case,

failures. The variation of the natural frequencies with respect to the rotation

speed is generally presented in the Campbell diagram [72]. The critical speeds

are evaluated intersecting the forcing forces with the natural frequency of the

structure. The vibration modes of rotating shaft are distinguished in rigid,

�exural and mixed [72]. The rigid body modes are characterised by negligible

deformation of the rotating element with respect to the bearing one. The de-

sign of the rotor for high speed machines focuses on the �exural critical speed

as the vibration levels and stresses on the structure are more severe. The ro-

tor structure deformation and its internal damping plays an important role in

the �exible rotor modes. The rotor structure of high speed machines are gen-

erally designed considering a margin between the �rst �exural critical speed
crωf,1 and the maximum operative speed of the machines ω̃m in order to avoid

excessive vibrations and the crossing of critical speed. However, in certain

applications, electrical machines are operated in the super-critical range. The

critical speed safety factor for sub-critical operative condition is introduced

and (3.39) summarise the rotor dynamic requirement for safe operation.

ω̃m <
crωfw,1
κcr

(3.39)
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Figure 3.12: The solid rotor on �exible bearing support

The solid rotor structure is considered supported by means of radial bear-

ing both at the drive end (DE) and non drive end (NDE) as presented in

Figure 3.12. The isotropic bearing system is modelled as springs support lo-

cated at the bearing seat axial length and characterised by their sti�ness κb,n

and κb.

Various methods have been proposed to evaluate the critical frequency of ro-

tor structure and evaluate the frequency response of drive-shaft in their oper-

ative conditions adopting di�erent theoretical and computational approaches

[165, 166]. The eigenvalue problem of free un-damped rotor model is adopted

to compute the natural frequencies of the structure. Historically, the Euler-

Bernoulli theory (1773) have been the �rst proposed method to study the

de�ection of beams under various load conditions. The assumptions of plane

section perpendicular to the the bending line limits the validity of the pro-

posed theory. De�ning a curvilinear variable ξ, the time-dependant mono-

dimensional bending line equation of an axisymmetric beam φ(ξ, t) results

expressed as

∂2

∂ ξ2

(
E(ξ)I(ξ)

∂2 φ(ξ, t)

∂ ξ2

)
+m(ξ)

∂2 φ(ξ, t)

∂ t2
= 0 (3.40)
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where E(ξ) is the Young modulus, I(ξ) is the area moment of inertia, m(ξ) is

the mass per unit length. In 1877, Lord Rayleigh proposed a formulation for

elastic beams based on the Euler-Bernoulli model including the e�ect of the

rotary inertia [166,167].

∂2

∂ ξ2

(
E(ξ)I(ξ)

∂2 φ(ξ, t)

∂ ξ2

)
+m(ξ)

∂2 φ(ξ, t)

∂ t2
− J(ξ)

∂4φ(ξ, t)

∂ξ2 ∂t2
= 0 (3.41)

Both Euler-Bernoulli and Rayleigh theory neglect the shear deformation of

the beam and leads to overestimated natural frequencies of the structures and

works better for slender beams. In [168], both Rayleigh-Ritz and Dunkerley

equations are implemented for axially discretised rotor structure. The Euler-

Bernoulli beam theory is applied [169] to determine the vibration modes and

frequency response of stepped structures. The shear model [166] accounts

for the shear deformation e�ect in the Euler-Bernoulli theory and leads to

improvements in the natural frequencies prediction.
∂2

∂ ξ2

(
E(ξ)I(ξ)

∂2 φ(ξ, t)

∂ ξ2

)
+m(ξ)

∂2 φ(ξ, t)

∂ t2
−G(ξ)

∂4φ(ξ, t)

∂ξ2 ∂t2
= 0

∂2

∂ ξ2

(
E(ξ)I(ξ)

∂2 ϑ(ξ, t)

∂ ξ2

)
+m(ξ)

∂2 ϑ(ξ, t)

∂ t2
−G(ξ)

∂4ϑ(ξ, t)

∂ξ2 ∂t2
= 0

(3.42)

In 1921−1922 Timoshenko proposed a beam theory which includes both shear

and rotary inertia e�ect in the Euler-Bernoulli model [72,166]. Remarkable im-

provement in the calculation of natural frequencies considering also non-slender

beams and in the analysis of high frequency responses have been achieved. An-

alytical simpli�ed models achieved imposing the boundary conditions to the

di�erent beam theories enables rapid prediction which results not accurate in

case of complex rotor structures [73]. The FE formulation of the above models

is nowadays widely adopted to predict the rotor dynamic behaviour of complex

rotating structures under various load conditions [72].

Adopting the Lagrangian mechanics approach, the dynamic of rotor structures

is modelled as (3.43) considering q̄ the vector of the Lagrangian variables [72].

M ¨̄q + (ωm G + C) ˙̄q + K q̄ = F ū (3.43)
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where M is the matrix of the mass, K the matrix of the sti�ness, G is the

skew-symmetric matrix of the gyroscopic e�ect, C is the matrix of the damping

coe�cients, F the matrix of the input coe�cient and ū is the vector of the

excitations forces. The nature of the forces in high speed electrical machines

can be found in the rotor weight distribution wP [72, 169], rotor unbalance
uP [72], �uid �ow induced forces in the main air gap gP [170], electromagnetic

forces eP [72]. The FE formulation of (3.43) is adopted to study the dynamic

of complex rotor structures [72]. The natural frequencies of the model are

calculated as the solution of the free un-damped eigenvalue problem (3.44)

M ¨̄q + ωm G ˙̄q + K q̄ = 0 (3.44)

3.3.1 Natural Frequencies Calculation

The solution of the beam equation for all the model presented is decomposed

in its time and spatial component φ(ξ, t) = ζ(ξ) τ(t). Considering a time har-

monic solution, the decoupling between the time and spatial equation can be

performed. The governing equation of the rotor structure displacement func-

tion ζ(ξ) is therefore deduced. The rotor structure is assumed mechanically

supported by mechanical ball-bearing which are modelled as linear spring.

The isotropic bearing support system is considered where the front-end κb,n

and back-end κb,d bearings are characterised by their sti�ness κb,n = κb,d = κb.

Furthermore, the rotor structure can be assumed at �rst instance featuring

a constant cross section. Considering the Euler-Bernoulli beam model, the

di�erential equation (3.40) results as

E I
∂4 ζ(ξ)

∂ ξ4
− β4 ζ(ξ) = 0 (3.45)

where β4 = (ω2m)/(E I). The generic solution of (3.45) consist in a linear com-

bination of hyperbolic terms

ζ(ξ) = Asin(β ξ) +B cos(β ξ) + C sinh(β ξ) +D cosh(β ξ) (3.46)

A consistent set of boundary conditions are required to de�ne the problem and

compute the integration constants. The boundary condition formulation for a
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beam on isotropic �exible supports results expressed as [171]

ξ = 0 ⇒


E I

∂2 ζ(ξ)

∂ ξ2

∣∣∣
ξ=0

= 0

E I
∂3 ζ(ξ)

∂ ξ3

∣∣∣
ξ=0

= −κb ζ(ξ)
∣∣∣
ξ=0

(3.47a)

ξ = `a ⇒


E I

∂2 ζ(ξ)

∂ ξ2

∣∣∣
ξ=`a

= 0

E I
∂3 ζ(ξ)

∂ ξ3

∣∣∣
ξ=`a

= κb ζ(ξ)
∣∣∣
ξ=`a

(3.47b)

Substituting (3.46) in (3.47), the eigenvalue problem can be formulated as

J(β) k̄ = 0̄ (3.48)

where N̄ = [A B C D]T and J(β) is the matrix of the boundary condition

coe�cients. The computation of the natural frequencies and the mode shapes

of the system is achieved determining the zeros of the characteristic equation

of the beam g(β) = det[J(β)] = 0. The characteristic equation is function of

the β parameter only and consequently of ω. The zeros of the determinant

are analytically solved for basic structure, whereas numerical computations are

required for more complex cases [171].

