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Abstract

This thesis is devoted to Ruin Theory which sometimes referred to the collective ruin
theory. In Actuarial Science, one of the most important problems is to determine the
finite time or infinite time ruin probability of the risk process in an insurance company.
To treat a realistic economic situation, the random interest factor should be taken into

account.

We first define the model with the interest rate and approximate the ruin probability for
the model by the Brownian motion and develop several numerical methods to evaluate

the ruin probability.

Then we construct several models which incorporate possible investment strategies.
We estimate the parameters from the simulated data. Then we find the optimal invest-

ment strategy with a given upper bound on the ruin probability.

Finally we study the ruin probability for our class of models with the Heavy- Tailed

claim size distribution.



Acknowledgements

Foremost, I would like to express my sincere gratitude to my supervisor, Sergy Utev
for the continuous support of my Ph.D study and research, for his patience, motiva-
tion, enthusiasm, and wisdom. His invaluable guidance helped me in all the time of

research and writing of this thesis.

I would like to thank all those whose suggestions, questions, problems, and solutions
have contributed to this thesis. In particular, I want to thank Dr. Neil Butler for his

discussions when I start my Ph.D work.
Last but not the least, I would like to thank my mother, Lifeng Wang for giving birth to

me at the first place and supporting me spiritually throughout my life. I owe her much

more than I could ever repay.

ii



Contents

icontents| 1
1__Introduction| 1
(1.1 _Introduction and Literature Review| . . ... .. ... ........... 1
(1.1.1 ~ Ruin Probability| . ... ... ... . ... ... ... ...... 1

(1.1.2  Optimal investment Strategy and Gambling| . . . ... ... ... 9

(1.2 Aims and objectives|. . . . . ... ... o oo o 10

1. T reoftheThesis| . .. ... ... ... ... ... ... ... ... 10

2 The Ruin Probability with Brownian Motion| 12
1 Intr 10 ) 0 12

2.2 The Model and Assumptions| . . ... ... ................. 13
[2.2.1 Approaches to calculating ¥,,| . . . . ... ... ... 0L, 14

[2.3  First approach: Approximating the sum of correlated lognormal random |

| variables| . . . ... ... oo oo 15
2.4 Second approach: Approximation by Brownian Motion| . . . . . . .. .. 17
2.5 Integral of Exponential Brownian motion| . . . . . ... ... ... .. .. 18
2.5.1 The Law of A} atfixed times|. . . .. .. .............. 19

252 Moments[. . ... ... ... oo 20

253 Application| . . ... ... oo oo 21

[2.5.4  Numerical evaluation of the stochastic integral| . . . . . .. .. .. 22

2.6 Approximation of the Integral . . . . ... ... ... ... 000 24
[2.6.1 First Approximation: Classical approach| . . ... ... ... ... 24

[2.6.2  Second Approximation: via Taylor Formula| . .. ... ... ... 24

iii



2.7 Simulation and Comparison|. . . . . ... ... ... ... o000 28
.71 Basicldeaand Method|. . . . ... ...... ... ... ... .. ... 28
[2.7.2 Comparison of mean and variance for different approximations| 30
[2.7.3  Comparison of Simulated Ruin Probabilities| . . . . . ... .. .. 31

2.8 The Advanced Modell. . . . .. ........ .. ... .. .. ..... 35
2.81 ConstructionofModell . . . ... ... ... ... .. . L. 35

nclusionl . . . ... 38
[3  Optimal constant fraction policies under the ruin probability constraints| 39

B.1 Approach|. . . .. ... ... ... 39

B.2 The Constructionof Modell. . . .. ............. .. .. ..... 40

B.3__Estimation: Likelihood Functions| . . . . ... ................ 43
B31 Modelll ... ... ... ... 43
332 Model2l ... ... 43
B.3.3 Model 3-Binomial Model|. . . . ................... 45
[3.3.4 Model 4- Model with investment strategy with constant claim size| 46
[3.3.5 Model 5-Model with investment strategy with exponential claims| 47
B36 Modeldl .. ... ... .. ... 49

3.4 Estimation of the parameters: Numerical Analysis with Stochastic Sim- |

| ulationl . . ... 53
3.4.1  How to choose Ag in the simulation| . . . . .. ... ... ..... 53
B.4.2 Theresults of estimation] . . . . .. .................. 54
[3.4.3  Discussion: Analysis of estimation| . . . . . ... ... ....... 60

3.5 Optimal investmentpolicy|. . . ... ....... ... ... ........ 66
[3.5.1 Simulationprocess| . . . . ... ... ... oo Lo oL 66

3.6 Approximation of the ruin probability| . . . . . ... ... ... ... ... 72
[3.6.1 ApproximationtoModell| . ... ... ... 00000 72
[3.6.2 ApproximationtoModel 4 . . . ... ... ... 00000, 74
[3.6.3 ApproximationtoModel 5| . . . ... ... 000000 78
[3.6.4 ApproximationtoModel6| . . ... ... o000 80

iv



Remarksl . . . . . .. e 83

4 Ruin probability with Heavy-Tailed claim amounts| 84
4.1 Introductionl . . ... .. ... ... . 84
B2 Definition| . . . ... ... . 86
4.3 The Simple Model with Heavy-Tailed Claims| . . . . .. ... ... .. .. 88
.4  Sum of Two Compound Poisson Processes| . . . . ... ... ... .... 104

4.1 nstruction of newmodel| . . . ... .. L0000 104

442 Model Expression|. . . . . ... ... ... ... 0 L. 105

443 Momentsoft MGH . . .. ... ... ... ... ... .. .. ..., 106

nclusionl . . . .. L 110

[> Concluding and further work] 111




CHAPTER 1
Introduction

1.1 Introduction and Literature Review

1.1.1 Ruin Probability

Ruin theory, sometimes called as collective ruin theory, is the branch of actuarial science
that studies an insurer’s insolvency based on mathematical modelling of the insurer’s
policy. In Actuarial Science, one of the most important problems is determining the
finite time or ultimate ruin probability of the risk process in an insurance or investment
company, for independent and dependent claims, see e.g. Cheng and Pai (2003, for
independent claims); Dufresne and Gerber (1989, for general methods); Embrechts et
al (1997, for modelling); Albrecher (1998); Schmidli (2008, for stochastic techniques)

and Laven et al. (2005, for dependent claims).

Probability of ruin is the probability that liabilities will exceed assets on a present value
basis at a given future valuation date, resulting in ruin. It is considered as the measure
of risk of insolvency for an insurance company. Hence the ruin probability is a crucial
parameter for assessing the risk exposure of companies.

The theoretical foundation of ruin theory/risk probability, known as the classical risk
model in the literature, is introduced in 1903 by Lundberg (1934). The model is stated
below.

Let U(u,t) > 0 be a classical continuous time surplus process, then

Ni
U(u,t) =u+ct— in,
i—1



where
e u is the insurer’s initial surplus,
e cis the insurer’s rate of premium income per unit time,

e N;is the number of claims in the time interval (0, t] and has a Poisson distribution

with mean At and,

e {X;} is a sequence of independent and identically distributed (i.i.d.) random

variables representing the individual claim amount.

In Lundberg’s model, the company does not have any investment return on its assets.
Ruin occurs when U(t) falls below 0, this may equate to insolvency. The probability of
ruin is

¥(u) =P[U(t) <0 forsomet 0 < t < o0].

Lundberg establishes an explicit formula for the ruin probability when claim sizes are
exponentially distributed and another main result he obtained is known as Lundberg’s
inequality (1930), which gives an upper bound on the probability of ultimate ruin. It
states that

Y(u) < exp(—Ru),

where the parameter R known as the adjustment coefficient. Assenter and Nielsen
(1995) get a similar result when the premium rate is a right continuous function of the

reserve. Taylor (1976) derives an improvement to the above inequality function.

Later, the corresponding ideas are developed by Thorin (1973). He studies the classical
model where claim size has gamma distribution. Grandell (1991) derives Lundberg
inequalities for the finite time horizon ruin probability in the Cox-Ingersoll-Ross Model
(Ross, 2000). Another method uses the connection between the probability of ruin and
the maximal aggregate random variable which is suggested by Goovaters and Vylder

(1984a, 1984b).

The classical model is widely studied and developed in the actuarial literature. An-

derson (1957) extends the model in which claims occur as a general renewal process.



In this new model, the inter-claim times form a sequence of independent and identi-
cally distributed (i.i.d.) random variables with common distribution function and the
claim sizes are also i.i.d. He obtains an equation for the surviving probability and the
equation has an exact solution when claims sizes are exponentially distributed. In ad-
dition, an explicit result for the ultimate ruin probability is derived for a particular case.
Then, much of the study of this model has concentrated on numerical procedures for

calculating ruin probabilities (for example, Dickson, 1998).

In the classical model, when the claim size is exponentially distributed (or closely re-
lated to it), simple analytic results for the probability of ruin in infinite time exist. For
more general claim amount distributions, e.g. heavy-tailed, the Laplace transform tech-
nique does not work and one needs some approximations. There are some common

approximations.

Cramer-Lundberg Approximation (Grandell, 1991) yields quite accurate results, how-
ever it requires the adjustment coefficient to exist. Vylder (1996) derives Exponential
Approximation. The Beekman-Bowers approximation (Burnecki, et al. 2004) gives the

better results, it even becomes an exact formula in some cases.

The drawback of the above methods is that they ignore the interest rate of surplus
of insurance company. In more recent developments, the ruin probability of a risk
process with interest rate has received considerable attention. Brekelmans and Wae-
genaere (2002) split the time horizon into small intervals of equal length and consider
ruin probability in the case when the premium income (reserve) in a time interval is
received at the beginning of that interval, instead of assuming claims are paid at the
end of an interval, and derive lower and upper bounds of the ruin probability. The
combined results of two bounds converge to the actual ruin probability with the high

accuracy.



Recently, research has focused on calculating the ruin probability modelled when a
stochastic interest rate is used. Cai (2002) develops two models. The first model as-
sumes that the interest rates form an i.i.d. sequence. The second model assumes that
the interest rates form an autoregressive time series model. He obtains Lundberg type
inequalities for the ruin probability. Yang and Zhang (2006) use martingale techniques
(Hall and Heyde, 1980) to prove the convergence of the discounted surplus process
and to obtain an expression for the ruin probability of a discrete time risk model with

random interest rate.

Markov Model

Paulsen (2008) shows that since 1998, there has been three particular new developments

in risk theory. These are

e The emphasis on heavy tailed claim distribution;
e The application of Gerber-Shiu penalty function;

e By control of the risky investments and possibly reinsurance, the possibility to

influence the ruin probability.

He also introduces the risk process by means of two basic processes: A basic process
P with Py = 0; and a return on investment generating process V with V, = 0. By

assumption, P and V have the forms

N
P = pt+ Upr,t — Z S;, Vi = vt + O'VWV,t-
i=1

Here Wp and Wy are Brownian motion, N is a Poisson process with rate A and the {S;}
are positive i.i.d. random variables with distribution function F. Moreover, Wp, Wy, N
and {S;} are all independent, p is the premium rate. Wp is the small claim. The return
on process V is the standard Black Scholes return process. Under these assumptions,

Y} is a strong homogeneous Markov Process and defined as

t
Ye=Yo+ P+ | Vv,

4



The probabilities of ruin in finite versus infinite time is defines as
¥(t,y) =P(T <tYo=y) and Yy = P(T < oo|Yp =y)

respectively where T is the time of ruinas T = inf{t: Y; < 0}.

Some Results for the Markov Model with heavy tails

Following the above definition and assumption, then ¥(y)<1 if v > %0‘2/ and Y is twice
differentiable on (0, 00) and is a solution of the equation, LY (y) = —AF(y), with bound-
ary conditions lim, . ¥(y) = 0 and ¥(0) = 1if op > 0. L is the integral-differential

operator and F = 1 — F(y).
Asymptotic Results

Asymptotic results for heavy tail distributions is a popular topic (e.g. Embrechts et al.
(1997), Mikosch and Nagaev (2001), Biard et al. (2008)). To present the results, let us

introduce some definitions.

e [ € Ryif F = x *f(x) where f is a slowly varying function (see Chapter 4 for

more notation).

F € ERV(a,pB)iffor0 <a < B <oocandallt >1,

t—P < lim infli(tx) < lim sup@ < 74
X—00 F(x) X—00 P(x)

F € Siflimy_,oo =~

F e Lif limy o %:L

P{;/Z)
F(x)

F € Diflim, e sup < 0.

Itis obvious that R, = ERV (, ). Then when oy = O and F € 5, Jiang and Yan (2006)
prove that
() ~ SF)(1-e™), 0<i< o,



when N is the Poisson process and otherwise

Vlty) ~ F(y) [ o),

where m is the renewal measure of N.

For the light tailed case with oy > 0and p = %, the most precise results are (Grandits,
\4

2004):

e If F€ R_, wherea < p, then ¥(y) ~ 22— F(y);

apa(p—a)
o If F € R_pandF(y) = x 7 f(x) and M < co where M = [ @dx, then ¥ (y) has
the similar result as above. If M = oo then

Y(y) ~ 24 /1y ﬁdx.

2
oy p x

The Finite Time Model and ruin probability

Let S, be the surplus of the company at the end of timen, n = 1,2,---. Let V}, be the

income at the end of time n, we can construct a recurrence equation
Sn:(1+5n)sn—l+Vn/ nzllzl"'/

where 6, denotes the interest rate between [n-1, n] and constitute a sequence of i.i.d.
random variables. Tang and Tsitsiashvili (2003) prove that, if F € L[ D and EY? < oo

for some positive number p then

n

j
Y(gn)~) P(G][]Yi>g) n=12---,
j=1 i=1

where G, is premium minus claim between timen —1and n, Y,, = ﬁ.
n

Except the above surplus model we state, there are other classical risk processes, such

as, for example,



Classical Binomial Risk Model defined by

e The claim-number process is a binomial process Ny, t=0,1,2,... In each time pe-

riod, the probability of a claim is g, 0 < g < 1 and the probability of no claim is
p=1-gq

e Let I; be a sequence of i.i.d. Bernoulli random variables denoting occurrences of

claims,
e Let X; be a sequence of positive i.i.d. r.v.’s representing the claim amounts.

For t=1, 2, ..., the surplus at time ¢ is
U =u+t—[X1h + X+ - -+ X¢ L4,

where u > 0 is the initial surplus.

This model is called classical compound binomial risk model which was first proposed
by Gerber (1988), and extended by Cossette et al. (2003) to the so-called compound
Markov binomial model. They derive a more general model by using a Markovian
environment in 2004. Yang, et al. (2008) consider a Markov risk model, in which the
claim occurrence and the claim amount are both regulated by a Markov process which

is a discrete time finite space homogeneous and irreducible Markov chain.

When the initial surplus u = 0, they derive an explicit expression for the discounted

joint probability function of the surplus before ruin.

Relationship to the Time-Series, Modelling and Statistical Analysis

In statistics and mathematical finance, a time-series is considered as an ordered se-
quence of values of a variable at equally spaced time points
For example, Autoregressive (AR) model, the autoregressive process of order p is de-

noted AR(p), and defined as

p
Xi=c+) aiX; i+e,
i=1



where aq, - - -, &, are the fixed constants, ¢; is a sequence of independent (or uncorre-

2

lated) random variables with mean 0 and variance 0=, c is constant.

Maximum likelihood estimation. Bayesian and other computation-intensive statis-
tical methods.

To fit the model to the data, the estimation of parameters is an important problem.
There are two powerful estimation methods: Bayesian and Maximum likelihood esti-
mation (MLE). Although, MCMC methods approved to be more flexible (e.g. McCul-
loch and Tsay (1993) use Gibbs sampler in time-series analysis), in economics, how-
ever, MLE is traditionally considered the most appropriate method (Tanner and Wong

(1987), Tsay (1989), Tong, (1990), Magdalinos (2005)).

Parameter and Model Uncertainty.

In actuarial science, the estimation is often not robust due to the model uncertainty.
In insurance cases, model and parameter uncertainty are often ignored. However, re-
cently the parameter uncertainty in general insurance problems is acknowledged (see
Klugman, (1992) for overview, see Scollnik, (1998) for a case study, see Harris (1999)
for MCMC for regime switching models, see Parker (1997) for the uncertainty in the
pension and life insurance problems, see Draper (1995) for theoretical assessments of
uncertainty and see Cairns (2000) for discussions of the process of parameter and model

uncertainty.)

Other developments of the actuarial sciences

For other directions in actuarial sciences, we mention Engle (1982), Maravall (1983) (for
linear); Tong, (1990) (for non-linear) time-series modelling; Tong (1978), Tsay (1989) and
Tiao and Tsay (1994) for the threshold auto regressive (TAR) models, Hosking (1981),
Tiao and Tsay (1994) for ARMA model ; Tiao and Xu (1993), Tiao and Tsay (1994) for

adaptive Forecasting and Philips and Solo (1992) for asymptotics.



1.1.2 Optimal investment Strategy and Gambling

A series of papers discussed the optimal strategy in the gamble game. It provides main
motivation for our approach to the Optimal Investment Strategy under Ruin probabil-

ity constraint.

Formulation of problem There is a primitive casino where one can stake any amount in
one’s possession, gaining r times the stake with probability w and losing the stake with
probability 1 —w (r > 0,0 < w < 1). The casino is subfair or fair if w(1 +r) < 1. ais
the inflation rate and if » = 1, the casino is called red-and-black casino. We formulate

the above game as a Dubins-Savage gambling game (1965).

