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Abstract 

Absorption and emission spectra from the lowest energy transition in BODIPY have 

been simulated in the gas and water phase using a quantum mechanics/molecular 

mechanics approach, with DFT and the maximum overlap method (MOM). A post-SCF 

spin-purification to MOM yields transition energies in agreement with experimental 

data. Spectral bands were simulated using structures from ab initio molecular dynamics 

simulations, in which the solvent water molecules are treated classically and DFT is 

used for BODIPY. The resulting spectra are consistent with experimental data, and 

demonstrate how absorption and emission spectra in solution can be simulated using a 

quantum mechanical treatment of the solute.  

The electronic structure and photoinduced electron transfer (PET) processes in a 

fluorescent K+ sensor have been studied using DFT and TDDFT to rationalise its 

function. Absorption and emission energies of the fluorophore-localised intense 

excitation are more accurately described using MOM than TDDFT. Analysis of 

molecular orbital energies from DFT calculations in different phases cannot account for 

the sensors function. It is necessary to consider the relative energies of the electronic 

states. The inclusion of implicit solvent lowers the energy of the charge transfer state 

making a reductive PET possible in the absence of K+, while no such process is possible 

when the sensor is bound to K+. 

Binding within the ethene–argon and formaldehyde–methane complexes in ground and 

electronically excited states is studied with equations of motion coupled-cluster theory 

(EOM-CCSD), MP2 theory and dispersion-corrected DFT (DFT-D). MP2/MOM 

potential energy curves are in good agreement with EOM-CCSD calculations for the 

Rydberg and valence states studied. B3LYP-D3 calculations are in agreement with 

EOM-CCSD for ground and valence excited states, however for Rydberg states 

significant deviation is observed for a variety of DFT-D methods. Varying D2 

dispersion parameters results in closer agreement with EOM-CCSD for Rydberg states. 
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1. Introduction 

The work discussed in this thesis covers an in depth discussion of computational studies 

of electronically excited states and fluorescence spectroscopy using density functional 

theory, with later work detailing the weak interaction of excited states modelled using 

density functional theory. There are four main sections; firstly a detailed outline of the 

background theory to the computational methods covering a wide variety of methods 

used in the three main projects, outlining the history and methodology, along with how 

the various methods have been applied to the following work. This is followed by three 

chapters describing the work undertaken since commencing PhD studies, split into three 

distinct projects: 

1. Quantum Mechanics/ Molecular Mechanics (QM/MM) Excited State Molecular 

Dynamics and Fluorescence Spectroscopy of BODIPY. 

2. Density Functional Theory Based Analysis of Photoinduced Electron Transfer 

in a Triazacryptand based Potassium Ion (K+) Sensor. 

3. Modelling Excited States of Weakly Bound Complexes with Density Functional 

Theory Density Functional Theory. 

The focus of the first project was to model the absorption and emission spectroscopy of 

the boron dipyrromethene fluorophore, commonly abbreviated to BODIPY, using 

theoretical methods. BODIPY is a fluorophore with a wide variety of practical 

applications, due to the tunability of photochemical and physical properties seen in 

BODIPY-containing derivatives. This is possible due to BODIPY’s chemical structure, 

as substitution of a variety of moieties is possible at various positions on the molecule 

[1], which influences its fluorescent properties. Although the BODIPY fluorophore has 

been the subject of many experimental and synthetic studies, there has been little work 
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into calculating the absorption and emission spectra of BODIPY using quantum 

chemical methods. This work aimed to model the absorption and emission bands of the 

BODIPY fluorophore. Firstly, the structures of the BODIPY fluorophore along with 

several BODIPY derivatives were studied using density functional theory and complete 

active space second-order perturbation theory, along with the excitation energies using 

density functional methods. Density functional theory in conjunction with ab initio 

molecular dynamics was then used to generate multiple ground state and excited state 

structures, from which absorption and emission bands for the BODIPY fluorophore 

were calculated, in both the gas phase and solvent phase. Most of this work has been 

published in the Journal of Physical Chemistry A, with some of the structural analysis 

for meso-BODIPY derivatives presented as a part of a larger study published in RSC 

Advances. 

The second project continues the theme of studying fluorescence of a molecule through 

density functional theory and other quantum chemical methods, with the focus of 

modelling photoinduced electron transfer (PET) in a potassium cation sensor. The 

potassium cation (K+) is the most abundant intracellular ion in the human body, and is 

essential for maintaining good health. Chemically sensing K+
 within cells is therefore 

highly important, and one such sensor is a triazacryptand-based fluorescent sensor 

referred to as KS1 [2]. KS1 is a selective potassium cation sensor, with its relative 

fluorescence activity in the presence of K+ being linked to a PET process. This work 

has set out to further study this process in the KS1 sensor, primarily using density 

functional theory with a range of functionals. The nature and energies of the relevant 

electronic states involved in fluorescence and charge-transfer processes were assessed, 

to determine whether PET occurs and under what conditions. This was done in two 

ways, firstly assessing the relative energies of the molecular orbitals of KS1, and 
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secondly by directly calculating the energies of relevant states using excited state 

density functional methods. This work has been published in the Journal of Physical 

Chemistry A. 

The third project has a slightly different focus than the first two areas of interest, as it 

does not involve fluorescence spectroscopy, however the work still centres on the main 

theme of calculating excited states using density functional theory. Dispersion forces, 

where the dipole of one molecule induces a dipole on another molecule causing weak 

binding in non-polar systems, is not modelled correctly in standard exchange-

correlation functionals using density functional theory.  Several empirical additions to 

standard density functional energies have been suggested [3, 4], although these are 

parameterised for the electronic ground state. This work has looked at assessing the 

effectiveness of these methods when applied to an electronic excited state, by studying 

the binding energies in two weakly bound systems: ethene-argon and formaldehyde-

methane. The binding in the ground state was compared with both valence and Rydberg 

states, using a variety of density functional methods and dispersion corrections, as well 

as highly accurate wavefunction-based quantum chemical methods. This work has been 

published in Physical Chemistry Chemical Physics. 
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2. Overview of Theoretical Methods 

This chapter describes in detail the theoretical and computational methods 

encountered throughout this work. This includes the ab initio method Hartree-Fock 

theory, the post-Hartree-Fock methods Møller-Plesset perturbation theory and coupled 

cluster theory, complete active space perturbation theory and density functional 

theory. Also covered are the excited state methods time-dependent density functional 

theory and quantum mechanics/molecular mechanics (QM/MM) approaches used to 

study the systems in solution. The work comprising this chapter has been based on a 

number of sources, including: 

 Levine, I. N. Quantum Chemistry, Pearson, 6th edn, 2008. 

 Q-Chem User’s Manual, Version 4.1, 2013. 

 The Sherrill Group Notes, (http://vergil.chemistry.gatech.edu/notes/). 
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2.1. The Quantum Mechanical Approach 

Properties of a molecular system over time can be defined using the time-dependent 

Schrödinger equation (2.1), where ħ is the reduced Planck constant (ħ = ℎ ⁄ 2𝜋), 𝑡 is 

time, 𝛹 is the system’s wave function and 𝐻̂ the Hamiltonian operator. 𝑖 describes an 

imaginary unit. 

𝑖ħ
𝜕

𝜕𝑡
𝛹 = 𝐻̂𝛹 (2.1) 

For situations where the Hamiltonian is not time-dependent, the system can then be 

described as stationary states of defined energies. In this case the time-independent 

Schrödinger equation (2.2) can be applied. 

𝐻̂(𝒓)𝛹(𝒓) = 𝐸𝛹(𝒓) (2.2) 

Where 𝒓 describes the coordinate vector of the system and 𝐸 is the total energy of the 

system. The solutions to the time-independent Schrödinger equation for a system can 

be used to obtain that system’s stationary state wavefunctions 𝛹𝑛(𝒓) and energies 𝐸𝑛, 

which correspond to the different energy levels of a system. The lowest energy solution 

to Eq. (2.2) is known as the ground state, and higher energy solutions are excited states. 

To solve Eq. (2.2) one must first know the Hamiltonian operator of the system Ĥ. 

The Hamiltonian operator performs operations on the wavefunction of a system to give 

its energy, and therefore consists of both kinetic energy (𝑇̂) and potential energy (𝑉̂) 

terms. For an atomic and molecular system the Hamiltonian can be separated into these 

two terms as shown in Eq. (2.3), where 𝑇̂ and 𝑉̂ can be expressed as shown in Eqs. (2.4) 

and (2.5). 

𝐻̂ =  𝑇̂ + 𝑉̂ (2.3) 
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𝑇̂ =  −
1

2
∑

1

𝑚𝐴
∇𝐴

2

𝐴

−
1

2
∑ ∇𝑖

2

𝑖

 (2.4) 

𝑉̂ =  ∑
𝑍𝐴𝑍𝐵

𝑟𝐴𝐵
𝐴>𝐵

− ∑
𝑍𝐴

𝑟𝐴𝑖
+ ∑

1

𝑟𝑖𝑗
𝑖>𝑗𝐴𝑖

 (2.5) 

The terms of Eq. (2.4) describe the kinetic energy of a molecular system where 𝐴 

corresponds to a nucleus in the system, 𝑖 to an electron in the system, and 𝑚𝐴 to the 

mass of the nucleus 𝐴. As atomic units are used, the electron mass is equal to 1. For the 

potential energy equation (2.5), 𝐴 and 𝐵 describe atoms in the system, 𝑖 and 𝑗 electrons, 

and 𝑍 the charge of the nuclei. Relativistic effects are often ignored, as they are 

negligible for lighter elements of the periodic table. It is possible to consider relativistic 

effects for heavier elements, however in this thesis they are not relevant to the work 

undertaken. The parameters included in Eqs. (2.4) and (2.5) can be combined to give a 

complete molecular Hamiltonian (Eq. 2.6). 

𝐻̂ =  −
1

2
∑

1

𝑚𝐴
∇𝐴

2

𝐴

−
1

2
∑ ∇𝑖

2

𝑖

+ ∑
𝑍𝐴𝑍𝐵

𝑟𝐴𝐵
𝐴>𝐵

− ∑
𝑍𝐴

𝑟𝐴𝑖
+ ∑

1

𝑟𝑖𝑗
𝑖>𝑗𝐴𝑖

 (2.6) 

Since the nuclei of atomic systems are much heavier than electrons (a single proton is 

nearly 2000 times the mass of an electron) it is possible to use the Born-Oppenheimer 

approximation [5] and assume that the motion of a nucleus compared to an electron is 

so slow it is essentially fixed in position with respect to an electron. This allows the 

total wavefunction 𝛹𝑡𝑜𝑡 to be split into separate nuclear 𝛹𝑛 and electronic 𝛹𝑒 

wavefunctions, 

𝛹𝑡𝑜𝑡(𝑹, 𝒓) = 𝛹𝑒(𝑹, 𝒓)𝛹𝑛(𝑹) (2.7) 

Where R and r correspond to the spatial coordinate vector of the nuclei and electrons 

respectively. This allows the Hamiltonian to also be split into nuclear and electronic 

terms (Eq. 2.8), which gives an electronic Hamiltonian (Eq. 2.9) where the kinetic 
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energy of the nuclei is not included and the nuclear-nuclear repulsion 𝑉̂𝑛𝑛 is constant, 

and a separate nuclear Hamiltonian term 𝑇̂𝑛 describes nuclear kinetic energy. 

𝐻̂𝑡𝑜𝑡 = 𝐻̂𝑒 +  𝑇̂𝑛 + 𝑉̂𝑛𝑛 (2.8) 

𝐻̂𝑒 =  −
1

2
∑ ∇𝑖

2

𝑖

− ∑
𝑍𝐴

𝑟𝐴𝑖
+ ∑

1

𝑟𝑖𝑗
𝑖>𝑗𝐴𝑖

 (2.9) 

𝑇̂𝑛 =  −
1

2
∑

1

𝑚𝐴
∇𝐴

2

𝐴

 (2.10) 

This leads to an electronic Schrödinger equation (2.11) with the nuclear part shown in 

Eq. (2.12). 

𝐻̂𝑒𝛹̂𝑒(𝑹, 𝒓) = 𝐸𝑒(𝑹)𝛹𝑒(𝑹, 𝒓) (2.11) 

(𝑇̂𝑛 + 𝐸𝑒(𝑹))𝛹̂𝑛(𝑹) = 𝐸𝑡𝑜𝑡𝛹𝑛(𝑹) (2.12) 

The electronic Schrödinger equation can then be used to find the potential energy 

surface (PES) of an atomic or molecular system, although for most systems calculations 

are restricted to energy minima and other low energy pathways. These energy minima 

correspond to nuclear positions that result in stable structures of a system, whereas low 

energy pathways between minima can allow study of chemical reactions. Sometimes 

the shape of all or part of a PES is of interest of whether it is of low energy for the 

system. In chapter 5 of this thesis the specifying of nuclear coordinates to obtain a 

potential energy curve for atom and molecule pairs will be studied. 

Although the electronic Schrödinger equation should give exact results for the 

electronic energy of a molecular system, for any atom or molecule with more than one 

electron, solving Eq. (2.11) is impossible, due to the electron-electron interaction term 

which explicitly couples the motion of the electrons, requiring the separation distance 

of electrons which cannot be calculated. There are many theories developed that deal 
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with approximating the solution to Eq. (2.11), many based upon the Hartree-Fock 

method.  
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2.2. Hartree-Fock Theory 

Hartree-Fock (HF) theory is a method that was developed to solve the electronic 

Schrödinger equation for systems (Eq. 2.11) with more than one electron [6, 7]. As the 

solutions to HF calculations are calculated without using any experimental or empirical 

data apart from fundamental constants, it is known as an ab initio method, Latin for 

‘from the beginning’. The first component of the electronic Schrödinger equation to be 

looked at will be the wavefunction. The HF wavefunction is an approximate 

wavefunction of the ground state of an atomic or molecular system, known as a Slater 

determinant [8]. 

The Pauli principle asserts that the total wavefunction for two electrons is antisymmetric 

with respect to exchange of the electrons. This means the Slater determinant must 

change sign with exchange of electrons. This can be explained easily through the 

example of a two-electron system, where one could assume combining the product of 

single particle wavefunctions with their respective spatial coordinates will give the 

correct electronic wavefunction. This is shown in Eq. (2.13) and is known as the Hartree 

product. However, this is not the correct way to express the electronic wavefunction as 

it is not antisymmetric with respect to electron exchange. To make the overall electronic 

wavefunction satisfy the Pauli principle (2.14), one must take the linear combination of 

the original Hartree product and the Hartree product with electrons exchanged (2.15).  

𝛹𝑒(1, 2) = 𝜓1(1)𝜓2(2) (2.13) 

𝛹𝑒(1, 2) = −𝛹𝑒(2, 1) (2.14) 

𝛹𝑒(1, 2) =
1

√2!
{𝜓1(1)𝜓2(2) − 𝜓1(2)𝜓2(1)} (2.15) 
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𝛹𝑒(1, 2) =
1

√2!
|
𝜓1(1) 𝜓2(1)
𝜓1(2) 𝜓2(2)

| 
(2.16) 

This gives the determinant presented in (2.16) which can be expanded to an 𝑁 electron 

system as shown in Eq. (2.17), where 𝑁 is the number of electrons in a system, 𝜓1 

through to 𝜓𝑁 are one electron molecular orbitals and (1) through to (𝑁) are the spatial 

coordinates of the electrons. 

𝛹𝑆𝐷 =
1

√𝑁!
|

|

𝜓1(1) 𝜓2(1) ⋯ 𝜓𝑁(1)

𝜓1(2) ⋯ ⋯ ⋯

⋯ ⋯ ⋯ ⋯

𝜓1(𝑁) 𝜓2(𝑁) ⋯ 𝜓𝑁(𝑁)

|

|

 (2.17) 

The one electron molecular orbitals in the Slater determinant are known as spin orbitals, 

which are products of a spatial orbital with coordinates x, y, z and a spin function α or 

β with a spin coordinate ω. For the i-th molecular orbital depending on the coordinates 

of the k-th electron the form of the molecular orbital is as follows, 

𝜓𝑖(𝑘) = 𝜓𝑖
𝛼(𝒓𝑘)𝛼(𝜔𝑘) (2.18) 

where 𝒓𝑘 describes the spatial coordinates of electron k in spatial orbital 𝜓𝑖
𝛼, and the 

spin coordinate 𝜔𝑘 corresponds to the α spin function. 

The atomic or molecular energy of a system can be given by expressing in terms of the 

total wavefunction, 𝛹, and is calculated by integrating the product of the complex 

conjugate of the wavefunction 𝛹∗ with respect to three spatial coordinates and one spin 

coordinate for each electron. The time-independent Schrödinger equation (2.2) then 

takes the form seen in (2.19) and (2.20), where dτ represents the integration over all 

space and the spin coordinate. 
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𝐸 ∫ 𝛹∗𝛹 𝑑𝜏 = ∫ 𝛹∗𝐻̂𝛹 𝑑𝜏 
(2.19) 

𝐸 =
∫ 𝛹∗𝐻̂𝛹 𝑑𝜏

∫ 𝛹∗𝛹 𝑑𝜏
 

(2.20) 

As the wavefunctions are normalised, ∫ 𝛹∗𝛹 𝑑𝜏 in Eq. (2.20) is equal to one, which 

means it can be rewritten in the more simple form of  

𝐸 = ∫ 𝛹∗𝐻̂𝛹 𝑑𝜏 
(2.21) 

or using Dirac’s notation for integrals it can be expressed as 

𝐸 = ⟨𝛹|𝐻̂|𝛹⟩ (2.22) 

Looking back at the electronic Hamiltonian in Eq. (2.9) it can be further separated into 

one-electron and two-electron terms, giving separate one- and two-electron 

Hamiltonians ℎ(𝑖) and 𝑣(𝑖, 𝑗) where 

ℎ(𝑖) =  −
1

2
∇𝑖

2 − ∑
𝑍𝐴

𝑟𝐴𝑖
𝐴

 
(2.23) 

𝑣(𝑖, 𝑗) =
1

𝑟𝑖𝑗
 

(2.24) 

This allows the electronic Hamiltonian to be rearranged into a more simple form and 

have the nuclear-nuclear repulsion term 𝑉𝑛𝑛 (a constant) added to form the total 

Hamiltonian for an N-electron system, which can be presented as seen in (2.25). From 

this it is possible to solve the one-electron, two-electron and nuclear repulsion terms 

separately. The nuclear repulsion terms are assumed constant due to invoking the Born-

Oppenheimer approximation. For the one-electron term for an electron i at position r 

the energy 𝐸𝑖 is simply evaluated as a sum of one-electron integrals as it appears in Eq. 

(2.26) 
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𝐻̂𝑒 =  ∑ ℎ(𝑖)

𝑁

𝑖

+ ∑ 𝑣(𝑖, 𝑗)

𝑁

𝑖>𝑗

+ 𝑉𝑛𝑛 

(2.25) 

𝐸𝑖 = ⟨𝜓𝑖|ℎ(𝑖)|𝜓𝑖⟩ = ∫ 𝜓𝑖
∗ (𝒓) (−

1

2
∇𝑖

2 − ∑
𝑍𝐴

𝑟𝐴𝑖
𝐴

) 𝜓𝑖(𝒓)𝑑𝒓 
(2.26) 

For the two electron terms with electrons 𝑖 and 𝑗 with positions 𝒓1 and 𝒓2 the energy is 

more complicated and is a sum of two different values; the Coulomb energy and the 

exchange energy. The Coulomb energy is evaluated as a sum of Coloumb integrals (for 

more than two electrons in a system) and the exchange energy is a sum of exchange 

integrals. The Coulomb integral takes the form 

(𝑖𝑖|𝑗𝑗) = ∫ ∫
𝜓𝑖

∗(𝒓1)𝜓𝑖(𝒓1)𝜓𝑗
∗(𝒓2)𝜓𝑗(𝒓2)

𝑟12
𝑑𝒓1𝑑𝒓2 

(2.27) 

and represents a positive contribution of energy (destabilisation) of a system due to 

electron-electron Coulombic repulsion. For an electron pair 𝑖𝑗 (2.27) represents an 

electron 𝑖 at position 𝒓1 interacting with electron 𝑗 at position 𝒓2. The exchange integrals 

are more complicated and take the form: 

(𝑖𝑗|𝑖𝑗) = ∫ ∫
𝜓𝑖

∗(𝒓1)𝜓𝑗(𝒓1)𝜓𝑗
∗(𝒓2)𝜓𝑖(𝒓2)

𝑟12
𝑑𝒓1𝑑𝒓2 

(2.28) 

The exchange integrals, unlike the Coulomb integrals, do not have a classical 

representation and refer to the exchange of electrons. It is possible now to write the HF 

energy as Eq. (2.29), in terms of the one- and two-electron terms. 

𝐸 =  ∑ 𝐸𝑖

𝑁

𝑖

+ ∑{(𝑖𝑖|𝑗𝑗) − (𝑖𝑗|𝑖𝑗)}

𝑁

𝑖>𝑗

+ 𝑉𝑛𝑛 

(2.29) 

The Coulomb and exchange integrals can be rewritten as Coulomb and exchange 

operators that are often referred to as 𝐽 and 𝐾̂ respectively, and take the form seen in 

Eqs. (2.30) and (2.31).  
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𝐽𝜓𝑖(𝒓1) = ∑ ∫
𝜓𝑗

∗(𝒓2)𝜓𝑗(𝒓2)

𝑟12
𝑗

𝑑𝒓2𝜓𝑖(𝒓1) 
(2.30) 

𝐾̂𝜓𝑖(𝒓1) = ∑ ∫
𝜓𝑗

∗(𝒓2)𝜓𝑖(𝒓2)

𝑟12
𝑗

𝑑𝒓2𝜓𝑗(𝒓1) 
(2.31) 

This leads to a more convenient form of the HF energy from Eq. (2.29): 

𝐸 =  ∑ 𝐸𝑖

𝑁

𝑖

+
1

2
∑⟨𝜓𝑖|𝐽 − 𝐾̂|𝜓𝑖⟩

𝑁

𝑖

 

(2.32) 

Now that the HF energy has been defined in terms of one- and two-electron terms, it 

must be made possible to solve in a computationally efficient way. First it is worth 

noting that HF theory follows the variational principle, which states that energy 

calculated from the form seen in (2.22) must be either greater than or equal to the lowest 

energy solution (true ground-state energy) of the molecule. This means any ground state 

energy calculated with the methods previously described in this section must be greater 

than or equal to the true energy of the molecule. This means the lower the energy 

calculated by the HF method the closer to the true value it is. The HF method aims to 

find the set of orbitals that minimise the energy to the lowest value. 

Using the previous equations and the variational principle, the HF equations can be 

written as a set of one electron equations of the form 

𝐹̂𝜓𝑖(𝒓) = 𝜀𝑖𝜓𝑖(𝒓)  (2.33) 

where 𝜀𝑖 are orbital energies and 𝐹̂ is the Fock operator, which is an effective one-

electron operator and takes the form of the one electron operators encountered in Eq. 

(2.29) to give 

𝐹̂(1) = ℎ(1) + 𝐽 − 𝐾̂ (2.34) 
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These HF equations presented in Eq. (2.33) are known as pseudoeigenvalue equations, 

which means they take the form of an eigenvalue equation, where the Fock operator 

acts on a wavefunction to generate an energy value multiplied by the wave function. 

This is analogous to the time-independent Schrödinger equation (2.2). It is known as a 

pseudoeigenvalue equation because the Fock operator is not dependent on the 

wavefunction on which it acts. It can, however, be solved like a regular eigenvalue 

problem. 

The HF equations allow the molecular orbitals 𝜓 to be calculated as well as their energy 

levels 𝜀. The HF method begins with ‘guesses’ of the molecular orbitals, which allows 

the Fock operator 𝐹̂ to be constructed. The initial Fock operator can then operate on the 

guess molecular orbitals to give an approximate solution for the energy levels 𝜀  and 

thus new functions for improved molecular orbitals. This process can continue to 

minimise the energy until the energies and molecular orbitals converge to a certain 

degree of accuracy between iterations. This final pair of solutions is known as ‘self-

consistent’, and allows a minimum energy to be obtained from an initial guess of 

molecular orbitals. 

Although calculating the properties of an atomic or molecular system seems more viable 

at this point, the HF equations are not directly calculable due to the final converged 

orbitals being based on the ‘guess’ orbitals, the wavefunctions of which would be too 

complicated to calculate when considering molecular orbitals. As there are no 

appropriate templates for these molecular orbitals to be based on, it is possible to 

calculate close approximations of the molecular orbitals of a system by representing 

them as a linear combination of functions known as basis functions. This was first 

postulated by Roothan and Hall [9, 10]. These basis functions are usually based on 
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atomic orbitals, therefore this method is known as the linear combination of atomic 

orbitals (LCAO) approach and takes the following form: 

𝜓𝑖 = ∑ 𝑐𝛼𝑖

𝑁𝑏

𝛼

𝜒𝛼 

(2.35) 

where 𝜓𝑖 describes the i-th molecular orbital in a system, 𝑐𝛼𝑖 is the coefficient 

corresponding to the α-th basis function of the molecular orbital and 𝜒𝛼 represents the 

α-th basis function. 𝑁𝑏 is the total number of basis functions, which depends on the 

collection of specific basis functions being used, known as a basis set. Basis sets will 

be discussed further in section 2.3. 

Using the LCAO approach to forming molecular orbitals it is possible to combine with 

the HF equations (2.33) to give the following equation. 

