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Abstract

In this thesis we begin by presenting an introduction on random
matrices, their different classes and applications in quantum mechanics
to study the characteristics of the eigenvectors of a particular random
matrix model. The focus of this work is on one of the oldest and
most well-known symmetry classes of random matrices - the Gaussian
unitary ensemble. We look at how the different possible deformations
of the Gaussian unitary ensemble could have an impact on the nature
of the eigenvectors, and back up our results by numerical simulations
to confirm validity.

We will begin exploring the structure of the eigenvectors by em-
ploying the supersymmetry technique, a method for studying eigen-
vectors of complex quantum systems. In particular, we can analyse
the moments of the eigenvectors, a quantity used in the classification
of eigenvectors, in different random matrix models. Eigenvectors can
either be extended, localised or critical and the scaling of the moments
of the eigenvectors with matrix size NV is used to determine the exact
type. This enables one to study the transition of the eigenvectors from
extended to localised and the intermediate stages.

We consider different classes of random matrices, such as random
matrices with an external source and structured random matrices. In
particular, we studied the Rosenzweig-Porter model by generalising
our previous results from a deterministic potential to a random one

and study the impact of such an alteration to the model.
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1 Introduction

Quantum mechanics has revolutionised physics in the past century and shaped
our understanding of nature; it underpins research in many areas including
condensed matter physics, quantum optics, quantum field theory and string
theory. In the microscopic world the laws of classical physics, as we know it,
ceases to be useful and so inspired the development of new physical laws. In
that time many experiments were performed, such as the black-body radiation
and double slit experiment, which contradicted the predictions from classical
physics, this lead notable physicists to develop a new set of theories which
could explain the phenomena observed in their experiments.

One of the most famous experiments was perhaps the experiment on the
black-body radiation at thermal equilibrium. A black-body is an object that
absorbs all incoming light and does not reflect any. Classical physics failed to
accurately predict the total energy emitted from the black-body, which called
into question the laws of physics used to reach this prediction. The formulae
from classical physics can quite accurately predict the energy emitted from
an ideal black-body at lower frequencies but fails to predict the experimental
data accurately at larger frequencies, particularly around the ultraviolet re-
gion. According to the laws of classical physics each mode contains the same
amount of energy and the energy emitted is proportional to the number of
modes at a given frequency so it stands to reason that most of the energy emit-
ted will come from the higher frequencies and even diverges with frequency;
this did not happen in the experiments. By calculating the total radiated
energy from the black-body at each frequency, the classical laws predict that
the black-body would release an infinite amount of energy, thereby violating
the principle of conservation of energy, contrary to their observations in the
experimental data, this was later dubbed the ultraviolet catastrophe. Max
Planck had studied the black-body radiation extensively and after much work
he was able to empirically describe the spectral-energy distribution from a

black-body that was in complete agreement with the experimental data. The



idea behind his theory was that energy is quantised so atoms can only ab-
sorb energy in discrete amounts, known as quanta, rather than taking the
traditional approach that energy should be continuous. This meant that each
wave has its own associated energy given by the equation E = hf, where h
is Planck’s constant and f is the frequency of the wave. By taking this ap-
proach Max Planck had found a formula that fitted the spectrum discovered
experimentally.

This is the starting point of the development of quantum mechanics, con-
sidered to be one of the most important theories of the 20th century, which
Einstein would later build upon to explain the photoelectric effect.

Quantum mechanics underlies many areas of research, one of which is
random matrix theory which we shall introduce in this thesis from the basics
to our current research topics. We will begin by providing a full structure of
the thesis in the next paragraph.

This thesis will introduce the reader to the topic of random matrices in
a simple manner, slowly delving into invariant and non-invariant ensembles
which are fundamental to our work and have many applications in physics.
We will begin by giving an introduction on the background of the topic of
random matrix theory, introduce the well-known Gaussian unitary ensemble
and the prominent Wigner’s semi-circle law. In this thesis we will mainly be
studying the statistical properties of two random matrix models: 1) WHW,
2) H + D where H is part of the GUE, as we refer back to these models
frequently we shall name them model I and model II, respectively.

In the first chapter we will give the definitions of the most important
quantities that we are interested in such as the density of states, moments of
the eigenvectors, generating function and the Green’s function. We will also
introduce supervectors and supermatrices as they are used extensively in our
work as well as superintegrals and how they are related to the Grassmann
variables.

In the second chapter we will be studying a particular deformed ensemble,

the first of the two models mentioned previously, where W is considered to



be a deterministic diagonal matrix, this ensemble is known as a deformed
Gaussian unitary ensemble. By applying the supersymmetry technique we
study the eigenvectors statistics of this system, we also produce an alternative
derivation of the zero energy result to confirm our original expressions and
generalise this to the case of diagonal W with Gaussian distributed elements.

In the third chapter we study the second model H + D, which is another
deformation of the Gaussian unitary ensemble, by deriving the moments of
the eigenvectors for this particular model for a deterministic diagonal D. Next
we are able to generalise this result to random diagonal D. In particular we
focus on the special model in which variances of the elements of D become
N-dependent. Afterwards we considered the case where D > H, in which
case our original expressions are no longer valid, so we derive the distribu-
tion function, and hence the moments of the eigenvectors, from perturbation
theory.

In the fourth chapter we introduce a generalised model which comprises
the features of both models I and II. We calculate the density of states and the
moments of the eigenvectors for this generalised model and verify numerically
the validity of these expressions.

The fifth chapter contains unfinished work on the calculation of the density
of states of non-Hermitian random matrices, which are random matrices that
do not have to conform to the Hermiticity constraint H;; = H};.

The sixth chapter contains unfinished work on computing the moments of
the eigenvectors for the Anderson type of model with the chiral symmetry.
We build on the work in 1] by using the results in the paper to apply to our
new model to see how this alteration of the model will affect the moments of

the eigenvectors.

1.1 Background on random matrices

Random matrices were first introduced in physics by Eugene Wigner in the
1950s and have applications in many areas of physics. In that time many

experiments were performed with heavy nuclei in order to determine their



energy spectra. To approach the problem theoretically we need to solve the
eigenvalue problem H|¥) = E|¥), which means we first need to determine
the Hamiltonian of the system, but this is a complex task due to the amount
of nucleons involved. In addition to this, the Hamiltonians in these com-
plex situations are also typically unsolvable and therefore cannot provide any
detailed information on the system.

Wigner and Dyson took a statistical approach to this problem by propos-
ing that random matrices could be used to describe the statistical properties
of heavy nuclei. Wigner postulated that the statistics of the energy levels
are modelled by the corresponding statistics of eigenvalues of the Gaussian
distributed random matrices, this means that the eigenvalues of the random
matrices should exhibit the same statistical behaviour as the energy levels of
the heavy nucleus as long as the random matrix ensemble is chosen appropri-
ately. This is due to the fact that some important statistical properties are
universal because they are only dependent on the physical symmetries of the
matrix and therefore will also be present in the random matrix ensemble.

There are 10 different types of symmetry classes, of which 3 are known as
the classical symmetry classes, for random matrix ensembles. The classical
symmetry classes are Gaussian unitary ensemble (GUE), Gaussian orthogonal
ensemble (GOE) and Gaussian symplectic ensemble (GSE). The first of the
classical symmetries (GUE) represents a system that is non-invariant under
time reversal; the second (GOE) case represents a Hamiltonian that is invari-
ant under time reversal symmetry with the time-reversal operator requirement
T? = 1; the final case (GSE) represents a Hamiltonian that is invariant under
time reversal with the time reversal operator 7% = —1.

Random matrix theory can be used in particular to describe various phe-
nomena in disordered quantum systems, including Anderson localisation and
the metal-insulator transition. Originally introduced in the 1950s Anderson
localisation is prevalent in quantum disordered systems; localisation is a phe-
nomenon that crops up in many areas of physics and is characterised by a

lack of diffusion waves in a disordered system. It predicts that an electron
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in a disordered lattice under certain conditions can be confined to a specific
region, this means that the probability amplitude decreases exponentially as
one moves away from the centre of localisation rather than being extended
over the whole region; therefore the chance of finding the electron is highest
at the centre of localisation. Such states are called localised states. They
can also be contrasted to extended states, which are characterised by equal
probability of finding an electron in any part of the available space.

The standard ensembles, however, cannot be used for describing the An-
derson localisation transition. Indeed, the statistical distribution of the eigen-
vectors of GUE is very simple because the normalised eigenvectors are dis-
tributed uniformly over a unit sphere in CV. This is closely related to the
invariance of the distribution function of GUE under arbitrary unitary trans-
formations which follows from the equivalence of the variances of the matrix
elements [2]. The elements of GUE are distributed with mean (H;;) = 0 and
variance (|H;;|*) = 1/N, which satisfy the Hermiticity constraint Hy; = H};.
N in this context corresponds to the system size of a Hamiltonian acting on
a one-dimensional lattice with NV vertices.

For this reason the non-invariant ensembles were studied in order to de-
scribe Anderson localisation such as power-law banded random matrices [3}/4],
banded random matrices [5,6], almost diagonal random matrices [7,8], ultra-
metric [9], and Ruijsenaars-Schneider ensembles [10]. Non-invariant ensem-
bles are matrix ensembles for which the variance is no longer a constant but
given by a non-trivial matrix <"£[m|2> = Fj;. The breaking of unitary invari-
ance makes it possible for localisation of eigenvectors to occur so we study
in detail the statistical properties of some non-invariant random matrix en-
sembles. There are many applications of non-invariant ensembles, including
random reactance networks |11], statistical signal processing [12] and vibra-
tion analysis [13].

Before we proceed with any calculations, we will introduce some concepts
below which are fundamental to our work, so it is important that the reader

will familiarise themselves with these concepts.
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1.1.1 Gaussian unitary ensemble

One of the most prominent and oldest random matrix ensembles is the Gaus-
sian unitary ensemble, this is fundamental to our work so we will begin by
defining the ensemble in detail.

The GUE is an ensemble of random matrices with particular structures
built into them: all of the elements Flij are independently and identically
distributed Gaussian random variables, up to the Hermiticity constraint H;; =

H*

i» with mean

<HJ> —0, (1)
variance
(1) = 1/N, @)
and probability distribution

P(H) o e~ axTH, (3)

The matrices are invariant under an arbitrary unitary transformation ma-
trix U:
PUHUY) = P(H), (4)

due to this invariance the ensemble describes extended states of a system.
In the next section we look at how the distribution of eigenvalues behave

as the system size N tends to infinity.

1.1.2 Wigner’s semi-circle law and the density of states

Eugene Wigner first noticed, in 1955, that for certain classes of random ma-
trices, one of which is GUE, the distribution of eigenvalues remained the same
as the matrix size N tends to infinity. This distribution is in fact the famous
Wigner’s semi-circle law and is satisfied by many symmetric random matrices

in the large N limit.
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N =30 N =50

Figure 1: In these figures the Wigner’s semi-circle law is given by the solid
green line and the histogram consists all eigenvalues from the GUE. We can
see that as IV increases, the histogram tends to Wigner’s semi-circle law.

The distribution of eigenvalues is defined as

N
p(E) =+ D (0(E — Ey), (5)
i
this quantity is also known as the density of states where F; are the eigenvalues
of the matrix at a given energy E and 9 is the delta-function.

In all three classical cases (the Gaussian unitary ensemble, Gaussian or-
thogonal ensemble and Gaussian symplectic ensemble) their density of states
tends to Wigner’s semi-circle law as the size of the system N tends to infinity.
As our work is based on the Gaussian unitary ensemble, we will show the
reader the density of states for different values of NV in the GUE case, which
is shown in fig. [ As can be seen in the figure the distribution of eigenvalues

rapidly tends to Wigner’s semicircle law as N tends to infinity.

1.2 Moments of the eigenvectors

Another important quantity in our work is the moment of eigenvectors since it

can provide an insight into the characteristics of the eigenvectors of a random
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matrix ensemble. It is defined in the following way
1
I(n) = —— Vo (n)|P6(E — E,)), 6
o) = ey 2 (el 6(E  Eu)) (6

where E|, is the eigenvalue corresponding to the normalised eigenvector 1), at
a given energy E and p(F) is the density of states as defined previously.
There are three qualitatively different types of eigenvectors: localised, crit-
ical and extended. The moments of the eigenvectors are used to differentiate
between the three types by measuring the scaling of the moments of the eigen-
vectors, I,, with matrix size N we are able to determine the characteristics of

the eigenvectors
N
I; =) I,(n) oc N~ (7)

where d, is known as the fractal dimension and this is what characterises the

nature of the eigenvectors:

0, Localised

dq = { d, Extended (8)

0 < f(q) <d, Multi-fractal
\

where d corresponds to the dimension of the lattice. In our case we work on

a one-dimensional lattice, therefore d = 1.

1.3 Green’s function

The generating function is an important quantity that is widely used in sta-
tistical physics. In this thesis it is used in order to compute the Green’s
functions.

The Green’s function is defined as |14]
GRIA(E) = (E* — H)™, )

where £+ = E +ic and ¢ is an infinitesimally small parameter.
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One of the simplest generating functions is defined as a ratio of two de-

terminants

. +
2(E* . j) = deti|E* — H|

 deti[E* — H —j]’ (10

it can be used to calculate the trace of the Green’s function:

0Z(E*, j)

RIA( I _
TG4 (E) 7/

(11)

j=0
This is an important relation as it is the foundation of the supersymmetry
technique, which is a powerful and indispensable method used to study the
statistics of eigenvectors of a quantum system. This relation can also be gen-
eralised for the product of Green’s functions by considering the corresponding
products of generating functions.

Many useful physical quantities can be expressed through Green’s func-
tions. For example, the density of states is given by

1 1
p(E) = lim — Im Tr

—_— 12
e—0+ TN E-—H’ (12)

which can therefore be calculated from the generating function.

1.4 Supervectors and supermatrices

In this section we will introduce supermatrices and supervectors, which are
also used extensively in our work as they allow one to conveniently express
the superintegrals over commuting and anti-commuting variables in a compact
form for ease of manipulation.

A supervector, @, is a (2M)-component vector with M commuting com-

ponents S, Sy, ..., Sy and M anti-commuting components 1, X2, ---, XM,
S1 X1

where the anti-commuting components contains an odd number of Grassmann
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variables, x; = >, fijn; + > fimninem + ... with commuting coefficients f,
and similarly while the commuting component does not prevent the appear-
ance of Grassmann variables, it does restrict it to an even number of them,
Si =z + Zij 2iiNiM; + ..., where z are commuting variables. The commuting
components are referred to as bosonic elements, the anti-commuting compo-
nents are referred to as fermionic elements and the vectors ordered in this way
are referred to as the Bose-Fermi notation.

In order to introduce linear transformations which preserve the structure

of the supervector, we define 2M x 2M supermatrices in the following way:

a o a o S aS +o
F= , Fd= = . (14)

p b p b)) \x pS + bx
The resulting vector from the matrix multiplication must also contain the
same intrinsic structure as the original supervector, as defined above. To
ensure this consistency, we require that ¢ and b must contain bosonic elements
and p and ¢ must contain fermionic elements. It is standard to refer to a as
the Bose-Bose block or Bose block, b as the Fermi-Fermi block or Fermi block,
o as the Bose-Fermi block and p as the Fermi-Bose block.

In the supervectors contain the same number of bosonic and fermionic
elements; all the blocks in the supermatrices are of the same size, but they can
be generalised to have different numbers of bosonic and fermionic elements as
well as having different sized blocks in the supermatrices. However, we shall
not be elaborating on this any further as this is unnecessary for our work.

The transposition for supermatrices would also need to be defined in a
slightly different way to the transposition of a standard matrix, since the rule
(F1 )T = FTFL must be satisfied, we have to modify the familiar rule such

that this relation holds

FT = = : (15)

16



where the superscript T' denotes the transposition of a supermatrix and the
lower-case t denotes the more familiar matrix transposition. The reader
should notice the addition of a minus sign in the Fermi-Bose block, which
is required for the relation to hold. Another cost for such a modification is

that the double transposition would no longer yield the original matrix

™ T T

(FT)" = - " 7V +Fr ()

Next, we look at how the supertrace of a supermatrix is computed and
how it differs from the standard trace of a matrix. The supertrace, which

is denoted by Str must preserve the cyclic nature of the trace operation, is
defined as
StrF’ = Tra — Trb, (17)

where Tr denotes the standard trace; the addition of the minus is required to
ensure the cyclic property holds.

Finally, we introduce the superdeterminant which is analogous to the de-
terminant in standard matrices. Similarly, to the determinant of standard

matrices, the superdeterminant satisfies the following three properties:

1. SdetF = SdetFT
2. SdetF1F2 = SdetFlsdeth

3. InSdetF = Strln F

where F is a supermatrix and F7 is the transposition of the supermatrix.

The superdeterminant for a supermatrix,

a o
F= , (18)
p b
is defined as the following
SdetF' = det (a — ob™'p)/detb if by # 0, (19)

17



the inverse of the superdeterminant of F'is defined as
Sdet ' F = det (b — pa~'o)/deta if ag # 0, (20)

where ag and by are the numerical part of the Bose and Fermi block, respec-
tively.
If F is block diagonal (o = p = 0), then the superdeterminant is a ratio

of determinants of the Bose and Fermi blocks

det a

SdetF =
¢ det b

ifo=p=0, (21)

this special case is a starting point for the representation of generating func-

tions in the supersymmetry technique.

1.5 Superintegrals and the Grassmann variable

We also introduce the notion of a superintegral for the reader as it is used
extensively and essential in our work for expressing the ratio of determinants
as a superintegral. Firstly, the reader may be familiar with the ordinary

Gaussian integral |14]
N

/ (H d7r52> exp (- Z Si*aiij> = ﬁ, (22)

i=1 ij=1

where we have used the notation d?S = dReSdIm S and S; are complex
commuting variables.
There is also an exact analogue of the previous integral for Grassmann

variables

N N
/ (H dX;‘dXZ) exp (— Z X:binj> = det b, (23)

i=1 ij=1
where Grassmanns are anti-commuting variables defined by the following
properties

XiXj = —XiXis  XiX; = —XjXi» XiXj = —XiXi- (24)

18



It follows from this definition that y? = xi% = 0.
Integration over Grassmann variables, unlike commuting variables, do not

require limits to become definite, is defined in the following way

/ dxixi = / I =1, / dxil = / a1 = 0, (25)

The differentials, dy; and dx;, also, like Grassmann variables, anti-commute
with themselves.

A superintegral is an integral over both commuting and anti-commuting
variables, so we can now use both and to represent the ratio of two

determinants as a superintegral:

N

det b &2S; Al .
dota / (H —dX; dXz) exp <— > SraiS; + X bz’ij)a (26)

i=1 i,j=1

note the relation between Eq. and F in Eq. (21). This identity is
fundamental and the basis of the supersymmetry technique, which shall be
explained in the later sections.

Now that we have introduced the basics, we are ready to proceed to the
next section where we will begin our first project in studying the characteris-

tics of the eigenvectors of a deformed Gaussian unitary ensemble.

2 Model I: Characteristics of eigenvectors of
a deformed Gaussian unitary ensemble

For our first project we considered how the deformation of the GUE would
affect the nature of the eigenvectors which are either localised, extended or
critical. In applying the supersymmetry technique to the model we followed
closely Ref. |11].

In our work we studied random matrices in which the variances of H;; are
given by

wiw
(|Hi;*) = TR (27)

ST
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where all w; > 0.

This model can also be represented as
H=WHW, (28)

where H € GUE, and W is a deterministic diagonal matrix with elements w;,
i=1,2,...,N.

The presence of W breaks the unitary invariance of the GUE, therefore
making it possible to deviate from extended states, which enables one to
study the Anderson localisation of eigenvectors. It is worth noting that this
particular model is closely related to the well-known generalised eigenvalue

problem for a GUE matrix and a positive definite matrix A:
Hg = Mg, (29)

where ) is the eigenvalue and g is the corresponding eigenvector [15].

The equation can be expressed as
ATVPHATIZAVRg = NAM?g, (30)

where \ is an eigenvalue and f = A'Y2g is the corresponding eigenvector of
A"V2H A2 Since H is unitary invariant, this enables one to choose a basis
in which A is diagonal, thereby reducing the generalised eigenvalue problem
down to a standard eigenvalue problem with W = A~%2. The generalised
eigenvalue problem is an important and well studied problem since it has
applications in many areas of physics. The mean eigenvalue density for the
eigenvalue problem, Eq. , in the case where H and W are both random,
have been well studied [16,[17]. More recently there has been a focus on the
correlation properties of the eigenvalues |11], where it was found that the
presence of the W matrix does not change the two-point spectral correlation
function from the standard GUE case.

To start, we first remind the reader of the definition of the moments of the

20



eigenvectors, which is fundamental for studying the characteristics of eigen-
vectors and is the main quantity we are going to calculate:

1) = —— " ([a(m)[P16(E — E.)), (31)
Np(E)

p(
where F, is an eigenvalue of H corresponding to a normalised eigenvector 1,
at a given energy E, n is the site on the lattice and p(E) = + >, (0(E — E,))
is the density of states.
The moments can be calculated from the diagonal matrix elements of the
Green’s functions (see Appendix B for details) as follows [18]
i=m (1= 1D)!(m—1)!

W) = 5 BN Grm—zy LRC)TTHGG)T, (62)

[ and m are positive integers such that ¢ = [ +m and the retarded, G, and

advanced, G4, Green’s functions are defined as
GRAE) = (E +ie— H)™". (33)

Although [ and m are considered to be integers, and hence ¢ is also an integer,
we believe that the final result will also be valid for non-integer q.

The moments of the eigenvectors in this form provides a convenient foun-
dation for supersymmetry, as the product of diagonal matrix elements of the
Green’s functions can be expressed through the ratio of determinants; the de-
tails of the supersymmetric approach, for this particular model, will be given

in the following subsection.

2.1 Moments of the eigenvectors by the supersymmeric

approach

In order to calculate the moments of the eigenvectors, according to Eq. ,
we need to calculate the product of two Green’s functions, which can in turn be

calculated from the product of two generating functions. Thus the moments of
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the eigenvectors are computed from the product of two generating functions,
Z(E,j), by replacing the scalar parameter j with the matrix J and applying
the supersymmetry technique.

We introduce the product of two generating functions, a ratio of four

determinants, for our particular model:

deti(E~ — WHW)deti(ET — WHW)

deti(E— — WHW + Jy)det (—i)(E+ — WHW + J,)
(34)

Z(E, Jy, Js) = (=1)V

where E* is the energy term with a small imaginary shift above and below
the real axis, Ji and .J, are source terms whose specific form will be chosen
later on.

Now we can represent the ratio of determinants as a superintegral by using

the identity, Eq. , resulting in

N

28,50 = (0 [T gy [ TTE gt an)

™ .
=1

X expi [rT(—)(WﬁIW — E+ie—J)r(=) +x(=)WHW — E + ie)X(—)]
X expi [—TT(—F)(W[:IW — E —ie— Jo)r(+) + X' (H)(WHW — E — ie)x(+)],
(35)
where r(—), 7(4) are vectors containing commutative variables, r;(—), r;(+),
and x(—), x(+) are vectors containing anti-commutative variables, n;(—),
ni(+),7=1,2,...N. As can be clearly seen here, sneaking in various factors of
i and —1 is to ensure the convergence of the bosonic Gaussian integral, where
we require € to be real with a negative sign since € > 0, in the argument with
r(+).
For a more compact representation of the superintegral we introduce the

supervector, @,

® = (r(=),r(+), X(=), x(+))" = (@1, P2, 3, Pa)", (36)
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which enables one to write the superintegral in terms of the supervectors
Z(E, Jy, Jy) = (—1)N/d<1>*d<1>

s (37)
X exp {12 O L WHW — E —i(—1)% — ja]cpa},

a=1

where Ly = Ly = Ly = —L, = 1, J = diag(J;, J», 0, 0),
Jy = diag(0,0, ..., J1,...,0) and J, = diag(0,0, ..., Jo, ..,0), both J; and J; are
the nth element of their respective diagonals, and the integration measure
d®*dP comprises of those in the preceding integral, Eq. .

In order to calculate the product of two Green’s functions, we must differ-
entiate this expression with respect to J; and Jy, m and [ times respectively.

Once the differentiation is completed we send J; and J, to zero resulting in

(@) (Gr)" = (—1)N/dé*d@(r;‘;(—)rn(—))m(ri(+)7“n(+))l

4 (38)
exp {i > IL[WHW — E — i(—1)%]c1>a},

a=1

the whole expression must be averaged over random elements of H
((G8) (G1)") = (DY [ a0 a3 (- )ra(=) 13+ 4"
4 ) (39)
X <exp {i > RILWHW — E — 1(—1)ae]<1>a}> .

a=1

In order to complete the averaging we utilise the identity [14]:

(050 [1 3 o Mn] ) = ex0 [ 5 ( (X HonMon) Y|, 0

in our case it is of the form

<exp [i Z Z Flmn(I)Z(n)Lawnq)a(m)wm] >

a mmn

~exp {_% <(Z ]:Imn@Z(n)Lawn(I)a(m)wm>2>] ,

(41)
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where M,,,, = >, ®}(n)Low,Po(m)w,, by comparing coefficients and ®*
denotes the complex conjugate of ®.
Therefore to simplify Eq. (41)), we must determine the average in the

exponential by splitting H into its real and imaginary parts:

<(Z gmMnm) > _ <(Z<Re oy + 11 gmwnm) >

_ < ( S Re Hy (Mo + M) 4110 B (Mo = M) (42)
m<n
2
+) Re prMpp) >
p

the second equality is from availing the Hermiticity property of H; we can
also further simplify the expression by expanding out the bracket, thus we

arrive at

< <Z Re H (M + M) + 110 Hy (Mo, — M) + ) Re prMpp>
p

m<n

X (Z Re Hjp,(My; + M) +iTm Hyo(My; — M) + > Re ququ> >
q

j<k

— < > > Re Hyn(My + M) Re Hypo( My + M)
m<n j<k

+ Z(Re [:[pp>Mpp(Re Hyq) Myq
P

=N I Hypo (M — Min) I Hpo(My; — M, )>.
m<n j<k

(43)

Note that not all the terms are included from the expansion of the brackets,

this is due to the fact that those terms do not contribute in the averaging

and can hence be neglected for simplicity, since all the random variables are

independently distributed with zero mean. We can also reduce these further

by using the same reasoning, the only non-zero contribution comes from m =
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7, n =k and p = q, and as a consequence the expression simplifies down to

< > (Re Hypn)* (M + My)® = (I Hyp)* (M = Minn)® (44)

m<n
+ Z(Re ﬁpp)2M5p>.
p

As explained previously, the variance of the GUE is given by <]ﬁ]mnl2> =
1/N, therefore we can assume that the real and imaginary parts of the
complex Gaussian variable are each distributed with variance <(Re H )2> =
<(Im f[)2> = 1/(2N). When we substitute in the variance for both the real
and imaginary parts of the complex Gaussian random variables, we are, once

the averaging has been completed, left with

~ Z 2 M Mo + = Z % > M M, (45)

m<n

hence after the averaging we arrive at the final expression for the averaged

exponential function

exp —% < (; HmnMnm> > = exp [—% ; Manmn] (46)
= exp [—% ;(MQ)M] — exp {—%sw\ﬁ)} : (47)

where M, = >, i (n)Low,Po(m)wy, = wywsy, Y, (Pa(n)|Lo|P(m)q).
Substituting M,,, into the exponential to evaluate the averaging for our

case:

eXp{ Zzwnwm o(1)|La|®(m ))wmwn(%(m)lLﬁl%(n»}

(xﬁ m,n

{ Zw @ (m B<m>|LﬁZwﬂ@ﬁ(n»«ba(n)wa} (48)
B,n

—gsm@zf},

= exp
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where Qas = % SN w2 |®4(m))(Pg(m)| and L = diag(1, 1,1, 1).
Substituting this result in the superintegral for the average of the gener-

ating function and simplifying the expression yields

(@) (G2)") = (1 [ avan(e () )

} (49)

where E = diag(E~, ET, E~, E*) and Q and L are the same as defined pre-

exp{—NStr ~(QL)?* +iE— Z]@ (m)|L

viously.

