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Abstract 

There is a large number of underground utilities buried in urban areas, which is 

one of the most complex networks in the world. It has been estimated that only 

50% of buried utilities are accurately recorded. However, failure to identify 

accurately the location of existing buried utilities results in numerous practical 

problems, costs and dangers for utility owners, contractors and road users. The 

underground utilities positioning accuracy requirement is 100 mm for both the 

accuracy of positioning system and the accuracy of detection devices. While the 

accuracy up to 300 mm would be acceptable for many respondents. 

 

This aim of this thesis is to research various means of improving the accuracy 

of positioning systems and the accuracy of detection devices for underground 

utilities in urban areas. GNSS is mainly used to find and record the position of 

utilities. However, the performance of GNSS is constrained by an insufficient 

number of visible satellites, poor satellite geometry and multipath in urban areas. 

The combination of GNSS systems increases the possible visible satellite 

number. Moreover, the geometry of satellites will be improved by integrating 

different GNSS constellations. This thesis evaluates the performance of 

different GNSS constellations such as GPS, GLONASS, BDS and QZSS and 

multi-GNSS integration in a controlled environment at UNNC and Ningbo city 

centre. The results provide evidence that using more than one GNSS 

constellation will significantly increase the availability of GNSS positions and 
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improve the satellite geometry. There are 75% markers (21 out of 28) on campus 

of UNNC obtained the positioning error within 10cm either by GPS, BDS or 

GPS and BDS integration. In Ningbo city centre static test, 47% positions (7 out 

of 15) obtain ambiguity fixed solutions by GPS and BDS. 

 

For the underground utilities detection system, this thesis develops a low-cost 

IMU and odometer integration system to estimate the position of an 

approximately 30m long test pipeline. Moreover, a tightly coupled integration 

between IMU and odometer is developed to decrease error caused by the 

odometer installation attitude error and scale factor error. Besides this, a novel 

approach to this application of using a Robust Kalman filter is developed to 

remove the effect of odometer measurement outliers due to wheel-slip. 

Compared with the loosely coupled integration method, the use of loosely 

coupled integration with scale factor correction, tightly coupled integration and 

tightly coupled with Robust Kalman filter provide a horizontal position 

improvement of 11%, 41% and 43%, respectively. Similarly, the height 

accuracy is improved by 14%, 50% and 57% before the wheel-slip. The Wheel-

slip leads to wrong odometer measurement that makes the positioning results 

far away from the truth. After applying Robust Kalman filter, the positioning 

error is reduced to 0.61 m in the horizontal plane, and 0.11 m in the height. 

Moreover, if using the forward and backward Kalman filter with known start 

and end positions, the test pipeline positioning maximum error in height is 4 cm, 

and the maximum horizontal error is 10 cm.  
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CHAPTER 1 : Introduction  

 

1.1 Background 

Massive underground utilities have been installed to support society’s daily life 

these include water, sewerage, electricity, gas, and telecommunication (Fig. 1.1). 

For example, in China, the total length of underground pipelines is over 

1,720,000 km, and it is increasing at 100,000 km every year (Liu, 2015). 

However, location records of underground utilities are very poor. It has been 

estimated that only 50% of buried utilities are accurately recorded (Taha, 2008). 

Failure to identify accurately the location of existing buried utilities results in 

numerous practical problems, costs and dangers for utility owners, contractors 

and road users. For instance, about 4 million holes are dug every year by utility 

companies to maintain and install subsurface assets in the UK. The cost of direct 

trenching works is about £1.5 billion per year, and indirect cost including 

disruption to businesses and environmental damage is about £5.5 billion per 

year (Parker, 2008). Furthermore, every time a hole is dug, it influences traffic 

and there is a risk of hitting and damaging other utilities. In China, Wang (2011) 

points out that there were on average 5.6 accidents reported by the media every 

day from 2008 to 2010. Therefore, how to make a precise three dimensional (3-

D) survey of underground pipelines becomes an important focused issue. 
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Fig. 1.1 Massive underground utilities (ATU, 2013) 

 

The Mapping the Underworld (MTU) project, originally investigated by UK 

Water Industry Research (UKWIR), is funded by The Engineering and Physical 

Sciences Research Council (EPSRC) UK. The project aims to develop the 

means to locate, map in 3-D and record the position of 100% of buried utility 

service pipes and cables without excavation by using a single shared platform. 

In the MTU project, there are four advanced trenchless detection sensors mainly 

used for locating buried assets without excavations, such as Vibro-acoustics, 

Passive Magnetic Fields, Low Frequency Electromagnetic Fields and Ground 

Penetrating Radar (Rogers et al., 2012, Hao et al., 2012, Royal et al., 2011). 
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After locating and finding the depth of underground utilities by using the 

trenchless detection methods, GNSS is mainly used to find and record the 

position of utilities. However a large percentage of buried utilities are found in 

city centres, where it is not ideal for GNSS to gain an accurate location due to 

large buildings obscuring the direct line of sight to the satellites (Hancock et al., 

2017). Meanwhile, these trenchless detection methods have several 

disadvantages such as difficultly to detect non-metallic pipes, limited depth, and 

susceptibility to electromagnetic interference.  

An inertial technology based underground pipeline survey system is designed 

in this thesis. Inertial Measurement Units (IMU) and odometer are attached to a 

carrier to travel inside a test pipeline and calculate its trajectory namely the 

pipeline position with known starting attitude, velocity and position. Inertial 

technology is an autonomic, anti-disturbance and high accurate positioning 

method in short period of time, which has been widely used in navigation 

systems. The advantages of the inertial technology based pipeline positioning 

system include that it measures to any depth of buried pipes and ducts, even for 

the pipes across river or underneath buildings. Besides, it can be used for both 

metallic and non-metallic pipes. Nevertheless, the biggest problem of IMU is 

the drift, which leads to position error propagates over time.  

The accuracy requirement in the MTU project is 100 mm for both the accuracy 

of positioning system and the accuracy of detection devices. While accuracy of 

up to 300 mm would be acceptable for many respondents (Taha, 2008). Wang 

and Song (2012) mention that in China, the underground pipeline positioning 



 

4 

 

accuracy requirement is 0.5% of survey length.  

 

1.2 Aims and Objectives 

The aims of this thesis can be summarised as: the development and evaluation 

of a low-cost inertial technology based underground pipeline survey system for 

pipeline positioning in urban environments. To achieve these aims, the 

following objectives need to be accomplished: 

¶ Assessment of the performance of different single and Multi-

GNSS constellations in urban environments (as this is related to the 

start and end positions of the inertial underground pipeline mapping 

system); 

¶ The development of a multi-sensor integration positioning 

approach, utilizing a Robust Kalman filter, including low-cost IMU 

and odometer for pipeline mapping; 

¶ The evaluation of the performance of the proposed inertial 

technology based underground pipeline mapping system. 

 

1.3 Contributions 

The main contributions of this research can be summarised as follows: 

¶ Evaluate the performance of single and Multi-GNSS 

constellations in a controlled environment on campus of UNNC 
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and Ningbo city centre; 

¶ Evaluate the performance of a new underground pipeline 

mapping system, DuctRunner, through establishing a test 

pipeline; 

¶ Develop different algorithms for low-cost IMU and odometer 

integration for a test pipeline mapping including the loosely 

coupled integration, the loosely coupled integration with scale 

factor error correction, the tightly coupled integration to 

decrease odometer error caused by the odometer installation 

pitch and heading error and the tightly coupled integration 

with Robust Kalman filter to remove the effect of odometer 

measurement outliers due to wheel-slip, and evaluate the 

performance of the proposed algorithms on the test pipeline. 

 

The findings presented in this thesis have been published in one peer-reviewed 

journal paper and two peer-reviewed conference papers. In addition, one more 

peer-reviewed journal paper is under review. 

 

Zhang, P., Hancock, C., Lau, L., Roberts, G.W. and De ligt, H (2018). Low-

cost IMU and Odometer Tightly Coupled Integration with Robust Kalman Filter 

for Underground 3-D Pipeline Mapping. Measurement, Under Review.   

Hancock, C., Zhang, P., Lau, L., Roberts, G.W., and Ligt, H. (2017) Satellite 

Mapping in Cities and Below Cities, How good is it now? Proceedings of the 
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Institution of Civil Engineers-Civil Engineering, 170, 33-38. 

Zhang, P., Hancock, C.M., Lau, L., Roberts, G.W., Ligt, H. and Quan, Y. (2016) 

Positioning Buried Utilities in Difficult Environments. 1st International 

Conference on GNSS+, 27-30 July, Shanghai, China. 

Zhang, P., Hancock, C., Lau, L., Roberts, G.W. and Xu, C. (2016) Integration 

of Low Cost IMU and Odometer for Underground Pipeline Mapping. 

Proceedings of the China Satellite Navigation Conference 2016, 18-20 May, 

Changsha, China. 

 

1.4 Thesis Outline 

This thesis is comprised of seven chapters. Following this chapter, Chapter 2 

describes the situation of underground utilities and discusses current 

underground utilities trenchless detection and positioning techniques. 

 

Chapter 3 provides an overview of both operational and developmental GNSS 

including GPS, GLONASS, Galileo, BDS and QZSS. Moreover, static and 

kinematic tests of single and multi-GNSS constellations are designed and 

carried out along the University of Nottingham Ningbo China’s Campus and in 

Ningbo city centre. The performance of different GNSS constellations from 

open sky environment to dense urban canyon environment is then analysed and 

discussed.     
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Chapter 4 presents the technical background of low-cost Strapdown inertial 

navigation technology. It includes an introduction of Inertial Navigation System 

(INS), Inertial Measurement Unit (IMU) and gyroscopes and accelerometers of 

Micro-Electro-Mechanical System (MEMS) IMUs, and the discussion of IMU 

error characteristics, the inertial navigation mechanization equation and error 

model. 

 

Chapter 5 proposes the development of IMU and odometer integration 

algorithms including Conventional Kalman Filter (CKF), Extended Kalman 

Filter (EKF), and Robust Kalman Filter (RKF). The tightly coupled integration 

between IMU and odometer is developed to decrease error caused by the 

odometer installation attitude error and scale factor error. Moreover, Robust 

Kalman Filter (RKF) is applied to remove the effect of odometer measurement 

outliers due to wheel-slip. 

 

Chapter 6 evaluates the performance of a new underground pipeline mapping 

system called Ductrunner by establishing a test pipeline. Besides low-cost IMU 

and odometer on the Ductrunner are integrated by using the algorithms 

proposed in Chapter 5 to estimate the test pipeline position. 

 

Chapter 7 summarises the findings and conclusions of the research in Chapter 

3 and Chapter 6. Several recommendations are briefly discussed for future work. 
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Finally, the appendices give the key scripts of the proposed tightly coupled 

integration and RKF methods developed in the MATLAB platform.
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CHAPTER 2 : Background 

 

Introduction 

In this chapter, the current underground utilities trenchless detection and 

positioning techniques are presented with the following outlines: it starts with a 

description of underground utilities and the economic impact of trench methods 

to find or install buried utilities in Section 2.1, followed by an overview of the 

Mapping the Underworld (MTU) project in Section 2.2. Current trenchless 

detection techniques that are applied to find and locate buried utilities are 

described in Section 2.3. After finding buried utilities, it is necessary to acquire 

and record their 3-D positions. Finally, the positioning techniques for buried 

utilities particularly in urban areas are presented in Section 2.4. 

 

2.1 Underground Utilities 

Massive utility networks are buried underneath the ground surface to provide 

essential services for society’s daily life such as water, sewerage, electricity, gas, 

and telecommunication. For instance, the total length of buried pipelines is more 

than 1,720,000 km, and it increases at 100,000 km every year in China (Liu, 

2015). The network of underground utilities, that is invisible from the ground 

surface, is one of the most complex networks in the world. However location 
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records of older utilities can be very poor, some information is collected using 

offsets from surrounding buildings or other landmarks, in some case even non-

existent (Hao et al., 2012). Although recently installed utilities may have been 

well mapped by using GNSS, a large percentage of buried utilities are found in 

city centres, where it is not ideal for GNSS to gain an accurate location due to 

large buildings obscuring the satellite signals (Hancock et al., 2017). It has been 

estimated that the only 50% of buried utilities are accurately recorded (Taha, 

2008).  

Millions of holes are excavated every year to repair or replace the existing utility 

services in the whole world (Dou et al., 2016). Nevertheless, the location of 

buried utilities provided by utility companies may be incomplete, inaccurate or 

not up-to date. Furthermore, the records are sometimes incompatible between 

different companies. Due to the inaccurate locations of buried, more 

excavations would be required to carry out, which increases the direct cost and 

causes traffic delays.  

Traditionally, working on buried utilities includes digging a trench, doing the 

work and reinstating the filled hole (Burtwell et al., 2006). About 4 million holes 

are dug every year by utility companies to maintain and install subsurface assets 

in the UK. The cost of direct trenching works is about £1.5 billion per year, and 

indirect cost including disruption to businesses and environmental damage is 

about £5.5 billion per year (Parker, 2008). Furthermore, every time a hole is dug, 

it impacts on traffic and there is a risk of hitting and damaging other utilities. 

Wang (2011) points out that there were on average 5.6 accidents reported by the 
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media every day from 2008 to 2010 in China. Besides, the cost caused by the 

trenching works is approximately ¥200 billion per year. In order to solve this 

problem, trenchless technology has recently been developed to find and locate 

buried utilities without digging holes. It reduces the number and extent of 

excavations and saves cost, in particular, the level of indirect cost.   

 

2.2 The “Mapping the Underworld” Project 

The “Mapping the Underworld” (MTU) project, originally initiated by UK 

Water Industry Research (UKWIR), is funded by The Engineering and Physical 

Sciences Research Council (EPSRC) UK. The project aims to develop the 

means to locate, map in 3-D and record the position of 100% of buried utility 

service pipes and cables without excavation by using a single shared platform. 

Further information about this project can be found on the project website 

http://www.mappingtheunderworld.ac.uk/.   

The initial phase of the MTU (MTU1), commenced in 2005 and was undertaken 

by seven universities including The University of Bath, Birmingham, Leeds, 

Nottingham, Oxford, Sheffield and Southampton with four complimentary 

research projects: the feasibility of a multi-sensor location tool; mapping and 

positioning; data integration for record and enhanced method of buried utilities 

detection (Metje et al., 2007).  

The University of Nottingham took part in MTU1 project to improve the ability 

to accurately position the assets in a crowed urban environment. Meanwhile, the 

http://www.mappingtheunderworld.ac.uk/
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Nottingham Geospatial Institute at the University of Nottingham was involved 

in the Visualising Integrated Information on Buried Assets to Reduce 

Streeteworks (VISTA) project, which was a sister project to MTU funded by the 

UK Department for Trade and Industry (DTI). The project brought together 

existing paper and electronic records along with ground based and 

satellite surveys to produce a unified database. The contributions of the 

University of Nottingham to MTU and VISTA projects are using novel 

technologies to improve positioning accuracy in urban environments such as the 

use of laser scanner; the use of ground-based transmitters to augment satellite 

data; the potential of using multiple satellite constellation; the integration of 

GNSS with other systems such as inertial navigation systems and total station 

and the use of augmented reality when determining the position of assets.            

Each of the projects undertaken in the initial phase has received follow-on 

funding and phase 2 of the MTU location project (MTU2) received £3.5M in 

funding from EPSRC and commenced in 2009, MTU2 aims to research and 

develop a multi-sensor platform integrating Ground Penetrating Radar, Vibro-

acoustics, Low Frequency Electromagnetic Fields and Passive Magnetic Fields 

to detect and locate all buried assets in all ground conditions without 

excavations (Royal et al., 2010). 

The majority of research for MTU1 and MTU2 is complete. Sufficient progress 

has been made in all areas. Building upon two MTU research themes, Assessing 

the Underworld (ATU), which is new phase of MTU, received 5.9M in funding 

from EPSRC and commenced in 2013 (ATU, 2013). The ATU project aims to 
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use the multi-sensor platform to assess the condition of buried assets, the ground 

in which they are buried, the road and pedestrian pavement structure (Rogers, 

2015). Further information about this project can be found on the project 

website http://assessingtheunderworld.org/. Fig. 2.1 shows the MTU project 

timeline. 

 

 

Fig. 2.1 The Mapping The Underworld project timeline (ATU, 2013) 

 

2.3 Current Trenchless Detection Techniques 

As described by Hao et al. (2012) and Royal et al. (2010), the underground 

utilities network that serves our cities underground are the most complex in the 

world. Due to the inability to determine the position of buried utilities, open-cut 

http://assessingtheunderworld.org/
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methods are predominantly used to locate, replace or install utilities. However, 

trenching to assess underground facilities destroys the carriageway and 

increases costs. Trenchless technologies, unlike open-cut trenching, finding and 

locating buried utilities without digging a hole could save cost and be more 

environmentally friendly (Royal et al., 2011). In the MTU project, there are four 

advanced trenchless detection sensors mainly used for locating buried assets 

without excavations, such as Vibro-acoustics, Passive Magnetic Fields, Low 

Frequency Electromagnetic Fields and Ground Penetrating Radar (Rogers et al., 

2012, Hao et al., 2012, Royal et al., 2011). However, these methods have several 

disadvantages such as difficultly to detect non-metallic pipes, limited depth, and 

susceptibility to electromagnetic interference. To overcome these problems, 

inertial based technology is applied to position underground utilities (Hyun et 

al., 2010, Wang and Song, 2012). 

 

2.3.1 Vibro-acoustics 

The principle of the Vibro-acoustic technique is that when one part of buried 

pipe or the ground surface in the vicinity of the pipe is mechanically excited in 

a controlled manner, waves will propagate away from the excitation point 

(Muggleton and Brennan, 2008). Depending on the form of excitation, different 

wave types will be induced in the ground and will be subsequently detected at 

some remote location on the ground surface. However, they will be scattered by 

buried objects, such as pipes, whose mechanical properties are different from 

the soil. By analysing the nature of the measured scattered waves at the surface, 
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the buried pipes can be accurately located (Muggleton and Rustighi, 2013).  

The Vibro-acoustic technique for locating buried utilities includes two different 

methods: direct excitation on the part of utility and excitation of the ground (Fig. 

2.2). When the pipe is excited vertically at the surface, waves propagate along 

the pipe. The energy of waves are radiated and measured on the ground surface, 

and then the remainder of the pipe can be accurately located within 0.1 m to 0.2 

m (Royal et al., 2011). Besides, the pipe excitation technique is successful for 

both plastic and metal water pipes. The excitation of the ground is utilized when 

the general vicinity of a buried utility is known, but no access to pipe is available. 

The waves are generated at the ground surface and the subsequent detected and 

analysed at the ground surface. Cross correlation functions between the 

measured ground velocities and the reference measurement adjacent to the 

excitation are calculated and summed to generate a cross-sectional image of the 

ground. However, the main constraints of this method is the detection depth, 

which is limited to about 3 meters (Dolatabad et al., 2017). 

 

Fig. 2.2 Setup of the Vibro-acoustic methods: (a) pipeline excitation, (b) 

ground excitation (Dolatabad et al., 2017) 
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2.3.2 Passive Magnetic Fields 

The flow of current within a power cable generates a magnetic field. The 

magnitude of this filed is inversely proportional to the distance from the cable. 

Passive Magnetic Field (PMF) sensor can measure the magnetic field to detect 

and locate buried power cables passively without injecting any signal into the 

cables. Fig. 2.3 shows a prototype PMF sensor. In addition, current flow within 

the power cables can also induce currents within neighbouring utility pipelines 

or ducts that are made from conducting materials. PMF can detect and locate 

these utilities as well (Royal et al., 2011). 

PMF is not only capable of detecting the route of power cables, but accurately 

estimates the depth of buried cables within a few centimetres. However, 

adjacent power cables interfere with each other result in reducing the resolution. 

In addition, power cables with load switched off cannot be detected (Wang et 

al., 2011).       
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Fig. 2.3 A prototype PMF sensing technology (Royal et al., 2011) 

 

2.3.3 Low Frequency Electromagnetic Fields 

Low Frequency Electromagnetic Fields (LFEF) technique relies on the 

detection of electrical signals in the frequency range of 0.5-50 KHz to measure 

anomalies in the electrical resistivity of ground (Hao et al., 2012). A small 

current is injected into the ground using outer two non-contact electrodes, while 

the resulting voltage is measured on the inner two electrodes, in response to 

which a quasi-static electric field is generated. The ratio of voltage to current is 

proportional to the apparent resistivity of the ground (Fig. 2.4). Any material 

with different electrical properties to the soil will disturb the induced current 

flow. Then the position of buried object can be located. The depth of buried 
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object then is predicted by using inversion methods analogous to techniques in 

resistivity imaging.   

The advantages of LFEF technique are that the equipment is low-cost, able to 

detect non-conducting utilities such as gas pipes, small diameter plastic pipes 

and fiber optic cables, able to locate large deep utilities such as deep sewers, 

and reliable. However, the survey use LFEF is slow, and cannot be conducted 

over a paved area. 

 

 

Fig. 2.4 Two non-contact electrodes (Atkins et al., 2012) 

 

2.3.4 Ground Penetrating Radar Technology 

In contrast to the three previous techniques, Ground Penetrating Radar (GPR) 

location technology is independent of the underground utilities material and 

therefore it has an advantage in detecting non-metallic pipes (Costello et al., 

2007). Fig. 2.5 shows a prototype GPR. Traditional GPR sends electromagnetic 
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wave pluses into the ground from a transmitting antenna, and then receive the 

reflected signal from subsurface boundaries by a receiving antenna to detect 

electromagnetic discontinuities in the ground where there is a change in 

permittivity and conductivity (Fig. 2.6) (Metje et al., 2007). These 

discontinuities such as cavities, voids, different rock and soil layers or buried 

objects can therefore be located. The distance between the buried objects and 

the GPR can be calculated from the signal travel time from the transmitter to 

the receiver. When the GPR is passed in a direction perpendicular to the pipeline, 

the signal travel time decreases until it is directly over the pipeline. Then the 

location and depth of buried object can be determined. 

The first use of GPR for location of buried utilities appeared in a German patent 

by Leimbach and Lowy in 1911 (Hao et al., 2012). Different GPR systems are 

developed to detect varieties of pipes. Unlike the traditional GPR working in 

‘look-down’ mode, a novel in-pipe GPR system works in ‘look-out’ and ‘look-

through’ modes. In the ‘look-out’ mode, both the transmitter and receiver are 

mounted on a pig inside a pipe. A localized inspection around a particular 

pipeline can be realized in this mode. While in ‘look-through’ mode, the 

transmitter is mounted inside the pipe and the receiver is on the surface. The 

advantage of this mode is that the one way travel of the signal can solve the 

signal attenuation problem compared with traditional GPR (Hao et al., 2012). 