Analogous consideration can be performed for the other model presented in the

previous section. In particular, the elastic line governing equation considering

the Rayleigh beam model under the assumptions considered for the Euler-

Bernoulli beam results as

E I
∂4 ζ(ξ)

∂ ξ4
− β4 ζ(ξ) + β4 I

S

∂2 ζ(ξ)

∂ ξ2
= 0 (3.49)

where S is the beam cross section. The generic solution of (3.49) again take

the form of a linear combination of hyperbolic terms

ζ(ξ) = Asin(α ξ) +B cos(α ξ) + C sinh(γ ξ) +D cosh(γ ξ) (3.50)

The calculation of the natural frequencies is achieved performing an identical

procedure as the one detailed for the Euler-Bernoulli model previously detailed

[166].
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3.3.2 Discretised Rotor Model

The analysis of beam and rotor structures featuring discontinuities in the cross

section has been subject of many studies in the last decades. The FEA ap-

proach to study non-uniform beam is the most accurate however resulting in

high computational e�ort. A mid-complex system can be found de�ning an

interface node for each rotor beam discontinuity (in general nodes can be place

also where there are no discontinuities). In Figure 3.13, the discretised version

of the rotor model presented in Figure 3.12 is depicted.

κb,n κb,d

DE

n1

njnj−1 nj+1

ξ

zj

nrd

NDE

Figure 3.13: The discretised solid rotor rotor dynamic model with �exible

bearing support.

The rotor discretisation is aiming to account account for the rotor ma-

terial properties and cross section discontinuities. The spatial component of

the beam model previously presented results as the governing equation de-

�ned in each rotor discrete element. Considering the Euler-Bernoulli equation

and assuming that nrd sectors are de�ned, (3.45) de�ned the transversal dis-

placement function ζj with the curvilinear coordinate ξ for the continous jth

element [169].

(EjIj)
∂4 ζj(ξ)

∂ ξ4
− β4

j ζj(ξ) = 0 ∀ j ∈ {1 : nrd} (3.51)

where βj = β1 λj and

λj = 4

√
mj

Ej Ij

E1 I1

m1

(3.52)
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The generic expression of the solution for the �exural mode shape function

results expressed as

ζj(ξ) = Aj sin(βj ξ) +Bj cos(βj ξ) + Cj sinh(βj ξ) +Dj cosh(βj ξ) (3.53)

and Aj, Bj, Cj and Dj are the integration constant determined by means a

consistent set of boundary/interface conditions.

The relations for the nodes located on the bearing axial position remains iden-

tical to the (3.47) identi�ed for the continuous beam model. The interface

condition at the generic node nj located at distance zj from the origin are

de�ned in order to impose the continuity of the elastic �bre function and its

derivative of the �rst, second and third order.

ζj(zj) = ζj+1(zj) (3.54a)

∂ ζj(ξ)

∂ ξ

∣∣∣
ξ=zj

=
∂ ζj+1(ξ)

∂ ξ

∣∣∣
ξ=zj

(3.54b)

(EjIj)
∂2 ζj(ξ)

∂ ξ2

∣∣∣
ξ=zj

= (Ej+1Ij+1)
∂2 ζj+1(ξ)

∂ ξ2

∣∣∣
ξ=zj

(3.54c)

(EjIj)
∂3 ζj(ξ)

∂ ξ3

∣∣∣
ξ=zj

= (Ej+1Ij+1)
∂3 ζj+1(ξ)

∂ ξ3

∣∣∣
ξ=zj

(3.54d)

If (3.53) is substituted in the previous set of boundary conditions, a set of

four equation. The overall system of boundary/interface conditions de�nes

an linear system of equations which can be represented in its matrix form

by means of the matrix of coe�cients J and the vector of the known terms

k̄. Considering (3.52), the matrix of the boundary condition coe�cients is

function of β1 only and the eigenvalue problem is therefore de�ned as

J(β1) k̄ = 0 (3.55)

Identical elaborations can be performed considering the other model presented.

The calculation of the natural frequencies of the system is always reduced to

the form expressed in (3.55). The zeros of the characteristic function for the

eigenvalue problem de�nes the critical frequency of the system.
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3.3.3 Model Validation

The prediction of the critical frequencies achieved by means of the Euler-

Bernoulli and Rayleigh models are compared with FE results. In Table 3.3

are listed the rotor dynamic model parameters considered.

Table 3.3: Rotor dynamic model parameters

Symbol Value

`b,n = `b,d 20 [mm]

`st,n = `st,d 7.5 [mm]

`s 150 [mm]

`r 160 [mm]

rsh 15 [mm]

rst 17.5 [mm]

The discretised model is de�ned by means of nrd = 13. The rotor is

considered made of homogeneous material featuring ρd,r = 8000 [kg/m3] and

E = 210 [GPa]. Both discretised and continuous models are implemented and

the results are compared in Table 3.4. The over-prediction and error of +8%

at high frequency con�rm the expected limitations of the Euler-Bernoulli and

Rayleigh models.

Table 3.4: Analytical and FE comparison of natural frequency calculations.

Mode FEA Analytical

Mode 1 (rigid) 40850 [rpm] 42993 [rpm] (+5%)

Mode 2 (rigid) 75780 [rpm] 72750 [rpm](−4%)

Mode 3 (�exural) 444540 [rpm] 480105 [rpm] (+8%)

The variation of the critical frequencies with respect to the bearing sti�ness

is considered in order to correctly select the bearing topology and the results

are presented in Figure 3.14. The bearing sti�ness is selected aiming to operate
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the machine within a safety limit with respect to the critical frequencies of the

system. κb = 150 [MN/m] is selected to guarantee a safety margin κcr = 1.5.

κb [MN/m]
0 100 200 300 400 500 600 700 800 900 1000

ω
cr

[k
rp

m
]

100
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crωfw,1
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crωbw,2
crωfw,3
crωbw,3

Figure 3.14: Critical frequency (crω) against bearing sti�ness (κb). The black

solid line represent the maximum rotor operative speed.
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Figure 3.15: Campbell diagram of SRIM considering κb = 150 [MN/m]. The

vertical dashed line represent the maximum rotor operative

speed.

117



The Campbell diagram computed by means of FE is presented in Fig-

ure 3.15. The intersection between the synchronous excitation line (Ω = ωm)

and forward and backward whirl natural frequency of the system de�nes the

critical speed of the system. The mode shape related with the �rst, second, and

third forward whirl critical speed are presented in Figure 3.16. Mixed modes

characterise the rotor dynamic of the system. The �rst and second mode shapes

are mainly of rigid nature. The �rst �exural mode is the most important to be

accounted in the design of high speed machine as featuring rotor bending. The

machine is safe to operate in the speed range below the threshold de�ned by

the �rst critical bending mode [162]. The �rst forward whirl critical frequency

related with bending mode occurs at crωfw,3 = 575 [krpm] and therefore the

rotor is operated in the sub-critical with a good safety margin.

(a) 1st Mode shape (b) 2nd Mode shape

(c) 3rd Mode shape

Figure 3.16: Mode shape for the �rst three forward whirl critical frequencies

3.4 Multi-physics Analysis

The fundamental aspects which have been described in the previous sections

consider each phenomena being independent with respect to the others. The

multi-physic approach in the analysis of SRIM is proposed aiming to account
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for the interaction between the di�erent disciplines. The temperature distri-

bution within the structures strongly impact on the electromagnetic, thermal

and mechanical material properties of the SRIM and the coupling between the

e�ect is a critical aspect to take into account [88]. However, the smooth SR

structure considered as the case study in this document is modelled assuming

that the magnetisation curve of the material remains constant for di�erent

operative conditions.

