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Abstract

In this thesis, we mainly worked in the following areas: value distributions of
meromorphic functions, normal families, Bank-Laine functions and complex os-
cillation theory. In the first chapter we will give an introduction to those areas and
some related topics that are needed. In Chapter 2 we will prove that for a mero-
morphic function f and a positive integer k, the function af(f®)" — 1, n > 2,
has infinitely many zeros and then we will prove that it is still true when we
replace f(®) by a differential polynomial. In Chapter 3 we will prove that for a
meromorphic function f and a positive integer k, the function aff*) — 1 with
Ny (r, ﬁ) = S(r, f) has infinitely many zeros and then we will prove that it is
still true when we replace f*) by a differential polynomial. In Chapter 4 we will
apply Bloch’s Principle to prove that a family of functions meromorphic on the
unit disc B(0,1), such that f(f)™ # 1, m > 2, is normal. Also we will prove
that a family of functions meromorphic on B(0, 1), such that each f # 0 and
F(F®N™ k,m € N omits the value 1, is normal. In the fifth chapter we will
generalise Theorem 5.1.1 for a sequence of distinct complex numbers instead of a
sequence of real numbers. Also, we will get very nice new results on Bank-Laine
functions and Bank-Laine sequences. In the last chapter we will work on the
relationship between the order of growth of A and the exponent of convergence

of the solutions of y*) 4 Ay = 0, where A is a transcendental entire function with

p(4) < 3.
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Chapter 1

Preliminaries

In this chapter, we will give an introduction to each area that we worked on

besides some needed topics.

1.1 Analytic and meromorphic functions

Definition 1.1.1 [21] Let U be an open set in C, and let zo € U. We say that
f : U — C is complez differentiable at zo € U if the following limit exists and is
finate:

lim flzo+h) — f(zo)_

h—0 h
Moreover, we say that f is complex differentiable on U if it is complez differen-

tiable at every point in U.

Definition 1.1.2 [4] We say that f is analytic at a € C if f is complex differ-
entiable on some open disc centred at a. Moreover, if f is analytic at every point

in C, we say that f is entire.

Example 1.1.1 z + 1,¢€*,sinz are all entire functions.

9
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Definition 1.1.3 [80] We say that f is meromorphic at a € C if f is analytic

at a, or a is a pole of f.

1 1
' z+1? sinwz

Example 1.1.2 ¢* are all meromorphic functions.

Throughout this thesis meromorphic means meromorphic in the complex plane

C unless otherwise stated.

Definition 1.1.4 [27] Let f be a complez-valued function, and let g be a real
function, both of which are defined on [a,0), a € R. We say that f(r) = O(g(r))

as r — oo if there exist constants Ky, Ko such that
|f(r)| < Kig(r) Vr> K.

Also we say that f(r) = o(g(r)) as r — oo if
f(r)

e 0 as r— 00.
g(r)

Example 1.1.3 r* +7+2=0(r%) asr — oo.

Example 1.1.4 Suppose that P is a polynomial in r; then P(r) = O(r") as

r — 00, where n is the degree of P.
Example 1.1.5 logr = o(r) as r — oo since l—°§1 — 0 asr — oo.

Theorem 1.1.1 (Liouville’s theorem)[32]

Suppose that f is a bounded entire function. Then f is constant.

1.2 Nevanlinna Theory

We use the standard terminology of Nevanlinna theory as defined in [14], [20],

All theorems in this section are standard results from Nevanlinna theory. Let f

be a meromorphic function; then we have the following definitions.
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Definition 1.2.1 For all z € (0,00), we set

logz ifzx>1
0 ifo<z <1,

logtz =

Definition 1.2.2 (Prozimity function)
mir, f) = — / " log" | £(re®)| do
27 J, ’

and for f # a € C, we have
1

1 1 2
m(r, f - a) - 2_7?/0 log* f(re®) —a

Definition 1.2.3 (Integrated counting function)

do.

NG ) = [ e, 1) = 0,15 + n(0, ) logr

where n(t, f) is the number of poles of f(2) in |z| < t, counting multiplicity. Also

for any complex number a, we have

1 T
Vo) = [ [ ) - n0, A S, togr

where n(t, f—lz) is the number of zeros of f(z) —a in |2| < t.

Definition 1.2.4

— /Or[ﬁ(t, f) — (0, f)]% + (0, f) logr

where 7(t, f) is the number of poles of f(z) in |z| < t counting just once. Also

for any complex number a, we have

N(r, 1"- )=/0r [ﬁ(t,f—é—a)—ﬁ(O,fia) éé+7’t( fi )log .

where 7i(t, f—la) is the number of zeros of f(z) — a in |z| < t counting just once.
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f)  |nrf)|aln )| nlng) | Alng)
=Rl | 1 8 2
e% 0 0 0 0
er — 1 0 0 | Z+0(1)|Z+0(1)
sin z 0 0 Z4+0(1) | E2+0()

Table 1.1: Counting the number of zeros and poles.

Example 1.2.1 We calculate n(r, f), a(r, f), n(r, ;) and Ai(r, 1) as v — oo for

certain standard meromorphic functions. The results are displayed in Table 1.1.

Definition 1.2.5 (Characteristic function)

T(r, f) = m(r, f) + N(r, f).

1.2.1 Theorems and Propositions in Nevanlinna Theory

Proposition 1.2.1 Assume that the fi are meromorphic functions. Then we

have the following properties:
1 mlr, S0y () € S mi, fe(2) +0Q1).
. m(r [[ims £u(2)) < S mlr, fu(2).
5. N T () < S NG fe(2)).
4 NG Ty £1() < S0y NG, i),
5. Tr, 502 (2)) < X T, ) +OQ1).
6. T(r,[Tp_; fr(2)) < Tpo i T(r, fi(2)).
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Theorem 1.2.1 (The first fundamental theorem)
Suppose that f is a non-constant meromorphic function, and suppose that a € C.

Then
1

f_

Theorem 1.2.2 (The second fundamental theorem)

T(r,

a) =T(r,f)+0(1) asr — oo.

Suppose that f is a non-constant meromorphic function, and suppose that ¢ > 2.

Suppose that a1, -+ ,aq are distinct compler numbers. Then
d 1
m(r,f)+zm(7‘, ) < 2T(r, f) + S(r, f)

f — Qn
where S(r, f) means any quantity such that
S(r,f)=0o(T(r,f)) as r—o0

possibl'y outside a set of finite measure.

If we take ¢ = 2, a;j = 0, as = 1 then Nevanlinna second fundamental theorem

(Theorem 1.2.2) can also be expressed as follows.

Theorem 1.2.3 (The second fundamental theorem)

Suppose that f is a non-constant meromorphic function. Then

T(r, f) < N(r, f) + N(r, %) + N(r, ——) + S(r, f).

f f-1
Theorem 1.2.4 Let f be an entire function and let 0 < r < R < o0o. Let the

mazimum modulus be M(r, f) = max),|=, |f(2)|. Then

R+r
- T

T(r, f) <log™ M(r, f) <

T(R, f).

A fundamental result in Nevanlinna theory, which is the key to the proof of the

second fundamental theorem, is the following.



Preliminaries 14

Proposition 1.2.2 Suppose that f is a transcendental meromorphic function,

and suppose that k is a positive integer. Then

f)
m('ra T) = S(T, f)
If f is of finite order of growth, we have
fe)
m(r, —f—) = O(logr).

Proposition 1.2.2 is called the lemma of the logarithmic derivative.

Proposition 1.2.3 Let f be a meromorphic function, and let k be a positive

integer. Then we have the following.
1. T(r, f®) < (k+1)T(r, f) + S(r, f).
2. The function N(r, f) counts the points at which f has poles and satisfies
N(r, f) = Ni(r, f) + Na(r, f)

where Ni(r, f) counts the simple poles and No(r, f) counts the multiple poles

Jjust once.
3. N(r,L) = N(r, f) + N(r, )
4. N(r,f') = N(r, f) + N(r, f).

Proposition 1.2.4 Suppose that f is a non-constant meromorphic function, and

suppose that a,b,c,d € C with ad — bc # 0. Then

af +b

(r, m) =T(r, f) +O(1).

Proposition 1.2.5 Suppose that f is a rational function. Then

T(r,f) =O(logr) asr — .
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Proposition 1.2.6 Suppose that f is a transcendental meromorphic function,

i.e. f is meromorphic but not a rational function. Then

T
M—)oo as r — 0o.
logr

Theorem 1.2.5 (The Argument Principle)
Suppose that f is a meromorphic function. Then, provided f has no poles or

zeros on |z| =1,

1 f'(2)

2m |z]=r f(Z)

1) — n(r, £).

dz = n(r, 7

1.2.2 The order of growth

Let us denote the order of growth of f by p(f) which is defined as follows.

Definition 1.2.6 Suppose that f is an entire function and that

M(r, ) = max|£(z)|
Then
+1ngt
p(f) = limsup log™ log™ M(r, f) '
r—00 logr

Definition 1.2.7 Let f be a meromorphic function. Then

+
o(f) = limsup I_Og_T(’"’_Q.
r—00 logr

If f is entire then Theorem 1.2.4 shows that Definition 1.2.6 and Definition 1.2.7

give the same value of p(f).

Proposition 1.2.7 Let f and g be meromorphic functions. Then

1. p(f + g) < max{p(f), p(9)}
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2. p(fg) < max{p(f),p(9)}-

3. If g(z) = f(az +b), then p(g) = p(f) where a,b € C, a # 0.

4. If g(2) = f(z*), then p(g) = kp(f) where k is a positive integer.
5. If f is a polynomial, then p(f) = 0.

6. Let P be a polynomial of degree n. Then p(eF®) = n.

7. Suppose that f is a transcendental entire function. Then p(e/(®)) = oco.

Example 1.2.2 Here are some ezamples concerning the order of growth.
1. p(z2+3)=0.

9. p(sinz) = p(cosz) = 1.

5. ples™?) = p(e*) = oo.

1.2.3 The exponent of convergence

Definition 1.2.8 Let f #Z 0 be a meromorphic function. The ezponent of con-
vergence M(f) = M(f,0) of the zeros of f is defined by

log™ N(r, L
AMf) = limsup i_(ﬁ
700 logr

(1.1)

Example 1.2.3 Here are some examples concerning the exponent of convergence.

1. M(€e?*) = M(P) =0, where P is a polynomial.
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2. Me* +1) = Asinz) = A(cos z) = 1.

3. If (a,) is a sequence tending to infinity then we may define its exponent
of convergence by (1.1) using N(r), where n(r) is the number of a, lying
in |z| < r. For ezample, suppose that p is a positive integer and (an) is @

sequence such that a, = nP, n € N. Then A(a,)) = %_

The following two results are standard [20].

Proposition 1.2.8 For all entire functions, we have A(f) < p(f).

Proposition 1.2.9 Suppose that f is an entire function. Then A(f) < p(f) < o0

implies that p(f) is a positive integer.

1.3 Normal families

Definition 1.3.1 [11] Let F be a family of functions meromorphic on B(0,1).
We say that F is normal if every sequence in F has a subsequence, uniformly

convergent in every compact subset of B(0, 1), with respect to the spherical metric.

The easiest way to know whether a family of functions is normal or not is to

apply Marty’s theorem (Theorem 1.3.1).

Theorem 1.3.1 (Marty’s theorem)[11]
Let F be a family of functions. The family F is normal on B(z,7) if and only
if for every compaci subset K C B(zg,r) there exists M = My, > 0 such that

|f'(2)]

IWSM ‘v’zeK,fE.T.
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Example 1.3.1 F = {£: n € N} is normal in C. We can see this by applying
Marty’s theorem (Theorem 1.8.1), since we get

Example 1.3.2 F = {nz: n € N} is not normal in C. Again this follows from
applying Marty’s theorem (Theorem 1.3.1), since we get

S@ _n
L+ 1+ n?2)?

=n whenz=0

— 0.

Theorem 1.3.2 (Hurwitz’ theorem)[11]

Let G be a domain and suppose that {f,} is a sequence of analytic functions in
G converging to the analytic function f. If f 20, B(a,R) C G and f(2) # 0 for
|z — a| = R then there is an integer N such that, forn > N, f and f, have the
same number of zeros in B(a, R). Here B(a, R) denotes the closure of B(a, R).

Theorem 1.3.3 (Montel’s theorem)[11]

Suppose that F is a family of functions analytic on the open set G. Then F is
normal if F 1is locally bounded, i.e. given z, € G there exist 6 > 0 and M > 0
such that | f(2)| < M for all z € B(%,0) and all f € F.

Bloch’s Prineiple: [37] A family of meromorphic functions which have a prop-
erty P in common in a domain D 1s usually a normal family in D if P cannot

be possessed by non-constant meromorphic functions in the finite plane.
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Example 1.3.3 Let M be a positive real number, and let f have the property
P if |f(2)] < M for z € D. Applying Liouville’s theorem (Theorem 1.1.1),
we see that any entire function with property P is constant. Using Montel’s
theorem (Theorem 1.8.3), we see that a family of analytic functions which have

the property P on a domain D is normal.

1.4 ‘Wronskian determinant

The properties defined in this section are standard and may be found in [20].

Definition 1.4.1 Suppose that fi,-- - , f, are meromorphic functions in the plane.

The Wronskian determinant W(fy,--- | f,) is given by

h for o fa

W(fl)""fn): j:l ‘]‘:2 f:’n.