For each integer n > 1, let f,_1 be the gambler’s fortune before the nth play (with fy
denoting the initial fortune). A strategy 6 = {y1, 2, - - - } is a sequence of stakes, where
0 < yn < fy_1 is the gambler’s stake on the nth play. The value of the strategy 6 is
defined as Vy(f)=P[f, > 1 for some n > 0| fo = f] for f > 0.

The gambler is said to use the bold strategy (B) if he takes the bold stake b( f) such that
b(f)=min{f, (1+a—f)/r}if0<f <1landb(f)=0if f > 1. Then by considering

one play, we have

Fobp),

Va(f) = (1~ wyvp(LT 2 20y,

+7/UVB( 1—|—0(

Dubins and Savage (1967) show that an optimal strategy is a bold strategy if the prim-
itive casino is subfair or fair and the « is 0 since there is no other strategy that provides
gambler with a higher probability of reaching the goal. Klugman (1977) shows all opti-
mal strategies are characterised when w < % for the discounted red-and-black casinos.
Chen (1977, 1978) prove that the bold strategy is optimal in the subfair red-and-black
casino. But Chen et al. (2004, 2005) find that the bold strategy is not optimal for subfair
primitive casinos with inflation if both r > 1and 1/r < a < r. They conjectured that
the bold strategy is optimal for subfair primitive casinos if r < 1.

Simulation approach.

We applied the simulation approach to find that our results support the Chen Shepp

theoretical results (Chen 1977). This motivated us to use the simulation approach to



find the optimal investment strategy with the given upper bound on the ruin probabil-

ity.

1.2 Aims and objectives

Throughout this thesis, we attempt to determine the finite or infinite time ruin prob-
ability which employed in several different risk processes. In this way, we model the
every risk process we list. We take into account the random interest factor to treat a
realistic economic situation. For example, we assume that the interest rates are the ran-
dom variables distributed with normal distribution given in Section 2.2. We define the
model with the interest rate and approximate the ruin probability at fixed time point for
the models by the Brownian motion in Chapter 2 and 3. Then we also construct several
models which incorporate possible investment policies. We not only use the simula-
tions to estimate the parameters in the models from the simulated data, but also test
the different approximations. In Section 3.5, we hope to find the optimal investment

policy with a given upper bound on the approximated ruin probability.

Finally we study the ruin probability for our class of models with the Heavy-Tailed

claim size distribution.

1.3 Structure of the Thesis

In Chapter 2, we first define a model with a continuous interest rate and show how
to approximate the ruin probability for the model by Brownian motion. We develop
several numerical methods to evaluate the ruin probability. The model is introduced in

Section 2.2.

In Section 2.3 the first approach via the Approximation of Sum of Correlated Lognor-

mal Random Variables is reviewed.

In Sections 2.4 and 2.5, the second approach through the Approximation by Brownian
Motion is analysed. Numerical calculations support the claim that ruin probability is
increasing function of the variance of interest rate. However it appears that the ap-

proximation is not stable. In addition, it numerically discovered a surprising threshold

10



such that the rate of increasing of the ruin probability much higher after the threshold
point. Also the results for some parameters agreed with the Gaussian approximation

suggested in Matsumoto and Yor (2005) (Proposition 2.6).

In Chapter 3, we construct several models which incorporate possible investment strate-
gies. We estimate the parameters from the simulated data. Then we find the optimal
investment strategy with a given upper bound on the ruin probability. The models,
likelihood functions and MLE’s are introduced in Sections 3.2 and 3.3. Numerical anal-
ysis with stochastic simulation for the estimation of the parameters is conducted in
Section 3.4. In Section 3.5 we find via the random search algorithm the optimal invest-
ment strategy with a given upper bound on the ruin probability. Finally, in Section
3.6 we approximate the ruin probability by the associated integrals of the Brownian

motion.

Again, the numerical threshold discovered in Chapter 2 was supported in all the exam-
ples. Also, it was discovered that although the estimation of interest rate was stable in
all the models, the estimation of the exponential claim was unstable in many models,

which was partly inspired by Magdalinos (2007).

Finally, in Chapter 4, motivated by Biard et al (2008), we study the ruin probability for
our class of models with the Heavy - Tailed claim size distribution. Two new realistic
models with interest rate factors were suggested and treated in Sections 4.3 and 4.4.
The derived results extend Biard et al. (2008) to models (discrete and continuous time)

with interest rate.

11



CHAPTER 2

The Ruin Probability with

Brownian Motion

In this chapter we define a model with a continuous interest rate and show how to ap-
proximate the ruin probability for the model by Brownian motion. We develop several
numerical methods to evaluate the ruin probability. The model is introduced in Section

2.2.

In Section 2.3 the first approach via the Approximation of Sum of Correlated Lognor-

mal Random Variables is reviewed.

In Sections 2.4 and 2.5, the second approach through the Approximation by Brownian
Motion is analysed. Numerical calculations support the claim that ruin probability is

increasing function of the variance of interest rate.

2.1 Introduction

In order to obtain a good approximation for the ruin probability in a realistic economic
situation, it should be taken into account that random interest factor may fluctuate
stochastically with time. That means it is more realistic to use continuous interest rates
in the modelling of the ruin probability and consider them as stochastic process. Con-
tinuous interest rate is a form of compound interest rate. With the continuous interest
the length of the compounding period is assumed to be infinitely small. Therefore the

interest is continuously compounded. In addition it is possible to measure how fast the

12



sum of money growing at specific time point as the force of interest (e.g. per annum).

To match the continuous interest rate () and the discrete interest rate i we assume that
exp (6) =1+1.

In this chapter, we define the model with interest rate and discuss two approaches
Approximation by Sum of Correlated Lognormal Random Variables and Approximation by
Brownian motion to evaluate the ruin probability. For the second approach, we also

develop several numerical methods.

2.2 The Model and Assumptions

Brekelmans and Waegenaere (2002) develop a model for the ruin probability with a
stochastic interest rate. Here we develop a similar model which is based upon the

following assumptions and notation.

the rate of claims occurrence is constant;

e the amount of each claim, denoted by C, is constant and is paid by the insurance

company just after the end of each time interval;

e the premium is a single payment and this premium is paid just after the beginning

of first time interval;
e the reserve of the insurance company will be denoted by A at time n=0;
e J is the interest rate at the time k;

e the capital and the claim of the company are increasing with continuous stochas-

tic interest rate J.

At time 7 the accumulated capital is given by Ae¥i-1%. The accumulated claims at time

nis C YL, eLi=it1%, Therefore the surplus Z, of the company at time  is given by

n
_— Aeki=1% _ C Zezgzi“ % 1=0,1,2,....
i=1

13



We note that this simple model does not include insurance risk. This will be incorpri-
ated with later models. To calculate the ruin probability, we need to know the present
value of Z,. The present value of a single or multiple future payments known as cash
flows is the nominal amounts of money to change hands at some future date, dis-
counted to account for the time value of money. The present value of Z,,, denoted by

Z,, is given by

Here the {8} are i.i.d. and have a normal distribution with mean 0 and variance .

Therefore for the above model, the ruin probability is

¥, = P[Z, < 0] = P[(A — cie_kgl‘sk) <0]. (2.2.1)

i=1

Here the ruin probability we defined in Chapters 2 and 3 deal with ruin at a fixed
time n only, which is different form the classical European ruin definition we stated in

Chapter 4.

2.2.1 Approaches to calculating ¥,

To calculate the ruin probability as given in (2.2.1), ¥, can be rewritten in the following
form _

P[(A-CYl, efkglék) <0]=P[(A-CYL,B:) <0]
. (2.2.2)

i i
ic? - 2

- X9 ) . . i
We note that E(e =1 k) =e 2 and Var(e 1 k) = (¢ —1)e”". In addition — ¥ & has
k=1
io?
a limit Normal distribution. Therefore ; has a Log-normal distribution with mean e =

and variance (ei‘T2 - 1)ei‘72. We proposed two approaches calculating ¥',.

First approach is to use an approximation for sum of correlated lognormal random

14



variables. It is difficult to obtain an explicit formula for above probability, because the
{Bi} are not independent. Moreover, it is tempting to use the Central limit theorem
(CLT) applied to }_}' ; B;. Because firstly the complicated sum can be treated as a single
log normal random variable; secondly } ;' ; B; could be considered as a linear process;
and finally CLT for i.i.d sequences can be extended to general linear processes (Peligrad
and Utev, 2006).

However, as we show later (Section 2.3) CLT is not appropriate and we need its stronger

version called functional central limit theorem (FCLT) or invariance principle.

Second approach is to use an approximation based upon Brownian motion. If the con-
tinuous interest rates have other common distributions rather than normal, they could
be transformed to the normal random variables followed by FCLT. In addition based
upon our simulation, it seems that the transformation does not effect accuracy of the

approximation for the considered model.

2.3 First approach: Approximating the sum of correlated log-

normal random variables

Mehta et al. (2006) use a method based on matching a low-order Gauss-Hermite ap-
proximation of the moment generating function (MGF) of the sum of random variables
with that of a lognormal distribution at a small number of points to evaluate an ap-
proximation to the sum of the correlated lognormal random variables. Therefore, the
Y.ioq Biin (2.2.2) can be approximated as a single log-normal random variable, and con-
sequently we can obtain an approximation to the ruin probability (see Gauss Hermite
formula in APPENDIX 1). Applying the above method, firstly there exists a lognormal

random variable B, whose MGF can be written as

®p(s) — /Oooexp(—sb)PB(b)db
B 1 (Inb — u)?
= / exp(— \/Eexp[— 752
N

- L

|db

—s x exp(V20a, +u)] + Ry.

15



In the above Pg(b) is the probability density function of B, N is the Hermite integration
order and Ry is a reminder term that decreases as N increases. W, a4, are weights and
abscissas respectively, which can be both derived by using an appropriate computer

package (e.g. Matlab).

For our model as shown in (2.2.1), we want to find the MGF of the sum of N cor-
related lognormal random variables, { ,Bi}f\i] (same random variables in (2.2.2)) with
the corresponding Gaussian, {X }  Xi=10 log,yBi, i = 1,...,N, follow the joint
distribution below

- xTC*1 — Ux
PX(x):(Zn)N/lzyql/zexp(_(x ) 5 (x H)) (2.3.1)

Where x is a vector, C is the covariance matrix, uy is the vector of means, |.| denotes
the determinant, and (.)T denotes the Hermitian transpose. By using (2.3.1) and the
Gauss-Hermite approximation, the MGEF. of B1 + - - - 4+ Bn can be written as
N
B () = % e [T exp(—slexp ()
X exp(——(x_”")Tczil(x_“")dx

N

N N
Lo x [T

X exp ( _Sz‘g‘i |:€Xp (\[ L Clla”] + lg)})

where ¢ = 0.1/n10. The sum of B; + - - - 4+ Bn (N correlated lognormal random vari-

HNl

ables) is approximated by a simple lognormal random variable, B. We assume that

there exists an equation

Lk

()
—s x exp(V20a, +u)] = ‘Y(ZiN:l ,Bk)(s),

where the 1 and ¢ can be calculated numerically using a computer package such as
Matlab. However this method only works for small , so we are going to show another

method for calculating the ruin probability in next section.
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2.4 Second approach: Approximation by Brownian Motion

Brownian motion, { B;, t > 0}, is a continuous-time stochastic process with continuous
sample paths, B(0) = 0 and B; has independent increments with distribution B; —
Bs ~N (0, t-s) for 0 < s < t. N(u, 0?) denotes the Normal distribution with mean u

and variance 0. (Ross 2000)
The approach we applied uses a key lemma as below.

Lemma 2.1: For any continuous sequence {a;}, there is the following equation

[nx] x
Z; aj-1 = n/o (Z[ny}dy. (2.4.1)
]:

[ny] in (2.4.1) is integer part of ny and has formula
1
[ny) =y +o(). (2.42)

Proof: Consider an integral

Since k — 1 < yn < k, so if we consider integer part of yn, [yn] = k — 1, so Apy] = k-1,

hence

X 1
/(71 a[ny]dy = Eak,y

n

This leads to the following equality

Mk M
n Z [{_1 Ay Ay = Z Ap_1.
k=175 k=1

It is same as
M M
n/o a[ny]dy = Z Ap_1.

k=1

Now if M=[nx], we complete the proof of (2.4.1). Next, let e~ Yid in (2.2.1) equal to

17



aj—1 and applying Lemma 2.1 to (2.2.1) we have

i [nx]
n _ 25 T
Pl(A-CYle =™y <0 = P[(A—C-n/o B dy) < 0]

[na] [ny]+1
= P[(A- C-n/O exp(— Y )dy) < 0]
k=1

Q

P[(A-C-n /Ox exp(—h- By)dy) < 0]

Pl exp(~h-By)dy > 2
= P exp(—h-Byay > £

[ny]
where h = /n + 10y. We use approximation ) Jj 4 hBy, since {0y} isii.d. random

variables. Given x=1, our approximation for ruin probability is

1 A
¥, ~ p[/o exp(~h-By)dy > Z]. (2.43)

The probability does not have a simple form, and will be found by numerical approxi-

mation.

2.5 Integral of Exponential Brownian motion

Let B* = {Bl' = B; + ut} be the corresponding Brownian motion, B;, with constant

drift 4 € R. The exponential functional A* = {A}'} is defined by
t
Al = /0 exp(2BL)ds, t>0.

When u = 0, AY is written as A;.

Matsumoto and Yor (2005) in a survey state that Bougerol (1983) obtains an interesting
and important identity in probability, which plays an important role in the results that

flow. Here is the simplest form of it.

Proposition 2.1: Define W; as a one-dimensional Brownian motion starting from 0, indepen-
dent of B. Then, fot exp(Bs) dWs, sinh(By) and Wy, are identical in law for every fixed t.
From the above proposition, Matsumoto and Yor (2005) derive the following by con-

sidering the corresponding densities and characteristic functions.
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Proposition 2.2: For every a € Rand t > 0, there is

o (_i)] B 1 ox _ (Arcsinh(a))?
VAP T2 T A 2t

E|

and

Elexp( ——A \/7/ cos(a x sinh(s))exp(— )ds.

2.5.1 The Law of Ail at fixed times

(2.5.1)

(2.5.2)

Dufrense (2001), Alili and Gruet (1997) have some results that show the integral repre-

sentations for the density of A} by somewhat complicated forms, even A} is simplified.

Many specialists have tried to obtain simpler expressions. Yor (1992) proves the follow-

ing formula:

2x
(Al € di, B € dx) = e+ erp( 1L oter /) B,

where fort>0andr >0,

9(7’, t) = 7’)1/267-[2/219/0 e—SZ/Zte—rxcosh(s) sinh(s) sin(?) ds.

(273t

(2.5.3)

(2.5.4)

The function 6(r, t) represents the density of the Hartman-Watson distribution (Hart-

man and Watson, 1974) and satisfies
/ e C29(r,t) dt = I,(r), a >0,
0

where I, is the modified Bessel function.

As following the identity in law, when p > 0, Dufrense (2001) shows that

_ o0 _ 1
A :/ exp(2Bs ) ds = —,
0 p( S ) 2’)’]/{

where 7, is a gamma random variable with parameter y, that is,

1
P(yu €dx) = — xFle™¥dx, x> 0.

I'(n)
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Let the function f*(a,t) be the density function of 1/2A}, then following integral rep-

resentation (2.5.4) for 0(r, t), Matsumoto and Yor (2005) obtain

2

_ 2/2632t/2 —a—(u+1) /2 [ a2
fﬂ(a,t)—(zngt)l/zeﬂ pt/2p—a,—(pt+1) /o gre C de

X / e*SZ/ZtefZ\/Eﬁ,cosh(s) sinh(s) Sin(?) ds
0

if 4 >-1. When u = 0, Dufresne (2001) carries out the complex integral and obtains the

a simple expression for f#(a,t).
Proposition 2.3: For t >0 and a > 0, there is

267T2/8t IS

foat) =

¢ /2t g=alcosh(y))® cosh(y) cos(ﬂ) dy
TV 2ta Jo 2t

and

2e7r2/8t7t/2 o0

fiat) =

TV/2ta Jo 2t

By using the Hermite function we also can obtain the function for general value u.

2.5.2 Moments

We present some results about positive moments of A;.

Proposition 2.4: For any t > 0, there is

1 1

El(A4)"] = g5y, /R (sinh(x))2nﬁe_x2/2tdx, n=12....

From above proposition, there is

E[(A)] = - VT

2
- T(n+ 1/2)2311*162" (1+0(1)) ast — co.

For a general value of u, E[(A})"] can be written as

E[(A})"] = e "*/2E[exp(uBy) (Ar)"],

20

¢~V /2t g=alcosh(y))® sin(y) cosh(y) cos(ﬂ) dy.

(2.5.6)
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which is can be derived by the Cameron-Martin theorem (Cameron and Martin (1944)).
When y > 0, Al — c0ast — oo, and there is the limit theorem for log(A}).

Proposition 2.5: N is defined as a standard normal random variable. Then, as t — oo:
1. ifu=0,t"1/2log(AY) converges in law to 2I N | ;
2. ifu>0,t"1/2(log(AV) — 2ut) converges in law to 2N,

Remark,

1
AY = t/ V1B s,
0

2.5.3 Application

The exponential type functional always plays an important role. For example, In ruin
probability, Mathematics Finance, diffusion processes in random environments. Mat-
sumoto and Yor (2005) shows an example about pricing formula for call options for
the Asian options. Asian options were first introduced by Boyle and Emanuel (1980).
Its pay off is determined by the average underlying price over some pre-set period of

time. In the recent years, Asian options are so popular due to lots of economic reasons.

By the Black-Scholes model (Black and Scholes (1973)), there is a risk-less bond b = b;
with a constant interest rate and risky asset S = S; with a constant rate and volatility.

