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ABSTRACT

Experimental studies of magnetotunnelling in heterostructures
have revealed series of resonances due to electrons tunnelling from a
2DEG in a lightly-doped emitter into magnetoquantised states in the
collector contact of a single-barrier structure (Hiekmott, 1987 and
Snell et al. 1987) or in the quantum well of a double-barrier
structure (Eaves et al., 1988 and Leadbeater et al., 1989)., These
experiments are very suitable for theoretical analysis since a
transverse magnetic field (parallel to the barrier interfaces) has
little effect on the electronic states of the 2DEG, provided the
diamagnetic energy is much less than the binding energy of the bound
state of the accumulation layer potential, The tunnelling electrons
then have a small range of transverse momenta between +pp and -pg,
where pp = Nk 1is the Fermi momentum in the 2DEG. This range
determines the positions of the orbit centres of the magnetoquantised
states into which the electrons are injected after emergence from the
tunnel barrier. For the single-barrier heterostructures described in
this thesis, these are interfacial Landau states corresponding to
classical orbits in which the electron skips along the barrier
interface. For double-barrier structures there are interfacial
states at high magnetic fields and traversing states at low magnetic
fields., Owing to the high electric field In the gquantum well, the
corresponding classical orbits are cycloidal trajectories which
intersect both barrier interfaces (traversing states) or just one

barrier interface (skipping states).



The variation of the tunnel current I with magnetic field B
and voltage V is calculated using the Bardeen transfer-Hamiltonian
approach within a WKB approximation. The accumulation layer
potential is modelled according to a simple variational solution.
This enables a physical interpretation of the experimental results to
be given in terms of the effect of the magnetic field on the
effective barrier height and the amplitudes of the magnetoquantised
wave functions at the barrier interfaces. Both of these effects are
required to account for the observed dependence of current on
magnetic field I(B) and the amplitudes of the oscillatory structure

revealed in the derivative plots of dI/dB and d?1/dB?. The model

accounts for:

(a) the observation of two series of resonances corresponding

to +pr and -pp electrons in experiments on (InGa)As/InP

single-barrier structures.

(b) the absence of the +pp series of resonances in

GaAs/(AlGa)As single-barrier structures.

(c) the changeover from traversing to skipping states in
GaAs/(AlGa)As double=barrier structures and the

characteristic decrease in oscillatory amplitudes in the

changeover region,
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CHAPTER ONE

A REVIEW OF THE BASIC PHYSICS AND

PROPERTIES OF SEMICONDUCTORS

1.1 Introduction

For many years, the elemental semiconductors silicon and
germanium have been widely used in the manufacture of transistors and
integrated circuits. More recently, research interest has focussed
on III-V semiconductor compounds, comprising elements from groups III
and V of the periodic table. The properties of III-V compounds have
been widely investigated since the low effective mass of conduction
electrons in these materials suggests possible future applications in
high speed devices. However, this advantage is partially offset by
intrinsic alloy scattering processes which reduce the electron

mobility (Bastard, 1983). The properties of bulk semiconductors have

been reviewed by Smith (1978) and Seeger (1982).

The recent development of growth techniques such as molecular
beam epitaxy (MBE), which allow crystals to be grown to monolayer
precision, has led to a whole new class of semiconductor hetero-
structures and superlattices (see, for example, Capasso, 1986). These
structures, collectively referred to as low-dimensional structures
(LDS), consist of layers of different compound semiconductor

materials. Discontinuities in the band-edge energies of the



constituent bulk materials behave as potential steps to electron (or
hole) motion normal to the interfaces. By varying the composition
and dimensions of the layers, heterostructures containing effective
potential energy wells or barriers can be grown which allow
fundamental processes such as quantum confinement (Dingle et al.,
1975) or quantum tunnelling (Esaki, 1986) to be studied, All the
work presented in this thesis concerns electron tunnelling phenomena

in single- and double-barrier I1I-V heterostructures,

This chapter begins with a discussion of the basic concepts
of bulk semiconductor theory. The effective-mass equation describing
the electronic eigenstates of a bulk crystal in the presence of
perturbing electromagnetic fields is introduced, and solved for the
case of crossed electric and magnetic fields. The effective-mass
model 1is then extended to heterostructures in which the conduction
band (CB) edge position appears as an effective potential energy
term, Finally, the time-independent effective-mass formalism of

electron tunnelling is outlined for the case of single- and double-

barrier heterostructures.

1.2 Electrons in a Periodic Potential

The one-electron Schrddinger equation for electron motion in

a perfectly periodic crystal lattice is



[;22 vz + V(r)] ¥(r) = E ¥(r) , (1.1)
[}

where m, is the free electron mass. The potential energy V(r)
describes the electron-ion interaction and satisfies V(r) = V(r + R)
for all Bravais lattice vectors R.

The eigenfunctions of equation

(1.1) are the Bloch functions

-1 i
¥(r) = N2 u(r)e’® D, (1.2)
where N is the number of unit cells in the crystal and k is the

electron wavevector, which is constrained to lie within the first

Brillouin zone. The function u(r) reflects the lattice periodicity,

that is
u(g + 5) = u(g) ’ (1.3)

and is consequently referred to as the cell-periodic component of the
Bloch function. Normalisation of the Bloch functions over the entire

crystal volume requires that u(r) is normalised over one unit cell.

To ensure that the properties of the Bloch functions ¥(r) are

independent of the size of the crystal, the Born-von Karman periodic

boundary condition

¥(r + T) = ¥(r) (1.14)

is imposed,



where

3
T = T fL;Ljaj
= 1=1 iLiai »

in which {%4} are integers, and {Li} are the crystal dimensions
measured along the directions of the primitive lattice vectors {éi}.

This condition requires that e ik.T = 1 and is therefore only

satisfied by a discrete set of electron wavevectors within the first

Brillouin zone.

Substituting the Bloch wavefunction (1.2) into equation

(1.1), u(r) is found to satisfy

(P + fik)?

2m,

[

+ V()] ulr) = E u(r) , (1.5)
where P = -ifV

For given Kk, this equation has an infinite number of

solutions upi(r) which satisfy the perjodic boundary condition (1.3).

These solutions, and the associated set of discrete eigenvalues

En(E)' are distinguished by the band index n. For given n, the

energy levels Ep(k) corresponding to the allowed values of k within
the first Brillouin zone are collectively referred to as the nth
energy band. Distinct energy bands are often Separated by gaps in

the energy spectrum which do not correspond to any allowed solutions

of equation (1.1).



The core electrons of the constituent atoms are assumed to
be localised at individual lattice sites forming, with the nucleus, a
periodic array of positive ion cores. Only the valence electrons
occupy extended Bloch eigenstates., At T = 0K, the highest occupied
Bloch states are assumed to belong to the rth band only. The
position of these highest occupied energy levels relative to the top
of the rth band determines the intrinsic electrical properties of the
crystal. It can be shown (see, for example Ashcroft and Mermin,
1976) that if the Bloch states within a particular band are either
all occupied or all vacant, the electrons in that band carry no nett
current when a voltage is applied to the crystal. Consequently, if
the highest occupied levels at T = 0 K coincide with the top of the
rth band, referred to as the valence band, no bands are partially

filled and the crystal is an insulator.

The temperature dependence of the electrical conductivity
depends on the energy difference, or fundamental gap Eg, between the
top of the valence band and the lowest unoccupied energy level at T =
0K, which defines the conduction band-edge energy. If, at
temperature TK, the ratio kT/Eg is very small, few electrons are
thermally excited into the conduction band and the material remains
essentially insulating. For crystals with lower band gaps, kT/Eg may
be sufficiently large that thermal excitation of electrons into the

conduction band leads to a significant increase in conductivity. Such

materials are referred to as intrinsic semiconductors.



The electrical properties of semiconductors depend on the
conduction and valence band energy-wavevector relations EC(E) and
Ey(k) close to the band extrema. For all the semiconductor materials
considered in this thesis, Eo(k) has a minimum at k = 0, referred to
as the TI-point of the Brillouin zone. Close to this point, EC(E) is

given approximately by the Taylor expansion

- kK,
E(K) = E(0) + 5= I, - (1.6)
ij
where
\ 32E (k)
= 2 ———————
myy T/ (Bkiakj Jeeo

is referred to as the effective-mass tensor by analogy with the
kinetic energy of a free electron with momentum p = Tik.
1956,
Kane (]982) obtained a semi-empirical expression for m*ij

using so-called k.p perturbation theory. Equation (1.5) may be

written in the form

(Hg + Hy + Hupg(r) = Ep(K)upg(r) (1.7)
*
where H, = m, k.P
Ik
and H, = ———

2m,



For small k, H; and H, act as perturbations

Hamiltonian H, = P%*/2m, + V(r),

to the

for which the energy eigenvalues

En(0) and cell-periodic Bloch functions Uno(i) are presumed known.

The eigenfunctions unk(i) of equation (1.7) and the associated eigen-

values can be found using standard perturbation theory.

Non-

degenerate perturbation theory is applicable for energies close to

the conduction band edge and gives, to first order

K. <no|P|co> u_(r)
u (r) = u_(r) + = 1 =
ck - co'— m, nfc E (O) - E, (0)

and, to second order

g
E,(k) = E_(0) + m, 5.<co|g|co>

+ izj ¥ k, K,

1

where

n 2 <co|£i|no><nolgjlco>
¥4 = i
y m. n¥e E_(0) - E_(0)

3

(1.8)

(1.9)

(1.10)



For crystals with inversion symmetry, which includes III-V

compounds, <co|£|co> = 0 and so equation (1.9) implies that the

conduction band has a minimum at k = 0.

The series expansion (1.10) for m*ij“ is dominated by the

band for which En(0) lies closest to Eq(0), usually the valence band.
Consequently, materials with small band gaps are expected to have

light effective masses.

Equations (1.8), (1.9) and (1.10) describe parabolic bands
and therefore only give an accurate quantitative description of the
conduction bands of III-V semiconductor materials for energies within
~ 10 meV of the band edge (Blakemore, 1982). For higher energies,
degenerate perturbation theory must be used to account for non-
parabolicity. Nevertheless, these equations are useful 1in the
development of effective-mass theory, which is used throughout this
thesis to determine the electronic eigenstates of a crystal in the

presence of perturbing electromagnetic fields.

1.3 General Properties of III-V Semiconductors

Every heterostructure described in this thesis is composed of
III-V semiconductor materials which are binary or ternary compounds
of elements from groups III and V of the periodic table. These
elements crystallise in the zinc-blende structure, which consists of

two interpenetrating face-centred cubic (fce) sublattices. Each



sublattice contains either group III or group V atoms exclusively.
Each atom is tetrahedrally bonded to four atoms of the opposite

group. The bonding is partly covalent and partly ionic.

In the ternary III-V alloy (In,Ga,-x)As, gallium and indium
atoms are assumed to be randomly distributed on the group III
sublattice sites, with x giving the probability that any one site is
occupied by an indium atom. For x = 0.53, this alloy has the same
lattice constant as InP (5.8694 X at 300 K) and can be grown on an
InP substrate without lattice mismatch or strain at the interface.
Similarly, (AlyGa,-x)As is lattice-matched to GaAs when x = 0.3, All

following references to (AlGa)As and (InGa)As refer to these

compositions,

The crystal lattice of III-V compounds is fcc and the baslis
contains one group III atom and one group V atom, which are displaced
relative to each other by one quarter of the diagonal of the
conventional fcc unit cell. The primitive lattice vectors of the fcc
structure extend from an origin 0 at one corner of the conventional
unit cell, to the mid-point of the three adjacent faces. The lattice
vectors of the conventional unit cell are ax, ay and az, where a is
the lattice constant and the unit vectors x, y and z extend along the
three mutually perpendicular cell edges which meet at the origin 0.

The Born-von Karman periodic boundary condition (1.4) is modified for

III-V crystals so that {aj} are the conventional lattice vectors

rather than the primitive lattice vectors. Consequently, the

components of the electron wavevector k = kyx + kyy + kgzz must

satisfy
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kx=r,ky=—andkz=— (1.11)

where £, m and n are integers and Ly, Ly’ L; are the crystal

dimensions in the x, y and z directions respectively.

Figure 1.1 shows the energy band structure of GaAs in the
vicinity of the valence and conduction bands. GaAs is a direct-gap
material, that is the lowest conduction band minimum and the highest
valence band maximum are located at the same point in the Brillouin
zone, in this case at k = 0. The two highest valence bands are
degenerate at k = 0. Because these bands have different curvatures,
corresponding to different effective masses, they are referred to as
the light- and heavy-hole bands. The lower-lying valence band is
called the split-off band in reference to spin-orbit splitting of the

4p orbitals which are occupied by the valence electrons of isolated

group II1 and group V atoms.

In the vicinity of‘g = 0, the conduction band of GaAs is
practically isotropic and parabolic so that the effective mass m* can
be treated as a scalar quantity. For energies 2 10 meV, the band
becomes increasingly nonparabolic and must be described by an energy-
dependent effective mass. By solving equation (1.7) using degenerate
perturbation theory, in which the unperturbed energy levels are the

conduction band and uppermost valence band edges (2-level Kk.p

theory), Ec(k) is found to be approximately (Kane, 1957)
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Figure 1.1 The band structure of GaAs in the vicinity of the energy
' gap between the valence and lowest conduction bands at
T = 300 K. (After Blakemore, 1982).



1"

zkz
Ec(k) = T (Eg) * (1.12)

where m*(Eq) = m"(1 + aEy) in which the nonparabolicity factor a =
1/Eg. This expression is also applicable to (AlGa)As, (InGa)As and

InP, which are all direct-gap semiconductors with similar band-

structures to GaAs.

The presence of impurities in semiconductors can greatly
affect the electrical characteristics. For example, silicon added to
GaAs goes preferentially onto the Ga atom lattice and forms a shallow
donor, with an energy level about 6 meV below the CB edge. The extra
valence electron which Si (a group 1V element) has, compared to Ga (a
group III element) is not required for bonding and can be easily
excited into the CB to form a free carrier. Low concentrations of
donor impurities (Np = 102! m~®) give n~-type semiconductors. High

concentrations (Np = 102® m™?) give n*-type semiconductors. All the

semiconductors studied in this thesis are n-type. Group II elements
added to GaAs, preferentially occupy the group III atom sites,

forming shallow acceptor levels close to the valence band. The
addition of acceptor impurities forms p-type material in which the

free carriers are positively-charged quasi-particles called holes.
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1.4 The Effective-Mass Equation

In the presence of an external magnetic field B = V x A,
where A 1is the vector potential, and a perturbing electrostatic
potential ¢(r), which is either externally applied or associated with
internal electric fields, the one-electron Schrddinger equation for
conduction electrons in a semiconductor crystal is (neglecting spin

interactions)

(P + eA)?

H ¥(r) = + V(r) - e ¢(r)) ¥(r) = E¥(r), (1.13)

2m,

where -e is the electronic charge.

By analogy with the classical Hamiltonian of an electron in a
magnetic field (see, for example, Dicke and Wittke, 1960), the

operator P = -ifiV, represents the classical canonical momentum oL/or,

where L is the Lagrangian,

The velocity operator v for an electron in a magnetic field
is v = [r,H]/ifi = (P + eA)/m,, so that the first term in equation

(1.13) is simply the kinetic energy ocperator m,v?/2.

If no perturbing electromagnetic filelds are present, the

eigenfunctions of equation (1.13) are bulk Bloch functions.

Approximate solutions of equatioh (1.13) can therefore be expanded in

terms of the complete set of Bloch functions, that is
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(1.14)

Using this wavefunction in equation (1.,13) it can be shown (see for

example Altarelli, 1988, or Ridley, 1988) that provided

(i) In the unperturbed system, the conduction electrons
occupy energy levels Eg(k) = Eq(0) + f2x2/2m* close to an isotropic

conduction band minimum at k = O.

(ii) The Fourier components 59_ and Vg of the perturbing
magnetic and electrostatic potentials are only appreciable if lg| <<
2n/a, or equivalently the perturbing potentials vary slowly over a

unit cell,

(1i1) The matrix elements of A(r) and e¢(r) are much smaller

than the inter-band gaps E.(0) - E,(0) n # c,

-3 ik.r
then the Fourier series F(r) = N 2 £ Co(k) e =",
satisfies
(P + eA)?
=——=— - e¢(r)) F(r) = (E = E (0)) F(r) , (1.15)
2m c

in whienh the effects of the periodic crystal potential are
incorporated into the effective mass. This equation is known as the

isotropic, parabolic effective-mass equation.
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The slowly-varying perturbing potentials only mix states

within the same band so that for the conduction band, the perturbed

wavefunction (1.14) becomes

(r) e’&:L

¥(r) = N-;gé C (k) u (1.16)

ok
which, using the k.p expression (1.8) for uck(r), may be written

-1h (FF(r).P, Ju, (r) (1.17)
o] mo(Ec(O) - ER(O)) .

¥(r) = F(r) u (r) + ¥

where Elc = <2o|3|co>.

To first order, F(r) acts as a slow modulation to the rapidly-

varying Bloch term u,o(r) and is therefore referred to as an envelope

or effective-mass wavefunction. The second~order term shows that the

contribution made by the other k = 0 Bloch functions is proportional

to the gradient of the envelope function. This term must be included

when deriving the boundary conditions which F(g) must satisfy at the

interface between two different semiconductor materials,

Provided that the perturbing electric field does not destroy

the bandstructure, its main effect is to shift the band edge

positions by an amount equal to the local electrostatic potential

energy -e¢(r). This effect is referred to as band bending. 1If a

nonparabolic band is described by an effective mass which depends on
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the energy of the electron relative to the band edge, as in equation
(1.12), then band bending causes the effective mass to vary with

position. In this case, the effective-mass equation is usually

written (Lassnig, 1985)

1
((p + eﬁ)'(EFT?TETT)'(R + eh) - e¢(£)) F(r) = (E - EC(O))F(E)

(1.18)
where T(r) = E = Eo(0) + e¢(r) is the semiclassical local kinetic
energy. The kinetic energy operator is written in a way which

retains the Hermitian character of the Hamiltonian following Ben-

Daniel and Duke (1966).

The expectation values of operators involving the free
electron mass (such as the velocity operator v = (-1iAV + eA)/my), can

be found using the approximate wavefunction (1.17).

However, for parabolic, isotropic conduction bands, the same
result 1is obtained using the effective-mass wavefunction F(r) to
evaluate the expectation value of a modified operator, in which the

effective mass m* replaces the free electron mass. Consequently, an

electron in a crystal responds to electromagnetic fields in the same

way as a free electron of mass m*,
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1.5 The Effect of Crossed Electric and Magnetic Fields on the

Conduction Band Eigenstates of a Bulk Semiconductor

The classical equation of motion of an electron of mass m* in

the presence of electric (F) and magnetic (B) fields is

(1.19)
dt - -~

where v is the velocity of the electron. In crossed electric (E =
-Fx) and magnetic (B = Bz) fields, assuming v(t = 0) = 0 and r(t = 0)

= 0 the solutions of equation (1.19) are

F
X = ToB (1 = coswet) ,
£
y = NCB (Uct = sinwct) N

and z =0

%
where w, = Be/m” 1is the cyclotron frequency. In the x-direction the

electron executes simple harmonic motion. Electronic motion in the

y-direction contains both simple harmonic and translational

components, which result in an average drift velocity of vq = F/B.
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Consequently, the electron executes cycloidal motion along
electrostatic equipotentials as shown in Figure 1.2. The drift

velocity v4q in the direction perpendicular to both the electric and

magnetic fields is responsible for the classical Hall effect.

For this crossed-field configuration, the parabolic,

isotropic effective-mass equation (1.18) is, in the Landau gauge A =

(0, Bx, 0)

e 0 2
Al A TN AN L LR
2m§ axz + Zm* = 2m§ azz eFx V(X.Y.Z)

H ¥(x,y,z) = (-

=E ¥(x,y,z) . (1.20)

The canonical momentum operators -ifi3/3y and =-ifig/ 3z commute

with H so that the envelope functions ¥(x,y,z) are of the form

W(xoY9Z) = W(X) eikyy eikZZ (1.21)

in which the electron wavevector components are related to the

canonical momentum eigenvalues Py = fiky and p,; = Tk, The x-

dependent factor y(x) satisfies the 1D Schrddinger equation

7n2 32 1 ik
Hov0o = [ gor g7+ 7 mue? (v g2 = eFx]uln) = By, yw(x)

(1.22)
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Figure 1.2 Projection in the x-y plane of the classical cycloidal

orbit traversed by an electron in crossed electric

(-F || x) and magnetic (B || z) fields. The electron is
constrained to move within electrostatic equipotentials
in the x-direction and has nett translational velocity
vq = F/B in the y-direction.
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where

2k 2
Z

Ex,y 2m

gives the energy associated with motion perpendicular to the magnetic

field.

The one-dimensional potential energy in equation (1.22) is
the sum of the electrostatic potential energy -eFx, and the potential
energy of a linear simple harmonic oscillator (SHO) centred at X, =
‘ﬁky/Be, and of angular frequency equal to the classical cyclotron
frequency we. Classically, this term is the kinetic energy Ty(x),

associated with motion in the y-direction, of an electron with

canonical momentum py, = fky. This kinetic energy varies with

position as momentum is transferred between the x-and y-components by

the action of the Lorentz force. The classical Kkinetic energy

associated with motion in the x-direction is Ty(x) = Ex = Ty(y) + eFx
so that the motion is effectively constrained by the potential energy
well V(x) = Ty(x) -eFx which appears in the Hamiltonian of equation

(1.22). The electric field term shifts the oscillator origin from X,

= -ﬁky/eB to X = -(fiky/Be) + m*vd/Be, 8o that equation (1.22) may be

written in the form

2 32 1 » . m*vé
(- 2m* 3x? + 3 m” we* (x - x)z) v(x) = (Ex,y- 5+ eFX)w(x)

(1.23)
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The eigenvalues of this equation are the SHO eigenvalues (n +
1)hw. and the eigenfunctions are the SHO eigenfunctions tn(x = X)

centred at X. Consequently, the eigenvalues of equation (1.20) are

1 d
En(Ky, kz) = (n + E)‘hwc - efFX + 5 ¢ (1.24%)
with corresponding eigenfunctions

ikyy _ikgz
wn,ky,kz (x,y,2) = A ¢ (x X)e e

(1.25)

where n = 0,1,2 ... and A are normalising constants.

It can be shown (see, for example, Cohen-Tannoudji et al.,

1977) that the expectation value of the y~component of velocity of an

electron in the eigenstate ¥ is
N,Ky,kg
3E (k_,k )
1 n_y''z F
<>=_ = —
vy % 3y 5 = Vd (1.26)

which equals the classical drift velocity and is identical for every

eigenstate of equation (1.20).

The first term on the RHS of equation (1.24) gives the

quantised energy associated with orbital motion perpendicular to the

magnetic field. The second term is the electrostatic potential energy
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at the orbit centre. The third term gives the kinetic energy
associated with the transverse drift of the orbit centre. The final

term gives the kinetic energy associated with motion parallel to the

magnetic field.

If no electric field is applied, these eigenvalues become

T2k 2
z

1
En(kz) = (n + E?ﬁwc Yo (1.27)

where the quantised energy levels associated with motion
perpendicular to the magnetic field are referred to as Landau levels.
Classically, the electrons execute helical motion around the z-axis,

which corresponds to circular cyclotron orbits of angular frequency

we when projected in the x-y plane.

By considering the boundary conditions (1.11) which ky and kg
must satisfy, the energy density of states (DOS) per unit area

perpendicular to the magnetic field is found to be (see, for example,

Ridley 1988),

D(E) = 2(eB/h) r)tlD(E;‘) e(E;‘) (1.28)

where 6(52) = |
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D(E;) = Lz(m*/nﬁ)(Zm*Eg)'lz is the density of states for motion in the
z-direction, and Eg = E - (n + 1/2)fuwe is the energy associated with
motion in this direction, of an electron, with total energy E, which
occupies the n'h Landau level. The factor of 2 arises from spin
degeneracy. The total DOS D(E) is shown in Figure 1.3. In a real
system, the singularities which occur when E = (n + 1/2)hw, are
smoothed by collision broadening, which 1is not 1included in the
single-particle Hamiltonian. The lifetime of the eigenstates
corresponding to each Landau level is approximately equal to the

momentum relaxation time 1y, so that the collision broadening AEy,

satisfies

AE, 2 /1 (1.29)

In order to obtain well-defined Landau levels, this

broadening must be much less than the level splitting, that is

By << fiwe = (1.30)

where T is the classical cyclotron period.

This inequality can only be satisfied provided

T < 271, (1.31)

SO0 that the electron must be able to complete whole cyclotron orbits

before scattering.



D(E)

Figure 1.3 Energy density of states D(E) in the conduction band of a
bulk semiconductor subject to a strong magnetic field
(solid curves). The separation between adjacent maxima

is fiwe. The broken curve shows the conduction band
density of states in zero magnetic field.
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1.6 Heterojunctions

A heterojunction comprises two different semiconductor
materials which meet at a common interface. The bulk band structure
is assumed to be unaffected by the loss of translational symmetry
right up to the interface. However, there is usually a discontinuity
in the band edge positions due primarily to the different electron
affinities of the two materials., In equilibrium, band bending occurs
near the interface to maintain a uniform chemical potential, or Fermi
level, throughout the structure. This 1is achieved by charge
transfer, which forms regions in which there is nett charge, referred
to as space-charge regions, These space-charge regions create an
electric field normal to the interface. The potential variation
associated with this field leads to band bending which shifts the

occupied energy levels in each material until the chemical potential

is uniform.

Figure 1.4 shows a heterostructure comprising two materials

labelled L and R which occupy semi-infinite regions to the left and

right of the y-z plane. The conduction band edge energies are E,(0)

and ER(0) respectively where E[(0) < Eg(0).

The Schrddinger equation for conduction electrons in this

system is

4272
(FEE + v - es(x)) ¥ = E w(r) (1.32)
: r



EL(0)

Er(0)

e

AEg

Figure 1.4

Conduction band profile of an idealised hetercjunction
comprising different semiconductor materials which meet
at a common interface (x = 0). The conduction band

offset AE, = ER(0) =~ EL(0) is the difference between the
band-edge energies of the high- and low-gap materials.
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where the potential energy

VL(r_) ; x <0
v(r) = {

VR(r) ; x 2 0

describes the interaction between the electrons and the lattice

potential of each material.

The electrostatic potential ¢(x), associated with the
space-charge regions is a function of x- alone since the electrons
are free to move parallel to the interface. The solutions of
equation (1.32) can be expanded as a linear combination of the Bloch

functions of the two materials (Lassnig, 1985) so that

¥(r) = n§5 ch(g) Wi,i(g) 6(-x) + ci(g) Wi,g(ﬁ) 6(x)  (1.33)

where 6(x) 1Is the unit step function defined by

0; x<0

o(x) = |

Just as for bulk crystals, the envelope functions

iK.
FL(E) = _&- CI;(E) K.r and FR(E) = é Ci(ﬁ) ei}i._’:
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satisfy the effective-mass equations
(- 5 92 - e4(x)) F, (r) = (E = E (0)) F. (r) ; x < 0
E PRI L0 FLln) s x

(1.34)

and

ﬁz
(= 2a% 72 = es(0)] Fp(r) = (B - B(0)) Fr(r) 5 x 2 0

(1.35)

If the effective mass and conduction band edge are allowed to

vary with x, these equations may be combined to give

.nz
(- F Vg D+ E(x) F(r) = EF(r) (1.36)
where
mL* i x <0
nﬁx) =
mR i x 20
and

-e¢(x) + EL(0) ; x ¢ O
EQ(X) = {

-e¢(x) + Eg(0) ; x 2 0
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describes the spatial variation of the conduction band edge. This
so-called conduction band profile appears in equation (1.36) as an
effective potential energy term. Consequently, the band-edge
discontinuity has the same effect on electron motion normal to the
interface as a potential energy step of height AE, = ER(0) - EL(0).
Since the effective potential energy in equation (1.36) is a function

of x alone, F(r) may be written in the form

F(r) = F(x) e'"yV eikez : (1.37)

Even though Ky and kz are conserved quantities, the transverse
kinetic energy Ey,z is not conserved because the effective mass
varies with position. However, provided this mass variation is

small, Ey , = B2(ky? + kp2)/2m*L.

Within this approximation, F(x) satisfies

nzd 1 d_
( > ax (;3?;7) ax Ec(x)) F(x) = Ex F(x) ’ (1.38)
where Ey = E - Ey ; is the energy associated with motion normal to

the interface, which is only conserved when the effective mass 1is

taken to be spatially invariant.
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1.7 Interfacial Matching Conditions for the Effective-

Mass Wavefunctions

Assuming that F(x) 1is continuous at a heterojunction

interface so that

F(0.) = F(04) (1.39)

Hermann and Weisbuch (1977) showed by integrating equation (1.38)

between -§ and § and letting & » 0, that the first derivative must

satisfy
1 dF (x) 1 dF (x)
(m"(x) dx )O_ - (m (x) dx )O+ (1.40)

In order for these matching conditions to be physically

meaningful, they must guarantee the conservation of probability flux

at the interface. Provided that both constituent materials of the

heterojunction have parabolic conduction bands, the solutions W(g) of

equation (1.32) are given piecewise by equation (1.17), in which the

cell-periodic Bloch functions and the band- edge energies are

understood to be those of the low-gap material for x < 0, and of the

high-gap material for x 2 0.

At some point on the plane x = x,, the probability flux

carried in the x-direction by W(Q) is
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L o¥(r)
P(xo) = Im — ¥°(r) =
m, X

(1.41)
which is related to the local current density J(x,) = eP(x,). If
¥(r) is an eigenfunction of equation (1.32), IW(E)Iz is conserved so
that P(x,) must be continuous everywhere and in particular at the
interface. However, since the position of any real interface cannot
be specified on an atomic scale,

it is
meaningless to think in terms of flux conservation at some arbitrary
interface. Instead wWe require conservation of the average flux

evaluated over one or more unit cells close to the interface.

Close to x,, this average flux is
= 1
P(x,) = Y IQ P(xo) d (1.42)

where Q is the volume of integration.

Combining equations (1.17), (1.41) and (1.42), it can be

shown (see, for example, Altarelli, 1988) that provided up(r) varies

slowly with transverse wavevector,

_ i, dF(x)
P(x,) = Im (W F*(x) 5 )on (1.43)

where mi* is given by the scalar form of the effective-mass tensor

(1.10) and equals m ¥ if x < 0 and mg* if x 2 0.
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Consequently, for parabolic bands, equations (1.39) and
(1.40) do ensure that the average flux is conserved at an interface.
In order that these matching conditions also guarantee average flux

conservation for nonparabolic bands, this average flux must equal

P(xo) = Im (5%7 F*(x) &df‘))x,xo (1.44)

For a Bloch electron with total energy E(K) = H%(ky? + ky? +

kzz)/2m*(1 + oE), described by the envelope function F(x) = e lkxx,

equation (1.44) predicts
P(xy) = fiky/m*(1 + aE) , (1.45)

whereas the exact expression equals the expectation value of the

longitudinal velocity component

Q

E
el fiky/m* (1 + 2qE)

|

1
f

Q

(1.46)

For Bloch electrons in a nonparabolic band, the average flux
predicted by equation (1.44) is clearly inaccurate, so that equations

(1.39) and (1.40) do not guarantee exact flux conservation. However,

provided a 1is small, the difference between equations (1.45) and

(1.46) is also small and the boundary condition (1.40) appropriate to

the parabolic case may be used,
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1.8 Quantum-Mechanical Tunnelling in Semiconductor

Heterostructures

In classical mechanics, a particle which is incident on a
potential energy parrier of height greater than the incident kinetic
energy is reflected with 100% certainty. Similarly, if the incident
kinetic energy exceeds the potential energy barrier height, the

particle is certain to be transmitted.

In quantum mechanics, however, this is not the case. 1If an
electron is incident with kinetic energy less than the potential

energy barrier height, it can penetrate into the barrier, or classically

forbidden region.

If the potential barrier is finite in length, the electron
has a finite probability of being transmitted. This is the basis of
quantum-mechanical tunnelling which is described in detail for
electrons in free space in most quantum mechanics texts. With the
advent of growth techniques such as molecular beam epitaxy, it 1is
possible to grow heterostructures with sharp, strain-free interfaces.
We have already seen that the conduction band discontinuity in a
heterojunction acts as a potential energy step. Similarly, a layer

of high band-gap material which separates two regions of lower-gap

material acts as a rectangular potential energy barrier to electron

motion normal to the interface. Such heterostructures are well

suited to the experimental study of quantum tunnelling since by

varying the composition and thickness of the layers, potential
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barriers of different widths and heights can be obtained. The

influence of these device parameters on the tunnelling process can be

compared with theoretical models of tunnelling.

Here we discuss the coherent effective-mass model of
tunnelling which 1is applicable to electrons occupying current-
carrying eigenstates of the entire system. Tunnelling between
localised quasi-bound states is discussed in Chapter 3 within the

framework of the sequential transfer-Hamiltonian model.

Figure 1.5 shows the conduction band profile of a single-~
barrier heterostructure containing n* contacts in which the electro-

static potential energy variation is not sufficiently rapid to cause

bound state formation.

The conduction band effective-mass equation for this system

is
1?2 1
(- (77i5) ¥+ Ee(x)) F(r) = EF(r) (1.47)
where
mg,* i x < =D
m*(x) = { mg* i b $ x50

¥ (1 + a(E = Eq(x))) 5 x > 0



eV

Figure 1.5 Schematic conduction band profile E, (x) of a single-
barrier heterostructure containing heavily n-doped
contacts, with the same bulk Fermi energy Er. For the
bias voltage shown, the electrostatic potential variation

in the contact regions is insufficient to cause bound-
state formation.
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An energy-dependent mass is used for x > 0 because, due to
the electrostatic potential dropped across the barrier, electrons may
be 1injected far above the band edge of the right-hand collector

contact.

Since electron motion 1is wunconstrained parallel to the
interfaces, the solutions of equation (1.47) are of the form (1.37)

where F(x) satisfies the approximate 1D equation

(- 121_’3_x (?_1()(_)) g_x + Eg(x)) F(x) = Ex F(x) (1.48)

in which Ey = E = fi¥(ky? + kz2)/2m % .

Piecewise WKB solutions of this equation which represent an electron

incident on the barrier from the left are

» if;bk(x)dx i -if;bk(x)dx
Ak %(x) e + Bk %(x) e ; X S -b
1 -ffbu(x)dx . ffbu(x)dx
F(x) = {C u 2(x) e + Gu %(x) e ;i b $x S0
_, 1% a(x)ax
Da2(x)e ° i x 20

(1.49)
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where the functions

a(x) = k(x)

(2m ¥ (Ey - Ec(x)))i/ﬁ ,

and

1
(2mg¥(Eq(x) = Ex))*/M4

u(x)

assume that E,(x) varies sufficiently slowly that terms involving
dm*(x)/dx may be neglected. In the classically allowed regicns, F(x)
is valid provided the change in potential energy which occurs over
one local wavelength A(x) = 2n/k(x) or 2n/a(x) is small compared with
the kinetic energy 2n2ﬁ2/m*(x)f(x). The same validity requirement
applies in the barrier region where A(x) = 2n/u(x) 1s the distance

over which F(x) changes by a factor of approximately e2™,

Neglecting terms involving dk(x)/dx (valid provided the WKB

validity requirements are satisfied), the average probability flux

incident on the left-hand barrier interface is, combining equations

(1.44) and (1.49),

_ rlal2
P(-bo) = "= , (1.50)

and the average transmitted flux is

P(0,) = ’nIDl’/m*(ou (1.51)
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where m*(04) = m ¥(1 + a(E = Eg(04))) .

The barrier transmission coefficient, defined to be the

average transmitted flux divided by the average incident flux, is

given by

F(0+) mL*

l3—(‘1)-) m*(0+)

(1.52)

A

The relation between A and D, found by imposing the matching
conditions (1.39) and (1.40) on F(x) at each barrier interface (see,

for example, Merzbacher, 1970), is such that

-ZIObu(x)dx
_ 16 (m.*/m* (04))u(=ba)u(0-)k(-b-)a(0s+)e
(u2(0.) + (mg*/m*(04))2a2(04))(k2(~b-) + (m*/mg*)2u2(-bs))

(1.53)

If the effective mass and electrostatic potential do not vary
with position so that k(x) = a(x) = k and m*(x) = m* for all x,

equation (1.53) becomes

-2ub
16u?k?e
T - ey (1.54)
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which is identical to the standard free electron result, except that
u and k depend on m* rather than m,. Equation (1.53) is used
throughout this thesis in the interpretation of expressions for

tunnelling transition rates, derived using the transfer-Hamiltonian

tunnelling formalism, (see Chapter 3).

1.9 Resonant Tunnelling

Figure 1.6 shows the conduction band profile of a symmetric
double-barrier resonant-tunnelling structure (DBRTS), containing two
layers (2 and 4) of high-gap semiconductor material, each of which
acts as a potential energy barrier to electron motion in the x-
direction. For electrons incident from the left with longitudinal
kinetic energy Ex < AE,, the global transmission coefficient of this
system is found just as for the single-barrier structure, by matching
the plecewise solutions of the effective-mass equation at each
interface. This transmission coefficient is (Azbel, 1983, and Ricco

and Azbel, 1984)

== sin?(kw - )] (1.55)

where 6 is a measure of the degree of wavefunction penetration into
the barrier region (Toombs and Sheard, 1989), Tg is the transmission
coefficient of each barrier, considered in isolation and Rg is the

reflection coefficient which equals the reflected flux divided by the
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incident flux. Figure 1.7 shows Top for barriers of height 300 meV
and width 40 2. The well width is 100 K and the effective mass is
taken to be m* = 0.07 m, throughout the device., The transmission
coefficient shows a series of sharp maxima, at which the peak height
equals unity. This phenomenon is known as resonant tunnelling. It
can be seen from equation (1.55) that this occurs whenever kw - 6 =
nw, where n is a non-negative integer. This is almost exactly the
same as the quantisation condition for the energy levels E, of the
isolated quantum well formed by extending the two barrier layers to
+», Therefore, the transmission coefficient has a maximum whenever

the incident energy Ey coincides with the quasi-bound states of the

quantum well.