In addition, the GPR array with multiple transmitting and receiving antennas 

are utilized to improve the working efficiency.     

However, a number of drawbacks limit the use of GPR. Firstly, the maximum 
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detection depth is only about 3m. Secondly, the signal attenuates quickly in 

conductive materials, such as clay and saturated soils, thereby affecting the 

depth of detection. Thirdly, GPR does not identify the type of utilities like water 

or gas pipeline, or electrical or telephone cable. In addition, it cannot identify 

the material of objects like non-metallic or metallic pipe. Fourthly, the velocity 

of electromagnetic waves propagates through a media is a function of its 

dielectrics. Dielectric constants of different materials are different, even for the 

same material, like soil, the researches show that the dielectric constants 

increases with the water percentage in the soil increasing. Therefore the 

variations of velocity make it difficult to accurately estimate the depth of buried 

objects (Lester and Bernold, 2007). Finally the GPR data analysis required 

highly skilled operators due to the output is hard to interpret. 

 

 

 

Fig. 2.5 A prototype ground penetrating radar 
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Fig. 2.6 Working principle of GPR (Govedarica et al., 2008) 

 

2.3.5 Inertial Technology Based Pipeline Positioning  

However, Hao et al. (2012), Rogers et al. (2012) and Metje et al. (2007) specify 

these methods including Vibro-acoustics, PMF, LFEF and GPR have several 

disadvantages such as difficultly to detect non-metallic pipes, limited depth, and 

susceptibility to electromagnetic interference. To overcome these problems, 

inertial technology is applied to position buried utilities, which means that 

Inertial Measurement Unit (IMU) and odometer are attached to a small vehicle 

to travel inside the pipeline and calculate its trajectory namely the pipeline 

position with known starting attitude, velocity and position. Fig. 2.7 shows an 

inertial technology based product called DuctRunner, which is presented in 

Chapter 6. 
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Fig. 2.7 A prototype inertial technology based product called DuctRunner 

deployed at working site 

 

However, the biggest problem of IMU is the drift, which leads to position error 

propagate over time, which is explained in Chapter 4. To improve the accuracy, 

Hyun et al. (2010) use both forward and backward estimation to reduce the 

position error with known start and end positions. In addition, Wang and Song 

(2012) divide the instrument’s movement inside the pipeline into two parts: 

stationary measurement and dynamic measurement to correct the velocity drift 

(Fig. 2.8). Moreover, Hyun et al. (2010) and Wang and Song (2012) develop 

different pipeline geometry compensation to reduce the position estimation error.    
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Fig. 2.8 Stationary and dynamic measurement (Wang and Song, 2012) 

 

The advantages of the inertial technology based pipeline positioning system 

include that firstly it measures to any depth of buried pipes and ducts, even for 

the pipes across river or underneath buildings. Secondly, it can be used for both 

metallic and non-metallic pipes. However its main constraints are that it can 

only work in the pipeline which is empty, and the positioning error increases 

with the length of pipeline increasing. 

 

 2.4 Positioning Techniques for Buried Utilities in Urban Areas 

After finding the location of buried utilities by using the trenchless detection 

technologies, it is necessary to acquire and record the position of located utilities. 

Obtaining accurate information of buried utilities has been becoming more 

critical during the construction projects. Taha (2008) summarises that a 

questionnaire about the accuracy requirement of positioning system and 

detection devices for mapping underground utilities in the MTU project show 

that a majority stakeholders required horizontal and vertical absolute accuracy 

to be within a margin of 100 mm for all service types. While the accuracy up to 
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300 mm would be acceptable for many respondents. The required accuracy 

includes both the accuracy of positioning system and the accuracy of detection 

devices. In China, the underground pipeline positioning accuracy requirement 

is 0.5% of survey length (Wang and Song, 2012). 

This thesis mainly analyses the inertial technology based underground pipeline 

positioning, and it requires the Global Navigation Satellite Systems (GNSS) to 

provide 3-D positions of one or two starting points. In contrast to other detection 

techniques, the detection device consisting of IMU and odometer actually 

belongs the positioning techniques. When positioning in an open area, it is 

possible to achieve a high degree of 3-D positional accuracy by using GNSS. 

However the majority of buried utilities are located in urban areas where are not 

ideal for GNSS. This section will discuss the positioning techniques in urban 

areas. 

 

2.4.1 GNSS 

Global Navigation Satellite Systems (GNSS), are satellite-based radio 

navigation systems, is one of the most reliable positioning technologies to 

provide absolute global position including fully operational positioning system 

such as, USA’s GPS, Russia’s GLONASS, under development systems, such as 

China’s BeiDou navigation satellite System (BDS) and Europe’s Galileo, and 

other regional positioning systems such as Japan’s QZSS. The advantages of 

GNSS includes high level of accuracy, operating in all the weathers, inter-

visibility between rover and controlled station is not required and high 
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productivity. However, the performance of GNSS is not reliable in urban areas 

due to high buildings blocking and reflecting GNSS signals. 

 

2.4.1.1 GNSS Positioning in Urban Areas 

Although GNSS is one of the most attractive positioning technologies to 

provide absolute 3-D positions for utilities, a large percentage of buried utilities 

are in urban areas where is a challenged environment for GNSS. This is because 

at least four satellites are required in view to obtain a positioning solution: the 

3-D positions of utilities require three satellites in view, and the GNSS receiver 

clock requires one more satellite to correct the time error. However, in urban 

canyons, large buildings block and reflect satellites signals. Therefore, there are 

insufficient signals to provide position or Non-line-of-sight (NLOS) and 

multipath signal are used to calculate the positon. NLOS appears when the direct 

line-of-sight signal are blocked, only a reflected signal is received, which 

increases the length of signal. Multipath appears when both the direct line-of-

sight signal and reflected signal are received, which distorts the correlation peak 

in the correlation process in the receiver (Fig. 2.9) (Wang, 2015). NLOS and 

multipath are two main sources which reduce GNSS positioning accuracy in 

urban areas (Misra and Enge, 2010).  
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Fig. 2.9 A Nonline-of-sight (NLOS) signal (bottom) and multipath signals 

(top) (Wang, 2015) 

 

Besides, satellite geometry which means the distribution of visible satellites 

above the receiver in all directions affects the accuracy of GNSS positioning. It 

plays an important role for positioning precision and accuracy as well. The 

better the satellite geometry is, the higher the precision and accuracy of the 

position is. The geometry is good when satellites are spread out in the sky. On 

the contrary, the geometry is poor if satellites are close to each other or in a line 

(Meng et al., 2004, Taha, 2008). In urban areas, satellite signals across the street 

are much more likely to be blocked by high buildings than signals along the 

street. It can only see some satellites with high elevation angles (Fig. 2.10) 

(Meng et al., 2004). As a result, the positioning accuracy in the across street 

direction is lower than the along street direction.    
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Fig. 2.10 Good satellite geometry (left: along the street) and poor satellite 

geometry (right: across the street) (Taha, 2008) 

 

2.4.1.2 GNSS Integration 

A large number of buried utilities are in built up urban areas where the 

performance of GNSS is constrained by an insufficient number of visible 

satellites, poor satellite geometry and multipath. The combination of GNSS 

systems increases the possible visible satellite number. There would be about 

120 satellites in total if Galileo and BDS are fully operational in 2020 (Hancock 

et al., 2009, Hancock et al., 2017, Gao and Enge, 2012). Moreover, the geometry 

of satellites will be improved by integrating different GNSS constellations. 

Rizos et al. (2005) indicates that compared to GPS only, the visibility 

improvements of satellites for GPS/GLONASS, GPS/Galileo, and 

GPS/GLONASS/Galileo are respectively about 200%, 250%, and 350%. 

Meanwhile, the Positional Dilution of Position (PDOP) values of combined 

GNSS systems, which is a measure of the quality of the satellite geometry; the 

lower values means the better geometry, are approximately half of the value of 
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GPS only. In general, integration of GNSS systems increases the number of 

satellites, decreases the PDOP values and improves the positioning accuracy 

(Hofmann-Wellenhof et al., 2008). Extensive research has been conducted to 

investigate integration of Multi-GNSS constellations improves the availability, 

reliability and positioning accuracy (Truong and Ta, 2013, Odijk and Teunissen, 

2013, Liu et al., 2016, Li et al., 2010, O'Keefe et al., 2009). However, 

positioning accuracy may reduce when integrating more GNSS constellations 

in difficult environments due to a higher chance to get more multipath errors 

(Lau et al., 2015).    

 

2.4.2 INS 

Inertial Navigation Systems (INS) are self-contained navigation techniques. 

They are used to track the position and orientation of an object relative to a 

known starting point based on measurements acquired by accelerometers, 

gyroscopes and applying the dead reckoning (DR) principle (Savage, 1999). An 

Inertial Measurement Unit (IMU) typically contains three orthogonal 

accelerometers measuring linear accelerations and three orthogonal gyroscopes 

measuring angular rates. The Dead reckoning principle determines the position 

of the object from the previous position and the measured accelerations and 

angular rotations. The integration of acceleration obtains velocity and a second 

integration provides position. Angular rates are integrated to get the attitude of 

the object in terms of pitch, roll and heading. 

Unlike GNSS systems, INS, which primarily measure position, velocity and 
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attitude, are autonomous systems and do not depend on external 

electromagnetic signals or visibility conditions. Moreover, INS can operate in 

any difficult environments, for instance, urban canyons, and achieve high 

accuracy in the short term (Taha et al., 2008). Nevertheless, the major drawback 

of INS is that navigation errors increase with time due to the IMU sensor errors 

such as noise, bias, scale factor and cross-coupling. Besides the acquisition costs, 

operations costs and maintenance costs of INS are higher than GNSS receivers 

(Grewal et al., 2013). INS errors are time dependent, so performance will 

degrade with time because of the error accumulation of inertial sensors. Groves 

(2013) clarifies that the errors of accelerometers and gyroscopes increase 

linearly over time. However, to estimate position, after integration of angular 

rates and double integration of accelerations, the error increases rapidly over 

long period of time. To overcome the IMU drift, other sensors, such as odometer, 

speedometer and GNSS, can be combined with IMU to gather additional 

information for speed, distance, heading and position (Zhang et al., 2016). 

GNSS can provide high long-term accuracy positions. However compared with 

INS, GNSS signals are subject to obstruction and interference, and the output 

rate is low, typically 1-20 Hz. The advantages and drawbacks of INS and GNSS 

are complementary. Integrating INS and GNSS can not only eliminate INS drift 

errors, but also smooth the GNSS solutions during GNSS signal outages. In 

addition, Kaplan and Hegarty (2006a) indicate that GNSS and INS errors are 

different and uncorrelated. It makes the integration of GNSS and INS more 

accurate and reliable compared to single system. The main integration schemes 
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of GNSS and INS through the Kalman filter process are loosely and tightly 

coupled mode. In the loosely coupled mode, the system uses the GNSS position 

and velocity solution as the measurement to estimate the INS errors in the 

integration Kalman filter. The advantages of loosely coupled integration are 

simplicity and redundancy. It can be used for any INS and GNSS equipment, 

and there is GNSS position solution available in addition to the integrated 

solution. However, the main limitation of loosely coupled integration is that at 

least four satellites are tracked to obtain a GNSS navigation solution, if the 

number of visible satellite is less than four, the loosely coupled integration 

cannot work. Besides, another problem is that the Kalman filter needs to know 

the covariance of the GNSS navigation solution. However, the GNSS solution 

and covariance varies with satellite geometry and availability. Tightly coupled 

integration system uses the GNSS pseudo-range and pseudo-range rate 

measurements from the GNSS ranging processor to estimate the INS errors, and 

GNSS receiver clock offset and bias. Compared to loosely coupled integration, 

tightly coupled integration has several advantages such as when less than four 

satellites are tracked, the GNSS measurement data can still be used to aid INS, 

which is significant in urban areas. In addition, the variation of the GNSS 

solution covariance is calculated in the tightly coupled integration. Although the 

tightly coupled system requires the GNSS equipment output the range-domain 

measurement, and is complex to design, for the same inertial sensor and the 

same GNSS equipment, the tightly coupled mode is more accurate and robust 

than the loosely coupled mode (Groves, 2013). 
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2.4.3 Odometer 

The Odometer, a well-known source of independent velocity in sensor fusion 

navigation solutions, measures distance of a wheel by counting the revolutions. 

The advantage of the odometer is that it does not rely on an external system 

such as GNSS. It is self-contained and hardly-disturbed (Seo et al., 2006). 

Moreover, Seo et al. (2006) consider compared with GPS, it produces more 

accurate and more frequent velocity measurement. Estimated velocity will be 

un-correlated with the observations of IMU. Although costs increase with 

adding an odometer, integrating IMU and odometer is essential to decrease 

inertial measurement bias drift (Ndjeng et al., 2011). However, before 

integrating odometer with INS, odometer scale factor error needs to be 

estimated. In addition, odometer will generate false measurements when a 

wheel slips, which needs to be detected and filtered out during the integration 

(Bevly and Cobb, 2010). 

 

2.5 Summary 

This Chapter has described the current situation of large numbers of utilities 

being buried underneath the ground surface in all countries around the world to 

provide the services for daily life. It is essential to locate and position the buried 

utilities. However, the trench method to find or install buried utilities is money-

consuming and causes disruption and congestion. The MTU project funded by 

EPSRC aims to solve the problems associated with finding and positioning 
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buried utilities. Moreover, this Chapter has discussed four main trenching 

detection techniques utilised in the MTU project to locate buried utilities 

including Vibro-acoustics, Passive Magnetic Fields, Low Frequency 

Electromagnetic Fields and Ground Penetrating Radar. 

However, these techniques has some limitations such as difficultly to detect 

non-metallic pipes, limited depth, and susceptibility to electromagnetic 

interference. To solve these problem, an inertial technology based pipeline 

positioning techniques is introduced in this Chapter. For this technique, IMU 

and odometer are integrated in a small vehicle to travel inside the pipeline and 

to calculate its trajectory with known starting point. 

After locating buried utilities, it is important to obtain accurate position 

information. The accuracy requirement in the MTU project is 100 mm for both 

the accuracy of positioning system and the accuracy of detection devices. While 

the accuracy up to 300 mm would be acceptable for many respondents. In 

contrast to other detection techniques, the detection device of inertial 

technology based pipeline positioning consisting of IMU and odometer actually 

belongs the positioning techniques. An overview of the positioning techniques 

of the inertial technology based pipeline positioning including GNSS, INS and 

odometer for buried utilities in urban areas carried out in this thesis. 
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CHAPTER 3 : GNSS Positioning in Urban Areas 

 

Introduction 

This chapter provides an overview of both operational and developmental 

GNSS including GPS, GLONASS, Galileo, BDS and QZSS. Moreover, static 

and kinematic tests of single and multi-GNSS constellations are designed and 

carried out on the University of Nottingham, Ningbo, China’s Campus and in 

Ningbo city centre. The performance of different single and multiple GNSS 

constellations in difficult environments is then discussed and analysed. 

 

3.1 GNSS Overview 

Global Navigation Satellite Systems (GNSS) refers to autonomous space-based 

radio positioning systems transmitting positioning and time information to 

GNSS receivers. GNSS consists of several satellite constellations including 

fully operational positioning systems, such as the United States' Global 

Positioning System (GPS) and Russian Global Navigation Satellite System 

(GLONASS), under development systems, such as the BeiDou Navigation 

Satellite System (BDS) of China and Europe’s Galileo, and other regional 

positioning systems such as Quasi-Zenith Satellite System (QZSS) of Japan.  

GNSS is one of the most attractive positioning technologies for providing 

absolute 3-D positions for utilities because of working in all weathers, 24 hours 
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a day, high productivity and relative high accuracy, and inter-visibility between 

control stations is not required (Roberts et al., 2007). However, a large 

percentage of buried utilities are found in urban areas, where is difficult for 

GNSS positioning due to the number of tracked satellites, spatial geometry and 

multipath errors (Parker, 2003). 

 

3.1.1 GPS 

GPS, developed and operated by the United States Department of Defence, is 

the first fully operational global satellite navigation system. The first GPS 

satellite was launched in 1978 and global availability was reached at the end of 

1994. Currently there were a total of 31 operational medium earth orbit (MEO) 

satellites in the GPS constellation satellites with an altitude of about 20,200 km 

above the earth in six planes at 55 degrees inclination in relation to the equator 

(Kaplan and Hegarty, 2006b, Hofmann-Wellenhof et al., 2008).  

Currently GPS consists of 12 Block IIR (‘’Replenishment’’) launched between 

1997 and 2004, 7 Block IIR-M (“Modernized”) launched between 2005 and 

2009 and 12 Block IIF (“Follow-on”) launched between 2010 and 2016 

(NATIONAL COORDINATION OFFICE, 2017). All of the GPS satellites 

transmit L1 and L2 signals. All satellites broadcast at the same frequencies, 

encoding signals using unique Code Division Multiple Access (CDMA) 

techniques so receivers can distinguish individual satellites from each other.  

GPS Block IIR-M satellites transmit the new military M code signal to enhance jam 

resistance and the second civil signal L2C, which can enhance the use of L2 in 
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high-precision applications. GPS Block IIF satellites transmit third civil signal L5, 

advance atomic clocks and improve signal strength, quality and accuracy. Next 

generation of GPS satellites are block III satellites, which will transmit forth civil 

signal L1C to enable interoperability with Galileo, QZSS and other GNSS systems 

(NATIONAL COORDINATION OFFICE, 2017). 

 

3.1.2 GLONASS 

GLONASS, developed and managed by the Russian Space Forces, is another 

fully operational GNSS constellation. The space segment of GLONASS 

comprises 24 operational satellites with an altitude of about 19,100 km in three 

orbital planes. The three orbital planes are separated 120 degrees with an 

inclination of 64.8 degrees to the equator and the satellites within the same orbit 

plane by 45 degrees. Each satellite completes an orbit in approximately 11 hours 

15 minutes and 44 seconds (Revnivykh, 2004). The first GLONASS satellite 

was launched in 1982 and the 24 satellites constellation was completed in 1995 

(Bonnor, 2011). However, due to economic difficulties, the number of 

GLONASS satellites dropped from 1996 and decreased to 7 in 2002 that was 

insufficient for navigation support. To revive GLONASS, the GLONASS 

Federal program investigates funding to develop GLONASS system. Currently 

the number of total satellites in orbits is 27 of which 24 are fully operational 

including 22 GLONASS-M and 2 GLONASS-K satellites (FEDERAL SPACE 

AGENCY, 2017). GLONASS mainly uses Frequency Division Multiple Access 

(FDMA) techniques to distinguish GLONASS-M satellites. To increase 
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compatibility and interoperability with other GNSS systems, GLONASS starts 

to use CDMA techniques on the new generation GLONSS-K satellites. 

 

3.1.3 Galileo 

Galileo is Europe’s Global Satellite Navigation System, developed by the 

European Union and European Space Agency. Galileo began testing phase when 

GIOVE-A was launched in December 2005 and completed in 2008 after 

GIOVE-B launch in April 2008. After that, four In-Orbit Validation (IOV) 

satellites were launched between 2011 and 2012. Once the IOV phase was 

completed, the remaining satellites are being launched to reach Full Operation 

Capability (FOC). Currently there are 12 FOC satellites in Galileo constellation, 

and Galileo is scheduled to be fully operational by 2020 (European GNSS 

Service Centre, 2017). When Galileo is fully operational, it consists of 27 

operational and 3 spare satellites in three nearly circular medium earth orbits 

with an altitude of about 23,222 km. The three planes are separated 120 degrees 

and 56 degrees inclined to the equator (Bhatta, 2011). Galileo navigation signals 

are broadcasted across three bands: E5 (E5a and E5b), E6 and E1, which are 

similar to GPS (Hofmann-Wellenhof et al., 2008). Besides, All the Galileo will 

use the same nominal frequency and use CDMA technique, which makes 

Galileo compatible with GPS and BDS.  

 

3.1.4 BDS 

BDS is Chinese satellite positioning system. The first BeiDou system, called 
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BeiDou-I, is consists of 3 three Geostationary Orbit (GEO) satellites. It has been 

offering navigation services for China and neighbouring regions since 2000. 

However it has limited applications due to the use of two-way ranging which 

limits the number of users and introduces a lag of about a second (Taha, 2008). 

In 2007, China started to develop the second generation of BeiDou System, 

called the BeiDou Navigation Satellite system (BDS) and also known as 

COMPASS or BeiDou-II. It is planned to be fully operational by 2020 with 35 

satellites in total (Groves, 2008). BDS is composed of 3 different types of 

satellites including 27 MEO, which are similar with GPS and GLONASS 

satellites to provide positioning coverage over the globe, and have an altitude 

of 21,527 km and inclination of 55 degrees in 3 planes, 3 Inclined 

Geosynchronous Orbit (IGSO) satellites with an attitude of 35,786 km and an 

inclination of 55° to the equator and 5 GEO satellites with an attitude of 35,786 

km, which are designed to improve positioning over China and neighbouring 

countries (China Satellite Navigation Office, 2013). The first BeiDou-II satellite 

was launched in April 2007. Currently there are 23 satellites in the BDS 

constellation. BDS satellites transmit B1 and B2 signals, share the same 

nominal frequency, and make use of CDMA technique interoperable with GPS 

and Galileo constellations. 

 

3.1.5 QZSS 

The Quasi-Zenith Satellite System (QZSS) is a regional navigation satellite 

system commissioned by the Japanese government for usage in the Asia-
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Oceania regions, consisting of satellites mainly in quasi-zenith orbits (Maeda, 

2005). The space segment of QZSS is composed of three geosynchronous 

satellites with identical highly inclined elliptical orbits shaped like a Figure 8 

(Fig. 3.1), and one satellite on a GEO above the equator. The first QZSS satellite 

was launched in 2010. The design concept of QZSS differs from other GNSS 

constellations, it is planned to have always at least one satellite near zenith over 

japan to improve the positioning performance in urban canyons (Takahashi, 

2004). Compared with other GNSS constellations, QZSS is highly compatible 

with GPS. QZSS and GPS can be used as a single group of satellites. The 

integration of GPS and QZSS increases the number of visible satellites and 

improves spatial geometry in urban canyons.  