Whenr >0, u € R and ¢ > 0 are constants, there is the stochastic differential equation

% = rdt, @ = pdt 4+ 0dBy,
b; Sy

where B = B; is a one dimensional Brownian motion with By = 0 on a complete

probability space. In this example, by = 1, then we have
by = exp(rt), S; = Spexp(oB;+ (u— a>/2)t).

With fixed strike price k > 0 and maturity T, the pay-offs of the European and Asian

call option are given by

(St —k)+ and (L(T) — k)4,
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respectively, where f,=max [f,0] and for0 < ¢t < T

t
o(t) = 1/0 S, d.

By the non-arbitrage argument, the theoretical price C(k, T) of Asian call options at
time t=0 is

C(k, T) = e MER[(Z(T) — k)],

where EQ denotes the expectation with respect to the martingale measure Q. we can
obtain several integral representations for C(k, T) by using explicit expressions for the
density of A} showed in last section. Geman and Yor (1993 ) use the Laplace transform

of C(k, T) in T to obtain the simpler form.
Proposition 2.6: Forall y € R, A > max{2(1+ u),0} and k > 0, there is

Ay e M TEQ[(G(T) — k)] dt
1/2k _,,p— 2
Z—(A—Q(H—;{))I‘(b—l) Jo T e tthT2(1 — 2kt) T dt,

where o = 2 and Al = [ exp(2B) ds.

Linetsky (2004) revisit the continuously sampled arithmetic Asian option problem and
consider the constant dividend yield. He used the similar method to obtain the spectral

representation of the expected value of pay-offs of Asian options.

2.5.4 Numerical evaluation of the stochastic integral

Even implicit expressions of integrals of a stochastic process exists, normally the forms
of expressions are very complicated and it is hard to evaluate it. Therefore numerical

methods are important. (see Badr, 2011).

22



Definition: Let B = B;,t > 0 be a one dimensional Brownian motion starting from 0
defined on a probability space (), F, P). Let t,,n > 0 be a partition of the interval [0,
T] and let h(B(t),t) = h(t) be a continuous function on [0,T]. The stochastic integral
fOT h(t)dB(t), which satisfies E(fOT h(t)dB(t)) = 0, is defined as

10h) = [ A(E)B(E) = lim Y~ h(t)(B(tir) — B).
i=0

0

Badr (2011) applied quadrature rules to obtain the following approximation for the

stochastic integral.

Proposition 2.7: Let My be the roots of a legendre polynomial of degree N and let Ty, k =
1,2, -, N be the corresponding weights. A quadrature approximation to the stochastic integral
is

N
[ H0aB0) = 1 sl + R(P)

where R(f) is a remainder term.

Now back to our case, we set y = a?s in (2.4.3) then we can rewrite

n2

1 4 2 2
/ exp(—h-By)dy = az/ﬂz exp(—haBs)ds = % /4 exp(2Bs)ds,
0 0 0

2 _ 2

where we set a 7- Then by Proposition 2.3, it is possible to derive the analytic

expressions for the density function of

1
/ exp(—h-By)dy .
Jo

However, the analytic expressions still require numerical computations. In the next sec-
tion, we will introduce numerical methods to approximate the ruin probability which

agreed with Proposition 2.5.
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2.6 Approximation of the Integral

In this section, we establish three approximations for the integral

1
/ exp(—h- By)dy
0

in (2.4.3) by exploring different methods, so that the ruin probability can be calculated
by simulation that will be shown in next section. The basic idea of every approximation

is to transform fol exp(—h - By)dy to the suitable expression, similar to Badr.

2.6.1 First Approximation: Classical approach

The classical approach for evaluating approximation of the integral of any function is

2 m

m k-1 k
[ oy~ 3 LI L
k=1
Let
f(y) = exp(=h-By),

then we get

m_[exp(—h-Bia)+exp(—h-By)]

i 1
exp(—h- By)dy ~ —.

(2.6.1)

2.6.2 Second Approximation: via Taylor Formula

We first write

1 mo ok
/0 exp(—h-By)dy =) /H exp(—h - Bs)ds.
k=17
Since exp(h - Bs) 4 exp(—h - Bs), we use the Taylor expansion to expand exp(h - Bs) as
exp(h-Bs) ~exp(h-Bira1) + %exp(h +Bi1)(Bs — Br1 )?

+h-exp(h-Bx1)(Bs — Bi1),

m
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by computing integral of exp(h - By) respect to s from "_71 to % we have the following

equation

m

0 1, 0 k-1
[ exp(h - B)ds ~ exp(h-B%l)— + Texp(h-BkW;ll) (s — &2 ds.

m

(Bs — Bii)ds,  (2.6.2)

m

since
k-1 k-1 k
E(Bs— Bi1)* = (s — ) for <s< .
Let
k
Y, = /k_l(Bs—Bk;])ds
X, = By — B
Then

Var(Xy) = E(X4*) = E(Bx* — 2By Bi1 + By

and

Moreover

E(Xe V) = /“ E[(BsBi — BsBir — Bii B + Bia?)]ds
k
n k—1
= /H (s — 7) ds
_ 1
o 2m?

It is obvious that [X, Yy are i.i.d Gaussian random vectors. Now take

Y, = aX 4+ bZ,
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where Z; L X; and {Z;} are normal distributed with mean 0 and variance 1. Using
E(X4?), E(Y?) and E(XYx), we obtain

E(XkYx) = E[Xx(aXy +bZy)] = E[(aXi?) + bE(XxZy)] = aE(Xi?),
since Xy and Z; are independent, hence we deduce that a =

5, Using a similar idea
but working with V(Y}) we deduce that b =

1 =. Hence
m
1 1
Y, — X+ —=2
STV
so that
" a 1 1
Joy (B = B)ds £ 0By — B + sz
This gives the following

1 m
/ exp(h-By)dy = )_ exp(th 1
0 k=1

After rearrangement, we get the 2nd approximation

1 1. 1+K 1
/OeXP(h-By)dy—%{[ 4 T3(Br —Bea)+ \f Zexp

Bia)}. (263)
2.6.3 Third Approximation: Ité6 Formula
In this approximation we employ the It6 formula (It6 (1951))
! !/ 1 ! 1/
F(B1) = F(Bo) + [ BB+ [ 1"(B)ds (2.6.4)
We let f”(Bs) = exp(h- Bs). S

f'(Bs) = %exp(h -Bs) and f(Bs) = hlzexp(h By).

In order to find [ exp(—h - B)ds, it should be known the value of [, f’
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Applying a Taylor expansion to f o f'(Bs)dBs in a similar way as in the second approx-

imation, we get

1 mo ek
/O f/(BS)dBS - k;l /kml exp(h . Bs)st

~ Eexp h - B 1)[(Bk — B: 1) +h o (Bs —Bk;l)dBS]
m i 1
= Y exp(h-Bia)[(Bx —Bea)+h( [  BsdBs — —Bi. 1)),
k:l m m m r:[
where
k k k=1
/ " BB, = [ " B.dB. — / " B.dB.. (2.6.5)
k=1 0 0

k
Now we apply Itd formula to [;" BsdB,. We get

% sz —k Bz;l — k=l
0 Bsst - me, and / Bsst - fm,
which leads (2.6.5) is to be
" 1 1
/71 BudB, = S[(B*, — B2i) — . (2.6.6)

m

By combining equations (2.6.4) and (2.6.6) for Y ;" , f i exp(h - Bs)dBs, we obtain

Substituting above equation for the corresponding term in (2.6.4) and after rearrange-

ment, we have the third approximation:

1
/Oexp(h-By)dy = 2{exp(h-By) — Zexp Bii)[(Bx — Bia)
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2.7 Simulation and Comparison

The objective of simulation is
e To compare different approximations of fol exp(—h - By)dy;
e To compare three approximations with ordinary model we considered;

e To find the relationship, if any exists, between variance of the interest rate and

ruin probability.

2.7.1 Basic Idea and Method

We use the R language to carry out the simulation and derive corresponding values

and graphs.

Firstly in the simulation of every approximation for |, 01 exp(—h - B,)dy, we consider the
key transformation:
d

S
B \/—% sk:;zz-,

which is a typical way to simulate Brownian Motion by random walk in discrete time,

where the Z; are i.i.d. normal random variables with mean 0 and variance 1.

Therefore the first approximation, (2.6.1) becomes:

1 m [exp(—h-Bi1)+exp(—h-Bx)] q
| esp(=n-Bay ~ )3 S y
2 fexp(=h) +exp(—h3E)] 1
= 2 m’
The second approximation, (2.6.3) becomes:
/1ex (=h-By)dy = l{[1+h—2+1(B — B ) Zex 1)}
o P VAR 4m 2V fzk = plh-Bia
1 W 1, S Sk 1y
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The third approximation (2.6.7) becomes:

Ji exp(—h-By) dy ~ 2{exp(h-By) — % — Ly, exp(l-Bit)[(Bi — Bea)

—} Eiy exp(Bi ) [ Sk + L (Sl Sy,

Next, for each approximation we use R language to generate Z; and calculate corre-
sponding expression above, the simulation of fol exp(—h - By)dy. We do this K times.
Hence we can calculate the sample mean and variance of the simulations, and com-
pare them with mean and variance of fol exp(—h - By)dy for the specific variance of ¢y.
Finally the most important step is that for each approximation, recording how many
times the simulated approximation of fol exp(—h- By)dy is bigger than % in (2.4.3), but
we should check the situation that Y ; B; > §. We end up the process with dividing
this time described above by K, which is the simulated ruin probability we are looking

for.
Value of parameter in simulation. We consider

e the replications number K = 500

the term for policy n = 5

in every approximation, m = 40

the capital A = 10000 and the claim size C = 200

using R language to simulate 100 realisations from a U(0, 1) distributed to use as

the variance of interest rate, 0. (the exact value is given in Appendix 2)
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2.7.2 Comparison of mean and variance for different approximations

In this section, we will compare mean and variance between the model stated in Section
2.2 and three approximations, for this purpose, we take (T,%, the variance of interest rate,
equal to 1.

So in the ordinary example, for comparing with fol exp(—h - B,)dy, we compute the

— Yo
expectation of (Y} 1 e 1 )/n

(e %) /m = (Le)/n.

i=1

The variance is
n

Var[(i eikglék)/n] = Z:[ei‘f2 - 1)ei‘72]/n2,
i=1 1

i=

where 0 = 0y, since the J; are i.i.d. random variables.

We can also obtain the mean and variance of fol exp(—h- By)dy as

1 1 2
E[[ exp(—h-By)ay] = 752[e% —1

and

! 4 1, 50 2 1 .2 2
Var[/o exp(—h.By)dy] = w[i(e —1)—2(ez _1)]_W2[ez —-1],

where we take h = /(n +1)0.

-y
Now replace ¢ by 1, the mean and variance of (}}' ;e ! k) /n and its approxi-

i

mations are given in the Table 2.1. As we can see from the Table 2.1, the results of

v
simulation show the expected values of (}} ;e ! k) /n and fol exp(—h - By)dy. The

first and second approximation are quite close, in fact the biggest difference is just 0.35.

Otherwise although the variance of fol exp(—h - B,)dy and the second approximation

-y 4
are nearly 1.3 times than ()} ;e ! k) /n, by taking into account the large variance
for ordinary model, 1057.71 and 1009.42 in Table 2.1 are acceptable. In contrast either

the mean or variance of third approximation is too big compare with others, especially
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Table 2.1: Comparison of mean and variance for different approximations

c=1 Mean / Sample Mean | Variance /Sample Variance
- Y &
(Xilie =1 )/n 6.01 776.30
[y exp(—h-B,))dy | 637 1057.71
1st Approx. 6.02 780.03
2nd Approx. 6.23 1009.42
3rd Approx. 17.93 18949.45

variance of it is almost 19000. In consideration of mean and variance, it is reasonably

1

-4
believe that fol exp(—h - By)dy is a good approximation of (}}" ;e 1 k) /n, so are the

tirst and second approximation.

2.7.3 Comparison of Simulated Ruin Probabilities

For every simulation, we use the same value of the parameters as described before and

derive two kinds of plots using R.

Figure 2.1 shows the four histograms that display the tabulated frequencies of simu-
lated ruin probability for (2.2.1) and other three approximations. In every histogram,
there are one hundred simulated values of ruin probability corresponding to one hun-
dred different values of variance of interest rate. Even though the summaries of ruin
probability in each simulation are quite close (see Appendix 3), the first and second
histograms (from the left to the right) are more analogous whereas the third and fourth
plots are also looked similar. It is clear from the histograms that over one half of the
simulated ruin probabilities are equal to 0 in the ordinary model and the first approxi-

mation, but less 50 % in the second and the third approximations.

As similar as Section 2.7.2, the first approximation works well here. The performance
of the second approximation is better in this section. The large sample variance does
not effect the value of simulation, especially in consideration of similar results given
by the third approximation. To sum up the distribution of simulated ruin probabilities

in ordinary model and each approximation are nearly same on the whole.
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Figure 2.1 Histograms of ruin probabilities in simulation where R.P. denotes ruin
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Figure 2.2 Plots of simulated ruin probability against variance of interest rate for

ordinary model and each approximation.
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Figure 2.2 is the combination of four plots which show the relationships between the
simulated ruin probability and the variance of the interest rate. The surprise is that
there is a "threshold" in every plot which was empirically discovered. In first and sec-
ond plot, the "threshold" is around nearly 0.5 compare with 0. 3 in third and fourth
plot. The probability of ruin raises significantly from beyond "threshold" values. But
the appearance and position of "threshold" is not fixed, they both depend on the value
of parameter in Section 2.7.1, For example, if the n change from 5 to 15 and the rest
parameters change less, then there should be no "threshold" any more. Besides this, a
noticeable trend in every plot is the simulated ruin probability which is increasing as
the variance is increasing without "threshold". In addition in top right of the second
plot the points form a distinct curve, but in other plots this is less so

In summary, from the simulation, the approximation of (Y1, eikgl 5k) /n, fol exp(—h -

B,)dy, is no problem. Among three approximations, the first one works very well, it

1

- X6
does not only has the similar expected value and variance compare with (Y} ;e ! )

/n,
but has also quite similar simulated ruin probabilities with our ordinary model. Al-
though the second and third approximation do not perform as well as first one, they

are still valuable approximations.
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2.8 The Advanced Model

2.8.1 Construction of Model

In real insurance world, our previous ruin probability models has too many restric-
tions. Normally the claim size of an insurance is not fixed but random, and it is not
possible that there is a claim in every time interval. As a consequence many researchers
consider the claims as a stochastic process. Therefore the model of ruin probability will

be more complicated.
For constructing this model, we firstly make same assumption for the continuous in-
terest rate, then the surplus of insurance company at time 7, Z,,, changes to be

R
Zy=Ay—Y Dt (2.8.1)
i=1

where D; is claim size at time i, A, is the capital of insurance company at time 7 and

Y
Ay = Ao+ Y Kie=i,
i=1

where Ay is the reserve at the beginning, K; is the premium received at time i. Next by

considering the present valuation of Z,,, (2.8.1) becomes:
) noys
Zy=Ag—Y Ce =1,

i=1

where

Now, our new ruin probability for finite time point M is

n _ifsk
Y. — P| min (Ag— Y Ce i 0. 2.82
M [Og;glM( 0 ; e ) < 0] (2.8.2)

We call it the earliest ruin probability.
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For the purpose of approximation, we rewrite (2.8.2) as

n - ¥ %
¥, =P Cie =1 ) > Apl.
M [Og;%(i; ie ) > A

i

-y §
letn = [Mx] and I[Mx] = Z?:l Cie r=1 k. Then by applying Lemma 2.1 to I[Mx} we
obtain

X
Iy = M / e "BTv4C(y).
0
We use a new transformation as shown as below

(My]
i=1

where I is fixed and > 0.

We treat C; as a jump and set C; = dC(y) on [;, 5]. So, we have derived the

following result.

Property: Under conditions in above

x A
e h-B,—Ty 0
Yy P(Orgr;? A e " THAC(y) > M) (2.8.3)

Remark: Let us explain how this property can be used together with stochastic simu-

lation to compute numerically the ruin probability. We set
Cly) = —Cy + JPA(y)
where C and J are constant, P,A(y) is a Possion process with rate A. Hence
/Ox e_h'BFFydC(y) = —C/Ox e‘h'By_rydy + ]/Ox e_h'By_rydPo)\(y), (2.8.4)

note:

q—1
/x e "B Tdp A (y) = Z g B, —TT;,
0 i—1
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where T; is the waiting time until ith event for a Possion process with mean rate A
and ¢ is the minimum number for Ty > x. We also consider the approximation for

—C [y e BTy gy:

x 1 & —hB,-TE
e / e BTy Y e Py 285
i y — k; (2.8.5)
from (2.8.4) and (2.8.5) we have:
x 1 mx _,p _rpk 971
/ e "BTVAC(y) m —C-— Y e BT Y e MBI (2.8.6)
0 mx .3 i=1

By using the same methods as in section 2.7.1, to do the simulation for (2.8.6), but we

consider here:

S S
Lym] instead of —/%

vm vm

for T;,

T,=Ei+---+E,

where {E;} are ii.d. exponential random variables with parameter A. So we have
described the simulation process for (2.8.6). Similar techniques will be suggested and

applied in Chapter 3.
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2.9 Conclusion

In this chapter, firstly we tried to use simple model suggested by Dr. Neil Butler to de-
scribe the risk process of the insurance company. we approximated the ruin probability
for the model by Brownian motion and develop several numerical methods to evaluate
the approximated ruin probability. Numerical calculations is applied on the approx-
imation and show that the ruin probability is increasing function of the variance of
stochastic interest rate. A surprising threshold is found such that the rate of increasing
of the ruin probability much higher after the threshold point. Also the results for some
parameters agreed with the Gaussian approximation suggested in Matsumoto and Yor
(2005) (Proposition 2.6). We applied three approximations in Section 2.6 to the ruin
probability. Using simulation, they works reasonably well. The approximations reflect

the same relationship between the variance of interest rate and the ruin probability.

