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ABSTRACT 

Flexible road pavements often fail due to excessive rutting. as a result of 

cumulative vertical permanent deformation under repeated traffic loads. The 

currently used analytical approach to flexible pavement design evaluates the 

pavement life in terms of critical elastic strain at the top of the subgrade. Hence, 

the plastic pavement behaviour is not properly considered. Shakedown analysis 

can take into account the material plasticity and guarantee structure stability 

under repeated loads. It provides a more rational design criterion for flexible 

road pavements. 

Finite element analyses using the Tresca and Mohr-Coulomb yield criteria are 

performed to examine the responses of soil half-space when subjected to 

different loading levels. Both shakedown and surface ratchetting phenomena 

are observed and the residual stresses are found to be fully-developed after a 

limited number of load passes. The finite element results are then used to 

validate the solutions from shakedown analysis. 

The main focus of current research is concerned with new solutions for static 

(i. e. lower-bound) shakedown load limits of road pavements under both two- 

dimensional and three-dimensional moving surface loads. Solutions are derived 
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by limiting the total stresses at any point (i. e. residual stresses plus loading 

induced elastic stresses) to satisfy the Mohr-Coulomb yield criterion. Previous 

analytical shakedown solution has been derived based on a residual stress field 

that may not satisfy equilibrium for certain cases. In this study, a rigorous 

lower-bound shakedown solution has been derived by imposing the 

equilibrium condition of residual stresses. 

The newly developed shakedown solutions have been applied to one-layered 

and multi-layered pavements. It was found that the rigorous lower-bound 

solution based on the self-equilibrated residual stress field is lower than the 

analytical shakedown solution for cases when the critical point lies on the 

surface or at the base of the first pavement layer. The results showed that the 

theoretical predictions of pavement shakedown load limit generally agree with 

the finite element and experimental observations for pavement behaviours. 

The shakedown solution has been further extended to study the influence of the 

shape of contact load area for pavements under three-dimensional Hertz loads. 

It was found that the shakedown load limit can be increased by changing the 

load contact shape from a circle area to an elliptical one. A new pavement 

design approach against excessive rutting has been proposed. The pavement 

design is suggested by plotting thickness design charts using the direct 

shakedown solutions and choosing the thickness combination based on the 

design traffic load. 
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CHAPTER 1 

INTRODUCTION 

1.1 Background 

Road pavements such as track road, driveway, motorway, airport runway and 

taxiway are daily-used civil engineering structures built over soil subgrade for 

the purpose of sustaining vehicular traffic safely and economically. The 

analysis and design of road pavements under moving traffic loads is an 

important but complex problem. Over the last three decades, there has been a 

positive evolution in philosophy and practice from a wholly empirical approach 

to pavement design towards the use of a theoretical framework for design (e. g. 

AASHTO, 2002; Austroads, 1992; Highway, 2006,2009). However, a major 

limitation of this theoretical framework is that elasticity theory is of 

fundamental concern and no consideration is given to strength and plasticity of 

pavement material. 

Plasticity theory has been used for stability problems of foundations, 

embankments and slopes in the field of geotechnical engineering. These 
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problems usually deal with static loads which may increase gradually to such a 

limit that the soil cannot withstand the current stress state and fails due to 

instantaneous collapse. In these cases, limit analysis can provide a proper 

measure for structure safety design. However, when the soil structure is 

subjected to repeated or cyclic loads, such as road pavements under vehicular 

traffic, the design load provided by limit analysis is by no means sufficient to 

prevent structure failure. Although the applied repeated loads may not cause 

instantaneous collapse of the structure, they possibly induce plastic 

deformation in every load cycle and finally results in structural failure either 

from alternating plasticity or from unlimited incremental plasticity (ratchetting). 

Shakedown analysis is thus introduced to determine the critical load limit 

(termed as `shakedown limit') that will prevent structure failure under cyclic 

load conditions. 