1(n—l) f2(n-1) o f7(1n—1)

Moreover, fork =0,--- ,n~1, the Wi(fy,-- -, fa) means the determinant which

comes from W (f1, -, fn) by replacing the row fl(k), oo B by fl(”), e fi)

Proposition 1.4.1 Suppose that fi,--- | f, are meromorphic functions in the

plane. Then fi,- -, fa are linearly debendent over C if and only if the Wronskian
W(fi, -, fa) =0.

Proposition 1.4.2 Suppose that fi,---, f,,g are meromorphic functions and

1, -, Cn are compler numbers. Then
1. Wierfi,  seafn) =1 caW(f1,- -, fu)

2 W(l,z, -, &0 9) = 9™,
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3. W(flv’fnal):(_l)nw(fll"f7’l)
4. W(gfr, -, 9fa) = "W (f1,--, fa).
5. W(fla' te 7f71) = f{lW((%’)/, n ’(%)’)

Proposition 1.4.3 Suppose that f1,---, f, are meromorphic functions in the

plane. Then
d
EW(fl’” : ,fn) - Wn—-l(fl"' : afn)

The following proposition comes at once from Definition 1.4.1.

Proposition 1.4.4 Suppose that fi, f are meromorphic functions in the plane.

Then
W(f, f2) = fufy — fofi-

Proposition 1.4.5 Suppose that fi,--- , f, are linearly independent meromor-

phic solutions of

n—1
y ™+ ar(2)y® = 0.
k=0

Then
AV R
W(fl)"' ’f’n) .
Proposition 1.4.6 Suppose that f,--- | f, are linearly independent meromor-
phic solutions of
n—1
y™ + Z ar(2)y®) =0
, k=0
such that ay are meromorphic functions. Then the Wronskian W(fi, -, fy)

satisfies the differential equation

W'+ a,1(2)W = 0.
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1.5 Bank-Laine functions

Suppose that A is a transcendental entire function and suppose that we have the
following equation

Y+ A(z)y = 0. (1.2)

Cauchy [16] proved that every solution of (1.2) is entire. Moreover, it is shown

[20], [36] that every non-trivial solution f of (1.2) has p(f) = oo.

Definition 1.5.1 [25] A Bank-Laine function E is an entire function such that
E'(zp) = %1 at every zero z of E.

Example 1.5.1 E(z) = €* —1 is a Bank-Laine function since the zeros of E are

ap = 2kmi, k=0,£1,£2,-- and E'(ax) = 1.

The following theorem gives another way to define Bank-Laine functions [25].

Theorem 1.5.1 An entire function E is a Bank-Laine function if and only if E
is the product f1 fo of linearly independent normalised solutions of (1.2) such that

A is an entire function. Here normalised means that W(fy, f2) = 1.

Definition 1.5.2 [12] Let (an) be a sequence of distinct complez numbers. We
say that (a,) is a Bank-Laine sequence if it is precisely the zero sequence of a

Bank-Laine function E of finite order.

Exé.mple 1.5.2 The sequence (a,) of integer numbers is a Bank-Laine sequence

since the zero sequence of the Bank-Laine function E(z) = = sinnz is (an).

Example 1.5.3 Suppose that (a,) is a finite sequence of distinct complez num-

bers aj, 1< < n. Then (a,) is a Bank-Laine sequence since if we let

E(2) = P(2)e?@
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where @ 1s defined using Lagrange interpolation so that
P(z)=(z—a1) (2 —ay),
Q(aj) = —log P'(a;), 1<j<n,
then we get

E'(aj) — P’(aj)e_ log P’ (a;)
= P'(a;)e" ey

=1.

So (ay) is the zero sequence of the Bank-Laine function E and therefore (ay) is

a Bank-Laine sequence.

In 1985, Shen [33] proved the following.

Theorem 1.5.2 Suppose that ay,as,- - are distinct complex numbers such that
(ay) tends to infinity. Then there is a Bank-Laine function E such that the zero

sequence of E is precisely _(an).
Bank and Laine proved the following theorems [5].

Theorem 1.5.3 Suppose that A is a transcendental entire function with p(A) <

%, and suppose that E = fif, is the product of normalised linearly independent

solutions of (1.2). Then A\(E) = oo.

Theorem 1.5.4 Suppose that A is a transcendental entire function of finite order
p, and suppose that (1.2) has normalised linearly independent solutions fi, fo such

that A(f1f2) < p. Then p is a positive integer.
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Regarding the non-trivial solutions of (1.2), there is a very nice result about
their order of growth and the exponent of convergence of their zeros when A is a

polynomial in (1.2), given by the following theorem [5].

Theorem 1.5.5 Let A be a polynomial of positive degree n, and let f be a non-

trivial solution of (1.2). Then
1. p(f) = 2.
2. If n is odd, then \(f) = 2.

3. If n is even and f1, fo are linearly independent solution of (1.2), then

n+2

max{A(f1), A\(fo)} = 5

When A is transcendental in (1.2), we have the following.

Theorem 1.5.6 Suppose that A(z) is a transcendental entire function with p(A) <
-;— and that f1, f2 are linearly independent solutions of (1.2). Then

max{A(f1), A(f2)} = +oo.

As noted above Theorem 1.5.6 was proved by Bank and Laine [5] for p(4) < 3,
and by Rossi [31] and Shen [34] when p(4) = 1.

1.6 The density of sets

We will be concerned only with logarithmic density and we will use it in Chapter
6. Let E be a measurable subset of [0, +c0). The lower logarithmic density of F

is defined by

fr x(t)dt
logdens(FE) = lim inf 22—t —
— r—oo  logT
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where x(t) is the characteristic function of E which is defined as

1 ifteE
0 iftgE.

x(t) =

The upper logarithmic density of E is defined by
fT x(t)dt
log dens(F) = lim sup =:—*t—
r—=00 10g r
The logarithmic density gives us an idea how big the set E is. The following fact

is obvious.
Proposition 1.6.1
0 < logdens(E) < logdens(E) < 1.

Example 1.6.1 Suppose that E has finite measure. Then logdens(E) = 0. This
is because [ &@t)ﬂ <[] x(t)dt = 0(1).

We will prove our main results in Chapter 6 by using the following theorems [8],
[9].

Theorem 1.6.1 (cosmp theorem)

Suppose that f is a non-constant entire function with p(f) < 3. Let
Alr) = inf log 1 (2)
B(r) = illlzgloglf(z)l = log M(r, f).
prl< a <1, then “
\ logdens{r: A(r) > (cosma)B(r)} > 1 — g.

Note that cos7a >0if0< a< 3.
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Theorem 1.6.2 (Modified coswp theorem)
Suppose that f is an entire function with p(f) = p < 5 and suppose that A(r) is
defined as in Theorem 1.6.1. If o < p, then the set {r : A(r) > r?} has positive

upper logarithmic density.

In the cos p theorem and the modified cos mp theorem we cannot let p = % For

example, let f(z) = cos(z2). Here p = 5 but A(r) <0.

Going back to the relation between T'(r, f) and T(r, f¥), we see that Propo-
sition 1.2.3 shows that T(r, f*¥)) is generally not much bigger than T(r, f). A

result in the opposite direction is given by the following.

Theorem 1.6.3 (Hayman-Miles theorem)[15]
Suppose that f is a transcendental (i.e non rational) meromorphic function, and
suppose that K > 1. Then there exists a set M(K) of upper logarithmic density

at most
§(K) = min{(2¢~1 = 1)7!, (1+ e(K — 1)) exp(e(1 — K))}

such that for every positive integer g,

o T(r, f)
limsup ——17° < 3eK. 1.
o0, rgM(ry T(r, f@) = (13)

If f is entire we can replace 3eK by 2eK in (1.3).



Chapter 2

On the Zeros of af(f*"—1, n > 2

1 In this chapter, we will consider the following. Let f be a transcendental
meromorphic function and n, k be two positive integers. Then the function
af(f®)* — 1, n > 2, has infinitely many zeros, where a(z) # 0 is a meromorphic

function with T'(r,a) = S(r, f).

2.1 Introduction

In 1959, Hayman [13] proved the following theorem.

Theorem 2.1.1 Suppose that f is a transcendental meromorphic function and
n 18 a positive integer. Then f'f™ assumes every finite non-zero value infinitely

often when n > 3.

Hayman conjectureq in [13] that the same result remains true when n > 1. In
1995, Bergweiler and Eremenko [10] settled the remaining cases, i.e. when n > 1,

by proving the following theorem.

1We published this chapter as a paper [3].

26
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Theorem 2.1.2 Suppose that f is a transcendental meromorphic function and
m > | are two positive integers. Then (f™)Y assumes every finite non-zero value

infinitely often.
In 1993, C.C. Yang, L. Yang and Y. Wang [35] conjectured the following.

Conjecture 2.1.1 Suppose that f is a transcendental entire function and n, k
are two positive integers. Then f(f*))* assumes every finite non-zero value in-

finitely often when n > 2.
In 1998, Zhang and Song [38] stated the following.

Theorem 2.1.3 Suppose that f is a transcendental meromorphic function and
n, k are two positive integers. Then f(f*N™ — A(2), n > 2, has infinitely many
zeros, where A(z) # 0 is a small function such that T(r, A) = S(r, f).

In fact, the proof of Theorem 2.1.3 is very complicated and there appear to be
some gaps in it. We give a much simpler proof, with some generalisations, by
proving our main result which is Theorem 2.1.4. Before stating this theorem,
we make some assumptions which we need throughout this chapter. Suppose
that f is a transcendental meromorphic function in the plane and a(z) Z 0 is a

meromorphic function such that

T(r,a) = S(r, f). (2.1)
Let
' L(’U)) — w(k) + bk_lw(k_l) + -+ byw, k € N, (22)
where each bj(Z)“; j=0,1,--- k—1,is a meromorphic function such that

T(T, bJ) = S(T’ f) (23)
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Let n € N, n > 2, and set
9= L(f) (2.4)
Y=afg" — 1. (2.5)
Theorem 2.1.4 Suppose that f is a transcendental meromorphic function in

the plane. Suppose that L, g,v and the b; are given by (2.2), (2.8), (2.4), (2.5).
Suppose that

T(r,g) # S(r, f) (2.6)
T(r,¢) = S(r, f) (2.7)

for every solution ¢ of L(w) = 0 which is meromorphic in the plane. Then

10,0 < (725) ("222) 56 3+ s6.),

where

8 = ("g“jll)) (1+n(1k+1)>, 0<5k<ﬁg1. (2.8)

We will give examples in Section 2.4 to show that the hypotheses on g and ¢ in

Theorem 2.1.4 are necessary.

2.2 A lemma needed for Theorem 2.1.4
Lemma 2.2.1 Provided g # 0, we have

T(r, f) < T(r, %) + S(r, f)-
In pﬁrticular, afL(f)" is a non-constant function.

Proof: Using (2.5), we have
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So
1 1 Gy
N(r, ?) < N(r, m) + N(r,a) +njz=;N(r, b;)
1
= N(r, ¢+1)+5(7‘ ).
Also, using (2.2), (2.4) and (2.5), we have
1_ o
v+l
1 (%) (k—1) n
f”1=¢il<g bt +'”+%>'
Therefore
m(r —1—) < (n+1)m( L
y f >~ mi\r, ?)
1
= m(r,m)
< m(r, ¢+1)+m(ra)+5(r f)
= mlrog) 50 ).

Hence, using the first fundamental theorem of Nevanlinna theory (Theorem 1.2.1),
T(r,f) = T,
= m(r,

< mir,

)+0(1)

g,,'._.

p+om
1

)+N(7’,~’¢)—-+—1'
1
= T(, 57) + 50 )
= T(r,¥)+S(r, f).

)+N(

\|p_a
—t

et )+ S(r,1)

This completes the proof of Lemma 2.2.1. O
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2.3 Proof of Theorem 2.1.4
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By (2.5) a zero of g of multiplicity p with a # 0, 00 and with b; # oo is a zero of

' of multiplicity at least np — 1 > (n — 1)p. Also, 9 = —1 # 0 at such a zero of

g. Thus
_ 1 1
N(T’_) =
g n—1
1
<
- n-1
B 1
T on-1
1
<
- n-—1
_ 1
T on-1

Put by =1 and b_; = bg+1 = 0. Hence

Using the fact that bj,, = 0 and b_; = 0, we have

Since

k—
N(T,%)*‘N(T,a)—kﬂ’(r,%)—k
wl
N
(r,5) + 80 )
N(r, ) +Nr—]+5'
[ k—1
N(r, f) + N(r,a) +
L 3=0
1
L N(r, f)+N(r ,ﬂw
k+1
g__zbf(a)_zbf(a
k
¢ = Z(b;'f(j)+bjf(j+1))
j 0
k+1
= Zb'f(a)+zb L f9
k+1
= D (b +b;-)f9.
=0

k+1

9= b,
J=0

(2.10)
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we find that w = f solves
k+1

> cul? =0 (2.11)
7=0

where

¢ =b,+ b1 — %bj, crr = 1. (2.12)

Let

w=uy, v=—. (2.13)

Using Leibnitz’ rule in (2.11), we get

k+1

0 = Z ¢;(uv)¥)
Jj=0

k+1 j

=Y ) T\ ) yli-m)
j=0

m=0 m

k+1 k+1

You S T g yl-m)
m=0

7=0 m

using the convention that = 0 for m > j. Dividing through by v, we get
m

k+1 k+1

. - i\ e
n;)u Z Cj

3=0 m v

k+1

= Y uma, (2.14)

m=0

, o J :
where, again since =0 for m > j,

J
An=)] 6. (2.15)



On the Zeros of af (f*)* — 1, n > 2 32

In particular, this gives using (2.12),

Apy1=cp1 =1

k+1

e
A= ey
7=0
k+1 .
! )
= 3+ b~ Lby)
=0 g v
_ L' - 4L)
” : (2.16)
Claim: A, #0.
To prove the claim, suppose that Ay = 0. Using (2.16), we get
g
L) =7 L(v). (2.17)
We consider two cases:
Case (1): L(v) #0.
Using (2.17), we have
L) ¢
L{v) g
L(v) = cg,

where 0 # ¢ € C since L(v) # 0. Using (2.4), we have

L(v) = cL(f).

