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Abstract

A class of diffeomorphism invariant gauge theories is studied. The action for this class
of theories can be formulated as a generalisation of the well known topological BF-
theories with a potential for the B-field or in a pure connection formulation. When the
gauge group is chosen to be SU(2) the theory describes gravity. For a larger gauge
group G one gets a unified model of gravity and Yang-Mills fields. A background for
the theory is chosen which breaks the gauge group G by selecting in it a preferred
SU(2) subgroup which describes the gravitational sector. The Yang-Mills sector is de-
scribed by the part of the gauge group that commutes with this SU(2). Thus, when the
action is expanded around this background the spectrum of the linearised theory con-
sists of the usual gravitons plus Yang-Mills fields. In addition, there is a set of massive
scalar fields that are charged both under the gravitational and Yang-Mills subgroups.
The latter sector is described by the part of the gauge group that does not commute
with SU(2). A fermionic Lagrangian is also proposed which can be coupled to the BF

plus potential formulation.



Acknowledgements

I would like to thank my supervisor Dr. Kirill Krasnov for his guidance through my
PhD studies, this thesis would not had been possible without him. I also wish to ac-
knowledge the support of my friends in the School of Mathematical Sciences at Not-
tingham, and in particular to the people in the Quantum Gravity group. Finally, I am
extremely appreciative of the support of my wife, my parents, my mother in law and
my mother’s family. I certainly could not have accomplished all that I have without

them.

ii



Contents

I BF plus Potential Formulation|

2 A Class of Diffeomorphism Invariant Gauge Theories|

2.1 A Generalisation of BFtheory| . . . . .. ........ .. ... .. ... ..
[2.1.1  Parametrisation of the potential] . . . ... ... ... ... ... ..
2.2 Hamiltoniananalysis| . . . . ... ... ... ... ... ... .. ..
2.3 Linearised theory: general considerations| . . . . ... ... ... ... ..
231 Kineticterml . . . .. ... ... ... ...
.32 Potentialterml|. . ... ... .. .. ............... ...

3.2 Minkowski background| . . ... .. ... ... 0 0 0000

B.3 Thepotential function V| . . . .. .. ... ... .o o 0L

[3.0 Symmetries|

B4 Linearised action| . . . . . . . . . . . e e e

iii

13
14

15



CONTENTS

[3.7.4 Reality conditions| . ... ... ......... ... .. ... .. 27

@ Gravity-Non-Linear Electrodynamics Unification| 31
M1 Theactionl . ....... ... .. ... ... .. 32
4.2 Non-linear electrodynamics| . . . . ... ... ... ... .. ... ... 34
4.2.1 A version of non-linear electrodynamics| . . ... ......... 34
.22 Linearised theory|. . . . . ... ... ... .. ... ... . ..... 36
4.2.3 Linearised reality conditions| . . ... ... ... .......... 37
.24 Non-linear electrodynamics| . . . .. ... ... .... ... .... 38
.25 Realityconditions| . ... ... ... ... ... ... . ... .. 39

4.3 Spherically-symmetricsolution| . . . . ... ... ... o 000000 41
3.1 The spherically symmetricansatzl . ... .............. 41
4.3.2 B-compatible GL(2,C)-connection| . . . . . ... ... ....... 42
[4.3.3 Field Equations| . . . ... .... ... ... ... .. ... 43
.34 Legendre Transformation| . . .. ... .. ... .. ......... 45
4.3.5 Bianchiidentities| . . . . ... ... ... .. ... ... .. ... 45
4.3.6 Consistency| . . . ... ... ... ... o 46
4.3.7 Non-metricgravity| . . . . ... ... ... . ... .......... 47

3.8 Reissner-Nordstrom solutionl . . . . ... ... .. ......... 47

[5 Gravity-U(1)-Gauge Field Unification| 51
.1 More general potentials| . . . ... ... . ... ... ... .. ... ... 52
b.1.1 Potential with an extra invarianti . . . . .. ... .......... 52

5.2 Liealgebraof SU(B)| . . .. ... ... ... ... ... ... .. ... 54
.3 Background| . . ... .. ... ... . o o 55
b4 TLinearisation: Kineticterml. . . . .. ............. . ....... 56
5.41 Thesu(2)partl. . . .. ... ... .. 57
[5.4.2  The part that does not commute with su(2)[ . . . . ... ... ... 59
5.43 Centraliser U(1)part|. . . . . ... ... ... ... ........ 60

.o Linearisation: Potential term|. . . . . .. ... ... .. .. ... ... 61

iv



CONTENTS

.6 Symmetries| . ... ...
B.7 U(l)sector] . . . . . . . . e e e e
p.8  Low energy limit of the “extra"sector] . . . ... ... ... ........
D.9 “Extra” sectormasses| . . . ... ...
10 Interactionsl . ... ... ... ... ..
5.10.1 _General considerations|. . . . . . . . . . . . .. ... ... ...
[0.10.2 Interactions with gravity|. . . . ... ... ... ... ... ...,
[6_Fermionsl

(6.1 Usual fermion formulationf. . . . . . ... ... ... ... o000
611 Preliminaries] . ....... ... ... ..
[6.1.2  Weylfermion| . . . ... ... ... ... ... .. .. ...
[6.1.3 The Majoranamassterm|. . . . ... ... ... ...........
6.1.4  Diracfermionl. . . . . . . . . ..
6.2 New formulation| . . . ... ... .. ... ... . ... .. L.
2.1 lesstermion| . . . . .. ... ... Lo o
6.2.2  Massive fermion| . . . . . . . .. ...
[6.2.3 Dirac-typefermion| . . . . . ... ... ... L L

M P C ton F Tation]

[7 A Class of Diffeomorphism Invariant Gauge Theories|

[/.1 ~Symmetries| . . ... ... ... . oo
[72 Fieldequations .. ... ........ .. ... . .. ... .. ... ...
[7.3  Perturbationtheory|. . . ... ... ... .. ... .. o 0L
8 ravity|

(8.1 General Relativity| . . . . ... ... ... ... ... 0 0
(8.2 Modified gravity theory| . . . .. .. ... ... ... ... . 0 L.

[8.2.1 Background| . .. ... ... ... ... . 00 oL

[8.2.2  Action evaluated on the background|. . . . . ... ... ... ...

73
73
73
76
78
78
79
80
84
85

87

88
89
91
91

93



CONTENTS

823 L ~ed action . .
[8.2.4 High energy limit|. .

[8.2.5 Hamiltonian analysis|

[9  Gravity-Yang-Mills Unification|

0.1 Background| .. ....... . ... .. ...
0.2 Linearisationl. . . ... ... .. ... ... ...
ravitational A

[9.3.1 Derivatives of the defining function J at the background| . . . . .
[9.3.2 Linearised gravity Lagrangian| . . . ... ... ... .. ... ..

0.4 Yang-Millssector] . . . ... ... .. ... ... ... .. ... ... ..
[9.4.1 Linearised Yang-Mills Lagrangian| . . . . .. ... .. ... .. ..

Do “Extra”sector] . . ... ... .. .. ...
051 Massterml . . ... ... ... .. ..
052 Kineticterml| . . . ... ...... ... ... ... ..

0.6 Linearised “extra’ Lagrangian|. . . . . .. ... ... ............

[9.6.1 Hamiltonian analysis|

0.6.2 Gauge-fixing| . . ..

[9.6.3 Evolution equations|

10 _Conclusionsl

vi

100
100
102
103
103
104
104
105
106
106
107
108
109
111
112

114

117



CHAPTER 1

Introduction

There have been numerous attempts to unify Einstein’s theory of gravity with gauge
tields describing other interactions. One such unification proposal is that of Kaluza-
Klein, where the metric and gauge fields arise from a higher-dimensional metric tensor
upon compactification of extra dimensions. This scenario has become an indispensable
part of string theory, which also provides another unifying perspective by viewing
gravity and Yang-Mills as excitations of closed and open strings respectively. For more

details on string-inspired unification schemes see a recent exposition [1].

There have also been attempts to unify gravity with Yang-Mills theories without in-
troducing extra dimensions but instead trying to extend the methods used in Grand
Unified Theories [2] to include gravity. There is, however, a very strong no-go theo-
rem [3] that shows that at least one type of such unification is impossible. The theorem
states that the symmetry group of the S-matrix of a consistent quantum field theory (in
Minkowski spacetime) is the product of Poincare and internal gauge group. In other
words, the spacetime and internal symmetries do not mix. Now, since gravity can be
(at least loosely) viewed as a gauge theory for the diffeomorphism group, and the latter
contains Poincare group as that of rigid global transformations, the Coleman-Mandula
theorem [3] is sometimes interpreted as saying that no unification of gravity and gauge
theory that puts together diffeomorphisms and gauge transformations is possible. In
this discussion, however, one must be careful to distinguish between local gauge in-
variances of a theory and global symmetries whose presence or absence depends on
a particular state one works with, see [4] that emphasises this point. While it may be
difficult or impossible to “unify” diffeomorphisms and gauge transformations into a
single gauge group, this is not the only possible way to approach the unification prob-
lem. To understand how a different type of unification might be possible, let us recall
that in the so-called first-order formalism gravity becomes a theory of a tetrad as well

as a Lorentz group spin connection. The “internal” Lorentz group acts by rotating the
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tetrad and has no effect on the metric defined by this tetrad. Thus, the physical dynam-
ical variable is still the metric, one simply added some gauge variables and enlarged
the gauge group, which in this formulation is a (semi-) direct product of the diffeomor-
phism group and SO(3, 1). Further, in the Hamiltonian formulation this theory can be
easily cast into one on the Yang-Mills phase space. This is done by adding to the action
a term that vanishes on-shell [5]. The phase space is then that of pairs SU(2) connec-
tion plus the canonically conjugate “electric” field. Thus, after the trick of adding an
on-shell unimportant term, gravity becomes a generally covariant theory of an SU(2)
connection. The tetrad (spacetime metric) is still a dynamical variable but in this formu-
lation it receives the interpretation of the canonically conjugate field to the connection.
Yang-Mills theory, on the other hand, after it is written for a general spacetime metric,
also becomes a generally covariant theory of a connection and spacetime metric. One
could then attempt to put the two generally covariant gauge theories together in some
way that combines the “internal” gauge groups, while leaving the total gauge group to
be a (semi-) direct product of diffeomorphisms and “internal” symmetries. This would
not be in any conflict with the no-go theorem [3] for what is unified is not the Poincare

and internal symmetry groups.

As far as we are aware, the first proposal of this type was put forward in [6, 7], with
the idea being precisely to extend the gauge group of gravity formulated in tetrad
tirst-order formalism as a theory of the Lorentz connection. This proposal was later
pushed forward in [8,9]], see also [10] for the most recent development. The key point
of this proposal is that it is a non-degenerate metric that breaks the gauge symmetry
of the unified theory down to a smaller group consisting of SO(3,1) for gravity and
some “internal" group for Yang-Mills fields. A similar in spirit, but very different in
the realisation idea was proposed in [11], and further developed in [12H14]. This ap-
proach stems from the fact that Einstein’s general relativity (GR) can be reformulated
as a theory on the Yang-Mills phase space. At the time of writing [11] it was achieved
in Ashtekar’s Hamiltonian formulation of GR [15] that interprets gravity as a special
generally covariant (complexified) SU(2) gauge theory. The fact that gravity in this
formulation becomes a theory of connection suggests that a gauge group larger than
SU(2) can be considered. This is what was attempted in [11-14], with the main result
of [14] being that Yang-Mills theory arises in an expansion of the theory around the de
Sitter background.

The unification by enlarging the internal gauge group proposal was recently revisited
in [16], where the new action principle [17] for a class of modified gravity theories

[18]], extended to a larger gauge group was used. This work extended the gauge group
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of an explicitly real formulation of gravity that works with the Lorentz, not with the
complexified rotation group. Specifically, it was suggested in [16] that the action of
the type proposed in [17] considered for a general Lie group G describes gravity in its
SO(4) part plus Yang-Mills fields in the remaining quotient G/SO(4). As in [14], the
Yang-Mills coupling constant is related in [16] to the cosmological constant. As in the
approach [6, 7], in [16] it is a non-degenerate metric that breaks the symmetry down to
a smaller gauge group. The approach of [16] is also similar to that of [6] 7] in that many
new bosonic degrees of freedom are introduced. Thus, it was shown in [19] that the
BEF-type action of [17] for G = SO(4) does not describe anymore a pure gravity theory

in that it describes six new DOEFE.

This thesis describes a new framework for unification of gravity and Yang-Mills fields
starting from a general diffeomorphism invariant gauge theory. The action for the the-
ory can be presented in a BF plus potential formulation, where the field variables are
a connection one-form and a Lie algebra-valued two-form, or in a pure connection for-
mulation, where the only variable is a connection one-form. These actions are naturally
constructed as the “most general" ones with those field content which are diffeomor-
phism and gauge invariant and lead to second order in derivatives field equations.
The pure connection formulation of the theory can be thought to be obtained from the
BF plus potential formulation after the Lie algebra-value two-form field has been inte-
grated out. The general procedure to obtain gravity and Yang-Mills is similar to what
is done in the unification proposals by enlarging the internal gauge group which have
been briefly explained above. However, unlike in [16], we interpret only a (complexi-
fied) SU(2) subgroup of the gauge group G as that corresponding to gravity. The part
of the gauge group that commutes with this gravitational SU(2) is then seen to describe
Yang-Mills fields, and the part that does not commute with SU(2) describes massive
scalar fields.

Although, in our opinion, the model studied in this thesis has achieved the desirable
basic facts that any unification scheme should have without any trivial contradiction
with the known physical models, there is still a long path until we can claim that we
have a realistic model and be able to make some prediction. We could say that we
have just set up the basic ingredients for a new unification model and that it is now
the time to start constructing the realistic model we are looking for based on the first
steps we have done. We think an important quality of our unification framework is
that we have not used extra dimensions to achieved unification, so we always work in
the usual 4 dimensional spacetime. Extra dimensions is a beautiful idea that opens a
universe of new possibilities but unfortunately there is not proof of this yet. It could

also be said that our proposal is very conservative in the sense that we are not changing
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a big paradigm, as is done for example in string theory where the concept of particles
is replaced by that of strings, but we have found a new action which accomplished
unification with an approach similar to the one adopted in Grand Unified Theories but
this time including gravity as well. The cornerstone of our model is the description
of gravity as a diffeomorphism invariant gauge theory. The action functional for this
new description of gravity uses SU(2) as gauge group and it is remarkable that when
a bigger Lie group is utilised, for the same action, we obtain gravity and Yang-Mills

fields as different sectors in the Lie algebra.

This thesis is divided in two parts, i.e., the BF plus Potential Formulation and the Pure
Connection Formulation approach for this model. In chapter 2l we define the class of
diffeomorphism invariant gauge theories in its BF formulation. This chapter contains
a general discussion on the problem of linearisation. In chapter [3|we consider the case
of pure gravity corresponding to G = SU(2). The Minkowski space background that
we expand around is described here. Chapter [4 studies a unified gravity non-linear
electrodynamics model. We switch off the gravitational sector and study the result-
ing non-linear electrodynamics theory. Then, we switch the gravitational force back on
and study the spherically-symmetric solution of the theory. Chapter [f| deals with an
example of a non-trivial group for which we take G = SU(3). Here we obtain a La-
grangian describing gravity, a gauge field and some massive scalar fields. A fermionic
Lagrangian which can be coupled to the BF plus potential formulation is studied in
chapter [ In chapter [7] the pure connection formalism of the theory is explained and
the perturbation theory is studied. Chapter 8| shows how to describe gravity using a
gauge potential as the only field variable and how the usual propagating degrees of
freedom appears. Finally, chapter 9] explores the unification of gravity and Yang-Mills
fields in this pure connection formalism studying the resulting Lagrangian for the dif-

ferent sectors found.

The material found in this thesis is based on research done between September 2008
and December 2011. Chapters[2land 3|contains calculations and results taken from [20].
Chapter []is taken from [21]]. Chapter [5|improves sections 7 to 9 that appears in [20].
Chapter [6]it is new and has not been reported anywhere else. In section [8.1] the same
results as in [22] are found, but using a different procedure. Section (8.2l and chapter
E] are heavily based on [23] and [24], respectively, but we have used some different

notations and conventions.



Part I

BF plus Potential Formulation



CHAPTER 2

A Class of Ditffeomorphism

Invariant Gauge Theories

Consider a principal G-bundle over the spacetime manifold M with Lie group G. Let
g be the Lie algebra of the Lie group G. The Lie algebra g is assumed to be a general
semisimple complex one. As is usual in physics literature, the bundle is assumed to be
trivial, so the connection can be viewed as a Lie-algebra-valued one-form on M.

The action that we would like to consider is of BF-type and is given by
S[A,B] = / gi/B' NF/ — %V(BI AB)Y, (2.0.1)
M

where g;; is an inner product on the Lie-algebra g; B! is a g-valued two-form; F! is the
curvature of the connectiorﬂ Al; and V() is a G-invariant, holomorphic and homo-
geneous order one function of symmetric n x n matrices. The indices I, ],K,L,--- =
1,2,...,nwith n = dim(g).

The potential term V(B! A B/) deserve a more detail explanation. Consider the 4-form
B! A BJ. This is a 4-form valued in the space of symmetric bilinear forms in g. Choosing
an arbitrary volume 4-form (vol) we can write B! A B/ = (vol) h!/, where now h!/ is a
symmetric n X n matrix. Since (vol) is defined only modulo rescalings, (vol) — a(vol),
so is the matrix i/ that under such rescalings transforms as i/ — (1/a)h". Let us now
introduce a function V (k) of symmetric n x n matrices '/ with the following proper-
ties. First, the function is gauge-invariant: V(adgh) = V(h), where ady is the adjoint
action of the gauge group on the space of symmetric bilinear forms on the Lie algebra.

Second, the function is holomorphic (we work with complex-valued quantities). Third,

I The field strength of the connection one-form A is defined as usual by
1 1
I I I I I K

where C ;K stands for the structure constants of the Lie algebra g.

6
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and most important, the function is homogeneous of degree one V(ah) = aV(h), for
a € C. Indeed, we have V(B! A B/) = (vol)V(h'), and it is easy to see that due to
the homogeneity of V(-), the resulting 4-form does not depend on which particular
volume form (vol) is chosen. Thus, the quantity V(B! A B/) is an invariantly defined

4-form, and it can be integrated over spacetime.

2.1 A Generalisation of BF theory

A way to arrive at (2.0.1) is considering possible directions to generalise a topological
BF theory. For the case of g = su(2) this was done in [25], and here we generalise this
analysis to a general semisimple Lie algebra g.

Following this reference we begin with the action
1
S[A,B] = /gUBI NE = @y BIAB, (2.1.1)

where B! is a two-form valued in g, F I'is the curvature of a connection Al and ®Y
is a function (zero-form) valued in the symmetric product of two copies of g. At this
stage this quantity is undetermined. But we should say already now that it is not to
be thought of as an independent field to be varied with respect to, for it will later be
fixed by Bianchi identities. Note that only the symmetric part of ®!/ enters the action,
this is why it is assumed symmetric from the beginning. We raise and lower internal
indices I, J,... with the inner product g;; and its inverse gU . We also note that for
a semisimple Lie algebra we can always find a basis in which this inner product is

diagonal, i.e. g;7 = 17, where 6j; is the Kronecker delta.

Varying (2.1.1) with respect to the connection A and the field B we get, respectively,

DB'=dB'+Cjx AT ABX =0, (2.1.2)
F' = o;B/. (2.1.3)

We see that the idea of the above action ansatz is to generalise the BF theory in such a
way that the equation (2.1.2) relating B and A is unchanged, while we now allow for
a non-zero curvature. As we have already said, we do not consider a variation with
respect to ®!/ because we will later show that the Bianchi identities fix this quantity in
terms of certain components of the two-form field B'.

Let us now take the covariant exterior derivative D of and use together
with the Bianchi identity DF! = 0. We obtain

D®; A B/ =0. (2.1.4)
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Now, the covariant exterior derivative of DB/ is
D(DB') = Cjgd Al A BX + CjxCry AT A AY A BM. (2.1.5)

Using the Jacobi identity CﬁCk,K + C}\I](CZL\H + CIIXICIL\U = 0, the equation above can be
rewritten as
D(DB') = Cj, F/ A BF, (2.1.6)

and using equation (2.1.2) and equation (2.1.3) we get
CJ, @y BXABE =0. (2.1.7)

Let us denote the interior product between an arbitrary vector field ¢ and the two form
B! as ¢_B!. Now computing the wedge product between (2.1.4) and the one-form ¢_B!,

which has components (¢.B'),, = Z*B]

apr We get

D& AEBIAB) =0. (2.1.8)
Using &BU A B = 1& (B! A B/), we can rewrite this as
D®;; AEL(B'AB)) = 0. (2.1.9)
Let us now define the “internal” metric 1!/ by means of the following relation
B A B = 1l (vol), (2.1.10)
where (vol) is an arbitrary volume 4-form. We can then rewrite as
hy DO A ¢u(vol) = 0. (2.1.11)
Using the definition of h!/, we can also rewrite as
Cle @ h¥ = 0. (2.1.12)
Now, computing hy; DdY,
hi D™ = hyp (d@'™ +2Cjy AT @), (2.1.13)

we can see that the second term in the right hand side vanishes because of
and the condition that the Lie algebra is semisimple. The latter is used because for a
semisimple Lie algebra it is possible to define an inner product, in our case d;;, with
respect to which the object Cjjx = 61, C ]LK is completely anti-symmetric.
Our final result is

hjo, @t =0, (2.1.14)
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which implies
hij9,®" =0, (2.1.15)

since ¢ is an arbitrary vector.
The above equation implies that the quantities &/ and ®!/ are not independent. Let us
define the “potential function” V = h &, 7- Then,

dV = @y dh'l + hyydd' = &y dn', (2.1.16)
where we have used (2.1.15). This means that: a) the potential V is only a function of
h',ie., V = V(h); b) the quantities @V are given by

oV

and c) the potential V is a homogeneous function of order one in 1!/ since

19V

_ 1,1
v=ho.

(2.1.18)

Thus, using the above definition of 1%/, and the fact that V() is homogeneous, we can

rewrite the action (2.1.1)) as
1
5= /gU BIAF — V(B AB), (2.1.19)

which is exactly the action (2.0.1).

2.1.1 Parametrisation of the potential

The potential term defined as
V(B'AB)) = (vol)V(HY), (2.1.20)

still have an arbitrariness because of the freedom of rescaling of (vol). A possible way
to avoid this arbitrariness is as follows. With our choice of conventiond? dx* A dx A

dxP A dx? = —e"P7d4x we have

1 1
B'AB = ZB;,V}_zggdxﬂ Adx’ AdxP Adx” = —Zé””P”B£VB£Ud4x, (2.1.21)

20ur convention is that the Levi-Civita symbol EMVAP has components

—1, if yvApis an even permutation of 0123,
ghvip — 1,

if pvAp is an odd permutation of 0123,
0, ifu=vorv=AorA=porp=y,

in any coordinate system. Note that the Levi-civita symbol é*F7 is a tensor density of weight minus one

which does not require a metric for its definition.



CHAPTER 2: A CLASS OF DIFFEOMORPHISM INVARIANT GAUGE THEORIES

Thus, if we now define a densitised “internal metric"

. 1 N
Bl = 1BLVB£0(—:V"P”, (2.1.22)
we can write the action as
1 .
S[A,B] = /gU B'AF + > /d4x V(h) . (2.1.23)

Then, the argument of the potential function V() is the n x n matrix i!/, and its deriva-
tives can be computed via the usual partial differentiation.

For example, the first variation of this action can be seen to be given by

5S = /531 A (gUFf - a;/ﬁ(Ih])Bf> — giyDBI N SAT. (2.1.24)

Indeed, the variation of the last, potential term is given by

T oV 1 1 wvee oV (h)
- ~0BL, Bl & dtx = — / -

_ SB' A B/ 2.1.2
2] i 2 NB, (2.1.25)

where the matrix of first derivatives (aV (%) /0h!/) is a density of weight zero. Thus,

the field equations of our theory can be written as

= B/, (2.1.26)

onll
DB' = dB' +[A,B' = 0. (2.1.27)

In the literature on this class of theories a different parameterisation of the potential is
sometimes used, see e.g. the original paper [17], and also the unification paper [16].
Then, to avoid having to work with a homogeneous function, one can parameterise the
potential so that an ordinary function of one less variable arises. This can be done via a
Legendre transform trick. Thus, we introduce a new variable ¥ that is required to be
tracefree ¢;;¥!/ = 0. The idea is that the matrix ¥/ is the tracefree part of the matrix of

first derivatives ®!/ = (oV/ ohl ). In other words, we write
A
Oy =%y — 81 (2.1.28)

where ¥/; is traceless. With @'/ being a function of i/, so is the trace part A. However,
we can also declare A to be a function of ¥/, make ¥ and independent variable and

write the action in the form

1

AY
S[B,A,‘I’]:/gUBI/\F]—z(‘YU— (¥)

n

g1]> B'AB. (2.1.29)

Varying the action with respect to ¥/ one gets an equation for this matrix, which,
after being solved and substituted into the action gives back (2.1.23) with V(-) being

10
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an appropriate Legendre transform of A('¥). In the formulation the function
A(Y) is an arbitrary function of the tracefree matrix Y%, so there is no complication
of having to require V() to be homogeneous. This formulation was used in the first
papers on this class of theories, but it was later realised that the formulation that works

solely with the two-form field B I'is more convenient.