The determination of the shakedown limit, as an essential part in the 

application of shakedown concept, usually can be achieved either by numerical 

elastic-plastic analysis or by two classical shakedown theorems. Compared to 

numerical elastic-plastic approach, where the full history of stress-strain curve 

is calculated, the shakedown theorems allow a direct calculation of the 

shakedown limit through searching the critical failure point, thus is drawn lots 

of attention by engineering researchers. According to König (1987), the static 

shakedown theorem was proved by Bleich (1932) using a system of beams of 

ideal I-corss-sections. Later, it was Melan (1938), who established a foundation 

stone for static shakedown theorem for the general case of continuum, giving a 

lower bound to the shakedown limit. In 1960, Koiter formulated a general 
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kinematical shakedown theorem which can provide an upper bound to the 

shakedown limit. 

The fundamental shakedown theorems have been applied to study behaviours 

of elastic-plastic structures subjected to repeated or cyclic loads (e. g. Johnson, 

1985; König, 1987). In the field of geotechnical engineering, their applications 

in pavement structures under traffic loads are particularly useful as the 

shakedown limit is able to provide a more rational design criterion (Yu, 2006). 

The possibility of using shakedown limit as an appropriate load parameter for 

the pavement design was firstly recognised by Sharp and Booker (1984) who 

studied the AASHO road test records. Brett (1987) examined the variation of 

roughness of a number of road sections in New South Wales, Australia. The 

results also suggested the stable roughness condition was attributed to 

shakedown of pavement. Over the years, many researchers have studied the 

shakedown condition of pavements using the fundamental shakedown 

theorems. However, due to the difficulties in optimisation and numerical 

calculation, particularly for the three-dimensional pavement problems, the true 

shakedown load limit has not yet been well determined. Compared to the 

upper-bound shakedown solution, the lower-bound shakedown solution gives 

conservative estimation to the true shakedown load limits. It is potentially more 

useful in the design of pavement structures. 
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1.2 Aims and objectives 

The overall purpose of the research is to provide practical methods and 

solutions for shakedown analysis of flexible pavements under repeated traffic 

loads. 

The research objectives include: 

" To gain better understanding of the static shakedown theorem and the 

shakedown and non-shakedown phenomena of soil half-space under 

moving surface loads. 

" To examine residual stress fields in pavements induced by repeated 

moving surface loads. 

" To develop theoretical solutions for shakedown load limit so that 

numerical shakedown results can be benchmarked. 

" To study the influence of load contact shape on the shakedown load 

limit. 

" To derive shakedown limits of layered pavements and study parameters 

that might affect the shakedown limit. 

", To highlight the difference between the two-dimensional and three- 

dimensional pavement models. 

" To check the validity of the shakedown solution by comparing it with 

the results obtained from laboratory tests. 

" To propose a design procedure for flexible pavements using the 

shakedown solutions. 
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1.3 Thesis outline 

This thesis is divided into six chapters. A brief outline is given below: 

Chapter 1 introduces the necessary background and key objectives of the 

current research on the analysis and design of pavements using shakedown 

theory. 

Chapter 2 contains comprehensive literature reviews including shakedown 

concept and theorems, principles of flexible pavements, shakedown 

phenomena in pavements, shakedown analyses in pavement applications and 

plastic deformation in rolling and sliding contact. 

Chapter 3 presents finite element analysis of soil half-space subjected to 

moving surface loads. The shakedown and non-shakedown phenomena as well 

as the development of plastic strains and residual stresses are examined. 

Shakedown status of the soil half-space is also checked by using Melan's 

lower-bound shakedown theorem. 

Chapter 4 develops analytical solutions for shakedown of single-layered 

pavements. Both two-dimensional and three-dimensional pavement models are 

considered. The shakedown solutions are also extended to cases with elliptical 

contact area. 

Chapter 5 gives shakedown solutions for multi-layered pavements. The 

influences of layer thickness and material properties on the shakedown limit 

are examined. Results are also compared with other author's solutions and 
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experimental data. Finally, a simple pavement design procedure with the use of 

the present shakedown approach is proposed. 

Chapter 6 summarises the major findings of this research and proposes 

suggestions for further research. 
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CHAPTER 2 

LITERATURE REVIEW 

2.1 Introduction 

This Chapter starts with an introduction to the basic shakedown concept and 

classical shakedown theorems. Then, flexible road pavements are described in 

several aspects including components and materials, distress modes, contact 

loads and design approaches. Following that, a literature review concerning 

experimental observations of pavement shakedown phenomena and recent 

studies on pavement shakedown analysis is presented. Finally, a review of 

elastic-plastic half-space responses in rolling-sliding contact is given. 

