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Abstract

We analyse the perturbative expansion of knot invariants related with
infinite dimensional representations of s{(2, R) and the Lorentz group taking
as a starting point the Kontsevich Integral and the notion of central characters
of infinite dimensional unitary representations of Lie Groups. The prime aim
is to define C-valued knot invariants. This yields a family of C[[h]]-valued knot
invariants contained in the Melvin-Morton expansion of the Coloured Jones
Polynomial. It is verified that for some knots, namely torus knots, the power
series obtained have a zero radius of convergence, and therefore we analyse
the possibility of obtaining analytic functions of which these power series
are asymptotic expansions by means of Borel re-summation. This process is
complete for torus knots, and a partial answer is presented in the general case,
which gives an upper bound on the growth of the coefficients of the Melvin-
Morton expansion of the Coloured Jones Polynomial. In the Lorentz group
case, this perturbative approach is proved to coincide with the algebraic and
combinatorial approach for knot invariants defined out of the formal R-matrix

and formal ribbon elements in the Quantum Lorentz Group, and its infinite

dimensional unitary representations.
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Introduction

Since the advent of quantum groups, and in particular of the notion of a quantised
universal enveloping algebra of a semisimple Lie algebra in the end of the eighties,
their theory has been applied to the construction of link invariants. The main idea
behind all approaches comes from the observation that, in the current terminology,
they are ribbon Hopf algebras [RT], which implies that their category of finite di-
mensional representations is a ribbon category, with trivial associativity constraints.
In the pioneering work of Freyd and Yetter, cf. [FY], it was observed that the (rib-
bon) tangles form a ribbon category which is universal in the class of all strict ribbon
categories. This framework gives us a knot invariant for any ribbon Hopf algebra
and any finite dimensional representation of it, as observed in the construction of

Reshetikin and Turaev’s functor defined in [RT].

A limitation of the constructions above is that they are not directly applicable to the

case of infinite dimensional representations of ribbon Hopf algebras. This is because



they involve taking traces or the use of coevaluation maps, which are difficult to
define in the infinite dimensional context. However, one is forced to deal with knot
invariants associated with infinite dimensional representations when considering in-
variants associated with unitary representations of non-compact Lie groups. This
kind of representation appears in the context of (2 + 1)-quantum gravity and Chern-
Simons theory with non-compact groups. See for example [W],[BC],[BNR], [GI],
[NR] or [G]. It would thus be important to define C-valued knot invariants associ-
ated with representations of this kind, natural observables for (2 + 1)-dimensional
quantum gravity and Lorentzian Chern-Simons theory. The aim of the thesis, is to

describe a possible path for doing this. We shall be mostly interested in the SL(2, R)
and SL(2,C) cases.

The h-adic quantised universal enveloping algebras of semisimple Lie algebras are
usually easier to deal with in the context of infinite dimensional representations. In
this case there are various different variants of the construction of quantum Knot
invariants. Some of them can be used in the infinite dimensional case, for exam-
ple, Lawrence’s Universal Uy,(g) knot invariant or the Kontsevich Universal knot
invariant. Roughly speaking, given a (complex semisimple) Lie algebra and an
ad-invariant non-degenerate symmetric bilinear form on it, they will yield a knot
invariant which takes values in the algebra of formal power series over the centre
of U(g), the universal enveloping algebra of g. It is called the universal U(g)-knot
invariant. These power vseries define an analytic function from C to a completion of
the universal enveloping algebra of g when it is given the topology of convergence in
its finite dimensional representations. One of the aims of this thesis is to consider

also infinite dimensional representations of g.

The main idea behind the construction of non-compact group knot invariants is the
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following. Suppose we have a representation p of the Lie algebra g in some vector
space V, which we do not assume to be finite dimensional. We can always lift it
to a representation, also denoted by p, of the enveloping algebra of g. In some
cases it can happen that any element of the centre of U(g) acts in V' as a multiple
of the identity. Such representations thus define an algebra morphism from the
centre of U(g) to C, in other words: a central character of U(g). They are usually
called representations which admit a central character. This type of g-module arises
naturally in Lie algebra theory. Some examples would be the cyclic highest weight
representations of a semisimple Lie algebra. Notice they are infinite dimensional if
the weight is not integral dominant. It is a well established fact that the central
characters of them exhaust all central characters of U(g) if g is complex semisimple.
Another context where representations which admit a central character appears is
the context of unitary irreducible representations R of real Lie Groups G with Lie
algebra g in complex Hilbert spaces V. More precisely, it is possible to prove that the
induced representation R*® of U(g ®g C) in the space of smooth vectors of V' under

the action of R admits a central character. It is called the infinitesimal character of

R.

Any central character of U(g) can be used to evaluate the universal U (g) knot in-
variant. This will then yield a knot invariant with values in the algebra of formal
power series over C. For example if we use the central character of the highest
weight representations of sl(2,C), we obtain exactly the Melvin-Morton expansion
of the Coloured Jones Polynomial, expansion which we called z-coloured Jones Poly-
nomial. Obviously, one price we have to pay when we consider infinite dimensional
representation of g will then be, in general, the need to stick to representations of

g that admit a central character and to links with one component (knots). In this
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thesis, we propose to consider this kind of knot invariant for infinite dimensional ir-
reducible unitary representations of SL(2,R) and SL(2, C), and to analyse precisely
its algebraic and convergence properties. Let us agree to call them non-compact

knot invariants.

As mentioned before, in the semisimple Lie algebras context the central charac-
ters of the highest weight representations exhaust all central characters of U(g).
Moreover the value of these central characters in a central element of U(g) depends
polynomially on the weight and it is determined by its values on the weights that
define finite dimensional representations. Therefore, in the power series level these
non-compact invariants are analytic continuation of the usual quantum groups knot
invariants. For example in the SL(2,R) and SL(2,C) case these knot invariants
are thus obviously contained in the Melvin-Morton expansion of the Coloured Jones
Polynomial. This exact relation is calculated in theorems 26 and 16. In particular
the knot invariants obtained by admitting infinite dimensional representations are
not more powerful than the already known ones. Therefore the main motivation
for this thesis concerns the applications of these knot invariants to mathematical

physics and geometric topology. It is unclear what happens in the non-semisimple

Lie algebras context.

As we referred to before, the definition of C-valued, that is numerical, knot invariants
would be the most important for applications. So we want to say something about
about the kind of power series that we obtain. This will be one of the main subjects
of this thesis. A main result will be that for a large class of interesting unitary infinite
dimensional representations of SL(2,R) the associated series has a zero radius of
convergence, at least in the case of torus knots. The same is true in the SL(2,C) case.

Notice that this does not happen in the case of finite dimensional representations,
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in which case there is no problem in defining numerical knot invariants. However,
in the context of torus knots, they define Borel re-summable series. This means
there is a natural way to find analytic functions of which these power series are
asymptotic expansions; and also, that the uncertainty in the process of re-summation
is reduced to a numerable, in this case finite, set of functions, differing by rapidly
decreasing terms. It would be interesting to analyse what this uncertainty means
geometrically. This re-summation realises an analytic extension of the coloured
Jones polynomial of torus knots to complex spins, in the context of numerical knot
invariants rather than only termwise in the power series, that is, of the actual values
of the coloured Jones polynomial. In the general case of an arbitrary knot and a
unitary representation of SL(2,R) or SL(2,C), the main result obtained (theorem
34) is that the series obtained are of Gevrey type 1. This ensures there is an upper
bound for the divergence of the power series. This is a necessary condition for
Borel summability and permits us to define a weaker process of re-summation up
to exponentially decreasing functions. It is an open problem whether the process of

Borel re-summation of the z-coloured Jones polynomial works for any knot.

In the Lorentz Group case, the program described until now relates with the work of
Buffenoir and Roche, [BR1] and [BR2] on the representation theory of the quantum
Lorentz group. We use the quantum Lorentz group defined by Woronowicz and
Poddles in [PW]. This thesis contains a full description of the knot theory related
to it in the representative example of balanced (simple) representations, as well as
the precise relation with the previous perturbative framework. Let us be a bit more
explicit. Suppose A is a Hopf algebra, its category of finite dimensional represen-
tations is therefore a compact monoidal category. Let ¢ be a complex number not

equal to 1 or —1. Suppose A = U,(g) is the Drinfeld-Jimbo algebra attached to
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the semisimple Lie algebra g. Even though A is not a ribbon Hopf algebra, it pos-
sesses a formal R-matrix and a formal ribbon element. These elements make sense
when applied to finite dimensional representations of A, and thus its category of
finite dimensional representations is a ribbon category. This means we have a knot
invariant attached to any finite dimensional representation of .A. This kind of knot

invariant takes values in C.

A similar situation happens in the case of the Quantum Lorentz Group D, also
denoted by Uy(sl(2, C)g). Despite the fact D is not a Drinfeld Jimbo algebra, its
structure of a quantum double, namely D = D(U,(su(2)), Pol(SU,(2)) with ¢ €
(0, 1), makes possible the definition of a formal R-matrix on it. Also, it is possible
to define a heuristic ribbon element. A fact observed in [BR1] is that we can describe
the action of the formal R-matrix of the Quantum Lorentz Group in a class of infinite
dimensional representations of it. For this reason, it is natural to ask whether
there exists a knot theory attached to the infinite representations of D. This would
generalise the work of Barrett and Crane in [BC], extending their spin foam model
to the quantum case in which the evaluation of (infinite dimensional) Lorentzian
spin networks would be sensitive to knotting ( This extension has been done in
[NR]). We shall see the answer is affirmative at least in the perturbative level. As
we mentioned before, since we are working with infinite dimensional representations
the general formulation of Reshetikin and Turaev for constructing knot invariants
cannot be directly applied. We use now a slightly different way of thinking to get
around this problem. It is possible, given a knot diagram, or to be more precise a
connected (1,1)-tangle diagram, to make a heuristic evaluation of the Reshetikin-
Turaev functor on it. This yields an infinite series for any knot diagram. This

method was also elucidated in [NR]. Unfortunately, at least for unitary infinite
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dimensional representations, this infinite series do not seem to be convergent , which
tells us that the process of Borel re-summation is perhaps more powerful. However,
they converge h-adically for ¢ = exp(h/2), since the expansions of their terms as
power series in h starts in increasing degree of h". Therefore these evaluations do
define C[[A]]-valued knot invariants. A main result of this thesis is that it is possible
to choose an ad-invariant inner product in the Lie algebra of the Lorentz group such
that the knot invariants coming out of the infinite dimensional representations of
the Lorentz Group in the framework of the Kontsevich Integral are exactly these
ones. This bilinear form is first conjectured in chapter 2 and then proved to be the

good one in chapter 7 (Theorem 136).

A resume of this thesis for the expert

First of all a note about proofs. I included a large amount of background material in
this thesis, insisting in a pedagogical, simple and self-contained exposition. I decided
to provide proofs of known results when they include some important ideas which are
used afterwards, for example Theorem 5; if the result will have a major important
for the sequel, for example the relation between framed and unframed Kontsevich
Integral in 6.1.3; and it is difficult to find a proof of it in the literature, for example
for theorem 2; or the proof is too complicated for the reader to understand it without
reading the rest of the article for example in 7.3.3, or it is not clear that it is correct

in the way it is proved.
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Chapter one

This contains mainly background material, explaining the main results needed and
especially the philosophy of this thesis. It is tells the reader mainly about the way
we can define knot invariants from the Kontsevich Integral and weight systems,
together with their relation with the Coloured Jones Polynomial and the Melvin

Morton Expansion of it.

Chapter Two

It uses the framework of the previous chapter to define knot invariants from the
infinite dimensional representations of the Lorentz Group. The main result of this

chapter concerns the way we can obtain them out of the Coloured Jones Polynomial.

Chapter Three

This is one of the main chapters of this thesis. It presents the general framework for
dealing with knot invariants defined from infinite dimensional representations of Lie
Groups, and the way they can always be obtained from the usual quantum groups

knot invariants in the semisimple case.

Chapter Four

This is, definitely, the most important chapter of this thesis. It contains a proof that
the Melvin Morton expansion of the Coloured Jones Polynomial defines power series
with a zero radius of convergence for torus knots. It contains background material

on Borel re-summations and a proof that the SL(2,R) and SL(2,C) invariants are
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Borel re-summable for torus knots. A weaker result of re-summability is stated in

the general case (Theorem 34). It contains a list of open problems.

Chapter Five

It is a mixture of background material and some technical proofs of theorems stated

in chapters 3 and 4, as well as a condensed proof of Theorem 34, and a simple proof

of it for the Figure of Eight Knot

Chapter Six

It is a very technical and heavy chapter. It presents the Kontsevich Integral, and
gives bounds for its coefficients as well as bounds for the evaluation of chord di-
agrams, probably interesting by themselves. The main result is a full proof of

Theorem 34, an upper bound in the growth of the coefficients of the Melvin-Morton

Expansion of the Coloured Jones Polynomial.

Chapter Seven

The subject is slightly different to the rest of this thesis. The main aim is to
prove the exact relation between the previous perturbative framework and the knot
invariants defined from the unitary representation of the quantum Lorentz Group.
It contains background material on the Quantum Lorentz Group, and a study of its
representation theory, made as parallel as possible with the classical case described
in Chapter The main result of this chapter is a precise proof that we can define C[[A]]-

knot invariants from infinite dimensional representations of the Lorentz group and
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how they relate with the previous perturbative approach. Some attempts to analyse
the convergence or divergence of the associated series of complex numbers are made.
Important References

Out out the very big list of references included, I would like to select some very
important ones, necessary to follow this thesis. These are: [BR2],[C],[CD], [CV],
[LM1], [M] and [K]. This thesis is an expanded version of [FM1] and [FM2].
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I started developing my interest in Mathematics in the very early stages of my life

with the best teacher I ever had: My Father. This thesis is dedicated to him.
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1 Preliminaries

1.1 Chord diagrams

We recall the definition of the algebra of chord diagrams, which is the target space
for the Kontsevich Universal Knot Invariant. For more details see for example [BN]
or [K]. A chord diagram is a finite set w = {cy, ..., ¢, } of cardinality 2 nonintersecting
subsets of the oriented circle, modulo orientation preserving homeomorphisms. The
subsets ¢ are called chords and are supposed to be pairwise disjoint. We usually
specify a chord diagram by drawing it as in figure 1. In all the pictures we assume

the circle oriented counterclockwise.

For each n > 2, let V}, be the free C vector space on the set of all chord diagrams with
n chords. That is the set of formal finite linear combinations w = ), \;w;, where
A; € C and w; is a chord diagram with ¢ chords for any 7. Consider the sub vector
space 4T, of V,, which is the subspace generated by all linear combinations of chord
diagrams of the form displayed in figure 2. The 3 intervals considered in the circle
can appear in an arbitrary order in S!. Define for each n € No = {0,1,2,..},the
vector space A, = V;,/4T,,. We consider Ay = V5 and A, = V1.

For any pair m, n € Ny, there exists a bilinear map # : A ® Am — Amin, called the
connected sum product. As its name says, it is performed by doing the connected
sum of chord diagrams as in figure 3.

Obviously the product is not well defined in V;, ® V,, since it depends on the points
in which we break the circles. However, the connected sum product makes sense in

A ®A,, for we are considering the 4-term relations. We explain why it is so in 5.1.

It is an associative and commutative product, and it has a unit: the chord diagram

20



Figure 1: A chord diagram with 4 chords

Figure 2: 4 Term relations

@ ’ ® i
Figure 3: Connected sum product
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@O

Figure 4: Coproduct maps

without any chord. For more details see [BN].

The vector space A,, ® Ay, is mapped via the connected sum product to Am4n.
Therefore the direct sum Ag, = D,.en, An has a commutative and associative graded
algebra structure, where the grading coefficient of a chord diagram is given by its
number of chords. This permits us to conclude that the vector space
A= 1] A
n€Ng
has a structure of abelian algebra over the field of complex numbers. It is the graded
completion of Ag,. Call it the algebra of chord diagrams. The algebra A is the target
space for the Kontsevich Universal Knot Invariant. There exist also coproduct maps

A Ay = Dy yimm Ax ® A; which have the form of figure 4 on chord diagrams.

They extend to a linear map A : A — AQA. Here A®A is the vector space

H @ A ® Al

meNg k+I=m

Notice that A ® A is a proper sub vector space of ARA.

22



An element w € A is called group like if A(w) = w®w. That is, if writing w =
D nen, Wa With n € A,,Vn € Ny we have
Awy,) = Z wr @ wy.
l+k=n
For example, exp(©) is a group like element. Here © is the unique chord diagram
with only one chord. This is a trivial consequence of the fact A(6) = 6Q1+1Q86.
We have put 1 for the chord diagram without chords.

1.2 The Kontsevich Universal Knot Invariant

We skip for a moment the definition of the (framed) Kontsevich Universal Knot
invariant Z, for which we refer for example to [K], [LM1], [Wil] and 6.1. For the
unframed version see [CD] and [BN], the classical reference. The sources [LM2] and
[Wil)] unify the two theories in a nice way, as we describe in 6.1.3. We take the
normalisation of the Kontsevich Universal Knot Invariant for which the value of the
unknot is the wheels element  of [LNT]. That is Z(0) = Z(c0), cf [BN] pp 447,
or 6.1. This is a different normalisation of the one used in [BN]. We now gather the
properties of the Kontsevich Universal Knot Invariant which we are going to use in
the sequel. Notice that the product we consider in .4, the algebra of chord diagrams,

is the connected sum product #.

Theorem 1 There exists a (oriented and framed) knot invariant K — Z(K), where

Z(K) is in the algebra A of chord diagrams. Given a framed knot K, Z(K) satisfies:

1. 2(K) is grouplike, cf [BN]

23



2. If K is obtained from K by changing its framing by a factor of 1 then Z(K/) =
Z(K)exp(—0), of [LM1].

3. If K* is the mirror image of K, and writing Z(K) = Y cn, Wn With w, €
An,¥n € No we have Z(K*) =3 N (—1)"wn, cf [CD].

4. If K~ 1is the knot obtained from K by reversing the orientation of it then

2(K™) = X ,en, S(wn). Here S : A, — A, is the map that reverses the
orientation of each chord diagram, cf [CD].

5. Z(K#L) = Z(K)Z(L)Z(0)™, where K#L denotes the connected sum of the

knots K and L and O is the unknot.

Suppose we are given a family of linear maps (weights) W, : 4, — C,n € N;. A
knot invariant whose value on each knot is a formal power series with coefficients in

C is called canonical if it has the form

K Z W (wn)R™.

neNg

As usual we write Z(K) = 3 .y wn with w, € As,Vn € No.

1.3 Infinitesimal R-matrices

Let g be a Lie algebra and U(g) its universal enveloping algebra. Notice U(g) is

generated as an algebra by 1 and g. It has a unique Hopf algebra structure for

which:

LAX)=X®1+1®X,VX €g

24



2. &(X)=0,YX €g

3. S(X)=-X,¥X €g

Let g be a Lie algebra over the field C!. An infinitesimal R-matrix of g is a symmetric

tensor ¢ € g ® g such that [A(X),t] = 0,VvX € g. The commutator is taken in
U(g) ® U(g).
Suppose we are given an infinitesimal R-matrix . Write t = ), a; ® b;. We have

Ej[A(aj)7 t] ® b; = 0, thus:

> a0 @b ®b; — aia; @ b; ® b, + a; ® ajb; ®b; — a4, @bia; ®b; =0, (1)

i,j
which resembles the 4T relations considered previously. Given a chord diagram w
and an infinitesimal R-matrix t = Y, a;®b; it is natural thus to construct an element
¢:(w) of U(g) in the following fashion: Start in an arbitrary point of the circle and
go around it in the direction of its orientation. Order the chords of w by the order
with which you pass them as in figure 5. Each chord has thus an initial and an end
point. Then go around the circle again and write (from the right to the left) a;, or
b, depending on whether you got to the initial or final point of the k** chord. Then
sum over all the i;’s. For example for the chord diagram of figure 5 the element
$e(w) is:

Z biy biybiy aiz 0,04, -

11,i2,i3

IWe could obviously consider any field, however it needs to be a subfield of C so that the
evaluation of chord diagrams make sense. Notice the the Kontsevich Universal knot invariant has

values in the algebra of chord diagrams with coefficients in Q
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Figure 5: Enumerating the Chords of a Chord Diagram

See [K] or [CV] for more details. It is possible to prove (we are going to do it in 5.1)
that ¢,(w) is well defined as an element of U(g), that is it does not depend on the

starting point in the circle. Moreover:

Theorem 2 Let g be a Lie algebra and t € g® g be an infinitesimal R-matriz. The

linear map ¢, : V,, — U(g) satisfies the 4T relations, therefore it descends to a linear
map ¢, : A, — U(g). Moreover:
1. The image of ¢, is contained in C(U(g)), the centre of U(g).

2. The degree of ¢,(w) in U(g) with respect to the natural filtration of U(g) is not

bigger than twice the number of chords of w.
3. Givenw € A, and v’ € A, we have ¢;(wH#w') = ¢¢(w)de(w’)

4. Consider the map ¢, : A — C(U(g))[[R]] such that if w = 3 oy, Wn with
wn, € A, for each n € Ny we have

¢t,h = Z ¢t(wn)hn'

nENo

Then ¢y is a C-algebra morphism.
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Usually we put ¢, instead of ¢, to simplify the notation. This is a well known
result. However I could not find a complete proof of it in the literature. A large
part of this thesis depends on it, therefore we will give a proof of the difficult part
of it in 5.1.

Obviously, depending on the Lie algebra and the infinitesimal R-matrix we choose,
the evaluation of ¢, will satisfy some additional relations to the 4-term relations.
We will give a description of this for the s{(2, C) case in 5.2, following [CV]. As we
will see in the next section, apart from scaling, there exists only one infinitesimal

R-matrix in s{(2, C), and in general in any simple Lie algebra.

1.3.1 Constructing infinitesimal R-matrices

There exists a standard way to construct infinitesimal R-matrices in a Lie algebra
g. Suppose we are given a g-invariant, non degenerate, symmetric bilinear form
<,> in g. Here g-invariance means that we have < [X,Y],Z > + < Y,[X, Z] >=
0,VX,Y,Z € g. If g is semisimple the Cartan-Killing form verifies the properties
above. Take a basis {X;} of g and let {X*} be the dual basis of g* . Then it is easy
to show that for any A € C the tensor t = A, X; ® X" is an infinitesimal R-matrix

of g. We are identifying g* with g using the nondegenerate bilinear form <,>.

Suppose g is a semisimple Lie algebra and let t = Y ,a; ® b; be an infinitesimal
R-matrix in g. Let also <, > denote the Cartan-Killing form on g. Then the map
g — g such that X — > . < X,a; > b; is an intertwiner of g with respect to its
adjoint representation. Therefore if g is simple it is a multiple A of the identity.

This permits us to conclude that ¢t = A X; ® X

Let us now look at the case when g is semisimple. Then g has a unique decomposition
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of the form g = g, @ ... @ g,,, where each g; is a simple Lie algebra. The Cartan-
Killing form in each g; will yield an infinitesimal R-matrix ¢; in each g;. Obviously
each linear combination ¢ = Aty + ... + Ant, is an infinitesimal R-matrix for g. An
argument similar to the one before proves that any infinitesimal R-matrix in g needs
to be of this form.

It should be said that in the case in which an infinitesimal R-matrix in a Lie algebra
g comes from a non-degenerate, symmetric and g-invariant bilinear form then our

construction of central elements yields the same result as [BN], cf [CV].

1.3.2 Universal U(g)-knot invariants

Recall that the Kontsevich integral is a sum of the form Z(K) = }° .y wy with
wy, € An,Vn € Ng. Let g be a Lie algebra and ¢ an infinitesimal R-matrix of g. We
can consider the composition ¢; o Z. This will yield a knot invariant with values in

the algebra of formal power series over the centre C(U(g)) of U(g). Therefore:

Theorem 3 Let g be Lie algebra and t an infinitesimal R-matriz in g There exists
a framed knot invariant 2, = (¢, o Z). It has the form:

+oo
Zi= (0 2): K= Y (¢ 0 Za) (KR, (2)

n=0

where (¢ 0 Z,)(K) € C(U(g)),n =0, 1...

If g is simple then according to the results of 1.3.1 there exists essentially only one

infinitesimal R-matrix ¢. In this case (¢; o Z) is called the universal U(g) knot

invariant.
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If g is complex semisimple and t is the infinitesimal R-matrix coming from the
Cartan-Killing form in g, then (¢; o Z)(K) defines an analytic function from C to
the completion of U(g), where U(g) is given the topology of convergence in its finite
dimensional representations, cf. [PS]. In other words, for any finite dimensional
representation p of g in V, the power series p(¢; o Z)(K) converges to a linear
operator V' — V, in fact to a multiple of the identity if V is irreducible. The usual
quantum group knot invariants are obtained by taking the trace of these operators.
We will go back to these issues later in 3.3 for the sl(2,C) case. This thesis aims

mostly to consider the case in which we admit infinite dimensional representations.

1.3.3 C[[h]]-valued knot invariants

Let g be a Lie algebra and t be an infinitesimal R-matrix in g. Suppose are given
a morphism f : C(U(g)) — C. Morphisms f like this are usually called central
characters of g. Composing f with Z; = (¢; o Z) yields a canonical knot invariant

(see the end of 1.2) fo ¢y o0 2.

Obviously any map f : C(U(g)) — C will define a knot invariant in the same fashion.
However, if f is a morphism then f o ¢, : A — C[[h]] is also a morphism of algebras

thus the properties 2 and 5 of theorem 1 will translate in the obvious way to fo¢,0 2.

It is not difficult to examine the conditions whereby this kind of knot invariants are
unframed. Let ¢t = ), a; ® b; be an infinitesimal R matrix in a Lie algebra. Define
Cy = 3, a;b; = ¢:(0). It is a central element of the universal enveloping algebra of g.
Call it the quadratic central element associated with ¢. The infinitesimal R-matrix
t can be recovered from C; by the formula

_ A(Ct)—1®Cz—Ct®1
= 5 .

t
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A morphism f : C{(U(g)) — C is said to be t-unframed if f(C;) = 0. From theorem

1, 2 and theorem 2, 3 it is straightforward to conclude that:

Theorem 4 Let g be a Lie algebra with an infinitesimal R-matriz t. Consider also
a morphism f from the centre of U(g) to C. Then the knot invariant f o Z; is
unframed if and only if the morphism f is t-unframed.

Notice the Kontsevich integral of each knot is invertible in 4. This is because the

term wp € Ay is the unit of .A. We need this fact to prove the last theorem.

1.3.4 A factorisation theorem

Suppose the Lie algebra g = g; @ g, is the direct sum of two Lie algebras. If ¢; and
t, are infinitesimal R-matrices in g; and g; then ¢ = ¢; + ¢2 is also an infinitesimal

R-matrix in g. Moreover given a chord diagram w we have the following identity:

cf [BN]

de(w) = (1, ® dra) A(w).
It is trivial to conclude this from the definition of A. We are obviously considering
the standard isomorphism U(g) & U(g;) ® U(gs) such that (X,Y) —» X ®1+1®Y
for (X,Y) € g
If we are given two algebra morphisms f; : C(U(g;)) — C,i=1,2, then f = i ® f1
is an algebra morphism C(U(g)) = C(U(g:)) ® C(U(g:) — C. We can thus consider

the knot invariant f o Z;. It expresses in a simple form in terms of f;0 2Z;,,i=1,2.

In fact:
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Theorem 5 Given any (oriented and framed) knot K we have:

(f 0 Z)(K) = (f10 21, )(K) x (f20 2,,)(K),

as formal power series

Proof.
Let K be a knot, write Z(K) = EneNu wy, with w, € A,,Vn € Ng. We have:

(fo Z)(K) =Y (fo ¢r)(wn)h"

neNo

= > (f18 1) (¢ ® du)(A(wn))h"

neNg

=D Y (A®fr)o (B ®dy,)(we @ wy)h"

neNg k+l=n

=5 3 [(f1 0 ) @e)l [(f2 © 1) ()] A

n€ENp k+l=n

= (fl oztl)(K) X (fZ Ozta)(K)'

This result and proof appears in [GN]

1.4 The Coloured Jones Polynomial

1.4.1 The algebra U,(s!(2,C))

The coloured Jones Polynomial is constructed out of the finite dimensional represen-
tations of the h-adic Hopf algebra Uy (sl(2,C)), the quantised universal enveloping
algebra of s[(2, C). We will follow the convention of [H]. The algebra U, (s{(2,C)) is
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the complete C{[h]]-algebra topologically generated by H , E and F and relations:

HE = E(H +2),HF = F(H - 2),(EF — FE) = Sl?fﬁ?/%)

Yy~

Let ¢ = exp(h),v = exp(h/2) and K = exp(hH/2). Set [n] = [n]y = =X+ and
[n]p! = [1][2]...[n]). The algebra Ux(sl(2,C)) can be given a structure of ribbon quasi

Hopf algebra with R-matrix

+o00 n{n+1)
R = y3H®H Z v ?
[n]!

n=0

and group like element G = K. Therefore, the ribbon element 8 is

0=K"1Y (t)s;,
S

(v—vHY"E"® F™,

where R = Y .s; ® t;. See [RT], for example for the definition of ribbon Hopf
algebras.

The theory of finite dimensional representations of U,(sl(2,C)) is similar to the
representation theory of sl(2,C). A complete set of indecomposable representations
of Un(sl(2,C)) made out of the representations of spin a € ;Ng. These are repre-

sentations in the free C[[h]]-module with basis {vy, ..., ¥2a} and actions:

Hv;=(n—2)v;, Ev;=[n+1—iviy, Fuvi=I[i+1}vi.

[2]
Alternatively, we can see it as a representation in V, the free C[[h]] module with

basis {¥_q, .-, Ua}, considering this actions of generators of Ux(s!(2, C)):

[+ [+3
Hv;, = 2a,v;,

E%, = v 10 \/[a + 0 + 1][@ — ta)Piat1,

FP;, = vtiyie Ve = iq + 1][a + i) Bip—1
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The possibility of writing the representations in this way will be important later.
Notice that the terms under the square roots always define holomorphic functions in
a neighbourhood of zero, thus elements of C[[h]]. These are all the indecomposable

finite dimensional representations of Ux(sl(2,C)). See [KS] or [CP].

1.4.2 Ribbon Hopf Algebras, knot invariants and the Coloured Jones
Polynomial

Recall that any finite dimensional representation V' of a ribbon Hopf algebra A
always define a framed knot invariant /. Let us say what our conventions are. See
[K],[RT] or [CP] for more details. Let R = Y, s; ® t; be the R-matrix of .4 and
@ its ribbon element. Recall the group like element G of A is G = uf~! where
u=>3,S(t)si

Let A be a ribbon Hopf algebra with an R-matrix R = ), s; ® t;, and group like
element G. Let V be a finite dimensional representation of A. Choose a basis {v;}
of V and let {v'} be its dual basis of V*. Notice V* is also a representation of A
under the rule af(v) = f(S(a)v),v € V,f € V*,a€ A . If K is a framed knot then

I(K) is calculated from a regular projection of K under the rules:
FO) =1~ Zv,- ® v,
i

FG) =1-Y v'®G'u
F(R)=f®vr f(v),
F(R)=v® f  f(Gv),

.’F(X+)=v®w»—->2tiw®siv,
i

33



NN AN O

Figure 6: Knot Generators G, §, 7, 7, X4 and X_

Figure 7: 1-framed unknot

FX)=w®uvm— Es—iw@?t_iv,
B
where R=3 .5, ®t;and R' =Y, 5 Q%
For example the evaluation for the 1-framed unknot in figure 7 is:

1— Z'Ui ® G—I’Ui — thG“lvi ® Sj’Ui — Zsjvi(thG’lvi) =
i

1,J i,J

Zvi(S(sj)thG"lvi) =tr{v Zvi(S(sj)thG'lv} = tr{v —~ fu~lv}
1,7 J

= tr{v — G~ 1v}.

Definition 6 The coloured Jones polynomial J*, where o € Ng is, by definition

the framed knot invariant made out of the the ribbon Hopf algebra U, (sl(2,C)) and

the representation of spin a of it

Therefore the coloured Jones polynomial is a knot invariant with values in C[[A]].

In fact if we look at 1.4.1 it is trivial to conclude that J*(K) is always a Laurent
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polynomial in exp(h/4) = v3.

1.4.3 The coloured Jones polynomial and central characters

Let g be a simple Lie algebra and p a representation of g in the vector space V.
Then p is said to admit a central character if every element of C(U(g)) acts on
V as a multiple of the identity. In this case there exists an algebra morphism
Ap : C(U(g)) — C such that p(a)(v) = A,(a)v,Ya € C(U(g)),v € V. The algebra
morphism A, is called the central character of the representation p. In particular, if
g is a Lie algebra with an infinitesimal R-matrix ¢ then given any representation p
of g with a central character, we can construct the knot invariant (A, o ¢, o Z), as

in 1.3.3. It has values in the algebra C[[h]] of formal power series over C.

Recall that the coloured Jones polynomial J, where o € %No is, by definition the
framed knot invariant made out of the the ribbon Hopf algebra U, (s{(2, C)) and the
representation of spin « of it. It is therefore a framed knot invariant with values
in C[[]]. However, apart from normalisation, the coloured Jones polynomial is
a particular example of this construction. Let ¢ be the infinitesimal R-matrix of
s1(2,C) corresponding to the bilinear form in it which is minus the Cartan-Killing

form. Notice a nice form for ¢:
1
t= —Z(ax®ax +0y oy +0z80z),

where ox, oy, 0z are the Pauli Matrices. See 2.1. Another expression for ¢ appears
in 1.4.6. Consider for any o € 1Ny the representation p of sl(2,C) with spin a, thus
8 admits a central character which we denote by A,. Given a framed knot K Let

J*(K) denote the framed Coloured Jones Function of it. Notice we ”colour” the
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Jones polynomial with the spin of the representation, rather than with the dimension

of it. The last one is the usual convention.

Theorem 7 We have:

gg—({f% = (a0 Z)(K),Va € %No- 3

This is well known, though non trivial. A path for proving it relies upon the frame-
work of quasi Hopf algebras and the notion of gauge transformations on them. This
is described by Drinfeld in [D1] and [D2]. The context in which we need to apply
it is the quantised universal enveloping algebras one. In this case some rigidity re-

sults ensure the above theorem is true. All this is described in detail in the same

references. For a complete discussion, see [LM1] or[K].