Solving this, we get
v=cf+h, Lh)=0

v=c(f+H), L(H)=0.
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Let F = f + H. This gives v = cF and

L(f) = L(f+H)

= L(F).
Since v = cF and v = E;_n by (2.13), we have -&. = ¢F and

ag™

1 = acL(f)"F
= acL(F)"F.

Since L(H) = 0 and H = ”—_ccﬁ is meromorphic in the plane, we get by (2.7)
T(r,H) = S(r, f). Hence

T(r, f) = T(r, F) + S(r, F)

k-1
T(r,a) + 3 T(rb;) = S(r, f) = S(r, F).
=0
This contradicts Lemma 2.2.1, applied to F = f + H.
Case 2: L(v)=0.
Using (2.7), we get T(r,v) = S(r, f) and using (2.13) we have v = E;_n' Thus,

T(r,g) = S(r, f) which is a contradiction to (2.6). This completes the proof of

the claim.

Returning to the proof of Theorem 2.1.4, we have using (2.5) and (2.13),

u =
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So 1 + 1 solves (2.14). This gives

W+ DED + 4@+ D)W+ + A+ 1) + A +1) =0
YD+ A ® o A+ Ag(p +1) =0

w(k+1) A A
y» +A—’;w<k>+---+fw'+w+1=o
0
1 ¢(k+1) (k) ! 1
Therefore
o [¢<'°+1> R LY
w_AO 7 k7+"‘+ IE]—L (2.18)

Using (2.15), we note that

k+1\ plkti-m) k ; (j—m)
Am = + Z J ij .
m v iom \m v

Hence the contribution to n(r, A,,) from the terms 2(—’;—m)-, gg—, is at most k41 —m,

and the contribution to n(r, 4g) and n(r, Am3”(¢l)) from these terms is at most
k + 1. Furthermore, using (2.13) and (2.16) we see that any pole of Ay can only
occur at poles or zeros of g, poles or zeros of a(z), or poles of b;(z). So

k-1

N(r,Ag) < (k+1) [N(r, g) + N(r, é) + N(r,a) + N(r, %)] +23 N(r,b))
< (k+1) [N(r, £+ N(r; 5)] +S(r, f).
Usin‘g (2.9), we have
Nd) < G40 [F 0+ (757) M0+ (755) M6 )] +56.0)

= (k+1) (1+n11>N(r,f)+<
(n(k+1))N(r,f)+(k+1>N(r,1)+S(7", L (@)

n—1 n-—1
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Using (2.2), (2.4) and (2.5), we have

P +1
a

= fg"
= fF® oo fOD b )"

= £y
= f(f(k)) (1+bk 1 F®) +'--+boW> )

So a pole of f of multiplicity p with b; # oo is a pole of 321'—1 of multiplicity
p+(p+k)n>1+(1+k)n. Thus

N(r,f) < (—n—(ller)> N(T,wzl)ﬂL;N(?‘abj)

< (——n(ll—m) N(r,9+1)+8(r, f)

< (W) T(r,¢) + S(r, f). (2.20)

Using (2.8), (2.19) and (2.20), we get

N(r, A)) < (”g“fll)) (1 - )T (r, ) + <7’j: 1) N(r )+ S(r. )
= )+ (357 ) N 1)+ 50, (221)
Usin‘g (2.15) and (2.18), we have
N(r, ) < N(r,—) + (k+ DN (r, ) + S(r, f) (2.22)
Zw — ,AO ,Q/J ) .
1 1
m(r, —) < m(r, —) + S(r, f). (2.23)

¥ Ao
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Using (2.16), (2.21), (2.22) and (2.23), we get

T(r,) = T(r, %) +0(1)
—. i—) LN, %) +o(1)
< mir, :4}—0) +N(r, Aio) +(k+ )N 2) + S(r, f)
_ T(r,AiO)+(k+1)N(r,%p-)+S(r, )
= T(r, Ao) + (k+ )N (r, %) + S(r, f)
= N, A0)+(k+1)N(r,;/)1—)+S(r, )
< GT(n )+ (’“%%) N(r,—:[;) (k4 DN S + S 1)
= 5T(rv) + ("(kfll) N(r, i) 4 8(r, f)
Thus
=307 < (B N 3y + s, 1)
109 < (725) (S2) Wi, ) + 6.

Using Lemma 2.2.1, we get

10,0 % (1775 (Pami) o)+ 500

Henée, Theorem 2.1.4 is proved.

2.4 Examples and Corollaries

Now we will give two examples to show that without the hypotheses which are

in Theorem 2.1.4 we can find ¢ = afg™ — 1 with no zeros. In the first example,
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we do not have the first hypothesis which is the equation (2.6), and in the second

example we do not have the second hypothesis which is the equation (2.7).

Example 2.4.1 Suppose that f(2) = e*+ 2z and L(w) = w" —2w' +w. This gives
g=L(f)=2-2,T(r,g) = S(r,f) and fg® = (e* + 2)(z — 2)?. Let a = G
which gives T(r,a) = S(r, f). From all of these, we see that

Y = afg’~1
1
= —_z(z_2)2(ez+z)(z—2)2—1
e* +z z
= ——-1==+1-1
e? ¢
= '2—750

Example 2.4.2 Suppose that L(w) = w' — w and ¥ = fg? — 1, where f =

-2
et — %eT. Hence

g9 = f'—Ff
6z+1:2£ ey 2 3
= — — —e2
36 e+3e
= 7
Thus
v = fg-1
2 e
= (6—562)(62)—1
2 _,
= (62—337)6-1_1
2—3:
= 1-= _
3¢ 7 ~1
2—-3z
= _—— 2
3
# 0

Here, ¢ = e* solves L(w) = 0, but T(r,¢) # S(r, f).
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Corollary 2.4.1 Suppose that f is a transcendental meromorphic function in
the plane, and suppose that a,g,% are given by (2.1), (2.4) and (2.5) such that
T(r,g) # S(r, f) and T(r,¢) = S(r, f) for every solution ¢ of L(w) = 0 which is
meromorphic in the plane. Then ¥ = afg™ — 1 has infinitely many zeros and the

function afg™ assumes every non-zero value infinitely often.

Corollary 2.4.2 Suppose that f is a transcendental meromorphic function in the
plane, and suppose that a # 0 is a meromorphic function with T(r,a) = S(r, f).
Letp =af(f®)" =1, n>2, n,keN Then

T(r, f) < (1 E 5k> (”g“fll)) N(r,—};) +8(r, f).

Proof: We have here ¢ = f®. Using the Hayman-Miles theorem (Theorem

1.6.3), we have T(r,g) # S(r, f). Also, we have here L(w) = w®). Thus, every
¢ which is a solution of L(w) = 0 would be a polynomial. So T'(r,¢) = S(r, f).

Applying Theorem 2.1.4, this completes the proof of Corollary 2.4.2. ]

Theorem 2.1.3 follows at once from Corollary 2.4.2, using A = 1.

Corollary 2.4.3 Suppose that f is a transcendental meromorphic function in the
plane. Let a,v be as in Corollary 2.4.2. Then ¢ = af(f*)) — 1 has infinitely

many zeros and the function af(f k) assumes every non-zero value infinitely

often.



Chapter 3

On the Zeros of aff(k

1 In this chapter, we will consider the following. Let k be a positive integer,
and let f be a transcendental meromorphic function with N(r, G —5) = S(r, ).
Then the function af f*) — 1 has infinitely many zeros, where a(z) # 0 is a
meromorphic function such that T'(r,a) = S(r, f). Here, Ni(r, (;) denotes the

integrated counting function of simple zeros of f (k).

3.1 Introduction

Let us recall the Conjecture 2.1.1, which we restate as follows.

Copjecture 3.1.1 Let n, k be two positive integers, and let f be a transcendental

entire function. Then f(f®)™ — 1 has infinitely many zeros.
In Chapter 2, we proved the following (See Corollary 2.4.3).

Theorem 3.1.1 Let n, k be two positive integers, and let f be a transcendental

meromorphic function in the plane. Let a(z) # 0 be a meromorphic function with

1We published this chapter as a paper [2]-

39
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T(r,a) = S(r, f). Then af(fEN™ — 1 has infinitely many zeros when n > 2.

Thus the case n > 2 is completely proved in Chapter 2 and the remaining case is

when n = 1. In 1995, Bergweiler and Eremenko [10] proved the following.

Theorem 3.1.2 Suppose that f is a transcendental meromorphic function . Then

ff' — 1 has infinitely many zeros.
The next result is by Langley [26] from 2003.

Theorem 3.1.3 Suppose that f is a transcendental entire function. Then f f"—1

has infinitely many zeros.
In 1998, Zhang and Song [38] proved the following.

Theorem 3.1.4 Let k be a positive integer, and let f be a transcendental entire
function with Ni(r, Flk—)) = S(r,f). Then ff® — 1 has infinitely many zeros,

where Ni(r, ?(1—,5) denotes the integrated counting function of simple zeros of f*).

In fact, few details of the proof of Theorem 3.1.4 are given in [38]. We give a
simple proof of a more general result. Before stating our main results, Theorem
3.1.5 and Theorem 3.1.6, we make some assumptions which we need throughout
this chapter and are similar to those made in Chapter 2. Suppose that f is a
transcendental meromorphic function in the plane and a(z) # 0 is a meromorphic

function such that

T(r,a) = S(r, f). (3.1)
Let
Lw) = w® +b_jw* D 4 ... 4 pow, k€N, (3.2)
where each b;(z), j =0,1,--+,k — 1, is a meromorphic function such that

T(r,b;) = S(r, f). (3.3)
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Let
9=L(f) (3.4)
Y=afg— 1. (3.5)

Theorem 3.1.5 Suppose that f is a transcendental meromorphic function in the
plane. Suppose that L, g, 1 and the b; are given by (3.2), (3.3), (3.4) and (3.5).
Suppose that

T(r,g) # S(r, f) (3.6)
T(r,¢) = S(r, f) (3.7)
for every solution ¢ of L(w) = 0 which is meromorphic in the plane. Then

T(r, f) < (k +1)(k+2) |N(r, %) + N(r, é) + 80, f).

Theorem 3.1.6 Suppose that f is a transcendental meromorphic function in the
plane. Suppose that L, g, ¢ and the b; are given by (3.2), (3.3), (3.4), (3.5),
and that (3.6) holds, as does (3.7) for every solution ¢ of L(w) = 0 which is

meromorphic in the plane. Then

T(r, f) < 2(k+1)N(r, f) + 2(k + 1) N(r, %) + (k + )Ny (r, é) + S(r, f).

3.2 A lemma needed for Theorem 3.1.5 and The-

orem 3.1.6

This lemma is the analogue of Lemma 2.2.1. We include the proof for complete-

ness.

Lemma 3.2.1 Provided g % 0, we have

T(r, f) < T(r,4) + S(r, f)-
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In particular, af L(f) is a non-constant function.

Proof: Using (3.5), we have

f= Y +1
ag
S0
1 1 —
N3 < N g=7)+Nira) +§N(r, b;)
_ 1
- (Taw+1)+s(r’f)
Also, using (3.2), (3.4) and (3.5) we have
1_ g
foy+1
1 (k) (k—1)
s (L anal ).
Therefore
m(r, l) < 2m( l)
- ' f
1
= m(r, F)
1
< mlr, =) +mir,a) + 50.1)
. 1
Hence, using the first fundamental theorem of Nevanlinna theory (Theorem 1.2.1),
o
T(T’f) = (a_f_v)+0()
= m(r,7)+ N, 3)+ O()
1
< mln o) + N o) + 500 5)
1
= Tl g7 +505)

= T(r,9) + S(r, f).
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This completes the proof of Lemma 3.2.1.
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3.3 Proof of Theorem 3.1.5 and Theorem 3.1.6

Some steps in this proof are similar to those in Chapter 2 but we include all

details for completeness. Put by =1 and b_; = bxyq = 0. So

k+1

k
7=0 j=0

Using the fact that b}, = 0 and b_; = 0, we have

k
g = ) (BFD b f+D)
=0
k k+1
— ! j j
= Z o FO) + Z b1 fY
3=0 ji=1
k+1
= D+ by £,
=0

Since
k+1

J=0

we find that w = f solves
: k+1

=0

where

Let

(3.8)

(3.9)

(3.10)

(3.11)
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Using Leibnitz’ rule in (3.9), we get
k+1

0 = Z c;(uv)?)
=0

k+1 J

= 63 7 ) umeum
=0

m=0 m

k+1 k+1

Yoy J (M), (=)
j=0 m=0

m

: : J
using the convention that = 0 for m > j. Dividing through by v, we get
m

k+1 k+1

0 = Zu(m)z J ij(j—m)
= =0

m=0 ; m v

k+1

= > ulmy, (3.12)

m=0

o J
where, again since =0 for m > j,
m

k .
+1 'U(J"m)

An=3 (7 ) 22 (3.13)

j=m m v

In particular, this gives using (3.10),

App1=cpy1 =1

k+1

()
v
Ao - ch__
=0 Y
e ')
v
= > (¥ + by — Lby)—
§=0 g v

L(v) - 99- L(v)

= . (3.14)




On the Zeros of af f®) — 1 45

Claim: Ay # 0.
To prove the claim, suppose that Ay = 0. Using (3.14), we get

L(v)' = %L(v). (3.15)
We consider two cases:
Case (1): L(v) #0.
Using (3.15), we have
Lv) ¢
Lv) ¢
L(v) = cg,

where 0 # ¢ € C since L(v) Z 0. Using (3.4), we have
L(v) = cL(f).

