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SUMMARY 

This work is concerned with the study of the mechanical behav- 

four of elastic laminated plates subjected to different boundary con- 

ditions. For the most part-, each lamina is taken to be a fibre- 

reinforced material which contains a family of straight, continuously 

distributed fibres. 

When the modulus for extension in the fibre direction of each 

lamina is large compared with the other moduli, the laminate is termed 

'highly anisotropic' and in such cases, approximate solutions can be 

obtained by treating the individual laminae as 'ideal' materials in 

the sense that they are inextensible in the fibre direction and also 

incompressible. In the context of the plane strain bending of a 

laminated cantilever, we show that the theory for ideal materials pred- 

icts the occurrence of singular fibres at the lateral surfaces of the 

laminate and at the interfaces between the individual laminae. In a 

highly anisotropic cantilever these fibres correspond to regions of 

high stress and accordingly a boundary layer theory is developed for 

these regions. The boundary layer solution, together with the ideal 

solution, provide a good approximation to the description of the 

response of the cantilever, but it is found to be inadequate near the 

intersections of edges and interfaces, and at corners. A separate 

investigation is made into the asymptotic behaviour of the stress in 

these regions. 



The major part of this thesis is concerned with the development 

of a general theory for laminated plates in stretching or bending. 

Given a laminate subject to specified boundary conditions, we define 

a single homogeneous equivalent plate which has material properties 

obtained. by an appropriate averaging of the material properties of 

each lamina. The equivalent plate is subjected to the same boundary 

conditions as the laminate and the equivalent displacements are deter- 

mined by classical thin plate theory. The theory then assumes that 

the displacement components in each lamina can be expressed as the 

sum of the equivalent displacements and correction displacements. The 

correction solutions satisfy the conditions of displacement and tract- 

ion continuity across the inter-laminar boundaries and the condition 

that the lateral surfaces of the plate are free from traction. In 

the special case of the laminae being isotropic, the solutions given 

by'the theory exactly satisfy the full three-dimensional equations of 

linear elasticity. When the equivalent displacements are known, the 

complete solution in each lamina is readily determined and this is 

illustrated by examples. 

At the edges of the laminated plate, the prescribed boundary 

conditions are satisfied only in an average sense and therefore in 

these regions, an additional correction is required. The deviation 

of the calculated boundary condition from the specified boundary con- 

dition is used to determine the magnitude of this further correction. 
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INTRODUCTION 

Laminated materials have received-considerable attention in 

recent years as a result of the search for materials which combine 

great strength and rigidity with lightness. Examples of this can 

be found in the carbon-epoxy composite parts of aircraft, where fibre- 

reinforced layers are arranged at various orientations to each other 

so as to give the laminate preferred directions of strength and stif- 

fness. 

For epoxy resin reinforced by strong fibres, the modulus for 

extension in the fibre direction is much larger than the moduli trans- 

verse to the fibres for extension or shear as as a consequence this 

material is referred to as being 'highly'anisotropic. This property 

can be idealized by the assumption that the material cannot extend at 

all in the fibre direction and, together with the assumption that the 

material is incompressible, forms the basis of the theory of 'ideal 

fibre-reinforced materials' first proposed by Mulhearn, Rogers and 

Spencer (1967) in the context of plastic deformation, and subsequently 

extended by Pipkin and Rogers (1971), Spencer (1972) and others to 

include all material response and for various classes of boundary 

value problems. This theory includes the possibility of certain 

fibres becoming 'singular' in the sense that they support infinite 

stress but finite load. Such singular fibres can be interpreted as 

thin layers in which the stresses are large and finite; this has 
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bees illustrated by Everstine and-Pipkin (1973), who examine the plane 

strain bending of a highly anisotropic cantilever, Everstine and 

Pipkin (1971) and. Spencer (1974). Some of the relevant theory is 

outlined in Chapter 1, where we also present results which are used 

in subsequent parts of this thesis. In Chapter 2 we develop the 

work of Everstine and. Pipkin (1973) to account for highly anisotropic 

materials which are bonded-together to form a laminated cantilever. 

When a comparison. of the solutions for the field quantities in the 

highly anisitropic laminate is made with those in an ideal laminate, 

it is found that the predictions. of ideal. theory are in fact a first 

order approximation to what actually happens in a highly anisotropic 

laminate. The chapter is completed with a simple scheme which can 

be used to detect the possible initiation of delamination. 

Motivated by the results. of Chapter 2, we have considered the 

stress singularities which arise at the interface of dissimilar mat- 

erials where traction boundary conditions are specified. Bonded 

quarter planes composed of different isotropic materials have been 

treated by Bogy (1968,1970) and then extended (Bogy 1971) to include 

two bonded wedges of arbitrary angle. Bogy (1972) and then Kuo and 

Bogy (1974) have also examined anisotropic, homogeneous wedges under 

various boundary and loading conditions and have included the prob- 

lems of two identical orthotropic materials orientated at plus/minus 

angles with respect to their bond line. Work in this area has also 

been, carried out by Ting and Chou (1981) and Delale (1984). In 

Chapter 3 we adopt an eigenvalue approach to calculate the order of 

the stress singularity at the apex of a wedge of arbitrary angle and 

which consists of two highly anisotropic materials. The asymptotic 

behaviour of the stress components in the vicinity of the apex is 
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found to be 0(1/ra + iß 
) where C1, and ß are real and in the special 

case of a crack between two dissimilar materials, Ct takes the value 

0.5. 

In Chapters 4 and 5 we develop a theory for the stretching and 

bending of laminated plates. This forms the major portion of the 

thesis. In both the chapters-we suppose that the layers of the 

laminate. are transversely isotropic with the distinction that in 

Chapter 4 the preferred. directions are normal to the plane of the 

laminate (from which the laminate of isotropic constituents can be 

obtained as a. special case)., whilst in Chapter 5 they lie in planes 

parallel to the plane of. the laminate (as in a laminate of unidirect- 

ionally-reinforced layers). 

Probably the simplest laminate theory is Classical Laminate 

Theory (CLT) which assumes that each layer is in a state of plane 

stress and. that the in-plane displacement components in the entire 

laminate are linear in the through thickness co-ordinate. Although 

this theory is widely used, it exhibits important deficiencies. The 

characteristic which limits its validity in the description of the 

laminate response is that it. neglects shear deformation implied by 

the Kirchoff-Love hypothesis and since a state of plane stress is 

assumed in the constitutive equations, it is not possible to calculate 

the inter-laminar stresses. However, the theory is reasonably accur- 

ate for plates which have a small aspect ratio (ratio of the half 

width to a typical in-plane length). The theory of Srinivas (1973) 

improves CLT by assuming that the in-plane displacements are piece- 

wise linear in the through thickness co-ordinate and when it is ap- 

plied to laminated plates, it predicts interlaminar shear stresses. 

However, these stress components are independent of the through 
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thickness co-ordinate-and as a consequence of this, the theory sails 

to satisfy the continuity conditions at the interfaces of the layers 

and the boundary conditions specified on the lateral surfaces. In 

an attempt to ascertain-the magnitude of the interlamina-shear stres- 

ses in a laminate subject to stretching, Puppo and Evensen (1970) 

assume that the anisotropic layers of the laminate are in a state of 

plane stress. and that they are bonded together by isotropic adhesives. 

They assume that in the isotropic layers the out-of-plane displace- 

ment component is negligible in comparison to the in-plane components 

and that these layers can develop only interlaminar shear stresses. 

These. shear stresses. are then. evaluated by forming the product of 

the isotropic shear modulus with the magnitude. of the discontinuity 

in the displacement-components at the interface of the layers. The 

theory is found to predict the interlaminar shear stress components, 

but it fails to give any variation in them through the thickness of 

the laminate. Dispensing with the isotropic layers and bonding the 

anisotropic layers directly together, Pipes and Pagano (1970) develop 

a solution for the field quantities in the laminate by assuming that 

stress components depend only on one of the in-plane co-ordinates. 

This assumption reduces the set of simultaneous differential equations 

to depend on two space variables instead of three, but renders the 

theory unsuitable for structures of complex geometry. In a subse- 

quent paper, Pagano (1980) assumes that the in-plane stress components 

are linear in the thickness co-ordinate and are the same as those 

given. in two-dimensional laminate theory. By introducing the concept 

of 'layer equilibrium' all the continuity conditions and the shear 

stress free conditions on the lateral surfaces of the laminate are 

satisfied. The predictions of the theory are an improvement on 
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the previous theories, but the number of layers that can be taken 

in the laminate are restricted-by computational limitations. Tang 

(1975) and Tang and. Levy (1975), following Reiss and Locke (1960), 

develop a boundary layer theory in which the CLT solution in the 

interior region is matched to. a boundary' region. solution.. However, 

no consideration is givem to-the possibility of the layers being high- 

ly anisotropic and we show in Chapter 5 that, for such materials, CLT 

cannot be taken to be the complete solution in the interior. 

We consider a laminated plate comprising of an arbitrary number 

of laminae, each of which. is of homogeneous elastic material with 

different elastic constants in each layer. The plate is subject to 

edge loading with traction free lateral, surfaces. An 'equivalent' 

homogeneous. elastic plate is defined as having material properties 

which are. obtained by an appropriate averaging of the material prop- 

erties of the separate laminae; the averaging in the bending theory 

is different from that in stretching. The equivalent plate is then 

subjected to specified in-plane loads and the relevant equivalent 

displacements are found by standard plate theory. We then consider 

the three-dimensional solution for each layer of the laminated plate 

when the. laminate is subjected to the same loading as the equivalent 

plate. The displacement in each layer is expressed as the sum of 

the equivalent displacement and- a correction displacement and the 

three-dimensional solution obtained is made to satisfy continuity of 

displacement and traction across the inter-laminar boundaries and the 

conditions of traction-free lateral surfaces of the plate. Further- 

more, for the laminated plates described in Chapter 4, we show that 

the solution obtained is an exact solution of the full equations of 

three-dimensional elasticity. A notable feature of the theory is 
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that when the equivalent plate solution is known, the correction sol- 

ution is readily determined from it. 

Finally, in the last chapter, we examine a laminated semi-infinite 

plate with the aim of obtaining an insight into the behaviour of the 

stress field in the vicinity of an edge. The problem is taken to be 

one in plane elasticity and throughout the chapter we adopt the term 

'laminated strip' for the configuration. The laminated strip is sub- 

jected to specified tractions on one end, whilst the lateral surfaces 

are kept traction free.. We restrict the analysis to isotropic mater- 

ials and by using a technique-developed by Hess (1969) we obtain the 

decay rates of the stress components in the immediate vicinity of the 

end. The analysis can be easily extended to account for anisotropic 

materials and in such cases can be used. tochtermine the decay rate of 

the stress components at the end of the cantilever in Chapter 2. 

S 
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CHAPTER ONE 

CONSTITUTIVE EQUATIONS FOR LINEAR ELASTIC MATERIALS 

1.1 INTRODUCTION 

The mechanical behaviour of a fibre-reinforced composite mater- 

ial offers two levels of study. At one level the interaction between 

the fibres with the surrounding matrix is important and the elastic 

properties of the composite are determined from the elastic propert- 

ies of the constituents. At another level no distinction is made 

between the fibre and matrix and the composite is treated as an aniso- 

tropic continuum. The elastic constants in this case are obtained 

from direct measurements on a sample of the composite. In this 

thesis we treat the fibre-reinforced material as an anisotropic continu- 

um. 

The results presented in this chapter and the problems to which 

they are applied are restricted to small deformations and hence to lin- 

ear constitutive equations. In Section 1.2 we review the equations 

of linear elasticity and present them in cartesian and cylindrical polar 

co-ordinates. Following Spencer (1974) we state in Section 1.3, the 

constitutive equations for a solid reinforced by a single family of 

fibres which have a preferred local direction a, where a is a unit vect- 

or. From the equations given in Section 1.3, we obtain, as special 

cases, in Sections 1.4 and 1.5, the constitutive equations for an ideal 

and an isotropic material respectively. 
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1.2 EQUATIONS OF LINEAR ELASTICITY 

Let Ui denote the components of displacement at the point with 

cartesian co-ordinates xi. For small deformations, the components 

of strain eij are related to the displacement components by 

au1 au 
eil J(a% +- ), i, j 

ji 

Equations (1.2.1) referred to cylindrical polar-co-ordinates (r, 6, z) 

become 

au 

_r err ar ' 

Dua 
e86 

r 36 + Uri ' 
I 

1 our au6 ue 
e 76- + -57 

au0 
1 

auZ 

eez =< az +r ae . 

au au z r) 
erz( ar + az 

au 
z 

ezz - az ' 

(1.2.2) 

where (Ur, Ue)UZ) is the displacement field referred to the cylindric- 

al co-ordinate system. 

If the problem can be reduced to one of plane strain in the 

(xl, x2) plane say, only the strain components ell, ell and e22 are 

considered. In such cases, these three components satisfy the fol- 

lowing strain compatibility condition 
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222 3 e11 
+ö 

e22 
32a 

e12 
(1.2.3) 

ax2 axi xx2 

Denote. the-stress components by a ". In cartesian co-ordinates, 

these stress components. satisfy-the following equilibrium equations 

-+ 
pfd = 0, i, j = 1,2,3 (1.2.4) 

i 

where ii are the components of. an external body force and p is the 

material density. Ir the absence of body forces, Equations (1.2.4) 

in cylindrical polar co-ordinates are 

Darr 
1 

Dare aarz arr - Dee 
+ __ 3r r 36 öz +r ý' 

acy re 1 3a66 aaaz 2 Dr *T 

ae 
+ aZ +r 

T8 
0' ' 

aarz 
1 

aaez aazz Crrz 

ör r a6 + äz +r- ý' 

where Qij in (1.2.5) are now the components of stress referred to 

the cylindrical co-ordinate system. 

The relationship between the cylindrical polar components of 

stress and the cartesian components of stress is 
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a c2 s2 2sc 0 0 0 Q11 
rr 

aee s2 c2 -2sc 0 0 0 a22 

Qrý -sa sc c2 - s2 0 0 0 a12 

aAz 0 0 0 -s c 0 a23 

O 0 0 0 c s 0 Q13 
rz 

a 0 0 0 0 0 1 Q33 
zz 

where 

c=cos 6 

s= sin e. 

1.3 CONSTITUTIVE EQUATIONS FOR TRANSVERSELY ISOTROPIC MATERIALS 

The constitutive equations for a transversely isotropic linear 

elastic material which has a preferred direction in the direction of 

the unit vector a are given by (Spencer 1974) 

Qij = aekk8ij + 21a 
Teij + a(akamekm 6 

ij + ekkaiaj) + ... 

+ 2(uL --uT)(aiakekj + ajakeki) + ßakamekmaiaj' 

Here ai are the components of a 

system and may be a function of 

function. The coefficients A, 

and have dimensions of stress. 

represent the shear moduli alon 

ion a. 

referred to a cartesian co-ordinate 

position, 6ij is the Kronecker delta 

a, ß, 11L and PT are elastic constants 

In particular PL and uT respectively 

g and transverse to the fibre direct- 

(1.2.6) 

(1.3.1) 

ýkl 
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If a= (1,0,0) then the stress-strain relations given by (1.3.1), 

referred to cartesian co-ordinates (x, y, z), become 

Q +2a+ +a X+a 000 411 -2u e 
xx T X. Is 

Cr a000 2u el 
yy ,ß 

a 000 X+ 2p e 
zz _ T zz 

a 
z 

uT 00 
z `e y y 

a 0 u 2e 
xz L xz 

a 
x 

Symmetrical 11 t 2ex y + y 

Equations (1.3.2) can be expressed in the form 

ýxx C11 c12 c12 000 exx 

ayy c22 c23 000 eyy 

ýzz c22 000 ezz. 

ýyz '(c22 - c23) 00 2e 
yz 

axz c66 0 2exz 

axy Symmetrical c66 2ex 
Y 

and a comparison of (1.3.2) and (1.3.3) gives 

(1.3.2) 

(1.3.3) 

c11 =+ 44L - 2UT + 2c,. + 

c12=X+a, 

22 =+ 211T, (1.3.4) 

c23 = A, 

c66 = 11 L. 
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The five constants c11' c12' 022, C23 and c66 or X, ß, a' uT 

and 11 L are-five independent elastic constants of the material. They 

give a complete description of the stiffness of the material, but they 

are not the most convenient forms when considering how to determine 

then by experiment. For this. reason. the engineering properties are 

introduced. 

By considering simple states of stress and strain, it can be 

shown (Christensen 1979) that 

2c12 (A + PT)ß' - (X + ()2 
EL. - c11 c22 + c23 + la T0 

{c(c+ c) - 2c}(c c 
E 

1122 23 1222 23 
T) 2 

c11c22 - c12 

{(X + uT)ß' - (A + a)21All 

(X + 2UT)ß' - (X + a)` (1.3.5) 

_ 
c12 

_ 
_+a 

L c22 + C23 2(X 

_2 
_ 

c11c23 c12 
+ a)2 

T 
c11c22 -- c12 (X + 21T)ß! - (A + a)2j 

where 

B' _A+ 2(X + 411 L- 211T + 6. 

In (1.3.5) EL and ET are the Youngs moduli along and transverse 

to the fibres, VL and VT are the corresponding Poisson ratios. Since 
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only five, of the engineering constants EL, ET, vL, VT, PL and 11 T 

are independent, there exists a relationship between them. From 

(1.3.4) and (1.3.5) it is found that 

ET 
uT" 2(1 + VT)' 

which is identical. to the relationship given in isotropic materials. 

The elastic constants a, ß and X can be expressed in terms of 

the engineering constants. By, inverting (1.3.5) we obtain 

x= 
ET(ELvT. +. ETVL) 

(1 + VT) {EL (1__ - VT) - 2ETVL} 

(1.3.6) 

ET{EL(VL + VTVL - VT) - ET V2} 
a= (1.3.7) 

(1 + VT){EL(1 - VT) - 2ETVL} 

E2(1 - vT 
22 

+ ETEL{1 - 2VL(1 + vT)} - EZTVL 

-4 
LU 

(1 + VT){EL(1 - VT) - 2ETVLI L 

If Equations (1.3.3) are written in the form 

then 

a ij _ (ci 
j]ei j, (1.3.8) 

eij = (sij]aij (1.3.9) 

where the compliance matrix [sij] is given by 

[Cofactor matrix of cij] 
T 

[sij] 
IC I (1.3.10) 

ij 
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When. a transversely isotropic material is rotated so that 

a= (cos e, sin 8,0), then the stress-strain relations given by (1.3.8) 

take the form 

Cii = [c 
ii 

je 
ij 

(1.3.11) 

where 

cll ='c4c 
11 

+ 2c2s2c12 + c2s24c66 + s4c22, 

Cl'- 
2= 

c2 s2c11 + (c4 *s 
4)c12 

+C s2c - c2s24c66, 

c16 = -c3sc11 + (cis - cs3)c12 + cs3c22 + (c3s - cs3)2c66, 

Cl 22 s4c11 +. 2c2s2c12 + c4c22 + c2s24c66, 

C26-= -CS 
3c11 

+ (cs3 - c3s)c12 + c3sc22 + (cs3 - c3s)2c66, 

css = c2 s2c11 - 2c2s2c12 + c2 s2c22 + (c2 - s2 )2c66, 

2 
C13 =c2 c12 +s 023, (1.3.12) 

22 
023 =s C12 +c c23, 

C: 6 = -csc12 + csc23' 

22 
044 =c c44 +s c66, 

C45 = csc44 - csc66, 

22 
C55 =s c44 +c c66, 

c33 = c22, 

c= cos e, s= sin e. (1.3.13) 
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1.4 CONSTITUTIVE EQUATIONS FOR IDEAL MATERIALS 

If the modulus for extension-in the-fibre direction is much 

greater than the elastic moduli in transverse extension or shear then, 

from (1.3.7), ß is much greater than a and X. In the limit of an 

inextensible material 

5 =C 

The condition of inextensibility is. that the material will not 

extend. in the direction of a, therefore 

aia3eii = 0. 

Denoting the limit of ßaiaieij as ß 00, aiaieij +0 by 

ßaiaieij = T, 

(1.4.1) 

(1.4.2) 

(1.4.3) 

where T represents an arbitrary fibre tension, the constitutive equat- 

ions-for inextensible transversely isotropic materials are obtained 

from (1.3.1) 

aij = Xekk Öij + 2uTeij 

+ 2(pL - PT)(aiakekj + ajakeki) + TaiaJ. (1.4.4) 

Here the terms involving a have been absorbed into T. 

It, in addition the material is incompressible then 

ekk 0, (1.4.5) 
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and the hydrostatic pressure is (1.4.4) becomes an arbitrary reaction 

to. this constraint. 

Qij = -pS j+ 
211 

Teij 

+ 201E - 11 T)(aiakekj + ajakeki) + Taia3, (1.4.6) 

where p represents the hydrostatic pressure. Evidently Equation 

(1.4.6) arises from (1.4.4) in the limit 

X -ºCO. 

Equation (1.4.6) represents the constitutive equation of an 

ideal material. 

1.5 CONSTITUTIVE EQUATIONS FOR ISOTROPIC MATERIALS 

(1.4.7) 

The constitutive equations for isotropic materials. are obtained 

by letting EL = ET, VL = VT and 11L = 11T and from (1.3.7), this cor- 

responds to taking a= 0. ' 

From (1.3.1) 

aij = aekk6ij + 2ueij, 

where 

(1.5.1) 

11 = 11 L= PT" 
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CHAPTER TWO 

PLANE STRAIN BENDING OF A 

LAMINATED FIBRE-REINFORCED CANTILEVER 

2.1 INTRODUCTION 

The plane strain bending of a fibre-reinforced cantilever has 

been examined by Everstine and Pipkin (1973). They found that when 

the material is ideal, as described in Section 1.4 , singular sheets 

of fibres which carry infinite stress but finite force occur adjacent 

to the surfaces of the body. For materials with small but finite 

extensibility, these singular surfaces represent narrow bands of rapid- 

ly varying stress. It L is a characteristic length of a problem and 

E, u the moduli for extension and shear respectively, these bands are 

found to have width of order L(p/E)l and the disturbance in them prop- 

agates distances of order (E/u)I without attenuation. Everstine and 

Pipkin gave a boundary layer analysis of the stress and deformation 

in the regions adjacent to the surfaces. 

In this chapter the work of Everstine and Pipkin is extended to 

the case of the bending of a laminated cantilever plate. It is shown 

that if the individual layers of the cantilever are ideal materials then 
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there exist singular surfaces at the interface of the layers besides 

those adjacent to the surface of the body. For a cantilever plate 

consisting of incompressible but nearly inextensible layers, these 

regions correspond to boundary layers similar to those which occur at 

the lateral surfaces. We investigate the stress and deformation in 

these layers and discuss their implications for the possible initiat- 

ion of delamination. 

2.2 STATEMENT OF THE PROBLEM 

Consider- a cantilever plate of length L and width 2h consisting 

of two transversely isotropic layers which have different elastic mod- 

uli. The reference co-ordinate system is taken such that the inter- 

face between the layers coincides with the x-axis as shown in Figure 

(2.1) 

h 

0 

-h 

Figure X2.1). The cantilever plate. 

x 

The layers of the cantilever are distinguished by the subscripts/ 

superscripts 1 and 2, where 1 denotes the layer y>0, and each contains 

straight continuously distributed fibres which are parallel to the 

x-axis. In the notation of Chapter One, 

y 
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_ (1,0,0) , 

for each layer. 

The cantilever is fixed at the end x=0 and is subjected to a 

uniform pressure Po on the. lateral surface y=h. In each layer we 

shall take 

u= u(x, y), v= V(x, y), w=0, 

(2.2.1) 

(2.2.2) 

where (u, v, w) denote the displacement components in the x, y-. and z 

directions respectively. 

The boundary conditions satis_fied. by the stress and displacement 

components are 

(i) fixed end condition 

u(1) v(1) = 0, x=0, 

u(2) = v(2) 

(ii) stress free conditions 

Qmm) = Q(x 
. y1) = 0, x=L, 

Q(2) 
xx 

= Q(2) =0x=L 
xy "' 

(2) 
Q 

ý =ý 
(Z) 
yy = 0, y=-h, 

Q(1) 
xy = 0, y=h. 

(iii) applied loads 

Q(1) = -P ,Y=h. YY 0 

(2.2.3) 

(2.2.4) 

(2.2.5) 
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(iv) continuity conditions 

u(1) = vý2> >90, 

a(') =a 
2) Q(1) = Q(2) = 0. 

xY xY ' yy YY 'y 

The stress equilibrium equations (1.2.4), in the absence of 

body forces reduce to 

as aQ 
x`+ aýXy = ax o, 

aQ ar ax 
y=o, ax 

the third equation being satisfied identically. 

2.3 IDEAL THEORY 

For ideal materials which are in a state of plane strain and 

have a preferred direction a= (1,0,0), the constitutive equations 

(1.4.6) become 

Qxx _ -p +T+ (4UL - 211T)exx , 

(2.2.6) 

(2.2.7) 

Qyy = -p 4.2uTeYY, 

C= -po (2.3.1) 

Qxy = 211 LexyI 

Q =Q =0, 
yz xz 
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and. the. kinematic constraints. (1.4.2,5) are now 

exx + eyy = 0, 
(2.3.2) 

e=0. 
xx 

It follows from Equations (2.3.2) that the displacement compon- 

ents in each layer of the cantilever must take the form 

u= u(y), v= v(x). (2.3.3) 

Since the end ac _, Q- of the-cantilever is fixed. we have, from 

(2.3.3) 

a(lly) = U(2)(Y) = 0. (2.3.4) 

and for continuity of displacement components at y=0 

v(1) (x) = v(2) (x) = v(x) . (2.3.5) 

Expressions (2.3.4) and (2.3.5) describe the displacement field 

in each layer-of the cantilever. For a cantilever of an arbitrary 

number of layers these expressions generalise to 

u(ff) = 0, n(Q) = v(x), 

where the superscript Q corresponds to the 2. th layer. 

With the forms of the displacement components now determined, 

(2.3.6) 

the constitutive equations (2.3.1) become 
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Qxx =-p+T, 

a=a= -P, 

a= 1Lv'(x), 

Q=Q=0. 
yz xz 

By considering the equilibrium of a section of the cantilever 

(2.3.7) 

which is bounded by the planes x= xo, x=L and the lateral surfaces 

y= ±h (Figure 2.2) we obtain 

Po (L - xo) + 
fo 

6)Ix=x dy + 
ja(2)I 

x 
dy = 0. (2.3.8) 

xy 
0 -h 0 

h 

0 

-h 

Figure (2.2). 

x 

The shear stress components given in (2.3.7) are substituted 

into Equation (2.3.8) and after some manipulation we find 

P2 
v(x) = 

h(u(1) + 1(2))( 
2- Lx), (2.3.9) 

LL 
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where the constant of integration. has. been. chosen so that the fixed 

end condition at x=0 is satisfied. Hence, 

(1) 

CF(1) 0 (x - L) 0y 
' h(u L 

(1) + Pi (2)) 

u(2)p 
(! 

) 
= -h 

XY 
<q<0. 

h(V 
(1) 

+u 
(2) 
L 

Note that it u(1) 39 11L2) then there is a discontinuity of the- 

shear stress components at y=0. Furthermore, since the surfaces 

y= ±h are required to be shear traction free, the shear components 

will also be discontinuous at these surfaces. Accordingly we write 

P (x - L) 
CF _ (1) 

(2) 
L2*'H(Y 

+ h) + (11(1) - u(2))H(Y) 
h(uL + uL ) 

- 11L1)H(y - h)), -h <y<h, 

where H is the usual Heaviside function; unity for positive argument 

and zero for negative argument. 

Substituting (2.3.11) in (2.2.7), and integrating gives 

2 

cr 
-P0(x - L) 

(9 
(2)8(y 

+ h) + (u(1) - u(2))6(Y) 
xx 2h(11 

(1) 
+ u(2)) 

LLL 
LL 

- 1L1)s(Y - h))" 

In (2.3.12) 6 Is the Dirac delta function and the arbitrary function 

(2.3.10) 

(2.3. ii. ) 

(2.3.12) 

of integration has been chosen such that the stress free condition on 

x=L is satisfied. 
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The- tensile stress Qxx is-zero everywhere except at y=h, O, -h 

where- it is infinite, but the force. carried by these fibres, which 

is found by integrating across them, is finite and is given by 

P 
Llý 

(x - L) 
2 

(il 
,y=h; 

ö 

2h(1Ll) + uý2) 

(ii) p=0; 

(iii) y= -h; 

p(uL2) - 11 
(L1))(x 

- L)2 

2h(1. t 
'+ 

11L2) 

-PýuL2)(x - L)2 

2h(uLl) + p(2)) 

fibre in tension 

fibre in tension if 

u(2) - u(1) >0 
LL 

fibre in compression. 

The surfaces y= ±h, 0 are referred to. as singular surfaces. 

If the layers are of the same material then there are only singular 

surfaces at the lateral surfaces of the cantilever and this is in 

agreement with Everstine and Pipkin (1973). 

(2.3.13) 

The normal stress component in the y direction can now be obtain- 

ed from the second component of the stress equilibrium equations. 

a(1) 
-u(l)Po(Y + A1) 

0Y<<h, 
Yy h(1) + u(2)) LL 

Q(2) _ 
-p 

2)po(y 
+ A2) 

_h <y<0, 
YY h(u(1) + u(2)ß LL 

(2.3.14) 

where A1 and A2 are arbitrary constants of integration and are deter- 

mined from the through-thickness boundary and continuity conditions. 
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By satisfying these conditions 

Qmm) _ (1) (2) ut y+ huL2)) 0<Y< 
h(uL +11L ) 

-P 0 (2) 
YY h(11 

(1) 
+ u(2)(uL 

y uL )' p 

LL 

Z. 4 FORMULATION OF THE BASIC EQUATIONS FOR 

INCOMPRESSIBLE AND NEARLY INEXTENSIBLE. MATERIALS 

For materials which are incompressible and 'stiff' in the fibre. 

direction. we have from 

X= °O, ß»1. 

By substituting (2.4.1) into (1.3.1) and absorbing the a. terms 

into the hydrostatic pressure -p we obtain 

aij = -pSij + 2VTeii + 2(pL - "T)(aiakekj + aJakeki) 

+ Bak amekmaiai, 

Suppose that the material is in a state of plane strain and 

that the fibre direction is given by a= (1,0,0). From (2.4.2) 

crxx _ -p + (4LL - 21J)exx + 6exx, 
T 

ayy = -p + 211 
TeYY' 

axy=21J exy, L 

(2.3.15) 

(2.4.1) 

(2.4.2) 

(2.4.3) 
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and the. incompressibility condition gives 

exx + eyy = 0. (2.4.4) 

Inverting Equations (2.4.3) and. using (2.4.4) produces 

2 

8a = 
üL(a- Qmm) 

2 

ä=-ü (Q - Qýy (2.4.5) 
L 

au Dv 
= 

axy 

äy + 57 'IL 
where 

E2 =(ß+ 
4uLý. (2.4.6) 

Note that if (ß/UL) »1 then E2 « 1. 

2.5 INTERIOR SOLUTION 

Suppose that each displacement component-can be represented, in 

the asymptotic sense, by a power series in E as follows 

u(x, y; c) = n0 + Eül + E2ü2 + 0(c3), 

(2.5.1) 

v(X, Y; c) = no + 0(E), 

and that the stress components, symbolized by Q(x, y; E) have the 

expansion 
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Q(X, y; E) = Qo + 0(i). 

By substituting (2.5.1) and (2.5.2) into Equations (2.4.5) and the 

stress equilibrium equations (2.2.7) we obtain to lowest order 

u0 = üo(Y), ul ul(Y). 

IT uL1 
ý'Ixxo -o 

vqoff 

a; 0 0, 

an Q x7o 

- ax 11 L 

aQ aQ xxo + xyo_ 0 
ax ay 

aQ aQ xyo +-äy= o. v 

Solving Equations (2.5.3) gives 

üo=ü1=0, 

VO = 4ýXý 
r 

Q 
xte= 

11L 

a xxo = 8(Y) , uL 

Q 
YYO _ Yll fl, x) + h(x) , L 

(2.5.2) 

(2.5.3) 

(2.5.4) 

where f, g and h are arbitrary functions. 
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As expected, Equations (2.5.4) coincide. with. those of the ideal 

theory, except that now the order of u can be determined. The arbit- 

rary functions are found by the boundary conditions of a given problem. 

In particular-, for the cantilever problem described in Section 

(2.2) we obtain the: following stress field in each layer 

Q(1) = c7(2) =0 
xxo xxo 

Q(1) _ 
Pö 

Ll, 
(x - L) 

0yh, 
xyo h(11 

(1) 
+ u(2) 

LL 

-(2) - 

Pou(2)(x - L) 
' O' 

xyo (la 
(1) 

+- u(2)) LL 

Q(1) _ 
-P(ul)Y + h42) 

0L)0<<h, 
9Yo h( (1) 

+ u(2) )-p- 

-(2) _ 
-P0 L2) Y+ h442) 

-h <<0. 
YYa h(u(1) + u(2)) LL 

2.6 BOUNDARY LAYER REGIONS 

The shear components of the interior solution given by (2.5.5) 

(2.5.5) 

do not satisfy the prescribed boundary conditions on the lateral sur- 

faces of the cantilever and are discontinuous at the interface of the 

layers. Following Everstine and. Pipkin (1971,1973), we expect the 

stress components, in regions adjacent to these surfaces, to vary 

rapidly in the y direction. 

We will only consider regions adjacent to y=0 since the 

analysis applied by Everstine and Pipkin remains valid at the surfaces 

y= ±h. 
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By the usual boundary layer theory we 'stretch' the y co-ordinate 
moo. 

byr. a-scaling factor e and if n is the new stretched. variable then 

n=E, E«1. (2.6.1) 

Writing Equations (2.4.5) and (2.4.6) in terms. of Ti we obtain 

auE2 
57 _ -(a - Qyy 

an 

3=- 
L<Q - Qyy). 

a u 8v cr 
xy (2.6.2) UT-1 E: 

au au 
ý ý e ax +=o, 

Ga as 
E + =o. ax ay 

Suppose that the stress and displacement components can be asympot- 

ically represented by the following power series in c, 

u(x, n: £) = Eücx, n) + 0(C2) 

v(x, n; £) = E2v(x, n) + o(c3), 

and 

8 
Qxx<X, niE> =e (x, n) + ... 

(2.6.3) 

CY yy(X. n; E) = E& (x, n) + ... (2.6.4) 

Q 
xy(x, n; E) Qxy(x, n) + ... . 
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Substituting Equations. (2.6.3) and (2.6.4) into (2.6.2) we 

obtain. to lowest order 

A 
öü ýxx 

ax uL 

A 
öv axx 

an uL 
A 

au 
_ 

IXY 
5 uL 

(2.6.5) 

aQ aQ 
ax +ý=0 

aQ as x+. y=o, 

and it follows from these equations that 

a22 
+ 

a22 
0. (2.6.6) 

ax an 

Equations (2.6.5) and (2.6.6) are the boundary layer equations. 