As this superintegral is quartic, since Q is quadratic in commutative and
anti-commutative variables, we cannot proceed any further as it stands but
this obstacle can be overcome by the well-known Hubbard-Stratonovich trans-
formation.

The full details of the derivation of the Hubbard-Stratonovich transforma-
tion will not be discussed in this thesis, but for the supersymmetry technique

we invoke three variants of the transformation [14]

_LN(Z\H \/—/OO da e~ FatHa NP (50)

o (Sxitx @) J_/OO db TR, (51)
e~ & DX () (&) = \/N/ dodo*e™No"otio" LriEx )+ ()G

(52)

The first two are elementary Gaussian integrals and the third one is an in-
tegral over the Grassmann variables ¢ and ¢*. This can be generalised for
supermatrices, as in our case, and the Hubbard-Stratonovich transformation

for supermatrices is given by:
N S ey 1, s . a~a
exp —EStr(QL) =— dQ@ exp { —NStr §(QL) —1QLQL| ¢, (53)
My
@ is the integration variable introduced by the Hubbard-Stratonovich trans-
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formation with the integration over the manifold M, [14].
Applying the Hubbard-Stratonovich transformation to our superintegral,
and writing Q in terms of @, reduces the non-Gaussian character of the inte-

gration variables down to their quadratic form

<(G§n) (Gﬁn)q_1> _ (_1)N+1/

dQe~ 2 S(QL)? / A" dd
My

(54)
(7 (=) (3 ()l 4)) exp {iz o) (LQLu? - LE) @(@)},

where ®(7) is a four-component vector with elements ®,(i). Once we have
the integral in this form we can apply Wick’s theorem which enables one to
integrate over the supervectors ¢ and &*.

Wick’s theorem can be derived by the change of integration variables ®(7)—
S (F)i0(5) and @1 (i) — 32F WIG)(F )0 W(5) = (U5, ¥],0,0), in the

Gaussian integral for the superdeterminant:

ﬂSdetE / d®*d® exp {—i i @T(i)FiCD(z')} =1, (55)

where F; = F — w?QL in our case.

Substituting the change of integration variables yields

1 =[] SdetF, / dd*dd (56)
exp {—iz (é*(i) - Z \P*(j)(Ffl)ji> LF, ((P(j) - Z(Fi‘lhﬂf(j)) } ,
(57)
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multiplying out the brackets simplifies the expression to

exp{ Z\Iﬁ EY,Lu(j } HSdetF / dD*dd (58)
exp{—iZ@T(z)iﬂcb( }exp{ ZZ@T VLW (j ZZM(;’)M(@)}.

Differentiating this expression with respect to the auxiliary variables, W¥,,,
one can derive the generalisation of the superanalytic version of the Wick’s
theorem.

We are going to apply the Wick’s theorem for Eq. to integrate over

the supervectors ® and ®* by expressing the integral in a more convenient

notation
FOMCH M)
e G L e S P e T Ga [ o R Ca T o N
m times I times
where N N
f=]]SdetF; / d0*dd fexp{—1» @' (i)LF®(i)}. (61)

According to Wick’s theorem, we have to group the terms into their distinct
pairs and sum them together. If we start by grouping them into pairs of
r*(=)r,(=) and 7% (+)r,(+) then there is one way of doing this, by keeping

the pairs grouped as they are, therefore this is equivalent to

]

ra(=)ra(=) i (H)ra(+) (62)

but we must remember that the pairs do not have to stay in their original
position, the first 77 (4) could be swapped with the second 7} (+4) and so on.

If we take this into account then there are m!l! different combinations for

]

r()ra(=) (a4
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If we were to mix one pair of 7*(—)r,(—) and 7¥(+)r,(+), we obtain

m—1 -1

ra(S)ra(=) () () ()T (H)r () (=) (63)

However, this is only one way, of many, of swapping distinct pairs, if we look

at the original expression

() (=) () () () rn () (1) () (64)

the green arrow designates the pairs that were mixed with each other but it

could have also been the first of 7% (—)r,(—) and the second of 7%(+)r,(+)

P () T () ) () () () () (), (65)

and so on. This means that since there are m pairs of r*(—)r,(—) and [ pairs

of r,(+)r%(+), there are a total of CLCJ* combinations:

CPCira(S)ra(=)" () ra(H) () ra(H)ra(=), (66)

where C7 = pl/((p — q)!q!).

By using the same logic we can generalise it to mixing j pairs

CrClrn (=) ra @ ra®) r(r() ra(ra(=), (67)

but we must remember that the pairs can be in any order, hence

(68)
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where k = min (I, m) and

g2F =ri(=)ra(=),  ghP =ri(H)ra(+),

- (69)
G- =15 ()ra(H), gra” = 1i(+)ra()-

As we are free to set the values of [ and m, provided that ¢ = [ +m, then,
for simplicity, we choose [ = 1 and m = ¢ — 1. This greatly simplifies down

the pre-exponential factor as it eliminates the summation

(¢ — D{(gZP) " ghP + (q — 1)ge gl bl }

= (q—D)(gEP)1 2 {gBPgBP + (¢ — 1)gBP P} .

Therefore the superintegral is reduced to

((G5) (@) = (0% [ QU= {aal + (o~ 122"

exp {——Str QL }HSdet E wzQL)]
(71)

For convenience we also permute the rows and columns of the matrices so

that
E — diag(E~,E~,E*, E"), (72)
L — diag(1,1, -1, 1), (73)
o = (q)l; ®37 ®27 q)4)T7 (74)

the notation for the matrices, however, will remain unchanged but the reader
should understand that the rows and columns have been permuted. This
arrangement is known as the retarded-advanced notation, whereas the former
is known as the bosonic-fermionic notation.

The superintegral can be expressed in a more convenient form using the
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properties of the superdeterminant

((G8) (@)™ ) = 0™ [ el akPeh? + (g - Dol o8?)

My

exp {——Str(QL Zln Sdet(LE — LQ Lw? )}
(75)
where g7 are the matrix elements of the Bose-Bose block of the supermatrix
(E —w2Q,)"", in the retarded-advanced notation.
Now that it is in the desired form, we can apply a property of the superde-

terminant to express the superintegral as
(G (Gh)™") = (=)™ / dQ(ga) " Ham gn” + (4 = Vga a5l
X exp {——Str(QL Z StrIn( LE — LQLw )}
= (=) /M dQ(9a )" {Gan 9rr” + (0= V)gar 9o }
4

xexp{—NStr[ (QL ZlnLE QLw )]}
(76)
We can further simplify this superintegral by, again, invoking a property of
the superdeterminant
Strin L(E — QLw?) = InSdetL(E — QLw?)

A et (77)
= InSdetL + In Sdet(F — QLw?),

where SdetL = —1, and by absorbing L and —1 into the integration measure

the superintegral simplifies down to
—1 _
(@) (@)™ = / dQ(ga)) " Ham 90" + (0= Vg 95"}
MyL

1qﬁ 4L fj In(E — w?Q)
2 N < ‘ '

(78)
X exp {—NStr

Recalling definition of £ = diag(E~, E~, Et, Et), this can be expressed as
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E —ieA, where A = diag(1,1,—1,—1).
As we are interested in the limit ¢ — 0, we can expand the logarithm

correspondingly
In(E — w?Q —ieA) = In(F — w?Q) — (E — w?Q) tieA + ..., (79)

substituting this back into the exponential argument, we arrive at

((Gh) (@)™ = / dQ(g)" g gn” + (@ = Dgal g5}
e (80)

N
X exp {—NC(Q) + iez Str(E — w?@)ll&},

where £(Q) = $Str@Q? + >, StrIn(E — w?Q), the explicit form of dQ is given

)
in Ref. [14].
In the limit N — oo, the integral over () is dominated by the saddle point

equation that satisfies
1 & w?
==y —5= 81
© N XZ: E —w?Q’ (81)
where relevant solutions are parametrised as [11]

Qop. =t +1isT AT, (82)

and s # 0 and t are real parameters satisfying the simultaneous equations

N

1 wi(E — w?t) 1 & w
oL ; : a1==% i 83
N > (E—wlt)? +s2wd 0 N 2 (B —w?t)? + sw?’ (83)

7 %

the matrix 7-'AT belongs to the standard coset space appearing in the GUE
case [14L|19].
The simultaneous equations can be derived by substituting the parametri-

sation into the saddle-point equation:

2

N
~ PN 1 ;
t+isT AT = — L 84
N Z E — w?t —isw?T—1AT (84)
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the matrix in the saddle point equation can be easily inverted
(E — w?t — isw?T'AT) ™ = T7YE — w?t — isw?A) ' T. (85)

This can be solved by reducing it down to a simple 2 X 2 matrix problem

-1

FE — w}t — isw? 0
0 E — w?t + isw? (86)
1 E — w?t + isw? 0
T (E —uw?t)? + sPwl 0 E —w?t — isw? 7
hence
(E — w?t —isw?TAT) ™ E wit + iswiT AT (87)

(E — w?t)? + s*w}
By substituting this result back into the saddle-point equation, the equation
yields

R E wit + 1sw2T 1AT)
t4isT ! 88

once we equate the real and imaginary parts of this equation, we obtain the
simultaneous equations in Eq. .

Now we can focus our attention back to the main calculation. By using
the saddle-point approximation, we are able to simplify the argument of the
exponential from substituting (), , as the integral is dominated by the saddle-
point when N — oo. Once this step has been completed, we can integrate

over the hard modes resulting in the following

((Gr)(@h)"™) = / Al(T) (9o ) Aga 952" + (@ = Dgn"9127)

(89)
X exp {—ewNp(E)Str(T_llAXT/A\)},

since the integration over the hard modes of the manifold is dominated at
the saddle-point, then the integration is approximately equal to unity as it
represents the ratio of determinants, where the superdeterminant of a block-

diagonal matrix whose Bose and Fermi blocks are the same is equal to unity.
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We are left with du(7") whose explicit expression is given in Appendix A, the
integration measure of the coset space spanned by T, also known as the soft
modes which can not be integrated over by the saddle-point approximations,
so their contributions must be calculated separately. The matrix elements
957 are given explicitly in the Appendix A and p(E) is the density of states
as calculated by Ref. [11] using the supersymmetric approach, which is given

by

N

p(E>=7£VZ(E ww; T (90)

Explicit evaluation of the integral above requires one to employ Efetov’s
parametrisation given in Ref. [20], please see Appendix A for further details.
The averaged product of two Green’s functions now reads, after integrating

out the Grassmannians and both ¢; and ¢,

R A1 (B — wit +iswy)™? /Oo /1
<<Gnn) (Gnn) > [(E — w2t)? + s2wi]o! + (¢ ) ! A1 . A2
(B —wit +iswi))?? o~ 2emNp(E) (O
[(F — wt)? 4+ sPwi]e
AL+ Ao i(g—2)sw?(\3 —1)
)\1 — )\2 (E U),?Lt + 1810%)\1)(/\1 — /\2) ’

—X2) ¢2,,4
n

X {1 +
(91)
by adding the zeroth order Grassmannian integral result.

Recalling Eq. , the definition of the moments of the eigenvectors, the
reader will see that one needs to take the limit e — 0. As Ay is unbounded,
the integral over A\; must be considered carefully as the integral will not be
negligible and therefore cannot be ignored.

To take the limit € — 0, a substitution, z = e\;, must be made in the

integral

R A a1 (B — wat + isw;)??
<(Gnn) (Gnn) > - [(E w2t)2 + S2w4]q—1

dz (E — w2t—|—1sw2z 9-2
q . 1 / / d)\g E w2t> — u))4] 672€7TNP(E)(77)\2)S2U)4 (92)

+ X2 (q—2)5w ((2)?-1)
— Ay (B —wit+isw22)(2 = )\y) ’

[1+

o |e |
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factoring out €, and performing algebraic manipulations, simplifies the integral

down to

((@h) @)y =~ - [

[(E — w%t)Q + SQwﬁ]q—l
1 2 C 9 \g—2
% / d>\2€1—q (EE —ecw,t + 1swn2)q e_ZWNp(E)(Z—eAQ)SQwi

93
P wn o
<1 Z+ €l N i(c‘7—2)31f1721(z2 —€?) 7
z— €l (B —ew?t +isw2z)(z — e\y)
this now allows one to take the limit ¢ — 0,
a2t 1 iann2)a—2
: -1 R A q—1> _ 1 (B —wit +isw;)
lim(20)"* ((G7) (1) iy (2e) " e e
24 1 32 \q—2
+27 (g - 1) / dZ/ d/\g —cwl Fisw, )" e~ Np(E)(=err)
1 E w2t)? + s2wi]e (94)
Z+ €l (q — 2)sw? (2% — €%)
x sPwk |1+ +
z— €\ (B —ew?t +iswlz)(z — eXy)

2
— 94~ 1 q_ 1 / dZ/ d)\Z ISUJ Z)q 6—27er(E)z 2,4

(B — w2t)? + s*wi]e  Wn:

Therefore the integral reduces to

(isw?z)12

' [(E —wit)? + s*wp]? exp{—2rNp(E)z}s"w,

00 1
20! ((G1) (@4)") =2 ata 1) [ = [ o
n

as the integrand is independent of A, this part of the integration is simple

and just produces a factor of 2

. a—1 R ANg-1\ 299(q — 1) (isw3) 125w, =2 —2rNp(E)z
lim (20" ((G13) (Gi)") = {5zt + srwir ), S |
(96)

Finally, the integral over z is an elementary integral which can be computed
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by making a substitution, y = 2nr Np(E)z,

. -1 A a1 29g(q — 1)(isw?)42s%w? 1 oo
ti(26) ™ ((GFL) (G)"") = (E —w20)? + 2wt 27N p(E) /0 @

y -2 . 29q(q — 1) (isw?)12s%w? 1
: (27er<E)) (B — w20)? + s2wlli (2nNp(E))i!

(97)

this is a standard gamma function integral, hence

. _ - 21q(q — 1) (isw?)7~ 2s2w4 1

lim(26)71 ((GR) (GA)") = T(g—1

21772 (sw?)1 1
= n r 1).
(B — gty + swllt wNp(Epr T Y

(98)

Substituting this result into the definition of the moments of the eigenvectors,

Eq. , yields

1
o) = BNy [[(E T wRi) 1 2wl

where the density of states is given by

WNZ (FE —w? +S 2w} (100)

with s # 0 and ¢ satisfying the simultaneous equations

1 N

wi(E — w?t) 1 & w
t == — ¢ ¢ d ]_ = — L . 101
N Z (E—w?t)? + s2wl’ N Z E =i+ stap OV

After a long calculation we have arrived at the main result in the second
chapter, the moments of the eigenvectors are derived from the saddle-point
approximation and thus only valid for N — oo.

From Eq. , one can see that the moments of the eigenvectors are
not independent of n, this means that each component in the eigenvectors

is distributed in a different way, which is a natural consequence of breaking
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the unitary invariance of the GUE. At first glance it would seem that the
moments of the eigenvectors are only dependent of n in a simple way, but one
must remember that there is a non-trivial dependence of all w; from p(E), s
and t.

Numerical simulations were performed over a total of 5000 realisations to
test the validity of the analytical results for w? = (N/n)~'/? with N ranging
from 500 to 5000. The test was carried out for ¢ = 1.5 and ¢ = 2.2, whose
eigenvectors were close to ¥ = 0 and the results of the numerical simulations

for I, = 32N I,(n) are shown in fig. .

2.2 Distribution function

It turns out in this case, since ¢ appears in the moments in a simple way, we
can also recover the probability distribution. The moments of the eigenvec-
tors, I,(n), and the distribution function, P,(y), are related by the following

definition

I,(n) = / T Ay Paly), g = )P, (102)

from this we can deduce the form of the distribution function since we have

the result for the moments of the eigenvectors:
Pu(y) = a(n)e™ ™, (103)

where a(n) is a function of n with a(n) > 0 for all n. This is because we know

that the form of the integral must be the same as a gamma function integral

as we already know the result for the moments of the eigenvectors.
Substituting the ansatz into the integral enables one to determine the

exact form of a(n):

/ dyya(n)e Y, (104)
0

we can proceed with the integration by the substitution x = a(n)y, which
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yields

/0 " dyya(n)e /0 h %a(n) (%)q e~ (105)

1 >
= (a(n))q/o drxle™™, (106)

this is now a standard elementary integral that we can easily compute to

receive
1

(a(n))?

As we know from the relation, Eq. (102), the result above must be equal to

I(g+1). (107)

the moments of the eigenvectors, which we have already calculated

2

(mp(E)N) [[(E—wgt);+s2wg]} Flg+1),  (108)

Ilg+1) =

1
(a(n))s

by comparing coefficients we can conclude that

a(n) = 7p(E)N [(E - wzf;)}z s wn} , (109)
hence
Py(y) = mp(E)N VE - w’;i),g £ wn}
n (110)

X exp {—Wp(E)N {(E —wit)” + 82“”%} y} ,

sw?
where y = [1(n)|*.

The moments of the eigenvectors and the distribution function were the
main results of our project in the second chapter. Now that we have the
distribution function, this provides one with information on how the elements
of the eigenvectors are each distributed. The moments of the eigenvectors are

used to characterise eigenvectors into their respective states later.
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Figure 2: Numerical results (symbols) for In(/,) as a function of In(NV) for
q = 1.5 and q = 2.2. The solid lines represent the best fit to the numerical
data.

2.3 Alternative derivation of the zero energy result for

the moments of the eigenvectors

In order to verify the result for the moments of the eigenvectors a different
approach is taken to calculate the moments of the eigenvectors at £ = 0, by
considering the generalised eigenvalue problem as explained at the beginning
of this section:

Hf = \Af, (111)

where H € GUE and A is positive definite.

Since H is unitary invariant, U HU' € GUE, then we can assume A is
diagonal without loss of generality. Therefore we can express Eq. (111]) in the
following way

Afl/QI:If _ )\Al/Qf — A71/2F[A71/2A1/2f _ )\Al/Qf

i (112)
— ATVZHAT2g = ).

The generalised eigenvalue problem for H is equivalent to the standard eigen-
value problem for H = A~Y2HA~'/2 this is the same as our model with

W = A~Y2 as a diagonal matrix with positive entries.
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Focusing on the zero eigenvalue of this model, the problem simplifies down
to

WHWg=0 — HWg=0, (113)

where u = Wy is an eigenvector of H with corresponding eigenvalue A = 0.
Although we are talking about the zero eigenvalue, the probability of the
eigenvalue being exactly zero is 0, since H is random. What we do is take
a small window of eigenvalues around zero, so negligible that the eigenvalues
are vanishingly small, which we can then effectively equate to zero.

Since the statistical properties of u are known, we can use this to calculate
the averaging over u. If we assume u is a normalised eigenvector then g is not
normalised, so in order to normalise g we define

g Wl
gl IW " ull’

g= | W = diag(wy, we, w3, ..., wy), (114)

therefore the nth element of the vector g can be written as

-1
w,, " Un,

e .
(305 i )1/

~

n = (115)

Substituting this into the definition of the moments of the eigenvectors, we

(Y

from this point we set x; = w; * for ease of notation.

receive

To proceed with the calculation, we first note that the denominator can

be expressed in terms in an integral

N -4 1 0o

once we have it in this form we can compute the average in the moments of

the eigenvectors.
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Eq. (117) can be shown by first considering the integral
/ daat™ e X3 miluil?, (118)
0

using the substitution ¢ = ozZiV z;|u;|* simplifies it down to a standard

Gamma function integral

/ S SEJ%!Q <Zz $l\uz|2> e (119)

S Mg (120

NG R

Substituting our original variable o back into the integral yields

q—1

N N
1 o 2
(ZN | |2>q/0 dov E | ;2 (a E xz|u2|2> e X wilui (121)

—-q
= [ daarreemt et (Zmuzﬁ) (), (122)
0

as required.

Hence, the moments of the eigenvectors are equal to

1 [e.e]
I,(n) = m/o daa?™? <|xnun|2q6_azy zf'“i|2> : (123)

since u; are the components of an eigenvector of a GUE matrix, the distribu-

tion function is widely known
y=Nlul’, Ply)=e", (124)

which enables one to compute the average

<’xnun|2qe—a§:fvx?luz'\2> = H<€—Mf|ui|2> <|$nun|2qe—wi|%|2> . (125)
w

i
i#£n ‘ "

Now we can calculate the average over u; and u,, separately. Calculating the
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first averaging over u; we receive:

00 . o azx 1
<€_ax3\uz-|2> = / dyP(y)e "% = / dye Vem NV = ——— (126
u; 0 N

0

then the averaging over u,,:

8] q a:c?
<\xnun]2qe*w%|un\2>u —/O dye Va2 (%) e" Y (127)
220 [ _(14esh 2 az2\
_ ﬁ/ dyyfe (15 )w _ an (1 + N") T(g+1), (128)
0

which was calculated in the same way as previously shown for Eq. (117,
therefore we will not detail the steps in this calculation.

Hence, the moments of the eigenvectors are equivalent to

[(g+1)x% [ . ar2\ ! 1
Ln)=—""2"" [ daad ! (14 =2 [[—— (129
Ha) NJo N i#n <1 + %>
-1
whereby absorbing <1 + %) into the product operator simplifies the inte-
grand down to
L(qg+1)z2 [ . az?\ ™’ 1
I =~ daa 14+ == _— 130
a(12) T(q) N4/, Qo + N H (130)

i (1 + )
This can be expressed in a more convenient form by using the identity

I] (1 + O‘;?yl _ -z NQ) (131)

i

where we expand the right-hand side using the Taylor series

oz N ooz o2ad
L) = t_ d 132
N ) N T one T (132)

N
Zln(l—i—

i
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and use the fact that

L N
OCNZ.CEZQ — fooc]\f, (133)

since p(0) must be independent of N as N — co. Also, using the fact that z;
is bounded, Eq. (133)) implies that

N
Zm? x N, (134)

hence

N ax?
N o = Z

)

). (135)

Therefore the moments of the eigenvectors simplify to

- T(g+1) x4 [ g—1 ar;\ —a SN2 0(1/N)
]q(n) = Wm/o dao N e N , (136)

keeping all the leading order terms reduces the integral to

g+ 1)z
I'(q)

r xy!
(;1<_Jqf_q <N2x> %WF(Q—FD, (138)

I(n) = Nq/ daa®le” ¥ ETT (14 O(1/N)) - (137)

arriving at our result for the moments of the eigenvectors at £ = 0

) = 2P 1), (139)

By comparing this result with the zero energy result for the moments of the

eigenvectors, Eq. , derived from the supersymmetry approach:

1 1
Iy(n) = Ww—?r(q +1) =

I
(]
Tz

this is the zero energy result from Eq. 292 since mp(0) N

. =, and the
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zero energy result derived in this section

L) = — Y b B 141
Q(n)_—q (Q+ )7 Ty =w,; ( )

(2 %) Z

i

we can see that the two results coincide, validating our result as required.
Therefore we can confirm that this is indeed the result for the moments of

the eigenvectors.

2.4 Extended, localised and critical eigenvectors

In this section we consider some possible entries for w; to observe how the
deformation affects the characteristics of the eigenvectors. We present our
results for arbitrary value of £ and verify them by direct diagonalisation. In
order to check that the scaling of the moments of the eigenvectors for the
zero energy and non-zero energy remains principally the same, we consider
the general case of an arbitrary F.

Our focal point is on the power-law dependence w,, on n, as this provides

an interesting variety of characteristics of the eigenvectors:

w? = c (%)p (142)

c is a normalisation constant in which its dependence on N is uniquely deter-
mined by requiring the density of states to be independent of N, as N — oo.
We consider three variants of the power-law dependence: p > 0, —1 < p < 0
and p < —1, which will each produce their own unique eigenvector character-
istics.

The first case studied was for p > 0, which is normalised by first looking
at the density of states in the zero energy case for w? = ¢i™?

al 1

N
1 1 1 1
— § : - § :'p p+l P P
pl0) = N~ w} 7wNc ne WNCN 7TCN = cox N, (143)

i

since s =1 and t = 0 when £ = 0.
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Now to verify whether this normalisation constant is also valid for £ # 0

N N
N/Z) 1 N
1
x 7T]\“DHS]V”JFI — const, (145)

for the lower bound we have

s v (N/i)
mN Z (E(N/i)p + (N/i)Pt)? + s>(N/i)%

- % (E + t1)2 + 52 i (%)p )

S 1

p+1
O(WNP+1(E+t)2+82N — const < p(E)

as N — oo, therefore p(FE) is independent of N as N — oo. This is due to
the fact that p(E) is bounded above and below by the same series that is
independent of N as N — oo.