Weil and Vinter (1987) and Sheard and Toombs (1988) have
calculated the voltage-dependence of the tunnel current which flows

through a symmetric double-barrier structure in which, at low
temperatures, the conduction electrons in the n* emitter and

collector contacts form degenerate 3D Fermi gases of Fermi energy

EF'

Whenever the n'h bound state energy En, measured relative to
the conduction band edge of the emitter contact, lies in the range 0

S Ep s Ep, the transmission coefficient of electrons incident on the

LH barrier with kinetic energy E, = E,, equals unity. With

increasing voltage, the bound state energy En, and consequently the

resonant kinetic energy Eyx, both fall. The occupied electron states

in the n* emitter lie within a Fermi sphere in k-space, s0 that the



Figure 1.7
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The transmission coefficient Tog of a symmetric double-
barrier structure as a function of longitudinal kinetic
energy Ey, Tﬁe potential barriers are of height 300 meV
and width 40 KA. The well is of width 100 and the
effective mass of the low band-gap material is taken to
bem* = 0.07 my,. (After Toombs and Sheard, 1989).
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number of electrons per unit energy N(Ex), which are resonant with
the nth bound state increases with decreasing Ey and increasing
voltage. These electrons make the major contribution to the tunnel
current, which consequently rises with voltage as shown in Figure
1.8, reaching a maximum when E, coincides with the conduction band
edge of the emitter contact. When the bound state energy falls below
this conduction band edge, the tunnel current drops rapidly, giving
rise to a region of negative differential resistance (NDR), which is
characteristic of resonant tunnelling. Resonant tunnelling in
heterostructures was first observed at liquid helium tempe}atures by
Chang et al. (1974). Since then, improvements in sample quality have
extended the temperature range for the observation of NDR up to room
temperature (Morkoc, 1986, and Goodhue, 1986), and raised the
measured peak-to-valley ratios in the current-voltage characteristics

to 63:1 in an (InGa)As/AlAs/InAs DBRTS at a temperature of 77 K

(Broeckaert, 1988).

Henini et al. (1989) and Leadbeater et al. (1989) have

observed up to 70 regions of NDR in the current-voltage

characteristics of GaAs/(AlGa)As based DBRTS containing wide-wells

e o
(600 A - 1800 A) which support many bound states. Electron

tunnelling in such wide-well structures, in the presence of a

transverse (B | I) magnetic field is considered in Chapter 7 of this

thesis.

A time-dependent formalism of resonant tunnelling was first

proposed by Luryi (1985), in which electron transmission is regarded
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Figure 1.8 Current-voltage characteristic of a symmetric DBRTS with
n* contacts, showing the region of negative differential
resistance which occurs as the bound state energy in the
well falls below the conduction band edge of the emitter
contact.
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as two successive transitions, first from the emitter into the well
and then from the well into the collector. Payne (1986) and Weil and
Vinter (1987) wused the Bardeen transfer-Hamiltonian formalism,
discussed in Chapter 3, to show that the sequential model of resonant
tunnelling and the time-independent model, based on the global
transmission coefficient of the system, both give identical
expressions for the resonant current flowing through a symmetric
DBRTS with heavily n-doped emitter and collector contacts. Sheard
and Toombs (1988) have shown that the two approaches also give the

same resonant current for an asymmetric DBRTS.

Detailed comparison of the coherent and sequential tunnelling

models is given by Buttiker (1988) and in the review article by

Mendez (1988).
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CHAPTER TWO

THE ELECTROSTATICS AND ELECTRONIC ENERGY LEVELS

OF ASYMMETRICALLY-DOPED SINGLE-BARRIER TUNNELLING STRUCTURES

2.1 Introduction

Hickmott (1987) and Snell et al. (1987) have investigated the
effect of a quantising magnetic field B on the tunnel current I which
flows through n-type single-barrier heterostructures when a lightly-
doped emitter is biassed negatively relative to a heavily-doped
collector contact (forward bias). When the magnetic field is applied
in the plane of the barrier (E l l), oscillatory structure is

observed in the voltage- and field-dependence of the tunnel current,

and more clearly in the first and second derivatives,

This chapter aims to establish the general properties of the
single-barrier structures under forward-bias conditions and in zero

magnetic field. The nature of the occupied energy levels is of

particular importance, since this must be taken into account in the

development of an appropriate magnetotunnelling formalism.,
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2.2 Constructional Details of the Single-barrier Structures

The composition and schematic conduction band profile of the
single-barrier structures is shown in Figure 2.1, together with the
coordinate axes referred to throughout this thesis. Detailed

specifications of each structure are given in Chapters 5 and 6.

The heavily-doped capping layer 1 acts as a reservoir which
supplies electrons to the 'active' layers 2, 3 and 4 which determine
the electrical properties of the device, and comprise a single layer
of high band-gap barrier-acting material (InP or (AlGa)As) sandwiched
between two lower band-gap contact layers ((InGa)As or GaAs). These
contact layers are lightly n-doped (Np = 102! m™*) on the LHS of the
barrier and heavily n-doped (Np = 102® m~%) on the RHS of the

barrier. The n* buffer layer 5 is deposited on the substrate.

All reported measurements were performed at liquid helium
temperatures (T = 4.2 K). At these low temperatures, the chemical

potential, or Fermi level, in the n~ layer lies close to the donor

binding energy.

The high concentration of donor impurities in the n* layer
causes sufficient overlap between adjacent donor state wavefunctions

that the impurity levels form an impurity band which merges with the

conduction band, At 1liquid helium temperatures, electrons from

ionised donors in the n* layer occupy conduction band states up to

the Fermi energy Epg, thus forming a degenerate three-dimensional

electron gas (3DEG) in the right-hand contact.
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Assuming the conduction band of the n* material is isotropic,
Epgr is related to the donor density Np m-* by

2
3

£2 2
= 1
Ecq (1 + aEFR) 55;7 (37 ND) (2.1)

where m* is the conduction band-edge effective mass and o is the

nonparabolicity parameter defined in equation (1.12). When non-

parabolicity is included, Epg is lower than the parabolic-band value

given by the RHS of equation (2.1).

2.3 Equilibrium Electrostatics

When no bias is applied, the heterostructure 1is in
equilibrium and a constant Fermi level is maintained throughout the
device. This is achieved by the transfer of electrons from the n*
region into lower-lying conduction band states in the n~ layer. This
transfer of electrons leaves behind fixed positive space charge in
the n* contact which, in the absence of negative space cnarge in the
barrier region, creates an electric field at the LHS of the barrier,
directed towards the n~ layer, normal to the barrier interface. The
electronic potential energy therefore increases in the n~ layer with
distance from the barrier, so that the transferred electrons are
attracted to the interface, forming an accumulation layer of negative
charge. This accumulated charge screens the electric field which

exists at the LH barrier interface so that a finite potential is
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dropped across the n~ layer. Similarly, the electric field created at
the RH barrier interface by electron depletion from the n* layer, is
screened by the fixed positive space charge, resulting in a finite
potential difference across this layer. Charge transfer occurs until

the sum of the potentials dropped across the n~, barrier, and n*

regions equals (Epgp + Ep)/e where Ep is the donor binding energy.

Measurements of the capacitance=-voltage <characteristics
reveal the existence of positive space charge in the barrier region
of the (InGa)As/InP samples (Snell, 1987a) and negative space charge
in the GaAs/(AlGa)As devices (Hickmott, 1988). This negative
space charge is sufficiently high that in equilibrium, the n~-layer
of the GaAs/(AlGa)As structures is depleted close to the barrier

interface (Hickmott,1985) and electron accumulation only occurs in

response to an applied forward bias.

2.4 Non-equilibrium Electrostatics

If a forward bias V is applied which raises the electronic

potential energy in the LH n* reservoir (layer 1 in Figure 2.1),

relative to the RH n* reservoir (layer 4), the difference between the

left- and right-hand Fermi levels equals eV, and the system is no

longer in equilibrium, However, provided the rate of electron

diffusion through the n” layer is high compared with the tunnelling
transition rate, the Fermi levels of the 2DEG and LK reservoir are

approximately equal and lie close to the donor level in the bulk of
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the n~ layer, away from the accumulation region. Consequently, the LH
reservoir, the donors in the bulk of the n~ layer, and the 2DEG are
all in approximate equilibrium. The electrostatic potential dropped
across the neutral region of the n~ layer can be deduced by comparing
the forward-bias current-voltage characteristic of the tunnelling
structures with that of a bulk n~ control sample., For the (InGa)As
samples, this potential difference is found to be small (£ 3 mV)
compared with the applied voltage, over the entire range of bias used

in the transverse magnetotunnelling experiments of Snell et al.

(1987).

Provided that the tunnelling rate is also small compared with
the LO phonon emission rate, which is the dominant energy relaxation

mechanism of hot electrons in III-V materials at 4.2 K (see, for

example, Ridley 1988), electrons injected into the n* contact cool

rapidly to the bulk Fermi energy Epg, leaving unoccupied states in
the n* layer, below the Fermi level of the 2DEG. Consequently,

although the n~ and n* layers are each in approximate local

equilibrium, they are not in equilibrium with one another. Neglecting
the small chemical potential difference between the LH reservoir and

the 2DEG, the difference between the Fermi levels of the 2DEG and n*

in
collector contact equals the work,eV done by an external voltage

source in returning a thermalised electron to the nlayer.

An applied forward bias enhances the electric field at the LH

barrier interface. If sufficiently 1large electrostatic potential

variations occur over short distances in the accumulation layer, the
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energy associated with motion normal to the barrier interface may be

quantised, 1leading to the formation of bound states as shown

in Figure 2.1.

Strictly, these states are 'quasi=-bound' since the

accumulated electrons eventually undergo tunnelling transitions into

the n* layer.

Assuming the validity of the 1isotropic effective-mass
equation (1.36) for the rapidly-varying accumulation layer potential,

the envelope wavefunctions of the ith bound state may be written

v, (x)
L ikyy lkpz

(LyLz)?

wi(x’ y' Z) = i = 0.1,2 s s (2'2)

where LyL; is the cross-sectional area.

Neglecting conduction band nonparabolicity, the x-dependent factors

¥i(x) satisfy the 1-D Schrddinger equation.

-2 g2
Grex o™ * Be)) ¥ 0 = EL w0 1= 0,1 L (2.3)
where
-e¢(x) i x<-bor x>0
Ee(x) = {

BEn - e¢(x) 5 b s x 50



by

The origin of the energy scale is taken to be the conduction band

edge in the n* layer, far away from the barrier interface.

The bound state energy, Epj, is related to the total energy,

Ei(ky) kZ) by

n2(k* + kzz)
2§L* (2.4)

1
Ejlkys k) = By

The transverse plane wave states associated with each bound state are
occupied up to the LH Fermi 1level. These occupied states are

referred to as subbands. From the boundary conditions (1.11), the

density of states (DOS), per spin, per unit cross-sectional area Lyl

is, for the ith subband

?
m *6(E - E_,)
D.(E) =
i (E) C— (2.5)
where 8(E - Epj) is the unit step function. When only the lowest

subband is occupied, the accumulated electrons form a two-dimensional

electron gas (2DEG). If more than one subband is occupied, the

system is not strictly 2D since there is still a limited degree of
freedom normal to the interface via inter-subband scattering. The

formation of 2DEGs in the accumulation layers of all the tunnel

structures described in this thesis has been confirmed experimentally

(Eaves et al., 1987 and Hickmott, 1985a).
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From equation (2.5), the Fermi energy Ef of the 2DEG,

measured from the bound state energy EBO is related to the sheet

electron concentration ng by

In k-space at T = 0 K, the occupied states lie within a Fermi

circle in the ky-kz plane, centred at the origin and of radius equal

1
to the magnitude of the Fermi wavevector kg = [2m * Ep]?/f.

The electrostatic potential ¢(x) in equation (2.3) is related

to the space-charge density p(x) through Poisson's equation

d
d [er(x) d¢(X)] L) (2.7)
dx

dx €,

where en(x) is the local dielectric constant given by

€p, 3 X < “bor x >0

ep(x) = {

EpH 3 b S x £ 0

in which the subscripts L and H refer to the low and high band-gap

materials.
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Assuming that the charge due to the accumulated electrons is much
greater than that due to ionised donors in the n~ layer, p(x) depends

on the bound state wavefunctions y;(x) through

p(x) = - e% n, lwi (x)l2 (2.8)

where nj is the sheet electron concentration in the ith subband. The
set of equations (2.3) for each subband are coupled through the
dependence of the electrostatic potential on the bound state wave-
functions and must therefore be solved self-consistently. Variational
methods have been used to obtain approximate solutions of equation

(2.3) for heterojunctions in which the accumulated electrons occupy

truly bound eigenstates.

When only one subband is occupied, these solutions are

usually based on the Fang-Howard trial wavefunction (Fang and Howard,

1966)

b+x
_ (b + xz 0220

(2a%,)?

 Ta
|
o

Ve () = | (2.9)

0 ;) X > -b

where a, is the variational parameter which minimises the bound state

energy for given 2DEG sheet electron concentration ng,
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This wavefunction was first proposed to describe electrons in
the inversion layer of silicon MOSFETS. Calculations reported by
Stern (1972) and in the general review of the properties of 2D

systems by Ando, Fowler and Stern (1982) also refer mainly to silicon

MOSFETS.

By definition, the Fang-Howard wavefunction neglects
penetration into the ©barrier region. This 1is a reasonable
approximation for silicon/silicon dioxide interfaces but not

necessarily for III-V heterostructures which generally have lower

conduction band offsets,

Bastard (1983) used a modified Fang-Howard wavefunction,which
includes barrier-penetration, specifically to calculate the lowest
bound state energy for (InGa)As/InP heterojunctions. It was shown
that for these structures less than 4% of the charge in the 2DEG is
located within the barrier. For GaAs/(AlGa)As-based systems, both the
conduction band offset and the effective mass of the barrier material
are higher, so that the penetration of the wavefunction is even less
important. Consequently, the Fang-Howard wavefunction gives a

reasonably accurate description of the 2DEGs formed in the

accumulation layers of III-V tunnel structures provided that the

barrier is also sufficiently wide to prevent significant penetration

of the electron wavefunction.

The simplicity of the Fang-Howard wavefunction facilitates

the analytic treatment of the effect of a perturbing transverse
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magnetic field on 2DEG states, given in Chapter 4,

The electrostatic potential energy -e¢(x), which determines
the conduction band profile, is found by solving Poisson's equation

throughout the device subject to the boundary conditions

-edp(x » -») = eV + EFR (2.10)
dolx) (2.11)
dx X * = = (
I 169] - 2.12
FL dx X + -b. nse/€°€r‘L ( )
d(x) _SrL dex) (2.13)
dx X * =b, 3 dx X * =b- )
rH
dx lx » 0, € dx X » 0 :

rL

Equation (2.11) states the requirement that the electric

field vanishes in the n~ layer, far from the barrier interface.

Equation (2.12) relates the electric field F|, at the LH barrier

interface to the 2DEG sheet electron concentration and follows

directly from Gauss' law. Equations (2.13) and (2.14) follow from

continuity of the normal component of electric displacement,
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Solving Poisson's equation for the accumulation layer charge
distribution specified by the Fang-Howard wavefunction (2.9) and

imposing the boundary conditions (2.10) and (2.12) gives

n e? X+b
2
—e¢(x) =.E_§___ (6a, - (6a, - 4(x + b) + 11_1_21_) e 3o )
L a,
3a, nse2
+eV+EFR-—€—€— i1 X S-Db . (2.15)
° “rL

The bound state energy is found by minimising the energy

expectation value <WFHIHl¢FH> where H is the effective-mass

Hamiltonian (2.3) in which the potential energy is given by equation

(2.15). For given ng, the required variational parameter (Stern,

1972)

8¢, erL'ﬁz '

2 )3 [} (2.16)
33 e mL* nS

dy =

is related to the mean stand-off distance =-<x+b>, of the 2DEG from

the LH barrier interface by

-<x+b> = 3a, . (2.17)

The bound state energy Ey,, measured relative to the electro-

static potential energy at x = =-b, is (Stern, 1972)
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5 A’

Bho TR (2577 : (2.18)

Measured relative to the origin of the energy scale, Eo(x » «), this

bound state energy is given by

- 2
542 3ag, n_e
2mL* (2a,)? voev e EFR €o €

' = - - =
Ebo Ebo e¢(~b)

(2.19)

From equation (2.15), the potential energy gained as an electron in

the n~ layer moves away from the LH barrier interface is, in the

limit x » ==

ev, = -ed(x » ==) + e¢(x = -b) = — (2.20)

Comparing this with the expressions for Ef and Eppo given 1in

equations (2.6) and (2.18), it is clear that eV, # Ef + Epo. This

lack of self-consistency 1is one of the shortcomings of the Fang-
Howard wavefunction which 1s avoided by the use of two-parameter

wavefunctions such as that of Bastard (1983).

Measurements of the capacitance-voltage characteristics have
revealed the existence of positive space charge in the barrier region

of the (InGa)As/InP structures (Snell, 1987a). Solving Poisson's

equation assuming uniform positive space charge of density Ne m™?,

and imposing the boundary condition (2.13) gives
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2 N 2 2 sz b a
-e¢(X) = 'e—e—e—'—' ((Nb - ns)x + )2( ) + -E— (2—8-— - ns(e + -ELQ))
° "rH ° rH rH rL
+ eV + B (2.21)
i b £ x £0 .

Consequently, the electronic potential energy at the LH

barrier interface exceeds that at the RH barrier interface by

2
e“b (n Nb)

eV, = -e¢p(=-b) + 0) =
b ¢ e¢(0) €6 erH

. (2.22)

The electrostatic potential variation in the n* layer is modelled
using Thomas-Fermi screening theory (see, for example, Ashcroft and

Mermin, 1976). This semiclassical theory is valid provided that the
change in electronic potential energy which occurs over one Thomas-

Ferml wavelength Apg = 2n/kpg is small compared with the local Fermi

energy, and predicts

=X
-edp(x) = -eog e s i X >0 (2.23)

where the Thomas-Fermi screening length &g satisfies

L 2 = ZEFR €o Enp (3ND eZ)-? . (2.24)
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The potential ¢g at the RH barrier interface is obtained by matching
the derivatives of equations (2.21) and (2.23) using the electric
displacement continuity condition (2.14). The required value of ¢g

is

¢s = els(Nb - ns)/e° €L . (2.25)

Owing to the high donor density Np = 102® m~® in the n* contact, the
screening length %5 is small., Consequently, ¢g Is also small and is
neglected when calculating the eigenvalues of the n* layer in the
presence of a transverse magnetic field (see Section 4.3). At fixed
forward bias V, the 2DEG electron concentration ng(V) is found by

solution of the energy conservation equation
eVa + eVb - eo = eV + EFR (2.26)

where eV, eVp and ¢g are given as functions of ng in equations

(2.20), (2.22) and (2.25).

2.5 Calculation of the 2DEG Sheet Electron Density as a

Function of Forward-bias Voltage

The data points in Figure 2.2 show the 2DEG sheet electron
concentration in the (InGa)As/InP single-barrier structures measured

for a variety of forward-bias voltages. These values of ng were

deduced from the perlodicity of maxima observed in the first

derivative of the magneto-current I1(B), measured under forward-bias
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conditions, and in the presence of a longitudinal magnetic field (§ “
I) (Snell, 1987a). In this geometry, the magnetic field quantises
the transverse motion of the 2DEG electrons into discrete Landau
levels. Chan et al. (1987) have modelled the I(B) characteristics
using a self-consistent calculation of the 2DEG bound state energy
and sheet electron concentration based on a two-parameter variational
wave-function, This model predicts maxima in dI/dB whenever Ep(B = 0)
= whi2ng/m* = (n + ¢)Aw, where Ep(B = 0) 1is the zero-field Fermi

energy and ¢ is a field-independent phase factor.

Consequently, the zero-field sheet electron concentration can

be determined from the periodicity of maxima in dI/dB, plotted as a

function as 1/B,

The solid line in Figure 2.2 shows the voltage-dependence of

ng, calculated from equation (2.26). Reasonable agreement 1is

obtained with the measured values if uniform positive space charge of

density 102® e m™* is included in the barrier region.

This charge density equals the nominal doping concentration

in the n* layer, which suggests that dopant atoms may have diffused

into the barrier region., However, unintentional doping to this high

level is unlikely, and the apparent barrier space charge is probably
associated with surface states formed at the barrier interfaces
(Snell, 1987a).

The discrepancy between the observed and calculated electron

densities, at high bias voltages, is probably due to the breakdown of
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Thomas-Fermi screening theory as the change in electronic potential
energy occuring over one Fermi wavelength becomes comparable with the
local Fermi energy. Although the validity of Thomas-Fermi theory is
questionable at high forward bias, the broken curve in Figure 2.2
shows that the agreement with experiment is far worse 1if the voltage

dropped across the n* layer is totally neglected.

The calculated ng(V) variation allows the 2DEG variational
parameter a,, Fermi energy Ep and bound state energy Ep,' to be
determined for given forward bias. The electrostatic potential
energy variation, and consequently the conduction band profile

follow directly from equations (2.15), (2.21) and (2.23).

2.6 The Constant Capacitance Approximation

The calculated 2DEG sheet electron concentration varies

almost linearly over the range of bias shown in Figure 2.2.

Consequently, ng(V) may be written, to good approximation

ns(V) = C(V + VFB)/e (2.27)

where C 1is the (constant) capacitance per unit area and Vpg is the

reverse-bias voltage for which there is no accumulated charge in the

n~ layer, and therefore no band bending. For this reason Ve is
referred to as the flat-band voltage. For the (InCa)As/InP
structures, C = 4.25 x 1077 F m~? and Vpg = 50 mV (Snell, 1987a). In

the absence of space charge in the barrier region, the predicted
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flat-band voltage is Vgg = Epg/e = 17 mV. The higher measured value

of Vgp indicates the existence of positive space charge in the

barrier.

Within the constant capacitance approximation, the 2DEG Fermi

energy (2.6) is a linear function of voltage given by

2 2 2
7 H*% C(V + VFB) i kF

B - T e " o : (2.28)

2.7 Summary

The application of a forward-bias voltage to an
asymmetrically n-doped single-barrier structure leads to the
formation of a 2DEG in the n~ emitter contact, adjacent to the
barrier. The bound state energy and mean stand=-off distance of the
2DEG can be obtained as functions of the sheet electron concentration

ng from a variational calculation based on the Fang-Howard trial

wavefunction.

The voltage-dependence of ng calculated using the Fang-Howard
model of the 2DEG is in reasonable agreement with that measured for

the (InGa)As/InP samples, assuming the existence of positive space

charge 10%° e m~® in the barrier region. Once ng is known, the

conduction band profile can be calculated by solving Polsson's

equation throughout the device.
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CHAPTER THREE

THE BARDEEN TRANSFER-HAMILTONIAN FORMALISM

OF ELECTRON TUNNELLING

3.1 Introduction

In Section 1.7 the average flux carried over one or more
unit cells by the conduction band eigenstates of a perturbed crystal
lattice, was shown to depend only on the associated envelope
functions and on the effective mass of the conduction electrons, In
Section 1.8, the transmission coefficient of a single-barrier hetero-
structure was calculated in the presence of slowly-varying electro-
static potentials by using WKB envelope functions to determine the

mean incident and transmitted fluxes carried by extended conduction

band eigenstates.

Such time-independent models of electron tunnelling are,

however, inapplicable when electronic motion in the tunnelling

direction 1is sufficiently constrained that bound or quasi-bound

eigenstates are formed. This constraint may be due to rapid

variation of the conduction band edge position, which is the case for

the 2DEG states discussed in Chapter 2, or due to confinement by a

transverse (in-plane) magnetic field, which leads to the formation of

Landau and interfacial Landau states as described in Chapter 4.
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These bound eigenstates carry no probability flux in the
direction of confinement and therefore give no information about the

tunnel current 1. Since all the tunnelling problems discussed in

this thesis 1involve -electron tunnelling from 2DEG states into

magnetically-quantised interfacial states, an alternative time-

dependent tunnelling formalism is required.

The transfer-Hamiltonian approach (Duke, 1969) is explicitly

time-dependent since tunnelling is described as a sequential process
in which electrons make transitions between eigenstates of left-hand
(LH) and right-hand (RH) ‘'subsystems' comprising the barrier region

and either the LH or the RH contact regions respectively.

The transfer-Hamiltonian method was first developed by

Oppenheimer (1928) to calculate the ionisation rate of atomic

hydrogen in a high electric field. Bardeen (1961) used a similar

time-dependent approach to describe electron tunnelling in metal-

insulator-metal systems when one, or both, of the metals are super-

conducting.

In this chapter, a generalised version of the Bardeen

transfer-Hamiltonian formalism is described which allows for the

presence of a transverse magnetic field (B | I). The effect of

conduction band nonparabolicity in the RH collector contact is also

included through an energy- and position-dependent effective mass.
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Guided by the time-independent calculations of Section 1.8,
this formalism involves only the envelope functions of the LH and RH
eigenstates, Some Jjustification for this assumption is given in
Section 3.6 where the transmission coefficient of a single square
barrier is calculated within the transfer-Hamiltonian approximation,

and shown to be identical to the more wusual time-independent

expression (1.53).

In Section 3.7, an expression for the transition rate between

bound eigenstates of two weakly-coupled square wells is derived and

interpreted semiclassically.

3.2 The Conduction Band Effective-mass Equation for a Single-

barrier Heterostructure in the Presence of a Transverse

Magnetic Field (B 15

The results derived 1in this chapter are applicable to
direct-gap single-barrier heterostructures in which any electric or
magnetic fields preserve the invariance of the effective-mass

Hamiltonian under translations parallel to the barrier interfaces.

The most general system which satisfies these requirements
includes an inhomogeneous electric field, E(x) normal to the barrier
interfaces and a uniform transverse magnetic field (B || 02)
represented by the vector potential in the Landau gauge A = (0, Bx,

0). Referred to the co-ordinate axes of Figure 2.1, the conduction

band effective-mass equation for this system is
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n n n
HT WT (X'Yoz) = ET WT (x9YsZ) ’ (3°1)

where the 1isotropic effective-mass Hamiltonian is, from equation

(1.18)

iz 3 13
HT T2 x (m’(x) X )

] 2
(-iA 3y + eBx)

2m*(x) (3-2)

ﬂ2 32
2m* (x) 0z°2 * Eelx)

For nonparabolic bands, the effective mass is an implicit function of

the total energy E? given by

mf (1 + o (Ep =~ E_(x))] ; x < -b

m*(x) = { m; i -b S <0

¥ (1 + aR(E¥ = E,(x))]) 5 x> 0

where mB* is the band-edge effective mass of the barrier material,

m,¥ and mgp* are the band-edge masses of the LH and RH contact

materials, and aj, and ar are the corresponding nonparabolicity

factors.
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Lassnig (1987) has shown, using 3-level k.p theory that the
effective mass falls linearly with energy below the conduction band
edge. This reduction in mass increases the wavefunction amplitudes in
the barrier, and consequently the tunnelling ¢transition rates.
However, for high and wide barriers, the electron wavefunctions decay
rapidly in the barrier region so that the bound-state eigenvalues,
which determine the allowed, energy-conserving transitions, are
fairly insensitive to the parameters of the barrier material, and in
particular the effective mass, Since the interpretation of
magnetotunnelling data presented in Chapters 5 and 6 depends
primarily on the conservation requirements which must be satisfied in

tunnelling transitions, rather than on the absolute transition rates,

the effective mass in the barrier material is taken to be the

band-edge mass mg¥,

From equation (3.2), Hr 1is invariant under translation

parallel to the barrier interfaces, and therefore has eigenfunctions

V? of the form

-3

-l : .
¥ Guy,z) = (L) up (x) etXyY olkez (3.3)

where LyLZ is the cross-sectional area, and ky,kz are the transverse

wavevector components, Substituting equation (3.3) into equation

n
(3.1), V¥1(x) 1is found to be a normalised solution of the one-

dimensional Schrddinger equation
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ﬁz d ,hzk 2
(-

1 Z n _ <N n
> o T ox )+ (%) EEFF(X)) bp(x) = Ep vp(x)

(3.4)

where the effective potential energy

n n
EEFF(X’ ky, ET) = Ec(x) * Eung (x, ky. Ep)

is the sum of the conduction band profile and the SHO magnetic

potential energy (MPE)

n B2e? ik
- ¥y
Evag (%0 Kyo Ep) = gy (x5 ) .

The MPE depends on the transverse wavevector component Ky, which
determines the orbit centre, and also on the energy eligenvalues E?
through the effective mass. Since the eigenvalues of equation (3.4)

influence the Hamiltonian in this way, they must be calculated

self-consistently.

The kinetic energy E, = ﬂ’k22/2m*(x), associated with motion
parallel to the magnetic field varies with position normal to the
barrier interface due to changes in the effective mass., This kinetic
energy variation may be interpreted as an additional x-dependent
potential, just as the semiclassical kinetic energy associated with

motion along the y-axis is referred to as the magnetic potential

energy.
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However, since the effective mass variations are small for

all the heterostructures discussed in this thesis, m*(x) can be taken
to equal mL* throughout., Within this approximation,
[ _-h2 82

2m¥(x) oz2’ H] =0

so that E; = h?kz2/2m ¥ is conserved. This simplification is central
to the model of magnetotunnelling in single-barrier structures
presented in Chapters 5 and 6. Subtracting this constant kinetic
energy E, from both sides of equation (3.4) yields a new eigen-
equation with eigenvalues equal to the electron energy associated
with motion in the x-y plane, perpendicular to the magnetic field.

The solutions of this equation are considered in detail in Chapter 4,

3.3 Definition of the Left- and Right-hand Sub-Hamiltonians of a

Single-barrier Structure

In this section left=- and right-hand sub-Hamiltonians H, and
Hg are defined in terms of the effective-mass Hamiltonian Hy of the
entire system. The systems described by Hy and Hg are referred to as
left- and right-hand subsystems of the single-barrier structure and

contain the barrier region and either the LH or RH contact regions

respectively.
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The left-hand sub-Hamiltonian Hi{ is defined by

HT(X,y,Z, PX: Pyo Pz) y X <0

HL(x,¥,2z, Px, Py, Pz) = { (3.5)

HT(Ooszs Px, Py, PZ) ; x>0

where P = -inv.

For the purposes of this definition, the effective mass in
equation (3.2) is understood to depend on the energy eigenvalues {E&}

of Hy, rather than on {é%}, and the conduction band-edge energy at x

= 0 is taken to be Eo(0) = Eo(x » 0-), that is the band-edge position

in the high-gap material close to the RH barrier interface. Since Hy,

retains the 1invariance of Hp under translation parallel to the

barrier interfaces, its eigenfunctions are of the form

L .. L
% -1y 1kyy 1kzz
¥ (x,y,2) = (LyLz) v (x) e e , (3.6)

L
where ky and kz are transverse wavevector components and w&(x)

satisfies equation (3.4), in which the energies and wavevector

components are understood to be those associated with W&, and Egpp(x,

L

'3 L L
ky, EL) = Egrr(0-, ky, EL): x 2 0.

Similarly, the RH sub-Hamiltonian HR is defined by
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HT(XDY929 PX' PYs PZ) ; X 2 -b
HR(XOY|Z’ PX! Py’ PZ) = { (3-7)

HT(-bny’Z) PX! Py: Pz); x < -b

where the effective mass in equation (3.2) is understood to depend on

: r .
the energy eigenvalues {ER} of HR, and the conduction band-edge

energy at x = -b takes the limiting value of E,(x) in the bvarrier

region as x » -by, In this definition, HR is separable and thus has

eigenfunctions of the form

n -l iki y ik:z
WR(X,y,z) = (LyLZ) wR(x) e e (3.8)

where W%(x) satisfies the one-dimensional Schrddinger equation (3.4)

. R _r R
in which EEFF(X’ ky, ER) = EEFF(-b*a kyr EE) ; X S -b,

Following Bardeen (1961), the sub-Hamiltonians Hj, and HR are

defined so that the effective 1-D potential energy Egpp(x, Ky E) 1is

constant in the RH and LH contact regions respectively. However,

since the transfer-Hamiltonian formalism 1is only applicable to

systems which contain a high and wide barrier (see Section 3.4), the
x-components of the eigenfunctions W& and Wg‘decay rapldly in the

barrier and are, therefore, quite 1insensitive to the precise

definition of the sub-Hamiltonians in the regions of assumed constant

potential.
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e s '3
It follows from the definition (3.5) of Hp that {¥L} are

exact eigenfunctions of HT for x £ O but not for x > 0, that is

Similarly,

These results

— 2‘ 2' . <

= EL WL ;s x £0

{ (3.9)
L4

# EL WL ;s x>0 .

_ r r > o

- ER YR ] X - b

{ (3.10)
r r

#E, ¥, ; x <-b

=0
=)

are used in the next section which shows how electron

tunnelling can be described in terms of transitions between eigen-

states of the left- and right-hand subsystems.

3.4 Calculation of the Rate of 'Tunnelling' Transitions between

Eigenstates of the Left- and Right-hand Sub-Hamiltonians

Provided that the potential energy barrier is high and wide,

the x-components of the left- and right-hand eigenfunctions Wé and

r
YR, decay rapidly in the barrier region so that
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Iy \y;dv<<1 , (3.11)

where the integral is evaluated over the entire heterostructure.

Since the 1left- and right-hand eigenfunctions are approximately

orthogonal, they may be used as a basis set from which time-
dependent wavefunctions of the whole system may be constructed as
follows:

. -iE:t/fx
WT(x,y,z,t) -1 an(t) WL(X,Y,Z) e

5 -iEde/n
+ 3: cj(t) WR(X.y,z) e R (3.12)

where the summations are over all left- and right-hand eigenstates.

Neglecting overlap integrals between left- and right-hand eigen-

functions, normalisation of YT requires

D FROILE ? chmlz -1 . (3.13)

Suppose that at t

0, cj(0) = 0 for all j and ap(0) = &y where
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L N
At t = 0, Y¥1(x,y,z,0) = ¥.(x,y,z) so that the electron initially

L . L
appears to occupy the eigenstate ¥, of the LH subsystem. Since ¥ 1s
not an eigenstate of the whole system, ¥r evolves with time according

to the time-dependent Schrddinger equation

ih — = J4)
i —o Hp ¥p - (3
Substituting equation (3.12) into this equation gives

n |
-1 -1Mt/n
inga(e) e L rE" a (t) v e L
n an L n L n L

-iEt/n -iEJt/H

R J j R
+ T ES c.(t) Y, e
J R J( )

, . J
+ ih } cj(t) WR e R

. -iEEt/ﬁ ; -iEgt/ﬁ
= % an(t) H. ¥ e + E cj(t) HT WR e . (3.15)

The expansion coefficients change with time thereby mixing
additional LH and RH eigenstates into the wavefunction Y¥7(x,y,z,t),

and inducing transitions from the initial state W&. If the subsystem

. . n j
eigenfunctions Y[, and W& were exact elgenfunctions of Ht, the

expansion coefficients would remain constant in time, for any choice
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of initial state and no transitions would occur. Similar time-
dependent coefficients are found 1in conventional time-dependent
perturbation theory where, in contrast to the tunnelling problem,
transitions occur between exact, orthogonal eigenfunctions of an

approximate (unperturbed) Hamiltonian.

In the limit of an infinite potential energy barrier, exact
eigenfunctions of the whole system can be constructed from the left-
and right-hand eigenfunctions, The transfer-Hamiltonian tunnelling
formalism is therefore perturbative in the sense that when the
barrier is relaxed to a physically realistic height, the change in
the LH and RH eigenfunctions must be small, so that the approximate

orthogonality requirement (3.11) is satisfied.

Transitions from the initial state Wf into eigenstates of the
RH subsystem describe electron tunnelling since the mean x-coordinate
of the electron moves from an initial value to the 1left of the

barrier to a new position on the RHS of the barrier, characteristic

of the RH eigenstate WE.

The probability Pgn(t) that at time t the electron has made a

transition from W& into the rth RH eigenstate ¥§ is

*
Plr(t) = fv Wg (x,y,2) WT(x,y,z,t) dv (3.16)
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which, neglecting overlap integrals between the LH and RH eigenstates

becomes

Pualt) = |cr(t)|2 (3.17)

r
To calculate cp(t), the inner product of YR and equation (3.15) is
taken. Since the eigenstates of each subsystem are orthogonal, this

gives

n n
-iE t/h -iE
. . r*¥ n L n r¥ n L
if 25 () (fv Yo ¥ av) e + LE a(t) (IV Yo ¥ av) e

t/h

-iE t/n . -iE t/n
+ iR cr(t) e + ER cr(t) e

n
-iE t/fh -iEJt/ﬁ
_ r* n L r* J R
= 1 a (t) (fy Y5 Hp ¥ av) e * T () (IV Yo Ho ¥ av) e

(3.18)

This expression can be simplified by estimating the magnitudes of the

expansion coefficients and their derivatives. Differentiating

equation (3.13) with respect to t gives

Ia (6) & (t) + ar(t) a (t) + 3oey(t) é;m + c;m éj(t) =0
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whence, from the initial conditions

[{}
(o]

an(O) ns

and

n
o

cj(O)

ég(o) = 0. The evolution of ¥T is therefore slow so that at time t

the expansion coefficients may be approximated by

U
O

an(t) nk

} for all n (3.20)

U
o

an(t)
Equation (3.18) can be further simplified by writing

r* J _ r¥ J r¥ J
fv wR HT ‘{’R dav = IVL ‘i’R HT wR dv + J'VR WR HT \i‘R av, (3.21)

where the regions V|, and Vg include all space to the LHS and RHS

respectively of the plane x = s where -b $ s s 0. From equation

(3.7),Hy = HR for all x 2-b so that Hy

Hg everywhere in Vg.