2.2 Notion of shakedown 

As shown in Figure 2.1, when an elastic-plastic structure is subjected to cyclic 

or repeated loads, four distinctive situations may occur due to different levels 

of load magnitudes (Yu, 2006). 
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Pllastie shakedown 
---------------- 

Deflexion 

Figure 2.1. Elastic/plastic behaviour of structure under cyclic loads 

(Collins et al., 1993b) 

Firstly, if the applied load is sufficiently small, purely elasticity can be 

recognised, so that the strain is fully recoverable and nowhere in the structure 

experiences plastic deformation. 

Then, with an increase in load level, stress states of some points exceed the 

material yield surface, and therefore the structure deforms plastically. However, 

after a number of load cycles, it is likely that the structure adapts itself to the 

cyclic loads and finally it responds purely elastically to the subsequent load 

cycles. This phenomenon is termed as ̀ shakedown' and the critical load limit 

below which shakedown can occur is regarded as the ̀ shakedown limit'. 

Thirdly, if the load level is higher than the shakedown limit and the plastic 

deformation changes in sign in every load cycle, a closed cycle of alternating 

plasticity may take place. This situation is called cyclic plasticity or plastic 

Ratch. tting 
1111 
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shakedown. In this situation, although the total plastic deformation remains 

small, the structure at the most stressed points may fail due to alternating 

plastic collapse. 

Finally, when the loading level is high and there is always some plastic 

deformation added in every load cycle, the structure may undergo unlimited 

incremental plasticity and finally fail due to excessive plastic deformation. This 

phenomenon is known as ratchetting. 

The purpose of shakedown analysis is to find the load limit between the 

shakedown case and the latter two non-shakedown cases in the prevention of 

structure collapse due to unlimited plastic deformation. 

2.3 Shakedown theorems 

2.3.1 Melan's static shakedown theorem 

Melan's static or lower-bound shakedown theorem (Melan, 1938) states that an 

elastic-perfectly plastic structure will shakedown under repeated or cyclic loads 

if the yield condition at any point is not violated by a total stress field which 

combines the self-equilibrated residual stress field with the elastic stress field 

produced by the applied load. If the applied load is denoted by Apo (where po 

may be conveniently set as the unit pressure in the actual calculation and A is a 

dimensionless scale parameter), then all the induced elastic stress components 

are also proportional to A. Melan's lower-bound shakedown theorem hence 

demands that: 
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f (a6ii+6+1ý5ý, (2.1) 

where 

elastic stress field due to the applied pressure A po , 

Q: self-equilibrated residual stress field, 

f ýaj =0: yield condition for the material. 

The largest value of A obtained by searching all possible self-equilibrated 

residual stress fields will give the actual shakedown load limit pd = 2sdpo in 

which Asd is the shakedown limit parameter. 

2.3.2 Koiter's kinematic shakedown theorem 

Koiter's kinematic or upper bound theorem (Koiter, 1960) states that an elastic- 

perfectly plastic structure will not shakedown under repeated or cyclic loads if 

any kinematically admissible plastic strain rate cycle z and any external loads 

po, within the prescribed limits can be found for which: 

I dt ß po, , 
dS >I dt JJL 6r E dV' (2.2) 

where 

ü; : displacement velocity, 

S: structure surface where traction are specified, 
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q, : stresses on the yield surface, 

V. structure volume. 

Alternatively, the upper bound theorem can be formulated as follows: 

ý. 
ýd 

di J, po, ü, dS <_ f dt f5i o a, ý dV, (2.3) 

which provides an upper bound to the shakedown load parameter 2rd 
. 

2.4 Flexible road pavements 

2.4.1 Road pavement components and materials 

Road pavements are layered structures (see Figure 2.2) positioned over the 

natural soil to support wheel loads of different magnitudes, speeds and 

intervals. Generally speaking, road pavements can be classified into two types: 

flexible and rigid. A flexible road pavement consists of unbound materials (i. e. 

they have no binder) and asphalt, while a rigid road pavement has a concrete 

slab as the main structure layer. 