2.2 Hamiltonian analysis

To exhibit the physical content of the above theory it is useful to perform the canonical
analysis. After the 3+1 decomposition the action reads, up to an unimportant overall

numerical factor,
S = /dt/zdf’x (P‘”Afl - H) 2.2.1)
where
pY = el , 2.2.2)
and the Hamiltonian H is
— H = AlD,P" + BL & Fl —v (Béﬁﬁa”) . (2.2.3)

If we dealt with the pure BF theory the last “potential” term would be absent and
all the quantities B!, would be Lagrange multipliers. However, now the Lagrangian
is not linear in B}, and, as we shall see, all but 4 of these quantities are no longer
Lagrange multipliers and should be solved for. The equations one obtains by varying

the Lagrangian with respect to B, are

oV (h) ~
~abcpl __ ]
e Fl = i Y. (2.2.4)

The equations (2.2.4) can be solved in quite a generality by finding a convenient basis
in the Lie algebra. Thus, consider the canonically conjugate field P?!. There are at least

n — 3 vectors Ni, witha =1,...,n — 3, that are orthogonal to this field, i.e.,
PINI =0, Va,a. (2.2.5)
These vectors can be chosen (uniquely up to SO(n — 3) rotations) by requiring
NiNé = bup- (2.2.6)

We can then use the quantities P witha =1,2,3, and Ni as a basis in the Lie algebra.

11



CHAPTER 2: A CLASS OF DIFFEOMORPHISM INVARIANT GAUGE THEORIES

We can now decompose the quantity B}, as
Bj, = P""Byy + N, B, (22.7)

where B, B are components of B}, in this basis. There are in total 317 components of
B, and they are represented here as 9 quantities By, as well as 3(n — 3) quantities B?.

The argument of the function V() is now given by
Bl pall) = prUpellp,, + N BP0, (2.2.8)

It is clear that this depends only on the symmetric part B,; of the components B,;,. Thus,
the anti-symmetric part of this 3 x 3 matrix cannot be determined from the equations
and the N* in B, = (1/2)€,.N remain Lagrange multipliers. It is also clear
that due to the homogeneity of V(-) one more component of B}, cannot be solved for.
This can be chosen, for example, to be the trace part B}, P*!, which will then play the
role of the lapse function. All other 6 +3(n — 3) — 1 components of B}, can be solved for
a generic function V(-), i.e., under the condition that the matrix of second derivatives
of V(-) is non-degenerate. We are not going to demonstrate this in full generality, but
we will verify it in the linearised theory below.

After the quantities B}, are solved for we substitute them into (2.2.3) and obtain the

following Hamiltonian:
— H = A\D,P" + N*P"'Fl, + NA(F, P), (2.2.9)

where N is the lapse function and A(F, P) is an appropriate Legendre transform of V()
that now becomes a function of the curvature Falb and the field PY. Thus, there are n
Gauss as well as 4 diffeomorphism constraints in the theory. It should be possible to
check by an explicit computation that they are first class, as was done, for example for
the case of g = su(2) in [26], but we shall not attempt this here, postponing such an
analysis till the linearised case considerations. The above arguments allow a simple
count of the degrees of freedom described by the theory: we have 3n configurational
degrees of freedom minus n Gauss constraints minus 4 diffeomorphisms, thus leading
to 2n — 4 DOF. Thus, when g = § ® su(2) the above count of DOF gives the right
number for a gravity (describe by the su(2) part) plus Yang-Mills theoryﬁ (describe by
the b part). For a general g one might suspect that the centraliser of the gravitational
su(2) describes Yang-Mills, while the rest of the Lie algebra corresponds to some new
kind of fields. Below we will unravel their nature by considering the linearised theory.

We also note that the above count of degrees of freedom agrees with the one presented

3When we refer to Yang-Mills fields here we are thinking about abelian and non-abelian gauge fields,

e.g., h could be u(1) or su(n).

12
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in [19] for the case G = SO(4). Thus, it was seen there that the theory describes in
total 2- 6 —4 = 8 DOF, which were interpreted as those corresponding to 2 graviton

polarisations plus six new DOF.

2.3 Linearised theory: general considerations

As we have seen in the previous section, the mechanism that selects the gravitational
su(2) in g is that the conjugate variable P*! provides a map from the (co-) tangent space
to the spatial slice into g. This selects a 3-dimensional subspace in g that plays the role
of the gravitational gauge group. Below we are going to see this mechanism at play
at the level of the Lagrangian formulation, by studying the linearisation of the action
(2.0.1). In this section it will be convenient to introduce a certain numerical prefactor in
front of this action so that the normalisation of the graviton kinetic term in the case of
gravity will come out right.

Thus, we shall from now on consider the following action
1
S[A,B] = 41/ SuB'AF = JV(BIABT), (2.3.1)
M

wherei = /1.
The following general considerations apply to any background. We specialise to the

Minkowski spacetime background in the next chapters.

2.3.1 Kinetic term

Let us call the first term in (2.3.1) Sgr and the second “potential” term Sgg. Then, the

second variation of Sgr is given by
52Spr = 4i / 20B; ADSA! + By A [6A,5A], (2.32)

and the action linearised around B,, A, is obtained by evaluating this on B,, A,.

We are going to view our theory as that of the two-form field B, with the connection A
to be eliminated (whenever possible, see below) by solving its field equations.

Let us assume that we are given a background two-form B,. The linearised connection
A, is then to be determined from the linearised equation , that reads

D,0B! + [6A,B,)l =0, (2.3.3)

where D, is the covariant derivative with respect to the background connection A,.

Now the background two-form B! is a map from the six-dimensional space of bivectors

13
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to g, and thus selects in g at most a 6-dimensional preferred subspace. Let us denote
this subspace by £. This subspace may or may not be closed under Lie brackets, but for
simplicity, in this paper we shall assume that our background B! is such that ¢ is a Lie
subalgebra (below we shall make an even stronger assumption about £). It is then clear
that the part of A’ that lies in the centraliser of £ in g drops from the equation (2.3.3)
and cannot be solved for. As we shall see later, this will be the part of the Lie algebra
that is to describe Yang-Mills fields. The other part of §A! can in general be found. For
this part of the connection both terms in are of the same form due to (2.3.3), and

the linearised action can be written compactly as
§2Sgr — 4i / 5By A DySAL (2.3.4)

where 6 A has to be solved for from (2.3.3). On the other hand, for the subalgebra of g
that centralises £ the last term in (2.3.2) is absent, B; A [6A,5A]" = 5A; A [0A, B]!, and

we have
525pr = 8i / 5B A D,SA. (2.3.5)

Thus, the analysis of the “kinetic" term is going to be different for different parts of the

Lie algebra.

2.3.2 Potential term

The second variation of the potential term Spg is

2V
52Sgp = 41/2W (Bo0B)!(BooB)KL +

oV

AT (6BsB)Y, (2.3.6)

where the integration measure d*x is implied, and we have introduced notations

(BO(SB)U — iéyvpaB(I (SBD

1
0,0 Botr ((SB(SB)U:Eé"VPaéB’IwéB{m. (2.3.7)

Note that the matrix of second derivatives is a density of weight one (1 is a scalar
density of weigh minus one).

In general, with the potential function V(%) being a homogeneous order one function
of the n x n matrix 7, it can be reduced to a function of ratios of its invariants. A
subset of invariants is obtained by considering traces of powers of i!/. Another class
of invariants can also involve the structure constants of the Lie algebra. Below we will

see different examples for the invariants that define this potential function V.
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Gravity

The case g = su(2) describes (complexified) gravity theory. A particular choice of the
potential function, see below, gives general relativity, while a general potential corre-
sponds to a family of deformations of GR. In this chapter we shall study the corre-
sponding su(2) linearised theory. A similar analysis appeared in [27]. However, our

method and goals here differ significantly from that reference.

3.1 The metric

To understand how the g = su(2) case can describe gravity we need to see how the
spacetime metric described by the theory is encoded. The answer to this is very simple:
there is a unique (conformal) metric that makes the triple B, where i is the su(2) index,

into a set of self-dual two-forms. This is the so-called Urbantke metric [28]
/=88 ~ €*B},, B ; By, &7, (3.1.1)

that is defined modulo an overall factmﬂ We remind the reader that at this stage all
our fields are complex, and later reality conditions will be imposed to select physical
real Lorentzian signature metrics.

Alternatively, given a metric g, one can easily construct a “canonical” triple of self-
dual two-forms that encode all information about g;,. This proceeds via introducing

tetrad one-forms 6%, with Z = 0, 1,2, 3 a vector Lorentz index. One then constructs the

INote that the internal Levi-civita tensor e/ is defined as

1, if ijk is an even permutation of 123,
ifk = —1, ifijkis an odd permutation of 123,

0, ifi=jorj=kork=1.

15



CHAPTER 3: GRAVITY

two-forms 77 = 67 A 07 and takes the self-dual part of 277 with respect to Z.7. The
resulting two-forms are automatically self-dual. They can be explicitly constructed by

decomposing 7 = (0,4) and then writing
1
X =i A0" — €% 0" A 6°, (3.1.2)

where i = /—1 is the imaginary unit and €™ is the three-dimensional Levi-Civita
tensor. The presence of the imaginary unit in this formula has to do with the fact that
self-dual quantities in a spacetime of Lorentzian signature are necessarily complex.
Thus, even though at this stage there is no well defined signature (all quantities are

i
1

complex), it is convenient to introduce this “i" here so that later appropriate reality
conditions are easily imposed. We note that “internal” Lorentz rotations of the tetrad

67 at the level of 22 boil down to (complexified) SU(2) rotations of X2

A general su(2)-valued two-form field B’ carries more information than just that about
a metric. Indeed, one needs 3 x 6 numbers to specify it, while only 10 are necessary
to specify a metric. A very convenient description of the other components is obtained
by introducing a metric defined by B via and then using the “metric” self-dual
two-forms as a basis and decomposing

B' =bix8. (3.1.3)

The quantities b}, give 9 components, the metric gives 10, and the choice of “internal”
frame for £ adds 3 more components. There is also a freedom of rescalings b, —
O72b, 28 — (0’5, as well as freedom of SO(3) rotations acting simultaneously on X4

and b’, overall producing 18 independent components of B'.

When one substitutes the parameterisation (3.1.3)) into the action one finds that
the fields b} are non-propagating and should be integrated out. Once this is done one
obtains an “effective” Lagrangian for the metric described by % [29]. Below we shall
see how this works in the linearised theory. However, we first need to choose a back-

ground.

3.2 Minkowski background

The Minkowski background is described in our framework by a collection of metric
two-forms (3.1.2) constructed from the Minkowski tetrad. Thus, we choose an arbitrary

time plus space split and write

1
o =20 =idt Ndx" — Ee”bcdxb Adx€, (3.2.1)

16



CHAPTER 3: GRAVITY

where dt,dx® (with a = 1,2,3) form a tetrad for the Minkowski metric ds?> = —dt* +
(dx')? + (dx?)? + (dx®)2. Our two-form field background is then chosen to be

Bl =4six", (3.2.2)

where ¢!, is an arbitrary SO(3) matrix that for simplicity can be chosen to be the identity
matrix.
In what follows we will also need a triple of anti-self-dual metric two-forms that to-

gether with (3.1.2) form a basis in the space of two-forms. A convenient choice is given
by

S = idt Adx® + %e“bcdxb A dx€. (3.2.3)

The following formulas, which can be shown to follow directly from definition (3.2.1),

are going to be very useful

20,20, = =6y + €O XS,, (3.2.4)
TR, = 46", (32.5)
e Tl T TN = —4t, (3.2.6)
et xs wh s = —25%y,,, (3.2.7)
X Zoe = NupMve — Nuovp — i€uvpor (3.2.8)

where 77, is the Minkowski metric. We are going to refer to them as the algebra of 2s.
The first of the relations above, namely , is central, for all others (apart from
(.2.8)) can be derived from it. It is useful to develop some basis-independent under-
standing of this relation. We are working with the Lie algebra su(2) and considering a
basis X in it in which the structure constants read [X?, X¥] = €?X¢. This is the basis
given by X* = —(i/2)7%, where t* are Pauli matrices. The inner product g = 6 on
the Lie algebra can be obtained as ¢*’ = —2Tr(X"?X"). Then can be understood
as follows: the product of two ¥’s is given by minus the metric plus the structure con-
stants times >. We will see that in this form the relations persist to any basis in
su(2).

3.3 The potential function V
Let us consider a special class of potentials that only depend on the invariants obtained

as the traces of powers of '/, Many aspects of our theory can be seen already for this

special choice.
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Thus, consider the potential of the form

Trh Tri?>  Tri®
V= =, = 3.3.1
3 <(Trh)2 (Trh)3> (3.31)
where F is now an arbitrary function of its 2 arguments, Tr i1 = 8ij i and
~2 ~r o~
Trh? =h';1Y;, (3.3.2)
Tr i :Eij Wik, (3.3.3)
and in general
Trh? =R, W™, - [ (3.3.4)
The parameterisation given above allows derivatives to be computed easily.
Then, the first derivative of the potential function with respect to /¥ is
oV (h i Trh 9
) _ 8z, Trh o7 (335)

oni 3 3 ohil’
with (9.F /9hil) given by

oF d Tr h? d Trhd
= :.F/ Tl == ]:/ Y <~> ,
ohii 2 Ol <(Trh)2> MR (Tr )3

hi; Tr h? s Tr i3
=2F} T — g | +3F; - =g, 3.3.6
2 <(Trh)2 (Tri)3 g”) S\ (mhp (TR S (3.36)
where F} is the derivative of F with respect to its argument (Tr h?/(Tr 1)?) and similar

for F3. The second derivative of V(1) is
82V(fl) g1] a./_'. gkl 8]-_ Trh 82.7:

ORMoRY — 3 ohM ' 3 okl 3 ohMohi’ (3.37)
with (92F /ol on) given by
0> F Tr h? 0 Tr 3 0? Tr h?
27 ) i () + 57 5o (s )
ohklofi pz 22 PT ohii ( Trh)P) okl ((Trh)q) ;;2 P ORkoRi \ (Tr )P
(3.3.8)

where JF, stands for the derivative of F, with respect to its g argument and

02 ( Tr 2 > 2 ok 4l 4y ”+6Trh2 (339)
akani \(Tri)2) ~(Tri)z ofkt — (Trk)3 S8 (Trh)3 S0 (Tr)r SUEH
bE Tr i3 3 by 9 9 2 12 Trid
T = =1 _ L g — Mo g+ ——— &iiqu,
ORKOR \ (Trh)3)  (Trh)3 ohkl  (Trh)4 (Tri)* 7 (Trh)> ©7
(3.3.10)
with
o
=881y (3.3.11)
o
S Stk hyyj =+ i 81y - (3.3.12)
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3.4 Linearised action

We are now going to linearise the g = su(2) theory around the background (3.2.2).
Thus, we take
B =B +1b. (3.4.1)

As we have already discussed, to linearise the kinetic BF term of the action we need to
solve for the linearised connection if we can. This is certainly possible for the case at
hand, as we shall now see.
If we denote the linearised connection by a’, we have to solve the following system of
equations

db' + €y al NBy =0, (3.4.2)

where we have used the fact that the background connection is zero. It is conve-
nient at this stage to replace all i-indices by a-ones, which we can do using the back-
ground object & that provides such an identification. We can now use the self-duality

ey, = 21X of the background to rewrite this equation as

1
TR e"eabyer = . (3.4.3)
We now multiply this equation by * ”‘ﬁZgy, and use the identity 1) to get
1 1 1
af = Ezﬁ i€ vbhy,  or af= o VANl LN (3.4.4)

where we have introduced a compact notation

(9B = P79, b0 (3.4.5)

po 7

for a multiple of the Hodge dual of the exterior derivative of the perturbation two-form
bi.
The BF part of the linearised action was obtained in (2.3.4). We need to divide the

second variation given in this formula by 2 to get the correct action quadratic in the

perturbation. Thus, we have

53 =2i / b Ada® = —i / at (ab")*, (3.4.6)

where we have written everything in index notations and integrated by parts to put

the derivative on b}, and used the definition (3.4.5). Now substituting (3.4.4) we get

S5 =4 / 7*PEL, (9b°)1EL, (907)". (3.4.7)

Let us now linearise the potential term. For this we need to know the value of '/ at the

background as well as the matrices of first and second derivatives for the background.

19



CHAPTER 3: GRAVITY

Using is easy to see that fzf,j = 2i6'/. Since the background we are working with is
just Minkowski we can now safely remove the density weight symbol from the matrix
hiJ. Also, as before, let us replace all i-indices by a-indices using &;. Using and
the fact that the first derivatives (9.7 /9h™) vanish on this background we immediately
get

W | ba
o], = 5 P (3.4.8)

where F, is the background value of the function F in the parametrisation (3.3.1). It
is not hard to see that this value plays the role of the cosmological constant of the
theory, so in our Minkowski background it is necessarily zero by the background field

equations. The matrix of second derivatives of the potential is easily evaluated using

(3.3.7) and we find
*V
ahcdahub

where we have introduced

1
= % <5a(c‘5d)b - 35ab§cd) ’ (34.9)

0

(3.4.10)

8ogr = Z _—.

This is a constant of dimension of the cosmological constant, i.e., 1/L2. It is going to

play a role of a parameter determining the strength of gravity modifications.

We can now write the linearised potential term (2.3.6). We must divide it by two to get

the correct action for the perturbation. This gives

r 1 auv C
51(3213) = _%g <5a(c5d)b - 35abé‘cd> (Z # bfw) (Z P"bgg) . (3.4.11)

Note that the tensor in brackets here is just the projector on the tracefree part. This fact

will be important in our Hamiltonian analysis below. Our total linearised action is thus

(3.4.7) plus (3.4.11).

3.5 Symmetries

The quadratic form obtained above is degenerate, and its degenerate directions corre-
spond to the symmetries of the theory. These are not hard to write down. An obvious

symmetry is that under (complexified) SO(3) rotations of the fields. Considering an in-

a
wv’

be invariant under the following set of transformations

finitesimal gauge transformation of the background %7, , we find that the action must

Subf, = €™ WEs,, (3.5.1)
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where w” are infinitesimal generators of the transformation. It is clear that is
invariant since it involves only the ab-symmetric part of (X* ’beiv), and the transforma-
tion (3.5.1) affects the anti-symmetric part.

Let us check the invariance of the kinetic term (3.4.7). We have the following expression

for the variation
/ 7PES, (90,b7)Eh, (b)Y, (35.2)
Substituting here the expression (3.5.1) for the variation we find
nPEL, (90,07, = 2inPL] 0w B MLy = 4id,w, (3.5.3)

where we have used the self-duality of X, and applied the identity (3.2.7) once. Sub-
stituting this to (3.5.2) and integrating by parts to move the derlvatlve from w* to b”
we get under the mtegral elP79,,0, b, = 0, since the partial derivatives commute. This

proves the invariance under gauge transformations.

Another set of symmetries of the action is that of diffeomorphisms. These are given by
5§b” =d(¢.x"), (3.5.4)

where _ is the operator of interior product. It is not hard to compute this explicitly in
terms of derivatives of the components of the vector field. However, we do not need
all the details of this two-form. Indeed, let us first note that the first “kinetic" term of

the action is in fact invariant under a larger symmetry, i.e.,
oyb" = dn", (3.5.5)

where 7 is an arbitrary Lie-algebra valued one-form. Indeed, this is obvious given
that the kinetic term is constructed from the components of the 3-form db” given by the
exterior derivative of the perturbation two-form. Thus, indeed leaves the kinetic
term invariant. Then, since (3.5.4) is of the form with 7 = 2% we have the
invariance of the first term.

To see that the potential term is invariant we should simply show that the sym-
metric tracefree part of the matrix (% 5§b)”b is zero. Let us compute the symmetric part

explicitly. We have
zlalmg oxlt) — sy ar, (3.5.6)

where we have used (3.2.4). Thus, there is only the trace symmetric part, so the part
that enters into the variation of the action (3.5.2) is zero. This proves the invariance

under diffeomorphisms. Note that the second “potential” term is not invariant under
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all transformations (3.5.5)), since for such a transformation that is not a diffeomorphism
the matrix (X 5,7b)”b contains a non-trivial symmetric tracefree part, as can be explicitly
checked.

We will see that these are the only symmetries when we perform the Hamiltonian anal-
ysis. However, before we do this, let us show how the usual linearised GR appears from

our theory.

3.6 Relation to GR

In this section we would like to describe how general relativity (linearised) with its
usual gravitons appears from the linearised Lagrangian described above. We shall see
that to get GR we must take the limit when the “mass” parameter g, for the compo-
nents (Zb)%, where “tf' stands for the tracefree part, is sent to infinity. Indeed, the
potential part depends precisely on these components, and when the parame-
ter g, is sent to infinity these components are effectively set to zero. We shall now see

that this gives GR.

It is not hard to show that in general the tracefree part h;fv = hy, — (1/ 4)17Wh§ of the
metric perturbation /1, defined via g, = 7, + hyy, corresponds in our language of
two-forms to the anti-self-dual part of the two-form perturbation [29], i.e.,

(b )asa = 2,1y, (3.6.1)

The fact that this two-form is anti-self-dual can be easily checked by contracting it with
TP and using the algebra . The result is zero, as appropriate for an anti-self-
dual two-form. In addition to there is in general also the self-dual part of the
two-form perturbation. However, in the limit gg, — oo all but the trace part of this gets
set to zero by the potential term. The trace part, on the other hand, is proportional to the
trace part #""hy, of the metric perturbation. To simplify the analysis it is convenient
to set this to zero ##"h;,, = 0. This is allowed since in pure gravity the trace of the
perturbation does not propagate. Then (3.6.1) is the complete two-form perturbation,
and we can drop the “tf" symbol.

To simplify the analysis further, instead of deriving the full linearised action for the
metric perturbation hy,,, let us work in the gauge where the perturbation is transverse

d'hy, = 0. Let us then compute the quantity (db®)" in this gauge. Using anti-self-
duality of by, given by (3.6.1) we have

eMP7D, bl = —2i0,b" . (3.6.2)
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Substituting here the explicit expression (3.6.1) and using the transverse gauge condi-

tion we find
(Ob")! = ix"¥P 9, hy. (3.6.3)
We can now substitute this into the action to get
5@ = % / pPEs, TeT 9l 20 gy (3.6.4)
1

NP (0105 — 827 —iea ) (8507 — 8500 —iep, ™ )Dphy IS,

4
where we have used (3.2.8) to get the second line. We can now contract the indices and
take into account the tracefree as well as the transverse condition on hHV' We get the

following simple action as the result:
5@ = —% / 3,y 7, (3.6.5)

which is the correctly normalised transverse traceless graviton action. Note that in the
passage to GR we have secretly assumed that /,,, in is a real metric perturbation.
Below we will see how to impose the reality conditions on our theory that this comes
out. Also note that the sign in front of is correct for our choice of the signature
being (—,+,+,+).

3.7 Hamiltonian analysis of the linearised theory

For a finite parameter gg; our theory describes a deformation of GR. Since not all com-
ponents of the two-form perturbation b, are dynamical, the nature of this deformation

is most clearly seen in the Hamiltonian framework. This is what this section is about.

We note that the outcome of this subsection is that at “low" energies, E? < Sor, the
modification can be ignored and one can safely work with the usual linearised GR. Let

us start by analysing the kinetic BF part.

3.7.1 Kinetic term

Expanding the product of two X’s in (3.4.7) using (3.2.4) we can rewrite the linearised
Lagrangian density for the BF part as

Lor = i (86°)(@b")" (e 25, + 8% ) - (3.7.1)

Let us now perform the space plus time decomposition. Thus, we split the spacetime

index as 4 = (0,a), where a = 1,2,3. Note that we have denoted the spatial index
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by the same lower case Latin letter from the beginning of the alphabet that we are
already using to denote the internal su(2) index. This is allowed since we can use
spatial projection of the ZI“W two-form to provide such an identification. Thus, from
(3.2.1) we have

be = —€%es (3.7.2)
and

6, = 1i0f. (3.7.3)

Let us now use these simple relations to obtain the space plus time decomposition of
the Lagrangian. First, we need to know components of the (9b°)" vector. The time

component is given by

(9b")° = %cdg,p?, = —gpt, (3.7.4)
where our conventions are €%%¢ = —¢¢ and we have introduced
t1 = ebedpr (3.7.5)

The spatial component of (9b”)* is given by
(abu)b — GbOCdaob?d 4 ZGbCOdacbgd — aotab o zebcdacbgd ) (376)

Now, the Lagrangian (3.7.1) is given by

Lo = — 3 (07)°(1")° + 5 (0°)° ("), + 1 (9b°)°(9b) (e + 6%6ip).
(3.7.7)

Substituting the above expressions we get

Lpr = — %abt“bact“ — %adt“d (Dpt” — Ze“fagbgf)e”hc (3.7.8)

1 ae emn a aovc .c a
— 4 (00t" —2¢ Omb,) (9ot™ — 267793, b5, ) (€€, — 56.f) .

ef —

Our fields are now therefore bf, and t**. There will also be another, potential part
to this Lagrangian, but it does not contain time derivatives, so the canonically conju-
gate field can be determined already at this stage. Thus, it is clear that the field b,
is non-dynamical since the Lagrangian does not depend on its time derivatives. The

canonically conjugate field to t*°, on the other hand, is given by

oL i 1
ab — BF — _ = abc cd -+ ef _ o frq e aec .cbf _ sae sbf
= Srd) — 26 0t = (00t — 26/ bty (e — o). (37.9)
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It is not hard to check that the canonically conjugate variable is simply related to the

spatial projection of the connection (3.4.4) as
m, = —2iaj. (3.7.10)

To rewrite the Lagrangian in the Hamiltonian form one must solve for the velocities
90t in terms of the conjugate field %, However, it is clear that not all the velocities
can be solved for - there are constraints. A subset of these constraints is given by the
u = 0 component of the equation that, when written in terms of %, becomes

G* = et 4 gyt = 0. (3.7.11)

These are primary constraints that must be added to the Hamiltonian with Lagrange
multipliers.

Thus, the expression for velocities in terms of the canonically conjugate field will con-
tain undetermined functions. These functions are simply the aj components of the con-
nection, as well as (at this stage undetermined) b, components of the two-form field.
The expression for velocities is given by the spatial components of equation (3.4.3).

