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ABSTRACT

In this thesis perturbation and asymptotic methods for the
solution of three non-Tlinear problems are considered.

In Part I approximate methods for the analysis of linear and
non-Tinear waves are developed. Waves in a rod of varying cross-
section are examined as are waves propagating through an inhomogeneous
region in which the wave speed is continuous but has discontinuous
derivative. Iterative procedures are used in both these brob]ems and
an estimate is obtained for the region in which these methods converge.

In Part II non-linear Rayleigh waves, elastic surface waves of
permanent form, are analysed. A straight-forward perturbation about
linear sinusoidal waveforms is shown to fail. Retaining the full
solution of the linear equations it is found that the surface elevation
profiles of non-distorting waveforms must satisfy a certain non-linear
functional equation which reduces in the small strain limit to a
quadratic functional equation. In Chapter Four, periodic, but
non-sinusoidal surface waves on a compressible material with non-linear
constitutive law are obtained. Non-periodic waveforms are also
considered. Periodic Rayleigh waves on an incompressible material
are obtained in Chapter Five.

A fibre-reinforced belt stretched round a system of pulleys is
analysed in Part III. The general theory, developed in Chapter Six,
is applied in Chapter Seven to the case of a belf round two pulleys.

A mathematical consequence of using the ideal theory in which the
constraints of incompressibility and inextensibility are imposed, is the
occurrence of singular sheets of fibres which carry infinite stress, but

finite force. The ideal theory also gives an undetermined contribution
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to the tension carried by the fibres. This is determined by considering
the case when the fibres are slightly extensible. The boundary layers

are examined and the tension throughout the belt obtained.



CHAPTER 1

INTRODUCTION

Exact analytical solutions often cannot be found for physical
problems involving non-linearities, variable coefficients, non-linear
boundary conditions or unknown boundaries. When an exact solution can
be found it may be of such complexity that it is not useful for
mathematical or physical interpretation or numerical evaluation.
Perturbation and asymptotic methods are frequently useful in providing
an approximate solution from which the nature of the actual solution may
be deduced. The expansions may be in terms of a small or large
parameter or coordinate. In this thesis we consider three topics

involving asymptotic or perturbation techniques.

First in Chapter Two we consider approximate methods for linear
and non-linear waves in inhomogeneous regions. Whitham (62), (63)
and Luke (27) consider the slow variation in time and space of a
non-linear wavetrain. In (37) Parker analyses the situation where
non-linearity dominates dispersion and when the disturbances are
‘modulated simple waves'. We examine waves in a rod of varying cross-
section for which we obtain a system of hyperbolic equations. We also
consider a linear problem for wave propagation through an inhomogeneous
region, in the example analysed the wave speed is continuous, but has
discontinuous derivative. In both these examples we set up iterative
procedures and derive an estimate for the region in which these
procedures converge. In particular we obtain an estimate for the region
in which an iteration based on 'modulated simple waves' converges.

In the first case we show how iterative solution based on the

usual procedure of integration along X = 0 and « = 0 may fail, where X is



the independent space variable and the curves a = constant denote the
forward characteristics. We therefore amend the procedure by
integrating along the backward characteristics. The example under
consideration is that of waves propagating along a rod with non-uniform,
but slowly varying cross-section which allows us to use a perturbation
method of solution. We consider 'modulated simple waves', set up an
iterative procedure and derive an estimate for the region in which this
procedure converges.

In the second case, for wave propagation through an inhomogeneous
region, we solve a particular example exactly, where the wave speed
depends on a small parameter. We then consider the region in which the
wave speed is varying and obtain asymptotic solutions in this region by
series solutions and Laplace transforms. In this region we also
transform the equation to characteristic coordinates and consider the
solution using an iterative procedure based on Riemann's method. In
Section 2.6 we examine a further method, which has the advantage that
since it is applied directly to the wave equation, it is not restricted

to the particular inhomogeneity considered in the earlier sections.

In Part II, we consider non-linear Rayleigh waves, that is elastic
surface waves of permanent form (46). Such waves may be expected to
appear when a disturbance travels for large distances near the traction-
free surface of 3 homogeneous elastic half-space. We show that a
straight-forward perturbation about linear sinusoidal waveforms fails,
since after the leading approximation, solutions can only be found which
contain terms growing exponentially with depth. The assumption that
the surface elevation is close to a sinusoidal wavetrain must be relaxed
by allowing the leading approximation to the disturbance to be an arbitrary

non-distorting solution of the linear elastic equations. The full



solution of the linear equations is retained and it is found that the
surface elevation profiles of non-distorting waveforms must satisfy a
certain non-linear functional equation. In the small strain limit,
this reduces to a quadratic functional equation. This mathematical
feature will arise whenever the linear waves have no dispersion. The
general theory is developed in Chapter Three following the analysis of
Parker in (41) and in Chapter Four this is applied to an example of a
surface wave on a compressible material with non-linear constitutive
Taw. In Chapter Five, Rayleigh waves on an 1ncompressib1e.materia1 are
examined. Methods are presented for the analysis of both periodic,

but non-sinusoidal, waveforms and non-periodic waveforms.

In Part III, we consider a third topic, the analysis of a fibre-
reinforced belt stretched round a system of pulleys as has been
considered by Everatt (11). The general theory is developed in Chapter
Six and is applied in Chapter Seven to the case of a belt round two
pulleys. The properties of a fibre-reinforced material have been
considered by Spencer (52) and may be specified for the composite as a
whole, although they derive ultimately from the properties and geometrical
arrangement of its constituents. The ideal theory, in which the
constraints of incompressibility and inextensibility are imposed, is
considered. A mathematical consequence of this is the occurrence of
singular sheets of fibres which carry infinite stress but finite force,
as has been shown by Pipkin and Rogers (43). Also, use of the ideal
theory leads to an undetermined contribution to the tension carried by
the fibres, which Everatt does not calculate. To determine this
function we consider the situation when the fibres are slightly extensible.
We perform a perturbation analysis using the small parameter introduced

here. The constraint of periodicity round the belt gives an equation



for this contribution to the tension. The boundary layers are also
examined in more detail and the tension throughout the belt obtained.
It is found that the large stresses are confined to narrow layers near
the surfaces for a range of geometrical paraheters. The method of
determination of this tension function is analogous to the elimination

of secular terms familiar in perturbation processes describing perijodic

oscillations.



PART I




INTRODUCTION

There are two main classes of linear waves: dispersive and
non-dispersive. The dispersion relation between the frequency o and
the wavenumber k may be used to distinguish between the two classes of
waves. Waves are called non-dispersive if the phase speed w/k is
independent of k, otherwise they are called dispersive.

For dispersive waves, solutions representing infinitely long,
periodic wavetrains may be readily obtained. Water waves and plasma
waves are examples of these. For the usual linear examples these waves
are sinusoidal and a general solution may then be constructed by the
superposition of these wavetrains in a Fourier integral. Since the
different uniform wavetrains generally have different velocities of
propagation, a local disturbance expressed in this way tends to disperse
into its various component waves. The saddle point or stationary phase
approximation (10) shows for typical examples that a nearly uniform
wavetrain eventually develops in any locality.

The equations for a 11nearldispersive system are often obtained by
linearization of governing equations, which are originally non-1linear.
In the examination of these non-linear equations the superposition
principle cannot be app]ied'and an approximation becomes necessary.
Nayfeh and Mook (33) consider linear longitudinal waves along a uniform
elastic bar as an example of non-dispersive waves and linear transverse
waves along a uniform elastic bar as an example of dispersive waves.
They extend this to consider the behaviour of non-linear waves in a bar,
whose properties vary slowly along its length. For non-linear waveforms
the speed is a function of the wavelength and the amplitude. In (62)
Whitham introduces an averaging technique to determine the slow variation

in time and space of a non-linear wavetrain. These slowly varying



wavetrains occur in two main problems, the first of which has already
been mentioned, that of an initial disturbance in the linear theory
dispersing into a slowly varying wavetrain. The second one occurs when
wavetrains enter a slowly varying medium, examples of this are water
waves over a sloping beach and plasma waves propagating through a slowly
varying magnetic field. In (62) Whitham considers the first problem
and in (63) he applies an averaging procedure to the Lagrangian of the
original system to obtain the results in a simpler way and also to extend
the theory to include more space dimensions and the propagation in a
non-uniform medium. In (27) Luke shows how the same results may be |
obtained from the differential equation as the first approximation in a
formal perturbation expansion. Whitham (64) justifies formally the
results obtained by considering a perturbation expansion, but working
directly on the variational principle rather than on the Euler equations
as Luke does.

For non-linear waves, not only does no superposition principle
apply, so there is no guarantee that disturbances do resolve themselves
into slowly modulating waves, but even if a single wave does emerge it
may suffer continual profile distortion leading to shock formation. In
some disturbances this is prevented by dispersion, in non-dispersive
systems it arises for arbitrarily small non-linearity, provided that
propagation distances are sufficiently large. In the work of Whitham
and Luke, already discussed, the non-linear distortion is everywhere held
in check by dispersion. In (37) Parker discusses the situation where
non-1linearity dominates dispersion, and where the disturbances are
'modulated simple waves'. Each of these leads to asymptotic methods
based on two scales of both length and time. In (38) Parker describes
the underlying assumptions common to these techniques and also discusses

the distinguishing features of the two procedures.



When the equations are linear and the coefficients independent
of (x,t), where the X are space coordinates and t is time, there exist

plane wave solutions u = Re(yoe1(5'5-wt)) corresponding to wave vector k

and frequency w. For non-constant coefficients there exist solutions

having the limiting form

4~ Re(U(x,t)e (K-FUE)

and valid for large |k| and |w|. These disturbances travel along the
rays of geometric acoustics.

For non-linear systems of equations, a similar description is
applicable if the sinusoidal waveforms are replaced by non-distorting
wave profiles or simple waves. In the non-distorting solutions,
variables depend only on the single phase variable a = k.x - wt, where
the phase planes a = constant are perpendicular to the vector k and each
propagates with the same speed /|K|. In conservative dispersive systems
the functions Ui(a) are periodic and the disturbances u; = Ui(a) are
known as pefiodic wavetrains. Important examples are cnoidal waves,
involving the elliptic function cna, arising in water wave theory. For
simple waves the variables u; = Ui(“) are again functions of a single

variable o and the surfaces of constant o are plane. However, the

constant are given implicitly by some equation

'wavelets' o

K(a). X = w(a)t = ¢(a)

~

and need not be parallel. Even when they are parallel, their propagation
speed w/IEI usually depends on a, so that the wavelets tend either to
coalesce or to spread out and the profile distorts.

Both periodic wavetrains and simple waves may be used as
approximations to the local behaviour in more general disturbances.

Since the local structure of each type of wave is determined by the



solution of certain ordinary differential equations, the functions Us(a)
contain some arbitrary constants of integration, and in the case of
simple waves, also certain arbitrary functions related to the wave
profile at a reference time. In (38) Parker describes procedures for
disturbances in which these 'constants' and ‘'profile functions' slowly
vary.  For example, a periodic wavetrain may encounter a region having
slowly varying physical properties. The consequent disturbance will
approximate to a wavetrain in which the amplitude, wavelength and
propagation direction slowly vary. Similarly an acoustic or elastic
wave of arbitrary initial profile may be refracted and modulated by
inhomogeneities or interactions with other 'slowly varying' disturbances.
'Modulated simple wave' theory then determines how the profile of the
wave changes as the disturbance propagates.

In (30) Miura and Kruskal consider a non-linear generalization of
the usual WKB method, which is similar to Whitham's averaging method
and apply it to the Korteweg-de Vries equation.

In (58) Varley and Cumberbatch derive equations which govern the
mode of propagation and change in strengths of wavefronts whose
behaviour are controlled by quite general systems of quasi-linear
hyperbolic equations. A simple example of the type of problem under
consideration is provided by the one-dimensional flow of a compressible
gas which is generated by the motion of a piston in a cylindrical tube.
If the piston is accelerated from rest, the wavefront, which separates
the disturbed region from the undisturbed region, propagates with sound
speed down the tube. The variation in particle acceleration behind
the wavefront can be determined independently of the remaining flow up
to the time that the acceleration becomes infinite when a shock begins
to form. The general theory is applied to discuss conditions at the

head of a sound wave of arbitrary initial form and strength and also
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at the head of gravity waves on sloping beaches. Conditions under
which shocks and bores occur are derived. If a shock does not form,
the decay rate is always more rapid than that predicted by linear
theory, which becomes progressively worse with increasing time.
Asymptotically for 'large' time, conditions at an expansion front 'forget'
the details of conditions at any finite time. This aspect of
non-linearity is in direct contradiction with linear theory and has

been noted for classes of exact solutions. In the next section we

show how, for waves in a rod, integration along X = 0 and « = 0, where a
is a characteristic variable may fail if the cross-sectional area does
not have suitable continuity properties. To overcome this we set up

an iterative procedure and show that this converges for some region.

A generalization of the technique of Varley and Cumberbatch is
used by Varley (57) to discuss the mode of propagation and decay in
strength of an acceleration front of arbitrary initial form and strength,
as it advances into a finitely strained viscoelastic material, which
until the time of arrival of the front is undergoing any admissible
deformation. Such a front is produced, say, when the boundary of a
material is suddenly accelerated from rest.

Parker and Seymour (42) have applied the theory of 'modulated
simple waves' to the problem of pulses in an inhomogeneous granular
material. This theory yields exact equations for signal growth which
are generalizations of those in acceleration wave theory.

In Section 2.2 we consider waves in a rod of varying cross-section,
which leads to a system of linear hyperbolic equations with non-uniform
characteristic speed. We set up an iterative solution for these
equations and show that for some region this procedure converges. In
Section 2.3 we determine the solution to the wave equation for an example

where the wave speed is continuous but has discontinuous derivative.
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An asymptotic solution to this problem is considered in Section 2.4.

In Section 2.5 an alternative method of solution is developed using
Riemann's method and we show that an iterative solution to this equation
converges for some region of the (x,t) plane. In Section 2.6 another

method of solution is considered, which does not depend on any special

choice of inhomogeneity.
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CHAPTER 2

WAVES IN INHOMOGENEOUS REGIONS

2.1  CONVERGENCE OF AN TTERATIVE SCHEME FOR WAVES IN A NON-UNIFORM REGION

-~

We consider a rod of reference cross-sectional area A(X) and density
p in its unstressed reference configuration, where X is a material

coordinate. We let X = X(X,t) be a current coordinate and define the

stretch X = %%-and velocity u = %%-. The compatibility condition
09 - 50
ot \5X aX 5t

then implies that
oo (2.1.1)
3X 3t

We assume that the stress T is a function of A, so that the load is A f(x).

The forces acting on a small section length ¢X are shown in figure 2.1.

es

X+ 8 X

=<

Figure 2.1 Forces acting on a small section

The momentum equation gives

(AT) = L (phi) = oA
ot ot

Q
><z|°’
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which may be rewritten

au
o= . (2.1.2)
ot

=
I

We now non-dimensionalize by writing T(1) = ET(X), where E is a typical

Young's modulus, and defining

E)? ~ ~ ~
C = = s U = = s = =
o [p] Cou, A AOA t tot , X cOtOX
then the compatibility condition (2.1.1) becomes
U  _ 9
X 3%t (2.1.3)
and the momentum equation (2.1.2) becomes
! A A T _ ?_U
"M 5wE © 3t (2.1.4)
Equations (2.1.3) and (2.1.4) form a hyperbolic system with
characteristics-g% = +c(r) = #/T'(x). Along the characteristic %% = +C(A),
we introduce a label o, where %% + c-%% = 0.

First we consider the case of uniform cross-section so that A'(X) =

Multiplying equation (2.1.3) by u and adding it to equation (2.1.4) gives
2 - - =
C AX ut + MUy ukt 0
which may be written as

2 8 _ 9 S _ 33y = .
[C 3 " H atJ* ¥ [“ 3 at}“ 0

Choosing u = :c and introducing o(A) = fcdir we obtain

[c o g%) (g +u) = 0. (2.1.5)

0.
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Therefore o-u is the Riemann invariant taking a value r(a) which is

constant along %% = ¢(A), and similarly o+u is constant along each curve

%% = -c(A), on which g is constant.

In the remaining analysis we consider waves propagating along a
rod with non-uniform, but slowly varying, cross-section. When variations
in o and u across the a curves are very much greater than variations along

the o curves, this allows a 'modulated simple wave' formulation. We

transform the (X,t) coordinates to (X,a) coordinates, where as above

o0, 0. _
—a—t- + C(K) —a—x = 0
Now
B -
oXly 3X|,  9aly X[,
and
2 2| 3o
ot X oa X 0 Y
hence writing %% = ¢ gives %ﬁ = -ck, S0 derivatives are transformed as
_a_.| = _8_ + K __a_.l s
X ¢ aX . aalx
_?_.‘ = - CK _a_
ot X da |y

3u ou LR (2.1.6)
X tx od + 2 0
e AU 2 2 8 ALK (2.1.7)
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Multiplying equation (2.1.6) by ¢ and adding it to equation (2.1.7)

then gives
du _ 2 3x _ A
Sy S Sy wlL

(2.1.8)

Equation (2.1.8) must then be solved with either equation (2.1.6) or

(2.1.7). We rewrite equation (2.1.6) in the form

U, . 34

3u _1au
90, o0 c X

and consider equations (2.1.8) and (2.1.9)

From the compatibility condition

3 [8a) _8_(_2&

3X \9t) ~ 3t (5Y
we have

o¢ o (cx)

— = - v (Ck

ot X 3X t

3k 3 3
Ck =y = % (ck) -k o (ck)
this gives
8C.|-C_8_'.<.+ 2 9¢€

K 3X 53X < Ba T 0
which may be rewritten as

A I B R O

We now define the slowness s(A) by

and the incremental arrival time 2 by

(2.1.9)

(2.1.10)
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ot

-1 -1
L = =(x C ) =
Ja ¥

with boundary condition chosen as 2(a,0) = 1 to make o« = t at X = 0.

Equations (2.1.8), (2.1.9) and (2.1.10) then become

A ou _ _.2 A

3 W T TS T (2.1.17)
A ou ou

oS sq = 2 X (2.1.12)
98 3s

X T 5q ¢ (2.1.13)

These are three equations for A, u and & as functions of a and X. The

time t is then found from
t = [2(a,X)da (2.1.14)

or alternatively t = [s(})dX along the wavelets a = constant, because
ot
x|,

We introduce the function o(A) = [cdr as in the case of constant

S =

cross-section and we write T(x) = (o). Equations (2.1.11), (2.1.12)

and (2.1.13) then become

Al
- = - 2.1.
GX uX TSZ ( 1 ]5)
o +u = 2Lcu (2.1.16)
a a X
= 2.1.17
2 S ( )

which we rewrite in the form

Al _
20y + - ST = Uy + oy (2.1.18)
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Q

+
| =
1]

o Uy scuy (2.1.19)

by = s . (2.1.20)

o

We may set up an iterative procedure:

uM) 4 (m) oy (n=1) (n-1) (n-1)

% = X (2.1.21)
20§n) + %; s(n)z(n) = oﬁn)+-u(n) (2.1.22)
- si”) (2.1.23)

If we suppose that u(n-])gﬂP+1, where &P is the space of functions with
continuous X-derivative of order p, then u§n*])elP, we also assume that

Q(n']) "")ezP, hence equation (2.1.21) implies uln) 4 o(n)eﬁP, which

sC(
gives u§n) + g§n)€2P_]. Equation (2.1.22) then implies that g§n)aﬂP'],
which gives o(n)eQP and hence u(n)gQP. We therefore 10 _se one order of
differentiability per iteration. Hence if the differentiability of A is
finite, for example if A is continuous, but A' is discontinuous, then the

0) will be continuous but not differentiable, so that no

first iterate u(
more iterations can be performed to produce finite iterates. We therefore
cannot carry out an iterative procedure by integrating along X = 0 and

a = 0. This shows the limitations of the 'modulated simple wave'
formalism as already mentioned in connection with the work of Varley and
Cumberbatch. We must modify the process to obtain bounded solutions at

subsequent iterations.

Equation (2.1.19) may be written as

n
)
(9]
Py
[
+
Q
g
>
[}
|
P
[
+
Q
-
>
[}
w
[ng]
—

(uto)

hence

(uts) = ——-(u+c)X + %—7r-z .
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We now write u+c = w and obtain the following equations

_ 1 _ 1A'
W~ g Acwy = > K LI (2.1.24)
20 +A'—S = W
XA =% (2.1.25)
by = Sa (2.1.26)

where S(o) = sI, these may be used to set up an iterative procedure

(o).

starting from g

n-1)C(n-])w(n) 1 n-1)_(n-1)

5

o X E%“ (2.1.27)
20§”) + %% s(s(My = wi (2.1.28)
zﬁ”) - si”) (2.1.29)

where s(n) = s(c(n)).

In equation (2.1.24) the left-hand side is a total derivative along

%é—= -32c, which is one of the exact characteristics of the system (2.1.3)

and (2.1.4), so that (2.1.27) determines w(mn) by integrating along
successive approximations to %é = -12¢c. Equation (2.1.28) then determines
c(n), which gives u(n) and equation (2.1.29) gives z(n) as a function of

S(g(n)). The process is repeated iteratively, hence in general the

solution to (2.1.27) is found by solving

dw(") _ da dX
TA (-1 (1) - T T T T Ty (neT)
573 4 z > 4 C
Starting the iterative procedure from Z(O) = 0, 2(0) = 1 gives w(]) = 0.

Equation (2.1.28) then gives



- 19 -

o backward
\\ characteristic
\

\

\
¥
N wavelef
| \
I \
\ \
\ \

wavefront u+ozw=0

Figure 2.2 The backward characteristics in the (X,a) plane

which implies

$(Tpt o al
= A ria) say (2.1.30)

and also we obtain 2(]) from (2.1.29). This is the 'modulated simple
wave' approximation.

We shall show that this procedure converges under some conditions,
but first we illustrate the practical process by considering the special
case of the ‘'small amplitude, finite rate' (42) theory. This gives

1
m'(X) proportional to (A/A,)° so that

(1) = 5 - m' (X)r(a)

1 - m(X) r'(a)

where S, is independent of X. Equation (2.1.29) is then satisfied.
To solve equation (2.1.27) we need to integrate along the B-characteristics,

where

sy
T
—
p

dX
do

rno| —
7

P

—
S

1T (1 - m(X)r'(a
- -3 (s _mé].)(;)}ﬁ(i)} . (2.1.31)
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Integrating this we obtain a relationship between X and g. Then

along g=constant equation (2.1.27) gives

awl?) SIURI

da 2 i
however
) &]% from (2.1.30) ,
hence
2 |
d‘éi) It Ag\/z 0 - m(X)r'(e)} ,

the right-hand side of this is a known function of X and o, we substitute
for X using the relationship obtained from (2.1.31) and then integrate
along g = constant.

We now show that the iterative procedure converges in some region
behind the front X = X+(a) of a wave moving into a static region.

Equation (2.1.24) implies that

Xt -
W(oa) = f A pxchdX (2.1.32)
x A(X)

+
along B = constant, that is along g(X,a) = B8(X,a), so that g(X ,0) = B8(X,a),

(X+5X o)

Figure 2.3 The region behind the wavefront
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where P(Y,x+) = S(0).

Then
w = fx+[5A'_p} dX + ALY gkt oy - ALK gy
Xl Iy X Ay T A TR

Now S(X+,O) = 0 and equation (2.1.25) gives

y*
Al g | 2 (AS) v _ A
20y + L S Jx aX(AJdX-TS
therefore
xt
As _ 1 8 (A4
SO al zfx X (T}dx’

where o is specified on X = 0.

To determine the region for which the procedure converges we consider

two successive iterations:

! X+ i
o\ Bl sie(M) %Jx 2 (%_ S(c(”'z))}di (2.1.33)
X+
c)((”) s & sy - %Jx 2 (’2\_' S(o(”'”)}dY (2.1.34)

We assume in the following analysis that A' > 0, although we note that
only A'/A appears in the analysis and the case of A' < 0 may be considered

by writing A = B™? since this gives - %T = %? :

Now

S = ZS =

and for a typical non-linear stress-strain law we can choose a Lipschitz
constant N > 0 such that IS(o(n)) - S(o(n']))| §_N|O(“) - o““°| for a

range of o.
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Figure 2.4 The function S(o)

Subtracting (2.1.33) from (2.1.34) we obtain

ALy ey (2.1.35)

af
3X

L2 06,

Now for any function f(X), > 3y

hence
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which gives

M _ (=T} _ l%%i N|U(n) ) O(n-1)|

2
oX

Hence for A' > 0

9
X

and

Ic(n)(i,a) - o("‘])(x,a)|A'N(i)
X A~ X" 5 (A (n-1) (n-2) _
= Jo ‘2"JX ysy [jr {5( ) - S(o )}]]dde ;

since O(n) = G(n-l) on X =0 .
Hence

~

6™ (%a) - oM™V (x,a) AN (X)

N >< ¢

<3 1A NO0 T - 11t 3 ()] Miet D=t

IR N

, we choose K = N, and the norms are

in which K is an upper bound for l%%

given by
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FOI], = max_ [f(y
1, et ok [ £(Y)]
[IFOO1], = max  [f(1)] .
X<Y<X
We now let [|f(Y)|]| = max |f(Y)| over the region considered, then

E1 15 < [FOO ] 1 = 152,

and

<l 1RO = 0 ] 1AM 1],

{’|§¥(/>\—I]‘| HO(n-])_O(n-Z)H N H/_\A_“ Hg)((n-])_o)((n-z)H}

(2.1.36)
We now seek an upper bound on ||0§n-])-o§n_2)||. From (2.1.35) we have
the inequality
n n-1) (n-1
Ho{M-o{" 1 < |5 | wi1otM=o ("))
(n-1)_ (n-2
e ||| st -2y,
A' n-1 n-2
R e T
. . 1 '
Repeated application of this inequality for |Ic§1)—o§1 )[[ gives
n n-1 n-1
oS-l < | 5| [w1o (M=ot

v 5 HXxp v oD (72

‘s [1x"-xf 20| [ | f1o(n2)-6(m=3)y
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T Eﬁ2?4|x+-X||"'2N”‘2U§l%&!!n'3|,0(2)_3(1)||
el e [ SEUE
where
o= [l el 1)
Substituting this inequality into (2.1.36) gives
151 =0 ] < PROC0R 1 1AM 001 g o002
I R T T M ]

A U IE R O I T

J
where
) + A'
Moo= X -x||N|{7rl‘
We define
N -
L= glixect-0atoop] AT el
and
()L Ty

The r(n) then form a positive sequence which must tend to zero as n » «
if the iterative process is to converge. Repeated application of the

inequality



T(n) 5_L(L+M){r(n_2) + ..

.+ M 71
< o< L2 (1)
Therefore T(n) ~0asn >« if (L+M) < 1, which may be rewritten as
XXX+ 8) < H o
where H and G are constants given by

-1,,~-1 N, -1 -N -1
Ho o= 2N “U “[JAT(X) ] A (X))

2
and
] A‘|
= = —IIH
6 = M|
Now
X+ - X <a max,g£|
— da
and
& 1,
da 2 ?
hence
X" - X §_%-max (2c) -
Also
X
0
so that

Qe

SARSLNIEN]

Voo
= P
1

J
1
1l
J
. o
< i //‘LU
—_ Lt J IS
S A

SRR
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This leads to an upper bound for X+-X in terms of X and a.
For this non-Tinear analysis we have assumed that the behaviour

of S(o), &, ¢ is such that there exists a Lipschitz constant N where

5™y = 5™y < npem) (1)

dS

IJ_<N

and 2c is bounded. The value of N depends on the range of o occurring
in the solution, this difficulty does not arise in the linear theory and

so we now consider the linearized version, where the speed is constant

¢ = C, say, hence s = %-=-j— and S = g. Then from equation (2.1.32)
ZI
we find
X" o
w = J —A—'O'dY .
X

As before substituting into equation (2.1.25) for Wy We obtain the

equation for o:

In this linearized version s is constant, hence QX = sa = 0, but

2(a,0) =1, therefore 2£(a,X) = 1. The function w is obtained by
dX _ _ 12

integrating along the lines where Ty 73 which in this situation
becomes %é-= - %-. We may therefore find the curves explicitly and
independently of the signal r(a) as X = - %a + D, where D is a constant.

. +
Now X' is the point at which this line crosses the 1ine « = 0, hence X =D
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+ C Cy s
and X - X = 5 The condition for convergence then becomes
C - .
= Hal [ (1IX]] +6) <H, (2.1.37)

where the constants G and H will be the same as in the non-linear theory
with N being 1.
In the following sections we consider an explicit example for the

linear theory, which may be used to check the predictions of this section.
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2.2 SOLUTION OF THE WAVE EQUATION WITH WAVE SPEED HAVING DISCONTINUQUS

FIRST DERIVATIVE

In this section we consider a linear problem for wave propagation
through an inhomogeneous region, which can be solved exactly using a
Liouville-Green transformation (32). This allows the predictions of
section 1.2 to be checked and also those of other procedures to be
considered in later sections. We determine the exact solution to the

problem of solving the one-dimensional wave equation

2 2
TU g2y &Y (2.2.1)
%2 5 t?

where k(x) is chosen so that solutions of the form u = v(x)emt

determined simply. The function v(x) then satisfies v" + k*(x)w2v = 0.

We choose
1 R x <0
k(X) = ]‘;'I€X ’ O < x < E—
1 -1

so that k(x) is a continuous function, but has discontinuous first
. -1
derivative. The choice of k(x) for the interval 0 < x < e = Was

motivated by considering the transformation

Mo

dy = k(ex)dx, wo= [k(ex) J%v(x)

from which we obtain

W 4 K o= 0,
dyz 1
2 1y 2
where k% = S . %-iﬁ—l‘
1 2k3 de ku
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By choosing
k73 + 3 2t o
V) = s (2.2.2)

where A is constant, we obtain
2 1
k1 = ] 5 A (2.2.3)

so that solutions w(x) are sinusoidal. To solve (2.2.3) we write

k'(x) = z, we obtain from (2.2.2)

32 2ak + B)?

£ = K , (2.2.4)
where B is an arbitrary constant.

Special cases of this arise for A =0 or B = 0.

(i) B =0. From (2.2.4) we deduce that k = ;%H , for some constants
c and d and from (2.2.3)
1
kK2 = 1 - —
1 ] 4c?
(i1) A =0. We deduce that k = —=— and k2 = 1.  Therefore choosing

(x+d)?2
is an example of case (i) and so leads to an equation for w

T+ex

having constant coefficients.
To solve equation (2.2.1) we consider the three regions x < 0,
0 < x < e tand x > 7} and solve the equation in these regions, matching

the solutions on x = 0 and x = € I.

2 2
Therefore in I 224 - 37U , X <0 (2.2.5)

ax? at?
2 2 -

inpp 224 . 1 a%u , O<x<el  (2.2.6)
3x2 (T+ex)2 3t2

. 32u 1 32y -1

in 11l — = — — s, X > ¢ (2.2.7)
Ix2 4 32
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We assume that for x < 0 we have an incoming sinusoidal wave sin(x-t).

The required solutions to (2.2.5) and (2.2.7) may then be written as:

in 1 u = sin(x-t) + B;sin(x+t) + B,cos(x+t) (2.2.8)
and in 1II u = A3s1'n(% - t] + Aucos[g - t} : (2.2.9)

where A;, A,, B, and B, are arbitrary constants, the B's being the
constants for the reflected wave and the A's those for the transmitted

wave. For region II we introduce the variable y as above where

%% = T£Z§ , which gives y = %-109(1+ex), where 0 < y <.% Tog 2. Defining
vV = k%u = z;—l——%-u, (2.2.6) may be rewritten as
+eX)

v, (2.2.10)

the telegraph equation for which the general solution having period 2m

in t is

1 7 1 .\3
v = Ajsin [1 -%ez]zy -t A COS[@ -ze"}zy -t

[ 1 T 1
+ B3 sin (1 - eZ]Zy + t| + By cosr11 - - Ezlzy - g} (2.2.11)

Equation (2.2.10) may also be obtained by considering a linearization

of (2.1.3) and (2.1.4), writing 1 = 1+e, T = c2e gives

'
2 + A_ cle = U
TR t

We then introduce y and v by writing X =cy, u = Vys CE = vy and obtain

u = vty = (Ce)t
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and

v

v

log A)vy it

+ —
yy dy(

Making the transformation v(y,t) = I\ w(y,t), the function w(y,t)

satisfies

42 -
Woy T Mg T %lgyz (log A) + {é% (log A)J_jw

which is of the same form as (2.2.10), when

42
Ei—- (log A) + LgL (Tog A)Jf} = constant. (2.2.12)
y? Y

The results to be obtained for equations (2.2.5)-(2.2.7) will
therefore also apply for the linearization mentioned above of the

example considered in section 2.1, when the cross-sectional area A

satisfies (2.2.12).