Next, the scaling of the moments of the eigenvectors, with w? = (N/i)?,
must be calculated in order to determine how the deformation of the GUE

has altered the eigenvector characteristics

al B 1 al s(N/n) e
;I"’(”>‘<m<E>N>q;{<E—<N/n>pt>2+s<N/n> } Ma+1) (147)
= (7rp(£17)N)q qulqu”q + 1>;”pq’ (148)

its lower bound can also be determined by

N

S(N/n)? :
QZ[ E(N/ny+ (N/n)rt)? +s2<zv/n>2p] Dlg+1)  (149)

n

1 g4 N N
- (mp(E)N)[(E+1)?+ 52]quqF<q +1) an < Z[q(”)a (150)

45



hence

N N
1
E [q(n) X W E nP? o leq’ p > 0. (151)

This scaling corresponds to extended states, the same as the GUE case, so
this particular deformation has had no effect on the eigenvectors.

For the next case, —1 < p < 0, the normalisation constant is formally the
same so the calculation will not be shown as it would follow the same steps
as the previous case, with w? = (N/i)?.

The steps in calculating the scaling of the moments of the eigenvectors are

also largely the same and therefore will also not be shown again

N N
1
E Iq(n) X W E npq, -1 < p < 0. (152)

The main distinction in this case is that the summation can converge or
diverge which is conditional on ¢, so must be considered carefully. There are
3 possibilities in this case: pqg > —1, pg = —1 and pq < —1 since p is negative.

In the case for pg < —1

N
Zn”q — const as N — oo, (153)

n

by using the well-known result
= 1
Z T const, for all k > 1, (154)

for pg = —1
pq N ' I
> ~ / dz— o< In(N), as N — oo, (155)

and for the third and final case pg > —1

N
> nPtoc NP (156)
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Hence the scaling of the moments of the eigenvectors for all 3 cases

;

N_Q(p+1) q > _1
N ) p?
> I(n) o< § N1-a, q< -1, (157)

n

In(N)N'=49, ¢= —1—1).

\

The scaling of the moments of the eigenvectors is dependent on ¢ and it in
fact is a critical state, where the fractal dimension can be determined by

comparing with Eq. ,
P (158)

This critical state is part of the “frozen” phase, sharing the characteristics of
extended and critical states. A frozen state is such that d, becomes a constant
that is ¢g-independent for some values of ¢.

Finally, for the case of

1
2 _ _
wi =co p< 1, (159)

where ¢ is the normalisation constant. In order to normalise this, the zero

energy case for the density of states must be considered

N

1 o 1 1
= — - = D
p(0) TN ; w? wNe ZZ ’ (160)

i

by using Eq. (154)), the summation must converge to a constant since p < —1,

the normalisation constant ¢ oc 1/N, hence

w? = ——. (161)

47



Now to verify the normalisation constant for the non-zero energy case

5w 1/(NiP) -
p<E):7rN;(E—1/(NiP)) >4 52 (N2 SW_Z

(162)
— const as N — oo, since p < —1,
for the lower bound we have
s ZN: 1/(NiP)
TN = (E/(Nir) 4+ 1/(Nir)t)? + s2/(N?i?P)
- N (163)
S 1
= Ny <yE
W<E+t>2+82;z < p(E);
1>10

where ig = [ ¥/N] and [ | denotes the ceiling function. Although it is
not clear why this is the lower bound since 1/(Ni”) % 1 for all i, we must
remember that p < —1 and therefore i will counteract N as as ¢ increases. To
ensure that this remains a lower bound we require an iy such that 1/(Nif) > 1
for all 1 > iy and delete all the previous terms in the series where this condition
is not satisfied. As p(FE) is bounded above and below by two different series
that behave in the same way and are independent of N as N — oo, we can
conclude that p(F) will also behave in the same way as N — oo.

Therefore the normalisation constant remains the same in the non-zero
energy case, so we can proceed with computing the scaling of the moments

of the eigenvectors to see how this particular deformation has affected the

eigenvectors
- - s/ (Nn?) ’
210 = Z{ T 1P + vy | D
(164)
1 1 . pq —
_WEF(q—I—l)Zn, p<—1. (165)

n

The summation can, again, converge or diverge which is dependent on the

value of ¢, so 3 separate cases must be considered: pg < —1, pg > —1 and
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pq = —1. As these cases have been considered before in the previous example,
we will not detail the same steps and we will just refer to the previous example.

The lower bound can also be calculated by

N

) s/(Nn7) ’
A B 2 [<E/<an> 1/ (Nt + 52 /(Nznzpﬂ Flg+1), (166)

by using the same reasoning as in the case for the density of states for the

lower bound, hence

Ly s/ (Nw?) q
(wp(E)N)q;O[(E/(an) F1/(Nnp)t)? + 52/ (N°n 21,)} Clg+1)  (167)

N N
1 54
= +1) n? (n), < -1, (168
e e T )2 ) Lin), p <L (168
where ng = [ ¥/N7.
Since the moments of the eigenvectors are bounded above and below by
summations that behaves in the same way as N — oo, the moments of the

eigenvector must converge or diverge in a similar fashion as N — oc.

Looking at Eqs. (153), (155)) and (156]) shows how the summation would

diverge or converge as N — oo. Hence, by collecting all the information
together, the scaling of the moments of the eigenvectors can be calculated as

shown below

const, q> —
N
> Iy(n)oc § et g < L (169)
p
_ 1
\IH(N)7 q = T p

The scaling of the moments of the eigenvectors is dependent on ¢ and

therefore is a critical state, where its fractal dimension can be found by com-
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Figure 3: Numerical results (symbols) for In(/,) as a function of In(N) for q
= 1.5 and q = 2.2 with p = 1/2. The solid lines represent the best fit to the
numerical data.

paring with Eq. (7)), hence

07 q > )

d, = - (170)
pg+1 _1
1-q’ q< P

This is another “frozen” state, this time sharing the characteristics of a critical
state and a localised state.
Various numerical simulations were carried out to verify our analytical

—-1/2

results, one such example was for w? = (N/n)~"/2 with N ranging from 500

to 5000. The results of the numerical simulations are shown in fig.

2.5 Model I with random diagonal matrix

We also generalise our first result for the moments of the eigenvectors to a
random diagonal W matrix in model I, Eq. . As a reminder the moments

of the eigenvectors are given by

20



with distribution function

Pu(y) = 7p(E)N {(E —wit)® + 5%}21

sw?
n 172)
E— w2t)? + 202 (
X exp {—Wp(E)N [( o )2+ ° w"] y} ,
sw2

where y = [1)(n)|?, s and ¢ satisfy the simultaneous equations

E wzt) 1 & w}
d 1=— . . (173
NZ R N;(E—wft)2+s2w§ (173)

If w; are random variables then the parameters s and ¢ must also be random
variables since the equations, which define them, involve the random variables
w;. As s and t are determined by a large number of random variables, we
postulated that they must therefore satisfy some generalisation of the law of
large numbers: the deviation of s and ¢ from their mean values (s) and (t)
become negligible as N — oco. To corroborate the validity of this conjecture
we ran numerical simulations which confirm the validity of our assumption.
Therefore, in order to average over the Gaussian distribution of w;, we can

replace s and ¢ by their mean values in the simultaneous equations:

1,4

O-(Grmrror), ' Ee). 0

T

where z is the Gaussian random variable with (z) = 0, variance (z?) = o2

and probability distribution function

P(z) = e 22, (175)

51



We will first focus our attention on averaging the second simultaneous equa-

tion by expressing the equation in a different and more convenient form:

- <<E — <tf>42 n <s>2x4>x

(176)
for detailed steps showing the equivalence of the two expressions, see Appendix
D.

Therefore, to calculate the averaging over w; in the second simultaneous

equation, we must calculate the quantity

2Ex? — E?
; — . (177)
(3;2_ E<t>>2> 1 2o
(t

(07 +(s

In order to average over the simultaneous equations, it is beneficial to apply

the Fourier transform of

1 &0 A
P(z) = E/ dke "™ P(k), where P(k)= e 2, (178)

The averaging of Eq. (177) can then be expressed as

2El‘2 — E2 1 /oo 1 1,252
= dk——=e"2
(:(:2 _ _BW _ B V2rm ) V27

2
<t>2+<s>2> + ()2 +()?)°

0o 2 2\ ,—ikz (179)
9 / I (2Ex t{)t) — E%)e

To calculate the integral over x on the real axis, we first extend the integral

over the complex plane which enables one to employ the residue theorem.
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The integral extended over the complex plane is given by

/Cd2< (_2E22t<>t) — E%)eminz (180)

where C' is the contour of integration.
The residue theorem can be applied by first finding the poles of the inte-

grand by equating the denominator to 0 and solving for z:
2 =4 ——=/(t) £i(s). (181)

We define a contour that goes along the real axis from —R to R, then going
clockwise along a semi-circle centred on 0, from R to —R below the real axis
and by taking R > |z| so that the poles are enclosed within the contour.
The poles that are enclosed within the contour are the ones that contribute
to the integral therefore any poles outside of the contour can be neglected,
this means that we can ignore the two poles above the real axis and take
the two below. The question of which two are above and below the real axis
arises, to proceed we must make some assumptions, we assume that £ > 0,
(t) > 0 and (s) > 0 for the rest of the calculation. Under these assumptions

we can see that the two poles which contribute towards the integral are

/ E ; / E .
z= m {ty —i(s), — m\/<t>+1<5>- (182)

Now to apply the residue theorem, we have to calculate the residues of

, (183)

more precisely if a is a pole of order n, then the residue of f(z) is determined

by the formula

Res(f(2),a) = j im ((z=a)"f(2)), (184)



but as all of our poles are of order 1, the formula simplifies greatly and there
will be no derivatives involved.

To work out the first residue we let

E -
21 = <t>2 I <S>2 <t> —1 <S>7
E
29 = — 5 5V () +1(s),
{t)” =+ (s) (185)
E .
=\ VO,
E -
24 = — <t>2 n <S>2 <t> —1 <8>’
then by using the formula in Eq. , the residue is equal to
es(f(z),z1) = lim(z — 2 (B2 - E)e ™
Res(f(2),21) zl—>Z1( 1)(2—21)(z —'24)(2’—23)(2—22)
~ im (2Ez% (t) — E?)e 'v? (186)

221 (Z — 2'4)(2 — 23)(2 _ Z2)
_ (2E22 (t) — E?)e =

(21— 21)(21 — 23) (21 — 22)

Inputting the values of 21, 29, 23 and z4 we find that

(@V—%<$2)v@5(——%ﬁ———- <w-+i¢g>e‘“¢;#3@

(t)+i(s)

Res(f(z),z1) = — 4i (s)

(187)
The second residue of f(z) can also be calculated in the same way
Res(f(2),22) = lim (2 — 23) (2E22 (t) — E?)e i
TR e a)G - a) ma)-a)
2K 2 — E2 —ikz
— lim (2E2%(t) Je s

=5 (2 — 21)(2 — 24) (2 — 23)
(QEZ% <t> o E2)€—inzz

(22 — 21)(22 — 23) (22 — 22)
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By inputting the values of z1, 29, 23 and z; we receive

(t)=i(s)

(10 + () VE (s = V=10 ) /'
4i (s) '

Res(f(2),z2) = —

(189)
According to the residue theorem the integral over the complex plane is equal
to
/ dzf(z) = —2mi(Res(f(z), z1) + Res(f(2), z2)), (190)
c
hence,

. . (191)
<t> _1<8> e—i|’€| ﬁ + <t> +1<5> ei|’€| ﬁ

() +1(s) {t) —1i(s)

The appearance of the absolute value signs from s comes from the fact that
this integral remains the same regardless of the sign of s, which is well-known
in the residue theorem. The integral over the complex plane converges to
the real integral as R — oo so it is equivalent to our required integral; see
Appendix D for further details.

Now that the integration over x is completed, we can proceed with the

integration over k

Lo 1 een () +(s)°)VE 192
E/_md“ﬁe 2 e
B i) ol o DAL a5

() +1(s) {t) —1(s)

substituting this into Eq. (176]) and simplifying terms in the expression, we
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find

(193)

() = ils) iyl () i

S> eiW\/ ﬁ

() +1(s) VAt —i(s)

—e ||~

The integrand above is an even function in x, this means we can change the
lower integration limit from —oo to 0 to ensure positive integration limits
which permits the dropping of the absolute value signs; see Appendix D for

details. Once completed and integrated over, we arrive at

1= 1+2(t)° +

A ORI () <s>>]) ,

(194)

) : (195)

The first simultaneous equation can also be averaged in the same way:

o
()" + (s)°

where we introduced the functions

E(xtiy)

e 2(x2+y2)02
Fi(z,y) = ——— | 1 fierfi

E(z £1iy)
2(x% 4+ y?)o?

VT Fiy

and erfi(z) stands for the imaginary error function.

v*(E — 2* (t))

() = <(E — 22 ()2 + <5>2fc4>z (196)

- <(E e <;>22 - <S>2x4>x v <<E - a? <tf; + <8>2x4>w’

but we must remember that

= <tf>42 n <s>2x4>x’ D
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therefore, Eq. (196|) simplifies to

E x?
0= ) o

Using the Fourier transform, we can express the average as an integral

(o <tf>22 n <s>2x4>x ~ 57 L

to integrate over x, we extend the integration over the complex plane and

apply the residue theorem in the exact same way as before

2 —ikz
/ dz =° . (200)
2 2
c <Z2_ E{t) > LB
(6)7+(s)” (O +())?

As this is a similar integral, we apply the same method therefore the previous
notation remains in place: z1, 2o, 23 and z4; to work out the residues where we
traverse around a semi-circular contour in a clock-wise direction. Calculating

the first residue, we find

ReS(f(Z)) Zl) = zlgrzll(z - zl) (Z _ 21>(Z _2246)2,:1 23)(2’ - 22)
' z2€—inz
- 215211 (z — 24)(2 — 23) (2 — 22) -
2 —ikz1

zje

(21— 21)(21 — 23) (21 — 22)

which can be explicitly calculated by substituting the values for zi, z5, 23,

and z4; once completed, we find

() = () /) Fils)e VI )

Res(f(2),21) = — 4VE (s)
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The second residue is also calculated, we obtain

. 2267iﬁz
Res(f(2).22) = lim (= = =) oy S — e =)
' Z2€—if-€z
_2113212 (z—2)(z — 22)(z — 23) (203)
de—iﬁzz

(22 — 24)(22 — 23) (22 — 22)

by substituting the values, we receive

() +1(s)) VT =1 ()" e |

(204)
4iVE (s)

Res(f(2),2) = —

Following Eq. (190)), the integral over the complex plane on a semi-circular

contour is then equal to
((8) — 1 (s)) /T F1(she "V T
4VE (s)

() +1(s)) /(B =1 (s)e"V T
4VE (s) (205)

= 7 (@ 1) Ve

T ({8) + 14s)) v/ 1 (e <><>)

/Odzf(z) -

this tends to the real integral over x since

/ dzf(z) — 0, (206)

as R — oco. Hence,

/oo 3326—1/41 B T
—o0 (xz _ B E2(s) 2VE (s)
(t)

2
+<s>2> BNCEBRE

() =i ) VI 1 (s)e VI 4 (1) +i () VT 1 (s)e! VT

(207)
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Now that we have integrated over z, the first averaged simultaneous equation

simplifies to

<(E —a? <15>x)22 +(s)" 2 >x
E 1 [ 1 _10. 1 7

5/{0’

TR LT R R
(00 =16 VI FTEI N 4 (0 +6) VTN )

_ \/F 1 > Re_%n202 s P e_i|"f\ WEI@
~ 8(s) <t>2+<3>2 /_ood <(<t> (8)) V() +i(s)

() +i(s) <w—i@w“wﬁ@)

(208)
calculating the integral over x, we arrive at our final expression for the first

equation

\/Ewl

1) = 57y 55 (- () ) + P (0 () (209)

Therefore the two simultaneous equations derived from the averaging are

found to be:
S - 2 WE [T1 9) - .
1—<wg+@f(1+2u>+ N TR fﬂ«wx>ﬂ>,
(210)
and
= o2 E o @ () + Fe 0 0 @1
where

E(xztiy)

e_ 2(22+y2)02 .
Fi(:c,y) = W 1+ierfi . (212)

These equations can be solved numerically for both (s) and () which can

E(z +iy)
2(x2 + y?)o?

then be used in order to determine the density of states and the moments of
the eigenvectors.

Looking back at the density of states, Eq. , we see that in order to

29



average over the density of states, we need to calculate

2

R <(E — 22 (t:;)Z + <5>2$4>x ' (213)

The lengthy calculation can be avoided by simply looking at the first of the

two simultaneous equations

it follows from the second equation that

4

N <s>2x4>x’ 219

hence,
2

it} _ x
L <(E — 22 (1)) + <8>2x4>x’ (216)

therefore the averaged density of states simplifies to

pE) = : (217)

solving equations (210) and (211)) we are able to find (s) and (¢) and hence
the density of states as given above.
Finally, we turn our attention to averaging the moments of the eigenvectors

and apply the same method to average over the result:

=S Ly = N T+ D z*
I, = Z (I4(n)) (7p(E)N)4 <[(E — 22 () + <5>2 x4]q>x

n

_ ET(g+1) < 2% >
20(t)" NP \[(E — a2 ()% + (s)" 2]e / ,

gE" 1\ zh%
~sirv |(mar) (), "
y=(s

(218)

see Appendix D for details on the equivalence of the final equality.
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The averaging over x can then be represented in terms of the Fourier

transform

K202

i~ 1 [ 1
= dk——e"3
<(E — 22 (1))? + y?at >x V2 /_oo V27
©© <x2)27q€finx 1 /oo 1 1,2 2
d — d - SK0
/—oo TE-2m)+yt Var ) Ve (219)

1 o8] 1'2 quefinz
(t)? + y? / o 2 <E<t>> 2 Eye
(x - <t>2+y2) BRCETE

we apply the residue theorem on the integral over x by extending the integral

over the complex plane

(22)2-aeine
/C dz( : , (220)

s B B2y
z <t>2+y2> T W)

where C' is the contour of integration as discussed previously.
Since our assumptions are the same: £ > 0, (t) > 0 and (s) > 0; the poles
are also the same. This means that we can calculate the residue straight away

using the previous notation: zy, 29, z3 and z4. Hence

Res(f(z),21) = Zh_{rzll(z —#1) (z — ,zl)(z(i 14;25_—1“2'3)(2 — %)

(22)27q67iﬁz

= lim 221
=z (2 — z4)(2 — 23)(2 — 29) (221)
_ (Z%)2fqefinz1
(21 — 24) (21 — 23) (21 — 22)
substituting the values in, we receive
B30 (6 +47) ({t) +iy)r i VT 222
Res(f(2),21) = — (222)

4iy
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The second residue is calculated by

Res(f(z),2z2) = lim (2 — z2) (1) e

z—rz0 (z — zl)(z —24)(z — 23)(2 — 29)
(22)2—(16—1&7;

= lim 223
=z (2 — 21)(2 — 24) (2 — 23) (223)
(25)2—q6—iHZQ
(22 — 24) (22 — 23) (22 — 22)
substituting in the values, we obtain
: E
B2 ((t)* + ) ((t) —iy)? 2e"™V O

ReS(f(Z),ZQ) — (< > Y ) (( > 1?/) € . (224)

4iy

Therefore the integral over the complex plane is equal to

579 ()2 4 o N
/Cdzf(z>=—2m<_E2 (0" +y%) (&) +iy) Ve

4iy

A0 (1) +97) (1) —iy) eV
4iy
E%_q t2 2 3 —ilk|y/ 3 ilk|y/
_T (2< ) +y) (((t) +ig)te VT 4 (1) — iy)teltV e
Y

(225)
which tends to the real integral in the limit R — oo, where R is the radius of

the semi-circular contour. Hence the original integral over x is equal to

/oo " ($2)2—q€—inx

2
_ ) B B2y
- (x <t>2+y2> RRIEE

_ BT ) (<<t> +ig)Ee VT 4 (1) — gyt <>)

2y
(226)
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therefore, Eq. (219) is equivalent to

5/{0’

< ri—2 > 1 & d 1 1,22
= — KR———¢€
(E—-z2)*+y’z*/, Vor) o V2

/oo d (:L.2)2fq€fmz 1 /oo d 1 1,242 1
T = K——e 2" —
e (BE=z22®)2+y2t 2or ) V27 (t)* + 2
’) 3 il 3 ilnly/ o
() + i3 VT () gyt

- [ et (<<t>+iy>q-3e‘”' i

+ (1) —iy)rze )
(227)

which simplifies to

:L‘472q E%_q > 1.2 2
< 2 2 2 4> = / dre™2"°
(E—z2®)2+y*xt/, 2y Jo

the steps undertaken to bring the integral into this form are shown in Ap-
pendix D.

The integral over k can be calculated, once completed we receive

4-2¢ 14
’ O U
(B—22())?+y?2* /), 2yo \ 2

i, /——E ierﬁ[ QL]

N|w

= t i 0-2 ____E
1 _ i <t> = (< >+ y) + e 2((t>7iy)02 (<t> — ly)qig (229)
y—i(t)
iE E
|4 VHm ferl [ aURTE N B
__iE
y+i(t)
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simplifying the terms further we arrive at

i JOER L) Jp—— -
<(E—x2 (t>)2+y2x4> Ty \/g e 20t ((t) +iy)

(S]]

I E ] B 3
1—ierfi [{| = + e 20— ((t) —iy)d 2 230
V5w e ({t) — i) (230)
_ - .
1 4 ierfi _
T 2 - e
Finally, the moments of the eigenvectors averaged over w; are equal to
q—1
fq = qqi _ii i T Q‘W(@) +iy)q_%
29 (t)? Na—1 2y dy oy \ 8
1—i ﬁ_ __£r _ + _<<>E'>2((t) i )‘1"§ 231
— ler e 2~y —1 2
2({t) + iy)o? y (231)
_ - .
1 4 ierfi T —r
T =)o |
) : y=(s)
with density of states
. 2 (s) (t)
E) = 232

the variables (s) and (t) can be determined by the system of equations, which

we previously calculated, given below

I 2, WE [r1 &) — .
L= o (1+2<t> - \ﬁa[m«w,u) F_<<t>,<>>]>,
(233)
and
<t>=2<\/f> O(E (@ AN+ F (G0 1), (234)
where

E(z +iy)

__ E(z£iy)
Fir,y)=° S (e
1Y) = ———— ier —
=Y 2(22 + y?)o?

NeET ) . (235)

These are the main results of this chapter, valid for the case N — oo.
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Later, we will consider the limiting case where 0 — oo for the moments of
the eigenvectors to determine its fractal dimension in this limit.
The derivatives can be calculated explicitly for any integer ¢, and in par-

ticular for ¢ = 2 one obtains

- YE T
TSN (1) (s)? 0 V 2

Wi i ({8 —i(s)) S V3E {1
(O 2(r+“2+<> )) Pttt + 2+®Wl

(s) t) %)o?

We computed numerically I, for ¢ = 10 for the eigenvectors, whose eigenvalues
were close to 1, and confirm that the numerical results are in agreement with
our analytics. The corresponding results are given in fig. [ According
to Eq. the scaling of fq o N'7% which is the same as the GUE case,
indicating that the eigenvectors of this model are qualitatively similar to GUE
eigenvectors.

In the limit ¢ — 0o, we compute the asymptotic behaviour of the simul-

taneous equations to compare against the numerical result:

(t) ~ Z/—j, (s) ~ 1, (237)

the explicit steps are shown in the Appendix D.

We are also able to calculate the asymptotic behaviour for the moments

the dominant terms of the expression are then given by

A g 1 [Allf 1 daNT"1 R
] = — "~ . /= _— = (:9-3/2,,4-3/2 _ \g—3/2,4-3/2
N2 (0o | 8 '< ) y (R ()

of the eigenvectors with o > 1. In this limit one can show that (s) > (),
= qu\/ﬁ j1=3/2 (_i)q—fﬁ/? i d Y12
Na=12¢ () o\ 8 2y dy

] y=(s)
2

s (G-

(238)

Y
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by evaluating the derivatives ¢ — 1 times, substituting y = (s) and setting
E = 1. Hence,

i, - 4 1Vh
TNy (s)rao V8

973/ (1 4 (—1)1%/2) (_%)q_“ﬁ (q 54k

2
k=0
-2
_ q : l\/f 975/2 (—1)77 4 1) qH <q 5+ 4k)
Na-1220-1 ()9 (5)4T2 0\ 8 Py 2
9 + 4k

Nq 192g— 1 Q+2 o q
5+ 4k

q¢? II

 Ne1220(1)1 ()1 g g

q_

2
(239)

substituting the values of (t) and (s) calculated previously, we arrive at our

final expression of the moments of the eigenvectors in this limit:

~ o q—19-2
I =~
o= (Nﬁ) g

This is another main result for this chapter and is valid for any ¢ > 1. In

q_

5+4ﬂ

5 (240)

particular we explore the possibility for an N-dependent variance, specifically

— N7 where v > 0, we find that [, oc NO~D@=D_ This implies that
the eigenvectors are of a fractal nature in this case from the scaling of the
moments of the eigenvectors, with the fractal dimension given by D, =1 — .
This is similar to recent results in [21,22] for non-erogdic states found in
the Rosenzweig-Porter model [23]. As the exponent must remain negative,
(v—1)(g—1), we conclude that this result breaks down for v > 1. The results
of this numerical simulation are given in fig. [} In this random case we see
that the eigenvectors are also fractal but do not share the characteristics of
fractal and localised or extended states which were shown to be the case in the
deterministic W model in the previous section, where W contained elements

with power-law dependence.
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Figure 4: The numerical results are given by the symbols and the solid line
depicts our analytical result. In this numerical simulation over a total of 1000
realisations of random matrices, we used o = 10.

2.6 Conclusion

By employing the supersymmetry technique we derived an expression for the
moments of the eigenvectors for the non-invariant matrix ensemble in which
the variances are given by (|Hy;|*) = wiw? /N, the validity of the expression
was also confirmed by an alternative derivation of the moments of the eigen-
vectors at I/ = 0 where the two results coincided. We studied the eigenvectors
statistics of such a model in the limit N — oo and it turns out the that two
parameters s and ¢, which enter in many of our expressions, are determined
by the same system of equations as studied by Pastur and Girko, who studied
the eigenvalue density for deformed random matrix ensembles. We also found
the distribution function of the components of the eigenvectors.

