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Abstract

To each pair of characters (x, ) on a Fuchsian group of the first kind we associate a
space of functions generalizing the space of second-order cusp forms. We determine
the dimensions of these spaces and construct explicit bases. We separate two cases
according to the weight. The first case deals with weight higher than 2 whilst the

second deals with the more complicated case of weight 2.

An application of these results to Percolation Theory is provided in the last section.
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1 Introduction

Automorphic forms are an important area of modern number theory, particularly in
the setting of modular forms which describe some of the most interesting and deep
problems of the day. One such case is Andrew Wiles’ proof of Fermat’s Last Theorem,
a question posed so simply that a ten—year old can comprehend it, and yet over 350

years later, the answer was solved in no small part by the use of modular forms.

Automorphic forms are a natural generalization of periodic functions and were
first studied and developed by Henri Poincaré in his doctoral thesis during the early
1880’s (calling them Fuchsian functions at the time, after Lazarus Fuchs). Felix Klein
developed the theory of automorphic functions (he gave them the name in 1890) in

his 1884 book on the icosahedron, which connected the fields of algebra and geometry.

The characteristic property of automorphic functions is that they satisfy a trans-

formation law given by
flvz) = f(2)

for some transformations v acting on the upper half plane. More generally, we can
define modular forms of weight k£ and character x: If k is an even integer, I' a Fuchsian
group of the first kind and x a character on I', then we call a holomorphic function

f on the upper half plane $ a modular form of weight k if it satisfies

P = ront)

and if it is “of moderate growth at the cusps” (a condition which will be explained

in more detail in the next section).

The theory of second—order automorphic forms has emerged in various guises over
the last decade especially. Some of the first contexts in which it appeared were prob-
lems in the theory of classical modular forms and in Percolation Theory, a subject in
physics which studies the movement of an object inside porous materials (both nat-
ural and manmade) and in mathematics which models the action by describing the
behaviour of connected clusters in a random graph. The original question of second—

order forms of even weight was posed by Don Zagier, regarding their exact dimensions.



A large part of the research on second—order automorphic forms has been founda-
tional. For instance, N. Diamantis and C. O’Sullivan ([DO]) proved formulae about
the dimensions of spaces of second—order modular and cusp forms of even weight
(denoted MZ(T') and SZ(T') respectively) and that was later extended to all orders
([DS]). In conjunction with this, bases have been found and an analogue of the
classical Eichler-Shimura isomorphism (also helping to potentially provide a natural
geometric interpretation). The method for achieving the results has been by consid-

ering certain Poincaré series Py, (z, L)y

However, the dimension results of [DO] and [DS] cannot be applied directly in the
context of Percolation Theory because the second—order automorphic forms appear-
ing in [KZ] use characters. This motivates the introduction and study of an extended
space of second—order automorphic forms. We show that in the case with non—trivial
characters, the dimensions attain their a priort maximum. This contrasts with the
case without characters where the dimension of second—order forms of weight > 2 is
equal to the natural upper bound as given in [CDO] whilst the weight 2 case differs
from this bound by 1.

In Chapter 2, we begin by giving the basic definitions and ideas that will be
needed. We recall the definition of a modular and a cusp form of weight k& and extend
the definitions to include a character. We set out the foundations of parabolic coho-
mology as applied to our setting and proceed to define the modular symbol which is
crucial to the study of our work. Finally, we define and establish the basic properties

of the twisted Poincaré series.

The material in Chapters 3 and 4 is original work and draws from the joint paper
([BD]) with N. Diamantis. Chapter 3 centres on finding the dimensions of SZ(T'; x, 1)
and MZ?(T; x,v) when k > 4 is an even integer. We desire to create explicit bases for

these spaces and do so by considering certain Poincaré series Py, (z, L, X).

In Chapter 4, we wish to attain the same outcomes for £k = 2, namely bases
and dimensions of S3(T';x,v) and Mz (T; x,v¢). We cannot employ the same tech-
nique in this case because the function P,,(z, L, x)2 are no longer absolutely conver-

gent, so instead we consider the series Z,,(z, s; f, x) which is a linear combination of



two separate non-holomorphic functions U,,(z,s,k; x) and G(z,s; f,x). We have
to perform some analysis in order to analytically continue it to our desired region
of absolute convergence and once we have proved these theorems which bound our
functions, we construct the basis functions from Z,,(z,s; f,x). We are then able
to specify a set of linear combinations of these Z,,(z,s; f,x) which is a basis for
S2(T; x, 1)/ (S2(T; x) + Sa(T; 1)) and hence we can determine the dimension.

Chapter 5 outlines a potential application to Percolation Theory in the form of
crossing probabilities, in which we consider a rectangle and model the probability that
one cluster connects the left and right vertical edges of the rectangle. This probability
is shown to be a second—order modular form with character, as is the probability that
a cluster connects the left and right edges whilst the top and bottom edges remain

unconnected.



2 Background definitions

In this chapter, we give some background definitions and material which we will sub-

sequently build up and study in the following chapters.

First, we recall the Fuchsian group I' and the subgroup I'y for a cusp point a,
with a quick thought on the generators. We then introduce the character x belonging
to the group I' which will be used throughout the study. Next, we define the slash

operator |, which acts on a function f.

Secondly, we set out the formal definitions of both the modular and cusp forms
of weight k. These are then developed into second—order modular and cusp forms of
weight k and type (x, ), whose spaces we are interested in finding the dimensions of
(we denote them MZ2(T; x, ) and S3(T'; x, 1) respectively). We then give a definition

on the Poincaré series.

Finally, we shall discuss the cohomology of the spaces MZ(T; x, %) and SZ(T; x, 1)
which leads on to a proposition that shall simplify matters when we calculate a
basis for the weight 2 second—order cusp space at the culmination of the study. It
will be necessary when evaluating the functions which construct our basis functions
to consider certain integrals, and we define those integrals here along with some

useful properties. The chapter ends with a bound on the dimensions of the spaces
Mi(T; x,9) and SE(Ts X, ).



2.1 The group I' and subgroup I,

We start with a few definitions and some notation associated with the primary

Poincaré series which we consider.

Let I' € PSLy(R) be a Fuchsian group of the first kind acting on the upper half
plane $) = {z = x+iy| y > 0} in the usual way, with the non—-compact quotient I"\ ).
V is the volume of T'\$). Let a,b be representatives of inequivalent cusp points of

a fundamental domain § and let o, 05 € SLy(R) be their associated scaling matrices.

Iy is the subgroup of all elements of I" fixing the cusp a, and

-1 1 mh
o, I'yog =T = ¢ £ m e 7
0 1

for some h € R and specifically with o,(c0) = a.

11
We let v, denote a generator of I', and define the matrix 7" to be T := <O 1) )

We will want to know the generators of the group T'; if we suppose that T'\$ has
genus g with r elliptic fixed points and p cusp points, then I is generated by:

e 2g hyperbolic elements ~v;, 1 <7 < 2g;
e 1 elliptic elements ¢;, 1 <7 < r; and
e p parabolic elements 7;, 1 <7< p

satisfying the r 4+ 1 relations

(Y1, Yo+1] - - - [Vgs Y2glE1 - - €01 oo =1, 5? =1 (1)
for 1 < j < and e; > 2 integers. [a,b] denotes the commutator aba™b~! of a,b, as
described by [HK], (10).

It is useful here to define formally a character of I' and a few associated properties.

Definition 2.1. Let x be a character of T'. Suppose that x(v,) = e*™¥= for some
0 <yq < 1. Then a is singular if y, = 0 and non-singular otherwise. Similarly, we

say that the character x is singular if x(v.) = 1; otherwise it is non—singular.



Definition 2.2. Let x be a character of I', X its conjugate and k be an even integer.

We define the slash operator |y, on a function f :$ — C by

(flra 1) (2) = f(v2)(cz + d)*x(7)

b
where v = (a d) € PSLy(R).
c

We extend the action to C[PSLy(R)] by linearity.
For convenience, set j(7, 2z) = cz + d so that we can re-write

(flix M=) = F(r2)i(7, 2) " x (7).
When x is the trivial character 1, we set |, for |, 1. We call k the weight.
Similarly, we can extend the definition of the slash operator to include two char-
acters, so that if we let x, 1 be two characters of I', and let |, act on f followed by

|k, acting on the result, we get:

((flox Dl 6)(2) = (flex 1) (62)5(8, 2) 9 (6)
= f(762)5(v,02)*x(v) ¥ (8)

where v, € PSLy(R).

Remark: We set for use later the notation

i, 2)
0= @)

It is useful here to note for further reference an identity of |j(v, 2)|?, (see [Iwl],
(1.11)): For v € I', we have
n(y2)
Note that since z = x + 4y, Im(2) = Im(z + iy) = y so this simplifies to [j(7,2)]* =
y/ Im(vz).
We will use the Poincaré series (see [Iw2]) in the analysis of the weight k£ = 2 case

15 (7, 2)]

and modified versions of it in the case k > 4, so we give a formal definition now:

Definition 2.3. Let k be an integer, m a non-negative integer and a a cusp. Then

we define the Poincaré series Pyy(z) to be

. — — Timog vz
Pan(2) = Pam(2)e = Y Jlog 'y, 2) 7 e¥mmoe 72,
yETA\T



2.2 Modular forms of orders one and two

Ultimately, we would like to find a basis for MZ(T; x), the space of second—order
modular forms of weight & with character x for T, and S3(T'; x), the space of holo-
morphic second-order cusp forms, and then to determine their dimensions. We set

out a formal definition of the spaces of orders one and two before proceeding.

Let z = x + 1y. We say that “f is holomorphic at the cusps” if, for each cusp
a, (flx 04)(2) < y© as y — oo uniformly in x for some constant c. We will say “f
vanishes at the cusps” if, for each cusp a, (f|x 04)(2) < y© as y — oo uniformly in z

for every constant c.

Definition 2.4. Let k be an even integer, x € I' be a character and let f : H — C
be a holomorphic function. f is called a modular (resp. cusp) form of weight k with

character x if:

i) flex(y—1)=0 V~yel,; and

ii) f is holomorphic (resp. vanishes) at the cusps.
Their space is denoted by My(T; x) (resp. Sk(L;x)).

Definition 2.5. Let k be an even integer, x,%0 € I' be two characters and let f : § —

C be a holomorphic function. f is called a second-order modular form of weight k
and type (X, V) if:

i) flex(y —1) € Mg(l54)  Vyel; and

ii) There is an fo € My(I';4) such that for all parabolic m € T', flp,(m — 1) =
((vx)(m) = 1) ax fo for some a, € C; and

ii1) f is holomorphic at the cusps.
Their space is denoted by MZ(T; x, ).

Condition ii) means that f|, (7 — 1) = 0 whenever () = ¢(7) and, otherwise,

flex(m —1) = ¢z fo for some f; independent of 7 and a ¢, € C\{0}.

Definition 2.6. Let k be an even integer, x,20 € I' be two characters and let f : § —

C be a holomorphic function. f is called a second—order cusp form of weight k and
type (x, ¥) if:



i) flax(y—1) € Sk(ly)  Vyel;and

ii) There is an fo € M(I';v) such that for all parabolic m € T, flp(m — 1) =
((WX)(m) — Day fo for some a, € C; and

ii1) f vanishes at the cusps.
Their space is denoted by S2(T'; x, ).