To determine solutions from them for each layer of the cantilever we 

will require that 

(i) Q(1)(x, co) = 0, a 
2)(x, 

-m) =0 

where Cr is a generic symbol for the stress components 

satisfying (2.6.5) and (2.6.6) 

(ii) When the shearcomponents satisfying (2.6.5) and (2.6.6) 

are superposed on the interior solutions, the combined 

shear stress solution is continuous at the interface n=0. 
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(iii) When the displacements components satisfying (2.6.5,6) 

are superposed on the-interior solutions, the combined 

displacement is continuous at the interface na0. 

To-satisfy (i) we-take. 

00 
ü(1) - A(l) sin(Xnx/L)exp(-Xnn1/L) 0< nl < °°n=0 

00 
tL _j Aä2)sin(Xnx/L)exp(aan2/L) -co < 112 

n=0 

where- X, Aä1) and Ant) are arbitrary constants. 

For continuity of u. at= ni. = n2 =0 we require 

(1) (2) 
ElAn =C2 An 

-0 

(2.6.7) 

(2.6.8) 

The end a. 3 L is required to be free from normal traction and 

in order to maintain this we take 

An= (n+ )n. (2.6.9) 

By Equations (2.6.5), the shear stress components in each layer 

now take the form 

a(l) = -1 UL1)Anl)(Xn/L)sin(Aax/L)exp(-XTl1/L), 

(2.6.10) 

Q (2) 
_Cu( L2)A(2)(X /L)sin(X x/L)exp(X fl2/L). 
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To avoid the problem of matching the stresses given by (2.6.5) 

and (2.6.6) with the interior stresses, we superpose these two solut- 

ions in each layer to obtain, expressions for the stress components in 

the generic form 

Q 

and allow 0 to be. the solution everywhere in the layer. Since 

Q(a, n) -} 0 as, n -} ý, Q -ý Q at the interior points.. Hence, in order 

to satisfy the continuity condition for the shear stress components 

at. the, interface y=0 (tl = 0) we will require, 

Q(1) Q( 
xy 
1) = Q(2) 

xyo +& xy 
(2) 

xyo n1=n2=0. (2.6.12) 

It 5(l) and 5(2), evaluated at y=0, are expressed as Fourier xyo xyo 

series then 

ä(1) 
P 11 

(1) 

-oL 
(x - L) PK 

=oS sin(X x Ö ) 
xyo h(u(1) L + u2) L 

h(K + 1) nnL 

. 

2) (2.6.13) 

a(2), = 
PoL Po 00 

11 x S sin(ý ) xqo _ "h(u(1) 
L u(2)) +L n nL h(K + 1) 

ö 

where K= p(')/ii X. is given by (2.6.9) and the Fourier coef- 

ficients S are 
n 

2L (-)n 
-1 Sn =t (2.6.14) 

nn 

By substituting Equations (2.6.13) and (2.6.10) into (2.6.12) and 
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making use of (2.6.8), we obtain 

A(1): 
xa 

3 
£2 

p 
Sn (B - 1) 

0h (K gL (u(2) F- + u(i) )+ 
1) ' 

1L2 

A(2) 
ýn £1 

p 
sn (K - 1) 

nL (ß(2)E + u(1)E) oh (K + 1) 
L1L2 

The normal stress component in the x-direction is found from 

Equations (2.6.5) and (2.6.7) to be 

Qmm) _ uLl)Anl) (fin/L)cos(X x/L)exp(-Xjl/L) 

0 

ar 
2)An2)(Xn/L)cos(Xnx/L)exp(X 

fl2/L), 
0 

and therefore, the resultant tensile force in the region nl = n2 =0 

is. 

f 

Qxx dt11 + 6xx) dn2 
0 

(2.6.15) 

(2.6.16) 

P (K - 1) - 
0 

2h(K + 1) 
0 

2Sn. 
ýII 

cos(la 

Carrying out the summation given in the second expression of 

(2.6.17), we find that the resultant load is 

p0 (1 - K) 
2 

2h(1 + -K) (x - L) (2.6.18) 
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which. is identical to the load in the singular fibres y= 0+ and 

y= 0_ given by ideal theory. 

2.7 RESULTS AND DISCUSSION 

Superposition of the solution given in Sections, (2.5,2.6) produc- 

es to. leading, order- in. E the complete solution in each layer. 

_2K 

(K - 1) 
K(x - L) 

E 
(1) 

= axy /Po 
h(1 + K) h(£1 + KC2)(K + 1) 

Co 
X1 Sn sin(X x/L)exP(-any/£1L) 

0 

ß (2) (x - L) 
E1(8 - 1) 

xy 
Apo h(1 + K) + h(E1 + KE2) (K + 1) 

Co 
x1S sin(Xnx/L)exp(XnY/E2L) 

0 

and. 

Q(1)/p = 
E2K(K - 1) 

xx 0 hEl(E1 + KE2)(K + 1) 

Co 
1 Sn(A /L)cos(lnx/L)exp(-any/E1L) 
0 

CY 
(2)/p 

= 
E1(K - 1) 

xx 0 hE2(E1 + KE2)(K + 1) 

Co 
xi Sn(an/L)cos(Xnx/L)exp(A y/E2L) 

0 

y >0, 

(2.7". 1) 

Y 0, 

Y 

(2.7.2) 

y<0. 

Qyy is given approximately by the interior solution since the contribut- 

ion from the solution in Section (6) is of order Ei (i = 1,2). 



- 35 - 

As Ei -"0 (1 = 1,2) the-stress components in each layer tend to 

those given by ideal theory provided y00. For y=0 

-. oo as gi -" 0, (i. = 1,2) , (2.7.3) 
xx 

and therefore the Dirac deltas given is ideal theory are interpreted 

as 

- Jim Xexp(-Xy/£L) 
(2.7.4) 

-1- 0 LE 
ý' 

The shear stress components at. y =0 can be calculated from (2.7.1) 

as 

Qxy)/PQ =Qmm)/Po =K1 
C2) 

h 
(1 + K) (C1 + KE2)<x - L) (2.7.5) 

and since (2.7.5) has no unique limit as Ei -1' 0 (i = 1,2), this may 

justify the use of Heaviside functions in the ideal theory. 

The boundary layers in the region adjacent to y=0 have thick- 

nesses of order C1L and C2L for layers 1 and 2 respectively and the 

tensile stress in them is of the order of the total load predicted by 

ideal theory divided by this thickness. 

Since we need to localize the disturbances of the Q solutions, 

we will have to require that 

h/L > max(C1, C2), 

and this imposes restrictions on the values of the slenderness of 

(2.7.6) 

the cantilever. 
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The end x=L is not stress free in the region of y=0 since 

Qgl) and Qxy) are not zero here. To assist in the numerical evaluat- y 

ion of () at x=L, the value of the summation, given in (2.7.1), is 

initially determined for various values of y and E. This is shown in 

Figure (2.3) when E= 1/10,1/20,1/40 and h/L = J. 

YIh 

Figure 2.3. Variation of I(Sn/h)sin Xn ems(-Xny/sL) when e= 1/10, 

1/20,1/40. 

--c -v-, U. 49 _0.3 -O .z -0. / v 
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Figures (2.4a, b) give the variation with K of 

K= -K 
(K - 1) 

K=E 
(K - 1) - 

1 (E + K) (K + 1) '2 (E + K) (K + 1) 

where E= E1/£2. Expressions (2.7.7) are the coefficients of the 

summations in (2.7.1). 

(2.7.7) 

The value of the shear component at x=L in each layer is given 

by the curves (2.3) to within a multiplicative constant Ki. 

K, 
1 

0 

-1 

Figure (2.4a) 
. 

K2 

I 

0 K 

Figure (2.4b) . Variation ofE (K - 1)1(E + WK + 1) with K for 

K 

Variation of -K(K - 1)/(E + WK + 1) with K for 

various values of E. 

various values of E. 
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Boundary conditions at x=L, y= 0+, 0_ have not been satisfied 

exactly. In this region an additional correction is required which, 

when superposed on the solutions already obtained, will correct the 

values of the shear components. The deviation of the magnitude of the 

shear components found in this chapter from the prescribed value of 

zero will determine the magnitude of this correction. 

For K>1, we have from Figures (2.3,2.4) that on the end x=L 

the sign of the shear stress is always positive in layer 1 and always 

negative in layer 2 and the correction will therefore have the opposite 

sign. This is illustrated in Figure (2.5). Figures (2.5a, c) indi- 

cate-the sign of the shear stress component obtained in this chapter 

and (2.5b, d) indicate the sign of the correction that would be requir- 

ed to restore the traction on the end x=L back to the prescribed 

value of zero. 

LLL 

(1) i2) 
ý, 

(2) 
I- 

(2ý 

(a) K<1 (b) K<1 (c) K> 1 (d) K> 1 

Figure (2.5) . Sign of the shear stress. 

Since the correction for K<1, that is u(1) < p(2), is to 

require 'pulling apart' shear tractions, the tendency for delaminat- 

ion is more apparent in this case. 
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CHAPTER THREE 

THE STRESS SINGULARITY IN A BI-MATERIAL WEDGE 

3.1 INTRODUCTION 

In linear elasticity, infinite stress can occur at the corners 

of deformed structures and at points where the boundary conditions can 

change in type. These points, usually referred to as stress singular- 
, 

ities, cannot be sustained by a real material and reflect the limited 

physical. application of linearized theory. To determine whether the 

presence of such singularities is a consequence of the linearized 

nature of the equations, exact solutions must be found to the corres- 

ponding boundary value problem in finite elasticity. 

When-bi-material bodies are subjected to excessive loading they 

have a tendency to delaminate near the free edges of the common inter- 

face, and this has been attributed to the generation of high inter- 

laminar stresses. A mathematical study of the equations of linear 

elasticity near these free edges reveals that the stresses have a 

power singularity the order of which depends, in general, on the local 

geometry and the elastic properties of the constituent materials. 

Hence, the mathematical model does not predict the exact magnitudes of 

the high interlamina stresses in the real material but it does give an 

indication of their asymptotic behaviour. This information can prove 
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to-be very useful for computational purposes and has aided the construct- 

ion of special elemen1. in finite element analysis. 

Several methods. of singularity analysis are available. Williams 

(-1952); by_ using an Airy stress function and. a separation of variables, 

studies the stress singularity at the apex. of an. isotropic wedge under 

different boundary conditions. Williams (1956) and England. (1971) 

have also examined the isotropic. wedge by using complex potential theory. 

Bi-material isotropic wedges are considered by Bogy (1968,1971) and 

others in which a Mellin transform technique is used. Using a complex 

Mellin transform, Bogy (1971,1974) extends the results for isotropic 

materials to include plane. deformations of anisotropic wedges. The 

influence of anisotropy on. the order of the power singularity has also 

been considered by, Ting (1981) and Delale (1984). In each of these 

papers it is assumed that the displacement components are independent 

of the out-of-plane-co-ordinate and the formulation of the problem 

then follows Lekhnitskii (1963). 

In this chapter we consider the stress singularity arising in 

engineering structures which comprise of two different anisotropic 

materials bonded together at a common plane interface. This struct- 

ure is examined with the view of modelling the stress concentrations 

which can occur at the free end and corners of the deformed cantilever 

of Chapter 2. 

3.2 COMPLEX VARIABLE FORMULATION 

For a transversely isotropic material which is in a state of plane 

strain in the x-y plane and which has a. preferred direction parallel to 

the x-axis, the constitutive equations (1.3.9) reduce to the form 
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exx R11 R12 0 
xa 

eyy = R22 0 Qyy 

. 2exy sym. R66 axy 

where the. Rij are related to the elastic moduli of the material by 

ET 
R11 =E (1 -LE 

LL 

1-VT 
R22 

ET 

VL(1 + VT) 
R12=- EL 

1 
R66 = uL . 

When the material is isotropic, ET = EL, VT = VL and it then follows 

that 

1- V2 
R11 R22 =E 2(R11 - R12) = R66' 

Our main concern. will be the behaviour of incompressible transversely 

isotropic materials. For such materials, the Rij are given by 

R11 = R22 = 
uL, 

where 

E2 R12=- , 

a uL 
E=ß+ 411 

1 
R66 =L 

(3.2.1) 

(3.2.2) 

(3.2.3) 

(3.2.4) 

(3.2.5) 

It follows from (3.2.5) that if, in addition to incompressibility, the 

material is stiff in the fibre direction 

E2 « 1, (3.2.6) 
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i 

When body forces are absent, the stress components in (3.2.1) satisfy 

the equilibrium equations, 

aQ aQ 
ax + a7 - 0' 

aQ aQ xý= o. Y 

(3.2.7) 

These can be satisfied identically by introducing the Airy stress funct- 

ion X(x, y) such that 

; 2X 32X 
= 

; 2X 

ay aX 

then by substituting (3.2.8) into (3.2.1) and using the strain compat- 

ibility relation (1.2.3), we obtain 

ö4 a4 a4 
(R22 

aý4 
+ (2R12 + R66)3a2a 

2+ 
R11 

a 4)X(ýýY) 0, (3.2.9) 
Y9 

or equivalently 

2222 
(a 2+ 

ý1 
a 

2) (a 
2+ 

X2 a 
2)X = 0, (3.2.10) 

ay 3x By ax 

where A1, A2 are the roots of the characteristic equation 

Rlla4 - (2R12 + R66)x2 + R22 = 0. 

We note that for isotropic materials Equation (3.2.11) gives 

22__ ý1 
2 1, (3.2.12) 
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which. follows by using (3.2.3). In general, the roots of (3.2.11) 

have to be evaluated numerically and Milne-Thomson (1960) has shown 

that, for any elastic material, they will be real. If the material 

is incompressible then from. (3.2.4) and (3.2.11) we obtain 

1x2 = 1, (3.2.13) 

which will prove to be a useful relationship in the subsequent analys- 

is. Furthermore, when the-fibres are stiff we have 

Ai =. 
Z-2- 

E2 + 0(E)4, A2 = E2 + 0(E)4, E2 « 1. (3.2.14) 

E 

By scaling the y co-ordinate by 

Y1 _ xi j=1,2, 

and introducing the complex variables 

zi =x+ iXiy, (3.2.15) 

Equation (3.2.10) becomes 

a4x=0, 
(3.2.16) 

öz1öz1öz2ö. z2 

where () denotes the complex conjugate. The general solution to the 

stress and displacement components can now be obtained by integrating 

(3.2.16) and using (3.2.1) and (3.2.8). Following Milne-Thomson (1960) 

we express these general solutions as 
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Q_-i x2 [, w, + W; ], 

XY 

YT 
j 1,2 (3.2.17) 

u=- ýýsi[W + w"ýý, 

iTýLWý - wýý, 

where 

zi =x ++ ix jy, 

S =R X 
1ý 

R xi 
9Tj= R12A 

R, 
22 

(3.2.18) 

(3.2.19) 

and Wj = Wi(zi) are arbitrary analytic functions of their arguments. 

In the next section we require the stress components referred to 

polar co-ordinates (r, 8) and these can be obtained by-substituting 

(3.2.17) into the stress transformation equations (1.2.6) as follows 

-, CT =- J[L 22W3 
+ L22Wý], 

are = L[LiR W' + LiKJWt] 

X89 =- I(R2Wý + K2w,,, 

where 

(3.2.20) 

Lý _ Xj cos 6+i sin 6, Ki = ai sin 8+i cos 8, j=1,2. (3.2.21) 
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Since 

x=r cos e, y=r sin 9, 

the zi in. (3.2.18) can be written in the 'polar' form 

Z' j= rßie. 
0i 

I 

where 

fj =r (cos2e +x22 sill 

j=tan11 tan e). 

The conventiom used im (3.2.24) is that 

ee [-ir, ir1,01 C [-lr, n] ,j=1,2, 

and when 0= ±n/2 then ýj = ±fi/2. 

3.3 STATEMENT OF THE PROBLEM 

A wedge subtends an angle (a + ß) at the origin of a set of 

(3.2.22) 

(3.2.23) 

(3.2'. 24) 

(3.2.25) 

cartesian axes and consists of two different materials. Each mater- 

ial is transversely isotropic with its preferred direction parallel 

to the x-axis. One of the materials lies in the region y>0 and 

the other lies in y<0. The interface of the materials coincides 

with the x-axis (Figure 3.1). 
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r 

ýý 

x 

"I) 

Figure 3.1. Composite Wedge 

To distinguish between the two materials, superscripts/subscripts 

u, Z are introduced where u will be used to label quantities associated 

with the upper material. y>0 and similarly £ for the lower material 

7<o. 
If a= ii/2 and ß= n/2 then the composite wedge can be used to 

model the stress concentration which occurs at the free end of the 

multi-layer cantilever described in Chapter 2. 

Since we are only concerned with the singular nature of the 

stress components in the vicinity of the wedge apex, it is sufficient 

to consider the homogeneous problem, that is, when the surfaces 

6= +q,, -ß are traction-free. The reason for this is that particular 

solutions may be used to remove the specified boundary values on the 

wedge and the nature of the singularity is then associated with the 

homogeneous solution (England 1971). 

The stress boundary condition gives 
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(«re) u= («ee) u (3.3.1) 

(Qre)Z _ (Qee). = oº e= -ß. 

Continuity of the appropriate field quantities in each material 

at the common interface requires 

(Ur) u- 
(Ur)i- =0 

(Ue)u - (U 6), = 0, 
(3.3.2) 

(are) a- (are). e = 0, 

(CY 66 )u - (aee). e = 0, e=o. 

Note that. in (3.3.2)1,2 the polar components of displacement can be 

replaced by the cartesian components of displacement since, in our 

case, they are identical at the common interface. 

3.4 EIGENVALUE EQUATION 

In each of the upper and lower materials we look for solutions 

of the form 

W1 = (C1 + iD1) zi , 
(3.4.1) 

W2 = (C2 + iD2) z2 

where CD and p are arbitrary constants. It follows from (3.2.17), 

(3.2.20) and (3.2.23) that 
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Q= -2Re(pr'-1 
c{C, ßp-1(L2ei(P-1)ý3 + L2e-i(p-1)0j) 

rr iL 

+ iD Yp-1(L2ei(p-l)ýj 

- L2e-i(P-i)4j)}) 

E= 2Re 
p-1 C{C EA-1(L ei(A-l)ýj +R e- 

re 
(Ar Liii 

+ iDifi-1(LiKýQ 

-LK e-1, 
p-1)Oi)}) 

Q8e , -2Re(prp-1 Gc{Cfp-1(i2el(P-1)oj + Kee-i(P-1)ýý) 

+ iD fp-1(K2ei(p-1"J 

- Sie-i(p-1)ei)}) (3.4.2) 

u= -2Re(rp 
J{XiSifpCi(elooJ + e-IPOJ) +X SifpDi(eipýi 

v= 2Re(ro J{i TjfpCj(eioýJ - e-ioýJ) + TifoD3(eipýi + 
j 

In (3.4.2), j=1,2 and u, v are cartesian components of displacement. 

To obtain a non-trivial solution for the arbitrary constants when the 

boundary conditions (3.3.1,3.3.2) are satisfied we must have 

Pu = pt =p say, (3.4.3) 

and then we require 
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(C1 + C2) u- (Cl + C2), ß =0 

(7ý1D1 + 2D2)u - (X1D1 + X2D2)ý =0 

(11S1C1 + X2S2C2)u - (X1S1C1 + X2S2C2)L = 

(T1D1 + T2D2)u - (T1D1 + T2D2)2- =0 

Lc(cfP-1(Lei 
o-1)ßj 

+ Ke-1(P-1)ýJ) 

+ iDýfP-1(Lý ýQi(A-1)ýý - Lýýýe-i(P-1)ßj)) =0 

(cýIP-1(K2ei(P-1)OJ + K2e-i(P-1)Oj) 
iL 

+ iDifP-1(i ei(P-1)Oj - Kie-i(P-1)03)) =0 

(3.4.4) 

(3.4.5) 

where the expressions (3.4.5) are evaluated on A=a and A= -ß separ- 

ately; the appropriate subscripts have been omitted for clarity. 

Equations (3.4.4) and (3.4.5) can be written as 

1 0 1 0 -1 0 -1 0 Cluj 

xluSlu 0 X2US2u 0 -a1LS1z 0 -a2? 
-S 

0 D1U. 

a31 a32 a33 a34 0 0 0 0 C2u 

a41 a42 a43 a44 0 0 0 0 D2u 

0 Tlu 0 T2u 0 -T 1y 
0 -T C1 

0 flu 0 x2u 0 xZ 0 -X D1Q 

0 0 0 0 b31 b32 b33 b34 C2- 

0 0 0 0 b41 b 42 b43 b44 D?. e 

=0 (3.4.6) 

where 
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fP-1(L ei(P-1)olu + a31 lu 1uKlu 
LS e-1(p-l)olu), lu 1u 

a= fP-li(L K ei(P-1)4)lu 32 lu - lu lu -LB e-i(P-1)ý1u), lu lu 

a= yP-1(L S ei(P-1)ý2u + 33 2u 2u 2u 
LK e-i(p-1)ý2u), 2u 2u 

a= ßp-li(L K ei(P-1)021 34 2u 2u 2u _L8 e-i(P-1)ý2u), 2u 2u 

_ 
p-1 2 i(p-1)Olu 

+ g2 e-i(p-1)Olu) a41 Ylu (giü lu 

a42 fiuli(Kluei(p-1)Olu - glue-i(P-1)Olu). 

a= fp-l(K2 ei(P-1)42u + g2 @-i(p-1)02u), 43 2u 2u 2u 

a= fp-li(K2 ei(P-1)02U _ K2 e-i(P-1)02u). 44 2u 2u 2u 

The bij in (3.4.6) are obtained from (3.4.7) by replacing a by b and 

u by Z. Note that all u quantities are evaluated at 6=a whilst 

£ quantities are evaluated at 6= -6. Equations (3.4.6) represent 

a homogeneous system of eight equations for eight unknowns and there- 

fore a non-trivial solution can exist only if p is chosen such that 

the determinant A of the coefficients vanishes, that is 

A(P) = 0. 

Equation (3.4.8) has an. infinite number of roots. By imposing 

the physical condition that the strain energy be bounded in a finite 

region, it can be shown that the real part of p must be greater than 

zero, which is equivalent to stating that the displacement components 

must remain bounded for small r. Furthermore, a singular stress 

(3.4.7) 

(3.4.8) 

state will only prevail if Re(p) < 1. Therefore it is sufficient 
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to search for the root. with the smallest real part and which satis- 

ties the condition 

0< Re (p) < 1. 

After lengthy manipulation it may be shown that 

ýR11R1l(Alu x2uý ýý2y- X1 {ýý2ý'ý12 + X2uXlu) (Q1ug1i-, - 92u. 92. e) 

+ (X2eý1t - ý1U. x2Cf) C@2UQ 
1ý - @1CL@2 

- 16X 
1üX2uXlLX2Z(f 

2p 
_ Ylzýýß2ü f2) 

+ (X1ü 
1u + "g)ia1elt + Kg) 

+ (P1tX1Q + K2)(P1uX1LL + K4)} 

(3.4.9) 

- (R11xlu R11Ä1, e - R12 + R12)2(P1Z(X -X)- K1)(Plu(ý2ü - Xlu) - K3) 

2 

+ alüR11 
lu - ý2u)2(plt(X - Xlt) - K1) (PlU +P 2U) 

222+2 
X tR11(llt a2Z)(P1ü(Xu - X11) - K3) (P1t + P2) 

- R11 
lü 

X2LC) (R11Xlu R11Ait R12 + R12) (p 
It 2, e - x1. ý) - K1) 

x (2P1uX1u + K4 + K5) 

+ Ril(ýit -x) (R11X1C1 R11 3t R12 + R12) (P 
1u (X 

2u - Alu) - K3) 

x (2Pit Xit + K2 + K6) (3.4.10) 

where 
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` sin Yý, ýlt? Q1z = 2fitf2Zýý2t 

Q2Z = 2fi. ef2Z(a2t + Xl, )sin cýý' 

_A fp ! Q1LL 2f lu 2U 2u. 
Diu. )sin YU' 

Pl. = 2fiýf2ý(X2Z - X1L)cos Ye, 

P2L. = 2i1Zß2týý2t + alt)cos tie' 

Y, Plu = UP 
Ci 2U(X2a 

x1 )cos 

2u = 2fPUt2u(ý2u + ýlu, )sin ýu, P2ü = 2ßiu 2U(X2u + xlü cos lpu, 

Yk = P(ýlk + ý2k) ýk = P(ýIk - ý2k) k= C1, t 

K1 = P2Q(X1z +X 2t) - 4(X2tý1Lß1L +X 1tX2Zf2P 

2p 2p 
K3 = p2u(X1u + x22 4(X2uX1uf 2u + X1. X2uElu) ' 

K2 = X1L(p2L - 4X 
2p 

2Zf2L)t 

K= f 
2p 

K4 X 
2u. - 4ý2a 

2a ' 

K6 = fit 
2t - 4X2tt 

i), 

K= 
2p 

K5 Xlu 2u - 4ý2t la' 

(3.4.11) 

(3.4.12) 

(3.4.13) 

We note that each term in A contains the expression (X2u - Xlu)(X2t X) 
11- 

and that this property will be useful when the isotropic limit is con- 

sidered later in this section. 

The roots of A=0 have to be evaluated numerically. However, 

considerable simplification of A can be achieved if the following 

expression can be simplified 

Pij = (cos28 +x sin26) . (3.4.14) 
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Two such cases are 

(i) 6= lT. (ii) xii = 1. (3.4.15) 

Physically case (i) will correspond to a crack between. two dissimilar 

media. and case (ii) will correspond to an isotropic wedge consisting 

of two different materials. These two cases are now considered. 

(i) Crack Between Dissimilar Transversely Isotropic Media 

If a=B= in (3.4.10) then after some manipulation 

we obtain 

A= cos2pn + 'F 2 
sin2p r=0, 

where 

ý(R11XluX2tt + R12) - (R11A lA2 + R12)]2/[R11X X2ý(X + X2u) 

(3.4.16) 

+ R? - xa (X + )][RU (X +)+ R- (X +a). 11 li- 2Z lZ 2ý 1 lu 2u 11 le 2. - 
(3.4.17) 

Since A is positive for real values of p, the equation A=0 can only 

be satisfied if p is taken to be a complex number. Let p1 and p2 

be real numbers such that 

p=p1+ip2' (3.4.18) 

By substituting (3.4.18) into (3.4.16) and equating real and imagin- 

ary coefficients gives 
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cos P17T(cosh P2IT ±' sink P27r) =0 

sin pI7r(sinh p2n ± 'Y cosh p21r) = 0. 

The solutions to (3.4.19) are 

p1= (n+), 

p2 =± -ý , 
tanh-ý'('Y), 

or 

p n, 1 

p2 =± coth 
l('V), 

where n is an integer. Since p1 is chosen from the range of values 

given in (3.4.9), the only admissible value for pl is 0.5. This 

means that for the case of a crack between dissimilar media, the 

asymptotic behaviour of the stress components in the region of the 

crack tip is ý0(1/ri+ip2) which is in agreement. with. Bonser (1984). 

(ii) A Wedge Consisting of Two Isotropic Dissimilar Media 

The characteristic equation for a wedge consisting of 

two isotropic materials is obtained from (3.4.10) in the limit 

xii = 1. If (3.4.10) is initially divided by 

(ß`2u - X1) (X21 X) 

and the Xij is then allowed to tend to 1, the following equation is 

(3.4.19) 

(3.4.20) 

obtained. 
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A= 4B2D(p, a)D(p, ß) + 4ABp2(sin 
2$D(p, 

a) + sin2aD(p, ß)) 

+ A2(sin 
2a 

sin2ß. 4p2(p2 - 1) + D(pºa-ß)) + B4p2(sin 
2a 

sin2p$ 

- sin2B sin2pa) 

+ 2A(2p2(sin 
2$ 

sin2pa - sin2a sin2pß) + D(p, $) - D(p, a)) 

+ D(p, a+ß) (3.4.21) 

where 

Ru - RQ (RU + Ru) - (Rz + Rý ) 
11 11 11 12 11 12 

AB-u (3.4.22) 

R11 + R11 2(R11 + R11) 

D(p, x) = sin2px - p2sin2x. 

Equation (3.4.21) is identical to that found by Bogy (1971). 

For a homogeneous isotropic wedge A=B=0. In this case 

p satisfies (England 1971) 

sin 2ap ±p sin 2a = 0, (3.4.23) 

where 20t is the total angle at the apex of the wedge. The upper 

sign in (3.4.23) corresponds to the symmetric deformation of the 

wedge, whilst the lower corresponds to skew-symmetric deformation. 

In Figure 3.1 the variation of p is given for various values of a. 
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P 
1 

als 

0.5 

Figure 3.2. Roots of (3.4.23) 

------- Symmetric Deformation 
Skew-Symmetric Deformation 

The asymptotic behaviour of the stress components at a crack 

tip is identical to that found for an anisotropic wedge except that 

in the latter p is a complex value of which the real part is 0.5, 

whilst in the above p is 0.5 and purely real. 

Another interesting case for an isotropic wedge of two dissimil- 

ar materials is when a=ß= n/2. From (3.4.21) we obtain 

A= 4B2D(p, Tr/2)D(p, 7/2) + 8ABp2D(p, n/2) + 4A2p2(p2 - 1) 

+ D(p, n) = 0. (3.4.24) 

The roots of (3.4.24) have been evaluated by the bisection method 

and are given in Figure 3.3 for various values of E, Vu, V2 where 

E= EU/Et is the ratio of the Youngs moduli of each layer and vi 

are the Poisson's ratios. Note that Equation (3.4.24) is not alter- 

ed by interchanging vu and V. As can be seen from Figure 3.3, 

the change in Poisson's ratio in each material of the wedge does 

.w vv 7U I(0 (SO 130 
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not have a significant effect on the order of the singularity. 

P 
1 

0-s-+ 
0 

E. 

Figure 3.3. Roots of (3.4.24) 

(1) vu = vz = 0.3, (2) vu = 0.3, vZ = 0.5, (3) vu = vz = 0.5 

3.5 EDGE BONDED INCOMPRESSIBLE ORTHOGONAL WEDGES 

In this section we evaluate values for p satisfying (3.4.10) 

for the case when a=ß= 1T/2. The 'wedge' is taken to consist of 

two dissimilar incompressible transversely isotropic materials which 

have a preferred direction parallel to that of their common interface. 

This particular geometry is considered since it can be used to model 

the asymptotic behaviour of the stress components in the neighbour- 

hood of the free end x=L, y=0 of the cantilever described in 

Chapter 2. 

By substituting a=ß= Tr/2 into (3.4.10) and making use of 

(3.2.13) we obtain 

O- S1s 10 
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A= cos2Pir - 
2 cos pir(EAu - XL) (G1G2 - G3G4) 

(EA + aý) (1 - ßü)2 (1 - X2)2 

-1+ 

2{(EG1 - G3)(EX G2 - X2G4) + (EG4 - G2)(EA G3 - ýýG1)} 

(Eau + 7ý2 )2(1 l2 )2 

where 

p) (X2 
2- 

1) G1 = (1 - X2 y- u 
G2 2, (Xý-2 P- X2) (1 - X-2p 

G3 = (1 - x2 p+2 )(X - 1), 

G4 = (A2 
2P 

- 1) (X2 xu 
2P) 

1- u 

(3.5.2) 

E 
u=e`1+X) 

u 
(3.5.3) 

u(1+X ) 

In (3.5.1), ai are the roots of the characteristic equation (3.2.11) 

and are given by 

where 

Since 

2E2 
Xi 

221=u, 
i-, (3.5.4) 

ei = 1/<ßi/ui + 4). i=u, f-. (3.5.5) 

0<E2< (3.5.6) 

where the upper bound corresponds to an incompressible isotropic 

material and the lower bound to an ideal material, it follows 
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from (3.5.4) that 

o< ai<lý i=u, e. 

For comparison purposes we initially consider the isotropic 

form of (3.5.1) which is obtained by letting AU = AQ = 1. Since 

this limit is not readily available, we let aý =1+ and then 

consider &1 -0 0. This produces 

A= sing pir - 4k2 p2 (1 - p2) , 

where 

k2 = 
PU - uz 

)Z 
uu + uz 

Equation (3.5.8) is identical to the expression for p in (3.4.24) 

when V=i. In Figure 3.4 the variation with p of sin2pir and 

4k2p2(1 - p2) is given and the relevant root of .=0 is therefore 

given by the intersection of these curves. We note that k2 is the 

maximum value attained by 4k2p2(1 - p2) when pE (0,1]. 

ý2 

(3.5.7) 

(3.5.8) 

(3.5.9) 

Figure 3.4. (1) sin2p7t, (2) 4k2p2(1 - p2), 

v Q, s 
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It is seen from. Figure 3.4 that the value of P is in the range 

jp<1, 

and. depends on the value of the shear moduli of the materials. When 

the materials are identical, k2 =0 and so p=1. The other extreme 

value of p occurs when k2 =1 and physically this corresponds to the 

case when one of the materials is rigid. When k=1 2 

p=0.5946. 

By examining (3.5.1) we find that 

_ 

(3.5.10) 

(3.5.11) 

(3.5.12) 

and-therefore the roots of A=0 are functions of the three parameters 

Xu, 1, and E. Furthermore, it can be shown that 

6(o, XZ, 0, P) _ Wu, 0, C0, P) _ (cos PIT - 1)(cos Pn - 2F + 1), 

where 

F= 
x2 (1 - X2p)2 

x2p. il - X2)2 

Physically, the eigenvalue equation given by (3.5.13) corresponds to 

the case when one of the materials of the wedge is rigid. The first 

factor of A yields no relevant values for p and therefore p will be 

determined by the second factor. In Figure 3.5 these roots are 

(3.5.13) 

(3.5.14) 

given for all the permitted values of X. The extreme values for 
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F 

o"7 

0.4 

0"s 

0 

Figure 3.5. Roots of (3.5.13). 

p, from Figure 3.5, are 1 and = 0.595, the latter being the isotropic 

value and significant changes in the value of p from this isotropic 

value occur as the material becomes highly anisotropic, that is as 

X-0. 

Now consider 

0<aýý, 1ýA) = 0. 

Equation (3.5.15) is the eigenvalue equation for a 'wedge' which has 

both upper and lower materials the same. The roots of this equation 

follow immediately from (3.5.1) to be 

p=n, 

where n is an integer. 