Solving this, we get
v=cf+h, Lh)=0

v=c(f+H), L(H)=0.
Let F = f + H. This gives v = cF and.

L(f) = L(f + H)
L(F).

Il

» _ _ 1 1
Since v = cF and v = ag) We have el cF and

1 = acL(f)F
= acL(F)F.
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Since L(H) = 0 and H = %ﬁ is meromorphic in the plane, we get by (3.7)
T(r,H) = S(r, f). Hence

T(r,f)=T(r,F)+ S(r, F)

k-1
T(r,a) + Y _T(r,b;) = S(r, f) = S(r, F).
j=0

This contradicts Lemma 3.2.1, applied to F = f + H.

Case 2: L(v) =0.

Using (3.7), we get T(r,v) = S(r, f) and using (3.11) we have v = ;15 Thus
T(r,g) = S(r, f) which is a contradiction to the first hypothesis in the equation
(3.6). So the claim is proved.

Returning to the proof of Theorem 3.1.5 and Theorem 3.1.6, we have using

(3.5) and (3.11),

So 1 + 1 solves (3.12). This gives

W+ D)V + A+ )P 4o A+ 1) + Ag(p+1) =0

YD+ A 4 Ay Ay +1) =0

+ 2k 4 By =
A Aod’ + +A0¢ +Y+1=0

1 1/)(’“'*'1) w(k) wl 1 -
— + A s -_— _—_=
A ” k m + + Ay ’Qb +1+ m 0.
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Thus
1 -1 ¢(k+1) (k) '
- = = +--+ A —| -1 )
Using (3.13), we note that
k+1) ylkti-m) k ; (j—m)
m = + Z J ij .
m v iZm \m v

Hence the contribution to n(r, A,,) from the terms ==

~ ,%isat most k+1—m,

and the contribution to n(r, Ag) and n(r, Amy’ipl)) from these terms is at most
k + 1. Furthermore, using (3.14) we see that any pole of Ay can only occur at

poles or zeros of g, poles or zeros of a(z), or poles of b;(z). So

N(r,A) < (k+1) [N (r,9) + N(r, é) + N(r,a) + N(r, %)] +2 ki N{(r,b;)
< (k+1) [N (r, f) + N(r, %) + S(r, f). (3.17)
Using (3.16), we have
1 1
m(r, E) < m(r, 1—4;) +S(r, ) (3.18)
1 1 _
N(r, @) < N(r, A—O) +(k+1)N(r, =)+ S(r, f). (3.19)

3.4 The completion of the proof of Theorem

3.1.5
Using (3.4) and (3.5), we have
Yp+1.
— = /g

FOF® 4 by fED 4 b f)

(*) A f
ff (1+bk—1 f(k) +"'+b0?'(k—)>.
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So a pole of f of multiplicity p with b; # oo is a pole of 3/’:;—1 of multiplicity

p+(p+k)>1+(1+k)=k+2 Thus

§60) < () Ve D + T Ry

< (k%) N(r,z/)+1)+;(7”a )
< (%H) T(r,%) + S(r, f).

Using (3.17) and (3.20), we have

k+1

N(r, Ag) < (_) T(r,) + (b + )N 3+ 500, ).

k+2

Using (3.14), (3.18), (3.19) and (3.21), we get

T(r,%) = T(r,

So

(3.20)

(3.21)



On the Zeros of af f®) — 1 49

Tir, ) < (k+1)(k +2) [N(r, 2+ e, §>} +50r, §).
Using Lemma 3.2.1, we get
T(r, f) < (k +1) V(r, 2) + N(r, -
i) < (k4 1)(k+2) [N(r, 5+, 5)] -5 ).

This completes the proof of Theorem 3.1.5.

3.5 The completion of the proof of Theorem
3.1.6

By (3.5) a multiple zero of g of multiplicity p with a # 0,00 and with b; # oo
is a zero of ¢’ of multiplicity p — 1 > 1, but is not a zero of 1. So, with N, as

defined in Proposition 1.2.3,

o ” ) i k-1
Nz(r,g) < N(r, ZZJ—')+N(T,G)+N(T, E) + N(r,b;)
< N D)+ 50,
= N(r,¥)+ N(r,=) + S(r, )

IN
=
=
)
+
=2
S

)+ S(r. f). (3.22)
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Using (3.17), (3.18), (3.19) and (3.22), we get

T(r,9)

1 IN

N+

+

T(r, 3) +O(1) = mir, 2) + N(r, 7) +0(1)

mir, )+ N j0>+<k+1>zv<,$>+5( y

T(r, )+ (k+ DN, )+ S(r, )

T(r, Ao) + (k + )N (r, %) +S(r, f)

N(r, Ao) + (k + )N (r, -11;) +5(r, f)

(s DN 1)+ (k+ DN 2) + (k+ DA, ) + S0, )

(- DN, 1)+ 6+ DN 2) + (+ Dalr,2) + (k4 DN, )
S(r,§)

(k+ DN, f)+(k+1)N1(r,§)+(k+1) N, )+N(r,%)

(k+ DN, %) +S(r, f)

2k + )N (r, f) + 2(k + DN(r, %) + (k+ 1)N(r, -;-) + 8, f).

Using Lemma 3.2.1, we get

T(r, §) < 20k + DN(r, ) + 20k + DN (s, %) + (k+ )N, 5) 4+ 5(r, ).

This complete the proof of Theorem 3.1.6.

3.6 Examples and Corollaries

In this section, we will give two examples to show that without the hypotheses

in Theorem 3.1.5 and Theorem 3.1.6 we can find ¢ = afg — 1 with no zeros. In

the first example, we do not have the first hypothesis which is the equation (3.6),
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and in the second example we do not have the second hypothesis which is the

equation (3.7).

Example 3.6.1 Suppose that f(z) = e* + z and L(w) = w" — 2w’ + w. This

givesg=L(f)=2-2,T(r,9) = S(r, f) and fg = (e +2)(2—2). Leta =

which gives T(r,a) = S(r, f)

Y =

. From all of these, we see that

afg—1
1 (e*
(2 —2) e+2)(z—2)-1
e+ z
-1
z
el
—+1-1
z
ez
—z—aéO.

1
z2(z-2)

Example 3.6.2 Suppose that L(w) = w'—w and = fg—1, where f = e*—1e~2.

Hence

Thus

Here, ¢ = €* solves L(w) =0,

= f'_f
1 1
= e 4 le Pt Lp®
26 € +26
= e %
= fg-1
1
= (62—56—2)6_2—1
= 1—%6_22—1
1
— —56_22
# 0

but T(r, ¢) # S(r, f).
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Corollary 3.6.1 Let k be a positive integer, and let f be a transcendental mero-
morphic function. Let a(z) # 0 be a meromorphic function with T(r,a) = S(r, ).
Suppose that 1 = af f*) — 1. Then

1

2y 4 N(r, )

¥

Corollary 3.6.2 Let k be a positive integer, and let f be a transcendental mero-

T(r, f) < (k+1)(k+2) | N(r, +5(r, f).

morphic function. Let a(z) # 0 be a meromorphic function with T(r,a) = S(r, f).
Suppose that ¢ = aff®) —1. Then

T(r,f) < 2(k+1)N(r, f) + 2(k + )N (r, %) + (k + 1) Ny (r, ﬁ) + S(r, f).

Corollary 3.6.3 Let k be a positive integer, and let f be a transcendental entire
function. Let a(z) # 0 be a meromorphic function with T(r,a) = S(r, f). Suppose
that ¥ = af f*) — 1. Then
_ 1 1
T(r, f) < 2(k +1)N(r, 5) + (k + 1) Ny (r, }W) +S(r, f).
Theorem 3.1.4 follows at once from Corollary 3.6.3. However, we still need to

prove the following to complete the proof of Conjecture 3.1.1.

Conjecture 3.6.1 Let k be a positive integer, and let f be a transcendental entire

function. Then ff%® —1 has infinitely humy zeros.



Chapter 4
On Normal Families

1 In this chapter, we will prove that a family of functions meromorphic on the
unit disc B(0,1), such that f(f)™ # 1, m > 2, is normal. Also, we will prove
that a family of functions meromorphic on B(0,1), such that f # 0, f(f®)™ #

1, k,m € N, is normal. Moreover, we will generalise both of these results.

4.1 Introduction

Theorem 4.1.1 Let n be a positive integer, and let F be a family of functions
meromorphic such that f'f" # 1 on B(0,1), for each f € F. Then F is normal
on B(0,1).

The proof of Theorem 4.1.1 is due to Yang and Chang [28] for n > 5, Ku [19] for
n = 3,4, Pang [29] for n = 2, and Bergweiler and Eremenko [10] for n = 1. In
1979, Ku [18] proved the following theorem.

Theorem 4.1.2 Let k be a positive integer, and let F be a family of meromorphic

1We published this chapter as a paper [1].

53
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functions such that f # 0 and f®) £ 1 for each f € F on B(0,1). Then F s
normal on B(0,1).

For proving the normality, we will mainly use the following lemma.

Lemma 4.1.1 (Zalcman Lemma)[37]

Let F be a family of meromorphic functions on the unit disc B(0,1) such that all
zeros of functions in F have multiplicities greater than or equal to | and all poles
of functions in F have multiplicities greater than or equal to j. Let a be a real

number satisfying —l < a < j. Then F is not normal in any neighbourhood of

20 € B(0,1) if and only if there exist
1. points z, € B(0,1), zn — 2o;
2. positive numbers p,, pp — 0;
3. funbtions fon € F;
4. a non-constant meromorphic function g;

such that gn(2) = 5 fu(zn + pnz) — g(2) locally uniformly on C with respect to

the spherical metric.

Lemma 4.1.1 holds without any restrictions on the zeros and the poles of all f € F
for -1 < a < 1. However, we can take —1 < a < oo for a family of analytic
functions and we can also take —0o0 < o < 1 for a family of meromorphic functions

which do not vanish [37], i.e. have no zeros.

4.2 Some theorems required for the subsequent

results

In Chapter 2, we have proved the following theorem (See Corollary 2.4.3).
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Theorem 4.2.1 Let m, k be two positive integers with m > 2 , and let f be
a transcendental meromorphic function. Then f(f®)™ — 1 has infinitely many

zeros in C.
J. Hinchliffe [17] proved the following theorem.

Theorem 4.2.2 Let f be a transcendental meromorphic function and let ay # 0
be a meromorphic function with T(r,ax) = S(r, f). Let P[f] be a non-constant
differential polynomial in f defined by

p

P[f](2) iak H )k,

§=0

where the minimum degree of P(f]) is given by

d(Plf]) = min {ZSk,,} >

Let
= {ZJ%}
Then
Q+1 o, 1 1 1
00 S gem-1"" Pt = =) TS0

Corollary 4.2.1 Let f be a transcendental meromorphic function with no zeros,
and let P[f] be a non-constant differéntial polynomial in f with d(P[f]) > 2.
Then P[f] — 1 has infinitely many zeros in C.

Example 4.2.1 In this ezample, we will evaluate d(P[f]) and Q for given differ-
ential polynomials P[f](2), using Theorem 4.2.2. The results are given in Table

41

We will require the following result on rational functions.
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Pfl(z) | d(Pf]) | Q
ffll _ fl3 ) 3
fm + fl2fll 1 4

Table 4.1: Evaluating the minimum degree of P[f]) and Q.

Theorem 4.2.3 Let k, m be two positive integers and let g be a non-constant
rational function. Then either g% = 0 or g(z)(g®¥)(2))™ = 1 has at least one

solution z € C.

Proof: Assume that g*) # 0. Then g 2 0 and so R(z) = g(2)(g®(2))™ is not
identically zero. We show first that

R(o) =@, a€C\{0} (4.1)

is impossible. Assuming that (4.1) holds, we may suppose that o = 1. Thus
g(2)(g®(2))™ — 1 as z — oo. Hence g(co) = oo since if not we would have
g(c0) € C and so ¢'(c0) = 0 and then (¢™)™(c0) = 0. This gives g(g®)™ — 0
as z — oo which is a contradiction. Since g(co) = 0o, we get (g*))™(c0) = 0.