1.4.4 Melvin-Morton Theorem and z-Coloured Jones Polynomial

Let K be a framed knot write

JUK) n
B el o h".
20 +1 ';NOJ"(K)

It is a well known result that given a knot K then J2(K) is a polynomial in o with
degree at most 2n, cf [MM], [C]. This is known as Melvin-Morton theorem. The
fact it is a polynomial is consequence of the fact that the centre of U(sl(2,C)) is
generated by the Casimir element of it, together with part 1 of Theorem 2. Notice
the Casimir element act as a{a + 1)/2 in the representation of spin . The fact it

is of degree 2n is clear from our discussion in 1.4.6. Alternatively we can prove it
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from part 2 of theorem 2 2. We will go back to this in 3.3. Therefore we can write:

=y \;Jnka kA, (4)

neNg k=0
where the constants J,, x(K) are uniquely determined, therefore defining a framed

2a+1

knot invariant. For any complex number z it thus makes sense to consider the

z-coloured Jones polynomial:

J*(
2z+1

This yields thus a knot invariant whose value in a knot is a formal power series in

=) JI(K)(2)h™

neNg

two variables:

K > Jn(K)Zh"

m,n€Ng
with J, x(K) = 0 for £ > 2n. A major part of this thesis aims to investigate

whether or not this kind of series defines an analytic function in two variables. As
we mentioned in the introduction, and are going to prove in 4.1, they can have a
zero radius of convergence, thus this can only be made precise in a perturbation
theory point of view, as we will see in 4.2. This relates to the question of whether
it is possible to define numerical knot invariants out of the infinite dimensional
representations of SL(2, R), see theorem 26, and of the Lorentz Group after Theorem
16. It is known that if « is a half integer then

‘2]:(+1 > (ZJnk )

meNg =0

?The part of the centre of U(sl(2, C)) of degree smaller than 2n is generated by polynomials in

the Casimir element of s[(2,C) having degree n, see [VAR] for example
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defines an analytic function in h. See the comments at the end of 1.3.2 and 3.3.

1.4.5 First example: The Unknot

For the unknot O the series J*(0)/(2z + 1) has a non zero radius of convergence

at any point 2 € C. The proof is not very difficult for we can have an explicit

expression for it. Define, for each 2z € C the meromorphic function:

_ 1 sinh((2z41)h/2)
F(h) = 2z+1  sinh(h/2)

Thus for each o € 1N, we have

_J0) _  jaroypn
Fu(h) = 3 —gNan(om :

Consider the expansion:

F(R) =) c(2)ah™

n€Ng
It is not difficult to conclude that each ¢(z), is a polynomial in z for fixed n.

Moreover c(a), = J2(0), Vo € 3N,. This implies

J*(0)
22+ 1

as power series in h. In particular the power series for the unknot are convergent.

= Fz(h’)’

This means it makes sense to speak about the quantum dimension of the represen-
tations of spin z, which are going to be defined later. To be more precise we made

sense of the quantum dimension of them divided by their dimension as vector spaces.
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But notice the dimension of a representation of spin z with z ¢ 3N is infinite. For

some more explicit examples see 3.3.

1.4.6 A representation interpretation of the z-Coloured

Jones Polynomial

We can give an interpretation of the z-coloured Jones polynomial in the framework

of central characters. To this end, define the following elements of sl(2, C):

1 0 01 00
H= E = H =
0 -1 00 10
Then the infinitesimal R-matrix which we are considering in s/(2, C) expresses in

the form:

2

Notice that t is defined out of the inner product in sl(2,C) which is minus the

H
t=—i (E®F+F®E+H® )

Cartan-Killing form. In particular, the Casimir element C of si(2,C) is equal to
~C;, where C; is the quadratic central element associated with . Recall subsection

1.3. The exact value of the Casimir element of U(sl(2, C)) in this basis is:

1 H?
C—Z (EF+FE+ 7)
Given a half integer «, the representation space Io}of the representation of spin « has

a basis of the form {vp, ..., v30}. The action of the elements E, F and H of sl(2, C)

(43
in Vis:

Huy, = (k — a)vg,
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Ev, = (20 — k)vgya,

F’Uk = k’l}k_l.

For a complex number z ¢ %No, it makes sense also to speak about the representation
z
p of spin z. Consider V as being the infinite dimensional vector space which has the

basis {v2.,V2.-1,V2,—2,...}. Then the representation 5 of spin z is defined in the

form:

Huy, = (k — 2)ug; k= 22,22 - 1,...,
Evy = (22 — k)vgp1 k= 22,22 - 1,...,

Fo, =kvg_y1; bk =22,22—-1, ...

The representations of spin 2 ¢ %No have a central character )., since it is easily
proved that each intertwiner Iz/——+ Ii'must be a multiple of the identity. But see
[VAR], 4.10.2. and 3.3, namely they are the unique cyclic highest weight represen-
tations with maximal weight z, this relative to the usual Borel decomposition of
sl(2,C). Consider, given z € C, the framed knot invariant (), o Z;). Where, if o is
half integer, A, is the central character of the usual representation of spin a. See

1.3.3. Given a framed knot K it has the form:

Az 0 Z)(K) = ) Ri(K)h™,

neNg

where, by definition:

Ri(K) = (As 0 d)(wn) = > As(Sr(wn))h",

n€Ng
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for
Z(K) =) wn,wn € An,¥n € No.

n€ENg

Also
J(K)
2z+1

1
= Z RY(K)h",Va € §N
neNg
Suppose w is a chord diagram with n chords. Let us have a look at the dependence

of A\,(¢:(w)) in z. It is not difficult to conclude that it is a polynomial in this
variable of degree at most 2n. This is a trivial consequence of the definition of the
central element ¢;(w) as well as the kind of action of the terms appearing in the
infinitesimal R-matrix ¢ in </ For more details see 6.2.1 and 3.3. In particular if K
is a framed knot then RZ(K) is a polynomial in z. Since by theorem 7 we also have

R2(K) = J¥(K),Va € 1Ny, we can conclude:

JHK)
2741

which gives us an equivalent definition of the z-coloured Jones Polynomial.

(A 0 Z)(K),

The central characters of the representations of imaginary spin are actually the
infinitesimal characters, cf [Kir] and 3.1, of the unitary representations of SL(2, R)
in the principal series, cf [L], with the same parameter. See 5.3 for the proof of this.
Notice however that the derived representation of them in sl(2,R) ®r C = 5{(2,C)
is not any of the representation of imaginary spin just defined. We will consider this

point of view later in 3.3.
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2 The Lorentz Group and knot invariants

Let g be a semisimple Lie Algebra. As proved by Drinfeld in [D1], there is a one to
one correspondence between gauge equivalence classes of quasitriangular quantised
universal enveloping algebras H of g over C[[A]], cf [K], and infinitesimal R-matrices
in g. Let us be more explicit about this. It is implicit in the definition of a quantised
universal enveloping algebra H that there exists a C-algebra morphism f : H/hH —
U(g). Having chosen such morphism, the canonical 2-tensor of A is defined as
t = f((RaR — 1)/h). It is an infinitesimal R-matrix of A. See [D1]. Here R
denotes the universal R-matrix of H. In the case of U,(sl(2,C)) this tensor ¢ is the
infinitesimal R-matrix in sl(2, C) coming from the Cartan Killing form. The same
happens for the Drinfeld-Jimbo quantisation of any semisimple Lie algebra. See [K].

Actually, if H quantises the pair (g, ) where 7 is a classical r-matrix in g, see [CP],

then t is the symmetrisation of r.

In general, each quantised universal enveloping algebra can be given a structure of
a ribbon quasi Hopf algebra (as defined in [AC] for example), and therefore there is
a knot invariant attached each finite dimensional representation of it, or what is the
same, of g. These knot invariants take their values in the ring of formal power series
over C. If the representation used is finite dimensional and irreducible then it has a
central character. In particular the framework of last section can be applied, using
the infinitesimal R matrix ¢ which is the canonical 2 tensor of H. It is a deep result
that with these choices the two approaches for knot invariants are the same, up to
division by the dimension of the representation considered. This is a generalisation
of theorem 37 to arbitrary semisimple Lie algebras. To be more precise we need also

to change the sign of the infinitesimal R-matrix ¢, cf [K].
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In the case in which we consider a g-deformation of the universal enveloping algebra
of a Lie algebra g, then no such classification of gauge equivalence classes of quantised
universal enveloping algebras exists. But sometimes it is possible to make sense
of the formula for ¢. This is because we have a g-parametrised family of braided
Hopf algebras that tends to the universal enveloping algebra of g as q goes to 1.
Alternatively they can be seen as particularisations of the C[[h]]-algebras Uy(g) to
complex g.

As we mentioned in the introduction, despite the fact that the g-deformed Drinfeld-
Jimbo quantised universal enveloping algebras U,(g) of semisimple Lie algebras are
not honest ribbon Hopf algebras, their category of finite dimensional representations
is a ribbon category. That is they have formal R-matrices and ribbon elements,
which make sense when acting in their finite dimensional representations. We will
see this in chapter 7. The target space for the knot invariants in this context is
the complex plane. These numerical knot invariants can be obtained, apart from
rescaling, by summing the powers series which appear in context of h-adic Drinfeld-
Jimbo algebras; in other words by summing the power series that come out of the
approach making use the Kontsevich Integral and using the infinitesimal R-matrix

which is the heuristic canonical 2-tensor t of Uy(g).

Let us pass now to the quantum Lorentz Group D = Uy(sl(2,C)r) as defined in
[BR1] and [BR2]. It is a quantum group depending on a parameter ¢ € (0, 1).
We will make a complete study of it in chapter 7. As said in the introduction, we
wish to analyse the question of whether or not there exists a knot theory attached
to the infinite dimensional representations of the Quantum Lorentz Group. The
situation is more or less the same of the case of g-Drinfeld-Jimbo algebras. Namely

we have a formal R-matrix which comes from its structure of a quantum double
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as well as a formal ribbon element. It is possible to describe how they act in
the unitary representations of D. The situation is simpler if the minimal spin of
the representation is equal to zero, in which case the representation is said to be
balanced. Representations of this kind are called simple in [NR]. In this context,
the ribbon element acts as the identity and therefore the knot invariants obtained
are unframed. Since we have a formal R-matrix and a formal ribbon element, given
a knot diagram it is thus possible to make a formal Reshetikhin-Turaev evaluation
of a knot invariant. This will yield an infinite sum for any of those. We will give a

description of this construction in Chapter 7.

One natural thing to do would be analysing whether the ”derivatives” of these
sums in zero define or not Vassiliev invariants, or whether is possible to make sense
of them, in the framework of Kontsevich Universal Invariant. It is not difficult
to find an expression for an heuristic canonical 2-tensor of the quantum Lorentz
group. Also the unitary representations of the Quantum Lorentz Group in the
principal and complementary series have a classical counterpart. They are infinite
dimensional representations of the Lie algebra of the Lorentz group which admit a
central character, and therefore the framework of the last section can be used. This
is the program we wish to consider now. We will prove that the knot invariants that
we obtain are the ones defined out the infinite dimensional representations of the

Quantum Lorentz Group?® later in Chapter 7.

30r more precisely the asymptotic expansion of these
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2.1 The Lorentz Algebra

Consider the complex Lie group SL(2,C). Its Lie algebra s{(2, C) is a complex Lie

algebra of dimension 3. A basis of sI(2,C) is {ox,0y, 0z} where

i 0 1{0 i 1
yOxX = = yOy = =
0 —i 2\i 0 2

The commutation relations are:
[UX,O'Y]':O'Z, [UY10.Z]=0-X) [UZ)UX] =0y.

N ==

Oz =

We can also consider a different basis {H,., H_, H3}, where
H, =iox — sy, H_=iox+ioy, H3=1i0z.
The new commutation relations being:

[H+)H3]= _H3a [H_,H3]=H_, [H+1H—]=2H3-

Restricting the ground field with which we are working to R, we obtain the 6 di-
mensional real Lie algebra s[(2, C)g, the realification of sl(2, C).

Definition 8 The Lorentz Lie algebra L is defined as being the complez Lie algebra
which is the complezification of sl(2,C)g. In other words L = sl(2,C)g ®g C. It is
therefore a complex Lie algebra of dimension 6. The Lorentz algebra is the complez

algebra U(L) which is the universal enveloping algebra of the complex Lie algebra L.

The set {ox,Bx = —iox,0yv,By = —ioy,0z,Bz = —ioz} is a real basis of
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s1(2, C)g, and thus a complex basis of L. The commutation relations are:

[ox,0v] =02 loy,0z] = ox [02,0x] = oy
oz, Bx] = By oy, Bx] = —~B3z [ox,Bx]=0
[0z, By] = —Bx [oy,By] =0 [ox, By] = Bz
[02,Bz] =0 [ov, Bz] = Bx lox,Bz) = —By
[Bx, By] = ~oz [By, Bz) = —ox [Bz, Bx] = —oy.

We can also consider the basis {H,, H_, H3, F,, F_, F3} of L, where :

H, =iox —oy, H_=iox+oy, H;=i0z,

F, =iBx — By, F_.=iBx+ By, F3=1iBj.
The new commutation relations being:
[H+, Ha] = —H+, [H_, Hg] = —H_, [H+, H_] = 2H3,

[Fy, Hy] = [H_, F_] = [H3, F3] = 0,
[Hy, F3] = —Fy,[H-, F3] = F_,
(Hy F) = —[H_,F,] = 2F3,
[F3,Hy) = —F,,[F_, H] = F_,

(Fy,F3] = Hy,[F_,F3) = H_,[Fy,F_] = —2H,.

The following simple theorem will be one of the most important in our discussion.
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Theorem 9 There exists one (only) isomorphism of complez Lie algebras T : s1(2,C)®

sl(2,C) — L = 5l(2,C)gr ®g C such that:

Ux—iax®i_ax+in
2 -2

0)(@0?—?

Ox +iox ®i1 ox —iByx

0 =
Soxr 2 2
oy@OHay—i0y®izay+iBy’
2 2
0@0yH0Y+10Y®Z=UY_ZBY,
2 2
O_Z®0H0'2——Za'z®’l=0'z+ZBz’
2 2
080y — Uz+i20'z®’i= 0'2-—2?:32'

And thus we have also a Hopf algebra isomorphism
r: U(sl(2,C)) @ U(sl(2,C)) — U(L).

Proof. Easy calculations m

Given X € si(2,C), define X! = 7(X & 0), X" = 7(0 & X). And analogously for
X € U(sl(2,C)). We have: |

H i F H_+iF_ H; + iF:
Hi=_+_"2"_+, Hl_=__._'*§'_z_, Hi=__—_32 8
. Hy—iF, . H_—iF. . H3—iF;
H+—_2—_—a H_—_—Q_"—'a H+— 2 .

Consider also C! = 7(C ®1) and C" = 7(1® C), where C is the Casimir element of
sl(2,C) defined in 1.4.6. The elements C* and C” are called Left and Right Casimirs
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and their explicit expression is:

ACH = Hi -~ F} 4 HsFs | EHs

2 " 2
H,H.H.,F. FH_ F.F
+ ) +12 ) +1 1 - i
+ H_H, . H_F, N Z,F_H+ _F_F,
4 g 4 4
and
r__Hg_Fsz ~H3F3 .F3H3
4C" = 7 -1 2 —1 5
. HH. Z,H+F_ _Z,F+H_ _ R F.
4 4 4 4
H.H, Z,H_F+ i Z,F_H+ _FF,
4 4 4 4

We can also consider the left and right image under 7 ® 7 of the infinitesimal R-
matrix of U(sl(2, C)). We take now ¢ € sl(2,C) ® 5l(2,C) as being the infinitesimal
R-matrix coming from the Cartan-Killing form. That is minus the one considered

in 37. These left and right infinitesimal R-matrices are:

H;® H. F: H
4t = 32 3 _ 3‘529F3+2-H3<§>F3+Z.F3Q; 3
H H_ _ H. F.QF
+ +f +2H+;®F +ZF+§ _ +4
H ®H, H_Q®F; _F_®H+_F_®F+
) +1¢ ) +1 ) 7 s
and
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— H3®H3_ F3®F3—iH3®F3—iF3®H3

4¢"

2 2 2 2
H ®H. _H,®F F,9H F,®F
1 1 4 1
H ®H, H.8F F®H+t FOF
1 1 1 1

Any linear combination at’ + bt" of the left and right infinitesimal R-matrices is an
infinitesimal R-matrix for L. In fact all them are of this form as proved in 1.3.1.

We wish to consider the combination ¢; = # — #". That is

i

1
8

4

i

8

i

3 F,®H._.

H_®F, +

t, =i F_®H++%H+®F_+

1,
H3®F3+ZZF3®H3+
Notice another expression of it:

tr =-;-(BX®0X+UX®BX+By®0’y+0’y®BY+BZ®UZ+UZ®BZ)-

The quadratic central element of U(L) associated with ¢ is:

_ .. _ .HFy FHy HF. FH.  HF, FH,
Co=C, =1 3 T it i +i—g— Fi—g

The reason why we consider this particular combination of the left and right infinites-
imal R-matrices is because it corresponds to the heuristic canonical two tensor of
the Quantum Lorentz group U,(sl(2, C)g) considered in [BR2]. Notice it is the sym-
metrisation of the classical r-matrix of s[(2, C)g, see [BNR] page 19. The knot theory
obtained from t; and the unitary representations of the Lorentz Group ought to be

related to any knot invariants that can be defined from the unitary representations
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of Uy(sl(2, C)g) for g € (0,1). We shall see in the last chapter (Theorem 136) that

this is the case, at least for balanced representations.

The general case in which we admit other infinitesimal R-matrices is not more diffi-
cult, however the relations with the knot theory coming from the Quantum Lorentz
Group is not as transparent. This is because we are changing the quantum group
with which we are working. See the introduction to this chapter. Another interesting

combination of the Left and Right infinitesimal R-matrices is the following:

A 1
it = tl+tr = g(ax®0x—Bx®Bx+0'y®0'y—-By®By+0’z®0‘z—Bz®Bz). (5)

It corresponds to working with U, (su(2)) ® U,(su(2)), with ¢ in the unit circle.

Both ¢, and f; are identified with the obvious invariant non-degenerate bilinear
forms in the Lie algebra of the Lorentz group . In fact, it is possible to prove that

the Chern-Simons functional
2
CS(A) = exp (z—l—/ tr (A/\dA+-A/\A/\A>> 6)
A7 Jur 3

is gauge invariant if and only if tr is defined out of the non-degenerate, invariant,
bilinear form in L associated with nfy, + str, with n € Z and s € C, see [W]. Here

A denotes an L-valued 1-form in a 3 manifold M.

4The first is the imaginary part of the Cartan Killing form in sl(2, C) whereas the second is the

real part of it
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2.1.1 The irreducible Balanced Representations of the Lorentz Group

Let us be given a complex number p = |p|e?,0 < § < 2r different from zero. We
define once for all® the square root /p of p as being \/W = \/lzl-eig. Form € Z
define the set W;, = {p € C: |p| € Njmj+1}, where, in general, N,, = {m,m+1,...},
for any m € N. Consider the set P = {(m,p) : m € Z,p € W,,}. Define, for any
a € Nand (p,m) € P:

Cal(p,m) = \/ (@ - f;(f"’l— m?)

ipm
ale+1)
Thus Cu(p,m) #0,a = |m|+1,|m| +2...,¥p € W,,

Ba(p,m) =

Consider the complex vector space

vim) = @ V,

a€Njy

[+
where V denotes the representation space of the representation of sl(2,C) of spin
o. The set {3;,i = —a, —a +1,...,a;& € Njy} is a basis of V(m). Consider the
inner product in V/(m) that has the basis above as an orthonormal basis. Define

also V(m) as being the Hilbert space which is the completion of V(m).

Given (p, m) € P, consider the following linear operators acting on V(m):

Haiojk = k%k, k=-a,—-a+1,..,0,a € N|m|,

H. % =+v(a+k)(a—k+ ), k=—a,—a+1,..,a

5We will see in a second that this choice is totally irrelevant

51



H. % = {a+k+1)(a -k k=—a,—a+1,..,q,

Fyty = Ca(m, p)V/ (@ — k)@ —k — 1) %_1k+1
- Ba(m’p)\/(a +k+ 1)(a - k)5k+1

+ Cos1(m,p)V(a+ k+ D{a+k+2) TR
k=-a,-a+1,..,a,a € Npp,

F %= —Co(m,p)Va+k)(a+k—1) %%
~ Bo(m,p)v/(a — k + 1)(a+ k)04

- a+1(m7p) \% (a + 1)2 —- k2 qv+1k‘)

=-a,—a+1,..,a,a€ Nlml’

F¥e = Ca(m,p)Vo2 — k2 %'y — Bo(m, p)kby
— Can(mp)Ve+ 12 -8 T,
k=-a,-a+1,.,a,a0€ N,m,,

Obviously we are considering % = 0 if Kk > o or k < —a. We have the following

theorem, whose proof can be found in [GMS]

Theorem 10 If (p,m) € P, the operators H_, H,, Hs, F_, F, F3 define an infinite

dimensional representation of the Lorentz algebra.

Notice that the representations (m,p) and (—m,—p) are equivalent. This has a

trivial proof.
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In fact, the operators displayed before define a representation of the Lorentz algebra
if and only if:
(Bal@ +1) = (@ = 1)Ba1) Ca = 0,
(Bati(a+2) — aBy) Cay1 =0, )
(2a—1)C2 — (2 +3)C2,, - B2 =1.

The quantum case will be very similar. We have put B,(m, p) = B, and C,(m,p) =
C, to simplify. See [GMS]. In particular the square root we choose in the definition
of C,(m,p) is not important if we want to define a representation. In addition,
making the transformation 9; + (—1)%%; where c, € {0,1} tells us the choice of

the square root does not affect the representation apart from isomorphism, therefore

being totally irrelevant.

Denote the representations above by {p(m,p) : (m,p) € P}. One can prove with
no difficulty that they have a central character, for any intertwiner V(m) — V(m)
needs to send each space 17 to itself and act on it has a multiple of the identity.
Considering the action of F,, for example, we conclude that the multiples are the

same in each space Ic} See [BR2], proof of irreducibility in theorem 3. Therefore

Theorem 11 For any (m,p) € P the representation p(m, p) of L admits a central

character A, p.

For any (m,p) € P the representation p(m,p) of L can always be integrated to a
representation R(m,p) of the Lorentz group in the completion V(m) of V(m), or
to be more precise of its connected component of the identity, see (GMS] I1.4.7.
The resulting representation is unitary if and only if p is purely imaginary, for
any m € Ng, in which case the representation is said to belong to the principal

series, or if m = 0 and p € [0,1) in which case the representation is said to belong
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to the complementary series. In other words, for these last cases, there exist a
representation R(m,p) of the Lorentz group in V(m) such that V(m) is contained
in the space Vio(m,p) of smooth vectors of R(m, p), and, moreover, such that the
derived representation R*(m,p) of U(L) in Vi (m,p) when restricted to V(m) is
p(m, p). see [Kir] or 3.1 for nomenclature and notation. See 3.3.3 for a description of
the representations in the principal series described as representations of SL(2,C),
the universal covering of the unit component of the Lorentz group. Since the vector
space V(m) is contained in the space of smooth vectors R(m,p), it is trivial to

conclude that Ay, , is the infinitesimal character of R(m, p). This unifies the approach

here with the approach in 3.3.3.

The parameter m is called the minimal spin of the representation. A representation
is called balanced® if the minimal spin of it is 0. Balanced representations depend
therefore on a parameter p € Wp. Denote them by {pp,p € Wp}. Two balanced
representations p, and p, of L are equivalent if and only if p = g or p = —¢. These
representations were used in [BC] for the construction of a spin foam model for
Quantum Gravity. The extension of that work for their quantised counterpart was

dealt with in [NR].

Observation 12 Since the representations {p(m,p) : (m,p) € P} have a central
character, the left and right Casimirs defined in 2.1 act on V(m) as multiples of the
identity. This multiples are, as a function of m and p the following: e’;t%mp;‘_mi:_l_
for C* and Lzﬁ"-%*ﬁ forCr.

Therefore:

6This nomenclature is due to John Barrett and Louis Crane. See [BC]
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Proposition 13 If the infinitesimal R-matriz on U(L) s the tensor t;, defined in
2.1 then the central characters of the balanced representations {A,,p € Wo} are

tr-unframed. Recall the nomenclature introduced before theorem 4.

This can obviously be proved without using the explicit expression of the action of

the Casimir elements.

Notice also that we can consider the minimal spin of the representations considered
to be also to be an half integer, making the obvious change in the form of the repre-
sentation. These kind of representations cannot be integrated to representations of
the Lorentz group, even though they define representations of SL(2,C). They are

called two-valued representations of the Lorentz group in [GMS] .

2.2 The Lorentz Knot Invariant

Consider again the infinitesimal R-matrix {; = t' —t" of the Lorentz Lie algebra. We
consider for each (m, p) € P the representation p(m, p) of L. It has a central charac-

ter Ay p. We propose to consider the framed knot invariants {X(m,p) : (m,p) € P},

such that for any knot:

K X(m,p, K) = (Amp 0 Z5)(K) = (Amp © 1y, © Z)(K).
Recall the notation of 1.3. Notice X(m,p) = X(—m,—p) for the representations
Pm,p 8Nd p_m, _p are equivalent.

The value of X(m,p) in a framed knot K is therefore a formal power series with
coefficients in C. It is a difficult task to analyse the analytic properties of such

power series. We expect they will be perturbation series for some numerical knot
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invariants that can be defined. This is the main subject of chapter 4.

As we have seen, if m = 0, that is in the case of balanced representations, the
central character ), is {z-unframed. This is also the case for p = 0. Notice we have

an explicit expression for the action of the left and right Casimir elements of L.

Therefore

Theorem 14 The knot invariant X (m,p) with (m,p) € P is unframed if and only

ifm=0o0orp=0.

Obviously, for different combinations of the left and right infinitesimal R-matrices,
the representations which have unframed central characters with respect to it are
different. This gives us a way to define an unframed knot invariant out of any
(m,p) € P. But notice this can be done without changing the infinitesimal R-

matrix £z of L, since we know how the invariants behave with respect to framing,

cf theorem 1.

2.2.1 Finite Dimensional Representations

Let us now analyse the knot invariants that come out of the finite dimensional
representations of the Lorentz group. We are mainly interested in the representations
which are irreducible.

Since we have the isomorphism U(L) & U(sl(2, C)) ® U(sl(2,C)), the finite dimen-
sional irreducible representation of U(L), or what is the same of L, are classified by a
pair (¢, () of half integers. That is each finite dimensional irreducible representation
of L is of the form 5 ® § as a representation of U(L) = U(sl(2,C)) ® U(sl(2,C)).

There is an alternative way to construct these finite dimensional representations
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that shows their close relation with the infinite dimensional representations, [GMS].

Let us explain how the process goes. It is very similar to the s1(2,C) case.

Consider m = a—/f and p = a+3+1. Notice that now C,(m,p) # 0if a € |m|, |m|+
L,...,p, and Cp(m,p) = 0. The underlying vector space for the representation with
spins (o, 8) is V(m,p) = M @ M1 @ .. ® 77!, and the form of it is given exactly
by the same formulae of the infinite dimensional representations. The equivalence
of the representations is a trivial consequence of the Clebsch-Gordan formula and
Observation 12 (which still holds) and the know action of the Casimir element of
sl(2, C) (see page 36); since these representations are irreducible. This construction
gives us a finite dimensional representation p(m, p) for each pair (m, p) with m,p €
Z/2 and p— |m| € N;. It makes also sense for |p| — |m| € Z, making the appropriate

changes. As before we have the equivalence p(m,p) = p(—m, —p).

Since we completed the sets W, defined at the beginning of 2.1.1, we have a represen-
tation p(m, p) of the Lorentz algebra for each pair (m,p) with m € Z/2 and p € C.
All of them have a central character Ap,p, since the new representations considered
are finite dimensional and irreducible. The finite dimensional representations give
us framed knot invariant Xg,(m,p) for each pair m,p € Z/2 with [p| — |m| € N;.

This invariant is independent of the framing if and only if m = 0, that is if o = 3.

Consider now the algebra morphisms App 0 ¢;, : A — C, where m € Z and p € C.
The argument is now similar to the one in 1.4.6. If we look at the expression of
the representations pp,,, it is easy to conclude that given any chord diagram w
with n chords, the evaluation of A, o ¢, (w) is for a fixed m a polynomial in p
of degree at most 2n. Notice that any factor of the form C,(m,p) appears in the

expression for Ay, o ¢, (w) an even number of times. For those who want more
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details, all this can be proved from Observation 12 and the fact the centre of U(L)
is the polynomial algebra in the left and right casimirs C* and C". For the case of
balanced representations, that is m = 0, we can also prove that it is a polynomial
in p?. Also the value of the polynomials in p = 1 is zero if n > 0 for the pair with

m = 0 and p =1 yields the trivial one dimensjonal representation of L.

We have proved:

Theorem 15 Consider the framed knot invariants {X(m,p),m € No,p € C}. If
we fizx m € Ny then the term of order n in the expansion of X(m,p, K ), where K
is any framed knot, as a power series is polynomial of degree at most 2n inp . If

m = 0 then only the even terms of it are non zero. Moreover the polynomials attain

zero atp=1 forn > 0.

Therefore, if we know the value of X (m, p, K) for the finite dimensional representa-

tions, that is if |p| — |m| € N we can determine it for any value of the parameter p.

This is similar to the s{(2, C) case.

2.2.2 Relation with the Coloured Jones Polynomial

The relation between the Lorentz Knot invariants that come out from finite dimen-
sional and infinite dimensional representations remarked after theorem 23 gives us

a way to relate the coloured Jones Polynomial with the Lorentz group invariants.

In fact:

Theorem 16 Let K be some oriented framed knot, K* its mirror image. Then for

any z,w € C with z — w € Z we have:

58



JHK) | JUEK)
22+1  2w+1

as formal power series over C.

=X(z-w,z+w+ 1, K),

Proof. For any m € Z/2 and z € C, let z(z,m) = m + z and w(z,m) = -m + z.
Thus each pair (2, w) € C? with z—w € Z is of the form (2(z, m), w(z, m)) for some

m and z. Fix m € Z/2. We want to prove:

J(m+z)(K"‘) J(—m+z)(K)
m+2c+1 « —Im+2z+1

Each term of the formal power series at both sides of the equality is a polynomial

= X(m,2z+1,K),Vz € C.

in z, thus we only need to prove that the equality is true if both z ~m and z + m
are half integers. That is if z — m,z +m € {No.

Let ¢ be the infinitesimal R matrix in s{(2, C) coming out of the Cartan-Killing form.
Notice it is minus the one considered in 1.4.3. Let o be a half integer. Recall that

for a framed knot K we have:

J(K)

2a + 1 = (Aa ° Z—t)(K)

Therefore by part 3 of Theorem 1:

J*(K*)
m = (Aa OZt)(K),

since ¢y(w) = (—1)"¢_;(w) if w is a chord diagram with n chords.
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Let K be a framed knot and z be such that @ = z — m and 8 = z + m are half

integers. We have by theorem 5:
JHK*)  JP(K)

2o+l <2g+1 " Qac BIE) X (g Z-2)(K)

= (Aa 0 Zu)(K) x (Mg o Z_¢r)(K)
= ((Aa ®Ag) 0 24, ) (K).
Recall t; =t —¢".

Now, Aa ® Ap is the central character of the representation p, ® pg of U(L) =
U(sl(2, C)) ® U(sl(2,C)). As we have seen before, this representation is equivalent
to pla— f,a+ G+ 1) = p(m,2z + 1). Thus their central characters are the same.

This proves

(()‘Ot ® )‘3) © ZtL) (K) = (/\m,2:z+1 o ZtL)(K)1

if both £ — m and z + m are half integers, and the proof is finished. =

We have the following simple consequences.

Corollary 17 Given a framed knot K, then the term of order n in the power series

of X(m, z, K) is a polynomial in m and 2
Corollary 18 If O is the unknot, then X (m,p, Q) is a convergent power series.

Corollary 19 For balanced representations, that is if m = 0, the invariant X (0, p)

does not distinguish a knot from its mirror image.
Corollary 20 The framed knot invariants X (m, p) are unoriented.
Obviously Theorem 14 also follows from Theorem 16.
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3 General non compact group knot invariants

We now give a general framework for defining knot invariants from unitary repre-
sentations of Lie Groups, not assumed to be finite dimensional. As we will see the

setting is going to be algebraic at the end.

3.1 Unitary representations and infinitesimal characters

Let G be a Lie group, always assumed to be real, and g be its Lie algebra. Let also
gc = g®r C denote the complexification of g. Consider a unitary representation R of
G in the complex Hilbert space V. Notice V is not assumed to be finite dimensional.
We recall that unitarity means that the operator R(g) : V — V is a unitary for any

g € G. Also we suppose a continuity condition, namely that for any v € V the map
g € G — R(g)v € V is continuous.
The main reference for what follows is [Kir]. Let V., denote the vector space of

smooth vectors of R. That is

Voo ={veEV:geGw R(g)(v) € C®(G,V)}. (8)

It is well known that V,,, is dense in V. Differentiating R at the identity of G defines
amap R® : g® Vo — V. It is possible to show that V,, is invariant under g and
that R* is a honest representation of g. It extends therefore to a representation,

which we also call R*, of U(gc) in V. Recall that V is a complex vector space.

Suppose R is a irreducible representation. In our context this means that V' has no

closed invariant subspaces under the action of G. The following (non trivial) result

can be found in [Kir]:
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Theorem 21 If V is irreducible then any element of C(U(gc)) acts on Vi under

R>® as a multiple of the identity operator.

Recall C(U(gc)) denotes the centre of the universal enveloping algebra of gc.

Obviously if V is a finite dimensional complex vector space then the theorem just
stated is a consequence of Schur’s lemma and the unitarity condition is not needed.
Also it is in general possible to show directly that the above property is true for a
large class of infinite dimensional representations, not necessarily unitary. Amongst
them are the representations of SL(2,R) and SL(2,C) which we are going to con-

sider. However the last theorem tells us that our construction is general.