The order of the singularity for the case when both the upper 

and lower materials are highly anisotropic is now considered. For 

such materials 

(3.5.15) 

(3.5.16) 

0.2 0.4 0.6 0.8 1A 
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(ß) i»1 
i=u, t, 

where ß and 11 are elastic constants. For numerical purposes we take 

the following values 

ßu = 240.109 Nm-2, uu = 6.0.109 Nm-2 

which are the approximate values for epoxy resin reinforced by carbon 

fibres. In the lower material we let 

u't = 3.0.109 Nm-2 

and allow ß, g to vary from its 'isotropic' value of almost zero to the 

value of ßu. In Figure 3.6 the values of p are given to A=0 of 

(3.5.1) when the above data is used. 

1 ße (x 10-9, p1 

240 0.989 
220 0.974 
200 0.959 
150 0.922 
100 0.880 

75 0.854 
50 0.822 
25 0.777 
20 0.765 
10 0.736 

5 0.717 
4 0.712 
1 0.698 
0.500 0.695 
0.200 0.694 
0.010 0.692 

Figure 3.6. The Roots of (3.5.1). 
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Note from Figure 3.6 that when the materials differ only in 

shear moduli 

p=0.989 

and it can be easily shown, by substituting k2 = 1/9 in (3.5.8), that 

the corresponding value for isotropic materials is 

p=0.924. 

On comparing the values of (3.5.17) and (3.5.18) we, see that the order 

of the singularity is lower in the anisotropic case than that in the 

isotropic case, but the difference is not very- significant. For a 

composite of nearly isotropic and highly anisotropic materials we 

have 

p=0.692, 

which is a more severe singularity than those given by Equations 

(3.5.17) and (3.5.18). In this case the presence of the highly 

anisotropic material is acting as an almost rigid foundation to the 

isotropic layer and as we found in (3.5.11) the singularity arising 

from such structures can give p as small as 

(3.5.17) 

(3.5.18) 

(3.5.19) 

p=0.5946. 
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CHAPTER FOUR 

THE STRETCHING AND BENDING OF 

TRANSVERSELY ISOTROPIC LAMINATED PLATES 

4.1 INTRODUCTION 

Stretching problems in three-dimensional linear elasticity can 

in certain cases be solved approximately by reducing the problem to 

one of two-dimensions. This happens for a wide plate when the plane 

strain condition applies and for a thin plate when the state of stress 

is that of plane stress. Filon (1903) extended the scope of two dimen- 

sional analysis by introducing the concept of 'generalised' plane 

stress in which the value of a throughout the thickness of the plate 

is assumed negligible and the average values of the remaining stress 

components are obtained. Three-dimensional bending problems can 

also be solved approximately (Lekhnitskii 1968). In this case it is 

assumed that QZZ is negligible throughout the plate and that plane 

sections normal to the middle surface of the underformed plate remain 

plane and normal to this surface in the deformed state. For all the 

above methods, little indication is given to how near the stresses 

found are to the actual values found from a complete three-dimensional 

solution of the elastic equations. 
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For a homogeneous isotropic plate with stress-free lateral 

surfaces, an exact solution is given by Love (1927) which satisfies 

the full three-dimensional equations of linear elasticity. In 

this solution QZZ is zero and the remaining stress components are 

expressed in terms of harmonic functions. if the plate is stretched, 

and bi-harmonic functions if the plate is bent. These functions 

are otherwise completely arbitrary, but the stresses obtained from 

them have a specific dependence on z which implies that tractions 

cannot be prescribed arbitrarily at the edges of the plate. How- 

ever,. if the prescribed resultant tractions are equal to the result- 

ant tractions given by Love's solution, then by Saint Venant's 

principle the solution approximately represents the stress state 

of the plate away from the edges. 

The exact-three-dimensional solution of-Love has been general- 

ised by Lure (1955) for, both the extension and bending of an iso- 

tropic plate. Lure represents each displacement component in the 

form of a power series in z. and shows that all the stress components 

are expressable in terms of the mid-plane quantities uo, vo and 

awo/az for stretching and au0/az, avo/az and wo for bending. These 

quantities are determined from the conditions imposed on the later- 

al surfaces of the plate and in the case when the lateral surfaces 

are traction-free, the solution developed reduces to the solution 

given by Love. Reiss (1960) produces the same results as Lure by 

expanding each stress component as a power series of the plate thick- 

ness. He shows that the equations of lowest order coincide with 

those of the two-dimensional thin plate theory. Since conditions 

at the plate edges cannot be prescribed arbitrarily, the expansion 

solution is regarded as an 'interior solution'. Near the edges of 

the plate a 'boundary layer' solution is developed by stretching the 

appropriate co-ordinates. 
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In this chapter, we extend these results for a single iso- 

tropic plate to the cases of stretching and bending of a laminated 

plate. In Section (4.4), we consider a laminated plate comprised 

of an arbitrary number of laminae, each of which is of homogeneous, 

elastic, transversely isotropic material. An 'equivalent' homo- 

geneous elastic plate. is defined in Section (4.7) as having mater- 

ial properties which are obtained by an appropriate averaging of 

thematerial properties of the individual laminae. The equivalent 

plate is subjected to specified edge loads and the equivalent dis- 

placements are found by the. standard thin plate theory of Sections 

(4.5) and (4.6). 

We then consider the three-dimensional solution for each layer 

of the laminated plate, when the laminate. is subjected to the same 

loading as the equivalent plate. The displacements in each layer 

are expressed as power series in the aspect ratio C, described in 

Section. (4.2) and an exact three-dimensional solution which satis- 

fies all the through thickness continuity conditions, is obtained. 

The leading term in the displacement components of a typical layer 

is identified as the 'equivalent' displacement. The complete three-- 

dimensional solution is constructed such that the average stress 

through the laminate thickness is identical to that in the equival- 

ent plate. This implies that all conditions which are satisfied 

by the stress at the edges of the equivalent plate are satisfied in 

an average sense at the edges of the laminate. 

We conclude the chapter by applying the bending and stretching 

solutions to the case of a laminated plate containing a circular 

hole. 
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4.2 NON-DIMENSIONAL FORM OF THE EQUATIONS OF LINEAR ELASTICITY 

We consider a homogeneous elastic layer of thickness 2h bound- 

ed by the planes Z =t h where the mid-plane of the layer coincides 

with the (%, Y) plane. The material of the layer is transversely 

isotropic with a. preferred direction parallel. to that of the Z axis, 

so that in the notation of Chapter 1, a= (0,0,1). In such cases 

iii =. 

where 

c11 c12 c13 000 

c11 c13 000 

c33 000 

c44 00 

c44 0 

symmetrical c66 

cll - c12 = 2c66. 

For materials which are stiff in the fibre direction, 

066 
« 1. 

c33 

If the material is isotropic then 

c33 C11' c13 C12' C44 = c66' 

and in this case the elastic constants given in (4.2.1) are related 

to the Youngs modulus E and Poisson ratio v or to the Lame constants 

A and u by 

(4.2.1) 

(4.2.2) 

(4.2.3) 

(4.2.4) 
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c=E(1-v)_XC 
'VE ý. 

11 (1 + v) (1 - 2v) 12 (1 + v)(1 - 2v) 

We introduce non-dimensional displacement components 

uvw u=ý, V=ý, w=ý 

where U, V, W are the actual displacement components, and a is some 

characteristic length in the (X, Y) plane. We also define an aspect 

ratio E and dimensionless co-ordinates (x, y, z) by 

h 
C 

a' 

and 
XYZ 

x=a, Y=ý, Z=h . 

From (4.2.7) it follows that for a thin layer 

E«1. 

By using Equations (4.2.6), (4.2.7), (4.2.8) the constitutive relat- 

ions become 

xx 

yy 

zz 

yz 

xz 

cy 
xy 

c11 c12 C13 000 3u/ 3x 

c11 c13 000 äv/ äy 

C33 000 aw/ az 

1 av aw 
C44 00E 

azay 

C01 
au aw 

44 Ez+ ax 
au av 

symmetrical c66 ay + 
3v 

(4.2.5) 

(4.2.6) 

(4.2.7) 

(4.2.8) 

(4.2.9) 

(4.2.10) 
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and the equations of equilibrium are 

aQ aQ aQ 
Eý- +-)+Z= 

aQ aß aQ 
E(- +) +--äýL 0, (4.2.11) 

as aQ as 
-ý-xz +--ýý 

Z) 
+ 

Z2 
_ O" ý pg dq aZ 

4.3 STRESS AND DISPLACEMENT IN A LAYER 

The-laminate under consideration consists of N elastic layers 

and the external surfaces normal to the z-axis are stress-free. In 

each layer, the stress and displacement components are found by solv- 

ing Equations (4.2.10) and (4.2.11) in such a way that the prescrib- 

ed boundary conditions are satisfied. 

We shall determine an exact closed form solution, but for con- 

venience in formulating the theory, we suppose initially that in a 

typical layer of the laminate the displacement components can be 

represented formally by a power series in E, that is 

u(x, Y, z; E) = uo(x, Y, z) + Eu1(x, Y, z) + EZu2(x, Y, z) + ... ), 

v(x, y, z; E) = vo(x, y)z) + Ev1(x, y, z) + E2v2(x, y, z) + .., ), (4.3.1) 

w(x, Y, z; C) = wo(x, Y, z) + Ewl(x, Y, z) + E2w2(x, Y, z) + ... ), 

and then from Equations (4.2.10) 

Co 
Q(x, y, z, E) =1E Qn(x, Y, Z). (4.3.2) 

n=-l 
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In (4.3.2) Q is a generic symbol for each stress component. Substi- 

tuting (4.3.1) and (4.3.2) into Equations (4.2.10), (4.2.11) (and 

then equating coefficients of successive powers of c) yields a syst- 

em of partial differential equations which may be solved to give 

the coefficients in the expansions (4.3.1) and (4.3.2): 

(i) Lowest Order Solution: 

Equating coefficients of terms involving el yields 

öw0 au0 

-1-ý13 3z ' xz-1-ý44 Dz 

3w0 
_ 

övo 
yy-1 X13 3z yz-1 - X44 az (4.3.3) 

3w 
0 ýzz-1 __ X33 öz xy-1 = 0' 

30xz-1 aýyz-1 

_ 
aQzz-1 

az - °' az 0, aZ °" (4.3.4) 

From Equations (4.3.4) we find that axz-1' ayz-1 and Qzz-1 

are independent of z. Therefore, the stress-free condition imposed 

on the faces of the laminate can be. satisfied only if 

(4.3.5) cr 
xz-1 - ýyz-1 - azz-1 = 0, 

and so, from (4.3.3), we obtain 

u0 = u0(x, Y), v0 = v0(x, y), w0 = WO(x, Y), (4.3.6) 

6xx-1 = ayy-1 = Qxy-1 = 0. (4.3.7) 
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(ii) Terms of Order C0 : 

These give 

au 
{ Xy 

xxo 
o11 

°12 
00 13 ax 

av O 
ýyyo = oll 013 gy 

awl 
ýzzo sym. 033 az 

affil awo 
ýyzo r o44 az + ay ' 

au aw 
Qxzo = X44 c aZ + a0), 

äu av 
00 Qxyo = c66 ay + aX) 

acr k aQ aQ ai 3ayzo xx-1 + 
xy-1 + xzo 

=0 
xy 

,++=0 ax ay az aX ay az 

aQxz_1 
+ 

aQyz-1 
+ 

öQazo 
= o. 

aY 

By substituting (4.3.5) and (4.3.7) into (4.3.9), we find that Qxzo' 

Q 
yzo 

and Q 
zzo 

are independent of z. Since the lateral faces of the 

laminate are stress-free, it follows that 

xzo - yzo - zzo 
ý' 

and, therefore, from (4.3.8) 

aw aw 

, u1 = -(z + B1) aX , vl = -(z + B1) ay0 

wl =- Q44(Z + S1 )i 
44 

where S1, B1 are arbitrary constants and 

du av 
00 00 = oo(x, Y) = aX + ay 

(4.3.8) 

(4.3.9) 

(4.3.10) 

(4.3.11) 

(4.3.12) 
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Substituting (4.3.11)3 into (4.3.8) gives 

au 
0 ýsxo Q11 Q12 0 ax 

avo 

yyo 
cf = Q11 0a 

au av 
Qxyo gym. Q66 ay + ate, 

where the Aij are the effective elastic moduli and are given in 

terms of the cij by 

22 
c13 

__ _ 
c13 

2 
c44 

Q11 = cll c33 ' Q12 c12 c33 ' Q13 c13 
c33 

Q33 c33 ' Q44 = c44 ' Q66 = c66 

and 

Q11 - Q12 = 2Q66. 

For isotropic materials we have 

Q12 
X13 

2 Q44 - Q66' 

(iii) Terms of Order E1: 

8u av aw 
6xx1 X11 X12 °13 2 1ý 

ax yzl °44(ýz + 77-) ' 

av1 au öw 
6yyl c11 X13 

2 1 
ay crxzl c44(-j- + ax) 

[ 
öw2 öul 8vl 

cy 
zzl 

sym. c33 az c c66ý ay + ax 

(4.3.13) 

(4.3.14) 

(4.3.15) 

(4.3.16) 
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au aQ aQ aQ aQ aQ xxo o xzl xyo yyo yzl 
y+ a* az = °' ax + ay + az 

0. 

actxzo+aýzo+aQzzý 
ax =o. ay az 

(4.3.17) 

Since Qxzo 
yzo 

= 0, it follows from (4.3.17) that Qzzlis independ- 

ent of Z. For the lateral surfaces to be stress-free, we there- 

Yore have 

= Of (4.3.18) a 
zzl 

and so, from (4.3.16) and (4.3.11)1 1,2 

w2 _ 
Q13(2 

+ Blz + B2)V2wo. (4.3.19) 
44 

Substituting the expressions for axzl and Qyzl, given by (4.3.16) 

and the expressions for axxo, Q 
yyo 

and Q 
syo, 

given by (4.3.13) into 

(4.3.17) P and then integrating with respect to z produces 

ao 
+ Q66 

ago 
aq 

FI 
u2 

12 
N13 Q11) ax o 

z 
(4.3.20) =Q2+ 32z + S3) 36 

0 
ail 

0 v2 (Q13 - ell) ay - Q66 ax 

where S2, S3 are arbitrary constants and 

äv au 
Sio = c20(x, y)" = ax0 -a0 (4.3.21) Y 

From Equations'(4.3.16) we now obtain 
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xx1 ell Q12 

yyl 
= -(z +B 1) Qll 

Qxyl symm. 

and 

o a2/ 3x2 

o 32/ are Wo 
Q66 232/a$ay 

ao asp 00 yzl 
11-7 + Q66 ax )z 

GA an aä 
+ S2((Q13 - Q11) 

cry - Q66 ax S1Q13 ay ' 

ao asp ao ýxzl-"(R 
11 cx "Q66 cýy 

a0 acz aý 

+ s2((Q13 ` Q11) a$ + Q66 aye " s1Qls ax 

(iv) Terms of Order E2: 

These give 

CT 
xx2 c11 c12 

CT 
yy2 

c 11 

.a zz2 
sue. 

av 2w2 

c13 au2/ax ýyz2 - X44( az + ay )' 

2w ), c13 av2/ay axz2 c44( 
au 

z+ö ax 

au2 av2 
c33 2w3/öz 6xy2 = c66(ay ax 

aQxxl 

+ 

aßxy 
l+ 

aaxz2 

_° 

aýxyi 

+ 

aQyyl 

+ ax asº az ax ay 3Z °' 

acy 
%Z1 

acy 
yzl 

aQzz2 

ax + ay + aZ = 0. 

By substituting (4.3.23) into (4.3.25), and integrating with 

respect to z, we obtain 

(4.3.22) 

(4.3.23) 

I 

(4.3.24) 

(4.3.25) 

2 
azz2 (Q11 2+ (S1Q13 S2(@13 - Q11))z + S4)02ä0' (4.3.26) 
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where S4 is an arbitrary constant. The terms u3 and v3 are deter- 

mined by substituting ýZ2, xz2, given in (4.3.24), and C1,71, 

and integrating with Cr given by (4.3.22), into (4.3.25)1,2 
xyl 

respect to z. This produces 

u3 (q11 - R13 3. 
z2 

a/ 

Q44 6+ gl 2+B 3z + B4) V2w0 (4.3.27) 

a/ ay 3 

where B3 and B4 are arbitrary constants. Substituting (4.3.27) and 

(4.3.19) into (4.3.25) now gives 

2 a/ ay 
02w 

k2i 
z2 

- C@11(2 + Blz) + B3(@11 - @13) + 82@13] 
a/ ax 0 

(4.3.28) 

In Section (4.7) it will be shown that Do, Q0 are harmonic 

functions of x and y, and that wo is a bi-harmonic function of x 

and y. These-properties have been stated here because the incorp- 

oration of them into the analysis at this stage will greatly simpli- 

fy the manipulation involved in determining the higher order terms. 

By using these properties for A0 and Qo, Equation (4.3.26) gives 

azz2 -0 

and it follows from (4.3.24) that 

w3 = wPx, y)9 (4.3.29) 
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ago a2sa 0 0. 13 - Q11ý 2} Q66 ax ay 
zx: . 

xx2 2 926 

_ 

a2 ö 

yy2 Q 
66(2 

+ S2z. + S3) (Q13 - R11 2 
%6 3x äy (4.3.30) 

44 ay 

xy2 a2 A ä2S2 
00 

U* 
X111 axay + Q66 

ay 2 

(v) Terms of Order E3: 

These give 

av4 aw3 
xx3 

c11 c12 c13 aua/ax c7yz3 = c44(-8z + ay )' 

au aw 
ayy3 = c11 c13 av3/ay 

' ýxz3 = c44( az + ax )' (4.3.31) 

aua av 
cr 

zz3 
symm. 33j ý 

aw4/az Qxy3 = c66( ay + ax)' 

aQ aQ aQ aQ aQ aQ xx2 * 
2. 

+ 
xz3 

= 0, x2+ yy2 + 
az ax ay az ' °' 

auXZ2 acy 
gz2 

auZZ3 
++ ax ay aZ - o. 

Because wo is a bi-harmonic function, the substitution of (4.3.28) 

into (4.3.32)3 gives that azz3 is a function of x and y only. We 

therefore set 

(4.3.32) 

azz3 0' (4.3.33) 

and it then follows from (4.3.31) that 

ý4 w4(x, Y). (4.3.34) 
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By substituting (4.3.30) in (4.3.32)1 2 we find that 
xz3 

and 

y z3 are functions of x. and y. Therefore we take 

xz3 23 yz3 3' 0' 

and then it follows from the expression for xz3 and yz3 in (4.3.31) 

that u4 and v4 will be expressed in terms of w3. 

From (4.3.27) and (4.3.31) we obtain 

cy 
XX3 12,2 

2 
Qyy3 .Q 

44 

66 
11 _ ß13) 

s+ 
B1 Z+ Biz + B4) 3 2/ay2 V2w 

a ö2/ ax äy 
xy3 

By continuing the analysis to determine the higher order dis- 

placement components, we find that w3 and w4 remain arbitrary funct- 

ions of x, y and that all subsequent terms are expressed solely in 

terms of them and their derivatives. Therefore, by taking 

w3=w4=0 

we have that 

w1=0 

uivi=0 

i=5, ... 
i=4, ,,, 

(4.3.35) 

(4.3.36) 

(4.3.37) 

The series expansions for all the displacement components now 

consist of a finite number of terms and we will show that this 
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finite series is an exact solution to the equations of linear elastic- 

ity provided 

7 2d 
0=0,7 

220=0,04w 
0=0. 

(4.3.38) 

(vi) Terms of Order e4: 

As a consequence of (4.3.37), these terms give 

6xx4 = CT 
yy4 

= or 
xy4 

= CT 
zz4 

= axz4 = ayz4 0 (4.3.39) 

and to this order in c the remaining equations are 

I 
auxx3 

+ 
auxy3 

= 0' 
a 

xy3 + 
ay 

3=0. 
(4.3.40) ax äy ax ay 

The substitution of the stress components given by (4.3.36) 

into (4.3.40) will show that (4.3.40) is identically satisfied. 

Further analysis will now only give trivial solutions. 

Hence, by taking displacement components in the form 

uI u° a/ax 
=- E(z +B)w 

v v° 
1 3/ay ° 

ao 
E2 z2 

° as2° 
+Q(-+ SZz + S3) 

(R13 _ ßll, 

aý 
+ Q66 

Y+... 
2°° 

44 

[(Q13 

-Ali) aY Q66 äx 

3 (Q11 Q13ý 32 ö/öx 
_z +E Q44 (6+ 81 

2+ 33z + g4) 
ö/ö 

02w0 (4.3.41) 
Y 
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w= wo -E 
13(z 

+ S)ä + e2 13(2 
+ Blz + BZ 

o 
)V2w (4.3.42) Q44 44 

we obtain stress components which exactly satisfy the stress equilib- 

rium equations. Furthermore, this is always true whatever the value 

of the aspect ratio C. 

The individual terms of the stress and displacement components 

are solely expressed in terms of uo, v0 or wo and their derivatives. 

The (uo, v0) system is seen to uncouple from the (wo) system with the 

former representing the stretching terms whilst the latter represent- 

ing the bending terms. 

4.4 STRESS AND DISPLACEMENT IN A LAMINATE 

The laminate consists of (2N - 1) layers, of different trans- 

versely isotropic linear elastic materials. The preferred direction 

of each layer is parallel to the z-axis and the width of the Zth 

layer is 2hz. The construction. of the laminate is mid-plane symmetric 

and there is no stretching/bending coupling of the laminate due to 

the external loads. 

Any quantity related to the Zth layer will have a subscript/ 

superscript (Q). The layers are numbered according to the scheme 

shown in Figure (4.1) where layer (k = 1) contains the mid-plane of 

the laminate and layer (2 = N) is the bounding layer. 



au 

zN 

zi 

x (ºý/ ) 2h, 

x--- 
CIS--- 

----- ----- -- ----- m_"_"f '" ' 

Figure 4.1. The Upper Half of the Laminate 

The layers are initially referred to a rectangular co-ordinate 

system (X, Y, Z) and then by non-dimensionalizing X, Y by an in-plane 

characteristic length a and Z by the half width of the layer, each 

layer is referred to the local co-ordinate system (x, y, z) with the 

(x, y) plane coinciding with the mid-plane of the layer. 

If the layers are bonded together rigidly then at each interface 

we will require continuity of the displacement components and the 

z components of stress. 

=_,... N w'ýQ=-1 wR, 
-1I 2 

z zQ-1-1 

Q= 

UZ I uff. 
-11 'VI= VZ-11 

zz=-1 z! 
-1=1 

zQ=-1 zQ-1=1 

Mi= Q(z-1' IQ= 2 N, j x, y, z. 
zQ=-1 zQ-1-1 

(4.4.1) 
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Deformation of the laminated plate will be caused by specifying 

mid-plane symmetric stress or displacement conditions at the edges. 

The bounding surfaces of the laminate are kept traction free. 

The traction-free condition gives 

N) a(=0, N=1, j_x, Y, z, (4.4.2) 

and the symmetry about the mid-plane requires, 

(i) For Stretching 

w(l) =0 zl 0, 

a(l) = Q(Z) =0 zl = 0. 
Y 

(ii) For Bending 

u(1) = v(1) =0z1=0, 

(4.4.3) 

xx yy xy zz 1 0. 

(4.4.4) 
Q(1) = U(1) = Q(1) = Q(1) =0z= 

Before discussing the implications of the solutions found in this 

section, we review Classical Plate Theory since this theory will be 

employed at a later stage. 

4.5 STRETCHING OF THIN PLATES 

A 
We consider a plate of thickness 2H taken such that its mid-plane 

coincides with that of the (x, y) plane. The plate is thin and it is 

assumed that a state of generalised plane stress exists (Love 1927). 
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If we denote ü and v as the averaged displacement components, a, 
y 

as the averaged in-plane stress components, and non-dimensionalise 
ýY 

in accordance with (4.2.6) and'. (4.2.8), then it can be shown (Love 1927) 

(Lekhitskii 1968) that 

A aý A av xx ° Q11 ax + Q12 ay 

J^ 
öü 

+^ 

ýv 

Vyy Q12 ax R11 ay ' (4.5.1) 

6ý 
= 

Q66 y+x,. 

The Qij in (4.5.1) are given by (4.3.14) with cij replaced by cij, 

where cij are the elastic constants of the plate. The functions ü and v 

are functions of x and y only. The substitution of (4.5.1) into the 

averaged stress equilibrium equations will give two partial differential 

equations from which ü and v can be determined, 

LA A an Qil ax - Q66 ay a° 

A ao A asp Qýý ay + Q66 ax ° °, 
where 

au av 
ax + äy 

äz 
ay 

In (4.5.2) the relationship 

all Q12 ße66 

(4.5.2) 

(4.5.3) 

(4.5.4) 

has been used. 
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By eliminating and 4 in turn from (4.5.2) it follows that 

4Z 
.=0, a2 as 72 =2+Z (4.5.5) 

ax ay 
and 

v2si=o. 

The resultant forces produced by the stress components in (4.5.1) on 

planes normal to the (x, y) plane are given by 

j1 A Tx =H Qxx dz = 2H <Q11 öx } Q12 ay) 
1 

(4.5.6) 

j1 
Ty = HJ_1 ayy dz = 2H(Q12 Tx + Q11 

ay)' (4.5.7) 

A j1 
T'ý =HI 

_6 
dz = 2HQ66 ( ay + ax J1 xy 

and the bending moments acting on these planes are identically zero. 

4.6 BENDING OF THIN PLATES 

The bending theory of thin plates is based on the following assumpt- 

ions (Lekhnitskii 1968) 

(i) plane sections in the undeformed state normal to the 

middle surface remain plane and normal to this surface 

in the deformed state 

A (ii) QZZ is small compared with QXx, axyand 
ayy where a ij are 

the stress components. 
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A 
It 2H is the plate thickness and w(x, y) is the deflection of the 

middle surface of the plate then following Lekhnitskii (1968) we obtain 

(4.6.1) ü= 
-Ez ýv= -Ez 

i 
ayl 

and 
2w 

A aZw 
cr 

xx ýýzýQ11 
ax 

2+ 
Q12 

ay 
2ý' 

-EA Z (Q 
a2w 

+Q 
2ý(4.6.2) 

yy 12 ax2 11 ay2 

2, 
axy = -Ez2Q66 axay 

In (4.6.1) and (4.6.2) the displacement components ü, 0 and ä are 

dimensionless in accordance with (4.2.6) and (4.2.8), and 

A 
H 
a (4.6.3) a 

where a is some characteristic in-plane length. 

By substituting (4.6.2) into the first two equilibrium equations 

and integrating with respect to z we have 

2 
axz C2Q11( 

2 'ýýax OZw' 

2 
(4.6.4) 

(2 - i)a, v2w, QyZ 
= ý2Q 

11 

and it then follows from the third equilibrium equation that 

7 2V2w 
= 0. 
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If Equations (4.6.2) are integrated through the thickness of the 

plate, it is found that there is no resultant force due to the in-plane 

stress components. The resultant shear forces are given by 

A ,. 2 2a,. 
Nx = 

.. 
1H 

-1 

.. Qxz dz = -ý 311 äx (4.6.5) 

A 
and a similar expression for Ny. The bending-moments acting on planes 

normal to the (x, y) plane are obtained from (4.6.2) and are 

(1 2A 2.. 
M= H2J zc dz = -EH2 3(Q11 

a2+ 
Q12 

a 
2), 

_1 öx ay 

1-1 1yy 

12 

2; 2ý 
Myý = HZ zQ dz =--EH2 

3(Q a2+ Q11 2: w) 
, (4.6.6) 

ax a9 

. 
Zý- 

za%y dz = . -CH2 
22 Mx H (2Q66 ä öy) 1 

4.7 THE EQUIVALENT PLATE FOR STRETCHING AND BENDING 

In Section 4.3 an exact solution to the equations of linear elast- 

icity is obtained in which the (uo, v0) or (A0,2 ) system represents the 0 

stretching terms and the (w0) system represents the bending terms. 

The arbitrary functions u0, v0 and wo will now be determined. 

For a typical layer of the laminate we have, for 
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(i) Stretching; 

2M 30 2 
E°+Q0 )(2 + S2z + 

u=u+ 
{ýQ13 e 

11) äx 66 ay 
0 X44 

S3) 

2 3A 
0 

V=v +E {(Q -@ ) -Q " +S z+S 
13 11 ay 66 ö2223 

0 Q44 

w= -E 

Q13 
+S )AO 

Q44 

auo av0 

Q Q11 öx + Q12 ay 

2Q 82jý 392 
z2 

+ E2 q44 
66{ (Q13 - Q11) 

öa2 
+ Q66 axäy}(2 

+ S2z + S3) , 

au Dv 
0 

Qyy = Q12 öx + Qll ay 

2Q aoo aQ 2 
+ ý2 Q 

66{ (Q13 - Qll 
ay2 

- Q66 
axay} 2+ 

S2z + S3) , 

Qxy = Q66( 
au 

3y + 
av 

ax 

2Q a26, a0 
o2 2 66{ 

(Q -@+ Q66 
2 

(z2 + S2z + S3) , (4.? . 2) 
X44 13 11 axäy 

ay 

Q 
ao 

yz 
= -c{ (Q11 ay + Q66 a 

aspx 

ao asp ao 
- S2I (@13 Q11) aY 

Q66 
x- 

+ S1Q13 ay 

aoo asýo 
QXZ = -e{(Q11 aX - Q66 ay )z 

ao asp ao 000 }, 
- s2[ (Q13 - ell) 

9x+ 
Q66 

ay 
]+ s1@13 

ax 

Q__ = o. 



- 87 - 

The stress resultants on planes normal to the mid-plane of the 

layer are. obtained by integrating (4.7.2) with respect to z through 

the thickness of the layer. This gives 

rl 
Tx=hl xxdz 

1-1 

3u 
0- 2h C@11 + Q12 

aV° 
+ r2 

ZQ66((Q 

-Q)3 

2A 
o+Qa2no 

ay Q44 13 11 ax2 66 aXay 

x (3 + 2S3)] (4.7.3) 

and similar expressions for T9 and TX. For the resultant shear forces 

we have 

1 ao DO Nx = hf 

_1QXz 
dz = 2hE[S2((Q13 - e11) ax + Q66 

ay 

ao 0 + S1Q ý, (4.7.4) 13 äx 

and a similar expression for Ny with 3/3x, 3/ay replaced by a/ay, 

a/ax respectively and Q replaced by -0o. 0 

(ii) Bending; 

In this case we have, in a typical layer 
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2 

w= wo + 

e13(2 
+ Blz + BZ) 72wo, 

44 

aw 
0 

u= -C(z + B1)- 

+ E3(Q11 
- Q13X 

Z3+BZ2+BZ+BV2w, (4.7.5) 
Q44 61234 ax 0 

v= -e(z +B 

3wo 

1) aq 

2 

+ gýQ11 
- @13) 

S+ B1 2+ B3z + B4)äß p2wa, 
Q44 

a2w ö2w 

Qzx = -C (z + B1) (@11 
ax 2+ 

Q12 
ay 

2) 

322 

+ E3--66(Q Q4411 - Q13)< 6+ 
B1 

2+ 
Biz + B4) 

äX2 
72w0 

2w ä2w 
0 0 

Q 
yy 

= -E(z + B1)(Q12 
ax 2+ Q11 

äY 
2 

2Q 322 

e3 - 
s<@11 

- Q13) (6 + B1 2+ B3z + B4)ýZ 02W00 
44 ay 

a2w 

Q_ -E (z +B) 2Q 0 

XY 1 66 asay 

2Q 322 
E3 Q44 

i@11 - @13) <6+ Bl 2+ Biz + B4)3xay 02wa' (4.7.6) 

E2(@ 
2 

(Z +B Z) +B (Q -@)+BQ )a 72W 
yz ll 213 11 13 2 13 ay 

Q= e2(Q 
2 

(+ Bz) + B(Q - Q13) +B 
xz 11 

213 
11 2Q13 

)a- 02wa, 

a=0. 
zz 
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The stress resultants and bending moments associated with 

Equations (4.7.6) are 

J1 ö2w a2w 

T=h Q dz = -£h2B1(Q11 2+ Q12 2) x-1 ax aY 

2Q B2 

+ 
3h Q 6(811 

- @13) (3+ 2B4) 
aý2 

OZW 
4 

j1 
2w 2w 

0 0 
T= hl- ayy. dz = -Ch2B1(Q12 2+ 

Q11 2) 11 ax ay 

2Q B2 
+ 

3h 66 (Q11 - Q13) (3+ 2B4) 
a20 

02w (4.7.7) 
Q44 ay 

1. a2w 
0 Tý =h J-1 aý dz =' -Eh2B1(2Q66 öaöy 

2Q B2 
V2w + E3h 

Q ll _ Ql3(3 + 2B4)axöy 
o 44 4 

N= hý-1 Q dz = C2h(Q11 + 2B (Q -Q)+ 2B Q )a 72w 
x xz 33 11 13 2 13 ax 0 

(4.7.8) 

Ný = h{1 a dz = E2h(Q31 + 2B3(Q11 - Q13) + 2B2Q13)äy 02wo 
J 

-1 
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1 ä2 3w00, 

M%x = h2 zý7 dz = -£h2 
w 

Q11 2+ Q12 2 
_1 8x ay 

2Q 2B 2 
66 1. 

ý3h2 Q44`411 
Q13)(15 + 3.3)a 2 

'two 

20 
a2w a2ý 

M= h2 
1 

zQ dz = -£h2 3ýQ12 2+ 
Q11 2 y9 

ý_i 

yy ax ay 

2Q 2B 2 
3h2 

Q 
66 

(Q11 Q13) (-L 
15 + 33) 

a2 
V2w0 

44 öy 

(1 
2 

Mxy = h2J zQxy dz = -ßh2 
3(2Q66 

äxöy) 
1 

2Q 28 2 
+ ý3h2 

66(Q 
- Q13)(115+ 

33 aax 
02 

Q44 11 w0. ay 

(4.7.9) 

For an isotropic layer, the Qij given in (4.7.2) and (4.7.6) are 

given by 

_E 
vE Q11 

1- v2' 
Q12 

1- V2, 

= 
e12 

_ Q13 
2' 

Q44 = Q66 = 411 - Q12)' 

where E, v are the Youngs modulus and Poisson ratios of that layer. 

In this case, by setting 

1 S1=S2=0, S3=- 6, 

in (4.7.1) we obtain the results of Lure (1955) for the stretching of 

(4.7.10) 

(4.7.11) 

a single isotropic layer. Likewise, by setting 
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B1=B2=B4=0, B3=- 21 v, 

in (4.7.2) we obtain the results of Love (1927) for the bending of a 

single isotropic layer. The constants (4.7.11) and (4.7.12) have been 

chosen so that the stress-free conditions on the lateral surfaces of 

the layer are satisfied and that 

(i) in stretching, u, v are even in z, w is odd in z, 

(ii) in bending, u, v are odd in z, w is even in z. 