Similarly from equation (3.5 ), Hr = Hy, everywnere in Vi.



T

The integral over V{ in equation (3.21) 1is negligible since
r .
the x-component of each eigenfunction YR decays rapidly in the

barrier region. Equation (3.21) may therefore be written to good

approximation
ot wavz s, ¥ H v av - E) 6 (3.22)
vV R T R VR R R R R 'rj

Substituting equations (3.20) and (3.22) into equation (3.18) gives

r L r
-{E_t/h -iE t/A -{E_t/h
. R L r¥ % L r
if cr(t) e + B/ (fv N dv) e + Eg e (t) e
'} r
-iE, t/h -iE_t/h
r¥ ) L r R
- (IV Yo By ¥ dav) e + Egc (L) e
(3.23)

whernce

L r
-1(E” - ED) e
. * L. 4 L - R

in & (v) = (J wg (Hp = E) ¥, dV) e . (3.2W)

In time-dependent perturbation theory, a formally identical equation
leads to the Fermi golden rule for the transition rate between two
orthogonal eigenstates ?J’and WRrof an unperturbed system when the

perturbed Hamiltonian is Ht (see, for example, Merzbacher, 1970).
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Integration of equation (3.24) gives a similar golden rule
for the electronic transition rate Wo, from the eigenstate wf of the

LH subsystem into the eigenstate YE of the RH subsystem,

This transition rate is

21 2 % r
Wor =% [‘erl) 8(E - Ep) (3.25)
where
r¥ L 'S
Mo, = fv Yo (HT EL) ¥y dv ' (3.26)

The delta function in equation (3.25) ensures that transitions only

occur between states of the same energy.

3.5 An Expression for the Transition Matrix Element Mgr

In this section the matrix element Mgr 1is expressed in the

form of a one-dimensional probability flux which depends only on the

% r,
x-dependent factors y[(x) and yr(x) of the LH and RH eigenfunctions,

and their derivatives.

The integral in equation (3.26) can be evaluated over the

regions V|, and Vg defined in the previous section, giving

r* [} [} *
M, = [ ¥ H -E r - iy WP
o v, %R ( T L) WL dv + va wR (HT EL) wL av .

(3.27)
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The integral over Vi, vanishes since HT = H[ everywhere in this region

L L
and Hpvyp = Epvyp.

Since in addition, Hp = HR everywhere in Vg, equation (3.27) becomes

r* . S
er = va WR (HR EL) WL dv ’ (3.28)

which may be expressed in the more symmetrical form

i r* . £ L * _ P r*
Mg = IVR [‘PR (Hp = E) ¥ =¥/ (He E) ¥ Jav , (3.29)

R

¥ pk
where the extra term in the integrand vanishes because HRWE = (HRWE)*

r r*
= (ERY¥g)" = ERYgr .

In the original Bardeen formalism, which includes no magnetic

fields, this additional term contains the sub-Hamiltonian HR rather

than its complex conjugate HR*. This 1is because when B = 0, the

effective-mass Hamiltonian is real, so Hg* = Hg.

Using equations (3.6) and (3.8) for Wﬁ%x,y,z) and Wg(x,y,z)

in equation (3.29) and setting Ef‘ = ERr for energy conserving

transitions gives



T4

. . R
-ik'y =ik z ik'y ik z
1 L, Ly (= z . r¥ r y z L
= y H —E e X
“or T TL; Lo ylo’xls Le © Vg () (Hp = Ep) e b0
ikLy ikgz ) * r -ikRy -ikiz ¥
-e Ve 2 (x) (HR - ER) e Y e Vr (x)} dx dy dz

(3.30)

where the integral over Vg has been expressed as a triple integral
over the x, y and z co-ordinates of this region. It follows from the

definition (3.7) of HR that for x 2 -b,

- gf y L -
(HR ER) e e 2 (x)
L2
ik y 1ik_z 2 A2k
d 1
e Ve Z o (-hA d 1 __dy, __z L

r r L
m(x) ax’ T zme(x) © Perr %oy Bp) T Eg) ¥ (%)

(3.31)

L
where Egpp(x, Ky ﬁ%) is the effective potential energy of the RH

subsystem, given for x 2 -b in equation (3.4).
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Similarly,
-ik y -ik_z r¥
(HR - ER) e e (23 (x) =
R ., R2
-ik 'y -ik_z 2 ik R r ¥

y 22 m2 d 1 _dy,_ ‘z__ ry . .

e € (- 3% oo @) * o * Berr (kg B Eg) g (X)
(3.32)

Substituting equations (3.31) and (3.32) into equation (3.30) gives

i(kg - ki)z i(k; - ks)y
_ (lz _€ Ly _e
Mo 250 I, dz 1o Ly dy
94 r\*
dyr(x) dyl (%)
h r _d 1 L oL _d 1 R
x Jye {"5_ [wR (x) 3y (m*(x) ax ) W) 3 (m*(x) dx

rk L n’ (ktz - kiz) L r
© b () W) [ + Egep (X4KJ, Ep) = Epo(xko, Ep

(3.33)

Since all allowed wavevector components satisfy the periodic boundary

conditions (1.11), the integrals over y and z vanish unless kb =

R
ky
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L R
and k; = Kz, in which case they equal unity. Transitions therefore

only occur between states with identical transverse wavevector

components so that the matrix element (3.33) becomes

ﬁz
M ==-=—1I, 5§ 8 (3.34a)
Lr 2 Lr kL, kR kL, kR
y y z' "z
where
L
dy, (x)
o - r* _d 1 L
Lop £=-w 8(x=s) [WR (x) dx ‘m¥(x) dx
r\*
dy, (x)
) d 1 R
- wL(x) —d-)-(- (m*(x) I )] dx (3.34b)

in which 6(x - s) is the unit step function defined in equation

(1.33).

Evaluating the integral in equation (3.34b) by parts and imposing the

boundary conditions

dwi(X)

L
wL(x) and i + 0 as x » +o and

ayl (x)

r*(
wR X) and o

+ 0 as x » -«

gives



7

o 1 r* _ _
L = = Loy (g 00— = v () =) 8(x-s) ax
(3.35)
from which it follows that
2 r\*
dy, (x) dy,. (x)

i r¥ L - R

L = = 7wcey (g ) =& = w0 —— ) (3.36)

The plane separating the regions V, and VR was chosen to lie
within the barrier, rather than at an interface, to avoid the problem
of which effective mass should be chosen at the interface,.

From

equation (3.2), m*(s) = mg* for all s within the barrier region.

Throughout this thesis equation (3.36) is evaluated in the 1limit

x + 0., that is close to the RH barrier interface.

Combining equations (3.34) and (3.36) gives, finally

o
(o
-0

L
Mgr = i{fi Jh‘ 6 ky, ky ) kz, kz (3.37)

where

2: r\*
P L 2,y Ze 10 ]
Lr 2m§ dx WR wL X dx x=0.
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has the same form as the probability flux carried by a single

wavefunction (see, for example, Merzbacher, 1970).

For any single-barrier tunnelling problem, once the LH and RH
eigenvalues, and the x-dependent factors of the associated eigen-
functions are known, allowed tunnelling transitions can Dbe
identified, and the transition rates calculated using equations

(3.25) and (3.37).

3.6 Calculation of the Transmission Coefficient of a Rectangular

Potential Energy Barrier

In this section, the transmission coefficient of a
rectangular potential energy barrier 1is calculated wusing the
transfer-Hamiltonian formalism, and shown to be identical to the more

usual time-independent expression (1.53).

In the absence of magnetic fields, the effective potential

energy variation in a single-barrier heterostructure, is described by
the spatial dependence of the conduction band edge, Eol(x). If no

space-charge regions are present, the high band-gap material forms a

rectangular potential energy barrier as shown in Figure 3.1.

The envelope eigenfunctions of the LH and RH subsystems are

of the form given in equations (3.6) and (3.8) where W%{x) satisfies
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o Wil aiaiitel tale
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AES _b AER
Ec(x) '
0 \ —» X

Figure 3.1 (a) The conduction band profile E,(x) of an idealised
single-barrier heterostructure, together with the
effective potential energy variation of (b) the left-hand
subsystem and (c) the right-hand subsystem. Schematic
left- and right- hand eigenfunctions y %(x) and ygF(x)
are also shown,
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h% d 1 d L 1 & ')
[- 2 dx (m*(x)) dx * Ec(X)J WL(X) = [EL
AER-AEL;X<-b
e c
where Eg(x) = |
AER s X 2 -b ,
c
mﬁ ; X < -b
and m¥(x) = |
m; ;) X 2 -b
Similarly, wﬁ(x) satisfies
_A d (1 y.d, R r r
[ 2 dx (m*(x)) dx * E:c(x)] wR(X) N [ER

ﬁsz2 ﬁszZ
y _ Z
2m*(x) 2m*(x)

R2

ﬁzky R2

Z

T2k

T 2m*(x) | 2m*(x)

L
Jy 0

(3.38)

] wg(x)

(3.39)
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AER 1 X £0
c
where Ei(x) = {
0 s x>0 .
and,
* <
mB 1 x =0
m*(x) = {
*
mR ;s X >0 .

The step-like potential energy profiles of the LH and RH

subsystems are shown in Figure 3.1.

Solving equations (3.38) and (3.39) piecewise in each region

and imposing the matching conditions (1.39) and (1.40) gives

L L
i * *
1kl;(x+b) Liky = wi(md /md L e
A e + A T L e i x < -b
- * *
[ikx i (mL/mB)]
')
v (%) = {
L
A 2ik L

X e wo (x+D) 1 X 2 ~b

L L e/
[ik, = v (mE/ms)]

(3.40)
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and,
B[ikR + uR(mg/mg)] +ik:x -ikix
; - e +Be x>0
3 - * 3
[1kx p (m R/mB)J

() = | (3.41)

R

B 2iki eM X
’ ; X S 0

[iki - UR(mﬁ/mE)]

where the longitudinal wavevector components are related to the total

energles Ef and EE by

L M L _ R L _
kx [2mL (EL AEc v AEc

2., L2 L2 xy1s
n (ky + kz )/ZmL)] M
R « (o _ w2, R2 R2 1

kx [2mR (ER 1 (ky + kZ )/2m§)]2fﬁ .

the decay constants of the LH and RH eigenfunctions are

L _ . R _ % 2, L2 L2 !
U [2mB (AEC E +h (ky * k, )/2m§]’/ﬁ
R R r R2 R2 !
= * - 2
U Esz (AEC Eg + 1 (ky vk, )/2m§]2/ﬁ

and A and B are normalisation constants.
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The quantum numbers & and r refer to the wavevector

L L L R R R
components (ky, Ky, kz) and (kx, ky, kz) which specify individual LH

and RH eigenstates.

Evaluating the wavefunctions (3.40) and (3.41) and their

derivatives in the limit x + 0., and using these results in equations
o L
(3.25) and (3.37), the transition rate Wy, from the initial state VY|

to the final state Wg, is found to be

g ni® lalzlelz kb2 kB2 (yb + (Ryz 720 0 gl (R gy

L r
W = X X y'y ?

R L
K 6(EL ER)

ir 2 (L2 . L2, 5, s 21 R2 Y .2 R2
me® [k o WS mEemO 16T - (ma/m® K

(3.42)

The total transition rate Wy into all RH eigenstates which satisfy

the transverse wavevector conservation requirement is found by

. . . R .
integrating equation (3.42) over ky, using the periodic boundary

conditions (1.11) to determine the density of states, This
transition rate is
Ialzlgl L2 R2 , L R.2 -2u"b &(aE)akh
yL fAl2lBl2z n?® Kk k (u" + )< e ¥ X
W o= —= &” X X
m¥*? ki =0 L2 L2 2 R2 2 R2
R * *

X [kx +u (mL /mt) Ju"e + (m¥/m¥) K, ]

(3.43)

where Ly is the length of the RH (collector) contact and
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kRZ kL2
L N2 X X 42 1 1 L2 L2 L R
= - o e | — - — o — Kk + AE - AE
AE ER EL 2 (mﬁ m{ )+ 2 (m§ mt)(ky YK ) ¢ c

Using this relation to change the variable of integration in equation

(3.43) from kﬁ to AE gives

L
uLx|A|2|Bl= # kiz ki G+ uB)2 7P s(aE) d(aE)

L2 21( R2 2 R2
R ot (mF/mE) 1™+ (ma/m2)® k)

(3.45)

whence

L

16 L Ial2lgl2 4 kx2 i b2 2w
W, = , (3.46)
3 [kiz A (m /22) 2,72 . (m*/mﬂ)z 2]

X

: R
where kz satisfies AE(ky) = O, to ensure energy conservation.

The position-dependent effective mass m*(x) couples the

longitudinal and transverse components of motion so that the allowed

R L L
value of ky is a function of ky and kz and the transition rate Wy

depends on the kinetic energy associated with transverse motion. If
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the effective mass is taken to be constant throughout the device, the
longitudinal and transverse components of motion are decoupled, and

the transition rate (3.46)then depends only on the incident kinetic

energy of the electrons,

The transition rate Wy gives the probability per unit time
that an electron which initially occupies the state W& is transmitted
through the barrier. This transition rate may be expressed as the
product of the barrier transmission coefficient, and the probability

flux carried by the travelling wave component of W& which propagates

along the x-axis.

Using equations (1.41) and (3.40) to calculate the incident

probability flux gives

lalz a1
Wl = m* ’ (3-“7)
L
where Try 1is the transfer-Hamiltonian expression for the barrier

transmission coefficient.

Comparing equations (3.46)

1
normalisation constant B = Ly"2? for a high and wide barrier glives

and (3.47) and setting the RH
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L
16(mt/m§) kL kR uLZ e 2u b
Tt T 2 Ro. ° (3.48)
* * * *
[kx + u (mL/mB) ][u + (mB/mR) kX ]

which is identical to the time-independent transmission coefficient
(1.53) when band bending and nonparabolicity are neglected so that

m*(04) = mg¥*, u(x) = u(-bs) = u(0-) = ub, k(-b.) = kk and a(04) = ks.

Duke (1969) demonstrated the equivalence of the time-independent and
transfer-Hamiltonian transmission coefficients when m_* = mg* = mg*,

but the more general case of unequal masses was not considered.

In any real system, space-charge regions give rise o
electrostatic potential variations so that the effective potential

energy barrier is not vrectangular. However, provided these

potentials are slowly varying, the transfer-Hamiltonian transmission

coefficient Tty can still be calculated from the WKB eigenfunctions

of the LH and RH subsystems. Within the WKB approximation, Ty is

again found to be identical to the time-independent expression

(1.53).
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3.7 Application of the Transfer-Hamiltonian Formalism to

Tunnelling Between Bound Eigenstates

In the previous section, the transfer-Hamiltonian trans-
mission coefficient of a rectangular potential barrier was shown to
be identical to the more familiar time-independent expression,

derived from the current-carrying eigenstates of the system.

Time-dependent models of tunnelling were, however, primarily
developed to calculate the transition rates between quasi-bound left-
and right-hand eigenstates, such as the 2DEG states discussed in
Chapter 2. Such states carry no current in the direction of
confinement and cannot therefore be treated using a time-independent
formalism. In this section, the transfer-Hamiltonian formalism is
used to calculate the tunnelling transition rate between bound states

of two weakly-coupled rectangular potential energy wells,

Figure 3.2 shows the conduction band profile of a hetero-
structure 1in which two different 1low band-gap materials act as
potential energy wells to motion perpendicular to the interfaces.
The potential energy profiles Eg(x) and Eg(x) of the LH and RH
subsystems each contain one potential well as shown in Figures 3.2b
and 3.2c. Both wells are assumed to be sufficiently deep and wide to
support at least one bound eigenstate, for which the energy
associated with motion normal to the interfaces is quantised.

: L
Solving equation (3.4) for Egpp(x) = Eg(x) or Eg(x), the x-components

2 r
¥.(x) and yr(x) of the &'N LH and rth RH bound eigenstates with

L L L R R R
transverse wavevectors Q| = (ky, kz) and 5ﬂ = k(ky, kz) are of the



*
3
03]
*

mg*| m* | mg* mg
I ' [ EEC(X)
L w
AEg WL b | "R
-t Ptk Lt L AECR (a)
B
0 I x

L
b
e "

o
Y
>

Figure 3.2 (a) The conduction band profile of a double-well hetero-
structure containing two different low band-gap
materials. The effective potential energy variation of
(b) the left-hand subsystem and (c¢) the right-hand
subsystem are also shown, together with schematic left-
and right-hand ground-state wavefunctions.
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Y(x - a,;)

Ak e : x5 a,

[(m*y/m¥)? + k2]?
p(x) = { A sin [k(x - a;) + &] ; a, <x < a,

oy 1 mY(x - ay)
Ak (-1 e 1 D x 2 a,
[(m*Y/mg)z + kz]z
) (3.49)
where for the LH subsystem,
m* = m¥*, a, = -(b+w),a,=-d ,
= - * - 2
Y= [ZmB (AEIc + 7 E Y2,
22 . 22
. ke * L (mL/mB) W
A = AL = Q' 9' 2‘2 + ._2_ ] 2 ,
* %)2
Y [(m2Y /mE)? + ka]
L
m¥* k
5 = 5& - arctan (— :L) ; 03 6& S /2,
"L

'
k = ka

is related to the total energy by
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N S (ktz L2 L2y
L c c

mL y ¥z

and satisfies the energy quantisation condition

L L
ka w, = L 26L .
These expressions are easily adapted to the RH subsystem by

substituting & » r, kb » kR and making appropriate changes to the

-

material parameters and interface positions.

Evaluating wﬁ(x) and wﬁ(x) and their derivatives in the limit
x + 0-, and using these expressions in equations (3.25) and (3.37),
the transition rate Wy, from the 2P bound state of the LH subsystem

to the rth bound state of the RH subsystem is found to be

™ Ky Ko
W =
Lr L2 L2 % /¥ re re
5 ax s | ka * Y7 (m /mB) . EE.][kXR + Y (m¥/md) Y
L "R ')
U yimn? « k21 2 Tt /mn? e kF2) ?
-2Y1b
£ 2 L | r L r £ L R L R
) NOYD V)T kg ko (m/mp) e S(Ep = ) Skey ko 8k, k)
Q 2
[ + (m*/mB) 12][ (m*/ma) :;]

(3.50)
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where the delta function ensures that transitions only occur between

eigenstates with the same total energy.

The transverse wavevector components must also be conserved

so that Yﬁ = YE and equation (3.50) becomes

') r
n Kk f Kk
xL xR 2
Wop = 20 [— el o
2mL (wL + 2LEFF) 2mR (wR 2LEFF)
L
=2Y. b
22 % r L ro_ .2
16 YL ka ka (mL/mR) e G(ER EL)

X (3.51)
L2 ') 2 L2 2 !
[ka + (thL/mg) ][YL + (mgkiR/mﬁ) ]

where
2. 82,
S A W A
EFF ~ L [, o %, o2 . 127 °
Y, (v /me)® + e 7]
r2 L2 % /%
g Ll . r T (mR7m)
EFF ~ %7, L .2, .re .
YL[(mRYL/mB) + ka]

The first Dbracketed term in equation (3.51) is the frequency of
collisions which an electron, with longitudinal kinetic energy

22'2 *
T*kxL/2m,” makes classically with each wall of a confining potential
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. L L
well of width wp + 2Lgpr. The end correction 2Lgpr to the LH well
width originates from quantum-mechanical penetration of the electron

wavefunction into the classically forbidden regions at each side of

the well.

If mB* = mL*, ﬁtpp = 1/Y, simply gives the penetration
length over which the amplitude of the wavefunction falls to 1/e of
its value at the barrier interface. In the 1limit of impenetrable

barriers, Yﬁ + ® and the end correction vanishes.

The second bracketed term in equation (3.51) {s the
frequency of the collisions which an electron moving with constant

longitudinal speed ﬁkiR/mR* makes classically with each wall of a

potential well of width wg + 2LEFF-

The final term in -equation (3.51) 1is the transmission

coefficient (1.53) of the central potential barrier if, in the
absence of capping layers, free electrons incident from the left with

kinetic energy equal to the mean longitudinal kinetic energy

ﬁ2k12

2m¥

of the &N LH bound state, are partially transmitted into travelling

wave states on the RHS of the barrier with longitudinal kinetic

energy
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2 2
H kXR

*
2mR

equal to that of the rth RH bound state.

3.8 Summary

The time-dependent tunnelling formalism developed in this
chapter 1is applicable to tunnelling problems in single-barrier

heterostructures provided that the effective-mass Hamiltonian 1is

invariant under translation parallel to the barrier interfaces. In

particular, the formalism may be used to describe electron tunnelling

when a magnetic field is applied in the plane of the barrier,

perpendicular to the tunnel current. In this geometry, the

requirement that both the tctal energy and the transverse wavevector

components be conserved in tunnelling transitions is of central

importance to understanding the magnetotunnelling data presented in

Chapters 5 and 6. The semiclassical analysis of the transition rate

between bound eigenstates of two square wells provides guidance in
the interpretation of more complicated expressions encountered in

these magnetotunnelling problems,
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CHAPTER FOUR

CALCULATION OF THE LEFT=- AND RIGHT-HAND EIGENSTATES

OF AN ASYMMETRICALLY-DOPED SINGLE-BARRIER HETEROSTRUCTURE

UNDER FORWARD-BIAS CONDITIONS AND IN THE PRESENCE OF A

TRANSVERSE MAGNETIC FIELD

4.1 Introduction

This thesis aims to study the effect of a transverse magnetic
field on tunnelling transitions from the 2DEG states formed under
forward bias in the accumulation layers of single- and double-barrier
heterostructures. In order to describe these tunnelling processes
within the transfer-Hamiltonian formalism, the energy eigenvalues and
associated envelope eigenfunctions of the LH and RH subsystems must
be found as functions of the transverse wavevector components ky and
Kz Using these eigenvalues, the allowed energy-

and transverse

wavevector-conserving transitions can be identified.

The transitions rates, which determine the tunnel current,

can then be calculated wusing the x-dependent factors of the

associated effective-mass eigenfunctions.

In this chapter, the left- and right-hand elgenstates of the
single-barrier structures described in Chapter 2 are determined, and

interpreted in terms of the corresponding classical trajectories.
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4,2 The Effect of a Transverse Magnetic Field on the 2DEG States

of the Left-hand Subsystem

4.2.1 Introduction

In zero magnetic field, the LH sub-Hamiltonian H_ is given by

the bracketed term on LHS of equation (1.36), where the effective

potential energy 1is the conduction band profile Eo(x) of the

accumulation layer and barrier region for x < 0 and, by definition,

equals E,(0-) for x 2 O.

For given forward bias V, Eo(x) is calculated as described in
Chapter 2 by assuming that the potential energy well 1in the

accumulation layer supports only one bound state, described by the

Fang-Howard wavefunction,

Consequently, the bound state eigenfunctions of Hg are of the

form

wFH(X)
1
(LyLg)*

o
Y (X,y,2) = e tkyY elKz2

, (4.1)

and the associated eigenvalues are

2

0 fi
E. (Ky,kz) = E}  + Zwp (y? v k2®) (4.2)



9y

where E'pgy is the bound state energy (2.19), measured from the

conduction band edge of the n* contact.

. 0
In addition, H[ has extended state eigenfunctions of the form

V(%)
o] e ik i
¥ (x,y,2) = =S 7YY 22 (4.3)
(LyLz)
corresponding to the eigenvalues
) o h2(ky?2 + ky2)
E (ky, kz) = E  + z "
e V' ex 2m¥*(, ’ .5
where, for extended states,
EC > E (-») = E' +E_ +E (4.5)
ex c bo F D : .
In the presence of a transverse magnetic field B || Z, the LH sub-

Hamiltonian Hy, is, from equations (3.2) and (3.5)

o
HL = HL + H! (4.6)
where
-ifhBex 3 _ . B?e2x? ) <
m¥* oy 2m¥, b x <0
H' = |

(4.7)
0 y x20
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Equation (4.7) assumes that the magnetic field does not raise the

2DEG energy levels sufficiently for nonparabolicity effects in the n~

contact to become important.

4,2.2 Perturbation calculation of the 2DEG energy levels

In the 2DEG, electronic motion is constrained in the x-
direction by the high electric field at the LH barrier interface.
Consequently, for small magnetic fields, H' acts in equation (4.6) as

a perturbation to the zero-field Hamiltonian Hﬁ. When wusing

perturbation theory, care must be taken however, because some

0
eigenstates of Hj, are degenerate due to the transverse kinetic

energy.

Nondegenerate perturbation theory is only applicable if the

matrix elements of H' vanish between the 2DEG states and all other

degenerate eigenfunctions of Hf. This ensures that the first-order

correction to the wavefunctions and the second-order contribution to

the perturbed energy levels remain finite.

From equations (4.1) and (4.7), the matrix element of H'

between the unperturbed 2DEG states with transverse wavevectors k'" -
(ky', kz') and l'_(‘" = (ky, kz) iS
L

- 1 -
L, 3-0 e RyThy 'Y gy flz otlkaTka®)2 o

oo K+ Ky 7

(4.8)
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© fBexk Bzez)(2
= * ¥ d u.
where J xi- WF“(X) ( % + om*L, ) WF”(X) X (4.9)

Since ky and k, satisfy the periodic boundary conditions (1.11), the
integrals over y and z are only non-zero when 5“ = 5'“. Consequently,
the matrix elements of H' vanish between all distinct bound eigen-

states, including those which are degenerate.

Degenerate 2DEG and extended eigenstates have different
transverse energies and therefore also have distinct transverse

wavevector components. The matrix elements of H' therefore always

vanish between such degenerate states.

Since the matrix elements of H' do vanish between the

unperturbed 2DEG eigenfunctions and all other degenerate eigen-

. 0
functions of H[, nondegenerate perturbation theory may be used to
calculate the shift in the 2DEG energy levels caused by the magnetic

field.

To first order, this energy shift is

E (k o¥ ., O
AE (ky,kz) = [y ¥ H' ¥  dv , (4.10)

where the explicit position-dependence of the wavefunctions |is

omitted for clarity.

Substituting equations (4.1) and (4,7) into equation (4.10)

gives



Tik,eB
BE  (ky,kz) = —f— <x>
L m*L

where <x> = f:i xleH|2 ax
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(b+x)
- + 2
= f-zz(gaa—x) aO dX - ..(b + 3a°)
0
2y . (7D 2| Iz
and x*> = f__x Ypy! © dx
(b+x)

;b x*(b + x)?
- 2ag

= b? + 6ayb + 12a?

Hence AE;, may be written

2.2,2
3B“e®aj

a
e °° dx

T2kyk, , Bfks

AEL(ky, kp) = -

2m*L

where

fik, = Be(b + 3a,)

m*;, 2m*|,

(4.11)

(4.12)

(4.13)
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is simply the change in the y-component of momentum of an electron
which moves classically from x = =(b + 3a,) (the mean stand-off

position of the 2DEG) to x = 0 under the action of the Lorentz force.

Combining equations (4.2) and (4.12), the perturbed energy of
a 2DEG electron, with wavevector components Ky and kz, in a

transverse magnetic field is

' 382e2ag le(ky - ko)z ﬁzkzz .
E (ky, kz) = E' + + + . (4.1h)
L bo am¥*p 2m¥*y, 2m* |,

From equation (1.26), the expectation value of the y-component of

velocity of an electron in the 2DEG is related to its total energy by

1 3B (ky, Kz) Tilky = ky)

<vy(ky)> = — 4,1

and vanishes for ky = k,.

Consequently, electrons which occupy perturbed 2DEG states with

wavevector components ky = ko and k, = 0 have no transverse kinetic
energy so that the bound state energy Eég of the perturbed system is
E!P

bo = Ep (Koo 0) = Elo * OE} (4.16)
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where AEL, = 3BZe2a?y/2m*[ is the diamagnetic shift of the bound
state energy. At T = 0K, all energy levels are occupied from the
bound state energy to the left-hand Fermi level so that the Fermi
energy of the perturbed 2DEG system is Ep - AEpo, where Ep is the

zero-field Fermi energy (2.6).

The 2DEG energy density of states depends only on the
periodic boundary conditions satisfied by ky and kz, and is therefore
unchanged by the magnetic field, which thus only affects the 2DEG
sheet electron concentration through the small diamagnetic shift of
the bound state energy. Since in general AEp, << Ef (see Section
4.2.3), the magnetic field has little effect on either the amount or
distribution of accumulated charge. Changes 1in the 2DEG sheet

electron concentration and in the zero-field conduction band profile

can therefore both be neglected.

In k-space, the occupied 2DEG states lie within a shifted Fermi

1
circle of radius kg = (th EF)%/f and centred at (k,, O) as shown in

Figure u.1.

The expectation value of the y-component of momentum of a

2DEG electron with transverse wavevector component ky is, wusing
equation (4.15)
py' = m*L(Vy(ky)> = hky' (U.'l7)



Figure 4.1 In the presence of a transverse magnetic field at T = 0K,
the occupled 2DEG states lie within a Fermi circle in
k-space centred at (ky, kz) = (k,, 0), where
ko = Be(b + 3a,)/n. Although the magnetic field shifts
the distribution of occupied k-states, it has no effect
on the magnitude of the Fermi wavevector kg, to first
approximation.
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It follows that the range of transverse momentum components

corresponding to the occupied states in k=-space is

-pF < py' s pF (u.18)

where pp = Tk is the Ferml momentum.

Thus, although the magnetic field shifts the k-space distribution of

occupied 2DEG states, it has no effect on the transverse velocity or

momentum distributions.

4,2,3 Validity of the nondegenerate perturbation calculation

The first-order energy shift (4,11) can be written in the

form

(4.19)

where x = <x> = =(b + 3a,) .

The first term on the RHS of equation (4.19) is the expectation value

of a constant perturbation which produces a bodily shift in the 2DEG

energy levels, but has no effect on the unperturbed Fang-Howard

wavefunction.



101

The spatially-varying perturbation contained in the second

term on the RHS of equation (4.19) does influence the Fang-Howard

wavefunction but its effect is small provided

2,2 —
B e <(x = x)?¥ = AE' = 3-m*L we? a,® <« EF

2m¥|, bo 2 , (4.20)

that is , the diamagnetic shift of the bound state energy must be

small compared with the minimum energy separation Ep between

unperturbed bound and extended states which give non-vanishing matrix

elements of H'.

For the (InGa)As/InP samples described in Chapter 5, AE{y = U

meV and Ep # 17 meV when V = 100 mV and B = 5T, so that nondegenerate

perturbation theory is expected to be reasonably accurate.

By contrast, measurements on the GaAs/(AlGa)As samples

described in Chapter 6 were performed up to higher fields of =z 18 T,
for which AEfy = 14 meV and Ep = 18 meV when V = 240 mV. The

perturbation calculation is therefore of questionable validity at

such high fields which may be sufficient to destroy the bound state

(Helm et al., 1989).
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4.3 Eigenstates of the Right-hand Subsystem in a Transverse

Magnetic Field

4.3.1 Introduction

In the presence of a magnetic field B | z, described by the
vector potential A in the Landau gauge A = (0, Bx, 0), the RH
eigenfunctions are of the form (3.8). It follows from equations

(3.4) and (3.7) that the x-dependent factors satisfy

( a2 d 1 d ﬂzkzz )
o= UL S .
2 dx m*(x) dx  2m*(x) E:Fp(x) y(x) R(ky,kz) w(x)
(4.21)
where
Ble? ik
E _— ——l 2 -
clx) + 2m* (x) (x + Be) i X > -b
Egpp(x) = |
Egpr(=b+) ; X S -b

and, neglecting the small potential dropped across the n* contact

(see Section 2.4) so that Eo(x) = 0 for x > 0,

mg* i XSO

m*(x) = |

m*(1 + aER) = m* ;x>0
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The approximation Eo(x) = 0; x > 0 is used in all subsequent
calculations of the RH eigenstates. Because the effective mass
changes discontinuously at each barrier interface, the kinetic energy
E, = h%k;2/2m*(x) associated with motion along the magnetic field
direction is not conserved. However, generally Ep << Ego so that
this transverse kinetic energy is a small fraction of the total
energy of each occupied 2DEG state., Neglecting conduction band
nonparabolicity in the n* contact,E, is conserved in tunnelling
transitions and therefore makes the same small contribution to the
total energy of accessible RH eligenstates. Consequently, E, may be
approximated by ﬁzkzz/Zm*L in equation (4.21) without significantly
changing the solutions of interest. Within this approximation, the
energy En(ky) assoclated with motion perpendicular to the magnetic

field is conserved and equation (4.,21) may be written

d
m*(QTJ i EEFF(X)) Y(x) = E (ky) w(x) , (4.22)

Since N2k %/2m*| << Er(ky, kz) for all accessible RH eigenstates,

Er(ky, kz) = Ep(ky) so that the effective mass defined in equation

(4.21) can be approximated by m*(x) = m* = m*} (1 + aEp) for x > O.

This approximation totally decouples electron motion parallel and

perpendicular to the magnetic field direction.
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For all bias voltages, Ep + Epo < Eo(-b+),s0 that tunnelling
only occurs into bound eigenstates of the RH subsystem with discrete
energy levels Ep(ky) distinguished by the quantum number n. This set

of eigenvalues depends on ky through the orbit centre position Xk
y

which determines the degree of electron confinement.

4,.3.2 Qualitative discussion of the RH eigenvalues

Before calculating detailed solutions of equation (4.22), it

is worthwhile considering the qualitative ky-dependence of the

eigenvalues Ep(ky). The effective potential energy Egpp(x) of the RH

subsystem is shown schematically in Figure 4,2 for ky < 0, If the

orbit centre of the magnetic potential energy Xk >0 (ky < 0), two
Y

types of bound state may exist, classified according to the position

of the energy level Ep(ky) relative to the MPE Empg(0+) =

f?ky2/2m*(0+) at the RH barrier interface. Each type of bound state

corresponds to a distinct classical trajectory. The eigenvalues of

the so-called bulk Landau states, such as the mth level shown in

Figure 4,2 satisfy

En(ky) < Emag(0s) , (4.23)

and correspond to classical orbits which are bounded by two soft

turning points, B, and B,. These orbits do not intersect with the

potential barrier (B, > 0) and describe bulk cyclotron motion,



Interfacial Landau States

Emag (0+)

Bulk Landau States

(b) Er(ky)

Figure 4,2
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The effective potential energy of the RH subsystem shown
schematically for ky < 0 (X, > 0). Bulk and interfacial
Landau levels are classified¥ as shown, according to
their positions relative to the magnetic potential energy
Empg (0+) at the RH barrier interface.

The classical trajectory corresponding to the mth bulk
Landau level shown, is bounded by soft turning points B,
and B,, does not intersect with the barrier interface and
describes bulk circular cyclotron orbits. By contrast,
the classical trajectory corresponding to the rth
interfacial Landau state has a hard LH turning point at

x = 0 from which the electron is specularly reflected and
undergoes 'skipping' motion along the barrier interface.
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Interfacial Landau levels such as the rth level in Figure 4,2

satisfy

En(ky) > EMAG(0+) . (4.24)

The associated classical orbit extends between the hard turning point
at x = 0 and the soft RH turning point at x = w,. Classically, the
electron is specularly reflected at x = 0 and therefore describes

skipping motion along the RH barrier interface. If the orbit centre

X

K <0 (ky > 0), interfacial Landau states only are formed. The

y
classical motion corresponding to interfacial and bulk Landau states

is discussed more fully in Section 4.4,

Suppose that, for given ky < 0, the nth eigenvalue of
equation (4.22) corresponds to a bulk Landau state, Within the WKB
approximation, the value of Ep(ky) depends only on the MPE between
the classical turning points and equals the nth bulk Landau level,

Ep(ky) = (n + })fBe/m¥| . (4.25)

For given magnetic field, the orbit centre Xk = ‘hky/Be moves

y
towards the RH barrier interface with increasing Ky (< 0) so that

EMaG(0+) falls. However, provided (n + }YhBe/m*| remains lower than

EmMaAG(0+), the WKB approximation (4.25) for En(ky) is unchanged.
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A more complete calculation would reveal a slight increase in
En(ky), because the shift in orbit centre increases the overlap
between the bulk Landau state wavefunction and the perturbing

potential energy barrier.

The transition from bulk to interfacial Landau levels occurs,
for the nth level, when ky = -(2(n+;)13e/*r'1)12 . For this value of ky,
Emag(0+) equals the n®h bulk Landau level so that the LH turning
point changes from soft to hard. Further increasing ky moves the
orbit centre still closer to the RH barrier interface. This
increases the confinement of the nth bound state wavefunction,

thereby raising the interfacial Landau level Ep(ky).

4.3.3 Calculation of the Interfacial Landau Levels

Vigneron and Ausloos (1978) considered the effect of a

transverse magnetic field on the eigenstates of a heterojunction.
The x-dependent eigenfunctions of this system satisfy a 1D
Schrddinger equation in which the MPE and the stepped conduction band
edge form a so-called bound oscillator potential. Piecewise solutions

of this equation, on each side of the potential energy step, are the

parabolic cylinder functions (Miller, 1965). In principle, exact

eigenvalues of the system can be calculated from the requirement that
the parabolic cylinder functions vanish as x + t=, and by imposing
the matching conditions (1.39) and (1.,40) at the interface.

However,

analytical expressions for these eigenvalues can only be obtained for
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certain conduction band offsets and SHO orbit centre positions.
Johnson et al, (1987) calculated the energy levels of this bound

oscillator system, as a function of orbit centre position, by solving

the matching equations numerically.