The robustness of the homogeneous rotor structure enables us to neglect the

e�ect of the temperature distribution in the structural and rotor dynamic as-

pects. The thermal model links with the electromagnetic calculation by means

of the correction parameters κτ,r and κτ,sw which de�ne the temperature depen-

dency characteristic of the rotor and stator winding resistivity. The density,

kinematic viscosity and Prandlt number of the �uid in the main air gap is also

considered temperature dependent.

(DDM)

Electromagnetic
model

(FDM)

Thermal
model

Operative
conditions

Material
database

Result

Figure 3.17: Flowchart of the coupled electro-magneto-thermal analysis of

SRIM.
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The thermal FDM is demonstrated a quick and accurate technique to calcu-

late the temperature distribution in SRIM. An iterative loop has been designed

in order to account for the multi-physics aspect of the machine. The calcula-

tion �ow chart is presented in Figure 3.17.

The convergence criterion is de�ned on the temperature distribution. Consid-

ering a single operative condition, the �nal result is achieved when the variation

between the temperature in each node of two consecutive step c and c + 1 is

lower than a threshold value Υ.

c+1T (r, θ)− cT (r, θ) < Υ ∀ (r, θ) ∈ Σ (3.56)

The result presented in Figure 3.7 can be therefore considered the step c = 1 of

the multi-physics loop presented. The convergence is achieved in few iteration

steps. According to the predicted temperature, the material database block

updates the material properties according to the thermal status of the device.

Neglecting the temperature variation of the �uid in the air gap, the steady

state temperature trend for the simulated solid rotor induction machine is

presented in Figure 3.18. The temperature dependency of both stator and

rotor conductive elements lead to an increase in rotor and stator winding losses

and, consequently their temperature.

0 0.5 1 1.5 2 2.5 3 3.5 4
150

200

250

300

350

Figure 3.18: Steady state temperature trend against slip.
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3.5 Summary

In this chapter, the building blocks for the analytical analysis of smooth and

composite solid rotor induction machine have been presented. The discretised

computational domain is proposed for the calculation of the multi-physics as-

pects that are necessary to achieve high performance machines. The models

are very general and can be applied to di�erent machine topologies. The cou-

pling with the thermal and mechanical models presented, in combination with

the rotor dynamic analysis, leads to the de�nition of a multi-physics environ-

ment suitable for a wide range of machine topologies. SRIM featuring copper

coated structures can be analysed adopting the proposed modelling technique

to account for the mechanical integrity of the rotor operating at high temper-

atures. The criterion to determine the maximum operative speed admissible

for a selected power-speed node can be computed accounting for the rotor dy-

namic aspect. However, further improvements have to be made in the detailed

aspects of the calculation. In particular, signi�cant e�orts have to be put in

place in order to account for the three dimensional �eld and losses distribution

in the rotor end region and stator end winding. Furthermore, the presented

models require further elaborations, generalisation and improvements in every

aspect, e.g. the accuracy of the �eld distribution with slotting can be improved

by implementing the model proposed in [53]. The intrinsic three dimensional

structure of the machine has to be properly modelled to achieve a more ac-

curate temperature distribution prediction and investigate alternative cooling

solutions. The stress and rotor dynamic model requires the implementation or

approximated form of the non linearities of the material which could lead to

further exploitation of the material yield.
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CHAPTER

FOUR

SOLID ROTOR MATERIALS

The selection of the solid ferromagnetic material for SRIM is a critical aspect

at the design stage. The electromagnetic characteristics of solid materials, in

combination with their mechanical properties, are the main factor responsi-

ble for the output performance of SRIM. The required characteristic of rotor

material for SR machines di�ers from the ones of cage rotor IMs. The rotor

iron core in caged IMs features high conductivity material placed in dedicated

slots. The aforementioned arrangement enables us to concentrate the e�ect of

the electrical �eld in the rotor bars. While the currents are circulating in the

high conductivity material, the magnetic �eld penetrates the ferromagnetic

rotor core. In order to maximize the e�ciency, the electrical steel adopted for

a cage rotor IM is required to feature low losses at the rated operative condi-

tions. The adoption of laminated steel is often considered in order to limit the

eddy currents. The rotor losses are mainly generated by hysteresis e�ect on

the rotor core and by joule loss in the rotor bars.

The materials adopted for SR machines require a good balance between the

magnetic and electrical characteristics. The magnetic �eld penetration in the

rotor core is a�ected by the relative permeability and the saturation �ux den-

sity level. The eddy currents circulating in the rotor structure are strongly

dependent on the electrical resistivity of the material. In contrast with the

IMs, the electromagnetic �elds in SRIM share the same media. The material
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selection is based on the balance between the above mentioned characteristics

together with the mechanical capabilities, in order to guarantee the integrity

of the rotating structure.

The single phase equivalent circuit model is widely adopted for the design and

the analysis of IMs [52,172] and SRIMs [26,173]. The accuracy of the predic-

tion is strongly related with the accuracy estimation of the lumped parameters

that characterize the circuit. FE simulations have been used to calculate the

parameters of IMs and good accuracy with respect the experimental results

are demonstrated [52]. The combination of FEA and equivalent circuit results

in a powerful tool which can account for the non-linearities of the material in

the equivalent circuit parameters.

Aiming to assess the impact of the electromagnetic characteristic of the materi-

als on the equivalent circuit parameters, non linear time-harmonic FE simula-

tions are performed for di�erent operative conditions. A �ctitious parametric

material is de�ned, enabling the investigation of the performance of SRIM

considering di�erent material characteristics. The calculation of the equiva-

lent circuit parameters is performed also for the case study machine equipped

with a cage rotor structure. The values of the equivalent circuit parameters of

the HSIM are presented together with the SRIM results. Direct comparison of

the performances can be performed considering the discrepancies in the results

which are discussed in the following chapter.

4.1 The non-linear equivalent circuit

In Figure 4.1 the equivalent circuit model considered for the smooth SRIM

is presented. The magnetising inductance Lm, rotor leakage inductance Lσ,r

and rotor resistance Rr are considered functions of the operative condition of

the machine. FE simulations are adopted to compute the equivalent circuit

parameters in order to account for the material non linearities. The simulation

of no load conditions (s = 0) enables the characterisation of the magnetising

inductance Lm.
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V̂s

Îs
Rs Lσ,s

Lm(|Îm|)

Lσ,r(|Îr|, s)

Rr(|Îr|, s)

Îr

Îm

A

B

Figure 4.1: Non-linear single phase steady state equivalent circuit for smooth

SRIM.

According to the IEEE standard [174], the locked rotor test (s = 1) is

adopted to experimentally determine the rotor parameters. The computation

of the rotor leakage inductance Lσ,r and rotor resistance Rr is performed by

means of emulating the locked rotor test in the FE environment. The locked

rotor test performed at di�erent supply frequencies and current levels has been

demonstrated as a more accurate technique to be applied for induction ma-

chines featuring rotor structures with closed slots [97]. The impact of the

electromagnetic properties of solid ferromagnetic materials has been investi-

gated in [1, 56, 119] and the e�ect on the output torque and power factor of

SRIM are presented.

4.2 Parametric Material

The modelling of the electromagnetic properties of the solid rotor material are

considered in this section. A �ctitious material is introduced in order to model

the electromagnetic properties of solid material and investigate their impact

on the machine performances. The relative initial permeability µr,r [pu], the

saturation �ux density Bs [T ] and the resistivity ρr [Ωm] are considered as

variable parameters [1].
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4.2.1 Magnetization Curve

The parametric material is implemented in the FE environment having de�ned

(4.1) as the magnetization curve [175].

B(H) = µ0H + 2
Bs

π
atan

(
πH

µ0 (µr − 1)

2Bs

)
(4.1)

where µ0 = 4 π 10−7 [H/m]. The assumption of fundamental time harmonic

component of the excitation current is considered when performing FE anal-

ysis adopting the time harmonic solver. The determination of the funda-

mental magnetization curve is therefore required to achieve reliable solutions.