The general result can be applied to any case but we consider, in par-
ticular, the power-law dependence w? oc 1/n? which exhibited an interesting
behaviour as we varied the parameter p. The eigenvectors are changing from
extended, p > 0, to critical quasi-extended, —1 < p < 0, and later to quasi-
localised, for p < —1. Other choices of w, may lead to completely different
characteristics such as being completely localised but we mainly focused on

the power-law dependence.
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Figure 5: This figure shows the results of numerical simulations (symbols) for
I, at 0 = NY2. The solid line represents our analytical result. The numer-
ical simulations were performed over a total of 1000 realisations of random
matrices.

We then generalise the result derived from the supersymmetry technique
to the case of random W, as it turns out that the results derived previously
were a suitable foundation for this problem. We consider the cases of con-
stant variance and N-dependent variance where we were able to average over
the simultaneous equations as well as finding general expressions for the den-
sity of states and the moments of the eigenvectors. Studying the asymptotic
behaviour of the model in the limit ¢ — oo, we find an expression for the
moments of the eigenvectors in this limit. By considering an N-dependent
variance, 0 = N7, we find that the eigenvectors are critical with fractal di-

mension given by D, =1 — 7.

3 Model II: Random matrices with an exter-
nal source

One of the most fundamental problems in quantum mechanics is to find the
eigenvectors of a Hamiltonian D perturbed by another Hamiltonian H, so that
the total Hamiltonian is H + D. A particular approach to this problem is by
applying perturbation theory, but since the results of the perturbation theory
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are only applicable to models where the matrix elements of the perturbed ma-
trix are sufficiently small compared to the level spacing on the Hamiltonian D,
one also needs to search for non-perturbative solutions. This is due to the fact
that in many applications, the conditions required to satisfy the perturbative
approach are not fulfilled and other approaches must be considered.

Non-perturbative results are usually only available for exactly solvable
models but there are situations where an unsolvable Hamiltonian will arise,
so it is also important to study these in detail. In this project we consider
a generic perturbation H, in place of the Hamiltonian H , modelled by an
N x N random matrix drawn from the GUE [24]. Random matrix theory has
been proven to correctly capture many universal features of complex quantum
systems, including examples such as chaotic and disordered systems [25].

Our model is known as the random matrix model with an external source,
which have many applications in network models, telecommunications, neu-
roscience and other areas. The spectral properties of these types of quantum
systems have been studied extensively [16,26-34] but we are not aware of any
analytical results presented on their eigenvectors.

Interest in properties of eigenvectors of random matrix models has been
revived recently in the context of Anderson localisation and many-body lo-
calisation [35,136], and in particular the existence of non-ergodic delocalised
states which is an intermediate phase of the Anderson transition [22,[37-44].
In this context it is natural to assume D to be random which plays the role of
on-site disorder, whereas H contains information on the structural disorder.
These two types of disorder are also present in random regular graphs and
supposedly essential for many-body localisation.

At first we consider the model where D is a deterministic diagonal matrix
with elements d; and derive an expression for the moments of the eigenvectors
using the supersymmetry technique, which also turns out to be a convenient
starting point for the case of random D, where each element is Gaussian

distributed random variable. It turns that that these results are applicable to
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the Rosenzweig-Porter model, given by

~ 22
<H:H+D,—JQL—:Nﬂ D = diag(dy, ds, ...dy), >0 (241)

<|ﬁ,~j|2>

H and D are gaussian distributed matrices where we set <|ﬁm|2> = N7 and
(d?) =1 to ensure a bounded spectrum in the limit N — oo. Using the results
from the supersymmetry approach, we find closed analytical expressions for
the case of random D and study in particular the Rosenzweig-Porter model.
We show that for 1 < v < 2, the eigenvectors exhibit non-ergodic behaviour

characterised by non-trivial fractal dimensions.

3.1 The density of states

In order for one to calculate the density of states we first define the model
H=H+ D, D=diag(d,ds,..dy), (242)

where D is a deterministic diagonal matrix and H € GUE. The density of
states can be expressed in terms of the Green’s function, Eq. , and since
the density of states only involves one Green’s function, therefore only the
ratio of two determinants is required

_ deti(BT —H)
~ deti(E- — H —j)’

Z(E, j) (243)

where H=H + D, E~ = E —ie and € > 0.
Since the calculations are similar to the cases presented in section 2, only
the main steps will be shown below.

The ratio of determinants above can be represented in its superintegral
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form

25,9)= [ i) e (< yn(—)

™

expi [TT(—)(I:I +D—FE+ie+j)r(—)+ XT(—)(]:I +D—-FE+ ie)X(—)} ,
(244)

and in a more convenient notation

2
Z(E,j) = /d(I)dCI)* exp {iz O [H+ D — E +ie + ja]%} . (245)
a=1
where J = diag(j,0), ® = (r(=), x(=))T = (®1, ®,)" and dPdd* comprises
of those in the former integral.
Averaging over the generating function is simple since D is deterministic

so we only need to average over the GUE by using an identity in Ref. [14]:

<eXp (i ai @Lﬁ%) > = exp —% < (ai @Lﬁ%) 2>

= exp (—% N @Zm‘Panq’En%m) )

a, m,n

(246)

after applying the averaging identity as shown in the previous sections, the

averaged expression over the disorder reads
1 - .
(Z(E,j)) = /dtbd@* exp {—NStr [5622 +i(E™ —d; — J)Q} } . (247)

where Qus = ~ Zg |®,(m)) (Ps(m)| and d; represents the ith element on
the diagonal of matrix D.

Now that we have averaged over the disorder, the next step is to apply the
Hubbard-Stratonovich transformation to reduce the quartic integral down to

its quadratic form, Eq. , once completed we receive

(Z(E,j)) = /dQe—QStrQQ /d(I)d(I)* exp {—NStr [i(E‘ —di— Q) Q]}
(24
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which simplifies further to

N

(Z(E,j)) = / dQe~#5Y [[ Sdet™ (B~ — d; — Q — J). (249)

i

Manipulating the integrand we are able to express it in a more convenient

form

(Z(E,j)) = /dQexp {—%Str@2 — ZlnSdet(E’ —d; —Q — j)} ,
l (250)

then by using a property of the superdeterminant the integral is equivalent to

N
_ 1, 1 B -
(Z(E,j)) = /dQeXp {—NStr (562 + N;ln(E —d; —Q — J)) } .
(251)
As we are interested in the limit € — 0 and J — 0, it is useful to expand the

logarithm function in powers of € and J to first order
N ~
(Z(E,j)) = /d@ exp {—NE(Q) + Z Str(E —d; — Q) *(ie + J)} , (252)

where £(Q) = 1StrQ* + L >V In(E — d; — Q).
Differentiating the integrand with respect to j and then taking the limit
J — 0, yields

Tr <GA(E)> = /dQZStr (%(E —d; — Q)_1>

N (253)
X exp {—NE(Q) - iez Str(E — d; — Q)_l} :

where N is assumed to be large, N — o0, so we apply the saddle-point
approximation on the integral. In the limit N — oo the integral over @ is

dominated by the saddle-point equation satisfying

1 1
Q=N2EF—a =0 (254)



the solutions of the saddle-point equation can be parametrised by
Qsp. =t +1s, (255)

where s # 0 and t are real parameters satisfying the two simultaneous equa-

tions

N N
1 E—t—d; 1 1
t=— - 1=— : 2
N;(E—t—di)2+s2’ N;(E—t—di)2+52 (256)

Substituting the parametrisation into the integrand, the integral simplifies to

a J E—t—d;+is
Tr (GA(E)) :/dcgz;sw <;(E_;_ di); 32>

h (257)
X exp {—N[,(Q) + iez Str(FE — d; — Q)l} ;

taking the limit € — 07, pulling out the pre-exponential factor and simplifying

the expression, we arrive at

lim Tr (G4(E)) = Z ( 5—_;—_53:22 / dQexp {—NL(Q)}, (258)

e—0t

where the integral over () is unity since the superdeterminant of a block
diagonal matrix whose Bose and Fermi blocks are the same is equal to unity.

Hence,
N

E—t—d;+is
: A _ i
Jim Tr (G*(E)) = 2 (E—t—d;)?+ s (259)

taking the imaginary part of this expression and multiplying it by a factor of

— yields the density of states

p(E) = WiN ; (E—t _ldi)2 + 52’ (260)

but we must remember from one of the simultaneous equations for s and ¢

73



that

1 1
1=— . 261
N Eoi—apis (261)
Therefore, we arrive at the final form of the density of states
s
p(E) =2, 50, (262)
™

the density of states is in a very simple form dependent only on s, which is
especially helpful when we generalise the problem to random diagonal D in

the later sections.

3.2 Moments of the eigenvectors by the supersymmet-

ric approach

In this section we will be calculating the moments of the eigenvectors of the
model shown previously. Therefore the product of two Green’s functions is
needed, which means we will need the product of two generating functions,

the ratio of four determinants:

deti(E~ — H — D)deti(Et — H — D)

deti(E~ — H — D — J;)det (—i)(E+ — H — D — J,)
(263)

Z(E, Ji, Jo) = (-1)N

where E*, J; and .J, are the same as defined previously.

We can convert the ratio of determinants into their superintegral form

28,5 = (0 [T o) [Ty an)

m 7r

X expi [H(—)(ﬁ +D—E+ic—J)r(=)+x (=) (H+D-E+ ie)X(—)}

X exp i [—rT(—l—)(ﬁ +D—E—ie—J)r(+) +x'(H)(H+D-E - ie)x(—l—)} ,
(264)

where r(—), 7(+) are vectors containing commutative variables, r;(—), r;(+),

and x(—), x(+) are vectors containing anti-commutative variables, 7;(—),

n;(+) with i = 1,2, ...N.
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This can be expressed in a much more compact form using supervectors
Z(E, Jy, J5) = (—1)N/d<1>*d<1>

4 (265)
X exp {iZ@LLa[H +D—FE—i(-1)%— Ja}q)a},

a=1

Ly=Ly=Ly=—Ly =1, J, = diag(Jy, J»,0,0) and
= (r(=),7(+), x(=), x(+))" = (D1, Dy, B3, Py)".
Similarly, we have to differentiate the expression with respect to J; and

Jo, m and [ times respectively. In doing so, we receive

(65 (64)" = (1) [ 48 dB(rs ()73 ()

4 (266)
exp {12 ® LJH+D—-E — i(—1)ae]q>a}.

a=1

Averaging over the disorder is simple since D is deterministic, then we only

need to average over the GUE using the identity in Ref. [14]:

4 2
- 1 -
<eXp (i > @LLQH¢Q>> =exp | = < (§ chLaH@a) >
a=1 a=1

(267)
exp (—% NS @;(m)@a(n)@g(n)%(m)> |
a,f m,n

Once the expression has been averaged over, the product of two Green’s func-

tions reads

((G8) (@1)") = (<D [ @ a3 ()" r3(+ra(4) -
X exp {—NStr B(Qiﬁ —id,QL + IEQf/] } :

where Qus = § 3y, [a(mm)) (25(m)].
The non-Gaussian character of the averaged elements of the Green’s func-

tions can be overcome by the Hubbard-Stratonovich transformation, Eq. ,
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to reduce the integrand down to its quadratic form

<(an)l (Gﬁn)m> — (_1>N+1/

My
x (1 (+)rn(4)) exp {—NStr [1E’C~Qf/ —iQLQL — idiQﬁ} } ;

Qe Ysm(@Ly / 4B dD (17 (=) (=)™

(269)
the integration over ® and ®* can easily be calculated by the application of

Wick’s theorem, resulting in

<(an) (G;‘L‘n)q—1> _ (_1)N+1/ dQe~ 2Str(QL)Q(gm o2

My
(270)

N
{gZPgBP 4+ (¢ —1)g5P g5l } H Sdet™* [ﬁE — LQL — Ld;|,

after setting [ = 1 and m = ¢ — 1 for simplification purposes.

This can, by manipulating the expression, be expressed as

((65) (@)™ = (=0 [ dQuoEey {58245 + (0~ 1982982

My

X eXp {——Str(QL Zln Sdet [LE LOL — Ld]
(271)
the factor (—1)" will cancel out, with the factor (ei”)N, in the same way as

explained in the previous case, therefore it simplifies to
(@) (Gh)"™) = / dQ(90)" {2 90" + (4= Vg’ 9,2"}
MalL

N N
X exp {—5StrQ2 — ZStrln [E -Q - di:| } )

(272)

by absorbing —1 into the integration measure, using the property In SdetF =
Strln F' and integrating over QL instead of Q.
We may recall that E = F —ieA and an expansion of the logarithm in

powers of € is convenient as we are interested in the limit ¢ — 0. After this
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expansion, we arrive at the integral

(G5 (@2)"™") = | dQaty {alal + (o= kol
’ (273)

N
X exp {—NL(Q) +ie» Str(E—Q - di)—lf\} :

where £(Q) = 1StrQ* + XV Strin(E — Q — dy).

— 2
In the limit N — oo, the integral over () is dominated by the saddle-point

equation that satisfies

1 1
SR N 274
Q N;E_di_Q, (274)
where the solutions ) can be parametrised as follows [11]
Qup. =t +1isT AT, (275)

Substituting the parametrisation into the saddle-point equation, we are able

to derive two simultaneous equations that s and ¢ must satisfy:

N N
1 E—t—d, 1 1
t=— 1=— . 2
N;(E—t—di)2+32’ N;(E—t—di)%ts? (276)

The integral over the bosonic variables and Grassmannian “angles” of @) in
this limit is equal to unity by the saddle-point approximation, hence the

integral will reduce down to

<(an) (an)q71> = / du(T)(gEP) 2 {gBPgBP + (¢ — 1)gBPgBP}
N (277)
X exp {iez Str(EF —t—d; — 13T1AT)1A} :

where the argument of the exponential can be simplified even further down
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to
<(an) (an)q71> = / du(T)(ga2) " {ghPgh? + (¢ — 1)glP 2P}
278)
—d; +isT AT (
xexp{leZStr( Fi—d) + >A}

The supertrace of the term proportional to the identity is zero, hence the

integral can be expressed as
() (@) = / TGP {005 + (0 — 168295

i
xexp{—esz 714 +82Str(T ATA)}.

(279)

From one of the simultaneous equations, we can deduce that

N = 280

therefore the integral simplifies down to

(@) (@)™ = / dp(T) g0’ {9z’ 90" + (0 = g0 97}

(281)
X exp {—ewp( )NStr(T lATA)}

since p(E) = s/.
We must recall from previously, in Appendix A, that Str( 1ATA)
2(A1 — A2), hence,

((Gh) (@)™ = / dp(T) g0’ {gua’ 90" + (0 = 9297}

X exp{—2emp(E)N(A1 — A2)}.

(282)

To continue with the integration we must know the explicit expression for
ngB , which can calculated by Efetov’s parametrisation. This was calculated

previously in the application of supersymmetry, so we are able to substitute
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the expressions directly into g?5:

g"P =[(E—d,— Q)PP =[(E—t—d,—isT'AT)"'|P”

N PN BB
(E —t —d, +isT—'AT) (283)
(E—t—d,)?*+ s? '

As we are only interested in the Bose-block of the matrix, the calculations
can be greatly simplified by reducing it down to a 2 x 2 matrix problem if
we consider only the Bose-block of the parametrisation (see Appendix C for
further details).

Once we have integrated over the Grassmanns, as shown in Appendix C,

the integral simplifies down to

R ava-1\  (BE—t—d,+is)1? o !
((G) (Gh)"™) = BT A= Gl BT RO
(E —t— dn + iS)\l)q_2 —2emp(E)N(A1—X2)
(E—t—d,)?+s2a ©
)\1 + )\2 is(q - 2)()\2 - 1)
2 1
X {H N (E—t—d, +isA) 0 =) |

X

(284)
By recalling the definition of the moments of the eigenvectors we are interested
in the limit e — 0 but as A\; is unbounded, a substitution, z = e\;, must be
made in order to proceed with the integration. Applying this substitution in

the integral gives the following

R -1\ (E—t—d,+is)?? <z !
((@8) @) =iyt 0 [0t [ o
(E—t —d, +is2)12
(B == ) + 57
Y is(g —2)((2)" = 1)
s (Et—dtis9)C —)\2)}’

€

« —2emp(E)N(2-z)

<14 .

by performing algebraic manipulations, we can simplify the integrand into a
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much more convenient form

((en) @) ) =~ e [Ta [ an

1

(eE — et — ed, +is52)772 gy BN (=)
(B —t—d,)?*+ s
y 2 1+z—|—e)\2+ is(q—2)(z?—62) ’
z—€ly (B —et —ed, +1sz)(z — €)g)

X

(286)
whereby taking the limit € — 0, we are left with
f g2
. g—1 R A q—1> — T g—1 (E—t—dn+18)q
lim(26)7* ((GE,) (G,) lin(2e) [( o
GE €d + 182) 2 —27p(E)N(z—eX
—|—(q—111m2e / dz/ d)\2 —t—d)+32] e 2mP(E)N (2—€)2)
1+Z+€)\2+ 13q—2)( —€%) .
z—€\y (B —et —ed, +1isz)(z — €g)
(287)
Therefore, the integral greatly simplifies down to
00 1
lim(2¢)7* <(G£§n) (Gﬁn)‘“> =q(qg—1)2¢7" / dz / dA,
e—0 0 1
(288)

(isz)?2

KE —t= dn)2 + 82]q exp{_Qﬂp(E)NZ}SQ’

as stated previously, this integrand is independent of Ao, therefore integrating
over )\, just results in a factor of 2. Hence,

lim(2e)~" ((GF,) (G)") = alg—1)2°

e—0

o e o)
X /0 dz E—1—d) T exp{—2mp(E)Nz}s".

This is an elementary integral that can be computed by making the substitu-
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tion y = 2mp(E)Nz:

(is)772s?

(E—t—d,)?*+ s?|

X/0°° 27rp(2%) (27rp(yE) >q_2€y (200)

. (is)?%s 1 o -2y
—ale = dn2+s2]q(27rp(E)N)q—1/0 duy e,

lim(2¢)7! <(an) (an)q_1> =q(qg—1)27

e—0

which is now in the form of a standard gamma function integral, hence,

lim(26)"* ((G,) (G)") =

. (is)q_;s_2> 1 B
q(g —1)2 E—t—d) + 57 (27rp<E)N)q,1F(q 1) (291)
— 902 ol ! T(g+1).

(E—t—d7 + )1 (rp(B)N)!

Substituting this result into the formula for the moments of the eigenvectors,

Eq. , yields

1 s 1
1, = r 1 292
where
s
o(E) =2, (203)
T
and s # 0 and t satisfy
E—t—d;
294
NZ Eor—d s NZ Ei—apis 2

This is one of our main results for the moments of the eigenvectors with a
deterministic potential, in the next section we will generalise the result to the

case of a random potential using this as a starting point.

3.3 Distribution function

Similar to previously, we are also able to calculate the distribution function

in this case, due to the simple appearance of ¢ in the moments of the eigen-
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vectors, using the relation between the moments of the eigenvectors and the
distribution function, Eq. (102). The distribution function will be of the same

form, since we know that it must be of the form of a gamma function integral:

Pu(y) = a(n)e ™Y,y = |(n)|?, (295)

where a(n) is a function of n such that a(n) > 0 for all n.

By substituting this into the relation, it allows one to determine the exact
form of a(n) but the steps will not be detailed as it was already shown previ-
ously. Referring back to Eq. and by comparing coefficients we deduce
that

(E—t—d,)?+s*

a(n) = mp(E)N . : (296)

therefore, the distribution function is given by

P.(y) = np(BE)N {(E —t —Sdn)2 n 82}

X exp {—Wp(E)N {(E —tod) 82} y} :

S

(297)

where y = [1)(n)|?. Now that we have the distribution function we know not
only the qualitative nature of the eigenvectors, but how each of the individual
elements of the eigenvectors are distributed.

Testing the validity of the result, Eq. , by direct diagonalisation for
d; = =1+ 2(i — 1) where the moments of the eigenvectors are calculated
for the eigenvectors whose eigenvalues were close to E = 0. Figlf] shows the

result of the numerical simulation for ¢ = 2 and ¢ = 3, both are in excellent

agreement with the predictions given by the analytical expression.

3.4 Model II with random diagonal matrix

In this section we consider the case where the diagonal matrix D is random and
assume that the elements d; are independently distributed Gaussian random

variables with mean (d;) = 0 and variance (d?) = o?. It turns out that when
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Figure 6: The moments of the eigenvectors I, = ZnNzl I,(n) for N ranging

from 500 to 3000, where the symbols represent the numerical data and the
straight lines represent the analytical results for d; = —1 + %(z —1).

we are considering the case of random D, the results from the previous section
for non-random D provides a good foundation for our problem.

As a reminder, the equations for s # 0 and t are given by

N N

1 E—t—d; 1
S 298
NZ; E—t—d;)?+s? Z E—t—d;)?+ s (208)

=1

where the parameter s is related to the density of states in a simple way:

p(E) = s/m; the moments of the eigenvectors are given by

I'(g+1) { s r
(rp(EYN)4 | (E—t—d,)?+s*]

Iy(n) = (299)

Similar to the previous case, to calculate the average of the simultaneous
equations, by applying the same reasoning we have to replace s and ¢ by their
average values due to the central limit theorem, as we are averaging over a

large number of realisations:

(300)

but we must remember, however, that all d; are identically distributed, there-
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fore the system of simultaneous equations reduces down to

E—zx .
- <(E_$)2+<3>2>$’ b= <(E_x)2+<8>2>x7 (301)

where we introduce E = E — (t) for convenience and x is the Gaussian random

variable with distribution function

1 22
P(zx) = e 2, (302)
2ro

As before, in order to calculate the average, we introduce the Fourier trans-

form, Eq. (178)), to express the average in the following form

< (B a:)12 +(s)? > - ¢L27r /_Z dﬁ\/12_weéﬁza2 /_Z "B _i_>2+ (s)2
(303)

If we focus on the integral over x, the variable of integration can first be

changed by the substitution y = £ — z:

00 —ikz oo o —iky
/ dy— " 5 5 = e_‘“E/ dy%, (304)
oo (B —1)*+(s) o Y24 (s)

then by the residue theorem, the integration yields

O R e S RO
e dy—— = e "—e : (305
/_oo Y2 + (s)° (s) )

where we made the assumption (s) > 0, which holds because p(E)m = s and

the density of states must always be positive. Substituting this result back

into Eq. (303) we find

< _ 1 2> _ 1 /00 dﬁe—%n202—inE—(s>\n|’ (306)
(E—x)24(s)"/, 2(s) Jowo

this can be simplified even further by splitting the integral into two parts:
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k < 0 and k > 0, which gives

[o'e) _ 0 - oo ~
/ dﬁe—%foaQ—inE—(s)hﬂ :/ d/ﬁe—én2a2—inE—(s>|n|_‘_/ dﬁe—%n202—inE—(s>\n|'
—00 —0o0 0
(307)
The absolute values signs from s can be dropped from the integral involving

positive integration limits

/°° o s —inE— ()| _ _/0 dl{e_;ﬁ2a2+m_<s>|n|+/°° dre— 2o =B~ (s)n

- - ' (308)
we applied the change of variables kK — —k above in the first integral, therefore
we are able to drop the absolute value signs in the first integral since x > 0,
and then by swapping the limits of integration it changes the sign of the whole

integral:

oo . 0o _ 00 _
/ dlie—%HQO'Q—if{E—<S>|H‘ _ / dﬁe—%ﬁ202+mE—<s)n + / dlﬁl@_%ﬁ202_iﬁE_<s>H
- 0 0

[e.e]

- l\/fe@?fzs»Z 1 + ierfi £+ifs)
o\ 2 V20

(309)
Combining all of this together, we find that

o m 1 e_(é;iog»? E (s
t= \/; () s (ﬁo’ ﬁa) (310)

Fy(z,y) = (1 £ "Y1 —ierfi(z — y)) + ierfi(z + iy)) , (311)

e

where

erfi is the imaginary error function and £ = E — (t).