Remark: The percolation crossing formulas m,, m; and n studied in [DK] are
almost in the space MZ(T'(2);1,%), where v is the character of n(z)* and 7 is the
Dedekind eta function. The reason that they are not in the space is because they fail
to be holomorphic at all the cusps. This justifies the comment made in the Introduc-
tion about the need to extend the study of second—order forms to the case of poles

at the cusps.

A Dbasis of Si(I';x) is formed by {P,,,..., Pn.} for unique, different integers

my, ...,ms. A reference for this fact for trivial x is [Iwl] and for general characters is
[Ra].

2.3 Cohomology associated to S3(T'; x,v) and MZ(T; x, )

Now, we shall state the definition of parabolic cohomology as applied to our case (see
[Sh1], P. 223). We use a notation that makes the dependence on the character and

other invariants explicit.

Definition 2.7. Let x be a character of I'. For v € I', consider a representation p,
of I' such that

px(Y)() =x(y)v VveC.

Then we set

Z;ar(rvlox) = {f: T =C[f(mn)= Px(%)(f(%)) + f(m),Y71,72 €T,
f(mi) = (py(mi) — D(a;) (i =1,...,p) for some a; € C}
By (Typy) = BYT,py):={f:T = Cl3acCVyeTl, f(v) = (p(y) — a}.
Then

H;ar(r7 pX) = Z;ar(r7 pX)/B;ar<P7 pX)



In order to simplify the notation, we write H!, (T, ) instead of H! (T, p,).

par par

Now, for characters x, of I, we fix a basis of My(T;¢) to be {fi}{, where
d := dim(My,(T;)). Let f € MZ(T;x,). Then

d
flalr =1 =Y alr (4)

for some ¢;(y7!) € C. We take v~! because we want the induced cocycle to be in

terms of a left action. f € MZ(T;x, ) implies that

Flix@r =1 = Flix(r = Dliyd = Flex((y = 1)8) $(6) x(5)
= (flox(70 = 1) = flix (6 = 1)) 9 (5) x(3).
So, for i =1,...,d, we have ¢;(v™") = (¢;(07"y71) — ;(671)) 1(8) x(6).

Using the transformations v~! +—— v and §~ — §, we can write this as

ci(07) = ¢(0) x(6) ci(7) + i(9).

By condition ii) of Definition 2.5, ¢;(mi) € (pg,(m:) — 1)(C) where i = 1,...,p, and

)
so ¢; induces an element [¢;] of Hy, (T30 - x). So we have a linear map

¢+ MET;x,¥) = Hppo (T30 - x) @ My(Ts9))
d

o fr—>Z[Cz]®fz
=1

Analogously, we have the map

¢ Sp(Tsx,0) = Hpy(T5 0 - x) © Sk(T; ).
Proposition 2.8. The kernel of the map ¢ (resp. ¢') is isomorphic to the image
of Mi(I'; x) + My(L; ) (resp. Si(I'; x) + Sk(I';¢)) under the natural injection into
MR (T x, ) (resp. SETix,¥))-
Proof. We can easily see that M (T'; x)+ M (I';¢) C k
suppose that f € ker(¢). Then we have ¢; € BY(T; 4 - x) or ¢; = a;((7) - x(7) — 1)

for some constants a; € C. Then (4) implies

flex(y=1) = (Z aifi) (¥(v) W —1).

=1

er(¢). In the opposite direction,

Since F' := Zle a;f; € My(I;1), the righthand side is equal to x(7)F|yy — F =
Fli (v —1). Therefore, f — F € My(I'; x) which implies the assertion. The proof of

the statement of the cuspidal case is performed similarly. m

9



In preparation for our next definition and in order to estimate the dimension of

H! (T, %), we define the following map:

par

Definition 2.9. Let x be a character of I'. We associate to each F = (f,g) €
So(I'; x) @ S2(I';X) and a € $HU Cusps(I') a map Lp(a,-) : T' — C given by

_ / " w)dw + W‘ (5)

Definition 2.10. For f € Sy(T'), an arbitrary z € $ U Cusps(I') and a a cusp, we
define

Ag(a,z) := /Z f(w)dw where f € So(T"; x). (6)

We now set out two lemmas which we will need in the next chapter in order to
evaluate our main results. Firstly, we consider the integral between oo and yoo of a

function f € Sy(I') and relate it to As(a, 2):

Lemma 2.11. For f € Sy(I'), z € $H U Cusps and a cusp a, we have

Yoo

fw)dw = Ag(a,v2) = Af(a, 2) (7)

o0

| swide= [ s+ [7 dw+/mf<w>dw
/ F(w)dw + / F(w)duw + / F(yw)d(yw)

[using a change of variables]

:/.:f(w)dw+/ f(w)dw+/:of(w)dw

[since f is a weight 2 form]

/ f(w
— [t + /:Zf(w)dw
- [ fwius [ s

= —Af(a, Z)+Af(a,vz). ]

Proof.

We replicate the previous theorem with f € Sy(T; x):

10



Lemma 2.12. For f € S5(I'; x), 2z € $ U Cusps and a cusp a,we have

Yoo

f(w)dw = (1= x(7)) As(o0, 2) + As(a,72) = As(a, 2). (8)

o0

Proof.

/ f )dw + f( )dw + b f(w)dw

Yoo

=/‘f Jdw + ﬁmf m»y/fwM (w

[e.9]

(/ F(w)duw + ;mf Jdw — x() ‘/ fw

_ —1Lﬂwm+m f(w)dw
= [ pwdw =1 t/f dw+/ fw

[e.e]

But by the previous Lemma 2.11, [ f(w)dw = Ay(a,vz) — Af(a, z) and since oo is
a cusp, foo f(w)dw = Af(oc0, z) by definition and so we have the desired result

/ 7 fw)dw = (1 - x(7)) As(00,2) + Ag(a,72) — A (s, 2). m

o)

Using Lemma 2.12, we have
YZ1 Yz2 z2
/ fw)dw = / fw)dw+ (1= x(7)) / fw)dw V¥ 2,29 € HUCusps(I') (9)

which shows that Lr(a,-) € Z} (T, x) and that it depends on a only up to cobound-

par

aries. Using a special case of the Eichler-Shimura isomorphism (cf. [CDO], Ch 8),
the map

So(I's x) @ Sa(T5X) — Hp (T, X)

which sends F' to the cohomology class [Lp| of Lg(a,-) is an isomorphism. Conse-

quently, along with Proposition 2.8, we deduce that
dim M(T; x,¢) < do dim My(T;9) + dim (My(Ts x) + Mi(T39))  (10)

where dy := dim S(T;) - x) + dim So(T;% - ¢). In particular, MZ(T;x, ) is finite

dimensional.

11



Similarly,
dim S¢(T;x,¢) < do dim Sy(T;40) + dim (Sk(T; x) + Se(T; ). (11)

We wish to fix a basis of Hpar( ;X). Suppose that f; withi=1,...,dim Sy(T; x)
is a basis of Sy(I'; x) and that fjiqim s,y With j = 1,...,dim Sy(I';X) is a basis
of Sy(I';X). Consider the basis of the space Sy(I';x) @D So(T; %) formed by F; :=
(£1,0) (i = 1,....,dim Sy(Tx)) and Fsaim sy = (0, Fyraim sacron)
(7=1,...,dim S5(I';%)). Then the set

{[Li];i=1,...,dim So(T; x) +dim Sy(T; %)}

with

Lz’ = LFi (CLZ‘, ) (].2)
for a choice of a; € $ U Cusps(I') is a basis of H,,,.(T, x).
Lemma 2.13. Let F' = (f,g) € So(T;x) @ S2(T;X) and Lr(a,v) = [ f(w)dw +
fw w)dw with a € $U Cusps(I') be as above. Then for each z € S’_) U Cusps( ) and

v E F we have

Li(a,y) = Agla,72) + Ay(a,72) = x() (As(a,2) + A0, 2))

Proof. Let z € $U Cusps(I'). Then for f € Sy(T; x) we have
Yya Yz Yya
f(w)dw = f(w)dw + f(w)dw
a a vz

and similarly for g € S3(I';X). Upon a change of variables, the second integral equals

/fvw (yw) /f

and hence we deduce the result. O

12



3 Bases of S(I;x,v) and MA(T;x,v) for k > 4

We shall concentrate initially on the case when the even integer & > 4. We begin by
defining the Poincaré series with character Py, (2, x)r which spans the space Si(I'; x).
If there are p* inequivalent cusps, then the space My(T'; x) is spanned by Py, (2, x)k
(where m is a positive integer) and the p* linearly independent series Py(z, x)x. We
shall extend the definition of the Poincaré series to include a homomorphism L (we
define the series as Py, (2, L, x)). In order to prove that this is absolutely convergent
and holomorphic, we bound L. Finally, we give a proposition to prove which spaces
Pum(z, L, ) and Py(z, L, x)x live in and the chapter culminates in a proof of the
dimensions of S?(T'; x, ) and MZ(T; x, ).

13



3.1 The Poincaré series with character — P, (z, L, X)

Let k£ > 4 be an even integer, p > 0, a a cusp of I' and x a character in I'. Let p*

denote the number of inequivalent cusps which are singular in Y.

Definition 3.1. Let k be an integer, m a positive integer and x a character of T'.

Then we define the following Poincaré series for a cusp a:

Pon(2, X = Y ™0 H00% iy, )7 () (13)

YT\

2TiYa

where X(74) = e for some y, € [0,1).

For each fixed cusp a, the space Si(I; x) is spanned by the Poincaré series Py, (2, X)&
as m ranges over the positive integers (see [Ra], Theorem 5.2.4 or [HK], Section 2).
A basis for the space My(I'; x) when k > 4 is comprised of the above Poincaré series
Pun(z, X))k together with the p* linearly independent Pyo(z, x)r as a varies over p*
inequivalent singular cusps.

When m = 0 and a is non-singular in x, the series (13) are called holomorphic
Eisenstein series. If we let Ei([; x) denote the space spanned by these Eisenstein

series of weight k, then we have the direct sum

M (T;x) = Ex(T; ) @D Sk(T5x). (14)

To prove that the dimensions of S3(T';x,v) and MZ(T;x,v) attain the upper
bounds (10) and (11) we consider the Poincaré series with homomorphism as defined
thus:

Definition 3.2. Let k be an integer, m a non-negative integer, a a cusp and X a
character of I'. We define

y _1 . — —
Pam(2, LX)k = > L(a,7y) ™07 (o 1y 2) 7 x () (15)
v€T\T
where L € Z,,(I'; x - ) is a cocycle associated with the cusp a and x(7,) = €>™,

To show that these series are absolutely convergent and holomorphic for £ > 4 we

need to bound L. To this end we prove:

Lemma 3.3. Let x be a character of I'. For any f € S3(T';x), z0 € $ U Cusps(I'),

all z € H and any cusp a, we have

/ fw)dw < Im(o;'2) + Im(o;'2) " + 1

14



uniformly in x, with the implied constant depending on f,§,a and € but independent

of z.