From equations (2.21) and (4.21), the effective 1D potential
energy of the RH subsystem of the single-barrier structures only
contains terms linear or quadratic in x. Consequently, the parabolic
cylinder functions are also piecewise solutions of equation (4,22).
By numerically solving the matching equations for these solutions at

each barrier interface, exact RH eigenvalues can,in principle, be

obtained as a function of Xk . However, approximate analytical

y
solutions of equation (4.22), calculated within the WKB

approximation, lead to a more physical interpretation of the

oscillatory structure observed in the forward-bias 1(B)

characteristics (see Chapter 5). Vawter (1968) found that WKB eigen-

values of the bound oscillator system never differ from the exact
values by more than 10% and are generally accurate to within 1%. When

uncertainties in the device parameters are considered, nominally

exact numerical solutions of equation (4.22) are therefore likely to

be no more physically realistic than the WKB solutions.

The turning points of the nth interfacial Landau states occur

at x = 0 and x = w,, Consequently, piecewise solutions of equation

(4.22) corresponding to these states are, to first order of the WKB

approximation
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-1 -Q(x)
Cobnt (0 ¢

wn(x) ={ D u;; (x) eiT(X) + F a;; (x)

-l 'Z(X)
Gn un§ (x) e

1
(2mg*(Egpp(x) - Ep)1% /1

where  up1(x) = |

Un1('b+)

[

L 1
an(x) (2m*;, (En - Egpp(x))]% /4 ,

R 1
(2m¥*, (Egrp(x) = Ex)]% /A,

[

un3(x)

and the integral functions

Qx) = Ii un1(X) dx ,
T(x) = [;" an(X) dx .
and Z(x) =

f:n un3(X) dx ,

; x £ 0 (a)

e-iT(x)

;3 0 < x S wp (b)

P X 2 wp (e)
] (u.26)

; b < x £0
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all increase with distance from the turning points. These first-

order solutions are locally valid provided either

du_. (x)
o « I“ni(")lz ,i=1,3 (4.27)
dan(x)
or e << Ian(x)l2 (4,28)

depending on the x-coordinate,

These requirements are satisfied if only a small fractional change in

Hpi(x) or apn(x) occurs over a distance 2n/upj(x) or 2n/an(x). Both

inequalities are clearly violated at the RH turning point where

an(wp) = un3(wp) = 0, and the WKB wavefunction diverges. In order to

calculate the interfacial Landau levels, more accurate solutions of

equation (4.,22) are required which can be matched at x = wn.

If the potential energy varies almost linearly close to Wn,
approximate solutions of equation (4.22) in this region are (see, for

example, Capri, 1985)
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- 1
AT ek (0 9y (TOO) + A7 ah () (T60) 5 % € wp

(4,.29a)
v (x) = {

1 - 1
G w2, (0 Iy (TGO) + G w2a(6) 1, (T(x) 3 x 2 v

(4.29b)

where J, ,(x) are Bessel functions of the first kind and Ité(z) are
T3

the modified Bessel functions (Olver, 1965). Provided that the

region of linear potential energy variation extends sufficiently far

to the right of the turning point for the asymptotic forms of 1,,(z)
3

to be valid, then, for large x,

1

(21 up (072 [(6) + 6y &)

m

wn(x)

_ st in
+ 6

+ (G e - G; e 0 )2

(4.30)

which for x 2 wp, has the same form as the WKB solution (4.26c¢). Since
Z(x) increases with x, Gp* must equal -Gn~ in order that yp(x)
vanishes as x » =, The Bessel function coefficients Ap* and Ap~ can

then be related to Gp~ by imposing the matching conditions (1.39) and

(1.40) on the small argument forms of equation (4.29) at x = wp,



The required coefficients are

A= A =G . (4.31)

Provided the region of linear potential energy variation
extends sufficiently far 1left of the turning point that the

asymptotic forms of J,, (T(x)) may be used in equation (4.29a),
3

¥n(x) becomes

61 -1

v (x) = G; (;)2 a® (x) cos[T(x) - %ﬂ ; X << wp (4.32)

This expression takes the same form as the WKB solution (4.26b) and
relates the expansion coefficients D, and Fn. Provided the validity

requirement (4,28) is satisfied, equation (4.32) 1is accurate

throughout the classically allowed region.

Using Bessel functions to match WKB solutions across a soft
turning point leads to the so-called connection formulae (see, for

example, Merzbacher, 1970), of which the relation between equation

(4.26c) and equation (4.32) is one example,

The quantisation condition for the interfacial Landau levels
is obtained by imposing the matching conditions (1.39) and (1.40) on

equations (4,26a) and (4.32) at x = 0. These conditions give

(

A o

-l -
C un: (0.) =G

1 -l
] - (2)F e (0,) cosT(0,) - ] (4.33)
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and

"L (o [1 - gt L2
mg* ‘nl - (2ul,(0.)) ax

-
n 6an(0+),3 m cos[T(0+) = /4], ,dapn(04+), .
=z — i [T(O+ - - -
a* (=) lstnlr00) - 23 - (2a2(0,) Lol
(4.34)

Eliminating G,~ from equations (4.33) and (4.34) gives, after some

algebra

mp ¥ “n1(0-)) g 1 du ,€0)

T(0,) - 7] = -
tan[T(0,) u] (mB* a (0,) (2u7,(0_)) dx

. . dan(0+)
(2q;(0*)) dx

. (4.35)

The derivation of this equation assumes that the WKB validity

requirements (4.27) and (4.28) are both satisfied at x = 0. Using

these conditions to simplify -equation (4.35) gives, to good

approximation

w n EC7 un1(0-)
tan[fo“ a (x) dx 3& g 2 (0 (4.36)
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It is easily verified by direct substitution that the nth solution of

this equation is

¥ wp, €00

W 1
/™M g (x) dx = (n + =) + tan~!}
© n 4 mg¥* o (0,)

) (4.37)

where n =0, 1, 2 ...

and the inverse tangent lies in the range 0 to m/2 inclusive.

The integral on the LHS of equation (4,37) gives the phase
change of the WKB wavefunction over the classically allowed region.
In the limit of an impenetrable barrier at x = 0, un1(0-) » = so that

the energy quantisation condition (4.37) becomes

S50 o (x) dx = (n o+ {p - (4.38)

Substituting the local semiclassical x-component of momentum

Pn(x) = Ran(x) into this equation gives

2 MMp (x) dx = [ p (x) dx = (n+ D) n (4.39)

which, apart from the phase factor, {s simply the Bohr-Sommerfeld

canonical momentum quantisation condition (see, for example,

Merzbacher, 1970).
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If the impenetrable barrier is relaxed, the inverse tangent
term in equation (U4.37) decreases, thereby reducing the phase shift
across the classically allowed region. Physically this arises from

the penetration of the electron wavefunction into the barrier region.

To obtain an implicit expression for the energy levels En(ky)
from equation (4.37), it 1is necessary to evaluate the phase change
integral which, using the expression for an(x) given in equation

(4.26), may be written

W 2m,¥ En :
n = —1 - u?)2
fo an(x) dx P fuo 1 u?)2 du (4,40a)
Tk !
where u(x) = Be(x + —L) / (2m ¥ E ) (4.40b)
Be n
— 1
and Up = u(0) = fky/(2m * Ep)? (4.u40¢c)

For interfacial Landau states, En(ky) 2 EMpg(04) = ﬁ’ky2/257E so that
1
u, lies in the range -1 £ u, £ 1. When u, = -1, ky = ’(2ETEEn)2/ﬁ»

which corresponds to the transition from interfacial to bulk Landau

states.

The integral in equation (U4.40) is easily evaluated giving,

(4.41)
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where

1
flug) = sin™! u, + u,(1 = uy?)? (4.42)

Combining equations (4.37) and (4.41), the interfacial Landau level

quantisation condition becomes

m* E m ¥y, (0)
Z-f(uy) = (n + 1) 1+ tan? n

n A ———————————
B (2 ; T5* o (0.) ) . (4.43)

This implicit equation for En(ky) must in general be solved
numerically. However, it is worthwhile considering the case of an
infinite potential barrier, and ky = 0 s0 that the orbit centre Xky =
-hky/Be lies at the RH barrier interface. For this value of ky, u, =

0 and equation (4.43) becomes
En(O) = 2(n + %J rBe/m* , n=0, 1, 2 ... (4.4L)

These are the odd-integer Landau 1levels corresponding to
odd-parity SHO eigenfunctions which vanish at the RH barrier

interface (x = 0).
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Figure 4.3 shows interfacial and bulk Landau state dispersion
curves En(ky) calculated numerically from equation (4.43), for the
(InGa)As/InP structures described in Chapter 5. The dashed curve

shows the MPE Empg(0+4) = hzky2/2mL’, as a function of ky < 0, and

marks the transition between bulk and interfacial Landau states.

For given ky < 0, any energy level lying below this curve
corresponds to a bulk Landau state. Similarly, eigenvalues which
exceed the MPE at x = 0 correspond to interfacial Landau states. The
corresponding classical skipping trajectories are shown inset in
Figure 4.3. The transition from interfacial to bulk Landau levels is
discontinuous because the WKB phase change given by the RHS of
equation (4.43) changes abruptly to (n + 1) as the LH turning point
tsoftens’',

Interfacial Landau levels near this transition region are

likely to be inaccurate since the WKB validity requirement (4.28) 1is

violated close to x = 0O,

From equation (1.26), the gradient dEp(ky)/dky of the

dispersion curves is proportional to the expectation value of the
y-component of velocity. As expected, this mean velocity vanishes
for the bulk Landau states, which correspond to closed circular
cyclotron orbits, and is positive for interfacial Landau states,

which correspond to skipping trajectories in which there 1is nett

translational motion along the barrier interface.

Conduction band nonparabolicity in the n* collector leads to

reduced separation of the higher-lying energy levels, This effect is



En(ky) [meV]

ky [108 m-1]

Figure 4.3 Bulk and interfacial Landau level dispersion curves
En(ky), n=0, 1, ... 7, calculated for the (InGa)As/InP
singYe-barrier structures when B = 5 T and V = 100 mV,
The nonparabolicity factor of the n* contact is taken to
be a = 1.3 eV™!, and the conduction band offset either
230 meV (solid curves) or infinite (broken curves). The
magnetic potential energy Empg (0+, ky) at the RH barrier
interface is shown for k, < 0 and marks the transition
from bulk to interfacial Landau states, 1Inset are the
classical skipping trajectories corresponding to
interfacial states with ky < 0 and ky > 0.
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most easily seen in the bulk Landau levels and also in the odd-

integer Landau levels, which are the eigenvalues of the RH subsystem

when ky = 0.

The series of dotted curves show the interfacial Landau
levels in the limit of an impenetrable potential barrier. The energy
levels are raised owing to increased confinement of the electron
wavefunctions. The percentage difference between interfacial levels
calculated for finite and infinite potential energy barriers is
smaller for higher-lying levels, This is because for high quantum
numbers, the phase change in the energy quantisation condition (4.43)
is dominated by the (n + 1/4)n term. The inverse tangent term, which

contains information about the barrier height, makes a comparatively

small contribution (s n/2).

As shown 1In Figure 4.4, the function f(u,) defined 1in
equation (U4.42) 1is almost 1linear for -1 £ u, s 1 and may be

approximated by

f{u,) ;-Tzluo (4,45)

Combined with the infinite-barrier approximation, this simplification
of f(u,) enables approximate analytical expressions for the energy

levels En(ky) to be found, which are within 10% of the exact

numerical values. This approximation |is widely wused 1in the
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analytical treatment of magnetotunnelling given in Chapters 5 and 6

of this thesis.

b,y Classical Trajectories of the Bulk and Interfacial

Landau States

By analogy with equation (3.2), the classical Hamiltonian

describing motion in the x-y plane corresponding to the Landau state

2 + B 2
Hoo—2x By T eB07 L , (4.16)
2mp * 2mg, * c

where py and py = Tiky are the canonical momentum components.

The classical trajectory is obtained from solution of

Hamiltons equations

R
(4.47)
’ oH . H
b= -3 (), By--a (@) .
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For x > 0, Eo(x) = 0 and the electron moves under the influence of
the Lorentz force alone. The solutions of equation (U.47) are well
known for this case. When 1looking anti-parallel to the magnetic
field, the electron moves anti-clockwise around a circle of radius Rp
= (2EETEn);/Be with constant orbital speed vp = (2En/ﬁf7)12 as shown
in Figure 4.5. The x-coordinate of the centre of this circle is X

Ky
= -nky/Be. By definition, the energies and transverse wavevector

—_ 1
components of bulk Landau states satisfy ky s =(2m *Ep) ®/fi so that

1
(2m ¥ Ep)?
X, = = Tky/Be 2 g = Rn (4.48)

and the electron completes closed, circular cyclotron orbits.

1
For interfacial Landau states ky > - (2m *Ep) /R so that

(2ar% £ )

Xky = -ﬁky/Be < 8 _ ° Rn . (4.49)
and the classical trajectory intersects with the RH barrier
interface, Since the barrier is a classically forbidden region,
which exerts no in-plane component of force, the electron |is
specularly reflected from the Interface. As shown in Figure 4.5, the
electron 'skips' along the barrier in a series of arcs of radius Rp.
With each successive skip, the orbit centre moves discretely along

the line x = Xk y 50 that the electron has a nett drift velocity in
y



Y
A

Figure 4.5

e ——

Projection in the x-y plane of (a) the classical
cyclotron orbits corresponding to bulk Landau states and
(b) the classical skipping orbits corresponding to
interfacial Landau states, The WKB interfacial Landau
level quantisation condition (4.43) leads to
quantisation of the shaded area A,, bounded by the
electron path and the RH barrier interface.
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the y-direction. This agrees with the quantum mechanical expectation
value (1.26) which is proportional to the positive gradient of the

interfacial Landau state dispersion curve. From equation (4.47b), the

local y-component of velocity is

(py + eBx) =ﬁky + eBx

vy(x) = 4.50
y = = (4.50)
so that at the RH barrier interface,
VY(O+) = ﬁky/mL*. (u-51)

The skipping electron moves with constant orbital speed vp =
1

(2Ep/m*) *and is therefore incident on the barrier at an angle 6,

given by

vy(04)
o = cos™! (—L—5) = cos™! | Tiky ) = cos™}! u,
v
A (2m¥ Ep)°
; 0se8 s, (4.52)

which gives a physical interpretation of the variable u, defined in

equation (4.40),
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The arclength Sp of the skipping orbit shown in Figure 4.5 is

1

—_— 2
2(2m * En) cos~! u
S = 2R @ = L _n 0

, (4.53)
n n Be
so that the time-of-flight between successive skips is
S 2mg *
Ty = — = “ cos™! U . (4.54)
Vn Be

The frequency of classical collisions between the skipping electron

and the RH barrier interface is therefore

Be
o . 4.55
2m ¥ cos™! u, ( )

F 1
n Tn

From equation (4.40c), cos™® u, = w for bulk orbits so that

Fn simply equals the bulk cyclotron frequency we/2m.

When ky = 0, the magnetic potential energy is centred at the

RH barrier interface (Xk
y
of a series of semicircles. From equation (4.40c), cos™! u, = n/2

= 0), and the electron trajectory consists

when ky = 0 so that Fp = wg/m. As expected this is twice the bulk

cyclotron frequency.
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As ky is increased from zero, the orbit centre Xyy = -Tiky/Be
moves further 1left of the RH barrier interface. In addition,
equation (4.,52) predicts that for given En, u, increases towards
unity so that the angle of incidence & = cos™' u, falls and the

skipping frequency (4.55) rises.

This increased skipping frequency is central to the physical
interpretation of the amplitudes of oscillatory structure observed
under forward bias in the magneto-current and derivatives of the

single-barrier structures (see Chapters 5 and 6).

It is clear from Figure 4.5 that the area An, enclosed by the

RH barrier interface and the projection of the skipping orbit on the

x-y plane is

Anp = R ® - R} cose siné

1
= RA (cos™ ugy = ue(l = ug?) 2) (4.56)
25E? Enp 7
= ——— (= - £ (uy,)
B2e? 2 )

where f(u,) is defined in equation (4.42).

Comparing equation (4.56) with the quantisation condition

(4.43) gives, in the limit of an impenetrable barrier

Ap = (n + 13;) h/Be (4.57)



123

so that the area of the skipping orbit is quantised in units of h/Be,
which is twice the area of n = 0 bulk cyclotron orbits. It follows

that the magnetic flux ¢, = BAp, passing through this orbit is

quantised in units of h/e.

4.5 Summary

In this chapter, the effect of a transverse magnetic field on
occupied 2DEG states has been described using nondegenerate
perturbation theory. The field causes a diamagnetic shift AE{g of
the bound state energy and, in k-space, the centre of the Fermi
circle undergoes translation from (ky, ky) = (0, 0) to (Be(b +
3a,)/fi, 0). However, provided AE}, << Ep, so that the use of non-

degenerate perturbation theory is valid, the change in magnitude of

the Fermi wavevector is negligible,

Electronic motion in the n* layer is constrained in the
x-direction by the magnetic field and the potential energy barrier.
This confinement quantises the energy associated with motion
perpendicular to the magnetic field into bulk or interfacial Landau
levels. Interfacial Landau states correspond to classical skipping
trajectories which intersect with the barrier interface, The
associated energy 1levels can be <calculated within the WKB
approximation and depend on the transverse wavevector component ky,
which determines the orbit centre position and conséquent degree of

magnetic confinement. The WKB energy quantisation condition leads to

areal quantisation of the skipping orbit projection on the x-y plane.
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CHAPTER FIVE

TRANSVERSE MAGNETOTUNNELLING IN ASYMMETRICALLY-

DOPED (InGa)As/InP SINGLE-BARRIER HETEROSTRUCTURES

5.1 Introduction

In the previous chapter, the LH and RH eigenstates of an
asymmetrically-doped single-barrier structure were calculated under
forward-bias conditions, and in the presence of a transverse magnetic
field B | z. In this chapter, these results are used within a

transfer-Hamiltonian formalism, to calculate the tunnel current due

to electronic transitions from the 2DEG into interfacial Landau

states in the n* collector contact. The predicted field-dependences
of the tunnel current and derivatives are compared with measurements

reported by Snell (1987a) and Snell et al. (1987).

5.2 Device Specifications

The heterostructures used in the experiments of Snell et al.
were grown by metalorganic chemical-vapour deposition and consisted
of the following layers, illustrated in Figure 2.1: (1) 8000 % of
(InGa)As, doped at Np = 102° m=%; (2) 8000 & of (InGa)As, Np = 5 x

[e]
102 m™%; (3) 168 A of InP, Ny = 6 x 102! m=%; (4) 3600 § of

(InGa)As, Np = 102® m-*; (5) 2000 R of InP, Np = 5 x 10%* n~°
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Using a nonparabolicity factor o = 5 eV~! (Sarkar et al.,
1985) and taking the conduction band-edge mass of (InGa)As to be

0.041 mgy, the Fermi energy (2.1) in the n* contact is Epg = 16 meV.

A conduction band offset AE, = 230 meV is assumed and the

conduction band-edge mass of InP is taken to be mB* = 0.077 m,.

5.3 Experimental Magnetotunnelling Data

Figures 5.1 and 5.2 show the field-dependence of the tunnel
current I(B) measured for a range of forward-bias voltages. The

experimental techniques wused to obtain these curves have been

described in detail by Snell (1987a).

For all voltages, the tunnel current falls rapidly with

increasing field, and for V = 100 mV, is almost quenched for B 2 15

T. Weak oscillatory structure superimposed on this fall off is
clearly revealed in the second derivative curves d2I1/dB?, shown in
Figures 5.1 and 5.3. For each blas voltage, two distinct series of
oscillations are observed over clearly separated ranges of magnetic
field. Those oscillations visible at low fields are collectively

referred to as the +pp series,and those at higher fields the -pp

series, With the exception of the 1last (highest-field) -pg

oscillation observed for V = 100 mV, the oscillatory amplitudes of

both series increase with field. In addition, with increasing

voltage, the +pp oscillatory amplitudes weaken relative to those of

the -pg series,
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Figure 5.2 Normalised I(B) characteristics of the (InGa)As/InP
samples measured at T = 4,2 K for a variety of
forward-bias voltages. The y-axis intervals correspond
to a change of 10% in I(B)/I(0). (After Snell, 1987a).



d21/dB2

Figure 5.3

125 mV

—
!\ 75 mV
e ,
25mV
L J
———J | I
4 8 12

B [T]

d?I/dB? characteristics of the (InGa)As/InP samples
measured at T = 4.2 K for a variety of forward-bias

voltages. The +pp (-pp) series of oscillations revealed
at low (high) fields are distinguished by horizontal
brackets. (After Snell, 1987a).
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Both series of oscillations are periodic in 1/B (Snell,

1987a) with maxima occurring at the resonant field values Bp* given

by

(1)=(n+ ) in=0,1, .. (5.1)
+ B, (V)
Bn Fz

where ¢ is a field-independent phase factor and Br+(V) are voltage-
dependent 'fundamental' fields which equal the reciprocal of the
periodicities in 1/B of the #pp series. Figure 5.4 shows that both
fundamental fields increase almost linearly with voltage. Since the
oscillatory structure 1is evidently voltage-dependent, it cannot
originate from the standard Shubnikov-de Haas effect in the n* layer

(see, for example, Ridley, 1988), and is more likely to be associated

with the strongly voltage-dependent tunnelling process.

A successful theory of magnetotunnelling in these single-
barrier structures should explain the physical origin of the two

series of oscillatory structure, give reasonable quantitative

predictions for the voltage-dependence of the fundamental fields and,
in addition, account for qualitative features such as the clear
separation of the +#pp series and the increase in

oscillatory

amplitudes generally observed with increasing magnetic field.
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5.4 A Transfer-Hamiltonian Model for the Tunnel Current

Under foward-bias conditions and in a transverse magnetic
field, current flow through the device can be described within the
transfer-Hamiltonian formalism in terms of transitions from the
perturbed 2DEG states in the n™ emitter, into bulk or interfacial
Landau states in the n* collector (see Chapter 4). These Landau
states are magnetically confined perpendicular to the barrier
interface and therefore carry no nett current in this direction.
Current continuity is maintained in the n* contact by scattering
processes which enable electrons to diffuse between localised Landau
states with different orbit centre positions. At 1liquid helium
temperatures, the dominant scattering mechanism of hot electrons in
bulk n* (InGa)As is LO polar phonon emission(see, for example, Ridley

1988) which occurs at a rate of approximately 10'® s~}

(Lobentanzer et al., 1987). This scattering rate is much faster

than the tunnelling transition rate~107 s~! over the entire range of

voltages studied (25 - 125 mV). Consequently, electrons injected

into the n* collector cool rapidly to the bulk Fermi level Epg, which

is only weakly field-dependent (Brey et al., 1988).

For bias voltages V > 10 mV, E}, > Epg so that, as can be

seen from Figure 2.1, the occupancies of states in the 2DEC and n*

contact in the energy range Efg s E S Efg + Ef can be taken as 1 and

0 respectively at T = 4 K,

The current is limited primarily by the tunnelling transition
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rate and 1is therefore insensitive to changes in the LO phonon
emission rate caused by the magnetic field. Consequently, transverse
Shubnikov-de Haas oscillations (see, for example, Ridley, 1988) are
unlikely to be seen, and the oscillatory structure observed in

d21/dB? almost certainly originates from the effect of the magnetic

field on the tunnelling process itself.

It was shown in Section 3.5 that tunnelling transitions in
the presence of a transverse magnetic field, must conserve both the
total energy and the transverse wavevector 5". The current Alp (ky.
k;) due to wavevector-conserving transitions from the perturbed 2DEG

state with 5" = (ky, kp) into the n'M interfacial or bulk Landau

state is
AIn (ky, kz) = e Wn (ky, kz) (502)

where Wp (ky, kz) 1is the transition rate (3.25) which depends only on

the x-dependent factors of the initial and final state wavefunctions.

Since these wavefunctions satisfy 1D Schrddinger equations of
the form (4.22) which are independent of k,, the transition matrix
element (3.37) is also independent of k, and is written Mn(ky).

Combining equations (3.25) and (5.2) gives

2
BIntky, kz) = 22 lig(ey) 12 sCaER(ky)) (5.3)
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where
AEn(ky) = Ep(ky, kz) - Ep(ky, kgz)

2 - 2
B .0 (ky = K,)
bo 2 L ¢ 2mz

- En(ky) ’

is the difference between the LH (2DEG) and RH (interfacial Landau)

‘energy levels given by equations (4.14) and (4.22).

At fixed voltage and field, the current I,(V, B) resulting

from all transitions into the n®l Landau state is obtained by

integrating AIn(ky, k,) over the range of occupied 2DEG states shown
in Figure 4.1, using the periodic boundary conditions (1.11) to

determine the density of states in Kk-space. Provided the bias

voltage is sufficlently large that the electrons tunnel into

emply
states in the n* layer (V 2 10 mV), this current is
L Lye Kp kg | |2
I,(V, B) = ——2— kf' . S Mp(ky)!  S8(AEp)dkg dky'
Y : Kg=-kg
(5'”)

Wher‘e ky' = ky - ko ’
1
Ky = (kp? = ky'?)?

and LyLz is the cross-sectional area of the sample,
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The expression for AE, given in equation (5.3) is independent
of Ky, so that the integral over k, in equation (5.4) 1is easily

evaluated giving

2eLyL,  +KF H 2
In(V, B) = -_;gb_-kj'=-kp (kg? = ky' ) b (ky) | 6 (ER) aky?

(5.5)

which, changing the variable of integration from ky' to AE, becomes

1
2
2
niky' dEn(ky))

(

In(v) B) =

5.6)

*

The integral in equation (5.6) is evaluated over the range of AE,

corresponding to Iky'l S kg and gives

1
2eL, L kp? = ky'2)° | 2
In(v,B) = iz LKE = Kyt D) (k)| }
™ i Ti’ky'  dEp(ky) Ky '=kyi'(n)
m*|, dky
(5.7)

where {kyj'(n) = kyj(n) - ko3 1 = 1, 2,...} are the solutions of the

energy conservation condition

AEp(ky') = 0 . (5.8)

within the range - kg g kyi'(n) s +kg
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This condition can be interpreted graphically by looking for

intersections in the E - ky plane between the n'h Landau state

dispersion curve and the parabola

E(ky) = fi2(ky = ko)2/2m¥y + BL 5 Dy = kol s g

[ (5-9)
which gives the energy, associated with motion perpendicular to the

magnetic field, of the occupied 2DEG states.

As shown in Figure 5.5, each Landau state dispersion curve
makes at most one intersection with the 2DEG parabola, so that the

energy conservation equation (5.8) has a unique solution, ky'(n), in

the specified range.

Thus, the series expansion (5.7) contains only one term and

may be written

1
2
eL,L (kp? = ky'?) 2(2nimM, (ko) | S/m
In(V,B) = —&2 |=F . ~—t
n

J

(5.10)

Each intercept in Figure 5.5 corresponds to a conduction
channel, comprising a set of 2DEG electrons with lkzl S(kp?
-ky'z(n))g, which contributes to the tunnel current. The total
current flowing into all RH Landau states is
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Bulk and interfacial Landau state dispersion curves
En(ky) n =0, 1, ... 12 of the (InGa)As/InP
singYe-barrier structures calculated for V = 100 mV and
B =5 T, taking the nonparabolicity factor of (InGa)As
to be a = 1.3 eV™!, and assuming a finite conduction
band offset AE, = 230 meV. The broken curve shows the
magnetic potential energy at the RH barrier interface as
a function of ky and marks the transition from bulk to
interfacial Landau states. The parabola centred at k,
shows the range of occupied 2DEG states calculated for
the same voltage and field. Intercepts between the 2DEG
and interfacial Landau state dispersion curves are
marked by open circles and correspond to groups of 2DEG
electrons which contribute to the tunnel current.
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I(V,B) = © I,(V,B) (5.11)

n:lky'(n) < kFI ’

where the summation is over all open conduction channels, D'yakonov
and Raikh (1985) derived a similar expression for the transverse
magneto-current flowing through a single-barrier structure with

heavily n-doped emitter and collector contacts,

It should be noted that all intersection points shown in
Figure 5.5 correspond to interfacial Landau states. In fact,
tunnelling into bulk Landau levels cannot occur in the (InGa)As/InP

structures, owing to the low Fermi momentum pp = fikp of the 2DEG (see

Section 5.7).

5.5 The Origin of the iPF Series of Oscillatory Structure

Observed in d2I/dB?

Figure 5.5 shows the intersection points {ky(n)} for V = 100
mV and B = 5 T, Changing the magnetic field at constant bias alters

both the 2DEG and Landau state dispersion curves, thereby shifting

the intersection points. In this section, the tpr series of

oscillatory structure observed in d?I/dB? are shown to originate from

the gain or loss of intercepts from the extremities of the 2DEG

parabola.
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The origin k, = Be (b + 3a,)/M of the parabolic  2DEG
dispersion relation (5.9) increases with field so that, as can be
seen from Figure 5.5, the range of occupied k-states shifts to higher
Ky values. Neglecting the small diamagnetic shift (4.20) in the
bound state energy Ej,, the range of occupied 2DEG energy levels Efq

< E s E}o *+ Efp shown in Figure 2.1 is, however, unchanged by the

magnetic field.

Increasing the magnetic field also reduces the distance
between the classical turning points of each 1interfacial Landau
state. This 1increases the confinement of the associated wave-
functions, thereby raising the energy levels En(ky). It can be seen
from Figure 5.5 that the combined effect of changing the 2DEG and
Landau state dispersion curves causes the +kp extremity of the 2DEG
parabola to make successive intersections with lower-index dispersion
curves, as the magnetic field increases,

so that new conduction

channels are opened whenever ky'(n) = +kp. when this resonance

condition is satisfied, 2DEG electrons with transverse momentum py' =

m*<vy> = +pp = +fkp tunnel into the n'h interfacial Landau state.

As the field is further increased, the intercept moves away from the

+krp extremity of the 2DEG parabola (ky'(n) decreases) and s
eventually lost from the -kp extremity, resulting in the closure of
the nth conduction channel when ky'(n) = -kg. Thus, tunnelling into
each interfacial Landau state only occurs over the field range Bp* §
B S Bp™, where Bn® are the resonant fields for which ky'(n) = 1 kp.

For field values outside this range, the requirements of energy and

transverse wavevector conservation cannot be satisfied for any

transitions from the 2DEG into the nth interfacial Landau state.
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This successive opening and closure of tunnelling channels is
intuitively expected to give rise to oscillatory structure in the
magneto-current and derivatives, whenever intercepts are gained or
lost from the extremities of the 2DEG parabola. The expression (A.2)

for dI/dB given 1in Appendix 1, actually predicts over-dramatic
oscillations since dI/dB =+ 1= as ky'(n) » t kp. Such divergent
oscillations are not, of course, observed and arise from the neglect
of energy level broadening in the transfer-Hamiltonian formalism.
Nevertheless, the model c¢learly predicts two distinct series of
oscillations in dI/dB; maxima associated with 2DEG electrons with
transverse momentum py' = +pr tunnelling into interfacial Landau

states; and minima associated with transitions made by 2DEG electrons

with equal and opposite momentum py' = = DF.

5.6 Calculation of the Periodicities of the iPF Series

Equation (A.2) of Appendix 1 predicts that extrema in dI/dB

will be observed at the resonant field values Bp* for which the nth

interfacial Landau state dispersion curve passes through either

extremity of the 2DEG parabola, that is

ky(n) = ko 1 kF ’ (5.12)

and

En(ke t kp) = eV + EFRp (5.13)
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Snell et al. (1987) and Chan et al. (1988) derived approximate
analytical expressions for Bt by substituting equations (5.12) and
(5.13) together with the linear approximation (4.42) for f(u,), in

equation (4.43). In the limit of an infinite potential barrier at x =

0, this gives,

1

" s 2
L (2tn + 3y » D222 GTLEV ® Bom)) )
+ m¥*, (eV + EFr)(1 7 uf) e
Bn
(5.14)
Tikp

where up =

1
[2Ftl—€(ev + EFR)]z
and m¥, = m* (1 + a(eV + Egg))

is the electronic effective mass in the n* collector appropriate to

the injection energy eV + Eppg.

Using the constant capacitance approximation (2.28), ug may

be written

n . aC. )
uF = - [‘.:'_'"]2

s =0 (5.15)
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and, apart from the weak voltage-dependence of the effective mass,
depends only on the sample geometry and material parameters.
Consequently, the RHS of equation (5.14) is independent of magnetic

field so that the extrema in dI/dB are predicted to

occur
periodically in 1/B with the distinct periodicities
() - =2 - — . (5.16)
5 t m¥*; (eV + EpRr)(1 7 up) Bp4(V)
n

Since up and m*; are only weakly voltage-dependent, the corresponding

fundamental fields

m* (1 3 up)(eV + EpR)

Bp4(V) = o (5.17)

defined in equation (5.1) are expected to increase almost linearly

with voltage, at distinct rates which depend only on fundamental

constants and on the device geometry and material parameters,

Theoretical values of Bp,(V) calculated from equation (5.17)

are shown in Figure 5.4. The best fit to the data is obtained using

a = 1.3 eV}, which is lower than the value 5 eV™! measured optically

by Sarkar et al. (1985), but is reasonable considering the large

range of injection energies (40 - 220 meV) investigated (Heiblum et
al., 1987).
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The theoretical fit to the data 1s remarkably good
considering some of the approximations made in the model, The

linearisation (4.45) of f(u,) made by Chan et al. (1988) is probably

one of the most important approximations.

5.7 Tunnelling into Bulk Landau Levels Does Not Occur

The resonance conditions (5.12) and (5.13) can, in principle,
also be satisfied whenever 2DEG electrons with transverse momentum
py' = t+ pp tunnel into bulk Landau states, thereby giving rise to a

third series of oscillations in dI/dB at the resonant field values B

given by

1 (n + })1ie

—— n=20,1,2 ... .18
Bn m*L(eV + EFR) (5 )

The voltage-dependence of the associated fundamental field

ETE(GV + EFR)
(5.19)
fe

Bp(V) =

is shown by the broken curve in Figure 5.4 for a = 1.3 eV™!, The

theoretical values of Bp(V) cannot be reconciled with the data for

any reasonable choice of a (Snell et al,, 1987).
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To further support the model of tunnelling into interfacial
Landau levels, Sheard et al. (1988) used the following argument to
prove that 2DEG electrons with py' = + pp (ky' = tkp) cannot make

transitions into bulk Landau levels, and therefore do not give rise

to oscillatory structure,

From Figure 4.5, 2DEG electrons with the transverse wave-
vector component ky only tunnel into bulk Landau states in the n*

collector, if the classical orbit centre position exceeds the orbital

radius, that is

ik :
= - —L - 2
xk " > Rp(ky) = (2m* Ep(ky)) “/Be (5.20)

Y

For electrons with ky = (k, + kp) inequality (5.20) is never

satisfied, since the corresponding orbit centre Xk < 0.
y
For electrons at the Fermi energy of the 2DEG with ky = (Ko =

kg) and Ep(ky) = eV + Epg, inequality (5.20) becomes

1
-f  Bpe (2m¥*; (eV + Egpgp))°

X == (= (b + 3a,) - kp) 2 —= FR
kg Bpe M4 .

Bphe

(5.21)

which may be written

Up 2 u, + 1 , (5.22)
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where

. 1
u, = Bpe(b + 3a,)/(2m* (eV + Epg))? ,

and up is given within the constant capacitance approximation by

equation (5.15). For the (InGa)As samples, C = 4250 uF m~2 (Snell
et al., 1987), so that the highest possible value of up,
corresponding to m¥[ = m*_,, is approximately 0.37. Since u, is
always positive, inequality (5.22) cannot be satisfied and tunnelling
into bulk Landau states does not occur. By contrast, in a metal-
oxide semiconductor structure, the large and voltage-independent

Fermi momentum in the metal allows the observation of tunnelling into

bulk Landau levels in the semiconductor (Tsui, 1975).

5.8 Calculation and Interpretation of the 2DEG to Interfacial

Landau State Transition Matrix Element

In order to evaluate the tunnel current (5.11) and, in
particular, to give a physical explanation for the field-dependence

of the oscillatory amplitudes observed in d2I/dB2?, the squared

transition matrix elements |Mn(ky)l2 must first be determined. In
this section, an expression for |Mn(ky)|z is derived from equation

(3.37) using the x-dependent factors of the 2DEG and interfacial

Landau state wavefunctions.
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To obtain non-vanishing matrix elements, the 2DEG states are

represented by a modified Fang-Howard wavefunction

(x+b=8)
-
“(23,>) 2 (x + b - &) e 230 ;X S -b

V'ER(x) | (5.23)

up1(=bs+) |} s 2a, -b

2ao’Un‘| (X)

where the penetration parameter

* - -
6-[1 +mLun?(b+))1

2a, m*g '

and upq(x) is the barrier decay function defined in equation (4.26).

This wavefunction has a finite amplitude throughout the

barrier region and is similar to that of Bastard (1983), except that

for x 2 -b, the uniformly decaying exponential function is replaced

by a WKB solution which takes into account the electrostatic

potential variations in the barrier region. The modified wave-

function (5.23) is normalised by neglecting the small fraction which

penetrates into the barrier region. Over the ranges of bias and

field studied, the penetration length wun”'(-bs) over which the
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amplitude of Y'pu(x) in the barrier falls by a factor of

approximately e~! is much less than 2a,. Consequently, the decay

parameter 8 = mp*/(m ¥ un1(-b+)). Within this approximation, and using
the WKB validity condition (4.27) to Jjustify the neglect of terms

involving dupj(x)/dx, the derivative of yg, (x) is

(x+b=58)
-l - . TA S
—(2a,*) "2 (1 + ﬁl_izg___él) o 230 N
[}
dy'pH(x)
H - | (5.24)
dx
£ gy (0 dx
= U X X
_ ™8 bn1(x) 1 o-p M '
m*, 2a,’up1(-bs) € = =up1(x) V'Fulx)
s X 2 =b

where terms of order 8% and above are omitted.

