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For Olesya
Follow the Romany patteran
West to the sinking sun,
Till the junk-sails lift through the houseless drift.

And the east and west are one.}

1From Rudyard Kipling’s poem The Gipsy Trail.



Abstract

UNIFORM algebras have been extensively investigated because of their importance in
the theory of uniform approximation and as examples of complex Banach algebras. An
interesting question is whether analogous algebras exist when a complete valued field
other than the complex numbers is used as the underlying field of the algebra. In the
Archimedean setting, this generalisation is given by the theory of real function alge-
bras introduced by S. H. Kulkarni and B. V. Limaye in the 1980s. This thesis establishes
a broader theory accommodating any complete valued field as the underlying field by
involving Galois automorphisms and using non-Archimedean analysis. The approach

taken keeps close to the original definitions from the Archimedean setting.

Basic function algebras are defined and generalise real function algebras to all complete
valued fields whilst retaining the obligatory properties of uniform algebras.

Several examples are provided. A basic function algebra is constructed in the non-
Archimedean setting on a p-adic ball such that the only globally analytic elements of
the algebra are constants.

Each basic function algebra is shown to have a lattice of basic extensions related to the
field structure. In the non-Archimedean setting it is shown that certain basic function
algebras have residue algebras that are also basic function algebras.

A representation theorem is established. Commutative unital Banach F-algebras with
square preserving norm and finite basic dimension are shown to be isometrically F-
isomorphic to some subalgebra of a Basic function algebra. The condition of finite
basic dimension is always satisfied in the Archimedean setting by the Gel’fand-Mazur
Theorem. The spectrum of an element is considered.

The theory of non-commutative real function algebras was established by K. Jarosz in
2008. The possibility of their generalisation to the non-Archimedean setting is estab-
lished in this thesis and also appeared in a paper by J. W. Mason in 2011.

In the context of complex uniform algebras, a new proof is given using transfinite
induction of the Feinstein-Heath Swiss cheese “Classicalisation” theorem. This new

proof also appeared in a paper by J. W. Mason in 2010.
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CHAPTER 1

Introduction

This short chapter provides an informal overview of the material in this thesis. Justifi-
cation of the statements made in this chapter can therefore be found in the main body
of the thesis which starts at Chapter 2.

1.1 Background and Overview

Complex uniform algebras have been extensively investigated because of their impor-
tance in the theory of uniform approximation and as examples of complex Banach alge-
bras. Let Cc(X) denote the complex Banach algebra of all continuous complex-valued
functions defined on a compact Hausdorff space X. A complex uniform algebra A is a
subalgebra of Cc(X) that is complete with respect to the sup norm, contains the con-
stant functions making it a unital complex Banach algebra and separates the points of X
in the sense that for all x1, xo € X with x1 # x, there is f € A satisfying f(x1) # f(x2).
Attempting to generalise this definition to other complete valued fields simply by re-
placing C with some other complete valued field L produces very limited results. This
is because the various versions of the Stone-Weierstrass theorem restricts our attention
to C(X) in this case.

However the theory of real function algebras introduced by S. H. Kulkarni and B. V.
Limaye in the 1980s does provide an interesting generalisation of complex uniform
algebras. One important departure in the definition of these algebras from that of com-
plex uniform algebras is that they are real Banach algebras of continuous complex-
valued functions. Similarly the elements of the algebras introduced in this thesis are
also continuous functions that take values in some complete valued field or division
ring extending the field of scalars over which the algebra is a vector space.

A prominent aspect of the emerging theory is that it has a lot to do with representation.
As a very simple example the field of complex numbers itself is isometrically isomor-

phic to a real function algebra, all be it on a two point space.
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When considering the generalisation of complex uniform algebras over all complete
valued fields I naturally wanted the complex uniform algebras and real function alge-
bras to appear directly as instances of the new theory. This resulted in the definition
of basic function algebras involving the use of a Galois automorphism and homeomor-
phic endofunction that interact in a useful way, see Definition 5.1.2. In retrospect these
particular algebras should more appropriately be referred to as cyclic basic function
algebras since the functions involved take values in some cyclic extension of the un-
derlying field of scalars of the algebra.

Necessarily this thesis starts by surveying complete valued fields and their properties.
The transition from the Archimedean setting to the non-Archimedean setting preserves
in places several of the nice properties that complete Archimedean fields have. How-
ever all complete non-Archimedean fields are totally disconnected, some of them are
not locally compact and there is no non-Archimedean analog of the Gel’'fand-Mazur
Theorem.

On the other hand some complete non-Archimedean fields have interesting properties
that only appear in the non-Archimedean setting. Consider for example the closed unit
disc of the complex plane. It is closed under multiplication but not with respect to ad-
dition. In the non-Archimedean setting the closed unit ball Of, of a complete valued
tield F, is a ring since in this case the valuation involved observes the strong version of
the triangle inequality, see Definition 2.1.1. The set Mp = {a € F : |a|r < 1} is a max-
imal ideal of O from which the residue field F = O/ MF is obtained. The residue
field is of great importance in the study of such fields.

Similarly in the non-Archimedean setting we will see that certain basic function al-
gebras have residue algebras that are also basic function algebras. In the process of
proving this result an interesting fact is shown concerning a large class of complete
non-Archimedean fields. For such a field F and every finite extension L of F, extending
F as a valued field, it is shown that for each Galois automorphism g € Gal(*/f) there
exists a set R ¢ C O of residue class representatives such that the restriction of g to
R is an endofunction, i.e. a self map, on Ry ;. This fact is probably known to certain
number theorists.

This thesis also includes several examples of basic function algebras and these are con-
sidered at depth. A new proof of an existing theorem in the setting of complex uniform
algebras is given and theory in the non-commutative setting is also considered.

With respect to commutative Banach algebra theory, Chapter 6 presents an interest-
ing new Gel’fand representation result extending those of the Archimedean setting. In
particular we have the following theorem where the condition of finite basic dimen-
sion is automatically satisfied in the Archimedean setting and compensates for the lack

of a Gel’fand-Mazur Theorem in the non-Archimedean setting. See Chapter 6 for full
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details.

Theorem 1.1.1. Let F be a locally compact complete valued field with nontrivial valuation. Let
A be a commutative unital Banach F-algebra with ||a®|| 4 = ||a||% for all a € A and finite basic

dimension. Then:

(i) if F is the field of complex numbers then A is isometrically F-isomorphic to a complex

uniform algebra on some compact Hausdorff space X;

(ii) if F is the field of real numbers then A is isometrically F-isomorphic to a real function

algebra on some compact Hausdorff space X;

(iii) if F is non-Archimedean then A is isometrically F-isomorphic to a non-Archimedean
analog of the real function algebras on some Stone space X where by a Stone space we

mean a totally disconnected compact Hausdorff space.

In particular A is isometrically F-isomorphic to some subalgebra A of a basic function algebra

and A separates the points of X.

Note that (i) and (ii) of Theorem 1.1.1 are the well known results from the Archimedean

setting. This brings us to the following summary.

1.2 Summary

Chapter 2: The relevant background concerning complete valued fields is provided. Several
examples are given and the topological properties of complete valued fields are
compared and discussed. A particularly useful and well known way of express-
ing the extension of a valuation is considered and the relevant Galois theory is

introduced.

Chapter 3: Some background concerning functional analysis over complete valued fields is
given. Analytic functions are discussed. Banach F-algebras are introduced and

the spectrum of an element is considered.

Chapter 4: Complex uniform algebras are introduced. In the context of complex uniform
algebras, a new proof is given using transfinite induction of the Feinstein-Heath
Swiss cheese “Classicalisation” theorem. This new proof also appeared in a paper
by J. W. Mason in 2010. This is followed by a preliminary discussion concerning

non-complex analogs of uniform algebras. Real function algebras are introduced.

Chapter 5: Basic function algebras are defined providing the required generalisation of real

function algebras to all complete valued fields. A generalisation theorem proves
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Chapter 6:

Chapter 7:

that Basic function algebras have the obligatory properties of uniform algebras.
Several examples are provided. Complex uniform algebras and real function al-
gebras now appear as instances of the new theory. A basic function algebra is
constructed in the non-Archimedean setting on a p-adic ball such that the only
globally analytic elements of the algebra are constants.

Each basic function algebra is shown to have a lattice of basic extensions related
to the field structure. Further, in the non-Archimedean setting it is shown that
certain basic function algebras have residue algebras that are also basic function
algebras. To prove this each Galois automorphism, for certain field extensions, is

shown to restrict to an endofunction on some set of residue class representatives.

A representation theorem is established in the context of locally compact com-
plete fields with nontrivial valuation. For such a field F, commutative unital
Banach F-algebras with square preserving norm and finite basic dimension are
shown to be isometrically F-isomorphic to some subalgebra of a Basic function
algebra. The condition of finite basic dimension is automatically satisfied in the

Archimedean setting by the Gel’fand-Mazur Theorem.

The theory of non-commutative real function algebras was established by K.
Jarosz in 2008. The possibility of their generalisation to the non-Archimedean
setting is established in this thesis having been originally pointed out in a pa-
per by J. W. Mason in 2011. The thesis concludes with a list of open questions
highlighting the potential for further interesting developments of this theory.



CHAPTER 2

Complete valued fields

In this chapter we survey some of the basic facts and definitions concerning complete
valued fields. Whilst also providing a background, most of the material presented here

is required by later chapters and has been selected accordingly.

2.1 Introduction

We begin with some definitions.

Definition 2.1.1. We adopt the following terminology:

(i) Let F be a field. We will call a multiplicative norm | - |r : F — R a valuation on F
and F together with | - | a valued field.

(ii) Let F be a valued field. If the valuation on F satisfies the strong triangle inequality,
|a — b|p < max(|a|g, |b|) foralla,b € F,

then we call | - | a non-Archimedean valuation and F a non-Archimedean field. Else

we call | - | an Archimedean valuation and F an Archimedean field.

(iii) If a valued field is complete with respect to the metric obtained from its valuation
then we call it a complete valued field. Similarly we have complete valuation and

complete non-Archimedean field etc.

(iv) More generally, a metric space (X, d) is called an ultrametric space if the metric d

satisfies the strong triangle inequality,

d(x,z) <max(d(x,y),d(y,z)) forall x,y,z € X.

The following theorem is a characterisation of non-Archimedean fields, courtesy of
[Sch06, p18].
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Theorem 2.1.2. Let F be a valued field. Then F is a non-Archimedean field if and only if
12| < 1.

Remark 2.1.3. Whilst it is clear from the definition of the strong triangle inequality
that an Archimedean field can’t be extended as a valued field to a non-Archimedean
field, Theorem 2.1.2 also shows that a non-Archimedean field can’t be extended to an
Archimedean field.

Theorem 2.1.4. Let F be a valued field. Let €, with pointwise operations, be the ring of Cauchy
sequences of elements of F and let 91 denote its ideal of null sequences. Then the completion
/N of F with the function

|(an) +N|e/m := nlgrolo |aulF,

for (ay) + 9 € €/M, is a complete valued field extending F as a valued field.

Proof. We will only highlight one important part of the proof since further details can
be found in [McC66, p80]. We first note that since the valuation | - |r is multiplicative
we have |a~'|r = |a|;! for all units a € F*. Let (a,) be a Cauchy sequence taking
values in F but not a null sequence. Then there exists 6 > 0and N € IN such that for all
n > N we have |a,|r > 6. If (a,) takes the value 0 then a null sequence can be added
to (a,) such that the resulting sequence (b,,) does not takes the value 0 and (b,) agrees

with (a,) for all n > N. Hence for all m > N and n > N we have
-1 _ -1 ~1) -1 1
|bm - bn ‘F = ‘bm |F|bn |F|bn - bm|F < ﬁ‘bn _bm‘F

and so the sequence (b,,!) is also a Cauchy sequence. This shows that the ideal of null

sequences 1 is maximal and ¢ /91 is therefore a field opposed to merely a ring. O

Definition 2.1.5. Let F be a valued field. We will call a function v : F — R U {c0} a
valuation logarithm if and only if for an appropriate fixed r > 1 we have |a|f = rV(®)

foralla € F.

Remark 2.1.6. We have the following basic facts.

(i) With reference to Definition 2.1.1, a valuation logarithm v on a non-Archimedean
field F has the following properties. For a,b € F we have:
(1) v(a+b) > min(v(a),v(b));
(2) v(ab) = v(a) +v(b);
(3) v(1) =0and v(a) = coif and only if 2 = 0.
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(ii) Every valued field F has a valuation logarithm since we can take r = e, where

e :=exp(1), and for a € F define

v(a)::{ —loglalp if a#0

0o if a=0.

(iii) If v is a valuation logarithm on a valued field F then so is cv for any ¢ € R
with ¢ > 0. However there will sometimes be a preferred choice. For example a

valuation logarithm of rank 1 is such that v(F*) = Z.

Lemma 2.1.7. Let F be a non-Archimedean field with valuation logarithm v. If a,b € F are
such that v(a) < v(b) then v(a +b) = v(a).

Proof. Given that v(a) < v(b) we have v(a +b) > min(v(a),v(b)) = v(a). Moreover
0=v(1) =v((—-1)(—1)) = 2v(—1) therefore giving v(—b) = v(—1) +v(b) = v(b).
Hence v(a) > min(v(a + b),v(—=b)) = min(v(a + b),v(b)). But v(a) < v(b) and so
v(a) > v(a+0b) givingv(a+b) = v(a). O

Before looking at specific examples of complete valued fields we first consider some of

the theory concerning series representations of elements.

2.1.1 Series expansions of elements of valued fields

Definition 2.1.8. Let F be a valued field. If 1 is an isolated point of |F* |, equivalently
0 is an isolated point of v(F*) for v a valuation logarithm on F, then the valuation on F

is said to be discrete, else it is said to be dense.

Lemma 2.1.9. If a valued field F has a discrete valuation then v(F*) is a discrete subset of R

for v a valuation logarithm on F.

Proof. We show the contrapositive. Suppose there is a sequence (a,) of elements of F*
such that v(a,) converges to a point of R with v(a,) # limy e v(a,) forall n € IN.
We can take (a,) to be such that v(a,) # v(ay) for n # m. Then setting b, := ana;}rl

defines a sequence (b,) such that
v(be) = viau, ) = v(an) + v(ay]) = v(an) — v(ani)
which converges to 0. O
The following standard definitions are particularly important.
Definition 2.1.10. For F a non-Archimedean field with valuation logarithm v, Define:

7
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(i) Or :=={a € F : v(a) > 0, equivalently |a|r < 1} the ring of integers of F noting
that this is a ring by the strong triangle inequality;

(i) Of :={a € F:v(a) =0, equivalently |a|r = 1} the units of Of;

(iii) Mp := {a € F : v(a) > 0, equivalently |a|r < 1} the maximal ideal of Of of

elements without inverses in OF;

(iv) F:= O/ M  the residue field of F of residue classes.
Definition 2.1.11. Let F be a field with a discrete valuation and valuation logarithm v.
(i) If |F|r = {0,1}, equivalently v(F) = {0, oo}, then the valuation is called trivial.

(ii) If | - |r is not trivial then an element 7t € F* such that v(7r) = minv(F*) N (0, )

is called a prime element since 7t # ab for all a,b € O\ Of given above.

Remark 2.1.12. For a field F, as in part (ii) of Definition 2.1.11, it follows easily from
Lemma 2.1.9 that F has a prime element 77 and from Remark 2.1.6 that v(F*) = v(7)Z
which we call the value group. Moreover for a € F* we have

gl = V(@) = () Iog(r)(~v(a)/v(m) _ Glogl|ly!)(~v(a)/v(m) _ (|n‘;1)‘”(“)/ vim)

giving a rank 1 valuation logarithm ﬁv noting that ||z > 1 since r > 1.

Theorem 2.1.13. Let F be a valued field with a non-trivial, discrete valuation. Let 7t be a prime
element of F and let R C OF U {0} be a set of residue class representatives with 0 representing
0 = M. Then every element a € F* has a unique series expansion over R of the form
a=) a;t for some n € Z with a, # 0.
i=n

Moreover if F is complete then every series over R of the above form defines an element of F*.

Remark 2.1.14. Concerning Theorem 2.1.13.

(i) A proof is given in [Sch06, p28], in fact a generalisation of Theorem 2.1.13 is also

given that can be applied to non-Archimedean fields with a dense valuation.

(ii) Fora = Y a;7t" as in Theorem 2.1.13 and using the rank 1 valuation logarithm
of Remark 2.1.12 we have, for each i > n, v(a;t') = v(a;) + iv(m) = iif a;t’ # 0
and v(a;7t') = oo otherwise. Further by Lemma 2.1.7 by, := Y/, a;7r' defines a
Cauchy sequence in F, with respect to | - |r, and its limit is 2. Hence, since for
each m > n we have |a|r — |by|r < |a — by, |bm|r converges in R to |a|p. But

v(by) = n for all m > n by Lemma 2.1.7 and so v(a) = n.

We will now look at some examples of complete valued fields and consider the avail-

ability of such structures in the Archimedean and non-Archimedean settings.
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2.1.2 Examples of complete valued fields

Example 2.1.15. Here are some non-Archimedean examples.

(i)

(i)

(iii)

Let F be any field. Then F with the trivial valuation is a non-Archimedean field.
It is complete noting that in this case each Cauchy sequences will be constant
after some finite number of initial values. The trivial valuation induces the triv-
ial topology on F where every subset of F is clopen i.e. both open and closed.

Furthermore F will coincide with its own residue field.

There are examples of complete non-Archimedean fields of non-zero character-
istic with non-trivial valuation. For each there is a prime p such that the field is
a transcendental extension of the finite field IF, of p elements. The reason why
such a field is not an algebraic extension of IF, follows easily from the fact that
the only valuation on a finite field is the trivial valuation. One example of this
sort is the valued field of formal Laurent series IF,{{T}} in one variable over F,

with termwise addition,

Youez 0nT" + Lpez bnT" := Yyez(an + bn)an

multiplication in the form of the Cauchy product,
(Cnez anT") (Lnez 0nT") := Lnez(Licz aibn—i) T",

and valuation given at zero by |07 := 0 and on the units IF,{{T}}* by,
| Ynez anT"| = prmin{na, 20} gop any fixed r > 1.

The valuation on F,{{T}} is discrete and its residue field is isomorphic to FF,.
The above construction also gives a complete non-Archimedean field if we re-
place IF, with any other field F, see [Sch06, p288].

On the other hand complete valued fields of characteristic zero necessarily con-
tain one of the completions of the rational numbers Q. The Levi-Civita field R
is such a valued field, see [SB10]. Each element a € R can be represented as a

formal power series of the form
a=73,4cqaT7 witha; € Rforallg € Q

such that for each g € Q there are at most finitely many q' < g with a, # 0.
Moreover addition, multiplication and the valuation for R can all be obtained
by analogy with example (ii) above. A total order can be put on the Levi-Civita

field such that the order topology agrees with the topology induced by the field’s
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valuation which is non-trivial. To verify this one shows that the order topology
sub-base of open rays topologically generates the valuation topology sub-base of
open balls and vice versa. This might be useful to those interested in generalising
the theory of C*-algebras to new fields where there is a need to define positive
elements. The completion of Q that the Levi-Civita field contains is in fact Q

itself since the valuation when restricted to Q is trivial.

We consider what examples of complete Archimedean fields there are. Since the only
valuation on a finite field is the trivial valuation, it follows from Remark 2.1.3 that
every Archimedean field is of characteristic zero. Moreover every non-trivial valuation

on the rational numbers is given by Ostrowski’s Theorem, see [FV02, p2][Sch06, p22].

Theorem 2.1.16. A non-trivial valuation on Q is either a power of the absolute valuation | - |5,
with 0 < ¢ < 1, or a power of the p-adic valuation | - |}, for some prime p € IN with positive
ceR

Remark 2.1.17. We will look at the p-adic valuations on Q and the p-adic numbers in
Example 2.1.18. We note that any two of the valuations mentioned in Theorem 2.1.16
that are not the same up to a positive power will also not be equivalent as norms. Fur-
ther, since all of the p-adic valuations are non-Archimedean, Theorem 2.1.16 implies
that every complete Archimedean field contains IR, with a positive power of the ab-
solute valuation, as a valued sub-field. It turns out that almost all complete valued
tields are non-Archimedean with R and C being the only two Archimedean exceptions
up to isomorphism as topological fields, see [Sch06, p36]. This in part follows from
the Gel’fand-Mazur Theorem which depends on spectral analysis involving Liouville’s
Theorem and the Hahn-Banach Theorem in the complex setting. We will return to these

issues in the more general setting of Banach F-algebras.

Example 2.1.18. Let p € IN be a prime. Then with reference to Remark 2.1.6, forn € Z,

e Np:p' if 0
vy(ny o | mAEENo s pln} im0y
S if n=0
extends uniquely to Q under the properties of a valuation logarithm. Indeed for n € IN
we have
0=v,(1) =vp(n/n) =vy(n) +vy(1/n)
giving v,(1/n) = —v,(n) etc. The standard p-adic valuation of 2 € Q is then given

by |a|, := p~"()_ This is a discrete valuation on Q with respect to which p is a prime
element in the sense of Definition 2.1.11. Moreover Ry = {0,1,---,p — 1} is one

choice of a set of residue class representatives for Q. This is because for m,n € IN with

10



CHAPTER 2: COMPLETE VALUED FIELDS

p  m and p { n we have that m, using the Division algorithm, can be expressed as
m = a; + pb; and 1/n, using the extended Euclidean algorithm, can be expressed as
1/n = ax+ pby/nwithay,a, € {1,--- ,p — 1} and by, by € Z. Hence, with reference to
Definition 2.1.10, m /n can be expressed as m/n = a3 + pbs/n withaz € {1,--- ,p — 1}
and pb3/n € M, as required. With these details in place we can apply Theorem 2.1.13

so that every element 2 € Q* has a unique series expansion over R, of the form
0 .
a=1)Y ajp’ forsomen € Z witha, # 0.
i=n

The completion of Q with respect to | - |, is the field of p-adic numbers denoted Q,.
The elements of Q; are all of the series of the above form when using the expansion
over R,. Further, with reference to Remark 2.1.14, for such an elementa = Yi°, a;p’

with a, # 0 we have v,(a) = n. As an example of such expansions for p = 5 we have,
1
5 =3.5942.542.5242.53 4 2.5 ...

More generally the residue field of Q, is the finite field IF,, of p elements. Each non-zero
element of IF, has a lift to a p — 1 root of unity in Q,, see [FV02, p37]. These roots of
unity together with 0 also constitute a set of residue class representatives for Q,. The
ring that they generate embeds as a ring into the complex numbers, e.g. see Figure 2.1.

Moreover as a field, rather than as a valued field, Q, has an embedding into C. The

Figure 2.1: Part of a ring in C. The points are labeled with the first coefficient of their

corresponding 5-adic expansion over R5 under a ring isomorphism.

p-adic valuation on Q, can then be extended to a complete valuation on the complex

numbers which in this case as a valued field we denote as C,, see [Sch06, 46][Rog84].

11
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Finally it is interesting to note that the different standard valuations on Q, when re-
stricted to the units Q*, are related by the equation | - |o| - |2 - [3] - |5 - - | - [« = 1 where

| - |o denotes the trivial valuation and | - |« the absolute value function. See [FV02, p3].

2.1.3 Topological properties of complete valued fields

In this subsection we consider the connectedness and local compactness of complete

valued fields.

Definition 2.1.19. Let X be a topological space and Y C X.

(i) If Y cannot be expressed as the disjoint union of two non-empty clopen subsets

with respect to the relative topology then Y is said to be a connected subset of X.

(ii) If the only non-empty connected subsets of X are singletons then X is said to be

totally disconnected.

(iii) If for each pair of points x,y € X there exists a continuous map f : [ — X,
I:=10,1] € R, such that f(0) = x and f(1) = y then X is path-connected.

(iv) A neighborhood base ‘B, at a point x € X is a collection of neighborhoods of x such
that for every neighborhood U of x thereis V € B, with V C U.

(v) We call X locally compact if and only if each point in X has a neighborhood base

consisting of compact sets.

The following lemma is well known however I have provided a proof for the reader’s

convenience.

Lemma 2.1.20. Let F be a non-Archimedean field. Then F is totally disconnected.

Proof. Let F be a non-Archimedean field and r € R withr > 0. Fora,b € F,a ~ b
if and only if |2 — b|r < r defines an equivalence relation on F by the strong triangle

inequality noting that for transitivity if a ~ b and b ~ c then
la —c|p < max(|la—blg, |b—c|p) <.

Hence for a € F the F-ball B, (a) is an equivalence class and so every element of B, (a) is
at its center because every element is an equivalence class representative. In particular
if b € B,(a) then B,(b) = B,(a) but for b ¢ B,(a) we have B,(b) N B,(a) = @, showing
that B,(a) is clopen. Since this holds for every r > 0, a has a neighborhood base of
clopen balls. Hence since F is Hausdorff, {a} is the only connected subset of F with a

as an element and so F is totally disconnected. O

12
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Remark 2.1.21. We make the following observations.

(i)

(i)

(iif)

(iv)

Every complete Archimedean field is path-connected whereas every complete

non-Archimedean field is totally disconnected.

In general a valued field being totally disconnected is not the same as it being
discrete. For example Q with the absolute valuation is a totally disconnected
Archimedean field but it is obviously neither discrete nor complete. Also it is
easy to show that a valued field admits a non-constant path if and only if it is

path-connected, see [Wil04, p197] for the standard definitions used here.

With reference to the proof of Lemma 2.1.20, a ~ b if and only if |[a — b|p < 7,
noting the change from the strict inequality, is again an equivalence relation on F.
Hence every ball of positive radius in a non-Archimedean field is clopen although
aball B,(a) := {b € F: |b—a|r < r} may contain elements in addition to those in
B,(a) depending on whether r € |F*|r. To clarify then, in the non-Archimedean

setting B,(a) does not denote the closure of B,(a) with respect to the valuation.

In section 4.1.1 concerning complex uniform algebras we will look at Swiss cheese
sets. For a non-Archimedean field Fif a,b € F and 1,7, € Rwithr; > 7, >0
then either B,,(b) C By, (a) or B,,(b) N B, (a) = @ since either B,, (b) = B,,(a) or
B, (b) N By, (a) = @. Further if S is an F-ball or the complement of an F-ball then
the closure of S with respect to | - | coincides with S since F-balls are clopen.
Hence a Swiss cheese set X C F will be classical exactly when there exists a
countable or finite collection D of F-balls, with finite radius sum, and an F-ball A
such that each element of D is a subset of A and X = A\ |JD. It follows that such

a set X can be empty in the non-Archimedean setting.

Theorem 2.1.22. Let X be a Hausdorff space. Then X is locally compact if and only if each

point in X has a compact neighborhood.

Theorem 2.1.23. Let F be a complete non-Archimedean field that is not simultaneously both

infinite and with the trivial valuation. Then the following are equivalent:

(i)
(ii)

F is locally compact;

the residue field F is finite and the valuation on F is discrete;

(iii) each bounded sequence in F has a convergent subsequence;

(iv) each infinite bounded subset of F has an accumulation point in F;

(v) each closed and bounded subset of F is compact.

13
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Proofs of Theorem 2.1.22 and Theorem 2.1.23 can be found in [Wil04, p130] and [Sch06,
Pp29,p57] respectively.

Remark 2.1.24. Concerning Theorem 2.1.23.

(i)

(i)

(iii)

(iv)

2.2

Let F be an infinite field with the trivial valuation. Then F is locally compact
since for a € F it follows that {{a}} is a neighborhood base of compact sets for
a. However F does not have any of the other properties given in Theorem 2.1.23.
For example the residue field F is F and so it is not finite and F itself is closed and

bounded but not compact etc.

We will call a complete non-Archimedean field F that satisfies (ii) of Theorem
2.1.23 a local field. Some authors weaken the condition on the residue field when
defining local fields so that the residue field needs only to be of prime charac-
teristic for some prime p and perfect, that is the Frobenius endomorphism on F,

a — aP,is an automorphism.

Since the only complete Archimedean fields are R and C all but property (ii) of
Theorem 2.1.23 hold for complete Archimedean fields by the Heine-Borel Theo-
rem and Bolzano-Weierstrass Theorem etc. In fact this provides one way to prove
Theorem 2.1.23 since if F is a local field then there is a homeomorphic embedding

of F into C as a closed unbounded subset.

By the details given in Example 2.1.18 it is immediate that for each prime p the
field of p-adic numbers Q, is a local field. However C, is not a local field since

its valuation is dense and its residue field is infinite, see [Sch06, p45].

Extending complete valued fields

In this section and later chapters we will adopt the following notation.

Notation

If F is a field and L is a field extending F then we will denote the Galois group of

F-automorphisms on L, that is automorphisms on L that fix the elements of F, by

Gal(*

(i)
(if)

/ £). Further we will denote fixed fields by:

L8:={xeL:g(x)=x} forge Gal(L/p);

LG = Ngeg L8, for a subgroup G < Gal(L/F).

14
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More generally if S is a set and G is a group of self maps ¢ : S — S, with group law

composition, then we will denote:

(1) ord(g) := min{n € N : g = id}, the order of an element ¢ € G with finite

order;

(2) ord(g,s) := min{n € N : g (s) = s}, the order at an element s € S, when finite,

of an element g € G;

(3) ord(g,S) := {ord(g,s) : s € S}, the order set of an element ¢ € G with finite

order.