∑ 𝑐𝛼𝑖

𝑁𝑏

𝛼

𝐹̂𝜒𝛼 = 𝜀𝑖 ∑ 𝑐𝛼𝑖

𝑁𝑏

𝛼

𝜒𝛼 

(2.36) 

As the values 𝑐𝛼𝑖 are coefficients, 𝐹 only operates on the basis functions 𝜒𝛼, it is 

possible to multiply Eq. (2.36) by the basis function 𝜒𝛽  

∑ 𝑐𝛼𝑖

𝑁𝑏

𝛼=1

𝜒𝛽𝐹̂𝜒𝛼 = 𝜀𝑖 ∑ 𝑐𝛼𝑖

𝑁𝑏

𝛼=1

𝜒𝛽𝜒𝛼 

(2.37) 

and integrate,  

∑ 𝑐𝛼𝑖

𝑁𝑏

𝛼=1

⟨𝜒𝛽|𝐹̂|𝜒𝛼⟩ = 𝜀𝑖 ∑ 𝑐𝛼𝑖

𝑁𝑏

𝛼=1

⟨𝜒𝛽|𝜒𝛼⟩ 

(2.38) 

which can be rewritten as 

∑ 𝑐𝛼𝑖

𝑁𝑏

𝛼=1

(𝐹𝛽𝛼 − 𝜀𝑖𝑆𝛽𝛼) = 0 

(2.39) 
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where 

𝐹𝛽𝛼 = ⟨𝜒𝛽|𝐹̂|𝜒𝛼⟩ (2.40) 

and 

𝑆𝛽𝛼 = ⟨𝜒𝛽|𝜒𝛼⟩ (2.41) 

𝑆𝛽𝛼 describes the overlap between basis functions, and is known as the overlap integrals. 

It is possible to rewrite Eq. (2.39) in matrix notation to give the form Eq. (2.42), where 

𝐅 is the Fock matrix, 𝐂 is the coefficient matrix containing the basis function 

coefficients, 𝐒 is the basis function’s overlap matrix and 𝜀 is a diagonal matrix of the 

orbital energies of a system. 

𝐅𝐂 = 𝐒𝐂ε (2.42) 

Solving this matrix problem requires the use of basis functions and their coefficients, as 

well as molecular orbital energy levels. Using a known basis set of basis functions it is 

possible to calculate the coefficients and therefore the molecular orbitals of the system 

𝜓 and their energy levels. These wavefunctions produce a Slater determinant which can 

be used to calculate the properties of the whole system defined by 𝛹. This method 

follows the Self-Consistent Field (SCF) method outlined earlier, which is explained in 

more details in the following steps: 

1. Obtain an initial guess of the orbitals using the coefficients 𝑐𝛼𝑖. 

2. Calculate the necessary integrals for the system and form a Fock matrix and 

overlap matrix from these integrals. 

3. Solve the Roothan-HF equations according to Eqs. (2.39) and (2.42) to give a 

new set of molecular orbitals. 
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4. Test for convergence according to a set of restraints, or convergence limit, which 

can be varied depending on the calculation method and the degree of accuracy 

required. 

5. If convergence criteria have not been met, the calculation takes the new MOs 

and applies them to step 2, repeating steps 2-4 until the convergence limit is met. 

Each step towards convergence in a HF calculation solves the Roothan-Hall equations, 

Eq. (2.39), which forms spatial molecular orbitals from 𝑁𝑏 basis functions. This number 

of basis functions can vary from a minimum, which is equal to the number of doubly 

occupied MOs in the system, to effectively an infinite amount. The amount of basis 

functions can greatly affect the computational cost of these calculations, and one using 

these methods should always choose a basis set appropriate to the needs of the 

calculations. A more thorough description of basis sets can be found in section 2.3. The 

most computationally expensive part of the SCF procedure outlined above is the 

evaluation of the two-electron Coulomb and exchange integrals, equations (2.30) and 

(2.31), due to these integrals having to be evaluated for all possible electron pairs in a 

system. This results in 𝑁𝑏
4 integrals in total which means Hartree-Fock calculations 

scale with the number of basis functions to the degree of 𝑁𝑏
4. This results in any system 

increasing in computational expense by 16 times for either doubling the size of the 

system within the same basis set, or doubling the number of basis functions in a basis 

set. Methods to speed up HF calculations, such as integral screening where not all 

integrals are evaluated, can lead to improved computational efficiency, however 

increasing the size of a system still increases computational expense. This scaling 

results in calculations on large systems becoming very computationally demanding, 

therefore most HF calculations are restricted to molecular systems no larger than around 

100 atoms, although more is certainly possible. 
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One major drawback of HF theory is its inability to properly model electron-electron 

repulsion. The repulsion between electrons is included by having each electron move in 

an average electronic field with respect to the other electrons in the system. This means 

the probability of an electron being in one area in the system is only dependent on the 

average positions of other electrons. This, in theory, allows electrons in HF theory to be 

very close to each other. In reality, electron repulsion of one electron would cause the 

average electron cloud of the other electrons to change, so electrons would not occupy 

space close to one another. This results in HF theory modelling systems where the 

electrons on average are too close to one another, giving a value of electron-electron 

repulsion too large with respect to the real system, leading to an overestimation of 

energies in HF calculations. This error is known as the correlation energy and is 

represented as: 

𝐸𝐶 = 𝐸𝐸𝑋𝐴𝐶𝑇 − 𝐸𝐻𝐹 (2.43) 

where 𝐸𝐶 is the correlation energy, 𝐸𝐸𝑋𝐴𝐶𝑇 is the exact energy of the system within the 

basis set and 𝐸𝐻𝐹 is the calculated Hartree-Fock energy for a given basis set.  As the 

correlation energy is usually too important to be neglected, HF alone is often not 

accurate enough and so-called post-Hartree-Fock (post-HF) methods must be 

employed, such as second-order Møller-Plesset perturbation theory (MP2) and coupled-

cluster (CC) methods, which will be detailed in sections 2.4 and 2.5 respectively. 

Alternatively one can use other methods such as density functional theory (section 2.6). 

The HF method outlined above seeks to find energies and wavefunctions corresponding 

to closed-shell, ground state molecules, and the resulting Slater determinant applies to 

molecules where the electrons fill the lowest energy levels first, doubly occupying the 

molecular orbitals with opposing spin electrons. Systems are in an electronically excited 

state when one or more electrons have been moved into a higher energy molecular 
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orbital than its ground state occupancy. Methods to deal with quantum chemical 

calculations of excited state systems are described in section 2.7. There are two main 

methods of applying HF theory to a molecule. Firstly, restricted Hartree-Fock, or RHF, 

studies closed-shell Slater determinants, and restricts electrons of different spins (α and 

β) to the same set of spatial orbitals. Unrestricted Hartree-Fock, or UHF, uses separate 

spatial orbitals for electrons with different spins, which gives two sets of molecular 

orbitals for a system. UHF is commonly used in conjunction with methods which study 

electronically excited states, such as the maximum overlap method (section 2.7.2). The 

HF method, along with many other quantum chemical methods such as post-HF 

methods and density functional theory, rely on basis functions, which are defined as a 

collection of known functions known as basis sets.  
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2.3. Basis Sets 

As described in Eq. (2.32), molecular orbitals for a system can be modelled as a linear 

combination of atomic orbitals, modelled as basis functions. These basis functions are 

mathematical functions, and can vary in their accuracy and computational cost of the 

resulting calculation. A defined set of these basis functions is known as a basis set. 

There are several types of functions that can be used as basis functions to model electron 

distribution, and they often exist as a function of the radial behaviour of an electron with 

respect to the distance from an atomic nucleus. Functions can be directly based on the 

solution to the Schrödinger equation for hydrogen, as well as plane waves, Slater 

functions and Gaussian functions. As the Slater and Gaussian functions are the simplest 

variants whilst still providing a fairly accurate representation of atomic electron 

distribution, combinations of these functions are often used to form basis sets. 

Slater functions provide a near-ideal representation of the radial distribution of 

electrons, and take the form 𝑒−𝛼𝑟 where 𝛼 is a constant and 𝑟 the radial distance. While 

accurate, Slater functions are not often used for ab initio methods, due to the high 

computational expense of calculating the two-electron integrals using Slater functions. 

Gaussian functions, on the other hand, provide a much easier function to calculate these 

two electron integrals from. Gaussian functions have the form 𝑒−𝛼𝑟2
and can provide an 

approximation to the more accurate Slater functions. However, a single Gaussian 

function can differ significantly from the equivalent Slater function at short and long 

range, and on its own is a poor representation of the Slater function. 

It is still possible to model a Slater type function using Gaussian functions, and this due 

to the idea of contracted basis functions. These involve the linear combination of several 
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Gaussian functions to form an approximate Slater function. The basis function 𝜒(𝑟) for 

a Slater-type function contracted from 𝑁 Gaussian functions can be written as: 

𝜒(𝑟) = ∑ 𝑐𝑁

𝑁

𝑒−𝑎𝑁𝒓2
 

(2.44) 

where  𝑐𝑁 and 𝑎𝑁 are constants relating to each Gaussian function 𝑁. It is possible to 

display how contracted basis functions resemble Slater orbitals, by comparing a Slater 

basis function with the single Gaussian (STO-1G) and the contracted three-Gaussian 

(STO-3G) basis functions for a single Hydrogen atom. The equations of each function 

are as follows, where 𝛷 denotes an atomic orbital arising from the basis functions. 

𝛷𝑆𝑙𝑎𝑡𝑒𝑟 = (
𝜁3

𝜋
)

1
2

𝑒−𝜁𝑟 = 0.779𝑒−1.24𝑟 

(2.45) 

𝛷𝑆𝑇𝑂−1𝐺 = (
2𝑎1

𝜋
)

3
4

𝑒−𝑎1𝑟2
= 0.370𝑒−0.417𝑟2

 

(2.46) 

𝛷𝑆𝑇𝑂−3𝐺 = 0.445 (
2𝑎1

𝜋
)

3
4

𝑒−𝑎1𝑟2
+ 0.535 (

2𝑎2

𝜋
)

3
4

𝑒−𝑎2𝑟2

+ 0.154 (
2𝑎3

𝜋
)

3
4

𝑒−𝑎3𝑟2

= 0.0835𝑒−0.169𝑟2
+ 0.268𝑒−0.624𝑟2

+ 0.278𝑒−3.425𝑟2
 

(2.47) 

If the preceding equations are plotted  it can be shown that using the linear combination 

of Gaussian functions (STO-3G) provides a much better approximation to the Slater 

function when compared with the single Gaussian (STO-1G) function. 

Among the most common basis sets used are those known as split-valence basis sets, 

first developed by John Pople [11]. It is recognised that most chemistry is concerned 

with valence orbitals and their interactions, and split-valence basis sets attempt to 

address this by using more basis functions for the valence space. As an example, one 
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split-valence basis set, 3-21G, uses one basis function consisting of a linear combination 

of three Gaussian functions for the core orbitals, then splits the valence orbitals into two 

parts known as the inner and outer shells. The inner shell uses a contraction of two 

Gaussian functions, while the outer is a single Gaussian function. The outer shell 

function has a smaller 𝛼 value compared to the inner shell, resulting in a longer range 

drop-off of the function, which allows the valence orbitals to be more diffuse and have 

a longer spatial range. The basis set 3-21G is an example of a double-zeta basis set, 

where the valence shell is split into two sets of functions. Another popular variation is 

the triple-zeta split-valence basis set, which splits the valence shell into three separate 

parts, in a similar way to a double-zeta basis set. One such example of a triple-zeta basis 

set is the 6-311G set. 

These split-valence basis sets can be further added to by adding either polarisation or 

diffuse functions to the valence orbitals. Polarisation functions, denoted by either an 

asterisk (for example 6-311G*) or by (d) (for example 6-311G(d)), allow the electron 

distribution of the valence orbitals to become more polarised, by adding functions 

describing orbitals of higher angular momentum for the valence orbitals of atoms with 

atomic number 3-10 and above. This means the six spatial d-orbitals are included. 

Double polarisation is possible and is denoted by 6-311G** or 6-311G(d, p), where the 

p-shell spatial orbitals are included for the hydrogen and helium atoms. This can be an 

important addition as hydrogen atoms especially are ubiquitous to many molecules. 

Diffuse functions can also be applied to a molecule and are denoted by a +, which would 

be written as 6-311+G** when used in conjunction with a doubly polarised basis set. 

Diffuse basis sets add basis functions for the valence shell with increased principle 

quantum number, and like with the polarised basis sets, one + denotes 3s and 3p orbital 

functions for atoms with atomic numbers 3-10 and above, and two ++ denotes a 2s 
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function for Hydrogen and Helium. Table 2.1. deals with a more thorough breakdown 

of how the above split-valence basis sets described combine Gaussians and what orbitals 

they represent for the first- and second-row atoms. 

Table 2.1. Comparison of the size of popular triple-zeta basis sets. 

Basis Set Atoms Functions Gaussians Total 

Functions 

Total 

Gaussians 

6-311G H-He 1s, 1sʹ, 1sʹʹ 3, 1, 1 3 5 

Li-Ne 1s 

2s, 2px, 2py, 2pz 

2sʹ, 2pxʹ, 2pyʹ, 2pzʹ 

2sʹʹ, 2pxʹʹ, 2pyʹʹ, 2pzʹʹ 

6 

3, 3, 3, 3 

1, 1, 1, 1 

1, 1, 1, 1 

13 26 

6-311G* H-He Same as 6-311G Same as 6-311G 3 5 

Li-Ne 1s 

2s, 2px, 2py, 2pz 

2sʹ, 2pxʹ, 2pyʹ, 2pzʹ 

2sʹʹ, 2pxʹʹ, 2pyʹʹ, 2pzʹʹ 

3dxx, 3dyy, 3dzz, 3dxy, 

3dxz, 3dyz 

6 

3, 3, 3, 3 

1, 1, 1, 1 

1, 1, 1, 1 

1, 1, 1, 1, 

1, 1 

19 32 

6-311G** H-He 1s, 1sʹ, 1sʹʹ  

2px, 2py, 2pz 

3, 1, 1 

1, 1, 1 

6 8 

Li-Ne Same as 6-311G* Same as 6-

311G* 

19 32 

6-311++G** H-He 1s, 1sʹ, 1sʹʹ  

2px, 2py, 2pz 

2s 

3, 1, 1 

1, 1, 1 

1 

7 9 

Li-Ne Same as 6-311G* 

with addition of: 

3s, 3px, 3py, 3pz 

19, 

 

1, 1, 1, 1 

23 36 
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2.3.1. Dunning Basis Sets & the Complete-basis Set Limit 

One popular collection of basis sets in use today are the so-called correlation consistent 

Dunning basis sets [12], which contain functions that are optimised using correlated 

CISD wavefunctions. CISD (configuration interaction singles & doubles) is an accurate 

wavefunction based method for directly calculating a system’s properties. Correlation 

consistent basis sets follow the nomenclature cc-pVXZ where cc-pV denotes 

correlation consistent-polarised valence, meaning the basis set is correlation consistent 

and contains valence shells (as in split-valence basis sets), XZ denotes whether the basis 

set is double-zeta (DZ), triple zeta (TZ) or higher order (QZ, 5Z, etc.). Due to the large 

number of integrals evaluated upon using these basis sets, cc-pVDZ and cc-pVTZ are 

by far the most commonly used correlation consistent basis sets. Functions for a cc-

pVXZ basis set are added in shells. The number of orbitals for atoms for some of these 

basis sets are presented in Table 2.2. This shows that for carbon, a relatively small yet 

ubiquitous atom, for the cc-pVTZ basis set there would be 4s orbitals, 3p orbitals, 2d 

orbitals and 1f orbital that would need to be evaluated. As these basis sets lead to such 

a large number of integrals to be evaluated., they are often only used for situations where 

a large degree of accuracy is required. 

Table 2.2. Comparison of the orbitals present for first- and second-row atoms using 

popular correlation consistent basis sets. 

Atoms cc-pVDZ cc-pVTZ cc-pVQZ 

H-He 2s1p 3s2p1d 4s3p2d1f 

Li-Ne 3s2p1d 4s3p2d1f 5s4p3d2f1g 
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These basis sets can be further expanded with diffuse functions, which are known as 

augmented correlation consistent basis sets, and are represented with the prefix “aug” 

(such as aug-cc-pVTZ). With these augmented basis sets one set of diffuse functions 

are added for every angular momentum present in the basis set; returning to the example 

of carbon, for the aug-cc-pVTZ basis set there would be diffuse s, p, d and f functions. 

One significant advantage of using these correlation consistent basis sets is that they 

scale to the complete basis set limit (CBS). This is effectively the energy of the system 

using an infinite basis set, and can be quantified for HF calculations with the Dunning 

basis sets as [13]: 

𝐸𝐻𝐹,∞ =
𝑥5𝐸𝐻𝐹,𝑥 − 𝑦5𝐸𝐻𝐹,𝑦

𝑥5 − 𝑦5
 

(2.48) 

where 𝐸𝐻𝐹,∞ is the CBS energy, and x and y are the highest angular momentum of two 

sequential basis sets (2 for cc-pVDZ, 3 for cc-pVTZ, etc.). This extrapolation is applied 

in chapter 5, where MP2 calculations are extrapolated to the CBS based upon the aug-

cc-pVDZ and aug-cc-pVTZ basis sets. 
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2.3.2. Basis Set Superposition Error & Counterpoise Correction 

Basis set superposition errors (BSSE) can arise for systems of more than one molecule. 

As two or more separate molecular systems approach one another their basis functions 

can overlap in the space between molecules. This effectively means the basis set of one 

molecule ‘borrows’ the basis set of the other molecule, so the basis set for both 

molecules is relevant to calculating the energy of each individual molecule. This has 

implications when constructing a potential energy curve with respect to separation of 

two atoms or molecules, as is the case in chapter 5 where the excited states of two such 

pairs are modelled. If, for example, an argon atom and an ethene molecule are 

considered, then the argon atom would have access to the basis functions of the ethene 

molecule (and vice versa), and this effect would become more important as the two 

structures came closer together. When calculating binding energies which would be the 

total energy of the system less the individual energies for argon and ethene, BSSE can 

arise if the argon and ethene are modelled individually with only the orbitals of each 

individual species included for argon or ethene. 

One way to compensate for BSSE is to include a very large number of basis functions, 

where it is assumed for either atom or molecule the orbitals from other components will 

not affect the energy much, as the basis set size is already sufficient, as the basis set is 

approaching the asymptotic limit of the energy. Another method to deal with BSSE is 

known as the counterpoise method [14]. This method involves comparing the energy of 

a molecule pair AB with the energy of A within the basis set of the whole system AB, 

and the same for molecule B. This method directly compensates for BSSE as the 

individual components of a system are explicitly modelled with the orbital space of the 

other components included. In this work, the counterpoise method is employed to 

compensate for BSSE where highly accurate potential energy curves for weakly bound 
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complexes are calculated. One such accurate method is the second-order Møller-Plesset 

perturbation theory.  
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2.4. Møller-Plesset Perturbation Theory 

As discussed in section 2.2, HF theory fails to account properly for electron correlation, 

which results in a HF energy that is higher than the true energy of a system. Many 

different ways to account for this correlation energy exist, and are known collectively 

as post-HF methods. The Møller-Plesset (MP) Perturbation Theory [15] is one of the 

most widely used post-HF methods in use, particularly the second order variant MP2 

theory, which adds dynamic electron correlation effects to the HF equations to improve 

the result, where dynamic correlation energy arises from HF’s failure to keep electrons 

far enough apart in a system. 

 MP perturbation theory applies a perturbation to the time-independent Schrödinger 

equation to account for dynamic correlation effect. It is possible to write this for a 

perturbed state as 

(𝐻̂(0) + 𝜆𝑉̂)𝛹𝑛 = 𝐸𝑛𝛹𝑛 (2.49) 

where 𝑉̂ is the perturbation operator of the unperturbed Hamiltonian 𝐻̂(0), 𝜆 is a real 

parameter that defines the strength of the perturbation and 𝑛 is a whole integer denoting 

different discrete states of the system being studied. In MP theory 𝐻̂(0) is taken to be 

the standard HF Hamiltonian. 

To understand MP2 theory it is first necessary to understand how successive 

perturbations affect the complexity of the calculations involved. It is possible to have 

different orders of perturbation. To model successive perturbations it is possible to 

expand 𝛹𝑛 and 𝐸𝑛 as a Taylor series in powers of the parameter λ, which leads to the 

equation in terms of perturbations 𝑖 = 0, 1, 2 …: 
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(𝐻̂(0) + 𝜆𝑉̂) (∑ 𝜆𝑖𝛹𝑛
(𝑖)

𝑖=0

) = (∑ 𝜆𝑖𝐸𝑛
(𝑖)

𝑖=0

) (∑ 𝜆𝑖𝛹𝑛
(𝑖)

𝑖=0

) 
(2.50) 

Writing out this equation only for terms up to and including 𝑖 = 2 and eliminating terms 

with powers of 𝜆  above 𝜆2 gives all the terms necessary to understand MP2 

perturbation. 

𝐻̂(0)𝛹𝑛
(0) + 𝜆(𝐻̂(0)𝛹𝑛

(1) + 𝑉̂𝜓𝑛
(0)) + 𝜆2 (𝐻̂(0)𝛹𝑛

(2)
+ 𝑉̂𝛹𝑛

(1))

= 𝐸𝑛
(0)𝛹𝑛

(0)
+ 𝜆 (𝐸𝑛

(0)𝛹𝑛
(1) + 𝐸𝑛

(1)𝛹𝑛

(0)
)

+ 𝜆2 (𝐸𝑛
(0)𝛹𝑛

(2) + 𝐸𝑛
(1)𝛹𝑛

(1) + 𝐸𝑛
(2)𝛹𝑛

(0)
) 

(2.51) 

From this one can derive the zeroth-, first- and second-order perturbations as the terms 

that depend on 𝜆0, 𝜆1, and 𝜆2 respectively. For a zeroth-order system the result is simply 

the Schrödinger equation for an unperturbed system. 

𝐻̂(0)𝛹𝑛
(0) = 𝐸𝑛

(0)𝛹𝑛
(0) (2.52) 

For a first-order perturbation the terms are those from Eq. (2.51) which are multiplied 

by the perturbation parameter 𝜆: 

𝐻̂(0)𝛹𝑛
(1) + 𝑉̂𝛹𝑛

(0) = 𝐸𝑛
(0)𝛹𝑛

(1) + 𝐸𝑛
(1)𝛹𝑛

(0) (2.53) 

Finally, for a second-order perturbation the terms are those from Eq. (2.51) which are 

multiplied by the perturbation parameter squared 𝜆2: 

𝐻̂(0)𝛹𝑛
(2)

+ 𝑉̂𝛹𝑛
(1) = 𝐸𝑛

(0)𝛹𝑛
(2) + 𝐸𝑛

(1)𝛹𝑛
(1) + 𝐸𝑛

(2)𝛹𝑛

(0)
 

(2.54) 

To obtain the expectation values of these expressions they can be multiplied through by 

the complex conjugate of the zero-order wavefunction 𝛹𝑛
(0)∗

 and then integrated 

throughout, yielding the following expressions for the first three energy terms. 

𝐸𝑛
(0) = ⟨𝛹𝑛

(0)|𝐻̂|𝛹𝑛
(0)⟩ (2.55) 
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𝐸𝑛
(1) = ⟨𝛹𝑛

(0)|𝑉̂|𝛹𝑛
(0)⟩ (2.56) 

𝐸𝑛
(2) = ⟨𝛹𝑛

(0)|𝑉̂|𝛹𝑛
(1)⟩ (2.57) 

MP0, the zeroth-order perturbation, only describes 𝐸𝑛
(0), the sum of the HF one-

electron energies. This ignores interelectronic repulsion apart from following the Pauli 

exclusion principle. MP1 includes the 𝐸𝑛
(1) term, which includes the two-electron 

Coulomb and exchange integrals. MP1 theory is therefore equal to the standard HF 

energy, so MP2 is the first perturbation to improve upon HF theory. The MP2 method 

adds dynamic electron correlation effects and is added to the HF energy as shown in 

Eq. (2.59). 

𝐸𝑀𝑃1 = 𝐸𝑛
(0) + 𝐸𝑛

(1) = ⟨𝛹𝑛
(0)|𝐻̂(0) + 𝑉̂|𝛹𝑛

(0)⟩ = 𝐸𝐻𝐹
𝑡𝑜𝑡𝑎𝑙 (2.58) 

𝐸𝑀𝑃2 = 𝐸𝐻𝐹
𝑡𝑜𝑡𝑎𝑙 + 𝐸𝑛

(2) (2.59) 

The HF energy already includes all internuclear repulsion terms, which leads to 𝐸𝑛
(2) 

being a purely electronic term, which takes the form of the sum of pairs of electrons 

excited from occupied to unoccupied (virtual) orbitals. This technique is known as 

double excitation and is commonly seen throughout other post-HF methods. The MP2 

energy term 𝐸𝑛
(2) can be shown to be for the lowest quantum state (𝑛 = 0): 

𝐸0
(2) =

1

4
∑ ∑

|⟨𝑎𝑏‖𝑟𝑠⟩|2

𝜀𝑎 + 𝜀𝑏 − 𝜀𝑟 − 𝜀𝑠

𝑜𝑐𝑐

𝑖𝑗

𝑣𝑖𝑟𝑡

𝑎𝑏

 

(2.60) 

In Eq. (2.60) 𝑎 and 𝑏 denote virtual spin orbitals, 𝑟 and 𝑠 are occupied spin orbitals, and 

𝜀𝑎, 𝜀𝑏, 𝜀𝑟, and 𝜀𝑠 are the respective orbital energies. The numerator of this equation is 

an integral defined by the term in Eq. (2.61) where the two electron integral of the form 

⟨𝑖𝑗‖𝑘𝑙⟩ is defined as follows in Eqs. (2.62) and (2.63) 
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⟨𝑎𝑏‖𝑟𝑠⟩ = 〈𝜓0| ∑ 𝑟𝑖𝑗
−1

𝑖<𝑗

|𝜓𝑎𝑏
𝑟𝑠 〉 (2.61) 

⟨𝑎𝑏‖𝑟𝑠⟩ = ⟨𝑖𝑗|𝑘𝑙⟩ − ⟨𝑖𝑗|𝑙𝑘⟩ (2.62) 

⟨𝑖𝑗|𝑘𝑙⟩ = ∫ ∫
𝜓𝑖

∗(𝒓1)𝜓𝑗(𝒓1)𝜓𝑘
∗ (𝒓2)𝜓𝑙(𝒓2)

𝑟12
𝑑𝒓1𝑑𝒓2 

(2.63) 

MP2 evaluates this energy correction and accounts for electron correlation by exciting 

electrons from occupied to unoccupied orbitals. The advantage of using virtual orbitals 

is that they allow electrons more room within the molecule, which reduces the chance 

of electrons being calculated in close proximity to one another, thus lowering the 

problems of electron correlation. Looking at the term in Eq. (2.60) describing the energy 

gap between occupied and unoccupied orbitals, (𝜀𝑎 + 𝜀𝑏 − 𝜀𝑟 − 𝜀𝑠) it is apparent that 

as it increases, the orbital interaction decreases, along with the MP2 contribution 𝐸0
(2). 