After some algebra it gives
dot™ = 2%/ 9,18 - 2e"eq — ™S ef (3.7.12)

Let us now obtain a slightly more convenient expression for the Lagrangian. Indeed,
recall that using the compatibility equation between the connection and the perturba-

tion two-form (3.4.2), we could have chosen to write our linearised action (3.4.6)) as
S = —2i [ eext na nat = —2 [ momeneaba;. (37.13)

Introducing the time plus space split and writing the result in terms of the conjugate

variable (3.7.10), we get the following Lagrangian
Lgp = —2e"™¢ %8 — %e”efe”bcnbencf. (3.7.14)
We can now easily find the BF part of the Hamiltonian, i.e.,
Hpr = 1090t — Lpp = 27(“bebefaeb8f — %e“efe”bcnbencf. (3.7.15)
We need to add to this the primary constraints with Lagrange multipliers. Thus,
the total Hamiltonian coming from the BF part of the action is
Mg = 21" e™f 9,bf; — %e“ef el + w'G". (3.7.16)

This is, of course, the standard result for the linearised BF Hamiltonian. If not for the
potential term, the Hamiltonian would be a sum of terms generating the topological
constraint dj, ng} = 0 and the Gauss constraint . Let us now consider the other
BB part of the Lagrangian.
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3.7.2 Potential term

We can rewrite the linearised Lagrangian density for the BB part (3.4.11) as

Lpp = 8 (b§,@zb)%‘V)tf (b%zb)w)

> (3.7.17)

i’
where “tf" stands for the tracefree parts of the matrices. Splitting the space and time

indices gives

(a s b)pv — _ (9 (ab) (ab)
(be )tf (21b0 Tt )tf, (3.7.18)
and so we have
_ 88t (n:p(ab) | (ab) 7 (ab) | (ab)
Lop =~ (21b0 it )tf (2150 i )tf. (3.7.19)

3.7.3 Analysis of the constraints

Thus, the total linearised Hamiltonian density H = H]tgoptal — Lgg is given by

Y = Znabebefaebﬂ({ _ %eaefeabcn.ben.cf + WG+ % (Zib(gb) + t(ab)) f (2ib(gb) + t(ab)) -
t t

(3.7.20)

It is now clear that only the anti-symmetric part and trace parts of b% remain Lagrange
multipliers in the full theory. These are the generators of the diffeomorphisms. The
other part of b%, namely the symmetric traceless is clearly non-dynamical and should
be solved for from its field equations. Varying the Hamiltonian with respect to this

symmetric tracefree part we get

-7 (ab) (ab) _ i ef(a b)
(21b o)t )tf o (e R )tf. (3.7.21)
Now writing
bab : ab 1 abc n7C (ab)
= iN&" + Ee N+ (b 0 )i (3.7.22)

and substituting the symmetric tracefree part from (3.7.21) we get the following Hamil-

tonian

H = —2Nie"0, 7. — 20, ) NY + w*G” (3.7.23)

1 1
_ 2t aef .abc _be_cf | :( .ef(a b) (ab) ef(a b) pq(a b)
Her et i (c—: 0eTTy )tf (9 ) + 2% (e 0eTTy )tf <e 0pTTy )tf.

The reason why we introduced a factor of i in front of the lapse function will become

clear below. One can recognise in the first line the usual Hamiltonian, diffeomorphism
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and Gauss linearised constraints of Ashtekar’s Hamiltonian formulation of general rel-
ativity [15]. The first two terms in the second line comprise the Hamiltonian. Finally,

the last term is due to the modification and goes away in the limit gg, — 0.

It is not hard to show that the reduced phase space for the above system is obtained by
considering 1%, 1% that are symmetric, traceless and transverse 0,71 = 0,0, = 0.
On such configurations the matrix €%/79°7t/? is automatically symmetric traceless and
transverse. The reduced phase space Hamiltonian density is then given by

1 1

HPMYS = —(1%)2 4 i1 O (9 €)2, (3.7.24)

2 280r

where we have integrated by parts and put the derivative on ¥ in the second term.

This Hamiltonian is complex, so we need to discuss the reality conditions.

3.7.4 Reality conditions

So far our discussion was in terms of complex-valued fields. Thus, the reduced phase
space obtained above after imposing the constraints and quotienting by their action
was complex dimension 2 + 2. Reality conditions need to be imposed to select the

physical phase space corresponding to Lorentzian signature gravity.

In the case of GR, that corresponds to gg; — o, the reality condition could be guessed
from the form of the Hamiltonian (3.7.24). Indeed, we can write it as

2
IR = 2 (7 i) 4 (@) (3.7.25)

Thus, it is clear that we just need to require t** and 7% + ie®/9°t/ to be real. This

procedure, however, does not work for the full Hamiltonian because of the last term in
(3.7.24).

Let us now note that the last term in (3.7.24), when written in momentum space behaves
as E?/M?, where E is the energy and M? = g, is the modification parameter. Thus,
for energies E < M the modification term is much smaller than the term 712 and can be
dropped. It is natural to expect that gravity is only modified close to the Planck scale,
so it is natural to expect M? ~ Mf,, where M), is the Planck mass. With this assumption
the last term in is unimportant for “ordinary" energies and can be dropped.
Thus, if we are to work at energies much smaller than the Planck scales ones then we

do not need to go beyond GR described by the first two terms in (3.7.24).

The above discussion shows that a discussion of the reality conditions for the full

Hamiltonian (3.7.24), even though possible and necessary if one is interested in the
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behaviour of the theory close to the Planck scale, is not needed if one only wants to

work for with much smaller energies.

The “correct" reality conditions for the full modified gravity theory can be worked out

from the condition B A (B/)* = 0. In the linearised theory this becomes

AWM =T AV, or  ZU(BL) +Eb, =0, (3.7.26)

v

where (b7)* is the complex conjugate two-form perturbation and ¥ is given by (3.2.3).

We now rewrite this reality condition using the space plus time split. We get
(70 — (£9)*) +2(b% + (%)) = 0. (3.7.27)

To get this condition we have used T = €er iﬁb = id; and recalled the definition

(3.7.5) of the configurational variable. We should now analyse this condition together

with the already known solution (3.7.22), (3.7.21) for the components b%.
Let us first consider the trace and anti-symmetric parts of (3.7.27). Then, in the tracefree

symmetric gauge for t*” these conditions simply state that the lapse and shift functions
N, N” are real. This explains why the factor of i was introduced in (3.7.22) in front of
the lapse function N.

Consider now the symmetric tracefree part of (3.7.27). The corresponding components
of b“é’ are known from 1! and we arrive at the following condition on the phase

space variables

1 ef(a b) — ab
T (e 3.7t )tf = Im(t%)y. (3.7.28)

In the case gy — oo that corresponds to GR this implies that (t**)y is real, but in the
modified case the situation is more interesting.

In addition to there is another condition that is obtained by requiring that
(3.7.28) is preserved under the evolution. Thus, we need to compute the Poisson
bracket of with the Hamiltonian and impose the resulting condition as well.
Indeed, even in the case of GR it is clear from the form of the Hamiltonian (3.7.23)
that the relevant condition cannot be that the canonically conjugate field is real, for
the Hamiltonian would be complex due to the presence of the second term in the sec-
ond line. The computation of the Poisson bracket can be done as follows. First, we

introduce the real and imaginary parts of the phase space variables, i.e.,
e R 1 v (3.7.29)

Second, we substitute this decomposition into the action written in the Hamiltonian

form. The resulting action has real and imaginary parts. It is not hard to convince
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oneself that any one of these two parts can be used as an action for the system, the
resulting equations are the same due to Riemann-Cauchy equations that follow from
the fact that the original action was holomorphic. We choose to work with the real part

of the action. The relevant Poisson brackets are easily seen to be

(78 (x), rea(y)} =6087 83 (x —y), {78, (N)taea(y)} = — 618763 (x —y), (3.7.30)

with all the other ones being zero. The real part of the Hamiltonian (with the constraint

part already imposed and dropped) reads

1 ab\2 1 ab\2 efa~e. bf ab efa bf ab bcy2 1 bcy2

— (") — = (m57) — €70, 157 — €0, )Y + " t{%)” — 2"t

2( 1) 2( 2) 1 *2 2“1 Zggr( 1) Zggr( 2)
(3.7.31)

We can now compute the Poisson bracket with the reality condition (3.7.28) that be-

comes

%real —

1 efa fb b
0 =t .7.32
2ggre el 2 (3.7.32)

The Poisson bracket with the left-hand-side is
e, Loeetugentty = L pnm, (3.7.33)
28gr 28gr
where A = 9,0 is the Laplacian. The Poisson bracket with the right-hand-side is
1
(e, 12} = gt 4 eofageltl — —Amgb. (3.7.34)
8er
Thus, the sought conditions that guarantees the consistency of (3.7.32) is

1
ATt = 0. (3.7.35)

gt 4 eefagestf — 7
gl‘

We now need to solve this for 74?, which gives

b eefaaeti’f

where the denominator should be understood as a formal series in powers of A/ gg;.
When ggr — o0 we reproduce the GR result reviewed in the beginning of this subsec-

tion.

We now have to substitute this, as well as the expression (3.7.32) for t4” into the action.

This is a simple exercise with the result being

1
Sreal _ /dt By [naGhRaOtaGbR - E ((nuGbR)Z + (aatéCR)Z):| , (3.7.37)

29



CHAPTER 3: GRAVITY

where we have defined

ab
ab ab tl

R . W 3.7.38
TGR = 701 R = 1T A/(2gs) ( )

These are the phase space variables in terms of which the Hamiltonian takes the stan-
dard GR form. This shows how an explicitly real formulation with a positive definite
Hamiltonian can be obtained. We also see that for any finite value of Ser the graviton is

unmodified.

Now that we understood how the simple case g = su(2) gives rise to gravity we can

apply the same procedure to more interesting cases of larger Lie algebras.
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Gravity-Non-Linear

Electrodynamics Unification

In this chapter we are going to study the case G = GL(2, C). We obtain a simple unified
gravi-electro-magnetic theory, and our aim is to shed some light on its properties. To
this end we first look at the pure electromagnetic sector of the model. This is obtained
when the gravitational interactions are switched off by setting the gravitational fields
to their Minkowski spacetime values. The resulting theory turns out to be just the most
general non-linear electrodynamics with the Lagrangian being an arbitrary function of
two invariants E2 — B2, EB. Such models have been studied in the literature in the past,
see in particular [30] and works by Plebanski and co-authors, including [31]. The usual
Maxwell Lagrangian can be obtained in a limit when some parameters of the defining
potential function are sent to zero.

The general count of the degrees of freedom of this unified gravi-electro-magnetic
theory establishes that it is a deformation of both Einstein and Maxwell theory with
the key property that the number of propagating DOF described by this model is un-
changed as compared to Einstein-Maxwell. The deformation is controlled by the po-
tential function, see below, and if one so wishes can be switched off in a continuous
fashion. Moreover, as we shall explain below, the deformation is only of significance
at Planckian energies, while for low energies the theory with any generic choice of the
defining potential is indistinguishable from Einstein-Maxwell. Another possible way
to think about this unified model for G = GL(2,C) is that they arise by replacing the
constraint term of the theory studied by Robinsorﬂ [32] by a potential term.

In this paper, Robinson shows how a Plebanski type Lagrangian for the group Uc(2) = GL(2,C)

describes (complexified) unified Einstein-Maxwell theory.
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4.1 The action

The Lie algebra in this case is 4 (complex) dimensional and splits as g = suc(2) Suc(1).
Up to rescalings, there is a unique invariant bilinear form in each factor. Thus, if we
split I = (i,4), where i = 1,2,3 is a suc(2) Lie algebra index, then the most general

bilinear form is
(X,Y) = 1165 X'Y + 1o X*Y?, (4.1.1)

where X!, Y!, X* Y* are components of X Y and dij is the usual invariant form on

suc(2). The curvature components are
. 1,
F'=dA' + Sej Al A AR, Fr=dA4, (4.1.2)

where eijk are the suc(2) structure constants.

The first BF term of the action then takes the following form
ity / 5;B' N FI + iy / B A dA*. (4.1.3)

Since the normalisations of the two-form fields are not yet fixed we can freely absorb

the constants « » into the fields, and we shall do so.

Let us now discuss the potential term. Let us introduce the following quantities:

1 o 1 ; - 1.
hi = fﬂVP”B;WB{W, P = Zle””P”B;WB‘;U, = fVVWB;*WB;%U. (4.1.4)
The matrix /! is then
. hi - @i
hl = ( . (P ) (4.1.5)
P
The G-invariants of this matrix are
Te(R7), Te((R1)?), Te((h)?), (§)% ¢, (4.1.6)

where the traces of powers of the matrix '/ are computed using the invariant metric Sij,
and (¢)? = 6;;¢'¢p/. We can take any of these quantities as the basic one, and construct
ratios of the other quantities and powers of the basic one to form quantities invariant
under rescalings of B!. It is convenient to choose as the basic quantity Tr(//). The
potential function can then be written as

iy _ T(R7) o (Te((R7)?) Te((R7)°)  (9)? P
Vi == f<(Tr(ﬁif))2'(Tr(ﬁif))3'(Tr(ﬁif))Z'Tr(ﬁif)>’ (*.17)

where F is an arbitrary function of its 4 arguments.
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The full action, written in terms of components of forms, is
1 ~
- 1/d4 ( &P (6B, JFlo + By, Fpy) — 2V(h”)> . (4.1.8)

Varying this with respect to the two-form field components one can easily obtain the

field equations. It is most compact to write them using the form notations, i.e.,

;v o AV
= 57 B/ + (47)247 (4.1.9)
dA* = 8?4‘)/)24> B+ g:; (4.1.10)

where all partial derivatives of the potential function can be obtained in an elementary
way from (.1.7). We note that it might appear that a factor of two is missing from
the last term on the right-hand-side of the first equation, and the first term of the sec-
ond. However, let us carefully compute the variation. We have, dropping unessential

constant factors and the integral sign,

1, 4 4 oV - IV
5 vaa((SB;VF;U + 0By For) = 7 35 ¢51/J (4.1.11)
Now, computing the variations on the right-hand-side from the definitions (4.1.4) we
have
Sl .
oI = ~ """ 5B}, By,

-1 , .
5 = ZLéﬂvm <5Bl B4 + B;VéBga) ,

l[) ~]4vp(7 ) B4 B4

We now substitute these into (4.1.11) and equate to zero the coefficients in front of
independent variations 5BW, 5B§‘W. We get precisely 1D 1)

The equations obtained by varying the action with respect to the connection compo-

nents are
dB' + e A/ AB =0,  dB*=0. (4.1.12)

The first equation here can be solved for the components of A’ in terms of the deriva-
tives of B'. One then substitutes the solution into (4.1.9) and obtains a second-order dif-
ferential equation for B’ involving also B*. The latter is found by integrating dB* = 0,
and then the connection A* is found from . Below we shall see how this proce-

dure works explicitly by working out the spherically-symmetric solution of our theory.

We also note that the equations of our theory are very similar to those of the unified the-

ory [32], with the main difference being that the constraints B' A B/ ~ ¢/ and B' A B* =0
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of [32] are absent in our case. Related to this is the absence on the right-hand-side of
the Lagrange multipliers that imposed those constraints. Their role is now played by
the derivatives of the potential function. This is precisely analogous to what happens
in the case of deformations of pure gravity, where the constraint term in the action is
replaced by a potential term, and the Lagrange multipliers on the right-hand-side of
field equations for B get replaced by 9V /9/l. Thus, the theory that we are consider-
ing is a deformation of the Einstein-Maxwell theory of precisely the same type as the
SL(2,C)-based theory with a potential is a deformation of Einstein’s GR. Similarly to
the case of pure gravity, we shall see that it is possible to send some of the parameters
of the potential to infinity to recover the usual Einstein-Maxwell theory. To understand
how this happens, it is useful to first switch off the gravitational force, and consider

what the theory under consideration becomes as a purely electromagnetic theory.

4.2 Non-linear electrodynamics

4.2.1 A version of non-linear electrodynamics

In this section we switch off the gravitational part of the theory by fixing the suc(2)

part of the 2-form field to be given by

. ‘ 1. .
B =% =idt Adx' — Eel]-kale A dxk, (4.2.1)

which corresponds to the Minkowski spacetime background. We further expand the

B field into the basis of self- and anti-self-dual two-forms
B* = @'Y + YT = (¥ + &)idt Adx' + (¥ — & )%eijkdxj Adx®, (4.2.2)
where @' and ¥ are complex functions, and fi are anti-self-dual two-forms
Y —idt Ady + %eijkdxf Adxk . (4.2.3)
We now compute the action on this field configuration. Using £/ A ¥J = —2id'd*x
we get
S[®, ¥, AY] = / dy (@' — ¥Ry Al + F(O2,02 - ¥7)),  (424)
where F is an arbitrary function of its two arguments. The action depends on fields
®, ¥, A that are at this stage all complex. In anticipation of the reality conditions to

be imposed on the connection A*, let us rewrite the Lagrangian in terms of a new

connection A,

A* =iA. (4.2.5)
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We will later require this connection to be real, with the original A* thus being an U(1)
connection. Using the explicit form of (4.2.1)), (4.2.3) we have

S[®,¥,A] = / d*x ((‘i”‘ — @) (9A; — 9;Ap) —i(F' + @)/ ;A + F(P?, P* — ‘PZ)) :
(4.2.6)
It is now clear that the combination ¥/ — @ plays the role of the canonically conjugate

field to the spatial projection of the connection A,
E =Y -, (4.2.7)
and the combination
P=i(Y 4 @) (4.2.8)

is non-dynamical, to be eliminated via its field equation.

The action in the Hamiltonian form thus becomes

S[E,Q,A] = /d4x (EiaoAi + Agd,E — Q'B; + F((E> — Q%) /4 + (i/2)EQ, iEQ)) ,
(4.2.9)

where we have introduced the magnetic field
B; = ¢/°9;As. (4.2.10)

Once the field Q' is eliminated by solving its field equation, we get the non-linear elec-

trodynamics action in the Hamiltonian form, i.e.,
S[E,A] = / d*x (EiaoAi + Ago;E' — H(E, iB)) , (4.2.11)

where H is the Legendre transform of the original potential function F with respect
to the Q variable. Below we will see how this procedure works explicitly by working
out the Lagrangian for the function F expanded in powers of its arguments. With the
Hamiltonian density H being a Legendre transform of an arbitrary Lorentz-invariant
function, this is the most general non-linear electrodynamics Lagrangian, see e.g. [30,
31]. The only difference with the Lagrangians typically considered in the literature is
that in our case the dependence on the invariant EB is with a factor of i = v/ —1in front,
and so it is in general complex even after the reality condition A, E € R is imposed. The
presence of this extra imaginary unit in the action makes the action invariant under a
simultaneous operation of parity inversion and complex conjugation, similar to what
happens in the case of the pure gravitational modified theory, see [29]. This is a very
interesting feature of the class of theories considered, whose interpretation is still to
be understood. In contrast, the non-linear electrodynamics real Hamiltonians contain-

ing odd powers of EB are, in general, parity violating (if the coefficients in front of
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these terms are taken to be usual scalars). It is however clear that the same constraint
that is imposed on the Hamiltonian of the usual non-linear electrodynamics to have a
parity-even theory in our case will produce a real Lagrangian. This will be our strategy
for dealing with reality conditions below. We leave the more interesting case of non-
Hermitian Hamiltonians containing odd powers of EB (and its physical interpretation)

to further research.

Now, to get a better insight into this theory let us consider its linearisation, in which

only terms quadratic in the fields are kept.

4.2.2 Linearised theory

Unlike considerations of the previous subsection where we have derived the action in
the Hamiltonian form and kept E' as an independent field, we will now integrate out all
tields apart from the connection and produce a more familiar Lagrangian that depends
only on the field strength. At the linearised level we should only keep the terms

FO (2 @2 —92) = %@2 + %(@2 —¥y?) (4.2.12)

in the expansion of the function F in Taylor series, where « and <y are constant param-
eters. Once this is done, we can integrate out the fields ®' ¥ from the action. The

solutions for &, ¥’ are given by

o = —— i i Ay, Y= —izi””a[VAﬁ} , (4.2.13)
and the resulting action is
/ dx < (20l — (zi’”ayAﬁ)Z) . (4.2.14)
Using the identities
S — opleyelv _jemer, EIVERT — gpuloyalv  jemer (4.2.15)
we get
14 =3 (5 ) [R5 (34 g ) @t rLR, w216

where Fﬁv = 9, A} — E)VA;*,. Thus, modulo the (purely imaginary) second term that is a

total derivative, we get the following action

S[A%] = / d*x F*'F,, . (4.2.17)

4y(a+ 1)
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Let us note that very little in the above analysis depends on the fact that the gravita-
tional part of the two-form field was chosen to be (4.2.T). One can see that the procedure
of integrating out the B* two-form field can be carried out in the same way whenever
B' A Bl ~ &Y. Thus, whenever the gravitational background is chosen to be “metric",
in the sense that the Plebanski constraint B! A B/ ~ §¥ is satisfied, it can be seen that
the linearised electromagnetic Lagrangian is just the Maxwell one, with the metric be-
ing the one defined by declaring the two-forms B’ to span the space of self-dual two
forms. This means that the linearised electromagnetic theory is the usual Maxwell
electrodynamics not only when considered around the Minkowski spacetime, but for
any fixed metric background. On the other hand, when the condition B' A B/ ~ &%
is not satisfied (non-metric case using the terminology of [17]), the linearised electro-
magnetic Lagrangian is different from that of Maxwell theory. This means that on a
non-metric background light no longer has to follow geodesics of the metric defined
by B'. Of course, such non-metric backgrounds are only of significance in the high-
energy regime (small distances). So, we can safely ignore them for low energies. Still,
it would be interesting to study the effects of non-metricity on light propagation; we

leave this to further research.

4.2.3 Linearised reality conditions

Assuming (for simplicity) that both «, 7y are real and positive, we easily deduce the lin-
earised level reality conditions that must be imposed on our fields. Thus, the condition
that A% is purely imaginary, which is appropriate if we want to think of A% as the u(1)

component of a connection field, gives the correct Lorentzian signature action. Thus,

for
A*=iA, A€R, (4.2.18)
we get
ﬂAy:—4i ‘/J%FWHW, (4.2.19)
8u(1)

where F,, = d,A, — d,A, is the field strength and the coupling constant is

2 _ (et ) (4.2.20)

Suy = T 4 -

We now note that, if desired, we can obtain the [32] version of the electrodynamics in
which the field B* is purely anti-self-dual by sending & — co. Indeed, as clear from
(4.2.13), in this limit ®' that describes the self-dual part of B* goes to zero. In this limit
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the coupling constant of our Maxwell theory becomes gﬁ(l) = 7. Thus, the theory

considered in [32] is easily recovered.

When a — oo the two-form field B* becomes (proportional to) the anti-self-dual part of
the real field strength F,,. In the case of finite « the reality conditions that B* satisfies

are much more involved. We find

B o+ 2y « i

v WPHV + m EGWWFPU. (4:221)

The structure arising is typical for the theories under consideration in that the part of
the expression that carries the €,,,, tensor contains an additional factor of i as com-

pared to the part that does not contain €y,

4.2.4 Non-linear electrodynamics

Above we have analysed the theory with the potential function f truncated to its
quadratic terms in the quantities ®?, ¥2. To understand the structure of the full non-
linear theory we expand the potential and keep higher powers of ®?, ¥2. Thus, let us
see what happens at the next order, which is quartic (Lorentz invariance prevents us
from having any cubic terms). The quartic order part of the potential can be parametrised

as

FH (@2, % —92) = %(cpz)2 + %qﬂqﬂ + %3(‘#)2, (4.2.22)

where 41, 6, and 3 are constant parameters.
One can now vary the action (4.2.4) with respect to @/, ¥’ and solve for these fields

perturbatively in powers of A*. We get for the cubic order terms

, 1 , b} 0 =
B ZWZ”‘”%A% (M(zaA‘*)Z + ;(zaA‘*)Z) , (4.2.23)
1 33

. . 5 _

\IJ(3)Z - _ 721VV A4 2 3 A4 2, Y3 5 A4 2
7 A (g A (04T

where we have introduced a compact notation

. . 1 i
(20A*)? = 219, AL X779, AL = SFHIVE}, - ieﬂ”ﬂ”Fﬁngg, (4.2.24)

and similarly for (£dA*)2. Now we can compute the quartic order Lagrangian, with

the result being
L0 = O (ROANR 4 2 (5aAY(Z0AN? 4 2 (aAt))?
4(a+7)* 292 (a+7)? 4yt '

(4.2.25)
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This can be expanded in terms of the usual field strength invariants. Thus, using

(PPBLEL? = ~8(FEL )+ 16 EE Y, (#220)

we get the following Lagrangian:

1 36 26 36
(4) — — (F4mvps )2 L 2 2% 4.2.27
£ 16( w) ((véJrv)‘L Y2 (a+ )2 * 0 ( )
1 5 25 5
. *F4VF4PF4UF4;4 1 . 2 3
e (e e

i 4 4 4 4 51 (53

We can now substitute here the linearised reality conditions (4.2.18) and obtain the

Lagrangian for the real-valued connection. However, we note that now, unlike what

happened in the quadratic order of the theory, the imaginary term in the Lagrangian is
no longer a total derivative. Thus, as we have already discussed above, the non-linear
action for the real connection (4.2.18) is, in general, complex. This is precisely similar to
what happens in the case of the effective gravitational Lagrangian, see [29]. There the
metric Lagrangian that one gets from a similar BF-type theory with a potential (but in
the case of G = SL(2,C)) at cubic order in the curvature in general contains an imagi-
nary term that is not a total derivative. Similar to what we are seeing here, in the purely
gravitational case it is also the higher-order interaction term that is in general complex,
while the theory linearised around the Minkowski background does not exhibit any
complexity issues. We also note that, similar to what happens in the case [29] of pure
gravity, the imaginary term is odd under parity. Thus, the full Lagrangian is invariant

under the operation of complex conjugation accompanied by parity inversion.