Using the Laurent expansion, we get

n d
9(2) = cnz +"‘+Co,+?1+--- as z — 0o,
: _ k'd
But (g®)™(c0) = 0, so g¥)(c0) = 0 and this gives
-  (kldy)m
(9y"(e) = (BB s oo

Since ¢(z) (g(’“))mv(z) — 1 as z — 00, we have

mk zm(k—}-l)

g(z)z(—l) W+ as z — 090,
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and this gives as z — oo, since m(k + 1) > k,

_1\mk
g8 (z) = Ek'z)m (mk+m)(mk+m —1)---(mk +m —k+1)2"*F 4.
—_1)ymk m
(g"N™(2) = (E—k'?li);)_m(mk +m)(mk+m—1)---(mk+m—Fk+ 1)) Z A mmE

Hence, (g*))™(c0) = oo which is a contradiction.

Thus (4.1) is impossible. In particular, R(z) cannot be a non-zero constant.
Suppose now that R(z) is non-constant, but never takes the value 1 in C. Then

75 # oo on C. So

1
1 = P, where P is a polynomial
R—-1 = l
P
1
R = 14 —.
P

But this gives R(00) = 1, and we have already excluded this case. This completes

the proof. a

4.3 The normality when f(f' +af)™ #1, m > 2

Theorem 4.3.1 Let m be a positive. integer with m > 2, and let a(z) be an
anal:ytic function on B(0,1). Suppose that F is a family of functions meromorphic
on B(0,1) such that, for each f € F, f(f'+af)™ # 1 on B(0,1). Then F is
normal on B(0,1). )

Proof: Suppose ‘that F is not normal on B(0,1). So F is not normal at at least
one point in B(0,1), say 2. Using the Zalcman lemma (Lemma 4.1.1), with

a = % € (—1,1), there exist
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2. positive numbers pn, prn — 0;
3. functions f, € F;

4. a non-constant meromorphic function g;

such that

9n(2) = P fn(2n + pn2) = g(2) (4.2)
locally uniformly on C with respect to the spherical metric. Let P = g~'({co})
be the set of all poles of g. So, g/, — ¢' locally uniformly on C\P. Using (4.2),
we have ¢ (z) = p2™ f}(2n + ppz). Thus, on C\P,

fn(2za + pn2) [ fr (20 + pn2) + a(2n + pn2) fn(zn + pr2)|™

—a—1 1

= 0200 (D)2 9n(2) + a(2n + puz) P %gn(2)]™

= p7%9n(2) ™V gl (2) + pna(zn + pr2)gn(2)]™

—a(m+1)—m

= /p 9n(2)9n(2) + pra(zn + pn2)gn(2)]™

= gn(2)[9n(2) + Pna(zn + pr2) gn(2)]™

— 9(2)lg'(2) + 0.a(20) g(2)]™

= g(2)g' (=)™
Using Theorem 4.2.1 and Theorem 4.2.3, we have at least one (; € C with
9(¢0)(g'(&))™ =1, and (o & P. Applying the Hurwitz’ theorem (Theorem 1.3.2),

there exist points (, — (o with
.; gn(Cn)[g;z(Cn) + pna(zn + pnCn)gn(Cn)]m = 1.
Thus

fn(zn + PnCn)[fylz(zn + Puln) + alzn + Pnén) fn(2n + Pn(:n)]m = 1.
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But 2, + pn(a € B(0,1) for large n since z, — 2o € B(0,1) and p, — 0. So we
obtain points in B(0,1) at which f,(f + af,)™ =1, fn € F, which give us a

contradiction. Hence, F is normal. This completes the proof of Theorem 4.3.1. [

Corollary 4.3.1 Let m be a positive integer with m > 2. Suppose that .7-' s a
family of functions meromorphic on B(0,1) such that for each f € F, f(fm#£1
on B(0,1). Then F is normal on B(0,1).

We cannot let a(z) be a meromorphic function in Theorem 4.3.1. The counter

example is the following.

Example 4.3.1 Let n be a positive integer, and let f(z) = —-. This gives f'(2) =
n:z%. Let a(z) = %, which is a meromorphic function in B(0,1). From all of this,

we get f’-*-a(z)f=n-712‘|‘ll = = +n17=0. Hence

znz  nz?
f(f +af))=0#1 onB(0,1).
However, F = {=-: n € N} is not normal on B(0,1) since the family {nz :

n € N} is not normal (Ezxample 1.3.2).

4.4 The normality when P[f]# 1, f #0

Lemma 4.4.1 Let g be a non constant rational function such that g(z) is never

0 in the plane. Let

.. | \
Q) =I1a)%, Sy20, Y 821
j=0

P
J=0

Let o € C\{0}. Then Q takes the value o at least once in C.
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Proof: We have given that g is never 0. This gives g(co) = 0 and so gt (c0) = 0.
Thus Q(oo) = 0. So provided Q is not constant, Q takes the value o € C\{0}. If
Q is constant, @ = 0. Hence, g9 =0 for some j. This gives either g is constant
(for j = 1) or g takes the value 0. This is a contradiction and hence Lemma 4.4.1

is proved. 0O

Theorem 4.4.1 Let n, p be two positive integers and let T = {1,2,--- ,n}. For
each k € T and each j € {0,1,---,p}, let Sk ; be a non-negative integer. For
each k € T let oy be the solution of the following equation:

ZSk,j(—ak -J)=0. (4.3)

Assume that there is a unique § € T such that a5 < ay for all k € T\{d}, and

assume that

v

2,

P

D_ S
J=0

P

ZSk,j > 1 VkeT\{d}. (4.4)
—

For each k € T let ax(2) be an analytic function on B(0,1), and assume further
that ag(z) has no zeros in B(0,1). Let F be a family of functions meromorphic
on B(0,1) such that, for each f € F, f has no zeros in B(0,1) and the function
P|[f] defined by

n

P[f](z) = Zak(z) H(f(j)(z))sk,j

k=1
does not take the value 1 in B(0,1). Then F is normal on B(0,1).

Example 4.4.1 In this ezample, we evaluate oy for a given differential polyno-

mial P[f], using (4.3). The results are given in Table 4.2.
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Plf] ap | g | O3 | &
"+ 12 -1{-1] 0 | -1
f2f1 + me _ f/3f//4 _Tl -3 ;71_1 -3

Table 4.2: Examples on «.

Proof: Suppose that F is not normal on B(0,1). So F is not normal at at least

one point on B(0, 1), say zp. We note that a;s < 0 by (4.3). Applying the Zalcman

lemma (Lemma 4.1.1), with o = a5, we find that there exist
1. z, € B(0,1), 2z, — 20
2. pqsitive numbers p,, p, — 0;
3. functions f, € F;
4. a non-constant function g meromorphic in C;

such that

9n(2) = P5 fr(zn + ppz) — g(2) (4.5)

locally uniformly on C with respect‘to the spherical metric. Since g is non-
constant and each g, omits 0 on B(0, 1), it follows from the Hurwitz’ theorem
(Theorem 1.3.2) that g omits the value 0 on C. Let R = g~!({oo}) be the set
of all poles of g. Thus, g = ) locally uniformly on C\R, for j =1,2,--- ,p.
Using (4.5), we have

g9(2) = pEHI D (2 + pp2), §=1,2,---,p.
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Hence, locally uniformly on C\R, using (4.3) with k =4,

n P
> oulen + o) (9 (2 + puz)) o
=0

= Zak Zn + PnZ HP o) (g9 (2))5k

14
= Zak Zn + PnZ )pn =0 5k (= H (1) (7)) Sk
k=1 j=0
LA » P
= ag(za + pn2) [J(6P ()% + D ekl + pu2) pE° Sha(=es7d) 11 (g,(lj)(z))sk‘j
j=0 keT, k#6 =0
p
. Sk .
= as(20) [ ] (99(2)™ = G(2)
3=0

since pnp = 0, 2, — 20 € B(0,1), each a; is analytic on B(0,1) and for k # ¢

L4 P
ZS’CJ(—O‘J - ]) = ZSk,j(ak - 015) > 0,
=0

Jj=0
using (4.3) and (4.4).

We note that if g is transcendental then G cannot be constant. For if G is
constant then clearly G # 0 since g is transcendental. Assuming that G is a

non-zero constant we see that g has no poles. Let m be the largest integer such

that Ssm # 0. Then we can write

: S5
(m) z;’=0 S(j,j — __C;— g—(m_) J
(™) ; H (gu)
0<j<m
which gives
T(r, ™) = m(r, g™) = S(r, f)

by the lemma of the logarithmic derivative. This contradicts the Hayman-Miles

theorem (Theorem 1.6.3).
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Using Corollary 4.2.1 and Lemma 4.4.1, we have at least one (; € C with

J)C)SM:

:'3

z=o

and (; ¢ R. Applying the Hurwitz’ theorem, we get points (, — (o with

L4 P
P (s . .
zn+pncn H (J) Z ak(zn"-pnCn)pg:’:" Sk, j(—as—7) H (gT(LJ)(Cn))Sk,J — 1.
j=0 keT, k£ 2o
Thus
n P
Zak(zn + pn(:n H J) Zn + pncn))Sk'j =1.

But 2z, + pnln € B(0,1) since z, — 2z € B(0,1) and p, — 0. So, we have
. A\ Skj

functions f, € F such that P[fn] =373, ax TT5_, ( 7(11)) % ¢ okes the value 1 on

B(0,1). This gives a contradiction and so F is normal. This completes the proof

of Theorem 4.4.1 0

Corollary 4.4.1 Let k, m be positive integers, and f be a meromorphic function.
Let F be a family of functions meromorphic on B(0,1) such that for each f € F,
we have f # 0, f(f*N™ £1 on B(0,1). Then F is normal on B(0,1).

We cannot omit the condition that as(z) have no zeros in Theorem 4.4.1. The

counter example is the following.

Example 4.4.2 Let n denote a positive integer, and let P[f](z) = a(z) f(2) f'(2),

where f(z) = = # 0 on B(0,1). This gives f'(z) = =%. Let a(z) = ;4"%13 From
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all of these, we get

P[fl(z) = a(2)f(2) f'(2)
2 1 -1

24 + 10 nz n2?
—1

n?(z* + 10)
#1 on B(0,1).

However, F = {--: n € N} is not normal on B(0,1).

Furthermore, we cannot allow a(z) to have poles in B(0,1) in Theorem 4.4.1.

The counter example is the following.

Example 4.4.3 Let n be a positive integer and let f € F = {nz: n > 2}.
Suppose that a(z) = 1. This means that 0 is a pole of a(z). So

Plf](2) = a(2) f(2) f'(2)

1
= —.nz.n
2
#1 on B(0,1).

However, F = {nz: n > 2} is not normal on B(0,1).

Also, we cannot ignore the condition that § is unique in Theorem 4.4.1. The

counter example is the following.

Example 4.4.4 Let n be a positive integer, and let P[f](z) = f(2)f"(z) —
2(f’(z))2, where f(z) = nl—z # 0. This gives f'(z) = =%, and f(z) = %

nz?’ nz3
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From all of these, we get

#1 on B(0,1).

— 1

65

However, F -+ n € N} is not normal on B(0,1), and o) = oy = —1.

nz

Hence there is not a unique 6.



Chapter 5

On Bank-Laine Functions

1 In this chapter, we will consider the following. Suppose that (a,) is a sequence
of distinct complex numbers such that the imaginary part of a, is very close to
zero and such that for € > 0, we have |a,, — a,| > €|laz] > 0 Vn # m. Then
(a,) is not a Bank-Laine sequence. Also, we will prove a new result concerning

the Bank-Laine functions.

5.1 Introduction

Let A be an entire function, and let fi, fo be two linearly independent solutions

of
y" + A(2)y =0, (5.1)

normalised so that the Wronskian, as defined in Proposition 1.4.4,

W =W(f, fo) = fifs - fif2 (5.2)

1We submitted this chapter to be published as a paper in Journal of Matheinatical Analysis

and Applications.

66
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satisfies W = 1. Then E = f,f, is a Bank-Laine function as in Definition 1.5.1
and satisfies the following Bank-Laine product formula [5]
E 2 E" 1
4A==) —2— - =. ,
( E) 2 (5.3)
Conversely, if E is a Bank-Laine function then [6] the function A which is de-
fined by (5.3) is entire and the function E is the product of linearly independent

normalised solutions of (5.1).
Example 5.1.1 E(z) =sinz is a Bank-Laine function and we may write

) .2 z
sin z = 2sin — cos —.
2 2

It is very easy to see that fi = v/2cos £ and f, = v/2sin £ are normalised solutions
of
y" + }_y -0
1 :

We recall from Theorem 1.5.2 that any sequence (a,) tending to infinity without
repetition is the zero sequence of a Bank-Laine function and we refer the reader

to the definition of a Bank-Laine sequence (see Definition 1.5.2). In 1999, Elzaidi
[12] proved the following theorem.

Theorem 5.1.1 Suppose that A is a positive real constant with X > 1, and sup-
pose that (a,) is a sequence of distinct real numbers such that for large n we have

Gny1 > Mg > 0. Then (a,) is not a Bank-Laine sequence.

In 2001, Jim Langley [25] gave an example of a Bank-Laine sequence (a,) such

that |an41| > Alan| where A is a positive real constant with A > 1. In 1999, Jim

Langley [24] proved the following theorem.