This means that as the energy gap between occupied and unoccupied orbitals increase, 

promotion of electrons to these orbitals becomes more difficult, and the MP2 energy 

does not stabilise the energy with respect to HF as much as a system with lower lying 

excited states. 

Although MP2 leads to more accurate results than standard HF, there are more complex 

and computationally expensive wavefunction based methods that can also be applied, 

such as coupled-cluster theory and configuration interaction. For many calculations, 

however, MP2 theory is classed as an ‘accurate’ method, although higher order MP3, 

MP4 etc. is possible, these are rarely used due to their large computational cost. 
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2.5. Coupled-Cluster Theory 

Coupled-cluster (CC) methods, like MP2 theory, attempts to correct the HF energy by 

accurately calculating a correction to the dynamic electron correlation energy [16]. 

There are many varieties of CC methods, involving different orders of excitations, as 

well as perturbative excitations. The specific method known as coupled-cluster singles 

and doubles, with perturbative triples CCSD(T) [17] is referred to as the ‘gold standard’ 

of computational chemistry, due to its high accuracy for a wide variety of systems. 

The essential idea underpinning CC theory is that the ground state wavefunction of a 

molecular system |𝜓0⟩, can be described by the exponential ansatz 

|𝜓𝐶𝐶⟩ = 𝑒𝑇̂|𝛷0⟩ (2.64) 

where 𝜓𝐶𝐶  is the coupled-cluster wavefunction, 𝑒𝑇̂ is the exponential of an operator 𝑇̂ 

and 𝛷0 is the Slater determinant of the system. As 𝑒𝑇̂ is an exponential function it can 

be expanded into the sequence 

𝑒𝑇̂ = 1 + 𝑇̂ +
𝑇̂2

2!
+

𝑇̂3

3!
+ ⋯ 

(2.65) 

The operator 𝑇̂ can be further split into a sequence of operators 

𝑇̂ = 𝑇̂1 + 𝑇̂2 + 𝑇̂3 + ⋯ (2.66) 

where 𝑇̂1, 𝑇̂2 etc. are excitation operators and describe the promotion of electrons from 

occupied orbitals to virtual (unoccupied) orbitals as described in Eqs. (2.62) and (2.63), 

where 𝑇̂1 describes single excitations and 𝑇̂2 describes double excitations. The 

excitation operators for higher orders would follow a similar pattern for higher level 

excitations. 
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𝑇̂1|𝛷0⟩ = ∑ ∑ 𝑡𝑖
𝑎

𝑣𝑖𝑟𝑡.

𝑎

𝑜𝑐𝑐.

𝑖

𝛷𝑖
𝑎 

(2.67) 

𝑇̂2|𝛷0⟩ = ∑ ∑ 𝑡𝑖𝑗
𝑎𝑏

𝑣𝑖𝑟𝑡.

𝑎𝑏

𝑜𝑐𝑐.

𝑖𝑗

𝛷𝑖𝑗
𝑎𝑏 

(2.68) 

In the above equations, 𝑡 refers to the one electron coupled-cluster amplitude, where 𝑖 

or 𝑖𝑗 denotes the occupied electrons and 𝑎 or 𝑎𝑏 the unoccupied electrons, and 𝛷 refer 

to the CC molecular orbitals. The most common CC method encountered involves only 

the first two expansions to 𝑇̂ and involves singles and doubles (CCSD) [18] although 

higher order calculations involving triple excitations (CCSDT) and quadruples 

(CCSDTQ) can be used, at a significantly higher computational cost. These higher-

order calculations are often prohibitively expensive for calculations on systems 

involving more than a few electrons. CC theory can be combined with perturbative 

excitations, such as CCSD with perturbative triples, known as CCSD(T). It is this 

method that is applied in chapter 5 to obtain ‘accurate’ potential energy curves. 

The energy of a system using CCSD involves expansions of 𝑇̂ up to and including 𝑇̂2  

and can be explained in the following set of equations. The coupled-cluster exponential 

operator involves terms 𝑇̂1 and 𝑇̂2 which can be expanded as shown in Eq. (2.70). This 

has only been expanded to 𝑇̂2 but can be further expanded to give more terms. 

|𝜓𝐶𝐶𝑆𝐷⟩ = 𝑒𝑇̂1+𝑇̂2|𝛷0⟩ (2.69) 

𝑒𝑇̂1+𝑇̂2 = 1 + 𝑇̂1 + 𝑇̂2 +
𝑇̂1

2

2
+

𝑇̂2
2

2
+ 𝑇̂1𝑇̂2 … 

(2.70) 

 

The coupled-cluster energy can be expressed by the forms seen in the following 

equations, which can be rearranged to give an expression equal to zero. 
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𝐸𝐶𝐶𝑆𝐷 = ⟨𝛷0|𝐻̂|𝜓𝐶𝐶𝑆𝐷⟩ (2.71) 

𝐸𝐶𝐶𝑆𝐷 = ⟨𝛷0|𝐻̂|𝑒𝑇̂1+𝑇̂2𝛷0⟩ (2.72) 

⟨𝛷0|𝐻̂ − 𝐸𝐶𝐶𝑆𝐷|𝑒𝑇̂1+𝑇̂2𝛷0⟩ = 0 (2.73) 

The exponential operator can be expanded in Eq. (2.73) to give 

⟨𝛷0|𝐻̂ − 𝐸𝐶𝐶𝑆𝐷| (1 + 𝑇̂1 + 𝑇̂2 +
𝑇̂1

2

2 +
𝑇̂2

2

2 + 𝑇̂1𝑇̂2 … ) 𝛷0⟩ = 0 
(2.74) 

For many systems, double excitation do not appropriately account for all electron 

correlation effects, therefore triples excitations must be considered. As explicit triple 

excitation using coupled-cluster methods (CCSDT) are often prohibitively expensive to 

calculate, perturbative triples can be introduced. These triple excitations are found from 

the single determinant reference which arises is higher order MP perturbations. 

Although CC methods are size consistent, they are not variational by default, although 

variational CC methods have been introduced, they are computationally very expensive 

[19]. This means using non-variational CC theory it can be difficult to assess the 

accuracy of a method compared to other variational methods. 
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2.6. Density Functional Theory 

Density functional theory (DFT) is currently the most popular method of quantum 

chemical calculation. Many post-HF methods, although accurate for a variety of 

systems, are prohibitively expensive for many calculations. DFT provides a significant 

improvement on the accuracy of HF calculations with a relatively low computational 

cost. It is worth noting DFT is not a wavefunction-based method like HF theory and 

related methods. The electron density of an 𝑁-electron system is given by the following 

equation, where 𝜓𝑖(𝒓) describes a set of molecular orbitals and 𝜌(𝒓) is the electron 

density (probability of finding an electron within the volume 𝑑𝒓). 

𝜌(𝒓) = ∑|𝜓𝑖(𝒓)|2

𝑁

𝑖

 

(2.75) 

The integral of the electron density gives the number of electrons in the system 𝑁: 

∫ 𝜌(𝒓) 𝑑𝒓 = 𝑁 
(2.76) 

One advantage of electron density over wavefunction methods is that electron density 

is an observable property, and can be measured practically by methods such as X-ray 

diffraction. Another important aspect of the electron density is that at any position of an 

atom, the electron density 𝜌(𝒓) has a maximum with a finite value. The gradient of 

electron density around an atom is related to nuclear charge on the atom. One other 

property of electron density is that it is a function of position in three-dimensional space, 

giving it only three variables. This differs from wavefunction based methods which rely 

on three spatial coordinates and one spin coordinate per electron, giving 4𝑁 variables 

in an 𝑁 electron system. This means the amount of variables on a density based system 

does not change with the size of the system, in contrast to wavefunction methods. 
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Hohenberg and Kohn in 1964 [20], proved that for molecules with a nondegenerate 

ground state, molecular energy, wavefunctions and all other properties can be 

determined by the ground state electron probability density, 𝜌0,  

𝜌0(𝒓) → 𝐸0 (2.77) 

This means 𝐸0 is a functional of 𝜌0(𝒓), which acts on the density (a function) to give a 

number (the energy of a system). The first Hohenberg-Kohn theorem states that any 

ground state property is a functional of the ground state density functional. This is 

shown below for energy, where square brackets denote a functional. 

𝐸[𝜌0] = 𝐸0 (2.78) 

The second Hohenberg-Kohn theorem states that the energy is variational, which means 

any trial electron density functional 𝐸𝑣[𝜌𝑡] will give an energy greater than or equal to 

the true energy 𝐸0[𝜌0]. 

𝐸𝑣[𝜌𝑡] ≥ 𝐸0[𝜌0] (2.79) 

This was proved by first looking at the ground state electronic wavefunction for an 𝑁-

electron molecule, which is an eigenfunction of the electronic Hamiltonian, 𝐻̂𝑒 Eq. 

(2.25), which consists of a kinetic energy function, 𝑇̂, an electron-nuclei attraction term, 

𝑉̂𝑛𝑒 , and an electron-electron repulsion term,𝑉̂𝑒𝑒.  

𝐻̂𝑒 =  𝑇̂ + 𝑉̂𝑛𝑒 + 𝑉̂𝑒𝑒 (2.80) 

𝑉̂𝑛𝑒 =  ∑ v(𝒓)

𝑛

𝑖=1

 
(2.81) 

v(𝒓) =  − ∑
𝑍𝛼

𝑟𝑖𝛼
𝛼

 
(2.82) 

The potential energy of interaction between an electron and the nuclei (2.81) depends 

on electronic and nuclear coordinates, and due to the Born-Oppenheimer 
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approximation, nuclei positions are fixed, so are constant. Therefore v(𝒓) becomes a 

function of only the positions of the electrons, which is known as the external potential. 

Hohenberg and Kohn proved that the external potential and number of electrons in a 

system can be determined by knowing 𝜌0, by imagining two different external positions 

which give rise to the same electron density. This assumption was known to be false, 

which means every electron density is unique, with its own unique external potential. 

Hence the ground state electron density can uniquely determine the electronic 

Hamiltonian, and therefore also the ground state wavefunction, energy, and other 

molecular properties. 

As it has been shown energy can be written as a functional of the electron density, it 

then follows that components of the energy can also be described as functionals of 𝜌0. 

𝐸0 = 𝐸[𝜌0] = 𝑇̅[𝜌0] + 𝑉̅𝑛𝑒[𝜌0] + 𝑉̅𝑒𝑒[𝜌0] (2.83) 

Although 𝑉̅𝑛𝑒[𝜌0] can be exactly calculated, due to it relying on the external potential 

(2.81), it was found 𝑇̅[𝜌0] and 𝑉̅𝑒𝑒[𝜌0] could not be calculated exactly, and can be 

grouped into an unknown functional, 𝐹̅[𝜌0], as shown in Eq. (2.85), which is 

independent of the external potential and needs some practical method to calculate it. 

𝑉̅𝑛𝑒 =  ∫ 𝜌0(𝒓)v(𝒓)𝑑𝒓 
(2.84) 

𝑇̅[𝜌0] + 𝑉̅𝑒𝑒[𝜌0] =  𝐹̅[𝜌0] (2.85) 

The expression for the energy  Eq. (2.83) can be rewritten as  

𝐸0 = ∫ 𝜌0(𝒓)v(𝒓)𝑑𝒓 + 𝐹̅[𝜌0] 
(2.86) 

A way of calculating the unkown term 𝐹̅[𝜌0] was formalised in 1965 by Kohn and Sham 

[21], and is the method most DFT calculations, including those in this thesis, are solved 

by to this day. 
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Kohn-Sham (KS) DFT involves using a fictitious reference system of 𝑁-electrons, 

denoted with an 𝑠, which is analogous to the system which is being studied except with 

non-interacting electrons, with each electron experiencing the same external potential 

v𝑠(𝒓). The aim of KS-DFT is to find an external potential such that the electron density 

of the reference system, 𝜌𝑠, is equivalent to the electron density of the real system, ρ0. 

The Hamiltonian of this reference system eliminates electron-electron repulsion terms, 

as there is no electron interaction, so one can simplify Eq. (2.25) to the expression 

shown in Eq. (2.87), where ℎ̂𝑖
𝐾𝑆 is the one-electron KS Hamiltonian.  

𝐻̂𝑠 =  −
1

2
∑ ∇𝑖

2

𝑁

𝑖

+ ∑ v𝑠(𝐫)

𝑁

𝑖

= ∑ ℎ̂𝑖
𝐾𝑆

𝑁

𝑖

 

(2.87) 

The reference system can then be related to the real system by rewriting the electronic 

Hamiltonian as is seen in Eq. (2.88). In this form, λ is a parameter ranging between 0 

and 1 which at 0 completely describes the reference system, and at 1 describes the true 

system. v𝜆(𝒓) is the external potential needed to make the ground state electron density 

of the reference system to that of the true molecular ground state. 

𝐻̂𝜆 = 𝑇̂ + ∑ v𝜆(𝒓)

𝑁

𝑖

+ 𝜆𝑉̂𝑒𝑒 

(2.88) 

As this ground state electronic wavefunction of the reference system contains only non-

interacting particles, it is the antisymmetrised product of the lowest energy KS spin-

orbitals of the reference system. Finding these orbitals will in turn find the electron 

density of the true system. The unknown part of the energy functional, 𝐹̅[𝜌0] from Eq. 

(2.85) can have its components written in terms of the difference between the reference 

system and real system, where subscript s denotes a reference term.  

∆𝑇̅[𝜌0] ≡ 𝑇̅[𝜌0] − 𝑇̅𝑠[𝜌0] (2.89) 
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∆𝑉̅𝑒𝑒[𝜌0] ≡ 𝑉̅𝑒𝑒[𝜌0] − 𝑉̅𝑒𝑒(𝑠)[𝜌0] (2.90) 

The difference in electron-electron repulsion ∆𝑉̅𝑒𝑒[𝜌0] can also be defined as the 

deviation of the true energy from the Coulomb repulsion 𝐽[̅𝜌0] 

∆𝑉̅𝑒𝑒[𝜌0] ≡ 𝑉̅𝑒𝑒[𝜌0] − 𝐽[̅𝜌0] (2.91) 

where 

𝐽[̅𝜌0] =
1

2
∫ ∫

𝜌0(𝒓1)𝜌0(𝒓2)

𝑟12
𝑑𝒓1𝑑𝒓2 

(2.92) 

All the reference and Coulomb terms in the above equations can be solved exactly. On 

rewriting equations (2.89) and (2.91) in terms of the real energy functions, 

𝑇̅[𝜌0] ≡ ∆𝑇̅[𝜌0] + 𝑇̅𝑠[𝜌0] (2.93) 

𝑉̅𝑒𝑒[𝜌0] ≡ ∆𝑉̅𝑒𝑒[𝜌0] + 𝐽[̅𝜌0] (2.94) 

 then substituting these expressions for the kinetic energy and electron-electron 

repulsion functionals into the equations for the overall energy Eq. (2.83) and Eq. (2.86), 

it is possible to construct an equation for the ground state energy of a molecule as a 

functional of the electron density of that system. 

𝐸0 = 𝐸[𝜌0] = 𝑇̅𝑠[𝜌0] + 𝑉̅𝑛𝑒[𝜌0] + 𝐽[̅𝜌0] + ∆𝑇̅[𝜌0] + ∆𝑉̅𝑒𝑒[𝜌0] (2.95) 

The above expression now leaves the terms ∆𝑇̅[𝜌0] and ∆𝑉̅𝑒𝑒[𝜌0] which are unknown 

terms. These are grouped together into what is known as the exchange-correlation 

functional 𝐸𝑥𝑐, which gathers together all unknown terms in the energy expression. 

𝐸𝑥𝑐[𝜌0] = ∆𝑇̅[𝜌0] + ∆𝑉̅𝑒𝑒[𝜌0] (2.96) 

This allows one to rewrite Eq. (2.95) to give a full expression for the energy of a system. 

𝐸0 = ∫ 𝜌0(𝒓)v(𝒓)𝑑𝒓 + 𝑇̅𝑠[𝜌0] +
1

2
∫ ∫

𝜌0(𝒓1)𝜌0(𝒓2)

𝑟12
𝑑𝒓1𝑑𝒓2 + 𝐸𝑥𝑐[𝜌0] 

(2.97) 
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The KS equations are used to find the energy of the system, and are derived from the 

second  Hohenberg-Kohn theorem, that states DFT is variational.  It is shown that the 

electron density of the reference system 𝜌𝑠 is equal to that of the real system 𝜌0, and 

that electron density can be expressed in terms of  KS orbitals 

𝜌0 = 𝜌𝑠 = ∑|𝜓𝑖
𝐾𝑆(1)|

2
2𝑛

𝑖

 

(2.98) 

where 𝜓𝑖
𝐾𝑆 are the KS spatial orbitals and 𝑛 is the number of occupied KS orbitals. As 

the orbitals can be doubly occupied with different spin electrons, 2𝑛 is the number of 

electrons in the system for closed-shell systems. KS-DFT works by attempting to 

minimise the energy of the individual Kohn-Sham orbitals using a one electron 

Schrӧdinger-like equation to work out the energy  

ℎ̂𝑖
𝐾𝑆(1)𝜓𝑖

𝐾𝑆(1) = 𝜀𝑖
𝐾𝑆(1)𝜓𝑖

𝐾𝑆(1) (2.99) 

where ℎ̂𝑖
𝐾𝑆 is the one-electron hamiltonian, 𝜓𝑖

𝐾𝑆 are the KS orbitals and 𝜀𝑖
𝐾𝑆 is the energy 

level of the electron using KS-DFT. The one-electron Hamiltonian is given by 

substituting the density expression Eq. (2.98) into Eq. (2.97), then varying 𝐸0 with 

respect to the KS spatial orbitals: 

ℎ̂𝑖
𝐾𝑆 = −

1

2
∑ ∇𝑖

2

𝑁

𝑖

− ∑
𝑍𝐴

𝑟𝑖𝐴
𝐴

+ ∫
𝜌0(𝒓2)

𝑟12
𝑑𝒓2 + 𝑣𝑥𝑐(1) 

(2.100) 

The term 𝑣𝑥𝑐(𝑁) is the exchange correlation potential (for an electron number 𝑁), which 

is which is evaluated from a derivative of the unknown exchange correlation functional 

𝐸𝑥𝑐[𝜌], and is defined as 

𝑣𝑥𝑐(𝒓) =
𝛿𝐸𝑥𝑐[𝜌(𝒓)]

𝛿𝜌(𝒓)
 

(2.101) 
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When comparing with HF theory, which is an approximation of the Schrödinger 

equation, the KS energy in Eq. (2.97) is exact as long as the exchange correlation 

functional 𝐸𝑥𝑐[𝜌] is also exact. Unfortuately as the exchange correlation functional is a 

collection of the unknown terms it cannot be calculated exactly, so the DFT energy will 

always be slightly different to the true energy of a system. How much that energy 

deviates depends on both the size of the basis set and the choice of the exchange 

correlation functional, of which there are many different types and forms. 
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2.6.1. Exchange-correlation Functionals 

There are several different approaches to calculating the exchange correlation 

functional. The simplest model, known as the local density approximation (LDA) was 

originally suggested by Kohn and Sham [21]. LDA functionals assume that if electron 

density 𝜌 varies very slowly with position, then 𝐸𝑥𝑐[𝜌] relates to an integral of electron 

density and exchange-correlation energy per electron 𝑒𝑋𝐶
𝑈𝐸𝐺 , at a uniform density 𝜌. 

𝐸𝑋𝐶
𝐿𝐷𝐴 = ∫ 𝑒𝑋𝐶

𝑈𝐸𝐺(𝜌) 𝑑𝒓 
(2.102) 

This is based on the uniform electron gas model and is quite a simplistic view of electron 

behaviour, as it assumes that the electron density has zero gradient around a point. One 

variety of LDA applies different spatial orbitals 𝜓𝛼
𝐾𝑆 and 𝜓𝛽

𝐾𝑆 to electrons with different 

spins 𝛼 and 𝛽 within the uniform gas model. This method, known as the local density 

spin approximation (LSDA) is analogous to using unrestricted HF theory as opposed to 

spin restricted HF, and can be applied to systems with unpaired electrons. 

As a real molecular system does not have a uniform electron distribution, LDA and 

LSDA functionals offer poor approximations for the exchange correlation functional. A 

way to improve the model is to use a generalised-gradient approximation (GGA) 

functional, where both electron density at a point 𝒓 as well as the gradient of the electron 

density at 𝒓 are used to form the exchange correlation functional. One example of a 

GGA functional is the Perdew–Burke–Ernzerhof (PBE) functional [22]. One other 

popular GGA functional is the BLYP (Becke-Lee-Yang-Parr). This functional involves 

the separating of the exchange and correlation parts of 𝐸𝑥𝑐, 

𝐸𝑋𝐶 = 𝐸𝑋 + 𝐸𝐶  (2.103) 
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where in the context of the BLYP functional, the exchange functional is Becke’s 

exchange functional [23], and the correlation functional is the Lee-Yang-Parr 

correlation functional [24]. 

One other type of exchange correlation functional with wide use in DFT calculations 

are hybrid functionals. These functionals include a degree of exact HF exchange energy, 

which can be taken from the equation for total HF energy Eq. (2.32) and expressed as a 

sum of the exchange integrals from Eq. (2.28) 

𝐸𝑋 = −
1

2
∑ ∑ 𝐾𝑖𝑗

𝑛

𝑗=1

𝑛

𝑖=1

 
(2.104) 

Substituting the HF orbitals in Eq. (2.28) for KS orbitals gives the exact HF exchange 

energy for a system of non-interacting electrons: 

𝐸𝑋
𝐻𝐹 = − ∑ ∑ ⟨𝜓𝑖

𝐾𝑆(1)𝜓𝑗
𝐾𝑆(2)|

1
𝑟12

|𝜓𝑖
𝐾𝑆(2)𝜓𝑗

𝐾𝑆(1)⟩

𝑛

𝑗=1

𝑛

𝑖=1

 
(2.105) 

The most popular hybrid exchange-correlation functional in use at the moment is the 

B3LYP functional [25, 26]. This functional has found a wide variety of applications in 

many fields and has proved to give good results for many systems with a relatively small 

computational cost. B3LYP includes a component of exact HF exchange, LDA 

exchange and GGA exchange along with correlation terms. All these terms have been 

fitted according to empirical parameters as follows: 

𝐸𝑋𝐶
𝐵3𝐿𝑌𝑃 = 𝑎0𝐸𝑋

𝐻𝐹 + (1 − 𝑎0 − 𝑎𝑥)𝐸𝑋
𝐿𝐷𝐴 + 𝑎𝑥𝐸𝑋

𝐵88 + (1 − 𝑎𝑐)𝐸𝐶
𝑉𝑊𝑁

+ 𝑎𝑐𝐸𝐶
𝐿𝑌𝑃 

(2.106) 

where the parameters 𝑎0=0.2, 𝑎𝑥=0.72, and 𝑎𝑐=0.81, leading to the expression 

𝐸𝑋𝐶
𝐵3𝐿𝑌𝑃 = 0.2𝐸𝑋

𝐻𝐹 + 0.08𝐸𝑋
𝐿𝐷𝐴 + 0.72𝐸𝑋

𝐵88 + 0.19𝐸𝐶
𝑉𝑊𝑁 + 0.81𝐸𝐶

𝐿𝑌𝑃 (2.107) 
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Within Eq. (2.107), 𝐸𝑋
𝐻𝐹 is the term for the HF exact exchange, 𝐸𝑋

𝐿𝐷𝐴 describes the LDA 

contribution to the exchange functional and 𝐸𝑋
𝐵88 is the Becke component of exchange. 

For the correlation terms, 𝐸𝐶
𝑉𝑊𝑁 is the correlation functional according to Vosko, Wilk 

and Nusair [27] and 𝐸𝐶
𝐿𝑌𝑃 is the Lee-Yang-Parr correlation functional as seen earlier for 

the BLYP exchange correlation functional. 

Another hybrid functional used in this thesis is the B97-1 functional, which is an 

improvement on the B97 functional introduced by Becke in 1997 [28]. B97 takes the 

form seen in Eq. (2.108), where the term 𝑐𝑥 has been reparameterised as 0.21 for B97-

1, and has been shown to produce good results with respect to experimental values [29]. 

𝐸𝑋𝐶
𝐵97−1 = 𝑐𝑥𝐸𝑋

𝐻𝐹 + (1 − 𝑐𝑥)𝐸𝑋
𝐺𝐺𝐴 + 𝐸𝐶

𝐺𝐺𝐴 (2.108) 
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2.6.2. Long-range-corrected Functionals 

Although B3LYP and B97-1 have been shown to be versatile functionals with a wide 

range of potential applications, they fail in three key areas: 

1. Accurately calculate the polarisability of long chain molecules. 

2. Electronic excitations using time-dependent DFT (TDDFT) to high energy 

Rydberg states. 

3. Charge-transfer (CT) excitations, where transfer of electrons occurs in a system 

where the orbitals involved in transition are separated by a significant distance 

(several Å or more). 

The third area is of particular importance to this work, as CT excitations are important 

to the fluorescent activity of the potassium cation sensor studied in chapter 4, so 

accurately calculating the energies of these states is essential. The failure of standard 

hybrid functionals to calculate these energies accurately is due to CT states requiring 

full (100%) HF exchange, whereas standard B3LYP and B97-1 only contain around 

20% HF exchange. In TDDFT the excitation energy for a CT transition is essentially 

the energy difference between the orbital energies. Due to the approximate exchange in 

the functional this separation is often underestimated. These errors in calculations have 

been shown to appear significantly from separations in the CT transitions as low as 2 Å 

[30]. 