4.2.5 Reality conditions

There are several strategies that one could follow when facing such a non-real La-
grangian. One, advocated in [29], is to impose the linearised reality conditions and
take the real part of the full non-linear action. As was, however, realised more recently
in the context of work [33] on the purely gravitational theory linearised around the
expanding FRW background of relevance for cosmology, this real part of the action
prescription does not in general produce a consistent theory. In the case of the FRW
background the problem arises when one considers the gravitational waves (tensor

perturbations).

Let us describe what the problem is in some more details. As in our electromagnetic
considerations above, in the purely gravitational case one starts from the complex ac-

tion and “integrates out" the non-dynamical fields to obtain an action that depends
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only on the physical metric. The action one gets is a functional depending holomorphi-
cally on the complex “physical” fields. One has to impose some reality conditions to
extract the real action. Since the action depends on the complex fields holomorphically,
one can instead consider the, say, real part of the action, and vary it with respect to real
and imaginary parts of the fields. The arising Euler-Lagrange equations are the same
as the real and imaginary parts of the complex Euler-Lagrange equations one obtains
from the holomorphic action (this follows from Cauchy-Riemann equations). Thus, the
real part of the holomorphic action considered as a functional of real and imaginary
parts of all the fields carries exactly the same information as the original holomorphic
action and can be taken as the action for the theory. However, this action depends on
twice the number of physical fields, and, moreover, kinetic terms for the “imaginary"
parts of the fields are typically negative-definite. Thus, this action describes twice the
number of propagating modes of the physical theory, and is badly unstable. Reality
conditions are needed to select a good physical sector of the theory, which describes
half the modes of the complex sector and is void of any instability problems. It is natu-
ral to require that the reality conditions one imposes are some second-class constraints
that cut the dimension of the phase space by half. However, as a consideration of sim-
ple examples shows, for an action that is obtained as the real part of a holomorphic
action, it is in general not consistent to impose the constraint that the field is real. The
reason for this is that the condition that this constraint is preserved in time generates
a secondary constraint, and the condition that the secondary constraint is preserved in
time in general produces a new constraint that is not equivalent to the original con-
straint of the reality of the field. Thus, in general, requiring the field to be real imposes
more constraints than one would want. So, in general the dynamics of the Lagrangian
such as (or the real part of this Lagrangian with all fields complexified) is not
consistent with the reality condition that the physical field is real. If one imposes this
condition at some instant of time (and arranges the canonically conjugate field to be
real as well), the dynamics will in general generate an imaginary part of the field. So,
the strategy of dealing with the problem of reality conditions for non-real Lagrangians

should be more sophisticated. We will leave any attempt at such to further research.

We note that, at least in our case of non-linear electrodynamics, we can restrict the
potential function defining the theory so that the arising Lagrangian is real (for real
connections). This is precisely what is usually done in the context of non-linear elec-
trodynamics theories studied in the literature, where there is typically a restriction on
the class of defining functions so that the theory is parity-invariant. Thus, in the case of
our Lagrangian we can arrange the coefficients in the expansion of the function
F(®?, ®* — ¥2) in such a way that the coefficient in the last term in is zero. We
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can arrange things so that no imaginary terms arise in the higher orders of the expan-
sion either. This will produce a consistent theory with a real Lagrangian as far as the
electromagnetic sector is concerned.

In the next section we shall see that in the gravitational sector at least in the spherically-

symmetric situation the reality condition that the metric is real is completely consistent.

4.3 Spherically-symmetric solution

In this section we obtain and analyse the spherically-symmetric solution of the gravi-
electro-magnetic theory described above. As we have already noted above, on non-
metric backgrounds where B’ A B/ # 6/ the coupling of electromagnetism to gravity as
prescribed by our theory is different from that in the Maxwell case. Thus, there are two
different ways that electromagnetism can be coupled to deformations of GR [17]: one
way is to couple the electromagnetic potential to the metric defined by declaring the
gravitational sector two-forms B' to be self-dual. Such a coupling has been studied in
[34], where also the spherically-symmetric solution was analysed. A different coupling
is given by our theory. Thus, the spherically-symmetric case field equations that we
shall analyse are distinct from those in [34]. We emphasise that this difference is only
of relevance for very small scales (or Planckian curvatures). For low energies (large
distances) the sperically-symmetric solutions of both [34] and this section become in-

distinguishable from Reissner-Nordstrom.

4.3.1 The spherically symmetric ansatz

We start by making an ansatz for all the fields as dictated by the symmetry. The grav-
itational su(2) sector B-fields can be selected as in the purely gravitational case first
studied in [35]. This reference has worked in spinor notations and used a complex null
tetrad. However, it is not hard to repeat the analysis for a real tetrad for the usual

spherically-symmetric metric asatz
ds? = — f2d1? + g*dr* + r*d6* + 1 sin®(0)d¢?, (4.3.1)

where as usual f, g are (real) functions of the radial coordinate r only. The starting point
of the analysis is to construct the self-dual two-forms for this metric, see e.g. [36] for a
description of this procedure for the case of Einstein’s GR. The modified theory ansatz
is then obtained by allowing for an extra functions of the radial coordinate multiplying

the metric B-field ansatz of the GR case. Using the available coordinate freedom one
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can put the B-field in the following convenient form:

B! = b(ifrdt Ad6 — grsin@dg Adr),
B? = b(ifrsin 6dt A dp — grdr A d6), (4.3.2)

B® =ifgdt Ndr —1*sin0do Adg,
where b is a function of the radial coordinate. When b = 1 one gets the usual metric self-
dual two-form ansatz of relevance for Einstein’s GR, see [36]. As we already mentioned
in the previous section, when the parameters of the potential of the electromagnetic
sector are chosen so that the purely electromagnetic Lagrangian is real, the metric also
turns out to be real. Thus, in the spherically-symmetric case one can assume that the

metric is real from the start. We therefore assume the functions f, g and b, as well as

the coordinate functions ¢, 7, 6, ¢ to be real.

The ansatz that we make for the B* two-form field is a general combination of the

“electric" and “magnetic" two-forms, i.e.,
B* = —2cr*sin0dO N dg + 2ifgmdt Adr, (4.3.3)
where ¢, m are functions of r only, and the numerical constants are introduced for future

convenience. No reality conditions on c, m are assumed at this stage.

4.3.2 B-compatible GL(2,C)-connection

We now solve
DB' = dB' + Cjg Al ABX =0

for the connection. The gravitational su(2) part of this “compatibility” equation reads
DB’ = dB' + e}y A A B* = 0, (4.3.4)
which gives

Al = — i sin 0d¢,

bg
1
2 —
A _bng, (4.3.5)
: /
A3 :Z: [(Zj;;) - blzr] dt + cos 0d¢ .

For the u(1) part of the compatibility equation we have DB* = dB* = 0. This implies

(cr?) =0. (4.3.6)

42



CHAPTER 4: GRAVITY-NON-LINEAR ELECTRODYNAMICS UNIFICATION

Note that we cannot solve this equation for A%, so we will need to find the electromag-
netic connection from another equation. For now, we make the following spherically-

symmetric ansatz for it:
A* = iadt +ip cosdg, (4.3.7)

where a4 is, at this stage, arbitrary functions of r, and the imaginary unit is introduced in
the expectation that later the reality condition will be imposed requiring the connection
to be purely imaginary, as appropriate for a u(1) connection. The spherical symmetry

requires p to be a constant (proportional to the magnetic charge of our system).

We can now compute the curvature
1
I =dAT + EC}KA] A AKX (4.3.8)

of the connection that we found (or made an ansatz for) above. We have for the gravi-

tational sector I = 1,2, 3,

1 [if [(ofr) 1 1Y .
Flz_{lf [(m_bzr} dt Ado + bg <bg> s1n9d1’/\dcl)},

bg | g | bfr
P2 — _blg {1; [(%;J}rr)’ _ bu sin 0dt A dp — bg (blg) dr/\d@}, (4.3.9)
s_ _Jif [Gfr) 17V R I
F° = {g [ bfr bzr]}dt/\dr <1 b2g2>51n9d9/\d<p,

and for the electromagnetic field strength I = 4,

F* = dA* = —id'dt Adr —ipsin(0)do A de. (4.3.10)

4.3.3 Field Equations

The remaining field equations to consider are given in (4.1.9) above. Defining the ma-

trix h'/ via
B! A B/ = hl(—2ifgr’sin@dt Adr AdO Ade), (4.3.11)

we get

W = . (4.3.12)
0 O 1 c+m

| 0 0 c+m 4dem |
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We can now compute the derivatives of the potential (4.1.7) needed in (4.1.9). We find

v iy f_]__, 2(2b* + 1) o 20° +1 o 2(c+m)? o Aem
onii T\ 3 T13(2p2+1)2 TZ(224+1)3 T332 +1)2 T 4322 +1)
2h. (h2);i
| Py 431
o ) T (43.13)
v __ v _5
o2 3(2h2+1)’ ap 3

Here F}, is the derivative of the function F with respect to n-th argument evaluated at
hi = diag(b?,b%,1),¢* = (c +m)?, ¢ = 4cm.

It turns out to be very convenient to separate the trace and the tracefree parts in the
gravitational part, and introduce a separate notation for the electromagnetic part po-
tential first derivatives. Thus, let us write the matrix of the first derivatives of the

potential as

A—-p 0 0 0
0 A—-P 0 0
E?h‘j] = , (4.3.14)
0 0 A+28 ¢
L O 0 cop
where A, B, p, o are functions of b, ¢, m given by
F , 4(b? —1)? ,2(02 = 1)(b* —1) , 2(c+m)? , 4cm
A:*—fli—Fz - 3 _f4 7
3 9(2v% +1)? 3(2v% +1)3 3(20% +1)? 3(2v2 +1)
/ 2<1 — bz) / (1 — b4)
= 3.1
p=5 9202 +1) '~ ?3(202 +1)2’ (4315
L c+m A
¢ =TI 3+ 1) =3
The field equations (4.1.9) then read, in the gravitational sector,
1 /1Y 1 [(bfr)y 1
- (=) == —— | =A- 43.1
bgr (bg) b2g%r [ bfr bzr] pr (4.3.16)
1 1
L ffe) 1 ,—A+2,B+2m(7 (4.3.18)
felg | bfr br|f ’ -
The electromagnetic sector equation gives the following two equations:
a' = —fg(o+2pm), ip = r*(o + 2p¢). (4.3.19)

Before we analyse these equations let us describe a convenient change of independent

functions that will eventually allow us to integrate the system.
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4.3.4 Legendre Transformation

As was done in the purely gravitational spherically-symmetric case treated in [35], we

can think of A as the Legendre transform of the function F. In fact, we have
A= g —xB—yo —zp, (4.3.20)

where

1—b? _,c+m 4em

YToowrr1 YTy FT i

(4.3.21)

Thus, we get

A oA oA
- - = - , _— = —Z. 4:. .22
B X, Ay = 5 = Y Np ; z (4.3.22)

We can use these relations to express the original functions b, c, m appearing in our

Aﬁz

two-form field ansatz in terms of derivatives of the new function A = A(B,c,p). We
find

2(1—Ag)’

v = S
2(1—NAg)’ 2(1—Ap)

(4.3.23)

This gives, for c and m

3( A, A2 4N,
c=—> + + , (4.3.24)
4(1—A5 V&1—A@2 3(1— Ap)

o 3 A A2 N 4N,
4 \1-4Ag (1-Ag)? 3(1-Ag) )’

We have chosen the solution such that m = 0 for A, = 0. Thus, one can now take the

viewpoint that the theory is parametrised by the function A = A(B, ¢, p), and that the
above relations give us the functions b, ¢, m once the quantities §, 7, p are solved for.

This change of viewpoint will allow us to integrate the field equations.

4.3.5 Bianchi identities

A very powerful method for analysing the system of equations that we have obtained
is by rewriting them as differential equations for the functions f, ¢, p. These are noth-
ing but the Bianchi identities obtained from the equation DF! = 0. Alternatively, these
equations can be obtained directly from the field equations (4.3.16)-(4.3.18). Thus, dif-
ferentiating the equation ([#.3.17), and using one of the equations in (4.3.16), as well as

(4.3.6) we get

N+w%&ﬁ:—?. (4.3.25)
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Another Bianchi identity is obtained by differentiating the second equation in (4.3.16).
We have

1 [@fr)" 17 /2(bg) 1 L [Gfr)y 1)
ngzr[ bfi’ _b‘21’:|( bg +7>_W[W_W] —A—‘B. (4.3.26)

We now rewrite the equation (4.3.18)) expanding the terms on the left and dividing the
whole equation by b*r. We find

1 [(bfr)/ 1}<_f’+g’> 1 [(bfr)’_l]':A—,B%—SﬁnLZma.
8

v2g%r | bfr  b2r f v2g%r | bfr  b2r v2r

(4.3.27)
Using the second equation in (4.3.16) we express A — f in terms of other quantities and
then take this term to the left-hand-side of the equation. We get

1 [(bfr)’ 1}(1 f.8 )_ 1 [(bfr)’_l]/:3ﬂ+2ma.
8

v2g%r | bfr D] \br f v2g%r | bfr  D2r b2r
(4.3.28)
We now subtract (4.3.28) from (4.3.26). We obtain
1 [(bfr)y 1 (b*fg) b2 -1 3B + 2mo
b2g%r [ bfr  br b’fg + 2r ) —F O r (4:3.29)
We should now note that the following equation is true:
2 / _ 12
(fe) _1-b° (4.3.30)

b2 fg b
Indeed, this is just a rewrite of the first equality in (4.3.16). Therefore, the quantity in
the second brackets on the left-hand-side of (4.3.29) is zero and we get

3B + 2mcr

s (4.3.31)

—p =

Equations (4.3.25), (4.3.31), together with ([@.3.6), after the functions b, ¢, m are expressed
in terms of B, o, p via (4.3.23), (4.3.24), become 3 first order differential equations for the
3 unknown functions B, 0, p. Once these are found, the electromagnetic connection is
found from , and the metric functions g is found from

=1— (A+2B+2c0)r, (4.3.32)

(bg)?
which is easily obtained from (4.3.17)). The metric function f is then found from (4.3.30).
4.3.6 Consistency

Yet another Bianchi identity can be obtained from dF* = 0, and is equivalent to the

statement that the magnetic charge p = const. On the other hand, the second equation
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in (4.3.19) expresses the magnetic charge in terms of other functions. Differentiating
this equation and using the, known from (4.3.6), derivative of c we get

2
d+2¢a+$f:o. (4.3.33)

This equation can be shown to follow from the two Bianchi identities (4.3.25),
and the relations (#.3.23). Thus, let us show that together with imply
(#.3.25). We multiply by 2m and use the last two identities in (4.3.23) to write
the result as

4mo 30'A, +30' Ay

/
. 1- A +20'c. (4.3.34)

We now use this, as well as the first identity in (4.3.23), to write —2b? times (4.3.31)) as
24+ A 30'A, + 30’ A
By p 50 0+20’c:—%.

N
(B —A )1 “Ag 1= A, (4.3.35)
The first two terms on the left-hand-side combine to
26/ —2B8'Ag+ AN — A'A
P =2h A P = N 428 (4.3.36)

1—Ag
Thus, (4.3.35) is just (4.3.25) and the obtained system of equations is consistent.

4.3.7 Non-metric gravity

In the limit A, = A, = 0 the electromagnetic part of the theory is switched off and we
recover the spherically symmetric solution [35] of non-metric gravity. The two Bianchi
identities (4.3.25), (4.3.31) in this case coincide and give the following equation

MNQWZ—?, (4.3.37)

for B. After this is solved the metric functions f, g are determined from (4.3.32), (4.3.30).

For more details on the pure gravity sector solution see [35]].

4.3.8 Reissner-Nordstrom solution

Let us now see how the usual Reissner-Nordstrom solution of GR coupled to Maxwell
can be recovered. First, we should switch off the gravity modifications, which is done
by putting Ag = 0 which gives b> = 1 and the gravitational part of the two-form field
becomes the usual spherically-symmetric triple of metric two-forms. The simplest way
to get the RN solution is to set A, = 0 so that m = —c and the B* field is anti-

self-dual. However, let us see the appearance of the charged solution in full generality.
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We will also allow the magnetic charge to be present, to illustrate how the issues of
complexity should be dealt with.

First, we need to perform the Legendre transform of the original defining function F.
In a previous section we have seen that in the absence of gravity modifications, and
in the case which gives the usual Maxwell theory, this function is given by (#.2.12).
Inspection of reveals that we have to replace ®*> — (¢ + m)?, &> — Y2 — 4cm.

Thus, in the case that gives Maxwell theory our defining function is

Fle,m) = %(c Fm)? o+ %(4cm). (4.3.38)
We then easily find o, p from (4.3.15), i.e.,
oF a(c+m) doF 0%
— = — = = —. 4. .

O e mE M =T P Saem) ~ 2 (4.3.39)

The Legendre transform (4.3.20) now gives

__ 2>

A= —37 (4.3.40)

Note that this is independent of p, as the original function was linear in p. However,
the derivative A, cannot be considered to be zero because it must satisfy the last equa-
tion in (4.3.23). Thus, in this case the parametrisation by A is somewhat degenerate.
This can be dealt with by declaring the last equation in to be satisfied by defi-
nition. This degeneracy is removed when one considers more complicated, non-linear

dependence on cm.

We can now proceed to solving the equations. We first find ¢ from the second equation

in (4.3.19). Using the value of p given by (4.3.39) we have
o=""7_ yC. (4.3.41)

We now find m from the second equation in (4.3.23)) and get

2i 2
m=2P_ YR (4.3.42)
ar o
where we have used Ag = 0. We now use the first equation in 1) and, in antic-

ipation that no modification to the electromagnetic potential will be introduced, put

a' = —q/r*, where q is the usual (real) electric charge. This allows us to express the

quantity ¢ in terms of g, p. Using fg = 1 (which follows from (4.3.30)) we obtain

. (27 +a)ip

2777 72 (4.3.43)

Note that this does have the required 1/7*> dependence on the radial coordinate. The

above expression for c gives the following expression for o, m

_ (g +ip) o 2y ta)g—aip (4.3.44)

C2r2(y+a)’ 292 (y +a)
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We note that all quantities o, m, c became complex, so it is by no means obvious that
one will arrive at a real metric at the end. Note also that, interestingly, the quantities

¢, m can be obtained one from another by exchanging ip < .
We can now solve for the unknown function § using for example (4.3.25). Using A’ =

—(4/3a)00’ and putting all the terms not containin to the right-hand-side we get
P g g g g

3 a(q+ip)((2y +3a)g — (47 +3u)ip)

=— . 434
p r 61> (e + )2 (4.3.45)
The solution with correct behaviour at infinity is
rs | a(g+ip)((2y +3a)g — (47 + 3a)ip)
=5 . 434
P 23 " 6yrt(a + )2 (4.3.46)

Note that this quantity is, when p # 0, complex even when the reality conditions are
imposed.

We can finally find the metric functions from (4.3.32)). The above analysis does not seem
to make it plausible that the arising function g can be real. However, once we substitute
all the quantities we have found above into (4.3.32) we obtain

2 2
-2 _1_ s M (4.3.47)

8 ro 29r2(a+7)

Thus, the metric is the usual real Reissner-Nordstrom black hole with electric and mag-

netic charges provided we choose «, y so that:

Y(a+)

which is exactly the condition expected from the formula (4.2.20) for the coupling con-

—2, (4.3.48)

stant.

To summarise, the analysis of this subsection confirms that there exist a two-parameter
family of potentials giving rise to unmodified Einstein-Maxwell system. It also illus-
trates how non-trivial can the issue of reality become. Indeed, we have worked with
complex quantities at intermediate stages of the computation, but at the end all the
complexity disappeared to give rise to the real metric functions. This could have been
expected from general considerations, since we have switched off the gravitational and
Maxwell sector modifications. However, it is reassuring to see this happening explic-
itly.

Any departure from the simple choice of the defining potential considered in this sub-
section produces a modified theory, where one can either modify the gravitational sec-

tor, or electromagnetic, or both. In this subsection we have only covered the usual
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Reissner-Nordstrom solution but black-hole geometries which take the modified the-
ory into account may very well exist classically, and outside regimes of strong curva-
ture. Although such solutions have not yet been provided, it is conceivable that they
may exist, possibly offering observable consequences even in the domain of validity of
a classical theory. At the same time it is gratifying to know that the theory is simple
enough that the problem of determining such a solution for a general defining potential

reduces to three first order ODE’s for the functions , 7, p.
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CHAPTER 5

Gravity-U(1)-Gauge Field

Unification

In this chapter we perform an analysis analogous to that in the previous chapters but
taking a larger Lie algebra. We illustrate the general G case by considering the sim-
plest non-trivial example of G = SU(3). This example is rather generic, and the same
technology that we develop for G = SU(3) can be used for any Lie group. We could
have presented a general semisimple case treatment phrased in terms of the root basis
in the Lie algebra. However, we decided to keep our discussion as simple as possible
and treat one example that, if necessary, is easily extendible to the general situation.
We start from the diffeomorphism invariant gauge theory with Lie group com-
plexified SU(3), with certain reality conditions later imposed to select real physical con-
figurations. A particularly simple solution of the theory describes Minkowski space-
time. This solution breaks SU(3) down to a (complexified) SU(2) times the centraliser
of SU(2) in SU(3), i.e., U(1). The spectrum of linearised theory around the Minkowski
background is then shown to consist of the usual gravitons with their two propagating
DOF, a gauge boson charged under the centraliser of SU(2) in SU(3), and a set of mas-
sive scalar fields. The mass of the scalar fields is related to a certain parameter of the
potential defining the theory. After the reality conditions are imposed all sectors of the
theory have a positive-definite Hamiltonian. We also work out the gravity U(1)-gauge
field interactions to cubic order and show that they are precisely as expected, i.e., the
U(1)-gauge field interacts with gravity via their stress-energy tensor. Thus, our uni-
fication scheme passes the zeroth order test of being not in any obvious contradiction
with observations. However, to obtain a truly realistic unification model many prob-
lems have to be solved. Thus, our results provide only one of the first steps along this
potentially interesting research direction.

For a general complex semisimple Lie group G, bigger than SU(3), we will find the
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same structure as the one explained above but this time instead of getting a U(1)-gauge
field we will get Yang-Mills fields in the centraliser of SU(2) in G and therefore gauge
bosons charged under this centraliser. The formalism is developed for the general case

G but we restrict ourselves to the SU(3) case in the analysis.

5.1 More general potentials

Up to now we have considered a very special class of potentials that depend only on
the invariants constructed from the “internal" metric 7!/ using the inner product gj;,
i.e., traces of powers of i'/. However, it is clear that these are not the only possible
invariants. Indeed, a more general gauge-invariant function of 7!/ can also involve
invariants constructed using the structure constants C}K of the Lie algebra g of G. For

instance, let us consider
CC]:ZITI}NI = CPQRCSTUflpszQTflRu, (511)

where the indices on the structure constants are raised using g/ (the inverse of gpj).

More generally, one can construct a matrix
(CCh) = C1RCITU g rhigy (5.1.2)

and build more complicated invariants from traces of powers of 1!/ and (CChh)U. This
leads to a much more general set of gauge-invariant functions. In this chapter we shall
study implications of such more general potentials. Our main point is that these more
general potential functions lead naturally to “extra" massive fields. This is very im-
portant for phenomenology, for massless “extra" fields interacting with the “visible"
Yang-Mills (or U(1)) sector in the standard way is obviously inconsistent with obser-

vations.

5.1.1 Potential with an extra invariant

For simplicity, we shall consider only one additional invariant given by (5.1.1). We shall
see that such a potential is sufficient to generate masses for the “extra" sector particles.

It is not hard to consider even more general potentials.

Thus, let us consider the potential, depending on one more invariant,

V(h) =

. . . o
Trh]__( Trh Trh CChhil) / (5.13)

n (Trk)2" """ (Tri)"" (Trh)
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where 7 is the dimension of the Lie algebra g and we have divided (5.1.1) by (Tr ) to
make the potential homogeneous degree one. Then, the first derivative with respect to
his - -

oV (h) 81y Trh oF

with (9.F /9h') given by
0F o [ Trh? o (CChhh
ohll 2 P ohll ((Tr h)P> ot \ (Tri)3 (.1.5)
where 77, is the derivative of 7 with respect to its argument (Tr WP /(Trh)P), F,_4 is
the derivative of F with respect to its last argument and
~ ~p—1 ~
3 [ TrhP hi; Tr ¥
= = == = - = 516
Y ((Trh)P> P ((Trh)P (Triyr+1 &1 (.16)
and PO - .
9 <ccﬁfzfz>  3C ) herhos 3 CChi 517
NG (Trh)? (Triyt S -
What we mean by i} ; above is
= == =M,
Ay =Ry, My - B (5.1.8)
Now, let us compute the second derivative of V with respect to /1. We get
2 a2
0V gU oF gﬂ oF Trh 0~ F (5.1.9)

ORUGRKL — m KL T w ohlU | n ohlahKL’
with (82]-' /oKL given by

L 0? Tr hP 02 CChhh
~ F! - 5.1.10
ahI]ahKL pz ORKLYRIT <(Trh)ﬂ> + ORKLARY (( h)3> ( )
i i Tr hA L fl 0 Tr h?
=55 T ahKL (Tr h)7 pln+1) hKL h)3) ) okl \(Trh)r

0 Tr hP e o (CChhh o ([ CChhh
Pl VORKL \ (Tr )P (DD JRKL \ (Tr k)3 ) ) ol \(Trh)3)

where F;, stands for the derivative of 7, with respect to its g argument and similar for
F and F!

) Moreover, we have

p(n+1) (n+1)(n+1
~ p—1 ~
O ( Irh? > _p W e P gyt POEDTR
ORIORKL \ (Tri)r ) — (Tri)p oRKL — (Tri)p+1°%" (Trk)p+1 (Trhyp+2 SUeKE
(5.1.11)
with
P
Oy e PN R PR Ty M PR TS N o
SFKL — SIKML)f 1K)y IMy T (g My 1k My Tk 8L)g -
(5.1.12)
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and
az CCflflfl 3 ~ P Q P Q
TIED ((m&ﬁ) == o e (CraCpd +CLuCyd)
32 . Qs Qs
T T hpq hrs (CPZ({KCL) g+ CPFICD gKL>
3.4 e
+ (Trljl)S (CChhl’l) 817 8KL - (5.1.13)

With the above formulas for the first and second derivatives of this kind of potential it
is relatively easy to find the linearised action for any semisimple Lie algebra. However,
from now on in this chapter we will specialise to the g = su(3) case. Let us start by

reviewing some basic facts about the su(3) Lie algebra.