Another way to state Theorem 21 is to say that R has an infinitesimal character.
In other words there exists a (unique) central character x% of U(gc), that is a

morphism of complex algebras C(U(gc)) — C, with the property:

R®(a)(v) = x%(a)v,Yv € V*°,Va € C(U(gc))- 9)

Therefore we have the following obvious conclusion (Cf 1.3.3):

Theorem 22 Let G be a real Lie group and R an irreducible unitary representation
of G in some complex Hilbert space V. Let also t be an infinitesimal R-matriz in
the complexification gc of the Lie algebra g of G. There exists o knot invariant with

values in C[[h]]:

I(G,t, R) = x% oy 0 Z. (10)
It has the form
+00
K=Y x% (¢ 0 Z,(K))h™ (12)
n=0
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As an example, consider G = SU(2), thus g = su(2) and g¢ = si(2, C). Take ¢ to be
the infinitesimal R-matrix coming from minus the Cartan-Killing form in sl(2, C),

that is < X,Y >= —tr(ad(X) o ad(Y)). The tensor ¢ has the form:

1
t=—Z(aX ®0x +0y ®oy +0z ®0z), (12)

1{i 0 1 {0 i 1 {0 -1
Ox = = y Oy = = Oz = 3 . (13)
2(0 —-i) 2(2’ 0) 2(1 o)

The following is a restatement of Theorem 7:

Theorem 23 Let J* denote the framed coloured Jones polynomial associated with
the representation R* of SU(2) with spina € {0,1/2,1,3/2...}. We take the normal-
1sation of the coloured Jones polynomial that evaluates at the unknot to the quantum
dimension of the Un(s!(2,C)) spin « representation. Given any framed knot K we

have:

Je " _
20 + 1(K) = I(SU(Z)ath )(K):a =0, 1/2, 1’3/2'-" (14)

as formal power series.

3.2 Some examples in the SL(2,R) case

Let us now describe some infinite dimensional examples. Consider the Lie group G =
SL(2,R). It is a non-compact semisimple group. As before we have gc = sl(2, C).

Take again ¢ to be the infinitesimal R-matrix coming from minus the Cartan-Killing

form in gc. We can also write it as

H
=—211-(E®F+F®E+H§> ) (15)
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where:
H=10,E=01,F=00. (16)
0 -1 00 10
We start by defining the representations of SL(2,R) in the principal series. They
depend on an imaginary parameter s € iR and an ¢ € {0, 1}, the parity of the rep-
resentation. In general V¢ is the space L2(R) of complex-valued square integrable

functions in R. The action of SL(2,R) has the form:

3,6 a b _ P o— ar +c
R ((C d)) (f)(z) = sgn(bz + d)|bz + d|*~}f (bz+d) . (17)

See [GI] for an alternative description of these representations, as well as the defi-

nition of their associated spin network theory. It applies to the construction of spin
foam models for (2 + 1)-Quantum Gravity.

The positive discrete series depends on a parameter m € Z~. The representations
of this type are denoted by R™*. The representation space for the representation

R™* is the space of holomorphic functions f in the upper half plane such that:

% —m—1 _
— f(2)2(Im(z)) ™ 'dzdz < +o0. (18)
ZF(—m) Im(z)>0 ' ( )l
The inner product in this Hilbert space has an expression similar to the formula

above. The group SL(2,R) acts in the fashion:

b . aT + ¢
R ( ( d)) (f)(z) = (bz + d)* f (,,H d) : (19)

c
The representations in the negative series are denoted by R™~. They depend on a
parameter m € Z~. The representation space for them is the space of holomorphic
functions f in the lower half plane such that:

ﬁ‘(—}—_;n—) Im(z)>0 |f(Z)|2|Im(z)]""‘“1dzdz < +oo. (20)
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The action of SL(2,R) in V is similar to the case of the positive discrete series.

The Lie group SL(2,R) still has one more series of unitary representation, namely
the complementary series of representations, and actually some more representations
in the complementary series, now for m > 0. These last are defined as before but
quotienting out invariant spaces of homogeneous polynomials out of them. Details
can be found in [L] or [GGV)]. Excluding the representation R*!, all the repre-
sentations considered are unitary and irreducible. Therefore there is attached to
them a knot invariant with values in C[[h]]. In the next section we relate these knot

invariants to the coloured Jones polynomial.

3.3 The 2-Coloured Jones Polynomial as a universal invari-

ant

Let G be a real Lie group, g its Lie algebra and gc the complexification of g. We
suppose gc is equipped with a infinitesimal R-matrix ¢t € gc ® gc. Let also R be a
irreducible unitary representation of G in complex Hilbert space V. A closer look at
the definition of the knot invariant I(G, t, R), cf Theorem 22, tells us that the only
information which we took from the representation R was its infinitesimal character
X%. It is a morphism of algebras from the centre C(U(gc)) of U(gc) to C, that is
a central character of U(gc). In the case gc is semisimple, we know the form of all
such morphisms. Let us say what the situation is in the case gc = s{(2,C). We refer

to [VAR], or to any classical reference on Lie algebras for further details.

The description we are going to give now generalises to any semisimple Lie algebra.
In particular any similar construction of knot invariants out of infinite dimensional

representations of semisimple Lie groups will have the same kind of properties.
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Consider any Cartan decomposition of sl(2,C) and choose a Borel subalgebra rel-
ative to it. Given a complex number a there exists a unique irreducible, cyclic,
highest weight representation p? of maximal weight a. This representation is finite
dimensional if, and only if, ¢ = 0,1,2,.... In this case it integrates to the repre-
sentation of SL(2,C) of spin . If a is an arbitrary complex number, any element
of the centre of U(s(2,C)) acts in the representation space of p? as a multiple of
the identity. Denote by ’\p§ the central character of p?. That is if z is a cen-
tral element of U(sl(2,C)) then A (z) is the unique complex number such that
A (z)v = p3(z)(v) for all v in the representation space of pz. We will then have
’\p% = x% ,a € {0,1,2,..}. Recall R* denotes the representation of SU(2) of spin
a=0,1/2,1,3/2.... If we consider the usual Cartan decomposition of sl(2, C) then

the irreducible cyclic highest weight representation with highest weight 2z is exactly

the representation /5 of spin z defined in 1.4.6.
All the pieces of the following theorem can be found in [VAR], and almost all the

classical references on Lie algebras.

Theorem 24 Let f: C(U(s1(2,C))) — C be a central character of U(sl(2,C)). We
have:

1. There exists an a € C such that f = /\pg.

2. X8 = ’\p§ if and only if (a + 1)? = (b+ 1)2

3. Given x € C(U(sl(2,C))) the map a € C — Ay (z) is a polynomial in a
of degree smaller or equal to the degree of z i U(s{(2,C)). In fact it is a

polynomial in (a + 1)2
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This theorem admits an obvious generalisation to any semisimple Lie algebra.

Notice that the z-coloured Jones polynomial is defined as the form: (cf Theorem 23)

2z+1( ) = A 0 (¢ 0 Z)(K), (21)

here K denotes a framed knot. Due to part 3. of Theorem 24 we can see again that:

5 +1‘K) ZJZ(K)h" —Z (Z T (K ) (22)

n=0 n=0

Where the degree of (¢; 0 Z,,)(K) in U(s1(2, C) is not bigger than 2n, for any framed
knot K. Some other properties of the 2-coloured Jones polynomial coming from the

corresponding properties of the Melvin-Morton expansion are the following:

1. If K is a framed knot then JZ(K) is a polynomial in (2z+1)? of degree smaller
or equal to n.

2. If (22 +1)% = (2w + 1)? then 327 = 797

5o~ +1 is the usual (rescaled) Jones polynomial if 22 +1=1,2,.

4. If 22+ 1=1,-1,2,-2... then 525 (K) defines a power series in h convergent

in C.

Properties 1, 2 and 3 are easy consequences of our discussion. The fourth is a
consequence of the fact that, in our normalisation, Z‘J—}I—(K ) is a Laurent polynomial

in e"4 if 22 +1 = 1,-1,2,—2..., as referred in 1.4.2. This generalises to any

semisimple Lie algebra.
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3.3.1 Some more examples of Melvin-Morton expansions

We now derive some Melvin-Morton expansions from known formulae of the Coloured

Jones Polynomial of some simple knots. These formulae will be useful later.

Let ¢ = exp(h). For an n € Ny and a z € C, consider the term
" 2:41 2:41\ 2 E k2
D) = [T | (¢ - )" - (s - %)’]. (23)
k=1
It is a power series in h such that the first 2n terms are zero. Therefore if f(n),n €
Np are power series in h, for example Laurent polynomials in ¢ and ¢~!, then
EneNo f(n)D(n,z) is an infinite series of power series which is termwise conver-
gent, since it is of terminating type, termwise. Suppose A(z) = }_, .y, An(2)R"

and B(z) = ¥y, Bn(2)h™ are power series whose coefficients depend polynomially

. . 2241 2zt .
in z, for example power series such as g"2 or ¢~ 2z . Then also the coefficients

of their product depend polynomially in z, thus in particular the coefficients of

D(n, z), for any n € Ny. The same is true for the coefficients of any power series of
the type 3_, cn, f(n, 2) D(n, 2), where f(n,2) € C[{h}] is such that its terms depend
polynomially in 2.

Let 3, and 4; denote the zero framed trefoil and figure of eight knots. We have, see

[H]:

J: 1 ¢ g f (+9/2 D, 2)
= (3;) = (=1)"¢™ ™" D(n, z), (24)
22+1 2z+1 q% '_q—% n=0
2_:1:_ __1'_ +oo

J?

— 25
2z+1(1) 2z+1 qz—qi = (25)

M
S
3
S

In general for any framed knot K there exist Laurent polynomials f,,(K)(h),n € Ny
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in ¢ and ¢! such that

J? (K )_qmmz(mﬂ__l:_f Fa(K)D(n, 2), (26)
27+ 1 ¢i-gt Z7

where F(K) is the framing coefficient of K. Actually, Habiro proved these formulae
only in the case of finite dimensional representations, that for z € %No. However
the coefficients of the power series above depend polynomially in 2z, which implies
the formulae are true also for infinite dimensional representations. This is the old
principle that if two polynomials coincide in an infinite set then they are the same.
We have used this method to prove Theorem 16. We will use it again quite frequently,
in fact in most of all major results we prove. Notice that equation 26 also proves

that -2~ (K) always defines a Laurent polynomial in ¢"/*if a =0,1,1,.....

2a+1

3.3.2 Back to SL(2,R)

Recall the framed knot invariants I(G,t, R) defined in theorem 22. Given that
s[(2, C) is simple, we can prove that any infinitesimal R-matrix in s((2, C) is a mul-
tiple of the one coming from minus the Cartan-Killing form considered previously,

see 1.3.1. The following result is a straightforward consequence of the discussion

above (especially of Theorem 24):

Theorem 25 Let G be a real form of SL(2,C) and R be an irreducible unitary
representation of G in the Hilbert space V. Let also t be an infinitesimal R-matriz in

sl(2,C). After rescaling t (possibly), there exists a z € C such that I(G,t, R) = 2z +1

We can prove similar results for any semisimple Lie group.
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It is possible to find the exact relation between the invariants associated with the uni-
tary representations of SL(2,R) and the z-coloured Jones polynomial which needs
to exist in the light of the theorem above. Let as usual ¢ be the infinitesimal R-
matrix in s{(2, C) coming from minus its Cartan-Killing form. In general the highest
weight representations p? a € C of sl(2,C) cannot be integrated to representations
of SL(2,R), however it is possible to relate their central characters with the in-

finitesimal characters of the unitary representations of SL(2,R). We will do it in

5.3. which will prove:

Theorem 26 Let t be the infinitesimal R-matriz in s(2,C) coming from minus its

Cartan-Killing form. We have, for the principal series of representations:

a—=1

1
ISLER), 4, B4 = L s e iR, (2
and s
I(SL(2,R),t, R™%) = Jn: ,m € Z~, (28)

for the discrete series.

Observe that as a consequence the usual Coloured Jones Polynomial can be obtained

out of the unitary infinite dimensional representations of SL(2,R) in the discrete

series.

Another consequence is the fact observed in the introduction that the quantum
knot invariants associated with the infinite dimensional representations SL(2, R)
are in a sense analytic continuations of the ones associated with finite dimensional
representations of the complexification s{(2,C) of sl(2,R). Also the fact that the
non-compact knot invariants are not stronger than the ones associated with finite

dimensional representations. The meaning of this is obvious from the Melvin-Morton
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expansion (22). Notice however that this property is valid only termwise in the power
series expansions, and we will see later that in some cases the analytically continued
power series may have a zero radius of convergence. This does not happen in the
case of the Coloured Jones polynomial. We will come back to this in Chapter 4.
This property concerning analytic continuations is valid if G is any semisimple Lie

group. I do not know what the answer is in the case of non semisimple Lie algebras.

3.3.3 The Lorentz Polynomial

Recall 2.1. The Lie algebra L = s{(2,C) & s{(2,C) is the complexification of the
lie algebra of sI(2, C) seen as a real Lie group. As before, consider the infinitesimal

R-matrix ¢;, in L¢ given by t; = t! — ¢". After theorem 16, given z and w in C it is

thus natural to define the Lorentz polynomial as being:
L»v J* Jv
K)= K
(2z+1)(2w+1)( ) 2z+1( )2w+1

Here K is a framed knot and K* denotes its mirror image.

(K). (29)

Similarly with the SL(2, R) case, we have:

Theorem 27 Let R be a irreducible unitary representation of SL(2,C) in the com-
plex Hilbert space V.. There exist z,w € C such that:

HSL.C)te, B) = o f)(;"w e (30)

Proof. Let f = x¥ : C(L) — C be the infinitesimal character of R, thus
I(SL(2,C),tL,R) = fody, o 2.
As we have seen in 1.3.4, if K is a framed knot we have
(b, 0 Z)(K) = (8¢ 0 Z)(K) ® (¢ 0 2)(K) € U(s(2,C)) ® U(s1(2, C)) = U(L).
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The central character f : C(U(L)) — C is the central character of a irreducible,
cyclic highest weight representation of U(L). Such representation is the direct sum
of two irreducible cyclic highest weight representations of U(sl(2,C)) of maximal
weights 2w and 2z. They have central characters Ay and Agw, thus f = Ap: @ A
under the isomorphism C(U(L)) = C(U(sl(2,C))) ® C(U(s!(2,C))). In particular

L&v
f°¢t,L 0 Z = ()\pz o¢toZ)®(/\pw°¢-—t°Z) = (2z+1)(2w+1)’

forsomezandwinC. w

As an example let us consider the principal series of unitary representations of
SL(2,C). Their infinitesimal counterpart was defined in 2.1.1. We want to describe
the actual group representations now. For a more geometric description these repre-
sentations in terms of hyperbolic geometry we refer to [GGV]. The unitary principal
series is parametrised by a pair of complex numbers z and w with m =z —w € Z
and ip = 2+ w + 1 € iR. In general the parameters m and p are referred to as
the minimal spin and the mass of the representation. The ones of minimal spin 0
are the balanced representations of [BC]. As observed in the same reference, they
admit a natural spin network theory. The representation space V for R™ is L?(C)

and the action of SL(2,C) has the form:

2,W a b 2=1/T.¢ Jyw— a£+c
re((®” )(f)(£)=(b€+d) e+ d (BE).

The representations in the principal series are unitary and irreducible, therefore
there exists a knot invariant attached to them. As before, these knot invariants

are particular cases of the Lorentz polynomial. Since, as referred to in 1.4.6 the

infinitesimal character of R(m,p) is p(m,p), we have by Theorem 16:
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Theorem 28 Letp=2z+w+1 and m = 2 — w we have

I(SL(2,C),t,, R™*) = or +f;(’;"w gy = X(m, p). (32)
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4 Convergence issues

We now look at the analytic properties of the z-coloured Jones polynomial. As we
pointed out for several times before, the power series coming out of it are in general
not convergent (that is they have a zero radius of convergence). We now show this
is what happens at least in the case of torus knots. Later we will have a look at
the properties of the z-coloured Jones polynomial under Borel re-summation. This

is an expanded version of the corresponding chapter of [FM1].

4.1 On the divergence of the 2-Coloured Jones Polynomial

power series for torus knots

Let m and p be two coprime positive integers. In what follows K, denotes the

(m, p)-Torus Knot, see {Wil] for example. For each z € C, consider the following
meromorphic function:
sinh ((22 + 1),/mpz) sinh ( ﬁm) sinh (\/Zz)

Frpa(z) = (2z + 1) sinh (\/'r—n‘]_):lt)

It is an even function in z. Suppose

(33)

Notice it is well defined if 22 +1 = 0.
22+ 1€ Z\ {0}, it is possible to prove that: see [KT]

s L) g (VR YhEC,  (34)
— (K. h) = -z p x)azr, e .
521 Ema)(B) = 572 sinh (%) /_ © Tme

o0

This is a consequence of a previous formula proved in [Mor]. Notice that for 22+1 €
Z \ {0} the power series 525 (Kmp)(h) has an infinite radius of convergence. The

origin is never a singular point of F,,,.(z) for any z € C, thus if vhz is small
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enough:

Frp(Vhz) = ff Qump-(k)RET*, (35)
k=1

In the case 2z+1 € Z\ {0} the function Fy,;.(z) is an entire function of exponential
order. That is f is analytic in C and there exist positive constants A and C' such
that |Finp.(z)] < Ae®l, ¥z € C. See 5.4.1. This implies that we have the bound
|Qmp, (k)| < D*/(2k)!, k € {1,2,...} for some D < 0o, by Theorem 52. In practice
this means that, for any ~ € C, we can interchange the infinite summation with the

integral sign in the following expression:

e 3(EAT) e (¥
22 + 1( mp)(h) 2\/7—1, sinh (%) / e™® (Z; Qm,p,z(k)hkl'%) dz,Yh € C,
(36)
valid if 22+ 1 € Z\ {0}. This is because all partial sums are bounded by the function
exp(—z2) exp(D|z|+/]h]), which is integrable. Therefore:
-4(&+%

22+1( Kmp)(h) = \/" sinh (%)

if 22+ 1€ Z\ {0} and h € C. Given that the coefficients of the Taylor decom-
position of sinh((2z + 1),/mpz) at x = 0 depend polynomially in 2z we show that
the dependence of the coefficients Qp, p (k) in z is in fact polynomial. Thus the

expansion (37) is true for any z € C, now only at the power series level. We have

§ Lk +3 Qs ()R, (37)

shown:

Theorem 29 Let m and p be coprime positive integers and K, be the (m, p)-torus

knot. The expansion (37) of the z-coloured Jones polynomial of Ky, is correct for

any z € C, as formal power series
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The functions Fp,,.(z) have non removable singularities if 22 + 1 ¢ Z \ {0}. In
particular there exists a positive constant C such that Q,,.(k) > C* for infinite

k’s. As a consequence we can conclude:

Corollary 30 Let Ky, be the m,n-torus knot. The power series 57— (Km,) has a

zero radius of convergence if 2z + 1 ¢ Z \ {0}.

It is easy to conclude that the result above is true also for the mirror images of the
class of torus knots just considered.
It is possible to prove a similar result of divergence in the Lorentz group case: Let

z,w € C. Consider the function
1 2

yo Frnp,2 (2 c08(8)) Fn p.w (12 sin(6)) db, (38)
0

Grmpzu() =

thus if 22+ 1,2w+ 1 € Z )\ {0} we have:

L=v 1 /+oo .
= T 2Gmpzw -7/'\/5 dz, 39
G D@ D) " s (e ®) o ¢ etV (39)

from (34) If 2z + 1 and 2w + 1 are non zero integers, then Gp .0 is entire of
exponential order. Otherwise it has non removable singularities. For, suppose, for
example, that 2w + 1 ¢ Z \ {0}, let wy be the first singularity of Finpw(iz) in the
positive real line. It is a pole. An explicit calculation tells us that as z approaches

wo from below along the real line then the first derivative of Gmp 2w () tends to co.

Given any z,w € C, the function Gm,g,z,(%) is an even function with a zero of order

4 at the origin. Put
[o <]
Gmpzw(Z) = Z R m,p,z,w(k)xzk' (40)
k=2
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For fixed k, the dependence of Py, (k) in z and w is polynomial. In fact, if we
fix m,p, z,w (z,w € C then for z small enough the series
o0
Frr p,2(2 €08 8) Frn (i 510(8)) = > Qi 2(0)Qm pyn(b)2*4i° cos® (6) sin®(6)  (41)
a,b=0

converges uniformly for 6 € [0, 2r]. Thus

Gm,p,z,w(x) = Z Ca,me,p.z(a)Qm,p‘w(b)x(H-b (42)
a,b
where ,
Cap = / i cos®(8) sin®(6)d6. (43)
0

This proves P p . w(k) is a polynomial in z and w for any k. Since G p.,w(z) is

entire of exponential order if 2241, 2w+1 € Z\ {0}, similarly as above, we conclude:

LY 1 +00 )
= Pm Z,w k k.'h +l’ 44
(2z2+1)(2w+1)  2sinh (%) sinh (F) ; pzw(k) (44)

from which follows the non-convergence of the power series defined by the Lorentz

polynomial if 2z + 1 or 2w + 1 do not belong to Z \ {0}, in the case of torus knots.

We are mainly interested in knot invariants with values in C. As before we refer
to them as numerical knot invariants. It is natural now to ask whether we can
canonically find analytic functions of which the z-coloured Jones polynomial in a
knot are asymptotic developments. In the remainder of this chapter we investigate

this question in the framework of Borel re-summation.

Observation 31 Professor Hugh Morton suggested to me the results by Rozansky
which were conjectured in [R1] and proved in [R2] may provide the framework for

a general proof of the divergence of the z-coloured Jones polynomial, for the case of

knots with a trivial Alezander polynomial.
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4.2 Borel Re-summation of power series

We make now a brief description of the Borel process of re-summation of power
series. We refer to [SS] for full details and for proofs (which sometimes are not that
simple). The paper [FL] contains a simple and illuminating introduction to this

subject.

4.2.1 Asymptotic power series developments and a lemma due to Borel

Consider a sector 2 = {z € C: §; < arg(z) < 6,,|2| < C} in the complex plane
(or in the Riemann surface of the Logarithm, if §2 — 6; > 2x). Let 372 a,.h" be a
formal power series which we do not assume to be convergent. Suppose f: Q2 — C
is a continuous function in Q and analytic in the interior int(Q2) of Q. We say that
® a,h™ is an asymptotic expansion of f at the origin if, for any proper subsector

n—O

Q' of 2, and any N = 1, 2..., there exists a positive constant Cy such that

N
Fh) =3 anh™| < Cn RV VR € Q. (45)

n=0

For example the, horribly divergent, series 3.2 (—1)"(n — 1)!A" is an asymptotic

series for the, perfectly well defined, function h — fo e k. z—_—,_—lda: in any sector

Q= {h € C:Re(h) >0,|h| < C}. Here C is a positive constant.

Let £ be a sector in the complex plane. Denote by G(£2) the space of holomorphic
function in int(Q) and continuous in §2 which admit a power series asymptotic ex-
pansion at the origin. It can be proved that G(§2) is closed under differentiation and
it is an algebra with respect to multiplication of complex functions. If Zn—O a,h" is

a asymptotic power series expansion of some f € G(Q) then the coefficients a,, are
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unique and can be computed by the formula:

1

= lim — fn)

@, = lim = f™(h). (46)
he

This permits us to define a map As : G(Q2) — C[[h]]. It can be proved that As is an
algebra morphism and it is well behaved with respect to differentiation. Moreover
it is a surjective map and its kernel is the space of functions analytic in int(Q2) and
continuous in § that tend to zero faster than any 2" for any n € N. This fact is
known as Borel’s lemma. It permits us to define a re-summation operator of formal
powers series up to functions that go to zero faster that any natural power of z as
z—0.

In practice, to re-sum a power series means finding an analytic function this power
series is an asymptotic expansion of. Therefore Borel’s lemma tells us that we can
always re-sum them. For practical applications, however, it is important to reduce
as much as possible the uncertainty in the process of re-summation. This is the

subject of the following paragraph.

4.2.2 Power series in the First Gevrey Class and Formal Borel Trans-

forms

Let }:::(’) a,h™ be a formal power series. We say that it is of type Gevrey 1 if there
exists a positive constant C such that |a,| < C*n!,¥n € N. We denote by G,[[h]]
the algebra of formal power series of type Gevrey 1. If {2 is a sector in the complex
plane, then a function in G(R) is said to be of type Gevrey 1 if its asymptotic

expansion at zero belongs to G1[[h]]. We also impose that for any subsector Q' of
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there exists a positive C such that

f™(2)
n!

It is easy to prove that the first condition follows from this last one. Notice that

<C'al,Vze ¥, VneN.

G1(Q) is an algebra stable under differentiation.

Suppose the opening of the sector 2 is less than w. Then as before As; : G1(R2) —
G1[[h]] is a surjective algebra morphism, and its kernel is the space of exponential
decreasing functions in 2. That is, functions that satisfy the estimate f(h) < Ae~h

for some positive A and B in any proper subsector of Q.

Recall that the Borel transform B(f) of an analytic function f, if it exists, is the
inverse Laplace transform of it. We refer again to [SS] for a discussion of this subject
in the generality we need. It is well known that B(1) = 6(£) and B(h"*1) = £/nl.

Notice we do a change of variables A +— 1/h in the domain of the Laplace transform.

Let 3", anh™ be a formal power series in the first Gevrey class. Consider the gener-

alised function

oQ +00
F(§) = B({; ah™)(€) =) 3'7;’;—15" + apd(£). (47)
n=0 n=0

It is called the Formal Borel transform of I:(’, a,h". Let 0 < a < C be a real

number. Choose a direction e in the complex plane such that Re(e/h) > 0,vh €
Q. Recall 2 opens less than 7. It is possible to prove that the incomplete Laplace
Transform in the direction e*:

he L (PE)M = [ © ek R (48)

has ::(’) a,h™ as a power series asymptotic development at the origin. This defines
a re-summation of power series of Gevrey type 1, up to exponentially decreasing
functions.
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4.2.3 Re-summation Operators

For a better definition of the re-summation operator, we are led to consider formal
power series whose Formal Borel transform can be analytically continued to the
neighbourhood of some ray e®?Rg in the complex plane, cf [SS]. This will lead to
the definition of a re-summation operator up to rapidly decreasing functions. That
is, functions that verify VA > 0,3B > 0: |f(h)| < Be~#/™ Vh € ¥, in any proper

subsector ' of . In addition it will extend the usual sum of convergente formal

power series.

Let F(€) be an analytic function possibly containing a §(§) term, in an open subset
of C containing some ray e®RJ. Suppose it grows at most exponentially along it.
The Laplace transform of F(€) in the direction e? is defined as:

+ooe*?

Loo(F(E))(h) = / e~¢/RR(E)dE, (49)

0

whenever the integral is convergent. A lot of properties of this changed Laplace
transform can be deduced from the corresponding ones of the usual Laplace Trans-
form. In particular Lois(€") = [(n+1)A"*!,n = 0,1, .... If a is a real number bigger
than —1 this generalises to £;(£?) = ['(a + 1)h%*L.

Definition 32 (re-summation operators) Let e be a direction in the com-
plex plane and ;’:) anh™ a formal power series of Gevrey type 1. We say it is
e’?-summable if its Formal Borel transform can be analytically continued to the
neighbourhood of some ray eR, and if its Laplace transform converges in some

nonempty subset of C. If h belongs to the domain of definition of the Laplace trans-
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form then the € re-summation operator is defined as:

+o00 +oo
S (ew, a,,h") = Lo (B(Z a,,hn)(g)) (R). (50)

n=0 n=0

We can obviously define the re-summation operators along any curve that tends to
the point at infinity. This re-summation operators are well behaved with respect
to the multiplication of power series. Therefore, to avoid working with generalised
functions, we redefine the re-summation operators and consider:
S (ew fa h") =1 (ew fa h”"’l) . (51)
’n=0 " h )n=0 i
Definition 33 (Borel re-summability) A formal power series 3", a,h™ is said

to be Borel re-summable if the re-summation operators S make sense when applied

to it.

4.3 Back to Knots!

Let K be any framed knot. Consider a unitary representation R of SL(2,R). It
is possible to obtain some estimates for the coefficients of the Kontsevich Inte-
gral as well as for the matrix elements of R®, which are suitable to prove that

I(SL(2,R),t, R) defines a formal power series of Gevrey type 1. This is the subject
of Chapter 6. In fact:

Theorem 34 Let K be a framed Knot, z and w two complez numbers. The series
defined by 557 (K) and gimery (K) are of Gevrey type 1. That is, their Formal

Borel Transform defines an analytic function in a neighbourhood of zero.
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This is probably the most difficult result of this thesis.

Notice equation (37) and Theorem 29 prove this for torus knots since the series

Yk @mp.-(k)h* has a positive radius of convergence. Recall the set of power series
of Gevrey type 1 is a subalgebra of C[[A]].

We will give a full proof of this theorem in Chapter 6. It is a purely technical proof
and the rest of the thesis is fairly independent of it. In 5.4.2 we prove this theorem
for the Figure of Eight Knot and ”sketch” a possible simple general proof of this

result. We give a condensed proof of it in 5.5, a section extracted from [FM1].

4.3.1 The case of torus knots

We now analyse in detail the properties of the Formal Borel Transform of EzJTtT(K )

in the case in which K is a torus knot. We shall see the re-summation operators
make sense in this case. The ambiguity in the process of re-summation is reduced
to a finite set of functions differing by rapidly decreasing functions. The main idea
is that equation (34) is almost a Laplace transform. In fact if we make the change

of variables z — /z/v/h we can write it has:

_hfp m
J? 1 e Z("‘+7") 1 +oo Fop,.

— (K...)(h) = — —z/h_BE (. f)dz,Yh € RT. (52
Compare with (49). Notice that the right hand side of this equation also makes

sense if z € C and h is small enough. This will actually be our re-summation if

h € R*. Obviouly, some details are in need:

Let f and g be two complex valued functions continuous in some open subset of C

which contains 0. Recall that their convolution is defined as

(f *9)(2) = /0 " Flo - )g(€)de, (53)
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whenever it makes sense. The contour of integration is chosen to be the segment
connecting 0 and z. If f and g are entire then their convolution is an entire function.
It is well know that if f and g grow at most exponentially along a ray e then the
same is true for their convolution, and in addition Ly(f*g)(h) = Lig(f)(h)Lis(g)(h)
whenever all transforms makes sense. Suppose f and g are meromorphic functions
which do not have the origin as a singular point. Let D(f,g) be the set of points
in C that can be connected to the origin by a straight line which does not pass by
any singularity of f or g. The convolution of f and g is an analytic function in
D(f, g). The singularities of f * g are in general ramifying due to the fact f and g
may have non zero residua at their singular points. One can easily determine the
Taylor series of f x g in zero from the Taylor series of f and g, in fact if f(z) =

122 fua® and g(z) = Y200 gn2” then (f * 0)(@) = nmo ity Fmgnd™ 1,

n=0J/n

which converges whenever the Taylor series of f and g converge. This is because,

in general, ™ x 2" = (mfﬁ 1)'xm+"+l;m,n € N, apart from some simple analysis,

basically the principles that a power series converges uniformly in any compact set

contained in its disk of convergence, this disk being the maximal disk that does not
contain any singularity. In particular if the coefficients of the Taylor series of f,(z)
and g,(z) at zero depend polynomially in z then the same is true for the coefficients

of the Taylor series of f * g. This fact will have prime importance in the sequel.

Suppose f is an odd meromorphic function non singular at the origin. Then the
convolution 1//Z * f(1/) defines an analytic function in D(f), where D(f) is the
set of points in the complex plane that can be connected to zero by a straight

line whose square does not meet any singularity of f. Notice D(f) contains a

neighbourhood of 0. In fact if f(z) = 5°1°a,z®**! in a neighbourhood of the
origin then 1//Z * f(/Z) = > ey 5(3132[%:%1)*—1@(1"3:“, in the same neighbourhood.
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As before, the singular points of 1/4/Z * f(1/T) are usually ramifying due to the
residua of f. Consider

— F(%)—l * mep,Z(\/E)
g =~ S (54)

Thus if 2z + 1 € Z \ {0} then I, , () is an entire function of exponential order.

Moreover, by (52) we have

h
1 (543 J?

2\/7—1_ sinh (g) El(Im,p,z(x))(h) = W(Km,p)(h)i h>0. (55)

In general for any z € C, the function I, 5, () is meromorphic, but it is well defined
in a neighbourhood of zero. In addition the Taylor coefficients of I, ,, depend

polynomially in z, since the same is true for the Taylor coefficients of F, ,, ,(z) in 0,

as we have seen before. Let

i _5 h e i(E+E) (56)
o) =B\ s e (@ )

It is an entire function of z. In fact it is a function of exponential order, the type

(see 5.4.1) of which is smaller than 1/7 + ¢, where £ > 0 is arbitrary. We can see
it from the fact its Taylor coefficients are given by (—n_%)—,an where ) a,h™ has a
radius of convergence equal to 7. The Laplace transform in any direction always
exists for h small enough. It extends analytically back the original function. This
follows from the known principle that we can take the Laplace transform term by

term in the power series developments of exponential order functions. We can prove

it from the fact |f™(0)| < C™, Vn, see 5.4.1.

Suppose m and p be coprime positive integers and let K, denote the (m, p)-Torus

knot. From equation (55), it is immediate that if 2z + 1 € Z\ {0} we have

h.ZZJ; 7 Emp))(B) = L1 (Hm,p,z(x) * Im,p,,(x)) (h),h € (0,1/7) (57)
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Notice that H,,,.(z) is exponential of type 1/m. Thus by the unicity theorem for

Laplace transforms it follows that

B <h_2zJ_:_l (Km,p)> (2) = Hmpo(%) * Lnp.(z),VZ2 € C,22+ 1€ Z\ {0}. (58)

We also need to use the fact that we can take the Laplace transform term by term

in the Taylor expansion of I, p ;() at zero to prove this. But this follows from the
fact this function is of exponential order if 2z + 1 € Z \ {0}.

Now Hpp2(Z) * I p () is a 2-dependent family of analytic functions in a neigh-
bourhood of zero, whose Taylor series coefficients in zero depend polynomially in 2.

In particular, equation (58) is true in the power series level. Therefore:

Theorem 35 Let m,p be coprime integer and Kpp the (m,p)-torus Knot. The

formal Borel tranform of 57 (Ko y)) extends analytically to the function Hpmp . (z)*

L p,: (%), well defined in C\ (—oo, 72/(mp)].

Suppose 22+ 1 is not a non zero integer. Then the singularity of Hpm - () * In p ()
in —n2/(mp) is ramifying, since the singularity of Fp,- in ¢m/,/mp has an non zero
residue. Therefore we cannot remove it. This tells us that we cannot refine the
estimate in Theorem 34.

In addition we can say that H, () * Inp-(z) grows at most exponentially along
any ray different of R™. Since the type of Hy,p,.(z) as an exponential function is
1/, and I, p () grows slower than Ae®® for any € > 0, this rate of exponential

growth of Hum p,(2) * I;mp -(z) can be taken smaller than 1/m + ¢ for any € > 0.