To determine the transition matrix element (3.37), equations

(5.23) and (5.24) are evaluated at the RH barrier interface giving

0
m* 1 '{b Mpt(x) dx

B
v EH(0-) = == (23,° up1(=be) upq(0.)) e (5.25)
neL

and,
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dy'py(0-)

= = up1(0=) W'FH(0-) . (5.26)
dx

To obtain similar limiting expressions for the interfacial
state wavefunctions yYn(x) and derivatives, these wavefunctions must

be normalised. Neglecting penetration into the classically forbidden

regions, normalisation of the WKB interfacial state wavefunctions

(4.32) requires

w 6|G -2 -1
i Iwn(x)l2 dx = ——— fwn a (x) cos? (T(x) --1] dx = 1
o m © n 4

(5.27)

where T(x) = f:n an(x) dx

Provided that the WKB validity condition (4.28) is satisfied, ap(x)

varies slowly over the distance = m/ap(x) required for the phase of

the squared cosine term in equation (5.27) to change by . Over

this distance, the average value of the squared cosine term is

approximately 1/2 so that equation (5.27) becomes

3 alg -l dx
(=) —=— /" -1 (5.28)
m m*, o vpix)

where vn(x) = flap(x)/m*, is the semiclassical local x-component of

velocity.
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The integral in equation (5.28) gives the time taken for the

electron to move between the turning points of its classical skipping

trajectory, that is

W dx  _ _1_
On Vn(x) 2Fn (5029)

where Fp is the classical skipping frequency (4.55) of electrons along
the RH barrier interface. Combining equations (5.28) and (5.29), the

required normalisation coefficient is

21 m¥[ Fp.}
Gy~ = (————— . (5.30)
n P )

For low-index interfacial Landau states, the assumption that
ap(x) varies slowly over distances = T/an(x) is invalid so that both
the form (4.32) and the normalisation coefficient (5.30) of the
associated WKB wavefunctions are of 1limited accuracy. The WKB
approximation is thus not expected to give

precise quantitative

information about these low-index states.

Neglecting terms involving dap(x)/dx, the derivative of yp(x)

in the classically allowed region is

dyp(x) m* Fp.} !
n =2[mL n)z

2 n
"~ o an (x) sin (T(x) - ;J (5.31)
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In the limit x =+ O,, equations (4.32) and (5.31) become

m* 1 -l

D)2 42(0,) cos (f:“ an(x) dx --%) (5.32)

Wn(0+) = 2 (

and

SEQ (04) .

m*L Fn); :
dx

ol (04) sin (f:” an(x) ¢x - 7) (5.33)

2 (

If follows from the energy quantisation condition (4.36) that

(-1)n an(0+) m¥*g

cos (fzn an(x) dx --1] = T

_— 2
(an?(04+) m*p? + up12(0-) m*?)

(5.34)

and

(=)™ upq(02) m¥,

sin (fwn an(x) dx --1) =
0 4 :

(ap2(04) m*g? + pp12(0-) mAL2)°
(5.35)

Using these expressions in equations (5.32) and (5.33), and imposing

the matching conditions (1.39) and (1.40) at the RH barrier

interface, gives

1
-1)N 2
GO (1T aq (04) mhp
¢! ___ 1 !
(apn?(04) m*g? + u,12(02) m*[_,z)2

Yp(0=) = yu(04) = 2 (

(5.36)



145

and

- n !}
dyp(0-)  m¥p dyn(0+) 5 (m*L Fn)§ (=1) apn (0+) up1(0-) m*p

dx ) m¥, dx

1
(ap2(0s) m*? + up12(0-) m*2)’

= up1(0=) ¥p(0-) , (5.37)

Substituting equations (5.25), (5.26), (5.36) and (5.37) into

equation (3.37) it follows that

™

lp k) 12 = S w200 Tven0ol® luncon 12

(o]
-2fb up1x)ax
fi k(-b-) (16m*52 an(0+) un1(0-) k(-b-) e
2(5a)m*,” "L m¥, ung (<be){an(0s)m /MR L) + upy?(0-)]

2

(5.38)

where, from equation (2.18),

hk(-b.) _ V5%
m¥*[, 2m¥*, a,

1
= (2Epo/m*y,) 2

is the semiclassical longitudinal (H X) velocity component of the

2DEG electrons at the LH barrier interface, in zero magnetic field.
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Since the motion of 2DEG electrons normal to the barrier interface is
only slightly perturbed by the transverse magnetic field (see Section

4.2.2), this incident velocity is approximately equal to fik(-b.)/m¥L,

for all fields.

Each term 1in equation (5.38) can be interpreted semi-
classically. The first bracketed term on the RHS is the frequency of
the collisions which an electron moving with constant longitudinal

kinetic energy Epo, makes classically with each wall of a rectangular

confining potential well of width 5a,, which is almost twice the
mean 2DEG stand-off distance 3a,. Consequently, this term 1is

approximately equal to the classical collision frequency between a

2DEG electron and the LH barrier interface.

Similarly, the second bracketed term in equation (5.38) is

the classical skipping frequency (4.55) of an electron with

transverse wavevector component ky, which occupies the nth

interfacial Landau state.

Suppose that the effective potential energy Dbarrier
(including the magnetic term) is part of a system containing an n*
emitter contact in which electrons with incident kinetic energy Epy =

fi2k?(-b.)/2m*], occupy travelling wave states. Then, the third term

on the RHS of equation (5.38) 1is the WKB barrier transmission

coefficient (1.53) when free electrons incident from the left with

kinetic energy f%k?(-b.)/2m*;, << N%u?pi(=-b+)/2m*p, are partially

transmitted into travelling wave states in the n* collector with

emergent longitudinal kinetic energy fi’ap2(0+)/2m*.
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The squared matrix element IMn(ky)|2 is thus formally
identical to that derived in Section 3.7 for transitions between two
weakly-coupled rectangular potential wells. In contrast to this
earlier example however, the collision frequency terms in equation
(5.38) contain no end corrections because the 2DEG and interfacial
Landau state wavefunctions (5.23) and (4.32) are normalised by

neglecting penetration into the classically forbidden regions.

In Section 5.12, this semiclassical interpretation of
|Mn(ky)|2 is used to explain the field-dependence of the oscillatory
amplitudes observed in d?I/dB?, by considering the effect of the
field on both the barrier transmission coefficient and on the
classical skipping frequencies of the interfacial electrons. The
first (bracketed) term on the RHS of equation (5.38), identified as

the classical collision frequency of the 2DEG electrons, is field-

independent and thus has no effect on the envelope of the oscillatory

amplitudes.

5.9 Simulation of the Tunnel Current I(R)

The first step in evaluating the tunnel current (5.11) for

given voltage and field is to calculate the set of wavevector

components {ky'(n):lky'(n)l S kp)} (see Figure 5.5) which satisfy the

energy conservation requirement (5.8).
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These wavevector components are obtained by numerical
solution of equation (4.43) in which Ep(ky) = fi*(ky = kg)?/2m*p +
Elo, using the full expression (4.42) for f(u,). The effects of the
finite barrier height and of nonparabolicity (a = 1.3 eV™!) in the n*

contact are also taken into account.

Once the allowed transverse wavevector components are known,
the corresponding squared matrix elements (5.38) are calculated. The
gradients dEn/dky of the interfacial Landau state dispersion curves,
are evaluated at each intersection point by numerical solution of the
implicit equation for dEn/dky obtained by differentiating equation
(4,43) with respect to ky. The current contribution IL(V, B) arising
from tunnelling transitions into the nth interfacial Landau state is

then calculated by using these values in equation (5.10). The total

tunnel current is the sum of these contributions.

Normalised current curves I(B)/I1(0) calculated for a range of
forward-bias voltages are shown in Figures 5.6, 5.7 and 5.8, together

with the current contributions IL(B) n = 0,1, ... 9. Higher-index

contributions are omitted for clarity.

The shapes of the calculated I(B) characteristics are in

reasonable agreement with the corresponding experimental curves shown

in Figures 5.1 and 5.2.

In particular, for V = 25 mV, the closure of then = 4, 3, 2,

1 and O tunnelling channels imposes weak oscillatory 'shoulders' on
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Figure 5.6 Normalised I(B) characteristics of the (InGa)As/InP

single-barrier structures calculated for V = 25 mV,
taking the nonparabolicity factor of (InGa)As to be
a = 1.3 eV}, and assuming a conduction band offset
AE, = 230 meV. The individual current contributions
In(B) n =0, 1, ... 9 are also shown,
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Figure 5.7 Normalised I(B) characteristics of the (InGa)As/InP

single=barrier structures calculated for (a) 100 mV and
(b) 75 mV, taking o = 1.3 eV™'! and AE, = 230 meV. The
individual current contribution I,(B) n =0, 1, ... 6
are also shown,
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Figure 5.8

Normalised I(B) characteristics of the (InCa)As/InP
structures calculated for V = 125 mV, taking o = 1.3
eV™! and AE, = 230 meV, The individual current
contributions In(B) n =0, 1, ... 9 are also shown.
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the decreasing part (B 2 1.5 T) of both the measured and simulated

curves.

In general however, the structure in the simulated curves is
unrealistically sharp and pronounced. This is to be expected since
the transfer-Hamiltonian formalism neglects energy level broadening
and only encompasses elastic tunnelling transitions which also
conserve the transverse wavevector, The measured current probably
contains additional contributions from inelastic phonon-assisted and
elastic impurity-assisted transitions (see, for example, Duke 1969),

which change the electron wavevector. It follows that the opening

and closure of elastic, wavevector-conserving conduction channels

produces greater fractional changes in the calculated current, which

contains no additional contributions.

For V = 25 mV and V = 100 mV, the calculated I(B) curves
shown in Figures 5.6 and 5.7 fall to zero at fileld values B3(V) which

are much lower than observed (Figures 5.1 and 5.2).

This discrepancy is due to inaccuracy of the WKB interfacial
Landau 1levels in the quantum 1limit n = 0, and also of the
perturbation calculation of the 2DEGC energy levels at higher fields.
Uncertainties in the conduction band offset, the effective mass in

the barrier region and the nonparabolicity factor of (InGa)As also

affect the values of B,~(V) through their influence on the n = 0

dispersion curve.
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For all voltages, the measured zero-field current density
IM(0) is several orders of magnitude higher than the calculated value
1C(0). For example, when V = 100 mV, IM(0) = 6.4 x 10" A m™? whereas
IC(0) = T2 A m™2. The magnitude of the tunnel current depends
primarily on the decay function upqi(x) which appears exponentially in
the transition rate (5.38). This decay function 1is calculated
assuming that the effective mass in the barrier region equals the
conduction band-edge mass of InP. However, Lassnig (1987) has shown
using k.p theory that the effective tunnelling mass in III-V hetero-
structures falls almost linearly with energy T(x) = Eo(x) = Ep(ky)

below the conduction band edge, that is

m*(T(x)) = m*g(1 - aT(x)) , (5.39)

where a = 1/Eg = 0.73 eV™! for InP at 4.2 K.

When V = 100 mV, the 2DEG electrons tunnel approximately 160
meV below the top of the InP barrier, for which the effective
tunnelling mass (5.39) 1is approximately 0.88 m¥g. This small
reduction in mass increases the predicted zero-field tunnel current
by approximately 4 times to IC(0) = 290 A m™%, in slightly better
agreement with the measured value, Because the transition rate
(5.38) depends exponentially on the tunnelling mass,

the calculated

current is extremely sensitive to the value of a. However, for V =

100 mV, comparable values of IC(0) and IM(0) are only obtained taking

w

a 3.5 eV™!, which is almost five times

the k.p prediction.

Nevertheless, such uncertainties in the tunnelling mass partially

explain the discrepancies between Ic(0) and Im(0).
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Generalisation of Lassnig's k.p calculation to include the
effect of a transverse magnetic field is not trivial and, since the
main aim of this chapter is to explain the shapes, rather than the
absolute values of the tunnel current and derivatives, the energy-

dependence of the tunnelling mass is neglected.

5.10 Physical Explanation for the Field-Dependence and Relative

Magnitudes of the Current Contributions In(B)

5.10.1 Introduction

Figures 5.6, 5.7 and 5.8 show the current contributions I,(B)
calculated from equation (5.10) for a range of forward-bias voltages.
For V = 25 mV each current contribution is almost symmetrical under
reflection in the line B = (By* + B,7)/2 and attains a maximum value
IMAX = 1,(BMAX), which increases with decreasing n. For higher
biasses, I MAX increases less rapidly with decreasing n and, for V =
100 mV and V = 125 mv, IMAX ¢ 1 MAX,

In addition, B,MAX approaches

B~ so that the current contributions become increasingly

asymmetric,

These trends are most easily understood in physical terms by

considering the factors

1
Nn(B) = (kp? = ky'*(n))? ' (5.40)
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Wo(B) = 2nlMy(ky(n))l2/m , (5.41)

and Dp(B) = |ﬁ2ky'(n)/m*L - dEn/dkyl" (5.42)

of In(B) given in equation (5.10). Each factor depends para-
metrically on magnetic field through the allowed transverse wave=
vector components {ky(n)}. Wn(B) is the 'normalised' transition rate
obtained by integrating equation (3.25) over the energy range of all

final states, in order to eliminate the delta function.

The field-dependence of each factor is shown in Figures 5.9
and 5.10 for V = 25 mV, The normalised transition rate W,(B) is,
from equation (5.38), proportional to the product of the barrier
transmission coefficient Tp(B) and the classical interfacial skipping
frequency Fp(B), which are both shown in Figure 5.11. The physical
reasons for the field-dependence of each factor are now considered in

some detail, since this is also central to the interpretation of the

oscillatory amplitudes of dI/dB and d?I/dB? given in Sections 5.12

and 5.13.

5.10.2 Field-dependence of the factors Nn(B) calculated for

V = 25 mV

It follows from equation (5.40) and the k-space distribution

of occupled 2DEG states shown in Figure 4.1, that 2DEG electrons

with the transverse wavevector component ky(n) have values of kz in
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Figure 5.9 The factors (a) Nnp(B) and (b) Dp(B), n=10, 1, ... 9,
calculated for V = 25 mV over the field ranges
Bh*-S B S Bpy~. The crosses (open circles) in (a) show
the mean values Np* (Np~). Each factor Np(B) attains a
maximum +kg at the field value Bn°. The values of
Dn(Bp®) are shown by open circles in (b).
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Figure 5.10 Normalised transition rates Wn(B), n=0, 1, ... 9,

calculated for V = 25 mV over the field ranges

Byt € B S Bh~. The open circles show the transition

rates at the field values Bp° for which Nu(Bp°) attains
a maximum value +kp.
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Figure 5.11

(a) Semiclassical interfacial state skipping frequencies
Fn(B) and, (b) barrier transmission coefficients Tp(B),
n=20,1, ... 9, calculated for V = 25 mV over the field
ranges By* £ B 5 By~. The open circles show Fp(Bp®) and
Tn(Bn®) where Bp® is the field value for which Np(Bp°)
attains a maximum value +kgp, The broken line in (a)
shows the approximate LO phonon emission rate Wo in
bulk (InGa)As, divided by 2w,
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the range -Np(B) = kz S Np(B). Thus, Np(B) is proportional to the
number of electrons tunnelling into the nth interfacial Landau state
for given magnetic field. Figure 5.9a shows that N,(B) = 0 when B =
Bnt (ky'(n) = t kp) and attains a maximum value of + kp at the field
value B} for which the n'h interfacial state dispersion curve passes

through the centre of the 2DEG parabola (ky'(n) =0).

5.10.3 Field-dependence of the factors Pn(B) calculated for

V=25 mV

The factors Dp(B) shown for V = 25 mV in Figure 5.9b are,
from equation (5.42), related to the number of 2DEG and interfacial
Landau states per unit energy, close to the intersection point ky(n).
The reciprocal of Dn(B) is proportional to the absolute change in the
expectation value of the y-component of velocity of 2DEG electrons

with transverse wavevector component ky(n) tunnelling into the nth

interfacial Landau state. This velocity change is greater for =-kp

electrons tunnelling when B = B~ than for +kp electrons tunnelling
at an adjacent resonant field Bn* 3 Bp~. Consequently, Dn(Bp,* = By~)

> Dp(Bp™) -

Figure 5.9b also shows that for given n, Dn(Bn*) > D,(B,”),
the difference being primarily due to the opposite slopes at either
extremity of the 2DEG parabola. The values of Dn(Bpt) both decrease
slowly with 1increasing Bp*, as the gradients dEp(k otkF)/dky
increase,
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5.10.4 Field-dependence of the barrier transmission coefficients

Tn(B) calculated for V = 25 mV

From equation (1.53), the barrier transmission coefficients
Tn(B) shown 1in Figure 5.11b depend exponentially on the decay
functions wupq(x). From equations (4.21) and (4.26), up1(x) depends
on the sum of the conduction band profile E,(x) and ﬁhe magnetic
potential energy Empag(x) in the barrier region, which determine the

effective barrier height, and also on the tunnelling energy En(ky).

When B = By, 2DEG electrons with ky'(n) = + kp tunnel into

the n'h interfacial Landau state with orbit centre position

fikp
P (5.43)

Xe = =(b + 3a,) -

which, as shown in Figure 5.12 for the case n = 0, lies to the left

of the mean 2DEG stand-off position <x>. As the intercept ky'(n)

moves away from the +kp extremity of the 2DEG parabola with

increasing field (see Figure 5.5), the orbit centre X o (1)
y

3a,) -ﬁky'(n)/Be moves along the x=-axis towards the LH barrier

- -(b +

interface, so that the mean magnetic potential in the barrier region
decreases. It can be seen from Figure 5.5, that the tunnelling energy

En(ky) also decreases as ky'(n) moves away from the +kp extremity of

the 2DEG parabola. For fields just above B,*, En(ky) falls more

rapidly than the mean magnetic potential energy in the barrier

region. The effective barrier height therefore increases relative to
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En(ky) resulting in the reduced transmission clearly seen in Figure

5.11b. As ky'(n) =+ 0, Ep(ky) falls less rapidly than the magnetic
potential energy in the barrier region, so that the total effective

barrier height falls relative to En(ky), and the transmission

coefficient rises. Maximum transmission is attained when B = B, 7,

and the orbit centre

Tikp
Xo = =(b + 3a,) + — (5.44)

lies to the right of the mean 2DEG stand-off position, so that the

mean magnetic potential in the barrier reaches a minimum as shown in

Figure 5.12 for the case n = 0,

The tunnelling energy of 2DEG electrons with ky'(n) = kg
equals eV + Epgp so that the corresponding transmission coefficients
Th(Bp*) depend only on the magnetic potential energy Ewpg(x) in the
barrier region, which ralses the effective barrier height. Using
EmMag(-b/2) to estimate the average increase in barrier height AERE
experienced by t kg electrons tunnelling into the n'h interfacial

Landau state gives, from equation (4.21),

o 1
AEL = EE;E (e

b *
2+ 33, Bf 1 mkp)® . (5.45)
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Equation (5.45) predicts reduced transmission of +kg
electrons as the effective barrier height increases with Bp*, in
agreement with the calculated variation of T,(B,') shown in Figure

5.11b. By contrast, for -kp electrons, Tp(Bp~) is expected to

increase with By~ for Bn™ S Br where

Br = fikp / e (2 + 3a,) , (5.46)

and to decrease with Bp™ for B~ 2 Br. Such variation is clearly

observed in Figure 5.11b, which shows maximum -kg transmission being

attained for B, = 2 T, in good agreement with the estimated value

BT = 2.2 T.

The reason for this behaviour is easily understood. Equation

(5.44) shows that for Bp~ < Tfikp/e(b + 3a,), the orbit centre X- is

located on the RHS of the potential barrier. With increasing

B~ (decreasing n), X- moves towards the RH barrier interface so that

the effective barrier height is reduced and T,(B,”) rises. Maximum

transmission is reached when B,™ = Bp, for which X. lies close to the
centre of the barrier, With increasing B,~ > Br, X. moves further to

the left of the barrier so that the effective barrier height rises

and the transmission coefficient falls.
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5.10.5 Field-dependence of the interfacial Landau state skipping

frequencies Fn(B) calculated for V = 25 mV

The semiclassical skipping frequencies Fp(B) corresponding to
then=0,1, ... 9 interfacial Landau states are shown for V = 25 mV
in Figure 5.11a. For this voltage, the tunnelling energy lies in the
range 34 meV s Ep(ky) S 42 meV and therefore véries only slowly with
magnetic field as the intersection point ky(n) moves through the 2DEG
parabola. The orbital speed vp = (ZEn(ky(n))/E7E); is thus almost
identical for all interfacial electrons, regardless of field or
index. It follows that variations in the skipping frequency (4.55)
are due primarily to changes in the skipping arclength Sp = 2Rp cos™!

u, (see Figure U4.5). With increasing field (and decreasing ky'(n)),

the orbit centre X, = =(b*3a,) - (fiky'/Be) of the nth interfacial

y
Landau state moves along the x-axis. As can be seen from Figure 4.5,

this shift tends to increase the skipping arclength S,. However, this

effect is small compared with the contraction of the orbital radius

R, which, from equation (4.48), falls as B~!, 1leading to a nett

reduction of Sp. Since the orbital speed remains approximately

constant, the skipping frequency Fp(B) increases with field as shown

in Figure 5.11a,

The calculated field-dependence of the angle of incidence 8,

= cos™! u, (see Figure Uu.5) of the skipping electrons, shown in

Figure 5.13, confirms this interpretation. For given n, !

COS™ U,

rises sub-linearly with field so that the variation of the skipping

frequency (4.55) 1s dominated by the 1linear increase in angular

veloceity Be/m‘L.
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Figure 5.13

Angle of incidence 6, = cos™'u, of the skipping
trajectories along the RH barrier interface
corresponding to the n =20, 1, ... 9 interfacial Landau
states, calculated for V = 25 mV over the field ranges
Bht < B S Bp”.
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Figure 5.5 shows that for given field, lower-index inter-
facial Landau states are accessed by 2DEG electrons with higher
transverse wavevector components ky(n), which therefore have orbit
centres Xky(n) = -fiky(n)/Be further to the left of the barrier. Since
the orbital radii (4.48) and orbital speeds (ZHTEEn); vary slowly
with n over the range 34 meV S E, € U2 meV of occupied 2DEG levels at
V = 25 mV, electrons tunnelling into lower-index states traverse
shorter skipping arclengths and thus have higher skipping frequencies

Fn(B) as shown in Figure 5.11a.

Figure 5.13 shows that the angle of incidence cos~'u, of both
+kp and -kp electrons decreases with increasing Bpt. It follows from
equation (4.55) that the skipping frequencies FL(Bn%) rise super-
linearly as shown in Figure 5.11%a. Physically the kg skipping
frequencies increase with field as the orbital radii and skipping

—_— 1
arclengths contract, whilst the orbital speed (2m¥* (eV + Epg))®

remains the same.

5.10.6 Field-dependence of the normalised transition rates

Wn(B) calculated for V = 25 mV

From equations (5.38) and (5.41), the normalised transition
rates Wn(B) shown in Figure 5.10 are proportional to the product of
the barrier transmission coefficients Tp(B) and the interfacial state

skipping frequencies Fp(B). For given n, Wnh(B) generally increases

with field, since Tp(B) and Fp(B) both rise. However, Wh(B) also
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reflects the slight reduction in transmission coefficient visible in
Figure 5.11b as the field is raised just above Bn*. It is clear from
Figure 5.10 that the average transition rate into the nth interfacial
Landau state, evaluated over the field range B,* < B < B,~, increases

with decreasing quantum number n. Figure 5.11 shows that this

increase is entirely due to the higher skipping frequencies of the
lower-index interfacial states, since the average transmission
coefficient decreases with n, owing to the increased contribution of

the magnetic potential to the effective barrier height.

5.10.7 Interpretation of the field-dependence of the current

contributions In(B) calculated for V = 25 mV

Comparison of Figures 5.9 and 5.10 shows that for V = 25 mV,

the transition rates Wh(B) and density of states terms Dn(B) vary

slowly with field compared with the factors Np(B). These factors
increase rapidly from zero when B = Bni, to a maximum value of + Kkp

at the field values BL° for which ky'(n) = 0. These rapidly-varying
terms therefore determine the shape of the current contributions
I,(B) which, as shown in Figure 5.6, attain maximum values InMAX
when B = Bp°. Since Np(Bp°®) = +kp for all n, these maximum current

contributions depend approximately on the values of Dn(Bn°), Tn(Bn°)

and Fr(Bp°), marked by open circles in Figures 5.9 and 5.11.
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By definition, ky'(n) = 0 when B = Bn® so that ky(n) = k, and
the orbit centre Xy, = =-(b + 3a,) is fixed at the mean stand-off
position of the 2DEG. Consequently, the mean magnetic potential in
the barrier region and the total effective barrier height, both
increase with Bn°, as shown in Figure 5.1“,-1eading to the diminished
transmission coefficients T,(Bn°) shown in Figure 5.11b. The values
of Dp(Bp®) = (dEp/dky)~' shown in Figure 5.9b also decrease slowly as
the gradients of the interfacial state dispersion curves increase
with B,°. Both of these effects are small, however, compared with the
dramatic increase of the skipping frequencies FL(Bph°®) which occurs as
the orbital radii and skipping arclengths (4.53) contract with
increasing B,°, whilst the orbital speed vp = (2Ebo'/aﬂ:ﬁ remains
constant. This trend is clearly reflected in the Iincreasing

transition rates Wn(B,h°) shown in Figure 5.10, and is entirely
responsible for the higher peak currents I, MAX resulting from

transitions Into lower-index interfacial states.

Figure 5.14 shows the magnetic potential energy experienced
by 2DEG electrons tunnelling at the field values B,° and B,° (> B,°),

when V = 25 mV, Quantum-mechanically, increased magnetic confinement

(w, < w,) at the higher field B,° ralses the amplitude of the
magneto-quantised interfacial state wavefunction at the RH barrier
interface (y,(04) > ¥,(0+)), despite the accompanying increase of the
mean magnetic potential energy (MPE) in the barrier region (Fromhold
et al., 1990). At low voltages, this mean MPE has little effect on

the degree of wavefunction penetration (see Section 5.13). From
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equation (5.38), the higher wavefunction amplitude ¢,(0+) leads to

faster transitions into the n = 0 interfacial state so that the peak

current contribution I MAX > I MAX as shown in Figure 5.6.

5.10.8 The effect of increasing voltage on the factors Nn(B),

Dn(B), Wn(B), Fn(B) and Tn(B)

Figures 5.15, 5.16 and 5.17 show the field-dependence of the
factors of I,(B) calculated for V = 125 mV. The most dramatic effect
of increasing the voltage is on the barrier transmission coefficients
Th(B). Comparison of Figures 5.11b and 5.17Tb shows that these
transmission coefficients are at least one order of magnitude higher
for V = 125 mV than for V = 25 mV, because the higher electric field

in the barrier region significantly reduces the mean effective

barrier height. In addition, for given n, Tn(B) rises more rapidly

with field at the higher voltage.

As discussed in Section 5,10.4 for the case V = 25 mV, the
orbit centre of the magnetic potential energy moves closer to the
barrier as the field is increased from BL* to By~™. Consequently, the
mean magnetic potential in the barrier region (EMAG) falls and TpL(B)
rises as shown In Figure 5.17b. However, because the mean zero-field

barrier height is much lower at the higher voltage V = 125 mV, a

comparable reduction in EMAG produces a greater percentage decrease

in the total effective barrier height, leading to a more dramatic

rise in transmission coefficient., This effect is considered in more
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The factors (a) Np(B) and (b) Dn(B), n=10, 1, .. 9,
calculated for V = 125 mV over the field ranges
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detail in Section 5.13. For given n, T (B) increases so rapidly with
field when V = 125 mV that it has a visible effect on the shape of

the I,(B) curves shown in Figure 5.8.

The qualitative field-dependence of the =k transmission
coefficients Tp(B,™) was explained in Section 5.10.4 for V = 25 mV.
For V = 125 mV, equation (5.46) predicts maximum transmission of -kg
electrons when By~ = Bt = 4 T. This estimate is in good agreement
with the position of the maximum calculated =-kp transmission

coefficient T (Bs~) shown in Figure 5.17b.

The reduction of T,(B,") which occurs with increasing Bp™ 2 4
T, 1s generally slow compared with the rapid increase of the

corresponding skipping frequencies Fn(Bn’) shown in Figure 5.17a.

This increase therefore dominates the field-dependence of the

transition rates wn(Bn') shown in Figure 5.16. However, at the
highest flelds, the mean magnetic potential energy in the barrier
region makes a large contribution to the total effective barrier
height. Consequently, the barrier transmission coefficient falls
rapidly and, as shown in Figure 5.17b, T,(B,") 3 0.5 T,(B,”). This
dramatic reduction in transmission coefficient more than compensates

for the comparatively small increase in skipping frequency (F,(B,”) =

1.5 F,(B,;7)), 1leading to the diminished value of W,(B,”), clearly

revealed in Figure 5.16.

This effect is central to the explanation given in Section

5.13.2 for the observed weakening of the -pr series at high fields

and bias voltages.
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5.1 Simulation of the Magneto-current Derivatives dI/dB

and d?1/4B?

5.11.1 Unaveraged derivatives

Figure 5.18 shows the first derivative of the magneto-current
curve 5.6, calculated for V = 25 mV, The current contributions I,(B)
n=20, 1, ...9 are also shown, As predicted by equation (A.2) of
Appendix 1, maxima (minima) in dI/dB originate from the opening
(closure) of conduction channels whenever B = Bp* (B,7). The
oscillatory amplitudes are not, of course, infinite since the
calculated derivative 1is equal to the 1linear gradient between

adjacent data points with finite field and current values.

Generally, the amplitudes of both the tpp series of

oscillations increase with field. In addition, for B s B,*, the -pp

minima are of much smaller magnitude than adjacent +pp maxima.

Although these trends are in reasonable qualitative agreement with

the observed features (Figure 5.3), the simulated oscillatory

structure is unrealistically sharp, because the experimental

derivatives were obtained using an averaging routine intended to

smooth out noise.

For comparison with experiment, theoretical derivatives must

be calculated using the same smoothing procedure, which is described

in Section 5.11.2.



25 mV

di/dB (a)

Figure 5.18

(a) Magneto-current derivative, dI/dB, calculated for

V = 25 mV, (b) Individual current contributions Ih(B),
n=20,1, ..9. Maxima (minima) in dI/dB originate from
the opening (closure) of these tunnelling channels.
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An additional advantage of calculating smoothed derivatives
in this way is that approximate analytical expressions can be
obtained which directly relate the extremal values of the averaged
first derivatives to the factors Dp(Bp) and W,(Bp%) « Fp(Bpt)
Tn(Bnt), appropriate to tkp transitions. The field-dependence of the
oscillatory amplitudes can thus ©be understood physically by
considering the effect of the field on the barrier transmission

coefficient and interfacial state skipping frequencies.

5.11.2 Description of the averaging procedure used to obtain the

experimental magneto-current derivatives

Suppose that N discrete current measurements I(B;) i = 1, 2,

... N are made at the equally-spaced field values Bj, To obtain the

averaged first derivative of this set of data, the mean field and
current values (57. TT) of the first A data points are calculated,
and also those of the adjacent A points, starting from the A + 1th

point. The value of the averaged first derivative at the mean field

value B,' = B, + (A - 3)8B of both sets of data is defined to be

1 - - - — - -
<%§>B=B,' = (T, -T)/(B, - B, = (I, -T,)/A8B . (5.47)

The two sets of A points are then stepped, one data point at a time,
through the whole data set, repeating the calculation of the gradient
at each step. Thus, at the field value By' = By + (A - })8B (5 Bg+p

for A >> 1) the averaged first derivative is
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dI g+ 2A-1 L4+A-1
<> = L I(Bj) = £ I(Bj) (5.148)
dB B=By' i=2+A i=%

A26B

The averaged second derivative is calculated in the same way, from

the averaged first derivative data points.

When A = 1, this differentiation procedure simply gives the

linear gradient between adjacent data points. For larger A, more

points are averaged, so that high-frequency oscillatory components
are smoothed from the derivative curves. When calculating

theoretical derivatives, A is chosen so that current averaging is

performed over the same range of field AB = (A - 1)8B = 0.2 T (Snell,

1987a), used to obtain the measured curves.

5.11.3 Relation between the extremal values of the averaged first

derivative <dI/dB> and the factors DPn(Bnt) Tpr(Bpt)

and Fn(Bpt)

The aim of this section is to obtain approximate analytical

expressions for the extremal values of <dI/dB> attained close to the

resonant fields B,t,

Using equation (5.11) in equation (5.48) and introducing the

dummy variable j = & + A gives, for A >> 1
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J+A-1 i1
I (0T In(By) = "¢ Ip(B
a1 5 Ly B0 = 3, n(81))

—> = . (5.49)
dB B=Bj AAB

where AB = (A = 1)8B = ASB is the field range over which current
averaging is performed. Figure 5.18 shows that if Bj = Bpt, and the
separation between Bp! and adjacent resonant fields greatly exceeds
AB (3 0.2 T), the nth current contribution varies most rapidly over
the field range By - AB s B £ By + 4B. Consequently, for Bj = Bpt,
equation (5.49) is dominated by the nth term and may be written, to

good approximation

< E - — (5.50)

where

J+A-1 In(Bj) - j=1  Ip(By)
IR = L ool and I, = I Stiike LN .
i=] A i=j-A A

Figure 5.19 shows the schematic field-dependence of the discrete data
points {Bj, In(Bj))} close to the resonant field Bn*, which is taken
to lie between Bg and Bk+q. The data points {(Bj, In(Bj)) i = j, j +
1, «o« J + A = 1} which lie on or within the ordinates B = BJ and B =
BJ+A-1 are collectively referred to as the RH data bin. An
expression for the average current value TR of these points is given
in equation (5.50). Similarly, I is the average current value of the

LH data bin which, as shown in Figure 5.19, comprises all data points

lying on or within the lines B = BJ-A and B = BJ-1. Equation (5.50)



Bj-A Bj-1 Bj Bj+A-1

et .

AB = (A-1)6B

5B —»

RH Data Bin

Figure 5.19 Schematic variation of the discrete data points (Bj,
In(Bi)), close to the resonant field Bp*, which lies

between By and Bk+1. The 'averaged' derivative

<d1/dB>gy , at the field value Bj' = 0.5(Bj-1 + Bj) = B

close toJBn+, is approximately equal to_the difference
between the mean current values IR and I, of the RH

and LH data bins (comprising the A data points above or
below Bj), divided by the corresponding difference AB +
6B in mean field values. For the simulated derivatives,
A is chosen so that current averaging is performed over
the same field range as the measured curves.
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therefore asserts that the averaged first derivative at the field

value BJ, is proportional to the difference between the mean current

values Ig and IL of the RH and LH data bins.

It is clear from Figure 5.19 that if Bj+p-1 < BK+1 = Bp*, the

average current in each bin vanishes and <dlp,/dB> g, = 0. In this
J

case, the series expression (5.49) is not dominated by the nth term,
and equation (5.50) is clearly linaccurate. As the data bins are

steppped, one data point at a time to higher fields, <dIp/dB> B.
J
remains zero until Bjsp-1 = Bg+y when, as can be seen from Figure
5.19, the RH data bin contains one positive current value Ip(Bgk+1),

so that <dIn/dB>BK pe2 > 0. As the data bins are moved to yet higher
=A+

fields, more data points with finite current values are included in

the RH bin and I increases rapidly. Provided Bj-q remains less than

Bk+1 SO that Ip = G, <dIn/dB>Bj also increases rapidly and soon

dominates the series expansion (5.49), which is then given to

reasonable approximation by equation (5.50).

The maximum value of <dIn/dB>B. is attained when the

J

difference
dlp dlp 1
> - == (I1p(Bijsp) = 2I4(B3) + In(Bs=p)
GB By d3 B A O e n(By-a))

(5.51)

[}

]

(1n(Bj + 8B) + In(Bj = 4B) = 2I4(Bj))

between adjacent averaged derivative values is closest to zero.
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Assuming that this maximum is attained for some Bj s Bp* +
AB, so that I,(Bj =- 4B) = 0, the value of Bj can be found
graphically by looking for intercepts between the curves I,(B + AB)
and 2I4(B). However, it is clear from inspection of Figures 5.20,

5.21 and 5.22 that the maximum value of <dI/dB> is attained when Bj

= By = Bk and thus, from equation (5.50) is given approximately by

dl + K+A-1
<—> = (AMB)™' L In(Bj) . (5.52)
dB n 1=K

A similar analysis shows that if the -pp resonant field B~ lies

between the discrete field values Bp.q and By, the associated minimum

value of <dI/dB> is approximately

dr o L
¢<—> = -(AMB)"! I I,(Bj)

For the simulated derivatives, the number of points averaged A = 15

>> 1, so that the extremal values (5.52) and (5.53) may be written in

the integral form

dI

-1 Tt
Bn +(AB) ™! I , (5.54)
where the mean current values
. BT 148
= -1
In +(AB) IBt In(B) dB .
n
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Figure 5.20 (a) Averaged magneto-current derivative <dI/dB>

calculated for V = 25 mV, taking AB = 0.2 T. The ipg
series of oscillations, originating from the opening and
closure of the indicated tunnelling channels are
distinguished by horizontal brackets. (b) The current
contributions In(B), n =0, 1, ... 9. The mean current
values In*(I,7) are shown by crosses (open circles).
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Figure 5.21

Averaged derivative <dI/dB> and current contributions
In(B), n=20, 1, ... 6, calculated for (a) 100 mV and
(b) 75 mV, taking AB = 0.2 T. The #pp series of
oscillations are distinguished by horizontal brackets
and the mean current values I,* (I,~) are marked by
crosses (open circles).
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(a) Averaged derivative <dI/dB> calculated for V = 125
mV, taking 4B = 0.2 T. The ipp series of oscillations
are distinguished by horizontal brackets. (b) The
current contributions I,(B), n = 0, 1,

. 9. The mean current values I * (I,~) are marked by
crosses (open circles).
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Figures 5.9, 5.10, 5.15 and 5.16 show that the factors Nn(B) vary

rapidly over the field ranges Bf < B s B} + AB and By - 8B £ B S B

compared with the transition rates W,(B) and density of states

factors Dp(B). Equation (5.54) may therefore be written,

to good
approximation
dl o+ -0 Tt () * N
Gg>, T HeB)TN IDE #(8B)7F Dp(B)) Wn(B)) N
(5.55)

R

+ + t, =t
Dn(B) Fn(B,) Tn(B) N_

where the mean values

_, B> +0B
N> = £(aB)" é N, (B)dB

Thus equation (5.55) predicts direct proportionality between the

. .
extremal values <dI/dB>; and the factors Dn(sY), Wn(BI) describing

kg transitions into the nth interfacial Landau state.
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5.11.4 Comparison between the simulated and measured magneto-current

derivatives

First derivative curves calculated following the averaging
procedure described in Section 5.11.2, taking AB = 0.2 T, are shown
for a variety of bias voltages in Figures 5.20, 5.21 and 5.22. The
individual current contributions IL(B) are also shown. Comparison of
Figures 5.18 and 5.20 reveals that the averaging process smoothes out
the small =-pr minima which are visible at 1low fields in the
unaveraged curve, For each voltage, this results in clear separation

of the tpp series, as observed experimentally.