Proof. By a change of variables, we have

| twde = [ (o

a OO

However, flao, € Sa(0;'Tog;x) for some character X' (by [Ra], Theorem 4.9.3).
Further, for every Fuchsian group of the first kind G, a character x on G, f € So(G; x)
and z € 9, we have |yf(z)| < 1. Indeed, this holds, by compactness, in the closure of
a fundamental domain of G\$). On the other hand, | Im(v2)f(v2)| = |yf(z)| Vv € G
and thus, the bound holds on the entire §). Therefore, (f|20,)(w) < Im(w)™! Vw €
$. This implies that

L zl (fl20a)(w)dw = / oo (fl20q)(w)dw + /Oo (fl20a)(w)dw

’ C<l>o n+x+iy
= [, Uhodtwdes [ (fow)w)de
where we write z = n 4+ x + iy with 0 < x < 1 and n € Z. The last integral is equal

to

T+iy ] x+iy
/ (FleaT™) (w)dw = cminse / (fla0w) (w)duw

o0 o0

for some y, € R since fla0, € Sa(0; ' Toy;x’). This implies that

[ Gkorwie = [ (o)

a OO a OO

+e2minTe ( / 1( Flooa) (@ + it)dt + /1 " (Floa)(x + it)dt)

y 00
< 1+/
1

Y1
< 1+/ ;dtzl%—logy
1

(f|20a)(a:+z't))dt

uniformly in z, with the implied constant depending on a, f and §. Since, for all ¢,

log(y®) < y*+y~° Vy >0, we deduce that

/ flwydw < 14+ y*+y°

with the implied constant further depending on €. Upon the transformation

2z — 0, 'z, the result follows immediately. O

15



We now determine which holomorphic space the series Py, (2, Li(a, ), x)x lives in.

Proposition 3.4. Let k > 4 be an even integer and characters x,v € I'. For
each a € Cusps(I') and Li(a,-) € Z,,.(I';x - ) as in (12), with i = 1,...,dy and

do = dim(S2(I"; x - ¥)) + dim(S2(T; ¢ - X)), we have:

Pulz,Li(a,),X)r € MZT;x,¥) if ais singular in ;
Pan(z, Li(a,), ) € Sp(Tx,9) if m >0,

Proof. We first show that each term of the series is independent of the representative

in [';\I". The cocycle condition of L;(a, ) implies that L;(a,vay) = X(Va)¥(7a) Li(a, )
because clearly L;(a,v,) = 0. Using the identity o, 'v, = T'o, !, where we recall that

1
T is the matrix ) we deduce that
Li(a,7a7) (03 77, 2) X(7a7)

TN - - mi(mtza)Tog vz 70 o\
= Li(a,7) X(Ya) ¥ (7a) (Tog 'y, 2)7F e2mmtaaToe 0z y (1,7)
)—k 627Ti(m+mu)au_1'yz

—k 627ri(m+xa)0§17u'yz

= Li(a,7) j(og "2 xX().
To prove the convergence, we first note that, by Lemma 3.3 and Lemma 2.13,
Li(a,v) < Im(o;'y2) + Im(o, 'y2) " + Im(o, '2)¢ + Im(o, '2) ° +1
fori=1,...,dy. Therefore

Pan(z, Li(a, ), X))k
< Z (Im(o; 'v2)" + Im(o, 'v2) ™ + Im(o, '2)° + Im(o; '2) ™ + 1)

YT \T
[0z o) 16)
=y Y (m(o792)Y2 + Tm(o;192)/ )
’VGFa\F
T Imfog 2 Ty 2) 1) D Ty 1)

yEL\I

for any € > 0 and the implied constant depending on €. Since the non—holomorphic

Eisenstein series

Ey(z,5)= > Im(o,'72)° (17)

YEL\T

16



is absolutely convergent for s with Re(s) > 1, the equation (16) implies the abso-
lute and uniform (for z in compact sets in $ — see (3.11) of [Iwl]) convergence of
Pyn(z, Li, )y for k/2 —e > 1 and hence for k > 4.

Next, we determine the growth at the cusps. We recall from [Iwl] the functions

bun(s) = 2SS 0,050

[

and the Kloosterman sum (see section 2.5 of [Iwl] for specific details)

Sap(0,0;¢) = # {d(mod c): <* Z) € aa_lFab}
c

and W;(z) the usual Whittaker function defined as
Wi(z) = 2y1/2KS,1/2(27ry)e””,

with K, (z) the Bessel K-function

Kilz) = gsmgm/) <k2:% EIT(k j 1—-v) (g>y+2k B kZ:% EIT(k i 1+v) (g>y+2k) '

Then we recall that F,(z, s) has the Fourier expansion at the cusp b

Ea(O'bZ,S) = aby + ¢ab 1 ® 4 Z¢ab m, 3 ) (18)

m#£0
= Sy’ + da(s)y' ™ + O(e ™)

as y — oo with an implied constant depending only on s and I' (see (6.20) of [Iw1]).
This is valid for all s € C. This and the fact that L;(a, ) = 0 where [ is the identity

element of I, yields

j(o.ba Z>7kpum(o-ba Li(a7 ')7 X)k

=S o o o R
YEL\T

<y M2 Z |Li(a,7)| Im(o; tyoy2)*/
~yel\I'
v#la

<y M2 <|Eu(abz, k/2 —€) — Sapy*/? 7|

+(Im(0a—1<jbz)€ + Im(o'a_lo'bz)—a + 1)|Ea(0b2’, k’/2) . 5abyk/2|>~

17



Since Im(gz) =< y~! for g € SLy(R)\{I}, this is < y /2 x yl=(k/278) = gl=h+e 55
y — oo uniformly in z. Therefore, Py, (z, L;(a, ), x)x vanishes at the cusps for m > 0
as well as m = 0.

To verify the transformation law, we re-write Py, (2, L;(a,-), x)x in the form

Pam(zv Li(av ')a X)k = Z Li(aa 7)62ﬂi(m+xa).|ko-u_1’yx<7)

~elN\T
and thus we have
Pon(2, Li(a, ), elind = D Li(a, 7)™ o y6x (76)
YELN\T
= Y Li(a, 0 et oy ().
YEL\T

This and the cocycle condition of L;(a, -) imply that

Pam('aLi(av')aX)k|k,x(5_ 1) = Z Li(av 5_1) 2mi(m-tea) | U ’YX( )WX—’Y(S)
~eLN\T
— Li(a,6 ) Pan(-, ). (19)

Therefore, condition i) of the definition of SZ(T; x,v), (2.6) (resp. MZ(T;x, ), (2.5))
holds for the series Py, (2, Li(a, ), x), if m > 0 (resp. Py(z, Li(a,-), x), if a is singular
in ).

Equation (19) also shows condition ii) of the definition of second-order forms:
By (9) applied with v = 7 parabolic, z; = a and 2z, = a fixed point of m, we
deduce that Li(a, ) = (x(m)i(m) — 1)a, for some constant a, € C. Since the cocy-
cle condition of L;(a,-) implies that L;(a,7') = —(7)x(7)Li(a, 7), we deduce that
P (-, Li(a, ), X)k|k(m — 1) has the form stipulated by condition ii) of the defini-
tion. [

3.2 The dimensions of SZ(T;x,v) and MZ(T;x, ) for k > 4 an

even integer

We are now in a position to finish the chapter with our main aim, to determine the

dimensions of the two spaces S%(T'; x, %) and MZ(T; x,v) (for k > 4 an even integer).

18



Theorem 3.5. For k > 4 an even integer and dy := dim (SQ(F; X - 0) 4 So(T; 4 - Y)),

we have

dim S{(T; x,¢) = dodim S(T;4p) + dim (S(T; x) + S2(T;¢)) (20)
dim M (T; x,¢) = dodim My(T;90) + dim (Ma(T; x) + Ma(T; %)) . (21)

Proof. To obtain a basis for S2(T'; x, 1), we first consider the set A of series
Po;(%, Li(00,),x), as j runs over integers yielding a basis Px;(z, ) for Si(I'; x) and
as ¢ runs over integers in {1,...,do} inducing a basis [L;] of H},.(I';x - ¢). With
(19), these series are all linearly independent because the linear independence of
L; implies the linear independence of L;(0o,-). We further consider a basis B of
Sk(T; x) + Sk(T;9). As such a basis, we may choose the union of bases of Si(I'; x)
and Si(T'; ), if 1 # x, or, otherwise, a basis of Si(T'; x). Because of (19) and the fact
that the L;’s (resp. j’s) are chosen to induce a basis of H,,,.(T’; x-) (resp. Si(T;x)),
the set A U B is linearly independent and, in particular, the set AN B = (. The
cardinality of AU B equals the upper bound in (10), so AU B is a basis of SZ(T'; x, ¥).
This proves (20).

A similar argument, using the fact that P,(z,); with a running over the in-
equivalent cusps of I'\$) which are singular in terms of ¢ form a basis of E(I';v),

yields (21). O

Remark: The dimensions appearing in Theorem 3.5 can be evaluated explicitly
using the formulae for the dimensions of modular forms for & > 0 as presented, for
instance, in [HK]: If x is a character in I', then, with the notation used in (1),
set ¢ = p+ 25, (1—1/ef), x(m) = e(z;) and x(ei) = ((k + a;)/(2¢;)) for some
z; €10,1),e; € [0,e; — 1]. Then we have

p

dim My (T x) = k(g = 1+¢/2) = Y a0 =) a;fe;—g+1
j=1

i=1

and
.

P
dim Sp(T5x) = k(g —14q/2) =Y xi— Y aj/e;—g+1—p +6
i=1

J=1

where 0 = 0 unless k£ = 2 and y = 1.
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4 The basis of S3(I"; x, )

As mentioned in the introduction, the case k = 2 requires a different treatment.
Before we formulate and prove the main theorem, we introduce some important func-
tions which we will need, and we will prove some auxiliary propositions which are of

independent interest.

We begin with definitions of three functions: Uy (2, s, k; X), Qam(2, 8,n; f, x) and
Gam(2,8; f,x). These sets of functions will provide the analysis required to provide
the basis elements at the end of the chapter. We provide the necessary bounds on
the functions.

Next, the requisite Spectral Theory is laid out for later use and we introduce the
Maass raising and lowering operators. Some useful identities and formulae are also
calculated.