1
Now u = (T+ex)%v, y = l-1og (1+ex) so that from (2.2.11) in
€

region II we have

[\

a = (e)agsinl[1- 7 e2)F Lrog(1een) - ¢
L. e —
A -Tl _ L o) 110 (T+ex) - £T
+ 2cos__ i R g t
i —1 1 .22 l-10 (T+ex) + {
+ B3s1n_l -7 |- g 3
71 )] 1
+ thoshl1 -7 J E—]og(1+ex) + t; (2.2.13)

The constants Ai, A, A3, Ay, By, By, B3 and B, are found by matching
the solutions at ex = 0 and 1. For all x, u and u, are continuous,

so that u and Uy must be continuous at ex = 0 and 1.
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Inl1,

<
1}

X cos(x-t) + Bjcos(x+t) - B,sin(x+t) , (2.2.14)
in II

513 ]
- Tog(1+ex)

u, = %—(1+eX)'%{A1sin[I1

+ Azcos[ll
+ B3sin[11
+ B,cos :[1

'
L |

| ] 1
- qumi] -7 82/ = log(1+ex) + t:\}, (2.2.15)
in II1
- Lacos(X - ¢l - Lasinfd-
u = g Ascos(y - t] - Au31n[2 t} . (2.2.16)

We make u continuous at x = 0, using equations (2.2.8) and (2.2.13) and

equate coefficients of sin t and cos t to yield the conditions
B, -1 = By - A, (2.2.17)

(2.2.18)
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Similarly making u, continuous at x = 0 and substituting for B, and B,

from (2.2.17) and (2.2.18) we obtain

1
148, = £B,+ (1 - 1? 82}2(2A1 + B, - 1) (2.2.19)

N

-82

% (B, - 1) + ('l - _3]: 82} (2R, - B,) . (2.2.20)

1
We write {1 - %-32]2 %-109 2 = v, then u and U, being continuous at ex = 1

gives, on substituting for B; and B, from (2.2.16) and (2.2.17):

X 1 ]
V2{(By-T)cosy + (2A,-B,)siny} = —A3cos-§g + A, sin 5 (2.2.21)
v2{(2A1+B1-1)siny + B,cosy} = A's1n1—+Acos—]— (2.2.22)
(2A1+B1 Y 5COSY; = Ag 5 4 5 2.
%{(Bl-l)cosy,+ (2A,-B, )siny]
1
+ [1 - %-62]2{(1'81)51HY + (2A2-Bz)c05y}
_ Y2 (pisin A + A coS ]—] (2.2.23)
-2 3 2¢e N 2¢
and
%{(2A1+Bl-1)siny + B,cosy}
1 .
+ {] - %-52]2{(2A1+Bl—1)c05y - st1ny}
V2 1 Asi 1_] 2.2.26
= —2— LA3COS e A1+5'|n D¢ ( )

Equations (2.2.17) - (2.2.24) give eight equations for the eight unknowns

[1 - %-52}%, hence vy = = log 2. Equations

Ays...» By. We writen -
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(2.2.18) and (2.2.19) may then be written

ZnA1 + (n-1)B, +

1 B

"
—

2 t (2.2.25)

ro|m

and

2nA; + 5By - (n-1)B,

g
5 . (2.2.26)

Eliminating A; and A, from equations (2.2.21) - (2.2.24) gives

Aile siny + 2ncosy} + 2A,siny + By{cosy +-% siny + ncosy}

£

+ Ba{- siny + = cosy - nsiny} = cosy + £

> siny + ncosy (2.2.27)

and

-2A;siny + A {e siny + 2ncosy} + Bl{%-COSY - (n+1)siny}

+ Bo{- %—siny - (n+l)cosy} = =~ siny + %—COSY - nsiny . (2.2.28)

Ay1s Ay, By and B, may therefore be determined from equations (2.2.25) -
(2.2.28) and then B;, B,, A3 and A, determined by (2.2.17),‘(2.2.18),
(2.2.23) and (2.2.24).

We now consider the asymptotic solution to these algebraic equations,
for e << 1, |siny|, |cosy| << 1 andn =1 - %-52 + ... . Solving the
equations to zero order we find that A, =1, A, =0, B, =0, B, =0,

A; = V2 cos (y - é&d’ A, = /2 sin[ - é%d, B3 = 0 and B, = 0. Hence to
this order there is no reflected wave in region I or Il and the phase of

the transmitted wave in region III is vy = %-log 2. We expand Ay,...,B,

as Ay =1 + €A, + ..., ..., B, = eBy; + ..., and equating powers of ¢

we obtain
82
A]_ = ]+ﬁCOS 2y + ...
1 e .
A, = Z€+'1—6$1n2Y+...
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]
A; = V2 cos[v - 7;} + g2 %;-siny sin{gg - ZY) + ...

A, = V2 sin(y - é%} + g2 l/g-sin\( cos(] - ZY] + ..

8 2e

B, = - ;-sin 2y + ...

€
B, = z—(1 - cos2y) + ...
B. = - S sin 2y + & 2

3 = 4 Y -I—G—COS Yy + ...

£ €2 :

By = - cos 2y - Tg SN 2y + ...

The magnitude of the reflected wave in region I is /ﬁ?_:_gg N %-[siny|,
which depends crucially on the phase relationship, that is the travel

time y = %-109 2. The magnitude of the transmitted wave in region II

is ﬁﬁffz—ﬂg-and that of the reflected wave in that region is /ﬁg_:_ﬁfi

In region III the transmitted wave has magnitude A% + Aﬁ. The reflected
waves are due solely to the discontinuities at the interfaces. In the

next section we consider the solution near a wavefront.
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2.3 CONSIDERATION OF THE PROBLEM INTRODUCED IN SECTION 2.2 IN THE REGION

WHERE THE WAVE SPEED IS VARYING

In this section we again consider equation (2.2.6) and make the

. 1
transformation u = v(1+ex)%, y = Tog(l+ex) to obtain as in (2.2.10)

- . 12
Vyy Veg = 7 5V (2.3.1)

Solutions to this equation may be found using various methods.

First we observe that for sinusoidal wavetrains v = sin(Cy-t)
satisfies (2.3.1) if C2 = 1 - & ¢2, so that this solution may be written

as

v = sin[[] -'%r-ezl%_y-t:] . (2.3.2)

More generally, any solution to (2.3.1) may be obtained by writing

v= 1 52pvp. The choice Vg = sin(y-t) then allows us to write v as

v = sin(y-t) - g-SZY(]'COS(Y‘t)) - T%g e#(y2sin(y-t)
+ y(cos(y-t)-1)) + ... > (2.3.3)

where we have not included a reflected wave, and we have imposed the
condition v =0ony = t. It is readily shown on expanding (2.3.2) 1in
powers of ¢ that the 0(1), 0(e?) and 0(e*) terms of (2.3.2) and (2.3.3)

agree.

The method may also be used to construct solutions v(y,t) satisfying
more general boundary conditions on y = 0 and at a wavefront y = t. For
this purpose it is easier to change coordinates to ¥ and ¢, wherez=1t -y

so that equation (2.3.1) becomes

v =2v. _ = Leay | (2.3.4)
yy YT 4



- 38 -

We are interested in the region t > y, that is ¢ > 0 and impose the

boundary conditions

V()’,O) = 0, V(O,C) = VO(C) .

We now solve this problem using Laplace transforms.

transform of v with respect to ¢ is denoted by

Ws) = | et g
0]

(2.3.5)

The Laplace

Hence, using the boundary condition on z = 0, equation (2.3.4) is

transformed into

g2y = 0,

) —

vyy - sty -

which may be solved using the boundary condition on y = 0 and imposing

the restriction that v is bounded as y -~ .  The solution is

\-/ = ol E‘ys e-/s +€2/4 J ’

1+s2

which may be inverted using Bessel functions to give the solution

cy JC J, [e/2{r(r+2y)}?] .

0 [r(r+2y):|%

Now the Bessel function J;(x) may be expanded as

z-r)dr .

Substituting this into the above expression for v(y,z) and performing

the integrations gives an expansion for v:
Ezy G y
v(y,z) = vo(;) -8 L vo(c-r)dr + 0(e)

Considering the special case Vo = -sinz we obtain
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2

v(y,t) = - sinz + ng (1 - cosz) + ... . (2.3.6)

We see that the terms in (2.3.6) agree with those in (2.3.3). We may
also compare the solution with that obtained in Section 2.2, however in
that section we impose boundary conditions on y = 0 and ey = log 2.
The solutions are of a similar form if we neglect the reflected bart in
region II which is due to the boundary ey = log 2.

We may use the above method of Laplace transforms imposing a
boundary condition at ey = log 2 and Tifting the restriction that v is
bounded as y - «. We then obtain an additional term in v proportional

to e(s+/52+e7/4 y

, the arbitrary constants being determined from the
boundary conditions.
Equation (2.3.4) may also be solved by Riemann's method, see

Section 2.4, where the Riemann function u is the Bessel function

3, (8 ez JETy,) * (e 5507)
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2.4  FURTHER METHODS OF SOLVING THE PROBLEM IN SECTION 2.3

We consider an alternative method of solution of equation (2.3.7)

using Riemann's method (7). First we transform the equation using

characteristic coordinates ¢z, n, where ¢ = Eil, n = E%X and we are

interested in theregiont >y, ¢ > 0. Equation (2.3.1) then becomes
Vo= -e2v (2.4.7)

We now define the linear operator L, by

L(v) = v_ +ge2v. (2.4.2)
Zn

This operator is self-adjoint with the property

vL(u)=-uL(v) = g% (vup) - g% (uvC

) .

If D is a domain whose boundary is a regular closed curve C, it follows

by Green's theorem that
f
J[éUn + Vc)dndc = [(Ud; - Vdn)
C

for functions U, V(z,n). Now L(v) =0 when v satisfies (2.4.1) and we

choose u such that L(u) =0, then vL(u)-uL(v) = 0, hence

[ 1w )én + (vuydz} = 0. (2.4.3)
C

We choose C to be the contour PQRS shown in figure 2.5 and we choose u

such that u = 1 on PQ and SP, hence un = 0 on PQ, uC = 0 on SP and

u(P) = 1.

Equation (2.4.3) then gives

1]
(@)

vu dn + J v dz + J (vu_ + v _u)dg
IRS n sp ¢ R " F



- 41 -

(3.3) P(7,3 )
U=
R V=g S(7,0) N

Figure 2.5 The region of integration for Riemann's method

hence

W) = u(s) - [ vin.0)u (n.0)en
o}

0
- J__(vun + vCu)d; . (2.4.4)
g

We impose the boundary conditions
v(n,0) = g(n), v(z,z) = h(z)

The problem is therefore reduced to that of finding a function u such
that L(u) = O withu =1on ¢ = z and n = n, this function is known as

the Riemann function for L.

J
o y.rl
Following Copson (7) we write u as the summation u = ) 3437 ,
) ) j2g 3-3
where T = (z-g)(n-n).  Choosing ug = 1 the boundary conditions are

satisfied and we find that L(u) = 0 if uy = (-eZ)J, hence

u =

ﬁ——.ﬂ (rez)j :

v (A
R

However, the Bessel function Jo(z) may be written in the form (61)
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so comparing this with the expression for u, we find that u may be written

as

u = JO(Zev(E-;)(ﬁ-n)) :

Substituting this into (2.4.4) we obtain
Py = v(s) - 9(n)u_(n,0)dn

E =h - — -
+J ll:/“é”c_TL((‘%% 31(2¢/(7-2) (2-2))

0
+ h'(z) Jy(2e/(n-g)(z-z))de

where we have used

2 L
J(z) = 1-2+ 24 ...
0 4 2242
z z3
\]1(2) = _— = —— + . .
2 2%

We now choose g(n) = 0 and expanding the Bessel functions we obtain

WBn) = nGE) - e ) Emede + o) (2.4.5)
0]

The problem could also be solved with boundary conditions applied
ony =0andy =1 that isn-z =0and n-¢ =-% , the region of

integration is then shown in figure 2.6.
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Figure 2.6 The region of integration with boundary conditions on y =0

and y = 1

We now examine a direct iterative procedure for solving (2.4.1)

analogous to that of Section 2.1. We assume that v is given along

y = 0 and along ¢z = O.

(AN Eﬁ;ifg)

3=(
V= fKE)/Lf::fls
R
7 =0
v=k(~)
— Y

Figure 2.7 The region of integration with boundary conditions on y = 0

and ¢z = 0

The solution may then be written in the form

v = -g2 JC Jn v dndz + f(g) + g(ﬁ) (2.4.6)
0°¢
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We let v

1]
(@]

k(n) along ¢

and v

h(g) a-long C Ns

hence f(z) and g(n) are given by

=
—~
=3
~
1

f(0) + g(n) (2.4.7)

h(z) f(z) + g(z) .

We may set up an iterative procedure
C
n - - .
e e [V e s 6(3) + o)
0

where since f and g are determined from the boundary conditions, they

are the same for each iteration. Hence

<
—
3
~—
]
<
—
>
[}
—
~—
I
|
m
N
S
'l
—_—
3
P
<
—
>
1
—
~
|
<
—
3
N
~
~
o
s |
o
Y

then
n -- - n-1
(M < eagn - 2 MY
where
[[fnog) || = max_[f(n,z)| >
0<Z<g
0_<_n_<_r-1
therefore

™M) <22 - gl
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The iterative procedure will therefore converge if e2z(n - 1) < 1,

which may be written in terms ofy and t as
e2(t-y)(t+3y) < 32 , (2.4.9)

this has asymptotes t =y and t + 3y = 0. Therefore as in Section 2.1,
we have the 1imit of the region of convergence in a region bounded by a

curve crossing the t axis at a finite value of t, the region being shown

in figure 2.8.

> £ y

Figure 2.8 The region of convergence for the iterative procedure

The estimates of the regions of convergence obtained for the
different procedures in this section and the previous ones are
underestimates and the procedures probably converge everywhere. It may
be shown that the condition (2.1.37) obtained in Section 2.1 is satisfied
if (2.4.9) is satisfied when A is chosen to fulfil the condition (2.2.12),

for example by choosing A = e]/’/2€ Y,

We now give the first few terms of the iterative procedure described

above, choosing g(n) = O:
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C
W2 L j f f(z)dndz + £(7)
0t
: )
= - g2 J (n - c)f(g)d; + f(z) . (2.4.10)

0

From (2.4.8) we see that h(z) = f(z) and comparing (2.4.10) with (2.4.5)

we see that the solutions obtained are the same.

We have also solved the equation

V. = -g2v
Zn .

with boundary condition on ¢ = 0 and n = 0, namely
v(z,0) = sing , v(O,n) = 0.

We have considered the solution using Laplace transforms, a series
solution, a solution using Riemann's method and using an iterative
procedure as in Section 2.3. Using Riemann's method and the method of
Laplace transforms the solution involves a Bessel function, however

expanding this we find that the solutions agree with
v = sing + e?n(cosg - 1) + ...

and certainly converge for €?|c||n| < 1.
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2.5 AN ALTERNATIVE APPROACH TO THE PROBLEM INTRODUCED IN SECTION 2.2

We consider the equation (2.2.1) in the three regions with incoming

wave sin(x-t).
In region I, for x < 0, Uiy = Uy (2.5.1)

which has solution u = sin(x-t) + k(x+t).

In region II, f -1 2 =
gio or 0 < x <e ~y, (l+ex) Uy Uy - (2.5.2)

. -1
In region III, for x > ¢ = , 4uXX = Uy - (2.5.3)

for which the general outgoing wave is u = h(ix-t), where k and h are
arbitrary functions.

To determine the solution in region II, we consider a two-timing
approach and write X = ex, Y = g(X)/e. Derivatives are then transformed
as

d _ dr 3 2
X ~ dXaY  aX

0O

so that equation (2.5.2) becomes

(14X)2{g'2uyy + €g"uy + 269 Uyy + efuyy} - Uy, = 0. (2.5.4)

Now u = u(X,Y,tse) and we seek an asymptotic solution u = ug +oeUp t o
Substituting this expansion into (2.5.4) gives to zero order an equation

for Up*

(14X)29'2 Uy vy ~Yg ¢ = 0 (2.5-5)

We choose g(X) such that (1+X)2g'% =1 + 0(e), where the 0(e) term is
jdentically zero on a wavefront. It is not necessary to choose the
particular form of wave speed 1+ex, any function F(ex) may replace (14ex)

and then g(X) chosen to satisfy
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F(X)?2g"'(X)2 = 1 + 0(e) . (2.5.6)

Equation (2.5.5) then has solution
U, = A(X)T(Y-t) + C(X)e(Y+t)
and the equation for u; becomes
Uy yy " ul,tt = A(X)f'(Y-t) + C(X)2'(Y+t)
12(T+X){A (X)F'(Y-t) + C'(X)o'(Y+t)} .

This may be solved formally treating X as independent of Y and t. In

general this gives 'secular terms' (32), which grow with Y-t and Y+t so
that the expansion will not converge at large distances behind a wavefront.

To eliminate secular terms we choose

AX) - 2(14)A' (X) = 0
C(X) - 2(1+X)C'(X) = O
which give A(X) = a (1+X)®

1
and c0(1+X)2 ,

o

~—~

=<

~—
i

where aO and <o are constants.

Hence

1
U, = ()% a fo(Y-t) + c e (Y+E)}

The function u; may then be written

uy = AL(OF (Y1) +C (X)a  (Y+E)

: 3
which could be absorbed into Uy by perturbing A(X) as A = a0(1+X) + 0(e).

We now suppose that Uy has the specific form
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1
1 .
u, = (1+X) {aos1n(Y-t) + bocos(Y-t) + cosin(Y+t) + docos(Y+t)},

where the choice of sines and cosines is crucial for the elimination of

further secular terms, which is to be performed. We write u, as
u; = Asin(Y-t) + B,cos(Y-t) + Cisin(Y+t) + D cos(Y+t).

The function u, then satisfies

Uy yy ~ Uy ¢t = Awcos(Y-t) - Bysin(Y-t) + Cjcos(Y+t)

Dysin(Y+t) - 2(1+X){A1cos(Y-t)

Bisin(Y-t) + Cicos(Y+t) - Disin(Y+t)}

(140)20= 2(1+X) 732} (@ _sin(¥-t)
+ bocos(Y-t) + cosin(Y+t) + docos(Y+t)} .

Secular terms are eliminated by choosing

. 1 3
Al - 2(1+X)A;] = Z—(1+X)2 bo
which implies
] 1
A, = (14X)%{a; - g-bo1og(1+X)}
and similarly
y ]
B, = (1+X)*{b; + g-ao1og(1+X)}
3 ]
C; = (1+X)%{c, - §-do1og(1+X)}
1 ]
D; = (1+X)3{d; + g-colog(1+X)} .

Now in region I from (2.2.8) we may write

u = sin(x-t) + R sin(x+t) + S cos(x+t)
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and in region III from (2.2.9) we write

_ L1 X X _
u = K s1n[2 t] + L cos(2 t}

We now, as in Section 2.2, make u and uX continuous at x = 0 and X = ¢

and obtain the arbitrary constants in the solutions. In region I we

find that

u = sin(x-t) - g-sinv sin(x+t-v)

and in region III

.o
u = V2 (cos[v - é%} + %-109 2 sin é%-- v} + ...] sin[% - t}

. ) L 1 ) X
+ /2(s1n{v - 25] + g-log 2 cos(2€ - vJ + ...J cos(E - t},

where v = é—]og 2. Therefore, the reflected part in I depends crucially
on 1/ in amplitude and in phase change, which is what is expected as the
timing of the arrival of the reflected wave in II at the I - II boundary
determines whether or not the wave is in phase and so reinforces the
existing wave. In region II we find

1

(1+ex)§{%1n{% log(T+ex) - tJ

e
i

+ e{(% Tog(l+ex) + %} cos[%—]og(1+ex) - t}

—-%-sin{% log 2] sin(é log(T+ex) + t}

cos[g log 2} cos(} Tog(l+ex) + t}}

€

+ 0(52):1.
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This method has the advantage over those considered in Sections 2.3
and 2.4 in that since we are working directly on the wave equation the
method is not restricted to the particular inhomogeneity considered here.
The function g(X) may be chosen to satisfy (2.5.6) for any function F(X).
However, the method does depend crucially on the choice of u, as a linear
combination of sine and cosine functions of the variables Y-t and Y+t and

so is not appropriate for signals behind the front of a wave advancing

into a quiet region.



CONCLUSION

In this chapter we have considered an iterative procedure for
determining a non-linear wave propagating into a non-uniform region.

We have shown that by using a straight-forward iterative process,
integrating along X = 0 and the forward characteristic only a finite
number of iterations could be performed while obtaining bounded iterates.
We therefore integrated along %g = -}4c, a backward characteristic and
along a forward characteristic and found a bound on the region for which
an iterative solution to these equations converges. To check this
prediction we have analysed some linear problems, which are special cases
of the general non-linear theory, since a variety of methods for solution
of these linear equations are available.

In Section 2.2 the wave equation with speed having a discontinuous
first derivative was considered. An analytical solution was obtained,
the coefficients in this being found from asymptotic expansions. In the
next section we considered other methods of solving this problem for the
region where the wave speed is varying, first transforming the equation.
In Section 2.4 we used characteristic coordinates and considered
Riemann's method of solution and also an iterative procedure similar to
that used in Section 2.1. As in that section we obtained a bound on the
region of convergence for this iterative procedure. In Section 2.5 we
returned to the same formulation of the problem as in Section 2.2 and
developed an asymptotic method which could be appiied to other examples

of inhomogeneity, although this method is restricted to a sinusoidal

solution, since it depends on the elimination of secular terms.
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PART 11
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INTRODUCTION

The simplest type of acoustic wave that can travel through an
isotropic elastic material is a longitudinal wave, in which as the
wave passes, the material is alternately compressed and expanded. A
second kind of wave is the transverse, or shear wave, in which material
particles oscillate from side to side at right angles to the direction
of the acoustic signal. A third kind of wave for an elastic half-space
with a free surface is one which moves without change of shape adjacent
to the traction-free surface. The amplitude of the wave decays
rapidly with depth so that the effect of the wave is confined to the
vicinity of the free surface. Such waves incorporate both shear and
longitudinal components, which are combined together in such a way as
to satisfy the boundary conditions and travel along the surface of a
solid, much like ripplés on the surface of a pond, see Figure 1
(22). In linear elasticity they are known as Rayleigh waves, after
Lord Rayleigh, who in 1885 demonstrated theoretically their existence (46).
Rayleigh waves form a principal part of a seismic signal. The other
waves are attenuated throughout a three-dimensional volume, while
Rayleigh waves only spread their energy in a two-dimensional region near
the earth's surface. Seismograms show that longitudinal waves appear
first, followed by shear waves and then Rayleigh waves in accord with
the ordering of speeds ch g_csz < ¢ 2 where cp s the Rayleigh wave speed,
Cg the shear wave speed and c the longitudinal wave speed (50).  This
ordering is to be expected, since the reaction of the material to the
volume change in compression should be more vigorous than that to

orientation change in shear, while the free surface permits a still easier

distortion and hence a still Tower speed.
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Figure 1 Longitudinal waves (a), shear waves (b) and Rayleigh waves (c)
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More recently acoustic surface waves have been studied for a
different application, to process signals in communication systems.

In this application electrical signals are used to excite Rayleigh waves
on the surface of a crystal a few centimetres long and one or two
millimetres thick. The waves excited in this way are of frequency one
million hertz or more and are employed to store and recognise electronic
signals. The advantage provided by Rayleigh waves as opposed to
Tongitudinal or shear waves which were used initially in electronic
applications is that the waves may be detected at the surface and so are
well adapted to the technology for creating microcircuits in thin flat
structures. In typical applications most of the acoustic energy is
contained within a distance of a few hundredths of a millimetre of the
crystal surface. The waves can be excited easily anywhere on the
surface and readily collected elsewhere on the same 'chip'. In recent
years the technology of acoustic waves has expanded rapidly with the
development of the interdigital transducer, an efficient type of
transducer for converting the electrical signal into an acoustic surface
wave and reconverting the acoustic wave back into an electrical signal.
An interdigital transducer is normally placed in a piezoelectric material.
Many applications of surface waves are described in the book by Viktorov
(60).

A considerable amount of theoretical work has been done on Rayleigh
waves. Lapin has considered in (25) the reflection of a Rayleigh wave
from periodic corrugations of a surface in oblique incidence, in (24)
he examines the reflections from periodic irregularities of a liquid-solid
interface and in (23) the scattering of surface waves propagating over
an uneven liquid-solid interface. Barnett and Lothe (2) have examined

the questions of existence and uniqueness of surface waves in an
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anisotropic elastic body, which is not subjected to pre-stress and they
have produced a theoretical framework within which these questions can
be answered.  Surface waves have also been investigated by, amongst
others, Taylor and Crampin. In (55) Taylor and Crampin examine the
propagation of a wave in a homogeneous piezo-electric half-space and in
(54) Taylor considers the secular equation for the propagation velocity
and its numerical solution. In (6) Chadwick and Jarvis investigate to
what extent the theory of Barnett and Lothe is applicable when the
reference state is not stress-free.

The propagation of surface waves of small amplitude in an elastic
body which is not stress-free in its undisturbed state was first studied
by Hayes and Rivlin (17). They applied the theory of superposition of
infinitesimal deformations in an isotropic elastic material to the study
of the propagation of surface waves in a semi-infinite body which is
subjected to a static pure homogeneous deformation, and is traction-free
at its plane boundary. The same simplifications have been adopted by
all subsequent writers on the subject. Hayes and Rivlin derived the
secular equation determining the speed of propagation of a surface wave
travelling along a principal axis of stretch. In (14) Flavin considered
the problem of determining conditions on the pre-strain which are
necessary and sufficient for the existence of a progressive surface
wave. He considered incompressible materials of the neo-Hookean and
Mooney types, materials which are described in Chapter Five, and in the
case of a neo-Hookean material showed that there are three possibilities:
a surface wave can propagate in every in-plane direction, in some
directions only, forming two opposite sectors or in no direction.
Willson (65) has investigated properties of surface waves for a variety

of isotropic, elastic materials, compressible and incompressible and for
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different states of pre-stress and pre-strain. In (65) Willson indicated
that the possibilities exhibited by Flavin also apply when the transmitting
material is compressible and characterised by a restricted form of the
Hadamard strain-energy function. Braun (4) has also considered Rayleigh
waves in a pre-stressed neo-Hookean material and Iwashimizu and Kobori

(18) the Rayleigh wave in a finitely deformed elastic material.

In standard analyses Rayleigh waves are sought in the form of
disturbances having displacements whose horizontal variation is sinusoidal
and which propagate without distortion at some speed c¢c. Since the
governing equations and boundary conditions involve no natural scale of
length or time, this speed is independent of wavelength so that Rayleigh
waves are non—dispersivé and all wavelengths travel at the same speed Cps
the 'Rayleigh wave speed'. Superposing these periodic solutions as a
Fourier integral yields a representation of a disturbance having surface
elevation of arbitrary profile. Each such surface wave propagates
without distortion or attenuation at the speed Cp-

The existence of such a wide variety of Rayleigh waves in linear
elasticity suggests the possibility that certain non-linear elastic
surface waves may also propagate without distortion. Such waves with
surface elevation profiles of permanent form may be expected to appear
when a disturbance travels for large distances near the traction-free
surface of a homogeneous elastic half-space. It might seem that such
disturbances may be analysed by perturbation methods designed to elicit
a relationship between amplitude, wavelength and propagation speed;
however, it will be shown that such methods fail. If the leading
approximation to the disturbance is taken as the standard Rayleigh wave
having wavenumber k, the next approximation satisfies linear equations and

boundary conditions which involve terms corresponding to the wavenumbers 2k
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and zero. Solutions to these equations are readily constructed by
separation of variables, but the boundary conditions can be satisfied
only if the solutions contain terms which grow exponentially with depth.
A similar situation arises at each later stage of the perturbation
process, essentially because there is no dispersive effect to balance the
non-linear effects.

The shortcoming of the process lies not in the expansion procedure,
but in the assumption that the surface elevation is close to a sinusoidal
wavetrain.  This assumption must be relaxed by allowing the leading
approximation to the disturbance to be an arbitrary non-distorting
solution of the linear elastic equations. We anticipate then that
certain of these solutions are the infinitesimal-strain limits of non-
lTinear disturbances which can travel without distortion at speeds close
to cp- For this reason we represent the general linear Rayleigh wave
in terms of a pair of conjugate harmonic functions, which like the
representations in (S), does not unduly emphasise sinusoidal wave
profiles. Using this representation as the leading term approximation
in an expansion in terms of strain amplitude, it is found that the
surface elevation profiles of non-distorting waveforms must satisfy a
certain non-linear functional equation. In the small-strain 1imit this
reduces to a quadratic functional equation, solutions of which are
computed for a compressible and an incompressible material. Methods are
presented for the analysis of both periodic, but non-sinusoidal, waveforms
and non-periodic waveforms.

For periodic waveforms the quadratic functional equation reduces
to a system of quadratic algebraic equations for the coefficients in a
series representation. Solutions to this system of equations have been

obtained by successively solving truncated systems of N equations
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involving the first N coefficients. Two solutions were found for

waves travelling at a speed different from that of the standard Rayleigh

wave and one for a wave travelling at the same speed. Particle paths

are plotted at various depths. In the search for non-periodic waveforms

the problem reduces to that of solving a quadratic integral equation.
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CHAPTER 3

NON-LINEAR ELASTIC SURFACE WAVES

3.1 LINEAR THEORY

The basic theory has been developed in Parker (39) and (41), but
it is outlined here for completeness. Two-dimensional plane-strain
disturbances are considered in the elastic half-space X, > 0, where
(X1, X2, X3) are the current rectangular cartesian coordinates and
(X1, X5, X3) are Lagrangian coordinates taken in an unstressed reference

state. The current configuration may then be specified by x; = X3 and
X; = Xi(xj’t) = Xi + ui(Xj,t) , i,j = 1,2.

The associated components of velecity v, deformation gradient £ and

Piola-Kirchhoff (engineering) stress 1T are:

axi 8u1- Bxi s Bui
D e— T — e s = m—— = .. +
Vi =3t T 3T 0 Tdj Xy 13 3%
(3.1.1)
oW
L. = me—— i,j =1,2 ,
T_IJ aFij J

where W = W(F) is the strain-energy density. The momentum equations
are:

9T = V.
Tl 2 gy, >0, d,5=1.2, (3.1.2)
oy 7t

where p is the density in the reference configuration, assumed uniform.
Vanishing of the tractions on the surface X, = 0 then imposes the boundary

condition

. =0 on X =0 . (3.1.3)
i2 2

Disturbances which propagate without change of form, travelling
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at some speed ¢ in the X, direction, are described by the two-dimensiona]
quantities u = u(X,X,), v = v(X,X,), F = F(X,X,) and ¢ = 7(X,X,), where

X = X, - ct. Hence using the relationships:

v = oy v oV , 32U
S S v
in (3.1.3) gives
ou. 3T
3 - 2 11 12 _ .
ax 1Tqy "o axf+ax2 = 0 inX >0. (3.1.4)

Solutions to (3.1.4) may be represented in terms of stress functions

ai(X,Xz) such that, using the comma notation to denote partial derivatives

of of :
=— , f == of
f X * .2 T X, of a function f(X,XZ),
T - p C2 u = o ’ T = -a .
11 151 1,2 12 1,1
(3.1.5)
- 2 = = -
Ta1 =P U, %2,2 > T22 %10

whilst, without loss of generality, the boundary conditions (3.1.3) may

be taken as
al(X,O) = 0 = 0.2()(30) . (3.].6)

In Tinear elasticity, T4 1s indistinguishable from the Cauchy stress

and the constitutive law for an isotropic material is

., = ..t u. . = . 3.1.7
T 5 A 61.juk’k + u(th 3,1) T ( )

Substituting this into equation (3.1.5) yields a set of four linear,
homogeneous partial differential equations for u,, u,, a, and o, These

equations may be combined into the form
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93
a_X[:(ZU - pc?)uy ‘az:[ -533(—2—[2uu2+a1:[ = 0,
3

%[(ZU‘QCZ)UZ+OLJ+§%;‘:2U“1_&2] = 0,
9
(k+2u)3T2-{:(ZU'pc2)u2+al:[-(>\+2u-pC2)%[:2uul_a2il = 0,

which are similar to two pairs of Cauchy-Riemann equations. Solutions
which decay sufficiently rapidly as X, -~ = and which also satisfy the
boundary condition (3.1.8) are called non-distorting progressive surface
waves.