 

 

Fig. 3.1 The QZSS satellite orbit shaped like a Figure 8 (Japan Aerospace 

Exploration Agency, 2017) 
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3.2 GNSS Static and Kinematic Tests on the Campus at the University of 

Nottingham, Ningbo, China (UNNC) 

As mentioned in Chapter 2, the horizontal and vertical accuracy requirement in 

the MTU project is 100 mm for both the accuracy of positioning system and the 

accuracy of detection devices. While the accuracy up to 300 mm would be 

acceptable for many respondents. For the inertial technology based pipeline 

positioning technique, it requires GNSS to provide 3-D global positions of start 

and end points. Moreover, the positioning accuracy of the inertial technology 

based pipeline positioning systems depends on the 3-D positions quality of start 

and end points obtained by GNSS. However, a majority of buried utilities are in 

urban areas which is a challenged environment for GNSS due to tall buildings 

that block or reflect satellite signals. Therefore, it is necessary to analyse the 

availability and positioning accuracy of different GNSS constellations and 

compare the performance of multi-GNSS constellation integration. To assess 

the performance of different GNSS constellations in urban areas, Multi-GNSS 

static and kinematic experiments were carried out on the campus at the 

University of Nottingham, Ningbo, China (UNNC), where it is possible to track 

multi-GNSS signals including GPS, GLONASS, Galileo, BDS and QZSS. 

 

3.2.1 Description of Data Collection and Methodologies 

Multi-GNSS constellation static and kinematic experiments were carried out in 

a controlled environment from open sky environment to dense urban canyon 
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environment, respectively. Number of visible satellites is used to show the 

availability of GNSS constellation, DOP values are analysed to figure out 

satellite geometry in urban areas. Moreover, Root Mean Square (RMS) error is 

used to analyse the positioning accuracy.  

 

3.2.1.1 Static Test Design and Data Collection 

In the static test, 28 markers were installed on the campus in a variety of 

scenarios, from open sky environments to deep dense urban canyon 

environments (Fig. 3.2). To obtain accurate coordinates for all the markers, 

firstly, these markers were surveyed by using a Leica TS11 Total Station and a 

digital Level to obtain the local coordinates. Secondly, four markers: 21, 23, 4 

and 29, in open sky environments, were chosen to do static GPS surveying for 

10 hours at the same time by using 4 Leica GS10 receivers. The reference station 

is on the roof of Science and Engineering Building (SEB), hundred metres away 

from the markers. Thirdly, after acquiring the GPS coordinates of these 4 

markers, the GPS coordinates were transferred to a local coordinate system 

aligned with the geographic directions at point 21, which was set as origin. 

Finally the local coordinates of 21 and 23 were inputted to the total station 

traverse network to calculate the coordinates of others markers including 4 and 

29 by using the Starnet software. It has been found that the maximum horizontal 

error of points 4 and 29 calculated in traverse network is 0.007 m (Table 3.1). 

As points 4 and 29 are in the boundary of the network, the maximum horizontal 

errors for other markers should be less than 0.007 m. 
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Fig. 3.2 The test network on the campus at the University of Nottingham, 

Ningbo, China (UNNC) 

Table 3.1 Horizontal error in the traverse network 

Points East (m) North (m) 

4 0.007 0.006 

29 0.004 0.007 

 

In the static test, a JAVAD Triumph VS receiver, capable of receiving GPS, 

GLONASS, BDS, QZSS and Galileo satellite signals, was placed on each 

marker for 3 minutes and data was collected at 1Hz. The reference station was 

a JAVAD Triumph VS receiver connected to a Leica AR20 choke-ring antenna 

on the roof of SEB. This experiment commenced on 2014/8/27 09:20:30. For 
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each marker, the number of visible satellites, PDOP values, ambiguity fixed 

solution availability and positioning accuracy are analysed and presented in 

Section 3.2.2. The GNSS positioning results of markers are compared with the 

positions calculated from the test network. 28 markers are divided into 5 

categories according to the environment around each particular (Table 3.2).   

Table 3.2 Definition of area categories with associated numbers in the test 

network 

Category 
Number 

Scenario Definition Marker Numbers 

1 Open sky 4, 9, 21, 23 

2 At least 180 degrees no buildings 
22, 31, 32, 45, 46, 48, 

49 

3 
90 degrees no buildings; wide 

street 
1, 33, 34, 35, 38, 41, 42, 

47 

4 
90 degrees no buildings; narrow 

street 
2, 3, 36, 37, 44 

5 Multiple buildings or obstructions 39, 40, 43, 50 

 

3.2.1.2 Kinematic test design and data collection 

In the kinematic test, the reference station used a Leica GS10 receiver and 

JAVAD Sigma receiver, which were connected to a Leica AR20 choke-ring 

antenna on the roof of SEB through a signal splitter. The roving receivers used 

were a Leica GS10 receiver that is capable of receiving GPS and GLONASS 

signals and a JAVAD Sigma receiver that can track GPS, GLONASS, QZSS and 

Galileo signals connected to one Leica AS10 lightweight antenna through a 

signal splitter. These instruments were placed on a trolley (Fig. 3.3). The trolley 

was slowly pushed around the dormitory area of UNNC (Fig. 3.4), a few 

hundred metres away from the reference station. This area comprises many 
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buildings with relatively narrow streets between them and can be considered 

similar to a city centre environment. Data was collected from UTC 04:32:10 

to 05:37:10 on October 28th 2013. 

 

Fig. 3.3 The kinematic experiment setup 

 

Fig. 3.4 Trajectory of the kinematic test 
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3.2.1.3 Data analysis and methodologies 

After collecting GNSS data in the static and kinematic experiments, all data sets 

were post-processed using the RTKLIB (version 2.4.2). This software is an open 

source program package for GNSS data process including GPS, GLONASS, 

BDS, Galileo, QZSS and SBAS (Takasu, 2014). In addition, it allows the user 

to post-process multi-GNSS integration data. For the GNSS data analysis, the 

elevation mask angle is 15 degrees. The number of visible satellites is analysed 

to find out the availability of different GNSS constellations. The satellite 

constellation geometry, which plays an important role to determine positioning 

precision and accuracy is quantified by a unit-less number called Dilution of 

Precision (DOP) (El-Rabbany, 2002). The lower the DOP value, the batter the 

satellite geometry is, the higher positioning precision and accuracy is (Taha, 

2008). The DOP includes Vertical (VDOP), Horizontal (HDOP), Positional 

(PDOP: HDOP & VDOP), Time clock offset (TDOP) and Geometric (GDOP: 

PDOP & TDOP). In this thesis, the PDOP value is analysed to assess the satellite 

geometry. Langley (1999) declares GNSS measurements could be used to make 

reliable positioning solutions when the PDOP value is lower than six. In 

addition, percentage of ambiguity fixed solutions is analysed to show the 

positioning accuracy. Finally, Root Mean Square (RMS) error is used to analyse 

the positioning accuracy compared with the truth coordinate established in the 

controlled environment of different GNSS constellations and combinations.   
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3.2.2 Static Test: Results and Analysis 

In the static test, the number of visible satellites, PDOP values, ambiguity fixed 

solution availability and positioning accuracy of different GNSS constellations 

including GPS, GLONASS, BDS, GPS+GLONASS, GPS+BDS and 

GPS+GLONASS+BDS are analysed for the markers in different Categories. 

 

3.2.2.1 Positioning Results for the Markers in Category 1 

Table 3.3 The number of visible satellites and PDOP values of different 

constellations on markers in Category 1 (G/G: GPS+GLONASS; G/B: 

GPS+BDS; G/G/B: GPS+GLONASS+BDS) 

Marker GPS GLONASS BDS G/G G/B G/G/B 

 No PDOP No PDOP No PDOP No PDOP No PDOP No PDOP 

21 7 3 5 3.3 7 9.7 12 1.7 14 2.5 19 1.6 

4 8 2 5 3.6 7 6.7 13 1.7 15 1.5 20 1.4 

 

Table 3.4 The percentage of ambiguity fixed solutions for different GNSS 

constellations on markers in Category1 

Marker Fixed Solution 

 GPS GLONASS BDS G/G G/B G/G/B 

21 100.0% 47% 41.0% 62.2% 100.0% 50.0% 

4 100.0% 44% 87.0% 98.9% 78.0% 91.7% 
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Table 3.5 The horizontal and vertical positioning errors of different 

constellations on markers in Category 1 

Marker GPS  GLONASS BDS G/G G/B G/G/B 

 H(m) V(m) H(m) V(m) H(m) V(m) H(m) V(m) H(m) V(m) H(m) V(m) 

21 0.002 0.045 0.009 0.051 0.008 0.050 0.002 0.062 0.003 0.059 0.002 0.061 

4 0.005 0.059 0.005 0.065 0.004 0.073 0.005 0.089 0.007 0.086 0.006 0.086 

 

Table 3.3, 3.4 and 3.5 show that in open sky environments, GPS, GLONASS 

and BDS all have enough visible satellite to obtain position solutions. GPS 

provides 100% ambiguity fixed solutions during the test period. The average 

horizontal and vertical positioning errors are 0.004 m and 0.050 m respectively. 

Due to the Frequency Division Multiple Access (FDMA) techniques used by 

GLONASS, it is difficult to get ambiguity fixed solutions even in open sky 

environments (Liu et al., 2016). In this test, the percentage of ambiguity fixed 

solutions for GLONASS is 47%. The horizontal and vertical positioning errors 

are 0.007m and 0.063m respectively. During the test, BDS has 5 GEO satellites, 

5 IGSO satellites and 4 MEO satellitse, and can only provide positioning 

services in Asia Pacific region. Due to the relatively low number of MEO 

satellite and GEO satellite always in the same area of the sky, the geometry of 

satellites is poor, which leads to the PDOP values of BDS being larger, on 

average, than GPS and GLONASS. BDS provides 64% ambiguity fixed 

solutions for the two markers in open sky environments, which is probably due 

to the geometry of BDS satellites. The horizontal and vertical positioning errors 

are 0.006 m and 0.062 m respectively. The integration of GPS, GLONASS and 
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BDS improves the satellite geometry compared with single GNSS constellation. 

Adding GLONASS and BDS to GPS, the positioning result is better than 

GLONASS and BDS alone. However, it increases the number of wrong 

ambiguity fixes, which results in the positioning error is slightly larger than GPS 

alone. 

 

3.2.2.2 Positioning Results for the Markers in Category 2 

Table 3.6 The number of visible satellites and DOP values on the markers in 

Category 2 

Marker GPS GLONASS BDS G/G G/B G/G/B 

 No PDOP No PDOP No PDOP No PDOP No PDOP No PDOP 

22 7 2.5 5 2.8 6 9.3 12 1.8 13 2.1 18 1.6 

31 6 3.9 6 2.3 7 10.2 12 1.7 13 2.8 19 1.5 

32 7 2.4 5 3.1 5 12.3 12 1.6 12 1.7 17 1.6 

45 8 2.7 5 2.9 6 7.0 13 1.8 14 1.7 19 1.4 

46 8 2.6 5 2.8 7 6.8 13 1.7 15 1.7 20 1.4 

48 7 2.2 5 3.0 6 7.1 12 1.9 13 1.8 18 1.6 

49 7 3.8 5 2.9 7 4.4 12 1.6 14 2.0 19 1.4 

Table 3.7 The percentage of ambiguity fixed solutions for different GNSS 

constellations on the markers in Category 2 

Marker Fixed Solution 

 GPS GLONASS BDS G/G G/B G/G/B 

22 - - 2.0% 1.1% 34.4% - 

31 44.0% - 41.0% 67.8% 100.0% 1.0% 

32 14.0% - 8.0% 27.0% 19.0% 26.0% 

45 9.0% 17.0% 100.0% 0.0% 21.7% - 

46 67.0% - 84.0% 17.8% 51.1% - 

48 67.0% - 5.0% 68.3% 15.6% 15.0% 

49 100.0% 2.0% 20.0% 60.0% 73.9% 39.0% 
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Table 3.8 The horizontal and vertical positioning errors of different 

constellations on markers in Category 2 

Marker GPS  GLONASS BDS G/G G/B G/G/B 

 H(m) V(m) H(m) V(m) H(m) V(m) H(m) V(m) H(m) V(m) H(m) V(m) 

22 - - - - 0.004 0.069 0.018 0.032 0.006 0.050 - - 

31 0.008 0.066 - - 0.009 0.023 0.007 0.061 0.010 0.061 0.007 0.060 

32 0.010 0.063 - - 0.009 0.063 0.008 0.071 0.009 0.064 0.008 0.069 

45 0.010 0.080 0.095 0.028 0.013 0.122 - - 0.010 0.090 - - 

46 0.010 0.064 - - 0.005 0.029 0.001 0.069 0.003 0.048 - - 

48 0.017 0.075 - - 0.016 0.007 0.022 0.071 0.006 0.055 0.009 0.048 

49 0.002 0.079 0.148 0.663 0.002 0.061 0.003 0.073 0.001 0.071 0.002 0.072 

 

Table 3.6 shows that the average number of visible GPS, GLONASS and BDS 

satellites are respectively 7.1, 5.1 and 6.3 in Category 2. In addition, the PDOP 

values are less than 4 for GPS and GLONASS. However, the average BDS 

PDOP value is larger than 8. Integration of GPS, GLONASS and BDS much 

improves the satellite geometry and decreases the PDOP values to less than 2. 

Table 3.7 and 3.8 show that GLONASS has difficulty acquiring ambiguity fixed 

solutions. There are only two markers that are able to obtain ambiguity fixed 

solutions inside a few seconds. The positioning accuracy is at 

centimetre/decimetre level. GPS provides ambiguity fixed solutions for 86% of 

the markers (6 out of 7) in. However, GPS can only provide an average of 43% 

fixed solutions for each marker. The average horizontal and vertical positioning 

errors are 0.010 m and 0.071 m respectively. In the test period, due to the high 

elevation angles of BDS IGSO satellites, for instance, the elevation angles of 

four BDS IGSO satellites above marker 49 are higher than 70 degrees, BDS 

provides ambiguity fixed solutions for all the markers, and the percentage of 
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fixed solutions is 37%. The average horizontal and vertical positioning errors 

are 0.008 m and 0.053 m respectively. The vertical positioning accuracy is much 

better than GPS. The GPS+GLONASS, GPS+BDS and GPS+BDS+GLONASS 

provide average 34.6%, 45.1% and 11.6% ambiguity fixed solutions and the 

RMS horizontal and vertical positioning errors are 0.010 m and 0.063 m, 0.006 

m and 0.063 m, 0.007 m and 0.062 m respectively.  

 

3.2.2.3 Positioning Results for the Markers in Category 3 

Table 3.9 The number of visible satellites and DOP values for the markers in 

Category 3 

Marker GPS GLONASS BDS G/G G/B G/G/B 

 No PDOP No PDOP No PDOP No PDOP No PDOP No PDOP 

1 6 5.5 5 3 6 10.5 11 1.7 12 2.4 17 1.4 

33 5 5.2 5 3.1 5 8 10 2.4 10 2.9 15 2.1 

34 6 3.6 5 3 5 13.2 11 2.2 11 3 16 2 

35 8 2.3 5 2.9 5 14.4 13 1.8 13 1.9 18 1.4 

38 7 2.8 5 3.1 4 20 12 2.3 11 2.1 16 1.7 

41 6 3 4 3.9 6 12.8 10 2.3 12 2.1 16 1.9 

42 5 6.9 5 3.1 4 13.8 10 2.4 9 3.2 14 1.8 

47 5 7 6 2.3 6 11.5 11 1.8 12 2.2 17 1.1 
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Table 3.10 The percentage of ambiguity fixed solutions for different GNSS 

constellations in Category 3 

Marker Fixed Solution 

 GPS GLONASS BDS G/G G/B G/G/B 

1 - - 1.0% - 11.7% 1.1% 

33 92.0% - - 1.6% 100.0% 37.8% 

34 1.0% - 46.0% - 5.6% - 

35 - - - - 18.9% 3.9% 

38 52.0% 7.0% - 98.9% 91.1% 74.4% 

41 - - 12.0% - - - 

42 - - - - - - 

47 4.0% - - - 48.9% - 

 

Table 3.11 The horizontal and vertical positioning errors of different 

constellations on markers in Category 3 

Marker GPS  GLONASS BDS G/G G/B G/G/B 

 H(m) V(m) H(m) V(m) H(m) V(m) H(m) V(m) H(m) V(m) H(m) V(m) 

1 - - - - 0.011 0.017 - - 0.008 0.051 0.003 0.042 

33 0.008 0.079 - - 0.019 0.084 0.008 0.086 0.008 0.084 0.007 0.077 

34 0.024 0.070 - - 0.011 0.078 - - 0.025 0.049 - - 

35 - - - - - - - - 0.007 0.080 0.009 0.07 

38 0.010 0.058 0.019 0.060 - - 0.010 0.058 0.005 0.061 0.005 0.064 

41 - - - - 0.014 0.014 - - - - - - 

42 - - - - - - - - - - - - 

47 0.013 0.050 - - - - - - 0.008 0.070 - - 

 

The 8 Markers in Category 3 are in semi-dense urban environments, the number 

of visible GPS, GLONASS and BDS decreases to 6.0, 5.0, and 5.1. Due to 

buildings around the markers, the PDOP values increase to 4.5, 3.1 and 12.0 

respectively (Shown in Table 3.9). Table 3.10 and Table 3.11 show that GPS 
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provides ambiguity fixed solutions for 50% of the markers (4 out of 8), and the 

fixed solution percentage is 18.6% for each marker. The horizontal and vertical 

positioning errors are 0.009 m and 0.074 m. BDS provides ambiguity fixed 

solutions of 37.5% of the markers (3 out of 8), and the fixed solution percentage 

is 7.4% for each marker. The horizontal and vertical positioning errors are 0.014 

m and 0.048 m. GLONASS only provides 7% ambiguity fixed solutions for one 

marker, and the horizontal and vertical positioning errors are 0.019 m and 0.060 

m. The GPS+GLONASS, GPS+BDS and GPS+BDS+GLONASS provide an 

average of 12.6%, 34.5% and 14.7% ambiguity fixed solutions and the RMS 

horizontal and vertical positioning errors are 0.009 m and 0.072 m, 0.010 m and 

0.066 m, 0.006 m and 0.063 m respectively.  

 

3.2.2.4 Positioning Results for the Markers in Category 4 

Table 3.12 The number of visible satellites and DOP values for the markers in 

Category 4 

Marker GPS GLONASS BDS G/G G/B G/G/B 

 No PDOP No PDOP No PDOP No PDOP No PDOP No PDOP 

2 5 4.3 5 3 6 11.2 10 1.2 11 2.7 16 1.7 

3 5 3.9 4 3.2 4 50 9 2.2 8 2.7 13 1.8 

36 6 2.7 5 2.9 4 29 11 2.3 9 3.2 15 1.6 

37 6 2.6 4 6.5 5 13.9 10 2.4 9 2.7 15 1.9 

44 7 2.8 4 3.3 6 10.8 11 2.3 10 1.9 17 1.7 
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Table 3.13 The percentage of ambiguity fixed solutions for different GNSS 

constellations in Category 4 

Marker Fixed Solution 

 GPS GLONASS BDS G/G G/B G/G/B 

2 7.0% - 6.0% - 24.4% - 

3 4.0% - - 25.0% - 2.8% 

36 - - - - - - 

37 - - - - - - 

44 - - 34.0% - - - 

 

Table 3.14 The horizontal and vertical positioning errors of different 

constellations on markers in Category 4 

Marker GPS  GLONASS BDS G/G G/B G/G/B 

 H(m) V(m) H(m) V(m) H(m) V(m) H(m) V(m) H(m) V(m) H(m) V(m) 

2 0.007 0.006 - - 0.015 0.127 - - 0.009 0.011 - - 

3 0.032 0.082 - - - - 0.025 0.067 - - 0.007 0.071 

36 - - - - - - - - - - - - 

37 - - - - - - - - - - - - 

44 - - - - 0.008 0.071 - - - - - - 

 

The 5 markers in Category 4 are in dense urban environments. The number of 

visible GPS, GLONASS and BDS are 5.8, 4.4 and 5. The PDOP values are 3.3, 

3.8 and 23 respectively (Shown in Table 3.12). Table 3.13 and 3.14 show that 

GLONASS cannot provide ambiguity fixed solutions for any marker. GPS 

provides fixed solutions for 40% of the markers (2 out of 5), and the fixed 

solution percentage is only 2% for each marker. The horizontal and vertical 

positioning errors are 0.020 m and 0.044 m respectively. BDS provides fixed 

solutions for 40% of the markers (2 out of 5). The horizontal and vertical 

positioning errors are 0.012 m and 0.099 m, and the fixed solution percentage 
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is 8%. The GPS+GLONASS, GPS+BDS and GPS+BDS+GLONASS provide 

average 5.0%, 4.8% and 1% ambiguity fixed solutions and the RMS horizontal 

and vertical positioning errors are 0.025 m and 0.067 m, 0.009 m and 0.011 m, 

0.007 m and 0.071 m respectively. 

 

3.2.2.5 Positioning Results for the Markers in Category 5 

 

Table 3.15 The number of visible satellites and DOP values for the markers in 

Category 5 

Marker GPS GLONASS BDS 

 No PDOP No PDOP No PDOP 

39 4 - 3 - 3 - 

40 2 - 1 - 3 - 

43 2 - 2 - 3 - 

50 3 - 2 - 3 - 

 

The 4 markers in Category 5 are in deep dense urban environments, the number 

of visible GPS, GLONASS and BDS are 2.8, 2.0 and 3.0. There are no 

ambiguity fixed solutions for the markers in Category 5. 

 

3.2.3 Kinematic Test: Results and Analysis 

The different GNSS data sets in the kinematic tests collected by two different 

receivers including Leica GS10 and JAVAD Sigma were compared and analysed 

in the following section. Leica GS10 can receive GPS and GLONASS signals. 

JAVAD Sigma receiver can track GPS, GLONASS, QZSS and Galileo signals. 
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3.2.3.1 Results and analysis of GNSS data collected by Leica GS10 

receiver  

 

 

(a) (G: GPS) 

 

(b) (R: GLONASS) 
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(c) 

 

(d) 

Fig. 3.5 The number of visible satellites, DOP values and sky plots of GPS and 

GLONASS 
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Fig. 3.5 (a) and 3.5 (b) show the sky plots of GPS and GLONASS satellites 

respectively (G: GPS, R: GLONASS). Fig. 3.5 (c) and 3.5 (d) show the number 

of visible satellites and DOP values of GPS and GLONASS respectively (Green: 

The number of visible GPS satellite; Blue: HDOP; Red: VDOP; Pink: PDOP; 

Yellow: GDOP). Fig. 3.5 shows that during the test period, the number of visible 

GPS satellites is equal or more than 4 for approximately 90% of the test period, 

the number of visible GLONASS satellites equal to or more than 4 for about 70% 

of the test period. In addition, the average PDOP values of GPS and GLONASS 

are respectively 2.9 and 4.3, which means the satellite geometry of GPS is better 

than GLONASS. 