5.2 Lie algebra of SU(3)

The defining matrix representation of the Lie algebra of SU(3) consists of all traceless
anti-hermitian 3 x 3 complex matrices. The standard basis for su(3) space is given
by the imaginary unit times a generalisation of Pauli matrices, known as Gell-Mann

matrices. These hermitian matrices are given by

010 0 —i 0 1 0
M=[10 0 A=|i 0 0 As=10 -1 0],
000 0 0 0 0 0 0
001 00 —i 000
Ay=1[0 0 0 As=1[0 0 Ae=[0 0 1],
10 i 0 010
00 0 1100
A=1o o Aa=—=101 0 521
7 5= 75 (5.2.1)
0i 0 0 -2

However, in our computations the Cartan-Weyl basis is going to be more convenient.
Let us recall that in the Cartan-Weyl formalism one starts with the maximally commut-
ing Cartan subalgebra, which in our case is spanned by two elements A3, Ag. One then
selects basis vectors that are eigenstates of the elements of Cartan under the adjoint

action. This leads to the following basis, see [37,138],
1 1

. . 1 .
T:t :ﬁ(Tx :l:lTy), Vi :ﬁ(vinVy), Wj: :ﬁ(WinWy),
1 1
TZ —EA:}, Y —5/\8, (522)
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=] T | - | T vV, a W, W Y
T, 0 T, | -Ty 0 —%w_ %w 0 0
T | -T, 0 T %m 0 0 —\%V, 0
T, | T, | -T- | 0 3V -3V —iw, W 0
Vi | 0 =Wy -dve 0 1(V3Y+T) 0 LT, — Ly,
Vo | Wo| 0 |3V |SR(VBY H T 0 ~ 5T 0 By
Wi |-Vl o | wy 0 L1 0 L(VBY - T)| - 2w,
wo | o | Bve w4 0 ~L(V3Y-T) 0 Pw_
Y | 0 0 0 Ly, ~Py. Bw, —Bw_ 0

Table 5.1: Commutators between T, T, T, V., V_, W, W_,Y.

where Ty = 3A1, Ty = 32, Vo = 3A4, Vy = JA5, Wy = JAg and W, = A7, Then
the Cartan subalgebra is H; = Span(T;,Y), and the commutator between any of the
H;’s and the rest of the elements of the basis E,, E, = {T4,T_, T, Vy,V_, W, W_},
is a multiple of E,, i.e. [Hj, Es] = a; E4. One considers the a;’s, for i = 1,2, as the
components of a vector, called a root of the system. In this case we have six roots, i.e.

{1,0}, {-1,0}, {3, @}, {-1, —@}, {-1, @}, {1, —@} The Lie brackets between
elements of this basis are given in Table We also need to know the metric g;; =

—2Tr(T;T}) in this basis. It is given in Table

5.3 Background

Let us now discuss how a background to expand around can be chosen. A background
two-form field Bg is a map from the space of bivectors, which is 6-dimensional, to
the Lie algebra in question. Thus, its image is at most a 6-dimensional subspace in
su(3). There are many different subspaces one can consider. Here we study the sim-
plest possibility. Thus, we choose B! such that the image of the space of bivectors
that it produces in su(3) is 3 dimensional. Moreover, we choose this image to be an
su(2) Lie subalgebra. Even further, we choose this subalgebra to be that spanned by
{T4,T_,T,}. Clearly, this is not the only su(2) subalgebra in su(3). Other possibili-
ties include {V+, V_, % (\@Y + TZ> } and {W+, W_, % <\@Y — TZ) } Here we do not
study these different possibilities. We believe that the example we choose to study is

sufficiently illustrating.
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L= [T | T | T | vy |V Wy | wo | Y

W_ 0 0 0 0 0|-1] 0 0
Y 0 0 0 0 0 0 0 | -1
Table 5.2: Components for the internal metric in the base

{Ty, T, T, Vi, V., W, W_, Y}

Thus, our background is essentially the same as the one we considered in the gravity
case. This is motivated by our desire to have the usual gravity theory arising as the part
of the larger theory we are now considering. Since in the general Lie algebra context it
is convenient to work with the Cartan-Weyl basis, we need to change the basis of the
basic two-forms as well. This can be worked out as follows. Before we were
using a basis in the su(2) Lie algebra in which the structure constants were given by
€apc- If we denote the corresponding generators by X, then [X,, X}] = €,,°X.. On the
other hand, for generators T, used in (5.2.2) we have [T,, T;] = i€ ,‘T.. The relation
between these two basis is X; = —iT,;. We can then define a new set of self-dual two-

forms =%, Y7 via

= S0X, = XTT, + 5T +3°T,. (53.1)
a=1,2,3
This gives
T I A S I A 2 .3
5 _ﬁ(z 12) 2 _ﬁ(z +12) ¥ — iyl (5.3.2)

This su(2)-valued two-form X is our background to expand about.

5.4 Linearisation: Kinetic term

As in the gravity case, the first step of the linearisation procedure is to solve for those
components of the connection for which this is possible. As we have discussed in sec-

tion[2.3] this is in general possible for the components of the connection in the directions
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in the Lie algebra that do not commute with the directions spanned by the background
two-forms. In our case these are the directions spanned by T4, T, and Vi, Wy. We
already know how to solve for the connection components in the directions T4, T. In-
deed, the solution is given by which we just have to rewrite in the different
basis. It is, however, more practical to solve the equations once more by working in the

different basis from the very beginning.

5.4.1 The su(2) part
The su(2) linearised compatibility equations sector in the Cartan-Weyl basis are

dbt +aF NSt —at AXE =0,
db~ +a ANZF—a*NET =0, (5.4.1)
di¥ +a" AL —a ALT =0.
We rewrite them in spacetime notations, take the Hodge dual, and use the self-duality
of the =+, X% to get
1
2i
1
i(ab_)” +a, XM — @l =0, (5.4.2)

Qb ) 4 aZT I T yE =,

%(abzw LAy grmtm =,

where the notation is, as before, (db)* = €79, b,;. We now need the algebra of the
new Xs. It can be worked out from the relations (5.3.2) and the algebra (3.2.4). We get

S T =+ 2y LRt =%, U I EES Y
X % = v, Y2 =0, X,,Xy =0. (5.4.3)

For purposes of the calculation it is very convenient to rewrite these relations in a
schematic form, by viewing them as matrix algebra. Our matrix multiplication con-

vention for the two-forms is (XY)," = X! Y,". Then, we have

YR =g+ 37, eyt =%t YT =%,
Y =1, Rt =0, LY =0. (5.4.4)

This is precisely the relations (3.2.4), just written in terms of metric and the structure

constants of su(2) for a different basis.
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In our matrix product conventions, the equations (5.4.2) take the following transparent

form:
1 + + 2 Z .+
Z(ab )—|—Z€l—2a :0,
1
5 (0b7) +Xfa” —T7a" =0, (5.4.5)

%(abz) +Xat -Xta =0,

where the convention is that the second spacetime index of X is contracted with the

spacetime index of a.

We can now solve (5.4.5) by using the algebra (5.4.4). To this end we multiply the first
equation by 2" and the second one by . This leads to two equations involving only
a* but not a*>. We can obtain another two equations of the same sort by multiplying the

last equation in (5.4.5) by £*. Then adding-subtracting the resulting equations we get

at = —% (2@ + T @), 4 = —% (S48 () — T (0F)). (5.46)
To obtain the last component of the connection we multiply the first equation in (5.4.5)
by ¥~ and second by £, and then subtract the resulting equations. We find X~ a* —
Yta~ = —(1/2i)(9b*) using (5.4.6). Then, we have
1

4i

a‘ =

((0b%) + = (ab*) — £ (3b7)). (5.4.7)

It is now easy to write the su(2) part of the linearised BF part of the action. Using the
metric components given in Table[5.2} from (3.4.6) we have

S = 1 [(@6") (B2 (@) — 2 (@) + (3b) (T B @bY) + 2 (06))

+(3b7) ((967) + =~ (@bT) — =F (b)),
(5.4.8)

where again our convenient schematic form of the notation is used. This is simplified

to give

Ser = —% /.(8b+)(17 +X7)(9b7) + (ab™ )= (9b%) — (9bT)E ™ (D7) + %(abz)(abz).
(5.4.9)
We could now use this as the starting point of the Hamiltonian analysis similar to
the one in the chapter about gravity. However, it is clear that its results are basis-
independent, so we do not need to repeat it. Still, the above considerations are quite

useful as a warm-up for the more involved analysis that now follows.
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5.4.2 The part that does not commute with su(2)

Let us denote the four directions V., W collectively by index « = 4,5,6,7. We have to

solve the following system of equations:
db* + C%,aP ANX" =0, (5.4.10)

where the terms C"‘ab a® A 2V are absent since the corresponding structure constants are
zero. Explicitly, using table[5.1|we have

1 1

d* — —a® ATt — et AZF =0, (5.4.11)
V2 2
1 1

db5+\ﬁa7/\2_+§a5/\22 =0, (5.4.12)
1 1

A — — a*AZ "+ ZaAXF =0, (5.4.13)
V2 2
1 1

db7+ﬁa5/\2+—§a7AZZ:O. (5.4.14)

We can solve this system using the same technology that we used above for the su(2)
sector. Thus, we take the Hodge dual of the above equations, use the self-duality of the

Y’s, and rewrite everything in the schematic matrix form. We get

Lo L givs lgza

—_ _— — — = :O,

Zi(ab) ﬁZ a ZZa

2i(E)b )+ﬁ2 a +2 a>=0,

1o 1 4 1o,

il _ N 4.1
2i(E)b) ﬁZ a +2 a° =0, (5.4.15)
1 1 1

(V) + —=XTa® — - %%’ = 0.

2i V2 2

We can now manipulate these equations using the algebra (5.4.4). Thus, let us multiply
the third equation by v/2X+ and subtract the result from the first equation. This gives

V2
2i
It is now easy to find a* by noting that (17 + (1/2)2%)~! = (4/3) (5 — (1/2)Z?). Thus,

we have

%(ab‘l) — =X (Ab®) + (7 + %ZZ)# =0. (5.4.16)

at = % (\@2*(8196) —(2n — ZZ)(8b4)) : (5.4.17)
Similarly, we multiply the last equation by v/2%~ and add it to the second equation.

Multiplying then by the inverse of (7 — (1/2)X*) we get

=

—% (\62— (0b”) + (25 + ZZ)(abS)) . (5.4.18)
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To find a® we multiply the first equation by /2%~ and subtract the result from the third
equation. We then multiply the result by the inverse of (7 — (1/2)X%). We obtain

a® = % (ﬁZ*(ab‘*) — (27 + 22)(ab6)) : (5.4.19)
Finally, to find 4”7 we multiply the second equation by v/2X+ and add the result to the

last equation. Multiplying the result by the inverse of (77 + (1/2)X*) we get

a =

—% (x@2+(ab5) + (27 — 22)(ab7)) : (5.4.20)
We should now substitute the above results into the relevant part of the action. We shall
refer to this part of the action as “extra" because these are the extra fields that appear
in addition to the gravitational and U(1)-gauge field. We have
sedra _ / a*(9b%) + a°(3b*) + a®(9V7) + a7 (3D°) , (5.4.21)

where we took into account and extra minus sign that comes from the metric. Substi-
tuting here the above connections, we get, after some simple algebra,

seura _ % [ Va(@w ) @) - Va(ar)z (@) (5.422)
—(9b%) (257 + £7)(9b°) — (9b°) (257 — £*) (aD7) .

A more illuminating way to write this action is by introducing two two-component

fields
b* bo
(). (%), .

It is not hard to see that this split of the “extra" sector part of the Lie algebra is just
the split into two irreducible representation spaces with respect to the action of the
gravitational su(2). In terms of these columns the above action takes the following

form:

—2p+3XF V2%t ) ( (9b*) ) . (542

extra __ % 5 7
B =3 / ((067) (a07)) ( V25T -2 —XF (ar°)

Below we will use this action as the starting point for an analysis that will eventually

exhibit the physical DOF propagating in this sector.

5.4.3 Centraliser U(1) part

We cannot solve for the components of the connection in the part that commutes with
su(2). In our case this is the direction Y of the Lie algebra. We shall refer to this part of

the action as “U(1)". Thus, the action remains of BF type, i.e.,
sV — g / b8 A da®, (5.4.25)

where the extra minus sign is the one in the metric.
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5.5 Linearisation: Potential term

As in the su(2) case, our background internal metric 1)/ is 2ig? in the su(2) directions
and zero in all other directions. Since the background metric is flat we shall drop the

tilde from /'/ in this section. We compute the matrix of first derivatives of the potential

using (5.1.4). We get

oV ]—'0

S 0 g Sab (5.5.1)
1%

ohau . =0, (552)
vV Fo L& oy P 2(Fano

P | (8 - gpi (Fp)o »11t3 g Sup - (5.5.3)

Here F,, (f )o are the value of the function and its derivatives at the background, and
index a stands for all directions in the Lie algebra that are not in su(2). The quantity F,

can be identified with a multiple of the cosmological constant. More specifically
3
A= —g]-"o. (5.5.4)

Let us also define another two constants of dimensions 1/L2, i.e

1 6
K= 3 Z (5.5.5)
p=2
and
!
A= ( ”8“)” . (5.5.6)
Then, we have
1% (A 2 )
—| = +xk+sA g (5.5.7)
ohB |, 3 P

The sum in the previous formula is taken over p = 2,...,6, because the function F
can at most depend on 5 ratios of 6 invariants of the matrix h!/. It has at most only
6 independent invariants since it is constructed from the map BI that has the rank at
most six. Since we want to work with the Minkowski spacetime background we should

set A = 0, which we do in what follows.

We now need to compute the matrix of second derivatives. Let us first obtain its su(2)
part. Using (5.1.9) we obtain

2?V 1 1
ohbohed | - (8 - A) <8a(cgd)b - 3gabgcd) / (5.5.8)
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where we have defined

19 1)
p:

We can define a new constant § = ¢ —2/3A. Asin the su(2) case this constant § is going

to measure strength of gravity modifications. The k, g and A constants have dimensions

of 1/L? and are, in general, independent parameters of our linearised theory, related to

first derivatives (), and (F,

141)o of the function F of the ratios.

Let us now compute the matrix of second derivatives in its part not in su(2). We only
need its mixed components ax and bB. The computation is easy and using (5.1.9) we

get

*V K A
S| = 13 Seb8ep g 8ea Cap Clag- (5.5.10)
o0

We can now compute all the potential parts. We use 6) which we have to divide
by two to get the correct quadratic action. For the su(2 ) grav1tat1ona1 part the result is
unchanged from that in the gravity chapter with the only difference that instead of go;

we have §, i.e.,

rav 1
Stp = g (ga(cgd) 3gabgcd> (Z“Wb;jv) (chﬂbg(,). (5.5.11)

The “extra" and “U(1)" parts of the potential term are both given by

xtra—U(1 K .
S I = = § [ quup (213 (EVP8,) + 2igape P b

24 1 i
— 5 | 38aCaClp(x Hps ) (ZFUB,) + 5 8ap e"PTbE bhy . (55.12)

so the indices «,  here take values 4,5, 6,7, 8. We can further simplify this using (3.2.8).
We get

Sggra_U(l) =— K/g gb* BPPTP

oo
L ) + L gt tf, 6519

where
P = % (’7#[0’70]1/ + ;eP‘VW) (5.5.14)

is the anti-self-dual projector.
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5.6 Symmetries

We have seen that the su(2) sector of the theory is completely unchanged from what
we have obtained in the chapter about gravity. One can moreover see that diffeomor-
phisms still act only within this sector. Indeed, the action of a diffeomorphism in the
direction of a vector field ¢/ is still given by and only changes the su(2) part of
the two-form field. Similarly, the SU(2) gauge transformations act only on the grav-
itational su(2) sector. Thus, the gravity story that we have considered in the chapter

above is unchanged.

Let us now consider what happens in directions not in su(2). Let us first consider the
“extra" sector spanned by V4, W.. A gauge transformation with the gauge parameter

w valued in this sector acts as J,b* = [w,X]|*, with « = 4,5,6,7. In components this

reads
1 1
5wb4 _ _72 6Z+ _ E (.U4ZZ,
1
5 b5 - 727 - SZZ
1 1
6 4y — 632
= ——wX — WX 6.1
7 1 5y + 1 75z

where we have used table The remaining part of the Lie algebra is that spanned
by Y. The corresponding gauge transformation has no effect on the two-form field v®
(nor on b*,x = 4,5,6,7) since it commutes with the background. However this gauge
transformation does act on the connection a® by the usual U(1) gauge transformation
a8 — a® 4+ dw®. The kinetic part clearly remains invariant, and the potential

part is invariant since it only depends on b® that does not transform.

5.7 U(Q) sector

In this section we work out the Lagrangian for the sector of the theory which lives in the
part of the Lie algebra that commutes with the background su(2). The total Lagrangian
we start with is a sum of kinetic term (5.4.25) and the potential term (5.5.13), with an

extra sign in the potential term coming from the metric component ggg = —1. This
gives
i\
LYD = §eMP7bS, Eyy + 1 P17 B b5+ % e"PTps bS (5.7.1)
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where we have defined F,, = 2a[ya§}. Taking a variation with respect to bfw we learn
that

1 6K
8 _ +p0 o <o
bw_‘w@l’ ot aof)
(k+4) K i oo
- BT5) po K Lo p (5.7.2)
) N T B w o Foo
T (k+%) T(kt3)2

To get the first line of the above expression we have used the identities P~ P“’P‘TP;; e =0,
P o€’ = 20 PTAT and Py,,,€f7" = —2i PTAT, .
Substituting the result back into the Lagrangian we get
Ay .
£ = A - oy b F = 4/\(K+ ?22\ 5
5 (k+3) 5 (k+3) 2

This Lagrangian looks like the standard electrodynamics Lagrangian (first term) plus

€' Fyy By, (5.7.3)

a total derivative (second term) or topological term. Now, if we want to think of ad as

a U(1) connection field we can define a new real connection @® as a® = 1a%. Thus, in
terms of i the Lagrangian is written as
K - = (k+%) i .-
o= g gy BTB) L g Eo (5.7.4)
an 21yt an 21 pv Foo
5 (k+5) 5 (k+3) 2

The constant in from of (£, )? has to be proportional to the coupling constant g%(l).
However, to convert this into a physical coupling constant we recall that we need to
multiply the Lagrangian by 1/327G, with G the Newton constant, as this is exactly the
prefactor that converts the canonically-normalised graviton Lagrangian into the

Einstein-Hilbert one. Thus, the physical coupling constant in our arising U(1) gauge

327tGA 2\
g%(l) ==, (K+ 3> . (5.7.5)

theory is given by

5.8 Low energy limit of the “extra" sector

Note that the Planck mass M, is the only scale in our theory, so all dimensionful quan-
tities must be of the Planck size. This immediately implies that x, A, g must be taken to
be of the order M%. If this is the case then the role of the first term in , i.e, the one
proportional to k, is to make the anti-self-dual components of the two-forms b, “in-
finitely energetic" and thus effectively set them to Zerﬂ This is quite similar to what
happened in the gravitational sector in the limit ggr — oo with the b% components.

Thus, we see that in the low energy limit E? < x the two-forms by, can be effectively

1For the interpretation of the term proportional to A in (5.5.13) see the next section.
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assumed to be self-dual. As such they can be expanded in the background self-dual
two-forms . After such an ansatz is substituted into the action (5.4.24) the result
simplifies considerably. However, in order to exhibit the physical modes we need to
introduce some convenient gauge-fixing. Inspecting (5.6.1) we see that it is possible to

set to zero the following components of the b*“:
Vi =0 =0, =0 ¥ =0. (5.8.1)

This gauge turns out to be very convenient. We now write the gauge-fixed self-dual

two-forms by, as follows:

1( 1 3

bh, = 5 <2b‘£ T+ 7b;’= wa> ,
1( 1 V3

b5, = 5 <2bi 5+ Tbg Ziv) ,
1/ 1 V3

where the independent fields are now b*, bi, bi, b”, b¥ and the “strange" normali-
sation coefficients are chosen in order for the Lagrangian to be obtained to have the

canonical form.

Substituting (5.8.2)) into (5.4.24) and using the algebra of X’s we get the following simple

effective kinetic low-energy actio
Soma = — / OMb%.0,b% + 07 0,5 + 0Mb20,,bs + 0" b70,bS . (5.8.3)

This form of the Lagrangian makes the reality conditions necessary to get a real theory

obvious. Indeed, it is clear that the reality conditions are
(b3 =0, QL) =05, () =b;, () =1 (5.8.4)

These conditions can be compactly stated by introducing the following su(2) ® g val-

ued object:
b= (VT + BT @ Vi + (BT +bIT.) @ V- (5.8.5)
+ (05T +B8T.) @ Wy + (V. Ty +VIT.) @ W-
and requiring it to be hermitian, i.e.,

b' =b. (5.8.6)
2The part of the action proportional to A in (5.5.13) will be analyse in the next section.
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The action can also be written quite compactly in terms of b. Indeed, using the pairing

given by the inner product (-, -) in the Lie algebra we get
Lot = —(0"b",9,b), (5.8.7)

for the low-energy E? < « kinetic effective “extra” sector Lagrangian. It is thus clear
that, at least in the low energy regime, the “extra" sector of our theory consists just of 4
complex scalar fields with the usual Lagrangian. It is not hard to show that in the finite

x limit the content of this sector does not change.

5.9 “Extra" sector masses

In this section we show that the new parameter A introduced above receives the inter-
pretation of mass squared of the “extra" sector scalar fields. To this end, let us work
out the quadratic part of the action that comes from the potential, concentrating only
on the A-dependent part, see (5.5.13). The x-dependent part was already taken care of
by setting the “extra” sector perturbation two-forms by, to be self-dual. Thus, the part

of the action we want to analyse is

20 11
sV =7 / 1 8caCanCap(E" b0, ) (Z°P7b) — gupb s, (591)

o

s In the second term. We now substitute in

where we have used the self-duality of b
this expression the expansions (5.8.2) for our two-forms (in a specific gauge). It is not

hard to see that only the term CZ, C%, contributes, see table 1) and , and we find

ap
s? =2 / bAbY 4+ bSH7 + b4bS + BSB] = —m (b, ), (59.2)
where
mgxtra = )\ (593)

Thus, as all other physical parameters arising in our theory, the mass of the “extra"

sector particles also comes from the defining potential.

5.10 Interactions

In this section we work out some of the cubic order interactions for our theory. Our
main goal is to verify that the U(1) sector interacts with the gravitational sector in the
usual way. We start with general considerations on the cubic order expansion of our
theory. As it was done for the quadratic action, we first develop the formalism for a

general Lie group G and then we specialise to the G = SU(3) case.
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5.10.1 General considerations

The third variation of the BF term is

5%Spr = 4i / 3411 0B! A [5A,0A), (5.10.1)
and the third variation of the BB term is
53Sgp = 4i / fe (4 BV (Bu5B) (BosB)KE (BosB)MN
Rl QRKL R MN
2V .
] KL
+6 i (BooB)' (6BoB) ) .
(5.10.2)

To compute the third derivatives of the potential that are needed to get the gravitational-
gauge fields interaction Lagrangian we are going to use the property of the potential
function V(h) of being homogeneous of degree one. Thus, V(h) being homogeneous
of degree one, it can be written as

Vv FATR

(5.10.3)

Taking the derivative of the above equation with respect to !/ and again with respect

to hKL we get
2
a V AP - 0/

m (5.10.4)
and - 22
% “MN %
SRR oI (610
Evaluating both equations above at the background we obtain
02V
W gab = 0, (5106)
and s )
o’V Cab o°V
anlanktap | 218 = = Gpiankt | - (510.7)

where we have used the values of 1!/ at the Minkowski background, i.e., heb }O = Zig“b ,
h*| =0and h*f| = 0.

5.10.2 Interactions with gravity

We shall not consider here gravitational sector self-interactions. They are easily com-
putable, but since the main emphasis of this work is on unification, it is of much more
interest to compute the interactions of other fields with gravity. In this subsection we

consider the coupling of the U(1)-gauge field to gravity.
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Thus, at least one of the perturbation fields 6B! is to be taken to lie in the gravitational
sector. The third variation of the Lagrangian for the interaction between the GR sector
(label by the indices 4, b, . . .) and the extra-U(1) sector (label by the indices a, 3,...) is

1 3 a3V ab cd ex
5(5 /:'GR—(extra—U(l)) =12 {ahﬂl@hmahm (XD)"(Eb)“(Xb)
aSV ab ca ag
+ =g (B0 (Z D) (D) }
% PV
12— (D)™ bb)"P+6 ——0 (Zb)®(bb)*P
+ ahaaahbﬁ < ) ( ) +6 ahgbahaﬁ ( ) ( ) ’
(5.10.8)
where we used the notation
(Z b)ab :}1 ehvpo Z;’ibzg , (Z b)mx — % ehvpo Z‘Ztvbza , (5.10.9)
and
1 R 1
(bb)™ =1 ehveo bwbzv , (b b)aﬁ =1 ehveo bi‘wbﬁa ‘ (5.10.10)
Now, as the U(1) sector is described by «, B = 8, we get
1 3 _ 83V ab cd e8 a3V ab c8 d8
*V 87 1\b8 *V b7 1188
+12 5z (ED)S(00)" +6 =g (20) (D). (5.10.11)

Let us see how is the coupling to the trace of the metric perturbatio h = hﬁ. In this
case the gravitational part of the b field is given by [29]

h

b = 7 T - (5.10.12)
Then, " ‘
(Z b)ab — %eﬂvpazl(fvbzg — %Zayvzzv — %gab, (5'10.13)

where we have used the self-duality of £ and the identity Z“”VZZV = 4¢?. Thus, using

(5.10.6) and (5.10.7), we have

0%V 92V
S| ()T~ | 8 = 10.14
Ohhss | (20) ohbahss | 8 0, (5.10.14)
P’V b o’V ab oV
WO(Z )’ " OhbhedheS | NWOZO' (5.10.15)
and
a3V ab lh aSV ” h azv

WO(Z ) —EWO __ZWO (5.10.16)

SRecall that g,y = #7uw + hyy, with 17, the Minkowski metric and hy, the metric perturbation.
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Then, in (5.10.11), we get

0%V

1 30 8 b8 b8
Moreover, we have
1., i
(£0)" = Je"PT8) bhr = SEH, (5.10.18)
and
(D) = ie*‘”""bﬁvbﬁa = lgzbwbﬁv, (5.10.19)

where we have used the self-duality of 2. Using the above two equations we find
h
8Lk yay = 0- (5.10.20)

Then, the U(1) sector vanishes on such gravitational perturbations. This is, of course,
as expected, for the U(1) sector is expected to be conformally-invariant (classically).
Indeed, this is standard for U(1)-gauge fields (and also Yang-Mills fields). Note that
this also provides quite a non-trivial check of our scheme, for the whole scheme would
be invalidated if we had found that our U(1)-gauge field couples to the trace of the
metric.

