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PREFACE

First introduced by Ore [51] in 1933, skew polynomial rings are one of the
earliest examples in the theory of noncommutative algebra. A skew polyno-
mial ring R = D[t;0,6] consists of a unital associative ring D, an injective
endomorphism ¢ of D, a left o-derivation J of D, and an indeterminate
t satisfying the commutation rule ta = o(a)t + 6(a) for all a € D. Since
their introduction, skew polynomial rings have been extensively studied,
and their properties are well understood (see for instance [16, Chapter 2]
and [32, Chapter 1]).

We now assume D is a division ring. In this case, it is well-known R
possesses a right division algorithm, that is, for all f(t),g(t) € R with
f(t) # 0 there exist unique g(t),7(tf) € R with deg(r(t)) < deg(f(t)) such
that g(t) = q(t)f(t) + r(t). The existence of this right division algorithm
allows us to construct a class of nonassociative algebras following a little
known paper by Petit [52]: Let f(f) € R be of degree m > 2 and consider
the additive subgroup R,, = {g € R | deg(g) < m} of R. Then R,, together
with the multiplication 2 o b = ab mod,f yields a nonassociative algebra
S¢= (Rm,0)over F={c €D |coh=hocforallh € S¢}. Here the juxta-
position ab denotes multiplication in R, and mod,f denotes the remainder
after right division by f(t). We call these algebras Petit algebras and also
denote them R/Rf when we wish to make clear the ring R is used in their
construction. After their introduction by Petit in 1967, these algebras were
largely ignored until Wene [66] and more recently Lavrauw and Sheekey
[44] studied them in the context of finite semifields. Earlier in 1906, the

algebra Sy with f(t) = 2 —i € C[t;” ], ~ complex conjugation, appeared
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as the first example of a nonassociative division algebra in a paper by L.E.

Dickson [18]. The structure of this thesis is as follows:

In Chapter [1| we state the necessary definitions and notations. We de-
scribe the construction of Petit algebras and discuss how this relates to other
known constructions of algebras. For example, if D is a finite-dimensional
central division algebra over a field C, ¢|c is an automorphism of finite
order m and f(t) = t" —a € DJt;c], a € Fix(0)*, is right invariant, then
the associative algebra Sy = DIt;c]/D]t;c]f is called a generalised cyclic
algebra and denoted (D, 0,a) [32, §1.4]. This happens to be the quotient
algebra.

A unital finite nonassociative division ring is called a semifield in the
literature. It is well-known that every associative semifield is in fact a field,
however, there are many examples of semifields which are not associative.
These are called proper semifields. An important example of semifields
which appear throughout this thesis are Jha-Johnson semifields (also called
cyclic semifields) [33], which generalise the Hughes-Kleinfeld and Sandler
semifields. In a recent paper, Lavrauw and Sheekey proved that if K is a
finite field, ¢ is an automorphism of K and f(t) € K[t; 0] is irreducible, then
Sr is a Jha-Johnson semifield [44, Theorem 15]. While each Jha-Johnson
semifield is isotopic to some algebra Sy [44, Theorem 16], it is not itself
necessarily isomorphic to such an algebra Sy. In this thesis we will focus on

those Jha-Johnson semifields which arise from Petit’s algebra construction.

In Chapter |2f we will move on to study the properties of Petit algebras,
and prove results concerning their nuclei, center, eigenring, zero divisors
and associativity. We pay particular attention to the question of when Petit
algebras are division algebras, and show this is closely related to whether
the polynomial f(t) € R used in their construction is irreducible. Indeed,

we will prove f(t) is irreducible if and only if S¢ is a (right) division algebra

(Theorems [2.20| and [2.26). We will also show that when ¢ is not surjective
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and f(t) is irreducible, then Sy is a right but not left division algebra (Corol-

lary and Example .

The connection between f(t) being irreducible and Sy being a (right) di-
vision algebra motivates the study of irreducibility criteria in skew polyno-
mial rings in Chapter 3l The results we obtain, in conjunction with Theo-
rems and immediately yield criteria for some Petit algebras to be
(right) division algebras.

Irreducibility and factorisation in skew polynomial rings have been in-
vestigated before and algorithms for factoring skew polynomials over finite
fields and IF;(y) have appeared already in [13], [14], [22], [24] and [46]. We
also mention the papers of Churchill and Zhang [15], and Granja, Martinez
and Rodriguez [26], which employ valuation theory to obtain an analogue
of the Eisenstein criteria for skew polynomial rings. The methods we use in
Chapter [3, however, are purely algebraic and build upon the ideas of Lam
and Leroy [40, Lemma 2.4], Jacobson [32, §1.3] and Petit [52, (17), (18), (19)].

In Chapter |4/ we investigate isomorphisms between Petit algebras Sy and
S¢, with f(t),¢(t) € R = D[t;0,6] and ¢ an automorphism of D. We apply
these results to study in detail the automorphism group of Petit algebras in
Chapter 5, focussing on the case where S is a nonassociative cyclic algebra
in Chapter [f} Many of the results appearing in Chapter’s [5| and [f] recently
appeared in [11].

One of the main motivations for studying automorphisms of Petit alge-
bras comes from the question how the automorphism groups of Jha-Johnson
semifields look like. We are also motivated by a question by Hering [28]:
Given a finite group G, does there exist a semifield such that G is a sub-
group of its automorphism group?

It is well-known that two semifields coordinatize the same Desarguesian
projective plane if and only if they are isotopic, hence semifields are usually
classified up to isotopy rather than up to isomorphism and in many cases

their automorphism group is not known. We apply our results to obtain in-
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formation on the automorphism groups of some Jha-Johnson semifields in
Section and in the special case where Sy is a nonassociative cyclic alge-
bra over a finite field in Section In particular, we completely determine
the automorphism group of a nonassociative cyclic algebra of prime degree
over a finite field (Theorem [6.19): it is either a cyclic group, a dicyclic group,

or the semidirect product of two cyclic groups.

Next we look at a generalisation of Petit’s algebra construction using the
skew polynomial ring S[t; o, 8], where S is any associative unital ring, ¢ is an
injective endomorphism of S, and § is a left c-derivation of S. While S[t; o, J]
is in general not right Euclidean (unless S is a division ring), we are still able
to right divide by polynomials f(t) € S[t; o, 5] whose leading coefficient is
invertible (Theorem [7.1). Therefore, when f(t) has an invertible leading
coefficient, it is possible to define the same algebra construction. We briefly
study some of the properties of these algebras including their center, zero

divisors and nuclei.

Recall that a central simple algebra A of degree n over a field F is a G-
crossed product algebra if it contains a maximal subfield M (i.e. [M : F| = n)
that is a Galois extension of F with Galois group G. Moreover, we say A is
a solvable G-crossed product algebra if G = Gal(M/F) is a solvable group.
In Chapter |8, we revisit a result on the structure of solvable crossed product
algebras, due to both Petit [52, §7] and a careful reading of Albert [1, p. 186].
We write up a proof of Albert’s result using generalised cyclic algebras fol-
lowing the approach of Petit. We note that none of Petit’s results are proved
in [52} §7]. To do this we extend the definition of classical generalised cyclic
algebras (D, 0, d) to where D need not be a division algebra. More specifi-
cally, we show a G-crossed product algebra is solvable if and only if it can be
constructed as a finite chain of generalised cyclic algebras satisfying certain
conditions. We describe how the structure of the solvable group, that is its

chain of normal subgroups, relates to the structure of the crossed product



algebra. We also generalise [52, §7] to central simple algebras which need
neither be crossed product or division algebras.

We finish the Chapter by giving a recipe for constructing central division
algebras containing a given finite abelian Galois field extension by forming
a chain of generalised cyclic algebras. This generalises a result by Albert [1,

p- 186], see also [32, Theorem 2.9.55], in which G = Z; x Z;.
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PRELIMINARIES

1.1 SOME BASIC DEFINITIONS

Let F be a field. An algebra A over F is an F-vector space together with a
bilinear map A x A — A, (x,y) — xy, which we call the multiplication
of A. A is associative if the associative law (xy)z = x(yz) holds for all
x,Y,z € A. Our algebras are nonassociative in the sense that we do not
assume this law and we call algebras in which the associative law fails not
associative. A is called unital if it contains a multiplicative identity 1. We
assume throughout this thesis that our algebras are unital without explicitly
saying so. Given an algebra A, the opposite algebra A°P is the algebra with
the same elements and addition operator as A, but where multiplication is
performed in the reverse order.

We say an algebra 0 # A is a left (resp. right) division algebra, if the left
multiplication L, : x — ax (resp. the right multiplication R, : x — xa) is
bijective for all 0 #= a € A and A is a division algebra if it is both a left and
a right division algebra. A finite-dimensional algebra is a division algebra
if and only if it has no non-trivial zero divisors [60, p. 12], that is ab = 0
impliesa = O or b = 0 for all a,b € A. Finite division algebras are also
called finite semifields in the literature.

The associator of three elements of an algebra A is defined tobe [x, y, z] =
(xy)z — x(yz). We then define the left nucleus to be Nuc;(A) = {x €
Al [x, A, A] = 0}, the middle nucleus tobe Nuc,,(A) = {x € A|[A,x, A] =
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0} and the right nucleus to be Nuc,(A) = {x € A | [A, A, x] = 0}; their
intersection Nuc(A) = {x € A | [A, A, x] =[A,x,A] =[x, A, A] =0}
is the nucleus of A. Nuc(A), Nuc;(A), Nucy,(A) and Nuc,(A) are all
associative subalgebras of A. The commutator of A is the set of all elements

which commute with every other element,
Comm(A) ={x € A|xy=yxforally € A}.

The center of A is Cent(A) = Nuc(A) NComm(A).

If D is an associative division ring, an automorphism ¢ : D — D is called
an inner automorphism if ¢ = I, : x — uxu~! for some u € D*. The
inner order of an automorphism ¢ of D, is the smallest positive integer n
such that ¢” is an inner automorphism. If no such n exists we say ¢ has
infinite inner order.

A left (right) principal ideal domain is a domain R such that every left
(right) ideal in R is of the form Rf (fR) for some f € R. We say R is a
principal ideal domain, if it is both a left and a right principal ideal domain.

Let R be a left principal ideal domain and 0 # a,b € R. Then there
exists d € R such that Ra + Rb = Rd. This implies a = c;d and b = cpd
for some cq1,c2 € R, so d is a right factor of both a and b. We denote this
by writing d|,a and d|,b. In addition, if e|,a and e|,b, then Ra C Re,
Rb C Re, hence Rd C Re and so e|,d. Therefore we call d a right greatest
common divisor of 4 and b. Furthermore, there exists ¢ € R such that
RanNRb = Rg. Then al,g and b|,g. Moreover, if a|,n and b|,n then
Rn C Rg and so g|,n. We call g the least common left multiple of a and
b.

The field norm Ng,r : K — F of a finite Galois field extension K/ F is
given by

Nisp(k) = JI  o(k).

ceGal(K/F)
In particular, if K/F is a cyclic Galois field extension of degree m with

Galois group generated by o, then the field norm has the form

Ni/p(k) = ko (k) - - 0" (k).
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1.2 SKEW POLYNOMIAL RINGS

Let D be an associative ring, ¢ be an injective endomorphism of D and §

be a left c-derivation of D,i.e. 6 : D — D is an additive map and satisfies
d(ab) =0c(a)é(b)+d(a)b,

for all a,b € D, in particular 6(1) = 0. Furthermore, an easy induction

yields
n—1
6(a") =) o(a)ié(a)a" 177, (1.1)
i=0

forall a € D, n € N [25 Lemma 1.1]. The set Const(d) = {d €
D | 6(d) = 0} of d-constants forms a subring of D, moreover if D is a
division ring, this is a division subring of D [32, p. 7].

The following definition is due to Ore [51]:

Definition. The skew polynomial ring R = D|t; 0, ] is the set of left poly-
nomials ag + a1t + a»t?> + ... + a,t™ with a; € D, where addition is defined

term-wise, and multiplication by ta = o (a)t + d(a).

This multiplication makes R into an associative ring [32, p. 2-3]. If § =
0, then D[t;0,0] = D]Jt; 0] is called a twisted polynomial ring, and if
o is the identity map, then D|t;id, ] = D]Jt; ] is called a differential
polynomial ring. For the special case that § = 0 and ¢ = id, we obtain
the usual left polynomial ring D[t] = D|t;id, 0]. Skew polynomial rings
are also called Ore extensions in the literature and their properties are well
understood. For a thorough introduction to skew polynomial rings see for
example [16, Chapter 2], [32, Chapter 1] and [51].

We briefly mention some definitions and properties of skew polynomials
which will be useful to us: The associative and distributive laws in R =
D[t; o, 0] yield

b = f Snj(b)t/, n>0, (1.2)
j=0
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and

(bt") (ct™) i ) Htm, (1.3)

forall b, c € D, where the maps Sn, j: D — D are defined by the recursion
formula

Sn,]' = 5Sn_1,]- + aSn—l,j—lr (1.4)

with Sg0 = idp, S1,0 = 6, S1,1 = o and S,,0 = 4" [32 p. 2]. This means
Sy,j is the sum of all monomials in ¢ and 4 that are of degree j in o and of
degree n — j in . In particular Sy, = ¢" and if 6 = 0 then S, ; = 0 for
n#j.

We say f(t) € R is right invariant if R f is a two-sided ideal in R, f(t)
is left invariant if fR is a two-sided ideal in R, and f(t) is invariant if
it is both right and left invariant. We define the degree of a polynomial
f(t) =amt™+...+a1t+ayg € Rwitha,, # 0 tobe deg(f(t)) = m
and deg(0) = —oo. We call a,, the leading coefficient of f(t). Then
deg(g(t)h(t)) < deg(g(t)) + deg(h(t)) for all g(t),h(t) € R, with
equality if D is a domain. This implies that when D is a domain, D[¢; 7, J]
is also a domain.

Henceforth we assume D is a division ring and remark that every endo-
morphism of D is necessarily injective. Then R = D[¢t; o, 8] is a left princi-
pal ideal domain and there is a right division algorithm in R [32, p. 3]. That
is, for all f(t), g(t) € R with f(t) # 0 there exist unique r(t),q(t) € R
with deg(7(t)) < deg(f(t)), such that g(t) = q(¢t)f(t) + r(t). Here
r(t) is the remainder after right division by f(t), and if r(t) = 0 we say
f(t) right divides g(t) and write f(t)|,g(t). A polynomial f(¢) € R is
irreducible if it is not a unit and has no proper factors, i.e. there do not
exist ¢(t),h(t) € R with deg(g(t)), deg(h(t)) < deg(f(t)) such that
f(t) = g(t)h(t). Two non-zero f(t),g(t) € R are similar if there exist
unique h, g, u € Rsuch that 1 = hf + gg and u’'f = gu for some u’ € R.
Notice if f(t) is similar to g(t) then deg(f(t)) = deg(g(t)) [32 p. 14].
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If o is a ring automorphism, then R is also a right principal ideal domain,
(hence a principal ideal domain) [32, Proposition 1.1.14], and there exists a
left division algorithm in R [32, p. 3 and Proposition 1.1.14]. In this case
any right invariant polynomial f (t) is invariant [32} p. 6], furthermore we
can also view R as the set of right polynomials with multiplication defined

by at = te~1(a) — 6(c~(a)) forall a € D [32, (1.1.15)].

1.3 PETIT'S ALGEBRA CONSTRUCTION

In this Section, we describe the construction of a family of nonassociative
algebras S ¢ built using skew polynomial rings. These algebras will be the
focus of study of this thesis. They were first introduced in 1966 by Petit [52],
[53], and laregly ignored until Wene [66] and more recently Lavrauw and
Sheekey [44] studied them in the context of semifields.

Let D be an associative division ring with center C, ¢ be an endomor-

phism of D and ¢ be a left o-derivation of D.
Definition (Petit [52]). Let f(t) € R = D|t; o, d] be of degree m and
Ry ={g€R|deg(g) <m}.

Define a multiplication o on Ry by a ob = ab mod,f, where the juxtapo-
sition ab denotes multiplication in R, and mod, f denotes the remainder after
right division by f(t). Then Sy = (R, o) is a nonassociative algebra over
F={ceD|coh=hocforallh € S¢}. Wealso call the algebras S Petit
algebras and denote them by R/ R f if we want to make it clear which ring R is

used in the construction.

W.Lo.g., we may assume f () is monic, since the algebras Sy and S, are

equal for all d € D*. We obtain the following straightforward observations:

Remarks. (i) If f(t) is right invariant, then Sy is the associative quotient
algebra obtained by factoring out the two-sided ideal R f.
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(ii) If deg(g(t)) + deg(h(t)) < m, then the multiplication g o h is the

usual multiplication of polynomials in R.

(iit) If deg(f(t)) = 1then Ry = D and Sy = D. We will assume throughout
this thesis that deg(f(t)) > 2.

Note that F is a subfield of D [52, (7)]. It is straightforward to see that
F = CNFix(c) NConst(d). Indeed, if c € Fthenc € Dandcoh = hoc
for all b € Sy, in particular this means ¢ € C. Furthermore, we have
cot=tocsothatct =0c(c)t+ d(c), hence o(c) =cand d(c) =0 and
thus F C C N Fix(c) N Const(J).

Conversely, if ¢ € C N Fix(c) N Const(d) and h = Y/ L h;t! € St

then
m—1 ) m—1 i ) m—1 ) m—1 )
he = Z I’ljtZC = 2 I’ll' Z Si,]'(C)t] = Z hiCtZ = Z Chitl = C]’l,
i=0 i=0 j=0 i=0 i=0

because S;j(c) = 0 fori # jand S;;(c) = o'(c) = c. Therefore ¢ € F
as required. In the special case where D is commutative and 6 = 0 then
F = Fix (o).
Examples 1.1. (i) Let f(t) = t"™ —a € DJ[t; o] where a # 0. Then the
multiplication in S is given by
. . bol(c)tit] ifi+j<m,
(bt} o (cti) = § 27O Jit
boi(c)oHi—m(a) =M ifitj>m,
forallb,c € Dandi,j € {0,..., m — 1}, then linearly extended.
(i) Let f(t) = t* —ayt —ag € D[t; o). Then multiplication in Sy is given
by
(x+yt)o (u+vt) = (xu+yo(v)ag) + (xv+yo(u)+yo(v)ar)t,

forall x,y,u,v € D. By identifying x + yt = (x,y) and u + vt =

(u,v), the multiplication in S ¢ can also be written as

<x+yt>o<u+vt><x,y>( ! ’ )

c(v)ag o(u)+o(v)a;



1.4 RELATION OF Sf TO OTHER KNOWN CONSTRUCTIONS

(iii) Let f(t) = t* —a € D[t; 0, 6], then multiplication in S ¢ is given by

(etyt)e(uton) = (xy) (a(v)a+5(u) o (1) +(5(v)) ’
forall x,y,u,v € D.

When ¢ is an automorphism there is also a left division algorithm in R
and can define a second algebra construction: Let f(f) € R be of degree m
and denote by mod; f the remainder after left division by f(#). Then R,
together with the multiplication a Ix b = ab mod; f, becomes a nonassocia-
tive algebra (S over F, also denoted R/ f R. It suffices to study the algebras
S, as every algebra (S is the opposite algebra of some Petit algebra:

Proposition 1.2. ([52} (1)]). Suppose ¢ € Aut(D) and f(t) € DI[t; 0, 5]. The

canonical anti-isomorphism
n . i .
¢ : D[t;0,8) = DP[t;07 1, =607 1], Y ait' — ( Y. Sn/j(ai)>tl,
i=0 i

between the skew polynomial rings D[t; o, 8] and D°P[t; o1, —50~1], induces

an anti-isomorphism between Sy = D[t;c, 8]/ D[t; 0, 6]f, and

p())S =DP[t;07 1, =607 /p(f)DP[t; 07, =60 1].

1.4 RELATION OF Sf TO OTHER KNOWN CONSTRUCTIONS

We now show connections between Petit algebras and some other known

constructions of algebras.

1.4.1  Nonassociative Cyclic Algebras

Let K/ F be a cyclic Galois field extension of degree m with Gal(K/F) =
(o) and f(t) = t" —a € K[t; 0]. Then

A= (K/F,o,a) = K[t;o] /K[t 0] f (1)
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is called a nonassociative cyclic algebra of degree m over F. The multipli-
cation in A is associative if and only if a € F, in which case A is a classical
associative cyclic algebra over F.

Nonassociative cyclic algebras were studied in detail by Steele in his Ph.D.
thesis [64]. We remark that our definition of nonassociative cyclic algebras
yields the opposite algebras to the ones studied by Steele in [64]. Moreover,
if K is a finite field, then A is an example of a Sandler semifield [58§].

Nonassociative cyclic algebras of degree 2 are nonassociative quaternion
algebras. These algebras were first studied in 1935 by Dickson [19] and
subsequently by Althoen, Hansen and Kugler [2] over R, however, the first
systematic study was carried out by Waterhouse [65].

Classical associative quaternion algebras of characteristic not 2 are pre-
cisely associative cyclic algebras of degree 2. That is, they have the form
(K/F,0,a) where K/F is a quadratic separable field extension with non-
trivial automorphism ¢, char(F) # 2 and a € F*. Thus the only difference
in defining nonassociative quaternion algebras, is that the element a belongs

to the larger field K.

1.4.2 (Nonassociative) Generalised Cyclic Algebras

Let D be an associative division algebra of degree n over its center C and o
be an automorphism of D such that o|¢ has finite order m and fixed field
F = CNFix(0). A nonassociative generalised cyclic algebra of degree mmn,
is an algebra Sy = D[t;c]/Dl[t;c]f(t) over F with f(t) = t" —a € D[t;0],
a € D*. We denote this algebra (D, c,a) and note that it has dimension
n*m? over F. Note that when D = K is a field, and K/F is a cyclic field
extension with Galois group generated by ¢, we obtain the nonassociative
cyclic algebra (K/F,c,a).

In the special case where f(t) = " —a € DJ[t;0], d € F*, then f(t) is
invariant and (D, 0, a) is the associative generalised cyclic algebra defined

by Jacobson [32} p. 19].



1.4 RELATION OF Sf TO OTHER KNOWN CONSTRUCTIONS

1.4.3 (Nonassociative) Generalised Differential Algebras

Let C be a field of characteristic p and D be an associative central division
algebra over C of degree n. Suppose ¢ is a derivation of D such that J|c is

algebraic, that is there exists a p-polynomial
gt) ="+t 4. et e FIt),

where F = C N Const(d) such that g(6) = 0. Suppose g(t) is chosen
with minimal e, d € D and f(t) = g(t) —d € DI[t;¢], then the algebra
S¢ = DI[t;6]/DIt; 5] f(t) is called a (nonassociative) generalised differential
algebra and also denoted (D, d,d) [56]. (D, d,d) is a nonassociative algebra

2, moreover (D, 4,d) is associative if and only if

over F of dimension p*n
dcF.
When d € F, then (D,d,d) is central simple over F and is called the

generalised differential extension of D in [32, p. 23].

For the remainder of this Section we consider examples of finite-dimensional
division algebras over finite fields. These are called (finite) semifields in the

literature.

1.4.4 Hughes-Kleinfeld and Knuth Semifields

Let K be a finite field and ¢ be a non-trivial automorphism of K. Choose
ap, a1 € K such that the equation wo(w) + a;w — ag = 0 has no solution w €
K. In [35) p. 215], Knuth defined four classes of semifields two-dimensional

over K with unit element (1,0). Their multiplications are defined by

(K1) : (5,9)(1,2) = (xtt+ a002(y)e(0), x0+ yo(u) + ;o (1) (o)),
(K2) : (x,y)(u,v) = (xu+ape 2(y)o (v), xv+yo(u) + a0 (y)v),
(K3) : (x,y)(u,0) = (xu +agyo ' (v), xv +yo(u) + a1yv),
(K4) : (x,y)(u,0) = (xu+agyo(v), xv +yo(u) + a1yo(v)).



1.4 RELATION OF Sf TO OTHER KNOWN CONSTRUCTIONS

The class of semifields defined by the multiplication (K4) were first dis-
covered by Hughes and Kleinfeld [29] and are called Hughes-Kleinfeld
semifields.

The classes of semifields defined by the multiplications (K2) and (K4)

can be obtained using Petit’s construction:

Theorem 1.3. ([61, Theorem 5.151). Let f(t) = t> —ayt —ag € K[t; 0] where
wo(w) + ayw — ag # 0 for all w € K.

(i) ¢S is isomorphic to the semifield (K2).
(ii) Sy is isomorphic to the semifield (K4).

There is a small mistake in [61, p. 63 (5.1) and (5.2)] where the multipli-
cation of two elements of Sy is stated incorrectly. We give the full proof to

avoid confusion.
Proof. (i) The multiplication in (S is given by
(x +yt) po(u + vt) = xu + xvt + yo(u)t + 202 (y)o 1 (v)
= xu + xot + yo(u)t + (art + ag)o>(y)o 1 (v)
= xu + xot +yo(u)t +ayo(y)ot + ago % (y)o L (v)
= (xu+ apo 2 (y)o "1 (0)) + (xv + yo(u) + a0~ (y)o)t,

for all x,y,u,v € K. Therefore the map ¢ : (5 — (K2), x +yt — (x,y)

can easily be seen to be an isomorphism.
(ii) The multiplication in Sy is given by

(x +yt) o (u+ot) = xu+ xvt + yo(u)t + yo(v)t?
= xu + xvt + yo(u)t + yo(v)(art + ap)
= (xu +yo(v)ag) + (xv+ yo(u) +yo(v)a)t,
for all x,y,u,v € K. Therefore the map ¢ : S — (K4), x +yt — (x,y)

can readily be seen to be an isomorphism.

O

10
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1.4.5 Jha-Johnson Semifields

Jha-Johnson semifields, also called cyclic semifields, are built using irre-
ducible semilinear transformations and generalise the Sandler and Hughes-

Kleinfield semifields.

Definition. Let K be a field. An additive map T : V — V on a vector space
V = K™ is called a semilinear transformation if there exists o € Aut(K) such
that T(Av) = o(A)T(v), forall A € K,v € V. The set of invertible semilinear
transformations on V forms a group called the general semilinear group and is
denoted by TL(V). An element T € TL(V) is said to be irreducible, if the only
T-invariant subspaces of V are V and {0}.

Suppose now K is a finite field.

Definition ([33]). Let T € TL(V) be irreducible and fix a K-basis {e, ..., em—_1}
of V. Define a multiplication - on V by

m—1 )
a-b=a(T)b=)Y_ a;T'(b),
i=0

where a = Z’.“:Bl aje;. Then St = (V, .) defines a Jha-Johnson semifield.

1

Let L; r denote the semilinear transformation v — tv mod, f.

Theorem 1.4. ([44, Theorems 15 and 16]). If o is an automorphism of K and
f(t) € K[t;0] is irreducible then Sy = Si,;. Conversely, if T is any irreducible
element of TL(V) with automorphism o, St is isotopic to S¢ for some irreducible

F(t) € K[t;0].

This means that every Petit algebra S¢ with f(t) € K[t; 0] irreducible is a
Jha-Johnson semifield, and every Jha-Johnson semifield is isotopic to some

S¢.

11



THE STRUCTURE OF PETIT ALGEBRAS

In the following, let D be an associative division ring with center C, o be an
endomorphism of D, é be a left o-derivation of D and f(t) € R = DIt; 0, J].

Recall S¢ is a nonassociative algebra over F = C N Fix(c) N Const(J).

2.1 SOME STRUCTURE THEORY

In this Section we investigate the structure theory of Petit algebras. We

begin by summarising some of the structure results stated by Petit in [52]:
Theorem 2.1. ([52, (2), (5), (1), (14), (15)]). Let f(t) € R be of degree m.
(i) If Sy is not associative then
Nuc;(S¢) = Nucy, (S¢) = D,

and

Nuc,(Ss) = {g € R | deg(g) <mand fg € Rf}.

(ii) The powers of t are associative if and only if t" ot = t ot if and only if
t € Nuc,(S¢).
(iii) S is associative if and only if f(t) is right invariant.

(iv) Suppose § = 0, then Comm(S¢) contains the set

m—1

{ ) cit' | ¢; € Fix(0) and de; = cjo'(d) foralld € D, i = 0,...,m—1}.

i=0
(2.1)

12



2.1 SOME STRUCTURE THEORY

If t is left invertible the two sets are equal.

(v) Suppose 6 = 0 and f(t) = " — 2;”:61 a;tt € D[t;o]. Then f(t) is right
invariant if and only if 0™ (z)a; = a;0'(z) and o(a;) = a; for all z € D,
i€{0,...,m—1}.

The nuclei of Sy were also calculated for special cases by Dempwolff in

[17, Proposition 3.3].

Remark. ([55, Remark ol). If f(t) = t" — Y Laitt € D[t;0), then t is left
invertible is equivalent to ay # 0. Indeed, if ag = 0 and there exists g(t) € Ry,
and q(t) € R such that g(t)t = q(t)f(t) + 1, then the left side of the equation has
constant term 0, while the right hand side has constant term 1, a contradiction.
Conversely, if ag # 0 then defining g(t) = ay't"~1 — Y™ 2ag a; 1, we
conclude g(t)t = aalf(t) + 1, therefore g(t) ot = 1 and t is left invertible in Sy.

Corollary 2.2. Suppose 0 € Aut(D) is such that o|c has order at least m or
infinite order, f(t) € DIt;o] has degree m and t € S¢ is left invertible. Then
Comm(Ss) = F = C N Fix(0).

Proof. Comm(Sy) is equal to the set (2.1) by Theorem [2.1] liv) in particular
F = CNFix(¢) € Comm(Sy). Let now Y/' ¢;t' € Comm(Sy) and suppose,
for contradiction, ¢; # 0 for some j € {1,...,m —1}. Then bej = ¢jo’(b) for
all b € D, thus (b — O’j(b))Cj =0 forallb € C and so b — ¢/(b) = 0 for all
b € C, a contradiction since ¢|c has order > m. Therefore 2;” o Ci H = ¢

and ¢g € F by (2.1). O

Proposition 2.3. Let L be a division subring of D such that o|p is an endo-
morphism of L and 6|y is a o|p-derivation of L. If f(t) € L[t;o|L,d|L] then
L[t;o|r,8|L]/ LIt o|L, O|L]f(t) is a subring of Sy = DIt; 0, 8]/ D[t; o, 8] f(t).

Proof. Clearly L{t;c|r,d|L]/L[t; |1, d|L]f(t) is a subset of S¢ and is a ring in
its own right. Additionally L[t;o|r,d|r]/L[t; 0|1, d|L]f(t) inherits the mul-
tiplication in S¢ by the uniqueness of right division in L[t;c|r,d]] and in

D[t;0,9]. O

13



2.1 SOME STRUCTURE THEORY

Given f(t) € R = DIJt;0,0] of degree m, the idealizer I(f) = {g €
R | fg € Rf} is the largest subalgebra of R in which Rf is a two-sided
ideal. We then define the eigenring of f(t) as the quotient E(f) = I(f)/Rf.
Therefore the eigenring

E(f) ={g € R|deg(g) <mand fg € Rf}

is equal to the right nucleus Nuc,(Ss) by Theorem i), which as the right

nucleus, is an associative subalgebra of S¢. By Theorem i) we obtain:
Corollary 2.4. Let f(t) € R.
(i) E(f) = Syifand only if f(t) is right invariant if and only if S is associative.
(ii) If f(t) is not right invariant then Cent(S¢) = F.
Proof. (i) If f(t) is not right invariant then E(f) = Nuc,(Sf) # Ss by
Theorem [2.1{i). On the other hand if f(t) is right invariant, then Rf is
a two-sided ideal, hence f|,fg for all g € R, and so E(f) = S £
(i) We have

Cent(S¢) = Comm(Ss) N Nuc(S¢) = Comm(Ss) N D N E(f)
=FNE(f)=F,

by Theorem
[]

Example 2.5. If K is a finite field, o is an automorphism of K and f(t) € K[t; 0]

is irreducible of degree m, then
E(f) = {umod,f | u € Cent(K[t;0])} = Fym

by l44, p- 9l.

Theorem 2.6. Let f(t) = t" — Y " ta;t' € D[t 0,8] be such that f(t) is not
right invariant and a; € Fix(c) N Const(d) for all j € {0,...,m —1}. Then the

set

m—1 )
{ Y kit' | k; € F = CNFix(0) N cOnst((S)}, (2.2)
i=0

is contained in Nuc,(S¢).

14
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Proof. Clearly F C Nuc, (S f), therefore if we can show t € Nuc,(S f), then
is contained in Nuc,(S¢). To this end, we calculate

m—1 ) m—2 m—1 )
ot = ( y a,-#) ot=Y ait ta, 1 Y at,
i=0 i=0 i=0
and
m—1 ) m—2 )
tot" —to( Y at) =toa, 1t" " to Y af
i=0 i=0
m—2 )
= (U(am,l)t + 5((1,”,1)) o) tm_l + Z (O'(lli)t + 5([11'))1'1
i=0

m=1 m=2 .
=y Z a;tt + Z ElitH— p
i=0 i=0

since ag, a1, ...,a,—1 € Fix(c) N Const(d). Therefore t" ot = to t™, which

yields t € Nuc,(Sy) by Theorem j2.1ii). O

If we assume additionally 4; € C in Theorem [2.6] i.e. we assume f(t) €
F[t], then we obtain:

Corollary 2.7. Let f(t) € F[t] = F[t;0,8] C DI[t;0,6] be of degree m and not
right invariant. Then the set is a commutative subalgebra of Nuc,(Ss). Here
equals F[t|/F[t|f(t). Furthermore, if f(t) is irreducible in F|t], the set
is a field.