The DC magnetization curve is de�ned by means of a non-linear relation

B(H) = µ(H)H. The fundamental magnetization curve can be derived consid-

ering an ideal sinusoidal excitation featuring only the fundamental component

expressed as 1H(t) = HM s(ω t). The fundamental component of the �ux den-

sity B(1H(t)) can be computed by means of Fourier transformation leading

to the de�nition of the Fundamental Magnetization Curve

1µ(1H) =
1B(1H)

1H
(4.2)

The rms value of the fundamental component must be considered to achieve

the rms Fundamental Magnetization Curve.

The computation of the fundamental component of the �ux density according

to the DC magnetization curve is performed through numerical calculation for

di�erent real material B-H characteristic [175].

4.2.2 Resistivity

The rotor material resistivity is modelled as a linear function of the operative

temperature as expressed in (4.3).

ρR(TR) = ρR,TR,0

(
κτ,R(TR)κer

)
= κer ρR,TR,0

(
1 + αR[TR − TR,0]

)
(4.3)

having de�ned ρR,TR,0 [Ωm] the resistivity at the temperature TR,0, αR [1/◦C]

the resistivity temperature coe�cient and TR [◦C] the operative temperature
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of the material. The correction factor κer has been introduced in section 2.1.10

in order to account for the three dimensional aspects of the �eld distribution.

The parametrization of the resistivity proposed in (4.3) enables to draw inter-

esting considerations from the FE results. The operative temperature TR and

the end region factor κer can be deduced considering the inverse form of (4.3)

TR =
ρR

κer ρR,TR,0 αR
− 1− αR TR,0

αR
(4.4)

κer =
ρR

ρR,TR,0

[
1 + αR

(
TR − TR,0

)] (4.5)

The results achieved with the rotor resistivity parametrization can be there-

fore adopted to predict the SRIM performance under di�erent rotor operative

temperatures or considering di�erent end region factors.

4.3 Sensitivity Analysis - No Load Condition

V̂s,0

Îs,0
Rs Lσ,s

Lm(|Îs,0|)

Figure 4.2: Non-linear single phase steady state equivalent circuit for smooth

SRIM in no load operative conditions.

At no load operative condition, no current is induced in the rotor bars. The

equivalent circuit is therefore simpli�ed as presented in Figure 4.2. The no

load characterization of SRIM performed for di�erent excitation current am-

plitudes enables the calculation of the magnetising inductance Lm(Îs,0) [H].

A balanced set of currents in the three-phase winding structure featuring peak
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amplitude |Îs,0| and non linear static solver are considered in the FE environ-

ment. The evaluation of Lm from the results can be achieved considering the

voltage-current characteristic [172]. Alternatively, the �ux linkage with the

three-phase stator winding system [52, 176] is considered and the magnetis-

ing inductance result expressed as (4.6) where the �ux linkages are averaged

out [52] to account for the material non-linearities e�ect [176].

Lm(|Îs,0|) =

√
2

3

[
ϕ̂a − 1/2(ϕ̂b + ϕ̂c)

|Îs,0|

]
(4.6)

The stator leakage inductance is however considered embedded in the parame-

ter Lm. This results in an approximation which only marginally a�ect the �nal

calculations of the performances through the equivalent circuit as the value of

the leakage inductance is generally negligible with respect to the magnetising

LS,σ � Lm [172,177].

The parameters' range and number of values considered are reported in

Table 4.1.

Table 4.1: No Load sensitivity analysis parameters

Parameter Min Max # Values

|Îs,0| [A] 25 300 8

BS [T ] 0.5 2.5 9

µr,r 20 5000 12

In the following plots, the lines in black correspond to the caged rotor IM

parameter value. The lumped parameter of the high speed caged rotor induc-

tion machine (HSIM) are computed considering the design material [97] and

therefore results constant with respect to the solid rotor material parameters

are considered. However, the trend of the lumped parameters of the HSIM

with respect the current and slip are accounted for in the calculations. The

trend of Lm for di�erent relative permeability values is presented in Figure 4.3

and Figure 4.4 for various excitation current amplitudes [98]. Assuming a

monotonous trend of the inductance with respect to the parameters, the value
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above which the magnetising inductance is not subject to important variation

is identi�ed as the critical relative permeability µ∗r.
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Figure 4.3: Magnetising inductance Lm(µr) for excitation amplitude |Îs,0| =

300 [A] (dashed line) and |Îs,0| = 25 [A] (solid line) considering

di�erent Bs values. The lines in black correspond to the HSIM

parameter value.
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Figure 4.4: Magnetising inductance Lm(µr) for excitation amplitude |Îs,0| =

300 [A] (dashed line) and |Îs,0| = 75 [A] (solid line) considering

di�erent Bs values. The lines in black correspond to the HSIM

parameter value.

The identi�cation of the critical relative permeability value is performed

considering the maximum of the magnetising inductance max(Lm) and de�n-

ing the threshold η ·max(Lm) as reported in (4.7).

µ∗r =
{
µ : Lm(µ) = η ·max(Lm)∀ |Is,0|, Bs, εag

}
(4.7)

The variation of the critical permeability with respect to the rms value of

the excitation current is proposed in Figure 4.5 considering η = 0.9 as the

threshold value. The analysis of the results permits to identify in µ∗r = 250

for |Îs,0| > 75 [A] the threshold value of relative permeability above which the

variation of magnetization inductance Lm is negligible. Therefore we have that

Lm(Bs, µr, |Is,0|)
∣∣∣
µr>µ̃r

∼= Lm(Bs, |IS,0|) for |Îs,0| > 75 [A] (4.8)
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Figure 4.5: Critical relative magnetic permeability µ∗r against current ampli-

tude. The values of the limit for the critical relative permeability

µ̃r = 250 is highlighted ( ).

The value of the magnetising inductance for µr,r = µ∗r is presented in Fig-

ure 4.6 for di�erent current amplitudes highlighting the strong dependency of

the parameter on the excitation.
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Figure 4.6: Magnetising Inductance Lm(Bs, |IS,0|) against supply current am-

plitudes for µr,r > µ∗r and considering various level of saturation

�ux density

The dependency of the magnetising inductance with respect to the satu-

130



ration �ux density Bs is worthy of investigation as suggested by the previous

analysis and summarised in Figure 4.6. The magnetising inductance is pro-

posed in Figure 4.7 and Figure 4.8 against di�erent saturation level amplitudes.
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Figure 4.7: Magnetising inductance Lm(Bs) for excitation amplitude |Îs,0| =
300 [A] (dashed line) and |Îs,0| = 25 [A] (solid line) considering

di�erent µr,r values. The lines in black correspond to the HSIM

parameter value.

The trend of the computed parameters enables consideration of the critical

saturation �ux density B∗s as a characteristic index of the no load parameters

as introduced above for what concerns the relative permeability dependency.

The critical saturation �ux density B∗s is determined by means of (4.9) and

establishes the saturation level above which the magnetising inductance is not

subject to signi�cant variation.

B∗s =
{
Bs : Lm(Bs) = η ·max(Lm)∀ |Is,0|, µr, εag

}
(4.9)

The threshold parameter is considered as η = 0.9 and the critical saturation

�ux density parameter is presented in Figure 4.9. The result suggests that the

trend of the magnetising inductance for Bs > B̃s considering B̃s ≈ 1.15 do not

feature high variations with respect the relative permeability if µr > µ∗r.

However, the magnetising inductance features a strong dependency upon

the current amplitude as suggested by Figure 4.6. In Figure 4.10 the variation
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Figure 4.8: Magnetising inductance Lm(Bs) for excitation amplitude |Îs,0| =
300 [A] (dashed line) and |Îs,0| = 100 [A] (solid line) considering

di�erent µr,r values. The lines in black correspond to the HSIM

parameter value.
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Figure 4.9: Critical saturation �ux density B∗s against relative magnetic per-

meability. The values of the limit for the critical relative perme-

ability µ∗r = 250 ( ) and critical limit saturation �ux density

B̃s = 1.15 [T ] ( ) are highlighted.