There are two ways to model this long-range HF exchange within an exchange 

correlation functional. The first method involves preserving the chosen functional at a 

short-range, while incorporating 100% HF exchange at long-range, with a mixture at a 

medium-range. Such functionals are known as ‘Coulomb-attenuated’ or ‘long-range-

corrected’ functionals, two examples of such functionals which are used in this work 
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include the Coulomb-attenuated method B3LYP (CAM-B3LYP) functional, as well as 

the ω-B97 functional [31, 32]. These functionals involve a partitioning of the electron-

electron Coulomb potential into short- and long-range terms: 

1

𝑟12
=

1 − erf (𝜔𝑟12)

𝑟12
+

erf (𝜔𝑟12)

𝑟12
 

(2.109) 

where erf is the error function, the right-hand term is a short-range term that decays to 

zero with increasing interelectronic radius 𝑟12. The first term deals with long-range 

interaction and stays relatively constant beyond a point. 𝜔 is a parameter that controls 

the extent of the two terms at a particular separation. For CAM-B3LYP, the above term 

is expanded to include further parameters 𝛼 and 𝛽: 

1

𝑟12
=

1 − [(𝛼 + 𝛽)erf (𝜔𝑟12)]

𝑟12
+

(𝛼 + 𝛽)erf (𝜔𝑟12)

𝑟12
 

(2.110) 

where 𝛼 = 0.2, 𝛽 = 1.0 and 𝜔 = 0.33/𝑟𝐵𝑜ℎ𝑟 for the CAM-B3LYP functional. This is 

shown to give good improvements for energies of Rydberg and CT states over standard 

B3LYP using TDDFT. 

The second method for calculating long-range exchange accurately is by parameterising 

new functionals which directly deal with exact HF exchange at long-range. One such 

functional is the M06-HF functional [33], which contains a large number of adjustable 

parameters. These types of functional are not used in this work. 

As well as failing to accurately model CT and Rydberg states accurately, regular DFT 

also fails to accurately model dispersion forces in systems. There are several approaches 

to incorporating dispersion into DFT, which will be summarised in the following 

section. 
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2.6.3. Dispersion Corrections to DFT 

As previously mentioned, standard exchange-correlation functionals fail to accurately 

model dispersion forces in a molecular system. This is due to the fact that many 

exchange–correlation functionals are functionals of the local electron density or the 

gradient of the local electron density in LDA and GGA-type functionals respectively. 

This means only local effects influence the behaviour of the electrons in a system. 

Dispersion forces arise when an instantaneous dipole on one molecule or atom induces 

a dipole on another molecule in the system. This creates instantaneous dipoles between 

the two species, which results in a weak attraction force. This is an inherently non-local 

effect. As the interactions in standard DFT use local electron interaction these dipoles 

do not form and therefore dispersion forces do not occur. There are several different 

approaches to overcoming this problem within DFT. One way is to model dispersion 

explicitly with parameterised functionals that do not contain an explicit dispersion term 

using systems where dispersion interactions are prominent. Examples of this approach 

are the M05 [34] and M06 [35] functionals, which have proven successful for modelling 

some dispersion bound complexes. This thesis concentrates on the more common 

methods of correcting for dispersion, which involve an add-on term to the standard DFT 

energy 

𝐸𝐷𝐹𝑇−𝐷 = 𝐸𝐾𝑆−𝐷𝐹𝑇 + 𝐸𝑑𝑖𝑠𝑝 (2.111) 

where 𝐸𝐷𝐹𝑇−𝐷 is the dispersion-corrected energy, 𝐸𝐾𝑆−𝐷𝐹𝑇 is the standard Kohn-Sham 

DFT energy and 𝐸𝑑𝑖𝑠𝑝 is the dispersion correction. Among the most popular dispersion 

corrections to DFT (DFT-D methods) is Grimme’s D2 and D3 empirical corrections [3, 

4, 36]. These methods are both similar and include 𝐸𝑑𝑖𝑠𝑝 as a sum of pairwise 

interactions of atoms in a system. For the D2 correction (DFT-D2) 𝐸𝑑𝑖𝑠𝑝 takes the form 
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𝐸𝑑𝑖𝑠𝑝
𝐷2 = −𝑠6 ∑ ∑

𝐶6
𝐴𝐵

𝑅𝐴𝐵
6

𝑁

𝐵<𝐴

𝑁

𝐴

𝑓𝑑𝑚𝑝(𝑅𝐴𝐵) (2.112) 

where 𝐴 and 𝐵 are atoms in an 𝑁-atom system, 𝑅𝐴𝐵 is the distance between atoms 𝐴 

and 𝐵, 𝑠6 is a global scaling parameter, 𝑓𝑑𝑚𝑝(𝑅𝐴𝐵) is the damping function which 

prevents the dispersion energy becoming infinitely high at small 𝑅𝐴𝐵 separations. 𝐶6
𝐴𝐵  

is a term which combines atomic parameters 𝐶6
𝐴 and 𝐶6

𝐴 and takes the form: 

𝐶6
𝐴𝐵 = √𝐶6

𝐴𝐶6
𝐵  (2.113) 

The damping function is of the form 

𝑓𝑑𝑚𝑝(𝑅𝐴𝐵) =
1

1 + 𝑒𝑥𝑝 [−𝑑 (
𝑅𝐴𝐵

𝑅𝐴𝐵
0 − 1)]

 
(2.114) 

and includes two further parameters, 𝑑 is the global scaling parameter for the damping 

function and 𝑅𝐴𝐵
0  is the sum of the van der Waals radii of atoms 𝐴 and 𝐵. The values 

for 𝑅𝐴𝐵
0  and 𝐶6

𝐴 have been determined by Grimme from experimental observations, and 

the global scaling parameters assessed for a range of functionals to empirically 

determine optimum results using those functionals. For PBE, 𝑠6 is 0.75, whereas for 

B3LYP 𝑠6 is 1.05. These two functionals are used in chapter 5 in conjunction with DFT-

D2. 

Grimme also parameterised the slightly improved DFT-D3 method, where higher orders 

of 𝐶𝐴𝐵 can be applied to the system as well as a term evaluating three-body interactions. 

For this study, three-body interactions were not considered. The expression for the 

dispersion interactions of two-body terms is 

𝐸𝑑𝑖𝑠𝑝
𝐷3 = − ∑ ∑ ∑ 𝑠𝑛

𝐶6
𝐴𝐵

𝑅𝐴𝐵
6

𝑛=6,8,10…

𝑁

𝐵<𝐴

𝑁

𝐴

𝑓𝑑𝑚𝑝(𝑅𝐴𝐵) (2.115) 
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which follows a similar format and parameters to the DFT-D2 method. 

As well as the empirical D2 and D3 methods, it is possible to introduce an add-on term 

to DFT which is calculated directly as opposed to relying on empirical terms. One such 

method is the exchange-dipole model (XDM) [37, 38]. This model calculates dispersion 

directly from the interaction between the instant dipole moment of the exchange hole in 

one atom or molecule in system, and the induced dipole moment in the other atom or 

molecule. The exchange hole refers to the space around an electron where there is 

almost zero probability of finding another electron. The XDM add-on term takes the 

form 

𝐸𝑑𝑖𝑠𝑝
𝑋𝐷𝑀 = − ∑

𝐶6
𝐴𝐵

𝑅𝐴𝐵
6 + 𝑘𝐶6

𝐴𝐵/(𝐸𝐴
𝐶 + 𝐸𝐵

𝐶)
𝐴>𝐵

 (2.116) 

where 𝑘 is a universal scaling parameter, 𝐸𝐴
𝐶  and 𝐸𝐵

𝐶  are the absolute values of 

correlation energies of atoms 𝐴 and 𝐵, and 𝐶6
𝐴𝐵 takes the form 

𝐶6
𝐴𝐵 =

〈𝑑𝑋
2〉𝐴〈𝑑𝑋

2〉𝐵𝛼𝐴𝛼𝐵

〈𝑑𝑋
2〉𝐴𝛼𝐵 + 〈𝑑𝑋

2〉𝐵𝛼𝐴

 (2.117) 

where 〈𝑑𝑋
2〉𝐴 is the exchange hole dipole moment of atom 𝐴, and  𝛼𝐴 is the effective 

polarisability of atom 𝐴.
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2.7. Excited State Methods 

The methods described so far are appropriate for the electronic ground state, i.e. the 

electrons in a molecular system are in their lowest energy configuration. In many cases, 

however, it is necessary to model an electronically excited state of a system, for example 

when studying absorption and emission spectra of a molecule, where a molecule gains 

or loses a photon to change its electronic state. These processes are the main focus of 

chapters 3 and 4 of this work, where the fluorescence activity of fluorescent sensors are 

studied. It may also be of interest to perform calculations on a molecule in an excited 

state to investigate its behaviour and interactions with other molecules, and how that 

compares to the ground state; this is the focus of chapter 5. Other situations where 

electronically excited states are modelled include the calculating of X-ray spectra of 

molecules. The ability to accurately model excited state systems is essential to many 

areas of computational chemistry. Two DFT-based methods are discussed in this 

section: the time-dependent density functional theory approach and the maximum 

overlap method. Also discussed is the excited state coupled-cluster method using 

equations of motion. 
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2.7.1. Time-Dependent Density Functional Theory 

Time-dependent DFT (TDDFT) is a variant of ground-state DFT that calculates 

electronic excitations and other time-dependent effects [39]. TDDFT, like ground-state 

DFT, only relies on the electron density dependent on three spatial variables, making it 

computationally more simple than wavefunction methods which rely on 4𝑁-variables 

in an 𝑁-electron system. The ground-state Hohenberg-Kohn theorems state that all 

ground-state properties of a molecule can be determined by the ground-state electron 

density, with a ground-state property being a functional of the electron density 

functional, and that the energy is variational. 

Extending the Hohenberg-Kohn theorem to a time-dependent framework is described 

by the Runge-Gross theorem [40], which states that for a many-body time-dependent 

system evolving from an initial wavefunction, all properties can be calculated with the 

knowledge of the one-body density, and these properties are a functional of the density. 

This provides a time-dependent analogue to the standard Hohenberg-Kohn theorems. 

Using the KS theory for DFT described in section 2.6, where an auxiliary system of 

non-interacting electrons subject to a local potential 𝑣𝐾𝑆, this can be applied to a time-

dependent system obeying the time-dependent Schrödinger equation for a single 

electron, with the following Hamiltonian 𝐻̂: 

𝐻̂𝑠(𝑡) = 𝑇̂ + 𝑉̂𝑠(𝑡) (2.118) 

where the subscript 𝑠 refers to a KS non-interacting system, 𝑇̂ is the kinetic energy and 

𝑉̂𝑠(𝑡) the time-dependent potential energy. This can be expanded to use known terms 

for the Hamiltonian components and placed in context of a time-dependent Schrödinger 

equation. 
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𝑖
𝜕

𝜕𝑡
𝜓𝑖(𝒓, 𝑡) = [−

∇2

2
+ 𝑣𝐾𝑆(𝒓, 𝑡)] 𝜓𝑖(𝒓, 𝑡) (2.119) 

where the density of the time-dependent KS orbitals are 

𝜌𝑠(𝒓, 𝑡) = ∑|𝜓𝑖(𝒓, 𝑡)|2

𝑁

𝑖=1

 (2.120) 

As before with regular KS DFT, the density of the reference system is the same as the 

density of the true system 

𝜌𝑠(𝒓, 𝑡) = 𝜌(𝒓, 𝑡) (2.121) 

The part of these equations that is unknown is the time-dependent potential, 𝑣𝐾𝑆(𝒓, 𝑡). 

This consists of the sum of the external potential of the system 𝑣𝑒𝑥𝑡, the Coulombic 

interaction 𝑣𝐽 and the exchange correlation potential 𝑣𝑥𝑐, with all these potentials being 

dependent on both position and time. 

𝑣𝑠(𝒓, 𝑡) = 𝑣𝑒𝑥𝑡(𝒓, 𝑡) + 𝑣𝐽(𝒓, 𝑡) + 𝑣𝑥𝑐(𝒓, 𝑡) (2.122) 

The most popular formalism of TDDFT involves linear response to the external 

potential formalised by Casida [41, 42]. This calculates poles in the response to a time-

varying applied external field. These poles correspond to the excitation energies. 

TDDFT is commonly used within the Tamm-Dancoff approximation [43], where the 

excitation energies of a system are determined in the following eigenvalue equation. 

𝐀𝐗 = ω𝐗 (2.123) 

where 𝐗 corresponds to the oscillator strengths, 𝜔 are the excitation energies and 𝐀 is 

given by the following expression 

𝐴𝑖𝑎𝜎,𝑗𝑏𝜏 = 𝛿𝑖𝑗𝛿𝑎𝑏𝛿𝜎𝜏(𝜀𝑎𝜎 − 𝜀𝑖𝜏) + (𝑖𝑎𝜎|𝑗𝑏𝜏) + (𝑖𝑎𝜎|𝑓𝑋𝐶|𝑗𝑏𝜏) (2.124) 

where 𝜀𝑖 are orbital energies and 
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(𝑖𝑎𝜎|𝑗𝑏𝜏) = ∫ ∫
𝛹𝑖𝜎

∗ (𝒓1)𝛹𝑗𝜏(𝒓2)𝛹𝑏𝜏(𝒓2)

𝑟12
𝑑𝒓1𝑑𝒓2 (2.125) 

(𝑖𝑎𝜎|𝑓𝑋𝐶|𝑗𝑏𝜏) = ∫ 𝛹𝑖𝜎
∗ (𝒓1)𝛹𝑎𝜎(𝒓1)

𝜕2𝐸𝑋𝐶

𝜕𝜌𝜎(𝒓1)𝜕𝜌𝜏(𝒓2)
𝛹𝑗𝜏(𝒓2) 𝛹𝑏𝜏

∗ (𝒓2)𝑑𝒓1𝑑𝒓2 
(2.126) 

where 𝐸𝑋𝐶 is the exchange correlation functional. This allows excitation energies to be 

calculated for a system. 
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2.7.1.2. Lamba (Λ) Analysis of TDDFT Calculations 

Although TDDFT gives good results for low-lying valence states, for higher energy 

Rydberg states and CT states, these energies are poorly modelled, as has been 

previously described [30]. Long-range-corrected functionals have already been 

discussed as a way to avoid this shortcoming of TDDFT, however it is important for a 

quantum chemist to be aware of how good or poor a particular functional of any type 

would perform for these Rydberg and CT states. There has been a method developed to 

quantify how well a particular functional models CT states, first suggested by Peach, 

Benfield, Helgaker and Tozer [44]. They introduced a quantity, 𝛬 (Lambda), which 

gives information on the spatial overlap between orbitals in a given excitation, and 

returns a value between zero and one, with a higher value corresponding to a lower 

deviation in energy from gas-phase experimental and high-accuracy wavefunction 

methods. They suggested that 

𝛬 =
∑ 𝒌𝑖𝑎

2
𝑖,𝑎 𝑂𝑖𝑎

∑ 𝒌𝑖𝑎
2

𝑖,𝑎

 (2.127) 

where 𝑖 and 𝑎 correspond to occupied and virtual orbitals respectively, and 𝑂𝑖𝑎 is given 

by the overlap integral of orbitals 𝑖 and 𝑎, 

𝑂𝑖𝑎 = ⟨|𝜓𝑖|||𝜓𝑎|⟩ = ∫|𝜓𝑖
∗(𝒓)| |𝜓𝑎(𝒓)|𝑑𝒓 (2.128) 

and 𝒌𝑖𝑎 is the addition of the two solution vectors from the TDDFT eigenvalue equation 

𝒌𝑖𝑎 = 𝑋𝑖𝑎 + 𝑌𝑖𝑎 (2.129) 

This 𝛬 analysis was applied in chapter 4, where charge transfer state and their energies 

helped describe the fluorescent activity of a potassium cation sensor.  
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2.7.2. Maximum Overlap Method 

One approach to calculating excited states is to explicitly model the state of interest 

within an SCF calculation. In a regular SCF calculation relying on a standard iterative 

procedure, such as the direct integration of iterative subspace (DIIS) method, after each 

step in the SCF cycle a new set of orbitals are chosen based on lowering the energy of 

the previous set of orbitals, thus the energies of the orbitals are minimised over 

subsequent steps. After an energy-minimising SCF cycle to give the optimum ground-

state orbitals of a system it is possible to promote an electron from an occupied to a 

virtual orbital, however this approach gives poor energies, as the orbitals are only 

optimal for the ground state and are not able to relax after electronic excitation. The 

maximum overlap method (MOM) [45] aims to provide an alternate method to 

converging SCF calculations based on orbital overlap as opposed to energies. 

Within the SCF eigenvalue problem, the MOM states that the new occupied orbitals 

should be those that overlap most with the span of the old occupied orbitals. The overlap 

matrix 𝑶 of the orbitals is defined as: 

𝑶 = (𝑪𝑜𝑙𝑑)𝑺𝑪𝑛𝑒𝑤 (2.130) 

where 𝑪𝑜𝑙𝑑 is the old coefficient matrix in the SCF process, 𝑪𝑛𝑒𝑤 is the new coefficient 

matrix and 𝑺 is the basis function overlap matrix. The general term 𝑂𝑖𝑗 is the overlap 

between the 𝑖-th old orbital and the 𝑗-th new orbital in the system. The projection 𝑝𝑗 of 

the 𝑗-th orbital onto the old occupied space is expressed as: 

𝑝𝑗 = ∑ 𝑂𝑖𝑗

𝑛

𝑗

= ∑ [∑ (∑ 𝐶𝑖𝜇
𝑜𝑙𝑑

𝑛

𝑖

) 𝑆𝜇𝑣

𝑁

𝜇

] 𝐶𝑣𝑗
𝑛𝑒𝑤

𝑁

𝑣

 (2.131) 
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The MOM then proceeds to calculate a full set of 𝑝𝑗 values for a system, which is 

computationally negligible in cost on top of a regular SCF procedure, and then occupies 

the 𝑛 orbitals with the largest projections 𝑝𝑗. This allows the convergence of excited 

state solutions which can be treated in a quantum chemical software package as a ground 

state, allowing geometry optimisations and calculations of properties easily for the 

excited state, as well as energies of excited states. 

The MOM does have its shortcomings however. Due to the way it converges the orbitals 

of a system, if the orbitals of the electronic ground state or an alternate excited state are 

similar to the excited state of interest, the MOM may collapse to the ground state. Thus, 

some states for some systems are near impossible to converge using the MOM. Also, it 

is essential to know the shape and relative energies of orbitals involved in a transition 

before calculating the excited state. This is in contrast to methods such as TDDFT which 

will directly calculate which orbitals are involved in an excitation, even without prior 

knowledge of the orbitals in a system. 

When the MOM is able to converge an excited state of interest, it has been known to 

give accurate result [46-48], although excitation energies for open-shell singlet states 

involving excitation to valence orbitals are often underestimated. This is due to the 

open-shell singlet state being described by a single determinant to give a spin-mixed 

state. Excitation energies can be significantly improved by applying a post-SCF spin-

purification correction suggested by Ziegler [49]. 

𝐸 = 2𝐸𝑆 − 𝐸𝑇 (2.132) 

where 𝐸 is the true (spin-purified) singlet energy, 𝐸𝑆 the spin-mixed (single 

determinant) singlet energy and 𝐸𝑇 the energy of the corresponding triplet state. This is 

rationalised by knowing that the separation between the triplet and spin-mixed singlet 
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states is roughly the exchange energy 𝐾 between the two unpaired electrons, as well as 

the spin-mixed singlet and spin-pure singlet energy separation being 𝐾. This gives the 

expression 

𝐸 = 𝐸𝑇 + 2𝐾 (2.133) 

which can be shown to be 2𝐸𝑆 − 𝐸𝑇 when 𝐸𝑆 and 𝐸𝑇 are rearranged in terms of 𝐸𝑇 and 

𝐾. In this work calculations which have been spin corrected are referred to as spin-

mixed MOM (SM-MOM), whereas calculations using the spin-purification post-SCF 

method are known as spin-pure (SP-MOM). 
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2.7.3. Equations of Motion Coupled Cluster 

Another method for calculating excited states is by using coupled-cluster theory with 

the equations-of-motion method (EOM-CC). This procedure calculates excited states 

by diagonalising a similarity transformed Hamiltonian matrix [50]. This is often used 

in conjunction with CCSD theory [17], as encountered in chapter 5 on this work. EOM-

CC theory follows on from the ground-state Schrödinger equation for a system by 

introducing Schrödinger equations for two states, a ground-state 0 and an excited state  

𝑘. 

𝐻̂𝛹0 = 𝐸0𝛹0 (2.134) 

𝐻̂𝛹𝑘 = 𝐸𝑘𝛹𝑘 (2.135) 

The excited state wavefunction can be described as the ground-state wavefunction acted 

on by some operator  𝛺̂𝑘 . 

𝛹𝑘 = 𝛺̂𝑘𝛹0 (2.136) 

Combining the above equations by subtracting Eq. (2.134) from Eq. (2.135) to give an 

expression for the energy gap between two states, 𝜔𝑘 = 𝐸𝑘 − 𝐸0, then substituting into 

Eq. (2.136) gives 

[𝐻, 𝛺̂𝑘]𝛹0 = 𝜔𝑘𝛺̂𝑘𝛹0 (2.137) 

Different choices of 𝛺̂𝑘 can be used to define different excited states. 

Coupled-cluster can be introduced to the EOM equations above by using the familiar 

notation for the exponential operator 𝑇̂. 

𝛹0 = 𝑒𝑇̂𝛷0 (2.138) 

For any choice of 𝛺̂𝑘, [𝛺̂𝑘, 𝑇̂] = 0, so the equations can be expressed as  
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[𝐻̅, 𝛺̂𝑘]𝛷0 = (𝐻̅, 𝛺̂𝑘)
𝑐
𝛷0 = 𝜔𝑘𝛺̂𝑘𝛷0 (2.139) 

where 

𝐻̅ = 𝑒−𝑇̂𝐻𝑒𝑇̂ (2.140) 

All of the ground state CC information is contained in 𝐻̅. EOM-CCSD is 

computationally expensive, so is often applied for accurate calculations of small 

molecular systems, as encountered in chapter 5 of this thesis.  
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2.8. Configuration Interaction and Complete Active Space 

Methods 

Electron correlation methods such as perturbation theory and coupled-cluster 

approaches have already been discussed. Correlation energy can also be accounted for 

through the related methods configuration interaction and complete active space 

methods. Configuration interaction (CI) improves of the HF wavefunction by adding 

onto the HF wavefunction determinants that describe the promotion of electrons from 

occupied to virtual (unoccupied) orbitals. The total wavefunction can be described as 

𝛹 = 𝑐1𝐷1 + 𝑐2𝐷2 + 𝑐3𝐷3 + ⋯ + 𝑐𝑖𝐷𝑖 (2.141) 

Where 𝐷1 is the HF determinant, 𝐷2 through to 𝐷𝑖 are the determinants of the system 

with electrons promoted to virtual orbitals, and 𝑐2 through to 𝑐𝑖 are constants. This can 

lead to the expression 

𝛹𝐶𝐼 = 𝛹𝐻𝐹 + ∑ 𝑎𝐼𝛹𝐼

𝐼

 
(2.142) 

Where 𝛹𝐶𝐼 is the CI wavefunction, 𝛹𝐻𝐹  is the HF wavefunction and  ∑ 𝑎𝐼𝛹𝐼𝐼  

corresponds to the sum of all the excitation wavefunctions. If every single possible 

electronic state of a system is modelled using CI, the wavefunction would be a full CI 

wavefunction. Due to the need for a reasonably-sized basis set for CI calculations to 

give reliable results, paired with the large number of possible excitation wavefunctions 

in systems larger than a few electrons, full CI is prohibitively expensive for most 

systems, and is usually restricted to calculations on very small systems. 

There are various ways of truncating the amount and type of excitations considered in 

these sort of calculations, such as only including single and doubles excitations (CISD). 

One other way of including excitations, which is more thorough than CISD and much 
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less expensive than full CI, is referred to as complete active space self-consistent field, 

or CASSCF calculations [51]. In CASSCF, molecular orbitals are split into three types 

of orbitals: core orbitals, active orbitals, and virtual orbitals. CASSCF seeks to calculate 

all combinations of electronic excitations for only the active orbitals. This is analogous 

to full CI, except the active orbital space is much smaller than the whole molecular 

system. In the CAS framework, core orbitals are always occupied and virtual orbitals 

always empty, whereas the active space consists of the highest occupied and lowest 

unoccupied orbitals in the system. 

An extension to the regular CASSCF procedure is CASPT2 [52], which introduces 

dynamic correlation effects into the regular CASSCF calculation, by adding in a second 

order perturbation, in much the same way as MP2. This method was included in chapter 

3 for accurate structural analysis of the BODIPY core.  
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2.9 Molecular Dynamics 

All of the previously described methods are quantum mechanical methods, and aim to 

solve some approximation of the Schrodinger equation. Due to the computational 

expense of these methods, they are usually restricted to systems of around 100 atoms or 

smaller, depending on the level of theory used. For larger systems, such as a solvated 

system or a cell membrane, other approaches to modelling systems must be considered, 

such as classical molecular dynamics (MD). MD is a simulation method used to study 

the movement of atoms and molecules in a system over time. The most common 

formalism of MD determines the trajectories of atoms and molecules by numerically 

solving Newton’s equations of motion, where forces and potential energies of molecules 

are determined by a set of forces known as a force field. 

A general MD simulation will undergo the following procedure: 

1. Give atoms in system initial position 𝒓(𝑖=0) and velocity 𝒗(𝑖=0) for the initial 

time step 𝑖 = 0, set the acceleration 𝒗 and time 𝑡 to  0 and choose a short time 

step ∆𝑡. 