Proof. Sy contains the commutative subalgebra F[t]/F[t]f(t) which is iso-
morphic to because f(t) € F[t]. Now, is contained in Nuc,(S¢)
by Theorem [2.6|and thus if f(#) is irreducible in F[t], then F[t]/F[t]f(t) is a
field. O

When ¢ = id, Corollary [2.7]is precisely [56, Proposition 2].

Remark. Suppose K is a finite field, o is an automorphism of K and F = Fix(0).
If f(t) € F[t] C K][t; 0] is irreducible and not right invariant, then is equal
to Nuc,(S¢) [66) Theorem 3.2].

15



2.2 SO-CALLED RIGHT SEMI-INVARIANT POLYNOMIALS

2.2 SO-CALLED RIGHT SEMI-INVARIANT POLYNOMIALS

As in the previous Section, suppose D is a division ring with center C, ¢ is
an endomorphism of D, ¢ is a left o-derivation of D and f(t) € R = D]t;, d].
We now investigate conditions for D to be contained in the right nucleus of
S¢, therefore either Sy is associative or Nuc(Sy) = D by Theorem i). We

do this by looking at so-called right semi-invariant polynomials:

Definition. ([39], [72]). A polynomial f(t) € R is called right semi-invariant
if f(t)D C Df(t). Similarly, f(t) is left semi-invariant if Df (t) C f(¢t)D.

We have f(t) is right semi-invariant if and only if df(t) is right semi-
invariant for all d € D* [39, p. 8]. For this reason it suffices to only consider
monic f(t). Furthermore, if ¢ is an automorphism, then f(t) is right semi-
invariant if and only if it is left semi-invariant if and only if f(f)D = Df ()
[39, Proposition 2.7].

For a thorough background on right semi-invariant polynomials we refer
the reader to [39] and [42]. Our interest in right semi-invariant polynomials

stems from the following result:

Theorem 2.8. f(t) € R is right semi-invariant if and only if D C Nuc(Sy).
In particular, if f(t) is right semi-invariant, then either Nuc(Ss) = D or Sy is

associative.

Proof. If f(t) € R is right semi-invariant, f(¢)D C Df(t) C Rf(t) and hence
D C E(f) = Nuc,(Sf). Conversely, if D C Nuc,(S¢) = E(f) then for all
d € D, there exists g(t) € R such that f(t)d = q(t) f(t). Comparing degrees,
we see 4(f) € D and thus f(t)D C Df(t).

The second assertion follows by Theorem [2.1[i). O

The following result on the existence of a non-constant right semi-invariant

polynomial is due to Lemonnier [45]:

Proposition 2.9. ([g5, (9.21)]). Suppose o is an automorphism of D, then the

following are equivalent:

16



2.2 SO-CALLED RIGHT SEMI-INVARIANT POLYNOMIALS

(i) There exists a non-constant right semi-invariant polynomial in R.
(ii) R is not simple.

(iii) There exist by, ..., by, € D with by, # 0 such that byd.g + Y1 bi6' = 0,
where 0 is an endomorphism of D and 6.9 denotes the 0-derivation of D

sending x € D to cx — 6(x)c.
Combining Theorem [2.8) and Proposition [2.g we conclude:

Corollary 2.10. Suppose o is an automorphism of D and R is simple. Then there
are no nonassociative algebras Sy with D C Nuc,(S¢). In particular there are no

nonassociative algebras S¢ with D C Nuc(Sy).

Proof. R is not simple if and only if there exists a non-constant right semi-
invariant polynomial in R by Proposition and hence the assertion fol-
lows by Theorem O

Theorem [2.8 allows us to rephrase some of the results on semi-invariant

polynomials in [39] and [42], in terms of the right nucleus of Sy:

Theorem 2.11. ([39, Lemma 2.2, Corollary 2.12, Propositions 2.3 and 2.4], [42)
Corollary 2.6]). Let f(t) = Y a;t' € R be monic of degree m.
(i) D C Nuc,(Sy) if and only if f(t)c = o™ (c)f(t) for all c € D, if and only
if
m
o"(c)aj =) a;S;i(c) (2.3)
i=j
forallc € Dand j € {0,...,m — 1}, where S; ; is defined as in (1.4).

(ii) Suppose o is an automorphism of D of infinite inner order. Then D C

Nuc, (Sy) implies S¢ is associative.

(iii) Suppose 6 = 0. Then D C Nuc,(Sy) if and only if

1

" (c) = ajcrj(c)a]._ (2.4)

forallc € Dandall j € {0,...,m — 1} with a; # 0. Furthermore, S¢
is associative if and only if f(t) satisfies and a; € Fix(c) for all j €
{0,...,m—1}.

17



2.2 SO-CALLED RIGHT SEMI-INVARIANT POLYNOMIALS

(iv) Suppose 6 = 0 and o is an automorphism of D of finite inner order k, i.e.
ok = I, for some u € D*. The polynomials ¢(t) € DIt;c] such that
D C Nuc,(Sq) are precisely those of the form

n . .
by cju" Ik, (2.5)
j=0

wheren € N, ¢, =1, cieC and b € D*. Furthermore, S is associative if
and only if ¢(t) has the form and cju" € Fix(o) forall j € {0,...,n}.

(v) Suppose o = id. Then D C Nuc,(S¢) is equivalent to
m. /i -
caj =Y. () 2677 (c), (2.6)
i=
forallc € D, j € {0,...,m —1}. Furthermore, Sy is associative if and only
if f(t) satisfies and a; € Const(0) forall j € {0,...,m —1}.

Theorem [2.11{iii) provides us with an alternate proof of [64, Corollary

3.2.6] about the nucleus of nonassociative cyclic algebras:

Corollary 2.12. ([64) Corollary 3.2.6]). Let A = (K/F,0,a) be a nonassociative
cyclic algebra of degree m for some a € K\ F. Then Nuc(A) = K.

Proof. Notice A = K[t;c]/K[t;0](t" —a) and t™ — a is right semi-invariant
by Theorem 2.11{iii). Hence K C Nuc,(A) by Theorem [2.8] since A is not

associative. ]

Let L be a division subring of D. Then we can look for conditions for L C
Nuc, (Sf) by generalising the definition of right semi-invariant polynomials
as follows: We say f(t) € D[t;0,6] L-weak semi-invariant if f(f)L C Df(t).
Clearly any right semi-invariant polynomial is also L-weak semi-invariant

for every division subring L of D. Moreover we obtain:

Proposition 2.13. f(f) is L-weak semi-invariant if and only if L C E(f)
Nuc,(S¢). If f(t) is L-weak semi-invariant but not right invariant, then L C
Nuc(Sf) € D.

18
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Proof. If f(t) € R is L-weak semi-invariant, f(t)L C Df(t) € Rf(t) and
hence L C E(f). Conversely, if L C E(f) then for all I € L, there exists
q(f) € R such that f(t) = q(t)f(t). Comparing degrees, we see q(t) € D
and thus f(f)L C Df(t).

Hence if f(t) is L-weak semi-invariant but not right invariant, then
L € Nuc(Sf) =E(f)NnD C D
by Theorem [2.1} which yields the second assertion. O

Example 2.14. Let K be a field, o be a non-trivial automorphism of K, L = Fix(¢/)
be the fixed field of o7 for some j > 1 and f(t) = Y ya;t’ € K[t;0]. Then
n .. n .. .. n .
fOI=Y ait"l =) aic" ()17 =Y ailtT = 1f(¢),
i=0 i=0 i=0

for all | € L and hence f(t)L C Lf(t). In particular, f(t) is L-weak semi-

invariant.

It turns out that results similar to Theorem [2.11{i), (iii) and (v) also hold

for L-weak semi-invariant polynomials:

Proposition 2.15. Let f(t) = Y ja;t' € D[t; o, 8] be monic of degree m and L

be a division subring of D.

(i) f(t)is L-weak semi-invariant if and only if f(t)c = o™ (c)f(t) forall c € L,
if and only if
o™ (c)aj =) aiS;j(c) (2.7)
i=]
forallce L, je{0,...,m—1}.

(ii) Suppose 6 = 0. Then f(t) is L-weak semi-invariant if and only if c™(c)a; =
ajol(c) forallc € L, j € {0,...,m —1}.

(iii) Suppose o = id. Then f(t) is L-weak semi-invariant if and only if

caj = i (;) ;0" (c) (2.8)

i=j

forallce L, je{0,...,m—1}.
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Proof. (i) We have
m ) m i ) m m )
(He=Y ait'ce =) a;) Sij(e)f =) Y aiSij(c)!  (29)

i=0 i=0  j=0 j=0i=j
for all ¢ € L, hence the t" coefficient of f(t)c is Sym(c) = ¢™(c), and
so f(t) is L-weak semi-invariant if and only if f(f)c = ¢™(c)f(t) for
all c € L. Comparing the #/ coefficient of and o™ (c)f(t) for all
j€{0,...,m—1} yields (2.7).

(ii)) When 6 = 0, S;; = 0 unless i = j in which case S;; = oJ. Therefore
simplifies to 0™ (c)a;j = a;o’(c) forallc € L, j € {0,...,m —1}.

(iii)) When o = id we have

o= 5 ()

for all c € D by [32, (1.1.26)] and thus

c—ZatZC—iZE)alZ()él] t]—22(>a(51 o)t (2.10)

j=0i=j
for all ¢ € L. Furthermore f(t) is L-weak semi-invariant is equivalent
to f(t)c = cf(t) for all ¢ € L by (i). Comparing the t/ coefficient of
and cf(t) = Y ca;t' forallc € L, j € {0,...,m — 1} yields
(2.8).

2.3 WHEN ARE PETIT ALGEBRAS DIVISION ALGEBRAS?

In this Section we look at conditions for Petit algebras to be right or left
division algebras. This is closely linked to whether the polynomial f(t)
used in their construction is irreducible.

Given f(t) € R = DIJt;0,0], recall S; is a right (resp. left) division
algebra, if the right multiplication R, : S = S X xoa, (resp. the left

multiplication L, : Sy — S¢, x — aox), is bijective for all 0 # a € Sy.
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Furthermore Sy is a division algebra if it is both a right and a left division
algebra. If S¢ is finite-dimensional over F, then S¢ is a division algebra if
and only if it has no zero divisors [60, p. 12].

We say f(t) € R is bounded if there exists 0 # f* € R such that Rf* =
f*R is the largest two-sided ideal of R contained in Rf. The element f* is
determined by f up to multiplication on the left by elements of D*.

The link between factors of f(t) and zero divisors in the eigenring E(f)

is well-known:
Proposition 2.16. Let f(t) € R.

(i) ([z3) Proposition 4]). If f(t) is irreducible then E(f) has no non-trivial zero

divisors.

(ii) ([z3), Proposition 4]). Suppose o is an automorphism and f(t) is bounded.
Then f(t) is irreducible if and only if E(f) has no non-trivial zero divisors.

(iii) ([22), Theorem 3.3]). If D = F is a finite field and 6 = 0, all polynomials are
bounded and hence f(t) is irreducible if and only if E(f) is a finite field.

In general, the statement f(¢) is irreducible if and only if E(f) has no non-
trivial zero divisors is not true. Examples of reducible skew polynomials
whose eigenrings are division algebras are given in [23, Example 3] and

[62]. We prove the following result, stated but not proved by Petit in [52,
p- 13-07]:

Proposition 2.17. If f(t) € R is irreducible then E(f) is a division ring.

Proof. Let Endr(R/Rf) denote the endomorphism ring of the left R-module
R/Rf, thatis Endg(R/Rf) consists of all maps ¢ : R/Rf — R/Rf such that
p(rh+7r'W') =rp(h)+7r'¢p(') forall r,7’ € R, h, i’ € R/Rf.

Now f(t) irreducible implies R/Rf is a simple left R-module [23] p. 15],
therefore Endg (R/Rf) is an associative division ring by Schur’s Lemma [38)
p. 33]. Finally E(f) is isomorphic to the ring Endg(R/Rf) [23, p. 18-19] and

thus E(f) is also an associative division ring. O
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We now look at conditions for S to be a right division algebra.

Lemma 2.18. If f(t) € R is reducible, then Sy contains zero divisors. In particular,

Sy is neither a left nor right division algebra.

Proof. Suppose f(t) = g(t)h(t) for some g(t),h(t) € R with deg(g(t)),
deg(h(t)) < deg(f(t)), then g(t) o h(t) = g(t)h(t) mod,f = 0. O

Notice Sy is a free left D-module of finite rank m = deg(f(t)) and let
0#acSs Then Ry(y+z) = (y+z)oa=(yoa)+(zoa) = Ry(y) + Ra(z)
and

Ry(koz) =(koz)oa=ko(zoa) =koR,(z),

forallk € D, y,z € Sy, since either Sy is associative or has left nucleus equal
to D by Theorem Thus R, is left D-linear. We will require the following

well-known Rank-Nullity Theorem:

Theorem 2.19. (See for example [30, Chapter IV, Corollary 2.14]). Let S be a free
left (resp. right) D-module of finite rank m and ¢ : S — S be a left (resp. right)

D-linear map. Then
dim(Ker(¢)) + dim(Im(¢)) = m,
in particular, ¢ is injective if and only if it is surjective.

Theorem 2.20. ([52} (6)]). Let f(t) € R have degree m and 0 # a € Sy. Then R,
is bijective is equivalent to 1 being a right greatest common divisor of f(t) and a.

In particular, f(t) is irreducible if and only if Sy is a right division algebra.

Proof. Let 0 # a € Sy. Since Sy is a free left D-module of finite rank m and
R, is left D-linear, the Rank-Nullity Theorem implies R, is bijective
if and only if it is injective which is equivalent to Ker(R,) = {0}. Now

R,(z) = zoa = 0 is equivalent to za € Rf, which means we can write
Ker(R;) = {z € Ry | za € Rf}.

Furthermore, R is a left principal ideal domain, which implies za € Rf if

and only if za € RaNRf = Rg = Rha, where g = ha is the least common
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left multiple of 2 and f. Therefore za € Rf is equivalent to z € Rh, and
hence Ker(R;) # {0}, if and only if there exists a polynomial of degree
strictly less than m in Rh, which is equivalent to deg(h) < m — 1.

Let b € R be a right greatest common divisor of @ and f. Then
deg(f) +deg(a) = deg(g) + deg(b) = deg(ha) + deg(b),

by [32, Proposition 1.3.1], and so deg(b) = deg(f) — deg(h). Thus deg(h) <
m — 1 if and only if deg(b) > 1, so we conclude Ker(R;) = {0} if and only
if deg(b) = 0, if and only if 1 is a right greatest common divisor of f(t) and
a. In particular, this implies S is a right division algebra if and only if R,
is bijective for all 0 # a € Sy, if and only if 1 is a right greatest common

divisor of f(t) and a for all 0 # a € Sy, if and only if f(¢) is irreducible. [

We wish to determine when Sy is also a left division algebra, hence when

it is a division algebra.

Proposition 2.21. If f(t) € R is right invariant, then f(t) is irreducible if and
only if Sy is a division algebra.

Proof. Suppose f(t) is right invariant so that S¢ is associative by Theorem
If f(t) is reducible then Sy is not a division algebra by Lemma
Conversely, if f(t) is irreducible the maps Ry, are bijective for all 0 # b € S
by Theorem This implies the maps L; are also bijective for all 0 # b
Sr by [12, Lemma 1B], and so Sy is a division algebra. O

Lemma 2.22. If f(t) is irreducible then L, is injective for all 0 # a € Sy.

Proof. 1f f(t) is irreducible then L,(z) = aoz = R;(a) = 0 is impossible for
0 # z € Sy, as R; is injective by Theorem [2.20] Thus L, is also injective. [

In general L, is neither left nor right D-linear. Therefore, when f(t) is
irreducible we cannot apply the Rank-Nullity Theorem to conclude L, is
surjective, as we did for R, in the proof of Theorem In fact, the follow-

ing Theorem shows that L, may not be surjective even if f(t) is irreducible:
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2.3 WHEN ARE PETIT ALGEBRAS DIVISION ALGEBRAS?

Theorem 2.23. Let f(t) = t" — Y7 L a;t' € D[t; 0] where ag # 0. Then for every
je{l,...,m—1}, L, is surjective if and only if o is surjective. In particular, if

0 is not surjective then Sy is not a left division algebra.

Proof. We first prove the result for j = 1: Given z = Z;.”:Bl zith € S £, we have

m—2
Li(z) =toz = 2 o(z) T + o (zpy_1)t ot}
- =0 . (2.11)
Z zllt+azm1 Zatl
i=1 i=0

(=) Suppose L; is surjective, then given any b € D there exists z € S¢
such that toz = b. The t%-coefficient of Lt(z) is ¢(z,_1)do by (2.11),
and thus for all b € D there exists z,,_1 € D such that 0(z,,_1)ag = b.

Therefore ¢ is surjective.

m—

(<) Suppose 0 is surjective and let g = )"

0 loies - Define

Zp—1 = (7_1(801161), Zji-1 = (7—1(81') — Zm—l(f_l(ai)

foralli e {1,...,m —1}. Then

m—1 ) m—1 )
Li(z) = 0(zm-1)ao+ Y (0(ziz1) + 0(zmaa)t' = Y git' =g,
i=1 i=0

by (2.11), which implies L; is surjective.

Hence L; surjective is equivalent to ¢ surjective. To prove the result for all

jeA{l,...,m—1} we show that
L= L{;, (2.12)

forall j € {1,...,m — 1}, then it follows 0 is surjective if and only if L; is
surjective if and only if L{ = L,; is surjective. In the special case when D =
IF; is a finite field, ¢ is an automorphism and f(t) is monic and irreducible,
the equality is proven in [44, p. 12]. A similar proof also works more

generally in our context: suppose inductively that L,; = L{ for some j €
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2.3 WHEN ARE PETIT ALGEBRAS DIVISION ALGEBRAS?

{1,...,m —2}. Then L}(b) = #/b mod,f for all b € R,,. Let Li(b) = b’ so
that #/b = qf + b’ for some q € R. We have

L™ 0) = Li(Li(®) = Li(¥') = Li(tb —af) = to (8 =)
= (10 — tqf) mod, f = #*'b mod, f = L1 (b),

hence follows by induction. O

We can use Theorems [2.20 and [2.23| to find examples of Petit algebras

which are right but not left division algebras:

Corollary 2.24. Suppose o is not surjective and f(t) € D[t; 0] is irreducible. Then

Sy is a right division algebra but not a left division algebra.

Example 2.25. Let K be a field, y be an indeterminate and define o : K(y) —
K(y) by o|lx = id and o(y) = y> Then o is an injective but not surjective
endomorphism of K(y) [7, p. 1231. For a(y) € Kly] denote by deg, (a(y)) the
degree of a(y) as a polynomial in y.

Let f(t) = t> —a(y) € K(y)[t;o] where 0 # a(y) € Kly] is such that
31 degy(a(y)). We will show later in Corollary that f(t) is irreducible in
K(y)[t; o], hence Sy is a right, but not a left division algebra by Corollary

The following result was stated but not proved by Petit 52, (7)]:

Theorem 2.26. ([52, (7)]). Let f(t) € DIt;0,0] be such that S¢ is a finite-
dimensional F-vector space or a right Nuc,(S¢)-module, which is free of finite

rank. Then Sy is a division algebra if and only if f(t) is irreducible.

Proof. When S is associative the assertion follows by Proposition SO
suppose Sy is not associative. If f(t) is reducible, S is not a division algebra
by Lemma Conversely, suppose f(t) is irreducible so that S¢ is a right
division algebra by Theorem Let0 #a €S f be arbitrary, then L, is
injective for all 0 # a € Sy by Lemma We prove L, is surjective, hence

Sy is also a left division algebra:
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2.3 WHEN ARE PETIT ALGEBRAS DIVISION ALGEBRAS?

(i) Suppose Sy is a finite-dimensional F-vector space. Then since F C

Nuc(S¢), we have
Ly(koz) =ao(koz)=(aok)oz= (koa)oz=ko(aoz)=koL,(z)

and

Ly(zok) =ao(zok) = (aoz)ok = L,(z) ok,

forallk e F,z€ S f- Therefore L, is F-linear, and thus L, is surjective

by the Rank-Nullity Theorem

(ii) Suppose Sy is a free right Nuc,(Ss)-module of finite rank, then E(f)
is a division ring by Proposition Furthermore, we have

Ly(zok) =ao(zok)=(aoz)ok=Ls(z)ok

for all k € Nuc,(S¢), z € Sy and so L, is right Nuc,(Ss)-linear. There-
fore L, is surjective by the Rank-Nullity Theorem

]

Theorem 2.27. Let ¢ be an automorphism of D, L be a division subring of D such
that D is a free right L-module of finite rank, and f(t) € D[t;0,6] be L-weak
semi-invariant. Then S¢ is a division algebra if and only if f(t) is irreducible. In
particular if o is an automorphism of D and f(t) is right semi-invariant then Sy is

a division algebra if and only if f(t) is irreducible.

Proof. 1f f(t) is reducible then S¢ is not a division algebra by Lemma M
Conversely, suppose f(t) is irreducible. Then S is a right division algebra
by Theorem so we are left to show Sy is also a left division algebra. Let
0 # a € Sy be arbitrary and recall L, is injective by Lemma Since f(f)

is L-weak semi-invariant, L C Nuc,(S¢) which implies
Ly(zoA) =ao(zoA)=(aoz)oA=L,(z)0A,

forallze S fr A € L. Hence L, is right L-linear.
St is a free right D-module of rank m = deg(f) because ¢ is an automor-

phism. Since D is a free right L-module of finite rank then also Sy is a free
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right L-module of finite rank. Thus the Rank-Nullity Theorem implies

L, is bijective as required. O

2.4 SEMI-MULTIPLICATIVE MAPS

Definition. A map of degree m over a field F, is a map M : V — W between two
finite-dimensional vector spaces V and W over F, such that M(av) = a™M(v) for
allo € F, v € V, and such that the map M : V x --- x V — W defined by
M(vy,...,0;m) = Y. (—1)’”71M(vi1—|—...—|—vil),
1<ip<---<ij<m
(1 <1 < m) is m-linear over F. A map M : V — F of degree m is called a form

of degree m over F.

Definition. Consider a finite-dimensional nonassociative algebra A over a field
F containing a subalgebra D. A map M : A — D of degree m is called left
semi-multiplicative if M(dg) = M(d)M(g), foralld € D, g € A. Right

semi-multiplicative maps are defined similarly.

As before let D be a division ring with center C, ¢ be an endomorphism
of D, ¢ be a left o-derivation of D, and f(t) € DJt; 0, 6] be of degree m. In his
Ph.D. thesis [64) §4.2], Steele defined and studied a left semi-multiplicative
map on nonassociative cyclic algebras. In this Section, we show that when D
is commutative and Sy is finite-dimensional over F = C N Fix(c) N Const(J),
then we can similarly define a left semi-multiplicative map My for S.

In the classical theory of associative central simple algebras of degree n,
the reduced norm is a multiplicative form of degree n. The maps My can

be seen as a generalisation of the reduced norm.

Consider S¢ as a free left D-module of rank m = deg(f(t)) with basis
{1,t,...,t" 1}, and recall the right multiplication Ry : S¢ — Sy, h+— hog
is left D-linear for all 0 # g € S by the argument on page [22| Define

A Sf — El’ldD(Sf), g Rg,
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2.4 SEMI-MULTIPLICATIVE MAPS

which induces a map
where W, € Maty, (D) is the matrix representing R, with respect to the
basis {1,t,...,t""1}. If we represent h = hg + hyt + ...+ hy "1 € Sf
as the row vector (hg, hy, ..., h,_1) with entries in D, then we can write the
product of two elements in S; as ho g = hWj.

When D is commutative, define My : Sy — D by M¢(g) = det(W;). No-
tice this definition does not make sense unless D is commutative, otherwise

Wq is a matrix with entries in the noncommutative ring D, and as such we

cannot take its determinant.

Proposition 2.28. Suppose f(t) is right invariant, i.e. Sy is associative, then
WeWy, = Weoy, for all g, h € Sy. In particular, if D is commutative then My is

multiplicative.
Proof. We have
YWeon =y o (goh) = (yog)oh = (yWe)Wy, = y(WgWp)
for all y,¢g,h € 57, where we have used the associativity in Sy and the

associativity of matrix multiplication. This means WyW; = W, for all

g, hes f- If D is commutative, then
Mf(g o h) = det(Wgoh) = det(WgWh) = det(Wg)det(Wh) = Mf(g)Mf(h)
for all g, € S¢, therefore M is multiplicative. O

In general, Wyo, # WyW), for g,h € S¢ unless Sy is associative since the

map ¢ — W, is not an F-algebra homomorphism. Nevertheless we obtain:

Proposition 2.29. WyW, = Wy, foralld € D, g € Sy. In particular, if D is com-

mutative and Sy is finite-dimensional over F, then My is left semi-multiplicative.

Proof. Consider d € D as an element of Ss so that d = d + 0t +... + 0",
When S is associative the assertion follows by Proposition otherwise
D = Nucy,(Sf) by Theorem [2.1/and so

YWiog =y o (dog) = (yod)og = (yWa)Wg = y(WyWy)
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foralld € D, y,g € Sy. Thus WyWe = Wyq,.

If D is commutative and S £is finite-dimensional over F, then
Mf(d og) = det(Wdog) = det(Wde) = det(Wd)det(Wg) = Mf(d)Mf(g)
foralld € D, g € Sy and so My is left semi-multiplicative. O

Examples 2.30. (i) Let f(t) = t>* —ayt —ag € D[t;0,8]. Given ¢ = go +
g1t € Sp with go, g1 € D, the matrix Wy has the form

80 31 .
o(g1)ao +9(g0) o (g0) +o(g1)ar +(g1)

(ii) Let f(t) = t" —a € D[t; 0], then given g = g0+ g1t + ... + gu_1t" 1 €
Sf, &i € D, the matrix Wy has the form

80 81 g2 e Sme1
o(gm-1)a o(go) o(g1) o o(gm-2)
o (gm-2)a 0*(gm-1)o(a) o*(80) e 0% (gm-3)

*(gm-3)a o>(gm-2)o(a) (gm-1)c*(a) -+ >(gm—4)

0" 1(g1)a 0" N(g2)o(a) 0" H(g3)o(a) -+ " (go)
In other words, Wy = (Wj); j—0,...m—1, Where
o' (gj-i) ifi <j,

Ui(gm_i+j)<7j(a) Zfl >j.

Wl']' =

If D is a finite field, the matrix Wy is the (o, a)-circulant matrix MY in [21].
In this case, Proposition is [21, Remark 3.2(b)].
We now look at the connection between My and zero divisors in Sy:
Theorem 2.31. Suppose D is commutative.
(i) Let 0 # g € Sy. If g is not a right zero divisor in S¢ then M¢(g) # 0.

(ii) Sy has no non-trivial zero divisors if and only if M¢(g) # 0 for all 0 # g €
Sy, if and only if Sy is a right division algebra.

29



2.4 SEMI-MULTIPLICATIVE MAPS

(iii) If Sy is a finite-dimensional left F-vector space or a free of finite rank right
Nuc, (S¢)-module, then S¢ is a division algebra is equivalent to M¢(g) # 0
forall0 # g € Sy.

Proof. (i) If Wq is a singular matrix, then the equation
hOg = (l’lo,. . .,hm,l)Wg = 0,

has a non-trivial solution (hy, ..., h,_1) € D™, contradicting the as-

sumption that g is not a right zero divisor in Sy.

(ii) Suppose M(g) # 0 for all 0 # g € S¢. If g,h € Sy are non-zero and
hog =hWy =0 then h = OWg_ 1 = 0, a contradiction. Hence S ¥ has
no non-trivial zero divisors. Conversely, if S ¥ has no non-trivial zero

divisors then Mf(g) # 0 for all 0 # g € Sy by (i).

Additionally, S¢ contains no non-trivial zero divisors if and only if the
right multiplication map Rg : S¢ — Sy, x — x 0 g is injective for all
non-zero § € Sy, if and only if Sy is a right division algebra by the
proof of Theorem [2.20]

(iii) Follows from (ii) and Theorem [2.26]
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IRREDUCIBILITY CRITERIA IN SKEW POLYNOMIAL
RINGS

Let D be a division ring with center C, ¢ be an endomorphism of D and
be a left o-derivation. Throughout this Chapter we assume without loss of
generality f(t) € R = D[t; 0, 4] is monic.

In Section we saw that whether S¢ is a division algebra or not is
closely linked to whether the polynomial f(t) used in its construction is
irreducible. For instance, S¢ is a right division algebra if and only if f(t) is
irreducible by Theorem This motivates the study of factorisation and
irreducibility of skew polynomials which we do in the present Chapter. The
results we obtain, in conjunction with Theorems and yield criteria
for some Petit algebras to be (right) division algebras.

It is well-known that a skew polynomial can always be factored as a prod-
uct of irreducible skew polynomials. This factorisation is in general not

unique, however, the degrees of the factors are unique up to permutation:

Theorem 3.1. ([57, Theorem 1]). Every non-zero polynomial f(t) € R factorises
as f(t) = f1(t) - fu(t) where fi(t) € R is irreducible for all i € {1,...,n}.
Furthermore, if f(t) = g1(t) - - - gs(t) is any other factorisation of f(t) as a product
of irreducible g; € R, then s = n and there exists a permutation rt: {1,...,n} —
{1,...,n} such that f; is similar to g ;). In particular, f; and g ;) have the same
degree forall i € {1,...,n}.

We first restrict our attention to the case where § = 0.
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3.1 IRREDUCIBILITY CRITERIA IN R = D|[t; 0]

Let f(t) = t" — " la;tt € R = D[t;¢]. In order to study when f(¢)
is irreducible, we first determine the remainder after dividing f (¢) on the

rightby (t — b), b € D. By [32, p. 15] we have the identity
t' — oY (b)e'2(b) - - - b

— (tH + o) e (b)) - -U(b)) (t —b), 61

for all i € IN. Multiplying on the left by 2; and summing over i yields

m—1

f(t) =q(t)(t =b) + Nu(b) — ) a;iN;(b),

i=0
for some q(t) € R, where N;(b) = o'~ 1(b)---o(b)b for i > 0 and
No(b) = 1. Therefore the remainder after dividing f(¢) on the right by
(t—b)is Ny (b) — Z;”;c)l a;N;(b), and we conclude:

Proposition 3.2. ([32, p. 16]). (t — b)|.f (t) is equivalent to

m—1

Am N (b) — ZO a;N;(b) = 0.

When ¢ is an automorphism of D, we can also determine the remainder
after dividing f(t) on the leftby (t —b), b € D: Similarly to we have
the identity

H—bo=1(b) - ol (b) = (t — b) (ti_l o (k)2
Lo Y (B 2 (B)E 3 4 o YD) o2 (D) - - -al—f(b))
(3-2)
for all i € IN. Multiplying on the right by 0 ~/(a;), and using a;t' =
ti'c=i(a;) gives
ait' —bo Y(b) - (b)o " (a;)
= (t—b) (ti—l Lo Y B2 oY (B) o2 (D) - - -o*l_i(b)>(7_i(ai).

Summing over i, we obtain

m—1

f(#) = (t=b)g(t) + Mu(b) — ) Mi(b)o"(a;),

i=0
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for some q(t) € R where M;(b) are defined by Mo(b) = 1, M1(b) = b
and M;(b) = bo~1(b) --- o7 (b) for i > 2. We immediately conclude:

Proposition 3.3. Suppose ¢ is an automorphism of D. Then (t — )|, f(t) if and
only if My (b) — L25! M;(b)o—(a;) = 0.

A careful reading of Propositions [3.2 and [3.3| yields the following:

Corollary 3.4. Suppose o is an automorphism and f(t) = t" —a € D[t;0]. Then
f(t) has a left linear divisor if and only if it has a right linear divisor.

Proof. Letb € D, then (t —b)|,f(t) is equivalent to ¢~ 1(b) - - - o(b)b = a by
Proposition if and only if cc1(c) - - - 17" (c) = a where ¢ = 0" 1(b), if
and only if (t —c)|;f(t) by Proposition O

Using Propositions [3.2] and 3.3 we obtain criteria for some skew polyno-
mials of degree two or three to be irreducible. The following was stated but

not proven by Petit in [52] (17), (18)]:

Theorem 3.5. (i) Suppose o is an endomorphism of D. Then f(t) = t> —ajt —
ag € D|t; 0] is irreducible if and only if

o(b)b —a1b—ag #0,
forall b € D.

(ii) Suppose o is an automorphism. Then f(t) = t> — art?> — a;t — ag € D[t; 0]

is irreducible if and only if
o?(b)o(b)b — o*(b)o(b)ay — o (b)o(ay) — o*(ag) # 0,

and

o?(b)o(b)b — ao(b)b — a1b — ay # 0,
forallb € D.

Proof. (i) Since deg(f(t)) = 2, we have f(t) is irreducible if and only if
(t—0b) 1 f(t) forall b € D, if and only if

Nz (b) — a1N1(b) — agNo(b) = o (b)b — a1b —ag # 0,

for all b € D by Proposition
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(ii) Here deg(f(t)) = 3 and so f(t) is irreducible if and only if (t —b) t,
f(t)and (t —b) {; f(¢) for all b € D, if and only if

a?(b)o(b)b — axa(b)b — arh — ag # 0,
and
bo Y (b)o2(b) — bo 1 (b)o % (ay) — bo Y (ay) —ag # 0, (3-3)

for all b € D by Propositions and Applying o2 to (3.3) we

obtain the assertion.

]

When f(t) has the form f(t) = t> —a € DIt;o], we obtain the following
simplification of Theorem [3.5(ii):

Corollary 3.6. Suppose o is an automorphism of D, then f(t) = t3 —a € DIt; 0]
is irreducible is equivalent to o*(b)o(b)b # a for all b € D.