The last of the “big” analytical functions Z,,(z,s; f, x) is presented before we are
ready to tackle our main objective: The basis elements and dimension of S3(T; x, ).
This is achieved in three stages. First, we adjust the function Z,,(z,s; f, x) until it
is in our required form. Then, we use these amended functions to create our basis

elements. Finally, we can determine the dimension of the space S3(T; x, ¢).
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4.1 Preliminary results and definitions

As in the previous chapter, we consider a Fuchsian group of the first kind I with non—
compact quotient. In addition, we assume that oo is a cusp for I'. We fix characters
X, % on I' such that x(7T) = e*¥= and (T) = e*™>= where 0 < Yoo, Too < 1 and

m is an integer. We begin by defining the Poincaré series with character:

Definition 4.1. For m a non—negative integer, z € $), s € Z with Re(s) > 1, a
a cusp, v € I', and x a character in ', we define the non—holomorphic, weight k

Poincaré series with character x

Uam (2, 8, k5 X) Z Im(o; 'y2)%e 2mi(m-tya)os 2 e(ot 7y, 2) " x (7).
YEL\T

For simplicity, we use the following shorthand functions:

o Uan(z, 85 x) = Uam(2, 5,0 X);

o Un(z,8,k;x) = Usm(z,s,k; x); and

o U,(z,8,k) == Usm(z,s,k;1) where 1 represents the trivial character.
For this next function, we fix f(z) € So(I'; X - ¥) and set

£ (2) ifn <0

Ian(zn) = o = .
... fl.oo S faz0)dzodzy .. dzp—y ifn >0

for fo(z) = f(04z)/j(0a, 2)*. Thus, we have L1,(2) = In—1)(z) and we can use this

to extend the definition of I, to all integers n. Thus:
In(o;'2) = As(a,2) = /Z f(z)dw; and (22)
Io(o'2) = f(2)j(o;, za)’z.
We now define a function Qqm(z, s,n; f, x):

Definition 4.2. For f € So(I';x), 2 € 9, a a cusp, n an integer, v € I', and x a

character in I, we have

Qun(z, 5.1 F,X) = > Tan(o 'yz) Tm (o 1y2)* 2mimeasa sy (),
~EDNT
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We can show that, for all | € Z, Io,(z 4+ 1) = e>™e=7)] (). Therefore, our
function Qqm(2,s,n; f,x) is well-defined (for s in a right halfplane which is to be
determined in Theorem 4.4).

We also set the definition of G (2, s; f, X):

Definition 4.3. For f € S3(I';x), a a cusp, v € I, and x a character in ', we have

i A a,yz — s 2mi(m+za)oy tyz
Gam(2, 5, F,x) = Y, ——7—— f& )2 Im(o, yz)° Prilmtae)oa 7% y (),
Jampdloay, 2)

The next theorem describes the original regions of convergence of the above series
and their bounds. To state it, we recall the notation of [Iwl], (2.42) for the invariant
height:

yr(2) = max(max(Im(o,72))).

If ¢ (or |¢]) is smooth with weight 0, then
() < yr(z)?
if and only if ¥(0.2) < y* for each cusp a as y — 0o. We also use the notation
y5(2) = max(Im(07'2))

for z € §.

4.2 Bounding Uy, (2, s, k; x), Qum (2, s, 1; 7, x) and Gy (2, s—1; 7, X)

We are now ready to describe the behaviour of the series Ugn (2, 5, k; X), Qam (2,5, 1; £, %),
the derivative of Qum(2,5,1; f,x), and Gan(z,s — 1; f,x) in the region of absolute

convergence.

Theorem 4.4. Let k be an even integer, o = Re(s) > 1, and x, ¥ characters on I’
with x(7a) = €™ and 1)(vy,) = e*™@. For f € Sy(T;X 1), the series Uyn(2, s, k; X),
Qam(2,8, 1 £,X), Q' (2,5, 1; £, %) and Gon(z,5—1; f,x) converge absolutely and uni-

formly on compact sets to analytic functions of s. For these s we have:
i) Uao(z, 8, ki x) < yr(z)°
i) Ugn(z,8,k;x) <1, m>0
i) Qam(2,8, 1 f,x) <yr(2)*72 m>0
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) yQn(z,5,1; f,x) < (Jm| + Dyr(2)Y2772, m >0

v) YGam(z,5 — 1; [, x) < yr(2)*772, m =0

where the implied constants depend on s, k, f,x,v and I" but not on m.

Proof. We will prove the five statements separately and in order.

i) Begin with the Fisenstein series (17). For each cusp a and taking m = 0, we

ii)

iii)

have

Uno(z 5,k x) = ) Im(oy'72)" x(7) < Ealz,5)%
yeT AT

by definition of Ug,,. Since by (18), F,4(z, s) is absolutely convergent for Re(s) >

1 and satisfies
Eo(0p2,8) = Sapty® + dap(s)y'~* + O(e ™)
as y — oo (see [Iwl]), we deduce that
U (2, 8, k; X) < Equ(z,0)X < yr(z)°
as y — oo.
We first note that, for m > 0, |e2™(m+va)oa 17z| < 1. This implies that

a0z, 5, k5X) < y7e 270 0% 7 Tm(o, ' y002)?

yE€La\I'
vl

< e Tty LB (0,2,0) — 37| < 1.
Consider now another cusp b # a — then
Uan (062, 5, k;X) < Eq(0p2,0) < ¢ap(8)y' 7 < 1.
Therefore, for all cusps b, Uy (02, s, k;X) < 1 as y — o0,

We separate again into two cases:

b # a: Lemma 3.3 implies that for any £ > 0, we have

Af(a,vo2) = Ap(a, aa 1 yop2) < Im (o, 'y0p2)° + Im(o, 'yoe2) 4+ 1

23
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for any cusp b and any z € §. The implied constant is only dependent on ¢, f
and I['. Therefore, for 0 > 1+ ¢

Qun(0az, 5,1 f,x) < Ea(0v2,0+€)+Ba(0v2,0—€)+ Eq(0p2,0) < y' =7 (25)

as y — oo by (18).

a = b: We first observe that (with Lemma 3.3)

Qam(o'aza S, 1377 X)

T N - s 2mi(m+a)os ' oazr TN
= Y Fu(042) Im(0y 1y0,2)° 2T )7 0002y ()
YELN\T

< Z [Ap(a,v042)] )| Im (o 'y042)°
~vyel\I
< |Af(a,042)]
+ Z (Im(o; '7042)7 " + Im(o; 'y0az)"~° + Im(0, '7042)") (26)
yET AL
Y€la

as y — 0o. Since, with a change of variables w —— o w
(a,042) / flw

Ag(a,042) < 2™ (27)

we deduce that
as y — 0o. Therefore, with (26), Qun(0az,5,1; f,x) < y' =+ for o0 > 1 +¢ as

Yy — 00.

Setting (in both cases) ¢ = (o0 — 1)/2, we deduce iii).

24



iv) Differentiating for v € PSLy(R), we have

. d (—F—= s 2mi(m~+xa)oa¥z ()
2iy—- (Af(a, 0472) Im(yz)* 2mi0mtalony X(W))

2mi(m+xq)oayz (

4 .
= 2iy As(a,0472) % (Im(yz2)*) e x(7)

(€2m’(m+xu)an’yz)

x(7)

&l
=

+2iy Ap(a, o0qyz) Im(yz)*

o~ S Im(’yz)871 Ti(m+Ta)oaYz [\
= 2@y Af(a, O'u’YZ) ZW e’ (mtza)oay X(’V)
2mi(m + 2)

j(v,2)?

2mi(m+xq)oayz

+2iy Ay(a, 0q72) Im(v2) X(7)

s |](77 Z>|2 €2m'(m+ma)o'a'yz

yi(7, 2)? x(7)

— sy (@, 072) Im(y2)
v L2

yj (7 Z)Q 2mi(m+aq)oayz X(V)

—An(m + 25)y Af(a, 04y2) Im(y2)

= sAs(a,0472) Im(y2)* g2rimtaa)oarz o 2)72x(v)

s+1 627ri(m+;ta)aavz

—4r(m + 2 ) Af(a, 04v2) Im(v2) e(7,2) 7 x(v)

Then

yQ;m(ZJSv 1’?) X) < |S| Z |Af(a, 72)|Im(0a_172)0
yelN\T

Himt ol S 1As(a,72) Tm(oy 72
vEL\T
< (Im]+1)yr(2)' 7"

>0'+1

Take ¢ = 07—1 to get the desired result.

v) Since

AN (A N — s+l omi(m4ze)og tyz — —
YGam(z,5: 1) = Y Ag(a,72) Im(og 'yz)" @mmtee)re 9% g(g 0y 2) 72 x ()
YELN\T

working as in the proof of iii), we deduce v).
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4.3 Analytic continuations

Now that we have established the original domain of convergence and bounds for the
series which we will need for the construction, we can proceed with their meromorphic
continuation to the region we will require. We start be recalling some necessary known

results from Spectral Theory.

Definition 4.5. For f,g € Si(I'), the Petersson Inner Product is defined by

(f,9) = f(Z)ﬁyk duz.

IAY

The weight k£ of the inner product used throughout the chapter is weight 2.
Let
d d

A=_gpl %
Y 4z dz

be the hyperbolic Laplacian and, for y a character of I', let
L*(T\$,x) = {f : § — C is smooth, square integrable andf(yz) = x(7)f(z) Vv €T}.

Any f € L*(T'\$)) may be decomposed into constituent parts from the discrete

and continuous spectrum of A. The Roelcke-Selberg decomposition amounts to the

identity
€0 = 6m@) + 15 [ € B 124 i) B2+ ird (25)

where 7; denotes a complete orthonormal basis of Maass forms, with corresponding
eigenvalues \; = s;(1 — s;) and where the sum Y’ ranges over all inequivalent cusps
in terms of which x is singular (see [He|, Sections 1 and 2 of Chapter 7). We write
s; = 0j +itj, with o; > 1/2 and t; > 0. The eigenvalues, counted with multiplicity,
are ordered as 0 = A\g < A\ < Ay < ...

Recall that the Weyl-Selberg formula (Equation 7.8 of [Ve]) implies that
#il I < T < T. (29)

The decomposition (28) is absolutely convergent for each fixed z and uniform on com-

pact subsets of §), provided that £ and A are smooth and bounded.
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For each j, the Fourier expansion of 7; is
N3(0a2) = pai (0, X)Y" ™7+ paj(m, X) W, ((m + yso)2). (30)

m7#0
For all but finitely many of the j, we have A\; > 1/4; that is, o; = 1/2 and p,;(0, x) = 0.
For those j with \; < 1/4, we have p,;(0, x) = 0 if x is non-singular at a ([Pr], sec-
tion 3). The constant dr which we use throughout is chosen so that 1 —dr > o7 > 1/2.

We will first prove some bounds for 7; and the coefficients. We use the bound

(8.11) from [JO]
5|2 +1

Ws(nz) < W| (s)] (31)

which is valid for £ > 0 and ¢ = Re(s) > 1/2 — k, and the implied constant is
dependent on ¢ and k. We will also make use of James Stirling’s classical formula for

the Gamma function
IT(0 + it)| ~ V2r|t|7 22 as |t] — 0. (32)
Since there are at most finitely many j with p,;(0, x) # 0, we have
Paj(0,x) < 1. (33)

Further, with the Bruggeman—Kuznetsov formula (see [Pr], for instance),
Paj (m’ X) < L
VIm +
In both of the inequalities, the implied constant depends only on I'" and y.
We can now further bound 7;(z): If we substitute (31), (32), (33) and (34) into
(30), we deduce that

e™tl2 - m £ 0. (34)

ni(2) < yr(2)"? + (147 + Dyr(2) "2 (35)

where the implied constant depends on I" and x. Now we finally recall similar esti-
mates for the Fourier coefficients of F,(z, s, x) following from [Pr]. They will be used

in the continuous element of the spectral decomposition.

|Pa(1/2 +ir5 x)| < 1. (36)

. 2 T T
Gap(m, 1/2 +ar; x)|“dr K ———e™". 37
| stm 12+ iroPdr < s @7
Gap(m, 1/2 +ir; x) < |m +yso|® forr € [T, T + 1]. (38)
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4.4 Maass raising and lowering operators

We now give the required theory and applications of Maass raising and lowering op-

erators, as found in [DO].