 

 

(a) GPS (b) GLONASS 

Fig. 3.6 Comparison of GPS and GLONASS positioning results 

 

Fig. 3.6 (a) and 3.6 (b) show GPS and GLONASS positioning results 

respectively. (Green: ambiguity fixed solution; Yellow: ambiguity float solution; 

Red: stand-alone solution). Fig. 3.6 compares the positioning results of GPS and 

GLONASS. It shows that most of the ambiguity fixed solutions are on the path 

outside of buildings. On the path between buildings, GPS can only provide 



 

57 

 

ambiguity float solutions, sometimes even stand-alone solutions. Compared 

with GPS, GLONASS provides fewer ambiguity float solutions on the path 

between buildings.  

 

 

Fig. 3.7 The number of visible GPS+GLONASS satellites and DOP values 
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Fig. 3.8 GPS+GLONASS positioning results 

Comparing Fig. 3.7 with Fig. 3.5, the combination of GPS and GLONASS 

increases the number of visible satellites to more than 5 in 99.5% of the test 

period. Moreover, the average PDOP reduces to 2.2. By comparing Fig. 3.8 with 

Fig. 3.6, it shows that the GPS+GLONASS positioning results are much better 

than GPS or GLONASS alone with more ambiguity fixed solutions. However, 

there are still only ambiguity float solutions in narrow streets. 

     

Table 3.16 Positioning results of the Leica GS10 receiver 

Receiver 
GNSS 

constellation 
Solution Quality Standard deviations (m) 

  Fixed Float Single No solution sdn sde sdu 

GS10 

GPS 963(24.7%) 2437(62.5%) 82(2.1%) 418(10.7%) 0.794 1.027 1.423 

GLONASS 720(18.5%) 1262(32.4%) 40(1.0%) 1878(48.2%) 1.414 1.531 2.300 

GPS/GLONA

SS 
1785(45.8%) 2095(53.7%) 10(0.3%) 10(0.3%) 0.523 0.488 0.847 
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Table 3.16 shows that GPS can provide about 90% positioning solutions in the 

test period, much more than GLONASS, which can only provide only 52% 

positioning solutions. However, for GPS, only 24.7% solutions are ambiguity 

fixed solutions, for GLONASS, only 18.5% solutions are ambiguity fixed. In 

addition, the most ambiguity fixed solutions are in open sky environments. 

There are only a few ambiguity fixed solutions in dense urban area. By 

integrating GPS and GLONASS, the number of visible satellites is more than 4 

in the whole test period. The combined system can provide the whole 

positioning solutions in the test period. And it much improves the ambiguity 

fixed solutions to 45.8%. The positioning result is better than GPS or 

GLONASS alone.  

 

3.2.3.2 Results and analysis of GNSS data collected by JAVAD Sigma 

receiver  

 

Fig. 3.9 Sky plot of visible GNSS satellites (G: GPS, R: GLONASS and J: 

QZSS) 
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(a) GPS (b) GLONASS 

  

(c) GPS+GLONASS (d) GPS+QZSS 

  

(e) GLONASS+QZSS (f) GPS+GLONASS+QZSS 

Fig. 3.10 Positioning results of different GNSS constellations 

 

 

 



 

61 

 

Table 3.17 Positioning results of the JAVAD Sigma receiver 

Receiver GNSS Solution Quality Standard deviation(M) 

  Fixed Float Single No solution sdn sde sdu 

SIGMA GPS 473(12.1%) 3311(84.9%) 0(0.0%) 116(3.0%) 0.595 0.530 1.126 

 GLONASS 507(13.0%) 2093(53.7%) 0(0.0%) 1300(33.3%) 1.340 1.598 2.240 

 GPS/GLONASS 986(25.3%) 2881(73.9%) 0(0.0%) 33(0.8%) 0.442 0.434 0.864 

 GPS/QZSS 914(23.4%) 2894(74.2%) 0(0.0%) 92(2.4%) 0.512 0.457 0.902 

 GLONASS/QZSS 573(14.7%) 2472(63.4%)  855(21.9%) 1.084 1.720 2.136 

 GPS/GLONASS/QZSS 1166(29.9%) 2705(69.4%) 0(0.0%) 29(0.7%) 0.397 0.390 0.753 

 

Fig. 3.10 and Table 3.17 show that for the JAVAD Sigma receiver, GPS and 

GLONASS provide similar percentage of ambiguity fixed solutions about 13%. 

But GPS provides more ambiguity float solutions than GLONASS. Combining 

GPS and GLONASS, the number of ambiguity fixed solutions doubled. In 

addition, integrating GPS with only one QZSS satellite, which elevation angle 

is above 75 degrees (shown in Fig. 3.9) during the test provides similar results 

compared with GPS and GLONASS combination. Integrating GPS, GLONASS 

and QZSS obtains 29.9% ambiguity fixed solutions throughout the test period. 

The positioning results of the Leica GS10 and JAVAD Sigma receivers show 

that GPS positioning result is better than GLONASS. Integrating GPS and 

GLONASS improves the percentage of ambiguity fixed solutions to about twice 

than GPS alone. However, almost all of the ambiguity fixed solutions are in 

open sky environment; even with a vastly improved availability of satellites, it 

is still difficult to obtain ambiguity fixed solutions in urban areas. 
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3.3 GNSS Kinematic and Static Tests in Ningbo City Centre 

GNSS kinematic and static tests were carried out in Ningbo city centre, where 

is a more difficult environment compared with the campus of UNNC with more 

and taller buildings that may block or reflect GNSS signals.  

 

3.3.1 Description of Experiment Design and Data Collection 

Multi-GNSS constellation kinematic and static experiments were carried out in  

Ningbo city centre, where is a difficult environment for GNSS positioning with 

plenty of tall buildings in different directions (Fig. 3.11). In the kinematic test, 

the reference station used a JAVAD Triumph VS receiver, 7 km away from the 

rover. The rover used a JAVAD Triumph VS receiver that was capable of 

receiving GPS, GLONASS, BDS, Galileo and QZSS signals. This receiver was 

connected to a Leica AS10 lightweight antenna that was placed on a pole with 

the height of 1.8 m (Fig. 3.12). The rover was taken along the streets in Ningbo 

city centre. To compare the difference between the kinematic and static tests, 

the rover was kept static for 3 minutes at 15 positions during the test (Fig. 3.13). 

Data was collected in 1Hz from UTC time 07:27:37 to 08:42:26 on April 14th 

2018. 
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Fig. 3.11 GNSS kinematic and static tests environment in Ningbo city 

centre 

 

Fig. 3.12 A JAVAD Triumph VS receiver was used in the kinematic and 

static tests in Ningbo city centre 
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Fig. 3.13 The trajectory of kinematic test (blue line) and 15 positions for 

static test (yellow marks) 

3.3.2 Kinematic and Static Tests Data Analysis and Results 

After data collection, the RTKLIB (version 2.4.2) software was used to post-

process the Multi-GNSS kinematic and static data. The number of visible 

satellites, PDOP values, ambiguity fixed solution availability and positioning 

results of different GNSS constellations including GPS, GLONASS, BDS, 

GPS+GLONASS, GPS+BDS and GPS+GLONASS+BDS are analysed to show 

the GNSS performance in Ningbo city centre. 
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3.3.2.1 Number of Visible Satellites, DOP values for Different GNSS 

Constellations 

 

(a) GPS 

 

(b) BDS 
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(c) GLONASS 

Fig. 3.14 Sky plots of GPS, BDS and GLONASS 

 

(a) GPS 
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(b) BDS 

 

(c) GLONASS 

Fig. 3.15 Number of visible satellites and DOP values of GPS, BDS and 

GLONASS (Green: Number of visible satellites; Blue: HDOP; Red: VDOP; 

Pink: PDOP; Yellow: GDOP) 

Fig. 3.14 shows the sky plots of GPS, BDS and GLONASS respectively. Fig. 
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3.15 shows the number of visible satellites and DOP values of GPS, BDS and 

GLONASS respectively. It can be seen from Fig 3.15 that the number of visible 

GPS satellites is equal or more than 5 for 96% of the test period. Although BDS 

constellation is not complete, there are 31 BDS satellites including 7 GEO, 8 

IGSO and 16 MEO during the test period. The number of visible BDS satellites 

is equal or more than 5 for 61% of the test period. The number of visible BDS 

satellite is more than GPS from UTC time 08:18:20 to 08:27:41. The number of 

visible GLONASS satellites is equal or more than 5 for only 27% of the test 

period. In addition, the average PDOP values of GPS, BDS and GLONASS are 

respectively 4.2, 4.8 and 6.6. It can be seen from Fig. 3.14 that the satellite 

geometry of GPS is worse than GPS and GLONASS because BDS constellation 

is under development and GEO satellites are always in the same area of the sky.   
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3.3.2.2 Kinematic Test: Results and Analysis 

 

(a) GPS 

 

(b) BDS 
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(c) GLONASS 

 

(d) GPS+GLONASS 
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(e) GPS+BDS 

 

(f) GPS+BDS+GLONASS 

Fig. 3.16 Multi-GNSS kinematic positioning results in Ningbo city centre 

(Green: ambiguity fixed; Yellow: ambiguity float; Red: stand-alone) 
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Table 3.18 Kinematic positioning results of different GNSS constellations in 

Ningbo city centre 

Receiver GNSS constellation Solution Quality 

 

 

 

JAVAD 

Triumph 

VS 

 Fixed Float Stand-

alone 

No 

solution 

GPS 41.4% 40.1% 0.6% 17.9% 

BDS 33.7% 44.3% 0.3% 21.7% 

GLONASS 12.7% 53.2% 0.6% 33.5% 

GPS/GLONASS 34.6% 37.5% 0.0% 27.9% 

GPS/BDS 45.2% 35.9% 0.0% 18.9% 

GPS/BDS/GLONASS 32.3% 38.8% 0.0% 28.9% 

 

Table 3.16 shows that GPS can provide about 82% positioning solutions in the 

test period, 41% are ambiguity fixed solutions. BDS provide 78% positioning 

solutions, 34% are ambiguity fixed solutions. GLONASS can provide 66% 

positioning solutions, only 13% are ambiguity fixed solutions. Fig. 3.16 proves 

that the performance of GPS and BDS are better than GLONASS. BDS 

positioning results are worse than GPS in the south direction of the test 

trajectory, but better than GPS in the west direction. The positioning results in 

east direction are poor due to extremely high buildings and narrow street. 

Integrating GPS and BDS obtains 4% more ambiguity fixed solutions than GPS 

only. However, integrating GPS and GLONASS, GPS, BDS and GLONASS 

provide 7% and 9% less ambiguity fixed solutions than GPS only, respectively.  
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3.3.2.3 Static Test: Results and Analysis 

 

 

(a) GPS 

 

(b) BDS 
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(c) GLONASS 

 

(d) GPS+GLONASS 
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(e) GPS+BDS 

 

(f) GPS+BDS+GLONASS 

Fig. 3.17 Multi-GNSS static positioning results in Ningbo city centre 
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Table 3.19 Static positioning results of different GNSS constellations in 

Ningbo city centre 

Receiver GNSS constellation Solution Quality 

 

 

 

JAVAD 

Triumph 

VS 

 Fixed Float Stand-

alone 

No 

solution 

GPS 7 7 - 1 

BDS 7 6 - 2 

GLONASS 3 10 1 1 

GPS/GLONASS 5 9 - 1 

GPS/BDS 8 7 - - 

GPS/BDS/GLONASS 4 10 - 1 

 

Fig. 3.17 shows the Multi-GNSS static positioning results in Ningbo city centre. 

Compared with the kinematic positioning results shown in Fig. 3.16, static 

positioning results are more precise for different GNSS constellations. Table 

3.19 displays the number of positions can obtain ambiguity fixed solutions in 

the static test. Section 3.2.2 indicates that the positioning error of the marker 

that can obtain ambiguity fixed solutions is less than 10 cm in the controlled 

environment at UNNC, which means the positioning results that get ambiguity 

fixed solutions are reliable. In the Ningbo city centre static test, GPS and BDS 

can provide 47% (7 out of 15) positions with ambiguity fixed solutions, but 

GLONASS only have 3. Integrating GPS and BDS adds one more position with 

ambiguity fixed solutions. However, integrating GPS and GLONASS, GPS, 

BDS and GLONASS obtain less ambiguity fixed solutions than GPS and BDS 
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only. 

 

3.3 Summary 

This chapter provided an overview of both current operational GNSS such as 

GPS and GLONASS and development GNSS including BDS, QZSS and 

Galileo. GNSS is one of the most attractive positioning technologies to provide 

absolute 3-D positions for buried utilities after detection. For the inertial 

technology based pipeline positioning technique, GNSS is essential to provide 

3D global positions for the two ends points. Moreover, the position quality of 

two end points will affect the positioning accuracy of the inertial technology 

based pipeline positioning system. However, a majority of buried utilities are in 

urban areas where is a challenged environment for GNSS positioning due to tall 

buildings which often block or reflect satellite signals. Therefore, this chapter 

designed and carried out static and kinematic of different GNSS constellations 

on campus of UNNC and in Ningbo city centre to evaluate and compare the 

performance of GNSS constellations in urban canyon environment. Moreover, 

the performance of combined GNSS constellations is analysed to compare with 

single GNSS constellations. 

For the GNSS test on campus of UNNC, the truth coordinate established in the 

controlled environment by using a Leica TS11 Total Station and a digital Level. 

In the static and kinematic test, the number of visible satellites is analysed to 

find out the availability of different GNSS constellations. The PDOP value is 
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analysed to figure out the satellite geometry. In addition, the percentage of 

ambiguity fixed solutions is analysed to indicate the reliable positioning 

solutions. Finally, RMS error is used to analyse the positioning accuracy 

compared with the truth coordinate established in the controlled environment of 

different GNSS constellations and combinations. 

The GNSS kinematic test results show that integrating multi-GNSS 

constellations improves the positioning results in urban area environments 

compared with a single GNSS constellation. In the GNSS static test, the markers 

in a controlled environment are divided into 5 categories from an open sky 

environment to dense urban environments. From open sky environment to dense 

urban environment, the number of visible GPS, GLONASS and BDS satellites 

decreases, the average number of visible GPS, GLONASS and BDS satellites 

decrease and the PDOP values increase. Moreover, the BDS PDOP value is 

larger than GPS and GLONASS PDOP values results from that the BDS 

constellation is not fully operational and has five geostationary satellites are 

always available but always in the same area of the sky. In addition, the number 

of ambiguity fixed solutions and positioning accuracy decrease from Category 

1 to 5. GLONASS cannot provide ambiguity fixed solutions from Category 2 to 

5. Although BDS constellation is not fully operational, and the geometry is not 

good, BDS provides similar positioning results compared with GPS with high 

elevation angles of five IGSO satellites during the test. Integration of GPS, 

GLONASS and BDS provides enough visible satellites in urban environments, 

but it does not always improve the positioning results. There are probably two 
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reasons, one is that integration with GLONASS makes it difficult to obtain 

ambiguity fixed solutions, the other is that the combination of more satellites 

means higher chance to get multipath errors in urban environments. There are 

75% markers (21 out of 28) on campus of UNNC provided with ambiguity fixed 

solutions by either GPS, BDS or GPS and BDS integration. Moreover, the 

maximum error is less than 10cm.  

For the Multi-GNSS test in Ningbo city centre, where is a more different 

environment than the campus of UNNC, 41% positioning results  are ambiguity 

fixed solutions by GPS, 34% positioning results  are ambiguity fixed solutions 

by BDS in the kinematic test. In the static test, 47% (7 out of 15) positions can 

obtain ambiguity fixed solutions by GPS and BDS. The performance of 

GLONASS is worse than GPS and BDS. Integrating GPS and BDS improves 

4% more ambiguity fixed solutions in the kinematic test, one more position with 

ambiguity fixed solutions in the static test. However, the performance of 

combining GPS and GLONASS, GPS, BDS and GLONASS are worse than 

GPS only. 
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CHAPTER 4 : Strapdown Inertial Navigation System 

 

Introduction 

The inertial based technology pipeline positioning system presented in this 

thesis mainly uses a low-cost Strapdown Inertial Navigation System (SINS). 

Therefore, this chapter is presented to familiarize the reader with the technical 

background. Firstly, Section 4.1 provides an overview of Inertial Navigation 

System (INS), followed by the grade of Inertial Measurement Unit (IMU) in 

Section 4.2. Section 4.3 describes the gyroscopes and accelerometers of Micro-

Electro-Mechanical System (MEMS) IMUs, before focussing next on the 

discussion of IMU error characteristics in Section 4.4. Section 4.5 introduces 

the coordinate frames used in inertial navigation, accompanied by an 

introduction of the IMU initialization and alignment in Section 4.6. Last but not 

least, the inertial navigation mechanization equation and error model are 

illustrated in Section 4.7 and Section 4.8, respectively.  

 

4.1 Inertial Navigation System Overview 

Inertial Navigation is a self-contained navigation technique. It is used to track 

the position and orientation of an object relative to a known initial positon, 

orientation and velocity based on measurements acquired by accelerometers, 

gyroscopes and applying the dead reckoning (DR) principle (Savage, 1999). 
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Inertial navigation has been widely used in aircraft, marine, and navigation in 

difficult environments for GNSS such as indoor, urban canyons and tunnels 

(Groves, 2008). The sensor assembly of accelerometers and gyroscope is termed 

an Inertial Measurement Unit (IMU). The combination of IMU and a navigation 

processor to do the computation can be collectively known as Inertial 

Navigation System (INS) (Abdulrahim, 2012). An IMU is the sensor for an 

inertial navigation system to produce an independent three-dimensional 

navigation solution. It typically contains three orthogonal accelerometers which 

measure specific force and three orthogonal gyroscopes which measure angular 

rate, both without an external reference (Grewal et al., 2007). 

There are two types of IMUs: stable platform systems and Strapdown systems. 

The difference between the two categories is the frame of reference where 

accelerometers and gyroscopes operate. The platform of stale platform systems 

aligns with the global frame by mounting the platform using gimbals to allow 

the platform freedom in all three axes (Woodman, 2007). If there is a rotation, 

the amount of rotation or attitude rate will be picked up by the gyros on the 

platform. Thus, any platform rotation will be neutralized by subtracting it with 

the attitude rate obtained from gyros. A stabled-platform permits the 

accelerometers to be used correctly because forces due to gravity can be 

deducted directly from the accelerometer measurements. The position is then 

acquired by integrating the accelerometers measurements twice.  

Unlike the stable platform systems, the accelerometers and gyroscopes in 

Strapdown systems are rigidly mounted to the device. Compared with the stable 
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platform systems, Strapdown systems decrease the mechanical complexity and 

are physically smaller and cheaper than the stable platform systems, which 

makes the Strapdown systems more convenient and leading the trend of inertial 

navigation systems (Titterton and Weston, 1997). However, the output 

measurements of Strapdown systems are in the body frame rather than global 

frame. The integration of rate gyroscopes gives orientation. Using known 

orientation, accelerations are processed into global coordinates to track position. 

The algorithm of a Strapdown inertial navigation system is shown in Fig. 4.1.  

 

Gyroscope Orientation

∫

Accelerometer
Accelerations 
on global axes

∫
Velocity

Initial Velocity 

∫
Position

Initial Position

 

Fig. 4.1 An Strapdown inertial navigation algorithm (Woodman, 2007) 

 

4.2 IMU Grade 

IMUs provide a wide range of accuracy. There are generally four categories of 

IMU, often defined to describe the different grades of applications including 

strategic, navigation, tactical and consumer (Barbour, 2010). Usually the lowest 

grade is the cheapest and has the lowest specification. Table 4.1 shows a 
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performance comparison of IMU grades for different applications. Besides, 

other IMU parameters such as noise and scale factor should be considered for 

an actual application. 

The research presented in this thesis uses low cost MEMS IMUs including 

Xsens MTi-G and Microstrain 3DM-GX3-45 which fall under the consumer 

grade IMU. The specifications of Xsens MTi-G and Microstrain 3DM-GX3-45 

are shown in Table 4.2. 

 

Table 4.1 IMU grades for different application (Barbour, 2010) 

IMU Application 

Grades 

Accelerometer 

Performance 
Gyro Performance 

Strategic ~1 ‘Ὣ ~0.001 ὨὩὫȾὬ 

Navigation 25 ‘Ὣ 0.01 ὨὩὫȾὬ 

Tactical ~1 άὫ ~1 ὨὩὫȾὬ 

Consumer >50 άὫ >1 ὨὩὫȾὬ 

 

 

 

 

 

 

 

 



 

84 

 

Table 4.2 Specifications of Xsens MTi-G and Microstrain 3DM-GX3-45. 

(Microstrain, 2014, Xsens, 2012) 

IMU Sensor Xsens MTi-G Microstrain 3DM-GX3-45 

 Accelerometers Gyros Accelerometers Gyros 

Measurement 

range 
±50 m/s² 

±300 

deg/s 
±50m/s2 

±300 

deg/s 

Non-linearity 0.2% fs 0.1% fs ±0.1% fs 
±0.03 % 

fs 

In-run bias 

stability 
2 mg 

20 

deg/h 
±0.04 mg 18 deg/h 

Scale factor 

stability 
0.03% — ±0.05 % ±0.05 % 

Noise 0.002 m/s²/√Hz 

0.05 

deg/s 

/√Hz 

0.0008 

m/s²/√Hz 

0.03 

deg/sec 

/√Hz 

Alignment error 0.1° 0.1° ±0.05° ±0.05° 

 

4.3 MEMS IMU Accelerometers and Gyroscopes  

There are many types of gyroscopes and accelerometers such as mechanical 

gyroscopes, fibre optical gyroscopes, ring laser gyroscopes, MEMS gyroscopes, 

mechanical accelerometers and solid-state accelerometers and MEMS 

accelerometers (Titterton and Weston, 2004, Lawrence, 2012, Barbour, 2010). 

Mechanical and optical gyroscopes have the advantages of high precision 

tolerances and intricate assembly techniques. However, they are expensive. In 
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contract MEMS gyroscopes use silicon micro-machining techniques and are 

relatively cheap to produce. MEMS gyroscopes use Coriolis acceleration effect 

on the vibrating proof mass to detect inertial angular rate (Apostolyuk, 2006). 

Fig. 4.2 shows the basic principle of Coriolis acceleration (Yazdi et al., 1998). 