Proof. Recall f(t) has a right linear divisor if and only if it has a left linear
divisor by Corollary [3.4] Therefore f(#) is irreducible if and only if (t —b) 4,
f(t) for all b € D, if and only if 0?(b)o(b)b # a for all b € D by Proposition

=

Corollary 3.7. Let K be a field, y be an indeterminate and define o : K(y) — K(y)
by olx = id and o(y) = y?. For a(y) € Kly] denote by deg, (a(y)) the degree of
a(y) as a polynomial in y. Let f(t) = t* —a(y) € K(y)[t; o] where 0 # a(y) €
K{[y] is such that 3 1 deg, (a(y)). Then f(t) is irreducible in K(y) [t; 0]

Proof. Note that ¢ is an injective but not surjective endomorphism of K(y)
)

by [7, p- 123]. We have f(t) is irreducible is equivalent to o (b(y))b(y) # a(y

for all b(y) € K(y) by Theorem [3.51 Given 0 # b(y) € K(y), write b(y) =
c(y)/d(y) for some non zero ¢(y),d(y) € K[y].

If o(b(y))b(y) ¢ Kly] then o(b(y))b(y) # a(y) because a(y) € K[y]. Con-
versely suppose o(b(y))b(y) € K[y] and let c(y) = Y oAy, d(y) =
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2;1:0 pt]-yf for some A, p; € K with A, # 0. Then o(c(y)) = Yo Aiy?,

o(d(y)) = Lo ujy?, and so

oley)ely) _ Do AP Thoo M EhoEho Myt
FdW)A) TP Lo i T L s

This means deg, (o(b(y))b(y)) = 31 —3n is a multiple of 3, thus if 3 {
deg, (a(y)) then o(b(y))b(y) # a(y) and f(t) is irreducible. O

Consider the field extension C/R where Gal(C/R) = {id,c} and o de-
notes complex conjugation. By [54, Corollary 6], any non-constant g(t) €
C[t; 0] decomposes into a product of linear and irreducible quadratic skew
polynomials, in particular, every polynomial of degree > 3 is reducible. As
a Corollary of Theorem [3.5(i) we now give some irreducibility criteria for

f(t) € C[t; o] of degree 2:

Corollary 3.8. (i) Let f(t) = t> —a € C[t; 0], then f(t) is irreducible if and
onlyifae C\Rorae R ={reR|r <0}

(ii) [5, Corollary 2.6] Let f(t) = t* — ayt — ag € C[t; 0] with ag,a; € R, then
f(t) is irreducible in C[t; 0] if and only if a3 + 4ag < O if and only if f(t)
is irreducible in R[t]. Moreover, if f(t) is reducible, then the factorisation
of f(t) into monic linear polynomials is unique when ay # 0, whereas f(t)

factors an infinite number of ways into monic linear factors when a; = 0.

(iii) Let f(t) = t*> — ayt — ag € C[t; 0] where ag € R and a; = A + i for some
A p € R*. Then f(t) is irreducible if and only if ag < — (A% + p?)/4. In
particular, if ag > 0 then f(t) is reducible.

Proof. (i) We have f(t) is reducible is equivalent to o(b)b = a for some
b = c+di € C by Theorem which is equivalent to ¢? 4 d? = a for
some ¢,d € R. Therefore if 0 > a2 € R or a € C\ R, then f(f) must be
irreducible. On the other hand, if 0 < 4 € R then setting b = /a gives

o(b)b = b* = a as required.
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(iii) We have f(t) is reducible if and only if o(b)b — a1b — ay = 0 for some
b = c+di € C by Theorem [3.5] if and only if

A+ d*—Ac+pd —ag— (Ad + pc)i =

if and only if ¢ +d? — Ac+ ud —ag = 0 and Ad + pc = 0 for some
c¢,d € R. Therefore f(t) is reducible if and only if
2 2
FN 2 N
<1+/\2)c +< A A)C ap =0,
for some ¢ € R, if and only if
2.2 2
A K
() o 5) 20
if and only if ag > — (A% + p?)/4.
O]

Lemma 3.9. Let f(t) € R = D|[t;o] and suppose f(t) = q(t)g(t) for some
q(t),g(t) € R. Then f(bt) = q(bt)g(bt) forall b € F = C NFix(0).
Proof. Write q(t) = Y!_,qit’, g(t) = =0 gjt/, then

l

f(t) =q(t)g(t) =) Z qit'gitl = Z Z qiot (g,)E,

i=0j=0 i=0j=0
and so
l .
) = Y ai(b) Y g Z Z gi0 (g;)b" 7t
i=0 j=0 i=0j=0
= Z Z 9i0" (7) (b)) = f(bt),

i=0j=0

forall b € F. O

The following result was stated as Exercise by Bourbaki in [9, p. 344] and
proven in the special case where ¢ is an automorphism of order m in [16)]

Proposition 3.7.5]:
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Theorem 3.10. Let 0 be an endomorphism of D, f(t) = t" —a € R = DJt;0]
and suppose F = C N Fix(c) contains a primitive m*" root of unity. If g(t) € R is
a monic irreducible polynomial dividing f(t) on the right, then the degree d of g(t)
divides m and f(t) is the product of m/d polynomials of degree d.

Proof. Let g(f) € R be a monic irreducible polynomial of degree d dividing

h

f(t) on the right, and w € F be a primitive m™ root of unity.

Define g;(t) = g(w't) for all i € {0,...,m —1}. Then N/ ;' Rgi(t) is an

ideal of R, and since R is a left principle ideal domain, we have

m—1
Rh(t) = () Rgi(t), (3-4)
i=0

for a suitably chosen h(t) € R. Furthermore, we may assume /(f) is monic,

otherwise if () has leading coefficient d € D*, then Rh(t) = R(d~th(t)).
We show f(t) € Rh(t): As g(t) right divides f(t), we can write f(t) =

q(t)g(t) for some g(t) € R. In addition, we have (wt)’ = w't' for all i €

{0,...,m —1} because w € F, therefore
f(wit) = WM g =" g = f(t) = q(a)it)g(wit),

by Lemma [3.9|and so g;(t) right divides f(t) for alli € {0,...,m — 1}. This
means

m—1

f(t) € [ Rgi(t) = Rh(t),

i=0

in particular, Rh(t) is not the zero ideal.
We next show h(w't) = h(t) for all i € {0,...,m —1}: For simplic-

ity we only do this for i = 1, the other cases are similar. Notice h(t) €

ﬂ;-”:_ol Rg;(t) by (3.4) and thus there exists qo(t),...,qm-1(t) € R such that
h(t) = q;(t)gi(t), for all j € {0,...,m — 1}. Therefore

hwt) = qm-1(wt)gm-1(wt) = gm-1(wt)go(t),

and

h(wt) = qj(wt)gj(wt) = qj(wt)gj1(t) € Rgj1(t),
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forall j € {0,...,m — 2} by Lemma [3.9| which implies
m—1
h(wt) € () Rgj(t) = Rh(t).
j=0

As a result h(wt) = k(t)h(t) for some k(t) € R, and by comparing degrees,
we conclude 0 # k(t) = k € D. Suppose h(t) has degree | and write

h(t) =dap+... +a1,1tl_1 + tl, aj € D,

here Rg(t) D Rh(t) and f(t) € Rh(t) which yields deg(g(t)) =d <1 < m.
Since h(wt) = kh(t), we have kt! = (wt)! = (]_[;;(1) ol(w))t = w't! which
implies k = w'. Clearly, the coefficients a; must be zero forall j € {1,...,] —

1

1}, otherwise a;(wt)/ = kajt/ = w'a;t/ giving w/ = w', a contradiction as w

h

is a primitive m™ root of unity. This means h(t) = ' + ag, and with

W'+ ag = h(wt) = kh(t) = W' (F + ag) = 't + wlag,

we obtain w! = 1. This implies | = m and k = w™ = 1, hence h(wt) = h(t).
We next prove h(t) = f(t): Now f(t) € Rh(t) implies f(t) = t" —a =
p(t)(t"™ + ag) for some p € R. Comparing degrees we see p € D*, thus
t" —a = p(t"™ +ag) = pt™ + pag which yields p =1, ap = —a and f(t) =
h(t).
Finally, "' Rg;(t) = Rf(t) is equivalent to f(t) being the least common
left multiple of the g;(t), i € {0,...,m — 1} [32, p. 10]. As a result, we can

write

f(8) = ai,(6)qi,_, () - - i, (1),
by [51, p. 496], where iy = 0 < i, < ... < i, < m—1and each g; (t) € R
is similar to g; (t). Similar polynomials have the same degree [32, p. 14] so

r = m/d, and f(t) factorises into m/d irreducible polynomials of degree

d. ]

Theorem implies the following result, which improves [52, (19)] by

making 0~ 1(a) # ¢~ 1(b)---o(b)b for all b € D a superfluous condition:
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Theorem 3.11. Suppose m is prime, o is an endomorphism of D and F contains
a primitive m™ root of unity. Then f(t) = t" —a € DI[t; 0] is irreducible if and
only if it has no right linear divisors, if and only if

a#oc" b)) o(b)b
forallb € D.

Proof. Let g(t) € D]t; o] be an irreducible polynomial of degree d dividing
f(t) on the right. Without loss of generality g(¢) is monic, otherwise if g(f)
has leading coefficient ¢ € D*, then c~'¢(t) is monic and also right divides
f(t). Thus d divides m by Theorem and since m is prime, either d = m,
in which case g(t) = f(t), or d = 1, which means f(t) can be written as
a product of m linear factors. Therefore f(t) is irreducible if and only if

(t—b) 1 f(t) forall b € D, if and only if a # ¢™~1(b) - - - o(b)b, forall b € D
by Proposition O
Lemma 3.12. Let K be a field, y be an indeterminate, and o be the automorphism

of K(v) such that o|g = id and 0(y) = qy for some 1 # q € K*. Let b(y) € K(y)
and write b(y) = c(y)/d(y) for some c(y),d(y) € Kly] with d(y) # 0. Then

o/ (b(y)) = c(qg/y)/d(qy) for all j € N.

Proof. Write c(y) = Ao+ My + ...+ Ayl and d(y) = po + pry + ... + pny"
for some A;, nj €K, then

o (b(y)) = 2€®) _ 7/ (Ao) + 0 (My) +... 0T (Ay)
ol(d(y))  ol(po) + 0/ (pry) +...+ o7 (uny™)
_ Mot M)+ Ay Ao+ Mgy .+ Algly) — b(gly)
Ho+ 0l (y) + o+ a0l (y")  po+ gy + -+ pa(gly)" '

]

For a(y) € K[y] denote deg, (a(y)) the degree of a(y) as a polynomial in y.

Corollary 3.13. Let K(y) and o be as in Lemma Suppose m is prime, K con-
tains a primitive m™ root of unity, and f(t) = t" —a(y) € K(y)[t;o] where
0 # a(y) € Kly| is such that m { deg,(a(y)). Then f(t) is irreducible in
K(y)[t:0].
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Proof. We have f(t) is irreducible if and only if
Nin(b(y)) = "1 (b(y)) -+ o (b(y)b(y) # aly)

for all b(y) € K(y) by Theorem Given b(y) € K(y), write b(y) =
c(y)/d(y) for some c(y),d(y) € Kly] with d(y) # 0, then

m—1

_ @ y) - elqy)ely)
N = g ty) dtay)aty)
by Lemma(3.12} If Ny, (y) ¢ K[y], we immediately conclude Ny, (b(y)) # a(y)

because a(y) € K[y]. Conversely if N,,,(b(y)) € K[y], then

deg, (N (b(y))) = mdeg, (c(y)) — mdeg, (d(y))
for all 0 # b(y) € K(y). Therefore deg, (Nu(b(y))) is a multiple of m, thus
Nu(b(y)) # a(y) for all b(y) € K(y), and so f(t) is irreducible. O

Recall Nx,p(K*) C F* for any finite field extension K/F, therefore we
obtain the following Corollary of Theorem’s [3.5|and

Corollary 3.14. Let K/F be a cyclic Galois field extension of degree m with
Gal(K/F) = (o).

(i) If m = 2 then f(t) = > — a € K[t; 0] is irreducible for all a € K\ F.
(ii) If m = 3 then f(t) = t> —a € K[t; 0] is irreducible for all a € K \ F.

(iii) If m is prime and F contains a primitive m™ root of unity then f(t) =

t" —a € K[t; o] is irreducible for all a € K\ F.

Proof. We have ¢™~1(b)---o(b)b = Ng,r(b) € F, for all b € K, hence the
result follows by Corollary [3.6/and Theorems [3.5|and O

Recently in [5, Theorem 3.1], it was shown that in the special case where
K is an algebraically closed field and ¢ is an automorphism of K of order
n > 2, that every non-constant reducible skew polynomial in K[t; o] can be
written as a product of irreducible skew polynomials of degree less than
or equal to n. Notice that in this case, the Artin-Schreier Theorem implies
char(K) = 0 and n = 2 [38, p. 242]. Therefore we can immediately improve

[5, Theorem 3.1] to the following:
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Theorem 3.15. Let K be an algebraically closed field and o be an automorphism
of K of order n > 2. Then char(K) = 0, n = 2 and every non-constant reducible
skew polynomial in K[t; 0| can be written as a product of linear and irreducible

quadratic skew polynomials.

We now extend some of our previous arguments to find criteria for skew
polynomials of degree 4 to be irreducible. We will see that the conditions
for f(t) to be irreducible become complicated when f(t) has degree 4.

Suppose ¢ is an automorphism of D and f(t) = t* — ast® — axt?> — ast —
ap € R = D[t; ). Then either f(t) is irreducible, f(t) is divisible by a linear
factor from the right, from the left, or f(t) = g(¢)h(t) for some g(t),h(t) € R
of degree 2. In Propositions [3.2 and [3.3| we computed the remainders after
dividing f(t) by a linear polynomial on the right and the left. In order to
obtain irreducibility criteria for f(t), we wish to find the remainder after
dividing f(t) by t* —ct —d, (c,d € D) on the right. To do this we use the
identities

2= (1> —ct —d) + (ct +d), (3.5)

B =(t+0(c))(—ct—d)+ (c(d) +o(c)c)t+o(c)d, (3.6)
and
= (P + ()t +0*(d) + o (c)o(c)) ( — ct — d)
+ (c?(c)o(c)c + a?(d)c + o*(c)o(d))t + o?(d)d + o (c)o(c)d.

If we define

(3.7)

Mo(c,d)(t) =1, My(c,d)(t) =t, Ma(c,d)(t) = ct+d
Ms(c,d)(t) = (o(d) +o(c)c)t +o(c)d,
My(c,d)(t) = (d2(c)o(c)c + o*(d)c + o?(c)o(d))t + o*(d)d + o*(c)o(c)d,

then multiplying (3.5), and on the left by 4; and summing over i

yields

3

f(t) =q(t) (> —ct —d) + My(c,d)(t) — Y_ a;M;(c,d)(t)
i=0
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for some g(t) € R. This means the remainder after dividing f(¢) on the

right by (> —ct —d) is

3
My(c,d)(t) = Y aiMi(c,d)(t),
i=0

which evidently implies:
Proposition 3.16. (t> —ct —d)|,f(t) is equivalent to
o?(c)o(c)c+ o*(d)c + o (c)o(d) — az(c(d) + o(c)c) — arc —a; = 0,

and

o?(d)d + o*(c)o(c)d — azo(c)d — ard — ag = 0.

Together Propositions and yield:

Theorem 3.17. f(t) is irreducible if and only if
> (b)a?(b)o(b)b + azo?(b)o(b)b + aro(b)b +arb +ag #0,  (3.8)
and
> (b)o?(b)o(b)b + > (b)o?(b)o(b)as
(3-9)
+ 2 (b)o?(b)o(ap) + > (b)o?(ay) + 0 (ag) # 0,

forall b € D, and for every c,d € D, we have
o?(c)o(c)c + o?(d)c + o?(c)o(d) + az(o(d) + o(c)c) + apc + a1 # 0, (3.10)
or
o?(d)d + o?(c)o(c)d + azo(c)d + axd + ay # 0. (3.11)
ie., f(t) is irreducible if and only if and (3.9) and ((3.10) or (3.11)) holds.

Proof. f(t) is irreducible if and only if (t —b) {, f(t) forallb € D, (t —b) {;
f(t) forallb € D and (t* —ct —d) {, f(t) for all c,d € D. Therefore the

result follows from Propositions and O

We briefly consider the special case where f(t) has the form f(t) = t* —

a € R:
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Lemma 3.18. Let f(t) = t* —a € R. Suppose (t — b)|,f(t), then

(t+ (b)) (£ + c*(b)o(b))(t —b),

f(t)
and
f(£) = (£ +(b)o? (b)) (t + (b)) (t —b),
are factorisations of f(t). In particular (t + o(b))(t — b) = t*> — o(b)b also right
divides f(t).
Proof. Multiplying out these factorisations gives t* — 0> (b)o?(b)o(b)b which
is equal to f(t) by Proposition O
Lemma implies that if f(t) = #* —a has a right linear divisor then

it also has a right quadratic divisor. Therefore in this case Theorem

simplifies to:
Theorem 3.19. f(t) = t* —a € R is reducible if and only if

a?(c)o(c)c+ o (d)c+o?(c)o(d) =0 and o*(d)d + ?(c)o(c)d = a,
for some c,d € D.

Proof. Recall f(t) has a right linear divisor if and only if it has a left linear
divisor by Corollary Moreover if f(t) has a right linear divisor then it
also has a quadratic right divisor by Lemma therefore f(t) is reducible
if and only if (> — ct — d)|,f(t) for some c,d € D. The result now follows

from Proposition O

3.2 IRREDUCIBILITY CRITERTA IN SKEW POLYNOMIAL RINGS OVER FI-

NITE FIELDS

Let K = [F . be a finite field of order p!* for some prime p and ¢ be a non-
trivial IF,-automorphism of K. This means ¢ : K — K, k — k¥, for some
r € {1,...,h — 1} is a power of the Frobenius automorphism. Here ¢ has

order n = h/ged(r,h). Algorithms for efficiently factorising polynomials
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in K[t;o] exist, see [22] or more recently [14], however our methods are
purely algebraic and employ the previously developed theory. All of our
previous results from Section [3.1hold in K[t; ¢]. In this Section we focus on
polynomials of the form f(t) = t" —a € K[t;0].

We will require the following well-known result:
Lemma 3.20. ged(p" —1,p" — 1) = psed(hr) 1,
Proof. Let d = ged(r, h) so that h = dn. We have
ph—1=p' =)V + .+ pP 1),

therefore p" — 1 is divisible by p? — 1. A similar argument shows (p? —
1)|(p" — 1). Suppose that c is a common divisor of p" — 1 and p" — 1, this
means p" = p” = 1 mod (c). Write d = hx + ry for some integers x,y, then
we have

pl =" = (") (p")Y = 1 mod (c)
which implies c|(p? — 1) and hence p? — 1 = gcd(p" — 1,p" — 1). O

Given k € K*, we have k € Fix(c) if and only if k”' ~! = 1, if and only if
kis a (p" —1)™ root of unity. It is well-known there are gcd(p” — 1, p" — 1)

such roots of unity in K, see for example [36 Proposition II.2.1], thus
[Fix(0)| = ged(p" —1,p" — 1) +1 = psed(h)
by Lemma and so Fix(c) = F; where g = psed(rh),

Proposition 3.21. (i) Suppose n € {2,3}, then f(t) = t" —a € K|t;0] is
irreducible if and only if a € K\ Fix(c). In particular there are precisely

p! — q irreducible polynomials in K[t; o] of the form t" — a for some a € K.

(i) Suppose n is a prime and n|(q — 1). Then f(t) = t" —a € K[t;0] is
irreducible if and only if a € K\ Fix(0). In particular there are precisely
pl — q irreducible polynomials in K[t; o] of the form t" — a for some a € K.

Proof. Here o has order n and K/Fix(c) is a cyclic Galois field extension of

degree n with Galois group generated by o.
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(i) f(t) is irreducible if and only if [T/, ¢’ (b) = N /Fix(o) (b) # a for all
b € K by Theorem or Corollary where Ny /pix(s) is the field
norm. It is well-known that as K is a finite field, Ny piy(o) : K* —
Fix(o)* is surjective and so f(t) is irreducible if and only if a ¢ Fix(0).
There are p" — g elements in K \ Fix(c), hence there are precisely p" — g

irreducible polynomials of the form " — a for some a € K.

th

(ii) Notice Fix(c) = IF; contains a primitive n™* root of unity because

n|(g — 1) [36, Proposition II.2.1]. The rest of the proof is similar to
(i) but using Theorem

Let a,b € K and recall (t — b)|,(#" — a) is equivalent to
a=c""1b)---o(b)b=1b°

by Proposition (3.2l where s = 271:_01 pl = (p" —1)/(p" —1). Suppose z is
a primitive element of K, that is z generates the multiplicative group K*.
Is

Writing b = z! for some | € Z yields (t — b)|,(t" — a) if and only if a = z/*.
This implies the following;:

Proposition 3.22. Let f(t) = t" —a € K[t;o| and write a € K as a = z* for
some u € {0,...,p" —2}.

(i) (t—Db) 1, f(t) forall b € K if and only if u ¢ Zs mod (p" —1).
(i) If m € {2,3} then f(t) is irreducible if and only if u ¢ Zs mod (p" — 1).

(iii) Suppose m is a prime divisor of (q — 1), then f(t) is irreducible if and only
ifu ¢ Zs mod (p" —1).

Proof. (i) (t —b) 1, f(t) for all b € K if and only if a = z* # z* for all
| € Z, if and only if u ¢ Zs mod (p" —1).

(i) f(t) has a left linear divisor if and only if it has a right linear divisor
by Corollary [3.4 Therefore if m € {2,3} then f(t) is irreducible if and
only if (t — b) 1, f(t) for all b € K and so the assertion follows by (i).
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(iii) If m is a prime divisor of (g — 1) then Fix(c) = IF; contains a primitive
m*™ root of unity. Therefore the result follows by (i) and Theorem
O

Corollary 3.23. (i) There exists a € K such that (t —b) 1, (t" — a) for all
b € K ifand only if gcd(s, p" — 1) > 1.

(ii) [52), (22)] Suppose m € {2,3} or m is a prime divisor of (g — 1). Then
there exists a € K* such that t" —a € K|[t;0] is irreducible if and only if
ged(s, p" —1) > 1.

Proof. There exists u € {0,...,p" —2} such that u ¢ Zs mod (p" — 1), if and
only if s does not generate Z,_5, if and only if ged(s, p" —1) > 1. Hence
the result follows by Proposition O

When p = 1 mod m, it becomes simpler to apply Corollary
Corollary 3.24. Suppose p = 1 mod m.
(i) There exists a € K such that (t —b) 1, (t" —a) forall b € K.

(ii) If p is an odd prime, then there exists a € K* such that t> —a € K[t; 0] is

irreducible.
(iii) If m = 3, then there exists a € K* such that t> — a € K[t; ¢ is irreducible.

(iv) Suppose m is a prime divisor of (q — 1), then there exists a € K* such that

t" —a € K[t; 0] is irreducible.

Proof. We have

m—1 ) m—1
smodm =Y (p" modm)modm=()_ 1) modm=0,
i=0 i=0

and p" = 1 mod m. This means m|s and m|(p" — 1), therefore gcd(s, p" —
1) > m and so the assertion follows by Corollary O
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3.3 IRREDUCIBILITY CRITERIA IN R = D|[t; 0, ]

Let D be a division ring with center C, ¢ be an endomorphism of D and
0 be a left o-derivation of D. In this Section we investigate irreducibility
criteria in R = D[t; 0, §] generalising some of our results from Section

Let f(t) = t" — 2?201 a;t’ € R and define a sequence of maps N; :
D — D, i > 0, recursively by

Niy1(b) = a(N;i(b))b+ 6(N;(b)), No(b) =1,

e.g. No(b) =1, Ni(b) =b, Na(b) =c(b)b+6(b),...
Let r € D be the unique remainder after right division of f (t) by (t — b),
then
m—1
r = Nm(b) - Z LliNl'(b),
i=0
by [40, Lemma 2.4]. This evidently implies:

Proposition 3.25. (t — b)|,f () is equivalent to Ny, (b) — Z;.”:_Ol a;N;(b) =
0.

Now suppose ¢ is an automorphism of D. We wish to find the remainder
after left division of f(t) by (t — b). Define a sequence of maps M; : D —
D, i > 0, recursively by

Miy1(b) = bo™ ! (M;(b)) — (™" (M;(b))), Mo(b) =1,
for example Mo(b) = 1, Mq(b) = b, Ma(b) = bo~'(b) —6(c~ (b)),
Recall from page [5| that since ¢ is an automorphism, we can also view R
as a right polynomial ring. In particular this means we can write f(t) =

—y ™ tajt € Rinthe form f(t) = t" — Y1 ! tia! for some uniquely

determined a/ € D.

Proposition 3.26. (t — b)|;f(t) is equivalent to My, (b) — i "M;(b)al =
0. In particular, (t — b)|;(t™ — a) if and only if M,, (b) # a.
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Proof. We first show t" — M, (b) € (t —b)R forall b € D and n > 0: If
n = 0then t' — My(b) =1—1 =0 € (t—b)R as required. Suppose
inductively t* — M, (b) € (t — b)R for some n > 0, then

' — My g (b) = " — bo TN (M (b)) + 6(0 71 (M (b))

=" L (t—b)o Y (M, (b)) — te" N (M (b)) +6(c™ N (M (b))

=" 4 (£ = b)) (M (b)) = Myu(b)t = 6(0 (Mu(b))) + 6(c " (Mu(b)))
= (t —b)o Y (M, (b)) + (t" — M, (b))t € (t —b)R,

as t" — My (b) € (t —b)R. Therefore t* — M, (b) € (t —b)R for all b € D,
n > 0 by induction.

As a result, there exists g;(t) € R such that t' = (t — b)g;(t) + M;(b), for
alli € {0,..., m}. Multiplying on the right by a; and summing over i yields

m—1
f(8) = (£ =D)g(t) + M (D) — ZO M;(b)as,
for some q(t) € R. O

Using Propositions and we obtain criteria for skew polynomials
of degree 2 and 3 to be irreducible:

Theorem 3.27. (i) Suppose o is an endomorphism of D, then f(t) = t> —
a1t —ag € R is irreducible if and only if o(b)b + 6(b) —a1b —ag # 0 for
allb € D.

(ii) Suppose o is an automorphism of D and f(t) = 3 — apt* —ayt —ag € R.
Write f(t) = 3 — t2a, — ta| — a}, for some unique a}y, a},a, € D, then f(t)

is irreducible if and only if

2
Ni(b) = Y aiNi(b) # 0, (3.12)
i=0
and )
My (b) = ) Mi(b)a; # 0, (3.13)
i=0
forallb € D.
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3.3 IRREDUCIBILITY CRITERIA IN R = D[t; 0, d]

Proof. (i) We have f(t) is irreducible if and only if it has no right linear

factors, if and only if
Nz(b) — LllNl(b) — LloNo(b) = O'(b)b + 5(b) —mb—ay #0,

for all b € D by Proposition

(ii) We have f(t) is irreducible if and only if it has no left or right linear
factors, if and only if and hold for all b € D by Proposi-

tions and

We now prove an analogous result to Theorem

Theorem 3.28. Suppose o is an endomorphism of D, m is prime, Char(D) # m
and C NFix (o) contains a primitive m™ root of unity w. Then f(t) = t" —a € R
is irreducible if and only if Ny, (b) # a forall b € D.

Proof. Recall

ZU. bnlz

foralleD,nzlbyandso
m_l . .
0=206(1) =d(w") = Y o(w)d(w)w" = Z W' (w)w™
i=0

m—1
= Z S(w)w™ 1 = §(w)w™ tm,

where we have used w € CNFix(c). Therefore w € Const(d) because
Char(D) # m, hence also w' € Const(s) and so (wt)! = W't for all
i € {1,...,m}. Furthermore if b € D, then (t —b) {, f(t) is equivalent

to Ny, (b) # a by Proposition The proof now follows exactly as in
Theorem’s [3.10|and [3.5 O

Setting m = 3 and ¢ = id in Theorem yields:

Corollary 3.29. Suppose Char(D) # 3, o = id and C contains a primitive 3™
root of unity. Then f(t) = t3 —a € D[t; 0] is irreducible if and only if

N3(b) = b® +26(b)b + bs(b) + 6*(b) # a,
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3.4 IRREDUCIBILITY CRITERIA IN D|[t; 6| WHERE Char(D) = p

forallb € D.

3.4 IRREDUCIBILITY CRITERIA IN D[t; ] wHERE Char(D) = p

Suppose Char(D) = p # 0, ¢ = id and

e—1

f(t) =tF" —a P — ... —a,t—d e D[t;6].

In D|[t; 6] we have the equalities
(t=0b)P =1tV —V,(b), Vo(b) =bP + 6771 (b) +x € D, (3.14)

for all b € D, with * a sum of commutators of b, §(b),...,572(b) [32,
p. 17-18]. E.g. Vao(b) = b?> +6(b) and V3(b) = b> + 62(b) + 6(b)b —
bé(b). In particular, if D is commutative or b commutes with all of its

derivatives, then * = 0 and the formula simplifies to
Vo (b) = b7 + 671 (b). (3.15)
We can iterate to obtain
(t=b)" =t —V,i(b), (3.16)
forall i € IN where Vi (b) = V;;(b) =V (Vyp(--- (Vp(b)) - ). We thus
have a;tP' = a;(t— b)pi + a;V,i(b) and by summing over i we conclude:
Proposition 3.30. ([32, Proposition 1.3.25]). (t — b) |, f(t) is equivalent to
Vpe(b) —a1Vyer(b) — ... —aeb—d = 0. (3.17)
Looking instead at left division of f(f) by a linear polynomial gives:

Proposition 3.31. (t — b)|;f(t) is equivalent to

Ve (b) — (Vyeur (b)ag — 67

p (a1)) — .= (Vp(b)ae—1 — 67 (a.—1))

— (ba, — 6(az)) —d = 0.
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3.4 IRREDUCIBILITY CRITERIA IN D|[t; 6| WHERE Char(D) = p

Proof. We have P = (t — b)Pka + Vyi(b)a, foralla,b € D and k > 1by
(3.16). Moreover, iterating the relation ta = at + 6 (a) yields

Yam £ (7)o e
tPa = o of THa)tt,
i=0 \ !
foralla € D, k > 1 [32, (1.1.26)]. This implies g = (57"k(u) + at?* for all
a € D, k > 1 because (pl.k) =0foralli € {1,...,p* — 1}. Therefore

k k k
atP = (t =b)Pa+ Vyu(b)a— 3" (a),

and hence
F) =tF —at7" " — . —at—d

= (t = b)q(t) + Vpe(b) — (Vs (b)ay — 67" (ay))

— ... — (Vp(b)ae—1 — 6P (ap—1)) — ba + 6(ac) — d.

]

Corollary 3.32. Suppose Char(D) = p # 0and f(t) =tV —ait —ag € D[t; 4],
where a1 € C N Const(6). Then (t — b)|,f(t) if and only if (t —b)|;f(¢).

Proof. Recall (t —b)|,f(t) if and only if V,,(b) — a1b — a9 = 0 by Proposition

and (t —b)|;f(t) if and only if V,(b) — bay + 6(a1) — ap = 0 by Proposi-
tion When a; € C N Const(é), these two conditions are equivalent. [

When p = 3, Propositions and yield the following:
Corollary 3.33. Let Char(D) = 3 and f(t) = > — ajt — ag € DI[t;6].
(i) f(t) is irreducible if and only if
V3(b) —a1b —ag #0 and V3(b) — bay; + 6(ay) —ag # 0,
forallb € D.

(i) Let ay € CN Const(d), then f(t) is irreducible if and only if V3(b) — a1b —
ag # 0 forallb € D.
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3.4 IRREDUCIBILITY CRITERIA IN D|[t; 6| WHERE Char(D) = p

(iii) Suppose D is commutative, then f(t) is irreducible if and only if
b+ 6%(b) —ath —ag # 0 and b® + 5%(b) — bay + 6(ay) —ag # 0,
forallb € D.

Proof. Notice f(t) is irreducible if and only if (t —b) 1, f(t) and (t —b) {; f(¢)
for all b € D and thus (i) follows by Propositions and (ii) follows
from (i) and Corollary and (iii) follows from (i) and (3.15). O
Proposition 3.34. Suppose Char(D) = p # 0, D is commutative and § is a

non-trivial derivation of D such that 6V = 0. Let f(t) = t¥ —a € D|t; 6] where
a ¢ Const(9), then

(i) (t—=D0)1 f(t)and (t —b) 1 f(t) forall b € D.
(ii) If p = 3 then f(t) is irreducible.

Proof. (i) Recall (t — b)|,f(t) is equivalent to (t — b)|;f(t) by Corollary
and that (t — b)|,f(t) if and only if V,(b) = a if and only if
bP +6P~1(b) = a by Proposition 3.30, Now b” € Const(4) for all b € D
as D is commutative [37, p. 60], also 67~ 1(b) € Const(d) as 67 = 0.
Therefore if a ¢ Const(5) then bP + 6P~ 1(b) # a forall b € D.

(i) If p = 3, then f(¢) is irreducible if and only if (t —b) 1, f(t) and
(t—0b) 1 f(t) for all b € D, hence the assertion follows by (i).

When f(t) has the form f(t) = t¥ —t —a € DJt; ], we have:

Theorem 3.35. ([3, Lemmas 4 and 6]). For any a € D, the polynomial f(t) =
tP —t —a € D[t;0] is either a product of commuting linear factors or irreducible.
Furthermore, f(t) is irreducible if and only if V,(b) —b —a # 0, forall b € D. In

particular, if D is commutative then f(t) is irreducible if and only if
bP + 6P (b) —b—a #0,

forallb € D.
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ISOMORPHISMS BETWEEN PETIT ALGEBRAS

We now investigate isomorphisms between some Petit Algebras. The results
we obtain in this Chapter will then be applied in Chapter |5 to study the
automorphism groups of Petit algebras.