We define positive A and B by

A2 = ] - EEE Bz = 1 - pc

2
v - e rid (3.1.8)

and introduce ¢;, ¢,, ¥ and y, by

pC2¢1 = (ZU - QCz)ul T Qoo pCzwl = A(Zuuz + al)

(3.1.9)
pc2¢y, = B(2uU; - ap) s pC2y, = (2u - pCP)Up *+ oy

so that

34’1 ]_B_IP_L = ﬂ)l ]_Efl = 0 (3.].10)
Tx"Kax?_‘O’ 5X TR X,
20, (13 Wy 199 | (3.1.11)
T)’(“EE@'O’ 53X T B ax, ‘

Equations (3.1.10) show that ¢; and y; are conjugate harmonic functions of

the coordinate pair (X, AX,), while (3.1.11) show that ¢; and y, are
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conjugate harmonic functions of (X, BX;).  Moreover since Uy, Up, 2
s ’ 1

and o, are given by

-1 e
u1=B¢2'¢1 > u2=A1¢,1-¢2

]

o1

1+A2 2
ZU(‘JJZ T oA V1) Ay = 211[1—;%‘ ¢, - ¢1},
the boundary conditions (3.1.6) become

1+A2 2B

vo(X,0) = oA lbl(X,O) > 92(X,0) = Wq’l(xao) .

We then write y = AX;, Y = BX, and define the functions

u(X,y)

i
©-
=
i
>
»
>
N
e
-
<
—
>
»
«
S’
I
<
—t
—
><
-
>
N
S’
i)
w

1+A2 2
UXLY) = S 6 (KX)o v(x,Y) = A2 k) (3.1.

Bu 3V _ 3V, du -

3X  ay 0, aX 3y 0 iny>0 (3.1.
U 8V v, AU _ -

X 3Y o, X + 3y 0 inY >0, (3.

whilst the boundary conditions reduce to

U(X,0) = u(X,0) , V(X,0) = Kv(X,0) , (3.
2)2
where K = %L (3.1.

and u(X,0) , v(X,0) are related to the surface displacements by

-2 A2
Uy (X,0) = :+:2 u(X,0) 5 up(X,0) = LAZv(x,0) . (3.1.

Equations (3.1.14) , (3.1.16) show that both v(X,n) and V(X,n) are

harmonic in the half-plane n > 0 and take identical values on n = 0.
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Additionally they must remain bounded as n -~ » so that U; and u, decay
as n -~ o , In (41) Parker makes precise the manner of decay for (A)
periodic waveforms and (B) general waveforms.

For case (A) he restricts attention to functions u(X,y), V(X,y),
U(X,Y) and V(X,Y) which belong to the space,@p(§1R), where @ is the
subset of real two dimensional Euclidean space {(X,n): - ® < X < =, n > 0}
and functions belonging tol%p(EWR) are periodic in X with period P and
decay uniformly in X as n >~ =.  General waveforms, for case (B), are
restricted by the requirements that u(X,y), v(X,y), U(X,Y) and V(X,Y)
belong to,@*(ﬁ]m), where &, (2|R) is the set of bounded real, infinitely
differentiable functions o(X,n) for which (X*+ n2)%4(X,n) remains
bounded as (Xz+ nz)% -+ o for all n > 0.  The boundary values are
correspondingly once continuously differentiable functions, the spaces
for which are denoted by?,[;(RIR),,@;(YKIR) in cases (A) and (B)
respectively. Then restricting the harmonic function v(X,n) - V(X,n)
to either2>p(§hk) or Q&(EMK) is sufficient together with (3.1.16) to

ensure that V(X,n) = v(X,n) throughout Q. Thus we may write
V(X’Y) = Y(X’.V) = Y(XaAX?_)a V<X9Y) = Y(X,Y) = Y(X,sz) ’

where y(X,n) is any harmonic function belonging to Lp('s?{m) or &.(2|R)
in cases (A) or (B) respectively. Each such function has a unique

harmonic conjugate B(X,n) belonging to the same subspace, so we may Wwrite
u(Xsy) = B(X.y) = B(X,AXy), U(X,y) = B8(X,y) = B(X,BXy).
Then provided that

K =1 (3.1.19)

the boundary condition (3.1.16), puts no further restrictions on 8(X,n)
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and y(X,n). Condition (3.1.19) after substitution from equations

(3.1.8) can be rewritten as the standard 'secular equation'

3r+4
(pc?)? - Bu(pc?)? + 8u2f-X;;E}pc2 - 16u3(;:3LJ = 0 (3.1.20)

defining the possible propagation speeds ¢ of sinusoidal Rayleigh waves.
For all realistic Poisson ratios (5), it defines only one real positive
speed, which we denote by ¢ = cr and which satisfies 0 < pcﬁ < u. The
corresponding quantities

2 2
DCR 3 pCR 3
AR = [1 - ~E—} , BR = (1 - X+2u] > A

R

defined by (3.1.8) are then real, and X, y and Y become y = A X,,

R

Y = BoXo, X = X; - Cot.

R R

Each pair 8(X,n), y(X,n) of conjugate harmonic functions belonging
to eithern@p(ﬁﬁmd or & (R]R) may be used to describe an elastic surface

wave travelling at speed Cr- The corresponding displacements are

U (6Xa) = (ABo) 2B(X,BoXs) - B(X,AgX,)
U (XsXa) = =(Bp/Ag) Py (KuBRky) = (K Agka) (3.1.21)
uz(X,Xp) = 0.

The vertical displacement at the surface may be written in the form

1 - A
u,(X,0) = -—Tﬂﬂg—-o(X) (3.1.22)
where a(X) = v(X,0) .

For periodic waves (case (A)) o(X) may be any function 1n,66(mhk), while

general waves (case (B)) may have surface elevation given by any

o(X)E%;(R|R)'
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Conversely, if any o(X) belonging to either of these spaces is
given, a unique linear Rayleigh wave may be determined. In case (B),
8(X,n) and v(X,n) may be constructed from the boundary values v(X,0) = a(X)
either by the Poisson integral formulae or by Fourier transformation.

In case (A) they may be represented as Fourier series in X. The

special case o(X) = cos kX gives
_ -kn _; _ _~kn
B8(X,n) = -e sin kx, y(X,n) = e "'cos kx,

which represents the standard sinusoidal wavetrain having wavenumber k.

It has period P whenever kP/2n is an integer.
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3.2  NON-LINEAR THEORY

The constitutive law 1 = t(F) describing an isotropic elastic

material may be approximated for small ll“i j[l, by the linear relation

(3.1.7).  In general, it may be split into its linear and non-linear

parts as
Tij - ”ij“k,k + “(ui,j + uj,i) + Nij(“k,1) , (3.2.1)
where the non-linear terms satisfy INijI = O(||uijl|) as ll“1J|] - 0.

Consequently the Nij terms describe small corrections to (3.1.7) when
the displacement gradient is small.
As in the previous section stress functions ai(X,Xz) are introduced.

Substituting the constitutive law (3.2.1) into the equations (2.1.5) gives

(A + 2u - pCZ)Ul’l AU, ey, E N, s
wlUy o Uy y) oy T Ny

wuy 5+ (u- o€,y may = TNy
AUy F (A 2u)u, , v, ) = N,y

Taking linear combinations of these and introducing ¢1, ¢, ¥ and ¢, as

in (3.1.9) gives

- 2 + N
a¢l 1 Y, _ sz N11 awl + l.ifl - (A N12 21), (3.2.2)
X TR, T o 0 X Rk Aoc?
0, qov, BNy, - N, 3, L1520 M2 * Moy (3.2.3)
X T BaX, B2 > X T B aX, oc2

which are coupled, non-linear versions of (3.1.10) and (3.1.11).  Since
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the boundary conditions remain as ¥y (X,0) = lgéi-wl(X,O), ¢, (X,0) =
2B

ToA2 ¢1(X,0) we introduce u, v, U and V as in (3.1.12) and (3.1.13).
Equations (3.2.2) and (3.2.3) then become

N, - N (AN,, + A7IN, )
22 11 12 21
u, - v, = —mm— , V. +y = -- ) 3.2.4
X Y oc? X Y 0c2 ( )
-1
Uo - V. = JFAZ [Bsz - B Nll} V o+ U, = - 1HA? (le ¥ NZIJ
X Y 2B pC2 > Tx Y 2B OCZ ’
(3.2.5)
whilst the boundary conditions (3.1.16) remain unchanged as
U(X,0) = u(X,0), V(X,0) = Kv(X,0) . (3.2.6)
Here y = AX, and Y = BX,, so that Y = Ay ,
B A+2u-pc2)?
where A = I = &——Jii%—q = A(c?)
u-pcC
i
g 222 -~C2 2
and K = A - {(Zuzoc?) { u(A+2u) I = K(c?)

8 W2 (upe?) (A+2u-pc?)

are functions of the square of the propagation speed ¢, as are A and B.
Consequently, if c2 = ¢c2(=3u/p) is the value for which é%% = 0, c? may
be expressed as a single-valued function of K in the interval ¢ < ¢ < (p/p)%
which includes ¢ = Cp and within this range we may regard ¢, A, B and A

as functions of K. In terms of the solutions to (3.2.4) - (3.2.6) the

displacements are:

4 (XXp) = =5 UOGY) - uy)
(3.2.7)
1 2B
Uz(X,Xz) = K v (Xs.y) - ]+A2 V(X’Y) ’
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and the surface displacements as in (3.1.18) are

1-A2
1+A2

uy(X,0) = u(X:0) »  up(x,0) = AL ko) .

2A

In the infinitesimal 1imit the right-hand sides of (3.2.4) and
(3.2.5) are neglected. As was shown in Section 3.1, the linearization
(3.1.14) - (3.1.16) then possesses solutions only for K = 1.  However,
corresponding to this ‘'eigenvalue', v(X,0) or equivalently u(X,0), may
be chosen to be any function belonging to @F')(ﬁllﬁ{) or £!®|R). Once
non-linearity is included, linear superposition is lost. We expect
(3.2.4) - (3.2.6) still to possess solutions, but only for certain
families of functions v(X,0). Generally, corresponding to each such
family we should expect the ‘non-linear eigenvalue' K to depend on the
amplitude |v(X,0)[ . of the surface elevation.

We now seek to examine which profiles out of the superabundance

of linear Rayleigh wave profiles are the small-strain limits of non-Tinear

surface waves of permanent form. This we do by considering the system

L(X,y) » V. + U m(X,y) (3.2.8)

x Uy

[ -
1
<
]

[
]
<
I

L(X,Y) » Vy + T, M(X,Y) (3.2.9)

iny > 0, Y = Ay > 0, subject to the boundary conditions (3.2.6) with

u(X,n) > 2“1 R V(X,n) > ZABuz R
as n > «
U(Xsn) = (1+A%)u, s V(Xon) > (1+A%)u,,
for some constants u; and u,. (This is equivalent to replacing Nij by

specified functions of (X,y) in (3.2.4) and of (X,Y) in (3.2.5)

respectively.) We introduce the functions w(X,n) and v(X,n) defined

for (X,n)eQ by
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U(Xsn) = u(X,n) + W(X,n) 5 V(X,n) = V(Xsn) + v(X,n) . (3.2.10)

Then (3.2.8) and (3.2.9) become

Wy movo= L(X5n) - 2(X,n) , vy t W= M(Xsn) - m(X,n) (3.2.11)
whilst the boundary conditions (3.2.6) give

w(X,0) = 0 (3.2.12)
and

v(X,0) = (K-1)v(X,0) (3.2.13)
with

w(X,n) >~ (A2 - Duys v(Xen) > (1 + A2 - ZAB)u2 as n > o .

The values of u; and yu, in case (A) are obtained from (3.2.8) - (3.2.13)
by using Green's theorem.
We recall that w, v, M, m, L and 2 are P-periodic in X and apply

Green's theorem to (3.2.11),, using the boundary condition (3.2.12)

then gives
- (P L
J [ MOGR) - mm} ddn = P Timw = PR, L (3.2.10)
0 0 n--w

Provided that this double integral exists, that L-¢ and M-m have
continuous pth-order derivatives in Q and that they decay sufficiently
rapidly for (3.2.11) and (3.2.12) to possess a solution such that

w(X,n) + (1-A2)uls@g+] (2]®), then this solution is unique. The
solution w(X,n) defines vy and vy uniquely, so that there is a unique
solution v(X,n) to (3.2.11) having v(X,n) - (1 + A2 - 2AB)uzggg+‘<5hg).
This function is a linear functional of L-& and M-m, so that its boundary

value may be expressed as
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V(X,0) - (1 + A2 - 28B)u, = f (L-g,M-m)

=L (LM) -L(2,m). (3.2.15)

Equation (3.2.13) then gives
(K-T)v(X,0) =L (L,M) -;t(z,m) + (1 + A2 - 20B)u, , (3.2.16)

where L is a Tinear functional which may be constructed (see section 3.4)
by Fourier series procedures. The constant u, is found by applying

(3.2.13) to the two identities

Jm Jp fL(X,n) = 2(X,n)}dXdn = - JP (1 + A2 - 2AB)u,dX
0 °0 0 H2

p p
2ABy, dX + J v(X,0)dX

0

[ s = -

0 0

which follow from (3.2.11)1 and (3.2.8)1. This leads to

w P
f f fL(X,n) - Ke(X,n)bdXdn = =Pyu (1 + A2 - 2KAB)
0“0

-3 P(1 - A%y, . (3.2.17)

T

Similarly, in case (B) Green's theorem may be used to show that
if L, 2, M and m are integrable over the half-plane n > 0, then y; = 0
and u, = 0. Provided that L-g¢ and M-m have continuous pth-order
derivatives in @ and decay as X2 + n?2 » = sufficiently rapidly for (3.2.11)
and (3.2.12) to possess a solution, then there exist unique functions
w(Xsn), v(x,n)eﬁf,”(mm). Equations (3.2.15) and (3.2.16) still hold,

but with u; = uy = 0, and where the linear functional L may be constructed
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either by Fourier transforms or by Green's function methods.

From (3.2.15) we see that three situations may arise:

1. L(L-2, M-m) =L (L,M) -L(a,m) # - (1 + A% - 2AB)y,. Apart
from the translation u,(4A? - 2AB)/(K-1), the surface profile
v(X,0) may then be any scalar multiple ofL(L-2, M-m). Each
choice of multiplier determines K-1, and so specifies how the
propagation speed c¢ differs from the linear Rayleigh wave speed
Cp- Also it provides the boundary condition v(X,0) which
determines unique solutions u(X,y) and v(X;y) to equation (3.2.8)
and also determines U(X,n) = u(X,n) + w(X,n) and V(X,n) =
v(X,n) + v(X,n).

2. LMy -L(e.m) = - (1 + A2 - 2AB)yu,, with K = 1. In this case
the speed c remains equal to the linear Rayleigh speed Cp and
equation (3.2.16) imposes no restriction on v(X,0). Each choice

of profile v(X,0) allows u, v, U and V to be uniquely constructed.
3. LMy =L (e,m) = constant, v(X,0) = 0. In any such disturbance

the surface X,= 0 would remain level and (3.2.14) would not

restrict K. We shall show in section 3.3 that this possibility

does not arise for weakly non-linear waves.

Returning to equations (3.2.4) - (3.2.6) we see that 2, m, L and M
must be treated as non-linear functions of the first-order partial
derjvatives of u, v, U and V. Equation (3.2.13) is in reality a relation
between v(X,0) and a certain non-Tinear functional of the first-order
partial derivatives of u(X,y), v{X,y), U(X,Y) and V(X,Y). Since these
functions are themselves solutions of equations (3.2.4) and (3.2.5),
with boundary conditions (3.2.6) which include the data v(X,0), equation

(3.2.14) is a non-linear functional equation for v(X,0). The manner in
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which the various branches of its solution evolve from the infinitesimal
limit ||v(X,0)|| = O is investigated in section 3.3 by a perturbation

analysis.
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3.3 PERTURBATION ANALYSIS

To study non-Tinear effects when the displacement gradients remain

small, we regard displacement gradients u, ;

js a small parameter and we suppose that the length scale has been chosen

as 0(e) quantities, where ¢

so that typical magnitudes of Uj and ui,j are comparable. Then,
provided that the strains remain within the range for which the stress-
strain Taw is analytic, the terms (pcz)'lNij are 0(e?) quantities.
Equation (3.2.13) suggests that K-1 is O0(e). Following Parker (41)

we may write formal expansions

which then would allow us to write

- 2 1 22 .
N1j<uk,2) HE Mij(uk,z ety ot €)

1
j(uk,gs 0) + 0(en)

2
e<uM.
H 1

where comparison with (3.2.1) shows that

1 1 1

MUy 03 00 = Cy5kamnUk, 28m,n (3.3.1)

and the coefficients Cijkzmn are the second-order elastic moduli

azrij
C1‘jk2mn - I 2au

m,n
> o

To leading order equation (3.2.14) then becomes a quadratic functional
equation involving the O(e) terms ai,j and k.

This formal expansion procedure involves cumbersome notation
which we avoid by writing u, v, U and V in a form suitable for iterative

solution of (3.2.4) - (3.2.6). Then anticipating that u, v, U and V

will be close to a solution of the linearized problem, we write
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U(X,y) = eB(X,y) + c2U(X,yse), v(Xoy) = ev(X,y) + e2V(X,y;e)
(3.3.2)

UX,Y) = eB(X,Y) + €2TU(X,Y3e), V(X,Y) = ev(X,Y) + e2V(X,y;e)

K-1 = ek, uy; = ezﬁl(e), u, = ezﬂz(e). (3.3.3)

The substitution

(pc2)7IN, . (u

-1
ij k,z) 1-A2 Mij(s u

<.53€) (3.3.4)

shows that all O(e) terms cancel from equations (3.2.4) - (3.2.6) when

(3.3.2) and (3.3.3) are inserted. The surviving terms give the exact

equations

i - vy = o(X,y3e), v+ 0, - m(X,y3€) (3.3.5)

u - = L : Vv U = M(X,Y; 3.3.6

0, -V, = Txvse), V4T (X,Y3e) (3.3.6)
where

-1
s - My = My = _ (AMy, + A Ma1)
1-A2 1-A%
(3.3.7)
-1
L = [1+A2} BM), - B M1l, M o= - (1+A2} o My
1-A% 28 1-A% 2B

These are analogous to (3.2.8) and (3.2.9), so that in a similar way to

(3.2.10) we introduce the functions w and v where

W(Xsﬂ§€) = U(XsTI;S) - G(X’TIQEZ)
(3.3.8)
S(Xonse) = V(X,nze) = V(Xonse)
which satisfy
W= 5 = TGn) = LX), v, * W= F(X,n) = m(X,n) (3.3.9)
X n n

with
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1
—~
>
-
o
~
1]
O

(3.3.10)

v(X,0) = k[y(X,0) + ¥(X,0)] (3.3.11)

and w > (A% - 1)y, v > (1 + A2 - 2AB)1-12 as n > .  The compatibility
condition for this system may be derived directly from (3.2.16) as the

exact equation

<(6,0) + eV(X,0)] - u, (1 + A2 - 2m) =L (T -L(i,m) (3.3.12)

We recall that A, B, c and A = B/A = Y/y are known functions of ex = K-1
) -1
and the expressions of ¢ U o required in Mij for the right-hand side

of (3.3.12) are the X and X, derivatives of

-1 2
e U, (X,X
106%a) =

00 + 00N - 8(0) - eiliy)

_1 -] - —
e Uy(X,X5) = A “y(X,y) + €A 1v(X,)’) - ]iiz [%(X,Y) + eV(X,YZJ .

Similarly the formulae for ﬂl and ﬂz may be obtained from (3.2.14) and

(3.2.17).  Equation (3.3.12) may be solved iteratively. The iterates
w(n+]), v<n+]) to w and v are obtained by solving (3.3.9) and (3.3.10)
with u(n), v(n), ..., the iterative approximations to u, v, ..., on the
right-hand sides. The condition (3.3.11) then requires that

-L(n+1)

vy 0) = X (X,0) - ¥(X.0) (3.3.13)

€

from which we deduce that v(n+])(X,0) must differ from ky(X,0) only by
O(e) terms. Clearly not all families of harmonic functions will satisfy
this criterion. To identify those which do, the 1imit ¢ - 0 must be
considered.

Parker (41) considers this 1imit and shows how the infinitely

differentiable functions 2(0), m(o), L(o), M(o), the first approximations
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to &, m, L and M, may be regarded as 1inear functionals of +(X,0).

He writes this formally as

b
P
>
-
3
S’
n

TlY(X’O) s m(O)(X,n) sz(X,O)

(3.3.14)

L n) = T000) , n®)(x,

T,v(X,0)

where the Ti are transformations, so that equation (3.3.7171) may be written

to this approximation as
KY(XsO) = ji(T3Y(XsO): TRY(XaO))
- L (T1v(X,0), Toy(X,0)) + 3(1 - A“)u§°) . (3.3.15)

This equation is a quadratic functional equation for v(X,0), where
y(X,O)e@['J(ﬁ\lﬁZ) for case (A) and v(X,0)el.(RIR) for case (B).

The right-hand side of (3.3.15) is homogeneous of second degree in
Y(X,0) so that the equation is unchanged by the mapping v(X,0) - ty(X,0),
< > 1k, Where t is any real parameter. Hence, any profile v(X,0) which
satisfies (3.3.15) for some value of « may be scaled to give another
profile, provided that « is multiplied by the same factor. To this
approximation we may take ¢ = c(k) as ¢ = cp * exc' (1), therefore the
perturbation speed is proportional to «.

Following Parker (41) we now examine the three possibilities

introduced in Section 3.2.

1. « # 0. Without loss of generality we may choose y(X,0) = o(X),
where o(X) is a solution to (3.3.5) with « = 1, then for any real «
the multiple v(X,0) = xo(X) is a solution to (3.3.15) as has been

mentioned above. The disturbances with
U(XaY) v EKB(X9Y)9 V(X’Y) v €KY(X’Y) ’

U(X,Y) ~ exB(X,Y), V(X,Y) ~ exy(X,Y)
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are then the 1limits of non-distorting progressive surface waves
with propagation speed c ~ Cp * exc'(1). Clearly ex is a measure

of the disturbance amplitude and may be regarded as either positive
or negative. Thus if one non-distorting profile propagates faster

than the standard Rayleigh wave the inverted profile travels more

slowly.

k = 0. In this case (3.3.15) reduces to a homogeneous second

degree equation. The amplitude of the solutions is then arbitrary
and a normalization may be introduced. To this approximation
profiles which are any multiple of a solution to the homogeneous
equation all travel at the standard Rayleigh wave speed. In
keeping with the terminology of hyperbolic waves these profiles
will be called exceptional waveforms.

The case v(X,0) = 0 gives 2(0) = m(o) = L(O) = M(O) = 0, so that

L) 2y

= v(]) = 0 and we only obtain the trivial

solution, so that this is not considered further.
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3.4  CONSTRUCTION OF THE OPERATORL(L.M)

In (41) Parker shows how to construct the operator X (L,M) required
in the solution of (3.3.14). He treats the two cases of periodic and
non-periodic waveforms separately.

For periodic waveforms, case (A); the X-period P may be taken to
be 27, without loss of generality, since the governing equations (3.1.4)
and (3.2.1) involve no intrinsic length scale. Any other wavelength
may then be obtained by scaling X;, X,, t and u by the factor P/2r, which
leaves the amplitudes of the strain, the velocity and the deformation
gradient unchanged, but scales the displacement amplitude, the wavelength
and the period by the same factor P/2n. Parker obtains solutions using
Fourier series and states that equation (3.3.15) reduces to an infinite
set of algebraic equations in the Fourier coefficients of y(X,n).

For general waveforms, case (B), he derives two different
representations for?ﬂ(L,M). The first one uses Green's functions;
however, the formulae obtained are cumbersome, so that a second
representation using Fourier transforms 1is preferable for computational
purposes. This has the additional advantage of being a generalisation
of the method based on Fourier series for the periodic case. Parker
obtains the following quadratic integral equation for the complex

function I'(k,0):

r(k,0) = | w(k,s)r(k=s,0)T(s,0)ds (3.4.1)
where

r(k,n) = jm e'iﬁg(x,n)dx

is the Fourier transform of v(X,n). Equation (3.4.1) is analogous to
the infinite set of algebraic equations to be solved for the Fourier

coefficients in case (A). Parker notes two properties of the kernel
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k(k,s), that the range of integration must be split at s = 0 and s = k
and that since each contribution is homogeneous of first degree in k and
s, then if T'(k,0) is one solution to (3.4.1) so also is a-ZP(ak,O), for
all o > 0. This situation arises because the original problem defines
no length scale. The function a~2r(ck,0) is the Fourier transform of
ay(X/a,0), which is obtained from the profile y(X,0) by rescaling the
amplitude and lengths by the factor a.

Parker also shows by investigating the mappings T, T,, T3, T, and
L that the iterates ul") - 2u§n), vin) 2ABu§n), vin) (1+A2)u§n)
and U(n) - (1+A2)u§n) belong to eithern@p(ﬁhk) or $ (QIR), when the
initial function y(X,0) belongs to 2,5((&11?\) or & (R|&) in cases (A) and

(B) respectively.
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3.5 AN ALTERNATIVE METHOD

In this section we present another method of obtaining the
condition (3.3.15) on the relationship between « and y(X,0). This is
based on Fredholm's alternative theory (8). We consider the differential

equations for 4, v, U, V (3.3.5) and (3.3.6) with the boundary conditions

T(X,0) u(X,0)

V(X,0)

V(X,0) + k(v(X,0) + ev(X,0)).

Instead of using the two functions w(X,n), v(X,n) defined in (3.2.10),
we introduce two new functions o(X,n) and p(X,n) where ¢(X,n) - a and
o(X,n) - b belong to eitherﬂ,p(ﬁlﬁi) or@ (R|R) in cases (A) and (B)

respectively where a and b are constants and
o +p = 0, s -p. = U. (3.5.7)

Now

- - 8 - -
9 (- oV + pu),
(ou + pv) + >y (- o pu)

Q
=1
+
©
=
n

9
X
where

o = O(X9Y) and 0 = p(XaY) s

so that in case (A)

- - PJ2 o o
J JP/Z (% + om)dXdy = J J (2 (ol + o¥) + 2 (~o¥ + pl)dKdy
o°-P/2 0

{
aa——-
!QI
jan |
+
©
|<I|
1
O
~
nN
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Similarly, for ¢ = o{X,Y) and o = o(X,Y),

rJP/z (6T + o) dxel P/2
a o Vi — 11
o)-p/2 J_P/Z(cv pu)]Y=0 dX

P/2 )
= J (ov + ok(y + ev) - pﬁ] dX
-P/2 y:o
P/2 _ P/2
= J (ov - pu)l dX + p( (a(y + EQ))
-P/2 y=0 J-ps2 y=0
Therefore,
>P/2 P/2
f J (oL + pM)dXdY = J J (o2 + pm)dXdy
0°-P/2 0’-P/2
P/2 )
+ KJ (o(y + ev)) dX (3.5.2)
-P/2 y=0
Similarly in case (B) we obtain
j J' (GE + pM)dXdY = J I (OE + pr-rl)dXdy
O0/-x Q7=
+ KJ (o(v + ev))|  dX . (3.5.3)

y=0

Equations (3.5.2) and (3.5.3) must then be satisfied for all functions
o and p satisfying the stated conditions. In each case we choose a

basis for {o,p} and find that we obtain the same condition as (3.3.15).

dX.



- 84 -

3.6 A MODEL EQUATION

In this section we illustrate some of the features of the solution
by considering a simple system of equations, having a form similar to
those obtained in the previous sections. Initially we consider a system

of equations with a forcing function on the boundary Y = 0:

5 ‘
v ¢ f(¢x’¢Yan’wY)

]
o

v2y (3.6.1)

©
1]
m
O
O
w
>

onY =0

where ¢ and ¢ are 2m-periodic in X and decay as Y -~ ». We are interested

in the region Y > 0.

Now
[>°) i
H P2odxdY = [ 3%! dx
0’-m -7 2 Yoo
that 1is
© T _ T Bd) l
” fdxdY = J 3 dX
O°-m - Y::O
and also
o LT ™
| [ 72y dXdY = J %I dX
0’ -m T Y=g
o ¢
_ KF 2‘2\ dx = KH £ dXdy
-1 oY Y=0 0’ -m
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However v2y = 0 so that we obtain the condition

(T
J J fdXdY = 0 (3.6.2)

O =1

Choosing f = waY and assuming that ¢,y are even functions of X implies

that Vyby is an odd function so that condition (3.6.2) is satisfied.

Writing ¢ =

V24

v2y

©-1

a solution

-1
il

<1
1

e$, Y = eﬁ, the system (3.6.1) becomes

Eaan
= 0

(3.6.3)
cos X

on Y =20

]

A
|
<&t

to this may be written in the form

e cos X + €py + ...

=Y -
ke cos X + ey + ...

Equating terms of O(e) gives

V2%,
with ¢,

03

= %Kze_ZYsin 2X

OonY =0 , which has solution

<2Y e 2¥gin 2x.

-1
8

The function y, must then satisfy

1
(&)

= - %-K3 sin 2X on Y = 0,
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which has a solution

co L 3em2Y

v, T 16 K sin 2X .

In this example there is no difficulty in the perturbation scheme, the
terms being obtained in order without any further constraint being
imposed.

To obtain a model equation in which we have to solve a system of
algebraic equations to obtain the coefficients in ¢ and y we consider

the system:

V2 = (wz)xy

v2y = 0
¢ = 0
onY =0
v 39
Y < 3Y

and we assume that ¢, vy > 0 2as Y -~ =, The compatibility condition

(3.6.2) is satisfied since

m” (47),y d¥dY = O .

O~

In this system we need to solve first for y before we can obtain ¢.

We try a solution for ¢ in the form

(A e cos nx + B e sin nx)
n n

1

11) =

I~ 8

n

and find that the solution for ¢ may be written in the form

-nY cos nX + Dne-nY sin nX

©-
1}
1He~18

{Cne

n=1

Y

+ OLnYe"nY cos nX + BnYe_n sin nX
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n n+25 -(n+2s)Y .
+ SZ] Tetnaet CrasBs + AL A (M2 gin oy
_ ¢ n(n+2s) N - (n+2s)Y
s§1 4s(n+s) (A8 s AnssBs)e " cos nX} o,
where
n n-1
% T Z'r;1(Aan-r + An-rBr) )
n n=1
By =~ z'rE](ArAn-r ) Ban-r) y

The condition ¢(X,0) = 0 implies

} ¢ N(n+2s) )
“ sZ] 4s(n+s) (Aan+s An+sBs) ’
3 ngn+Zs)
Dn Z 4s(n+s) n+SBs ¥ An+s s) )
Substituting for ¢ and v in the condition %%—= K a$ on ¥ = 0 and equating
coefficients of cos nX and sin nX yields the conditions
i} e n(n+2s)2 -
nAn nKCn + ca .tk Z Bs(n+s) (ASBn+S An+SBS)
) + n(n+2s)?
nB, nKD + KB+ « 521 Fsinre) Brasls * Ansshs)

where Cn’ Dn o and Bn are given above.
These equations are a simpler version of the type encountered in
treating the Rayleigh wave. As in that problem, the system may be
solved by a numerical procedure, see Section 4.2, in which we truncate
the sequences An and Bn' The two equations may also be combined by
writing Fn = An + i Bn’ the transformation Fn > einan then corresponds

to a translation in X. We seek a solution in which y is an odd

function, that is An = 0 for all n. We then have to solve the system of

equations
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n+2s n-]
B+« z i_ﬁigl' B . +% ) BB = 0.

S'n+s 4 -
po] TN

We solve this by making the transformation Bn - 1/KQn. To obtain
starting values to the numerical procedure we truncate the sequence Bn

after n = 3 and solve the equations

3 5
-0, +7Q0Q, +70Q0, =0

- F %’Qlos * % 0, =0

-0, + (0,0, + 0,0,) = 0

which have real analytical solutions

o, = 1.28, Q, = 0.89, Q; = 0.57 ;
Q, = -1.28,Q, = 0.89, Q, = ~-0.57;
Q, = 2.04, Q, = -2.69,Q; = 2.75;
0, = -2.04,Q, = -2.69,0Q; = -2.75.

We may then solve the system for n = 4, say, using as starting values the
exact solution obtained for Q;, Q, and Q; and setting Q, = 0.  This
process may be repeated iteratively in the hope that it converges as n

increases.
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CHAPTER 4

RAYLEIGH WAVES ON A COMPRESSIBLE MATERIAL WITH

NON-LINEAR CONSTITUTIVE LAW

4.1 THE FORM OF THE EQUATIONS

In this chapter, as an example of the general theory, we consider
a compressible material of the harmonic type introduced by John (19)
and (20). Initially we consider periodic functions, that is case (A)
of Chapter Three and examine the motion of particles in the medium, and
the dependence of the wave speed on the form and amplitude of
non-distorting wave profiles. In Section 4.4 we attempt to obtain
solutions for non-periodic waveforms.