Consider an observer sitting on the ὼ-axis of the ὼώᾀ coordinate is watching a 

particle which travels along the ώ-axis at a velocity metsys etanidrooc ehT .‮ 

rotates around the ᾀ-axis with an angular velocity ɱ. The observer thinks that 

the particle is changing its trajectory towards the ὼ-axis with an acceleration 

magnitude Á ς.sepocsoryg SMEM ni desu elpicnirp eht si sihT . ɱ 8 ‮ 

 

Rotation Ω  

z

y

x

 ג

a  = 2ג X Ω

Travelling Particle

Observer

 

Fig. 4.2 Coriolis acceleration (Yazdi et al., 1998) 
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MEMS gyroscopes contain vibrating elements to measure the Coriolis eǟect. 

The simplest geometry consists of a single mass to detect inertial angular rate. 

When the gyroscope is rotated a secondary vibration is induced along the 

perpendicular sense axis due to the Coriolis force. Angular rate can then be 

estimated by measuring the amplitude of the oscillation in the perpendicular 

sense axis, which is proportional to the applied input rate. A simple construction 

of an MEMS accelerometer consist of a proof mass which is suspended by 

compliant beams anchored to a fixed frame (Hide, 2003). External acceleration 

displaces the proof mass, which changes the internal force in the suspension 

spring. Therefore both the displacement of the proof mass and the force required 

to maintain its position can be measured to estimate the acceleration. 

 

4.4 IMU Error Characteristics 

Compared with other sensors, MEMS sensors have the advantages of small size, 

low weight, low power consumption, short start up time and cheap to 

manufacture (Kempe, 2011). However MEMS gyroscopes are currently far less 

accurate than optical devices, and MEMS accelerometers are not as accurate as 

mechanical and Solid-state accelerometers manufactured using traditional 

techniques (Farrell et al., 2000). Each MEM IMU error source includes four 

components: a fixed contribution, a temperature-dependent variation, a run-to-

run variation and an in-run variation (Groves, 2013). The fixed contribution is 

present each time the IMU sensor is used and is corrected by using the 
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laboratory calibration data as well as the temperature-dependent variation. The 

run-to-run variation is constant within any run, but it cannot be corrected by the 

IMU processor because it is different each time the sensor is used. However, it 

can be calibrated by the IMU alignment each time the IMU is used. Finally the 

in-run variation slowly changes during the operation of IMU sensor, cannot be 

corrected during system alignment. Although there are still some residual errors 

from the first three components, the fourth component that affect the 

performance of MEMS IMU the most. The MEMS IMU dominant error sources 

including biases, scale factor, cross coupling and random noise which may fall 

under the fourth error component that affect both accelerometers and 

gyroscopes performance (Abdulrahim, 2012). 

 

4.4.1 Bias 

The bias is a constant error of all accelerometer and gyroscopes independent of 

specific force and angular rate. Fig. 4.3 illustrates it. The bias is the dominant 

error of an IMU in most cases. It can be spitted into static bias and dynamic bias 

(shown in Eq. (4.1) and Eq. (4.2)). It is usually specified in milli-g (άὫ) for 

accelerometers (ὦ) and degrees per hour (ὨὩὫȾὬ or ЈȾὬ) for gyroscopes (ὦ). 

Static bias, which is run to run variation, is constant throughout an IMU 

operation, but different from each time run. It is possible to estimate 

accelerometer and gyro bias of an IMU by taking an average measurement for 

a certain time when the IMU is stationary. Dynamic bias, which is in-run 

variation, varies over periods over a specified period of time, typically around 
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100 seconds. For example, if the accelerometer bias instability of Xsens MTi-G 

shown in Table 4.2 is quoted as 2 άὫ for 100 s and the known bias at time t is 

ὦ  (t), it means that the bias at (t + 100) is a random variable with an expected 

value of ὦ   (t) and a standard deviation 2 άὫ . Usually the dynamic bias is 

approximately 10% of the static bias. 

 

ὦ ὦ ὦ  (4.1) 

  

ὦ ὦ ὦ  (4.2) 

 

 

Input

Output

Output = Input

Output 

Bias error

 

Fig. 4.3 An IMU sensor input versus output with a bias error (Groves, 2013) 
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4.4.2 Scale Factor 

The scale factor error is the departure of the IMU sensor input and sensor output 

gradient. It is illustrated in Fig. 4.4. It can result from the imperfection in the 

pick-off sensor inside IMU assembly (Weinberg and Kourepenis, 2006). The 

accelerometer output error due to the scale factor is proportional to the true 

specific force along the sensitive axis, while the gyro output due to the scale 

factor error is proportional to the true angular rate about the sensitive axis. For 

an MEMS IMU, the scale factor error is unitless and typically expressed as a 

percentage. For example, in Table 4.2, the accelerometer scale factor error of 

Xsens MTi-G is 0.03 percent from the true output. 

 

Input

Output

Output = Input

Output

Scale factor error

 

Fig. 4.4 An IMU sensor input versus output with a scale factor error (Groves, 

2013) 
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4.4.3 Cross-coupling 

Cross-coupling error is caused by the misalignment of the sensitive axes of the 

inertial sensor with respect to the orthogonal axes of the body frame due to 

manufacturing limitation. Misalignment of accelerometer sensitive axes with 

respect to the body frame is shown in Fig. 4.5. Usually misalignment error is 

expressed in degree. For example, in Table 4.2, the misalignment error of 

accelerometer and gyroscope inside Xsens MTi-G sensor is 0.1Ј.  

Ob

Xb

Yb

Zb

Yaccel

Xaccel

Zaccel

 

Fig. 4.5 Misalignment of accelerometer sensitive axes with respect to the 

body frame (Groves, 2013) 
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4.4.4 Random Noise 

The MEMS IMU outputs are perturbed by random noise for a number of sources, 

such as thermal noise and electrical noise (Woodman, 2007). As a consequence, 

the samples obtained from the MEMS IMUs are perturbed by a white noise 

sequence, which is zero-mean uncorrelated random variables. Integrating 

gyroscope white noise produces an angle random walk with units of ÄÅÇȾЍὬ, 

and integrating accelerometer white noise creates a velocity random walk with 

unit of άȾίЍὬϳ , which grows proportionally to Ѝὸ. Meanwhile, power spectral 

density with units of ὨὩὫὬϳ Ὄᾀϳ   or ά ίϳ Ὄᾀϳ   and FFT noise density 

with unit of ὨὩὫὬϳ ЍὌᾀϳ  or ά ίϳ ЍὌᾀϳ . For example, gyroscope noise density 

of the Microstrain 3DM-GX3-45 is 0.03 ὨὩὫίϳ ЍὌᾀϳ . This means after 1 hour 

the standard deviation of the attitude error will be πȢπσφπ  ρȢψЈ , after 2 

hours it will be Ѝς ρȢψ  ςȢυυЈ. 

 

4.4.5 Error Models 

The main errors of accelerometer and gyroscope are given in Eq. (4.3) and Eq. 

(4.4): 

 

Ὢ ὦ Ὅ ὓ Ὢ ύ  (4.3) 

  

‫  ὦ Ὅ ὓ ‫ ὋὪ ύ  (4.4) 

 

Where Ὢ   and ‫   are the IMU output specific force and angular rate 
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respectively, and Ὢ  and ‫  are the true values. ὦ and ὦ are the biases, ὓ  

and ὓ are the scale factors, ύ  and ύ  are the random noises of specific force 

and angular rate respectively. Ὃ is the g-dependent bias for the gyroscope, and 

Ὅ is the identify matrix. 

 

4.4.6 Error Propagation 

For most MEMS sensors white noise and uncorrected bias errors are the 

dominant errors in the overall error sources. White noise causes a random walk 

whose standard deviation grows proportionally to the square root of time. An 

uncorrected bias introduces an error, which grows linearly with time. An 

uncompensated gyroscope error introduces error proportional to time (t) in 

attitude. Likewise, an uncompensated accelerometer error causes error 

proportional to time (t) in velocity and proportional to (t2) in position (Aggarwal, 

2010). They are illustrated in Eq. (4.5), Eq. (4.6) and Eq. (4.7): 

 

 ‏  ὦ Ὠὸ ὦὸ 
(4.5) 

  

ὺ ὦὨὸ‏ ὦὸ 
(4.6) 

  

ὖ‏ ὺὨὸ‏ ὦὸ Ὠὸ
ρ

ς
ὦὸ 

(4.7) 

 

Where ὦ  and ὦ are gyroscope and accelerometer error respectively. ‏  is the 
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attitude error. ‏ὺ is the velocity error. ‏ὖ is the position error.  

However, error in the angular rate measured by gyroscope also cause drift in the 

position calculation. An error in attitude introduces an inaccurate projection of 

the acceleration signals onto the global axes. As a result, the accelerations are 

integrated in wrong direction to calculate the position. An small attitude error  

will cause an acceleration error with magnitude Ὣ (ὦὸ)  ‏ ÓÉÎ‏  Ὣ

 ‏ Ὣὦὸ in the globally horizontal axes and cause an acceleration error of 

magnitude  Ὣ ρ ÃÏÓ‏  π  in the globally vertical axis (Woodman, 

2007). Therefore, the error in position caused by a small attitude error will occur 

mainly in the globally horizontal plane. Velocity and positon errors due to small 

attitude error expressed in Eq. (4.8) and Eq. (4.9):  

 

ὺ ὥὨὸ‏ Ὣὦὸ Ὠὸ 
ρ

ς
Ὣὦὸ 

(4.8) 

  

ὖ‏ ὺὨὸ‏
ρ

ς
Ὣὦὸ Ὠὸ 

ρ

φ
Ὣὦὸ 

(4.9) 

 

The propagation of gyroscope errors is the dominant error in the position 

calculation for nearly all MEMS IMUs. For example, the in-run bias stabilities 

of gyroscope and accelerate of the Xsens MTi-G sensor are 20 deg/h and 0.02 

m/s2 respectively. If only bias is considered for the position calculation, 

accelerometer bias will generate a 0.25 m position error after 5 s, and 100 m 

after 100 s. In contrast, gyroscope bias will only generate a 0.02 m position error 
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after 5 s, but 158.53 m after 100 s. Compared with Xsens MTi-G, the gyroscope 

bias stability of the Microstrain 3DM-GX3-45 is similar, which is 18 deg/h, but 

the accelerometer bias stability is much smaller, which is 0.04 mg 

(approximately 0.0004 m/s2). If only bias is considered for the position 

calculation, accelerometer bias will generate a 0.005 m position error after 5 s, 

and 1.96 m after 100 s. In contrast, gyroscope bias will only generate a 0.02 m 

position error after 5 s, but 142.68 m after 100 s. It shows that with time 

increasing, the position error caused by gyro bias is much greater than the error 

caused by accelerometer bias results from it generates cubic error growth in 

position error.  

 

4.5 Coordinate Frames 

There are four types of coordinate frame typically used in inertial navigation: 

Earth-centred inertial frame, Earth-centred Earth-fixed frame, local navigation 

frame and body frame (Groves, 2013). These coordinate frames used due to the 

MEMS IMU outputs including accelerations and angular rates need to be 

transferred to meaningful navigation information to user. 

 

4.5.1 Earth-Centred Inertial Frame 

An Earth-Centred Inertial (ECI) Frame, denoted by the symbol Ὥ, has an origin 

at the Earth’s centre of mass. The z-axis, Earth’s rotation axis, points form the 

centre to the North Pole. The x and y axes lie within the equatorial plane, but do 
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not rotate with Earth. The x-axis is in vernal equinox direction. The y-axis 

completes the right-handed orthogonal set with x and z axes. ECI frame is 

important in navigation as the inertial sensors measure motion with respect to a 

generic inertial frame. ECI frame is not strictly an inertial frame since the Earth 

accelerates in its orbit around the sun, its spin axis slowly moves, and the galaxy 

rotates. However, these effects are smaller than the noise of inertial sensors. 

 

4.5.2 Earth-Centred Earth-Fixed Frame 

An Earth-Centred Earth-Fixed (ECEF) Frame, denoted by the symbol Ὡ, has the 

same origin and z-axis with ECI frame. The x and y axes lie within the equatorial 

plane as well. However, in contrast to ECI, all axes of the ECEF frame are fixed 

with respect to the Earth. The x-axis points from the centre to 0° longitude 

(prime meridian in Greenwich). The y-axis completes the right-handed 

orthogonal set with x and z axes. This means ECEF frame rotates with the Earth, 

coordinates of a point on the surface of the Earth does not change, which is 

important in navigation. 

 

4.5.3 Local Navigation Frame 

A Local Navigation Frame, denoted by the symbol ὲ, has the origin at the centre 

of the object. The axes aligned with the topographic directions: north, east and 

down. The x-axis, or north axis, points from the centre of the object to the North 

Pole. The z-axis, or down axis, is perpendicular to the surface of the reference 

ellipsoid pointing to the Earth. The y-axis, or east axis, completes the right-

https://en.wikipedia.org/wiki/Prime_meridian
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handed orthogonal set with x and z axes. However, other forms are used in Local 

Navigation Frame such as east, north, up or north, west, up. The axes must form 

a right-handed set.  

 

4.5.4 Body Frame 

A Body Frame, denoted by the symbol ὦ, has the origin at the centre of the 

object. The origin is same with local navigation frame. However, the axes are 

fixed with respect to the object. x-axis is the forward axis, pointing towards the 

travelling direction of the body. Z-axis is the down axis, pointing to the direction 

of gravity. Y-axis is the right axis, completing the right-handed orthogonal set 

with x and z axes. Body frame is essential to describe the motion of the object 

measured by inertial sensors.  

 

4.6 Initialization and Alignment 

INS estimates a navigation solution based on known initial position, velocity 

and attitude. Thus, before an INS can be used to calculate a navigation solution, 

the initial navigation solution must be provided through initialization and 

alignment of the system. Initialization refers to obtaining the initial position and 

velocity of the system. Due to the inertial behaviour, Initial position and velocity 

must be provided by external information such as GNSS. However, it depends 

on the accuracy and reliability of GNSS measurements. Alternatively, initial 

position and velocity can be obtained by using a pre-surveyed coordinates and 
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keeping stationary (zero velocity) (Abdulrahim, 2012, Hide, 2003). While 

alignment refers to obtaining the initial attitude of the system. Initial attitude 

can be provided by sensing gravity and the Earth rotation. IMU alignment 

requires the IMU is stationary, typically lasting a few minutes to reduce the 

attitude initialization errors. 

When the INS is stationary, self-alignment can be used to initialize the roll and 

pitch with poor inertial sensor. However heading requires aviation-grade gyros 

or better. Therefore, Heading is often initialized by using manometers for 

MEMS IMUs. Self-alignment consists of two processes: levelling process, 

which initializes the roll and pitch attitude with accelerometer measurements 

and a gyrocompassing process, which initializes the heading or yaw angle. The 

initialization equations of pitch (—) and roll ( ) attitudes are given in Eq. (4.10) 

and Eq. (4.11): 

— ὥὶὧὸὥὲ

ở

ờ
Ὢȟ

Ὢȟ Ὢȟ Ợ

Ỡ 

 

(4.10) 

  

  ὥὶὧὸὥὲὪȟȟὪȟ  (4.11) 

 

Noting that four-quadrant arctangent functions must be used where 

ὥὶὧὸὥὲὥȟὦ  equals ὥὶὧὸὥὲὥὦϳ  . When the pitch and roll attitudes are 

calculated from levelling, the heading (‪) can be obtained by using the pitch, 

roll and gyro measurements in Eq. (4.12), Eq. (4.13) and Eq. (4.14) 
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‪ ὥὶὧὸὥὲίὭὲ‪ȟὧέί‪ (4.12) 

  

ίὭὲ‪‫ ȟὧέί ‫ ȟίὭὲ  (4.13) 

  

ὧέί‪‫ ȟὧέί—‫ ȟίὭὲ ίὭὲ—‫ ȟὧέί ίὭὲ— (4.14) 

  

The process of levelling and gyrocompassing alignment is known as coarse 

alignment process.  However, the accuracy of gyrocompassing methods 

depends on gyro performance (Britting, 1971). If the accuracy of gyros is about 

0.01°/hr, the accuracy of the heading initialization 1mrad. IMUs are not capable 

of gyrocompassing if gyro bias in excess of 5 deg/h. For low cost IMUs, heading 

attitude can be calculated by using magnetometers which measure the total 

magnetic flux density ά . The magnetometer sensitive axes are aligned with 

accelerometers and gyros.  The magnetic heading measurement is given by Eq. 

(4.15): 

 

‪ ὥὶὧὸὥὲ
ά ȟὧέί ά ȟίὭὲ ȟ

ά ȟὧέί—ά ȟίὭὲ ίὭὲ—ά ȟὧέί ίὭὲ—
 

    

  (4.15) 

 

After a few seconds of attitude coarse alignment, there are still residual attitude 

errors from the systematic errors. Therefore, it is necessary to calibrate attitude 

from coarse alignment known as fine alignment. There are three main fine 

alignment techniques including Quasi-stationary alignment, GNSS alignment 

and transfer alignment (Groves, 2013). Quasi-stationary alignment means the 
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positon of IMU is known and the IMU is stationary. Then zero velocity updates 

(ZVUs) is used to refine the attitude. GNSS alignment uses the positon and 

velocity obtained from GNSS to calibrate the attitude during the alignment 

phase and navigation phase. Finally transfer alignment uses position and 

velocity from another INS or GNSS/INS. It is usually used for aligning a 

guided-weapon INS. For these fine alignment techniques, an estimate algorithm 

particularly Kalman filter will be used to calculate the difference between the 

INS and the reference outputs in order to calibrate the attitude, velocity and 

position.  

 

4.7 Inertial Navigation Mechanization Equation 

As mentioned in Section 4.1, output measurements of Strapdown Inertial 

Navigation systems (SINS) are in the body frame rather than global frame. In 

order to update the attitude, velocity and position, Angular rate and specific 

force measurements have to be expressed with respect to and resolved in the 

axes of global coordinate frame such as Earth-centred inertial frame, Earth-

centred Earth-fixed frame and local navigation frame. In this thesis, a local 

navigation frame of the inertial navigation equations are explained because it 

provides a navigation solution in a form readily suited for user output. Generally, 

there are four steps to estimate navigation solutions by integrating SINS IMU 

output. Firstly, update the attitude. Secondly, transform the specific force from 

the body frame to the local navigation frame. Thirdly, update the velocity 
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including transformation of specific force into acceleration using a gravity 

model. Finally update the position.  Fig. 4.6 shows the mechanization process 

for SINS in the local-navigation-frame. In detail, Attitude is expressed as the 

body to navigation frame coordinate transformation matrix, ὅ , whilst position 

is expressed as geodetic latitude ὒ , longitude λ, and geodetic height Ὤ . The 

suffixes (-) and (+) are used to denote values at the beginning of the navigation 

equations and at the end of the processing solution respectively.  

 

Update 
attitude

Transform 
specific 

force frame

Update 
velocity

Gravity 
model

Update
position

Gyroscope
Compensation

Accelerometer
Compensation

 

Fig. 4.6 INS mechanization process in local navigation frame (Groves, 

2013) 

 

The iterative procedure begins with the raw gyroscope (‫ ) and accelerometer 
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(Ὢ  ) measurements compensation. The gyroscope measures the total sensor 

rotation in the inertial frame including the Earth’s rotation, ‫  , and the 

navigation frame transport rate, ‫ . This gives the turn rate of the body frame 

with respect to the local navigation frame referenced in the body frame, ‫ , is 

calculated in Eq. (4.16): 

 

‫ ‫ ὅ ‫ ‫  (4.16) 

 

Where, 

‫ ‫ ὧέίὒ     π    ‫ ίὭὲὒ (4.17) 

  

‫
ὺ

Ὑ Ὤ
     

ὺ

Ὑ Ὤ
    
ὺὸὥὲὒ

Ὑ Ὤ
 

 

(4.18) 

 

‫  is the magnitude of Earth rate (7.292115 x 10-5 rad/s), however this value 

can be considered an approximation because it depends on the approximation 

of earth’s geoid to an ellipsoid. Ὑ   and Ὑ   are the meridian and transverse 

radius of curvature, respectively. ὺ is the velocity in the local navigation frame. 

The compensated gyroscope measurements are used to calculate the updated 

attitude from the rotation matrix ὅ . The attitude can be updated by propagating 

ὅ  in accordance with the Eq. (4.19): 

 

ὅ ὅ  ὅ      ὅ  (4.19) 
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Where  

 

π ‫ ‫

‫ π ‫
‫ ‫ π

‫  

 

(4.20) 

  

  ‫ Ƞ      ‫ Ƞ        ‫  (4.21) 

  

  is the cross product operator. Using the Eq. (4.20) and Eq. (4.21), Eq. (4.19) 

can be rewritten as: 

 

ὅ ὅ ‫ ‫ ‫ ὅ  (4.22) 

 

Then, Eq. (4.23) is used to update the coordinate transformation matrix ὅ  , 

where † is the time interval of IMU measurements. 

 

ὅ ὅ Ὅ   †     ὅ † (4.23) 

 

The coordinate transformation matrix ὅ  can be used to represent attitude: raw 

( ), pitch (—) and yaw or heading (‪) angles, also known as Euler angles. Euler 

angles are converted to a coordinate transformation matrix using 

 

ὅ
ÃÏÓ‪ ÓÉÎ‪ π
ÓÉÎ‪ ÃÏÓ‪ π
π π ρ

ÃÏÓ— π ÓÉÎ—
π ρ π
ÓÉÎ— π ÃÏÓ—

ρ π π
π ÃÏÓ  ÓÉÎ 
π ÃÏÓ  ÓÉÎ 

 

 

 

(4.24) 

 

While, the attitude angles can then be extracted from the coordinate 
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transformation matrix using the following Eq. (4.25), Eq. (4.26) and Eq. (4.27): 

 

 

  ὥὶὧὸὥὲὅ
ȟ
ȟὅ

ȟ
 (4.25) 

  

— ὥὶὧίὭὲὅ
ȟ

 (4.26) 

  

‪ ὥὶὧὸὥὲὅ
ȟ
ȟὅ

ȟ
 (4.27) 

 

The updated attitude is then used to resolve the specific force measurement from 

the body frame to the local navigation frame. The specific force in the local 

navigation frame is then compensated for gravity and Coriolis acceleration 

using Eq. (4.28): 

 

ὺ ὅὪ Ὣ ς‫ ‫ ὺ  (4.28) 

 

Where Ὣ  is the local gravity vector. Eq. (4.29) can be used to update velocity 

in the local navigation frame. Then Eq. (4.30), Eq. (4.31) and Eq. (4.32) are 

used to produce position solutions.  