Let D be an associative division ring with center C, o be an automorphism
of D and ¢ be a left o-derivation of D. Suppose D’, C’, ¢’ and ¢’ are defined
similarly. Let f(t) € R = D[t;0,0], g(t) € R" = D'[t;¢’,¢'], and recall Sy =
R/Rf is an algebra over F = C NFix(¢) N Const(d) and S; = R'/R’g is an
algebra over F' = C' N Fix(c”) N Const(d'). Denote by of the multiplication
in Sy and by o, the multiplication in Sg. If f(t) and g(t) are not right
invariant and F = F’, we have the following necessary conditions for Sy to

be F-isomorphic to Sg:

Proposition 4.1. Suppose f(t), g(t) are not right invariant, F = F' and S is
F-isomorphic to So. Then

(i) D= D'
(ii) Nuc,(Sf) = Nuc,(Sg).
(iii) Sy is a division algebra if and only if S¢ is a division algebra.
(iv) If S¢ is a finite-dimensional left F-vector space, then deg(f(t)) = deg(g(t)).

Proof. (i) We have Nuc(S¢) = D and Nug(Sg) = D' by Theorem i)
because Sy and S, are not associative. Any isomorphism preserves the

left nucleus and so D =2 D’.
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4.1 AUTOMORPHISMS OF R = D[t; 0, ]

~

(ii) Any isomorphism also preserves the right nucleus, thus Nuc,(Sy)

Nuc,(Sq).

(iii) Let Lyf : S — Sf, x — a oy x denote the left multiplication in Sy
and Lpg : Sg — Sg, x = b og x the left multiplication in Se. Similarly
denote the right multiplication maps R, r and Ry . Suppose ¢ : S¢ —
Sg is an F-isomorphism and Sy is a division algebra, so that L, ; and

R, ¢ are bijective for all non-zero a € S¢. Furthermore we have

Lyg () = @(Ly1(4), ¢ (¢ (x))) and Rpg(x) = ¢p(Ry13) (97 (%)),

forall x € Sy, 0 # b € Sg. These imply L;, and Ry, are bijective
for all non-zero b € Sg because ¢, ¢, Ly-1()  and Ry-1(;) , are all
bijective, hence S; is a division algebra. The reverse implication is

proven analogously.

(iv) S and Sg must have the same dimension as left F-vector spaces, and
since D = D/, this implies deg(f(t)) = deg(g(t)).
O

4.1 AUTOMORPHISMS OF R = D|[t; 0, ]

Henceforth we assume D = D/, 0 = ¢/, 6 = 6’ and f(t),g(t) € R =
DIt; o, 6] have degree m. Automorphisms of R can be used to define iso-

morphisms between Petit algebras:

Theorem 4.2. Let © be an F-automorphism of R. Given f(t) € R, define
g(t) =10(f(t)) € R for some ] € D*. Then © induces an F-isomorphism
Sf=Ss.

Proof. ©(t) has degree 1 by the argument in [41, p. 4], therefore ® pre-
serves the degree of elements of R and thus ®|gr,, : Ry — Ry is well

defined, hence bijective and F-linear. Let a, b € Ry, then there exist unique
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4.1 AUTOMORPHISMS OF R = D[t; 0, ]

g(t),r(t) € R with deg(r(t)) < m such that ab = q(t)f(t) +r(t). We

have

©(aosb) = ©(ab —qf) = ©(a)O(b) — O()O(f)
— ©(a)0(b) — ©(q)] 11O(f) = ©(a) 05 O(b),

and so @|g,, : Sy — Sq is an F-isomorphism between algebras. O

When D = K is a finite field and f(¢) € K[t;0] is irreducible, then [44,
Theorem 7] states that an automorphism ©® of K[t; o] restricts to an isomor-
phism between Sy and Sg(s). Therefore Theorem |4.2]is a generalisation of
[44, Theorem 7].

In order to employ Theorem we first investigate what the automor-
phisms of R look like: Given T € Autp(D) and p(t) € R, the map

n

. n ;
®@:R—R, Y bit'— Y T(b)p(t),
i=0 i=0

is an F-homomorphism if and only if

p(t)T(b) = (o (b))p(t) + T(5(b)), (4.1)

for all b € D by [41, p. 4]. Furthermore, by a simple degree argument we
see O is injective if and only if p(t) has degree > 1, and © is bijective if and

only if p(t) has degree = 1 [41] p. 4]. Therefore, by we conclude:

Proposition 4.3. Let c € D, d € D*, then

n . n .
Orcq:R— R, Y bit' = Y t(b;)(c+dt), (4.2)
i=0 i=0

is an F-automorphism of R if and only if
ct(b) +dd(z(b)) = T(o(b))c + T(4(b)), (4-3)

and
do(t(b)) = (0 (b))d, (4-4)

forallb € D.
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4.1 AUTOMORPHISMS OF R = D[t; 0, ]

Proof. Let p(t) = ¢ +dt, then @4 : R — R is bijective because p(f) has

degree 1, furthermore ®.  ; is an F-automorphism if and only if
(c+dt)T(b) = ct(b) +do(t(b))t+dé(t(b)) = t(c(b))(c+dt)+T((D)),

by (4.1). Comparing the coefficients of t and ¢t yields (4.3) and (4.4) as
required. O

Looking closely at the conditions (4.3) and (4.4) yields the following:

Corollary 4.4. (i) Supposec € D,d € D*. Then ®iq 4 is an F-automorphism
of Rifand only if d € C* and

cb+dé(b) = o(b)c+6(b)
forallb € D.

(ii) O, is an F-automorphism of R if and only if coT = Tooand §o T =

Tod.

(iii) Let ¢ € D, then O is an F-automorphism of R ifand only if coT = To0

and
ct(b) +6(T()) = t(0(b))c + T(6(b)), (4-5)

forallb € D.
(iv) Suppose c € D*,1 #d € C* and ¢ is the inner o-derivation
6:D—=D,b—c(1—d)'b—c(b)e(1-d) L. (4.6)
Then ©iq ¢ 4 is an F-automorphism of R.
Proof. (ii) and (iii) follow immediately from (4.3) and (4.4).

(i) Setting T = id in (4.4) yields do(b) = o(b)d for all b € D, which is
equivalent to d € C*. The result follows by setting 7 = id in (4.3).

(iv) If 6 has the form and T = id, then

cb+ds(b) = cb+d(c(1—d)"'b—o(b)c(1—d) )
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4.2 ISOMORPHISMS BETWEEN Sy AND S, WHEN f(t),g(t) € D[t;0]

= (1—d) *(cb(1 —d) +dcb — do(b)c) = (1 —d) (cb — do(b)c)
= (1—d) o(b)e(1 —d) + cb — o (b)c) = o(b)c+ 5(b),
and do(b) = o(b)d, for all b € D because d € C*. Therefore ;4 . 4 is

an F-automorphism of R by Proposition

]

We can use Theorem [4.2] together with Proposition [4.3] and Corollary

to find isomorphisms between some Petit algebras:
Corollary 4.5. Let f(t) = t" — Y™ lait € R.
(i) Suppose T € Autp(D) and ¢ € D, d € D* are such that (4.3) and (4.4)
hold for all b € D. Let g(t) = (c +dt)™ — Yt t(a;)(c + dt)' € R, then
Sf = Sq.
(ii) Suppose T € Autp(D) is such that coT = Too and o1 = Tod and

define g(t) = t" — Yt t(a;)t € R, then Sf = Sq.

(iii) Suppose T € Autp(D) and ¢ € D are such that o o T = T o 0 and (4.5) holds
forallbe D. If g(t) = (c+t)" — Z;.”:_Ol T(a;)(c +t)' € R, then Sfp=S,.

(iv) Suppose d is the inner o-derivation given by forsomec € D*,1#d €
C*. Ifg(t) = (c+dt)" — Y™ L aj(c+dt)! €R, then Sf= S

Proof. In (i), (ii), (iii) and (iv) the maps O 4, Or 0,1, Or1 and Ojq 4 resp.

are F-automorphisms of R by Proposition [4.3] and Corollary Apply-

ing these automorphisms to f(t) gives ¢() in each case, thus the assertion

follows by Theorem O

42 TSOMORPHISMS BETWEEN S¢ AND Sg WHEN f(t),g(t) € D[t;J]

Let D be an associative division ring with center C, é be a derivation of D
and F = C N Const(d). We briefly look into the isomorphisms between
some Petit algebras Sy and S in the special case where f(t), g(t) € R =
D|t; 8]. Here Proposition [4.3| becomes:
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4.2 ISOMORPHISMS BETWEEN Sy AND S, WHEN f(t),g(t) € D[t;0]

Corollary 4.6. Let c,d € D and T € Autp(D), then the map © . 4 defined by
is an F-automorphism of R, if and only if d € C* and

ct(b) +dé(t(b)) =1(b)c+ T(b(b)). (4.7)
In particular, if c € C then @ is an F-automorphism if and only if 6o T = T 0.

Proof. With ¢ = id, (4.4) becomes dt(b) = t(b)d for all b € D, ie. d €
C. Finally, setting o = id in (4.3) yields (4.7), hence the result follows by

Proposition O

Recall from that when D has characteristic p # 0, we have
(t—b)P =tF —V,(b), V,(b) = b" + 6P~ 1(b) + %

for all b € D, where * is a sum of commutators of b,5(b),...,6/~2(b). An
iteration yields (t — b)?" = tP" — Vje(b), for all b € D with Ve (b) = Vi(b) =
V(... (Vp(b)...). We use Corollary|4.6) together with Theorem [4.2]to obtain

sufficient conditions for some Petit algebras to be isomorphic:

m

Corollary 4.7. (a) Suppose D has arbitrary characteristic and f(t) = " —
Y otaitt € R = D[t;4).

(i) Let T € Autp(D) and g(t) = (t —c)™ — Z;.":Bl 7(a;)(t — c)' € R for
somec € C. If Tod = 06071, then Sp = S,.

(i) Let g(t) = (t—c)™ — X' ai(t —c)' € R for some ¢ € C, then
Sf = Sq.

(b) Suppose Char(D) = p # 0and f(t) = t"" + mt? '+ .. +at+deR
(i) Let T € Autp(D). If Tod =doTand
g(t) =" + T(lll)tpkl . A T(ae)t + t(d) — Vie(c)
—7(a1)Vyer(c) —... — T(ac)c € R

for some ¢ € C, then Sy = S,.
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(ii) Let
g(t) = f(t) = Vie(c) —a1Vper(c) —... —acc €R
for some ¢ € C, then Sy = S,.
Proof. (i) The maps O 1 are automorphisms of R for all ¢ € C by Corol-
lary [4.6] In (a) we have g(t) = @,_1(f(t)) and so Sy = Sg by Theo-

rem {2
In (b), since Char(D) = p # 0, we have

Or c1(f() = (t—c) +T(a)(t— )P +...+7(ae)(t—c) + T(d)
=t = Ve(e) + 7(@) (= Vs (0)) -+ 7(ae) (¢ 0) + 7(d)
=g(t),

and hence S; 2 S, by Theorem

(ii) follows from (i) by setting T = id.

4.3 ISOMORPHISMS BETWEEN S AND S, WHEN f(t),¢(t) € D[t; 0]

Let D be an associative division ring with center C and ¢ be an automor-

phism of D. Suppose § = 0 so that

m—1 ) m—1 ,
f(t) =t"— Z a;it', g(t) =" — Z bit' € R=DI|t; 0],
i=0 i=0

then S¢ and S are nonassociative algebras over F = C N Fix(c). Through-
out this Section, if we assume ¢ has order > m — 1, we include infinite
order. We begin by looking at the automorphisms of R. Here Proposition
4.3 becomes:

Corollary 4.8. Let c € D, d € D* and T € Autp(D). Then O, 4 is
an F-automorphism of R if and only if ct(b) = t(0(b))c and do(t(b)) =
T(o(b))d for all b € D. In particular, if c o T = T o 0 then O 4 is an
F-automorphism if and only if d € C*.
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We employ Corollary together with Theorem to find sufficient
conditions for S¢ and S to be F-isomorphic. When f(t) and g(¢) are not
right invariant, ¢ commutes with all F-automorphisms of D, and ¢ |¢ has

order at least m — 1, these conditions are also necessary:

Theorem 4.9. (i) Suppose there exists k € C* such that
m—1
a; = < 1< (k)>bi, (4.8)
I=i

foralli € {0,...,m —1}. Then Sy = So. Furthermore, for every such
k € C* the maps Qiqx : Sy — Sg,
m—1 ) m—1 i—1 | )
Quax: Y, xit' = xo+ Y x([[o' (k)¢ (4.9)
i=0 i=1  1=0

are F-isomorphisms between Sy and Sq.

(ii) Suppose there exists T € Autp(D) and k € C* such that o commutes with
T and
m—1 ;
w(a) = ([T o'(H)bs (4.10)
I=i
foralli € {0,...,m —1}. Then Sy = S,. Furthermore, for every such T
and k the maps Q¢ : Sy — Sg,
m—1 m—1 i—1

Qrk: i xit' = T(xg) + Z T(x;

i=0 i=1 =0

~—
—
qv\.
—
=~
~—
~—
=
o=
—~
+
=
=
~"

are F-isomorphisms between Sy and Sq.

(iii) Suppose f(t), g(t) are not right invariant, o|c has order at least m — 1,
and o commutes with all F-automorphisms of D. Then Sy = Sg if and
only if there exists T € Autp(D) and k € C* such that holds for
all i € {0,...,m —1}. Every such T and k gives rise to an F-isomorphism

Qv : Sf — Sq and these are the only F-isomorphisms between Sy and Sq.

Proof. (i) Recall ©yq4 ¢y is an F-automorphism of R by Corollary more-

over

m—1 .
Oiqor(f(t)) = (kt)™ — ;) a;(kt)
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m—1 m—1 i—1 )
=(]1 al(k))tm —ap— Y ai(l—[al(k))t’

1=0 i=1  1=0

m—1 m—1 m—1
= (IT ') ("= X o) = (TT ' ®)s (1),

by and thus @jq restricts to an isomorphism between Sy and
S¢ by Theorem This restriction is Qjq x by a straightforward calcu-

lation.
(ii) The proof is similar to (i) using that ®, g, € Autp(R) by Corollary

(iii) We are left to prove that Sy = S, implies there exists T € Autz(D) and
k € C* such that holds for all i € {0,...,m — 1}, and that all

F-isomorphisms between Sy and S¢ have the form Q. x where 7 and k
satisfy (4.10).
Suppose S¢ = S, and let Q : Sf — S¢ be an F-isomorphism. f(t) and

g(t) are not right invariant which is equivalent to Sy and Sg not being
associative, therefore Nuc;(Sf) = Nuc)(Sg) = D by Theorem i).
Since any isomorphism preserves the left nucleus, Q(D) = D and so
Q|p = 7 for some T € Autp(D). Suppose Q(t) = L' k;t' for some

k; € D, then we have

Q(torz) = Q(t) og Q(z) = <m;:) kiti> 0¢ T(z) = n; ki (t(z))t,

(4.12)
and
m—1 )
Qltor2) = Qo)) = X T(o(z) kit 413
i=0
for all z € D. Comparing the coefficients of # in and we
obtain
kio'(t(2)) = kit(0'(2)) = T(0(2) ki, (4.14)

foralli € {0,...m—1} and all z € D as ¢ and T commute. In particu-

lar

kit(c(z)) = kit(o(2)),
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foralli € {0,...m — 1} and all z € C. This means
kit(c'(z) —o(z)) =0,

foralli € {0,...m—1}and allz € C, i.e. k; = 0 or o|c = ¢|¢ for all
i €{0,...,m—1}. Now, o|c has order at least m — 1 or infinite order
which means ¢#|c # o|c forall 1 #i € {0,...,m — 1} and thus k; = 0
forall 1 #i € {0,...,m —1}. Therefore Q(t) = kt for some k € D*
such that kt(c(z)) = 1(0(z))k for all z € D by (4.14). Hence k € C*.

Furthermore, we have
. ‘ , i—1 .
QGt) = Q=) o5 Q1) = T(a)(kt)' = 7() ([T ),

forallie {1,...,m—1} and all z € D. Thus Q has the form

m—1 m—1 i—1

Qe 2 xit' = T(xg) + 2 T(xi)(Hal(k))ti,
i=0 i=1 1=0
for some k € C*. Moreover, with t" = to f tm=1 also
m—1 ) m—1 )
Q") = Q( Y. at') = Y- Qlar) og Q1)
- T (4.15)
= t(a0) + Y_ 7(a;) ([ (k)¢
i=1 1=0
and Q(tof t" 1) = Q(t) og Q(1)" 1, ie.
m—1 m—1 m—1 )
Q") = Q) og Q)" = ([T ')t = ([T o'(h) ¥ it
1=0 1=0 i=0
(4.16)

Comparing and (4.16) gives T(a;) = ( ol (k))bi, foralli €
{0,...,m —1}, and hence Q has the form Q. y where T € Autp(D) and

k € C* satisfy (4.10).
[

Remark. Suppose D = Fyn is a finite field of order p", o : Fyn — Fpn, k — kP

is the Frobenius automorphism and f(t), g(t) € Fpnlt; o] are irreducible of degree

m € {2,3}. Then S¢ and Sq are isomorphic semifields if and only if there exists T €
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Aut(IFyn) and k € IF, are such that (4.10) holds for all i € {0, .. — 1} by [l66,
Theorems 4.2 and 5.4]. Therefore Theorem |4.9 lzzz) can be seen as a genemlisation of

[66|, Theorems 4.2 and 5.4].
We obtain the following Corollaries of Theorem

Corollary g4.10. Let f(t) = t" —a € R and define g(t) = t" — k™a € R for some
k € F*. Then Sy = Sg.

Proof. We have (H;” ool (k )) a = k™aand so S¢ = S, by Theorem i).

We next take a closer look at the equation to obtain necessary con-

ditions for some 5S¢ and S to be isomorphic.

Corollary 4.11. Suppose f(t) and g(t) are not right invariant, o commutes with
all F-automorphisms of D and o|c has order at least m — 1. If Sy = Sq then a; = 0
is equivalent to b; = 0 for all i € {0,...,m —1}.

Proof. If a; # b; then T(a;) # (H’" Lol (k ))bi for all T € Autp(D) and all
k € C* and so Sy % S¢ by Theorem |4.9 E(m), a contradiction. O

Now suppose C/F is a proper field extension of finite degree, D is finite-
dimensional as an algebra over C, and D is also finite-dimensional when
considered as an algebra over F. Let Np ¢ denote the norm of D considered
as an algebra over C, Np,r the norm of D considered as an algebra over F
and N¢,r be the norm of the field extension C/F. We have Np,r(z) =
Nc/p(Npsc(z)) and Np,p(t(z)) = Np,p(z), for all T € Autp(D) and all

z € D [47, p. 547, 548].

Corollary 4.12. Suppose f(t) and g(t) are not right invariant, o commutes with

all F-automorphisms of D and o|c has order at least m — 1.
(i) If by # 0 and Npr(agby ') ¢ F*™ then S¢ % Sq.

(i) If there exists i € {0,...,m — 1} such that b; # 0 and Np/p(a;b; ') ¢
F*(m=i) then Sy 2 S,.
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Proof. We prove (ii) since setting i = 0 in (ii) yields (i). Suppose, for a
contradiction, that Sy = S,. Then there exists T € Autp(D) and k € C* such
that 7(a;) = (]—[’” Lol (k )) b; by Theorem iii). Applying Np,r we obtain

m—1

Np/e(t(a;)) = Npyr(a;) = Npsr(([] o' (k))b;) = Npe(k)" "Np,(b;).
=i

This implies Np,r(a;b; ') = Np,r(k)"~' by the multiplicity of the norm, but
here Np ,r(k)"~" € F*("=) a contradiction. O

In [64], isomorphisms between two nonassociative cyclic algebras were
briefly investigated. We show Theorem [4.9(iii) specialises to [64, Proposition
3.2.8] and [64, Corollary 6.2.5].

Let K/F be a cyclic Galois field extension of degree m with Gal(K/F) =
(o) and a,b € K\ F. Then Theorem [4.9(iii) shows when the nonassociative

cyclic algebras (K/F,0,a) and (K/F,c,b) are isomorphic:

Corollary 4.13. ([64) Proposition 3.2.8]). (K/F,c,a) = (K/F,o,b) if and only if
there exists k € K* and j € {0,...,m — 1} such that o/ (a) = (TT]"' o*(k))b =
Ni/r(k)b.

Now suppose additionally K and F are finite fields. It is well-known that
the norm Ny ,r : K* — F* is surjective for finite extensions of finite fields

and so by Corollary we conclude:

Corollary 4.14. ([64, Corollary 6.2.5]). (K/F,0,a) = (K/F,c,b) if and only if
ol(a) = kb for some j € {0,...,m — 1} and some k € F*.
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AUTOMORPHISMS OF PETIT ALGEBRAS

Let D be an associative division ring with center C, ¢ be a ring automor-
phism of D, ¢ be a left o-derivation of D and f(t) € R = D|[t;,d]. Here S¢
is a nonassociative algebra over F = C N Fix(c) N Const(J). Since Sy = Sy¢
for all d € D* we assume w.lLo.g. that f(f) is monic, otherwise, if f(t)
has leading coefficient d € D*, then consider d~!f(t). In this Chapter we
study the automorphism groups of Petit algebras building upon our results
in Chapter |44 We obtain partial results in the most general case where ¢ is
not necessarily the identity and ¢ is not necessarily 0, however, most of our
attention is given to the cases where f(t) is either a differential or twisted
polynomial (see Sections [5.1/and [5.2] respectively). Later in Chapter [ we go

on to study the automorphism groups of nonassociative cyclic algebras.

If f(t) € R is not right invariant, then Sy is not associative and any
automorphism of Sy extends automorphisms of Nuc;(S¢), Nucy,(Sf) and
Nuc,(Sf) because the nuclei are invariant under automorphisms. Since
Nuc;(Sf) = Nucy(S¢) = D and Nuc,(Sf) = E(f) by Theorem we

conclude:

Lemma 5.1. If f(t) € R is not right invariant, any F-automorphism of Sy extends
an F-automorphism of D and an F-automorphism of E(f).

By Theorem automorphisms ® : R — R induce isomorphisms be-
tween Sy and Sg(f(y)). This means if ©(f(t)) = If(t) for some | € D*,
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then © induces an isomorphism Sy = Sig(f()) = Sy, ie. © induces an

automorphism of S¢:

Theorem 5.2. If © is an F-automorphism of R and ©(f(t)) = If(t) for some
I € D*, then ©(boc) = O(b) 0 O(c) for all b,c € S¢, i.e. © induces an F-

automorphism of Sy.

Theorem [5.2| allows us to find automorphisms of Petit algebras which are
induced by automorphisms of R, later focusing on the special cases where
R is a differential or twisted polynomial ring. More generally, when ¢ is not
necessarily the identity, and ¢ is not necessarily 0, we can still use Theorem

to obtain non-trivial automorphisms of Sy for some quadratic f(¢):

Proposition 5.3. Suppose 1 # d € C* is such that do(d) = 1 and § is the inner

o-derivation given by
6:D—=D,b—c(1—d)'b—c(b)e(1—-d)7},

for some c € D*. If f(t) = t? — (c —do(c))(1 —d) "'t —a € R, then the map
Higca: Sf— Sg, xo + x1t = x0 + x1(c + dt),

is a non-trivial F-automorphism of Sy. Moreover, if additionally d is a primitive
n'" root of unity for some n > 1, then (Hiq . 4) is a cyclic subgroup of Autr(S 7)of

order n.

Proof. Recall

n . n .
®:R— R, Y bit' = Y bi(c+dt),
i=0 i=0

is an F-automorphism by Corollary We have
O(f(t)) = (c+dt)> — (c—do(c))(1—d) Hc+dt)—a
— do(d)f + (cd +do(c) +do(d) — (c — do(c)) (1 — d)_1d>t
+ <c2 +do(c) — (c—do(c))(1—d) e — a)

= 12— (c—do(c))(1—d) Y —a=f(t),
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where we have used that do(d) = 1, hence the first assertion follows by

Theorem

To prove the final assertion we first show Hjj . ; has the form
Hiy o 4(x0 + x1t) = x0 + x10(1 —d")(1 — d)~ 4 xqd"t, (5.1)
for all n € IN by induction: For n = 1 we have
xg+x10(1—d") (1 —d) ™! + x1d"t = x0 + x1¢ + x1dt = Higca(x0 + x1t)

as required. Assume as induction hypothesis that holds for somen > 1,
then

Higed"™ (x0 + x1t) = Higca(Hjjy o 4(x0 + x11))
= Higcq(xo + x1c(1 —d")(1 —d) "' + x1d"t)
= xo+ x1¢(1 —d")(1 —d) "1 + xyd" (c + dt)

n—-1 noo
=xo+x1c Y d 4+ xped" + x7d" Tt = xg+x10 Y d 4 xd"
j=0 j=0

= x0 + x10(1 — dn—H)(l — d)_l + xld”“t,

and thus holds by induction. In particular implies H, ., = id if

th

and only if d" = 1, therefore if d is a primitive n™ root of unity, (H4,4) is a

cyclic subgroup of Autr(Sy) of order n. O
Setting d = —1 in Proposition [5.3] gives:

Corollary 5.4. Suppose Char(D) # 2 and ¢ is the inner o-derivation given by

a

c

for some ¢ € D*. Then for
Flt) = — %(c-l—a(c))t _aeR,

the map Hiq 1 is an F-automorphism of Sy. Moreover {id, Hiq ¢, 1} is a sub-

group of Autp(Sy).
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Example 5.5. Suppose K = F(i) is a quadratic separable extension of F with

non-trivial automorphism o and let 6 be the inner o-derivation
5IK—>K, b— %—Z(b_o-(b))’

for some ¢ € K. Then io (i) = —i*> = 1 and i is a primitive 4 root of unity, so for
f(t)y=£— #t —a K[t
the map Hiq ¢ ; is an automorphism of Sg of order 4 by Proposition

Proposition 5.6. Let f(t) = t" — Y L a;t' € F[t| = F[t;0,6] C R, then for all
T € Autp(D) such that c ot = to0 and § o T = T 0§, the maps
m—1

T(bi)ti,
i=0

1=

m—1 )
Hyog: Sf — Sf/ Z bit' —
i=0
are F-automorphisms of Sy.

Proof. Let T € Autp(D), then

n , n ,
®:R — R, Zbitl — ZT(bi)tl,
i=0 i=0
is an F-automorphism if and only if co T = Toc and d o T = 70 J by Corol-
lary If all the coefficients of f(t) are contained in F, a straightforward

computation yields ©(f(t)) = f(t), hence Hyg1 € Autp(Ss) by Theorem
0

Given a nonassociative F-algebra A, an element 0 # c € A has a left in-
verse ¢; € A if Rc(¢c;) = ¢jc = 1, and a right inverse ¢, € A if L.(¢c;) = c¢, =
1. We say c is invertible if it has both a left and a right inverse. In [68, p. 233]
the definition of inner automorphisms of associative algebras is generalised
to finite nonassociative division algebras, also called finite semifields. We

can generalise this definition further to arbitrary nonassociative algebras:

Definition. An automorphism G € Autg(A) is an inner automorphism if there
is an element 0 # ¢ € A with left inverse c;, such that G(x) = (c¢;x)c for all
x €A
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Equivalently, an automorphism G is inner if there is an element 0 # c € A
with left inverse ¢;, such that G(x) = R¢(L,(x)) for all x € A.

When A is a finite semifield, every non-zero element of A is left invertible
and our definition reduces to the definition of inner automorphisms given
in [68]. Given an inner automorphism G € Autr(A) and some H € Autp(A)
then a straightforward calculation shows H~! o G o H is the inner automor-
phism A — A, x — (H ' (c;)x)H 1 (c).

If ¢ € Nuc(A) is invertible, then ¢; = ¢, as Nuc(A) is an associative
algebra. We denote this element c~!. Let G. denote the map G, : A —
A, x + (c71x)c for all invertible ¢ € Nuc(A).

We remark that if c € D and f(t) € DJ[t;0,6] is not right invariant, then
multiplying 1 = cjc on the right by ¢, and using ¢ € Nucy,(S¢) yields

¢ = (cic)er = ¢i(ccy) = ¢ = c L.

Proposition 5.7. Q = {G. | ¢ € Nuc(A) is invertible} is a subgroup of Autp(A)
consisting of inner automorphisms.

Proof. We have

Ge(x)Ge(y) = ((c7'x)e) ((c7Ty)e) = (c7'x)[e((c 7 y)o)] = (7 x)[[ec™yle]
= (c70)(ye) = ((cx)y)e = (7 (xy))e = Ge(xy),
for all x,y € A, where we have used ¢! € Nuc(A). Hence G, is multi-
plicative. Now G¢ is clearly bijective and F-linear, and so the maps G, are
F-automorphisms of A for all invertible ¢ € Nuc(A).
We now prove Q is a subgroup of Autp(A): Clearly idy = G; € Q. Let
G¢, Gy € Q for some invertible ¢,d € Nuc(A), then

Ga(Ge(x)) = (d 1 ((c'x)c))d = (d e x)ed = (cd) xed = Goy(x)

for all x € A and so Q is closed under composition. Finally G. o G.-1 =
Gi = id, therefore Q is also closed under inverses since c~! € Nuc(A).
[l

Thus Q is a subgroup of Autr(A).

In the case where A is a finite semifield, Proposition [5.7l was proven in

[68, 2 Lemma]. By Proposition we conclude:

69



5.1 AUTOMORPHISMS OF S¢, f(t) € R = D[t; ]

Corollary 5.8. Given f(t) € R = D[t; 0, 5], the maps G.(x) = (¢ ' ox)ocare
inner automorphisms of Sy for all invertible c € Nuc(S¢). In particular, if f(t) is

right semi-invariant the maps G are inner automorphisms of S¢ for all c € D*.

Proof. The first assertion follows immediately from Proposition[5.7 We have
f(t) € R is right semi-invariant is equivalent to D C Nuc,(Ss) by Theorem
thus either S is associative or Nuc(S¢) = D NNuc,(Ss) = D. Therefore

the maps G, are inner automorphisms of S for all c € D*. O

5.1 AUTOMORPHISMS OF Sy, f(t) € R = D[t; 4]

Now suppose D is an associative division ring of characteristic p # 0 and
center C, ¢ = id and 0 # ¢ is a derivation of D. In this Section we

investigate the automorphisms of Sy in the special case where
F(t) =t 4+ a1t 4. fait+deR=D[t].

Here Sy is a nonassociative algebra over F = C N Const(J).

Recall from that as D has characteristic p, we can write (t — b)F =
tP — V,(b), where V,(b) = b? + 6P~1(b) + « forall b € D, with * a sum
of commutators of b, 5(b),...,6P~2(b). In particular, if b € C then * = 0
and V,(b) = b? + 6P~ 1(b). An iteration yields (t — b)P" = t/* — Vpe(b),
forall b € D with Vpe(b) = Vy(b) = Vp(... (Vp(b)...).

The automorphisms of R are described in Corollary Together with
Theorem this leads us to the following result, which generalises [56,

Proposition 7] in which 7 = id:

Corollary 5.9. Suppose T € Autp(D) commutes with § and
F(t) =t +ait? 4+ ... +at+deR,

where ay, . ..,a, € Fix(7). Then for any b € C such that

Ve (b) +a1Vpeor (b) + ... +aeb +d = 7(d), (5.2)
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the map

pe-1

. pe-1 .
Hy _p1:Sf— Sy, Z x;th — Z T(x;)(t=Db)", (5.3)
i=0 i=0

is an F-automorphism of Sy.

Proof. The map

n . n .
©®:R— R, Y bit'— ) t(b)(t—b),
i=0 i=0
is an F-automorphism for all b € C by Corollary Furthermore, a close
inspection of the proof of Corollary [4.7]shows @(f(t)) = f(t) if and only if

holds, thus the assertion follows by Theorem O

Let f(t) =t —t—d € R, then H; ;1 € Autp(Sy) forallb € C, T €
Autp(D) such that Tod = do T and

T(d) =b—Vy(b) +d=b+d—bP — 6" 1(b)

by Corollary In addition, if f(t) is not right invariant, § commutes with
all F-automorphisms of D and F C C, these are the only F-automorphisms

of Sf:

Theorem 5.10. Let f(t) =t’ —t —d € R. Then for all T € Autp(D) and b € C

such that T commutes with 6 and
T(d) =b+d —bP — 677 1(b), (5.4)

the maps H _y,1 given by (5.3) are F-automorphisms of S¢. Moreover, if f(t) is
not right invariant, 6 commutes with all F-automorphisms of D and F C C, these

are all the automorphisms of S.

Proof. Suppose f(t) is not right invariant, F C C and H € Autp(Ss). By
Corollary we are left to show H has the form H;_,; for some 7 €
Autp(D) and b € C satisfying (5.4).

Since f(t) is not right invariant, Ss is not associative and Nuc;(Sy) = D by

Theorem 2.1 Any automorphism of Sy must preserve the left nucleus, thus

71



5.1 AUTOMORPHISMS OF S¢, f(t) € R = D[t; ]

H(D) = D and so H|p = T for some T € Autg(D). Write H(t) = Y./ b;#!

for some b; € D, then we have

I
_

H(toz) = H(t) thlor i()by (), (5.5)
1:0]:0
and
H(toz) = H(zt + 6(2) th’—l—r (5.6)

for all z € D. Comparing the coefficients of /=2 in (5.5) and (5.6) we obtain

-1

T(z)bp_2 = by_27(z) + (Z _ 2) bp-16(7(2)),

for all z € D. In particular,
p—1 _
(P B 2) b,—16(7(z)) =0,
for all z € C, therefore b, 1 = 0 since (5:;) # 0and 6(7(z)) = 1(é(z)) # 0
for all z € C with z ¢ Const(d). Such a z exists because F C C.