We also follow the same method to average over the other simultaneous
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equation by first applying the Fourier transform

— _L -~ K 1 6_%H202 & . (E’_x)e—ifm
<t>_<(E‘$>2+<S>2>z_ﬁ/ood o I R
)

(312
the integration variable z can be changed by making the substitution y = F—x

to express the integral in a more convenient form

o0 i —ikx s —00 iky
dx <~E v)e = —¢rE dyL (313)
o (E—x)2 4 (s)?

o YR+ (s)?

then by changing the integration variable y — —y, we find

oo —0o0 iKYy s 00 _ —iky
— ell{E/ dy ye 5 — elHE/ dy( y>€ 5 - (314)
o Tyt (s) o 2 1 (s)

By using the residue theorem, this integral is equal to

efi/iE /OO dy( y>€—my _ efi/-cEﬁie*(SH’d

B rapy wsign(k), (315)

therefore, the second averaged simultaneous equation can be expressed as

o0

)= [ dsie vt b

sign(k). (316)

This integral can be split in the same way as before between & < 0 and £ > 0:

L w: 1 [ o
5/ dﬁie5“2”21“E<8>Hlsign(/€)+§/ drie— 2K 0" —ikE—
0

— 00

©rlsign(k), (317)

this is convenient since we can now drop sign(x) for £ > 0 and also for & < 0

but we must multiply that integral by —1, hence,

1 0 1,22 s F 1 > 1,252 ikE
. drie~ 257 —ikE—(s)|k| + _/ drie 28°° —ikE—(s)|xl|
2 2 Jo

—0o0

, (318)

changing the variables for the first integral from k — —x will also ensure that
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both integrals will have positive integration limits, which yields
1 ° - L1262 4ikE—(s)|x]| 1 - - —Lik202 —ikE—(s)|x]
5 drie™ 2 +3 drie 2 . (319)
[e'e) 0

Reversing the integration limits of the first integral will introduce a minus
sign and since both integrals have positive integration limits we can drop the

absolute value signs, hence,

1 - s —ik2024ikE—(s)k 1 > « —1k202ikE—(s)k
- = drie2 +3 drie™ 2 , (320)
0 0
once the integration is evaluated, we receive

2
1 /m. _(B+is)? ) E—i<5>
= 202 1+ ierfi —_— .
(321)

By combining all of this together, we receive the second averaged simultaneous

E+i(s)
V20

4E(s) .
—e 202 |1 —1derfi

equation for s and ¢, hence,

_ L frlesen (B g)
() = \/; . F ( o \/50) (322)

We are then able to find the density of states by solving the system of simul-

taneous equations numerically for (s) and (t):

pE) = (p(E)) = —. (323)

To confirm the validity of the equations we consider two limiting cases of the
density of states: ¢ — 0 and o — oo. Taking the first case of ¢ — 0 we use

the expansion of erfi(z) in the limit z — oo

e

L

erfi(z) = sign(Im 2)i + + ..., (324)
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by substituting the expansion into Eq. (310)

F—i(s 2
T 1 (Btis)? 21E(s) %
1~ ,/— e 202 —
80 (s) 7T(E\}l<8>)
(B+i(s))? ) <E+1<s>>
viliv 2 )] = E 1 Erig? e
(E+i(s)) 8 s (E
VT s \/_ (325)
i(s 2
e \/? 1 iv20 < 1 1 >
- = > = — 1=
\/_(E+21<s>) 8o (s) VM \E+i(s) E—ils)
_ i (=20)(s)
2(s) B2 + (s)°
Hence, we obtain
(E— ()2 + (s)* ~ 1. (326)

The same approach is taken for the second equation for (t) by using the

expansion for erfi(z)

(B—i(s))?
Il (Btis)? 2iF(s) ) . e 202
)= —iyfg—e 22 | l-e o [1-i| —-id—znH
8¢ ﬁ( \;%S»
(B+i(s)? (B+i(s)?
n n e 202 ol _<E+i<2s>>2 1+i e 202
1 _— = —i4/—=——€ 20 —
ﬁ(EJr;irS)) 8o ﬁ(E—;S» (327)
(B+i(s)?
_Hi_l = —§ m1iv20 ( 1 + 1 )
N 8o Vr \E+i(s) E—il(s)
E .
E? + (5)2

Therefore, we obtain from the simultaneous equations:

(t)zg, <s>z\/1—EZ2, ﬁ(E)%%\/l—E;, (328)

the density of states in this case is given by Wigner’s semicircle as expected.
If we consider the opposite limiting case ¢ — oo, we use the fact that

(s) /o is a small parameter so we are able to simplify the following functions
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to their leading order terms

Exi(s)\ E (s)
erfi (W) = erfi (E) + O 7) )

B (0(B)), em
o

o) o () et # re(()
— (s) & %e—%,

LR PN 21B(s) , E (s)
<t>N—1 g;@ 20 1—e - (1—1 [erﬁ <E> +O(7>]>

(331)
in the limit o — oo.
It follows from Eq. (331) that F ~ F, hence
Tl _ g2 1 B2
s) Ry =—e 27, p(E) = e 207, 332
(5) % 4/5 = HE) ~ —— (332)

which, as expected, coincides with the density of states generated by the

diagonal matrix D.
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Now that we have averaged the simultaneous equations over d;, we can
turn our attention to the moments of the eigenvectors. In order to calculate
the averaged moments we have to replace s and ¢t by their average values,

using the same reasoning as previously to average over all d;:

=37 (i) = D i
)= B ()

[(g+1)

N <((E — () —dn)* + <S>2)q> ’

where we used the fact that p(E) = (s) /7.

In order to calculate the averaged moments, we first note that

1
(B —(t) — dy)? + (s)*)"

(334)

_ (_ii)ql L
S @-DV N dy) (B —d)? gt

As we have already calculated (1/((E — (t) —d,)* + (s)? )>q, therefore no
further calculation for the moments of the eigenvectors is necessary, we can

immediately write down the result:

[ <_ii)q’1 Pty (220, )
7 Nt 2y dy 8 oy + V2o 20 y:<s>’
(335)

where (s) and (t) are determined by the system of simultaneous equations

T 1 _(Erin? E  (s)
l= /o e 2 F | -, ,
\/;0 (s) * (x/ﬁa \/50)

: - (336)
L (E*+12<s> S
0 =5 (xf_z f_2) |
with
Fy(z,y) = (1 £"¥(1 —ierfi(z — y)) + ierfi(z + iy)) , (337)
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Figure 7: I, calculated for three different values of o = 0.4, 1, and 10 with
N =500 to N = 3000. The symbols represent the numerical result and the
solid lines represent the analytical rseult.

and density of states

pE) = (p(E)) = —. (338)

These are the main results of this section, which can be explicitly calculated

for any positive integer ¢, for the case of ¢ = 2 we find that

. 1 1 =(s) T E—(t) _» ,

= — ~L2 =iy =———Le (1 —ierfi .

Iy N<5>2 1+ = +iV2 - z 1\/; p e ( ierfi(z)) :E—a}—us)
20

(339)

z

Numerical simulations were carried out to corroborate the result against the
direct diagonalisation approach. The tests were performed over a total of 1000
realisations with ¢ = 0.4, 1, and 10 where N ranged from 500 to 3000. The
numerics were in excellent agreement with our analytical results as shown in
fig. [7]

The distribution function, in the case of random D, can also be calculated
from our result in the previous section, Eq. , by averaging over the

random variable z:
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where y = N, so that (y) = 1 and

1 22
P(z) = e 27 (341)
2ro
Calculating the integral, we find
2 2 2 2 2\2 ~ 9
Ply) = E* +0°(1+2y0”) + (s)” (1 +2y0°)° (L +09%)w (342)

(1 1 2y02)5
By considering two separate cases, yo? < 1 and yo? > 1, we find that

A

Ply) ~ (E* + 02 + (s))e T yo? < 1, (343)

and

- <5>2 —(s)? 2
(y) ~ eyt > 1 (344)
vV 2yo
Therefore, in the case of ¢ — 0 we have
Ply) ~ (B> + (s)))e B+ yo? < 1, (345)

as the distribution function which is as expected for the GUE case. This is
one of our results for the distribution function in the case ¢ < 1, showing
how the elements of the eigenvectors are distributed in this particular case.

The moments of the eigenvectors show that the eigenvectors are always
extended, even at arbitrary large, but fixed o.

For non-extended eigenvectors to manifest we must consider an N-dependent
variance, specifically the Rosenzweig-Porter model where 02 = N7~!. The
properties of the Rosenzweig-Porter model was studied extensively [45-48]
and was found that the two-point spectral correlation undergoes a transition
from Wigner-Dyson to the Poisson form at v = 2. Motivated by new devel-
opments, a recent study [22] also shows that there is an extra transition from
non-ergodic (1 < v < 2) to ergodic (v < 1) extended states at v = 1. The
ergodic extended states are similar to GUE states with the same scaling in

the moments of the eigenvectors but the non-ergodic extended states have the
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characteristics of multi-fractal critical states, usually appearing in the Ander-
son transition [49]. It turns out that the expressions derived previously can be
directly applied to the Rosenzweig-Porter model for v < 2, as was originally
suggested by our numerical simulations.

If 1 < v < 2, then substituting o = N7 into Eq. 1) and keeping the

leading order terms, we receive
.2
Iy =~ —N"*, (346)
™

which implies that the fractal dimension Dy = 2 — . The result can be
further generalised for any ¢ by using Eq. (335). The leading order term

for o = N’ can be obtained by reducing the term under the differential

operator down to 1/y from Eq. (335))
1 d\" "1 d\" 1
- = , (347)
2ydy) vy dy? VY2
using the substitution v = y? we find that

d\" 1 1\ 3 2g—2)4+1 _26-2+
—— —=(z)]=X..x ————v 2
dv \/5 2/ 2 2 (348)

2(g—2)+1

=27 V(g —2)+ )" >

substituting the original variable y back into the expression yields

1 d\"'1
(~ga) =2 -3y, (319

We can then substitute this result into the expression for the moments of the

eigenvectors
d 5 (¢— —(2q—
g = WQ (q 1)(2q—3)!!y (2¢—-1)+1
(2q — 3)!! e (850)
q\2q —9): , \—2(¢g—1
= N O
but we know that
1 2 1
(s) ey [ omema = o =2 (351)
20 20
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Figure 8: Numerical simulation for the Rosenzweig-Porter model for v = 1.5
and N ranging from 500 to 3000. The symbols represent the numerical results
and the solid lines represent the analytical prediction.

since ¢ — 00.

Substituting this into the moments of the eigenvectors, we receive

s q(20-3)1 2 NN ag=3) v
=Ygt \77) = NN (352
hence
fq ~ MN(’Y—Z)(Q—I)7 (353)

a1
which confirms, again, the fractal dimension D, = 2 — ~ for ¢ > 1/2.
Numerical simulations were also carried out under this case and the results
show an excellent agreement between our analytical result against the direct
diagonalisation approach as shown in fig. [§
We also studied the asymptotic behaviour of the expressions in the limit
o — 0 where we recover the GUE result I, g~ I qG UE but as the steps are similar

to those shown previously, we will not detail the steps in this case.

3.5 Conclusion

We studied a total of three different cases where the GUE matrix is perturbed

by a diagonal deterministic matrix, then we considered the case where the
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diagonal matrix was Gaussian distributed with constant variance, and finally
the diagonal matrix is Gaussian distributed with variance 0? = N7~!. By
employing the supersymmetry technique we found non-perturbative analytical
results for the density of states and the moments of the eigenvectors which
are valid in the limit N — oo. In the first two cases the eigenvectors remain
extended even at arbitrary large but fixed o. In the third case where we
consider an N-dependent variance, the eigenvectors can become completely
localised, extended or critical depending on the parameter v. We found that
in the region 1 < v < 2, the eigenvectors are non-ergodic characterised by
non-trivial fractal dimensions coinciding with the results in Ref. [22].

For v > 2, the moments of the eigenvectors become divergent, signalling
a breakdown in our approach so the problem must be tackled perturbatively
which is shown in the next section. We consider the case D > H which is
where the o-model breaks down, therefore we take a perturbative approach

to the problem to derive the distribution function for this model.

3.6 The distribution function of the eigenvector com-

ponents for almost diagonal random matrices

As D > H the o-model breaks down, this means that the results from the
previous section are no longer valid. In order to remedy this we follow the ap-
proach developed in the context of so-called almost diagonal random matrices
in Ref. [9,50].
According to Ref. [9], one has to look at the sub-matrices of the original
system and calculate the distribution function for each of the sub-matrices:
H(n,m) = Han Hom : (354)
Hyn Hpm
where H,,, and H,,,, are on the main diagonal of the original matrix. We first

introduce the notation £y = H,,, Fs = H,,,, and h = H,,, for convenience
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which will be helpful later. The eigenvalues A of H(n,m) satisfy the equation
N — \NE) + Ey) + E\Ey =0, (355)

solving this, we obtain

1
A2 = §(E1 + Ly £ \/(El — E5)? + 4]h]?), (356)

although unclear at the moment, this will be useful in the averaging of the
density of states later.
The definition of the distribution function of the eigenvector components

is the starting point to begin our calculations

PW) = 1 ( (5 — [T (D)) + (5 — |w2<1>|2>6<A2>>), (357)

where A\; and Ay are eigenvalues corresponding to eigenvectors ¥, and W, of
the sub-matrices, respectively, and our focus is on calculating the distribution
function for the first component of the eigenvector corresponding to the zero
eigenvalue. The form of the distribution function above comes from the def-
inition of the distribution function, where we only consider the first element
of the eigenvectors Wy (1) and Wy(1) corresponding to the zero eigenvalue of
A and .

In order to calculate the distribution function, we must first calculate the

density of states at £ = 0:

o 1 o dEldEQ 2 _ B{+E3
o0 =5 [ e ), (358)

by averaging over E; and Fj.

From Eq. , we can deduce that \; = 0if E1+E, < 0and E1Ey = |h|?,
while Ay = 0 if Ey + Fy > 0 and EyE; = |h|%. This means that we must
consider two separate domains in the integral: Fy + Fy < 0 and Fy + Ey > 0.

If we first consider the domain E; + Fy < 0, |h|*> = E1E», §()\2) vanishes so

96



we only have to consider §(\;) in the integral. By applying a property of the
o-function, we are able to change the argument to a more convenient form.

In general the d-function satisfies
§(z)dx = 0(F(x))dF (z), (359)

applying this to our case, we receive

2
S(A)dA; = 6 (E1 - %) dE;, (360)
2

therefore the integral (358)) is equivalent to

dEldEQ _E%‘*‘EZ |h|2 dEl
o E —. 361
/ / ( "By ) dy (361)
In order to calculate ‘éfl, we refer back to Eq. l) to differentiate it implic-
itly
Al dX; dA\;
2\i—— — A —FE +FEy,— E =0 362
B, N TN ) (362)

di1

a5 we arrive at

re-arranging for

D M- B

dE, 2\ — E, — E,’ (363)

inverting this gives the derivative as required.

Hence, the integral can be expressed as

1 © JF,dFEy B}+E3 \h|*\ E; + Es
[ 2 0| By — 4
5 //OO o (& < 1 E2 E2 ) (36 )

integrating over Fj is simple due to the d-function, once completed we are

left with

p(0) = =

1 /°° dEy In*/B3+53 % +Ey 1 / dEs lh‘Q;EQ |h|? + E3
— —e 2 _— = — —'
2 ) o 27 Ey 2 o ¢ E2

(365)
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To integrate over Es, we introduce a new variable Ey = x|hl:

: (366)

1 [ dr, 2242 1+ 22
2
e o

an averaging over h is performed before proceeding with the integration over

the new variable Ey = x|h]|

1 [ del+az2 [F & [h|2 /22 +22|h|2 eilh‘2/<‘h‘2>
= - — d LI e R ——
p0) =3 [ EEEEE [T [ anare M o)

where ¢ is the argument of h.
The integration over ¢ is simple as the integrand is only dependent on |h/,
which gives a factor of 27, after some algebraic manipulations we simplify the

integral into our desired form

1 o0 dax 1 _|_$2 [e'S) |h‘2<x%+127(‘h72|2>>
0)=5 [ —mm—z [ dhlhle 2 268

this allows one to use the result

>0 2\ /% 1
/ dyyPe 2 = (—W) - (369)

o a a

Since the integrand is even in |h|, one can extend the limit from —oo to oo

by halving the integral

1/°° dx 1+x2/°° 2 (e )

== d|h||h|?e”
o) =5 | s e AT @)

using Eq. (369) to evaluate the integral over |h|, resulting in

1/2
1 [* dr 1+42? 21 1
PO :‘/ . (371
RN T (o (ﬁﬂ:?*ﬁ) = T2+ oy N
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which simplifies further to

X S T (<|hz|2>)3/2 (14 088 oy ﬁ))_m

(372)
(LR R S A ([ o
- 8\/_ de—s— 1+ -5+ (7 +2) (373)
1 —l— z? _ —3/2
dx 1+a? (272 4 22 , 374
-=/ (172 +02)) (374)
where we set a = \/(|h|?) /2.
Computing this integral, we receive
1 + -T _9 2N\ —3/2
1+« +x 375
w0 =0 [ (140 (@ +a?) 375
4 1

421 a(l+2a%)  271(1+ 20?)

Now that we have an expression for p(0) for a general a we can proceed to
calculate the distribution function. Eq. (357) shows that the distribution

function should be of the form:

P = 30200 [ BB S i i,

(377)

The first element of the eigenvectors for A\; and Ay can be calculated by con-

sidering the eigenvalue problem

E1 - A h Xz
=0. (378)
h* Ey — )\ Y
If we focus on the first equation
(Ey — Nz + hy =0, (379)

we can see that this is zero when y = A — E; and x = h, hence the eigenvector
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is found to be

h
Uy, = : (380)
Ao — By

where the absolute value of the first component of the normalised eigenvector

1S
_ W
VIR + (A2 — Er)?

Similarly to the case for the density of states, two separate domains must be

|01 (1)] (381)

considered but only one d-function survives in each of the domains. We take
the same domain as previously: E; + E, < 0, E1Ey = |h|%. In this domain

only §(\;) survives, hence,

(P(x))p = \/g(uza?) //_: dEzliE%-E%?E%a (g; -~ (V;'j_ El)Q) (M),
(382)

using the property of the d-function, Eq. (359)), we can change the argument

T % BBy _5+e3 e
P2))r = 1/ ~(1 + 202 // : 5( S L
P \/; Bl B E TR B (383)

|h|*\ Ei + Es
ol Ey —
X < 1 E2 EQ 9

since A1 = 0 in this domain.

Integrating over E;, we obtain

s * dEy _|n*/E3+E3 |h|?
— /214202 a2 P (L —
P@)e \@ * ‘“>/_oo o (“”” R+ ]2
hP /B + B

Es

(384)

which can be expressed as

. © (F, -MtE E2 |h)? + E2
=/ =(1+ 202 —Ze 2F — 2 2.
(Plae =50+ 20) [T (o 2

- (385)
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To complete the integration over Fs, we use the substitution

__ B — B, =4[], (386)
T B+ P R

taking the positive square root and differentiating it yields

dE 1 _ _ 1 .
d—; = 5Ihly 1 —y) P+ §|h!yl/2(1 —y) 2 (387)
As we are taking the positive values of Es, the integral needs to be expressed

in a way so that we are only integrating over positive values of F,. Therefore,

using the fact that the integrand is an even function, the integral is equal to

1 o e E; O\ |[hP+ E3

= ——(1+2a? Eye 2% - 2 2
Y B R O e

(388)

by changing the limit from —oo to 0 and multiplying the integral by 2.

Then by changing the variable of integration, the integral is equivalent to

Py = 57=(1+20%) [ dye LR AN

x|hl(y (1 —y) 2 4y 2 (1 —y) ),

integrating over y is now very simple and is equal to

| PO |
(Pl = 5= 1+ 20%)c ~n 90

X(CL’_I/Z(]_ . I)_1/2 4 ZEI/2(1 o x)—3/2>7

where 0 < z < 1.
Finally, we can now average over |h|, as the integrand is only dependent

on |h| which means the integration over the argument of h produces a factor
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(Pl = 7=+ 20 2@~ (1 =) 24 221 =) )

00 2 (s g =) —lh2/(|Rf?)
X/'MMW%(Z)i——Tﬂ
0 m (|h|?)

(391)

the integral can be expressed in a much more convenient form, as given below

1
14202 = (2721 — )2 + 212(1 — 2)73/?)
X

00 ‘h|2<%+ﬁ+722 )
(In12)
x/ d|h|h2e- - .
0

(392)

1
(P(x) g = W(

Now that it is in the desired form, we are able to avail the result from Eq.

(369) to arrive at

1
(14202 = (a7 V21 — 2) Y2 4 21/2(1 — 2)73/?)

1
(P(x)) g, =V (P .

1/2
. ( o ) 1
1—x x 2 —x x 2
= Tzt op = tTim T

(393)
which simplifies to
1 ol 1/ ~1/2 1/2 —3/2
(P = (1 200 (V30 = 2) 2 4 al/2(1 = )
_ 394
(BN (1o e Ny O
2 2 x 1—x ’
this can be reduced further to
“1/2(1 — ) 12(21 4 (] — 2)-1
Py = 214209 7LD LD (a5

(o (522

11—z

where a = @and0<m<1.
This is the main result of this section and to corroborate this result we
shall derive the expression for the moments of the eigenvectors as shown in

Ref. [9] by using the relation between the moments of the eigenvectors and
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the distribution function, Eq. ((102)). The moments of the eigenvectors in this

case are therefore given by

1 q—1/2 1— —-1/2(,.—1 1 — )1
O‘/ gt Az P H (U —2)) g (306)
0

I ==
L (14 a2 (35 + 1))

by taking the leading order term in the distribution function.
To proceed, we will change the variables of integration by the substitution
y? = %, this converts the integration variables to the one used in Ref. [9].
Since y? = 1= then 2ydy = (lf—i)Q. We can substitute this into the integral

once we have it in the following form

Iq:§ 1_36)2(1—33) (14 a2 (1—Tx+i))3/2

1—x

o /1 dx LI V2(1 — ) V2 (27 - (1 —2)7Y) (307)
o ( ’

where, after performing algebraic manipulations, we arrive at

o ftd P ()7
]q:‘/o (I=2) (14a2(z42))"? .

T

—_

substituting in the new variable, the integral becomes

—2\—q 9\ —3/2 _o\—1/2
q g/ooodm(uy) (6" + ™)

=9
(1+ a2 (y=2 +y2))*?

which simplifies to

00 1 —2\—q 1 -2 o] 1 —2\1—¢q
Iq:a/ dy( +y7) (+y3/)2:a/ ay 1+y™) -
o (I+a?(y2+y?) o (I+a%(y2+y?)
(400)

The integrand is an even function, this means that we can extend the range

of integration to —oo and multiply by a factor of 1/2 to obtain

a [ee) (1 +y—2)1—q
‘[q = 5/ dy 9 _9 9 3/2’ (401)
—o (1+a?(y?+y?)

which is the exact integral given in Ref. [9] and according to the paper the
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integration yields

a /OO dy (14y2)' —1_ ﬁwa +0(a?),  (402)

2 ) s ar ) Mg 1)

in the limit o — 0.
We have now recovered the moments of the eigenvectors from the distri-

bution function
q—1/2)
(I)=1— \/g TR Z V[ Hpm)), (403)

where h = H,,, and we had set, according to the notation in the paper,

W =1.

3.7 Conclusion

In this section we focused on calculating the distribution function for the case
D > H, where the o-model breaks down and therefore we had to tackle
the problem perturbatively. The idea behind the method was that we can
break the matrices down to 2 x 2 sub-matrices and calculate the distribution
function for each of those sub-matrices and then by averaging over all the
elements we have the distribution function of the original matrix.

One of the original intentions were to calculate the distribution function
so that we can use the relation between the distribution function and the
moments of the eigenvectors to derive the moments of the eigenvectors. As
it turns out this problem was not as simple as it seems, due to the form of
the distribution function there was no easy way to derive the moments of the
eigenvectors so there was nothing further we could do from this point.

Our efforts, however, have not been in vain as we wanted to calculate the
distribution function, not only for the moments of the eigenvectors, but be-
cause the distribution function contains more information than the moments
of the eigenvectors, since it shows exactly how the elements of the eigenvec-

tors are distributed. It is worth noting that restoring the distribution function
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from the moments of the eigenvectors is usually a complex task, but finding

the moments from the distribution function is quite simple in most cases.

4 Structured random matrices: generalisations

of models I and 11

The main idea of RMT is that many features of complex systems are universal
and therefore will not depend on system specific information, this means that
the Hamiltonian can be replaced by a random matrix which shares the same
symmetries as the Hamiltonian. An example of such a random matrix is a
GUE matrix, where the only restriction is the Hermiticity property.

RMT has shown to be a great success in studying statistical properties of
complex quantum systems, however there has been interest in new ensembles
of random matrices where we retain some of the structural information of the
original system.

In this section we study one such matrix model, defined as
H=WHW + D, (404)

where H is an N x N matrix from GUE and W, D are deterministic diagonal
matrices with elements w; and d;, i = 1, ..., N; respectively. Random matrices
of this form have many applications and appears naturally in neural networks,
Ref. [33], wireless communication, Ref. [51], signal processing, Ref. [12], and
vibration analysis, Ref. [13]. The spectral properties of random matrices have
been well studied in Ref. [3334], however much less is known about the
eigenvectors, Ref. [52].

In this section we generalise the results derived previously from models I
and II. The result is a non-perturbative, asymptotic expression for the mo-

ments of the eigenvectors for our model H, valid for any w; and d;.
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4.1 The density of states for the generalised model

In this section we will be deriving the density of states but as the steps have
already been shown previously in detail, we will only show the main steps in
the calculation. Since we are working on the density of states we only need

to consider the ratio of two determinants

2(E.j) = deti(E~ — WHW — D) (405)
D deti(E- —WHW —D— )’

where £~ = F — le.

The ratio of determinants can be represented in its superintegral form

28.5) = [ T (-yan(-
expi[rT(—)(WﬁVV%—D—E+ie—i—j)r(—) (406)

+x"(-YWHW +D - E + ie)x(—)} ,

which can be expressed in a compact form

2
Z(E,j) = /dcpd@* exp {i > QI WHW + D — E +ie + ja]@a} . (407)

a=1

the notation is the same as previously in calculating the density of states, but
as a reminder: J = diag(j,0), ® = (r(=), x(=))" = (®1,®,)” and dPdP*
consists of those in the preceding integral.

As we have already averaged over the GUE previously, we can just apply

the previous results directly:

2 2 2
<eXp (i > (I)LWFIW(I)a> > = exp —% < (Z @LWﬁW®a> >
o o (408)
= exp (—gStrQQ) ,

where Qup = = SOV w2, |0 (m))(®s(m)|. Although we are now working with
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2 x 2 matrices instead of 4 x4, it will not change the average with the exception
of the L matrix in the structure as it is the identity in this case.
Averaging over the generating function using the above result gives the

following

2
(Z(E.j)) = / Ad*e™ 350 exp {iZ D~ B+ Jam} . (409)

a=1

the Hubbard-Stratonovich transformation must be performed to decouple ¢

and reduce the integrand from a quartic into a quadratic, Eq. :

(2(8.5) = [ dQe ¥ [ avae
N ) (410)
exp {—iz O E™ —d; — w?Q — J]@(z)} .

We can then integrate over ® as it is equal to the superdeterminant

N
(Z(E,j)) = /dQeéVSter H Sdet ™ (B~ — d; — w?Q — J), (411)

then by using the identity
r=eh, (412)

we are able to express the integrand into a much more convenient form

N
N -
(Z(E,j)) = /dQ exp (—5&@2 — ) InSdet(E — ie — d; — w}Q — J)) .
(413)
Since we are taking the limit ¢ — 0 and j — 0, it is beneficial to expand the

logarithm in orders of € and J. Doing so, we receive

N
(Z(E,j)) = /dQ exp (—Nﬁ@) — ) " Str(E —d; — wjQ) ™ (—ie — J)
Z (414)
where £(Q) = 1StrQ? + L SV StrIn(E — d; — w?Q).