We now confirm that the coupling to the trace-free part of the metric perturbation is
also as expected. For the coupling to the trace-free part of the metric perturbation h;fv
we have the gravitational b field

by, = zfyph;f] ) (5.10.21)

Contracting the above expression with L'# it is easy to see that by, is anti-self-dual.
Then,

1
(£0)" = e Eiibpy =0 (5.10.22)

because X is self-dual,

1 .
(Z b)aS — Zewpaz‘;lwbﬁa — %Zﬂﬂvbiw (5.10.23)
where we have used the self-duality of ¥, and
1 .
(bb)" = 2€"P7by, b, = —%Zb"phtf”’bﬁv, (5.10.24)

where we have used the anti-self-duality of b”. Thus, this time we find the third order

variation

yvyrbed p8 b8 Kt (5.10.25)

1 3 htf
50 Ler-va) =3 Sy ) iwboo
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As this is the third variation of the Lagrangian we have to divide this result by 3!. Then,

the interaction of the trace-free part of the metric perturbation h}f], with U(1) is

L ?*V apvsboA 1.8 1,8 p.tfo
21 FGR-U() T Spasg5t8 R by b BT (5.10.26)
[
We know "
v K A
Fnonth | iSSP + g7 Cabe Cup - (5.10.27)
Then,
0%V K
OhwB9hbS | = T g Sabr (5.10.28)
where we used ggg = —1. Thus, we obtain
L8y = —2c PTHPA B8 B8 1T, (5.10.29)

where we have used the identity g, 2" 2tPA = 4 pHvel,
Now, the second order BB Lagrangian and second order BF kinetic term for the U(1)

sector, see equation (5.7.1)), are

2)U(1 _ iA
L0 =k pmrer b8 B8+ 5 eS8, (5.10.30)
and
LV = ieme b5 Fpo (5.10.31)

where F,, = 20 [yag]. Moreover, the third order BF kinetic term for the U(1) sector, see
(5.10.1), vanishes, i.e.,
£ . (5.10.32)

Then, the U(1) sector Lagrangian up to third order is given by
90 = £ + £ + 80 4 £ v (5.10.33)

or, written explicitly,
iA

LU =i PTG, Fog + 1 P17 b B, + - €T bh, — 2P PN BG b i
(5.10.34)
where P~ is the anti-self-dual projector. Recall that
1 i - 1 i
P =5 <5£” o — %e” ”pa> ;P =5 (5}]*55] + ;e””pg> . (51035)

For this part we shall drop the index 8 and the label “tf". Let us denote the self-dual
and anti-self-dual parts of b by *b and ~b and similar for F. Then, withb =% b+~ b

and F =T F 4+~ F, the action can be written as

2A
EU(l) — _ptpw +FF“’ -5 +pHv +bVV — i tpHo +b}“’ h;

F27b T Fy 4 (K - 2;‘) B by — 2k B by B, (5.10.36)
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where we have used the fact that the total contraction of a self-dual and anti-self-dual

two forms vanishes. Varying this Lagrangian with respect to b and ~b we get, respec-

tively,
2)
—F Fu — 5 Ty + 25 Tbgphy) + kb B =0, (5.10.37)
and
_ 20N\ _
Fo+ (x+ 3 by + & by, y =0. (5.10.38)
The solution to these equations to first order in the perturbation h,,, are
1 2k K
by =—5- F *F, s EprhY (5.10.39)
w 24 T o2 olm 20y el
3 (%) i 5 (c+%) .
and
T I S ¥ (5.10.40)
R I "
Replacing these expressions for Tb and ~b in the Lagrangian, we find
1 1 2x 2K
EU(l):iJr 2 71:2_ +Fp  tpHO v -, tEropv
21 2\ 2 W o 24 20 W v
Kl Kt3 (%) 5 (k+3)
(5.10.41)
We know that
tFy = 2 (Fu— e F “Fu =+ (Fu + L e F 5.10.42
‘uv—i ],n/_ieyv oo | s yv—i yv+§€yv oo | - ( . )
Thus, the Lagrangian can be written as
K+
cu) K g (73 S LT i
an 20\ M an 27 w tpo
5 (k+3) 5 (k+3) 2
S S A ST S (5.10.43)
5 (k+%) 2 (%)

To get this result we used the trace-free property of the metric perturbation #,,. Now,
we are going to show that the last term in this Lagrangian is zero. Let us expand F in

terms of the self-dual ¥’s and the anti-self-dual ¥’s as
Fo=F %, +F 5, (5.10.44)
Using the self-duality of X, we find
eMPAE,, = 2i (Pj $a0d - 2”“) (5.10.45)

Then, we have

A . A <4apA
€M Fy Foph§ = 21 (FF 204 — Fr ') (B by ) — By Sgph) )
_ - _ =aph
=F'F, Z”PAZUth —FF, 501G
=0, (5.10.46)
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where in the second line we used the fact that Zg[phi] is anti-self-dual and if;[p

self-dual, and in the third line we reorganised the indices and realised that these two

hg] is
terms cancel. Then, we finally get the Lagrangian

K+ 4 i
cun) K Fuy FM @ L envpoo Fuy For — __* Fuy FM 1Y .

CF k3 5 (k+%)2 5+ %)

(5.10.47)

In the third term we recognise precisely the coupling to the stress-energy tensor that

arises from the quadratic U(1) sector Lagrangian (i.e., the first two terms).

Thus, the arising coupling of the U(1)-gauge field to the gravitational sector is as ex-

pected.
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CHAPTER 6

Fermions

In this chapter we propose and study a fermionic Lagrangian compatible with the field
variable content of our BF plus potential formulation of the theory described in the
chapters before.

In the usual fermionic Lagrangian the metric plays a principal role and when we go
from flat spacetime to curved spacetime the only way we know how to couple gravity
with fermions is using the tetrad formulation. However, in [39] there is a proposal of
how to couple fermions with gravity using the two-form field of the Plebanski formu-
lation. Unfortunately, this proposal in not valid anymore in our formulation where the
simplicity constraint has been removed.

The field content of the new fermionic Lagrangian is an anti-commuting spinor one-
form and an anti-commuting spinor. This new Lagrangian can be transformed into the
usual fermionic Lagrangian. We work in Minkowski spacetime but the calculations can

be easily generalised to curved spacetime.

6.1 Usual fermion formulation

For completeness, in this section we remind ourself how the Weyl, Majorana and Dirac
fermions are described using two-component spinors. Such a description is now part
of at least some quantum field theory treatments, see for example [40, 41]. Here we

give a brief description of fermions using this language.

6.1.1 Preliminaries

We work with two kind of spinors: the left-handed or (1/2,0) representation of the
Lorentz group and the right-handed or (0,1/2) representation. These representations

are related by complex conjugation. These two types of spinors are represented by
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symbols with an unprimed index for left-handed spinors and a primed index for right-
handed spinors. Then, A4 stands for a left-handed spinor and i m for the
right-handed one. The overline means complex conjugation. Unless otherwise noted,
all our two-components spinors are Grassmann-odd-valued objects, or in other words
anti-commuting spinors.

The anti-symmetric rank 2 spinor €4p and its inverse et

B, with eqcec =€, = 68,
provide an isomorphism between unprimed spinors and their dualﬂ Then, we can

define a contravariant spinor A in terms of the covariant spinor A 4 as

A =eBAg, (6.1.2)
and a covariant spinor in terms of a contravariant one as

Ap = AMeqp. (6.1.3)

All these equations are similar for primed spinors, just change unprimed indices by
primed ones and use an overline for the primed spinors. The spinor conventions that
we use are the ones in [42].

As is usual in the 2-component spinor literature, we shall often use an index-free nota-

tion. Our conventions, are

AE = A&y, A=Al . (6.1.4)
This is a natural convention because
(A3) =(A4¢a),
=(8a) (A1),
S v (6.1.5)

where in the second line we have used the fact that the complex conjugation of two

anti-commuting numbers reverse its order, i.e., for two anti-commuting numbers z and

w we obtain (zw) = W Z.
It is useful to introduce a spin-frame {0#,:4} such that any unprimed spinor can be
written in this base as

M =AloA 224, (6.1.6)

'In components we have

0 1 0 1

AB

e’ = p €A = , 6.1.1
<_1 0) AB (_1 0> (6.1.1)

where the first index label the row of the matrix and the second the column.
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and for the covariant spinor
Ag = —A1iga+Ar04, (6.1.7)

where A1, A2, A1, Ay are anti-commuting fields and 04,014,041, are commuting spinor

This spin-frame satisfies the conditions
ot =1, 10t =—-1, 040" =0, 14t =0. (6.1.9)
In terms of this spin-frame the anti-symmetric spinor € 4p is written as
€EAB = OALB — LAOB. (6.1.10)

As before the equations for primed spinors are similar to these ones but with unprimed
indices.

Now, we use the Minkowski tetrad {ty, X Y zy} to write the Minkowski metric asﬂ
N = —tuty + XXy + YuYv + Zu2y . (6.1.12)

In components 77, = diag(—1,1,1,1). The Minkowski tetrad satisfies the conditions
tuth = -1, xuxt =1, vy =1, zzl =1, (6.1.13)

with the other contractions being zero. A null tetrad {! 0 My, My, ﬁy} can be defined in

terms of the Minkowski tetrad as

1 1
F=— (42" =" (th -2z , 6.1.14

\/i( zM") n \@( z") ( )
! :\}E(xuiyy) , T :\}E(xy—iy”). (6.1.15)

This null tetrad satisfies the conditions
Z”ny =-1, m”ﬁy =1, (6.1.16)

with all the other contractions equal to zero and allows the Minkowski metric to be

written as
M = =21, nyy +mg, myy . (6.1.17)
2In components
0 =(1,0), 4 =(0,1), 04 =(0,1), 14 =(-1,0) . (6.1.8)
3In components we have
ty =(1,0,0,0), x, =(0,1,0,0), vu =(0,0,1,0), zy =(0,1,0,0). (6.1.11)
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Now, we define a one-form valued in the tensor product of primed and unprimed

commuting spinors as

/ / / ' o /
ot = Lo o+ M +my ot 7, 0N (6.1.18)

In component, we have

06“'A=L10,
v2\o 1

/ 1 (0 1 / 1 (0 —i / 1 (1 O
A'A A'A A'A
Iog =— , O = , O =— , 6.1.19
! \@ (1 O) . V2 (i O) 3 \ﬁ (0 —1> ( )

or in a compact notation (T;:VA =1/V2 (1x2, Ti), where 154 stands for the 2x2 identity
matrix and 7; for the Pauli matrices. It is not hard to check, using (6.1.18), that the

Minkowski metric can be written as the “square" of a;f‘/A, ie.,
A'A
;7],“/ — _UH UAA/ v (6.1.20)

Now, let us define a spatial one-form valued in the product of two unprimed spinors
as
5iAB = \/E Op AA U'iA,B . (6121)

Explicitly, in terms of the spin-frame and the null tetrad, we get

~ Z'
G pP =mjop0® — ;105 — == (OALB + tAOB> : (6.1.22)

V2

In components, we have

Gip® = —=Ti, (6.1.23)

with 7; being the Pauli matrices. Note that the component expressions which we have

shown for 0’44 and 0, 48 in d6.1.19[) and (16.1.23[), respectively, are for this specific posi-

tion of the indices. If the position of the indices are changed in general the component
expressions will change.

As the Pauli matrices satisfy the identity T = 51»]' Toyo + iei]- ka, we find

C

1
~ Cc~ B_ 1. B k
Tia Cjc = §5i]€A +

i .
NG A (6.1.24)
The above identity can also be found directly from (6.1.22).

6.1.2 Weyl fermion
The Lagrangian density for a Weyl fermion is

Lweyl = iV2 Ax 49,00 =iV2 X107 9,A, (6.1.25)
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where A 4 is a left-handed anti-commuting two-component spinor, A 4 is a right-handed
anti-commuting two-component spinor, and we have also rewritten the Lagrangian in

an index-free way. Splitting into space and time indices we find
EWeyl = 1\/5 XA/ U'OA/A ao/\A + 1\/§ XA/ (TiA/A aiAA . (6126)

Thus, the canonically conjugate field to A 4 is

%

d - /
HA = Eweylm = 1\/§ /\A/ U'OA A , (6127)

where the partial derivative with a left pointing arrow over it stands for partial deriva-

tion from the right. Multiplying the above equation by ¢y 4p we obtain
Ap =iV2IT4 0y ap , (6.1.28)
where we have used the identity
AN G p = —% ep’, (6.1.29)

which can be easily shown from (6.1.18). Then, the Lagrangian Ly can be rewritten

in terms of the Hamiltonian variables {A 4,114} as
Lieyt = 1A — V2I17' 91, (6.1.30)

where we have used (6.1.21). Let us find the field equations that follow from the above
Lagrangian. Treating the fermionic fields A4, I1* as independent and varying the La-

grangian with respect to them, we find
dI1? — V29,1147, =0, (6.1.31)

and
doAp — V275 C9;Ac = 0. (6.1.32)

Applying the operator v/27,  9; to the above equation and using (6.1.24), we obtain
V25, B909;Ap — AA4 =0, (6.1.33)

where A = 9,0 stands for the Laplacian. Now, differentiating (6.1.32) with respect to

time, relabelling the indices and adding the result to the above equation, we get

(aoao — A)/\A =0,
9"9uAa =0, (6.1.34)

which is the relativistic wave equation for a massless two-component spinor A.
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6.1.3 The Majorana mass term

Let us now briefly consider the massive case. Since our fermions are anti-commuting
it is possible to write a Majorana mass term. Thus, adding a mass term to (6.1.25) we
now consider the Lagrangian

— M M
Lisjorana = 1V2 Aot 9y A — S A=

AA, (6.1.35)

where we have used the index-free notation. Note that we need to add both mass
terms in order for the Lagrangian to be real. The canonically conjugate field to A is
again given by (6.1.27). Then, the last term of Lyajorana can be written in terms of IT as

%ﬂ: %nn, (6.1.36)

where we have used (6.1.28) and the identity (6.1.29). So the Majorana Lagrangian can

be written in the Hamiltonian form as

/CMajorana = H a())\ - \61—[5'1 al/\ — % )L/\ — % H H . (6.1.37)

Varying this Lagrangian with respect to A and 11, respectively, we find the field equa-
tions
doI1P — V20,1147, B+ MAB =0, (6.1.38)

and
doAp — V275 C9Ac — MIIp = 0. (6.1.39)

Solving for I1 from equation (6.1.39) and substituting the result in (6.1.38), we find
(9,0" — M*)A =0, (6.1.40)

where we have used the (6.1.24). The second order differential equation above is the

desired massive wave equation for a two-component fermion.

6.1.4 Dirac fermion

The Dirac Lagrangian is obtained by adding two uncoupled Majorana Lagrangians of

equal mass. Thus, we have the Lagrangian

LDirac = 1V2 Aq o A1 + ivV2 Aot Ay — %()\1)\1 + A2An) — %(Xl A+ Az Ag),
(6.1.41)
where we have used an index-free notation. The boldface lower indices 1 and 2 label
the two uncoupled spinors and it has nothing to do with the components of every two-

component spinor. This Lagrangian possesses a global internal SO(2) symmetry of the
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form

A cosf sinf M
— . (6.1.42)
Ao —sinf sin6 Ao

Since SO(2) ~ U(1), complex linear combinations of fermions can be defined to make
the Lagrangian explicitly U(1) invariant. Then, let us introduce the two-component

spinor fields ¢ and x such that

M =\1@(C+X)z
A2 :\lﬁ(g —x). (6.1.43)

In terms of these fields the Dirac Lagrangian is

Lbirac = 1V2 E0" 9,¢ +iV2 X" dux — M(XE+EX)- (6.1.44)

A Dirac spinor is described by a pair (x, ¢) of two two-components spinors.
This Lagrangian has a U(1) global symmetry, i.e., it is invariant under the transforma-

tion
F—erg, X —e Py, (6.1.45)

with ¢ a parameter.

Splitting in space and time indices the Dirac Lagrangian can be written in the Hamilto-

nian form as
Loirae = 130G + MTTaox — V2 E15 9§ — V2417 dy — M (x6 + 11T,
(6.1.46)

where *TT4 = iv/2 &4, 0° A'A is the canonically conjugate field to & and X[14 = iv2 Xar g0A'A
A y conjug A

is the canonically conjugate field to .

6.2 New formulation

In this section we propose a new first-order fermion Lagrangian whose basic field vari-
able is, in addition to the usual spinors, a spinor-valued one-form. The spatial compo-
nents of this spinor-valued one form can be decomposed into irreducible representa-
tions of SL(2,C) as the direct sum of a spin-1/2 and a spin-3/2 parts. The Lagrangian
is designed in such a way that only the spin-1/2 part propagates.
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6.2.1 Massless fermion

The Lagrangian density which will be used as basic building block for the rest of this

chapter is

EMassless - - \ﬁp;‘ ZABIW av/\B +“P;A2 ZABFW PBv +,5PA}4PA;4,
= — V20, Z" A + a0, T o, + B " oy, (6.2.1)

where p;‘;‘ is an anti-commuting spinor one-form; Z;‘}f is a self-dual two-form with val-
ues on the symmetric product of two unprimed spinors, which will be defined below;
A4 is an anti-commuting spinor; and « and B are two parameters. Note that the La-
grangian above uses only unprimed spinor, i.e., it is a chiral formulation.

The self-dual two-form ZQVB is defined in terms of U’ﬁ A as
ol =0hon b (6.2.2)

Using (6.1.18) we can write an explicit expression for Zﬁf in terms of the spin-frame

{04,1"} and the null tetrad {I,n,m,} as
Z;‘UB = 2l[ym1,] OAOB + ZWWQV] LAlB + 2 (l[ynv] — WI[#WV) O(ALB) . (623)
Therefore, the temporal-spatial component of this two-form is

1 A 1 ap (A B)
—m;0”0° — —=m; 1”1 — z; 0\
V2 V2 :

1
——_G48, (6.2.4)

V2

and the spatial-spatial component is

4

AB __
Z“oi -

Z;-?B :\@z[imﬂ 0%0B — \/Eﬁ[iz]-] A8 — 2 my;mmj 048,

— i ei]'k 5k AB ’ (625)

V2
where in the second line of the above equation we have used the easily derivable iden-
tities

el m;z; —imk, el mzj = — ik, elik mim; = — izZk. (6.2.6)

In particular we have
—2ixgP =&/ 4P, (6.2.7)

which is the condition of self-duality with the convention €"123 = 1.
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The space and time splitting of the Lagrangian (6.2.1) is given by

. . L . . i .. "
Litassless = — 0i 0 9oA + po 7 9;A —i€7¥ p; 519\ — V20 po 7 p; + N €% ;7 pr
— Bpopo+ B pi, (6.2.8)

where we have used the index-free notation convention. Now, the spatial one-form
piaisal®1/2reducible representation of the Lie algebra of SL(2,C). Since the tensor
representation 1 ® 1/2 can be decomposed into the irreducible spin-1/2 and spin-3/2

representations,ie., 1®1/2 =1/2® 3/2, we can write

1/2 3/2
PiA Pl(A ) +pz(A )'
_ (P(I/Z) i P(a/z) AB> 0jB (6.2.9)

where

) 1,/ . ik ~
P(l/z)i ]AB == <5f €4° +1\/§€i]k UkAB) ’

3
3/2) i B 1 i . ik ~
PP =2 (206, —iv2e) @,") (6.2.10)

are the spin-1/2 and spin-3/2 projectors, respectively. It is not hard to check that the

spin-1/2 component of p; 4 is of the form

2 _
o = 354" s, (62.11)

for some spinor p. The prefactor is introduced so that
Ca=04"pip, (6.2.12)

where we have utilised (6.1.24). Using again the identity (6.1.24) it is easy to see that
the spin-1/2 and spin-3/2 part of p;4 are eigenvectors of the operator ez-jkff]. 48 with
eigenvalues iv2and —iv2/2,i.e.,

jk~ (1/2)
€; UA pkB _1\/>!01 ’

jks B (6/2) _ I\f (3/2)

€ Uin P = ZA . (6.2.13)
Then, we have
pia= 254" G+ 0. (6214)
Now, we can write (6.2.8) as
Cxtastess =200 — igﬂa A 2P
+ oG/ [( +5) 3/2—\[8/\] <,Bpo+\/§tx€—3iai/\),
(6.2.15)
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where we have used (6.2.14), (6.2.13)) and (6.1.24). From the above Lagrangian we im-

mediately realised that the canonically conjugate field to A 4 is {4, i.e.,

F

d
A A
=L =77, 6.2.16
oura) © (0210
and that the fields pg/ 2 and p4! are not propagating and therefore can be integrated
out. The field equation for pg/ 2) gives
62 _ 1 (per
(e+26) 03" = = (Pe2ar) (6.2.17)

where the projection on the spin-3/2 part is taken on the right. This can be solved when

a # —2p. Substituting this solution back we obtain

_ 2 2v2 o 1 3/291 )" 3.
Lrasiess =7000A + (& = B) ww — =35 70" i - OET) (P E)A) i
—po (Bpo+ V207 -5 0:A) . (6.2.18)

The field p{' can also be eliminated using its field equations. We get

A_ L iapy, A
00 = 28 (0’ 9iAg — V2T ) , (6.2.19)

for B # 0. Substituting this back and putting similar terms together we find

EMassless :7'[80)\ + 61‘B(DC +2:B)(3[X - 25) T — \6/5(3“ +45) 7_[5_1‘ ai)L
1 3a+106 ;. -
~6F A 1 26) 'A0;A, (6.2.20)

where we have used the explicit form of the P(®/2) projector, equation (6.2.10), and the
identity (6.1.24). We have also dropped, after integrating by parts, a term proportional

to €k 9;A 0; kA because it is equal to a surface term.

Rescaling the fields A and 7 in the following form

1/2 1/2
A {W] A, 7 {%] 7, 6.2.21)
we can rewrite as
Liassiess = 7T A + i(cﬂ — 1) —V2CTF 9 A — AN, (6.2.22)
where
C= 3“624[5 . (6.2.23)
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Now, to confirm we are actually studying a massless particle, let us find out which

field equation satisfies A. Firstly, we compute the equations of motion that follows
from (6.2.22). Varying (6.2.22) with respect to 77 and A, respectively, we get

1 y
doAa + E(C2 —1) w4 +V2CF, 8 9;A5 =0, (6.2.24)
dorrt —V2C ;BT A —2A0% =0. (6.2.25)

Recall that A = 9'9; is the Laplacian operator. Solving for 7t in the first equation,
substituting the result in the second one and using the identity (6.1.24), we find

(300 — A)A =0,
99, A =0. (6.2.26)

Then, the relativistic wave field equation is as it should be for a massless particle.

Now we have checked we are working with a fermion Lagrangian for a massless par-
ticle let us try to find a field redefinition that maps this action to the usual Weyl La-

grangian. The non-local field redefinition that does the job is
7'L’A —a 7'L'A + b&iAB ai)\B,
_: p0;
Aa —2c0, B KlnB +dAa, (6.2.27)

where g, b, c, d are constant parameters. Every term in the Lagrangian transforms in the

following manner under this field redefinition
TdpA — (ad — bc) A,
T — a? w4+ 2ab e oA — bzzaanl-A,
w7 oA — (ad +bc) T ;A +ac T + bzd NN, (6.2.28)
NN = d>INIA =22 T —Acd T 9N,

where we have used the identity (6.1.24). Thus, (6.2.22) is transformed under this field

redefinition to the form

LMassiess = (ad — be) T + [azb(c2 —1) —V2(ad + be)C + 4cd} o 9;A
+ ”—2(C2 —1) — V2acC +2¢%| mm+ —ﬁ(c2 -1)+ Yo 2lairan
4 8 V2 v
(6.2.29)
For the parameter values
\@ a 1
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this Lagrangian density is map to
EMassless|b,c/d = T oA — \fz T &i i, (6.2.31)

which is the Lagrangian for a Weyl fermion, see equation (6.1.30).