We summarise our discussion and add some more simple facts:

Theorem 36 Letm and p be coprime positive integers and K, p be the (m, p)-Torus

Knot. Let z be a complez number such that 2z + 1 ¢ Z \ {0}
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1. The Formal Borel transform of hsZ (Kmp) estends to an analytic function in

C\ (~o00,7?/(mp)]
2. The singularity in —7*/(mp) is a ramification point

8. If eR{ is a ray in the complez plane that is not the set of non-positive
real numbers then B(hzZs (Km,p))(2) grows not faster than Aell/("—¢) glong it

where € > 0 is arbitrary. This constant A can be chosen independent of the

direction chosen.

It is now very easy to analyse the re-summation of the z-coloured Jones polynomial
for torus knots. Recall definition 32 and the comments after. Let B(x) = {h €
C,|h| < m. If h € B(r) consider D(h) = {w € S\ {-1} : Re(w/h) > 1/n} # 0.
Given h € B(m) then D(h) is connected if Re(h) > 0 and it has two connected

components otherwise.

Suppose Re(h) > 0. Given that D(h) only has one connected component, the re-

summation S(w, hgﬁ(Km,p)(h)) does not depend on w € D(h). This follows from
point 3 of the previous theorem and Cauchy’s integral formula. In addition, if 22+ 1
is a real or an imaginary number, the re-summation takes positive real values of A
to real numbers, this is because the Borel transform is real in this case. Notice the

last case corresponds to the representations of SL(2,R) in the principal series.

Due to the fact that D(z) has two connected components if Re(z) < 0 the same is
not true in this case. In fact if z is a real number smaller than 0 the two different
re-summations will give conjugated complex numbers of non zero imaginary part
for the case 2z + 1 is real or imaginary. This is obvious from the fact the Borel

transform is real. Notice that the values of the re-summation, as well as the possible
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ambiguities can be read directly from equation (34).

The case of the mirror images of torus knots considered can be treated in a similar
way. We just need to take the mirror image in the previous description. Therefore,
for these knots the domain of re-summation is also B(r). The re-summation proce-
dure having 2 branches if Re(h) > 0 and one otherwise. As before, the real parts of
the re-summation for real h, are independent of the re-summation procedure if we

stick to representations in the principal series.
The Lorentz group case can be dealt with considering the fact £,(f(z)')(h) =
1/hLy(f(2))(h) = £(0), thus

hL*w
g ((2z +1)(2w+1) (K,,,,,,)) (z)

hJ? d hJ¥
= — * - VYRR Km
B ((22+ 1) (K’"»P)) (=) * e ((2w+ 1)( '”)> (@)
This is thus a well defined function in C \ ((—oo, —72/(mp)] U [7?/(mp), +00)). It
grows exponentially along any ray not contained in R. Therefore, the domain for

the re-summation of o frs (Km,p) is again B(r). Unless / is imaginary, we now

have always two branches for re-summation, if 2z + 1 and 2w + 1 are not non zero

integers. Therefore

Theorem 37 Let K, be the (m,p)-torus knot. For any z,w € C the power series

725 (Kmp)(h) and @;_f)—z(;m_l—)(f(m,p)(h) are Borel re-summable.

Recall that the process of Borel re-summation is well behaved with respect to the
multiplication of power series. Therefore we can calculate the re-summation of the

Lorentz Polynomial, including its ambiguities, out of the re-summation of the z-

Coloured Jones Polynomial.
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4.4 Conclusion to chapters 1, 2, 3 and 4

Let G be any real Lie group. As we have seen, if we are given an ad-invariant non
degenerate symmetric bilinear form in g ®g C, there exists a framed knot invariant
¢¢ o Z with values in the algebra of formal powers series in h over the centre of the
universal enveloping algebra of g ®g C, in other words is is a formal power series of
differential operators in G. If g ®g C is a semisimple Lie algebra and V is a finite
dimensional representation of G then this formal power series at a particular value
of h evaluates to an operator, or h-dependent family of operators, V' — V, which

is a G-intertwiner. The trace of these operators will yield the usual quantum group
knot invariants.

Instead of trying to make sense of this power series of differential operators at a
particular value of h for the case V is an infinite dimensional representation, it
is observed that each term of this power series acts as a multiple of the identity
operator in the space of smooth vectors of any unitary irreducible representation.
Therefore ¢, o £ can be evaluated in any representation of this type. This gives us
a knot invariant with values in the algebra of formal power series over C for any
unitary irreducible representation of G. At least in the case g is semisimple these
knot invariants express out of the knot invariants associated with finite dimensional
representations of the quantised universal enveloping algebra Un(g) by a analytic
continuation in the power series level, see theorem 26 and the comments after.
Notice that a coherent way of realising this analytic continuation at the level of the
values of the quantum group invariants would give us a way of defining C-valued

knot invariants associated with infinite dimensional unitary representations.

However, at least in the case G = SL(2,R) or G = SL(2,C), for some interesting
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infinite dimensional unitary representations the power series that we obtain have
zero radius of convergence. The process of Borel re-summation is analysed in the
case of the z-coloured Jones polynomial. It is observed that in this case the power
series are of Gevrey type 1, which means their Formal Borel Transform defines an
analytic function in a neighbourhood of zero. In particular we can define a re-
summation operator apart from exponentially decreasing terms, for example from
expression (48). However for the Borel re-summation procedure to be applied in
full generality, we need the extra conditions that the formal Borel transform can be
analytically continued to some ray Ry admitting a Laplace transform with a non
zero domain along this direction. This reduces the uncertainty in the re-summation
to a numerable set of functions differing by rapidly decreasing terms. It is verified
that this is indeed what happens when considering torus knots. Namely the formal
Borel transform can be continued along mostly all directions. The singularities of it
are ramifying, and the result of re-summation can have at most two branches, both
solutions of the problem of analytically extending the values of the coloured Jones
polynomial to complex spins. In general for representations in the principal series
with real / the two branches define conjugated complex numbers. The question that

arises naturally concerns the behaviour of the z-coloured Jones polynomial in the

general case, namely:

1. Can the Formal Borel Transform of ;25 (K) be analytically continued in gen-
eral?

2. Does it admit Laplace transforms with non zero domain?

3. Which kind of ambiguities will result from this process of re-summation?
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4. Do these ambiguities have a geometric meaning’? For example which geo-
metric object corresponds to the residue, if any, of the first singularity of the

formal Borel Transform of the z-coloured Jones polynomial.

5. Can we generalise all this to links?

These open problems start a totally new direction in quantum group theory with

wide applications to mathematical physics.

7T must thank Professor Laurent Fredeil for opening my eyes to this
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5 Appendix to chapters 1, 2, 3 and 4

5.1 Proof of Theorem 2

This is a known result, first referred to by Kontsevich in his memorable article
[Ko]. Let g be a Lie algebra and U(g) be its universal enveloping algebra. Let also
A :U(g) — U(g) ® U(g) be the comultiplication map. It is a coassociative algebra
morphism which verifies A(X) = X ® 1 + 1 ® X,VX € g. For any integer n > 0,
we define A™ : U(g) — U(g)®™+) as being the n-iterate of A. In other words:
AO =id, AM = A, A® = (A®id) o A, by coassociativity this equals (id® A) o A.
In general we have A1) = (A®id)oA™. All iterates of A are algebra morphisms.

It is easy to verify that:

AMX)=X®1®"14+19X 18" 2+ .. +1®" '@ X, X eg.  (59)

The Hopf algebra U(g) is cocommutative. For a permutation o € Sy, let 7, :
U(g)®" —: U(g)®" be the obvious permutation morphism. From equation (59) it is

trivial that 7, 0 A®(X) = A"(X) for any permutation ¢ and X € g. Therefore:

Lemma 38 For any permutation o € S, we have 75 © A =AM,

This is also true for any X € U(g) since U(g) is generated by g as an algebra.

Definition 39 Let g be a Lie algebra. We define U(g)d" as

U(g)s" = {a € U(g)®" : [a, A™(X)] = 0,VX € U(g)}-
The tensors in U(g)g™ will be called g-invariants.
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Notice that U(g)®" is the centre of U(g) for n = 1. Obviously U(g)$" is a subalgebra
of U(g)®". In addition, since U(g) is generated by g, as an algebra we have

U(@)2" = {a € U(g)®" : [o, A™(X)] = 0,VX € g}.

Define m : U(g)®" — U(g) by 21 ® 23 ® ... ® Tp, > T1T3...Ty.
Lemma 40 Ifa € U(g)3" then m(a) is central in U(g)

Proof. Let X € g and a € U(g)®". We have A™(X)a = aA™(X), where
a=0a;®0a®..Q ay, since a is g-invariant; thus m(A™(X)a) = m(aA™(X)).
From equation (59), the last equality implies Xa = aX, where X € g. Therefore,

the result follows from the fact U(g) is generated by g as an algebra.

Lemma 41 For a tensort =3, ax®b; € U(g)®U(g) andi < j < n lett;; denote

the tensor of U(g)®" obtained by inserting t in the i** and j** variables and 1 in the

others. Suppose t € U(g) ® U(g) is g-invariant. Then t;; is also g-invariant

Proof. Let o be a permutation sending 1 to i and 2 to j. For any X € U(g) we

have, by Lemma. 38:

[AM(X), t:;] = To o [AM(X), t1 0] = T, 0 [(A®id) 0 ACD(X),t® 1] =0.

Therefore
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Proposition 42 Let w be a chord diagram with n chords and t an infinitesimal

R-matriz. Chose an initial point p on the circle to evaluate ¢yp(w). This element

is central in U(g)

Proof. Trivial from the fact ¢(w) = m([ I}, ti..j. ) since an infinitesimal R-matrix

is always g-invariant. Notice that the set of g-invariant tensors is always an algebra.
u

We now prove that ¢, ,(w) does not depend on the initial point p in the circle. Let

4T, be the 4T relations now understood modulo isotopies of the circle fixing p. We

have already observed in 1.3 that:

Lemma 43 Let p be an initial point on the circle. The map w — ¢, ,(w) satisfies

the 4T relations.

This is actually a consequence of equation (1). We now need to prove that moving
p around the circle and passing through an endpoint of a chord is a consequence of
the 4T,-relations. This will also prove that the multiplication of two chord diagrams
does not depend on the point in which we break the circles. This argument appears
in several places, for example (K| and [BN]. We show that the move in figure 8 is
a consequence of the 47T,-relations. Call the chord diagram on the left w and the
chord diagram on the right w’. We now understand chord diagrams modulo isotopy
fixing p. To this end, let d be a chord of w different of ¢. Define wy as in figure 9.
In particular wy = 0 modulo the 47, relations. But obviously

E wg=w-—w

i
modulo isotopy fixing p. This finishes the proof the @ ,(w) does not depend on p.

The rest of the proof of theorem 2 is trivial.
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SEN

Figure 8: Moving the initial point across an endpoint of a chord

— — -

Figure 9: Construction of wy

5.2 Evaluating the sl(2,C) weight system

Our main reference for this section is [CV]. Let w be a chord diagram and ¢ be an
infinitesimal R-matrix in some Lie algebra g. Recall the evaluation ¢y(w). It satisfies
the 4-term relations thus it descends to a morphism from the algebra A of chord
diagrams to the universal enveloping algebra of g. Depending on the Lie algebra
g, and the infinitesimal R-matrix ¢, this evaluations may satisfy some additional
relations. Let us consider the case g = s[(2,C) and s is the infinitesimal R-matrix

coming from a quarter of Cartan-Killing form, thus

H®H
s=EQF+FQFE+ ? .

Therefore, s = —4t¢ where ¢ is the infinitesimal R-matrix defined in 1.4.6. The use of

this normalisation will make the formulae simpler. Notice ¢;(w) = (1/(—4)")¢s(w)
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Figure 10: 3-Term Relations for the sl(2, C)-weight system

N,

Figure 11: STU-relation

if w is a chord diagram with n-chords, thus we can easily go back to our old nor-
malisation. The evaluation of ¢, satisfies a set of 6-term relations, consequence of a
3-term relation for the s[(2, C)-weight system, and the general STU-relation. These
relations are shown in figures 10 and 11. The s{(2,C)-relations are here shown at
the level of Chinese Character Diagrams. See [BN] or [CV]. We refer also to [CV]
for the complete set of 6-term relation, consequence of all the ways we can solve
the vertices in the 3-term relations using the STU relation. A major consequence
of these relations is a recursion formula for the evaluation of the s{(2, C)-weight
system, which we explain now: Let w be a chord diagram. It consists of a set of
pairs of distinct points in the circle. Any pair of points defines a chord, the segment
connecting them. Let a be a chord of w, it divides the circle into two half circles. Let
w(a) be the chord diagram obtained from w by removing the chord a. Let a, ..., a,

be the chords of w intersecting a. They have endpoints e; and f; where all e;’s (resp
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@ —w( a)
J
f.
) (a,z,j)® = (a iJj)

f.
i

Figure 12: Diagrams appearing in the recursive relation for the sl(2, C)-weight sys-
tem

fi’s) belong to the same half circle. Let a; and a; be two distinct chords intersecting
a. We define w!l(a, i, ) (resp w*(a,i,j)) as being obtained from w(a) by removing

a and a;, and inserting two chords connecting e; to e; and f; to f; (resp e; to f; and

ej to fi ). See figure 12. Recall © stands for the chord diagram with only one chord.

Theorem 1 of [CV] tells us:

Theorem 44 (Recursive Relation for si(2,C)-weight system) Let w be a

chord diagram and a be a chord of it. Let also ay, .., an be the chords of w intersecting

a. We have:

¢s(w) = ¢ ((6 - zn)w(a) + 2 Z (UJ“(avivj) - wX(a’ 7”])))

1<i<j<n
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5.3 Proof of Theorem 26

The main results for the proof of this theorem appear in [L] VI.§5.

Consider the following elements of s/(2, R) ®g C & sl(2,C):

W=(O 1)’ E_=(1 —z’)’ E+=(1 z) 0
-1 0 -1 =1 i -1

Thus they are a basis of sl(2, C) and satisfy the commutation relations:

([E* E") = ~4iW, [W,EY]=2%E*, [W,E7]=-2E". (61)

Consider

Ho = @span{ugn}, Hy = @Span{uznﬂ}-
nez neZ
Let s € C, consider the representations r(s,0) and r(s, 1) of sI(2,C) in Hy and H;,

respectively, such that:

Wup = intty, E up=(s+1—n)upg, ETu,=(5+1+n)uno. (62)

Lemma 45 For any s € C and ¢ € {0,1}, the representation r(p, €) have a central

character c(s,€). In other words, any element X of the centre C(U(sl(2,C))) —» C
acts in then as a multiple c(s,e)(X) of the identity.

Notice the representations r(s, ) are not always irreducible.

Proof. Suppose first that s € C\ Z. Let f : H. — H. be an intertwiner, we
show that it needs to be a multiple of id. This will prove that r(s,€) has a central
character. Let f(u,) = Y, A%uy. Since fo W = W o f we have:

iny Abug =" ikAbup, Vn => i(n — k)A; = 0,Vn, k.
k k
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In particular A¥ = 0 if £ # n. Let us now show that A" = A?*2 Vn. Given that
foE* =E%of, yields (s+1+n)A" = (s+1+n)Art2, thus, since s ¢ Z, we must

have A% = A*2 Vn. For the general case, consider the matrix elements:

M#(X, k,n) = (u"r(s, €)(X)lur)

where X € U(sl(2,C)). Then obviously M*¢(X,k,n) is a polynomial in s if k,n,e
and X are fixed. If X € C(U(sl(2, C))) then M**(X, k,n) = 6(k,n)c(s,e)(X) for s €
C\ Z, where c(s,€)(X) is a polynomial in s, uniquely determined. In particular we

must also have M*¢(X, k,n) = é(k,n)c(s,e)(X) for s € Z and X € C(U(sl(2, C))).

In other words

r(s,&)(X) = c(s,€)(X)id, VX € C(U(s1(2,C))),Vs € C,Ve € {0, 1},

where c(s,€)(X) is a polynomial in s. =
Suppose s = m, where m is a positive odd integer. Then the representation r(m,0)

has two invariant subspaces, namely

Ho(< —(m+1)= @ span{un} and Ho(2 (m+1)= @D span{un}.

ne€<—(m+1) né2(m+1)
n is even n is even

We thus have representations r(m, 0, <) and r(m, 0, >) of 51(2, C) in Ho(< —(m+1))
and Ho(> (m + 1)) for any odd m. Let

Ho
Ho(m)gn = Ho(< —(m+ 1)) ® Ho(= —(m +1))’

then r(m,0) descends to a finite dimensional representation r(m,0)s. of sl(2,C)
in it. As in lemma 45 one proves it is irreducible, for any intertwiner must be a

multiple of id. Therefore r(m, 1)4, is the representation of s1(2, C) of spin (m —1)/2
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since Ho(m)sn has dimension m. Obviously, all representations r(m, 0)g,, r(m, 0, <)
and r(m,0, >) have central characters and they are all equal to c(m,0). This is a
consequence of Lemma 45.

Let A, be the central character of the representation of sl(2,C) of highest weight
2z, in other words of the representation of s[(2,C) of spin z, where 2 is a complex
number. The last observations prove immediately that ¢(m,0) = Ag,-1)2 if m is a
positive odd integer, since both equal the central character of the representation of
sl(2,C) in Ho(m)sn. Let X € C(U(sl(2,C))), thus both ¢(s,0)(X) and Ajs—1)/2(X)

are polynomials in s. Since they coincide for m € {1, 3,5, ..} we have proved
Lemma 46 ¢(z,0) = A;—y)2,Vz2 € C

We prove analogously:

Lemma 47 c(z,—1) = A,_1)/2,V2 € C

The following theorem is shown in [L].

Theorem 48 Let s € iR and € € {0,1}. The representations r(s,e) is a sub-
representation of R®%¢, the representation of s1(2,C) in the space of smooth vec-
tors of R*. If m is an odd negative integer, then the representation r(m,0,>)
(resp 7(m, 0,leq) is a subrepresentation of R®™™* (resp R°™~ ), and analogously

for r(—m, —1,>) and r(—m, -1, <) if m is an even negative integer.

Theorem 26 now follows easily.
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5.4 Entire functions of exponential order and proof of The-

orem 34 for the Figure of Eight Knot
5.4.1 Power series developments of functions of exponential order

All the material presented here can be found in mostly all books of advanced complex

analysis. My favourite one is [CH].

Definition 49 Let f : C — C be an entire function, in other words a function

analytic in C. Then f is said to be of exponential order if there exist B,C < oo

such that
|f(2)| < Bexp(C|z|),Vz € C.

Definition 50 Let f be an entire function of exponential order. The function f is
said to be of type C > 0 if we can find B < oo such that

|f(2)| < Bexp(C|2|),Vz € C.

Therefore, if f and g are two functions of exponential order of type A and B, then
also f+g and fg are of exponential order of types max(A, B) and A+ B, respectively.
Obvioulsly the functions sinh(Az), cosh(Az) or exp(Az) are all of exponential order

and of type A. If n is integer and A € C, then

sinh((n +1)Az) = -
sinh(Az) - Z exp(Akz),

k=—n
which proves that F,,.(z) (see 4.1) is an entire function of exponential order if

2241 is a non zero integer.
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An easy application of Cauchy’s integral formula is the following known fact about

entire functions: Let f be an entire function. Put

f(z) = Zanzn. (63)

n=0

Lemma 51 (Cauchy’s Inequality) Let f be an analytic function in a neighbour-
hood of the origin in C. If f(z) £ M in the circle of radius R around the origin.

We have
M
|an| < R—;,V’n € N.

Therefore

Theorem 52 Suppose f is an entire function such that |f(2)| < Aexp(C=z), for
some A,C > 0. Then the coefficients of (63) satisfy

e'n.
a, < AC“——n,Vn e N,
n

thus from Lemma 72 (consequence of Stirling Inequalities 93), we can find D < oo
such that

D‘n

,an, < _|"vn eN.

n!
This constant D can be taken as close to C as we want. This is obvious from Stirling
Inequalities.
Proof. See [CH] page 254. By Cauchy’s Inequalities we have

la| < Afi‘%g@,vn €N,

for any R > 0. Thus
lan|Y/® < AY"exp(CR/n — In(R)),YR > 0,Yn € N.
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The minumum, which obviously exists since C > 0, of CR/n — In(R) when R > 0

is attained in R = n/C. In particular

lan | < Al/"%eC’, vn €N,

which implies
n
lan] < AC™S= Vn e N.
nﬂ

5.4.2 Proof of the Theorem 34 For the Figure of Eight Knot

Recall that the z-Coloured Jones Polynomial for the zero framed Figure of Eight

Knot is
Jz 1 q2221 _ q_2_221‘_1_ “+oo
—(4,) = D(n,z).
21 = 11 gt — g3 :4:; (n.2)
where
= 2541 2:41 2 k2
D(n,2)=H[(q T —q 2 ) —(qf-q 2) :
k=1

and g = exp(h). See 3.3.1. Let us prove it is a power series of Gevrey type 1. To
make the notation simpler, we only analyse the case 2z + 1 = 0. The general case is
totally similar. Notice that at z = 0 we attain an infinite dimensional representation

of SL(2,R), see Theorem 26. Since the set of power series of Gevrey type 1 is a
subalgebra of C[[h]] it suffices to prove that

oo oo n h
NZ=:OcNhN = ;(—1)"22"1!:[1 sinh? (%) (64)
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is a power series of Gevrey type 1. Notice this power series only has even terms. Let

Fy(h) = %222" 1)”Hsmh2< h)

n=0
thus obviously Cy = ay where ay is the N** order term of the Taylor expansion
(63) of Fn(h) at h = 0. We now wish to apply Theorem 52 to Fy. For any h € C
we have |sinh(Ah)| < exp(A|h|),h € C. Thus for any h € C we have:

N/2

[Fn(h)] < 3 2% H exp(mihl)

n=0

N/2
= Z22nexp ( nin + l)lhl)

< (g + 1) 2N exp (N—(N8+—2)]hl) :

In particular, by theorem 52 we have

N eV
lay| < (g+ 1) 2N (y(_zx;_@) NF S < CVNN,

where C does not depend on N. Therefore by Lemma 72 there exists a D < oo such

that
|Cn| = |an] < DNN!,VN € No

this proves Theorem 34 for the Figure of Eight knot.

The same kind of argument would yield a similar result for the Trefoil knot, see

3.3.1. Even though equation (37) and Theorem 29 have already given a proof of it.

In fact we can prove:

Theorem 53 Let K be a framed knot. Consider Habiro’s general expression (26)
for the z-Coloured Jones Polynomial of it as in 3.8.1. Suppose that the exists A
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and B such that for any integer n the function f,(K)(z) is an entire function of

ezponential order for which:

|fa(K)(2)| < Aexp(Bn®|z]),Vz € C,¥n € No.
Then ﬁT(K )(h) is a power series of Gevrey type 1.

Therefore with a better knowledge of the coefficients of Habiro’s formula (26) we
may prove Theorem 34 in full generality and in a simple way. This would avoid the

complicated and especially very techical approach for it in chapter 6.

5.5 Condensed proof of Theorem 34

This is extracted from [FM1]. Chapter 6 is an expanded version of this section with
full proofs.

We assume that the reader is familiar with the construction of the Kontsevich In-
tegral, as well as the algebraic structure in the space of chord diagrams. See for
example [BN], [Wil] or [C]. Let Ag, = ©@nenoAn. The connected sum of chord
diagrams defines a product A, ® A, — Amsn, providing Ag, a graded algebra
structure. By definition, the algebra of chord diagrams A is the graded comple-
tion of Agn, or alternatively the algebra of formal linear combinations of the form
S, wah™ where w, € A,,Vn € N,.

The unframed Kontsevich Integral has values on the algebra .A’, defined similarly
to the algebra A of chord diagrams, but considering also the framing independence
condition of figure 13. Alternatively we can define A’ as the graded completion
of Ay, = Agn/ < ©Agn >, the last with the obvious grading, see [Wi2]. Here ©

denotes the chord diagram with just one chord.
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Consider a knot K made out of n tangle generators G, like the ones shown in figure
14, on top of each others, with a chosen orientation. They can be of six different
kinds, namely N, U, C_, C;, X_ and X,. We can suppose they have height 1. The
knot K is a Morse knot, and the critical points of it are contained in {0, ...,n}. Let

I, = [k — 1,k], where k = 1, ..., n.

Define:

oo hm
Z(K) = Z (271'2)7" ﬁ<tl<t2<"'<tM<n

m=0 tj¢{0,...,n},3=1,...m
™ dz; —d2,
Y. ()Mup A—=—Led, (65
pairings P =t 7 J

P={{z,2] }:ij —C}7h,

that is -
Z(K)=>) _ h" > Z(P,K)wp € A (66)

m=0 peirings P
P={{zj,2;}:1k;—~C}zy

Here Ii, denotes the interval where the pair of functions p; = {2;,2;} : Iy, = C (a
chord) is defined, thus k; < k3 < ... < ky,. If P is a pairing then wp denotes the
chord diagram constructed out of it as in figure 15, whereas | P denotes the set of
z; or z. where the orientation of K points downwards. The framing independence
relation ensures the integrals are convergent, for the divergent integrals evaluate to
zero in A’, see [BN] 4.3.1.
Any pairing P with m chords is defined in some connected component of {0 < ¢, <
ty < .. <tm <nt; ¢ {0,..,n},j=1,.,m}, in particular there are m; chords
p; = {2, 2} defined in each Iy for k € {1,...,n}. We can thus index the chords as
o k=1,..ni=1,..my Let m = (my,...,my), thus |m| = mi+...+m, =m. We

say a chord p defined in a I; associated with a generator Gy of the kind U or N is
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Figure 13: Framing independence relation on chord diagrams

LN LN L, 47 NN,
NN 7L > ><L

Figure 14: Generator tangles of the kinds N, U, C_, C,, X_ and X,

of type T'(p) = A (resp T(p) = B) if it looks like the one in figure 16 (resp the ones
in figure 17). If the generator G} is of type C_, Cy, X_ or X, then by definition
all the chords in I are of type B. If G} is a generator of type U, X, or X_, let
T* = (T(p%), ..., T(pk,)). If Gy is of type N then we define T* = (T(pk, ), ..., T(p})).
Let B(k) be the number of chords in I; of type B and B(P) be the total number
of B-chords in P. Notice that since we are considering the framing independence

relation we can suppose Tf = B,k = 1,...,n. This is a necessary condition for all

the integrals to be convergent, in the first place.

Figure 15: Defining a chord diagram out of a pairing.
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1A

Figure 16: A chord of type A

Figure 17: Chords of type B

Explicit calculations prove:

Lemma 54 8 Fiz a knot K as before, there exists a C < +00 such that for any

pairing P with m chords we have:

'Z(PK)'<C'"HB il I ggem s )
T;;:A

Proof. (sketch) Let T = (T3,..,T,) be a sequence of A’s and B’s with T} = B. Let
B(T) be the number of elements of T equal to B, and let C(4) = 1 and C(B) = 1/2.

We have:
I(T)—/ ﬁ L ety . by, 2'"——1—
0<t1<...<tm<1 ;1 t?(T(A)) v B(T)!
IT 1 (68
, #li el 51} : Ty = B}

ie{l,..

=

8See Theorem 69.
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One proves this from the equality

1

YNy, dx, = 69
e Zy...QT, )
/—oo<21<zz<...<a:n<0 ' )\1()‘1 + ’\2)-~(/\1 + )‘2 +..+ )‘n) ( )

(easy to prove by induction if A;, Ay, ..., A, > 0) by a continuity argument. Consider
the generators U and N to be made of semicircles of radius 1 and strings parallel
to z-axis. Unpacking equation (66) yields a product of n integrals, one for each I,

equal to, or bounded by, integrals like C™ I(T"), where C is fixed. m

Let z € C be a complex number, and let A, be the central character of the represen-
tation of s(2, C) of highest weight 22. We wish to give an estimate for |A,(¢s(wp))|,
where s denotes the infinitesimal R-matrix in s{(2, C) coming from a quarter of the
Cartan-Killing form and wp is the chord diagrams made out of the pairing P. Even
though ¢,(w) does not make sense in 4/, since ¢, does not satisfy the framing inde-

pendence relations, wp does define a chord diagram, thus an element of A, and in

particular it makes sense to consider ¢,(wp).

Recall the recursive evaluation of the si(2, C) weight system ¢, : A — U(sl(2,C))
in [CV], theorem 1 °. Let w be a chord diagram and let a be a chord of it, thus
a divides the circle supporting w into two semicircles. Define C(a,w) as the set of
chords of w that cross a. It has cardinality z(a, w). We define w(a) as the chord
diagram obtained from w by removing a. Let b and c be distinct chords in C(a, w),
they have endpoints e, e, fa, f» such that e, and e, (resp f, and f) lie in the same
semicircle. Define w* (a, b, c) (resp w!!(a, b, c)) as the chord diagrams obtained from

w through removing a,b and ¢ and adding two new chords joining e, with f, and e,

9See Theorem 44.
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with f, (resp e, with e, and f, with f;). Theorem 1 of [CV] tells us:

(Az 0 85)(w) = (A; 0 ¢s)(Bw(a) — 2z(a, w)(Az 0 &s) (w(a))+
Y. 2((:08s)(w*(ab,¢) — (A 0 6:)(w!(a,b,c)) . (70)
b,chC;é(:,w)

Let w be a chord diagram with m chords having a set a(w) of chords that do not
cross each others (we do not suppose that this set is maximal). Pick up a chord
ap € a(w). Consider a diagram w’ appearing in the recursive evaluation (70). Then
a(w') = a(w) \ {ao} is a set of chords of w’ that do not intersect each others. In
addition we always have z(a,w') < z(a,w),Va € a(w’). We need to use the fact
that the chords of a(w) do not cross each others to prove this. An obvious induction

based on equation (70) and this last fact tells you:
(A0 6)|(w) < So(m — #a(w)) [ (el +22(a,w)* +z(a,w))  (71)

aca(w)

< S, (m — #a(w))cFe® [ (1+2(a,w))*. (72)

aca(w)
Here ¢, = (A, 0 ¢5)(©) and C, = max(|c,|,2). In general, if i € N, we define S, (i) =
max{|\; 0 ¢s(z)|, z € W;} where W; is the set of chord diagrams with k chords. The
recursive evaluation tells you again that S, (i) < [T'—,(lcs| +27% +7) < Ci(5 + 1)1%

Given this last estimates we prove:

Lemma 55 Let z € C there exist a constant C, < +00 such that the following is
true: Let w be a chord diagrams with m chords having a set a(w) of chords that do

not cross each others. We have the estimate:

1Az 0 80)(w) < CPk+ 12 [T (1+2(a,w))?, (73)

a€a(w)
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where k = m — #a(w). If in addition z(a,w) # 0,Va € a(w) we can write this in a
more useful form for later, namely

(s 0 ¢)|(w) < 207k + 1) T] (2(a,w))’. (74)

aca({w)

Let K be an oriented knot and let P be a pairing with m chords. We want to apply
the lemma above to wp, the chord diagram made out of P. Each chord p of P gives
rise to a chord a, of wp. Two chords a,,a, with p and p’ chords of type A cannot
cross each others, therefore we define a(wp) = {a, : T(p) = A}. If p is defined in
a generator G of K of type U (resp. N), then z(a,, wp) is the number of B-chords
defined in the same generator G staying bellow (resp. above) p, thus z{(a,, wp)

can be supposed to be different of zero by the framing independence relation, since

Tf = B. Combining lemmas 54 and 55, we conclude there exists a C' < 400 such

that:

n

(e080)Z(P, Kyuwp) < on BEWTT [T siie,.i}: T = B} (79)
Hk lB(k 'Ic 116{1, wmy}

Tk=A

where C only depends on z and K. Notice B(P) = B(1) + ...+ B(n) is the number

of chords in P of type B.

An easy consequence of Stirling inequalities is the fact that given n € N, there
exists a C < oo such that m! < C™m,!...m,!, where m; + ... + m, = m, for any
my,...,m, € N. Another consequence is the fact that there exists a C' < 400 such
that m™ < C™m!,Ym € N. Let K be a knot and P a pairing with m chords.
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Putting everything together we prove

|(A\z 0 66)(Z(P, K)wp)| < C™B(P)?*IB(P)4F) (76)
< C™(A(P) + B(P))AP)1+B(P) (77)
< D™ml, (78)

for any pairing with m chords. Here A(P) is the number of chords of P of type
A. Notice D < +o0o only depends on z and K. We know s = —t/4 thus f;(w) =

(—4)™¢s(w), where m is the number of chords of w. therefore we can also find a

constant C' < +oo such that:
|(A; 0 6:)(Z(P, K)wp)| < C™ml. (79)

We have now done the most difficult part of the proof of Theorem 34, even though
this last inequality is not quite enough yet. Let us go back to the definition of the
Kontsevich Integral. Let co be a Morse knot equivalent to the unknot but with

4 critical points. Let N be the number of critical points of K. The unframed

Kontsevich integral of K is

2,(K) = 7o (80)
Let us define the framed version of the Kontsevich Integral. Recall we have a
coproduct in Ag, defined by D(w) = >, T ® (w \ z), whenever w is a chord
diagram. Here z is a chord diagram made out some chords of w and w \ z is the
complementary diagram. Recall Ag, has a grading deg where the grading coefficient

of a chord diagram is its number of chords. Consider the map ¥ : Agfn — Agn such

that

Y(w) =Y (~0)*F D (w\ ). (81)

Cw
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for a chord diagram w. Thus 9 satisfies the 4T-relation. In fact v is a Hopf algebra
projection, see [Wi2] (this is not a trivial fact). The morphism % is zero on the ideal
generated by ©, thus ¢ defines an algebra morphism Ay, — Ag,. It extends to a

morphism ), : A" — A of the graded completions.

Definition 56 The Kontsevich Integral of K is
Z(K) = 2" Myo(2,(K)) € A, (82)
where F(K) s the framing coefficient of K.

This definition is equivalent to the standard one. See [Wil] or [LM2] theorem 5.13.
Notice ¥(Z(o0))™! = Z(0), which is the (framed) Kontsevich Integral of the zero

framed unknot. Let z € C. Since (), o ¢;) is an algebra morphism, we have:

JHK)

ol (Az 0 ¢)Z(K) (83)
= (X 0 ¢5) (7MY (A, 0 @) (Y0(2(00))™M?) (A; 0 6:) (Wo(Z(K))) (84)
= e="(X; 0 ¢y) (Z1(0)? (A; 0 ¢ (Yo(Z(K)) (85)
e 1 sinh((2z + 1)h/2)\"* .
= et (i E A T 01 0 0 00(2()) )

Since the set G [[h]] of power series of Gevrey type 1 forms an subalgebra of C[[A]],

the proof of theorem 34 will be finished if we prove that
(Az 0 60)(%o(Z Z K™ Z (A= © 1) (Yo(Z(P, K)wp) (87)
m=0 airin,
P-—{{Zj z}’) Ik —'C}] 1 m}}
is of Gevrey type 1. The estimate for |A,(¢s)(w)| in 73 continues to hold if we
remove a chord from w, maintaining the right hand side of 73 fixed. Immediately
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we have:

[0z © 8)|(o(w)) < D 1(A; 0 8,)(—O)*ED|(A, 0 ¢)(w \ 2)| (88)

rCw

<@Ee)erk+1)2 [ (1 +a(a,w))’. (89)

a€a(w)

Recall that c, = (), 0 ¢,)(6) and C, = max(|c,|,1). Notice there are 2™ splittings

w=2zU(w)\ z) if w is a chord diagram with m chords. As before we prove.