132



0 50 100 150 200 250 300
0

0.5

1

1.5

2

2.5

3

|Is| [Arms]

L
∗ m
[m

H
]

 

 
µr = 15
µr = 25
µr = 50
µr = 100
µr = 250
µr > 250

Figure 4.10: Magnetising inductance dependency with respect excitation cur-

rent

of the magnetising inductance against the no load current is proposed for

Bs = B∗s . The results con�rm the previous consideration as for µr > 250

we have very small variation in the trend of Lm(|Is,0|). In general, we have

that the curve which represent the magnetising inductance for µr > 250 and

Bs > 1.15 [T ] can be approximated as (4.10) and is adopted in the calculation

of the equivalent circuit solution and the computation of the rotor parameters.

aLm(|Îs,0|) ∼= Aeα |Îs,0| +B eβ |Îs,0| (4.10)

4.3.1 Sensitivity Analysis - Load Condition

The rotor parameters are not considered when the representative simulations

of the no load condition are performed. The locked rotor test is conventionally

adopted to determine and quantify the parameters representative of the rotor

in the equivalent circuit. The FE-TH simulations are a powerful tool that can

be adopted to investigate the performances of IMs. The characterization of

the parameters of the equivalent circuit can be achieved by performing a set of

FE-TH to account for the main operative condition point of the device, such

as slip and input current. The analysis focus on the range of slip in which the

machine features a linear torque characteristic [99]. Applying the Thevenin
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theorem to the nodes A-B of the circuit presented in Figure 4.1, the total

equivalent inductance Leq and total equivalent resistance Req are de�ned. The

parameters of the Thevenin equivalent circuit presented in Figure 4.11 are a

function of the input current and operative slip.

V̂g

Îs
Leq(|Îs|, s)

Req(|Îs|, s)

Figure 4.11: Thevenin equivalent non-linear single phase steady state circuit

for smooth SRIM.

The rotor resistance and rotor leakage inductance are directly linked to the

rotor losses and the electromagnetic energy stored in the device, respectively

[52]. The equivalence between the impedances of the equivalent circuit and

the Thevenin equivalent circuit leads to the de�nition of the rotor resistance

and rotor leakage inductance as presented in (4.11) [52, 99]

Lσ,R(|Îr, s|) = Lm

(
Leq [Lm − Leq]−

[
Req

ωs s

]2
)

[
Req

ωs s

]2

+ [Lm − Leq]2
(4.11a)

Rr(|Îr, s|) =
L2
mReq[

Req

ωs s

]2

+ [Lm − Leq]2
(4.11b)

Table 4.2 lists the FE simulation parameters and their range that have been

implemented in the rotor parameters sensitivity analysis. Based on the conclu-

sions drawn in the magnetising inductance sensitivity analysis and according

to [1], initial relative permeability values µr,r < 250 are not considered.
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Table 4.2: Load sensitivity analysis parameters

Parameter Min Max # Values

|Îs| [A] 75 300 3

BS [T ] 0.5 2 4

µr,r [pu] 250 2000 7

ρR [µΩcm] 20 80 4

s (slip) [%] 0.01 3%÷ 4% 25

The rotor resistance against the operative slip for various rotor resistivity

values at the operative input current |Îs| = 300 [A] is presented in Figure 4.12

and Figure 4.13, considering �ux density saturation level of Bs = 1 [T ] and

Bs = 2 [T ], respectively [99] and where the black line present the cage rotor

IM rotor resistance.
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Figure 4.12: Rotor resistance against slip at Îs = 300 [A] and Bs = 1 [T ].

The markers are used to distinguish between the di�erent rotor

resistivity. Di�erent colours are considered to identify di�erent

rotor relative permeability.
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The di�erent colours are de�ned in order to distinguish the various rotor

relative permeability considered. However, it is possible to note that the µr,r

parameter has negligible impact on the rotor resistance which is mainly dom-

inated by the resistivity of the solid rotor material. Increasing saturation �ux

density have to be related with increasing rotor resistance values. Furthermore,

the trend of the rotor resistance for slip values s . 1 % feature a characteristic

which can be expressed as tRR = A log(s) + R0 where R0 is the extrapolated

value of the resistance at s = 0 and A is the slope constant. The parameter

A does not features signi�cant variations while R0 results strongly dependant

on the resistivity, saturation �ux density and excitation current as presented

in Figure 4.14.
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Figure 4.13: Rotor resistance against slip at Îs = 300 [A] and Bs = 2 [T ].

The markers are used to distinguish between the di�erent rotor

resistivity. Di�erent colours are considered to identify di�erent

rotor relative permeability.
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Figure 4.14: Rotor resistance variation with respect the rotor resistivity for

di�erent input current and saturation �ux densities.

Figure 4.15 and Figure 4.16 present the variation of the rotor leakage in-

ductance with respect the slip for Bs = 1 [T ] and Bs = 2 [T ] respectively.
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Figure 4.15: Rotor leakage inductance at Îs = 300 [A] and Bs = 1 [T ]. The

markers are used to distinguish between the di�erent resistivity

whilst colours identify the various relative permeability.
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Figure 4.16: Rotor leakage inductance at Îs = 300 [A] and Bs = 2 [T ]. The

markers are used to distinguish between the di�erent resistivity

whilst colours identify the various relative permeability.

The above results are presented for a constant current amplitude of |Îs| =
300 [A]. The dependency of the rotor leakage inductance on the parameters

which de�ne the rotor material are di�erent with respect to the resistive case.

The inductance features a quasi-constant trend for low slip values while sig-

ni�cant drop can be observed for lower rotor speed. The impact of the rotor

resistivity is negligible at very low slip as can be observed in Figure 4.15 and

Figure 4.16. Decreasing values of resistivity cause the inductance drop at

higher slip values. This is mainly caused by the fact that the low resistiv-

ity induces higher rotor current and therefore early saturation of the material

core. The saturation �ux density impact on both the inductance saturation

slip point as well as on its non saturated value. The latter conclusion is sum-

marised in Figure 4.17. The values of the leakage rotor inductance however

tends to be similar each other considering di�erent materials for high excita-

tion current level. The saturation e�ect is dominant in those condition leading

the inductance to drastically drop.
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Figure 4.17: Un-saturated rotor leakage inductance variation with respect the

excitation current considering di�erent saturation �ux density

levels.

4.4 Solid Rotor Material

The rotor structure is the media that carries both electric and magnetic �elds

and in the previous section the e�ect of the electromagnetic properties of the

material on performance has been investigated. Further considerations re-

garding the output torque and rotor losses can be found in [99]. In fact, both

resistivity and permeability in combination with the magnetization curve have

to be determined to de�ne the best material for the solid rotor. However, the

mechanical properties have to be taken into account since they constitute an

important limiting factor on the maximum speed that can be achieved. In

Table 4.3 the characteristics of the most promising material selected for SR

applications are reported [1].

The bulk of a row material is required to be machined in order to man-

ufacture the rotor structure. The materials featuring high tensile strength,

e.g. Maraging steel, are expensive and di�cult to machine. A good compro-

mise between the mechanical, electromagnetic, availability characteristic can

be found in construction steel materials. Their mechanical properties are well

documented on the contrary of the electromagnetic characteristics. Further-
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Table 4.3: Summary of solid material properties from [1] and material data

sheet.

Material Bs [T ] µr ρ [µΩcm] α [1/K] σt [MPa] δ [kg/m3]

Maraging 1.9 ∼ 1000 50 ∼ 4.5−3 2250 7870

C15 1.9 ∼ 1000 15.9 ∼ 4.5−3 440 7870

Fe52 1.9 ∼ 1000 25.7 ∼ 4.5−3 520 7870

Vacodur 49 2.3 ∼ 1000 40 ∼ 4.5−3 720 8100

more, according to the sensitivity analysis results, the material featuring low

electric resistivity is preferred. Considering the materials listed in Table 4.3,

the low resistivity comes along with poor mechanical properties.