6.2.2 Massive fermion

Let us add a term of the type AA to the Lagrangian studied in the section before. Thus,

we want to study the Lagrangian

Lassive = —\/2()% M oA + Ou pNag Ov + ,B p}l Ou — Z AN, (6.2.32)
with y a parameter. As it is not hard to see, the effective Lagrangian (i.e., the resulting

Lagrangian after the pfi/ 2 and p§ fields has been integrated out) for the massive case

is basically the same as the massless case with the only difference being the addition of
the term u /B AA. Then, the effective Lagrangian in this case, see equation (6.2.20), is

1 2 i
LMassless =7T 9 + @(a +2B)(Ba —2B) o — \62(3“ +4p) md' giA
1 3a+108 _; i
—— —— L 9AA— S AA. 6.2.33
6p 4(a+2p) ° U T B (62.33)
Rescaling the fields 7t and A as in (6.2.21) we obtain
1 i 8(3C +1
LMassless = 7T oA + E(CZ — 1) TTTT — \/EC T ;A — ;A d;A — ?>(((Z—|—1))V/\/\’
(6.2.34)
where again
3a +4p
= . 2.
C 6p (6.2.35)

Now, let us find the field equations that follows from (6.2.34). Varying (6.2.34) with

respect to 7t and A, respectively, we obtain

dora + %(c2 —1) 4 +V2C7, B oA =0, (6.2.36)
16(3C+1) 4,
3C+1) A

Solving for 7t in the first equation, substituting the result in the second one and using

the identity (6.1.24) we find

dorth — V2C P A — 201 + =0. (6.2.37)

(8080 — A+ mz))t :0,

(9"9, —m*) A =0, (6.2.38)
where
m* = 2(1 —C)(14+3C)u. (6.2.39)

Thus, we have checked that the Lagrangian Lyassive describes a massive fermion.
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6.2.3 Dirac-type fermion

Here we will follow the same recipe that it is used in the construction of Dirac fermions
from two-components spinor, subsection Then, the Lagrangian of two uncoupled
massive fermions of equal mass of the type (6.2.32) is given by

£Dira—type = \6 (Ply )V dyA1 + P2u p¥ad av/\Z) +a (Ply zH P1v + 024 zH PZV)

+p (P? P1p + P; PZM) - Z (M A1+ 2A21,), (6.2.40)

where the boldface lower case indices 1 and 2 label the two uncoupled spinors.

Now, making the following complex field transformation

A _ 1 A, A 1
P1y _ﬁ (“JV +UH> / A1a —z (Ca+xa),
1 i
'0?% :ﬁ (w;f - U;?) , Az4 :\7@ (Ca—xa), (6.2.41)

we get

2
Loira—type = —V2 (W, T 9 x + 0, T 9,8) + 20wy, T v, + 2B w vy — lgy gx-

(6.2.42)

It is now obvious that this Lagrangian is invariant under the global U(1) symmetry

—ig ig
wy —+e Twy, Uy — et vy,

x—e?x, Eoeiog, (6.2.43)

To get the effective Lagrangian in this case we can proceed in two ways. In the same
manner as we did above, we can split the Lagrangian into space and time in-
dices and integrate out the non-propagating fields. The second way, it is to start from
(6.2.40), use the effective Lagrangian we already computed for the massive case and
then make a field transformation that resembles but instead of transforming
the spinor-valued one-forms we will transform the canonically conjugate fields. Com-
puting the effective Lagrangian, in any of these two forms, has to give the same result.

Let us show how it works for the second one.
The effective Lagrangian for two uncouple fermions of equal mass (6.2.40) is, see equa-
tion (6.2.34),
1
ﬁDirac—type =7l doA1 + ? doAa + E(Cz — 1) (7T1 ! + 2 7T2)
—V2C <7r1 F oA+ M2 9, A2> — (3iA1 9iAq + 9:A2 9iAz)

8(3C +1)
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where the fields have been rescaled, and as the notation remarks 7! is the conjugate

field to A and 72 the conjugate field to A,. Now, let

A :\2 (XnA - 571A> , Aa :\2 (Ca+xa), (6.2.45)
i i
224 == (XTCA _ an> ) Ao -7 (Ea—xa) - (6.2.46)

Then, the effective Lagrangian above is written as

1 » »
LDirac—type = YT dox + ST doE + E(C2 -1 b —/2C (Xn Foix + ‘o 81-5)

16(3C +1)

—ZaXaiC—WV

XG. (6.2.47)

Note that 7t and %7t are the canonical conjugate fields to x and &, respectively.

In all this chapter we have been working in Minkowski spacetime. When gravity is
introduced this formalism has to be generalised to more general non-flat metrics. This
can be done using the tetrad formalism which makes the spinor fields feel like they are
in a Minkowski spacetime at every point of the curved manifold. For example, in a
curved manifold, where general coordinate system indices are denoted by greek letters
u,v,... and Lorentz indices by Z, 7, - - -, the Lorentz one-form U?,A that was used to
define the two-form ng will be generalised to a “soldering form" 0]‘:‘% = g4 9%,

where G% represents a tetrad.
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A Class of Ditffeomorphism

Invariant Gauge Theories

Let us consider a general diffeomorphism and gauge invariant action of a connection

one-form with values in the Lie algebra g of a complex semisimple Lie group G, i.e.,
1
s[4] = - / F(EAF) =i /d4x F(x"), (7.0.1)

where J is a complex-valued gauge invariant, holomorphic and homogeneous of de-
gree one function of the matricesﬂ X! The indices I, ] run form 1 to the dimension of
the Lie group. These matrices are defined in terms of the field strength of the connec-
tion one-form Al as

1
S ELE], =+ (FI AF ) ) (7.0.2)

X' =
where P is the Levi-Civita syrnbolE] and we have defined the asterisk operator * as

s (dx? Adx’ Adx A dxP) = ervre (7.0.3)

Note that the asterisk operator is defined only on 4-forms.

IThe holomorphicity condition implies that the function J can be expanded in a Taylor series. To be
gauge invariant means that satisfy F(¢Xg~!) = F(X) for any Lie group element g. To be homogeneous

of degree one in the matrix X means F(aX) = aF(X), for any « € C.
2We use the convention that the Levi-Civita symbol has component

—1, if yvAp is an even permutation of 0123,
v =29, if uvAp is an odd permutation of 0123,
0, ifu=vorv=AorA=porp=y,
in any coordinate system. Recall that we don’t need a metric to define the Levi-Civita symbol. Moreover,
with this convention we have dx* A dx” A dx* A dxP = —*vAP dx.
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7.1 Symmetries

Let us show by explicitly computation that our action (7.0.1) is invariant under general
coordinate transformation, diffeomorphisms and gauge transformations.
Under a general coordinate transformation the Levi-Civita symbol €, the FF term and

the volume element d*x transform as

é‘uV)Lp N aix/ axﬂ/ axv, ax/\ axp, éﬂ/V,A,P,’
ox | oxt 9xV" 9xN 9xP
ax" 9x’" 9x* 9xr’
FVVF)\p — ox" oxV Ox* 9xf FV/V,FNP,’
0
dix - ‘a; diy (7.1.1)

where |dx"/dx| is the Jacobian determinant of the transformation x — x” and [dx/dx’|
its inverse.
From these expressions is easy to check the Lagrangian density is invariant under a

general coordinates transformation, i.e.,

1 - 1 VN
d'x F(X!) = dtx Jee g (P;VP;p) =ty ey (F,{,V,P’,p,) — d4x F (XYY,
(7.1.2)
where we have used the homogeneity of the function .
Now, under an infinitesimal gauge transformation with parameter w!, the connection

one-form A’ transform as
JoA! =Dw! = dw' + [A,w]',
=dw' + Cj Al k. (7.1.3)
Moreover, the action of diffeomorphisms on the connection are given by
6z A = ¢uF, (7.1.4)

where ¢ is a general vector and the symbol _ stands for the interior product (contrac-
tion between a vector and a form). In components ({JF!), = (f”‘FiH. Note that the
diffeomorphism has been corrected by a gauge transformation with parameter ¢ 1A’ EI

Let us prove first the invariance of the action with respect to infinitesimal gauge trans-

3In general, the connection AT transform under a diffeomorphism as
5: Al = g, Al = zLdAl + d(zuAY),

where the symbol £ denotes the Lie derivative. We are free to subtract to this expression an infinitesimal

gauge transformation D(Z1A") to get 6;A = ZF!.
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formations. Taking the variation of the action, we have

6,8 =i [ dix axU‘SXU_Z i [t *( 9 Dé, AI/\F]>

. dl

_ o [ 9T IAE — —oi [ 9 priap

=—2i [ Do AN = <2 [ Dl A,

_ 9 I _ o I KpL

—ZI/W[F,(L)] /\F]—ZI/WCKLLUF /\F],
oF

PN I KylL

_21/d x o Chw XL, (7.15)
where in the first line we used 6X!/ = 2 x (DSAU A F))); in the second line we used
the identity d*x x (“4-form") = (“4-form") * (d*x) = —"4-form" Iﬂ in the third line

D?w! = [F,w]!; and in the fourth line the definition of X/*.
As F(X) is gauge invariant, we have

oF

00F =0= aXU(S WX, (7.1.6)
where
X = Cly XXt + Cl XX (7.17)
Then, we find the identity
%chxﬂ =0. (7.1.8)
Using the above identity we get
0bS =0, (7.1.9)

that is what we wanted to show.
Now, let us prove the invariance of the action under diffeomorphisms. Taking the
variation of the action again, but this time using the action of the diffeomorphisms on

the connection, we get

o ;
528 =2i / D& AN,
__21/ D<8X1]> NGATNF = —21/ D(aX”> A(EF) AP,

——i[ D (aax‘r’;]) nes(FaF) =i [ D (;}ZO XU AEAd,  (7.1.10)

where in the second line we have integrated by parts, used the Bianchi identity DF =
0 and dropped the surface term; in the third line we have used the property of the
interior product ¢4(F! A F/) = (E.F') AF/ + (=1)2F! A (E0F)) = 2(E.F') A F/ and the
definition of X!/.

As J is an homogeneous function in X, it satisfies

F(X) = —-XU. (7.1.11)

4As d*x = dx0 Adx! Adx® A dx3, we have x(d*x) = &012 = —1.
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Applying the exterior derivative at both sides of this equation, we find

AT = 9F —_ax¥l d< ag)x%r oF —dax'T,

oXl .l oX1/
d <8XU) X7V =0. (7.1.12)
Using the above identity and (7.1.8), we have
aff I] -
D <8XU) XY =0. (7.1.13)

Thus, we get for the variation of the action
05 =0, (7.1.14)

and we have showed that the action is invariant under diffeomorphisms as well.

7.2 Field equations

The first variation of (7.0.1)) is
oF

1) = — 1J
LYYV =6L=1 aXU(SX , (7.2.1)
where

6xXU =2+ (DéA(I A F”) . (7.2.2)

Then, the equations of motion for the connection Al that results form || are

0F
J\ _

D <8XU F ) =0. (7.2.3)

Note that because of the Bianchi identity DF = 0, the curvature F/ can be taken outside
the brackets and leave the covariant derivative acting only on the partial derivative of

the the function 7.

7.3 Perturbation theory

Taking the second variation of the action (7.0.1), we get

2T 9F
(2) = 52 _ 97 sxUsxKL 4 2x1]
2LD = PL =i e OXUOXNE i 2 6?X (7.3.1)
with 82XY given by
32X =2 % ([5A, SA|UAFED + DSAU A D(SA”) ,
=2 ([(SA, SAI NFD 4+ 5AU A [F, 54 + DA AsAD)) (7.3.2)
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where we have used D*§A/ = [F,5A]/. In the same way we can compute the nth-
variation and have and explicit expression for £(") in terms of the perturbation of the
connection 6 Al

Expanding the commutators in %X and reorganising we find for L2

2F
—2i£?) =4 SRTSREL * (F' A Dal) « (FK A Dab)
9F 1) A K A oL L FK A 1) A AL .
+2WCKL *(P ANa - Na-+F>Na’ Na >+totalder1vatlves,

(7.3.3)

where we have defined A = a. The field a! is now our field variable.

92



CHAPTER 8

Gravity

As in the BF plus potential formulation of this theory the su(2) case describes gravity.
A specific form of the defining function J which represent GR is found starting from
the Plebanski formulation of GR. Then, GR can be cast in a pure connection form where
the only field variable is a SU(2) gauge potential. For a general function ¥ we obtain a
gravity theory with two polarisations of the graviton.

Let us first describe how General Relativity fits in this formalism.

8.1 General Relativity

The Plebanski formulation of General Relativity (GR) is described by the action [39}43]
_ A 1. 11
S[A, B, y] 87_CG/B,/\F S®;B A B, (8.1.1)

where B’ is an su(2)-valued two-form, and
- A
CDZ']' =i+ 551‘]' . (8.1.2)
The scalar field ¢;; is symmetric and traceless, i.e., §;; = ¢jj — My /3 bij = Vij —
try/36;; and A is the cosmological constat.
The field equations for B, A and ¢ are, respectively,

Fi :cp;i B/, (8.1.3)
DB’ =0, (8.1.4)

‘ .Sl
B'A B z?slek AB. (8.1.5)

Assuming that ®;; is invertible, i.e., <I>i7<1¢kf = 5{ , the first equation above can be rewrit-
ten as ‘
. 1 .
Bi — (cp*l)‘ Fi (8.1.6)
]
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Then, integrating out the B-field we will get the action

1 L
S[A, p] = ﬁ/ ®; F AF (8.1.7)

The next step is to integrate out the y-field to get an action functional of the connection
only. Let us compute the variation of ® with respect to 1. Taking the variation, with

respect to i, of the identity @, '®" = (5{ , we get

1
-1 _ -1 F,—1 -2
where we have used
. 1 3
sy®@" = oy (%‘55) - 35kz5”> : (8.1.9)

The equation of motion for ¢, varying the action (8.1.7), is
1 -
—1~/k -2 J
@ XY = Jtr (@7°X) @.. (8.1.10)

Recall that X7/ = 1/4 FLVF;\ pé"”f’ . The above equation can be written in matrix notation
as
-1 1 -2
X = ot (@7°X) ®. (8.1.11)
Or solving for ®

3
D= @I VX, (8.1.12)

where we have assumed that the square root of the matrix X exists. We can make this

assumption for positive definite matrix.

Taking the trace of the equation (8.1.11)), we find

tr (quX) :%tr (©2X) trd, (8.1.13)

tr (qux> :\%,/tr (@2X) tr (x/i) , (8.1.14)

where in the second line we used, see (8.1.12),

3
trd = ,/m tr (\/X) . (8.1.15)

In the other hand, from the definition of ®, see (8.1.2), we have tr® = A. Then, we can
also write
A
tr(¢71X) = T (972X) . (8.1.16)

Thus, equation (8.1.14) can be rewritten as
1 2
1 _
tr (q> X) = < (tr\/X) , (8.1.17)

94



CHAPTER 8: GRAVITY

where we used (8.1.16).
Finally, we can rewrite the action (8.1.7),
_ 1 pioA 1 4 -1
ﬂAwy_wnG/\%.PAP._ E;E/dxu(Q X),
as
— 1 4 2

SIAl = —1—cx /d x (trﬁ) , (8.1.18)

or in a compact notation
1 2
SIA] = 1= / (eVFAF) . (8.1.19)

The above action shows a formulation of GR where the only field variable is a connec-

tion one-form. This action was first proposed in [22].

In the next section we shall describe a class of modified gravity theories with just two

propagating degrees of freedom.

8.2 Modified gravity theory

Let us considerate the action (7.0.1) with the connection an su(2)-valued one-form A’,
with i = 1,2, 3, and the function F defined as

TrX* TrX3
TrX)2' (TrX)3 )’

F=TrX x <( (8.2.1)

where x is an arbitrary holomorphic function of is two arguments and the traces are

computed using the inner product on the Lie algebra ;.

8.2.1 Background

The background which we are going to choose to expand around is the constant curva-

ture one. A constant curvature spacetime is described by the line element
ds? = c2(t) (—dt2 + 5ijdxidxj) , (8.2.2)

where f is the conformal time and x' the spatial coordinates. The orthonormal tetrad
associated to the above line element is 0° = c(t) dt and 6’ = c(t) dx'. From this tetrad

we can define a triple of two-forms X' as
i_ 2 i L k
L= (idt Ndx' — Eejkdx] Ndx® ) . (8.2.3)
Now, we define the constant curvature connection A’ as the solution of the equation
DY/ =dyi +eh Ay AskF =0, (8.2.4)
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As A, is the solution of the equation above, the condition that our background has

constant curvature can be compactly written as
Fl = M*%, (8.2.5)
where M is a dimensionful parameter. Explicitly, the constant curvature connection is
Al = iMcdx' . (8.2.6)
Recall that we can define the X’s for a general manifold as
S g0 A — Ll ol p gF (8.2.7)
—_— 2 k] Vi ol

where 67 = {6°,6'} is an orthonormal tetrad with line element given by ds?> = 1776767,
with 777 = diag(—1,1,1,1) the Minkowski metric.
It is easy to show the general two-forms (8.2.7) are selfdual (with respect to the Hodge

operation defined by the metric 177.7), i.e., €,y APZMP =2i Z;w. These general two-forms

satisfy the identities
i, 2 = — Slig, + 2k, (8.2.8)
Ziwzap =8ur&ou — Suo8hp — €uvap (8.2.9)

for a general metric g,,. We will be able to go to a flat background taking the limit

M — 0. However, as we will see below we have to be careful taking this limit.

8.2.2 Action evaluated on the background

Using (8.2.7), it is easy to check that
YAY = —2i\/—gdd*x, (8.2.10)

where g is the determinant of the metric defined by the tetrad 6Z. Then, because the
curvature F' at the background is F! = M? X!, we obtain that the matrix X"/ evaluated

at the background is proportional to the identity, i.e.,
X = «(FI A F)) = 2iM*\/—g &, (8.2.11)
where we have used *d*x = —1. Then, the the action (7.0.1) at the background A! is
S[AI] = —2M*F, / ix\/~3, (8.2.12)

where F, = F(67), i.e., the value of the defining function F at the identity matrix.

On the other hand, on a constant curvature background we have that the Ricci scalar R
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is proportional to the cosmological constant A, i.e., R = 4A. Then, the Einstein-Hilbert

action
1
u=--—— [d*x(R=2A 21
Slgle- = —1¢ [ d*x(R—2A), (3213)
evaluated on a constant curvature background is given by
0 A 4
SR= /d Vars (8.2.14)

We expect the two action (8.2.12) and (8.2.14) be equivalent when the defining function
J is such that it describes general relativity. Then, we find that for the general relativity
case

A

4 _
2M'F, = . (8.2.15)

8.2.3 Linearised action

The partial derivative of F with respect to X/ is

oF X Tr X2 _( X2 Tr X8
=i+ 2 Tr X B ~ i | +3xTr X B i W
axi X <(TrX)2 (Tr X )3 ”) RN R} T (TR

where X/ and x} are the derivatives of x with respect to its first and second arguments.
It is easy to show that the parenthesis on the second and third term are zero when X
is evaluated at the background. Then, we obtain for the expression above evaluated at
the background

oF Fo

@ . — ?51] . (8.2.17)

As you can see this expression does not depend on the parameter M.

In the same way, we find for the partial derivative of F with respect to X'/ and X* at

the background
?F |, (xDe+ (X2)o
aXiTaXH |, Tr X,

where P;jj; is the projector on the symmetric traceless part, i.e.,

j (8.2.18)

1

35ij5kl : (8.2.19)

Pijir = 6ix0n)j —

This projector satisfy Pij|k15ij =0= Pij|kl(5kl .
The linearised Lagrangian evaluated at the background A is given by, see ,

) RPTF . .
o
oF | ) A kA Al koa i) Al
+28Xif ey * (B Na“Na +F; Nal Na'), (8.2.20)
0
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where e;:k are the structure constants of su(2). As (9F/9X"), is proportional to &;; the

second term vanishes. Then, we finally get for the linearised Lagrangian

£? = —% /=8 Pyt (Z Dyl ) (E° Dy pal ), (8.2.21)
where we have used the selfduality of the ¥’s and defined
4
Ser = 5 ((X0)o + (X2)e) 8222)

Note that the factors of M have been cancelled for the linearised Lagrangian.

8.24 High energy limit

We are interested in energies E > M. We can arrived at this regime by taking the limit
M — 0 and then we can replace the covariant derivatives by partial derivatives and
effectively work in a flat Minkowski background. In Minkowski spacetime the ¥’s are
given by

Y= idt Adx' — %e;ik dxl A dxk, (8.2.23)

i.e., the ¥’s are built from the Minkowski tetrad {dt, dx'}.
The linearised Lagrangian (8.2.21) is not canonically normalised because its kinetic
term has a factor g, in front of it. To put it in a canonical form we rescales the field

variable a' as

, 1 .
a — a. (8.2.24)
V/8gr

Then, replacing the covariant derivative by partial derivative and rescaling the field
variable in (8.2.21) we get for our high energy linearised Lagrangian

1
2

Lijn = — = Py (X1 9,al,) (%70 ,al, ) . (8.2.25)

8.2.5 Hamiltonian analysis

Let us split in space and time indices the quantity 2'*"9,, @}, which is the one that appears
as the main building block of the linearised action (8.2.25). We have

20,4, = —idl +i0a) — efoyal, (8.2.26)

where the dot over a/ stands for time derivative and we have identified the spatial and
internal indices using the time component of the background two-forms, i.e., &, = i 4.
We also used Z;.k = —e;k and we raise and lower indices using 6/ and dij.

The canonically conjugate field 77/ of the field variable a;j is given by
'l = P (4 — Oagy — i€ D) - (8.2.27)
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Using the identity P¥ "””Pm,” = Pi],;l, we find that
2 = =Py (Z10,a),) (E70,al) . (8.2.28)

Now, let us decompose 4;; in irreducible components as the sum of its symmetric trace-

free, trace and anti-symmetric parts, i.e.,
a;j = a5+ bjj + efick (8.2.29)

In the above expression a; stands for the symmetric trace-free part, and b and c; param-
eterise the trace and anti-symmetric parts, respectively. Then, using this decomposition

of a;j in irreducible components the canonically conjugate field can be rewritten as
il = a5 — i@y 4 PN (ic) — agy) . (8.2.30)

It is easy to see that this expression for 77/ is symmetric and trace-free. Now, the La-
grangian density can be written as
1, .

L= E(7111)2, (8.2.31)
where 77/ is given by the expression (8.2.30). Then, the Hamiltonian density H =
il a;j — L is given by

1 . i i
H = 571'2 + 16?17‘61]8](5!1]‘ + <pi8]-7r” , (8.2.32)
where we have dropped the index s from a?j for brevity and have defined ¢; = ic; — a,;.
The Lagrange multiplier ¢; serves as a parameter for the SU(2) gauge transformation
on the connection 4;;, i.e.,

54)611']' = a(lgb]) . (8233)
Now, we can gauge fix the connection to make it transverse, i.e.,
d'a; =0. (8.2.34)

Moreover, the canonically conjugate field 717/ is made transverse by the condition ob-
tained varying the action with respect to the Lagrange multiplier ¢;. Thus, as it was
expected the reduced phase space of our linearised theory is parameterised by two
symmetric, trace-free and transverse field a;; and 71"/ which correspond to two propa-

gating degrees of freedom. Thus, the reduced Hamiltonian is
1 . , ;
H=om+ ie*opal, (8.2.35)
and the field equation that follows from it is
dij — akakaij =0,
a‘uayai]' = O, (8236)

which is just the relativistic wave equation for the field a;;.
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CHAPTER 9
Gravity-Yang-Mills Unification

In this chapter we show how starting from the diffeomorphism invariant gauge theory
(7.0.1), for a Lie algebra larger than su(2), we are able to describe gravity and Yang-
Mills in a unified framework. Similar to what happens in the BF plus potential for-
mulation what breaks the gauge group into its gravitational, Yang-Mills and “extra"
sectors is the apparition of a spacetime metric. The part of the Lie algebra correspond-
ing to the “extra" sector splits into irreducible representations of the su(2) gravitational
part. A simple example shows explicitly the different representations that appear and

the kind of massive fields that it describes.

9.1 Background

The background connection is basically the same one that we used in the su(2) case but
this time adapted to be used in a general semisimple Lie algebra g. Then, we introduce

a coordinate system {7, x'} such that the connection is given by
Al =iAldx, (9.1.1)

where A! is only a function of the coordinate 7. Moreover, the field A! has the inter-
pretation of an embedding of su(2) into g, i.e., Al : su(2) — g. In simple words .A! tells
us how the su(2) Lie algebra is formed inside g.

As Al is an embedding of su(2) into g we have
(A, A]" = Clx ALAS ~ €l Al 9.1.2)

Now, let us defined a normalised constant embedding e! that is independent of the

coordinates {7, x'} as

Al = Ael, (9.1.3)
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with A = A(#), such that

C}K e]Ie,If = e}k el (9.1.4)

Thus, the curvature two-form associated to the connection one-form A’ is
!/

Fl = A%! (i jzd;y Adx' — %e}k dxi A dxk> , (9.1.5)

where the prime in A’ stands for the derivative of A with respect to 7. Let us define a

new coordinate ¢ such that

j;dq =dt. (9.1.6)

From the above equation we can integrate A and find an expression for it as a function
of t, ie.,

A(t) = tol_t 9.1.7)

where 1, is the integration constant. Now we can define a dimensionless function c(t)

as
1

U= e -0

where M is a mass dimension one parameter. Finally, the curvature can be written as

(9.1.8)

Fl = MZel 5, (9.1.9)
where
. 1. ,
¥ = c? (i dt Adx' — Ee}k dx/ A dxk> . (9.1.10)

We have already found these ¥/’s when we studied the gravitational case. They repre-

sent a constant curvature background. Let us define X! as

sl=elxl (9.1.11)
Then, the curvature two-form F! at the background can be rewritten as

Fl = m2xl, (9.1.12)

Recall that these X'’s are self-dual, i.e., éw’)‘Pza 0 = 2i XMV, The relations between the

contravariant and covariant Levi-civita tensor e#**f and Levi-civita symbol ¢ are

1 ~
—— e, Ewvrp =/ —8 Euvrp - (9.1.13)

ehvie —
V=&

In Minkowski spacetime they are the same because the determinant of the metricis —1.
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9.2 Linearisation

The matrix X!/ evaluated at the background connection A! is

X! = #(F) AN F]) = 2iM*\/—geleld'l, (9.2.1)
where we have used €%k = —¢iik, 1 et us define the normalised matrix X!/ as
-1y (9.2.2)
2iM*\/—g

Then, its value at the background is

X =l e]l s (9.2.3)

As the defining function of our theory J is homogeneous of degree one we have

F(X) = 2iM*y/—g) F(X). (9.2.4)
Moreover,
0F(X) 9T (X)
X = %1 (9.2.5)
and .
0?F(X) _ 1 02 (X) ©9.2:6)

OXToXKL — 2iM4,/—g 9X19XKL"
Thus, we obtain for the linearised Lagrangian (7.3.3)) evaluated at the background

. 4 *7(X) (1 ) (K L)
2L = W=y (2 A Do ) x (2 A Dot )
+2M? ag;g? ' CI(<IL| * (ZU) Aak Al + 2K A all) A aL> . (9.27)
[0

Or in components

0*F(X) ) L)
£= V78 szipgec |, (B Dowal’) (21D
0F (X
—V/gM? = }(g U)’ cll (z|f>%va§a5+2Kﬂ"ay)a5) , 9.2.8)

where D,y stands for the components of the covariant derivative with respect to the
background connection A , and we have used the self-duality property of ¥ and the
relation M\ = | /— g ehvip,
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9.3 Gravitational sector

In this section we show that the components of the linearised connection a' charged
under the embedded su(2) Lie algebra describe gravitons. Let us decompose the lin-

earised connection one-form as

al =iela +a', (9.3.1)

where
giyalel =0, (9.3.2)

for every i. The above expression means that the connection parts (¢! a’) and a} are

perpendicular with respect to the inner product on the Lie algebra g;;.