Lemma 57 The estimate 79 continues to hold if we put (¥o(Z(P, K)wp) instead of
(Z(P,K)wp).

We now prove (A, o ¢.)(¢o(Z(K)) € G,[[h]]. Since we have proved Lemma 57, a
glance at equation 87 reduces the proof of this to estimating the number of pairings
P with m-chords, which is a simple exercise of counting. Let M = max;er #((t X
C)N K). Consider pairings P with m chords, having m; chords in each interval I;
for i = 1,...,n, thus m; + ...m, = m. There are at most (M (M — 1)/2)™ pairings
like this. Recall the classical combinatorics problem which asks about the number
of ways we can put X indistinguishable objects into N distinguishable boxes. Its
solution is g(N;_—)f)T% In our case we have exactly X = m objects (chords) and N = n
boxes (intervals Ii). Thus there are at most (M(M —1)/ 2)’"(§,T)—.,,)7 pairings P with

m chords. Given that n and M are constant, this last term grows exponentially

with respect to m. This finishes the proof of theorem 34.
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6 On the Kontsevich Integral

The main aim of this Chapter is to describe the Kontsevich Integral in a way such

that we can prove Theorem 34

6.1 Definition of the Kontsevich Universal Knot Invariant

We freely use the notation of 1.1. We will work the C! category, which permits us to
use the Kontsevich integral as the definition of the unframed Kontsevich Universal
knot invariant. A (oriented) knot K is an oriented C* submanifold of R? diffeomor-
phic with the oriented circle S'. Two knots K and K’ are said to be isotopic if there
exists a C! diffeomorphism f : R® — R3 connected with the identity sending K to

K'. A knot parametrisation is a C' embedding vk : S* — K C R®.

6.1.1 Framing independence relation in chord diagrams and the algebra

A/

Consider the equivalence relation on the space of chord diagrams shown on figure

18. It is called framing independence relation.

A chord c like in figure 18, such that there are no extreme points of any other chord
between its initial and end points, is called a isolated chord. Obviously, the sub
vector space 1T of Ag, generated by the chord diagrams with isolated chords is an
ideal of Agy, in fact it is the ideal < © > generated by the chord diagram with only
one chord. Therefore A%, = Ag,/17 is an abelian algebra. It has an obvious grading
similar to the grading of A, where the grading coefficient of a chord diagram is given

its number of chords. Therefore A’, by definition the graded completion of Ag,, is
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Figure 18: Framing Independence Relation

also an abelian algebra. This algebra is the target space for both the Kontsevich

Integral and Unframed Kontsevich Universal Knot Invariant.

6.1.2 Unframed Kontsevich Universal Knot Invariant

As described for example in [BN] there exists a map K 2y, A’, which is called
the Unframed Kontsevich Universal Knot Invariant. Let us describe how it is con-
structed out of the Kontsevich Integral. Another good reference for the description
of the Kontsevich Integral is [CD], which we follow closely. To begin with we recall

the definition of Morse functions. These are functions f : S* — R, such that:
1. fis CL
2. Each critical point of f is either a local maximum or a local minimum.

3. f attains different values at each extreme point.

4. The set of critical points of f is finite.

Consider a knot K and a parametrisation 7 : S* — R3 = R x C of it. Let #(s) be
the projection of (s) in the first variable. Apart from possibly applying an isotopy
of R3, we can suppose ¢(s) is a Morse function. Let {o, ..., tn} be the set of critical

points of t. Suppose ty < t; < ... < t,, and define I = (t¢-1,t), k = 1,...,n. Given
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a positive integer m, define:
Lim = {(z1, .y Zm) ER™ 1ty < 21 < . < T < W,k =1,...,1.

We consider also Iyo = {0},k = 1,...,n. Therefore the volume of I, is %(tk -
tk—1)™. Suppose m > 1 is a integer. For any finite sequence m = (my, ..., mn) € N§,

define

Iy =Dimy X ... X Iy,

Let k € {1,...,n}. The intersection K; = ({t} x C) N K has a constant number
of points in I;. See figure 19. Obviously all the sets K;,t € I} can be identified
with a finite set S(k) in such a way the obvious map K N (I x C) — S(k) is
continuous. Let p € S(k), we can define uniquely a map 2, : Iy — C such that

t,2,(t)) = p, Vt € I, by the implicit function theorem 2z, is C*. It can be extended
P

obviously to a continuous function z, : [tx—1, tx] — C.

Denote by S®@ (k) the set of subsets of S(k) with 2 elements. We call them chords.
There exists a subset D (k) C S@(k), the set of elements {p, ¢} € S® (k) for which
(tk, 2p(tk)), (tk, 24(tk)) are both local maxima. The set D_(k) is defined analogously
as the set {p, ¢} € S@ (k) for each (tx-1, zy(tk-1)), (tk» 24(tk)) are both local minima.
Notice that each set D, (k), D_(k) has cardinality at most one by the condition 4
of the definition of Morse functions.

Let us be given an integer m > 0 and a k € {1,..,n}. We associate to them a
finite set P£. An element of P is a map P* : {1,..,m} — S@(k) of the form
i — {px(3),p,(5)}, equivalently a map i — {z*(t),2*i(t)},t € . The map P*
is called a pairing and each {z*,2'*} a chord of it. We put the condition that

{ps(m), pk(m)} ¢ D.(k) end {p(1), pi(1)} ¢ D-().
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t N N
I3 [ 5 Non admissible pairing
Tty
I
v 2 Admissible pairing

Z t T tl
I, J_‘o

y

X

Figure 19: Admissible and Non Admissible pairings
Definition 58 An element of P¥ € PF is called a k-admissible pairing. See figure

19

Proposition 59 Given an admissible pairing P* = {i — {2%:(t), 2*:(t)}} € Pk,

the following integral is absolutely convergent:

— d2'¥(z;)
.Z‘)—'Z xt) .

IcmP'c /\dz

Ikma,,—

This will the basis for the definition of the Kontsevich integral.

Definition 60 Suppose we are given a sequence m = (my,...,my,) € No", an m-

pairing P (admissible) is a map

Pe{l,.,n} - Pre| |PE,

k=1
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N ¥

Figure 20: A (0, 3,2, 3,0)-pairing

with P¥ € PE_k = 1,..n a k admissible pairing. Let Pp designate the set of all
m-pairings. Any pairing P defines a chord diagram wp in the obvious way. Let for

any P € Py:
Z(m, P) = [] 2(k, m«, P(k)).
k=1

The reader is advised to look at figure 20. Notice there are no pairings with m; or

ms not equal to zero, for then the pairings P% and P5 would not be admissible.

One more simple ingredient is necessary to define the Kontsevich universal knot

invariant. Let us be given a pairing P, then #P is defined as the number of zf or
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2% on which #(s) is decreasing.

Let m = (my,...,m,) € N§, we put |m| =mg + ... + My,

Definition 61 Consider a C® parametrisation v : S* — R x C such that the
projection t(s) in the first variable is a Morse function with n + 1 critical points.

Define for every integer m > 1:

Zpm)= 3 (~1*Z(m, Pyup.
{meNo™:|m|=m}
PcPp

Define also Z(v,0) = 1,Z(~,1) = 0. The Kontsevich integral is by definition:

Z (2 Z(fy,m)GA’

meENp

Consider a parametrisation v, of the unknot such that t(s) is a Morse function

having 4 critical points. The next two results are proved for example in [BN]

Theorem 62 The series Z(vy) does not depend on the chosen parametrisation Y
yielding the unknot as long as t(s) is a Morse function which have ezactly 4 critical

points. Call the series obtained Z(00).

Notice that Z(co) is invertible in A’ for its first term is 1.

Theorem 63 Let us be given a knot K, with a parametrisation vx of it such that

t(s) is a Morse function with n + 1 critical points. Notice n+ 1 is a positive even

number. Define
Z(vx)

Z(oo)mztl
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Then Z,(K) does not depend on the isotopy class of of K, as long as t(s) is a
Morse function, which we can suppose apart from isotopy. Therefore Z,(K) is a

knot invariant. Call it the unframed Kontsevich Universal Knot invariant.

6.1.3 Framed Kontsevich Universal Knot Invariant

We now extend the Kontsevich Universal Knot Invariant for framed knots. This

extension is referred to usually as the framed Kontsevich Universal Knot Invariant.

Recall that a framed knot K is an embedding of the stripe S* x [~1, 1] into R® with
the obvious notion of isotopy class. Any framed knot defines an isotopy class of

knots in the obvious way. The framing coefficient F'(X) of a framed knot K is the
linking number of K x {—1} and K x {1}.

Recall that the algebra A’ is defined as the graded completion of Ag, = Agn/ < © >,
where < © > is the ideal of Ag, generated by the chord diagram with only one chord.
Both Ag, and A}, have gradings for which the grading coefficient deg(w) of a chord
diagram is given by its number of chords. Consider the map ¢ : Asn ® Agn — Agn
such that if w, and w, are chord diagrams we have g(w1 ® wp) = (—©)%E@i)y,,
Define 9 : Agn — Agn 88 ¥ = ¢ o A. Then actually ¥/* = 9 and % is a Hopf

algebra morphism (this is a non trivial fact). Its kernel is contained in < © >, thus

9 descends to a map ¢’ : AL — Ajg,, which can be extended to all A’ since ¢/

preserves gradings. See [Wi2] for more details. Let p : A" — A be the projection.

Given that ¢(8) = 0 it follows
Yop=19. (91)
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Definition 64 The (framed) Kontsevich Universal Knot Invariant is:
Z;(K) = 2(K) = ¢/(24(K)) exp(F(K)©),

where the convergence of the series defining eF¥)9) js understood in the graded alge-

bra sense. Here Z,(K) denotes the unframed Kontsevich Universal Knot Invariant.

Recall F(K) is the framing coefficient of the knot K.

Recall the Kontsevich Universal Knot Invariant satisfies all the properties stated in
theorem 1.

This is a slightly ad-hoc definition of the framed Kontsevich Universal knot invariant.
However it is equivalent to the standard one. This was pointed out in [Wil]. The
proof of this fact appears in [LM2]( theorem 5.13). Let us give an idea of how this
result can be proved. I only know one place where this result is proved, namely
[LM2].

Proof. (sketch) We can either define the Framed Kontsevich Universal Knot
Invariant 2’ out of the Drinfeld Associator as in [LM2]; or by regularising the

integral (90) for non admissibe pairings through considering

, —In(e)
g K <Te) |

at each minimal point, say, where K. is the tangle obtained from the knot K by
removing the points in the two strands making the minimal point which are at

smaller distance than e. We do analogously for maximal points considering

lim Z(K.) exp (1’1(6)9) :

e—0,e> 2T
At the end we obviosly consider the limit for all maximal and minimal points simul-

taneously. See [LM2] for more details. Notice that both definitions of the Framed
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Kontsevich Universal Knot invariant yield isotopy invariants of blackboard framed
knots. This is because we are implicitly choosing determination of the logarithm at
each extreme point. Call these two definitions Zp and Zg. It is well known that
they are equivalent, that is 2’ = Zg = Zp, see [LM2] or [AF]. Let us prove both

are equal to Z, as in Definition 64.

Consider the algebra projection p : A — A’. From the second definition of Z,
the one involving the regularisation of the Kontsevich Integral, it is immediate that
poZ2' = 2, Therefore ¢ 02, = ¢ opo 2 = ¢(Z), by (91). Therefore, we
only need to find the relation between 1 o Z’ and Z’. It is now better to consider
2' = Zp, the definition of the Kontsevich Universal Knot Invariant involving the
Drinfeld associator as in [LM1]. Let ¢(A, B) be the Drinfeld associator, constructed
from the monodromy of the Kniznick-Zamolodchikov equations. See [D1], [D2],
[K] or [LM3]. 1t is an element of the algebra C[[A, B]] of power series in two non
commuting variables A and B. We now follow [LM3] and [K]. Consider the algebra
C[[A, B])][e, 8] of polynomials in «, 3 with coefficients in C[[A, B]] (we suppose «
and 4 commute with all other variables). A beautiful identity satisfied by ¢(A, B)
is

¢(A - Q, B~ /6) = ¢(A) B)’ in C[[Aa B”[CY, ﬂ]

Therefore if ¢ commutes with all variables we have

$(A—c,B - c) = ¢(A, B), in C[[4, B][c]] (92)

see [LM1] page 63 or [K] page 469. A proof of this fact is not that difficult, but
involves going through all the definition of ¢(A, B). Equation 92 is more or less

obvious from the fact ¢(A, B) is an exponential of a series of commutators in A and
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B.

Let K be a framed knot. It is better now to see 7 : 4 — A as a map such that if w
is a chord then y¥(w) = w —b,/2 — b2/2, where b; (resp by) is a chord connecting two
points in a neighbourhood of one (resp other) extreme point of w; and analogously
for more complicated chord diagrams. The advantage is that it makes also sense to
consider ¥(w) where w is a chord diagram supported on a tangle. The evaluation
of Zp(K) is made out of terms like ¢(H; ;, H;;), where H;; means connecting the
i* and j** strands of K by a chord perpendicular to the ¢ axis. We also have terms
like exp(H; ;) at each crossing point. Consider applying ¥ to Zp(K). The terms
involving ¢(H j, H;x) are easy to deal with: by 92 they remain unaltered since ©
commutes with any chord diagram. Since v is an algebra morphism, the evaluation
of exp(H; ;) will change as exp(H;; — b)/2 — by/2), which, since © commute with
all variables, is exp(H; ;) exp(—©). This is the reason why the factor exp(F(K)) in
Definition 64 appears. We thus need to have Z = Z’. See [LM2] for details. m

6.1.4 Some bounds for the coefficients of Kontsevich Universal Knot

Invariant

We now estimate the modulus of the coefficients of the Kontsevich integral for knots.
This will be used in the proof of theorem 34. We freely use the notation of 6.1.2.
This will be a rather long section, not very difficult, but with a large amount of
notation being introduced.

Let K be a knot and let v : §' — R x C be a Morse parametrisation of it. To
calculate Z(7), we need to know the critical points 2o < t1 < ... <%, of ¢(s) of k.

If I = [tis1,t] then I U...U I, is a splitting [to, ts] = vk (S?) such that no critical
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point of vk is in the interior of any interval Iy. However to calculate Z(vy), we can
use any splitting 7o = ¢g < ¢; < .... < ey = t, of the interval [to,t,] as long as the
set of critical points of #(s) is contained in {cy,...,cx}. See [BN], 4.3.2. Thisisa
consequence of the fact that away from extreme points the Kontsevich Integral is
expressed as the holonomy of the formal Kniznick-Zamolodchikov connection. See
[BN]

Let K be an oriented knot, it can be seen as the closure of some braid b € B(n) for
some n € N. Here B(n) is the braid group with n-strands. A parametrisation yx of
K will have therefore 2n critical points. Fix once for all a braid b € B(n), for some
n € N such that its closure is K. We want to calculate Z(K) out of the closure of
b, thus for definiteness we explicitely construct such a closure. The braid b consists
of n oriented downwards strands connecting the points (1,0), (1,1),...,(1,n—1) to
(-1,0),(=1,1)...,(~1,n). Strands which can be supposed contained in [-1,1]x {2z €
C : |2| < n}. Consider an explicit construction of a closure of b as in figure 21. That
is:

Consider n straight lines oriented upwards connecting

e (n+1,1)to (n+1,-1)

(n+21+1)to (n+2—(1+1)

n+31+1+2)to(n+3,—(1+1+2))

e (n+4,1+1+2+3)to(n+4,—(1+1+2+3))

e and so on until

(n+n,14+1+243+..+n—Lto(n+n,—(1+1+2+3+..+n-1))

125



| T
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Figure 21: Closure of a braid
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Also, connect the points

e (n—-1,1)to(n—1,1)

e (n—-21)to(n—2,1+1)

e (n—-31)to(n—3,1+1+2)

e (n—4,1)to (n—4,1+1+2+3)
e and so on until

e(n-n1l)to(n-n1+1+2+3+...+n-1)

By oriented downwards straight lines.
Similarly, use oriented downwards straight lines, and connect the points
e (n—1,-1)to (n—1,-1)
e (n—2,-1)to (n—~2,—(1+1))
e (n—3,-1)to(n—3,—(1+1+2))
e (n—4,-1)to(n—4,—(1+1+2+3))
e and so on until
e (n—n,—1)to(n—n,—(1+1+2+3+..4+n—1))

Now, use semicircles of radius k oriented counterclockwise, chosen so that the closure

of the braid has a C' parametrisation, to connect the points
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e (n+1,1)to(n—-1,1)

e (n+2,1+1)to(n—2,1+1)

e n+3,1+1+2)to(n—3,1+1+2)

e n+4,1+1+2+3)to(n—-4,1+1+2+3)
e and so on until

e (n+n,1+1+24+3+..+n—-1)to(n—n,1+1+2+3+...+n-1)
And, similarly

e (n+1,-1)to(n—1,-1)

o (n+2,—(141)) to (n—2,—(1+1))

e n+3,-(1+1+2)to(n—3,(1+1+2)

e (n+4,—(1+1+2+3)to(n—4,—(1+1+2+3))
e and so on until

o (n+n,—-(1+142+3+...4n-1))to (n—n,—(1+1+2+3+...+n-1))

The reader is strongly advised to look at figure 21. Let 7 : 8! — R x C be the
parametrisation of K just constructed. Define ro = 1,71 = 1+ 1,73 =1+1+
2, . tn=14+142+3+..+n. Split ¥(S') = [~ 7] 88 [T, —Tp_1] U ... U
[=rg, —r]U[=r1, 1)U [r1, ro] U Ulrn1, 7] = I Ul q1U.. UL UL UL U...UIL,
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Al

Figure 22: A chord of type A

/ A

Figure 23: Chords of type B;

Definition 65 (Chord Type) Let P* € PX with k € {-n,..,-1} U{L,...,n},
be a k-admissible pairing with m chords, in other words a map i — p; = {z;, 2]},
where i € {1,..,m} and 2,2’ : I, — C. We divide the chords p; = {z,2]} into
two different types: A chord is said to be of type A, say, if it looks like the chord in
figure 22. We say it is of type B otherwise. Chords of type B can appear on types
B, and B, shown in figures 23 and 24. If k = 0 then by definition we say that all
the chords are of type By. If P* is a k-admissible pairing then A(P*) (resp B(P¥))
is the number of chords of P of type A (resp B), thus A(P¥) + B(P*) = m, which
is the number of chords of P*. For a chord p, let T(p) denote its type.

Definition 66 (Type Sequences) Let b be a braid with n strands whose closure
is a knot and k < 0. Let also P* € P be a k-admissible pairing with m-chords.
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Figure 24: chords of type B,

The type sequence of P* is by definition

T(P*) = (T(p1), T(p2), s T(Pra)).

If k > 0 then by definition
T(Pk) = (T(pm)7 "'1T(p2)a T(Pl))

Notice that since the pairings are admissible, the first letter of the type sequences

is always B. Let m = (m_y, ...,mq, ..., M) be a sequence in Na**'. Let also P €

Pp be a m pairing, thus for each k € {—n...,n}, we have type sequences T (P)
characterising the pairing P* € Pk . Let B(P) and A(P) be the number of chords
of P of type B and A, respectively, thus A(P) = A(P™") +...+ A(P"), and similarly
for B(P)

The reader is advised to look at figures 25 and 26.

Consider a pairing in PE with k # n. Due to the way we defined the closure of the

braid b, it is very easy to determine the functions z, : [, — C. Only two of them will
be non constant. If k is positive, then they are the obvious shifting of +v/k% — ¢2,

and analogously if k is negative.
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Figure 25: An example with T(P) = (B,B,A,B,B,B,B, A, B)

L |

\ /

\ /
AN

<__Z

Figure 26: An example with T(P) = (B, B, B, B, A, A, B, B, A)

Lemma 67 Let us be given a k € {~n, ..., —1}U{1,...,n}, m € N and a k-admissible
pairing P*¥ = {i — {2F(t), 2/%(¢)}} € PE. We have the estimate
/ dz (z;) — dz k(m,)

I 2 (z:) — 2§(zi)

<k ~B(P¥) 1
sy M Fren gm0 =5y
T(P",)(z")=.4

where T(P*) = (T(P*)(1), ..., T(P*)(m)) is the type sequence of P*. Here # denotes

the cardinal of a set.

|Z(k,m, P¥)| =

mz—

Proof. We make the proof for k € {1,...,n}, the other proof will be analogous.

Obviously:
\Z(k, m, P¥)| = / Fu(@0)onfrm (@) dr. AT

0<z1<22<...<xm <k
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Here f;(t) can be a function of the kinds: B®,! > k, where
4 (1+£VE2 - 12) l 1 t

[+ vk2—1t2 I+ vk —t2Vk?—t?
if the associated chord P*(i) is of type B;; A(t), where

d
t LAV

A(t)=k2__t2 = k2_t2

t

< b
Ny

1>k,

BY() =

)

if the associated chord P*(i) is of type A; or the null function if the associated
chord P*(i) is of type B,. Since we are considering admissible pairings, we also have
fm # A. This is a crucial condition for the integral to be convergent in the first

place. Let a; = 1/2 if the i chord is of type B and 1 if the i** chord is of type A4,
thus a,, = 1/2. We have:

|Z(Ic,m,P’c )<

/ da:l _xl / d.’L‘2 T / da:;; x2)aa
/ d(E4 /m_ —:!:2 — =1

Consider the coordinate change z; = kz}, we obtain:

/

1 1 z 1
—B(P*) T ’ Ta / .__.3___/ dzs...
I k / dxl ,2)01 // d:rz———'—'_'—"(l — z’g)aﬂ \/w‘l2 dz3 (1 _ .’Elg)a’3 zé :1:4
/1 dg_r;’ _....i_:'"__
Ty _y " 1- Ilm

Thus if we put z} = /1 — yi,i =1,...,m yields:

k—B(P¥) V2 va Ym-1
I=— / dyl“aT dyZTz / dys-a / dys.. / dym
0 0 ym

kB 1 1 / / /1 1
- ]~ AYin—2 = dy d
o dym\/_/ym Y1 | Ym 2ym2 R Vi

Ym—1
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Therefore we can use Corollary 75. The case k < 0 is analogous but missing the last

step. m

The behaviour of Z(k, m, P¥) for k = 0 is easy to determine given that we have no
infinities in the domains of integration. Obviously, there exists a constant C < oo

such that:
& (2(t) = (1))
2(t) — 2'(t)

for any chord z(t) — 2/(t). In particular, given any O-admissible pairing P° € PY we

<,

have

(20)™
m!

Notice in this case 7(P°) = (B, B, .., B), by definition. Therefore:

|Z(0,m, P)| <

Lemma 68 Let b be a braid with n strands whose closure is a knot. There exists

a constant D < oo such that for any k € {-n,...,,n}, any m € N, and any k-

admissible pairing P¥ = i s {2(t), ¥ (t)} € Pk we have the estimate

k cr !
2 Pl < gy 1 Fren g mwm =51
T(Pk)(i)=A

This will be the main theorem of this paragraph:

Theorem 69 Let b be a braid whose closure is a knot. There exists a constant

D < +00 such that for any sequence m € NZ"*' and pairing P € Pn we have:

1
|Z(m, P)| < B(P.II IT FGE L} T(PO0) = BY

k=—nie{l,...
T(P* )(1)—.4

where m = (m_p, ...,mp) and |m| = m_, + ... + My.
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Proof. This follows from Proposition 68 and Lemma 70. =

6.1.5 Some calculations

We prove the lemmas that we have just used used, as well as some results that will

be useful later. First of all recall Stirling’s inequality for n!:

m

m" m" 1
V2rm——eTmil < nl < V2rm——enm,m = 1,2, ... (93)
e e

m

It will be used quite frequently later. Immediately to prove:

Lemma 70 Let n be an integer. There exists a C > 0 such that for all sequences

m = (my,...,my,) € N} we have

where as usual |m| =m; +my + ... + my,.

Proof. Let m = |m|. Suppose m; # 0,Vi. The Stirling inequalities prove:

m! mm V2my/m
(M) (M) (mn)) () (). (i) /2 i o

1 1 1
e 12m+1 g 12my+1 ...el2mp+1

1

er?

Therefore for any m € N™:
m! m™ V2ny/m n

) () ()~ Gy (m).. (mim)  y/om

We can thus choose a D > 0 such that:

m! < m™ pm
) mal) ()~ () (). (mgm)
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for all m € N»,

The minimum of (m{™ )(m3?)...(my'») with the restriction m; +mg+...+m, = m is
attained when m; = m/n,i = 1,2,...,n. A simple Langrange multiplier calculation
shows this. In particular

m! mm m "
) ma))(mal) (%)mD <cm,

for any my,...,m, € {1,2,...}, for some fixed constant C. The case in which we

admit some m;’s to be zero obviously reduces to this one for a smaller n. ®

The following two simpler lemmas are also useful:
Lemma 71 Let n be an integer. There ezists a C > 0 such that

(n+m)! <mlC™,Vm € No.

Proof. Obviously g—'%l,”—)—' < (n+ m)™ (we are not using Stirling Inequalities). This
term has polynomial growth with respect to m, thus 11:%,"21 < C™ for some fixed C

not depending on m.

Lemma 72 There exist constants B, C' < oo such that

B'n" <nl<C™'n™,n=12,..

Proof. This is essentially obvious from Stirling Inequalities &

Now, a very important set of calculations:
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Lemma 73 Consider an integral of the form:

Z(a1,ag, ..., a,) = / gh@1toatzt.tondndy doo Az,
00<21 <r2<...<Tn<0

where a; > 0,a; + a2 > 0, ...,a; + a2 + ... + a, > 0 (the case in which some a}s may

be equal to 0 is admitted) . We have:

1
al(al + az)...(al +ax+..+ an)'

Z(a1, a2, ..., ap) =

Proof. We proceed by induction in n. This is trivial for n = 1 and n = 2. Suppose

a, # 0, a simple integration by parts in the variable z, tells you:

I(al, ag, ..., an_l) -~ I(al, ag,...,an-1 + an)

I(aliaZ)"'yan) = a ’
n

thus

1 ,
, ifa 0.
ai(ay + ag)...(a; + a2 + ... +an) n #

The case a, = 0 follows from continuity (we can do this because a; > 0). m

I(al, ag, ..., an) =

We thus have:

Lemma 74 Let T = (B, C,,...,Cy,) be a sequence of A’s and B's starting in B.
Letla =0, lp =1 and B(T) be the number of elements of T which are equal to B.

Consider an integral of the form:
I(T) = / elnmitn st gy dz, | dx,.
00<r1<r2<...<Tn<0

Then
1
I(T) = B(T)' H #{jE{l,...,i}:Tj‘zB}'

ie{l,...

,_
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Therefore:

Corollary 75 Let T = (B,...) be a sequence of A’s and B’s of length m starting in
the letter B. Let B(T) be the number of B’s in it. Letc; =1/2 ¢f T; = B and ¢; =1
ifT;,=A, fori=1,....,m. Then

1= [ T1 2 doda =27 L

0<21<...<zn<1 j ggoom B(T)!

=1 1

1
ie{ll:I_,m} #{je{l,..,i}: T, = Bl

=

Proof. We just need to consider the change of variables z; = exp(2t;),i =1, ...,m

and apply the previous lemma. =

6.2 Proof of Theorem 34

Consider the Lie algebra s[(2, C) with its usual Cartan decomposition. The elements

H,E, F defined in 1.4.6 are a basis of it. The infinitesimal R-matrix coming from

minus the Cartan-Killing form in sl(2, C) expresses as

HeH
t=—% (E®F+F®E+ > )

Let z be a complex number, the highest weight representation of maximal weight 2z
is the representation 5 of spin z defined in 1.4.6. For the case z ¢ 3Ny, it is defined in

¥4
the infinite dimensional space V which has a basis of the form {va,, V2,1, v9, s, ...}.

The action of H, E and F'is:

Huv, = (k — 2)ug; k = 22,22 — 1, ...,

137



Ev, = (22 — k)vgp1; k= 22,22 — 1, ...,
Fuo, =kvg-1;k=22,22—-1,....
Ifz € %No the definition is analogous but now the representation is in the space

{ng, ...,’Uo}.

6.2.1 Prior estimate for matrix elements

Let A, : C(U(sl(2,C))) — C be the central character of 5. Given a chord diagram w

with m chords, we wish to give a rough estimate for |A;(¢,(w))|. Consider the inner
z

product <,> on V which has an orthonormal basis given by {va,,v,_1,v2,_2,...}-

Obviously A;(¢:(w)) =< vo,, ¢(w)ve, >. Thus

3m
Ao(@e(w)) = > (va, A1 A5 Aprvza)

i=1
where each A4} can be £, £ or ;2. The term ”3™” comes from the fact the infinites-
imal R-matrix ¢ is a sum of 3 terms. From this formula it is trivial to conclude that
z — A,(¢:(w)) is polynomial in 2 of degree at most 2m, avoiding a proof using the

general theory on central characters and highest weight representations. Also
3m . . .
Me(ew)) < S [(vaz, AL A Afpvas) |-
i=1

Thus from the general expression of the spin z representations it follows that given

any z € C, there exists a D > 0 such that for any chord diagram with m chords we

have:
[\:(ge(w))] < D™I(|22] +m +1)".

Applying Lemma 71 we conclude.

138



Lemma 76 Let 2z be a complez number. There exists a constant C > 0 such that

for any chord diagram with m chords we have:

[As(pe(w))| < C™(mi)?.

6.2.2 Refined estimate for matrix elements

The estimate we have just obtained for A,{¢:(w)) is not good enough for our pur-
poses, namely to prove Theorem 34. However Theorem 44 in 5.2 (that is theorem 1
of [CV]), permits us to refine this estimate, depending on the kind of chord diagram
we have . We freely use the notation of 5.2, and frequently use the normalisation
s for the infinitesimal R-matrix of s{(2,C). Obviously, Lemma 76 is true if we use

¢, instead of ¢;. This is going to be a long section with a large amount of notation

and nomenclature being introduced.

Definition 77 Let 2 be a complex number. Define c, = A,(¢s(8)), here © is the

chord diagram with just one chord. It is the action of the rescaled Casimir operator

in the representation p of spin z.

Definition 78 (Crossing Number) Let w be a chord diagram, and a be a chord

of it. The crossing number x(a,w) of a in w is the number of chords of w that cross

the chord a.

The following definition is the obvious counterpart of Definition 65. The reader is

advised to look at it again.

Definition 79 (Normal Chord Diagrams) Let w be a chord diagram with m

chords. Suppose there are some chords a?,...,a" of w which do not intersect each
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_— o chords
""" B chords

Figure 27: A normal chord diagram showing a-chords and §3-chords

others, call them a-chords. For each m € 1..n, let b7*,..., b be the chords of w
crossing a™. Call these chords [,-chords. Notice that by definition k,, is the crossing
number of a™ in w. We will have in addition a set of chords completing the chord
diagram, called [32-chords. Therefore (33-chords do not cross a-chords. A f(-chord
is by definition either a (;-chord or a B3-chord. A chord diagram with an indezing
of chords like this is called normal. Obviously this definition depends on the way

we specify the a, By and Ba-chords, since any a-chord can be called a B-chord. See

figure 27.

We have

Lemma 80 Consider applying Theorem 44 to a normal chord diagram w and an
a-chord a™ € {al,..,a"} of it. All the chord diagram w(a™), w'l(a™4,5);1 < i <
J < km and w¥(@a™,4,7);1 < i < j < k,, are normal with the same number of 3

chords, with the set of a-chords losing the chord a™. Moreover the crossing number
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Figure 28: Combinations as in proof of Lemma 80

of each a-chord a' in each of just defined diagrams is not bigger than k;. In other
words x(a,w(a™)) < x(a',w) and x(a',w!l(a™, i, 7)), x(a},w¥(a™,1,4)) < x(a',w)

forl1 <i<j<k,.

Proof. The first assertion is obvious. For the second, let b and &7 cross a™ and
let a’ be another a-chord. Obviously the crossing number of a’ in w(a™) equals the
crossing number of a’ in w for the former is obtained from removing a chord that
does not cross o’. The chord diagrams w!/(a™, 4, j) and w*(a™, 1, 5)) lose the chords
b and b7, inheriting two new chords. However in both cases, the number of times
these two new chords cross a' is not bigger than the number of times 4" and b}

crossed a’. We can see this for example case by case as in figure 28. =

Lemma 81 Let z be a complex number. There exists a D < +o0o such that the
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following is true:
Let w be a normal chord diagram with a set {a,...,a"} of a-chords, where o' has
crossing number k;. Let m be the number of chords of w and mg be the number of B

chords. We have

[(As © @) (w)| < D™(mg!)? [T (247 + ki + [cz]).
=1

Proof. We proceed by induction on m,, which is the number of a-chords. Choose
C as in Lemma 76 and let D = max(C, 1), thus the assertion is trivial for m, = 0.

Let w be a normal chord diagram with a set {c, ..., a,} of a-chords. By Theorem
44 we have
|(Az 0 ¢s)(w)| =

(A 0 6s) ((e — 2k, )w(a™) +2 (Wh(a" 1, 5) = w¥(a" i, )))‘

1<i<j<kn
<12 0 8)(O)]I(A © b )(w(@™)] + 2kn] (s 0 85)(w(a™))]
+2 Y (J(hogy) (W@ i, 0))] + (A 0 ) (w¥(a™ 4, 5))])

1<i<j<ky,
2kZ+kn

= |el|(z 0 ) (w(@)) + D 1Az 0 da)(wy)],

q=1

where, as consequence of Lemma 80, for any q € {1, ..., k2 + kn}, the diagram w, is
a normal chord diagram with m — 1 chords, having n — 1 a-chords and the same

number of G-chords. Moreover x(a!,w,) < x(a!,w) = ki, for ¢ = 1,...,2k2+,. All
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this is valid for w(a). By induction, we have:

[(Az 0 ¢5) (w)| < Dm—l(mﬁ!)z

(1e:| H(z a™) + x(al, w(a™) + |e.])