In the rest of this section we will look mainly at extensions of valued fields, including

their valuations, as well as some Galois theory used in later chapters.

2.2.1 Extensions

The first theorem below is rather general in scope.

Theorem 2.2.1. Let F be a complete non-Archimedean field. All non-Archimedean norms, that
is norms that observe the strong triangle inequality, on a finite dimensional F-vector space E
are equivalent. Further E is a Banach space, i.e. complete normed space, with respect to each

normi.

Theorem 2.2.1 also holds for complete Archimedean fields and in the Archimedean set-
ting proofs often make use of the underlying field being locally compact. However the
complete non-Archimedean field F in Theorem 2.2.1 is not assumed to be locally com-

pact and so a proof of the theorem from [Sch06] has been included below for interest.

Proof of Theorem 2.2.1. We use induction on n := dim E. The base case n = 1 is imme-
diate. Suppose Theorem 2.2.1 holds for (n — 1)-dimensional spaces and let E be such

that dim E = n. We choose abase ¢4, - - - , ¢, for E and define

n
[x||ec =: max|a;|p forx =) aje; € E.
! i=1

Note that || - ||c is @ non-Archimedean norm on E by | - |r being a non-Archimedean
valuation. Now let || - || be any other non-Archimedean norm on E. We show that || - ||
is equivalent to || - ||eo. For x = Y1 ; a;¢; € E we have

[} < max |a;[E[le;]| < Ml|x|eo

where M := max; ||¢;||. Hence it remains to show that there is a positive constant N

such that for all x € E we have ||x|| > N||x||«. Let D be the linear subspace generated
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by e, - - ,e,—1. By the inductive hypothesis there is ¢ > 0 such that for all x € D we
have ||x|| > ¢||x||-. Further D is complete and hence closed in E with respect to | - ||
Hence for

¢ == llen|| " inf{]len —y|l : y € D}

we have 0 < ¢’ < 1. Now set N := min(c’c,c’||e,||) and let x € E. Then x = y + ae,
for somey € D and a, € F. If a, # 0 then ||x|| = |a.|e|len +a;'y| > |an|rllenllc’ =

c'||anen||. But then we also get
Ix[| = max(c'l|x[|, ¢’[|anen]) = ¢'l|lx — anenll = c'[lyll
and this inequality also holds for a, = 0 since 0 < ¢’ < 1. We get
%[l = ¢"max({ly]l, llanex[l) > ¢ max(e||ylleo, [lenl[|an|r) = N max([ylleo, [au[£)

where N max(||y||e, |@z|F) = NJ|x||c. Hence || - || and || - ||« are equivalent. Finally
we note that a sequence in E is a Cauchy sequence with respect to || - || if and only if
each of its coordinate sequences is a Cauchy sequence with respect to | - |r. Hence E is a
Banach space with respect to each norm by the equivalence of norms and completeness
of F. O

Remark 2.2.2. Let L be a non-Archimedean field and let F be a complete subfield of L.
If L is a finite extension of F then L is also complete by Theorem 2.2.1. Now suppose L
is such a complete finite extension of F, then viewing L as a finite dimensional F-vector
space we note that convergence in L is coordinate-wise since | - | is equivalent to || - ||e
by Theorem 2.2.1. Hence each element ¢ € Gal(’/F) is continuous since being linear
over F. We will see later in this section that, for such complete finite extensions, each
element of Gal(L/F) is in fact an isometry. Finally in all cases if L is complete and g
is continuous then the fixed field L¢ is also complete. To see this let (a,,) be a Cauchy
sequence in L8 and let a be its limit in L. For id the identity map on L, note that g — id
is also continuous on L and so L8 = (g —id) ~1(0) is a closed subset of L. In particular

we have a € L¢ as required.

The following is Krull’s extension theorem, a proof can be found in [Sch06, p34].

Theorem 2.2.3. Let F be a subfield of a field L and let | - |p be a non-Archimedean valuation

on F. Then there exists a non-Archimedean valuation on L that extends | - |F.

The following corollary to Theorem 2.2.3, which also uses Theorem 2.1.4, contrasts with

the Archimedean setting.

Corollary 2.2.4. For every complete non-Archimedean field F there exists a proper extension

L of F for which the complete valuation on F extends to a complete valuation on L.
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Moreover an extension of a valuation is often unique.

Theorem 2.2.5. Let F be a complete non-Archimedean field, let L be an algebraic extension of
Fandlet a € L. Then:

(i) there is a unique valuation | - | on L that extends the valuation on F;

(ii) if || - || is an arbitrary norm on the F-vector space L then |a|; = limy,_,c {/||a"|.

Remark 2.2.6. We make the following observations.

(i) Part (i) of Theorem 2.2.5 follows easily from Theorem 2.2.3 and Theorem 2.2.1
applied respectively noting that if 2 € L then a is also an element of a finite

extension of F. See [Sch06, p39] for the rest of the proof.

(ii) It is worth emphasizing that Theorem 2.2.1, Theorem 2.2.3 and Theorem 2.2.5 all

hold for the case where the valuation on F is trivial.

(iii) Now for L and F conforming to the conditions of Theorem 2.2.5 we have that

each ¢ € Gal(!/F) is indeed an isometry on L since |a|" := |g(a)|., fora € L,isa

valuation on L giving |g(a)|. = |a|. by uniqueness.

The following theory will often allow us to express the extension of a valuation in a

particularly useful form. We begin with a standard theorem.

Theorem 2.2.7. Let F be a field, let L be an algebraic extension of F and let a € L. Then there
is a unique monic irreducible polynomial Irrg ,(x) € F|[x] such that Irrp,(a) = 0. Moreover,
for the simple extension F(a), we have [F(a), F] = deglrry ,(x) where [F(a), F| denotes the

dimension of F(a) as an F-vector space.

Definition 2.2.8. Let F be a field and let L be an algebraic extension of F.

(i) Anelementa < L is said to be separable over F if a is not a repeated root of its own

irreducible polynomial Irrg ,(x).
(i) We call Ls; := {a € L : ais separable over F} the separable closure of F in L.
(iii) The extension L is said to be a separable extension of F if L = L.

(iv) Let f(x) € F[x]. Then L is called a splitting field of f(x) over F if f(x) splits
completely in L[x] as a product of linear factors but not over any proper subfield

of L containing F.
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(v) We will call L a normal extension of F if L is the splitting field over F of some

polynomial in F[x].
(vi) The field L is called a Galois extension of F if L = F for G := Gal(*/F).

Remark 2.2.9. Following Definition 2.2.8 we note that the separable closure Ly of F in
Lisafield with F C L, C L. Moreover if F is of characteristic zero then L is a separable

extension of F.

For proofs of the following two theorems and Remark 2.2.9 see [McC66, p13-p19,p36].

Theorem 2.2.10. Let F be a field and let L be a finite extension of F. Then there is a normal
extension Ly, of F which contains L and which is the smallest such extension in the sense that
if K is a normal extension of F which contains L then there is a L-monomorphism of Ly, into K,
i.e. an embedding of Ly, into K that fixes L.

Theorem 2.2.11. Let F be a field and let L be a finite extension of F. Then, with reference to
Theorem 2.2.10 and Definition 2.2.8, there are exactly [Ls. : F| distinct F-isomorphisms of L
onto subfields of Lye. Further if L = Ly, then #Gal(“ /) = [Ls. : F]. Moreover L is a Galois
extension of F if and only if Ls. = L = Ly, in which case #Gal(L/F) = [L : F].

Definition 2.2.12. Let F be a field, let L be a finite extension of F and let ny := [Lg : F].
By Theorem 2.2.11 there are exactly ng distinct F-isomorphisms g1, - -, gy, of L onto

subfields of Ly,. The norm map Nv,, : L — F is defined as

- [L:Lsc]
N, (a) := (Hgi(a)> fora € L.
i=1

A proof showing that the norm map only takes values in the ground field can be found
in [McC66, p23,p24]. Using the preceding theory we can now state and prove a theorem
that will often allow us to express the extension of a valuation in a particularly useful
form. The theorem is in the literature. However, having set out the preceding theory,

the proof presented here is more immediate than the sources I have seen.

Theorem 2.2.13. Let F be a complete non-Archimedean field with valuation |a|p = r—(®), for
a € F, where v is a valuation logarithm on F. Let L be a finite extension of F as a field. Then,
with reference to Theorem 2.2.5 and Theorem 2.2.1, the unique extension of | - |r to a complete

valuation | - |, on L is given by

la|lL = ¢/ |NL/F(a)|p =yl foraelL,

wheren = [L : Fland w := tvo Nv, is the corresponding extension of v to L. If in addition
the valuation | - |p is discrete then | - | is also discrete. If further | - | is non-trivial and v is

the rank 1 valuation logarithm of remark 2.1.12 then ec(L*) = Z for some e € IN.
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Proof. Let L, be the normal extension of F containing L of Theorem 2.2.10. Since Ly,
is the splitting field of some polynomial in F[x] it is a finite extension of F and so also
of L. Hence by Theorem 2.2.5 the valuation | - . extends uniquely to a valuation | - |1,
on Ly.. Letny := [Ls : F] and let g3, - - -, gn, be the ng distinct F-isomorphisms of L
onto subfields of L,, as given by Theorem 2.2.11. Then for eachi € {1,---,np} we
have that |a|; := |gi(a)|L,,, for a € L, is a valuation on L extending | - |r. Hence, by the
uniqueness of | - | as an extension of | - | to L, each of g1, - - - , gn, is an isometry from
L onto a subfield of L,, with respect to | - |1,,. Hence setting n := [L : F], ny := [L : Ly

and noting that the norm map N.,, takes values in F, we have for alla € L

. . 1o " 10 "
|a’L _ n/|a|£L.L56”Lsc~F} — d <H|gi(a)|Lne> n\l <1—_[gl(a)> — n/|NL/F(a)|F.
i=1 i=1

Lne
Therefore we also have w(L*) = Lvo Ny, (L*) C Lv(F*) and so if | - | is a discrete

valuation then so is | - |.. Moreover w is indeed an extension of v since for a € F we
1 1

have w(a) = Lvo Ny, (a) = Lv(a") = tnv(a) = v(a). Now suppose that v is a rank
1 valuation logarithm so that v(F*) = Z and w(L*) C 1Z. Then there are at most
n elements in w(L*) N (0,1] but also at least 1 element since there is 7 € F* that is
prime with respect to v giving w(7r) = v(7) = 1. Hence let ¢’ := minw(L*) N (0, 1]
and a € L* such that w(a) = ¢. We show that w(L*) = ¢Z. Letb € L* giving
w(b) = ke’ + ¢ for some 0 < & < ¢ and k € Z. Then since a*,a=* € L* we have
w(ba™®) = w(b) —kw(a) = ke’ +e—ke' = e giving ¢ = 0 by the definition of ¢'.
Hence w(L*) C ¢'Z. On the other hand for k € Z we have w(a*) = kw(a) = ke’ so
¢Z C w(L*) giving w(L*) = ¢'Z. Finally since w(m) = 1 we have 1 € ¢/Z and so
there is e € IN such that ¢’e = 1 giving ew(L*) = Z which completes the proof. O

Remark 2.2.14. Let F and L be as in Theorem 2.2.13 with non-trivial discrete valuations.

Let v be the rank 1 valuation logarithm on F and let w be the extension of v to L.

(i) With group law addition, w(F*) and w(L*) are groups. It is immediate from
Theorem 2.2.13 that e = [w(L*) : w(F*)], the index of w(F*) in w(L*).

(ii) If e = 1 then L is called an unramified extension of F. If e = [L : F| then L is
called a totally ramified extension of F. Other classifications are also in use in the

literature.

(iii) The value of e has implications for the degree of the extension L of the residue
field F. For F and L as specified in these remarks we have [L : F] = e[L : F|,
see [McC66, p107,p108] for details. Hence in this case, with reference to Theorem
2.1.23, if F is locally compact then L is locally compact.
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2.2.2 Galois theory

The following is the fundamental theorem of Galois theory, see [McC66, p36].

Theorem 2.2.15. Let F and E be fields such that E is a finite Galois extension of F, that is

EC = F for G := Gal(* /). Then we have the following one-one correspondence
{G': G' < Gisasubgroup} +» {E': E'isa field with F C E' C E}
given by the inverse maps G' — EC and E' — Gal(E /).

Corollary 2.2.16. Let F and L be fields such that L is a finite extension of F and let G :=
Gal(* /). Then L is a finite Galois extension of L and so for L and LS Theorem 2.2.15 is
applicable.

Proof. We show that L is a Galois extension of L¢. For ¢ € Gal(*/) we have g(a) = a
foralla € L® and so ¢ € Gal(*/,c). On the other hand for ¢ € Gal(*/,c) we have
g(a) = aforalla € Fsince F C L® and so ¢ € Gal(!/F). Therefore Gal(L/f) =
Gal(“/;c) and so setting G’ := Gal("/;c) gives LS = LS as required. O

The following group theory result must be known. However we will provide a proof

in lieu of a reference.

Lemma 2.2.17. Let (G,+) be a group and g € Aut(G) be a group automorphism on G. If
a,b € G are such that ged(ord(g,a),ord(g,b)) = 1 then ord(g,a + b) = ord(g,a)ord(g,b).

Proof. We assume the conditions of Lemma 2.2.17 and note that the result is imme-
diate if one or more of ord(g,a) and ord(g,b) is equal to 1. So assuming otherwise,
let p’{l pi2. .. pf" and qlll gz - - q;j be the prime decompositions of ord(g,a) and ord(g, b)

respectively. For n := ord(g,a)ord(g, b) we have
g™ (a+b)=g"(a) +g"(b) =a+b.

Therefore ord(g,a + b)|n. Suppose towards a contradiction that ord(g,a +b) < n.
Then ord(g,a + b)|% for some r € {p1,p2,---,pi,q1,92,- -~ ,q;}. If r = py, for some
me{1,2,---,i}thena+b= g (a+b)=g¥(a)+ ¢ (b) = ¢'7)(a) + b giving, by
right cancellation of b, g{7)(a) = a. It then follows that

ki ks k ki ki ko k—1 ki b b fj
plpzpnrpll‘plpzpmm pl’qlqzq]

giving Pm‘qlf gz - ~q;j which is a contradiction since ged(ord(g,a),ord(g,b)) = 1. A
similar contradiction occurs for r = g, withm € {1,2,--- ,j}. Hence ord(g,a +b) = n

as required. O
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Lemma 2.2.18. Let F be a field with finite extension L and let ¢ € Gal(* /). Ifn € N is such
that n|ord(g) then n € ord(g, L).

Proof. Suppose towards a contradiction that there is # € IN such that n|ord(g) but
n ¢ ord(g,L). We can take n to be the least such element and note that n # 1 since
1 € ord(g, L). Express n as n = p*r where p is a prime, k, 7 € N and p 1 r. We thus have
the following two cases.

Case: r # 1. In this case by the definition of n we have p¥,r € ord(g, L) and so there
are a,b € L with ord(g,a) = p¥, ord(g, b) = r and

ged(ord(g,a),ord(g, b)) = 1.

Then by Lemma 2.2.17 we have ord(g,a + b) = ord(g,a)ord(g, b) which contradicts
our assumption that n ¢ ord(g, L).
Case: r = 1. In this case n = p* and note that ord(g) = nm for some m € IN. Hence we

have the following subgroups of G:

(1) <g(n)> = ({id/g(”)/g(zn)/ ce /g((m—l)n) }/o) < G’

(ii) <g(%)> — ({id,g(%),g@%),, .. ,g((mp—l)%)}/o) <G.

Therefore #(¢g(")) = m, #(g(%)> = mp and (g(") is a proper normal subgroup of (g(%)>.
Hence by Corollary 2.2.16 we have the following tower of fields

Now it is immediate that L8" = L&") and 18"" = L&"") and so there is some
a € 18"\ 18" with ord(g,a)|n but ord(g,a) 1 5. Therefore ord(g,a) = p* = n which

again contradicts our assumption that n ¢ ord(g, L). In particular the lemma holds. [

The following lemma is well known but we will provide a proof in lieu of a reference.

Lemma 2.2.19. Let F be a field, let L be an algebraic extension of F and let a € L. For the
simple extension F(a) of F and F[X] the ring of polynomials over F we have F(a) = F|a].

Proof. Tt is immediate that F[a] C F(a). Now by Theorem 2.2.7 there is a unique monic
irreducible polynomial Irrr ,(x) € F[X] such that Irrg ,(a) = 0. Further for any element

% € F(a), givenby p(x),q(x) € F[X], we have q(a) # 0. Hence Irrr ,(x) and g(x) are

relatively prime, that is we have ged(Irrg 4, q) = 1. Therefore by Bezout's identity there

are s(x), t(x) € F[X] such that s(x)g(x) + t(x)Irrp,(x) = 1 giving q(x) = H“&*“m
Finally then we have q(a) = ﬁ giving % = p(a)s(a) which is an element of F[a] as

required. O
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CHAPTER 3

Functions and algebras

In this chapter we build upon some of the basic facts and analysis of complete valued
tields surveyed in Chapter 2. The first section establishes particular facts in functional
analysis over complete valued fields that will be used in later chapters. However it is
not the purpose of the first section to provide an extensive introduction to the subject.
The second section provides background on Banach F-algebras, Banach algebras over a
complete valued field F. Whilst some of the details are included purely as background

others also support the discussion from Remark 2.1.17 of Chapter 2.

3.1 Functional analysis over complete valued fields

We begin with the following lemma.

Lemma 3.1.1. Let F be a non-Archimedean field and let (a,) be a sequence of elements of F.

(i) Iflim, o a, = a for some a € F* then there exists N € IN such that for alln > N we
have |a,|p = |a|p. We will call this convergence from the side, opposed to from above

or below.

(ii) If F is also complete then ) a, converges if and only if lim, . a, = 0, in sharp contrast

to the Archimedean case. Further if y_ a, does converge then

1) an|, < max{|a,|r:n € N}

Proof. For (i), since a # 0 we have |a|p > 0 and so there is some N € N such that,
forallm > N, |a, —a|p < |a|p. Hence for all n > N we have by Lemma 2.1.7 that
|an|p = [(an —a) +alr = |al.

For (ii), suppose lim, s 2, = 0 and let ¢ > 0. Then there is N € IN such that for all
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CHAPTER 3: FUNCTIONS AND ALGEBRAS

n > N we have |a,|r < e. Hence for n1,n, € N with N < 7 < np we have

1y 51 712
Yoai=Y a| =| ), a| <max{|ay1lr -, |anlF} <e
i=1 i=1 F i=n+1 F

Hence the sequence of partial sums is a Cauchy sequence in F and so converges. The
converse is immediate. Further suppose }_a, does converge. For ) a, # 0 we have by
(i) that there is N € IN such that foralln > N

] n
Y oail = |Y_ai| <max{|a|p, -, |an|p} < max{|a;|r:ie N}
i=1 r i=1 ja
On the other hand for }_a, = 0 the result is immediate. O

The following theorem appears in [Sch06, p59] without proof.
Theorem 3.1.2. Let F be a complete non-Archimedean field and let ag, a1, az, - - - be a sequence
of elements of F. Define the radius of convergence by

1

p= -
limsup, ., {/Janlr

Then the power series ) a,x", x € F, converges if |x|p < p and diverges if |x|r > p. Further-

where by convention 01 = coand co™! = 0.

more for each t € (0,00), t < p the convergence is uniform on By(0) := {a € F : |a|p < t}.

Proof. Note that the following equalities hold, except for when |x|r = p =0,

limsup {/|anx"|F = limjup \lan|p|x|} = ‘xp|F (3.1.1)
n—oo

n—o0

Suppose ) a,x" is divergent. Then by part (ii) of Lemma 3.1.1, lim;,_, 4,x" is not 0.
Therefore there is some ¢ € (0,1] such that for each m € IN there is n > m with
|a,x"|F > ¢, in particular {/[a,x"[F > /e > {/e. Hence since lim,, . {/e¢ = 1 we have
limsup,, .., /|anx"|r > 1. Therefore in this case |x|r > p by (3.1.1). In particular for
cases where |x|r < p the series ) a,x" converges.

On the other hand suppose }_a,x" converges. Then since lim, .« |a,x"|r = 0 we have
limsup,, . /|anx"|r < limsup, . {l/g = 1. Therefore in this case |x|r < p by (3.1.1).
In particular for cases where |x|r > p the series ) a,x" diverges.

Now suppose there is t € (0,00) with t < p and let ¢ > 0. If the valuation on F
is dense then |F*|r is dense in the positive reals and so there is some xy € F* with
t < |xo|r < p. Alternatively, if the valuation on F is discrete, there is xy € B;(0) with
|xo|p = max{|a|r : @ € B;(0)}. In either case, since |xo|r < p, ¥ a,x{ converges and

so lim;, ;. a,x; = 0. Hence there is some N € IN such that for all n > N we have
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layxi|r < €. Now by the last part of Lemma 3.1.1 we have for all m > N and x € B;(0)

that

[o0] m o 0]
Y anx” =Y anx"p=1| ) anx"|p < max{|a,x"|p:n >m+1}.
n=1 n=1 n=m+1

But |a,x"|r = |an|p|x|} < |an|e|xo|} = |anx{|F and so max{|a,x"|r :n > m+1} < e

and the convergence is uniform on B;(0). O

Remark 3.1.3. With reference to Theorem 3.1.2.

(i)

(ii)

(iii)

We note that the radius of convergence as defined in Theorem 3.1.2 is the same as
that used in the Archimedean setting when replacing F with the complex num-
bers. However, unlike in the complex setting, if the valuation on F is discrete
then a power series ) a,x" may not have a unique choice for the definition of its

radius of convergence since |F* | is discrete in this case.

We need to be careful when considering convergence of power series. Let | - |
denote the absolute valuation on R and let | - |p denote the trivial valuation on
R. All power series are convergent on B1(0) := {a € R : |a|p < 1} = {0} with
respect to | - [p. Whereas the only power series that are convergent at a point a €
IR* with respect to | - | are polynomials. On the other hand exp(x) := Y &
converges everywhere on R with respect to | - |w. The function exp(x) defined
with respect to | - |« is a continuous function on all of R with respect to | - |p but
does not have a power series representation on R with respect to | - |o. Similarly
Yot ’;TT does not converge everywhere on the p-adic numbers Q, with respect to
| - |p, see [Sch06, p70] for details in this case.

Under the conditions of Theorem 3.1.2, suppose that the ball B,(0) is without
isolated points where p is the radius of convergence of f(x) := Y a,x". Then,
with differentiation defined as in the Archimedean setting, the derivative of f
exists on B,(0) and it is f'(x) = Y_na,x""!. We will not consider this in depth
but note, for x € BP(O), the series )_a,x" converges giving lim, . c, = 0 for
Cn := ayx" by Lemma 3.1.1. Hence for all n € IN, since |n|r = |11 +--- + 1,|r <
max{|li|r,---,|1a|r} = 1, we have for x # 0 that

[nanx " p = |nlp|x7Elanx|p < [x 7 Flea|p.

Therefore the series }_ na,x" ! also converges on B, (0) by Lemma 3.1.1.

3.1.1 Analytic functions

Let F be a complete valued field. In this subsection we consider F valued functions

that are analytic on the interior of some subset of F that is without isolated points. In
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particular the situation concerning such analytic functions is some what different in the
non-Archimedean setting to that in the Archimedean one, even though the standard re-
sults of differentiation such as the chain rule and Leibniz rule are the same, see [Sch06,
p59]. Recall that if a complex valued function f is analytic on an open disc D,(a) C C

then f can be represented by the convergent power series

f(z) = i f(n;,(“) (z—a)" forz e Dy(a),
n=0 "

known as the Taylor expansion of f about a, where f")(a) is the nth derivative of f at a.
Moreover if b € D,(a) then f can also be expanded about b. However this expansion
need not be convergent on all of D,(a) merely on the largest open disc centered at b
contained in D,(a) since a lack of differentiability of f at points on, or outside, the
boundary of D,(a) will restrict the radius of convergence of such an expansion, see
[Apo74, p449,p450].

Now for F a complete non-Archimedean field the same scenario in this case is such
that if f is analytic on a ball B,(a) C F and can be represented by a Taylor expansion
about a on all of B,(a) then f can be represented by a Taylor expansion about any other
point b € B,(a) and this expansion will also be valid on all of B,(a), see [Sch06, p68].
This is closely related to the fact that every point of B,(a) is at its center, see the proof
of Lemma 2.1.20. However in general a function f analytic on B,(a) C F need not have
a Taylor expansion about a that is valid on all of B,(a). This is because B,(a) can be
decomposed as a disjoint union of clopen balls, see Remark 2.1.21, upon each of which

f can independently be defined. This leads to the following definitions.
Definition 3.1.4. Let F be a complete valued field with non-trivial valuation.

(i) We will call a subset X C F strongly convex if X is either F, the empty set &, a ball

or a singleton set.

(ii) Let X be an open strongly convex subset of F and let f : X — F be a continuous
F-valued function on X. If f can be represented by a single Taylor expansion that

is valid on all of X then we say that f is globally analytic on X.

(iii) Let X be an open subset of F and let f : X — F be a continuous F-valued function
on X. If for each a € X there is an open strongly convex neighborhood V' C X of
a such that f|y is globally analytic on V then we say that f is locally analytic on X.

(iv) Let X and f be as in (iii). As usual, if the derivative

f/(a) — lim f(X) —f(ﬂ)

xX—a X —a

exists at every a € X then we say that f is analytic on X.
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(v) Inthe case where X = F we similarly define globally entire, locally entire and entire

functions on X.

Remark 3.1.5. Note that the condition in Definition 3.1.4 that F has a non-trivial valua-
tion is there because it does not make sense to talk about analytic functions defined on
a space without accumulation points. We also note that (ii), (iii) and (iv) of Definition
3.1.4 are equivalent in the complex setting for X an open strongly convex subset of C,
see [Apo74, p450].

Now let F be a complete non-Archimedean field and let (f,,) be a sequence of F-valued
functions analytic on B;(0) and converging uniformly on B;(0) to a function f. We
ask whether f will also be analytic on B; (0) in this case? It is very well known that the
answer to the analog of this question involving the complex numbers is yes although in
this case the functions are required to be continuous on B (0) and analytic only on the
interior of B (0) since B;(0) will not be clopen. In the case involving the real numbers
the answer to the question is of course no since for example a function with a chevron
shaped graph in R? can be uniformly approximated by differentiable functions. In the
non-Archimedean setting the following theorem provides insight for when F is not

locally compact and also gives a maximum principle result, see [Sch06, p122] for proof.

Theorem 3.1.6. Let F be a complete non-Archimedean field that is not locally compact and let
re |F>< |p.

(i) If f1, f2,- -+ are globally analytic functions on B,(0) and if f := limy,_,co f, uniformly
on B,(0) then f is also globally analytic on B,(0).

(ii) Let f be a globally analytic function on B,(0) with power series f(x) = Y oo anx".

If the valuation | - | is dense then
sup{|f(x)|r: |x|r < r} =sup{|f(x)|r:|x|r < r} =max{|a,|pr" :n >0} < .
If the residue field F is infinite then

max{|f(x)|r: |x|r < r} = max{|f(x)|r: |x|r = r} = max{|a,|p" : n > 0} < 0.

Remark 3.1.7. In Theorem 3.1.6 B,(0) is not compact since F is not locally compact. In
fact every ball of positive radius is not compact in this case and this follows from Theo-
rem 2.1.23 noting that translations and non-zero scalings in F are homeomorphisms on
F. Now since we are progressing towards a study of uniform algebras and their gen-
eralisation over complete valued fields we note that in order to use the uniform norm,
see Remark 4.1.2, on such algebras of continuous functions we need the functions to be
bounded. Hence to avoid imposing boundedness directly it is convenient to work on

compact spaces.
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For B;(0) compact, i.e. in the F locally compact case, I provide the following example to
show that in this case the uniform limit of locally analytic, and hence analytic, functions

on B1(0) need not be analytic.

Example 3.1.8. Let F be a locally compact, complete non-Archimedean field with non-

trivial valuation. Then we have the following sequence of functions on B;(0) C F,

o ™) if v(x) <n _
fu(x) := { 0 i v(x) > n for x € B1(0)

where 77 is a prime element of F and v is the rank 1 valuation logarithm. For each n €
N, f, is a locally constant function since convergence in F is from the side, see Lemma
3.1.1, and so f, is locally analytic on B;(0). Moreover the sequence (f,) converges

uniformly on B;(0) to the continuous function

f(x):= for x € B1(0)

') if x £0
0 if x=0

with lim,_,o f(x) = 0 since |f(x)|r = |x|F for all x € B1(0). We now show that f is not
differentiable at zero. let a;,az,- - - and by, by, - - - be sequences in F given by a,, := 7"

and b, := —7". Both of these sequences tend to zero as 1 tends to co. But then
f(an)_f(()) ( n 0)7_[711:1 and f(bﬂ)_f(o) _ (7‘[”—0)(—71’7”) —

= (7" —
ay bn

for all n € IN so that the limit lim,_, M does not exist as required. Alternatively

we can obtain a similar example by redefining f as

V() if v(x)iseven
f(x) = 7'[%(‘/(3‘)_1) if V(x) is odd forx € Bl (0)
0 if x=0
In this case lim,_.g w blows up with respect to | - |r as demonstrated by the se-

quence c1,cy, - - - with ¢, 1= 2",

Later when we look at non-complex analogs of uniform algebras we will see, from Ka-
plansky’s non-Archimedean generalisation of the Stone-Weierstrass theorem, that the
continuous functions in Example 3.1.8 can be uniformly approximated by polynomials
on B;(0) given that B;(0) is compact in this case. Hence Example 3.1.8 also shows that,
for F locally compact, the uniform limit of globally analytic functions on B;(0) need
not be analytic in contrast to Theorem 3.1.6.