In general, both ipp series of oscillations grow stronger

with field, except for the final (high field) -pgp oscillations

calculated for V = 100 mV, and V = 125 mv.

The field-dependence of the 1ipp oscillatory structure

revealed in the simulated <d?I/dB?> curves 5.23 and 5.24 clearly

reflects that of the first derivatives. Both the measured (Figures

5.1 and 5.3) and simulated <d2?1/dB2?> curves reveal distinct tpp
series which generally strengthen with increasing field. The
diminished -pgp oscillatory amplitudes observed at high fields when V

= 100 mV (Figure 5.1) are also reproduced in the simulated second

derivative 5,2Ub.

Weakening of the +pp series relative to the -pp series 1s

apparent with increasing voltage 1in both the theoretical and
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Figure 5.23 Averaged second derivative <d?I/dB2?> calculated for

(a) 75 mvV,

(b) 25 mV, taking AB = 0.2 T. The #pp series

of oscillations are distinguished by horizontal

brackets.
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Figure 5.24 Averaged second derivatives <d2?I/dB?> calculated for (a)
125 mV, (b) 100 mV, taking AB = 0.2 T. The #pp series
of oscillations are distinguished by horizontal
brackets.
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experimental <d?I/dB?> curves. This effect is explained in Section

5.13'3.

The predicted positions of the +pp oscillations, and the
field values corresponding to the transition between the ipp series,
compare reasonably with experiment. By contrast, the predicted -pf
resonant fields Bp are generally much lower than observed. This
discrepancy is not surprising since the predicted values of B; depend
on the perturbed 2DEG and WKB interfacial Landau levels, which are
both less accurate at the higher fields for which the -pp series is
observed. However, despite this lack of quantitative accuracy, all
the qualitative features of the measured <d21/dB?> curves are clearly

reproduced in the simulated derivatives,

-t
5.11.,5 Verification of the predicted correlation between in and

b 4
<d1/dB>,

Equation (5.54) predicts that provided the separation between
adjacent resonant fields greatly exceeds AB = 0.2 T, the extremal
values of <dI/dB> are directly proportional to the corresponding mean
current values fnishown, for 25 mV, in Figure 5.20. Owing to the
large separation Bp_q - B at high fields, equation (5.54) accurately
predicts the fleld-dependence of the visible =-pp minima <dl1/dB>p,
which Increase in magnitude with increasing field at approximately

the same rate as the mean current values TE.
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However, the -pp oscillatory amplitudes increase even faster
than these minima owing to the greater separation, Bp-1 -Bp, between
lower-index -pp resonant fields. For example, Figure 5.20 shows that
soon after <dI/dB> begins to rise following closure of the n = 3
channel, I,(B), and consequently <dI/dB>, decrease rapidly so that
the amplitude of the n = 3 = pp oscillation remains small. By
contrast, <dI/dB> rises almost to zero following closure of the n = 1
channel, before I,(B) drops rapidly. Thus the amplitude of the n = 1

-pr oscillation is almost equal to the minimum value <dI/dB>7.

Although the separation between adjacent +pp resonant fields
is not sufficiently large when V = 25 mV for equation (5.54) to be of
quantitative accuracy, the increase of the +pp maxima <dI/dB>;
visible with increasing field in Figure 5.20 is broadly consistent
with the higher mean current values I} of the lower-index channels.
Just as for the -pp series, the strengthening of the +pp oscillations
is also partly due to the increased separation B;_1 - BB between

higher +pp resonant fields, which reduces the smoothing effect of the

averaging procedure.

Figure 5,20 shows that the mean current values corresponding
to adjacent resonant fields B} = By < B} satisfy I} > Iy, It follows
from equation (5.54) that the +prp series will dominate the
oscillatory structure at low fields. This dominance 1is further
enhanced by the averaging routine used to calculate the derivatives,

which smoothes out the small -pp minima visible in the unaveraged

curve 5.18, 1In Section 5.12.2, this smoothing procedure is shown to
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simulate the effect of interfacial Landau level broadening, which
prevents resolution of the more closely-spaced interfacial Landau

levels, near the -kp extremity of the 2DEG parabola (see Figure 5.5).

5.12 Physical Explanation for the Field-dependence of the

Oscillatory Amplitudes of <dI1/dB> and <d?I/dB?*> when V = 25 mV

5.12.1 Introduction

The field dependence of fﬁ and consequently of the extremal
values <dI/dB>ﬁ, is most easily understood physically by considering
the factors of IL(B) shown for V = 25 mV in Figures 5.9, 5.10 and
5.11., Comparison of Figures 5.9 and 5.10 shows that the mean values
ﬁi defined in equation (5.55) vary slowly with n compared with wn(Bﬁ)

+
and Dp(Bp). Equation (5.55) therefore predicts, to

reasonable
approximation
dl. + t t t t t
<G8°n © Pn(B) Wn(B) « Dn(B) Fp(B_) Tn(B)) , (5.56)

which directly relates the extremal values of the averaged first
derivative to the density of states factors, barrier transmission

coefficients, and interfacial skipping frequencies associated with

tkp transitions into the n'N interfacial Landau state.
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5.12.2 Explanation for the clear separation of the iPF series

Figure 5.10 shows that the transition rates W,(Bn*) and

Wn(Bp~) of ikp electrons tunnelling at adjacent resonant fields Bpt =
By~ (for example Bo* and B¢~ = 1.3 T) are approximately equal.
However, Figure 5.9b shows that the corresponding density of states
terms satisfy Dp(BR) = 3Dp(Bp), primarily because of the opposite
slopes at either extremity of the 2DEG parabola (see Section 5.10.3).
Consequently equation (5.56) predicts <dI1/dB>} = 3 |<dI/dB>a|. This
disparity 1s clearly revealed in the unaveraged derivative shown in
Figure 5.18 and partly explains why the +pr series dominates the
oscillatory structure at low fields. However, the complete separation
of the tpp series in the averaged derivative 5.20 is a consequence of

the averaging procedure which smoothes out small high-frequency -pg

oscillations at low fields. Physically this averaging process

simulates the effect of interfacial Landau level broadening for the

following reasons,

The high rate of channel closure at low fields originates
from the high energy density of interfacial states close to the <-kp

extremity of the 2DEG parabola, as compared to the +kp extremity (see

Figure 5.5).

Quantised energy levels are only resolved provided the
separation between adjacent levels exceeds the lifetime broadening.

The dominant scattering mechanism of hot electrons in III-V materials

at 4.2 K is LO phonon emission (see, for example, Ridley, 1988),
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Thus, for given ky, the nth interfacial Landau level can only be

resolved provided

where W, g = 10'® s~ (Lobentanzer et al., 1987) is the approximate LO

phonon emission rate of hot electrons in (InGa)As,

In the limit of 1large n inequality (5.57) is, from the
correspondence principle (see, for example, Merzbacher, 1970),

equivalent to the semiclassical requirement

W
Fp(B) > —2

amn

(5.58)

that the interfacial electrons complete at least one skipping orbit

before scattering.

The value of Wy g/2% = 1.6 x 10'? s~ appropriate to (InGa)As
LO

is indicated by the broken line in Figure 5.11a., It is clear from

this figure that 1inequality (5.58) predicts no visible <-pp

oscillations for B < By = 1.5 T. Since the highest +pp resonant

field Bf < B7, it follows that no interference is expected between

the ipp series. In addition, Fp(BR) s Wpp/2m for all Bj s 1 T,

Consequently, the +pp series is expected to vanish for B < 1 T, in

reasonable agreement with the measured threshold field shown 1in

Figure 5.3. Thus, the smoothing procedure simulates the predicted
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effects of level broadening at low fields since it removes all but

the n = 0 and n = 1 +pp oscillations, which are the only ones to

satisfy the energy level resolution requirement (5.58).

5.12.3 Field-dependence of the iPF oscillatory amplitudes

Figure 5.9b shows that for V = 25 mV, the values of Dn(B;)
are almost independent of n. Similarly, the values of Dh(Bp) vary
only slowly with n. Equation (5.56) therefore predicts that the
extremal values <dI/dB>§:of the +pp oscillations will increase with
field following the normalised transition rates wn(sjb « Fn(Bﬁ)
Tn(B;) shown in Figure 5.10. Semiclassically the values of wn(Bﬁ)

increase with field owing to contraction of the orbital radius Ry

which reduces the arclength (4.53) traversed between successive

collisions with the RH barrier interface (see Section 5.10.5),

thereby 1increasing the skipping frequencies Fn(Bg), as shown in

Figure 5.11a,

This rapid increase of Fn(Bﬁ) more than compensates for the

decreasing transmission coefficients Tn(B:) shown {n Figure 5.11b
(see Section 5.10.4), and is thus reflected in the higher transition

rates wn(an and increased extremal values <dI/dB>§ x Tﬁtof Figure

5.20.
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Quantum-mechanically, the extremal values <dI/dB>§ increase
with B% owing to increased magnetic confinement in the n* contact,
which raises the amplitudes y,(0-) of the interfacial state wave-
functions at the RH barrier interface, and thus, from equations

(3.25) and (5.38), the transition rates wn(Bé).

Figure 5.20 shows that the ipp oscillatory amplitudes
increase more rapidly with field than the extremal values <dI/dB>§,
since increased separation 85{1 - Bﬁzbetween adjacent lower-~index
resonant fields reduces the smoothing effect of the averaging

procedure., This has particular influence on the more closely-spaced

+pr oscillations and 1is 1largely responsible for the dramatic

strengthening of the +pp series revealed in Figure 5.20.

The reduced smoothing of more widely-spaced oscillations at

higher fields simulates the physical effect of increased interfacial

Landau level separation which, for large n, is equivalent to the

enhanced semiclassical skipping frequencies Fn(Bﬁ) at higher fields

shown in Figure 5.11a and explained in Section 5.10.5. Increased
resolution of the interfacial Landau levels at higher fields gives
rise to more pronounced oscillatory structure as, semiclassically, a
greater fraction of the ‘tunnelling electrons complete entire

skipping orbits before scattering.

The higher skipping frequencies of tkp electrons tunnelling
at higher fields therefore gives rise to stronger ipp oscillatory

structure for two distinct reasons.
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Firstly, the associated rise in the transition rates wn(Bﬁ) «
Fn(Bi) increases the extremal values <dI/dB>Atpredicted by equation
(5.56). Secondly, the oscillatory amplitudes become more pronounced
as a greater fraction of the tunnelling electrons complete whole

skipping orbits before scattering.

5.13 The Effect of Increasing Voltage on the Oscillatory Structure

5.13.1 The effect of increasing voltage on the relative amplitudes

of adjacent IPF oscillations

Comparison of Figures 5,20 and 5.22 shows that the ratio
I5/I5 of mean current values corresponding to adjacent resonant
fields By = B}, increases with voltage and is close to unity for V =
125 mV. Equation (5.54) therefore predicts that for V = 125 mV,

adjacent tpp extrema 1in <dI/dB> will be of comparable magnitude. The

clear separation of the #pp series in the derivative curves 5.22 and
5.2k4a calculated for V = 125 mV {s thus entirely due to smoothing of
the higher-frequency -pp oscillations at low fields, which simulates
the poor resolution of interfacial Landau levels close to the =kp
extremity of the 2DEG parabola, as compared with the +kgp extremity
(see Figure 5.5). The increased resolution of interfacial Landau
levels close to the +kp extremity corresponds, for large n, to the

higher +kp skipping frequencies Fp(BR) > Fp(B;) shown in Figure
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5.17a. Thus, semiclassically, the +pp series is expected to dominate
the oscillatory structure at low fields and high voltages, entirely

because a greater fraction of +kp tunnelling electrons complete whole

skipping orbits in the n* contact before scattering.

Figures 5.9a and 5.15a show that the mean values Ny defined
in equation (5.55) vary slowly with n and are of comparable magnitude
for V = 25 mV and V = 125 mV. It follows from equation (5.55) that
the voltage-dependence of TE/TB can be explained physically by
considering that of the ratios Dg(Bp)/Di(BR), Fm(Bp)/Fp(B}) and
Tm(Bm)/Tn(Bp) where By = Bfi. Comparison of Figure 5.9b with 5.15b
and 5.1%1a with 5.17a shows that for both voltages, Dg(Bg)/Dn(BR) =
1/3 and Fp(BR)/Fn(Bp) = 1/2. Consequently, In/I} « Tp(Bp)/6T,(BR) is
expected to increase from approximately one third to unity as the
voltage 1is Iincreased from V = 25 mV to 125 mV,and the transmission
coefficient ratio Tp(By = Bp)/T,(B}) rises from =2 to =6, as shown in
Figures 5.11b and 5.17b. These predicted mean current ratios are in

reasonable agreement with the calculated values shown in Figure 5.20

and 5.22.

Provided the mean magnetic potential energy in the barrier
region EﬁAG experienced by kg electrons tunnelling at adjacent
resonant fields Bp = By, is small compared with the mean zero-field

barrier height E, measured from the Fermi level of the 2DEG,

expansion of the exponential term in equation (1.53) predicts

T (B—) 1 _ - _l
T - exp ([(2m*)’b/-ﬁ][(r~:+ -E  YE?))

. (5.59)
Tn(B}) B MAG MAG O
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The voltage-dependence of this ratio can be understood by
comparing Figures 5.25a and 5.25b which show the conduction band and
magnetic potential energy profiles experienced by kg electrons
tunnelling when (a) V. = 25 mV and B = 1.3 T = B,* = B, and (b) V =
125 mV and B = 4,1 T = B,* = B;~. For both voltages X, < X- so that
the mean total effective barrier height is higher for +kg electrons
(Efagt Eo > Emagt Eo) vhich therefore have lower transmission
coefficients as shown in Figures 5.11b and 5.17b. However, it |is
clear from Figure 5.25 that the mean zero-field barrier height E,
decreases with increasing voltage. Consequently, at higher voltages,
a given difference Efjag - Efiag between the mean magnetic potential
energies (MPE) experienced by kg electrons produces a greater
percentage difference in the total effective barrier heights, thereby

increasing the transmission coefficient ratio (5.59).

Since the resonant fields generally increase with voltage

(see Figures 5.6, 5.7 and 5.8), the mean MPE difference Efjag - EmaG

also increases as shown in Figure 5.25, thus further enhancing the
transmission coefficient ratio (5.59). This ratio, and from equation

(5.55), the mean current ratio fa/fﬁ, are therefore expected to
increase continuously with voltage, thereby increasing the ratio
<d1/dB>p/<dl/dB>;, of adjacent ipp extrema predicted by equation
(5.55). For precisely this reason, no +pp oscillatory structure is
observed in the I(B) characteristics and derivatives of GaAs/(AlGa)As
single-barrier structures measured at comparatively high (V 2 240 mV)

forward-bias voltages (see Chapter 6).
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Figure 5.25
The tkp

tunnelling when (a) V = 25 mV and B = 1,3 T
and (b) V=125 mV and B = 4.1 T & By* = B,™.
orbit centres X, and interfacial state turning points wy

are also shown. For illustration, the effective mass is
taken to be my* throughout the device. A conduction
band offset of 230 meV is assumed.
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5.13.2 The effect of increasing voltage on the field-dependence

of the *PF oscillatory amplitudes

As explained in Section 5.10.5, the kg skipping frequencies
Fn(Bﬁ) increase with 3; because the skipping arclength decreases,
whilst the orbital speed remains the same. By contrast, the
transmission coefficients Tn(Bﬁ) generally decrease as the mean

-+
magnetic potential energy in the barrier Empg, and consequently the

effective barrier height both increase with Bp*,

At higher voltages, a given change in EM%G produces a
greater fractional change in the total effective barrier height, and
consequently in Tp(BL). Figure 5.17b shows that in contrast to the
lower voltage V = 25 mV (see Section 5.10.4), when V = 125 mV, the

values of T,(Bf) decrease with Bj at approximately the same rate as

the skipping frequencies Fp(Bp) increase. Consequently the

transition rates Wn(BR) = TL(BR)Fn(Bf) vary only slowly with Bj, as
shown in Figure 5.16. Since the values of Dn(Bﬁ) also vary slowly
with B (Figure 5.15b) equation (5.55) predicts that the extremal
values <dI/dB>j; will be almost identical for all n. The
strengthening of the +pp series apparent with increasing field in
Figures 5.22 and 5.24a is therefore entirely due to reduced smoothing
of the more widely-spaced +pp oscillations at higher fields.
Physically, this simulates the effect of increased separation between
adjacent interfacial Landau levels at higher fields which, for large
n, corresponds to the higher skipping frequencies Fn(Bﬁ) shown in

Figure 5.17a. Semiclassically then, the +pp oscillatory structure
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becomes more pronounced at higher fields as a greater fraction of the

tunnelling electrons complete whole skipping orbits Dbefore

scattering.

Figure 5.17a shows that 1in general, the =kp skipping

frequencies F,(Bp) increase with B at a faster rate than the

decreasing transmission coefficients Fj(Bp). Consequently, in

general, the =kgp transition rates Wp(By) <« Tpr(Bp) Fp(Bp) also

increase with field as shown in Figure 5.16. The -pg oscillatory

amplitudes are therefore expected to increase with field, as shown in
Figure 5.22, partly owing to the increased minima <dI/dB>p; « Wp(Bp) «
Fn(Bn) predicted by equation (5.55), and partly because as Fp(Bp)
rises, a greater fraction of the tunnelling electrons complete whole
skipping orbits before scattering, thereby giving rise to more

pronounced oscillatory structure,

It should be noted that the transmission coefficient falls so
rapidly at the highest -pp resonant fields (T,(B,”) = 0.5 T, (B,”) in
Figure 5.17b) that the transition rate also falls (W,(B,™) < W,(B,”)
in Figure 5.16). Despite the 1increased fraction of tunnelling

electrons which, at the higher field, complete whole skipping orbits

before scattering (F,(B,”) > F,(B,7)), the reduced minimum value

|<dI/dB>°‘| < |<dI/dB>1'| predicted by equation (5.55) as a

consequence of the lower transition rate W,(B,™), is reflected in the

diminished n = O - pgp oscillatory amplitude, clearly revealed in

Figure 5.22., Weakening of the “PF series as the decreasing

transmission coefficients Tpn(B,~) dominate the transition rate at
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high voltages and magnetic fields, is apparent in the second
derivative curve 5.1 measured for V = 100 mV, and is also clearly

reproduced in the derivatives 5.21a, 5.22 and 5.24 calculated for V =

100 mV and V = 125 mV.

5.13.3 The effect of increasing voltage on the relative strengths

of the 1PF series

Comparison of Figures 5.11b and 5.17b shows that for given n,
Th(B) increases more rapidly with field at higher voltages. The

barrier transmission increases as the orbit centre X K moves closer
y
to the barrier with increasing field, thereby reducing the mean

magnetic potential energy in the barrier region and the total

effective barrier height (see Section 5.10.4). At higher voltages,

the mean zero-field barrier height is lower (see Figure 5.25) so that

a given reduction in mean magnetic potential energy produces a

greater fractional reduction in the total effective barrier height,

which results in a more dramatic increase in the transmission
coefficient Tp(B). The rapid increase of Tn(B) for V = 125 mV is
reflected in the shapes of the current contributions I,(B) which are

less symmetrical than for lower voltages (Figures 5.6 and 5.8).

Equation (5.56) prediets that since Dn(Bj)/Dn(B}) = 1/3 and
Fn(Bp)/Fn(BR) = 2 over the voltage range 25 mV =+ 125 mV (Figures
5.9b, 5.11a, 5.15b and 5.17a), the ratio of #pp extrema arising from

the opening and closure of the n'h tunnelling channel 1is

approximately
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<dI/dB>~ T (B~
a/ab>, - n'%n) (5.60)
<dl/dB>* = T (BY) :

n n n

It follows that at higher voltages, the increased transmission
coefficient ratio Tp(BR)/Tp(BR) will cause the +pp series of
oscillatory structure to diminish relative to the -pp. Such
weakening of the +pp series with increasing voltage is visible in
both the measured derivatives 5,1 and 5.3 and the corresponding

simulated curves shown in Figures 5,20, 5.21, 5.22, 5.23 and 5.24.

5.14 Summary

The current I which flows as a result of tunnelling

transitions from perturbed 2DEG states in the LH (emitter) contact
into magneto-quantised interfacial states in the RH (collector)

contact of asymmetrically-doped (InGa)As/InP single-barrier
structures under forward bilas and with B l I, has been calculated

within the transfer-Hamiltonian formalism. In this transverse field

geometry, the requirements of total energy and transverse wavevector
conservation gives rise to two distinct (#pp) series of oscillations
in the simulated I(B) characteristics and derivatives, These
oscillations occur at the resonant fields Bﬁ for which 2DEG electrons
with transverse momentum m *<vy> = py' = #ikp tunnel into the nth

interfacial state. Good agreement 1is obtained between the measured

fundamental fields Bp,(V), equal to the inverse periodicities of the
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tpp series plotted as a function of 1/B, and theoretical values
calculated using WKB interfacial Landau levels, in the limit of an
infinite conduction band offset, and taking the nonparabolicity
parameter of (InGa)As to be a = 1.3 eV™'. The fundamental fields
predicted for kg transitions into bulk Landau levels cannot be
reconciled with the data for any reasonable value of a. This is not
surprising, however, since the Fermi energy of the 2DEG 1is

insufficient to allow such transitions into bulk Landau states,

The simulated I(B) characteristics reproduce all the

qualitative features of the measured curves. In particular,

quenching of the current is predicted for field values B 2 B,~(V),

above which there are no intercepts in the E-ky plane between the

occupied 2DEG and interfacial Landau state dispersion curves. The

predicted values of B,7(V) are, however, generally lower than

observed owing to inaccuracies of the WKB interfacial Landau levels

in the quantum limit n = 0, and also, at high fields, in the

perturbation calculation of the 2DEG energy levels.

Approximate analytical expressions can be obtained for the

extremal values of magneto-current derivatives <dI/dB>, calculated

using the same averaging procedure as the measured curves, These

extremal values <dI/dB>% are directly proportional to the density of

states factors Dn(Bg), interfacial skipping frequencies Fn(Bﬁ) and
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barrier transmission coefficients Tn(Bﬁs. of 2DEG electrons with

ky'(n) = Kf. Thus, the field-dependence of the oscillatory
amplitudes gives information about the effect of the field on
electronic motion in the n* layer and also on the barrier

transmission coefficient.

High skipping frequencies correspond, for large n, to widely

spaced, well resolved, interfacial Landau levels. The averaging

procedure simulates the effect of level broadening by suppressing
high frequency oscillatory structure (Bﬁ - S%-l small) originating

from closely spaced interfacial Landau levels.

Both the ipp series of oscillations are visible in the

simulated derivatives over clearly separated field ranges, in good

agreement with experiment. The +pp series dominates the oscillatory

structure at low fields (B s B,*) because the difference in orbit
centre positions, X4 < X-, ensures that the skipping frequency Fn(Bﬁ)

of +kg interfacial electrons exceeds that of -kp electrons tunnelling

at a comparable magnetic field By = Bpj. Since Fp(Bf & Bp) > Fp(Bp),

a greater fraction of the +kg electrons complete whole cyclotron

orbits before scattering, thereby giving rise to more pronounced

oscillatory structure. In addition, the absolute change Av, in the
mean y-component of velocity 1is smaller for the +kg electrons. The
density of states factor Dp(B) « Av™' is therefore higher for +kp

transitions, which, from equation (5.55), also contributes to the

dominance of the +pp series at low fields.
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In general, both the simulated and measured ipp series of
oscillations strengthen with increasing field. This trend reflects
that of the skipping frequencies Fn(Bﬁ), which increase with field as
the skipping arclength contracts whilst the orbital speed remains the
same, At low voltages, the ikp skipping frequencies rise so rapidly
with field that the transition rates, and consequently the extremal

values <dI/dB>§ also increase.

In addition, a greater fraction of the tunnelling electrons
complete whole skipping orbits before scattering, thereby giving rise

to more pronounced oscillatory structure,

At higher voltages however, the magnetic potential makes a

greater percentage contribution to the total effective barrier

height, so that the rapid decrease in barrier transmission which

occurs at high fields, is reflected in reduced transition rates and

ultimately in diminished =-pp oscillatory amplitudes of both the

measured and simulated derivatives.

The transmission coefficient ratio Tyn(Bg)/Th(BR) of kg

electrons tunnelling at adjacent resonant fields BB sz By, Increases
with voltage as the difference in mean magnetic potential experienced
by the ikp electrons produces a greater percentage difference in the

total effective barrier heights. This effect gives rise to visible

weakening of both the simulated and measured +pp oscillations with
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increasing voltage, and is central to the explanation, given in
Chapter 6, for the absence of +pp structure in the I(B)
characteristics of similar GaAs/(AlGa)As structures, measured at high

voltages (V 2 200 mV).

Gueret et al, (1987) accurately described transverse magneto-
tunnelling phenomena in devices containing low and wide barriers by

considering the effect of the field on the barrier height and

transmission coefficient only.

Within this approximation, equation (5.56) predicts that both
the ipp oscillatory amplitudes will decrease with increasing field,
as the mean magnetic potential energy in the barrier region
increases, and the transmission coefficient falls. In addition, the
-kp electrons have higher transmission coefficients, and are
therefore expected to give rise to dominant oscillatory structure at
low fields (S B}). Thus, the measurements of Snell et al. (1987) on
structures containing a high and narrow barrier can only be explained
if the effect of the magnetic field on both the effective barrier
height, and on the amplitudes ¢,(04) of the magneto-quantised
wavefunctions (or equivalently the semiclassical skipping fre-

quencies), is considered (Fromhold et al., 1990).
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CHAPTER SIX

TRANSVERSE MAGNETOTUNNELLING IN ASYMMETRICALLY-DOPED

GaAs/(A1Ga)As SINGLE-BARRIER HETEROSTRUCTURES

6.1 Introduction

The first experimental investigation of transverse magneto-
tunnelling in asymmetrically-doped single-barrier structures was
reported by Hickmott (1987) for GaAs/(Al, ,,Ga,, ¢,)As-based samples.
Under forward-bias, a single series of oscillatory structure |is
observed in both the I(V) (Hickmott, 1987) and I(B) (Hickmott, 1988)
characteristics, and more clearly in their derivatives, Hickmott
(1987) attributed the origin of these oscillations to electrons at
the Fermi level in the 2DEG tunnelling into bulk Landau levels in the

+

n' collector, although the oscillatory periodicities predicted by

this model are in poor agreement with experiment (see Section 6.5.2)

However, in Section 6.4, the observation of only one (-pp)
series of oscillatory structure in the I(B) curves and derivatives
is shown to be fully consistent with the model of tunnelling into

interfacial Landau states developed in Chapter 5. The absence of the

+pr series of oscillations is due to the comparatively high voltages
(V 2 200 mV) required to obtain a measurable tunnel current in the
GaAs/ (Al1Ga)As structures, which contain higher and wider potential

barriers than the (InGa)As/InP samples considered in Chapter 5.
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In Section 6.5.2, the periodicity of the single (-pp) series
of oscillations revealed in the simulated LnI(V) characteristics of
the GaAs/(AlGa)As structures is also shown to be in good agreement

with experiment.

6.2 Sample Construction

The composition  of the GaAs/(AlGa)As  single-barrier
structures is described generally in Chapter 2 and is similar to that

of the (InGa)As/InP samples specified in Section 5.2.

The nominal doping concentrations of the n~ emitter and n*

collector contacts are 1.7 x 10%' m™® and 9 x 10%® m~?® respectively.

Taking the conduction band-edge effective mass and non-
parabolicity factor of GaAs to be m* = 0.067 m, and a = 0.834 eV™!
respectively (Heiblum et al., 1987), the Fermi energy of the 3DEG

formed in the n* contact is, from equation (2.1), Epg = 44 meV. The
width of the (AlGa)As barrier layer is 230 X and the conduction band
offset 1s approximately 300 meV (Hickmott et al.,, 1985), The
conduction band-edge mass of (AlGa)As is taken to be m*p =

- 0.1 mon

For forward-bias voltages V 2 100 mV, the measured

differential capacitance per unit area is approximately constant and

equal to C = 2,93 x 107 F m~? (Hickmott, 1988).
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The 2DEG sheet electron concentration ng(V) is obtained using
this value of C in equation (2.27), together with the measured

flat-band voltage Vgp = 30 mV (Hickmott, 1988), which reveals the
existence of negative space charge in the barrier region. The

conduction band profile E,(x) is determined for given ns(V) by

solving Poisson's equation throughout the device, as described in

Chapter 2.

It should be noted that owing to the higher applied voltages,
pand bending in the n* layer of the GaAs/(AlGa)As structures 1is
likely to be more pronounced than in the (InGa)As/InP structures.
This band bending is further enhanced by the existence of negative
space charge in the (AlGa)As barrier region (Hickmott, 1988), which

increases the electric field and electrostatic potential energy at

the RH barrier interface. By contrast, positive space charge in the

InP barriers reduces band bending in the n* layer. Thus, the

interfacial Landau levels and associated wavefunctions, which are

calculated assuming Eq(x) 0 throughout the n* layer, are expected

to be less accurate for the GaAs/(AlGa)As structures. It follows
that the calculated tunnel current, which depends implicitly on the

interfacial Landau 1levels, will also be 1less accurate for the

GaAs/(AlGa)As structures.
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6.3 Features of the Measured I(B) and d21/dB? Curves

Figure 6.1 shows normalised I(B) characteristics of the
GaAs/(AlGa)As structures measured for a range of forward-bias
voltages. Just as for the (InGa)As/InP samples, the tunnel current
falls rapidly, almost to zero, with increasing magnetic field. For B
2 7 T, weak oscillatory structure is observed superimposed on this
fall off, which is more clearly revealed in the second derivative

curves shown in Figure 6.2. Only one series of oscillations is

present, which is notably weaker than for the (InGa)As/InP structures

(Figures 5.1 and 5.3).

6.U Calculation of the Current-field Characteristics and

Interpretation of the Oscillatory Structure revealed in the

Simulated Derivative Curves

6.4.1 Simulation of the I(B) curves and derivatives

As for the (InGa)As/InP samples, tunnelling into bulk Landau
levels does not occur because the electrons in the 2DEG have

insufficient transverse momentum (small kg). This is easily proven

by showing that the device parameters given in Section 6.2 lead to

violation of inequality (5.22).

Equation (5.11) gives the current flowing in transitions from

the 2DEG into interfacial Landau states in the n* collector, Care

must be taken when evaluating this current for the comparatively high
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bias voltages used in the experiments of Hickmott since, for V 2 260
mV, Eo(0-) < eV + EFg so that electrons close to the Fermi level of
the 2DEG may tunnel into travelling wave states above the top RHS of
the potential barrier (Fowler and Nordheim, 1928). To avoid problems
associated with imaginary values of the decay function upq(0-) in
this high-voltage regime, the interfacial Landau 1levels are

calculated from equation (4.43) within the infinite barrier

approximation upnq(0-) + =, which is reasonably accurate for large n.

In addition, the squared transition matrix elements an(ky)l2
are calculated for V 2 260 mV by assuming that the electrons tunnel
through a rectangular potential barrier of width b + & where % is the

classical turning point in the barrier region given by

B2e?

Tiky 2
Eo(R) + (2' + -—Bﬁ) = En(ky)

. (6.1)
2mB*

The (constant) effective barrier height is taken to be the

mean potential energy between x = =-b and x = 4.

This simplification

retains the essential physies and avoids problems arising from

otherwise divergent WKB wavefunctions (4.,32).

Figure 6.3 shows theoretical I(B) curves calculated from

equation (5,11) for a variety of forward-bias voltages. The shapes

of these curves are in good qualitative agreement with the measured

characteristics shown in Figure 6.1, The superimposed oscillatory
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structure is emphasised in the second derivative curves shown in
Figure 6.4. These derivatives are calculated following the averaging

procedure described in Section 5,11.2, taking 4B = 0.2 T,

The qualitative field-dependence of the extremal values of
<d?1/dB?> reflects that of the averaged first derivative curve
<dI/dB>, shown for V = 240 mV in Figure 6.5, together with the

individual current contributions IpL(B), This first derivative is

calculated wusing exact interfacial Landau levels and transition

matrix elements (5.38), since V = 240 mV is below the threshold for

Fowler-Nordheim tunnelling.

Each current contribution I,(B) increases dramatically over

the field range B,* < B g Bn~,

reflecting the behaviour of the

corresponding transmission coefficient Th(B) shown for V = 240 mV in

Figure 6.6b.

As explained in Section 5.13.3, the application of a high

forward-bias voltage, reduces the mean zero-field barrier height.

Consequently, the reduction in mean magnetic potential in the barrier
region which occurs as the orbit centre moves towards the barrier
with increasing field > Bp* (see Section 5.10.4), produces a large

percentage reduction in the total effective barrier height, causing

the dramatic increase of both Th(B) and In(B).
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Figure 6.4 Simulated <d2I/dB2> characteristics of the GaAs/(AlGa)As
single-barrier structures, calculated for several
forward-bias voltages taking o = 1.1 eV™!, Only one
(-pr) series of oscillations is revealed in each curve.
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single-barrier structures calculated for V = 240 mV,
taking a = 1.1 eV~™! and AB = 0.2 T. Only one (-pp)
series of oscillatory structure is revealed. (b)
Individual current contributions In(B), n =10, 1, ... 21,
calculated over_the field ranges By* < B < By~. The mean
current values In* (In”) are indicated by crosses (open
circles).
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6.4,2 Verification of the predicted correlation between the

“PF extrema <dI1/dB>n= and the mean current values In-

It is clear from Figure 6.5 that the oscillatory structure
in <dI/dB> originates from the closure of tunnelling channels,which

gives rise to a series of -pgp minima whenever B = Bp~.

Provided the separation between adjacent resonant fields
greatly exceeds the averaging bin width AB = 0.2 T (which for 240 mV
is the case for B 2 7 T),equation (5.54) predicts direct pro-
portionality between the extremal values <dI/dB>p,* of <dI/dB> and the

corresponding mean values Ipt of I,(B), evaluated over the field

ranges Bt » Bpt + 4B,

The predicted correlation <dl/dB>,~« fn‘ is clearly revealed

in Figure 6.5, with both sets of values attaining a maximum for B = 8

T. Below 8 T, the oscillatory amplitudes in <dI/dB> decrease with

field, partly reflecting the diminished values of fn', and also
partly because reduced separation between adjacent =-pp resonant

fields leads to increased smoothing.

Owing to the slow increase of each current contribution In(B)
with increasing field just above Bp*, the values of I} are much lower
than Iy, for all B S B,*. Equation (5.54) therefore predicts that *PF
oscillatory maxima in <dI/dB>, associated with the opening of new

tunnelling channels, will be small compared with “Pr minima resulting
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from channel closure. In fact, no +pgp oscillatory structure is

present in the simulated <dI/dB> curve 6.5a, in good agreement with

experiment.

6.4.3 Physical explanation for the absence of *PF oscillations

The variation of I %, and consequently of the extremal values
<dI/dB>p%*, is most easily understood in physical terms by considering
the factors Np(B) = (kp? - ky'z(n));, Dn(B) = lﬂ’ky'/m*L - dEn/dkyl"
and Wph(B) = 2n|Mn(ky)|2/h of In(B), which are shown for V = 240 mV in
Figures 6.7 and 6.8. The normalised transition rates Wp(B) are
proportional to the product of the barrier transmission coefficients

Tp(B) and the interfacial state skipping frequencies Fp(B) which are

shown for V = 240 mV in Figure 6.6. The qualitative features of each

set of curves were explained in Section 5.10 with reference to the

(InGa)As/InP structures.

Equation (5.55) predicts that the magnitudes of Ipt and

<dI/dB>,* are proportional to the product of the mean values N,t, the

density of states factors Dp(Bp*) and the normalised transition rates

Wn(Bpt) of 2DEG electrons with transverse momentum py' = + pr. Since

the values of N,* shown in Figure 6.7a vary slowly with n, this

relation may be written

t Tt t t % t t
<dl/dB> ~« I =D (B) W (B ) «D(B) F.(B) T (B))

(6.2)
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Figure 6.7b shows that for adjacent resonant fields Bp* =
Bn™s Dn(Bp*) = 2Dp (Byp™), the difference being primarily due to the
opposite slopes at either extremity of the 2DEG parabola. This
disparity is, however, small compared to that of the corresponding
transition rates; Figure 6.8 shows that Wy(B,~) >> Wn(Bp') for all

Bn* = Bp~. Equation (6.2) therefore predicts fh' > Tn*, as observed

in Figure 6.5, and also

<dI/dB>; >> <dI/dB>; . (6.3)

so that the -pp series 1is expected to totally dominate the

oscillatory structure.