Figure 4.18: Yield strength of construction steel. In red and blue are high-

lighted the maximum and minimum variation range.
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The available database for the electromagnetic characteristic of solid mate-

rial is small compared to electrical steel. Solid material are mainly adopted for

construction and transmission purposes and therefore their characterization

focuses on the mechanical aspects. In Figure 4.18 the yield strength of var-

ious common construction material is presented according to manufacturer's

data sheet. The analysis on the mechanical stress on the rotor summarised

in Figure 3.10 shows that the maximum peripheral speed of v ≈ 350 [m/s] can

be achieved selecting EN24, which translate in ωm ≈ 75 [krpm] for a rotor

radius of rR = 45 [mm] considering a safety factor κσ = 2 featuring full rotor

structure and a rotor dynamic safety factor of κrd ≈ 5. The operative speed

of the machine can be increased to ωm = 40 [krpm] considering a safety factor

κrd = 9.5 with respect the �rst critical frequency of the system and remain

limited by the second rigid mode which occurs in proximity of the maximum

speed imposed by the mechanical properties.
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Figure 4.19: Measured DC B-H characteristic

In order to compensate for the lack of data available on the magnetic char-

acteristic of construction steel, a state of art testing facility that is available

in-house was used to characterize samples of solid rotors materials. The nor-
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malized magnetization curve is assumed to be representative of the rotor ma-

terial behaviour for low operative slip as the frequency of the electromagnetic

�eld in the rotating element is small. A selection of solid steel grades is con-

sidered and toroidal samples have been manufactured. In Figure 4.19 the

measured magnetisation curves for the solid materials are presented.

Only combining the mechanical properties Figure 4.18 and the electromag-

netic characteristic Figure 4.19 of various construction steel, the rotor mate-

rial is selected. EN24 and EN24− T presents similar magnetic characteristic

while the mild steel grade EN8 features low saturation �ux densities. The

magnetisation curve of Fe52 is also presented and the experimental data con-

�rm the values proposed in literature. EN24 features electrical resistivity of

ρ ≈ 20[µΩ cm] [178], saturation �ux density of Bs = 1.65 [T ] with µr,r > 500.

The material is selected as a good compromise between the mechanical prop-

erties and electromagnetic characteristics required for SRIM applications.

4.5 Summary

The chapter provided a complementary analysis to the multi-physics tool pre-

sented in Chapter 2. The performances of SRIM are a�ected by the envi-

ronmental conditions such as the temperature distribution. Furthermore, the

strong impact of the electromagnetic properties of the rotor material is demon-

strated by the equivalent circuit parameter sensitivity analysis. Low resistivity

values for the rotor material lead to high output torque, although associated

with high rotor losses, which require an increased e�ort in the thermal man-

agement aspects. The impact of the relative permeability for µr,r > 250 is

negligible in both magnetising and rotor parameters. The saturation �ux den-

sity strongly a�ects the parameters of the equivalent circuit allowing higher

�eld and consequently high output torque. The intricate dependency of the

equivalent circuit parameters with respect to the electromagnetic properties

of the material above discussed, con�rm the need of full characterisation of

the non-linear equivalent circuit in order to improve the calculation accuracy.

The DC-magnetisation curve measurement of construction steel is presented
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in order to determine their feasibility for SRIM application. Comparing the

caged rotor IM equivalent circuit parameters and considering a range of avail-

able materials, the EN24 is selected as the candidate to achieve a reliable,

economical yet performing technological alternative.
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CHAPTER

FIVE

MODEL VALIDATION AND COMPARISON

The analytical and numerical approaches for the analysis of SRIM are dis-

cussed in Chapter 2 and Chapter 3. The end region correction factor has been

introduced aiming to account for the intrinsic three-dimensional nature of the

�eld distribution when considering simpli�ed bi-dimensional models. In order

to validate the 2-D TH-FE prediction, the bi-dimensional model of the SRIM

has been extended in the three-dimensional domain. The high computational

time required for the convergence of non linear TH 3-D simulations limits their

application only at the validation stage. A �ne mesh grid is required on the

rotor surface to accurately compute the e�ects of high order space harmonics.

Solid rotor material featuring low electrical resistivity, high saturation �ux

density and initial relative permeability > 250 are suitable for the applica-

tion as discussed in Chapter 4. Furthermore, the mechanical aspects, material

and manufacturing cost play an important role when comes to the material

selection. SRIM equipped with EN24 is therefore modelled and 3-D FEA is

considered to validate the performance prediction.

Furthermore, the SRIM considered is benchmarked against the cage rotor IM

machine. The assessment of the variation in the performances between the

caged structure and the solid rotor is achieved considering the same power-

speed node de�ned by the application. The structural limitations that con-

strain the rotational speed of the caged IM at 32 [krpm] do not stand for the
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smooth solid structure. However, the stator structure is designed to operate at

the rated electrical frequency of the caged rotor IM and therefore high losses

occur when increasing the operative speed of the machine.

The rotor structure is demonstrated as being mechanically robust according

to the analytical calculations. A wide operative speed range has been pre-

dicted according to the rotor dynamic analysis. A bump test is performed on

a prototyped rotor with the aim to assess the validity of the computations.

Furthermore, the vibrations level in high speed applications can cause severe

damages and therefore �ne balancing tolerances have to be reached for the

manufactured structure.

5.1 Model Validation

In order to validate the analytical and 2-D FE calculation, the three-dimensional

�eld distribution is computed using 3-D FEA. The technique is known as the

most accurate analysis tool to achieve good performance prediction. The end-

winding structure has been neglected and therefore no interaction between the

rotor and stator structure is assumed as can be observed in Figure 5.1.

Figure 5.1: Three-dimensional FE computational mesh.

The geometrical dimension of the machine are listed in Table 1.2 and Ta-
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ble 2.2. The rms fundamental magnetisation curve of the material is com-

puted according to the data presented in Figure 4.19. Two di�erent rotor axial

lengths are considered featuring small and large over length. The end region

lengths selected are `er = 5 [mm] and 15 [mm], resulting in `R = 160 [mm] and

`R = 180 [mm], respectively. The rotor resistivity for the three dimensional

calculation is considered 3DρR = 25 [µΩcm] and the non linear simulations are

performed for a synchronous rotor speed of 32 [krpm]. In Table 2.1 a review

on the end region factor is presented and its important to highlight that most

of these parameters do not depend on the operative slip of the machine.
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(b) Axial rotor length `R = 180

Figure 5.2: Comparison of literature review end region correction factor κer

and 3-D FE calculations.

The equivalent resistivity is computed by means of (2.48). The end region

factor κer is the key parameter to be considered in order to validate the model.
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The correction factor can be computed considering the total power losses of

the machine in both bi- and tri-dimensional domain. The parameter β has

been introduced in Chapter 2 to account for the di�erent options proposed in

literature. According to (2.48), the end region factor for both β = 1 and β = 2

is presented in Figure 5.2a and Figure 5.2b considering `r = 160 [mm] and

`r = 180 [mm], respectively. The end region coe�cient from the literature are

also presented in order to assess their validity. The results highlight two main

aspects. Considering smooth solid rotor structure, the correction coe�cient

applied by means of β = 2 is demonstrated more e�ective.

(a) Rotor 3-D view (`r = 160) (b) Axial cross section view (`r = 160)

(c) Rotor 3-D view (`r = 180) (d) Axial cross section view (`r = 180)

Figure 5.3: Eddy current density distribution in the rotor structure for s =

0.5%, Is = 300 [A]. The 3-D view and the axial cross section are

presented for both `r = 160 and `r = 180 rotor axial length.
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Moreover, the dependency upon the slip characterises the end region fac-

tor for long rotor structure. The eddy current distribution within the rotor

structure along its axial development presented in Figure 5.3 highlights the dif-

ferences between the models investigated. The eddy current in the end region

is more intense and concentrated within the over length region for the short

rotor structure as highlighted in Figure 5.3a. Furthermore, the comparison be-

tween the eddy currents in the stator-rotor overlap region between Figure 5.3b

and Figure 5.3d shows how the axial length is more evenly covered when the

rotor features long ferromagnetic end region.
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(a) SRIM output torque against slip.