In anticipation of topics in the next section we now consider Liouville’s theorem. It is

immediate that the standard Liouville theorem never holds in the non-Archimedean
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setting since for a complete non-Archimedean field F with non-trivial valuation the in-
dicator function x, for B := B;(0) is a non-constant bounded locally analytic function
from F to F noting that By (0) is a clopen subset of F. However the following is called

the ultrametric Liouville theorem.

Theorem 3.1.9. Let F be a complete non-Archimedean field with non-trivial valuation. Then
every bounded globally analytic function from F to F is constant if and only if F is not locally

compact.

Proof. See [Sch06, p124,p125] for a full proof of Theorem 3.1.9. However proof in the if
direction is as follows. Let f(x) = Y, a,x", for x € F, be as in Theorem 3.1.9. Since f
is bounded there is M < oo such that |f(x)|r < M for all x € F. Let m € IN. Since F is

not locally compact we can apply (ii) of Theorem 3.1.6 so that for 7 € |F*|r we have
|am|er™ < max{|a,|pr" :n >0} =sup{|f(x)|r:|x|r <r} <M.

This holds for every r € |F*|r and so a,, = 0 leaving f = ag for all x € F. O

For a field F with the trivial valuation we note that F is locally compact and that there
are bounded non-constant polynomials from F to F, where we take polynomials to be

the analog of globally analytic functions in this case.

3.2 Banach F-algebras

We begin this section with the following definitions.

Definition 3.2.1. Let F be a complete valued field.

(i) A general Banach ring is a normed ring R that is complete with respect to its norm

which is required to be sub-multiplicative, i.e.
|labl|r < ||a||r||b|]|r foralla,b € R.

We do not assume that R has a multiplicative identity or that its multiplication is

commutative, we merely assume it is associative.

(ii) A Banach ring is a general Banach ring R that has a left/right multiplicative iden-
tity satisfying ||1RHR =1= || — 1RHR-

(iii) A Banach F-algebra is a general Banach ring A that is also a normed vector space
over F, with respect to the ring’s addition operation and norm, and such that the

ring’s multiplication operation is a bilinear map over F, i.e. respectively

llxal| a4 = |a|r||a]|a and (xa)b = a(ab) = a(ab) foralla,b € Aandwa € F.
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(iv) A unital Banach F-algebra is a Banach F-algebra that is also a Banach ring opposed

to being merely a general Banach ring.

(v) By commutative general Banach ring and commutative Banach F-algebra etc. we mean
that the multiplication is commutative in these cases. By F-algebra we mean the

structure of a Banach F-algebra but without the requirement of a norm.

Remark 3.2.2. In Definition 3.2.1 we always require a multiplicative identity to be dif-
ferent to the additive identity. As standard we will usually dispense with the sub-
script when denoting elements of the structures defined in Definition 3.2.1 and in the
Archimedean setting we will call a Banach C-algebra a complex Banach algebra and a

Banach R-algebra a real Banach algebra.

3.2.1 Spectrum of an element

The following discussion concerns the spectrum of an element.

Definition 3.2.3. Let F be a complete valued field and let A be a unital Banach F-
algebra. Then for a € A we call the set

Sp(a) := {A € F: A —aisnotinvertible in A}
the spectrum of a.

Theorem 3.2.4. Every element of every unital complex Banach algebra has non-empty spec-

trum.

Theorem 3.2.4 is very well known. A proof can be found in [Sto71, p11] and relies
on Liouville’s theorem and the Hahn-Banach theorem in the complex setting. We will
confirm that this result is unique among unital Banach F-algebras and I will give details
of where the proof from the complex setting fails for other complete valued fields.
Let us first recall the Gelfand-Mazur theorem which demonstrates the importance of

Theorem 3.2.4 in the complex setting and supports Remark 2.1.17 of Chapter 2.

Theorem 3.2.5. A unital complex Banach algebra that is also a division ring is isometrically

isomorphic to the complex numbers.

Proof. Let A be a unital complex Banach algebra that is also a division ring and let
a € A. Since in this case Sp(a) is non-empty, there is some A € Sp(a). Hence because
A is a division ring A —a = 0 giving a = A. More accurately we have a = Al,4 but
because A is unital we have ||al|4 = |[A1alla = |A|w|l1alla = |A | and so the map

from A onto C given by A14 — A is an isometric isomorphism. O
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Remark 3.2.6. In the Archimedean setting it follows immediately from Theorem 3.2.5
that any complete valued field containing the complex numbers as a valued subfield
will coincide with the complex numbers. Note that the proof of Theorem 3.2.5 is very

well known.

In contrast to Theorem 3.2.4 we have the following lemma. The result is certainly

known but we give full details in lieu of a reference.

Lemma 3.2.7. Let F be a complete valued field other than the complex numbers. Then there

exists a unital Banach F-algebra A such that Sp(a) = @ for some a € A.

Proof. Let F be a complete valued field other that the complex numbers. By Corollary
2.2.4 in the non-Archimedean setting, and since R is the only complete valued field
other than C in the Archimedean setting, we can always find a complete valued field L
thatis a proper extension of F. Leta € L\ F and note that L is a unital Banach F-algebra.
Then for every A € F wehave A —a # 0 and so A — a is invertible in L since L is a field.
Hence Sp(a) = @. O

Whilst not considering every case, we now consider where the proof of Theorem 3.2.4
fails when applying it to unital Banach F-algebras with F # C. For F = R the Hahn-
Banach theorem holds but Liouville’s theorem does not with the trigonometric sin func-
tion restricted to R as an example of a non-constant, bounded, analytic function from
R to R. In the non-Archimedean setting we do have the ultrametric Liouville theorem,
Theorem 3.1.9 for F not locally compact, and there is also an ultrametric Hahn-Banach

theorem for spherically complete fields, as follows.

Definition 3.2.8. An ultrametric space, see Definition 2.1.1, is spherically complete if each

nested sequence of balls has a non-empty intersection.

Theorem 3.2.9. Let F be a spherically complete non-Archimedean field and let V be an F-vector
space, s a seminorm on V and Vo C V a vector subspace. Then for every linear functional
by : Vo — F such that |y(v)|p < s(v) forall v € Vy there is a linear functional £ : V — F
such that L]y, = o and |((v)|r < s(v) forallv € V.

Remark 3.2.10. We note that Theorem 3.2.9 is exactly the same as the Hahn-Banach
theorem from the Archimedean setting, see [Sto71, p472], except with IR and C replaced
by any spherically complete non-Archimedean field. A proof can be found in both
[Sch02, p51] and [Sch06, p288] the latter of which further states that Theorem 3.2.9
becomes a falsity if F is replaced by a non-spherically complete field. It is immediate

that spherically complete ultrametric spaces are complete.
A proof of the following lemma can be found in [Sch02, p6].
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Lemma 3.2.11. All complete non-Archimedean fields with a discrete valuation are spherically
complete. In particular if F is a complete non-Archimedean fields that is locally compact then F

is spherically complete.

From the above details we see that for both Theorem 3.1.9 and Theorem 3.2.9 to be ap-
plicable we need a non-locally compact, spherically complete, non-Archimedean field.
This restricts the possibilities since for example, for any prime p, a finite extension of
Qy is locally compact and C, whilst not locally compact is also not spherically com-
plete, see [Sch02, p5]. However, with reference to (ii) of Example 2.1.15, the complete
non-Archimedean field C{{T}} is not locally compact since having an infinite residue
field and it is spherically complete since its valuation is discrete. Moreover the totally
ramified, see Remark 2.2.14, simple extension C{{T}}(1/T) is a unital Banach C{{T} }-
algebra with complete valuation given by Theorem 2.2.13. But by the proof of Lemma
3.2.7 we have Sp(+/T) = @. So let’s briefly review how the proof of Theorem 3.2.4 from
[Sto71, p11] works and then consider where it fails for C{{T}}(v/T).

Let A be a unital complex Banach algebra and let a € A. Suppose towards a contra-
diction that Sp(a) = @. Then A — 4 is invertible for all A € C. In particular a~! exists
in A and the map /y : Ca~! — C, given by ¢y(Aa~!) := Aa for a fixed a € C with
0 < |ale < [Ja7!| 4, is a continuous linear functional on the subspace Ca~! of A to
which the Hahn-Banach theorem can be applied directly. Hence there exists a continu-
ous linear functional £ : A — C such that /(—a~!) = —a # 0. On the other hand for

any continuous linear functional ¢ : A — C we can define a function f, : C — C by

fo(A) = p((A =a)7H).

The proof then shows that f, is differentiable at every point of C and is therefore an

entire function. Moreover lim,_,o, f,(A) = 0 since

1 IR 1 1 \—
foMeo = | (1 =A"Ma) )| < T | #llopll (1 =A 'a) 7|4,
where || - [[op is the standard operator norm. Hence, by Liouville theorem in the com-
plex setting, f, is the zero function. But we have f;(0) = —a # 0, a contradiction, and

so Sp(a) # @ as required. Note however that the function f,, is defined on C\Sp(a).
Now for C{{T}}(V/T) the coordinate projection P : C{{T}}(~/T) — C{{T}} given by
P(a + BVT) := «, where a, B € C{{T}}, is a continuous linear functional analogous
to an evaluation functional noting that convergence in C{{T}}(+/T) is coordinate-wise
over C{{T}} by Remark 2.2.2. Hence we can define a function fp : C{{T}} — C{{T}}
given by

fr(A):==P(A=VT)™ ) =P(A+VT)(A2=T)") =A(A2=T)",
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The function fp is defined on all of C{{T}} since the roots of A> — T are v/T and —+/T.
Furthermore fp is not constant and so it is the relative weakness of the ultrametric
Liouville theorem in the non-Archimedean setting that allows the argument used in
the proof of Theorem 3.2.4 to fails in this case. Indeed we will now show that fp is not
globally analytic on all of C{{T}}. The first derivative of fp is

) = (A2 =T) T - 222 (A2 - T) 2

and so fp(0) = 0 and fl(jl)(O) = —1. Continuing in this way we obtain the Taylor

expansion of fp about zero as

> A AR AN
fP(A):n;O‘XnAn:_ <T+T2+T3+T4+"’>/ fOI"/\’T<P,
(n) n
where o, := fpn!(O) = —1_(2_1) T—:0+1 ¢ C{{T}} and
1

P =
limsup, . /|an|T

is the radius of convergence of the Taylor series expansion. Hence we show that p
is finite. Using the rank 1 valuation logarithm, for ), .7 a,T" € C{{T}}* we have

| Y ez an T |1 = pmmin{n:an#0} £4r some fixed r > 1. Hence, noting that ap, = 0 and

ap,—1 = —T " forn € N, we have
. . _ . 2n—1 . n 1
limsup {/|a,|r = im *7/|ag, 1|t = lim V7" = lim r&1 = r2,
n—oo n—oo n—oo n—00

Hence p = \iﬁ < 1since r > 1. In particular fp is only locally analytic on C{{T}}

and not globally analytic, consistent with the ultrametric Liouville theorem not being

applicable to fp as required.

Definition 3.2.12. Let F be a complete valued field and let A be a unital Banach F-
algebra. Define F(A) as the set of all complete valued fields L contained inside A over

which A is also a unital Banach L-algebra.

Remark 3.2.13. Concerning the spectrum of an element.

(i) Itis tempting to conjecture that a generalisation of Theorem 3.2.4 might hold for
every complete valued field F provided that, given F, we restrict the statement
to those unital Banach F-algebras A for which F is a maximal element of F(A).
This conjecture is false in both the non-commutative and commutative settings
by Lemma 3.2.14 below. However for a more general version of the conjecture

one could permit the elements of 7 (A) to be complete normed division rings.
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(ii) Let A be a unital real Banach algebra. In order to avoid an element 2 € A having

empty spectrum Kaplansky gave the following alternative definition in this case,
Spy(a) := {a +iB € C: (a — a)* + B is not invertible in A}.
We won't investigate this definition here but for more details see [KL92, p6].

Lemma 3.2.14. In both the non-commutative and commutative algebra settings one can find
a complete valued field F, a unital Banach F-algebra A and an element a € A such that F is a
maximal element of F(A) and Sp(a) = @.

Proof. Hamilton's real quaternions, IH, are an example of a non-commutative complete
Archimedean division ring and unital real Banach algebra. Viewing H as a real vec-
tor space, the valuation on H is the Euclidean norm which is complete, Archimedean
and indeed a valuation since being multiplicative on H, see [Lam05, p56,p57]. By the
Gelfand-Mazur theorem, Theorem 3.2.5, H is not a unital complex Banach algebra since
being different to C and so R is maximal in F(H). Moreover for 4 € H\R it is imme-
diate that we have Sp(a) = @.

In the commutative setting consider the field of complex numbers C with the absolute
valuation replaced by the Li-norm as it applies to the real vector space IR?, that is for
a=wa+if € Cwehave ||a]|; := |&|« + |B|eo. Then C is complete with respect to || - ||1
by the equivalence of norms on finite dimensional IR-vector spaces. Expressing com-
plex numbers in their coordinate form it is easy to show that || - ||; is sub-multiplicative
and so (C, | - ||1) is a unital real Banach algebra. However || - ||; is not multiplicative
since [[(1+i)(1—i)|s = ||2]1 =2 <4 = |[1+i]1]|]1 —i||; and so || - ||1 is not a valua-
tion on C. Consequently R is maximal in F((C, || - ||1)) and over R, Sp(i) = @ which
completes the proof. O
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Uniform algebras

In the first section of this chapter we survey some of the basic facts about complex
uniform algebras and recall the close connection with the study of compact Hausdorff
spaces, such as Swiss cheese sets, upon which such algebras of functions are defined.
An inductive proof by the author of the Feinstein-Heath Swiss cheese “classicalisa-
tion” theorem is then presented. An article containing this proof has been published
by the American Mathematical Society, see [Mas10]. In the second section of this chap-
ter we turn our attention to non-complex analogs of uniform algebras. The constraints
imposed by the various generalisations of the Stone-Weierstrass theorem are consid-
ered and the theory of real function algebras developed by Kulkarni and Limaye is
introduced. We will establish the topological requirements of the spaces upon which
algebras of functions in the non-Archimedean setting can be defined whilst qualifying
as non-complex analogs of uniform algebras. These observations together with some
of the details and examples from other chapters have been gathered together by the
author into a survey paper which was subsequently accepted for publication by the

American Mathematical Society, see [Mas11].

4.1 Complex uniform algebras

Definition 4.1.1. Let Cc(X) be the unital complex Banach algebra of all continuous
complex valued functions, defined on a compact Hausdorff space X, with pointwise

operations and the sup norm given by
| flleo :=sup |f(x)|e forall f € Cc(X).
xeX

A uniform algebra, A, is a subalgebra of Cc(X) that is complete with respect to the sup
norm, contains the constant functions making it a unital complex Banach algebra and

separates the points of X in the sense that for all x1, x, € X with x; # x, thereis f € A
satisfying f(x1) # f(x2).
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Remark 4.1.2. Introductions to uniform algebras can be found in [Bro69], [Gam69] and
[Sto71]. Some authors take Definition 4.1.1 to be a representation of uniform algebras
and take a uniform algebra A to be a unital complex Banach algebra with a square
preserving norm, that is ||a?|| = ||a||? for alla € A, which they sometimes then referred
to as a uniform norm. This is quite legitimate since, as we will discuss at depth in
the section on representation theory, the Gelfand transform shows us that every such
algebra is isometrically isomorphic to an algebra conforming to Definition 4.1.1. In this
thesis we mainly introduce generalisations of Definition 4.1.1 over complete valued
fields and then investigate the important representation theory results. Hence for us

by uniform norm we will mean the sup norm.

It is very well known that in the complex setting, for suitable X, there exist uniform
algebras that are proper subalgebras of Cc(X). However if A is such a uniform algebra
then A is not self-adjoint, that is there is f € A with f ¢ A where f denotes the complex
conjugate of f. This result is the complex Stone-Weierstrass theorem, generalisations of
which we will meet in Section 4.2. We will also meet several analogs of the following

example.

Example 4.1.3. A standard example is the disc algebra A(A) C Cc(A), of continuous
functions analytic on the interior of A := {z € C : |z| < 1}, which is as far from
being self-adjoint as possible since if both f and f are in A(A) then f is constant, see
[KL92, p47]. Also P(A) = A(A) where P(A) is the uniform algebra of all functions on
A that can be uniformly approximated by polynomials restricted to A with complex

coefficients. This largely follows from Remark 3.1.5, see [Bro69, p5] or [Sto71, p2].

For a compact Hausdorff space X let R(X) denote the uniform algebra of all functions
on X that can be uniformly approximated by rational functions from C¢(X). We also
generalise to X the uniform algebras introduced in Example 4.1.3 giving A(X) and
P(X). In the theory of uniform approximation it is standard to ask for which X is one

or more of the following inclusions non-trivial
P(X) C R(X) C A(X) C Cc(X).

Whilst not always the case, this often only depend on X up to homeomorphism. In
particular many properties of uniform algebras are topological properties of the spaces
upon which they are defined. Hence there is a strong connection between the study of
uniform algebras and that of compact Hausdorff spaces. Therefore, in addition to being
of interest in their own right, uniform algebras are important in the theory of uniform
approximation; as examples of complex Banach algebras; in representation theory and
in the study of compact Hausdorff space. With respect to the latter, we now turn our

attention to the compact plane sets known as Swiss cheese sets.
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4.1.1 Swiss cheese sets in the complex plane

Throughout subsections 4.1.1 and 4.1.2, all discs in the complex plane are required to
have finite positive radius. More generally let Ny := IN U {0} from here on throughout
the thesis. We begin with the following definitions taken from [FH10].

Definition 4.1.4. For a disc D in the plane let 7(D) denote the radius of D.

(i) A Swiss cheese is a pair D := (A, D) for which A is a closed disc and D is a count-
able or finite collection of open discs. A Swiss cheese D = (A, D) is classical

if the closures of the discs in D intersect neither one another nor C\intA, and
Ypep (D) < 0.

(i) The associated Swiss cheese set of a Swiss cheese D = (A, D) is the plane set Xp :=

A\UD.
A classical Swiss cheese set is a plane set X for which there exists a classical Swiss
cheese D = (A, D) such that X = Xp.

(iii) For a Swiss cheese D = (A, D), we define (D) := r(A) — Y pep (D) so that
5(D) > —ooifand only if Y pep (D) < oo.

Figure 4.1 provides an example for (ii) of Definition 4.1.4. Swiss cheese sets are used

Figure 4.1: A classical Swiss cheese set.

extensively in the theory of uniform algebras since they provide many examples of uni-
form algebras with particular properties. For examples see [Fei04], [Gam69, Ch2] and
[Rot38]. In particular [FH10] includes a survey of the use of Swiss cheese constructions

in the theory of uniform algebras. The following example is from [Rot38].
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Lemma 4.1.5. For X C C non-empty and compact, let Ay C Ay C Cec(X) be uniform
algebras with Ay uniformly dense in Ay. Suppose we can find a continuous linear functional
¢ : Cc(X) — C such that ¢(Ag) = {0} and ¢(f) = a # 0forsome f € Ay. Then Ay # As.

Proof. Letq € Ap. Then

0 <lalo = [o(f) = (@] = lo(f = Dleo < |If = qllewll@llop

giving || f — gllec > ]a|oo||q)||51§ > 0 for all g € Ap. Hence f can not be uniformly
approximated by elements of Ag. More simply, (A1) = {0} by continuity. O

Example 4.1.6. It is possible to have R(X) # A(X). Let Dy be a closed disc and let
D = (Do, D) be a classical Swiss cheese with (D) > 0 and D infinite. Let (D,) be
a sequence of open discs such that the map n +— D, is a bijection from IN to D. For

n € Ny define 7, : [0,1] — C as the circular path
Yn(x) 1= 1y exp(27ix) + ay

around the boundary 9D,,. Now for a rational function g4 € C¢(Xp) we note that on C
the finitely many poles of g lie in the open complement of Xp and so Xp is a subset of
an open subset of C upon which g is analytic. Hence by Cauchy’s theorem, see [Rud87,
p218], we have ¢(q) = 0 for ¢ : C¢(Xp) — C defined by

o(f):= [ fdz— i fdz for f € Cc(Xp).
Yo n=17"n

We now check that ¢ is a bounded linear functional on Cc(Xp). The following uses the
fundamental estimate. Let f € Cc(Xp) with ||f||e < 1. Then,

fle = | [ r@e= % [ raa

[ee]

Z\Iflloo / 720 |l
< Z;)/o |rn27ti exp (27tix) | odx

) 1 )
= Zrnzn/ dx:2n<z rn> < 47mry
n=0 0 n=0

where Y 1y < 2rg since (D) > 0. Now 4rrj is an upper bound for the series

of absolute terms, hence we have absolute convergence. Since absolute convergence
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implies convergence we have, for all f € Cc(Xp),

_ o (Ml ) SN 2 fllea

for some af € C. Moreover, our calculation shows that ¢ is bounded with [[¢[lop <
4rrg. The linearity of ¢ follows from the linearity of integrating over a sum of terms
and so ¢ is a continuous linear functional on C¢(Xp). Next we note that the function
¢ : z — z on Xp given by complex conjugation is an element of C¢(Xp). Cauchy’s
theorem does not imply that ¢(g) will be zero since g is not analytic on any non-empty

open subset of C. We have

= zz—oo z)dz = 27 rz—oorz
fp(g)—/%g()d Z/g<)d 2 <o g)

since for each n € INy

1
/ 8(z)dz = / 8(vn)7ndx
Tn 0
1
= / (rn exp(—27tix) + d, )r,27ti exp(27tix)dx
0
1
= 27Tiry / (ry + ay exp(2mix))dx
0
1 1
= 27Tiry <rn/ dx+ﬁn/ exp(27'£ix)dx>
0 0
1 1
= 27tiry, (rn +a, [Zm exp(me)] )

0

— 12
= 27tiry,.

Furthermore Y5 ;72 < (Y01 74)? < 13 since Yo 17, < 1o, by 6(D) > 0, and so
¢(g) # 0. Therefore by Lemma 4.1.5 we have R(Xp) # Cc(Xp) and ¢ ¢ R(Xp).
Certainly this result is immediate in the case where Xp has interior since then g will
not be an element of A(Xp). However this is one of the occasions where the usefulness
of Swiss cheese set constructions becomes evident since, with some consideration, it is
straightforward to construct a classical Swiss cheese D = (Do, D) with §(D) > 0 such
that Xp has empty interior. Since A(Xp) is the uniform algebra of all elements from
Cc(Xp) that are analytic on the interior of Xp, in this case we have A(Xp) = Cc(Xp)
and so by the above R(Xp) # A(Xp) which completes this example.

Let D be a Swiss cheese as specified in Example 4.1.6 such that Xp has empty interior.
The following subsection shows that in this case there is actually no need to require D
to be classical in order that R(Xp) # A(Xp).
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4.1.2 C(Classicalisation theorem

In this subsection we give a new proof of an existing theorem by J. F. Feinstein and M.
J. Heath, see [FH10]. The theorem states that any Swiss cheese set defined by a Swiss
cheese D with §(D) > 0 contains a Swiss cheese set as a subset defined by a classical
Swiss cheese D' with §(D') > 6(D). Feinstein and Heath begin their proof by devel-
oping a theory of allocation maps connected to such sets. A partial order on a family
of these allocation maps is then introduced and Zorn’s lemma applied. We take a more
direct approach by using transfinite induction, cardinality and disc assignment func-
tions, where a disc assignment function is a kind of labeled Swiss cheese that defines a
Swiss cheese set. An explicit theory of allocation maps is no longer required although
we are still using them implicitly. In this regard we will discuss the connections with
the original proof of Feinstein and Heath. See [Kel75, p266] and [Dal00, p9] for useful
introductions to ordinals and transfinite induction which has been used in this subsec-

tion. We begin with the following definitions.

Definition 4.1.7. Let O be the set of all open discs and complements of closed discs in

the complex plane.

(i) A disc assignment functiond : S — O is a map from a subset S C INp, with 0 € S,
into O such that D; := (C\d(0),d(S\{0})) is a Swiss cheese. We allow S\{0} to
be empty since a Swiss cheese D = (A, D) can have D = @.

(ii) For a disc assignment function d : S — O and i € S we let d(i) denote the

closure of d(i) in C, that is d(i) := d(i). A disc assignment functiond : S — O
is said to be classical if for all (i,j) € S* withi # j we have d(i) Nd(j) = @ and

Lnes\foy 7(d(1)) < eo.

(iii) For a disc assignment functiond : S — O we let X; denote the associated Swiss

cheese set of the Swiss cheese D;;.

(iv) A disc assignment functiond : S — O is said to have the Feinstein-Heath condition
when Y, c5\ (03 7(d(n)) < r(C\d(0)).

(v) Define H as the set of all disc assignment functions with the Feinstein-Heath con-
dition.
Forhe H,h:S — O, define §;, := T(C\]’Z(O)) — ZnES\{O} l’(l’l(l’l)) > 0.

Here is the Feinstein-Heath Swiss cheese “Classicalisation” theorem as it appears in
[FH10].
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Theorem 4.1.8. For every Swiss cheese D with §(D) > 0, there is a classical Swiss cheese D'
with Xy € Xp and 5(D') > 4(D).

From Definition 4.1.7 we note that if a disc assignment functiond : S — O is classical
then the Swiss cheese D, will also be classical. Similarly if d has the Feinstein-Heath
condition then §(D,;) > 0. The converse of each of these implications will not hold in
general because d need not be injective. However it is immediate that for every Swiss
cheese D = (A, D) with 6(D) > 0 there exists an injective disc assignment function
h € H such that D, = D. We note that every disc assignment function # € H has
5(Dy,) > &y, with equality if and only if / is injective and that classical disc assignment
functions are always injective. With these observations it easily follows that Theorem

4.1.8 is equivalent to the following theorem involving disc assignment function.

Theorem 4.1.9. For every disc assignment function h € H there is a classical disc assignment
function W € Hwith X,y C Xy and 6,1 > 6y,

Several lemmas from [FH10] and [Hea08, §2.4.1] will be used in the proof of Theorem

4.1.9 and we consider them now.

Lemma 4.1.10. Let Dy and D; be open discs in C with radii ¥r(D1) and r(Dy) respectively
such that D1 N Dy # @. Then there is an open disc D with D1 U D, C D and with radius
r(D) < r(Dy) + r(Dy).

Figure 4.2, Example 1 exemplifies the application of Lemma 4.1.10.

Lemma 4.1.11. Let D be an open disc and A be a closed disc such that D € intA and A € D.
Then there is a closed disc A C Awith DNA = @ and r(A") > r(A) — r(D).

Figure 4.2, Example 2 exemplifies the application of Lemma 4.1.11.

Example 1 Example 2

Figure 4.2: Examples for lemmas 4.1.10 and 4.1.11.
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Lemma 4.1.12. Let F be a non-empty, nested collection of open discs in C, such that we have
sup{r(E) : E € F} < co. Then \JF is an open disc D. Further, for F ordered by inclusion,

r(D) = limgerr(E) = supg. 7(E).

Lemma 4.1.13. Let F be a non-empty, nested collection of closed discs in C, such that we have
inf{r(E) : E € F} > 0. Then (\F is a closed disc A. Further, for F ordered by reverse
inclusion, r(A) = limge 7 r(E) = infge £ 7(E).

Proof of Theorem 4.1.9. At the heart of the proof of Theorem 4.1.9 is a completely defined

map f : H — H which we now define case by case.

Definition 4.1.14. Let f : H — H be the self map with the following construction.
Case 1: If h € H is a classical disc assignment function then define f(h) := h.
Case 2: If h € H is not classical then forh : S — O let

I, = {(i,j) € S*: h(i) Nh(j) # D,i # j}.
We then have lexicographic ordering on Ij, given by
(i,j) < (i,j)ifand onlyifi < i or (i =i and j < f).

Since this is a well-ordering on I, let (1, m) be the minimum element of I, and hence

note that m # 0 since m > n. We proceed toward defining f () : S — O.
Define S’ := S\ {m} and for i € §'\{n} we define f(h)(i) := h(i).