An equivalent plate, shown in Figure (4.2) is defined to be a 

single plate which is identical in overall geometry to the laminate 

A 
and has material constants Qij which are obtained by an appropriate 

averaging of the material constants of the laminae. Details of the 

averaging are given later in this section. 

sym. sy m1 

Figure (4.2)(a). The Laminate (b) The Equivalent Plate 

The equivalent plate is subjected to specified loads, which are 

the same as those applied to the laminate, and the equivalent displace- 

ments u, ^v and w are determined by the thin plate theory of Sections 
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(4.5) and (4.6). The arbitrary functions uo, v0 and wo in a typical 

layer of. the laminate are now specified by supposing 

A A u = u, v = V, 0 o 
A w = w, o 

and it then follows from Sections (4.5), (4.6) and Equation (4.7.13) 

that 

(4.7.13) 

ýý0=020=0, 
v2n =v2Si=0, 

V2, j2w =VV =0. 
0 

For the choice (4.7.13) of u0 and v0 we obtain from (4.5.2) the follow- 

ing relationships 

asi0 Q11 3A0 asi0 Q11 aoo 
ay -^ ax ax 2-^ ay (4.7.15) 

X66 Q66 

Note that: 

(i) It the displacement. components of the equivalent plate are 

available from thin plate theory, an exact solution for the field 

quantities in each lamina are readily determined from them, as can be 

seen in Equations (4.7.1), (4.7.2), (4.7.5) and (4.7.6). 

(ii) The lowest order terms in the field quantities in each layer 

represent those given by Classical Laminate Theory (Christensen 1979) 

and the magnitude of the higher order terms will determine the extent 

to which this theory is applicable. 
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(iii) The arbitrary constants Si and B1 for each layer are deter- 

mined by the through thickness boundary conditions of Section (4.4). 

In Section (4.8) we satisfy all these conditions and find that, in both 

the stretching and bending solutions, there remains a disposable const- 

ant. This constant can be chosen. so that the, resultant stresses and 

bending moments due to the higher order stress. terms acting on cross- 

sections normal to the plane of the laminate are zero. This is explain- 

ed further in Section (4.8). 

We now determine the elastic constants Qij of the equivalent plate. 

The resultant stress, due to the stretching solution, on planes normal 

to the plane of the laminate is 

N 
Tx = Tx1) +21 T(x2', (4.7.16) 

Q=2 

and similar expressions for Ty and Txy. If we substitute TXQ) given 

by (4.7.3) into (4.7.16) we obtain 

T (2h(1) 
(1) 

+2 2h(Qý 
M 

3u0 

x= 
Q11 

Q=2 
Q11 

ax 

+ (2h(1)Q 
(1) N+2: 

2h(ý)Q(Q))av0 (4.7.17) 12 2 Q=2 12 ay 

The resultant stress on planes normal to the plane of the equivalent 

plate in a state of generalised plane stress is given by (4.3.7) 

^^^v Tx = 2H(Q 
aü 

11 ax +ea 12 a^). (4.7.18) 

Since u0 = ü, vo =v and the stress resultants in Equations (4.7.17) 

and (4.7.18) are required to be the same 
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Q11 = (h(l)Q11 (l) +2 

Q (h(1) Q(1) +2 12 Q12 

Lh Q( )/H, 
Q=2 

N 
h(Q)Q(Q))/H. 

J2 12 

(4.7.19) 

Equations (4.7.19) define the elastic constants of the equivalent plate 

when the_ laminate is. stretched. 

To determine the equivalent plate elastic constants for bending, 

the resultant bending moments, due to the bending solution, on planes 

normal to the plane of the laminate are compared with those of the 

equivalent plate. For the laminated plate, the resultant bending 

moment is given by 

NNz 
MXX = MX) +2 MxX) +II 2(h 

r-1 
+ hr)Txr) (4.7.20) 

2 2=2 r=2 

and similar expressions for and and Myy. Substituting Mme), T 
Q) 

X 

given by (4.7.7) and (4.7.9) into (4.7.20) we obtain 

M 
2(e h2 (1) 

+2NE h2 <ý) 
xx 31 1Q 112 R, QQ11 

N22 
+6LL (h +h )E R. h !Z B1(Q) (9, ) 

a W° 

Q=2 r=2 r r-1 
Q11 ) 

öx2 

_2 
(1) N2(!, 

) 
3(e1h1Q12 + 2Q12 ElZhZQ12 

N 91 
cQ) M0+ 6912 

r12(hr 
+ hr-1)ýý, hZB1 Q12 

ay2 

(4.7.21) 

The bending moment on planes normal to the plane of the equivalent 

plate is given by (4.6.6) 



- 95 - 

22a22 
M_ -2H 3(Q11 

2+ Q12 
a 2). (4.7.22) 

ax ay 

Iß we require the beading moments in Equations (4.7.21) and (4.7.22) 

to be the same, then since wo = w, we must have 

Q11 S 2{E1h1Q11) +2N2 EQýý, Qll 

NQ (21) (2, ) 
+611 (hr + hr_1) )F-POI 

U. 
} 

2=2 r=2 (4.7.23) 

__ 
12 (1) 

+2E h2Q(Z) 012 
E-2{E1 

IQ12 2Q 
12 

EH 

N 91 
(i. ) (Q) 

+611 (hr + hr-1)EQh9B1 Q12 }. 
Q=2 r=2 

Equations (4.7.23) define the elastic constants of the equivalent plate 

when the. Laminate is bent. Note that the expression for the equival- 

ent elastic constants for bending contain B(Q) 
l which are determined by 

the through thickness continuity conditions. 

With the elastic constants for the equivalent plate defined for 

bending and stretching, the resultant stress or bending moment on any 

plane normal to the plane of the laminate will be identical to result- 

ant in the equivalent plate. In particular, specified in-plane bound- 

arq loads on the laminate will be the same as those applied to the 

equivalent plate. 
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4.8 SATISFACTION OF THE INTERFACE CONDITIONS 

In this section the arbitrary constants Si and Bi in each layer 

are evaluated from satisfying the boundary conditions given in Section 

4.4. The analysis is separated into two parts: the first part deals 

with the stretching solutions, and the second part deals with the bend- 

ing solutions. 

(A) STRETCHING 

Continuity in the displacement w at each interface requires 

1' 

Q(Q) Q Q(r) Q(r-1) 44 
S1 

(Z) 
E 

c 
L (Er 

2 

13 
(r) 

13 
+ 

r-1 (r-1)) 
9 

QQ13 r- Q44 Q44 

By substituting relations (4.7.15) into (4.7.2)4 
4,5 and satisfying the 

conditions of continuity in the inter-laminar shear stress components 

we obtain 

=0 2, 

(R)(@(13) 
- T(ý)) E{1 

(ErT(r) + Er-1T(r-1) 
r=2 

+ 1M13M 

(4.8.2) 

where 

T(r) _ 
(r) (r) Q11 hr 

Q11 Q66 Ä66 ' Er -a. (4.8.3) 
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From (4.7.2)4 51 
it follows that 

CT(l) = _C Tz 0 xz 1 ax ' 

asz) _ _(sRT(Q)z +L (C T(r) + er-1T(r-1) a$ 
r=2 

r 

and a_similar expression is obtained for Qyz with a/ax replaced by 

a/ ay. The stress-free condition at zN =1 has been satisfied by the 

shear stresses given in (4.8.4) and this is confirmed by direct eval- 

uation 

0 QZ)I _ -<6NT(N) +I (ErT(r) + Er-1T(r-1)aax 
zN=1 r=2 

N aä 
= -(E1T(1) +2j ET(r)) a0=0. 

r=2 rx 

In (4.8.5), use of (4.8.3) and the definition of Qi1, for stretching, 

has been. made. If all the layers are identical in material propert- 

ies then 

T(r) =0 

and in such cases the shear stress components are identically zero. 

(4.8.4) 

(4.8.5) 

(4.8.6) 

The remaining arbitrary constants are determined from the contin- 

uity conditions for u (or v). It follows from (4.7.1) that 
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531) disposable 

(2) 

(2ý 
_ 

Q44 

S3 
E2 

(2) 
- T(2)) 

2(e13 

(1) (1) (2) (2) 
2(@13 -T)1+ 

g(1)) _ E2 
(@13 -T )(ýd 

- S(2)) (4.8.7) 
1 (1) 32 Q(2) 

2 
Q44 44 

Q(2') (Q(1) - T(1)) 2, -1 (Q(r) - T(r) ) 
(Q) 

= 
44 

E2 
13 

+ S(1)) +2C E2 
13 

S('r) 
3 

E2(Q(9) - T(Q)) 
1 

Q(1) 
3 

r-2 
r Q(r) 

Z 13 44 44 

(Q (21) 
- T(Z)) 

E2 
13 

(R, ) (1 - SZQ") 
Q 

44 

R, =3, ... N. 

The disposable constant in Equations (4.8.7) can be chosen so that the 

resultant traction, on planes normal to the plane of the laminate, from 

the higher order terms is zero. From (4.7.3) we obtain 

(1) N 
(r) 

2 
Q66 (1) (1) 1 (1) 2 66 (r) (r) 

T h1C1 
Q(1)(Q13 

-T (3 + 2S3 )+ 21 hrEr 
Q44 

44 r=2 44 

x (3 + 2S(r)) = 0. (4.8.8) 

An alternative choice of the disposable constant which is appropriate if 

displacement boundary conditions are specified is to choose it so that 

the resultant displacement in the higher order terms of the in-plane 

displacement components is zero. 

Finally, the variation in the inter-lamina shear stress components 

from layer to layer, may be controlled by the stacking sequence of the 
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individual lamina. The 'jump' in the magnitude of the shear stress on 

passing through the nth layer is, from (4.8.4) 

ao 
Q(Q) I- Q(Z)I = -2E T(Q) o, (4.8.9) 
xz xz äx 

zZ= 1 
ZQ=-1 

and therefore, the manner in which the inter-laminar shear stress changes 

is determined by 

sign (T(21)). (4.8.10) 

A consequence of this result is that if two adjacent layers in the lam- 

inate both produce the same sign in quantity (4.8.10) then the inter- 

laminar shear stress component will increase in the same manner in 

both layers. 

(B) BENDING 

From (4.7.5), continuity of the lowest order terms in the 

displacement components u, v requires that 

1 

Bit) = (E 
E1+ 

E2) 
2 

Q-1 
B(Q) =1 (E +2E+E) Q= 3 ý ... N 1 e2 1 

r=2 r 

(4.8.11) 

and the continuity of w gives 
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B(1) disposable, 

2 (Z) (2-1) 
) O. ) (1ý) 

E2-1Q44 Q13 
(Q-1) 

82 =2 (2-1) (Z) <+ B2 + B1 - +}, R=2... N. 
E2. Q44 Q13 

Satisfying continuity of the shear stress components at each 

interface and the stress-free condition at zN =1 produces 

(1) 
(1)(1) 

- Q(1» + B(1) Q(1) =-1N E22Q(Z)B(Z) - 

Q11 

Z 11 12 3 11 13 2 13 2 9, =2 E1 

(R) (2v) (J) (Q) M"1 Nc 
2 (r) (r) B3 (Q11 - Q13 )+ B2 Q13 =2 cr2Q11 B1 

Eý r=lC+1 

X11)( + Bi' ), 

B(N) (Q 
(N) 

- Q(N)) + B(N)Q(N) _ -Q(N) (i + B(N)) 
. 3 11 13 2 13 11 1 

(4.8.13) 

The remaining constant B4 in each layer is determined by considering 

the continuity of the higher order terms in the displacement components 

u and v of (4.7.5). This gives 

Bý' =0 4' 

3 (Q-1) (R-1 (Q) (Q-1) 

B(L _ 
eQ-1(Q11 - X13 

44 1+ B1 
+ B(R-1) + B(Q-1) 4 E3 

(Q) 
- 

(Q) 

Q )Q 
(2. -1) 

(6 

234 
Z 11 13 44 

+6-Z+ B3ý'ý .Q=2... N. 

If we now require that there is no resultant bending moment, due to 

(4.8.12) 

R=2... (N - 1) , 

(4.8.14). 

the higher order stress components, on planes normal to the plane of 
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the laminate then we obtain, from (4.7.7) and (4.7.9) that 

(1) B(1) N Q(R) 2B(Y. ) 

32 
Q66 (1) (1) 1332 66 (R) (! L) 13 

elh1 
Q(1) 

(Q11 - Q13 ) (15 +23)+22 Eh 
Q(9, ) 

(Q11 - Q13 ) (15 +3) 

44 44 

(Z) (Q) 
N ýc. 3 

Q66 
(Q) (2. ) B1 

+ 2B (R)) 
= 0. (4.8.15) + 2ý2 

rL2(hr-1 
+ hr)E2. Q 

Q(2. 
) 11 - 13 34 

44 

This equation is used to determine the disposable constant B(1). 

4.9 ILLUSTRATION: STRETCHING OF A LAMINATED PLATE 

CONTAINING A CIRCULAR HOLE 

We now consider the effect of a stress-free circular hole of 

radius a on the stress components in a laminated plate which consists 

of three layers (The restriction to thenumber of layers is not neces- 

sary and has been made only to simplify the manipulation. ). The in- 

plane dimensions of the laminate are large compared with the radius of 

the hole and in the direction of the x-axis, the laminate is subjected 

to a uniform tension which is applied at large distances from the 

centre of the hole. The analysis is in two parts: the first part 

considers the stretching of an equivalent plate containing a hole and 

from this the functions u0 and vo are determined. The field quantit- 

ies in each lamina are then evaluated by using these expressions. 

(i) Equivalent Plate Solution 

We employ cylindrical polar co-ordinates and denote 

R r/a, (4.9.1) 
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where r is the radial distance from the centre of the hole and it fol- 

lows from (4.9.1) that the edges of the hole are given by R=1. 

Following Timoshenko and Goodier (1970), the stress components of the 

equivalent plate in a state of generalised plane stress and subjected 

to a constant uniaxial tension Po in the direction of the x axis are 

p 
a= -2{(l -1+ (1 +3-4 )cos 2e} 

rr 2 R2 R4 R2 

Q- 
p-°{(1 

+ 
1. 

-(1+-! -)Cos 2e}, ee 2 R2 R4 
(4.9.2) 

Q=- °{1 3+2 
sin 26. 

rG 2 
R4 R21 

The corresponding displacement components uro and ueo9 referred to a 

cylindrical polar co-ordinate system, are 

AAA 4Q 
11 1 uro = 

po 
{(^ 

Qll -^ 
)R +R+ cos 26(R + 

3) 
}' 

4Q66 Qll + Q12 (ell + Q12)R R 

I' 

ueo =+o {R -R 
(@11 - Q12) 

- 3}sin 28, 
4Q66" (@11 + Q12) R 

where the Qii have been defined in Section 4.7. 

(ii) Laminated Plate Solution 

(4.9.3) 

The exact solution to the stress and displacement compon- 

eats in each lamina is given by (4.7.1) and (4.7.2) and the Si in 

these expressions have been evaluated in Section 4.8. For a three- 

layer laminate we have 
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( 
Si. 

1) 
- of 

Si2ý =1+ a83, 

3( 2 
1) 

=0 

S2(2) 
(B(2) + as a(l) 

(i - a(2)> 

1+ aß3 

(1 - ßi2)) 

(4.9.4) 

S(Z) _ a2ý 
il - ßl )(+ 

S(1)) -(- S(2)) 33 (1 - ß(2)) 32 
1 

where 

h QM 4(i)@ Q(1) 11 ß(i) = 
11 66 11 13 

E2 h2 1 
Q(i) Q(M 

)Q 
2 Q(2) Q13 

13 66 13 

(2) (1) 
Q44 Q13 

ß3 = (1) (2) 
Q44 Q13 

(4.9.5) 

The disposable constant in (4.9.4) is determined from (4.8.8) with 

N=2. This gives 

S3 -- 
6(1 - ß(1))a2ß3(Y 

4+ 
2) 

x (ß3a2(1 -ßi1)) <aß4 + 6) - 4(1 + 2ß1(2)) - 12CCß2ßi1) 

+ 12(1 + aB3) ) 

(4.9.6) 

where 
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(1) Q66 
ß4 

(2) 
Q66 

By substituting (4.9.4) and the equivalent displacements given by 

(4.9.3) into (4.7.2) and employing the transformation relationships 

(4.9.7) 

(1.2.6), the stress components in each layer of the laminate are obtain- 

ed as follows 

(2. ) (Q) (2. ) (2. ) Q11 X12 
) 

Q66 

2 

X66 
cos 20 

Q11 + Q12 Q66 R Q66 

6(Q) 
rr 

1 (Q) 
p X90 

° (Q) 
r6 

(2. )^ (ß, )^. 
3 4(Q11 Q11 - Q12 Q12) 

R4 (Q11) - Q12))(@11 + Q12)ýR2 

QM + Q(Q) QM QM 11 12 66 1_ 66 
' cos 26 2 Q11 + Q12 Q66 R Q66 

= 

t 

4+ 
x (1 + 

4(Q11412 - Q12Q11 

(Q11) Q12))(Q11 + @12) R2 

Q(Q) 
- ^66 +2- 

4}sin 26 
Q66 RR 

(4.9.8) 

Z 66 
24Q(Z) (Q (9. ) 

_ T(R)) 2 E2 
+ 

@(Z) (@ 

13 
42+ S2Q) z+ $(ý')) 

Q44 ^11 
+Q 12 )R 3 

-cos 2e 

cos 28 (4.9.9) 

-sin 28 
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(Q) 
1I arz 

_ 
Y2)z 

- S(91)CQ(91) -TAR)) +Q po 
ýýý) 

R. 2 13 1 13" 

eZ 

cos 2A 

x4 
R3(Q11 + Q12) sin 26 

(4.9.10) 

Neglecting terms of 0(C2)ß that is supposing each lamina is thin 

compared with the radius of the- hole, (4.9.8) represents the solution 

predicted by classical laminate theory. 

4.10 NUMERICAL RESULTS 

For large R, the following equivalent stress components are 

obtained 

p 
irr 

2 
(1 + cos 28) + 0( 

2) 
, 

P 
666 V1 - cos 28) + 0( 

Z), 
(4.10.1) 

R 

ý sin 26 + 0( Z) 
, 

Q_- 
p2 

R 

whereas in the Zth layer 

P Q(i) + 
(Q) (Z) 

a(Z) = 2{ 11 Q12 Q66 
cos 26} + 0(12 

Q1l + Q12 Q66 

P Q(2) + 
(Q) (2. ) 

Q 
(2. ) 

_ 
11 

Q12 Q66 
12 

ee 2 ,. cos 2e}+ 0(R) 
S11 + Q12 Q66 

Q(2) 
(4.10.2) 

P )=-2 66 
sin 28 + 0(1 2 

Q66 

Q(Q) =a2 O( 1ý3 
rz 8z 
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Note that the inter-lamina shear stress. components decay as 0(1/R) 3 

whereas the stress concentration due to the hole in the equivalent 

plate decays as 0(1/R)2. 

At the hole boundary R=1 

rr r8 

ae6 - Po(l. - 2cos 26) 

and 

pQM+ Q(9. 
) 

Q 
(Q) 

Q(Q) _ o{ 11 12 66 
rr 2 Q11 + Q12 Q66 

Q(2) Q(2)Q _ 
Q(Z)Q 

11 11 12 l2 
+ o(g)2 + 4cos 2e(^66 - ^2 ^2 Q66 Q11 - Q12 

P Q(2) + Q(91) Q(9') 
Q(k) _ 

0{-11 12 
+ 

66 

ee -2 Q11 + Q12 Q66 

(4.10: 3) 

Q(2) Q Q(2) (2) 
- 4cos 28( 

66 
+ 

11 12 - Q12Q11 
)} + 0(e)2 Q 

Q2 _ 
^2 

66 11 Q12 
(4.10.4) 

a(Z) = 0(C)2, 

Erz = aOz = 0(c). 

The stress concentration in the equivalent plate is 3P0 at g= Tr/2 and 

it is found from (4.10.4) that the corresponding concentration in each 

lamina is given by 
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(9-)^ (Q)^ 
Q11 U. - ql2 Q12 

3Po ( 
^2 ^2 Qil-Q12 

In the equivalent plate, the hole surface is stress-free and in the 

laminate it is stress-free is an average sense. This can be shown 

by integrating the appropriate stress components in (4.10.4) through 

the laminate thickness and using the definition of Qij. Therefore, 

adjacent to. the hole surface, a further correction will be required 

and the magnitude of this correction, will be determined by, (4.9.8), 

(4.9.9) and (4.9.10) evaluated at R. = 1.. However, as a consequence 

of Saint-Venant's principle, the solutions is (4.9.8), (4.9.9) and 

(4.9.10) do represent the stress fields in each lamina away from the 

free edges of the hole. 

(4.10.5) 

The inter-lamina shear stress components in (4.9.10) vary linear- 

ly with z and attain their maximum value at the interface of the layers. 

It we denote 

Smarm _ �(02 
Z+ 

a2 ), evaluated at the interface, 
r oz 

then 

=- 
4P 

o£1 (1) 
_ 

(1) Q11 
1 Smax ^z= ^' 

(Qll Q66 
^)3 (@T3- + Ql2) Q66 R 

Note that Smax is independent of 6. Values of Smax at R are 

given in Table 4.3 for the case of a laminate consisting of three 

isotropic layers of equal width. The Youngs modulus and Poisson 

(4.10.6) 

(4.10.7) 

ratio are given as Ei, vi respectively. 
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v2 vi 0.1 0.3 0.5 0.1 0.3 0.5 0.1 0.3 0.5 

0.1 0 -0.12 -0.28 0 -0.56 -1.23 0 -0.34 -0.69 

0.3 0.11 0 -0.14 0.55 0 -0.66 0.36 0 -0.37 

0.5 0.22 0.12 0 1.13 0.62 0 0.82. 0.43 0 

(a) (b) (c) 

Table 4.3. The Variation of S fPoC with Poisson Ratio at R=1 

(a) EI/EZ = 1/10 (b) E1/E2 =1 (c) E1/E2 = 10. 

In Table 4.4, the leading term in the in-plane stress components 

is given when R=1,6 = 1/2 and the layers are isotropic and of equal 

width. The equivalent stress components are obtained from this table 

as they correspond to the case when vl = v2 and El = E2. The stress 

component err, in each layer, is found, in most cases, to be small 

compared with Po. 

The maximum hoop stress in the equivalent plate is 3P0 which, 

for certain values of Youngs modulus and Poisson ratio, is exceeded 

by the hoop stress in the laminate 

Through the thickness of the laminate, the maximum value of 

the higher order in-plane stress component occurs, in general, at the 

midplane of the laminate. In Table 4.5 this maximum is given at 

R=1 for an isotropic laminated plate of three layers of equal 

width. 
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v2 
vl 0.1 0.3 0.5 0.1 0.3 0.5 0.1 0.3 0.5 

0.1 3.78 7.9T 15.31 3.27 4.70 7.14 -1.36 1.97 3.58 

0.3 6.94 9.61 14.40 8.. 14 8.31 9.18 -4.82 -3.46 2.14 

0.5 9.44 10.68 13.88 13.09 12.32 12.00 -9.82 -7.31 -5.00 

(a) (b) (c) 

Table 4.5. Maximum Value of -arr, / oE2cos 29, aee/Poe2cos 26, 

-a rA/PoE2sin 
26 at R=1 

(a) EI/E2 = 1/10 (b) E1/E2 =1 (c) E1/E2 = 10 

The: higher order stress components are thus negligible it c is 

small such that 1002 is small. In such. cases, classical laminate theory 

provides an adequate solution to the in-plane stress components. How- 

ever, the solution given here gives, in addition to the classical sol- 

utions, information about the interlamina shear stress components. 

If F-= 0(1) then the contribution to the stress components from 

the higher order terms is significant. In such cases, the stresses 

in the laminate cannot be determined solely by the classical theory. 

4.11 ILLUSTRATION: BENDING OF A LAMINATED PLATE 

CONTAINING A CIRCULAR HOLE 

In this example we examine the effect of a stress-free circular 

hole on the stress components in a laminated plate. The radius of 

the hole is a and is small compared with the in-plane dimensions of 

the plate. The laminate is deformed by resultant bending moments 

MXX = HZep 
of 

M 
yy 

=0 as R 

where 
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R= r/a. (4.11.2) 

The analysis to follow is given in two. parts: the first part consid- 

ers the bending of the equivalent. plate and from this we determine 

the, middle surface- deflection wo. Using this expression, the field 

quantities in each lamina are evaluated. 

(i) Equivalent Plate Solution 

Note first that if w and its derivatives in (4.6.6) are 

0(1) then 

Mxx = o(Ei2), 'ý « 1. 

Following Timoshenko and Goodier (1970) we suppose the plate 

is bent by bending moments 

Mx = H2CP0 , 
Myy 

=0 as R; co 

(4.11.3) 

(4.11.4) 

where Po is constant and has dimensions of stress. The middle surface 

deflection is then given by 

3P 
w= A[6+ ma] 

+ [B - 
R2]cos 

28 - 80 R2( ++ cos e 
(4.11.5) 

Q11 e12 e11 Q12 

where 

3P° 
8=- 

3P 
A° C=B 

4(Q11 - 
Q12) 4ßQ11 + Q12) , 2 (4.11.6) " 

From (4.11.5) and (4.6.2) the equivalent stresses are determined as 

follows 
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A 3P 3 (Q -Q) 
Q CZ 0(1 

-1+ cos28[1 - 
11 12 1 

rr 4 RZ (3Q11 + Q12)"g4 

4Q12 
2]) 

(3Q11 + Q12) R 

3P 3(Q +& ) 
Q= ex °(1 +1 -cos 26 jß - 

11 12 1 

ee 4 R2 (3Q 
11 + Q12). R4 

4Q11 

(3Q11 + Q12) R 

3P Q-Q3 

e= -Ez 
0 (1 _ 

ll 12 
22- 4-])sin 

26, (4.11.7) 
(3Q11 + Q12) RR 

^ n2 z2 
6P0 

arz _ -c (2 - ')Qll 
^3 

cos 26, 
(3Q11 + Q12)R 

_A22 

6P0 
Qez = -e <2 - 1)@11 

3 sin 20, 
(3Q11 + Q12)R 

where the Q, 
Jhave 

been defined in (4.7.23). 

(ii) Laminated Plate Solution 

The exact solution to the stress and displacement compon- 

ents in each lamina is given by (4.7.5), (4.7.6) and the Bi in these 

expressions have been evaluated in Section 4.8. For a three layer 

laminate we have 
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B 
(1) 

= B(1) _ oý 
14 

B(t) _ ý1 +C 

BZ2ý =+ a+ Ct2$ ('. +B 
1)), 

32 

ß(2) 

B32) (2)1 
2+ 

a) - (2) +a+ 
2a 

3+ 
BZ1))), (4.11.8) 

(ßl - 1) <61 - 1) 

ß(Z)ß ß(1j B(1) 
(1) (1+a) 1212 

83 - -2 2 (1) - (1) - (1) , 
a (ßl - 1) 2(a 

l- 
1) (ßL - 1) 

(1) 

B 
(2) 

= q, 
3ß 

(ß1 - 1) 
(1 + B(1)) +1+ g(2)) _ 

(1 + a) 
43 (ß(2) 

6332 
1 

In (4--11.8), 

X Q(i) 
11 

Q(2) 
13 44 

Q44 
13 

q13 
-, ß-ß= 

E2 h2 1 
QM 

2 
13 

B 
Q(1) 

3 
13 

= 
Q(1) 

44 

(4.11.9) 
Q(2) 

13 

The disposable constant B(1) in (4.11.8) is determined from 

(4.8.15) with N=2. Hence 

Bs 
g(1) =1 {1(40a2 

- 40a - 21) -3ß4a (1+46 (1) 
)- 2 a2ß 3 

(a3ß4 + 2(3a2 + 6a + 4)) 5 10 1 

... - ß2ß3ß( 2)2a(1 
+ a)(a284 + 6(1 + a)) 1 

- 63a2(a + 2)2 

- B(2) 4 (10a2 + 25a. + 16)} (4.11.1 

where 

= Q(1) /Q (2) 
4 66 66 
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The stress and displacement components in each layer of the lamin- 

ate can now be obtained by substituting the Bi and (4.11.5) into 

(4.7.5), (4.7.6) as follows 

c Q> Q1" + QM QU) 12 66 1 
AA2 

+ Q12 Q66 R 

Q(1, ) 3(Q(Q) - Q(t)) 
+ cos 28(66 _ 

11 12 1 

Q66 (3Q11 + Q12) R4 

4Q (R. ) 
12 1 

2 (3Q11 + 
Q12)'R 

c0 
irr 

1a (Q) 
_E 

3ý, 
Z + B(2)) po ee ý, 4 1 

cQ) 
Irre 

QU) + QU) QU) 
11 12 66 1 

.. ^{2 Q11 + Q12 Q66 R 

ý(Q) 3(@(Z) - QU) 
- cos 2e(66 - 

11 12 

Q66 OQ11 + Q12) R 

4Q (Q) 
11 1 

+ 
2 (3Q +Q )R 12 

(2> Q Q_ 
_ 

66 
Q 

(1 _ 
11 12 

-2-1 ) sin 2 - 
R Q66 3Q11 + Q12 R24 

3 

cos 2e 
36Q(9)(Q(Z) Q13)) 

z3+ 
B() Z Q2 

+ EQ -cos 28 
Q44 

66' 11 

4)(3Q11 + Q12) 6 

sin 26 

12 

+B(Z)z +B(Q) 
1 

3]4 (4.11.12) 
R 

1 

Crrz 

2 cos 26 
6 (Q) z2 (Q) 

p -EQ ýQ11 (2 + B1 z) 
0 (Q) sin 26 (3Q11 + Q12) 

Dez 
+ 

(Q) (Q) 
_ 

(Z) B3 (Q11 Q13 ) 

+ SZ 
R) 

Q13) 1R3 (4.11.13) 



- 115 - 

4.12 NUMERICAL RESULTS 

When R»1, the stress. components in the equivalent plate are 

(a3 1+ cos 29 
rr 

P 08A - Ez 
41 

-- cos 26 + 0( Z) 
oR 

Qre - sin 28 

arz aez -( 3)' 

which produce the prescribed bending moments 

MXx = EH2Po 
of 

Myy = MXY =0 as R+ co . 

For each lamina 

I (. Z) 
+ Q(Q) Q(Q) Qrr 11 12 66 

, nn 

^ICreo 
0 

a( 
Z) 

re 

= EQ(z B1 
Q)) 

4 

^^^-GV3 e0 

Qll + el2 Q66 

U) ( R, ) (91) Q11 + Q12 Q66 
cos 26 

11 + Q12 Q66 

U) 

_ 
66 

sin 28 
A Q66 

(4.12.1) 

(4.12.2) 

+ OC 
Z) 

(4.. 2.3) 
R 

Q=1,2, 
... 

Q(. 
z) 

= Q(Q) =013 rz Az ýP 
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As. R+I the resultant bending moments on planes normal to the plane 

of the laminate are exactly those given by (4.12.2). 

At the hole R=1, the equivalent stress components satisfy 

aM 
M =0, N =1-ý' 0 

rr ra 
(4.12.4) 

which. are exactly the same conditions as. are satisfied by the averaged 

stress components of the laminate. 

Therefore, by Saint Venant's principle, the solutions given by 

(4.11.11), (4.11.12) and (4.11.13) are valid solutions sufficiently 

far from the free edges of the hole. In the vicinity of the hole, a 

further correction will be required and the magnitude of this correct- 

ion will be determined by the deviation of the values given by (4.11.11), 

(4.11.12) and (4.11.13) from the prescribed boundary values. 

In the remainder of this section we will consider a laminate 

consisting of three isotropic layers of equal width. Hence 

Cl =c2=c=ý (4.12,5) 

For this laminate, the equivalent material constants are, from (4.7.23) 

E2 
E 26 Q11 271 
- V2 

+1- 
V2J1 2 

E2 VIE 26V2 

12 27E1 
V2, 

ß 
12 

(4.12.6) 

where 

E= E1/E2. (4.12.7) 

Note that Equations (4.12.6) are in agreement with those found by 
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Lehknittski (1968). The interlamina shear stress components, given 

by (4.11.13), are 

(1) Q(1) ^2 4Q(2) 
rz 11 2- 11 

126 cos 26 
= -E A Po 

(2) 
R (3Q11 + Q12) 

Q(2) (Z2 + 2z -5 
rz 11 22 

with Qez obtained from (4.12.8) by replacing cos 28 by sin 29. The 

maximum-. through thickness value for the shear stress occurs at the 

midplane of the laminate and we therefore denote 

gmax = �(a2 + Qez), evaluated at the midplane. 

By substituting (4.12.8) into (4.12.9) we obtain 

(2) 2 

S= +(R 21 + 4Q11)) 
6E Po 

max 3 (3Q11 + Q12)R 

(4.12.8) 

(4.12.9) 

3f 
(4.12.10) 

Note that Smax is independent of 0. In Figure 4.6, the variation of 

the interlamina shear stress components is given at the hole surface 

R=1 when V1 = V2 = 0.3. 
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Z, 

ZZ 

cý> ct> 
C3 ) 

¢GS ,o 12 

Figure 4.6. The Variation of arz/P0E2cos 26, Q8z/PoE2sin 20 with 

thickness at R=1. 

(1) E= 10 (2) E=1 (3) E= 1/10. 

The resultant shear traction produced by the stresses in Figure 

4.7 is given in Table 4.7. 

E 1/10 1 10 

N(1)/P 
2cos 

26, N(e 
1)/Pö 2sin 

26 15.17 15.75 20.00 
ö r 

E2sin 20 £2cos 26, N(2)/P N(2)/P 8.78 8.48 6.36 
o o 

/P E`sin 26 Ecos 20, N 
2 N /P 32.67 32.67 32.67 

0 e r o 

TabZe 4.7. Resultant Shear Traction in Each Layer at R=1. 

For comparison purposes, the equivalent plate solution corresponds 

to the case where E=1 in Figure 4.6 and the bottom row of values in 

Table 4.7. Note that 

N= N(l) + 2N(2) j=r, O. (4.12.11) 
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The variation in the shear stress components when V1 A V2 is 

given in Table 4.8. This table. gives a through thickness variation at 

R=1 when E=1 and shows that the effect on the shear component 

values of changing Poisson's ratio is small. 

v1 = 0.2 

v2 0.4 

1= v2 

= 0.3 

vi = 0.4 

v2 = 0.2 

z2 =1 Free Surface 0.0 0.0 0.0 
= 0.5 2.44 2.5 2.56 

z2 =0 4.44 4.55 4.65 
-0.5 6.00 6.14 6.28 

z2 = -1, zl =1 Interface 7.11 7.27 7.44 

zl = 0.5 7.69 7.95 8.24 

z1=0 Mid-Plane 7.88 8.18 8.5 
-1 

Table 4.8. Variation in arz/P0C2cos 26, aez/POE2cos 28 with Thickness 

at R =1, E=1. 