By contrast, in the (InGa)As/InP structures the kg
transition rates are of comparable magnitude (see Figures 5.10

5.16). Thus, in these samples, the +pp series dominates the

oscillatory structure at low fields owing to the favourable density

of states factors Dp(Bp*) = 2D(By™) and skipping frequencies Fn(Bp*)
s 2Fp(Bgy7).

Comparison of Figures 5,11a, 5.17a and 6.6a reveals that

Fa(Bp* = Bp™) = 2Fp(By™) for both the (InGa)As/InP and the

GaAs/(AlGa)As samples, independent of voltage. Since Wph(Bpt) «

Fn(Bp*) Tp(Bpt), it follows that the ratio Wyp(Bp™)/Wn(Bp*) of kg

transition rates is higher for the GaAs/(AlGa)As structures simply
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because the transmission coefficient ratio Ty(Bg™)/Tp(Bp*) 1is also
higher (see Figures 5.11b, 5.17b and 6.6b). This ratio is so much
nigher for the GaAs/(AlGa)As samples because they are measured at
higher voltages. Consequently, the mean zero-field barrier height is
lower, so that the difference between the mean magnetic potential
energies EﬁiG experienced by #kgp electrons tunnelling at comparable
magnetic fields produces a greater fractional difference in the total

effective barrier heights and transmission coefficients (see Section

5.13.1).

This can be seen by comparing the conduction band and
magnetic potential energy profiles experienced by ikgp electrons
tunnelling at adjacent resonant fields in the (InGa)As/InP structures

(Figure 5.25) and GaAs/(AlGa)As structures (Figure 6.9). The mean

zero-field barrier height Eo in the (InGa)As/InP structures is s 190

meV for V = 25 mV and 120 meV for V = 125 mV, and in the

GaAs/(AlGa)As structures is I 100 meV for V = 240 mV. 1In addition,

the resonant fields generally increase with voltage, so that for the
(InGa)As/InP structures E'wmpg -Efpg = 25 meV when V = 25 mV and 380

meV when V = 125 mV. For the GaAs/(AlGa)As structures Eyag -Efag =

110 meV when V = 240 mV. Thus, equation (5.59) predicts that

Tn(Bp~)/Tr(Bp*) will be much higher for the GaAs/(AlGa)As structures,
The thicker barrier (230 X compared with 170 X), and higher effective
mass mg* (0.1 m, compared with 0.077 m,) of the GaAs/(AlGa)As
structures also contributes to the increased transmission coefficient
ratio (5.59). The absence of +pp oscillations in the I(B) curves of

the GaAs/(AlGa)As structures is therefore partly due to unfavourable

barrier parameters,
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For voltages V < 50 mV, the tkg transmission coefficients do

not dominate the transition rates and simulated derivatives do reveal
the +pp series of oscillations (Fromhold et al., 1990a). However,
this oscillatory structure has not yet been observed in GaAs/(AlCa)As
devices because, owing to the high and wide barriers, the current for

V £ 100 mV is below the experimental noise level (Hickmott, 1987).

6.4.4 Predicted field-dependence of the “PF oscillatory amplitudes

Figure 6.7b shows that the density of states factors D (Bp~)

vary slowly with n. Equation (6.2) therefore predicts direct

proportionality between the oscillatory minima <dI/dB>,~ and the =kp

transition rates Wn(Bp™). This correlation is clearly revealed in

Figures 6.5a and 6.8, with both sets of values reaching a maximum at

B=17T.

For fields below 5 T, no oscillatory structure is present in

either the simulated or measured derivatives. This is due to

conduction band nonparabolicity in the n* contact, which leads to

closely spaced, and therefore poorly resolved interfacial Landau

levels at the high Injection energies of -~ 300 meV.

Figure 6.6b shows that the “Kp transmission coefficients

Tn(Bn~) vary slowly over the field range S T S B S 7 T. This is

because for this range of field, the orbit centre Xk lies within the
y



200

barrier (see Section 5.10.4) so that the magnetic potential has
little effect on the total effective barrier height and transmission
coefficient. Over this field range the transition rates W,(Bn,~) and,
from equation (6.2), the oscillatory minima <d1/dB>7 shown in Figure
6.5 therefore reflect the variation of the skipping frequencies
Fn(Bp~) which, as shown in Figure 6.6a, increase with field owing to
contraction of the orbital radius (see Section 5.10.5). Above 7 T,
Figures 6.6 and 6.8 show that the variation of the transition rates
Wn(Bp~) is dominated by the rapidly decreasing transmission

coefficients, so that the oscillatory minima <dI/dB>; also decrease

as shown in Figure 6.5.

Although the observed oscillatory structure does not weaken

at high flelds, as 1in the simulated derivatives, the predicted

threshold fields 3 5 T, below which no oscillations are observed are

in reasonable agreement with the measured values.

6.4.5 Comparison with other models

Brey et al., (1988a, 1988b), Schulz and Tejedor (1989), and
Platero et al. (1990) have also used a transfer-Hamiltonian approach

to calculate the I(B) characteristics of the GaAs/(AlGa)As structures

measured by Hickmott,

These simulations are based on a calculation of the energy

levels Ep(ky) of the entire structure, rather than the left- and

right-hand subsystems., However, self-consistent calculation of these
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energy levels, taking 1into account electrostatic screening by the
2DEG was not attempted. Such screening effects are more easily
incorporated in calculations of separate left-hand eigenvalues by
using the Fang-Howard wavefunction to model the potential variation

throughout the accumulation layer (see Section 4.2).

Allowed transitions between degenerate left- and right-hand
eigenstates with the same Ky value are identified by looking for
intercepts between the corresponding dispersion curves, as described
in Section 5.4. Owing to the repulsion of degenerate levels (see,
for example, Merzbacher, 1970), these intercepts appear as anti-
crossings in the E-ky relation of the whole structure. Each anti-
crossing corresponds to an allowed tunnelling channel since the
amplitude of the associated wavefunctions is appreciable on both

sides of the barrier, (Helm et al., 1989, Peeters et al., 1989).

Theoretical I(B) and d?I/dB? curves calculated for V = 400 mV
by Schulz and Tejedor (1989) reveal a single series of oscillatory
structure, periodic in 1/B, over the field range 10 T s B s 18 T.
This structure originates as anti-crossings in the energy spectrum

En(ky) of the entire system rise above the Fermi level in the emitter

contact, with increasing field. These oscillations are thus

equivalent to the -pp series described in Section 6.4, which occur as

intercepts are lost from the -kp extremity of the 2DEG parabola.

However, owing to the neglect of nonparabolicity in the n* contact,
and electrostatic screening by the 2DEG on the energy levels of the
system, the oscillatory periodicities predicted by Schulz and

Tejedor are not in good agreement with the measured values. In
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addition, no explanation is given for the field-dependence of the
oscillatory amplitudes, which is more easily understood in physical

terms using the semiclassical model described in Chapters 5 and 6 of

this thesis.

6.5 Analysis of the Oscillatory Structure Observed in the

Forward-bias I(V) Characteristics of GaAs/(AlGa)As Single-

barrier Structures in a Transverse Magnetic Field

6.5.1 Experimental data

In the previous section, the observation of only one series

of oscillatory structure in the I(B) and d?1/dB? characteristics of

GaAs/(AlGa)As single-barrier structures measured for V 2 200 mV was
shown to be consistent with the model of tunnelling into interfacial

Landau states described in Chapter 5.

Hickmott (1987) also observed a single series of oscillations

in the current-voltage characteristics of these devices when a

uniform transverse magnetic field is applied.

Figure 6.10a shows the logarithm of the difference I(V,B)
-I(V,0) between the tunnel current measured for B = 13 T and B = 0 T,

as a function of applied foward bias., The first derivative of this

curve, shown in Figure 6.10b, clearly reveals a single series of
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oscillatory structure which becomes more closely spaced and decreases

in amplitude with increasing voltage.

The separation AV, = Vi - Vp-1 between adjacent maxima in
this derivative is plotted in Figure 6.10c as a function of V™, and
for a variety of temperatures. The solid line gives the average

value of AV, at each Vp~ and shows that the separation between

adjacent maxima falls almost linearly with increasing voltage.

6.5.2 Simulation of the I(V) Characteristics

The voltage-dependence of the tunnel current (5.11) flowing
into interfacial Landau states arises from changes in the 2DEG and

interfacial Landau state dispersion curves, and consequently of the

allowed transverse wavevector components {ky(n)}.

Changing the voltage modifies the interfacial Landau state
wavefunctions through its influence on the electrostatic potential in

the Dbarrier region. However, this has 1little effect on the

associated energy levels, particularly those with high n which, from

equation (4,43), are fairly insensitive to changes in barrier

penetration,

Both the highest (eV + Epg) and lowest (s Ebg) occupied 2DEG

levels increase almost linearly with voltage so that the 2DEG

parabola {s shifted to higher energies in tne E-ky plane. In
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addition, the mean stand-off distance 3a,, and consequently the mean

ky value k, = Be (b + 3a,)/fi of the occupied 2DEG states both

decrease with increasing voltage. It is easily seen from Figure 5.5

that shifting the occupied 2DEG states to higher energies and lower

ky values causes the -kp extremity of the 2DEG parabola to make
successive intersections with higher-index interfacial Landau
dispersion curves, resulting in the opening of new

conduction

channels whenever V = V.~ and ky'(n) = -kp.

As the voltage is raised above V.=, the intersection with the

nth interfacial state dispersion curve moves towards the +kg

extremity of the 2DEG parabola, resulting in closure of the nth

tunnelling channel when V = V,* and ky'(n) = +KF. Thus, with

increasing voltage, the intersection points move through the 2DEG

parabola in the opposite direction as for increasing magnetic fleld.

It can be shown, using a similar analysis to that given in

Appendix 1, that equation (5.11) predicts dI/dV + i= whenever ky'(n)
= 7 kg and V = V¥, Consequently the successive opening and closure

of tunnelling channels is expected to give rise to two sets of

oscillatory structure in dl/dv,

The broken curve in Figure 6.11a shows the natural logarithm

of the tunnel current I(V) calculated for B = 13 T from equation

(5.11), taking the nonparabolicity factor of the n* GaAs layer to be

a = 1.1 eV='. This curve is not intended for direct comparison with

the experimental curve of Figure 6.10a which shows the logarithm of
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(b)  d(Lnl)/dV
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Figure 6.11 (a) Broken curve shows the natural logarithm of the
tunnel current Lnl calculated as a function of applied
voltage when B | I = 13 T, taking a = 1.1 eV™', The
solid curves show the natural logarithm of the
individual current contributions In(V) n =10, 1, «.. 23,
over the field ranges V,~ SV & Vn*. (b) Derivative of

LnI(V) showing the single (-pg) series of oscillatory
maxima which occur when V = V7,
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the difference between the tunnel current measured in finite and zero
magnetic fields. The solid curves in Figure 6.11a show the

logarithms of the individual current contributions In(V) for V™ SV

< Vpt.

In the Fowler-Nordheim tunnelling regime (V 2 260 mV), the

current is calculated within the approximations described in Section

6.4.,1, to avold problems arising from imaginary values of the decay

function up(0-).

Cscillatory structure in the Ln I(V) curve is observed at the
voltages V,~ for which 2DEG electrons with transverse momentum py' =
-pr tunnel into the nth interfacial Landau state. This structure is
more clearly revealed in the first derivative <dLnI(V)/dV> shown in

Figure 6.11b, which is calculated following the averaging procedure

described in Section 5.11.2, wusing an averaging bin width AV = 5 mV.

No oscillatory structure associated with the closure of
tunnelling channels 1s observed in either the LnI(V) curve or {ts

derivative.

It was shown in Section 6.4.3 that at high applied biasses,
the transition rates from the 2DEG into interfacial Landau states

depend mainly on the corresponding transmission coefficients,
determined by the magnetic potential energy in the barrier region.
For given voltage and field, this magnetic potential energy depends

only on the transverse wavevector component Ky(n) of the tunnelling
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electrons, which determines the orbit centre position. Electrons

with the smallest positive value of ky(n) have orbit centres Xky =
~ﬁky(n)/Be which lie closest to the potential barrier, and therefore
have the highest transmission coefficient. At high biasses, these
electrons also have the fastest transition rates and therefore
dominate the tunnel current. Figure 6.11a shows that for given V,
the maximum current contribution arises from transitions into the

highest-index interfacial state which, from Figure 5.5 is accessed by

2DEG electrons with the lowest of the allowed wavevector components

{ky(n)}.

When V is just above V;~, the lowest value of {ky(n)} is

ky(1) = ko, = kg so that the current contribution I{(V) due to the
newly-opened ith tunnelling channel, soon dominates the total tunnel

current as shown in Figure 6.11a. Consequently, the opening of new

channels produces visible -pp oscillatory structure in LnI(V) and its

derivative.

As the voltage is increased from Vy~, ky(i) also {ncreases so

that the orbit centre Xk = *ﬁky(i)/Be moves further left, thereby

y
raising the magnetic potential energy in the barrier region and the

total effective barrier height. This 1increase 13 so large that

despite the Iincreased electrostatic trimming of the potential

barrier, the value of Ln Ij(V) close to Vi* is smaller than that

close to Vi'.
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As the voltage is raised from V{~ to Vi*, additional higher-
index tunnelling channels are opened, which are accessed by 2DEG
electrons with lower values of ky(n), and therefore dominate the
current. Consequently, when V reaches Vi*, 2DEG electrons tunnelling
into the ith interfacial Landau state contribute only a small
fraction of the total current, and closure of the channel has no

visible effect on either Lnl or its derivative,

Weakening of the oscillatory structure in d(LnIl)/dvV, is
clearly visible with increasing voltage 2 330 mV in Figure 6.11b.
This is due to nonparabolicity in the n* contact which causes the
density of interfacial Landau 1levels to increase with energy.
Consequently, at higher voltages, more tunnelling channels are open,

as shown in Figure 6.11a, so that the separation between the allowed

wavevector components {ky(n)} is reduced. It follows that the

dif ference between the orbit centre positions and transition rates of
electrons tunnelling into the n®'N and n-1'h interfacial states is

also reduced. Because the number of open tunnelling channels

increases with voltage and the difference between the transition

rates into higher-index channels 1is reduced, the highest-index

current contribution is a smaller fraction of the total current. This
can be seen from Figure 6.11a which shows that the difference between
the logarithm of the total tunnel current and that of the highest-

index contribution increases with voltage. At higher voltages the

opening of new tunnelling channels therefore produces a smaller
fractional increase in the total current so that the oscillatory

'ripples' in Lnl become 1less pronounced leading to diminished

oscillatory amplitudes in d(LnI)/dV.
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The solid curve in Figure 6.12 shows the voltage-dependence
of the separation AV, between adjacent maxima in the first derivative
curve dLnl/dV. The reduction in AV, with increasing voltage 1is
primarily due to nonparabolicity in the n* collector, which reduces

the energy separation between high-lying interfacial Landau levels.

Taking the nonparabolicity factor of GaAs to be a = 1.1 eV~™!,
which is comparable to that measured by Helblum et al. (1987), the
predicted values of AV, lie within the experimental limits over the
entire voltage range. Similar results were obtained by Sheard et al.
(1988), but the use of a voltage-independent stand-off distance 3a, -
8 nm gave rise to discrepancies at bias voltages V s 300 mv., It
should be noted that the values of AV, expected for tunnelling into
bulk Landau levels shown by the broken curve in Figure 6.12, cannot

be reconciled with the experimental data for any reasonable choice of

Qa.

6.6 Summary

The observation of a single series of oscillations in the

current-voltage and current-ff{eld characteristics of GaAs/ (AlGa)As

single-barrier structures 1is fully consistent with the model of

tunnelling into interfacial Landau states developed in Chapter 5.
Tunnelling into bulk Landau levels does not occur due to the low

Fermi momentum pg = fikp of the 2DEG formed in these samples,
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The absence of any +pp oscillations is attributed to the high
applied bias voltages (240 mV - 700 mV). Over this range of bias,
the magnetic potential energy makes a large contribution to the total
effective barrier height and greatly affects the barrier transmission
coefficient. Owing to the different orbit centre positions X, < X-,
the potential barrier experienced by 2DEG electrons with ky'(n) = +Kkf
is significantly higher than for -kp electrons tunnelling at similar
voltages and fields. Consequently, the transmission coefficients and
normalised transition rates are several orders of magnitude lower for

the +Kp electrons (Figures 6.6b and 6.8). Equation (6.2) therefore

predicts that the -pg series will dominate the oscillatory structure

observed in <dI/dB> and <d®1/dB2>.

Taking the nonparabolicity factor of GaAs to be o = 1.1 eV™!},
the periodicities of the single series of =Pr oscillations revealed
in both the simulated and measured dLnl/dV curves

are in good

agreement over the entire voltage range,
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CHAPTER SEVEN

TRANSVERSE MAGNETOTUNNELLING IN WIDE-WELL

DOUBLE-BARRIER RESONANT-TUNNELLING STRUCTURES (DBRTS)

T.1 Introduction

In Chapters 5 and 6, oscillatory structure observed in the

current-field and current-voltage characteristics of asymmetrically-
doped single-barrier structures under forward-bias conditions and in

the presence of a transverse magnetic field, was shown to originate

from 2DEG electrons with transverse momentum py' = +pp tunnelling

into magneto-quantised interfacial states in the n* contact.

In this geometry, similar oscillations have also been

observed in the I(B) and I(V) characteristics of GaAs/(AlGa)As DBRTS
containing a wide quantum well (600 X - 1800 R) and a lightly n-doped
emitter contact in which a 2DEG is formed under bias (Eaves et al.,
1988; Alves et al., 1989; Henini et al., 1989;

1989).

Leadbeater et al.,

The origin of this oscillatory structure has been attributed
to electrons at the Fermi level in the 2DEG tunnelling into hybrid

magneto-electric states in the quantum well (Eaves et al., 1988).
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In this chapter, a model of transverse magnetotunnelling in

wide-well DBRTS is developed and used to calculate the current-field
=]

characteristics and derivatives of the 1200 A well GaAs/(AlGa)As

DBRTS used in the experiments of Leadbeater et al. (1989).

Just as for the single-barrier structures, the oscillatory
amplitudes of the simulated <dI/dB> curve are shown to be
proportional to the transmission coefficient of the LH (emitter)
barrier and the frequency of the semiclassical collisions between

each kg electron in the well and the emitter barrier.

Because most of the applied voltage is dropped across the
wide quantum well, the emitter-barrier transmission coefficient 1is
only weakly field-dependent (see Section 7.12.3). The field-
dependence of the oscillatory amplitudes therefore primarily reflects

that of the collision frequencies of electrons with the interfaces

bounding the well.

Consequently, these wide-well structures are ideal for

investigating the effect of the magnetic field on the semiclassical

dynamics of electrons in the well,. In particular, the diminished

oscillatory amplitudes observed in <dI/dB> and <d2?I/dB?> over the

field range corresponding to the transition from traversing states
which interact with both barriers, to cycloidal skipping states which

interact with the emitter barrier only, are shown to originate from

the low collision frequencies characteristic of this transition

region.



212

Previous theoretical studies of resonant tunnelling in a
transverse magnetic field have concentrated on explaining the shift
of the negative-differential-resistance regions to higher voltages,
which is generally observed with increasing field (Ben Amor et al.,

1988; England et al., 1989a, 1989b).

7.2 Device Construction

The DBRTS used in the experiments of Leadbeater et al, (1989)
were grown by molecular beam epitaxy on GaAs substrates heavily doped

with Si (electron carrier concentration n = 2 x 10** m™*) and

comprised the following layers, in order of growth from the substrate

(1) a 2 pm thick buffer layer of GaAs doped at n = 2 x 10** m™?; (ii)

(o]
500 A of GaAs, n = 2 x 10%?%? m™*; (iii) a spacer layer of undoped

[
GaAs, & = 25 A; (iv) an undoped (Al, ,Ga,, ¢)As barrier, b = 56 Ry (V)
an undoped GaAs quantum well of width w = 600 g or 1200 X; (vi) an

undoped (Al, ,Ga,, ¢)As barrier, b = 56 X; (vii) a spacer layer of
[
undoped GaAs, % = 25 A; (viii) 500 A of GaAs, n = 2 x 1022 m~*; (ix)

a 0.5 um top contact layer of GaAs, n = 2 x 10** m~*. Only the 1200

[e]
A well structures are considered in this chapter.

The graded doping of the n-type contact layers and the

inclusion of undoped spacer layers adjacent to the barriers |{s

intended to improve the performance of the device by limiting dopant

diffusion into the barrier region, This reduces the elastic

scattering of tunnelling electrons by fonised {mpurities, which has



213

been shown to have an adverse effect on the electrical properties of

rescnant tunnelling devices (Leadbeater et al., 1989).

Taking the nonparabolicity parameter of GaAs to be a = 1 eV~!
(Heiblum et al., 1987), the Fermi energy (2.1) of the 3DEG formed in

the n* contact regions, is Epp = 73 meV.

7.3 Nonequilibrium Electrostatics

Figure 7.1 shows the schematic conduction band profile of the

DBRTS used in the experiments of Leadbeater et al. (1989), under an

applied voltage V. The co-ordinate system referred to throughout

this chapter is also shown,

A quasi-2DEG is formed in the accumulation layer, adjacent to

the emitter barrier. Most of the applied voltage is dropped across

the wide undoped well region so that the mean height of the emitter
barrier is approximately equal to the conduction band offset AE,. The

transmission coefficient of this barrier i{s therefore sufficiently

low that the average lifetime (~ 1 ns) of an electron In the

accumulation layer, given by the reciprocal of the transition rate

into the well region, is long compared to the energy relaxation time

due to acoustic phonon emission (~ 0.1 ns). Consequently, the 2DEG

is degenerate at liquid helium temperatures. Assuming, in addition,

that the conductivity of the lightly-doped emitter contact 1is

sufficiently large, a uniform Fermi level is maintained throughout
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the doped region of the emitter contact and the 2DEG, which are thus

in approximate equilibrium.

The doping concentration in the n~ region of the emitter
contact is sufficiently high that the Fermi level lies just above the
conduction band edge. There are thus a small number of extended
states in the emitter contact which contribute to the tunnel current,
However, the main contribution 1is due to the two-dimensional

electrons in the accumulation layer,

The electronic potential energy variation throughout the
accumulation layer is given, within the Fang-Howard approximation by
equation (2.15). Just as for the single-barrier structureé, the 2DEG
sheet electron concentration is determined for each bias voltage from

the periodicity of maxima observed in the first derivative of the

tunnel current 1, measured as a function of longitudinal magnetic

field B || I (see Section 2.5). This sheet electron density is

approximately (Leadbeater, 1990)

ng(V) = 2.9 x 10'* Vv (m=23 . (7.1)

Resonant tunnelling occurs when the energies of the bound

states in the emitter 2DEG and quantum well coincide (see Section

1.9). The associated bulldup of negative space charge in the well

can modify the potential profile and, if sufficiently large, can give

rise to a bistable region in the I(V) characteristics (Sheard and
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Toombs, 1988). On resonance, the charge in the well is given by Q,

QsTL/(Ty + TR), where Qs is the 2DEG charge and Ty, TR are the
transmission coefficients of the emitter and collector barriers,
Figure 7.1 shows that most of the voltage is dropped across the wide

well, so that the top of the collector barrier is approximately eV

below that of the emitter barrier. Hence Ty >> Ty, and Qy is small.

Provided that the space charge associated with ionised

impurities is also small, and neglecting the difference between the

dielectric constants of GaAs and (AlGa)As, the electric field F =

-(ng e/e,ep])x created by the 2DEG, extends throughout both barriers,

the well region, and the undoped spacer layer adjacent to the

collector barrier. The electronic potential energy in these regions

is thus approximately

nge?(x + b
-—e¢(x) = -e¢(-b) - —§———f-———l i b S xsb+w+ 2, (7.2

€ oerL

where ep|, is the dielectric constant of GaAs and & {s the width of

the undoped spacer layer, The electric field F i{s screened by a

depletion region of 1length s in the 1lightly-doped part of the

collector contact (see Figure 7.1). The electronic potential energy

throughout this depletion region is
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N e?
—e¢(x) = Epg + —— (x2 = (b + w + L + 5)?)
2€4EpL,

2 .
= (N, (b +w+ &) +ng)(x=(b+w+ L+ 3))
EoEpL

b+ W+ L SxSb+w++s (7.3)

where N; is the n~ donor density, and the small potential dropped

across the undepleted part of the n~™ region is neglected so that

-e¢(b + W+ & + 8) = Eppg.

The depletion length s is determined from the requirement

that the sum of the potentials dropped across the accumulation layer,

the barrier and well regions, and the collector contact equals V +

Epgr/e.

The conduction band profile is related to the electrostatic

potential by

“edp(x) 3 X <C=b; 0<CxXx<wWw; X>w+h

Ee(x) = { (7.4)

“e¢(x) *+ BEq; b S X S0 ; wsSXSW+D

where AE, = 330 meV is the conduction band offset.
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T.4 Features of the Measured Transverse Magneto-current

Figure 7.2 shows typical I(B) and d?I/dB? curves (B | I),
measured at T = 4,2 K for V = 600 mV., The current falls rapidly to
zero with increasing field. Three distinct series of oscillations
are observed, labelled t+, t- and s-. None of the series is periodic
in 1/B, which would be the case for tunnelling into bulk Landau

levels. The t- and s- series are separated by a field range = 2 T

over which no oscillatory structure is observed. The amplitudes of

both the t- and s- series decrease rapidly to zero as the field

approaches this transition region.

Similar oscillatory structure is observed over a range of

bias voltages. Although the positions of the extrema are strongly

voltage-dependent, suggesting close association with the tunnelling

process itself, the qualitative field-dependence of the oscillatory

amplitudes is unchanged (Leadbeater, 1990).

7.5 The Transfer-Hamiltonian Formalism of Resonant Tunnelling

The first time-dependent picture of resonant tunnelling was
proposed by Luryi (1985), who suggested that the process can be

considered as two sequential transitions; first from the LH emitter

contact into a bound state in the quantum well, and subsequently from

the well into the RH collector contact.
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Payne (1986), wused the transfer-Hamiltonian approach to
formulate a model of sequential tunnelling in symmetric DBRTS with
heavily n-doped contacts. Within this formalism, left-hand, quantum
well, and right-hand subsystems are defined by suitably extending
the emitter and collector barrier potentials, as shown in Figure 7.3.
The LH and RH subsystems each contain potential steps, whereas the
well subsystem contains a single isolated quantum well, which 1is

assumed to support at least one bound state,

The rates of allowed transitions between each subsystem are
given by equation (3.25), where the subscripts & and r refer to the
initial and final states respectively. To account for the finite
occupancy f(E,) of the well states, which describes resonant space-
charge buildup, the transition rate (3.25) is multiplied by 1-f(E)
when considering transitions into the well, and by f(E,) when
considering transitions from the well into the collector contact. The
value of f(E,) is determined from the current continuity requirement
that the total number of transitions per second from all LH eigen-
states into the well equals that from the well into all RH elgen-
states. Since most of the applied voltage Is dropped across the wide

well, T, /Ty << 1, so that the transition rates from the LH contact

into the well are much lower than from the well into the RH contact,

Consequently f(Ey,) = O. Within this approximation, the current

flowing through the device depends only on the tunnelling transition

rate from the emitter contact into the bound states of the well,
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Figure 7.3 (a) Conduction band profile E,(x) of a symmetrical DBRTS
with heavily n-doped contacts, The effective 1D
potential energy profiles of (b) the LH subsystem, (c)
the well subsystem and (d) the RH subsystem are also
shown,
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7.6 Calculation and Interpretation of the LH and Quantum Well

Eigenstates of the Wide-well Structures in the Presence

of a Transverse Magnetic Field

7.6.1 LH Eigenstates

When a transverse magnetic field B “ 2 is applied, the
conduction band effective-mass Hamiltonian Ht i{s given by equation

(3.2) in which Eg(x) is determined from equations (2.15), (7.2),
(7.3) and (7.4).

From the definition (3.5), the LH subsystem comprises the
accumulation layer and emitter-barrier regions and is thus identical
to that of the single-barrier structures described in Section 4.2.

It follows that the LH eligenvalues are simply the perturbed 2DEG

levels (4.14),

7.6.2 Qualitative discussion of the quantum well states

Within the approximations of Section 4.,3.1, the x-dependent

wavefunction yn(x) of the n'h bound state in the well satisfies

d 1 d
‘ax (m*(x)) x * Bepr (% ky) ] v (%)

‘nz
-7

(7.5)
fi2k?
- Z
(B4 kg0 k) J () = E (k) v (0,

amy
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where m*(x) = {

m,* (1 + a(Ep = Eg(x))); 0 < x < w,

ik
2e? ¥.\2
Ec(x) + 2m*(x) (x + Be ) s -b <Cx <w+bd

B2e?
Egrr(x, ky) = { Eo(=b4+) +_2mB* (-b +

Ec((b + w)-) +

2mp* (b v Be Jixzbw

Eu(ky, kz) 1s the total energy, and En(ky) that assoclated with

motion perpendicular to the magnetic field.

Equation (7.5) 1is similar to the effective-mass equation

(4,22) for the RH subsystem of the single-barrier structures, except
that electron motion is further constrained by the collector barrier.
The energy level spectrum is also modified by the large electric

field in the well which, in contrast to the single-barrier

structures, gives rise to a spatially-varying effective mass,

Using equations (7.2) and (7.4) to determine EL(x) in the

well and barrier regions, equation (7.5) may be written in the form

— + V()] ¥n(x) = Enlky) wn(x) . (7.6)
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where the effective 1D potential energy is

B2e?(x = X')? . m*(x)F?
- ———————— . - <
0% (%) eFX' + U(x) + Y i b < x <wWw+D
Vix) = { V(-by) : X $-b
V((w + D)) ; x 2 w+b .
in which
ﬁkl, m*(x)F
X' (x) = - + ’
Be eB?
and
AE; = e¢(0) i X 2wWg3 xS0
u(x) = {
-e¢(0) : 0 < x < W

Neglecting the x-dependence of the effective mass, the first

term in V(x) describes the potential energy of a simple harmonic

oscillator with orbit centre X' and angular frequency wg. The second

term is the electrostatic potential energy at the orbit centre. The

third term, U(x), describes the rectangular potential well formed by
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the conduction band discontinuity between the high-and 1low-gap

materials. The final term is the mean kinetic energy of an electron
in bulk GaAs associated with motion perpendicular to crossed electric

and magnetic fields (see Section 1.5).

Figure 7.4 illustrates V(x) for the case of parabolic bands,
so that the effective mass 1is independent of position within each

layer. If nonparabolicity is taken into account, the effective mass

varies continuously throughout the well region and V(x) is no longer

parabolic. In addition, Ep(ky) and V(x) are coupled through the

energy-dependent effective mass and must be calculated self-

consistently.

Distinct types of well state can, however, be classified

quite generally, irrespective of conduction band nonparabolicity. 1If

V(0,) < V(w-) for given Ky, three kinds of bound state may exist,

labelled r, s and t in Figure 7.4, These states are distinguished by

the nature of their classical turning points and therefore correspond

to distinct types of classical trajectory.

Type r states for which En(ky) < V(0.) and En(ky) < V(ws),

correspond to classical bulk cycloidal trajectories (see Section

1.5), which are bounded by soft turning points and do not intersect

with either barrier. Within the WKB approximation, the energy levels

of these states depend only on the potential energy between the

turning points and are given by equation (1.24).
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Type s states for which V(0,) < Ep(ky) £ V(w-) correspond to

classical skipping trajectories which intersect with the emitter
parrier only. These states are referred to as cycloidal skipping

states, since between collisions with the emitter barrier, the

electron executes cycloidal motion.

The classical trajectories corresponding to type t states for

which En(ky) > V(0+) and Ep(ky) > V(w-) extend throughout the well

region and are bounded by hard turning points at the barrier

interfaces. The electrons are repeatedly reflected from each

interface and execute classical traversing orbits. In zero magnetic

field all eigenstates of the quantum well subsystem correspond to

these traversing orbits.

If Vv(04) > V(w-), a fourth type of bound state may exist

corresponding to cycloidal skipping motion along the collector

barrier. However, since transitions from the 2DEG into all well
states with soft LH turning points are forbidden (see Section 7.7),

these states are not considered in detail.
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7.6.3 Calculation of the traversing and cycloidal skipping state

dispersion relations

The WKB energy quantisation condition (4.37) and effective-
mass wavefunctions (4,32) derived for interfacial skipping states in

single-barrier structures are applicable, quite generally, to all

bound eigenstates with hard LH and soft RH turning points.

In
particular, taking
1
an(x) = [2m*(x)(Enlky) = V(x))1* /A, (7.7)
1
n1(x) = [2mg*(V(x) - Ep(ky))]? /6, (7.8)
and an(wn) =0, (7.9)

equations (4.37) and (4.32) give the cycloidal skipping state

dispersion relations and envelope wavefunctions.

Piecewise WKB solutions of equation (7.6) appropriate to

traversing states in the well are

-1 -
Ch unf (x) e Q) ; X S0 (a)

?

-l
Yn(x) = {Dn an®(x) sin[T(x) *+ 8] ; 0 S x S w (b) (7.10)

~1 -
Gp unf (x) e 2(x) P X 2w (¢)
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where the integral functions Q(x), T(x) and Z(x) are defined in

equation (4.26). The traversing state energy quantisation condition,
obtained by imposing the matching conditions (1.39) and (1.40) at

each barrier interface is

mg an(0+)

(m*(0+)un(0-)) - &, (7.11)

fz ap(x) dx = (n + )7 - tan™!

;n’0,1, L) [

mB* C!n(w-)

where &y = tan™!
m*(w.) up(ws)

Implicit expressions for the traversing and cycloldal skipping state

dispersion relations can be found from equations (4.37) and (7.11) by

evaluating the phase change integral.

12 an(x) dx in=0,1, ..., (7.12)

where a = w for traversing states and, for the n'h cycloidal skipping

state, equals the soft RH turning point wp.

Using the expressions for ap(x) and V(x) given in equations

(7.6) and (7.7), equation (7.12) may be written in the form

f: ap(x) dx =Ha~! fg {y - 8(x - i)’]lz dx , (7.13)



where

and a is the nonparabolicity parameter of the well material.
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<
i

fi2ap?(04) + BX2 = 2m*(04+) (En(ky) = Ec(04)) = Aky? + BX?,

g = B%e? - 2m * qe’F? ,

=<
it

[m*(04)eF + m *aeF(Ep = Ec(04)) - TkyBel/s ,

The

form of this integral depends on the sign of B8 and consequently on

the relative magnitude of the electric and magnetic fields.

However,

evaluation of (7.13) can be simplified using the following physical

argument which shows that Y/8 > 0O for all B.

In the absence of confining barriers, an electron with energy

En(ky) associated with motion perpendicular to the magnetic field,

executes bulk cycloidal motion between the turning points

and

where

wp = X+R, (7.14)

£
=
it
<
]
o o]

(7.15)

1
R = (Y/8)? 1is the orbital radius.
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In order that these turning points are real, the inequality

(v/8) > 0O (7.16)

1
must always be satisfied. It follows that if B > (2m{*a)?F so that B
> 0, equation (7.13) may be written

12 an(x) dx =Bty 872 U (1 - un)? dy (1.17)
o n X = uo 1 .
where
1 —
u(x) = (g/M? (x - X) , (7.18)
u, = u(0) ,
and u, = u(a) .

The integral on the RHS of (7.17) is

evaluated using the results of
Section 4.3.3, giving

IS an(x) dx = A7h Y 872 [£(u,) - flug)] , (7.19)

where f(x) is defined in equation (4.42),

For cycloidal skipping states a

Wn whence, combining
equations (7.14) and (7.18), u; = 1 so that, from equation (4.42),
f(u,) = n/2.
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It follows from inequality (7.16) that if B < 0, equation

(7.13) may be written in the form

1 1

I2 an(x) dx = = B71 Y(-8)"F S0P (uP - 1)? adu . (7.20)
0
The integral on the RHS of this equation is easily evaluated giving

-l
fi an(x) dx = = 871 Y (=8) 2 [g(u,) = gluy)] , (7.21)

where

1
g(u) =%(u2 - 1?2 -%Ln lu + (u? - 1);l .

For cycloidal skipping states, u, = 1 so that g(u,) = 0. Provided

1
the field value B = (2m *a)*F is avoided in all simulations, it is
not necessary to evaluate the phase change integral on the LHS of

equation (7.13) for the case 8 = 0,

Combining equations (4.37), (7.19) and (7.21), the cycloidal

skipping state energy levels Ej(ky) are implicit solutions of

(n + —'ﬂ) - tan™! mg* an(0+)
4 m*(0,) un1(02)

-ty e-; (2 - fud] s 8> 0
2 o)l

= { } i n=20,1, ...

-}
170 Y (-B) P gluy) 5 B <O

(7.22)
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Similarly, from equations (7.11), (7.19) and (7.21), the traversing

state energy levels satisfy

mp* an(04+) _ mp* an(w-)
( - tan~!
m*(04+) un1(0-) m*(w-) un(w+)

(n + 1) - tan™!

-l
n-t!oy B [f(ul) = f(uo)] ; B> O

[}
——

} i n=o0, 1,..

-l
-h~t Yy (-8) 2[g(u,;) - gluy)] 5 B <O

For parabolic bands in zero magnetic field, the (traversing state)

dispersion curves Ep(ky) form a set of parabolas in the E-ky plane,

with minima at ky = 0 equal to the bound state energies in the well,

Figure 7.5 shows the dispersion curves of traversing states
(o]
in the 1200 A well GaAs/(AlGa)As DBRTS, calculated from equation

(7.23) for V = 600 mV and B = 0.5 T. This comparatively small field

acts as a perturbation which distorts the =zero-field parabolic

dispersion curves. The conduction band nonparabolicity factor of

GaAs is taken to be 2 eV~!,

This is higher than the value a = 0.85
eV™! predicted by k.p theory and measured by Heiblum et al., (1987),
to account for increased nonparabolicity at the high-lying levels (e
350 meV above the band-edge position at the centre of the well) into

which the 2DEG electrons are injected (Blakemore, 1982).
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The broken curve in Figure 7.5 shows the ky-dependence of the

effective potential energy V(0,) close to the LHS of the quantum

well, Energy 1levels below this curve are not shown since they
correspond to eigenstates with soft LH turning points which are

inaccessible in tunnelling transitions from the 2DEG (see Section

7.7).