The material we consider is a harmonic material as defined by
John (19) and (20). In (19) he considers plane strain problems for a
perfectly elastic material and seeks to find forms of the strain-energy
function for which the equations of equilibrium and stress-strain
relations simplify considerably. He finds these simplifications for
materials of harmonic type, in which the strain-energy function in

plane strain reduces to

W(r,s) = 2u(G(r) - s) (4.1.1)
212
where ro= {(Fj; + Fy)® + (Fpp - Fa)®h s
s = FiiFpp - Fipfgy

and G(r) is an arbitrary function. For consistency with the classical

linear theory the following restrictions need to be imposed

6'(2) = 1,  G"(2) = *;i“ , (4.1.2)
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A and u being the Lameé constants of the linear theory. \'ithout loss of
generality it is assumed that G(2) = 1. John then reduces elastic
equilibrium problems for materials with a strain-energy function of the
form (4.1.1) to potential problems for which the existence of solutions
is easily established on the basis of known properties of harmonic
functions.  For this reason materials with strain-energy function of
the form (4.1.1) are called 'harmonic' materials. '‘Harmonic' materials
give a mathematical model for which a qualitative discussion of problems
involving large deformations can be carried out. For the behaviour of
solutions of the equilibrium equations to conform with physical intuition
the function G(r) must satisfy certain conditions. For example, if we
assume that the tension increases as the material is expanded uniformly,
then G'(r)/r must increase monotonically with r. In (59) Varley and
Cumberbatch use and extend some of the results obtained by John to
analyse plane strain or plane stress deformations of finitely strained
blocks or sheets of materials which contain holes, notches or inclusions.
They show that the predictions of the theory agree well with experimental
evidence.

In this chapter we consider materials with the standard energy

function

W= [lggﬁj(r-z)z + 2u(r-s-1) , (4.1.3)

which are examples of harmonic materials (4.1.1) satisfying (4.1.2)

where

G(r) = [*;ﬁu}(r-z)z $ (r-2) +1

The strain-energy function may be written as

A+2u 2 2
W = Zu[:[ I ][EFII + F,o)° + (F, - Fyy)

12 21)% {} - FiiFop + FioFyy -1
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where Fy; =1 +u , F

1
=

-n
1]
<
-
-n
]
—
+
[

and the u. ; are O(e) for i,j = 1,2. In the analysis leading to (3.3.13)

b

and (3.3.14) only the limiting behaviour as u, ; + 0 is required so that

2

it is sufficient to express W as

from which we obtain the stress components

_ Aty - 2 3
Ty, (>\+2u)ul’1 + Auz,z 7 (ul’2 uz’l) + 0(e?)
Aty 3
= + + — \u + - + 0
T12 w(uy , U, ) ( 1,1 uz,z)(ul,z Uy, ) (%)
A+u
= + - — (u + U u -u + 0(¢3
T21 w(uy , uz,l) 2 ( 1,1 2,2)( 1,2 2,1) (e?)
= AU + (A+2u)u + A (g - u, )2+ 0(e?)
T22 1,1 2,2 4 1,2 2,1

Hence the non-linear parts Nij of these i3 i,j = 1,2 may be written as

- At - 2 3
Nyy = 7 (ul’2 uz’l) + 0(¢”)
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A+
N, = _ZE (uy , - u2,1)2 + 0(e3)
From (3.3.4) - (3.3.7) it is clear that we need to write N N N
112 122 21

and N, in terms of u, v, U and V, this we do using (3.3.11) to give

= (At o 2 0
N, - [4 ]e {2y {}BY(X,Y)ﬂBUY(X,Y)] - A8 (X.y)+eAl (X,)

R : .
37 £ 00 - L e ] e

+ 0(e3) ,

A 2 T -

X, - _2B2 | —
+ Yy( y) + evy(X,y) W [TY(X,Y)+€VY(X,YEJ}X

: ) _
(g[8, (X1we80,000) | - e (X +eri (0,9)

1 . ; T
- ]_A YX(X,y) + K VX(Xs_Y) - ]+A2 YX X Y +€V J
+ 0(63) ’
Npp =Ny, +0(e%)
(4.1.4)
N22 = N11 + 0(e3) .

[t can be shown that for a general isotropic material in plane strain,
second order elasticity theory involves only two material moduli other
than X and u and that condition (4.1.4) results from the special choice

of these parameters consistent with (4.1.3). From (3.3.4) we have

1-A2
M. . i3
1] 0c2¢2 J
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and from the definitions of A and B

m - (BZ - AZ)
pc? (1-AZ)(1-B2)

from which we obtain M in terms of A, B, 8, v, ﬁ, Q, U and V. In this

and the following sections A and B refer to the approximations AR and BR.

Equations (3.3.7) give

L(0) _ (+A2)(B2-1) yy o) - o |

(1-A2)282 '
The fact that 2(0) and M(O) are zero is a direct consequence of (4.1.4).
We therefore write M;, as a function of (X,y) and M;, as a function of
(X,Y) for use in m(o) and L<O) respectively, so that we obtain the

following expressions for 2(0), m(o), L(O) and M(O):

LD xy) = 0,
(o) _ _ (B2-A%)(1-A%) B
m-l(Xy) = 22 (14A2) vy T y) vy (Xey) s
(4.1.5)
L<°)(X,Y) _ (BZ’AZ)(]-AZlY;(X, A-Y) ’
2AB
M@ x,vy = o,

which may then be used in the equations for u(]), v(]), U(1) and V(]).
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4.2  PERIODIC SOLUTIONS

In this section we construct a 2w-periodic waveform for the
harmonic material, using a variant of the method outlined in section 3.3.

In general y(X,n) may be represented as

y {Cne-n“cos nX + Dne-nn sin nX}
n=1

where the coefficients Cn and Dn are obtained by applying the condition

(3.3.13).  First we look for symmetric waveforms so y(X,n) is an even

function and is represented by

(o]

) Cne-nn cos nX .
n=1

In section 4.3 we do consider the more general y(X,n) although the

solutions obtained to this more general problem are reproductions of the

(0) (0)

omto), L

case of even y(X,n) after a translation in X.  Then ¢
M(O) are given by (4.1.5).
The functions w(])(X,n), v(])(X,n) introduced in Section 3.3 must

satisfy the equations

X n
W x,0) = 0 :
v(])(X,O) = K’Y(X’O) ’

W, oL (14n -2mB)y, @S n e .
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Eliminating the function v(])(x,n) from these equations gives

wll) s wr(]l) - L) 00+ Mf]O) - mgo) (4.2.1)
w(])(X,0> = 0 (4.2.2)
-wr(]])(X,O) + M) (x,0) - m(®)(x,0) - v, (%,0) (4.2.3)

We solve (4.2.1) and (4.2.2) for w(]) and then use (4.2.3) to provide
us with a condition on the relationship between « and y(X,n). The
condition w(1) - (A -1);1 as n - « will then give ﬁl.

In the example under consideration

(1), (1) _ _ (BZ-A%)(1-A%) & 2,y A
ol T T T sy 2 x0T
N (BZA-ZA(Z])(;Z—)AZ) = {-’Bi ¥, (% 2 )y, (Xsn)} (4.2.4)
+
W0 = 0 (4.2.5)

(1) (B2-A2)(1-A%) A B ,0) = xy_(X,0
- (X,0) + 22 (14A2) B Yn(x’ n) =0 v, (X50) Yx( )
(4.2.6)

oo}

- . 1
On substituting for y(X,n) as } Cne N cos nX, we find that wl )(X,n)
n=1
may be written in the form

The functions W may be written for n > 1 as
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- A
- n = ® -(n+2s)=
W.(n) = ge Miae B4 Y be )Bn
n n
s=1]
L rgann e (s 4 s,
t ] cpe + ) de A
r=1 s=1 "
B
-(s & + n+s
+ f e A In

where 9> 3, b, Cps dn and fn are constants given by

n> n
nz[— 1 + qua - _ (B%-A%)(1-A%) =1 r(n-r c e
g2/ N 2AB(1+A2)  rE] 2 ron-r

[- n2 + (n+2s)? f\_";}b _ (BZ-A)(1-A%) 5 T oms(nss)
n 2
s=1

B2 2AB(1+A2) sTn+s

(- n? + (r %-+ n-r)z)c . - (B2R)(-A2) ni] ﬁiﬂ:ﬁl(r B n-r)C C

n A2(1+A2) r=] 2 A rn-r
(_ n2 + ((n+s)%-+ S)Z}d = (BZ_ Az)ﬂ]-Az) E ((n+s)§-+ S)sgn+s) CC

" A2(14A2) =1 A 2 TsTnes
2 B 2J __ (B2-A%)(1-A%) § < B s (n+s)
( n" o+ (s g+ nts)f B2 (19R2) SZ]( ptnts) =5 0l

and from (4.2.5) 9, ta bn te,t dn + fn = 0.

The function wo(n) is readily found to be of the form an, where a
is a constant, so that the condition of w(]) being bounded as n » » implies
that @ = 0 and hence u; = 0. The constant y, may be found by solving for
v(]) from the terms independent of X and it is found to be zero.
Equating coefficients of sin nX in condition (4.2.6) then gives the

following algebraic equation:
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n(1 - %)an +b.(n-(n+ 25)@) ter(l - %)
+d.(n - (n+ s)% -s) - fns(l +.%)
B2-A%)(1-A2) "oV prpe
o4 preren ], Aol CCnop = -xnCy

A2 (1+A2) r=] )

which may be written as

n"] ©
-2¢nC_ + FE] amr(n-r)CrCn_r + SZ] BopS(n+s)CC .o = 0 (4.2.7)
where
. _ (B2-A2)(1-AY) {_l_.- 2n )
rn 8A2R A+B (2n-r)A + rB
and
5 _ (B2-A%)(1-AY) n ) n _ n
sn 4A2B (n+s)(A+B)  nB+(n+2s)A  (2n+s)A+sB
Equation (4.2.7) is to be satisfied for n = 1,2,... and so provides an

infinite set of quadratic algebraic equations, which will need to be

solved numerically after suitable truncation of the sequence {Cn}.
As s > » for fixed n, Bsn -+ = 50 that we may hope to obtain solutions with
Cn ~0asn >« We first need to obtain values for A and B, this we
achieve by specifying Poisson's ratio and solving the equation il%%%li = ]
to determine cg and A(=AR), B(=BR). Taking Poisson's ratio to be 1/4
we find that A = 0.3933 and B = 0.8475, we use these values to specify
the coefficients in (4.2.7).

We are seeking solutions for waves which may travel at a speed
different from the linear Rayleigh speed Cp> the difference in the wave

speeds may be written as a function of « and hence, for « # 0, as a

function of the amplitude. We have
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(1+A%)2  _
v (4.2.8)
where
A2 - 7 .- ec? , B2 = 1 . Loc?

u A+2u

and we write ¢ = Cp + €C, where Cr? the linear Rayleigh speed satisfies

equation (4.2.8) with e = 0.

Then
- 3
ek = gC (—d-K? ZCJ
dc c=c
R
hence
- 72 _ap2 _R2
o . =C (1 AR)(1 3AR) . (1 BR)1
C 2 2 2 |
R AR(1+AR) BR

For the harmonic material under consideration with Poisson's ratio 1/4

this reduces to

<
R

= 0.3413¢ .

Equations (3.3.11) give the horizontal and vertical displacements

Up(XsX5)s Uy (XsX, )t

Uy (X.%,) = e—;ZAZ 3(X,Y) - B(X’Y):{ + 0(e2)
L+
- e yony) - 2|+ oge2)
UZ(X,XZ) E_’I_\ Y( :.Y) ]+A2 Y ’ € s

therefore to first order u, and u, are given by
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2 e -nBX p -nAX
U (X,X,) = - ¢ ) Ce 2 sin nX - Ce 25j
b E+A2 ns1 m b G .
(4.2.9)
_ o= —nAX2 P -nBX
uZ(X,Xz) = ahy z Cne Ccos nX - 28 X Cne 2cos ng] .
n:] ]+A2 n=]

These displacements describe a Rayleigh wave of linear elasticity having
even surface elevation proportional to Y(X,0) = E Cn cos nX.  However,
in linear elasticity theory the coefficients {Cn?—;re arbitrary whereas
the present theory shows that a wave profile of moderate amplitude
propagates without distortion at speed ¢ = cR(1 + €0.3413«) only if the
coefficients satisfy (4.2.7).

We now consider the two possibilities outlined in Section 3.3 for

k # 0 and « = 0.

1. k # 0. Clearly « may be scaled out of equation (4.2.7) by making
the substitution nCn = KPn, the equation to be satisfied by Pn becoming

n-1

_zpn + Y.Z] ar‘nPY‘Pn-r‘ + SZ] BSnPsPn+s = 0 , n=1,2,..., (4.2.10)

This gives an infinite system of quadratic equations to be satisfied by
the Pn' Solutions to this system of equations have been obtained by
successively solving truncated systems of N equations involving only the
unknowns Py, Py, ..., PN‘ The process was started for N = 3 since 1in
this case the system may be solved analytically, the problem reducing to
that of solving quadratic equations for P; and P,. These solutions are
then used as the starting values for the numerical procedure in a similar
way to that described for the model equation in Section 3.6. The
numerical procedure used for solving this was obtained from the NAG

library and was based on Newton's method but with the important feature
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that if the full Newton-Raphson correction was too large, then the
displacement from X(k) was biased towards the steepest descent direction
of F(X), where E(X) is the sum of squares of the residuals found by the
routine, (28) and (45). The number of equations being solved was
increased in steps of r, the starting values being the values found for
the previous system for Pl,;.., PN-r' Starting value zero was given to
PN-r+1"“’PN' Solutions were sought for r being one or two, but the
convergence was found to be slow, for « # 0, so that in this case r was
taken to be five, for which the solution was found to converge. This
is similar to the method used in (36) by 01fe and Rottmann for obtaining
solutions for deep-water waves of permanent form.

The truncated system of three equations for P,, P, and P; gives

8a1 (03 + agg)P) +28,Pp -4 = 0 (4.2.11)
4p
P2 = : (4.2.12)
: 2017 + B1p(2y3 * 023)P
(033 +az3)
P, = . PP, - (4.2.13)

Solving equation (4.2.11) we find two values for P,, equation (4.2.12)

may then be solved for each of these to give two values for P;, without

loss of generality we choose P, > 0 since changing the sign of P, is the
same as changing the displacement by half a wavelength. P5 is then
obtained from (4.2.13). Different solutions to these equations were

used as starting values. As has already been mentioned, solutions were
sought for which as N, the number of unknowns was increased the Pi

converged to a non-trivial solution. Two such solutions were found,
although it seems probable that more could be found by considering different

starting values to the system of equations.
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Solution 1. Table 4.1 shows the first 18 values of the P, together
n

with the values of Cn/K which are given by Cn/K = Pn/n, obtained by

increasing N to the value 43. At the 8th iteration, the last one

performed, P, changes by less than 'IO-3 and for n > 18, |C /x| < 2.1072
0 .

Solution 2. The first 25 values of the Pn are given in Table 4.2 for

N = 48 with the corresponding values of Cn/K. At the 9th iteration Py

changes by Tess than 2.10™° and for n > 26, Co/x] < 51072,

For solution 1 we see that [C,/Cy4| = 60, whereas for solution 2,
|C1/C1g] = 31 from which we deduce that the decay of the oscillations in

the Cn's is faster for solution 1.

In figures‘4.1 and 4.5 the horizontal and vertical displacements
at the surface are plotted for solutions 1 and 2. For the standard
Rayleigh wave with y = e™" cos X these would clearly be sine and cosine
curves.  As in that case the particle motion is retrograde, that is the
sense of the rotary motion of a surface particle is such that the motion
is in the opposite direction to that of the propagation of the wave at
the peaks of the profile (9). In figure 4.2 the vertical displacement
at various depths for solution 1 is shown. Figures 4.3, 4.4, 4.6-4.8
compare the particle paths at various depths of the non-linear waves
and the standard wave. For the standard wave the motion at any depth
is elliptical with the sense of rotation being reversed at depth X, = 1.21.
The largest displacements do not occur at the surface but the vertical
motions remain approximately of constant magnitude down to the depth
Xo = 1.21 = %—x wavelength then dying away rapidly. For the non-linear

waves the direction of rotation is again reversed, although the reversal

is notably different from that of the standard wave.
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2. k = 0. The case when there is no perturbation in the wave speed
from the Rayleigh speed is now discussed. Returning to equation (4.2.7)

we make the substitution nCn = Qn to obtain the system of non-linear

algebraic equations:

L0 z Bsn%Qss = 0 > n=1,2,..

This is then solved by the same numerical method considered for the case
k # 0.~ In this problem we have an arbitrary scaling factor, that is if
Qn is a solution, so also is TQn, where 1 is arbitrary. So also, it is
plausible to look for solutions in which Qn = 0, for n even, so that the
even function y(X,n) has the property Y(X+m,n) = -y(X,n). An analytical
solution is found by truncating the sequence after Qs, with Q, = Q, = 0,
we choose Q; = 1 and use this solution as a starting value for the

numerical procedure, where again we increase the number of unknowns in

steps of five. To ensure that the solution does not converge to the
N

trivial solution we rescale the Q.'s after each iteration so that ) Q2 =1
n=]

and these rescaled values are used as the starting values for the next
step of the iteration procedure. The values of the first 20 Qn/r and
corresponding Cn/r are shown in Table 4.3 when N = 31, t being an
arbitrary parameter. At the 13th iteration, the last one performed
Q;/t changed by less than 10 2 and for n > 20, I /<l < 2.1072,  The
displacements are again calculated from equation (4.2.9) and the horizontal
and vertical displacements at the surface are shown in figure 4.9, as are
the particle paths at various depths in figure 4.10.

For all cases we may scale the solution in the X-direction by
choosing a different period for the wave. For « > 0 the wave travels
faster than the standard Rayleigh wave, whereas for « < 0 the wave travels

more slowly. We have assumed « > 0 in the figures, for k < O the surface
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elevation profiles will be inverted and the particle paths rotated through
1800. For « = 0 we may still scale in the X-direction, but the inclusion
of the arbitrary parameter t implies that the amplitude of the wave may
also be scaled independently, since the speed ¢ is independent of the
amplitude in this case.

We have attempted to find different periodic solutions by examining
the case of a forced wave in which the vertical traction was a specified
periodic load of a small specified amplitude travelling at a speed close
to the standard Rayleigh wave speed. We choi}e the load to be sinusoidal.
Solutions were obtained for different values of the Toad amplitude and
different values of K-1, which is proportional to the deviation of the
speed from the linear Rayleigh speed. Solutions were sought for which
the magnitude of the forcing function could be reduced to zero while
the amplitude of the wave remained 0(1). However, in the procedures
attempted it was not found possible to decrease the loading amplitude

without a corresponding decrease in the wave amplitude.
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Table 4.1 Solution 1 for « # 0

: 3 C/e
1 1.2673 1.2673
2 | -1.523 | -0.7618
3 1.2415 0.4198
4 | -0.6711 | -0.1678
5 0.0425 0.0085
6 0.4508 0.0751
7 | -0.6873 | -0.0982
8 0.6403 0.0800
9 | -0.3731 | -0.0415
10 0.0095 0.0009 |
1 0.3122 0.0284
12 | -0.4845 | -0.0404
13 0.4629 0.0356
14 | -0.2744 | -0.019
15 0.0019 0.0001
16 0.2495 0.0156
17 | -0.3905 | -0.0230
18 0.3776 0.0210
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Solution 2 for « # 0

n Pn Cn/K
1 2.2565 2.2565
2 6.0555 3.0277
3 -5.1611 -1.7203
4 -0.8027 -0.2007
5 0.1972 0.0392
6 0.7890 0.1315
7 2.6560 0.3794
8 -2.8137 -0.3517
9 -0.3836 -0.0426
10 0.1528 0.0153
11 0.5758 0.0523
12 1.7775 0.1481
13 -2.1077 -0.1621
14 -0.2217 -0.0158
15 0.1547 0.0103
16 0.4860 0.0304
17 1.3460 0.0792
18 -1.7652 -0.0981
19 -0.1263 -0.0066
20 0.1641 0.0082
21 0.4378 0.0208
22 1.0877 0.0494
23 -1.5741 -0.0684
24 -0.0581 -0.0024
25 0.1763 0.0071
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Table 4.3 Solution for « = 0

n Q,/ T ./t
1 0.5632 0.5632
-3 -0.2324 -0.0775
5 0.0849 0.0170
7 0.0273 0.0039
9 -0.1200 -0.0133
11 0.1948 0.0177
13 -0.2505 -0.0193
15 0.2853 0.0190
17 -0.3012 -0.0177
19 0.2970 0.0156
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Figure 4.1 Horizontal and vertical displacements at the surface for

solution 1
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Figure 4.2 Vertical displacements at various depths for solution 1
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Figure 4.3 Particle paths for solution 1
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4.3 MORE GENERAL SOLUTIONS

We consider here the solution for more general y(X,n) so that we
no longer restrict attention to even functions. As was stated at the

beginning of the previous section we may then represent y(X,n) by

nZ] {Cne—n” cos nX + Dne-nn sin nX}.  The equations to be satisfied by
the Cn's and Dn's may then be obtained as above. Alternatively, the
problem may be formulated using complex functions.

The equations to be solved (3.2.8) and (3.2.9) with boundary

conditions (3.2.6) are

u - Vy = 2(X,Y) , Vet u, = m(X,y)
(4.3.1)
Uy = Vy = LGY) , Vy + Uy = M(X,Y)
with
U(X,0) = u(X,0)
(4.3.2)
V(X,0) = (T+ex)v(X,0) .

We introduce the complex functions w(z,z) and W(Z,Z) where z = X + iy,
7 = X + iY and w, W are defined by w = u + iv, W =1U+ iV, bars denoting
complex conjugates. We also define functions h(z,z) and H(Z,Z) by

h=g+im, H =L + iM.  The equations (4.3.1) may then be written

(4.3.3)

W= =
Z

N
x
—
N
N
~r

The surface boundary conditions are applied on z = 7 =7 =17, conditions

(4.3.2) therefore become

W(Z,Z) = w(z,z) + ik Im(w(z,z)) (4.3.4)
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We let v(z,z) be an analytic function so that
v; = 0 gives W= (VW)Z

and

jJ v dzdi = Jf ()5 dzdi (4.3.5)

where the integrals are over the region where Im(z) > 0.
The complex Stokes' theorem (34) states that if f(z,z) is a function
of z = x + iy, z = X - i1y which is continuous and differentiable in an

area S enclosed by a contour C then

- _ . ﬁ
J f(z,z)d; = 27 JJ 3 ds
C S
and
- - _ _ . ﬁ
[ f(z,z)dz = -2i j[ — ds .
C S

Using the first of these we have

[y as = 75 [ ooz,
S C

where S is the region z > z » 0 < Re(z) < 2m and C is the line z = z.

Similarly with v(Z,Z) we obtain

jJ (VW) ds = -g? [ HdZ .
5 c

Hence using equation (4.3.5) we deduce

f 1
%JJ vh dS = 5?-J w dz (4.3.6)
C
and S
s[[ whas = o J oW dZ . (4.3.7)
JJ 1
S C
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Subtracting (4.3.6) from (4.3.7) and using the boundary condition (4.3.4)
gives

J WH dS - f vhds = £ J icIm(w(z,2))dz . (4.3.8)
c

N*——
N——

This provides a condition on the solution which is analogous to (3.3.14).
The functions h and H are 0(e), which implies that W= and Wi are 0(e) and so
we may write w(z,z) = g(z) + ew(z,z). However, h and H also decay so

(w-z)/e is bounded, hence ¢ decays as Im(z) - +=, Im(z) > O and is

periodic in Re(z). Similarly we write W(Z,Z) = z(Z) + eﬁ(Z{f) since

W(Z,Z) - w(z,z) = O(e) from equations (4.3.4). We choose z(z,z) = E cne‘”Z,
Cn is complex and substituting for ¢ in equation (4.3.8) we obtain tE;]

system of complex equations for the Cn's.

n-1
-2«C_+ ) a.r(n-r)CC  +
n r=1 rm rn-r S

gssns(n+s)CSCn+S = 0. (4.3.9)

N~ 8

In this equation the transformation Cn - einecn leaves the equation
unchanged and corresponds merely to a change of phase of the wave or a
translation of the coordinate axes.

Equation (4.3.9) may be solved by writing C, = D, + iE, and
equating real and imaginary parts of equation (4.3.9). A1l the solutions
found to these equations were reproductions of the case of even v(X,n)

with a change of phase.
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4.4 NON-PERIODIC WAVEFORMS

In this section we consider the problem of obtaining non-periodic
waveforms, case (B), we use Fourier transforms as introduced in section 3.4.
As in section 4.2, we look for symmetric waveforms so that we represent

(o]

y(X,n) by the Fourier cosine transform J E(s)e ™" cos sX ds, g8(X,n) may
0 w
then be represented by the Fourier sine transform J |:-E(S)e_Sn sin sX]ds.
0
As in Section 4.2, we introduce the function w(]) which satisfies the

equations (4.2.4) - 4.2.6), which in this case become:

(1, M

"xx nn

(BZ—AZ)(]-Aul wa” rsE(r)E(s) e-(r+S)An/B
8A2B2 0’0 2

{(r-s)sin(r-s)X - (r+s)sin(r+s)X}drds

(B2-A2) (1-A%) [T _ rsE(r)E(s) (. B -(rB/A+s)n
+ 4/_\3B JOJO 5 (Y‘ T + s]e
{sin(r+s)X - sin(r-s)X}drds (4.4.7)
WD x,0) = 0 (4.4.2)

—w(])(X 0) + (Bz’Az)(]'AqlJme rSE(r)E(S) fsin(r+s)X + sin(r-s)X}drds
n ’ 4A3B 0’0 2

(oo}

. J SE(s)sin sX ds (4.4.3)

Writing w(])(X,n) in the form

w(1)(x,n) = wo(n) + L} W(r,n)sin rX dr

and substituting this into the equation (4.4.1) and boundary conditions

(4.4.2) and (4.4.3) we find that wo(n) = 0 and W(r,n) satisfies the



- 121 -

equation

*r N
J {?nn(r,n) - r2W(r,n)| sin rX dr
0

(B2-A2) (1=A%) (" rs(E(r)E(s) o~ (r+s)An/B
8A2B2 0’0 2

{(r-s)sin(r-s)X - (r+s)sin(r+s)X}drds

_ (B2-A%)(1-A") "% rsE(r)E(s) (rB -(rB/A+s)n
4A3B Joj; 2 {7Y'+ SJe

{sin(r+s)X - sin(r-s)X}drds

with [ W(r,0)sin rXdr = 0 .
0

This must be true for all X so that we obtain the following differential

equation for W(r,n):

W -r2u - (B2-A2) (1-A%) {Jw E(s)E(r+s)s(r+s)
nn 8A3R2 0 2

[aare™ (TSI o ((re9)B45) g (r4s)8/Ass)n

_2{%? + r+s]Be_(SB/A+r+S)ﬁ]ds

) jr [ére-rAn/B N ZtE%i . (r-s)B}e—(SB/A+r-s)ﬁ} '
0

E(s)E(r;?)s(r-sl ds}

with W(r,0) = 0

Solving for W and substituting the result into condition (4.4.3) and

again using the fact that (4.4.3) must be true for all X we obtain a
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condition to be satisfied by the function E(r):

-reE(r) = <82‘A2)(1'A4) {ZJ'OO& r _ r
8A2B o L{r+2s)A+Br  (r+s)(A+B)

Y\

+ :}s(r+s)E(s)E(r+s)ds

SB+(2r+s)A

Y'|__'l

+ I

+ - 1
. lZ A+B) sB+(2r STA S)E(s)E(r s)ds} (4.4.4)

which is similar to the equation (4.2.7) which the coefficients in the
Fourier series must satisfy.

To solve equation (4.4.4) we look for waves travelling at a speed
different from the linear Rayleigh speed Cr and make the transformation
SE(s) = «xF(s), since « is non-zero. The equation for F(s) may then be

written in the form:

@

-2F(r) + (r a(s,r)F(s)F(r-s)ds + [ g(s,r)F(s)F(r+s)ds = 0 (4.4.5)

Io ‘o
where
(B2-A2) (1-A%) 2r
a(s,r) 8A2B ITB' sB+(2r-s)A ’
(4.4.6)
_ (B2-A)(1-AM) [ r i e
B(s,r) = A28 [(r+s)(A+B) (r+25)A+Br sB+(2r+s)A

Differentiating this equation with respect to r we find

oy L L (B2-A2)(1-A%) (7 (F(s))®
o) = 8A3B fo S
and since «F(s) = sE(s)
«F'(0) = E(O)

which gives an expression for E(0).
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Baker (1) suggests for equations of type (4.4.5) reduction to a
system of non-linear algebraic equations. We attempt to solve (4.4.5)
using various discretizations. We consider the equally spaced
discretization points S5 and for Se(Sj,Sj+]) we represent F(s) by the

Tinear approximation

F(sipq) - F(sy)
F(s) = F(s.) + (s-5.)| —3*! ] : (4.4.7)
J J S:,1 =S
J*1 7
Hence
S S .
Jj+1 j+1 F(s..  -F(s;)
J a(s,r)F(s)F(r-s)ds = Js a(s,r)[%(sj) + ( < J+]_ S J ](s-sji}
Sj J j+l J
F(r-s. ,)-F(r-s.) -
j+1 J
F(r-s;) + ( - )(s-s szs
[ J RIS J
and
S F(s. ,-F(s.)
j+1 j+1 ( 1
J B(s,r)F(s)F(r+s)ds = J s(s,r)[%(sJ) + { sJ+ — J }(s—sJ)
S. S j+1 7]
J J
F(r+s, . )=F(r+s.),
[F(ms.) + [ SJ” o J(s-s.):lds
3+ J
.. :J_ =5 :i and F(S)EX
Defining sj =N T 3 ;
then
al XX + D..X; X
K (4.4.8)
+ B XXy F Ryt T
and
S .
j+1
J 3(s,r)F(s)F(res)ds = 633X Xqp5 * Hy¥ighin
S . :
J
T & 4.4.9
+ Lin1’+j+1Xj * Mijx1+3+1 J+1 ( )
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where

S.
j+1
y f a(s,r) (1425+32-25N-23Ns +s2N2 ) ds
S .
]

Sj+1

y J a(s,r) (-3-j2+sN+2iNs-52N2)ds
S.
]

5.

j+1

i J a(s,r)(-j-j%+sN+2jNs-s2N2)ds
S .
J

S.

j+1

i J a(S,r)(j2-2sjN+s2N2)ds
S .
J

S
j+1
Gij J B(s,r)(1+2j+j2-2sN-2sjN+s2N2)ds
S .
J

S.
j+1
J B(s,r)(-j-j2+sN+2sjN-s2N2)ds

ij
>3

Sj+1
J B(s,r)(-j-j2+sN+2sjN-s2N?)ds

1]
S .
J

= H1J

Sj+1
M. = J B(s,r)(j2-2sjN+s2N?)ds
J S.

J
These are evaluated analytically using o and g from (4.4.6) and the
resulting algebraic equations substituted in (4.4.8) and (4.4.9) and these

are then used in (4.4.5). We therefore have a system of algebraic

quadratic equations for the Xi'
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Initially, we assume that F(s) is only non-zero on the interval
[p,]], which we may do without loss of generality since the s scale is
arbitrary.  From the definition of F(s) it is clear that F(0) = 0 and
we are interested only in non-negative s, we therefore consider the
points s; = i/N for i = 1,2,...,N.  Equation (4.4.5) then gives N
equations for the N unknowns Xi' Solutions to these were sought using
the same method as in the periodic case. However, we were unable to
obtain solutions to these equations which converged as N was increased.

We have also attempted to obtain a solution by approximating the
function as above on [0,1], but for s > 1 assuming that F(s) can be
approximated by some chosen function. Clearly we require F(s) to
decay as s »~ = so we choose F(s) = k/s for s > 1, where the constant k
is chosen so that F(s) is continuous at s = 1, that is k = F(1). We
then divide the integral from 0 to « into three regions (0, 1-r),

(1-r, 1) and (1, =), so that:

o)

]_
I g(s,r)F(s)F(r+s)ds = J re(s,r)F(s)F(r+s)ds
0 0

+ J B(S,Y‘) _Eﬁ_-I_LZ_
1

s(s+r)

Again solving the system of equations for the Xi as above we were unable
to find solutions which converged.