It remains for the definition of f(h)(n) to be given and to this end we have the follow-
ing two cases.
Case 2.1: n # 0. In this case, by Definition 4.1.7, we note that both h(m) and h(n)
are open discs. Associating h(m) and h(n) with D; and D; of Lemma 4.1.10 we de-
fine f(h)(n) to be the open disc satisfying the properties of D of the lemma. Note in
particular that,

h(m)Uh(n) C f(h)(n) withn < m. (4.1.1)

Case 2.2: n = 0. In this case, by Definition 4.1.7, we note that h(m) is an open disc and
h(0) is the complement of a closed disc. Associate hi(m) with D from Lemma 4.1.11 and
put A := C\h(0). Since (0,m) € I, we have h(0) N h(m) # @ and so h(m) Z intA,
noting intA = C\(0). Further, since h € H we have r(h(m)) < r(A) and so A € h(m).
Therefore the conditions of Lemma 4.1.11 are satisfied for i(m) and A. Hence we define
£(1)(0) to be the complement of the closed disc satisfying the properties of A" of Lemma
4.1.11. Note in particular that,

h(m) Uh(0) C £(h)(0) with 0 < m. (4.1.2)
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For this definition of the map f we have yet to show that f maps into H. We now show

this together with certain other useful properties of f.

Lemma 4.1.15. Let h € H, then the following hold:

(ii) For (h: S — O) > (f(h) : S — O) we have S’ C S with equality if and only if h is
classical. Otherwise S = S\{m} for some m € S\{0};

(iv) Foralli € S, h(i) C f(h)(i).

Proof. We need only check (i) and (iii) for cases 2.1 and 2.2 of the definition of f, as
everything else is immediate. Let h € H.
(i) It is clear that f(h) is a disc assignment function. It remains to check that § F(h) = On-
For Case 2.1 we have, by Lemma 4.1.10,

oy =r(C\h(0)) — (r(h(m)) +r(h(n))) — 3 r(h(i))

ieS\{0,mn}

<HCO) — r(fW)m) — X (b)) = 5.

ieS\{0,mn}

For Case 2.2 we have, by Lemma 4.1.11,

oy = r(C\1(0)) —r(h(m)) — ) r(h(i))

ieS\{0,m}

<r(@\f(m)(0))— ), (i) =dpu).
ies\{0,m}
(iii) Since X}, = C\ Ujes (i) we require Ujes h(i) € U,cq f(R)(i).
For Case 2.1 we have by Lemma 4.1.10 that h(m) Uh(n) C f(h)(n), as shown at (4.1.1),
giving Ujes h(i) € U,cq f(R) (7).
For Case 2.2 put A := C\(0) and A" := C\f(h)(0). We have by Lemma 4.1.11 that
A C Aand h(m)NA = @. Hence h(0) U h(m) C f(h)(0), as shown at (4.1.2), and so

Uies h(i) € U,;q f()(i) as required. 0

We will use f : H — H to construct an ordinal sequence of disc assignment functions
and then apply a cardinality argument to show that this ordinal sequence must stabilise
at a classical disc assignment function. We construct the ordinal sequence so that it has

the right properties.

Definition 4.1.16. Leth € H.
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(a) Define h° : Sy — D by h° := h.
Now let & > 0 be an ordinal for which we have defined # € H for all B < a.

(b) If a is a successor ordinal then define h* : S, — O by h* := f(h*~1).

(c) If « is a limit ordinal then define h* : S, — O as follows.

Set Sy := (1] Sp- Then for n € S, define h*(n) := | hP(n).

B<wa B<a

Suppose that for every ordinal a for which Definition 4.1.16 can be applied we have
h* € H. Then Definition 4.1.16 can be applied for every ordinal « by transfinite induc-
tion and therefore defines an ordinal sequence of disc assignment function. We will use
transfinite induction to prove Lemma 4.1.17 below which asserts that 4" is an element

of H as well as other useful properties of h*.

Lemma 4.1.17. Let a be an ordinal number and let h € H. Then the following hold:

(x,1) h* € H with (Sh"‘ > (Sh,’

(n,1.1) 0 € Sy;

(x,1.2) h*(0) is the complement of a closed disc and
h*(n) is an open disc for all n € S, \{0};

(13) Tyes, (o) r(H(n)) < r(C\I(0)) 6y
(a,2) Forall B < a we have S, C Sﬁ;
(«,3) Forall B < a we have Xy C X5,

(x,4) Foralln € Sy, {hP(n) : B < a} is a nested increasing family of open sets.

Proof. We will use transfinite induction.

For a an ordinal number let P(«) be the proposition, Lemma 4.1.17 holds at .

The base case P(0) is immediate and our inductive hypothesis is that for all B < a, P(B)
holds.

Now for & a successor ordinal we have h* = f(h*~!) and so P(«) is immediate by the
inductive hypothesis and Lemma 4.1.15. Now suppose « is a limit ordinal. We have
Sy = ﬂﬁ@( Sp giving, for all < &, S, C Sg. Hence (&,2) holds. Also for all B < a we
have 0 € Sg by (B,1.1). So 0 € S, showing that («,1.1) holds. To show (&,1.2) we will
use lemmas 4.1.12 and 4.1.13.
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(i) Now for all n € S,\{0}, {hP(n) : B < a} is a nested increasing family of open
discs by (8,1.2) and (j,4).

(ii) Further, {C\hP(0) : B < a} is a nested decreasing family of closed discs by (5,1.2)
and (B4).

(iii) Now forn € S,\{0} and B < a we have
r(hP(n)) < Lpesy (o r(hP(m)) = r(C\IP(0)) — & < r(C\1(0)) — J, by (B,1)
and (ii). Hence sup{r(hf(n)) : B < a} < r(C\h(0)) — &;. So by (i) and Lemma
4.1.12 we have for n € S,\{0} that
h(n):= WP (n)

B<a
is an open disc with,
r(h*(n)) = sup r(hP(n)) < r(C\h(0)) — 6.
B<a
(iv) Now for B < a we have r(C\h?(0)) > &), by (,1.3).
Hence inf{r(C\h?(0)) : B < a} > &}, So by De Morgan, (ii) and Lemma 4.1.13 we

have

C\I(0) := €\ |J H(0) = () €\ (0)

B<wa B<a

is a closed disc with,
r(C\h*(0)) = inf r(C\hF(0)) > dj,
<
Hence h*(0) is the complement of a closed disc and so («,1.2) holds.

We now show that («,4) holds. By (B8,4) we have, for all n € S,, {hf(n) : B < a}is
a nested increasing family of open sets. We also have h*(n) = Ug, hf(n) so, for all
B < a, hf(n) C h*(n) and h*(n) is an open set since (a,1.2) holds. Hence (a,4) holds.
We will now show that («,1.3) holds. We first prove that, for all A < &, we have

Y r(h*(m)) < r(C\W*(0)) — 5. (4.1.3)

meS\{0}
Let A < &, and suppose, towards a contradiction, that
Yo r(h*(m)) > r(C\K*(0)) — &, (4.1.4)
meSa\{0}

noting that the right hand side of (4.1.4) is non-negative by (A,1.3).

Set

e:= % ( Y (B (m)) — (r(C\I(0)) —5h)> > 0.
meS\ {0}
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Then there exists n € S,\{0} such that for S, |} := {m € S,\{0} : m < n} we have

Y r(h*(m)) > r(C\h*(0)) — &, +& > 0. (4.1.5)

meSy|}
Further for each m € S,|! we have, by (iii), r(h*(m)) = SUPg_, r(hP(m)). Hence for
each m € S,|! there exists B, < a such that r(hPn(m)) > r(h*(m)) — %e, for k :=
Sul?], k # 0 by (4.1.5). Let A’ := max{By : m € S,|!} < a and note that this is a
maximum over a finite set of elements since S,|} € IN is finite. Now for any 7 with

max{A\, /\/} < 7 < a we have,

r(m) > Y r(h7(m)) (since S, C S,)
mes,\{0} meS,\{0}

> ), r(h"(m))
meSy |}

> Y r(hPr(m)) (by (74))
meS, |}

> Y (r(h“(m))—zik) (by the above)
meS, |}

> r(C\K*(0)) — 6, + ¢ —ki (by (4.1.5) and k := [S|"|)

> HC\HN(0)) —
> H(C\HT(0)) — (by (iD)-

This contradicts (vy,1.3). Hence we have shown that, for all A < «, (4.1.3) holds.
Now by (iv) we have (C\h%(0)) = infy -, r(C\#*(0)).
Hence we have )¢\ 10y 7(h*(m)) < r(C\h*(0)) — &, and so («,1.3) holds.

We now show that («,3) holds. We will show that for all ordinals g < «,
Uies, hP (i) C Ujes, h*(i). Let p<aand z € Uies, hP(i). Define,

m :=min{i € Ny : there exists A < « withi € S, and z € I*(i)}.

By the definition of m there exists { < a with m € S; and z € h®(m). We claim that the
set {A < wa:m & S,}is empty. To prove this suppose towards a contradiction that we

can define,
A :=min{A <a:m¢&S,}.

Then A > 0 since, by ((,2), S; € So withm € S;. If A’ is a limit ordinal then m Z€Sy =
N Y S, giving m ¢ S, for some ¢ < A’, and this contradicts the definition of A", If
) is a successor ordinal then I = f (hAl_l) with m € S,,_, by the definition of A". By
m ¢ S, and Definition 4.1.14 of f : H — H, 1" =1 is not classical. Therefore by (4.1.1)
and (4.1.2) of Definition 4.1.14 there is n € S,, with n < m and h)‘/_l(m) C h/‘,(n).
Further for all A with A" < A < a we have m ¢ Sysincem ¢ S, and, by (A,2), S5y € S/.
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Hence we have { < A’ Now, by A —1,4), {hr(m) : vy < A — 1} is a nested increasing
family of sets giving z € h®(m) C h/\,_l(m) - W (n) withn € S,/. This contradicts the
definition of m since n < m. Hence we have shown that {A < a : m ¢ S,} is empty
giving m € Sy = (1<, SA. Therefore, by Definition 4.1.16 and the definition of {, we
have z € hé(m) C Uy, i (m) = h*(m) C Ujes, h*(i) as required. Hence («,3) holds.
Therefore we have shown, by the principal of transfinite induction, that P(«) holds and

this concludes the proof of Lemma 4.1.17. O

Recall that our aim is to prove that for every h € H there is a classical disc assignment
function ' € H with X, € Xj, and 6,/ > &),. We have the following closing argument
using cardinality. By («,2) of Lemma 4.1.17 we obtain a nested ordinal sequence of
domains (S,),

Np2525 282285, 2 8412 2{0}.

Now setting S§ := N\ S, gives a nested ordinal sequence (S5),

QCSCSECSSC--C8,C8,, C---CN,

Lemma 4.1.18. For the disc assignment function hf we have,
hP is classical if and only if (S,) has stabilised at B, i.e. Sgi1 = S.

Proof. The proof follows directly from (ii) of Lemma 4.1.15. O

Now let w; be the first uncountable ordinal. Suppose towards a contradiction that,
for all B < wy, (Sy) has not stabilised at . Then for each B < w; there exists some
ngy1 € N such that ngyy € S,%H but ng,1 € S for all « < B. Hence since there are
uncountably many g < w; we have S, uncountable with S¢, C IN, a contradiction.
Therefore there exists f < wj such that (S,) has stabilised at f and so, by Lemma 4.1.18,
hP is classical. Now by (B,1) of Lemma 4.1.17 we have hf € H with &,5 > ¢, and by
(8,3) we have X, C Xj. In particular this completes the proof of Theorem 4.1.9 and

the Feinstein-Heath Swiss cheese “Classicalisation” theorem. O

The proof of Theorem 4.1.8 as presented above proceeded without reference to a theory
of allocation maps. In the original proof of Feinstein and Heath, [FH10], allocation
maps play a central role. We will recover a key allocation map from the original proof
using the map f : H — H of Definition 4.1.14. Here is the definition of an allocation
map as it appears in [FH10].

Definition 4.1.19. Let D = (A, D) be a Swiss cheese. We define

D =DU{C\A}.
Now let E = (E, £) be a second Swiss cheese, and let f : D — E. We define G(f) =
f~Y(C\E) N D. We say that f is an allocation map if the following hold:
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(A1) foreach U € D, U C f(U);

(A2)

(A3) foreach E € &,
Def~1(E)

Let D be the Swiss cheese of Theorem 4.1.8 and let S(D) be the family of allocation
maps defined on D. In [FH10] a partial order is applied to S(D) and subsequently a
maximal element fnax is obtained using Zorn’s lemma. The connection between al-
location maps and Swiss cheeses is then exploited. Towards a contradiction the non-
existence of the desired classical Swiss cheese D' of Theorem 4.1.8 is assumed. This
assumption implies the existence of an allocation map f' € S(D) that is higher in the
partial order applied to S(D) than fmax, a contradiction. The result follows. It is at the
last stage of the original proof where a connection to the new version can be found. In
the construction of Feinstein and Heath the allocation map f factorizes as f' = g © fmax
where g is also an allocation map. Let E = (E, £) be a non-classical Swiss cheese with
J(E) > 0. Using the same method of construction that Feinstein and Heath use for
g, an allocation map g; defined on E can be obtained without contradiction. Clearly
E # fmax(D). We will obtain g using the map f : H — H of Definition 4.1.14. Let
he H,h:S— O,Dbe an injective disc assignment function such that D;, = E and recall
from Definition 4.1.14 that f (1) : S — O has S = S\ {m} where (1, m) is the minimum
element of ;. Set E' := Dy(;,). By Definitions 4.1.7 and 4.1.19 we have

—~— /

E=Dj =h(S)and E' = Dy, = f(h)(S).

Now define amap ¢ : E—S by,

~ Y U) if R YU) #m
forUcE, (U):= ) ) # ,
n if W i(U)=m
and note that this is well defined since / is injective. The commutative diagram in Fig-
B,
|
f(h)

!

S
Figure 4.3: gz = f(h) o1

ure 4.3 show how g; is obtained using f : H — H. The construction of f in Definition
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4.1.14 was developed from the construction that Feinstein and Heath used for g. The

method of combining discs in Lemma 4.1.10 also appears in [Zha93].

Remark 4.1.20. Concerning classicalisation.

(i)

(ii)

4.2

Interestingly, as Heath points out in [FH10], every classical Swiss cheese set in
C with empty interior is homeomorphic to the Sierpiriski carpet. Hence up to
homeomorphism there is only 1 Swiss cheese set of this type. In particular if
Xp is a Swiss cheese contained in C with empty interior then either one of the
conditions Xp is classical or §(D) > 0 is enough for R(Xp) # A(Xp).

I also anticipate the possibility of an analog of Theorem 4.1.9 on the sphere. Let
SCR3bea sphere of finite positive radius r; and center ¢ € R3. Fora,b € S let
ds(a,b) := rsZacb be the length of the geodesic path in S from a to b. Now d; is a
metric with respect to which we will define open and closed S-discs contained in
S. With analogy to Definition 4.1.4 let D, := (A, D) be a Swiss cheese on S. Then
either A = Sor D, := (S, DU {S\A}) is a Swiss cheese on S, since S\ A is an open
S-disc, for which XDQ = Xp, in S. Further we have

6(Ds) :=7(A)— Y r(D) =mrs —r(S\A) — )_ r(D) = 6(Dy)

DeD DeD

and so for our choice of metric on S we note that ¢ is independent of whether we
use D or D;. Hence the situation for the sphere is a little simpler than that for the
plane since we can allow all Swiss cheeses on the sphere to have the form D; :=
(S, D) and avoid the need to handle a special closed S-disc A. Therefore on the
sphere analogs of lemmas 4.1.11 and 4.1.13 are not required. We will not establish
here whether the condition 6(D;) > 0 is sufficient for the analog of Theorem 4.1.9
on S to hold since the next step in generalising this theorem should be to establish
the class of all metric spaces for which a general version of the theorem holds.
However the sphere is of particular interest in the context of uniform algebras
since, less one point, the sphere is homeomorphic to the plane allowing many

examples of uniform algebras to be defined on subsets of the sphere.

Non-complex analogs of uniform algebras

The most obvious non-complex analog of Definition 4.1.1 is obtained by simply replac-

ing the complex numbers in the definition by some other complete valued field F. In

this case, whilst Cr(X) will be complete and contain the constants, we need to take

care concerning the topology on X when F is non-Archimedean, e.g. Cq,([0,1]) only

contains the constant.
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Theorem 4.2.1. Let F be a complete non-Archimedean valued field and let Cr(X) be the unital
Banach F-algebra of all continuous F-valued functions defined on a compact, Hausdorff space
X. Then Cp(X) separates the points of X if and only if X is totally disconnected.

Before giving a proof of Theorem 4.2.1 we have the following version of Urysohn’s

lemma which will certainly already be known in some form because of its simplicity.

Lemma 4.2.2. Let X be a totally disconnected, compact, Hausdorff space with finite subset
{x,y1,¥2,y3,- -+ ,yn} € X, x # y;foralli € {1,---,n} where n € N. Let L be any non-
empty topological space and a,b € L. Then there exists a continuous map h : X — L such
that h(x) = aand h(y1) = h(y2) = h(ysz) = --- = h(y,) = b.

Proof. Since X is a Hausdorff space, for each i € {1,---,n} there are disjoint open
subsets U; and V; of X with x € U; and y; € V;. Hence U := Nie(1,- »y Ui is an open
subset of X withx € Uand UNV; = @ foralli € {1,---,n}. Now since X is a totally
disconnected, compact, Hausdorff space, x has a neighborhood base of clopen sets, see
[Wil04, Theorem 29.7] noting that X is locally compact by Theorem 2.1.22. Hence there
is a clopen subset W of X with x € W C U. The function h : X — L given by
h(W) := {a} and h(X\W) := {b} is continuous as required. O

We now give the proof of Theorem 4.2.1.

Proof. With reference to Lemma 4.2.2 it remains to show that Cr(X) separates the points
of X only if X is totally disconnected. Let X be a compact, Hausdorff space such that
Cr(X) separates the points of X. Let U be a non-empty connected subset of X and
let f € Cp(X). We note that f(U) is a connected subset of F since f is continuous.
Now, since F is non-Archimedean it is totally disconnected i.e. its connected subsets
are singletons. Hence f(U) is a singleton and so f is constant on U. Therefore, since

Cr(X) separates the points of X, U is a singleton and X is totally disconnected. O

We next consider the constraints on Cr(X) revealed by generalisations of the Stone-
Weierstrass theorem. In the real case the Stone-Weierstrass theorem for Cr(X) says
that for every compact Hausdorff space X, Cr(X) is without a proper subalgebra that
is uniformly closed, contains the real numbers and separates the points of X. A proof
can be found in [KL92, p50]. The non-Archimedean case is given by a theorem of
Kaplansky, see [Ber90, p157] or [Kap50].

Theorem 4.2.3. Let F be a complete non-Archimedean valued field, let X be a totally dis-
connected compact Hausdorff space, and let A be a F-subalgebra of Cr(X) which satisfies the

following conditions:
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(i) the elements of A separate the points of X;

(ii) for each x € X there exists f € A with f(x) # 0.
Then A is everywhere dense in Cp(X).

Note that, in Theorem 4.2.3, A being a F-subalgebra of Cr(X) means that A is a sub-
algebra of Cp(X) and a vector space over F. If we take A to be unital then condition
(ii) in Theorem 4.2.3 is automatically satisfied and the theorem is analogous to the real
version of the Stone-Weierstrass theorem. In subsection 4.2.1 we will see that real func-
tion algebras are a useful example when considering non-complex analogs of uniform

algebras with qualifying subalgebras.

4.21 Real function algebras

Real function algebras were introduced by Kulkarni and Limaye in a paper from 1981,
see [KL81]. For a thorough text on the theory see [KL92]. The following definition is a

little more general than what we need in this subsection.

Definition 4.2.4. Let X be a topological space and let T : X — X be a homeomorphism.

(i) We will call T a topological involution on X if T o T = id on X.

(if) We will call T a topological element of finite order on X if T has finite order but with
ord(t) > 2.

Let F and L be complete valued fields such that L is a finite extension of F as a valued
field and let ¢ € Gal(L/F). Let A either be an F-algebra or an L-algebra for which
o: A — Aisamap satisfying ord(c) = ord(g) and for alla,b € A and scalars a:

o(a+b) =c(a)+o(b);
o(ab) = o(b)o(a);
o(aa) = g(a)o(a).
(iii) We will call o a algebraic involution on A if 0 o o = id on A.

(iv) We will call o a algebraic element of finite order on A if o has ord(c) > 2.

Note, in Definition 4.2.4 the requirement that T be a homeomorphism is satisfied if 7 is

continuous.
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Definition 4.2.5. Let X be a compact Hausdorff space and 7 a topological involution

on X. A real function algebra on (X, 7) is a real subalgebra A of

C(X,7):={fe€Cc(X): f(t(x)) = f(x) forall x € X}

that is complete with respect to the sup norm, contains the real numbers and separates

the points of X.

Remark 4.2.6. Concerning real function algebras.

(i) Later, Theorem 5.2.1 will confirm that C(X, T) in Definition 4.2.5 is itself always a
real function algebra on (X, 7) and in some sense it is to real function algebras as

Cc(X) is to complex uniform algebras.

(ii) Let X be a compact Hausdorff space and Y a closed non-empty subset of X. Then
Cy := {f € Cc(X) : f(Y) C R} is a commutative real Banach algebra. As
pointed out in [KL92, p2], every such Cy can be transformed into a real function
algebra but the converse of this is false. Hence Definition 4.2.5 is a more general

object.

(iii) With reference to Definition 4.2.5 we have C(X, 1) = {f € Cc(X) : 0(f) = f}
where ¢(f) := f o T. Moreover ¢ is an algebraic involution on C¢(X) and every
algebraic involution on C¢(X) arises from a topological involution on X in this

way, see [KL92, p29] for a proof.

The following example is a useful standard.

Example 4.2.7. Recall from Example 4.1.3 the disc algebra A(A) on the closed unit disc
and let T : A — A be the map 7(z) := Z given by complex conjugation, which we note

is a Galois automorphism on C. Now let
B(A) := A(A)NC(A, T).

We see that B(A) is complete since both A(A) and C(A, T) are, and similarly B(A)
contains the real numbers. Further by the definition of C(A, T) and the fact that A(A) =
P(A) we have that B(A) is the R-algebra of all uniform limits of polynomials on A with
real coefficients. Hence B(A) separates the points of A since it contains the function
f(z) := z. However whilst 7 is in C(A, T) it is not an element of A(A). Therefore B(A)
is a real function algebra on (A, T) and a proper subalgebra of C(A, 7). It is referred to

as the real disc algebra.

Finally for each compact Hausdorff space X, Cc(X) can be put into the form of a real
function algebra as the following example shows. In particular C can be expressed as

a real function algebra on a two point set.
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Example 4.2.8. Let X be a compact Hausdorff space, let Y := {i,—i} C C have the
trivial topology and give X x Y the product topology. We note that the subspace given
by X; := {(x,y) € X xY : y = i} is homeomorphic to X and similarly so is X_;.
Define a topological involution 7 : X X Y — X X Y by (x,y) — (x,7). Then Cc(X;) is
isometrically isomorphic to C(X x Y, T) by way of the mapping f + hf where

{f(z) if zeX;
he(z) := , for f € Ce(X)),
f(t(z)) if zeX

and for z € X_;

showing that hy € C(X x Y, 7). The inverse mapping from C(X x Y, ) to Cc(X;) is
given by the restriction map h +— h|x,. One might suspect that such a mapping exists
for every C(Z, ) by restricting its elements to a compact subspace of equivalence class
representatives for the forward orbits of T. But this is not the case in general since
there can be z € Z with ord(t,z) = 1 forcing all of the functions to be real valued at z

preventing the representation of the complex constants in C(Z, 7).
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Commutative generalisation over

complete valued fields

If ] is a maximal ideal of a commutative unital complex Banach algebra A then | has
codimension one since A/ ] with the quotient norm is isometrically isomorphic to the
complex numbers. This follows from the Gelfand-Mazur theorem noting that A/ ] with
the quotient norm is unital since | is closed as a subset of A and ] is different to A, see
Lemma 6.1.7 and [Sto71, p16].

In contrast, for a complete non-Archimedean field F, if I is a maximal ideal of a com-
mutative unital Banach F-algebra then I may have large finite or infinite codimension,
note Corollary 2.2.4. Hence, with Gelfand transform theory in mind, it makes sense
to consider non-Archimedean analogs of uniform algebras in the form suggested by
real function algebras where the functions take values in a complete extension of the
underlying field of scalars. Moreover when there is a lattice of intermediate fields then
these fields provide a way for a lattice of extensions of the algebra to occur. See [Ber90,
Ch1] and [Esc03, Ch15] for one form of the Gelfand transform in the non-Archimedean
setting. This chapter introduces the main definitions of interest in the thesis. We will
generalise the definitions made by Kulkarni and Limaye to all complete valued fields,
show that the algebras obtained all qualify as generalisations of uniform algebras and
that restricting attention to the Archimedean setting recovers the complex uniform al-
gebras and real function algebras. Non-Archimedean examples and residue algebras

are also introduced.

5.1 Main definitions

The following definition gives the requirements for those commutative algebras that

are to be considered as generalisations of uniform algebras.
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Definition 5.1.1. Let F and L be complete valued fields such that L is an extension of
F as a valued field. Let X be a compact Hausdorff space and let C (X) be the unital
Banach L-algebra of all continuous L-valued functions on X with pointwise operations

and the sup norm. If a subset A of Cr(X) satisfies:

(i) Aisan F-algebra under pointwise operations;
(ii) A is complete with respect to || - ||co;
(iii) F C A;
(iv) A separates the points of X,

then we will call A an L/ uniform algebra or just a uniform algebra when convenient.

In the language of Definition 5.1.1, an L/f uniform algebra is a Banach F-algebra of
L-valued functions, also every ©'/; uniform algebra is an '/ r uniform algebra. We now

generalise, in two parts, Kulkarni and Limaye’s definition of a real function algebra.

Definition 5.1.2. Let F and L be complete valued fields such that L is a finite extension
of F as a valued field. Let X be a compact Hausdorff space and totally disconnected if
F is non-Archimedean. Define C(X, 7,g) C Cr(X) as the subset of elements f € Cr(X)

for which the diagram in Figure 5.1 commutes.

x—1 (i) g € Gal(®/F);
TJ JX Where: (ii) 7 : X — X with ord(7)|ord(g);
X f) L (iii) g and T are continuous.

Figure 5.1: Commutative diagram for f € C(X, 7, g).

We will call C(X, 7,¢) := {f € CL.(X) : f(T(x)) = g(f(x)) for all x € X} the basic L /5

function algebra on (X, T, g) or just a basic function algebra when convenient.

Definition 5.1.3. Let F and L be complete valued fields such that L is a finite extension
of F as a valued field. Let (X, 7, ¢) conform to the conditions of Definition 5.1.2 and let
A be a subset of the basic ' /s function algebra on (X, 7, g). If Ais also an L/ s uniform

algebra then we will call A an L/ ¢ function algebra on (X, T, ).

Remark 5.1.4. In definitions 5.1.2 and 5.1.3 the valued field L8 is complete by Remark
2.2.2. The continuity of g in Definition 5.1.2 is only an observation since g is an isometry

on L by Remark 2.2.6. In fact g also acts as an isometric automorphism on C(X, 7, g).
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5.2 Generalisation theorems

With Definition 5.1.3 in mind the following theorem, which is the main theorem of this
chapter, clarifies why an algebra conforming to the conditions of Definition 5.1.2 is to

be called a basic ©/ ¢ function algebra on (X, T, ).

Theorem 5.2.1. Let (X, T,g) conform to the conditions of Definition 5.1.2. Then the basic

L/ s function algebra on (X, T, g) is always an &/ ¢ uniform algebra.

Remark 5.2.2. We will see in the proof of Theorem 5.2.1 that ord(7)|ord(g) is an op-
timum condition in Definition 5.1.2 since if we do not include it in the definition then

C(X, 1,g) separates the points of X if and only if ord(7)|ord(g) as per Figure 5.2.

ord(7)|ord(g)

T

ord(t,X) C ord(g,L) C(X,1,g) separates X

Figure 5.2: Equivalence diagram for Definition 5.1.2.

Proof of Theorem 5.2.1. Let (X, T, g) conform to the conditions of Definition 5.1.2. It is
immediate that C(X, 7,g) is a ring under pointwise operations and L8 C C(X,1,g).

We now show that C(X, 7, g) is complete with respect to the sup norm. First note that

C(X,7,8) ={f € CL(X) : 0(f) = f}

(ord(g)-1) o f o T is an isometry on C(X) since T is surjective and g

where o(f) 1= g
is an isometry on L by Remark 2.2.6. Further ¢ is either an algebraic involution or
a algebraic element of finite order on Cr(X). Hence since Cr(X) is commutative ¢
is in fact an isometric automorphism on Cr(X). Now let (f,) be a Cauchy sequence
in C(X,t,g) and let f be its limit in Cy(X). Then for each ¢ > 0 there exists N €
N such that for all # > N we have ||f — fullo = [l0(fu) — (f)]lo < 5. But then
If =aeDlle = IIf = (fa) +0(fa) =(F)lle < [If = fallo + lle(fa) = (e < &
Hence ||f — 0(f)]|le = 0 giving 0(f) = fand so f € C(X,1,g). Hence C(X,7,g) is
complete. It remains to show that C(X, 7, g) separates the points of X and to this end
we now show each of the implications in Figure 5.2.