2k,2l+kn n—1

+ 3 H(Z(xz(a’,w,,)+x(a‘,wq))+|c,g)).

g=1 =1
Thus

2’6 +kn n—1
[(Az 0 @s)(w)| < Dm_l(mﬂ (Icz| H 2k + ki + |es]) + Z H 2k} + ki + Iczl))
9=

=1 =1

< D" (ma!)? [[ (@42 + ks + lex).

=1

Where in the last inequality we used the fact 1 < D. =

Corollary 82 Let z be a complex number. There exists a C < +oo such that the
following is true:

Let w be a normal chord diagram with a set {a',...,a”} of a-chords, where a' has
crossing number k. Let m be the number of chords of w and mg be the number of

B-chords. We have

IAe(ds(w))] < C™(mg!)* [T (Re + 1)%.

=1
If, moreover, the crossing numbers k; are all non zero then we can find D such that:

[Au(gs(w))| < D™(mp!)* Hklz

I=1
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Proof. Choose D like in the just proved lemma, thus:
P=(8e(w))] < D™(mg!)® [T (2KF + ki + lesl)
I=1

<D™ max(2, le;[)"(mg!)* [[ (k2 + 2k + 1)

l=1

< |D™) max(2, |e;[)"(mg!)? [ [(k + 1)?

=1

< max(D, 2,¢,)"™(mg!)? [ [ (ke + 1)~

=1

Notice that n < m. For the second assertion choose D =2C. =

6.2.3 The case w = wp, where P is a pairing

The notation of 6.1.4 is in force now. Let b be a braid with n-strands whose closure

is a knot, and let m € N2"*!, Any pairing in P,, defines a chord diagram wp

with |m| chords. Let z be a complex number, and A, the central character of the

representation of sl(2,C) of spin z. We wish to find an estimate for the norm of

/\z((bs (wP))'

Lemma 83 Let P be a pairing in Py, then wp is a normal chord diagram where
each chord of type A (resp B, and B,) of P generates an a (resp 1 and (3;) chord

of wp. In particular all crossing numbers of a-chords in wp are non zero since we

only consider admissible pairings.

Proof. This is obvious. The reader is referred to figure 29 =

The following is trivial as well from figure 29
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Figure 29: Transforming a pairing into a normal chord diagram
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Lemma 84 Let P be a pairing in Pp. Consider the type sequences T (P¥) of P =
(P7*,..., P¥), where k € {—n, ...,n}. Each term X in the sequence T(P*) generates
a chord cx of wp, and if X = A then cx is an a-chord of wp. Suppose X = A and

X the i*h element of T(P*). We have:

x(ex,wp) = #{j € {1,...,i} : T(P*)(j) = B}.
Thus

Theorem 85 Let z be a complex number. Consider a braid b with n strands, whose

closure is a knot, as well as its closure as defined in 6.1.4. There exists a C < +00
such that the following is true:
Let m € Ng”"'l and P € Py, where m = (m_n,...,my), thus P defines a chord
diagram wp with |m| chords. We have:
n
Me(@swp)l < D=(BPW T] I  (#6 €{1-i}: T(PY)(G) = BY)®.

k=—ni={1,...my}
T(Pk)(i)=A

Proof. This is a direct consequence of Corollary 82 as well lemmas 83 and 84. To

apply Corollary 82, notice that 7(P*)(1) = B,k = —n,..,n. B

6.2.4 Final ingredients for the proof

Fix once for all a braid b with n strands and consider the closure of it as in 6.1.4.
We suppose this closure to be a knot. Recall the map ¢ : A — A of 6.1.3, of major
importance for the definition of the framed Kontsevich Universal Knot Invariant.

We wish to obtain an estimate for the modulus of (A, o ¢,)(¥»(wp)) where P is a
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pairing. Recall that the degree deg(w) of a chord diagram w is given by the number
of chords of it. Let w be a chord diagram, we use the notation z C w to indicate
that z is a chord diagram made out of some of the chords of w. The notation w \ z
stands for the obvious complementary diagram of z in w. Recall that
Alw) = Zx ® (w\z),
rCw

thus

Y(w) =Y (-0)**P(w\ z).

zCw
Lemma 86 Let 2z € C be a compler number and let b be a braid with n strands.
There ezists a C < +0o such that for any m = (m_y,...,my) € N2 and any
pairing P € Py, we have

M@ < DN [ T[] (R € {Lomid s TPHG) = BYY,

k=-ni={1,..,mg}
T(P*)(i)=A
(94)

for any subchord diagram x C wp.

Proof. This is obvious given that the right hand side of the first estimate in Corol-
lary 82 for (A o ¢;)(w), where w is a normal chord diagram, is always reduced if a
chord is taken out of it, no matter what its type is. ®

Let C = max(|c,|,1) (recall ¢, = (A, o ¢,)(©)). Consider a chord diagram with m

chords w, and let z be a subchord diagram of it. We have

(A © 86) ()" (w \ 2))| = lez 8= |(Az © ¢5) (w \ 2)]
< C™ (A0 8)(w\ )|

147



In addition, given a pairing P € Py, there are exactly 2! subchord diagrams of

wp, since wp has |m| chords. We can state:

Theorem 87 Let z € C be a complez number and b be a braid with n-strands whose
closure is a knot. There ezists a C < +00 such that for any m € N2"*! and P € Py,

we have:
2

Ovod) W) < CEBEN T] [ (R € {1 oni} : T(PG) = BY)'.

k=-n i={1,...,m),,}
T(P*)(i)=A

6.2.5 The proof made simple

We now give the actual proof of Theorem 34. We will use the notation of 6.1 freely.
Let K be a framed knot, thus it defines an isotopy class of knots which we also call

K. We can see K as the closure of some braid b with n strands. Let v be the Morse

parametrisation of K constructed in this way. In particular it has n extreme points.

Recall the Kontsevich Integral is:

20= 3 g L (9 2m P

2n+1
Per_

-Z o )mz(% m),

where the convergence is understood in the graded algebra sense. The Unframed

Kontsevich Universal Knot Invariant is given by:
Zu ( K) (’Y)n G ‘AI
Z(o0)
The Framed Kontsevich Universal Knot Invariant expresses as:

£/(K) = eF 19y (2,(K)) € A.
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Since 9 : A" — A is an algebra morphism we can write this as:

ruoe_Y(Z(1)

2/(K) = S oo

Lemma 88 Let O be the zero framed unknot. In fact Z¢(0) = y(Z(00))™".

Proof. Let O; be the 1-framed unknot, thus O; = cc as Morse knots. We have:

2,(0) = e-92,(01) = e"eeF(OI)e% = $(Z(o0)) .

Observation 89 Actually we need to know this fact to prove the definition of the
Kontsevich Universal Knot Invariant in 6.1.3 is correct. See [LM2], proof of theorem

5.13 or [LM3] Proposition 4.1.

Recall that ¢ : A — C(U(sl(2,C)))[[A]] is the map such that w — hde@g,(w),
for any chord diagram w. Here deg(w) is the number of chords of w. Let z € C,
and let K be a framed knot. We wish to prove that %;’_—? is a power series of

Gevrey type 1. Let v be a Morse parametrisation of K with 2a critical points. Since

(Azo¢) : A — C is an algebra morphism, we have:

JZ
2241

(K) = (Az 0 ¢,n)(24(K))
= ((Az © ) (e7HI®)) ((Az © 6,4)Z7(0))" (Ax 0 ) (W(Z(7))

_ P (‘z}%@)a ((0s © o) (B(Z()).
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Notice that the set of power series G1[[h]] of Gevrey type 1 is a subalgebra of C[[A]].

Obviously e®" € G,[[h]]. Also
J* 1 sinh((2z + 1)h/2)

2271 =751 simmgrgz) € CHIAL

Therefore, the proof of Theorem 34 will be finished once we prove that (A, o
e )(W(Z(7)) is of Gevrey type 1. We can suppose 7 is a parametrization of the
closure of a braid b with n strands, thus ¢ = n. From the rescaling property

be(w) = (:41—)m ¢s{w), for any chord diagram w with m chords, thus it is equivalent

to prove (A, o @s n)(W(Z(7)) € G1{[R]].

Lemma 90 Fiz a spin z € C. There exists a C < oo such that
(s 0 65) (Z(m, P)ib(wp))l < O™ |mlt,

for any m € N2"*! and pairing P € Pp,.
Proof. By Theorems 69 and 87, there exists a D < 400 such that we have:

[(Az © @) (Z(m, P)p(wp))]
< D= B(P)! f[ [I @#ielt,...it:T(P()=B}),

k=-ni={1,...,mx}
T(P¥)(i)=A

thus:

(0 64) (Z(m, Pyowr)) < DB [ [T BP9

=—ni={1,..,my}
T(P)(i)=A

< Di=ip(P)! ] B(PHAPY

k=—n

= D= B(P)IB(P)AP).
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Recall A(P) equals the number of chords of type A in P, and the same for B(P).

By Lemma 72 there exists a D < +oo such that:
|(Az 0 ¢5) (Z(m, P)p(wp))| < D™ B(P)BEPI+AP) - piml g(pyml < piml Im|=,

for any m € N3**! and P € Py, since for a pairing P € P,, the number of chords

|m| of P equals A(P)+ B(P). Therefore, we just need to use Lemma 72 again. m

The proof of Theorem 34 is finished if we prove the following lemma.

Lemma 91 Let b be a braid and v be a parametrisation of its closure. Fiz a spin

z € C. There exists a C < +0o such that for any m € Ny we have:

[(Az © @) (¥(Z(7, m)))| < C™ml.

Proof. Obviously

Az 0 @) @@, m)I< Y, D 1A:06:)(Z(m P)(wr))l,

meNg"+1 PGPm
|m|=m

thus, from the previous lemma, the proof reduces to a mere exercise of counting.
First of all, the cardinal of Py, is at most [n(2n — 1)]i=!, this is because for each
interval I, then int(7;) N K is made out of at most 2n strings, see figure 21. Recall
the classical combinatorics problem, which asks about the number of ways we can put
X indistinguishable objects into N distinguishable boxes. Its solution is %,’%’fﬁ,—l(),—'
In the mt coefficient of the Kontsevich integral we have exactly X = m objects
(chords) and N = 2n+1 boxes (the intervals of the splitting of ¥(S*)). In particular

there are at most ﬁz;‘;ﬂ—m)—'[n@n — 1)J™ pairings P with m chords. This last term

has exponential growth with respect to m. ®
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Therefore

(Ae 0 Ban)(W(Z(7)) = D (Ae 0 6 (Y(Z(7, m))R™

meN
is of Gevrey type 1. This finishes the proof of Theorem 34.
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7 The approach with the framework of Buffenoir

and Roche

The aim of this chapter is to give a sketch of how the Buffenoir and Roche description
of the infinite dimensional unitary representations of the Quantum Lorentz Group
as defined by Woronowicz and Podles in [PW] can also be used to define knot
invariants. We will see that this approach and the previous perturbative one are
equivalent, at least for balanced representations. We will also clarify, I hope, some
issues concerning the structure as well as the representation theory of the Quantum

Lorentz Group. I would like to acknowledge the excelent work of Buffenoir and

Roche, whose influence in the chapter is enormous.

7.1 On the Quantum Lorentz Group

7.1.1 Star structures

Let A be an Hopf algebra over C with antipode S. Recall that a star structure is a

bijective map a € A — a* € A such that:
1. (Aa)* = Xa*,Va € A, VX € C, the bar denotes complex conjugation,
2. (a*)* =a,Va € A,
3. (ab)* =b*a*,Va,b € A,

4. Aox = (*® *)A.
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Since the antipode in any Hopf algebra is unique, if follows that S is invertible and

that:
Sox=x087" thatis*xoS =51 ox, (95)

A Hopf algebra provided with a star structure will be called a star Hopf algebra.
A representation p of a star Hopf algebra A in a pre Hilbertean space V is called

unitary if p(a)t = p(a*),Va € A. In other words if:
{p(a)v,w) =< v, p(a*)w >,Vv,w € V,Va € A.

Let a be an hermitean element of A, that is an element such that a* = a. Therefore
p(a) : V — V is an hermitic operator. We are in a purely algebraic setting now,
so we do not impose that the operator p(a) admit a unique selfadjoint closure, in
other words that it is an essentially self adjoint operators in the Hilbert completion
of V. The unitary representations of the Quantum Lorentz Group which we are
going to consider later satisfy the former weaker condition of unitarity. It would
be interesting to analyse if they also satisfy this stronger condition of topological
unitarity. This is something that happens if we consider the derived representations

of a unitary representation of a Lie group. See [Kir] or 3.1. In other words we have:

Theorem 92 Let G be a real Lie group. Let also g be the Lie algebra of it and
gc be the complexification of its universal enveloping algebra. Therefore there ezists

a star structure in gc selecting g as its eigenspace associated with —1. Let R be a

unitary representation of g.

1. The derived representation R® of g¢ in Vo is unitary

2. For any X € g the operator R®(iX) : Voo — Voo s essentially self adjoint.
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Part 1 of this theorem justifies looking at unitary representations of the quantum
Lorentz group as being quantised counterparts of unitary representations of the

Lorentz Group. In the quantised version of the thery it is also natural to consider

the following compactibility restriction:

Definition 93 Let A be a star Hopf algebra with an R-matriz R € A® A. We say

that R is compactible!® with the star structure if R*®* = R™!.
One reason to consider this compatibility relation is:

Proposition 94 Let p be a unitary representation of A in the pre hilbertean space

V. If R is compactible with * then the braiding operators:
Buv:’l}@ﬂ)e V@Vl—') Rzl(w®v) S V®V

are unitary, in other words:

(Bvy(v®w), Byw(v' ®w')) = (v@w,v’ ®w').

Therefore they uniquely extend to a topologically unitary map V@V — V ® V where
V ®V is the Hilbert completion of VQV.

7.1.2 The algebra U,(su(2)) and Clebsch-Gordan Coefficients

Let ¢ € (0,1). The reason why we make this restriction concernes the fact that the
star structure whihch we are going to consider in Uy, (su(2)) only makes sense if g is

real and not 0,1, —1, so we are merely taking a connected component of this set,

10Majid call these quasitriangular structures anti-real as oposed to real ones for which R** =

Ry;. For example if q is real, the usual R-matrix of Uy(su(2)) is real. See [M] and bellow
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probably an artificial restriction. Consider the Hopf algebra U,(su(2)) as defined
for example in [BR2]. It is the unital star Hopf algebra defined by the generators

J+,J-,q’* and q~’= with relations:

g™ =1, ¢l deg =g, (U, Jl) = 22—:—__—7(1_—12:, (96)
Alg™=) = ¢* " @ ¢t AJs)=q¢ " @ J + I 0 ¢, (97)
S(g**) = ¢¥*, S(g™*) = —¢*' U, (98)

e(@) =1, e(Jz)=0, (99)

(@) = ¢, Ji=q"Us (100)

Notice it is a slightly unstandard definition, but this will not affect our discussion.
This algebra is denoted by U,(su(2) in [KS]. It is a semisimple algebra, that is any
finite dimensional representation of it can be expressed uniquely as a direct sum
of irreducibles. The irreducible finite dimensional representations of U,(su(2)) are
classified by a w € {1,—1,4,—i} and an a € 3No. We denote these irreducible
representations by f,,. The representations § of spin € %No are, by definition, the
ones for which w = 1. They are the natural quantisation of the representations of
su(2) of spin a. The representation space for the representation gy, is 17,,,, a complex
vector space with dimension 2+ 1. There exists a basis {5_0, vy 1“1,,} of It;w on which

the expression of the representations ﬁw is:

qu,gia = wqﬂ"gin (101)
Jo8i, = wg 3 /[ + ba + 1@ ~ ia)Biy 41 (102)
I8 = wgti /o — iq + 1)[a + ta)Bia—1 (103)
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Where the quantum integers [n], = [n] are defined as [n] = %':‘1}. Notice that
the four unique irreducible representations of dimension 2a + 1 of U,(su(2)) are

distinguished by the spectrum of ¢’=. This fact will be useful later on.

Let 1‘} = ‘a/w be the representation space of the representation of spin a. The rep-
resentations § are unitary under an inner product in V such that {?_a, ..., s} is an
orthonormal basis. We need to assume g € (0,1) for this to hold, and actually for
the star structure in U,(su(2)) to be well defined in the first place. The quantum
dimension of the representation 3 is d, = [2a + 1],. The representation of spin zero

is the representation on C such that a) = e(a)A, a € Uy(su(2))) € C.

a
Similarly to the classical case, the representations V are closed under taking tensor

products and direct sums in the sense:
a+B3

) v (104)

y=la—08|

fie

a f
VeVv

a B8 ~y Y a g
There exist thus intertwiners ¥2¢ : V@V — Vand ®,5: V— V® V called the
Clebsch-Gordan maps. They are defined apart from phases, but after making some
natural choices there is a well determined one. All this is described in [BR2] and

[KS]. We define the Clebsch-Gordan coefficients as:

i a f
\P?r'ﬁ(%ia ® ‘gi,,) = Z ? o %, (105)
iy Y a 13
and
lo 14 Y
4’1,5(7&'7) = Z o _ i, ® 5iﬂ- (106)
iatib o ﬂ Z'Y

[+]
Under the phases chosen in [BR2] they are always real. Let Y(a,5,7) = 1if Vis

8 v ] . .
in the decomposition of V® V as a direct sums of irreducibles, and zero otherwise.
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Observe that Y(a, b,7) is symmetric in its arguments. If Y (o, 3,7) # 0 we say
the triple o, 8, v is admissible. Let also Y(a,4,) = 1 if ia € {—a,...,a}, and zero
otherwise. The Clebsch-Gordan coefficients admit the following explicit formula.

m n
I J

K

) =Y(I,m)Y(J,n)Y(K,p)é(m+n,p)Y(I,J K)
p
qm(p+1)+%((J(J+1)~—I(I+l )= K(K+1) gim(I—m)

[2K + 1[I + J — K]\l — m]![J — n]l[K — p)![K + p]!
K+ J-IMNI+K—-JNI+J+K+1)[I+m]l[J+n]

y ‘{5 gV KotV ([ 4 m 4 V[T + K —m — V]! (107)
o VITK—p-VIT-m-V][J=K +m+ V]!

~J+K-m<V<I-m
which will be useful later on. See [BR2] or [KS]. Observe that ~J+ K —-m <V <
I-misequivalent to I+m+V >0,J-K+m+V >0, /J+K—-m~V >0and

I —m —V > 0, under the admissibility rules.
The Clebsch-Gordan Coefficients satisfy the following well known properties (see

[BR2] or [KS)]):

W0 ") = 57, B)0(in i) (108)
Y 0 iﬂ
( « O) = (7, 0)6(iy, o). (109)
¥ ic O

In the following two equations the implications are not equivalences: in the quantum
case a Clebsch-Gordan Coefficient can be zero when you do not expect it to be zero,

for some special values of g. These are known as special zeros of Clebsh-Gordon
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Coefficients.

L #0 => 1y = ig + i, (110)
Y ia 18

b 4

% T 2o = by = i + g (111)
a B iy

We also have:

Y o iﬁ « ﬁ Z',y

this last condition is used to fix the phases of the Clebsch-Gordan coefficients in
] —1 a
e By _ [ P ], (113)
Y ia iﬁ Y
' 8 dy\? [~ i | B
q—ia(_l)‘iu 27 a = eiﬂ'(ﬂ—'Y) (d—’y> @ v ] . (114)
0% o ip B a v 8
In this equation, notice that 8 — v — i, is always an integer. Similarly with the
: d\? [iy —ig | «
o= [ | @ P 2 gine (f) TP T ()
84 a v B la
These are the obvious orthogonality relations:

ia ip
iy | @ B [ia ig | ) _ o
> ( )( )—5(%5)5(%,25)1’(6!,@7), (116)
ia iﬂ (84 ,3

[BR2]. In addition:

following formula:

iatig=iy \ 7 i

and
(2] V7] ) = veiaY (806G i), 5). (17)
vie \@ B | i) \7 | Ja I8
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Observe that since the Clebsch-Gordan coefficients are real, (116) together with
(112) ensure that their norm is smaller than 1. In some particular cases, the expres-

sion for Clebsch-Gordan coefficients simplifies dramatically. For example:

0 A B ei-;r(B-—-m)
0

= d(A, B)g™. (118)
7.1.3 6j-symbols and their symmetries

Vs

m —-m

Again we follow the conventions of [BR2]. All the material here can be easily found
in the literature, so we stick to the minimum essential. See [KS] for proofs. Consider

a f y B
the space of U,(su(2)) intertwiners V® V — V® V its has two basis, namely

{¢5592P,Y (0, B,€), Y (7,6,€) = 1},

and

\4 V.

The 6j-symbols are defined as

Z{” i “}¢z,5w:ﬁ=(idv®w: ) (eneid), a9
€ ) v v

c |8

with the convention

v w
B e

(27

} =0ifY(e,v,8) =0o0r Y(e,a,b) =0.
0

Therefore
A B C A B C
=Y(A,B,C)Y(C,D,E)Y(A,E, F)Y(D,B, F)
D FE F D F F
(120)

160



Obviously we have:

SHEF

ve |B U
Z d E B a e C a21)
e \D e b A FE c
which by (112) translates into:
> AE|Clfc bt |U\[u]|4aD)_
ve \B U | DJ\C B | u/\U | a d

o(;

ir(B+A-2D) d C D
qc—e(—l)e—cz € [ D] { o

AE)(eb D)
. (122)

a e EF B d
Bl (o | D\ (e a | B
3 b E al\a | a ¢)J\E D] »

Dd did?
- B
-3 (° E M) [(m —c . (123)
T~ \A | —e m)] \M C b

Explicit expressions for 6j-symbols appear in [BR2] [KS], for example. We have:

(these are classical results):
A B | E BA|El JCcD|El_JAD F
CD|F DC | F AB|F c B | E|
(124)
C

Z{A b C} {A b }=5(I,J)Y(A,H,I)Y(B,G,I). (125)
1l¢ H | J

From this and (114) we deduce:

c |G H
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This last relation is known as orthogonality relation. The 6j-symbols also satisfy

Al [E a4 | B
[eFr|clfpc
_{JH I}{HG

the pentagonal equation:

DF|al[DF
=0 e

2 |1 G
known as Biedenharn-Elliott identity.

i } (126)
J

7.1.4 The algebra Pol(SU,(2))

This section and the next are to be read simultaneously. Let o € %No. Consider the
2]
representation §; = §. Its representation space V has a basis {?_q, ..., s }. Consider

ax
its dual basis {4~%,...,3°} of V. We define the matrix elements:
B = (8115),
where o € iNp, —a < 44, jo < a. Notice the matrix elements belong to the dual
of Uy(su(2)). It is possible to prove that they are linearly independent, see [KS].

Actually, they generate an Hopf algebra Pol(SU,(2)) C Uy(su(2))*. Let us describe
its structure explicitely: The coproduct in Pol(SU,(2)) is defined by duality as:

AGE) = 3 8 ® 8 e Pol(SU,(2)) ® Pol(SU,(2))

k=—a
C Uy(su(2))" ® Uy(su(2))"
C (Uy(5u(2)) ® Uy(su(2)))",

that is:
AE2)(a®@b) = §7(ab),Ya, b € Uy(su(2)).
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The product in Pol(SU,(2)) is the convolution product in Uy(su(2))*, in other words:
io 00 o U8 1\ (7 a B\ .
Gab=> [ . S (127)
Yobyidr \ & IB Ly Y Ja JB

This means:

(6:82) @ = (8 0 83) (A@) = (5" 0 8"I(B @ A0l @), Va € Uyfant2))

YjaYis

The identity for the product is 33 Notice ?)0( ) = €(a), Va € U,(su(2)), by definition
of the representation of spin 0 Also ¢ (m“) = 5;: (1) = 8(ia, Ja)-

The antipode is defined as S(§})(a) = §;(S(a)),Va € Uy(su(2)). It is not imme-
diate that S(§}) € Pol(SU, (2)) Let us explain why it is so: Let a € 1N, and
consider the representation g in V Its conjugate representation (p) is the represen-
tation in the conjugate vector space ngen by p(a) = m, Va € U,(su(2)).
The conjugate vector space .16; admits the basis {E, ,—5:} An easy calculation
shows that § is equivalent to § and that an intertwiner is: 8, +— g~ (=1)2==g_, .

See [BR2]. We thus have:

(B=18(S@)18; ) = (¥I8(S(@)") I8 ), since 4 is unitary
(128)
= (F°18(5-2(a") B ), from equation (95)
(129)
= (B ), by definition
(130)
= (718(@)fB-i, ) g Ie(=1) (131)

In particular
S(§i) = giaia(—1)*I=§Ti= € Pol(SU,(2)), (132)
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if a € %No and iq, j, € {~a,...,a}. Observe that S is indeed an antipode for

Pol(SU,(2)), since for any a € U,(su(2)) we have:

S sEEE @)=Y (S(""‘ o )(a ® a”)

o) (@)
=52 (3" 5(a')a")
(a)
= e(@)g5(1)
= go(a)E(b';Z

where if A is a Hopf algebra we denote A(a) = > @ ®a”. In particular, given

that the matrix elements ﬁ;ﬁ € U,(su(2))* are linearly independent we have:
aza . . \00
285G ). = 6(ia da)b,

which implies the following identity satisfied by Clebsch-Gordan coefficients:

(1)

rsk \ & & —ta Ja
It is possible to give a direct proof of it using the properties of the Clebsch-Gordan

¢ O‘) geF(=1)7t = §(7,0)0(4a, jo).  (133)

coeefficients given before, namely (116) and (118).

The algebra Pol(SU,(2)) also has a star structure given by f*(a) = f(S—(a*). Thus

§o" = S(F°) = gt (~1)=Ig e, (134)

Ja

this follows from (128) and following calculations.

Usually the algebra Pol(SU,(2)) is denoted by SU,(2), and can be described in

terms of the generators {a, b, ¢, d} and relations as for example in [K], [KS] and also
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[BR2]. In fact as an algebra Pol(SU,(2)) can be defined has the unital algebra with
generators {a, b, c,d} and relations:

gab=ba gac=ca qbd=db bc=ad ad-da= (¢!~ q)bc ad—qlbc=1.
(135)

The exact relation between a, b, ¢, d and the matrix elements of Pol(SU,(2)) is

1+2 1+
c=9.4,d=4,

wh—- Mlo-a
Nlo- [

1=
b=, (136)

D= =

i~

a =

See [BR2].We have:

Theorem 95 The elements a,b,c and d generate Pol(SU,(2)) as an algebra.

This is because the representation of spin 1/2 generates the representation ring of
U,(su(2)).
It is well know that the assignment a — —a, b — —b, c+— —c and d — —d defines

a unique automorphism 7 of Pol(SU,(2)) as an algebra. Notice that 7 does not

preserve the coalgebra structure. On the other hand we can also see that the map

71§ € Pol(SU,(2)) > (~1)%§;2 € Pol(SU,(2)),

is also an automorphism. This is a consequence of the identity 5 ® § = f‘,ff;_ﬁ,ﬁ

Since 7’ agrees with 7 in {a, b, c,d} it follows 7/ = 7. This morphism will be very

important for the description of the representations of the quantum Lorentz Group.

7.1.5 Quantum doubles and the Quantum Lorentz Group

All the material presented here is standard. We follow the convention of [BR2] for
the Quantum Double. My favourite reference for this subject is [M] chapter 7, where

the reader can find the proof of all statements involving quantum Doubles.
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Let A = (A,m,1,A,¢) be a finite dimensional Hopf algebra. Recall the dual vector
space A4 can also be given a Hopf algebra structure, where all structure maps in A*
are defined through dualising the ones of A. For example A : A* — A* @ A* is

defined as the composition
A (A A S A" @ 47,

where m* is the transpose of the multiplicatio m : A ® A — A. Whereas (fg)(a) =
(f®9)A(a), where f,g € A* and a € A. This product in A* is called the convolution
product. It makes sense even in 4 is infinite dimensional. However the isomorphism
(A® A)* = A* ® A* breaks in the infinite dimensional case, so it is not true that
A* has a structure of Hopf algebra, for we cannot define a coproduct. However,
sometimes the problem can be fixed by restricting to a subalgebra of .A*. This was

done in the previous section defining the algebra Pol(SU,(2)) contained in the dual
of U,(su(2)).

If A is an Hopf algebra let AP be the Hopf algebra with the same multiplication,
unit and counit but comultiplication A®P(a) = Z(a) a" ® a', thus the antipode of
AP ijs S~1. If A as a star structure then both A* and A*“°® have star structures
given by f*(a) = f(S-I(a*)) Let A be a finite dimensional Hopf algebra. The
quantum double of A4 is denoted by D(A, A**P). It is A ® A*P as a vector space
and coalgebra. However the product in D(A, A**P) is given by

(:L‘® f)(y®g) Z < f”’,S‘l(y’) S< fr’ym > .'ry” ®f”g. (137)
wh(f)

The antipode of the quantum double is given by S(a® f) = (1® S7!(f))(S(a) ®1).
Here A(f) = 324 f'® f" and S(f) denote the comultiplication and antipode of A*.
Let {a;} be a basis of A and {a‘} the dual basis of A*. Recall the quantum double
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has an R-matrix given by:
R=) 818180
i

The quantum double also has a star structure given by (a® f)* = a* ® f*, any time

A, thus A* has a star structure. This star strucure is always antireal. See [M].

All the identities defining the quantum double as a star Hopf algebra make sense if
A = U,(su(2)) and A* is substituted by the subalgebra Pol(SU,(2)) of U,(su(2))*.
We can therefore define the quantum Lorentz Group D = U,(sl(2,C)g) as being
D(U,(su(2)), Pol(SU,(2))°®), thus U,(sl(2,C)g) is a star Hopf algebra. For a dis-
cussion on why Uy(sl(2, C)r) should be considered the quantised enveloping algebra
of the Lorentz Group we refer to [BR2] or [PW]. In the last source the dual counter-
part of this theory, namely the definition of the algebra of functions in the Quantum

Lorentz Group SL,(2,C) through a double group construction is presented.

7.1.6 Generators and relations for the Quantum Lorentz Group

Recall that the algebra generators of Pol(SU,(2)) are {a,b,c,d} and of U,(su(2))
they are {¢*’s,J;,J_}. When embedded in the quantum Lorentz Group these

generators satisfy see [BR2]:
g"c=qgcg™ ¢"b=q7'bg" [¢",a]=0] [¢"d]=0 [J1,]=0 [J,b]=0
[Je,0] =0 [J,0] =g (q"a—q"d) [J-,d=4q(¢g"*d—q ")

Joa=qlaJ +bg"" aJ.=qJra+q ¢ dJ_= gt J.d+q b Jid=qdJ,.
(138)

Therefore the Quantum Lorentz Group is the unital algebra which has generators

{a,b,¢,d,q", ¢+, q’-, J,, J_}, the relations defining U,(su(2)) and Pol(SU,(2)), and
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the mixed relations of the Quantum Double (138). This definition of the quantum

Lorentz Group permits us to prove that:

Theorem 96 There exists an algebra morphism T : Uy(sl(2,C)r) — Uy(sl(2,C)r)

such that T(z) = z if x € U,(su(2)) and 7(a) = —a,7(b) = =b,7(c) = —¢,7(d) =
—d.

This morphism 7 had already appeared in 7.1.4. It is of prime importance for the

description of the representations of the Quantum Lorentz Group.

Less obvious is the existence of a morphism ¢ : Uy (sl(2, C)r) — U, (5u(2))®U,(su(2))

such that

¢(q:k-];) - qﬂ:-]z ® qi‘ll, ¢(J:k) = q—J, ® J:t + J:l: ® qu’ (139)

thus ¢ is the comultiplication of U,(s5u(2)); and:

$(a) =q" @ ¢, o) =(1-¢2)J_®@q¢,  (140)

d)=(1-d)" 0L, dd=g"®¢"-(@-)-®J. (141
This morphism was defined in [BR2]. One can easily verify that

Theorem 97 There erists a unique morphism ¢ : Uy(s1(2, C)r) — U,(su(2)) ®

Uy(su(2)) which has the form just stated on generators.

Compare with 2.1. We will give an alternative description for ¢ in 7.2.4, following

[BR2)
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7.2 An aside on pseudo quasi triangular structures in the

algebra U,(su(2))

7.2.1 Quasi triangular structure in U,(su(2)) and associated knot Invari-

ants

Let ¢ € (0,1). Recall that U,(su(2)) has an R-matrix given by:

n(n+1)
“=®J=Zj" o (= a)"g" ) e (Jg ™), (142)
with inverse:
nn+1
p— — 2 —
R =g %@hzq"" (@=L e @ (149

These infinite sums make sense when applied to the tensor product of two finite

dimensional representations of U,(su(2)), if they are direct sums of representations

pw where w = 1. This is because, when considering the action in pair § ® 5 of finite

dimensional representations, the infinite sum

[o%) qﬂgn;ll
2R ¢ )M )" ® (g
n=0

truncates to a finite sum. Also, by definition ¢2/+®7+(8;, ® 0i,) = q%eis8;, ® 6, if

€ Ic}l = {; and 5% € {} The action of the R-matrix in the other irreducible
representations is ambiguous. We say R is an R-matrix of U,(su(2)) in the sense
that for any pair of representations g and f of U,(su(2)) the map %, ®g,-ﬂ € VeV -
Rglg,-‘, ® %ia{;® Vis an intertwiner; and that these maps also define a braid group
representation. These issues are better described dually, in other words considering

the action of the r-form of Pol(SU,(2)) in the finite dimensional corepresentations

of it, as we will see in the next section.
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The Hopf algebra U,(su(2)) also has a group like element given by G = ¢*s. With
this formal R-matrix and group like element, the Hopf algebra U, (su(2)) is a ribbon
Hopf algebra. This means that its category of finite dimensional representations
which are direct sums of representations g, = § is a ribbon category. We thus have
a knot invariant I(5)(g) for any o € 1Ny and any ¢ € (0, 1). If K is a framed knot,
the assignment ¢ € (0,1) — I(3)(¢q)(K) expresses as a finite sum of square roots
of rational functions of ¢q, which are well defined close to 1. Thus they define an
analytic function of ¢ in a neighborhood of 1, and in particular a power series in h
through the substitution ¢ = exp(h). Therefore we can interpret these invariants

as taking values in C[[A]]. They relate to the coloured Jones Polynomial. In fact, a

glance at 1.4.1 tells us immediately that:

Lemma 98 For any a € ;Ng and ¢ € (0,1) we have IENG*)K) = JH(K)(h),
for any framed knot K. Here g = exp(h) and h <0

In other words, the summation of J*(K)(h) needs to agree with I(f)(¢*/%)(K) for
g € (0,1) and close enough to 1. Recall J*(K)(h) is a power series with an infinite

radius of convergence.