Although there is no explicit way to derive the ruin probability with the stochastic con-
tinuous interest rate, by approximation and simulation we can find how the variance
of the interest rate effects the probability of ruin in finite time. Then, in Chapter 3 we

will extend our model with incorporating investment policy.
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CHAPTER 3

Optimal constant fraction policies
under the ruin probability

constraints

In Chapter 3, we construct several models which incorporate possible investment strate-
gies. We estimate the parameters from the simulated data. Then we find the optimal
investment policy with a given upper bound on the ruin probability. The models, like-
lihood functions and MLE’s are introduced in Sections 3.2 and 3.3. Numerical analysis
with stochastic simulation for the estimation of the parameters is conducted in Section
3.4. In Section 3.5 we find via the random search algorithm the optimal investment
strategy with a given upper bound on the ruin probability. Finally, in Section 3.6 we

approximate the ruin probability by the associated integrals of the Brownian motion.

3.1 Approach

In this chapter, we want to investigate the optimal investment strategy of the insur-
ance company if there is a given upper bound on the risk or ruin probability for the
insurance policies (e.g. Paulsen, 2008). When the insurance companies receive the pre-
mium from policy holders, they may use that to invest. Therefore how to choose the
investment policy is an important objective for them. As we know, the more profitable

and risky investment, such as stocks are, the more the uncertainty is. That means that
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these types of investments will have high expected return rate however the variation is
also high. In contrast, the less profitable and risky investments, such as bonds, saving
accounts and so on, have a low expected return but less variation. In Chapter 2, we
have found that the high variance of investment/interest rate will result in high ruin
probability. In this situation, it is reasonable for the insurance company to construct an

optimal investment strategy to find the balance between the two kinds of investments.

We apply our analysis to the simulated data. Then we find the optimal investment

strategy by the random search algorithm. The method is as follows:

Construct the stochastic model with unknown parameters which are to be esti-

mated from data;

Estimate the parameters from the data;

Use the estimated parameter to calculate the ruin probability or obtain an upper

bound for it;

Find the optimal constant fraction policies.

To estimate the parameters, we evaluate the likelihood functions, then whenever it is
possible, we find the maximum likelihood estimation (MLE) of the parameter by direct

calculations or by using the numerical or stochastic simulation techniques.

3.2 The Construction of Model

At the beginning, we use the simple model as which is based upon the following as-
sumptions:
e the claim size, denoted by C;, is random variable and is paid by the insurance
company just after the end of each time interval, the rate claim occurrence is constant;
e the premium is one payment and paid just after the beginning of the first time
interval;

o Ay is the reserve at the beginning, A, is the surplus of insurance company at time
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e 0 is the i.i.d. continuous interest rate at time k, and has normal distribution with
mean 0 and variance 02;
o the capital and the claim payment of the company are increasing with continuous

stochastic interest rate ¢,,.

In our model, at time n the accumulated surplus is given by

A, = A, 1" —C,

n
= Aoeﬂ;l o _ Z Cne):z:iﬂ 73
i

Thus A, is a function of A,_1, én, Cpn, i.e Ay = f(Au—1;0n,Cn), where we assume {5, }
and {C, } are independent. Therefore { A, } is homogeneous Markov Chain.

As you can see, the above model we constructed is very simple. There is just one
kind of investment policy that means there is just one kind of interest rate and we
do not need any investment strategy. In the following section, we add the second
interest/investment rate and make different assumptions about claim sizes and their

occurrence.

In statistics, maximum likelihood estimation is a well-known method of estimation.
The estimation begins with finding the likelihood function of the sample data. The
values of these parameters that maximize the sample likelihood are known as the max-

imum likelihood estimates or MLE’s.

Suppose we have a set D = {xq,---,x,} of i.i.d. realisations from the density p(x|0).
L(0|D) is defined as the likelihood function of §, unknown parameter, with respect to

D as

n
L(0|D) = p(DI6) = p(x1,- -+, xal0) = [ ] p(xil6),
i=1
where 6 is a parameter. It is often easier to work with the logarithm of the likeli-

hood function, called the log-likelihood, or its scaled version, called the average log-

likelihood:

n
InL(0]x1,...,%,) = Y Inp(xi6), Z:%lnL,
i=1
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and the log-likelihood of 8 is
10) =1(0]x1,...,%xn).

The MLE of 6 is, by definition, the value of § that maximise L(6|D) and can be com-
puted as

O = arg max @(9 | x1,...,%n).

A MLE estimate is the same regardless of whether maximum the likelihood or the log-

likelihood function, since log is a monotone transformation.

To estimate the parameters from the data, we apply the max-likelihood method.

The conditional probability density function(pdf) for A, is found as follows if we let
f(An|Ay—1) to be the conditional pdf of A,|A,_1 then we can express the conditional

likelihood function of A1, ..., Ay:

L(Ay,..., An) = f(A1) X f(A2]A1) - f(An]Anoa).

For the single parameter model we may calculate the estimate directly, but for the two
or more parameters it is not too easy to obtain the likelihood function. So we use
computer to find the maximum of the likelihood. We also use MLE to test our model

and assumptions.

42



3.3 Estimation: Likelihood Functions

In this section, we evaluate the likelihood functions, then whenever its possible, find

the MLE by direct calculations. In the next section, we apply numerical methods.

3.3.1 Model1

We keep all the assumptions as in Section 3.2 except we assume the claim size is con-

stant at C. Hence our conditional probability for the first model is

P[An < t|An,1 = an,1] = P[An,1€5” —C< t|An,1 = an,l]
t+C
— P, < In(25).
an—1

Then the conditional pdf of A, is

(ln(t—i-C))z

An—1
T2 )

d t+C 1 1
aP[(5n<ln(aW1 )] = rrc~ =

x exp(—

since 8, has normal distribution with mean 0 and variance o2.

By considering the product of conditional pdfs and then taking the log-likelihood func-

tionof o, I(0), is

Y Z”(HC)Z

ai—1

I(0) x —n x In(0) — 752

By solving % = 0, we obtain the MLE of 6, denoted by 7, is gien by

4

) \/z;?zlan(;ff ))?

g =
n

where the ¢, C and 4; are known constants.

3.3.2 Model 2

In our second case we assume the C, are exponentially distributed with mean A1
instead of constant in the first model. Furthermore we assume that the {J;} are inde-

pendent of the {Cy}. So we have two unknown parameters, ¢ and A, to estimate.
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If {ax} > 0, then for each n the conditional probability of A, given A,_1 = a,_1 is

P[An < t’An_l = an_l] = P[An 16 —Cy < t’A 1= an_l]
= Pla,_1e® — C, < 1]
= P[C, > ay_16o" — t]

= E[I(Cy > ay_1€’ —1)]. (3.3.1)
Since C, has an exponential distribution with mean A~! we have
P[C, >x] = e ™MI(x>0)+I(x<0).
This leads (3.3.1) to be
E[e‘A(”"”eén_t)I(an 1€ —t>0) + I(ay_1e% —t < 0)]

= E[e M@ =D (g, 1% —t > 0)] + E[I(ap_1¢ — t < 0)].

Since 6, is a normal variable with mean 0 and variance o2, then we obtain

PA _ _ t 1 )Lt e _Aan—lex_Lzz
[ n < t|An71 - anfl] - P(én < ln(a )) 0_\/7 e 27 dx.
n—1

Then we can express the conditional pdf of A, < t|A,—1 = a,_1 as

d
P[An < lL|An,1 = Elnfl]

dt
d t d 1 Teoo v a2
— *P l )Lf )\”nfle o2 d .
7 (o < n( )) I (7\/7 e 202 dx
The first part is
d t 1 1 ,(’”(ﬁ))Z
EP((S" < ln(an,l)) o 2
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The second part is

d 1 oA e
dtov2m I

A too _ x_ 2% 1 1 -
e)\t e Aay_qe 22 dx — = (

o2 (1) t\ 2o

2
_ XX
e M1 0T gy

By combining the first and second parts, we have that the conditional pdf of A,|A,_1 =

an—1
d A ‘oo
—PlA, < tlA,_1=a, 1] = ——eM e N5
dt[” [An1 = ] V2 ()

I

Since the integral does not have a simple form, we write

L P[An < tAu 1 =y 1] = AMEQ)I(y > In(—)],
n—1

where Q(y) = e *1¢, y being a realisation from a normal random variable with
mean 0 and variance 2. We apply Monte Carlo methods (Ross 2001). We generate i.i.d.
random variables y; with conditional pdf of A,|A,—1 = a,_1 and by the law of large
numbers and we obtain the approximation to the conditional pdf of A,|A,—1 = 4,1

M t

d At 1
B ~ . . > .
dtP[An < HAu_1=a, ] = e M ;Q(yl)l(yz > ln(anq))

3.3.3 Model 3-Binomial Model

In this model we assume the claim size is a constant instead of random variable, but

we do not know when claim occurs. So the surplus of the company at time # is
An = An1e™ = Cyn,

where we set constant C as claim size, and vy, is a realisation of a random variable Y,

with probability p of a claim being made. So the conditional probability for ¢, a,_; > 0

45



is

P[An < t’An_l = an_1]

(1—p)P[on < In(

Pla,_ 1€’ — Cy, < t]
Pla,_1e® < t |y, = 0]P[y, = 0]

+P[an,1e‘5" —C<t|yn=1Ply, =1]

t+C
)P, < I

Then the conditional pdf of A,|A,_1 = a,,_1 is given by

dt

3.3.4 Model 4- Model with investment strategy with constant claim size

d
fP[An < t|An,1 = Elnfl] =

ﬁ
3
S

_’_L;ei( n;n;l )2 v
t+C\2no P

it

So far we have introduced three different models. In these models, we do just think

about only one investment/interest rate, so there is nothing to do with strategy. How-

ever in next three models, an investment strategy will be modelled. Hence there are

two interest rates in our model, one is bond interest rate and the other is the invest-

ment rate. The new time series model for surplus A, is

Ay = Ap1(0%" + (1-0)) -,

where

e The Cis claim size and it is constant by assumption.

e The 6,(V) and 6, define the return rates of two different investment policies. In

this case 6,1, the investment interest, is a normal random variable with mean 0

and variance 02 and 4,2, the bond interest rate, is a constant, and we letv = e

5,2

e The 0 is the most interesting parameter which is the proportion to invest, we

assume that @’ is fixed.
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Firstly, we are looking for the conditional probability

P[An <t ‘ A, 1= an_l]
= Play_1(0e™" + (1—0)e™™) —C < 1]

= P[an,19e§”(l( +a,_10—a,_10v — C < t]
t+C—ay,_1v(1—0)

— pls,D .
1) < in(E =B 0
So the conditional pdf of A, | A,—1 = a,1 is
L plA, < HAn 1 = ay 1]
ﬁ n n—1 = Ap—1
B 1 L (In(HEmr1=0) ))2)
t+C—an_1v(1—0) o\ 27T 202 !

where 6,(1) has normal distribution with mean 0 and variance o2. Hence log-likelihood

function of ¢, I(0) is

n t+C—a;_1v(1-6)
i=1 ln( ai;lG )

I(0) x —nln(o) — o2

By solving % = 0, we obtain, &, the MLE of ¢ as

) \/Z?_1(ZH(W))2

g =
n

7

since the t, C and a,_1 are known constants. The estimate of & depends on 6.

3.3.5 Model 5-Model with investment strategy with exponential claims
Assumption:

e {C,} are iid exponentially distributed with mean % ;

e {0} are independent;

e The novelty is that the claims {C, } are not constants as in Model 4. This Model
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extends Model 4 by allowing the claims to be exponentially distributed.

The surplus A, will be
Ap = Ay (07 + (1-0)e?) = C,,

where C,has an exponential distribution with mean A1, The conditional probability

P[A, < t| A,_1 = a,_1] can be expressed as follows

P[An <t ’ Ay 1= an,ﬂ
= Play_1(0"" + (1—0)e"?) - C, < ]

= P[an_lee‘s"(l) +ay,-10 —a,—10v — C, < t].
Let e = oln(0)+6:" and let In(0) 4 6,1 = 8, so that

PlA, <t]|A,1=a,1]
= Pla,- 16" —Cp<t—a, 10+a,_ 167]
= P[Cy > a,_1¢" —t+a, 10 —a,_100]
= E[I(Cy > ap_1€" —t+a, 10— a,_100)]
= E[I(ay_1€ —t+a, 10 —a, 100 < 0)

_%e—(Amklén_t+am4v—am4€w1(a ,16 —t+a, 10 —a, 100 >.0”

t—a,_19+ an,lev))
apn—1

t—a,_1v+a,_10v

= E[I(6, < In(

_|_I(5n > ln( ))e_)\(an71€t5n7t+an71v7a;1719v)]

Ap—-1

— P(6y < In(LZ 10T B0

Ap—1
(x=In(6))>
/\(u _1e¥—t+a, 1v—a, 100) 1 - 5
+/ t—ay_qv+a, 160 1v+an 1611 ! ! ! e o dx’

oV 21T

where 8, is a normal random variable with mean /12(6) and variance ¢%. By using

;t/f:)g(x)dx:[i( f(t) +/ dgdx
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with f(t) = ln(%), we derive

1 _ (x=In(0))?

AMay—1e*—t+a,_1v—a,_160) e 202

g(t,x) =e” 2n

Then

d
fP[An < t|An,1 = an,l]

dt
1 1 (111(71}_””71];}74—1?71%))2
= X e 202
t—ay_10+a,_100  o\/27
1 1 (Zn(t—anzlnvjrlaenfl%))z
— X €_ 202
t—an 1v+a, 100 o271
+o0 —1 2
A _)‘(an—lex_t""anflv_an—lev) 1 _% d
+ t—a, _qvta, q6v e e v X
ln(%) o\ 27T
+00 —In(6))?
_ A —Aay_1e*—t+a,_1v—a,_160) 1 *% d
t—a, qvta, 1600 e e 2 x.
In(—n =) oV2m1

For the purpose of approximation, we rewrite the above expression as

o _ 2
_A(an—lv_”nflev_t) * —)\(ﬂn,lex) 1 e In(29)) d
Ae t—a v+a v € e 20 X.
ln(M) A /27.[

n—1

_ /\ef/\(un,lvfa,,,,l@vft)E(Q(y)l(y > ln(t_anflv"!‘an—lgv))’

an-1

where Q(y) = e~*1¢ and y is normal random variable with mean 0 and variance ¢2.

Then by using the law of large numbers, we obtain the approximation

LP[Ay < tAp_1=a,_1] =

Ae—/\(a,,,lv—un,l(h)—t) % Zf\il Q(y)l(y > 11’1( tfanflerunf]@v))‘

An-1

3.3.6 Model 6

This is the last model we consider. It is quite similar to the previous one, but we let

5,?) be a random variable instead of being a constant. The surplus of policy at time n
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is

Ap = Au 100" + (1—0)e"™) — C,.

In this case 6, (! is a normal random variable with mean 0 and variance ;2. We let 6,2

also be a normal random variable with mean 0 and variance ¢>2. The conditional cdf is

P[Ay < t|Ap1=ay1] = PlAn 100" +(1—0)e"")—Cy<t| Ayt =ay_1]

= Play_1(0e%" + (1—0)e"") —C, < 1]

We let gt = e’r, where 6, is the normal random variable with mean [7(#) and vari-

ance o2. We let

(1— )™ = ™,

where J,(?); is the normal random variable with mean In((1 — ¢)) and variance ¢?.

Therefore by standard simplifications

PlAy < t]| A1 = ay1]

= Play_1(e% +¢*75) = C, < 1]

= P[Cy > an_1(e® + V1) — 4]

= E(I(Cy > ay_1(e” + &%) — 1))
= E(I(ay_1(e" +e™"5)) —t < 0)

R
e M (@)D (g, (e 4 o)) —t > 0))

) + e_)‘(”n71(€5" +3(5n(2)é))_t)l(e§n + eﬁn(z)é >

2)
= E[I(e’ + i <
apn—1 apn—1

Ik
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By using Gaussian density (Ross 2001), we have

PlAy < t| Ap_y = ay_1]

/°° /a,fl Yy 1 (n)-m@)? 1 (1n(L9)) e
= ——e 27 X e 2 xdy +
0 Jo Xo\ 27 yov2m

-

IN]

o S In(x)—In(6))? (7”(%))2
/ / 71 e( ( )20'2< . X 71 e_ %029 e_)‘(anfl (X-W)—t) dx dy
0 Jilo-yxoV21 yov2m

Now, let
t
8y =, — ¥
1 (In(x)=In(6))2
hix) = e 202 ,
(x) xXoV2mw
and
1 (n(55g))?
= e 202 P
f(y) T

g(x,y) = e Mo GH=0),

With these notations then

PlA, <t|Ay_1=a,1]
0 rg(y) o poo
— /0 /Ogy h(x)f(y) dxdy+/0 /g(y)h(x)f(y)q(x,y) dx dy
= [TH@@E dy+ [T [ ns@at) dxdy

= [ HEOf ) - HOfWay+ [ ] n@ () dxdy,
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where H(x) = [ h(x)dx. Hence by standard calculation and differentiating integrals,

;tp[A” < tAp-1 = ay-1]
_ dg(y) dH(g(y)) © dg(y)
N /0 didgly) WAy —/0 —=h(@)fW)a(g(y) v, t) dy

" /0°° /g:; dq(;t’ v h(x)f(y)q(x,y) dx dy

= [T B rmay— [T B wg) st dy

0

/ / dqu (x)f(y)a(x,y) dxdy.