Slip[%]
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1

P
L
−
E
,J
−
r
[k
W

]

0

1

2

3

4

5

6
3DFE 160 [mm])

3DFE 180 [mm])

2DFE 160 [mm])

(b) SRIM power losses against slip.

Figure 5.4: Comparison of 2D output torque and rotor eddy current losses

against the 3D case study considered.

Finally, the comparison of torque and power losses between the bi-dimensional

and the two 3-D FE solutions is presented in Figure 5.4. The rotor resistivity
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used in the bi-dimensional computations have been modi�ed by means of the

end region correction factor, in particular the Gibbs end region factor is used

as the more accurate in predicting the rotor losses according to Figure 5.2. The

result enables the conclusion that the shorter rotor structure leads to higher

output torque although also featuring higher rotor losses.

5.2 Air gap thickness selection

The performances of SRIMs, as for most electrical machines, are very sensitive

to the air gap thickness. The clearance between the stator and the rotor is

selected in order to maximise the mechanical output and minimise the losses.

The mechanical to electrical (or vice versa) energy transformation in rotating

electrical machines take place mainly in the air gap. The thickness of the

clearance has a strong impact on the harmonic content of the �ux density dis-

tribution. Analytical formulations have been validated [179] and demonstrate

the �ltering e�ect of the air gap on the order �eld harmonics. The high space

harmonic order of the �ux density in the air gap does not strongly impact on

the torque generated thus a�ecting the losses generated in the rotor. The rotor

losses, in particular the rotor surface losses, are signi�cantly dependant on the

harmonic content of the electromagnetic �eld in the air gap (see Chapter 2)

and their minimisation leads to increased e�ciency of the machine.

Analytical formulations have been proposed [65,85,180] to select the optimum

air gap length for a given power-speed node. In particular, [85] presents a

formulation where the clearance thickness is a function of the rotor diameter

and the peripheral speed of the machine. An increased clearance is selected in

high speed applications in order to achieve high e�ciency. The eddy current

and friction losses are an important component of the losses in high speed ap-

plication and results are inversely proportional to the size of the air gap [85].

The eddy current rotor loss minimisation is the main aspect to be accounted

in a high speed solid rotor induction machine [85, 90]. The high order space

harmonics introduced by the stator structure are �ltered by the increased air

gap length. In Figure 5.5, the selected air gap against the rotor speed of high
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speed induction machines results that can be found in literature are presented.
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Figure 5.5: Aig gap (εg) against speed (ωm) for IMs topology from literature.

The selection of the air gap thickness is performed evaluating the rated slip

of the machine for a given output power. The related eddy current and air

friction losses are calculated and the clearance which minimises the above is

considered. It is important to highlight that the air gap thickness a�ects the

rotor outer diameter having the stator structure �xed. The output power is

presented in Figure 5.6a. The operative slips are highlighted and considered

to identify the losses level in Figure 5.6b. The calculation are performed for a

�xed rotor temperature of 200 ◦C

The results suggests that the minimum slip is achieved considering the min-

imum air gap clearance. The increase in the air gap thickness leads to a

reduction of the rotor losses and friction losses, however a�ecting the output

power of the machine. In order to minimise the rotor eddy current losses, the

clearance of εg = 1 [mm] is therefore selected. The optimisation of the air gap

clearance for SRIM without �xed stator structure and �xed axial length would

lead to higher air gap clearance as can be seen in Figure 5.5. Furthermore, is

important to highlight that the slotting space harmonic can be reduced adopt-

ing semi-magnetic slot wedge on the stator slot opening [119]. The slot wedge

geometry might a�ect the air friction losses and therefore have to be accurately

designed in high speed applications.
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Figure 5.6: Air gap thickness sensitivity analysis for SRIM featuring inner

stator bore rS = 45.6 [mm] at ωm = 32 [krpm] equipped with

EN24 rotor.

5.3 Rotor dynamic validation

The validation of the predicted rotor dynamic characteristics is performed

by means of bump test. The rotor structure is seated suspended on elastic

supports as presented in Figure 5.7.
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Figure 5.7: Test set-up for bump test on prototyped solid rotor.

The vibrations caused by hammering the rotor excite its natural modes

that can be therefore detected by means of accelerometers. Furthermore, the

residual noise level emitted by the structure is a good indicator of the modes

that are excited. In Figure 5.8a and Figure 5.8b the bump test results are

presented. The predominant frequency level excited are highlighted and result

at 8030 [Hz] and 13630 [Hz].

The Campbell Diagram of the system is computed according to the model

proposed in Chapter 3 and is presented in Figure 5.9. The predicted natural

frequencies match with the measured values presented in Figure 5.8 and the

critical frequencies related with the bending modes are highlighted with solid

horizontal lines.
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(a) Frequency plot of accelerometer signals.

(b) Recorded sound spectrogram.

Figure 5.8: Bump test results. The frequency spectrum of the output signal

of the accelerometer is presented together with the spectrogram

of the recorded sound level.
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Figure 5.9: Campbell diagram for SRIM considering κb = 150 [MN/m]. The

green ( ) and orange ( ) solid line represents the measured

natural frequencies of the system. The vertical dashed line ( )

indicates the rotation speed of ωm = 32 [krpm].

5.4 Rotor balancing

The rotors of high speed machines require �ne balancing in order to avoid

excessive vibrations. The unbalances introduced in the manufacturing process

are compensated by removing mass from the end region of the structure or

dedicated balancing planes selected at the design stage. The standards de�ne

the criteria to select the balancing levels. A 2 plane balancing procedure has

been performed on the solid rotor prototyped. The total maximum permissible

residual unbalance Uper can be determined by

Uper = 1000
(eper Ωm)M

Ωm

(5.1)

where M[kg] is the rotor mass, Ωm[rad/s] is the service speed and (eper ωm)[mm/s]

is the selected balance quality grade. The symmetry of the structure with

respect the center of mass de�nes the maximum permissible residual unbalance

for each plane to be identical and Uper,P amounting at half the total maximum

permissible residual unbalance.
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Table 5.1: Permissible Residual Unbalance Value for each plane. In brackets

the value of Uper is presented.

G Speed ωm[krpm] eper[g·mm/kg] Uper[g ·mm]

2.5
35 0.7 6.1388 (3.0234)

50 0.5 4.2972 (2.11635)

1
35 0.28 2.4555 (1.20935)

50 0.2 1.7189 (0.84655)

In Figure 5.10a the steps performed to achieve the G1 balancing level

are shown and Figure 5.10b presents the detail of the �nal balancing grade

achieved.

(a) Solid rotor prototype balancing steps. (b) Solid rotor �nal balancing level detail.

Figure 5.10: Solid rotor balancing procedure.

5.5 Comparison between solid rotor and cage ro-

tor high speed machine

The analysis performed in the previous chapter enables the selection of the

rotor structure suitable to challenge the cage rotor induction machine. The

EN24 solid rotor structure featuring 160 [mm] axial length model is therefore
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considered. FE analysis has been performed for both structures. In Chapter

3 the rotor parameters together with the magnetising inductance have been

compared with the solid rotor ones. Both solid rotor and cage rotor structures

are presented in Figure 5.11.

(a) cage rotor structure. (b) Solid rotor.

Figure 5.11: Cage rotor and solid rotor prototype for high speed applications.