If v1 = V2 =V say then 

Q12M = Qil Q11 = Q12 = 1,2. (4.12.12) 

Substituting (4.12.12) into (4.11.11) and simplifying gives, at R=1 
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Q(1) z 
rß (1 + 

26 

sin 26 E p- 
ý£ (3 

81 

° (2) z+2 
re E+ 26 

(4.12.13) 

(1) Z 
60 1+ 26 

p=g $4 (2 -4 cos 2 6) E 

(2) z+2 
Gee E+ 2ä 

0Q=1,2. 
«= 

Qrr 

Equations (4.12.13) represent the leading terms of the in-plane 

stress components at R=1 when vl = v2. At the interface of the 

layers, the magnitude of the non-zero components in layer 1 are E times 

those in layer 2. Figure 4.9 shows the variation of ße8, at e= n/2, 

with thickness whilst Figure 4.10 shows the variation of Qra, evaluat- 

ed at 6= Ir/4. Note that the equivalent stresses in these figures 

correspond to the case when E=1. 

It, 0 
Figure 4.9-. Variation of aeA/Poe With Thickness At R 

v=0.3. 

(1) E= 10 (2) E=1 (3) E= 1/10 
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12 

1 'I 

%) 
1) 

0 -2 -4 -6 -3 -/u 

Figure 4.10. Variation of ar8/Poc with thickness at R=1,8 = n/4, 

v=0.3. 

(1) E= 10 (2) E=1 (3) E= 1/10 

The variation with thickness of the higher order in-plane stress 

components when R=1 is given by Table 4.11. Since these components 

can be discontinuous across the interface of the layers, two values 

are given at the interface. The extent to which these two values 

differ may have some bearing on the delamination of the laminate. 
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E 1/10 1 10 

z =1 Free Surface 175.24 16.69 -7.85 2 0.5 67.33 3.28 -9.61 

z =0 -34.58 -4.33 -7.01 2 
= -0.5 -131.70 -7.30 -0.94 

= -1 z Interface -225.22 -6.80 7.75 
2 

z1 =1 Interface -22.. 52_. -6.80 77.45 
0.5 -11.32 -3.98 34.38 

=0 Z Mid-Plane 0.0 0.0 0.0 
, 

Table 4.11. Variation of the Higher Order In Plane Stress 

Components with Thickness R=1. 

Arr/PoE3cos 20, --a eA/PoE3cos 26, Qre/Poc3sin 20. 

Reference to Table 4.11 shows that the higher-order terms are 

2 
of order 2000 Po. If e is small such that these terms are negligible 

compared to CP0 then the leading in-plane stress components will be 

sufficient. In such cases Classical Laminate Theory is an adequate 

theory. 

However if C= 0(1) that is, the thickness of the plate is 

comparable with the radius of the hole, the numerical vlaues in 

Table 4.11 are much more significant than those of the leading terms 

shown in Figures 4.9 and 4.10. Therefore, if E= 0(1) the Classical 

Laminate solutions cannot be taken to provide the complete state of 

stress in the laminated plate. 
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CHAPTER FIVE 

THE BENDING AND STRETCHING OF 

LAMINATED ANISOTROPIC PLATES 

5.1 INTRODUCTION 

In this chapter we modify the solutions of Chapter 4 to account 

for a laminated plate which consists. Of fibre-reinforced layers hav- 

ing fibres orthogonal to the z-axis. By expanding the field quantit- 

ies in each layer as a power series of an aspect ratio e (= h/a) and 

using the techniques developed in Chapter 4, the series coefficients 

are determined and are given in Section 5.5. The lowest order terms 

are found to be those given by Classical Laminate Theory and they are 

in agreement with Tang (1975); however, unlike Tang's theory we also 

evaluate the terms of higher order. 

In Sections 5.8 and 5.9 the general solutions obtained are applied 

to a laminated plate containing a circular hole and also to a half 

space subjected to sinusoidal loading. In both illustrations it is 

shown that when the layers contain stiff fibres the magnitude of the 

higher order terms for the stress components greatly exceeds those of 

Classical. Laminate Theory and therefore for such materials this theory 

is not adequate. 
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The final section of this chapter explains why, for layers con- 

taining stiff fibres, there is a breakdown of the power series solut- 

ion. By defining a second parameter k which depends on the elastic 

moduli of the layer, it is shown that for stiff fibres 1/k = (u/E) «1 

where E is the Youngs modulus in the fibre direction. By expanding 

the stress components in terms of k it is found that when the Clas- 

sical Laminate Solution is 0(l) the higher order terms are 0(c2k) 

and- therefore- it a power series solution is to be sought for such mat- 

erials, then it must account for parameter k as well as the aspect 

ratio E. 

5.2 NON DIMENSIONAL FORM OF THE EQUATIONS OF 

LINEAR ORTHOTROPIC ELASTICITY 

In Chapter 4 the non dimensional. form of the equations of linear 

elasticity were derived. for a transversely isotropic material with a 

preferred direction parallel to that of the Z axis. We now derive 

similar results for anisotropic materials; in particular we consider 

materials which, in the notation of Chapter 1, consist of fibres having 

a preferred direction. oß the form 

a= (cos a, sin a, 0), 

where a is a constant. 

By non-dimensionalising the displacement components and the 

co-ordinates (X, Y, Z) in accordance with (4.2.6) and (4.2.8), the 

following constitutive equations are obtained from (1.3.11) for a 

(5.2.1) 

material which has one plane of elastic symmetry, 
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a, c11 c12 c16 au/ 3x c13 
aI= c22 X26 av/ay +£ 

33w 
X23 (5.2.2) 

yy 

axy sym. c66 aU/ Y+ 9V/3x c36 

I auiax 
(C ,CC av/ay + 

C33 aw 
(5.2.3) 

zz 13 23,36 E az 

auiaq + avian 

yz _ 
c44 c45 aw/aq 

1 X44 c45 as/az 
+- (5.2.4) 

Qxz sym. c55 aw/ax c55 au/az 

where 

S=h. 
a 

(5.2.5) 

In (5.2.5) a is sonne characteristic in-plane length and 2h represents 

the thickness of the material and it therefore follows that for a thin 

layer 

E«1. (5.2.6) 

The stress components satisfy the non dimensionalised stress equilib- 

rium equations given by (4.2.11). 

Before proceeding with any detailed analysis of the above equat- 

ions, a brief review of thin plate theory will be made, since the 

results of this theory are employed at a later stage. 
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5.3 STRETCHING OF THIN PLATES 

A single orthotropic plate of thickness 2H is referred to the 

dimensionless co-ordinate system (x, y, z) such that the midplane of 

the plate coincides with the (x, y) plane. Suppose the plate is thin 

and. in a. state of generalised plane stress. Following Lekhnitskii 

(1968), the averaged displacement components are related to the aver- 

aged in-plane stress components by 

Xx Qll Q12 Q16 Hu/ax 
Cyy Q22 Q26 a°/ay (5.3.1) 

Qxy Q66 a^/ay + av/a$ 

where 
ci3cjc 3 Qij = cij a33 (5.3.2) 

and the cij are the elastic material constants of the layer. Sub- 

stituting (5.3.1) into the averaged equations of equilibrium, then 

produces two second order partial differential equations from which 

the averaged displacement components can be determined: 

atü 
+ 2ý 

a2ü 
+ 

atü 
+ 

a2ý 
+A 

2ý a2v 
Qll ag2 Q16 axay 

Q66 
ay2 

Q16 
ax2 (Q12 + Q66)axay + Q26 2° 09 

y 
(5.3.3) 

a2° 
+ 2A 

2. 
+Q 

a2° 
+A 

a2u A2 atü X66 
ax2 

Q26 axay 22 ay2 
s16 

ay2 
+ (Q12 + Q66)aYay + Q26 

ay2 
= 0. 

An alternative approach to solving generalised plane stress 

problems is described by Milne-Thomson (1960). By inverting (5.3.1) 

we obtain 
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ad/ R11 R12 R16 axx 

öv/ äy = R22 R26 ayy 

äü/ ay + ate/ ax sym. R66 a 

where 

(5.3.4) 

AA ^2 ^A^AAAAA 
A 

ß22Q66 - Q26 Q16ß26 Q12Q66 @12@26 Q16Q22 

R11 0' 
R12 0 16 D' 

AA A2 AAAAAA A2 
e11 Q66 - Q16 Q12Q16 Q11R26 

A 
Q11Q22 - Q12 

R22 =0, R26 -A R66 °A 

(5.3.5) 

A2 A 

A= Qi1(Q22Q66 - Q26) Q12(Q12Q66 - Q16Q26) 

+ Q16(Q12@26 Q16Q22) ' 

The averaged stress equilibrium equations are satisfied identic- 

ally by introducing the stress function X(x, y) such that 

cr 
xx ay2' 

Qyy 
ax 2' Qxy - axay , 

and then from the strain compatibility equation (1.2.3) and (5.3.4) 

we find that x(x, y) satisfies the fourth order partial differential 

equation 

R22 
ax4 

2R26 
ax3ay 

+ (2R12 R66)ax2ay2 

4 
-2R16 

a3+R 
11 

a=0. 
(5.3.7) 

axay ay4 

These equations can be rewritten in the form 

ßäq-slä)ßäy's2ä; )(j-33äX'ýäy-34äýx=ýý (5.3.8) 
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where the si are the roots of the characteristic equation 

432 
Rlls - 2R16s + (2R12 + R66)s - 2R26s + R22 = 0. (5.3.9) 

Milne-Thomson (1960) has shown that none of the roots of (5.3.9) 

can be. real and therefore we denote them as sl, s2 and their complex 

conjugates s1 and s2. We note that for isotropic materials 

sl = s2 

and in. such cases (5.3.8) reduces to the usual bi-harmonic equation 

v4 ov= a2 a2 X 
ax2 ay 2 (5.3.11) 

We introduce 

zý =x+ siy, zi =x+ SiY, (5.3.12) 

so that 

aaaaAaa TX = -az + a-i' ay = sj aZ + sjaz 

By substituting (5.3.13) into (5.3.8) we obtain 

a4x 
3z13z1az2a2 

2- 
ý' (5.3.14) 

The general solution to the averaged stress and displacements 

can now be obtained by solving (5.3.14) and then using (5.3.4) and 

(5.3.6). Following Milne. Thomson, we express these general solutions as 
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ü= 2Re(P141 + p? 2 (5.3.15) 

2Re(g1 + q? 2) 

Qxx = 2Re(s24l + s202), 

= 2Re(ci + (5.3.16) 
Y9 

Qý _ -2Re(sl4i + s2ý2) 

where, for j=1,2 

z3 =x+ shy, 

2 
pj - R11sj + R12 - R16si1 (5.3.17) 

ZA 

,. 
Rs +RR 12 22 26 

qi = gi 

and ýi(zi) are analytic functions of their arguments. 

The resultant forces produced by the stress components in 

(5.3.16) on planes normal to the (x, y) plane are given by 

Tx 
xx 

Ty = 2H Qyy (5.3.18) 

T- 
xy xy 

and the bending moments acting on these planes are identically zero. 

5.4 BENDING OF THIN PLATES 

The approximate bending theory for a thin plate of uniform thick- 

A 
ness 211 is based on the following two assumptions: 
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(i) Plane sections, which in the undeformed state are normal 

to the middle surface, remain plane and normal to the. bent middle 

surface during bending; 

(ii) The normal stress azz in cross-sections parallel to the 

x-y plane is small compared with the stress components in the trans- 

verse cross-sections. 

Following Lekhnitskii (1968), assumption. (i) gives 

where 

A^ 
äw 

^^ 
äw 

u= -Ez ax V= -Ez ay, (5.4.1) 

A 

E=a (5.4.2) 

In (5.4.1), (G, v, ') is the displacement field referred to Cartesian 

axes (x, y, z) and non-dimensionalised in accordance with (4.2.6) and 

(4.2.8). 

By employing (5.4.1), the constitutive equations are 

2., 2 CY 
xx 

Q11 Q12 Q16 a ax 

2^ 2 
yy = -Ez 

Q22 Q26 a Wray (5.4.3) 

axe, Q66 23 W/axay 

Substituting (5.4.3) into the first two equilibrium equations and inte- 

grating them with respect to z gives 

cy xz 2 
Q11 3 w/3x3 + 3Q%16 a3W/ax23y + (Q12 + 2Q66)a3O/axay2 

_ ýc 2+ Q26 a3W/ays 
cr yz Q16 a3w/ax3 + 12 

+ 2Q66)a3w/ax2öy + e26 a3w/3xay2 
+ Q22 a3W/ay3 

(5.4.4) 
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From the third equilibrium equation, it follows that w satisfies the 

fourth order partial differential equation 

4% 4ý 4,, 
Q11 

ä%4 
+ 4Q16 

aa3ay 
+ 2(Q12 + 2Q66ýaa2ay2 

4� A 4ý 
+ 4Q26 a3 

+ Q22 
4=0, 

(5.4.5) 
öxäy öy 

which we write as 

(öy - a1 a )y a2 öx)(ay - a3 ax)'(ýy - a4 8x)W = 0. (5.4.6) 

A comparison of (5.4.5) and (5.4.6) shows that the ai satisfy the 

following characteristic equation 

e22a4 + 4Q26a3 + 2(Q12 + 2Q66)a2 + 4Q1 6C' + Q11 = 0. (5.4.7) 

Lekhnitskii (1938) has shown that (5.4.7) has no real roots and 

accordingly we take the roots to be al, &2 and their complex conjugates. 

The analysis is now very similar to that considered in the 

previous section. We let 

zý =x+ any, z3 =x+p, iy (5.4.8) 

where () denotes the complex conjugate. Since 

aaaaaa äX = 
Zý 

+ az ay = aj aZ + aj az (5.4.9) 

it follows from (5.4.6) that w satisfies 
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aW 
aZlaZ = o. 

1ax2ai2 

Again we note that for isotropic materials 

CL = ä2 

and in such cases (5.4.6) reduces to the bi-harmonic equation 

4w 7 

The general solution. for w, from (5.4.10), is 

2Re((D 1+ 
02), (5.4.13) 

where (D i(zi) are analytic functions of their complex arguments. 

If Equations (5.4.3). are integrated through the thickness of the 

plate, it is found. that there is no resultant. force due to the in- 

plane stress components. The resultant shear forces are given by 

N1Q 

ýx =H ^xz 
dz, (5.4.14) 

N -1 Q 
y yz 

and the bending moments acting on planes normal to the (x, y) plane 

are 

Mxx 
xx 

Myy 
z Qyy dz. (5.4.15) 

1 

Hcy xy 
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5.5 POWER SERIES EXPANSION FOR A LAYER 

We now develop a power series expansion solution for the stress 

and displacement components in a typical layer of the laminate. The 

boundary conditions satisfied by these solutions are stated in Sect- 

ion 5.7 and at. this stage of the analysis we only require the tract- 

ion free condition imposed on the lateral external surfaces of the 

laminate. 

We assume that in a typical. layer, the displacement components 

can be represented by a power series in the aspect ratio E. 

w 

u(x, y, z.; E) = uo + Eul + E2u2 + 

v(x, y, z; E) = vo + £vl + C2v2 + ..., 

w(x, Y, z; E) = wo + £w1 + E2w2 + .... 

Then it follows from (5.2.2), (5.2.3) and (5.2.4) that the stress 

components will be'oß the same form 

Q(x, Y, Z; c) C (x, Y, z), 

n=-1 

where a is a generic symbol for each stress component. 

Substituting (5.5.1) and (5.5.2) into (5.2.2), (5.2.3) and 

(5.2.4) and the stress equilibrium equations (4.2.11) we obtain, 

(5.5.1) 

(5.5.2) 

by equating coefficients of the same order in e, a sequence of part- 

ial differential equations which involve the coefficients in the 

expansions (5.5.1) and (5.5.2). The equations of order E(i) are 

cr 
xxi 

Lym. 
11 c12 c16 Dui/ax c 13 

a ayyi c22 c26 avi/3y + X23 3z+1 
xyi c66 aui/äy + övi/ax c36 

(5.5.3) 
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awa21 zzi 
_1 

i3ui/x 

) av/ay (cc 23, c 36 i 
33 C 33 

13' 

aui/ay + avi/ax 

ä ui+l 
_ 

X55 C45 -1 axzi awi/ax 

az 
vi+l c45 c44 6yzi awi/ay 

and 

xzi a/ ax 0 aiay 
ý 

aQ 
aZ ayzi 

--o 
aiay aiaX yy(i-1) 

ýxy(i-1) 

cyyz (i-1) 

(i) Terms of Order C1 

Since Qijk =0 when k< -1, we find from (5.5.6) and 

(5.5.7) that Cxz(-1)' (yyz(-1) and Qzz(-1) are functions of x and y 

only. Therefore, in order that the stress-free conditions on the 

lateral surfaces of the laminate be satisfied, we take 

CY 
xz(-1) 

= CY 
yz(-1) 

= Qzz(-1) 

It follows from (5.5.4) and (5.5.5) that 

u0 = u0(x, Y), V0 = v0(x, Y)r w0 = w0(x, Y). 

(5.5.4) 

(5.5.5) 

(5.5.6) 

(5.5.7) 

(5.5.8) 

(5.5.9) 
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In Chapter 4, the lowest order displacement components were 

chosen to be the displacement components of an equivalent isotropic 

plate. In a similar manner, we require the displacement field given 

by (5.5.9) to. be the displacement field in a single equivalent aniso- 

tropic plate and is determined by the thin plate theory of Sections 

5.3 and 5.4. The details concerning the elastic material properties 

of equivalent plate are deferred to Section 5.6. However, it should 

be. emphasized, that in the analysis to follow, hatted quantities will 

refer to the 'equivalent plate solution' so, for example R refers to 

the equivalent elastic. constants, 

Hence, from. (5.3.15) and (5.4.13) 

u0 = 2Re pioi, 

vo = 2Re q 

wQ = 2Re ýi, 

where the summation is carried out for i=1,2 and Re denotes the 

real part-of'. In the analysis to follow, derivatives of (5.5.10) 

are obtained from the differential operators (5.3.13) and (5.4.9). 

Finally, from Equations (5.5.3) we obtain 

(5.5.10) 

axx(-1) = ayy(-i) =Q 
xy(-1) 

=0 (5.5.11) 

since ui = vi =0 when i<0. 

(ii) Terms of Order eo 

Substituting (5.5.8) and (5.5.11) into (5.5.6) and (5.5.7) 

shows that axzo' cl 
yzo 

and Qzzo are functions of x and y only. We 
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therefore take 

= xzo 
Q 

yzo =ß 
zzo = 0. (5.5.12) 

and it follows from integrating (5.5.. 4) with respect to z that 

wl = -2Re 
I{aiz + Sli}oil (5.5.13) 

where Sli are arbitrary constants and 

2> 

_1^ 
si 

ai c33(c13) 023) 0 36)R 1, (5.5.14) 

i 

In (5.5.14), use has been made. of relationships (5.3.9) (5.3.17) 

and 

R11 

R= 

sym. 

R12 R16 

R22 R26 

R66 

From (5.5.5) and (5.5.12) we obtain 

_ -2Re 
I{(z + B11) }ýi, (5.5.15) [:: ] 

1 

ail 

where Bli are arbitrary constants. Substituting (5.5.10) and (5.5.13) 

into (5.5.3) gives 
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A2 
xxo 

gi 

ýýo 
= 2Re J{QR 1 (5.5.16) 

Qxyo -si 

In (5.5.16), Q represents the reduced elastic moduli matrix of the 

layer. The elements of Q are related to the cij by 

Qij = cif - 
13 3 

33 
i, j = 1,2,6. (5.5.17) 

(iii) Terms of Order c1 

From (5.5.12) and (5.5.7) we find that aZZl is a function 

of x and y only. We therefore take 

cyzzl ý' (5.5.18) 

and it then follows from integrating (5.5.4) that 

2 
w2 = 2Re {b 

i(2 + Bliz) + B2i}ýi' (5.5.19) 

where B21 are arbitrary constants and 

i 

^ bi 
X33<C13 , 

X23 
, X36) ai (5.5.20) 

A 2c% 

By substituting (5.5.16) into (5.5.6) and integrating with respect to 

z we obtain 
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xz1 
S2i 

- 
Q= -2Re 

I{diz +S }0i 

yzi 31 

where S21 and S31 are. arbitrary constants and 

A2 
1 0 s: 

QR 

gi 

1 
0 si 1 ýý -si 

The remaining displacement components can now be determined by sub- 

stituting (5.5.21) and (5.5.13) into (5.5.5) and integrating as 

follows 

1u2 2 14i) = 2Re {ei + ßz + [s5jj1'i'2 

where S41'S51 are arbitrary functions of x, y and 

i1 
ei = ai - cdi, 

si 

fi =s1-c 
S21 

li si - S31 

X55 °45 -1 
, 

c45 c44 

From (5.5.3) and (5.5.15) we obtain 

xx1 
11 

ýyý -2Re 
j{(z + B1i)Q Cti }ýi" 

Qxyl tai 

(5.5.21) 

(5.5.22) 

(5.5.23) 

(5.5.24) 

(5.5.25) 

(5.5.26) 
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(iv) Terms of Order e2 

Substituting (5.5.21) into (5.5-. 7) and integrating with 

respect to z gives 

2 
cr 2Re j{(l, sdi 2+ (l, si) 

S21 
S6i}4i (5.5.27) 

zz2 S31 

where S61 are arbitrary constants. Employing (5.5.26) and integrat- 

ing Equation (5.5.6) gives 

xz2 = 2Re {ýi( Z+ Bliz) + 1Bai }$i' (5.5.28) 
ayz2 B41 

where B3i'B41 are arbitrary constants and 
I 

0ä1., i ý2 Q ai (5.5.29) 
0 ai 1- 

tai 

By substituting (5.5.28) and (5.5.19) into (5.5.5) and integrating 

with respect to z we obtain 

ýu 

3= 
2Re {ki 6+ B11 E2 

3 
(5.5.30) 2)+ miz + 

[B6jj 

where B5i'B61 are arbitrary constants of integration and 

1 
ki = cgi - äi bi, (5.5.31) 

B31 
ý'i -c B4i a, i 

B2i (5.5.32) 
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The in-plane stress components can now be evaluated-from (5.5.4), 

(5.5.5) and (5.5.23),, (5.5.27) as follows. 

Cxx2 
2 

cr = 2Re L{Ai 
2+ Biz + Ci + Qä1 

S41 
}ýiý (5.5.33) 

S51 
C 

xY2 

where 

10 c13 

_A1 ni R0 si , ti 
c33 

-23 

si c36 

Ai = 9niei + ti(l, si)di, (5.5.34) 

B1 = Qnifi + ti(1ýs1) 
S21 

(5.5.35) 
s3i 

Ci = tiS6i 

(v) Terms of Order c3 

(5.5.36) 

Integrating the third stress equilibrium equation (5.5.7) 

gives 

crzz3 = -2Re 
J{ (1-, & gi(6 + B11 

2)+ 
(1, ai) 

B31 
z+ B71}Oiv, (5.5.37) 

$41 

where B71 are arbitrary constants of integration. By substituting 

(5.5.4) into (5.5.3) and employing (5.5.37), (5.5.30) we obtain 
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where 

CT 
xx3 

Q3= 2Re J{Di(6 
32. 

+ Bli 2i + Eiz + Fi + Qri 
B51 

Pt V, (5.5.38) 
yy B6i 

Y 
xy3 

10 

A ri =0 Cci , 

A ai 1 

A Di = Qriki - tiUICIi)git (5.5.39) 

A_ 
Bai 

Ei = Qrimi ti(llai) 
B 

(5.5.40) 
41 

F. = -tiB7i. (5.5.41) 

By continuing the analysis, the higher order terms in the stress 

and displacement components can be evaluated. However, for our 

purposes these terms are taken to be negligible. It was shown in 

Chapter 4 that for a transversely isotropic material these higher 

order terms are identically zero, but this is not the present case. 

The complex functions ý and 0 are determined from the equival- 

ent plate solution, and by examining the expansion coefficients we 

find that they are expressed in terms of (D, ý and their derivatives. 

The leading terms of the displacement components have been chosen to 

be the displacements in the equivalent plate and therefore the lowest 

order stress components are those given by Classical Laminate Theory 

(Christensen 1979). 

It is seen that there is an uncoupling of the 0 and ý terms. 

The ý terms are identified as the stretching terms, whilst the 0 

terms represent the bending terms. 
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5.6 EQUIVALENT ELASTIC CONSTANTS FOR STRETCHING AND BENDING 

The laminated plate under consideration. consists of N different 

orthotropic layers and in the rest of this chapter, the superscript 

(Q) will be used to denote. field quantities in the Zth layer. In 

this notation, we suppose that the uniform thickness of the 2th layer 

R) 
is 2h . 

An equivalent plate is defined as a single homogeneous plate 

which is of the same overall geometry as the laminate and has material 

properties which are obtained by an appropriate averaging of the mater- 

ial properties of the laminae. In, Chapter 4 it was shown that the 

stretching and bending deformations each gave rise to a different set 

of equivalent elastic constants and therefore we again consider each 

of these deformations separately. 

(i) Stetching 

The in-plane stress resultants in a typical layer of the 

laminate are given by integrating (5.5.16) through the thickness of 

the layer 

�2 ITx si 

[T7 = 2Re 1{2hQR 1+ 0(c)2. (5.6.1) 
i 

TX -si 

It follows that the stress resultant on planes normal to the mid-plane 

of the laminate is given by 

T(' si 
x N 

T(2, 
) 

_ 2Re 
c 

2h(R, 
)Q(R)R 1 }ýi + p(E)2. (5.6.2) 

QG=i [TJM Li 
L=1 

-s 
xy 
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The equivalent stress resultants, given by (5.3.18), are 

,. ^2 Tx si 

Ty = 2Re {2H 1 (5.6.3) 
i 

TxY -si 

A 
where 2H is the uniform thickness of the equivalent plate and is 

given by 

N 
2H 2hýýý 

L=1 

y 

For the lowest order stress resultant in (5.6.2) to equal that of 

(5.6.3), it follows that 

Hence 

2HI =I 2h Q R. 
R=1 

(1) M 

R1=Q 
Q=1 

H (5.6.4) 

These quantities define the material properties of the equivalent plate 

for stretching. 

00 Bending 

The bending moments acting on planes normal to the mid- 

plane of a typical layer are 

IM 1 iii lxX 
[MJ 

yy =-¬2Re i{32 h2QaiZ}c +0(E) 

Mxy 2i 
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and the stress resultants are given by 

T1 
x 

Ty = -e2Re 
j{2hB1iQ äi + 0(e)2. 

Txy 2aiJ 

(5.6.6) 

It follows from (5.6.5) and (5.6.6) that the resultant bending moment 

acting on planes normal to the plane of the laminate is 

M(Z) T(Q) 

sM (9, ) 
+11 T(Z) (h(J-1) + h(j)) 

1C=1 
MýQ) 

Q=1 j=1 
T(Q) 

XY x9 

= -2Re 
j{ 1 £(Z) 

3 
h(t)Q(Z) +LN 

(C) 

E(9. 
) 

2h(Z)B(9, 
)Q(9. ) 

i 2. =1 Z=1 j==1 
li - 

1 

x (h(J-1) + gQ)) } &2 Vj, + 0(c) 
3. 

(5.6.7) 

2a 

The corresponding bending moment for the equivalent plate is obtained 

from (5.4.15) and given by 

M1 

MYY = -2Re 
j{E 3H äi VI (5.6.8) 

NXY 2&1 

If we define Q such that the bending moments in (5.6.7) and 

(5.6.8) are equal to lowest order, then 

= 
1{ 

cL 
E(Q)h(Q)2 

Z) 
+6c 

(c) 
E(Q)h(Q)(h(ý) + h(ý-1))B(Q)Q(Q)} 

. CH Q=1 Q, 
L=1 

jG=] li 

(5.6.9) 
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Equation (5.6.9) defines the material properties of the equivalent 

plate for bending. We note that the definition involves the arbit- 

rary constants Bli which are determined by the through thickness 

continuity conditions given in the next section. 

5.7 SATISFACTION OF THE THROUGH THICKNESS CONDITIONS FOR 

A LAMINATED PLATE 

We consider a laminated plate consisting of N different ortho- 

tropic layers as shown in Figure 5.1, where each layer is referred to 

local co-ordinates (x, y, z(Q)). The plane given by z(Q) =0 coincid- 

es with the mid-plane of the layer 

(N) 
z 

ZY-) 

Zýýý 

Zýý' 

CND 2F, "' 

a-ý) 
24 

ý, ý 2h°, 

Figure 5.1. The Laminated Plate 

The solution to the stress and displacement components in a 

typical layer has been obtained in Section 5.5 and we now state the 

through thickness conditions which will determine the Si and Bi. 
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It the layers are perfectly bonded together then at each inter- 

face we require continuity of the displacement components and the 

z components of stress. Hence 

=+1 
X=2, ... , N, (5.7.1) wz (ý) 

=-1 
_wz (1Z-1) 

U(Z) I 
__ 

(2, -1) 

z(2, 
)=-1 u 

z(Q-1)=+1 ' °(ý) (L)_ ° y(ý-1) I 
(R)_ , (5.7.2) 

z -1 z =+1 

CF( ý 
.) Iz(Q)=-1 ýýZ) Iz(Q. 

+1) 1Q=2, ..., N, j=x, y, z. (5.7.3) 
=+1 

The bounding lateral surfaces of the laminate are kept traction 

free, so 

QýZ)I (N)=_ = 0, Q(Z)I (1) = 0, j=x, Y, Z. (5.7.4) 
Z, Z =-1 

We note that conditions (5.7.4) were satisfied in the development of 

the solutions given in Section 5.5. 

(A) Stretching Solutions 

For a typical layer of the laminate we have, from 

Section 5.5, that 

fu Pi 
z2 

Sqi 

V= 
2Re 

Ai+E2 
2Re i{ei 

2+ Yiz +S }ýi + 0(E)4 (5.7.5) 
i 51 

w= -E2Re j(aiz + Sli}ei + 0(E)3, (5.7.6) 
i 
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Qxx s 

Q= 
9y 

2Re l{(QR 1 
i 

-s i QXY 

2 
+ E22Re G{A 

Z+ Biz + Ci + QÄi 4i }ý1 + 0(c)4, (5.7.7) 

1 ~ý S 
51 

ýXZ 

= -C2Re 
J{d Z+ 

21 
+ 0(c)3, (5.7.8) 

ayz i1S 31 

E22Re 1{(l, s )d ZZ + (l, s ) 
21 

z+ S61}ý�ý 4 
zz ii-. 

i 2i S31 i+ 0 (E) (5.7.9) 

At the interface between the Qth and (Z + 1)th layer the continuity 

conditions (5.7.1), (5.7.2) and (5.7.3) are satisfied if 

S(R+1) _ 
E(Q) (a(Q) + S(9)) + a(2+1) li 

e(2. +1) i 

S(2, +1) (Q) S(2. ) 
21 

+ 
E-{d(Q) 

+ 
21 }+ d(Z+1) 

S(ý, 
1) I 

ý( 
) ýi S(2. 

) 
3i 31 

(9+1)2 d(Q+1) S(Z+1) 
S(2) =E{ (l, s )(- i- 2i+ 

)+ S(R+1) } 
61 (17 12j 

S(R, 
1) 61 

l 31 

LM 
S(ý') 

21 
+ 

S(Q) 31 

Q=N -1, ..., 1, (5.7.12) 
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2 S(ý) 2 e(1) (Q)Z 
( Q) 41 

E 
S(ý) 

-E2-2 ei 

51 

+ 
(c) 

{c (J-1) 
+ c(i)2g(3) } G 

., i .. i j=2 

2 S(1) 
(1) 41 

S(1) 5i 

Z=2, ..., N. (5.7.13) 

Hence, for an N layer laminate, we have 6N arbitrary functions 

which are chosen to satisfy the above 6N -6 continuity conditions, 

together with 4 conditions which. arise from the stress-free conditions 

specified at the bounding surfaces of the laminate. Without loss 

of generality, this leaves the arbitrary functions S(l) and S(1) in 41 51 

(5.7.13) disposable. At a later stage, we discuss how to choose 

these functions. 

(B) Bending Solutions 

The stress and displacement components in a typical layer, 

given-in Section 5.5, are 

u 11 

V= 
-E2Re 

i{(z + B11) äi }ýi 

32 
+ E32Re J{ki(6 + B11 

2)+ m1z +BB 
51 

+ O(E)5 

61 

w= "2Re 
1e+ C22Re 1{bi(2 + Bliz) + B21}ei + 0(£)40 

(5.7.14) 

(5.7.15) 



- 149 - 

Q1 
xx 

a= -C2Re 
J{(z + Bli)Q a2 }Vi 

yy i 
QJy tai 

xY 

+ E32Re J{Di( 
32+ 

B11 
2) + Eiz + QTi 

B5i 
+ 0(x)5, (5.7.16) 

iy B61 

xz 
= e22Re {g (Z2 +g z) 

[B3i1 

}O,,. + 0(e)4, (5.7.17) ýyz 
i12 

li 
Bi 

41 

32B 
QzZ -e32Re 

i{(1, ä)1(6 + 81i 
2)+ (1 ) 

B31 
z+ 87i}ýi. t, (5.7.18) 

41 

The continuity conditions given by (5.7.1), (5.7.2) and (5.7.3) are 

satisfied at the interface of the Qth and (2. + 1)th layer if 

B(2+1) _ 
E(Z) (Q) 

ii 
E(Q+1)(1 

+ Bli )+1 Q, = 1, ..., N-1, 

(5.7.19) 

51 ßk(2) (1 + 
li 

)+ m(Q) + 
51 } 

B(Q+l) 
2, +1)3L 162 (Q, ) 

61 61 

B 
(Q+1) 

(Q+1)(1 
_ 

11 
)+ m(Q+1) 

(R) 2 (ß, +1) B31 
rE 

(Q+1) 
(2+1) B31 

B(Q) E(k)2 
`gi (} B1i )+ 

B(Z+1) 
} 

41 41 

_9 
(Q) 

+ giiý ý 

Q=1, 
..., N-1, (5.7.20) 

Q=N-1, 
..., 1, (5.7.21) 
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3 (2+1) 

e(_1j (Q+1) 1 (Q+1) 
B31 

B71-) _ -- 
{(l, ai) (g1 g+ 811 )- 

(2+1) 
) 

84i 

BM 
(Q) 1 BU)) + 

31 
a)+ B(2, +1)} 

(gi (6 + li B(2") 
?i 

41 

Z=N-1, ..., 1, 

ß(1)2b(1) £(21)2b(Qý 
(Q) (Q) 

_ii E 821 -2-2 

+C (e(ý)2b(ý)B(j) + E(i-1)2b(i-i)B(i-1)) + E(1)2B(1) L1 li 1 li 21 
j=2 

Z=2, 
..., N. 