7.2.2 Corepresentations of Pol(SU,(2)) and r-form

A good reference now is [M]. As we have mentioned in the previous section, the
problem arising from the fact the R-matrix of U,(su(2)) not precisely an R-matrix
can be eliminated by considering the dual picture. Let A be a Hopf algebra. In
particular we can consider the convolution product in .A* such that (fg)(a) = (f ®
g)A(a). Its identity is € : A — C. An element 7 € (A® A)" is an r-form if it has a

convolution inverse ¥ and:
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Z r(d' @ b')a"b' = Z r(a” @ bV’ ,Va,b € A,
(a)(¥) (a)()

r(ab,c) = Zr(a, dYr(b,c"),Va,b,c € A,
(c)

r(a, bc) = Zr(a', c)r(a”,b),Va,b,c € A.
(@)

Consider the bilinear form r in Pol(SU,(2)) given by

(m., ﬂ’ﬂ) _ <aza

"\Yjar i Bm)|8

8. ®F; > (144)

then r is an r-form of Pol(SU,(2)). See [KS], 8.3.3 and 10.1. Its convolution inverse

| )| 8 ®8,,). (145)

’r (gta ﬂ‘ﬂ) <Qla ®g’ﬁ

Ja? gJB

In particular given two corepresentations ¢ and % of Pol(SU,(2)) in V and W there
exists an intertwiner V@ W — W ® V. It has the form

Vew 2, ey Y8 1 9 Pol(SU,(2)) @ VRPol(SU,(2)) 25 WRV. (146)

(23
Consider the corepresentations t,, @ € 1Ny of Pol(SU,(2)) in V given by:
%ia — %ja ® 5{: ’

then obviously the intertwiner in (146) is exactly v ® w — Roiw ® v. This is prob-
ably the clearest way to understand the R-matrix in U,(su(2)) in a precise level
when considering representations g; (though not the clearest in the intuitive level).

Analogously, the ribbon category structure in the category of representations of
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U,(su(2)) which are direct sums of representations g can be understood by consid-
ering the coribbon structure in Pol(SU,;(2)), dual to the heuristic ribbon structure
of Uy(su(2)) described for example in [BR2].

It is well know that the corepresentations ¥, exhaust all the irreducible corepresen-
tation of Pol(SU,(2)) and that any corepresentation of it expresses as a direct sum
of these. Therefore, the representations f, of U,(su(2)) with w # 1 are not dual
to any correpresentation of Pol(SU,(2)). This is the reason why the triangular and

ribbon structures in the representations g, with w = 1 do not extend to all finite
dimensional representations of U,(su(2)).

The algebra U,(s5u(2)) is a subalgebra of the dual Pol(SU,(2))* of Pol(SU,(2)), the

last given the convolution product. It is not difficult to verify that:

Proposition 99 For any a € %Ng and any —a < iy, < o the map

f € Pol(SU,(2)) = r(§, f) € C
is in Uy(su(2)), considering the embedding Uy(su(2)) — Pol(SUy(2))*. Therefore it
defines a map Pol(SU,(2)) — U, (su(2)) which we denote by: g — (g ®id)(R).

We thus have < £”|(§ @ id)(R)f, >=< (52 ®id)(R),§;, >=r(§},§;,), by defi-

nition. Actually, this map is a morphism. This is because for any f € Pol(SU,(2))
we have:
< (gh®id)(R), f > =r(gh, )
= 3" 1(g, F)r(h, )

n
=< (g ®id)(R), f' >< (h®id)(R), f" >

=< (¢ ®id)(R)(h ®id)(R), f > .
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We can derive some other identities, which will be useful in 7.3.8. Let f,g,h €
Pol(SU,(2)). We thus have
Yo <(f®id)(R),g>< (f'®id)(R),h>= r(f,g)r(f" h)

) | )
= r(f, hg)

=< (f®id)(R),hg > .
Let R©) = R;' If f € Pol(SU,(2)), we can define analogously (f ® id)(R(7)) €
Uy(su(2)). In particular < (f ® id)(R), g >= r3!(f,9) = #(f,g). Let f,g,h €
Pol(SU,(2)). We have

Y < (f®id)(R),g >< (f'®id)(RD),h > =3 "r(f, g} (f",h)
69 (f
= 7"127:13(f» g, h)

The last equality follows by definition of the convolution product in Pol(SU,(2))*.

7.2.3 Quantum co-double of quasitriangular Hopf algebras and knot in-

variants

The best reference now for general quantum group theory is still [M], chapter 7.
Let A be a Hopf algebra with an R-matrix R. The quantum co-double A®A of A
is defined as the Hopf algebra which has A ® A has underlying algebra and with

counit € ® €. The modified coproduct is:

Ala®b) = Rz}d @V ® a” ® b" Ras,

whereas the antipode is defined as:
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S(a®b) = Ry1S(a) ® S(b)Ry.
If A is a star Hopf algebra, this is also a star Hopf algebra with the following
definition of star: (a®b)* = Ry1b* ® a*R5;'. See [KS] 10.2.4 or [M] . Notice that we
can take any element F of 4®A with (A®id)(F) = Fi3Fy3 and (id®A)(F) = Fi3Fy2,
defining always a Hopf algebra. The advantage of picking R is that the Hopf algebra
A®A automatically has an R-matrix!! given by
R=RQORPRYRY,

where R*) = R and R = R3]}, Let u = Y, S(t;)s; and & = Y, S(£:) for
R=Y),s®t and R= 1,60 £;. It is easy to prove that & = v ® S(u~1). We
always have S%(u) = u, thus if A is a ribbon Hopf algebra with ribbon element 6 then
the quantum co-double of A will also be a ribbon Hopf algebra with ribbon element
6 = 6 ® 8. The group like element @ of ARA will thus be G = @01 =G ® G.
Notice 62 = uS(u) and S(8) = 6 thus S(u!)@ = ud~! = G, since 6 is central. All
this is referred to in [BNR].

Let A be a ribbon Hopf algebra. Let § and f be two finite dimensional represen-

tations of 4, which will then generate a representation g ®5 of A®A. Unpacking

the expression of the A®.A framed knot invariants coming out of the representation

8 ® f yields immediately

Lemma 100 For any framed knot K we have

18 ® D)(K) = I(B)(E)I(B)(K*),

UThere are two obvious possible choices of an R-matrix in the quantum codouble. If R is real

then one of them is real and the other one anti real. See [M]. We have picked the antireal one.

Since the R-matrix of Uy(su(2)) is real, this is in acordance with 7.1.1
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X

Figure 30: A knot K and K*U K
where K* is the mirror image of K.

This is because I(8)(K)I(8)(K’) equals the A-knot invariant evaluated in K UK* for
K coloured with g and K* coloured with 4 p. We suppose that K* is placed away from
K as in figure 30. It is also important to remember that S(a®b) = Rz15(a)®5(b) Ry}
in the quantum co-double. This lemma, is used implicitly in [BR2] and [BNR] for
several times. For the ones who want more details: A good way to prove this lemma
precisely is to use the fact that if a knot is the closure of a braid b with n strands
and p is a representation in V, then I(p)(K) = tr{v € V®" — G®"*R(b)(v)}, where
R(b) is the braiding operator V®* — V®"  This expression works for any ribbon

Hopf algebra. Therefore the lemma is obvious from the form of the R-matrix of

A®Ais R= R R R R and the fact G = G ® G.

In the U,(su(2)) case things are slightly more complicated. We can define the
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coevaluation map by considering the action of U,(su(2)) in its finite dimensional
representations. We can do the same for the antipodal map. The point is that
tensor products and duals of representations of U,(su(2))®U,(su(2)) are perfectly

well defined. Thus formally U,(su(2))®U,(su(2)) is still a ribbon Hopf algebra, in

the sense that the representations of it which are direct sums of representations
$ ® B is a ribbon category. This follows from the fact U, (su(2)) with its formal
R-matrix and group like element G is a ribbon category. The group like element
of Uy(su(2))®U,(su(2)) is G ® G, where G = g%+ is the group like element of
U,y (su(2)). A good way to present this arguments in a cleaner way is again to consider
the dual picture. Namely the dual construction with the r-form of Pol(SU,(2))
yields an Hopf algebra isomorphic with Pol(SU,(2)) ® Pol(SU,(2)) as a co-algebra,
whereas the product is the generalised quantum double !? relative to the pairing
7 : Pol(SUy(2)) ® Pol(SU,(2)) — C. This Hopf algebra has an r-form given by
Tar T34 1323, See [KS] 10.2.3 12,

We can calculate knot invariants from U, (su(2))®U,(su(2)), and any representations
B ® B of it. Denote this invariant by I(6 ® 5) By lemmas 98 and 100 it follows

that:

Lemma 101 For any o, 8 € 1N, we have:
I(3 ® B)(g"*) = L**(K)(=h),
where ¢ = (0, 1) and exp(h) = ¢ for h < 0.

Recall 3.3.3 and that L*#(K)(q) is a convergent power series if o, 8 € 1No. Notice

12The simpler case considered before was made out of the canonical dual pairing between an

algebra and its dual
13Notice similarly that this generalised quantum double has two natural r-forms
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that in the notation of chapter 2 we have:
L*P(K)(h) = X(a—B,a+ B+ 1)(2a + 1)(26+ 1)

from Theorem 16.

7.2.4 The quantum co-double of U,(su(2)) and the Quantum Lorentz

Group

Suppose A is a finite dimensional Hopf algebra with an R-matrix R. There exists a

natural vector space map ¢ : D(A, A**®) — AQA. It has the form:

¢:(z®@f)— Y o(f ®id)(RP)@2"(f ®id)(R")) = d(z)p(y).  (147)
=)}f)

The coevaluations are taken in A and A* (not in A**°?). The map ¢ transforms
the R-matrix of the quantum double in the R-matrix of A®.A. This is an easy
consequence of the fact (A ® id)(R) = Rj3Rps = (id ® A)(R) = Ri3R; for any R-
matrix R, from which follows (A ® id)(R(")) = R’ RS;). Indeed let R=3"; 5, ®;
and R™! = ¥, § ®#;. The R-matrix of the quantum double is 37, X; ® 1® 1 ® X*
where {X} is a basis of A and {X*} its dual basis of .A*. We have

(@ P)(R) = (404)(Y_X®1®10X")
k

= 3 AXW) @ X¥(s)t @ XK (5)s;
k,(X*)i,5

=Y A(X) @ XF(Esi)t; ® 5

i,k
= (A®id)(RG RY)
= R R R RY.
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\/\< %\\X

Figure 31: An equality between two braids

For the third equality, notice that 4 is isomorphic with A**, the last given the
convolution product. In particular < a ® b, A(f) >=< ab, f >,Va,b € A, Vf € A"
The map ¢ is always a morphism of Hopf algebras algebras. This is shown in [M]
(Theorem 7.3.5), for instance. It is not totally trivial. For the comultiplication for
example, the difficult part is to prove that A(¢(g)) = (¢ ® ¢)(Alg)), if g € A*. Let
R=Y,5®tand R™! = ¥, §,®f;. Notice ¢(g) = Y, ; 9(tjs:)t:®5;. We have (notice
it is the co-algebra A**® which is embedded in D, not A, thus Ap(g) = 3_ ,, 9"®¢):

Algg) =Y gl ® sl @ htiti ® ],
i.j,k,l,(ti),(s'})

whereas
(6@ A)A9) = Y gltesit;éi)ti ® 6 ® 6 ® 5

i,5.k,l
The fact the two expressions are equal is a consequence of Mac Lane’s coherence

theorem for braided tensor categories. See figure 31.

The identities (S® S)(R) = R and (S® S)o A = A®Po S, and a similar argument
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proves ¢ intertwines S as well. Notice Sp = S~! when restricted to A*.

In the U,(su(2)) case, since it is not a braided Hopf algebra in the strict sense,
things are slightly trickier. However, the map ¢ still makes sense, from proposition
99 and comments after!4. Moreover, if restricted to Uy(su(2)) or to Pol(SU,(2)) it is
an algebra morphism. Indeed, in the Uy(su(2)) case this is because ¢ is simply the
comultiplication, whereas in the Pol(SU,(2))-case, this was proved after Proposition
99. Let us see it is a morphism of algebras. We only need to show that ¢ satisfies
the mixed relations of the Quantum Double in 7.1.6. This since ¢ when restriced
to Pol(SU,(2)) and U,(su(2)) is a morphism follows if relations (138) are satisfied.
We can explicitely calculate ¢ in the generators of the Quantum Lorentz Group. In

fact we trivially have:
P(X) = A(X), X € Uy(su(2)), (148)

and, recall (136):

Jz —Jz 1- -2 J_ ® —J;
ar g ®q 70— (1-¢7%)J-®q (149)
c (1-¢)g* @ Jp,d— g ¢ - (g-q7)J-® J;.
These are exactly the values of the morphism ¢ defined 7.1.6 in the generators of
the Quantum Lorentz Group. In particular ¢ as defined by (147) does define an
algebra morphism equivalent to it. Indeed, let ¢’ be the morphism defined in 7.1.6.
We have
¢z ® f) = d(2)¢(f) = ()¢ (f) = $'(zf) = #(z ] f).
The first equalily by definition of ¢, the second because ¢ and ¢’ are algebra mor-

phisms when restricted to Pol(SU,(2)) and U,(su(2)) , which are equal in generating
sets of Pol(SU,(2)) and U,(su(2)), the third because ¢’ is a morphism the forth by

14Majid proves this is full generality. See [M], example 7.3.6.
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the definition of multiplication in the Quantum Double. Thus it follows ¢ = ¢’ and
since ¢’ is a morphism ¢ is as well.

The existence of this Hopf algebra morphism ¢ was stated in [BR2], however in the
way it is stated it is not clear that everything works for we only have an heuristic
R-matrix in Uy(su(2)). This construction is one of the major tools for proving the
main theorems of this chapter, the reason why I presented it here with all this detail.
This is also proved in [M], as we have referred to before.

The morphism ¢ : U, (sl(2, C)r) — U, (s5u(2))®U,(su(2)) gives us a representation of
the Quantum Lorentz Group for any pair of representation of U, (su(2)). We shall

go back to this in 7.3.1.

7.3 Representations of the Quantum Lorentz Group

We now look at the representation theory of the quantum Lorentz group. We base

our approach on examples, with the final aim of describing the knot theory coming

out of them. The main reference is [BR2).

7.3.1 Crossed Pol(SU,(2))-bimodules and finite dimensional representa-

tions of the Quantum Lorentz Group

A class of finite dimensional representations of the quantum Lorentz Group arises if
we consider Pol(SU,(2))-crossed bimodules. A crossed bimodule is a finite dimen-
sional complex vector space V provided with a left representation of Pol(SU,(2))

and a right corepresentation of Pol(SU,(2)). They need to be compactible in the
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sense:

D dvy ® a"(wpasun) = D (0"0)v @ (a"0)por(suy(@)a- (150)
(a)(v) (a)(a”v)
The notation v € V — Z(v) vy ®@uyg € V ® A stands for a corepresentation of the

bialgebra A in the vector space V. The following is a result of [T}, proposition 5.1'5:

Proposition 102 Let V' be a finite dimensional vector space equipped with a left
representation p; and a right representation py of Pol(SU,(2)). The right corep-
resentation py of Pol(SU,(2)) yields a left representation p, of Uy(su(2)) in V in
the usual fashion: av = 3- ., vy (@, Vpai(su,(2))) where a € Uy(su(2)),v € V. The
pair (p1, py) is a crossed bimodule if and only if p; ® py is a representation of the

Quantum Lorentz Group D(Uy(su(2)), Pol(SU,(2)) = U,(sl(2, C)r).

A crossed bimodule is called simple if it yields an irreducible representation of
Uy(sl(2, C)R).

Recall the morphism 7 : Pol(SU,(2)) — Pol(SU,(2)) defined in the end of 7.1.4. As
proved in 7.1.6, it extends to an algebra morphism 7 : Uy(si(2, C)r) — U,(sl(2, C)r),
in the fashion X — X for all X € U,(su(2)). See also [BR2| page 507 and [T] page
571. Recall also the algebra morphism ¢ : U,(s!(2, C)r) — Ug(su(2)) ® U,(su(2)),
defined in 7.1.6 and 7.2.4. A main result of [T] is:

Theorem 103 Let V be a simple finite dimensional crossed module of Pol(SU,(2)).
There exists a, f € 1Ny such that either p of the form (B®B) o orp is of the form
(F®f)ogor

Notice that (148) and (149) together with the explicit form of the representation §
permits us to describe explicitely (3 ® f) o6 and (§ ® B) o o 7. Compare with [T],

15]n Takeuchi’s convention the product in Pol(SU,(2)) is aposite of the one we consider
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equation (6.4). See also [BR2] page 507.

Notice that not all representations of U,(su(2)) are dual to corepresentations of
Pol(SU,(2)). This happens if, and only if, they are direct sums of representations
p with a € %No. Therefore Theorem 103 classifies all finite dimensional irreducible
representations of Uy(sl(2,C)r) which, when restricted to Uy(su(2)), are a direct
sum of representations 5, € 1Ny, These representations are the ones which are

dual to corepresentation of the algebra of function in the Quantum Lorentz Group,

in other words the quantum group SL4(2, C) of [PW].

Definition 104 These kind of representations of U,(s1(2, C)r) are called physical*®
representations of D = U,(sl(2,C)g).

Definition 105 Any finite dimensional representation of Uy(sl(2, C)g) generates a
finite dimensional representation of Uy(su(2)) through the embedding U,(su(2)) C
U,(s1(2,C)R), therefore any finite dimensional representation p of U,(s{(2,C)gr) de-
composes as a direct sum of B, 's with each a in 1N and each w, € {1,-1,i, —i},
uniquely. In addition, if the representation is physical then we always have w, = 1

for any a. The smallest of these o’s is by definition the minimal spin of p. The

mazimal spin of p is the mazimum of those.

From the fact ¢(X) = ¢(X) o7 = A(X) for any X € U,(su(2)) and Theorem 103 it
is immediate that
Theorem 106 For any a in 1Ny and the minimal spin of (6®p)o¢ and (F®F)odor,

is zero. Moreover, any irreducible physical representation p of U,(sl(2,C)r) with

minimal spin zero is of this form, in fact o is half the mazimal spin of p.

16This is my nomenclature
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7.3.2 An equation producing representations

We now give a general form of representations of the Quantum Lorentz Group. Let
D = D(U,(su(2)), Pol(SU,(2))°®) = U,(s1(2,C)g) be the Quantum Lorentz Group
at ¢ € (0,1). Recall equation (137) expressing the product law in the quantum
double. Let @ = a®1 € Dand f = 1® f € D, where a € U,(su(2)) and
f € Pol(SUqy(2)). We thus have af = a ® f,a € U,(su(2)), f € Pol(SU,(2)). Let us
consider representations p of D of the vector space

V=@V

a€Np

where
B : Uy(su(2) — L(V)

is the irreducible representation of U,(su(2)) with spin a. Compare with 2.1.1.
Notice we are only considering integer spins. The case in which we admit any spins
is similar. It is natural to consider representations in V' since through the embedding
U,(su(2)) — U,(sl(2,C)r) any finite dimensional representation of U,(s{(2, C)g)
decomposes as direct sums of representations g when restricted to U,(su(2)). We
obvioulsy suppose that any element z of U,(su(2)) acts in V' in the fashion:
o(z) = T] B(a). (151)
a€Np
(2]

A basis of Vis given by the vectors {#;,i = —a, ~a + 1, ...,a}. Consider an action
of D in V such that Pol(SU,(2)) acts as

D z

z D

=2 Y X @ ( o

Y Dy eNo —1<iy <y 7o
-D<z<D

a B
o ) AR, (152)
Ja 18
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The compatibility rules for the spins ensure it is a finite sum and that ¢(f)V C V if
f € Pol(SU,(2)). Extend it to all D as p(a ® f) = p(a)p(f). Let us describe which
constraints the constants Afi} need to satisfy. It is obvious that p(a)p(b) = p(ab) if
a € U,(su(2)) and b € D. One can also show that automatically we have p(fa) =
p(f)p(a) if f € Pol(SU,(2)) and a € U,(su(2)). This calculation appears in [BR2],
inside the proof of theorem 3. Therefore the only restriction put in the constants

ABS is that (152) define a representation of Pol(SU,(2)).

The following is a result of [BR2]):

Theorem 107 If

AE]|C FA|lcl[as
AAC'ABD:
Z{ FETEP Z{B U K}{P U

e |B U | D 1%

K
AFE, (153)
D
then (151) and (152) define a representation of the Quantum Lorentz Group Uy(sl(2, C)r).

A proof of this is not too difficult, but requires some additional notation and cal-
culations, so will be omitted. The reader can find it in [BR2] inside the proof of
theorem 3. All this is to be compared with 2.1.1 and especially (7).

One observation in need concerns the constants F,a € N. Their values are (almost)

arbitrary and they only appear to make some of the representations unitary. In

fact their appearance does not change the representation apart from isomorphism

therefore not affecting the future calculation of knot invariants.
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7.3.3 A solution of (153) and balanced representations of the Quantum

Lorentz Group

In [BR2], Buffenoir and Roche describe a solution of (153) for any p € C. This A5§-
coeflicients are defined out of a complicated complex continuation of 6j-symbols,

but in a way we can easily prove that the constraints (153) are satisfied. At the end

C B - D
g7 7 . (154)
o -0 B C 0

We need to choose a logarithm of ¢, so the best notation would be to consider

they are proved to be equal to:

0
AZ5) =
®=) (A

4

q = exp(h). However for g € (0,1) we have no big ambiguity. We always pick & < 0,
in accordance with before. For completeness, and because this is not show directly
in [BR2] we prove that the coefficients AZ§ verify (153), for any p € C. Our main
results depend on this fact, ultimately. The proof goes as:

o

c
} APEAZE
= D

-3 AE|C 3 et

g |B U D] ‘op
E 0 D B -b b
0 E b —b B D
Zq2(a+b)p

ab

A C\ [~b b
—a a B D

)

Q

")




The last equation from (112). Since, from the last bit 0f(124), we have

AE | C| _ JAU
BU | D B E
by (122), (110) and (111) we can write this as:

— Z q2(a+b)p
a,b

0 C A b A U a+b -b
F a —a D —a a+b U B

which using equation (112) equals:

q2(a+b)p
%

0 C A —a a+b
F a —a A U

JIE
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This term can be written as, again by (122), (110) and (111) :

3™ e 3 c A | F{|U B
a,b M,N D D N

U M

0 a+b M a+b C D a b
F U a+bd M a C D
0 ¢
F U

S Yaps z{

at+b=c M,N
M c C Dy [a b
c M a b Cc D
c m \U M
0 ¢ M c
FU c M
the last step by (116). Therefore by (120) we have:
AFE | C
> APEAER
E D
o 0 ¢
P F U

B U
Cc A Fl|U B
= 2ep
Zc:q ;{UM D}{DM
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On the other hand we have:

F A C A B K| kv
> A%
k |B U K P U D
F A C A B K Z 2pe 0 U K -c ¢ P
= q
x |B U K P U D] = F c —c K U 0
F A C A B K U K F Z 2pe
= q
km | B U K P U D U M Pl =

Gol )

The last step follow from by (122), (110) and (111). Now, from (124) and (126) we

have:
C A B K U K F
K P U D U M P

Z{FA
o s

v P). (155)
0

c

Kk (B U

4

K| |JU K
cC)|\U M

PU
v B |cllac|F
={DM P}{MU D}
ca|F|lfjuvB|c

={UM D}{DM P}’

Which finishes the proof.

Definition 108 (Balanced Representations of the Quantum Lorentz Group)
We have for any p € C a representation p(p) of the quantum Lorentz group in V(p).
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These representations are called balanced representations of the Quantum Lorentz

Group!?

In [P], the reader can find the exact expression of the representations p(p) in terms

of the generators of the Quantum Lorentz Group, at least the unitary ones.

7.3.4 Simpler formulae for the A-coefficients in particular cases

Let p € C. We thus have an infinite dimensional representation p(p) of the quantum
Lorentz group given by the constants A5 (p). Its representation space is by defini-

tion V = @,en, V. From (107), we can calculate the coefficients AES if B = 1/2.

In fact

Lemma 109 Let C > 0 be an integer . We have

AL (p) = f—é%;—i(—]i:ﬁ (156)
NG (p) = ——-————~qczlzéiiﬁ_p), (157)
ALEST A (p) = 22%2—%2, (158)
At () = —————-"2:23;1‘1 z (159)

Notice that all the other ABS(p) coefficients with B = 1/2 are zero.

This also corrects equation that appears during the course of proof of theorem 3 of
[BR2]. With this expression for the A-coefficients we can describe the action of the
generating set {¢’s, J;, J_,a,b,c,d} of Pol(SU,(2)). From which follows:

17Recall that, in the classical case, this nomenclature is due to Barrett and Crane. See BC]
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Theorem 110 Suppose q = exp(h/2). The representations p(p) and r(p + 4wih)

are equivalent.

Let us prove the formula for Aggf;l/ ?(p) since the main results we are going to

prove depend on it, ultimately. We have:

12 -1/2 | c+1\ [-1/2 1/2 c\ oy
C+1/2 1/2 0 12 c+12 | o) ¢
20 + 3][2C + O CI ) CIC + CIC + 1)![C]!
[LT2CT2C + 1'[0]'[2C + 31'[2C + 2)1[C + 110 + 1]

gV(CHDGWCH)(_1)WVHC(_1)WH[C 4+ 1 + VIW]IC + 1 = V]I[2C + 1 — W)!
[VITW]IC + 1= VI[C = W]I[C — V]Il = WI[—C + V]! '

V\w

This last sum is to be extended to all V’s and W's that make the terms inside the

g-factorials positive, thus V = C and W = 0 or W = 1. This last expression thus

simplifies to:

—~(C+1)? (o2 gc+A2C + 1)! (_ [ZC['C-H-' 1)! +gCH [5’2?];]')

2C + 2)'2C]! [C]!
- q—l____.pci 3 (~120+ 1 +4°+(C))
_ 1 ~(20+2) _
“RECt+l-g¢N) (™ b)
q—20—2 _ 1

T R T

Whereas:
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-1/2 12 | C+1\ (12 <12 | O\ _ o
C+1/2 1/2 0 1/2 C+1/2 | 0 !
[2C + 3)[2C + 1[O)[1]1[C + PON[C + 1N[C + 1 C[C + 1J[C)!
['2C][2C + 1N0)'[2C + 3]'[2C + 2 [CTL) [O]T[C]!

gV (C+DGW(CH) (L YVHCH(_W[C + V]I[1 + WIC + 2 — V]![2C — W]!
L VIWIC + 1= VIIC - WIC + 1= VI[-W]I[-C — 1+ V]T+ W]l

thus W = 0 and V = C + 1. Therefore this last expression simplifies as:

—(c+2_ [C+1]P Z(CH(C+) 2C +1)!2C)! _ 4O+ [C+1] _ ¢ .
2C + A2CT IC+ O] C+2 ~ T+gon

Notice a strange fact which can be seen from the just obtained expressions for the
A-coefficients: The off diagonal terms are zero if ¢ = 1. This is actually immediate
from (154). Comparing with 2.1.1, it appears that the representations p(p) do not

have the right limit. A solution for the mystery is obvious from equation (140).

7.3.5 Reapearence of finite dimensional representations

This material seems to be new. Recall the balanced representations p(p),p € C

of the Quantum Lorentz defined by (151), (152) and (154). This general form of

representations of the Quantum Lorentz Group contains some finite dimensional

representations. In fact, we have this consequence of Lemma 109:

Proposition 111 Suppose p € N then p(p) has a finite dimensional subrepresenta-

tion p(P)gn N V(P)in =0 ... 0§ whereC=p— L.

Compare with 2.2.1.
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Proof. The elements a,b,c,d of Pol(SU,(2)) generate it, thus by (136) and the

previous lemma keep V' (p)g, stable. =

Definition 112 The representations p(p)sa, p € N are called finite dimensional bal-

anced representations of the Quantum Lorentz Group.

We can relate these representations with the ones defined in 7.2.4. First of all:

Proposition 113 For any p € N the representation p(p)g, is irreducible.

Proof. Compare with [BR2), proof of irreducibility in theorem 3. Let f: V(p)n —
V(p)sn be a U,(sl(2,C)g) intertwiner. Since § is the irreducible representation of

U,(su(2)), the map f needs to send each V to itself through a multiple c, of the
identity, for a = 0, ...,p — 1. Now
1-1/2 iy =12 | D\ [z | 1/2 «
2 o Y
Lapla= 34
R R PRV I) (D

Al{ngi’
~1/2 i) 7

1/2 «a AV/20+1/2
a+la b
-1/2 0

a+1/2\ [ -1/2
-1/2 a+1/2

0 -1/2
Ca+1

a+1 1/2

by (110) and (111). Analogously
0 1—-1/2
<%+1 ,27~1/2f(%0)> =
0 -1/2 | a+1/2 -1/2 12 a AL/20+1/2
Ca at+la
a+1 1/2 ~1/2 | \a+1/2 | -1/2 0
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Using (107), one sees that the Clebsch-Gordan coefficients in the last two formulae
are not zero if ¢ € (0,1). Indeed, since ¢ is not a root of unity [n],! # 0 for any
n € N, thus we just need to analyse the terms under the sum in (107). This term

-1/2 a+1/2)
simplifies as:
a+1 1/2 -1/2

for the coefficient (

+1 v [C+1+V]C+1-V]]
ZV:"WC ' e+ 1=V + 1 =V~ C VT

_ q(C+1)C(—1)C <[2C+ 1]! _ [20 + 2]' C+1>

[C]! [C+1)
_ clCH1 acie
[C)!
Notice in the first sum we must have V = C or V = C + 1. The term under the

-1/2 1/2
sum of
a+1/2 | -1/2 0

in (107) simplifies as:

) V]I[2C+1-V]! 3 (20!
;qwﬂ )("I)V[V]![c +1-V[L-V]I[-1+ V]l — “qCHTc']T'

None of these terms are zero for ¢ € (0,1). Thus from the explicit formulae for

1/20+1/2
Aa+1a

, One proves ¢, = cgq1 fora=20,..,p—2. W
The representations p(p)an are physical representations for any p € N, cf. Definition
104. Therefore Theorem 106 can be used. It tells us that either p(p) = (f ® 5) 0 ¢

or p(p) = (p ® p) o po 7, where a = 5. Let us see which one of these p(p) is.

Let f: Vau(p) — &@&be an equivalence of representations of the Quantum Lorentz
Group. The representation p(p)s, acts on the vector space Vi, = $ & ... %}, and
Uy(su(2)) C Uy(sl(2,C)g) acts in it as 3@ ... ® 7,*. When restricted to U,(su(2))
the morphism ¢ : U, (su(2)) — U,(su(2))®U,(su(2)) is simply the comultiplication
in U,(su(2)), and similarly with ¢ o 7. Therefore, as representations of U,(su(2)),
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both (5 ®p)o ¢ and (f ® p) o por split as 36 ... 7, . Choose an identification
VeV J & ... @7 given by the Clebsch-Gordan maps and the phases we have

chosen from them. There must exist constants cg such that

= cgidg, B=0, ...,
ff/ Cﬁldﬁ/ﬁ P

1
These constants are not zero since f is an isomorphism. Recall that a = §_

7.1.4. Therefore from (152), (108) and (109)

, see

|
i N

11
<z9° , a80> = AZ2. (160)

Thus
qp + q_p

<30 f(a30)> = AZE = —co

On the other hand we know ¢(a) = ¢’* ® ¢~7*. Therefore by definition of the

representation 5 ® 5 and Clebsch-Gordan Coefficients we have:
0
0

o0 0 00 0 a o J —Jz\ & a i —1
v,9(a)vy) = (v, 7" ®q Vi @V
(F.s) - ( Z(O )( ) ( a

i
0
-x (O

= > l(—1)2"‘(—1)""*'q‘“, by (118) and (112)

a

—a<ifa
¢ +q?
q+q7t

For the last step, notice 2« and 2 must have the same parity. Therefore

qp+q P
< f(Uo> Coq+q_1
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Since ¢ 5 0, comparing with (101) we conclude we must have p(p)s, = (6®p)o¢or,

since 7(a) = —a. We have proved:

Theorem 114 Let p € N. The representation p(p)s, is equivalent to (f ® p)odor,

where o = %1

This re-appearence of finite dimensional representations is also obvious from the

formulae for the unitary representations of the quantum Lorentz Group in [P].

7.3.6 Unitary Balanced Representations

Up to now we have not studied the unitarity of the representations of the Quantum
Lorentz Group. Let us now define a class of unitary representations of U,(s{(2, C)r),

the unitary balanced representations. They are called simple in [NR].

This discussion is very similar to the one in [BR2], and only is it slightly different
because we use a different definition of A§g. Consider V = @ cn, ‘O; It has an
inner product such that {#;,, @ € Ny, —a < i < a}, since the spin o representation
p of Uy(su(2)) are unitary, we automatically have < p(a)v,w >=< v,p(a*)v >
if v € Vand a € Uy(su(2)). Let us find out the conditions so that p is also
a unitary representation of Pol(SU,(2)), thus also of D = Uy(sl(2,C)g). Recall
§o¥ = gla=ia(—1)a=daZ 7™ We have:

Jex —Ja

(Bbte) =22

T M -M<ysM \Y @ y

iy o | MY [y | @ B

AaM
. 8
M Jo 18
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whereas:

Qlo
(B 80, )
R S

D -D<z<p \B « z D —Ja Iy

g —lq D T a v 1aD
By
where the bar denotes complex conjugation. Notice ¢ and the Clebsch-Gordan

coefficients are real. The last expression can be written as

iy g M Y a A

AeD
. B
M | j. i i

Fy
Fs %:—MgzysM Y a y

Using,(114), (122) and (123). Therefore unitarity holds if we have :

WD() f"A 2(p)

Because a,d,c,d generate Pol(SU,(2)) we only need to prove this if @ = ;. By

lemma 109, this is ensured if p € iR, for we can find a recursive expression for F,.
Explicit formulae for these constant appear in [BR2]. This last paragraph almost

paraphrases [BR2]

Definition 115 Letp € R, the unitary balanced representation of Uy(sl(2, C)r) with

parameter p s the unitary representation p(p) just constructed.