2. Predict the next atom positions 𝒓𝑝 and update velocities 𝒗𝑝. 

3. Get forces 𝑭, either from classical interatomic potentials (Eq. 2.143) or quantum 

mechanical methods (Eq. 2.144). Obtain acceleration of the atoms 𝒂 from Eq. 

(2.145) 

𝑭 = −∇𝑉(𝒓𝑝) (2.143) 

𝑭 = 𝑭[Ψ(𝒓𝑝)] (2.144) 

𝒂 =
𝑭

𝑚
 

(2.145) 
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4. Correct the atom positons based on the new acceleration 𝒂, and move atoms 

accordingly to obtain new positions 𝒓(𝑖) and velocities 𝒗(𝑖). 

5. Apply boundary conditions to the system, as well as temperature and pressure 

controls. 

6. Calculate physical properties of interest. 

7. Move time step forward so 𝑖 = 1 and 𝑡 = 𝑡 + ∆𝑡. 

8. Repeat steps 2 through to 7 for the necessary number of time steps. 

Popular force fields used include CHARMM [53] and AMBER [54]. The number of 

time steps and the size of the steps, as well as force field choice and boundary 

conditions, vary depending on the aims of the calculation. In this work classical 

molecular mechanics is combined with ab initio methods as detailed below. Solvent 

was considered when modelling the excited state dynamics of BODIPY: this was 

modelled using the TIP3P solvent method [55]. This is one of the most popular solvent 

methods applied to molecular simulations, and is a rigid solvent model that relies on 

non-bonding interactions, where the interaction with the water solvent and the rest of 

the system 𝐸𝑎𝑏 is represented by 

𝐸𝑎𝑏 = ∑ ∑
𝑘𝐶𝑞𝑖𝑞𝑗

𝑟𝑖𝑗

𝑏

𝑗

𝑎

𝑖

+
𝐴

𝑟𝑂𝑂
12

+
𝐵

𝑟𝑂𝑂
6
 

(2.146) 

where 𝑘𝐶 is an electrostatic constant, 𝑞𝑖 and 𝑞𝑗 are partial charges of atoms in the 

system, with 𝑟𝑖𝑗 corresponding to separation between the two atoms. 𝐴 and 𝐵 are 

Lennard Jones parameters, with 𝑟𝑂𝑂 corresponding to the distance between oxygen 

atoms in the water model. TIP3P is known as a three-site solvent model, meaning only 

the three atoms in the water are considered; higher orders are possible, by adding 

dummy atoms and lone-pair sites to the water model. 
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2.9.1 Ab initio Molecular Dynamics 

Ab initio molecular dynamics (AIMD), as its name implies, is a technique that employs 

part quantum-mechanical ab initio calculations within classical MD simulations. A 

similar technique to classical molecular mechanics, AIMD instead uses a quantum 

mechanical method to calculate energies and forces, as opposed to the classical 

mechanics of regular MD. In this project DFT is used to calculate the energy in AIMD 

simulations, and the specific AIMD method used is known as Born-Oppenheimer 

molecular dynamics (BOMD) [56]. Within this technique, classical molecular dynamics 

trajectories on the Born-Oppenheimer potential energy surface are generated by a 

particular theoretical model chemistry, such as DFT with a particular functional and 

basis set. This method calculates the forces on the nuclei for the MD simulation on-the-

fly. A BOMD calculation consists of an energy calculation along with a gradient 

calculation at each molecular dynamics time step, and can be combined with excited 

state methods, such as the MOM described earlier in section 2.7.2. to give the dynamics 

of an excited state system. BOMD has been implemented on the BODIPY fluorophore 

in chapter 3 to calculate ground and excited state geometries over a BOMD simulation, 

so structures can be extracted and excitation energies computed for a range of structures. 

Ab initio molecular dynamics can be performed on a single molecular system of choice 

or be combined with classical molecular mechanics to simulate its behaviour in a 

solvent or membrane. These types of calculations are known as quantum mechanics/ 

molecular mechanics (QM/MM) calculations [57], and allow accurate ab initio methods 

to be applied to the molecule of choice, while still modelling its surroundings albeit in 

an approximate way. 
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2.10 Geometry Optimisation 

One important aspect of the work involved in this thesis concerns the optimisation of a 

system’s geometry so that the energy of a particular state or system is at a stationary 

point of its PES. Geometry optimisation involves modifying a starting geometry, with 

knowledge of its energy and first and second derivatives, to produce a revised geometry 

closer to the desired stationary point. These calculations take the form of a number of 

subsequent SCF cycles in which the amount of these cycles needed is affected by both 

the geometry optimisation algorithm used, the starting geometry of the molecular 

system, and the complexity of the PES. 

Geometry optimisation algorithms commonly follow the form 

𝒉 = −𝑯−1𝑔 (2.146) 

Where 𝒉 is the displacement from the starting geometry on a particular cycle, 𝑔 is the 

first derivative (gradient) of the energy, and 𝑯 is the second derivative (Hessian) of the 

energy. Geometry optimisation algorithms aim to calculate 𝒉 in the most efficient way 

depending on the initial atomic coordinates within the system and the gradient. In the 

following work, geometry optimisation has been implemented within the Q-CHEM 

software package using the default settings, which allows a variety of optimisation 

algorithms to be used, which is decided on by the software. 
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2.11 Polarisable Continuum Solvation Model 

The modelling of solvent within quantum chemical calculations is often essential, as the 

effects of solvent on molecular properties such as polarizability and the energy of charge 

transfer states cannot be ignored for many systems. Along with the previously described 

explicit solvent model of TIP3P and similar, it is also possible to apply implicit solvent 

models within quantum chemical calculations. This can offer a great reduction in 

computational expense when compared to explicit models. The polarisable continuum 

solvation model (PCM) has been used at various points throughout this work. 

PCM methods are also known as “apparent surface charge” solvation models, as they 

model solvent in such as a way to form a surface of charge points around a molecular 

system. By default, the Q-CHEM software will calculate a solute cavity from a union 

of atom-centred spheres with radii around 1.2 times that of the atomic van der Waals 

radii. This cavity surface is then converted to a number of Lededev grid points (the same 

as those implemented during DFT calculations to model electron density) to create a 

surface of charges. These charges are relative to the solvent the user wishes to model, 

and is specified with the parameter 𝜀, the dielectric constant. 
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3. QM/MM Excited State Molecular Dynamics 

and Fluorescence Spectroscopy of BODIPY 

3.1. Introduction 

One frequently used class of fluorescent molecules involves dyes derived from 4,4-

difluoro-4-bora-3a,4adiaza-s-indacene, also known as boron dipyrrin or boron 

dipyrromethene dyes,  commonly abbreviated to BODIPY [58]. First synthesised in 

1968 [58], BODIPY has seen a surge of popularity in the past 20 years [1, 60, 61]. This 

recent success is due to the ever-increasing applications of fluorescent molecules along 

with BODIPYs favourable and highly versatile photochemical properties, which can be 

varied by chemical substitutions around the BODIPY fluorophore, allowing a wide 

variety of functionalisation [60, 62-72].  

 

Figure 3.1. Structure of the BODIPY fluorophore with relevant stereochemistry and 

labelled carbon atoms. 

The BODIPY fluorophore consists of an aromatic ring system containing a 

dipyrromethene core bridged by a boron-difluoro group, as shown in Figure 3.1. It is 

this aromatic planar structure that gives the fluorophore its fluorescent properties 

through a strong π→π* transition from the highest-occupied molecular orbital (HOMO) 

to the lowest-unoccupied molecular orbital (LUMO). This is of particular importance 
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as BODIPY absorbs and emits photon from this transition in the visible region, giving 

rise to absorption and emission spectra usually in the 500 nm to 600 nm range with 

small well defined bandwidths for many derivatives. The combination of large molar 

absorption coefficients, fluorescence quantum yields (Φ) and high photostability make 

BODIPY an ideal fluorophore from a theoretical perspective [1]. 

Above all, the popularity of BODIPY is due to the variety of practical applications of 

the different derivatives, allowing tunability of photochemical and physical properties. 

This is possible due to BODIPYs chemical structure, as substitution of a variety of 

moieties is possible on the C1, C2, C3 and C5 positions [1]. This allows a variety of 

substituents that can modify the photophysical and spectroscopic properties of the 

resultant molecule. It has been found that these properties are often most sensitive to 

substituents at the meso-position of the BODIPY core, being the position opposite the 

boron atom in the 6-membered ring (C5). This has been found through quantum 

chemical calculations showing a significant increase in electron density at the meso-

position during the π→π* transition [73], due to a node in the HOMO at the meso-

position, which is not present in the LUMO. In Figure 3.2., it is seen the LUMO of the 

BODIPY core molecule has electron density centred on the meso- carbon, which when 

compared to the HOMO shows the largest change in electron density compared to any 

other position between the two molecular orbitals. This large change in electron density 

can be further affected by the substituent attached to the meso- position. 

Varying substituents on the meso-position can give rise to a variety of different 

photophysical properties in a BODIPY dye. The addition of electron-withdrawing 

groups such as CF3 to the meso-position significantly lowers the energy of the HOMO 

to LUMO transition, giving a rise in wavelength, or redshift, to the resulting absorption 

and emission spectra [74-76] when compared to traditional BODIPY dyes [1, 60] and 
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the BODIPY core [77]. Similarly, addition of a meso-CN group to a BODIPY dye also 

sees a redshift [78], which is particular to addition at the meso-position. This is due to 

the electron withdrawing nature of the cyano group stabilising the LUMO, though not 

the HOMO due to the meso-position node in the BODIPY HOMO, leading to a decrease 

in the energy gap [1]. 

(a)  

(b)  

Figure 3.2. The HOMO (a) and LUMO (b) molecular orbitals of the BODIPY core 

responsible for the π→π* transition. 
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Substituting electron-donating groups such as NR2 or OR to the meso-position has the 

opposite effect to electron-donors, showing blueshifted absorption and emission spectra 

when compared to unsubstituted and classic BODIPY dyes [79-88]. Alkylation of the 

meso-position gives minimal change to the fluorescence properties of a BODIPY dye 

[73, 89-91]. These well-defined effects of meso-substituents on a BODIPY dye allow a 

large degree of tunability and properties which can be theoretically modelled. 
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3.1.1. Applications of BODIPY 

The applications of fluorescent molecules based on the BODIPY fluorophore are both 

numerous and varied. One of the earliest applications of BODIPY has been as the lasing 

medium in a dye laser [92], and research into these dyes, known as pyrromethene (PM) 

dyes, continues to be a thriving area of research. Many PM dyes are commercially 

available, and many studies on their properties and activity have been carried out. One 

study on the dyes PM567, PM580 and PM597 showed the dyes to be highly efficient, 

with a wide tuning range when compared with more traditional rhodamine (RN) dye, 

despite their low fluorescence yield and high rate of non-radiative decay [93]. These 

PM dyes have also been modified in various ways, such as the addition of polymerisable 

methacryloyloxypropyl groups to the PM567 dye with an aim to enhance the laser 

action of the dye [94]. Although PM dyes outperform RN dyes, they experience rapid 

photodegradation in common ethanol and methanol solvents, which limit their uses in 

high power liquid dye lasers. Work has gone into extending the use of PM567 and 

PM597 in these lasers, finding nonpolar n-heptane as a good substitute for ethanol in 

high power lasers [95]. 

There is also ongoing development of new PM laser dyes, such as the combination of 

extending π-conjugation and tuned intramolecular charge transfer, to synthesise a novel 

PM dye that exhibits highly efficient and stable laser emission tunable in the green and 

near-infrared (NIR) region (570–725 nm) in both polar and nonpolar solvents [96]. PM 

dyes have also been chlorinated, which yields enhanced laser action compared to non-

halogenated PM dyes, in both liquid and solid phase [97]. The efficiency of PM dyes, 

combined with their versatility along with various efforts to overcome some of their 

problems, makes PM dyes a continuously popular lasing medium. 
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There is an extensive ongoing effort to synthesise BODIPY derivatives for new 

applications, for example, in fluorescent switching and chemical sensing, which has 

uses in optical memory storage and electronics [98], where a fluorescent on/off sensor 

can mimic traditional processor behaviour in electronic devices. BODIPY derivatives 

can be used to form highly efficient, reversible fluorescent switches [99], where the 

fluorescence of a BODIPY-containing molecule undergoes a known change in response 

to a change to its environment, either through photon-induced electron transfer [100] or 

UV light induced isomerisation [101], with some dyes being used to imitate 

photobiological processes found in cells [102]. 

BODIPY derivatives also have applications in organic light emitting diodes (OLED’s) 

[103], where BODIPY derivatives have been shown to have promising characteristics 

as a solid state dopant in the deep blue region [104], as well as energy transfer cassettes 

where BODIPY-based compounds are used for the storage of solar energy [105, 106]. 

The light-harvesting properties of BODIPY have also been applied to the development 

of dye-sensitised solar cells [107, 108], where BODIPY moieties have been modified 

to accept electrons in a charge transfer mechanism to produce an electric current. 

BOPDIPY dyes have been shown to form the basis of photodynamic therapy, a process 

where the triplet state of a fluorophore (in this case BODIPY) can interact with triplet 

state oxygen in a cell to cause oxidative damage to specific cells [109]. One novel 

application of a BODIPY dye was to attach two electron-donating macrocyclic binding 

units with different metal ion preferences, which enable the dye to operate as an 

ionically driven molecular Implication gate, capable of reading Boolean operations 

[110]. 

BODIPY dyes have been designed as on/off fluorescent sensors to detect the presence 

of metal cations in biological systems, by utilising a metal chelator group attached to 
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the BODIPY fluorophore. This is a versatile approach which can be applied to a variety 

of metal ions, such as Ca2+ [111, 112], Cu2+ [113, 114], Zn2+ [115], Hg2+ [116, 117] and 

Pb2+[118], as well as other molecules such as nitric oxide [84], and these are often used 

in biological systems to detect ion through changes in fluorescence. Results on the 

potassium cation sensor KS1 [2] will be presented later in this thesis, with the focus on 

understanding the mechanisms involved in the fluorescence activity of the sensor with 

and without K+ bound to the molecule. 

Fluorescent molecular probes work by adding a fluorophore to groups which interact 

with a biological system. By monitoring the fluorescence of the system, it can reveal 

the conditions of the biological system the molecule is in, with properties such as pH 

and solvent environment being readily deducible from well-known systems with 

sensitivity to these conditions [115, 119, 120]. 

BODIPY derivatives have been used in biological systems, as fluorescent probes to 

study membrane lipid domains [121], and proteins to probe their activity [122-125]. 

Due to its hydrophobic nature, BODIPY has been used in studies where a cholesterol 

group has been added to the meso-position of the BODIPY core [121, 126-128]. The 

biological activity of the cholesterol group is maintained, while the fluorescent nature 

of BODIPY is also little affected. BODIPY has been used to label biologically active 

molecules such as opioids, where fluorescence of the BODIPY-opioid molecule has 

been used to monitor how the drug has distributed itself in monkey brains among other 

biological environments [129, 130]. Other biologically active molecules can have their 

activity and distribution monitored by selective BODIPY-based sensors [131, 132]. The 

BODIPY group has also been added to porphyrin rings [133], an important group in 

metalloproteins such as haemoglobin, which could help probe the activity of such 

proteins, or further the field of BODIPY as a metal sensor. Other novel uses of BODIPY 
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derivatives in biological applications involves their use in synthesising light-harvesting 

arrays, to mimic processes like photosynthesis [134-136]. 

One main factor in using fluorescent probes is how their fluorescence responds to the 

molecular environment. The solvatochroism of absorption and emission bands of a 

number of BODIPY based molecules has been reported. Studies have shown that the 

observed spectral shifts are primarily dependent on solvent polarisability [137] or 

solvent polarity, with hydrogen bonding being of less importance [138]. In particular, 

BODIPY derivatives have solvatochromic shifts dependent upon the polarisability of 

the solvent immediately surrounding the dye [139, 140]. 

The applications discussed for chemical sensing using BODIPY derivatives can be 

readily extended into the biological field. This has been used to investigate the activity 

of newly discovered drugs in the body [133], and to probe the abundance of antibodies 

in cells, such as the recently discovered glucagon yellow compound, which is a selective 

sensor to the antibody glucagon [141]. BODIPY derivatives can also be used to sense 

nitric oxide in biological systems, using a derivative known as DAMBO [142], as well 

as investigate nitration of aromatic rings in biological systems using a type of BODIPY 

derivative known as a NiSPY [143]. 

Overall the uses of BODIPY based fluorophores are numerous and the applications of 

these molecules are ever increasing. For such a widely expanding field, computational 

studies into properties and photochemistry of BODIPY and its derivatives can be a 

useful tool in predicting and designing new derivatives, and new uses for them. 
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3.1.2. Computational studies of BODIPY 

One issue when studying molecules such as BODIPY is modelling them in complex 

environments such as a solvent or lipid membrane, which is further complicated by the 

need to simulate fluorophores in the excited state when modelling emission. BODIPY 

and related molecules have previously been studied using a combination of DFT and 

TDDFT to model the absorption and emission spectroscopy [93, 131, 143-149], as well 

as addressing the choice of exchange-correlation functional [150]. 

TDDFT calculations carried out using the B3LYP exchange-correlation functional on 

the laser dye PM567, comprising of BODIPY with ethyl groups bonded at the C2 

positions and methyl groups at the C1, C3 and C5 positions showed a smaller dipole 

moment in the S1 state. The computed transition energies were 0.4-0.5 eV larger than 

experiment [145]. In these studies the solvent is modelled using an implicit solvent 

model, the PCM, however it is also possible to model solvent using a combination of 

classical MD simulations and TDDFT, where structures from an MD simulation are 

used in subsequent TDDFT calculations. Examples of this approach have been reported 

for the molecules hydroxytryptophan in solution [151], within proteins [152] and for 

molecular probes within a membrane bilayer environment [153, 154]. 

Another approach to studying the ground and excited state of BODIPY is by using 

semiempirical methods, such as the sempiempirical intermediate neglect of differential 

overlap/ singles-configuration interaction method (INDO/SCI). This has been used to 

obtain geometry optimisations of the ground and excited state, and the calculation of 

radiative lifetimes of the various BODIPY derivatives [155-157].  These studies have 

also identified how various factors can affect spectral shifts, with qualitative and 

quantitative agreement with the presented experimental evidence. 
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The limitation of the approaches previously described is that for MD the derivation of 

force field parameters for the excited state simulations are often based on ad hoc charges 

derived from quantum mechanical gas phase excited state calculations. A more 

theoretically consistent method is to use quantum chemical methods such as DFT 

directly in the MD simulations. Although this results in a large increase in 

computational expense, modern computational resources allow for molecules the size 

of BODIPY to be modelled in this way. It is even possible to incorporate an extended 

molecular environment such as solvent using a hybrid quantum mechanics/molecular 

mechanics (QM/MM) approach. 

The QM/MM approach has been previously applied to study the excited state dynamics 

and emission spectrum of the first singlet excited state of acetone in water within 

restricted open-shell Kohn-Sham and TDDFT formalisms [158]. This showed that a 

purely classical description of the water was consistent with results treating the first 

solvent shell of the system in a quantum mechanical way. A similar methodology has 

been applied to investigate the excited state dynamics and proton-electron transfer in 

guanine [159] and the excited state dynamics of pyrrole-water clusters has also been 

studied [160]. 

Not all theoretical studies are directly aimed at modelling fluorescence of the molecule. 

There have been studies on BODIPY derivatives concerning fluorescence quenching 

processes of heavy metal ion sensing BODIPY [161]. DFT and TDDFT have been used 

to investigate an Hg2+ cation sensor, showing the quenching of fluorescence was due to 

the photo-induced electron transfer (PET) process. One other study used DFT with 

B3LYP to estimate HOMO and LUMO energies of modified PM laser dyes, though 

results were underestimated by up to 100 nm in comparison with experiment [162]. 

Computational studies of BODIPY derivatives have also been extended to the 
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adsorption of BODIPY molecules on surfaces, such as the aza-BODIPY molecule near 

a gold surface using DFT [163]. This was compared with a complementary scanning-

tunnelling microscope procedure to compare the theoretical results with experiment. 

Overall BODIPY derivatives have had limited investigation from a computational 

viewpoint with respect to their numerous applications, and there is much more that 

could be done with this fluorophore from a theoretical perspective.  In this chapter we 

describe a QM/MM study of the excited state dynamics, absorption and emission 

spectra of BODIPY in gas phase and in water, as well as structural analysis of various 

BODIPY and meso-BODIPY dyes. In both the molecular dynamics and subsequent 

calculations of the spectroscopy, the electronic structure of the BODIPY molecule is 

described using DFT, while the solvent is treated classically.  
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3.2. Computational Details 

Structures were optimised for the ground state (S0) and first singlet excited state (S1) of 

the BODIPY core and the dyes PM567, PM580 and PM597 using unrestricted DFT 

with the B3LYP exchange correlation functional and the 6-311G** basis set. The 

BODIPY core molecule was also optimised at the DFT/B3LYP/6-31G level of theory 

to compare how different optimisations affect the transition energies. To study the first 

excited singlet state within Kohn-Sham DFT, the maximum overlap method (MOM) 

[45] was employed to converge the SCF calculation to an excited state electronic 

configuration. This allows optimisation of the S1 state, as well as the determining of 

transition energies using a ΔSCF procedure. As well as computing the singlet excited 

energies using MOM, the Ziegler post-SCF spin-purification correction (2ES-ET) was 

also applied to excitations. Calculations for the excited state that have not been spin-

corrected are referred to as spin-mixed MOM (SM-MOM). Calculations that have 

undergone the spin-purification correction are known as spin-pure MOM (SP-MOM). 

 

Figure 3.3. General structure of PM dyes used in this study. (PM567: R=CH2CH3, 

PM580: R=(CH2)3CH3, PM597: R=C(CH3)3). 
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To produce reference data to compare to the DFT calculations, geometry optimisations 

for the S0 and S1 of the BODIPY core molecule were performed by David Robinson 

using the complete active space self-consistent field (CASSCF) with multi-

configurational perturbation theory (CASPT2) [51, 52] using the 6-31G* basis set with 

no symmetry constraints. The active space of the CASSCF wave function consisted of 

the π-bond system (12 electrons in 12 orbitals) giving 226,512 symmetry adapted 

configuration state functions. From these CASPT2 structures the absorption and 

emission vertical excitation energies were calculated using the larger ANO-L basis set 

[164], contracted to 4s3p2d for non-hydrogen atoms in the system. CASSCF/CASPT2 

calculations were carried out using the MOLCAS software [165]. 

Important structural parameters of the BODIPY core and PM laser dyes from the 

DFT/B3LYP/6-311G** optimisations were measured, along with the BODPIY core 

molecule. 

AIMD simulations were performed on the BODIPY molecule in gas phase for the 

ground and first excited singlet state at the B3LYP/6-31G level of theory. This small 

basis set was used so a direct comparison could be made with QM/MM simulations also 

undertaken. Simulations ran for 120fs with a 0.24fs time step. Initial velocities for the 

system were from a Maxwell-Boltzmann distribution, with the first 60fs of the 

simulation consisting of equilibration steps, with velocities scaled to 298K for the first 

100 time steps. The structures from the last 250 time steps were used for the subsequent 

calculations of absorption and emission spectra. 

To model the BODIPY molecule in a condensed phase, a QM/MM approach was 

applied by David Robinson where BODIPY was treated using DFT/B3LYP/6-31G and 

the solvent treated classically using the commonly used TIP3P potential [55]. These 
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simulations were carried out using Q-Chem/CHARMM interface [57], at atmospheric 

pressure and temperature (300K). Periodic boundary conditions were used on the 

system in the form of a truncated octahedron with a box-length of 29.091 Å. The 

BODIPY core was treated quantum mechanically using B3LYP/6-31G. The excited 

state was simulated following an initial ground state followed by MOM procedure to 

generate excited state orbitals for BODIPY using SP-B3LYP/6-31G. 

Both QM/MM systems were heated and equilibrated for 10ps. The simulations were 

allowed to run indefinitely to obtain as many structures as possible, hence the difference 

in the amount of structures sampled for the ground and excited states. Structures were 

taken at 2ps intervals after the initial heating period, and used for subsequent 

calculations. A total of 129 structures for the ground state and 49 structures for the 

excited state were produced. Spectra from these structures and those from the gas phase 

simulations were generated by representing the transition energy and oscillator strength 

for each structure by a Gaussian function with a full width at half-maximum of 0.2 eV 

and area equal to the oscillator strength, centred on the transition energy. The averages 

of important structural parameters of the S0 and S1 states of the BODIPY core were 

calculated for both the gas and solvent phases. 

Three meso-BODIPY structures (1-3, see Figure 3.4.) were optimised at the ground 

state (S0) and first singlet excited state (S1) using unrestricted DFT/B3LYP/6-311G*. 

In order to study the first singlet excited within Kohn-Sham DFT, a ΔSCF approach 

using SP-MOM was employed. Solvation was taken into account using the PCM, with 

a dielectric constant set to 9.08. Structural parameters of these structures were observed. 
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Figure 3.4. General structure of meso-BODIPY dyes 1-3. (meso-BODIPY 1: R1=CH3, 

R2=H, meso-BODIPY 2: R1= C(CH3)3, R2=H, meso-BODIPY 3: R1=H, R2= C(CH3)3).  

AIMD simulations were performed by David Robinson in both the gas phase and 

solvated phase, using the PCM. All AIMD simulations were run for a total of 104 steps, 

with a time step of 10 a.u. Ground-state and excited-state potential energy surfaces were 

explored using the MOM method outlined above for the BODIPY core, with the aim to 

obtain absorption and emission energies for the three meso-BODIPY dyes.  
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3.3. Results & Discussion 

3.3.1. BODIPY core and PM dyes 

The structural parameters of BODIPY from Table 3.1. show that as expected, the 

ground state of BODIPY has C2V symmetry, which is reflected in both the CASPT2 and 

B3LYP structures. The biggest deviation in bond length between CASPT2 and B3LYP 

is 0.014 Å for the N-C1 bond, and the bond angles agree within 1º. These computed 

results agree well with the experimental values for the ground state, with the largest 

deviations in bond length being the B-N bond; the only major difference being that the 

X-ray structure is non-planar at the boron atom whereas the computed structures are 

found to be planar. It is likely this is due to the packing forces present in the crystal 

structure, which are not replicated in the gas–phase molecules being optimised. 