For a N-layer laminate we have 7N arbitrary constants which 

satisfy the above 7N -7 continuity conditions together with 6 

conditions which arise from the stress-free conditions specified at 

the bounding surface of the laminate. Without loss of generality, 

this leaves BZi in (5.7.23) disposable. 

From a computational point of view, it is more attractive to 

consider laminated plates which have the mid-plane as a plane of 

elastic symmetry and subjected to mid-plane symmetric boundary con- 

(5.7.22) 

(5.7.23) 

ditions. Accordingly, we consider a symmetric laminated plate formed 

from the one shown in Figure 5.1 by repeating layers 2 to N below 

layer 1 in such a way that the plane z(1) =0 becomes a plane of 

elastic symmetry. We now require that 
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(i) u(1) v(l) even functions of z, w(l) odd function of 

z in stretching, and 

(ii) u(1) v(1) odd functions of z, w(1) even function of 

z in bending. 

This means that for symmetric laminates 

li 

B(1) = 0, 
li 

S2ý = 0, 

B(1) = 0, 51 

S(1) =0. 31 

B(1) = 0. 61 

(5.7.24) 

(5.7.25) 

(5.7.26) 

In addition, the stress-free conditions are all satisfied if 

d(N) S(N) 
S61) _ (1, s1) {ý 

2+ 
(N) 

IS3i 

(N) 

$(N) 
_ -g(N) (+ B(i) 

41 

(5.7.27) 

B(N) B(N) 
B71 c& ) {giN) (6 + 

Z1 
)+ 31 

B(N) 
}" 

41 

and with the exceptions of B2i), S(1) and S51)1 all the arbitrary 

quantities can now be determined directly from (5.7.10) to (5.7.13) 

and (5.7.19) to (5.7.23). 
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INTEGRAL CONDITION 

The disposable quantities in both the stretching and bending 

solutions are determined by introducing suitable integral conditions 

on the field quantities in the laminate. The choice of these con- 

ditions, in general, depends on the nature of a particular problem. 

For example, for a displacement boundary value problem we would imp- 

ose that the average displacement due to the higher order terms is 

zero and it would then follow that the average displacement in the 

laminate would be identical to that of the equivalent plate. Simi- 

larly, for a traction boundary value problem we would impose that 

the resultant traction due to the higher order terms is zero. As 

an illustration of these integral conditions, we consider a symmetric 

laminate being stretched by in-plane tractions. By referring to 

Figure 5.2 we denote 0 and 6En to be the normal and shear compon- 

ents of stress on a curve ý= constant, where (ý, n) are curvilinear 

co-ordinates. 

y 
ý. LOMr4. n. 

ý 

Figure 5.2. 

Following Timoshenko and Goodier (1970) we have 
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Q 
xx ý ýI 

=y (5.7.28) 
yy 

xy 

where 

J(1 + cos 2y) (1 - cos 2y) sin 2y 
I= (5.7.29) 

-#sin 2y sin 2y cos 2y 

Hence, it the E= constant curve is chosen to coincide with the 

boundary of the laminate to which tractions are being applied, then 

we can specify an integral condition which will, result in the result- 

ant traction from the 0(C)2 terms of the in-plane stress components 

to. -be zero on this boundary. Specifically, we assume that 

1xx2 

EZY ßyy2 dz = 0. 
laminate 

L2i 
(5.7.30) 

Equation (5.7.30) represents the two conditions which will determine 

1) 
and S51 (1)* By substituting (5.7.7) into (5.7.30) and carrying S( 41 

out the integration, we obtain. for symmetric laminates that 

3N2 S(1) (1) 

{2Y£(i) (1)Ä 
+41 YE(Q)ý(1) QiQ)ýi} 

(1) Ye(1)3(a 
3+ 

2C11)) 
Q-2 S51 

(Q) N N 
-2j YE(Q)3(A' + 2C(Q)) -41 YE(Q)Q(R, 

)tt 

9, _2 
3 -i 2 

2 e(1) 2 
21) 

_ 

(Q) 
<j-1)2P1ý-1) 

E(ý)2 x {E (1) 
E(Z) + `E +2Z 

1 
(_, 

2 
(5.7.31) 

The remaining S4 
i) 1 S51 now follow directly- from (5.7.13) 

. 
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In the remainder of this chapter, the general solutions for 

the stress components, given by (5.7.7) to (5.7.9), will be applied 

to particular examples. We restrict ourselves to the stretching of 

a symmetric laminate by applied in-plane tractions, though the analys- 

is can be extended to more general cases. 

The computation in these examples is carried out by the computer 

programL- given in Appendix 1. Input to the program is the 

(i) number of layers in the laminate 

(ii) half-width of each layer 

(iii) material constants of a fibre-reinforced material with 
a preferred direction parallel to the x-axis 

(iv) angle of orientation of each layer, given by ct in 
(5.2.1) 

(v) equation of the-curve to which tractions are being 
applied (c. f. Equation (5.7.29)). 

The program evaluates the material constants of each layer by using 

the transformation laws of (1.2.6) and satisfies all the necessary 

through thickness boundary conditions. By using the equation of the 

boundary to which the tractions are being applied and the integral 

conditions given by (5.7.30), all the stress components are evaluated. 

A notable feature of the program is that if the equivalent 

displacements are not available analytically, but can be obtained 

numerically, by, for example, a two-dimensional finite element method, 

then the stress components in each layer can be evaluated from this 

two-dimensional data. by forming the necessary derivatives numerically. 
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5.8 HALF-SPACE SUBJECTED TO SINUSOIDAL TRACTION 

We consider a symmetric laminate occupying the region y>0 

and subjected to resultant tractions on the edge y=0 of the form 

A Qyy = Po sin x= Po Re{ie ix} 
6Xy = 0, y=0. 

The stress at y= 00 is zero. 

(5.8.1) 

In order to solve this problem, we initially consider a single 

equivalent plate which has the same overall geometry as the laminate 

and which, is subjected to the boundary conditions (5.8.1). We denote 

the boundary values of the complex potentials ý1,02 of the equivalent 

plate by 

e1= ý1, ý2 = ý2, y=0. (5.8.2) 

By using (5.3.16) and (5.8.2) we obtain the following two linear 

first order ordinary differential equations for 

dgl dý2 

_ 
dgl dot 

i ix g1 dx + s2 dx 
ý' 

dx dx 2e (5.8.3) 

Solving (5.8.3) and re-introducing the y-dependence gives 

YZ1) - 2(g -2) 
eiz1, 

is 
2(z2) = 2(3 

is 
eiz2, (5.8.4) 212 1) 

where 

zi =x+ say. (5.8.5) 
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Substitution of the potentials given in (5.8.4) into Equations 

(5.7.7) to (5.7.9) will now give the stress components in each layer. 

NUMERICAL RESULTS 

We take the elastic constants of a transversely isotropic mater- 

ial with a preferred. direction parallel to the x-axis to be 

(x 109 Nm 
2) 

K11 =K5.66, K12 = 4.37, K23 = 5.64, 

K22 = 10.57, K66 = 5.66 

where 

K11/K66 

is a specified dimensionless constant. For epoxy resin reinforced 

by carbon fibres K= 40. 

We consider a symmetric laminate consisting of three layers 

of equal thickness stacked according to the scheme [900,0° 
3 

Because of the stacking sequence we need only consider the values 

of the field quantities above the mid-plane of the laminate since 

quantities below this plane can be defined by symmetry. In Table 

(5.8.6) 

5.1 typical values in the variation of the lowest order stress compon- 

ents are given with the thickness co-ordinate when K= 10,40. In 

Table 5.2 the same variation is given for the higher order components. 
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a 
xx 

/P 
0 

Q 
yy 

/P 
0 

axz /P 
0E 

axx/P0 Q 
yy 

/P 
0 e axz /P 

0 

= 1.0 z 0.28 1.38 0.0 0.08 1.47 0.0 
2 0.5 -0.24 -0.32 

z = 0.0 -0.49 -0.64 
2 

-0.5 -0.73 -0.97 

z = -1.0 0.28 1.38 -0.98 0.08 1.47 -1.29 
2 

= 1.0 z 1.75 0.24 -0.98 2.01 0.07 -1.29 l 0.5 -0.49 -0.64 

= 0.0 z 1.75 0.24 0.0 2.01 0.07 0.0 
l 

(i) (ii) 

Table 5.1. Variation in the Lowest Order Terms with Thickness 

(y = 0) 

(i) K= 10 (ii) K= 40 

I 

When K= 10, the magnitudes of the in-plane higher order terms in 

the fibre direction are of 0(10c2) compared to lowest order terms of 

0(1) and interlaminar shear stresses of 0(E). The 0(1) terms are 

from a homogeneous displacement at y=0 and give rise to resultant 

loads given by (5.8.1). The lowest order terms therefore represent 

the stress field which would be obtained from Classical Laminate Theory 

(CLT). If e is small such that 0(10C2) is negligible, the resulting 

in-plane stresses are those which would be obtained by CLT but, in 

addition, there is the prediction of weak interlaminar shear stresses. 

As K increases in magnitude so do the higher order terms and 

therefore for large values of K the solution cannot be taken up to the 

boundary y=0 unless E«1. For K= 40 we have at the boundary, 

correction terms of 0(80E 2) 
compared with lower order terms of 0(1). 

If we place a restriction on the geometry by stating that c«1 then 
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again the higher order terms can be neglected. But in such cases, 

the interlamina shear stresses become small. If the restriction on 

the geometry is not practical, then the solution will be valid in 

regions sufficiently far from y=0. 

The typical values given in Table 5.3 are for the higher order 

stress components when the stacking sequence is [-45,45]x. Comparing 

these values with those given in Table 5.2 shows that there is a signi- 

ficant drop in the magnitude of the higher- order terms. This is due 

to. the fact that for the [-45,45] 
s stacking the fibres are not directly 

carrying the prescribed loads- and it would therefore be reasonable to 

suppose that the values given by Table 5.2 represent an extreme case. 

For laminates consisting. of layers which are stiff in the fibre 

direction, the. higher order terms greatly exceed the terms of lowest 

order which is in sharp conflict with Tang (1974) who supposes that 

the lowest order terms represent the 'interior' solution to sufficient 

accuracy. This behaviour in the higher order terms is attributed to 

the fact that for strong fibres 1/K «1 and therefore we have two 

small parameters in the analysis. This means that the original asympt- 

otic expansions in e for the displacement components cannot be valid 

since they do not take into account the presence of the large para- 

meter K. 

5.9 CIRCULAR HOLE IN AN INFINITE LAMINATE 

We next consider an infinite laminate consisting of transversely 

isotropic layers and containing a circular hole of radius a. The 

laminate is subjected at infinity to a resultant uniaxial load Po, in 

thedirection of the x-axis and there is zero resultant in-plane load 

applied to the surface of the hole. 
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Initially we consider an equivalent plate subjected to the Pol- 

lowing boundary conditions: 

Q=P6=, 
xx 0 xy 

0 r= �<x2 +y2) -" (5.9.1) 

Hale Stress Free. 

Following Savin. (1961), the complex potentials of the equivalent 

plate are 

Z1 
e *. =1_1 L1 - 

2(s1 - s2) 2(sl - s2)(1 + is 
l) z1 - (1 + 1)} 

1+ z2 
} 

2 
s2 - s2) 2(sl + s2)(1 + is 

2) z2 - (1 + s2 2 

where 

zý =x+ si 

Substitution of the complex potentials given in (5.9.2) into (5.7.7) 

to (5.7.9) gives the stress components in each layer of the laminate. 

From Equations (5.9.2) we find that the behaviour of the potent- 

ials for large r is 

1i-11 
ý< 2) . 1ý ti 22+ 2(sl - s2) r 2(s1 - s2) r 

and therefore the interlamina shear stress components decay as 0(1/r3) 

whilst the higher order in-plane stresses decay as 0(1/r4). 

(5.9.2) 

(5.9.3) 

At infinity the displacement field in the laminate is homogeneous 

and gives rise to a resultant load given by (5.9.1). Hence, in this 

region the solution is the solution that would be predicted by Classical 

Laminate Theory. 
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NUMERICAL RESULTS 

For numerical purposes we have taken a three-layer [90,0], lamin- 

ate, the elastic constants in each layer being derived from (5.8.6). 

In Table 5.4 the leading stress components are given at the hole sur- 

face when x=0, y=1, and for comparison the higher order stresses 

are given in Table 5.5; in each table K has been taken to be 10. 

ýxx/P0 ýyyýP0 CY xz/P0 

z = 1.0 1.007 -0.114 0.0 2 
0.5 0.976 

z2 = 0.0 1.952 
-0.5 2.928 

z2 = -1.0 1.007 -0.114 3.904 

zl = 1.0 8.298 0.227 3.904" 
0.5 1.952 

z =0 8.298 0.227 0 0 l . 

Table 5.4. Variation in the Lower Order Terms with Thickness, 
K= 10. 

axx/P0E Qyy/P0E2 a /P0E2 

z2 = 1.0 120.6 266.2 0.0 
0.5 108.1 217.5 0.942 

z2 = 0.0 72.95 -99.78 3.768 
-0.5 15.25 -98.44 8.479 

z2 = -1.0 -65.0 25.78 15.07 

zl = 1.0 -698.6 -7.15 15.07 
0.5 -846.1 41.09 20.73 

zl =0 -928.6 57.18 22.61 

Table 5.5. Variation in the Higher Order Terms with Thickness, 
K= 10. 
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The resultant in-plane load on the hole surface is zero as a 

consequence of the definition of the equivalent elastic constants and 

the. integral conditions (5.7.30) and therefore by Saint Venant's principle 

the stress solutions are valid sufficiently far from the hole. When 

K= 10 the higher order terms given in Table 5.5 are 0(103 E2) compared 

with leading terms of 0(10) and interlaminar stresses of 0(3E). Hence 

for C«1 such that 10 
3c2 

is negligible, the stress components at the 

hole surface are exactly those given by CLT with the addition of very 

weak interlamina shear stresses. For larger values of K the in-plane 

higher order terms greatly exeted the leading terms at the boundary and 

for practical. purposes the higher order terms cannot be made negligible 

by an appropriate choice of E. This means that for K»1, CLT solut- 

ions are not sufficient solutions. 

5.10 THE BEHAVIOUR OF THE STRESS COMPONENTS WHEN K»1 

In this section we explain why there is a breakdown in the power 

series expansions for the stress components when K>1. For a trans- 

versely isotropic material which has strong fibres 

K= (ß/u) » 1, 

where ß and u have dimensions of stress and are defined by (1.3.2). 

Expanding the stress components in (5.7.7) to (5.7,9) as power series 

(3.10.1) 

in (ß/u) for a {90,0]s laminate we obtain 



- 163 - 

a(2) , 
ßßi+ý2+e2(ß Q1 +ýýZ') 

Q(1) ti u ýý 
ß 

ý' + c2( "+ 
$2 

0.1, ) 
xx ß1 }1 21 

11 
22 

2 
Q(2) ti + ýI + c2(o" + ýq. j ) 

yy 121 
112 

2 

Qty) ti ß 01 + ý2 + £2(ß ý1' +ß Vi ). 

(5.10.2) 

We now examine the behaviour of these stress components in relat- 

ion to the illustrations of Sections 5.8 and 5.9. 

HALF-SPACE SUBJECTED TO SINUSOIDAL LOADING 

By expanding the complex potentials given by (5.8.4) as a power 

series in (u/ß) we find that at y=0 

Q(2) 
" =i-{0(1) + O(c2 

ß)} 

0 

Q(1) 
P= 0(1) + 0(E2 

0 

(2) 
PY 

= 0(1) + O(EZ 
0 

Q(1) 
Y= ßC0(1) 

+ O(E2 
ß)}, 

0 

(5.10.3) 

For a fixed value of g, it is seen from (5.10.3) that the higher 

order terms in a(1) and Qyy). increase as ß/u increases, and as a result 

produce high tensile stresses in the fibre direction. For these 
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terms to be small compared with the leading terms we must have 

g« (5.10.4) 

Equation (5.10.4) must be satisfied in order that Classical Laminate 

Theory is valid. 

CIRCULAR HOLE IN AN INFINITE LAMINATE 

The behaviour of stress components for large ß/u at the hole 

surface when x=0 is obtained- by expanding the complex potentials in 

(5.9.2) and using (5.10.2 ) as follows 

Q(2) 2 
xxx = (ß)i{0(1) + O(E2 

ß2) } 

0u 
(5.10.5) 

(1) 
-P 

= (ß)i{o(1) + O(e2 
ß2)}. 

-XX 
0u 

In developing asymptotic expansions for the stress components 

it was assumed that each component can be written as a. power series in 

e and it was shown that the lowest order terms represented the stresses 

predicted by Classical Laminate Theory. These expansions are satisfact- 

ory provided the coefficients of C remain reasonably well behaved. 

For layers containing strong fibres we have shown that the coefficients 

of the 0(C2) terms are much larger than the coefficients of the 0(l) 

terms. This behaviour indicates that Classical Laminate Theory is not 

applicable to such materials. 
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CHAPTER SIX 

END EFFECTS ON A LAMINATED SEMI-INFINITE STRIP 

6.1 INTRODUCTION 

The usefulness of the theory presented in Chapters 4 and 5 is 

based on the validity of Saint Venant's principle which in effect 

states that where boundary conditions are satisfied in an average 

sense the stress components thus obtained represent the state of stress 

sufficiently far from the boundaries. 

In this chapter we examine the stress field in the immediate 

vicinity of a boundary in a laminated plate. We consider a semi- 

infinite isotropic laminated strip which occupies the region x>0, 

-H <z<H where 2H is the thickness of the strip. The end x=0 is 

subjected to prescribed conditions which are given by the theory of 

Chapter 4 and we assume homogeneous boundary conditions on the lateral 

boundaries z= ±H. In the case of a homogeneous isotropic elastic 

strip the solution is given by a series of Fadle-Papkovitch eigenfunct- 

ions and the exponential decay of the end effects is characterized by 

the smallest real part of all the eigenvalues. 

After a review of some basic results we consider (Section 6.4) 

a laminated strip consisting of an infinite number of layers. This 
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is to ascertain whether the surfaces z= ±H have an appreciable effect 

on the decay rates of the stress components. In Section 6.5. we derive 

the characteristic equation for a three-layer laminated strip from which 

several limiting cases are discussed in Section 6.6. It is found that 

in all the cases considered, the eigenfunctions do not satisfy any known 

orthogonality condition and therefore the applied conditions at x=0 

cannot be satisfied immediately. Spence (1984) and others have observ- 

ed that for a single isotropic strip there is an orthogonality condit- 

ion available for 'canonical' problems (problems in which a displacement 

and stress component are specified at x= 0), but not for 'non-canonical' 

problems, problems in which both displacement or both stress component 

are specified at x=0. For the latter case of problems a technique 

has been developed by Spence which enables. the specified conditions to 

be satisfied, but since the method relies on a knowledge of the asymptot- 

ic behaviour of the eigenvalues it cannot readily be applied to laminat- 

ed strips. Gaydon and Shepherd (1964), also solving a canonical problem, 

re-express each eigenfunction as a series of orthogonal functions and 

then satisfy conditions at x=0, whilst Hess (1969) combines the eigen- 

functions in such a manner so as to minimize the error involved in 

truncating the series expansions. 

Following Hess, in Section 6.7 we formulate a least squares method 

with the aim of satisfying purely traction conditions prescribed at the 

end x=0. In Section 6.8 the method is applied to a laminated strip 

subjected to sinusoidal normal stress at x=0, for which numerical 

results are presented. 



- 167 - 

6.2 A GENERAL SOLUTION TO THE EQUATIONS OF LINEAR ELASTICITY 

For problems in plane elasticity in the (x-z) plane, the stress 

components satisfy the stress equilibrium equations if they are writ- 

ten in terms, of a stress function X(x, z) as follows 

2o=a. 

aZ 
ý, QxZ =-a QZ 

Z=a ax 

2cs. 
2.1 

where for isotropic materials 

22 a2 a2 ý0 
X=0,0 =2 

aZ 
+2 (6.2.2) 

ax 

By seeking solutions to (6.2.2) in the form 

x(x, z) = F(z)e-(a/h)x (6.2.3) 

it can be shown that 

FIV + 2(h)2F� + (h )4F = 0. (6.2.4) 

Here, the primes denote differentiation with respect to z and the ratio 

a/h is a constant that may be complex. The stress components are now 

given by 

eý(a/h)xpt, 6xz _ (h)e-(a/h)xFý, CL = (h)Ze-(a/h)xF (6.2.5) 

BY substituting (6.2.5) into the isotropic stress-strain relations and 

then integrating, we obtain the following displacement components to 
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within a rigid body displacement; 

-(a4/h)x 
u=_eE j(cvh) F" + hý (1 + v)F], 

-(a�h)x 
(6.2.6) 

2 w=-E[F, ß, + (Y + (1 + v) F' ], 
(G/h) 

where 

11- VZ plane strain, 
Y= (6.2.7) 

1 generalised plane stress, 

and E and v denote the Youngs modulus and. Poisson ratio of the material. 

The general solution of Equation (6.2.4) is 

ctz F(z) =1 ((al + a2 
h)cos(h) 

+ (a3 + a4 h) sin(h fl 
, (a/h) 

where the ai are arbitrary constants. Hence 

Qxx _ e-(a/h)X[(2a4 - a1 - a2 h) 
-(2a2 + a3 + a4 h)sin(h)], 

axz = e-(ash) 
X (a2 + a3 + a4 

ctz) 
cos (h) - (a1 - a4 + a2 h(XZ ) sin(h) ], 

azz = e-(a/h)X1(a1 + a2 h)cos( )+ (a3 + a4 g)sin(h)], 

-(a/h)x eU= 
E((x/h) 

[(a1(1 + v) - 2ya4 + a2(1 + v) 
h )cos( 

h)+.. . 

+ (2''a2 + (1 + v) a3 + (1 + )a4 h)sin(h)], 

(6.2.8) 

(6.2.9) 

(6.2.10) 

e-(a/h) 
x 

E(a/h) 
[<a2(2Y -1- v) - a3(1 + ý) - a4(1 + ý) h)cos(h) 

+ ... 

+ (a4(2'ß( -1- v) + (1 + v)al + (1 + v)a2 h )sin(. )] . 
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6.3 HOMOGENEOUS SEMI-INFINITE STRIP 

A homogeneous semi-infinite isotropic strip, shown in Figure 6.1, 

is subjected to exponentially decaying normal and shear tractions on 

the lateral surfaces z=± so that 

a 
zz 

= Be-(ax/h) ,a xz 
= De-(ax/h) z=h, 

= Ae-((XX/h) Q= Ce-(ax/h) z= -h, zz xz 

(6.3.1) 

where A, B, C and D are specified constants. These conditions are satis- 

fied by the stress field given by (6.2.9) if 

h 

-h 

Figure 6.1. Semti Infinite Strip. 

(A + B) (Cl cos a+ sin a) + (C - D)a sin a al 
sin 2a + 2a 0 

= 
(A - B) cos a+ (C + D) sin a a2 

sin 2a - 2a ' 

a_ 
(A - B) (a sin a- cos a) - (C + D)a cos q, 3 sin 2a - 2a 

__ 
(A + B) sin a- (C - D)cos a a4 

sin2a+2a 

For the special case of the lateral surfaces of the strip being stress- 

free, A=3=C=D=0 and in this case the coefficients ai are 

(6.3.2) 
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identically zero unless we characterize the eigenvalues a as the non- 

zero roots of the transcendental equation 

sin 2a ± 2a = 0. (6.3.3) 

This is the Fadle-Papkovitch eigenvalue equation and it gives the values 

of a for which a non-trivial solution of the form (6.2.9) can exist. 

The positive sign in (6.3.3) gives rise to eigenfunctions which are 

even in z and correspond to a symmetric deformation of the strip and 

the negative sign is associated with a skew symmetric deformation. 

Since the strip is now subject to applied tractions only at the end x=0, 

the. exponential rate of decay of the stresses gives a quantitative inter- 

pretation of Saint Venant's principle. We note that when cc 
0 

is a root 

of (6.3.3) then so are äo, 
-a0 and -moo, but since we require decaying 

solutions we consider only a0 and äo, 

In the analysis-to follow we require the displacement of the later- 

al surfaces of the strip. From (6.2.10) we have that 

e-aX/h 2 
ul = (a/h) 

[j (g3 -9 sin 2a - g4cos 2a) + 
(1 + 

g] 
z=h 

_ eý'X/h 2 
ul (a/h) 

[Ed(-g4 - g1sin 2a + g3cos 2a) + 
(1 + 2) 

A], 
z=-h E 

e-ax/h 2 
(6.3.4) 

wý _[ 
Y(g 

+g sin 2a -g cos 2p) (1 + \)) 

z_h 
(a/h) Ed 142E D], 

-ctx/h 
W -- 

(a/h) [d<-g2 + g3sin 2a + g1cos 2a) - 
(1 E 

ý) 
Cl 

z=-h 

where 
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d= (sin 2a + 2a) (sin 2a - 2a), 

g1 = Asia 2a - B2a, 

g2 = Bsin 2a - A2a, 

g3 = Csin 2a + D2a, 

g4 = Dsin 2a + C2a. 

6.4 A LAMINATED SEMI-INFINITE STRIP CONSISTING OF 

AN INFINITE NUMBER OF LAYERS 

We consider a laminate which consists of layers of two alternating 

isotropic semi-infinite elastic strips. Each layer is referred to a 

local co-ordinate system (x, z) and each is labelled as shown in Figure 

6.2. To distinguish the field quantities in each layer the subscripts/ 

superscripts 1 and 2 are uaed. 

Zl 

72 

ZI 

Figure 6.2. 

The strips are of thickness 2h2 and are subjected to applied loads 

on the end x=0 and the same load is applied to the layers which have 

the same material properties. Since each end load can be expressed as 

the sum of an even and odd function in z, the solution to the problem 

can be obtained by superposing the solution for the symmetric deformation 

problem with the solution for the skew-symmetric problem. 
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At each common interface we will require 

(i) continuity of the displacement components, 

(ii) continuity of the normal and shear stress components. 

(a) Symmetric Deformation 

In the case of symmetric deformation, the displacement u is 

an even function of z in each layer whilst w is an odd function of z. 

It follows from (6.3.1) that 

AQ = BQ CQ = -DQ, Q=1,2, 

and the stress components-are continuous at each common interface if 

a1 
= 

a2 
h1 h2' 

D2 = -D1, A2 = Al. (6.4.1) 

By satisfying the continuity conditions for the displacement components, 

it follows from (6.3.4), (6.4.1) that 

A1[2(sin 2a1 + 2a1)(sin 2a2 + 2a2) - K2sin 2a2 + Klsin 2a1] 

+ D1[K2(1 + cos 2a2) + K1(1 + cos 2ct1)] = 0, 

(6.4.2) 
A1[K2(1 - cos 2Ct2) + K1(1 - cos 2ct1)] 

+ D1[2(sin 2(x 
1+ 

2Ct1) (sin 2Ct2 + 2Ct2) - K2sin 2a 
2+ K1sin 2(x a pý 

where 
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4Y1 
El 

E(1 + v2) - (1 + v1) ' 

4Y 2EE= 
E1/EZ. (6.4.3) 

K2 E(1 + VZ) - (1 + V1) ' 

For anon-trivial solution in A1 and D1, the determinant of the coeffic- 

ients in (6.4.2) must be identically zero and therefore al and a2 

satisfy 

K1K2sin2(aI - a2) - [(1 - K2)sin 2cx 2+ 2a2][(1 + K1)sin 2a1 + 2al] = 0. 

Equation (6.4.4) can be written in terms of al (or a2) alone by making 

use of (6.4.1). 

(b) Skew-Symmetric Deformation 

In skew-symmetric deformation, u is an odd function of z in 

each layer and w is an even function. Following the procedure given in 

case (a), we find that a1 and a2 satisfy the transcendental equation 

K1K2sin2(a1 - a2) - [(1 - K2)sin 2a2 - 2a2][(1 + K1)sin 2a1 - 2a1] = 0. 

For numerical purposes we denote 

al a2 a 

h1 h2 hl + h2 

(6.4.4) 

(6.4.3) 

(6.4.6) 

and eliminate al and a2 from Equations (6.4.4) and (6.4.5). The 
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values. of a which satisfy (6.4.4) and (6.4.5) are given in Tables 6.1 

and 6.2 for various material properties and loading conditions and in 

each case h1/h2 = 1. The evaluation of a involves the calculation of 

the expressions in (6.4.4) and (6.4.5) at discrete points in the Argand 

diagram and then a search for a change in sign of neighbouring points. 

We note that as E increases the decay rates become smaller. When 

E is infinite we have, from (6.4.3), that 

4Y2 

1+v 

and by substituting (6.4.7) into (6.4.4) and (6.4.5) we obtain 

1+V2 
sin 2a2 

(1 + v2) - 4y2*2a2 = 0ý 

where the upper sign is associated with symmetric deformation and the 

lower sign with skew-symmetric deformation. These equations are the 

eigenvalue equations for a homogeneous strip with built-in edges and 

are discussed at a later stage. 

6.5 A LAMINATED SEMI-INFINITE STRIP CONSISTING OF 
A FINITE NUMBER OF LAYERS 

We consider a semi-infinite laminated strip which consists of 

(6.4.7) 

(6.4.8) 

three layers which are bonded at their common interfaces. It is assum- 

ed that the laminate is symmetrical about its mid-plane in geometry and 

mechanical properties and in the analysis to follow, the subscript (1) 

will be used to denote the field quantities in the inner layer. 
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Z 

Z, 

Ez. ýz 

Figure 6.3. A Larninated Semi Infinite Strip 

The external lateral surfaces of the laminate are traction-free 

and loads are applied at the end x=0 where (x, z Q) is a local co- 

ordinate system for the 2, th layer. Assuming the applied loads to 

the outer layer are the same, the solution to any loading can be obtain- 

ed by superposition of the solution for the symmetric deformation of 

the inner layer with that of the solution for skew-symmetric deform- 

ation. Since this decomposition into two separate problems is poss- 

ible, we need only consider the top half of the laminate; field quant- 

ities in the lower half are defined by symmetry. 

For both the symmetric and skew symmetric problems, we take the 

general solution (6.2.9), (6.2.10) to be the solution in each layer. 

The arbitrary constants aj, in this solution, are determined by the 

following boundary conditions: 

(i) continuity of the displacement components at each interface; 

(ii) continuity of the normal and shear stress components at 

each interface 

together with 

(i) u even, w odd functions of z in the inner layer for 

E_ ý 
ýI 

Zh, Ei� -i, 

symmetric deformation; 
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(ii) u odd, w even for functions of z in the inner layer for 

skew symmetric deformation. 

From (6.3.1) we have that for the symmetric problem 

D2 A2 = B1, C2 = D1, C1 = -D1, Al = B1, 

al a2 

hl h2 

and for the skew symmetric problem 

B2 = D2 = 0, A2 = B1, C2 = D1, C1 - D1, Al = -B1, 

(6.5.1) 

(6.5.2) 
al a2 

hl h2 

In each of (6.5.1) and (6.5.2) we have six conditions for the eight 

constants A,, BQ, CQ and D,, 9=1,2. Two additional conditions 

follow from considering the continuity in the displacement components. 

From (6.3.4) we have that 

K1sin 2a1 K2sin22a2 
A1[2 + (sin 2a1 ± 2a1) d2 

+D 
K1(1 t cos 2Ct, 

1 
+ 

K2(sin 4a2 - 4a2 

1( sin 2a1 ± 2cc1 2d2 J°0 
(6.5.3) 

K(1 + cos 2a 
l) 

K2 (sin 4a 2+ 4a 1 2)l A1( 
sin 2a1 ± 2a1 + 2d2 J 

K1sin 2c K2sin2 2Ct2 
+ D1ý2 + 

sin 2c ± 2a dl= 
ý' 

112 J 

where K1 and K2 are defined by (6.4.3) and 
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d2 = (sin 2L2 + 2a2)(sin 2(% 2- 2a2). 

For non-trivial values for A1 and D1, the determinant of the coeffic- 

ients in (6.5.3) must vanish. Hence al and a2 satisfy 

2K1K2sin 2a2 cos 2(a1 + a2) ± 4K1K2a2 + 8KId2a1 

+ (sin 2a1 ± 2a1)(K2 + 4d2(1 + K1 - K2) - 16K2(12) = 0, 
22 

where the upper sign is associated with the symmetric deformation of 

the. inner layer and the lower sign is associated with skew symmetric 

deformation. The characteristic equation (6.5.5) can be written in 

terms of al (or a2) by using (6.5.1) and (6.5.2). The roots of this 

(6.5.4) 

(6.5.5) 

equation are located in the four quadrants of the complex plane, placed 

symmetrically with respect to the real and imaginary axes. For our 

purposes it is sufficient to confine attention to the roots in the 

first quadrant. 

6.6 THE ROOTS OF THE CHARACTERISTIC EQUATION 

Before we evaluate the roots to Equation (6.5.5) we consider 

the following special cases. 

CASE A. E}1, v1 ; v2 

From (6.4.3) we find that Kl, K2 ; co as E -1' 1 and V1 ; v2, 

By dividing the characteristic equation by K1K2 and letting KI and K2 

tend to infinity, we obtain 
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sin 2a ± 2a = 0, 

where 
a_ 

ai a2 

2h2+h1-gl-h2 

(6.6.1) 

Equations (6.6.1) are the Fadle-Papkovitch eigenvalue equations for 

a homogeneous isotropic strip with traction-free lateral surfaces. 

The roots of these equations, which do not depend on the elastic 

moduli of the strip, have been tabulated extensively elsewhere and 

we give in Table 6.3 the first ten non-zero roots for reference purp- 

oses. 

n Re(a) Im(a) n Re (a) Im(a) 

1 2.106196 1.125364 1 3.748838 1.384339 

2 5.356269 1.551574 2 6.949980 1.676105 

3 8.536682 1.775544 3 10.119259 1.858384 

4 11.699178 1.929404 4 13.277273 1.991571 

5 14.854060 2.046853 5 16.429871 2.096625 

6 18.004932 2.141891 6 19.579408 2.183397 

7 21.153414 2.221723 7 22.727036 2.257320 

8 24.300343 2.290552 8 25.873384 2.321714 

9 27.446203 2.351048 9 29.018831 2.378758 

10 30.591295 2.405013 10 32.163662 2.429958 

( a) ( b) 

Table 6.3. The First Ten Non-Zero Roots of 

(a) sin 2a + 2a = 0, (b) sin 2a - 2a =0 



- 180 - 

The asymptotic location of the roots is given by 

a'ý (n+J)Tr+2 ln(4n+ 1)Tr, n= 1,2, ... . 