Figure 7.6 shows the dispersion curves Ep(ky) of well states

with hard LH turning points, and of the occupied 2DEG states,

calculated for V = 600 mV and B = 5 T, taking a = 2 eV™', The broken

curves show the effective potential energy V(x) at either side of the

quantum well, as a function of ky. Energy levels Enlky) < V(w-, ky)

in region s correspond to classical skipping trajectories along the

emitter barrier (inset right). Energy levels En(ky) > V(w-, ky) in

region t correspond to classical traversing orbits (inset left).

Energy levels 1in regions r and q correspond to bulk cycloidal

trajectories and cycloidal skipping orbits which intersect with the

collector barrier only.

To avoid discontinuities in the WKB dispersion curves at the
boundary between regions s and t, the constant phase factor of unity

on the LHS of the traversing state quantisation condition (7.23) is

replaced by 3/U. This approximation avoids problems otherwise

encountered when evaluating the tunnel current, due to gaps in the

energy spectrum, and 1is reasonably accurate for the high-index

traversing states (n 2 10) which are accessed in transitions from the

2DEG,
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Neglecting the increase in effective mass which occurs as
electrons are injected into the well region, the requirements that
both the total energy and the transverse wavevector be conserved in
tunnelling transitions may be expressed in the single equation (5.8).

As for the single-barrier case, this condition can be interpreted by

looking for intercepts 1in the E-ky plane between the 2DEGC and

well-state dispersion curves, For V = 600 mV and B = 5 T, each

intercept is marked by an open circle in Figure 7.6, and corresponds
to a group of 2DEG electrons which makes allowed transitions into

either traversing states, or cycloidal skipping states which interact

with the emitter barrier only. In the next section, transitions into

all other types of well state are shown to be forbidden.

7.7 tkF Transitions into Well States with Soft LH Turning Points

Do Not Occur

Transitions into bulk cycloidal states or cycloidal skipping

states which interact with the collector barrier, occur only if the

soft LH turning point (7.15) 1lies to the right of the emitter

barrier. This is equivalent to the requirement

>
v
oo

’ (7.24)

that the distance from the emitter barrier to the orbit centre

exceeds the classical orbital radius, Using the forms of X and R

given in equations (7.13) and (7.15) appropriate to parabolic bands,

inequality (7.24) becomes
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m*F Ky m *¥F?  2m ¥FfAky .}
- > l2m *(En = Ea(O + - 2
576 Be [ L¥(En c(0+)) 52 5 ] /Be ,

(7.25)

where the RHS refers to the positive square root. This inequality is

only satisfied provided

mL*F A ky
- >0
BZe Be (7.26a)

and then, squaring both sides, only if

flzkxz
( 2mL*) > Enlky) = Ec(04) . (7.26b)

For 2DEG electrons with ky = k, % kg, Ep(ky) = eV + Epg so that, as

shown in Figure 7.1, the RHS of inequality (7.26b) i{s the

potential energy eF(b + 3a,) dropped across the accumulation layer

and emitter Dbarrier, It follows that for kg transitions,

inequalities (7.26a) and (7.26b) may be written

m*F  h (ko t k) S

0
B2e Be ’

(7.27a)

and

ﬁz(ko b 3 kF)z
2my *

> eF (b + 3a,) = E, (7.27b)
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where ko, = Be(b + 3a,)/fi and F = nge/e, ep, is the electric field in

the well.

For -kg transitions, if kg > ko,

A2(kp - k,)? <f12kp2

= Ep C eF(b + 3a,)
2my * 2mg * F °

so that inequality (7.27b) cannot be satisfied. From Appendix 2, if

kp < ko, inequality (7.27a) is satisfied for -kp transitions only if

fi2(k, - kp)?
2mg *

< eF(b + 3a,) - (efb + Epg + Ep/2)/2 < eF(b + 3a,) .

Consequently, inequalities (7.27a) and (7.27b) cannot both be

satisfied and =kp transitions into well states with soft LH turning

points do not occur for any voltages or fields.

It follows directly from inequality (A2.3) of Appendix 2 that

(7.27a) is satisfied for +kg transitions only if

fiz2(ko, + kp)?  [Ep *+ Fe(b + 3a,)] Mg :
< + Kp2 + Ump *eF(b + 3a,)mMm?)’
2mp,* 2 Uy, * ke L Ja0)mt
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Thus, conditions (7.27a) and (7.27b) are both satisfied for +xg

transitions only if
E, -E, <O
or, substituting for E, and E,, only if

p; - P2 <1 (7.28)

eF(b + 3a,)
Ep[1 + 2Fe(b + 3a°)/EF]lz

where P, =

1
1
[1 + 2Fe(b + 3a4)/Ep]?

and P =

For V = 600 mV, p, = 1.95 and p, = 0.24 so that inequality
(7.28) is violated and +kp transitions into well states with soft LH

turning points do not occur for any field values.

Similar conclusions are reached when nonparabolicity in the

well region is taken into account by using the appropriate forms of

X and R in inequality (7.24).
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7.8 Derivation and Interpretation of the Matrix Elements an(ky)lz

for Transitions into Traversing and Cycloidal Skipping States

in the Well

To calculate the transition matrix elements from equations
(3.25) and (3.37), the well state wavefunctions y,(x) must be

normalised.,

Neglecting penetration into the classically forbidden regions
and assuming, as in Section 5.8, that an(x) varies slowly over one
local wavelength 2n/apn(x), normalisation of the WKB traversing and

eycloidal skipping state wavefunctions (4.32) and (7.10b) requires

Kn® Zn
- 1 ’ (7.29)

where
a -1
Zn = IO an (X) dx ’

a = w and K, = Dp (defined in equation (7.10b)) for traversing

states, and, for cycloidal skipping states, a = wn and Ky = Gn(6/n)§,

where G, 1is defined in equation (4.32). Using equation (7.7) for

an(x), Z, may be written in the form
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-l

..lu
AR 2 [P (1 - u?) 2%du i >0
U,
Zn = | . (7.30)
-1y -1
A (-B) 2 S (ur-1) 2du; B<O ,
U,

where u(x) is defined in equation (7.18).

Evaluation of the integrals in equation (7.30) is straight-

forward and gives

-l
A 8 % [sin™! u, = sin”! u,] t1 B>O
2
-1 u, + (u,2 -1
£ (-g) ° (Ln |— - ) +8<0

1
Uy + (ug? - 1)?

where u, = 1 for cycloidal skipping states.

Expressed in terms of Z,, the WKB cycloidal skipping state

wavefunctions (4,32) and first derivatives are, in the limit x » 0,,

> 1
Yp(0+) = [m)z cos [T(0+) "E'] (7.32)
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and

dwn(0+) ~ (20.1'1(04'));

m
sin [T(04) - =)
dx Zn y°

(7.33)
where T(x) is defined in equation (4.26).

Similarly, the traversing state wavefunctions (7.10b) and derivatives

satisfy

1
¥n(04) = (3—=—=)%  sin [T(0+) + 8]

i , (7.30)
and
dyn (0 20n(0+) 13
Wn04) _ _ (2enl0) e o5 1(0,) snl . (7.35)
dx Zn

Using the energy quantisation conditions (7.22) and (7.23) to obtain

expressions for the sine and cosine terms in equations (7.32),

(7.33), (7.34) and (7.35), the wavefunctions and derivatives of both

traversing and cycloidal skipping states may be written, in the limit

x * O4,

2an(0+)); (=1)N mp*

Yn(0+) = ( Z,

, (7.36)

1
Can?(0+)mp*2 + um’(O-)m*(O:,)z]2
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and

dvp(04+) _ (20.n(0+)); (-1)N m*(04) wupt1(0=)
dx Zn

. 1
[an2(0+) mp*? + un1?(0-)m*(04)21°

(7.37)

Using the matching conditions (1.39) and (1.40) to determine

¥n(0-) and dyp(0-)/dx, and using these expressions together with the

modified Fang-Howard wavefunction (5.25) and derivative (5.26) in

equation (3.37) gives

IROBILIE Ll T W

2(5a)m *! om*(04)z, (7.38)

=242 unt(x) dx
16 mB*z an(04+) un1(0-) k(-b-) e b

o ¥m* (04) b1 (=b4)[(an(0+)mp*/m*(0,))2 + un12(0-ﬂ]

Following the discussion of Section 5.8, the first bracketed

term on the RHS of equation (7.38) is approximately equal to the

frequency of the semiclassical collisions between each 2DEG electron

and the emitter barrier, and the final bracketed term is the WKB

emitter~barrier transmission coefficient (1.53).

Owing to the high electric field, the effective mass varies

with x throughout the well region. Thus, by contrast to the single-

barrier case, the semiclassical collision frequency
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H 17
Fn= = (7039)
a m*(x) a x dx
2 1 art & 2[m*(04)2 + mL* oFe S T

of an electron in the well with the emitter barrier, is not exactly
equal to the second bracketed term on the RHS of equation (7.38).
However, provided the nonparabolicity parameter a {is small, the
difference between this term and F, {is also small, and can be

neglected when interpreting the experimental data.

7.9 A Model for the Tunnel Current

Figure 7.6 shows that the 2DEG parabola makes only one

intercept with each En(ky) curve. Thus, taking the occupancy of each

well state to be zero as discussed in Section 7.5, the tunnel current

1,(V, B) due to allowed transitions from the 2DEG into the n'M bound

state of the well, is calculated as described in Section 5.4 for the

single-barrier structures.

However it should be noted from Figure 7.13 that for V = 600
mV and B = O T, the top of the collector barrier lies below the bound

state energy of the 2DEG. Consequently in zero field, transitions

into bound eigenstates of the well subsystem do not occur, The

tunnel current is thus only calculated for magnetic fields B 2 1.5 T

which raise the top of the collector barrier above the Fermi level in

the LH contact, thereby ensuring that all 2DEG electrons tunnel into
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bound states in the well, with WKB dispersion relations given by

equations (7.22) and (7.23).

The total current flowing through the DBRTS is then given by
equation (5.11), in which Ep(ky) 1is the nth bound state dispersion
relation, and ‘Mn(ky)|2 is the squared matrix element (7.38) for

transitions into traversing states if En(ky(n)) > Viw-, ky), or

cycloidal skipping states if En(ky(n)) < V(w-, ky).

Electrons which occupy cycloidal skipping states are

magnetically confined close to the emitter Dbarrier. Current

continuity is therefore maintained by scattering processes in the

well which enable the electrons to diffuse between localised states

with different orbit centres. These scattering processes are assumed

to be sufficiently fast that the total transition rate from the well

into the RH contact greatly exceeds that from the 2DEG into the well.

Only if this condition 1s satisfied can the occupancy of the well

states be taken as zero when a field is applied.

Changing the applied voltage or field causes {ntercepts with
the well state dispersion curves En(ky) to be gained or lost from

each extremity of the 2DEG parabola. Just as for the single-barrier

structures, equation (A.2) of Appendix 1 predicts maxima (minima) in

d1/dB whenever ky'(n) = + Kkp(-kfp). However, by contrast, four

distinct series of oscillations are expected for the DBRTS

originating from kg transitions into traversing states at 1low

fields, and cycloidal skipping states at higher fields.
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7.10 Simulation of the I(B) Characteristics and Derivatives

Figure 7.7 shows the current-field characteristics of the

GaAs/(AlGa)As DBRTS calculated for V = 600 mV, taking the non-

parabolicity factor of GaAs to be a = 2 eV™'. The shape of the

calculated I(B) curve is in reasonable agreement with the measured

curve shown 1in Figure 7.2, although the calculated current {is

quenched when B = B,” = 10.5 T, which is considerably lower than the

measured value = 15 T.

This discrepancy is not surprising however,

since only qualitative accuracy 1is expected of the n = 0 WKB

dispersion curve, and consequently the predicted value of B,". The

inclusion of nonparabolicity in the well region {improves the

agreement with experiment by lowering the energy levels En(ky) for

each n and ky, thereby raising the predicted value of B,".

Figure 7.8 shows the averaged <dI/dB> curve calculated for V
= 600 mV, following the procedure of Section 5.11.2, taking AB = 0.2

T. The individual current contributions I, (B), n = 0, 1, ... 24 are

also shown. The corresponding second derivative <d?I/dB2?> {s shown

in Figure 7.9.

The t+, t- and s- series of oscillations, are clearly

revealed In both the measured and simulated derivatives, and are

distinguished by horizontal brackets in Figures 7.2, 7.8 and 7.9. The
field-dependence of the observed oscillatory structure (Figure 7.2

is clearly reproduced in both simulated derivatives. 1In particular,

the s- series of oscillations grows stronger with increasing field,
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Figure 7.7

12

Silmulated current-field characteristics of the
GaAs/(A1Ga)As DBRTS calculated for V = 600 mv, taking

a =2 eV™', The current contributions [n(B) are alno
shown over the fleld ranges Bp* s B 2 Bn™
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Figure 7.8 Simulated <dI/dB> curve of the GaAs/(AlGa)As DBRTS,

calculated for V = 600 mV, taking a « 2 eV™!, The
current contributions I (B) n = 0, 1, ... 24 are also
shown, The mean current values lp* (Ip™) are indicated
by crosses (circles). Three series of oscillations are
revealed in <dI/dB> which are distinguished by horf{zontal
brackets and originate from the opening and closure cf
tunnelling channels, The t=- and s= serles are separated
by a field range 4 T < B s 6 T where only weak s*
oscillations are observed, indicated by arrows.
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whereas the t+ and t- series both weaxen. However, by contrast with
the measured d?I1/dB? curve, s+ oscillatory structure {s revealed in
the simulated derivatives over the fleld range 4 T s B 5 6.5 T

separating the t- and s- serles, This structure is indicated by

arrows in Figures 7.8 and 7.9. Reasons for the experimental absence

of s+ oscillations are given in Section 7.11,

The generally good qualitative agreement between the measured

and simulated derivatives suggests that the observed oscillatory

structure is indeed assoclated with the process of tunnelling through

the emitter barrier. The absence of structure originating from

transitions through the collector barrier indicates that the tunnel
current is controlled by the emitter barrier, which dominates the

resistance of the device, This 1in turn provides a posteriori

justification for the assumption that tunnelling transition rates out
of the well greatly exceed those {nto the well, and consequently that

the occupancy of each well state is close to zero,.

7.1 Explanation for the Origin of the Oscillatory Structure

Figure 7.6 shows that for V = 600 mV and B « 5 T, the

intercepts between the 2DEG and well state dispersion curves lie {n
reglions s and t, so that tunnelling transitions {nto both traversing

and cycloidal skipping states are allowed. The changeover from

resonances due to 2DEG electrons with ky'(n) = tkg tunnelling into

traversing states, to resonances due to tKkp transitions Into



243

cycloidal sxipping states occurs as the 2DEG parabola passes from

region t to region s of Figure 7.6, over the field range 4 T s B 5 6

- -

T. This transition region is characterised by diminished current

contributions I,(B), as shown in Figure 7.8.

1t is clear from Figure 7.8 that the t+ series of oscillatory
maxima originates from the opening of tunnelling channels, as the +kg

extremity of the 2DEG parabola Intersects with lower-index traversing

state dispersion curves. Closure of these channels gives rise to the

t- minima, visible for B 2 2.5 T,

The s- minima occur for B 2 6.5 T as intercepts with the

cycloidal skipping state dispersion curves are lost from the -kg

extremity of the 2DEG parabola.

Eaves et al. (1988) showed that each s- resonant field

3

B,~ varies with voltage according to (B,"F = C,V where {Cn} are
3

constants. This linear variation of (B,7)? with V was explained using

the WKB cycloidal skipping state dispersion relation (7.22), in the

limit of an infinitely high emitter barrier, and neglecting non-

parabolicity in the well region. Within these approximations, the

predicted and measured values of C, agree to within 195%, further

supporting the Iinterpretation of the s- osclillatory structure in

terms of -kp transitions into cycloidal skipping well states,

By contrast with the measured derivative shown {n Filgure 7.2,

s+ osclllatory structure originating from +kg transitions into

cycloidal skipping states is revealed in the simulated derivatives,
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indicated by arrows in Figures 7.8 and 7.9. The averaging procedure

removes all other oscillatory structure associated with the rapid

opening and closure of tunnelling channels over the fleld range

separating the t- and s- series. This rapid opening and closure of

tunnelling channels originates from the small separation between

adjacent energy levels En(ky) in the transition region, which is, in
part, due to conduction band nonparabolicity of the well material.

Raising the nonparaboliclity parameter of GaAs from a = 2 eV~=! to = U

eV-! further reduces the separation between adjacent energy levels in

the well. This in turn reduces the separation between adjacent

resonant flelds sufficiently that the weak s+ oscillations are

totally removed by the averaging process. Semiclassically, raising a

increases the effective mass in the well, thereby reducing the

collision frequency Fp, which 1leads to diminished oscillatory

structure as fewer tunnelling electrons complete whole orbits before

scattering. Thus, the presence of s+ oscillatory structure in the

simulated derivatives which 1{s not observed experimentally, {3

possibly due to underestimating the electronic effective mass at high

injection energles.

Ben Amor et al. (1990) have reported the observation of a¢

oscillatory structure in similar (InGa)As/(Alln)As wlde-well DBKTS,
Such structure i{s more likely to be seen in these samples, owing to
the lighter mass of the (InGa)As well material (m* = 0,041 m,

compared with 0.067 m, for GaAs), which increases the separation and

resolution of adjacent energy levels, and resonant fields,
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7.12 Explanation for the Field-Dependence of the Factors Nn(B),

Dn(B), wn(B), Tn(B) and Fn(B)

7.12.1 Introduction

Equation (5.55) predicts that provided the separation between

adjacent resonant fields greatly exceeds the averaging bin width AR =

0.2 T (which is the case for B £ 3 T and B 27 T),

the oscillatory
extrema <dI/dB>npt are directly proportional to the corresponding mean

current values It defined in equation (5.54). This predicted

correlation is clearly revealed in Figure 7.8, with both sets of

values attaining a minimum in the transition region between the t-

and s- series. The origin of this field-dependence can be understood

by considering the factors

Nn(B) = (kpz - ky'(n)z);

1] (70“0)
fitky" dEpn | ="
Dp(B) = |—i— - —D2 , (7.41)
ky' = ky'(n)
and
2
Wn(8) = 5 Iyt |2 (7.42)

in turn, which are shown for V = 600 mV {n Figures 7.10 and 7.11.

The normalised transition rate Wh(B) is proportional to the product
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of the emitter-barrier transmission coefficient Tp(B) and the

approximate collision frequency Fp(B) = #/(2m*(04)Zp) bdetween an

electron in the well and the emitter barrier. Both of these factors

are shown for V = 600 mV in Figure 7.12.

7.12.2 The density of states factors Pn(B)

The field-dependence of the factors Np(B) shown in Figure

7.10a 1is 1identical to that explained in Section 5.10.2 for the

single-barrier structures. By contrast, comparison of Figures 5.9b

and 7.10b shows that the field-dependence of the density of states

factors Dn(B) is markedly different for the DBRTS. The values of

Dn(B) decrease rapidly with B for the traversing states, but {ncrease

with B for the cycloidal skipping states.

The values of Dp(Bn*) appropriate to kg transitions are

inversely proportional to the absolute difference Av,, between the

mean y-component of velocity of the initial and final states. In

zero field, this mean velocity component i{s conserved so that D,(B,?)

+ o, With increasing field, the traversing trajectories are further

deflected by the Lorentz force so that Avp increases, and the values

of Dp(Bnp*) decrease, as shown in Figure 7,100,

Without detailed algebraic analysis, the varifation of the

density of states terms Dp(Bp%) for tkp transitions into cycloidal

skipping states can only be explained by a plausibility argument.



10
;rg" 8
N
-
© 6
@ g4
ot
(19

2
0
1.6
T
g 1.2
)
£ 08
0.4
0

! ] 1 I T
(a) |
. 0
/ |
i 2
24>;__;___ 3 1
| | ] | |
©)
; s i
24>// / // 32 1
23 A
0
o 2 4 & 8 10 12

B [T]

Figure 7.12 (a) Semiclassical collision frequencies Fp(B)

corresponding to the well states accessed in tunnelling
transitions from the 2DEGC and (b) emitter-barrier
transmission coefficients Tp(B) n = 0, 1, ... 24,
calculated over the field ranges B,* < B s B,~, for

V = 600 mV taking o = 2 eV™!, The broken line in (a)

shows the approximate LO phonon emission rate Wi g in
bulk GaAs divided by 2.
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Figure 7.6 shows that for B = 5 T, the gradient of the
cycloidal skipping state dispersion curves (region s) excceds

n%kp/m,*. Consequently, from equation (7.41)

dE f2kp =1
Dn(Bp®) = (— ¢ ) . (7.43)

The gradient of each cycloidal skipping state dispersion
curve must match smoothly to that of the bulk cycloidal states in

region r of the E-ky diagram which, from equation (1.26) equals HF/B.

Since each cycloidal skipping state dispersion curve i3 almost

h

linear, dEpn/dk HAF/B throughout region s, so that equation (7.43)
n’ =%y

predicts
HF _ hikp -1
Dn(Bn®) = (53 % qrx-) - (7.44)

Consequently, the values of Dj(Bp%) describing transitions
into cycloidal skipping states are expected to increase with Bht as

shown in Figure 7.10b.
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7.12.3 The Transmission Coefficients Tn(B)

Figure 7.120 shows the emitter-barrier transmission

coefficients Tp(B) n = 0, 1, ... 24 calculated for V = 600 mv. Over

the illustrated field range B,,* s B s B,”, the kg transmission

coefficients T,(Bpt) decrease with increasing Bpt. This {is due to

the increasing contribution of the magnetic potential to the

effective barrier height, explained in Section 5.10.4 for the single-

parrier structures.

For given n, T,(B) increases monotonically as B 1is ralsed

from Bp* to By~ for the following reason. Figure 7.13 shows for the

case n = 21, that as B increases from Bp* to B,~, the orbit centre

moves from X, to X-, thereby reducing the mean magnetic potential in

the barrier region, which causes the calculated increase in Tp(B).

Figure 7.13 also shows that owing to the presence of the wide well,

very little voltage 1is dropped across the emitter Dbarrier,

Consequently, the reduction in mean magnetic potential in the barrier
region produces only a small percentage reduction in the total

effective barrier height, resulting in slightly increased

transmission,

This is in contrast to the dramatic fleld-dependence of the
GaAs/(AlGa)As single-barrier transmission coefficients Tn(B) shown in

Figure 6.6b. Since about half the applied voltage i{s dropped across

the single (AlGa)As barrier, the total effective barrier height and

transmission coefficient of these structures are very sensitive to
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changes in the mean magnetic potential in the barrier region (sce

Section 6.4.3).

Comparison of Figures 6.6b and 7.12b reveals that the
transmission coefficient ratio Tp(By™)/Tn(Bn*), for tkp transitions

occuring at adjacent resonant fields Bp* = Bp~™, is much lower for the

DBRTS than for the GaAs/(AlGa)As single-barrier structures, It

follows from equation (5.59) that this difference is partly due to
the thinner barriers of the DBRTS (56 K compared with 230 K), and
partly because most of the applied voltage is dropped acrosa the wide
well so that the emitter barrier remains high (E, = AE.). This

reduces the percentage contribution of the magnetic potential to the

total barrier height.

7.12.4 The Semiclassical collision frequencies Fn(B) and transition

rates Wn(B)

Figure 7.12a shows that the semiclassical collision

frequencies F,(Bp*) corresponding to traversing (cycloidal skipping)

states accessed by 2DEG electrons with ky'(n) = ikp decrease

(increase) with increasing Bj*. Thus, the changeover from occupled

traversing states to cycloidal skipping states in the well i3y

characterised by diminished values of F,(Bpt). Neglecting non-

parabolicity, the magnetic potential energy describing the effect of

the Lorentz force on the motion of ikg electrons in the well region

is
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By g(X) = [BX etx + b + 3a,) + fkpl2/am* . (7.45)

With increasing Bp*, and increasing B,~ 2 Tikp/e(b + 3a,) (=
3.3 T for V = 600 mV), Empgt(x) increases throughout the well region.

Classically, this corresponds to an increase in the local y-component

1
of velocity vyi(x) = (2Empgt(x)/m *) % as the electron trajectory is

further deflected by the action of the Lorentz force (see Section
1.5). Since the total energy eV + Epg of tkpg electrons and the local

electrostatic potential energy -e¢(x) are unchanged by the magnetic

field, so too is the total local kinetic energy. It follows that the

increase in vyi(x) with increasing field corresponds to a reduction
in the longitudinal velocity component vxi(x) throughout the well

region. Since ikgp traversing electrons still travel the same

distance 2w in the x-direction between successive collisions with the
emitter barrier, the traversing state collision frequencies Fa(Bpt)

decrease with increasing field as shown in Figure 7.12a. The lowest

collision frequencies are attalned in the field range corresponding
to the changeover from traversing to cycloidal skipping states in the

well. In this transition region, the electron trajectories are

deflected by the Lorentz force to be of grazing incidence on the

collector barrier, and the distance travelled bewteen auccessive

collisions reaches a maximum (= 4000 X).

Once the magnetic field reaches the threshold required for

tkp transitions into cycloidal skipping states with soft RH turning

points wp,, the distance 2w travelled in the x-direction between
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\\\

successive collisions with the emitter barrier decreases with
increasing field, as the electrons are magnetically bound to the

emitter barrier. With increasing Bni, the shorter path lengths

travelled in the x-direction more than compensate for the reduction
in the local longitudinal velocity component vy,*(x), so that the tkg

cycloidal state skipping frequencies Fj(Bp*) increase as shown in

Figure T.12a.

Figure 7.13 1illustrates for the case n = 21 that the

collision frequency FL(B) of each traversing or skipping state

increases with field because the associated shift in the orbit centre

position from X; to X- reduces the magnetic potential throughout most

of the well region, thereby Increasing the 1local x-component of

velocity vy(x).

The magnetic potential energy variation experienced by ikg
electrons tunnelling at adjacent resonant fields B,,* = B,,” « 4 T {s

shown in Figure T7.14., Since X, < X., the magnetic potential energy,

or classical y-component of velocity, of the +kp electrons exceeds

that of the -kp electrons throughout the well region (corresponding

to increased Lorentz deflection of the +kp electrons). Since both

tkg electrons have the same total kinetic energy for given x, {t

follows that the -kgp electrons have a higher longitudinal velocity
component throughout the well reglon and consequently Fp(Bp~™ 5 BRr*) >

Fn(Bp*) as shown in Figure 7.12a.
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The field-dependence of the normalised transition rates W,(B)

« Fn(B) Tp(B) shown in Figure 7.11 is dominated by the more rapidly-

varying collision frequencies Fp(B)., Quantum-mechanically, the :kf

transition rates Wp(Bp*) increase following the changeover from

traversing to cycloidal skipping states in the well, as {increased

magnetic confinement of the magneto-quantised wavefunctions, raises

the amplitudes yn(0+) at the RHS of the emitter barrier and thus,
from equations (3.25) and (3.37), the tunnelling transition rate

(Fromhold et al., 1990).

7.13 Physical Interpretation of the Field-Dependence of the

Oscillatory Structure observed in <d1/dB> and <d?1/dB?>

7.13.1 Introduction

Figure 7.10a shows that the mean values Nt defined in

equation (5.55) depend only weakly on n. This equation therefore

predicts direct proportionality between the extremal values of

<dI/dB> and the factors Dp(B), Tp(B) and Fp(B) appropriate to ikg

transitions into the nth bound state in the well.
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7.13.,2 Field-dependence of the t+ series

The first (n = 24) t+ maximum revealed in the simulated
derivative 7.8, is of large amplitude primarily because the density
of states factor D,,(B,,*) shown in Figure 7.10b is also large. As
explained in Section 7.12.2, the values of Dp(B) are generally high
at low fields because the action of Lorentz force produces little
change in the mean y-component of velocity of the tunnelling
electrons., The low-field t+ oscillations are further enhanced by the
high collision frequencies and transmission coefficients, shown in

Figure 7.12, which ensure high tunnelling transition rates,

The t+ oscillatory amplitudes decrease with increasing field
because increased Lorentz deflection of the traversing trajectories
reduces the density of states and collision frequency factors Dn(Bp*)

and Fp(Bp*), as shown in Figures 7.10b and 7.12a,

In addition, the increasing magnetic potential in the barrier
region reduces the +kp transmission coefficients which, from equation

(5.55), also contributes to the diminished t+ oscillatory amplitudes.

7.13.3 Fleld-dependence of the t- series

From Figure 7.8, the minimum field required for “Kg

transitions into traversing states in the well {s B,,” s 3 T, Figurea

7.10b and 7.12 show that for ikp transitions into traversing states
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occurring at adjacent resonant fields Bp* = By~ > B,.7, Dm(Bp~) =

0.66 Dn(Bn*), Fm(Bm-) =z 1,5 Fn(Bn#) and Tm(Bm-) z 1.5 Tn(Bn’).

Owing to these disparities, which are explained in physical

terms in Section 7.12, equation (5.55) predicts that for B ¢ B,,7,

the t- minima in <dI/dB> will dominate the t+ maxima. This dominance

is clearly revealed in Figure 7.8; for B > 3 T, the smoothing

procedure described in Section 5.11.2 removes all trace of the

weakened t+ series. By contrast, this averaging procedure has little

effect on the t- oscillatory structure because of the comparatively

high separation BTp-q - Bp~ between adjacent =-kg resonant flelds.

This, in turn, originates from the lower energy density of states

close to the =kgp extremity of the 2DEG parabola which, for large n,

corresponds to the higher -kgp traversing frequencies Fp(Byp~ = Bp*) >

Fn(Bn*) shown in Figure 7.12a. Since the discrete ener levels
n\tn gy

Ep(ky) are more easily resolved close to the -kgp extremity of the

2DEG parabola, the t- series {s expected to dominate the oscillatory

structure as, semiclassically, a higher percentage of the ~kg

electrons complete whole traversing orbits before scattering. Thus,

in removing the closely-spaced t+ serlies, the averaging procedure

simulates the physical effect of ©broadening on energy level

resolution.
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7.13.4 Explanation for the absence of oscillatory structure in the

transition region from traversing to cycloidal

skipping states

Oscillatory structure associated with turnelling into
quantised energy levels in the well i{s only resolved provided the
level separation greatly exceeds the 1lifetime Ytroadening. This

condition is equivalent to the semiclassical requirement (5.58) that

the frequency F(B) of collisions between an electron in the well and
the emitter barrier greatly exceeds the total scattering rate divided

by 2.

In undoped IIl-V compounds at 4,2 K the dominant scattering

mechanism of hot electrons is LO phonon emissfon, which occurs at a

rate W g ~ 10'* 37! (Levi et al., 1987, Becker et al., 1988, Hayes et
al., 1988).

Figure 7.12a shows that the fileld runge

4 T o8B 2 6 T
corresponding to the transition from traversing to cyeloldal suipring

states in the well, 138 characterised by low colllston frequencien

Fn(B). This has two implications for the osctllatory amplitudes,

Firstly, equation (5.55) predicts that the low collision frequenicolen

and tunnelling transition rates will glve rise to weaxk osctllatory
structure.

Secondly, the collision frequencies in the transition region

are comparable with the LO phonon emission rate, {ndicated by the
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broken line in Figure T7.12a. Thus, the already wcak structure i3

expected to be poorly resolved due to the effects of level

broadening.

The averaging routine used to calculate the derivative curves
simulates level ©broadening in the sense that high-frequency
oscillatory structure resulting from closely-spaced energy levels s
removed. Thus, the t- and s- series of oscillations are secparated {n
the measured (simulated) derivatives by a range of fleld,
corresponding to the changeover from traversing to cycloidal skipping

states in the well, where no (weak) oscillatory structure |{s

revealed.

7.13.5 Field-dependence of the s=- Serles

Above 6 T, oscillatory structure due to -kg transitionsa (nto

cycloidal skipping states Is observed, As predicted by equation

(5.55), these oscillations grow stronger as the density of atates
factors D,(Bn~) and skipping frequencies Fn(Bn™) fncrease with fleld,
Transitions into higher-frequency cycloidal skipping states give rise
to more pronounced oscillatory structure since the transition raten

Wh(Bn~), and the fraction of =-kg electrons which complete whole

cycloidal skipping orbits before scattering, are both higher.
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T.14 Summary

when a bias voltage of several hundred millivolts is applied

to a DBRTS containing a wide quantum well, the transmission

coefficient of the emitter barrier is low compared with that of the

collector barrier. Consequently, the tunnel current is controlled by

transitions from the 2DEG into the quantum well.

Owing to the low Fermi energy of the 2DEG, transitions {n the
presence of a transverse magnetic field only occur into bound states
in the well with hard LH turning points. These states correspond to
classical traversing orbits at low flelds or, at higher flelds, to

cycloidal skipping trajectories along the emitter barrier,.

In the transverse field geometry, the requirements of total

energy and transverse wavevector conservation give rise to

oscillatory structure in the current-voltage and current-field

characteristics of the DBRTS as Intercepts with the well state

dispersion curves Ej(ky) are gained or lost from the extremities of

the 2DEG parabola,.

Four series of osclillations can in principle be observed,

associated with kg transitions into traversing (cycloidal skipping)

states at low (high) fields.

The extremal values <dI/dB>,t of the averaged derivative of

the magneto-current are proportional to the factors Dpr(But)Th(BLt)
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Fn(By*) appropriate to ikp transitions into the nth bound state in

the well.

Since only a small fraction of the applied voltage 13 dropped

across the emitter barrier, the total effective barrier height and

barrier transmission coefficients Tp,(B) are only weakly fleld-

dependent. The fleld-dependence of the oscillatory amplitudes 1in

<dI/dB> and <d?1/dB*> 1is therefore primarily determined by the

density of states factors Dn(Bp*) and collision frequencies F,(Bpt),
which both attain minimum values in the transition region between

traversing and cycloidal skipping states in the well. This minimum

collision frequency coincides with the longest classical trajectory
(o]

(s 4000 A), as electrons in the well are deflected by the Lorentz

force to be of grazing incidence on the collector barrier.

As the

collision frequencies fall, so too do the tunnelling transition

rates, and the fraction of tunnelling electrons which complete whole

orbits before scattering. Both of these effects contribute to the

diminished oscillatory amplitudes characteristic of the changeover

from electric to magnetic quantisation of the well states,

The presence of weak s+ oscillatory structure {n the
simulated derivatives, which is not revealed in the measured d?¥]/4B?
curve, is probably due to underestimating the electronic effective
mass at injection energies far above the conduction band edge in the
well, Using a higher nonparabolicity parameter a prevents resolution

of the closely-spaced energy levels in the transition region, thereby

suppressing the s+ serles, in agreement with experiment.



259

The re-emergence of s- oscillatory structure at high fields
confirms the assertion of Chapters 5 and 6 that the effect of the
transverse magnetic field on the effective barrier height and on the

degree of confinement of the final state wavefunctions (or,

equivalently the semiclassical collision frequencies), must both be
considered in order to interpret the oscillatory structure revealed

in the magneto-current and derivatives of single-barrier structures

and DBRTS containing a wide quantum well.

By contrast, for DBRTS containing a narrow quantum well (of

width much less than the cyclotron radius) a transverse magnetic

field has 1little effect on the well state wavefunctions and

influences the tunnel current simply by changing the emitter barrier

neight and transmission coefficient (Ancilotto, 1988).
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APPENDIX 1

DIVERGENCE OF dI/dB AT THE RESONANT FIELDS

The tunnel current is given by

I = T In (Au1)
n

where the sum is restricted to those levels for which lky'(n)l S kp.
Since I, depends on B parametrically through the dependence of the

intersection point ky'(n) on B, we have dIn/dB = (dIp/dky')(dky'/dB),

and, as ky'(n) »> tkp,

dIn N [ IzekF |Mn'2

L] 1
dky vn(sz - ky'z)ZA

(A.2)
ky' = ky'(n)

where A = l(hzky'/m*L) - (dEn/dky)‘. This expression clearly

diverges at the extremal points ky'(n) = #kp and, since dky'(n)/aB <

0, (see Section 5.5), it follows that
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APPENDIX 2

Substituting k, = Be(b + 3a,)/fi, the requirem:nt (7.27a) that
the orbit centre X lies to the right of the emitter btarrier for skg
transitions into well states with soft left-hand turning polnts may

be written

G*(B) = e(b *+ 3a,)B? 1 (Tkp)B - m *F ¢ O (AD.1)

The non-negative roots of G%(B) are

i
s(fkp) + [(fkg)? + 4m; * Fe(b + 3a,)]?
2e(b + 3a,)

20 1+

Since G*(B) + = as B + t=, (A2.1) is only satisfled for B u by or,

equivalently

1}
(kp? + 4m ® Fe(n + 3a,)/n?)?
- (A2.9)

KF
Kg S § — ¢
o 2% 3
For -kg electrons, (A2.3) i{s satisfied only tf

)
[Kp? ¢ Um® Fe(db + 3a,)/n?)?
(Aa‘o“)
2

L

Ko = kp s




262

From equations (2.12) and (2.20), the potential erergy differcnce
across the accumulation layer is 3ageF = Ep + Epg, where Ep and byo
are the 2DEG Fermi energy and bound state energy. Using this

relation, if kg < k,, squaring both sides of inequallty (A2.4) gives,

fi2(k, - kp)? 1 n%kp? Fe(b + 3a,)
<= )+

2my* N 2omy 2

EF
= Fe(b + 3a,) - [-2— + eFd ¢ E o )r2 (A2.5)
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