For the S1 state, all of the calculations find the rings to be non-planar in the optimised 

structures, in contrast to the ground state structures. A non-planar structure has also 

been reported in TDDFT calculations of the closely related PM597 laser dye, although 

the same study reports the excited state structures of the PM567 and PM580 as planar 

[93]. Similar calculations carried out for this study shown in Table 3.2., with SP-MOM 

as opposed to TDDFT, show that the PM567 and PM580 dyes are close to planar, with 

a deviation from planarity to 4.8º as opposed to 3.5º in the ground state for PM597. 

There was not found to be a significant decrease in the planarity for the MOM 

calculation of PM597. 

The extent of planarity in the structures is indicated by the B-N-C4-C5 dihedral angle, 

which is found to be 14.4º at the CASPT2 level with smaller values in the DFT 

calculations for the BODIPY core. 
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Table 3.1. Structural parameters for the S0 and S1 states of BODIPY computed at 

different levels of theory and taken from experiment; (a) from reference [166], (b) from 

reference [167]. 

 S0 S1 

Parameter CASPT2/ 

6-31G* 

B3LYP/ 

6-311G** 

Exp. CASPT2

/ 6-31G* 

SM-B3LYP/ 

6-311G** 

SP-B3LYP/ 

6-311G** 

SM-B3LYP/ 

6-31G 

Bonds (Å) 

B-F 1.388 1.387 1.378a 1.390 1.388 1.388 1.430 

B-N 1.561 1.572 1.545a 1.555 1.562 1.561 1.547 

N-C1 1.352 1.338 1.339a 1.343 1.344 1.332 1.357 

C1-C2 1.406 1.411 1.400a 1.418 1.420 1.421 1.427 

C2-C3 1.390 1.386 1.370a 1.406 1.385 1.397 1.395 

C3-C4 1.425 1.418 1.410a 1.408 1.428 1.410 1.432 

C4-C5 1.385 1.389 1.383a 1.418 1.411 1.416 1.413 

C4-N 1.389 1.393 1.391a 1.420 1.398 1.420 1.418 

Angles (o) 

F-B-F 111.8 111.3 108.6b 112.2 111.0 111.2 109.0 

N-B-N 104.9 105.5 106.6b 102.5 104.8 104.5 105.9 

C4-C5-C6 121.7 121.9 123.3b 118.4 119.4 119.7 119.5 

N-C4-C5 121.3 120.6 118.9b 120.1 121.0 120.4 120.8 

B-N-C4-C5 0.0 0.0 4.3 14.2 10.2 8.2 6.1 
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Table 3.2. Structural parameters for the S0 and S1 states of PM567, PM580 and PM597 

computed at B3LYP/6-311G** and SP-MOM for the S1 state. 

Parameter PM567 PM580 PM597 

S0 S1 S0 S1 S0 S1 

Bonds (Å) 

B-F 1.402 1.407 1.402 1.407 1.406 1.406 

B-N 1.552 1.545 1.551 1.546 1.554 1.554 

N-C1 1.344 1.355 1.344 1.355 1.344 1.344 

C1-C2 1.416 1.424 1.416 1.424 1.430 1.430 

C2-C3 1.396 1.396 1.397 1.396 1.406 1.406 

C3-C4 1.434 1.441 1.433 1.440 1.435 1.435 

C4-C5 1.406 1.426 1.406 1.423 1.408 1.408 

C4-N 1.396 1.396 1.396 1.396 1.389 1.389 

Angles (o) 

F-B-F 109.8 109.1 109.8 109.2 109.9 109.9 

N-B-N 106.5 106.2 106.6 106.1 107.2 107.2 

C4-C5-C6 120.7 118.1 120.8 118.0 120.7 120.7 

N-C4-C5 120.4 121.0 120.3 121.1 120.4 120.4 

B-N-C4-C5 1.4 1.539 0.1 0.3 4.8 4.8 

 

Overall, for the excited state there is a small deviation between the structures predicted 

by CASPT2, SM-B3LYP and SP-B3LYP, with the SP-B3LYP structure slightly closer 

to the CASPT2 in terms of bond lengths and angles, though SM-B3LYP has the closest 

B-N-C4-C5 dihedral angle to the CASPT2 structure. It appears that SP-MOM 
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calculations may underestimate this deviation from planarity in the aromatic ring, which 

may explain the results previously discussed for the PM597 dye. 

For the MD simulations it is necessary to reduce computational expense as much as 

possible, due to the fact every step in an AIMD simulation will take as much 

computational resources as one complete DFT SCF geometry optimisation cycle. For 

this reason, also shown in Table 3.1. is the structure for SM-B3LYP with the 6-31G 

basis set. While the reduction in the basis set leads to some larger deviations in the 

structure compared to CASPT2, particularly the B-F bond length and F-B-F bond angle, 

the structure of the ring system, where the electronic excitation is localised, is predicted 

quite accurately. Therefore 6-31G is thought to be an appropriate basis set for the MD 

simulations. 

Excitation energies for singlet states using SM-B3LYP have been predicted to be too 

low, and this is evident in Table 3.3. as the SM-B3LYP values for the S1 state of 

BODIPY are significantly lower than corresponding values from the CASPT2 

calculations, as well as experimental values, although bulk and solvent effects have not 

been taken into account with these quantum chemical calculations, which may bring the 

results closer to the experimental values. The three PM dyes also show significantly 

lower SM-B3LYP values for the S1 state when compare to the experimental data. Once 

the spin-purification is applied, the error is partially corrected, for both BODIPY and 

the three PM dyes, with the SP-B3LYP values being closer to the CASPT2 and 

experimental values, though are still around 0.3 eV lower than CASPT2 for BODIPY. 

The SP-B3LYP absorption values for BODIPY are very close to experiment, being 0.05 

eV and 0.1 eV too low for the SP-B3LYP and #SP-B3LYP methods respectively, where 

#SP-B3LYP corresponds to a spin-pure MOM energy from a structure optimised at  
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Table 3.3. Computed transition energies for BODIPY at a variety of different levels of 

theory. 

Molecule Method Eabs/eV 0-0/eV Eem/eV 

BODIPY CASPT2/6-31G* 2.62 2.58 2.37 

SM-B3LYP/6-311G** 2.06 2.01 1.97 

SP-B3LYP/6-311G** 2.41 2.33 2.23 

#SP-B3LYP/6-311G** 2.36 2.35 2.26 

†TD-B3LYP/6-311G** 3.15 - 1.43 

Experimental 2.46 - 2.41 

PM567 SM-B3LYP/6-311G** 1.94 - 1.96 

SP-B3LYP/6-311G** 2.25 - 2.18 

#SP-B3LYP/6-311G** 2.22 - 2.12 

†TD-B3LYP/6-311G** 2.89 - - 

Experimental 2.40 - 2.32 

PM580 SM-B3LYP/6-311G** 1.93 - 1.95 

SP-B3LYP/6-311G** 2.24 - 2.17 

#SP-B3LYP/6-311G** 2.23 - 2.12 

†TD-B3LYP/6-311G** 2.88 - - 

Experimental 2.39 - 2.31 

PM597 SM-B3LYP/6-311G** 1.90 - 1.93 

SP-B3LYP/6-311G** 2.22 - 2.16 

#SP-B3LYP/6-311G** 2.19 - 2.01 

†TD-B3LYP/6-311G** 2.84 - - 

Experimental 2.37 - 2.20 
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SM-B3LYP/6-31G, and are slightly further away from experiment for the PM dyes, 

with transitions being consistently 0.1-0.2 eV lower than experiment. The emission 

values for SP-B3LYP shows a similar deviation from experiment for all four molecules. 

There is little change in the calculated SP-B3LYP/6-311G** excitation energies when 

the structure was optimised at the SM-B3LYP/6-31G level (#SP-B3LYP/6-311G**), 

with the maximum change evident in the absorption energy of 0.05 eV for BODIPY, as 

well as a change of 0.15 eV for the PM597 emission energy. This is because the 

transition being studied involves orbitals localised on the rings, and the structure of the 

rings have been shown in Table 3.1. to be reproduced accurately using the smaller 6-

31G basis set. This suggests using this smaller basis set for the AIMD and QM/MM 

calculations will only introduce a small error, while reducing the computational time by 

a significant amount. Vertical absorption and emission energies with TDDFT (†TD-

B3LYP/6-311G**) are further from the CASPT2 values, with the absorption and 

emission energies too high and too low, respectively. TDDFT excitation energies have 

also been found to be too high in calculations on PM567 [142]. 

The calculated absorption energies in Table 3.3. for the PM dyes are within 0.2 eV of 

experiment, and do show a slightly lower absorption energy for PM597 which is evident 

in experiment. Some difference with the experimental values would be expected 

because calculated gas-phase values are compared with experimental measurements in 

the solvent phase. A similar level of agreement with experiment is found for the 

emission energies. A Stokes shift of about 0.1 eV is found for BODIPY, which agrees 

well with the experimental shift of 0.05 eV [166]. A Stokes shift of 0.1 eV is also 

calculated for PM567 and PM580 with a Stokes shift of 0.2 eV for PM597, which agrees 

with the larger Stokes shift for PM597 in experiment. Overall, the results suggest that 

the SP-B3LYP/6-311G**//B3LYP/6-31G approach provides a relatively inexpensive 
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but accurate description of the lowest absorption and emission transitions in BODIPY 

and related molecules that can be applied in QM/MM simulations. 

Table 3.4. Average values of the structural parameters of the S0 and S1 states from the 

molecular dynamics simulations. 

 Gas Phase Water Solvent 

Parameter S0 S1 S0 S1 

Bonds (Å) 

B-F 1.426 1.439 1.481 1.479 

B-N 1.576 1.562 1.516 1.511 

N-C1 1.360 1.370 1.373 1.376 

C1-C2 1.419 1.428 1.405 1.419 

C2-C3 1.396 1.397 1.410 1.401 

C3-C4 1.427 1.434 1.417 1.430 

C4-C5 1.397 1.407 1.397 1.411 

C4-N 1.413 1.418 1.423 1.432 

Angles (o) 

F-B-F 110.8 110.5 102.4 101.7 

N-B-N 105.3 105.0 109.0 109.2 

C4-C5-C6 122.1 120.3 120.5 119.3 

N-C4-C5 120.4 120.8 120.4 120.7 

B-N-C4-C5 6.2 9.5 7.6 7.0 
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The gas-phase simulations using the SP-B3LYP/6-311G**//B3LYP/6-31G approach 

gives structures in Table 3.4. which agree well with the structural parameters from 

Table 3.1. Some differences are evident between the gas and solvent-phase simulations, 

which are mostly focussed on the B-F groups, where there is a large increase in B-F 

bond lengths and decrease in B-N bond lengths in the condensed phase, which also 

causes corresponding changes in bond angles, with smaller F-B-F and larger N-B-N 

angles in the condensed phase. 

 

Figure 3.5. Simulated absorption (black line) and emission (red lines) bands for the 

lowest energy transition of BODIPY in gas-phase and water. 
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The absorption band for the gas phase simulations in Figure 3.5. (black line) has its 

maximum at 2.32 eV and the emission maximum (red line) at 2.23 eV giving a Stokes 

shift of 0.09eV. These compare well with experimentally obtained absorption and 

emission maxima in ethanol solvent; 2.49 eV and 2.32 eV, respectively [166]. The 

emission band is wider than the absorption band, which can be shown by the standard 

deviation of 0.06 eV for absorption and 0.10 eV for emission energy. This also 

compares well with experimental data for BODIPY [77]. Overall there are only small 

structural differences between the S0 and S1 states. Table 3.4. shows a small decrease 

in B-N bond length and a small increase in other bond lengths of the ring and the non-

planarity of the ring (B-N-C4-C5 dihedral angle). The average dipole moment of the 

ground state is calculated to be 4.6 D, while the dipole moment of the excited state is 

found to be lower at 3.8 D. A lower value for the dipole moment in the S1 state is 

consistent with calculations on PM567 [142]. The emission spectrum for the solvated 

BODIPY exhibits a shoulder maximum at 1.4 eV, at much lower intensity than the main 

emission band. This is most likely due to the QM/MM simulation giving rise to some 

structures a second stable state of excited BODIPY, which would be possible with the 

higher energy emission structure under influence of solvent. 

The radial distribution functions for the S0 and S1 state from Figure 3.6. are similar to 

each other with the first solvent shell at about 3.6 Å, with a second solvent shell at about 

double the distance of the first shell at 6.4 Å. This second shell is less ordered than the 

first, as the peak observed at the second solvent shell is not as distinct as for the first 

solvent shell. The solvent simulations predict an absorption band with a maximum at 

2.62 eV and an emission band centred at 2.53 eV. Both bands show a Stokes shift of 

around 0.3 eV, which is much larger than the values from the gas phase. This is 
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consistent with the dipole moment of the excited state being smaller than the ground 

state, which would lead to a blueshift in the transition energies in a polar solvent.  

 

Figure 3.6. Radial distribution functions of the BODIPY boron to water oxygen distance 

for the ground state (black line) and excited state (red line). 

Furthermore, the computed gas-phase absorption and emission energies for the PM laser 

dyes (Table 3.3.) were lower than the experimental values measured in methanol. Based 

on the results for water, a blueshift in the transition energies is also expected for these 

closely related molecules in methanol, which would bring the computed values in close 

agreement with experiment. Absorption and emission spectra for BODIPY based dyes 

have been reported for a range of solvents [136]. These spectra also show a small shift 

towards higher absorption and emission energies in more polar solvents. The emission 

bands are also found to be wider than the absorption bands, with experimental spectra 

showing a full width at half maximum for the absorption and emission bands of 

approximately 1.5 for a BODIPY based dye in methanol [136] and 1.7 for PM546 in 
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methanol [165]. For the simulated bands in water solvent the ratio of emission: 

absorption is 1.5, which is consistent with the experimental values. However, the actual 

widths of the bands are larger than observed in experiment. This is likely to be 

associated with treating the water molecules that are very close to BODIPY as point 

charges in the DFT calculations to determine the transition energies, and not treating 

them explicitly with DFT. This could be addressed by treating these water molecules 

fully within the DFT calculations. 
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3.3.2. Meso-BODIPY 

In this work, the structures and emission energies of meso-BODIPY 1–3 were calculated 

at 0K both in the gas phase and in dichloromethane using DFT with a PCM representing 

the solvent using the B3LYP/6-311G* level of theory. For compounds 1, 2 and 3, the 

calculated λem(max) were 532 nm, 620 nm and 539 nm, respectively, from the S0 and 

S1 minimum energy geometries. These values are redshifted with respect to the 

experimental ones by over 0.12 eV for 1 and 3 and 0.25 for 2. Given in Table 3.5. are 

some of the computed geometrical parameters for both the S0 and S1 states. In the S0 

state, all three BODIPY derivatives show a very small dihedral angle between the two 

pyrrole rings, with 3 displaying a highly planar conformation of the BODIPY core. 

Table 3.5. Structural parameters for the S0 and S1 states of BODIPYs 1, 2 and 3 in gas 

and solvent phases, using B3LYP/6-311G* DFT, with SP-MOM for the S1 states. 

 meso-BODIPY 1 meso-BODIPY 2 meso-BODIPY 3 

Parameter S0 S1 S0 S1 S0 S1 

Gas Phase 

B-N (Å) 1.561 1.558 1.549 1.556 1.577, 1.561 1.559, 1.577 

C5-C9 (Å) 1.505 1.500 1.551 1.534 - - 

B-N-C4-C5 (°) 4 4 4 27 0 0 

Solvent Phase 

B-N (Å) 1.551 1.545 1.537 1.543 1.567, 1.590 1.559, 1.577 

C5-C9 (Å) 1.502 1.500 1.550 1.535 - - 

B-N-C4-C5 (°) 4 4 4 25 0 0 
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These data are in excellent agreement with experimental X-ray crystal data, Meso-

BODIPY 2 shows a distorted, nonplanar geometry in the S1 state, characterised by a 

very large dihedral angle of 27° in the gas phase and 25° in dichloromethane, compared 

to much smaller angles for 1 and 3 (4° and 0°, respectively). This is thought to give rise 

to a destabilised ground-state electronic structure of 2 at the S1 geometry (0.20 eV 

relative to the ground state minimum), whereas 1 and 3 show much smaller 

destabilisation of the ground-state electronic structure at their respective S1 geometries 

(0.05 eV and 0.03 eV for compounds 1 and 3, respectively), which leads to the 

redshifted emission maximum of 2 relative to 1 and 3. This can account for the large 

Stokes shift and broad emission band of 2.   
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3.4. Conclusions 

The structure of the BODIPY core fluorophore, along with three pyrromethene laser 

dyes and three meso-substituted BODIPY derivatives were compared with each other 

and experimental results. The optimised S1 structure was found to be non-planar using 

CASPT2 and DFT methods, which has interesting implications to the activity of the S1 

state. Dynamics and absorption and emission spectra have been simulated for the S0 and 

S1 states of BODIPY in both the gas phase and water. The excited states have been 

calculated using Kohn-Sham DFT, using the MOM procedure to converge SCF 

calculations to give excited states. To give accurate transition energies, a post-SCF spin-

purification correction has been successfully applied to give more accurate transition 

energies. It has been found that absorption and emission energies can be accurately 

computed using structures optimised using DFT with a relatively small basis set and 

then evaluating the absorption and emission energies using a larger basis set. Molecular 

dynamics simulations have been performed on both the ground and excited states, and 

for the condensed phase water is incorporated within a QM/MM framework. The 

resulting spectra are consistent with available experimental data, with a predicted Stokes 

shift of about 0.1 eV, and a blueshift of about 0.3 eV in water compared to gas-phase. 

The simulations also show the width of the emission band in solution to be broader than 

the absorption band by the same amount as that reported in experimental spectra of a 

closely related molecule. Overall a relatively cheap method employing a small basis set 

has been employed to simulate the absorption and emission spectra of BODIPY, with 

good agreement with experimental data. 

There is still a large amount of work which could be carried out in this area. Further 

investigation into the non-planarity of the S1 state, could show whether there are 

exceptions to the deviation of planarity in the S1 state, or how it arises and affects the 
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properties of the molecules. Looking closer at the simulation work could involve 

modeling the first solvent shell of water around BODIPY with explicit DFT as opposed 

to point charges, with the aim to obtain absorption and emission spectra that may be 

more accurate than modeling the entire water solvent as point charges. Also it is possible 

to do dynamics simulations and subsequent excitations with small laser dyes, such as 

PM567, although this results in a large increase in computational time due to the time-

scaling factors of DFT. Since the initial run of these calculations the ability for high 

performance computers to produce longer simulations with larger BODIPY dyes is a 

real possibility which could yield worthwhile results. 

The work with meso-substituted BODIPY shows that the deviation from planarity seen 

with the BODIPY fluorophore and PM dyes can be extended to other BODIPY 

derivatives, and the amount of or lack of planarity can be changed by varying the 

substituents. It was found a more bulky alkyl substituent on the meso position leads to 

a larger deviation from planarity in the excited state, and the exited state structure can 

be used to rationalise observed spectroscopic properties. 

Overall this study has made two main advances in the research of BODIPY dyes and 

similar fluorophores: the first being that a combined AIMD/DFT approach with 

QM/MM solvent gives an accurate model of how these fluorophores behave; the 

second being that an unexpected deviation from planarity in the calculations is also 

observed in experimental data, which could have implications into how the molecules 

work and behave in the S1 excited state.
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4. Density Functional Theory Based Analysis of 

Photoinduced Electron Transfer in a 

Triazacryptand Based K+ Sensor 

4.1. Introduction 

Ions play an important role in many biological processes. The potassium cation (K+) is 

the most abundant intracellular ion in the human body and is involved in processes 

which include muscle contractions, nerve transmission, and kidney function [168-170]. 

Potassium cations are essential for these processes to properly function. Furthermore, 

K+ deficiency can be a sign of poor health and an indicator of many conditions and 

diseases, such as a weakened heartbeat or a sign of deficiencies in the body resulting 

from eating disorders [171-173]. Although the potassium cation plays a major role in 

the health of humans and animals, the mechanisms of K+ in the body are still poorly 

understood. It is important to be able to reliably determine the concentration of ions 

such as K+ in cells in order to determine their mechanisms in extracellular and 

intracellular processes, and many current methods exist. One analytical technique, the 

K+ electrode [174], produces reliable data but cannot be applied non-invasively into 

biological systems, and operates on too large a scale to be applied to single-cell areas 

of an organism. Fluorescence based sensors provide one approach to overcoming the 

problems of the K+ electrode method, as it is non-invasive and can be applied to small 

(single cell) systems. Research into designing and synthesising these fluorescent probes 

is a highly active area. 
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Modern day ion sensors typically comprise two key parts, a chelator which binds to the 

cation of choice and a fluorescent moiety, where the chelator selectively “traps” the ion 

of interest resulting in a significant enhancement or quenching of the fluorescence of 

the fluorophore component of the probe [175, 176]. Among the most commonly used 

and most well-known fluorescent sensors for intracellular K+ is the potassium-binding 

benzofuran isophthalate (PBFI), which uses a diaz-18-crown-6 to bind the ion and an 

isophthalate substituted benzofuran as the fluorophore. It has been shown to be highly 

fluorescent in the presence of K+ ions [177]. One main drawback to using PBFI and the 

closely related sodium sensor SBFI is their poor selectivity between sodium ions (Na+) 

and potassium [178]. These selectivity issues can be improved by using a ligand based 

on the triazacryptand platform, first developed by He et al. which features excellent 

selective responses for K+ over competing Na+ at physiological concentrations [179]. 

Selectivity of K+ over Na+ is important for a potassium sensor as they have similar 

properties due to their electronic structure and charge, so bind in a similar fashion.  

Several recent examples of fluorescent chemosensors for ions have been reported [176, 

119, 180]; many of these are based upon the BODIPY chromophore [111, 119, 181], 

which has also been a topic of interest in this thesis. A similar fluorescent chromophore 

is the aminonaphthalimide fluorophore (see Figure 4.1.), which has been used in the 

synthesis of a triazacryptand-based fluorescent sensor with a 4-aminonaphthalimide 

fluorophore reported by Zhou et al. [2], as shown in Figure 4.2. This probe is weakly 

fluorescent with no metal chelated, but in the presence of K+ it becomes strongly 

fluorescent, and is highly selective with very low levels of emission recorded for 

different metal cations. 
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Figure 4.1. General structure of a 4-amino-1-naphthalimide fluorophore. 

 

Figure 4.2. Structure of triazacryptand sensor KS1. 

There are many photophysical processes that can lead to the quenching or enhancement 

of fluorescence. For the KS1 sensor, the change in fluorescence has been attributed to a 

reductive photoinduced electron transfer (PET) mechanism [2]. This process can be 

described in Eq. (4.1) [176], where 𝐴∗  
1  represents the electronically excited 4-

aminonaphthalimide fluorophore and D represents the electron donating triazacryptand 

system and is illustrated schematically in Figure 4.3. 
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 𝐴∗ + 𝐷 →  
1 𝐴•− + 𝐷•+  

1  (4.1) 

   

 𝐷∗ + 𝐴 →  
1 𝐷•+ + 𝐴•−  

1  (4.2) 

 

It is suggested in the absence of K+, this PET process occurs in the KS1 sensor, resulting 

in fluorescence quenching and the system returning to its ground state via a 

nonluminescent process. However, in the presence of K+, the chelator is no longer able 

to donate electrons to the chromophore and the PET process does not occur, which 

results in a strong fluorescence. Oxidative PET is a related process and corresponds to 

where the excited electron of the fluorophore can be transferred to a low lying 

unoccupied orbital of the chelator (Eq. 4.2). 

 

Figure 4.3. Schematic representation of the photoinduced electron transfer process 

proposed for the KS1 sensor. 

The design and development of chemical sensors is challenging partly due to the 

complexity of the underlying photophysical processes in such large photosensitive 

molecules. Quantum chemical calculations have a potentially valuable role to play in 

this area since they can provide a detailed picture of the electronic structure of the 

fluorescent probe molecules, giving insight into the relevant photophysical processes 
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that in turn can aid the design of new sensors. The large size of the molecules involved 

precludes the use of accurate wave function based excited state methods such as 

multireference configuration interaction (MR-CI) [182] and multiconfigurational 

perturbation theory [183], and density functional theory based approaches represent the 

most accurate alternative. A number of groups have studied PET in fluorescent probes 

using KS-DFT and TDDFT [161, 176, 184-186]. The most common approach is to 

construct a molecular orbital diagram for the frontier molecular orbitals based upon the 

Kohn−Sham orbitals and their associated energies to determine whether PET and the 

associated fluorescence quenching or enhancement should occur [161, 184, 185]. This 

can often provide a picture that is consistent with the experimental observations and can 

be used to rationalise the observed fluorescent properties of a chemical sensor. 