CASE B. E0 

In this case K1 - -4y1/(1 +vI) and K2 -0 and the 

characteristic equation becomes 

1+V 

sin 2a1 ± 
C(1 

+v)14 Y1) 
2a1 6' (6.6.2) 

1 

This equation is identical to that found for a laminate of an 

infinite number of layers under the same limiting conditions. The 

eigenvalues given by (6.6.2) are associated with the decay rates of 

the stress components for a soft core with built-in lateral surfaces. 

For symmetric deformation of the inner layer, the leading eigenvalue 

is real except for when vl =I and a state of plane strain exists. 

in Table 6.4 the values of al are given for various values of the 

Poisson ratio vl. 

The leading root of the skew-symmetric deformation problem is 

always complex since (1 + v1)/[(1 + v1) - 4y1] is negative for all 

allowable values of vl. As vl - J, there is a discontinuity in a 1 
for the symmetric plane strain deformation. If vl is close to zero, 

the leading real root can be shown to be also close to zero. There- 

fore, if we replace sin 2a1 by the first two terms of its Taylor 

expansion in (6.6.2) and solve the resulting equation we obtain 

3(1 - 2v1) 
a1 /( 

(3 - 4v1) 
). as V1 4. (6.6.3) 
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Hence, for a built-in strip which is nearly incompressible 

there is a slow decay rate for the stress components. 

vi al (Plane Strain) ai (G. Plane Stress) 

0 1.139431 1.139431 

0.05 1.111925 1.113320 

0.1 1.080327 1.086420 

0.15 1.043564 1.058649 

0.2 1.000119 1.029917 

0.25 0.947747 1.000119 

0.3 0.882931 0.969133 

0.35 0.779674 0.936818 

0.4 0.686295 0.903003 

0.45 0.513369 0.867486 

0.5 COMPLEX 0.830017 

Table 6.4. The Roots of (6.6.2). 
of the Inner Layer. 

Symmetric Deformation 

CASE C. E+ 

From 6.4.3, we obtain K1 - 0, K2 -* 4Y2/1 + u2, 

characteristic equation in this case reduces to 

2(K2 - 1) cos 4x2 + (K2 - 1) 
2+1- 

4(2x2)2 = 0. 

This equation is the eigenvalue equation for a homogeneous 

(6.6.4) 

elastic strip bonded to a rigid foundation and may be verified directly 

The 

by taking the general solution for the strip and setting u=v=0 
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on one lateral surface whilst keeping the other traction-free. 

In Table 6.5, the first ten non-zero roots to (6.6.4) are given for 

various values of the Poissoa ratio v2. 

v2 2 
(Plane Strain) a2 (G. Plane Stress) 

0 0.594808 0.594808 

0.05 0.569850 0.571013 

0.1 0.545930 0.550214 

0.15 0.522805 0.531773 

0.2 0.500280 0.515239 

0.25 0.478190 0.500280 

0.3 0.456392 0.486644 

9.35 0.434756 0.474135 

0.4 0.413155 0.462598 

0.45 0.391462 0.451907 

0.5 0.369543 0.441958 

Table 6.5. The Roots of (6.6.4). 

An approximate value for the complex roots can be obtained by 

an asymptotic expansion of (6.6.4). 

nT 
ln(2nlr) - j1n(K2 - 1) 

1 4n2n2 a2 T- 2nß +4 ln(K2 
- 1)' (6.6.5) 

On comparing the values given in Tables 6.3 to 6.5, it is seen 

that for values of the Poisson ratio in the range 0.2-0.4, the expon- 

ential decay of the stress components in a strip bonded to a rigid 
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foundation is about four times slower than that for a homogeneous 

strip and two times slower than that for a strip with built-in edges. 

This means that the usual approximation of neglecting end effects 

at distances of about one width from the end x=0 is justified for 

the homogeneous strip, but this approximation can only be acceptable 

at distances of about two times larger for a strip with built-in 

edges and four times larger for a strip bonded to a rigid foundation. 

The solution to the characteristic equation for intermediate 

values of E has been carried out numerically. If we write 

ai a2 
a 

h1 h2 2h2 + h1 

and eliminate al and a2 from (6.5.5) we obtain 

D(c, hl/h2, V1, V2, E) = 0. 

(6.6.6) 

(6.6.7) 

The roots of this equation have been evaluated for the limiting 

cases Ei0,1 and - and using these values as starting values the 

roots of (6,6,7) for intermediate values of E can be evaluated iter- 

atively. In Figure 6.4 the roots are given for various values of 

Poisson ratio in each layer when the thickness of each layer is the 

same and the deformation is symmetric. 

We note that when E=1 and v1 = v2 = 0.3 the value of a given 

by Figure 6.4 characterises the decay rate in a homogeneous isotropic 

strip and only when E«1 or E»1 does there appear to be any 

signißicant change in this value of a. Therefore, apart from these 

extren'e values of E, the decay rate for the stress components in each 

layer, of the laminated strip can be approximated reasonably well by 

the decay rate for a homogeneous strip. 
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6.7 SATISFACTION OF THE END CONDITIONS 

Associated with each eigenvalue satisfying the characteristic 

equation (6.5.5) there is an eigenfunction F(z) in each strip which 

satisfies all the through thickness continuity and boundary condit- 

ions, but does not satisfy any obvious orthogonality condition. We 

have now to combine these eigenfunctions in such a manner that the 

boundary conditions at x=0 are satisfied. If a is an eigenvalue 

then so is its complex conjugate so we can isolate the real part of 

the complex solution. 

The stresses in each strip are given by (6.2.9) and the ai in 

these expressions follow from (6.3.2). 

INNER LAYER 

(i) Symmetric Deformation 

2(a1cos al + sin al) - 2(D1/Aa1sin al 
al - Al 

sin 2a1 + 2a1 

2sin al + 2(D1/A1)cos a1 
a4=A1 

sin2a1+2a1 

a2 = a3 = 0. 

(ii) Skew-Symmetric Deformation 

2cos al + 2(D1/A1)sin a 
a2 = Al 

sin 2a1 - 2a1 

a_A 
2(alsin al - cos a1) - 2(D1/A1)alCos al 

31 
sin 2a1 - 2a1 

al = a4 = 0. 

(6.7.1) 

r 

`1 

J 
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OUTER LAYER 

t(a2cos a2 + sin a2) + (D1/A1)a2sin a2 

$1 1 sin 2a2 + 2a2 

a2 =A1 
±cos" c+ (D/A)sin a 

z 112 

sin 2a2 - 2ct2 I 

(6.7.2) 

a3 = Al 

a4=A 1 

±(a2sin a2 - cos a2) - (D1/AI)Cc 2cos a2 

sin 2a2 - 2cL2 1 

sin a2 - (D1/A1)Cos a2 

sin 2a2 + 2a2 

where the upper signs are associated with symmetric deformation. The 

ratio D1/Al depends on the eigenvalue pair (al, a2) and the elastic 

moduli as follows 

D1 (sin 2a1 ± 2a1)(2K2sin22a2 ' 4d2) - 2K1d2sin 2a1 

Äl 2K1d2(1 ± cos 2a1) ± K2(sin 4a2 - 4a2)(sin 2a1 ± 2a 
1)' 

(6.7.3) 

The end condition at x=0 may be given as a traction/displacement 

condition. Suppose we confine ourselves to applied tractions of 

which the details are determined from the theory of Chapter 4. 

For a particular eigenvalue we have, from (6.2.5), that when 

x0 

QXX) = F'l' CT(l) = (al/hl)F1, 
(6.7.4) 

Q 
(2) 

= F" Q 
(2) 

= (a /h )F . xx 2' xz 222 

Furthermore, since the z components of stress are continuous at each 

interface and that the lateral surfaces of the laminate are traction- 

free 
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FZ(h2) F' (h2) = 0, 
(6.7.5) 

F2(-h2) = F1(hl) FZ(-h2) = F'(hl) 

In addition, if the deformation of the middle layer is symmetric, 

then 

Fi(0) = 0, (6.7.6) 

and-if it is skew-symmetric, then 

F1(0) = F1(0) = 0. (6.7.7) 

It follows from (6.7.5), (6.7.6) and (6.7.7) that on any plane normal 

to the plane of the laminate we have 

laxxdz =l z6xxdz = la xz 
dz = 0, (6.7.8) 

and therefore any traction applied to the end x=0 must be self- 

equilibriating. 

Our prime interest is to examine the edge effects of the applied 

tractions and without loss of generality we restrict ourselves to the 

symmetric deformation of the inner layer. Suppose that on the end 

x=0 the following tractions are applied 

ate = P1(zl) 
, QXX) = P2(z2) 

, 

oXZ) = Q1(z1), 
(2) 

= Q1(z2), 

where Pi and Qi satisfy conditions (6.7.8). If we denote 

(6.7.9) 

Aik) = b(k) + ic(k) kth eigenvalue, 
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in which b(k) and c(k) are real, then we require to choose b(k) and 

c(k) such that 

(b(k)n(k) + c(k)m(k)) P (z ), 
L2222 
k 

-h2 < z2 < h2, 

J(b(k)s(k) + c(k)t(k)) (Z 
k22 

2Z 

(6.7.10) 

LC(b(k)a(k) + c(k)m(k)) =P (Z 

k 
1111 

0< zl < hl 

J(b(k)s(k) + c(k)t(k)) 
k1111 

where the summation is over eigenvalues 

n(k) _ im 
(k) 

= <2a(k) - a(k) - a(k) 
a(k)zCos( a'(k) Z) 

412hh 

(k) (k) 
+ 

(k) a. 
(k)z 

a(k)z 
- (2a2 + a3 a4 h sin( h 

(6.7.11) 

s(k) - it 
(k) 

= (a 
(k) 

+ a(k) + 
a(k)z 

a(k)ýcos(a(k)z 23h4 

(k) (k) (k) a(k)z a(k)z 
- (a1 - a4 + a2 h 

)sin( 
h 

and the ask) are given by Equations (6.7.1) and (6.7.2). 

Given N eigenfunctions there are in general 2N real coefficients 

to be evaluated and these have to be chosen in such a manner that 

Equations (6.7.10) are satisfied. It will not be possible to satisfy 

(6.7.10) exactly by using only a finite number of terms in the series 

expansions, except for special choices of Pi and Qi, and so the 2N 

real coefficients are determined so as to minimize the error incurred 

in truncating the series. 
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One technique is direct collocation in which the truncated 

series is identically satisfied at a suitable set of points on the 

end x=0. Suppose 2N points are chosen on the end x=0, then by 

forming a system of 2N equations for the 2N unknowns, the coefficients 

can be evaluated. However, since no control. is maintained on the 

expansions between the chosen boundary points, the resulting expres- 

sions for the stress components become highly oscillatory (Smith 

1970). It is therefore necessary to overdetermine the system by 

choosing 2P points, P>N, to determine the expansion coefficients. 

A technique available for solving overdetermined systems is the 

least squares method from which the values obtained will result in 

the mean square error of the solution at the selected points to be 

minimized. 

Suppose 

(k) (k) (k) (k) 2 (k) (k) (k) (k) 2 M= {ý<b n2 +c m2 )- P2} + {k(b nl +c ý1 )- Pi} 

(k) (k) (k) (k) 2 (k) (k) (k) (k) 2 + {k (b s2 +c t2 )- Q2} + {k (b sl +c tl Q1} 

then we require to choose b(k) and c(k) so that M=0 for all zl and 

z2. In practice we have to take a finite number of eigenvalues and 

therefore it will not be possible to achieve M=0 for all zl and 

z2. We therefore choose P points at x=0 in each layer and mini- 

mize M at these points. Let 

P 
M* _I 

j=l 

(6.7.12) 

(6.7.13) 

then a necessary condition for M* to be a minimum is that 
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am* o, 
ab (k) 

am* 
ac (k) 

which gives the following system of linear equations from which b(k) 

and c(' can be determined 

)' Io 
.... 

:0 
, Lo 

)' 
... , 

: ýM) b (1) 
11 J=j 

1N 11 

(1) 
, ..., 

(1) 
, 

(2) 
' ..., 

cß(2) 
NN b(N) 

N1 NN Ni 

:0 )' 
".., 

)' )' 
..., 4ý 

) 
c(1) 11 N1 11 1N 

. (2) ýý (2) 
..., 

ýýNN (3) 
G ýN1 cß(3) 

..., G NN c(N) 
ý 

where 

L('d(1) 

jd(1) 
iN 

Id (2) 

j1 

d(2) jN 

(1) 
= a(r)(k) + n(r)(k) +s 

(r)s(k) 
+ s(r)s(k) rk 1n12n22211$ 

(Z) (r) (k) (r) (k) (r) (k) (r) (k) 
r-k = a2 m2 + nl ml + s2 t2 + sl ti 

(3) (r) (k) (r) (k) (r) (k) (r) (k) irk = m1 m1 + m2 m2 + tl tl + t2 t2 

dýlý = n(r)P + n(r)P + s(r)Q + s(r) r2211221 1' 

d(2) = m(r) + m(r) + t(r) + t(r) r22112 42 
1 Q1' 

If any of the constants b(k), c(k) are zero (this situation arises 

when an eigenvalue is purely real or imaginary) then the partial 

(6.7.14) 

(6.7.15) 

(6.7.16) 

derivative of M* in (6.7.14) will not exist. In this case the row 
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and column containing- the zero constant would be excluded from the 

system of Equations (6.7.15). 

An alternative method to the above, which will not be employed 

in this chapter, is to choose c(k) and b(k) so that the resultant 

traction given by the. series expansion in a particular layer is 

identical to the resultant applied traction to that layer. The 

analysis is the same as the above except. that- M* in (6.7.13) is 

taken to be 

(b(k)n(k) + c(k)m(k)) - 
PZ}2 + (1(b(k)s(k) + cýk)£ýk)) - 

Q2}2 

(k).. (k) (k),. (k) 2 (k)ý(k) (k) . (k) 2 + {j(b nl +c ml - P1} + {ýk(b sl +c tl )- Q1} 
, 

where 

Pi=1Pidz, Qi=JQidz, 

and 

n(k) - im 
(k) 

= 
hl 

(D1) n(k) - im(k) 
h2 D1 

11A 
CL 

(k) k' 22 
a(k) 

A1)1ý 
12 

(6.7.17) 

(6.7.18) 

h 2(a(k)cos a(k) + sin a(k)) -2 a(k)sin a(k) S(k) ^(k) 11111 (D1/A1)k 
Si - it1 = 

a(k)' 
- 

sin 2a 
(k) 

+ 2a 
(k) } 

11 

(6.7.19) 

it 
(k) 

=- 
h2 

2 
a(ý) 2 
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6.8 NUMERICAL RESULTS 

In this section we consider the plane strain stretching of a 

semi-infinite laminated strip. For computational purposes we take 

v1 = v2 = 0.3, 

E E1/E2 = 0.9, 

hl/h2 = 1. 

By substituting (6.6.6) into (6.5.5) we obtain the character- 

istic equation from which the first ten non-zero values for a are 

2.050511 + il. 169687, 

5.457683 + il. 480544, 

8.458945 + 11.514367, 

11.610842 + 12.293294, 

15.482404 + il. 712755, 

17.414171 + 11.294812, 

21.058802 + 12.867641, 

24.443933 + i0.0, 

25.691215 + 12.6024569 

27.773502 + 10.0. 

We note that since the eigenfunctions contain terms of the form 

sin(az), they become large in magnitude as Re(a) becomes large. 

At the end x=0 we prescribe the following traction 

(6.8. i) 

(6.8.2) 

P1 = 2cos rx, P2 = -cos 7rx, Ql = Q2 = 0. (6.8.3) 

Since any prescribed traction can be expressed as a Fourier series, 

we can regard (6.8.3) as being a typical term of a Fourier expansion. 



- 193 - 

The solution vector of (6.7.15) is evaluated by the computer 

program of Appendix 2. The values given by (6.8.1) are taken to 

be the initial data for this program together with the number of 

eigenvalues of the truncated series solution and the number of points 

taken on the boundary x=0. In Figure 6.5 we show, as the solid 

line, the applied tractions at x=0 on the upper half of the lamin- 

ate. The plotted points in this figure are values for the normal 

and shear stresses which are obtained by substituting the solution 

vector into the expressions for the stresses and then evaluating the 

stresses at discrete points. 

Z 

.A 

"X 

"X 
X" 
X 

"x 

x" 
x" 

"x 
"x 

(a) (b) 

Figure 6.5. The Stress Components at x=0 
(a) aXX, (b) axz 

-5 EigenvaZues x- 10 Eigenvalues 
20 Points in Each Layer 

We note that imtermediate values of the plotted points have 

been evaluated to check that the values given here represent a 
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global picture of the computed stresses. It is seen that the vari- 

ation in the computed normal traction with the number of eigenvalues 

is small compared with the variation in the shear traction and that 

as the number of eigenvalues is increased, the shear stress approach- 

es the values of the applied shear stress. The worst 'fit' in the 

computed normal stress is at the interface of the layers and this 

is a direct consequence of the fact that the eigenfunctions in a 

are discontinuous here. In Table 6.6 the solution vector is given 

when 10 eigenvalues and 20 points in each layer are taken. Increas- 

ing the number of points results in about 5% change in the values 

of this solution vector. 

{1 . 03, -1.52,0.61,0.17, -0.48,0.28,0.15,0.02, -0.02,0.03 

-1.52,1.02,3.07,0.30, -0.36,2.48,0.04,0.00,0.00,0.00} 

Table 6.6. The Solution Vector for 10 Eigenvalues and 20 Points 
in Each Layer 

For the above example the normal stress QZz on the interface 

is plotted in Figure 6.6 by taking the first ten eigenfunctions of 

the series expansion 

5 

4 

3 

Z 

1 

Figure 6.6. ßzz at the Interface of the Layers. 

X_ 

R 
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When (x/h) is less than 1.6 the stress is tensile, whereas for 

(x/h) greater than 1.6 it becomes. compressive.; reaching a peak at 

about x/h = 1.8. The 'oscillatory' behaviour of the graph is 

because the solution contains terms of the form e-ax and c, for the 

most part. of the series, is complex. 

The singularity which has been. shown to exist on the interface 

of. two quarter planes at x=0 (c. f. Chapter 3) is not present in 

this analysis and this may be because the higher order eigenfunctions 

have. not been accounted for. Furthermore, it is not known that if 

the higher order eigenfunctions are included there will be a reduct- 

ion in the error to the extent that the series converge at x=0. 

However, this method can be easily applied to any end problem, it 

does characterize the decay rates of the stress components, and can 

be modified to account for more than three layers. 
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APPENDIX1 

PROGRAM LAMINATE 

This program is written for the stretching of an N layer laminated 

plate by assuming that the general. solution in each layer is of the form 

given in Section 5.5. By satisfying the through thickness conditions 

of Section 5.7, the stress components in each layer are evaluated. 

Input to the program is the 

(i) number of layers in the laminate N 

(ii) half-width of each layer H(N) 

(iii) characteristic in-plane length CL 

(iv) material constants of a fibre reinforced mater- Kll, K12, K23 
ial which has a preferred direction parallel to K22, K66 
the x-axis 

(v) angle made by the fibres of each layer with the 
x-axis ANGLE (N) 

(vi) equation of the curve to which tractions are 
applied ALPHA 

(vii) complex potentials of the equivalent plate and FIl 
its first and second derivatives. FI2, FI3 

In the following, a description of the subroutines used in the 

program is given. 
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SUBROUTINE DATA (ANGLE, H, EP, CL, HH, N) 

Input to this routine is the in-plane characteristic length, 

number of layers and the orientation of the fibres in each. layer. On 

exit 

EP(N) contains the aspect ratio of each layer 

RH is the half-width of the equivalent plate. 

SUBROUTINE MATCONST (ANGLE, N, Q, QH, RH, CT, CK, H, HH) 

Using the data in this routine for an 0 degree layer and the 

orientation of the fibres in each- layer, the elastic constants cij of 

each layer are evaluated. On exit 

Q(I, J, K) contains the Q matrix for the Kth layer 

CT(I, K), CK(I, K) are certain combinations of the cij in the Kth layer 

Q QH(I, J) contains the Q matrix 

RH(I, J) contains the R matrix. 

SUBROUTINE EIGROOTS (RH, SH) 

On exit SH(I) contains the complex roots of (5.3.9). 

SUBROUTINE BOUNDARY (GAMMA, X, Y) 

This routine evaluates the transformation relations for the stress 

components given the equation of the boundary ALPHA to which tractions 

are applied. For example, for a circular boundary 

ALPHA = ATAN(Y/X). 

Following the listing of the program, a sample of the output is 

shown. 
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FORTRAN77 

PROGRAM LAMINATE 
INTEGER NOLAYERS 

READ(5,1) NOLAYERS 
CALL MAINPROGRAM(NOLAYERS) 

STOP 
END 
SUBROUTINE MAINPROGRAM(N) 
INTEGER N, I, L, IQ, IX, IY, IZ, IPOINT 
REAL ANGLE(50), H(50), EP(50), Q(3,3,50) 
REAL QH(3,3), RH(3,3) 
REAL CT(3,50), CK(2,2,50), CL, HH, X, Y, Z, GM(2,3), PI 
REAL SXXL(50), SXXC(50), SXYL(50), SXYC(50) 
REAL SXZ(50), SYZ(50), SZZ(50), SYYL(50), SYYC(50) 
COMPLEX AL(2,50), Di(2,50), D2(2,50), E1(2,50), E2(2,50) 
COMPLEX Fi(2,50), F2(2,50), S1(2,50), S2(2,50), S3(2,50) 
COMPLEX V1(2,50), V2(2,50), V3(2,50), V4(2,50), V5(2,50) 
COMPLEX Vb(2,50), T4(2,50), T5(2,50), S6(2,50), A1(2,50) 
COMPLEX A2(2,50), A3(2,50), B1(2,50), B2(2,50), B3(2,50) 
COMPLEX C1(2,50), C2(2,50), C3(2,50), Wi(2,50), W2(2,50) 
COMPLEX T6(2,50), T7(2,50), M1(2,50), M2(2,50), M3(2,50) 
COMPLEX Pi(2,50), P2(2,50), P3(2,50), P4(2,50) 
COMPLEX W3(2,50), W4(2,50) 
COMPLEX TTI(2), TT2(2), DD(2), S4(2,50), S5(2,50), ZTEMP(2) 
COMPLEX FI1(2), FI2(2), FI3(2), CZ(2), CC(2), CI, CE, CA(2) 
COMPLEX TM1(2), TM2(2), TM3(2), TM4(2), TVI(2), TV2(2) 
COMPLEX SH(2), SH2(2), T1(2), T2(2), T3(3), PPH(2), QQH(2) 

CALL DATA(ANGLE, H, EP, CL, HH, N) 
CALL MATCONST(ANGLE, N, Q, QH, RH, CT, CK, H, HH) 
CALL EIGROOTS(RH, SH) 

C I**II Is1*111141*11* 
CI Evaluate constants. 
C 

DO 50 I=1,2 
SH2(I)=SH(I)ISH(I) 
T1(I)=RH(i, i)*SH2(I)+RH(1,2)-RH(1,3)ISH(I) 
T2(I)=RH(1,2)ISH2(I)+RH(2,2)-RH(2,3)ISH(I) 
T3(I)=RH(1,3)ISH2(I)+RH(2,3)-RH(3,3)ISH(I) 

PPH(I)=T1(I) 
QQH(I)=T2(I)/SH(I) 

DO 51 L=1, N 
AL(I, L)=CT(1, L)IT1(I)+CT(2, L)1T2(I)+CT(3, L)1T3(I) 
V1(I, L)=Q(1,1, L)+SH(I)IQ(1,3, L) 
V2(I, L)=Q(1,2, L)+SH(I)ZQ(2,3, L) 
V3(I, L)=Q(1,3, L)+SH(I)IQ(3,3, L) 
V4(I, L)=Q(1,2, L)ISH(I)+Q(1,3, L) 
V5(I, L)=Q(2,2, L)ISH(I)+Q(2,3, L) 
Vb(I, L)=Q(2,3, L)ISH(I)+Q(3,3, L) 

M1(I, L)=Q(1,1, L)ITS(I)+Q(1,2, L)IT2(I)+Q(1,3, L)IT3(I) 
M2(I, L)=Q(1, R, L)IT1(I)+Q(2,2, L)rT2(I)+Q(2,3, L)IT3(I) 
M3(I, L)=Q(1,3, L)1T1(I)+Q(2,3, L)IT2(I)+q(3,3, L)IT3(I) 

D1(I, L)=V1(I, L)iTi(I)+V2(I, L)IT2(I)+V3(I, L)IT3(I) 
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D2(I, L)=V4(I, L)*T1(I)+V5(I, L)IT2(I)+Vb(I, L)1T3(I) 

E1(I, L)=AL(I, L)-CK(1,1, L)ID1(I, L)-CK(1,2, L)1D2(I, L) 
E2(I, L)=AL(I, L)1SH(I)-CK(2, i, L)1D1(I, L) 

+ -CK(2,2, L)WD2(I, L) 
51 CONTINUE 

IQ=1 
S1(I, IQ)=CMPLX(0.0,0.0) 
S2(I, IQ)=CMPLX(0.0,0.0) 
S3(I, IQ)=CMPLX(0.0,0.0) 

DO 52 L=i, N-1 
Si(I, L+1)=EP(L)1(AL(I, L)+Si(I, L))/EP(L+1)+AL(I, L+1) 
S2(I, L+i)=EP(L)I(Oi(I, L)+S2(I, L))/EP(L+1)+D1(I, L+1) 
S3(I, L+1)=EP(L)1(D2(I, L)+S3(I, L))/EP(L+1)+02(I, L+1) 

52 CONTINUE 

DO 53 L=1, N 
F1(I, L)=S1(I, L)-CK(1,1, L)1S2(I, L)-CK(1,2, L)1S3(I, L) 
F2(I, L)=S1(I, L)ISH(I)-CK(2,1, L)1S2(I, L) 

+ -CK(2,2, L)1S3(I, L) 

T4(I, L)=D1(I, L)+02(I, L)ISH(I) 
A1(I, L)=V1(I, L)IE1(I, L)+V4(I, L)#E2(I, L)+CT(i, L)1T4(I, L) 
A2(I, L)=V2(I, L)IE1(I, L)+V5(I, L)1E2(I, L)+CT(2, L)1T4(I, L) 
A3(I, L)=V3(I, L)IE1(I, L)+Vb(I, L)1E2(I, L)+CT(3, L)1T4(I, L) 

T5(I, L)=S2(I, L)+S3(I, L)1SH(I) 
Bi(I, L)=Vi(I, L)IFi(I, L)+V4(I, L)1F2(I, L)+CT(i, L)1T5(I, L) 
82(I, L)=V2(I, L)IFi(I, L)+V5(I, L)1F2(I, L)+CT(2, L)1T5(I, L) 
B3(I, L)=V3(I, L)IFi(I, L)+V6(I, L)#F2(I, L)+CT(3, L)1T5(I, L) 

Tb(I, L)=D1(I, L)+SH(I)1D2(I, L) 
T7(I, L)=S2(I, L)+SH(I)1S3(I, L) 

53 CONTINUE 

Sb(I1N)=-0.5#Tb(I, N)-T7(I, N) 
DO 54 L=N-1,1, -1 
Sb(I, L)=(0.51Tb(I, L+1)-T7(I, L+1) 

+ +Sb(I, L+1))#(EP(L+i)/EP(L))112 
+ -0.5#Tb(I, L)-T7(I, L) 

54 CONTINUE 
DO 55 L=1, N 
C1(I, L)=CT(18L)#Sb(I, L) 
C2(I, L)=CT(2, L)#S6(I, L) 
C3(I, L)=CT(3, L)#Sb(I, L) 

55 CONTINUE 
50 CONTINUE 

C #############################i####################### 
CI Select in-plane coordinates X, Y. 
C ######################################################## 

PI=4.0#ATAN(1.0) 
DO 60 IX=1,2 
DO 70 IY=1.1 
X=(IX-1.0)10.51PI 
Y=(IY-1.0) 
CALL BOUNDARY(GM, X, Y) 

00 80 I=1,2 
DO 81 L=1, N 

. \IS 
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P1(I, L)=GM(1,1)IVI(I, L)+GM(1,2)1V2(I, L)+GM(1,3)1V3(I, L) 
P2(I, L)=GM(2,1)IV1(I, L)+GM(2,2)1V2(I, L)+GM(2,3)1V3(I, L) 
P3(I, L)=GM(1,1)1V4(I, L)+GM(1,2)1V5(I, L)+GM(1,3)1V6(I, L) 
P4(I, L)=GM(2,1)#V4(I, L)+GM(2,2)1V5(I, L)+GM(2,3)lVb(I, L) 
W1(I, L)=(GM(1,1)IAI(I, L)+GM(1,2)1A2(I, L) 

+ +GM(1,3)1A3(I, L))/3.0 
W2(I, L)=(GM(2,1)IAI(I, L)+GM(2,2)IA2(I, L) 

+ +GM(2,3)1A3(I, L))/3.0 
W3(I, L)=(GM(1,1)IC1(I, L)+GM(1,2)IC2(I, L) 

+ +GM(1,3)1C3(I, L))12.0 
W4(I, L)=(GM(2,1)ICI(I, L)+GM(2,2)1C2(I, L) 

+ +GM(2,3)1C3(I, L))12.0 
81 CONTINUE 
80 CONTINUE 

C 
C1 Apply the Integral condition on the curve 2 
CI zeta=constant. 1 
C ; f3E; i IIII 4# iE#iEýEiEýEýliEilElEýEIflI h1III# >i< #' ; 1; fiE iý iý ; iEflhI 

DO 83 I=1,2 
TM1(I)=CMPLX(0.0,0.0) 
TM2(I)=CMPLX(0.0,0.0) 
TM3(I)=CMPLX(0.0,0.0) 
TM4(I)=CMPLX(0.0,0.0) 
T1(I)=CMPLX(0.0,0.0) 
T2(I)=CMPLX(0.0,0.0) 

00 84 L=2, N 
TM1(I)=TM1(I)+EP(L)#PI(I, L) 
TM2(I)=TM2(I)+EP(L)1P2(I, L) 
TM3(I)=TM3(I)+EP(L)1P3(I, L) 
TM4(I)=TM4(I)+EP(L)1P4(I, L) 
T1(I)=T1(I)+(Wi(I, L)+W3(I, L))IEP(L)1L3 
T2(I)=T2(I)+(W2(I, L)+W4(I, L))IEP(L)UU3 

84 CONTINUE 
TM1(I)=(2. OITM1(I)+EP(1)IPI(I, 1))12. OIEP(1)f12 
TM2(I)=(2. OITM2(I)+EP(1)1P2(I, 1))12. O1EP(1)f12 
TM3(1)=(2. OITM3(I)+EP(1)#P3(I, 1))12. OIEP(1)112 
TM4(I)=(2. O1TM4(I)+EP(1)1P4(I, 1))12. OIEP(1)f12 
T1(I)=-2. OIT1(I)-(W1(I, 1)+W3(I, 1))IEP(1)113 
T2(I)=-2. OiT2(1)-(W2(I, 1)+W4(I, 1))1EP(1)f13 

83 CONTINUE 

DO 90 1=1,2 
00 91 L=2, N 
TV1(I)=CMPLX(0.0,0.0) 
TV2(I)=CMPLX(0.0,0.0) 
TTi(I)=CMPLX(0.0,0.0) 
TT2(I)=CMPLX(0.0,0.0) 
DO 92 J=2, L 
TTI(I)=TT1(I)+Fi(I, J-1)*EP(J-1)112+F1(I, J)ZEP(J)112 
T72(I)=TT2(I)+F2(I, J-1)IEP(J-1)fl2+F2(I, J)lEP(J)f12 

92 CONTINUE 
S4(I, L)=TTI(I) 
S5(I, L)=TT2(I) 
TTi(I)=TTi(i)+0,51(Ei(I, i)IEP(i)II2-Ei(I, L)IEP(L)112) 
TT2(I)=TT2(I)+0.51(E2(I, i)IEP(1)112-E2(I, L)IEP(L)112) 
TVI(I)=EP(L)1(P1(i, L)*TTi(I)+P3(I, L)ITT2(I))+TVi(I) 
TV2(I)=EP(L)I(P2(I, L)ITT1(I)+P4(I, L)ITT2(I))+TV2(I) 

91 CONTINUE 
TVI(I)=T1(I)-4.01TV1(I) 
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TV2(I)=T2(I)-4. OITV2(I) 
90 CONTINUE 

00 100 I=1,2 
DD(I)=TMi(I)ITM4(I)-TM2(I)ITM3(I) 
S4(I, 1)=(TVi(I)ITM4(I)-TV2(I)ITM3(I))/0D(I) 
S5(I, i)=(TV2(I)iTMI(I)-TVi(I)ITM2(I))/DD(I) 

00 110 L=2, N 
S4(I, L)=(S4(I, L)+0.51(E1(I, 1)IEP(1)112 

+ -E1(I, L)*EP(L)1*2) 
+ +S4(I, 1)*EP(1)112)/EP(L)1*2 
S5(I, L)=(S5(I, L)+0.51(E2(I, 1)IEP(1)f#2 

+ -E2(I, L)IEP(L)112) 
+ +S5(I, 1)IEP(1)112)/EP(L)f12 

110 CONTINUE 
100 CONTINUE 

C IS # ;Ef ## li #i 'ý i 
CI Evaluate the equivalent complex potential I 
CI and Its derivatives. 
C ; #*iEf liE * iE iE(E IE )EiElE14 IHII EIIII IIU** E 

DO 120 I=1,2 
CZ(I)=X+SH(I)IY 
CI=CMPLX(0.0,1.0) 
CC(1)=-(CIISH(2))/(2.0I(SH(2)-SH(1))) 
CC(2)= (CIISH(1))/(2.0I(SH(2)-SH(1))) 
CE=CEXP(CIICZ(I)) 
FI1(I)=CC(I)ICE 
FI2(I)=CIIFI1(I) 
FI3(I)=-FI1(I) 

120 CONTINUE 
C 
CI Evaluate the leading in-plane stress components. I 
C irtl( I(tE ý Iý VIII IiE iE ;IIIIIH IE IIUh tE tE 