1: Let n € ord(t, X). It is immediate that n|ord(7) and since ord(7)|ord(g) we have
n € ord(g, L) by Lemma 2.2.18. We also note that the converse is immediate since for

each n € ord(g, L) we have n|ord(g) and so ord(7)|ord(g).
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2: Note that ord(c) = ord(g) and so, like a norm map, for every i € Cr(X) we have
ho(h)o®@ (h) - - - ©dE@-V () € ¢(X,1,4) and
h+o(h) + @) + -+ 0Dy e C(X,1,9).

Now if ¢ = id is the identity then C(X, 7,g) = Cr(X) which separates the points of X
when L is Archimedean by Urysohn’s lemma, since X is locally compact, and when L
is non-Archimedean by Theorem 4.2.1 since we required X to be totally disconnected
in this case. So now suppose ord(g) > 1 and let x,y € X with x # y. We need to check
two cases.

Case 1: In this case y # 7" (x) forall n € N with n < ord(7, x). By Urysohn’s lemma in
the Archimedean setting or Lemma 4.2.2 otherwise, there is h € Cp(X) with h(y) = 0
and h(t™(x)) = 1foralln € No. Let f := ho(h)c@ (h)---oc©rd©®=1 (1) so that
f € C(X,1,8) with f(y) = 0, by construction, and f(x) = 1 by construction given that
¢(1) = 1. Then in this case x and y are separated by f.

Case 2: In this case y = (") (x) for some n € N with n < ord(t, x). Let m := ord(g) and
k := ord(7, x) and note therefore that we have 1 < n < k — 1, since y # x, and m = km’
for some m’ € IN. Further since ord (7, X) C ord(g, L) thereisa € L with ord(g,a) = k.
By Urysohn’s lemma in the Archimedean setting or Lemma 4.2.2 otherwise, there is
h € Cp(X) with hi(x) = aand h(t?(x)) = 0for 1 < i < k — 1. We will now check two
sub-cases.

Case 2.1: The characteristic of the field L is zero, i.e. char(L) = 0.

Let f:=h+o(h) +c®(h)+-- + U(Ord(g)_l)(h) so that we have f € C(X, 1, g) with
f=h —|—g(m*1) ohoTt —I—g(mfz) ohot® +... +goho 7(m=1) This gives

f(x) =h(x )+g(’” - ( (x))+g’” o n(t®(x)) + -
c g o (MR ()
=h(x) +g((m “DK o (%) (x)) +g((m 2K o p(T) (x)) 4 - -
N g(k) o h(t{™ =1k (x))
=a+a+a+---+a, m times,

=m'a and

:g(mf(k*n)) o h(tk )( x)) +g( (2%k—n)) oh(T(Zk)(x)) 4.

o4 glm — (' =1k=m)) o py ( (' =)k )(x)) 4 g mk=m) o h(T(m/k)(x))
:g((m’—l)k+n) o h(t® (x)) + g((m “2kEn) o () (x)) 4 - - -

o4 gl o n(r (=08 (x)) 4 g™ o n(t™ (x))
:m’g(”)(a) withl1<n<k-1.
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Hence since ord(g,a) = k we have f(x) # f(y).

Case 2.2: The characteristic of L is p, i.e. char(L) = p, for some prime p € IN. In this
case the proof for Case 2.1 breaks down when m’ = p's with s,t € N, p 1 s. So with
respect to such circumstances define ' := ho®K) (h)c(2) () - . . (" =Dsk) () and

fi=fo(f)+o@(f) 4o+ o).

We will now show that o(f) = f so that f € C(X, 7, ¢) and note that this is satisfied if
oGO (1) = f'sinceo(f) = a(f') + P () + @ (f) +- -+ 0O (f). Indeed we have
that ¢ (f/) = o) (h)e20) (h) g3k () - - . ¢P's0) (h) with ¢P'sK) () = (™) (k) = h so
that o(F) (f") = f' giving f € C(X,1,g). Now, for 0 < i < sk — 1, we have

oD (f)(x) =0 (h) (x)o 4 () (x) o P () () - - o P4 () (x)
e i K
0 if kii
since o) (h) (x) = g% o h(t®) (x)) = g((P's=)K) o h(x) = a for kj < m, j € Ny, and
cD(h)(x) = gD o h(z)(x)) = g1 (0) = 0 for j < m, k{ j. Hence

fx) =f'(x) +o(f)(x) + (f)(x) e () (x)
=f'(x) + O () (x) + () (x) + -+ o ETIO(f) ()

—saP'.
But for 0 <i < sk — 1 we also have

oD (f) () =o ) (y)o & (1) () > () (y) - - - P54 () (y)
[s@r i K
0 if kt(i+n)
since if k|(i 4+ n) then i has the form kj — n and the exponents of ¢ therefore also have
the form kj —n < m, j € IN, giving
o7 () (y) =g~ o (97 (y))
=g (P o (97 (21 (x)))
=g((P's=ktm) o y(x) = g(M)(a)

and if k 1 (i + n) then for j < m an exponents of o we also have k { (j + n) giving

o) (h)(y) :g(m—j) o h(T(j) ()
:g(m—j) o h(T(Hn) (x))
:g(m_j)(()) =0.
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Hence

f() =f( )+ (f) () + P () (y) + -+ V() ()
=gt )(y)+02k D()y) + -+ () ()
:sg( )(a) P

Now since p t s we have s € L*. Furthermore recall that since ord(g, ) = k and
1 < n < k—1we have g™ (a) # a. Therefore it remains to show that g(") (a)?" # a?'
in order to conclude that f(y) # f(x). Recall that p = char(L) € N is a prime. For
b € L the Frobenius Frob : L — L, Frob(b) := b*, is an injective endomorphism on L.
We show that the Frobenius is injective on L. Let by, b, € L with bf = bg .

The case p > 2 gives (by — by)P = b} — b5 = 0.

The case p = 2 gives (by — bp)? = b3 + b3 = 2b3 = 0.

In each case L is an integral domain and so b; — b, = 0 giving b; = by as required.
Therefore Frob®) : L — L, Frob®) (b) := b¥', is also injective giving g (a)?" # a?' since
¢ (a) # a and this finishes the proof of implications 2 in Figure 5.2.

3: We now show implication 3 in Figure 5.2 by showing the contrapositive. Suppose
ord(t) 1 ord(g). Then there exists some x € X such that 7(°Td®)(x) # x. Lety :
7(0rd(©) (x). Now for all f € C(X, T,g) we have for all i € N that

fOT(i) :fOTOT(i_l):gofor(i_l):...:g(i)of.

Therefore f(y) = fot(Ord®)(x) = ¢©1d®) o f(x) = f(x). Hence for all f €
C(X,1,g) wehave f(x) = f(y) as required.

Hence having shown each of the implications in Figure 5.2, ord(7)|ord(g) is a neces-
sary and sufficient condition in Definition 5.1.2 in order that C(X, 7, g) separates the

points of X and this completes the proof of Theorem 5.2.1. O

Remark 5.2.3. It's worth noting that for char(L) = p the Frobenius is also a endomor-
phism on C(X, 7, g). Moreover for L of any characteristic we have seen in the proof of
Theorem 5.2.1 that o, given by o'(f) := g(©rd(&)-1)

on C(X) with fixed elements C(X, 7, g).

o f o T, is an isometric automorphism

With reference to the complex, real and non-Archimedean Stone-Weierstrass theorems

from Chapter 4, the following combined Stone-Weierstrass theorem is immediate.

Theorem 5.2.4. Let L be a complete valued field. Let X conform to Definition 5.1.2 and let A
be an b /| function algebra on (X,id,id). Then either A = Cp(X) or L = C and A is not self
adjoint, that is there is f € A with f ¢ A.
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5.3 Examples

Our first example considers © /¢ function algebras in the Archimedean setting.

Example 5.3.1. Let F = R, L = C and X be a compact Hausdorff space. We have
Gal(®/R) = (id, 2).

Setting ¢ = id in Definition 5.1.2 forces T to be the identity on X. In this case it’s
immediate that C(X,7,¢) = Cc(X) and each /s function algebra on (X, 7,g) is a
complex uniform algebra.

On the other hand, setting ¢ = Z forces T to be a topological involution on X. In this
case the L/ ¢ function algebras on (X, 7, g) are precisely the real function algebras of

Kulkarni and Limaye.

Our first non-Archimedean example is very straightforward involving the trivial valu-

ation.

Example 5.3.2. Let F = Q, but with the trivial valuation instead of the absolute val-
uation, and let L = Q(a) with the trivial valuation where a = exp(527i). With ref-
erence to Theorem 2.2.7, and having factorised x' — 1 in F[x]|, we have Irrr,(x) =
x* — x* 4+ x* — x 4+ 1 which gives [L, F] = deglrr ,(x) = 4. The roots of Irrg,(x) are
the elements of S := {a,a>a’,a°} and so, with reference to Definition 2.2.8, L is a
normal extension of F. Moreover with reference to Remark 2.2.9 L is a separable ex-
tension of F and so L is also a Galois extension of F with #Gal(*/f) = [L,F] = 4 by
Theorem 2.2.11. Now for ¢ € Gal(*/r) we must have ¢ : S — S since, for b € S,
0 = g(0) = g(Irrp (b)) = Irrp,(g(b)). Putting g(a) := a3 makes ¢ a generator of
Gal(*/r) and we have

gy =a’, g¥a) =d’, ¢¥(a)=d andg"(a) = a.
Hence L is a cyclic extension of F meaning that Gal( /) is a cyclic group. Moreover

(@40 —a®— ") —4—a®—a*— af — o
=4 — (a* —a® +a*—a)

=4 — (Irrp,(a) —1) =5

3 7

giving a + a° — a® — a7 = /5 noting that the real part of each term is positive. Further

g(V5) =g(a+a’ —a® —d’)
=g(a+ g% (a) — g(a) — g% (a))
—g(a) + g% (a) — g (a) —a = -5
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and so we have the intermediate field Q(2)¢”) = Q(v/5). Now let S; C N x {1},
Sy €N x {+/5,—v/5}, 53 C N x {a,a%,47,a°} and X := S; U S, U S3 all be non-empty
finite sets such that for (x,y) € X we have (x,g(y)) € X. Put the trivial topology on
X so that X is a totally disconnected compact Hausdorff space noting that a set with
the trivial topology is compact if and only if it is finite. Define a topological element
of finite order T on X by t((x,y)) := (x,g(y)) and note that for our choice of topology
every self map on X is continuous as is every map from X to L. Hence Cr(X) is the
Q) / o uniform algebra of all functions from X to L and we also have ord(t)|ord(g) by
construction. Hence with reference to Definition 5.1.2 we have C(X, 7, g) as an example

of a basic Q@) /o function algebra. For z € X each f € C(X, T, g) is such that

f(z) € Q(a) ifz € S,
f(z) €Q(V5) ifz€ Sy and
f(z) €Q if z € Sy since

f(z) = f(T(Ord(T'Z))(z)) = g(ord(rfz))(f(z)) giving ord(g, f(z))|ord(t,z). Furthermore
C(X,1,g) extends to C(X, T(Z),g(z)) which is a basic Q(“)/Q(\/g) function algebra. We
will look at such extensions in the next section. Finally note that in general if we use
the trivial valuation on L then for every totally disconnected compact Hausdorff space

X the sup norm || - || is the trivial norm on Cp(X).

We now look at some non-Archimedean examples involving an order two extension of

the 5-adic numbers.

Example 5.3.3. Let F := Qs and L := Q5(+/2). Suppose towards a contradiction that
V2is already an element of Qs. With reference to Chapter 2, we would have 1 = |25 =
\\/ﬁz\ 5 = |V2|2 giving |[v/2|5 = 1. But then v/2 would have a 5-adic expansion over
Rs5:={0,1,---,4} of the form } ;°, ;5" with ag # 0. Hence

2
a5 +2a0 Yy a5 + (Z ai5i> (5.3.1)
i=1 i=1

1

should be equal to 2. In particular a3 should have the form 2 + b where b is a natural
number, with a factor of 5, that cancels with the remaining terms of (5.3.1). But since
ap € {1,2,3,4} we have a3 € {1,4,4+ 5,1+ 3 -5}, a contradiction. Therefore we have
IrrF,ﬁ(x) = x? — 2 giving [L,F] = 2 and so Q5(v2) = Qs @ v2Qs as a Qs-vector
space. It is immediate that L is a Galois extension of F with Gal(*/r) = (id, g) where
¢(v/2) = —+/2. The complete valuation on F has a unique extension to a complete

valuation on L, see Theorem 2.2.13. Explicitly we have, foralla € L,

ale = /lalelg(@)] = /lag(a)|. = \/lag(a)ls,
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noting that ag(a) € F. Moreover in terms of the valuation logarithm v5 on F we have

lag(a)]s = 52%5(38(@)) and so the valuation logarithm for L is w(a) := 1vs(ag(a)) for
a € L. Hence for a +v/2b € L*, with a,b € F, we have w(a + v2b) = %1/5(512 —2b%).
We show that this in fact gives

w(a+ v2b) = min{vs(a),vs(b)}. (5.3.2)

First recall that v5(0) = co. If b = 0 then w(a) = 1vs(a®) = 2vs(a) = vs(a).

If 2 = 0 then w(v2b) = Jus(—2b%) = 3(v5(—2) + 2v5(b)) = 32v5(b) = v5(b), noting
that vs(—2) = Osince —2 =3+ Y2, 45"

Ifa,b € F* and vs(a) # vs(b) then by the above vs(a?) # v5(—2b%). Hence, by Lemma
2.1.7, w(a + v2b) = 3vs(a® — 2b?) = I min{vs(a?), vs(—2b?)} = min{vs(a),vs(b)}.
Ifa,b € F* and vs(a) = v5(b) = n for some n € Z then the expansion a = ¥° ;5
over Rs has a, € {1,2,3,4} and so the expansion a> = Y.3°,, a5 has a, = a2 in the
residue field F = 5 giving a5, € {1,4}. Similarly the expansion b = Y°  b;5' has
by € {1,2,3,4} and so —2b% = (3+ X2, 4-5) (52, b;5')° = T2, b5 has b}, = 3b2
in F giving b}, € {2,3}. Hence the expansion a> — 2b> = ¥.%°,, ¢;5' has C3, = a}, + b},
in F giving ¢, € {1,2,3,4}. In particular c,, # 0 and so

1 1 > ; 1
w(a+V2b) = Evs(az —2b%) = §V5( Y b)) = 52 =mn
i=2n

and this completes the proof of (5.3.2). With reference to Remark 2.2.14 it follows that L
is an unramified extension of F with |a 4 v/2b|; = max{|a|r, |b|.} = max{|a|, |b|¢} for
a,b € F. Further it follows easily from (5.3.2) that Ry := {a + V2b:a,be{0, - ,4}}
is a set of representatives in L of the elements in the residue field L. Hence L = s
since #R = 25 and [f, f] = 2. Therefore, by Theorem 2.1.23, L is locally compact and
the unitball Ap := {x € L : |x|p <1} = {x € L : w(x) > 0} is a totally disconnected
compact Hausdorff space with respect to | - |.. Further if we take 7j to be the restriction
of ¢ to A then, since g is an isometry on L, 71 is a topological involution on Ay and the

basic L'/ function algebra

C(AL,m,8) ={f € Cu(AL) : f(r(x)) = g(f(x)) forall x € A}

is a non-Archimedean analog of the real disc algebra. Now let f(x) = Y ;7 ;a,x" be a

power series in C(Ar, 71, ). Then for x € Ay and ¢ from Remark 5.2.3 we have

)O_'jo 1" = F(x) = o(f)(x) = g (i ang<x>"> - iogwn)x"

where the last equality follows because the two series have identical sequences of
partial sums. Hence similarly we have, for x € A, Y.7" (2, — g(a,))x" = 0. In

the general case of such circumstance we can not immediately assume that all the
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pairs of coefficients a, and g(a,) are equal since Ay could be a set of roots of the se-
ries Y o~ o(an — g(a,))x™ whilst there being an element of L in the region of conver-
gence of the series that is not a root. However since 0 € A; we have a9 = g(ap).
Now let m € IN be such that for all i € Ny with i < m we have a; = g(a;). Then
X"y o (an —g(ay))x"™ = 0on Ap and Y, ,,(a, — g(a,))x" ™ = 0 on AL\{0}. Let
p be the radius of convergence of Y ;" (2, — g(a,))x" ™. Then with reference to The-
orem 3.1.2, since 1 € A;\{0} with 1|, = 1 and Y, (a, — g(a,))x" "™ converges on
ArL\{0} we have p > 1. Hence Y, (2, — g(a,))x" ™ converges uniformly on the ball
B%(O) = {x € L: w(x) > 1} by Theorem 3.1.2. Therefore ), (a, — g(a,))x" ™ is con-
tinuous on B%(O) and so Y, (a, — g(ay))x" ™ =0at0 € B%(O). Hence a,, = ¢(am)
and by induction we have shown that a, = g(a,) for all n € INy. In particular all the
power series in C(Ar, 13, g) only have F valued coefficients. However since Ay Z F

these functions take values in L.

Whilst the last example of a basic function algebra included many globally analytic
functions the only globally analytic functions in the following example are constants.

However many locally analytic functions are included.

Example 5.3.4. Let F, L, A;, w and g be as in Example 5.3.3 and therefore note that
w|a, : Ap — Ny U {oo}. Define 15(0) := 0 and for x € A \{0},

o(x) == { 5x i 2]w(x) (5.3.3)

571x if 2fw(x).
Let x € Ap with w(x) € Np. Then w(w(x)) = w(5x) = w(x) + w(5) = w(x) +1if
2|w(x). Similarly w(m(x)) = w(x) —1if 2 { w(x). Hence when w(x) € Ny we have
w(m(x)) € Ny giving 72(x) € Ar. Further 1o : Ay — Ay since 12(0) = 0. Moreover
ord(Ty) = 2 and so to show that 1, is a topological involution on Ay, it remains to show
that 1, is continuous. Let x € A and (x,) be a sequence in Ay such that lim,, ;e X, = .
Let e > 0. For x # 0 there exists N € N such that for all # > N we have w(x,) = w(x)
since convergence in L is from the side, see Lemma 3.1.1. With reference to (5.3.3) this
gives, forall n > N, 1(x,) = T (xn)x; "%y = T2(x)x 'x,. Further since lim, o x, = x
there exists M € IN such that, for all m > M, |t (x)x!|r|x — x| < e. Hence for all
n > max{M, N} we have

1T2(x) — T (xn) | = |T2(2)x H(x — x) |2 = |22 () ML ]x — xa|L <.

On the other hand for x = 0 note that w(1(x,)) > w(x,) — 1 for all n € IN. In this case
since lim,,_,0 X, = 0 there exists N’ € IN such that for all # > N’ we have 5|x,|;, < ¢
giving

T2 (x) | = 59 (@) < 5=(@ln)=1) — 515, |, <&
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as required. Hence 17 is a topological involution on Ar. We now consider the basic L/r

function algebra

C(AL,m,8) ={f €CL(AL) : f((x)) = g(f(x)) forall x € Ar}.

We begin by proving that the only power series in C(A, T2, g) are the constants be-
longing to F. Let f(x) := Y ;" a,x" be a power series in C(Ar, T, g). Since 72(0) = 0
and f(12(0)) = g(f(0)) we have ay = g(ap) giving ap € F and so a9 € C(AL, T, 9)-
Hence h := f —ap is also in C(Ar, 7o, g). Suppose towards a contradiction that & is
not identically zero on Ay. Since 1 € Ap, Y.;°; a, converges and so by Lemma 3.1.1
we have lim;,_, w(a,) = co. Hence we can define M := min{w(a,) : n € N}. Also
let m := min{n € N : a, # 0}. Now since Ay = {x € L : w(x) > 0} we can find
y € Ap\{0} such that 2|w(y) and M + w(y) > w(an). Hence for every n > m we have

w(any™) = w(an) +mw(y) < M+ w(y) +mw(y) < w(an) +nwly) = w(ay").

So, by Lemma 3.1.1, w (Y5, 41 any") > min{w(a,y”) : n > m+1} > w(a,y™). Hence
w (Lo any") = w (any™ + Yot i1 any") = w(any™) by Lemma 2.1.7. Similarly for

every n > m we have
w(anS"y") =cw(am) +m(w(y) +1)
<M+w(y)+1+m(w(y)+1)

<w(an) +n(w(y) +1) = w(a,5"y"),

giving w (Y5_,, a,.5"y") = w(an5"y™) = w(5™) + w(any™) = m + w(any™). Now
h(w(y)) = g(h(y)) and 2|w(y) hence Y ;2 a,5"y" = g (X, any"). But, since g is
an isometry, w (g (Lo any")) = w(any™) and w (Yo, 4x5"y") = m + w(a,y™) with
m & IN which is a contradiction. Therefore / is identically zero on A; as required.
However, whilst the only power series in C(Ar, T, g) are constants belonging to F, it is

easy to construct locally analytic elements of C(Ar, o, g) using power series. Define
C(n):={x €A :w(x)=n}forn € w(Ap),

let (ex)nen be the even sequence in w(Ar) given by e, := 2(n — 1) and leta € F. Now

let (f»)nen be a sequence of power series with the following properties:

(i) forall n € IN the coefficients of f, are elements of L;

(ii) for all n € IN we have 57“ < p, where p, is the radius of convergence of f, so

that f,, is convergent on C (e, );

(iii) we have lim, o inf{w(fu(x) —a) : x € C(ey)} = oo.
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We then define f : A; — L by

fu(x) if xeC(ey)
f(x) =19 g(fu(ra(x))) if xeC(en+1)
a if x=0.

We show that f is continuous. Let x € A and let (x,) be a sequence in A, such that
im0 X = X.

If x # 0 then by Lemma 3.1.1 there is N € IN such that for all n > N we have w(x,) =
w(x). If for some m € IN we have x € C(ey,) then f(x) = f,(x) and for alln > N we
have f(x,) = fm(x,) since x,, € C(ey,). Hence by the continuity of f,, on C(e,,) we have
limy o0 f(xn) = f(x).

If for some m € IN we have x € C(ey + 1) then f(x) = g(fm((x))), with o(x) €
C(en), and for all n > N we have f(x,) = g(fm(12(x,))), since x, € C(e, + 1), with
T2(xn) € C(em). Now 1 is continuous on Ay, fy, is continuous on C(e,) and g is an
isometry on L. Hence again we have lim,_,« f(x,) = f(x).

If x = 0 then by the definition of f we have f(x) = a. Let ¢ < co. We need to show
that there is N € IN such that for all n > N we have w(f(x,) —a) > ¢. By property
(iii) given in the construction of f there is M € IN such that for all m > M we have
inf{w(fm(y) —a) : y € C(em)} > e Since lim,_ 0 w(x,) = oo there is N € IN such
that for all n > N we have w(x,) > ep. So let n > N. Then either x,, = 0, noting that
w(0) = oo, or there is m > M with either x,, € C(e,,) or x, € C(ey; +1).

For x, = 0wehave w(f(0) —a) =w(a —a) = o0 > e.

For x,, € C(ey) we have w(f(x,) —a) = w(fm(x,) —a) > esince m > M.

For x, € C(ey + 1) define y := 1 (x,) and note that y € C(ey,). Then

w(f(xn) —a) =w(g(fu(2(xn))) —a)

—o(8(fuly) — ) (since a € F)
=w(fm(y) —a) (since g is an isometry on L)
> (sincem > M and y € C(en)).

Hence f is continuous. We now show that f € C(Ar, 7, g). Let x € A;.

For x = 0 we have f(12(0)) = f(0) =a = g(a) = g(f(0)) sincea € F.

For x € C(ey), for some n € N, we have f(x) = f,(x). Define y := m(x) giving
y € C(ey +1). Then we have

f(m(x) = fy) = g(fu(n(y)) = g(fu(n(n(x)))) = g(fu(x)) = g(f(x)).

For x € C(e, + 1), for some n € IN, we have f(x) = ¢(fu(12(x))). Puty := 1(x) giving
y € C(e,). Then we have

f(m(x)) = f(y) = fuly) = fu(r(x)) = g(g(fu(n(x)))) = &(f(x)).
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Hence f € C(AL, T, §) as required. Now suppose there is N € N such that for all
n > N we have f, = a. Then f will be locally analytic on A; noting that convergence

in Ay is from the side, in particular see the proof of Lemma 3.1.1.

Remark 5.3.5. Concerning examples 5.3.3 and 5.3.4.

(i) Since g is an isometry on A; and 5 € F we note that 73 o 1, is also a topological
involution on Ay with ord(7; o 7p) = 2. For f € C(AL,11,¢) NC(AL, 12, ¢) and
x € Ay we have f(1; 0 12(x)) = g(f(na(x))) = g(g(f(x))) = f(x) which gives
f € C(AL, 71 0 Tp,id). But, with reference to Figure 5.2, C(Ar, 71 0 Tp,id) is not
a basic function algebra since it fails to separate the points of Ar noting that we
have ord (7 o 2) { ord(id). Hence C(AL, 7, ¢) N C(AL, T2, g) isnot a L/ function

algebra on (A, 71, ¢). However C(Ar, T3 © T, ) is a basic function algebra.

(ii) We note that by Theorem 5.2.4 every element f € C(AL, T2, g) can be uniformly
approximated by polynomials belonging to C1(Ar). However, apart from the

elements of F, none of these polynomials belong to C(Ar, 1, g).

In the next section we look at ways of obtaining more basic function algebras.

5.4 Non-Archimedean new basic function algebras from old

5.4.1 Basic extensions

The following theorem concerns extensions of basic function algebras resulting from

the field structure involved.

Theorem 5.4.1. Let the basic * /s function algebra on (X, T,g) be such that Gal(/s) and
(id) are respectively at the top and bottom of a lattice of groups with intermediate elements.
Then Cr(X) and C(X, T, g) are respectively at the top and bottom of a particular lattice of basic
function algebras with intermediate elements and there is a one-one correspondence between the
subgroups of Gal(*/1s) and the elements of this lattice which we will call the lattice of basic
extensions of C(X, 7,8).

Proof. With reference to Remark 5.2.3, the automorphism o (f) = g(OI'd(g )"V o for,for
f € CL(X), is such that C (X)) = C(X, T,¢) where

CL(X) == {f € CL(X) : o (f) = f}.

Now by the fundamental theorem of Galois theory we have Gal(L/s) = (g) and so

Gal(L/1s) is a cyclic group. Moreover we have ord(c) = ord(g) giving (¢) = (g) as
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cyclic groups. It is standard from group theory that a subgroup of a cyclic group is
cyclic. In particular, for njord(c), (¢(") is the unique cyclic subgroup of (¢) of size
#(cM) = ord(c™) = %. Moreover for G a subgroup of (¢) we have %Gm e N,
by Lagrange’s theorem, and so for n = % we have (¢(") = G with n|ord(c).

Hence we define a map ¢ : {(c) : n|ord(c)} — {CL(X)<‘7<")> : njord (o)} by
G((0) = CLx) ") = {f € CL(X) 10 (f) = f} = C(x, 7, g ).

Now let n|ord(c). Since ord(7)|ord(g) we also have ord(7, X) C ord(g, L), see Figure
5.2. Hence ord(7("), X) C ord(g", L) giving ord(t(™)|ord(g(™) and so ¢((c™)) is a

basic function algebra. Moreover since
C(X, T, g = {f € CL(X) : f(z(x)) = g (f(x)) for all x € X}

the constants in ¢((c("))) are the elements of the field L") and so ¢ is injective by
the fundamental theorem of Galois theory. Finally it is immediate that the elements of
{CL(X )<‘7<n)> : njord(c)} form a lattice as described in the theorem and this completes
the proof. O

Example 5.4.2. Let F = Q and let L = Q(a) where a = exp(£;27ti). Having factorised
x* — 1 in F[x], we have Irrp,(x) = x® — x° + 2% — x®> + ¥ — x + 1 with roots S :=

°,a%,a,a3}. Hence L is the splitting field of Irrr,(x) over F and so L is a

{a,a%a
Galois extension of F with #Gal(%/r) = [L, F] = 6 by Theorem 2.2.11. In fact putting
g(a) := a® makes g a generator of Gal(’/F) and so L is a cyclic extension of F and
F = L8 since L is a Galois extension. We can take C(X, 7, ¢) to be a basic L'/ s function
algebra constructed by analogy with Example 5.3.2 where X C IN x L is non-empty
and finite with T((x,y)) = (x,g(y)) € X forall (x,y) € X. In this case Figure 5.3 shows
the lattice of basic extensions of C(X, 7,¢) as given by Theorem 5.4.1. Finally we note

X CL (X) (id)

Figure 5.3: Lattice of basic extensions.

that in this example F = Q, requiring the trivial valuation, was chosen just to keep

things simple.
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5.4.2 Residue algebras

We begin with an analog of Definition 2.1.10.

Definition 5.4.3. For C(X, 7, ) a basic L /;¢ function algebra in the non-Archimedean

setting, with valuation logarithm w on L, we define:

(i) O(X,1,8) :={f €C(X,1,8) :infrexw(f(x)) >0, equivalently || f|lec <1};
(i) O*(X,1,8) ={f€C(X, 1,8 : w(f(x)) =0, equivalently | f(x)|L = 1,Vx € X};
(i) J(X,7,8) ={f € C(X,1,9) :infrex w(f(x)) > 0, equivalently |||l < 1};

(iv) M¥(X,1,8) = {f € O(X,7,8) : w(f(y)) > 0, equivalently |f(y)|r < 1} for
ye X

In this subsection we will mainly be interested in the following two theorems and their
proofs. The main theorem is Theorem 5.4.5 which concerns the residue algebra of par-
ticular basic function algebras. Before proving these theorems we will need to prove

several other results that are also of interest in their own right.