Let C*(I'\9, k; x) denote the space of smooth functions ¢ on $ which transform

as
¢(v2) = e(7, 2) o (2)x(7)

for v € T'. Notice that the weight defined by this formula differs from the one

previously defined.

Define the Maass raising and lowering operators thus:
o Ry =2iyd 4%

_k
5

o L= —2iyi

They satisfy

(Rief)lk+2 v = Be(fle v) and  (Lif)le—2 v = Li(fle 7)
and so we have the pair of maps
o Ry : Co(T\H, ki x) — Coo(T\D, b+ 2; )
o L : Cou(T\$, k) — Co(T\H, k + 2).
For n > 0, we can write
o R":= Ryion o...RroR, and
o L":=Lk opnio... Rp_oRy.

We also set R and L° for the identity operator.
Next, for each 7 € PSLy(R), we define the operator 0, : C®($) — C>(9)
given by

¢(12)
0, = 39
,k¢(z) 5(7_7 Z)k ( )
Using the elementary identities
97-,]€+2Rk- = RkQT,k and (40)
Ork—oLy = L0 (41)
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we can derive the relation for fy(2) = f(042)/j(04, 2)?

L (y72(2)) = L0, 2 (4F () (42)
= bl (4F(2)) (43)
=1 (yf2)) | elow 2™, (44)
Lemma 9.2 of [JO] implies that
RiUam(2,8,k5x) = (s+k/2)Uan(z, 8,k + 25 x) (45)
—4m(m + Yoo )Uam (2, s + 1,k + 2; X)
LiUgn(z,8,k;x) = (s —k/2)Usm(z, s,k — 2; X). (46)

In [DO] ((8.18) and Lemma 4.3) it is essentially proved that:

Lemma 4.6. i) For any s with 1/2 < Re(s) < 1 —0 with 6 > 0 and l > 0, we

have

R (Wy((m+yso)2)) < (Im+yaoly)" 2722 (|s[2" 1) [T (s)]
L" (Wi((m+ys)2)) < (Im+ysoly)" 2722 (s 425" +1) [D(s)]

as y — oo. The implied constant depends on n, | and 0.
ii) Forn >0, we have
R" ) L ) ti|m 1 1/2 t. 2n+5 1 —3/2 47
(13(2)) L™ (13(2)) < (151" + Dy’ + (16,74 + 1)y (47)
with the implied constant depending on n and I' alone.

iit) Forn >0, we have

T+1 T+1
/ |R"Eqo(2,1/2+ir)2dr, / |L"Eo(2,1/2+ir)Pdr < T 2yp(2). (48)
T T

4.5 Bounding the Poincaré series Uy, (z, s, k; x) for m > 0

Theorem 4.7. Let k be an even integer, m > 0 and x be a character in terms of which

oo is singular. Then the Poincaré series Ugn(z, s, k; x) has an analytic continuation
for all s with Re(s) > 1 — or and

Uam(za S, k; X) < yF(Z)1/2
for those s, where the implied constant depends on s,m,k and I" only.
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Proof. First, we prove the result for £ = 0 and then extend it based on weight raising
and lowering operators.

Equation (44) (as seen in [Pr]) gives explicitly the spectral decomposition of
Uam(z,5,0):

Un(z, 5,022 05 (m + yoo )" /2T (s ZF (s — ;) T(s = 14 5;) Pooy(m)m; (2)

1 > -
+4—Z'/ (s —1/2 = ir) T(s = 1/2 + ir) Goco(m, 1/2 + ir; X) By(2,1/2 + ir; x)dr
7r
b —00
where po.;(m) are the Fourier coefficients of Maass forms 7; and

E (Z S X) - 5aooy + 50yoo¢oob 1 * + Z¢wb l S X) Ws((l + yoo)z)-
1#0

(Recall that the eigenvalues of n; satisfy A\; = s;(1 — s;)).

Definition 4.8. In the spectral decomposition of U,,(z,s,0), we define the discrete

spectral component to be
Un(z,5,0)p = i I'(s —s;) (s — 1+ 8;) Pooj (M) n;(2)
and the continuous spectral component to be
Un(z,5,0)c =
ﬁzl /OO (s —1/2—ir)T(s — 1/2 + i) ¢oos(m, 1/2 + ir; x) Ey(2,1/2 + ir; x)dr.
b J—oo

We first observe that the discrete part has the required properties and that these
are preserved by the Maass operators. Now, note that, with (34) and (32), we have

|tj’20_1/2
VM + Yoo

This inequality, together with Lemma 4.6 and (29), imply that, for fixed s, the series

D(s — 5,)T(s — 1+ ;)75 (m) < emllr2, (49)

Z [(s = 5;)I'(s = 1 4 5)Pocj (m) R" (n(2))

converges uniformly for z in any compact set and is bounded by |m + .|~ ?yr(2)"/2.
It further converges uniformly for s in compact sets with Re(s) > 1 — dr giving an

analytic function of s.
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Since, upon interchanging summation and differentiation, we get

e
j

NE

['(s —55) (s = 1+ 55) Pocj(m) nj(z))

1

NE

['(s —sj) I(s — 1+ 55) Pogj(m) R™ (n;(2))

<.
I

we deduce that
R" (Z ['(s — ;) (s — 1+ 55) Poj(m) nj(2)>
j=1

is analytic for Re(s) > 1 — dpr. Furthermore, for these s, this function satisfies

R" (Z [(s —s;) I'(s — 1+ 85) Pocj(m) Uj(2)> < J—E—

|m + Yoo

where the implied constant depends on s,n and I'.
The same statement holds for similar calculations for L".
For the analysis of the continuous spectrum component, we need an auxiliary

lemma which slightly generalizes Lemma 4.11 of [DO]:

Lemma 4.9. For ¢(r) smooth on [T, T + 1] and a singular in terms of x, we have
d [T T+1

— W(r) Eq(z,1/2 +ir; x)dr = Wp(r) (dilea(z, 1/2 +ir; X)) dr.

dz Jp T

Proof. With the Fourier expansion of (18), we have
Eqo(2,1/2 4 ir5X) = Sace Y2 4 6y00 baoo(1/2 + i3 x) y /27" (50)
+ ) Gao(m, 1/2 4 ir5 X) Wijaiir (M + Yoo ) 2).
m##0
Combine (31), (36) and (38) to see that
T+1 ' '
/ <5aoo |y1/2+1r‘ + 5%00 }ﬁbaw(l/Q + i?“; X) y1/271r|

T
T Z |¢u00(mv 1/2 475 x) Wi o ((m + yoo)Z)DdT <00
m##0
and hence, by Corollary 8.6 of [DO]

T+1
W(r) Ey(z,1/2 + ir; x)dr

T+1 ‘ |
- T ) (5““’ ‘yl/ZHT‘ + 0y | Pace(1/2 + 015 X) 91/2_”‘

+ Z ‘qbaoo(mv 1/2 + i’l“; X) Wl/2+ir((m + yoo)z)‘) dr
m#0
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and hence we can interchange the summation and integration to get

T+1
W(r) Eq(z,1/2 + ir; x)dr (51)
T+1 . |
- e(r) (6000 yl/Q—HT + 8y.00 Paco(1/2 +ir; ) yl/z_w) dr
T

T+1

+ Z/ T) Paso (M, 1/2 + 015 X) Wi 240 (M + Yoo ) 2).

m##0

Using Lemma 4.6, we can deduce a similar expression for the derivative of
Ea(z,1/2 + i3 X):

T+1 d

Ww(r) (EEa(z, 1/2 +ir; X)) dr = (52)
T
1/2+i'r)

v(r) (5“00(1@7 + Oyoc0 Paco(1/2 + i1 x)%) dr

+> / V(1) (Gaso(m, 1/2 + i X) Wi i (M + Yoo ) 2) dr
Since the derivative of each term in the righthand side of (51) equals the corresponding
term of (52) this completes the proof. O

The arguments of the proof of this lemma can be iterated to give

T+1 T+1
Y(r) Ey(opz,1/2 +ir; x)dr = P(r) (R"Eq(opz, 1/2 +dr; x))dr - (53)
TT+1 TT+1
W(r) Eqy(oez, 1/2 4 ir; x)dr = W(r) (L™ Eq(opz,1/2 4 ir;x))dr. — (54)
T T

Based on these identities, we can now analytically continue and bound
R"Up(z,5,0;x):

Z' /Oo (s —1/2—ir) (s —1/24ir) poop(m, 1/2+ir; x) Ey(z,1/2+ir; x)dr. (55)
b —o0
Specifically,
T+1
Z R”/ T(s—1/2 —ir)T(s — 1/2 + 1) ¢oop(m, 1/2 + ir; ) Ey(2,1/2 4 ir)dr

< Z,/Tﬂ (s —1/2 —ir)T(s — 1/2 4 1) oop(m, 1/2 + ir; x) R"Ey(2,1/2 4 ir)dr

b T
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With the Cauchy—Schwarz inequality and Stirling’s estimate this is

T+1 T+1
< ]T|e‘”|T\//T |¢Oob(m,1/2—l—ir;x)|2dr\//T |R"Ey(m, 1/2 +ir; x)|?dr.
Finally, with Lemma 4.6 iii) and (37), we deduce that this is
TP T |2 i (2)1 (56)
Adding over all T' € Z, we deduce that
R (Uam(2,5,0)c), L" (Uam (2, 5,0)0) < [m| =12 yp(2)'/2

is analytic in Re(s) > 1 — dp and is bounded by |m + yso| "/ yr(2)/2.
The same statement and bound holds for the function of s obtained after appli-
cation of L".

We may now finish the proof of Theorem 4.7. With (45) we see that

RoUun(2,8,0) = sUgn(2,8,2) — dmm Uy (2, s + 1,2) and
RoRyUym(2,5,0) = s(s+ 1) Uy (2, 5,4) — dmm(2s + 2) Uy (2, s + 1,4)
+ (47m)? U (2, 5 + 2, 4).

In general, for k£ > 0

1
Uan(2,5,2k) = (R Van (5,0 57
Gs2h) = D RS (2:5,0) 57)
+p1(m, $) Ugn (2,8 + 1,2k) + ... + pe(m, s) Ugm (2, s + k, 2l~c)>
where the polynomials p;,7 = 1,...,k are in variables m and s. Therefore, using

Lemmas 4.6, 4.9 and Theorem 4.4 ii), the righthand side of (57) is analytic for Re(s) >
1 — r and bounded by yr(2)'/2. Similarly for £ < 0 and we deduce the theorem. [

Before we continue, we choose, once and for all, a constant dr depending on I'
with 0 < dr < 1/2. It is chosen so that poles appearing from the discrete spectrum
have real part less that 1 — or.

4.6 The twisted Poincaré series Q. (z,s,1; f, )

The purpose of this subsection is to establish the meromorphic continuation of the
functions Qam(2, s, 1; f, x) and its differential, transforming by y. Again, it has both
independent interest and it is necessary for the construction of our basis functions.