In an analysis of this type, the difference in orbital energies is implicitly being used as 

a measure of the relative energies of the excited states associated with the various stages 

of the PET process. One main problem with this approach is that orbital energy 

differences often provide a poor measure of the energies of the respective excited states, 

and to determine these reliably it is necessary to use a genuine excited state electronic 

structure method, such as TDDFT. Recent work has used TDDFT calculations to 

analyse the fluorescence quenching by Hg(II) ion chelation and fluorescence 

enhancement by Zn(II) ion chelation in a PET sensor [186]. However, the application 

of TDDFT to study these systems is not without its pitfalls, since many of the states 

involved will be charge transfer in nature, which represents a case where TDDFT with 

standard GGA or hybrid exchange-correlation functionals is known to fail [44]. This 

study has investigated the role of PET in the fluorescent activity of the KS1 sensor 1 

using DFT, TDDFT, and excited state KS-DFT (using MOM). Two main approaches 

are used. Firstly, absolute molecular orbital energies are considered to rationalise the 
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presence or absence of PET in KS1. Secondly, excited state calculations are considered 

to assess the relative energies of different excited states of the structures, and how this 

can affect PET occurring in the structures. It is shown that different approaches can lead 

to different conclusions, with in some cases the correct behaviour predicted for the 

wrong reason. We find that to account for PET in KS1 correctly, it is necessary to use 

an appropriate excited state electronic structure method and include the influence of 

solvent.  
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4.2. Computational Details 

The structure of KS1 in the ground state was optimised with and without the K+ ion as 

well as with the Na+ cation using DFT with the B97-1 exchange correlation functional 

[29] and the 6-31G* basis set [187, 188]. Figure 4.2. shows the molecular structure of 

the sensor used in the calculations. In experiment, the sensor has an extended chain 

attached to the nitrogen atom of the fluorophore that is not well-defined. This part of 

the structure plays no role in the function of the sensor, therefore in this study the chain 

has been replaced by a single hydrogen atom. In order to find the orbitals involved in 

transition to the first excited singlet state, time-dependent density functional theory was 

applied to the optimised structures using a range of different functionals with the 6-

31G* basis set to find the lowest allowed singlet excitation energy for each functional, 

and the orbitals involved in that excitation, as well as viewing the symmetry of orbitals 

to confirm the π and π* nature of the transition orbitals. Excited state energies were 

determined using TDDFT with the B3LYP and B97-1 functionals [28, 189] as well as 

the long-range corrected CAM-B3LYP and ω-B97 functionals [31, 32], known for their 

improved accuracy compared to standard hybrid functionals when calculating charge-

transfer states [44]. Excited singlet state energies were also determined in a ΔSCF (or 

Δ Kohn−Sham) approach using KS-DFT where an initial set of orbitals are generated 

for each structure using the orbitals for the ground state. An electron is moved from one 

orbital to another, using the orbitals identified from the TDDFT excitation. The MOM 

[45] is then used to prevent variational collapse to the ground state for subsequent SCF 

calculations and to obtain ΔSCF energies. MOM has previously been used successfully 

to model the excited states of a range of systems [47, 48, 190], including BODIPY. One 

issue with this approach is that open-shell singlet states are not described well by a 

single determinant leading to a significant underestimation of the energy of some singlet 
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excited states [191]. However, the spin-purification procedure [49] can be applied as 

previously described. The ΔSCF procedure outlined was applied to the metallated and 

non-bound KS1 structures for the functionals described where possible, in both gas 

phase and solvent. The structure of the excited states were also optimised using the 

MOM approach. Emission energies for the sensor were obtained from these optimised 

excited states using the energy of the lowest π→π* transition of the fluorophore. Solvent 

was modelled using a PCM with parameters corresponding to water, with a dielectric 

constant of ε=78.39. All calculations were performed using the Q-Chem software 

package [192].  
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4.3. Results & Discussion 

4.3.1. Computed Transition Energies 

It is important to assess from quantum chemical calculations the orbitals involved in 

absorption, emission and photoinduced electron transfer processes in the KS1 sensor. 

Figures 4.4. and 4.5. show the lowest unoccupied and highest occupied orbitals as given 

by the B97-1/6-31G* calculation for the KS1 sensor with and without the K+ ion.  

 

Figure 4.4. Molecular orbitals of the K+ sensor without K+. 

Without K+, the lowest unoccupied molecular orbital (LUMO) of KS1 is a π* orbital 

located on the 1,4-aminonapthalimide fluorophore part of the molecule. The three 

highest occupied molecular orbitals (HOMO, HOMO-1 and HOMO-2 orbitals) are 

localised on the triazacryptand chelator, while the highest occupied orbital associated 
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with the fluorophore is the HOMO-3 orbital, which can be described as a π orbital. The 

intense band observed in the absorption spectrum by Zhou et al. is localised on the 

fluorophore and arises from the HOMO-3→LUMO transition, which has π→π* 

symmetry. With the inclusion of K+, the intense transition localised on the fluorophore 

corresponds to excitation from the HOMO→LUMO+1. The electron density in the 

LUMO is localised on the potassium cation, and the other high lying occupied orbitals 

are localised on the fluorophore or the linking group between the fluorophore and 

chelating moiety. 

 

Figure 4.5. Molecular orbitals of the K+ sensor with K+. 

Table 4.1. shows the computed transition energies of the intense fluorophore transition 

using various DFT based approximations. The calculated gas-phase transition energies 

are higher than the experimental value of 2.76 eV for the non metallated and K+ 

structures [2]. Taking the difference in the relevant orbital energies (Δε) gives a value 
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of 3.76 eV for the non-chelated sensor, 1 eV higher than experiment. This is improved 

by TDDFT, which gives values of 3.36 eV for the B97-1 functional and a similar value 

of 3.34 eV for B3LYP. The long-range corrected functionals CAM-B3LYP and ω-B97 

predict transition energies that are about 0.4 eV and 0.7 eV higher in energy respectively 

than those for the standard hybrid functional and close to the Δε value. It was clear from 

the results in Table 4.1. that the ω-B97 functional consistently predicted transition 

energies that were too large for all 3 structures being studied, and therefore was not used 

for the ΔSCF calculations. The B3LYP functional was also not used beyond this point 

in the study, as it showed for all structures to have transition energies 0.02 eV lower 

than the B97-1 functional. Due to the rise in use of B97-1 over recent years and its 

reliability of results including those previously undertaken by the author, this was 

favoured over B3LYP [29]. 

For the ΔSCF calculations, the initial orbitals were generated from the ground state 

orbitals where a β spin electron is moved from the HOMO-3 orbital to the LUMO for 

the non-chelated sensor. Results are given for the spin-mixed determinant, denoted 

ΔSCFSM, and if post-SCF spin purification has been applied, denoted ΔSCFSP. Both of 

these approaches give a lower transition energy that are closer to experiment. The spin-

mixed approach gives 2.82 eV; however this is artificially too low, and spin purification 

gives a value of 3.20 eV, which is close to the TDDFT result. The value for spin-mixed  

ΔSCF using CAM-B3LYP in the gas phase shows a similar result to the spin-pure value 

for B97-1, however the spin-pure value is already known to give artificially low results, 

and with this excitation energy nearly 0.5 eV higher than experiment, it can be assumed 

spin-pure and solvated calculations using CAM-B3LYP functional would not give 

accurate results with respect to experiment for the sensor. 
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Table 4.1. Computed transition energies for the intense transition localised on the 

fluorophore with and without the K+ ion for a range of computational methods. 

Method ∆𝐸𝑛𝑜𝐾+
𝐹→𝐹  (eV) ∆𝐸𝐾+

𝐹→𝐹 (eV) ∆𝐸𝑁𝑎+
𝐹→𝐹 (eV) 

Δε 3.76 3.83 - 

TD-B3LYP 3.34 3.45 3.40 

TD-B97-1 3.36 3.47 3.42 

TD-CAM-B3LYP 3.76 3.86 3.81 

TD- ω-B97 4.03 4.16 4.08 

ΔSCFSM-B3LYP 2.82 2.91 2.86 

ΔSCFSM-B97-1 2.82 2.94 2.90 

ΔSCFSM- CAM-B3LYP 3.22 3.34 3.28 

ΔSCFSP-B97-1 3.20 3.36 - 

ΔSCFSM(sol)-B97-1 2.71 2.79 - 

ΔSCFSP(sol)-B97-1 3.02 3.12 - 

expt 2.76 2.76 2.76 

 

Table 4.2. shows the variation of the computed absorption energy with improving the 

quality of the basis set for the sensor with no K+ bound, to assess how important the size 

of basis set is to the accuracy of results. These results indicate that changing from a 

double to triple-ζ type basis set leads to changes in the computed excitation energies of 

up to 0.05eV. The addition of diffuse basis functions gives a greater variation with 

changes in the computed excitation energies of up to 0.1eV. Consequently, the transition 

energies predicted with 6-31G* should be converged with respect to the basis set quality 
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to the order of about 0.1 eV. There is sufficient variety among results from different 

functionals and methods of excitation to assume that expanding the basis set from 6-

31G* for all calculations will not have a significant effect on the energies calculated, 

and will not affect the conclusions the numbers will lead towards. 

Table 4.2. Variation in the Computed Transition Energies for the Intense Transition 

localised on the Fluorophore without K+ Ion Bound (∆𝐸𝑛𝑜𝐾+
𝐹→𝐹  in eV). 

Method 6-31G* 6-311G* 6-31+G* 

Δε 3.76 3.76 3.70 

TD-B97-1 3.36 3.33 3.42 

TD-CAM-B3LYP 3.76 3.71 3.84 

ΔSCFSM-B97-1 2.82 2.86 2.80 

ΔSCFSP-B97-1 3.20 3.23 3.17 

 

The experimental value is measured in solution, and the presence of solvent can 

influence the position of the absorption band for KS1. The dipole moment for the 

ground state (μgs) is 7.58D as given by DFT with the B97-1 functional, and this increases 

to 9.01D in the excited state arising from the fluorophore π→π* excitation. 

Consequently, a shift to a lower energy would be expected in a polar solvent, and using 

an implicit solvent model for water shows a shift to lower energy of about 0.1 eV for 

both the spin-pure and spin-mixed ΔSCF values for B97-1. The best calculation 

observed with respect to the experimental values, ΔSCFSP(sol)-B97-1, predicts a value 

of 3.02 eV, which lies within 0.3 eV of the experimental value. Once the sensor is bound 

to K+, there is only a modest effect on the fluorescent part of the molecule and only a 
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small change in the excitation energy of the fluorophore. The different methods 

consistently predict a small increase of about 0.1 eV when K+ is present, and a smaller 

difference of around 0.05 eV with Na+ bound to the sensor. This is consistent with 

experimental data, which shows no significant change in the absorption spectra with 

and without the presence of K+. Optimisation of the excited state structure allows the 

emission energy to be calculated. The calculations give values of 2.48 and 2.24 eV for 

the ΔSCFSM-B97-1 and ΔSCFSM(sol)-B97-1 methods, respectively, which compare 

well with the experimental emission value of 2.41 eV. 
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4.3.2. Analysis of PET Based upon the Molecular Orbital Diagram 

Figure 4.6. shows a schematic orbital energy diagram based upon the Kohn−Sham 

orbital energies for the B97-1/6-31G* calculation for the ground electronic state of the 

KS1 sensor, with and without solvent present, where the orbitals have been partitioned 

according to whether they are localised on the fluorophore or on the chelator, and the 

orbital occupancies depicted correspond to after the excitation of the fluorophore. When 

no K+ is present there are three occupied chelator orbitals at energies between the singly 

occupied orbital in the fluorophore π→π* state that can facilitate electron transfer to the 

fluorophore, which is consistent with a reductive PET process occurring. In contrast, 

when K+ is bound to the chelating part of the sensor, there are no occupied chelator 

orbitals present between the HOMO and LUMO of the fluorophore, suggesting that a 

reductive PET process will not occur. This is consistent with the enhancement of the 

fluorescence of the sensor when the potassium cation is chelated. However, there is an 

unoccupied chelator orbital that lies just below the LUMO of the fluorophore, which 

opens up the possibility of an oxidative PET process occurring, which could also cause 

fluorescent quenching. Consequently, an analysis based upon the molecular orbitals 

would predict a reductive PET process in the absence of K+ and an oxidative PET 

process in the presence of K+. This would result in the sensor not fluorescing whether 

or not K+ was present, which is not consistent with experimental results. Consideration 

of the molecular orbitals from the CAM-B3LYP calculations lead to a similar 

conclusion, with oxidative PET occurring without K+ and reductive PET with K+ 

chelated. Also shown in Figure 4.6. are the molecular orbitals from the calculations 

with implicit solvent. For the sensor without K+, the molecular orbital diagram is 

qualitatively similar to the gas-phase, although some fluorophore and chelator relative 

energies differ slightly. For the case where K+ is present, occupied orbitals associated 
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with the chelating part of the molecule are present between the HOMO and LUMO of 

the fluorophore and reductive PET remains a possibility. As the solvated model is a 

more accurate representation of the conditions of the experimental results, this further 

implies that looking at orbital energies alone, while accounting for the lack of 

fluorescence in the non-chelated sensor, this does not explain the strong fluorescence in 

the chelated sensor. 

 

Figure 4.6. Molecular orbital diagram based upon the ground state B97-1/6-31G* 

calculation for the gas phase (upper panel) and in solution (lower panel). F represents 

orbitals localised on the fluorophore and C represents orbitals localised on the 

chelating part of the molecule; orbital energies are given in a.u. 
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4.3.3. Analysis of PET Based upon Excited State Calculations 

Upon the basis of the above analysis, we conclude that a simple consideration of the 

molecular orbitals and their energies is not sufficient to reliably predict whether a PET 

process will occur and it is necessary to consider the relative energies of the initial and 

final electronic states. For a PET process to occur, the energy of the resulting electronic 

state formed from the PET process should be lower than the energy of the excited state 

formed by excitation of the fluorophore. For the K+ sensor considered here, the final 

state corresponds to a CT state where the electron from the HOMO of the fluorophore 

has been excited to a virtual orbital associated with the chelating part of the molecule.  

Table 4.3. Computed transition energies for the lowest energy fluorophore → chelator 

charge transfer transition with and without the K+ ion for a range of computational 

methods. 

Method ∆𝐸𝑛𝑜𝐾+
𝐹→𝐶  (eV) ∆𝐸𝐾+

𝐹→𝐶 (eV) 

TD-B97-1 2.78 3.65 

TD-CAM-B3LYP 4.36 4.34 

ΔSCFSM-B97-1 5.05 3.74 

ΔSCFSM(sol)-B97-1 2.57 3.29 

 

Table 4.3. shows the computed transition energies for the lowest CT transition at a 

variety of levels of theory. For the TDDFT results with the hybrid B97-1 functional, 

without K+, the transition energy for the lowest CT transition is 0.58 eV lower than that 

for the local fluorophore transition, while with K+ the lowest CT transition is higher in 

energy than the fluorophore transition by 0.2eV. These results show a large difference 
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in charge transfer state energies depending on whether K+ is bound to the sensor, and 

on their own are consistent with the experimental observations that K+ will lead to 

enhanced fluorescence, due to the lower energy CT state for the non-chelated sensor. 

However, it is well known that TDDFT with hybrid functionals can severely 

underestimate the energy of CT states. A 𝛬 analysis of the degree of spatial overlap 

between the occupied and virtual orbitals involved in an excitation gives a value of 0.00 

for the CT transition compared with 0.68 for the local fluorophore transition, suggesting 

that the computed CT energy is unreliably low. 

The long-range corrected functional CAM-B3LYP should provide a more accurate 

transition energy for the CT state and gives a value of 4.36 eV, with no significant 

change in CT energy once K+ is bound to KS1. Consequently, with the CAM-B3LYP 

functional, there is no CT state lower in energy than the state formed from the local 

excitation (ΔE = 3.76 eV) on the fluorophore which suggests that no PET process will 

occur. It should be noted that this energy difference is considerably larger than 0.1 eV, 

which is the approximate error associated with the basis set. Within a ΔSCF 

methodology, as opposed to TDDFT, CT states can be described with a hybrid 

functional and it is not necessary to use a long-range corrected functional. Using a spin-

mixed ΔSCF framework in the gas phase a transition energy of 5.05 eV was obtained, 

which is much higher than the local fluorophore transition and consistent with results 

for TDDFT with CAM-B3LYP. For the CT state, it is found spin purification has a very 

small effect on the transition energy since the triplet state has a similar energy to the 

singlet state, so only the spin mixed transition energies are presented here. It is noted 

that converging the SCF process for the CT state using the MOM procedure was 

problematic for KS1 in the gas phase where variational collapse to the ground state 

could not be prevented using initial guesses based upon the ground state orbitals of the 



115 
 

gas phase molecule. These problems were not experienced for the PCM solvent 

calculations, and the gas phase value was obtained by using the converged orbitals for 

the CT state with the PCM as a starting point for the gas phase calculation. The dipole 

moment for the CT state is computed to be μCT = 82.3 D, which is much higher than the 

9.01 D for the excited fluorophore state. This large difference suggests that the CT state 

will have a greater interaction with a polar solvent, which raises the possibility that the 

relative ordering of the local fluorophore excitation and the lowest CT excitation may 

be changed by the solvent, by lowering the energy of the CT state in a polar solvent. 

The results for the ΔSCF calculation with the implicit solvent model predicts that this 

is the case and the energy of the CT state lies (ΔE = 2.57 eV) below the local fluorophore 

excitation (ΔE = 3.02 eV). With K+ present, the lowest CT transition is higher in energy 

than the excited fluorophore state for all of the calculations including ΔSCF with 

implicit polar solvent. 

These calculations demonstrate that to reliably predict whether a PET process will occur 

in a metal ion sensor such as KS1 it is necessary to use an appropriate excited state 

method that can accurately describe charge transfer states and also account for solvent 

effects at least to the level of an implicit solvent model. This has been shown to be 

achieved with DFT based ΔSCF approaches but could also be achieved with TDDFT 

with long-range corrected functionals. However, it is necessary to account for the 

solvent contribution to the exchange correlation response, and it is not sufficient to 

simply use solvent polarised orbitals in the TDDFT equations. There are other effects 

that remain neglected in these calculations. The sensor has a significant amount of 

conformational flexibility, which cannot be captured by considering just a single 

structure. For smaller systems such as BODIPY, it is possible to compute absorption 

and emission spectra through averaging over molecular structures generated in an ab 
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initio molecular dynamics simulation [39]. However, such molecular dynamics 

calculations for a system as large as the K+ sensor are prohibitively expensive, and here 

the focus has been on establishing a computationally efficient approach to reliably 

predicting the PET processes in a fluorescent sensor. Similarly, more complex solvent 

models could be used, including using explicit solvent molecules [150] or more 

elaborate continuum solvent models. The complexity of solvent model is not a large 

concern however, as solvent shifts arising in the sensor are electrostatic in origin and 

arise from the very different dipole moments between the local fluorophore and charge 

transfer excitations. These should be adequately described by the PCM solvent model 

used here. 
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4.3.4. Calculation of the Rate of Electron Transfer 

The analysis of the KS1 sensor so far provides a qualitative prediction of what type of 

PET process is possible and can provide some insight into the PET process; this can be 

quantified through calculation of the rate of electron transfer using Marcus theory, and 

comparing the electron transfer rate from the fluorophore π→π* state and the charge 

transfer state [194, 195]. This approach has been used to predict the rate of electron 

transfer in a range of systems [196-198]. According to Marcus theory, the rate of 

electron transfer can be expressed as 

𝑘𝐸𝑇 =
2𝜋

ħ
|𝑉𝐹−𝐶𝑇|2

1

√4𝜋𝜆𝑘𝐵𝑇
𝑒𝑥𝑝 [

−(𝜆 + ∆𝐺)2

4𝜆𝑘𝐵𝑇
] (4.3) 

where λ is the reorganisation energy, ΔG is the total change in energy between the two 

states, and VF−CT is the electron transfer coupling. The ΔSCF(sol) calculations give 

values of λ = 0.75 eV and ΔG = 0.20 eV. 

The electron transfer coupling VF−CT is computed in a gas phase TDDFT calculation at 

the ground state structure with the CAM-B3LYP calculation but rescaled according to 

the energy difference between the states in the condensed phase to give a value of 

5.9×10−3eV. Combined together, these give a value of kET = 5.98×106s−1 for the rate of 

electron transfer. This suggests that the PET process occurs on the microsecond time 

scale, which is likely to be slower than most fluorescent processes, implying the electron 

transfer to a lower energy charge transfer state would not necessarily take precedence 

over any radiative processes. 
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4.4 Conclusions 

In this study, the electronic structure and associated fluorescence properties of a K+ ion 

sensor KS1 have been modeled with both DFT and TDDFT. Absorption and emission 

energies of the intense electronic excitation localised on the fluorophore are accurately 

described using a ΔSCF approach, which gives excitation energies closer to experiment 

than TDDFT. The extent to which Na+ binds to this sensor and affects its fluorescent 

activity has been limited in this study to calculations of vertical absorption energies for 

the Na+ bound sensor, and has shown that absorption energies are largely consistent 

within the basis set used regardless of the metal complexed with the sensor. The PET 

processes that underpin the functioning of the sensor cannot be rationalised based upon 

analysis of the molecular orbital diagram arising from DFT calculations for the isolated 

molecule or with implicit solvent. To correctly account for the functioning of the sensor, 

it is needed to consider relative energies of the electronic states formed from the local 

excitation on the fluorophore and the lowest fluorophore → chelator CT state. The 

inclusion of solvent in these calculations is critical since the strong interaction of the 

CT state with the solvent lowers its energy below the local fluorophore excited state 

making a reductive PET possible in the absence of K+, while no such process is possible 

when the sensor is bound to K+. This is consistent with experiment where it is suggested 

that a PET process quenches fluorescence in the absence of K+. The rate of electron 

transfer using this method can be quantified using Marcus theory, and the rate of 

electron transfer is computed to be kET =5.98×106s−1, which implies the speed of a PET 

process is slower than a regular fluorescence process taking place on the nanosecond 

timescale. 
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5. Modelling Excited States of Weakly Bound 

Complexes with Density Functional Theory 

5.1. Introduction 

Kohn–Sham density functional theory (DFT) [21] has emerged as the most widely used 

quantum chemical method, and is used routinely to study a diverse range of problems, 

encompassing areas from materials science to biological systems, from small molecules 

to carbon nanotubes. A serious deficiency of using DFT when applied with common 

exchange–correlation functionals is its failure to describe long range van der Waals 

(dispersion) interactions accurately, more details of which can be found in chapter 2 of 

this thesis [199-201]. Dispersion interactions play a critically important role in areas 

such as supramolecular chemistry and protein structure, so should not be neglected. 

These forces also have a small impact on the energy and binding of all large and multi-

molecular systems. In the case of electronically excited states, such interactions would 

also be important in the description of the structure of an excited chromophore within a 

biological system [152]. The poor description of dispersion interactions within DFT can 

be attributed to the assumption that the exchange–correlation functional is a functional 

of the local electron density for LDA functionals or the gradient of the local electron 

density for GGA functionals and many hybrid functionals. Wave function based 

methods, such as second-order MP2 and CCSD(T), can provide an accurate treatment 

of dispersion, due to their more accurate description of electron-electron interaction 

[202-204]. However, there remains a clear need for an accurate treatment of van der 

Waals interactions in computationally less demanding methods that can be applied to 
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study large systems, such as DFT. Consequently, incorporating dispersion within DFT 

is a very active area of research, and many different approaches have been developed. 

One popular approach to incorporating dispersion within DFT is to parameterise 

functionals that do not contain an explicit dispersion term using systems where 

dispersion interactions are prominent. Examples of this approach are the M05 [34] and 

M06 [35] functionals, which have proven successful for modelling some dispersion 

bound complexes. Other approaches have included the development of effective core 

potentials to incorporate the effects of dispersion [205]. Alternatively, it is possible to 

treat dispersion explicitly as part of the exchange–correlation functional [206-208]. An 

emerging class of methods are those that attempt to treat dispersion rigorously via non-

local functionals [209-213]. Although these methods increase the computational cost, 

they do hold promise of an accurate treatment of dispersion that is less empirical in 

nature. The most common approach for incorporating dispersion forces within DFT 

calculations, and the one that is focused on here, is based upon the addition of an 

empirically based damped -C6R
-6 separation term in so-called DFT-D methods [3, 36, 

214-216]. 

These methods have been described in detail earlier in this thesis; for a detailed 

description the reader is referred to section 2.6.3.. Within the framework of 

parameterised DFT-D methods there is considerable scope to vary how the various 

parameters are optimised, in addition to defining the precise nature of the damping 

function and how the pairwise dispersion coefficients are determined from the 

respective atomic values [207]. These different approaches are typically assessed by 

comparison with data from accurate wave function based calculations on model 

systems, and benchmark data sets have been established [203]. The two empirical DFT-

D methods studied are Grimme’s D2 and D3 corrections [2, 3], as well as the directly 
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calculated XDM method [37, 38, 218, 219], which provides a mechanism to determine 

the dispersion coefficients directly from the electron density. 

These methods have proven to be an important addition to the ever expanding number 

of DFT-based methods and are now used extensively. However, the application of these 

methods has nearly exclusively considered the interaction between molecules in the 

electronic ground state. The interaction within complexes where one component is in 

an electronically excited state is important in the context of spectroscopy in rare gas 

matrices and the condensed phase. Since the commonly used dispersion corrections are 

empirical, the underlying parameterisation using ground state data may not be suitable 

for an excited state that could have significantly different electronic structure. Previous 

work by Besley & Ershova has considered the interaction between argon and nitric 

oxide in its ground X2Π and excited A2Σ+ states with DFT with a range of corrections 

for dispersion [190]. For the ground state, the DFT based calculations were in good 

agreement with coupled cluster theory data, however none of the functionals gave 

satisfactory agreement for the excited state. More recently, Fukuda and Ehara studied 

electronic excitations in a free-base porphyrin–Ar2 complex with symmetry-adapted 

cluster-configuration interaction (SAC-CI) and TDDFT [220]. In these calculations, 

TDDFT did not reproduce the observed shift to higher energy for the 11B3u state but did 

correctly predict shifts to lower energy for the B-band states. In this work, the 

performance of DFT-D methods in describing weakly bound complexes where one 

component is in an electronically excited state is assessed relative to EOM-CCSD and 

MP2 calculations using two model complexes, ethene–argon and formaldehyde–

methane, with different excited states. The ethene-argon complex in particular is 

considered as a model of π→π* transitions in unsaturated hydrocarbons, so should give 
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results that can be reliably applied to other unsaturated hydrocarbons. The molecular 

complexes and different excited states studied are illustrated in Figure 5.1. 