Theorem 5.4.4. If C(X, T,g) is a basic *'/ 15 function algebra in the non-Archimedean setting
then:

(i) O(X,7,8)isaring

(i) O*(X,7,8) is the multiplicative group of units of O(X, 7,8);
(iit) J(X,7,g) isanideal of O(X, T,8);
(iv) MY(X,7,8) is a maximal ideal of O(X, T,g) for each y € X.

Theorem 5.4.5. Let F be a locally compact complete non-Archimedean field of characteristic
zero with nontrivial valuation. Let L be a finite unramified extension of F with L8 = F for some
¢ € Gal(L/F) and let C(X,7,g) be a basic L / ¢ function algebra. Then there is an isometric
isomorphism

O(X,7,8)/J(X,7,8) =C(X,7,3)

where C(X,7,§) is the basic © /= function algebra on (X, T,g). Here F and T are respectively
the residue field of F and L whilst § is the residue automorphism on L induced by g. More
generally L need not be an unramified extension of F for the above to hold provided that we

impose the condition ord(T)|ord(g) directly.

Remark 5.4.6. Concerning Theorem 5.4.5.
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(i)

(ii)

(iii)

(iv)

The conditions in Theorem 5.4.5 imply that F contains a p-adic field, up to a posi-
tive exponent of the valuation, since by Theorem 2.1.23 the residue field F is finite

and so the valuation on F when restricted to Q can not be trivial.

Since L is finite the valuation on L is the trivial valuation. In general the quotient
norm on a residue field is the trivial valuation. In particular for 2 € L with residue

class representative 2 € O, we have, by Lemma 2.1.7, that

1 if a¢ Mg

min{la—bl; : b e M} =
Ha =5l 2 {0 it ac M.

To be thorough for the reader we show that § is well defined, although this is
covered in [FV02, p52]. Leta € L with residue class representative a € Op. For
¢ € Gal(/F) we obtain § € Gal(L/7) by g(a) := g(a). Now let b € Op with
b # abuth = asothata —b € M. By Remark 2.2.6, ¢ is an isometry on L and

so g(a) —g(b) = g(a—b) € My giving g(b) = g(b) = g(a) = g(a) and so g is

well defined.

The map g — § is a homomorphism from Gal(/F) to Gal(* /). Indeed forz € L
and g1, g» € Gal(%/f) we have

§1082(a) = g1082(a) = g1(82(a)) = &1 (M) = $1(£2(a)) = &1 0 &(a).

Under the conditions of Theorem 5.4.5 this homomorphism becomes an isomor-
phism as per Lemma 5.4.7 below, see [FV02, p52]. In particular this ensures that
C(X,71,8), in Theorem 5.4.5, is a basic function algebra since ord(§) = ord(g)
gives ord(7)|ord(g).

Lemma 5.4.7. Let F be a local field, as per Remark 2.1.24, and let L be a finite unramified Galois
extension of F. Then Gal("/F) = Gal(" /) giving ord(g) = ord(g) forall g € Gal(*/F).

The following definition and lemma will be useful when proving Theorem 5.4.4. Note

that the first part of Lemma 5.4.9 makes sense even though we have yet to show that

O(X,t,g) is aring.

Definition 5.4.8. Let L be a complete valued field with valuation logarithm w and let

X be a totally disconnected compact Hausdorff space.

(i)
(i)

We call amap 1 : X — w(OL) a value level function.

We place a partial order on the set of all value level function by setting

11 > 1p if and only if for all x € X we have 11(x) > i(x).
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Lemma 5.4.9. Let C(X, T, g) be a basic L / s function algebra in the non-Archimedean setting

with valuation logarithm w on L and let 1 : X — w(Op) be a value level function. Then:

(i) M,(X,71,8) = {f € C(X,7,8) : w(f(x)) > «(x)forallx € X} is an ideal of
O(X,1,9);

(ii) for 1" another value level function with 1 > ' we have M,(X,7,g) C M, (X, T,g).

Proof. For (i), let f1, fo € M,(X,7,g) and f € O(X,1,g). Then for each x € X we have
w(fi(x) + f2(x)) = min{w(f1(x)), w(f2(x))} = 1(x) giving fi + f» € M,(X, T, 8) and
w(fi(x)f(x)) = w(fi(x)) + w(f(x)) = w(fi(x)) = «(x) giving f1f € M,(X,7,g) as

required. For (ii), this is immediate. O

Note, the mapping ¢ — M,(X, T,g) is not assumed to be injective. We now prove
Theorem 5.4.4.

Proof of Theorem 5.4.4. For (i), note that since w(1) = 0, w(0) = co and 1,0 € F we
have 1,0 € O(X,t,g). Further O(X,7,g) is closed under multiplication and addi-
tion by Lemma 5.4.9 since for the value level function that is constantly zero we have
O(X,1,8) = Mo(X,7,8). Hence O(X, 7,g) is aring.

For (ii), we need to show that 0* (X, 7,g) = O(X,1,2)*. Let f € O(X,7,8)*. Then
for all x € X we have w(f(x)) > 0 and w(f !(x)) > Osince f,f! € O(X,7,9)*
but we also have w(f~1(x)) = w((f(x))™') = —w(f(x)) giving w(f(x)) = 0. Hence
O(X,1,8)* CO*(X,71,8). Now let f € O*(X, 1,g). We have

w(f~H(x)) = —w(f(x)) =0 (5.4.1)

for all x € X and so it remains to show that f~! is an element of C(X, T,g). We have

1=g(1) =g(f'f) =g(f"g(f) giving g(f ') = (g(f)) " and so
o) =) =) =8

For continuity let x € X and (x,) be a sequence in X with lim, . x, = x in X. Then
by (5.4.1) we have

=w f71<xn)f(x) -1)

=w(f ) (f(x) = f(x2)))

=w(f(xn)) +w(f(x) — f(xn))
)
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Therefore by the continuity of f we have lim, o f~(x,) = f~!(x) from which it fol-
lows that O* (X, 1,g) € O(X,1,8)* as required.

For (iii), taking into account that the valuation on L could be dense, J (X, T,g) is an
ideal of O(X, 7,¢) by Lemma 5.4.9 since J (X, 7,8) = Upen M1 (X, T,g) noting that
1¢ Mi(X,7,g) forall n € N and that a union of nested ideals isnan ideal.

For (iv;, MY(X,1,g) is an ideal of O(X,7,g) by Lemma 5.4.9 since MY(X,1,g) =
Upen M L (X, T,g) where x {y} 18 the indicator function. Also by Lemma 5.4.9, since
> %X{y} for all n € N, we have J(X,7,8) € MY(X,7,g). We now show that
MY(X,1,g)is amaximal ideal of O(X, 7, ). Let Z(X, 7, g) be a, not necessarily proper,
ideal of O(X, 7, g) with MY(X,1,¢) ;Cé Z(X,7,8). Then thereis f € Z(X,1,g) with
w(f(y)) = 0. Define on X

0 if w(f(x))=0

fix)= { 1 if ngxii > 0.
We show that f’ is an element of MY (X, 7,¢) and so f’ € Z(X, 7, g). For continuity let
x € X and (x,) be a sequence of elements of X with lim;, ., x, = x in X. Since f is
continuous we have lim,_,« f(x,) = f(x) with respect to w. Hence if f(x) = 0 then
there exists N € IN such that for all n > N we have w(f(x,)) = w(f(xn) — f(x)) > 0.
If f(x) # 0 then since convergence in L is from the side, see Lemma 3.1.1, there exists
N € N such that for all n > N we have w(f(x,)) = w(f(x)). Hence in every case
there exists N € IN such that for all # > N we have f'(x,) = f'(x) and so f’ is

continuous. We need to show that f'(7(x)) = g(f’(x)). Since g is an isometry on L we

have w(f(t(x))) = w(g(f(x))) = w(f(x)) giving

o 0 if w(f(r(x)))=0
fir(x)) { 1 if w(f(t(x))) >0
=f'(x)
=g(f'(x))

noting that f’ takes values only in {0,1} C F. Now w(1) = 0 and w(0) = oo so that for
all x € X we have w(f'(x)) > 0 giving f' € O(X, 1,g). Further since w(f(y)) = 0 we
have w(f'(y)) = w(0) = oo and so we have shown that f' € M¥(X,1,8) & I(X,7,3).
Now since Z(X, 7, g) isanideal we have f + f' € Z(X, 1, g). Moreover by the definition
of f/, foreach x € X, if w(f(x)) = 0 then w(f'(x)) = w(0) = oo and if w(f(x)) >0
then w(f'(x)) = w(1) = 0. Hence for all x € X, w(f(x) + f'(x)) = 0 by Lemma 2.1.7
andso f+ f' € O*(X,1,9) giving Z(X, 7,8) = O(X, 7,g). Therefore M¥(X,1,g) isa
maximal ideal of O(X, 7, g) and this completes the proof of Theorem 5.4.4. O

The following two lemmas will be used in the proof of Theorem 5.4.5. The first of these,

Lemma 5.4.10, will be known but we provide a proof in the absence of a reference. The
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second, Lemma 5.4.12, may be new, since I have not seen it in the literature, however it

could be known to some number theorists.

Lemma 5.4.10. Let F be a complete non-Archimedean field with a nontrivial, discrete valu-
ation and valuation logarithm v. Let 7t be a prime element and R be a set of residue class
representatives for F, as shown in Theorem 2.1.13. Then, for X a compact Hausdorff space, each
f € Cr(X) has a unique expansion, as a series of locally constant R-valued functions, of the

form
s .
f=)Y_fi', forsomen e Z.
i=n

Moreover, for j > nand x,y € X with v(f(x) — f(y)) > jv(m), we have fi(x) = fi(y) for

all i in the interval n <i < j.

Proof. Let f € Cp(X) and note that since X is compact, f is bounded. Hence there is
n € Z such that, for all x € X, v(f(x)) > nv(m). Therefore by allowing terms to be
zero where necessary and by using the unique 7T-power series expansion over R for

elements of F*, as shown in Theorem 2.1.13, we have for each x € X
f(x) =Y filx)n' € F.
i=n

Hence for each i > n we have obtained a function f; : X — R and the resulting ex-
pansion f = Y° firt' is unique. Now for j > n let x,y € X be such that we have
v(f(x) — f(y)) > jv(m). If we do not have fi(x) = fx(y) for all k > n thenletk > n
be the first integer for which fi(x) # fx(y). Therefore fi(x) and fi(y) are representa-
tives in Of of two different residue classes. Hence fx(x) — fx(y) ¢ M showing that
v(fx(x) — fx(y)) = 0. Therefore by Lemma 2.1.7 and the definition of k we have

kv(m) =v(fi(x) = fuly)) + v (")
=v((fe(x) — fiy))7")

Hence k > j giving fi(x) = fi(y) for all i in the interval n < i < j. Finally we show, for
all j > n, that f; is a locally constant function. For x € X define the following ball in F

Bjy(m) (f(x)) :={a € F:v(f(x) —a) > ju(m)}.

Then since f is continuous there exists an open subset U of X with x € U such that
f(U) € Bjy(n)(f(x)). Hence for each y € U we have v(f(x) — f(y)) > jv(7) and so
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fi(x) = fi(y). In particular f; is constant on U and this completes the proof of Lemma
5.4.10. L

Lemma 5.4.10 has the following corollary which, for locally constant functions, goes
slightly further than Theorem 5.2.4 since it does not assume that X is totally discon-

nected.

Corollary 5.4.11. Let F and X be as in Lemma 5.4.10 and let LCr(X) be the set of all locally
constant F valued functions defined on X. Then LCp(X) is uniformly dense in Cp(X).

Proof. For f € Cp(X) let f = Y2, firr' be the expansion from Lemma 5.4.10. We

note that a finite sum of locally constant functions is locally constant. Hence, for each

m > n, ficy = Y0, firt is an element of LCp(X). Lete < oo and m > 7o+ Then we
have infrex V(f(x) — ficm(x)) = infrex V(T2 uiq fi(x) 7)) > v(7™ ) > my(m) > e as

required. O

Here is the second of the two lemmas that will be used in the proof of Theorem 5.4.5.

Lemma 5.4.12. Let F and L be non-Archimedean fields with L a finite extension of F as a
valued field such that the following holds:

(i) we have Q C F and the valuation logarithm v on F when restricted to Q is a p-adic

valuation logarithm;
(ii) the residue field F is finite and so L is also finite;

(iii) the elements of Gal(L /) are isometric on L, noting that this is automatically satisfied if

F is complete.

Then for each § € Gal(*/r) there exists a set Rp,e C O] U{0} of residue class representatives
for L such that the restriction of g to R,¢ is an endofunction g|g, . : Rig — Rig-

Proof. Let w be the extension of v to L and let R with 0 € R be an arbitrary set of
residue class representatives for L. Fix ¢ € Gal(L/F) and for a € O denote the orbit

of a with respect to g by

(g)(@) = {g"(a) :n € {1, ord(g,a)}}.

Also denote (g)(a) := {¢((a) : n € {1,--- ,0rd(g,a)}} = (g)(a) C L. We will show
that Ry € O U {0} can be constructed from R . Clearly we can let 0 represent 0 and

so include 0 in R ¢. More generally we need to make sure that:
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(1) for each a’ € Ry there is precisely one element a € R ¢ such that @ = /, that is
a=a'+bforsomeb € L with w(b) > 0;

(2) foreacha € Ry, we have g(a) € Rp,.

To this end we will show that the following useful facts hold for Lemma 5.4.12.

(a) For ay,ap, € Of either (g)(a1) N (g)(a2) = D or (g)(a1) = (g)(az). Clearly, since

ord(g) is finite, if (g)(a1) N (g)(a2) # @ then (g)(a1) = (g)(a2).

(b) Leta’ € R\{0}. Then there exists a € O, with @ = a’ such that if a;,a, € (g)(a)
with a1 # a, then @7 # a,. Further since g is an isometry we have w(a;) = 0 for
all a; € (g)(a). This ensures that every residue class that has a representative in

(¢) (a) has only one representative in (g) ().

Hence by applying (a) and (b) above we obtain R ; as a disjoint union of the orbits of
finitely many elements form O; U {0}. Note if Rr is a set of residue class represen-
tatives for F and Rr C R then with the above construction we can choose to have
R C R since g restricts to the identity map on Rf. Also note that (b) is not in gen-
eral satisfied for all a € O] witha = a’. Indeed, in the case of Example 5.3.3 where
L = Qs(V2), fora =14 5v2wehave g(a) =152 # aandyet@: a=1. We
will now prove that (a) and (b) above hold.

For (a) it is enough to confirm that (g)(a) = (g)(a) for alla € O;°. Since g is an isom-
etry, (iii) and (iv) of Remark 5.4.6 are applicable and so we have for each n € IN that
W = @(ﬁ) = ¢(") (7). Hence the result follows.

For (b) we first note that, for each a’ € R \{0}, ¢ maps residue class to residue class.

That is g restricts to a bijection g|; : @’ — g(a’) and g also restricts to a bijection

g|m : g(a') — ¢@(a’) and so forth. This is because g restricts to a bijective endo-
function on M, since g has finite order and is an isometry. Now for (b) to hold we
need to check that for each a’ € R\ {0} there is an a € a’ such that when the forward
orbit of a, with respect to g, returns to a residue class it has visited before then it returns
to the same element of that residue class. Leta’ € R\ {0} and let n be the first element
of {1,2,---,ord(g,a’)} such that there exists ani € {0,1,---,n — 1} with ¢)(a’) in
the same residue class as ¢ (a’). Hence w(g')(a’) — ¢ (a’)) > 0 and since g is an
isometry we have w(a’ — g~ (a’)) > 0 giving i = 0 by the definition of 1. Therefore
g™ (a') = a’ + b for some b € My and g(") restricts to g |- : a’ — .

Hence for (b) to hold it is enough to show that there is a € a’ which is a fixed point
with respect to ¢(). To this end we more generally show that for each ¢ € Gal(%/F)
with g : @/ — 4 there is a fixed point a € a’ of g. So for such a g € Gal(*/F) let
m := ord(g,a"). Now recall that we have Q C F and that v on F when restricted to Q
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is a p-adic valuation logarithm for some prime p. Hence we have two cases, p { m and

p|m.
Suppose p { m. We have g(a’) = a’ + b for some b € M. Further then we have

g (a') =g(a' +b) = g(a') +g(b) =a’' +b+g(b),
() =g(a' +b+g(b)) =g(a') +g(b) + §@ (b) = a' + b+ g(b) + g'P(b),

g" V(@) ="+ b+ g(b) + 8P (b) + -+ g (b).
Hence consider
dim (o g(@) + gD (@) + o+ g ()

:%(ma’ +(m—-1b+(m—-2)g(b)+---+ (m— (m— 1))g(’”’2)(b)).

Since Q C F we have g(1) = 1 giving ¢(a) = a. Moreover since p { m we have
w(m™) =v(m') = —v(m) = 0. Therefore

wla—a') = (3 ((n= Db+ = 20g(8) + (= 3)g D)+ + 5" 20) )
=0+ w((m—1)b+ (m—2)g(b) + (m —3)§@(b) + - - - + g™ 2 (b))
>min{w((m —1)b), w((m —2)g(b)), w((m —3)g? (b)), ,w(g™ (b))}
—w(g" (b)) = w(b) > 0.

Hence 4 is an element of 4’ with g(a) = a as required.

Suppose p|m. Then there is n,m’ € N such that m = p"m’ with p { m’. Hence
ord(g(""'™),a’') = p. Now suppose that the following holds.

(b2) Letag € Of. Then for each ¢’ € Gal(L/F) with ¢'|z; : @ — ag and ord(g’,a9) = p

there is a fixed point a; € aj of g'.

Then by applying (b2) there is a; € a’ which is a fixed point of g(”nflml) and so we have
ord(g,a1)|p"'m'. By repeated application of (b2) we can obtain an element a, € a’
such that ord(g,a,)|m’. Now, since the set R, was an arbitrary set of residue class
representatives for L and a, represents a’, we can apply the case p { m for a, to obtain
a € a, = a’ with ¢(a) = a as required.

It remains to show that (b2) holds. So let ap € O] and ¢’ € Gal(*/F) satisfy the

conditions of (b2). Hence for some b € M| we have

g'(aop) =ao + b,
§'®(ag) =ag +b+¢'(b),

P V(ag) =ag +b+g'(b) +---+ P (b).
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Define by := b, by := b+ g'(b), -+, bp—1 := b+ g'(b) +--- + ¢'?=2)(b) and note that
foralli € {1,---,p—1} we have

w(b;) > min{w(b),w(g' (b)), - ,w(g P2 (b))} = w(b) > 0. (5.4.2)

Now since w/q is the p-adic valuation logarithm v, we have F, C L. Therefore since L

is a finite field we have #L = p* for some k € IN. Hence we consider

k—1

a1 :=(aog'(a0)g"? (ap) - - - §'P V) (a0))”
:(ao(ao + b1)<ﬂ0 + bz) s (110 + bp71>)pk7
(ﬂg + agby(ap + by) - - - (ap + bp,1) + a%bz(ao +b3) - (ag+ bp,1) + -

-1 k—1
e + ag bpfl)p

1

Now, by Lemma 2.1.7 and (5.4.2), we have

w(agby(ag +b2) - -~ (ap +by_1)) =w(ao) + w(by) + w(ao +bz) + - --
-+ w(ag+by_1)
=04+ w(b1)+0+---+0
>w(b) > 0.

The same inequality holds for later terms in the above expansion on a1, hence for
¢ i= aghy(ag+b2) -+ (a0 + by—1) + adba(ag + b3) -+ (ag + bpr) + - +af by

we have w(c) > 0. This gives
p 1 p P -
ay = (ag +c)? :a0+2< . )”o c'
-1

such that for eachi € {1,---,p*~1} we have

w <<pki_l>ag(pkli)ci> =w ((pki_l>> + p(pk’l —1)w(ag) + iw(c)
—w ((pkil>> +0+iw(c) >0

noting that w ( (pki_l)) > 0 since w|q is the p-adic valuation logarithm v,. Hence for
P R P (=) ' X k

=y, " )a ¢ we have w(c¢’) > 0. Further since #L© = p“ — 1 we have

@t =1 by Lagrange’s theorem. In particular a; = agk +d =" +0=m giving

4, € @y and since a1 = (aog(a0)g’' (ap) - - - P~V (ag))P"™" with ord(g’,a0) = p we

have ¢’(a1) = a7 as required. This completes the proof of Lemma 5.4.12. O

We will now prove Theorem 5.4.5.
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Proof of Theorem 5.4.5. For f € O(X,1,g) let f := f+ J(X,7,¢) denote the quotient
class to which f belongs and let 77 be a prime element of L. Note, O(X,7,8)/J (X, 7,8)
is endowed with the usual quotient operations and the quotient norm which in this case
gives the trivial valuation. We begin by establishing a set R(X,1,g) C O(X, 1,g) of
quotient class representatives for O(X, t,9)/J (X, T,g). By Lemma 5.4.12 there is a set
R1,¢ of residue class representatives for L such that 8l®r., : Rig — Rig. Furthermore

by Lemma 5.4.10 every f € Cr(X) has a unique expansion of the form
f=)Y_ fin', forsomene€Z, (5.4.3)
i=n

where, for each i > n, f; : X — Rp, is a locally constant function. Hence, using

expansion (5.4.3), for f € O(X, 1,g) we have
foot+hot=for=gof=gofotgoh

where h := Y, firt! with w(h(x)) > 0 for all x € X. Now note that T : X — X and
8lr., : Rrg = Rrggive foot: X — Rpgand go fo : X — Ry Further since g is
an isometry on L we have w(hot(x)) > 0 and w(goh(x)) > 0 for all x € X. Hence
since the expansion of f o T in the for of (5.4.3) is unique we have fopoT = go fy and

h ot = goh. Moreover f is continuous since locally constant and, for x € X,

oo if fg(x)zo
0 if fo(x)#£0.

In particular we have fy € O(X, 1,g). Hencewealsohaveh = f — fy € O(X, 1, g) since

w(fo(x)) = {

O(X,1,g) is aring. But since w(h(x)) > 0 for all x € X we in facthave h € J (X, 7, 9)
giving
f=fo

Now by the uniqueness of expansions in the form of (5.4.3) and since J (X, 7,g) is an

ideal we have for any other element f' = f{ + ' € O(X,7,g) that f = f if and only if

14 = fo. Hence using expansion (5.4.3) we define

R(X,1,8):= {fozf: i;)fiﬂi € (’)(X,T,g)}

noting that 0 € R(X,1,g) since 0 € Ry, and 0 € O(X, 7,g). We now define a map
$:0(X,1,9)/T(X,1,8) = C(X,7,8) by

¢(f) =9(fo) = oo+ T (X, 1,8) = fo

where for x € X we define fo(x) := fo(x) = fo(x) + M. We show that ¢ is a ring
isomorphism by checking that:
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(i) forall f € O(X,7,8)/J(X,7,8) wehave fy € C(X,T,3);
(ii) ¢ is multiplicative, linear and ¢(1) = 1;
(iii) ker(¢) = {0} ensuring that ¢ is injective;
(iv) ¢ is surjective.

For (i), since fy is a locally constant function on X we have fy € Cz(X). Furthermore
we have already shown above that foo T = go fo. Hence for each x € X we have
fo(x(x)) = foe()) = g(fo(0) = g (/o)) = g (folx) ) and s0 fy € C(X, 7, ).

For (ii), let f, f' € O(X,7,8)/J (X, T,8). We show that ¢ is multiplicative. Set i := fof}
giving fofy = ho+ 1 with ' € J(X,7,g) and fo, f3, ho € R(X,7,g). Hence for each
x € X we have h'(x) € M. Therefore for each x € X we have

¢(FF)(x) = 9(fofy) (x) =9(fofy) (%)

=(9(f0)p(f) (%) = (@(Hp(f))(x)-
Linearity, ¢(f + f') = ¢(f) + ¢(f"), is shown in much the same way. Showing that
¢(1) = 11is almost immediate. Let 1y be the representative in R 4 of 1. Then we have
1o € R(X,1,8) giving ¢(1) = ¢(1y) = 1o = 1 as required. In fact we can always choose
RLg such that 1o = 1.
For (iii), let f € O(X,t,g). If for all x € X we have ¢(fy)(x) = fo(x) = 0 then
w(fo(x)) > 0forall x € X giving fo € J(X,7,g). Hence fy = 0 and so ker(¢) = {0}.
In fact since fj is an element of R(X, 7, g) we have fy = 0 in this case.
For (iv), given f € C(X,1,§) and x € X we have f(x) = ag(x) + M, for some element
ag(x) of Rp,q since Ry 4 is a set of residue class representatives for L. Since the valuation
on L is the trivial valuation, f is a locally constant function and hence, when viewed as
a function on X, so is ag. Therefore ag is a continuous Oy, valued function noting that
Rig € Or. Further since f € C(X,t,g) we have for each x € X that

a0(t(x)) = f(r(x)) = 2(f(x)) = g (0(x)) = g(a0(x)).

Now because g|z, , : R1,g — Ri,g wehave g(ao(x)) € Ry giving ag(7(x)) = g(ao(x))

for all x € X. Hence, as a function on X, a9 € O(X, 1,g) and so ap € R(X, 1,g) with
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¢(a0) = @y = f as required. Finally, since the valuation on L is the trivial valuation,
the sup norm on C(X, 7, §) is the trivial norm. Therefore it is immediate that ¢ is an

isometry and this completes the proof of Theorem 5.4.5. O

The last result of this section follows easily from the preceding results.

Corollary 5.4.13. Let F, L and g € Gal(*/f) conform to Lemma 5.4.12 with F and L having
complete nontrivial discrete valuations and let C(X,t,g) be a basic %/ 15 function algebra.
Furtherlet R(X,7,8) € O(X, 1,8) be the subset of all locally constant Ry ¢ valued functions.
If there is a prime element 7t of L such that ¢(7t) = 7t then each f € C(X,7,¢)\{0} has a

unique series expansion of the form
s .
f= Zﬁn’, forsomen € Z,
i=n

where for each i > n we have f; € R(X,1,g). In particular the subset of all locally constant
functions, LC(X, 7,8) C C(X,1,8), is uniformly dense in C(X, 7,g).

Remark 5.4.14. For L an unramified extension of F, every prime element 77 € Fis a
prime element of L with g(7r) = 7. In particular Corollary 5.4.13 holds when L is a

finite unramified extension of Q, as is the case for examples 5.3.3 and 5.3.4.

Proof of Corollary 5.4.13. Let f be an element of C(X,7,£)\{0} and let 7 be a prime
element of L with g(71) = 7. By Lemma 5.4.10 f has a unique series expansion of the
form .
f= Zfir[i, for somen € Z,
1=n

with f, # 0and f; : X — Ry, alocally constant function for all i > n. Hence

Y fiotn = for=gof =} (go flg(m) = Ygofin

Therefore since g restricts to an endofunction on Ry, and by the uniqueness of the
expansion we have f;o T = go f; foralli > n. Hence f; is an element of R (X, 7, ) for all
i > n and for each m € IN we have Y"1 f,;! € C(X,1,g). Finally (Z?jfﬁl firci>m
is a sequence of locally constant functions which converges uniformly to f as required.

Ul

This brings us to the end of Chapter 5. In the next chapter we will see that ' /| s function

algebras have a part to play in representation theory.
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CHAPTER 6

Representation theory

The first section of this chapter introduces several results from the theory of Banach
rings and Banach F-algebras that we will use later in the chapter. These results have
been taken from [Ber90, Ch1]. However I have provided a thorough proof of each result
in order to give significantly more detail than [Ber90] since some of them may not be
widely known. The second section begins by recalling which Banach F-algebras can be
represented by complex uniform algebras or real function algebras in the Archimedean
setting and one such result in the non-Archimedean setting provided by [Ber90] is also
noted. We then develop this theory further by identifying a large class of Banach F-
algebras that can be represented by /s function algebras. The resulting representa-
tion theorem is the main result of interest in this chapter and the rest of the chapter is

given over to the proof of the theorem.

6.1 Further Banach rings and Banach F-algebras

Since the definition of a Banach ring was given in Definition 3.2.1 we begin with the

first lemma.

Lemma 6.1.1. Let R be a Banach ring and let v € R be positive. Define
R(r'T):={f =Y aT :a; € Rand Y_ ||a;||rr" < oo}.
i=0 i=0
Then with the Cauchy product and usual addition:

(i) we have that R(r~'T) is a Banach ring with respect to the norm
fllrr := Y llaillrr’;
i=0
(ii) for a € R we have 1 — aT invertible in R(r~'T) if and only if Y22, ||a’||r1" < ce.

79



CHAPTER 6: REPRESENTATION THEORY

Proof. For (i), let fi = Y52 g a;T' and f, = Y2, b;T' be elements of R(r~'T). Then

Zal+b

=

1A+ fallrr =

R,r

a; + b,-HRri

(o]

laillrr' + Y |6l r?