To prove the continuation, we will first need an auxiliary theorem:
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Theorem 4.10. For m > 0, —n < 0, characters x,u» of I' and f € Sy(I';Xx - ¢), the
series Qu(z,s +n+1,—n; f,x) is analytic for s for Re(s) > 1 — ér. For these s

¢ Qn(z,s+n+1, —n; f, X) < e~ ™yr(2)
) R()Qm(z, s+n—+ ]_7 —n’7’ X) < efﬂyp(z)
with the implied constant depending on m, n, f, s, x and I' only.

Proof. We first prove the formula:

n

PTG = (=2i)™ ) ) 3 (-1)" e, 2) 7200
r=0

”) et DY e ) X0

r) (r+1)!

for f € S3(I") and v € I'. We proceed with induction on n:

Now, when n = 0, our formula gives

fO(yz) = fv2) = Im(v2) " ey, 2) 2y f(2) x(7)-
The righthand side equals:
y ' (2 s
56,21 A2 )

[Using (2) and (3)]
_ A
= ’j(%z)Hf( ) x(v)

[Since |7(7,2)| = 15 (v, 2)]]

This equals the lefthand side by Definition 2.2 as required. So it certainly works for
n = 0.

Suppose now that the identity holds for n — we prove that it holds for n + 1:
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First, we use a change of variables z — v~!z. Then

D (2)
d n
= - ((—Qi)n Im(z)*("ﬂ) Z(_l)nfrg(,yfl’ 2)2(r+1)

r=0

(1) C G xm)

—zl

S et o (1) L GO X0

— r) (r+1)!

+(=2i) " Im(z)~ ("D Z(—l)"_rd% (9771,72(”1) (L™ (yf())) |r1z> x()

r=0
= (=20)" "D Im(2) (DD (4 1) x

Z(_l)(n+1)—r€(7_17 2)2(r+1) (") (n+ 1)!Lr<ym>|rlz W

— r) (r+1)!

n

(=20) 70 [ (z)~(F ) § ((—1)"""6(7‘1, DL ()

r=0

< (L T O ot 1>>) NG

Since 44 (6,120 (LGN 1)

N _%Hyl’_z(rﬂ)([’r(yﬂ)ﬂ'y12((L—2(T+1)(yﬂ))|v1z +(r+1))
= (_QZ‘)—("'H) Im(z)—((n-‘rl)—i-l) %

{ S (1) e (y T 2)20D (n) R Y C110) ey

r=0

# 3o e (1)

r=0

) Te(AL )21+ n
F D e 2) e

r=0

[Using (41), ie. er,k—QLk: = LkQT,k]

Now, use a change of variable on the third summation r + 1 —— r :
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—  (_9;)—(n+]) —((n+1)+1)
(—21) Im(z2) X

{Sonermre e (M) 4 DL T2 3G

r=0

e e (T

r=0

+Z ey 2 (1) D L O

(r+ DL (yf ()12 x()

_ (_22)—(77,4-1) Im( ) ((n+1)+1)

{(—1)("“)6(7 Loy f())]y-1z ( (n+1)!(n+1)x(7)
te(y 7t )2 L (4 £ ()] -1 X ()

H(=1)" e (1 220y £ ()] ( ) (n+1)!x(7)
=1z X

+Z )0 (7 XD L (Ol X X
()t ) ()t )]

Dealing separately with the binomial coefficients for the time being, we have

n\ (n+1)! n! (n+1)!
(r> (r+ 1)!(n+ 1) = rl(n—r)! (r+1)! (n+ 1
o(n+1) (n+ 1) (n+1)! m+D!'((n+1)—7)
Sl =) (r+ 1)l ((n+1)—r) ) (r+1)
_ <n+1) (n+D!((n+1)—r)

r r)! (r+1)

1
and also using Pascal’s Triangle,< " 1) + <n) = <n + ),then
r —
n\ (n+1)! n \(n+1)! n\ (n+ 1)!
1 1
(r>(r+1)!(n+ >+(r—1) 7! * T (r+1)!(r+ )

A\t D +1) — 1) no\@tD! e\
") () ) ey

r rl (r+1)

n

_ <”+1) (nt DHn+1) —r) (n+1) (n+1)!

7! (r+1) r
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_ <nj1> (n;:l)! <((n(_:_|1_)1; r) N 1)

(nj1>m:fy<«n+?;1%+r+1)

<n+1> m+D!'((n+1)+1) (n+1) ((n+1)+1)!

r rl r+1) 7 (r+1)!

Returning to our equation with this, we have:

f(n—i—l)(z)
— (_22)7(n+1) Im( ) ((n+1)+1) >

{<—1><"+1> (0L PLGTO), (g)n+1 ((n+1) + Dx(3)

+8(7 )2((”“)“)L"“<yf( Nly-12 x(7)

+ Z (n+1) 7o 2(7"1'1) (n + 1) r + 1 LT yf( ))|'y*1z X(’Y)}

_ (_Qi)f(nJrl) Im(z)f((n+1)+1) >
0

{Seneen gt (1) NG

— (r+1)!
b3 (e R D T e X
ey e (M )

= (=2i)" D Im(z) (DD

()T )2 (” N 1) D D T X

— r (r+1)!
Take z — vz and we have the formula as required.

Now, for n > 0 and taking a to equal oo, we have

Qulzos,—nifox) = S [ (0xy2) Im(olyz) e i0mos =y ). (58)
Y €T \I'
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So, if we name I = 6Ty, and note that 0 'T'soYe = [0, we find

Qu(owz,s,—m Fx) = D f2(y2) Im(y/2)e?™m 5\ ()

v €T \IV
= e () P 0
> Z Im(,}/z)S*(n+1)627ri(m+a)'y’z€<ﬁ)//’2)72(r+1)m
v €T \I'
= 2 o () TG )

XU (02,8 — (n+1),2(r + 1); x).

Using the commutativity relations (40) and (41) implies that

L' (yfoo(2) = L' (Yf (2)|omz (000, 2)*HY (59)
and then
Qm(z,8,—n; [,X) (60)
_ (203 (:) EZE;:LT@WWm(@ s (n+1),20r + 1:y).

r=0

Together with Theorem 4.7, this gives an analytic continuation of
Qm(z,5,—n; f,x) to Re(s) > 2 +n — ép.
To complete the proof, it remains to prove the bound. First, with (41), we observe

that L" <y f (z)) has exponential decay at every cusp b because

Qab,—Q(rH)LT <yﬁ> =L (905,_2?;@)
=L (?/J'(%sz)_Q f(0b2)>

=L (yzab(n> 627rinz> .
n=1

Therefore
LT <y@> < yF(z)T+le—27ryp(z)

for an implied constant depending on r, f and I'. An application of this and Theorem
4.7 to (60) gives
Qm(z73+n+ 1,—77,;77 X) < eﬂ—yf('z) (61)
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for Re(s) > 1 — or.

By repeating the proof mutatis mutandis, it can be shown the same result for
RoQm(z,s+n+1,—n; f,X). However, it is quicker to just apply Ry to both sides of
(60) and then use the easily verifiable (with (45)) identity

Ry <LT (yf( )) m(z,s —n—1 2(T+1);x))
= (Roaeon L7 (4 ) ) Un(zos =n = 1,2(r + 1): )
+ L7 yf(2) Rogrin) Um(z,5 —n = 1,2(r + 1); x)
= Roaean L' (3F(2)) Un(zys —n = 1,2(r + 1))
L (y%) ((s 1) Un(z,s —n—1,2(r +2); X)
— drm U (2,5 — n, 2(r + 2);x))- 0
Using this theorem, we can now prove:

Theorem 4.11. For m > 0, the cusp a taken to be co, x, ¢ characters on I and
f € So(I'; X - ), both of the series

hd (S - 1) Qam(z7 S, 1;?7 X)
® Qun(25, 1 f,x)

have continuations to meromorphic functions of s when Re(s) > 1 — or, and when

this is satisfied
o (5= 1)Qun(2,5,1; f,x) <ur(2)"?

L Q;m(z7 S, 1777 X) < yl"(Z)l/z

with the implied constants depending on s,m, f,T and x. If x # 1, then Qun(2,s,1; f,X)
1s analytic in this region; otherwise, it has a simple pole at s = 1 with residue

2i(f, Pan(-)2) where (-,-) denotes the Petersson Inner Product.
Proof. The function Qqn(2, s, 1; f, x) satisfies
<Qam('7571;?7X)7Qum('7871;77X)> < 0 (62)

for Re(s) > 1 because of Theorem 4.4 iii). The spectral decomposition then implies

oo !/

Qam(27871;?aX) = Z<Qam(: S, 7?ay)777j>77j(z) (63)

7=0

E Z/ <Qam('7 S, 1;77 X)7 Eb('? 1/2 +r, Y» Eh('7 1/2 +r, X)d?”
p Yo
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The computation of the inner products appearing in this formula is more subtle than
that of the corresponding products for U, and we will need the following lemma
proved in Section 9 of [JO]. Although the proof there referred to trivial characters,
the identical argument applies to the general case because the character appears only
in the Petersson scalar product.

For the study of this decomposition, we employ the following lemma:
Lemma 4.12. Let &,& and ¢ be any smooth functions such that &(vz) = x(7)&(2)
and Y(yz) = x(V)P(2). If (A = A1 =&, (A = N)¢ =0 and
&1, Roér, A&y < yr(2)7,
¥, Rotp < yr(2)”,

for A+ B <0 and Ry = Qiy% the raising operator, then

(61,9) = 5 (6. 0)

Proof. See [JO], Section 9. Although the proof there referred to the trivial character,
the identical argument applies generally because the character only appears in the

definition of the Petersson scalar product. O

Now, for all n € Z, we have

(A= s(1=5)) Qulz s,n: f,x) = = 8mi(m + 24) Q2,5 +2,n — 1; f,X)
+4ms(m + 2a) Qu(z, 5 + 1,m5 f, x)
+2i5Qm(z,5 +1,n — 1; f,x).
We apply Lemma 4.12 to & = Q,n(2, s,n; f, ) and ¥ = n;, and recall that

(A —s;(1 —s;)n;) = 0. To check the growth conditions, we will need the following
result: Now, we have 1;(z), Ron;(z) < yr(2)/? by Lemma 4.6 and

Qu(z, 5.1 f,X) < yr(2)/>7/
RiQu .77 ) <
AQm(z, s, n;f7 X) < yp(z)l/Q*"/Q

for o = Re(s) > 1 by Theorem 4.4 iii) and iv) and Theorem 4.10. So we may use
Lemma 4.12 to get, for Re(s) > 2,

Qs T~

+ 47Tm5<@m('7 s+ 17 1;77 X>777J> + 228<Qm(7 s+ 170;?7 X)anj>)

( — &rim(Qu (- s + 2,05 F, x), ;)
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Iterating M times, we deduce that for Re(s) > 2,

@us LT = 3 ) o (st Mt l—dsFoxdm) (64

l Ry(m, s)
with integers ¢;, d; satisfying 0 < ¢, d; < M, d; < M 4 ¢; and P,(m, s) is a polynomial

in m and s alone of degree M in m and of degree M in s. Further,

Ri(sj,s) = [[(s; —b—9)(1—s;—b—5) (65)

b

where, for each [, the product is over some subset of integers b in {0,1,...,2M} of
cardinality M.