Because q(g(y),y) = 1and % = —A, then

d
P[A <f|An 1= Au— 1]

- // AR(x) F(y)q(x, y) dx dy

(n(%))? 1 (ln(ly )2

R
R 27 yov2m

N

e_A(anfl (x+y)_t) dx dy

For the purpose of approximation, we rewrite the above expression as

0 oo (n($)? n(1L))2
A/ / L o b o P o Ao -0 gy dy
. yov2m

where

L(x,y) = e Moma(es)n),

172 (72

x is a log-normal random variable with mean e2 and variance (e2 — 1)e
2

0

another log-normal random variable with mean e? and variance (ez —1)e

and vy is

I\JQN
N‘NQN N‘HQN

As before, at the last step, by the law of large numbers to obtain the approximation

of %P[An < t|Ay—1 = a,_1] in the following way

d
dt

14 t
—P[A;, <tA, 1 =a, 1] = )\M Y L(xi,yi)I(xi +yi >
i=1

n—1



3.4 Estimation of the parameters: Numerical Analysis with Stochas-

tic Simulation

For a particular model, we simulated data for given values of the parameters, and then
we use the simulated data to estimate the parameters. The reason to do the simulation
is we can compare the estimate with the true values of parameters. Next, we use the
estimated parameters and simulation approach to find the optimal investment strategy.

Now the question is how we construct data.

Since in Model 1, we can estimate the parameter directly, we begin with Model 2. In

Model 2, the surplus of policy at time # is
Ap = Ay_1e” —Cy.

In this model the ¢2, the variance of J,,, and the A, the inverse of the mean of C,, are
both the parameters. So if we set the value of Ay, ¢, and A, we can simulate the whole

sequence of { A, }. There are some assumptions on our data.

our data {a,} from a time series model

a, = a, 1" — Cy;

e we use given ¢ and A to simulate {J,} and {C, };

{a,} > 0 in the estimation.

The number of replications is 1000

3.41 How to choose A in the simulation

Since by assumption {A, } > 0 so we should choose A carefully. A, > 0 means

n .
Ageri=1% — Z Cieki=ki1% > 0,
i=1
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If we replace the C; by 1 = E(C;) then

n 1 n i
A ezizl di > — ezi:kJrl ‘51"
0 3 ;

Next we use present valuation instead of future valuation then
1 n Zi )
Ag > — e~ Li=k+19%
0> 5 1:21

hence there is a lower bound for Ag in our simulation. However we should not set

large value for Ay if A~ lis not large.

We do estimations twice. Once is for short term using n = 20. Another is for long
term using n = 60. We use two different computer packages, namely R-language and

Maple, carry out the simulation.

3.4.2 The results of estimation

In this section, we will do the estimation for every model. Maple is a tool we used in
this section, because it can calculate the integral in the model directly and carry out the

whole process quicker than using R.
Experiment1, A =1, 0 = 0.05.

In this experiment, we set A = 1 and ¢ = 0.05. But we use different initial value, Ay, to
construct different data. In Model 1, we consider claim size, C = 1, over time. In Model
3, we consider the probability of occurrences of claims, p, as 0.5 in our data. Since there
are two interest/investment rates in Model 5 and 6, we take constant rate, v = 1.05, in
Model 4, and additional variable rate, c; = 0.1. In addition we use 6 = 0.5 to construct

data in Model 5 and 6.

The Table 3.1 shows that the estimation of o works well. For different initial value the
results of estimation of ¢ are good. Because of the way we construct data, both ¢ for

n = 20 and n = 60 are same.
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a |C| o |n=20|n=60

50 | 1 ]0.05| 0.052 | 0.052

60 |1 |0.05| 0.054 | 0.054

100 | 1 | 0.05 | 0.048 | 0.048

200 | 1 |0.05| 0.058 | 0.058

Table 3.1: The results of estimation for Model 1 ( Experiment 1)

a |A| o |n=20 n =60

~ a~

A oA o

50 [ 1]0.05]1.0 0.05]| 12 0.05

60 | 1]0.05]07 005 |14 0.06

100 | 1 | 0.05 | 0.9 0.05| 1.7 0.05

200 | 1 |0.05 (0.7 0.05 | 0.7 0.05

Table 3.2: The results of estimation for Model 2 ( Experiment 1)

As shown in the Table 3.2, for different sample data, we always get the good estimation
of . In contrast, the estimation of A is very unstable. When n = 20, the estimated value
for A is better than when n = 60. And we find when 7 is 20, the estimated value of A is
decreasing when a9 is increasing from 50 to 100 but jump to 0.5 with a9 = 200. When
n = 60, the estimated value of A is increasing when a9 is increasing from 50 to 100 but

is just 0.5 when ay is 200.
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ag p c |n=20 n =60

p ol p o
50 | 05005 1.0 0.05| 0.2 0.05
60 | 0.5 0.05| 095 0.05 | 0.05 0.05
100 | 0.5 | 0.05 | 0.45 0.05 | 0.05 0.05
200 |1 05| 0.05|0.7 004 |1 0.05

Table 3.3: The results of estimation for Model 3 ( Experiment 1)

The Table 3.3 shows that the results of estimation of p is bad and very unstable in
contrast the simulation on ¢ is good and stable over different sample data. And the

values of p at n = 60 is much less than at n = 20 except the last simulation in the above

tigure.

ap 0 c |n=20|n=60
fog fog
50 | 0.5 0.05 | 0.036 | 0.046
60 | 0.5 0.05 | 0.053 | 0.051
100 | 0.5 0.05 | 0.056 | 0.049
200 | 0.5 0.05 | 0.044 | 0.046

Table 3.4: The results of estimation for Model 4 ( Experiment 4 )

ag c | n=20(0=05) n=260(0=05)

A oA o
50 0.05 | 1.1 0.05 | 0.8 0.04
60 0.05 | 2.0 0.06 | 0.7 0.05
100 0.05 | 0.6 0.04 | 0.9 0.05
200 0.05 | 2.0 0.06 | 1.3 0.05

Table 3.5: The results of estimation for Model 5 ( Experiment 1)
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ap (Ao o n =20 (60 =0.5) n=60 (6 =0.5)

A & G| A %) i)
50 [{1]0.1 0.05/0.03 0.10 0.06{0.03 0.11 0.04
60 [1/0.1 0.05(0.02 0.10 0.06{0.02 0.10 0.05
100|{1(0.1 0.05|0.01 0.10 0.05{0.02 0.11 0.06
20011/0.1 0.05]0.01 0.10 0.05|0.01 0.08 0.04

Table 3.6: The results of estimation for Model 6 ( Experiment 1)

The Table 3.4, 3.5 and 3.6 show the good and stable estimation of ¢, standard deviation
of interest rate, again. However, the estimation of A in the last two models is not good,
especially in the last model. The possible explanations are that in short term, the initial
value does not effect the estimation too much. Also when the initial value is large, the

whole model does not strongly depend on A, so the estimation is unstable.

There is a new parameter, 6, in the last two models. So we will do some simulations to

examine if the estimation of parameters is stable over different value of 6.

The Table 3.7 shows that the estimation of ¢ and A for different value of 6. We construct
data by considering ¢ = 0.1, A = 1, v = 1.05, and Ay = 220. We obtain good and stable
estimations of ¢ in short and long term. The results of A is not bad in long term for

different 6. Therefore we believe that the estimation of ¢ is stable over 6

6 02 03 04 06 08 09

A(m=20)] 06 20 04 04 04 03
&(n=20)| 01 008 010 008 009 0.10

An=60)| 1.1 11 12 05 06 07

& (n=60) 009 012 010 010 010 0.11

Table 3.7: The estimation for Model 4 using different values of 6
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Experiment2 A = 1,0 =0.1.

For this experiment, we set A = 1 and o = 0.1. We still use different initial value, ao, to
construct different data. In addition we consider p = 0.02 in Model 3, and we take one

of two rates in Model 5 as 0.15 instead of 0.05.

ap |C| o |n=20|n=60

150 | 1 | 0.1 | 0.1206 | 0.1206

200 | 1| 0.1 0.1279 | 0.1279

300 | 1]0.1]0.1013 | 0.1013

400 | 1 | 0.1 | 0.0949 | 0.0949

Table 3.8: The results of estimation for Model 1 (Experiment 2)

a |A| o | n=20 n =60

A oA o
150 | 101110 01112 0.1
2001101109 0114 0.1
300 (1 (011 0.1]15 0.1
42011101 |1 0111 0.1

Table 3.9: The results of estimation for Model 2 (Experiment 2)
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ag p| o |n=20 n =60

150 | 0.2 | 0.1 | 0.05 0.11 | 0.05 0.09

200 10201103 0.11 | 0.45 0.11

300 {02(01]04 0.12 | 0.1 0.1

420 10201 |1 0.09 | 0.05 0.1

Table 3.10: The results of estimation for Model 3 (Experiment 2)

ag 0 |C| o |n=20|n=60

150 | 051 01| 0.080 | 0.106

200 05|1 01| 0100 | 0.106

300 05|1 01| 0106 | 0.104

400 {051 01| 0.099 | 0.091

Table 3.11: The results of estimation on Model 4 (Experiment 2)

Ay |[A| o | n=20(0=05) n =60 (0 =0.5)

A oA o
150 | 1]01 /03 0.09 | 0.3 0.09
20010120 012 | 1.1 0.11
300 (101120 0.08 | 0.7 0.08
4201101109 0.11 | 0.2 0.11

Table 3.12: The results of estimation on Model 5 (Experiment 2)

As can be seen from Table 3.8 to 3.12, the results are similar to those of Experiment
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ap (Al o1 o n=20(0=0.5) n =260 (0 =0.5)

A & G| A ) )
150|11(0.15 0.10]0.10 0.13 0.11]0.01 0.16 0.11
200/1/0.15 0.10| 0.1 0.13 0.07| 0.2 0.15 0.09
300(1/0.15 0.10| 0.2 0.17 0.12{0.20 0.16 0.08
420(1(0.15 0.10(0.10 0.23 0.11]0.11 0.18 0.06

Table 3.13: The results of estimation for Model 6 (Experiment 2)

The Table 3.13 shows that results of estimation for Model 6 in Experiment 1 are worse

than the results for Experiment 2. Especially, A, is very small in every simulation.

In conclusion, in both two Experiments, the estimated value of ¢ is stable over the time
and initial value. However the estimated value of A is very unstable in Model 5 and 6
and in Model 2 when the  is 60. It's worthy to notice that, for same value of Ay, the A

is bigger when 7 is 20 than n is 60 in the most cases.

Since the estimated value for A is unstable, we will try to find the reason why we do
not obtain the stable estimation for A and the relationship between the estimated value

and the initial value.

3.4.3 Discussion: Analysis of estimation

We have found that it is possible to obtain the robust (stable) estimation of ¢ but the
estimation of the parameter A is unstable.
Now we want to know if the estimation of ¢ is robust when A varies, i.e. over a range
different values of A. In addition, we also wish to ascertain if there are reasons why we
always obtain the robust estimation for o.

Let us focus on Model 1. As described before

) \/2?_1<1n<“;ff )2

n

o ,
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after rearrangement we have

o (40P

n

We assume we do not know the value of the constant C and use random variable in-

stead of constant, so the & will be the conditional MLE estimator:

2 Tialn(5))?

n

Here we will do different assumptions for Cx and check the value of &. We do many

simulations, but we only simulate our data once.

Firstly we set E(Cy) = Cj, then

s _ Ti(n(AHE))?

n

()

By our simulation, we know the stable estimation value of ¢ for different E(Cy).

The next question is whatever distribution of Cy we consider, whether or not we will

get stable estimation of ¢.

Now we assume that Cj is i.i.d exponentially distributed. But we do not know the

observation of Cj so

ZZzl(ln(Aﬁifk))z
n
Zgzl(l”(ﬁ) +In(1+ %))2

= S SEaa (3.4.1)

(07 =

Here we apply the following Lemma.
Lemma 3.1: Let A, — oo let {C,} bei.i.d then if E(Cy) < oo then:
1§50 § = 0as N — oo

2. F L n(14+§) = 0as N — oo
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Proof:

(1) If A, — oo then 1%’:[ — 0 almost surely in probability. Hence

by Convergence theorem (see Ross (2001)).

(2) Because

0<In(l+x)<xforx>0,

then
0 < E(In(14 1)) < E(=5).

It follows from the (1), that E(In(1 + 1%)) — 0.

By the Lemma 3.1, if C; is asymptotically smaller than A then the equation (3.4.1) will

be A
Zlﬁ:l(l”(%) +In(1+ %))2
n

1 & Ag
~ In(—)?+0(1),
5 L On o)
o(1) here means the omitted value. Since Ay = Ax_1e% — Cy. then

n Ak ’ 1 n ’
In ~ = oz,
k;( (Ak—l) ”k; 2

1
n

so the estimated value of ¢ will approximately equal to
21y
0" =—-) 6.
=1
It shows that the estimation of ¢ is stable if claims are relatively small.

However if the value of Cy is close to the value of Ay, ie if the claim is similar to the
asset at time k, then the value of Y} _; In(1+ %) is not stable. As a result the value
of & will be unstable. The simulation process supports that. If weuse A =1, 0 = 0.1
and ap = 600 to construct the data by the same way described in Section 3.4.2. In

addition we assume {C} is exponentially distributed with mean A~!. We do ten times
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estimations with ten different rates of {Cy} at n = 20 and n = 60. Table 3.14 shows the
results of simulation. As we see, the value of & is very unstable when A is small. When

the value of 1 is bigger than 10, we can not obtain good estimation.

1 5 10 15 20

0(n=20)| 0112 0.1216 0.0907 0.1133 0.1009

d(n=60)| 010 0.1086 0.2492 0.1752 0.1996

25 30 35 40 45

0(n=20)|0.1898 0.4484 1.832 9909 0.278

0(n=60) | 46198 0.2838 0.2237 0.4897 2.5061

Table 3.14: The results of estimation of ¢

Now, we consider a similar model as Model 1, but where {Cy } are being i.i.d exponen-

tially distributed with mean 1 so that
A = A0 — G,

where v is constant.

Further assume that av-t>0 for observed variables. The conditional probability

P(A, <tlAy.1=a) = plav—C, <)
= P(C, >av—t)
= e M D(av—t > 0)+ I(av—t < 0)

— e—)\(av—t)‘

Then

jtP[An < tA, 1 = a] = Ae M),
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and the conditional likelihood function L(Al|ay, - - - ay) is

Ate= AT (00

The log-likelihood function is

I(A) = nlog(A) — A i(ak_lv — ag).
k=1

Therefore by the equation belo

ai(a) 1 ¢ B
7 — nX - I(:Z:l(akflv - ﬂk) — O,
and so the MLE of A is given by
n

A=

n ~ .
Y j—1 k10 — ag

If we know the value of 9, we should obtain good and stable estimation of A. A simple
simulation can support that. If we use A =1, ¢ = 0.01 to 0.1 and Ay = 200 to construct
the data by the same way described in section 3.4. We assume that we know the value

of 9 as 0.1 here. We simulate the data and estimate A. Then Table 3.15 shows that the

estimation of A is good and stable over ¢.

o 0.0l 0.02 0.03 004 0.05
Aln=20) | 094 0.096 1.05 0.90 0.80
o 0.06 007 0.08 0.09 0.10
A(n=20)|110 096 122 101 1.02

Table 3.15: The results of estimation of A with known value of 6 = 1.1
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However if we do not know the value of 9, we consider 9 as a random variable. and

we use same data as in the last simulation to estimate A.

o 001 002 0.03 004 0.05

A(n=20)| 085 0073 050 090 1.80

o 006 007 0.08 0.09 0.10

Aln=120)|-066 096 162 -0.71 0.62

Table 3.16: The results of estimation of A with unknown value of 9

As shown in Table 3.16, the estimation on A is unstable and even give negative values
in some cases. The above three simulations show the reason why we always obtain

good and stable estimation of ¢, but unstable estimation of A.

The research was partly motivated by Magdalinos (2007). The simulation results and
the discussion support his theoretical discoveries. The unrestricted estimation of the

parameter is shown to be inconsistent for an autoregressive process.
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3.5 Optimal investment policy

By now we have constructed models to describe the process of insurance policy, and
how to estimate the parameters of the models. Although the estimated value of param-
eter of the claim is not stable, we understood the reason why and we will try to avoid
the bad estimation by simulating the proper initial value. The next step is to investi-
gate the how to obtain an optimal investment with respect to constant fraction policies.
We should notice the optimality discussed in this section is not among all admissible

strategies.

3.5.1 Simulation process

The simple and fast way is that we simulate the whole process of policy and then find
the best investment strategy with given upper bound on ruin probability. We assume
we have known the estimated value of parameters in the model based on the real data.
Then we do the four different experiments for Model 6 by using averaging process. For
both experiments. We set one hundred different values of 6 from 0 to 1. For every 6
we use the value of parameters to simulate the value of surplus M times and record
the value of surplus at the end of time. Finally we calculate the average value of it for
every 0.

For experiment 3: Initial value Ayp = 200, the standard deviation of the risk-investment
interest rate 07 = 0.15, the standard deviation of the bond interest rate 0o = 0.1, the

mean of claim size is 1, the term of policy n = 60 and the recycle times M is 5000.

For experiment 4, we keep the same value for all the parameters except we consider
new o1 = 0.45.