Theorem 5.1.2 Let K and M be two positive real constants with K > 1. Let

A be a transcendental entire function of finite order, and let E = f,f> be the
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@;

el }
=

—

(=]
)

Figure 5.1: An example of a sequence (a,) in Theorem 5.1.1.

product of two linearly independent solutions of the equation (5.1) normalised so
that the Wronskian satisfies W = 1. Suppose that there exists a positive sequence
rm tending to infinity, such that for each large positive integer m, the number of

zeros of E in the annulus

Q = . Tm
(rm,K)={z€C: % < |z < KT} (5.4)

is at most M. Suppose that

lim sup M
m—00 0g 7T
Then E has finite order.
In 1999, Elzaidi [12] proved the following theorem.

Theorem 5.1.3 Let (a,) be a Bank-Laine sequence. Then there is a positive

constant M such that for all large n we have

|an - am' 2> eXp(—|an|M) Vm # n.

5.2 Generalising Theorem 5.1.1

Theorem 5.2.1- Let A be a positive real number with A > 1, and let ¢ : [0,00) —

[0,00) be a function which satisfies

lim 2"¢(z) =0 VneN (5.5)

00
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Suppose that (a,) is a sequence of distinct complezx numbers with, for all large n,
lant1] > Alan| > 0 (5.6)

1Tm(an)] < ¢(|an]). (5.7)

Then (a,) is not a Bank-Laine sequence.

Proof: Suppose that (a,) is a Bank-Laine sequence. Hence there is an entire
function E of finite order with zero sequence (a,), which satisfies the Bank-Laine
property. We can relabel those a, which satisfy (5.6) as a1, as,- - - and then there

exist polynomials Q(z) and P(z), such that P(z) has simple zeros, and such that

E(z) = P(2)g(2)e?®, (5.8)
o) =1 (1-2). (59)

where each ay, in (5.9) satisfies (5.6). Using (5.8), we get
E'(z) = P'(2)9(2)e®) + P(2)¢(2)e%®) + P(2)g(2)Q'(2)e%®.
At each a,, we have, using (5.8) and (5.9),
E'(am) = P(am)g' (am)e?@m) = +1. (5.10)

Now let us apply some analysis to ¢'(a,,). Using (5.9), we have

Therefore

g'(am) = ; I1 (1 - %) . | (5.11)
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Let

)
1)

2) and (5.13), converge and

>/|,._.

K
','_‘18

1(:-
11+

0<By<1lc< B;.

<.
Il
—

>4|._.

II
M:Jé3

ot

Both of these products, which are in (

Now let us rewrite the following

[n6-2)

j#Em j<m j>m
:H‘Lﬂ(ﬁ_) H<1_a_m>
j<m @ \Om j>m aj
laml H a
j<m |a.7| j<m j>m aj
For j > m, we have
||mll_.1__<1+lam|
@ a; |a;|
and this gives, using (5.6),
1 a ]_
1 , _m
Ai—m — ’ a; S 1+ )\]—m

So‘

70

(5.12)

(5.13)

(5.14)

(5.15)
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Hence, using (5.12) and (5.13),

By <
j>m

1= < B,

a;

Using (5.13), we get

IIh-% < (1+ M)
j<m am j<m 'a‘ml
m—1
< (1 + i)
: by
Jj=1
< B,.
Using (5.12), we get
H 1- %S (1 - M)
j<m Iml  m |am|
m—1
> (1 _ l.)
i=1 A
> By.

Using (5.11), (5.15), (5.16), (5.17) and (5.18), we have

Hence, using the last two inequalities,

g (om)| = o o] + 3 log 21 + O(1)
f]

j<m

1
= —log|am| + N(|am|, 5) +0(1)

1
= N(lam|, ;) + O(log |am|).

71

(5.16)

(5.17)

(5.18)

(5.19)
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Now let us estimate N(r, 1).

1. The lower bound

Therefore

This means that

2. The upper bound
For large m and

Ia’ml <1< |am+1',

we have n(r, %) = m. Using (5.6), we have
|am| > X" a, |

which gives, for r as in (5.21),

(m —1)log A + log |ay| < log |am| < logr,

and so
< logr — 10g|a1|
log A

+ 1.

Therefore

1
n(r, E) < O(logr) asr — oo.

72

(5.20)

(5.21)
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Using the definition of N(r, %), we have

g las) t
< n(r,=)log L
|aa|
Hence
1
N(r, ;) < O(logr)® asr — co. (5.22)

Taking the absolute value and logarithms in (5.10), we get
log [P (am)] + 10g |’ (am)]| + Re(Q(em)) = 0. (5.23)
Using (5.19), (5.20) and the fact that log |P(an)| = O(log |am|), we get
1

~Re(Q(am)) = (1+ (1)) N(lanl, ). (5.24)

Returning to the polynomial Q(z) which is in (5.8), we can write Q(2) as
q
Q) =Y ar, acC
k=0

Letting @, = Tm + 1Ym, We get

k=0
q vk k
= ;c,c Z n) 25 (i)™ (5.25)

So every term in Q(am) includes y, except when n = 0. Using (5.5) and (5.7),

we have y, — 0 as m — oo and, for 1 <n <k,
|xlrcn_n(iym)n| < lam‘k*nlymln
< |am|k_n¢(|am|)n

— 0. (5.26)
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Using (5.25) and (5.26), we have

q k
k
Qam) =S ex |a5,+ 3 (") 25 (i)
k=0 n=1 \T
g
= chmfn + o(1).
k=0
Thus, as m — oo we have,
q
~Re(Q(am)) =Y diak, +0(1), di = —Re(cy). (5.27)
k=0

Using (5.20), (5.24) and (5.27) we see that i, ek, must be a non-constant
polynomial in Zp,. So it grows like a power of z,, and this contradicts the upper
bound for N(|am/, é), which is in (5.22). This completes the proof of Theorem
5.2.1. O

It is very easy to see that Theorem 5.1.1 comes at once from Theorem 5.2.1.

The sequence (a,) could be as in Figure 5.2.

e (]
a;

Figure 5.2: An example of a sequence (a,) in Theorem 5.2.1.

Corollary 5.2.1 Suppose that A is a positive real constant with A > 1, and

suppose that (ay) is a sequence of distinct non-zero real numbers such that for

large n we have

Then (a,) is not a Bank-Laine sequence.
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5.3 A refinement of Theorem 5.2.1

Theorem 5.3.1 Let € > 0 and let ¢ : [0,00) — [0,00) be a function which

satisfies

lim 2"¢(z) =0 VneN (5.28)

r—0o0o
Suppose that (a,) is a sequence of distinct complez numbers tending to infinity

with, for all large n,
lam — an| > €lay| >0 Vm#n (5.29)
[Im(an)| < ¢(lanl). (5.30)

Then (ay) is not a Bank-Laine sequence.

Proof:- We may assume that € is small. Suppose that (a,) is a Bank-Laine
sequence. Hence there is an entire function E of finite order with zero sequence
(an), which satisfies the Bank-Laine property. We can relabel those a, which
satisfy (5.29) and (5.30) as a1, ag,- - - and then there exist polynomials P(z) and
Q(z), such that P(z) has simple zeros, and such that

E(2) = P(2)g(2)e9) (5.31)

where
9(2) = ﬁ (1 - i) . (5.32)

Using (5.31), we have
E'(z) = P'(2)9(2)e%®) + P(2)¢'(2)e?® + P(2)g(2)Q (2)e?®.
Hence at each a,,, we have, using (5.32),

E'(am) = P(am)g'(an)e?m) = +1. (5.33)
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Now let us apply some analysis to ¢'(a,,). Using (5.32), we have

Therefore
~1
g'(am) =—[] (1 - a—"‘) . (5.34)
™ jgm 4
Let
€
A=1+ Z (5.35)
S 1
By =] (1 - -ﬂ) (5.36)
Jj=1
- 1
B, = H (1 + H) . (5.37)

Both of these products, which are in (5.36) and (5.37), converge and

0<By<1<B. (5.38)

Now let us rewrite the following

-)-ne-2ne-s
ng( % 11;11 Y 3111 : a;
=TT % (% _ _ Om
jl<—;[n 4 (am ) J-]';L (1 a])
_ 1T loml a m
—Jl;[nﬁjgn - 1—‘Z—j (5.39)
1>m

Lemma 5.3.1 Suppose that ay,ay,- - satisfy (5.29) and (5.30). Then for large

m there are at most two a; such that

(1= 3) lanl < lajl < (14 ) lanl. (5.40)
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Proof: Suppose that there are three a; satisfying (5.40), say aq,ag and a,. Then,
using (5.29) and (5.30), either at least two lie near R* or at least two lie near

R-. Suppose that a, and ag lie near R*. Then we have, using (5.30) and (5.40),

€
Iaa - aﬂ| < §'am| + 0(1)

< €lag|.

This contradicts (5.29) and therefore Lemma 5.3.1 is proved. O

Relabelling (a,,) if necessary, we may assume that
|am| < lami1] < lamya| < -+
Using (5.35) and Lemma 5.3.1, we get for large m

|am+1| > |a‘m|
lams| > |amt2] > A|an|

lam+al > Aamia] > A2|am|.
Hence, if m is large and j € N,
|Gmj| > AF|qy,]. (5.41)
We may assume that (5.41) holds for all m,j € N, by otherwise incorporating

finitely many terms from g into P and relabelling.

For j > m, we have

am] m

a
T <[ e
J aj ||
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and this gives, using (5.41),

1 a 1
- — < |1--2{<1 ——
A" l o | =T NEE
Now let us rewrite the following
o0
o
=11 — Gm 1-— a_m
Am41 j=mt2 a;
Using (5.29) and (5.41), we have
1+ laml 2 ‘1 _ Om — lam+1 _am|
|am—+—1| am+1 lam+1|
vx o | o
Am+1 [
2> ‘1 L N
Am+1

Using (5.36), (5.37) and (5.42), we have

J=1 J=m+2 j=1
Bi< I] h- a_m‘ < B,
. j=m+2 a; |
Using (5.43), (5.44) and (5.45), we now have
By < J[|1-=2 <282
J

i>m

00 1 o 0
1- — _m

11 (- 5m) < II % 3._HZ<1+

ﬁ(l—i>2< T am| _ T 1)2
v) = I -l< ()

78

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)
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For j < m, we have

H _ & — 1— Om—k
j<m Gm k=1 am
a mol a
=11 - m—1 1 — m—k
Qm ]I—_Iz am
Using (5.29) as in (5.44), we have
|a'm| - Am |a'm|
2>11 - m-1 > €.
am

Using (5.36), (5.37) and (5.41), we have

m—1 |a k‘ m~—1 a m—1
(-5 -2l
k=2 m k=2 Gm k=2
m—1 1 m—1 a m—1
(— [EJ)S L (1+
k=2 ALz k=2 Om k=2
o0 1 2 m—1 a 00
H(1—§> < 1 — ok gH(H
J=1 k=2 Gm j=1
m—1
Bg S ‘1 _ Am—k < B2
iy 1
. k=2 am
Using (5.47), (5.48) and (5.49), we thus have
By <[] |1--L|<2B}
j<m

Using (5.34), (5.39), (5.46) and (56.50), we now obtain

‘ (am | < B4 |am|
Jam ml H |aj|’
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(5.47)

(5.48)

(5.49)

(5.50)
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2
! ¢ 4 | | lam|

lam ™

Using the last two inequalities, we get

|l

log |g'(am)| = —log |am| + Zlog -

Now let us estimate N(r,

1. The lower bound

Therefore

This means that

j<m |ajl

+0(1)

1
= —loglam| + N{lam|, E) +0(1)

1
= N(jaml, 7) + Ollog laml).

5

" 1.dt
N(Ta_ 2/ t,—)—
) r} nl g)t
,
Zn(r%,l) Ed_t
g Jitt
11
= -n(r2,-)logr
g
N(r, 1)

logr =o (N(r,%)> asr — 00.

2. The upper bound

For large m and

|a’m| Sr< |am+1|>

we have n(r, %) = m. Using (5.41), we have

|am| > A#5 ]|,

80

(5.51)

(5.52)

(5.53)
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which gives, for 7 as in (5.53),
m—1]
[T log A + log|a;| < log|an| < logr,

and so

'm — 1] < logr — log |ai|
2 |~ log A '
Therefore, since m < 2(27%) + 1 < 2[Z=1] + 3 we have

1
n(r, E) < O(logr) asr — oo.