L
<X il + ) 7
2|

=[lfillrs + I f2llrr < 00

showing that R(r~'T) is closed under addition and that the triangle inequality holds
for || - ||r,r Clearly ||f||r, = 0if and only if f = 0. Further

) i
I Aifallrr =) (Z ﬂkbik> T
i=0 \k=0 Ry
) i )
=Y |1 abig|| 7
i=0 || k= R
) i
< (Z Hﬂk||RHbz'—kHR> r
i=0 \k=
= (Z HaiHRrZ) <Z HbiHer) , by Mertens” Theorem, see [Apo74, p204]
i=0 i=0
=l fillrsll f2llRr < 0
showing that R(r~!T) is closed under multiplication and || - ||z, is sub-multiplicative.
Furthermore we have 1g, = 1gxT° which gives ||1r,||r, = ||1r]|r?® = 1 and similarly
I = 1rrllrr = | = 1rl[r7" = 1.

We now show that R(r~!T) is complete. Let (}7°(4a;,T"), be a Cauchy sequence in

R{(r~'T). Then for k € Ny and & > 0 there exists M € IN such that for all m,m’ > M

we have | X204 T — Y20 aiw TRy = Y520 @im — aiml|rr < erk.

m,m’ > M we have |[ay,, — axqw||r < € and so for all k € Ny, (ar,)» is a Cauchy

Hence for all

sequence in R. Since R is a Banach ring (ay , ), converges to some by € R.
We show that Y-° ) b; T' is an element of R(r~'T). Let ¢y > 0. Then there exists M € N
such that for all m > M we have

Z ai m T < Z Eli,mTZ — Z (ZilMTZ
i=0 i=0 i=0

+ Z ai/MTi
i=0

R,y R,r R,r

< o0,
R,r

<gp +

© .
Z Eli,MTl

i=0
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Now let N € INg and € > 0. Since for each k € Ny, (ax,), is a Cauchy sequence in R
with limit by, there is M’ € IN such that for all m’ > M’ we have YN ||b; — a; v ||r7* < e.
Hence letting my > max{M, M’} gives

N _ N . N N .
) uT Y 6T =) i T+ ) i, T
i=0 i=0 i=0 i=0

R,r R,r
N ) ) )
1 1
<Y (bi — ajm) T + (1) 2im, T
i=0 R,r i=0 R,y
o .
<e+eo+ || ) aimT
i=0 Ry

< e+ | E20aimT||r,. Since
this holds for each N € Ny we have | Y2 b;Ti ||z, < €0+ || 52 aimT'||r, giving
Y2 obiT' € R(r~1T) as required.
Let ¢ > 0. We will show, for large enough n € IN, that || =2 a; , T — Y520 b; Tl |r, < €

Since ¢ > 0 was arbitrary we have || TN, b;T!|r,

and so R(r~!T) is complete. Since (¥2a;,T"), is a Cauchy sequence there exists
M; € N such that for all m,n > M; we have || Y52 (a;, — a;) T ||y < /4.

Letn > M. Since Y3° ya;,T' and Y° , b;T' are elements of R(r~1T) there exists N € N
such that || Y52 o ain TRy < €/4and || 252y TRy < /4.

Since for each i € Ny, (4, )m is a Cauchy sequence in R with limit b;, there is M, € IN
such that for all m > M, we have || CN o (a;n — b)) T |r, = T l|aim — billrr' < e/4.
Let m = max{Mj, M} and define ¢, := || Y5> g a; , T' — Y2 biT?|| r », then

) ) N ) N ) 00 )
Cp = Z ui,nTl + Z(ui,n — El,‘,m)Tl -+ Z(ai,m — b,‘)TZ - Z bl‘Tl
i=N-+1 i=0 i=0 i=N+1 Ry

<e/4+e/4+¢e/4+¢e/4 = eas required.
For (ii), the result is obvious for a = 0 and so suppose a # 0. If Y°; ||a’||rr" < oo then
Y., a'T is an element of R(r~!T) and by the definition of the Cauchy product we have

(f al’Tl‘) (1—aT) =(a"1g)T° + f(aﬁR + a4~ (—a))T
i=0 ]

i=1

=1gT°+ Y a' ' (a+ (—a)T’
=1

1

=1gT° = 1g, = 1.

Similarly this holds for (1 —aT)(¥X>,4'T") and so 1 — aT is invertible.
Now conversely if 1 — aT is invertible in R(r 1 T) then for Y3, b; T' the inverse of 1 —aT

in R(r~1T) we have by the definition of the Cauchy product

g, = (i biTi> (1—aT) = (bolg)T° + i(bill{ +bi1(—a))T'.

i=0 i=1
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Hence by = 1z = a° and, for eachi € N, 0 = b; + b;_;(—a) giving
bi1a =bi+bi_1a+bj_1(—a) =b;+bi_1(a+ (—a)) =b;.

Therefore for each i € IN, b; = b;_1a with by = 1 giving b; = al by induction. Hence

YR oaiT = Y2, b;T isan element of R(r'T) and so Y3°, ||a’[| g7’ < 0 as required. [

Remark 6.1.2. Since R(r~!T) extends R as a ring and by the definition of the Cauchy
product it is immediate that R(r~'T) is commutative if and only if R is commutative.
Similarly by the definition of the norm || - || 4, and the Cauchy product, if A is a unital
Banach F-algebra then A(r~!T) is also a unital Banach F-algebra. These details are
easily checked.

The following definitions will be used many times in this chapter.

Definition 6.1.3. Let R be a Banach ring. A bounded multiplicative seminorm on R is a

map | - | : R — R taking non-negative values that is:

(1) bounded, |a| < ||a||r for all 2 € R, but not constantly zero on R;

(2) multiplicative, |ab| = |a||b| for all a,b € R and hence |1z| = 1 by setting a = 1
and b & ker(] - |);

(3) a seminorm and so | - | also satisfies the triangle inequality and 0 € ker(| - |) but

the kernel is not assumed to be a singleton.

Definition 6.1.4. Let F be a complete non-Archimedean field and let A be a commuta-
tive unital Banach F-algebra. In this chapter M(A) will denote the set of all proper
closed prime ideals of A that are the kernels of bounded multiplicative seminorms on
A. For xg € M(A), or any proper closed ideal of A, we will denote the quotient norm
on A/xoby |- |x, thatis |a + xq|y, ;= inf{|ja+ ][4 : b € x¢} fora € A.

We now proceed with a number of Lemmas. In particular towards the end of Section

6.1 it will be show that M(A) is always nonempty.

Lemma 6.1.5. Let A be a unital Banach F-algebra. If | - | is a bounded multiplicative seminorm

on A as a Banach ring then we have |«| = |a|p for all « € F. Hence since | - | is multiplicative

it is also a vector space seminorm, that is |xa| = |a|p|a| foralla € Aand o € F.
Proof. For « € F* we first note that 1 = |14| = |aa~!| = |a||a~!| and so |a| # 0 and
la=!| = |a|~". Similarly |«~|r = |a|;! since | - | is a valuation. Moreover since | - | is

bounded we have |a| < |alalla = |&|r||1al|la = |a|p. Since this holds for all &« € F*

we also have |a~!| < |a7!|F giving |a|r < |a| and so |a| = |a|f forall « € F. O
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Lemma 6.1.6. Let F and A be as in Definition 6.1.4. For xo € M(A), or any proper closed
ideal of A, the following holds:

(i) the quotient ring A/xo has F C A/ xo and is an integral domain if xq is prime;
(ii) the quotient norm is such that | + xo|y, = |a|p for all « € F;

(iii) the quotient norm | - |y, is an F-vector space norm on A/xo, opposed to being merely a

seminorm, and it is sub-multiplicative;

(iv) if || - || a is square preserving, that is ||a®|| 4 = ||| for all a € A, then both || - || 4 and

| - |x, Observe the strong triangle inequality noting that F is non-Archimedean;

(v) by way of the map a — |a + xo|x,, as a seminorm on A, | - |, is bounded.

Proof. For (i), if a1 + xo, a2 + xo € A/xo with (a1 + x9) (a2 + x0) = a1a2 + x90 = 0+ x
then we have a1a2 € xo. Hence if xg is a prime ideal of A then at least one of a; + xg
and a; + xg is equal to 0 4 xp and so A/xg is an integral domain. It is immediate that
A/ xo has a subset that is an isomorphic copy of F since xg is a proper ideal of A.

For (ii), we first show that |1 + x¢|y, = 1. Note that |1 + xo|x, < [|1||la = 1 since 0 € xo.
So now suppose toward a contradiction that there is b € xp such that |1+ b||4 < 1.
We have for all n € N that b, := —((1+b)" — 1) is an element of x since x( is an
ideal of A. But ||1 —bu[[a = [[(1+D)"||a < ||1 + b’y with lim, e [|1 4 b||") = 0and
so 1 is an element of x( since x( is closed which contradicts xy being a proper ideal
of A. We conclude that |1 +b||4 > 1forall b € x¢ and so |1+ xo|ly, > 1. Hence
|1+ xo|x, = 1 by the above. Now for « € F* we have xp = axp since « is invertible

where axg := {ab: b € xo}. Hence
| + x0|x, =Inf{|l@ +D||a : b € x0}
=inf{||a +abl|a : b € x0}
:inf{\zx|p|\l + bHA :be xo}
=[alE[1+ x0[z = |a|r
as required. In a similar way for 2 € A one shows that |aa + xo|x, = |&|r|a + X0]x,-
For (iii), we note that | - |y, is a norm on A/x( because xy is closed as a subset of A so
that for a € A\xp there is ¢ > 0 with ||[a+ b||4 > e for all b € xp giving |a + xo|x, > €.
We now show that | - |, is sub-multiplicative. For a1, a4, € A we have
|a1az + xo0|x, =inf{||a1as +b||a : b € x0}
< inf{||a1a2 +ai1by + arby + b1b2||A :by,by € X()}
< inf{||a1 + b1||A||a2 + b2||A :b1, by € xo}

=|a1 + xo|x,|a2 + X0|xy-
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For (iv), suppose || - || 4 is square preserving. In this case the proof of Theorem 2.1.2
also works for A and so || - || 4 observes the strong triangle inequality, see [Sch06, p18]

for details. Hence for a1,a, € A we also have

|a1 + a2 + xo|x, =Inf{|la1 + a2+ blja : b € x0}
=inf{|lay + b1 +ax + bal|a : b1, b2 € X0}
<inf{max{||a; + b1]| 4, ||[a2 + b2||a} : b1, b2 € x0}
=max{inf{||a; + b1||a : b1 € xo},inf{||az + ba||a : b2 € x0}}

=max{|a1 + xo|x,, |42 + Xolx, }-
For (v), since we have 0 € x it is immediate that |a + xo|x, < ||a]|4 foralla € A. O

Lemma 6.1.7. Let R be a commutative Banach ring. Then:

(i) ifa € Rhas |1 —a||r < 1 then a is invertible in R;
(ii) for I a proper ideal of R the closure | of I, as a subset of R, is a proper ideal of R;

(iii) each non-invertible element of R is an element of some maximal ideal of R. The maximal

ideals of R are proper, closed and prime.

Proof. For (i), for a € R with |1 —a|[g < 1letd > 0be such that |1 —4a|zg < < 1.
Then setting b := 1 — a gives ||b"||g < ||b||k < 0" < 1forall n € IN. Therefore we have
o 1B |r < Xpo 6™ = 125 for each m € N and so Y5 b" € R since R is complete.

Moreover

(1—b)ib"—1
n=0

(1-b) i (1-b) Zb” 1—b)f0b"—
n=0 n=

R R

S( )3 HWIR) 11— Bll& + 6" |-

n=m+1

Hence a is invertible in Rsince1 —b=1— (1 —a) = aand

,%3;(( D ||b"r|R> ||1—b||R+|rbm+luR> =0
n=m+1

For (ii), let I be a proper ideal of R and ] its closure as a subset. For 4,b € ] there are
sequences (ay,), (by) of elements of I converging to a and b respectively with respect to
| - |r- Hence for a’ € R, (a'a,) is a sequence in I with ||a'a — a’a,||r < [|d’||r]|a — an]|r
for each n € N and so a’a € ] since lim,_,« ||@ — a,||g = 0. Similarly (a, + by) is a
sequence in [ with |[(a +b) — (a, + by)||r < ||a — an||r + ||b — by||r for each n € N and
soa+b € J. Hence | is an ideal of R. Now since I is a proper ideal of R each element a,,

of the sequence (a,) is not invertible and so ||1 — a,||[g > 1 for all n € N by (i). Hence
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1<|l—a+a—ay|r <||1—a|lr+]|a—an||g foralln € N and so ||1 —a||g > 1 for
alla € J giving 1 ¢ J. Hence ] is proper.

For (iii), let 2 be a non-invertible element of R noting that we can always take 2 = 0.
The principal ideal I, := aR is proper since for all b € R, ab # 1. By Zorn’s lemma I, is
a subset of some maximal ideal ], of R. Every maximal ideal | of R is proper and prime,

noting that R/ ] is a field or by other means, and closed as a subset of R by (ii). O

Remark 6.1.8. We note that if A is a commutative unital Banach F-algebra then Lemma
6.1.7 applies to A and A(r~'T) for each r > 0.

Lemma 6.1.9. Let F be a complete non-Archimedean field and let A be a commutative unital
Banach F-algebra with maximal ideal mq. Let S(A) denote the set of all norms on the field
A/myq that are also unital bounded seminorms on A as a Banach ring. That is if | - | is an
element of S(A) then |1| = 1 and |- | conforms to Definition 6.1.3 except it need not be

multiplicative merely sub-multiplicative. It follows that:

(i) the set S(A) is non-empty;

(ii) for|-| € S(A), A/mg the completion of A /mg with respectto|-|, v+ > 0anda € A/my,
if a — T is non-invertible in A/my(r~'T) then thereis | - |" € S(A) with |a|' < r and
|b|" < |b| forall b € A/my.

Proof. For (i), we note that the quotient norm | - |, is an element of S(A) since (iii) of
Lemma 6.1.7 shows that (ii), (iii) and (v) of Lemma 6.1.6 apply to | - |-

For (i), suppose that a — T is non-invertible in A/my(r~'T). Then a — T is an element
of some maximal ideal ] of A/my(r 1T) by Lemma 6.1.7. Hence the quotient norm | - |;
on A/mo(r~1T)/] is an element of S(A/my(r 'T)) by Lemma 6.1.6. Therefore since |
is closed and A/my is a field, |a’|" := |a’ + J|;, for a’ € A/my, defines a norm on A/ my.
Since | - |; is an element of S(A/my(r'T)) we have that | - |’ is unital as a seminorm
on A. Similarly since | - |; is bounded as a seminorm on A/m(r !T) we have for all

a’ € A that
|a" +mo|" = [(a" +mo) + ]I < ||a" + moll z7,, = 0" +mo| < |a||4 (6.1.1)

noting that | - | is an element of S(A). Hence | - | is bounded as a seminorm on A and

so | - |" is an element of S(A). Further since a — T is an element of | we have
lal" = la+ Iy = 1T+l < 1Tl 57, =1
Finally we have |b|" < |b| forallb € A/mg by (6.1.1). O

The following Lemma will be particularly useful in Section 6.2.
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Lemma 6.1.10. Let F be a complete non-Archimedean field and let A be a commutative unital
Banach F-algebra. With reference to Definition 6.1.4 the following holds:

(i) the set M(A) is non-empty since every maximal ideal of A is an element of Mo(A);

(ii) an element a € A is invertible if and only if a + xo # 0+ xq for all xo € Mo(A).

Proof. Whilst this proof provides more detail, much of the following has been taken
from [Ber90, Chl]. For (i), let my be a maximal ideal of A. Hence the quotient ring
A/my is a field. Let S(A) be as in Lemma 6.1.9 and note therefore that S(A) is non-
empty. We put a partial order on S(A) by |- | < |- | if and only if |a + mg| < |a + mol|’
for all a +my € A/my. Now let E be a chain in S(A), that is E is a subset of S(A) such
that < restricts to a total order on E. Define a map | - [g : A/my — R by

|a +mp|g :=inf{|a +mg|:|-| € E}.

We will show that | - | is a lower bound for E in S(A). It is immediate from the defini-
tion of | - | that it is unital and bounded since all of the elements of E are. Hence it suf-
fices to show that | - | is a sub-multiplicative norm on A /my. Clearly |0+ mo|r = 0 so,
simplifying our notation slightly, let a be an element of A/m . We show that |a|g # 0.
Let | - | be an element of E and suppose towards a contradiction that there is | - |" € E
such that |a|" < min{|al|,|a~!|~!}. Then

1=[1]" = laa " < [al']a™"]" < |a~!|7Ha 71"

Hence by the above we have |[a~!| < |[a~!| and |a|’ < |a| giving |- |" Z |-|and |-| £ |- |
which contradicts both | - | and | - | being elements of E. Therefore for all | - |" € E we

have |a|’ > min{|a|,|a~!|~'}. In particular |a|g # 0. Now for a,b € A/mgy we have

la+b|lg =inf{la+Db|:| | € E}
<inf{|a| +[b] : || € E}
=inf{la| +[b":|-|,|-|"€ E}, *
=lale + |ble,

where line t follows from the line above it because if | - | < |- |’ then |a| + [b| < |a|+ |b]'.
Hence the triangle inequality holds for | - |. Similarly we have |ab|r < |a|g|b|g and so
| - |g is sub-multiplicative as required. Hence | - | is a lower bound for E in S(A).
Therefore by Zorn’s lemma there exists a minimal element of S(A) with respect to <.
Let | - | be a minimal element of S(A) and denote by A/mjg the completion of A/my
with respect to | - |. We will show that | - | is multiplicative on A /m( and hence satisfies

(i) of Lemma 6.1.10. Note that for now we should only take A/mg to be an integral
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domain and not a field since we can’t apply Theorem 2.1.4.

Now since A/my is a field | - | will be multiplicative if [a~1| = |a| ! foralla € A/m
since for a,b € A/m{ with |a~1| = |a|~! we have |b| = [baa™!| < |ba||a}| = |ba||a| ™}
giving |a||b| < |ab| and since | - | is sub-multiplicative we have |ab| = |a||b|. Hence we
will show that [a71| = [a|~! foralla € A/m. To this end we first show that | - | is
power multiplicative that is [a"| = |a|" foralla € A/my and n € IN. Suppose towards
a contradiction that there is @ € A/mg with |a"| < |a|" for some n > 1. We claim that
a — T is non-invertible in the Banach ring A/my(r~'T) with r := {/]a"|. By Lemma
6.1.1 it suffices to show that the series Y- |a~*|r* does not converge. Expressing i as
i = pn+gq, for some g € {0,---,n— 1}, we have |a'| < |a"|F|a7] and |a|~! < |a~|
since 1 = |a'a~| < |a'||a”|. Therefore

9

q 9
ol > ol et > LIl
@]~ Jai

o nh
Hence |a~'|r' > min{ |"1ﬂ(|,‘” :q€40,---,n—1}} > Oforalli > 0. Thereforea — T
is non-invertible in A/mo(r~'T) with r := {/|a"|. Now by Lemma 6.1.9 there exists
|-|" € S(A) such that |a|" < rand |b|’ < |b| forall b € A/my. But, since |a"| < |a|", this

gives |a|" < r = {/|a"| < |a| which contradicts | - | being a minimal element of S(A).

Hence we have shown that |a"| = |a|" foralla € A/myand n € IN.

Now suppose towards a contradiction that there exists an element a € A/mg§ with
la| ' < |a~!|. We claim that a — T is non-invertible in A/mg(r~'T) with r := |a~1| 1.
Again by Lemma 6.1.1 it suffices to show that the series Y%, |a~#|r does not converge.

Indeed since | - | is power multiplicative we have
i = @Yl = () = e = 1

Hence a — T is non-invertible in A/m(r'T) with r := |a~!|~!. Now again by Lemma
6.1.9 there exists | - |" € S(A) such that |a|" < rand |b|" < |b| for all b € A/myg. But,
since |a|~! < |a~!|, this gives |a|’ < r = |a~!|~! < |a|] which contradicts | - | being a
minimal element of S(A). Hence we have shown that [a~!| = |a|~! foralla € A/m{
and so | - | is multiplicative. Finally my is the kernel of | - | and as a maximal ideal of A
it is proper, closed and prime by Lemma 6.1.7. In particular since mg was an arbitrary
maximal ideal of A every maximal ideal of A is an element of M((A).

For (ii), for a an invertible element of A we have a ¢ xq for all xg € My(A) since xg is
a proper ideal of A. Hence a + xo # 0+ xo in A/xp for all xg € My(A). On the other
hand for a a non-invertible element of A we have by Lemma 6.1.7 that a is an element
of a maximal ideal J, of A. By (i) above, ], is an element of My(A)anda+ J, =0+ J,
in A/],. Therefore for a a non-invertible element of A we do not have a + xo # 0 + xg
in A/xq forall xo € My(A). O
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With the preceding theory in place we can now turn our attention to the main topic of

this chapter.

6.2 Representations

6.2.1 Established theorems

The particular well known representation theorems in the Archimedean setting that we
will find an analog of in the non-Archimedean setting are as follows. See [KL92, p35]
for details of Theorem 6.2.2.

Theorem 6.2.1. Let A be a commutative unital complex Banach algebra with ||a?|| 4 = ||a|/%
forall a € A. Then A is isometrically isomorphic to a uniform algebra on some compact

Hausdorff space X, in other words a © / ¢ function algebra on (X, id, id).

Theorem 6.2.2. Let A be a commutative unital real Banach algebra with ||a?|| s = ||a||% for
all a € A. Then A is isometrically isomorphic to a real function algebra on some compact
Hausdorff space X with topological involution T on X, in other words a © /R function algebra

on (X,1,2).

We will now recall some of the theory behind Theorem 6.2.1. For more details see
[Sto71, p29] or [Gam69, p4,p11]. The space X is the character space Car(A) which as a
set is the set of all non-zero, complex-valued, multiplicative C-linear functionals on A.
It turns out that the characters on A are all automatically continuous. Note, in the case
of Theorem 6.2.2 the functionals are complex-valued but R-linear and T maps each such
functional to its complex conjugate. For a commutative unital complex Banach algebra
A the Gelfand transform is a homomorphism from A to a space of complex valued
functions A defined by a — 4@ where 4(¢) := ¢(a) foralla € A and ¢ € Car(A). The
topology on Car(A) is the initial topology given by the family of functions A. Known
in this case as the Gelfand topology it is the weakest topology on Car(A) such that all
the elements of A are continuous giving A C Cc(Car(A)). The norm given to A is the
sup norm.

Now for a commutative unital complex Banach algebra A the set of maximal ideals of
A and the set of kernels of the elements of Car(A) agree. In Theorem 6.2.1, || - || 4 being
square preserving ensures that A is semisimple, that is that the Jacobson radical of A
is {0} where the Jacobson radical is the intersection of all maximal ideals of A and so
the intersection of all the kernels of elements of Car(A). Forcing A to be semisimple
ensures that the Gelfand transform is injective since if A is semisimple then the kernel
of the Gelfand transform is {0}. Similarly to confirm that the Gelfand transform is in-

jective it is enough to show that it is an isometry. Given Theorem 6.2.1 it is immediate
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that a commutative unital complex Banach algebra A is isometrically isomorphic to a
uniform algebra if and only if its norm is square preserving since the sup norm has this
property. Hence Theorem 6.2.1 provides a characterisation of uniform algebras.

Now in the non-Archimedean setting Berkovich, the author of [Ber90], takes the fol-

lowing approach involving Definition 6.2.3.

Definition 6.2.3. Let F be a complete non-Archimedean field and let A be a commuta-
tive unital Banach F-algebra. Define M1 (A) to be the set of all bounded multiplicative
seminorms on A. Further a character on A is a non-zero, multiplicative F-linear func-

tional on A that takes values in some complete field extending F as a valued field.

For an appropriate topology, Mj(A) plays the role for A in Definition 6.2.3 that the
maximal ideal space, equivalently the character space, plays in the Archimedean set-
ting. For |- | € M1(A) let xo := ker(| - |). Then xy is a proper closed prime ideal of A.

Hence the quotient ring A/ xy is an integral domain. Lemma 6.2.4 is useful here.

Lemma 6.2.4. Let F be a complete valued field and let A be a commutative unital Banach F-
algebra. For | - | a bounded multiplicative seminorm on A with kernel x( the value |a| of a € A
only depends on the quotient class in A/ xq to which a belongs. Hence | - | is well defined when

used as a valuation on A/ xq by setting |a + xo| := |a|. Further x is a closed subset of A.

Proof. Fora € Aand b € xo we have |a] = [a+b—b| < |a+b|+ |b|] = |a+b| and
l|a+b| < |a| + |b| = |a] hence |a + b| = |a| as required. Furthermore this also gives an

easy way of seeing that x is a closed subset of A. Let a be an element of A\x( then for

allb € xo we have |a| = |a —b| < ||a — b]|| 4 since | - | is bounded and so xg is closed. [
Now by Lemma 6.2.4 we can take | - | to be a valuation on A/xy and hence extend it
to a valuation on the field of fractions Frac(A/xp). Hence an element | - | € M;(A)

defines a character on A by sending the elements of A to their image in the completion
of Frac(A/xg) with respect to | - |. With these details in place we have the following
theorem by Berkovich, see [Ber90, p157].

Theorem 6.2.5. Let F be a complete non-Archimedean field. Let A be a commutative unital
Banach F-algebra with ||a®||4 = |\a||% for all a € A. Suppose that all of the characters of A

take values in F. Then:

(i) the space M1 (A) is totally disconnected;

(ii) the Gelfand transform gives an isomorphism from A to Cp(M1(A)).

As we move on to the next subsection it’s worth pointing out that the Gelfand theory
presented in [Ber90] does not make use of any definition such as that of L /¢ function

algebras.
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6.2.2 Motivation

For A a commutative unital complex Banach algebra it is straightforward to confirm
that there is a one-one correspondence between the elements of Car(A) and the ele-
ments of the maximal ideal space. Since A is unital the complex constants are elements
of A and for ¢ € Car(A), ¢ restricts to the identity on C. Hence by the first isomor-

phism theorem for rings we have
A/ker(¢) = ¢(A) =C (6.2.1)

showing that ker(¢) is a maximal ideal of A. Therefore, by also noting the prelude
to Chapter 5, the set of maximal ideals of A and the set of kernels of the elements of
Car(A) do indeed agree. It remains to show that no two characters on A have the same
kernel and this marks an important difference with the theory we are about to present.
First though let ¢, ¢ be elements of Car(A) with ker(¢) = ker(¢). We note that for
eacha € A thereis a unique & € C representing the quotient class a + ker(¢) by (6.2.1).

Hence for some b € ker(¢) we have a + b = a giving

¢(a) = ¢(a) + ¢(b) = ¢(a+b) = ¢(a) = a = Pp(a) = p(a +b) = ¢p(a) + ¢(b) = ¢(a)

and so no two characters on A have the same kernel.

Now let F be a complete non-Archimedean field. We wish to identify sufficient condi-
tions for a commutative unital Banach F-algebra to be represented by some L/ f func-
tion algebra. In this respect the following lemma is informative and motivates an ap-

propriate choice of character space in Subsection 6.2.3.

Lemma 6.2.6. For A an /s function algebra on (X, 7,g), where L can be Archimedean or

non-Archimedean and A is not assumed to be basic, define a family of maps on A by

|flax:=|f(x)|L forx € Xand f € A.

Then for each x € X:

(i) the map |- |y is a bounded multiplicative seminorm on A;

(ii) the kernel ker(| - |4 x), which is the same as ker(X) where % is the evaluation character

R(f):=f(x) on A, is not only a proper closed prime ideal of A but it is also a maximal ideal;

(iii) we have ker (T/(;)) = ker(®) even if T is not the identity and in general different

evaluation characters can have the same kernel.

Proof. For (i), it is immediate that | - | 4 , is a bounded multiplicative seminorm on A

since the norm on A is the sup norm and | - |1 is a valuation on L.
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For (ii), it is immediate that ker(| - |4) is a proper ideal of A noting that |14, =
|1, = 1. It remains to show that ker(| - |4 ,) is a maximal ideal of A noting Lemma
6.1.7. To this end we show that the quotient ring A /ker(%) is a field. We first note that
L8 C #(A) C L and that £(A) is a ring and so an integral domain. Further by the first
isomorphism theorem for rings we have A/ker(%) = %(A) and so A/ker(%) contains
an embedding of L¢ and each element 2 € A/ker(%) is an element of an algebraic
extension of L8 since L is a finite extension of LS. Therefore for a € A/ker(%) with
a # 0 we have by Lemma 2.2.19 that L8(a) = L8[a] where L8(a) is a simple extension
of L8 and L#[X] is the ring of polynomials over LS. Hence, since L8[a] C A/ker(%), the
inverse a !
For (iii), we note that for all f € A and x € X we have f(7(x)) = g(f(x)) since f is an
element of C(X, T, g). Further since ¢ € Gal(!/F) we have g(f(x)) = 0 if and only if

is an element of A/ker(%) which is therefore a field as required.

x) = 0 and so ker T/; = ker(%). However in general f(x) need not be equal to
g q

¢(f(x)) and so different evaluation characters can have the same kernel. O

6.2.3 Representation under finite basic dimension

This subsection will involve the use of Definition 6.2.7.