A simpler method of solving (4.4.5) is to approximate the integrals
by the trapezium rule. Initially we consider F(s) to be zero outside
the interval [b,l], as before we are interested in the region where s > 0

and we have F(0) = 0. Dividing the interval [0,1] into N sections of
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Tength 1/N, we may approximate equation (4.4.5) by

I
-~
]
—_—

1

2F(r) + | (ONFOF) v 2 T o5 ) P -3

N

+ a(r,r)F(r)F(Oi]

+%%mxwwww)+{§s&,dFF}%§+d

+ B(LAF(F(+)| = 0 . (4.4.10)

Solutions were found numerically to these equations, however the maximum

value of |F(s)| was occurring at s = 1. We therefore attempted to add
an approximation to F(s) for s > 1, the functions used were Fg]) , Fil) ,

175, F(1e2U™) and F1)e? ™). With the function F(s) = FOL,

F(1) -

for s > 1. it was found that the solution for 0 > s > 1 was changed

considerably so that F(s) ~ E{}l-for s > 3. The same situation was

found to occur with F(s) = Ei%l for s > 1. Choosing F(s) to be an
S

exponential function F(])e-S for s > 1 we found that the maximum value

e(]_s)/2 for s > 1

1-s)/4

of |F(s)| occurred at s = 1 and choosing F(s) = F(1)
the magnitude of the solution decreased. For F(s) = F(])e( for
s > 1 the magnitude of the solution decreased further.

Equation (4.4.4) may be rewritten in a form where the kernel

- ... - _ 2A s :
functions depend only on r,s and A, with A = IR This is achieved by

writing

(BZA)ORY) g(s) = «F(s)
8A2B

and obtaining
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r
F = 1 -_2r -
(r) fo { s+K(r-s)} F(s)F(r-s)ds
“ofr _r _r
' Jo 2[r+5 r+is s+Kr}F(S)F(r+S)dS ’

where A < 1.

Comparing equation (4.4.11) with the equation (4.2.7) obtained when
using Fourier series we see that making the transformation F(r/N) - NPi
we obtain equation (4.2.7) with the infinite sum replaced by the sum from
1 to N-1. We therefore attempted to find a solution using that already
obtained in the periodic case. Choosing N = 24 we found a solution for
this value of N, however, proceeding to the case with N = 48 the solution
changed a great deal and seemed to be tending to the trivial solution.
Since the solution obtained for the Fourier series is oscillatory it
seems probable that the approximation used for s > 1 should also be

oscillatory.
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CHAPTER 5

RAYLETIGH WAVES ON AN INCOMPRESSIBLE MATERIAL

5.1  INCOMPRESSIBLE MATERIALS

In this chapter we consider the theory for an incompressible
material, the analysis of which is similar to that already considered for
a compressible material, but differs because the existence of a hydrostatic
pressure means that the constitutive law cannot be written in the form
(3.2.1). First we discuss different constitutive laws for rubberlike
materials and then in the following sections we use one of these in our
analysis of waves on the surface of incompressible materials.

One of the fundamental problems in the theory of elasticity is to
find an appropriate expression for the strain-energy of a body subjected
to a homogeneous strain. Rubber and similar substances have a low shear
modulus which means that a moderate strain can lead to large shears. A
different approach from that of the previous chapter is therefore required
for any adequate theory of the elasticity of rubber-like materials, that
is materials which are nearly incompressible. We model their behaviour
by considering incompressible materials.

There have been many attempts to reproduce theoretically the
stress-strain curves obtained experimentally on the isothermal deformation
of these types of materials. Most of these have followed Mooney (31)
who expressed the strain-energy as a function of the principal stretches.
He postulates that the elastic material considered, in addition to being

homogeneous and free from hysteresis has the following properties:

(1) is isotropic in the undeformed state and also after a positive
or negative stretch-squeeze it remains isotropic in the plane at

right angles to the stretch,
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(2)  the deformations are isochoric, that is occur without change
of volume and
(3)  the traction in simple shear in any isotropic plane is

proportional to the shear.

Mooney deduces that the most general choice of W, the strain-energy

function consistent with the three postulates is
WA shgshg) = Cp(33+A3412-3) + cz[l_ S VO 3] (5.1.1)

where C, and C, are constants and the principal stretch A is the ratio
of final to initial length in the direction of the i-strain axis, the
condition of constant volume requiring A;i,x3 = 1.  Mooney shows that
calculated forces agree closely with experimental data on soft rubber from
400% elongation to 50% compression.

In (48) Rivlin also considers the development of a theory of large
elastic deformations and deduces from a generalization, to the case of
large strain, of Hooke's law that the strain-energy function may be

written as

2 2 2 _
E(2 + 22 + 22 - 3) (5.1.2)

o —

where Ay, A,, A3 are the principal stretches and E is Young's modulus.
This is therefore a special case of the Mooney material with the constant
C, being zero. Rivlin defines this as an incompressible neo-Hookean

material.

The strain invariants I,, I, and I are defined by

—
]

2 2 2 _ 242 2,2 242
xl + xz + x3 R I2 A2A3 + A3Al + Alkz s
I = 21212
3 AAZAY o

so that both (5.1.1) and (5.1.2) may be written in terms of the strain
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invariants. In (47) Rivlin reports on experiments on a rubber cylinder
and concludes that the form (5.1.2) gives a first approximation to the
strain-energy function and that a second approximation is provided by the
form (5.1.1).  The differences between the forms being more or less
accentuated depending on the type of deformation studied. Mooney (31)

points out that the strain-energy function can be expanded as an infinite

series of I, and I,. Thus

W = _ m _ n
m,§=0 C (11-3)7(1,-3)" , (5.1.3)
with Coo = 0, the Cmn's being constant.  The neo-Hookean and Mooney forms

are special cases of this.

Any mathematical analysis based on the general expansion (5.1.3) or
on more complicated forms of the strain-energy density as a function of
the strain invariants, constructed to give closer approximations to the
experimental data, tends to be cumbersome, particularly in relation to
problems in which the principal axes of strain vary through the material.
Thus an adequate correlation between theory and experiment for a wide
range of strains has only been achieved at the expense of mathematical
simplicity. In (34) Ogden seeks a strain-energy function which provides
an adequate representation of the mechanical response of rubber-like
materials for large ranges of deformation, whilst being simple enough to

be amenable to mathematical analysis. He defines the function ¢(a) by

(A7 + A3 + 15 - 3)/a , o #0
#(a) = {
an(i An,) , a=0
which is symmetric in the Ai's, the three principal stretches. He then

proposes a strain-energy function W = £ u _¢(a ), where the ur's are
roorr

constants. He compares results obtained with experimental results on
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rubber.  For an incompressible material A;X,Xx; = 1 and in (35) Ogden
extends this theory to that for a compressible rubber-like material by
adding to the strain-energy a function of the density ratio po/o = AAgAgs
which is zero when X;x,A; = 1, that is when the material is incompressible.
Levinson and Burges (26) have also considered the case of slightly
compressible rubber-1ike materials as have Blatz and Ko (3).

In the following sections we examine the case of Rayleigh waves on

a Mooney-Rivlin material.
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5.2 THE FORM OF THE EQUATIONS

For the case of plane strain which is under consideration the

strain invariants I;, I, and I3 reduce to:

- F2 2 2 2
Iy F11 + F12 + F21 + F22 + 1,
I3 = (Fy1Fy, - F12F21)2 >

so that we have only two independent invariants I; and I;, say. For
an incompressible material I; = 1 from which we deduce that I, = [,.
Also for an incompressible material the strain-energy function in the

stress-strain relations is replaced formally by
W(l,,I,) - 3p(I3 - 1) ,

where p represents an arbitrary hydrostatic pressure and plays the role of
a Lagrange multiplier, which is the reaction to the constraint of
incompressibility. The example we consider is the Mooney-Rivlin material
for which, in this situation of plane strain, we may replace the strain-

energy function W by

so that using the incompressibility condition

- H

FoF F
11 22 12 21

we obtain the stress components T4 as

I 2CFy - PRy, >

T = 2CF + pF

12 12 21
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Ty, = ZCF21 + pF., .

. aui

Using Fij = 61j Sy o the stress components may then be rewritten as
J

T, = e¢C-p+2C ul,1 -p uz,2 ,
T, © 2C u1,2 +p uz’1 ,
T,, = 2C uz,1 +p “1,2 ,
1,, = 20 -p+2C Uy , = P Uy oy

We let ¢ denote a typical magnitude of u_ j? i,j = 1,2. As for the
compressible material we substitute for the stress components in the
momentum equations and introduce the stress functions ui(X,Xz), i=1,2,

where

- - o2 - _
2C - p + (2C - oc )ul,1 p uz,2 al,z
2C ul;z +p u, = e

(5.2.1)
pu, , + (2C- pcz)uz,l = o,
2C-p-pu  + 20U, , = "%,

These may be combined to give two pairs of equations similar to those

obtained in the compressible case:

d 9
S - g (RO, e = U gy

2

-5C2
3 {(p+2C-pc2)u

1
3 o2 - S cA S -1 +2C + a,}
EY; { (p+2C-pcC )u1 a,} + (1 ZC} 3% {(p+2C)u, + a,

.y 2P _ec®
= ul-gyz + [1 J Uz 3y
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3 ) 0
oy L(PreC-pc®)u, + o)} + WZ-{(;HZC)ul - a,} (5.2.2)
- ap op
= u2 aX + Ul 3{2— 3
a
—8—2' {(p+2C‘DC2)U2 + al} - 8— {(p‘l'ZC)Ul - Ctz}
9P P _

As in Section 3.3, we presuppose that the length scale has been chosen

so that typical magnitudes of us and u. ; are comparable. The pressure
? 3T -
gradients é%l-must then be O(e) to balance with the 3X1

I . J
the condition I; =1 it follows that Uy g ¥ Uy, = '(u1,1u2,2

Also from

u1,2u2,1)
so that all the terms on the right hand side of equation (5.2.2) are
second order. Again without loss of generality the boundary conditions
may be taken as a;(X,0) =0 = a,(X,0).

The functions ¢y> ¢,5 ¥, and ¥, are introduced as before and are

given by
0c2¢; = (p +2C - pc®)u; - oy
pc2¢, = (p +2C)u; - oy
(5.2.3)
pc2y; = A[(p+2C)uy + oy
oc2y, = (p + 2C - pC?)uy + ay
pc? 5.2.4
where A2 = 1 - E— \ (5.2.4)

2C

Equations (5.2.2) may then be rewritten:
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3 3
_fl._ l._ﬁl = _l_ {u EE.- u jﬁL}
3X R 3%, oz 13 2 3%,
3y 3¢

1,11 1 3p 3
3X A 3X, RocZ U1 Xy A% U SE}

5.2.5

Mo 3 1 2 op e
S Sz M2yt U X,
3¢ ¥

2 _ _'2 _ 1 3p 3
—= - — - — {u -u, 2Py o
X x> oc2 2 3X Y157 (u1,1u2,2 1,2 2,1)

with the compatibility condition

u + = = -
1,1 u2 2 (ul,lu2,2 u1,2u2,1) ) (5'2'6)

The boundary conditions become

a1(X,0) = (P(X,0)42C),(X,0) + AT (p(X,0)+2C-pc2)¥, (X,0)
= 0
and (5.2.7)
ay (X,0) = (p(X,0)+2CA%)¢,(X,0) - (p(X,0)+2C)¢,(X,0)

As in the compressible case, we introduce new variables y = AX,, Y = X,

and define
u(Xsy) = ¢,(XX,) s V(Xey) = v (XX,) ,
1+A2 1+A2
U(X,Y) = '(—2—)' ¢2(X3X2) s V(X,Y) = —(—Z——l\pz(x,xz) N

where the multiplier (1+A2)/2 has been chosen so that the boundary
condition o, (X,0) = 0 implies u(X,0) = U(X,0) to zero order. Equations

(5.2.5) then become
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ou v _ 2Ce [ 2 30 -1 ? =
— = u - - - 3p
ok 9y oc2 { 1+A2 “]ax (A YT V]axz}
oV u  _ ZCQ ( 2 3- 2 =
SV = = 9P 2 l, = 3P
3X 3y oc2A { 1+A2 “]axz + A [A v +A? ]ax}
(5.2.8)
3V, 8l 2C(1+A%)e [A-l 2 )P 2 3p
—_— —_ = v = = + - ___1
U _ 3V _ 2C(1+A%) [ 2 }a' -1 2 5
-2 = U - ul2 [A - v} op 1
X 3y 2pc2 1+A2 5X 1+A2  J3X,!
} 1+A2l L B} ][ 2 3V
1+A2 3X 1+AZ 3Y _|
2 U _poupylav 2 9oF
1+A2 oY oy A 3X ']+A2 3X
with boundary conditions
(2+ep(X,0)) T2 ZA V(X,0) - % (14A2+ep(X,0))v(X,0) = O
(5.2.9)
(1+A2+ep (X,0)) 15;2 U(X,0) - (2+ep(X,0))u(X,0) = O

The functions u, v, U and V are all O(e), SO that to first order (5.2.8)

and (5.2.9) give

du _ 3V _ v U g
X 9y 0 ’ ax+ay ’
sy _ 8V _ v o, A

wos - ’ 3% 3Y o

with boundary conditions

U(X,0)

u(X,0)

V(X,0) Kv(X,0)
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. (14p2)?
where K iR . (5.2.10)

If y(X,n) is a harmonic function in n > 0 taking boundary values y(X,0)

o(X), with harmonic conjugate B(X,n), then a solution to the above system

is
u(X,n) = U(X,n) = 8(X,n)
v(X,n) = V(X,n) = v(X,n)
: 1+A2)2
with £~—ZK-L— = 1 and boundary conditions y(X,0) = o(X).

The displacementsu; and u, are given by

up (X,X = U(X,Y) - u(X, = € X,Y) = g(X,y)}
1(X5X2) Y (X,Y) = u(X,y) {]+A2 B(X,Y) - B(X,¥)]
Uy (X, Xp) = l-V(X,y) - V(X,Y) = e{l y(X,y) - 2 Y(X,Y)!
2(0%2) = e R YU
Choosing o(X) = cos X we find that
"N _ 27N
g8(X,n) = =-e 'sin X, v(X,n) = e cos X

which gives

u, = esinxeV - L5 e
1+A
_ 1oy Z2e!
U, = €cCOS X{Ae _]—+A2e }
from which we obtain
u, (X,0) e0C? (o5 X
AN 4CA

In this linear case the compatibility condition becomes



- 138 -

and it is readily checked that this is satisfied for harmonic solutions
B(X,n) and y(X,n).

The condition (1+A2)2/4A = 1 gives on substituting for A an equation

satisfied by c2 namely
(pc2)3 - 8.2C(pc2)2 + 24(2C)%pc? - 16(2C)3 = 0 (5.2.11)

which is equation (3.1.20) when the Poisson ratio is 3 and u = 2C, again
this equation has only one real positive root for c2. Linear Rayleigh
waves for an incompressible material are regular 1imits of waves for a

compressible material.

We now write

u(X,n) = eB(Xson) + e2u(X,nie) »
v(Xsn) = ev(Xsn) + e2V(Xinse)
(5.2.12)

U(X,n) = eB(X,n) + €2U(X,m3e) »

V(X,n) = ey(X,n) + e2V(X,n;e) ,
where

0 = U+€ed+ ..., V= e, T o= b,

T o= U+tel+ .oy Pe=predp+... (5.2.13)
and also write K = ]tﬁf c - 1 + ke

To solve (5.2.8) and (5.2.9) we need to find an expression for p,

this may be obtained from (5.2.1):

-2 o ) i 0z [? A :} 14
P T (A2Uy = Vy) + AZ(v, = u) + 5Py T 7 T (5.2.14)
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To O(e) this gives

1 (1-A%) 38
P = 2h 3%

aX

which may be substituted into (5.2.8) and (5.2.9). Choosing
v(X,n) = e "cos X implies B8(X,n) = -e Msin X and taking the 0(e2) terms
in (5.2.8) and (5.2.9) gives equations for &, &, 0 and V. However, the
solution to these equations satisfying the surface boundary conditions
introduces terms in e2Y cos 2X and e2Y sin 2X, which grow as Y > =, We
therefore cannot find an acceptable solution performing a straightforward
expansion with y = e " cos X.

In the next section we consider perturbation procedures analogous

to those in Chapter Three, for solving the problem with a general surface

elevation. We consider a periodic waveform in Section 5.3.
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5.3  SOLUTIONS FOR THE PERIODIC WAVEFORM

Substituting the expansions (5.2.13) into the equations (5.2.8)

and the boundary conditions (5.2.9) gives equations of the form

uX - vy = E(X,y;e) ;X + Gy = ﬁ(X,y;e)
o B B (5.3.1)
U, -V, = T(XYse) T+ T, = F(X.Y5e)
U(X,0) = u(X,0) + r,(X;e)
(5.3.2)
V(X,0) = v(X,0) + «[¥(X,0) + e¥(X,0)] + r,(Xse).

As in Section 3.3 we introduce functions w(X,n;e), v(X,n3e) where

U(X,nse) = G(X,n;e) + W(X,n;s)

and

V(Xm;e)

V(X,n3e) + v(X,n3e) .

From (5.3.1) and (5.3.2) it can be deduced that the equations to be

satisfied by w and v are

WX(X,n;e) - vn(X,n;e) = T(X,nze) = 2(X,nze)
(5.3.3)
v, (Xsnse) + ﬁn(x,n;e) = M(Xsnse) - m(Xsnse)
with
- . _ ‘s
w(X,03¢) rl( €) (5.3.4)
3(X,03e) = w[¥(X,0) + €V(X,03e)] + ra(Xse)
and

w(X,nse) > (A2-1)ﬁ1
as n > «

v(X,n3e) - (1+A2'2A)ﬁ2

We are considering solutions which are 2r-periodic in X, we therefore
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consider the interval - = < X < m.  The function v may be eliminated from

the above equations to give

W + W = -9 -
Wyx wnn L—X By + Mn mn

W(X,0)

I}
-~
—
—~
>
S

(5.3.5)
M(X,0) - m(X,0) - Qn(x,O) - K[yx(x,O) + eV, (X,0)]+ ry y(X)
W(X,n) > (A2-1)u, asn e .

Clearly there cannot be a solution to this problem for all harmonic
conjugate pairs 8(X,n), v(X,n) and any value of «. We therefore
investigate what conditions g, y and « must satisfy for a solution of
(5.3.5) to exist.

Again, we are considering solutions periodic in X, for simplicity

we suppose that y(X,n) is an even function of X and choose

@

y(X,n) =} Cne-nn cos nX, B8(X,n) = - ) Ce "Msin nX.
n-—-] n=

The vertical displacement at the surface is given to first order by

e(]- 2
Up(X,0) = ;ﬂ—ﬁ% ¥(X,0).

Equations (5.3.5) may be solved by writing

Q(x,n) = ni] wn(n)sin nX + wo(n) R

which gives

W"(n) + nzl{[@;(n) - nzwn(ansin nXx} = L - by +M -m  (5.3.6)

0) + ) wn(O)sin nX = ry(X) (5.3.7)
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W (n)sin nX > (A2-1)u,  as n>= (5.3.8)

M(X,0) = M(X,0) = W.(0) - T W'(0)sin nX
n=1 D

(5.3.9)

= KE(X(X,O) + e\-/X(X,O)] +r, ((X)

2,X<

We solve this to zero order. Solving (5.3.6) to (5.3.8) for W _(n)
0

we find
® 2
W () = (A2 ] sGs
0 4A 4 2
s=1
where

x

- (1-A2)
i Y 521 sCs

This also satisfies (5.3.9). We solve (5.3.6) to (5.3.8) for wn(n)
and equating the coefficients of sin nX in (5.3.9) gives a condition on
the C,'s of the form (4.2.7). In fact in this problem it is simpler to
use the method described in Section 3.5 to obtain this condition on the
coefficients Cn, the only difference from the theory of that section
being in that the boundary conditions have the extra terms r;(X), r,(X).
As in Section 3.5 we choose two functions o(X,n), p(X,n) which are
2n-periodic in X, bounded in n > 0 and satisfy Iy + o, = 0, o - Py = 0.

n
Then

(=]

j Jﬂ (ogtpm)dXdy = Jﬂ (OV-DG)' dX
0d-m -

and

g___.
O 8
.'_—"\
] = |
=)
~~
Q
|
+
e}
=|
S
fa%
>

o

-

"
—
1 3

—~

Q

<|

)

ko)
|
S

o

><

m
f (OV+0F2+0K(Y+€V) - pu - ory) 0 dx .
- y:

S
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Therefore

© T oo

foj_“(cf4pﬁ)dXdY J;fﬂ (o2+pm)dXdy

il

™
+ J (Urz'p;'l"‘KO'(Y'*'e\-/)) dX. (5.3.]0)
-7 y=0

We choose a basis for (o,p) as

-nn

o = e ‘'sinnX = o; , o = e Mis nx = p;
and , n=0,1,2,...
-n + -nn_. +
¢ = e "Mcos nX = 0, > o = - sin nX = Pn

Equation (5.3.10) is solved to zero order with the above bases and reduces

to two equations which must be satisfied

o

f

Tr -
( e ny(z(o)sin nX + m(o) cos nX)dXdy

J"n'

™
J e nY(L(O)sin nX + M(O)cos nX)dXdyY

=T

m
- J (réo)sin nX - rgo)cos nX + xsin nX y(X,0))dX,
n=0,1,2,... (5.3.17)
and
e_ny(z(o)cos nX - m(®)sin nX)dXdy

® L7
= J J e ™ (L{®) o5 nx - M®sin nx)dxay
o’ -1

i
- J (rgo)cos nX + r§o)sin nX + kcos nX y(X,0)dX,
=T

n=0,1,2,... (5.3.12)
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For the example under consideration with Y = E C e Meos nX, (5.3.11)
n=1 " .

is trivially satisfied and (5.3.12) reduces to the same condition as

that obtained from (5.3.9). The equation to be solved for the Cn's is

therefore

n‘] ©
S ) G (n-r)CC L+ T 8

s(n+s)C_C = 0 3.
oq S L (n+s) (5.3.13)

sn S n+s

where as in the compressible case, for fixed n, By » 0 3s s ~ =, and

o = -(-AN(O-M2 0 (1-A2)2 2(1+A)nr
m 8A2 n-r 4A r A(n-r)(n+r+A(n-r))
2(1-A2)n LT (1-A) - rn(1+A) (1+A2)
(1+A%) (2n-r+rA)  n-r A(n-r) (r+(2n-r)A) °
; _ (-AM)(O-A)2 n2 _ (1-A2)2 (n+2s)n
sn 8A2 s(n+s) 4A  s(n+s)

L 0-A)  (n+s)n 2(3+A%)n ( ] L] J
A s(2n+s+As) 1+A° (n+s) (T+A) ~ 2n+s+sA

8A (( n } + 4n N (1-A) (n+s)n

T 1+aZ (n+2s)A+n (1+A2) (n+s)  As(2n+s+As)

(1+A2)(1-A) T 1 s
- A "Lg(]+A) ¥ (n+s)(s+(2n+s)A;}

(1-A%) _n(n+2s) . (1-A2) sn
A s (An+n+2s) A (n+s)(n+2s+An)

(1+A2) (1-A)n (1+A2) (1-A)ns

t TT2As(1+A) 2A(s+n) (s+(2n+s)A)

The coefficients o s Bsn depend on A, which is calculated from the
condition K = 1, namely (1+A2)2/4A = 1, which has a solution A = 0.295598.
Equation (5.3.13) may then be solved by the same numerical procedure as

was used for the harmonic material.
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As in the case of the harmonic material we can find the difference
between the speed of a non-linear wave and the standard Rayleigh wave

as a function of the amplitude. From equation (5.3.13) K . (1+A2)?

= = J+ke
2 4A
with A2 = 1 - %ﬁf-and again writing ¢ = cp + eC where Cp is the standard
Rayleigh wave speed, we find that
€K = [—% ZC} EE
dc c:CR
and hence
2
ec (1-Ag) ¢ 2 ]
ek = T 1T+ A, - —}
Cp AR k R A

which implies — = 0.1411 «.
CR

The horizontal and vertical displacements u,(X,X,), u,(X,X,) are given by

2
1+A2

up(X,Xp) = e[: 8(X,Y) - e(x,yi] + 0(e?)

g[}% Y(XaY) - ]f;z Y(X,YZJ + 0(52)

up (X5Xz)

so that to first order u; and u, are given by

e -nX ® -nAX T
2 2 . _ C 2 s Xl ’
ur(XoX2) = | 7o nz] C e sin nX nzl e in nX|
(5.3.14)
m -nAX, w -nX2
1 2 .2 cos n%] :
Uy (X,Xp) = e[:K nzl Ce cos nX v nZ} Ce

As in Section 4.2, we consider the cases for « # 0 and « = 0.

1. For « # 0 we again use the transformation nCn = KPn to obtain

the equations

o

n-1
- = 0 9 n=],2’---
2P+ r§1 o PPyt 321 B PP
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Proceeding as before, iterating in steps of five from the analytical

solution for N = 3 we obtain two solutions.

- Solution 1. The first 23 values of the Pn's and corresponding Cn/K's

are shown in Table 5.1 for N = 33. At the 6th iteration, the last one
performed, Pn changes by less than 2.10"° and for n » 23, ]Cn/K| < 2.107°,

Solution 2. For n = 48, the first 23 values for the Pn's and C /k's
n

are shown in Table 5.2. At the 9th iteration, P1 changes by less than
107% and for n > 23, |C /¢l < 5.1072,

For solution 1 we see that |C,/C,4| = 87, whereas for solution 2
|C1/C23] = 33, so that as in the solutions obtained for the harmonic
material the decay of the oscillations in the Cn's is faster for
solution 1.

In figures 5.1 and 5.4 the horizontal and vertical displacements at
the surface for the two solutions are plotted, again the motion is
retrograde as is expected but the displacements differ considerably from
those for the standard Rayleigh wave, which are sine and cosine functions.
The vertical displacements at various depths are shown in figure 5.5.
The particle paths at various depths are compared for the non-linear

waves and the standard wave in figures 5.2, 5.3 and 5.6-5.9.

2. We have also obtained solutions for which there is no change in

the wave speed that is « = 0. We then make the substitution nCn = Qn

and obtain the equations

n-1 ® '
= =]’2"..
521 8ansQn+s 0 ’ "

r=1 0LI"NQY‘(\)Y'I-Y‘ *

This system of equations is solved in the same way as for the harmonic

compressible material. Again any multiple of a solution is also a
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N
solution and the Q,'s are rescaled after each iteration to make J Q2 =1.

n=1
31 is

given in Table 5.3 for the first 20 Qn/r and C. /7, © being an arbitrary

The Qn's were found to converge and the solution obtained when N

parameter. For even n Q, and hence Cn are zero. At the 13th iteration

Q,/t changed by less than 3.10"° and for n > 20, ICn/TI < 5.1073,

The displacements at the surface are shown as are the particle
paths in figures 5.10 - 5.11, where we see that the sense of rotation
changes as the depth increases and the disturbance then dies away. In
this case where there is no change in the wave speed we can scale both
the wavelength and the amplitude independently, as there is an arbitrary

scaling parameter t in the Cn's.



- 148 -

Table 5.1 Solution 1 for « 0

n Pn Cn/K
1 1.0148 1.0148
2 -1.2198 -0.6099
3 0.9512 0.3177
4 -0.4709 -0.1177
5 -0.0304 -0.0061
6 0.4050 0.0675
7 -0.5665 -0.0809
8 0.5031 0.0639
9 -0.2724 -0.0303
10 -0.0235 -0.0023
11 0.2744 0.0249
12 -0.3980 -0.0360
13 0.3644 0.0257
14 -0.2008 -0.0143
15 -0.0226 -0.0015
16 0.2205 0.0138
17 -0.3228 -0.0193
18 0.2998 0.0166
19 -0.1648 -0.0087
20 -0.0243 -0.0012
21 0.1963 0.0096
22 -0.2883 -0.0131
23 0.2689 0.0117
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Table 5.2 Solution 2 for « # 0

n Pn Cn/K
1 1.8180 1.8180
2 4.8745 2.4372
3 -4.,2058 -1.4019
4 -0.6153 -0.1538
5 0.0314 0.0063
6 0.6379 0.1063
7 2.2932 0.3276
8 -2.3504 -0.2938
9 -0.2944 -0.0327
10 0.0699 0.0070
11 0.4646 0.0422
12 1.5247 0.1271
13 -1.7541 -0.1349
14 -0.1698 -0.0121
15 0.0892 0.0059
16 0.3921 0.0245
17 1.1502 0.0677
18 -1.4594 -0.0811
19 -0.0954 -0.0050
20 0.1022 0.0051
21 0.3521 0.0168
22 0.9241 0.0420
23 -1.2871 -0.0560
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Table 5.3 Solution for « = 0

n Qn/r Cn/r

1 0.6614 0.6614
3 -0.3459 -0.1153
5 0.2453 0.0491
7 -0.1956 -0.0279
9 0.1655 0.0184
11 -0.1451 -0.0132
13 0.1305 0.0100
15 -0.1197 -0.0080
17 0.1116 0.0066
19 -0.1059 -0.0056
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Figure 5.1 Horizontal and vertical displacements at the surface for

solution 1
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X=0.3

Figure 5.2 Particle paths for solution 1
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Figure 5.3 Particle paths for solution 1
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Figure 5.4 Horizontal and vertical displacements at the surface for

solution 2
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Figure 5.5 Vertical displacements at various depths for solution 2
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Figure 5.6 Particle paths for solution 2
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Figure 5.7 Particle paths for solution 2
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Figure 5.8 Particle paths for solution 2
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Figure 5.9 Particle paths for the standard Rayleigh wave with C; = 1.8
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Figure 5.10 Horizontal and vertical displacements at the surface for

the solution with « = 0
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Figure 5.11 Particle paths for the wave with « = 0
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CONCLUSION

In Chapter Five we have seen how to construct solutions for
Rayleigh waves on an incompressible material using the method based on
Fredholm's alternative theory introduced in Section 3.5. In Chapter
Four we considered Rayleigh waves on the surface of a compressible,
harmonic material. In both the compressible and incompressible
materials we have obtained two periodic solutions travelling at a speed
different from the standard Rayleigh wave speed and a solution
travelling at the same speed. The solutions obtained for waves
travelling at a speed different from the standard Rayleigh wave speed
have very different elevations and particle paths from the standard
wave, although as the depth increases the waveform tends to a sinusoidal
form.  Solutions 1 are similar for the two materials as are solutions 2.
In Chapter Four we also attempted to find non-periodic waveforms,
however we were unsuccessful in obtaining convergence of the numerical
procedure.

For the solutions obtained the steeper slopes for the elevation
suggests that for a given peak displacement the maximum surface
accelerations are considerably greater than for a standard sinusoidal
waveform having the same amplitude. The acceleration of the wave is
significant for earthquakes.

In figure 2 we show how the speed varies with the strain amplitude
for the different solutions obtained. The cases of waves travelling

faster and more slowly than the standard wave are included.
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Figure 2 The dependence of the speed on the fundamental amplitude [Cll
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PART III
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INTRODUCTION

In the following two chapters we consider the analysis of a
fibre-reinforced material in the form of a belt stretched round a
system of pulleys. A great deal of attention has been given in recent
years to studying theAmechanics of a material reinforced with strong
fibres having high extensional modulus (52). There are many materials
of this type both artificial and natural. The fibre-reinforced
material is regarded as a material with certain properties which may be
specified for the composite as a whole. Although we are concerned
primarily with continuum theories and macroscopic models of material
behaviour, the properties of the composite material derive ultimately
from the properties and geometrical arrangement of its constituents,
this is considered in Section 7.6.

Static deformations have been analysed using many different
theories (44), whilst dynamic disturbances have been analysed mostly on
the basis of small deformation theory (51) or of acceleration wave theory
(16).  Fibre-reinforced materials exhibit highly anisotropic elastic
behaviour in the sense that their elastic moduli for extension in the
fibre direction are frequently of the order of fifty or more times greater
than their elastic moduli in transverse extension or shear. For this
reason an approach commonly used for large deformations is to consider
'ideally reinforced' materials (44). In this Pipkin and Rogers assume
that the material is incompressible, that the fibres are inextensible and
are continuously distributed throughout the material. Although no real
material satisfies these constraints, the application of this ideal
theory gives a good description of materials for which the bulk modulus

and the extensional modulus in the fibre direction are large in



- 166 -

comparison to the shear moduli of the composite. Pipkin and Rogers
show that plane strain static deformations with a reference
configuration in which all fibres are straight and parallel are simply
descrjbed. They show that every kinematically admissible deformation
is also statically admissible. In (43) they consider a specific
mixed boundary-value problem of a slab of fibre-reinforced material
deformed so that one side parallel to the fibres is bonded to a rigid
wall, in which case more than one kinematically admissible deformation
satisfies the prescribed displacement boundary conditions. Pipkin
and Rogers (43) show how to determine whether or not a given
kinematically admissible deformation furnishes a solution, by using
the prescribed traction boundary conditions. Pipkin and Rogers (43)
also point out that solutions using the inextensible theory frequently
predict the existence of singular fibres or sheets of fibres which
carry infinite stress, but finite force. These singular fibres may
occur either adjacent to the surface of a body or in its interior.
In the case of incompressible plane strain, it is also possible for
normal curves to be singular.