Now, for s with Re(s) > 1 — dr, we have:
Case I: d; = 0. Then, with Theorem 4.4 iii), Qp.(-, s + M +¢c;, 1; f, ) is analytic and,
for M > 1, it satisfies

Qm(z, 8+ M+ ¢, 15 f,x) < yp(z)/A=M/2, (66)

Therefore, with Cauchy—Schwarz,

(Qunlers + M+, T m) < lloe ) - gl = e (2) 7401 < 1.
Case II: 0 < d; < M. Then, by Theorem 4.10, we have
Qs+ M+, 1 —dp f,x) < e ™), (67)
Hence, with Cauchy—Schwarz,
(@m(z, s+ M+, 1 —di; f,x),m;) < 1.

Therefore, and taking into account (65), in both cases, the righthand side of (64) is
analytic for s with Re(s) > 1 — dp. Furthermore,

(Qm (8,15 Fox) my) < |si|72M << A

with implied constants depending on s, m, M, f, x and I" only. If, in addition, we use
(29) and (35), we deduce, for each j > 0, that

S (Qule s LX) s (2) < T Myp(2) /2 4 PHAM g ()72
T<IN|<T+1
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Fix an M > 4. Then, adding over all T' € Z-, we get
> Q5,13 F. ), mis(2) < yr(2)/2
j=1
for all s with Re(s) > 1 —dr and an implied constant which depends solely on s, m, f
and I
The index 7 = 0 plays a role only for the trivial character y because otherwise
no = 0. Then, we have the constant eigenfunction 7, = V=2, Unfolding gives:
_ —ag(m)I'(s — 1)
2mim(4mrm)s—1

_—aa(m)I'(s — 1) ( L . 0(1))

(Qum (5,1, F.X),m0)m0 =

2mm s—1

2 P (2 +0)

as s — 1 since (f, Pp(+)2) = %. Here, a(m) is the m-th Fourier coefficient of f(z).
We next consider the contribution of the continuous part. We first note that the
Fourier expansion of F,(z, s; x) at any cusp together with (31), (36) and (38) implies

that

Eao(2,1/2 +ir;x) < yr(2)"? (68)
for r € [T, T 4 1]. This allows us to use Lemma 4.12 to get, for Re(s) > 2,
Bi(m, s) — .
m\" M 7]- _da ) aE '71 2 ; .
> R/ 1 iy (@ns M L= disFX), Bul 1/2-+ 75 0)

The quantities P, Ry, ¢;, d; and the summation range are the same as in (64).
Applying (66), (67) and (68) to (69), we deduce that for M > 1, the righthand
side of (69) converges. This gives the analytic continuation of the lefthand side for

Re(s) > 1 — dp. Furthermore, (69) implies that, for zy € §, we have

/ (Qum(- 5,1 f,x), Bo(-,1/2 4 i)Y Ey(-, 1/2 + ir)dr (70)

T

T Qs + M + e, 1 —dis £, x), By, 1/2 + 7))
—Zles / Ri(1/2 +ir, s)

be(zo,1/2 +ar)dr

—ZPmS/T+1/QmZS+M+Cl’ dl7?aX)
1 Ri(1/2 4+ ir, s)

X Fy(z,1/2 4+ ir)Ey(20,1/2 + ir)duz dr. (71)
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By (65), (66), (67) and (68), the integrand satisfies

Qm(278+ M+Cla 1— dl777X>
Ri(1/2 +ir, s)

< Jr] My (2) 1M 2y (2) 2y (20) V2

Ey(z,1/2 4 ir)Ey(20,1/2 +ir)

and therefore the last integral in (71) is absolutely and uniformly convergent. We can

thus interchange the limits of integration to obtain

Zpl(m78)/Qm(Z7S+M+Clvl_dl;77X) (72)
l §
" /T+1 Eo(z,1/2 4+ ir;X)
T Ri(1/2 +ir,s)
Since, by Cauchy—Schwarz,

/TH Eo(z,1/2 4+ ir;X)
T Ri(1/2 +ir, s)

Eo(z0,1/2 +ir; X)dr dpz.

Ey(z0,1/2 + ir;X)dr

T+1 T+1
< T_ZM\// |Ey(z,1/2 + ir; X) 2dr - / | Eo(20, 1/2 + X)) [2dr,
T

T

a special case of Lemma 4.6 iii) implies that the sum in (72) is

<<Z\B<m,s>|/1Qm<z,s+M+cl,1—dz;f,xn
1 5
xT—*M yp(z)1/2 T yr(20)1/2 T6dﬂz dr

< Z yr(zo)1/2|Pz(m, s)| T12-2M / yp(z)3/4_M/2duz.
l 3
Hence, for M chosen large enough,

/OO Q5,1 F.0)s Bo (-, 1/2 4+ ir5X)) Eo(2,1/2 + irx)dr < yr(2)2. (73)

This completes the proof of the meromorphic continuation for Re(s) > 1 —dr and the
bound of Q,,,(z, 5, 1; f,x). The analytic continuation and bound for RyQ,,(z, s, 1; f, x)
are proved in an entirely analogous manner, once we apply Ry to both sides of (63).
In fact, the only essential difference is that, when y is the trivial character, there is

no pole because R, eliminates it. [

4.7 Z,(z s, f,x) and an identity on G,,(z,s; f,X)

We are now ready to construct the functions which will give the basis elements we

are seeking.
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Definition 4.13. For f € So(I'; X - ¢) and Re(s) > 0 set

n(zsifx) = 3 Tpoo, 1) 02 amitmian) 13, (74)
et 7(7, 2)?

By Lemma 2.12, for all z € 9,

Lyg(00,7) = Ag(00,72) — x(7)¥(7) Ap(oo,7)

and thus

Zm (2,83 [, X) = G2, 85 f, ) = My(00, 2)y Uam(z, 5 +1,2; ). (75)

This expression together with Theorem 4.4 implies that Z,,(z, s; f, x) converges ab-
solutely for Re(s) > 0.
Before proceeding on to the main theorem of the section, we first prove the fol-

lowing proposition:

Proposition 4.14. Let m be a non—negative integer, f € So(I'; x, 1) such that either
X is singular or else x is non—singular but ¢ is singular, and a a cusp. Zan (2, s; f, X)

has an analytic continuation to Re(s) > —dr and

%Qm(za S, 1;?7 X) = QWZ(m + xoo) Gm<za S;?a X) - gGm(z7 §— 1;T7 X) (76)

or, equivalently

—= Ar(m + Zoo) - 2 _
Gm(Z’ 87 f’ X) S + 1 Gm(z78 ’f’ X) + + 1 Qm(z7 S) 7f’ X) (77)
Proof.
d — d -
Qa2 LX) = | ) - fw)dw Im(oy lyz)* emilmte)a 9z y ()
vEL\T
E d , I
= Z / f dw Im O' 'YZ> dz ( Zri{mta)os LYZX(V))
~yel N\ a
7 d - s mi(m+a)os vz L\
+ ) o (Im(o, 'y2)") emmtelon 2y (v)
vEL\D
d - — s 2mi(m+a)og vz TN
+ (@/ f(w)dw> Im(o, 'yz)* 20707y (4)
vET\T

We use the results:
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° d%(e%i(era)o;lw) = 2mi(m + «) %(0;172,) ezm(m+a)0a_17z;

o Lioityz) =jlog'y,2)7%

o (Im(o;'72)%) = sIm(o; " y2)* " L (Im(oy 'y2));

o, v2)—(0g Tlyz 1
d %(Im((f ’}/Z)) dz (( . FY )27,( ! = Z%diz <U 2 Uu ’YZ)
= 5(&(071v2) = (03 '72) = 55(07 'y, 2) % and
° d%faz f(w)dw =
Putting these together, we have
d _
EQGW('Za S, 17 f7 X)
— Z w)dw Im(c; 'y2)* (27ri(m +a)jloty, 2) p2ri(m+a)og vz _X(”Y))
yelrg\r®
" -1 s—1 1 2mi(m4a)og vz N
+ Z fw)dw | sIm(o, vz) 35 )€ = x(y)+0
yel A\ @
. v Im(o;1v2)s 5 P p—
= 271-@(m + Oé) Z f(w)dw %GQWz(m—I—a)au Lyz X(’y)
’YEFu\F a j(aa 772)
st ” -1 s—1 2mi(m+a)og vz TN
— Flw)dw Im(o;1y2) = it 3 7]
yelr \I”

L o225 — LT x).

= 2m(m+04) Gam<zys;77X) - 9

Rearrange and use the substitution s — s+ 1 to get

- 4r(m+a)

21
Gum(Z,S;f,X)— s+ 1 Gam<zs+1fX>+—Qam<ZS+1717f X)

s+1

Theorem 4.11 gives G (2, s; f, x) an analytic continuation to Re(s) > —dr and com-
bining with Theorem 4.7, both terms on the righthand side of (75) have analytic
continuations to Re(s) > —dr, proving that Z,,(z,s; f, x) has an analytic continua-
tion. 0

4.8 The basis element functions

Theorem 4.15. Let m be a non—negative integer, X, characters in I' and f €

So(T;x-4). Then Zy(z,s; f,x) admits a meromorphic continuation to Re(s) > —dr.
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It satisfies:

i) Zn(v2,0; £,X) (7, 2) X (V) = Zin(2,0; £, X)
+ Ly(co, v ) x(V) (7) ¥~ Un(z,1,2;4);

i1) YZm(72,0; f) < yz(2)V/% and
iii) %Zm(vz,o; f)==0()y* (f, Pu(-)2)-

where the implied constant in ii) is independent of z and 6(¢) := 1 ifp =1 and 0

otherwise.

Proof. Beginning with equation (77), Theorems 4.4 v) and 4.11 then imply that
Gm(z, 8, f,x) is absolutely convergent for ¢ = Re(s) > 0. In combination with
Proposition 4.7, this gives the assertation of the theorem because of (75).

i)  For Re(s) large, we have

Z(v2, 85 £ X) 57, 2) 72X (V) = Zin(2, 85, X)—Ly(00,7) X(7) () y ! Unn(z, s+1, 25)

or

Z (72,8 £ )5 (7, 2) 2X(Y) = Zin(2, 85 Fo X)+ Ly (00,7 1) ¥ (V)X (V)Y U (2, 541, 2;0).

i) follows on from the analytic continuation we have just proved.

ii)  Recall that Theorem 4.4 v) and Theorem 4.11 imply:
YGn(2,1:f,x) <yr(2)'? and
Y@ (= L1 ) < yr(2)2

Furthermore, for m > 0, we have U,,(z,1,2;v) < yr(z)"/? by Theorem 4.7. Since,
with (27), for all cusps a, b

Ap(a,042) < 2™

b
As(a,0p2) = / f(2)dz 4+ Ap(b,0p2) <1, a#b

as y — oo, we deduce that A (00, 2) Uy (2, 1,2;1) < yr(2)Y2.
On the other hand, equations (75) and (77) give
YZm(2, 05 f,x) = A (m + Too)y G2, 15 f,X)
+2iy @ (2,1, 15 f,x)
- Af(OO, z)y_l Um(zu 1,2 ¢)
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An application of the bounds proved above to this identity gives the desired result.

iii)  Finally, for Re(s) large, we have

d ' - -
(55 .0 = 55 (Qnlers + L1 Fx) = Rylo0.2) Un(eys 4 150) )
Combining this with Theorems 4.7 and 4.11, we have iii). O

4.9 The basis elements

We are now in a position by using Theorem 4.15 to identify a basis of S3(T'; x, v).