The Figures 3.1 and 3.2 show that the average value of Agy against 6, the value of Ag
is increasing when 6 is increasing in both plots. In the Figure 3.1, the points distributed
as a straight line, we believe the reason is that the value of o7 = 0.15 is quite close to
0> = 0.1. However in the Figure 3.2, because ¢; = 0.45 is much bigger than c» = 0.1,
so the points distributed as a curve. The value of Ag on the Figure 3.2 is much bigger
than on the Figure 3.1. The simulation tell us for the same investment strategy, the

investments with high variance will take also high expected return.
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Figure 3.1: Plot of the average value of A,—g9 against 6 (o7 = 0.15, 0 = 0.1)
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Figure 3.2: Plot of the average value of A,_gg against 6 (o7 = 0.45, 0 = 0.1)
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Figure 3.3: Plot of the ruin probability for Model 6 against 6 (¢; = 0.15, 05 = 0.1)
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Figure 3.4: Plot of the ruin probability for Model 6 against 6 (c; = 0.45, 05 = 0.1)

In experiments 5 and 6, we still set one hundred values of § from 0 to 1. For every 6,
we use R language to generate M=5000 times value of A, and record how many times
the simulated A, < 0 in the Model 6. We end up the process with dividing this time

described above by M, which is the simulated ruin probability we are looking for.
For experiment 5, we take 07 = 0.15, 0o = 0.1, Ag = 200 and n=60.
For experiment 6, we take 07 = 0.45, 0o = 0.1, Ag = 200 and n=60.

The Figures 3.3 and 3.4 show the relationship between the simulated ruin probability

and 0. Here we use the same value of parameters as in the first simulation. The surpris-
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ing result is that there is a threshold in every plot which was empirically discovered. In
the first plot, the threshold is around 8 = 0.5 compare with 8 = 0.4 in the second plot.
After the probability of ruin raise significantly. Another noticeable point is the value of
simulated ruin probability on the Figure 3.4 plot is much higher than on the Figure 3.3
because of high value of o;. The horizontal lines on both plots show Agy = 0.05 against
different value of 6. It shows that the investment policy take more percentage of the

first investment with higher variance by considering same ruin probability.

Discussion

In conclusion, the simulations support intuitive results. When the value of 6 is increas-
ing which means that the percentage of high risk investments is increasing, as a result,
the ruin probability is increasing. However the rising of 8 will make higher profit at
time n = 60. Therefore if there is an upper bound, on the ruin probability, for example
0.05 on the Figure 3.3 and 3.4, then the optimal investment policy is that the policy
makes the ruin probability close to this value. Figure 3.3 shows that the 6 as required
is 0.93, then Agp with 0.93 on the Figure 3.1 is 298.6. Figure 3.4 shows that the 6 we
are looking for is 0.54, then Agp with this value on the Figure 3.2 is 6641. This optimal

policy is the balance, we are looking for, between the high return and the low risk.

Now we extend our simulation process. For experiment 7, we still use the same initial
value Ay = 200 and the variance of bond interest rate, 0»2, is 0.01. Because ¢; should
be bigger than o7 , then we set one hundred different values of ¢y from 0.15 to 1.14.
For every o1, we find the optimal policy as described by considering an upper bound
of ruin probability (0.5 here) above with the simulation. Figure 3.5 shows that the plot
of the optimal 0 against ;. The value of 6 is decreasing until ¢y is about 0.45. For

o1 > 0.45, 0 appears to vary about the value value 0.5.

For every o1, we have determined the optimal strategy, hence the optimal investment
(surplus at time n) will be calculated. The Figure 3.6 is the plot of log(Ag) against
01, and 1e+03 means 10° on the figure. As we can see, the surplus is increasing when
oy is increasing. Therefore, the insurance company will receive higher return with the

optimal strategy if they make the more risky investment.
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Figure 3.5: Plot of the value of 0 that gives the optimal policy against the standard de-
viation of interest rate optimal (with o» = 0.1, n=60, A0=0.05,) experiment
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Figure 3.6: Plot of the standard deviation of the interest rate against the optimal in-
vestment A, (with o, = 0.1, Ag = 200, n=60,) experiment 7
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Figure 3.8: Plot of the standard deviation of the interest rate against the optimal in-
vestment A, (with o = 0.1, Ag = 200, n=60,) experiment 8§

In experiment 8, for more realistic assumption, we set one hundred different values of
o1 from 0.10 to 0.19. And we repeat same simulation approach. The Figure 3.7 and 3.8
show the results of simulation. It is notable that there are two points on the Figure 3.7

close to 0. Because at that point, the value of o7 and o7 are quite close.
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3.6 Approximation of the ruin probability

Simulation is a relatively simple way to estimate ruin probability. But are there any

theoretical approaches that could be used?

In this section, we use the weak convergence results (Billingsley, 1968) together with
traditional Taylor-type analysis to find appropriate approximations for the ruin proba-
bilities to be applied with the further numerical analysis. In this section, proofs precede

results.

3.6.1 Approximation to Model 1

To explain our approach, we start with Model 1 described in Section 3.1. The accumu-

lated surplus at time 7 in this model is given by

Ay, = A, —C

n
= AOeZ;;l o _ Z C€ZZ=i+1 Ok

Hence the ruin probability for this model is

n .
P[(AgeXi-1? ZCeZk #1%) < 0] = P[(Ag — }_ Ce™ Hi=1%) < 0). (3.6.1)
i=1
Next, let e~ Li=1% in (3.6.1) equal to a; 1 and applying Lemma 2.1 to (3.6.1) we have

similar result as (2.4.3), namely

i Im]

Y Ok "
Pl(Ag—CY e &%) <o = P[(A—C-n/ By dy) < 0]
i=1 0
x A
~ P[/ exp(hB)dy>—O],
0 Cn
where h = v/n + 10} and B, represents Brownian motion with distribution B; — B ~N
(0, t-s) for 0 < s < t. N(u, 0?) denotes the Normal distribution with mean u and

variance ¢%. Here, by the Donsker invariance principle (see below Fact (DIP)) we use
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approximation

[ny]
Y 6 ~ By,
k=1

since {J;} are i.i.d.random variables.

Given x = 1, our approximation for ruin probability is

1
P[/O exp(—h-By)dy > %] (3.6.2)

Fact (DIP) (Donsker Invariance Principle, (Billingsley, 1968)):
Let X be i.id. with E(X)=0, E(X?) = 1. Define S,(t) = = ¥,"} X;, Then, S, — B in
Cl[0,1], where C[0.1] is a space of continuous functions on interval [0,1]. In particular, if L is

continuous, then

F(80) = [ Liueat > [ LB

weakly, where B is a standard Brownian motion.

Therefore we derive the following theorem.

Theorem 3.2: Under the same assumption in Section 3.2, as n — oo, the ruin probability is
approximated by

1 AO
P[A, < 0] ~ p[/o exp(—h-B,)dy > 20,

As you can see, the probability in (3.6.2) can not be calculated directly because there is
the integral of the Brownian motion. However we will calculate the approximated ruin
probability in (3.6.2) by using the simulation approach. Approximations to Models 3

and 4 can be found in a similar fashion.
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3.6.2 Approximation to Model 4

Now we apply the similar method to Model 4. We still need to know the surplus at

time n under assumption which given by, (see Section 3.3)

Apn = Ay (965,,(1) + (1 - 9)65n(2)) —Cy

= Au1(0e” + (1—0)v) - C.

If we let f(n) = 0e’ + (1 — 0)v, then

An = An,1f(n)—C
= A0 -y IT £0)
i=1 i=1j=it1

Hence

P4y <0) = P(Aof[ﬂz')—cz": [T £G) <o

i=1j=it1

=ZHfl

i=1j=
The method we applied uses Lemma 2.1.

Let [Ti_y f(j)" = ai-1, then

YITA) " = n/olanydy—n/ i)~y

i=1j=1

We write

ln(Hf(j)’l) = — Zln(Be‘sf +(1-0)v).

j=1 j=1

When n— oo, we consider

O = sz,

n

where the Zj are i.i.d standard normal random variables. Using a Taylor expansion we
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have

In(0e’ + (1 —60)v)

h W2 Z? 1
= ln[9(1 + ﬁZk + ?? + 0(*)) + (1 — 9)0]
h h? 7?2 1

= In[(6+ (1—6)v )+9(72k+—i+o<n))]
(P S

= ln[v—i—@(l—v)—i—@(ﬁ >

Ifweletv =er =1+ 2 +o(L , where 7y is a constant then
n n

h W2 72

In(0et + (1= 0)0)] = tnf1-+ % = 0(%) + 0(—-Zi + 55 o)

By considering

2 3

X

L X 4
In(l+x)=x 2+3+o(x),
when n is n — o0, we can write
T Yy,  HZE
ln[1+n Q(n)+9(fzk+2 +0( )]
N TR ﬁZj °n?Zg 1
= (1 9)n+9(\ﬁ r+ ky » 2+0(n).
Therefore
[ny] )
Y In(6e% + (1 —6)v)
-1
[ny] 1_9 [y h9 [ny] 012 Z2
— y 9 +2 + -0 o)
=1 =1 n
QhZ[”y]Zz
= y(1-0)+ 9By +(1-0)—- ) L +o(1)
j=1
Oh?

— yy(1—0) +hoB, + (1 - 9)7]/,

by the Donsker invariance principle (see Fact (DIP)), where B, denotes Brownian Mo-

tion. This leads to the following theorem
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Theorem 3.3: Under assumption in the Model 4, as n — oo, the ruin probability is approxi-

mated by

P(A, <0)~ P(/1 e*[vy(179)+h93y+(1,9)%y]dy) S %)'
0

It is difficult to explicitly calculate this probability directly. Therefore, we consider

the following key transformation

Sk £
By = — Sk=) 2.
i L
Then we have the approximation

/1 e—[W(l—e)+h93y+(1—e)%y]dy
0

[ [ (1-0) +h6By_; +(1- 0) %2 k=1) +e[7;(19)+h9351+(19)9g2};,]} (i)

2
M

i { [yt (1-0)+ho %=L 4+ (1-0) 47 -1 e

_[7%(1_9)+h9%+(1—9)%%}]< 1 )

So with the help of a computer package, we can estimate the ruin probability.

We do two types of the simulations on the same model, the first simulation is same as
the one in Section 3.5.1, and the second one is that we calculate the above approxima-
tion M times, and record how many times the simulated value is bigger than CO The

simulated probability will be this value divided by M.

We set initial value Ay = 200, the standard deviation of the first interest rate o7 = 0.65,
the rate of the second interest rate is v = 1.02, the claim size, C, is 1, the term of policy

n = 60, the recycle times M is 2000 and number of grids m = 2000 also.
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The Figure 3.9 and 3.10 show the simulated ruin probability plotted against 6. The two
plots are similar. The ruin probability increases as 0 increases. There are "threshold” in

both plots. In conclusion, the simulation supports the theoretical approximation.
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Figure 3.9: Plot of the tuin probability against § produced by simulation of the approx-
imation (oq = 0.65, v=1.02)
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Figure 3.10: Plot of the ruin probability against 8 produced by simulation of the pro-
cess (01 = 0.65,v=1.02)
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3.6.3 Approximation to Model 5

However in Model 5, the answer is a little different from the previous ones because the

claim size is random variable but not a constant. The surplus at time n is

Ap = Ap1(0e%" +(1-0)")—C,

- Aoljﬂi) “ya I £0)

=1 j=itl

where

f(n) = 0" + (1-0)v.

Hence the ruin probability is
n i

P(An <0) =P(}_ GITfG) " > Ao).

We let

by using Lemma 3.1, we get

n 1 1 [ny]
GLIA) " = n [ apdy=n [ Cuy[1£G)'dy
1 |

n
=1 j=

We have known the approximation of [ n(HJ{g} f(j)~1), so we could have the theorem

below.

Theorem 3.4: Under the assumptions of Model 5,
1 2 A
P(A, < 0) ~ P( /O Gl 0= 01H108 401001y 20

as n—y oo,
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Moreover, we have the approximation

/ Cpy e 1YU1=0)+HOB+(1-0) % oldy

Q

Z (2m)~ ( [nl=1) ]ef

-I-C[ K€

[’YT

m

—[yE@a- 9)+h93k+1 9975)

S
E1(1-0)+ho kf1+(1 9)T

]

" Cpae

(1—0)+hoB_y +(1-6) %2
m

where [ny| is an integer part of ny and has the formula

[ny]

k-1
il

=y+o(1l/n).

k-

9)+h9f+(1—9)%g]]< 1

L)

2m

We use the same method and assumptions as on Section 3.5.2 to do the simulation

except we consider that the claim size is exponentially distributed with mean 1 here.

The Figure 3.11 shows the results of simulation. The the plot on the left produced by

the simulation of the approximation, and another plot is from the simulation of the

approximation. We have the similar conclusion as the Figures 3.9 and 3.10.
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Figure 3.11: Plots of the ruin probability against § produced by two different simula-

tions (o7 = 0.65, v=1.02)
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3.6.4 Approximation to Model 6

The same method will be applied to Model 6 which has random claim size and two

random return rates. The surplus at time # in this model is
Ay = Ap_1 (0" 4 (1—0)e™”) = C,.

Finally, to find the similar approximation to Model 6, we start with

n i

P(Ay<0) = P(LGITf()™ > Ao)

=1 j=1

where
[ny] [ny]

m(TfG)™H) =~ Zln(()e‘sn(l) +(1- )™,
j=1 =1
For n large, we consider

hy

(Sk(l) = EZ,{ and 5]((2) = ﬁzk,

Vn
where hy = /noy and hy = /no». Zy, Zy are both ii.d standard normal random

variables. Then by a Taylor expansion we have

In(9e” + (1—0)5?)

h Nn o
= In(BeVn® + (1—9)evi™)

h W 72 1 hy o K277 1
= ln[9(1+7%2k+517"+0(;))+(1—9)(1+\/—%Zk+327"+o(;))]
B I Bz2 o1 hy , 20 1

When n— oo,
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Zn[1+9(\’;%zk+22z’%+ (i))+(1—0)(\h}z +h—2—+ (5)
- 9(5%zk+§zz>+<1—e)<f;z A
;(Bzhz +26(1 e)mzkzk+(1—9)2hgz;k)+o(i).
Therefore
[’lzy] In( 0% (1-— 9)65/'(2))

72 72
— Z 92h2 k 4201 - 9)@zkzk +(1— 9)%37") +0(1)

~ \/(9h1)2 +((1— 0)ho)2B, +6(1 — e)h%;h%y.

We obtain the following result.

Theorem 3.5: By the construction and assumption of the Model 6 described in Section 3.3.6,

as n— oo, then

2 +h2 A
P(A, < 0) / Gl IV EOTHTTPB00-0 T3 gy 20,

n? +h2

/OlC }e*[ (61)2 +((1-6)2?By+6(1-6) T2yl g,

~ Y VPR -0 Ty 1
~ Z[C[n(k—l)}e }(Zm)

i e VTR S0 e)”l*hzm] (i)

2m

By the same simulation approach, we set initial value Ay = 200, the standard deviation

of the first interest rate o3 = 0.45, the standard deviation of the second rate is 7 = 0.1,
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the claim size, C, is an exponential random variable with men 1, the term of policy

n = 60 and Both M and m are set to 2000.

The Figure 3.12 shows the results of simulation. The left side of figure is the plot pro-
duced by the simulation of the approximation we introduced in section 3.5.1, and an-
other plot is from the simulation of the risk process. Again, the two plots are quite

similar that supports that the approximation works very well.
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Figure 3.12: Plots of the Ruin probability against 6 produced by two simulations
(o = 0.45, 0o = 0.1), the plot on the left is produced by simulation of
the approximation and the plot on the right is produced by simulation of
the risk process
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3.7 Remarks

In this chapter, we constructed the six stochastic risk models stated in Sections 3.2 and
3.3. with unknown parameters which are to be estimated from simulated data in Sec-
tion 3.3. We simulated the several groups of data in different experiments and use to
obtain the estimated parameter. As shown in Section 3.4.3, the experiments 1 to 3 show
that we always obtain good and stable estimation of standard deviation of interest rate,
o, but unstable estimation of rate of the claim size, A, even give negative values in some
case. This found was partly motivated by Magdalinos (2007). The simulation results

and the discussion support his theoretical discoveries.

We use the estimated parameter to approximate the ruin probability or obtain an upper
bound for it and find the optimal constant fraction policies investment strategy with a
given upper bound on the ruin probability. Again, the numerical threshold discovered
in Chapter 2 was supported in all the examples. Numerical analysis with stochastic

simulation for the estimation of the parameters is conducted in Section 3.4.

Finally, in Section 3.6 we approximate the ruin probability by the associated integrals
of the Brownian motion. By using a Taylor expansion, Theorems 3.3 to 3.6 show the
approximated ruin probability in Models 1, 4, 5 and 6 respectively. The simulations
we applied support Theorems by compare the simulation of approximations and the

simulation of risk processes.
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CHAPTER 4

Ruin probability with Heavy-Tailed

claim amounts

In this chapter, Sections 4.1 and 4.2 introduce the heavy-tailed distribution and cor-
responding definition. Two new realistic models with interest rate factors were sug-
gested and treated in Sections 4.3 and 4.4. The derived results extend Biard et al. (2008)

to models (discrete and continuous time) with interest rate.

4.1 Introduction

An insurance company wants to measure and manage risks and stay solvent with a
high probability. On the other hand the company wants to make a high profitable
portfolio to minimise the ruin probability. In the analysis of insurance processes, com-
puting the optimal investment policy and capital requirement for claim often includes

calculating the approximate ruin probabilities using an appropriate model.