In (49), Rogers and Pipkin apply the general theory developed in
(43) to the case in which the fibres are initially curved. The
example they consider is that of a pressurized tube. They conclude
that using the constraints of incompressibility and inextensibility
the deformation of the tube can be completely specified when the shape
of the deformed inner surface is known. A constitutive equation is
not needed in determining the shape but only to evaluate the resultant
shearing stress over a radial cross-section of the tube wall. A
limitation of this theory using the constraints of incompressibility

and inextensibility is that although the deformation is completely
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determined, the stress field is still ambiguous to the extent of a
tension which is constant along each fibre and the pPressure arising as
a reaction to it. Rogers and Pipkin note that this tension could be
determined by formulating a theory of small displacements for slightly
extensible and compressible materials, which is superposed on the
solution for large displacements already obtained.

As has already been mentioned, a mathematical consequence of
considering inextensible fibres is the occurrence of singular sheets
of fibres which carry infinite stress but finite force. Everstine and
Pipkin (12) demonstrate, by considering some simple examples, that
these singular sheets of fibres represent narrow bands of intense stress
concentration. Everstine and Pipkin show that if % is a characteristic
length of a problem, then these bands have width of order (uL/E)%R
and along them the stress decays in a length of order (uL/E)—%Q, where
u 1s the shear modulus and E the extensional modulus. The inextensible
theory corresponds to the limit uL/E -~ 0. Thus for “L/E << 1 the
singular fibres represent boundary layers across which certain components
vary rapidly. Everstine and Pipkin point out that the equations are
of a suitable form for the application of a boundary layer and singular
perturbation analysis. In (13) they develop such an analysis and apply
it to the problem of the deflection of a cantilever beam under end
load.  Spencer (53) further develops this theory and compares its
predictions with some exact solutions in anisotropic elasticy. He does
not assume that the material is incompressible as well as inextensible
in the fibre direction, and includes the case of plane stress as well
as plane strain. He shows that the problem reduces to the solution of
Laplace's equation for the two displacement components in appropriately

scaled coordinates. Spencer remarks that it is often possible to



- 168 -

analyse the stress and deformation in boundary layers without requiring
a complete solution elsewhere, and that since boundary layers are
usually the regions of greatest stress, it is often sufficient to be
able to analyse these regions.

In (40) Parker considers plane strain disturbances of a slab of
ideal fibre-reinforced material of uniform thickness with a reference
configuration in which all fibres are straight and parallel. He notes
that at each point the tangent and normal to the current 'fibre direction’
are important and changes to 'fibre-normal' coordinates (s, X,), where
at each instant the curves of constant X, are fibres, whilst s = constant
denotes that plane cross-section which is normal to the fibres and for
which s measures length along some reference fibre. Parker shows that
all kinematically admissible plane strain disturbances are also
mechanically admissible, which is a generalization of the result obtained
by Pipkin and Rogers (43) for static deformatijons.

In the work presented here a fibre-reinforced material is
considered in which the fibres are initially concentric circles. The
problem of a fan belt stretched round pulleys is that considered by
Everatt (11), but the approach here differs from that used by him in
that in a similar way to the method used by Parker (40) we change
coordinates to (R, s) where R measures distance along fibre normals and
s is constant along fibre normals. In Chapter 6 we consider the theory
for a belt stretched round an arbitrary number of pulleys, before the
particular case of a belt round two pulleys is analysed in more detail
in Chapter 7.

Everatt only considers the ideal theory and hence does not
determine the arbitrary contribution to the tension which is constant
along each fibre, which has already been mentioned in connection with

the work of Rogers and Pipkin (49). To determine this function we
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consider the case of fibres which are slightly extensible. We also
consider this case to examine the boundary layers in more detail.
Within these the fibres are subjected to large tractions which are
required in order to balance the large gradients of shear which occur
near boundaries of highly anisotropic materials. It is found that
the large stresses are indeed confined to narrow layers near the
surfaces for a range of geometrical parameters. This situation,
where the fibres are slightly extensible, may be regarded as the start

of a perturbation process.
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CHAPTER 6

THE GENERAL THEORY FOR A FIBRE-REINFORCED FAN-BELT STRETCHED

ROUND A SYSTEM OF PULLEYS

6.1 THE EQUATIONS OF EQUILIBRIUM IN POLAR COORDINATES

The belt is assumed to be reinforced by virtually inextensible
fibres lying in closed curves parallel to the surface of the belt.
The fibres are assumed to be continuously distributed throughout the
cross-section. The belt is assumed to be initially circular with
inner radius Ro’ moreover we assume that it deforms only in plane
strain. To analyse the configuration of the fan-belt, we consider an
element which is deformed as shown in figure 6.1, where 6 is the
inclination of a fibre to the reference direction, A is the fibre

elongation, AB = A is the diTation and y is the shearing.

A

St ARS® ¥BSR

O
l & BSR
x(

Figure 6.1 An element in a typical state of deformation

R
X2

In plane strain, the deformation gradient has components

where (x;, Xp) are Eulerian coordinates and (X;, X;) are Lagrangian
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coordinates. Making the transformation to polar coordinates (R, 0)

in the reference configuration where

X1 = Rcos o , X2 = R sin @

leads to
. ) .

ax] = cos O X3 _sin o axi

58X, 3R R 0

X - sino IX; , Cos @ X,

X, aR R 930 °
for i =1, 2.

Therefore, the deformation gradient F is given by

8x1 1 Bxl
= [ — - — cos © sin ©
3 R R 20
3X X
2 1 2 .
— - — -sin © cos ©
3R R 90 31
8, 1 9X1| .
Now —— = Bcos 6 -vBsing, =—— = - A sin 6,
3R R 30 |R
S
8x2 8x2
—_ = Bsin o6+ yBcos 6, —— = A cos 8
3R | Y * R 70 | ’
0
where A and B are as shown in figure 6.1.
Hence
F = [cos ® -sin 6 B 0 cos © sin 0},
sin o CoS 9 YB A -sin 0 cos ©

which we may write in the form KBHT,

~ o~
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where

(Y vs)
"
o)
(@)

YB A
and K, H are the orthogonal matrices

K = {cos 6 -sin © , H =/ cos o

sin CoS 6 sin o
The compatibility conditions
5 [axil o 3X1
36\ 0R) a‘a(‘a?]
must be satisfied for i = 1, 2.

For i = 1, this gives

-sin 0
Ccos 0

( .
g%(B cos & - vy B sin 8) = g%t- AR sin e]
that is
B . . a6 a6 oY .
5glcos 8 - v sin 8) + B[- sin & -5 - v cos 8 == 3 Sin o
. dA . a6
=-Asin e -—Rsin6 - AR cos 8 —&
°R R sin 0 3R
and for i =2
9B, . 36 . 36 | 3y
— 8 — - — + =L cos ®
8@(sm & + Yy cos 8) + B(cos 0 ysing YR co
=Ac058+—%RCOSS-ARS1'n6éQ.
aR oR

Eliminating sin 6 and cos 6 from these gives



- 173 -

3B 26 _ L, 20
55 Bs5 = AR (6.1.7)
and v %% + B %9 + B %1- = A+R %% (6.1.2)

We let Tij denote the components of the Piola-Kirchhoff stress,
Tiij the i component of the traction on an element of surface having
unit normal N in the reference configuration. Then for equilibrium of

plane stress deformations we have

which can be written in the form

_§_ 1 N _§_'—- 1 @] =
BR[?(Til cos o + Tiz sin @Zl + BGL_ T1.1 sin © + Tiz cos 0 .

(6.1.3)
We define t = TH, where H is defined as above,
then T, T Ti1 Cos 0 + T1.2 sin @
and Ti, = --T1.1 sin © + Tiz cos ©
so (6.1.3) gives
9 9 = 6.1.4
‘Eﬁ'(R %)t e (T2 0. ( )

If W is the strain-energy function, then

oW
T., = =2
ik aFik
oW
hence Ti . = -ﬁ-l—k' HkJ

We define C

1l
1y
[

I

s
o9
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= ( B cos 8-y B sinoe - Asins (6.1.5)
B sine ++y B cos s A cos 8
= ( C1y ClZ)
Ca1 Ca2
T

Hence F = CH ,

which may be written in component form

Pk = Corfler
Then M - —Eﬂ—-iE&E
C..  5F., oC..
0 i 2k 713
_ oW
= H
3F1k kJ
=T'ij
. . oW
is equivalent to
aFij 1]
W 3W BA L W 3B, oW 3y
Hence 1 = 3C - A —C- 38 3C + 3—-53-.

To find expressions for Tij we therefore need to write A, B and v as

functions of Cij’ these we obtain from (6.1.5) as

3 - C..C
2 2 1@ 11 22 12721
A = [clz s sz} . B = ,
vlclz + szJ
C21C22 * C11C12
Y =
C..C -C. C

11 22 12 21
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Hence

s 2 Mg g My

11 o = 5g Cos © Y T (-sin & - y cos &) ,
S W W e o W B W (1+v2)

le = aclz = A sin 6 3B T C0S 9§ + B_‘Y K cos 6 ,
oW oW . W T .

T,, = i, =g Sin © B.(cos 6 - vy sin 8)

_ W _ oW W B §1+Y )
= = cos 6 - B A sin 6 + Fo sin 6 .

T
22 = 3C,, oA

These may usefully be expressed by resolving tractions along and normal

to the fibres, defining £ = K'z, which implies that

;o= f MW _y oW _¥B oW, 1+v2 au
~ 7] B B a3y A 3B A oy
1 oW W
B oy 3A
_M [0 o), /1 ZE
Y 3B
0 1 0 0
MW/ oy 1+v2
Y B A
(6.1.6)
]
T 0

into the equilibrium conditions

Substituting the expressions for T4 3

(6.1.4) we obtain

oW : -
3?[ 3B R cos 6 + R ( sin 6 - y cos e))

3 oW _ 9W B W (1+ y 2) } -
+56[-3A51ne BBAC058+BY cos 9 = 0
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o (oW . w R )
3 (oW _ W B 1+y
+ ae(aA cos © B A sin 6 + =X J = 0

Eliminating sin 6 and cos o6 from these we obtain

L(R[B_W ] %ﬂﬂ?i(' B (157) )

- §'5§'3ﬁ" A0 - 0 (6.1.7)
and
3 (R W) . 3 (oW BW v 3W] 98
e =) * o) * R0 E IR
_ B AW (O+y2) sWlae  _

We may regard these as the equilibrium equations resolved along and
normal to the fibres.

For an ideal material, which is incompressible and inextensible,

we have the constraints A = B = 1 and we replace 3% aw by undetermined
multipliers, so (6.1.1) and (6.1.2) give
36 _ p 98
Y3 - 3R
that is 8 is constant along do ..y
dR R
and JL-(G +v) = A =1
30
so that o +y = o + r(R) , (6.1.9)

where T(R) is an arbitrary function. This suggests the change of

coordinates introduced in the next section.
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6.2 THE CHANGE TO CURVILINEAR COORDINATES ALONG AND NORMAL TO THE FIBRES

As was stated in the previous section, for the ideal case A =B =1

and also 6 is constant along the lines %% = - %% . Therefore, as was

mentioned in the introduction to part III, we introduce a label s which
is constant along the fibre normals and is such that Ros measures the

unstretched distance along the reference fibre R = R_;

0’ then s = s(R, ©)

satisfies

S Bas _
ARBR Y"ﬁ-o.
We now change to independent variables (R, s) where ¢ = o(R, s)

is determined by %%-= - 18 8(Ry> s) =s. The other first derivatives

of §, denoted by & = g% , satisfies the compatibility condition

3R 3R {3s 3s 9R 3s AR
.32 a3 [yB) _ : -
that is =x + 55 \ﬁﬁl = 0, with Q(RO, S) 1.

We are changing coordinates from (R, ©) to (R, s) so that derivatives

are transformed as:

- _8_] +_YB__8_’
3R] g 3Rl ARL 3s{p
_a_l ; l_a_|
BGR SZ,BSR

The compatibility conditions (6.1.1) and (6.1.2) become

198 +YBas _ _ 36 yB 96

290 1= 298 = AR &2 _ 12 2%
g 9S 2 23S R 2 23S

and
y 9B , B 36 _ B3y _ 3R, yB 3A
235 T 7 s 15 A+ RaR AL 3s
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which imply

se _ __1 3B

) AR2 3s
and

B 36

AL

_ B 9 oA B 3A oB
A-229Y OR L YD OA _ Y 9B
2 3S * R 3R * 9S % 3s

(6.2.1)

(6.2.2)

After transformation to coordinates (R, s), (6.1.7) and (6.1.8) become

+li(-ﬁ_8_W_ (+y2) 3W) _ R 3Wfs8
% 23S A 3B A 3y B 3Y\3R

1 oW _
S
and
2EM 2R 1 (o
5R\B 3v) * ARZ 35\B 3y) T ¥ 3s |%A)
+R(aw_ aW) (36 , yB 36 [:{an
3B ~ B 5vj{sR = ARt 3Js A SB
Now
_ -1
tij = (det F) Tiijk
and
det F = det(K B HT) = det B = AB
so that
]
ti; = A ik Mk -

(6.2.3)
A 3Y) L 23S
(6.2.4)

The Cauchy stress t can therefore be written in the form

t = '59'5T
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where

1 T
g = ag LB

H

that is, from (6.1.6)

_ 1 oW
g'ﬁa(

1 W -y 1
B 3y
1 Y

We now define two new functions T and p by -p = 0,,5, T = 0,,, Where p

I>

(e] o
-— o
\___/
+
j;.i._a
| Q@
& 2
— NN
() —
(o) (]
N~—

is the transverse pressure and T is the tension in the fibre direction,

these imply

p = Af3W _y 3W |
_T[aW L vy oW
T = B(5K + K-s;} (6.2.6)
which give
- - 1 3W

7 - P W :
1 3W
By

Substituting the expressions (6.2.5) and (6.2.6) into the equations

(6.2.3) and (6.2.4) gives the following equations

5 YB 3 1 3 'I_B_W}_RBWBS
G (RAR) + 3 e (o) v [vep x5 - 53
B .38 _
-T2 = 0 (6.2.7)

and
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- RAp|28 4+ XB 36) 1 30 13
RAP[BR ¥ ARz asl " {YBP +K§J =0, (6.2.8)

. (6.2.9)

Substituting for-%% from (6.2.2) gives
9 a0 _ :
A o (Re) - B 5 - T Ry — . (6.2.10)

S

Using (6.2.1), (6.2.2) and (6.2.9) equations (6.2.7) and (6.2.8) become

%-?-[ﬂ] - A= (Rep) - AT -2 (aR)

39S 13y 3 3R
_ 3A 1 aW(1 A 1 9B

and

N
Ji{Rzéﬂj +3?H-EL (2R) + B2 a7

oR Y 9 aR as
Ry oW 3B Rz 3W 3A
(.B__BTY- - (T+p)8¥ -TWE_R- P) (6.2.12)

We therefore have to solve equations (6.2.1), (6.2.2), (6.2.10), (6.2.11)

and (6.2.12) for vy, p, T, 2 and 6. In the next section we consider
solutions to the problem with A and B close to 1, that is solutions for a

material which is nearly ideal.
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6.3 DETERMINATION OF THE GEOMETRICAL CONFIGURATION USING THE IDEAL THEORY

We are seeking solutions for a material which is nearly ideal, so

we write A =1 + eZA1 and B =1 + 8281. We also define g%-s G. We

regard equations (6.2.1), (6.2.2), (6.2.10), (6.2.11) and (6.2.12) as of

the form
= = f(R ), (6.3.1)
aiR (4R) - % = (R, s) , (6.3.2)
'a% (v+8) - 2 = f (R, s) , (6.3.3)
B - (Rp) - TR (R) = fR ), (6.3.4)
2 (2R6) + G Fx (4R) + g_z = f5(R, s) . (6.3.5)

For the outer solution, that is the solution away from the boundaries,

the fi's are 0(e2) and hence vanish in the ideal theory. The functions

fi(R, s) are given by

fi(R,s) = - ﬂ%f'%g >

f,(Ry s) = (1-A) g% (Re) - (1-B) %9__ R; %% ,

FLRys) = (1B) & (o+y) - (1-A)2 + Re om 4B 2R 28

f (R, s) = - (1-A%) é%-(Rzp) - (1-A2) T é% (2R) + (T+p)R2A %%

1 3A 1 3B
+ G(K‘a—s'ﬁ-a-g]
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) 3T . (Re 38 R2G 3A
f(R,s) = (1-82) 3T+ (Rt - (rappp] 8. HE A

We seek solutions to the system of equations (6.3.1) - (6.3.5) with vy,
Py T, 2 and ¢-s periodic in s of period 27 for all R in R, <R <Ry,
where R, is the initial external radius of the belt. Clearly, from the
definition of the fi's they will then be periodic in s for all R in
R, < R < R}. The compatibility conditions ensuring that this is possible
give the information needed to determine the arbitrary function which

the ideal theory contains. This is similar to the way in which
compatibility conditions in the Rayleigh wave problem singled out certain

waveforms from an arbitrary function.

Integrating equation (6.3.1) with respect to R gives:
8 = y(s) + Fl(R, s) (6.3.6)

R .
where F (R, s) = f f;dR
Ro
and y(s) is an arbitrary function. The function F, (R, s) is periodic

in s, since f (R, s) is periodic in s, hence y-s is periodic with
period 2w.
Substituting for-%g in equation (6.3.2) and integrating with respect

to R gives
gR = ¢'(s) + Ry'(s) + RF (R, s) (6.3.7)

where ¢'(s) is an arbitrary function and F,(R, s) is defined by

1 aFy ] >
F, = EfRO(_as—Jr £,|dR .

We have chosen Fz(Ro’ s) = 0, so that the boundary condition Q(RO, s) =1

then yields the condition 1 = y'(s) + 97551 . We therefore choose:
0

$(s) = Ry(s - w(s))
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and rewrite equation (6.3.7) as
SR = Ry + (R - Ry)y'(s) + RF,(R, s). (6.3.8)

Substituting for ¢ in equation (6.3.3) and integrating with respect to

s gives:

0

RO R =R
p = — S +
., "

R lw(s) + T(R) + F (R, s), (6.3.9)

where T(R) is an arbitrary function and F, is given by:

S

Fy = | (F, + F,)ds .
0

From (6.3.9) we find that
Y(R, s + 2m) - v(R, s) + 8(R, s + 21) - 8(R, s)

R -R
- Tg 20 + [ x Ol(w(R, s + 2m) - Y(R, s ))

+ F3(R, s +2m) - F4 (R, s)
However, v, s-¥ and s-6 are 2m-periodic in s, hence we must have
F3(R, s +2m) = F4(R, s).

This requires that:

27+S
f (fy + F,)ds = 0 for all s,
s

which is satisfied whenever

2m

f (f; + F,)ds = 0. (6.3.10)
0

We now consider the boundary conditions. We let P+(s) and Q+(s)

denote the tangential and normal tractions applied over the surface R = R,
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and P (s) and Q (s) denote those over the surface R = R,-  Hence:
G(Ry> S) = PT(s) ,  G(R,s) = P(s)
- +
p(R09 s) = -Q (s) , p(Rls s) = -Q (s)

as is shown in figure 6.2.

Now W = W(y,A,B), and in a similar way to that used by Green (16)

we introduce W the Legendre transform of the strain energy W by

W = W(v,A,B) - WAA - wBB
and define

WA = T1 . wB = T2 (6.3.11)
Then

le A, sz B and v y (6.3.12)

The assumptions A = 1 + e2A;, B = 1+ ¢2B; imply that:

82 A ~

N r n n R ~
W = Jg(y)dy -T, -T; - l (ay1Ty + 201,T1T, + ag,Ty) + 0(e™)
(6.3.13)

1

where a,,, a,, and «,, are the compliances, which are assumed to be

constant.  From (6.3.12) we therefore deduce that:
Ay = o Ty + a0

B T T

1 ajply Tagylse.

Substituting for T,, T, from (6.3.11) using (6.3.5) and (6.3.6), we

obtain expressions for A; and B;:

Ay = a1yBT - aj,Ap + %g (@15A - a;,B) (6.3.14)
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G
B1 = 15BT = ay,Ap + 55 (a50A = o;,B) (6.3.15)

-~

From equation (6.3.13) for ﬁ, we see that %% = g(y) + 0(e2). Now,
oW _ oW

oy G, hence we see that the dominant dependence of G is on y and
we choose G = G(y).

In general, using the formula already obtained for y in equation
(6.3.9), the calculated shear stress G is not compatible with the applied
shear tractions. As has already been mentiéned in connection with the
work of Pipkin and Rogers (43), this is resolved by including concentrated
loads acting along the boundaries. The consequent high tensions T
along the fibres are balanced by large values of %% . The severe
gradients of shear allow G to adjust to the boundary conditions through
a boundary layer as has been demonstrated for linearised static
deformations by Everstine and Pipkin (13) and by Spencer (53).

We define L (s) and L+(s) as the concentrated loads carried by the
layers immediately adjacent to the surfaces R = Ry, R; respectively:

Ry"

L7(s) = J TR, LYs) = J TR ,

Ro
where the boundary layers are of thickness R,” - Ry and R, - R,
respectively. For the ideal theory L™ and L™ are concentrated loads
and for the boundéry layer analysis L~ and L™ are given by ‘'inner'
expansions. Similarly, we let G+(s), G (s), p+(s) and p (s) denote the
shear stress and pressure adjacent to each of these layers; they are
predicted by the outer solution, being the inner 1imits of the outer
behaviour. These are shown in figure 6.2.

Integrating equation (6.3.4) through the boundary layer R_l to R,

we obtain the equilibrium equation:

d Ry 3F
R Ry, $)[Q7(s) + pT(s]] - LT(s) g¢ JR‘ f, + T, + T 75‘1] aR
1

(6.3.16)
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Figure 6.2 Forces acting on the boundary layers at R = R, and R = R;

and the resultant loads L™ and L~ within these layers.

and similarly integrating equation (6.3.4) through the boundary layer

R, to Rg we obtain
- - - gy v
“Ro2(Rg, s)[p (s) + Q7 (s)] - L ($) Ts

R°+r 3F

1
=JR o+ TH + TSR (6.3.17)
0

Integrating equation (6.3.5) from R-1 to R, gives

. _ _ R °F
&+ 2Ry, IR |PT(s) - e*(s)_i - JRI_ECS - Gf, - Ga—sl]dR (6.3.18)
1

+
and integrating this equation from R0 to R gives:

0

d i iy, s)%E;'(s) -7 (s)] - JE?ES - Gf, - G%dR. (6.3.19)
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Integrating equation (6.3.4) from R; to RI through the belt and

defining the resultant load
Ry
U(s) = [R+ TdR + L¥(s) + L™(s) (6.3.20)
0

and the resultant shear load

Ry
¢
S(s) = } , GaR
Ry
gives
dS + =7
& 7 RsRLSIT(s) + Ra(RL$)PT(s) - SEu(s) - LT - L]
R, 3F =
= f o |fy + Tf, + T =—|dR
R
0
and
du _dLt _dL” + - dy
Fri: e + R l(R )G - Ry4(R,»8)G + S(S)'HE
RI oF
- J [fs - 6f, - G ——{]dR
R+

Substituting for p', p, %ET and it from equations (6.3.16) - (6.3.19),

these equations become:

dS + - dy
rr R 2( 1,s)Q (s) - ROQ(RO,S)Q (s) - U =
R, oF |
- [ (f, + TF, + T —=)ds (6.3.21)
Ry
and
dU +y - dy
e + R z( 1,s)P (s) Roz(Ro,s)P (s) +S e
Rl aF1
] I (f5 - GF, = G —=)dR (6.3.22)

R(]
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The right-hand sides of these equations are small, since in the 'outer'
region the functions fi and Fi are 0(e?) so that the integrands are small
and the region of integration is small in the 'inner' regions.

In the ideal case the fi are zero, i=1,...,5, so that in this

case (6.3.21) and (6.3.22) become:

ds + -

S+ R(RLS)AT(s) - R 2(R,)Q(s) - U -g-ii = 0 (6.3.23)
and

D 4 Rya(RyLS)IPH(s) - RyL(R,S)PT(s) + § & .o (6.3.24)

On the unloaded portions, that is the free sections of the belt between

the pu]]eys,P+, P™, Q" and Q" are zero and hence (6.3.23) and (6.3.24)

reduce to:
dS dy _
s Wg =0
and (6.3.25)
du dy _
ra + S I 0

on these portions, also since we are considering the ideal case &8 = y(s).

We therefore obtain the solutions

Y cos © + Z sin ©

w
I

(6.3.26)
-Y sin & + Z coS 6

c
1}

on the unloaded portions. These show that the resultant load is constant

with components Y and Z.
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Figure 6.3 The resultant loads acting on the belt

We now turn our attention to the equation for the tension.
Considering this for the ideal theory and applying the periodicity
constraint yields an equation for r(R) the arbitrary function introduced
in the expression (6.3.9) for y which in the ideal case reduces to

R, |

v = 5 (s=v) + I(R) . (6.3.27)

Integrating equation (6.3.5) with respect to s gives for the ideal case:
Sy 3 T

T+ | L—aﬁ(zRG) 62 (zR)st = T,(R) .

Now we are restricting attention to G = G(y) and Treloar (56) shows that
G proportional to yvis a good approximation to the experimental data,
where the constant of proportionality is the shear modulus. We may

therefore non-dimensionalize all stresses and loads with respect to this

modulus and take
G = v (6.3.28)
Substituting for y from equation (6.3.27), the above equation reduces to:

T +.%{(s-w)w'ds + T(R)y(s) + é%.[ﬁé%&l ds + r'(R)s

v L (soves + R-11(R)| [ (s)ds = To(R) (6.3.29)
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Now T must be periodic in s with period 2r and hence writing T(R,s,) =
T(R,sq + 27) and using the fact that xp(sO + 27) - ¥(sy) = 27 for all s ,

we may obtain from (6.3.29) an equation which r(R) must satisfy, namely:

L RI(R)) = ~(sg + 7 om

JSO+2ﬂ
2m

pds) . (6.3.30)
S0
It may easily be shown that the right-hand side of equation (6.3.30) is

independent of s,. We therefore choose s; = 0 and obtain

2T
1
r(R) = - %-(ﬂ - 5;.J0 yds) + %% , (6.3.31)

where k is a constant.

In the ideal case (6.3.18) and (6.3.19) become:

+
QaLS_ = R,%(R;,8)|G (s) - P7(s)

and

L = Ru(RS)[PT(s) - 6T(s)

—

If we are considering a belt which is stretched round the pulleys so that
the same surface is always in contact with the pulleys, the pressure
applied onthe outside of the belt may be taken to be zero, that is PT = 0

for all s. Hence, substituting G = y in the above, we obtain:

dt _ [ o g ]r R N
= \_RO + (Ry-Ry)v'(s) us v) = r(Rl)_l (6.3.32)
and
4 - Roz(Ro,s)‘f-(s) - (s-y) - r(RO)J . (6.3.33)
Now LY and L™ are 2r-periodic in s, so that
(Sotem at
- 6.3.34
J TEF'dS 0 ( )
S0
and
s +21 . -
0 " dL _ 6.3.35
j T ds 0 ( )

So
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for all S,- Equation (6.3.34) therefore implies that

[SO+2ﬂ

2ns. + 272 -

0 yds + 2wR1r(R1) =0

for all s
b
Is, 0°

choosing Sy = 0 and substituting for T'(R) from (6.3.31) this reduces to:

R, = 0 hence k =0

r(R) = --% (n - g; I pds) (6.3.36)

Equation (6.3.35) implies that

SoFem _

J P(s)ds = 0 , (6.3.37)
30

Therefore, the integral round the belt of the shear loading on the internal

surface of the belt must be zero.

We now consider a portion of the belt connecting two pulleys, the

th th
)

17 and (i+] , Say. In general, we let the ith pulley be centred at

(Xi’yi) with radijus res the belt joining the pulley at an angle 855 _1 to

the reference direction and leaving it at an angle 85

%)

all

™

Figure 6.4 The geometrical arrangement of the belt round two consecutive

pulleys
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The pulley centres are fixed and the horizontal and vertical components
of the distance between them must be the same as those obtained from
integrating round the inner fibre of the belt. These restraints give

two relations between the angles and the distances:

B8n 2 .
_ - - _ (72i+1 sin 8
21
Bn -
- - : _ . 2i+1 cos 8
Yigr T3 T Ty ST 94 T Myyq ST Spqn ¥ | 5r(e) 4@ (6.3-39)

J
924
On the pulleys the radius of curvature of the belt is fixed, so that

on the pulley radius ris

v'(s) = %T (6.3.39)
1
therefore '
o(s) = =+ . (6.3.40)
5

The portions of the belt between the pulleys are unloaded so that P+, P,
Q+ and Q are all zero on these sections, and we have shown (6.3.25) that

in this case, for the ideal material
S = Y, cos 6 + Zi sin 9 (6.3.41)

for the portion of the belt between the pulleys of radii rs and R

However,
Ry
s = [ G
JRO
R, —
= J {?f (s-y) + F(RZJdR
Ry
Hence:
R R,
S = Ry(s-) wn o+ J F(R)dR . (6.3.42)
0
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Equating the two expressions for S in (6.3.41) and (6.3.42) we obtain

R, (R

Ro(s-v) wn o= + J 1r(R)dR = Yicose + Zisine .
R

0

Differentiating (6.3.43) with respect to s gives:

R
- ! __]:_ - - 7 1
Ry(1-¢") 2n R, ( Yis1nel+ Zicose)w .

Hence

dy Ry2n(R;/Ry)
ds Rozn(Rl/Ro) - Yis1nw + Zicosw

which may be integrated to give:

R

Rozn-ﬁL (v=s) + Yicosy + Z.siny = constant

0

on the free portion of the belt between the pulleys radii rs and r,

(6.3.43)

(6.3.44)

(6.3.45)

i+1°

We now consider the pulley radius r, and suppose that we apply a

torque of moment Mi on this pulley. Taking moments about the centre of

the pulley, Oi’ we obtain:

Figure 6.5 The load acting on the belt round the ith

pulley
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However, from (6.3.26):

u = —Yisine + Zicose
Hence
Mi = ri[} Yis1n921 + 21CO5621 + Yis1n621_] - Zic05921_i1 (6.3.46)
and also
21 -
Mi = —r.[ P.(s)ds . (6.3.47)
R i

2i-1

In this section we have, therefore, shown how to obtain the
geometrical configuration using the ideal theory. The periodicity
constraints have been employed to determine the arbitrary function T(R)
introduced in the solution for the shear vy and the tension determined to

within an arbitrary function T,(R), which is constant along the fibres.
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6.4 CALCULATION OF THE TENSION FUNCTION T,(R), WHICH IS CONSTANT ALONG
THE FIBRES

The configurations in the previous section, described by the ideal
theory involve an arbitrary function T,(R), which can be obtained only by
considering the effect of small extensibility and compressibility. We

are considering a regular expansion and returning to equation (6.3.10)

we find on substituting for F, that:

(2m 1 R
} (f, R f fodR)ds = 0 . (6.4.1)
0
Now,
- _RYy o _ 1. 3A 4B 3A 3B
f, = (1-B) v (e+y) - (1-A)2 + Re Rt R 35 Y s
J
and f, = (1-A)—3%(R2)-(1-B)—§%-R2—3%
where A = 1 + ¢2A,
and B =1+ ¢2B;

so that, within the belt:

— aA1 aA1 an-
fy = _(Al'Bl)l + R2W+ Y5 T Y B_S,_ + 0(e*)
and
p aAfT 4
f2 = _(Bl‘Al)\P'(S) - Rg —3—R—_l + 0(€ ) .

Substituting these into (6.4.1) gives

2m dA 3A 9B, . R
4{ [(Al-Bl)SL + Re —§R—1 + v -a—sl— -y 55t Jﬁ v (S)I (B1-Ap)dR
0
R 93A;
; ‘Ef R~ dRst - 0(e2) . (6.4.2)

Substituting for A and B in (6.4.2) gives the equation:
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2n
fo {\:(ocll-a]_z)T - (alz'dzz)p + YG(Zalz-all_azz)]Q

3T 3 3
¥ Rz[%ll 5R = %12 5%'+ (alz'all)'gﬁ (YGZ}

3T 3
Ty [Eall'alz) 535 (o1p=ap,) SE'+ (2aqp-0q;-0,,) é%—(YGi]

R
1
+ ﬁ-w (s) I [} (all'alz)T + (a1z’a22)P - YG(Zalz'all'azzz}dR

| —

R
3T 3
J Rl[éll 3R T %12 5%'+ (0p0y7) é%'(YGi}dR}ds

= 0(e?) , (6.4.3)

We therefore need to substitute expressions for T and p in terms of

known functions and Ty(R) to determine an equation for Ty(R).
Integrating equation (6.3.4) for R; to R gives:
R ) R
27 aar - Rap 4 RpT(s) - () [ TR = 0(e2)
as + 0 +
Ro R,

We now substitute G = y from (6.3.25) into this to give:

R
' R - 1 -
[i - Y (s{lRO an Ry - Rep + Rip (s) - v (s) IR; TdR = 0(e?) |
Now from (6.3.17):
RepT(s) = - ReQ7(s) - LT(s)u'(s)s
hence
B R
Rep = (1 - w'(sZ)RO zn-%% - RpQ (s) - w'(s)[_L'(s) + {R+ Td%l

0
+ 0(e2) .