Similarly, looking in turn at the coefficients of t#=3,..., 2t in (5.5) and

yields b,_1 = b, 2 = ... = by = 0, and comparing the coefficients of 10
in (5.5) and we get
T(z)bo + 7(6(2)) = bot(2) + b16(7(2)), (5.7)

forall z € D. In particular, this means 7(d(z)) = b17(6(z)) for all z € C since
T and 6 commute. Hence b; = 1 as F C C. We conclude t(z)by = byt(z) for
all z € D by (5.7), thus by € C and so H(t) =t — b for some b € C.

We now show H has the form (5.3): We have

H(zot) = H(z) o H(t)! = 7(2)(t — b)},

foralli € {1,...,m—1}, z € D, and so H has the form H; _;; for some

b € C. Moreover, with t? = to tP~1, also

H(t") = H(t+d) = t — b+ 7(d), (5.8)
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and H(totP~1) = H(t) o H(t)P !, i.e.

H(tP) = H(t) o H(t)P~! = (t — b)? mod, f

(5.9)
= tF = Vy(b) mod, f =t+d — V,(b).
Comparing and gives
T(d) =d—V,(b)+b=b+d— b —5"1(b), (5.10)

and thus H has the form H;_;1, where T € Autp(D) and b € C satisfy

(5.10). O

When f(t) = tF —t—d € R, we see Hijg_1; € Autp(Ss) by Theorem

5.10, Additionally, a straightforward calculation shows Hiid 4 (t) = t—i

for all i € IN, therefore since Char(D) = p, we have Hj; ;, # id for all
ie€{l,...,p—1}. Furthermore
n . n .
©:R—R: ) bit' =Y bi(t—1)
i=0 i=0
is an automorphism of order p [3} p. 90], thus (Hiq —1 1) is a cyclic subgroup

of Autr(S¢) of order p [56, Lemma 9].

Notice the equation (5.4) in Theorem is remarkably similar to (3.17)
in Proposition Comparing them yields a connection between the auto-

morphisms of Sy and factors of certain differential polynomials:

Proposition 5.11. Let T € Autp(D), f(f) =tF —t—d € Rand g(t) = tF —t —
(d—t(d)) € R.

(i) Suppose T commutes with 6. If b € C* is such that (t — b)|,g(t), then
Hi_p1 € Autp(Sf).

(ii) Given b € C*,if (t —b)|,(tV —t) then Hiq 1 € Autp(S¢).

(iii) Suppose f(t) is not right invariant, 6 commutes with all F-automorphisms
of Dand F C C. Then Hy_y1 € Autp(Sy) if and only if b € C* and
(t = b)|rg(t). In particular, if b € C* then Hiq_y1 € Autp(Sy) if and only
if (£ = b) ], (17 — ).
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(iv) Suppose f(t) is not right invariant, 6 commutes with all F-automorphisms of

Dand F C C. If g(t) is irreducible then Hy_y1 ¢ Autp(Ss) forall b € C*.

Proof. (i) We have (t —b)|,g(t) is equivalent to V,,(b) —b—d +1(d) =0
by Proposition As T commutes with 6 and b € C*, this yields
He, _p1 € Autp(Sy) by Theorem

(ii) follows by setting T = id in (i).

(iii) If f(t) is not right invariant and F C C, then H; _;; € Autp(Sy) if
and only if T commutes with §, b € C* and 7(d) = b — V,(b) +4d
by Theorem Now (t —b)|,g(t) is equivalent to V,(b) —b —d +
7(d) = 0 by Proposition and the assertion follows.

(iv) If g(t) is irreducible then in particular, (f — b) t, () for all b € C*

and the assertion follows by (iii).

5.2 AUTOMORPHISMS OF S, f(t) € R = D[t; 0]

Now suppose D is an associative division ring with center C, Char(D) is
arbitrary, ¢ is a non-trivial automorphism of D and f(t) € R = D[t;0].
Thus S is a nonassociative algebra over F = C N Fix (o). Throughout this
Section, if we assume ¢ has order > m — 1 we include infinite order. From

Theorem [4.9| we obtain:
Theorem 5.12. Let f(t) = t™ — Z;";c)l a;jt’ € R.

(i) For every k € C* such that

ai=([To'(K))as (5.11)

foralli e {0,...,m— 1}, the maps

1

m—1 1 i1 ,
Hiqx : Z xith — xo + Z xi(Hal(k))tl, (5.12)
i=0 =1 =0

m—
i
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are F-automorphisms of S . Furthermore
{Hiq x | k € K* satisfies (5.11) forall i € {0,...,m —1}}
is a subgroup of Autrp(Sy).
(ii) For every T € Autp(D) and k € C* such that T commutes with o and
m—1 |
t(@) = ([To'®))a (5.13)
I=i

foralli € {0,...,m— 1}, the maps

m—1 m—1 i—1

H’r,k : Z xiti —> T(XO) + 2 T(x,-
i=0 i=1 I=0

~—
—~
L
—
=
~—
~—
B
~~
o
=
N
~

are F-automorphisms of Sy. Moreover
{H:x | T € Autp(D), Too =001, k € K* satisfies (5.13) for all i}
is a subgroup of Autp(Sy).

(iii) Suppose f(t) is not right invariant, o commutes with all F-automorphisms
of D and o|c has order at least m —1. A map H : Sy — Sy is an F-
automorphism of S if and only if H has the form H,y, where T € Autp(D)
and k € C* are such that holds for all i € {0,...,m —1}.

Proof. Note that the inverse of Hy x is He-1 141y and He g o Hpp = Hop r(p)
The rest of the proof is trivial using Theorem
[]

The automorphisms H, in Theorem are restrictions of automor-
phisms
n . n .
®:R — R, Zbitl — ZT(bi)(kt)l,
i=0 i=0
by the proof of Theorem If f(t) is not right invariant, ¢ commutes with

all F-automorphisms of D and 0|c has order at least m — 1, then Theorem
iii) shows that all F-automorphisms of Sy are restrictions of automor-
phisms of R. Conversely, when o|c has order < m — 1 and ¢ commutes
with all F-automorphisms of D, the automorphisms H: \ are restrictions of

automorphisms of R and form a subgroup of Autr(S¢). Moreover we have:
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Proposition 5.13. Suppose f(t) = t" — Y/ La;t € R is not right invariant,
o commutes with all F-automorphisms of D and o|c has order n < m — 1. Let
H € Autp(S¢) and N = Nuc,(S¢). Then H|p = T for some T € Autp(D),
Hy € Autp(N) and H(t) = g(t) with

§(t) = knt + kyput' ™"+ kot T2 4 kst T, (5.15)
for some ki, € D.

Proof. Let H : Sy — Sy be an automorphism. Then H[y € Autp(N) and
H|p = 7 for some T € Autp(D) by Lemma 5.1}

Suppose H(t) = YI" ! kit' for some k; € D. Comparing the coefficients of
tin H(toz) = H(t) o H(z) = H(c(z)t) we obtain k; = 0 or ¢ (z) = 0(z), for
alli € {0,...,m—1} and all z € C. Now, since ¢|c has order n < m —1,
0'(z) = 0(z) for all z € C if and only if i = 1 + nl for some I € Z. Therefore
ki=0foreveryi#1+nl, 1 € NU{0},i€ {0,...,m—1} and hence H(t)
has the form for some s with sn < m — 1. O

Suppose o commutes with all F-automorphisms of D and ¢|¢ has order at
least m — 1, then the automorphism groups of S¢ for f(t) = " —a € R not
right invariant, are essential to understanding the automorphism groups of

m—

all the algebras S,, as for all nonassociative Sg with g(t) = t" — Y 1 bt €

R and by = a, Autp(Sg) is a subgroup of Autp(Sy):

Theorem 5.14. Suppose o commutes with all F-automorphisms of D and o|c has

order at least m — 1. Let g(t) = t" — L' L b;t' € R not be right invariant.

(i) If f(t) = t"™ — by € R is not right invariant, then Autr(Sy) is a subgroup
OfAutp(Sf).

(i) If f(t) = t" — Y L a;t' € R is not right invariant and a; € {0,b;} for all
j €10,...,m—1}, then Autp(Sg) is a subgroup of Autp(Sy).

If additionally all automorphisms of Sq are extensions of the identity, i.e. have the

form Hiqx for some k € C*, then Autr(Sy) is a normal subgroup of Autr(Sy).
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Proof. (i) Let H € Autr(Sg), then H has the form H,; where T € Autp(D)
and k € C* satisfy t(b;) = (IT/; o' (k))b; for all i € {0,...,m — 1}
by Theorem |5.12(iii). In particular, T(bg) = ( [T 01 ol (k )) bo, thus Hy

is also an automorphism of S¢, again by Theorem iii). Therefore
Autp(Sg) < Autp(Sf).

Suppose additionally that all automorphisms of S, are extensions of
the identity. Let H,x € Autp(Sy¢), Hig, € Autp(Sq) for some p €
Autp(D) and k,z € C*. The inverse of Hyx is H, 1,141, further-

Hya (= (Hy 1000 (T 1))
m—1 i—1
pk(Hldz(p (o) + X p-1<xi>(lHOa%p-%k-l)))tl))
m—1 i—1 i—1
= Hye(p7(x0) + L p-1<xi>(lnoal<p-1<k-1>>)(lrga%z))tl)
m—1 i—1 ) m—1 i—1
= xo+ ; xl(ll_gp(al(z)))tl =xo+ ; xl(ll—gal(p(z)))tl
m—1 )

= Higp(z )( 1;0 xz'fl>,

because o and p commute. Therefore if we show Hjq ,(;) € Autr(Sg),

then indeed Autr(Sg) is a normal subgroup of Autp(Sy).

As Hy, € Autp(Sg), Theorem [5.12) .111) implies []/"* 0! (z) = 1, for all
i €{0,...,m—1} such that b; # 0. Applying p and using that ¢ and

p commute, we obtain

o) =1=p(TT7@) =TT o)

foralli € {0,...,m — 1} such that b; # 0. Thus

- (TT6ten)n

foralli € {0,...,m — 1} and hence Hjq,(;) € Autp(Sg) by Theorem
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(ii) The proof is analogous to (i).

5.2.1  Cyclic Subgroups of Autr(Sy)

We now give some conditions for Autr(S¢) to have cyclic subgroups of cer-
tain order. In the special case when the coefficients of f(t) are contained in

F we obtain the following:
Proposition 5.15. Let f(t) = " — Y ta;t' € F[t;0] C R.
(i) If o has finite order n, then (Hy 1) = Z/nZ is a subgroup of Autr(S¢).

(ii) Suppose D = K is a cyclic Galois field extension of F of prime degree
m, Gal(K/F) = (o), ag # 0 and not all ay,...,a, 1 are zero. Then
Autp(Sf) < > Z./mZ.

Proof. (i) Since a; € F, we have o(a;) = (Hm Lol ))ai, for all
i€{0,...,m—1} and so H,1 € Autp(Sf) by Theorem ii). Fur-
thermore, H,;, 0 H,i; = Hyiij; and Hyny = Higy, hence (Hy1) =

(o

{Hia,1, Hop, - - -, Hpn1 1} & Z/nZ. is a cyclic subgroup of order 7.

(ii) The automorphisms of Sy are exactly the maps Hj, for some j €

{0,...,m —1} and k € K* such that

ol (a;) = a; = ( H ol ( )ai, (5.16)

for all i € {0,...,m — 1} by Theorem iii). The maps H,;, are
therefore automorphisms of Sy for all j € {0,...,m —1}. We show
that these are all the automorphisms of S¢: We have Ng,p(k) = 1
because ay # 0, hence by Hilbert’s Theorem 9o, there exists « € K
such that k = o(«) /a. Let g € {1,...,m — 1} be such that a; # 0, then

= e M@
1= LK) = o) _ =g+l _ )
gU’( ) gg ( o ) H;n:_qla_l(a) O'q(ﬂé)
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by (5.16). This means a € Fix(¢9) = F as m is prime. Therefore
k=oc(a)/a =ua/a =1 as required.

]

If F contains a primitive nth

root of unity for some n > 2, then there exist
algebras Sy whose automorphism groups contain a cyclic subgroup of order
n:

Theorem 5.16. Let f(t) = t" —a € R. If n|m and F contains a primitive n™

root of unity w, then Autr(S¢) contains a cyclic subgroup of order n generated by
Hid,w-

Proof. We have wo(w)---0™ Y(w) = w™ = 1 and thus Hiq,, € Autp(Sy)
by Theorem [5.12(i). Notice H, ,j is not the identity automorphism for all
je{l,...,n—1} and that Hig (,» = Hjq is the identity. Furthermore

Hid,wj (Hid,aﬂ( Z Xl'tl>> — Hid,aﬂ( Z xiwlltl) — Z xiwllw]ltz
=0 i=0 i=0
m—1 )
e Hid,ijrl( Z xitl>,
i=0

thus Hyy i © Hygt = Higq+ for all j,I € {0,...,n —1}. This implies

1
(Higw) = {Hid1, Hidws - - -» Hig on-1} s a cyclic subgroup. O
Proposition 5.17. Suppose F contains a primitive n'" root of unity w and let
f(t) = tmm -y ta,t" € R Then Autp(S¢) contains a cyclic subgroup of

order n generated by Hiq .

Proof. We have

nm—1 Z )
( H v (w)>ain = wmn—main = Qin,
I=in
foralli € {0,...,m—1} which implies Hiq,, € Autr(S¢) by Theorem i).
The rest of the proof is similar to Theorem O

F contains a primitive 2" root of unity whenever Char(F) # 2, namely

—1. Therefore setting n = 2 in Proposition yields:

Corollary 5.18. If Char(F) # 2 and f(t) = t*" — Z:.”:Bl ayt? € R, then
{Hiq,1, Hig,—1} is a subgroup of Autp(S¢) of order 2.
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5.2.2 Inner Automorphisms

In this subsection we consider the case where o|¢c has finite order m, and

look at the inner automorphisms of S;.

Proposition 5.19. Suppose o|c has finite order m and f(t) = t" —a € R. Then

the maps
m—1 ) m—1 ) )
Ge:Sp—Sp, ) xth = ) xic ot (c)t,
i=0 i=0

are inner automorphisms for all ¢ € C*. Furthermore, {G. | ¢ € C*} is a non-

trivial subgroup of Autp(Sy).

Proof. Let ¢ € C*, then [T_j 0! (c7lo(c)) = c~loi(c) for all i > 1, thus

Gc = Hiqx where k = ¢ 1o (c). Moreover, we have

m—1

[T (cto(e)) =clo™(c) =cc=1,

=0
and hence G. = Hiqx € Autr(Ss) by Theorem [5.12] ui) A simple calculation
shows G, (Zlmo x;t ) = ( -1 Z:”O xltl)c and so G, are inner automor-

phisms for all c € C*.

A straightforward calculation shows G. o G; = G4 forall ¢,d € C*, there-
fore {G. | ¢ € C*} is closed under composition. Additionally, we have
Gy = idg, and Gc o G.-1 = Gy, hence {G. | ¢ € C*} forms a subgroup of
Autp(S¢). Finally, G, is not the identity for all ¢ € C\ F which yields the

assertion. 0

Example 5.20. We use the same set-up as in Hanke [27, p. 200]: Let K = Q(«)
where w is a root of x> + x> —2x — 1 € Q[x]. Then K/Q is a cyclic Galois field
extension of degree 3, its Galois group is generated by & : o — a®> — a + 1. Let also
L = K(B) where B is a root of x> + (&« —2)x*> — (a +1)x +1 € K[x]. Then L/K is
a cyclic Galois field extension of degree 3 and there is T € Gal(L/K) with T(B) =
B>+ (a —2)B — «. Define 1 = a®>+2a —1 € K, then D = (L/K,7,27) is an
associative cyclic division algebra of degree 3 and & extends to an automorphism o

of D.
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Suppose f(t) = t> —a € DIt;o] and note that Cent(D) = K and o|g = & has
order 3. Therefore {G | c € K*} is a non-trivial subgroup of Autp(Ss) consisting
of inner automorphisms by Proposition

Corollary 5.21. Suppose o|c has finite order m and f(t) = t" —a € R. Let
c € C* and suppose there exists j € N such that ¢/ € F. Let j be minimal.
Then (Gc) = Z/jZ is a cyclic subgroup of Autp(Sy) consisting of inner automor-

phisms.

Proof. The maps G¢, G, . . . are all automorphisms of Sy by Proposition
furthermore a straightforward calculation shows G. o G, = G, for all
i,] € N. Notice G = G, is the identity automorphism if and only if ¢/ € F,
then by the minimality of j we conclude (G;) = {G.,Gp,...,G,1,id} is a
cyclic subgroup. O

If D is finite-dimensional over C, then since o|c has finite order m, o
has inner order m by the Skolem-Noether Theorem. That is ¢ is an inner
automorphism I, : x — 1 Yxu for some u € D*, where we can choose u €
D* such that o(u) = u [32, Theorem 1.1.22]. Given f(t) = ¥’ aju" M €
D[t;o] such that a, = 1 and a; € C, then f(t) is right semi-invariant by
Theorem [2.11] Therefore as a direct consequence of Corollary[5.8, we obtain:

Corollary 5.22. Suppose o and m are as above, and let f(t) = Yo a;u" /8" € R
where ay, =1 and a; € C. Then the maps
mn—1 ) mn—1 ) )
Ge:Sp—Sp, ) xit'— ) ¢ lxiot (o)F,
i=0 i=0

are inner automorphisms for all c € D*.

5.2.3 Necessary Conditions for H € Autp(Sy)
We next take a closer look at the equality (5.13), to obtain necessary condi-

tions for T € Autp(D) to extend to Hy € Autp(Ss). The more non-zero

coefficients f(t) has the more restrictive these conditions become.
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Proposition 5.23. Let 0,7 € Autp(D) and k € C* be such that holds for
alli €40,...,m—1},ie t(a;) = (IT"; o' (k))a; forall i € {0,...,m —1}.

(i) If a1 # O then

forallie {0,...,m—1}.
(ii) If two consecutive as, as.1 € Fix(7T)* then k = 1.
(iii) If ay,—1 € Fix(t)* then k = 1.
(iv) If thereisi € {0,...,m — 1} such that a; € Fix(7)* then 1 = [T/ ' o’ (k).

Proof. (i) Since a,,_1 # 0, implies T(a,,_1) = "™ 1(k)a,_1, hence
k = o7 (t(ay_1)a,' ). Subbing this back into (5.13) yields the

m—1

assertion.
(i) If there are two consecutive a5, 4541 € Fix(7)*, then by (5.13) we con-

clude [T Loy =1= Hl 10 !(k), thus cancelling gives o°(k) = 1,
ie k=1

The proof of (iii) and (iv) is similar to [11, Proposition 9], but we need

not assume D is a field:

(iii) Since a,,_1 € Fix(1)*, yields T(ay,_1) = ap_1 = 0" 1 (k)ay_1,
thus ¢ (k) =1and so k = 1.

(iv) We have 7(a;) = a; = [}, Lol (k)a; by (5.13), hence 1 = [T/, Lol (k).
[l

The condition heavily restricts the choice of available k to k = 1 in
many cases. Therefore in many instances we conclude Autp(Sy) is isomor-

phic to a subgroup of Autp(D) or is trivial:

Corollary 5.24. Suppose f(t) = t" — YY" ta;itt € R is not right invariant, o
commutes with all F-automorphisms of D and o has order at least m — 1. Suppose

also that one of the following holds:
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(i) ap—1 # 0and there exists j € {0, ..., m — 2} such that

m—1

w(ap) # ([T (lam-1)a,ly))a),

I=j
for all id # T € Autp(D).

(ii) ay,—1 € F* and for all id # T € Autp(D) there exists j € {0,...,m — 2}
such that a; ¢ Fix(7).

(iii) There are two consecutive as,as1 € F* and for all id # T € Autg(D) there

exists j € {0,...,m — 1} such that a; ¢ Fix(7).
Then Autp(Sy) is trivial.

Proof. Suppose H € Autp(S¢), then H = Hy ) for some T € Autp(D) and
k € C* satisfying by Theorem [5.12]

(i) We have T = id by Proposition [5.25(i), therefore implies a,, 1 =

0™~ 1(k)a,,_1. This means k = 1 and H = Hjq is trivial.

(ii) We have k = 1 by Proposition [5.23(iii), therefore implies T(a;) =
aj foralli € {0,...,m —1} and thus T = id. Therefore H = H;4 1 and
Autp(Sy) is trivial.

(iii) Proposition [5.23(ii) yields k = 1, therefore by we have 7(a;) = a;
foralli e {0,...,m —1}, hence T =id and H = Hq.

O

Denote by Centy(p)(c) the centralizer of o in Autr(D). If the coefficients

of f(t) are all in F, we have:
Proposition 5.25. Let f(t) = " — Y™ ta;t' € F[t] = F[t;0] C R.
(i) {Hr1 | T € Centpyyp)(0)} = Centayyp)(0) is a subgroup of Autr(Sy).

(ii) Suppose f(t) is not right invariant, ¢ commutes with all F-automorphisms

of D, ay,—1 # 0 and o|c has order at least m — 1. Then

Autp(Sf) = {HT,l | T E Autp(D)} = Autp(D).
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Proof. (i) We have 7(a;) = a; = (H’" Lol ))ai, forallie€ {0,...,m—1},
T € Centpyyp)(0), therefore {Hr 1 | T € Centpyyp)(0)} is a subset of
Autp(S¢) by Theorem ii). Furthermore, H1 o Hy 1 = Hyp for all
7,0 € Centpyyp)(0), hence {Hr1 | T € Centpyypy(0)} is a subgroup
of Autp(Sy) because Centy(p)(0) is a group.

(ii) In this case we prove the subgroup in (i) is all of Autr(Ss): Let H €
Autp(S¢), then H has the form H.; for some T € Autr(D), k € C*
such that 7(a;) = a; = (H’” Lol(k ))ai, foralli € {0,...,m —1} by
Theorem iii). In particular, a,,_1 = 0" !(k)a,_1 which implies
k =1 since a,,—1 # 0. Thus H = H; as required.

[]

Now suppose C/F is a proper field extension of finite degree, and D
is finite-dimensional as an algebra over C and over F. Let Np,c- denote
the norm of D considered as an algebra over C, Np,r denote the norm
of D considered as an algebra over F, and N¢,r denote the norm of the
field extension C/F. Recall Np,p(z) = N¢/p(Np,c(z)) for all z € D [31,
§7.4] and Np,p(7(z)) = Np,r(z) for all T € Autp(D) and all z € D [47,
p- 5471. Applying Np ¢ to yields a necessary condition for H.  to be

an automorphism of Sy:

Proposition 5.26. Suppose o commutes with all F-automorphisms of D, o|c has
order at least m — 1 and f(t) = t" — Y™ La;t' € D[t; 0] is not right invariant.
If Hep € Autp(Sy), then Ncyp(k) is a [D : C](m — i)th root of unity for all
i € {0,...,m — 1} such that a; # 0. In particular, if D is commutative and
ag # 0 then N¢/p(k) is an mth root of unity.

Proof. Applying Np r to we obtain

Np,r(t(ai)) = Np/r(a;) ND/F<<HU ) )

= Np/e(k)" 'Np,r(a;) = Neyp(k) PN e (a;),
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foralli € {0,...,m — 1} since Np (k) = Ne¢/p(Np c(k)) = Nep(k)PC]
for all k € C*. This yields N¢,p(k)IPCm=) = 1 or a; = 0 for every i €
{0,...,m—1}. n

5.2.4 Connections Between Automorphisms of Sy, f(t) = t" —a € D[t; 0], and

Factors of Skew Polynomials

Suppose D is an associative division ring with center C, ¢ is a non-trivial
ring automorphism of D and f(t) = t" —a € R = DJ[t;0]. We compare
Theorem and Proposition [3.2] to obtain connections between the auto-

morphisms of Sy and factors of certain skew polynomials:

Proposition 5.27. (i) Suppose T € Autp(D) commutes with o and k € C*,
then Hyy € Autp(Sy) if (£ — k)| (8" — t(a)a™1).

(i1) Suppose (t — k)|, (t™ — 1) for some k € C*, then H;q € Autp(Sy).
PP ' f

(iii) Suppose f(t) is not right invariant, ¢ commutes with all F-automorphisms
of D and o|c has order at least m — 1. If k € C* and T € Autp(D),
then Hyy € Autp(S¢) if and only if (t — k)|, (" — T(a)a~t). In particular,
Higx € Autp(Sy) if and only if (t — k)|, (t" —1).

Proof. (i) If (t — k)|, (t" — t(a)a~!) then [T ' ¢! (k) = T(a)a~! by Propo-
sition thus Hy € Autp(S¢) by Theorem [5.12) m(i).

(ii) follows by setting T = id in (i).

(iii) If (t —k)|-(#" — T(a)a~!) then Hy} € Autp(S¢) by (i). Conversely if
H. ) € Autp(Sy), then 7(a) = (TT/%,' o' (k))a by Theoremiii), and
thus (t — k)|, (" — t(a)a™ 1) by Proposmon

[

When D is commutative, Proposition shows there is an injective map
between the monic linear right divisors of " —1 in R and the automor-

phisms of S¢ of the form Hjqy. If additionally f(t) is not right invariant, o
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commutes with all F-automorphisms of D and ¢ has order at least m — 1,

then there is a bijection between the monic linear right divisors of " —1 in

R and the automorphisms of Sy of the form Hjq .

Corollary 5.28. Suppose o commutes with all F-automorphisms of D, f(t) is not

right invariant, and o|c has order at least m — 1.

(i) If all F-automorphisms of Sy have the form Hiqy for some k € C*, then

(ii)

Proof.

(i)

(t—b) 1, (t" —t(a)a™t), forall id # T € Autp(D), b € C*. In addition,

th

if D is commutative, m is prime and Fix(c) contains a primitive m" root of

unity, then t™ — t(a)a~! € R is irreducible for all id # T € Autg(D).

Ift" — t(a)a~! € R is irreducible for all id # T € Autp(D), then

m—1
Autp(Sf) = {Hid’k | k € C* such that ] ol (k) = 1}.
1=0
(i) The first assertion follows immediately from Proposition
If D is commutative this means (t — b) {, (#" — t(a)a~!) forallb € D*

h

and all id # T € Autg(D). If also Fix(¢) contains a primitive m™ root

of unity, then t" — t(a)a~! € R is irreducible for all id # T € Autp(D)

by Theorem

Suppose t" — 7(a)a~! € Ris irreducible for all id # T € Autp(D), then
in particular, (t —b) f, (t" —t(a)a!) forallb € C*,id # T € Autp(D).
Therefore H,, ¢ Autp(Ss) for all b € C*, and all id # T € Autp(D)
by Proposition [5.27/and so
m—1
Autp(Sy) = {Hid,k | k € C™ such that 111 ol (k) = 1}

by Theorem
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5.3 AUTOMORPHISMS OF JHA-JOHNSON SEMIFIELDS OBTAINED FROM

SKEW POLYNOMIAL RINGS

In this Section we study the automorphism groups of the Jha-Johnson semi-
fields which arise from Petit’s algebra construction. Let K = IF  be a finite
field of order p" for some prime p and ¢ be a non-trivial F,-automorphism
of K,ie. o: K — K, k +— k” for some r € {1,...,h — 1} is a power of the
Frobenius automorphism. Notice that F = Fix(c) 2 IF, where g = p8cd(r),
o has order n = h/gcd(r,h), and ¢ commutes with all F;-automorphisms
of K.

Suppose f(t) € R = K[t;0] is monic and irreducible, so that S¢ is a Jha-
Johnson semifield [44, Theorem 15] (see Theorem [1.4). Recall that when
f(t) =t" —a € K[t;0] is irreducible, a € K\ F and n > m, then S¢ is called
a Sandler semifield [58]. The automorphism groups of Sandler semifields
are particularly relevant as for all Jha-Johnson semifields S, with g(f) =
pn — Yttt € K[t 0] irreducible and by = a, Autp(Sg) is a subgroup
of Autp(Ss) by Theorem We study the automorphisms of Sandler
semifields in Section When m = n, Sandler semifields are precisely
the nonassociative cyclic algebras over F, and their automorphism groups
are studied in detail in Chapter [f|

We remark that the results in this Section hold more generally when
f(t) € R is not necessarily irreducible, here S¢ is a nonassociative algebra
over F, but Sy is not a semifield unless f(t) is irreducible (Theorem .

Theorem becomes:

Theorem 5.29. Let f(t) = t" — 2?”:*01 ait' € K[t;0] and define s; = (p™ —
P/ (p" = 1)

(i) Suppose k € K* is an s;th root of unity for all i € {0,...,m — 1} with
a; # 0. Then Higx € Autp(Sf).

(ii) Suppose k € K* and j € {0,...,n — 1} are such that o/ (a;) = k’ia; for all
i€{0,...,m—1}, then H,; , € Autp(S¢).
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(iii) Suppose f(t) is not right invariant and n > m — 1. Then H € Autp(Sy)
if and only if H = H_;, for some k € K*, j € {0,...,n — 1} such that
ol(a;) = k¥ia; forall i € {0,...,m —1}.

Proof. (i) We have

m—1 m—1
rl X
( H (Tl(k)>ﬂi = < H k¥ )”i = k%a; = a,
I=i =i
foralli € {0,...,m—1} and thus Hjqy € Autr(Ss) by Theorem [5.12(i).

(ii) Similarly to (i) we have

m—1 ] m-1 )
( H o (k)>al = ( 1—[ kP >ai = ksiai = (T](Ell‘)
I=i I=i
for all i € {0,...,m — 1}, and thus H,;; € Autp(S¢) by Theorem
GEE)
(iii) follows by (ii) and Theorem [5.12{(iii).

As a direct consequence of Theorem we have:
Corollary 5.30. Let n > m — 1 and g(t) = t" — Z;-“:Bl bit' € R not be right
invariant.
(i) If f(t) = t™ — by € R is not right invariant then Autr(Sg) is a subgroup of
Autp(Sy).
(i) If f(t) = t" — Y L ait' € R is not right invariant and a; € {0,b;} for all
j €10,...,m—1}, then Autp(Sg) is a subgroup of Autp(Sy).
Proposition becomes:
Corollary 5.31. Let f(t) = t" — " tait € Flt;o] C K[t;0]. Then (Hy ) =
Z./nZ is a cyclic subgroup of Autp(Sy).
The Hughes-Kleinfeld semifields can be written in the form Sy for irre-
ducible f(t) € K[t; o] of degree 2 by Theorem [1.3] Setting m = 2 in Theorem
gives a description of the automorphisms of Hughes Kleinfeld semi-

tields. In particular we obtain [64, Proposition 8.3.1] and [64, Corollary
8.3.6] as straightforward corollaries of Theorem [5.12{(iii).
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5.3.1 Automorphisms of Sandler Semifields

In this Subsection we study the automorphism group of Sy when f(t) =
t" —a € K[t;o]. In particular, when a € K\ F and ¢ has order n > m this
yields results on the automorphisms of Sandler semifields. Let

prm_l

Theorem implies:
Corollary 5.32. Let f(t) =t" —a € K[t; 7).

(i) The set {Hiqx | k € K, k* = 1} is a cyclic subgroup of Autp(S¢) of order
ged(s, p" —1).

(i) If p = 1 mod m, then there are at least m automorphisms of Sy of the form

Hig k. In particular, Autp(Sy) is not trivial.

(iii) Suppose h is even and at least one of r,m are even. If p = —1 mod m, then
there are at least m automorphisms of Sy of the form Hiqy. In particular,

Autr(Sy) is not trivial.

(iv) Suppose p is an odd prime and m = 2. Then Autp(Sy) is not trivial.

Proof. (i) If k € K* is an s™ root of unity then Hiqx € Autp(Sy) by The-
orem i). Moreover a straightforward calculation shows Hjq o
Hiq; = Higu € {Higx | K = 1} for all st roots of unity k,I € K*.
This means {Hjq | kK* = 1} is isomorphic to the cyclic subgroup of K*
consisting of all s roots of unity. There are precisely ged(s, p" — 1) sth

roots of unity in K by [36], Proposition II.2.1] which yields the assertion.

(ii) We have gcd(s, p" — 1) > m by the proof of Corollary therefore

there are at least m automorphisms of Sy of the form Hiqx by (i).

(iii) We have p" = (—1)" mod m = 1 mod m because / is even. If r is even

then p” =1 mod m and

—_

m—1 m

(p"" mod m)) mod m = ( i 1) mod m = 0 mod m.
! :

s mod m = (
i=0

i=
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On the other hand, if r is odd then m must be even, therefore p" =
—1 mod m and

m—1

smod m = ( ' (p" mod m)) mod m

Il
_ O

1
m .
(Y (-1)") mod m = 0 mod m.

i

Il
o

In either case, m|(p" — 1) and m|s. Hence ged(s, p" — 1) > m, so there

are at least m automorphisms of Sy of the form Hiq by (i).

(iv) pis odd so p =1 mod 2 and the result follows by (ii).
O

Corollary i) implies that if Autp(Sy) is trivial for a single f(t) =
t" —a € Klt;o], then all " — ¢ € K[t;0], ¢ € K, are reducible: Indeed
if Autp(Sy) is trivial then ged(s,p" — 1) = 1 by Corollary i), and so
t" — ¢ € K[t 0] is reducible for all ¢ € K by Corollary [3.23]

Proposition 5.33. Let f(t) = " —a € K[t;0].