9.3.1 Derivatives of the defining function J at the background

As 3F(X) /09X must be invariant under the action of the embedded su(2) we have

0F(X)
oX1

e]I ~ gUe]]-. (9.3.3)
o0

Moreover, as g1 ]ef e]]. ~ (51-]-, where 51-]- is the usual inner product on su(2), we get

0F(X)
oX1

X
elel = T(Xo) 5ij (9.3.4)
. 3

~

~

Now, let us consider the second derivative of the defining function. For this let us

define the tensor F;;; by

0°F(X)

Tiil = Rma%Kt |, 4

0

ekel . (9.3.5)

1]
1

This tensor is symmetric in its first two indices, ¥y = Fjjjjy; it is symmetric in its last
two indices, ¥y = Fjj; and it is invariant under the interchange of the first pair of
indices with the second, ¥y = Fy;;- Now, as F (X) is homogeneous of degree one in
X it satisfies ~

0F(X)
XKL

Differentiating the above expression with respect to X!/ we obtain

F(X) = XKL (9.3.6)

PF(X) oxe

and evaluating at the background, XXt = eKel 69,

0°F(X)

KL gkl __
W ) € € o =0. (938)
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Thus, we find that
ffij\kl (Skl = 0 ) (939)

and
Fija 07 =0. (9.3.10)

Then, from the above two equations and the symmetries of J;;;; we conclude that this

tensor has to be of the form

&

Fijt = 5 Pyt (9.3.11)
where g, is a parameter that depends on the defining function 3 and the embedding
el and

1
Pij\kl = 5i(k51)j — géijékl , (9312)

is the projector on symmetric traceless tensors.

9.3.2 Linearised gravity Lagrangian
The linearised Lagrangian that describes gravity is then, see equation (9.2.8),
Lcr = _% /=g Pij|kl (Z"V”Doya{,) (ZkApDoAai)>

a2 TG s i (gl skmgDal) (9313
8 3 7€k utv v

where we have used the identity CL e/eK = ¢, el and (9.3.4). It is easy to check that the
y JK=j"k jk =i Yy

second term vanishes. Then, we are left with

Log = _% V=8 Pyt (X Doyl (29D, a0} ) (9.3.14)

This is exactly the same Lagrangian that we found when we studied the su(2) case, see
(8.2.21).

9.4 Yang-Mills sector

In this section we study the sector of the theory which is described by the perturbation
of the connection in the direction of the Lie algebra g that commutes with the embedded
su(2), e(su(2)). To do this we need to split 2 into those directions in the Lie algebra

which commute with e(su(2)) and those which do not commute. Then, we write a/ as

al =ela"+ela*, (9.4.1)
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where el form a basis for the centraliser of e(su(2)) in g and el spans the remainder of

the Lie algebra. Thus, we have

C}K ejlef = [ej, e =0, (94.2)

for every j and a. Being this centraliser a Lie algebra itself, we can choose the basis e}

such that
Cjx elek = C¢, el (9.4.3)

a

where Cg . are the structure constants of the centraliser under discussion.

9.4.1 Linearised Yang-Mills Lagrangian
The linearised Lagrangian for the a” part of the connection is, see (9.2.8),
92F(X)
P = Vg W

\/7 2 axl] ’ (CKLE ebeI SHv a“a + CKLeaek €L skpv a;zlalli) . (9.44)
0

eleée{fe{, (Zi ¥ D, Vaf,) <Zk D, Aai?,)

Using (9.4.2) we see that the second term of the second line vanishes. Moreover, from

(9.3.3) we obtain that the first term of the second line is proportional to

glje]ICII(Lefeb C]KLeIeKelE

= QLI C]Ke].ea ey =0, (9.4.5)

where we have used the fact that the covariant structure constants Cjx are completely
anti-symmetric and . This shows the first term of the second line also vanishes
and we are left only with the first line of this expression.
Now, let us define the tensor J;,, by
erf O

Fiflay = m ) e{ ]Kelzelf . (9.4.6)
This tensor must be invariant under the independent action of su(2) on the indices i, j
and the action of the centraliser h, of e(su(2)) in g, on the indices 4, b. Then, it must be
proportional to the inner product J;; in su(2) and the inner product g, in h, where we
have assumed that h is semisimple. Thus, we have

1

Fijla = 22ym

51‘]' gub , (947)

where gym is an arbitrary parameter that depends on F(X,) and the embedding.

Then, the linearised Lagrangian for this sector is

Lo = — Y8 8ij Qab (Zf P‘Vayag) (z“f’awg) ) (9.4.8)

28ym
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where we have replaced the covariant derivatives by partial derivatives because we
now are in the part of the Lie algebra described by the centraliser h and this one com-
mutes with the embedded e(su(2)) sector.
Using the identity

5 TR =2 gHhgplv —jervie

we can rewrite Lyp as

v —8
4gym

Ly = — Qap F* V"F}fv + surface term, (9.4.9)

where Fj, = 29,47 ) 18 the linearised curvature and the “surface term" is proportional

to e"'409,a5d ab.

Thus, as we have already announced, this sector describes linearised Yang-Mills fields.

9.5 “Extra" sector

The linearised Lagrangian for the a* part of the connection is, see (9.2.8),

0°F(X)
‘Cextra =—v—8 78X118XKL

83"
\/7M2 aX[] ‘ (CII(L D(e,Be] Z]Flv aaag + CKLeDlek eé‘ Zk}lv llallg) ) (951)
0

eleie,lfeé (Z”’”Doyaﬁ) (ZMPDOMQ

Let us first analyse the massive term (the second line) and then the kinetic term (the

first line).

9.5.1 Mass term

In the gravity and Yang-Mills sectors the massive term vanishes, as we have seen above,
but here it will not as we will show below.
The partial derivative of the defining function with respect to X'/ projected on the a-

part of the Lie algebra must be proportional to the inner product gj, then

= kgyel, (9.5.2)
0

where « is a parameter related to the defining function F at the background. From the

analysis in the gravitational sector we also know

9F(X) ;

oxu i

= = e, 9.5.3
. Tr X, 817¢; ( )
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where Tr X, = g1 ]ng - Now, let us define the tensor ;4 by

F(X,) _ TR koL
Tr XO ?lﬂéﬁ - aXI] . CKL ea eﬁe]- . (954)

Then, this tensor can be written as

Finp =817Cke €jekes = Crre ejekef

=—g17Ck; e,{‘e]Keé. (9.5.5)

Thus, using the equations above we get for the massive term, second line in (9.5.1),

oF X F )?0 i
v/ —gM? a}fw) ( W= /—gM? (Tixo) — x) Finp T Wa;ﬁaf. (9.5.6)

9.5.2 Kinetic term

Now, we take a look at the kinetic term, first line in (9.5.1). Let us define the tensor
f-fmU‘B as

*F (X) 1,K,] L
XTaRKL ) e;ej el - (9.5.7)

As the su(2) embedded subalgebra e(su(2)) and the a-part of the Lie algebra g do not

Finljp =

commute, it can be built different invariant tensors. The explicit expression for this
tensor depends on the Lie algebra g and the embedding e! used.
The a-part of the Lie algebra can be used as the vector space for the representation
of e(su(2)), the embedded su(2) subalgebra of g. In general, this representation is re-
ducible. Then, the a-part (i.e., the part of the Lie algebra g that does not commute with
the e(su(2)) subalgebra) splits into irreducible representations of su(2). Thus, we have
that the vector space V* that it is spanned by the a-part of the Lie algebra can be written
as

Vi=Vhgvhg...gvh, (9.5.8)

where V/ is the irreducible representation of dimension 2] + 1 and |y, J, ..., ], are the
irreducible representations that appear. There can be more than one copy of a repre-
sentation of the same spin in this decomposition. This occurs when the centraliser of
e(su(2)) in g is non-trivial.

We can think about the tensor F;,|;5 as a map from the tensor product V@ V* to it-

i
self. This map must be invariant under both the action of su(2) and the action of the
centraliser. Moreover, the representation Vg ve splits as

Vg Ve — gk (Vm—u SRS Vw) _ (9.5.9)
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Then, .rfl‘““‘

that appear in (9.5.9) with multiplicity one, as well as combinations of invariant maps

s must be given by a linear combination of projectors on all representations

between different copies of the same representation in case of multiplicity higher that

one. For a detail explanation of this see [24].

9.6 Linearised “extra" Lagrangian

For a general semisimple Lie algebra g and embedding e(su(2)) we obtain the lin-

earised Lagrangian

_ ' WD g 2 (F(X) v g
Lextra = —v/—8 Tinljp (ZWDO,,aﬁ) (ZJ PDMaP> —/—gM (TrXo — K ) Fiap T asal .
(9.6.1)
We know that the quantity F(X,) ~ M%, / M? is very large [24]. In the other hand, there
is no a priori reason why the parameter x should be large. Then, we can assume that

F (Xo) > k and dropped « from the above Lagrangian. Thus, we can rewrite Lexira as
1

=

where F' = 5(X,)/Tr X, ~ M%/MZ.

Now, to give some taste of how the expressions in the “extra" sector look like for a

Loxtta = ~Fifjp (T Doyt ) (ZDraf ) — M2 T T Tatall,  (9.62)

specific example, let us analyse the oversimplify case where V* = V!, i.e., the a-part
of the Lie algebra is a spin-1 representation of su(2). In this case J, ;g is a map from
Vi@Vl =V V! @ V2 toitselfl] As the a part of the Lie algebra is V', i.e. the adjoint
representation, we can relabel the greek indices «, 3, ... in this sector by latin indices

i,j,k/1,.... Then, we rewrite Lexira as
1 1
ﬁﬁextra = _E ij|kl

The spin-2, spin-1 and spin-0 representation projectors are given by

(27D pal) (E#Dn) - M2 e ol 963)

1
spin — 2 Projector — Pz']'kl = 5i(k§l)j — 55,7’5](1 , (9.6.4)
spin — 1 Projector — €;jm€y;, (9.6.5)
spin — 0 Projector — ;0 - (9.6.6)
Then, Fj, kg now written as F;;y; is given by
K Ko
Fijin = ®2Pijs + Eleijmeﬂ + 300k 9.6.7)

To see the analysis for other examples and the general case see [24]
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where «x, k1, K9 are parameters related to the derivatives of the defining function J.
Now, Lextra has to be invariant under infinitesimal gauge transformations, or in other
words the infinitesimal gauge transformation of Lextra vanishes. Then, taking the vari-

ation 6y of Lexira and equating the result to zero we find
Fl =1y, (9.6.8)

where we have used (54,51;'4 = D, ¢ and
5p(E1 Dy al) = D, Dy ) = fzwekl k! = —2M2e" k. (9.6.9)

Thus, the linearised Lagrangian for the “extra" sector can be written as

1

\/7_—g£extra = ez}mekl + 3051']'5kl> (ZiwDoya{/) (Zk/\PDO)LIZiJ

1
2 (KZPz]kl + 2

— 11 MPej zlway K (9.6.10)
where we have replaced Jjjx by €;jx. As k1 = Fl ~ Mf, / M? we have
K M? ~ Mj. (9.6.11)

To have a better understanding of Lextra as given by (9.6.10) let us make the Hamilto-

nian analysis of this one.

9.6.1 Hamiltonian analysis

At this point we are going to take the limit M — 0, i.e., we will work in Minkowski
spacetime. Recall that the quantity x4 M? ~ M’Z, stays constant in this limit. When tak-
ing this limit in the Lagrangian Lexra We are basically only replacing covariant deriva-

tive D, , by usual partial derivative d,,. Then, we have the Lagrangian

Lextra = —; <K2P,]kl + 61]m€k1 + 3 51;5kl) (ziwayaf;) (ZkApaAalp>

— (1 M?) € TV al,ak (9.6.12)

2

The kinetic term of the above Lagrangian it is basically the “square" of X V"aya]?. The

space plus time decomposition of this expression is
szayaf; = —idga + iaia{) — eiklaka{ , (9.6.13)

i s |
where we have used ZO]- = 15]- and ij = —€j

The spatial part 4;; of the connection perturbation can be split into its irreducible spin-2,

spin-1 and spin-0 parts as

1 1
ay = af) + sehal + 2650, (9.6.14)
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)

where a;;” is symmetric and tracefree and the numbers in the parenthesis denote the

)
irreducible representations. The canonically conjugate fields to al(jz), al(l), a(©) are

71—(2) ij = LXE; =K aoa(Z) ij szijkl (aka()l + ie?namanl) , (9615)
a(aoaij )
j 0 Lextra i i . mn
i = 7;1) = %aoa(l) — %e ki (Oxaor + i€l Oman) , (9.6.16)
a(aoai )
oL K K
(m:ﬂzj (0) _ MO0 ¢kl . mn
= ) 3 0% 30 (Fktor T nan) (9:6.17)

From these expression for 2)ij , Wi and 7'[(0), it is easy to check that

@i Wi () ; '
_ (7‘( + 611k7-f + 51]7-[) — leﬂ/a‘ua{/ . (9618)
K2 K1 Ko

Now, using the decomposition (9.6.14), we find that the contraction of €;""9;,a,; with

Pijkl, 6ikl and 5kl is

nl

3 3 1
Pl]klelr:mamanl :Pl]kl (elr{nnama(Z) _ Zakal(l)> ,

1 2
efle,’zmamanl :E)ma,(ji) + ieflakal(l) — gaia@) ,

SMemnd,a, =a"aly . (9.6.19)

Then, utilising the above expressions the velocities 900 99aVi 99a(®) can be written

in terms of the canonically conjugate fields 77(2) 7, 7()7, (%) as

g (2)ij N i
2007 =T i [ak (mﬂ - ;al(l)> g ma;ﬂ , (9.6.20)
2
, i i .
8oa(1)1 :727-[ + €lklak aog + lal(l) + iala(Z) i %1 aia(o) ’ (9621)
K1 2 3
(0) .
950 ® =37 i (aoi +iaM) . 9.6.22)
Ko
From (9.6.18) we find that the kinetic term of Leyra is given by
()6
1 +2 +3 , 9.6.23)
2 Ko K1 Ko

ij i
Now, splitting in space and time indices and using (9.6.14)), we obtain for the mass term

where (7‘[(2))2 _ 27 and (nm)Z — aWig®),

(second line in Lexira)

WIN

~ (M?) [2ia0ia(1)i _ <a(0))2 - % (a(1)>2 + (a@))z} : (9.6.24)
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Thus, the linearised Hamiltonian for the “extra" sector Hexira, Where
%extra = 7T(2) ij aOal(]Z) + 777(1) i 606151) + 71'(0)6051(0) — ['extra , (9625)

is given by
2

Hextra = ! 3 <7I(0))2 +2 <7T(1)>2 + <7I(2)> — (k1 M?) [2 (a(0)>2 +1 <a(1))2 N (ﬂ(z))z}

2 Ko K1 K2 3

3 1 v 1 2 .
+ig@1 <ef-dakal(].2) — zaia](l)) + i (8101](-1-2) + Eefkajal({l) — 3aia(0)> +ix©® 8’(151)
—aC;, (9.6.26)

with
C; = —2i(;M?) ol + /) — el o) + 0, (9.6.27)

the Gauss constraint.

9.6.2 Gauge-fixing

The canonical variables in our Hamiltonian Heya are (a(z),a(l),a(o) s () n(o)).

The Poisson bracket between them are
{a(tx), 728y} =55 P —y), {aV L), 7V} =8P —y),
{a(o)(t,x), ﬂ(o)(t,y)} = S(x—vy), (9.6.28)
with all the other brackets vanishing. Now, let us define the constraint function C,, as
Cola, 77) = / Py wiC, (9.6.29)

where «' is a local parameter, i.e., w! = wi(t, y). The constraint function C,, generates
the following transformations on the field variables a? a1 400).

5(0111(].2) = {Cw,af].z)} = dJijwj,

SpalV) = {Cw,afl)} = efkajwk,

00t ¥ ={Coya®} = B, (9.6.30)
i.e., it generates gauge transformations of the spatial connection irreducible compo-
nents. Moreover, for the canonically conjugate fields 772, 71), () we obtain
ij _ @1 _
S @il = {Cw,aij)} =0,
StV = {Cw,afl)} = —2i(K1M2) w',
s ={Cy,a®} 0. 9.6.31)
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Then, we can fix the gauge completely by requiring that the field 7r(!) vanishes, i.e.,
aMi=0. (9.6.32)

After imposing this gauge, the Gauss constraint can be solved for a(!) in terms of the

fields 71 and 7 i.e.,

m_ 1 i 2) 5 (0)
% = e (9 +a,7) . (9.6.33)

Thus, the spin-1 part of the spatial connection is not propagating and completely de-
termined but the spin-2 and spin-0 canonically conjugate fields.
Using (9.6.32) and (9.6.33), we are able to rewrite the Hamiltonian Hextra as

Hextra = Hggra + /H(giira ’ (9.6.34)
where
© _ 3 (0N _ 2 2y (@) _ 3 @)
Hextra 2K0 (7-( ) 3(K1M ) (IZ ) 8(K1M2) (aﬂT ) , (9635)
and

Mot = 5z (1) (M) (o) el 0i0)?) + s (97
(9.6.36)

Thus, the gauge-fixed Hamiltonian for the “extra" sector decouples into the sum of one

Hamiltonian for the spin-0 fields and one Hamiltonian for the spin-2 fields.

9.6.3 Evolution equations

The Hamiltonians H is defined as the space integral of the Hamiltonian density. Then,

we have
Hextra = /d3y Hextra - (9637)

(2)

The Hamiltonian equations for 4; ].2
(2 2) 142
az(]) = {al(] )’ He(zxzra} ’

2 _1 @2 3 k(2 s K (2)
a;; —K—Znij 47(1(1]\/12) 0,0 TG i€ akal]. , (9.6.38)

and 71?7 are

and

72 {n<z>z‘f 210 }

7~ textra

A2 = — 2(1, M?) a®i — ik 9@ (9.6.39)
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Taking the time derivative of (9.6.38) and using (9.6.39) we get

L2 2(aM?) o) i gy @) 3k @) L ke Q)
;" = E— aj; p €; Bknlj +§818 a;’ +ie; aka,j . (9.6.40)

Utilising (9.6.38) in the equation above, we find

;2 2:aM?) o

Lk ()
ij o ij + Aai]- + Eaia ag’, (9.6.41)

where A = 9'9; is the Laplacian. Then, from this equation we can see that the spin-2

part describes particles with mass m ;) given by

2 2
mfz) = (K;ZM) (9.6.42)

Now, the Hamiltonian equations for 4 and 709 are

a® = a0, 52},

7 = “extra

d0 370 3 pq0) (9.6.43)

and

7 :{H(O) H }

7~ textra
4

7 :§(K1M2) a© (9.6.44)

Using the same recipe that we used in the spin-2 case, i.e., taking the time derivative of
(9.6.43) and utilising (9.6.44) and (9.6.43), we obtain

2
40 4(’11\’1) NONWON (9.6.45)
0

Thus, the spin-0 part describe particles with mass

4 2
) = —(":coM). (9.6.46)
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Conclusions

In this thesis we have proposed and studied a class of diffeomorphism invariant gauge
theories which describe gravity and Yang-Mills fieldsﬂ in a unified framework. The
action for the theory, both in its BF-formulation and its pure connection formulation,
can be argued to be the most general functional on its field variables subject to the
conditions of gauge and diffeomorphism invariance and which lead to second order
in derivatives field equations. The principal role in our formulation is played by the
potential defining function, V(B A B) in the BF-formulation and F(F A F) in the pure
connection formulation. All the parameters in the theory are the result of evaluating
the defining potential function at the background. An important point to remark is that
the appearance of a spacetime metric, which breaks the gauge invariance of the theory
and reduces it to a smaller one, is responsible for the separation in different sectors one
of which describes gravity and another one Yang-Mills. Note that to be more accurate
what we are actually describing in our model is a unification of a generalise gravity
and Yang-Mills theories. The modifications of gravity and Yang-Mills are found at
high energies and are characterised by values of the defining potential function at the
background.

It is worth noting that the starting Lagrangian of our model is complex and we have
only discussed the reality conditions at the linearised level where they are obvious.
However, one should in general add some reality conditions for the field variables
which make the non-perturbative Lagrangian real. This is still an open problem on

which we are working in.

Now, let us summarise what has been done in the different chapters and the results

which have been found:

° Chapter the model in its BF-formulation is introduced, it is sketched its Hamil-

!When we refer to Yang-Mills fields here we are thinking about abelian and non-abelian gauge fields.
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tonian analysis and counted the number of degrees of freedom for a general
gauge group, i.e., 2n — 4 where n is the dimension of the Lie algebra. It is also

discussed the linearisation of the kinetic and potential terms of the action.

e Chapter[3} the gauge group is taken to be SU(2) and it is shown that this case de-
scribes a generalised gravity theory. When some parameters related to the defin-
ing potential function are sent to infinity we recover general relativity. The action
can be seen as a deformation of the Pleblanski formulation of GR. The Hamilto-
nian analysis is performed and it is found that the reduced phase space consists

of the usual symmetric, transverse and traceless fields.

e Chapter[d} here the fields of the model are valued in the su(2) ¢ u(1) Lie algebra.
It is found that this case describes gravity in the su(2) part and non-linear elec-
trodynamics for the u(1) part. The usual Einstein-Maxwell system is recovered
when some parameters specified by the defining potential function are sent to
zero. The spherically-symmetric solution is studied and specifically it is shown
how the Reissner-Nordstrém solution appears inside this formalism. The depar-

ture of our theory from Einstein-Maxwell would only be visible at high energies.

e Chapter 5} the SU(3) case is studied as a generic example of the general case.
Here a broader defining potential with an extra invariant is used. Three sec-
tors are found, i.e., the gravitational one described by the Lie subalgebra su(2) of
su(3), the U(1) gauge field sector described by the centraliser of the su(2) subal-
gebra in su(3) and a set of massive scalars described by the part of the Lie algebra
that does not commute with the su(2) subalgebra. The gy 1) coupling constant
and the mass of the set of scalar fields are determined from the defining potential
function evaluated at the background. The interaction between linearised gravity
and the U(1)-gauge field is analysed and it is found that it is through the stress-

energy tensor, as it should be.

e Chapter [} a new fermionic Lagrangian using anti-commuting spinors-valued
one-forms is proposed and studied. The Hamiltonian analysis for the massless,
massive and Dirac-type new fermionic Lagrangian is carried out. The relativistic
wave equations are found and it is confirmed that indeed these Lagrangians rep-
resent massless and massive particles. A non-local field redefinition is presented

which maps the new massless Lagrangian formulation to the usual Weyl one.

e Chapter [7} it is described the theory in its pure connection formulation, it is
shown explicitly the invariance of the action under gauge transformations and

diffeomorphism, and it is discussed the linearisation.
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e Chapter[8} a new pure connection formulation of GR is studied which is obtained
integrating out the B-field and the Lagrange multiplier function of the Plebanski
formulation of GR. Moreover, the pure connection formulation of our theory for
the su(2) case is analysed. The Lagrangian is expanded around a constant cur-
vature background and it is found to describe a generalised gravity theory with

two propagating degrees of freedom.

e Chapter [9 here we studied the linearisation of our theory, in the pure connec-
tion formulation, for the connection field variable valued in a general semisimple
Lie algebra g. We have three different sectors, i.e., the gravitational one, the Yang-
Mills one and what we have called “the rest" which consists in a bunch of massive
scalar fields. The vacuum solution on which we decided to expand the theory
around gives rise to an embedding of the su(2) algebra into g and thus breaks g
down to su(2) @ b, where § is the centraliser of su(2) in g. The part of the con-
nection valued on su(2) describes gravitons, the one valued on ) describes Yang-
Mills bosons, and the remaining components of the connection describe massive

particles of generally non-zero spin.

There are several missing parts in this unification scheme which can be the subject of
possible future directions of research. One of them is the study of interactions. Al-
though, we have given the first steps in section[5.10} this is a topic that has to be further
explored and which is of vital importance for the success of our model. Another one
is the study of fermions in a unified framework. In chapter [p| we studied a fermionic
Lagrangian which gives some hints of how this can be done. Here a possible approach
could be the use of super-algebras with a super-connection which embeds the bosonic
and fermionic fields. One more point that this model has to be able to describe is the
spontaneous symmetry breaking of the standard model. In this direction there have
been some advances using the pure connection formulation [24] but we are still far
away from a realistic model. Finally, the most important open problem of the whole
approach is to study the quantum mechanical behaviour of this model and see if it

continues making sense also as a quantum theory.
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