Differentiating with respect to 7 and setting 7 — 0, we receive the trace
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of the averaged Green’s function

Tr{G(E7)) = /dQZStr Gm)

N (415)
exp {—NE(Q) + ie Z Str(E —d; — w?Q)_l} :

where £(Q) = 1StrQ? + L 3"V Strin(E~ — d; — w?Q).
Taking the limit ¢ — 0" and assuming N — oo, we can apply the saddle-
point approximation to this integral and pull out the pre-exponential factor

from the integral by evaluating it at the saddle-point

N j 1
: -\ _ —-NL(Q)
lim Tr <G(E )> = g Str <j i w? S'p.> /dQe 5 (416)

e—0t
i

but we know that

/ dQe NFQ) =1, (417)

hence,

lim Tr(G(E7)) = Z Str (%E —7 _1 wm&p) . (418)

e—0t
3
To proceed we must solve the saddle-point equation

N 2

1 w;
Q=52 F—d— Q) (419)

%

the solutions to this equation are parametrised by
Qsp. =t +1s, (420)

where s # 0 and ¢ satisfy the simultaneous equations

‘o 12N: wi(E — d; — w?t) - 1ZN: w;
N4~ (E—di —wt)?2+wls?’ =~ N4~ (E—d—wt)?+ws?

Z Z (421)
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Substituting the parametrisation into Eq. (418]) yields

N ~
. ) J 1
Jim, Tr {G(E7)) = Z Str (}E —d; —w?(t + is))

N (422)
_Z E —d; — w?t + iw?s
B — \(E—d; — wit)? + wis? )’

according to Eq. , we have to take the imaginary part of this expression
and multiply it by a factor of % to receive the final form of the density of

states, hence,

,xE):-i—hnlﬁn1}<G(E*»

™ e—0t
N
1 E —d; — w?t +iw?s
e —I ? 1
AN ; (E —d; — w?t)? + wis? (423)

N

$ W;
7N Z (E —d; — w?t)? + wis?’

i

This is the generalised density of states for the two previous models, in the

next section we will derive the moments of the eigenvectors for this model.

4.2 The moments of the eigenvectors for model I and

11

In this section we will generalise the moments of the eigenvectors for model
I and II, but as the steps have already been shown in detail for the previous
two models, only the main steps will be shown in this case.

We start off by representing this model as a product of two generating

functions

deti(E~ — WHW — D)
deti(E~ — WHW — D + J;)
y deti(E* — WHW — D)
det (—=i)(E+ —WHW — D+ .J,)

Z(E, Jy, Jo) = (=1)N
(424)
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which can be expressed in its superintegral form
Z(E, Jy, J5) = (—1)N/d<I>*d<I>

4

X exp {iz OILJWHW +D — FE —i(=1)% — J,]®, v,
a=1

Ll = L3 = L4 = —L2 = ]_, ja = diag(jl, jg,0,0) and

O = (r(=),r(+),x(=),x(+)T = (®1, Py, 3, P4)”. Differentiating with re-

spect to J; and Jy, m and [ times, we receive the product of two Green’s

functions

(65 (64)" = (1) [ 48 de(rs ()" 73 ()

a=1

4 (426)
X exp {iz O LJWHW +D — E — i(—1)%]<1>a}.

Averaging over this expression is very similar to the steps taken in the previous
cases, so we will not show the details in this case. Once the averaging has

been completed, we receive
(@) (G2)") = (1 [ avas () )

N (427)
N 3T \2 A A A
e~ 2 S(QL)” oy {Z & (i)[id; L — iLE](I)(i)}
where Qup = 3 Do, wh, [@a(m)) (25(m)].
This integrand is quartic in ®, so we must apply the Hubbard-Stratonovich
transformation to decouple the terms and reduce it down into its quadratic

form

R\l (A \™\ _ 1 \N+1 e—%sw(QL)2
((GR) (@)™ = (=1) /Mf@
[ @ () ) (125)
exp {Z of (7) (iwfiQﬁ +iLd; — iiE) @(i)} :

integrating over ® can be computed by the application of Wick’s theorem,
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which has been presented in the previous chapters, resulting in
((G) @a)") = [ dQua) {abPa” + (0~ 1gbPal")
MyL

. . (429)
X exp {—NStr <§Q2 + N ZID(E — e — d; — w?Q)) } ;

after setting [ = 1 and m = ¢ — 1 for simplification purposes as discussed in
Section 2. The explicit expression for g% is given in Appendix E.
Since we are interested in the limit e — 0, it is useful to expand the

logarithm in orders of e:

((GR)(Ga)"™) = [ daleh®y {aB2g82 + (- Vo8P )
MyL
N (430)
X exp {—NE(Q) + ie Z Str(E —d; — w?Q)_lf\} :

where £(Q) = 1StrQ? + L -V StrIn(E — d; — w?Q).

2
In the limit N — oo, the integral over () is dominated by the saddle-points

which satisfy the equation

N 2

1 w;
NI B g wg (431)

i

the solutions of the equation can be parametrised as given in Ref. [11]
Qep =t +1isT'AT, (432)

where s # 0 and ¢ satisfy the simultaneous equations

N N

1 2E—d; —w*t 1 4
R N e LS D M
N~ (E — d; — wit)? + w;s® N (E —d; —wit)? + w;s?
(433)

%

The integral over () can be computed by the saddle-point approximation and
is dominated by the term involving £(@), which is approximately equal to

unity. We are left with an integration measure of the coset space spanned by
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T as shown in Ref. [14):
((Gh) (@)™ = /M Ap(T)(Goa )" {Gan 900 + (0 = DGar 9ra }
4L

N
X exp {ie Z Str(E — d; — wi(t+ isTlf\T))lf\} )
(434)
applying Efetov’s parametrisation will simplify the integrand greatly. Per-

forming them, we receive

<(Gf°n) (Gﬁn)q_1> - /M@ du(T)(ghP) > {gBPghP + (¢ — 1)g5PglP}

x exp{—2enNp(E)(A\1 — X))},
(435)

where

N )

s w;
E)=— E L 436
P(E) TN (B —d; — wit)? + wis?’ (436)

and the explicit expression for g?? is given in Appendix E.

Once the integration over the Grassmannians has been completed, we

arrive at
((G) (@a)"™") =
w2t + iswi) )12
_ 1 d\ d\ n —2emNp(E)(A1—X2)
(q / ! /1 2 (E — d —wit)? + wis?le € (437)
il A+ N N isw?(qg —2)(\3 —1)
)\1 — )\2 ()\1 — )\2)(E — dn — w,%t + 13wa)\1)

in order to proceed, a substitution must be made, as described previously,

Z = 05)\17

(@) ()™ =

W2 4 isw? 2 )42
(g—1) / / d/\2 (E—d, —w;t+ 13wnz)q e NA(E) (2 )
. [(F —d, —w2t)? + wis?]e (438)

R isw2(g —2)((2)* = 1)
2 E=M)(E—d, —ult +isw?Z)

1+

This integral simplifies down to a standard Gamma function integral as shown

112



_55 -

In(1z)_

—-6.5 -

6.5 7 7.5 8
In(N)

Figure 9: The symbols represent the numerical simulation and the solid line
is our analytical result. The numerical simulation is performed over a total
of 1000 realizations for ¢ = 2 with w; = d; = N/i.

previously. Once it is completed, we can take the limit € — 0, hence

2a-1 (sw?)4

Tp(E)N)[(E — dn — wiit)? + wys]e

o0 [ e (o)

lim (26) ((GE,) (G:4,)") =

e—0t

where © = 2 Np(E)z.
Performing the integration over x, we arrive at the final form for the

generalised moments of the eigenvectors

ly(m) = (Wp(El')N)q (E—dn _Sfﬁng Tu| Tt (440)

This is our result for the generalised case of the two previous models. We
performed various numerical simulations to verify the validity of our analytical

expression with the direct diagonalisation, which were in agreement as shown

in fig. [9]
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4.3 Conclusion

We generalised models I and II where we studied for the moments of the
eigenvectors and the density of states. This result enables one to not only
determine qualitatively the nature of the eigenvectors, such as the degree
of ergodicity, but it reveals how individual elements of the eigenvectors are
affected by W and D. As shown in the numerical simulations our analytical
expressions are in excellent agreement with the direct diagonalisation. From
the result it follows that the nature of the eigenvectors remain qualitative the
same as the GUE case for generic choices of w; and d;, which means that the
extended nature of the GUE are very robust under a variety of deformations.
If d; and w; become N-dependent however then the eigenvectors can diverge
from their extended nature and cross into the critical and localised states.
After completion of this work we became aware of Ref. [53] and Ref. [54]
in which the Green’s function and the eigenvectors of the Rosenzweig-Porter

model are investigated by alternative methods.

5 The density of states for non-Hermitian ma-
trices

In this section we will be calculating the density of states for non-Hermitian
random matrices by following closely to the work in Ref. [55]. Non-Hermitian
random matrices are random matrices such that all the their elements are
completely independent of each other, this means that the relation H;; = H;
is no longer valid and hence gives rise to complex eigenvalues.
Non-Hermitian Hamiltonians were introduced in order to solve problems
that were not solvable with the standard Hermitian framework. They ap-
pear naturally in PT-symmetric quantum mechanics [56H60] and have various
applications including optics where the refractive index is complex [61H64],
open quantum systems [66-72], quantum systems subject to an external laser

field [73-75] and is also a powerful tool to study resonance [76,/77].
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For this calculation we will be working on a particular class of random

matrices, namely the deformed Ginibre ensemble
H=WHeW (441)

where each element is Gaussian distributed with zero mean and variance

wiw?
(|Hy*) = N (442)
with probability distribution
N 2
P(H) x exp —ETrH : (443)

since He¢ is drawn from the Ginibre ensemble.

Before we proceed with the calculation of the density of states, we first
note that any matrix can be decomposed into a sum of its Hermitian and
anti-Hermitian parts. This means that we can split the deformed Ginibre
ensemble into two parts:

H=J+iA, (444)

where J is the Hermitian part and iA is the anti-Hermitian part, each dis-
tributed with zero mean and variance given by
2

<|jz‘j|2> = <|/L»j|2> = w;;,v (445)

H and A contain identical and independently distributed Gaussian random

S

variables with probability distribution
. N _ . . N_ -
P(J) x exp (—ETrﬁ) , P(A) xexp (—ETrAQ) : (446)

In the case of non-Hermitian random matrices a different approach must be
taken as the standard approach is only valid for the Hermitian case.

The density of states provides a full statistical distribution of eigenvalues
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of quantum systems with a Hamiltonian of size N, where N — oo. In the
conventional case the Hamiltonian is required to be Hermitian, therefore we
would have real eigenvalues but in the non-Hermitian case we would expect
to observe complex eigenvalues £ = X +1iY.

As opposed to the standard case of taking the imaginary part of the trace
of the Green’s function, in the non-Hermitian case the density of states is

related to a potential given in Ref. [55]:

O(X,Y, k) = ((det[(E = H)(E = H)'+ &) 1), » (447)

1
2N
where the density of states in the complex plane is defined to be

p(X,Y) = lim 0*®(X,Y, k), (448)

Kk—0

0? stands for the two-dimensional Laplacian 9% + 0%.

In order to calculate the potential, we use the relation

0?® 1 d .. 0

52 = ey g o ((Z (k0 4)) )5 (449)

where Z(ky, k), the generating function for non-Hermitian matrices, is defined

" _ det[(E— H)(E— H)" + £
~ det[(E - H)(E—H)t + &}

Z(Kp, K) (450)

For the purpose of the calculation, we represent the generating function in

the following form

. [i(E-H) K .

det[(F — H)(F — H)' + k%] = (=1)V det | M~ M
K i(F—H) |

det[(E — H)(E — H)' + k2] = det | M " WE= b
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where M and Mb are defined to be

L I —I ol I —il (452)
= — . N 5 b = — N N .

V2 \7 | V2 \i il
We have represented the determinants in this form to ensure the convergence
of the superintegral as explained previously.

This can then, similarly to previous cases, be expressed in its superintegral

form

Z(Ky, k) = (—1)N/dc1>d<1>*
X exp{—CI)Jr (HbAﬁ+iXﬁ—Y&g+ (H—Hb)K—ij®ﬁ+A®6o> <I>},
(453)
where o = (S], 5], x1,x1), d®ad* = [[7_, dS,dS}dx,dy} with S, and ¥,
as N-component vectors containing complex commuting and Grassmannian
variables, respectively. The matrices introduced in the superintegral above

have the following form

A = diag(1,—-1,1,—1), L = diag(1,—1,1,1),

) (454)
K = diag(0,0,1,—-1), &g = diag(iX,, X,),
with
01
Y, = ) (455)
10

Next, we have to average over the disorder of J and A in order to proceed

with the calculation:

(Z(ky, K)) = (=D)N / dddo*
exp {—CIDT </<bf\[: +iXL — Y6+ (k — Ifb)f(> <I>} (456)
(exp{-0 (<iJ@l+Adns)a}),
averaging over J is simple as it is Hermitian and therefore will be very similar

to the form previously used, with the exception of the variance being halved
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which results in

(exp{iolj@Lo}) = <eXp {124: @LLajq>a}>

a (457)
N ~
= exp {—ZStr(QL)Z} ,
where Qu3 = S @IW?2d5 and W = diag(wy, wo, ..., wy).
The next step is to average over the non-Hermitian matrix iA, which can
be computed by first noting that A is a random Hermitian matrix, therefore

we can apply the technique used previously to calculate the average:

4 N
(exp{iofid @ a0} ) = <exp {i > @ m)ive(a, ) Aun @ (m) }>
1 4 N 2
_ A * A /
=expq =5 < (Z ZlAmnéa(n)ao(a, a' )Py (m)) > :
(458)
where 6o(a, ') refers to the matrix elements of &y, therefore we have to

calculate

< (Z S 1A, (0)50 (0, o) By <m>) > , (459)

a,o/ m,n

by using the identity in Eq. , comparing coefficients we find that
4
My = @2 (n)60(cr, o) B (). (460)

We can now reduce the averaging into a simpler form

<(Z iAmnMnm> > - <<Z(iRe Ay — Tm Amn)Mnm> > (461)
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then by using the Hermiticity property of A we can express the above as

< (i iAmnMnm> > = < (iiRe Ay My — Im AmnMnm> >
(462)

N

but since Re flmn and Im Amn are independent some of the terms in the mul-
tiplication are neglected as they are equal to zero, since the random variables

are distributed with zero mean

()

= < Z ( <_(R€ Amn)2(Mnm + an)2 + (Im Amn)2(Mnm B an)2> ) >
(

m<n

463)

. N 2 o wan'r% o .
Since <\Amn\ > = —o7 then it is reasonable to assume that

2
n

<| Re Amn|2> = Wiy W

2
P2\ whw
AN <|ImAmn| >— , (464)

by substituting this into the expression for the averaging we can simplify it
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even further

()
= < > —(Re App)* (M, + Mipn)* + (Im Ay ) (Mo, — an)2>

~

- i — <(Re Amn)2> (M + Min)? + <(Im Amn)2> (M — Mypn)* (465)

m<n
N 2,2 2,2
W2 W )
=N (M A+ Mi)? 4~ (Mo — My )?
; 2 (M + Min)* + =222 ( )
w2 w? w? w?
= — E LLLRELY ¥/ S V/ - E == My Minn
m<n N m,n 2N

We can now substitute this average into the original expression Eq. (458)

<eXp {@HA ® &0q>}>
= exp <(221Amn®* n)oo(a, '), (m)) >

N

N
1 2

{ v Z wnmenmwmwann} = exp {m zn: wn(WM),m}
= exp {iStr(WM)?} = exp {mStr (W2q>&0¢*w2q>a—oqﬂ)}
{—Str (W2c1><30<1ﬂ)2}

.2 N ~ .\ 2
{4—Str (@TWQCDJO) } = exp {ZStr <Q00> } ,

(466)

where Qaﬁ = %(I)LW%I)B and W = diag(wy, wy, ..., wy).

Hence, the averaged density of states for the non-Hermitian case is equiv-

alent to

(Z(kp, k) = (—1)N/d<1>dq>*

xexp { ~0f (AL +iXL = Yo + (- m)K ) @} (467)
~ A ~ 2
X exp {—%Str(@L)Q} exp {—%Str (Q&) } :
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where ¢ = —i6y,.

The next step is to apply the Hubbard-Stratonovich transformation that
decouples the quartic ® terms into quadratics which makes integrating over
® possible. As we have to decouple two separate terms we have to apply
two different Hubbard-Stratonovich transformations, which introduces two
new variables that arises from the transformation, rather than the usual one
variable. The first one is simple as it is in the usual form so we can use
the previous Hubbard-Stratonovich transformation, Eq. , the second one,

however, requires a bit more work to apply the transformation to the term:
N N2
exp {—ZStr <Q6> } : (468)

This work in progress had been stopped since we discovered later that the den-

sity of states for non-Hermitian matrices of this type was already calculated

in Ref. [34].

5.1 Conclusion

We began this section with the intention to study the form and characteristics
of the density of states for non-Hermitian matrices, namely the deformed
Ginibre ensemble introduced by Jean Ginibre in 1965.

Density of states of Hermitian matrices have been well studied in the past
but much less emphasis is placed on non-Hermitian random matrices, which
also have many useful and significant applications in physics. We focused on
a particular deformed Ginibre ensemble by using the method developed in
Ref. [55], but during the calculations we had seen a newly released article
at the time that focused on a more general model. This generalised model
covers our model as a subcase of their random matrix noise-plus-structure
model given by Ref. [34]:

M =S+ LXR, (469)

where S is a fixed matrix and L, R > 0 are diagonal positive definite covari-

ance matrices. X is the source of noise, typically drawn from the Gaussian
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ensembles, and in this case is drawn from the Girko-Ginibre ensemble. This
is an interesting case as it is not only valid for N — oo but also for any finite
N, so it is an exact expression for the density of states made possible by cir-
cumventing the saddle-point approximation in the supersymmetry technique.
If we set S =0 and L = R, we can see that this is exactly equivalent to the

model that we were studying.

6 Moments of the eigenvectors for the chiral
simplex model

Anderson localisation has remained as one of the most active and important
problems to study in the field of disordered quantum systems. The most
prominent ones that can be studied analytically are the one-dimensional An-
derson model |7§] and its continuous variant |[79-81], the quasi-one-dimensional
model [5,82,83] and the models on tree-like graphs [84H90].

In this section we aimed to calculate the moments of the eigenvectors of
a chiral simplex model where we have two separate systems, A and B, each
node in system A is linked to every node in system B but is not linked to the
other nodes in system A and vice versa. The symmetry of this structure is
known as chiral symmetry and we will be following the method developed in
Ref. [1] for a generalised Anderson model in order to calculate the moments
of the eigenvectors.

The Hamiltonian for our model is given by
H=V+T, (470)
where

1 -
Vi =vidy, Ty =~ (10l + 1ok (Al;) . =1, N, (471)

f1 and g; are vectors where the first half of the elements of f; are equal to 1, the
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second half are equal to zero and vice versa for g1, v; are independent Gaussian
distributed random variables with mean (v;) = 0 and variance (v?) = w?.

According to Ref. [1] the moments of the eigenvectors are given by

1 > 2q—3
) = — /O At 23y (1), (472)

where p(FE) is the density of states and

t
(g qu%—E)Q +t2)

/_2 € )
w P

p#n

the matrix B in the preceding integral is defined by
g+ Opg Z SN pg #n, (474)

which is still applicable to our model. The moments of the eigenvectors in
its current form have been calculated for a generic matrix 7" and therefore
applicable in a variety of models in which the form of the matrix T may
differ. Please note that the integration variables t, that appears above are
different from the variables s and ¢ appearing in the previous sections. Egs.
(465-466) give the moments of the eigenvectors in terms of an N-fold integral,
our goal is to calculate the large N asymptotic behaviour of this integral.
To begin our calculation of the moments of the eigenvectors we must first
calculate det B, which is done by following the approach taken in Ref. [1].
The matrix with elements B,, is the (N — 1) x (N — 1) matrix which can be

obtained from the matrix B of size N x N:
t,
—Tpg + 0pq % Tprg,p: 1,...,N, (475)

the only difference from the previous is that in this definition we keep the nth

row and column.
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According to Ref. [1], B and B are related in the following way
det B = |z,|*detB, (476)

where z, is the nth element of the normalised eigenvector of B corresponding

to the zero eigenvalue

(477)

N -1/2
z = (Zt?)> (t17t27"'atN>T
p=1

and detB is the product of all non-zero eigenvalues of E’, which can also be

expressed as

. 1 A
detB = lim — det (B + ¢). (478)

e—0 €

This applies for only one vanishing eigenvalue, however the chance of having
two or more zero eigenvalues is effectively zero so we do not need to take that
into consideration. The reason we consider the zero eigenvalue is because
we are interested in the moments of the eigenvectors with £ = 0, where the
eigenvectors are initially degenerate at w = 0.

For our particular model, the matrix with elements B’pq is given by

& (), (@il + o), (Al )t p=4q

By = , (479)
=~ (1), {al, + lan), (Ail), p#q
which is equivalent to
- 1
B = (= 1fi) (g1l = lgn) (il + 1 D1 + a2 D), (480)
where
N/2 N
a=> t, ay= > t, Dy=diag(0,0, ...,t_%lﬂ, oty
r=1 r=N 11 (481)

Dy = diag(t; ', t5 ", sty 0, ..., 0),

2
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Dy and Dy are N x N diagonal matrices.

Now to calculate det(B + €):

det(B +9 = det (= L) (] = Lo (5] + uDy + awDa) + )

1

= 7 40t (= 1£1) (91] = lg2) (ful + a Dy + aa Dy + Ne) (482)
1

= W det (EN + OélDl + OJQDQ) det (1 — Go ’f1> (91‘ — Go ’g1> <f1‘),

where Gy = (eN + a; Dy + as D)™ L.
Since the argument in det (e N + a1 D1 + apDs) is purely diagonal we can

easily compute the determinant by first writing it in its matrix form

P +eN

1
L+ eN
2

, (483

L+ eN
N

it is a well-known fact that the determinant of a diagonal matrix is equal to

the product of all the diagonal elements, hence,

N/2 N
det (eN + an Dy + azDa) = [ | (% + 6N> 1T (% + eN) . (484)
p=1 NP k=311 F

Then, to work out the second determinant, we note that

Indet (1 = Go | f1) (1] — Golgr) (f1]) = Trin (1 — Go[f1) (91] — Go|g1) {f1])
=~ 3" TH(Go lfi) (o] + Golon) (D"

n>1

(485)
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but recalling the definition of |f;) and |g1), we find that

(911Gol f1) = (f1|Golg1) = 0, (486)

all terms in the summation involving odd n are equal to zero as they are
proportional to (g;|Go|f1) or (f1|Go|g1), hence we can simplify the summation

as follows

-y %wo f1) (o] + Golgr) ()"

n even

== 3 (2RI G A) 0 Golan™?)

n even

1 . 487
= =3 (AIGolA) {1l Golgn)™s m =2 1D
m>1
N/2 o -1 N o —1
2 1
:111 1—Z<E+€N) Z (E‘FGN) s
p=1 k=4 +1

The last equality comes from the fact that since Go = (e N + oy Dy + ongg)_l
is a diagonal matrix, then to invert it we simply take the inverse of all ele-
ments on the diagonal and the previous equality is in the form of a logarithm
expansion, which enables one to convert it to its logarithmic form.

Combining all of this together, we see that

1 2 o 1 & « -1
A 2 1
det(5 +6) = % 1—Z(E+EN) > <E+€N>
p=1 k=5 +1
(488)
N/2 N
(6] aq
(5 ee) I (5eev),
p=1 k=5 +1
substituting this into Eq. (478]), we receive
11 2 « -+ & « -1
— 2 1
p=1 k=541
(489)
N/2 N
(0%)] aq
XH(E—i_EN) H (E—FEN).
p=1 k=5 +1
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In order to take the limit € — 0 we first define two functions

N/2 o -1 N a -1
MO=3(Zren) o opa= X (Teev) o
p=1 P k=341

and compute the Taylor series of both of these functions

N/2
fi(e) =——eNZt2 P+ 0(). fole) =——eNZt2 (€°),
p=5+1
(491)
multiplying these functions together, we receive
N/2
o e 2
fi(e) fale) =1 eN Z t2a aleNZt% + O(e?)
p77+1 p=1
] ] N/2
=1- N t2— NY t24+0(e 492
p= 74’1 p=l1
=1- N t2 O(e
substituting this into Eq. (489) yields
11 1 ol ik o N o
5 1 2 2 2 !
det B = lim =~ <a1a26Nth +O(e )) 11 (Z + eN) 11 (g + eN)
p=1 p=1 k=541
1 1 al k. o} al o
_ 2 2 1
ll_r}ém(OQOQNth—i—O(e))H(EjLGN) H —k—i-eN)
1 p=1 k=441
11 N, A A
_ 2 2 2 -1 53—
NN 1a1&22tth_ H E NN- 1Zt (HF) Cooy
p=1 p=1 7 k=041 k=1
1 N/2 2 N 2 N N 1
_ 2
~ NN1 Ztr Z br thH_k
r=1 r:%Jrl
(493)
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Substituting the above into Eq. (476]), we receive our desired result for det B:

N _ N
N/2 2 N 2

YONT g N2
det B = (Zt§> el DI > ot ZtﬁHt—
p=1 r=1 r=N 11 p=1 k=1 %
N/2 L N 27y (454)
1
NN i Zt >t Il
r=g+1 k=1

as required.
Back to the original integral for the moments of the eigenvectors, we can

substitute the expression for det B into the integral to obtain

N_q N_4q
N/2 2 N 2
dty
H tr >t
I e =103 :
oein 2rwt, Ny
2 (495)
N
1 I I p— ,
Al gee -2 sz | v 2n E| 0|
k=1 >3 <5
<5 >5

where the subscripts in the summations for p > % and ¢ < % correspond

with one another; similarly for p < % and q > %

As we are looking at the moments of the eigenvectors for the eigenvectors
that are initially degenerate at w = 0, this corresponds with £ = 0, so this
is the value we are going to consider below. Therefore the moments of the

eigenvectors, according to Eq. (472)), are equivalent to

1 23 V2T V21 dt, t2
[q<N):wp<o><q—2>!/o Aintn H/ Vrwt, N1

p#n

N/2 £ N 31 Ny
) (o) 1)
k

(496)



in this model all sites are equal, therefore we will not put so much emphasis
on the n-dependence and instead focus on N - the total number of sites.