Definition 6.2.7. Suppose F; and F, are extensions of a field F such that there exists an
isomorphism ¢ : F; — F, with ¢(a) = a for all a € F. Then ¢ is called an F-isomorphism
and F; and F, are called F-isomorphic or with the same meaning F-conjugate. Similarly

if F is complete then we can talk of F-isomorphic Banach F-algebras etc.
The following definition and theorem will be the focus of attention for the rest of this
chapter.

Definition 6.2.8. Let F be a complete valued field and let A be a commutative unital Ba-
nach F-algebra. We say that A has finite basic dimension if there exists a finite extension

L of F extending F as a valued field such that:

(i) for each proper closed prime ideal | of A, that is the kernel of a bounded mul-
tiplicative seminorm on A, the field of fractions Frac(A/]) is F-isomorphic to a
subfield of L;

(ii) thereis ¢ € Gal(*/F) with L8 = F.
Cases where L = F are allowed.

The purpose of Definition 6.2.8 is to generalise to the non-Archimedean setting con-
ditions that are innately present in the Archimedean case due to the Gelfand Mazur

theorem. We will discuss this in Remark 6.2.10.
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Theorem 6.2.9. Let F be a locally compact complete non-Archimedean field with nontrivial

valuation. Let A be a commutative unital Banach F-algebra with ||a®|| 4 = ||a||% foralla € A

and finite basic dimension. Then:

(i) for some finite extension L of F extending F as a valued field, a character space M(A) of

(ii)
(iii)

L valued, multiplicative F-linear functionals can be defined;
the space M(A) is a totally disconnected compact Hausdorff space;

A is isometrically F-isomorphic to a '/ F function algebra on (M(A),g,8) for some
g e Gal (L / 1:).

Remark 6.2.10. Concerning the condition of finite basic dimension.

(i)

(i)

(iii)

We first note that all commutative unital complex Banach algebras and commu-
tative unital real Banach algebras have finite basic dimension. To see this let A
be such an algebra and let | be a proper closed prime ideal of A such that | is
the kernel of a bounded multiplicative seminorm |- | on A. Then, by Lemma
6.1.5 and Lemma 6.2.4, | - | extends the absolute valuation on R to a valuation on
the integral domain A/]. Extending | - | to a valuation on Frac(A/]) gives either
R or C by the Gelfand Mazur theorem and noting Theorem 2.1.4. Finally with
consideration of Gal(® /) the result follows. Hence we note that with little mod-
ification Theorem 6.2.1, Theorem 6.2.2 and Theorem 6.2.9 could be combined into

a single theorem.

Now the argument in (i) was deliberately a little naive noting that for every com-
mutative unital Banach F-algebra A with finite basic dimension the kernel of ev-
ery bounded multiplicative seminorm on A is a maximal ideal of A. This follows
easily from Lemma 2.2.19 since such a kernel | is a proper closed prime ideal of
A and the elements of the quotient ring A /] are algebraic over F and so A/ ] is a
field.

Finally if A is a commutative unital Banach F-algebra then in general the set of
maximal ideals of A is a subset of the set of kernels of bounded multiplicative
seminorms on A by Lemma 6.1.10. Hence Theorem 6.2.9 might be strengthened
if we can find a proof that accepts changing (i) in Definition 6.2.8 to the condition
that for each maximal ideal | of A the field A/] is F-isomorphic to a subfield of
L. This is something for the future. The change only makes a difference for cases
where there is a bounded multiplicative seminorm on A with kernel ] such that
A/ ] has elements that are transcendental over F since otherwise | is a maximal
ideal of A.
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Proof of Theorem 6.2.9. Let M(A) be as in Definition 6.1.4. Now A has finite basic di-
mension so for each xo € Mj(A) the quotient ring A/xo is a field by Remark 6.2.10.
Further there is a finite extension L of F extending F as a valued field such that for
all xp € My(A) the field A/xp is F-isomorphic to a subfield of L. Moreover for | - | a
bounded multiplicative seminorm on A with kernel xo the map |a + xo|4,x, := |a], for
a € A, defines a valuation on A/xg extending the valuation on F by Lemma 6.2.4 and
Lemma 6.1.5. We note that since L and A/x( are both finite extensions of F they are
complete valued fields. Further since |- |4/, is defined by a bounded multiplicative

seminorm on A we have
la+xolasx < llalla foralla € A. (6.2.2)

We now progress towards defining the character space of A. Define M(A) as the set
of all pairs x := (xo, ¢) where xg € My(A) and ¢ is an F-isomorphism from A/ xg
to a subfield of L extending F. Then to each x = (xo, ¢) € M(A) we associated a
map £ : A — L given by %(a) := ¢(a+ xo) for all a € A. Note that for each element
x = (x0,9) € M(A) we have

a4+ x0|a/x, = |%(a)|L forallae A (6.2.3)

by the uniqueness of the valuation on A/ x( extending the valuation on F, see Theorem
2.2.5. In particular each F-isomorphism from A/xy to a subfield of L extending F is an
isometry and similarly we recall that each element of Gal(* /) is isometric. Now for
the element ¢ € Gal(*/) with L8 = F, or indeed any other element of Gal(*/r), we
note that ¢ can be considered as a map of finite order ¢ : M(A) — M(A) given by
2((x0, 9)) := (x0,g © @). In particular for x = (xg, ¢1) € M(A) we have go % = g(/;)
and so there is y = (yo, ¢2) € M(A) with yy = xp such that the diagram in Figure 6.1
commutes. Note that in the case of Figure 6.1 the fields £(A) and §(A) are F-conjugate

Figure 6.1: Commutative diagram for the characters associated to x and y.

and could actually be the same subfield of L if the restriction g

#(a) 1s an element of
Gal(*(4) /£). Now by construction for each x € M (A) the map £ is a non-zero, L-

valued, multiplicative F-linear functional on A. Hence £ is continuous since we have

|£(a)|L < [la]|a foralla € A (6.2.4)
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by (6.2.3) and (6.2.2). We now set up the Gelfand transform in the usual manner by
defining a map

TTAS A a—a,

where the elements of A are the functions @ : M(A) — L given by a(x) := #(a). We
equip A with the binary operations of pointwise addition and multiplication and put
the sup norm

|2]|eo ;= sup |a(x)|, forallac A
xeM(A)

on A making A a commutative unital normed F-algebra. Note that with these binary
operations it is immediate that the Gelfand transform is an F-homomorphism and so
A is closed under addition and multiplication. Later we will show that~: A — A is an
isometry and so it is also injective. It then follows that A is a Banach F-algebra since A
and A are isometrically F-isomorphic.

Now we equip M (A) with the Gelfand topology which is the initial topology of A.
Hence the elements of A are continuous L-valued functions on the space M(A). We
show that A separates the points of M(A) and that M(A) is a compact Hausdorff
space. Let x and y be elements of M(A) with x = (xo,¢), ¥ = (yo,¢) and x # y.
If xo # yo then there is a € xp Uy such that a ¢ x¢ N yo for which precisely one of
a(x) = %(a) and a(y) = y(a) is zero. If xg = yo then ¢ # ¢ on A/xp. Hence there is
some a € A such that ¢(a + xg) # ¢(a + xo) giving

x>

)

and so A separates the points of M(A). We now show that M (A) is Hausdorff, note
in fact that the proof is standard. Let x and y be elements of M(A) with x # y. Since
A separates the points of M(A) there is @ € A such that (x) # a(y). Further L is
Hausdorff and so there are disjoint open subsets U; and U, of L such that 4(x) € U

a(x) = 2(a) = p(a +x0) # P(a+xo) = 9(a) =

and 4(y) € U,. Since the topology on M (A) is the initial topology of A the preimage
a~1(Uy) is an open neighborhood of x in M(A) and the preimage @~ !(Ul,) is an open
neighborhood of y in M(A). Moreover 4~!(U;) and 4~!(Uy) are disjoint because U;
and U are, as required.

The following, showing that M(A) is compact, is an adaptation of part of the proof of
Theorem 6.2.2 from [KL92, p23]. For each a € A define L, := {a € L : |a|p < |la|la}
and L4 := [],ca L, with the product topology. Each L, is compact by Theorem 2.1.23
noting that L is locally compact by Remark 2.2.14. Hence L 4 is compact by Tychonoft’s
Theorem. Now by (6.2.4) we have |(a)|L < |la||a for all x € M(A) and a € A.
Therefore for each x € M(A) we have %(a) € L, and so £ is a point of L4 and M(A)
can be considered as a subset of L4. Now the product topology on L, is the initial

topology of the family of coordinate projections P, : Ly — L;, a € A. Since we have
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Py|pea) = 4 the Gelfand topology on M(A) is the initial topology of the family of
coordinate projections restricted to M (A). Hence the topology on M (A) is the relative
topology of M(A) as a subspace of L. Since L, is compact, any subspace of L, that
is closed as a subset is also compact. Hence it remains to show that M (A) is a closed
subset of Ls. Let ¢ € Ly be in the closure of M(A). Hence we have |¢(a)|r. < |ja]/a
for all 2 € A and there is a net (x,) in M (A) converging to ¢. Now since L, has the
product topology, convergence in L4 is coordinate-wise, see [Wil04, §8]. Therefore for

a,b € Awehave
p(a+0b) =limz,(a+b) =lim(£,(a) + 21 (b)) = @(a) + ¢(b).

Similarly, ¢(ab) = ¢(a)¢(b) and ¢(a) = a for alla,b € A and « € F. Now since ¢
takes values in L and L is a finite extension of F we have that ¢(A) is a subfield of L
extending F by Lemma 2.2.19. Hence since A /ker(¢) = ¢(A), by the first isomorphism
theorem for rings, the kernel of ¢ is a maximal ideal of A. Therefore ker(¢) is an
element of M(A). Further ¢ defines an F-isomorphism from A /ker(¢) to a subfield
of L extending F by ¢'(a + ker(¢)) := ¢(a). Hence we have obtained y := (ker(¢), ¢’)
which is an element of M (A) with § = ¢ and so M(A) is closed as a subset on L4.
We will now show that g : M(A) — M(A) is continuous. The set of preimages

S:={a'(U):a¢€ Aand U C Lisopen}

is a sub-base for the Gelfand topology on M(A). To show that g : M(A) — M(A)
is continuous it is enough to show that for each V € S the preimage ¢~!(V) is also an
element of S. We note that ¢ : M(A) — M(A) is a bijection since g has finite order.
So let V = a~1(U) be an element of S for some 4 € A and open U C L. We have
x = (x0,¢) € M(A) an element of V if and only if 4(x) = %(a) = ¢(a + xo) is an
element of U. Now consider the elements of the preimage ¢~!(V) and note that they
are the elements y = (yo,¢) € M(A) such that g(y) = (yo,go¢) € V. These are
precisely the elements of M (A) such that

a(y) = 9(a) = ¢pla+yo) € gC™@-D ().

Andso g }(V) =a! (g<0fd<8>*1>(u)) and since g is an isometry on L we note that

g(OI'd(g )=1(U) is an open subset of L. Hence g~ (V) is an element of S as required.
We now show that the Gelfand transform is an isometry. Note that the following adapts
material that can be found in [Ber90, Ch1]. Let a be an element of A. By (6.2.4) we have
la(x)|L = |%(a)|L < ||la||a for all x € M(A) and so ||4]|« < ||a]|a. For the reverse
inequality let € > 0 and set r := ||d||« + €. Then for all xg € My(A) we have

|a+x0lasx, = [R(a)[L = [a(x)[L < 2]l <7 (6.2.5)
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for some x = (xg, ¢) € M(A) by (6.2.3) and noting that A has finite basic dimension.
Now consider the commutative unital Banach F-algebra A(rT). Let M(A(rT)) be the
set of all proper closed prime ideals of A(rT) that are the kernels of bounded multi-
plicative seminorms on A(rT). Note that My(A(rT)) is non-empty by Lemma 6.1.10.
We recall that the elements of A(rT) are of the form Y5>, a; T with

oo . [ele} )
=Y llailla(r™) = ) llaillar™ < oo
i=0 i=0

and a; € A for all i € INy. Hence A is a subring of A(rT) since for each b € A we
have b = bT? an element of A(rT). Now for yo € Mo(A(rT)) let | - | be a bounded

multiplicative seminorm on A(rT) with yo = ker(| - |). Since | - | is bounded we have

Ayr-1

IT| <||Tllgp2 =7" (6.2.6)

Moreover since for b € A we have [|[bT°|| 4,1 = [|b]|a(r~1)° = ||b]| 4, the restriction
| - || 4 is a bounded multiplicative seminorm on A. Further mg := ker(| - ||4) is closed
as a subset of A by Lemma 6.2.4 and so my is an element of M(A). Hence my is a
maximal ideal of A by remark 6.2.10. In particular |b + mg|a/m, := |b], for b € A, is the
unique valuation on A/mg extending the valuation on F as we have seen earlier in this
proof for other elements of M(A). Therefore by (6.2.5) and (6.2.6) we have

|(ZT’ = |‘ZHT’ < |a+m0|A/mOr*1 < 1=1.

Furthermore 1 = |1| < |1 —aT| + |aT| and so we have |1 —aT| > 1— |aT| > 0.
Therefore 1 — aT is not an element of y since yy is the kernel of | - |. Since yo was any
element of M(A(rT)) wehavel —aT & y, forall yg € Mo(A(rT)). Hence by Lemma
6.1.10 we note that 1 — aT is invertible in A(rT). Therefore by Lemma 6.1.1 the series

Y20 lla'|| ar~" converges. In particular we can find N € N such that for all n > N we

have ||a®"||ar~2" < 1 giving (||a]ar~1)*" < 1 since || - || is square preserving. Hence
llalla < r = ||d]| + € and since ¢ > 0 was arbitrary we have [ja]|4 < |||l and so
llalla = ||4||c as required.

What remains to be shown is that the elements of A are also elements of C(M(A), g, g)
and that M(A) is totally disconnected. For 4 € A and x = (xo, ¢) € M(A) we have

4(g(x)) = a((x0, g 0 9)) =(x0,8 © 9)(a)
=go¢(a+xo)
=g(¢(a+xo))
=g (0, 9)(a)) = g(2(a)) = g(a(x))
and so 4 is an element of C(M(A), g, ). Finally it is immediate that M(A) is totally

disconnected since A separates the points of M(A), the elements of A are continuous
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functions from M (A) to L, the image of a connected component is connected for con-
tinuous functions and L is totally disconnected. In particular see the proof of Theorem
4.2.1. This completes the proof of Theorem 6.2.9. O

In the next chapter we will survey some existing results in the Archimedean non-
commutative setting and also consider the possibility of their generalisation to the
non-Archimedean setting. We will then finish by noting some of the open questions

arising from the Thesis.
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Non-commutative generalisation and open

questions

In recent years a theory of non-commutative real function algebras has been developed
by Jarosz, see [Jar08] and [AJ04]. In the first section of this short chapter we survey
and remark upon some of this non-commutative Archimedean theory and consider
the possibility of non-commutative non-Archimedean analogs. In the second section

we note some of the open questions arising from the thesis.

7.1 Non-commutative generalisation

7.1.1 Non-commutative real function algebras

In the recent theory of non-commutative real function algebras the continuous func-
tions involved take values in Hamilton’s real quaternions, IH, which are an example
of a non-commutative complete Archimedean division ring and R-algebra. Viewing
H as a real vector space, the valuation on H is the Euclidean norm which is complete,
Archimedean and indeed a valuation since being multiplicative on H. To put H into
context, as in the case of complete Archimedean fields, there are very few unital divi-
sion algebras over the reals with the Euclidean norm as a valuation. Up to isomorphism
they are R, C, H and the octonions O. We note that the octonions are non-associative.
The proof that there are no other unital division algebras over the reals with the Eu-
clidean norm as a valuation is given by Hurwitz’s 1, 2, 4, 8 Theorem, see [Sha00, Ch1]
and [Lew06]. In particular for such an algebra A the square of the Euclidean norm is
a regular quadratic form on A and since for A the Euclidean norm is a valuation it is
multiplicative. This shows that A is a real composition algebra to which Hurwitz’s 1,
2,4, 8 Theorem can be applied.

Here we only briefly consider non-commutative real function algebras and hence the
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reader is also referred to [Jar08]. Note I am unaware of any such developments involv-

ing the octonions. Here is Jarosz’s analog of C(X, T) from Definition 4.2.5.

Definition 7.1.1. Let Gal(*!/R) be the group of all automorphisms on H that are the

identity on R. Let X be a compact space and Hom(X) be the group of homeomor-

phisms on X. For a group homomorphism @ : Gal(*! /g) — Hom(X), ®(T) = ®r, we

define

Cu(X,®) :={f € Cu(X) : f(®r(x)) = T(f(x)) forallx € Xand T € Gal(*/R)}.

Remark 7.1.2. Concerning Definition 7.1.1.

(i)

(i)

The groups Gal(* /) and Hom(X) in Definition 7.1.1 have composition as their
group operation. We note that the map * : Gal(/g) x C(X) — Cn(X) given
by T * f := T-1(f(®r(x))) is similar to a group action on Cy(X) only with the
usual associativity replaced by Ti o Tp x f = T * Ty * f.

There is an interesting similarity between Definition 7.1.1 and Definition 5.1.2
of Basic function algebras. Let X be a compact Hausdorff space, F a complete
valued field and L a finite extension of F. Further let (g) be the cyclic group gen-
erated by some g € Gal(!/F) and similarly let () be the cyclic group generated
by some homeomorphism 7 : X — X. Then there exists a surjective group ho-
momorphism @ : (g) — (1) if and only if ord(7)|ord(g). To see this suppose
such a surjective group homomorphism exists. Then there are m,n € IN such that
®(g™) = id and ®(g™) = 7. This gives
clord(g)) _ q;(g(n))(ord(g)) :Q(g(ﬂord(g)))

=d(id)

=id o ®(id)

=d(g™) o d(id)

=d (g™ oid) = d(g™) =id

and so ord(7)|ord(g). Conversely if ord(7)|ord(g) then ® defined by ®(g) := 7
will do. It is an interesting question then whether the definition of basic function
algebras can be further generalised by utilizing group homomorphisms as Defi-
nition 7.1.1 suggests noting that ® is onto for some subgroup of Hom(X). In par-
ticular, with reference to Definition 5.1.2, we have considered basic L'/ ;¢ function
algebras where ¢ is an element of Gal(* /). We note that L is a cyclic extension of
L8 by the fundamental theorem of Galois theory. Therefore it is interesting to con-
sider the possibility of basic L/ function algebras where L is a Galois extension
of F but not necessarily a cyclic extension. Such group homomorphisms might

also be useful in cases involving infinite extensions of F.
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(iii) Turning our attention back to the non-commutative setting, as a conjecture I sug-
gests that Definition 7.1.1 may also be useful if Gal(/R) is replaced by a sub-

group, particularly when considering extensions of the algebra.

Definition 7.1.1 has been used by Jarosz in the representation of non-commutative real

Banach algebras with square preserving norm as follows.

Definition 7.1.3. A real algebra A is fully non-commutative if every nonzero multiplica-

tive, linear functional ¢ : A — H is surjective.

Theorem 7.1.4. Let A be a non-commutative real Banach algebra with ||a®|| o = ||a||% for all
a € A. Then there is a compact set X and an isomorphism ® : Gal(™ /) — Hom(X) such
that A is isometrically isomorphic with a subalgebra A of Cyy(X, ®). Furthermore a € A is
invertible if and only if the corresponding element & € A does not vanish on X. If A is fully
non-commutative then A = Cyy (X, ®).

Jarosz also gives the following Stone-Weierstrass theorem type result.

Theorem 7.1.5. Let X be a compact Hausdorff space and let A be a fully non-commutative
closed subalgebra of Cyy(X). Then A = Cy(X) if and only if A strongly separates the points
of X, that is for all x1,x, € X with x1 # x there is f € A satisfying f(x1) # f(x2) = 0.

7.1.2 Non-commutative non-Archimedean analogs

Non-commutative, non-Archimedean analogs of uniform algebras have yet to be seen.
Hence in this subsection we give an example of a non-commutative extension of a
complete non-Archimedean field which would be appropriate when considering such
analogs of uniform algebras. We first have the following definition from the general
theory of quaternion algebras. The main reference for this subsection is [Lam05, Ch3]

but [Lew06] is also useful.

Definition 7.1.6. Let F be a field, with characteristic not equal to 2, and s, t € F* where

s = t is allowed. We define the quaternion F-algebra (%) as follows. As a 4-dimensional

vector space over F we define

(s,;) ={a+bi+cj+dk:ab,cdecF}

with {1,1,j,k} as a natural basis giving the standard coordinate-wise addition and

scalar multiplication. As an F-algebra, multiplication in (%) is given by
?=s =t kK=i=—ji
together with the usual distributive law and multiplication in F.
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Hamilton’s real quaternions, H := (%) with the Euclidean norm, is an example of
a non-commutative, complete valued, Archimedean division algebra over RR. It is not
the case that every quaternion algebra (%) will be a division algebra, although there

are many examples that are. For our purposes we have the following example.

Example 7.1.7. Using Qs, the complete non-Archimedean field of 5-adic numbers, de-

5,2
Hs .= =Z= ).
° <Q5>

Then for q,7 € Hs, g = a + bi + c¢j + dk, the conjugation on Hs given by

fine

j:=a—bi—cj—dk

is such that g +r
Further

q+7 qr = 7, 4q = qf = a* —5b* — 2c* + 104> with gg € Qs.

M|]H5 =y \1717|5

is a complete non-Archimedean valuation on Hs, where | - |5 is the 5-adic valuation on

Qs. In particular Hs, together with | - |p,, is an example of a non-commutative, com-
plete valued, non-Archimedean division algebra over Qs. When showing this directly

it is useful to know that for a,b,c,d € Qs we have
vs(a® — 5b* — 2¢? + 10d%) = min{vs(a?), vs(5b%), vs5(2c%), v5(104%)}

where v5 is the 5-adic valuation logarithm as defined in Example 2.1.18. Given the
above, we will confirm that | - [p, is multiplicative. For more details please see the
suggested references [Lam05, Ch3] and [Lew06]. Let g, € IHs and note that we have

7qqr = gqrr since gq is an element of Qs. Therefore
lgrles, = /la7arls = /|7arls
_ /s
=\/19q1sl7rls = \/\aals\/ 77l = [qlss, rlss,

as required.

More generally for the p-adic field Q, the quaternion algebra (%) will be a division
algebra as long as u is a unit of {a € Q, : |a|, < 1}, ie. |u|, = 1, and Q,(\/u) is a

quadratic extension of Q.

7.2 Open questions

There are many open questions related to the content of this thesis and I had intended

to investigate more of them but there was no time. Many of these questions come
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from the need to generalise established Archimedean results whilst others arise from

the developing theory itself. We now consider some of these questions and note that

several of them appear to be quite accessible.

(Q1)

(Q2)

(Q3)

J. Wermer gave the following theorem in 1963.

Theorem 7.2.1. Let X be a compact Hausdorff space, A C Ce(X) a complex uniform
algebra and R(A) := {R(f) : f = R(f) +iS(f) € A} the set of the real components
of the functions in A. If R(A) is a ring then A = C¢(X).

The following analog of Theorem 7.2.1 for real function algebras was given by S.

H. Kulkarni and N. Srinivasan in [KS90], although I have not used their notation.

Theorem 7.2.2. Let X be a compact Hausdorff space, T a topological involution on X
and A a © /R function algebra on (X, T,2), i.e. a real function algebra. If R(A) is a ring
then A = C(X, 1,2).

It is interesting to know whether Theorem 7.2.2 can be generalised to all -/ s
function algebras on (X, 7, g). Of course the result would be trivial if, in the non-
Archimedean setting, the basic L /s function algebra on (X, T, ) is the only £/«
function algebra on (X, 7, g). With analogy to J(A) above, in this case we should

ask whether the set of L8 components of the functions in C(X, 7, g) form a ring.

As alluded to in (Q1) we have not given an example in the non-Archimedean
setting of a L' /s function algebra on (X, 7, g) that is not basic. We need to know
whether the basic function algebras are the only such examples. Theorem 4.2.3,
Kaplansky’s version of the Stone Weierstrass Theorem, may be important here.
Further even if in the non-Archimedean setting there is a L /¢ function algebra on
(X, T,g) that is not basic, such an algebra might still be isometrically isomorphic

to some Basic function algebras.

With reference to Theorem 6.2.9 we note that there are plenty of examples of
commutative, unital Banach F-algebras with finite basic dimension in the non-
Archimedean setting. Indeed if K is not only a finite Galois extension of F but
also a cyclic extension then taking A := K gives such an algebra. In this case
the character space M (A) will be finite with each element given by an element
of Gal(X /), see the proof of Theorem 6.2.9 for details. However such examples
are not particularly interesting and it would be good to know whether all £/ 4
function algebras on (X, 7, g) have finite basic dimension so that Theorem 6.2.9
becomes closer to a characterisation result. We recall that all commutative uni-
tal complex Banach algebras and commutative unital real Banach algebras have

finite basic dimension, see Remark 6.2.10.
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(Q4)

(Q5)

(Q6)

(Q7)

With reference to Definition 5.1.2 of the basic L'/ ¢ function algebra on (X, 7,9)
the map o(f) = g©d®-D o f o1 on C,(X) is such that each f € C.(X) is an
element of C(X, 7, g) if and only if o(f) = f. We have seen that ¢ is either an
algebraic involution on Cr(X) or a algebraic element of finite order on Cy (X). It
should be established whether every such involution and element of finite order
on Cr(X) has the form of ¢ for some g and 7. This is the case for real function
algebras, see [KL92, p29].

As described in Remark 7.1.2 it might be possible to generalise the definition of
Basic function algebras by involving a group homomorphism in the definition.
The algebras currently given by Definition 5.1.2 could then appropriately be re-
ferred to as cyclic basic function algebras given that the group Gal(%/s) is cyclic.
Further the possibility of generalising the definition of Basic function algebras to
the case where the functions take values in some infinite extension of the under-
lying field over which the algebra is a vector space should also be considered.
The involvement of a group homomorphism might also be useful in this case as

well as some more of the theory from [Ber90].

As seen in Subsection 7.1.2 the general theory of quaternion algebras provides the
necessary structures for generalising the theory of non-commutative real function
algebras to the non-Archimedean setting. Further with reference to Subsection
5.4.1 it would be interesting to see what sort of lattice of basic extensions the
non-commutative real function algebras have. We can also look at this in the

non-Archimedean setting along with the residue algebra.

A proof of the following theorem can be found in [KL92, p18].

Theorem 7.2.3. Let A be a unital Banach algebra in the Archimedean setting satisfying

one of the following conditions:

(i) the algebra A is a complex algebra and there exists some positive constant c such
that ||a||% < c||a®||a foralla € A;

(ii) the algebra A is a real algebra and there exists some positive constant ¢ such that
lal|% < clla®+ b?|| forall a,b € A with ab = ba.

Then A is commutative.

It would be interesting to establish whether there is such a theorem for all unital
Banach F-algebras. If not then perhaps some special cases are possible in the
non-Archimedean setting. The proof of theorem 7.2.3 uses Liouville’s theorem
and some spectral theory in the Archimedean setting. Both of these are different

in the non-Archimedean setting, see Theorem 3.1.9 and Subsection 3.2.1.
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(Q8)

(Q9)

(Q10)

(Q11)

(Q12)

(Q13)

It might be interesting to investigate the isomorphism classes of basic function
algebras. Thatis for a given basic function algebra A are there other basic function

algebras that are isometrically isomorphic to A.

It is interesting to consider whether the Kaplansky spectrum of Remark 3.2.13 can
be used for some cases in the non-Archimedean setting and, if so, whether it is
one such definition in some larger family of definitions of spectrum applicable in

the non-Archimedean setting.

More broadly the established theory of Banach algebras provides a large supply
of topics that can be considered for generalisation over complete valued fields. In
addition to several of the other references included in this thesis [Dal00] will be
of much interest when considering such possibilities. One obvious example is the
generalisation of automatic continuity results. That is what conditions on a Ba-
nach F-algebra force homomorphisms from, or to, that algebra to be continuous.
There is one such result in this thesis noting that in Theorem 6.2.9 the elements
of M(A) are automatically continuous. Further [BBN73] may also be of interest

concerning function algebras.

As mentioned in Remark 4.1.20 there is a possible generalisation of the Swiss
cheese classicalisation theorem to the Riemann sphere and possibly to a more

general class of metric spaces.

It might be interesting to consider generalising over all complete valued fields
the theory of algebraic extensions of commutative unital normed algebras. See

the survey paper [Daw03] for details.

The possibility of generalising C*-Algebras over complete valued fields is inter-
esting but perhaps not straightforward. The Levi-Civita field might be of interest
here since it is totally ordered such that the order topology agrees with the val-
uation topology. Hence it might be possible to define positive elements in this
case. Perhaps the algebraic elements of finite order mentioned in (Q4) are rele-
vant. Also there is a monograph by Goodearl from 1982 that considers real C*-
Algebras that might be of use. The possibility of a non-Archimedean theory of

Von Neumann algebras might also be a good place to start.
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