These representations are the quantised counterpart of the balanced representations
of the Lorentz group defined in 2.1.1 . They are irreducible in the sense any quantum
Lorentz group intertwiner V (p) — V(p) must be a multiple of the identity. The same

argument used to prove the irreducibility of the finite dimensional representations

applies to prove this. This is a result of [BR2].

196



7.3.7 Formal R-matrix and Group Like elements on the Quantum lorentz

Group

We continue to follow [BR2] closely. Let A be a finite dimensional Hopf algebra and
let {v;} be a basis of A. Let also {v'} be the dual basis of A*. The quantum double of
A has an R-matrix given by R = Y, ;®191®v* € D(A, A**P)@D(4, A**P). If A
is infinite dimensional, then the expression for R is an infinite sum, however, it may
happen that it makes sense when applied to the tensor product of representations

of A. This is what happens in the quantum Lorentz group case for the balanced

representations p(p),p € C and p(p)an,p € N.

Consider the basis {m"‘} of Pol(SU,(2)), where o € Ny and —a < ig,j, < .
When trying to define the dual basis of it in U,(su(2)), we are led to find elements

%;: € U,(su(2)) such that
(B71BEm) B, ) = (G0 5ie ) = (01, B)8(ia 8)0(das80),

9ip> %i
whose existence is dubious. The best solution is to modify U,(su(2)) slightly. For a
vector space V let L(V) be the algebra of linear maps V — V. Define

O,(su(2) = €D L)

a€ lNo

Recall that U,(su(2)) is embedded in [] 1 1N V) through z +— [] 1 1N P p(z). This
morphism is injective for the elements of Uy(su(2)) are separated by the finite dimen-
sional representations of it. Therefore U,(su(2)) is almost a subalgebra U,(su(2)), in
fact it is embedded in its subalgebra of multipliers, cf [BR2] Let )a(:‘, a € iNp,—a <
ia»ja < o be the elements of U,(su(2)) such that X 5, = §(a, B)8(ia, i5)0j,. In

particular we have:
aia G598

XX,

= X2 6(c, B)8(ias Jg)- (161)
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There exists an obvious duality between U, (su(2)) and Pol(SU,(2)) which verifies
(%58 ) = 80, )6 )0 i)
It eztends the duality between Uy, (su(2)) and Pol(SU,(2)), since

<X "“’> <5"’ x8> = 8(et, 0)3(ia,39) (8, 810 ) = 8(a, B)8ias ja)8lig o).

Jo? g]ﬁ

We define a coproduct in U,(su(2)) by dualising the product of Pol(SU,4(2)). There-
fore
Qiq ]ﬂ ]
A(X, )= Z ( 7

a ta gis i
' g X,
Bivig iy ﬁ Y Ja a

i@ i7 Js Iy
Thls mﬁmte sum is 1nterpreted as an element of [], , V® V The evaluations (1d ®

A)( § ) and (A®1d)(X ) also make sense when interpreted as elements of [, 5., V/

B

Ve V. The coproduct A is coassociative. The algebra U,(su(2)) also has a star
structure such that (X )= )%:-a, thus it is simply matrix transposition. It extends

[
the star structure in U,(su(2)), given that the representations 5 of U,(su(2)) in V
are unitary.

The expression (137) defining the product quantum double also makes sense when
considering A = U,(su(2)) and A* = Pol(SU,(2)), see [BR2]. We therefore define
D = D(U,(su(2)), Pol(SU,(2))), thus D is an associative algebra. It also has a star

structure such that
ata 05\ aia . 05\ . aja gis
(X ®G0) = (X)) ® (35) = X, ® S(&;)-
This last antipode is taken in Pol(SU,(2)).

As pointed out in [BR2], each balanced representation p(p) of D gives rise to a

balanced representation j(p) of D. This extensxon is quite natural. The represen-

tation space of p(p) is V = @,cn,- Put XJ = X ® 1 and ﬁ;a =1® 9_, The
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elements ?J;‘: act in V as before, namely as in (152). Recall that if a € U,(su(2))
then p(a) = [[,en, #(a) if a € Uy(su(2)). It is thus natural to define

(X VB, = 6(ct,b)6(i )85 (162)

As proved in [BR2] this action does define a representation of D. This representation
is still unitary for p € ¢R. For the case p € N we still have a subrepresentation /(p)gn
of D. See 7.3.5
The formal R-matrix R in the Quantum Lorentz Group is the infinite sum
[ ,
R= > X, 08 (163)
axiayja

It is easy to see how it acts in the tensor product of two balanced representations

r(p):

RE;, ® giﬁ = Z

Dmija \7 @ T D o i

T D T a B\ F
by Ja ?ngg’%jc ®%,. (164)
The action of R in V®V is thus well defined, even though R is defined by an infinite
sum. This is a result of [BR1]. Notice we are considering the algebraic, rather than
topological tensor product of vector spaces. Obviously, for the case p € N the action

ala b
of R in p(p)an ® p(p)sn truncates to the finite sum Z;B X, ® gfa.
To determine R~! we can use the identity (id ® S~!)(R) = R™! verified by any
R-matrix in a Hopf algebra. We have Sp = S~!, where the last antipode is taken in
Pol(SU,4(2)) and the first is the one in U,(sl(2,C)r), see 7.1.4 and 7.1.5. This leads

to the following expression for R1:

. oda
R-! = Z g it (—1)eta X, ® G, (165)

aia,Ja
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which makes sense when applied to the tensor product of two balanced representa-

tions p(p).

Obviously, our formal calculations do not prove that R~! is the inverse of R or that
the action of R in the balanced representations of the Lorentz group defines a braid
group representation. However, we can show this facts directly. For example the
fact RR~! = id (action in balanced representations) is a consequence of equation

(133), together with the fact j(p) is a representation of D if for any representation

p(p) of D = U,(sl(2,C)g). In fact:

RR™! = Z )?’iﬁ@a""’ “latia(_1)le "'X g e
- Js g q ® —Ja

a1ﬁ1iayi61jaljﬂ
Z —iati 2a+i Qia a—i
q Ja(_l) atia .’laX ® Zg—y:

8,Jaria 1jﬁ

> "
(07

avjﬂviavjﬂ)7vi7vj7

I

—ia Y ja « a

(6] 'l"y Y ]ﬁ _ja
—z ] ta—J Ao by
e (1) X, ®

Z ata

A,ja
this last one acts as the identity in the representations p(p). The Yang-Baxter

equation is a consequence of the identities (A®id)(R) = R1,3R1,2 and (id®A)(R) =
R13R1,2, when considering the action in the balanced represesentations, see [K] for
example. These last equalities are tautologies when we look at the structure maps
of D.

It is easy to verify that R** = R~!, by the very expression of R~! and the star
structure. Therefore the R-matrix which we consider in the quantum Lorentz Group

is compactible with its star structure, see 7.1.1. Let p € iR, thus p(p) is a unitary
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representation of D = U,(sl(2,C)r) thus also j is a unitary representation of D.

Therefore we have:

Theorem 116 For any p € C we have a braid group representation in V (p)®" given
by the formal R-matriz in the quantum Lorentz Group. Moreover if p € iR then all

the braidding operators will extend to unitary operators, uniquely.

The quantum Lorentz group also has a group like element which is G = ¢2*. As
referred in [BNR] it formally gives U,(sl(2, C)r) a structure of ribbon Hopf algebra.

We shall see later that it is indeed a good group like element.

7.3.8 The action of the R-matrix and Group Like element in finite di-

mensional balanced representations

As we referred to in 7.2.4, if A is a Hopf algebra with an R-matrix R, then the
Hopf algebra map ¢ : D(A, A**P) — ARA preserves the R-matrices if A is finite
dimensional. See [BR2] and [M]. Let us see that this is the case for the Quantum
Lorentz Group. We need to modify the statement slightly, for all R-matrices are

formal and we work with infinite dimensional representations. We freely use the

notation of 7.2.4, 7.3.1 and 7.3.7.

The algebra Pol(SU,(2)) admits a Z; grading Pol(SUy(2)) = Pol(SU,(2))even &
Pol(SU,(2))oad, where Pol(SU,(2))even is generated by all the ﬁ;z with € N and
Pol(SU,(2))oda is generated by all the 5;: with o € N+ 3. As referred to at the end
of 7.1.4 there exists an automorphism of Pol(SU,(2)) which equals the identity in
the even part of Pol(SU,(2)) and minus the identity in the odd part of Pol(SU,(2)).

This automorphism extends to an automorphism of U, (s{(2, C)gr) in a way such that
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it is the identity in U,(su(2)) ® 1. As pointed out in 7.3.1 any irreducible physical
representation of U, (sl(2, C)g) with minimal spin zero is either equivalent to (F®p)o
¢ orto (f®p)opor. This is a theorem of Takeuchi, see [T], answering affirmatively
a conjecture formulated Woronowicz and Poddles, see [PW]. In Theorem 114, we

used this result to prove that
p(p)ﬁn = (bx@;;) 0¢0‘T‘,C¥ = (p— 1)/2’p €N.

There exists a map f: V(p)an — Ve Io}intertwining p(p)sn and (4 ®p)opor. From
the form of the R-matrix R of the Quantum Lorentz Group, it is obvious that the
action of R is the same in tensor products of representations of the form p(p)s and
of p(p)sn © 7. Notice again that we are only considering integer spins, thus we only

need the “even part” of the formal R-matrix R. We will use this fact later.

Lemma 117 Let f: ¢: V(p)gn — 1‘;® V be an intertwiner, and R be the R-matriz
of U, (su(2))®U,(su(2)), we have:

(f®F(Rz®y)=R(f® f)z®Y)

Let us prove this lemma. In the case A is finite dimensional, this is a consequence
of the fact (p®¢)(R) = R, where the first R-matrix is the R-matrix of the quantum
double. This, as referred in 7.2.4, follows from the equalities (A ® id)(R) = R1aR3
and (id ® A)(R) = Rj3Rus, satisfied by any R-matrix in a Hopf algebra. The

discussion now is very similar to the one used in the proof of Theorem 114.

The morphism ¢ : D — U,(su(2))®U,(su(2)) extends to a morphism $:D —
8
Ha,ﬂe%No L(I‘}) ® L(V). Let us prove that for any v € V(p)sn we have

F(%ov) =6 (%2) s (166)
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Wiy
Notice that X is not in D = Uy(sl(2, C)r), thus this fact needs proving. First of

w Ty
Jw w

which acts in 11}® {; in the obvious way. That is as
N Wiy wiw ]ﬁ J w 2
AX;,) =AX,)= > ( T ) (“’
Jw w

igiribig \& &
Recall that ¢o7 when restricted to U, (su(2)) is the comultiplication in it. Therefore,
as a representation of U,(su(2)) the representation (5®5)ogor of D = Uy(sl(2, C)r)

splits as ) @ ... ® 7, Fix once for all the identification V@ V= 0 & ... @ ;! given

all we need to define:

20k who 8 J g8 iy
X)) =AX)= 3 (”’ n g 7)x ® X,

. ) Js Ty

Bv’Yriﬁli‘ijﬂlj’Y ﬁ 7

[0} aig aiy
>x o f

.. Js Jv
1 B 27

by the Clebsch-Gordan maps ¥3* and @8 in the phases we have chosen for them.
Under this identification qg()aé;:) acts in V® V as

é()%;:)gi = 6(w, B (i, 5)8;, (167)
Indeed, we have:
X,
=y we ( > (j" i’ ‘7’) ( | .a) X, ®X) a2, (6)
e ipivdpdn \Q& @ | Ju) \W | I8 Iy

ﬂ) ]
« Ui‘
1

a o jﬂ ].7 w iy a « iﬂ i7
JB Jy a o Jw w ig iy o «

The last equality from (116). This proves that equation (167) is correct.

> ("
&yie i iydady \ €

= (i, 1)8(w, B)0;
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a J
We have two representation of U,(su(2)), one in V(p)s, and the other in V® V.

Since f is (in particular) a U,(su(2))-intertwiner there must exist c¢s € C such that

f (51 ) = Cﬁgiﬁ. In particular we have:

" Wie

(X B ) 5(tunrig)8(w, B)f (Vi) = 8(du ig)0(w, B)caby = $(X,.) f (Biy),
which proves (166), is correct. Therefore, if 8,7 € {0,1,...,p — 1}, we have

(f ® f)(RE, @3
=(f®f) ( -Z ® §1%) (&,, MJ)
ac s No

=(f®f) (E(X ®9'7 "6’1;3 ®%1'1>)

) (Z(—lf"()?j: o) (fa o%) )
aeN

=(f®f)(Z(X @r(d:) (8, ® ))

=Y (3 o)X, ®gi.,)( ) ® /()

g aial aja’ . _
=3 Y A e @ eid)(RM) @ @ ®id)(RD) (£(E,) ® /)
acN (m‘a)
Yia

Thus, similarly to in the finite dimensional case, all follows from (A ® id)(R) =
Ry3Ry3 and (id ® A)(R) = R 3Ry3. Indeed, after 7.2.2 the calculations in 7.2.3 are
valid when considering the action in finite dimensional representations. Let us see
it is so. Pick up a 3,7,4d,¢ € 3No. Let use see how the term

3 3 AKD) e " ®id)(RV) ® (§ ©id)(RO)

a€N faja

&)
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B v & ¢
acts in V@ V®VR V. Recall the notation of 7.2.2. Let r be the r-form of Pol(SUy(2))
and 7 = p;'. We have: (we omit the ® symbols, unless we really need them, to

simplify the notation)

<M6‘ 35T A e @ 2id)(RY) e @ ®id) (&) 5j,,%jv%.,%zj€>

a€N /aja
9ig

AN A()%;Z)<(5f:”®id)( 9,8:) (@ @ia)(R), &) 5ﬂ,zj7>
aeN foda
&)

PSS ar@s" g @ 5 5;ﬂh>

< aeN (gia)

< ﬂ?}"’ ZA( )T137'12 530,52‘;,5; 5i/3%i7>

S E PRI, )l 55
€N

aeN

Now notice that

> (P IaE, b, ) bz = 523

a€N
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Thus the last term simplifies as

~ ﬁ"‘ iy ) Ele
r13r12(gjﬂ s s )

‘7 " 51'5

. i! cicy gi8"
= Z (gJ/s ZJJ:: 90795, 95y 5 9,)

B8\ (riv
9jp '\ Giy
,3'/1 cis’ iy! le 616 iy gis"

= > QIR A (SRR

B8\ friv\ (66N feie

gJﬂ ’ g]oy ’ $5 ' 'E)
A BB iy 0I5 i
= T14724T13723 (gjﬂ) .?Ij.,, Gjs j,)

808 ~i 516 4 _ _
=<5"%’*%‘%}‘ R RRY Rég"] hu(,u,)

This finishes the proof of the lemma.

The group like element of Uy(sl(2, C)r) was defined as: G = ¢%’¢, in particular
¢(G) = ¢*’* ® ¢¥* = G, where G is the group like element of Uy (su(2))®U, (s5u(2)).
Thus in the conditions of the last theorem we also have: f(Gz) = Gf (z). By the
discussion in 7.2.4, the map ¢ : U,(sl(2, C)r) — U, (su(2))®U,(su(2)) also preserves
the comultiplication map and the antipodal map. Since the category of represen-
tations of U,(su(2))@U,(su(2)) which are direct sums of representations § ® § is a

ribbon category, it follows that:

Theorem 118 . The tensor category of finite dimensional representations of the
quantum Lorentz Group generated by the balanced representations is a ribbon cate-
gory when the Quantum Lorentz Group is given the formal R-matriz R and group

like element G = ¢*/. It is ribbon equivalent to the subcategory of representations of

U,(su(2))®U,(su(2)) generated by representations §f ® p

Therefore we have a knot invariant I(p(p)sn) for any finite dimensional balanced
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representation p(p)s, of the quantum Lorentz group made out of the formal R-

matrix and group like elements. Moreover by, Lemma 101, it follows that:

Theorem 119 Letq € (0,1). Let p€ N and 2a = p — 1. We have:
I(p(p)an)(g"*)(K) = X(0,p, K)(—h)(2a + 1),
where ¢ = exp(h) and h < 0, for any knot K. In particular these knot invariants

are unframed and do not distinguish a knot from its mirror image.

This proves our perturbative framework in chapter 2 is correct at least for finite

dimensional balanced representations. We will see later that the same holds for

infinite dimensional balanced representations.

7.4 Knot invariants from infinite dimensional representa-
tions of the Quantum Lorentz Group

We now apply the machinery of the last sections to define knot invariants from

infinite dimensional representations of the Quantum Lorentz Group.

7.4.1 Representations of the Quantum Lorentz Group and R-matrix-a

resume of the notation

Recall that the Quantum Lorentz Group D = U,(sl(2,C)r) at a point ¢ € (0,1)
is defined as the quantum double D(U,(su(2)), Pol(SU,(2))°®), notice that both
U,(su(2)) and Pol(SU,(2))°® are sub Hopf algebras of D. Therefore D has a formal

R-matrix R coming from its quantum double structure. As we have seen in 7.3.7,
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even though R is defined by an infinite sum, it is possible to describe its action in
any pair of infinite dimensional irreducible balanced representations of D, as well as
in the balanced finite dimensional representations. See 7.3.7

Recall that the balanced representations of U,(sl(2, C)r) depend on p € C. If p € iR
then the representations p(p) can be made unitary. Choosing p € [0,i2%], where
q = e®, parametrises all the unitary representations in the principal series which
have minimal spin equal to zero. These last ones are called simple representations
in [NR].

Similarly to the classical case, the underlying vector space for the balanced repre-

sentations p(p),p € C of the Quantum Lorentz Group is

v=ve) =@V

a€Ng

where
a

P+ Uy(su(2)) = L(V)

2]
is the irreducible representation of U,(su(2)) with spin a. A basis of V is thus given

by the vectors {#;,i = —a,—a +1,...,a}. Any element = of U(su(2)) acts in V in

the fashion:

I] 4.

a€No

The group like element of the Lorentz group is given by G = ¢%’=.

Define, given half integers A, B, C and D, the complex numbers

0 C B -0 O D
AZS(0) =) ) i 2ol ol (168)
> c -0

For the correct definition of the phases of the Clebsh-Gordon coefficients see [BR2]
or [KS]. We displayed an expression for them in 7.1.2, a formula taken from [BR2].
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Recall the formal universal R-matrix of the quantum Lorentz group is: (see [BR1]

and 7.3.7)

R= Y X 0§

aG%No
—C’Sia ,jasa

its inverse being:
ala .
-1 __ 2 : —-1/%«
R - Xja ® S (gZa )'
aG%No
—afig,jala

This antipode S is the one of Pol(SU,(2))®P C D, which is the inverse of the one in

Pol(SU,(2)), thus
S(§2) = g ietIa(—1)atiag Tl

See 7.1.4 The action of 5;‘; in the space V(p) is given by

aia 'L ia D x (0% ﬁ
Jag’ﬂ Z %"‘7 ’ . A'c:g ' (169)
Fy DivpiriNo v z D Ja g
The constants F, are defined in [BR2], proposition 1. They will not be used di-

rectly. In fact as we refered to in 7.3.3, their values are (almost) arbitrary and they

only appear to ensure that the representations p(p) are unitary for p € iR. Their

appearance does not change the representation itself, therefore not affecting the cal-
l’L

culations of knot invariants. Notice also that equation (169) implies that § g; sends V
-1 7+l
to V evVeolV.

In some particular cases, equation (169) simplifies to:

i F iy @ o
5;'0790 = ;_2 T e ' A5 Uiy, (170)
L T o Jo

and to
<00 gin g, > i) (a 0‘ ﬂ)A (171)

k] ]a
'7:0 Ja 8
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All these formulae are consequences of (108) and (109). With them we can also

prove A% =1, from which follows:

As we saw in 7.3.7, the elements

aty

X

Ja?

1 .
a € §No,la = —0,..,

act simply as matrix elements, in other words:
ol g .. h\a
X vig = 8(av, B)8(ia, 1) Vj,- (173)

The action of the group like element G is

G, = ¢*0;,. (174)

It is easy to compute how R acts, namely:

Dzaﬁfé

_7:’7 A’(::I’J'D (%ja ® %"1) .

R (%ia ®6¢'ﬁ) _ Z by Ja

Dmja \7Y « x D ia 1p
See [BR1], proposition 13. The action of R in V®V is thus well defined. Notice that
we are considering the algebraic, rather than topological, tensor product. Moreover
R defines a braid group representation. We proved this in 7.3.7. Denote it by
b€ B(n) — R, € L(V®). Here B(n) denotes the n-strand braid group and L(V®")

the vector space of linear maps V®" — V®", Notice that the braiding operators
R, extend to unitary operators if p € iR since R*®* = R~!, where x is the star

structure on the Quantum Lorentz Group, see 7.3.7.
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7.4.2 Some heuristics

Recall 1.4.2 as well now. Suppose we are given a braid b with n + 1 strands, there
is attached to it q braiding operator R, : V®™+l) — y@®(+l) for any balanced
representation of the Quantum Lorentz Group. Consider the map 4, = (id® G ®
... ® G)Ry. Suppose the closure of the braid b is a knot. If the representations we
are considering were finite dimensional then the partial trace T*(4;) : V — V of A4,
over the last n variables would be an intertwiner, and thus a multiple of the identity,
given that the representations which we are considering are irreducible. Moreover

this multiple of the identity would be a knot invariant which would have the form:

b Y <8°®%”"‘1®...®%""“",Ab(z90®i';“ial®...®i‘5",-an)>. (175)

ai,...,an€Np
The last sum is to be also extended to all 4, With —oy < i, < 0o, k=1,...,n— 1.
Even though the sums above may be not convergent, the assignment of one sum of
this kind to a braid whose closure is a knot is not ambiguous. In fact suppose b has

m + 1 strands and n crossings. We can always express this sum in a more sugestive

way, namely as:

o 2n+m o
Sb = Z 'l()) ) H T(Q_, L_Jj l)’Uo> ’ (176)
ay,...,0n =1
—oq<ipjifoy

where @ = (a1, ..., ), & = (41, ..., tn), § = (J1, ..., Jn), 80d T(a, 5, 7, ) can be either a
term like 5";, a term like )%k; or G. We obvioulsy need to suppose that the closure of
b is a knot for this to hold. Notice that the transition from (175) to (176) is totaly
clear if the representations are finite dimensional, and corresponds to the approach
in 1.4.2. We wish to analyse the sums b — S, where b is a braid whose closure is

a knot. We shall see that they do define a knot invariant after we consider their
asymptotic expansion.
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N

N
00

\©

Let us look to the sums S, in a bit more detail for two explicit example, clarifying

Figure 32: Right and Left Handed Trefoil Knot

what the formula for S, means as well. We consider first the left and right handed
trefoil knots displayed in figure 32. Call the two braids we have chosen to represent

them Ty and T... The sum for the right handed trefoil knot is

00 i ﬂiﬂa.a
5= 3 (PELHGKHES).
a,ﬂ,'yé%No

Whereas for the left handed trefoil is:

Sr.= Y <°° ”’S( ")X GS(% s(g’ >

avﬁy'ye%NO

Many of the terms will be zero in the expressions above. Let us look at S_. We

aia 0
only want the 0 — 0 matrix element, and <19O,Xjav> = (e, 0) <19 ,’U>- Thus we

0 I .
can make vy = 0, and then note that § acts as the identity. We obtain

ala _ B8 ia O

N grietdariotia(— yietiomia=ds < G o X, GX, 500,80 >

a,8elNo

212



From (162) and (174) follows @ = 3 and i, = js. By (170) and (171) we can

conclude:

Sr. = Z f: qja —ig+2jp ( - l)iﬁ—jﬂ

a€iNg igiipja=—a
—ig « 27 iﬁ - jg a A ao A oo
. . . Oa “ *al *
24 —J8 Ja a —Ja
Using the standard symmetries of the Clebsch Gordon Coefficients, namely equation
(114), we can express this as:

il - =ig —Ja
Y

a€Ny ig,jg,ja=—a 124 a —Jg o _iﬁ ~Ja

a —Js e Q aa A aa
AOa a0°

Notice AS§ is zero unless o is integer. Therefore the final expression for the sum is:

St =Y dal§IAZE.

aeNp

Here d, is the quantum dimension of the representation p. It equals (g?+! —
q%1)/(g — ¢~!). This last sum is easily proved to be equal to Sr,, therefore,
if the sums do define a knot invariant, they make no distinction between the Trefoil
and its mirror image. We would expect this from Corollary 19 and Theorem 119.
The calculations for other knot diagrams follow the same procedure, which can be
given an obvious graphical calculus.

Notice that the series S(T_) seems to be divergent due to the presence of the d,
term in it. Therefore these sums do not seem to define C-valued knot invariants.

We will go back to this in 7.4.5. This tells us the method of Bore] re-summation

sketched in Chapter 4 is perhaps more powerful.
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As we have seen in 7.3.5, if p € N, then the representation p(p) has a finite dimen-
sional subrepresentation p(p)g, in V (p)gn = d®v@...@P; . Notice that 9o € V{(D)fin-
Therefore from (173) and (176) we have:

Lemma 120 Ifp € N and b is a braid whose closure is a knot, then the infinite

sum Sy(g, p) truncates to a finite sum for any q € (0, 1).
And by Theorem 119 we must have:

Proposition 121 Let ¢ = exp(h/2) € (0,1), and p € N. Let also o = (p—1)/2.

Given a braid b, let K, be the closure of b, which we suppose to be a knot. We have:
Sp(exp(h/2),p)[2a + 1)* = X (0, p, Kp)(—h) (2 + 1)?
where o = (p—1)/2 and h < 0.

Recall that by theorem 14 the knot invariant X (0, p) is unframed for any p € N.

7.4.3 The series are convergent h-adicaly

We now define a simple version the h-adic version of the theory developed by Buf-
fenoir and Roche!®
Let Y, a,h" be a formal power series. The order of it is by definition the smallest n

so that a, # 0. Let >, A(k) =", (}:n al®) h") be a series of formal power series.

18Maybe it would have been better to define an h-adic quantum Lorentz group as
D(Up(s1(2,C)), SLp(2,C)) from the begining. This quantum Group which would then natu-
rally map to U, (sl(2,C)) ® Ux(sl(2,C)). This would avoid the technicalities arising from the fact
U,y(su(2)) is not an honest ribbon Hopf algebra. However, we could not, a priory, apply Takeuchi’s

theorem (Theorem 103), a result in which & major part of our work depends.
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We say it is converges h-adically if for any m € N the number of &’s in N such that

the power series A(k) has order smaller than m is finite. Therefore we can define
Dok (Zn af,k)h") without any problem.

Let g € (0,1) and consider the element g m" ~ € Pol(SU,(2)). For any p € C, we have

a balanced representations p(p) of the quantum Lorentz group in V' (p). The term

() @1m, )

can be seen a function of g. Due to the fact the building blocks of p(p) are Clebsch
Gordon coefficients, it express as a sum of square roots of rational functions of ¢,
which extend to a well defined analytic function in a neighborhood of 1. We can see
this for example from (107). In addition we have some terms of the form ¢?*?, 0 € Z,

which after putting ¢ = exp(h/2) define an analytic function of h. Therefore

iﬁ ata
h— <5 |p(p)(gju)|%i7>exp(h/2)

defines a power series in k, uniquely. In particular it follows that if b is a braid whose
closure is a knot, then each term of the sum S, defines uniquely a power series in A,

which converges to the term for h < 0 close enough to 0 and g close enough to 1.

Lemma 122 For any z € Pol(SU,(2)), the order of

b (8@ @)1,)

exp(h/2)

is bigger or equal to |3 — | as a power series in h.

'Y S A ot S A = S
Proof. Notice that g; sends Vto V @ VeV, in a way such that for g =1

1 1 y=1
the projection v of ’g]% in A{/ &) V is zero. We can see this from Lemma 109, for

example. In particular v has order bigger or equal to one. This lemma is thus a trivial
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11
consequence of the fact the elements {bj, ~-1/2<4,j<1/ 2} generate Pol(SU,(2))

as an algebra. m

Therefore

Proposition 123 For any braid b whose closure is a knot the sum Sy converges to

an element of C[[h]] in the h-adic topology.

Proof. Let b be a braid with n crossings and m + 1 strands, thus

2n4-m
0 ..
S[, = z <'8 ’ IIII T(Q, % lv 1)80> ’

alv""yqﬂ
—a<iisa

where @ = (a1, ..., @), & = (i1, ..y n), § = (J1, -+, Jn), and T(a,3,4,1) can be either a
. [« TX]
term like 5";, a term like X ; or G. Recall that we need to suppose that the closure
aki
of b is a knot for this to hold. Due to the way the X ; act in V(p), see equation

0
(173), the previous lemma guaranties that the order of <19 , f:f"" T(a,i,J, l)z90> as

a power series is bigger than or equal to a4 for k = 1, ..,n, and the result follows. m

7.4.4 The series define a C[[h]]-valued knot invariant

Since we have proved the h-adic convergence of the sums S to a formal power series,
we could now use Markov’s theorem and prove that the assignment b — S, defines
a C[[h]]-valued knot invariant. However the best way to prove it is to reduce it to
the finite dimensional case, since we already know that it defines a knot invariant
and what the form of it is, see Proposition 121. Consider a coefficient A5 (p), at

= exp(h/2), thus it is a power series in h convergent for h small enough. From

equation (154), we can see that the dependence of each term of it in p is polynomial.
In particular:
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Lemma 124 Let b be a braid whose closure is a knot K, consider the power series
S(b)(exp(h/2),p) as a function of p, the parameter defining a balanced representa-

tion of the quantum Lorentz Group. Then each term in the expansion of S(b) is a

polynomial in p.

Proof. Cf 3.3.1. Suppose A(p) = }_,cn, An(p)h™ and B(p) = 3, cn, Bn(p)h" are
power series whose coefficients depend polynomially in p, for example a power series
such as exp(mph/2). Then also the coefficients of their product depend polynomially

in p. This immediately proves this lemma since the Clebsch-Gordan coefficients do

not depend on p. ®

Therefore

Theorem 125 Let p € C and b be a braid whose closure is a knot K,. We have:
Sy(exp(h/2), p)[2a + 1] = X (0, p, Kb)(—h) (20 + 1)*

where o = (p — 1)/2

Recall that by theorem 14 the knot invariant X (0, p) is unframed.

Proof. By Lemma 124, we only need to prove this theorem for p € N. In this case,

if ¢ = (0, 1) then S(p, q) truncates to a finite sum which from Proposition 121 equals
X(0,p, Kb)(—h)gg—ﬁf; at h = exp(h/2). Recall these power series are convergent

if p is integer. Each term of the finite sum S(p,exp(h/2)) is a power series in h

convergent for i small enough and coinciding with S(p, q), for ¢ € (0,1) and close
enough to 1; thus the result follows. =

This theorem totally unifies the approach in chapter 2 and this one in the context
of balanced representations.
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7.4.5 Estimates for Clebsch Gordon Coefficients and A-coefficients, and

the series Sr,

We now estimate how fast the series Sy, can diverge, now interpreted as a series of

complex numbers.

First of all we make the observation that the orthogonality relations for the Clebsch

Gordon coefficients imply that they are in norm smaller than one, for they are real

in our convention, which is as usual the one of [BR2], see 7.1.2. We can actually get

a better estimate. First, let us try to find a bound for a Clebsch-Gordan coefficient

of the form I
B C

¥

We have, see [BR2] and 7.1.2:

o —o
B C

0

C

—~a

See 7.1.2.

0

)

. Notice that in general.

(177)

)

A -0 o
0 B C

-0 0
C B

D) — qa+§((c+1)c—(a+1)B—(D+1)D)’eiw(B—a)

[2D + 1)[B + C — DJI[B — o]![D]![D}!

[D+C-B]lB+D—CJ[B+C+D+1][B+0][C -0l

D

D

D~-C-0<V<B-0o

Qv+ nV+B-0)(B + ¢ + VI[C + D — o — V]!

[VID-V[B-o—-V][C-D+o+V]

The quantum integers are defined as [n] = [n]; = %—';‘1}. As usual we assume g €

(0,1) Note that we can make the substitution [n], = ¢~" — ¢" in the formula above
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for Clebsch-Gordan Coefficients, at the price of multiplying the final expression by
(g7t —q)‘%, as an easy calculation shows. We then propose to consider the transition
g™ —q" — ¢~". Let us analyse first each term of the final sum. A straightforward

calculation shows that we can make the transition if we multiply each term by Ky,

where
F(B+0+V)F(C+D—U—V)

Ky = .
VT FWV)F(D-V)F(B-o—-V)F(C—D+o+V)
We considered F(0) = 1, F(n) = [Tz, (¢®* — 1),n = 1,2, ... Since [[,(¢* — 1) is

convergent we conclude that Ky is limited by a constant for any choice of parameters.

If we do the same with the other terms we can prove:

Theorem 126 There exists a constant K < co such that for any B,C € %No, De
{IB-Cl|,...,B+C} and any ¢ € {—~min(B,C), —min(B,C) + 1, ...,
min(B, C)} we have:

o -0 D _ oy
< Kq02+C-q—BC'qD(B C).qaqa(C B)_q D

B C 0/|
D
> grrvareea), (17g)

V=0
D—-C—-a<V<B-o
Using similar techniques we can prove:

Theorem 127 Letq € (0,1). There exists a K < oo such that for any I, J, K, m,n,p

we have:
mon K < qJ2+J-1J+K(1-J)+m1+nJ+§m+§nq-K+mp+m
I J D

K-p
Z qV2+V(2p+1—21+2J)

V=0
K—-J-m<V<I-m
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Now using the symmetry properties of the Clebsch Gordon Coefficients (177) we

conclude

Corollary 128 We have the bounds

g —0 D 2
< ch +C'q—BC_qD(B—C) _qaqa(C—B)_q—D
C B 0

D
Z qV2+V(1+2(C—B))’ (179)

and if p € iR

2 _ - -
IAES(:D)I < K.qw +2C.q 2ch(A+D)(B C).q (A+D)

min(B,C) A D
2 - 2 -
Z Z qw +W(1+2C—2B) + Z qv +V(1+2C-2B)

= —mi V=0
o=—min(B,C) D—C—6<V<B-0

W=0
A~C+o<W<B+o
(180)

To prove the second estimate recall that ¢ is real and p is imaginary in (154). Notice

the estimates in equations (178) and (179) are different. It is not difficult to refine

the bound for A%8 which yields.

A% < K.(28+1)Eq*E,E€ {0,1,..,28}. (181)

Also Agﬂo = 0 if E > 20 this is because of properties of Y(E, 3, 3) expressing

admissibility, see (154). The same is valid for Aaa.

Recall
glatl — g-2a-1

p— A5Asa

Sr. =

a€Ng
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Therefore if p € iR the series diverges at most as'®:

Z(2a+ 1).

a€eN
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