Collecting all the constant terms in the integral above, we can simplify

the integral further to

2 °° dt, t2
I,(N) = dt,t277? /
q ,0(0)((] o NwN 0 ]];J?; NN 1
N 4
N/2 £l 2 N 1
(> SENIE
r=1 %H k=1 (497)
2
1 2
X exp § — Z INZp2 2t2 Z g | +1, ,
>3 <5
p<y >3
then we note that
Wi} Mol
= 498
M:-+10+ (49%)
p=1 " p#n

substituting this into the integral yields

2 2q—2
W= e T e

N/2 e N £
o [
r=1 T:%+1 (499)
2
cexpd =S | o | Sty | 22
p < IN2w2L2 22 . P
P> 9<%
p< %

It is convenient to introduce two new integration variables s; and sy by in-

serting the decomposition of unity
N/2

N
o0 t o0 tq
1= /_oo d815 S1 — ﬁ , 1 :/_ d825 So — EN w— R 500)
=5+

q=1 >
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into the integral, in which we obtain

1
I(N) = dt, 1272 /
N = e 11
t N _q t N_1
X/_ood516 1 — Zw}l\[ S¢ /_Ood525 Sg — Z ﬁ Sy
q=1 q:%#»l
2 \
1 2
exp _Z IN2q2¢2 th T ’
p>4 <X
p<y >% )

(501)
by assuming that N is of even parity and then extending the integration limits

for ¢,, to —o0
The argument of the exponential can also be simplified by splitting the

summation into separate parts since

2

ZN 2N2 2t2 Zt + t127 - Z 2t2 Z 2t2 + Zt <502)

P> q<f <5 p>5
p<Z >4
hence,
I,(N) = L / dtt2q2H/
! p(0)(q — 2)IN (v2m)Nw? S
. N2 s N N
X /Ood315 S1 —Zw—qN S¢ /Ood825 S — Z 55
g=1 e=5+1
N/2 s N 2 N
2 1 2
xexp =) oz > 22 > 4
—1 “"p p=N41 P p=1
(503)

In order to proceed with the integral we represent the d-functions by their
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respective integrals

N/2
t 1 e i s —5V/2 ta
q=1 -
504
R T R
1) So — —_— = —/ d@ge =gt ,
N 2
q:%Hw TJ)

it is more convenient, however, to scale #; and 65 in the following way: #; =
%qbl and 92

“;JQV ¢o. The d-function integrals are then found to be of the

form
N/2
t wN o0 ZilwN— ZN/2 tq)
) — a = d ( a=1s
o1 ;wl\f 27s1] J_oo e Vo
N ( ) (505)
t wN & —i( wN— ZNN 12 ) g,
5ls — T . d EEVAS
*2 XN: wN 27|s9| J_oo d2¢
q:7+1

we also make an assumption on n, whether n < N/2 or n > N/2, in our case

we take n < N/2 to arrive at the following integral

00 wN N_ 0o
I,(N) :cN/ d522 | | S 1/ |$o|diz, 530 222172
| $2

—00
N/2
N_q o0 So dx 0 - N— N/2 sgzq
x H/ dsy st / | 2| T dore (N -l )
27r\31] oo $9T5 ) oo
N/2
1 2.2 |51‘d5’3p
X expq — 5.2 S2tp H 2
2z, slx
p=1 p= 7—&-1
N
oo —l(wN Z N sle)
< [ doue e )" o §: s},
oo N
p=7+
(506)
where cy = L

OGNV N scaling the variable t,, by t, = saz, for p < N/2
and t, = sy, for p > N/2.
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We can simplify the integral by collecting common terms together

N = ©
I,(N)= dzx,, dsg— 89|24 242472
) = e o | el

N/2 dr 1 wN Z1\1/2 32zq)
XH/ d81—|51| 2/ P/ d‘bl q=1 "5y

pFEN

N/2 (507)
d
X exp z__w 0 / a2y
p=3+1"
N

o —i( wN=3V S1%g 1

R TR

by re-ordering the integrals we arrive at

N 1 N[ L
L) = e g e | s [ ol

N/2

N/2 N/2
X H/ dxpx exp Z— — 821‘12)4-12 qﬁlxq
pFEN

ptn TP an
N2 N/2
5
2 9 . 1
X H/ d:cpcc exp { — E ﬁ—slxp—l—lg S—ngxq
- N P —1 72
p=5+1 p=5+1 q

o 1
X/_ dl‘n 29— 26Xp{—ﬁ—82$ +i—= ¢1In}7

(508)
the integration over all x,, are the same, hence we can simplify the expression
down to

I

q

(V) = (27)5/2p ( V(g — 2)! /d¢d¢26_i(¢l+¢2)wN /OO dsydsy|sy|*T 2] 51|77
< dx 1 N
(/ VI eXp{‘ﬁ—Sﬂ +1—¢1x})
(/ dx
\/_

o 1 .S
2 exp { ke sta? + 18—1¢2x})
o _ 1
X /OO dxr* 2exp{—ﬁ — s3w +1—¢1x}

X

X

wfZ

o0

(509)

This work was left incomplete as we were running out of time and had to

focus on completing as much as possible on other more complete work
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6.1 Conclusion

In this chapter our focus was to build on the work from Ref. [1] where they
studied the Anderson on a d-simplex model. Since the expressions for the
moments of the eigenvectors derived in Ref. [1] are very general and applicable
to any model, we are able to apply them to the chiral simplex model directly,
which will allow one to study the characteristics of the eigenvectors of the
model. The density of states of the chiral simplex model has been studied
previously, the density of states remains finite at every point of E, except at
E = 0 where it diverges off to infinity. Due to this divergence at £ = 0, this
region remained an interesting point to study on this particular model.

In the chiral simplex model we expect to observe localised eigenvectors,
at every point except from E = 0 where we should see the delocalisation of
eigenvectors corresponding to the divergence seen in the density of states at
E = 0. As we were unable to complete the work we have no results to back up
this assumption, but nevertheless this remains as the most logical inference

with the information we have at hand.

7 Conclusion

In chapter one we introduced all the basics required for the reader to un-
derstand before going into any details on our work. The second chapter is
where our work officially begins and is solely focused on studying the statis-
tical properties. This is done by applying the supersymmetry technique on a
random matrix model (model I) to calculate the moments of the eigenvectors,
which we can then use to determine the characteristics of the eigenvectors
under this type of deformation. We confirmed the validity of the moments
of the eigenvectors by numerical simulations and by deriving the zero energy
result by an alternative approach.

In general since the GUE is unitary invariant, its eigenvectors are known

to be extended and by looking at different deformations we are able to see
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how this affects the eigenvectors compared to the original non-deformed coun-
terpart. We can also see qualitatively, by altering the control parameter, the
transition of one type of eigenvector to another. In this particular model we
used carefully chosen power-law dependent entries as the deformation matrix
and see that there is a transition from extended to a critical state where it
shares the characteristics of extended and critical states, then to another crit-
ical state, this time sharing the characteristics of localised and critical states.
Later, we generalised the model to Gaussian distributed elements for the de-
formation matrix by using the results calculated previously as a foundation to
this problem. The results previously provides a convenient starting point as
we are able to average the results over the Gaussian elements, then we verified
numerically that the new results in this framework were in agreement with
the numerical results. Afterwards we considered the case where ¢ — oo and
derived an asymptotic expression for the moments of the eigenvectors, which
enables one to explore the possibility of an N-dependent variance, where we
find that the eigenvectors are of a fractal nature.

In the third chapter we studied a different random matrix model with an
additive deterministic potential (model II) instead of the multiplicative de-
formation matrix. In much the same way, we calculate the moments of the
eigenvectors for this particular model and derive the distribution function.
Then, we test the validity of such expressions numerically to confirm the ac-
curacy of the analytical results which were found to be in excellent agreement
with one another. Next, we generalised the model to a random potential by
using the results derived previously and confirmed the analytical results by
taking two limiting cases: ¢ — 0 and o — co. We find that in the limit ¢ — 0
the density of states tends to the Wigner’s semi-circle law and in the opposite
limit we find that the density of states coincides with the density of states
generated by the random potential. We also carry out numerical simulations
against our analytical results to compare the accuracy and both were found to
be consistent. Using the new results we see that the eigenvectors are always

extended, even at arbitrary large but fixed . For non-extended eigenvectors
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to appear the variance must be chosen appropriately with an N-dependence
where ergodic and non-ergodic extended states can arise. Applying the re-
sults directly to the Rosenzweig-Porter model we find the fractal dimension
of this model and confirm the critical nature of the eigenvectors. The model,
however, breaks down under certain conditions (v > 2), so an alternative per-
turbative approach is taken to calculate the distribution function which can
then be used to derive the moments of the eigenvectors for this model.

In the fourth chapter we generalise model I and model I by calculating
the density of states and the moments of the eigenvectors. Then we compare
the analytical expressions with the numerical data by direct diagonalisation
and found to be in agreement.

In the fifth chapter we were calculating the density of states for non-
Hermitian matrices, in particular the deformed Ginibre ensemble, which re-
quired a different approach as the standard method is only applicable for
Hermitian matrices. The density of states is expressed in terms of a poten-
tial, where the potential is related to the generating function and is similar
to the Hermitian case as it is a ratio of determinants. Although different, the
essence of the method is still quite similar as we are still using the supersym-
metric approach with some alterations for the non-Hermitian case. This work
was left incomplete as we had come across a recent paper which covered the
density of states of non-Hermitian matrices that also covered the deformed
Ginibre ensemble case. The result is also an exact expression for the den-
sity of states since they circumvented the saddle-point approximation in the
supersymmetric approach.

In the sixth chapter we were expanding on the work in Ref. [1] since
the expressions for the moments of the eigenvectors derived in the paper for
the simplex model is also applicable for the chiral simplex model. The chiral
simplex model is split into two sets where each node in the first set is connected
to every node in the second set and vice versa, represented graphically it can
also be called a complete bipartite graph. The moments calculated in the

paper, up to a certain stage, remained very general with no system specific
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information in deriving the moments of the eigenvectors, this meant that we
could use the equations in the paper to build on from the paper and derive the
moments of the eigenvectors for this case. Unfortunately, as we were running
out of time, we could not complete this work as we had to focus our efforts

elsewhere, therefore this work has still remained incomplete.

A Efetov’s parametrisation and the evalua-

tion of the superintegral over Grassman-

nians
)\1 0 1u1 0
PR U 0 X O Ut
Q= PR — 1 2 Mo 1 7 (510)
U2 104 0 —)\1 0 UQ_
0 U2 0 —/\2
where
0 —af [0 —p*
Ui = exp ,  expi , (511)
a 0 g 0

1< A <oo, =1 < <1 |jmfP=X—-1and |u>=1- )\

Evaluating this, the final form of the parametrisation is given by

QAA _ )\1 — ()\1 — )\Q)O./*Oé ()\1 — )\2)04*
()\1 — )\2)04 )\2 + ()\1 - )\2)0604*
orr _ i (1 — S (1+ Z8) +ipggar B —pn(l — 52)B* — psar(1+ 2°)
ipa(l+28) —ip3(1— 29)8  —pmaB + p3(1 — 225) (1 + 2£5)
gra _ i+ + 501 —252) +imfra (14 22)ar —ipsfr(1 — 25
—HiB(1 = 25%) - u2(1 + 25 —piBe” + (1 + 55 (1 - %)
OFF — —A1— (A1 — A)B*p —i(A1 — Ag)B*
—i()\l — )\2)5 _)\2 + ()\1 - )\2)55*

A AA

and Str(T-'ATA) = Str(QA) = 2(\; — \s).
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Recalling back to the definition of 27 = [(E — ieA — w2Q,) 5P —
(B — wiQn) '35 as € — 0, where [...]”" denotes the bose-block of the
matrix being evaluated.

The explicit expression for gfﬁB can be calculated by substituting the

parametrisation into g®?

9%% = (B~ w;Qu) PP = (B —wpt — isw; T AT) PP

. . . 1BB
(B —wit 4 isw2T'AT) (512)
T e

since we are only interested in the bose-block of the matrix our calculations
can be greatly simplified by reducing it down to a 2 x 2 matrix consisting of
only the bose-block of (). The matrix (), however, is currently in advanced-
retarded notation, so we must consider carefully the elements of the bose-block
by swapping the second and third row and column to convert it back to the
bosonic-fermionic notation. After applying the row and column operations,

the bose-block is found to be

A — (A — M)ata ipn (1 — 29 (14 Z2) +ipsa*B

QBB —
i (1 + %)(1 - ag_a) +ipe o A1 — (M = A)B*B

(513)

therefore, the required matrix 8% is equal to

* *
B—w?t+iswi i —isw2(M—Ap)a*a  swim(1-252) (1428 +sw2pzor s
gBB - (E—w3)?+s%wy, (E—w2)?+s2wl
— * *
Cswpi (428 -5 tswpaBra B—wlt—isw2 A —isw (A —A2)B* B ’
(B—wg)Z+s2w] (B—wZ)2+s2w]

(514)
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and hence

s E—wit+iswil —iswi(A — A)ara

gaa - (E . w2)2 T 32w4 9 (515)
5o _swam(l = 52) (1 + 57) + suipgatf 6
gar (E _ w2>2 + s2w ! ( )
BB __ Sw?“u’{(l + #)(1 - Q*Ta) + 5w paf* 517
Gra” = (E _ w2)2 4 82w4 ’ ( )
GBF — E — w2t —isw2 )\ — isw2 (A — )\2)5*5' (518)

(E —w2)? + s2w?

As can be seen in the pre-exponential factor, we are interested in the products

BB BB BB BB.
Yaa Grr and gg” g

gBBgBB _ E— wflt + isw%kl isw (/\1 Ay)a*a
aa Jrr (E o w%t) + S2w4
E — wit —isw? )\ — isw2(\ — \g)3*3 1
(B —wit)? + s*w, T (B = w2t)? + s2wi]?

X
X {(E —w2t)? + SwiAT —isw2 (A — o) (E — wit)(a*a + B*B)

+ 2w A (A — X)) (BB — a*a) — sPwh (A — )\2)204*046*ﬁ:|,

(519)
BB, BB _ _Sw%ﬁbl(l — %)(1 + ﬁTB) + swp s
Yar Gra (E _ '11)721)2 + s2w,‘§
| w0 B — o) + suppapta ] 1
E—w?)? + s2wi (B — w2t)? 4 s2wi)?
( n n n n
x| swp | P(1 = o+ B°B) + s*wyppafia
+ "W p st B — s*wy, (|| + |M2|2)a*a5*5] :
(520)
as well as the expansion of
(gBBy-? — E — w2t + isw?); —isw?(\ — A)ara]??
Yaa (E —w?t)? + s?w!
a2 : 2 q—3
(B —wpt +isw, A1) (521)

(E —w2t)? + s?wi]a—2

[
X [E wit +isw? )\ — (¢ — 2)isw? (A — )\2)04*041,
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by the binomial expansion which terminates on the first order of a*« since «
and o* are Grassmann variables, therefore higher order terms are zero.

The expression for the integration measure reads

dAidAs
2720 — Aa)?

du(T) = — d¢rdésdada*dpds”. (522)

where A1 € [1,00), A2 € [—1,1], ¢2,d9 € [0,27], and a, a*, 3, f* are Grass-
mann variables.
This now enables one to simplify the superintegral which makes integrating

out all of the Grassmann variables possible

((@h) (@) =~ / (%)f?;fi2 spdd1ddadada™dsds

(B —wat +iswpd)T™ oeinp(m) (—o)
(B — w2t)? + s2wile

[E —wit +isw2 ) — (g — 2)isw2 (A — Xo)a*a

{(E —w2t)? + Wi + (¢ — 1)s*wh e B
—isw2 (A1 — Ao)(E — wit)(a*a + B*B) + sPwihi (A1 — Ao)(B*B — a*a)
— sPwh (A — Ao)2a*aB B+ (¢ — 1)s*wi | |*(1 — a*a + B°B)

T (g - Dswliigats — (g — 1w%ﬂﬁ—xamww}
(523)

In order to proceed with the superintegral, we expand out the brackets to
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simplify some of the terms in the pre-exponential factor

{E — w2t +isw? A\ — (g — 2)isw? (A — \p)a*a

{(E —w2t)? + Wi + (¢ — 1)s*wi e B
—iswi (A — A)(E —wit)(afa + B*B) + sPwphi (A — M) (BB — a*a)
— s"wp (M — Xo)?a*af B + (g — 1)s*wp|m]*(1 — a*a + 576)
g Duludga’d - (g - Dol - Ma‘ass
= (E —wt + isw,%)\l){(E —w2t)? + sSPwiA] + (g — 1)s*wi e fra
—isw2(A; — A)(E — wit)(a*a + B*B) + sPwidi (A — Ao)(B*B — a*a)
= Pt — M)ataf B + (g — Dstudl (1 — a*a+ 5°6)
+ (¢ = Ds*wppipsa”B — (g — 1)s*w, (] — A%)a*aﬁ*ﬁ}
—isw?(q —2) (M — M) (E — wt)?a*a — is*wd (g — 2)(A\1 — M)Al a
— 2wk (g —2) (A — N)3(E — wit)a*aB* 3
—is*wi A\ (¢ — 2)(A\1 — Xo)?*aB*

—i(g = (g = 2)s’wp | *(M = Xo) (" + a”af*B),
(524)
where terms involving second order o and o* have been neglected due to the
nature of the Grassmann variables.

Substituting this expansion into (523) we are able to proceed with the

integration, by first integrating over ¢; and ¢, which results in a factor of
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(27)?, and then integrating over the Grassmanns

R A1\ . d/\1d>\2 % %
((GR) (GL)"™) = / Oy agdadardsds

(B —wit + iswp\y)*? —2enNp(E)(A
[(E— wit)? + s*wp]?

{(E —w2t)? + sSwiA? + (g — 12wl pe B

1=A2) {(E — w2t +isw2))

— sPwi (A — \)2ataB* B — isw? (A — o) (E — wit)(a*a + B*f)
+ Wi (A — A) (BB — a*a) + (¢ — 1)s*wipusa* B

(525)
+ (g = Ds*wpm]*(1 — a*a + 5°8) — (¢ — 1)s*w, (A — A%)a*aﬁ*ﬁ}

—isw?(q —2) (M — M) (B — wt)*a*a —is*w’ (¢ — 2) (M1 — X)) Aia*a
— s2wk(q —2)(A\1 — Xo)*(E — wit)a*af B
—is*wl A (g — 2) (M1 — Xo)?a"aB*

—i(g = 1)(g — 2)s’wy|m [* (M — Ao) (" + 04*045*5)} :

Great care must be taken with the integration over the zeroth order Grass-
mannians, the reader may expect the result to be zero after integrating over
the Grassmanns, but we must remember that in the vicinity Ay = Ay = 1 the
term 1/(\; — Xo)? will diverge, which means that there is a singularity in the
integral over A\; and Ay. The exact value of the integral over the zeroth order
Grassmanians can be evaluated by a special case of the Parisi-Sourlas-Efetov-

Wegner theorem, which states [20]

/ A(T)F O, Na) = F(1,1), (526)

where F'is an arbitrary function that vanishes at \; — oo.

For simplicity and convenience we will separate the integral over the zeroth
order Grassmannians from the other terms, which means we will have two
separate integrals, the first over the zeroth order Grassmannians and the

second over terms involving Grassmanns. The first integral over the zeroth
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order Grassmannians is given by

d)\ld)\g (E — th -+ isw2)\1)q_2
/ O — A2 ps [(E —wit)? + sPwp)d
{(E — wit)2 + s2wi)\% + (¢ — 1)32wi|,u1|2} exp{—2erNp(E)(A1 — \a)}
(E — w2t + isw?)?2 9 \9 9 4
(B win +srats (57 00 H 0
(E — w?t + isw?)12
(B~ w2t + s

(527)

where |p1]? = A — 1, and the second integral over all terms containing Grass-

manns is given by

dA\1dXo (E — wit + ist)\l)q—?) —9%enN _
— —d d *d d * n n em p(E)()\l /\2)
/ (g — A2 pdss [(E — w2t)? + s2wils

(5wt oo (0 - Dstubiopaia + (g - Dol P55 - o)
—iswi(A — M) (B — wit)(@'a + f°B) + s*wp i (M — Xo)(B°8 — a*a)

— Pt — APt — (g — DsPud(% — Aa*as

- 1)82wiu’{u§a*ﬁ} —istu(g — 2)(\ — M)Na’a

—iswy(q — 2)(M = X)(E — wit)’a’a — is*wpi(q — 2)(M — Ao)’a’af*B
— (g - 2)On — M) — wlt)ataf’s

~i(g = 1)(g — 2% P4 — A)(ata+ a*aB'B)|.

(528)
All terms in this integral either contain factors of (A; — Xa), |1 |?, |12l?, 114

or pjus which makes the integral convergent over A; and Ay, therefore the

only non-zero contribution to the integral comes from terms containing the
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product a*af* 3 and the rest can be neglected so the integral simplifies to

dA1d A (E — w3t + isw2)\1)q_3 %N _
_ 7% dodotdBdBY n n erNp(E)(A1—X2)
| et asar S e

e R

~ilg - 1)(q — 2wl — m] o*af',

multiplying through by 1/(A\; — X2)? from the integration measure and further

simplifying, we arrive at

(B —wat +iswpd)™> oo N p(m) (—a)

(B — wit)? + s*wy]e

i(g —1)(g — 2)swy(\f — 1)
(E — w2t +isw2 ) (A — Ag)

/ d\dsdada*dBds?

a*af*S.
(530)

A
stw? [1 +(g—1)

Integrating out the Grassmannians is now very simple, once completed the

integral reduces down to

00 1 2 . 2 —92
(E —wit +1isw; )T oo No(EY O
-1 d\ d\ n n erNp(E)(A1—X2) 2, 4
(¢=1) /1 ! /_1 2 [(F — w?t)? 4 s2wk]e ¢ 5 Wn

[1 . A1+ Ao i(q — Q)SWT%()\% —1)

(531)

M= (B =i +iswih) O — ) )’

where 1 < A\ < oo and —1 < Ay < 1.
By adding the zeroth order result onto this integral, we obtain our desired

integral for the averaged product of two Green’s functions.

B The relation between the moments of the
eigenvectors and the Green’s functions

In this section we explain how the moments of the eigenvectors are related to

the Green’s function. The Green’s function in terms of the wave-functions is
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defined as follows

T
GrIA N Yot 4y
~ E — E, +ioe€’
Focusing on a particular element on the diagonal raised to some power, say [,

we arrive at

l
ot - o - (i et}

We are however interested in the product of two Green’s function, one retarded
and the other advanced. In the limit € goes to zero there is a singularity of

1—-m—I

the form e , which we extract by

Np(E)I,(n) o« lim(2¢)™+ 1 <(G’fn)l (an)m>

e—0

= lim(26)™ (|G )’ (n]GAn)")

e—0

l+m 1 Ys(n)ys(n) "
~ liy(20 <<ZE B, +1€) @#) >

PO A O 0 o
R o e

2q
=1 2 m+l—1 ’wa<n)|
lim (2e) Z< (E = Ea +16){(E — Eq — i)™

—ZC(!% )P(E - Eo)), q=1+m,

where c is a constant. The reasoning behind the final equality is shown in the
calculation below.

To derive the relation in Eq. explicitly we need to use Cauchy’s
residue theorem and we begin by making the substitution a = £ — E,,, then

consider the integral

: I+m—1 1
lim(2e) /C o = (533)

where C' is the contour of integration, f(a) is an arbitrary function. To pro-
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ceed with the integration the substitution a = ez is required. This simplifies

the integral to:

1 1
lim(?e)l+m_1/ dez , — f(€e2)
e—0 . etm (z+ 1) (z — )™
534
= 2im=1£() / dz ! o
(24D —1)m
where C” is the new contour of integration.
By Cauchy’s residue theorem:
. 1 i (I+m—2)!
ottm 1/ d =(-1™ 535
e v Py i Gl ey T (535)
Therefore ((533)) yields
' _ 1 2 (I+m—2)!
1 2 I+m—1 / d — 0
el—%( 2 c ¢ (a+i€)l(a — ie)mf<a> i=m (I = 1)l(m — 1)!f< )
(536)
which implies that the integrand is equal to
: _ N o 2r (I4+m —2)!
l+m—1 l . m o __
11_1)%(26) (a+1i€) " (a—1ie)™™ = = = 1)1(m = 1)!5(a). (537)
This is the d-function that appears in the final equality of Eq. (532]).
Therefore
2 (I —i— m — )2
No(E)o(n) o< g I Z ([¢a(n)**6(E = Eq)).  (538)

Comparing this with the definition of the moments of the eigenvectors, we see

that we have to divide by & (l(lf),% for I,(n).

Finally we arrive at

jl—m [ — 1 l A \m
lofn) = 27rp(E)N( (m +)l (— 2)1) 1%(2€)m+l_ <(G§”) (Gon) >

as required.
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C Efetov’s parametrisation and evaluation of
the superintegrals over the Grassmannians

for model 11

The Bose-block of the parametrisation, from Eq. (513), substituted into g®?

results in
E—t—d,+isA1—is(A\1—A2)a*« _Sul(l—MTa)(l-&-mTB)—I—su;a*,B
BB _ (E*—t—dn)Q;i-sQ (E—t—dn)2+s2
g _su’;(1+¥)(1—%)+smﬁ*a E—t—dy—isA1 —is(A\1—X2)B* B <539)
(E—t—dp)2+s2 (E—t—dp)?+s2 ’
hence,
BB _ E—t—d,+is\ —is(A\ — \)a*a
gaa (E_t_dn)2+82 9
BB _ _S:ul(l - %)(1 + @) + 8M§a*5
Jar (E—t—dy)? + 52 ’ (540
prsii(L+ Z0)(1 = 22) 4 gupra
Ira (E—t—d,)?+ 2 ’
BB __ E—t— dn — iS)\l — iS()\l — )\2)6*6
Jrr (E—t—d,)?+ s? '
Similarly, we are interested in the products g22gBB and gBB¢BB:
e e | E—t—d,+ish —is(\ — Xo)a*a
Yaa Grr (E —t— dn)2 + 52
E—t—dn—iS)\l —iS(/\l _AQ)B*B . 1
(E—t—d,)?+ s (B —t—d,)?+ 52

X [(E —t—d,)* + 2\ —is(E —t —d,) (A — X)) (o + 5°B)

+82A (A — X)) (BB — a*a) — s*(\ — A2>2Q*OCB*B:| :
(541)
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BB, BB _ _5“1(1 -5+ %) + spzoff
Yar Yra (E—t—dn>2+82
s ZR) (- 22) + spaBra| 1
(E—t—d,)?+ s? (B —t—d,)?*+ s?]?

x | P(1 = aa + 5°8) + s* st

T sttt B — 8 (m + |u2|2>a*aﬁ*ﬂ] |

and the expansion of

(gBBy? — E—t—d,+ish —is(A\; — A)ara ]9
aa (E—t—dn)2+52
(E—t—d,+ is)\l)’l‘?’