ὺ ὺ †ὺ  (4.29) 

  

ὒ ὒ †
ὺ

Ὑ Ὤ
 

(4.30) 
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‗ ‗ †
ὺ

Ὑ Ὤὧέίὒ
 

(4.31) 

  

Ὤ Ὤ  †ὺ  (4.32) 

 

The process repeats for the next raw gyroscope and accelerometer measurement. 

The current calculated attitude, velocity and position solutions are used in the 

next iteration. 

 

4.8 Inertial Navigation Error Model 

The INS mechanization equations contain errors due to the uncertainties in the 

sensors, the uncertainty of gravity field and navigation parameters (Shin, 2005). 

To describe the time-dependent behaviour of these error, linear INS models are 

developed through perturbation analysis to analysis the position, velocity and 

attitude dynamics of the INS errors in the local navigation frame. Eq. (4.33), Eq. 

(4.34), Eq. (4.35) are used to compute position (‏ὖ), velocity (‏ὺ) and attitude 

 ‏) ) errors respectively (Gleason and Gebre-Egziabher, 2009, Rogers, 2003, 

Savage, 2000, Jekeli, 2001). 

 

ὖ‏ Ὕ ὖ‏ Ὕ ὺ‏  (4.33) 

  

ὺ‏ ὅὪ  ‏ ὅ‏Ὢ Ὣ‏ ς‫ ‫ ὺ‏

ς‏‫ ‫‏ ὺ  

(4.34) 
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 ‏ ‫ ‫  ‏ ‫‏ ‫‏ ὅ‏‫  (4.35) 

 

Where ‏ represents the error of parameters behind it. Ὕ  and Ὕ  are the partial 

derivatives with respect to position and velocity. Therefore, using the 

knowledge from the error model, Kaman filter can be used to estimate the 

inertial sensors over time and correct navigation solutions using external 

position and velocity update from other sensors such as GNSS and odometer, 

which will be explained in Chapter 5.  

 

4.9 Summary 

This chapter reviews several subjects relevant to the low-cost SINS presented 

in this thesis. First, the basic principles of inertial navigation, in particular the 

SINS with its low-cost MEMS IMU technology is covered. It is then followed 

by an introduction to IMU error characteristics including bias, scale factor, 

cross-coupling, and random noise. Moreover, the error models and error 

propagation is deduced. It is demonstrated that for most MEMS sensors, white 

noise and uncorrected bias errors are the dominant errors in the overall error 

sources. In addition, the propagation of gyroscope errors is the dominant error 

in the position calculation. Then four types of coordinate frame typically used 

in inertial navigation: Earth-centred inertial frame, Earth-centred Earth-fixed 

frame, local navigation frame and body frame are described. Before an INS can 
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be used to calculate a navigation solution, the initial navigation solution must 

be provided through initialization and alignment of the system. It is then 

followed by the derivation of inertial navigation mechanization equation and 

error model. 
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CHAPTER 5 : IMU and Odometer Integration Using Kalman 

Filtering 

 

Introduction 

In this chapter, IMU and odometer integration algorithms are developed and 

presented with the following outlines: it starts with an introduction to describe 

the fundamental principles of the Conventional Kalman filter in Section 5.1, 

followed by the description of the Extended Kalman filter, which is commonly 

used to integrate INS and GNSS or odometer measurements in Section 5.2. In 

Section 5.3, the Robust Kalman Filtering technique is applied to remove 

odometer measurements contaminated by outliers due to the wheel-slip. Finally, 

in Section 5.4, the tightly coupled integration between IMU and odometer is 

developed to decrease error caused by the odometer installation attitude error 

and scale factor error. 

 

5.1 The Kalman Filter 

The Kalman filter (KF) is one of the most common in estimation theory 

application. The KF, an optimal liner estimator introduced in 1960, is basically 

a statistical method that combines all measurements with prior knowledge about 

the systems and sensors to provide an optimal state estimation with statistically 

minimum error (Kalman, 1960). This research utilized the KF to estimate INS 
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errors because: (1) optical estimation at current epoch requires all previous 

statistical data of the system, (2) only estimations at current epoch are required 

to predict future states, and (3) propagation of INS errors over time can be 

acquired, monitored and estimated with other external information.   

However, the INS system error is non-linear. It can be solved with the Extended 

Kalman filter (EKF), which is a linearized type of KF, where it linearizes the 

system dynamic model and the measurement model. The low-cost IMU errors 

are assumed to be linearly propagated and the use of EKF with this assumption 

is reliable for this research. This is because the time interval between 

measurement update is typically very short (less than 0.5 s). Within the short 

period, the assumption of linearization is adequate to model the low-cost IMU 

errors.  

 

5.1.1 Principle of the Kalman Filter 

The KF is a linear estimation technique, which is comprised of a series of 

algorithms in a recursive configuration. It consists of five core elements such as 

the state vector and covariance, the system model, the measurement vector and 

covariance, the measurement model, and the algorithm. The state vector is a set 

of parameters describing a system. For most navigation systems, the states 

include position, velocity, and attitude or position, velocity and attitude errors. 

The state noise covariance is the uncertainties in the KF state estimate and the 

degree of correlation between errors in those estimates. The system model 

represents the process model to describe how the KF states and error covariance 
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vary with time. The measurement vector is a set of simultaneous measurements 

of the system, which are functions of the state vector, and measurement noise 

covariance is the statics of the noise on the measurement. The measurement 

model describes how the measurement vector varies as a function of the true 

state vector. Finally, the KF algorithm uses the measurement vector, 

measurement model and system model to calculate optimal estimate of the state 

vector. 

 

5.1.2 Algorithms and Models of the Kalman Filter 

Welch and Bishop (2006) and Grewal (2011) describe the linear equations of 

the Kalman filter (KF). In order to estimate the states, ὼ, of the system, the KF 

uses two models known as system model and measurement model. The system 

model is represented in Eq. (5.1), where the state model at epoch Ὧ is derived 

from the prior state at epoch Ὧ ρ . A discrete measurement model is 

represented in Eq. (5.2), where the state is linearly stated to the measurements. 

 

ὼ Aὼ Bό  ύ  (5.1) 

  

ᾀ Ὄὼ  ὺ (5.2) 

 

Where, ὼ  denotes the state vector, A  denotes the transition matrix, B  denotes 

the control-input matrix, ό  denotes the control vector, ᾀ  denotes the 

measurement vector, Ὄ denotes the measurement matrix, ύ and ὺ represent the 
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process and measurement noise, respectively. They are assumed to be 

independent of each other, white, and with normal probability distributions. 

Process noise ύ  is drawn from ὔπȟὗ  , with covariance matrix ὗ , and 

measurement noise ὺ is drawn from ὔπȟὙ , with covariance matrix Ὑ shown 

in Eq. (5.3) and Eq. (5.4): 

 

ὴύ ὔͯπȟὗ  (5.3) 

  

ὴὺ ὔͯπȟὙ (5.4) 

 

The procedure of the KF is divided into two basic phases: prediction and 

measurement update. The prediction phase represents the system’s evolution 

from the previous to the current epoch. The new state vector and associated 

covariance matrix are predicted from the state at epoch Ὧ ρ  to the state at 

epoch Ὧ based on the dynamic model in Eq. (5.5) and Eq. (5.6): 

 

ὼ Aὼ Bό (5.5) 

  

ὖ ὃὖ ὃ ὗ (5.6) 

 

Where A and B are from Eq. (5.1) and ὗ is from Eq. (5.3). ὖ is the covariance 

matrix of the state vector. The superscript “-“ denotes a priori state estimate and 

the superscript “^” denotes a posteriori state estimate. The task of Kalman filter 

is to update ὼ and ὖ . The first task during the measurement update is to 
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compute the Kalman gain,ὑ , which is a weighting factor that indicates how 

much the measurements could affect the final state vector estimate in Eq. (5.7). 

Moreover, the process covariance matrix ὗ  and the measurement covariance 

matrix Ὑ are are the two effective factors to adjust the magnitude of the Kalman 

gain. If Ὑ  is enlarged, Kalman gain,ὑ   will decrease. Which means less 

affection from the measurement and more confidence from previous state 

estimate. And it is directly the opposite to the influence of ὗ. 

 

ὑ ὖὌ ὌὖὌ Ὑ  (5.7) 

 

The next step is to measure the process to obtain ᾀ, and then to generate an a 

posteriori state estimate by incorporating the measurement as in Eq. (5.8). The 

final step is to obtain an a posteriori error covariance estimate using Eq. (5.9).  

 

ὼ ὼ ὑ ᾀ Ὄὼ  (5.8) 

  

ὖ ρ ὑὌὖ  (5.9) 

 

After each prediction and update pair, the process is repeated with the previous 

a posteriori estimates used to predict the new a priori estimates, which is shown 

in Fig. 5.1.  
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Fig. 5.1 Procedure of the Kalman Filter Algorithms 

5.2 The Extended Kalman Filter 

As described in Section 5.1, the Kalman filter (KF) is a method to estimate the 

state by a linear stochastic difference equation. However the state model and 

(or) measurement model of INS integrating with other technologies are non-

linear. Therefore an Extended Kalman Filter (EKF) which linearizes the state 

and measurement models by applying Taylor series expansion is developed to 

deal with non-linear process. 

The state model is given as Eq. (5.10), and the measurement model is given as 

Eq. (5.11): 

ὼ Ὢὼ ȟό ύ  (5.10) 

  

ᾀ Ὤὼ  ὺ (5.11) 

 

Where Ὢ and Ὤ are non-linear functions in the state and measurement models 
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respectively. ύ andὺ  again represent the process and measurement noise 

respectively as in Eq. (5.1) and Eq. (5.2). όdenotes the control vector.  

Due to the non-linear nature of the process, the prediction and measurement 

update equations cannot use Ὢ  and Ὤ  functions directly. To linearize the non-

linear functions in Eq. (5.10) and Eq. (5.11), they are expanded in Taylor series 

with terms up to first order. Jacobian matrices of Ὢ  and Ὤ  are applied as Eq. 

(5.12) and Eq. (5.13): 

 

Ὂ  
‬Ὢ

‬ὼ
ὼ ȟό  

(5.12) 

  

Ὄ
‬Ὤ

‬ὼ
ὼ  

(5.13) 

 

The prediction and measurement update equations of the EKF are the same as 

the KF after linearization, which is given as Eq. (5.14) to Eq. (5.18). The 

flowchart of the EKF is shown in Fig. 5.2. 

 

ὼ Ὢ(ὼ ȟό  (5.14) 

  

ὖ Ὂ ὖ Ὂ ὗ (5.15) 

  

ὑ ὖὌ ὌὖὌ Ὑ  (5.16) 

  

ὼ ὼ ὑ ᾀ Ὤὼ  (5.17) 
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ὖ ρ ὑὌ ὖ  (5.18) 

 

Prediction

(1) Predict the state

(2) Predict the error covariance

Measurement Update

(1) Compute the Kalman gain

(2) Update estimate with measurement 

(3) Update the error covariance

Initial values 1 1   ˆ ,k kx P- -

1(ˆ ˆ ,   )k k kx f x u-

-=

1 1 1

T

k k k kP F P F Q-
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1
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k k k k k kK P H H P H R
-

- -= +

( )( )ˆ ˆ ˆ
k k k k kx x K z h x- -= + -

( )1k k k kP K H P-= -

 

Fig. 5.2 Procedure of the Extended Kalman Filter Algorithms 

Compared with the KF, the EKF solves non-linear state and measurement model. 

However, unlike the KF, the EKF is not optimal because Ὢ and Ὤ functions are 

linearized. If Ὢ  and Ὤ  functions are highly nonlinear or the process model is 

inaccurate then due to the use of the Jacobians, which essentially represents a 

linearization of the model, the EKF will likely diverge leading to very poor 

estimates. 

 

5.3 The Robust Kalman Filter 

A Robust Kalman filter (RKF) should be applied if data are contaminated by 

outliers, which are defined as observations that lies outside an overall pattern of 

a distribution (Moore, 2007). This problem was firstly solved by Masreliez and 
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Martin (1977) who apply heavy-tailed Gaussian and non-Gaussian distributions 

to account for outliers. A more efficient robust Kalman filter based on 

polynomial interpolation is developed by Tsai and Kurz (1983). When using the 

robust estimation, the measurement outliers are controlled by robust equivalent 

weights of the measurements (Yang, 1994, Yang et al., 2001). Furthermore, the 

RKF was derived by using Bayesian statistics to deal with the outliers not only 

in the measurements but also in the updated parameters (Koch and Yang, 1998, 

Yang et al., 2010, Yang et al., 2001). In the present thesis, the outliers only in 

the independent measurements are looked for. The robust estimator of filter are 

shown in Eq. (5.19). 

 

ὼ ὼ ὑ ᾀ Ὄὼ  (5.19) 

 

Where ὑ  represents the Kalman gain matrix based on the equivalent weight 

matrix of observations as given in Eq. (5.20). 

 

ὑ ὖὌ ὌὖὌ ὡ  (5.20) 

 

Where ὡ  denotes the equivalent weight matrix of ᾀ. In the independent case, 

it is a diagonal matrix with element ύ (Ὥ ρȟςȟȣȟὲ, and ὡ  can be given as 

Eq. (5.21)  (Huber, 1964, Yang et al., 2001, Yang, 1993, Yang et al., 2002). 
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(5.21) 

Where ὠ  is the residual of the observation ᾀ. ὠ  is the standardised residual 

corresponding to ὠ . Ὧ and Ὧ are two constants, usually chosen as 2.0-3.0 and 

4.5-8.5 respectively. If the measurement is contaminated by outliers and the 

standardised residual of the measurement is between Ὧ  and Ὧ , then ύ  is 

decreased. In this case, the contribution of the corresponding measurements to 

the state estimator will be reduced. If the standardised residual is larger than the 

Ὧ, ύ  is close to 0, which means the measurement contaminated by outliers 

cannot be used in the Kalman filter. 

 

5.4 Odometer and IMU integration 

The INS is a self-contained, hardly-disturbed, dead-reckoning navigation 

system. It works according to the inertial principle and integrates the 

measurements from the IMU. The biases and drifts of the IMU are accumulated 

in the navigation solution, which affect the accuracy of the IMU and therefore, 

the navigation error of the IMU increases unlimitedly with respect to time. An 

odometer is a velocity sensor and it is also self-contained and hardly-disturbed. 

The odometer provides undisrupted velocity information continuously, and 

compensates the navigation error even in the case of unavailable GPS. Moreover, 

generally, it produces more accurate and more frequent velocity measurement 
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than the GPS. However, there is scale factor error of the odometer, which will 

make the velocity measurement inaccurate. 

 

5.4.1 Odometer 

The Odometer is a sensor to determine a land vehicle’s speed and distance 

travelled by measuring the rotation of its wheels. It is a well-known source of 

independent velocity measurement in sensor fusion navigation solutions. The 

advantage of the odometer is that it does not rely on an external system. 

Estimated velocity will be un-correlated with the observations of IMU. 

Although costs increase with adding an odometer, integrating IMU and 

odometer is essential to decrease inertial measurement bias drift (Ndjeng et al., 

2011). 

 

5.4.1.1 Odometry 

Odometry is determination of a land vehicle’s speed or distance travelled. There 

are two more coordinate frames to describe a vehicle navigation using odometry 

besides the body frame: the rear-wheel frame, which is denoted as ὶ and the 

front-wheel frame, which is denoted as Ὢ . The rear-wheel frame is centred 

equidistant between rear wheels and aligned with the direction of travel. Hence, 

it is nominally aligned with the body frame as given in Eq. (5.22). On the other 

hand, the front-wheel frame which is centred equidistant between front wheels 

is aligned with the direction of front wheels travel, which is determined by Eq. 

(5.23) using the steering angle, ‪ . 
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ὅ ὅ  (5.22) 
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π π ρ

 

 (5.23) 

 

When a road vehicle turns, each wheel travels at a different speed and in 

different directions, and move along the forwards ὼ-axis (Carlson et al., 2004). 

The body-frame velocity can be predicted from the rear or front wheel 

measurements by using Eq. (5.24) or Eq. (5.25). 

 

ὺ  ὅ

ὺ

π
π

‫ ὰ᷈

ὺ

π
π

‫ ὰ᷈  
(5.24) 

  

ὺ ὅ

ὺ

π
π

‫ ὰ᷈

ὺ ὧέί‪

ὺ ὧέί‪

π

‫ ὰ᷈  

(5.25) 

 

Where ὺ  and ὺ  are the speed of the rear and front wheel frames, respectively. 

ὅ  and ὅ  denote the coordinate transformation matrix from the rear and front 

wheel frames to the body fame, respectively. ‫  denotes the yaw or heading 

direction angular rate, correcting for the Earth rate. ὰ  and ὰ  represents the 

lever arms from the body frame to the rear and front wheel frames, respectively. 
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5.4.1.2 Odometer Error 

The main error source of the odometer is the scale factor error caused by the 

uncertainty of the wheel radius. The radius of tire wear decrease by up to 3%. 

In addition, it varies up to 1% due to changes of pressure, temperature, load and 

speed (Bullock et al., 2006, French, 1996, Stephen and Lachapelle, 2001, 

Groves, 2013). Therefore, it is necessary to calibrate the scale factor error of the 

odometer before it is used by using other techniques such as traditional 

surveying as described in Chapter 6 or GNSS. 

 

5.4.2 IMU and Odometer Integration 

An IMU state propagation is developed for a Kalman filter estimation. The state 

vector includes attitude, velocity and position errors referenced to and resolved 

to ECEF fame, and accelerometer and gyro biases. The IMU state vector 

comprises the following 15 states as given in Eq. (5.26):  
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(5.26) 

 

Where ‏  ὺ‏ ,  ὶ‏ ,   , ὦ  and ὦ  are attitude, velocity, position errors, 

accelerometer and gyro biases respectively. The superscript Ὡ denotes an ECEF 

frame.  
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The attitude propagation depends on the Earth rate and gyro measurements. The 

attitude error derivative is given as in Eq. (5.27): 

 

 ‏ ὅ ‫ ‫  (5.27) 

 

Where ~ denotes INS measurement quantity, ^ denotes estimate quantity. 

Splitting Eq. (5.27) into gyro measurement and Earth-rate terms gets Eq. (5.28): 

 

 ‏  ὅ‏‫ ὅ ὅ ὅ ‫  

ὅ‏‫ ♦  ‏  

 

(5.28) 

 

In term of the Kalman filter states, the expectation of the rate of change of the 

attitude is given as Eq. (5.29): 

 

Ὁ‏  ♦  ‏ ὅὦ (5.29) 

 

For the velocity update, the rate change of velocity in ECEF frame is given by 

Eq. (5.30): 

 

ὺ Ὢ Ὣ ὶ ς♦ ὺ  (5.30) 

 

Where Ὣ  denotes the acceleration due to gravity; ‎ denotes the acceleration 

due to the gravitational force. Thus, the time derivative of the velocity error is 
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given in Eq. (5.31): 

 

ὺ‏ Ὢ Ὢ Ὣ ὶǿ Ὣ ὶ ς♦ ὺ ὺ  (5.31) 

 

Moreover, the expectation of the specific force term is given in Eq. (5.32) and 

the gravity error is given as Eq. (5.33): 

 

ὉὪ Ὢ ὅὪ  ‏ ὅὦ (5.32) 

 

Ὣ ὶǿ Ὣ ὶ ‎ ‎ ♦ ♦ ὶ‏

ς‎ὶǶ

ὶ ὒ ὶǶ
ὶ‏  

(5.33) 

 

Therefore, the time derivative of the velocity error in terms of the Kalman filter 

states is given in Eq. (5.34): 

 

Ὁ‏ὺ ὅὪ  ‏ ς♦ ὺ‏
ς‎ὶǶ

ὶ ὒ ὶǶ
ὶ‏

ὅὦ 

(5.34) 

 

The time derivative of the position is velocity, and the time derivative of the 

position error is the velocity error, which are given as Eq. (5.35) and Eq. (5.36) 

respectively: 
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ὶ ὺ  (5.35) 
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Therefore, the system matrix of IMU state in Kalman filter is given in Eq. 

(5.37): 
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(5.37) 

Where, 

 

Ὂ ὅὪ  (5.38) 
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(5.39) 

Moving from continuous to discrete time, the transition matrix, limited to the 

first order in Ὂὸ is given in Eq. (5.40). Where ὸ is system propagation time. 
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The odometer velocity measurement is given as Eq. (5.41): 

 

ᾀ ὅὠ ὺ  (5.41) 

 

Where ὠ   is the velocity of the odometer in the body frame. ὺ   is the 

measurement noise of the odometer. The calculated velocity is given as Eq. 

(5.42):  

 

ᾀǶ ὠ  (5.42) 

 

The residual for the measurement is given as Eq. (5.43): 

 

ᾀǶ ᾀ  ὠ ὅὠ ὺ   

ὠ ὺ‏ Ὅ  ‏ ὅὠ ὺ

ὺ‏ ὅὠ  ‏ ὺ
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ὠ Ὅ π π π ὢ

ὺ  

 

 

(5.43) 

 

However, the lever arm difference between IMU and odometer makes their 

velocity different. The lever arm effect can be compensated by considering it in 

the derivation of measurement models. The velocity measurement of the 

odometer is the same as Eq. (5.41). The calculated velocity is given as Eq. (5.44). 
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ᾀǶ ὠ ‫ ὶ 

 

(5.44) 

Where ὶ  is the lever arm between odometer and IMU represented in the 

navigation frame. The residual can then be derived in Eq. (5.45); 
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(5.45) 

 

The odometer produces only pulses that correspond to moving distance. The 

distance can be calculated by multiplying these pulses by a scale factor. Then 

the velocity can be computed. However, the scale factor error caused by the 

uncertainty of the wheel radius is the dominant error source of the odometer, 

and makes the odometer measurement more inaccurate. The scale factor error 

can be included in the state vector and the corresponding Kalman filter estimates 
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the value as Eq. (5.46). 
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(5.46) 

 

Where Ὧ  is a scale factor error of the odometer. It is assumed to be random 

constant bias. The velocity measurement is given as Eq. (5.47).  

 

ᾀ ὅ ρ Ὧὠ ὺ  (5.47) 

 

The calculated velocity is same as Eq. (5.44) with considering the lever arm 

effect between IMU and odometer. Then the residual can be derived as Eq. 

(5.48). 
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Besides the lever arm effect and the scale factor error, the attitude 

alignment error between IMU and odometer will also bring error. The 

velocity of the odometer in the body frame is given as Eq. (5.49). Where 

ὠ   donates the velocity value calculated from the odometer 

measurement. It shows that the roll angle does not affect the velocity of 

the odometer. 