(a) 

 

(b) 

 

Figure 5.1. The molecular orbitals involved in the electronic transitions. (a) ethene–

argon and (b) formaldehyde–methane.  
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5.2. Computational Details 

For the argon-ethene system, the argon atom is placed above the centre of mass of the 

ethene molecule. The interaction energy is computed as r is varied, where r corresponds 

to the perpendicular distance between the centre of mass of ethene and the argon atom. 

No angular variations are considered. Along with the electronic ground state, the two 

excited states of ethene arising from the lowest π→π* and π→3s transitions are studied. 

For the formaldehyde-methane complex, the interaction energies for the ground state 

and excited states following n→π* and n→3s transitions of the formaldehyde are 

considered. In this complex, the methane molecule is placed directly above the carbon 

atom of the formaldehyde, perpendicular to the plane containing formaldehyde, with 

the perpendicular hydrogen atom of methane pointing away from the H2CO. For this 

complex, r represents the distance between the two carbon atoms of the separate 

molecules. 

Potential energy curves have been computed for the ground and excited states of the 

molecular systems using EOM-CCSD, MP2, DFT and DFT-D methods. All MP2 and 

DFT calculations were corrected for basis set superposition error using the counterpoise 

correction, where the molecular orbitals of the whole system was considered when 

looking at the energies of the individual molecules [14]. EOM-CCSD calculations were 

performed in conjunction with the aug-cc-pVDZ basis set. Additional CCSD and EOM-

CCSD calculations to determine the binding energy with the larger aug-cc-pVTZ basis 

set were performed to assess the convergence of the calculated interaction energies with 

respect to the size of the basis set. These calculations were performed at the minimum 

separation according to the aug-cc-pVDZ basis set calculations, and full potential 

energy curves were not computed using this larger basis set. For the MP2 and DFT 
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calculations, excited states were determined by applying the MOM procedure [45]. This 

procedure has been applied to study the excited states in a variety of systems, and has 

already been used in extensively in the other chapters of this work [46, 47, 191, 221]. 

For the excited state calculations presented here, the complex is initially considered at 

a large separation of 8 Å with the molecular geometries optimised at the MP2/cc-pVTZ 

level. The ground state orbitals with the occupancies altered to reflect the relevant 

excited state are used as the initial guess for the MOM calculation to generate the excited 

state on convergence of the energy. Subsequently, the intermolecular separation was 

reduced in a stepwise manner of 0.01 Å per step to a final separation of 2 Å, and for 

each calculation the converged orbitals from the previous step were used as the initial 

guess. By following this procedure, the MOM approach was able to prevent any 

variational collapse to the ground state. For the MP2 calculations, the correlation energy 

was extrapolated to the complete basis set (CBS) limit using a two-point extrapolation 

relationship [222] based upon the aug-cc-pVDZ and aug-cc-pVTZ basis sets. 

Alternative methods such as the algebraic diagrammatic construction (ADC) scheme 

could be considered to study the excited states within a wavefunction based formalism. 

However, this approach would be expected to give results that are similar to EOM-

CCSD and MOM-MP2 methods, which are considered appropriate benchmark 

calculations for comparing with the DFT-D results. 

DFT calculations have been performed with the B3LYP [25, 26] and PBE [22, 223] 

exchange-correlation functionals in conjunction with the D2, D3 and XDM dispersion 

corrections and with the aug-cc-pVTZ basis set. Standard values of the scaling factors 

for B3LYP and PBE were used in the D2 and D3 dispersion corrections [3, 4], and the 

3-body interaction term in the D3 correction was not applied. The van der Waals radii 

of the atoms were applied in the DFT-D methods initially with default values, then with 
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modified values for the D2 dispersion correction. For the XDM correction, Becke's 

damping function including only the C6 term was used. In order to obtain smooth 

potential energy curves a 250 point Euler-Maclaurin radial integration grid with 590 

point Lebedev angular grid was used. All calculations were performed with the Q-Chem 

software package [192].  
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5.3. Results & Discussion 

5.3.1. EOM-CCSD and MP2 

Figures 5.2 and 5.3 show the computed EOM-CCSD, MP2/CBS, B3LYP and B3LYP-

D3 potential energy curves for the ethene–argon and formaldehyde–methane 

complexes, with the binding energies and geometries of the minima given in Table 5.1. 

Initially, the EOM-CCSD and MP2 curves will be discussed. The ground state of 

ethene–argon is predicted to be bound by -595 μEh with a separation of re=4.1 Å at the 

CCSD/aug-cc-pVDZ level, with the binding energy at 4.1 Å increasing to -763 μEh with 

the larger aug-cc-pVTZ basis set. At the MP2 level a binding energy of -681 μEh at a 

separation of re=3.8 Å is obtained, which is in reasonable agreement with the CCSD 

values. The focus of this study is the interaction when the molecule is in an excited state, 

and if a comparable degree of accuracy is obtained for excited states as is observed for 

the ground state. If ethene is excited to the π→π* excited state, there is a large increase 

in the strength of the interaction, with the binding energy for the CCSD/aug-cc-pVDZ 

method increasing to -2454 μEh and re decreasing to 3.1 Å. This binding energy changes 

to -2289 μEh for the larger basis set. A significant increase in the binding energy 

compared to the ground state is also predicted by the MP2 calculations, with a computed 

binding energy of -2890 μEh and a separation of 3.3 Å. These values seem consistent 

with the idea that the centre of the carbon double bond in ethene sees a decrease in 

electron density from the π to the π* orbital, thus allowing a closer optimum binding 

separation and stronger interaction in the π→π* state.   
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Table 5.1. Computed binding energies (in μEh) of the complexes with the minimum 

energy separation (in Å) in parenthesis. 

Complex State (EOM)-CCSD/ 

aug-cc-pVDZ 

 

MP2/CBS 

B3LYP/  aug-

cc-pVTZ 

B3LYP-D3/ 

aug-cc-pVTZ 

C2H4-Ar g.s. -595.2 (re=4.1) -680.8 (re=4.1) No binding -459.3 

(re=3.9) 

π→π* -2453.6 (re=3.1) -2889.7 

(re=3.1) 

No binding -1780.1 

(re=3.3) 

π→3s -284.1 (re=3.1) 107.2 (re=3.1) No binding -2308.4 

(re=3.0) -123.8 (re=6.2) -154.4 (re=6.2) 

H2CO-CH4 g.s. -1150.8 (re=3.6) -1230.7 

(re=4.1) 

<-10.1 

(re>8.0) 

-1000.3 

(re=3.6) 

π→π* -854.0 (re=3.9) -444.4 (re=3.1) <-4.6 (re>8.0) -513.3 

(re=3.9) 

π→3s 138.7 (re=3.6) -836.8 (re=3.1) -20.6 (re=7.9) -2003.7 

(re=3.2) -258.0 (re=6.0) -232.9 (re=6.2) 

 

The potential energy curve for the π→3s state is more complex with two minima. EOM-

CCSD predicts these minima to lie at 3.1 Å and 6.2 Å with binding energies of -284 μEh 

and -124 μEh, respectively. The MP2 calculations give a potential energy curve with a 

similar shape, although the depth of the minimum at short range is underestimated 

compared to the coupled cluster calculations. The observed shape of this potential 

energy curve suggests that there may be an avoided crossing. For ethene this is unlikely 

to be the case since the next excited state is a Rydberg π→3p state that lies about 0.5 

eV higher in energy. This high energy gap suggests crossing is not a feasible option for 

the ethene molecule in this state. Furthermore, there would also be a change in electronic 

state as the separation is increased. Within the MOM formalism the nature of the excited 

state is explicitly maintained during the calculations, which excludes the possibility of 
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a change of state. However, for a Rydberg state that by its nature is more diffuse than 

valence states, a minimum at larger r values is not surprising. 

The ground state of the formaldehyde–methane complex is relatively strongly bound 

compared with argon-ethene, with a binding energy of -1151 μEh and re=3.6 Å 

calculated at the CCSD/aug-cc-pVDZ level. For both of the excited states the binding 

energy at the minimum decreases, particularly for the Rydberg n→3s state. Similar to 

the π→3s state of ethene–argon, the potential energy curve for the n→3s state shows 

two minima, a deeper one at re=6.0 Å and a more shallow minimum at re=3.6 Å. The 

potential energy curves computed with MP2 show similar features. The binding energy 

for the ground state is predicted to be 80 μEh greater compared to CCSD, while for the 

n→π* state the predicted re is in good agreement with EOM-CCSD, but the binding 

energy is significantly smaller at -444.4 μEh, only being slightly over half the binding 

energy of that for EOM-CCSD.  
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Figure 5.2. Computed potential energy curves for the ground and excited states of the 

ethene–argon complex. 



130 
 

 

Figure 5.3. Computed potential energy curves for the ground and excited states of the 

formaldehyde–methane complex. 
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For the n→3s state two minima are found with MP2, but like ethene–argon the depth of 

the minimum at short range is larger than the one at larger separation. This short range 

minimum is much bigger than that for the EOM-CCSD calculations, and this shows the 

largest difference of binding energies for a minimum over all the EOM-CCSD and MP2 

calculations. Despite these discrepancies and other small differences between the 

precise values of the binding energies, the EOM-CCSD and MP2 calculations do 

provide a reasonably consistent picture of the potential energy curves of the different 

electronic states. For the ethene–argon complex the binding energy in the ground state 

is about 600–700 μEh with a large, approximately four fold increase, in the binding 

energy for the π→π* state. For the π→3s state a minimum at short-range (~3.1 Å) and 

long-range (~6.2 Å) are observed. The ground state of formaldehyde–methane is more 

strongly bound with a binding energy of ~1200 μEh and there is a decrease in the 

strength of the interaction for the n→π* state. Again, for the Rydberg state two minima 

are observed. The minimum at larger r has a binding energy of ~250 μEh, while there is 

disagreement over the binding energy for the minimum at shorter r. From these 

benchmarking calculations of the binding energies, it was now possible to compare to 

these results with the variety of DFT and DFT-D methods outlined previously. 
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5.3.2. DFT and DFT-D 

Figures 5.2. and 5.3. also show the computed potential energy curves for the DFT and 

DFT-D calculations with the B3LYP functional, with and without the D3 dispersion 

correction using the aug-cc-pVTZ basis set. The D3 correction was applied here as the 

D3 method is the most commonly used dispersion correction, and has shown to give 

good results for ground state calculations. For the ethene–argon system, no binding is 

predicted for any of the states when dispersion is not included. It is interesting to note 

that for the π→3s state, the distinct shape with a minimum at 3.1 Å and maximum at ~4 

Å that is present in the MP2 and EOM-CCSD calculations is evident. However the more 

long range minimum is not found for the regular B3LYP calculations. This suggests 

that for this state, the minimum observed at larger separation r arises from dispersion 

forces, as well as the minima for the ground and π→π* state. For this complex the 

binding arises from the dispersion correction, and with the inclusion of dispersion the 

resulting potential energy curves for the ground state and π→ π* state are in qualitative 

agreement with the wave function based calculations. The predicted values of re are in 

close agreement with the wave function based calculations, with the largest difference 

in separation minima being with the π→ π* state, where the B3LYP-D3 result is 0.2 Å 

above the EOM-CCSD re value. The depths of the minima for the ground and π→ π* 

state are underestimated by about 20–30%. In contrast, for the π→ 3s Rydberg state the 

inclusion of dispersion leads to significant deviation from both EOM-CCSD and MP2 

calculations. The resulting curve has a deep minimum at 3.0 Å and shows a significantly 

larger deviation from the EOM-CCSD and MP2 results than the B3LYP with no 

dispersion curve. A similar picture emerges for the formaldehyde–methane system.  
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Looking at the formaldehyde-methane calculations, binding is not observed in the 

regular B3LYP-DFT calculations for any of the three states. Once the dispersion 

correction is included binding is observed, and there is reasonable agreement with the 

wave function based results for the ground state and n→π* states. However, as seen 

with the ethene-argon system, for the Rydberg state the binding energy is much too 

large. These results show that while the dispersion correction works quite well for the 

valence excited states, its performance for the Rydberg excited states is much poorer. 

This suggests that the electronic structure of the Rydberg excited state is sufficiently 

different from that of the ground state to make the parameterisation of the dispersion 

correction no longer appropriate. 

Table 5.2. Computed binding energies (in μEh) and minimum energy separations (in Å) 

for ethene–argon with different functionals. 

Method Ground state π→π* state π→3s state 

B3LYP-D3 -459.3 (re=3.91) -1780.1 (re=3.25) -2308.4 (re=3.03) 

B3LYP-D2 -289.4 (re=3.89) -1605.6 (re=3.25) -2081.8 (re=3.06) 

B3LYP-XDM -113.2 (re=4.22) -845.7 (re=3.35) -1351.2 (re=2.94) 

PBE -112.8 (re=4.77) -299.5 (re=4.41) -658.3 (re=3.36) 

PBE-D3 -587.1 (re=4.12) -1421.2 (re=3.53) -3091.1 (re=3.16) 

PBE-XDM -390.6 (re=4.39) -787.1 (re=3.85) -1849.7 (re=3.20) 

(EOM)-CCSD -762.9 (re=4.1) -2288.6 (re=3.1) -628.3 (re=3.1) 

 

B3LYP-D3 represents only one of the many possible combinations of exchange–

correlation functional and dispersion correction. Figure 5.4. shows computed potential 

energy curves for alternative dispersion corrections and exchange–correlation 
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functionals, with the computed properties of the minima given in Table 5.2. The 

potential energy curves computed using B3LYP-D2 are very similar to B3LYP-D3, 

with little variation in the location of the minima but for all three states the strength of 

binding is predicted to be weaker with the D2 correction with the ground state binding 

energy for D2 around half of that when using the D3 correction. The valence and 

Rydberg excited states both see binding decrease around 10% with the D2 correction 

compared to D3. With the XDM dispersion correction the binding is further weakened 

and significantly underestimated relative to EOM-CCSD. For the PBE exchange–

correlation functional distinct minima are observed for all three states when no 

dispersion correction is applied. This is in contrast to B3LYP where no binding is 

predicted in the absence of a DFT-D correction. In fact it is found for the ground state 

the depth of the minima for PBE is comparable to B3LYP-XDM albeit at a larger value 

of r (4.77Å compared to 4.22 Å). For the π→3s state, the curve for B3LYP resembles 

those from EOM-CCSD and MP2, while the PBE curve is significantly different. This 

suggests that B3LYP represents a better choice of underlying exchange–correlation 

functional. PBE in conjunction with D3 and XDM corrections largely overestimate the 

value for the equilibrium separation and underestimate the binding compared to EOM-

CCSD for the ground and π→π* states. Crucially, while many of the DFT-D 

calculations provide a reasonable description for the ground and π→π* states of the 

ethene–argon complex, none are correct for the π→3s state. This is consistent with 

earlier work done by Ershova & Besley on the excited A2Σ+ Rydberg state of the NO–

Ar complex, where poor agreement with high level wave function based calculations 

was observed [32]. 
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Figure 5.4.  Computed DFT/aug-cc-pVTZ potential energy curves for the ground and 

excited states of the ethene–argon complex. 
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5.3.3. Variation of the dispersion correction 

The discrepancy for the π→3s state of ethene–argon is illustrated clearly in Figure 5.5., 

which shows the difference between the EOM-CCSD curve and the B3LYP curve 

without the addition of dispersion. This indicates how a dispersion correction for this 

state would appear in order to bring the B3LYP curve into agreement with EOM-CCSD. 

This ‘correct’ dispersion contribution has a minimum of approximately 525 μEh at a 

separation of 3.2 Å. Also plotted is the actual dispersion contribution as given by the 

D2 dispersion correction with default parameters. 

 

Figure 5.5. Comparison of the correct dispersion contribution and D2 dispersion. 

At long range the D2 dispersion correction is too small, but more significantly the 

minimum at 3.2 Å is much too deep. This indicates that the parameterisation of the 

dispersion correction for the ground state is not appropriate for the excited Rydberg 

state. In order to explore how the dispersion contribution varies as the key parameters 

in the D2 correction are changed, the dispersion contributions arising from reducing and 

increasing the C6 coefficients and Van der Waals radii are shown. Reducing the C6 
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coefficients for carbon and hydrogen to half the original value. Looking at Eq. (5.2) 

shows that a reduction in C6 values will reduce the magnitude of the binding observed. 

This is shown in a reduction of the depth of the minimum, but a significant deviation 

from the correct dispersion curve remains and the C6 would have to be significantly 

reduced to agree with the correct dispersion values. Increasing C6 coefficients for 

carbon and hydrogen to double the original value shows a large increase in the 

magnitude of the binding energy.  

 

Figure 5.6. Computed potential energy curves for the π→3s state of ethene–argon and 

n→3s state of formaldehyde–methane (Black line: EOM-CCSD/aug-cc-pVDZ, broken 

black line: MP2/CBS, red line: B3LYP-D2 with default parameters, blue line: B3LYP-

D2 with increased van der Waals radii). 

Increasing the van der Waals radii of carbon and hydrogen has a greater effect and the 

resulting dispersion contribution is considerably closer to the correct one. As the sum 

of van der Waals radii 𝑅𝐴𝐵
0  is part of the damping function of the dispersion correction, 

changing this value can affect the separation at minimum energy re. It is seen an increase 
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in van der Waals radii increases the binding separation while reducing the binding 

energy, and vice versa for decreasing the van der Waals radii. The fact that increased 

van der Waals radii for the Rydberg state leads to more correct values has some physical 

basis since Rydberg states are known to have a greater spatial extent than valence states, 

however, such a large increase of a factor of two is hard to justify based upon analysis 

of the electron densities.  

Figure 5.6. shows the resulting potential energy curves for the π→3s state of ethene–

argon and n→3s state of formaldehyde–methane with modified van der Waals radii. For 

the formaldehyde–methane complex the van der Waals radii of the atoms in 

formaldehyde are increased by a factor of two, while the van der Waals radii for the 

methane atoms are not changed from their default value. For both of these states, the 

resulting potential energy curve with the modified D2 parameters (blue lines) are much 

closer to the EOM-CCSD and MP2 curves compared to the potential energy curve with 

default parameters (red line). For the ethene–argon complex the new B3LYP-D2 curve 

is in excellent agreement with the wave function based methods. A larger deviation is 

observed for formaldehyde–methane, but the resulting curve is comparable with that 

from MP2. This demonstrates that the nature of the EOM-CCSD curves can be captured 

by the D2 correction, and clearly with a more comprehensive re-parameterisation more 

accurate curves would result. 
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5.4. Conclusions 

The description of the ground and excited states of the two weakly bound complexes, 

ethene–argon and formaldehyde–methane, with DFT-D based methods has been 

assessed relative to EOM-CCSD and MP2 calculations. In the ethene–argon complex, 

excitation of ethene to give the π→π* state leads to an increase in the strength of 

binding, while the complex is more weakly bound on excitation to the π→3s state, with 

a double minimum present. For the formaldehyde–methane complex, both excitation to 

n→π* and n→3s states lead to weaker binding compared to the ground state. DFT-D 

calculations with the dispersion component modelled according to the empirical scheme 

of Grimme reproduce the potential energy curves for the ground and valence excited 

states with a good level of accuracy. For the π→3s and n→3s Rydberg states, B3LYP-

D3 calculations predict the binding to be much too strong, with the regular B3LYP 

results with better agreement with benchmark calculations, although binding much too 

weak. For the π→3s state of ethene–argon this is also observed with a variety of DFT-

D approaches. This is despite the uncorrected B3LYP potential energy curve providing 

a reasonable description of the EOM-CCSD and MP2 curves. It is found that the 

parameters of the DFT-D methods must be altered to better model these Rydberg states. 

Modification of the C6 and van der Waals radii within the D2 correction shows that a 

significantly improved agreement with the wave function based methods is achieved if 

the atomic van der Waals radii are greatly increased. This demonstrates that these states 

can be described within the framework of a mathematically simple dispersion term but 

that the appropriate parameters will be different from the ground state, and these 

parameters may not represent the real physical measurements of the excited state that 

the parameters should be modelled on. This clearly has consequences for describing the 
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excited states of such systems with TDDFT based upon Kohn–Sham DFT-D 

calculations, which assume that the dispersion in the excited state is the same as in the 

ground (reference) state. Clearly, for the B3LYP and PBE functionals considered here, 

excitations to Rydberg states would require a state specific dispersion correction. This 

would be difficult to realise within current TDDFT approaches. 
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6. Conclusions & Future Work 

This thesis has covered three research projects focused on the main aim of studying 

fluorescence spectroscopy and excited states using DFT and TDDFT. It has 

encompassed a wide variety of quantum chemical methods, including ab initio 

wavefunction based methods such as MP2 and CCSD(T) as well as DFT, with a 

common theme of using MOM to calculate excited states in a ΔSCF framework in all 

three projects. 

Firstly, absorption and emission spectra arising from the lowest energy transition in 

BODIPY were simulated in the gas phase and water using a QM/MM approach along 

with MOM to calculate excited states. Application of a post-self-consistent field spin-

purification relationship gave transition energies in agreement with CASPT2 and 

available experimental data. Spectral bands were calculated from simulations where 

DFT was used for BODIPY, and in the condensed phase simulations the water 

molecules were treated classically. The resulting spectra showed a blue shift of 0.3 eV 

in water compared to the gas phase. A Stokes shift of about 0.1 eV is predicted, and the 

width of the emission band in solution is significantly broader than the absorption band. 

The absorption and emission results are consistent with experimental data for BODIPY 

and closely related dyes, and demonstrate how both absorption and emission spectra in 

solution can be simulated using a quantum mechanical treatment of the electronic 

structure of the solute.  

Looking to the future, this work has laid out a reliable way to calculate absorption and 

emission bands of a fluorescent molecule, using DFT/B97-1 in an AIMD simulation 

combined with SP-MOM for excited states and a TIP3P water potential. This theoretical 

framework could potentially be applied to other fluorescent molecules: the three PM 
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dyes which underwent structural analysis in chapter 3 would be potential molecules for 

this treatment. The work could expand to include other fluorophores such as RH dyes 

or 4-aminonaphthalene-containing molecules as studied in chapter 4. The level of theory 

could be studied further, as various QM/MM solvent methods along with exchange-

correlation functionals have not been investigated in this work. The first solvent shell 

of water around BODIPY could also be feasibly modelled with direct DFT as opposed 

to point charges, which could give a more accurate description of BODIPYs behavior 

in a water solvent. 

The structural analysis of the BODIPY derivatives from chapter 3 showed interesting 

results, as the S1 states of derivatives was found to deviate from a planar shape. Further 

investigation into the non-planarity of the S1 state, could show any exceptions to this 

deviation or how it affects the properties of the molecules. The work with meso-

substituted BODIPY shows that the amount of or lack of planarity can be changed by 

varying the substituents. It would be possible to provide a structural analysis of a wider 

range of BODIPY derivatives to further understand how the planarity is affected by 

substituents, and how that will affect absorption and fluorescence of the molecule. 

For the second project in this thesis, the electronic structure and associated fluorescence 

properties of the K+ ion sensor KS1 have been modeled with both DFT and TDDFT. 

Absorption and emission energies of the intense electronic excitation localised on the 

fluorophore are accurately described using a ΔSCF approach, which gives excitation 

energies closer to experiment than TDDFT. The PET processes that underpin the 

functioning of the sensor were rationalised by considering relative energies of the 

electronic states formed from the local excitation on the fluorophore and the lowest 

fluorophore → chelator CT state. It was found that the inclusion of solvent in these 

calculations is critical due to the strong interaction of the CT state with the solvent 
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lowers the CT state energy below the local fluorophore excited state making a reductive 

PET possible in the absence of K+, while no such process is possible when the sensor is 

bound to K+. This helps confirm the reductive PET process first suggested by Zhou et. 

al [2] is reflective of the photophysics of the molecule. 

This work could be continued easily to apply the same theory to other similar 

fluorescent sensors, as so far only one molecule has been studied. This would further 

confirm the viability of this method in determining the fluorescent behavior of 

molecules, as well as being applied to newly developed sensors to assess their 

fluorescence with a variety of chelated metal ions. 

The final project provided a description of the potential energies of ground and excited 

states of two weakly bound complexes, ethene–argon and formaldehyde–methane, with 

DFT-D based methods relative to EOM-CCSD and MP2 calculations. For the ethene–

argon complex, excitation of ethene to give the valence π→π* state leads to an increase 

in the strength of binding, while the complex is more weakly bound on excitation to the 

Rydberg π→3s state. For the formaldehyde–methane complex, both excitation to n→π* 

and n→3s states lead to weaker binding compared to the ground state. For the π→3s 

and n→3s Rydberg states, B3LYP-D3 calculations predict the binding to be much too 

strong, with the regular B3LYP results with better agreement with benchmark 

calculations, although with weaker binding. It is found that the parameters of the DFT-

D methods must be altered to better model these Rydberg states. Modification of the C6 

and van der Waals radii within the D2 correction show a significantly improved 

agreement with the wave function based methods can be achieved if the atomic van der 

Waals radii are greatly increased, however these have to be increased much more than 

any physical rationalisation can explain. This demonstrates that these Rydberg states 

can be described within the framework of a mathematically simple dispersion term but 
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that the appropriate parameters will be different from the ground state. This leads to the 

conclusion that for the B3LYP and PBE functionals considered here, excitations to 

Rydberg states would require a state specific dispersion correction. This would be 

difficult to realise within current TDDFT approaches. Future work in this area could 

find some way of rationalising parameters for the excited Rydberg states for a range of 

molecules, undergoing some sort of analysis of all parameters to find the best agreement 

with more accurate wavefunction-based methods. One could also study the valence and 

Rydberg states of other weakly bound molecules, as well as apply different DFT-D 

methods such as functionals which deal directly with dispersion effects. 

The work carried out in this thesis has shown a variety of techniques and methodology 

related to quantum chemical calculations of fluorescence and excited states, with a focus 

on using DFT to obtain results in agreement with experiment. These results can mostly 

be rationalised in terms of the methods used and provide new ways to apply these 

methods, except for the reparameterisation of the DFT-D2, which shows how much 

more work in that area is needed to achieve accurate dispersion corrections for Rydberg 

states. 
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