Using the definition of N(r, é), we have

< n(r,=)log .
1]
Hence
1
N(r, E) < O(logr)? asr — oo. (5.54)

Taking absolute value and logarithms in (5.33), we get
log | P(am)| +10g|g'(am)| + Re(Q(am)) = 0. (5.55)
Using (5.51), (5.52) and the fact that log|P(ay,)| = O(log |an|), we get

~Re(Q(an) = (1+ o(1))N(an, ). (5.56)

Returning to the polynomial Q(z) which is in (5.31), we can write Q(2) as

q
Q(2) = chzk, cr € C.
k=0
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Letting am = Tm + 1Ym, We get

k=0
=D %) ( ) " (iym)" (5.57)
k=0 n=0 n

So every term in Q(a,,) includes y,, except when n = 0. Using (5.28) and (5.30),

we have ¥, = 0 as m — oo and, for 1 <n <k,

2" ()| < Nl ym|"
< lam|* "¢ (lam))"

— 0. (5.58)

Using (5.57) and (5.58), we have

ZC’C :L' +Z 7'ym)

n
_ k
- Z Ck T, + 0(1)
k=0

Thus, as m — 0o we have,
—Re(Q deac +0(1), di =—Re(c). (5.59)

Using (5.52), (5.56) ‘and (5.59) we see that 3¢_, diz¥, must be a non-constant
polynomial in 7. So it grows like a power of z,, and this contradicts the upper
bound for N(|am/|, —;—), which is in (5.54). This completes the proof of Theorem
5.3.1. ]
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5.4 A further new result

Theorem 5.4.1 Suppose that A is a transcendental entire function of finite or-
der. Let X be a positive real number with A > 1, and let ¢ : [0,00) — [0, 00) be a
function satisfying

lim e ¢(z) =0 VneN (5.60)

T—00

Suppose that each b, is a real number with
|bn+1| >)‘2|bn| >0 n=12-.--, (561)

and suppose that
Pn = ¢(|bn|) (562)
Suppose that E = f1 f is the product of linearly independent normalised solutions

of (5.1), and that all but finitely many zeros of E lie in U, B(by, p,). Then E

has finite order and finitely many zeros, and there are polynomials Py, P, such

that E = Pef2.

Proof: Suppose that A and E are as in the hypotheses. First we want to show

that such a function E has finite order.

Claim: There exist positive real numbers r,,,, m=1,2,- -, with
Arm < Trgr < Mo (5.63)
and such that, for each m,
{16;1} N (A", Arg) = ¢ (5.64)

To prove the claim we set r; = Alb;|. Assume 7, +-,r, have been chosen

satisfying (5.63) and (5.64). If

{lbjl} n [)‘rma )‘ZTm] = ¢;
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we set

Tm4+1 = A'I"m. (565)

In this case we have, using (5.65),

{'bJ|} N ()\_lrm+1> )\'rm-%-l)
= {1651} N (r1m, A1)
= ¢.

On the other hand if there exists
bk} € [ATpm, A1)
then this by is unique by (5.61), and we set
Tm+1 = AJbg] < A7,y (5.66)
Then, using (5.61) and (5.66),

{103 0 (X rir, AT
= {Ibj1} N (bel, A%|bel)
= ¢.

This proves the claim.

Using (5.63), we have for some positive constant C,

log rmi1 < logry, + C.

Hence

. logr
m—00 O Ty,

<1<oo.
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Using (5.62) and (5.64), we see that the number of zeros of E in the annulus

Qrm, K) ={z€C: —K7<|z|<Krm} K =V,

is zero for large m. Returning to how we defined r,,, we see that (r,,) tends to

infinity. Applying Theorem 5.1.2, we get that E has finite order.

Assume that E has infinitely many zeros. Using Theorem 5.1.3, there is a

positive constant M such that, for all zeros a, a' of E with a # d’,
la ~ d| > exp(—|a]™).

Hence by (5.60) and (5.62) for large n there is at most one zero of E in each disc
B(by, pn). We may delete any b, such that B(b,, p,) does not contain a zero of
E. This does not affect (5.61). Relabelling the b, and a, if necessary, we can

write

E(z) = P(2)e9® H (1 _ _)

where P(z) and Q(z) are polynomials and an € B(bn,pn). Using (5.60) and
(5.62), we have

lIm(a,)| < b(1bn]) < ¥(lan| +o(1))
= o(|an| %)
for every L > 0. Using (5.61), we have for large n
la'n+1| > )‘|a'n|

Applying Theorem 5.2.1, we see that the zero sequence of E is not a Bank-Laine
sequence and this gives a contradiction. This completes the proof of Theorem

5.4.1. d



Chapter 6

On Complex Oscillation Theory

! In this chapter, we will consider the following. Suppose that A is a transcen-
dental entire function with p(A) < 1. Suppose that k > 2 and y*) + Ay = 0 has
a solution f with A(f) < p(A), and suppose that A, = A+ h where h # 0 is an
entire function with p(h) < p(A). Then y*) + A;y = 0 does not have a solution
g with A(g) < p(A).

6.1 Introduction

Suppose that £ € Nand A is an entire function. Suppose that f;, j = {1,2,---,k}

are solutions of

y® 4 Ay = 0. (6.1)

Cauchy [16] proved that any solution of (6.1) is entire. In recent years, a lot
of work [5], [7], (22], [23] has been done in the connection between the order of

growth p of A and the exponent of convergence A of f;, j = {1,2,---,k}. We

1We submitted this chapter to be published as a paper in Results in Mathematics.
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recall from Definition 1.2.7 and Definition 1.2.8 the following.

+ A

p(A) = lim sup log™ T(r, A)
r—00 logr

log™ N(r, +)

\(,) = limsup 0 T).
(f5) im sup ——

Hayman-Miles [15] proved the following, which follows from Theorem 1.6.3.

Theorem 6.1.1 Let f be a meromorphic function and let k be a positive integer.
Then p(f®)) = p(f).

We need the following definition and lemma {20] for our main results, Theorem

6.2.1 and Theorem 6.5.1.

Definition 6.1.1 Let B(z,,r,) be open discs in the complex plane. We say that

the countable union |J B(zn,7,) is an R-set if z, — 0o and Y r, is finite.

Lemma 6.1.1 Suppose that f is a meromorphic function of finite order. Then
there exists a positive integer N such that
['(z)
f(z)

holds for large z outside of an R-set.

=0 (|2")

For the proof of Theorem 6.5.1, we will use the following theorem and lemma,

which give an asymptotic representation for solutions of (6.1) with few zeros. The

first of these is a special case of a result from [23].

Theorem 6.1.2 (Langley’s theorem) [27]
Let A be a transcendental entire function of finite order, and let E; be a subset of

[1,00) of infinite logarithmic measure and with the following property. For each

r € E, there exists an arc

ar = {re”: 0<a, <t < B, <2n}
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of the circle S(0,7) such that

lim min{log |A(2): z € a,} — 4o,
r—oo,r€EE log’r‘

Let k > 2 and let f be a solution of (6.1) with A(f) < oo. Then there exists a

subset B, C [1,00) of finite measure, such that for large r € Ey = E1\Ey,we have

£'(2) k—14()
e 2% A(?)

Here ¢, depends on r but not on z, and the branch of A% is analytic on a,.

= cTA(z)% -

+0(r™?), z€a, fF=-1.

We note that F; has finite measure and so finite logarithmic measure. Therefore,
E, has infinite logarithmic measure. Moreover, we exclude the case k = 1 because

for k = 1 the general solution of (6.1) is

y = Cexp (—/ A(t)dt) , C eC.
0
Lemma 6.1.2 (Hayman’s lemma) [14]
Let f be an analytic function, and let F = %' Then for k € N

f(k) B
=

where Py_2 18 a differential polynomial with constant coefficients, which vanishes

Py k(kz— 1)

FF¥=2F' + Py _o(F),
identically for k < 2 and has degree k — 2 when k > 2.
Before stating the first result, let us note the following example.

Example 6.1.1 It is possible to have a solution f of (6.1) with no zeros. Let

f ='eB where B is an entire function, and let F = L. It is clear to see that

!
F = B'. Using the Hayman’s lemma (Lemma 6.1.2), we have
(k) k(k—1
_fT — Bl)k + ( 2 )(Bl)k—2 +B” + Pk_2(B,).

By letting —A = @, we see that f = eB, which has no zeros, solves (6.1).
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6.2 A new result

Theorem 6.2.1 Suppose that A is a transcendental entire function with p(A) <

1

5+ Suppose that |
y'+Ay=0 (6.2)

has a solution f with A\(f) < p(A). Suppose that

Ai=A+h (6.3)
where h # 0 is an entire function with p(h) < p(A). Then

y'+Ay=0 (6.4)
does not have a solution g with A(g) < p(A).

Proof: We note first that p(A4;) = p(A), using (6.3). Suppose that (6.2) has

a solution f with A(f) < p(A), and suppose that (6.4) has a solution g with
AMg) < p(A). We can let

f=Pev (6.5)
9=Qe" (6.6)

where U and V are entire functions and P, @ either are polynomials or satisfy

Pzzmln(l—i>, ar € C, m; € NU{0},

k=1 O

szmzn(l—-z—>, bkEC, mZENU{O})
R k=1 bk
with p(P) = A(f) and p(Q) = A(g). We note that these products converge

because A(f), A(g) are both less than 1. Using (6.2) and (6.5), we get

PU” + PU" +2P'U' + P" + AP = 0. (6.7)
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Using (6.4) and (6.6), we get analogously

Qvl2 +QV" +2QIVI +Q” +AQ+hQ = 0.

Dividing (6.7) by P, we find that
I

!
U’2+U”+2%U’+%+A=0.

Dividing (6.8) by @, we obtain analogously

1

i
V24V 422V + 2 4+ A+h=0.

Q Q
Let
fl
F="1,
f
¢="2
g
Using (6.5) and (6.11), we get
!
F=%+U
Using (6.6) and (6.12), we obtain
!
G= % + V.

Using (6.9) and (6.13), we find that
F'+F24+ A=0,
whereas, using (6.10) and (6.14), we get
G'+G*+ A+h=0.
Subtracting (6.16) from (6.15) gives

F'—-G +F*-G?=h.

90

(6.8)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)
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6.3 A lemma and corollary needed for Theorem

6.2.1

Lemma 6.3.1 Suppose that A is an entire function with p(A) < 1. Let f,g be
solutions of (6.2) and (6.4) respectively with A(f) < p(A) and A(g) < p(A). Let
U and V be as in (6.5) and (6.6) respectively. Then

Proof: To prove that p(A) = p(U), we need to prove the following.

1. p(4) < p(U).
Using (6.9), we have

P’ P
A:_UIZ__UH_2___ 1
PU P

Using the fact that p(£) < p(P) = A(f) < p(A), which gives p(E5) < p(A),

and using Theorem 6.1.1, we get

p(A) < max{p(U"), p(U"), p(U")}
= p(U).

2. p(U) < p(A).
Using (6.9), we have

UI2 = _pU"_ 2_U, _ I _ A
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Suppose [U’'(z)| > 1. If not, we have nothing to prove. So

i (|7

PII
—@)|+ 4@,

U@ < |72

UII
< 7(2)

P
P

+14())

+

So since U is transcendental by p(A4) < p(U), and since m(r, @) = O(logr)

because P has finite order,
m(r,U") < m(r, A) + S(r,U").
Hence, outside a set of finite measure,
(1+0(1))T(r,U") < T(r, A).

This gives
p(U") < p(A4)

and so, using Theorem 6.1.1,
p(U) < p(A).
Similarly we can prove that p(A) = p(V) using the fact that p(4;) = p(A) as

noted above. This completes the proof of Lemma 6.3.1. g

Corollary 6.3.1} Suppose that A is an entire function with p(A) < 1. Let f,g

be as in Lemma 6.3.1, and let F,G be defined by (6.11) and (6.12) respectively.
Then
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Proof: Using (6.13), we have

P ,
F—F+U.

Using the assumption and Lemma 6.3.1, we know that p(%’) < p(P) = A(f) <
p(A) = p(U). Hence, using Theorem 6.1.1,

Using (6.14), we have

Ql
G==+V.
Q
Using the assumption and Lemma 6.3.1, we know that p(%—') < p(Q) = Ag) <
p(A1) = p(A) = p(V). Hence, using Theorem 6.1.1,

This completes the proof of Corollary 6.3.1, using Lemma 6.3.1. d

6.4 The completion of the proof of Theorem
6.2.1
Let

&=F-G. (6.18)

It is very easy to estimate the order of @ as follows, using (6.18) and Corollary

6.3.1. We have

p(®) < max{p(F), p(G)}

Il
=)
—_

N
~—

A\
l\D.l —
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Claim: & #0.
To prove the claim, suppose that ® = 0. This gives, using (6.18), F = G and so
F' = @'. Using (6.17), we get h = 0 and this contradicts the hypothesis h # 0.

This completes the proof of the claim.

Dividing (6.17) by ®, we get

' h
Z.F ==
3 +F+G= 3
Using (6.13) and (6.14), we find that
@' P 'y QI h
3 P+U 0 +V'= 3 (6.19)
Pick « such that
max{A(f), A(g), p(h)} < & < p(4). (6.20)

Let us consider the two cases for the order of ®, i.e when p(®) < a and when

p(®) > a.

Case 1:  p(®) <oa.
(This includes the case when @ is a rational function)

Using (6.18), we have _
F=G+%
=G+
Usiné (6.15) and (6.16), we get
—A=F2 L p
=G +2G3+ 2+ G' + &'
—(A+h)+2Go + &>+ @',
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This gives
h—®%-9
2% '

Therefore, using Theorem 6.1.1 and (6.20),

G =

p(G) < max{p(h), p(®)}

fa

< p(A)

which contradicts the fact that p(G) = p(A) as in Corollary 6.3.1.

Case 2:  p(®) > a.
Using (6.13), (6.14) and (6.18), we have

®=F-G
p_Q :
=F-gtU-v (6.21)

Using (6.20), it is clear that p(£) < p(P) = A(f) < « and p(%) < p@Q) =
Mg) < o. So

p(U -V >«
since p(®) > a. Hence

a<plU -V')<

N | =

Pick o such that

a<a<p(U’—V’)<%.