Also from equation (6.3.29):
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T = T,(R) - 5;0- [(s=opw'ds - r(R) [u'(s)es
- J% [:(RO + (R - Ro)lp')r%o- (s - v) + F(R)Hds
+ 0(e2) . (6.4.4)

In order to obtain an equation for T(R) we therefore write Q (s) and L (s)
in terms of functions already known.
From equations (6.3.23) and (6.3.24) setting P (s) and Q+(s) zero

since the outer surface of the belt is unloaded we obtain:

ds d -
% - U d—i’ = RyQ (s) (6.4.5)
dy dy -
TS qE = RP(s) (6.4.6)

On the free portions of the belt Q (s) and P (s) are zero, since these

sections are unloaded. We consider the situation on the pulleys, where

%% =-%T . Then, eliminating U(s) from equation (6.4.5) and (6.4.6) we
find
2 d Q.(s) R
9_§.+ _15.Q§. = R, 4 _3_pf(s)
ds p. 2 ds ds ry 1
;
where Q = Qi’ P = Pi on the pulley radius r. However:
R, R,
S(s) = Ry(s - ¥) 2n =t J T'(R)dR ,
0 R,

which implies that:

Now equation (6.3.47) gives

S .. M.
21 - = - 2 6.4.8
L P> (s)ds . (6.4.8)

2i-1
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e

rem .
and since from equation (6.3.37) J P (s)ds = 0, we have
0
S

2. _ M
) f ) Pi(s)ds = - (6.4.9)
b 52j—1 i

J#i

Hence, specifying a friction law will give one relationship between Qi

and Pi’ which will make (6.4.7) into a differential equation for Pi' The
conditions (6.4.8) and (6.4.9) determine the arbitrary constants introduced
in the solution of these equations.

From equation (6.3.33).

dL - S-
F = R - rRe))
hence
) s .2 S
L = RO Io P (s)ds - >+ Io pds - s ROF(RO) + u

where L™ (0) = n .

Also, from equation (6.3.22),

& e 0 note] [ - e e ]

hence

oN

S ' R, rS
[(s0)ds + (R, = Ry) g2 | ¥'(s=0)es
o o}

r_.

1]
;UI X
-

+ R T(R)s + (Ry = ROT(RJy(s) + 4

where L¥(0) = e

The constants u and u+ are obtained by considering the analysis of the

boundary layers on R = R, and R = R,, respectively.

Substituting these functions into equation (6.4.3) we find that
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the equation for T,(R) is of the form

r2ﬂ R R L R >
b(R, T,(R)dR(d 1
I fR ( s)URO o(RIGR| R ds + 1 ‘(Ro To(R)dR [O ¢(R,s)ds
+ d(R)To(R) + e(R)Ty ' (R) = f(R). (6.4.10)

This equation is analysed by defining

which gives

2m (R 1 2m
fo JR b(R,s)(R)dR + 7 ©(R) [ c(R,s)ds + d(R) t'(R)

+ e(R) t"(R) = f(R) . (6.4.11)

also r'(RO)may be obtained by specifying the load, which is equivalent to
specifying the separation L of the pulleys, see section 7.3. Solving
(6.4.11) with these boundary conditions then gives us the function t(R)

from which we may obtain the arbitrary function T, (R) in the tension.
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6.5 BOUNDARY LAYER ANALYSIS

In this section we determine the constants u  and u+ introduced in
the ideal solution for the concentrated loads L™(s) and L¥(s) on the
surfaces R = R, and R = R;.

In the boundary layers we write R = Ri + xl(e)p, i=0,1, with
o > 0 for the boundary layer near the inner surface R = R, and o < 0 for
the boundary layer near the outer surface R = R1 and where X, is a small
parameter with A, >0 as ¢ ~ 0. The exact equations written in the

boundary layer variables then become:

188 _ 1 52881 (6.5.1)
A (e) 30 ARy + a,(€)o)L = o5
X%Ex-gg (2(R; + xy(e)e)) - %g = - fffg)-gg (“(Ri + A (€)e))

r 28, 2_2 . (R, :lee)o) L2 _9;51_ (6.5.2)
él-(e +y) - = e?A;n - €?B é%—(e +v)

+ (Ri‘iltige)p)z g2 ég}-+ %g_sz ié}- - 2y %;} (6.5.3)

3 A (&) 90 Ay (€) 30 i
e?A e2A (T-p) 3
13 _ ! 3 ]
T A (€) o ((Ry + xy(e)o)2p) A (e) (2(Ry + Ay(e)e))
Ac?  3A ;oA 9B
+ (R.i + )\l(E)p) TR >\1(8) _5'_' + Gez(-A'—ga' - -B‘—ép—l (6.5.4)
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X;TET.SE (2(R; + X (€)0)G) ————T ap 2(Rs + 2, (e)o))

ME (T-p) = - ¢2B Ji.(T- ) + ((R 26 _ 15y .2 %,
3s 135 V7P i ¥ A(e)e) g - TB)e? o
2 g2 aA1

- 1 (Ri + 2 (e)e) MOED (6.5.5)

Now within the boundary layers the fibres are subjected to large stresses

in order to balance the large gradients of shear. From equation (6.5.5)

we observe that T = O(]/xl(e)), we therefore write:

then from (6.2.14) and (6.2.15) A, and B, may be written as:

a ~
1
= - + -
Al X1Z55 T %) 0P (alz SERALEE

and

a,,p + (a22 - alz)YG .

(o)
-
]
>
—
™
—

8 = eo + xl( ) +
o= 8t Al(e)ll +
Y = Yo+ A (e)y, *
P = Pg t Al(e)pl + ...
and substitute G = y. If we consider leading order terms, then

- © + 0 .

L - J do and LT - J Tdo, hence:
0 -

’(n

wm T | T_q(e,0)do
Jo

and

r O

W T_1(p50)do,

¢ a0

(6.5.6)

(6.5.7)
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where T = T_. + ()T + ....
The solutions in the boundary layers must also match with the
solutions in the main part of the belt. We choose xl(e) = ¢ and obtain

from equations (6.5.1) - (6.5.5) the following equations:

3o

0(1) in (6.5.1) 7§? = 0 (6.5.8)
oL

0(1/¢) in (6.5.2) 759' =0 (6.5.9)

. 9%y 98 T

0(1) in (6.5.2) Ri 7;;'+ 20 ~ s G allRigo —SS—- (6.5.10)
\ 3T 4

0(1) in (6.5.3) 5= (8g%7g) = 25 = Ryfga, —— (6.5.11)

3% 38 3T
3 0 1 _ -1
™ (gPo) - T'l(ap * Ry Bo} Ri2o (T_q#p_y)ey ) 5
(6.5.12)
3 8T_]
0(1/¢) in (6.5.5) 7= (44Rpvy) + == = 0 (6.5.13)

Equation (6.5.8) gives 8, = wo(s) and equation (6.5.9) gives 2, = zo(s)
matching with the solution (6.3.8) for 2 in the main part of the belt

we obtain

2 =

]
0 ﬁ; (Ro * (Ri

|
o)
o
"
2
O -
N

Equations (6.5.11) and (6.5.12) may then be written in the form:

8 " N 5.14
—aE[Yo ) ﬁ:_ (s-wo)] = (Ry + (Ry = Reluglay, = (651
and a R, o1 6.5.15
(Ry + (Ry - Ro)vo) B—D{YO "R (S-wo) T (6:5-1%)
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from which we may obtain T_, with T_] +~ 0 as p - = for the boundary layer

on R = R, and T_] +~ 0 as p -~ -» for the boundary layer on R = R, - The

boundary conditions on Y, are v, = 0OonR-= R, or R = R,, that is on

p =0 and v, > (s-vq) + r(RO) as p »~ = for the boundary layer on R = R,
R
and y -~ ﬁg-(s-wo) + T(R;) as p >~ -~ for the boundary layer on R = R;.
1

To solve equations (6.5.14) and (6.5.15) we make the transformation of

variables:
P _
y = —+/— , X = Ros + (R, - Ro)wo(s)
/all
and write
R
_ -0 -
u = YO R. (S IPO)
i
V = /0.11 T_] 3

then equations (6.5.14) and (6.5.15) become

u _ v (6.5.16)
X Yy
u __av (6.5.17)
3y 3X
with
Ry R =0
u = -R—i(s-wo)ﬂ“( ;) ony =
and
v >0 as y » =

u+I‘(RO) as y > =

for the boundary layer on R = Ro’

while v > 0 as y » ==

u->T(Ry) asy>-=
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for the boundary layer on R = R;.

From the solution to equations (6.5.16) and (6.5.17) we may determine the
functions T_](p,S) and hence from equations (6.5.6) and (6.5.7) the

constants u and u+ required for the loads L (s) and L+(s).

In this chapter we have used the ideal theory to derive equations
to determine the geometrical configuration of a fibre-reinforced belt
stretched round a system of pulleys. The ideal theory may be used to
determine the tension in the belt to within an arbitrary function T,(R).
We haveshown how this function may be calculated by considering a belt of
small extensibility and compressibility. In the next chapter we obtain

solutions for the case of a belt stretched round two pulleys.
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CHAPTER 7

APPLICATION OF THE GENERAL THEORY OF A FAN-BELT TO THE

SPECIFIC EXAMPLE OF A BELT STRETCHED ROUND TWO PULLEYS

7.1 THE EQUATIONS OF THE GEOMETRICAL CONFIGURATION

In this chapter we apply the theory developed in the previous
chapter to the case of a belt stretched round two pulleys. The

configuration is shown below where r. and r, the radii of the pulleys,

1 2
the coordinates of their centres (xl,O), (xz,O), R, and R, the initial

inner and outer radii of the belt and M, the applied torque are all

specified. We let L = [x; - x,]|.

Figure 7.1 The geometrical arrangement of the belt round two pulleys

We consider initially the ideal theory to determine the parameters
815 8y 855 6,5 Sy Sys Sgs Sy Y1’ Y, Zl, 22 and the function T(R).
Equation (6.3.40) applied at the points A, B, C and D gives relationships
between S ; and ei. We suppose without Toss of generality, that ¢(0) = 0

so that



on AB

hence

and

on CD

hence

and

O,
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(7.1.1)

(7.1.2)

(7.1.3)

(7.1.4)

(7.1.5)

(7.1.6)

Equations (7.1.1) and (7.1.4) theréfore give us the function y(s) round

the pulleys in terms of the constant Ay -

belt BC and DA equation (6.3.44) may be applied to find dy/ds:

dy
ds

on integration this yields:

R
1 ; -
Rpan RVt Yicosw + Zis1n¢ Ryan

0

where the constant is chosen to make y(s) continuous.

continuous at B, we obtain

Ry

Rozn =

Ry

=R0

and for DA, choosing the constant to make y continuous at D gives

Ry

Rogn -

Ro

:RO

With the solutions obtained y(s) is also continuous at C and A.

R,2n(R;/R,)

Roan(R,/Ry) - Yisiny + Zicosw

R
1
7
0

an

Ln

s-sz)

ﬁl (s-s,) -

(w-ez) + chosw + leinw - chose2 - 2151n62

(p-0,) + Y, cosy + Z,siny - Y,cos0, - Z,sine,

1
s + constant,

On the free portions of the

For BC making y
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In order to determine T(R) from equation (6.3.46) we need to
integrate y(s) round the belt, this we do by splitting the region of
integration into the different sections of the belt:

2y ¢Sy S, Sy, S
[ pds = J pds + f yds + [ pds + I yds.
0 S, Sy S, S,
The integrals round the pulleys are determined from equations (7.1.1)
and (7.1.4), whilst the integrals over the free portions may be rewritten

as

Sh -
J 27+1 ods =

0. 6.1,
f 21+1 v ds dy = J 27+1
S04 921

i dy for i =1 and 2.

gL
v
%2i &
Equation (6.3.44) is thenused for %%-and hence r'(R) is determined

explicitly in terms of 0,5 8,5 8455 8,5 Ays ¥y ¥ps Zy and Z,. Equation

(6.3.43) which was deduced from equating the two expressions obtained for

the shear 1oad S, may be applied at each of the points A, B, C and D

giving:
Ry R .
st A: Rpo, (r,-1) tn gt s [R F(R)AR = Y,cos6, + Z,sine, (7.1.7)
0
R, Ry .
at B: Rys,(r,-1) in gl + [R r(R)R = Y cose, + Z sins, (7.1.8)
0
R Ry .
at C: I%(egr@-1) - rzxz) n ﬁi-+ [R I'(R)dR = Y, cosé, + Z,sing, (7.1.9)
0
R, [ Z si 7.1.10
at D: R,(®,(r,-1) - rzxz)zn-ﬁg + IR r(R)dR = YzcoseL+ + 7 sing, (7.1.10)
0

We now apply equations (6.3.38) and (6.3.39), obtained from equating the
two expressions for the horizontal and vertical distances between the
pulley centres, to the two free sections of the belt BC and DA, using the

two expressions already found for dy/ds.  This yields the four conditions:
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R R
- 1 . . . o
0 = ln-ﬁg (r,sine, - risine,) - en ﬁi-(51ne3 - sine,)
Y Z
1 ,os . :
t 5= (sin®e, - sine,) - 7&-(s1n263 - sin2e,)
Z
1
-7 (8, - 8,) (7.1.11)
_ _]:. - 5 - . 1 N .
0 n Ry ( r,sine, rzs1neu) + 2n E; (sme1 + s1neu)
Y
+ -~ (sin2g_ - sin2g ) +.E% (sin2e_ + sin2g )
2 1 L 4 1 4
Z
- 7%.(2ﬂ +6, - 6,) (7.1.12)
1 - Rl Rl
L n Ry = n ﬁ; (r2c0593 - rlcosez) - &n ﬁ; (cose3 - cosez)
-.IL (6, - 9.) + Zl (sin26_ - sin2g¢,)
2 3 2 4 3 2
Z
+ 7;.(sin263 - sin2g,) (7.1.13)
R1 R1 Rl
L ln-ﬁg = zn-ﬁa (rpcose, - ricose,) + zn‘ﬁg (cose, - cose,)
Y Y : .
+ 7%_(2ﬂ + 8, - 8,) + 7%.(s1n261 + sin2s,,)
Z
_.?% (sin%8, ~ sin2s,) (7.1.14)
Equation (6.3.46) gives:
M
.Fl = -Y,sine, + Z;cos6, - Y,sine; - Z,cos8, (7.1.15)
1

Substituting the analytical expression for Ir'(R) in terms of e,, 6,, 65, 6,
Y, Y,» Z, and Z, into (7.1.7) - (7.1.10), we therefore have nine equations
(7.1.7) - (7.1.15) for the nine unknowns 8;s 68,5 635 8,5 Ays Yy, Yo, Z; and
Z,. These are solved numerically and the solution is presented in Section

7.2.
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7.2 THE SOLUTION OF THE EQUATIONS IN THE IDEAL CASE

In this section we determine the solution to the nine equations
(7.1.7) = (7.1.15), obtained from the ideal theory, which give the
configuration of the pulleys and belt. The equations were solved
numerically for different values of the specified quantities: radii of
the pulleys, their separation, the applied torque and the thickness of
the belt, that is the initial inner and outer radii. We assume, without
loss of generality, that the inner radius of the belt, R, is 1. The
distance round the inner fibre in the reference configuration is then 2w,
thus to be physically realistic the radii and separation of the pulleys
must be chosen so that the minimum distance round the inner fibre in the
new configuration is not much greater than 2w. The numerical procedure
used to solve these equations was based on Newton's method.

When no torque is applied and the radii of the pulleys are equal,
we have two axes of symmetry, one being the line joining the centres of
the pulleys and the other being the perpendicular bisector to this line.
We can then solve the equations analytically and this solution is used
as a starting value for the cases of unequal pulley radii and when there
is an applied torque. The results obtained are shown in Table 7.1.

A consequence of the symmetry for equal pulley radii is that Z; = Z, = 0,
as is shown in the table. We also observe that for the cases when there
are two axes of symmetry, that is when the pulley radii are equal (0.3)

and there is no applied torque the angles are the same in each case and we

have Z, = Z, = 0 and Y; = -Y,.



Table 7.1

Solution of the equations in the ideal theory

=1.1, L=1.8 | R;=1.1, L=1.8 |R =1.1, L=1.8 IR =1.1, L=1.8 |R =1.1, L=2.04 } R =1.3, L=1.8] R ,=1.5, L=1.8
r,=r,=0.3 ry=0.3,r,=0.35{r,=0.3,r,=0.3 {r,=0.3,r,=0.35] r;=r,=0.34 ry=r,=0.3 r=r,=0.3
M=0 M=0 M=0.1 M=0.1 M=0 M=0 M=0
07 -0.4650 -0.5516 -0.0923 -0.2101 -1.2572 ~0.4650 -0.4650
8, 0.4650 0.5516 1.3587 1.3324 1.2572 0.4650 0.4650
03 2.6766 2.5568 1.7829 1.7548 1.8843 2.6766 2.6766
Oy 3.6066 3.7264 3.2339 3.3699 4.3988 3.6066 3.6066
Y, -0.0347 -0.0433 -0.3433 -0.3472 -0.2564 -0.0955 -0.1477
Y, 0.0347 0.0433 0.0246 0.0294 0.2564 0.0955 0.1477
Z, 0 0.0002 0 0.0081 0 0 0
Z, 0 .0.0002 0 -0.0002 0 0 0
A, -7.3304 -5.8344 -6.0450 -4.9587 -6.0984 -7.3304 ~7.3304

- 0l¢ -
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7.3 THE EQUATION FOR T,(R)

Having determined the geometrical configuration of the belt and

the function T(R) we now turn our attention to the calculation of TO(R).

We need to knowtheapplied torque M and some details of the loads. For

simplicity we consider a belt stretched round smooth pulleys so that P~ = 0

on the pulleys and since it is already zero on the free sections of the

belt, P~ = 0 round the belt, which implies that M = 0.

M being zero is that r(R) is zero.

A consequence of

From equation (6.4.3) we obtain the following equation for T (R):

%2

: R
Zn{alzTo(R)[l ¥ Eil + ag,RT,'(R) + ___.[R T, (R)dR}

R

R02 R 2m

+ {a1n = 022) R [R Ty (R)dR jo (R-R

%o en 1 !
== JO P (s){zn(R0+(R-RO)¢ ) [

R
J an(R,+(R-Ry )" )T, (R)dR}ds
R

0

a a a anR [2“ ag(s)ds

._.-1— _g_ —-3— + R 1
> + 3 + . a, . + 2nR . RoF(R-Rg)v

2n  ag(s)ds . (21 a,(s) enR ds
[0 Ro+(R-Ro)u’ }0 (Ry+{R-Ry)v )2

2 ag(s) ds 2m ag(s)ds
[O (Ro+(R-Rp)v )2 ' fO R(Ro+(R-Rg)u")2

t | RRGF(RRyV) R

0

2n ay,(s) an(Ry+(R-Ry)w')ds
‘]

21 aye(s)ds 2m ayy(s) JR 2R dR ds
f (Ro+(RR5)9")

(7.3.1)
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- a12(]-‘b')}ds )

2 = {z“{-(all"alz)[IJZ(S‘w)W'dS - JZ(S-w)dslw'

(S
+ Ro(1-v") jo(s-w)w'dél + (201, = ayy - ap,)(s-¥)2R, 2y

all[éw'(fZ(s-w)w'ds + fs(s-w)ds]

0
S p—
: Ro(l-w(O(s-w)w'dsj
+ (agp - azz)(-Zw'(S-w)Roz) + (a11 - a12)(‘¢|(5'¢)2)

- (o1 - 012)¢'[f2(5'¢)¢'d5 - f;(s-w)dsl

+

(201, = ayq - oo )Y (S-v) R02

S S
(10 + 2] (s-hw'ds = 2 (smu)as]

- (ayp - ay7)20'Ry2(s-v)2}ds ,

2T S

ag = fo {- (ayy - alz)Ro(T-w')[:JZ(s-w)w'ds - j (s-w)dé}

0

+ (207, - a1 - apy ) (5=) 2Ry (1-v")

S S

(s-0)u'ds - [ (s-y)ds

- 2a Ro (1) | | 0

0
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+ (a1 - all)(‘2R03(5'¢)2(]'¢'))

+ (011 = 1) (5-¥)2Rg(1-9"') + (20, - a1y = app)2(s-y)2Ry3(1-y")

S S

(s-v)v'ds + [ (s-v)ds
0

nfo(1-6) ([

- (e12 = a11)Re3(s-v)3(1-y" ) }Hds
2T ' S
ay = JO {_ azz(]-w ) + G12¢|{0<S-w)¢'d5}ds s
as = app(1-v')y'
ag = = alz(Q- + 'L )y,
a7 = (a1 - ap)(s-y)Ry" ,
ag = -(ajp - dzz)(s‘w)RoQ-wu )
ag = (a1 = ap)(S-)RyZW"(Q7+L7)

1

a19 = (ayp - O‘22)(5'111)R0(Q-] £l )

a1 = —asY ' (1=-¢')

al2 = azz(Q_ + w'L-) .

R

We now write t(R) = J To(R)dR, which implies t'(R) = T4(R) and t(Ry) = 0,
R

without loss of generality as has been mentioned, we let R = 1 and we also
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assume that the pulleys are of equal radii ry = r, = r, say. We then

have, as was stated in §7,2, two axes of symmetry. Equation (7.3.1)

then becomes:

2mayRT"(R) + ZWGIZ(] + %JT'(R)

- 1 4(1-1/r)s, 4 cos8,
a1 T app) ~ { - }
R(R-1) "1+(R-1)1/r 2nR

2ma
R

2(0.12 - (122)('“' - 262)
- Z + 2(ay, - azz)lanG(R):[r(R)
JR (R){ ) + 2enR G(R) }dR (R) (7.3.2)
+ a T n = g .3.
207 T e R :
where
=0
G(R) = J ’ dy
) RenR,-Y;siny

We write (7.3.2) in the form

A(R)t"(R) + B(R)t'(R) + C(R)t(R)
+ [ DR)<(R)AR = g(R) . (7.3.3)
J

To solve this we first solve the homogeneous problem for T
R

A(R)"(R) + B(R)T'(R) + C(R)T(R) + J]D(é);(é)dﬁ -0 (7.3.4)

with boundary conditions T'(1) =1, t(1) = 0 and then solve the

inhomogeneous problem for #%:
A(R)2"(R) + B(R)2'(R) + C(R)Z(R) + J D(R)Z(R)R = g(R)  (7.3.5)

with boundary conditions ¢'(1) = 0, £(1) = 0. We then write v =%+ AT
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so (1) = 0 as required by the definition of t and t'(1) = X, which
implies that T,(1) = X, so that X is fixed by specifying the load, this
is equivalent to specifying the separation of the pulleys, which we have
already done. The constant X is found by equating the two expressions
we have for the load on the free sections.

A consequence of the assumption that the pulleys are smooth is that

P = 0, hence from equations (6.4.5) and (6.4.7):

-y o 8 _yd
RoQi(s) = g5 = ¥ g
and
dQ; R Ry
'l_] _ 1 1
Ry - - ;E—{Ro(s Wan gk + J r(R)dR}.
i 0
Now equation (6.3.20) gives
Ry + )
U(s) = J s (T-p)dR + L (s) +L (s)
Ro

and equations (6.3.32) and (6.3.33) give:

+ R* s RS
s _Q.J (s-v)ds + (R,Ry) 22 J( s-p)u'ds
Ry Jo 1-0
+
+ Ror(Ry)s + (Ry=Rp)T(Ry)w(s) + w
and
S -
- = 'ROJ [E -y + T(Ry)|ds + u

0
Using these expressions and equation (6.4.4) for T, we find:

Sl l L R)aR
U(s) = t(Ry) - Rogn.ﬁg fo(s-w)w ds - JRO r(R)dRy(s)

S (RO
- fo[gRO + (Ri-Ro)v') (g, (s-y) + F(Rl)]

1

- (R(s=0)+ RoT(Ry))|ds
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Ri s . Ry (S
"] (s Ry [ (smvias

+ RoT(Ry)s + (Ry=Rg)T(Ry)w(s) + u*

s
- Ry J (s - v + I'(Ry))ds + y~

0.
R, (S R,
= t(Ry) - Roln'ﬁ- [ (s-v)y'ds - j F(R)dRy(s) + u& + 4™ .
0 70 Ro
From equation (6.3.42) we find that
R
dS _ o 1
0
hence,
- R (] R1 R1 S
= - n — - ' - = - !
RQ(s) = Ro(1=y') on gh - 4 { <(Ry) - Rotn & Jo(s b)v'ds
(Ry
+ -
RGO R
Ro

We are considering the case where no torque is applied that is M = 0,

a consequence of which is that r(R) = 0. Hence:

- R, Ry S ' + _
RoQ (s) = Ry(1-y') on ﬁg-- ' {t(Ry) - R02n<§5 JO(S-w)w ds + ¢ + u'}
and
R, (S . -
U(s) = T(Ry) = Rotn [ (smylytds + T e (7.3.6)
0o 0

Hence on the free section BC:

Rl 52 > ' +
U(s) = t(Ry) - Ry2n __.[j (s-g)v'ds + J (5-4) ds] L.
Ro Up S,
2
R o

1 _2 (r-1) + YlsinG2 - Ylsinw + u+ + u-
RO 2

= T(Rl) - ROQ‘n
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However from (6.3.26)
U(s) = -Y;siny on BC

which implies that

Rl 6% . + -
T(R;) - ROln""?T (r-1) + Ylsme2 +u +u =0
Ry
that 1is
2
) R
+ - 2 1 .
T(Rl) + v o+ =—(]"Y‘) 7 Roln —R—O- - Y1$1n82 .

The right hand side of this is positive, which shows that the total load U
is positive at s = 0, which is what is expected physically. The equation

may be rewritten as:

2
. - - %2 1 :
T(Ry) + AT(R) + "+ w ==(1-r) 2= Rysn R Yisine,
which gives
2
0 R .
-(1-r) -52- R an R_l Yising, - ptoaw - T(Rl)
= U . (7.3.7)

Having determined A the function t(R) may be calculated as 7(R) + xt(R)
and hence the function T,(R) obtained.

We have been considering the case when the radii of the pulleys are
equal; however, the analysis for the solution of equation (7.3.1) is
similar when different sized pulleys are considered. In the remaining

analysis we consider pulleys with the same radius, r.
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7.4  THE BOUNDARY LAYER EQUATIONS

As has already been stated, the constants u+ and u in the function

L+ and L~ are found from the boundary layer equations. We consider

first the boundary layer on R = Ry, equations (6.5.16) and (6.5.17) give

u v
39S oy
u v
oy 3s
with v - 0 as y » + o«
u-20 as y » + =

u=-(s-yg) ony = 0.

Since the function y, - s is 2m-periodic it may be written as a Fourier

series,

_ ] i
WS = 3 A, + (Ancos ns + Bn31n ns)

n

11e~18
—|

1 (em
F'J (po-s)cos ns ds

where A =
n 0
2m
1 .
and B_ = —-J (po-s)sin ns ds

so that Ay = 0, then

[eo] -ny .
nZ} e 7(Acos ns + an1n ns)

u(y,s)

o0 _ny ]
nzl e (—Bncos ns + An51n ns)

v(y,s)

which satisfy the required boundary conditions.
Now:

= B A, .
L (s) - J T .,do = J vdy = ) [- N cos ns + 7? sin ns]
o 0 =1



p” o= L7(0) ~ Z - (7.4.7)

LI
9X ay
u 3
Y X

where u and v are periodic in x of period 2nR;, withu~0as y » -=

I e -
u = R (s=yy) ony =0

X(x)
andv->-0asy » -=,

Now the function x(x) is periodic in x of period 2nR,, it may therefore

be written as a Fourier series

1 T nx . NX
= = C —+D == ,
X(X) 5 CO + L ( 0 cos R, N sin R,
where
2mR
1 1 nx
- —d
Cn - JO x(x) cos R, X
and
2nR
D = —l—-J ' x(x) sin 2% dx
which implies C, = 0.
Then:
-« ny/R nx . nx
U(y,X) = Z e 1 (Cn cos R—i- + Dn sin f—il— )
n=1
v _ny/R nx _ . nx
v(y,x) = Z e 1 (Dn cos-ﬁz Cn sin R] ) .
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Also:
B 0 0 - R
O I R W (R gy
- . nz1 = (D, cos Ry - Cn sin = )
hence
+ 4 o Ry
So= Lo nle D, . (7.4.2)

In this symmetric case An and Cn are zero for all nand B and D are zero
n n

when n is odd. When n is even, n = 2m say

_1ym /2
BZm = -Lj%l— +-% J ¢(x) sin2mx dx
0
R./2
- (_1)m 4 [T . 2mx
and Do = +'F JO ¢(x) sin TTT'dX ,
where y(s) = ¢(x).

The computed values of B2m and D2m are shown in Table 7.2.

To. solve the equations for T and T we need to specify the material
to obtain values for the constants a;;, oy, and ay,, this we do in Section
7.6. First we examine the function To(R) to discover where it takes
maximum and minimum values. The numerical solution to (7.3.4) and (7.3.5)

is then presented in Section 7.7.
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Table 7.2 The Fourier coefficients in the boundary layers

r=0.3 r=0.34
R =}:;’ 1.3 1R =11 [R=1.3 [R=1.5 R =1.1

m BZm DZm D2m DZm BZm DZm

1 0.2296 0.2107 | 0.1804 | 0.1572 | 0.6386 | 0.5917
2 0.1013 0.0910 | 0.0750 | 0.0633 | 0.2103 | 0.1595
3 0.0630 0.0552 | 0.0434 | 0.0352 | 0.0528 | 0.0112
4 0.0437 0.0369 | 0.0269 | 0.0204 |-0.0135 |-0.0332
5 0.0317 0.0253 | 0.0164 | 0.0108 |-0.0306 |-0.0272
6 0.0232 0.0171 | 0.0089 | 0.0042 |-0.0221 {-0.0056
7 0.0168 0.0109 | 0.0035 {-0.0003 (-0.0058 | 0.0095
8 0.0118 0.0061 |-0.0004 |-0.0031 | 0.0067 | 0.0111
9 0.0077 0.0024 | -0.0029 |-0.0044 | 0.0105 | 0.0037
10 0.0044 -0.0004 |-0.0042 |-0.0044 | 0.0070 |-0.0040
1 0.0017 -0.0023 | -0.0045 |-0.0035 | 0.0005 |-0.0061
12| -0.0003 -0.0035 |-0.0040 |-0.0021 |-0.0043 |-0.0027
13| -0.0019 -0.0041 |-0.0030 {-0.0004 |-0.0053 | 0.0019
14| -0.0030 -0.0041 {-0.0016 | 0.0010 |-0.0028 | 0.0038
15 | -0.0036 ~0.0037 |-0.0002 | 0.0019 | 0.0008 | 0.0022
16 | -0.0039 -0.0029 | 0.0009 | 0.0023 | 0.0031 [-0.0009
17 | -0.0038 ~0.0020 | 0.0018 | 0.0020 | 0.0030 |-0.0026
18 | -0.0034 -0.0009 | 0.0022 | 0.0013 | 0.0010 |-0.0018
19 | -0.0028 0.0001 | 0.0021 | 0.0004 |-0.0012 | 0.0004
20 | -0.0021 0.0009 | 0.0016 {-0.0005 [-0.0023 | 0.0019
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7.5 MAXIMA AND MINIMA FOR THE TENSION T

For the case under examination T(R) = 0 and the equation for T

becomes, from (6.3.29):

_ 1, 1) ¢ . 1 (3
T = To(R) - [§+R—Z] j (s-y)v'ds +—2J (s-y)ds , (7.5.1)
0 R /g
where T(R,0) = T (R).
Equation (7.5.1) may be rewritten in the form
T(Rys) = To(R) + - (5-9)2 = 1 [“(s-y)p'ds
0 SR R | p)v'ds . (7.5.2)
Hence
62 2
_ 2 ((1-r 1-r
T(Rys,) = TH(R) + jf‘[( Rz) | R )]

and it is also found that
T(R,s1) = T(R,s,) = T(R,s5) = T{(R,s,) ,

which we would expect in this case with two axes of symmetry.