(i) Ifc € K* isa (p"™™ — 1) root of unity, then the map
m—1 ) m—1 )
Gc:Sf— Sy, Z xith — (cfl Z xitl>c,
i=0 i=0

is an inner automorphism of Sy.

(ii) If psedlrmh) _ pged(nh) > 0, then there exists a non-trivial inner automor-
phism of Sy of the form G for some ¢ € K* which is a (p™ — 1) root of
unity, but not a (p" — 1) root of unity.

Proof. Letk = cP' 1,

(i) We have k?"-1/(r"-1) = 1 and so Higx € Autp(Sf) by Theorem
[5.29(i). Furthermore

m—1 ) m—1 i—1 ) m—1 i—1 N
Higx( ) xit') =x0+ ) xi(HUZ(k))tl =x0+ Y, xi<HkP )t’
i=0 i=1  “1=0 i=1  “1=0
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—xo+xlkt—|—Z:xk””*1 Exc o)t
i=2
m—1 )

i=0

so we conclude Hjq; = G, is an inner automorphism.

(ii) Notice Hiq is the identity if and only if k = 1, i.e. if and only if c is
a (p" — 1)th root of unity. Moreover every (p" — 1)th root of unity c is

rm o__

also a (p 1)th root of unity because (p" — 1)|(p" — 1). Therefore
if the number of (p" — 1) roots of unity in K is strictly greater than
the number of (p” — 1) roots of unity, then there exists a non-trivial
automorphism of Sy of the form G for some ¢ € K* whichisa (p"™ —

1) root of unity, but not a (p” — 1) root of unity.

Finally, the number of (p'™ — 1) roots of unity in K is strictly greater

than the number of (p” — 1) roots of unity if and only if

ged(p™ —1,p" = 1) —ged(p" — 1,p" = 1) >0,

if and only if

pgcd(rm,h) —1— (pgcd(r,h) _ 1) — pgcd(rm,h) _ pgcd(r,h) >0

by Lemma

O

When K contains a primitive (p — 1) primitive root of unity, Proposi-

tion [5.33| leads to:

Corollary 5.34. Suppose f(t) = t" —a € K[t;0] and (rm)|h, then K contains
a primitive (p™™ — 1) root of unity c and Autp(S¢) contains a cyclic subgroup of
inner automorphisms of order (p"™ — 1)/ (p" — 1) generated by G.

Proof. K contains a primitive (p'™ — 1) root of unity if and only if (p'™

1)|(p" — 1) by [36, Proposition I.2.1], if and only if

prm 1= ng(prm 1, Ph . 1) _ pgcd(rm,h) 1
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by Lemma if and only if rm = ged(rm, h) if and only if (rm)|h. Let
¢ € K* be a primitive (p"™ — 1) root of unity, then G, is a non-trivial inner
automorphism of Sy by Proposition Additionally, notice k = c”' 1 is
a primitive (p"" —1)/(p" — 1) root of unity and G, = Hjqx by the proof
of Proposition Thus (G.) = {G.,Gg,...,id} is a cyclic subgroup of
Autp(Sy) of order (p™ —1)/(p" —1). O

Proposition 5.35. Let f(t) = t" —a € K[t;0] and | € IN be such that l|m and
1|(p&d("h) —1). Then F contains a primitive I root of unity w and Autp(S f)

contains a cyclic subgroup of order | generated by Hiq ,,.

Proof. F contains a primitive /™" root of unity is equivalent to I|(p8d("") —1),

so the result follows by Theorem O
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AUTOMORPHISMS OF NONASSOCIATIVE CYCLIC
ALGEBRAS

Throughout this Chapter, let K/ F be a cyclic Galois field extension of degree
m with Gal(K/F) = (¢), and

A = (K/F,0,a) = K[t;o]/K[t; 0] (t"" — a)

be a nonassociative cyclic algebra of degree m for some a € K\ F. Here A
is not associative by Theorem [2.1[v).

In this Chapter we investigate the automorphisms of nonassociative cyclic
algebras using results in Chapter [5|and those by Steele in [64, §6.3].

In particular, we will prove there always exist non-trivial inner automor-
phisms of a nonassociative cyclic algebra and find conditions for all auto-
morphisms to be inner. These conditions are closely related to whether or
not the field F contains a primitive m™ root of unity. We pay special atten-
tion to the case where K/ F is an extension of finite fields in Section and
we completely determine the automorphism group of nonassociative cyclic
algebras of prime degree different from Char(F).

The field norm Ny, : K — F is given by Ng,r(k) = IT",' ¢! (k). Recall
Hilbert’s Theorem go, which states Ny, r(b) = 1 if and only if b = o(c)c !
for some ¢ € K*, thus Ker(Ng,r) = A(1), where A?(I) = {c(c)lc™! | c €
K*} is the o-conjugacy class of I € K* [40].

In this case Theorem [5.12(iii) immediately becomes:
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Corollary 6.1. ([64, Corollary 3.2.9]). Amap H : A — A is an F-automorphism
of Aif and only if H = H,; , for some j € {0,...,m — 1} and k € K* such that
o/(a) = Ni,p(k)a, where H; . is defined as in (5.14).

Corollary leads us to the following Theorem on the inner automor-

phisms of nonassociative cyclic algebras:

Theorem 6.2. (i) The maps

m—1 . m—1 . .
Ge: A=A, Y xtt e Y xie o (o)F, (6.1)
i=0 i=0

are inner automorphisms for all c € K*.

(ii) Let ¢ € K*, then G = Hiqy where k = c~'o(c). Furthermore every

Hiq; € Autp(A) is inner and can be written in the form G for some ¢ € K*.
(iii) Let c,d € K*, then G. = G if and only if c"'o(c) = d~ 1o (d).

(iv) There exists a non-trivial inner automorphism of A. Therefore the automor-

phism group of A is not trivial.

(v) N = {G. | ¢ € K*} = Ker(Ng,F) is an abelian normal subgroup of
Autp(A). In particular, H o G. o H™' is inner for all c € K* and all H €
Autp(A).

(i) Ifo(a)a' ¢ Ng/p(K*) forallj € {1,...,m — 1} then
Autp(A) = {G. | c € K*} = Ker(Ng,r),
and all automorphisms of A are inner. In particular, Autp(A) is abelian.

(vii) Let ¢ € K\ F and suppose there exists j € IN such that ¢ € F*. Let j be
minimal. Then (G.) = Z/jZ is a cyclic subgroup of Autp(A).

Proof. (i) A straightforward calculation shows
m—1 ) m—1 .
Ge( Y mit') = (¢t Y xit')c,
(E ) = (" )
for all ¢ € K*. Furthermore, D = Nuc(A) by Corollary 2.12]and hence

G, are inner automorphisms by Corollary
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(ii) If k = c'o(c), then
i—1

m—=1 m—1 )
Hid,k( 2 xitl) = Xxo+ 2 xi<Hal(k)>t1
i=0 i=1

1=0
m—1 ) ) m—1 )
=x0+ Y xic to' (o)t = Ge( Y xit),
i=1 i=0

and thus G, = Hjqx. Suppose Hiq; € Autp(A) for some | € K*,
then Ng,r(I) = 1 by Corollary 6.1/ and so there exists ¢ € K* such
that | = ¢~ !o(c) by Hilbert go. This means Hiq; = G, by the above

calculation.

(iii) Let k = ¢ to(c) and I = d~'o(d), so that G, = Hiqx and G; = Hiq; by
(ii). Therefore G, = G, if and only if Hjq; = Hiq; if and only if k = [.

(iv) G, is a non-trivial inner automorphism of A for all ¢ € K'\ F.

(v) Note N = {Hjq | k € Ker(Ng,r)} by (ii) and Corollary |6.1}and N is
a subgroup of Autp(A) by Theorem [5.12(i). Furthermore, a straight-
forward calculation shows G, o G; = G, = G4 = Gj0 G, for all
c,d € K*, i.e. N is abelian. We are left to prove N is a normal sub-
group of Autp(A): Let c € K* and H € Autp(A). Then H = H,;
for some j € {0,...,m — 1}, k € K* such that ¢(a) = Ng,r(k)a by
Corollary Additionally the inverse of H; ; is H,j ;- (k1) and we

have
m—1 .
(e (135 w0)
) m—1 i—1 .
= HUf,k<GC <c7_](x0) + Y o ](xi)(l_[al_f(k_l))tl»
i=1 1=0
= H,j, (U_j(XO) - mz_;l cr_j(xi)(ﬁal_j(k_l))c_lai(c)ti)
o=l 1=0 N
= X0+ nil xi(ﬁg’l(k_l))aj(c_l)g’i+j(c)(ﬁo’l(k))ti
;ill =0 millzo
=xo+ Y %0/ (c ol (o)t = GU]-(C)( Y. xiti>,
i=1 i=0

hence H ik © G.o H;f,lk = GU.]’(C) € N which yields the assertion.
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(vi) Here Autp(A) = {Hiqx | k € Ker(Ng,r)} by Corollary [6.1] and hence
the result follows by (ii) and (iii).

(vii) This is just Corollary

In some instances, Autr(A) is a non-abelian group:

Proposition 6.3. Suppose H,; ;. € Autp(A) for somej € {1,...,m—1} and k €
K*. If there exists c € K* and i € {1,...,m — 1} such that c~'c*(c) ¢ Fix(c7),

then Autp(A) is a non-abelian group.

Proof. We have

Hoi 1 (Ge(t)) = Hy (70 (e)t) = of (¢’ (e)) ([T o' () ) ¢,
and -
Ge(H,;j () ((HU ) > = (ll—[(rl(k))c_lvi(c)ti,
=0
foralli € {1,...,m —1}. Thus if there exists i € {1,...,m — 1} such that

c1oi(c) ¢ Fix(c7), then G, o H,j # H,j o Ge and Autp(A) is not abelian.
[]

We now take a closer look at the inner automorphisms in the case where

F does not contain certain primitive roots of unity:

Theorem 6.4. Suppose a € K* does not lie in any proper subfield of K and F does

not contain a non-trivial m* root of unity. Then
Autp(A) = {G. | c € K*} = Ker(Ng/F),
and all automorphisms of A are inner.
Proof. We first prove every automorphism of A has the form Hiq4, then

Autp(A) = {GC | c € KX} = Ker(NK/p),
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by Theorem and all automorphisms of A are inner. Suppose, for a
contradiction, that there exists j € {1,...,m — 1} and k € K* such that
H,j, € Autp(A). This implies ngk = Hyj; 0 H,j € Autp(A), and

ol

m=1 ] m=1 i-1 '
Hg,.,k( y xitl) — % (x0) + Y ¥ (x) ( Haf+q(k)aq(k))tl. 6.2)
i=0 i=1 g=0

Now ng,k must have the form H ., for some I € K* by Corollary and
comparing and yields | = ko/(k). Similarly, H? = Hpj, €
Autr(A) where s = ko/(k)o? (k). Continuing in this manner we conclude

the maps H,;j , H,2 ;, Hys1 , - . . are all F-automorphisms of A, therefore

o/ (a) = Ng/p(k)a,

0?l(a) = Ng/r(kol (k))a = Ng/p(k)a,
(6.3)

a= (7”7(11) = Ng,r(k)"a,

by Corollary 6.1, where n = m/gcd(j, m) is the order of ¢/.

Note that ¢?/(a) # a for all i € {1,...,n — 1} since a is not contained in
any proper subfield of K. Therefore Ny (k)" = 1 and Nk, r(k)! # 1 for all
i€ {l,...,n—1} by (63), i.e. Ng,p(k) is a primitive n'h root of unity, thus

h

also an m™ root of unity, a contradiction. O

Example 6.5. Let F = Q and K = Q(0) where 0 is a root of T(y) = y° +y* —
2y —1 € F[y|. Then K/F is a cubic cyclic Galois field extension, its Galois group is
generated by o where o(0) = —6% — 0 + 1 [27, p. 199]. Suppose A = (K/F,c,a)
for some a € K\ F. As F does not contain a non-trivial 3" root of unity, Theorem
[6.4] implies Autp(A) = {G. | ¢ € K*} = Ker(Nk,), and all automorphisms of

A are inner.

We now investigate the automorphisms of A in the case when F contains
a primitive m™ root of unity. It is well-known that if F contains a primitive

mth

root of unity and K/F is cyclic of degree m (where m and Char(F) are
coprime), then K = F(d) where d is a root of the irreducible polynomial

x™ — e € F[x] for some e € F* [43] §VL6].
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Lemma 6.6. Suppose F contains a primitive m'" root of unity and either F has
characteristic 0 or ged(char(F),m) = 1. Write K = F(d) where d is a root of
the irreducible polynomial x™ — e for some e € F*. Then oJ(Ad") = «'Ad’, for
all A € Fand i,j € {0,...,m — 1} with w € F* a primitive m™ root of unity.

Furthermore, if m is prime then Ad' are the only possible eigenvectors of o’.

Proof. When m is prime this is [64, Lemma 6.2.7]. We are left to prove the
tirst assertion when m is not necessarily prime, this is similar to the first part
of the proof of [64, Lemma 6.2.7]: We have o(d™) = o(e) = e = d™, therefore

h

the action of ¢ on d is given by ¢(d) = wd where w is a primitive m™ root of

unity. Thus ¢/(d) = w/d and ¢/ (d') = w'id for alli,j € {0,...,m —1}. O
When m is prime, Corollary 6.1 and Lemma [6.6] yield:

Proposition 6.7. Suppose m is prime, F has characteristic not m and contains a
primitive m*" root of unity. Write K = F(d) where d is a root of the irreducible

polynomial x™ — e € F[x| for some e € F*.

(i) Ifa # Ad' forall A € F*,i € {1,...,m — 1} then Autp(A) = Ker(Ng,r)

and all automorphisms of A are inner.

(ii) Suppose a = Ad' for some A € F*, i € {1,...,m —1}. If there exists
j€{l,...,m—1} and k € K* such that Nx,r(k) = w'l where w € F* is
the primitive m'" root of unity satisfying o(d) = wd, then (H,j ) is a cyclic
subgroup of Autp(A) of order m?. Otherwise Autp(A) = Ker(Ng,r) and

all automorphisms of A are inner.

Proof. (i) If a # Ad' forall A € F*, i € {1,...,m — 1} then ¢/(a) #
laforalll € F*, j € {1,...,m —1} by Lemma In particular,
this means ¢/(a) # Ng,p(k)a for all k € K* and so H,j, is not an
automorphism of A for all j € {1,...,m — 1}, k € K* by Corollary
Therefore Autr(A) = {Hjqx | Nk/r(k) = 1} again by Corollary
[6.1]and Autr(A) = {G. | c € K*} = ker(Nk,r) by Theorem 6.2 hence

all automorphisms of A are inner.
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(ii) Suppose there exists j € {1,...,m —1} and k € K such that Ng,p(k) =

w'l where w € F* is a primitive m™ root of unity. Then

aj(a) = wilag = Ng,p(k)a,

by Lemma [6.6| which implies H,; , € Autr(A) by Corollary Since
m is prime, o/ has order m, and H ik © -0 Hyj (m-times) becomes
Hiqp where b = w'l = Ng,p(k). As b is a primitive m™ root of unity,

Hiq has order m so the subgroup generated by H,; , has order m?2.

On the other hand, if N/ p(k) # w’ forallk € KX, je{1,...,m—1},
then ¢/(a) # Ng,p(k)a for all k € KX, j € {1,...,m — 1} by Lemma
and hence H,;, ¢ Autp(A) forall j € {1,...,m -1}, k € K* by
Corollary [6.1] Therefore Autp(A) = {G. | ¢ € K*} = ker(Nx,r) by
Theorem [6.2]

6.1 AUTOMORPHISMS OF NONASSOCIATIVE QUATERNION ALGEBRAS

We now study the automorphisms of nonassociative cyclic algebras of de-
gree 2, i.e. nonassociative quaternion algebras. Suppose Char(F) # 2, K/F
is a quadratic separable field extension with non-trivial automorphism o,
and write K = F(1/b) for some b € K*. Let A = (K/F,c,a),a € K\ F, be a

nonassociative quaternion algebra.

Theorem 6.8. (i) A map H is an automorphism of A if and only if H = H_;
for some j € {0,1} and k € K* such that ¢/ (a) = Nk, r(k)a.

(ii) The map Hig c1,(c) = Ge defined as in (6.1) is an inner automorphism of A
forall c € K*. Moreover every automorphism of A of the form Hiq j can also

be written in the form G for some c € K*.

(iii) G is not trivial if and only if c € K\ F. In particular there exists a non-

trivial inner automorphism of A.
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(iv) {Gc | c € K*} are the only inner automorphisms of A.

Proof. (i), (ii) and (iii) follow immediately from Corollary and Theorem

The proof of (iv) is similar to [67, Lemmas 2 and 3] with a = id:
Suppose, for a contradiction, that {G. | ¢ € K*} are not the only inner

automorphisms of A. This means there exists an element 0 # r +st € A

with left inverse u + vt, such that s # 0 and
H:A— A, xg+x1t — [(u+ot) o (x9+ x1t)] o (r + st),
is an automorphism. We have
1= (u+ot)o(r+st) =ur+oo(s)a+ (us+ovo(r))t, (6.4)
and comparing the coefficients of t in yields
us +vo(r) = 0. (6.5)

Any automorphism must preserve the left nucleus, so H(K) = Kand H|g =

o/ for some j € {0,1}. This implies

H(k) = [(u+vt) ok] o (r+st) = (uk +vo(k)t) o (r + st)
= ukr 4 vo(k)o(s)a + (uks + vo(k)o(r))t = o (k)

for all k € K, in particular
kus + o(k)vo(r) = 0. (6.6)

Therefore kus = o(k)us for all k € K by (6.5), (6.6), hence u = 0 since s # 0
and ¢ is not trivial. Furthermore vo(r) = 0 by which means r = 0

because ¢ is injective and v # 0. Now A is a division algebra by Corollary

and Theorem (see also [65] p. 369]), moreover

1
—~ tost=1,
o(s)a

and so the left inverse of st is unique and equal to (1/(c(s)a))t. We con-

clude H has the form

H(x0+x1t) = [ to (xo—{—xlt)] ost = <Z_

1
o(s)a
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= o(x0) + 78

that is H = H, ;, where b = ¢(s)1s, and

o(a) = o(s) tso?(s) " lo(s)a = so?(s) la=ssla=a

by Corollary 6.1} a contradiction because a € K \ F. O

Theorem [6.8(i) is also proven by Waterhouse in [65] p. 370-371]. Setting
m = 2 in Theorem [6.2vi) and Proposition [6.7(i) yields:

Corollary 6.9. (i) Ifa = Ao+ Alx/gfor some Ay, A1 € F*, then Autp(A) =
{G¢ | c € K*} = Ker(Ng,r) and all automorphisms of A are inner.

(ii) If a = AV for some A € F* and Ng/p(k) # —1 for all k € K*, then
Autp(A) = {G; | c € K*} = Ker(Ng,r) and all automorphisms of A are

inner.

Proof. (i) —1 € F* is a primitive 2" root of unity so the result follows by

Proposition [6.7{1).

(ii) We have o(a)a~! = —aa~! = —1 so the assertion follows by Theorem
Bavi)
O

Example 6.10. Consider the nonassociative quaternion algebra A = (C/R,0,a)
where a € C\ R and o denotes complex conjugation. Given k = ko + ki € C,

ko, k1 € R, we have
Ne/r(k) = ko(k) = (ko + ki) (ko — k1i) = k3 + k3 # —1,

and so Autg(A) = {G. | c € C*} = Ker(Ng¢,Rr) by Corollary[6.9] Now since
Ker(N¢/R) = {ko+kii € C | k3 + k3 = 1}, we conclude Autg (A) is isomorphic

to the unit circle in C.

Recall the dicyclic group of order 4/ has the presentation

Dic; = (x,y | y* =1, ¥* = ¢, x lyx =y 1), (6.7)
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The semidirect product Z/sZ x Z /nZ between cyclic groups Z/sZ and
Z./nZ corresponds to a choice of integer [ such that /" =1 mod s. It can be

described by the presentation
Z/sZx,Z/nZ = (x,y|x*=1,y" =1, yxy ! = x!). (6.8)

Theorem 6.11. Let a = A\/b for some A € F* and suppose there exists k € K*
such that Ny, p(k) = —1. For every ¢ € K\ F for which there exists a positive
integer j such that ¢/ € F*, pick the smallest such j.

(i) If j is even then Autp(A) contains a subgroup isomorphic to the dicyclic

group of order 2j.

(ii) If j is odd then Autp(A) contains a subgroup isomorphic to the semidirect
product Z./jZ. x; 1 Z./4Z.

Proof. Since 0'(a) = —a = Ng/r(k)a, Hy . € Autp(A) by Corollary 6.1} (Gc)
is a cyclic subgroup of Autr(A) of order j by Theorem furthermore, a

straightforward calculation shows that

<H0’,k> = {H(T,k/ Hid,—l/ H(T,—k/ Hid,l } (69)

(i) Suppose j is even and write j = 2I. We prove first that G, = Hjq _;.
Write ¢! = A + uv/b for some A, i € F. Then

o =2 = A2+ 12+ 2AuVb € F,

which implies 2Ay = 0, i.e. A = 0 or ¥ = 0. By the minimality of j,
¢! ¢ F thus A = 0 and hence ¢! = uv/b. We have

GCZ(XO + x1t) = Xxqg + x1(}£\/§)710(‘u\/5)t = xp + xlluflbfl\/g(—]/t\/g)t
= xo — x1t = Hiq 1 (x0 + x1t),
that is G. = Hig—1-

Next we prove (H, ;)" oG.o Hy; = G- !: Simple calculations show

(Ha,k)_l = H, _rand G, e Gy (c)- Furthermore

Hy—(Ge (Hog (xo + x18))) = Hy i (Ge(e(x0) + (21 )kt))
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= H, _i(0(x0) + o(x1)ke o (c)t)
= xo — x10(k)o(c™ 1) ckt

= xo + x10(c Nt = Go(c) (x0 + x1t),

that is (Hyz) !0 Geo Hyp = G L.

We conclude Hg,k = Hig_-1 = Gu = Gl G¥ = id and (Hyx) toGeo

Hy =G, 1 hence (Hy k, G¢) has the presentation as required.
(ii) Suppose j is odd, then (G.) is cyclic of order j so does not contain

Hi4,—1, because H;q _1 has order 2. This implies (H, ) N (G.) = {id}

by (6.9). Furthermore, (Hyx) ‘o G.oH,p = G-t = Gl = G,

similarly to the argument in (i). Notice that
(- 1=~ 4P + 67 — 4/ + 1= 1 mod (j),
thus Autp(A) contains the subgroup
(Ge) Xj—1(Hop) 2Z/jZ ;1 Z/4Z
as required.

]

In particular if we choose ¢ = /b in Theorem then clearly j = 2
which means Autr(A) contains the dicyclic group of order 4, which is the

cyclic group of order 4:

Corollary 6.12. If a = A\/b for some A € F* and there exists k € K* such that
ko(k) = —1 then Autp(A) contains a subgroup isomorphic to Z./4Z.

Examples 6.13. (i) Suppose F = Q(i), K = F(v/=3) and o : K — K is the
F-automorphism sending /=3 to —/—3. Let A = (K/F,c0,A\/=3) for
some A € FX, c = 1+ +/=3 € K, and notice ic(i) = i*> = —1. We have
2 = -2+2y/-3and ® = —8 s0 that c,c> € K\ F and ¢> € F. This
means Autp(A) contains a subgroup isomorphic to the semidirect product

Z./3Z x5 Z./4Z by Theorem [6.11}
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(i) Suppose F = Q(i), K = F(v/—1/12) and ¢ : K — K the F-automorphism
sending /—1/12 to —v/—1/12. Let

A = (K/F,0,AV/=1/12)

for some A € FX, ¢ = 1+ 2y/—1/12 € K and notice ic(i) = i> = —1.

Then
5y 2 2i 3 8i s 8 8i

CC=-+—, C=—F+, C=—+—,
3 V3 3V3 9 3V3

S 16 160 6 —64
9 93 27

Hence c,c?,c3,c*,c® € K\ F and c® € F. Therefore Autp(A) contains the
dicyclic group of order 12 by Theorem

(iii) Suppose F = Q(i)(\/5), K = F(v/2v/5—5) and ¢ : K — K is the F-

automorphism sending \/ 2y/5 —5to —\/2+/5 — 5. Let
A= (K/F,0,A\/2V/5 —5)

for some A € F*, ¢ = 1+ /2v/5—5 € K and notice ic(i) = i* = —1.

Then
2= —4+2V5+2/2v/5-5€K\F,
3 = —1446v5—21/2v5 - 5+2v5\/2v/5 -5 € K\ F,
¢t =16 — 8v5 —-161/2v5 -5+ 8V5\/2v5 -5 € K\ F,

® =176 —80V5 € F,

so we conclude Autp(A) contains a subgroup isomorphic to the semidirect

product Z./57Z x4 Z./4Z. by Theorem

6.2 AUTOMORPHISMS OF NONASSOCIATIVE CYCLIC ALGEBRAS OVER

FINITE FIELDS
In [64, p. 88-92], the automorphisms of nonassociative cyclic algebras over

finite fields were briefly investigated. In this Section we continue this inves-

tigation. In particular, we completely determine the automorphism group
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of nonassociative cyclic algebras of prime degree p where Char(F) # p, this
was done only for p = 2 in [64].

Let now F = IF; be a finite field of order 4 and K = Fyn for some m > 2.
Then K/F is a cyclic Galois extension of degree m, say Gal(K/F) = (o).
Suppose A = (K/F,0,a) is a nonassociative cyclic algebra for some a € K\
F. Let a be a primitive element of K, i.e. K* = (a). We recall the well-known
fact that since K and F are finite fields, the field norm Ny, r : K* — F* is
surjective. Therefore by Corollary the problem of finding for which
j €10,...,m —1} there exists H ;, € Autr(A) for some k € K*, reduces to
finding which j € {0,...,m — 1} exist such that ¢7(a)a! € F*.

Lets = (¢" —1)/(g— 1) and notice s = Y7 /' ¢'.

Lemma 6.14. ([64, Proposition 6.3.1]). For every b € F* there are precisely s
elements k € K* such that Ny p(k) = b. Furthermore, Ker(Ng,p) = Z/sZ is a
cyclic subgroup of the multiplicative group K*.

If gcd(m,q — 1) = 1 then F does not contain a non-trivial m™ root of unity

by [36] p. 42]. Therefore Theorems [6.2] and [6.4] become:

Theorem 6.15. (i) (Gy) is a cyclic normal subgroup of Autr(A) of order s.
Moreover every automorphism of A of the form Hiqy for some k € K*, is

contained in (G).

(ii) All automorphisms contained in (G,) are inner, and if m = 2 these are all

the inner automorphisms of A.

(iii) If gcd(m,q — 1) = 1 and a is not contained in any proper subfield of K, then
Autp(A) = (Gy) is a cyclic group of order s and all automorphisms of A are

inner.

Proof. (i) If K* = («) then F* = («°) by [50, p. 303]. This means a° € F*
but o/ ¢ F for all j € {1,...,5s — 1} which implies (G,) is a cyclic
subgroup of Autr(A) of order s by Theorem Since Ker(Ny/r) =
Z./sZ by Lemma every automorphism Hjq x is contained in (G )

by Theorem
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(ii) follows by (i) and Theorem and (iii) follows by (i) and Theorem
6.4}

Lemma 6.16. Suppose m|(q — 1), then m|s.

Proof. We prove first
m=1
(-1 (( Z ql) — m) (6.10)
i=0
for all m > 2 by induction: Clearly (6.10) holds for m = 2. Suppose (6.10)

holds for some m > 2, then

m. m—1 m—=1 m—1
(Lg)—m+1) = () q)—mtq"—1=(} q)-m+ () q)(g-1)
i=0 i=0 i=0 i=0
(6.11)
Now, (g —1)| (( yrtgh) — m) by induction hypothesis, thus (g — 1) divides
(6.11) which implies (6.10) holds by induction. In particular since m|(g — 1),
(6-10) yields
m—1
i=0
therefore m divides (Z;”:_Ol q') —m—+m = s as required. O
Lemma 6.17. Suppose m|(q —1).
(i) If m is odd then m? { (Is) forall 1 € {1,...,m —1}.
(i) If (9 —1)/m is even then m?>{ (Is) forall € {1,...,m —1}.

Proof. Write g = 1+ rm for some r € IN, then

¢ =(1+rm) = i (Z) (rm)" = i @ (rm)" mod (m?)

i=0 i=0

= (1+ jrm) mod (m?)

for all j > 1. Therefore

m—1 m—1
Is=1Y ¢ =11+ Y (1+jrm)) mod (m?)
j=0 =i
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= (lm +lrmw> mod (m?),

foralll € {1,...,m —1}. If mis odd or r = (¢ — 1)/m is even, then

Ir(m—1)

Z
5 S

and so
(m—1)m
2

foralll € {1,...,m —1}. This means

0

Irm mod (m?)

Is = Im mod (m?) # 0 mod (m?),
that is, m? { (Is) foralll € {1,...,m —1}. O

Theorem 6.18. Suppose gcd(Char(F),m) = 1 and m|(q —1). Then we can
write K = F(d) where d is a root of the irreducible polynomial x™ — e € F[x| as
in Lemmal6.6| Let A = (K/F,o,Ad") for somei € {1,...,m —1}, A € F*. If m
is odd or (q —1)/m is even, then Autp(A) is a group of order ms and contains a

subgroup isomorphic to the semidirect product of cyclic groups
s
Z/<E>Z xg Z/ (mp)Z, (6.12)
where u = m/ged(i, m). Moreover if i and m are coprime, then
~ 5 2
Autp(A) = Z/<E>Z w2/ (m2)Z. (6.13)

Proof. Let T : K — K, k + k7, then T/(Ad") = wAd', forall j € {0,...,m —
1} where w € F* is a primitive m™ root of unity by Lemma As T
generates Gal(K/F), the automorphisms of A are precisely the maps H_;,
where j € {0,...,m — 1} and k € K* are such that T/ (Ad’) = Ng,r(k)Ad’ by
Corollary 6.1} Moreover there are exactly s elements k € K* with N, (k) =
w'l by Lemma and each of these elements corresponds to a unique
automorphism of A. Therefore Autr(A) is a group of order ms.

Choose k € K* such that Ng,r(k) = w' so that H;; € Autp(A). As T has
order m, Hy o ...o Hy (m-times) becomes H;q;, where b = w' = Ny, (k).

Notice w' is a primitive u'" root of unity where y = m/gcd(i, m), therefore
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Hiqp has order y, and thus the subgroup of Autr(A) generated by H.  has
order my.

(Ga) is a cyclic subgroup of Autr(A) of order s by Theorem where «
is a primitive element of K. Furthermore, m|s by Lemma.16|and so (Gyn) is
a cyclic subgroup of Autp(A) of order s/m. We will prove Autr(A) contains
the semidirect product (Gam) x4 (Hy ), by showing it can be written in the
presentation (6.8):

The inverse of H in Autp(A) is Hr1 141 and so

m—1

Heg(Gan (Hf E) 4t)))

m—1 j—1
= Ho(Gon (77" (x0) + 21 Tl(xj)(l]’[al (e ))H))
i= .
m—1 j—1
= Hey (T (w0) + 1 T 1(x]-)(]1—[al(rl(kl)))txmﬂ(zx’”)ﬂ)
j=1 I=0
= xo+ mil x]-T(zx_m)T(Uj(txm))tj = xo + mil xj't(oc_m)aj(r(ocm))tj
j=1 j=1
m—1 ) m—1 .
= GT(D(’”)( . X]'t]> = G,qu< Z x]-t]>,
j=0 j=0

that is Hr 0 Gan 0 H_j = Gy = (G ).

Notice " = gs —s+1,1i.e. 4" =1 mod (s), and so g"* = 1 mod (s). Then
m|s by Lemma hence ¢"* = 1 mod (s/m). In order to prove Autr(A)
contains (Gum) X4 (Heg), we are left to show that (Hr ) N (Gum) = {id}.

Suppose, for a contradiction, that (Hy ) N (Gyn) # {id}. Then Hyy i €
(Ggm) for some I € {1,...,m —1}. Therefore (G,») contains a subgroup of
order m/gcd(l,m) generated by Hyy » and so (m/ged(l,m))[(s/m). This
means m?|(sgcd(l,m)), a contradiction by Lemma

Therefore Autr(A) contains the subgroup

(Gan) Xg (He) 2 Z/ (%)z xg Z/ (mp)Z.

If ged(i,m) = 1 this subgroup has order ms and since |Autp(A)| = ms, this
is all of Autp(A). O
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We can completely determine the automorphism group of nonassociative
cyclic algebras of prime degree m different from Char(F). If F does not
contain a primitive m™ root of unity, i.e. if m { (g — 1), then Autr(A) =
(Gy) = Z/sZ by Theorem [.15(iii), and all automorphisms of A are inner.

Otherwise we have:

Theorem 6.19. Suppose m is prime and m|(q — 1). Then we can write K = F(d)
where d is a root of the irreducible polynomial x™ — e € F|x] as in Lemmal6.6] Let
A = (K/F,0,a) for somea € K\ F.

(i) Ifa # Ad' foranyi € {0,...,m —1}, A € F*, then Autp(A) = (G,) =

Z./sZ and all automorphisms of A are inner.

(ii) ([64), Theorem 6.3.5]). If m = 2 and a = Ad for some A € F*, then Autp(A)
is the dicyclic group of order 2q + 2.

(iii) If m > 2 and a = /\diforsome ie{l,...,m—1}, A € F*, then
~ 5 2
Autp(A) = Z/(Z)Z xg Z/(m*)Z.
Proof. (i) This is [64), Corollary 6.3.3] together with Theorem [6.15(i).