 

ὠ
ὧέί‪ὧέί—
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ίὭὲ—

ὠ  

 

(5.49) 

However, there are some installation angles errors between IMU and odometer 

given as Eq. (5.50). 
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(5.50) 

 

Usually the ‪  and —  angles are small, aligned with the odometer so they are 

assumed to be 0. Hence, Eq. (5.51) can be deduced from Eq. (5.50).  
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The state vector in the Kalman filter is given as Eq. (5.52) including the scale 

factor error and pitch and heading error, which are It is assumed to be random 
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constant bias. 
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The velocity measurement is given as Eq. (5.53), 
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The calculated velocity is same as Eq. (5.44) with the consideration of the scale 

factor error and lever arm compensation. Moreover, the residual is derived in 

Eq. (5.54). 
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5.5 Summary 

This chapter describes the fundamental principles of the Conventional Kalman 

filter and the Extended Kalman filter which is commonly used for IMU and 

odometer integration. In addition, to reduce effect from odometer measurement 

outliers due to the wheel-slip, this chapter develops Robust Kalman filter for 

IMU and odometer integration. Moreover, the tightly coupled IMU and 

odometer integration algorithms are developed in this chapter with considering 

of lever arm effect between IMU and odometer, odometer scale factor error and 

installation attitude error. 
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CHAPTER 6 : Low-cost IMU and Odometer Integration for a 

Test Pipeline Mapping 

  

Introduction 

In this chapter, low-cost IMU and odometer integration algorithms developed 

in Chapter 5 are verified and evaluated in a test pipeline. It starts with an 

introduction to DuctRunner Pipeline Mapping System, which is a new 

instrument for pipeline mapping in Section 6.1, followed by the experiments 

carried out to examine the only IMU positioning and the proposed low-cost 

IMU and odometer integration algorithms in the test pipeline in Section 6.2. 

Finally, the performances of the proposed algorithms are compared and 

discussed in Section 6.3. 

 

6.1 DuctRunner Pipeline Mapping System 

The DuctRunner pipeline mapping system is made by the Reduct NV Company 

in Belgium. It consists of two parts: a measure probe and two centralizing wheel 

sets (Fig. 6.1). The measure probe contains 18 sensors including the gyroscopes, 

accelerometers, magnetometers, and thermometers. The centralizing wheel sets 

are used to travel inside the pipes with different diameters, and the back wheel 

set contains two odometers. The DuctRunner technology is a gyroscopic 

pipeline mapping system, and it travels inside an underground pipeline 
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manually and autonomously records the raw data logged at 100 Hz. After that, 

the raw data is uploaded to the post processing software to estimate the 

trajectory of the DuctRunner, namely the pipeline position, based on the known 

entry and exit coordinates. The advantages of the DuctRunner technology 

include: firstly, it measures to any depth of buried pipes and ducts. Secondly, it 

can be used for both metallic and non-metallic pipes. Thirdly, it is able to 

position the pipes across river or underneath buildings. Lastly, if the GPS 

coordinates of entry and exit points of the pipe are provides, the DuctRunner 

can compute the position of the pipe with GPS coordinates, it is convenient for 

records. However, it can only travel through pipes that are empty. Obstacles 

inside pipes will affect the positioning accuracy, and the accuracy will decrease 

for long pipes.  

 

 

Fig. 6.1 The DuctRunner device consisting of a probe and two wheel sets 

(The length is approximately 1.2 m) 
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6.1.1 Sensors Inside the DuctRunner 

However, the raw data of DuctRunner are only numbers without any instruction. 

The Reduct NV Company who developed the DuctRunner refused to tell us any 

details about this instrument except for above general information described in 

Section 6.1. Therefore, the author had to investigate and understand the 

DuctRunner’s raw data. In order to investigate sensors inside the DuctuRunner, 

IMU sensors including two Xsens MTi-G and one Microstrain 3DM-GX3-45 

were attached to the DuctRunner. To compare the results from the different 

sensors, these external sensors were almost fixed in the same orientation on a 

trolley (Fig. 6.2). Then, because the output frequency of DuctRunner is 100 Hz, 

Xsens Mti-G and Microstrain 3DM-GX3-45 IMU were also set to collect 100 

samples per second. The trolley was pushed to accelerate and rotate in different 

directions in order to investigate IMU sensors inside the DuctRunner. After that, 

the DuctRunner was pushed to travel on the floor to investigate the odometer 

data. The comparisons between the IMU sensor and sensors inside the 

DuctRunner are presented from Fig. 6.3 to Fig. 6.5.  
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 DuctRunner Microstrain 3DM-GX3-45

Xsens MTi-G 
 

Fig. 6.2 Two Xsens MTi-G IMUs, one Microstrain 3DM-GX3-45 IMU 

and the DuctRunner fixed on a trolley 

 

 

(a) 3-axis accelerometer values in the body frame of Xsens MTi-G 
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(b) 3-axis accelerometer values in the body of Microstrain 3DM-GX3-45 

 

(c) Raw data of the DuctRunner, column: 2-4 

 

(d) Raw data of DuctRunner, column: 4-7 

Fig. 6.3 Comparison of raw data of DuctRunner and acceleration values of 

IMUs 
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(a) 3-axis gyroscope values in the body frame of Xsens Mti-G 

 

(b) 3-axis gyroscope values in the body frame of Microstrain 3DM-GX3-45 
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(c) Raw data of DuctRunner, column: 13-15 

Fig. 6.4 Comparison of raw data of DuctRunner and angular rate values of 

IMUs 

 

 

Fig. 6.5 Odometer data from the DuctRunner  

It was found that there are 9 columns related to accelerations and angular rates 

compared with external IMU sensors as shown in Fig. 6.3 and Fig. 6.4. In 
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addition, there are two columns, which represent the odometer data on the rear 

wheels of the DuctRunner (Fig. 6.5). After comparing with the data of Xsens 

MTi-G and Microstrain 3DM-GX3-45, it proved that there are two 3-axis 

accelerometers and one 3-axis gyroscope in the DuctRunner because the trend 

lines are very similar with values of accelerometers and gyroscopes of the 

attached external IMU sensors although sometimes the directions are opposite. 

In addition, the number of raw data from the DuctRunner is very large, and the 

unit of raw data is bit rather than physical values. Therefore, the inertial data of 

the DuctRunner cannot be analysed. However, the odometer data can be used, 

which produces pulses that correspond to moving distance. The velocity can be 

calculated by multiplying these pulses by a scale factor. The scale factor of the 

odometer from the DuctRunner is 0.04313 obtained from the manual. 

 

6.1.2 Experiment Design and Data Collection 

To evaluate the performance of the DuctRunner technology, a pipeline test site 

has been established on the roof of SEB at UNNC. The total length of the test 

pipeline is approximately 30 m, and it consists of 5 x 6 m pipes with 4 joint 

sockets. The diameter of the pipeline is 16 cm. The shape of the pipeline is 

designed as a w shape to simulate a more difficult situation than compared with 

straight pipes. For the primary test, the pipeline was surveyed using a Leica 

TS11 high accuracy total station to obtain precise 3-D coordinates of the 

pipeline and provide 3-D coordinates of the two end points for DuctRunner data 

post processing (Fig. 6.6). Then DuctRunner was pulled through the test 
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pipeline manually to collect data. 

 

 

Fig. 6.6 The test pipeline and use a Leica TS11 total station to measure the 

position of the pipe 

 

6.1.3 Experimental Results and Analysis 

The pipeline position calculated by the DuctRunner software is compared with 

the true shape of the pipeline measured by the Leica TS11 total station. 

According to the test results, the maximum errors in the horizontal plane and 

height are 0.080 m and 0.040 m, which are 0.27% and 0.13% of the total 

pipeline length, respectively (Shown in Fig. 6.7 and Fig. 6.8 ). The error 

increases from two ends to the middle of pipeline because forward and 

backward methods are used to estimate pipeline position with two known points 
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at both ends of the pipeline. 

 

 

Fig. 6.7 The test Pipeline positioning result from the DuctRunner and total 

station in North-Height plan (Red: Total station; Blue: DuctRunner) 

 

Fig. 6.8 The test Pipeline positioning result from the DuctRunner and total 

station in North-Height plan (Red: Total station; Blue: DuctRunner) 
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6.2 Low-cost IMU and Odometer Integration for Pipeline Mapping 

As the IMU data inside the DuctRunner device cannot be analysed, and this 

device is relatively expensive, approximately 800,000 RMB. To save the cost, 

the author uses low-cost IMUs including Xsens Mti-G and Microstrain 3DM-

GX3-45, which are approximately 10,000 RMB integrated with the odometer 

data from the DuctRunner to estimate the pipeline position, and compare its 

result with the DuctRunner result. 

 

6.2.1 Experimental Setup and Data Collection 

Two Microstain 3DM-GX3-45 and Xsens Mti-G sensors were attached to the 

DuctRunner device, and the DuctRunner was used as a vehicle to carry the IMU 

sensors travelling through the pipe and only provided the odometer data. In 

detail, four IMU sensors were fixed on a plastic plate in straight line and aligned 

with the body frame of the DuctRunner device. The plastic plate, which did not 

affect IMU signals, was then mounted on the DuctRunner (Fig. 6.9).  As the 

data logging in frequency of the DuctRunner is 100 Hz, to synchronize with it, 

all the IMUs were set with the same frequency for data collection. 
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Fig. 6.9 Four IMUs assembly on the DuctRunner Device 

 

Then this equipment was used to measure the test pipeline positions (Fig. 6.10) 

with the following procedure: 

1. Measured the position coordinates of two end points (A and B) of the pipeline 

by using the Leica GS10 receiver. 

2. Placed the DuctRunner at one end (A) of the pipeline, and kept still for about 

30 seconds.  

3. Pulled the DuctRunner from A to the other end (B) manually. When the 

DuctRunner arrived at B, kept it still for 30 seconds as well, then pulled it from 

B to A. 
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In order to clearly evaluate positioning accuracy, the rope which was used to 

pull the DuctRunner was marked every 2 m. Moreover, a video was taken during 

the experiment to capture the moment when the markers on the rope going into 

the pipe and the time was recorded when the markers go into the pipe by a Leica 

GS10 controller and a mobile phone (Fig. 6.11). Therefore, it is much easier and 

more accurate to assess the positioning accuracy estimated by the low-cost IMU 

and odometer integration when the markers go into the pipe. A Leica GS10 

receiver is used to measure two end positions of the test pipeline. The lever arm 

differences between the Microstrain 3DM-GX3-45_1232 IMU and end of the 

pipeline are -0.272 m, 0.014 m and -0.043 m in north, east and height directions, 

respectively.  

 

 

Fig. 6.10 The DuctRunner being placed into the test pipeline 
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Fig. 6.11 Recording the time when the markers on the rope (yellow tape) 

going into the pipe 

 

6.2.2 IMU Raw Data and Pipeline Positioning Results 

At first, only the Microstrain 3DM-GX3-45_1232 IMU is used to estimate the 

test pipeline position. Angular rate and acceleration data in the body frame 

collected by the gyroscopes and accelerometers of the Microstrain 3DM-GX3-

45_1232 IMU are shown in Fig. 6.12 and Fig. 6.13, respectively. Then the initial 

attitude angle of the IMU can be calculated by using Eq. (4.10), Eq. (4.11), and 

Eq. (4.15). Fig. 6.14 shows the attitude angles of the IMU in the test based on 

the angular rate data and initial attitude angle. Finally, the velocity and position 
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results in the global frame can be predicted. Fig. 6.15 compares the pipeline 

position results estimated by using the the Microstrain 3DM-GX3-45_1232 

IMU only with the total station measurements. It can be seen that due to the 

IMU drift, the positioning error of IMU quickly increases with time. The 

maximum horizontal error is more than 100 m and the maximum height error is 

more than15 m. Therefore, the pipeline position estimated by using IMU only 

is not reliable. Odometer measurement needs to be used to correct IMU data. 

 

 

Fig. 6.12 Angular rate data in the body frame of the Microstrain 3DM-

GX3-45_1232 IMU 
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Fig. 6.13 Acceleration data in the body frame of the Microstrain 3DM-

GX3-45_1232 IMU 

 

Fig. 6.14 Attitude angles of the Microstrain 3DM-GX3-45_1232 IMU 
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Fig. 6.15 Comparison of the pipeline positions between estimated by IMU 

only and total station measurement  

  

6.2.3 Loosely Coupled IMU and Odometer Integration 

At first, the IMU and odometer system is loosely coupled, which uses the 

odometer velocity solution as the measurement inputs. The DuctRunner is 

stationary to initialize the attitude angle in the first 30 s based on Eq. (4.10), Eq. 

(4.11) and Eq. (4.15) and to obtain the initial gyroscope bias. The IMU state 

vector and system matrix are shown in Eq. (5.35), Eq. (5.49) and Eq. (5.50). 

Other elements in the loosely coupled Kalman filter are:  

 

The initial error covariance matrix P = zeros (15); 

P (1:3, 1:3) = eye (3) x init_att_unc2; 

P (4:6, 4:6) = eye (3) x init_vel_unc2; 

P (7:9, 7:9) = eye (3) x init_pos_ unc2; 
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P (10:12, 10:12) = eye (3) x init_b_a_ unc2; 

P (13:15, 13:15) = eye (3) x init_b_g_ unc2; 

Where, initial attitude uncertainty (init_att_unc) is 0.5*pi/180 rad/s; Initial 

velocity uncertainty (init_vel_unc) is 0.1 m/s; Initial position uncertainty 

(init_pos_unc) is 0.1 m; Initial acceleration bias uncertainty (init_b_a_unc) of 

Microstrain 3DM-GX3-45_1232 IMU is 0.0004 m/s; Initial gyroscope bias 

uncertainty (init_b_g_unc) is 18*pi/180/3600 rad/s. 

 

The system noise covariance matrix Q = zeros (15); 

Q (1:3,1:3) = eye(3) x gyro_noise_PSD * tor_s; 

Q (4:6,4:6) = eye(3) x accel_noise_PSD x tor_s; 

Q (10:12,10:12) = eye(3) x accel_bias_PSD x tor_s; 

Q (13:15,13:15) = eye(3) x gyro_bias_PSD x tor_s; 

Where tor_s, which denotes the IMU and odometer integration interval in the 

Kalman filter is 1 s; Gyro_noise_PSD is (0.03 * pi/180)2 rad2/s; 

Accel_noise_PSD is 0.00082 m2/s3; Accel_bias_PSD is 0.00042/ta m2/s5; 

gyro_bias_PSD is (18*pi/180/3600)2/tg rad2/s3. Where ta = 100 s and tg = 100 s 

are correlation time in Markov process.  

 

The measurement noise covariance matrix R = eye (3) x (vel_meas_SD) 2, 

where the Velocity measurement noise standard deviation vel_meas_SD is 

0.0212 m/s, which is calculated in Section 6.2.4. 
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Finally, the pipeline positions can be calculated by using the forward Extended 

Kalman filter based on Eq. (5.14) to Eq. (5.18). Moreover, the lever arm 

difference between Microstrain 3DM-GX3-45_1232 IMU and odometer ὶ is 

[0.25 m, 0.05 m, 0.03 m] in the body frame, and it is compensated in the Kalman 

filter by using the Eq. (5.45). The test pipeline positioning result by using the 

Microstrain 3DM-GX3-45_1232 IMU and odometer is shown in Fig. 6.16. It 

can be found that except the start and end, where the DuctRunner is stationary 

for self-alignment and to initialize the attitude angle, from 96 s to 102 s, the 

position of the test pipeline does not change neither in north or the height 

directions. The Fig. 6.17 compares the estimated pipeline position with the 

result measured using the total station. It has been shown that the positioning 

error increases with time. In addition, position error is very large from 96 s to 

102 s. Fig. 6.18 shows the pulses produced by the odometer does not change 

from 96 s to 102 s. However, the DuctRunner was pulled to move inside the 

pipeline during the experiment except at the start and end points. It means the 

odometer value is affected by the wheel-slip from 96 s to 102s. The wrong 

velocity measurement due to wheel-slip leads to the pipeline positioning error 

in that 6 s and accumulated until the end. 
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Fig. 6.16 The test pipeline position in North and Height directions 

 

 

Fig. 6.17 Comparison of the pipeline positions between IMU/odometer 

integration solution and total stations solution 
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Fig. 6.18 Odometer distance solution with time 

 

6.2.4 Tightly Coupled IMU and Odometer Integration 

As explained in Chapter 5, besides the IMU error, odometer error including 

scale factor error, installation pitch and heading errors with IMU and odometer 

makes the odometer measurement inaccurate. To solve the problems induced by 

the scale factor error of odometer and the installation error, odometer can be 

calibrated to account for the scale factor error, and installation pitch and heading 

errors can be treated as state variables in the state vector of the Kalman filter 

with IMU error to form a tightly coupled IMU and odometer integration system. 

 

6.2.4.1 Odometer Calibration 

 

As described in Section 5.4, scale factor error is the dominate error of the 

odometer. An odometer calibration test was carried out to determine the scale 

factor error of the odometer on the DuctRunner. A Leica TS 11 total station was 
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used to set up a straight line over 8 m with a piece of wood, and various distances 

were marked on the wood including 1 m, 2 m, 5 m and 8 m (Fig. 6.19). To make 

sure the scale factor calibration is accurate enough, four IMUs were attached to 

the DuctRunner during the calibration. The DuctRunner was then pushed along 

the wood for different distances, 10 times for each. Finally, the readings of 

DuctRunner were compared with the true values. The scale factor for the 

odometer was found to be -0.013 (Table 6.1). 

 

Fig. 6.19 Odometer Calibration 
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Table 6.1 The odometer calibration result 

Distance(m) 

Mean value 

of odometer 

(m) 

Standard 

deviation 
Scale factor 

After 

correction 

(m) 

1 1.013 0.021 

-0.013 

0.999 

2 2.036 0.018 2.001 

5 5.071 0.022 5.004 

8 8.105 0.028 7.999 

 

Meanwhile, the velocity measurement noise standard deviation was calculated 

during the calibration, which is 0.021 m/s. 

 

6.2.4.2 Tightly Coupled Integration Results 

Scale factor error is computed during the odometer calibration. The installation 

attitude error therefore becomes the only error source that decreases odometer 

measurement accuracy. As mentioned in Chapter 5, installation roll angle error 

does not affect the velocity of the odometer. Pitch error ‏— and heading error 

 ‪ which affect the odometer measurement are considered as state variables.‏

The state vector in the Kalman filter is shown in Eq. 6.1. Installation pitch error 

 ‪ are assumed to be random constant bias. The system‏ and heading error —‏

of IMU state in Kalman filter is given in Eq. 6.2. Where Ὂ  denotes the IMU 

error model matrix given in Eq. (5.37). In addition, Eq. (5.54) displays the 

measurement matrix including the scale factor error. As the scale factor error 

has been calculated, the measurement matrix is shown in Eq. (6.3) deduced from 

the Eq. (5.54). Moreover, both initial pitch error ‏—  uncertainty and heading 



 

152 

 

error ‪ uncertainty are assumed as 1 deg.‏ 
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(6.4) 

Then, the forward extended Kalman filter is used to estimate pipeline positions 

with consideration of the lever arm compensation and the scale factor error. The 

pipeline position result is shown in Fig. 6.20. It has been shown that the tightly 

coupled IMU and odometer integration solution is also affected by the wheel-

slip from 96s to 102s, which affects the odometer measurement. However, 

compared with the loosely coupled IMU and odometer integration, the tightly 

coupled integration improves the positioning accuracy as shown in Fig. 6.17 
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and Fig. 6.20. The detail positioning accuracy comparison is shown in Section 

6.3. 

 

 

Fig. 6.20 Comparison of the pipeline positions between IMU/odometer 

tightly coupled integration solution and total station solution 

 

6.2.5 Robust Kalman Filtering for IMU and Odometer Integration 

From Fig. 6.17 and Fig. 6.20, it can be seen that outliers in odometer 

measurement have a strong impact on the pipeline positioning accuracy. 

Moreover, the positioning error is accumulated after the outliers due to the 

odometer measurement providing distance increments rather than absolute 3D 

positions. To detect and remove the odometer measurement outliers, a Robust 

Kalman flittering method is developed by using the Eq. (5.21). Ὧ and Ὧ are 

chosen as 3.5 and 8 respectively in the proposed Robust Kalman filter in this 

thesis. Fig. 6.21 shows the pipeline positioning result after applying the Robust 
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Kalman filtering method. After applying the Robust Kalman filtering method, 

the estimated pipeline position is much closer to the truth compared with 

pipeline positions in Fig. 6.17 and Fig. 6.20, which are far away from the truth. 

The maximum error in the horizontal plane is 0.61 m and the maximum height 

error is 0.11 m. 

 

 

Fig. 6.21 Comparison of the pipeline positions between IMU/odometer tightly 

coupled integration solution with Robust Kalman filtering and total station 

solution 

 

6.3 Result Analysis and Discussion 

The test pipeline positioning results from different IMU and odometer 

integration algorithms including loosely coupled integration, loosely coupled 

integration with scale factor correction, tightly coupled integration and tightly 

coupled integration with Robust Kalman filtering are shown in Fig. 6.22. Fig. 
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6.23 and Fig. 6.24 compare the horizontal error and height error of the pipeline 

position from different methods, respectively. Table 6.2 lists the positioning 

accuracy of different IMU and odometer integration algorithms compared with 

total station measurement. 
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Fig. 6.22 A comparison of the pipeline positioning results from different IMU and odometer integration methods
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Fig. 6.23 The test pipeline horizontal error by using different IMU and 

odometer integration methods 

 

 

Fig. 6.24 The test pipeline height error by using different IMU and 

odometer integration methods 
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Table 6.2 The pipeline positioning accuracy by using different IMU and 

odometer integration methods, compared to the total station coordinates 

Integration Methods  N (m) E (m) H (m) 

Loosely coupled 

RMS 0.49 0.41 0.14 

Min 0.03 0.02 0.01 

Max 0.94 0.78 0.29 

Loosely coupled with scale 

factor correction 

RMS 0.43 0.37 0.12 

Min 0.02 0.02 0.01 

Max 0.86 0.73 0.20 

Tightly coupled 

RMS 0.29 0.24 0.07 

Min 0.02 0.02 0.01 

Max 0.52 0.52 0.13 

Tightly coupled with robust 

kalman filtering 

RMS 0.28 0.23 0.06 

Min 0.02 0.02 0.01 

Max 0.56 0.46 0.10 

 

All the results are analysed before the wheel-slip happens. The positioning error 

increases largely after the half-way point due to the IMU drift and error 

accumulation. The height error is much smaller than horizontal error. This is 

because a small attitude error  ‏  (ὦὸ) will cause an acceleration error with 

magnitude Ὣ ÓÉÎ‏  Ὣ  ‏ Ὣὦὸ in the globally horizontal axes and 

cause an acceleration error of magnitude  Ὣ ρ ÃÏÓ‏  π  in the 

globally vertical axis.  