We now examine the function T to see where it takes its maximum

and minimum values. Differentiating (7.5.2) with respect to s gives:

S0 o (=) - g (s

Ligs 0 when {(a) s = vy

Hence S

or when (b)-%(l-w') =y

which implies ¢' =-% .

Since we are considering the symmetric case, we need only consider
0<s <m/2. On the pulley with 0 <s < s,, ¢' = 1/rand 1/R # 1/r so
that case (b) cannot be satisfied. Also y =s/r and r # 1 so case (a)

cannot be satisfied unless s = 0. On the free section



dy .
Sp L8 <M/, ds Ry - Yisiny

so that in case (b) R 2n R, = -Y,siny , which may be rewritten:
(]'r)ez .
R = ~coss, | sin ¢ . (7.5.3)
(1-r)e, _ - -
However, 0 < 0%, 1 and |siny| < 1, whereas R ¢ [1,1.1], hence (7.5.3)
cannot be satisfied on the free section. On the free section s, <s < /2,
s =y only if s = n/2. Hence the only values of s for which there might

be a maximum or minimum value of T are 0, w,/2, m, 31/2, 2w. We need to
. oT . . ..
consider gﬁ-to discover whether there are any maximum or minimum values for

these values of s. Now

- T'(R>-l(s-w)2+‘—js (s-p)y' ds (7.5.4)
3R 0 R RZ | v o

and on s = V¥, %% = To'(R), hence the maximum and minimum values will occur

only ons = 0, m/2, .... at radii where Ty'(R) = 0 or R = Ry, Rj.
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7.6 THE CALCULATION OF CONSTANTS FOR THE COMPOSITE MATERIAL

In order to obtain the constants a;;, a;, and a,, we need to consider
the composition of the material in more detail. We are considering a
matrix material reinforced by strong continuous fibres. We suppose that
the matrix is rubber and the fibres steel. The suffix R is used to denote
quantities associated with the rubber and the suffix S to denote quantities
associated with the steel. The elastic constants of the materials are
denoted by X and u with v being Poisson's ratio. We assume that the
volume concentrations of the two materials are Cp and Cos where Cp + Cg = 1.
Both materials are assumed to be isotropic.

We consider an element of the composite and recall from the definitions

of A; and B; that:

5T N
A=l = effan T - agpp ¥ (a1p = ®11)76
and
— ]
B-1 = €2Lf12T - agop + (0pp - a2)YG
. (1) - (2) _ .
defining T =T -yvGand T = - p + YG, these may be rewritten as
Al = e2|ay T 4 alzT(z):ll (7.6.1)
and
B_] = €2El12T(.I) + OLZ?_T(Z)] . (7.6.2)

We non-dimensionalise G by taking G = Yy, so that for the case of y = 0 the

2 : :
stresses acting on the element are “LT(1) and “TT( ) as is shown in the

diagram, where W and Wy are the axial and transverse shear moduli of the

composite.
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T/ATT(:A

'€

T e \—————>}*LT

\L/Lr T (GCW)

Figure 7.2 The stresses acting on an element

To determine the axial extensional modulus EL and u we first

consider axial extension and suppose that both constituents undergo an

axial extension e under a mean axial stress o as shown in figure 7.3(a).

Clearly:
g = (cRER + cSES)e , from which we obtain
= 7.6.3
EL cRER + cSES . ( )
x, &
—
L, Ee e FaiCa
< —_—
%€ e
E.Cs MsCs
<___.
—_ ‘\ﬁ) he

Fibre di '
(a) 1bre direction (b)

Figure 7.3 Extension and shear of the constituents

In axial shear shown in figure 7.3(b), the shear stress =t is approximately

related to the mean shear strain y by:
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T - ot (7.6.4)

For the case when T(Z) = 0, we only have axial extensions and

w E, (A1) . (7.6.5)

However, from (7.6.1) with T(z) =0,

A-1 = ezallT(]) (7.6.6)
therefore from (7.6.5) and (7.6.6) we obtain an expression for apqt
ML
820L11 = q . (7.6.7)

Also from (7.6.2) with T(z) = 0 we find that

B-1 = e2a),T01) (7.6.8)

Eliminating (1) from (7.6.6) and (7.6.8) we obtain

B-1 %12
- = iz (7.6.9)
A-1 ay

To determine oy, from (7.6.9), having already found «,;, We therefore

need to find an expression for (B-1)/(A-1) in terms of known physical

constants of the materials. The case being considered is shown in figure

7.4, where f. and f_ are the transverse extensions of the constituents,

R S
. . : . . . (2)
which will be negative in the case under consideration with T = 0.
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2 f.

Cs v ¢
3

ﬁ
A-1

Figure 7.4 Axial extension of an element

Clearly the total transverse extension B-1 = ¢ f, + c.f

hence
B-1 _
A-T

Now for each

R'R S'S

afr * ST

A-1 '

constituent we have Oyy = 0, e =0, e,, =

gpp 1s defined as

hence

nry)
€11

and

fs

—
-

A-1

Substituting

B-1

P e =

A-1

these expressions into (7.6.10) we obtain

) [CRVR N Cs"s]
1-v 1-v

R S
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and using this in (7.6.9) gives

Y12 . [CR"R X Cs"s]_

We therefore have obtained expressions for o;; and a1, 1n terms of known
physical constants. We now calculate a,,-
We suppose that the constituents undergo an axial extension e,

with the axial stress in the rubber being o_ and that in the steel being ¢

R
We also assume that the rubber undergoes an extension e

X
R in the direction

transverse to the fibre and the steel undergoes an extension e in that

direction, the stress in this transverse direction being the same, ¢ say,

for both constituents, as shown in figure 7.5.

o
T Qe
«— — &
T3 e . — "2 Rubber
o v T
- —>
Ty €— C —> o, Steel
S
J
o es

Figure 7.5 The constituents in axial and transverse extension

Now CRo2 + o3 = 0. (7.6.12)

For the rubber

_ (7.6.13)
o (xR + 2uR)eR t Ap@
and
o, = Agep + (Ap + 2uple, . (7.6.14)
For the steel
.6.15
o = (A * 2ugleg + Acey (7 )
and
.6.16
o, = Aceg t (xs + ZpS)e2 . (7.6.16)



- 229 -

The extension in the transverse direction e is given by

€2a220

ML

€ = Cgfg T Cpfp =

where as before M is the shear modulus of the composite.

and (7.6.15) we obtain

(As - AR)G = XS(AR + ZuR)eR - xR(xS + Zus)eS
From (7.6.13) and (7.6.14)

()\R + ZuR)o - Ago2 = (()\R + ZuR)2 - )\RZ)eR .

From (7.6.15) and (7.6.16)

(Ag + 2u5)o - Ao

2_‘2
S ((hg + 2ug)2 = A2)eg

which becomes on using (7.6.12)

C
(XS + 2ps)O + )\S 'C‘E' gy = ((AS + 21—15)2 = )\SZ)ES .

Eliminating o, between (7.6.19) and (7.6.20) gives:

CR C
[}S'Eg (AR + 2uR) + AR(AS +psi]o = AS

O
Al

+gllag + 2ug)? - agPleg -

Eliminating e between (7.6.18) and (7.6.21) gives:

C
((xS + 2“5)2 - ASZ)()\S - )\R)c + (Ag t ZuS)ES R (A, + 2u

Cg

2_}\2

taglag 2“5{}“ = Ag(hg + 2uplllag + 2ug)® - Ag

c

2 - 2
+ AS Eg (AS + 2“5)((AR + ZUR) XR )eR .

P

e

(7.6.17)

From (7.6.13)

(7.6.18)

(7.6.19)

(7.6.20)

2 _ 2
((g # 2up)" = Ag%)eg

R)

R

(7.6.22)
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Eliminating en between (7.6.18) and (7.6.21) gives:

c
R
Eg ()\S - XR)((XR + ZUR)Z - )\RZ)O

( + ZUR)[S >\ + ZUR) + )\R(KS + Zus)]

C
_ R
= - A Eg ((ag + zuR)2 - ARZ)(AS + Z“S)es
- AR(AR + zuR)((kS + 2u5)2 - ASZ)eS . (7.6.23)

Substituting the expressions for en and ec obtained in (7.6.22) and

(7.6.23) into equation (7.6.17) gives:

s Y22
£ IL— = chR + KZCS (76.24)
where
R
)\R)\S + 4us(us+>\s) + -C—g (>\S+2us)(>\R+2uR)
K4 = C (76.25)
R
4us(xs+us)(AR+2uR) + — A 4uR(A +2uS)(AR+pR)
and c CR
-g Aprs ¥ 4 e up(Agtup) + (xR+2uR)(AS+2uS)
<, = == (7.6.26)
R
4 EE Mo (A +2ug) (ApHup) + 4us(xs+us)(xR+2uR)

Now X and p are defined by:

Ev
N ) (TR (7.6.27)
E
0] (7.6.28)

where E is the extensional modulus.

We therefore have expressions for a;;, a1y and a,, 1n terms of
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physical constants of the material, which we obtain from (15) and (21).

For steel we take Ec = 2.119 x 1011 Nn~2
and Vg T 0.291

and for rubber Ep = 1.18 x 108 Nm 2
and - vp = 0.49997 .

Using these values in (7.6.27) and (7.6.28) the elastic constants are

calculated to be:

1.143 x 1011 Nm~2

>
{]

S

b = 8.207 x 101° Nm™°
A\g = 6.556 x 10° Nm™*
wp = 3.93x 105 Nm? .

Using these in the expressions for x, and k, (7.6.25) and (7.6.26) we

find that:

6.345 x 10 % N"'m?

—
n

6.091 x 10”2 N''m? .

and Ko

We now choose the volume concentrations of the rubber and the steel

to be equal, that is Cp = Cg = %-, then from (7.6.3):

L %'<ER + Eg)

m
|

1.059 x 101! Nm~2

and from (7.6.4):

1 .
ML

—

leusmaann

t|_,
+

|__.

A E—

2
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which gives:

= 7.86 x 105 Nm 2

L
Therefore, from (7.6.7):
-6
e2ay; = -EE = ‘7.422 x 10

and from (7.6.11)

it _l[\’s R “R]
OLll 2 ]-\)S ]-\)R
= =-0.705
which gives:
e2a;, = -5.233 x 107°
and from (7.6.24):
YL
e%ay, = 7{'(K1 * k)
= 2.493 x 107",
Choosing ¢ = 107% we find that
011 = 0.074
012 = -0.052
G.22 = 2.493 .

. . -1
In section 7.7 we also consider an example with € = 10 = so that

we use

7.4 x 107"

R
I}

11

o, -5.2 x 107"

-~ - A
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In the above analysis we have assumed that the volume concentrations of

the rubber and steel are equal; however, choosing Cp = %3 Cg = %-, we
find that

a;; = 0.083

a1, = -0.067

4o = 2.5

which are not very different from those obtained above.  The remaining

calculations are performed with Cp = Cg = %-.
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7.7 _THE SOLUTION FOR T,(R)

In this section we compute the functions t(R) and 7(R) introduced
in equations (7.3.3) and (7.3.4). Werapproximate the integrals involved
in these equations using the trapezium rule and divide the width of the
belt, that is R; - 1 into M equal intervals and divide the length of the
free portion of the belt, that is BC into N equal intervals and similarly
for DA. We discretize t(R), writing L t(14nh), where Mh = R, - 1,
that is h = (Ry - 1)/M.  From the definition of t we have r, = 0. We
also define An = A(1 + nh), Bn = B(1 + nh), Cn = C(1 + nh), Dn = D(1 + nh)
and 9 = g(1 + nh). Equation (6.3) then discretizes to

A [ n+1 n n-]] .8 ( n+1 n-1] 4 Cx
n h2 n oh nn

h
+ —2-(21:1D1 + 21,0, + ... 4 2Tn_-an_-' +tD) =g

which may be rearranged to give:

A B 2A hD A B
N, A - _n,; 1t n.on
{F?—_ ¥ EE]TY‘H'] + [Cn _F‘_E— i 2 ]Tn+ [h 2h ¥ th‘]}Tn"]
+ th-ZTn-Z + ... hDyg;, = 9, n=1,...,M-1 (7.7.1)

We have the initial condition on t'(1) for the two cases T and T.
For the homogeneous problem g = 0 for all n and T'(1) =1, which

we approximate by

Ty = T
1 0
— = 1,

which implies t; = h (7.7.2)

Equation (7.7.1) therefore gives, on setting r = 1,
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from which we obtain t,. The process is repeated iteratively to find
the remaining 1 's.  The solution obtained was found to have derivative
almost 1 for all R, so that the approximation of t'(1) was accurate
enough.  However, for the inhomogeneous problem the boundary condition

'(1) =0 and a higher order approximation for '(1) was used.

Using forward differenées:

t(x) = %—AT(X) -%AZT(X)] *R'(x) (7.7.3)

where At(x) = t(x+h) - 1(x)

A2t(x) = 1(x+2h) - 27(x+h) + 7(x)

and R, ' (x) =-% 1(3)(n)

from which we obtain
™ (1) = - é%— t(1+2h) - 47(1+h) + 3T(]i} .
The condition 7'(1) = 0 therefore implies that

T, = 411 .

From equation (7.7.1) we then deduce that

~

LT B, h3

T, = 4y

and the remaining %n's are obtained iteratively.
We consider solutions for the radius of the pulleys r = 0.3, the
separation of the centres of the pulleys L = 1.8 and the thickness of the

belt, R, - 1, 0.1, 0.3 and 0.5, where as has already been stated, we have
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taken the initial inner radius of the belt to be 1. We have also
examined the case where r = 0.34, R;-1=0.1 and L is chosen so that r/L
stays the same as in the above mentioned cases, that is we choose

L = 2.04, this is equivalent to changing the initial inner radius of the
belt.

The solutions obtained for T and t are shown in Tables 7.3-7.7.
Solutions were also computed for different values of M and N, for example
N=40, M=40; N =40, M=50; N =230, M =30 and the results were
found to differ from those tabulated by less than 1%.

Now To(R) = 1'(R)
= 7'(R) + rat'(R)
where X is given by equation (7.3.7) with Rj =1

2
e - A
- (1-r)-—§ gnR - Y,sin6, - u+ -u - 1(Ry)

2
©(Ry)

For each of the cases under consideration we calculate w' and u~ from
(7.4.1) and (7.4.2) and hence obtain A. The values of 7'(R) and t'(R)
are calculated from the functions 7(R) and t(R), using central differences
for all except the end points. For R = 1 the forward difference formula
(7.7.3) is used and the similar backward difference formula for R = R,.
The function To(R) can then be computed and is shown in Tables 7.3-7.7.
Following Nayfeh (32) who defines the composite solution yc in terms

of the outer solution yo, the inner solution y] and the inner limit of the

outer solution (yo)1 as

C

i i
e o= Y2y - (¥9)

b

we write the total function T as:
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T T
- -1 -1
T (M entre * {—E~}0n R=1 boundary * %7?Jon R=R; boundary
layer layer
Hence
s
T~ T,(R) --% J (s-p)y'ds + L (520)%
0 R 2
b e MR-T)/eYayy (g cos ns)
eva n:] n
11
1 Y &N(R-R3)/R;eva [n ]
e 167011 n -
+ T el D, cos Ry (s + (Ry-1)y)]| .

We consider this at s =0, s, and /2, remembering that we have two axes

of symmetry in the problem:

HR.O) = To(R) - -2m(R-1)/e/ay;

LN
B, . e
£ all m:] zm

2m(R‘R1)/R1€Vall

1 ©
+ Z D, e
€Va11 m=] Zm

sy < To(R) - 2 (1) + L 62(r1)?
$,) ~ T, - = (r- — 0,(r-
2 2R 2R?
R Y B, cos 2mr'62e_2m(R-1)/€ %11
e/all m:] Zm
: ® [@ R _.la 2m(R-Ry)/eva; Ry
+ D. cOS 8, (r+ e
e/ayy mzl 2m Ry 2
2
6 (r-1) Y :
Ty - _ 2 - —1 (1 - sing))
TR, g) = TolR) 2R Ren R 2
[o0] _ _ /——
_ 1 }: BZ (_])m e Zm(R 1)/8 011
m
evay, m=]

m e2m(R-R1)/eva11R1

b L Dop(-1)
1



These are plotted in the various cases considered in figures 7.6 - 7.10
and the values are given in Tables 7.8 - 7.12.
We have shown jn section 7.5 that the maximum and minimum values of

T(R,s) occur on s = 0, %-, T, %;, 27 .

Now %‘:g- = = (S-‘i)) ’
+
db _ by 1
T = (T + (R-1)y") Ry (s-v)

and since it can easily be shown that
1+ (Ry=-1)y" # 0 on the belt,

the maximum and minimum values of L (s) and L+(s) also occur at s = 0,
%, ﬂ,-%; s 2m.

From the graphs of the tension T for e = 10_2, through the belt
we see that for R, = 1.1, that is when the thickness of the belt is 0.1,
the boundary layer thickness is less than 1/15th of the thickness of the
belt and in the other cases, R; = 1.3, 1.5, the thickness of the boundary
layer is less than 1/30th of the thickness of the belt. We also observe
that for the main part of the belt the inner part is in compression and
the outer part is in tension. At s = 0 for all cases considered the
boundary layer on the inner surface is in compression and the one on the
outer surface is in tension. This is also the case at & = 8,, s = s,, the
point where the belt leaves the pulley, although here the magnitude of the
tension is less than that at s = 0. For the case where the thickness of
the belt is 1.1, with e = 107> and the radius of the pulley is 0.3, we
see that at s = m/2 the tension in the boundary layer has changed sign, so

that the inner boundary layer is in tension and the outer boundary layer

in compression. For the other cases the magnitude of the tension in the
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boundary layer is less than that in the main part of the belt, but the
inner boundary is still in compression and the outer boundary in tension.
We deduce that the maximum and minimum values of the tension occur
on or close to the inner and outer surfaces of the belt at s = nn/2,
n=0,1,24... .
We have also considered the case where we choose the small parameter,
e, to be 10"", the tension was calculated in this case for Ry = 1.1 and

r = 0.3. Again the boundary layer is reasonably thin and the tension

does not vary much round the belt.
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Table 7.3 Solution for %, 7, T, with M=30, N=40 at radius

R = 1+n(R;-1)/M and € = 1072, r=0.3, R =1.1

n T T TO
0 0.0000 0.0000 -30.44
1 070042 0.0033 -27.92
2 0.0167 0.0067 -25.49
3 0.0373 0.0100 -23.06
4 0.0660 0.0134 -21.27
5 0.1026 0.0168 -18.93
6 0.1469 0.0202 -16.62
7 0.1988 0.0236 -14.67
8 0.2582 0.0271 -12.45
9 0.3248 0.0305 -9.99
10 0.3986 0.0339 -8.19
11 0.4793 0.0374 -6.70
12 0.5670 0.0409 -4.05
13 0.6613 0.0443 -2.07
14 0.7622 0.478 -0.73
15 0.8696 0.0513 1.19
16 0.9832 0.0548 3.05
17 1.1030 0.0583 4.88
18 1.2288 0.0618 6.65
19 1.3605 0.0653 8.39
20 1.4978 0.0688 10.68
21 1.6408 0.0722 12.36
22 1.7892 0.0757 13.34
23 1.9429 0.0792 14.93
24 2.1018 0.0827 16.46
25 2.2657 0.0862 17.93
26 2.4345 0.0897 19.37
27 2.6080 0.0932 20.78
28 2.7861 0.0967 22.16
29 2.9688 0.1002 24.09
30 3.1558 0.1036 25.69
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Table 7.4 Solution for %, I, T, with M=30, N=40 at radius

R = 14n(R,-1)/M and e = 107%, r=0.3, R, =1.3

n T T TO
0 0.0000 0.0000 -232.10
1 | 0.1047 | 0.0100 | -211.16
2 0.4186 0.0201 -195.24
3 0.9347 0.0304 -177.71
4 1.6456 0.0407 -158.61
5 2.5438 0.0511 -142.58
6 3.6217 0.0615 -124.99
7 4.8715 0.0719 -108.19
8 6.2856 0.0824 -92.18
9 7.8556 0.0928 -71.98
10 9.5736 0.1032 -60.29
11 11.43117 0.1135 -44.44
12 13.4197 0.1237 -29.44
13 15.5308 0.1338 -15.29
14 17.7559 0.1437 -4.34
15 20.0860 0.1535 10.37
16 22.5125 0.17681 28.85
17 25.0264 0.1724 41.79
18 27.6189 0.1816 53.83
19 30.2809 0.1904 67.30
20 33.0036 0.1990 79.89
21 35.7780 0.2073 91.58
22 38.5952 0.2153 102.38
23 41.4464 0.2229 114.63
24 44.3228 0.2302 123.67
25 47.2156 0.2371 128.65
26 50.0161 0.2436 143.80
27 53.0161 0.2497 159.92
28 55.9070 0.2553 162.88
29 58.7804 0.2606 170.02
30 61.6284 0.2654 172.13
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Table 7.5 Solution for 7, T, o with M=30, N=40 at radius

R = 1+n(R,-1)/M and e = 1072, r=0.3, R,=1.5

n T T TO
0 0.0000 0.0000 -434.89
1 0.3192 0.0167 -400.93
2 1.2769 0.0336 -368.16
3 2.8336 0.0508 -342.14
4 4.9486 0.0682 -314.23
5 7.5801 0.0855 -280.20
6 10.6850 0.1028 -248.78
7 14.2189 0.1198 -215.69
8 18.1366 0.1366 -185.35
9 22.3918 0.1529 -147.46
10 26.9377 0.1687 -124.39
11 31.7272 0.1839 -93.80
12 36.7128 0.1983 -61.71
13 41.8473 0.2119 -32.43
14 47.0837 0.2246 -1.62
15 52.3756 0.2363 26.44
16 57.6775 0.2470 56.15
17 62.9449 0.2564 83.21
18 68.1343 0.2647 107.71
19 73.2037 0.2717 134.10
20 78.1129 0.2773 158.11
21 82.8229 0.2816 179.85
22 87.2971 0.2845 203.78
23 91.5004 0.2859 225.68
24 95.3999 0.2859 245.68
25 98.9649 0.2844 263.90
26 102.1669 0.2814 276.12
27 104.9795 0.2770 291.17
28 107.3787 0.2710 304.86
29 109.3429 0.2636 317.32
30 110.8527 0.2548 307.45
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Table 7.6  Solution for T, T, T, With M=30, N=40 at radius

R = 14n(Ry-1)/M and ¢ = 10"%, r=0.34, R =1.]

n T T TO
0 0.0000 0.0000 -222.67
1 0.0289 0.0033 -205.33
2 0.1157 0.0067 -188.05
3 0.2598 0.0100 -170.92
4 0.4607 0.0134 -158.39
5 0.7180 0.0168 -143.76
6 1.0313 0.0203 -127.05
7 1.4001 0.0237 -108.23
8 1.8240 0.0271 -93.99
9 2.3025 0.0306 -82.12
10 2.8352 0.0341 -65.92
11 3.4217 0.0376 -52.07
12 4.0617 0.0412 -36.11
13 4.7546 0.0447 -20.27
14 5.5002 0.0483 -8.97
15 6.298] 0.0519 6.66
16 7.1478 0.0555 22.14
17 8.0489 0.0591 35.30
18 9.0012 0.0628 46.11
19 10.0041 0.0665 65.72
20 11.0574 0.0701 76.32
21 12.1607 0.0739 89.00
22 13.3135 0.0776 106 .05
23 14.5155 0.0813 118.52
24 15.7664 0.0851 128.68
25 17.0657 0.0889 143.14
26 18.4130 0.0927 157.51
27 19.8081 0.0965 169.53
28 21.2504 0.1004 183.66
29 22.7397 0.1042 197.67
30 24,2754 0.1081 207.14
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Table 7.7 Solution for T, T, To with M=30, N=40 at radius

R =1+n(R,-1)/Mand € = 107}, r=0.3, R =1.1

n T T TO
0 | 0.0000 | 0.0000 | -30.06
1 | 0.0042 | 0.0033 | -27.54
2 | 0.0166 | 0.0067 | -25.10
3 1 0.0373 | 0.0100 | -22.67
4 | 0.0659 | 0.0134 | -20.90
5 | 0.1024 | 0.0168 | -18.56
6 | 0.1466 | 0.0202 | -16.28
7 | 0.1983 | 0.0236 | -14.36
8 | 0.2573 | 0.0271 | -12.17
9 | 0.3236 | 0.0305 -9.72
10 | 0.3969 | 0.0339 -7.92
11 | 0.4772 | 0.0374 -5.47
12 | 0.5642 | 0.0409 -3.87
13 | 0.6578 | 0.0443 -1.91
14 | 0.7579 | 0.0478 -0.60
15 | 0.8642 | 0.0513 1.27
16 | 0.9768 | 0.0548 3.10
17 | 1.0953 | 0.0583 4.87
18 | 1.2197 | 0.0618 6.61
19 | 1.3498 | 0.0653 8.3
20 | 1.4855 | 0.0688 10.54
21 | 1.6265 | 0.0722 12.15
22 | 1.7729 | 0.0757 13.12
23 | 1.9244 | 0.0792 14.64
24 | 2.0809 | 0.827 16.11
25 | 2.2422 | 0.0862 17.43
26 | 2.4082 | 0.0897 18.93
27 | 2.5788 | 0.0932 20.26
28 | 2.7537 | 0.0967 21.57
29 | 2.9330 | 0.1002 23.44
30 | 3.1164 | 0.1036 24.97
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Table 7.8 The tension T at radius R = 1+n(R;-1)/30 with

e = 1072, r=0.3, R;=1.1

n 6 =0 o =8, g = %
0 | -215.79 | -155.98 26.11
1 -34.99 -34.56 -21.10
2 -26.08 -25.93 | -24.63
3 -23.11 -22.98 -22.74
4 -21.27 -21.15 -20.99
5 -18.93 -18.80 -18.66
6 -16.62 -16.49 -16.35
7 -14.67 -14.54 -14.40
8 -12.45 -12.33 -12.18
9 -9.99 -9.87 -9.72
10 -8.19 -8.07 -7.92
11 -6.70 -6.58 -6.43
12 -4.05 -3.93 -3.78
13 -2.07 -1.95 -1.80
14 0.73 0.85 0.99
15 1.19 1.31 1.45
16 3.05 3.17 3.31
17 4.88 5.00 5.14
18 6.65 6.77 6.91
19 8.39 8.51 8.65
20 10.68 10.80 10.94
21 12.36 12.48 12.62
22 13.34 13.46 13.60
23 14.93 15.05 15.19
24 16.46 16.58 16.72
25 17.93 18.05 18.18
26 19.38 19.49 19.61
27 20.88 20.99 20.94
28 23.07 23.13 21.51
29 32.87 32.40 16.34
30 186.59 130.15 -30.04
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Table 7.9 The tension T at radius R = T+n(R;-1)/30 with

e =10 2, r=0.3, R,=1.3

n 6 =0 6 = 6, e=—72L
0 | -420.79 | -360.84 | -170.81
1 -211.21 -211.09 -210.83
2 -195.24 -195.11 -194.97
3 ] -177.71 | -177.59 | -177.44
4 -158.61 -158.49 -158.34
5 -142.58 -142.46 -142.32
6 -124.99 -124.87 -124.73
7 -108.19 -108.07 -107.93
8 -92.18 -92.06 -91.92
9 -71.98 -71.87 -71.73
10 -60.29 -60.18 -60.04
11 -44 .44 -44 .33 -44 .19
12 -29.44 -29.33 -29.19
13 -15.29 -15.18 -15.05
14 -4.34 -4.23 -4.10
15 10.37 10.48 10.61
16 28.85 28.96 29.09
17 41.79 41.89 42.03
18 53.83 53.93 54.06
19 67.30 67.40 67.53
20 79.89 79.99 80.12
21 91.58 91.68 91.81
22 102.38 102.48 102.61
23 114.63 114.73 114.85
24 123.67 123.77 123.89
25 128.65 128.74 128.87
26 143.80 143.89 144 .02
27 159.92 160.01 160.14
28 162.88 162.97 163.10
29 170.25 170.32 170.00
30 296.62 246.42 123.63
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Table 7.10 The tension T at radius R = 1+n(R,-1)/30 with
-2

e = 107%, r=0.3, R,=1.5
n 6 =0 8 = o, e=%
0 | -623.62 | -563.67 | -373.56
1 | -400.93 | -400.80 | -400.66
2 | -368.16 -368.03 -367.89
3 | -342.14 | -342.02 | -341.88
4 -314.23 -314.11 -313.97
5 -280.20 -280.09 -279.95
6 -248.69 -248.67 -248.53
7 -215.69 -215.58 -215.44
8 -185.35 -185.24 -185.11
9 -147.46 -147.35 -147.22
10 -124.39 -124.29 -124.15
11 -93.80 -93.70 -93.57
12 -61.71 -61.61 -61.48
13 -32.43 -32.33 -32.21
14 -1.62 -1.52 -1.40
15 26.44 26.53 26.66
16 56.15 56.24 56.37
17 83.21 83.30 83.43
18 107.71 107.80 107.93
19 134.10 134.19 134.31
20 158.11 158.20 158.32
21 179.85 179.94 180.05
22 203.78 203.86 203.98
23 225.68 225.76 225.88
24 245.68 245.76 245,88
25 263.90 263.98 264.10
26 276.12 276.20 276.31
27 291.17 291.25 291.36
28 304.86 304.94 305.05
29 317.34 317.41 317.49
30 409.73 363.93 265.12
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Table 7.11 The tension T at radius R = 1+n(R;-1)/30 with

e = 1072, r=0.34, R,=1.1

n 6 =0 o = 8, e=12T_
0 | -533.79 | -354.03 ~46.21
1 | -226.20 | -217.69 | -184.95
2 -189.81 -188.34 -185.65
3 -171.07 -170.17 -170.12
4 -158.40 -157.55 -157.73
5 -143.76 -142.91 -143.12
6 -127.05 -126.21 -126.41
7 -108.23 -107.39 -107.59
8 -93.99 -93.16 -93.35
9 -82.12 -81.29 -81.49
10 -65.92 -65.09 -65.29
11 -52.07 -51.25 -51.44
12 -36.11 -35.29 -35.48
13 -20.27 -19.45 -19.64
14 -8.97 -8.16 -8.35
15 6.66 7.47 7.28
16 22.14 22.95 22.76
17 35.30 36.10 35.92
18 46 .11 46 .91 46.73
19 65.72 66.52 66.33
20 76.32 77 .11 76.93
21 89.00 89.79 89.61
22 106.05 106.83 106.66
23 118.52 119.30 119.13
24 128.68 129.46 129.28
25 143.14 143.92 143.74
26 157.54 158.30 158.08
27 169.80 170.45 169.85
28 186.21 185.78 181.73
29 221.83 210.71 175.47
30 468.19 298.91 40.52
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Table 7.12 The tension T at radius R = 1+n(Ry-1)/30 with

e = 10", r=0.3, Ry=1.]

>3
(@]
1]
(@]
D
]

6, | 8=

-48.58 -42.49 -24.17
-38.40 -36.07 -22.59
-32.19 -31.16 -20.99
-27.62 -27.05 -19.27
.49 -24.11 -18.10
-21.22 -20.93 -16.27
-18.27 -18.04 -14.40
-15.36 -15.66 -12.82
-13.30 -13.12 -10.91

O ~N OO OO BN -
]
nNy
B

9 -10.56 | -10.40 -8.70
10 -8.54 -8.39 -7.09
11 -5.91 -5.77 -4.80
12 -4.15 -4.02 -3.34
13 -2.06 -1.94 -1.50
14 -0.64 -0.51 -0.30
15 1.35 1.45 1.46
16 3.29 3.39 3.18
17 5.19 5.28 4.83
18 7.07 7.15 6.45
19 8.93 9.00 8.00

20 11.36 11.42 10.06
21 13.21 13.25 11.47
22 14.49 14.51 12.20
23 16.41 16.39 13.43
24 18.40 18.33 14.55
25 20.41 20.25 15.46
26 22.85 22.55 16.47
27 25.51 24.94 17.23
28 28.82 27.70 17.87
29 33.93 31.52 18.97
30 41.06 35.51 19.63
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CONCLUSION

In the previous two chapters we have shown how to calculate the
geometrical configuration of a fan-belt using the ideal theory and then
considered the theory for a slightly compressible and extensible material
in order to obtain the tension in the belt. We have shown that the
boundary layer is confined to the vicinity of the surfaces of the belt,
that the tension does not vary greatly round the length of the belt and
that the function Ty(R) determined by the non-ideal theory forms the
major contribution to the tension. The use of compatibility conditions
to determine the function T,(R) is similar to their use in the Rayleigh
wave problem of Chapters Three to Five to single out certain functions

from the arbitrary waveforms.
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