We remind the reader of classic Anderson model (Anderson 1957). In this model, the
risk process U(u, t) is a continuous time surplus process and for t > 0 is defined as

follows:

U(u, t) =u+ pt—S(t),

where u is the insurer’s initial surplus,
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p is the insurer’s rate of premium income per unit time,
N(t) is the number of claims in the time interval [0, t] and has a renewal process,
S(t) is the cumulated claim amount up to time t and S(t) = Zfi(lt) X,

{X;} is a sequence of independent and identically distributed (i.i.d), random vari-

ables representing the individual claim amounts.

Ruin occurs when U falls below 0, this may equate to insolvency. The probability of

ruin with initial capital u is denoted by ¥ (, t)

Y(u, t) = P[U(s) <0 forsomes, 0 <s < t].

Here we only consider the finite time ruin probabilities.

Many recent papers in insurance and finance, connected with heavy-tailed risks, have
considered heavy-tailed distributions to model the risk such as individual claim amounts.
Normally tail of distribution associated with large losses (Glasserman et. al.2002). Heavy
trailed gives more risks and empirical data always show higher peaks and heavier tails
than estimated by normal or log-normal distribution. For example, see Embrechts et
al. (1997). In probability theory, Heavy-Tailed distributions (also known as power-law
distributions) are probability distributions whose tails are not exponentially bounded:
that is, they have heavier tails than the exponential distribution. In this chapter, we
refer to a heavy-tailed distribution as having finite coefficient of (regular) variation
as opposed to the exponential distribution which has infinite coefficient (Asmussen
1995). Motivated by Embrechts et al. (1997) and numerous papers (notably by Birad et
al. 2008), in this chapter we study the ruin probability for our class of models but now

with the heavy-tailed claim size distribution.
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4.2 Definition

The distribution of a random variable X with cdf, F, is a heavy-tailed distribution (As-
mussen 2003) if

lim e* Pr[X > x] = oo, forall A > 0.

X—r00

We rewrite it in terms of the tail distribution function

lim eMF(x) = 00 forall A > 0,

X—»00

where

F(x) =Pr(X >x) =1—F(x).

We list three important sub classes of heavy-tailed distributions, the long-tailed dis-
tributions, the sub exponential distributions and the regular variation for the further

study (Cai and Tang 2004):

e L (Long-tailed ) : a distribution function F is long-tailed distribution if

lim F(x+t) = F(x), forany t > 0,

X—r00

e S (sub exponential ) : a distribution function F is sub exponential distribution if

lim F*"(x) = nF(x), forany n > 2,

X—r00

where F*(x) refer to a common distribution function of a sum of 7 independent

random variables X3, ..., X;;. Thatis

Fi(x) = Pr(Xy + -+ X, > x),
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e R (regular variation ) : A distribution function F belong to Regular variation for

index number a (written F € R_,) if

lim — =
e F)

for some & > 0 and for any y > 0.

It is well known (Cai and Tang 2004) that these classes satisfy the following inclusions

RcCSCL

Back to the risk process U(u, t), one way is to derive the asymptotic of ruin probability
Y (u, t) by analysing directly properties of the distribution functions that belong to
R_, of sums of independent random variables, when initial reserve is large enough

(Lundberg 1934):

—

Y(u, t) ~ asu — +oo,

E(Th)
Here we define (T) k > 1 as the internal occurrence times and assume that they and

claim amounts are mutually independent.

~n

(x
x)

—

Note: Throughout this chapter f(x) ~ h(x) means lim,_, =1

h

—

However in the real financial world, the mutual independence of claim amounts and
occurrence times is not always reasonable. Normally, the claims amounts are not in-
dependent and they have strong positive dependence. Such as in car insurance. In
addition, claim amounts have strong dependence in conditions such as economic cri-
sis, natural calamity, war and so on. When the crisis happens, claim correlation rises.
Furthermore the distribution or the parameter of the claim amounts could changes.

(See Biard et al. 2008)
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4.3 The Simple Model with Heavy-Tailed Claims

In this section we investigate the asymptotic of finite time ruin probability based upon
the simple model we provided in Section 4.1. We consider the counting number of

claims as a renewal process that is independent from the distribution of claim amounts

Firstly, we introduce a property for distributions named max-sum equivalent.

Distributions F; and F, are said to be max-sum-equivalent, written as F; ~1 B, if

[+ E(x) = P[X;+ Xy > x| ~ F(x)+ E(x),

where * is defined as convolution and F(x) is defined as the tail distribution of F,

F(x) =1—F(x).

For example, suppose there are two independent random variables X; and Xj. If they

have distributions F; and F, respectively, then F; ~; F, is equivalent to
P[X1+ X3 > x| ~ Plmax(Xy, Xp) > x|

which means the maximum of the two random variables determines the tail probability

of the sum of two independent random variables asymptotically.

This is a very important property for describing heavy-tailed distributions and some-
times also used in modelling extreme events. In addition, F is a sub exponential distri-

bution if F ~; F. (Cai and Tang 2004)

Following the definition of regular variation and max-sum-equivalent, we state several
lemmas for the later works (Bingham et al. 1989). Although the results are well known

by now, we provide slightly modified proofs which make it easy for us to generalize.

Lemma 4.1: Let random variables 6 and v be independent, non-negative and their distribution
are Fs and F, respectively regularly varying of index — with -y > 0, then the distribution

Fs.1y is reqularly varying of index .
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Proof:

By definition of Regular Variation, we need to show:

F
lim M =a"7, forsomey > 0and foranyy > 0.
t=eo Fsip(t)

Since F; and F, belong to R_, then max-sum-equivalent shows

Fsx Fy(x) ~ Fs(x)+ Fy(x).

This leads to
Fsio(ta) Fs(ta) + Fy(ta)
Fz5+v(t) 5(t) +Fv(t)
T Bslta) | 74 Folta)
5(t) + Fu(t)
Then for large t,
Fsip(ta)  Fs(t)a~ 7+ Fy(t)a™?
Fsyo(t) F5(t) + Fo(t)
= a .

Therefore we have proved of the Lemma. ¢

Lemma 4.2 Let {W;}o<i<, be a sequence of i.i.d positive random variables with distribution

Fw that is regularly varying index —-y with -y > 0, then

P[Wi 4+ -4+ W, > x] ~ P[W; >] +--- + P[W, > «].
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Proof:
We use induction to prove this lemma.

Firstly, when n=2, by the Lemma 4.1 and max-sum-equivalent, we obtain

P[W1 + W, > x] ~ P[W; > x] + P[W,, > x].

Secondly, we assume the Lemma is true when n = k.

Finally, whenn =k +1

PIWy + - 4 Wisr > x] = P[(Wy + -+ + We) + Wiq > 1],

since {W;}o<i<, are i.i.d. random variables and (W; + --- + W) and Wy, are sub

exponential. Hence

P[(W1+"'+Wk)+wk+1 >x] ~P[W1+---+Wk>x]+P[Wk+1 >X].

With the assumption,

P[(W1+---+Wk)+Wk+1 >x] NP[W1 >x]+"'—|—P[Wk+1 >x],

which means the equation holds when n = k + 1. Therefore by induction, we have

proved the lemma.o

Lemma 4.3 Let random variables 6 and v be dependent, non-negative with distribution are Fs
and F, respectively reqularly varying of index —v with v > 0. Then for any p,q > 0 with
p+q>0,

o Fota)p+ Folta)g _
t—eo Fs(t)p+ Fu(t)q
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Proof:

Foranda >0

since Fs and F, € it _,,. Then

lim Fota)p+ Folta)g o

t=co Fs(t)p+ Fu(t)q

This completes the proof of Lemma 4.3. ¢

Moreover, in the mixtures case, p and g should be defined so that p + g = 1. Which
means we can make Fsp + F,q as a mixture distribution. Therefore from lemma 4.3, we
have

thp + qu S 3%_7.

From Lemmas 4.2 and 4.3, we derive another lemma, which does not require the inde-

pendence of random variables.

Lemma 4.4 Let {W;}o<i<, is a sequence of positive random variables with distribution Fy,

that is regqularly varying index —y with v > 0. Then for any real constants
CG+C+--+C#0 G >0,

we have
lim CiP(Wy > ta) +-- -+ C,P(W,, > ta) e
two CrP(Wy > t) 4+ -+ CoP(W, > 8)
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Proof:

lim C1P(W1 > tLZ) —+ -+ CnP(Wn > ta)
t—c0 C1P(W1 > LZ) + -+ CnP(Wn > LZ)

P(Wp>t P(W,>t
o ORI PON 2 04+ G P 2 1

t—o0 Clp(Wl > t)+---+CnP(Wn > t)
Cia= 7 % P(Wl > t) + -+ Cna‘VP(Wn > t)
CiP(Wy >t)+ -+ CuP(W, >t)

Since Fy, is regularly varying index —< with v > 0. Hence

. C1P(Wy > ta)+---+ C,P(W, > ta)  _
lim =47
t—woo CYP(Wy >t)+---+C,P(W, > 1)

This completes the proof. ¢

If we assume

G+C+---+Ci =1,

then there is a mixture distribution Fy written as
n
Fw(x) = }_ CiFw,(x),
i=1

we use Lemma 4.4 to get Fy € %t_,,.

Corollary 4.5 Let the random variable W be non-negative and its distribution be reqularly

varying of index —v with v > 0, then for any b > 0, Wb € R _., with index —y.
By combining the Lemmas 4.1 to 4.5, we derive

Lemma 4.6 Let {W;}o<i<, be a sequence of positive, independent random variables of dis-
tribution Fy, that is regularly varying index —v with v > 0, then for by,...,b, > 0, the

distribution of Y i, W;b; is regularly varying with index —vy.

For the purpose of future work, we review the proposition and its proof established
by Biard, Lefevre and Loisel (2008). They consider a compound renewal process risk
model with assumption of regular variation. They have established the asymptotic ruin

probability. More exactly, suppose that premiums (income) arrive at a constant rate b
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and claims occur according to some point process N(f);>o. In addition, independently

of this arrival claim process, the successive claim amounts (X}, ),>1 are defined as

X, = IyMo+ (1—L,)M,, n>1,

where (M, ),>0 is a sequence of i.i.d. positive random variables with distribution func-
tion Fp; where

FM€§R7’}’I 720/

and (I,),>1 is a sequence of i.i.d. Bernoulli random variables with

P[l, =1 =p € [0,1].

The two sequences M,, and I, are assumed to be mutually independent. Let u be the
initial reserve and let ¥, (1, t) be the ruin probability over any fixed finite-time horizon

(0,t).
Proposition 4.7: (Biard,Lefevre and Loisel (2008)): When u is large enough,

¥p(ut) ~ {(1—p)E[N()] + E[Zp(t)]" }Em(u + ct),

~ {1 =p)EN()] + E[Zy(£)]"} P ().

where Z ) is a mixed binomial random variable Bin[N(t), p].

We will present the modified version of their proof in order to use it in our case.
Proof:

Define the aggregate claim amount as

There are two steps to the proof. The first is deriving P[Sp(t) > x] for large x, and

second is finding an approximation of ¥, (u, t) by P[Sp(t) > u].
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Step 1: The convolution closure (Cai and Tang 2004), states that

Fl*FZ E %—7,

when

F; and F, belong to #,, v > 0.

The max-sum-equivalence shows that
F * Fz(x) ~ F71—|—F72

We can use these properties and the Lemma 4.6 we developed to obtain that for any

k > 1 and any pairwise distinct ny, .. ngj =1 with0 <j <k-1,

P(My, + -+ My, +jMy > x) ~ (k—j)Fu() +FM(;?)
Fy(* L
< (o g o

k
’ <Sp<t> > x|N() =k, Y1 = f) ~ (k= ) Fu(x).
For the case j = kand k > 1 we have

P (Sp(t) > x|N(t) = k,ili - k) = P(kMo > x)

F(®)
()
~ K'Fy(x),

Il
=
—
=
N—

and fork =j =0,
P[S,(t) > x|N(t) = 0] = 0.

94



Combining three cases above,

k

PIS, () > 1] ~ { ki Pive =Y ()i - p>’<f<k—f+m}m<x). @31)

j=0

Since where Z(,,); is a mixed binomial random variable Bin[N(t), p], we define
= ()i k-
PZe=)=;)pa=r""

this leads the right hand side of (4.3.1) to be

00 k
{ZP[ Z()P’l— k](k—j+j”)} (x)
k=1 =0
00 k
= {ZP[ K'Y P(Zi=j)(k— ]+ﬂ)} m(x)
k=1 j=0
where
k
X(:)P(Zk =j)j" = E[Z]]
i=
k
;) (Zk = j)j = E[Zk] = kp
i=
and

Y P(Z = j)k = k.
j=0

Therefore, equation (4.3.1) can be rewritten as

k

{i Y (") P - p)kf<k—j+m} < Fur(v)

k=1 j=0 J

_ {i p>+E[zzn}><FM(x>

_ {f +2p [zg]}xpM(x)
k=1

= {(1- }XFM x),
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since

Hence

P[Sy(t) = x] ~ {(1 = p)E[N(t)] + E[Z,(t)]"} x Fum(x). (4.3.2)
Step 2: Asu — oo,
Y, (u,t) — P[Sp(t) > u + ct]

<
- Yy (u,t)
PIS(t) > ) — P[Sp(t) > u+ct]

<
- P[Sp(t) > u+ct
Fm(u)
Fp(u +ct)
Forany x € R, when u — oo,
Fvm(u)
Fu(u+ct)

which is proved in Embrechts et al. (1997). So that

Y, (u,t) ~ P[Sp(t) > u +ct]. (4.3.3)

Finally, the proposition is proved by combining equations (4.3.2) and (4.3.3). ¢

In particular, let p = 1 which means that

X, = M,,.
and hence
Y, (u,t) ~ E[N(t)]Fp(u + ct).
If p = 0 then
X, = Wy foralln,
hence

W, (u,t) ~ EIN(t)] Far(u + ct).
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We can extend Proposition 4.7 to different cases by considering the different types of
claim amount (M, ),>o or we can add new factors to the model, for example, interest
rate.

We again use all the definitions and assumptions as in Proposition 4.7 except the fol-
lowing. We let (M,,),,>1 a sequence of i.i.d. positive random variables with distribution
function Fy; with

FMG?R_ry, ’)’20.

M is a positive random variables of distribution function Fy;, with

FMU GéR_r}/, ()/ZO.

Here (M,),>1 and My are independent. By this assumption there are two types of
claim amounts, one has a a small amount of value, and another has a bigger amount of

value.

Property: Based upon above definitions, let ¥, (u, t) be the ruin probability over (0, t).

As u — oo we have the following result

¥y (u,t) ~ {(1 = p)E[N(8)]} Faa(u + ct) + {E[Z(£)]"} Fngy (1) (4.3.4)

Proof: We followed similar proof process as in Proposition 4.7. In first step, for any

k > 1 and any pairwise distinct ny, .. ngj =1 with0 <j <k-1,

P(My, + My, +jMo 2 x) ~ (k—j)Fw(x) +PMo(j>
Far (X
~ (k= Fa() Ff\ji]i

For the case j = kand k > 1, we have

P (Sp(t) > x|N(t) = k,fzi - k) ~ K'Eag (%),
i=1



hence

P(Sp(t) = x] ~ {(1 = p)E[N())]}Fm(x) + {E[Z,(£)]"} Fasy (%)

Then we have established equation (4.3.4) by usinga similar idea as in the step 2 of the

proof process of Proposition 4.7. ¢

In the Chapter 2 and 3, we constructed models which included the important factor
of variable interest rate. Here we now model the case of Heavy-Tailed claim amounts

together with the interest rate factor.

We begin with the following simple model. The risk process U(u, t) is a surplus pro-

cess and for t > 0 is defined as follows:
U(u, t) =uly — S(t),

where

e u is the insurer’s initial surplus;
e N(t) is the number of claims in the time interval [0, t], and has a renewal process;
N(t)

e 5(t) is the accumulated claim amount up to time tand S(¢) = Y, XiT';

e [ is aggregate interest rate from time i to time t. I'; = exp(¥}, 6;), where 4; is

the continuous interest at time i;
e X; is the claims amounts;

e Define the (Tj)>1 as the inter-occurrence times of the claims and assumed to be

mutually independent with claim amounts.

The probability of ruin with initial capital u denoted by ¥ (u, t)
Y(u, t) = P[U(s) <0 forsomes, 0 <s < t].
Notice that if I'; = I', and under the same definitions as in Proposition 4.7. Then

N(t)
Sp(t) =T ) X;
i=1
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for0 <j<k-—-1,
P[Sp(t) = x| ~ {(1 = p)E[N(£)] + E[Z,(1)]"} x Em(x) x T7,
which yield to
Y, (u, t) ~ P[Sy(t) > ul],

as u — oo, thus

¥y (u, 1) ~ {(1= p)E[N(t)] + E[Z,(£)]"} x Fa(n).

As the approximation shows whatever value of I' we take, as u — oo, the constant
aggregate interest factor does not affect the ruin probability. This result is as expected,

since in the real economic world, this assumption is not strong.

Let (Ti)r>1 be the inter-occurrence times between successive claims and in the point

process of claims, N(f). And let

We refer to W, as the waiting time until the nth event or the arrival time of the nth

event.
Important assumption.

We consider the compound interest rate as the random value and changing over time

that is given by

where N(#);>0, X(t)t>0 and I'(¢);>0 are mutually independent. Then we consider the
similar definition of claim amount as in Proposition 4.7 and use similar proof to find

asymptotic on ¥, (u, t) as u — co.
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Theorem 4.8: Let claim amounts (M;);>o have the distribution Fyy with F € R_,, v > 0.