(iii) follows immediately from Theorem
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Until now, we have studied the construction Sy = D[t; 0, 6]/ D[t; o, 6] f
in the case where D is an associative division ring. In this Chapter we gen-
eralise this construction using the skew polynomial ring S [t; 0, 8], where
S is any associative unital ring, ¢ is an injective endomorphism of S and ¢
is a o-derivation of S. While S [f; 0, ¢] is in general neither left nor right
Euclidean (unless S is a division ring), we are still able to right divide by
polynomials f (t) € S[t; o, ] whose leading coefficient is a unit. More-
over, if ¢ is an automorphism we are also able to left divide by such f (t).
Therefore, when f (t) has an invertible leading coefficient, it is possible to

generalise the construction of the algebras S ¢ to this setting.

In the following, let S be a unital associative ring, ¢ be an injective endo-
morphism of S and § be a left o-derivation of S. Anelement 0 = b € S
is called right-invertible if there exists b, € S such that bb, = 1, and left-
invertible if there exists b; € S such that b;b = 1. An element b which is
both left and right invertible is called invertible (or a unit), and b; = b, is
called the inverse of b and denoted b~ ! [38] p. 4]. We say a non-zero ring
is a domain if it has no non-trivial zero divisors. A commutative domain is

called an integral domain.
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Recall from that S, ; denotes the sum of all monomials in ¢ and ¢

that are of degree j in ¢ and degree n — j in §. The equality
n .
(bt") (ct™) =}, b(Su,(c))t/ ™™, (13)
j=0

for all b, ¢ € S, holds more generally for S any unital associative ring by

[8, p. 41

The degree function satisfies

deg(g(t)h(t)) < deg(g(t)) +deg(h(t)) (7.1)

forall g(t),h(t) € S[t;o,d]. In general is not an equality unless
S is a domain, or g (t) has an invertible leading coefficient, or / (t) has an
invertible leading coefficient:

Indeed, if S is a domain this is [23, p. 12], and the equality in implies
S[t; o, 4] is also a domain. Suppose now S is not necessarily a domain,
¢ (t) has degree | and leading coefficient ¢; and / (t) has degree n and

leading coefficient /. If h,, is invertible then o’ (1) is also invertible and
g(t)h(t) = g1 (hy)t'T" 4+ lower degree terms.

Here g¢;0'(h,) 7 0 since invertible elements are not zero divisors. Sim-

ilarly, if g; is invertible then g;0'(h,) 7 0. In either case is an
equality.

S[t; o, d] is in general neither left nor right Euclidean, nor a left or right
principal ideal domain. Nevertheless, we can still perform right division by
a polynomial whose leading coefficient is a unit. Additionally, when ¢ is an
automorphism we can also left divide by such a polynomial. When § = 0

and ¢ € Aut(S) this was proven for special cases of S, for instance in [20,

p- 41, [34 p- 4] and [48, p. 391]:

Theorem 7.1. Let f(t) = aut™ — L' taitt € R = S[t;0,6] and

suppose a, is invertible.

111



GENERALISATION OF THE Sf CONSTRUCTION

(i) Forall g(t) € R, there exists uniquely determined v (t), g (t) € R with
deg(r(t)) < m,suchthat g(t) = q(t)f(t) +r(t).

(ii) Suppose additionally o is an automorphism of S. Then for all g(t) € R,
there exists uniquely determined v (t), q(t) € R with deg(r(t)) <

m, suchthat ¢ (t) = f(t)q(t) + r(t).

Proof. Let g(t) = Y1_, g;t' € R have degree I.

(i) Suppose I < m, then g(t) = 0q(t) + g(t). Moreover, we have

deg(q(t)f(t)) = deg(q(t)) + deg(f(t)) = m,

for all 0 # ¢q(t) € R as f(t) has an invertible leading coefficient. There-
fore if g(t) = q(t)f(t) +r(t) then q(t) = 0 and so r(t) = g(t) as

required.

Now suppose | > m, then

m—1

g(5) = g1 " (ap V() = g(1) — g0’ " (ap ) (ant” = Y ait)
i=0
m—1
— g(t) _glo.lfm(arzl)tlfmamtm + Z glu.lfm(aal)tlfmaiti
i=0
I—m )
— g(t) — gl(Tlim(ElT;l)< Z Sl_m,]'(ﬂm)t]>tm
j=0

m—1 I—m N
+ ) gzUl_m(ﬂer)< ) Sl—m,j(ai)t])tl
i=0 =0

= g(t) — 10" "™ (a,,")S1 g (Am)
—go' a,) Y Szfm,j(ﬂm)t]urm

0<j<l-m—1

+ZZngf (") St

i=0 j=
= g(t) — g1’ " (ay, )o!" (am)H
— Y g (@S j(am) "

0<j<l m—1

+ Z Zgl(f m Sl m]( i)tH_j

i=0 j=0
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=gt —gitt— Y g0 (@) S i j(am)
0<j<l-m—1
m—=11—m l 1 o
+ ) ) &M )Si—m,j(ai)t
i=0 j=o

where we have used S;_,,;_(am) = ¢'~™(ay). Hence the polyno-

mial g(t) — g;0' " (a;;" )"~ f(t) has degree < I and by iteration of
this argument, we find g(t),7(t) € R with deg(r(t)) < m, such that

g(t) = q(t)f () +r(b).

We now prove uniqueness of r(t) and g(t). Suppose
g(t) = qu(t) f(t) +r1(t) = q2(6) f(£) + r2(t),

and so (q1(t) — q2(t)) f(t) = ra(t) — r1(t). If g1(t) — g2(t) # 0, then
the left hand side of the equation has degree > m since f(t) has an
invertible leading coefficient, while the right hand side has degree

< m. Thus q1(t) = q2(t) and so r1(t) = ro(t).

If we assume ¢ is an automorphism, then (ii) is proven similarly to
(i) by showing g(t) — f(t)c~"(a,')o~™"(g)t'~™ has degree < I and

iterating this argument. Uniqueness is proven analogously to (i).

O

Let mod, f denote the remainder after right division by f(t). Since remain-

ders are uniquely determined by Theorem [7.1{i), the skew polynomials of

degree < m canonically represent the elements of the left S[t; o, §]-module

S[t;o,0]/S[t; 0, 0] f. Similarly, when ¢ is an automorphism, the skew polyno-

mials of degree < m canonically represent the elements of the right S[t; 7, §]-

module S[t;0,6]/fS[t; 0,6].

Definition. Let f(t) € R = S[t;0,0] be of degree m with invertible leading
coefficient ay, € S and Ry, = {g(t) € R | deg(g(t)) < m}.

(i)

Then Ry, together with the multiplication goh = gh mod,f, becomes a

unital nonassociative ring Sy = (Ryy, ), also denoted R/Rf.
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(ii) Suppose additionally o is an automorphism and let mod,f denote the re-
mainder after left division by f(t). Then R,, together with the multiplication
8 yo h = gh mod, f, becomes a unital nonassociative ring ;S = (Rm,fO),

also denoted R/ fR.

Sy and ¢S are unital nonassociative algebras over
So={c€S|[coh=hocforallh € S¢} =Comm(S¢) NS,

which is a commutative subring of S. If S is a division ring then this con-

struction is precisely Petit’s algebra construction given in Chapter

Remarks. (i) Let g(t),h(t) € Ry, be such that deg(g(t)h(t)) < m. Then the

multiplication g o h is the same as that in R.
(ii) Sy is associative if and only if f(t) is right invariant [55, Theorem 4(ii)].

(iii) We have qf +r = (qgd=')(df) +r, for all g,r € R, and all invertible d € S.
It follows that Sy = Syy for all invertible d € S.

(iv) If deg(f(t)) = m = 1then Ry = Sand S¢ = S.

Henceforth suppose deg(f(f)) = m > 2. We may assume w.l.o.g. again
that f(t) is monic. Similarly to Proposition it suffices to only consider

the algebras Sy since we still have following anti-isomorphism:

Proposition 7.2. ([55, Proposition 3]). Let f(t) € S[t;0, 0] where ¢ € Aut(S)

and f(t) has invertible leading coefficient. The canonical anti-isomorphism

n n j
p:S[t0,8] = SP[o ), —d0 ], Yo bt Y (i Sn,j(bi)>ti,
i=0 i=0 \ j=0

between the skew polynomial rings S[t; o, 8] and S°P[t;o~1, —50~1], induces an

anti-isomorphism between the rings S¢ = S[t; ¢, 6]/ S[t; o, 0] f, and
o(f)S = ST o1, =60 /w(f)SP[t0 L, —s0 Y.

We now take a closer look at Sy in the special case where 6 = 0.
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Proposition 7.3. Suppose f(t) = t" — Y " ta;t € R = S[to]. If o™ (2)a; =
a;0'(z) and o(a;) = a; forall z € S, i € {0,...,m — 1}, then f(t) is right
invariant and Sy is associative.
Proof. We have

. . m_l . .

f(t)zt ="zt — Y ait'zt) = o™ (2)t"H — Z a0 (z)
i=0
= o™ (z)HH" — ):a z)atlt = o™ ()P — Za z)a;t

= o"(2)Hf(t) € RY,

forallz € S,j € {0,...,m — 1} since t/a; = o/(a;)t/ = a;t/ and 0" (z)a; =

a;0'(z). Therefore by distributivity fR C Rf. This implies bfc € Rf for
all b,c € R, thus Rf is a two-sided ideal and so S ¥ is associative by [55,
Theorem 4(ii)]. m

Proposition 7.4. Suppose f(t) = t" — Y1 La;tt € S[t;0].

(i) ([55) Theorem 81). Comm(S¢) contains the set

m=1 .

{ Y cit' | ¢ € Fix(0) and be; = ;o (b) for all b € S}. (7.2)
i=0

(ii) If S is a domain and ag # 0 the two sets are equal.

(iii) If ag is invertible the two sets are equal.

Proof. (i) Letc =", Leitt € Comm(S f), then in particular

m—1 ) m—2 ) m—1 )
toc=to ( Y. c,-tl) =Y o)t +o(ema) Y ait!, (7.3)
i=0 i=0 i=0
and
m—1 m—2 m—1 )
cot= ( ) citl) ot=Y ittt +cu 1 Y ait, (7.4)
i=0 i=0 i=0

must be equal. Comparing the ° coefficient in (7.3) and (7.4) yields

(o(em—1) — cm—1)a0 =0, (7.5)
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which implies c,,—1 € Fix(c) because S is a domain and a9 # 0. Com-

paring the #/ coefficients in (7.3) and (7.4) gives
U'(C]'_l) + O'(Cmfl)tl]’ = C]‘_l + Cmfla]',

forallj € {1,...,m — 1}, hence ¢;_; € Fix(c) forallj € {1,...,m — 1}

because c,,_1 € Fix(0).

Since ¢ € Comm(Sy) we also have boc = cobforallb € S. As a result

m—1

boc= Y bet, (7.6)
i=0

1

and
m—=1 m—1 . )
cob=)Y ctb= Y cio'(b)F (7.7)
i=0 i=0
must be equal. Comparing the coefficients of the powers of ¢ in (7.6)

and yields be; = c;oi(b) forallb € S, i € {0,...,m — 1} as re-
quired.

The proof is similar to (ii), but (7.5) implies c,,—1 € Fix(o) because aj
is invertible, hence not a zero divisor.

]

Corollary 7.5. Suppose S is a central simple algebra over a field C and o € Aut(S)

is such that o|c has order at least m. Let f(t) = t" — Y™ Laitt € S[t; 0] where

ag € S is invertible. Then Comm(S¢) = C N Fix(0).

Proof. Comm(S¢) is equal to the set by Proposition in particular
CNFix(c) € Comm(Sy).

Let Y leitt € Comm(S ) and suppose, for contradiction, ¢; # 0 for

some j € {1,...,m —1}. Then bc; = cjaj(b) for all b € S, in particular
(b—0/(b))cj =0 forall b € C. We have 0 # b — ¢7(b) for some b € C since

o|c has order > m. Moreover b — ¢/(b) € C, therefore it is invertible and

hence (b — ¢/ (b))cj # 0 for some b € C because invertible elements are not

zero divisors, a contradiction. Thus 2;”:61 cit' = co € CNFix(c) by (7.2). O
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7.1 WHEN DOES Sf CONTAIN ZERO DIVISORS?

We investigate when the algebras Sy contain zero divisors. If the ring S
contains zero divisors then clearly so does Sy, therefore we only consider
the case where S is a domain. Furthermore, if f(t) = g(t)h(t) for some
g(t),h(t) € Ry, then g(t) o h(t) = 0 and so Sy contains zero divisors.
When S is commutative, i.e. an integral domain, it is well-known that we
can associate to S its field of fractions D DO S, so that every element of D
has the form rs~! for some r € S, 0 # s € S. On the other hand, if S is a
noncommutative domain then we cannot necessarily associate such a "right

division ring of fractions" unless S is a so-called right Ore domain:

Definition. A right Ore domain S is a domain such that aS N bS # {0} for all
0 # a,b € S. The ring of right fractions of S is a division ring D containing S,
such that every element of D is of the form rs~' for somer € Sand 0 # s € S.

Any integral domain is a right Ore domain; its right ring of fractions is
equal to its quotient field.

Let now S be a right Ore domain with ring of right fractions D, ¢ be an
injective endomorphism of S and J be a o-derivation of S. Then ¢ and J

extend uniquely to D by setting
o(rs™H =0o(r)o(s)Land 6(rs™1) = 6(r)s L — o (rs 1)d(s)s 7}, (7.8)
forallr € S, 0 # s € S by [25, Lemma 1.3]. We conclude:

Theorem 7.6. Let f(t) € S[t;0,6] have invertible leading coefficient and ex-
tend o and 6 to D as in ([7.8). If f(t) is irreducible in D[t;c,0] then Sp =

S[t;o,0]/S[t; 0, 8] f(t) contains no zero divisors.

Proof. If f(t) is irreducible in D[t;0, 6], then D[t;0,6]/Dlt;0,d|f is a right
division algebra by Theorem therefore it contains no zero divisors.
S¢= S[t;o,0]/S[t; 0, 8] f is contained in D[t; o, 8]/ D[t; 0, 6] f, so also contains

no zero divisors. ]
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Let K be a field and y be an indeterminate. Then K[y| is an integral do-
main which is not a division algebra. Given a(y) € K[y], denote deg, (a(y))

the degree of a(y) as a polynomial in y. We obtain the following Corollaries

of Theorem [7.6 using Corollaries [3.7/and in Chapter

Corollary 7.7. Define the injective endomorphism ¢ : Kly] — K[y| by o|x = id
and o(y) = v2 If f(t) = t* —a(y) € K[y][t;o] where 0 # a(y) € K[y] is
such that 3 1 deg, (a(y)), then Sy contains no zero divisors. Here Sy is an infinite-

dimensional algebra over Sy = Fix(c) = K.

Proof. Extend ¢ to an endomorphism of K(y), the field of fractions of K[y]
as in (7.8). Then f(t) is irreducible in K(y)[t; ] by Corollary [3.7] and hence
S¢ contains no zero divisors by Theorem O

Corollary 7.8. Let o be the automorphism of K|y| defined by o|x = id and o(y) =

th oot

qy for some 1 # q € K*. Suppose m is prime, K contains a primitive m
of unity and f(t) = t" —a(y) € K[y|[t; o] where 0 # a(y) € K[y| is such that

m 1 deg, (a(y)). Then Sy contains no zero divisors.

Proof. Extend ¢ to an automorphism of K(y) as in (7.8). Then f(f) is irre-
ducible in K(y)[t; o] by Corollary which implies S¢ contains no zero
divisors by Theorem O

Remark. Consider the set-up in Corollary If q is not a root of unity then
o(y') = q'y' #y' forall i > 1, therefore Sy is an infinite-dimensional algebra over
So = Fix(c) = K.

Otherwise q is a primitive n'™ root of unity for some n € N, then o(y') =
q'y' = y' if and only if i = In for some positive integer I. Thus Sy is an algebra
over So = Fix(c) = K[y"], and since Kly] is finite-dimensional over K[y"], S¢ is

also finite-dimensional over K[y"].

7.2 THE NUCLEUS

In this Section we study the nuclei of Sy, generalising some of our results

from Chapter
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Theorem 7.9. Let f(t) € R = S[t; 0, ] be of degree m. Then
S € Nuc(S¢), S € Nucy(Sy)

and

Nuc,(S¢) = {u € Ry | fu € Rf} = E(f).

Proof. Let b,c,d € Ry, and write bc = gq1f + 11 and cd = gof + rp for some
uniquely determined g1, 42,71, 72 € R with deg(r1(t)), deg(r2(t)) < m. This
means boc =bc—¢qif and cod = cd — g2 f. We have

(boc)od = (bc —q1f)od = (bc — q1f)d mod,f = (bed — g1fd) mod,f,
and
bo(cod)="bo(cd—qof) =b(cd — g2f) mod,f = bed mod, f,

and hence (boc)od = bo (cod) if and only if g1 fd mod, f = 0 if and only
if g1 fd € Rf.

(i) If b € S then
deg(bc) < deg(b) + deg(c) < deg(c) < m, (7.9)

but here bc = g1 f + r1 also means q; = 0, otherwise deg(q1f +r1) > m
as f(t) has invertible leading coefficient, contradicting (7.9). Hence
q1fd mod, f = 0 which implies b € Nuc;(Sy).

(ii) S € Nucy(Ss) is proven similarly to (i).

(iii) If d € E(f) then fd € Rf and thus q1fd € Rf for all g1 € R. This
implies d € Nuc,(S¢) and E(f) € Nuc,(S¢).

To prove the opposite inclusion, let now d € Nuc,(Ss) and choose
b(t),c(t) € R with invertible leading coefficients b; and ¢, respec-
tively such that deg(b(t)) + deg(c(t)) = m, so that deg(b(t)c(t)) = m.
We have deg(q1(f)f(t)) = deg(g1(t)) + m, but using that b(t)c(t) =
q1(t) f(t) +r1(t), we conclude deg(q1(f)) =0, s0 q1(t) = g1 € S is non-
zero. If deg(b(t)) = I then the leading coefficient of b(t)c(t) is bjo'(cy)
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7.2 THE NUCLEUS

and the leading coefficient of g1f(t) is q;. Therefore g1 = b;o’(c,)
is invertible in S, being a product of invertible elements of S. Since

d € Nuc,(Sy) implies g1 fd € Rf, this yields fd € Rf.

By Theorem [7.9|(iii) we immediately conclude:
Corollary 7.10. E(f) = Sy if and only if S is associative.

Proof. Nuc,(S¢) = Sy if and only if S¢ is associative so the result follows by
Theorem [7.9(iii). O

The following generalises [52, (5)]:

Proposition 7.11. Let f(t) € R = S[t; 7, 5] be of degree m. The powers of t are
associative if and only if t o "' = t" o t if and only if t € Nuc,(S¢).

Proof. Let t € Nuc(Sf). Then also t,..., "1 € Nuc,(Sy) giving [¢, 1/, t] =
0 for all 7,j,k < m, i.e. the powers of t are associative. In particular (to
"ot =to(t" 1ot), thatis t" ot = tot". We are left to prove t" ot =

t o t" implies t € Nuc,(S¢). Suppose t" ot = t o t", then
ot = (" — f(t)) ot = (t"*1 — f(t)t) mod,f, (7.10)
and
tot™ =to (" — f(t)) = (t"*! —tf(t)) mod,f = t" ! mod,f, (7.11)

are equal. Comparing and yields f(f)t mod,f = 0, hence
f(t)t € Rf. This means t € Nuc,(Sy) by Theorem [7.9] O

When 6§ = 0 and S is a domain, then either S  is associative or S f has left

and middle nuclei equal to S:

Theorem 7.12. Let S be a domain and f(t) = t" — Y L ait' € S[t; o). If S is
not associative then Nuc;(S¢) = Nucy (S¢) = S.

120



7.2 THE NUCLEUS

Proof. We have S C Nucy(Ss) and S C Nucy(Sy) by Theorem 7.9 Suppose

S ¥ is not associative.

(i) We prove Nug;(S¢) C S:

Suppose first that o(a;) = a; for alli € {0,...,m —1}. Let0 # p =
Y lpit € Nugc;(Ss) be arbitrary and j € {0,...,m — 1} be maximal
such that p; # 0. Suppose towards a contradiction j > 0. Then

(pot™T)o Zp,tlotm Noc=( Zpt1+’”1+p Zatl
-1
_Zpo.erm ] tz+m ]_|_ ZP}”U )t
i=0

and

po (t" 7 oc) Zpltloa )t
—1
_Zpaz+m] t1+m ]_|_ Zp] jtl,

must be equal for all ¢ € S. Comparing the coefficients of t yields

forallc € S,i e {0,...,m —1}, thus a;c’(c) — 0™ (c)a; = 0 since S is a
domain and p; # 0. This implies Sy is associative by Proposition
a contradiction. Thus p = pg € S.

Now suppose a; ¢ Fix(c) for some I € {0,...,m —1}. As before let
0£p=xr"lpt € Nuc;(S¢) be arbitrary and j € {0,...,m — 1} be

maximal such that p; # 0. Suppose towards a contradiction j > 0.
If j =1 then
m—1 )
(po tmfl) ot = (potmfl + Z aitl) ot
i=0

m—1 . om=2 ) m—1 )
= po Z a;th + 2 plaitlJrl + p1a,—1 Z a;t
i=0 i=0 i=0
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and
m—1 ) m—2 ) m—1 )
po(t"lot)=pg 2 a;t' + Z o(a) " + pro(am—1) 2 a;t'
i=0 i=0 i=0
must be equal. Comparing the coefficients of tV yields
P1am—1a0 = p10(a,—1)ao, (7.12)
and comparing the coefficients of # yields
p1ai—1 + p1am—1a; = p1o(ai_1) + p1o(am—1)a;, (7.13)

forallie {1,...,m—1}.

If a,,—1 € Fix(o) then implies p1(a;_1 — o(a;_1)) = 0, that is
a; € Fix(o) foralli € {0,...,m — 2} because S is a domain and p; # 0,
a contradiction since a; ¢ Fix(c). Therefore a,,_1 ¢ Fix(c). Let k €
{0,...,m — 1} be minimal such that ay # 0. If k = 0 then p; = 0
by as S is a domain, a contradiction. Otherwise implies
p1(am—1 —o(aym—1))ax = 0, therefore p;1 = 0 as S is a domain and
a1 ¢ Fix(0), a contradiction.
Suppose now j > 2, then
j—1

(p ot N)ot = ( Z pitH_m_] +pj
i=0 =

—1 )
ait') ot
0

-2 - m=1 m=2 ) m=1
= Z pit1+m_]+ + Pj-1 Z a;t' + pPj Z ElitH_ + PiAm-1 Z a;t'
i=0 i=0 i=0 i=0
and

| i
po(t"Tot) =Y pittot" It
i=0
j—2 _ - m—1 m—2 i1 n
pit T e pi Y ait +py Y (a4 pio(ap_1)
0 i=0 =0

1 1=

—1 '
aitl
0

1=

must be equal. Comparing them gives

Pidm-140 = pjo(am—1)ao, (7.14)
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and
pidi—1 + piam—1a; = pjo(a;i_1) + pjo(am—1)a;. (7.15)

This yields a contradiction similar to the j = 1 case. Therefore p =

po € S and so Nug(S¢) C S.

(ii) The proof that Nuc,(Sy) C S is similar to (i), but we look at ("= o
p)oc=t"TJo(poc)and (" Top)ot=+t""Io(pot) instead.

]

When S is a domain and § is not necessarily 0, we can prove a similar

result to Theorem for polynomials of degree 2:

Proposition 7.13. Let S be a domain and f(t) = t> — ayt — ag € S[t; o, 8] be such
that one of the following holds:

(i) ay € Fix(0) and ag ¢ Const(9).
(ii) ay € Fix(0), ag € Fix(0) and a; ¢ Const(6).
(iii) a1 € Fix(c) N Const(6) and ag ¢ Fix(0).
(iv) ay ¢ Fix(0) and ag € Const(9).
(v) a1 ¢ Fix(0), ag € Fix(0) and a; € Const(d).
Then Nucy(Ss) = Nucy(Sf) = S.

Proof. Recall S C Nuc;(Sy) by Theorem We prove the reverse inclusion:
Suppose p = po + p1t € Nuc;(S¢) for some po, p1 € S, then

(pot)ot=(pot+ pir(art+ag))ot
= po(dlt + 110) + p1a1 ((th + llo) + plaot

= poao + p1a1ao + (poar + p1a3 + p1ao)t,

and

po(tot) = (po+ pit)o (art+ ao)
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= poart + poap + Pl(O'(a())t + (5(ao)) + Pl(O'(al)t + (5(&1)) ot
= poait + poao + p10(ao)t + p16(ao) + pro(ar)(art + ao) + p16(a1)t

= poag + p10(a1)ag + p16(ao) + (pomr + p10(a1)ar + p16(a1) + pro(ap))t,

must be equal. Comparing the coefficients of ¢ yields

p1a1ag = p1o(ai)ag + p16(ap), (7.16)

and
p1ai + p1ao = p1o(ar)ar + pro(ag) + prd(ar). (7.17)
It is a straightforward exercise to check using (7.16) and that in each

of our five cases we must have p; =0so p = pg € S.

We prove S C Nucy,(Sf) similarly but consider instead (top)ot = to
(pot). O
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SOLVABLE CROSSED PRODUCT ALGEBRAS AND
APPLICATIONS TO G-ADMISSIBLE GROUPS

In this Chapter, we show that for every finite-dimensional central simple
algebra A over a field F, which contains a maximal subfield M with non-
trivial G = Autp(M), then G is solvable if and only if A contains a finite
chain of subalgebras, which are generalised cyclic algebras over their cen-
ters, satisfying certain conditions. This chain of subalgebras is closely re-
lated to a normal series of G which exists when G is solvable. In particular,
we obtain that a crossed product algebra is solvable if and only if it has such
a chain.

Recall from Section that when D is a finite-dimensional central divi-
sion algebra over C, o|c has finite order m and f(t) = t" —a € D[; 0], d €
Fix(0)* is right invariant, the associative quotient algebra DI[t;c]|/DIt; o|f
is also called a generalised cyclic algebra and denoted (D,c,a). For this
Chapter, we extend the definition of a generalised cyclic algebra, to where

we do not require D be a division algebra:

Definition. Let S be a finite dimensional central simple algebra of degree n over
C and o € Aut(S) be such that o|c has finite order m. We define the gener-
alised cyclic algebra (S,0,a) to be the associative algebra of the form Sy =
S(t;o]/S[t;olf where f(t) = t" —a € S[t;0], a € Fix(c)* is right invariant.
(S, 0, a) is a central simple algebra over F = Fix(c) N C of degree mn [10, p. 4.

Definition. Let F be a field and A be a central simple algebra over F of degree

n. A is called a G-crossed product algebra or crossed product algebra if it

125



8.1 CROSSED PRODUCT SUBALGEBRAS OF CENTRAL SIMPLE ALGEBRAS

contains a field extension M/F which is Galois of degree n with Galois group
G = Gal(M/F).

Equivalently we can define a (G)-crossed product algebra (M, G, a) over F via
factor sets starting with a finite Galois field extension as follows: Suppose M/ F is a
finite Galois field extension of degree n with Galois group G and {a, - | 0,7 € G}

is a set of elements of M such that

Aorlotp = aU,TpU(aT,p)/ (8.1)

forall o,7,p0 € G. Thenamap a : Gx G - M*, (0,T) — agq, is called a
factor set or 2-cocycle of G.

An associative multiplication is defined on the F-vector space @,cg Mxy by

Xem = o(m)xg, (8.2)

XoXt = g tX0oT, (8.3)

forallm € M, 0,7 € G. This way @, cc Mxs becomes an associative central
simple F-algebra that contains a maximal subfield isomorphic to M. This algebra is
denoted (M, G, a) and is called a G-crossed product algebra over F. If G is solvable

then A is also called a solvable G-crossed product algebra over F.

8.1 CROSSED PRODUCT SUBALGEBRAS OF CENTRAL SIMPLE ALGEBRAS

Let M/F be a field extension of degree n and G = Autr(M) be the group of
automorphisms of M which fix the elements of F. Let A be a central simple
algebra of degree n over F and suppose M is contained in A, this makes M
a maximal subfield of A [6, Lemma 15.1]. Such maximal subfields do not
always exist for a general central simple algebra [6, Remark 15.4], however
they always exists for example when A is a division algebra [6, Corollary
15.6]. We denote by A the set of invertible elements of A, and for a subset
B in A, denote Cent4(B) the centralizer of B in A.
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Some of the results in this Chapter, namely Lemma 8.3 Corollary 8.4 and
Theorems are stated for central division algebras A over F by Petit

in [52, §7], and none of them are proved there. The following generalises

[52, (27)] to central simple algebras with a maximal subfield M as above.

The result was before only stated for division algebras and also not in terms

of crossed product algebras:

Theorem 8.1. (i) A contains a subalgebra M(G) which is a crossed product

(ii)

(iii)

Proof.

(i)

(iii)

algebra (M, G, a) of degree |G| over Fix(G) with maximal subfield M.

A is equal to M(G) if and only if M is a Galois extension of F. In this case

A is a G-crossed product algebra over F.

For any subgroup H of G, there is an F-subalgebra M(H) of both M(G)
and A, which is a H-crossed product algebra of degree |H| over Fix(H) with
maximal subfield M.

(i) Define M(G) = Centz(Fix(G)), then M(G) is a central simple
algebra over Fix(G) by the Centralizer Theorem for central simple alge-
bras [6, Theorem IIl.5.1]. Furthermore, since M is a maximal subfield
of M(G) and M/Fix(G) is a Galois field extension with Galois group
G, we conclude M(G) is a G-crossed product algebra.

Notice [M : F] = n, A has dimension n? over F, and M(G) has a basis
{x¢s| 0 € G} as a vector space over M. If M is not a Galois extension of
F, then |G| < n and thus {x, | ¢ € G} cannot be a set of generators for
A as a vector space over M. Conversely, if M/F is a Galois extension,
then |G| = n and since {x, | ¢ € G} is linearly independent over M,
counting dimensions yields M(G) = A. The rest of the assertion is

trivial.

For any subgroup H of G, let M(H) = Centx (Fix(H)). Since Fix(G) C
Fix(H), we have M(H) = Centy(Fix(H)) is contained in M(G) =
Cent 4 (Fix(G)) The proof now follows exactly as in (i).
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Remark. When A has prime degree over F and M/F is not a Galois extension
then M(G) = M: M(G) is a simple subalgebra of A by Theorem 8.1{i), therefore
dimp(M(G)) divides dimp(A) = n? by the Centralizer Theorem for central sim-
ple algebras [6, Theorem III.5.1]. Now M(G) contains M and M(G) is equal to
A if and only if M/ F is a Galois extension by Theorem [8.1](ii). As n is prime and
M/ F is not Galois, this means M(G) = M.

A close look at the proof of Theorem 8.1 yields the following observations:

Lemma 8.2. (i) Given any subgroup H of G, M(H) is a H-crossed product
algebra over its center with M(H) = (M, H,ay), where ay denotes the
factor set of the G-crossed product algebra M(G) = (M, G, a) restricted to
the elements of H.

(ii) For any subgroup H of G, M(H) is the centralizer of Fix(H) in A.

The following generalises [52, (26)] to any central simple algebra A with
a maximal subfield M as above. Again it was previously only stated and

not proved for central division algebras:

Lemma 8.3. (i) For any 0 € G there exists x, € A* such that the inner
automorphism

L, : A— A,y — xoyx, '
restricted to M is 0.
(i) Given any o € G, we have {x € A* | Iy|p = 0} = M*x,.
(iii) The set of cosets {M*xy | o € G} with multiplication given by
M xoM*x7 = M xy7,

is a group isomorphic to G, where o and M* x, correspond under this iso-

morphism.

Proof. A contains the G-crossed product algebra M(G) by Theorem 8.1} thus
(i) and (iii) follows from and (8.3). For (ii) we have

Iz, (y) = (mxe)y(mxg) ™ = (mxg)y(x; 'm™") = mo(y)ym™" = o(y)
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for all m,y € M*, and thus M*x, C {x € A* | |y =0c}.
Suppose u € {x € A* | Ix|]p = ¢}. Then as u and x, are invertible, we
can write u = vx, for some v € A*. We are left to prove that v € M*. We

have

1,.,-1

o(y) = Lu(y) = (vxo)y(vxs) ™" = vxpyx, o~ -1

=vo(y)v ",

for ally € M, and so o(y)v = vo(y) for all y € M, that is mv = vm for all
m € M since o is bijective. Therefore v is contained in the centralizer of M

in A, which is equal to M because M is a maximal subfield of A.

The following generalises [52) (28)]:

Corollary 8.4. If H is a cyclic subgroup of G of order h > 1 generated by o, then

there exists ¢ € Fix(0)* such that
M(H) = (M/Fix(0),7,c) = M[t;0]/ M[t; o] (" —¢),
is a cyclic algebra of degree h over Fix (o).

Proof. M(H) is a H-crossed product algebra of degree h over Fix(c) by The-
orem Moreover H is a cyclic group and so M(H) is a cyclic algebra of
degree I over Fix(c) (see for example [57, p. 49]). This means there exists

c € Fix(0)* such that M(H) = (M/Fix(0),0,c). O

In particular, we conclude that if a central division algebra A over F con-
tains a maximal subfield M and non-trivial o € Autp(M) of order h, then it
contains a cyclic division algebra of degree h, (though not necessarily with
center F). This is the case even if A is a noncrossed product (i.e. if A is not

a crossed product algebra):

Theorem 8.5. ([10, Theorem 4]). Let A be a central division algebra of degree n
over F with maximal subfield M and non-trivial o € Autp(M) of order h. Then
A contains a cyclic division algebra (M /Fix(c),0,c) of degree h over Fix(c) as a

subalgebra.
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Proof. This follows immediately from Corollary O

It is well-known that a central division algebra of prime degree over F is
a cyclic algebra if and only if it contains a cyclic subalgebra of prime degree
(though not necessarily with center F) [49, p. 2]. Together with Theorem
this yields the following:

Corollary 8.6. ([zo, Corollary 6]). Let A be a central division algebra over F of
prime degree p. Then either A is a cyclic algebra or each of its maximal subfields

M has trivial automorphism group Autp(M).