The 120 [kW ] power node is the design point of the cage rotor induction

machine (HSIM) operating at rotor temperature of 200 [◦C]. The cage rotor

structure is superior in output power level and e�ciency with respect to the

SRIM. However, the design point of the HSIM is selected in order to enable

mechanical integrity. Higher rotational speed would cause damage to the rotor

structure whilst the SRIM could be operated at higher rotational speed. The

material stress is more of a limiting factor than the rotor dynamics aspects and

the HSIM could be therefore operated just below 75 [krpm]. In Figure 5.12,

the power against slip curve at constant input current for the di�erent machine

topologies and the SRIM operating at 75 [krpm] is presented. The operative

slip results as s = 0.46% for the HSIM while s = 1.05% de�nes the operative

point of the SRIM operated at 32 [krpm].
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Figure 5.12: Power against slip of both solid rotor and cage rotor induction

machine. The dashed line is presented to highlight the 120 [kW ]

power level.

The SRIM operated at higher rotation speed enables exploitation of the

bene�ts arising from the simple rotor structure, reaching peripheral speed of

≈ 350m/s. In Table 5.2 the comparison of the SRIM and HSIM is presented.

The bi-dimensional calculations are performed with Gibbs end region correc-

tion factor for the solid rotor induction machine. The reduced performances

of the solid rotor induction machine with respect the HSIM are clear consid-

ering both the same operative speed and the higher one. However, the solid

rotor induction machine is capable to operate at rotating speeds which are

prohibitive for the laminated structure. According to the rotor dynamics con-

siderations, the bearing sti�ness has to be selected in order to avoid operation

around the �rst critical speed. The reduction of the sti�ness leads to reduced

�rst critical speed and the rotor can be operated in super-critical conditions.

Alternative solutions can be considered as the increase of the bearing sti�ness

to move the �rst critical speed to higher values with respect the maximum

speed or the adoption of magnetic bearings. The rotor, stator and bearing

losses management at high rotational speed have to be challenged with active

magnetic bearing systems, air gap direct cooling and more complex rotor struc-

tures. Slitted solid rotor, rotor structure featuring copper coating and solid

rotor with rotor bars have been presented in Chapter 1 as the main structures
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proposed to compensate the existing di�erences in the performances between

the HSIM and induction machines equipped with solid rotor.

Table 5.2: Induction Machine Comparison

HSIM SRIM-32 SRIM-75

Shaft Power [kW ] 120 120 120

Torque [Nm] 36 36.2 15.3

Supply frequency [Hz] 533 533 1250

Rotation Speed [rpm] 31853 31664 74460

Slip [%] 0.46 1.05 0.72

Rotor diameter [mm] 45 44.6 44

Rotor length [mm] 150 160 160

Air gap length [mm] 0.6 1 1.6

Peripheral speed [m/s] 150 148 343

Losses [W ]

Stator 2762 2762 2762

Rotor 573 1355 2662

Windage 183 173 1608

E�ciency [%] 97.1 96.4 94.1

5.6 Summary

The validation through three dimensional �nite element of the electromagnetic

calculations of solid rotor induction machines is presented. The end region

factor is commonly adopted to account for the three dimensional e�ect while

considering a bi-dimensional computational domain. The various end region

factors found in literature do not enable to account for the parameter with re-

spect the operative slip. The calculation performed shows that for large rotor

over length, the end region factor is strongly dependant with the slip. The se-

lection of rotor material, rotor length and air gap length is discussed. The char-

158



acteristic of a 120 [kW ] laminated rotor induction machine compared with the

solid rotor induction machine designed for the same power rating is presented.

The e�ect of the operative temperature and the high rotor losses levels makes

the solid rotor structure non competitive for the selected power-speed node.

However, the rotor dynamic and mechanical considerations highlight that the

operative speed of the machine can be increased up to 75000 [rpm] by adopt-

ing solid rotor structures. The poor e�ciency comes along with operation at

rotational speeds which are prohibitive for the other machine topologies. The

mechanical robustness of the structure enable the integration of the machine

with compressor and high speed turbines taking advantage of the capabilities to

operate in high temperature, corrosive environments. Whilst the performances

are somewhat inferior, solid rotor technologies are very attractive considering

the huge manufacturing and mechanical and rotor-dynamic advantages. The

higher rotor losses are manageable selecting particular cooling techniques and

by correct selection of materials and design parameters. Innovative materials,

more advanced manufacturing techniques and the investigation of alternative

structure as presented in Chapter 1 are some of the aspects which require more

research e�ort in order to improve the electromagnetic performance of SRIM.

The gain in being able to increase speed is very attractive for many applica-

tions and solid rotor induction machines are able to operate above the speed

limits of the other electrical machines topologies.
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CHAPTER

SIX

CONCLUSION

The thesis focuses on the multi-physics aspects of high speed solid rotor in-

duction machines. The trends and limitations of the high speed technology

have been initially discussed. The mechanical, thermal, structural, and ro-

tor dynamic solutions currently adopted have been presented and compared.

The technology limits have been proposed highlighting the main challenges

in pushing the boundaries of high speed electrical machines. The mechanical

robustness of induction machines makes them suitable for high speed applica-

tions. Among all the di�erent topologies, solid rotor induction machines have

been found capable of peripheral speed which exceeds 400 [m/s]. The design of

high performance high speed solid rotor induction machines requires a multi

disciplinary approach. The thermal and mechanical aspects strongly impact

on the electromagnetic performances of the device. A �exible multi-physics

environment has been developed. The discrete domain method is presented

in this thesis as a computationally e�cient solution to characterise solid rotor

induction machines accounting for high space-time harmonic orders. Based on

the discretisation of the computational domain, thermal and mechanical mod-

els have been developed. The �nite di�erence approach is used to compute the

temperature distribution in the solid rotor and stator core; multi-layer model

is presented to account for non homogeneous rotor structures. The proposed

models feature temperature dependent material properties. The models of the
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di�erent disciplines are linked in a �exible multi-physics environment that en-

ables to account for the interaction between the phenomena which occur in

high speed machines. The model proposed can be adopted for a wide range

of purposes, from the analysis of di�erent machine topologies (i.g. permanent

magnet machines) to the mechanical design of retaining sleeves for high speed

machines.

The multi-physics approach presented relies on the general solution of the equa-

tions that govern the physics of the various phenomena considered. Mainly

bi-dimensional models are presented while the three-dimensional e�ect might

strongly a�ect the accuracy of the calculations. Furthermore, by means of

numerical-analytical solutions, only linear material behaviour can be consid-

ered. The details and tuning of the models is still required to achieve good

predictions with respect non linear bi/three-dimensional FE solutions. The

methodology proposed has to be considered the base of further activities aim-

ing to overcome the limitations highlighted in combination with further gener-

alisation aiming to extend the approach to a wide variety of electrical machine

topologies.

The non linear electromagnetic characteristic of solid materials required a sep-

arate investigation. The impact of the electromagnetic properties of solid ma-

terial applied to solid rotor technologies is presented. The dependency of the

equivalent circuit parameters with respect to the material properties is dis-

cussed based on the �nite element simulations performed. General guidelines

for material selection have been found and the characteristics of construction

steel are presented.

The accuracy of bi-dimensional �eld calculations applied to solid rotor induc-

tion machines relies on a correction factor to account for the e�ect of the intrin-

sic three-dimensional �eld distribution. The validation of the correction factor

is presented. The computation of the three dimensional �eld distribution by

means of �nite element highlights the dependency of the correction factor with

respect to the operative slip. The rotor structure of a 120 [kW ]− 25000 [rpm]

laminated rotor induction machine is replaced with a solid element and the per-

formances are compared. The laminated rotor features higher e�ciency and
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higher power factor however being limited at the speed level considered. The

robustness of solid rotor induction machines enables them to challenge the

other topologies when comes to operate at peripheral speed above 300 [m/s].

Performance improvement can be achieved considering multi-layer structure

and the optimum design is achieved only when considering the impact of the

various disciplines involved in the behaviour of induction machines at high

rotational speed.
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