The horizontal and height error are 0.45 m and 0.14 m respectively by using the 
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loosely coupled IMU and odometer integration method. The use of loosely 

coupled integration with scale factor correction, tightly coupled integration by 

considering the installation attitude error effect and tightly coupled with Robust 

Kalman filter to remove odometer outliers effect provide a horizontal position 

improvement of 11%, 41% and 43%, respectively. Similarly, the height RMS is 

improved by 14%, 50% and 57%. Besides, from 96 s to 102 s, wheel-slip leads 

to wrong odometer measurement that makes the positioning results far away 

from the truth. After applying the Robust Kalman filter, the maximum 

horizontal error is 0.61 m and maximum height error is 0.11 m. 

In addition, the result is obtained by using the forward Kalman filter. As both of 

two end positions are known, forward and backward Kalman filter can be used 

together to provide more accurate results. Fig. 6.25 shows the positioning result 

by using the forward and backward Kalman filter without wheel-slip. The 

maximum error in height is 4 cm, and the maximum horizontal error is 10 cm. 

Compared with the expensive DuctRunner pipeline mapping system, the low-

cost IMU and odometer integration achieves the similar positioning result at 

least for this approximately 30 m long test pipeline. 
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Fig. 6.25 The pipeline positioning results with forward and backward kalman 

filtering method (Red: total station measurement; Blue: low-cost IMU and 

odometer integration solution) 

 

6.4 Summary 

This chapter introduces a new underground pipeline mapping system called 

DuctRunner and evaluates its performance on an approximately 30 m long test 

pipeline. The maximum pipeline position errors estimated by the DuctRunner 

in the horizontal plane and height are 0.080 m and 0.040 m, respectively. 

However, if only using the low-cost IMU to estimate the test pipeline, the 

maximum horizontal error is more than 100 m and the maximum height error is 

more than 15 m due to IMU drift. To save the cost, the author uses low-cost 

IMU with the odometer on the DuctRunner to calculate the pipeline position 

with the algorithms developed in Chapter 5 including the loosely coupled 

integration, the loosely coupled integration with scale factor error correction, 
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the tightly coupled integration to decrease odometer error caused by the 

installation pitch and heading error and the tightly coupled integration with 

Robust Kalman filter. Compared with the loosely coupled integration method, 

The use of loosely coupled integration with scale factor correction, tightly 

coupled integration and tightly coupled with Robust Kalman filter provide a 

horizontal position improvement of 11%, 41% and 43%, respectively. Similarly, 

the height RMS is improved by 14%, 50% and 57%. Besides, from 96 s to 102 

s, the wheel-slip leads to wrong odometer measurement that makes the 

positioning results far away from the truth. After applying the Robust Kalman 

filter, the maximum positioning error is reduced to 0.61 m in the horizontal 

plane, and 0.11 m in the height. This result is acquired by using one know start 

points. If use forward and backward Kalman filter with known start and end 

positions, the maximum error in height is 4 cm, and the maximum horizontal 

error is 10 cm, which is similar with the expensive DuctRunner pipeline 

mapping system for this approximately 30m long test pipeline. 
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CHAPTER 7 : Conclusions and Future Work 

 

7.1 Conclusions 

This thesis has investigated a low-cost IMU and odometer integration system 

for underground pipeline mapping. This inertial technology based pipeline 

system requires positioning technique to provide start and end positions, and its 

performance depends on the accuracy of start and end positions. GNSS is one 

of the most attractive positioning systems to acquire 3-D global positions. 

However, a majority of buried utilities are in urban areas where is a challenged 

environment for GNSS due to tall buildings that block or reflect satellite signals. 

This thesis has evaluated the performance of different single and Multi-GNSS 

constellations in urban environments including GPS, GLONASS, BDS and 

QZSS. Multi-GNSS static and kinematic experiments were carried out in a 

controlled environment from open sky environments to dense urban canyon 

environments on the campus at UNNC and in Ningbo city centre. Number of 

visible satellites is used to show the availability of GNSS constellation, DOP 

values are used to analyse satellite geometry. Besides, Root Mean Square error 

is used to analyse the positioning accuracy of different single and Multiple 

GNSS constellations. 

Compared with the advanced trenchless detection sensors including Vibro-

acoustics, Passive Magnetic Fields, Low Frequency Electromagnetic Fields and 

Ground Penetrating Radar, the inertial technology based pipeline positioning 
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system measures to any depth of buried pipes and ducts, even for the pipes 

across the river or underneath buildings, and it can be used for both metallic and 

non-metallic pipes. A new inertial based instrument for pipeline mapping called 

the DuctRunner is assessed and evaluated by using an approximately 30m long 

test pipeline that has been established in a w shape at UNNC. To save the cost, 

low-cost IMU is attached to the DuctRunner to estimate the test pipeline 

position with the odometer data of the DuctRunner. This thesis develops a 

tightly coupled integration between the IMU and odometer to decrease error 

caused by the odometer installation attitude error and the scale factor error, and 

then applies a novel Robust Kalman Filter technique to remove the effect of 

odometer measurement outliers due to the wheel-slip. Finally, this thesis 

evaluates the performance of the low-cost IMU and odometer integration 

system on the test pipeline and compares with the DuctRunner result. 

The outcomes and findings of this research work can be summarised as follows: 

¶ In the GNSS static and kinematic tests on campus of UNNC, from 

open sky environment to dense urban environment, the number of 

visible GPS, GLONASS and BDS satellites decrease and the PDOP 

values increase. In addition, the PDOP value of BDS is larger than 

GPS and GLONASS PDOP values results from that BDS 

constellation is not fully operational and has five geostationary 

satellites are always available but always in the same area of the 

sky. 

¶ The number of ambiguity fixed solutions and positioning accuracy 
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decrease from open sky environment to dense urban environment. 

GLONASS provides less ambiguity fixed solutions compared with 

GPS and BDS due to its FDMA technique. Besides, Although BDS 

constellation is not fully operational and the geometry is not good, 

BDS provides similar positioning results compared with GPS with 

high elevation angles of five IGSO satellites during the test. 

¶ The integration of GPS, GLONASS and BDS provides enough 

visible satellites in urban environments and improves satellite 

geometry compared with single GNSS, but it does not always 

improve the positioning results. There are probably two reasons, 

one is that integration with GLONASS makes it difficult to obtain 

ambiguity fixed solutions, the other is that the combination of more 

satellites means higher chance to get multipath errors in urban 

environments. 

¶ In the GNSS static test, there are 75% markers (21 out of 28) in 

the controlled urban environment provided with ambiguity fixed 

solutions by either GPS, BDS or GPS and BDS integration. 

Moreover, the maximum positioning error is less than 10cm, which 

satisfies the accuracy requirement for underground utilities 

positioning system in the MTU project. Therefore, the GNSS 

positioning error in urban areas is acceptable. 

¶ In the Multi-GNSS kinematic test in Ningbo city centre, GPS and 

BDS can provide 41%, and 34% positioning results with ambiguity 
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fixed solutions, respectively. In the static test, GPS and BDS can 

provide 47% (7 out of 15) positions with ambiguity fixed solutions. 

The performance of GLONASS is worse than GPS and BDS. 

Integrating GPS and BDS improves 4% more ambiguity fixed 

solutions in the kinematic test, one more position with ambiguity 

fixed solutions in the static test. However, the performance of 

combining GPS and GLONASS, GPS, BDS and GLONASS are 

worse than GPS only. 

¶ Only using the low-cost IMU to estimate the test pipeline, the 

maximum horizontal error is more than 100 m and the maximum 

height error is more than 15 m due to IMU drift. 

¶ For the low-cost IMU and odometer integration for the test pipeline 

positioning, the positioning error increases largely after the half-

way point due to the IMU drift and error accumulation. In addition, 

the height error is much smaller than horizontal error. This is 

because a small attitude error  ‏  (ὦὸ) will cause an acceleration 

error with magnitude Ὣ ÓÉÎ‏  Ὣ  ‏ Ὣὦὸ  in the 

globally horizontal axes and cause an acceleration error of 

magnitude  Ὣ ρ ÃÏÓ‏  π in the globally vertical axis. 

¶ Compared with the loosely coupled integration method, The use 

of loosely coupled integration with a scale factor correction, tightly 

coupled integration and tightly coupled with Robust Kalman filter 

provide a horizontal position improvement of 11%, 41% and 43%, 
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respectively. Similarly, the height RMS is improved by 14%, 50% 

and 57%. 

¶ Wheel-slip leads to wrong odometer measurement that makes the 

positioning results far away from the truth. To detect and remove 

the effect off outliers, a Robust Kalman filter is developed for the 

odometer and IMU integration. Consequently, the positioning error 

is reduced to 0.61 m in the horizontal plane, and 0.11 m in the height 

despite wheel-slips.  

¶ Using the forward and backward Kalman filter provides more 

accurate results compared to one direction only. The maximum 

error in height is 4 cm, and the maximum horizontal error is 10 cm. 

Compared with the expensive DuctRunner pipeline mapping 

system, the low-cost IMU and odometer integration achieves the 

similar positioning results at least for this test pipeline. It satisfies 

the accuracy requirement for underground utilities detection system 

stated in the MTU project. 

 

7.2 Future Work 

Based on the analysis of experimental results and concluding remarks presented 

above, some recommendations are presented below for future work: 

¶ In this research, BDS and Galileo is still not fully operational, and 

GLONASS mainly uses Frequency Division Multiple Access 
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(FDMA) techniques. With the development of BDS, Galileo and 

GLONASS Using Code Division Multiple Access (CDMA) 

techniques on the new generation GLONSS-K satellites, further 

investigation can be conducted to integrate different GNSS 

constellations with better compatibility and interoperability 

between GNSS systems. 

¶ One odometer is used in this research. The pipeline positioning 

accuracy will decrease if wheel-slip happens. Further research can 

use two odometers to avoid effect from one wheel slips. Besides 

difference of travelled distance between two odometers can be 

processed to provide heading angle. 
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Appendix: Matlab Code for the Tightly Coupled IMU and 

Odometer Integration with Robust Kalman Filter 

 

close all;  clear all;  clc; 

  

% input the Ductrunner data and Microstrain IMU data 

load 'DuctRunner_MS01232.mat' 

DR=DRDataRaw.omu(393032:404148,:); 

M_raw_1232=MS_01232_2_2(20125:31245,:); 

  

  

% obtain initial attitude of IMU 

pitch_1232=atan(M_raw_1232(1,10)/sqrt(M_raw_1232(1,11)^2+M_raw_123

2(1,12)^2));  

roll_1232=atan2(-M_raw_1232(1,11),-M_raw_1232(1,12)); 

heading_1232=atan2(-

M_raw_1232(1,17)*cos(roll_1232)+M_raw_1232(1,18)*sin(roll_1232), 

M_raw_1232(1,16)*cos(pitch_1232)+M_raw_1232(1,17)*sin(pitch_1232)*si

n(roll_1232)+M_raw_1232(1,18)*cos(roll_1232)*sin(pitch_1232)); 

  

  

%Microstrain specification 

% Initialize error covariance matrix 

LC_KF_config.init_att_unc = 0.5*pi/180; 

LC_KF_config.init_vel_unc = 0.1; 

LC_KF_config.init_pos_unc = 0.1; 

LC_KF_config.init_b_a_unc = 0.0004; 

% Initial gyro bias uncertainty per instrument (deg/hour, converted to rad/sec) 

LC_KF_config.init_b_g_unc = 18*pi/180/3600; 

LC_KF_config.init_installerror_1=1*pi/180; 

LC_KF_config.init_installerror_2=1*pi/180; 

  

P_matrix =  zeros(17); 

P_matrix(1:3,1:3) = eye(3) * LC_KF_config.init_att_unc^2; 

P_matrix(4:6,4:6) = eye(3) * LC_KF_config.init_vel_unc^2; 

P_matrix(7:9,7:9) = eye(3) * LC_KF_config.init_pos_unc^2; 

P_matrix(10:12,10:12) = eye(3) * LC_KF_config.init_b_a_unc^2; 

P_matrix(13:15,13:15) = eye(3) * LC_KF_config.init_b_g_unc^2; 
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P_matrix (16,16) =  LC_KF_config.init_installerror_1^2; 

P_matrix (17,17) =  LC_KF_config.init_installerror_2^2; 

  

%Determine approximate system noise covariance matrix 

  

sigma_a_d=0.0004; %in-run bias stability m/s2 

sigma_g_d=18*pi/180/3600; % rad/s 

sigma_a_w = 0.0008; %noise m/s2/sqrt(Hz)  =  m/s1.5 

sigma_g_w = 0.03*pi/180; %rad/s/sqrt(Hz) = rad/s0.5 

  

% Gyro noise PSD (deg^2 per hour, converted to rad^2/s)                 

LC_KF_config.gyro_noise_PSD = (0.03 * pi/180)^2; 

% Accelerometer noise PSD (micro-g^2 per Hz, converted to m^2 s^-3)                 

LC_KF_config.accel_noise_PSD = (0.0008)^2; 

% Accelerometer bias random walk PSD (m^2 s^-5) 

LC_KF_config.accel_bias_PSD =0.0004^2/100; 

% Gyro bias random walk PSD (rad^2 s^-3) 

LC_KF_config.gyro_bias_PSD =(18*pi/180/3600)^2/100; 

  

% Position measurement noise SD per axis (m) 

LC_KF_config.vel_meas_SD = 0.021219511; 

  

est_IMU_bias = zeros(6,1); 

est_IMU_bias(4:6,1)=[mean(MS_01232_2_2(5000:15000,13)) 

mean(MS_01232_2_2(5000:15000,14)) 

mean(MS_01232_2_2(5000:15000,15))]'; 

  

  

start_time=M_raw_1232(1,3); end_time=M_raw_1232(end,3); 

%odometer data 

DR(:,30)=start_time:0.01:start_time+111.16; 

  

Lat=29.8030475000000*pi/180; 

Lon=121.556716666667*pi/180; 

Height=35.0546; 

  

g = Gravity_NED(Lat,Height); 

  

eul_ins(1,:) = [roll_1232,pitch_1232,heading_1232]; 
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% Initialize true navigation solution 

old_time = start_time; 

true_L_b = Lat; 

true_lambda_b =Lon; 

true_h_b = Height; 

true_v_eb_n = [0 0 0]'; 

true_eul_nb = eul_ins(1,:)';  

true_C_b_n = Euler_to_CTM(true_eul_nb)'; 

  

  

% Initialize estimated attitude solution 

[old_est_r_eb_e,old_est_v_eb_e,old_est_C_b_e] = 

NED_to_ECEF(true_L_b,... 

    true_lambda_b,true_h_b,true_v_eb_n,true_C_b_n); 

  

  

 % Initialize odometer model timing 

time_last_odometer = old_time; 

odometer_epoch = 1; 

odometer_config.epoch_interval=1; 

  

  

% Main loop 

for epoch = 2:no_epochs; 

    time = M_raw_1232(epoch,3); 

    % Time interval 

    tor_i = time - old_time; 

     

    % Correct IMU errors 

    meas_f_ib_b = M_raw_1232(epoch,10:12)'*g(3) - est_IMU_bias(1:3)*g(3); 

    meas_omega_ib_b = M_raw_1232(epoch,13:15)' - est_IMU_bias(4:6); 

     

    % Update estimated navigation solution 

    [est_r_eb_e,est_v_eb_e,est_C_b_e] = Nav_equations_ECEF(tor_i,... 

        old_est_r_eb_e,old_est_v_eb_e,old_est_C_b_e,meas_f_ib_b,... 

        meas_omega_ib_b); 

  

    % Determine whether to update GNSS simulation and run Kalman filter 
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    if (time - time_last_odometer) >= odometer_config.epoch_interval ; 

        odometer_epoch = odometer_epoch + 1; 

        tor_s = time - time_last_odometer;  % KF time interval 

        time_last_odometer = time; 

    

        % obtain odometer velocity measurement 

           [x,y]=min(abs(DR(:,30)-time)); 

            

             a=find(DR(:,40)==DR(y,40)); 

           DR(y,31)=1*0.04313*(1-0.0175)/(size(a,1)-1)*100; 

  

         

        R_0 = 6378137; %WGS84 Equatorial radius in meters 

        e = 0.0818191908425; %WGS84 eccentricity 

  

         

% Constants (sone of these could be changed to inputs at a later date) 

c = 299792458; % Speed of light in m/s 

omega_ie = 7.292115E-5;  % Earth rotation rate in rad/s 

  

  

% Begins 

  

% Skew symmetric matrix of Earth rate 

Omega_ie = Skew_symmetric([0,0,omega_ie]); 

        

% SYSTEM PROPAGATION PHASE 

  

% 1. Determine transition matrix 

Phi_matrix = eye(17); 

Phi_matrix(1:3,1:3) = Phi_matrix(1:3,1:3) - Omega_ie * tor_s; 

Phi_matrix(1:3,13:15) = est_C_b_e * tor_s; 

Phi_matrix(4:6,1:3) = -tor_s * Skew_symmetric(est_C_b_e * meas_f_ib_b); 

Phi_matrix(4:6,4:6) = Phi_matrix(4:6,4:6) - 2 * Omega_ie * tor_s; 

geocentric_radius = R_0 / sqrt(1 - (e * sin(true_L_b))^2) *... 

    sqrt(cos(true_L_b)^2 + (1 - e^2)^2 * sin(true_L_b)^2);  

Phi_matrix(4:6,7:9) = -tor_s * 2 * Gravity_ECEF(est_r_eb_e) /... 

    geocentric_radius * est_r_eb_e' / sqrt (est_r_eb_e' *... 

    est_r_eb_e); 

Phi_matrix(4:6,10:12) = est_C_b_e * tor_s; 
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Phi_matrix(7:9,4:6) = eye(3) * tor_s; 

  

% 2. Determine approximate system noise covariance matrix 

Q_prime_matrix = zeros(17); 

Q_prime_matrix(1:3,1:3) = eye(3) * LC_KF_config.gyro_noise_PSD * tor_s; 

Q_prime_matrix(4:6,4:6) = eye(3) * LC_KF_config.accel_noise_PSD * tor_s; 

Q_prime_matrix(10:12,10:12) = eye(3) * LC_KF_config.accel_bias_PSD * 

tor_s; 

Q_prime_matrix(13:15,13:15) = eye(3) * LC_KF_config.gyro_bias_PSD * 

tor_s; 

  

  

x_est_propagated(1:17,1) = 0; 

  

% 4. Propagate state estimation error covariance matrix  

  

P_matrix_propagated = Phi_matrix * (P_matrix + 0.5 * Q_prime_matrix) *... 

    Phi_matrix' + 0.5 * Q_prime_matrix; 

  

% MEASUREMENT UPDATE PHASE 

        

% 5. Set-up measurement matrix  

H_matrix = zeros(3,17); 

H_matrix(1:3,4:6) = -eye(3); 

H_matrix(1:3,1:3) = Skew_symmetric(est_v_eb_e); 

H_matrix(1:3,13:15) = est_C_b_e*Skew_symmetric([0.25;-0.05;0.03]); 

H_matrix(1:3,16:17)=est_C_b_e(:,2:3)*DR(y,31); 

  

% 6. Formulate measurement innovations using (14.102), noting that zero 

  

delta_z(1:3,1) =  est_C_b_e*[DR(y,31);-DR(y,31)*installerror_1;-

DR(y,31)*installerror_2]-est_v_eb_e; 

  

% 7. Set-up measurement noise covariance matrix  

R_matrix(1:3,1:3) = eye(3) * (LC_KF_config.vel_meas_SD)^2; 

  

% 8. Applying Robust Kalman filter 

residual=delta_z(1:3,1) -  H_matrix * x_est_new; 

sigma=LC_KF_config.vel_meas_SD; 
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V=((residual(1)/sigma)^2 + (residual(2)/sigma)^2 + 

(residual(3)/sigma)^2)^0.5; 

  

k0=3.5;k1=8; 

if V<=k0; 

  R_matrix=eye(3) * LC_KF_config.vel_meas_SD^2; 

elseif V<=k1; 

       R_matrix=eye(3) * LC_KF_config.vel_meas_SD^2*V/k0*(k1-k0)/(k1-

V); 

     else  

          R_matrix=eye(3) * LC_KF_config.vel_meas_SD^2*10^30; 

         end 

  

  

% 9. Calculate Kalman gain using 

K_matrix = P_matrix_propagated * H_matrix' * inv(H_matrix *... 

    P_matrix_propagated * H_matrix' + R_matrix); 

  

  

  

% 10. Update state estimates using  

x_est_new = x_est_propagated + K_matrix * delta_z; 

  

% 11. Update state estimation error covariance matrix 

P_matrix = (eye(17) - K_matrix * H_matrix) * P_matrix_propagated; 

  

  

% Correct attitude, velocity, and position using  

  

est_C_b_e= (eye(3) - Skew_symmetric(x_est_new(1:3)))* est_C_b_e; 

est_v_eb_e = est_v_eb_e - x_est_new(4:6); 

est_r_eb_e= est_r_eb_e - x_est_new(7:9); 

installerror_1=x_est_new(16); 

installerror_2=x_est_new(17); 

% Update IMU bias estimates 

est_IMU_bias = est_IMU_bias + x_est_new(10:15); 

       

    end % if time    
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    % Convert navigation solution to NED 

    [est_L_b,est_lambda_b,est_h_b,est_v_eb_n,est_C_b_n] =... 

        ECEF_to_NED(est_r_eb_e,est_v_eb_e,est_C_b_e); 

  

    % Generate output profile record  

     

    out_profile(epoch,1) = time; 

    out_profile(epoch,2) = est_L_b; 

    out_profile(epoch,3) = est_lambda_b; 

    out_profile(epoch,4) = est_h_b; 

    out_profile(epoch,5:7) = est_v_eb_n'; 

    out_profile(epoch,8:10) = CTM_to_Euler(est_C_b_n')'; 

    out_profile(epoch,11:13)=est_r_eb_e'; 

    out_profile(epoch,14:30)=x_est_new'; 

     

    % Reset old values 

    old_time = time; 

    old_est_r_eb_e = est_r_eb_e; 

    old_est_v_eb_e = est_v_eb_e; 

    old_est_C_b_e = est_C_b_e; 

  

     

end %epoch 

  

%convert to NED local coordinates 

         for i=2:size(out_profile,1); 

        pos_ned(i,:) = 

wgsxyz2ned(out_profile(i,11:13)',Lat/pi*180,Lon/pi*180,Height)'; 

         end 

    

 

 