WRITE(6,123) 
123 FORMAT(/, 2X, IHL, 3X, 3Hx/a, 3X, 3Hy/a, 3X, 3Hz/h, 4X, 

+7HSxxl/Po, 5X, 7HSxyl/Po, 5X, 7HSyyl/Po, 5X, 7HSxxc/Po, 
+5X77HSxyc/Po, 5X, 
+7HSyyc/Po, 5X, 7HSxzl/Po, 5X, 7HSyzl/Po, 5X, 7HSzzl/Po) 

DO 130 L=1, N 
IPOINT=1 
IF(L. EQ. 1) IPOINT=3 
SXXL(L)=0.0 
SXYL(L)=0.0 
SYYL(L)=0.0 
DO 131 I=1,2 
SXXL(L)=SXXL(L)+2, OIREAL(MI(I, L)IFI1(I)) 
SYYL(L)=SYYL(L)+2, OIREAL(M2(I, L)IFI1(I)) 
SXYL(L)=SXYL(L)+2, O1REAL(M3(I, L)IFI1(I)) 

131 CONTINUE 

WRITE(b, 9998) L, X, Y, SXXL(L), SXYL(L), SYYL(L) 
9998 FORMAT(I4,2Fb. 2, bX, 3E12.3) 

C 
CI Select values for the Z coordinate and evaiuatel 
CI and remaining stress components. 1 
C )ý)EtE)Ef)f)ý; ý)tf)týEýEýEE)týE 

00 132 IZ=IPOINT, 5 
SXXC(L)=0.0 
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SXYC(L)=0.0 
SYYC(L)=0.0 
SXZ(L)=0.0 
SYZ(L)=0.0 
SZZ(L)=0.0 
Z=(IZ-3.0)/2.0 
00 133 I=1,2 
SXZ(L)=SXZ(L) 

+ -EP(L)12. O1REAL((D1(I, L)1Z+52(I, L))IFI2(I)) 
SYZ(L)=SYZ(L) 

+ -EP(L)12.0#REAL((D2(I, L)1Z+S3(I, L))1FI2(I)) 
SZZ(L)=SZZ(L) 

+ +EP(L)00212.0#REAL((Tb(I, L)10.5IZIZ+T7(I, L)IZ 

+ +Sb(I, L))1FI3(I)) 
SXXC(L)=SXXC(L) 

+ +EP(L)11212.0*REAL((A1(I, L)10.51ZIZ+81(I, L)#Z 

+ +C1(I, L)+S4(I, L)IVi(I, L) 

+ +S5(I, L)*V4(I, L))1FI3(I)) 
SYYC(L)=SYYC(L) 

+ +EP(L)HH212. OIREAL((A2(I, L)10.5IZIZ+82(I, L)*Z 

+ +C2(I, L)+S4(I, L)1V2(I, L) 

+ +S5(I, L)1V5(I, L))1FI3(I)) 
SXYC(L)=SXYC(L) 

+ +EP(L)11212. OIREAL((A3(I, L)I0.51Z1Z+83(I, L)*Z 

+ +C3(I, L)+S4(I, L)1V3(I, L) 

+ +S5(I, L)IV6(I, L))1FI3(I)) 
133 CONTINUE 

WRITE(6,9997) L, X, Y, Z, SXXC(L), SXYC(L), SYYC(L), 

+ SXZ(L), SYZ(L), SZZ(L) 
9497 FORMAT(I4,3F6.2,36X, 6E12.3) 

132 CONTINUE 
130 CONTINUE 

70 CONTINUE 
60 CONTINUE 

RETURN 
END 
SUBROUTINE DATA(ANGLE, H, EP, CL, HH, N) 
INTEGER L, N 
REAL ANGLE(N), H(N), EP(N), CL, HH 

C 
CI Read CL- characteristic in-plane length, I 
CI ANGLE(L)-orientation of the Lth layer, I 
CI H(L)-half-width of the Lth layer. 
CI Form HH-half-width of the equivalent plate, 
CI EP(L)-epsilon of Lth layer. 
C 

READ(5j) CL 
WRITE(b, 5100) CL 

5100 FORMAT(IX, 25HCHARACTERISTIC LENGTH IS , F6.2) 
HH=0.0 
00 10 L=1, N 
READ(5, I) ANGLE(L), H(L) 
WRITE(6,701)L, ANGLE(L), H(L) 

701 FORMAT(2X, 30HANGLE OF ORIENTATION OF LAYER , 13, 
+4H IS , F7.2,2X, 27HOEGREES. HALF-THICKNESS IS , F6.2) 

HH=HH+2. OIH(L) 
ANGLE(L)=ANGLE(L)IATAN(1.0)/45.0 
EP(L)=H(L)/CL 

10 CONTINUE 
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HH=HH-H(1) 
RETURN 
END 
SUBROUTINE MATCONST(ANGLE, N, Q, QH, RH, CT, CK, H, HH) 
INTEGER N, I 
REAL Q(3,3, N), QH(3,3), RH(3,3), CT(3, N), CK(2,2, N) 
REAL ANGLE(N), H(N), D, HH 
REAL K11, K12, K22, K23, K44, Kb6, C, S, C2, S2, C4, S4, CS2 

C 
CI The elastic constants of a0 degree layer. I 
C 

K11=226.40 
K12=4.370 
K22=10.57 
K23=5.64 
K44=0.51(K22-K23) 
K6b=5.66 

C 
CI Evaluate Qij in each layer. 
C 

DO 11 I=1, N 
C=COS(ANGLE(I)) 
S=SIN(ANGLE(I)) 
C2=C112 
S2=S112 
C4=CI14 
S4=S114 
CS=CIS 
CS2=CSII2 
C11=K1IIC4+2.01(K12+2. OlKbb)ICS2+K221S4 
C22=K11IS4+2.01(K12+2. OlKbb)1CS2+K221C4 
C1b=-CSI(K11IC2-K22IS2-(C2-S2)1(K12+2.0JKbb)) 
C26=-CSI(K11*S2-K221C2+(C2-S2)I(K12+2. OJK66)) 
C12=CS21(K11+K22-4.01Kb6)+(C4+S4)IK12 
C66=CS2I(K11+K22-2.01K12)+Kbbl(C2-S2)112 
C13=C21K12+S21K23 
C23=S21K12+C21K23 
C36=CSI(K23-K12) 
C45=CSI(K44-Kbb) 
C44=C21K44+S2IK66 
C55=S21K44+C2IKbb 
C33=K22 
WRITE(6,702)I, C11, C12, C13, C1b, C22, C23, C26, C33, C3b, 

+ C44, C45, C55, Cbb 
702 FORMAT(//, 2X, 23HTHE C MATRIX FOR LAYER 

+12,5H IS: -/20X, 3E13.4, 
+26X, E13.4/33X, 2E13.4,26X, E13.4/14X, 6Hx1.0E9, 
+26X, E13.4,26X, E13.4/ 
+59X, 2E13.4/72X, E13.4/85X, E13.4) 

Q(1,1, I)=C11-(C131C13)/C33 
Q(1,2, I)=C12-(C131C23)/C33 
9(1,3, I)=C1b-(C131C36)/C33 
Q(2,1, I)=Qt1,2, I) 
Q(2,2, I)=C22-(C231C23)/C33 
Q(2,3, I)=C2b-(C231C36)/C33 
Q(3,1, I)=Q(1,3, I) 
Q(3,2, I)=Q(2,3, I) 
Q(3,3, I)=C6b-(C361C36)/C33 

<ý 
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WRITE(b, 703)I 
703 FORMAT(//, 2X, 23HTHE Q MATRIX FOR LAYER 12 

+ , 14H IS (x1.0E9): -) 
WRITE(b, 704) 

+ Q(2,3, I), Q(3,3, I) 
704 FORMAT(20X, 3E13.4/33X, 2E13.4/4bX, E13.4, ////) 

CT(1, I)=C13/C33 
CT(2, I)=C23/C33 
CT(3, I)=C3b/C33 
D=C441C55-C451C45 
CK(1,1, I)=C44/D 
CK(1,2, I)=-C45/D 
CK(2,1, I)=CK(1,2, I) 
CK(2,2, I)=C55/D 

11 CONTINUE 
C 
CI Evaluate the equivalent elastic constants. I 
C lý lýf lý f lýlý f l(ilýýlýi lý It III I1 Hi liE lE iiE l(liE l( lý lý ;i l( ;I* II I 

DO 12 I=1,3 
DO 13 J=1,3 
TEMP=0.0 
DO 14 L=2, N 
TEMP=TEMP+2. OIH(L)IQ(I, J, L) 

14 CONTINUE 

QH(I, J)=(H(1)IQ(I, J, 1)+TEMP)/HH 
13 CONTINUE 

- 12 CONTINUE 
WRITE(6,705) 

705 FORMAT(//, 2X, 
+ 41HTHE q MATRIX FOR THE EQUIVALENT PLATE IS 
+ IOH(xi. 0E9): -) 
WRITE(b, 704)QH(1,1), QH(1,2), QH(1,3), QH(2,2) 

+ , QH(2,3), QH(3,3) 
D=QH(1,1)1(QH(2,2)IQH(3,3)-QH(2,3)IQH(2,3)) 

+ -QH(1,2)1(QH(1,2)IQH(3,3)-QH(1,3)IQH(2,3)) 
+ +QH(1,3)1(QH(1,2)1QH(2,3)-QH(1,3)IQH(2,2)) 

RH(1,1)=(QH(2,2)11QH(3,3)-QH(2,3)1QH(2,3))/D 
RH(1,2)=(QH(1,3)IQH(2,3)-QH(1,2)IQH(3,3))/D 
RH(1,3)=(QH(1,2)IQH(2,3)-QH(1,3)IQH(2,2))/D 
RH(2,1)=RH(1,2) 
RH(2,2)=(QH(1,1)IQH(3,3)-QH(1,3)IQH(1,3))/D 
RH(2,3)=(QH(1,2)IQH(1,3)-QH(1,1)IQH(2,3))/D 
RH(3,1)=RH(1,3) 
RH(3,2)=RH(2,3) 
RH(3,3)=(QH(1,1)IQH(2,2)-QH(1,2)IQH(1,2))/D 
WRITE(b, 706) 

706 FORMAT(//, 2X 
+ , 41HTHE R MATRIX FOR THE EQUIVALENT PLATE IS 
+ 11H(xl. 0E-9): -) WRITE(b, 704) RH(1,1), RH(1,2), RH(1,3), RH(2,2) 
+ RH(2,3), RH(3,3) 
RETURN 
END 
SUBROUTINE EIGROOTS(RH, SH) 
INTEGER IFAIL, K, ID 
REAL RH(3,3), AR(5), REZ(5), IMZ(5), TOL 
COMPLEX SH(2) 
EXTERNAL X02AAF, C02AEF 
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C 
CI Initialize quantities for C02AEF(NAG)(routine I 
CI which locates the roots of a polynomial, 
C 

ID=5 
TOL=XO2AAF(0.1) 
IFAIL=0 
AR(1)=RH(1,1) 
AR(2)=-2.01RH(1,3) 
AR(3)=2.0IRH(i, 2)+RH(3,3) 
AR(4)=-2.0IRH(2,3) 
AR(5)=RH(2,2) 
WRITE(6,707) ID-1 

707 FORMAT(///, 
+ 41H ORDER OF THE CHARACTERISTIC EQUATION IS 14 
+ /IX, 12HCOEFFICIENTS/24X, gHREAL PART, 4X 
+ , 14HIMAGINARY PART, /) 

DO 41 J=1, ID 
WRITE(6,708) AR(J) 

708 FORMAT(21X, E13.4) 
41 CONTINUE 

CALL C02AEF(AR, ID, REZ, IMZ, TOL, IFAIL) 
C 
CI The roots are REZ(I)+iIMZ(I), I=1,4 
C 

WRITE(6,709) 
709 FORMAT(//, 10H ROOTS ARE/24X, 9HREAL PART, 4X 

+ , 14HIMAGINARY PART) 
K=1 
00 40 J=1,4 
IF(IMZ(J). GT. 0.0) THEN 

SH(K)=CMPLX(REZ(J), IMZ(J)) 
WRITE(6,9999) SH(K) 

9999 FORMAT(22X, E13.4,1X, E13.4) 
K=K+1 
ENDIF 

40 CONTINUE 
WRITE(6,517) 

517 FORMAT(///) 
RETURN 
END 
SUBROUTINE BOUNDARY(GAMMA, X, Y) 
REAL GAMMA(2,3), X, Y, ALPHA, TALPHA, CTALPHA, STALPHA 

ALPHA=2. OIATAN(1.0) 
TALPHA=2. OIALPHA 
CTALPHA=COS(TALPHA) 
STALPHA=SIN(TALPHA) 

GAMMA(1,1)=0.51(1.0+CTALPHA) 
GAMMA(1,2)=0.51(1.0-CTALPHA) 
GAMMA(1,3)=STALPHA 
GAMMA(2,1)=-0.51STALPHA 
GAMMA(2,2)=-GAMMA(2,1) 
GAMMA(2,3)=CTALPHA 
RETURN 
END 
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I The following is a sample of the output produced I 
I by PROGRAM LAMINATE for a three-layer laminate I 
I containing a circular hole and subjected to uniaxiall 
I tension Po In the x direction. I 

I Lay-up of the laminate is C90,07s. 

CHARACTERISTIC LENGTH IS 1.0 
LAYER ANGLE OF ORIENTATION(DEGREES) HALF-THICKNESS 

1 0.0 1.0 
2 90.0 1.0 

THE C MATRIX FOR LAYER I IS: - 
0.32D+2 0.440+1 0.440+1 

0. i1D+2 0.56D+1 
0.110+2 

xi. 0E9 

symm. 

THE Q MATRIX FOR LAYER i IS: - 
0.30D+2 0.20D+1 0.00D+0 

xl. OE9 0.76D+1 0.00D+1 
symm. 0.57D+1 

THE C MATRIX FOR LAYER 
0.1ID+2 0.44D+1 

0.32D+2 
x1. OE9 

symm. 

THE Q MATRIX FOR LAYER 
0.. 7bD+1 0.20D+1 

x1.0E9 0.30D+2 
symm. 

2 IS: - 

0.25D+1 0.000+0 
0.570+1 

0.00D+0 
0.00D+0 
0.000+0 

o. 57D+t 

0.56D+1 0.000+0 
0.440+1 0.000+0 
0.110+2 0.00D+0 

0.570+1 0.000+0 
0.250+1 

2 IS: - 
0.000+0 
0, OOD+1 
0.57D+1 

THE Q MATRIX FOR THE EQUIVALENT PLATE IS 
0.15D+2 0.200+1 0.00D+0 

xl. 0E9 0.22D+2 0.000+0 
symm. 0.570+1 

ROOTS OF THE CHARACTERISTIC EQUATION 

0.57D+1 

REAL PART IMAGINARY PART 
0.0 0.14570+1 
0.0 0.56110+0 

111 f11*I II II I*I H III I I#i* IIIII II III III I 
LOWEST ORDER...... .... HIG HER ORDER ....,, L x/a y/a z/h Sxx/Po Sxy/Po Syy/Po Sxx/Po Syz/Po Szz/Po 

1 1.6 0.0 0.0 1.55 0.00 0.40 -4.16 0.00 -0.09 
1 1.6 0.0 .5 -3.90 0,07 -0.08 
1 1.6 0.0 1. -3.12 0.15 -0.06 
2 1.6 0.0 -1. 0.45 0.00 1.30 -0.83 0.15 -0.06 
2 1.6 0.0 -. 5 -0.09 0.11 -0.03 
2 1.6 0.0 0.0 0.36 0.07 -0.01 
2 1.6 0.0 .5 0.52 0.04 -0.00 2 1.6 0.0 1.0 0.39 0,00 0.00 
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APPENDIX 2 

PROGRAM FIT 

This program calculates the solution vector to the system of 

Equation (6.7.15) given the material properties and thickness of 

each layer and the applied tractions at the end x=0 to each layer. 

Note that the eigenvalues are not calculated by this program and that 

this data must be supplied by the user. By using the solution vect- 

or the stress components in each layer of the laminated strip are 

determined at x=0. The routines used by the program are. 

SUBROUTINE ELASCON (K1, K2, E, ZNU1, XNU2) 

On entry the Youngs modulus ratio E and the Poisson ratio 

XNU1, XIU2 in each layer must be. specified. On exit, the values of 

K1 and K2 given by (6.4.3) are held in K1, K2. 

SUBROUTINE APPTRAC (P, Q, LAYER, Z) 

This routine contains the expressions for the applied 

tractions Pi and Qi given by (6.7.9). 

SUBROUTINE SCOF (XN XM, XS, XT, A1, A2, A3, A4, EIG, ZOH, LAYER, WR) 

This routine evaluates the expressions for n, m, s and 

t in (6.7.11). On entry an eigenvalue (EIG), the value of z/h (ZOH) 

and the layer number (LAYER) must be specified 



zog 

SUBROUTINE CONST (Al, A2, A3, A4, EIG, EL1, EL2, LAYER, WR) 

This routine evaluates the arbitrary constants ai given 

by (6.7.1) and (6.7.2) and returns the values in Al, A2, A3 and A4. 

SUBROUTINE DECOMP (A, XU, XL, N) 

Given a matrix A(N x N), this routine decomposes it into 

an upper (XU) and lower (XL) triangular matrix such that 

A= (XU) (XL) . 

SUBROUTINE MATMULT (A, B, C, N) 

This routine multiplies B(N x N) with C(N x N) and returns 

the result in A. That is 

A= BC. 

SUBROUTINE INVERSE (A, AI, N, IFLAG) 

This routine calculates the inverse of the triangular 

matrix A(N x N) and returns the result in Al. Note that 

IFLAG =0 when A is upper triangular, 

IFLAG =1 when A is lower triangular. 

SUBROUTINE MATCOL (A, B, C, N) 

This routine calculates the product of matrix B(N x N) 

with the vector C(N x 1) and returns the result in A(N x 1). That 

is 

A= BC. 

ýA 
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FORTRAN77 

PROGRAM FIT 
INTEGER N, R, K, PTS, P, L, M, ICONT, IFLAG(50), MK, D, IPTS 
REAL A(50,50), AU(50,50), AL(50,50), AUI(50,50), ALI(50,50) 
REAL REIG, IEIG, E, XNUI, XNU2, WR, H1, H2, K1, K2, XNR, XNK 
REAL XMR, XMK, XSR, XSK, XTR, XTK, TEMPI, TEMP2, TEMP3, ZOH 
REAL TEMP4, TEMP5, AP, AQ, TRAC(50), SOL(50), SXX, SXZ 
COMPLEX EIG(50), A1R, A2R, A3R, A4R, A1K, A2K, A3K, A4K 

C ; (l1# 3(ll; iE lt if ib)) 11 lt )t)t # )t ll)t )tlt )F ;ý lt i 
CI Set elastic constants. I 
CI E=E1/E2..... Ratio of youngs moduli 11 
CI XNU1, XNU2... Poisson ratio in each layer 
CI H1, H2....... Half-width of each layer 
C 

E=0.9 
XNU1=0.3 
XNU2=0.3 
H1=1.0 
H2=1.0 
WR=H1/H2 
WRITE(6,9998) 

9998 FORMAT(36X, 35HPLANE STRAIN: SYMMETRIC DEFORMATION:, ///) 
WRITE(6,9999) WR, E, XNUi, XNU2 

9999 FORMAT(3bX, 19HWIDTH RATIO(h1/h2)=, F6.2,5X 
+ , 14HYOUNGS MODULUS, 
+ 14H RATIO(E1/E2)=, Fb. 2/36X, 21HPOISSON RATIO(INNER)=, 
+- F6.2,5X, 21HPOISSON RATIO(OUTER)=, F6.2, /) 

CALL ELASCON(K1, K2, E, XNUI, XNU2) 
Ciii; II I II II Iii )Fi i iý ii )) )F)rt)1)) )()) IE 3()i * )) *)> 3( 3><IF )I)1)I 
CIN.... Number of non-zero eigenvalues 
CI PTS.. Number of points taken at x=0 in each layer 
C 

READ(5, I) N, PTS 
WRITE(b, 9997) N 

9997 FORMAT(36X, 5HFIRST, I4,26H NON ZERO EIGENVALUES ARE: ) 
C))3())iE)1)f3E3ElE')f)f)F)f)1)1)Iý))iF)f#>f>t)i)))))E)l)ilý 
CI ICONT... Number of elgenvalues which are real 
CI IFLAG... Marker for the real eigenvalues 
C#ii l11l )t it)t' )I l) iifi*; ( IE )I )t; t)) ;E 3()t i lt 

ICONT=O 
DO 10 I=1, N 
READ(5, I) REIG, IEIG 
IF(ABS(IEIG). LT. 1.0E-8)THEN 

ICONT=ICONT+i 
IFLAG(ICONT)=I 
ENDIF 

EIG(I)=CMPLX(REIG, IEIG) 
WRITE(6,9996) REIG, IEIG 

9996 FORMAT(62X, F10.6,2H+i, F10. b) 
10 CONTINUE 

ClI)IitIE))tEtEitlllt; t))ilill)III)I1IýE1iIi))tE))ýE)E)EIEIEIE)Eýl)l)t)tFllllitlrt)I)EIiýE)E 
CI Set a marker for the next complex eigenvalue 
C; tlt#i(3(ll)li; ()i'I))i))))i'Illltlt'Ilý#KýE)) 

IFLAG(ICONT+1)=0 
WRITE(b, 9995) PTS 

9995 FORMAT(1H1, ///, 10X, I4,2bH POINTS TAKEN IN A LAYER. 
00 20 R=1, N 
TEMPO=0.0 
TEMPS=0.0 
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DO 30 K=1, N 
TEMPI=0.0 
TEMP2=0.0 
TEMPS=0.0 
DO 40 L=1,2 
CALL CDNST(A1R, A2R, A3R, A4R, EIG(R), K1, K2, L, WR) 
CALL CONST(A1K, A2K, A3K, A4K, EIG(K), K1, K2, L, WR) 
DO 50 P=1, PTS 
IF(L. EQ. i) ZOH=(P-1.0)/(PTS-1.0) 
IF(L. EQ. 2) ZOH=(2.0IP-(1.0+PTS))I(PTS-1.0) 
CALL SCOF(XNR, XMR, XSR, XTR, AIR, A2R, A3R, A4R, EIG(R), ZOH, L, WR) 
CALL SCOF(XNK, XMK, XSK, XTK, AIK, A2K, A3K, A4K, EIG(K), ZOH, L, WR) 
TEMPI=XNR*XNK+XSRIXSK+TEMP1 
TEMP2=XNRXXMK+XSRIXTK+TEMP2 
TEMP3=XMR1XMK+XTRIXTK+TEMP3 
IF(K. EQ. 1) THEN 

CALL APPTRAC(AP, AQ, L, ZOH) 
TEMP4=XNR*AP+XSRlAQ+TEMP4 
TEMP5=XMR*AP+XTRIAQ+TEMP5 
ENOIF 

50 CONTINUE 
40 CONTINUE 

G ################f#################################i#*### 
CI Store the system of equations in A(2N, 2N) and TRAC(2N). I 
C ##################################i######################## 

A(R, K)=TEMPI 
A(R, K+N)=TEMP2 
A(K+N, R)=TEMP2 
A(R+N, K+N)=TEMP3 

30 CONTINUE 
TRAC(R)=TEMP4 
TRAC(R+N)=TEMP5 

20 CONTINUE 
WRITE(b, 8000) 

8000 FORMAT(2X, 33HTHE A MATRIX WITHOUT ADJUSTMENTS: ) 
C 00 7 I=1,2#N 
C WRITE(b, 11)(A(I, J), J=1,21N), TRAC(I) 

11 FORMAT(50F7.2) 
C7 CONTINUE 

IF(ICONT. EQ. 0) THEN 
WRITE(b, 8001) 

8001 FORMAT(2X, 24HN0 ADJUSTMENTS REQUIRED. ) 
GOTO 105 
ENDIF 

WRITE(6,8002) 
8002 FORMAT(2X, 18HADJUSTED A MATRIX: ) 

MK=1 
DD 100 J=N+1,21N 
IF((IFLAG(MK)+N). EQ, J) THEN 

MK=MK+1 
GOTO 100 
ENOIF 

DO 101 I=i, 21N 
A(I, J+1-MK)=A(I, J) 
A(J+1-MK, I)=A(I, J) 

101 CONTINUE 
TRAC(J+1-MK)=TRAC(J) 

100 CONTINUE 
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C 
CI Define D to be 2N-ICONT it 
C )E iii<ii: i # ii<fii i iE ilIlIlH ýhIIl ýIIlII ii f if; 1* i 

0=21N-ICONT 
C DO 103 I=1,0 
C WRITE(b, 11)(A(I, J), J=1, D), TRAC(I) 
C 103 CONTINUE 

WRITE(6,13) 
13 FORMAT(///, 2X, 21HDECOMPOSITION BEGINS: ) 

105 D=2IN-ICONT 
DO 5 I=1, D 
DO 6 J=1, D 
AU(I, J)=0.0 
AL(I, J)=0.0 
AUI(I, J)=0.0 
ALI(I, J)=0.0 

6 CONTINUE 
5 CONTINUE 

CALL DECOMP(A, AU, AL, D) 
CALL INVERSE(AU, AUI, D, O) 
CALL INVERSE(AL, ALI, D, i) 

C WRITE(6,111) 
C 00 104 I=1,0 
C WRITE(6,11)(AU(I, J), J=1, D) 
C 104 CONTINUE 
C WRITE(b, 111) 
C DO 107 I=i, 0 
C WRITE(6,11)(AL(I, J), J=1, D) 
C 107 CONTINUE 

CALL MATMULT(AU, AUI, ALI, D) 
C CALL MATMULT(AUI, A, AU, D) 
C WRITE(6,111) 
C DO 108 I=1, D 
C WRITE(6,11)(AUI(I, J), J=1, D) 
C 108 CONTINUE 

Iii FORMAT(///) 
CALL MATCOL(SOL, AU, TRAC, D) 
WRITE(6,8007) 

8007 FORMAT(2X, 16HSOLUTION VECTOR: ) 
WRITE(6,11)(SOL(I), I=1, D) 
WRITE(6,111) 

C 
CI Re-introduce zeros in the solution vector. 
C 

IF(ICONT. EQ. 0) GOTO 9111 
WRITE(6,8009) 

8009 FORMAT(2X, 38HRE-INTRODUCE ZEROS IN SOLUTION VECTOR: ) 
MK=1 
DO 200 J=N+1,21N 
IF((IFLAG(MK)+N). EQ. J) THEN 

MK=MK+I 
GOTO 200 
ENDIF 

SOL(J)=SOL(J+1-MK) 
200 CONTINUE 

00 201 I=i, ICONT 
SOL(IFLAG(I)+N)=0.0 

201 CONTINUE 
WRITE(6,11)(SOL(I), I=1,21N) 
WRITE(b, 111) 
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9111 WRITE(b, 187) 

187 FORMAT(4X, 3Hz/h, bX, 3HSxx, bX, 8HSxx(app), 7X, 3HSxz, 
+ bX, BHSxz(app)) 

C ; t###############################ýE########################## 
CI IPTS ..... Controls the number of output points in # 
CI each layer. 
C ##########################################; 1##########3E###*# 

IPTS=2#PTS 
DO 180 L=2,1, -1 
DO 181 P=IPTS, 1, -1 
IF(L. EQ. 1) ZOH=(P-1.0)/(IPTS-1.0) 
IF(L. EQ. 2) ZOH=(2.0#P-(1.0+IPTS))/(IPTS-1.0) 
TEMPI=0.0 
TEMP2=0.0 
DO 182 K=1, N 
CALL CONST(A1K, A2K, A3K, A4K, EIG(K), K1, K2, L, WR) 
CALL SCOF(XNK, XMK, XSK, XTK, AIK, A2K, A3K, A4K, EIG(K), ZCH, L, WR) 
TEMPI=SOL(K)#XNK+SOL(K+N)IXMK+TEMPI 
TEMP2=SOL(K)#XSK+SOL(K+N)IXTK+TEMP2 

182 CONTINUE 
SXX=TEMPI 
SXY=TEMP2 
CALL APPTRAC(AP, AQ, L, ZOH) 
WRITE(b, 185) ZOH, SXX, AP, SXY, AQ 

185 FORMAT(2X, Fb. 3,4F12.4) 
181 CONTINUE 
180 CONTINUE 

STOP 
END 
SUBROUTINE MATCOL(A, B, C, N) 
INTEGER N, I 
REAL A(50), 8(50,50), C(50), TEMP 
DO 715 I=1, N 
TEMP=0.0 
DO 716 J=1, N 
TEMP=B(I, J)#C(J)+TEMP 

716 CONTINUE 
A(I)=TEMP 

715 CONTINUE 
RETURN 
END 
SUBROUTINE ELASCON(K1, K2, E, XNUI, XNU2) 
REAL K1, K2, E, XNUI, XNU2, GAMMAI, GAMMA2, TP 
TP=EI(1.0+XNU2)-(1. O+XNU1) 

C #################################################### 
C# GAMMA =.... 1-nu#12 for plane strain I 
CII for generalised plane stress I 
C ##################; #################################### 

GAMMA1=1.0-XNUIIXNU1 
GAMMA2=1.0-XNU2IXNU2 
K1=(4. OIGAMMAI)/TP 
K2=(4.0#GAMMA21E)/TP 
RETURN 
END 
SUBROUTINE APPTRAC(P, Q, LAYER, Z) 

C ########################*###ýE)E##ýEýE##*####iE########### 
CI Define the applied tractions at x=0 on each layer. 
C 

INTEGER LAYER 
REAL P, Q, Z 
IF(LAYER. EQ. 2) GOTO 650 
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Q=o. O 
GOTO 651 

650 P=-i. 0 
Q=0.0 

651 RETURN 
END 
SUBROUTINE SCOF(XN, XM, XS, XT, A1, A2, A3, A4, EIG, ZOH, LAYER, WR) 
INTEGER LAYER 
REAL ZOH, WR, XN, XM, XS, XT 
COMPLEX EIG, AI, A2, A3, A4, T1, T2, T3, T4, AL(2), AZH 
AL(1)=(EIGIWR)/(2.0+WR) 
AL(2)=EIG/(2.0+WR) 
AZH=AL(LAYER)IZOH 
T1=(2. O*A4-A1-A2ZAZH)ICOS(AZH) 
T2=(2.01A2+A3+A4IAZH)ISIN(AZH) 
T3=(A2+A3+A4IAZH)ICOS(AZH) 
T4=(A1-A4+A21AZH)ISIN(AZH) 
XN= REAL(T1-T2) 
XM=-AIMAG(T1-T2) 
XS= REAL(T3-T4) 
XT=-AIMAG(T3-T4) 
RETURN 
END 
SUBROUTINE CONST(Al, A2, A3, A4, EIG, ELI, EL2, LAYER, WR) 
INTEGER LAYER 
REAL WR, ELI, EL2 
COMPLEX A1, A2, A3, A4, EIG, ALI, AL2, TA1, TA2, C2A1, C2A2, S2A1 
COMPLEX C1, C2, C3, C4, D1,02, RT1, RT2, RAT, S2A2 
AL1=(EIGIWR)/(2.0+WR) 
AL2= EIG/(2.0+WR) 
TA1: 2.0IALI 
TA2: 2.0IAL2 
C2AI=COS(TA1) 
C2A2=COS(TA2) 
S2AI=SIN(TA1) 
S2A2=SIN(TA2) 
C1=S2A1+TA1 
C2=1.0+COS(TA1) 
C3=S2A2+TA2 
C4=S2A2-TA2 
01=2.01(S2A21C2A2-TA2) 
02=C31C4 
RT1=C11(2.01EL21S2A21S2A2-4. O1D2)-2. OIELIID2IS2A1 
RT2=2.0*EL1JD21C2+EL2lDUUC1 
RAT=RT1/RT2 
IF(LAYER. EQ. 1) GOTO 550 
A1=(AL21COS(AL2)+SIN(AL2)+RATIAL2ISIN(AL2))/C3 
A2=(COS(AL2)+RATISIN(AL2))/C4 
A3=(AL21SIN(AL2)-COS(AL2)-RATIAL21COS(AL2))/C4 
A4=(SIN(AL2)-RATICOS(AL2))/C3 
GOTO 560 

550 A1=2.01(ALIICOS(AL1)+SIN(AL1)-RATIALIISIN(AL1))/C1 
A2=0.0 
A3=0,0 
A4=2.01(SIN(AL1)+RATICOS(AL1))/C1 

560 RETURN 
END 
SUBROUTINE DECOMP(A, XU, XL, N) 
INTEGER N, I, J, K 
REAL A(50,50), XU(50,50), XL(50,50), TEMPI, TEMP2 
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00 500 I=1, N 
XU(1, I)=A(1, I) 
XL(I, 1)=A(I, 1)/XU(1,1) 

500 CONTINUE 
00 501 I=2, N 
00 502 J=I, N 
TEMPI=0.0 
TEMP2=0.0 
DO 503 K=1, I-1 
TEMPI=XL(I, K)IXU(K, J)+TEMPI 

503 CONTINUE 
XU(I, J)=A(I, J)-TEMPI 
00 504 K=1, I-1 
TEMP2=XL(J, K)EXU(K, I)+TEMP2 

504 CONTINUE 
XL(J, I)=(A(J, I)-TEMP2)/XU(I, I) 

502 CONTINUE 
501 CONTINUE 

RETURN 
END 
SUBROUTINE INVERSE(A, AI, N, IFLAG) 
INTEGER N, I, J, K, IFLAG 
REAL A(50,50), AI(50,50), TEMPi, TEMP2 
DO. 600 I=1, N 
AI(I, I)=i. 0/A(I, I) 

600 CONTINUE 
DO 601 L=1, N-1 
00 602 I=1, N-L 
J=I+L 
IF(I. EQ. J) GOTO 602 
IF(IFLAG. EQ. O) GOTO 604 
TEMPI=0.0 
DO 603 K=I, J-1 
TEMPI=-A(J, K)IAI(K, I)+TEMPI 

603 CONTINUE 
AI(J, I)=TEMPI/A(J, J) 
GOTO 602 

504 

502 
501 

604 TEMP2=0.0 
00 607 K=I+1, J 
TEMP2=-A(I, K)IAI(K, J)+TEMP2 

607 CONTINUE 
AI(I, J)=TEMP2/A(I, I) 

602 CONTINUE 
601 CONTINUE 

RETURN 
END 
SUBROUTINE MATMULT(A, B, C, N) 
INTEGER N, I, J, K 
REAL A(50,50), 8(50,50), C(50,50), TEMP 
00 700 I=1, N 
00 701 J=1, N 
TEMP=0.0 
00 703 K=1, N 
TEMP=B(I, K)IC(K, J)+TEMP 

703 CONTINUE 
A(I, J)=TEMP 

701 CONTINUE 
700 CONTINUE 

RETURN 
END 

Ci### 
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