(E—t—dy)? + 72

X {E —t—dp,+isA — (g — 2)is(\ — )\2)06*06:| :

(542)

(543)

by the binomial expansion which, again, terminates on the first order of a*a.

The averaged product of two Green’s functions can, therefore, be written

as

- dArdA L
((GR) (Gh)"™)y == / (W(;l _2)\2)2d¢1d¢2dada dpds

(B —t—do +isA)"° orsmyNoa—)
[(E —t— dn)2 + 82](1

{E —t—d, +isA — (g — 2)is(A\; — Ag)a"«
{(E —t—dp)? + 2N —is(E —t —d,)(\ — o) (o + B°B)

+ 82 A (AL — M) (B*B — a*a) — s* (A — X\o)*a a3 B
+ (g = 1)1 = a*a+ 5°8) + (¢ — 1) mpfro

+ (¢ — V)s*uipsa B — (g — 1)s* (i) + |u2|2)oz*ozﬁ*6},

(544)

and to simplify the integral even further so that we can integrate over the
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Grassmanns, we expand out the backet:

{E —t—d, +isA — (g — 2)is(A\; — \y)a"«
X {(E —t—d,)? + N —is(E —t —d,) (A — Xo)(a*a + 5°B)
+ 82A (A — M) (BB — a*a) — 2 (A — Xo)a*aB*
+(q =) P(1 = a*a + B°8) + (¢ — 1)s*mpafa
= Diuga’d = o= D2 + aPa’ass
=(F—t—d,+ is)\l){(E —t—dp)? + 5\ + (¢ — 1)sPupefa
(545)
—is(E —t — d,) (M — ) (@*a + B*B) + 2 A (A — A)(B*B — a*a)
s* (M = A)?a"af B+ (¢ — 1) [P(1 — a*a + 576)
= D%iuga’s = o= D2 + Pa’ass
—is(q —2)(M — M) (E —t —d,)*a*a —is* (g — 2)AT (A — Ay)a*a
—5%(q—2) (M — N)AHE —t —d,)a*ap*B
is°(q — 2)A (A — Ao)’ a3
is*(¢ — 1)(q = 2)|m[* (M — o) (a"a + a8 B),
where higher than first order terms involving o and a* have been neglected

again as the squares and higher order terms vanish.

By substituting this into the integral and integrating over ¢; and ¢, which
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results in a factor of (27)?, it simplifies the integral down to

" dAydA o
(CHIC RSeS| G Epdada’dids

(E —t— dn -+ iS)\l)q_g €—2€7TP(E)N()\1_)‘2)
(B —t—d,)?+ 2

|:(E —1— dn + 15/\1){(E —t— dn)2 + 82>\§ + (q - 1)S2M1M2B*Oé

—is(E =t —dn) (M — M) (@ a + 5°8) + s\ (A — Xo) (BB — ')
— 5* (M — M)’ af B+ (¢ — 1)s?|u [P (1 — a*a + *6) (546)
0= D8 — (g = Dl + [Pa’ass

—is(q —2) (M1 — M) (B —t —d,)?a*a —is* (g — 2)A3 (A — A)a*a

—5%(q = 2)(M = M)*(E —t —dy)a"af*B

—is*(q — 2)A (A1 — A2)?a* a3

-0 = Dla = D — (e + avas )

using the same reasoning as previously, we separate the integration over the
zeroth order Grassmanians from the other terms for convenience. The integral
over the zeroth order Grassmannians is equal to
dA;dA E—t—d, +is\)7?
- / _udds o darasa: )
()\1 — )\2)2 [(E —t— dn)2 + 82]q

{(E —t— dn)2 + 52)\% + (q . 1)82|M1|2}62e7rp(E)N()\1)\2)

547
(E—t—d,+is)12 (547)

B Ceern e GBS
(E—t — dy +i5)72
(E—i—d)2+ 520

where |p1]? = A2 — 1, and the second integral containing all the other terms
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is given by

d)\]_d)\Q (E —t— dn + is)\l)q—3 _9 _
_ "2 dada*dBdB* emp(E)N(A1—X2)
e e e

{(E —t—d,+ is)\l){(q —1)s* e f*
—is(E —t —d,)(M — M) (@*a+ B*B) + 2 M (A — \)(B*B — a*a)
—s*(\ = N)*a"af B — (¢ = 1)s*|m[*(a’a - 57°B)
(g = D pipza”5 — (g = 1) (] + \u2\2>a*a5*@} (548)
—is(q —2) (M1 — Xo)(E —t —d,)?a*a —is* (g — 2)AT (A — Ag)a*a
—5%q—2)(\ — M) (E —t —d,)a*aB* B
—is*(g — 2)A\ (M1 — Xo) "B
—is*(q = 1)(g = 2)[a|* (M — Ao)(@"a + a*aﬁ*ﬁ)] :

The only non-zero contribution comes from the terms proportional to a*ag* 3,

the reasoning is provided in Appendix A, Eq. (528]), this means that we can

neglect the other terms and reduces the integration to the following form

dA1dAs (E —t—d, + iS)\l)qf3 _9 _
_ dada*dBd5* emp(E)N (A1—X2)
/(Al—w e 7 W ER N T

(5=t = dy i ] = 02 = 0= DR + )

—5*(q—2) (M — M)A (E -t —d,) —is*(q — 2)M\ (M1 — Xo)?

(549)

i = g = DO ) 0",

multiplying through by a factor of 1/(A\; — \2)? from the integration measure

and simplifying the expression, we arrive at

Dndrdadardgdgs Bt =B+ ocpmne-x)
(E—t—dy)?+ s?
(I + |p2]?)
§2 [1 +(q— 1)ﬁ +(q—2) (550)

is(g = 1)(g = 2)|m]?
(E —t— dn + iS)\l)()\l — )\2)

ool
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Once we have integrated over the Grassmanns, the integral simplifies down

to
(¢—1) / d\ / dAQ —dn FIA)T epm)N o)
Tl (551)
[1+ (lpal? + |2 )+ is(q — 2)|pu|?
(M=) (E—t—dy+ish)(M — Ag)]’

substituting [u1]> = A2 — 1 and |uz|*> = 1 — )3 into the integral, we are able

to simplify the expression further, reducing it down to

q o 1 / d)\l/ d)\Q d + 18)\1)2 e—2e7rp(E)N()\1—,\2)
_t_d") o (552)
2l1g Mt 18<q ~2( -1
M= (E—t—d,+ish) (M — X))’

where 1 < \; < oo and —1 < Xy < 1.
Adding this integral along with Eq. (547), we receive the expression for

the averaged product of two Green’s functions

R ANg—1 (E—t—d +iS)q_2 /oo /1
= —1
<(Gnn) (Gnn) > [(E )2 + 52]‘1_1 =+ (q ) . d)\l . d>\2
(B —t —dp +isA)? ZG*QEWP(E) N(Ai—X2)
[(E—t—d,)*+ s?|
)\1 + )\2 1S(q — 2)()\% — 1)
)\1 —)\2 (E—t—dn+is)\1)(>\1 —>\2) ’

X

X 52 {1 +
(553)
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D Generalising model I for random diagonal
entries

To proceed with the averaging, it is much more convenient to express the

equation in the following form

= <<E e <tf>42 - <s>2z4>x

- <E2 — 2Ex2 (t) —::41:4 t)? 4 (s)? x4>m

< 3)2 —2E:132<)+E2>

x?
B 2E:1:2 (t) E2
>2 () +<8>2 T
_2Er ) _|_2Ex<)_ E?
< > <> <>2 ®? <8> <t>2+<8)2>
2Ea:2(t>
T+ T ? +(S> x
2Egc __ E?
<t>2+<8>2
<1 + . 2Ez2 t) >
S+ (s)? <>+<S> .
2Bz> E?
1+ O°+(s)° (1) +(s)*
E(t) )2+ B2 B2(1)?
()°+(s)? ()% +(s)® ((t>2+(s>2)2 .
) 2Fx? — E?
i (xz_ B(t) >2 L P’
()%+(s)? ((t)2+<s>2)2 .
B 1 " 1 2Fx% — E?
O SR PRI T i
()%+(s)? (0% +()?)°

(554)
by completing the square in the denominator and pulling constants out of the
averaging.

The poles of the integrand are calculated by equating the denominator to

152



(555)

Inputting the values of z1, 25, 23 and z; we are able to simplify the expression
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for the first residue:

(s)” B
/0 =10 (VI = 16) = Vi +100) (VI = 10) + VI +1s))
< QE o >3/2 2 (< 2<,%><s> B 1) 671nm
2/ 1) (VB 508~ B @) (VE 9+ )
( 2JEF< )3/2 ( tfﬁ s — ) ix\/ ey

3 . :
(—<t>2;<5>2)/ (2B geage((t) — i (9) () — B2) e VO3
i
+

0 =10 () —i{s) = (1) +i(s)))
82 4(s) 3/2 B2 (2 e
— <>E ) t>+<><> ) e
4i(s) /(0 —1(5)
() + () VE (s — 1) e W i@

4i(s)\/(t) —i(s)
() + (8)%) /(1) + (s) \/_( tff - )e‘i“ [GE=Te)
4i(s) /(t) —i(s)

_ (0 + (s)°) V) +1{s)/B) —i(s)VE <<t>2fr?<s> — 1) ¢~ T
o MEN O
() + () VIO TTEVE (i —1) "V oie
)
(0 + (s)%) VE ( A/ H(S)) R o
5 (s) -

(556)

By inputting the values of zq, 29, z3 and z4 we receive and expression for the
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second residue

2(t)
(t)—i(s)

(0 + (%) VE (

() +1(s)

4i (s)
(07 + () /@) + ()" VE

=
Sl
=
X
[\8}
/N
—
—~
w
SEAP
L[|
AL//\
z

=
SN
=
b
\B)
/N
—
—~
w
==
/\7
2\/
-~
<

(07 + () VA F 1)) — 1 WVE (

(557)

4i (s)
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The integral over the complex plane is equal to

/C dzf(2) = —2ri

(102 + (9) VE (2 a1 ) oVt
4i (s)

s E
{t) +i <s>> e M i

+ (%— @ —i<s>) e

T ({6 + ) VE| () —is) N e Ul G M YA
2(s) () +i(s) (t) —1i(s)

(558)
The integral, however, is over the complex plane and we are interested in
the integral along the real line, but we can split the contour into two parts:

the straight line corresponding to the real axis and the arc of the semi-circle.
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Therefore, the integral over the complex plane can be expressed as

R
/ dzf(z)+/ dzf(z)
—R arc
2 2 . .
_n W )WV (0 =i it D) s
2(s) {t) +1(s) () —i(s)
(559)
using estimations, we can show that
/ dzf(z) -0 as R — oo. (560)
To begin we have to find an upper-bound for the integral
26 2 12\ ,—ikz
[ 2B
<Z2_ E(t) ) £2(s)?
() +(s)” (2+()?)°
oF 2 t) — 2\ ,—ikz
< [ ] EEO P
are (22_ B 2) 4B
) (@) (561)
2E2* (t) — E?
el
arc (22— E(t) ) E2<5>2
()2 +(s)? ((t)*+(s)?)
2E 22
< [ e leEEON
arc (2_ E(t) )
()% +(s)?
by the triangle inequality we can see that
E(t E(t
= = |2 - PO E
@)+ )" {6+ (s)
E(t E(t
< |2 - 2<>2 ' 2<>2 (562)
()" + (s) ()" + (s)
E(t E(t E(t
| B | B0 ) e 0L
()" + (s) ()" + (s) ()" =+ (s)
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hence,

1 1
<

< . (563)
(Zz_ B() )2 <R2_M>2
(6)*+(s)” (t)*+(s)?
The estimation lemma states
[ @12 < (e (564)
c
where v(C') is the arc length of the contour C' and M is defined as
M = max |f(2)]. (565)
Therefore, by applying the estimation lemma, we receive
2 2\ ,—ikz 2
/ s (2E2% (t) 2E Je < TR(2|ER? (t) |)2
<Z2 _ _EB® ) L BN ( R2 — _|EWI )
(17 +(s)? (12+(2)° (07 +s)? (566)
2R3\ E (t 2n|E (t
L mRUE@L_ eEG]
4 |E®)] . |E(t)]
i (1 R2(<t>2+<8>2)> h <1 RQ((t)2+(s>2)>

as R — oo.
This means that the integral over the complex plane tends to the integral

over the real axis as R — oo:

/Zdzf(z)#—/mcdzf(z)%/_def(:v), (567)

as R — oo.

We can simplify the integral by splitting the integral into two parts: kK < 0
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and k > 0, which gives

(o).~ T (1 i (/w e

o S0 il B HIGS) iy
() +1(s) (t) —i(s)

¥ gee-twer [ 0 —108) i\ [E ) +1(8) el [
+/0 dne ( 0 1) /sy <><>)) |

(568)
In the first integral we make a change of variable Kk — —k to ensure positive
integration limits and in the second integral since £ > 0 the absolute value

sign can be dropped, hence,

o S5 il A1) iy
(t) +1(s) (t) —1i(s)

= —1x252 <t> —1 <8> —i||y ) <t> +1i <S> I Py o
drke™ 2 —— ¢ (t)+i(s) T N e —e &) —(s) ,
+/0 ( {t) +1(s) i {t) —i(s) )))
6

9)

the two integrals are equal, hence,
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computing this integral results in the following

1.4

<(E — 22 (1)) + (s)" o

s) )o'

1
:ﬁ

\/?

+em(<t)+l< )

E
— TN ((t) — i (s))*erf

E
— TR ({t) + i (s))2erf

e 2((t) 1(5 Vo2

~ ()

ol
o
e

2((

factoring common terms simplifies the expression down to

.1'4

<(E — a2 (1)) + (s)" o

>x

s) Vo2

-
)"+ (s)”

(e

E
e 2((t)=i(s))o? ((t)

E

< tordt [\/_2((t)+i<s>)02_>

4 TR (1) + 1 ()2

E

- (1 o [\/ EXC —i<s>>02‘> |

where erf is the error function.

~ i)

(571)

(572)

This can be expressed in terms the imaginary error functions by first
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simplifying the argument of the error function

<(E — <t;6)42 + <8>29€4>x W’ i (s)°

—erf |1 £ (573)
<1 f[\/Q((t>+i<s>)02])

4 TR (1) + 1 (s))2

. E
X (1 — erf [_1\/2(<t> — (s))02]> )

where we have taken the square roots in which the argument of the complex

number is halved, then by using the relation ierfi(z) = erf(iz), Eq. (573) is

equivalent to

t
1 + 2+ 3)2)0'2 E

VE [r T O-i(1o% i(5))3/2
e 2<8>\£ T ({8 =)
. [ E ] #2 : 3/2
X (1 — ierfi \/2((t> ()02 ) + 2@+ (1) +1(s))*/

X (1 + ierfi \/2((t) ()02 ) ;
(574)

since erfi is an odd function, this enables one to pull out the minus sign from

1=

the argument of erfi.

The first residue for averaging the second simultaneous equation is calcu-
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lated below

()" (i <s>>e-iwﬁwt>—i<s>

E () +(s)*

2/~ 1) (VI 10— i+ 160) (VI 10+ VI 1))

E
\/ +< —iey o

41f <> <> 1<s>
(07+ ) Vi + 1< >¢<t> ~ Tl e

4WVE (s)
((6)* + (s)?) <t>1+i<8>@’1” T
) BVE (5
_ () —i(s) V) Fifs)e VO
SVE (s)

(575)
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The second residue is also calculated in the same way

3/2 . -
<<t>22<8>2> / e () +i (s)) eV @ V046

~2/@ +1(s) (~VO +1(5) = VB —1() (~V/B +10+ VT —105)
< e ) " GEE s

2/ +105) (VB +1(9+ VB —1(9) (~/B +1 05+ —1 ()

(576)

The integral over the complex plane is therefore equal to

SVE ()
() +ils) VB i@V Tm
SV (3

= 75 (=1 VT

T ({8) + 14s)) v/ (e <><>)

—i(s i(s e_m\/%
/Cdzf(z)%( () =i () VO TIE)

(577)

substituting this result back into the equation second simultaneous equation

and splitting the integral into two parts: £ < 0 and x > 0 allows one to sim-
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plify down the integral further and remove the absolute value signs. Splitting

the integral, we receive

<(E —a? <tﬂ;)22 + <8>2$4>x N 86 ()2 j_ (5)? (/: dre~ 257"

() — i {)) /B 1 (e VT 4 (1) +i(5)) /T — 1 sy IV T
w [ ane T (0 =) Vi T e o

ilkl/—E
+ (1) +i () VB —i ()™ <t><s>>,
(578)
changing the variables kK — —k and the swapping the limits of integration in
the first integral ensures positive integration limits to allow one to drop the

absolute value signs as shown below

<(E —a? (5)22 + <5>2x4>x N 8(\/3 ()2 Jlr (5)’ (/OOO dre 257"

(8 — i () VB +1(se VT 4 (1) +i(s)) VT — 1 () VT
= [ ane T (0 =) Vi T e Y o

. - i|| % . \/E 1 > I{G_%HQUZ
() +i () VI =iV <>) stierosery A

E

({8 = 1 () VA 1 (she NI 4 (1) + () /() — 1 )"V T
(579)
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The integral over x is then calculated which results in

- _VE_ 1 7L i
<<E — a2 (1)) + <s>2x4>x T4 (0 <s>2\[§;€ e

(557 (10§ (VT F TN + 7 () + 1)V T =10

+ i(ew—%w«s) + 1)V + 1 (s)ert [\/2(<S> - <t>)02]

_ em((@ — 1 () (t) —i(s)ert [\/_2(<s> iEi@)UQ] )>7

we are then able, by algebraic manipulation, to express this in a more conve-

(580)
nient form
E
x? VE [11 ___B® [ e3m-itne?
3 = B R R L N i —
(E —:v2<t>)2+<s> wt/, 45V 20 {t) +1(s)
E
62<<t>+n<s>>o2 ( e2((t—i(s))o2 E
+1if1 erf — : 581
{ty —i(s) ) +1(s) [\/ 2<<t>+1<s>)02] 51

| eImTI? E
ERV O [\/_2<<t> —i<s>)02] ))

By taking the same convention in which the square root of a complex number

halves the argument we can then simplify the expression further

22 B VE Ele— t2f<?2a2 em
<<E_xz<t>>2+<s>2x4>;4<s>\£a R ( OERD)
OERCH 1(1 (1) +1 <s>erf ll\/2<<t> +i <s>)a2‘ 52
eI ' E
VOO [‘\/ 2((t) —i<s>>02‘ )>

then using the relation ierfi(z) = erf(iz) and the fact that erfi is an odd
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function, we arrive at

. E
VE [n1 ___B®_ [ e2((t)-i(s)o?
e (H2H(s)P)e2

<<E — 2 (1)) + () ot

+i(—

B
e 2((t)+i(s))o?

t
(t) —i(s)
E
e 2((t+i(s))o?

BNGET)

4 (s)

).”

B
e 2((t)—i(s))o2

—erfi \/ E
{t) +1(s) 2({t) +1(s))o?

(583)

i [\/ 20 —Ei<s>>02‘ )

finally collecting common factors together we arrive at the final expression for
the second averaged simultaneous equation

1 ~ TRy
__6 o
8o

B
e2((H)—i(s))o?

() +1(s)

VE

{t)=75 )

s [1-1 ﬁ\/ b +ﬂ (584)
V20 i) B —1(s)
| E

x | 1+ierfi _\/2((75) — 1<s>)02_

In order to proceed with the calculation with the moments of the eigenvectors

it is convenient to represent it in another form, we first note that

(B — 2 (£))2 + {s)" 2]s

1 I A a?

(1) _(_ 2a%y d_y) (B —a{0) +y2at| (585)
[ 1 d A2

(g —1 1)! (_@@)q_l (B -

2 [P + 9
.
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therefore the moments of the eigenvectors can be expressed as
P ET(q+1) 1 1 d =2
TN\ (¢- 1 [\ 2ydy) (B (D) 4y

B qF1 1 d\7! xi2
20 (t)? N1 2y dy (B — 22 () +y?zt /,

since I'(¢+ 1) = ¢! and the derivative over y is independent of x therefore we

y=(s) >

(536)

T

can pull it out of the averaging.
The first residue for the moments of the eigenvectors is calculated below

<(t)2£-y2>3/2 << >E ((t) _ iy))Qq G_in\/WIﬂ/Q (t)—iy

)% 42

20/ — 1y (VI — iy - VT iy) (VI — iy + VT T iy)

_ <<t>2T+yz)3/2 (<t>€iy>2_q e " R
20—ty (V@ —iy— v/ +iy) (VIO —iy+ V0 +1y)
RN ( ((t) +1iy))

<M)3/Q< E )2 qe—m\/%

E (t)+iy
4iy\/(t) — iy
E%_q ((t>2 +y2)3/2 W{m @Lﬂ
diy/(t) — iy
B3 ({0 +12) /(1) + 2 rrimre VO
diy+/(t) — iy
B2 ((t>2 +y%) V/(t) + iy /(t) 1ywe_m @
4ig /) — 1y
EZ0 () + ) /() + iygrge YV O

4iy

(587)
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and the second residue is calculated in the same way

2 3/2 2—q ik B i
<<t>E+y2> <<t>2E+yz((t>+iy)> eV wEE VOt

~2/@ +iy (—V/O + 1y - VI —y) (—V/B + iy + VT - 1y)

2/ + iy (VI + iy + V(B — 1) (—v iy + VT — i)
(WTW)W <<t>€iy>2q wn
20/ iy (= (0 +iy) + (1) — i)

1_ 2 3/2 1 iny/ 588
__E2 q((t> +y2) e ® (588)

diy/(t) + iy
E%*q (<t>2 +y2) <t>2 +y2(<t>_i1y)27qein oo
diy/(t) + 1y
3 : : ik, [
Lz (<t>2 +y%) V() + iy /(t) — 1yme Vit
diy+/(t) + iy
5 2.2 N W 7y A o
Bz (<t> + ) ) (<t> — ly)q 2e (t)—iy
4iy '

Putting this together, the integral over the complex plane is equal to

370 ((1)? a2 il
/ dzf(z) = —27ri< B ()" + ) ((t> +iy)ize o)
© diy

CEF (0 + ) () — i)V )
4iy
nE(0) + )

i e i)y ) e
R Qw+mwﬁﬂ”wm+«w—m“%<wy
Yy

(589)

substituting this back into the averaging for the moments of the eigenvectors

168



and splitting the integral into two parts, we receive

1

124 E34 0 i e
<(E — 22 (t))? + y2x4> Ty /OO dre 2 ({t) +iy)" 2e @

. E oo
-Hm—ww%w<wﬂ+/‘“KWﬁQm+MWw“Hw
0

+w>um28'6%)

(590)
Changing the variables in the first integral kK — —k& ensures positive integra-
tion limits which enables one to drop the absolute value signs, performing this

and manipulating the integral yields

:13472q E%_q d _1,242
frd 2
(E—22(0)2 + 2t /, 2y A e

o o
Q@Hw%“mmﬂwqw%““ﬁ.

(591)

As we are interested in the limit ¢ — oo, we look at the asymptotic behaviour
of the simultaneous equations and the moments of the eigenvectors assuming
that E o< O(1), so for simplicity we set F = 1. Starting with the equation

below

E
0= LB [ Lot T
8o () +1i(s)

E
E 20D +i(s))o?
1 — ierfi : 4+ 592
( _¢%m+mmﬁ_ oEnr i
[ E
1 fi
(““ ¢m@—umﬁ ’
we know that
E<t>
e (HZE£(s) ~1

B
e2((t*i(s))e? ~ ]

E
mﬂJﬂwiMmﬂ]NQ
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therefore the equations simplifies greatly down to

1 w1
=20 §z(¢<> 1<S
1 m1 [ —is) \/<
~2(s) 80( 0 1 <S> (594)
L w1 () = i)V () +i{s) + () + (t) —i(s)
2(s)\J 8¢ <t) <s> :

According to numerical simulations, if ¢ — oo then (s) > (), we can drop

(t). Hence,

1 Jr1 —iy/i(s) +iy/—i(s)| 1 ml V2(1 —1)4/i(s)
—2<3>\/;a< ) )‘2<s>\/;a< 7Ts) )
L [FL (VAR

2(s)V 80 2(s) 4(s)* o

(595)
Applying the same approach to the second equation

L= o ( f e ( T (1) — i (s))*?

— ler e2 T i 3/2
(1 ﬁ_\/Q((t>+i<s>)a2_>+ e () 1)

.| E
X <1+1erﬁ _\/2(<t>i<s>)02_)))7

(596)
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with the same assumptions, the equations simplify down to

1 1 /m 1 -
+i(s) 1<3>) R 1+@ S0 ( (s) Vi(s)
1 1 [r 1 _i\/§(1+1)8 -
Fifs) 1<s>) - 8<8>0<< 1+ Y20 ) 1 >))
. (1 v ) |
S\ 2y
(597)

Re-arranging the expression we receive

(5)> — 1= —2\/\%0 0, (508)
as 0 — 00, hence, (s) ~ 1. Therefore, we obtain

W= VT g (599)
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E Explicit expressions for Efetov’s parametri-

sation in the generalisation of model I and

I1

The pre-exponential factors calculated by employing Efetov’s parametrisation

are given as follows:

pp_  E—di— w2t +isw2 Ay + isw? (A — Ao)aa*
Jaa (E —d,, — w2t)? + s?w? ’

iy sw? (1 + as > <1 — ﬁg ) + uiswia*p

gBB = _
ar (E —d, —w2t)? + s*w ’ (600)
wisw? (1 — 626 ) (1 + a;y ) + pasw?fBra
BB _ _
Ira (E — d, — w2t)? + sPw? !
s E—d,— w2t — isw2 )\ + isw? (A — \2) 55"
Grr = (B —dy —w2t)? + s?w; '
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