Consider the aggregate interest rate as the random variable at time j and changing over time

that is given by
J
1—‘] = F(Z Ti)/
i=1
In addition, let N(t)¢>0, X(t)i>0 and T'(t);>0 be mutually independent. Then, for u large
enough,
N(t) N(t) o
Fp(u,t) ~ {1 =p)E[}_ Tul +E[( ). Tw)"1} x Fa(w). (4.3.5)
i=1 h=k—j+1

Example. We can apply this approximation to

=1  1<j<t

Then we have
¥y(u, t) ~ {(1=p)E[N(t)] + E[Z,(1)]"} x Fm(u), (4.3.6)

same as the result of Proposition 4.7.

Proof of Theorem 4.8:

Firstly, forany k > 1and 0 <j <k —1,

P(Fnl Mﬂl +ot rnk—jMnk—j + rnk—j+1M0 Ealiie s +rﬂkM0)

k

k=
~EDN T4 )Y, Tu)"Em(x). (4.37)
i=1 h=k—j+1

Therefore forany k > 1and 0 <j <k -1,

P (Sp(t) > x|N(t) =k, = j)
=1

"
NE[ZJrzZ.Jr( Y. Tw)"1Fm(x). (4.3.8)
i=1



For k = j = 0 we have

P (Sy(t) > x|N(t)) = 0. (4.3.9)

For k > 1and j = k, we have

p (s,,(t) > x|N(t) = k,

i[i:k> = P(iFngzx)

i=1

~ E()_ Tu,)"Fu(x). (4.3.10)

By combining (4.3.8) to (4.3.10), and since N (#);>0, X(f)¢>0, [(t)¢>0 and I'(t);>0 are mu-
tually independent, we obtain

P[Sp(t) > ]

0 k k ) ) k—j k
{Z PIN(t) =k] Y ( ) PA-p)E T+ (Y Fn,,m} (4.3.11)
k=1 i

i=1 h=k—j+1

Since probability P(N(t) = 0) = 1, overlaps over 1 point is not important. Then

equation (4.3.8) can be rewritten as

P[S (t) > x]
k=1j=0
. . tn; tnigq, .
X Z P[N(t) =k, k points occur in intervals [—, ——] i=1,-- k|
At m’ m
k—j K o
EYTh+( Y Tu) xEulx). (43.12)
i=1 h=k—j+1
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Let (U;)1<i<k be a sequence of uniform variables U[0, T;], then

P[N(t) =k, k points occur in intervals [%, thTH] i=1,---k
k tn; tn;q
— P[N(t) =k x P i€ [—, —=
N =4 PV (5, 221
k . ‘
— PIN(t) =k x [ P e [, My
i=1 mem
ko1
= P[N(t) :k]HE
i=1
= P[N(t) = klm7¥, (4.3.13)

where t is the time of whole process, 1; represent how many intervals that the i points
occur in and since for (U;)1<j<k

b—a

P(U; € [a,b]) =

7

and forny =0

m) kL. (4.3.14)

0<nyEng<m—1 <k

Using equations (4.3.13) and (4.3.14), equation (4.3.12) can be rewritten as

P[Sy(t) > x]
~ 3 - SYaw — VK ok my.,
{I;P[Nu)—k]];(j) (1= ) x (k)k.
CEYTL (Y T
i=1 h=k—j+1
< Fm(x), (4.3.15)

Notice that choosing time intervals does not effect results, because probability of a

jump at a fixed a point is 0.
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when m — co. We have similar condition as in Proposition 4.7, and

. Lok (MY m!
i kim <k) (m — k) \mF
m—k+1 m—k+2 m
= X X —
m m m
k+1 k+2
= (- )X (1) X x
= 1,
which leads equation (4.3.15) to be written
) k k )
Pisy0 25 ~ (L PING =K Y (§)pa-p)
k=1 j=0 ]
k—j k
XE[ZF%—F( Z rﬂh)v]}
i=1 h=k—j+1
X Fpp(x). (4.3.16)

Further, Z ), is a mixed binomial random variable Bin[N(t), p| same as in Proposition

4.7, hence
N(f)
P[Sp(t) >x] ~{(1- ry l Z Tn,)"]} % Fu(x). (4.3.17)
1:1 h=k—j+1
Asu — oo,
¥, (u,t) ~ P[Sp(t) > ul. (4.3.18)

Followed by (4.3.17) and (4.3.18), we derive the formula

N(t)

¥, (u,t) ~ {(1-p) I+ Z T, )]} % Fa(u).
1:1 h k—j+1

The proof of Theorem 4.8 is complete. ¢ Exact asymptotic for finite time ruin proba-
bility is traditionally on possible claims, on the other hand it is impossible in general.
Our results gives a particular example imply the results by Biard et al. (2008) who give

illustration and numerical examples.
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4.4 Sum of Two Compound Poisson Processes

44.1 Construction of new model

In the last section, we use a compound renewal process to model the accumulated
claim amount up to a finite time, and we obtained some asymptotics for heavy-tailed
claim amounts under suitable assumptions. The homogeneous Poisson process (HPP)
or called by classical Poisson process (Ross 2000) is the most common and best known
claim arrival point process with stationary and independent increments. Poisson law is
used to model the number of claims in a given time interval. Poisson process is usually
appropriate in connection with life insurance modelling. For example, the number of
deaths in the hospital, car accidents or birth defects and genetic mutations are often

modelled by Poisson process.

We define the accumulated claim amount until time f as follows:

!

N (#) N(t)
S(i’) = 2 M]‘F]‘—i— 2 MOr]’/
=1 =1

where the claims occur at the point of the Poisson process, N(t), with parameter A. With

each claim occurrence point, there are associated

probability p with claim size (My)q>0

probability g with claim size M,

where p+g=1. The number of claims (M,,),>o until time ¢ is modelled by Poisson pro-
cess N'(t) with parameter Ag and the number of claims My is modelled by Poisson
Process N (t) with parameter Ap.

The assumptions of the model are

e the i.i.d positive inter-occurrence times of claims occur. (Ty)g>1, has exponential
distribution Fr assumed to be mutually independent with claim amounts, W,, =

Y.ir 1 T; is defined as the arrival time of the nth amount;
e the Laplace transform of T; exists over subset of R;
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e TheT; = I'(W;) is aggregate interest rate time of jth claim to time ¢;
e For claim amounts (M;);>( that have the distribution Fy; with F € R_,,, v > 0;

e N (t),N (t), and X(t);>0 are mutually independent.

Obviously in this model, we can split the claim process up to two components

4.4.2 Model Expression

We again use the similar process to find the approximate ruin probability under the

Poisson assumption, i.e., we calculate P[S(t) > x| for large x. Then

/

N (t) N'(t)
P[S(t)>x] = P[(Y MTj+ Y MIj) > x]
j=1

j=1

t ! t ”
— p[/ M,T(W,)dN'(s) > x] + P[/ MoL(W,)dN"(s) > x].
0 0
If we consider the first term we obtain

p[/ot MJT(s)AN'(s) > x] ~ E[ Y. T(W)7] x Fy(x)

From Fubini’s theorem (Kudryavtsev 2001), there is
E[dN (s)] = A'ds,

hence

p[/ot M.T(s)dN (s) > x] ~ A /Otr(s)n-zs x Fan(x).

The second part is:
t ., _
p[/ MoT (Wy)dN'(s) > x] ~ E[K(£)"] x Em(x),
0

where



Combining the two parts, we have
! t J—
P[S(t) > x] ~ {A / T(s)"ds + E[K(t)"} x Fa(x). 4.4.1)
0

Then followed by similar calculation as in Theorem 4.8, we have

Theorem 4.9: Let claim amounts (M;);>o have the distribution Fyy with F € R, v > 0. Let

the aggregate rate be defined by

=1

The number of claims (M,,),>o until time t is modelled by Poisson process N (t) with parame-
ter Aq and the number of claims My is modelled by Poisson Process N (t) with parameter Ap.

In addition N(t);>0, X(t)>0 and T (t);>0 are mutually independent. Then, for u large enough

¥, (u,t) ~ {A’E[ /O "T(W.)ds] + E[K(tm} x Far(u). (4.4.2)

Example. As before, for T'(i) = 1 up to time t, this leads (4.4.2) to

N'(t)

P[S(t) = x] ~ {M't +E[ ) ]} x Fu(x),
0

which is same as
P[Sy(t) = x] ~ {(1 = p)E[N(t)] + E[Z,(£)]"} x Fm(x),
when we assume N(t) is Poisson process with parameter A.

4.4.3 Moments of MGF

For purpose of future work, we use aggregate discounted value of the claim at time 0

over the time interval [0, t]. We let

(W) = e,
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where ¢ is the stochastic interest rate factor and considered as constant until time t, then

the present value of S(t), $(t) is

/

. N () N'(¢)
St)=Y MM+ Y Moe ™.
=1 =1

Then

P[S(t) > x] ~ {A' /Ote‘ss”’ds + E[K(t)"]} x Fpm(x), (4.4.3)

where

Rt = /O Lo WidN' (s).

We can derive the expression of fot e~%7ds, but it is not possible to obtain the distri-
bution of K(t)7, the accumulated aggregate claims. We could assume the <y as integer
value to make approximation computable, then we could find the value of E[K(t)?] by

calculated moment generating function of K(t).

We note that

= /te‘ss dFr(s) + /teésE[K(t — )] dFr(s)
0 0

t t
= /e“SSdE[N”(s)]:/\p/ e % ds.
0 0

Hence we have
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We note that

)
E[R()? = E{E[( ) e™™)?IN"(1)]}

which can be derived by renewal argument.

Lemma 4.10 Forany t > 0,

ERG) = [ e e @)+ [ [ e @ aEN (o) EIN (9)

= Ap/ 25 ds +2(Ap) / / 82s+9) 4y ds
e—2t(5 1— e—ttS
= )‘PT (Ap)*( 5 )%

Hence equation (4.4.3) leads to

_ 6721‘5 _ eft(S
PIS() 2 2]~ N (ApP2 (-] x Faa().

We have calculated the first two moments of K(t)?. For 4 > 2, we then derive the

moment generating function of K(t), M () (8)-

Below we use the Cauchy principal integral (Frederick 2009) with singularity point x=0,
defined by

/ f(x)dx = lim ( :O: F(x)dx + / " Fo),

al0

when [J f(x)dx = 0.
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Theorem 4.11: Following the definition of K(t)7, then for any s € R, and v € Z, the MGF
of K(t)" is given by

Ei(1,—s) — Ei(1, —se %t) + 6t
Mg (5) = exp(-ap =) =BG mse T 0L

where Ei is Cauchy principal value exponential integral function and defined as

0o e—t

Ei(x) = —/_det,

for real, non-zero value of x.

Proof:

Jang (2004) found a suitable martingale to derive the Laplace transform of the distribu-

tion of accumulated aggregate claims at time t. Such a martingale is

FR,1) = exp(sK()eenp {ap [[ 1= futse™) o,

is a martingale where f, is the density function of claim size and

fx(s) = /Oooesdex<y)-

From the above equation, we can obtain the Laplace transform of distribution of K; at

time t

(e [R0) = exp(—sK(O)e “Jexp {Ap ['[1 = fu(se™)Jdo}.

In our case, the initial value of K;, Ky is 0 so the MGF of K; is

Mgy (s) —exp{/\p/ —1]do},

where X = 1 up to time t. This leads to

Mg(s) = exp{Ap / 1)do}
Ei(1, —s) — Ei(1, —se %t) + 6t
— exp(—Ap ( ) (5 ) )
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Since it is hard to obtain the simple calculable expression of this M.G.F., the numerical

method maybe applied to find the moments. ¢

4.5 Conclusion

In this chapter, we have investigated the different risk models form the ones in Chap-
ters 2 and 3. To treat realistic economic situation and fit for empirical data, heavy-tailed
distribution is more used to model individual claim amounts. In Sections 3.1 and 3.2,

we introduced this distribution and applied lemmas.

We study the ruin probability for our class of models with the Heavy - Tailed claim size
distribution motivated by Biard et al (2008). Theorems 4.8 and 4.11 extend Biard et al.

(2008) to models (discrete and continuous time) with interest rate
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CHAPTER 5

Concluding and further work

In Chapter 1 of thesis, we introduced ruin probability, the probability that liabilities
will exceed assets on a present value basis at a given future valuation date, resulting in
ruin. It is the crucial parameter for assessing the risk exposure of companies and the
measure of risk of insolvency for an insurance company. There are many risk models,

for example Markov model, finite time model and binomial risk model.

For approximating the ruin probability, we start with a simple risk model suggested
by Dr. Neil Butler in Chapter 2. By using Brownian motion , we approximated the
ruin probability for the model and develop several numerical methods such as Tay-
lor expansion and Black-Scholes model to evaluate the approximated ruin probability.
Numerical calculations is applied on the approximation and show that the ruin prob-
ability is increasing function of the variance of stochastic interest rate. A surprising
threshold is found such that the rate of increasing of the ruin probability much higher
after the threshold point. This threshold probably merits further investigation to dis-
cover how it can be explained. Also the results for some parameters agreed with the
Gaussian approximation suggested in Matsumoto and Yor (2005) (Proposition 2.6). We
applied three approximations in Section 2.6 to the ruin probability. Using simulation,
they works reasonably well. The approximations reflect the same relationship between

the variance of interest rate and the ruin probability.

Although there is no explicit way to derive the ruin probability with the stochastic con-
tinuous interest rate, by approximation and simulation we can find how the variance

of the interest rate effects the probability of ruin in finite time. Insurance world, our
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ruin models stated in Section 2.1 has too many restrictions. Normally the claim size of
an insurance is not fixed but random. As a consequence many researchers consider the
claims as a stochastic process. Therefore we develop an advanced model in Section 2,8.

The more simulations will be studied in the future.

In Chapter 3, the risk models were developed in Sections 3.2 and 3.3 with unknown
parameters which are to be estimated We simulated the several groups of data in dif-
ferent experiments and use to obtain the estimated parameter. As shown in Sections 3.4
to 3.6, Numerical analysis supports the claim that ruin probability is increasing func-
tion of the variance of interest rate. It numerically discovered a surprising threshold
such that the rate of increasing of the ruin probability much higher after the threshold
point. We always obtain good and stable estimation of standard deviation of interest
rate, o, but unstable estimation of rate of the claim size, A, even give negative values in
some case. Theorems 3.3 to 3.6 show the approximated ruin probability for Models 1,

4,5 and 6 respectively. The simulations support these theorems.

We found the optimal constant fraction policies investment strategy with a given upper
bound on the ruin probability. Again, the numerical threshold discovered in Chapter 2
was supported in all the examples. In the future, more works about dynamic optimal

investment strategy should be considered.

Finally, in Chapter 4, we developed model in Chapters 2 and 3 by make more realistic
assumption on interest rate and claims motivated by Biard et al. (2008). Hevay-tailed
distribution is introduced and used to model the claim size. The two new risk models
were build and Theorems 4.8 and 4.11 are the biggest achievements we obtain through-
out the work. Even the MGF is hard to calculate in Theorem 4.11 when v > 2, how-
ever we could use Maple to obtain more results. And the explicit formula could be

expressed by using induction. This work will leave for the future.
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Appendix 1

Gauss-Hermite Formula, (Abramowitz 1970)

The formula uses the Hermite polynomials H, (x) to deal with the integration of (—oo, 00).

[ = [ e e )
= L wlle” F(x] + Rl

k

where X is kth zero of H,(x),

2 Inl\/mt

0% = o E )P
and
fe_ V()

21(2n)!

H.P are solution of Hermite’s Differential Equation

2 dr 2

dxn (™)

Hyx = (1)"

whenn =0,1,2,3
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Appendix 2 (Section 2.7.1)

100 variance of continuous interest rate used in simulation

0.25826142
0.69031010
0.17107121
0.90578313
0.50140450
0.88079442
0.09825043
0.63322432
0.42312630
0.17022953
0.38285285
0.28866631
0.18855107
0.30166596
0.11067378
0.08381547
0.8951250

0.67254306
0.31513155
0.08694565

0.28196884
0.45596998
0.83717329
0.57274508
0.92092187
0.30414883
0.51445155
0.31853664
0.10879914
0.01699669
0.72968434
0.70765106
0.87076188
0.09180047
0.95718657
0.62340073
0.47930268
0.21283616
0.13342939
0.02539103

0.38056092
0.16809908
0.68685754
0.29797457
0.03908921
0.86055642
0.41006651
0.95329933
0.83224278
0.92429300
0.55214482
0.60944191
0.74425246
0.34487122
0.18979385
0.47487325
0.08092672
0.98634889
0.24477215
0.30113375
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0.73379036
0.48333321
0.39312954
0.25786461
0.74042513
0.03959701
0.22429632
0.81460351
0.66680408
0.25056953
0.79146790
0.53375864
0.54577662
0.17820724
0.95704486
0.81743876
0.90664777
0.43533704
0.45545881
0.40851137

0.27992473
0.57925480
0.29171645
0.15742122
0.43082837
0.85914356
0.69829572
0.34068674
0.81215068
0.73283787
0.14384940
0.57642442
0.84693434
0.48614927
0.13525687
0.89783200
0.70357941
0.40823803
0.23368945
0.10627077



Appendix 3

Summary of simulated ruin probabilities of ordinary example and approximations 1

to 3.

ordinary ex. 1Istapprox. 2nd approx. 3rd approx.

Min 0.000 0.000 0.000 0.000

1st Qu.  0.00000 0.00000 0.00200 0.00200
Median 0.00100 0.00000 0.02600 0.02300
Mean 0.02064 0.01354 0.036920 0.03576
3rd Qu. 0.03450 0.01650 0.07200 0.06500
Max 0.11400 0.10400 0.11400 0.12000
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