First, let (A, 1) be a pair in So(I'; X - ¢) x So(I';1). Since the set
{y™'Un(2,1,2;9)] m > 0} spans So(T'; 1)) (see [Ral), there is a linear combination of
y U, (2,1,2; 1) which equals p. If we apply the same linear combination in Theorem
4.15, we obtain a linear combination 7y, of Z,,(z,0; A, x) (with m > 0) such that,
for all v € I', we have:

Zyplon(y = 1) = (v, N (78)
Y2 < yz(2)"?%; and (79)

y2%Z,\’H =0(¢) (f, Pn(-)2) 1i.e. Z,, is holomorphic unless » #1.  (80)

Theorem 4.16. Let {f1,..., fa,} be an orthonormal basis for So(I'; ), let {g1, ..., Gay }

be an orthonormal basis of Se(I';X - 1) and let {hy, ..., ha,} be an orthonormal basis

of So(T54) - x). If 1 # 1, then the set
S ={Zy, 1. h<icaa<j<as U {filkn; (00, ) h<ica <<y (81)
s a basis of
S5 (L5 x,¥)/(S2(Ts x) + Sa(T'590)). (82)
If ¢ =1 then a basis is
T ={Zs, 1, h<izica U Zs 10 — Zgop hi<ica, U LLilAn; (00, ) hicicdii<jcds- (83)

Proof. Using Theorem 4.15, all of the functions (in both cases) belong to S3(T'; x, v).
Now, using Proposition 2.8 and equation (11), the proof in the case of y # 1 reduces
to proving that the (projections of the) elements of the set S are linearly independent.

Suppose that for some constants k;;, l;;, m;,n; € C, we have

> kijZgg, Y lijfiln, (00,7) € Sa(Ts x) + Sa(T540).
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With v € I, let v — 1 act on both sides of the equation via |5,. Then
D kijLy(00,7) fi + > lijLy(00,7)f5 € (1= x(7)% (7)) Sa(T5).
2 4,7

Therefore, for each 7, the sum

> (’fz‘iji(OO, v) + lij Ly, (o0, 7))

1

is an Eichler coboundary and therefore, by injectivity of the Eichler—Shimura isomor-

Zkijfi = Zlijfi = 0.

The linear independence of f; implies that all £;; and [;; vanish.

phism, this implies that

The modifications required in the case x = 1 are now clear: Proposition 5.2 of [DO]

implies that, if g € Sa(I'; x) is non—zero, then there is no cuspidal f such that

fla(y = 1) = Ly(c0,7)g.

Therefore, the projections of the elements of T suffice to generate S3(T; x, 1)/ (S2(T; x)+
S9(T;40)). Since, as before, they are also linearly independent, that implies the theo-

rem. ]

Corollary 4.17. Let T" be a Fuchsian group of the first kind with non—compact quo-
tient and such that dim(Sy(T;4)) # 0. Then:

i) if x # 1, the dimension of Sa3(T;x,%)/(S2(T;x) + Sa2(T; ) is
dim(S,(T; ) (dim(Sa (L3¢ - X)) + dim(So (s x - ©))) 5
i) if x = 1, the dimension of S3(I'; x, 1) /(S2(T; x) + So(T; ) is

dim(S5(T;¢)) (dim(S5(T;¢)) + dim(S2 (5 4))) — 1.
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5 Applications in Percolation Theory

One possible application of the study into holomorphic second—order automorphic
forms with characters is in the field of Percolation Theory. This has been particularly
studied in the collaborative paper between N. Diamantis and P. Kleban ([DK]). The
motivation for this is detailed in [KZ] — for instance, if we take a rectangle with hori-
zontal to vertical ratio r, we can consider the “horizontal” crossing probability IT,(r),
i.e. the probability that we can find a “path” connecting the left and right vertical
edges of the rectangle. We can explicitly calculate II,(r) ([Cal]), and similarly the
probability I1,;(r) that we cross “horizontally but not vertically” (namely that the
left and right edges of the rectangle are connected whilst the top and bottom edges

remain unconnected) ([Wa], [Du]).

To describe the connection between second—order cusp forms with characters and
Percolation Theory, we begin with these crossing probabilities which are characterized
as second—order forms but with exponential growth at some cusps. This exponential
growth is what distinguishes this type of function from the forms already studied. In
fact, in [DK] it is shown that, in some sense, these crossing probabilities are deter-
mined by the “principle parts” of their Fourier expansions. It is therefore natural to

ask how much freedom we are allowed once we fix those principle parts.

If we consider the transformations S : z — —1/z (taking z = ir) and T : z —
z 4+ 1, we can associate to them behavioural changes — the transformation S arises
due to physical symmetries of the crossing problem, and the transformation 7" can be
associated to the structure of the probability formulae themselves, namely a “confor-
mal block” (see [KZ] for further details). We should not expect modular behaviour
on a rectangle because it does not possess the appropriate symmetry and yet the
differential on the horizontal crossing probability, IT} (r), is a modular form. Further-
more, the differential I} (r) has unusual modular behaviour which gives rise to the
definition of the n-th — order modular form, which were defined independently in an-
other context by Chinta, Diamantis and O’Sullivan ([CDO]). Second—order modular
forms arise in Percolation Theory via the difference in sign under S of []}, and [T},
where I} (7) is the probability of finding a path which crosses both horizontally and
vertically (mathematically, I1p, (1) = I, (r) — Hps(r)).
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I aim to reproduce the appropriate information from N. Diamantis and P. Kleban’s
paper [DK] and to show how my research into second—order cusp forms may be of

some relevance.
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5.1 Crossing Probabilities

11 0 -1
First, we set the matrices 7" := (0 1) and S := (1 0 ) and let I'(2) be the group
of matrices in SLy(Z) congruent mod 2 to I,. The generators of I'(2) are g; := T?

10
and g := ST?S! = (2 1). We have the standard Dedekind eta function

n(z) =g ] - ¢

27z and let the classical modular function for T'(2) be

n(z/2)n(22)'° _ | n(z/2)""n(22)"
n(z)* n(z)*

We set y for the character of the function n*.

where ¢ :=¢

A(z) =16

For z = ir, A(2) is the cross-ratio of the four points to which the corners of the

rectangle are mapped. We write

21/37r2
Ci=——
3T(1/3)3
and then IT,(A(ir)) satisfies

(A i) = ~4vBOn(in)*

Similarly, IT,;(A(ir)) satisfies

& ((Air))) = ~8vB (i)

where

fQ(Z) =

2mi vy [T n(w/2)n(2w)®
— dw.
ey [
n(z) is a weight % cusp form on SLy(Z) with character, and we will denote the

character of 1(z)* by x. f2(2) is a second—order modular form.

bt f(z) CI(2)
ST N AR

It can be shown ([DK]) that
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1 2 5
_ 223,
where o Fy (a, b; c; A(2)) is the Gauss hypergeometric function and the three crossing

probabilities we are interested in are given by, for 0 < a <1 and 1 < :

(ﬂ+a)2F1(1,3,§,1__)_25

(o, 8) = 3G — o) :
b . <5+04>2F1(1>§v3a5)+2ﬁ
Hh(aaﬁ) - 4\/37'(/62( ) )
2 200 — 2-0[ 2F1 1 1.5.a
agy — EHWE=F )AL EES)

4/378%(B — )2

Replacing o with A\(z) and 8 with 1 we follow the notation:

po(z) = IR
po(z) = IG(A(2), 1)
n(z) = va(A(2),1).

We are now in a position to consider our second-order automorphic form f €

SZ(T; x, ). First we formulate a definition on f:

Definition 5.1. For a set of characters {x1,...,xn} on I, a weakly holomorphic
n-th —order modular form on I' of weight k and type (x1,-..,Xn) 1S a holomorphic
function f on the upper half plane $), meromorphic at the cusps and such that at each

element v; € ', f satisfies

Fleda(n = Dlexo(v2 = 1) -y (0 = 1) = 0.

Then clearly, by definition, f € S3(T; x,%) is a second—order modular form of
weight 2 and type (x,®). If we take x(7) = 1 for all v € I'(2), then the function f5(z)
is a second-order, weight 2 form of type (1,7) and we can use this to prove that the
three crossing probabilities p;(z), py(2) and n(z) are (weakly holomorphic) second—
order modular forms on I'(2) of weight 0, type (1,1). Before commencing, note that
['(2) has three inequivalent cusps at oo, 0 and at 1, and their three corresponding

. . 0 -1 -1 -1
scaling matrices are I, U := (1 . ) = ST and U? = ( Lo )

The classification theorem of [DK] then asserts:
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Theorem 5.2. As functions of z, py(2), pp(z) and n(z) are weakly holomorphic
second—order modular forms on I'(2) of weight 0, type (1,%), i.e. holomorphic func-

tions f such that, for each cusp a,
flo(oa(x +1y)) = O(e®™) (a € R), as y — oo, uniformly in x

and, for each v € T'(2), flo(y — 1) transforms as a weight 0 form with character x.
All these functions have Fourier expansions at the cusps. The first power of q ap-
pearing in the expansion of py at oo (resp. 0, -1) is 1 (resp. q /%, ¢*?). The

corresponding first powers for p, and n are ¢~/3,1,¢** and ¢"/?, ¢, ¢*/3.
Proof. See [DK], Theorem 3.1. O

As in [KZ], the derivatives of such probabilities are often more interesting than
the actual probabilities themselves. With the use of the identity

(f107)'(2) = (f(72))" = (fl27)(2)

we deduce that the derivatives of pg, p, and n are weight two ‘weakly holomorphic
forms of type (1,x)’. A natural question then is how many weight two ‘weakly holo-
morphic second—order forms of type (1, x)’ of given principal parts there are. For our
purposes, ‘principal part’ at a cusp a will be the part of the Fourier expansion at a

consisting of non—negative powers of q.

The results of the last section provide a way to answer this question. Suppose that
the dimension of S3(I'(2);1,x) is d. Then, if f;, f are weakly holomorphic forms of
weight 2 and type (1,y) with the same principal part at each cusp, their difference
f1— f2 belongs to S2(I'(2); 1, x). Condition i) of the definition of S2(T'(2);1, x) follows
from the definition of weakly holomorphic forms and condition iii) from the fact that
f1 and fo have the same principal parts at the cusp. Condition ii) follows from
equation (3.3) of [DK]:

Doy — 1) = d,G

for some d, € C and a G transforming as a weight 0 form with character y, as well

as the analogous equations for p, and n.

Therefore, two ‘weakly holomorphic second—order forms of type (1, x)" with the

same principal part at each cusp can only differ by a function ranging in vector space
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with dimension

dim(5(T'(2), X)) (dim(S2(I'(2), x)) + dim(52(T'(2), X)) — 1.
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