The modified cos mp theorem (Theorem 1.6.2) gives that the set

{7’ - inf og|U"() = V'(2)| > }
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has positive upper logarithmic density.

Since p(P) + p(Q) < oo, using Lemma 6.1.1, there exist M > 0 and a set of
discs B(zn, pn) With Y p, < oo such that, for large z,

< |Z|M> z ¢ UB(zmpn) = H. (6'22)

P'(2)
P(z)

| &

The set H; of r > 0 such that the circle |2| = r meets H has measure less than

or equal to 2 p, < co. Hence

m(H,) = /000 xH, (t)dt < 0.

So
T dt T
[ xan®% < [ o
1 t 1
S m(Hl)’
and so
]'17‘ XH; (t)’d{E 0
logr '

Therefore, H; has zero upper logarithmic density. Hence we deduce that there

exists a set Hy of positive upper logarithmic density such that
|Hl=frlog |U'(z) = V'(2)| > r°
and such that the inequality of (6.22) holds for |z| = r, which then gives
[2(2)} 2 |[U'(2) - V'(2)| = O(r™),

log |®(2)| > 32— (6.23)

Hence, using (6.20),
erp(h)+0(1)

< e o(1), |z|=r € Ha1r — 0. (6.24)
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Using (6.11), (6.12) and (6.18), we have

$=F—G
! !
zg_%. (6.25)

Using (6.25), we see that ® has simple poles and these can only occur at the zeros

of f or the zeros of g. Hence, using (6.5) and (6.6), we get

= f(r, =) + n(r, =). (6.26)

Integrating (6.19) around |z| = r,, 7, — 00, T, € Ha, we get using the Argument
Principle (Theorem 1.2.5) and (6.24), and the fact that U’ and V' are entire,

e, §) = s ®) + lr ) + e ) = 0(0).

But the left hand side must be an integer. So

s 5) = nlrn, ®) + (1, ) + s, 5) = 0.
Hence, using (6.26),
n(Tn, <I>) = n(ry, ®) n(r.n, %) — n(rn, %)
< A, 5) = 1t ) + e ) = s )
<0

and so
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Since ® is very large on |z| = r,, by (6.23), we have

1

m(ry, 6) = 0.
Hence
1
T(’I‘n, 5) = 0

and so, using the first fundamental theorem of Nevanlinna Theory (Theorem

1.2.1),
T(r, ®) = O(1).

This contradicts the fact that ® is a transcendental function, since p(®) > o, and

completes the proof of Theorem 6.2.1. O

Corollary 6.4.1 Suppose that A is a transcendental entire function with p(A) <
3. Suppose that y" + Ay = 0 has a solution with finitely many zeros. Suppose
that A1 = A+ h, where h # 0 is an entire function with p(h) < p(A). Then

y" + A1y = 0 does not have a solution with finitely many zeros.

Corollary 6.4.2 Suppose that A is a transcendental entire function with p(A) <
%- Suppose that y"'+ Ay = 0 has a solutz’gn with no zeros. Suppose that A, = A+h,
where h # 0 is an entire function with p(h) < p(A). Then y" + A1y = 0 does not

have.a solution with no zeros.

It seems that we need another method to solve the following problem since we do

not get a simple formula such as (6.17).

Problem 6.4.1 Suppose that A is a transcendental entire function with p(A) <
Suppose that k > 2 and (6.1) has a solution with no zeros. Suppose that
Ay = A+ h, where h # 0 is an entire function with p(k) < p(A). Show that

y®) + Ayy = 0 does not have a solution with no zeros.

N (=
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6.5 The solution of Problem 6.4.1

In this section, we will prove a generalisation of Problem 6.4.1 and by doing this
we give another proof of Theorem 6.2.1. Our main result in this section is the

following theorem.

Theorem 6.5.1 Suppose that A is a transcendental entire function with p(A) <
1. Suppose that k > 2 and (6.1) has a solution f with M\(f) < p(A), and suppose
that (6.8) holds, where h # 0 is entire with p(k) < p(A). Then

VO 4 Ay =0 (6.27)
does not have a solution g with A(g) < p(A).

Proof: We note as before that p(4;) = p(A), using (6.3). Suppose that (6.1)
has a solution f with A(f) < p(A), and suppose that (6.27) has a solution g with
AMg) < p(A). We can let

f=PeY (6.28)
9=Qe" (6.29)

where U and V' are entire functions and P, Q either are polynomials or satisfy

P=zm‘H(1—-z—>, ar € C, m; € NU {0},

k=1 Ak

szm2H(1—i), b, € C, mgeNU{O},

k=1 bk
with p(P) = A(f) and p(Q) = A(g). We note that these products converge
because A(f), A(g) are both less than 1. Let

_f
F=7, (6.30)
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cg=2 (6.31)
g
Using (6.28) and (6.30), we get
P , '
= — . 6.32
F 7T U (6.32)
Using (6.29) and (6.31), we obtain
!
G==+V. 6.33
g (6.33)
Applying the Hayman’s lemma (Lemma 6.1.2), we obtain
(k) —
.ff_ — F* 4 ﬂ%—l—)FHF' + Pyy(F), (6.34)
(k) -
97 =G*+ MCJHG’ + Pi_5(G), (6.35)

where Py, is a differential polynomial with constant coefficients, which vanishes

identically for £ < 2 and has degree k — 2 when k > 2.

Pick 7,0 such that

max{A(f), Mg), p(h)} < T <0 < p(4) <

1
3 (6.36)
The modified cosmp theorem (Theorem 1.6.2) gives that the set
E,={r: |iI‘1_f log|A(2)| > r7} (6.37)

has positive upper logarithmic density. Let E; C [1,00) be a subset of finite
measure so that, for some M; € N,
!
2
(|2
Q(2)

‘A’(z)
Alz)

<2

<M zl=r>1, r¢ E,. (6.38)
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Such E, and M exist by [27]. For large r € E; we also have, using (6.36) and
(6.37),

T.O'

log |A1(2)| > 5

We can apply the Langley’s theorem (Theorem 6.1.2) to (6.1) and (6.27), letting
a, be the whole circle |2| = r,r € E;. Hence for large r € Ey = E1\FE3, where

E,; C E3 and Ej has finite measure, the following is true.

f'(z) _ L k—1A4() o ~
Flo) = (AR = gy TOUT) el = =t (639)
9(z) _ L k—141(2) o ~

o) =M - R 0T, el =n =l (640)

Here ¢, d may depend on r, but not on 2. We remark that Fj is infinite, because

finite measure implies zero logarithmic density. It is clear from (6.36) and (6.37)

that

h(z) re(h)to(1)
\A(z) < o o(l), |z| =1, r = 00, 7 € Ey,

K (2) grP ' )te() erP (e

A) < e A o(1), r = 00, |z| =1, T € Ey, (6.41)

. . 1 '
using p(h’) < p(h). Now let us apply the binomial theorem to expand A¥, %11 in

terms of A%, 4. Using (6.3) and (6.41), we get
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Also, using (6.3) and (6.41) again, we obtain

AL AN
A, A+h
A+
A1+ 1)
AL
A A A2

-(5+%) (+0 (i)
=7A41(1+O(||—%||)>+0(||_3l|>’ |z| =1, 7 € Ey. (6.43)

Using (6.38), (6.40), (6.42) and (6.43), we get for |z| =7 € Ey,

YO _ gy B 1A
o(n) =A@ - I

i

O(r %), d* = -1. (6.44)

We recall that ¢ and d may depend on r but, for a given r, do not depend on z.

6.6 A lemma needed for Theorem 6.5.1

Lemma 6.6.1 Suppose that c,d are as in (6.39) and (6.44) respectively. Then
c =d for all large r € E,.

Proof: We may write d = wc where w* = 1. Using (6.44), we obtain

g'(2) 1 k—1A'(2)

o(s) = @Al — 5T

Multiplying (6.39) by w and then subtracting (6.45) from it, we get

f2)  k—14()\ _¢(2)  k—14()
w -+ = -2 .
( 7o)t R A(z)) oo T2k A TO0)
Integrating around |z| = r,, 7, — 00, 1, € Ep, we find that

1 k—1 1 1 k—1 1
w n(ry, = v =) | = n(ra, =) + ——n(rn, ).
[ ( 7 5% n(r A)] n(r g)+ n(r A)

k

+0(r7?), Wb =1. (6.45)

)+
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But the right hand side must be a positive integer since n(ry, %) > 0, n(rp, ) > 0.
This is because if n (r,, %) = 0 we get

1

N(’I‘n, Z) =0.
Since inf|,)=, log | A(z)| is very big for r, — o0, r, € Ey, we get
1
m(rp, Z) =0.
Hence,
1
T(r,,—)=0.
(e )

Using the first fundamental theorem of Nevanlinna Theory (Theorem 1.2.1), we

obtain
T(ry, A) = O(1).

This contradicts the fact that A is transcendental and proves the claim that
n(rn, %) > 0. For the same reason, n(rp, %) + n(rn, %) is a non-zero positive
integer. Hence, w is a positive rational number and since |w| =1 we get w =1

and so ¢ = d. O

6.7 The completion of the proof of Theorem
6.5.1

We can now write on |z| = r, r € Ey, using (6.44),

12 /
Gz:g(z)z 1 _k-14%) -2y b=
(2) o) cA2)F - ) O(r2), ¢ 1. (6.46)
Subtracting (6.46) from (6.39), we get as r — oo, r € Ey,
F_9

= +0(1), |z| =T
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Using (6.32) and (6.33), we get

PI !
F+U=5+W+M)

Using (6.38), we obtain
U'(z) = V'(2)| < 2r™M, |z| =1, r € E,.

This gives

't
lim inf M < o0
r—00 logr

and so U’ — V' is a polynomial. Hence, U — V is a polynomial and so
U=FP+V

where Py is a polynomial. Thus, using (6.32),
!

P
F=_F+P(;+V,'

Using (6.33), we find that

F=G+M (6.47)
where ‘
PI !
—— e e ,
| M=F-5+P (6.48)
Using (6.1) and (6.34), we get
Fk 4 lc(_k;}lpk—ZF' + Py_o(F) = —A, (6.49)

2

where Pi_, is a differential polynomial with constant coefficients, which vanishes

identically for k < 2 and has degree k — 2 when k > 2. Using (6.27) and (6.35),

we obtain
k(k—1)

G* + ——5—G*G + Pea(G) = ~A~ h. (6.50)
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Using (6.47) and (6.49), we get

k(k - 1)

(G + M)* + (G+M* 232G+ M)+ P o(G+M)=—-A.  (6.51)

Expanding out (G + M)* and (G + M)*~2 by the binomial theorem, we can write
(6.51) as

G* + kMGE! + E%;I)G’HG’ + Ry_o(M,G) = - A

and subtracting (6.50) from this we get
EMG* ! 4+ 5,_o(M,G) = h. (6.52)

Here Ry_5(M,G) and S;_,(M, G) are polynomials in M, G and their derivatives,

and each have total degree at most k — 2 in G and its derivatives.

Claim: M #0.
To prove the claim, We may assume that M = 0. Using (6.47), we get F = G.
Using (6.49) and (6.50), we have h = 0. This contradicts the hypothesis h % 0

and completes the proof of the claim.

Dividing (6.52) by MG*~2, we get

Sk—2(M,G) h
kG + o = 2 (6.53)

Suppose that |G| > 1. Now S"—A‘;G%A—{TGI is a sum of terms

1 . , )
WMJO (M) ... (M(k))JkGQO (GH ... (G(k))%

where

Q+q++g<k-2
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and hence such a term has modulus at most

1 q
| M o1 M\’ M(k) " |G|t Fas—k+2 G N (il
M G G
M’ 7 M(k Jk G| G ax :
< M]0+ +ik—1 e | —— .
M e ‘ "% (6:54)

Using (6.53) and (6.54), we get

m(r, G) < Cym(r, M) +m(r, 314-) + m(r, h) + S(r, G) + S(r, M)

< CoT(r, M) + T(r,h) + S(r, G).

But, using (6.33),

N(r,G) < N(r, %)

Hence

(14 o(1)T(r,G) < CT(r, M) + T(r, h) + N(r, é).

Therefore, using (6.36) and (6.48),
T(r,G) =0(r"), r € Ey.
Using (6.50), we have

T(r,A) < C3T(r,G) + T(r, h).

Hence
T(r,A) =0(r"), r € Ey.

Using (6.37), this contradicts the fact that log|A(z)| > 77, |z] = 7, r € Ey, so
that T(r, A) = m(r, A) > r°, r € E,. This completes the proof of Theorem 6.5.1.
- :

It is very clear to notice that Theorem 6.2.1 comes at once from Theorem 6.5.1.

Also, it is very easy to see that Problem 6.4.1 comes directly from Theorem 6.5.1.
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Corollary 6.7.1 Suppose that A is a transcendental entire function with p(A) <
%. Suppose that (6.1) has a solution with finitely many zeros. Suppose that A,
is defined as Ay = A+ h, where h # 0 is an entire function with p(h) < p(A).

Then y®) + Ay = 0 does not have a solution with finitely many zeros.

Corollary 6.7.2 Suppose that A is a transcendental entire function with p(A) <
%. Suppose that (6.1) has a solution with no zeros. Suppose that A, is defined
as Ay = A+ h, where h # 0 is an entire function with p(h) < p(A). Then

y®) + A1y = 0 does not have a solution with no zeros.
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