Figure 2.2. A pavement under a wheel 



Pavement 
structure 

Figure 2.3. Typical structures of flexible pavements 

Pavement 
Foundation 

As shown in Figure 2.3, flexible pavement structures usually consist of several 

main layers: surfacing, base, sub-base and capping. The surfacing is usually of 

high quality, tough enough to withstand direct loading and to provide good ride 

quality; however, it has a relatively small structure influence. The base gives 

the pavement most of its strength and has a relatively large thickness. The sub- 

base works in conjunction with the base to support the wheel loads and also 

provides resistance to the flexure of the base layer. Below the pavement 

structure, the soil is termed as subgrade, and is seldom strong enough to 

support the load application alone. Capping is usually a cheap, locally available 

material, and is only used for weak subgrade. Pavement foundation refers to 

the layers between the base and the subgrade. 
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(a) Sealed granular road (b) Asphalt pavement 

Figure 2.4. Typical material layouts of flexible pavements 

Figure 2.4 shows two typical material layouts of flexible road pavements. One 

feature common to them is the placement of one or more layers of granular 

materials over the subgrade soil. The typically used granular materials include 

gravels or crushed rocks which are able to be compacted and exhibit the ability 

to withstand shear but not tension. The surface material can be either bitumen 

or asphalt. The bitumen, which is basically a residue from the distillation of 

heavy crude oil, is to provide a waterproof covering and a smooth riding 

surface here. Its primary mechanical property is viscosity, which is sensitive to 

temperature. The asphalt, which is a mixture of unbound granular material and 

bitumen, deforms as in the case of granular material and has significant tensile 

strength due to the added bitumen (Thom, 2008). The asphalt usually has much 

higher stiffness and strength than the granular materials and its properties are 

dependent on temperature and loading frequency. 
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2.4.2 Road pavement failure modes 

There are two principle structural failure modes of flexible road pavements: 

rutting and cracking. They are of most concern to pavement engineers. 

Figure 2.5. Rutting in road pavements 

As shown in Figure 2.5, rutting is recognised as a surface downward 

deformation on the wheel track from the original level of pavement. It arises 

due to an accumulation of permanent deformation in the pavement structure 

(including the asphaltic layer and granular layer) and the subgrade when they 

are subjected to moving wheel loads, as illustrated in Figure 2.6. According to 

Brown (1996), the surface rutting usually arises from the surface layer for thick 

asphalt pavement; however, it is mainly attributed to the granular layers and 

subgrade for thinly sealed pavement. In Britain, a maximum deformation of 25 

mm in the wheel tracks has been defined as the failure condition and a 

maximum deformation of 15 to 20 mm is regarded as the optimum condition 
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for remedial work, such as the provision of an overlay or replacement of the 

surfacing (Croney and Croney, 1991). 

Year 
1968 1969 1970 1971 

2-1 Sub-base 

surfadng 
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Figure 2.6. Development of permanent deformation in Transport Research Laboratory 

experiments at Alconbury Hill (Lister, 1972) 

Cracking of flexible pavements under the influence of repeated wheel loads is a 

fatigue phenomenon caused by flexure of pavement as a result of small 

resistance in the lower region (Brown, 1996). As shown in Figure 2.7, the 

fatigue cracking may occur at the surface outside the loaded area or at the 

bottom of the asphaltic layer directly under the load, where the tensile stress or 

strain is highest. The surface cracking is apparent particularly for the thin 

surfacing pavement, while the thicker asphalt layer tends to introduce more 

tensile stresses at the bottom of the layer rather than at the surface. Under 

repeated load applications, the cracks propagate, connect, and form one or 
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more longitudinal parallel cracks at the surface, as shown in Figure 2.8 (Huang, 

1993). 
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Figure 2.7. Tensile strains in asphalt layer under wheel loading 
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Figure 2.8. Fatigue cracking in NNheel paths 
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2.4.3 Contact area and load distributions 

The wheel load is transmitted through the tyre to the road pavement surface. A 

realistic analysis of pavement behaviour requires an understanding of the likely 

contact form and stress distributions between the tyre and the road pavement 

surface. 