Proof. Suppose G = Autr(M) is non-trivial, then there exists a non-trivial
o € Autp(M) of finite order h. Thus A contains a cyclic division algebra of
degree h over Fix(c) as a subalgebra. Looking at the possible intermediate
field extensions of M/F yields [M : Fix(¢)] is either 1 or p. Since G is not
trivial, [M : Fix(c)] = h = p, thus A contains a cyclic subalgebra of prime

degree and so is itself a cyclic algebra. O

8.2 CENTRAL SIMPLE ALGEBRAS CONTAINING A MAXIMAL SUBFIELD

M WITH SOLVABLE F-AUTOMORPHISM GROUP

Suppose G is a finite solvable group, then there exists a chain of subgroups

{1} =Go<G1 <...<Gy =G, (8.4)
such that G; is normal in G;;1 and G; 1/ G; is cyclic of prime order g; for
allj e {0,...,k—1},ie

G]'_H/G]' = {G], GjU'j+1,...}, (8.5)

for some ¢j;1 € Gj;q1. Theorem Corollary [8.4) and Lemma [8.3| lead

us to the following generalisation of [52, (29)]. As before, the result was
previously only stated (and not proved) for central division algebras over F,

and also without the connection to crossed product algebras:
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Theorem 8.7. Let M/ F be a field extension of degree n with non-trivial solvable
G = Autp(M), and A be a central simple algebra of degree n over F with

maximal subfield M. Then there exists a chain of subalgebras
M=AyCA  C...CAr=M(G) CA, (8.6)
of A which are G;-crossed product algebras over Z; = Fix(G;), and where
Ajgr = At )/ At ] (8 — i), (8.7)
foralli € {0,...,k— 1}, such that
(i) q; is the prime order of the factor group G; 1/ G; in the chain (8.4),

(ii) T; is an F-automorphism of A; of inner order q; which restricts to c; 1 €
Gjy1 which generates G; 1/ G;, and
(iii) c; € Fix(t;) is invertible.

Note that the inclusion M(G) C A in is an equality if and only if
M/F is a Galois extension by Theorem In this case A is a solvable
G-crossed product algebra.

Proof. Define A; = M(G;) foralli € {1,...,k}. A;is a G;-crossed prod-
uct algebra over Fix(G;) by Theorem [8.1]

G1/Go = Gy is a cyclic subgroup of G of prime order qg generated by
some 07 € G. Let 19 = 07, then there exists ¢y € Fix(71g)”* such that
A1 = M(Gy) is F-isomorphic to

M[to; T0]/ M[to; To] (t)° — co),
by Corollary (8.4, which is a cyclic algebra of prime degree qo over Fix(tp).
Now Gj < G and G,/ Gj is cyclic of prime order g1 with

G2/Gy={(Gion)! | i€ Z} = {Gy,Gron,...,Giod" '}, (88)

for some 0, € G,. Hence we can write G = {hoi | h € G1,0 < i <

g1 — 1} and thus the crossed product algebra A, = M (G;) has a basis

{xh0£|h€G1,0§j§q1—1},
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as an M-vector space. Recall M*x ; = MXtho_j = Mxxhx{,2 for all
2

hoy
h € Gy by Lemma and {1, x4,,..., xf%_l} is a basis for A, as a left

Aq1-module, i.e.
Ajp :Al—l—Alez—l—...—l—Ale;_l. (8.9)

We have G2, G; = GGy as Gy is normal in G and so for every h € G, we
get ooh = h'oy for some h' € Gy. Choose the basis {x; | h € G1} of A4
as a vector space over M. By we obtain

-1
XoyXn = Agy 1 X0k = Aoy 1 X'y = Aoy i (A ,0y)  Xpi Xy - (8.10)
Recall x,, € A* by Lemma The inner automorphism
. -1
T1: A= A, 2= Xg,2X,,
restricts to 0, on M. Moreover,

-1 -1 ~1
T1(xp) = Xoy XpXy, = ag,n(an q,) Xp' Xy Xy
(8.11)
~1
= aU’z,h(ah’,O'z) xh’ € All
forall h € Gy, ie. T1|a,(y) € Ay forally € Ay and so 114, is an F-

automorphism of A;. Furthermore, x,x;, = T1|a, (X)) Xo,, forall h € G4
by B9), €1), and
Xg,t = 02 (M) Xg, = T1]a, (M) Xey,

for all m € M. We conclude that

Yo = Tila, (¥) ¥, (8.12)

for all y € A; by distributivity. Define ¢; = xfg, then O’g '€ Gy by (8.9
which implies ¢; € Aj. Furthermore c; is invertible since x, is invertible.

Also, 11| a,(c1) = xgzxf%x;zl = ¢1 which means ¢; € Fix(711]4,)*. Since

_ ) X
xa;‘“ Yot = ﬂU;ql,Uglxld €M™,
. -1 _ -1 X —q1
it follows that ¢; ~ = xa;,1 e M xg;ql € Aras o, " € Gy. Hence 114,
1

has inner order g1, as indeed (7i[4,)7 : A1 — A1,z — cyzcy ', is an

inner automorphism.
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Consider the algebra
By = Ailt1; 1l a, )/ Arlt; Tl a ) (1 — 1)
with center

Cent(By) D {b€ Ay | bh =hbforallh € B} = Cent(A;) NFix(7;) D F.

Now, using and (8.12), the map
¢ : Ay — By, yxf,z — ytﬁ (y € A1),

can readily be seen to be an isomorphism between F-algebras. Indeed, it is

clearly bijective and F-linear. In addition, we have

¢ ((yxi,) (zxt,)) = ¢ (yTil, (2) x5, %0,
( ; i+ L

¢ (yr1lly (2)xe,") ifi+j<gq,
¢ (ymlly, (2)xlixey’ ™) ifi+j > g,
(

yTilly, (2) ¢ if i +j<q1,

LyTl|i41(:z)c11,”'+1'—£h ifi4j>qy,
by §2), and

. ‘ ‘ . T1|h (z)tti ifi+j<aqgq,
p(yi,) o p(zly) = (y) o (ari) = {74 j<q
yTily, ()t 0ey i+ j > g,

yTilly, (z) ¢ ifi+j<gq,

yrl\fql(z)cltiﬂ—ql ifi+j>qq,
forally,z € Aq,i,j € {0,...,q1 — 1}. By distributivity we conclude ¢ is
also multiplicative, thus an isomorphism between F-algebras. Continuing

in this manner for G, < G3 etc. yields the assertion. O

Remarks. (i) If A is a division algebra, the algebras A; in Theorem|[8.7|are also

division algebras, being subalgebras of the finite-dimensional algebra A.
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(iii) The algebras A; in Theorem |8.7|are associative being subalgebras of the asso-
ciative algebra A. Therefore t?i — c; € Aj[t;; T;] are right invariant for all

ie€{0,...,k—1} by 55, Theorem 4].
We obtain the following straightforward observations about Theorem

Corollary 8.8. Let M/ F be a field extension of degree n with non-trivial solvable
G = Autp(M), and A be a central simple algebra of degree n over F with
maximal subfield M. Consider the algebras A; = M(G;) as in Theorem 8.7

(i) A; = CentA(Fix(Gi))foralli € {0,...,k — 1}.

(ii) A; is a crossed product algebra over Z; = Fix(G;) of degree |G;| =
Hf;(l)qlforalli e{1,...,k—1}.

(iii) M=Z9gD...D> 721D 7Z;yDF.
(iv) Z;_1/Z; has prime degree q; 1 foralli € {1,...,k}.

(v) M/ Z; is a Galois field extension and M is a maximal subfield of A; for all
ie{0,...,k}.

(vi) [zo, Corollary 10] A; is a generalised cyclic algebra over Z; for all i €

{0,...,k}.
(vii) A contains the cyclic algebra
(M/Fix(c1),01,c0) = M[to; 1]/ M[to; o1] (" — co),
of prime degree q over Fix (o).
Proof. (i) This is Lemma 8.2}

(i) A; has degree [M : Fix(G;)| which is equal to |G;| by the Funda-

mental Theorem of Galois Theory.

(iii) Follows from the fact that {1} = Gy < G; < ... < Gy = G and
Zi = FlX(Gl)
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(iv) Wehave n = [M : F] = [M : Z;][Z; : F] = |G;|[Z; : F] for all i by
the Fundamental Theorem of Galois Theory, therefore

[Zi—1: F] |G

Ziq:Zi] = - =g 1,
(Ziz1 2 Zi [Z; : F] |Gi_1] Ai1

foralli € {1,...,k} as required.

(v) M/Fix(G;) is a Galois field extension with Galois group G; by Galois
Theory. The rest of the assertion is trivial by Theorem

(vii) G1 = (0y) is a cyclic subgroup of G of order g, therefore the result

follows by Corollary
[]

Corollary 8.9. ([zo| Corollaries 9, 11]). Let A be a central division algebra over F

containing a maximal subfield M with non-trivial solvable G = Autp(M).

(i) There is a non-central element to € A such that t}° € Fix(cq)* and

tg & Fix(oq) forallm € {1,...,90 —1}.

(ii) A contains a chain of generalised cyclic division algebras A; over intermedi-

ate fields Z; = Fix(G;) of M/ F as in (8.6).

Our next result generalises [53, (9)] and characterises all the algebras with
a maximal subfield M /F that have a non-trivial solvable automorphism

group G = Autp(M):

Theorem 8.10. Let M/ F be a field extension of degree n with non-trivial G =
Autp (M), and A be a central simple algebra of degree n over F containing M.

Then G is solvable if there exists a chain of subalgebras
M=AgCA C...CACA (8.13)

of A which all have maximal subfield M, where Ay is a G-crossed product algebra

over Fix(G), and where
Ai+1 = A,‘[ti,' T,‘]/Ai[t,',' Ti](t?i — Ci), (8.14)

foralli e {0,...,k—1}, with
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(i) q; a prime,

(ii) T; an F-automorphism of A; of inner order q; which restricts to an automor-

phism o;11 € G, and
(iii) ¢; € Fix(t;)*.
Proof. Suppose there exists a chain of algebras A;, i € {0, ..., k} satisfying
the above assumptions. Put Gy = G. Each A; has center Z; = Z;_1 N
Fix(7;_1) by Corollary[7.5] so that by induction
Z; = Fix(7tp) N Fix(ty) N ---NFix(t;_1) D F,

in particular Z; C M.
M/ Z; is a Galois extension contained in A;: Let H; be the subgroup of
G generated by o1,...,0,i € {1,...,k}. Then
Z; = Fix(79) NFix(71) N - - - NFix(7;_1)
= M NFix(7p) NFix(7y) N---NFix(7t;_1)
= Fix(co1) N --- N Fix(o;) = Fix(H;),
so M/ Z; is a Galois field extension by Galois theory. Put G; = Gal(M/ Z;),
then each A; is a G;-crossed product algebra. In particular, G; is a subgroup
of Gji1.
We use induction to prove that each G;, thus G, is a solvable group. For
i=1,
A = M[to;al]/M[to;al](tgo —¢o)
is a cyclic algebra of degree gqg over Fix(cy1). G1 = (07) is a cyclic group
of prime order qg and therefore solvable.
We assume as induction hypothesis that if there exists a chain

M:AQC...CA]'

of algebras such that (8.14) holds for alli € {0,...,j —1},j > 1, then G;
is solvable. For the induction step we take a chain of algebras M = Ay C

A1 = Ailt; Tl /At T (tF = ¢f)
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where 7; is an automorphism of A; of inner order 4; which induces an
automorphism o;,1 € G, ¢; € Fix(71;) is invertible and g; is prime, for all
i € {0,...,]j}. By the induction hypothesis, G; is a solvable group.

We show that G, 1 is solvable: ¢; is an invertible element of

~ qj
A]'+1 = A][t], T]]/A][t], T]'](tj] — C]'),

. . _ i—1
with inverse ¢ ; 1t?] )

maximal subfield M. The F-automorphism 7; on A; satisfies t;I = 7;(I)t;

Aj is a Gj-crossed product algebra over Z; with

for all I € A; which implies the inner automorphism
It A= A, d— tydt !

restricts to 7; on A; and so also restricts to 0,1 on M.
For any ¢ € G there exists an invertible x, € A such that the inner
automorphism

I, A= A,y — xpyx, !

restricted to M is ¢ by Lemma Hence we have x¢,, , = t; with x4, , as
defined in Lemma We know that {1, ti,oo., tjqf_l} is a basis for A1

as a left A;-module. By we have x,2 = arti?, X3 = art;, ... for
i+ +

o
)

suitable a; € M*, so that w.lL.o.g. {1, X C, X qj_l} is a basis for A; 4

j+1

417"
as a left Aj-module.
Since A; is a Gj-crossed product algebra, it has {x, | p € G;} as M-basis,

and hence A, 1 has basis

{xpxa;-+1 lpeG;, 0<i<qg;—1}
as a vector space over M.
Additionally, x,x ol e M~*x oo,y by Lemma (iii) and thus A;,q has
the M-basis
{pr]gH ‘ [ONS G]', 0<i < qj — 1}.
Now A, isa Gj1-crossed product algebra and thus also has the M-basis

{xo | ¢ € Gjy1}. We use these two basis to show that G; 1 = Gj(cj1):
Write

xP‘TJiH - Z Moo
(TeGj+1
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for some m, € M, not all zero. Then

Xpgi, M= Y, mexem= Y, meo(m)xg,
and
oo 1= P01 (M) %y = 00l () T moxe,

forallm € M. Let 0 € G be such that m, # 0, then in particular
meo(m)xy = pafﬂ(m)maxm

for all m € M, thatis o = p0;+1. This means that {PU;H |p€Gj, 0<
i <qj—1} C Gji1. Both sets have the same size so must be equal and we
conclude Gj1 = G (0j11)-

Finally we prove G; is a normal subgroup of G;,1: the inner automor-

phism I Xoin restricts to the F-automorphism 7; of A;. In particular, this

-1

implies xo, XX, € Aj, forall p € G;. Furthermore,

X
1 eM Xoj1 XpX -1

X —1
X = M"x, . XpX C A;
Tj+1P%41 i1 Tj+17+p

Oj+1 ]’

for all p € G; by Lemma
Hence (7]-+1p(7j111 € Gj because A; is a Gj-crossed product algebra. Sim-
ilarly, we see o7 Hpajj:l € Gjforallr € N. Let ¢ € Gj1 be arbitrary and

write ¢ = hajr

., forsome h € G, r € {0,...,q; — 1} which we can do

because Gj1 = G;(0j+1). Then

1= h(a]ﬁrlpaj;rl)h_1 € G;

gog ' = (hal )p(hofq)” i

for all p € G; so G;j is indeed normal.

It is well-known that a group G is solvable if and only if given a normal
subgroup H of G, both H and G/H are solvable. It is clear now that
Gjy1/G;j is cyclic and hence solvable, which implies G;, 1 is solvable as

required. O
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83 SOLVABLE CROSSED PRODUCT ALGEBRAS

We now focus on the case when M/ F is a Galois field extension:

Suppose M/ F is a finite Galois field extension of degree n and A is a
central simple algebra of degree n over F with maximal subfield M. i.e.
now A is a G-crossed product algebra where G = Gal(M /F). We obtain
the following as a special case of Theorem [8.7/and Corollary

Theorem 8.11. Let A be a G-crossed product algebra of degree n over F with
maximal subfield M such that M/ Fis a Galois field extension of degree n with
non-trivial solvable G = Gal(M / F). Then there exists a chain of subalgebras

M=AyCA  C...CA=M(G)=A
of A which are generalised cyclic algebras
Ay = At )/ Ailts ] (1 = ci),
of degree H;;(l) q; over Z; = Fix(G;) foralli € {0,...,k — 1}, such that
(i) q;a prime,
(ii) T; an F-automorphism of A; of inner order q; which restricts to an automor-
phism o;11 € G,
(iii) ¢; € Fix(t;)*, and
(iv) Z;/Z;i_1 has prime degree q;_1 and A; is the centralizer of Fix(G;) in A.

Theorem 8.12. In the set-up of Theorem A is a division algebra if and only
if

bri(b) - T TH(b) £ ¢, (8.15)
forallb € Aj, foralli € {0,...,k—1}.
Proof. Suppose Ay = A is a division algebra, then every subalgebra of

A must also be a division algebra as A is finite-dimensional. Therefore

A; are division algebras for all i € {0,...,k}. In particular this means
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qj
t
all b € A; by [32, Theorem 1.3.16].

Conversely suppose (8.15) holds forall b € A;, foralli € {0,...,k—1}.

@)

— ¢j € Aj[t}; Tj] are irreducible by Theorem |2.2

thus (8.15) holds for

We prove by induction that A; is a division algebra for all j € {0, ..., k},
then in particular A = Ay is a division algebra:
Clearly Ag = M is a field so in particular is a division algebra. Assume as

induction hypothesis A j is a division algebra for some j € {0,...,k —1}.
-1
']'

Aj and 7; has inner order q;. Then A; 1 = A;[t;; 1]/ Aj[t;; Tj] (t?] —cj)

By the proof of Theorem Tﬁj is the inner automorphism z — c;zc; " on

is a division algebra if and only if t?j —cj € Aj[t;; Tj] is irreducible, if and
only if
q;—1
bri() - (0) £

forall b € A; by [32, Theorem 1.3.16]. Thus A; is a division algebra for all
i € {0,...,k} by induction. O

The following result follows immediately from Theorem

Corollary 8.13. Let A be a G-crossed product algebra of degree n over F with
maximal subfield M such that M / Fis a Galois field extension of degree n with non-
trivial G = Gal(M/F). Then G is solvable if there exists a chain of subalgebras

M=AyCA  C...CAr=A
of A which all have maximal subfield M, and are generalised cyclic algebras

A1 = At )/ Ailts o) (#1 —¢),

over their centers forall i € {0, ...,k — 1}, where q; a prime, T; an F-automorphism

of Aj of inner order q; which restricts to an automorphism ci,1 € G, and

c; € Fix(t;)*.

Remark. Let M/ F be a finite Galois field extension with non-trivial solvable Ga-

lois group G and A be a solvable crossed product algebra over F with maximal

140



8.4 SOME APPLICATIONS TO G-ADMISSIBLE GROUPS

subfield M. Careful reading of [1, p. 182-187] shows that Albert constructs the

same chain of algebras
A = Ailt; Tl /At T (tF = ¢f)

inside a solvable crossed product A as we do in Theorem However they are
not explicitly identified as quotient algebras of skew polynomial rings. We also
obtain the converse of Albert’s statement in Corollary Furthermore, neither
Theorems nor Corollaries [8.8| and [8.9| require M/ F to be a Galois field

extension, unlike Albert’s result which requires M / F to be Galois.

84 SOME APPLICATIONS TO G-ADMISSIBLE GROUPS

The following definition is due to Schacher [59]:

Definition. A finite group G is called admissible over a field F, if there exists a

G-crossed product division algebra over F.

Suppose G is a finite solvable group, then we have a chain of normal
subgroups {1} = Go < ... < Gy = G, such that G; <1 Gj;1 and Gj;1/G;
is cyclic of prime order g; forall j € {0, ...,k —1}. If G is admissible over
F, then Theorem implies that the subgroups G; of G in the chain, are

admissible over suitable intermediate fields of M/ F:

Theorem 8.14. Suppose G is a finite solvable group which is admissible over a
field F. Then each G; is admissible over the intermediate field Z; = Fix(G;) of
M/ F. Furthermore [Z; : F| = H;:il qgjforalli € {1,...,k}. In particular
Gy_1 is admissible over Z_1 = Fix(Gy_1) which has prime degree qy_1 over
F.

Proof. As G is F-admissible there exists a G-crossed product division al-
gebra D over F. By Theorem there also exists a chain of G;-crossed
product division algebras A; over Z; with maximal subfield M, and M/ Z;
is a Galois field extension with G; = Gal(M/Z;). This means G; is Z;-

admissible. N
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Example 8.15. Let G = Sy, then G is Q-admissible [59, Theorem 7.1], so
there exists a finite-dimensional associative central division algebra D over Q,
with maximal subfield M such that M /Q is a finite Galois field extension and
Gal(M/Q) = G. Furthermore, G is a finite solvable group, indeed we have the
subnormal series

{id} < ((12)(34)) <K <1 A4 <S4,
where K is the Klein four-group and Ay is the alternating group. We have
Sa/AL=7/27Z, Ay / K=Z/3Z,

K/((12)(34)) =Z/2Z and ((12)(34))/{id} = 2Z/2Z.

By Theorem there exists a corresponding chain of division algebras
M=AyCA CA CA3CAy=D
over Q, such that
A1 = Alti o)/ Ailti T (87 — <),

forall i € {0,1,2,3}, where T; is an automorphism of A;, whose restriction to
M is 0;11 € G, ¢; € Fix(t;)* and 7; has inner order 2,2,3,2 for i = 0,1,2,3
respectively. Moreover qo = q1 = q3 = 2 and qp = 3, and A; has degree Hf;(l) q1
over its center Z; for all i € {1,2,3,4} by Corollary In addition, by Theorem
we conclude:

(i) Ay is admissible over Z3, where Z3 C M is a quadratic field extension of Q.

(ii) K is admissible over Zy C M, where Z; is a simple field extension of Z3
of degree q; = 3. Therefore Z, is a simple field extension of Q of degree
g293 = 6 as any finite field extension of Q is simple.

(iii) ((12)(34)) is admissible over Z; C M, where Z; is a simple field extension
of Z of degree qu = 2. Therefore Zy is a simple extension of Q of degree
q19293 = 12.

Schacher proved that for every finite group G, there exists an algebraic

number field F such that G is admissible over F [59, Theorem 9.1]. Combin-

ing this with Theorem we obtain:
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Corollary 8.16. Let G be a finite solvable group. Then there exists an algebraic
number field F and a G-crossed product division algebra D over F. Furthermore,

there exists a chain of crossed product division algebras
M=AyCA C...CA,=D

over F, such that
Ai = Ailt; )/ Ailt; T (1 — i),
foralli € {0,...,k— 1}, and satisfying

(i) q; is the prime order of the factor group G,/ G; in the subnormal series

which exists because G is solvable,
(ii) T; is an automorphism of A; of inner order q; which restricts to o; € G on M,
(iii) ¢; € Fix(7;) is invertible.

Proof. Such a field F and division algebra D exist by [59, Theorem 9.1]. The
assertion then follows by Theorem O

In [63 Theorem 1], Sonn proved that a finite solvable group is admissible
over Q if and only if all its Sylow subgroups are metacyclic, i.e. if every
Sylow subgroup H of G has a cyclic normal subgroup N, such that H/N is
also cyclic. Combining this with Theorem yields:

Corollary 8.17. Let G be a finite solvable group such that all its Sylow subgroups
are metacyclic. Then there exists a G-crossed product division algebra D over Q,

and a chain of crossed product division algebras
M=AyCA C...CA=D

over Q, such that
A1 = Alti o)/ Ailt; T (87 — o),
foralli € {0,...,k—1}, such that

(i) q; is the prime order of the factor group G,1/G; in the subnormal series

which exists because G is solvable,
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(ii) T; is an automorphism of A; of inner order q; which restricts to 0; € G on M,
(iii) ¢; € Fix(7;) is invertible.

Proof. Such a division algebra D exists by [63, Theorem 1]. The assertion

then follows by Theorem O

85 HOW TO CONSTRUCT CROSSED PRODUCT DIVISION ALGEBRAS CON-
TAINING A GIVEN ABELIAN GALOIS FIELD EXTENSION AS A MAXI-

MAL SUBFIELD

Let M/F be a Galois field extension of degree n with abelian Galois group
G = Gal(M/F). We now show how to canonically construct crossed prod-
uct division algebras of degree n over F containing M as a subfield. This
generalises a result by Albert in which n = 4 and G = Z, x Z; [1, p. 186],
cf. also [32, Theorem 2.9.55]: For n = 4 every central division algebra con-
taining a quartic abelian extension M with Galois group Z; x Z, can be
obtained this way [1, p. 186], that means as a generalised cyclic algebra
(D, 7,c) with D a quaternion algebra over its center.

Another way to construct such a crossed product algebra is via generic
algebras, using a process going back to Amitsur and Saltman [4], described
also in [32} §4.6].

As G is a finite abelian group, we have a chain of subgroups
{1} =Gy <... <Gy =G,

such that G; < Gj;1 and Gj11/G; is cyclic of prime order g; > 1 for all
j€A{0,...,k—1}. We use this chain to construct the algebras we want:

G1 = (07) is cyclic of prime order gp > 1 for some 07 € G. Let 19 = 07.
Choose any ¢y € F* that satisfies z7p(z) - - - Tgo_l(z) # co for all z € M and

define f(tg) = tg" — o € M[ty; 19]. Since 1y has order g¢, we have TgO(Z)CO =
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zcg = coz for all z € M, and so f(ty) is right invariant by Theorem

Therefore we see that
A1 = M[to; To]/M[to;To](th — CQ)

is an associative algebra which is cyclic of degree g¢ over Fix(1). Moreover,
f(tp) is irreducible by [32, Theorem 2.6.20(i)] and therefore A; is a division
algebra.

Now G,/G; is cyclic of prime order g1, say Go/Gy = {03G; | i € Z} for
some 0, € G, where ;/1 € Gy. As agl € G; we have (Tg = 01 for some

ue{0,...,q0 —1}. Define ¢; = lltg for some /; € F* and define the map

which is an automorphism of A; by a straightforward calculation.

Denote the multiplication in A; by o. Then

Tl(cl) = Uz(ll)t = llto = (.

We have
q0—1 q0—1 qo—1
i=0 i=0
and
q0—1 , ‘ q0—1 o o1 . v
C1° Z mité = llto o Z mité = Z 110'1 (ml-)to o t6
i=0 i=0 =0

for all m; € M. Hence T{h (z)ocy =crozforallz € Ay and Ty (c1) = ¢1, thus

f(th) = t;“ —¢1 € A1[t1; 1] is right invariant by Proposition and
Ay = Arlt; 1)/ Adt @) (' — 1)
is a finite-dimensional associative algebra over
Comm(A;) N Ay = Fix(1y) N Cent(A;) = Fix(7y) NFix(1) D F

by Proposition [7.4{iii).
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Again, G3/G; is cyclic of prime order g2, say G3/ G, = {03G, | i € Z} for
some 03 € G with (ng € Gy. Write ng = UZM(T{\O forsome A € {0,...,q1 — 1}
and Ag € {0,...,90 — 1}. The map

go—1 , go—1 ,
H0’3 Al — Ay, Z mit6 — Z 0'3(7?11')156,
i=0 i=0

is an automorphism of A; by a straightforward calculation. Define

n-1 g1—1 .
T : Ay = Ay, Z xitll — Z Hg3(xi)t11 (Xi € Al).
i=0 i=0

Then a straightforward calculation using that H,, commutes with 7 and
Hy,(c1) = c1 shows that 15 is an automorphism of Aj. Define ¢; = ly_t‘)‘ot‘)Ll
for some I, € F*. Denote the multiplication in A; by o4, and let x; =

2] 0 yzjt] € Ay, Yij € M,ie {0 e g1 — 1}. Then
Tz(Cz) = Tz(lztéotitl) = Hgs(lgté\o)t?l = lzto Al =y

Furthermore we have

q1—1 g1—1
j j Ag A
(L xi) on 2= Y HE()H oa, bt
i=0 i=0
g1—1q0—1 P
Z *(yif) t] £ o, Lty
g1— 1'10 1
Ag A
Z ylj )t]tl 04, byt
q1—1 qo— , N
Z ( Z (i) )th 0, T(laty?) ) o, ]
71—1  qo—1 M ; Ny N
— ( 120’2 (0’1 (yij))to OA1 t00>t11 OA2 tll,
i=0  j=0
and
qi—1 qi—1 q1—1 \ N \ ,
Co OA2 Z xztl = lztoot 1 OA2 Z xztl = Z (ZZtOO OA1 11( Z))tll OA2 tzl
i=0 i=0 i=0

g1—1g0-1

Z Z lzto 04, 0'2 (yzj)t]) o4, tl
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= ( Y 1o (05" (i) )t o, t{))tfl o4, th.
Hence Tzqz(z) 04,00 = Cpoga,z for all z € Ay and 1(c2) = ¢y, therefore
f(tr) = tgz — ¢y € Ap[ty; o] is right invariant by Proposition [7.3|and thus
Az = Aslty; 1)/ Adta; 0] (12 — ¢2)
is a finite-dimensional associative algebra over
Comm(A3) N Ay = Fix(12) N Cent(Ay) = Fix(1) NFix(t) NFix(mp) D F

by Proposition [7.4{iii). Continuing in this manner we obtain a chain M =

Ap C ... C Ay of finite-dimensional associative algebras
Air = At w)/ Ailts ) (1 — )

over

Fix(t;) N Cent(A;) = Fix(1) NFix(7;) N--- NFix(t;) D F,

foralli € {0,...,k—1}, where 19 = 0y and T; restricts to 0;,1 on M for all

i€{0,...,k—1}. Moreover,
[Ai: M] = [Ai: Ajq] - [A M =T [
hence
Ay F] = ([ q)n =n?,

and Aj contains M as a subfield.
Let us furthermore assume that each ¢; above, i € {0, ...,k — 1}, is succes-

sively chosen such that
i1
27(z) - T (2) # ¢ (8.16)

for all z € A;, then using that 7; has inner order g; and f(t;) = t?i —¢; €
Aj[t; 7] is an irreducible twisted polynomial, we conclude A, is a division

algebra by [32, Theorem 1.3.16].

Lemma 8.18. Foralli € {0,...,k—1}, 1, : A; — A, has inner order g;.
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Proof. The automorphism 19 = 07 : M — M has inner order .

Fixi € {1,...,k—1}. A; is finite-dimensional over F, so it is also finite-
dimensional over its center Cent(A;) D F. Recall that T/'(z)c; = c;z for
all z € A;, in particular T'qi‘Cent (4, = id. As gq; is prime this means either
Ti|cent(4;) = id OF Ti|cent(4,) has order g; > 1.

Assume that Tj|cent(4,) = id, then 7; is an inner automorphism of A; by the
Theorem of Skolem-Noether, say 7;(z) = uzu~! for some invertible u € A;,
for all z € A;. In particular 7;(m) = 0;1(m) = umu~" for all m € M. Write

- _1 i
u= 27’:5 u]-tf_1 for some u; € A; 4, thus

7i-1—1 ; 7i-1—1 ;
Oi1(m)u = i1 (m) ujt; 1 = Z ujt;_qm
j=0 j=0
7i-1—1 j j gi-1—1
Y, wT o (mti_y = Y wo (m)t
j=0 j=0
for all m € M. Choose 1; with u,, # 0 then
Ui+1(m)u77i = uﬂiaim(m)/ (8.17)
for all m € M.
If i = 1 we are done. If i > 2 then we can also write u;, = qu 2-1 wltf_z
for some w; € A;_», therefore (8.17) yields
gi—2—1 | gi—2—1 2 l
gia(m) Y witi =Y with ol ( Z (m)t_,
1=0 l—O 1I=0

-2
Z ))tz 2s
for all m € M. Choose 77;_1 with w;, , # 0, then
Oi1(m)wy, , = wy, 0] (0" (m)),

for all m € M.

Continuing in this manner we see that there exists s € M* such that

0ip1(m)s = soy (03 (- (o] (m) - ),
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for all m € M, hence

0is1(m) = o (o (- - (o] (m) ---),

forallm € Mwheren; € {0,...,q;-1—1} forallj € {1,...,i}. Butoj 1 € G;
and thus
Oiy1 £ 0] 00y o o0,
a contradiction.
It follows that Tj|cent(4,) has order g; > 1. By the Skolem-Noether Theo-
rem the kernel of the restriction map Aut(A;) — Aut(Cent(4;)) is the group

of inner automorphisms of A;, and so 7; has inner order g;. H
Proposition 8.19. Cent(A;) = F.
Proof. F C Cent(Ag) by construction. Let now

z=z20+ 21t 1+ 429 117" € Cent(Ay)

where z; € Ax_1. Then z commutes with all [ € A;_, hence Iz; = ZiTIé—l(l)
for all i € {0,...,9x_1 —1}. This implies zg € Cent(A;_1) and z; = 0
foralli € {1,...,qx_1 — 1}, otherwise z; is invertible and T]i_l is inner, a
contradiction by Lemma Thus z = zp € Cent(Ax_1). A similar argu-
ment shows z € Cent(A;_1) and continuing in this manner we conclude
z € M = Cent(Ay).

Suppose, for a contradiction, that z ¢ F. Then p(z) # z for some p € G.
Since the 0;,1 were chosen so that they generate the cyclic factor groups
Git+1/Gj, we can write p = (Tio o (Tél 0---0 (Tlik‘l for some is € {0,...,qs — 1}.

We have
P (o CRRN et € RS 17 T
—P( )t60 11 . lkl# tzo z1 . ;ck i’
contradicting that z € Cent(Ay). Therefore Cent(Ax) C F. O

This yields a recipe for constructing a G-crossed product division algebra
A = Ay over F with maximal subfield M provided it is possible to find
suitable c;’s satisfying (8.16).
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