According to Browne et al. (1981), the shape of the contact area depends on 

tyre cross-section shape and structure. For example, the contact patch of a 

typical aircraft tyre usually appears to be nearly elliptical in shape, whereas the 

contact area of an automotive tyre tends to have essentially straight parallel 

sides. Moreover, when the load is small or the inflation pressure is high, the 

contact area is approximately circular. However, as the wheel load is increased, 

the contact patch becomes increasing elongated in the direction of travel, as 

shown in Figure 2.9. Nevertheless, a circular loaded area is usually considered 

by researchers in pavement engineering (Browne et al., 1981; Croney and 

Croney, 1991; Huang, 1993; Werkmeister et al., 2004). 
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Figure 2.9. Contact patches (Croney and Croney, 1991) 
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The loading acting on the pavement can be expressed as two components: one 

perpendicular to the contact surface, called `normal load', and one tangential to 

the contact surface, called `tangential load'. The tangential load may be further 

decomposed into a longitudinal component, parallel to the central plane of the 

tyre, and a transverse component, perpendicular to the central plane. 

Experimental measurements on the load distributions between the tyre and the 

road pavement have been conducted by a number of authors. It has been found 

that the load distributions are highly non-uniform (Freitag and Green, 1962; De 

Beer et al., 2005). According to Browne et al. (1981) and Huhtala et al. (1989), 

the normal pressure distribution is influenced by the tyre structure, tyre 

inflation pressure, driving forces (driving or carrying), and so on. For example, 

Huhtala et al. (1989) have reported that the contact pressure is greatest in the 

centre for truck tyres, whereas it is greatest on the tyre edge for personal cars. 

The normal load distribution is nearly independent of speed (Bonre and Kuhn, 

1959; Himeno et al., 1997), but acceleration and deceleration have a significant 

effect on the longitudinal force component (Bonse and Kuhn, 1959). The major 

part of the longitudinal force component is in the rear of the contact patch due 

to the braking or traction forces, and its direction is also dependent on these 

forces (Browne et al., 1981). Bonse and Kuhn (1959) have found that the 

distribution of the transverse force component is influenced by deviation from 

the central plane and tyre characteristics, and is zero at the centre line of the 

tyre tread. Moreover, its direction is always towards the centre line of the tyre 

tread. 
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2.4.4 Road pavement design approaches 

Flexible road pavement design approaches can be broadly classified as 

empirical and analytical. The empirical design approaches tend to rely more on 

experience and observations gained from experimental pavements and in- 

service roads and use index-value-based characterisation of material properties 

(e. g. California Bearing Ratio (CBR), layer coefficient, etc. ). The analytical 

approaches use a theoretical framework that relates the critical elastic 

stress/strain to pavement overall performance. 

The most commonly used empirical approaches are based on the CBR test, 

which was initially developed by O. J. Porter in the 1930s. The CBR test is a 

penetration test that gives a ratio of the load on a testing material to the load on 

a standard crushed rock material with an equal achievement of penetration 

which is defined as failure. By using the CBR test, an empirical relationship 

between the CBR values and the required pavement thickness can be evaluated. 

Britain has adopted the CBR method for flexible pavement design since 1946. 

The British pavement design standard of the Highways Agency (2009) 

provided guidance to pavement foundation design in which the subgrade CBR 

values are converted into stiffness moduli in relation to the thickness and 

foundation stiffness. The Highways Agency (2006) also presented guidance to 

flexible pavement base and surfacing design in which the layer thicknesses are 

in relation to material types and traffic intensities. 

Between 1958. and 1960, one of the most significant pavement tests of the 

twentieth century was conducted by the American Association of State 
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Highway Officials (AASHO). Its results then contributed to the pavement 

design guides of the American Association of State Highway and 

Transportation Officials (AASHTO) presented afterwards. The AASHO road 

test interpreted how well the pavement serves the user as pavement 

serviceability. The pavement serviceability concept is then defined in terms of 

Present Serviceability Index (PSI) in the following AASHTO design guides. 

The PSI, together with layer coefficient and reliability factors, formed an 

empirical equation for flexible pavement design in the 1986 AASHTO guide. 

Over the last three decades, there has been a positive transition from wholly 

empirical approaches to pavement design towards the use of analytical 

approaches (e. g. Powell et al., 1984; Brown et al., 1985; Seeds, 2000; Nunn, 

2004). In Britain, the analytical pavement design procedure is included in the 

Highways Agency (2006,2009). The design flow of this approach can be 

summarised as Figure 2.10. On the one hand, the traffic loads are converted 

into the number of standard axles (design life). On the other hand, a multi-layer 

linear elastic analysis package is used to calculate the load-induced elastic 

stresses and strains in pavements. Two critical stresses/strains are considered: 

excessive horizontal tensile stress/strain at the bottom of the base layer causing 

fatigue cracking, and excessive vertical compressive strain at the top of the 

subgrade producing permanent deformation at the pavement surface, as shown 

in Figure 2.11. The 1992 Austroads guide and the 2002 AASHTO guide also 

utilise similar theoretical framework for pavement design. 
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Design load 
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Figure 2.10. Design flow for mechanics-empirical approach (Yu, 2011) 
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Figure 2.11. Critical stresses and strains in a flexible pavement 
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The relationships between the pavement life and the critical stresses/strains are 

usually expressed as empirical equations which were derived based on real 

evidence of pavement performance. For example, the equation proposed by 

Powell et al. (1984) in the UK Transport Research Laboratory is likely to be 

approximately suitable for roads on UK clay soils, as shown in Equation (2.4) 

for the prevention of excessive rutting. 

Nf =3.09x1Q10ee395, (2.4) 

where NJ is the number of load applications to failure in millions, c is the 

subgrade strain (microstrain), 

Brown and Brunton (1986) also suggested a design criterion to prevent fatigue 

cracking as shown in Equation (2.5). 

Nf =C 
1 m, 

(2.5) 
st 

where el is the tensile strain at the bottom of the asphaltic layer, C and m are 

constants which depend on volumetric proportion of binder and its initial 

softening point. 

The analytical approach provides a means of evaluating and comparing 

different design alternatives in an attempt to maximise the pavement's whole 

life value. However, it should be noted that this approach is mainly based on 

the elasticity theory. Although empirical equations have been introduced to 

predict pavement life, the relationship between the subgrade elastic strain and 

the pavement rutting is weak (see Figure 2.10). Therefore, any attempt at 
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utilising plasticity theory in the prediction of pavement failure is a clear 

advance in the pavement design process. 

2.5 Shakedown phenomena in road pavements 

Observations from repeated load tests and full-scale road experiments have 

both shown the existence of shakedown phenomena. 

2.5.1 Repeated load tests 

A flexible road pavement, particularly when unsurfaced or thinly surfaced, can 

be broadly described as one or more layers of granular material placed over the 

subgrade soil. The overall performance of the pavement structure is then 

primarily dependent on the behaviour of granular layers. 
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Figure 2.12. Effect of number of cycles and stresses on permanent axial strain 
(Lekarp and Dawson, 1998) 
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Lekarp et al. (1996) performed repeated load tests in triaxial apparatus and 

hollow cylinder apparatus to study the long-term behaviours of granular 

materials. Five different aggregates were selected, four of which were placed in 

the Triaxial Apparatus subjected to cyclic deviator and confining pressures, 

while the last aggregate was tested in the Hollow Cylinder Apparatus with 

variable deviator stress. The cumulative permanent axial strain was plotted 

against the number of load cycles (see Figure 2.12) and it was then pointed out 

by Lekarp and Dawson (1998) that high levels of stress ratios q'/p' (q' is 

deviator stress, p' is mean stress) cause gradual collapse of the material while 

low stress ratios ultimately result in an equilibrium state, in similarity with the 

shakedown concept. Similar results were also reported by several other authors 

(e. g. Chan, 1990; Gidel et al., 2001; Arnold et al., 2003; Habiballah and 

Chazallon, 2005). Lekarp et al. (2000) carried out an extensive review of the 

permanent strain response of unbound aggregates and pointed out that the 

applied stress level is one of the most significant factors affecting this response 

and the resulting permanent strain would eventually reach an equilibrium 

condition at low levels of stress. 

Werkmeister et al. (2001,2004,2005) did a series of triaxial tests on 

Granodiorite and sandy gravel by varying vertical stress (deviator stress) while 

keeping a constant confining pressure. The results were reported by plotting 

cumulative vertical permanent strain against vertical permanent strain rate (see 

Figure 2.13). Based on the plots, the responses of the granular materials were 

categorised as plastic shakedown (Range A), plastic creep (Range B) and 

incremental collapse (Range C). 
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